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ANALYSIS OF FINITE ELEMENT APPROXIMATION
FOR TIME-DEPENDENT MAXWELL PROBLEMS

JUN ZHAO

ABSTRACT. We provide an error analysis of finite element methods for solv-
ing time-dependent Maxwell problem using Nedelec and Thomas-Raviart el-
ements. We study the regularity of the solution and develop some new error
estimates of Nedelec finite elements. As a result, the optimal L?-error bound
for the semidiscrete scheme is obtained.

1. INTRODUCTION

Let © be a bounded and simply connected polyhedral domain in R® with con-
nected boundary 02 and unit outward normal n. The time-dependent Maxwell
equations with a volume production of charges [I4] state that

(1.1) ¢eE; +0E —curl(u'B) = J, inQx(0,T),
(1.2) B;+curlE = 0, inQx(0,7),
where the electric field E and the magnetic induction B are unknowns, the known
function J specifies the applied current, and the permittivity e, the permeability
1, and the conductivity o describe the properties of the medium occupying the

domain €2. We assume that the boundary of € is a supraconductive boundary such
that

(1.3) Exn=0 and B-n=0 ondQ.

We supplement (J]) and (C2) with initial conditions

(1.4) E(z,0) = Eo(z) and B(z,0) = Bo(z) in ,
where

(1.5) divBo =0 in Q.

Across an interface ¥ between two media with different material constants, the
equations ((LI)(4) imply the following jump conditoins [13]
(1.6) [E x n] =0, [eE - n| = ps,
(1.7) [B-n]=0, [p'Bxn]=Js,

where m is the unit outward normal to ¥ and py and Jyx are the surface charge
and current density. Therefore, these jump conditions will not be part of the
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formation of Maxwell’s equations. But they will be used in the analysis frequently
and implicitly.

The existence and uniqueness of the solution E and B to (ILI)—(I4)) were studied
in [14] [23] in some special cases. In [23], the existence and uniqueness were shown
for Maxwell’s equations in two space dimensions with ¢ = 0 and constant ¢ and
w using the semigroup theory. In [14], Davaut and Lions studied the problem for
more general piecewise constant coefficients using the Galerkin method. However,
they assumed that ¢ and p are constant in a neighborhood of 92 and the boundary
0N is regular [I4]. One effort of this paper is to give the existence and uniqueness
results without the above constraints. Moreover, with the technique in [12] used to
study Maxwell time-harmonic problems, we will study the regularity of the solution
E and B, which is critical in the analysis of finite element approximations. More
precisely, we will reduce the regularity problem of the solution of the system (L.I)-
(T4) to regularity problems of the solution of certain Laplacian equations, which
were the subject of [18] 25].

There have been many studies on the finite element methods and the corre-
sponding convergence analysis for the system (LI)—(T4)). In [22], Nedelec proposed
to approximate E and B by Nedelec and Thomas-Raviart finite elements, respec-
tively. For the use of other finite elements, we refer to [4, 20, 23]. One advantage
of Nedelec’s approach is that the method handles discontinuous material properties
(CH) and (C7) in a transparent way. Makridakis and Monk [19] analyzed both the
semidiscrete scheme and fully discrete schemes of Nedelec’s approach for Maxwell
problems with smooth coefficients € and p. In [I1], Ciarlet, Jr. and Zou eliminated
the magnetic induction B in (LI) and (LZ) to obtain an equation of the electric
field E and analyzed a fully discrete scheme for the resulting equation using the
Nedelec element. It seems that this approach only works for continuous coefficients
€ and p. To deal with the equations with ¢ = 0 and discontinuous coefficients &
and p, Zou et al. [L0] presented a mixed finite element approach to the above-
mentioned equation of E by introducing a Lagrangian multiplier corresponding to
the divergence condition of e E. The error estimates in [10} [L1] were obtained under
the assumption that, for all ¢ € (0,7), E(¢) and curl E(t) belong to H*(Q) for
some a > 1/2.

In this paper, we study the semidiscrete scheme proposed by Nedelec [22] for
Maxwell problems with discontinuous coefficients ¢ and . As we will see in the
second section, the solutions E(t) and B(t) are likely in H*(Q) for some a <
1/2 and thus many estimates used in [I0, 0T, 09] are not valid any more. To
overcome this difficulty, we develop some new approximation estimates for vector
fields in Hp(curl; Q) with low regularity. Essentially we give an error estimate of
the operator 7y, defined in (ZA) and (BH), which is critical in the error analysis.
Based on this estimate, a standard argument [6l 19] then gives the L*-error bound
of the semidiscrete scheme.

This paper is organized as follows. In Section 2, we study the regularity of the
solution of the problem (I1)-(T4) with discontinuous coefficients. After developing
some new error estimates in Section 3, we are able to provide the optimal L*-error
estimate for the semidiscrete scheme in Section 4.



FINITE ELEMENT APPROXIMATION FOR MAXWELL PROBLEMS 1091

2. REGULARITY

We begin this section by introducing some notation. In general, we use boldface
type for vector fields, spaces of vector fields, and operators between vector fields.
For any domain D C R?, the norm and seminorm in the Sobolev spaces H" (D) and
H" (D) are both denoted by || - ||»,p and | - |, p, respectively, with the subscript D
dropped if D = Q.

We prescribe parameters e, u, and ¢ in and more precisely. We assume
that

e=¢>0, p=p;>0in€y, i=1,...,q,
where (2; is a polyhedral domain in Q2 and €; and p; are constants in §2;. We assume
that ¢ is nonnegative and bounded above by on.x. Let T' be the set of interfaces,
namely

q
r= U 0\ 00
i=1
Here we do not assume that 092 and I' are regular and € and p are constant in a

neighborhood of 99).
When D is the union of Q;,i =1,...,q, we mean by H*(D) the Sobolev space
consisting of functions w such that ulg, € H*(;) for i = 1,..., ¢ with norm

q
lullfye, = D llull? .
i=1

The Hilbert space H(curl;Q) consists of vector fields in L*(2) with square-
integrable curl and Hpy(curl;?) is the subspace of vector fields in H(curl; ()
satisfying u x n = 0 on Q. The norm in H (curl; Q) is defined by

1l (eurtiy = lull® + eurlu]?.

The space H (div; Q) consists of vector fields in L*(2) with square-integrable div
and Hy(div; Q) is the subspace of vector fields in H (div; ) satisfying u-n = 0 on
0Q. The norm in H(div;) is defined by

1911 @ivsy = 0l + [|divo]®.

We set H = L*(Q) x L*(Q) and we set the innerproduct in H to be

( ( Uy )7 ( uy ))H: (w1, u2)e + (v1,02),-1 = (eur, us) + (1 01, v2).

V1 V2

Since € and p are piecewise positive constants, weighted innerproducts (-,). and
(-,-)u—1 are equivalent to the usual innerproduct (-,-) in L*(Q).

To derive the existence and uniqueness of the solution to (LI)—(L4), we define
the operator A and transfer (II)) and (LC2) to the operator form. The domain
D(A) is given by

D(A) = {< ’5 > eH | u € Hy(curl; Q) and curl p~'v € L2(Q)},

and we define A by
-1 -1 -1
2.1) A( " ) - ( e curlp” v+ ou ) for all ( " ) e D(A).

curlu
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Using A, we can rewrite (L)) and (I2) as

(22) ()l Bm)-(707)

The following lemma states [28] that the operator —A is an infinitesimal gen-
erator of a semigroup of class (Cp) on H, which is critical in order to apply the
semigroup theory [26] on ([22)). Note that, unlike the operator in [23], the operator
A in T is not skew-symmetric. Following [I4], we will use the Galerkin method
to show this property.

Lemma 2.1. The operator A in Z2) is a linear operator with the domain D(A)
dense in H. For all f € H and X > 0, there is a unique ¥ € D(A) such that

(2.3) (A+AN¥ =f
and
(2.4) 1@ |3 < A Fllne

Proof. We define the operator B by

< u > ( —c teurl o )

B = :

v curlu

Clearly D(B) = D(A). It is a routine to verify that the domain D(B) is dense in

H, B is closed, B* = —B, and D(B*) = D(B). For a detailed proof we refer to [29)].
Since B is closed, the space

{(u,v,—e 'curl p v, curlu) | (u,v)" € D(A)}

is a closed subspace of (L*(€2))*. This point of view allows us to identify D(.A)
as a closed subspace of (L*(©2))* and thus D(A) is separable. Then let {®; =
(uj,v;)}52; be a base for D(A) in the sense that for any positive integer m,
®,,...,®,, are linearly independent and finite combinations ) o;®;, a; € R,
are dense in D(A).
For any m, let W, = (T, y,,)" in span{®q,..., ®,,} satisfy
(2.5) (A+N)®,, @), = (f,®j)n foralll <j<m.
The above system in finite dimension has a unique solution. Since B is skew-
symmetric, by ([2.35), we have
(mea wm) + )‘H‘IIMH%{ = ((A + A)‘I'mv ‘I’m)H

= (£, Yn)n < NF Il

from which and o > 0 it follows that

1@ mllze < A7HIF e

Therefore, up to a subsequence we can assume that there is ¥, = (x.,y,) such
that ¥; — ¥, weakly in H. Clearly we have
12l < A7 Flle-

We now verify that ¥, is a solution of (2.3). From (23), for a fixed j < m, we
have
(0@, uj) + (AW, B;)3 = (U, BLj)p = (f, Rj)n-
Letting m — oo, we get

(O'.CB*,U]') + ()\‘I’*, q’j)?—t - (‘I’*;B@j)ﬁ = (fa @j)'H-
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Therefore, for all ® = (u,v) € D(A), we have
(2.6) (022, u) + (\B., ®)y — (B, BB)y( = (f,®)pe

Note that
(0., w) + (AW, @] < (Tmax + AW [ 2] @

Equation (2.6 then implies that the linear functional ® — (¥, B®)y is continuous
on D(B) and thus W, belongs to D(B*) = D(B) = D(A). Therefore, by (2.6) again,
W, satisfies (23)).

If there is another solution @ of (23)), then ¥, — ® is a solution of (23) with
f = 0 and thus ¥, — & = 0 by (24). This shows that the solution of ([Z3) is
unique. ([l

By the above lemma, we have the following theorem [26] on the existence and
uniqueness of the solution of Maxwell equations (LI)-(4). We will denote by
C™([0,T]; L*(Q)) (or C™([0,T];H)) the space of m times continuously differen-
tiable functions from [0,77] into the space L*(Q) (or H). In Theorem T and the
remainder of the paper, C, with or without subscript, denotes a generic constant in-
dependent of h, the discretization parameter. The value of C' may differ at different
occurrences.

Theorem 2.1. Assume that J € C'([0,T); L*(R2)) and (Eq, Bo)" € D(A). Then
([CI)(TZ) have a unique solution (E,B)T € C([0,T];H). Moreover, for each
t€[0,T], (E(t),B(t)T belongs to D(A) and satisfies

(2.7) IE@ + B0 + | B@ + [ B:)]| < C.

Remark 2.1. Since E(t) belongs to Hy(curl; ), a consequence of (L5) and (L2)
is that B(t) € Hyp(div; ) satisfies div B(t) = 0 for all ¢ € [0, T].

Remark 2.2. If the right-hand side J and the initial data (Eg, Bg)? are smoother,
the solution (E, B)” can be more regular. For example, if J € C™([0,T]; L*(R2))

for some integer m > 1 and, for all k =1,...,m,
k—2
(A (Eo, Bo)" + Y (A (J*772(0),0)" € D(A),
i=0

then (E(t), B(t))T belongs to C™ ([0, T]; H).

To study the regularity of the solution E and B of (LI)—(C4), as in [12], we
introduce two more spaces X n(§;¢) for electric fields and X1 (€; ) for magnetic
fields, which are given by

Xn(e) ={u € Hy(curl; Q) |eu € H(div;Q)}
and

X7r(Qp) ={u e H(curl; Q) | pu € Hy(div; Q)}.
Note that our definition of X1 (€; ) is slightly different from the one in [12] and
allows us not to assume that p is constant in a neighborhood of Q2. When ¢ (or p)
is constant in €2, we will drop € (or u) in the above notation. The norms in both
X n(Q;8) and X (;¢) are defined by

% = [le]® + [lcurl ul|* + [[div gu*.

Note that if u € X n(;¢) and p~tv € X7(; ), then (u,v)T belongs to D(A)
and v-n = 0 on 9.
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By the following theorem, we need only study the regularity of vector fields in
X n(Q;e) and X1(Q; p) in order to study the regularity of the solution E and B

of (LI)—(T34).

Theorem 2.2. Suppose J € C3([0,T]; L*(Q)), divJd € C?([0,T]; L*(Q)), and
o(x)/e(x) € HNQ). Let g = (Bo, Bo)T. If g, —Ag + (J(0),0)7 and A’g —
A(J(0),0)T + (J'(0),0)T belong to X n(Q;¢) x uX7(Q; 1), the solution (E, B)T
to (CI)—(T4) is such that exp(p(x)t)E and exp(p(x)t)E: belong to X n(Q;€) and
pleurl E, p~tcurl E; and =B belong to X1 (Q; ).

Proof. Let p(x) = o(z)/e(z) and F(t) = exp(p(z)t)E(t). We first show that, for
allt € (0,T), F(t) € Xn(Q;¢) and p~ 1 B(t) € X1(Q; u) satisfy
(2.8) IF®)]x + Il Bt)llx < C.
Since p(x) € H*(Q) is bounded, by the chain rule, we have that
Vexp(p(x)t) = t exp(p(z)t)Vp(z)
and exp(p(z)t) belongs to H'(Q). By ([2.7), we have
IE@)] + 1B + llcurl F(t)[| + [[curl p~ " B(t)]|
<SCIEM[+IB® + Clleurl E(t)[| + [le E:(t) + o E(t) — J (1)
< CIEM+ CIE )] + IB®I + ClB:()] + ClI@)] < C.
From (ICTI) it follows that F'(¢) satisfies
eF; — exp(p(z)t)curl (u~*B) = exp(p(z)t)J.

Therefore, taking div on both sides of the above and integrating over (0,t) yield
that

[dive(F(t) — F(0)] = /0 |div exp(p(z)t)(curl (™' B) + J)||dr

t
SC/wwﬂw*mWWHm@mwhéC
0

and thus ||diveF(t)]| < C. Recall that in Remark 21 we get div B = 0. This
completes the proof of ([2.8]).

By Remark 22 we know that (E,B)T € C3([0,T);H). If we differentiate
both sides of (22) with respect to ¢ and repeat the above argument, we get that
exp(p(z)t)Ey € XN (Qe) and p~ B, (= pleurl E) € X1 (Q;u) satisfy (Z3J).
Similarly, differentiating both sides of (Z2) twice yields that p~ !By
(= p~lcurl E;) belongs to X7 (£2; ). O

The regularity of vector fields in X y(Q2;¢) and X (Q; ) has been studied by
M. Costable et al. [I12]. They began the analysis with the decomposition of vector
fields in X n(Q;¢) and X7(Q;p) as a sum of a “regular” part in H'(Q) and a
“singular” part in the form of a gradient, which contains, in particular, all the
jumps through the interfaces.

Lemma 2.2. Any vector field u € X n(2;¢€) admits a decomposition
(2.9) u=w+ Ve

where w € H'(Q) N X n(Q) and ¢ € HF(Q) satisfy

(2.10) wlli + ¢l < Cllulx.
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Similarly, any vector field v € X1 (Q; u) admits a decomposition (Z9) where w €
H' Q)N X7(Q) and ¢ € H'(Q)/R satisfy EI0).

Proof. The proof is an exact rewriting of the proof of Theorem 3.4 in [12]. However,
since our X (£2; ) is different from the one in [12], we sketch the proof here.

Let u be as in the lemma. Since its curl is a divergence-free field in L?(Q) and
Q is simply connected with one boundary component, we can apply Lemma 3.1 in
[12] and find w in H'(Q) such that curlw = curlw and w - = 0 on Q. Then,
u —w is a curl-free field. Since (2 is simply connected, there exists ¢ in H'(Q) such
that v —w = V. O

Based on the above lemma, M. Costable et al. related the regularity of vector
fields in X ny(€;¢) and X 1(Q; i) to the regularity of solutions of certain Laplacian
interface problems. For example, for u € X (Q; ), we have u = w + V¢ where

w e H'(Q) and ¢ € H'(Q) satisfies, for all 1p € H'(Q)/R,

(2.11) /Qqub-Vqﬂda::/Qu(u—w)-dexE(f7¢)7

where f belongs to the dual space of H*(Q)/R. Often the solution ¢ to (2.I1)) is
more regular than H*(£2) since the right-hand side f is smoother than functions in
the dual space of H'(Q)/R. Indeed, for any o € (0,1/2), we have

(=1 [ Voo [ - Vods
—|/Qdiv(uu)1/)dx—zi:m/m’w'deﬂ

<Ol +C Y llwlae

Vll-a.0; < CllYlli-a;

and thus f belongs to H~17%(Q).

M. Costable et al. pointed out [12] that the regularity of vector fields in X n(£;¢)
and X 7(Q; 1) can be very low (near L*(Q)). For a detailed description, we refer
to [I2] and references therein. Throughout this paper we will make the following
assumption.

Assumption 2.1. X 5 (Q;¢) and X 7(€; ) are continuously imbedded in H*(| €2;)
for some s € (0, 1].

When ¢ (or p) is constant, we have the following imbedding result [2].

Lemma 2.3. There exists a real number v > 1/2 such that X n(Q) and X1 (£2)
are continuously imbedded in H"(Q).

The main result of this section is the following theorem on the regularity of the
solution to the system (ILI)—(T4).

Theorem 2.3. Let s be as in Assumption 21l If o(x)/e(x) belongs to W, () for
some p > 3, under Assumption[2.1] and assumptions in Theorem [2.4, we have that
the solution (E, B) of the system (LI)-(4) satisfies that E(t), curl E(t), E(t),
curl E(t) and B(t) belong to H*(|J ;) for all t in [0,T].
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Proof. Let p(x) = o(x)/e(x). A direct consequence of Theorem and Assump-
tion ZTlis that exp(p(z)t)E, exp(p(x)t)Ey, u~tcurl E, p~tcurl E; and y~ !B be-
long to H*(|J ;). By the chain rule, we have

Vexp(—p(x)t) = —texp(—p(x)t)Vp(x).
Since p(z) is in W (Q), so is exp(—p(x)t). By Theorem 1.4.4.2 in [16], the vec-
tor field E, as a product of exp(—p(x)t) and exp(p(z)t)E, belongs to H*(|J ).
Similarly E; belongs to H*(|J ). d

3. APPROXIMATION OF H (curl; ) AND H (div; )

In this section, we summarize the construction of Nedelec and Raviart-Thomas
finite element spaces and give some approximation estimates. Due to the low reg-
ularity of the solution to (TLI)-(T4), we only introduce the lowest order finite
elements.

Let 75, be a simplicial mesh of {2 that is quasi-uniform and shape-regular. This
assumption guarantees that all estimates in this paper do not depend on h, the
maximal diameter of the tetrahedra in 7;. We also require that the mesh 7, be
aligned with the interface I'.

Let Si, be the subspace of H}(Q) consisting of piecewise linear polynomials. For
the approximation property of Sj, in H{ (), we need the following assumption on
the geometry of the interface I'.

Assumption 3.1. There are no points on I" that belong to more than two §;’s.
Based on the above assumption, we have the following lemma.

Lemma 3.1. Under Assumption[Z1l for ¢ € Hi(Q) N H*(JQ), 1 < a < 1/2,
there exists ¢p € Sy such that

(3.1) ¢ — onll +Rlld = dnlliya, < CRYDllaya;-

Remark 3.1. Lemma Bl appeared in [8] and the proof follows the technique in [9],
which requires certain geometry regularity of the interface I'. This is the only place
where we use Assumption Bl Moreover, Assumption [3.1]is only necessary for the
case = 1/2. Indeed, if a € [0,1/2), we can take ¢, = P, ¢, where P, is the energy
projection onto Sp, under the innerproduct (V-, V-). Since the interpolation space
between Hi(Q2) and H}(Q) N H?(Q) is HE () N HT*(Q) [5], we have

|6 — dnlia < Ch([9ll1+as

and thus (B.1]) follows from the equivalence of || - |14y, and || - |liya,0 for a €
[0,1/2).
The Raviart-Thomas finite element space V7, is defined by
Vi ={v, € H(div;Q) |vy =a, + Bz ont, V7 € T},

where a; is a constant vector and 0B, is a constant scalar. We define V; =
Hy(div; Q) N V},. The degrees of freedom for the Raviart-Thomas element are
given by

(3.2) /u -ndS,
f

where n is the unit outward normal of the face f on 7 € 7;,. Based on degrees of
freedom given above, we we define the interpolant r,v such that r.v and v have
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the same degrees of freedom on 7 and we define the interpolation operator 75 onto
Vi, by rpv|; = rrv on all 7 in 7. The operator r, is well defined for vector fields
in H(div; Q) N LP(Q) for any p > 2 [27]. It can be shown [I] [IT1} [I7] that for all v
in H(div; Q) N H*(|J ), the interpolation operator 7, satisfies

ho|vla, o, + hlldivel, 0<a<1/2,

(3.3) o= rl < C{ oo be 1/2<a<l

The Nedelec finite element space U}, is defined by
U}, = {uh € H(curl; Q) ‘ up, =a,+b, xxonr, V7 € ’Th},

where a, and b, are two constant vectors. We define U}, = Hy(curl; Q) NU},. The
degrees of freedom for the Nedelec element are given by

(3.4) /eu -tds,

where t is the unit vector directed along the edge e on 7 € 7;. There are six degrees
of freedom on each tetrahedron. Based on degrees of freedom, we can naturally
define the interpolation operator IT; onto Uj. Because of the dependence on edge
moments ([3:4), I}, is only well defined for vector fields in H (curl; Q) with certain
regularity. The following lemma [2] makes the condition specific.

Lemma 3.2. For any p > 2 and for any tetrahedron T, the operator I1, is well
defined and continuous on the space

{u € L(7) | curlu € L?(7) andu x n € LP(97)*}.

Lemma 3.3. Suppose that u € H(curl; Q) and that I} is the interpolation oper-
ator onto Uy. Then, we have the following estimates.

u € ;) for some <a<1 and curlu € Vy, then
(1) If H(UJQ) f 1/2 1 and 1 Vi, th
lu = yul| < Ch*(Jula,ye, + [lcurlul).

u € i) and curlwu € i) for some a > 0, then

2) Ifue H'(JQ d curlu € H*(|J Q) f 0, th
lu — TIpull + hl|curl (u — Iyu)|| < Ch(|uly o, + |curlul, jao,)-

oth u and curlw belong to i) Jor some a € , 1], then

3) If both d lu bel H*(JQ) f 1/2,1], th
lu = Il g(curie) < Ch% (lufla + [lcurlullq).

(4) If u € Hy(curl; Q) satisfies curlu € H*(|J ;) for some o > 0, then

inf |lcurlu — curlu,|| < Ch®|curlu|,q,-
up €U
Proof. Inequality (3) is given in Proposition 5.6 of [I] (see also [I1]) and the in-
equality (4) is given in Theorem 4.8 of [2].

Inequality (1) is an extension of (2.4) in [3] and the proof follows along the same
lines there. For completeness, we also give a proof here. First by Lemma and
the Sobolev imbedding theorem, I is well defined for vector fields in H“(1),
a > 1/2, whose curl are in Vj,. Secondly, on the reference tetrahedron 7 of unit
size, we have

~

i - -al| < C(|[a]la + |eurl@l|z~) < C(falla + [[curlal),



1098 JUN ZHAO

by the equivalence of all norms in V(7). Since @ — IT+@ vanishes for constant @, a
Bramble-Hilbert argument yields

@ — L4 < C([t]q + [lcurlal]).

Finally, if we scale this estimate to a general tetrahedron using Lemmas 5.2 and
5.5 of [I] and sum over all the tetrahedra in 7j,, we get

lw —Tul? < C Y he|a—THa)2 . < O ho([al? - + [curl@l? ;)

< CY Rl + 2 eurlufl
-

< R (ful, + [leurlul?).

The proof of (2) is very similar. Again by Lemma[B2land the Sobolev imbedding
theorem, II; is well defined for H' vector fields whose curl belongs to H*. On
the reference tetrahedron 7, we have |[u — IL:uljo 7 < C(||d|17 + ||curl@lo7). A
Bramble-Hilbert argument gives that

@ — Tzalo7 < C(falz + |eurl @ifo 7).
Similarly, we have
|curl (@ — IL:@) 0.5 < ||curl o s + || curl ﬁ;ﬁ”of < a7+ C||ﬁ;ﬁ|\0,;
< C([[ullrz + [leurlaflo,z) < CJul 7 + |curlulq 7).
A scaling argument using Lemma 5.2 and 5.5 of [I] gives that
u — Ipu|® + A?||curl (u — ju)||?

< CY helll - Tl - + flourl (@ — )3 )
< Y hel(l - + [eurl @l ;)
< O helhelufl - +hE20feurl @l )

< CR2(juf2 g, + leurlul? jq).
O

Now we introduce the operator ), from Hj(curl; ) to Uy, which is called the
Fortin operator in [7]. For any u € Hy(curl;Q), wpu € U}, satisfies
(3.5)  (utcurlmpu,curlwy,) = (p 'curlu,curlwy) Yw, € Uy,

(3.6) (mru, Vo) = (u, Vi) Vi, € Sh.
If 1 is constant, this operator has been widely studied (see [7] [19] 21} [I1]).

It is shown in [I5] [24] that 7j is well defined. This is also an application of
the general results on mixed finite element methods in [27]. In the proof, one key
property [15] is that if u € Hp(curl; Q) satisfies curlu = 0, then
(3.7) u=Vp for some p € Hy(Q).

Another key inequality [2] is that if w, € U}, satisfies that (up, Vpp) = 0 for all
pr € Sh, then

(3.8) [lun|l < Cllcurl uy||.
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Note that both (3.8) and the existence of p in (31) are only valid when 0 is
connected.

Remark 3.2. m, is also computable [27]. In fact, 7w,u = w, where (up,pp) is the
solution of the following problem: Find u; € U} and pp € Sy, such that

(p teurluy, curlwy) + (Vpn,wp) = (uflcurlu,curl'wh) Vwy, € Uy
(un, Vo) = (u,Vihy) Vip € Sh.

Remark 3.3. When m, is applied to Vp for some p € H}(2), we have the following
optimal estimate:

(3.9) [Vp —mpVp|| < inf [[Vp— Vpsl.
PLESH

Indeed, let g;, € S}, solve
(th, V¢h) = (Vp, th), for all ¢p, € Sh.

Note that Vg, satisfies both equations of the definition of 7. By the uniqueness,
Van = 7 Vp. Clearly ¢, satisfies

[Vp—Vau| < inf [[Vp— Vp4l,
PrESH

from which (B9) follows.

The following lemma extends the previous results to the case that p is piecewise
constant and w is of low regularity.

Lemma 3.4. Under Assumptions 21 and [31} if uw € Hy(curl; Q) satisfies that
both w and curlw belong to H*(|J ), we have

(3.10) |lu — mhrul| + |[curl (u — wpu)|| < Ch*(|lulls o, + |lcurlul|,yq,)-
Proof. Let u be as in Lemma[3.4] From (B.5) and the third estimate of Lemma[3.3]

we have that

1(uw — 1 = inf 1(u — _
[curl (u — wpu)l],—1 u:Ieth [curl (uw — wp)||,—

(3.11) < Ch¥lleurlul|, g,

In the following, we will bound ||u — mru|. Let w = v + Vi be the Helmholtz
decomposition of w where v € Hy(curl; Q) and ¢ € HJ(Q2) satisfy divv = 0 and
0] H(curt0) + ¥l < Cllullm(cure). Since dive = 0, equation (3.6) implies
that (wpv, Vi) = 0 for all ¢, € Sp. Using B3) on mjpv, we have ||mpv| <
C|curl wpo| and thus

[u = mpull < [lv —mpol + VY — 7. VY

< [lo]l + Cllcurlmpv| + |V

(3.12) < |lo] + Cllcurlo|| + [lul} < Clluflg(eur0),
where we have used [83) and the first equality in (3I1]) on v.

When s > 1/2, ||lu — wpul|| can be bounded as follows. Using the stability (B12)
of j, on u — IIw and the third inequality in Lemma B3, we have that

w—mhull < [lu— Il + [|(TL, — 7, )ul
= [lu — ILul + [[7n (Ihw — u)
< CHU/ - HhuHH(curl;Q) < ChS(H’u’HS,UQL + chrlul|S7UQi)'
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The main difficulty comes from the case s < 1/2. Since v € Hp(curl;?) has
zero divergence, by Lemma[Z2 we can decompose v = z + V¢ where z € H'(Q) N
Hj(curl; Q) and ¢ € Hg(Q) satisfy ||z||1+||¢]l1 < C||v|| mr(curt;n)- Therefore, letting
p=¢+1Y € HHQ), we get a decomposition u = z + Vp which satisfies
(3.13) 12[lx + [Pl < Cllullg(eurto)-

Since u € H*(J) and z € H'(Q), Vp belongs to H*(JQ;). By @B9) and
Lemma [3.1] we have

[Vp — 7, Vp| < pigg [V — Vpr| < CR*||pllits,ye;
h h

(3.14) < CR*([[ull 5 (curt) + [lullsya.)-
Once we have shown that
(3.15) |z = mnz| < CRE(||lul| + [[curlulls ya,),

the desired estimate for ||u — mpu|| will follow from (B14), (31H) and the triangle
inequality.
To show (B3], by LemmalB3] we first note that Iy z is well defined and satisfies

(3.16) ||z = Ipz| < Ch(||z]1 + [[curl z[|s yo,) < Ch(|u] + [[curlul/s yo,).

Then we decompose I,z — w2z = w + Vg where ¢ € H}(Q) and w € Hy(curl; Q)
satisfies divaw = 0. By Lemma [2.3] w belongs to H"(£2) and satisfies

wllr < Cllwlg(eurse) < CllMIhz — Th2] g (curte)
= Clmn(Mhz = 2)|| H(eur) < Cllz — I z|| H(curo)
(3.17) < C(Jlufl + leurlull; yo,),

where we have used [3.11) and ([3.12) on z and the second estimate of Lemma [3.3]
Since curl w belongs to V', by Lemma [3.3, IT,w is well defined and satisfies

(3.18)  [lw—Ipw| < CR"([Jwlly + |lcurlw|) < CR"(||ul| + [|curlulls yo,)-
Note that

Iz — mpz =w+ 11, Vg = Il w + Vg,
for some g € S. Therefore, we have, by (3.0)),
lz —mhz||? = (2 — Thz, 2 — Mp2) + (2 — T2, Mz — T,2)
=(z —mpz,z —pz) + (z — wp2z, Iw + Vgp,)
=(z—mpz,z —I2) — (z —mpz,w — Iw) + (z — Tz, w)
(3.19) <z = mnz (12 = Tz + [w — Thyaw]) + (2 — w4z, w).
To estimate the term (z — w2z, w), we define t € Hy(curl; ) satisfying
(3.20) curl (u 'curlt) =w and dive=0inQ.

Thanks to divw = 0, t is well defined. Since curlt-n = 0 on 0Q, u ‘curlt
actually belongs to X7(£2; 1). Thus, by Assumption 1I, we have

(3.21) |lcurlt]
Using (B:20) and B5), we have

(z =z, w) = (curl (z — w2), curlt),

sy < Cllwl.

= (curl (z — wp2), curl (t — 7wpt)),-1.
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Since curl z = curlu belongs to H*(|J$2;), by (B11) and (B:21l), we conclude that
(z — mpz,w) < Ch**(|leurl z[|5 o, + |lcurlt|o,)”
(3.22) < Ch*(||lu] + [leurlull;jq,)>
Finally, the combination of &I16), (BI]), GI9), B2I) and B22) gives that
Iz = 7nz|* < Ch*|lz — mhz|(ull + [eurlul;ye,)
+ Ch* (||l + |lcurlulls jo,)?,
from which (BI8) follows. O

4. SEMIDISCRETE SCHEME

Let (E, B) in Hy(curl; Q) x Hy(div;Q) be the solution to ([I)—(T4). Then,
(E, B) satisfies
(41) (¢E;+0E,u)— (u 'B,curlu) = (J,u) Yu¢c Hy(curl;Q),
(4.2) (0 'Bi,v) + (curl E, " 'v) = 0 Yo e Hy(div;Q).

On the other hand, the system (4.1)), (4.2)) and (I4)) is uniquely solvable. Indeed,
let (E,B) be a solution to the system (£1]) and (£2) with J = Ey = By = 0.
Take u = E in (£J) and v = B in ({.2), add {J]) and {2) together, and we get

(¢E(,E)+ (0E,E) + (1 ' By, B) =0,

from which it follows that

d

dt[(sE E)+ (1 'B,B)] = —2(cE,E) <0.
This shows

(cE(t), E(t)) + (™' B(t), B(t)) < (¢Eo, Eo) + (1~ ' Bo, Bo) = 0,

and thus E(t) = B(t) =0 for all ¢ in (0,T).

So far we have shown that the system and (4.2) is equivalent to (LI))
and under conditions (L.3)) and ([4). Using the Nedelec edge elements and
the Thomas-Raviart elements introduced in the second section, we can naturally
transfer ({.I) and ({2) to the semidiscrete scheme of seeking (En(t), Bn(t)) in
U, x V, satisfying, for all 0 < ¢t < T,

(4.3)  (¢Eny+0En,up) — (' Bp,curluy) = (J,up) YVuy € Up,
(4.4) (W 'Bpi,vp) + (curl B, p o) = 0 Vo, € Vy,

with given initial approximations

(4.5) E;(0)= E; and E.(0)~ E,.

This scheme is uniquely solvable [19].

Some possible choices of Ep,(0) and B (0) are as follows. We can define Bj,(0) =
r,B(0) since 7, B(0) is well defined according to (3.3]). We note that By, (¢) is
divergence free for all ¢ in this case by ([E4). We can define E,(0) = w, E(0).
However, if E(0) is smooth enough, we can approximate E(0) by II;,E(0) and
avoid solving for 7y E(0).

In the following theorem, we give the L?-error estimate for the semidiscrete

scheme (E3)) and (E4)
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Theorem 4.1. Let (E, B) be the solution to (LI)—(L4) and let (En, By) be the
solution to (I3J)-@A). Suppose that E(t), curl E(t), E(t), curl E.(t) and B(t)
belong to H*(|JSY;) for all t in [0,T], where s is as in Assumption 21l Under
Assumptions [2.1] and [31], we have, for all t in (0,T),

1E(t) = En(®)] +[[B(t) = Ba()| < C(2° + || Eo — En(0)[| + [[Bo — Br(0)]),

where C' depends on

sup [|B(#)llsye.,  sup [[EQ@)|lsya; + [[curl ()]s e,
t€(0,T) t€(0,T)
and
sup |[|E¢(t)[[s,ye; + [curl E¢(1)]]s,yq-
te(0,T)
Proof. Let

en(t) =mhE(t) — Ey(t) and by(t) = QF B(t) — By(t),

where Qf is the Lifl—projection from Hj(div; Q) to curlUy. Since divB = 0,
we know that divr, B = 0 and thus 7, B € curlU},. Therefore, by (3:3)) and the
regularity assumption of the solution, we have

IQ¥B — B| < |rwB — B < Ch°.
By Lemma [3:4] we also have
lmnE(t) — E(t)]| < Ch>.
Therefore, we need only show that, for all ¢ in (0,7,
(4.6) len (@)l + [br(®)]] < C(h® + || Eo — En(0)]| + [[Bo — Br(0)]]).

We follow the strategy in [I9] and split By,(t) = B (t) + Bj (t) where B (t)
belongs to curlU;, and Bﬁ (t) is in the Lifl—orthogonal complement of curl Uy,
in Vh.

Due to (E3) and (@), (Ex, B}) € U}, x curlU), satisfies

(4.7)  (eEpi+oEy,up) — (' B curluy) = (J,up) Yuy €Uy,
(4.8) (u‘lBIt,zh) +(curl B, 'z,) = 0 Yz, €curlUy,.

In the same way, we can see that Bit(t) =0 for any t € (0,7).
From (@), (E2) and definitions of QZ and 7y, it follows that, for any uy, € Uy,

(1 QF By, curluy) = (' By, curluy,)
= —(curl E,p *curluy) = —(curl m, E, p~ 'curluy,).
Note that both Qth and curl 7, E belong to curlUj. This implies that
QhZBt +curlwm, E = 0.
By the above and (.8)), we have
(4.9) (QYB: - B} ,,Qf B — B}),~1 = —(curle,, Q7B — B}),-1.
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Moreover, by the definition of th, (@1), @), and ([3)), we have
(71 By — Epy,up)- + (B — QEB, curluy),
= (mp By — Epy,up)e + (B — B, curluy),—
= (mnEi — Ent,un)e — (By — Ep g, up)e — (0(E — Ep),up)
= (mhEi — Et,up): — (0(E — Ey),up),
for any up, € Uy,. In particular, choosing u, = ey, we get
(en,t,€en)e + (B; - QfB, curley), 1
(4.10) = (mpE; — Ey,ep)e — (0(E — Ey), ep).
Adding (£9) and (£I0) together yields
%[(%, en): +(Q7B - B}, Q7B - B;)),
=2(mpE; — Ey,ep). —2(0(E — E}), ep).

Using B it = 0 and the orthogonal property between Bj- and Q7 B — B, we have
that

d d
QB = B;,QB -~ B, = 2(Q'B By, Qi'B - B,
and thus

d
(4.11) E [(eh, eh)s + (bh, bh)u—l] = Q(ﬂ'hEt — Ey, eh)s — 2(0’(E — _Eh)7 eh).
Integrating both sides of (EIT) over [0, ¢] yields

(€nsen)e + (bn, bn) -1 = (en(0), en(0))e + (b(0), b4 (0)) 1

t t
+2/ (ﬂhEt —Et,eh)s dT—Z/ (O'(E—Eh),ﬂ'hE—Eh)dT
0 0

< C(h* + ||Eo — Ex(0)||> + || Bo — Bi(0)]?)

t t
+ 2/ (mhE: — Et,ep). dr — 2/ (o(E — Ep),mpE— E)dr
0 0

< C(h* + ||Eo — Ex(0)||> + || Bo — Bi(0)]?)

t
+ ChS/ (llenll + | — Byl)) dr
0

t
< C(h* + |Ey — EL(0)||*> + | Bo — Br(0)|?) + Cfﬁ/ len| dr.
0

In the last inequality we used BI0) and the triangle inequality. It follows from
Gronwall’s inequality that

lenll + bl < C(h° + [ Eo — En(0)[| + || Bo — Ba(0)]])-
This completes the proof of (HH). O

Remark 4.1. If the initial approximation By (0) is divergence free, the splitting of
By,(t) into Bj (t) + Bi(t) in the proof is not necessary because of Bi(t) = 0.
But the above theorem shows that the initial approximation By, (0) does not need
to be divergence free for the semidiscrete scheme (£3) and ([E4) to result in good
approximations of E and B.
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