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A LOCKING-FREE
REISSNER-MINDLIN QUADRILATERAL ELEMENT

HUO-YUAN DUAN AND GUO-PING LIANG

ABSTRACT. On arbitrary regular quadrilaterals, a new finite element method
for the Reissner-Mindlin plate is proposed, where both transverse displacement
and rotation are approximated by isoparametric bilinear elements, with local
bubbles enriching rotation, and a local reduction operator is applied to the
shear energy term. This new method gives optimal error bounds, uniform in
the thickness of the plate, for both transverse displacement and rotation with
respect to H' and L? norms.

1. INTRODUCTION

The Reissner-Mindlin plate bending model describes the deflection of a plate
with small to moderate thickness subject to a transverse load and allows the use of
simple C° approximations for both transverse displacement and rotation.

However, the standard finite element method for the Reissner-Mindlin plate may
suffer from the so-called shear locking phenomenon when the thickness of the plate
goes to zero. Roughly, when the thickness becomes relatively small, the shear energy
term imposes the Kirchhoff constraint, resulting in almost zero displacements; cf.
[19], [14], [8]. Therefore, how to design locking-free elements has been and still
remains an active research subject, and a lot of elements have been proposed and
good results have been reported, where the general approach to avoid the shear-
locking phenomenon is to introduce a reduction operator into the shear energy
term; of. 81, 5], (1, [6, [7], [T0}-[17], [22]-[30), [35], [B8]f0), ete.

The MITC4 (Bathe-Dvorkin) element is such an element, and shows superior
performance; cf. [1], [29], [20]. However, only for a very restricted class of meshes,
this element and its stabilized variants were shown to be suboptimally or optimally
convergent, uniformly with respect to the plate thickness; see [2], [32], [3], [4].
These restrictions on meshes are similar to those on Q1 — Qg element for the Stokes
equation (cf. [3T], [8], [34]) and those on the nonconforming quadrilateral Wilson
element (cf. [2I]). In general, all these elements do not yield good approximations
on arbitrary regular quadrilaterals.

The purpose of this paper is to propose a new quadrilateral finite element method
for the Reissner-Mindlin plate, where both transverse displacement and rotation
are approximated by isoparametric bilinear elements, with local bubbles enriching
the rotation, and the shear stress is obtained by a local reduction operator onto
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a discontinuous quadrilateral variant of the rotated lowest-order Raviart-Thomas
rectangular element (cf. [8]).

This new method can accommodate arbitrary regular quadrilaterals in the usual
sense (cf. [18]), benefitting from the quadrilateral variant constructed by [40], [33]
of the rectangular Raviart-Thomas element of lowest order.

This new method may be viewed as a generalization of the MITC4 element, since
the reduction operator is a combination of the local interpolation operator II;, for
Hy(curl; Q) and the local L? projection operator H?L, where II; is applied to the
bilinear part of the rotation and IIY is applied to the bubble part of the rotation. As
a whole, the shear stress is discontinuous, in contrast with the tangential continuity
in the MITC4 element.

Following a general argument by [3] and a simplified version by [5], we show that
this new method gives optimal convergence in H'-norm for transverse displacement
and rotation, uniform in the thickness of the plate. Therefore, this new method is
locking-free.

Moreover, following the classical Aubin-Nitsche duality argument, we obtain the
uniform optimal L? error bounds for both transverse displacement and rotation,
with the help of the Helmholtz-decomposition for the space (L*(0))2.

As far as we know, the general proof to show the L? error bounds for the MITC4
element has been missing for many years. The main difficulty lies in how to estimate
the inconsistency term. For the MITC3 triangular element [3], [29], an approach
was given in [37). Regarding higher-order MITC elements, the proof is basically
trivial (see [7], [I5], [35]). However, the argument in [37], [7], [15], [35] cannot be
applied to the lowest-order rectangular or quadrilateral Reissner-Mindlin elements
such as the MITC4 element and its stabilized variants.

The argument we have developed for the new method of this paper is also valid
for the MITC4 element and its stabilized variants. Our argument benefits from a
local linked interpolation ([25], [26], mathematically analyzed by [38], [39]) which
helps us to establish a special Helmholtz-decomposition. Consequently, we can
bound the inconsistency term (q, 5 — II;, 5) by O(h?).

The rest of this paper is organized as follows. In Section 2 we recall the Reissner-
Mindlin plate model and the MITC4 element and the quadrilateral variant of the
rectangular Raviart-Thomas element of lowest order. Section 3 is concerned with
the new finite element approximation. In Section 4, we obtain error bounds in
H'-norm. In the last section, we obtain the L? error bounds.

Throughout this paper, the letter C is a generic positive constant which is inde-
pendent of the plate-thickness ¢ and the parameter h of the triangulation.

2. PRELIMINARIES

2.1. The Reissner-Mindlin plate model. Let € be the region occupied by the
plate. Let w and ¢ denote the transverse displacement of 2 and the rotation of
fibers normal to . Assuming a clamped boundary condition, the Reissner-Mindlin
plate model ([8], [23]) is to find (w, ) € H () x (H(2))? such that

(21) a(¢ﬂ/’) + (%V’U—w) = (fvv)
and
(2.2) q=XM"2(vw—¢) € Hy(curl; Q)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A LOCKING-FREE REISSNER-MINDLIN QUADRILATERAL ELEMENT 1657

for all (v,7) € H}(Q) x (HE(2))?, where q is known as the shear stress, f is the
transverse load, t is the thickness of the plate, A = Ex/2(1+v) is the shear modulus
with F the Young’s modulus, v the Poisson ratio, and « the shear correction factor.
a(¢, 1) is a coercive bilinear form, defined by
E . .
a(p, ) = 20 =07 /Q(l —v)e(d) 1 e(®) +v div ¢ div

with £(¢) = (V¢ + v ¢1)/2 the linear strain tensor,
(2.3) Ho(curl; Q) = {s € (L*(Q))%;curl s € L*(Q),s - Tloe = 0},
where 7 is the unit tangent to the boundary.

Remark 2.1. When t goes to zero, the Reissner-Mindlin plate degenerates into the
classical Kirchhoff-Love model, the solution (wp, ¢g) of which satisfies the well-
known Kirchhoff constraint (cf. [14], [8])

(24) YV Wy = gﬁo.

In the standard displacement-based linear finite element method, for small but
nonvanishing ¢, the shear energy term will force the approximations (wp,¢p) to
nearly satisfy the Kirchhoff constraint, implying that (wp, ¢r) is nearly zero. This
purely numerical phenomenon is known as shear-locking.

2.2. The MITC4 element. Let €2 be a convex polygon, and let 7, be a trian-
gulation of Q into rectangles. Let S(K) := RTjg(K) be the rotated lowest-order
Raviart-Thomas rectangular element (cf. [§]), and let Q1 (K') be the space of bilinear

polynomials.

Then, the MITC4 element is defined as follows (cf. [1], [2], [29]):
(2.5) Sp = {s € Ho(curl; Q);s|,, € S(K),VK € Ty},
(2.6) Wy, = {v € Hj(Q);v),, € Q1(K),VK € Tp,},
(2.7) H), = (W),)2.

Introduce the standard interpolation operator IIj, : x € Ho(curl; Q) N (H(£2))?
— II, x € Sy, as follows:

(2.8) /(Hh X—X) Te=0, Vedgee,

e

where 7, is the unit tangent to edge e. The MITC4 finite element method is to find
(wh, ¢n) € Wi, x Hy, such that

(29) a(fﬁhﬂ/’) + (Qhavv—l/’) = (fﬂ ’U)
and
(210) qnr = )\t_Q (V wy, — 11, ¢h) €Sy

for all (v,v) € Wy, x Hp,.

Remark 2.2. When the family of meshes {7}, } is obtained by uniform refinement of
a starting rectangular mesh in such a way that at each step every element is divided
uniformly in sixteen rectangles, [3] obtained a uniform error bound O(h'/2), where
¢ is required to be in (H*/?(Q))2.
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For quadrilaterals, in addition to the above similar assumption, assuming that
the distance between the midpoints of two diagonals of each quadrilateral K € 7p,
is not greater than a constant multiple of h% (hx is the diameter of K), [4], [22],
[35] proposed stabilized variants of (2.9) and (2.10) and obtained a uniform optimal
error bound O(h). However, in these papers, the L? error bounds are not available
for both transverse displacement and rotation.

2.3. A quadrilateral variant of RTj. Recently, [40], [33] proposed a variant
of the lowest-order Raviart-Thomas rectangular element RTjp. This variant can
accommodate arbitrary regular quadrilaterals and satisfies the well-known property
of commuting diagrams.

Let 7; be the regular triangulation of  into convex quadrilaterals; cf. [I§].
Fr : K = [-1,1] x [-1,1] — K is the standard invertible mapping, with inverse
Fgl, where K is the reference square in the £n-plane.

The rotated version of the quadrilateral flux element constructed by [40], [33] is
as follows:

(2.11) DL(K) = span{(1,0)", (0,1)", (~y, )", (N1 o Fc )},

where N1 = (1 + £)(1 + n)/4 is one of local base functions of the isoparametric
bilinear space Q1(K), and the degrees of freedom for DL(K) are the moments on
the edges of the tangential components.

Similar to (2.8), with S(K) := DL(K), define II}, as

(2.12) /(Hhx—x)~7'e:0, vV edge e € OK,VK € Ty,

€

We have the interpolation property

(2.13) Ix =TI xllo < Chlxh
and we have the property of commuting diagrams
(2.14) curl Iy, x = Py curl ¥,

where P, is the standard local L? orthogonal projection operator onto M, = {v €
L*(Q); v}, € Po(K),VK € T}, with Py(K) the space of constants.

Remark 2.3. Note that other quadrilateral variants do not satisfy (2.14) generally;
cf. [37), B]. We will use (2.14) to derive the L? error bounds for the new method
of this paper.

Define

(2.15) Ty ={s € (L*(2))*s|, € S(K),VK € Tp}.

We can introduce a standard local L? projection operator IIY : x € (L?(Q))? —
119 x € I', as follows:

L M) x —x)s=0, VseS(K)VK €T,

(2.16) .
Ix =19 x[lo < Chlx|i, if x € (HY(Q))>.
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3. FINITE ELEMENT APPROXIMATION

In this section, we will propose a new quadrilateral finite element method for
problem (2.1) and (2.2).

Let bx be the usual bubble on K i.e., bx o Fx = (1 —£2)(1 —n?)/16 € H}(K),
and S(K) := DL(K) defined as in (2.11). We introduce

(3.1) B, = {s;s), € S(K) bk C (H(K))*,VK € Tp,},
(3.2) Sp = {s € Ho(curl;Q);s|,. € S(K),VK € Tp},
(3.3) Wy, = {v € Hj(Q);v),, € Q1(K),VK € Tp,},
(34) H = (W,)* ® B,

(3.5) Iy ={s € (L*(Q))*s|, € S(K),VK € Tp,},

where Wy, H;, I';, will be used for approximating subspaces of transverse displace-
ment and rotation and shear stress, respectively. The degrees of freedom associated
with these finite dimensional spaces are depicted in Figures 1 and 2.

w—0Q1 (K) ¢—(Q1(K))* © S(K)bx
FIGURE 1

d.of. inS, q—S(K)
FIGURE 2

The new finite element method is to find (¢p + @2, wy) € HZ x W), such that
1
1+aa(¢hvwh)+ a(¢h+¢2awh+w2)
(3.6) +(an, Von — (th/Jh +1 " H?ﬁ/)h)) = (f,vn)
V(¥n + Yh,vn) € Hy x W,
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and

(3.7) an = M2 (v wy — (T + 15¢1,)) € Th,

«
14+«
where o > 0 is a constant which is specified in Theorem 3.1, and ¢, € (Wh)Q,
(i)z € By,.

Theorem 3.1. If0 < « < 1, then for all ¢y, + 1% € HZ, we have

(3.8) aln,in) + Tz alun -+, +0) 2 O (Il + [[041).

14+«

As a consequence, problem (3.6) and (3.7) has a unique solution (¢p + @8, wn, qp).
Proof. In light of

1
(39) a‘(’l/)h + wz; wh + wZ) Z Ea(w;)w wZ) - a/(’lpfu wh)7

put 0 < a < 1, we conclude that (3.8) holds. O

Remark 3.1. In fact, any « in (0, %), (1 > € > 0) can ensure (3.8); i.e., & may
—€

be any fixed positive constant. We may even take o = +o00. In fact, for all ¥, # 0
and 9! # 0, let

la(vn, ¥p)|
(3.10) o= sup .
024 e(Wi)2, 0200 B, UV, Up)2a(], )2

We have a(yn + %M/Jh +¢p) > (1= o) {a(n, ¥n) + a(¥y, ¢p)}. Only when some
functions in (W})? and By, satisfy ¢y, = ¢} (scaled by a multiplicative constant),
there hold ¢ = 1; but, in this case, it is always true that ¢, = 2 = 0. Of course,
if 1, = 0 or ¥? = 0, then (3.8) is trivial.
Note that in the case o = 400, the method of (3.6) and (3.7) becomes
a(on + ¢, n +9p) + (an, 7 vn — (Maton +1397)) = (f,vn)

Y(n +Pp,on) € B x Wi,

and
an = A7 (Vwn — ([Tngn +11367)) € T,

Obviously, if @« = 0 and By, is dropped, method (3.6) and (3.7) is none other
than the MITC4 method with 7;, composed of rectangles.

4. ERROR ESTIMATES

In this section, we derive the H' error bounds for both transverse displacement
and rotation.

Lemma 4.1. Let w € Wy, ¢+¢" € H, and g = M t~2 (0 — (Hh¢+—H ")
cT'y,. Then
6 — dnlls + 1|6 + & — (&} + dn)llL + ]| — anllo

(4.1) ~ L
<C{llo—olh +ll¢" + ¢ — oIl + tlla—allo + ~llallo}-
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Proof. For all ¢y, + 4% € H}, vy, € W), from (2.1) to get

(42) Tl vn) + 7 ald vh +vn) + (a4, v on = ( i) = (fon)
which can be written as
(4.3)

T+ a a(o,vn) + (éf) Uh +Un) + (a4, vV on — ITpy, ti . H 0up))

= (f,on) + (q,¢h+—¢h (h¢h+—H vh)).

Subtracting (4.3) from (3.6), we have

06— On ) + T a6 — () + n), 0} + )
(4.4) +(q— Qh,VUh—(th/Jh+1+ 9 yp))
:(qvwh'i‘—wh (IT h¢h+—H D).

For any ¢+ ¢* € Hf ;i € Wy, let @ = At~ 2 (V@ — (I + TH o)) € Ty,
from (4.4) to get

——al(f— o) + 08+ 6= 6+ o) )
+(q qn, VU — (Hhil)h + ? I47))

(4.5) “1ta a($ — ¢, ¢n) + ((bb +¢ — 6, Up + Un)
+@-q, Vv — (thh + —H wh»

+(q,¢n + —1/)h (th/Jh ti . H Dyh)).

In (4.5), let Y, = ¢ — ¢ € (Wi)2, 98 = ¢* — @b € By, v, = 0 — wp, € Wi, we
have

(4.6) q—qn = \t2 (von — (ptop + —— H?Lwh))

1

from which we have

(4.7)
1;2 A~ 606 — ) + T a( + b (8 + ). @ + b (dh+ )
+X(fl —dn) - -
= 0= 0.0—0n) + T ald" + 6= 6,6"+ 6= (8] + o))
+§(q—qaq—%)
@6 b+ T (3 — ) — (W6 — on) + T TG — 0}).

1+ a I1+a
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Therefore,
LNTF ST ST SO APA T LAl A
1+« 1+« A
<0 {06 - 16 - anl
(1) 86— ol 8+ 6 - 6+ ol

t2
+ —||Q—<l||0 lla —anllo

+lallo || — én — Tn(d — ¢n) + (8" — op —T5(8" — 6})l o,

1+

where

| — dn — (6 — ¢h>+—(¢” oh — 100 (6" — &%))llo
(4.9) SCh{||¢—¢h||1+||¢b—¢2||1}
< Ch{|lé— onllr + 18° + & — (8% + én)ll1}

from (4.8) and (4.9) to get (4.1). O

On W}, we introduce the standard Lagrangian interpolation operator I, as fol-
lows (cf. [18]):

I cw € HH Q)N H?(Q) — Ihyw € Wy;
(4.10) I, w(b) = w(b), for all vertex b;
[[Tn w —wl|o + h | I w —w|y < Ch?||wl|s.

On (W3)?, the corresponding interpolation operator is denoted by Ij, = (I;)?.

Lemma 4.2 ([40], [33]). It holds that
(4.11) v Wy C Sy C Ty,

Proof. This lemma was shown by [40], [33]. For the readers’ convenience, here the
proof is recalled.

For any K € Ty, with four vertices (x;,y;) (1 < i < 4) and for any v € Wy,
let v, = E?:l v; (Nj o F[}l), where v;, 1 < i < 4, are nodal values of v and N;
(1 <4 < 4) are the corresponding bilinear polynomials on K, i.e., the four local
base functions of Q; (K).

To show (4.11), we only need to show 7 (N; o Fr') € S(K). Note that

4 4

4
1=) NioFg', z=> a;(NjoFg'), y=> ui(NioFg),
i=1

i=1 i=1
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we have
> Ve Fg) = —y(Nie ),
(4.12) i ;7 (Nio Fr')y = (1,007 —ay 7 (N1 o Fiet),
5wy o) = 0 —py (Mo Fg),

in light of the regularity of 7;, we know that the coeflicient matrix of (4.12) is
nonsingular, and we solve (4.12) to get the conclusion. O

Lemma 4.3. For any w € HE(Q) N H2(RY), the following property of commuting
diagrams holds:

(4.13) Iy vw =y Iw.
Proof. For any given edge e, let the two endpoints of e be A, B. We then have
(4.14)

Iyyw-7. = / Vw-Te = w(A) —w(B) = LLhw(A) — I)w(B) = / v Ihw - Te.
Nf)te that 7 W, CeSh because of Lemma 4.2, we know that (4.13) is \ezalid. O
Lemma 4.4. Let w € H(Q) N H?(Q),¢ € (HI(Q) N HQ(Q))Q, Let & = Ihw €
Wh, ¢ = Ing € (Wy)2, and let ¢" € By, be defined by —H ¢b = u(¢ — ¢).
Then, for @ = At=2 (v w — (I + —H qbb)) el (md qa=\"2(yw-9), it
holds that
(4.15) a=1,q.

Proof. In fact,
Mhq=A2{vw—-Th¢) = A2 (vw—1¢)
= A2V dD - (Mo + —H 0))
) FAE (194 — Hh(¢ -9)
l+a
= q
because of 7 _T_é - 9 ot =11, (¢ — q}) O
Lemma 4.5. Let ¢ = I,¢ € (Wy)? and let #° € By, be defined by —H d)b
I, (¢ — q}) We have
(4.17) 16 = (6" + @)l < Chll¢]]2-
Proof. We first show
(4.18) 18°1lo,x < C I3 lo, -
In fact, since J)‘L’K € S(K)bg, let P =sbg, s € S(K). Note that by < C,
(4.19)
180 = [ ticlsP <€ [ 18P b =€ 13 sk < CIRG o sl
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and that [[s||o,x and ||sbx|lo,x = ||¢|lo,x are equivalent norms on S(K). We
obtain (4.18).
Next, we show

(4.20) 1% o,c < Ch% [|9]l2,x-
In fact,
Pl = M6~ D)o
< O(II(6 — &)~ (&~ D)o +116 — dlloxc)

IN

Chic ¢ = B,k + Ch3 |fla,ic < Chk |9l -
Hence, (4.20) is true. Finally,

16— (8" + Al < 16—l +118"ll1 < C k[l

where we have used [|¢ — dlli < Chllglls and 171 < C (I3]0 + 16*1)
Ch @0 < Ch1g]la:

O IA

Theorem 4.1. Let (¢, w,q) € (H}(Q))? x HE () x Ho(curl; Q) be the solution
(2.1) and (2.2), and let (¢n + ¢%, wn, an) € H x Wy, x T, be the solution of (3.6
and (3.7). Then

\J&H

16 = dnllr + llw — wrlly + tlla = anllo + |6 = (¢n + &})|I1
< Chitllally +l¢ll2 + [lallo}-

(4.21)

Proof. Using the triangle-inequality, from Lemma 4.1 we have

| = dnllr + tlla — anllo + |6 — (¢n + ¢})I 11

< |l¢ = ol +tlla—allo + [l¢ — (6 + &)1
+H16 = onll + 116+ 6" — (6 + )1 + tlla — anllo

< C{ll6— ¢l + 16" + & — ¢l + tlla —allo + 7 [lallo}

(4.22)

where, taking ¢ = I, ¢ € (Wj,)2, from Lemmas 4.4 and 4.5, we have
(4.23) 16— ol +tlla—allo + [[¢" + & — dll < Ch{||6|l2+tllall}-
It follows from (4.23) and (4.22) that

(4.24) [|6 — (&n + oh)l11 + 16 — dnlh +tlla—anllo < Ch{tllall +1¢ll2 + lallo}-

Note that
2
v0w—u) = Zg<q—qh>+¢— (I, 60+ —T190})
(425) = X(q_qh)“‘(ﬁ_nh(ﬁ

+IIp, (¢ — ¢dn) — (& — dn)
+¢ — dp — QL&H%%
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We have

(4.26)

w-wili < 5 lla-anllo+ g~ T oll
I (&= 1) = (& = om0 + 16 = dnllo + 75— 5%l
< Oh{tllally+ I16ll + llallo}

where we have used |[T1), 64 lo < [|6}ll0 < Ch{t|lall: + |62 + [lallo} because of
(4.24). O

Remark 4.1. Note that when 2 is a convex polygon, the solution of (2.1) and (2.2)
satisfies the prior regularity estimation (cf. [30], [23], [8])

(4.27) l|6]]2 + llallo + tllalls < C I fl]o-
From Theorem 4.1 we have

(4.28) [l = nlli + [lw — willr +tlla—anllo + |6 — (& + )1 < Chl[fllo.
Therefore, the method (3.6) and (3.7) is locking-free.

5. L2 ERROR BOUND

This section is concerned with the L? error bounds for both transverse displace-
ment and rotation. The domain €2 is a convex polygon.
Introduce

H(div; Q) = {s € (L*())*;div s € L*(Q)}
with the norm || - ||%—I(div;§2) =||-|2 + || div -||3.
Lemma 5.1 (cf. [§], [34]). For every q € (L*(Q))?, the following Helmholtz-
decomposition holds:

(5.1) q=vu+curlp, uecH}Q),pc H(Q)/R.

Lemma 5.2. Let Qs(K), K € Ty, be the space of isoparametric biquadratic poly-
nomials, and let @;, 1 < i < 4, be the four base functions of Q2(K) corresponding
to the four midpoints of 0K = {e;,1 < i < 4}. Then, for any given v, € (W3)?,
there exists a vo € Ha(Q) such that

(5.2) vo|,c € span{y;, 1 <i <4},
1

(53) (Q/Jh—V’UO)'Tei = m wh'Teiv 1§Z§4;
il Je,

(5.4) lvol1,x < Chi [¥nl1,k,

(5.5) [lvollo < C B luoly < C R [¢hnls.

Proof. Formulas (5.2)-(5.4) can be obtained through the argument in [38], [39].
Regarding (5.5), since vy vanishes on 0! and vanishes at all the nodes of the
triangulation and vg|,, € Q2(K), a standard scaling argument on each element K
yields [|vg|lo < C h|vgls. O

Corollary 5.1. Let IIj, ¢y, € Sy, be the interpolant to vy € (Wy)?. Then
(5.6) Yn — I P, — V7 vo € Ho(curl; K)
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where
Hy(curl; K) = {s € (L*(K))?;curl s € L*(K),s - Tlox = 0}
with T the tangent to 0K, and vg is constructed as in Lemma 5.2.
The following result is well known (cf. [34], [1]]).
Lemma 5.3. For any given v € H3(K), K € T,. Then
(5.7) [lv]o,x < Chgk |v|1 K-

Theorem 5.1. For any vy, € (Wy)?, let I, b, € Sy, be the interpolant. Then, the
following Helmholtz-decomposition holds:

(5.8) Y —lpvp =y r+ curly, s,

where curly is the curl operator element-by-element, r € H} (), s € HY(K)/R,
VK € Ty, and we have

(5.9) lIrllo < Ch? |¢hnls,

(5.10) |s|1.n < CRh?|curl ¥p1p,
1/2

where |s|1.p = (ZKeTh ||cu'rls||(2)’K) )

Proof. As in Lemma 5.2 and Corollary 5.1, we can find a vy € H(Q) such that
(5.11) Yy, —p Yy, — Voo € Ho(cw; K), VK € T,

(5.12) llvollo < Ch? [4nls.

On each K € 7y, let the Helmholtz-decomposition for ¢y, — I}, ¥y — v/ vo be
(5.13) o —Hpop — Vv = VrK +curlsg, rx € HY(K),sx € H'(K)/R.
Note that (V7 rx,curlsi)ox = 0 and ¢, — I ¢p — 7 vo € Ho(curl; K) and the
property of commuting diagrams (2.14) and Lemma 5.2 hold, from (5.13) we have
Y — Tl ¢y, — <V vo, curl s )o, x

||curlsK||(2)’K =
= (curl (Y — Uy ¥n — V 0), K)o, K
(

(5.14) = (curl ¥y, — Py, curl ¥, Sk )o x
= (curl ¢ — Py, curl ¥p, sx — P SK)ok
< Ch3|curl Ypl1,k |sKl1,k,

that is,

(5.15) l[curl sg|lo.x < C h% |curl ¢n1 x,

(5.16) Irc |1, < {{1¥n — WpYnllo,x + [V vollo,x } < Chi [¥nl1,x-

It follows from Lemma 5.3 that

(5.17) lriclo.x < Chr |rilix < Ch¥ [vn|i k.

Define ro € H}(Q) and s € L%(Q) as follows:

(5.18) To|x =TK, S|x =5k, VK €T

Then letting r = vo + 19 € Hi (), we have the conclusion. O
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Theorem 5.2. Let q € H(div;Q), 8 € (H2(Q) N HE(Q))?, and § = 1,3 € (W;,)2.

Then

(5.19) (@, 5 = 11,8) < C1? ||al [ maive) 18]]2-

Proof. From Lemma 5.1, the Helmholtz-decomposition for q is as follows:
(5.20) q=vu+tcurlp, we HI(Q), pecHY(Q)/R

Note that 2 is a convex polygon and q € H(div; ), we have u € H?().
From Theorem 5.1, 8 — II; 3 can be written as

(5.21) B-1,8=<r+curlys, reHNQ), seHYK)/RVKeT,

where
(5.22) Irllo < Ch? |81 < Ch?||B]2,
(5.23) |sl1.n < CRB?|curl Bl < Ch?||B2.
Note that
(5.24) (a,0 —Tnf) = (Vu,vr) + (Vu,curl, ) + (curl p, 3 — 1, 3),
from (5.22) and (5.23), we have
(5.25) (Vu,vr) =—(Au,r) <||div allo[|r]lo < Ch* || divallo ]2,
(5.26) (v u,curly s) < fuly |s|i,n < Ch? ul1]|6]]2.

On the other hand, in light of
(527) (curlp,ﬁ - Hh@) = (curlp,ﬁ - Hh ﬁ) + (CurlpaHh(ﬁ - B) - (6 - 5))5

using the property of the commuting of diagrams (2.14), we have

(5.28)
(curlp, 3 — 10 ) = (p,curl (B — 11, B)) = (p,curl B — Py, curl 3)

= (p— Pyp,curl §— P, curl 3)

< Ch*|lpll 1182,
(529)  (curlp,I(5 = B) — (8= 5)) < Chllpll1 18 = Bl < Ch*|Ipl[1 1|]l2.
Summarizing from (5.24) to (5.29), we get (5.19). O
Corollary 5.2. For any q € H(div;Q), 8 € (H(Q) N H%(Q))? and ¥y, € Sh, we
have
(5.30) (a8 = 1n B) < Ch? [ldllraivo 1162,

(5.31)  (a,%n — pton) < Chlldllm@ivio) |8 — Ynli + C B [lall raivo) [18]]2-
Proof. Let 3 =1, € (W;,)?. Note that
(532) (q76 - Hh ﬁ) = (q76~ - Hh 5) + (qa Hh(@ - 6) - (B - 6))7

in light of the standard interpolation properties of I;, and II;, and Theorem 5.2, we
conclude that (5.30) holds. Note that

(5.33) (@ on —Ip¥n) = (Y — B —Hp (Yn — B),a) + (B — 11 B, q).
We immediately have (5.31). O
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Remark 5.1. The key point to showing the L? error bounds in Theorem 5.3 be-
low is Theorem 5.2. In fact, the main difficulty in deriving the L? error bound
for the method in which the reduction operator involves II; is how to bound the
incomnsistency term (5.19) (or (5.30), (5.31)). For the MITC3 element, a different
approach to showing (5.19) is given by [37]. Of course, if S, includes the space
of higher-order polynomials (at least linear), (5.19) is trivial (cf. [15], [7], [33]).
However, the approaches in [37], [15], [7], [35] are not applicable here.

Theorem 5.3. Let Q be a conver polygon. Let (w,¢) and (wp, ¢n + ¢%) be the
exact and approximate solutions, respectively. Then

(5.34) llw = wllo + 116 = ¢nllo + ||l < Ch2 | fllo-
Proof. Consider the dual problem: Find (8, 2) € (H} (Q))2 x H}(€) such that

(535) a(ﬂa 7/1) + (VU - 1)1}37) = (Tﬁ, d) (d)h + - ¢h)) (w - whvv)
and
(5.36) y=At"2(v 2z — ) € Hy(curl; Q)

for all (v, v) € (HL(Q))? x HE(Q).
From [30], [23], [8], [9] we know that

(0%
(5:37) [IBll2+ Il At I+ f1(@iviey < C Ll (dnt $n)lo+[w—wnllo}-

Take ¢ = ¢ — (th—l—ﬁ(bb) v=w—wp and (B34 %) € HZ x Wh, 7 =
M2 (v 2 — (I, B+ —H 08%) € Th. In light of q = M~2(yw — ¢) and q; =
A2 (ywp, — (T + 1—H #)), we have
o — (¢h+—¢h)||o+||w wp|[3
2
= a(f.0 - (¢h+—¢h>) = (a-an)
+Hon+ 10— ¢h (In ¢n + —H?L¢Z),7)
(5.38) ta _
1 (ﬂ Bid— dn) + Tra a(B — (6+ﬂb)7¢_ (¢n +¢3))
_(q—Qha’)’_’Y) (a0 + rgb (Hh5+ T+ a H?ﬁh))

(¢h+—¢h (Hh¢h+—H o),

where we have used (4.4) with v;, = 2 and ¢y, + 9% = 3+ 3.
Equation (5.38) indicates that we only need to estimate the last two terms in

(5.38). To do so, let Z = Iz € Wy, B = LB € (Wh)?, and B be defined by
Bt = I, (8 — B) From Lemmas 4.4 and 4.5, we have

l+a "

(5.39) =My, 15 =7llo <Chvli, 16° < Ch|B]l2.
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In light of Corollary 5.2 and Theorem 4.1, we have
_X g _ X o

|(én + o o, — (Hndn + 1 +anh¢h)a7)|

< |[(n = Tn ¢n, V)| + Chlv|o 671

(5.40)
< Chlp—dnli o + C P2 [V (@i l1oll2 + C R [ fllo [17]]o
< Ch? ||f||0 ||’Y||H(div;9),
3. Y &
(5.41) @B+ B = (I + T 3))|

<|(q, 5 = 1,5)| + Chllallo Iﬂbll < Ch*lallraive) [15]l2-
Therefore, from (5.38)7(5.41) and (5.37), we conclude that

(5.42) 16 = (¢ + 7= ¢>h)llo+ll’w whllo < Ch2 | fllo-

Finally, in light of Lemma 5.3 and Theorem 4.1, we know that
(5.43) I¢hllo < Chghlr < Ch?[|[]lo,
which completes the proof. O
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