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NUMERICAL TREATMENT
OF REALISTIC BOUNDARY CONDITIONS
FOR THE EDDY CURRENT PROBLEM
IN AN ELECTRODE VIA LAGRANGE MULTIPLIERS

ALFREDO BERMUDEZ, RODOLFO RODRIGUEZ, AND PILAR SALGADO

ABSTRACT. This paper deals with the finite element solution of the eddy cur-
rent problem in a bounded conducting domain, crossed by an electric current
and subject to boundary conditions appropriate from a physical point of view.
Two different cases are considered depending on the boundary data: input cur-
rent density flux or input current intensities. The analysis of the former is an
intermediate step for the latter, which is more realistic in actual applications.
Weak formulations in terms of the magnetic field are studied, the boundary
conditions being imposed by means of appropriate Lagrange multipliers. The
resulting mixed formulations are analyzed depending on the regularity of the
boundary data. Finite element methods are introduced in each case and error
estimates are proved. Finally, some numerical results to assess the effectiveness
of the methods are reported.

1. INTRODUCTION

The aim of this paper is to analyze finite element methods to solve the eddy
current problem in a conducting bounded domain. In particular, we consider the
case of an electrode crossed by an alternating current and subject to boundary con-
ditions which are non-standard, but realistic from the point of view of applications.

Numerical solution of the eddy current model became an important research
area in recent years because of many applications in electrical engineering (see for
instance [10] and references therein). In particular, the present work is motivated
by the need of a three-dimensional model to study the behavior of the electrodes
in a metallurgical electric furnace. A considerable number of mathematical models
and computer codes have been designed for this purpose, but in most cases they are
based on cylindrical symmetry (see for instance [5[6, [16]). All of these models give
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valuable information on important electrode parameters; however, the axisymmet-
ric assumption makes it necessary to neglect aspects such as the electromagnetic
effect caused on one electrode by the others (the so-called “proximity effect”) or
the phase-difference of the input electric current in the electrode.

A finite element method to solve the eddy current problem in the whole furnace
is studied in [7]. In this case, the computational bounded three-dimensional domain
includes not only conductors (the electrodes) but dielectrics as well (the air). This
leads to the use of a scalar magnetic potential and Lagrange multipliers. However,
the model presented in that paper is highly complex and its numerical solution takes
a lot of computer time. This is why it is useful to have simpler models to describe
separate components of the whole system. In the present work, we solve the eddy
current model in a domain which includes only one electrode (see Figure [[l in the
next section). Thus, we get an important saving in computational effort while still
being able to take into account important three-dimensional aspects, although not
the presence of the two other electrodes.

While several papers deal with the eddy current problem in the whole space
(see for instance [9, 12, 05, 17, [1]]), the number of papers concerning analysis in a
bounded domain is much smaller, due in part to the difficulty of handling realistic
boundary conditions. Essential and natural boundary conditions related to the
tangential component of the electric and magnetic fields are considered in [2], [7],
and [I]. However, these conditions are not directly related to the physical data
which, in the case of an electrode, usually reduces to the input current intensity on
the boundary of the conducting domain.

To our knowledge, a description of more general boundary conditions can be
found only in [ITI]. However, the main goal of that paper is concerned with topo-
logical aspects of the domain and with the introduction of elements of homology to
correctly define these boundary conditions, but not with the mathematical study
of corresponding variational formulations and their discretization.

In the present paper, we propose and analyze finite element methods to solve
the eddy current model in a conducting bounded domain, including boundary con-
ditions appropriate from a physical point of view. In particular, we consider a
formulation in terms of the magnetic field and impose boundary conditions related
either to the current density flux or to the current intensities entering the
conducting domain.

Our main goal is to analyze and solve the last case, because current intensities
are usually the only known data in real problems. However, we consider first the
eddy current problem with current density flux as boundary data, since this allows
us to present the results in a simpler form. Nevertheless, the analysis of this case
can be of interest on its own, for instance in coupled problems where the current
density flux is the output of other computations.

To impose the different boundary conditions, we introduce Lagrange multipliers
and study the resulting mixed formulations. Concerning the discretizations of the
problems, the magnetic field is approximated by Nédélec edge finite elements, while
the Lagrange multipliers are in principle discretized by continuous piecewise linear
functions.

We also prove that the Lagrange multiplier is a physically relevant field: an
electric surface potential defined on the boundary of the conducting domain. This
is why it turns out to be interesting to obtain error estimates for this magnitude,
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BOUNDARY CONDITIONS FOR EDDY CURRENT MODEL 125

too. To this aim, we consider an alternative discretization of the Lagrange multiplier
by piecewise constant functions, valid under a further mild regularity assumption
on the current density flux.

The outline of the paper is as follows. In Section 2, we recall the eddy current
model and define two sets of boundary conditions under which the electromagnetic
problem is well posed. Section 3 is devoted to obtaining weak formulations by using
the input current density flux as boundary data and to proving the existence and
uniqueness of the solution. Then, in Section 4, we analyze the problem when the
boundary data reduces to the input current intensity. Numerical discretizations
of these problems are described in Section 5 where error estimates are obtained
under mild regularity assumption on the solution. Finally, in Section 6, we report
numerical results for a test problem with known analytical solution which allow us
to assess the performance of the methods.

Some of the results of this paper have been announced in reference [8].

2. THE EDDY CURRENT PROBLEM

Eddy currents are usually modeled by the low-frequency harmonic Maxwell equa-
tions. We are interested in solving the problem in a bounded conducting domain
Q) (the electrode) crossed by an alternating electric current of angular frequency w.
In this case the model reduces to

(2.1) curlH=1J in Q,
(2.2) iwpH 4 curlE =0 in Q,
(2.3) J=0E in Q,

where H, E and J are the complex amplitudes of the magnetic field, electric field
and current density, respectively (see for instance [I0]). Throughout the paper, we
use boldface letters to denote vector fields and variables, as well as vector-valued
operators.

The coefficients p and o are the magnetic permeability and the electric conduc-
tivity, respectively. We assume that pu,o € L°°(Q), and that there exist constants
i and ¢ such that

w(x) > p>0 and o(x)>a >0, a.e. in Q.

The three-dimensional domain §2 is assumed to be simply connected with a
Lipschitz-continuous and connected boundary 0€2. This boundary splits into two
surfaces of non-zero two-dimensional measure, Iy and T'; 92 = T,UT,. The (open)
surface I'; corresponds to the tip of the electrode where the electric arc arises; we
assume [} is connected. The rest of the electrode boundary splits in its turn as

follows: I, = f‘f Uf‘Jl U-- ~Uf‘JN, where I'', n=1,..., N, are the (open) parts of the
boundary connected to the wires supplying electric current to the electrode, and
IY=T,\ ([} U---UT)) is the remaining. Finally, we also assume that T} T, = 0
and I NI =0, m,n=1,...,N, m #n (see Figure[]).

Maxwell equations (ZI)—(Z3]) concern the whole space, but we are only interested
in a bounded conducting domain. To avoid dealing with the whole R3, it is necessary
to use an alternative approach and define suitable boundary conditions. In fact,
this need represents the main difficulty in solving the problem in a bounded domain.
From a mathematical point of view, the essential and natural boundary conditions
for the weak formulation written in terms of the magnetic field consist of giving
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FIGURE 1. Sketch of an electrode

H x n and E X n, respectively, n being the outward unit normal vector to the
boundary. Both are easy to handle from mathematical and computational points
of view. However they are not so easy to obtain from the physical data which
usually reduces to the input current intensities. Then, following Bossavit [11], we
consider the following boundary conditions:

(2.4) Exn=0 on I,
(2.5) / curlH -n = [, n=1,...,N,
F’IL
J
(2.6) Exn=0 onIl, n=1,...,N,
(2.7) curlH- n=0 on Ff,
(2.8) pH-n=0 on 01,
where the only data I,,, n = 1,..., N, are the current intensities through each wire.

Condition (224 is the natural one to model the current free exit on the electrode
tip. Conditions (23) and (Z7) account for the input intensities and the fact that
there is no current flux through I'?, respectively. Conditions (26) and ([Z8) have
been proposed by Bossavit in [I1] in a more general setting. They will appear as
natural boundary conditions of our weak formulation of the problem. The former
implies the assumption that the electric current is normal to the surface on the
current entrance, whereas the latter means that the magnetic field is tangential to
the conductor surface. Of course, condition ([ZJ) is not always fulfilled, but is a
good approximation of the physical one in the case motivating this study.

The model described above restricts the Maxwell equations to a conducting
bounded domain and neglects the electromagnetic effects outside. To take into
account this effect, one could employ, for instance, the three-dimensional model
presented in [7]. However, as mentioned above, that model is much more expensive
from a computational point of view.

As a first step toward the analysis of problem (2)—(28) we consider another
related problem. It corresponds to the following boundary conditions:

(2.9) Exn=0 on I},
(2.10) curlH-n=g on T,
(2.11) pH-n=20 on 01,
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BOUNDARY CONDITIONS FOR EDDY CURRENT MODEL 127

where ¢ is a given function which is only non-zero on those parts of the boundary
supporting input currents; i.e., g = 0 on Ff. Notice that g corresponds to the input
current density flux through T, which is usually unknown on I, forn =1,..., N.
Thus, this problem is less interesting from the practical point of view.
Throughout the paper all function spaces will be complex-valued. We use stan-
dard notation for Sobolev spaces and norms. Moreover, we recall the following
definitions:
H(div,Q) := {G € L*(Q)* : divG € L*(Q)},
H(curl, Q) := {G € L*(2)* : curlG € L*(Q)*},
and, for each positive real number r,
H'(curl,Q) := {G € H'(Q)® : curlG € H"(Q)"},
each one of these spaces endowed with its natural norm, e.g., ||GH%IT(CMLQ) =
|G| %{,,.(Q)g + || curl G| %,,.(9)3.
Let HY/2(99) be the space of traces of functions in H'(Q2), H~/2(99) its dual
space, and (-, -) 5, the corresponding duality pairing. Let

HL (©) = {v eHY(Q): vlr, = o} .

Let H(l)(/)Q(I‘J) be the space of functions defined on T, that extended by 0 to 9\ T,

belong to H'/2(9€2). Notice that H(l)(/)z(FJ) can also be seen as the space of traces on
T, of functions in HILE(Q) Let Haol/Q (T,) be the dual space of H(l)(/)2 (T,) and (-, '>FJ

J
the corresponding duality pairing.
We end this section by proving the following lemma, which will be used sev-
eral times in the sequel. Here and thereafter, C' denotes a generic constant, not

necessarily the same at each occurrence.
~1/2

Lemma 2.1. Given q € Hy,'“(T,), 3G € H(curl, Q) N H(div, Q) such that
(2.12) divG =0 inQ,
(2.13) G-n=0 on 09,
(2.14) curlG -n=gq m Haol/Q(I‘J),
and the following estimate holds true with a constant C' independent of q:
(2.15) G leurty < Cllalg-v,
Consequently, if Q is a Lipschitz polyhedron, then Jr € (%, 1] such that G €
H" ()3 and
(2.16) 1G - ays < Cllalg-vrage

Furthermore, if ¢ € L2(T,), then 3s > 0 such that curl G € H*(Q)3 and
(2.17) | curl G|

me )3 < Clldller))-
In both estimates, the constants C are also independent of q.

Proof. Let u € H%E(Q) be the unique solution of

/ Vu - Vo = <q,v>FJ Yo € HE (Q).
Q E
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Then,

u _

Au=0 inf, % =g inHy/*(T,), and IVullz @) < Cllallyg e -
Since div(Vu) = 0 and 02 is connected, we know from Theorem 3.12 of [4] that
there exists a vector field G € H(curl, Q) N H(div, Q) satisfying [2I2) and 2I3)
and such that Vu = curl G. Then (214) holds true. Moreover, Corollary 3.16 of
the same reference [4] yields |G|l cur,0) < CllVulli2 ) and, consequently, (215)
holds true, too.

Now, if © is a Lipschitz polyhedron, estimate (ZI8]) is a consequence of Propo-
sition 3.7 of [4]. Finally, if ¢ € L2(T}), from a classical a priori estimate (see [I3]),
we know that curl G = Vu € H*(Q2)? for some s > 0 and (ZI7) holds true. O

3. ANALYSIS OF THE EDDY CURRENT PROBLEM
WITH INPUT CURRENT DENSITY FLUX AS BOUNDARY DATA

In this section we consider problem (ZI)—([23) with the boundary conditions
(Z9)-(ZII). First we obtain a weak formulation of this problem in terms of the
magnetic field.

Let us consider a smooth test function G such that curlG -n =0 on I';. From

[22) we have
(3.1) iw/,uH-(_}—f—/curlE-(_}:O.
Q Q

By formal calculations, the boundary condition (ZI1) implies that the tangential
component of the electric field E is a gradient. Indeed, by integrating iwpH - n on
any surface S contained in 9Q and using (2.I1)), [22)), and Stokes’ Theorem, we
obtain

O:iw/uH-n:—/curlE-n:—/ E-t:—/ nx (E xn)-t,
S S oS oS

with t being a unit vector tangent to 9S. Therefore, since 02 is simply connected,
we can assert that there exists a surface potential, defined up to a constant. More
precisely, there exists a sufficiently smooth scalar function ¢ defined in €2, such that
E xn = V¢ xn on dQ. On the other hand, since T is connected, [2:9) implies
that ¢ must be constant on I'y; moreover, ¢ can be chosen null on I'y. Then, we
can transform the second term of (8] by using Green’s formulas as follows:

/curlE'C_}:/E'curl(_}— Exn-G
Q Q o0
:/E~curl(_3‘r— ng)xn'@:/E-curl(_S‘r+/curlC_}~V¢
Q o0 Q Q

:/E-curl(_}—i— o curl(_}-nz/E-curl(_},
)

o0 Q

where we have used that curlG-n=0onTI} and ¢ = 0 on I'; in the last equality.
Now, by substituting this expression in (31I), we obtain,

iw/uH-G—f—/EcurleO.
Q Q
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On the other hand, equations (ZI)) and (Z3) lead to E = 1 curl H, which allows
us to eliminate E in the above equation. Thus, we finally have that

_ 1 _
iw/uH-G+/ —curlH - curl G =0,
Q Q0

for all G € H(curl, Q) such that curl G-n=0on T,
In what follows we will obtain and analyze two different weak formulations,
depending on the regularity of the boundary data g.

3.1. Analysis without further assumptions. We start considering boundary
data g = curl H - n belonging to Hgol/ 2 (T,), which corresponds to the more general
setting since curl H € H(div, ).

Let us denote for brevity X := H(curl, ), and consider the following linear
manifold of &,

V(g) := {G €EX: curlG-n=gin Haol/Q(FJ)} ’
with its associated subspace
V0)={GeX: curlG-n=0o0nT}.

Let a: X x X — C be the sesquilinear continuous form defined by
_ 1 —
a(H,G) := iw/ uH - G+/ —curlH - curl G.
Q Q0

This form is clearly X-elliptic; namely, da > 0 such that
(3.2) a(G,G)| > a|G|% VGeAX.

Now we introduce the following problem:

Problem 3.1. Given g € Hy)/?(T}), find H, € V(g) such that
a(H,,G)=0 VG e V(0).

The following existence result is easily deduced:

1/2

Theorem 3.2. Given g € Hy,'“(T,), Problem[31 has a unique solution H,.

Proof. The result follows from the fact that a is elliptic in &X', so in particular in
V(0), and that V(g) is a non-empty closed linear manifold of X', which in its turn
is a consequence of Lemma [2.1] O

A mixed formulation of Problem BTl may be used to avoid dealing with functions
that satisfy the constraints associated with V(g) and V(0). It consists of handling
the boundary condition (ZI0) in a weak sense by introducing a Lagrange multiplier
defined on the boundary T',.

Let us denote M := H(l)(/)2 (T

J

b(G,v) := (curl G - n, V>FJ.

) and b the sesquilinear form defined in X x M by

The mixed problem associated with Problem Bl is the following:

Problem 3.3. Given g € Haol/Q(I‘J), find Hy; € X and A\, € M such that
(3.3) a(Hy, G) +b(G,\) =0 VG e X,
(3.4) b(Hgy,v) = (g, V>FJ Yv € M.
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The classical Babuska-Brezzi theory can be applied to prove that this problem
is well posed.

Theorem 3.4. Given g € HEOI/Q(FJ), let Hy € X be the solution of Problem [Z1.

Then, there exists a unique Ay € M such that (Hg, \g) is the only solution of
Problem [Z:3. Furthermore, the following continuous dependence result holds:

IHygll 2 + 1Agllpg = Cllgllggr -

Proof. Since the forms a and b are clearly continuous on their respective domains
and a is X-elliptic, we only have to prove that b satisfies an inf-sup condition (see
for instance Corollary 1.4.1 of [14]). More precisely, we are going to prove that there
exists 0 > 0 such that

(G, v)|
3.5 sup ———— > O||v Yv e M.

Since M = H(l)(/)2(FJ) is a Hilbert space, Yv € M we can write
‘ <qa V>FJ’

IVl = sup HHi
qeHy, 2 (ry) 1ag ()

According to Lemma [ZT] Vq € H(;Ol/Q(FJ), 3G € X such that curlG - n = q in
Ho/*(1y) and || Gz < Cllally-1/2r. - Then

(Ty)”
‘<Qa V) <curl G-n, V>p ‘(curl G n,v).
L — L < C sup
”(J”Haol/?(rJ) HGHX Gex HG”X
Thus, the inf-sup condition holds with 8 = % O

Notice that once the magnetic field H, is obtained, the corresponding current
density J, and electric field E; can be readily computed in the domain €2 by means
of equations (211 and ([23)), respectively. These are the magnitudes actually needed
in most applications. In the following theorem we show that the solution of Problem
satisfies the Maxwell equations (2I)—(23)) and the boundary conditions (Z.9)—
(21100 in a suitable sense.

Theorem 3.5. Given g € H(;Ol/Q(I‘J), let Hy € X and Ay € M be the solution
of Problem[33 Let X} be a lifting of Ay to Q such that X} € H%E(Q) Let J, :=
curlH, € L*(Q)? and E, := 1J, € L2(Q)%. Then, the following equalities hold
true:

(3.6) iwpHy + curlE; =0 n €,

(3.7) pHy - n=0 on 09,

(3.8) curlH;, -n=g in H601/2(FJ).
(3.9) E,xn=-VX xn inH2(00)>
In particular,

(3.10) E, xn=0 on I
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Proof. Let G € D(2)3. Then G € X and (B.3) yields
_ 1 _
iw/ pH, - G+/ —curlHy - curl G = 0.
Q Q0

Hence E; = 1J, = 1 curl H, € H(curl, Q) and (38) holds true.

Condition ([B8) is directly deduced from @4, where this boundary condition is
imposed in a variational form.

To prove equation ([F), given ¢ € HY2(9Q)?, we are going to show that
(Eg xn, )y, = — (VA xn, ¢>8§2' To this aim, let G € H'(Q)3 be such that
G|y = ¢. Then G € X and (3.3) yields

O:iu;/qu'C_a‘r—l—/Eg-curlC_a‘r—i—<curl(_3‘r~n,)\g>F
Q Q I

:iw/qu-G—f—/Eg-curlC_}+<cur1(_}~n,>\;|aQ>aQ
Q Q

:iw/qu-C_}—f—/curlEg~C_}+<Eg><n,G|8Q>8Q+/curlC_}~V5\;
Q Q Q
= (Eg X1, 0)0 + (VA; x1,0),,

where we have used that E; = L curl Hy in Q, Green’s formulas, and (3.0)).

Finally, to prove (3.7), notice that pH, € H(div,) because of ([B:6). Then,
pH, -n € H-Y/2(0Q) and given ¢ € C*°(2) we have

iw(uHy - n,v), = —(curl Eg - n, 1), = —/ curlE, - Vi
Q

where we have used (B.8), (39), and Green’s formulas. 0

The following direct consequence of this theorem, which will be used several
times in Section [l below, shows that a smoothness assumption on the magnetic
field H, implies further smoothness of the Lagrange multiplier A4 too.

Corollary 3.6. Let I' be a smooth piece of T'; such that o|r is also smooth (e.g.,
C?). IfH, € H"(curl, Q) with 1/2 < r < 1, then \j|r € H"+/2(T) and

(311) ||)\g| Hr+1/2(T) S C||H9|

H"(curl,Q)"
Proof. As shown in the proof of Theorem B.4] b satisfies the inf-sup condition
B3). Then, from equation (3.3) and the continuity of a we have that ||\l ,, <
(ol 22 /) Hgl - Hence [IAgllpa () < C 1Hg [l cur 0)-

On the other hand, since curlH, € H"(Q2)3, because of the standard trace

theorem, curl Hy|r € H"~/2(")3. Then, since T' and o|r > g > 0 are assumed to
be smooth, we have

_ 1 .
—VAlp % n = Eglp xn = —curl Hylp xn € H™Y/2(T)3.

Hence, the surface gradient of Ay on I', VpA, :=n x (VS\;|F X n), satisfies VA, €
H"~Y/2(T)3 too, and HVp)\gHHT_l/Q(F) <C HHg||HT(Curl q)- Thus, we conclude the
proof. O
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Problem B3lcan be discretized by using Nédélec edge finite elements for the mag-
netic field H, and piecewise linear continuous elements for the Lagrange multiplier
Ag- The resulting discrete problem and its convergence properties are studied in
detail in Section [5.1]

However, at this point, it is important to remark that if the boundary data
g were more regular, it would be possible to use piecewise constant functions to
approximate the Lagrange multiplier \,. For instance, this is true if g € L3(T,),
which is quite a realistic assumption. Before studying this possibility at a discrete
level, we deal with the corresponding continuous problem in what follows.

3.2. Analysis for input current density flux in L?(I,). In this section we study
problem (21)-(23) with the boundary conditions (2:39)—(211) in the case that the
boundary data g € L(T;). To this goal we follow a scheme similar to that of the
previous section.

Let X be the subspace of X defined by

X = {G € H(curl, Q) : curlG - nr, € L2(FJ)} ,
which is a Hilbert space when equipped with the norm
) ) 1/2
1GlI = [IG i curtey + lleurl G -nllFag ) |
Consider the following linear manifold of X:
\N)(g) = {Ge/‘?: curl(}-n:gonFJ}7

and its associated subspace V(0), which coincides with V(0). We introduce the
following problem:

Problem 3.7. Given g € L?(T)), find H, € V(g) such that
a(H,,G) =0 VG € V(0).
An existence result for Problem [3.7 is easily deduced:

Theorem 3.8. Given g € L*(T), Problem[3.7 has a unique solution H,.

Proof. The result follows from the fact that a is X-elliptic in V(0) and that V(g)
is a non-empty closed linear manifold of H(curl, ), which is again a consequence
of Lemma 211 O

We consider again a mixed problem to handle the constraints involved in \N)(g)
and V(0). Let M := L?(T,). Notice that if (G,v) € X x M, then

b(G,v) = / curlG -n v.
1—‘.]

The mixed problem associated with Problem B reads as follows:

Problem 3.9. Given g € L2(I), find H, € X and Ag € M such that
a(H,,G)+b(G,\) =0 VGeX,
b(Hy,v) = /F gv Yve M.

J
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We apply again the classical Babuska-Brezzi theory to prove that this problem
is well posed.

Theorem 3.10. Given g € L2(T), let H, € X be the solution of Problem [37.

Then there exists a unique Ay € M such that (Hg, \y) is the only solution of
Problem B9 Furthermore, the following continuous dependence result holds:

IHyll % + [1Agll 27 < Cllgllzr)-

Proof. Singe a and b are clearly continuous on their respective domains and a is X-
elliptic in V(0), we only have to prove that b satisfies the following inf-sup condition
(see for instance Corollary 1.4.1 of [14] again):

b(G, v)|

BRI SBlvll o Yre M.
IGll% M

sup
Gex

To prove this, given v € ./W, let G € X be the vector field associated with q=v
by Lemma 21l Because of 2I4), G € X; moreover, |G|z < C||v| 5 because of

(ET15H). Hence,

B(G ) / curlG -n v / |2
b(G,v r, r,
Sup - ~ Z = _||V|| B
cex Gl% IGll% Clvlieq, — €12
which allows us to conclude the proof by taking B = % 0

Remark 3.11. If g € L2(T,), the solution of Problem[3:3is also a solution of Problem
B3, because M is dense in M. This is the reason why we use the same notation for
the solutions of both problems. So we could deduce the existence of the solution
of Problem B9l from Theorem B4 However this is not the case for uniqueness and
this is the reason why we have proved Theorem B T0l Consequently, the solution of
Problem B also satisfies Theorem and Corollary

4. ANALYSIS OF THE EDDY CURRENT PROBLEM
WITH INPUT CURRENT INTENSITIES AS BOUNDARY DATA

We address now our main goal: to solve the eddy current model with the bound-
ary conditions (24)-28). We introduce weak formulations related to these bound-
ary conditions and use the results obtained in the previous section for Problems
and 39 as tools for our analysis.

We study again two different cases according to the regularity of the correspond-
ing current density flux through I',.

4.1. Analysis without further assumptions. Given (complex) input intensities
I, ..., Iy through each wire, let us denote I := (I1,...,Ix) € C¥ and I € L3(T))
the function defined by
I,
I:= meas (I‘J”)
0 on FJO.

n —
onI", n=1,...,N,

Let £ be the following closed subspace of M (recall that M = H(l)(/)2 (T))):
L= {1/ € H(l)(/)Q(I‘J) t v

rr = constant, nzl,...,N}.
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Consider the following closed linear manifold of X,

W(I) := {GEX: (curlG-n,y)FJ:/ Iv VVEE},
r

J

and its associated subspace
W(0) = {G €X: (curlG ) =0 Vv z:}.
We introduce the following problem:

Problem 4.1. Given I € CV, find Hy € W(I) such that
a(Hp,G) =0 VG € W(0).
Theorem 4.2. Given I € CV, Problem [£.1) has a unique solution Hi.
Proof. The result is an immediate consequence of the fact that a is X-elliptic
and W(I) is a non-empty closed linear manifold. Notice that YW(I) is non-empty

because W(I) D V(I), and we have already proved that V(g) is non-empty Vg €
L2(T,). O
We consider a mixed problem for handling the constraints in W(I) and W(0)

in a way similar to how we did in the previous sections:

Problem 4.3. Given I € CV, find H; € X and A1 € £ such that
(4.1) a(Hp, G) + b(G, A1) =0 VG e X,

(4.2) b(Hy,v) = / Iv Vv e L.

I—‘.]
Theorem 4.4. Given I € CV, let Hy € X be the solution of Problem [[-1. Then
there exists a unique A1 € L such that (Hy, A1) is the only solution of Problem [{-3.
Furthermore, the following estimate holds:

Hil x + Al g < C

Proof. The existence and uniqueness results are immediate consequences of the
facts that a is X-elliptic and that the corresponding inf-sup condition for b holds
true in M (and a fortiori in £ C M) as shown in the proof of Theorem [3.4] (see for
instance Corollary I1.4.1 of [I4] once more). Moreover,

ID‘

T

[H|l 5 + [IAtll oy < C'sup

<C|1I <ClI.
2 ol = ey =€

Thus, we conclude the proof. O

Remark 4.5. The arguments in the proof of Theorem apply to the solution

H; € X and A1 € £ of Problem 3] yielding equations analogous to (Z.8)—(10),

except for (38). Instead of this, Hy satisfies in this case (curlHy -n,v) = [, I
J J

Vv € L. This equation implies the boundary condition (Z7)):
curlHy -n=0 on FJO.
Moreover, for n = 1,..., N, (curlHy - n, 1), is well defined. Indeed, let v,, € £
J

be any function such that v, = 1 on I'"" and v, = 0 on I']* for m # n. (Notice
that such v, exists because of the assumption I NI = (), m # n.) Then,
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(curlHy - n, 1), := (curlHj - n, Vn>FJ is well defined, since the latter does not
J

depend on the particular chosen function v, because of (7). Furthermore, (E2)
leads to the following form of the boundary condition (E.3):

(curlHy -n,1)p, =1,, n=1,...,N.
J
On the other hand, taking into account that the Lagrange multiplier A1 is constant

oneach I, n =1,..., N, we deduce from (B3) that Ey = 1 curl Hy satisfies the

J

boundary condition (26):
Eixn=0 onIV, n=1,...,N.

Finally, the analogue to Corollary B0 also holds true: If T' C 99, o|r is smooth,
and Hy € H"(curl, Q) with 1/2 < 7 < 1, then Af|r € H""/2(T") and

(4.3) [Atllgrs/2ry < C[[Hil

H"(curl,Q)"

Problem B 3lcan be discretized by using Nédélec edge finite elements for the mag-
netic field Hy and piecewise linear continuous elements which are constant on I,
n=1,...,N, for the Lagrange multiplier A\;. In a way similar to how we noticed
for Problem B3, if the (unknown) input current density flux through T satisfies
curl Hy - n € L2(T}), then we can employ piecewise constant functions to approx-
imate the Lagrange multiplier A\;1. In what follows we present the corresponding
continuous problem in order to study later its discrete approximation.

4.2. Analysis for input current density flux in L?*(T,). In this section we
study the eddy current model with the boundary conditions (Z4)—(Z¥) in the case
that the input current density flux through T is an L2-function. This amounts to
assuming a bit more of regularity of Hy, namely, that curl Hy - n € L2(T)).

Let £ be the following closed subspace of M (recall that M =12 (T)):
L= {V cL*T): v

rn = constant, n = 1,...,N} .
Consider the following closed linear manifold of X ,

W(I):—{Ge%; /curlc;.np:/w vyei},
r, r

J

and its corresponding associated subspace
W(0) = {GG%’: / curlG-nv =0 VI/EE}.
I—‘.]

Notice that G € W(I) if and only if

Ge;t', curl(}-n:Ooan7 and curlG-n=1,, n=1,...,N.
F?L
J

We introduce the following problem:
Problem 4.6. Given I € CV, find Hy € VV(I) such that
a(H,G)=0 VG € W(0).

In a way similar to how we did in the previous sections, we consider a mixed
problem for handling the constraints of W(I) and W(0):
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Problem 4.7. Given I € CV, find Hy € X and A1 € £ such that
(4.4) a(H, G)+b(G,\) =0 VGEe X,
(4.5) b(Hy,v) = / v WwelL

T

J
Although a is not X-elliptic in VV(O), we are able to prove the following result:

Theorem 4.8. Given I € CV, let us assume that the solution (Hy, A1) of Problem
[{.3 satisfies curlHy - n € L%(T,). Then Hj is the unique solution of Problem 44
and (Hy, A1) the only solution of Problem [{.7],

Proof. First Hy € X, because curl Hy - n € L2(T,). Since (Hy, A;) satisfies (@),

A € L CL,and X C X, we have that (Hi, A1) satisfies (£4) too. Moreover, as

shown in Remark 5] ([&2) implies that curl Hy - n = 0 and fF" curlHy -n =1,
J

forn =1,...,N. Therefore, (£3) holds true. Thus, we have proved that (Hy, A1)
is solution of Problem [A.7.

On the other hand, for any solution (Hy, A1) of Problem E7, clearly Hy is a
solution of Problem[4.6] Moreover, this problem has at most one > solution. Indeed,
let Hy and Hj be solutions of Problem @6 Then Hy — Hf € W(0) and, hence,
a(Hy — Hf, Hy — H}) = 0. Therefore, since a is X-elliptic, Hy = Hj.

Thus, any two solutions of Problem [ must have a coinciding magnetic field
Hj. Hence, to end the proof, we only need to show that the corresponding Lagrange
multiplier Ap is also unique. In fact, ‘the latter is an immediate consequence of the
inf-sup condition that b satisfies in M (and a fortiori in LcC M), which has been
shown in the proof of Theorem B0l |

Remark 4.9. As shown in the proof of the theorem above, if the solution (Hi, A1) of
Problem A3 satisfies curl Hy - n € L2(T}), then it satisfies the boundary condition
Z5):

/ curlHy - n=1, onI', n=1,...,N.
F77/
J
Thus, according to Remark[Z.0] Hj satisfies all the boundary conditions (2.4)—(2-8).

5. FINITE ELEMENT DISCRETIZATION

In this section we introduce discretizations of the different mixed problems intro-
duced above and study their convergence properties. To this goal, we assume that
(s a Lipschitz polyhedron and that I')" are polyhedral surfaces for alln = 0,..., N.
Consequently, I, is also a polyhedral surface. We also assume that o is piecewise
smooth (e.g., C?) on a polyhedral partition of €.

We consider a family of shape-regular tetrahedral meshes {7;,} of 2 where, as
usual, h denotes the corresponding mesh size. We assume that the meshes are
compatible with the splittings of the domain boundary in the sense that, VK € 7p,
with a face T lying on 912,

— either TC T or T C f‘J” for some n =0,..., N, and
— olr is smooth.

The magnetic field, which is a function of H(curl, Q2) in all of the problems, is
discretized with lowest-order Nédélec edge finite elements (see [I9]). We recall their
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definition. For each tetrahedron K € 7}, let
N(K):={GpePi(K)’: Gy(x)=axx+b, abeC’® xecK}.
Then, fields in H(curl, ?) are approximated in the finite-dimensional space
Np(Q) :={G, € H(curl, Q) : G|, € N(K) VK € T,,}.

Since N (2) C X too, the main difference between the discretizations of Prob-
lems B3] 3.9 3] and [£7is the space used to discretize the Lagrange multiplier.

Let 7555 be the triangular mesh induced by 7;, on the polyhedral surface T, and
consider the following finite-dimensional spaces:

Q,(T) = {Qh € Hy(T)) : qun|r € P1(T) VT € ThFJ},
Q) (L)) == {qh € L2(T,) : qulr € Po(T) VT € Thfa}.

These are, respectively, the spaces of piecewise linear continuous functions (vanish-
ing on the boundary) and piecewise constant functions defined on b

Let I, : L%(T,) — Q%(T,) be the L?(I,)-orthogonal projection; that is,
1
VfeLAT Onflp = —— VT € T,
f ( J)ﬂ hf|T meaS(T) Lf hJ

If G is smooth enough for the boundary integrals below to make sense, its Nédélec
interpolant GY is defined by

GN e NL(D) : /GN-tg:/G-tg V¢ edge of Tp,,
4 4

where t, denotes a unit vector tangent to the edge ¢. We recall in the following
lemma some properties of this interpolant which has been essentially proved in [4]
and [3].
Lemma 5.1. The Nédélec interpolation operator
Co(Q)? — Nu(Q)
G — GN

extends uniquely to the space {G € H"(Q)?: curlG € HS(Q)3}, for any r > 1/2
and s > 0, and the following error estimate holds true:

(5.1) IG = GVlg(eur @) < CH™ ) |G

Hr(o) + [l curl G| Hs(Q)S] .

Furthermore, if curl G - n € L2(T,), then
curl GN -n = I, (curl G - n) on T,
Proof. Let G € H"(Q)3, r > 1/2, with curl G € H*(Q)3, s > 0. According to the
Sobolev imbedding theorem and a trace theorem, for each K € 7j,, G|, € L?(K)3,
curl G|, € LP(K)?, and G X ng|,, € LP(0K)3, with p > 2 depending on r and
s, and ng being an outer unit normal to 0K . Then, the extension of the Nédélec
interpolation operator follows by applying Lemma 4.7 of [4].
On the other hand, the arguments in the proof of Proposition 5.6 of [3] combined

with Lemma 5.5 of the same reference yield the error estimate (5.1]).
Finally, a density argument, the definition of G, and Stokes’ Theorem yield

/curlGN'n:/ GN .ty = G~tT:/curlG'n VT € Tpl
T T T T
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(t7 being a unit vector tangent to OT). Hence, since curlGN -n € Q9(I), we
conclude the proof. O

The following lemmas are used below to establish adequate inf-sup conditions.
Lemma 5.2. The application 11, : Q}(T,) — QY (T,) is one-to-one.

Proof. To prove the result, we take v, € Q} (I;) such that [.v, =0VT € 7,59 and
prove that v = 0 on I',. We do this by induction on the number m of triangles of
the mesh.

If m = 1, clearly v, = 0. Assuming the result true for any mesh of (m — 1)
triangles, we are going to show that it is also true for a mesh 7559 of m triangles.

Our geometric assumptions imply that 0T, is a polygonal curve of positive one-
dimensional measure. Then, in any triangular mesh there is always a triangle with
at least one edge on the boundary OI',. Let T € 7313 be one such triangle. We have
vp =0o0n T, since [, v, =0.

Let I ;= I, \ T'. Then 5 = Tl \ {T'} is a mesh on T'] of (m — 1) triangles.
Since v, = 0 on T, we have that Vh|p3 € Q}L (I'). Hence, since fT v, =0VT € ’]7;3,
we apply the inductive assumption and conclude that v;, = 0 on I‘;. Therefore
vy, =0 on I'; and we conclude the proof. g

Lemma 5.3. Given g, € Q)(I)), 3G, € N, (Q2) such that curl G, -n = g, on T}
Furthermore, |G| (curt,0) < C||qh||L2(FJ)'

Proof. Let G € X be the vector field associated with ¢, by Lemma Bl Since
qn € L2(T,), we have that G € H"(Q)? with r > 1/2, curl G € H*(Q)? with s > 0,
and (2.T6)—(2TI7) hold true. Hence, because of Lemma 5.1, the Nédélec interpolant
GYN € N, (Q) is well defined.

We take G, = GN. Then, because of Lemma F.1, we have that curl Gy, -
n = II,(curl G - n) = I,q, = g, on I,. Finally, the estimate to be proved is a

consequence of (&), (216, and (ZI7). O

In the following subsections we introduce discretizations for each of the different
mixed problems, B3] B9 3] and 7 and study their convergence properties.
(Hp, A\p) is used to denote the solutions of all these discrete problems, although in
general they are not the same. We do this to simplify the notation. No confusion
should arise because we consider only one discrete problem in each subsection.

5.1. Discretizing Problem B.3. In this case, since the Lagrange multiplier \ €
H(l)(/)2 (T,), we use piecewise linear continuous finite elements for its discretization.
Let

Xh = Nh(Q) and Mh = Q}L(FJ)
In what follows, we prove that b satisfies an inf-sup condition on these discrete
spaces, although with a constant which may depend on the mesh size h.
Lemma 5.4. There exists Bn > 0 such that

sup 1b(Ghyva)|

> Onllvnll Vv, € M.
GreX), HGhHX M
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Proof. Since X, and My, are finite-dimensional, we only have to prove that, given
a non-vanishing v, € My, 3Gy, € X}, such that [ curl Gy, -n 7, # 0.
J
To prove this, notice that I,v, € Q%(T,) does not vanish either, because of

Lemmal5.2] Now, according to Lemma 5.3, 3G, € X}, satisfying curl Gj,-n = II,v),
on I',. Then, we have

/ curléh-nz‘/h:/
r r

J J

I,y oy, :/ |th/h|2 >0
Iy

and we conclude the proof. O

Remark 5.5. We have not been able to prove that the constant (3;, remains bounded
away from zero when h goes to 0. Actually, our numerical experiments seem to show
that B, converges to zero with a linear dependence on h.

If we approximate Problem B3] with the finite element spaces X and My,
Lemma B4 allows us to show that the resulting discrete problem has a unique
solution. However, since the inf-sup condition is not uniform in A, the approx-
imating properties of such a scheme depend on infg,cy,(g) [Hg — Grl| 5, with
Vi(g) :i= {Gp € Xy : b(Gp,vp) = <g,1/h)FJ Vv, € My} (see Theorem I1.1.1 of
[T4]), and it is not clear that this infimum can be estimated for smooth H either.

To avoid this drawback, we introduce a variational crime in the discrete formula-
tion which allows us to prove error estimates under an appropriate mild smoothness
assumption on H,. This variational crime can be seen as a kind of quadrature rule
for (g, l/h>FJ. It consists of substituting g with IT; ¢ in this term. This is applicable

whenever the data g is an L2(T,)-function. In such a case, we define the following

discrete problem:

Problem 5.6. Given g € L2(T}), find Hj, € X}, and \;, € M, such that
a(Hh,Gh)—l—b((_}h,)\h) =0 VG € Xy,

b(Hh, l/h) = / Mg oy, Yy € My,.
I—‘.]
The following theorem yields an error estimate for the approximate magnetic
field Hy,. Its proof follows similar arguments to those used to prove Theorem II.1.1
of [14].

Theorem 5.7. Given g € L2(L,), let us assume that the solution (Hgy, \y) of Prob-
lem[3.3 satisfies Hy € H"(curl, Q) with 1/2 < r < 1. Then, Problem [5.8 has a
unique solution (Hy, \,) and the following error estimate holds true:

||Hg - Hh”X S Chr||H9HH"'(cur1,Q)'

Proof. The discrete Problem [£.6] has a unique solution, because a is elliptic in X,
and b satisfies the inf-sup condition of Lemma 5.4

According to Lemma [E] the Nédélec interpolant HgN € X}, is well defined and
satisfies curl Hg ‘n =1II,(curl H, - n) = II,g on I',. Then, using that (Hy, Ap) is
the solution of Problem [E.6] we have

b(Hy, —H) 1) =0 Vi, € M,

and
a(H,—H}, H,-H)) = —b(H, -H), \s) —a(H] , H, - H}) = —a(H}, H, - H}).
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On the other hand, since Hj, — Hg € X, C X, we can take G = H;, — HgN in
Problem and obtain

a(Hy, Hy, — HY) + b(H, — HJ, \g) = 0.
Combining this with the equations above, we have
a(H, — H) ,H), - H)) = a(H, - H) ,H,, — H) + b(H, — H}, \,)
= a(H, — Hy , H; — H})) + b(H, — H} , \; — 1)
Vv, € Mp,.

Hence, the X-ellipticity of a (see )) together with the continuity of a and b yield

1
B0 — || < = (ol [ELy = B + 100xnlhg = vl

which combined with the triangular inequality lead to

1 1
168, ~ il < (15 S lalece ) B = B3y + 2100 naly = 24l
Y, € My,.

Now, by virtue of Corollary the Lagrange interpolant of Ay, )\;j € My, is
well defined and satisfies

H/\g o )‘TA;HM < ChrHHg|

H"(curl,Q)’

because of standard interpolation results and (BI1I).
Finally, the two above inequalities and (&) yield the error estimate. O

5.2. Discretizing Problem [3.9] In this case we use the finite-dimensional spaces
X = Nu(Q) and M = Q)(T})
to define the following discrete problem:
Problem 5.8. Given g € L2(T,), find Hj, € i’h and A\, € Mvh such that
a(Hp, Gp) +b(Gr, M) =0 VGp € X,
b(Hp, vp,) :/ gip, Yy, € Mvh.

I—‘J
The following lemma shows that b satisfies a uniform inf-sup condition on these
discrete spaces.

Lemma 5.9. There exists B* > 0 such that
b Gh,l/h ~ —
sup GV Bl e M
GLeX), H hH}

Proof. Given vy, € Mvh, let éh € N1,(Q) be the vector field associated with vy, by
Lemma 53l Then, since curl G, - n = vy, on I}, we have

~ ~ 2 ~ 2 1/2
1Glz = [IGA ety + [l curl G- nllfae) | < Clnl g
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Hence,
/ curl éh -n vy / |Vh|2
S L b = Ll
anex, IGnlz G T Ol T
which yields the lemma with B* = % O

The following theorem shows existence and uniqueness of solution for this prob-
lem and establishes error estimates for the magnetic field and the Lagrange multi-
plier:

Theorem 5.10. Given g € L?(T,), Problem [5.8 has a unique solution (Hp, \p)
and, if (Hg, A\g) is the solution of Problem[3.9, the following estimate holds true:

(5.2)
IF8, ~ il 1 — Al < € (_int 88, = Gallg + int Iy =l )
GrEX ) vpEMp
Furthermore, if Hy € H (curl, Q) with 1/2 <r <1, then
(5.3) ||Hg - Hh”x < ChT”HgHHT(cur],Q)'
Proof. Let

\~)h(0):: {Ghéi’h:/curl(}wnﬂh—o Vyhéf\/lvh}.
r

J

Notice that \~)h(0) - \NJ(O); indeed, since curl Gy, - n € Mvh for G, € i’h, we know
that Gj belongs to \N)h(O) if and only if curl G, -n = 0 on I',. Consequently, a is X-
elliptic in V5, (0) with the same ellipticity constant o of (32). Then, since b satisfies
the inf-sup condition of Lemmal5.9] a straightforward application of Theorem II.1.1
of [I4] allows us to prove the estimate (5.2)).

On the other hand, if H, € H"(curl, Q) with 1/2 < r < 1, according to Lemma
BT the Nédélec interpolant Hy X . is well defined and satisfies curl HgN ‘n =
I (curl H; - n) = Ig on I, Then, since (Hy, Ap) is the solution of Problem
ER, we have b(H, — H}, 1) = 0 Vv, € Mj,. Hence, H, — HY € V5,(0) € V(0).
Consequently, by taking Hj, — HgN as test function in Problems and (.8 we
obtain

a(H, — Hy ,H;, — H}) = o(H, - H) H, — H)).
Then, since a is X-elliptic in V},(0) and continuous in X x X, we have
[E | <l — E
Finally, from this estimate, the triangle inequality, and (&1, we obtain (53)). O

Remark 5.11. Estimate (5.3)) cannot be directly obtained from (5.2 without further

assumptions on the smoothness of the input current density flux ¢ = curlH, - n

on I, In fact, (£2) depends on inf, 5 [[Hy— G|z, which in its turn in-

volves [lcurlHy -n — curl Gy, - n| . For Hy € H"(curl, ) with 1/2 <r <1,
J

curl H, - n € H"~'/2(T}) and, hence, for its Nédélec interpolant HgN € X, we only

have ||Hg — HgNH} S Chr_l/QHHgHHT(curl,Q)-
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5.3. Discretizing Problem [4.3] In this case we use the finite-dimensional spaces

Xy =Np(Q) and L := {l/h c Qi (T): vy rr = constant, n = 1,...,N}

to define the following discrete problem:
Problem 5.12. Given I € C¥, find Hj, € X}, and A\, € £, such that
a(Hp, Gp) +b(Gp, M) =0 VG, € Xy,
b(Hp, vp,) :/ Iy, Y, € Lp,.
1—‘.]
The following theorem shows that this problem is well posed and establishes

an error estimate for the approximate magnetic field under an appropriate mild
assumption on the solution of Problem [4.3]

Theorem 5.13. Given I € CV, Problem has a unique solution (Hp, \p).
Furthermore, if the solution (Hi, At) of Problem [{.3 satisfies Hy € H"(curl, Q)
with 1/2 < r <1, then the following error estimate holds true:

[Hr — Hyll, < Ch"||Hil

H"(curl,Q)"

Proof. Since L, C My, the inf-sup condition for b of Lemma B4l holds true for
all v, € L, although not necessarily uniformly in h. On the other hand, a is
X-elliptic in X}, with the ellipticity constant « of (B:2]), which is independent of h.
Then Theorem II.1.1 of [T4] applies to this problem yielding existence of a unique
solution of Problem 12 and the error estimate

_ < ; _ ; _
B~ Hl < C (it = Gl + ot D=l )

h

with C':= maX{l + é”aHXXX’ éHbHXXM} and

Wh(I) := {Gh e Xy : / curlG, -n 7, = / Iy, Ny, € Eh} )
1—‘J 1—‘J

Now, if Hy € H"(curl, ) with 1/2 < r < 1, its Nédélec interpolant HY € X,
is well defined. In what follows we show that HY € W),(I). Then, the previous
inequality, standard interpolation results, and estimates ([@3)) and (51]) allow us to
conclude the theorem.

Notice that, for such Hy, curl Hy - n € L2(T,). Hence, because of Lemma 5.1]
curl HY - n = II;, (curl Hy - n) on T,. On the other hand, as shown in Remark
curlHy -n=0on I‘JO. Then, curl HF -n=0on I‘f too. Hence, Vv, € L} we have

N
/ curl HY - n 7, = E (17h|pn>/ curl HY - n
r, 3 rn

n=1 J

= (Dh|rn) / curlHy -n = / Iy,
J In T
J J

n=1

the latter because of Remark FEQ. Therefore HY € W), (I) and we conclude the
proof. O
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5.4. Discretizing Problem 4.7} In this case we use the finite-dimensional spaces

'%h = Nh(Q) and Zh = {I/h € Q?L(FJ) L Up

rn = constant, n=1,... ,N}
to define the following discrete problem:
Problem 5.14. Given I € C¥, find H, € .i:'h and A\, € Eh such that

a(Hp, Gp) +b(Gr, M) =0 VG, € X,

b(Hy, vp) = /F Iy, Vup € Ly

J

Since Ly C Mvh, the inf-sup condition for b of Lemma B3 holds true for all
vy, € Ly, uniformly in h; that is,

b(G - _
(5.4) sup 12Gm )l Bollval g Yn € La.

GLeX,, HGhH}

On~the other hand, a is X-elliptic in X n- Then, since X n is finite-dimensional, a
is X-elliptic in X'}, too, although with an ellipticity constant which may depend on
h; namely, Jay, > 0 such that

la (G, Gp)| > anl|Ghll%  VGh € X

Thus, Babuska-Brezzi theory can be applied to prove that the discrete problem
above is well posed:

Theorem 5.15. Given I € CV, Problem [5.1 has a unique solution (Hp, ).

We cannot use the standard results to obtain error estimates for the solution of
this problem, because the ellipticity of a is not necessarily uniform in h. However,
we can modify conveniently the proof of Theorem II.1.1 of [I4] to adapt it to this

case.
Let
Wh([) = GhEi‘hZ /curlGh-nf/h:/IDh Vl/h€£~h
Iy Iy
and

Wh(O):—{Ghei’h: /curlGh~n17h:0 vVheZh}.
r

J

We have the following result (we recall that VNV(O) was defined in Section [£.2):
Lemma 5.16. Wh(O) C W(O) holds.

Proof. Let G, € Vvh(O). Since curl Gy, - n|FJ € 9%(T,), we have that curl G, -n =
0onI?and [, curlG, -n=0,n=1,...,N. Hence, Vv € L, we have
J

N
/ curlGh'nD:Z@
r n=1

J

F) / curlG, -n=0.
3J rn

J

Therefore, since Gy, € X, C jf', G € VV(O) O

Now we are in order to establish an error estimate:
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Theorem 5.17. GivenI € CV, let us assume that the solution (Hi, A1) of Problem
[7-3 satisfies Hy € H"(curl, Q) with 1/2 < r < 1. Then, (Hy, A1) is the solution
of Problem [{.7] too and, if (Hp, \n) is the solution of Problem [5.14) the following
error estimate holds:

[Hr — Hal  + M = Anll 5 < CRTIH1lir (curt )

Proof. For Hy € H"(curl, Q) with 1/2 < r < 1, curlHy - n € L%(T,) and, hence,
(Hiy, A1) is the solution of Problem E7] because of Theorem .8

Let HY € X, be the Nédélec interpolant of Hy. An argument similar to that
used in the proof of Theorem allows us to prove that HY € VNVh (I). Hence,
H,-HJ € W (0) and, because of Lemma [5.16] Hj, — HY e W(0) too. Therefore,
by taking Hj, — HY as test function in Problems[£7 and 5.14] we obtain

a(H, — HY H;, — HY) = o(H; — HY,H;, — HY).
Then, from the continuity and ellipticity of a in X (see (B2])), we have
1
[Hp — HIN”X < EHGHXXXHHI - HIN”Xv

which combined with the triangle inequality and (B1I) yield
1 T
63 =il < (1 2lalesce ) 1B = Bl < ON 188y

On the other hand, by taking the same test function Gj, € ;Yh C X in Problems
1 and 014 we obtain

b(C_}h, b — I/h) = a(HI — Hh, Gh) -+ b(C_}h, AT — l/h) Yy, € Eh VG, € .%h.
Then, in particular for v, = I\ € £}, we have from E4)

1 1
A = g < = sup |b<Gh7g W)l
* GRLEX), ” hH}

1
< 5 (ol Flx = Hol e + 1l = Tladul 7).

*

where we have used that a is continuous on X x X and b in X x M and that
|Ghllx < |Gnll5- Hence, from the triangle inequality we obtain

1 1
It = Anll g < (1 + =, M«) e = Tl o~ F

and we conclude the proof from this inequality, standard error estimates for the
L2(T,)-projection, and estimates ({3) and (5.5). O

6. NUMERICAL RESULTS

In this section we present some numerical results obtained with MATLAB codes
developed by us, which implement the different methods described above. We have
solved a particular test problem with known analytical solution to validate the
computer codes and to assess the performance and convergence properties of each
method.

We have solved the eddy current problem in a cylindrical domain Q of radius R
and height L, which is a bounded section of an infinite cylinder (see Figure [2).
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Conductor ()

V-<

1(t) =1 cos (ot)

FIGURE 2. Sketch of the domain. Coordinate system.

We have considered an alternating current J going through the conductor 2 in
the direction of its axis. This current has been assumed to be axially symmetric
with an intensity I(t) = I; cos(wt). Thus, we have taken the bottom surface of the
cylinder as the current exit boundary I, its lateral surface as the current density
flux-free boundary FJO, and its top as the input current boundary FJl. Concerning
the physical properties, the electric conductivity ¢ and the magnetic permeability
u are taken as constants in Q.

We have used the following geometrical and physical data:

e R=0.5m;

e L =1m;

e 0 =10°(Qm)" L

o i =jp=4r10""Hm™! (magnetic permeability of free space);
o I, =7 x 10*A;

e w=21 x50Hz.

To obtain the analytical solution of this problem, we consider a cylindrical co-
ordinate system (7,6, z) with the z-axis coinciding with the axis of the cylinder
(see Figure ). We denote e,, eg, and e, the unit vectors in the corresponding
coordinate directions.

Because of the conditions assumed on J, only the z-component of the electric
field E = %J does not vanish in the conductor. Moreover, it depends on the radial
coordinate r but is independent of the other two coordinates 6 and z. Consequently,
only the #-component of the magnetic field H = w;u curl E does not vanish and it
also depends only on the coordinate r. Then, after writing the curl operator
in cylindrical coordinates, straightforward computations allow us to obtain the
following expression for the magnetic and electric field (see [7] for details):

I T
H(r,@,z):—2 1RI1(’Y_;) €9,

i 12(7( 2,) re[0,R], B €0,27], 0<z<L,
E(r,0,2) = — 51 200

" 27Ro I1(yR) =

where 77 and Zy are the modified Bessel functions of the first kind and orders 1
and 0, respectively, and v = v/iwuo € C.
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FIGURE 3. Coarsest mesh.

On the other hand, since E x n = —V\ x n on [, after writing the gradient
operator in cylindrical coordinates, we obtain the following analytical expression
for the Lagrange multiplier A on I';:

Ly Io(yR)

(6.1) A(r, 0, z) = 2C, with C = 37Ro T,(1R)’

Notice that A is constant on the top and bottom surfaces I‘Jl and I, respectively.

Thus, this problem can be used as a test for both sets of boundary conditions
Z9)-EZI0) and ZA)—(Z8). In the first case, a direct computation leads to the
following expression for the boundary data g = curl H - n|FJ in (210),

Ly Zo(yr)
g(r,0,z) = 2R Z1(vR)
0

re(0,R), 6€][0,2n], z=1L,
r=R, 0el0,2n], 0< z< L.

In the second case, the input current intensity I; in (2:5) is just the intensity
amplitude of the alternating current I(t) = I cos(wt) imposed through €.

Notice that the four proposed finite element methods are applicable to this prob-
lem, since curl H - n € L*(T,).

All of the numerical methods have been used on several successively refined
meshes and we have compared the obtained numerical solutions with the analytical
one. Figure[3 shows the coarsest mesh used for the domain.

Tables[ to  show the norms of the approximate solutions H;, and \;, computed
on several meshes and the corresponding absolute errors for all of the discrete
problems analyzed in the previous section. In all tables we identify each mesh with
its total number of edges which correspond to the number of degrees of freedom
(d.o.f.) of Hy. We include one table for each problem.

We have chosen the following energy-like norms:

IH], ¢ == |a(H,H)|"* for the magnetic field,

|H|U’FJ = o~ ?||curl H - n||L2(FJ) for the current density flux.

Notice that [| - |, ¢ is equivalent to || - || 5, whereas || - ||, o+ |[,!FJ is equivalent to

(NP2
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TABLE 1. Solution (Hjy, Ap) of Problem [5.6

Tt [ TH g [ T Bl [ Tlae | T~ Al
2096 168.00 85.44 0.4007 0.0489
6720 172.83 68.22 0.3951 0.0356
15520 174.79 55.00 0.3955 0.0217
29840 176.04 45.59 0.3978 0.0146
51024 176.86 38.75 0.3997 0.0107
80416 177.41 33.63 0.4011 0.0079
119360 177.80 29.66 0.4022 0.0061
169200 178.06 26.51 0.4013 0.0049

TABLE 2. Solution (Hp, Ap) of Problem b8

147

dofe | [Hullgq | H=Hall, o || Halor | H=Halor || Al | 1A=l g
2096 167.91 85.54 117.10 79.87 0.6105 0.0282
6720 172.78 68.26 134.86 60.25 0.6031 0.0347
15520 174.78 55.03 142.39 47.32 0.6045 0.0271
29840 176.04 45.61 146.18 38.69 0.6079 0.0203
51024 176.86 38.77 148.33 32.63 0.6108 0.0155
80416 177.41 33.63 149.66 28.18 0.6130 0.0123
119360 177.79 29.66 150.58 24.77 0.6146 0.0100
169200 178.06 26.51 151.14 22.09 0.6157 0.0084
TABLE 3. Solution (Hp, Ap) of Problem (5.12]
Torf [ Tfllg [Tl [Tl [l

2096 189.80 105.79 0.4522 0.1538

6720 181.31 74.62 0.4143 0.0794

15520 179.30 57.70 0.4059 0.0470

29840 178.65 46.96 0.4042 0.0307

51024 178.78 39.54 0.4041 0.0215

80416 178.81 34.12 0.4044 0.0159

119360 178.85 29.99 0.4047 0.0122

169200 178.90 26.74 0.4049 0.0097

TABLE 4. Solution (Hp, Ap) of Problem T4
ToT [ THl g [T~ Hall, g [ e, [T B, o [ Pl [ TR el

2096 189.78 105.93 132.77 79.54 0.6904 0.2286
6720 181.30 74.66 140.98 59.99 0.6332 0.1188
15520 179.30 57.72 145.54 47.22 0.6204 0.0708
29840 178.85 46.98 148.10 38.69 0.6178 0.0466
51024 178.78 39.55 149.62 32.68 0.6175 0.0320
80416 178.81 34.13 150.58 28.24 0.6179 0.0246
119360 178.85 29.99 151.23 24.84 0.6183 0.0191
169200 178.90 26.74 151.68 22.17 0.6187 0.0153
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A Problem 5.6
—&- Problem 5.8
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FIGURE 4. Error curve for Hy, (log-log scale). Case of physical constants.

On the other hand, to compute the M norm (i.e., H(l)(/)Q(FJ) norm) involved
in Problems 5.6 and [5.12] we have used the following characterization: for v €

H(l)(/)2 (T,), there exists a unique u, € HILE(Q) satisfying
—Au, =0 1in Q,

u, =v onl,

and || Vuy |1 2(q)s is equivalent to the norm HVHHééQ(FJ)' In our test, it is simple to

verify that uy = A in the whole Q, with A given by (@TJ). Then, to compute the M
norm of a numerical solution \; and its corresponding error, we have solved by a
standard finite element method the problem above with v = A.

Notice that the computed magnetic fields Hy, and Lagrange multipliers A, con-
verge for all the methods.

Figures @l and B show log-log plots of the errors for the computed magnetic
fields H;, and Lagrange multipliers A, respectively, versus the number of degrees
of freedom, for the same meshes and the four methods. We have used the norm
| ], q for the former and the L?(I';) norm for the latter.

A linear dependence on the mesh size can be clearly observed for all H;,. How-
ever, for the Lagrange multiplier A, the conclusions are not clear. Figure B shows
an almost quadratic dependence on the mesh size which could not be true, at least
for Problems B8] and BT4 where A is approximated by piecewise constant func-
tions. Since in three-dimensional experiments the mesh size cannot become very
small because of computer limitations, we cannot confirm the actual order of con-
vergence of the Lagrange multiplier with this example. This is mainly due to the
large magnitude of some of the physical constants.

To avoid this drawback, we have solved a similar problem with all of the physical
constants set equal to one, namely, 0 = 4 = w = I; = 1. Figure [6l shows a log-log
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10

A Problem 5.6
—&- Problem 5.8
*- Problem 5.12
—©- Problem 5.14
— y=ch?

Relative error (%)
=
o
T

10° |

Number of d.o.f.

FIGURE 5. Error curve for Aj, (log-log scale). Case of physical constants.

plot of the relative errors for the Lagrange multipliers computed with each of the
methods. Now, a quadratic dependence on the mesh size can be observed for the
methods approximating the Lagrange multiplier with piecewise linear functions,
while a linear dependence appears for those using piecewise constant functions.

10°
A Problem 5.6
—&- Problem 5.8
** Problem 5.12
~©~ Problem 5.14
10" | — - y=Ch H
—_— y:Ch2
— 0
$10 k!
pug x
<
5 X
X.
2 A x
§ X
€107} A ]
107 E
10’3 I I
10° 10* 10°

Number of d.o.f.

FIGURE 6. Error curve for A, (log-log scale). Case of unit constants.
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7. CONCLUSIONS

We have studied the eddy current problem in a conducting bounded domain.
The main point is the introduction of physically realistic boundary conditions. To
handle these boundary conditions, which are neither essential nor natural, we have
introduced a Lagrange multiplier defined on the boundary which leads to mixed
problems. This multiplier has a physical meaning: it is a surface electric potential
defined on the boundary of the domain.

Two kinds of boundary conditions have been considered:

e the current density flux is given (Problems 3.3] and [3.9));
e the current intensities are given (Problems and 7).

The second boundary condition is the most interesting in practice, because it in-
volves physical data easy to measure in real problems. The reason to consider the
first boundary condition too is two-fold: on one hand, as an intermediate step for
the treatment of the other case and, on the other hand, because in some problems
the current density flux could be known, for instance if it is the output of other
computations.

Each mixed problem involves the magnetic field and the Lagrange multiplier,
and we have proposed finite element methods to obtain their numerical solution.
The magnetic field has been approximated by using Nédélec edge elements in all
of the problems, while the discretization of the Lagrange multiplier depends on the
regularity of curl H - n. More precisely, we have used

e piecewise linear functions in the most general setting, namely, if carlH-n €
Hyo/2(T,) (Problems B.6 and 5.12);

e piecewise constant functions, only if curl H-n € L2(T,) (Problems[5.8 and
b.14).

In the first case, the discrete inf-sup conditions corresponding to the mixed
problems are not uniform with respect to the mesh size. Because of this, we could
only prove L? convergence for the magnetic and electric fields. Instead, in the
second case, we have proved L2 error estimates for the multiplier too.

Both discretizations of the Lagrange multiplier have some interest in and of
themselves. The first one is valid without the need of the additional smoothness
assumption curl H-n € L%(T)). The second one has the advantage that a thorough
mathematical analysis including optimal order error estimates for the multipliers
has been given in this paper. However, in spite of the lack of a proof for the
convergence of the Lagrange multiplier, the experiments seem to indicate that an
optimal order error estimate should be valid for the first discretization, too. Thus
a conclusion as to which is the best choice would need further work.
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