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A POSTERIORI ANALYSIS
OF THE FINITE ELEMENT DISCRETIZATION
OF SOME PARABOLIC EQUATIONS

A. BERGAM, C. BERNARDI, AND Z. MGHAZLI

ABSTRACT. We are interested in the discretization of parabolic equations, ei-
ther linear or semilinear, by an implicit Euler scheme with respect to the time
variable and finite elements with respect to the space variables. The main
result of this paper consists of building error indicators with respect to both
time and space approximations and proving their equivalence with the error,
in order to work with adaptive time steps and finite element meshes.

RiESUME. Nous considérons la discrétisation d’équations paraboliques, soit
linéaires soit semi-linéaires, par un schéma d’Euler implicite en temps et par
éléments finis en espace. L’idée de cet article est de construire des indica-
teurs d’erreur liés a I’approximation en temps et en espace et de prouver leur
équivalence avec 'erreur, dans le but de travailler avec des pas de temps adap-
tatifs et des maillages d’éléments finis adaptés a la solution.

1. INTRODUCTION

For more than twenty years, an impressive amount of work has been done con-
cerning a posteriori analysis and mesh adaptivity for the finite element discretiza-
tion of elliptic problems; see [Vel| and references therein. The main results consist
of exhibiting local error indicators which can be computed explicitly as a function of
the discrete solution and the data and such that their Hilbertian sum is equivalent to
the error. Moreover, since they are local, they provide a good representation of the
error distribution; hence they are very efficient tools for mesh adaptivity. However,
it seems that the analogous results concerning parabolic problems are presently
not complete. They most often deal either only with time scheme adaptivity (see
[JNT] or [NSV]) or space finite element adaptivity (see for instance [BBI]|, [BB2],
[BBHM] or [BM]) or with space-time finite element adaptivity (see [EIT], [E.J2],
[Ve2)], [Ve3] and [Vehl): the finite element discretization in these references relies
on the space-time variational formulation of the equation and this leads to a family
of error indicators which represent the combined space and time errors.

In this paper, we are interested in the discretization of some parabolic equations,
which relies on a standard finite element method with respect to the space variables
and Euler’s implicit scheme with respect to time. Even if the same discrete problem
is already considered in [Pi] and [Ve5], our adaptivity strategy is rather different.
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1118 A. BERGAM, C. BERNARDI, AND Z. MGHAZLI

Indeed, we follow a new approach where the main idea consists of uncoupling as
much as possible the time and space errors. To this aim, we introduce two kinds
of indicators, both of them of residual type. The first family, which is similar to
that introduced in [JNT] or [Pi], is global with respect to the space variables but
local with respect to the time discretization: thus, at each time, the error indicator
provides appropriate information for the choice of the next time step. The second
family is local with respect to both the time and space variables, and the idea is
that at each time it is an efficient tool for mesh adaptivity. Indeed, the aim is to
perform time and space adaptivity in two successive steps:

e Once the solution at a fixed time is known, we compute the time error
indicator. If it is larger than a given tolerance, we go back to the previous
time and make a new computation with a smaller time step till this indicator
becomes smaller than the tolerance.

e Next we perform mesh adaptivity in a standard way, by computing the
space error indicators, refining the mesh where they are larger than their
mean value and possibly coarsening the mesh where they are much smaller.

It turns out that computing the two kinds of indicators is not very expensive
in most practical situations, for instance when low degree polynomials are used in
the finite element approximation. However this strategy leads us to use different
triangulations at the different time steps, which of course makes the analysis of the
error more complex.

Once these error indicators are constructed, we prove optimal error bounds, in
the sense of [BMV]: up to some terms only involving the data, the error is bounded
from above and from below by the Hilbertian sum of the indicators multiplied by
constants independent of the discretization parameters. Moreover, as usual, each
indicator is bounded by the local error. We first prove these results for a linear heat
equation with a diffusion coeflicient depending on the space and time variables (this
equation is already considered in [BBHM], where mesh adaptivity is performed via
a nonconforming mortar finite element technique).

Next, we extend the results to a semilinear heat equation where the diffusion
coefficient now depends on the solution, as already considered in [E.J2], [NSV] and
Ve2], [Ve3d|, [Veh]. Some arguments for the extension of a posteriori analysis to
nonlinear problems have been proposed in [PR] and [Veh]; however they do not
seem appropriate for the present problem and for the kinds of indicators we work
with. For the same reason, the a priori analysis in [BR] does not fit this problem
and we refer to [Th] for the numerical analysis of the finite element discretization
in a simple case. The equivalence of the Hilbertian sum of both types of indicators
with the error is derived simply by extending the arguments of the linear case, and
we skip the proofs since they do not involve any new argument.

An outline of the paper is as follows.

e In Section 2, we present the linear heat equation. We describe first its time
semi-discretization and next its space and time discretization.

e Section 3 is devoted to the construction of error indicators for this equation
and to the proof of upper and lower bounds for the error as a function of
these indicators.

e In Section 4, these results are extended to the semilinear heat equation.
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2. THE LINEAR HEAT EQUATION AND ITS DISCRETIZATION

We first present the linear heat equation with a diffusion coefficient depending
on the space and time variables. Next we describe the time semi-discrete problem
and finally the full discrete problem. At each step, we prove stability estimates
and we recall some a priori error estimates for both the semi-discrete and discrete
problems.

2.1. The linear heat equation. Let 2 be a connected and bounded open set in
R?, d = 2 or 3, with a Lipschitz-continuous boundary. In order to avoid curved
elements, we assume that €2 is a polygon or a polyhedron. Also let T be a fixed
positive integer. We consider the heat equation

Ou — divIAVu) = f in Qx]0,T7,
(2.1) u=0 on 00x]0,T7,
Ujg—0 = Uo in ,

where ) is a given continuous function on Q x [0, T] satisfying for some positive
constants Apin and Apax,

(2.2) Ve € QVt € [0,T], Amin <A@, 1) < Anax.
The data are the distribution f and the function ug; the unknown is the function
U.

We use the standard spaces LP(2), 1 < p < o0, together with the Sobolev spaces
HS(9), where S is a nonnegative real number. As usual, H§ () stands for the
closure in H5(Q) of the space of infinitely differentiable functions with a compact
support in Q, and H~5(Q) stands for its dual space. For simplicity, we denote by
(-,+) the scalar product on L?(Q2) or on L?(Q2)¢ for any positive integer £ and by
|| - || the associated norm. By extension, the duality pairing between any H~5()
and H§(Q), S > 0, is also denoted by (-,-). For any real number S, we define
L2(0,T; H5(R)), respectively €°(0,T; H5(S2)), as the space of square-integrable
functions, respectively of continuous functions, with values in H5(Q), and also
L2(0,T; HY(Q)) as the space of square-integrable functions with values in H{ (€2).
Then, it is readily checked that equation (2.1) admits the equivalent variational
formulation:

Find u in €°(0,T; L2(Q)) N L2(0,T; HX(Q)) satisfying
(2.3) Ujp—o = Up in
and such that, for a.e. t in]0,T7,
(2.4) Yo € Hi(Q), (Beu(t),v) + (AE)Vu(t), Vo) = (f(t),v).

It is well known ([LM, Ch. 3, §4], [Th, Ch. 4]) that, for any f in L?(0,T; H(Q))
and ug in L?*(Q), problem (2.3)-(2.4) admits a unique solution. Moreover, let us
introduce the norm

(2.5) [0 = (e + / A} (5) Vo(s) 2 ds) .

By taking v equal to u(t) in (2.4) and integrating on the interval 0,¢[, we easily
derive the following estimate, for all ¢ in [0, T7:

=

2.6) (E(E) < (ool + = 130 01 )
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1120 A. BERGAM, C. BERNARDI, AND Z. MGHAZLI

2.2. The time semi-discrete problem. In order to describe the (possibly adap-
tive) time discretization of equation (2.1), we introduce a partition of the interval
[0, T'] into subintervals [t,,—1,t5], 1 <n < N,suchthat 0 =ty <t; <--- <ty =T.
We denote by 7, the length ¢,, —t,,—1, by 7 the N-tuple (71,...,7n) and by |7| the
maximum of the 7,, 1 <n < N. We also define the regularity parameter

Tn

2. = .
27) or =W, T

With each family (v™)o<n<n, We agree to associate the function v, on [0, 7] which

is affine on each interval [t,—1,t,], 1 <n < N, and equal to v™ at t,, 0 < n < N.

Equivalently, this function can be written, for 1 < n < N, as

tn —1

Tn

For simplicity, we introduce the notation A" = A(¢,) and f™ = f(t,), which

obviously requires the continuity of f with respect to ¢t. The semi-discrete problem

issued from Euler’s implicit scheme is now written as

(2.8) Vit € [th-1,tn], v-(t)=0"— (™ — ™).

W giv(\ V) =/ inQ1<n< N,
(2.9) u" =0 on 92,1 <n < N,
u® = ug in Q.

Equivalently, it admits the variational formulation:
Find (u™)o<n<n in L2(Q) x H(Q)N satisfying
(2.10) u® = ug in
and such that, for 1 <n < N,
(2.11) Yo e Hy(Q), (u™,v)+ 7, (A" Vu™, Vo) = (u" 1 v) + 7 (f,0).
The existence and uniqueness of a solution (u™)p<p<ny for any data f in
€90, T; H=1(2)) and ug in L?(€) is now a simple consequence of the Lax—Milgram
lemma.
Moreover, by using the notation Al; = inf, g A(x,t,) and taking v equal to
u™ in (2.11), we easily derive the estimate of the quantity
Tn

A?’L

min

n n 1 n n— n
(2.12) ™ [* + 7 [|(A")2 Va2 < fla" 7 + 1F™ 1 (@)

We now define the norm on whole sequences (v™)1<m<n by

n 1

(213) ™ = (2 + 32 7 [ 90m7)

m=1
Indeed, by summing up estimate (2.12) on n, we derive the semi-discrete analogue
of (2.6):

m - Tm m 3

(2.14) (™M < (luoll® + D i 1 Eae)

m=1 min

The norm [[(v™)]],, involved in this estimate is not equal to the norm [[u,]](t,)
(see (2.8) for the definition of the function u,). However, when ug is supposed to
be in H'(2), they are equivalent, as proven in the next lemma.
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Lemma 2.1. Assume that the function X is continuously differentiable in time,
with mazximum value of A on Q x [0,T] denoted by pimax. There exists a positive
real number ag, equal t0 Amin/2Mmax, such the following equivalence property holds
for |7| < o and for any family (v")o<n<n in H(Q)N+L

1 ( 30,

(215) S [E™MNE < [lerlP () <
Proof. Owing to the definitions (2.5) and (2.13) of the norms, we have to compare
the quantities

7 [+ 5 lO)E V)

»&Iw

tm 1
Xm:/ N () Vor(s)[2ds  and  Yi = 70 (A™)} Vo™ |2,

tm—1

First, thanks to the definition of piyax, we have the standard estimate
Vs € [tm—lvtm]a H)‘(S) - /\mHLN(Q) < Tm Hmax,

so that, when |7| < ay,

1 A(s 3
(216) Vs € [tmfl,tm], 5 < | (m) HLoo(Q) < 5
It can also be noted that, thanks to the definition of v, and for a.e. x in (,

(2.17)
/ [Vor(@,5)[2 ds = 2 (IVo™ (@) + [T @) + Vo (@) - Vo~ (@)).

tm—1

(1) By combining (2.16) and (2.17), we obtain
Xon 2 2 (IO™)E Vo2 4+ [ (02 Vo P 4 (W) Vo, () vum ).
So using the inequality ab > —%aQ — b2 yields
X 2 MRG0 = £ Yo,

whence the first inequality in (2.15).
(2) Similarly, by combining (2.16) and (2.17) and using the inequality
ab < %aQ + %62, we have
3Tm 1 .
Xon < 22 ()3 Vo2 + () G0 2).
When m is equal to 1, we keep this inequality without modification. When m is
> 1, we use an analogue of (2.16) to obtain

3Tm_1
4
By summing up the previous lines on m, we derive the second inequality in (2.15).
In order to state the a priori error estimate, we observe that the family (e™)o<n<n;
with e” = u(t,) — u", satisfies e = 0 and also, by integrating d;u between ¢,
and t,, and using equation (2.11) and equation (2.4) at time t = ¢,

Yo e H3(Q), (e"v) + 7, (\"Ve™, Vv) = ("1 v) + 7, (6", 0),
where the consistency error €” is given by
1 tn
o= ([ @ue)ds - @ut).v).

Tn Jt,_1

3Tm
X, <L||(Am) > Vo ||? +

3
2 (O ER i
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1122 A. BERGAM, C. BERNARDI, AND Z. MGHAZLI

So, applying (2.14) to this new problem, we derive the estimate: If the solution u
is such that 9?u belongs to L2(0,T; H=1(2)) and for 1 <n < N,

2
(2.18) ([(utm) = u™)]n < "3 ((max 7m) ||07ull 220,311 2)-

Thanks to Lemma 2.1, this also induces a similar bound for the norm [[u —u.]](ty).

2.3. The time and space discrete problem. We now describe the space dis-
cretization of problem (2.10) — (2.11). For each n, 0 < n < N, let (Z,x)n be a
regular family of triangulations of €2 by closed triangles (in dimension d = 2) or
tetrahedra (in dimension d = 3), in the usual sense that

e for each h, Q is the union of all elements of 7,
e for each h, the intersection of two different elements of 7, if not empty,
is a corner, a whole edge or a whole face of both of them,
e the maximal ratio of the diameter of an element K in 7, to the diameter
of its inscribed circle or sphere is bounded by a constant independent of n
and h.
As usual the discretization parameter A denotes the maximal diameter of the ele-
ments of 7,5, 1 <n < N, and, in all that follows, ¢ stands for a constant that may
vary from a line to the next one but is always independent of h.
Let k be a fixed positive integer. For each h, the discrete spaces are defined by
(2.19)

Xon = {vn € H'(Q); VK € Top, vy x € Pr(K)}, X0, = Xon N H (),
where Py (K) denotes the space of restrictions to K of polynomials with d variables
and total degree < k. For each ¢,, we also introduce an approximation A} of A(t,)
which is polynomial on each K in 7,,;, of degree smaller than a fixed integer ¢ and
we assume that, for a fixed constant ¢(\) depending only on A,

(2:20) () = ARllze(@) < c(A) R, 1<n<N.
The fully discrete problem now reads
Find (ul)o<n<n in Xy, X HnN:1 X9, satisfying
(2.21) uy = Tlhug in Q
and such that, for 1 <n < N,
(2.22) Yo € X%, (uft,vn) 4+ T AR VUi, Vo) = () o) + 70 (f vn),

where II;, denotes an appropriate interpolation or projection operator with values
in Xop,. For all h such that ¢(\) h*T! < A, (or also for all h when £ is equal to
0 or 1 and IIj is the Lagrange interpolation operator), the function A} is positive
on €. So, there also, the existence and uniqueness of a solution (u})o<n<n for any
data f in €°(0,7; H-(Q)) and uy smooth enough for I,ug to be defined follow
from the Lax—Milgram lemma. Moreover exactly the same arguments as for (2.14)
lead to the estimate

n 1 n
1 2 r 1
(g2 + D7 7 152 Vai?2) ™ < (Mhaesoll? + 37 o= 1™ W) -
m=1 m=1 ~ min

Thus, if the parameter h of the triangulations 7,5 is such that

)\TL

(2.23) c(\) R < T 1<n<N,
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it follows from (2.20) that

(2.24) [[(uh)ln <f(|\HhUOI\2+Z £ )17 )%-

m1

Remark. In practice, the triangulations 7, for different values of n are not com-
pletely independent. Indeed, since our aim is mesh adaptivity, each triangulation
Top is derived from 7,,_; p, by cutting some elements of 7,,_; j, into a few number of
subelements or gluing together some elements of 7,,_; 5, into a new triangle or tetra-
hedron. On the other hand, several triangulations can be employed at the same
time t,, for mesh adaptivity and, for simplicity, we use the notation 7,,; only for the
last one. This means that the first triangulation used at time ¢,, is in fact the final
one at time ¢,,_1, so that the term uy ™~ Yin (2.22) does not have to be re-interpolated
here. Even if a large part of the interpolation nodes remains unchanged between
two successive triangulations, we must take into account the re-interpolation error
in the following analysis.

To conclude, let us assume that the operator II,, satisfies, for any v in H(Q) N
HS+1(Q)a SO é S S ka
(225) HU - HhUHLz(Q) +h |U — HhU|H1(Q) < ChSJrl HU||HS+1(Q).
This is satisfied for instance when IIj is the standard Lagrange interpolation op-
erator and Sg > g — 1. Then, assuming that the solution (u™)p<p<n of problem

(2.9) belongs to H5H1(Q)N+1 S5 <'S < k, and also that (2.23) holds, we have the
following estimate (see [Thl, Ch. 4] for more details on the proof):

(2.26)

[ =)l < € (B (2 4+ A7) (3 e )
m=0

=

T Z 1B @)?):
min mm

More sophiscated arguments allow for deriving an a priori estimate of the full error
[(u(tm) — up")]]n (or equivalently of [[u — up-]](tn); see Lemma 2.1) as a function
of the regularity of u only.

Usually ¢ is taken > k — 1. Then, by combining estimates (2.18) and (2.26), we
derive that the convergence order is 1 with respect to the time discretization and
k with respect to the space discretization.

3. ERROR INDICATORS FOR THE LINEAR HEAT EQUATION

We are now interested in exhibiting error indicators and studying their equiva-
lence with the error. We first describe the two types of indicators. Next we prove
an upper bound for the error as a function of the Hilbertian sum of the indicators
and finally a local upper bound for each indicator.

3.1. The error indicators. As already hinted, we work with two families of in-
dicators, the first ones being linked to time discretization and the second ones to
space discretization. Moreover, since we do not intend to work with local time
steps, the first ones are local in time but global in space while the second ones are
local with respect to both the time and space variables.
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1124 A. BERGAM, C. BERNARDI, AND Z. MGHAZLI

For each n, 1 < n < N, we define the time error indicator
Tn\1 ny L n _
(3.1) = (52 [(AR)® V(g —uy -

We refer to [INT], [NSV] and [Pi] for analogous time error indicators, however not
necessarily leading to the same estimates.

Next, for each element K of 7,5, we denote by hx the diameter of K and by Ex
the set of edges in dimension d = 2, faces in dimension d = 3, of K that are not
contained in 92. Also let h. stand for the diameter of each e in £x. As is standard,
we introduce an approximation f;' of f" which is polynomial of degree < ¢ on all
elements of 7. For each n, 1 <n < N, and any K in 7,5, we define the space
error indicator
(3.2)

n n—1 1
ote = hac 132 = "B i O V) + 5 S0 B IV Bl zaco

n ecfk

where [A} 0, u}] denotes the jump of the normal derivative of u} times the quantity
A through e. Note that these last error indicators are exactly those defined in [Pil
formula (2.11)] and in [BBHM| formula (8)] as an extension of [BM| formula (24)]
and also of their analogues for elliptic problems [Vell, §1.2].

Note that, in definition (3.2), u;fl could be replaced by thu;f*l, where 1,
denotes the orthogonal projection operator from L?*(Q) on X?,. We would rather
avoid this, for the following two reasons:

e The term uZ_l — thuz_l is nonzero only in the triangles of 7,,;, which are
the union of several elements of 7,,_; 5, i.e., in the places where the mesh
is coarsened between t,_; and t¢,, and the quantity u;fl can very easily
be evaluated on the new mesh.

e The statement of at least one a posteriori estimate will be more complex

in this case.

Since the functions f;' and A} are piecewise polynomial, these indicators can be
computed explicitly. Moreover, since as already explained the triangulation 7,y
is derived from 7,,_1p by locally refining or coarsening the mesh, evaluating the
norms of the function uz_l on the new triangles or tetrahedra of 7, is not very
difficult. So computing the error indicators is not too expensive in comparison to

solving problem (2.22).

3.2. An upper bound for the error. From now on, we assume that the function
A satisfies (2.16) and (2.20) and is continuously differentiable in time. As previously,
we denote by fmax the maximum value of ;A on Q x [0, T7.

We now intend to bound the norms [[u — upns]](tn), 1 < n < N, as a function
of the error indicators and some further terms involving the data (where of course
up, denotes the piecewise affine function equal to u} in each ¢,). Here, we use the
triangle inequality

(3.3) [u = uncl(tn) < {lu = url](tn) + [[ur — unr]](tn),

and we begin by evaluating [[u — u,]](¢,). The proof of the estimate is rather
technical (similar results are established in [NSV] in an abstract framework).

Let 7, denote the interpolation operator with values in piecewise constant func-
tions on [0, 7], defined as follows: for any function v continuous on [0,7], ;v is
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A POSTERIORI ANALYSIS OF SOME PARABOLIC EQUATIONS 1125

constant on each interval [t,_1,t,], 1 < n < N, equal to v(t,). The following re-
sults are standard: if the function v admits a derivative which belongs to L?(0,T),
respectively which is continuous on [0, T,

. lo = mrvllz20.,) < € max 7m) [0 22(0,0,),
(3:4) sup |(v — m0)(s)| < c( max 7,) sup |v'(s)].
0<s<ty lsms<n 0<s<tn

Proposition 3.1. Assume the data f continuous on [0,T] with values in H~*(Q)
and the function ug in H*(2). Then, there exists a positive constant oy such that,
when both || and h are smaller than a1, the following a posteriori error estimate
holds between the solution u of problem (2.1) and the solution (u™)o<n<n of problem
(2.9), for all t,, 1 <n < N:

(3.5)

[[u—url](tn) < ¢ ([[ur —unr)(ta) + (D i)

Nj=

[N

aluo, ) (max 7).

<m<n

+If =7 fllz2o,tm-1(0)) + (1 +07)
where the constant c,,(ug, f) is given by

1 1
(3.6) en(uo, ) = l[uoll + 7 A2 Vol + 13 1f 600,411 (0))-

Proof. When “applying” equation (2.4) to the function u,, we obtain for all ¢ in
Jtn—1,tn] and v in Hg(£2)

(un _ un—l

(815”7'("’)) U)+()\(t)vu7 (t)7 VU) - . ;'U) + ((/\(t) - )‘n)vuT(t)a VU)

+ (A" (Vu-(t) = Vu™), Vo) + (A"Vu™, Vv),
whence, from (2.11),
(O (), 0)+A(D) Vs (1), V)
= (f"v) + ((At) = \")Vur (1), Vo) + (A" (Vu,(t) — Vu™), Vo).
Thus, subtracting this line from equation (2.4) leads to

(3.7)
(Or(u = ur)(t),v) + (AMt)V(u — ur)(t), Vv)

=(f(t)— f*v) — ((/\(t) — A" Vu,(t), VU)—()\"(VUT(t) - Vu'™), VU).

We now take v equal to (u — u;)(t), integrate this line on [¢,,—1,t,] and sum up on
the n. By noting that u — u, vanishes at ¢ = 0, this yields

gl w6 < S ([ (160 =1 s

tm—1

_ / " (A(s) = A™) Vs (s), Vo(s)) ds

_ /t:; ()\m(VuT(s) - Vu™), Vv(s)) ds).

We now evaluate separately each term in the right-hand side of this equation.
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1126 A. BERGAM, C. BERNARDI, AND Z. MGHAZLI

(1) Tt follows from the definition of 7, that

| / " = £, v(s)) ds|

tm—1

tm

I d) ([N el as)

A2, tm—1 tm—1
min

IA

Moreover, note that

(3.8) Z / ") Vus) 2 ds) < [[u - ur))(t).

(2) Concerning the second term, we have

|/ ((A(s) = X™)Vuur (), Vo(s)) ds]

tm—1

1
sup  [|(A =7 A)(8)]| o< (2

Amin ty, 1 <s<tn,

([ TR ([ TP’

tm—1 tm—1

<

whence, from (3.4),

|/ AV (s), Vols)) ds|

tm—1

< ‘;‘:: [ IV P ) ([ eV

tm—1 tm—1

The last term is bounded in (3.8), while it follows from (2.14) and (2.15) that, for
|T| S Qo,

(3.9)

Z/ 1A% (s) Vur (5)]2 ds)

tm—1

[N

< [lur]](tn)

n

1 1 1 m 3
c(1+0:)% (Juoll + 7 |12 Vuol + (D 7 1S ™ 13-1 () ?)-
m=1

3) Using a Cauchy—Schwarz inequality, we have

|/ (A™ (Vi (s) — V™), Vo(s)) ds

tm—1

tm ) L ftm N
< ([ IOt —wmFas) ([ ot Vel ds)
tm—1 tm—1
By adding and subtracting A(s), the last term can be bounded by
tm tm
my 3 Hmax | L 1 1
([ 10mE veelds) < @ GE)bad) ([ 10k Vo) ds)’,
tm—1 min tm—1

and moreover T,, < aq. By definition of u, (see (2.8)), we have

\]
Swolm

([ 10 V(o) - P ds) = ()2

tm—1

) (A2 V(™ —u™ ).
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Then, adding and subtracting Vu}" and Vuh"“l and using the previous arguments,

we derive
tm 1
([ 10 V(o) - )P ds)?
tm—1
Tm L my L m m—1 Tm 1 my 1 m m
< (F)F IO VR —ug™ )l + (57)2 [(A™)F V(™ —u)|
Tm 1 Hmax 1 m—1\1 m— m—
+ (37 A+ T 7m) 7 (A DEV —ap ).

Using (2.15) yields that the sum over m of the square of the last two terms can be
bounded by 4 [[u, — u,4]]?(t,). Finally, we observe that

Tm 1 my s m m— Tm L m my i m m—
()2 A™)= V(uy' —uy O < i+ ()2 O™ = X E V(upy = u ™Y,

3
and we derive from (2.20) that, for ¢(A) AT < I A,
AT — AP c(\) htHL 2c(\) hfHL
VAT < <1
| Ve Lo () < o — VT S T S
whence

P IO™E V(i = upr ™) < 29m,

Combining all this yields the desired result.

Using equations (2.4) and (2.11) yields that, for 1 <n < N,

|0 (u — UT)||L2(tn_1,tn;H’1(Q))
S IAVu =XV ([ 2,y o2 @) + I = T flle2 @y tosm—19))

whence
(3.10)

00(w = we)ll L2ty 01 (02))

tn 1 1 1
sc ((/ (A2 V(ur(s) = u™) |2 ds)= + [IAZ V(u = ur) |21,y ;220
t

ny

+1f = 7 fllL2(tn_y tn:m-1 () + Cn(uo0, f) (1maX Tm)).-

<m<n

Since the first term in the right-hand side is evaluated in part (3) of the proof of
Proposition 3.1, combining this estimate with Proposition 3.1 leads to the following
corollary.

Corollary 3.2. If the assumptions of Proposition 3.1 are satisfied, there exists
a positive constant oy such that, when both |7| and h are smaller than aq, the
following a posteriori error estimate holds between the solution u of problem (2.1)
and the solution (u™)o<n<n of problem (2.9), for allt,, 1 <n < N:

(3.11)

100 = wr)ll 20,001 c0p) < e ([ur = wnel](ta) + (D n2)
m=1

A = 7 fllz2oen -1 @) + (1 +02)% nluo, f) (&naX Tm))v

<m<n

where cp(uo, f) is defined in (3.6).
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Remark. It can be observed from the previous proof that the error indicators 7,
are more naturally associated with the error between the solution of a space semi-
discrete problem and the solution of problem (2.21) — (2.22). However this semi-
discrete problem is not easy to write when the triangulations 7, depend on n,
which is the case for mesh adaptivity.

The arguments for evaluating [[u; — up-]](t,) are simpler and rather standard,
so we only give an abridged proof of the following result.

Proposition 3.3. Assume the data f continuous on [0,T] with values in L*(Q)
and the function ug in HY(Q). Then, the following a posteriori error estimate
holds between the solution (u™)o<n<n of problem (2.10) — (2.11) and the solution
(up)o<n<n of problem (2.21) — (2.22), for all t,, 1 <n < N:

(3.12)
™ =l < e (3 m S (e + 3 1™ = M 3ae) )

m=1 KeTmn
+ ¢ (|Juo — Mpuol| p2) + cn(uo, £RT),
where cp(uo, ) is defined in (3.6).
Proof. For any v in Hj(Q2) and any vy, in X2, , we have
(u™ —uf,v) + 7 (A" V(u" —uft), Vo) = (w1 =l op) 4+ (U™ — ull, v — vp)
+ 7 (A" VU, V(v —vp)) — T (AR Vug, V(v —vp)) — 7 (A" = AR) Vug, Vo).
By integrating by parts, we note that

(3.13)
(" —up,v—ovp) + 7 (A" VU™, V(v — vy)) — 70 (A}, Vug, V(v —vp))
=@ —up v — )
n_ ,n—1
Y (/ (f" ~ I Ty Giv(ap VuZ)) (x) (v — vp)(x) da
KeTun K Tn

- % S duup)(r) (v — v)(r) dr>.

ecEk v
We again use (2.20) to obtain
7 (V" = 2R) Vi, V)| < Aé—)h‘“ 7 |7 Vg [ Vol

By taking vj, equal to the image of v by a local regularization operator (see [Cl|,
IBG] or [Ved] for the properties of such an operator) and using a triangle inequality,
we derive

ut —ul,v) 4+ 7 (AP V(U —ul), Vo) < (W —u e
( 0] ( h h

te(rn 32 O+ hae 15" = i) ol ar)
KeT,,

+ A (M T Vel
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where Ax stand for the union of all elements in 7,,;, that share at least a corner
with K. Finally we take v equal to u™ — uj}, which gives

™ = g |+ 7 A2 V(™ = up)|* < " = ap =t

be(m S 0t B lr = i lae) + 12 5 [ Vu?).
KeTun

By summing up this inequality on n and using (2.24), we obtain the desired result.

There also the following corollary is derived in an easy way.

Corollary 3.4. If the assumptions of Proposition 3.3 are satisfied, the following a
posteriori error estimate holds between the solution (u™)o<n<n of problem (2.10) —
(2.11) and the solution (u})o<n<n of problem (2.21)—(2.22), for allt,, 1 <n < N:

(3.14)
n (um _ um) _ (umfl _ um—l) 1
(3 7l e b3 )
m=1 m

[N

<e(Yrm X M~ )
m=1

KeTnn
+ ¢ (|[uo — Mpuol| p2q) + cn(uo, FRT),

where ¢y (uo, f) is defined in (3.6).

Combining the results of Propositions 3.1 and 3.3 with Lemma 2.1 leads to the
full a posteriori error estimate.

Theorem 3.5. Assume the data f continuous on [0, T] with values in L?(Q) and
the function ug in H'(Q). If moreover the reqularity parameter o, is bounded by
a constant independent of T, there exists a positive constant oy such that, when
both |7| and h are smaller than aq, the following a posteriori error estimate holds

between the solution w of problem (2.1) and the solution (u})o<n<n of problem
(2.21) — (2.22), for allt,, 1 <n < N:

(3.15)

[[u — uns)](tn) SC(Z(an"‘Tm Z (M & + P ||fm_fizn||%2(K)))>

m=1 KeTmn

[N

¢ (lluo = Mo @) + 77 11V (10 — ao)|

+1f = 7 fll2 (.1 (00)) + €n (w0, £)(RTT! + max Tm)),

1<m<n
where ¢y (uo, f) is defined in (3.6).

Estimate (3.15) seems fully optimal. Moreover, note that the limitation on 7
and h is due to the replacement in the discrete problems of A(t) by A™ and A}.
When the function A is independent of ¢ and is polynomial of degree < ¢ on the
whole domain €2, the following simpler estimate holds for all 7 and h whenever the
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1130 A. BERGAM, C. BERNARDI, AND Z. MGHAZLI

assumptions of Theorem 3.5 hold:
(3.16)
n
[w—unel(t) e (3o (0 +7m D OFs + K™ = i)
m=1 KeTmn
+ [luo — Hpuoll2e) + e llf = mr fll 200,001 (02))-

1
2

The same estimate also holds for ||0;(u — un+ )| £2(0,t,; -1 (02))-

As usual in a posteriori estimates, the right-hand side of (3.15) contains the
error indicators and several terms only involving the data. Even if these last terms
are not explicitly taken into account in the adaptivity strategy that we propose,
it is clear that the triangulation 7o, (and also 71) must be chosen fine enough in
order that the approximation error concerning the term wug is smaller than a given
tolerance. Analogous properties concerning the approximation of the data f and A
must be taken into account at each time step.

3.3. An upper bound for the error indicators. The idea is now to prove
separate bounds for each indicator n,, and 7,, k. We begin with the 7,.

Proposition 3.6. Assume the data f continuous on [0,T] with values in H=*(Q)
and the function ug in H(QY). The following estimate holds for the indicator ny,
defined in (3.1), 1 <n < N:

(3.17)
e < o) (" = ] + o [ — )
¢ (1N V(= un)llae,yazz@) + 1000 —ur) 2, -2
F W = fll L2 (tn 1t H-1(Q)) F Cnl(uo, f) (14 0.)? Tn)),
where ¢y (ug, f) is defined in (3.6) and c,,(N\) denotes the quantity
c\) R 47, umax)%

>\min

(3.18) &) =1+

Proof. As previously, we use the triangle inequality

Tnyl ny L n n—
T < (GE IO V(" =)

+COHION! Ve =)l + GO V@ =i ).
Thanks to (2.20), replacing A} by A™ or A"~ ! leads to
M < (F)E(1+ %) [ V(" —un )|
(2 s B oy v —up)
PGhas W;;T” e s EA e

whence, using notation (3.18),

T < (53 L) IOV V@ —u =+ ) (" = il + o [ = ~'T).
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Next, in order to evaluate the quantity ||(\")2 V(u™ — u"~1)||, we take v in (3.7)
equal to u™ — u™~! and integrate between t,,_; and t,,. By noting that

tn

[ O (Vur(s) - Tun) Yoy ds = IOV - Y,
th—1

we derive

(3.19)

Tn | tn

M) V(- a2 = / (04t — ur)(s),v) ds

tn—1

" / " () V(1 — ur)(s), Vo) ds — / (= e f)(5),0) ds

tn—1 tn—1
tn
+ / ((A(s) = A")Vu-(s), Vv) ds.
tn—1
The first term is obviously bounded by (note that this requires that u® = ug belongs
to Hg(92))

Tn 1

)2 (A2 V.

tn
| / (Ou( — ) (5), ) ds| < 1104 (u — ur) | z2gen s msti-s() €
t

n—1 /\min

We also have

| / " (M) Vi — ur)(5), Vo) d|

tn—1

3

Tn ,Ufmax 14 1 1
S (U =) F e A2 V(u = ur)ll 2,y eszz@0) 1(A")® VoL,

and similarly

Tn

tn 1 1
I/ (f =mef)(s)vds| < ()% If = 7 fllr2gen o en -2 () [(A")2 V.
tn—1

min

The last term is bounded in the usual way:

tn
| ((A(s) = A")Vur(s), Vv) ds|
tn—1
< % Mmax /\% V )\n %V
<7 3 IA Vurlliae, o ezz@n 1) Vo,
and we use (2.14) and (2.15) to evaluate the norm of u,. The desired estimate is
thus obtained by inserting all these estimates into (3.19).

The most important property of estimate (3.17) is that, up to the constant
en(ug, f), all terms in the right-hand side are local in time; more precisely, they
involve the solution and the data only on the interval [t,,—1,t,]. We now evaluate
the indicators 7, k. There, also, the arguments are very similar to those in [BM]
or to their analogues for elliptic problems; however a further assumption is needed
which is not too restrictive in the context of mesh adaptation. This is due to the
fact that both uzfl and uj, are involved in the definition of 7, x and are a priori
not defined on the same mesh, and also that, as already hinted, we prefer not to
replace uZ_l by thuz_l in the definition of 7, k.
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Proposition 3.7. Assume that, for 1 < n < N, there exists a regular family of
triangulations (1,5 )n such that, for allh andn, 1 <n < N, each element of T,_11,
and Tpp, is the union of at most s elements of 1%, (where s is bounded independently
of h and n). Assume also the data f continuous on [0,T] with values in L*(Q2) and
the function ug in H} (). The following estimate holds for the indicator n, x
defined in (3.2), for all K in Tpp, 1 <n < N:

(3.20)
) I

Tn
b ™ = Sl z2ony + €X) enluio, )BT,

where ¢, (uo, f) is defined in (3.6) and wk denotes the union of elements of Tpnp
that share at least an edge (d =2) or a face (d = 3) with K.

n 1 n n
e < ¢ (IO} V(" = u)lzznes + | [

Proof. We bound successively the two terms in 7, k.
(1) We use (3.13) with vy, equal to zero and v equal to vk, with

n_ ,n—1
UK:(f,?—M—f—div(x\ZVuZ))wK on K and vg =0 onQ\K,
where 1 denotes the bubble function on K. This leads to
ult —ul ! . 1
I(fh == - b div(AL Vup)) M7

n

Tn

- [ 2 (e da
K
-|-/K)\”(w)V(u” —up)(@) - Vox(x) de
- [ 4= @) de
K
+ 7 [ or =@ Vi) - Vox(e) dz.

Bounding the terms in the right-hand side follows the same arguments as in the
previous proof. Moreover we note that v is the product of ¥ by a polynomial of
degree < m = max{k,{,k + ¢ — 1} on each element of 7.} and we use the inverse
inequalities
(3.21)
1
Yw € Pm(K), ||w||L2(K) <c ||w ’lb?(HLz(K) and HV’LUHLz(K)d < Ch;(l ||’wHL2(K).

This leads to the estimate for the first term.
(2) For any e in £k, we denote by K’ the other element of 7,,;, that contains e.
We still take vy, equal to zero in (3.13) but now v is chosen equal to v., with

Ve = Re o (A} Opup]tpe) onk e {K,K't and v.=0 onQ\ (KUK,

where ), is the bubble function on e and R is a lifting operator of polynomials
on e vanishing on de into polynomials in x vanishing on 9« \ e which is built by
affine transformation from a similar operator on the reference element (see [BMV]
§8.2] for more details). Using the estimate established in the first part of the proof
together with appropriate inverse inequalities leads to the desired result.
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Now, all the terms in (3.20) up to the last one are local in space and time.
Moreover, when taking v in (3.13) successively equal to Y, 7 hi v and to
Y KkeT,, 2ecey Ne Ve (With the notation of the previous proof), we obtain the global
estimate

l n l n n
(Y i) <c(||<A VY — )] oy
KeT,n
(3.22) Y A/ (' —up™)

Tn

+h|f" = fille) + e(N) en(uo, f) h”l),

-1

When comparing this last estimate and Propositions 3.6 with Theorem 3.5 and
Corollaries 3.2 and 3.4, we observe that, up to the terms involving the data wg
and f and the function A, the full sum of errors on 2 x [0, 7] is equivalent to the

Hilbertian sum
n 1
(Z(n72n+7m Z nrzn,K))Qa

m=1 KeTmn
even if the right-hand sides of (3.17) and (3.22) do not involve all the terms of the
error. Moreover, all the terms of this sum can easily be computed once the discrete
solution (u})o<n<n is known.

4. EXTENSION TO THE SEMILINEAR HEAT EQUATION

We first present the semilinear heat equation we are interested in and its dis-
cretization. Next we describe the error indicators linked to the full discrete problem
and state estimates that allow us to compare them with the error.

4.1. The semilinear heat equation. In the same domain €2 as in Section 2 and
for the same positive integer T', we now consider the equation

O — div(a(u) Vu) = f in Qx]0,T7,
(4.1) u=0 on 00x]0, T,
Ujg—g = Ug in Q,

where « is a given continuously differentiable function from R into R satisfying for
some positive constants min, max and Bmax,

(42) VE € Ra Qmin S 04(5) é Qmax and |O/(£)| é ﬂma)@
The data are the distribution f and the function ug, and the unknown is the function
U.

The existence of a solution for any data f in L2(0,T; L*(Q)) and ug in L?(Q)
relies on a fixed point theorem and is proven for instance in [Li, Ch. VI, §3] (see also
[AL] and [GM] for more complex problems). Moreover, when defining the norm

(43) (61)0) = (IO + amin [ 19005} s)”,

it can be checked that, for all ¢ in [0, T,
1

=

(4.4) [l)(®) < (lluol® + —— I F 220,011 2)))

min
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4.2. The semi-discrete and discrete problems. We use here the same notation
as in Section 2. We choose to work with a fully implicit discretization in time: the
semi-discrete problem is written as

“777:_1 —div(a(u™) Vu™) = f" inQ,1<n<N\,
(4.5) u =0 ondN,1<n<N,
u¥ = ug in Q.

The existence and uniqueness of a solution (u™)p<p<ny for any data f in
€90, T; H-1(2)) and up in L?(2) can easily be derived from a fixed point the-
orem.

With the norm [[(v™)]],, now being defined by

(4.6) (1™ = ("2 + amin - 7 V0™ 2) 7,
m=1

we have the estimate

n

1
S tm ™M)

m=1

(4.7) (@™l < (lluol® +

min

Moreover, comparing the norms [[u,]](¢,) and [[(u)]], is easier than in the linear
case, owing to the new definitions of these norms.

Lemma 4.1. The following equivalence property holds for any family (v")o<n<n

in HY(Q)N+1:
(4.8) < (™7 < (o2 (tn) < (1 +00) [[(0™)]]7 + al;m 71 [|[V°)%.

We now introduce the Lagrange interpolation operator Z; with values in X,.
We agree to denote by «y, the mapping defined on continuous functions v on € by

(4.9) o (v) = min {max {Z), ((v)), tmin }, max } -

Note that, when & is equal to 1, a;,(v) coincides with 7, (a(v)).
The fully discrete problem now reads
Find (u})o<n<n in Xy, X HnN:1 X0, satisfying

N =

(4.10) uy) =Tpug  in Q
and such that, for 1 <n < N:
(4.11) Von € Xy, (uft, vn) + 7o (an(uf) Vuy, Vo) = (up ™" o) + 70 (F7, 0n).

For 1 < n < N, the existence of a solution of each problem at time ¢, for f™ in
H71(Q) and v~ ! in X,,; is now a simple consequence of Brouwer’s fixed point
theorem. Moreover, thanks to the choice of ay,, the family (u})o<n<n satisfies the
following estimate, for 1 <n < N,

n

(4.12) [ < (1Tl + = 3 7 157 1)

m=1

=

We refer to [Thl Ch. 13] for the a priori analysis of this discretization when the
triangulations 7,5 are independent of n.
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Remark. When solving (4.11), a quadrature formula is most often used to evaluate
the nonbilinear term (o, (uf) Vu}, Vop,). The choice of the mapping «j makes this
calculus rather easy and, at least for low values of k, we work with a quadrature
formula which is exact when applied to the product ap(u}}) Vuj - Vo, so that no
error is induced by the use of this quadrature.

4.3. Error indicators, lower and upper bounds. The error indicators are now
defined by analogy with the linear case, in the simplest possible way: for each n,

1<n<N,
Tn\l 1
(4.13) M= ()7 llan(uit)? V(uj; —u” O,
and for each n, 1 <n < N, and any K in 7,
(4.14)
n_ ,n—1

up —u .
T, = hic || i — %‘Fdw(a;ﬁ(u@vu@”m(m
n
1 1
t3 > b llan(up) [Duup]l o2
e€lk

The arguments for proving the two a posteriori error bounds for the error are
similar to those used for the linear problem but involve a further use of Gronwall’s
lemma |GRL Ch. V, Lemmas 1.8 and 2.4]. The first one requires some further
regularity of the solution (u™)o<n<n-

Proposition 4.2. Assume the data f continuous on [0,T] with values in H=*(Q)
and the function uy in H'(Q). Assume also the solution (u")o<n<n of problem
(4.5) such that each Vu™ belongs to LP(Q)¢ for some p > d and satisfies
(4.15) sup IVu"™[| Lo )e < p7,

0<n<
for a constant p* depending only on the data f and ug and the function o. Then,
there exists a constant C* only depending on T, qumin, Omax, Bmax, P and p* such
that the following a posteriori error estimate holds between the solution u of problem
(4.1) and the solution (u™)o<n<n of problem (4.5), for all t,, 1 <n < N:

(4.16) (fu—ur])(tn) < C* (([lur —unr]] Z )+ 1 =7l 220 st )

and that the following a posteriori error estimate holds between the solution
(u™)o<n<n of problem (4.5) and the solution (u})o<n<n of problem (4.10) —(4.11),
forallt,,1<n<N:

(4.17)
[(w™ = ug?) <c*(zrm S (s BN = R ))

KeTmn
d

c (HUO - Hh’U;QH + Cn(an f)hli;)7
where cn(uo, f) is defined in (3.6).

Remark. The last term ¢, (ug, f)hlf% in (4.17) is a little disappointing when work-
ing with high values of k. Note however that it disappears when the function «
is a truncated affine function (since ap(uj) thus coincides with a(u))) and also
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when it is simple enough, for instance polynomial: in this last case, the term
(a(u}) Vup, Vup,) can be computed explicitly, and using an approximation ay, is
not necessary.

Remark. There also and with the same assumptions, estimates (4.16) and (4.17)
still hold, respectively, for the quantities

[0 (u — U'T)”LQ(O,tn;H*l(Q))v

and

(z": T || (um — Uhm) — (um—l — uznil) H2 )%
m Ho)
m=1 Tm

Fortunately the upper bounds for the indicators are easier to establish.

Proposition 4.3. Assume the data f continuous on [0, T| with values in W ~1P(Q)
for some p > d and the function ug in H}(Q). Assume also the solution (u™)o<n<n
of problem (4.7) such that each Vu™ belongs to LP(2)? and satisfies (4.15). Then,
there exists a constant Cy only depending on T, Qmin, Omax, Bmax, P and p* such
that the following estimates hold for the indicator n,, defined in (4.13), 1 <n < N:

(4.18)
i < Co ([ = upl] + o7 [~ = up ™)
IV —wr)ll2(t, 022y + 10w — we)ll L2,y t0:5-1(02))

" min{1,1+£7%
TS =Pl iy + (Fop)m ),

where the constant ¢, (f, p*) is given by

(4.19) cn(f,p") = max {amax p* + /" lw-10(0), 20"},

and, if the assumptions of Proposition 3.7 hold, for the indicator n, ik defined in
(4.14), for all K in Tpp, 1 <n < N,

(u™ —ul) — (ut — uZ_l

e < Co (IIV " = w2y + | [

Tn

(4.20)
_d
i " = Fi a2 + B TF 90 g2 e):

where wi denotes the union of elements of T,y that share at least an edge (d =2)
or a face (d =3) with K.

There also, all the estimates are optimal, and assumption (4.15) seems reasonable
for smooth data (indeed, it can be checked that this property holds in the case of
the linear equation (2.9) for any polygon or polyhedron €2). When summing up on
n the square of these estimates, we observe that, up to some terms concerning the
data, the error is fully equivalent to the quantity

(S Y )

m=1 KeTnn

which is the same result as in the linear case. However the terms concerning the
data can be larger.
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