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VORTICITY-VELOCITY-PRESSURE FORMULATION
FOR STOKES PROBLEM

M. AMARA, E. CHACON VERA, AND D. TRUJILLO

ABSTRACT. We propose a three-field formulation for efficiently solving a two-
dimensional Stokes problem in the case of nonstandard boundary conditions.
More specifically, we consider the case where the pressure and either normal or
tangential components of the velocity are prescribed at some given parts of the
boundary. The proposed computational methodology consists in reformulating
the considered boundary value problem via a mixed-type formulation where
the pressure and the vorticity are the principal unknowns while the velocity
is the Lagrange multiplier. The obtained formulation is then discretized and
a convergence analysis is performed. A priori error estimates are established,
and some numerical results are presented to highlight the perfomance of the
proposed computational methodology.

1. INTRODUCTION

We consider in this work the stationary Stokes equations with nonstandard
boundary conditions in a bounded domain @ C R2, with a polygonal boundary
I' = 09. Q is assumed to be on one side of the boundary I'. The velocity field
u = (u1,uz2)’ and the pressure p satisfy

—vAu+Vp = f in{,
divu = 0 inQ,

where v > 0 is the kinematic viscosity of the fluid and f is the density of external
forces. Our aim is to adopt a three-field formulation involving the velocity, the
pressure and the vorticity. This approach is based on a mixed formulation where the
principal unknowns are the pressure and the vorticity and the Lagrange multiplier
is the velocity. A discrete model associated to this formulation by conforming finite
elements is not appropriate due to the lake of coercivity of the discrete formulation.
Specifically, the pressure is not well defined if we do not use compatible discrete
spaces for the pressure and the velocity. We propose to add a stabilization term in
the discrete mixed formulation to restore the coercivity of the form and therefore the
well posedness of the discrete problem. This stabilization form consists of the jumps
of the discrete vorticity and pressure on the internal edges of the triangulation. This
idea has already been used in [12], among other works. We prove that the method is
unconditionally convergent in the sense that it does not require additional regularity
assumptions. We present in this paper the case where finite elements of degree 1
are used. The description of the general case of finite elements of degree k can be
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found in [3]. We prove that the method is optimal in terms of finite elements, i.e.,
we obtain an O(h*) error estimate when we use finite elements of degree k.

The numerical results presented in this paper demonstrate the efficiency of the
method by using only simple finite elements (continuous, piecewise of degree 1 for
the velocity and constant discontinuous for the pressure and the vorticity). This
method can be easily extended to the three-dimensional case. The extension to the
Navier-Stokes case is still under investigation.

Throughout this paper, we adopt the following nomenclature and assumptions:
For any 2D vector field v = (v, v2)t, we use the divergence and scalar rotational
operators divv = 01v1 + Oqv and curl v = 01v9 — 07v1, and the vector rotational
of any scalar field ¢, curlg = (920, —010)".

Finally, we recall that for any 2D vector field v, the identity V div v—curl curl v
= Av is satisfied.

We suppose that T' is formed by three open and disjoint subsets I'1,T'2, I's such
that T = T'; UTy UT5. Each of the T; itself might be formed by a set of linear
segments, and we denote by {c;} the vertices of 2 and by {a;} the openings of the
angles of ) at each of the c;. We assume a; < 27 for each i, and we denote by

a;, for j =1,...,1, the nonconvex corners of €2, i.e., the corners where o;; > 7. We
also assume that there are no nonconvex corners at the intersection of I'y UT's and
Ts.

Introduce the scalar vorticity w = curlu, the outward normal vector n and the
tangent vector t to the boundary I'. Given vector data ug, a, b and scalar data py,
wp, we consider the following boundary conditions:

u'n=upg-n, u-t=ug-t on IV,
u-t=a-t, P =po on I,
un=b-n w=uwy on I's,

together with a compatibility condition for these boundary data, that is, there exists
at least one incompressible velocity field which satisfies them, i.e., there exists a
function Uy € L?(Q) with curl Uy € L?(2) such that

U():ll() on Fl,
divUg =0 in © and Ug-t=a-t on Iy,
Ug-n=b-n on TIj.

Therefore, we will work with homogeneous boundary conditions, i.e., uy =
OonTi,a=0o0onT5and b=0on I;.

To illustrate the above boundary conditions we can consider a pipe flow problem
where we impose simultaneously this family of boundary conditions (see [7]):

Boundary Conditions Duct flow application
ry u=0oru=nuyg No-slip or injection velocity
T, u-t—a-t p=po Pressure condition at tube exit with
’ an unknown velocity distribution
I's u-n=b-n, w=uw Jet

Since a Dirichlet boundary condition for the vorticity is imposed, we formulate
the problem in terms of the velocity field u, the vorticity w and the pressure p. We
use a modified pressure p ~ %p and a modified body force f ~ %f . We are now
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ready to state the following three-field problem:

curlo+Vp=f inQ,
(1.1) w = curlu in Q,
divu=0 in Q,

u-n=0, u-t=0 onl}y,
(1.2) u-t=0, p=po on Iy,
un=0 w=wy onls.

The remainder of this paper is organized as follows: In Section 2, we introduce the
function spaces and derive the variational formulation corresponding to the above
problem. In Section 3 we discretize the problem using finite elements of degree
1. Section 4 is devoted to the analysis of the discrete problem. The convergence
analysis is performed and error estimates are established. Finally, in Section 5,
numerical simulations are presented to illustrate the performance of the proposed
approach.

2. FUNCTIONAL FRAMEWORK AND VARIATIONAL FORMULATION

First, we introduce the following space [13]:

Definition 1. Let I'y,I', be a partition of the boundary I' = 99, i.e., [, N Iy = )
and T, UT, = T. Let 7o : H'(Q) — H'Y?(T) be the trace operator. We define

Héf (T'a), the set of traces on T' that are equal to 0 on 'y, i.e.,
Hof®(Na) = {70, 9 € H'(Q); 709 =0 on D},
We denote by H(i)l/Q(I‘a) the dual space of HééQ (Ta)-

We denote by 0, = n -V the normal derivative and by 0y = t - V the tangential
derivative along the boundary T'.
We consider the following Hilbert spaces:

L2(Q) = L*(Q) x L3(Q),
(2.1) X = L2(Q) x L(Q) when |T'2| =0,
X =L2(Q) when |T'2| > 0,

where L§(Q) = {q € L*(Q); [, qdQ = 0}. We denote by || - [0, the L?-norm in Q2
and endow X with the following norm:

I7llx = (165 .o + llallF.0)"?

for 7 = (0, q) € X. We also consider the Hilbert space H(div, curl; Q) of square inte-
grable vector fields on 2 whose divergence and rotation are also square integrable:

H(div, curl; Q) = {v € L*(Q); divv € L*(Q), curlv € L*(Q)}.
Let M be the closed subspace of H(div, curl; Q) defined by
(2.2) M = {v € H(div, curl; Q); v -n|r,ur, =V -t|r,ur, = 0}.

The boundary condition v - n|r,ur, = 0 is to be understood in the weak sense,
ie.,

1 1
v-ne H2(T) and (v-n,u) =0 Vue HZTUTLs;).

A similar weak sense is given for the boundary condition v - t|r,ur, = 0.
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The spaces H(div, curl; Q) and M are both equipped with the norm
1Vl = (V1§ 0 + 1 div Vg o + [l curlv[[§ o) '3,
and we also consider the semi-norm
vl = (| div v[|g o + | curlv][§ )"/,
The following results will be useful:
Lemma 1. There exists s € |1/2, 1] such that M is continuously imbedded in H® ().
Proof. We have Ml C M, where
M; = {v € H(div,cur;2); v-n=0 on I''UT3, v-t=0 on I'y}.
For v € M fixed, let ¢ be the solution of the problem

—Ap = divv in
p = 0 onTyUTy,
Onp = 0 onlsj.

For each of the nonconvex corners a; of €2, we can introduce a fixed neighborhood
U, (as small as needed) of a; such that U; N U = ( for each j # j/, with j, ;' =
1,...,l. Moreover, as we do not have any of the nonconvex corners in (I's UT';)NTs,
then, following [I1], the solution ¢ can be written as the sum of a regular part

¢, € H*(Q) and a linear combination Z?zl Aj Sj, where the \; are real constants,
S; € H'*% (Q) with compact support in U;, and the s; are real numbers such that
1/2 < s; < m/a;. Therefore, we find that ¢ € H!T54v(Q) for some positive number
Sdiv € ]1/2,1]. In addition, there is a constant C such that

||50||1+Sdiv,9 < CH diVV||()7Q.

Next, we set w = v + V. Since divw = 0, there exists a function £ € H'(f)
such that w = curlé. Moreover, using the fact that ¢ is constant on I'y U T’y and
assuming now v € M, we have

curl¢ . t =0, =v-t+Vp-t=0, onT;UTs.
Then, £ satisfies the following problem for the Laplace operator:

—A¢ = curlv in
Ohé = 0 onl'jUTy,
8t£ = 0 on F3

Again, using the regularity results for the Laplacian operator, we find that & €
H1F30t(Q) for some positive number s, € |1/2,1], and

[€ll14 500,02 < Cl curl v]io,0.
Hence, we obtain
v = —Vp + curlg,
and then v € H*(Q) for s = min{saqiv, Srot } € |1/2,1] with

[vlls.o < IVl 50 < COVlw < OV

5,0 1 ||curl¢]

Corollary 2. Any v € M satisfies v-n € L*(T) and v -t € L*(T).
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Hypothesis. We assume throughout this paper that the set

(2.3) K={veM; divv=curlv=_0a.e.inQ}
satisfies
(2.4) K = {0}.

Remark 1. If v € K, then there is a function ¢ € H'(Q)/R such that v = curly
and Ay = 0 a.e. in . Furthermore, Oyt = 0ytp = 0 on I'1, d¢gyp = 0 on I's and
Onty = 0 on Ty, If [T'y] > 0, then Holmgrem’s uniqueness theorem insures that
1 =0, and then v = 0. If |T'y| = 0 and I'3 has only one connected component, we
have also ¢ = 0, and then v = 0. In these two cases, assumption (Z4) is verified.
In the other cases, i.e., when |T';| = 0 and I's has m + 1 components with m > 1,
the set K has a finite dimension equal to m and we can characterize a basis of K.
We can work in this framework but with the space M/K.

Lemma 3. Under assumption (2.4), the semi-norm |- |y is equivalent to the norm
I~ llna in M.

Proof. The proof uses a compactness argument. We suppose that the semi-norm
| - |m is not equivalent to the norm || - ||y in M. Then, for each integer n € N* there
exists a sequence (v, ), of elements of M such that

1
IVallog =1 and  [valy < —.

We then have ||v, ||, < 2. Using Lemma[I, we deduce that the sequence (v,)n
is bounded in H?*(2) with s € ]1/2,1]. Therefore, there exists a subsequence of
(Vn)n, still denoted the same, weakly convergent in H?*(Q2) and strongly convergent
in L2(Q) to some v. Moreover, v € M and divv = curlv = 0 a.e. in Q. From hy-
pothesis (2.4]), we deduce that v = 0. On the other hand, as the sequence converges
strongly in L?(2) to v, then ||v|jo.qo = 1. The latter result contradicts v=0. O

In order to define the trace of the elements of the space H = {0 € L?(Q); Af €
H~Y(Q)}, we prove the following lemma.

Lemma 4. Set Q = HZ(Q) N H%(Q) and consider the space Y defined by
Y ={uecL?T); IpeQ, u=0npae. in T}

For all functions 6 € H, the trace vo(0) is defined on the dual space Y'.

Proof. The space Y is normed by

lully = Infoeq, up=u l¥l2,0-

Using [17], we can define a continuous linear operator 7y from H to Y’ such that
v € D(Q), 70(0) = Ojr
and

Vo€ H Yo e O, / 0 dz — (A0, 0) 11,0 = (0(0), dap)v v
Q
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Throughout this section, we will denote by (-,-) the scalar product in L?(€2),
by (-,-) the duality in the space M and by (,-)r, the scalar product in L?(T';) for
i = 2,3. We assume that f belongs to L.2(Q2) and, for the sake of simplicity, we take
po € L?(T') and wy € L3(T'). We can take, of course, weaker conditions for py and
wp. Using integration by parts, one can derive the following variational formulation
for problem (IL])-(T.2):

Find o= (w,p) € X and u € M such that
(w,curlv) — (p,divv) = F(v), ¥YveM,
(w,0) — (0, curlu) =0, Vo € L2(Q),
(q,divu) =0, Vg € L?(Q),

where F' € M is given by
F(v)=(f,v)+ (wo,v-t)r; — (po, v -n)r,, Vv € M.
By adding the second equation of (23] to the third one, we obtain
(w,0) — (0, curlu) 4 (¢,divu) = 0, V1 = (0,q) € X,
(w,curlv) — (p,divv) = F(v), Vv € M.

Now we consider the bilinear forms a : X x X — R and b : X x M — R defined
for all 0 = (w,p), 7= (0,q) € X and v € M by

(2.6) a(o,7) = (w,0) and b(r,v) = —(0,curlv) + (¢, divv).
We then obtain the following saddle point formulation associated to problem (L.1J)-

C2):

(2.5)

Find (o,u) € XxM such that
(2.7) a(o,7) +b(r,u) =0, VreX|
b(o,v) = =F(v), Vv € M.

We denote by V the kernel of b, i.e.,

V={reX b(r,v)=0, VveM;}

We remark that if 7 = (6,¢) € V, then we have curld + Vg = 0. So, we deduce
that A0 = Ag = 0 a.e. in . Hence, using Lemma [l we can define the traces of 6
and ¢ on the boundary I' as elements of Y'. We take p € Y with u=00onT; UTy
and consider a function ¢ € @ such that 0,0 = p on I'. Then, for v = curly, we

havev.-n=0ae. onl, v-t = —pae onl, v €M and divv = 0. From the
definition of V, we deduce that

/ 0 curl vdx = —/ 0Apdr = —(yo(0), u) = 0.
Q Q

Since 4 =0 on I'y UTs, the previous equality can be written as follows:
7(0) =0 on T3 in the sense of Y.

Similarly, we establish that v9(¢) = 0 on I'z (in the sense of Y’). Then, we have
the following characterization:

V={r=(0,9) €X; curld + Vg=0a.e. in Q,“g=00nT%",“0=00nT3"}.
Therefore, when 7 = (6,q) € V, then ¢ € Z, where Z is given by

Z ={qe€ LiQ); Ag=0ae. in Q} it |Tql =0,
Z={qe L*(Q); Ag=0ae. inQ, ¢g=00nTy} if [[3>0.
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We recall that there exists a positive constant C, depending only on 2, such
that,
2
(2.8) lallo.o < ClIVall-1.0, Vg€ Lj(Q),

where ||| -1.o denotes the norm of H~1((2), the dual space of H}(2). When [T's| =
0, the inequality (2.8) is true for every ¢ € Z. This result remains valid when
[T'2| > 0. This property is stated by the following lemma:

Lemma 5. There is a positive constant C, depending only on §2, such that
(2.9) lallo < ClIVall-10, Vg€ Z

Proof. Suppose that, when |T'z| > 0, (2:9) does not hold. Then, there is a sequence
(qn)n of elements of Z such that

lgnllo.0 > nlIVan]-1,0

1
for all n € N. Let g, = gn; then [|g,llo.0 = 1 and — > ||Vq,[-1,0-
n

1
llnllo.0
This inequality implies that (Vg, ), goes to 0 in H=!(Q). Hence, there exists a
subsequence of (g, )n, still denoted the same, weakly convergent in L?({2) to some
q € Z. We introduce g, € L3(Q) by Gn = q,, — |—§12‘ fQ 7,,d). This sequence converges

weakly in L?3(Q) to ¢ € L3() given by § = q — Wll Jo 7d2. Moreover, there is a
constant C' > 0 such that

. . _ C
ldnlloo < ClIVanl-1.0 = ClIVE,[-10 < —.

Therefore, (Gn), tends strongly to 0 in L?(Q2). Moreover, since (g,,), converges
weakly to ¢ in L?(Q2), we obtain that (g, ), tends to ¢ = %Q‘ Jo 7dS2 strongly in
L?(2). Finally, using the fact that ¢ € Z and |I'z| > 0, we have necessarily ¢ = 0.
On the other hand, we have ||g,|lo,o = 1 for every n. Then ||g|lo.o = 1, which
contradicts ¢ = 0. O

Corollary 6. We have
(2.10) Irllx < (1 +C*)%||6llo,0, V7 =(8,9) €V,
where the constant C is given by Lemma[3.

Proof. For all 7 = (0,q) € V we have curlf + Vg = 0. Therefore, it follows from
Lemma 5] that

lallo.e < ClIVgll-1,0 = Clleurld| 1.0 < C[|0]o.0-
Hence,
I711% = 1013, + l4ld.a < 1+ C*)]6ll5 .
O
Theorem 7. Let f € L%(Q), po € L*(T') and wo € L*(T"). Then, the saddle point
problem (27) admits a unique solution o = (w,p) € X and u € M satisfying

curlw + Vp=f inL?(Q),
(2.11) w = curlu in L*(Q),
diva =0 in L?(€),
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and

un=0 aeonl;, u-t=0 a.e only,
(2.12) =D a.ec.only, u-t=0 a.e. onlsy,
un=0 ae onls, w=wy a.e. onls.

Proof. First, one can easily verify that the forms a and b (see (Z6)) are bilinear and
continuous. Second, the existence and uniqueness of the solution of problem (Z7)
is then established once we prove that a is V-elliptic and b satisfies the “inf-sup”
condition [10]. The coercivity of @ on V is a consequence of Corollary[6. Next, we
check the “inf-sup” condition on b. For a given v € M, we set 7 = (— curlv,divv) €
X. Then,

b(7,v) = 7% = ewrl v|[§ o + || div V(5

and

br.v) _ b(.v)
rex I7llx — II7lx
Hence, the “inf-sup” condition is satisfied. Therefore, we conclude the existence
and uniqueness of a pair (o, u) € X x M, with o = (w, p), that is a solution of (2.
In addition, one can easily verify that (w,p,u) satisfies (2I1I) by simply using in
&7 7 = (0,n) € D*(Q) and v € D?(Q). The normal and tangential boundary
conditions for the solution u are satisfied because u € M. We only have to check
the boundary data for the pressure on I's and vorticity on I's. Since f € L?(Q),
by applying the differential operators curl and div to the first equation of (21,
we obtain that both Aw and Ap belong to H (). Therefore, using Lemma [}
the traces of w and p are defined in Y. Let u be an element of Y such that 4 =0
on I'y UTy. Taking ¢ in @ with 0,9 = p on I', the function v = curl ¢ satisfies
v-n=0ae onl and v-t = —p a.e. on I'. Consequently, v.€ M and div v = 0.
Choosing v as test function in (Z7)), we obtain

/wcurlvdx:/f-vda: +/ wo V- tdo.
Q Q I's

On the other hand, we also have

/ f-curlpdr = (curlf,p)_110
Q

= I7llx = [vlm-

and curlf = —Aw. Therefore, we obtain

(Yow, w)yry = / wop do,
s

i.e., Yow = wg on I's in the sense of Y. Similarly, one can also prove that yop = po
on I'y in the sense of Y. O

3. THE DISCRETE PROBLEM

Let (73), be a regular family of triangulations of . For each triangle K, we
denote by hx its diameter, and by | K| its area. We associate to each triangulation
7y, the following sets:

o & is the set of the internal edges.

e Fj is the set of the edges which belong to the part I'; of the boundary
(i=1,2,3).

oCp =&, U]—"}L UT}QL U .7-',?;. Cp, is the set of all the edges of 7.
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We assume that if an edge e belongs to I', then it belongs entirely to one of the
i ie., e C T;. For each edge e € &, there exist two triangles K and K’ in 7,
such that e = 0K N OK’. We denote by he the length of each edge e and we set
h= max hg. Moreover, since (73,), is a regular family of triangulations, there is a
€7p
constant ¢ > 0, independent of h, such that
(3.1) Yh>0, VKeT,, VeCOK hg <Cche.

For every | € N and K € 7;, we denote by P;(K) the space of the polynomial
functions defined on K of degree less than or equal to I, and by P;(K) the space
P/(K) x P(K). We introduce the following discrete spaces:

L = {qn € L*(Q); |, € Po(K) VK € Ty},

Xp=Lpx LpNX,

My, = {vy, € (C°(Q))?; vy, € P1(K) VK € T} N M,
={vh € M vy, € P1(K) VK € Tp}.

The discrete formulation for the saddle point problem (277) is given by

Find (op,un) € X xMy, such that
(3.3) a(ah,Th)—f—b(Th,uh) =0 Vmr, €Xh,
b(O’h,Vh) = —F(Vh) Vv, € Mh,

with o, = (wp,pn). We recall that the bilinear forms a and b and the linear form
F are given by

(3.2)

a(ah,Th) = (wh, eh),
(3.4) b(th,vp) = —(0p, curl vi) + (qn, div vy),
F(vp) = (f,vn) + (wo, Vi - t)r5 — (Po, Vi - D)1y,
where o}, = (wh,ph) € Xh,Th = (9h7Qh) € Xy, and vy, € My,.
The choice of the spaces X;, and My, allows the bilinear form b to inherit the
inf-sup condition satisfied in the continuous case. Indeed, for v, € M, and 7, =
(—curlvy, divvy) € X, we have

b(Th, vi) = [ITnll% = Il curl va[§ o + || div vall§ o = [valis-
Hence,
sup A7) 5 T V) iz
mex, mllx = [[Tallx

This shows that the discrete “inf-sup” condition holds.
In order to follow the standard analysis (see for example [10]), we need to obtain
the coercivity of a on the discrete kernel

Vi = {mn € Xp; b(mh,va) =0 Vvj, € M}

It is clear that we do not have V;, C V. Hence, the coercivity of the form
a on Vj is not a consequence of Corollary [6. In fact, one can prove that a is
not coercive on Vy. Indeed, analyzing the uniqueness of the solution of problem
(B3) leads to a solution for F' = 0. In this case, we have b(op,up) = 0. Thus,
a(op,op) = 0. Due to the expression of a, it follows that a(on, ) = 0, V1, € X},.
Hence, using the inf-sup condition, we deduce that u; = 0. Moreover, we have
(pn,div vi) = 0, Vvi € M. Unfortunately, this does not imply that p, = 0.
Therefore, the homogeneous problem (B3]) admits nontrivial solutions, and so a is
not coercive on Vj,. To restore the coercivity, one needs to modify the bilinear form
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and not the spaces in order to preserve the uniform “inf-sup” condition satisfied
by the bilinear form b. To do this, we adopt the approach developed in [I] and [2]
and tailor it to our problem. First, we observe that the proof of Lemma [ leans
essentially on the fact that curld + Vg = 0. This crucial property is no longer
valid at the discrete level. One can only estimate the norm |curld + Vg| -1, in
terms of the jumps across the edges of the elements. However, we will see that this
property is enough for our objective.

For a given edge e € &, we have e = 0K N K’ for some K # K' € Tj,. Let nX
and tX be the outward normal and tangent vectors to the edge e with respect to
the triangle K. Then n¥ 4+ nX" = tX 4 tX = 0 on e. Also, for any edge e € F}
with i = 1, 2,3, we have e C 9K for some K € 7. To simplify the notation, we let
n, = nX and t. = tX be the outward normal and tangent vectors to the edge e
with respect to the triangle K.

Definition 2. For 73, = (0, qn) € Xp,, we define the jump [73,]. across an edge e of
T}, as follows:

e€é&,and e=90K NOK', [m)
e € F} and e C 0K, [7h]
e € Ff and e C 0K, [Thle = —qi n,,
e € Fp and e C 0K, [Th]

We also define the jumps [6,]. and [gn]e across any edge e of 7}, as follows:

K

Thle = (0 — 05 ) tL — (¢ —q¢ff )nk

Y

(3.5)

e cc& ande=0KNIK', [Onle= (0K — 05, [qn]e = (¢ — ¢f),
36) * ° € F} and e C 0K, [Or]e =0, [gn]e = 0,
"/ e eeF?andeCOK, [0n]e = 0, lgnle = —qi*,
e c€ FpandeCOK, [0n]e = 0K lgn]e =0,

For every e € Cy, we have

(3.7) [Th]e = [Onle t& + lan]e n
We consider the symmetric bilinear form A : X;, x X, — R given by
(3.8) An(n, ) =D e ([Bnles [Thle)es Vn, 7 € X
ecCp,

and the associated semi-norm on X;, defined by
(3.9) 7l = VAT ™) = (3 e lmlellg )2, ¥ € X
ecCp
Using the Cauchy-Schwarz inequality, we have
|Ah(5h;7—h)| < |5h|h |7—h|h7 V(Sh,’rh S Xh.
Moreover,
Ah(’Th,’Th) = |7—h|}2L ,VTh e Xp.

We also observe that
(3.10)
([6r)e, [Th]e)e = ([pnles [Onle)e + ([rrles lanle)es  YOn = (pn,7h), Th = (On, qn) € Xa.

Next, we consider the linear form Gy, : X;, — R given by

Gu(mn) ==Y he (pome, [Thle)e + D he (Wote, [Tale)es V7 = (On,qn) € Xn,
ecF} ecFp
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which also satisfies

(3'11) Gh(Th) = - Z he (pO ) [Qh]e)e + Z he (WO ) [eh]e)e-

ecF} ecFp
Remark 2. The jumps are constant on the edges.

For a positive fixed parameter G, > 0, we define the stabilized bilinear form
ap : Xp X Xp — R given by

an(On, ) = a(0n, 7o) + Bn An(On, 7n) Von,h € Xp.
The discrete problem (3:3)) is then modified as follows:

Find (op,up) € Xp,xM;, with oy, = (wn,pn) such that

(3.12) ah((fh,Th)-l—b(Th,uh) = 0 Gh(Th), V11, € Xp,

b(O’h,Vh) = —F(Vh)7 Vv € M.
We note that for 8, = 0, problem BIJ) is reduced to problem [B3). Moreover, we
have

Theorem 8. For any B, > 0, problem [B.12) admits a unique solution.

Proof. To establish the uniqueness of the solution, we consider problem [BI2) with
F =0 and G}, = 0. It follows that b(on,up) = 0. Then, ap(on,0p) = 0, which
gives wp, = 0 and Ap(op,0p) = |ah|% =0.

Then for e € Cp, H[Uh]eHO’e =0, ie., foralle € &, ||[O'h]e||0’e = H[ph]eHo,e =0
and for all e € 7 ||[onlelly . = llpally . = 0. We deduce then that py, = 0.

We get from b(m,,up) = 0 V7, € X, and the “inf-sup” condition that u, = 0.
This proves the uniqueness. Moreover, because of the linearity of problem (B.I2),
we deduce the existence of the solution. O

The bilinear form Ay, gives the Vj, coercivity of the new form ap. This coercivity
is not @ priori uniform, i.e., the constant of ellipticity can depend on h. We study
this coercivity and also the continuity of Aj in the following results. The form G,
is introduced to preserve the consistency. We first focus on the coercivity of ay,.
With this purpose we first exhibit a useful representation for b and some bounds.
From now on, we denote by C, C’ positive constants that do not depend on h.

Proposition 9. For 7, € X, and v € M, we have

(3.13) b(rh,v) ==Y ([Thle; V)e-

ecCp
Proof. For any 1, = (On,qn) € X, and v € M, we have
b(1h,v) = —(0p, curl v) + (gp, div v)
= _ZKeTh{(é)h,curl v)k — (qn,div V) }

= ZKGT} (On t2 — gnnl,v)ox

== . (mes Ve
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Corollary 10. There is a positive constant C, independent of h, such that:

o b, V)| < Clraln{ X bt IvIG. 32, Vrn € Xn,v EM,

3 14) eeCy,

(3. o |b(h, V)| < Clmnlnlv]ia, V1, € Vi, v e MNHY(Q),
e |lcurldy, + Varl-1 < Clmhln, V7 = (O, qn) € Vi,

Proof. The first estimate is an immediate consequence of Proposition[@d Consider
now 7, = (0n,qn) € Vj, and v € MNH! (Q). For any v, € My, we have b(7y,, v;,) = 0.
Then, using Proposition [ we deduce that

Z ([Th]e; vV — Vh)e

[b(7h, v —vp)| =

ecCp
< D mmlelloe IV = valloe
ecCp .
1 s |
<lmlng Y 7 v =vallo. -
eeC, ¢
Now, for v € MNH'(Q) and vj, € My, (see for example [4] among others), we
have
1 3
2
{ >l - vh|o,e} < Clvlig
ecCy ¢
and the second relation of ([BI4) is satisfied. In addition, by definition

b(th, v
|lcurl 0y + Vi ||—1,0 = sup M
veH} () v]1,0

< Clmn.
The following corollary ensures the coercivity of the bilinear form ay,.
Corollary 11. There is a positive constant C, independent of h, such that
(3.15) lanllo.e < C(I7nln + 10nllo.); Y7 = (6n,qn) € V.
Proof. Consider 7, = (0y,qp) € Vi, and g, = gy, — \ﬁll Jo andQ2. Then, G, € LE(S).
Moreover, using (2.8)), we deduce that
Clignlloe < IVanll 1,0 = IVanll_y o < lleurlfn|_; o -

Hence, it follows that

Cllgnllo < 10nllo.q < €' (I7aln + 1164l

0,Q)-

In the case where |I's] = 0 we have g, = g5, and therefore the proof is achieved.
In the case where [I's] > 0, we consider a function w € M N H'(Q) such that
Jo divwdQ = 1. Then, we have

/ qndS2
Q

L
12

_ / (qh—Ejh)divwdQ‘
Q

b(Th,W)—I—/ 05 curlwdQ—/ an divwdQ‘
Q Q

1
2 ~ 2
|b(7h, W)| + {H‘-"h”o,n + ||Qh||o,9} W -

IN
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Moreover, using (3.14]), we obtain
b(7h, w)| < Clra|n|wlio.

It follows that

-

L
12

~ 2
[ ado| < {1 a+ @ml3o i} o
Q
1
2 2
< C{llally. 0+l } [whe.
The proof is then achieved using
1
laalloo < [Gllo0 + —— \/ qhdﬂ‘.
0,2 0,2 \/ﬁ o
O

Remark 3. Corollary[I]] states the coercivity of the bilinear form aj on the discrete
kernel V},. Indeed, for 7, = (0}, qpn) € Vi, we have

an(rn,mn) = [10nll5 o + Bulmal?
2 . 2
> 310012 o + mingd. B} {10412 + Iral2 )
2 .
> 110nl} o +min{gh, 2 }lgnl3 o-

We note that the constant of coercivity depends on (j, since we have

.11 By
(316) ah(Th,’Th) Zmln{?%,g
Next, we prove the continuity of the form A, on X; x X}, in order to deduce the

continuity of the form aj. This property will be used later in order to prove the
consistency of the new terms added to the formulation.

}H’Th”% V1, € Vp,.

Proposition 12. For p € 1_(.[: L2(e) such that:
eeCp

e u=0o0ne, ifecCTly,
o ut=0one, ifeCTly,
e un=0one, ifeCTls,

there is a function ®;, € M NH(Q) such that
o b, ®n) ==Y ([Tnles e

e€Cp,

1
o [®y10<ZC { Z h_ ||/J’||(2),e} ;

e€Cy,

N

(3.17)

fOT all 7, = (9h7Qh) c Xp,.

Proof. We consider the function ®;, satisfying

o &, |K€ ]P)Q(K), VK € 77“
o P,(5) =0, VS vertex of Ty,
° / P,do = / udo, Ve edge of 7y,.
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Similarly to the proof of Proposition [, we have
b(th, ®n) = —(On,curl ®;) + (gn, div ®p,)

= - Z ([Th]67 ‘I’h)e

ecCp,

= - Z ([Th]evu)ea

eeCp
for 75, = (0p, gn) € Xp. Then, it follows that

1 2
b(7h, @) <|Th|h{zh—|ﬂ|§,e} :

ecC, ¢

Finally, from the classical inverse inequalities, we have the existence of two positive
constants ¢y and ¢;, independent of h, such that

1

_ LT G
Co |‘I’h|1,K < { Z R ||/J’||0,e} sa |(I)h|1,K’ VK € Tj.
eCOK €

Therefore, we conclude the proof by setting 7, = ®y,. O
Corollary 13. For 7, € Xy, there is a function ®, € M NH(Q) satisfying
b(éh, (I>h) = Ah(éh,m) Vo, € Xp,  and |‘Ph|17Q < C|Th|h.

In addition, if we write 7, = (On, qn), we have

1
2 2 2
(3.18) il < C {10150+ llanllg 0} = €l

Proof. We apply Proposition[12] for p € l'é L2 (e) given by
ecCh

1% |e: _he[Th]e-
It follows that for d; € X, we have

An@ny ) = > he([Onles [Thle)e

ecCp,

= =" (Ble e

e€Cp,
— b(0p, B1).

Then,
|7—h|% = b(’Th, (@h) = —(L‘)h,curll (@h) —+ (qh,diV (I)h)
2 2 2
< {||9h||o,n + ||QhH0,Q} |@rlm < CI7allx [®rle < Climallx [7aln-

The a priori estimate ([BI8)) is then established. Consequently, the bilinear form
A;, is continuous on X, x Xj,. O

Next, we define the L?-projections of the functions py and wy as follows:
po, € L>(T2) and Ve € F7,
poh,|6 € Po(e), (pO _pOh,vyh)K =0, Vyn€ Po(e)m,

wo, € L?(T's) and Ve € Fp,

woy le € Pole), (wo —wo,,yn)x =0, Yyn € Po(e).

(3.19)

(3.20) {
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We are now ready to establish the consistency of the additional terms in the for-
mulation. We have

Proposition 14. Let 0 = (w,p) be the solution of the continuous problem (2.1).
There is a constant C' > 0, independent of h, such that for a given 1, € X}, and
on € Xp, we have

(3.21)

o—nllx +h|f
| A (On, ) — Gr(mh)| < Cltaln { I nllx I£1lo.0 } .

+\/E ”pO _pOhHO,Fz + \/E HWO - thHO,Fg

Proof. Similarly to Corollary I3, for given 75, = (0h,qn) € Xy, and 6, = (pn,7h) €
X , we consider the function ®;, associated to 75. Then, we have

Ah((sh,Th) = b(éh,@h) and |¢h|1’Q S C|Th|h.
Furthermore, we have
An(Onymh) — Gu(th) = b(6n — 0, ®p) — F(®n) — Gr(mh)

with F(vp) = (£, vp) + (wo, Vi - t)ry — (Po, Vi - n)p, and

Gh(Th) = - Z he (pO ) [Qh]e)e + Z he (WO ) [eh]e)e

66.7:,2L eE]—'fz
== Z he (Po, » lanle)e + Z he (woy, 5 [On]e)e
66.7:,2L eE]—'f:
= Z (poha @h'ne)e + Z (th, @h-te)e
66.7:,2L 66.7-',3;

—(po,,, ®r - M)r, + (wo,, Br - t)rs.
It follows that
|F'(®n) + Gr(mh)| = |(f, ®r) — (Po — po,, ®r - )1, + (Wo — wo,, ®n - t)r,|

< ||f||079 H(I)h”o@ + [lpo — po,,

+ [lwo — wo,

0,I' ”‘I’h”o,rz

0,I's H‘I’hHO,Fg :

Using classical inverse inequalities and the fact that the function ®;, vanishes at
each vertex of 75, we deduce that

[®nllg.q < Ch|®nly o < C'hlmaln and @4y < CVRI|®w], o < C'VhlThln.
Moreover, we have

[b(0n — 0, ®p)| < C || Py llo — dnllx
< Clrnlnllo = onllx,

which achieves the proof of this proposition. O

Remark 4. We note that if J; is a good approximation of o, the added terms
introduce an error which is of the same order as the one expected when using finite
element methods.
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4. ERROR ESTIMATES

Our aim here is to estimate the error ||o—op|x+|u—up|m when (o = (w,p), u) is
the solution of the continuous problem (Z7) and (o, = ((wh, pr), up) is the solution
of the discrete one (3.12)). We point out that, from the standard analysis, one can
establish these error estimates directly. Our objective here is to derive more precise
estimates. To do this, we introduce

on = (@Wh,pp,) € Xp, such that, VK € Tp,
(4.1) Pr k€ Po(K), (p—Dn-an)x =0, Van € Po(K),
Wh |k€ Po(K), (w—wh,0h)k =0, VO, € Py(K),
i.e., oy, is the L2(2) projection of o on X;,. Moreover, we have

(42) a(J—Eh,Th):O, V11, € Xp,
) b(a —Eh,Vh) =0, Vv, € M.

From problem (Z7), we deduce that

a(o,7p) + b(mh,u) =0, V7, € Xy,
b(a, Vh) = —F(Vh), Vv € My,.

Then
b(ﬁh, Vh) = —F(Vh)7 Vv € M.
Using problem (3:12)), we obtain

a(Eh — O'h,Th) — ﬂh Ah((fh,Th) + b(’Th,u— uh) = _6h Gh(’Th), V’Th S Xh,
b(Eh — (Th,Vh) =0, Vv € My,

{ a(Eh,Th)-f—b(Th,u):O, VThEXh,

We set
(4.3) 6p =0n — op = (Wh — Wh, Py, — Ph)-
Hence, we have

(4.4) an(0n, mh) + b(th, u —up) = Bn {An(@h, ) — Gr(mh)}, V71 € X,
) b(5h, Vh) =0, Vv, € My,

with ap(0p,7h) = a(0n, h) + Br An(On, 7). We remark that ), € V. We have
Proposition 15. For v, € My,
(4.5)  |[@n — wnll§.o + Buldnl = b(Oh, v — ) + Bn {An(@n, ) — G (6n)}.
Proof. We apply (@A) for 75, = &y, given by ([@3). Then, for v, € M}, we have
an(On,0n) = b(0n, up —0) + By (An(@n, on) — Gr(dn))
= b(0n, vi — 1) + Bu (An(Th, 0n) — G1(0n)).
The proof is then achieved by using

an(On, 0n) = |[@n — wllE o + Bn [0n]7 -

We denote by E. the error of consistency, defined as follows:

o = Zully + 1o }
4.6 E. = ’ .
(4.6) ‘ {wﬁnpo—poh or 4 Vw0 — o o,
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Then, from Lemma [[4] we have the existence of a constant C' > 0, independent of
h, such that
|An(Ths 0n) — Gr(6n)| < CEc|onln -
We also have from definition (2.) that
b(6r, Vi = )| < [u = Vh|u [|6nlx -
Hence we deduce from Proposition[I5land these two previous estimates the following

first error estimate:

Lemma 16. We set 3;, = min(1, 8,) and denote the error on o by

(4.7) En(0) = ||@n — wnllo.e + \/Br [[Br — prllo.e + v/ Bn dnl,, -

Then, there is a constant C > 0, independent of h, such that for vy, € My, we have
C

(4.8) En(o) < —_|U—Vh|M+CvﬁhEc-
Bh

Proof. Relation [B.I5) gives the following inequality:
[P = prllo.o < C(I0n]n + l&n — wallo,0)-

Then, we have

@ = whllo. + v/Br 10nl, = \/Ba {l@n — walloo + [0l }
> C\/Bn l10nlly -
Using (), we deduce that

I@h — whll3 o + B 18n]5 + Bi 1100l
< C|b(6p,vi — w)| + CBh |An(@h, 0n) — Gi(dn)|

O

Proposition 17. There is a constant C > 0, independent of h, such that for
vy, € M, we have the following error estimate:

(49) |l.l — uh|M < C{EC + max(l, ﬂh)Eh(U) + |ll — Vh|M}'
Proof. For vy € M}, we define
Th = (— curl(up — vp),div (up — vn)) € Xp.
Hence, we have
(T, up — vi) = [w—valiy = [|Tall%
and
b(?h, up — Vh) = b(?h, u, — u) + b(?h, u-— Vh).

Using ([4)), we deduce that

b(Th,u—up) = B {An(@n,Tn) — Gu(Tr)} — an(0n, Th),
which implies that

b(Th,u—up)| < Bu |An(Gh.Th) — Gr(Th)
+|@n — whllo,all curl(un — vi)llo,o + Br [onl, [Tal), -

Moreover, since (3.18) states that

Trl, < ClTllx
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and since
[b(Th, u—vp)| < |up—vi|mlu — vi|m,
it follows that

|u — uh|M
h|An(@n, Th) — Gr(Th _
< o(RIR T = C 15, — il + B 3+ = vih):
h
Therefore, (£3) is an immediate consequence. O

We conclude this section with the following global error estimates:
Theorem 18. Let E} be the global error defined by

(4.10) B = llw — willo + /By I — pallog + [u — wrlua
Then there is a constant C > 0, independent of h, such that for v;, € My, we have
1
(411) B < max(l,ﬁh)EC+max(ﬁ,\/m>|u—vh|M
o = Bnllog + /B Ip — Brllos
The following result is an immediate consequence:

Theorem 19. We assume that B, = [ is independent of h. Then, there is a
constant C > 0, dependent on (3 and independent of h, such that for v, € My, we
have
(4.12) lo —onllx +|lau—unm < C{E. + ||oc = Tnllx + |[u— vp|m}-
Corollary 20. Under the assumption of Theorem [I9, we have

° flLiE%)Eh =0, i.e., the method is unconditionally convergent, and

o ifucH?(Q),we HY(Q) and p € H(Q), then E, = O(h), i.e., the method

is optimal in terms of finite elements.

5. NUMERICAL RESULTS

We present in this section numerical results to illustrate the computational effi-
ciency of the proposed formulation. We recall that we solve the following problem:
Find (op,upn) € Xp,xM), with oy, = (wn,pn) such that
an(On, Th) + b(Th,un) = BGL(Th), YTh = (On, qn) € Xp,

b(o’h,Vh) = —F(Vh), Vvy, € My,
where
an(on,m) = alon, ) + BAw(on, Tn) = (wh, 0n) + Bzeechhe (lon]e, [Thle)e
= (wn,bn) + 5Zeechhe( ([wnles [Bnle)e + ([Pnes [an)e)e)
and

Gh(Th) = Z he (p07 [Qh]e)e + Z he (w07 [Hh]e)e-
ecF? e€F}
Test 1: An analytical test. First, we consider the Bercovier-Engelman test,
since we are able to compute the solution analytically. Recall that when the exact
solution satisfies u € H?(Q),w € HY(Q) and p € H'(Q), then E, = O(h). For
this test, we have Q = ]0, 1[? and the following boundary conditions: p and usy are
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TABLE 1.

mesh 5x5]10x 10 | 20 x 20 | 40 x 40 | 80 x 80
error on w in L?-norm 2.24 0.97 0.44 0.21 0.10
error on p in L?-norm 3.26 1.81 0.93 0.47 0.23
€rTor on i in norm |.|1’Q 2.12 1.12 0.57 0.28 0.14
error on uz in norm |.|; 5 | 2.04 1.03 0.51 0.25 0.13

TABLE 2.
6=1|4=01|3=0.05|3=0.01
error on w in L?-norm 0.57 0.2 0.2 0.32
error on p in L?-norm 1.78 0.55 1.07 4.97
error on 1 in norm |.|; o | 1.06 0.24 0.23 0.27
error on ug in norm |.|; o | 1.06 0.24 0.23 0.29

prescribed on the right-hand side boundary, w and u; are prescribed on the left-
hand side boundary, and u = 0 on the upper and lower boundary. The right-hand
sides f1 and fs of the equations are chosen so that the exact solution is

w(z,y) 256(y*(y — 1)%(62% — 62 + 1) + 2°(z — 1)*(6y* — 6y + 1)),
u(z,y) = —256y(y —1)(2y — 1)a*(z — 1)?,
uz(z,y) = —wi(y,z),

p(z,y) = (x—0.5)(y—0.5).

We report in Table [ the results obtained on the absolute error in the L?—norm
for the unknowns w and p and in the H'—norm for (u1,us). These errors are
computed for 3 = 0.1. Note that these errors are calculated between the numerical
approximation and an interpolate of the exact solution (Pp-interpolation for w and
p, and Pj-interpolation for u). In this example, we have meshed the domain
using different structured triangulations.

We notice that the O(h) behavior of the error is in agreement with the theoretical
error bounds: the error is divided by 2 when the mesh size h is divided by 2. A
comparison between the exact solution and the computed one is depicted in Figures
2 and This comparison is performed with an unstructured mesh using 1992
elements and 1022 nodes.

Next, we investigate the behavior of the error for different values of the parameter
[ using the previous mesh. Table Rltends to indicate that 3 should be chosen neither
too large nor too small. Indeed, an optimal value for 5 seems to be around 0.1.
Tests 3 and 4: Pipe flow with an obstacle and T-shape. In the following two
numerical experiments we consider more general domains and boundary conditions.
In the first one, we simulate a pipe flow with an obstacle. In the second experiment
we consider the problem of a T-shape bifurcation. In both simulations, the pressure
is imposed on the inlet and outlet boundaries of the domain together with u - t.
We choose u = 0 on the other boundaries. In the pipe flow example the difference
between the pressures on the inlet and outlet boundaries is equal to 4. In the T-
shape test, the difference between the pressures on the inlet and on the right-hand
side outlet is equal to 4, while the pressure difference on the inlet and on the left-
hand side outlet is equal to 2. As in the previous example, we present in Figures
[GHIT] the velocity field, the vorticity w and the pressure.
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FIGURE 1. Exact and calculated velocities

Vorticity Pressure

1 1 - -
16 0.25
128 0.2
9.61 0.15
6.41 | 0.1
3.22 0.05

‘ 0.0234 0

-3.17 -0.05
-6.37 0.1
.56 -0.15
-12.8 0.2

" -16 o -0.25

0 1 0 1

FiGURE 2. Exact vorticity and pressure

Test 2: The cavity test. Now we consider more realistic examples. The first one
is the cavity test. The domain €2 and the mesh are the same as in the preceding
example. The right-hand sides are equal to zero, u = (1,0) on the upper boundary,
and u = 0 on the three other sides of Q. Figures ] and [l depict the numerical
results and demonstrate the good behavior of the method.

Test 5: The step. The last numerical results we present in this paper are obtained
for the so-called step test. We impose a Poiseuille flow (u # 0 is given) on the inlet
and the outlet boundaries, and we take w = 0 together with u-n = 0 on the upper
boundary. The results are presented in Figures 12-14.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



VORTICITY-VELOCITY-PRESSURE FORMULATION FOR STOKES PROBLEM 1693
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F1GURE 3. Calculated vorticity and pressure
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FIGURE 4. Calculated velocity for the cavity test
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FIGURE 5. Vorticity and pressure for the cavity test
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mesh : 1506 triangles and 819 nodes

Velocity

FiGURE 6. Calculated velocity for the pipe flow test
Vorticity
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F1cURrE 7. Calculated vorticity for the pipe flow test
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F1GURE 8. Calculated pressure for the pipe flow test

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



VORTICITY-VELOCITY-PRESSURE FORMULATION FOR STOKES PROBLEM 1695

mesh: 3150 triangles and 1696 nodes

Velocity
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FiGURE 9. Calculated velocity for the T-shape test
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F1GURE 10. Calculated vorticity for the T-shape test

Pressure

5333 |

0.802

0407

00115

F1GURE 11. Calculated pressure for the T-shape test
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Velocity
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F1GURE 12. Calculated velocity for the step test
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F1cURrE 13. Calculated vorticity for the step test
Pressure
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F1GURE 14. Calculated pressure for the step test
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