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CRITERIA FOR THE APPROXIMATION PROPERTY
FOR MULTIGRID METHODS IN NONNESTED SPACES

NICOLAS NEUSS AND CHRISTIAN WIENERS

ABSTRACT. We extend the abstract frameworks for the multigrid analysis for
nonconforming finite elements to the case where the assumptions of the second
Strang lemma are violated. The consistency error is studied in detail for finite
element discretizations on domains with curved boundaries. This is applied to
prove the approximation property for conforming elements, stabilized Q1/Po-
elements, and nonconforming elements for linear elasticity on nonpolygonal
domains.

Proving the approximation property for the multigrid analysis for nonconform-
ing finite element discretizations is formalized in [7, 4] [T5] for many cases: it suffices
to verify criteria on the approximation quality and the consistency error. In these
papers, it is required that a continuous bilinear form can be extended to a noncon-
forming finite element space, which is not valid for many interesting applications.

The purpose of this paper is to establish a full set of criteria which guarantees
the approximation property for a wide range of nonnested discretizations, where we
do not assume that the discrete bilinear form coincides with the continuous bilinear
form for all conforming functions. In the notation, we follow Bramble [5, Chap. 4],
and our results can be applied directly to the multigrid theory described there. The
results extend known results by Brenner [7] and Stevenson [15], and they provide
a systematic and constructive way of studying nonnested multigrid algorithms for
more general nonnested spaces and varying forms.

The paper is organized as follows. First, we introduce an abstract setting de-
scribing a multigrid hierarchy for nonconforming discretizations of an elliptic partial
differential equation without full regularity. As usual, the multigrid approximation
property is derived by comparison with the finite element approximation property,
which we formulate using an interpolation operator and its adjoint with respect to
the energy scalar product. In a second step (Section [[.9]), we derive the approxi-
mation property from consistency assumptions on a conforming comparison space,
similar to the approach in [7].

In Section [, we consider the case of conforming finite elements on a polygonal
approximation of the computational domain. Here, we choose a comparison space
consisting of curved finite elements. After introducing a suitable interpolation oper-
ator, we use the equivalence of the operator norm scale (used throughout Section [)
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1584 N. NEUSS AND C. WIENERS

to the standard Sobolev norm scale; note that this is the only step where regularity
of the continuous problem is required. Then, the consistency assumptions can be
proved in the Sobolev norm scale; this is done in Sections 2.3, and 2. In
Section R.8] we show that these estimates lead to improved a priori finite element
estimates as well, which extends results from [6] to the case of Neumann boundary
conditions.

In Section [3], the results are first applied to linear elasticity with conforming
finite elements. Then we show that they carry over to the case in which the bilinear
form is modified by a well-known stabilization technique. Finally, we combine our
results with [7] to obtain multigrid convergence for nonconforming finite element
approximations on curved domains as well.

1. THE ABSTRACT SETTING

We consider an abstract setting, where we assume that the discrete problem is
connected with the continuous problem by an interpolation operator m;. In the
first step, we show that the approximation property is a consequence of an approx-
imation assumption on the adjoint interpolation. In the second step, we derive
properties of the adjoint interpolation by comparison with a suitable conforming
finite element space.

1.1. The continuous problem. Let H; C H be separable real Hilbert spaces
with inner products a(-,-) and (-,-), and let Hy; be dense in H with continuous
injection. Following [IT], Sect. 2.1], this defines an unbounded self-adjoint strictly
positive operator A in H with domain

dom(A) ={u € Hy | the linear form v — a(u,v) for v € Hy
is continuous in the topology induced by H}
by the relation
(1) a(v,w) = (Av,w), v € dom(A), w € Hjy.
We have H; = dom(A'/?) = [H, dom(A)]; /2 [T} Sect. 2.4, Prop. 2.1]. Furthermore,
Hy := dom(A%), o > 0, are Hilbert spaces (equipped with the inner products
(v, W)20 = (A%, A%w)); for a € [0,1] we have Haoy = [H, H2]o, Ho = [H, Hila,

and Hiyo = [H1, Ho|o [16] Th. 1.15.3]. We denote the dual space by H_, = H/,.
Within the abstract setting, we fix a regularity parameter 3 € (0, 1].

1.2. The discrete problem. Let M;, j = 0, ..., J, be discrete spaces with inner
products (., .);, let
Aj : Mj — Mj
be symmetric positive definite operators on M, and let
aj(vj,w;) = (Ajv5,w5);,  vj,w; € Mj,

be the associated bilinear forms. For « € [0, 2], we define the discrete norms

2 2 \1/2
2) loillsa = (A5 205, AT P0) 2, 0 € M.
Finally, we set A\; = || 4;|; = SI;E) %, and we require
vj
(S) A S Ao, j=1,.,J
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APPROXIMATION PROPERTY FOR NONNESTED SPACES 1585

1.3. Interpolation. We assume that the continuous spaces and the discrete spaces
are connected by surjective interpolation operators

m;: Hi_g — Mj, 7=0,...,J.
For the interpolation, we require

(IT) [mjvllja-g SNvlli-p, v € Hip.

1.4. The A-adjoint interpolation. Let }: M; — Hiyg be the A-adjoint inter-
polation; i.e.,

a(m}

vj,w) = a;j(v;, W), v; € My, we Hi_g.

For the adjoint interpolation, we assume

(@) lv; — mimivllia—s S A7 Mvjllines, v € M.

1.5. Prolongation and restriction. We assume that the discrete spaces are con-
nected by prolongation operators

IjZMj,1—>Mj, ]:1,,J

We assume the compatibility of the prolongation I; and the interpolation =;

(P) H’]Tj’l}—_[j’]'fj,11)|

i1 SN Il v € Hipg,
and the stability
(B) vl

ir-p S lvialli-ia-p, v € Mjy.
The restriction IjT: M; — M;_y,j=1,..,J,is given by
(I v, wj-1)j-1 = (vj, Liwj—1)j, v € My, wj—1 € Mj_1.
1.6. The A-adjoint prolongation. Let I7 = Aj__llleAj: M; — M;_, be the
A-adjoint prolongation; i.e.,

aj,l(Ij vj, wi—1) = a;j(vj, jwj—1), v; € My, wj—1 € Mj_1.

1.7. Duality. By duality with respect to the bilinear forms a and a; we have
e = sup |a; (v, w5)]| la(v, w)|
wieM; ||lwslljta

3) [0

, vlli—a = sup
wEH 1+ Hw||1+0t

for o € {—(,0,8}. This implies the dual estimates for (II)

(1) I75villivs S Nvilljivs, vy € Mj,
for (B)

(B¥) [ villi-148 S llvjlljaes v € My,
and for (P)

(P*) | mu; — iy uglhiog S A7 sl jaes:
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1586 N. NEUSS AND C. WIENERS

1.8. The approximation property. Now we can derive the approximation prop-
erty for the multigrid analysis in the form [5] Assumption A.10].

Theorem 1. The approximation property

ERAN .
(A laj(uy = LilFug,u)| S (Tj> aj(uj,ug)' =, uy € Mj,
follows from (5), (@), (I), (P), and (B).
Proof. The approximation property (A) is a simple consequence of
(4) luj — L ugllia—s S AP lujlljnes  uj € M,
(cf. [7, Lem. 4.7]). Using
ide —IjI;-‘ = idM 7rj7r —|—7Tj —I; I
= idyy —mm; + (1 — I]W],l)ﬂ;‘
+ ijj,l(ﬂj*- — 71';71];) + Ij(ﬂj,ﬂr;fl - idefl)I;,
we obtain @) by (G), (P), (II*), (B), (I), (P*), (B), (G), (S), and (B*). O

1.9. Consistency properties. In this subsection, we present a sufficient criterion
for (G) which does not involve the A-adjoint interpolation operator 7 : M; — Hj.
To achieve this, we assume that an operator

2R Mj — H1
exists such that ¢; is a stable right inverse of 7;, i.e., m; o ¢; = ids;, and
(@) lejville S lvjllss v; € M;.

Now we can derive a bound for the error of the adjoint interpolation in the discrete
energy norm from the first consistency and approrimation assumption

(©)  las(mjo,mw) = a(o,w)| SA7 ollisllwls, v € His, we Hy.
Lemma 2. Assume that (II), (®) and (C) are satisfied. Then we have

* — 2
(B) los = mymiosllin S 057 Nogllsaes, v € M.

Proof. (C') can be written equivalently as

—B/2
() IGda, —m5m)olli S A7 ollies, v € Higg,
and using (@), this is equivalent to
() Gz, —m5m)olis S A7 %lolh, v e Hi

Now inserting
idy, —mjms = (idar, —mymi)mip; = mi(idm —m5m5) 05,

we get from (II), (C*), and (P)

—B/2

(E*) lvj = mimivillin-g S A7 lvillin, v € M.

Again by duality ([3)), (E*) is equivalent to (E). O
To obtain (G), we need the second consistency and approzimation assumption

(D) laj(mjv,myw) — av,w)] SN [olleslwlive,  vw € Hipp.
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Lemma 3. Assume that (I1), (E), and (D) are satisfied. Then we have (G).
Proof. (D) can be written equivalently as
(D) IGda, —mm)olli-s S A7 lvllies, v € Hipg,
and the assertion follows directly from
idMJ —’]Tj’l'(;-K = (ldMJ —Wjﬂ;)Q + Wj(idHl —71';71']‘)71';
by applying (E), (E*), (II), (D), and (II*). O
2. CURVED FINITE ELEMENTS

As an application of our abstract theory, we consider the case of finite element
approximations for elliptic problems on domains with curved boundaries. The dis-
cretization with Lagrange elements of lowest order on domains with curved bound-
aries will be done on a polygonal or polyhedral approximation of the domain. In
this case, the approximating spaces are not contained in L?(f2), and the theory
of [ cannot be applied. By comparison with curved finite elements as they are
introduced and analyzed for triangles by Zldmal [20] (and in a more general formu-
lation in [T, 00) [T2]), we derive a bound for the consistency error. For a different
approach for analyzing curved boundaries, see [6].

2.1. Local transformations. Let Q C R%, d = 2,3, be a Lipschitz domain, and
let ©; C R? be a polygonal approximation of 2 such that Q; can be decomposed
into elements E € &;. That is, F' C §2; and

Q=) Eand ENE =0for E.E' €&, E+E'.
Eeg;

Every element E € &; is assumed to be the image of a reference element E (e.g.,
the unit triangle/quadrilateral for d = 2, or the unit tetrahedron/hexahedron for
d = 3) under an affine (multi-) linear mapping Tg: E — E. We require quasi-
uniformity with respect to a mesh parameter h;; i.e., we assume that all affine
mappings Tg: E — E satisfy ||Tg| =~ | T5"|~! =~ h;.

We assume that for all element transformations, ¢z: E — E? C Q exist such
that ¢p € C?(E)%, det(¢gr) > 0, satisfying ¢ = ¢ on EN E’ and

(5) ID*¢ple = 1, ID*05' e = 1, k=0,1,2.

This implies

(6) Iollg,pe = lvodplne, — veH(E)™ k=012

in terms of standard Sobolev norms || - [|x,0 = || - || (o) (see, e.g., [19, Th. 4.1]). In
addition, we need

(7) ¢E(P) = P for all element vertices P € E, E € &;.

Let ¢; = (¢5)pee, € C*'(Q;)? denote the global map resulting from a combination
of the ¢5. We require that ¢; : Q; — Q be bijective. From (@) and (@), we find
that the approximation is improving by

(8) [id =¢jlloe S B3 and ||id —¢; (oo < h3
and
9) ||I _D¢j”oo§hj and HI _D(b;lHooshj'
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1588 N. NEUSS AND C. WIENERS

2.2. The model problem. We consider the bilinear form

a(v,w):/g Vo - Vwdez, v,w € HY(Q)™,
Q

where @ € CO1(R®)mdxmd jg 3 symmetric and positive semidefinite matrix function
such that the bilinear form a is uniformly elliptic in the space

(10) Hy={ve H(Q)™|v=0onT}

(equipped with the norm || - [|1,o), where I' C 9 has positive measure.

Applying the abstract setting from Section [I]to H; C H := L?*(Q)™, this
defines an unbounded self-adjoint strictly positive operator A and a scale of Hilbert
spaces Ha, = dom(A®).

From the assumptions on the bilinear form a and H; = dom(A'/2?) the norm

equivalence
vl =Va(v,v) = [[vfle,  veH,

follows and therefore for o € [0,1] (by interpolation)

[vlla = Va0, v € Ha,

where the norm on the right-hand side denotes the norm in
H(Q)™ = [L*(Q)™, HY(2)"]a

(see, e.g., [8, Th. 12.2.3] for the equivalence to the classical definition).
We have to consider two different Hilbert scales: the operator-induced scale H,,
which we use in the multigrid analysis and the Sobolev scale

HF Q)™ = [H( Q)" H* () "o, a€[0,1],

in the analysis of the interpolation error and the consistency error. Thus, we assume
in addition that for some regularity parameter § € (0, 1] the relation

(R) [Hy, Ho)o = [Hy, HA(Q)™ N Haa, a €0,

holds. In this form, the regularity is required in Corollary [7] below. Note that this
is just another way for stating the usual regularity assumption for elliptic boundary
problems.

2.3. The finite element setting. For the boundary, we assume additionally that
L= qb;l(F) C 092, can be represented as a union of element sides. Let

Mj C {’Uj S Hl(Qj)m | v = 0 on Fj}

be a conforming finite element space on the polygonal domain 2;, so that—accord-
ing to the mesh requirements—an inverse inequality

(1) ol e S hyt llvillos, v € Mj, E€&j,

holds, and the nodal interpolation operator v;: C%(Q;)™ — H'(2;) (obtained by
pointwise evaluation at the nodal points) satisfies

@  llv=vvle-re ShS vlee,  ve H(E)", k=12, E€&,

and v;(C°(Q;)™ N Hy) = M;. This applies, e.g., to all conforming finite elements
of Lagrange type evaluated at their nodal points.
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The approximated bilinear form on €2; is denoted by

(11) a;(v,w) = /Q Vv - Vwdz, v,we HY ()™,
Q;

and we define the inner product on €; by

(v,w)j:/v'wdx, v,w e L*(Q;)™.

2
This defines the discrete norm scale (B) which satisfies

(12) loill; 0 = lVillag,» v € Mjael0,1].

2.4. Construction of the interpolation operator. Based on the piecewise
smooth mapping ¢; € C%1(Q;)? introduced in Section EZTl, we define the corre-
sponding comparison mapping ¢;: L2(;) — L*(Q) by ¢jv; = vjo ¢;1; this yields
a comparison space

Mf ={we H(Q™ |wo¢; € M;}
in the sense of [7]. The interpolation operator m; (required for the application of

the criteria in Section [[CY) is obtained by the following theorem.

Theorem 4. An interpolation operator mj: L*(Q)™ — M; exists satisfying the

identity m; o p; = idyy; together with the following estimates:

(13) Imjwlee, S lwlke, weH(Q)™NH, k=0,1,
(14)  fwoo; —mjwlly o S Ry wlyg, weH,

S OhE wllyg, weHX Q)™ NHy, k=1,2.

(15) [lwo ¢j = mjwll,_y o

Proof. Let Q;: L*(Q;)™ — M; be the orthogonal projection onto M;; i.e.,
(Qjv,wj)o,0; = (v,w))o,0;, vE LQ(Qj)m ywi € M;.

Defining the interpolation m; by mjv = Q;(v o ¢;) for v € L?(Q)™ gives by con-

struction (m; o p;)v; = v; for all v; € M;. We have ||Q;]l1,0, S 1 (cf. [9]), and

together with ||@;[lo,0, = 1 and (@) we obtain (T3).
Now we prove (I&). The case k = 2 follows from (B) and (Q) by

[wo¢; —mjwll§o, = llwod; —Qj(woe))llga, = iélf [wo é; —villfq,
vj J
< wo gy —i(wod))Fa,
(16) S DY lwodslle =k D w3 g

Ee€é&; Ee€é&;

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1590 N. NEUSS AND C. WIENERS
and the case k =1 is obtained using (@), (I) and (I8) in

[wo¢; —mjwl

[wo ¢; — Qj(wo ¢;)|1,0,

1,9, ~
S llwod; —vi(wogs)lie,
+ [[j(w o d;) = Qj(wo ¢))ll1e,
S llwody —i(wody)ie,
+ hy s (w o ¢5) — Qi(wo 1) lo.g,
S Mlwodj —vi(wogs)lie,

+ h i (w o ¢;) — wo ¢yllo.q,
+ b Hwo d; — Qj(w o ¢;) o,

< (X lwoolds)” = (X Iule) "

E€g; E€&;

I

In the same way, we obtain ([4]) from

[wo¢j —mjwl

0.0, = llwog;—Qj(wod;)oe;

S hjllwodlle; = by llwlie. O

Combining Theorem [ and (@), we directly obtain the following corollary.

Corollary 5. For 77 L*>(Q)™ — MY defined by w7v = @;mv, we have

Imfwlie S wll1,0 w € Hy,
lw=7fwloe S hyllwlie,  weH,
lw—rfwlere S B lwlae,  weH(Q)™NH, k=1,2.

2.5. Consistency error. The main result of Section [ is the following theorem
which provides a bound for the consistency error.

Theorem 6. We have for v € Hy N H*(Q)™, k=1,2, and w € Hy N H2(Q)™

(17) la(v, w) = a;(mv, mjw)| S B vllkellwl

2,0-

Before we prove the theorem, we formulate a direct consequence in fractional
spaces because in applications without full regularity the consistency and approx-
imation assumptions (C') and (D) in Section are required for an intermediate
space.

Corollary 7. We have for v € Hiy and w € Hi4g
(18) la(v, w) = a;(mjo,mw)] S BT [oliracllwliven, e €{0,8),
where B is the regularity parameter.

Proof. We obtain the assertion in [Hy, H%(Q)™ N Hz|s by interpolation of the bilin-
ear form a(v, w) — a;j(m;v, m;w); see [L6] Section 1.19.5]. Thus, the assertion follows
directly from the regularity assumption (R). O
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2.6. The energy estimate. The estimate (7)) for £ = 1 can be proved in two
steps:

la(v, w) — a;j(mjv, mjw)| < la(v,w) — a(7fv, 7{w)| + |a(7fv, 75 w) — a;(Tjv, W)

The bound for the first term is a simple consequence of Corollary Bl
Lemma 8. We have for v € Hy and w € Hy N H2(Q)™

(19) la(v,w) — a(xfv,7fw)| < hy [[vllelw]

2,0-
Proof. Integration by parts gives for v € H; and w € Hy N H?(Q)™
(20) la(v, w)| < [Jvllo,allwll2.o + /v (aVw) -ndo S |v]loelwllz.e

oQ
due to the boundary conditions included into the spaces Hy and Hs; from

la(v,w) — a(rfv,7fw)| = |a(v -7 v,w) +a(rfv,w — 7 W)
S v =7 vloellwllze + 7] vlellw — 7f w1
S Ry llvlellwllze,
we obtain () by combining (Z0) and Corollary O

Now we obtain the energy estimate by combining Lemma [ with the following
result; cf. [10, Lem. 8]. Note that this part of the proof does not require boundary

conditions.
Lemma 9. We have for v,w € H'(Q)™
ja(wv, mfw) = aj(mjv, mw)| S by [vllvellwlhe.

Proof. Let v; = mjv and w; = mjw. On each element £, we apply the chain rule

to obtain
/QV(’UJ- oppt) - V(wjody')dy — /Qij -Vw; dz
fol3 E
— [ (V) (14et(D2) (D65 0 66)" 0 D' 0 65— a) - (Vuy) d
E

< IVvillo. [ 1det(Dep)|(Dep' © ¢p)" a Dog' o dp — allse [Vewslo,p-
Since (@) gives
Hdet(Dg)|(Dég" 0 ¢p)" a (Do 0 ép) = alloo & < hp,
we obtain the assertion by summing over all elements and applying the Schwarz

inequality together with (3. O

2.7. The dual estimate. Now we prove Theorem [0] in the case k¥ = 2. For this
purpose, we consider a linear extension operator

n: HA(Q)™ — H*(R)™;

ie., (n)jq = v and

(21) lnwllere < lwllke, — we HYQ™, k=1,2
(cf. [I4) Th. VI.3.5]). In particular, we have for the nodal interpolation operator
(22) i) = j(wod;),  we H Q)™
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The estimate (7)) for k¥ = 2 can be proved in two steps:
|a(v, w) = a;(mjv, mw)| < la(v, w) = a;(ne, nw)| + |a; (v, nw) — a; (v, T5w)]
combining the following lemmata.
Lemma 10. For w € H*(Q)™ and k = 1,2, we have
(23) Inw = mjwlz-ra, S w20
Proof. Using (22)) and (Q) gives for w € H*(Q)™ and k = 1,2
lnw —wo @jlla—r,e < llnw —;(mw)llz—kz+[¢j(wo ¢;) —wodjlla—re
(24) S hip llnwllz.e + B lwo ¢jlla.e.
Summing up the elements and applying (6) and (ZI) yields
lw —wo ¢jll2-ra, S5 [wllz0.
Together with (0], this gives the assertion. O

In the next step, we estimate the error which is introduced by the domain ap-
proximation. Therefore, we define the boundary homotopy

G;:[0,1] x 99Q; — RY,  (t,z) — (1 —t)z + Lo, ().
Lemma 11. We have for v € HY(RH)™ and G C G;([0,1] x 99;)
[vllo.¢ < hy [vll1,re-

Proof. We obtain from the transformation theorem and the trace theorem
1

0076 < 1ol 6 qoapeomy = [ [ 196 DG 0(G )P dodt S 13 ol
0 09,

since (B) gives | det DG;| < h3. O
Lemma 12. We have for v € H*(Q)™, k = 1,2, and w € H>(Q)™

la(v, w) = a; (v, )| S B ollkellwlz.o.
Proof. Let @ A ;= (Q\ Q) U (Q;\ Q) C G5([0,1] x 9;). We have

la(v, ) — ay(p, qw)| - < /wawwme
QAQ,

S ||v(77v)||0,QAQj ||V(77w)||o,smﬂj
S BTV ge by IVw) ] ga
by applying Lemma [Tl and 21I). O
Finally, we state the dual estimate corresponding to Lemma
Lemma 13. For v,w € Hy N H%(Q)™, we have

(25) Jaj (v, w) — aj(mjv, mw)| S BT [[vllz,0llw]2e.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



APPROXIMATION PROPERTY FOR NONNESTED SPACES 1593

Proof. We write
aj(mjv, mjw) — a;(nu,nw) = a;(nu — 70, W — TjW)
— a;(nv — mjv, nw) — a; (v, nw — mjw)
and estimate the terms separately. Using ellipticity and (23]), we can estimate the
first term by
jaj (v = mjv,nw — mw)| < v = mollve, Inw = mwlLe, S 85 lvllzelw]2e.

The other two terms are of the same form, so that it is sufficient to estimate the
second one. Here, integration by parts yields

a0 = w0, 0)| 5 0 = w0l g, Iollg, + | [ (o =j0) - g do
09,

with g = (aVnw) - n. Because of (23)), only the boundary integral remains to be
estimated. We achieve this by splitting 0€2; into the Dirichlet boundary part I';
and the Neumann boundary part 0€2; \ T';.

Let G = U017 Gjt(';) be the stripe containing both I' and I';. From (§) it
follows that [z — Gj1(z)| < h3 for x € Tj. Since v vanishes on ', we obtain the
Poincaré estimate

(26) Invllo.e <55 IVmo)lloe < H5 vl q-

Integrating the identity
1
0

along lines connecting I' and T'; yields

i(t,x)) dt, zely,

Ezl&

2 2
Inollor, S S Il g
using (26). This gives

(27)

o Shi vl
and analogously (by extending g to ;)
(28) ||9||0,aﬂj\rj S hy ”ngQ
Thus, we have for the Dirichlet part

[ =m)-gdo = [o)-gdo S llor, lolor,

T, r;

S by lmollgllgle, ShT lvllog lwlag

applying (27), Lemma [[1] and (2I). Finally, we have for the Neumann part

(v = mjv) - gdo S [lnv —m0lly o, l9llo.00,\r, S i lvllag hillwllsq,

U\

where we used the trace theorem for [|nv — ;]| 50\, 23), and (28). O
? J J
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2.8. An optimal a priori estimate. Before we proceed with the multigrid anal-
ysis, we comment on optimal a priori estimates for polygonal approximations in the
case of full regularity (see also [6]).

Theorem 14. For f € L?(Q)™ let u € Hy be the solution of
a(u,v) = (f,v)o.0, v € Hi.
For f; € Mj let u; € M; be the solution of
aj(uj,vi) = (fj;v5)5,  vj € Mj.
If the consistency error of the right-hand side can be bounded by
(29)  [(f;v)oo — (f5,mv)| S ve H Q)™ N Hy,
for k=0,1,2, we have in the case of full regularity (6 =1)

lu = ujlla-k0,n0 S lnu—ujlle-ro, ShT [flog k=12
Proof. We denote u* = m;u; and consider the splitting
nu—u; =n(u—u")+ (qu* —mu") + (mju’ — uy).
The first term is estimated by [|n(u* — u)|l2—r0; < [|u” — ull2—k,0 and

ja(u” = u,v)]

lu* —ul2-re = sup
veEH (Q)™NH,, lvllk,
;U
= sup |(f]7 J ) (fv )07Q| Sh;c HfHOQ
veEH (Q)™NH,, k.0

using duality in the first equation and @9)) for ¥ = 1,2. The second term is
estimated with (23), (R) and (IT*):

I = mjulz-pe, S0 lullae = By lu*llz S A5 luglse.
The last term is estimated by (E) for k = 1, and (G) for k = 2, which gives

7w = ujllo—ko; SR ugllje

Now, the assertion follows from ||u;l;2 = || f;|; and
fiv5);] _ Fiimi0505)s
Ifill; = sup [, 0)il sup 1(f5,mi505)5
vied; |l ve;  |leivglloe
< aup Unme)i = Fesidoal 1@l
o we, lost3To.0 weh, Tegtslos
using (6) and Z9) for k = 0. -

2.9. Uniform refinement on domains with curved boundaries. The stan-
dard uniform refinement procedure on polygonal domains has to be enhanced by
an additional step for curved boundaries (for a realization in the software sys-
tem UG, see [3]). In the first step, by uniform decomposition of all elements
E € EJ 1 into 2¢ elements, we obtain E with the corresponding finite element
space M; € H'(Qj_1)™. Then we obtain & by moving all element vertices P in
E; with P € 99,1 \ 99 onto the boundary dQ by P = ¢;_;(P). This procedure
transforms an clement F € 5] into an element £ € &;. Combining the corre-
sponding transformations from the reference element 1’ : E—FandTg: E—E
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gives a mapping Sg = Tg o TE: 1. E — E which can be combined to a piece-
wise smooth mapping S; € C%1(Q;_1,Q;); this gives the finite element space
M;={ve H'(Q;)" |vo S; € Mj}.

We require that the assumptions of Section [2.1] hold uniformly for all meshes
which are generated by iterating this procedure, and we assume

30)  lvoSjllys = lvllke, ve HYE)™, E=S;E, E€&;, k=0,1,2.

Note that this implies a sufficiently fine resolution of the coarsest mesh €.

3. APPLICATION TO LINEAR ELASTICITY
We apply the results of the previous section to linear elasticity. Then, we have

m = d, and the bilinear form is defined by

a(u,v) = / Cev-cwdx,
Q

where ev = (Vv + (Vv)") and Cev = 2ue v+ AdivoI (with positive Lamé con-
stants A, u). Since the Dirichlet boundary I" has nonzero measure, Korn’s inequality
yields

(31) lvlle = Nv]la.0; ve H, C H*(Q)¢, a e [0,1].

Furthermore we require that the regularity assumption (R) holds for some 8 € (0, 1],
which implies the norm equivalence B1I) for « € (1,1 + 3] as well.

3.1. Conforming finite elements. We apply the setting in Section PJto the stan-
dard finite element space M; C H'(Q;)¢ of piecewise (bi-/tri-) linear functions
satisfying v; = 0 on I';, and we check all requirements for the approximation prop-
erty in the case of uniform refinement as it is described in Section 9.

Scaling. The refinement procedure and (B) give 2h;_1 = hj, j = 1,...,J. On the
other hand, the ellipticity and boundedness of the bilinear form a together with the
quasi-uniformity of the mesh give A\; = hj_Q; this implies (5).

Interpolation. The existence of an appropriate interpolation satisfying (IT) is shown
in Theorem [4l

Prolongation. Let _fj: M;_1 — Mj, I}vj,l = vj_1, be the standard conform-
ing prolongation; this defines the (nonnested) prolongation I;: M;_1 — M; by
Lijvi_1 = Ijv;_q0 Sj_l =vj_10 Sj_l.

Lemma 15. We have for k=1,2
Imjo = Lmj—1vlly g0, SPi1lvllg, v e HA(Q)L
Proof. We have the identity
v — Iimj_1v = (mjv —vo¢;) + (vod; — (mj_1v) o S;l).
The first term is estimated in (I5). The second term is decomposed as
vogjoSj—miv = (vog;oS;—pj1(vog;os;))
+(Wj-1(vedj—1) —vogj_1)+ (vodj—1 —m_1v).
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Here, the first summand can be estimated as desired using (Q), (6) and (B), the
second using (Q) and (6l), and the third using (IH). O

From (I3) and (30), we obtain L2-stability of 7;v — I;m;—;. Thus, (P) follows
by interpolation. Finally, (B) is a direct consequence of ().

Consistency. For ¢; defined in Section [Z4] we obtain (®) from (B). Now, the
consistency assumptions (C') and (D) follow from Corollary [7

3.2. Stabilized finite elements. Now we apply our criteria to @Q1/Fp-elements
[13, Chap. 4.4] which are commonly used in engineering applications for reducing
locking effects (see, e.g., [2]). Although this discretization is not fully stable for the
Stokes problem, it improves the quality of finite element solutions for problems in
elasticity and plasticity; cf. [I7].

By static condensation, the Q:/P,-discretization corresponds to using M; with
the stabilized bilinear form

dj(v,w):/C§v~5wdx, v,w e HY(Q;)Y,
2

where the so-called B-bar operator is defined by

m

1 1— — 1
_vzav—gdivvl +§diVUI, divolg = E/divvdm, ve HY Q)4
E

on every quadrilateral/hexahedron E € &;.
From a(v,v) = a(v,v) = ||5v||(2)’Qj = Hv||%QJ in M; (cf. [I8]), we obtain the
norm equivalence

To/2 2 —
(32) 1A 2051l = 145201l = lvgllae,, v € My, a€0,1].

I

Thus, (II), (P), (B), and (®) carry over from the previous section, and it remains
to show (C) and (D). Following [I8, Lem. 2.5 and 2.6], we have for v,w € H*(Q)?

(div v, divw)o.q — (div v, divw) o
= (divv, divw)g.q — (dive, divw)e.q + (dive, divw — divw)o o

= (divv — dive, divw)g.q = (dive — dive, divw — divw)e.o.
This gives for v € H*(Q), w € H*(Q)?, k=1, 2,

|a; (v, mjw) — a;(mv,mw)| = |(divrje, divrjw)e.o — (divrgo, div mw)o o

(33)

A

k
hi llvllkq;llwll2,o;-
The consistency error can be estimated in the two steps

jaj(mjv, mjw) = alv,w)| < laj(mjv, mjw) = a;(mjv, mjw)|

+ |a’j (ija ij) - a(v, w)|

which can be estimated by ([B3]) and Corollary [} this yields (C) and (D).
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3.3. Nonconforming finite elements. Finally, we show how one can combine our
results for curved boundaries with the analysis in [7] for nonconforming elements
M; C L*(Q;)2.
We consider nonconforming Pj-elements on triangles with the bilinear form
a;j(v,w) = Z Cev-cwdx, v,w e HE () + M,
Eeg;

and Dirichlet boundary conditions on I'; = 90€Q;; cf. [8, Chap. 9.4]. Following [}
Sect. 5], one can construct #;: Hi(Q;)%> — M;, v — 9;, by averaging with

/f)j(x) ds = /v(m) ds for every edge e C OF, v € Hy(Q)2.

The arguments from [7), Sect. 5] then show for k = 1,2
() o —#vlloq, +hy llv—70lie SBE [vllke,,  ve HF(Q)? N Hy ()3
iE)-

In our application, the consistency error [1, (N-1) and (N-2)] is required in a
more general form.

(with the norm ||’UH%5J_ = > |
Ee&;

Lemma 16. We have for v € H*(R?)2 N H}(Q)? and w € H*(R?)2 N H}(Q)?
k=1,2.

laj (v = &0, w)| S RS v
Proof. We have

a;(v—mv,w) = /(’U—’ITJ )div Cew + Z Z /’U—’ITJ )(Cew -n)ds

Q, E€E; eCOE

(where the last sum runs over all edges). This is decomposed into

Z/v—wj )(Cew-n)ds = Z /’U—ﬂ'] ](Cew - n)ds

eCOE eZ 99

+ Z (v —7;v)(Cew - n) ds,
eCoQ; %

where [v — 7;v] denotes the jump of v — 7;v in the direction of n. Following [7|
formulae (5.27) and (5.34)], we have

Y [l —#0)(Cew - n)ds S [olirelw]2 e,
egZBQj e

and, since v — 7v has average zero on every edge e C d€);, we can insert constants
ce such that

Z /(U—ﬁjv)((%w-n)ds Z /(U—ﬁ'jv)(CEW'n—Ce)dS

eCof; eCOf; Y,

k—L1
S h ? ||’UHkR2 h Hw||2R2 O
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Now, we consider the extension to curved boundaries within two steps: first from
M; to a conforming space in H{(€2;)2, and then to H}(Q)2. For the first step, let
M; C H}(£25)? be the space of conforming quadratic finite elements. We define
an operator ¢; : Mj — M, w; — w; by wj(z) = 0 for the nodal points on the
boundary, by averaging

ﬁ Y. dle(@), &) ={Ec&|xeE},

wj(x) =
’ 1€ Eec€&;(x)

for all corner points which are not on the boundary, and finally by
Ly .
w3+ 1)) = 7 (60,3 +1) = wy(@) — ()

for the edge midpoint %(m + y) of two corner points x,y € E in order to preserve
the edge mean value. This satisfies the identity 7; o ¢; = id e by construction,
and we have the stability ||@;0;][1,0, < |@)]1,e;-

For the second step, following Section 4], we define operators m;: L*(Q)? —
M; and ¢;: M; — Hg(Q)? with 7 o ¢; = ida,. Then, we can combine the
operators to 7; o m;: L2(Q)? — M, and ¢; o ¢j: M; — HI(Q)? satisfying the
identity (7j omj) o (pj 0 @;) = ide and the stability ||¢;@;w;]1,0, S |[W)]1e;-

Lemma 17. We have for v,w € H*(R?)? N H{(Q2)?
(34) |a;(mjv — 7ymjo, mw)| S B3 [[o]l2me w2, re-

Proof. Let Nj C M; be the space of conforming linear elements. Then, we have for
the nodal interpolation w;vz C°(Q;)™ — N; the identity w;vw = frjw]Nw, which
gives

W — AT W zw—wjvw—l—ﬁj(w;vw—w—i—w—ij).
From norm equivalence and direct scaling arguments we obtain
(35) 17wl S llwjllo,, and [[VEjw;llo.e, S IVw;llo.e,

for w; € Mj, and combining with Lemma [0 and (IT), this yields

(36)  |lmw —#ymjwlog, < lmjw —wlloq, + v —Amwlog, $hT [wlzre
and [|V(mjw — 75m5w)l|oe; S hy [|wl2,r2. Since we have
a;(mjv — wimv, miw) = aj(mv — T, mw — w) + a; (v — 7T, w)
+ a;((mjv — ) — @ (mjv — ), w),
the assertion follows from Lemma [0, (36]), and Lemma [[6l for k¥ = 2 and for k =1
by inserting m;v — v. O
Corollary 18. We have for v € H*(Q)2N H(Q)? and w € H?(Q)? N HE ()2
la(v, w) — as(Eymo, Amw)l S B Jollealwleg,  k=1,2
Proof. We consider
a(v,w) — a;(T;mv, Tymw) = alv,w) — aj(mjv, ;W)
— aj(mjv — v, W — TTW)
+ aj(mjv — Tymiv, THW)

+ aj(mjv, mjw — Tmw).
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This proves the assertion by applying Theorem B (B6l), and Lemma [T for k£ = 2
and applying Lemma [I6] for £ = 1 by inserting 7;jv (where we replace v, w by the
extensions nv, nw, using m;v = m;NV). (]

The refinement of M. j—1 consists again of two steps: the corresponding noncon-
forming finite element space in g‘j is denoted by M; C L*(£2;_1), and inserting the
piecewise affine (multi-) linear mapping S;: Q;_1 — €; defined in Section we
obtain M; = {0, € L*(;)% | 9 0 S; € M;}.

The prolongation I;: M;_y — M; on §2;_; (constructed in [7]) satisfies
(B) 1jo5-1llks;ms S I0j-rllig, ey 91 € My—1, k=0,1

(following from [7], formula (5.38)] and the inverse inequality). Again, we define the
prolongation I;: M;_y — M; by Ijv; 1 = (I[juj_1)o 5]71 (note that the evaluation

of I ; does not require the computation of S;l).

Lemma 19. We have for v € H*(Q)? N H(Q)?
1175110 — #5mvllon, ShY [vleq, k=1,2.

Proof. For v € H*(Q)* N Hy(Q)? and o = nv € H*(R?)*> N Hj(Q)* we have
Iiftj 1910 = hj_10 = ;10 = ¥;_1(3 0 5;) and

(_fj’f(jfl’f(jfl’l) — frjﬂjv) o Sj = jj’f(jfl’f(jfl’l) - (frjﬂjv) o Sj
= Ijﬁ'j_l(ﬂ'j_l’l} — wj_lv) + ’ij_l(ﬁ o Sj) —7Po Sj + (’l~} — ﬁ'j?Tj’U) o Sj.

This gives the assertion for £ = 2 by inserting (B), (Q), B4d), (IH), and B0). Since

I;#tj_qymj_1—#;m; is stable in L?(Q)?, we obtain the case k = 1 by interpolation. [

The application of the lemmata (combined with suitable interpolation argu-
ments) gives (C), (D) and (P) for the interpolation operator 7; o w;. The stability
assumptions (B), (IT) and (®) as well as the scaling (S) are obvious on quasi-uniform
meshes. Together, this proves all requirements for the approximation property.
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