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A PARTIAL DIFFERENTIAL EQUATION CONNECTED
TO OPTION PRICING WITH STOCHASTIC VOLATILITY:
REGULARITY RESULTS AND DISCRETIZATION

YVES ACHDOU, BRUNO FRANCHI, AND NICOLETTA TCHOU

ABSTRACT. This paper completes a previous work on a Black and Scholes
equation with stochastic volatility. This is a degenerate parabolic equation,
which gives the price of a European option as a function of the time, of the
price of the underlying asset, and of the volatility, when the volatility is a
function of a mean reverting Orstein—Uhlenbeck process, possibly correlated
with the underlying asset. The analysis involves weighted Sobolev spaces. We
give a characterization of the domain of the operator, which permits us to use
results from the theory of semigroups. We then study a related model elliptic
problem and propose a finite element method with a regular mesh with respect
to the intrinsic metric associated with the degenerate operator. For the error
estimate, we need to prove an approximation result.

1. INTRODUCTION

We consider a financial asset whose price is given by the stochastic differential
equation

(1) dXt = MXtdt—FO'tXtth,

where pXdt is a drift term, (W) is a Brownian motion, and (oy) is the volatility.
The simplest models (see [19] for a complete overview) take a constant volatility, but
these models are generally too rough to match real prices. A more realistic model
consists in assuming that (o) is a function of a mean reverting Orstein—Uhlenbeck
process:

(2) or = f(Yt)7

dY; = a(m — Y;)dt + BdZy,

where a, m, and 3 are positive constants, and (Z;) is a linear combination of (W;)
and an independent Brownian motion (Z;) :

(3) Zt = pWy + /1 — p2Z;.

The correlation factor p lies in |— 1, 1[. In [9], the parameter « is called the rate of
mean reversion, and é can be thought of as a correlation time. For convenience,
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1292 YVES ACHDOU, BRUNO FRANCHI, AND NICOLETTA TCHOU

we introduce the parameter v

0 =2

2cr
Consider a European derivative on this asset with expiration date T' and payoff
function h(Xr). Its price at time ¢ will depend on ¢, on the price of the underlying
asset X, and on Y;. We denote by P(t, Xy, Y;) the price of the derivative, and by
7(t) the interest rate. As explained in [9], by using the no arbitrage principle and
the two-dimensional It6’s formula, it is possible to prove that P satisfies the partial
differential equation

E)P 5 0P 0’pP 0?P
) EREUOR a2+ﬂf()aay lﬂQ— 0<t<T,
—l—F(t) (xz—]; - P) + (a(m —y)— BA(t, z y)) %]; 0, v>0,yeR,
where
(6) A@xw)—pﬁ%égl+ 1= p*y(t,z,y),

and the function 4(¢, z,y) is used to model the contribution of the second source of
randomness dZ; to the market price of the volatility risk ﬂA(S Y, )01; Equation
(B) is complemented with the terminal condition P(T,x,y) = h(z). The function
A(t,x,y) can be chosen arbitrarily. We will assume hereafter that 4 is a bounded
function.

As in [9], we can group the differential operator in (§) as follows:

2 2
T+ 5l 70 (o5 - P) +oses g

ot Ox? Ox 0z0y
(7) BSg(y) correlation
82P opP N oP
2
—y) o — BA(t, 2, y) = .
*‘5 a(m —y) = P2, y) 5
Orstein—Uhlenbeck premium

In the premium term, the term f(':()t) is the excess return to risk ratio.

Remark 1. For options on stocks, typical values for m and 7 are 0.2 and 0.05, and
2

generally a > 1, while 12 = g—a (the variance of the invariant distribution of Y') is

not too large; see [9].

There remains to choose the function f. In [18], Stein and Stein have considered
the case when

(8) f) =1yl

In [1], a variational approach has been studied for [@), in both the uncorrelated
case (p = 0) and the correlated case (p # 0). Here we will focus on the case when
p = 0. Some of the results obtained in [I] will be recalled here. In particular, the
following change of unknown function was employed

(y—m)?
(9) ut,z,y) = P(T —t,z,y)e” "7 755
where 7 is a parameter such that 0 <7 < 1, because it can be seen very easily that

2
if 7 =0, A =0, and p = 0, then the function e( %2 satisfies ([B). If P is a bounded
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A DEGENERATE PARABOLIC EQUATION: REGULARITY AND DISCRETIZATION 1293

solution of (&), the function u should decay rapidly when y goes to infinity: in [I]
u was looked for in a weighted Sobolev space (weak solution), and it was proved
that the function u obtained by this meth(z)d has the correct behavior at infinity, so
that the function u(T — ¢, x, y)e(l_")% is a bounded solution of (Bl).

With the notations r(t) = #(T —t), v(t) = (T —t), and A(t) = A(T —t)
(= 7(t) because p = 0), the new unknown u satisfies the degenerate parabolic
partial differential equation

with
(11)
25‘ v

Av) = gy o 35523 + 150 + (1= 2n)aly = m) - Fr(t. )5

- (r(t) n 2@77(1 - m) +201 = )3 = mha(ta,y) — a1 - n>) 8

281}

The paper is organized as follows. Section 2 is devoted to a regularity result for
the elliptic problem with operator A;; we give a characterization of the domain of
A;, and we prove in particular that it is independent of ¢. In the next section, we
show that the evolution equation involves a perturbation of an analytic semigroup,
so we have a smoothing effect. In the fourth section, we propose a finite element
discretization for a related degenerate elliptic problem in a bounded domain, with
a simpler operator retaining yet the essential characteristics of the operator A;.
The essential feature of this method is that the employed meshes are not regular
(in the sense of [4]) with respect to the Euclidean metric. Error estimates are then
obtained: a key ingredient for that is the study of a local regularization operator,
done in Section 5.

2. THE ELLIPTIC PROBLEM

In the rest of the paper, we use the notation @ = Ry xR. For ¢t > 0, let us denote
by A; the unbounded operator in L?(Q) defined as follows: let r be a continuous
positive function, v a bounded measurable function, and finally let «, 3,7, and m
be positive constants. We set

(12)
At:Al,t+A2t; 2, )
_1 9 28 v 1 25‘ 81} a” _ 9 B @
Ao =gyt o + o (d) 26277(1 ny~v + a(l 2n)y8y,

Ay v = ((1 - 2n)m+ﬂ7(t z,9)) 5,
- (r+ 25277( —n)(=2my +m?) +2(1 — n)%(y —m)y(t, z,y) —a(l - 77)) v,

with domain D; = {v € V : A;v € L?(Q)}, where the weighted Sobolev space V is
defined by

(13) v={v: (VTR G ge ) e @)}

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1294 YVES ACHDOU, BRUNO FRANCHI, AND NICOLETTA TCHOU

Endowed with the norm
1
v v 5\ ?
14 _ 1+ )l + 1222 4 22,2192 2
(14) lelly = ([ 0+ + 150+ o250 )

V is a Hilbert space. We call V' the dual of V. As it is proved in [I], V enjoys the
following properties:

(1) V is separable;

(2) Denoting by D(Q) the space of smooth and compactly supported real-
valued functions in @, D(Q) C V and D(Q) is dense in V;

(3) V is dense in L?(Q);

(4) ||-|lv defined by

1
ov ov 5\ 2
15 _ 2 9V 2 20V
(15) Ity = ([ 150 o252
is a norm in V, equivalent to |||.|||-

It is clear that A is a bounded operator from V to L?(Q), so that we can write
also

Dy={veV: A we L*Q)}.
The following results can be found in [I]
Lemma 1. The operator v — ﬁx% is continuous from V into V'.

Proposition 1. Assume that r is a bounded function of time and that 7y is bounded
by a constant. Then the operators —A;, t > 0, are bounded linear operators from
V into V' with norm uniformly bounded by a constant L > 0 independent of t.

2.1. Estimates on the resolvent. In this section, we deal with complex-valued
functions. The notation L?(Q) is still used for complex-valued functions whose
modulus is square integrable. Remember that the scalar product of complex-valued
functions in L?(Q) is the sesquilinear form defined by (u,v) = [, o uv. We can extend
also the definition of V' to complex-valued functions, so that all the results stated
above are still valid.

Proposition 2. Assume that r is a bounded function of time and that ~y is bounded
by a constant I'. Assume that o > 3, then there exist two positive constants Cy
and ¢y independent of t and two constants 0 < 1 < % < 19 < 1 such that, for
m <n<ne and for anyv € V,

(16) Re(—(Aw,v)) = Collvlly - collvlZz(q)-
Proof. By density, it is enough to prove the assertion when v € D(Q). We can
write
6
<—At’l},’0> = ZIM
i=1
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A DEGENERATE PARABOLIC EQUATION: REGULARITY AND DISCRETIZATION 1295
with
ﬂQ 0%v ov
<3y2’ v), Iz= ;“(t)@%av%
v _
7= [ (~alt =20 - m) + (e ) 5
Q Oy
@]

T, — /Q (mt) #2000 ) - n>) P,

1 n>/Q<y—m>2|v|2.

5 2 0%

z-1: < y827 >7 12:

16_2[3277

Integrating by part, we have
_1 2 20V 9 / 28’” _1/ A 1/2 2
me(m) = 5 [ angn e ([ wigie) =5 [ et - [ v
_5_/ v 5
r(t
*Q/|U|2a
Q

0
nezy = §0-2) [ e se( [ v(txy))—vv>

2 Q dy

1
> 202 / o = ZO0Cl0l ) + ¢l e

where ( is an arbitrary positive number. Similarly,
@
7y = () o =m)vlag) + 21 =) [ (= mn el

> (r(t) ~ (1 =) =21~ ) §T(ml+ 5Nl — (1= 5 Il

@]
7o 2 255001~ ) (||yv|%2(@ F ol — ml(CllolZag + - ||yv|L2(Q>>)

If a > (3, it is possible to choose Cp, 0 < Cy < % and n1, 72, 0 < 11 < 12 < 1,
such that for any n with 71 < n < 19 and for ¢ large enough

a? || 1
22 n1 -1 - - 1 -
S-n - - - a-n% >
and at the same time
8 r
B (B C) > Co
Then the estimate ([I6) follows by fixing . O

Remark 2. The assumption « > 3 says that the rate of mean reversion should not
be too small compared to the asymptotic variance of the volatility. This assumption
is usually verified in practice; see Remark [Tl

From Propositions [l and 2l we deduce
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1296 YVES ACHDOU, BRUNO FRANCHI, AND NICOLETTA TCHOU

Proposition 3. With the assumptions of Proposition B, for all t € [0,T], the
resolvent R(\ : Ay) = (M — Ay)~t of Ay exists for Re(N\) > co (where cq is defined
in Proposition [2), and there exists a constant M independent of t > 0 such that

< M
) = |)\—Co|+1.
Proof. If Re(\) > cg, the operator AI — A, is bounded from V to V' and satisfies
the coercivity estimate

(18) Re((A = Ae)v,v)) = Collvlly + Re(A = co)[v]|72(q)-

Therefore, for all f € L?(Q), there exists a unique function u = R(\ : Ay)f € V
such that (Al — A;)u = f and hence

(17) IR : Al oz @

(19) M@y ~ (e = | 1o

By taking the real part of (IJ), we get

(20) (Co +Re(A) — co)llull2(q) < If1lL2(@)
and

(21) Collull¥ < [1£llz2(@) lull z2@)-

The imaginary part of (I9) leads to

Im(\)] [|ulli2(q) = I3m(/Q fu+ (A, w) < [ fllra@llull 2@ + Lllully
(22)

L
< () e lullz @,

where the last estimate is a consequence of (2I)). From 20) and 2)), we deduce

~ L
(23) ([9m(N)] + [Re(N) — col)lull 2y < (2 + C_O)HfHLz(Q);
which together with (21) yields the desired result. O

2.2. The regularity result for the elliptic problem. In this section we go back
to real-valued functions. Let us start with a density result.

Lemma 2. The space D(Q) is dense in Dy with the graph norm.

Proof. The proof is done in two steps: a truncation, then a convolution by a molli-
fier. We first perform the change of variables Q@ — R?, (x,y) — (£, y) = (log(x),y).
We introduce the weighting function w(&, y) = exp(&). By this change of variables,

the space V' is mapped to V = {v : /1+y?v, 2—Z,yg—g € L2 (R?)}. Likewise,

calling A the operator,
~ 1, 0% ov 1 ,0% v a? v
Av =29 (== — =)+ =02 —r(t) = + 2=n(1 — n)y*v — (1 — 2n)y—
v= Yy (8§2 ag) +36 952 7( )ag + 5277( ny~v — af n)yay,
the domain of the operator is mapped to
D={veV: Ave L?(R?)},

and the desired result is equivalent to the density of D(R?) in D supplied with its
graph norm.
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A DEGENERATE PARABOLIC EQUATION: REGULARITY AND DISCRETIZATION 1297

Let ¢ : R? — [0,1] be a smooth function such that

* or(§y) =0,if V€ + 3> > 2R,
* 0r(&y) =1, if\/£2+y2§R,
c

o [Vérlle < % I1D?*6r] < 4=

One can check that for any v € V, limp_.o [|[v — ¢rv||y = 0. We are also interested
in estimating || Av — A(¢rv)| L2 (r2) for v € D. We have that

‘Zl((bR’U) - A’U = (¢R — 1)141] + 81} 8¢R g: 8a¢yR
(24) 1,.0%r 06r. [20%R 00n o
+v< y(3§2 _a_§)+78y2 +r(t) o€ a(l —2n)y ay>

It can be proved easily that the L2 (R?) norm of each term in the right-hand side
of (Z4) vanishes as R — oo. For the sake of brevity, we prove this result only

for the term yzg—gag% (the proof for the other terms is similar). We have that

y85 € L? (R?) and that |yd¢R | is a function bounded by C' and with support in the
ring R < /€2 4+ y2 < 2R. The product y>2¢ 991 tends to zero in L2 2 (R?) norm as

9E ¢
R tends to oo by Lebesgue theorem. 3
So we have proved that the function in D with compact supports are dense in

ﬁQ

D.
The next part of the proof follows the arguments of Friedrichs [I4]. We take a
function v with compact support and such that v € D, or equivalently, v € D

A Ov Ov 919
D=A{v: v, _8y’y_8£’Av€L (R*)},
with
. , 0% 0%v Ov
Av = 2——2 —
v =y 2e + 0 T(t)ag’

because v has a compact support. The space D is supplied with the norm I 1 p:
I, = Il + 155+ 19880 + 140l We o niroduce
the space V. = {v : ,ay,yaE € LQ(IRQ)}7 supplied with the norm |jv]l;, =

1
(JJv]12 T2r2) T ||dv||L2(R2) + [lye ||L2(R2))2. We wish to show that v can be ap-

proached in D by a sequence of smooth functions with compact supports. For
that we choose a smooth function j : R — R, supported in [—1,1] and such
that [, j = 1. Then we call j the function j. : R* — Ry, jc(&,y) = éj(%)](%)
The function ve = je * v is a smooth function with compact support. We
want to estimate ||v — v 5. It is clear that ||[v — v||z2(re) tends to zero as e
tends to zero. Also, it is proved in the pioneering paper of Friedrichs [14] that
lime_ o0 ||%(v —ve)|ly; = 0. This implies that D(R?) is dense in V. It remains to
prove that lim, o || A(v — ve)|lz2(r2y = 0. Calling J. the integral operator, Jev =
jexv, we have that HA’U —AJE’UHLz(]Rz) < HA’U — JSAUHLz(Rz) + ||AJ€’U — JEAUHLz(]Rz).
It is clear that lim, o ||Av — JeAUHLz(Rz) = 0. It remains to consider the term
AJev — Jeflv. But AJgu — Jgflv = H.v, where

() = [ helés& o€ nicd
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1298 YVES ACHDOU, BRUNO FRANCHI, AND NICOLETTA TCHOU

— 2 - . oy .
with he(€,9,6,9) = (77 —9°) Z29¢(6, 9, &, y) and (€, 5, €,y) = je(§ — & y—7). The
operator H. has three important properties:
) (é ga ):Oa 1fmax(|§—§|,|y—y|)>e
b) H.1=0.
¢) There exists a positive constant C, such that Vv € D, with compact sup-
port, ||[Hev|[r2m2y < O]l
Let us prove briefly the last property:
Hoe) = [ hEoeop@ndiar= [ 0715
R

2

9:(§,4,&,y)v(€, §)dEdy

. o6
_ — 28295 - _ _ _ 8
= RQ(y Y) 325—2 (9,690, y)didy+2/RQy(y ) oe2 % (€7.6y 8) (€, §)dEdy
R B Foaaz _ -
— [ o5 EnenEndidr-2 [ 5- 05k € Enicds
I Ir

But (%—ge(f_,gj,f,y) = —(%jg)(f_— £, 9 —vy), and it can be seen that there exists a
constant C such that ||y59§je|\L1 ®2) < C, so Young’s inequality gives ||II||2(g2) <

Cldgoliaen. Likewise, 50.(€.5.€.) = (Fe)(€ = €7~ y), and there exists
a constant C' such that ||y? 852]E|‘L1(R2) < C, so we have ||I][z2m2) < C||v]|L2(me2).
The property (c) is proved.

Let us prove that

(25) EE}I’(I) ||HevHL2(]R2) =0.

For that, we use the density of D(R?) in V, so, thanks to property (c), we only have

to prove (@3) for v in D(R?). Then Hv = [y he(&, 7. €.y) (0(&,5) — v(€,y))dEdy
thanks to property (b). Now (25) stems from the continuity of v. This concludes

the proof. O

Theorem 1. If for all t, r(t) > 0, then the domain Dy of Ay 4 does not depend on t:
Dt D. Moreover, if there exists a constant ro > 0 such that r(t) > ro a.e., and if

62 > 2, then for well-chosen values of n (in particular such that 262 n(l—mn)>1),

9% 0% 0%v 81} (%
_ 02,2 2
) p={vevipei Sl Loty e @)

Proof. The proof is in two steps.
(1) In the first step, we prove that

vE D= x% € L*(Q).
This implies that D; = D does not depend on t.
(2) In the second step, we prove that if v € D satisfies xav € L?(Q), then
Y2 a2 oy?’ y&‘y

Let v be a smooth function with compact support in @ and call f the function
f=—A1w. Wecall Ay 140 = r(t)a:g—z and Bv = Ay v — Ay 1,v. We have

Yt € LQ(Q).

1Bv + Av1ivlZ2g) = 112
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or
HB’UH%2(Q) + ||A1,1,tv||2L2(Q) + Q/QB’UALMU = Hf”%z(Q)'

Let us write in detail the last term in the left-hand side:

50?0 0 5‘2 0
/y2x3—v v 52 v ov

0x? Oz 8y2 o
2/ BvAj v =r(t) 5 ! I
@ —4a—n(1 — 77)/ meU@ +2a(1 — 277)/ yx@@
32 0 Ox o~ Oyox
—_————
111 v

Let us look separately at each of the terms in the equality above.

0 ,0v., 3 ov 3
_ 2,3 _ 2 2.2 2 2112
=1 [ v g G Q/Qyﬂ—ax) < il
v 9%v 0 81} ov 1
= | — e = — < —
== [ o5y =3 | ra =3 | Gy < 5ol

Ov? 1
|III|—|—/ 2y i 2/ y*v? < Cllolff.

81} ov
V| = |/ )< il

Thus
(27) 1Bvl[72q) + 141,100 22(q) < [ALevll72(q) + Cllv]IT-

Since D(Q) is dense in Dy, the first step is achieved. We have proved that the
domain of A; does not depend on t.
Now we know that the function v satisfies

veV,
(28) Bv =g e L*Q),
ALM’U S LQ(Q),

and we have to write HB’UH%z(Q) in detail. We have Bv = Zle B;v with Bjv =

1y2a? gxg, Byv = 528;;2’ Bsv = 252 n(1 = n)y?v, and Byv = a1 — 2n)yg—Z. Of

course, we have

4 6
(29) D o ABivlizg) + D L = llallZz ()
i=1 i=1
with
(30)
L= 52/ ’ QZZZ 2;7 L = —22—277(1—77)/625@411%7
Iy = a(1—2n)/Q 2y‘°’gz gxé’, L = —204277(1—77)/@3/%%,
Is; = af*(1-2n) ng—zgin, Iy = —43—277(1—77)/62@,%2_:,
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1300 YVES ACHDOU, BRUNO FRANCHI, AND NICOLETTA TCHOU

We have
(31)

s / 5 0% Ov 9 o 0%°v Ov
L= 2( 2250 0 +/”axay2ax
o l/ 9 o, 0% / 5 0v 9% / 281} 0% / v dv
=8 <2 Qx Y (8y8x) ) 8y8y8x+ 8x8y8m+2 xy(‘)y(‘)a:

32 / 5 5, 0%V / v, / 9 81} 9 / ov 81}
-2 - T2y .
2 ( lej Y (8y8x) 4 (8y) Qa: (8x> + mec?yc?x

But, from the assumption made on (t), we know that 292 € L*(Q), and therefore,
we have proven that there exists a constant C' such that

(32)

3 2 2, 0% / v 5 ) )
_P B - 2 |
=5 (/Qx Y (3y8w) o) (8y) ClllAvevlz2(q) +IvlIv)

Switching to I, we see that

o 0 0
I 5277( ) (/Q2fcy4va—z+/Qx2y4(a—Z)2)
9
2t =) (= [ vt [ 2GR,

For the next terms, we have

(33)

" Iy = a(l—2) (—/mef*%% /Q 2y3ai;y%>
= a(l-2p) <_2/me35‘_2%+;/Qm2y2(%) )
(35) I = —2a277(1—n)/y2vﬁ22a2n(1—n) (/ yQ(g—Z)Q—/Q 2),
) o0 [ Dy
(37) o= 620 ) [ o

Gathering ([B2)—-(@&1), we obtain that

4 2 2 2
12 B 2,0, 00 o " B / 2,0V
S 1Bl + g [ # g+ (et —m) [ ()

i=1

(38) a? 9 4,0V 40 3 0v O
2= ([ 0GR [ 00F) ~200-2) [ mp G
< lglI* + C(|Ar1,e0[l72q) + IV]I3)-
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Expanding the first four terms, we get

1 44 B B 2 2, 0%V 1o
Z/Qa:y (8:52) T /(83/) +7/Qa:y (8y5‘x)

2 v
—2a(1—2n)/fcy‘3g g Flatt - ) - ) [ R
R /Q 2y <§j;>2
a0 =250 =) [ g

< llgl* + CUllAv1evll72(g) + I0I7),
which implies, for any x > 0,

E/Qxély (8:52) +64/ ﬂ/ : 28y8m

2 (v
((277—2n+1)—ﬂ——|1 |7>/Qy<§—y>
2, 4.0V 9
<ﬂ2n< W ==20%) [ G

o2
+(4 6477 (1 —m)* 255001 —n))/Qy“u2
<9l + C(llAv1,e0[l72 ) + l[0]F)-
The result will be proved if we can find 1, 0 <7 < 1, and x > 0 such that
52(277 —2n+1)— |1—277|—— —-3>0,
25n(1—n) — [1- 2nl5x > 0,
4
4902 (1 — )% — 2%n(1 —n) > 0.

The last inequality is true as soon as 2%77(1 —n) > 1. Also, 2n®> —=2n+1 > % so
we will look for  and x such that

2“ n(l—mn)>1,
—2[1 =295 —1>0,
25277(1 —n) —[1=2n5x > 0.
If a2 > 2, the inequalities above are satisfied for n = 5 and x arbitrary. O

Theorem [1] makes it possible to apply the theory of analytic semigroups. This is
carried out in Section 3 below, where existence and regularity results for (1I0) are
proved, in particular a smoothing property typical for parabolic problems but in
this case in a weighted Sobolev norm which is adjusted to the degeneracy of the
equation.

3. THE EVOLUTION EQUATION

We are interested in the evolution equation

Lu— A = 0, 0<t<T,
u(t=0) = wuo.

The following result can be found in [IJ.

(40)
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Theorem 2. Assume that o > 3 and that n has been chosen as in Proposition
Then there exists a unique u in L*(0,T;V) N C°([0,T]; L3(Q)), with % €
L2(0,T; V') such that, in the sense of the distributions in time,

(41) &)~ (Au) =0, eV,
and
(42) u(t =0) = ugp.

The mapping ug — u is continuous from L*(Q) to L*(0,T;V)NC°([0,T]; L*(Q)).
We can obtain a more precise result with stronger assumptions

Theorem 3. Assume that there exists (, where 0 < ¢ < 1 such that v belongs to
C([0,T), L>=(Q)) and r is a Hélder function of time with exponent (. Assume also
that r(t) > ro for a positive constant ro and that g—; > 2. Then for n chosen as in
Proposition 21 and Theorem [} if ug belongs to D defined by [28]), then the solution
of (EI) and [@2) given by Theorem Bl belongs also to C*((0,T); L*(Q))NC([0, T]; D)
and satisfies the equation
(43) %u — Au =0,
for each t € [0,T).

Furthermore, for ug € L?(Q), the weak solution of {) and [B2) given by The-
orem B belongs also to C*((r,T); L?(Q)) N C°([r,T]; D), for all 7 > 0 and we have
that | 2 ()| 22y + [Aeu®)||r2) < &, fort > 0.

Proof. We have that

e the domain of A, is dense in L?(Q) and independent on ¢ by Theorem [T}

o for all t € [0, 7], the resolvent R(A : A;) of A; exists for Re(N\) > ¢y (where
¢p is defined in Proposition ), and we have ({7);

e there exists a constant L such that

(44) 1(Ae = A AT £ez2(@y) < Lt — 5[
With these three facts, we can apply a result of Kato (see [I7] Theorem 5.6.1.)
which yields the desired result. O

Remark 3. It is quite natural to wonder whether the results of Sections [2 and
can be extended to more general classes of differential operators. More precisely,
we would like to better understand the structure properties of the operator A; that
make these results possible, in particular Garding’s inequality (IT)), as well as the
second order estimates of Theorem [1] and the regularity results of Theorems [2 and
Bl In fact it is straightforward matter to check that all our results hold when we
assume that the coefficients «, 8,7, and m depend on time (say, they are Holder
continuous in time in order to satisfy (44))), provided they satisfy the prescribed
bounds of Proposition 2l and Theorem [I] uniformly for ¢ > 0. Indeed, we just have
to notice that all our estimates involve only space derivatives and integration with
respect to space variables.

On the other hand, the situation changes if we are interested in having the
coefficients depend on x and y. In this respect, it is worth noticing that the de-
composition A; = Ay ; + Az, in (I2) hides the fact that the elementary operators
used to build A; are the vector fields X = xya%, Y = a%v and the multiplication
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operator Mv : v — yv. Denoting by X*, Y* and M* the formal adjoint operators
of X, Y, and M, respectively, i.e., X* = —-X — M, Y*" = -Y,and M* = M, an
elementary computation shows that

2 9 07
— = —X*X - 2M*X
L VX XY MY
ox

and thus we can write A ; as

1 1
Ay = _(EX*X +M*X + 552Y*Y +r@®)(Y*X — X*Y — M*Y)

)

(45) iy

+ 2@7)(1 —n)M*M + a1 = 2n)M*Y).
To obtain a more symmetric structure, notice M*Yv = —Y*Mv — v, so in (@), the
term

(—r(t) + a(l — 2n))M*Y
can be replaced by

1 1 1
5(—7"(15) +a(l —2n)M*Y — 5(—r(t) +a(l=2n)Y*M — 5(—7"(15) +a(l —2n))Id,
where Id is the identity operator Id(v) = v. Thus we can write A; ; in the divergence
form
X 1
Are = (XY MA@ | Y |+ 5(=r(t) +a(l - 2n))1d,
M
where
1 —r(t) 0
46)  A@M) = | r(®) 25 —3(=r(t) + a1 = 2n))
1 g(=r(t) +a(l - 21)) 2% (1 —n)
Notice that the symmetric part AY™(t) of A(t) given by
Lo
(47) vy = | 0 50
Lo 25(-n)

is positive definite provided we have
1
20%n(1 =) = 54 >0,

which is possible if a > § and m1 < n < 12, where 11,72 are suitable positive
constants, 0 < m < % <my < 1.

On the other hand, the term As ; in the decomposition (I2)) contains “lower order
terms”. We emphasize the fact that here, the notion of “lower order term” must
be understood with respect to the elementary operators X,Y, and M. Thus, for
instance, a term like ¢(z,y)v is a zero order term provided ¢ € L, and c(z, y)yv

and Yv are order one terms, but % is not a first order term.
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Looking back to Section[2 in this spirit, it is easy to see that Garding’s inequality
(I6) holds for very general operators of the form

X
(48) A =—(X" Y, M")A(t,z,y) | Y | + (true) lower order terms,
M

when A(t, z,y) is a bounded measurable 3 x 3 real matrix such that its symmetric
part A¥™ (¢, z,y) is positive definite uniformly with respect to ¢, z, and y.

Concerning Theorem [T we see that its proof relies heavily on iterate integration
by parts with respect to space variables. But, if we allow the coefficients to depend
on z,y, then these integration by parts yield new terms containing derivatives of the
coefficients with respect to space variables. When dealing with elliptic equations
with smooth coefficients in bounded regions, this is harmless, since these additional
terms only contain lower order derivatives. Unfortunately, this is no more true
when dealing with degenerate equations with polynomial coefficients in unbounded
regions, as in the present case, since the terms containing the derivatives of the
coefficients might fail to be “true lower order terms”. Thus, we cannot extend the
a priori estimates of Theorem [l to general operators of the form (4g).

4. A FINITE ELEMENT DISCRETIZATION FOR A RELATED PROBLEM

4.1. A simpler elliptic problem. We shall hereafter address the question of the
discretization by finite elements of equation (I{). More precisely, we are going to
focus on the question, How should one choose the mesh in order to cope with the
degeneracy of the operator ([I) on the axis y = 0 as well as the nonuniformity of
the operator with respect to the variable 7 With this aim, we are going to simplify
the equation and restrict the domain where this equation is posed, in order to retain
only the difficulties due to the degeneracy of the operator.
Denote by X and Y the smooth vector fields in R? = R, x R,, defined by

(49) X =2y0,, Y =0,
The simplifications are the following.

e We shall take for Q a rectangle (a,b) x (—c,c) where a, b, ¢ are three
positive numbers, 0 < a < b. With this choice, we avoid the issue of the
discretization near x = 0, whose answer depends on available information
on the regularity of the solution near x = 0 (for the equation ({I0), (1)) it
is shown in [I] that the solution is continuous up to z = 0, with bounded
derivatives so the mesh does not need special refinement near x = 0).
Nevertheless, our discretization scheme will take into account that a may
be as close as necessary to zero, and hence all our error estimates will be
explicit in terms of a. Up to appropriate scalings in the two variables,
we can choose = (m, 1) x (—1,1). We denote I'g (respectively I'y) the
horizontal (respectively vertical) part of €.

e We consider the boundary value problem in :

—meQ% — ’3277; +Au = f inQ,
(50) nyYu = go on Iy,
nXu = wyg; on ;.

where n is the unit vector normal to 0, pointing out of 2, and A is a large
enough positive number (see below).
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If U is an open subset of R%, we denote by S2(U) the function space
(51) SY2U) = {u e L*U) : Xu,Yue L*U)},
endowed with the natural norm
(52) [l @2y = lullZq + lulie @,
where the seminorm |u|§1,2(u) is defined by
(53) ulF1200 = 1Xul 2200 + 1Y Ul 2200
Analogously, we define
(54) S22U) = {u e SV U) : X?u,Y?u, XYu,YXu € L2(U)},
endowed again with the natural norm
(55) [l B2y = lullFr2 @y + lulFez e,
where the seminorm |u|%z () is defined by
(56)  fuldeaqy = X0l T + 1Y 2ull7oqe + 1 XY ulZ2q0 + 1Y XullZ20)-

In addition, we define S32(U) as the closure of D(Q) in SL2(U).
The equation in () can be written in divergence form

9, 5 ,0u, % 5 Ou .

—- —)— = +20°r— + Au = Q

&t(y . 896) 0y? ey e Hhu=J g

and admits a weak formulation in S™?(Q): find u € SH?(Q) such that for all
v e SH2(Q),

(58) /XuXv—l—Yqu—l—Zvau—i—Auv:/fv—l—/ gov+/ TYgLv,
Q Q To 106

(57) -

which is well defined if f € L2(Q), go € L*(Ty), and g1 € L?(I'1), because for a
function v € S1?(Q2), we can define the traces v|r, € L*(To) and (zyv)|r, € L*(T'y).
For A large enough, the bilinear form A(u,v) = [, XuXv+YuYv+ 2yXuv+ Auv
is continuous and coercive in S%2((2), so the problem (50) has a unique solution,
which depends continuously on the data. We shall hereafter suppose that A is large
enough so that A is coercive. This assumption is not restrictive, since the real
problem we are interested in is parabolic.
In order to discretize (50), we need first to define an appropriate mesh.

4.2. The Carnot—Carathéodory metric. In the rest of this paper, the notation
a ~ b means that there exist two absolute positive constants ¢ and C' such that

chb <a < (Cb.
Let us recall now the following standard definition of the Carnot—Carathéodory
metric associated with a family X = (X;,...,X,,) of Lipschitz continuous vector

fields in R™ (see, e.g., [8], [11], [16]).

Definition. We say that an absolutely continuous curve v : [0,7] — R" is a
subunit curve with respect to X if for any £ € R™

<’.Y(t)7£>2 < Z <Xj(7(t))7£>2a
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for a.e. t € [0,T]. If P1, P, € R", we define
d(Py, P,) =inf {T > 0: there exists a subunit curve =,
7:[0,T] —R", ~(0) = P, y(T) = P2}
If the above set of curves is empty, we take d(P;, P2) = oc.

If we choose now X7 = X, Xo =Y, it is well known that d(P;, P») < oo for
any couple of points P;, P> belonging to the half-plane {(z,y); x > 0}. Thus, if
(a,b) € {(x,y); * > 0} and h > 0, we denote by B.((a,b),h) the open ball of
radius h > 0 centered at (a,b) for the Carnot—Carathéodory metric d associated
with (X,Y).

If a point (a,b) belongs to a compact subset K of {(z,y); x > 0}, then it
is possible to provide a characterization of B.((a,b),h), provided h is sufficiently
small (compared with infy z and (supy x)~1).

Since later in this paper this will be precisely the case of interest, take K =
[m, 1] x [-1,1], where m > 0, and assume h < m. Combining Theorem 2.3 in [10]
and the previous Remark therein, we obtain the following property of metric balls
centered in K.

Proposition 4. If (a,b) € K and h < m, we take

Ai((a,b),h) = max [yla = ([b| +h)a, A5((a,b),h) =1,
ly—bl<h

FE((a,b),h) = hA;((a,b),h), i=1,2,
and
Q((a,b),h) = (a—Fy((a,b), h),a+Fy ((a,b), h)) x (b—F5 ((a,b), h),b+F5 ((a,b), h)).

There exists an absolute constant @ > 1 and a constant ho = ho(m) such that

Q((a,b), ) € Bul(a,).h) € Q((a,b), 0h),
for any (a,b) € K and h < hyg.

Proof. It is enough to choose in [10], Theorem 2.3, A1 (z,y) = |z||y| and A2(z,y) = 1.
In the domain K, the Lipschitz constant of both A\; and As is clearly 1. ([

Remark 4. Since Fy((a,b),2h) < 4F;((a,b),h), we can see directly that the dis-
tance d is doubling with respect to Lebesgue measure, i.e.,

(59) |Be((a,b),2h)| < C|B:((a,b),h)], (a,b) € K,h < hy,

where |E| stands for the Lebesgue measure of E C R? and C is an absolute
constant, independent of m. This is a particular case of a well-known result (see
e.g., 1] and [16]).

Remark 5. When we are “away from y = 07, it will turn out to be easier to work
with a slightly different family of equivalent rectangles. For any positive numbers
h,a, b such that bh < % and b > 2h > 0, we define R, ; 5, as the rectangle

(60) Rapn = {(z,y) € RL, o —a| < abhs|y — b < h}.
Since h < b, we have abh < (b+ h)ha < ab(2h), so that
(61) Int (Rap.n) C Q((a;0),h) C Rapon-
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4.3. Definition of the mesh. We want to construct a triangulation of the domain
Q= (m,1) x (=1,1). With this aim, we choose an integer N, > 0 and the real
number A > 1 (in the following N, will be large and A will be close to 1), defined

by
—_N. log(m)
(62) m=A""* &log(\) = — .
Ny
We denote by Lj the length of the interval [A=*=1 A=¥]; i.e., we set
(63) Ly=X""1\=1).

For a given constant ¢, we denote by h) the real number
(64) hyx=cv—1.

Note that N, ~ (logm)h} 2.

For convenience, we choose a mesh constructed by assembling a Cartesian mesh
of the domain (m, 1) x (—2hy, 2hy) and more general meshes in the domains (m, 1) x
(—1,—2hy) and (m,1) x (2hy,1). For k, j € Z, let Sy ; be the node in the plane

(65) Sk = (A7 jhy).
We consider the set of nodes V; of [m, 1] x [-2hy, 2h,] given by
(66) Vi ={Sk;, k=0,...,N,, |j| <2}

It is possible to construct a Cartesian grid covering (m,1) x (—2hy,2hy) whose
vertices are the nodes of V;. Then we divide each rectangle of the grid into two
triangles by means of the diagonal straight line passing through its left-up vertex.
Doing so, we construct a triangulation called 77 of (m, 1) x (—2hy, 2hy) which is
not regular in the sense of [3|, [4] with respect to the Euclidean metric. For any
triangle ¢ of this mesh, we introduce the size h;:

(67) he = hy.

This size is of the same order as the diameter of the triangle ¢ with respect to the
intrinsic metric associated with the degenerate operator in (Bl (see subsection
for the definition of the intrinsic metric). Indeed, if we take a point Sk ; of this
mesh, then
Fy(Skj,ha) = XN "(jha +hy) ® A*02 = Ly,
and
F5(Sk,j, ha) = ha,
so that the Carnot—Caratheodory distance of the contiguous points Sk—_1,j, Sk—1,j+1,
Sk—1,j41 to Sk j is of the order of hy.
Next, for a positive constant p > 1, we consider a triangulation 73 of (m, 1) x
(2h, 1) satistying the following assumptions.
(1) The nodes of 73 and of 77 located on the straight line y = 2hy coincide.
(2) For each triangle ¢t € T3, we can choose two points (z},y;), (z},y;) and
two positive numbers hy, ps, such that yihy < %, yp > 2hy, yipe < %, and
Y/ > 2py, with
(68)
Rey o CEC Rayp oyt oy,
hy =inf{7 > 0; there exists ({,n) such that n > 27, 2nr <1, and t C R¢ 7},
pr = sup{T > 0, there exists ({,n) such that n > 27, 2n7 <1, and R¢,,  C t},
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and

h

— <

Pt
By Proposition Ml and Remark Bl this assumption says that the mesh is
regular with respect to the intrinsic metric.

Note that (G8) implies that
in’,yi’,pt CtC Ryyyrs02p,-

Ty Yt

Therefore, for simplicity, we are even going to make a slightly stronger
assumption: we assume that there exist a point (z;,y;) € t and two positive
numbers h¢, pr such that y.hy < %, Yy > 2h, and

hy

(69) th;ytypt ctc Rl’tyyt:ht with p_ < i
t

We can think of (x4,y;) as of a generalized “center of gravity” of .

For the triangulation 73 of (m,1) x (—1,—2h)), we make the same assumptions
as for T3 (all the definitions are modified by using the symmetry with respect to
y=0).

The triangulation 7 is obtained as the union 7 =77 U 75 U 7.

Remark 6. We give an example of a Cartesian mesh satisfying the assumptions
stated above. We define N, as the integer part of 1/hy. For k,j € Z, let Sk ; be
the node in the plane

Skj=Skg il <2,

70 - ]
(70) sk,j:<ﬂ,sign<j)—v'””’>, it 5] > 3.

Ny

Note that if k) is small enough, then 1‘\/,—5 > 2h). We consider the set of nodes V of

) given by
(71) V={S;, k=0,....,N,, |jl|=0,...,N2 - 3}.

It is possible to construct a Cartesian grid covering {2 whose vertices are the nodes
of V. Then we divide each rectangle of the grid into two triangles by means of the
diagonal straight line passing through its left-up vertex. Doing so, we construct a
triangulation satisfying all the assumptions stated above.

Let M be the number of nodes of V. We have

_ ~ N2N o~ N2 —1 . A4
(72) M =4V ~ N/N, =~ N;logm™" =~ N, logm.

Note that this Cartesian triangulation is close to the one proposed in [13] for the
so-called Grushin operator. Note also that this triangulation is not quasi-uniform
with respect to the intrinsic metric, because the triangles near the axis y = 0 have
diameter (in the intrinsic metric) of order hy, whereas the triangles far from y = 0
have a diameter of order h3.

Constructing a Cartesian grid which would be also quasi-uniform with respect
to the intrinsic metric is not possible.
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4.4. The discrete problem. We denote by V) the vector space of the continuous
functions on €2 which are piecewise linear on the triangles of 7. We define V =
{S1,...,5m} as the set of nodes of 7. The nodal basis of V) is (¢; )i=1,... am, where
¢; € Vi is such that ¢;(S;) = d; ;.

The discrete version of (B0) is find uy € V) such Yy € Vi,

(73) A(u,\,v)\):/fw\—i—/ gov,\+/ TYG1 V.
Q To IR

It is now standard matter (see for example [3], [4], [2]) to prove that (T3) has a
unique solution, and that there exists a positive constant C such that

(74) ||U_U)\||SI,Z(Q) < Cvilelg}\ |u—v)\|51,2(9).

We are going to assume that u € S%2(£2) (this is precisely the regularity proved in
Section 2) and we are going to compute the distance inf,, cv, [u—wva[s1.2(q) of u to
V. For that, it is not possible to use the standard Lagrange interpolation, since a
function v € $%2(Q) is not necessarily continuous on the line y = 0. Instead, we
propose to use a local regularization operator due to Clément, [5].

5. A LOCAL REGULARIZATION OPERATOR

5.1. Preliminary results. Denote now by X and Y the smooth vector fields in
R? = R, x R, defined by

(75) X =yd,, Y =20,

As above, if U is an open subset of R?, we denote by 511’2(1/1), 53’2(1/1), and S%2(U)
the function spaces defined as above replacing X by X. Related norms and semi-
norms are defined analogously.

Remark 7. An elementary computation shows that, if i/ CC (0, 00) xR, then S*2(Uf)

and 5%,2(“) coincide as vector spaces, and the respective norms are equivalent for
i=1,2.

In the rest of this paper, the following compactness result will play a key role.

Theorem 4. Let U be a bounded open rectangle in R%. Then

i) 5172(1/{) is compactly embedded in I:Q(U);
i) S22(U) is compactly embedded in S*2(U).

Remark 8. Because of Remark [ if 4 € (0,00) x R, then the above statement still
holds when S%2(U) is replaced by S“2(U), i = 1, 2.

Remark 9. If we replace the vector field X = yd, by the vector field (y + ¢)0, with
¢ € R, an elementary translation argument shows that Theorem [ still holds for
the new related function spaces.

Proof of Theorem Hll. The proof consists of several steps, some of them having in-
trinsic interest. U

Proposition 5. The space C*(U) is dense in SV2(U).
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Proof. The result is proved in [7] for smooth bounded domains. For the sake of
completeness, we give here a full proof in the case of interest. Suppose now U =
(a,b) x (¢1,c2). It will be enough to prove that

C>®((a—e,b+¢€) x (c1,¢2)) NS ((a — e,b+€) x (c1,¢2))

is dense in S™2(U), and then to apply the density result of [7] to a smooth set i,
UCUC (a—eb+e)x(cr,c). Let u e SY2(U) be given; we want to approximate
u in 5’1’2(1/{) by smooth functions defined in (a — €,b+ €) x (c1,¢2). Since by, e.g.,
[7] and [12], C>°U) N S“2(U) is dense in S™2(U), we can assume without loss of
generality that u is smooth. Moreover, we can always express u as a sum of two
functions vanishing, respectively, in a neighborhood of z = a and x = b. Therefore,
without loss of generality, we may assume, for instance, that

u=0in (a',b) x (c1,c2) with a < a’ < b.
In that case, u can be continued by zero on (a’,4+00) x (c1,¢2). If € > 0 is small,
we take
ue(z,y) = ulz +¢,y), a—e<xr <00, 1 <Y<
Clearly, u. is smooth in [a, +00) X (¢1,¢2). If now v is any measurable function in
(a,+00) x (c1,c2) continued by zero for x < a, then, if (x,y) € U, we have

|U($ +€, y) - ’U(J), y)' - ‘U(Jt + €7y)1[a,+oo)(x + 6) - ’U(J), y)l[a,+oo)(x)| :
Indeed, if x € U, then both z > a and = + € > a, so that 1jg o) (T +€) =
1 400)(z) = 1. Thus, if v € L*((a,400) X (c1,¢2)) (and hence vlj, 1) €
LQ(R X (61762)) ), then

Zﬂﬁx+ew)—v@4m2®ﬂy

(76) 2

< |’U(J,‘ +€, y)l[a,Jroo)(x + 6) - U(.L y)l[a,Jroo) (J))| drdy — 0
Rx(c1,c2)

as € — 0. Taking successively v = u, v = y0,u, and then v = Oyu, we obtain that
te — u, Xue — Xu, and Yue — Yuin L2(U), since Yu(z,y) = (Yu)(z+e,y) and
Xue(z,y) = (Xu)(z +€,y). O

Proposition 6. Let o/ < a, V' > b, ¢} < ¢1, and cb > co be given. Then
there exists a continuous extension operator T from S12((a,b) x (c1,c2)) to
S12((a',0') x (¢}, ch)), i.e., a continuous linear map

T:512((a,b) x (e1,2)) — §22((a',b) x (¢}, ch),
such that
Tu|(a,b)><(cl,02) =u
for any u € SY2((a,b) x (c1,c2)).
Proof. First, let us start by proving the existence of a continuous extension operator

from S'2((a,b) x (c1,¢2)) to S¥2((a’,b) x (c1,¢2)). By a density argument and
Proposition Bl it is enough to construct a continuous extension of a function u €

C>(U). Let v = 1)(x) be a smooth nonnegative function such that 0 < 1 < 1,
¢(z) = 1 in a neighborhood of z = a and ¢(z) = 0 for > (a + b)/2. Since
uw = uth + u(l — 1) and both utp and u(1 — 1)) belong to S*?((a,b) x (c1,c2)), we

can consider separately the case a’ < a, b’ = b, and the case a’ = a, b’ > b. Thus,
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without loss of generality, we can assume b’ = b, and we can assume u vanishing
for x > a + €, so that u is continuous for x € [a,+00). We define the function v by

u(z,y) if x> a;
2a —z,y) ifzr<a.

(77) oey) = {u(

Obviously
Pley) >
9 oy T,y if x > a;
Y —u(2a—a:y) ifr<a
Ay ’ ’
On the other hand,
ou
— if z > a;
8#[} N ax (q") y) 1 b

—%(Za—m,y) if x < a.

Thus, a straightforward computation shows that

ve SH((a',b) x (c1,¢2))  and ||’U||51,2((a',b)x(cl,52)) < C”“”Slﬂ((a,b)x(01,52))a

and hence our preliminary statement is proved.

We want now to build an extension operator from (a’,d’) X (c1,¢2) to (a’,b") x
(¢}, cy). Clearly, we can restrict ourselves to the cases ¢; = 0 or ¢o = 0, since
otherwise the result follows from usual well-known extension theorems in classical
Sobolev spaces, the space S L2(U) being a classical Sobolev space away from {y =
0}.

Thus suppose now for instance that ¢; = 0, and set for sake of simplicity co =
c. A continuous extension from S%2((a’,b') x (0,¢)) to SV2((a/,¥') x (—c¢,¢)) can
be obtained now again by reflection across y = 0. Finally, the extension from
SL2((a/, V) x (—¢,¢)) to SM2((a', ) x (—¢,¢)) is immediate, again since away
from y = 0, the space 5’1’2((a’, b') x (—c¢,c)) is a usual Sobolev space. O

End of the proof of Theorem[d. We can now prove Theorem[]i), i.e., that the space
SL2(U) is compactly embedded in L2(U). Indeed, take o’ < a, b > b, ¢, < c1,
ch > ca, and let 7 be the continuous extension operator defined in Proposition@l If
P € D((a,b) x (c},c5)), v =1in U, then the map v — 7 u provides a continuous
extension operator from S™2(U) to Sy%((a’,b') x (¢}, ¢,)), and then the assertion
follows by the compact embedding theorems for spaces of functions vanishing on
the boundary. In fact, this result has been proved by several authors with different
degrees of generality (different exponents, weighted measures and so on), but we
refer to [6] as the first explicit formulation to our knowledge.

Let us now prove Theorem [ ii), i.e., that the space S>?(U) is compactly em-
bedded in S2(U).

To this end, let (uz)ren be a bounded sequence in S>2(U). Since (ux)ren is
also bounded in SV2(U), by i) there exists a subsequence (that we still denote by
(ur)ren) converging strongly to w in L?(U). On the other hand, the sequences
(Xup)ren and (Yug)pen are also bounded in S12(U), so that we can assume they
both converge strongly in L2(U) to vy and vg, respectively. It is easy to see that
v1 = Xu and vo = Yu, and then the assertion is proved. O
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5.2. A linear mapping from S%2?(Q) to V). A function v € S%2(Q) is con-
tinuous, except maybe on the axis y = 0. This is the reason why it is not pos-
sible to use the standard interpolation operator for approximating functions of
S$22(€)). Instead, we propose to use a local modification of this operator in the
strip y € (—2hy, 2hy): there, we shall use a Clément’s local regularization opera-
tor.

For i € {1,..., M}, we denote by w; the support of the nodal basis function ¢;:
w; = supp (¢;) and, for any v € L?(Q), we denote by P;v the orthogonal projection
of v on P;(w;), the space of affine polynomials on w;, i.e.,

Py e Py (wz)

(80) (v— Pw)pdxdy =0 for all p € Pi(w;).

Wi

For the sake of simplicity we write S; = (a;,b;), for i = 1,..., M. We define by T
and Jy, respectively, the set of indices such that |b;| < hy, respectively |b;| > hy.

We can now define the linear operator I = II : $%2(Q2) — Vj by
(81) v =" (Pw)(Si)ei + > v(Si)ei,
1€L 1€J

so I is a Clément’s type operator in the strip y € [—hy,hy], and the standard
interpolation operator in the strips y > 2h) and y < —2h.

The following lemma (see, e.g., [3], p. 126) will play an important role in the
analysis of the approximation properties of Clément’s operator.

Lemma 3 (Peetre-Tartar). Let V, V1, Vo, W be Banach spaces, and let A; € L(V,V;)
be continuous linear maps for i = 1,2, the map Ay being compact. Suppose there
exists cg > 0 such that

[ollv < co(l[Arv]lv + [[A2v]lv2),
for any v € V.. In addition, let L € L(V,W) be a continuous linear map such that
L|ker Ao =0.
Then there exists C' > 0 such that
[Lollw < C||Azv]|v,,
foranyveV.

Let i € {1,..., M} be fixed; in order to simplify what follows, we consider only
indices 4 such that b; > 0. For the case b; < 0 the formulas below must be changed
in an obvious manner by symmetry.

We want first to provide an estimate of the norm

[v = Piv||L2(w;),
and then of the seminorm
[v = Pivlsi2(w) = 1 X (v = Po)ll 2w, + 1Y (0 = Pv)l[ 22wy

for ¢ € Zx. Similarly, for ¢ € J) and for a given triangle t € 7 in w;, we call
I; the Lagrange interpolation on the space of affine functions on ¢, and we want
to get an estimate for ||v — I;v||12() and then for the seminorm |v — liv[g12¢) =
X (v —Lw)|[ L2y + Y (v — Lv)| 220
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e For i € 7, we have that S; = S, j, € V, with j; = 0 or j; = 1; let ¢; be
the triangle ¢; = (Sk,.j;» Ski—1,ji Sks,ji+1). Note that ¢; is not necessarily
contained in Q. We call  the reference triangle f = (Sp, S1,52), where
So = (0,0), S; = (0,1), S2 = (1,0), and we define the affine mapping B;
which maps Sy to S;, Si to Sk, —1,5, and Sz to Sk, j,+1. We have B; = Z;+T;
where

a; 0
82 Z;=28; and T;= ! ,
(82) ( 0 B >
with
(83) a; = L, -1 (see [@3)) and Bi = hy, = h) (see (64)).
We define w; by ©; = Bi_lwi. It is easy to see that if S; € Q, &; is the
convex hull of (—r,0), (0,—1), (1,—-1),(1,0),(0,1), (=, 1), where r = %.
Calling ¥ = v o B;, we denote by P, the projector on the space of affine
polynomials in L?(&;), we know that

(84) Pv = Pb.
Indeed, the linear map p — p is an isomorphism of P;(w;) onto P;(&;), since
B, is affine; hence Pv is an affine polynomial. In addition, if p € P;(&;),
then
[ @~ Poypdean = (@) [ (= Poypdady =0,
Wi wi

e For i € J, and for a given triangle ¢t € 7 contained in w;, let (x4, y;) be the

center of ¢ (satisfying (69))). Let T} be the linear map

(85) Tt:(O{; M )

where
(86) a; = 2hy; and B¢ = 2h;.

We call B, = Z; + T}, where Z; = (x; — hiz1ye, ye — he). Note that By maps
the unit square to the rectangle R(z¢,y:, h). We define £ by ¢ = B; 't.
From the assumptions on the triangulation, # is a shape regular triangle
containing a ball of diameter r (in the Euclidean metric), where r depends
only u, and being contained in the unit cube.
Calling ¥ = v o By, we denote by I; the Lagrange interpolation operator

on ¢, we have

(87) Tov = I;b.

In the rest of this paper we shall estimate:

e For i € 7, the error norms [|v — Pjv||12(y,,) and |v — Pjv|g1.2(,,) by rescaling
the polygonal domains w; through the map B, ! We shall distinguish the
case “near y = 0” (i.e., the case b; = h) ), where the model case is described
by function spaces associated with the vector fields 0, and (1 + y)J,, the
coefficient 1 + y vanishing at the lower boundary of the rescaled cell, and
finally the case “on y = 0” (i.e., the case b; = 0), where the model case is

described by function spaces associated with the vector fields 0, and y0s,
the coefficient y vanishing inside the rescaled cell.
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e For i € J, and for a given triangle ¢ € 7 contained in w;, the error norms
lv—TIv||L2(+) and [v—I;v|g1.2(4) by rescaling the triangle ¢ through the map
B; . Here we will be able to use standard results on usual elliptic Sobolev
spaces.

More precisely, we have the following lemma.

Lemma 4. There ezists a positive constant C such that:

o for any i € Jy and for a given triangle t € T contained in w;, for any
v e S%2(t),

t_QHU - Itv||2L2(t) + |U - Itv|251,2(t)
<Coay ;! (/ b — I;o|* dedn + /\ﬁ(@ ~ I;d)
(88) i i 0¢

0 2
+ — (0 — Lo
/5‘877( i0)

and note that in this case, atﬁfl = T4V,
e for any i € I with b; = hy, and for any v € S*?(w;),

? dedn

d£d77> :

ht_iQ |U — Piv||2L2(w,;) + |U — Pivlzslg(wi)
_ A2 0 . a2
(89) <Cua;f3; 1( 1 — Po d§d77+/®i \(1+77)8—£(v — Pi0)|” dédn
|— - d€d77>

e for anyi € I)\ with b; = 0, and for any v € SY2(w;),
hi 2o = Pivl|7a(,) + [0 = Prolfz,

(90) < Cosf ;1< M

? d,gdn).

Pl dgn+ [ nge(o - Ro)f* dedy

+ \2@ )
@5 on

Proof. Let us consider first i € Jy, a given triangle ¢ € 7 contained in w;, and
v € $?2(t). Thanks to (8T), we have that

(91) h;2/|v — Itv‘z drdy =~ 6[2/‘11 - Itv|2 drdy = a:f; ! o> dé&dn.
t t

Moreover (remember that %f = a;l%f and %f = 6{18@“@), and calling z; 1, z¢ 2
the coordinates of Z; (where Z; is defined just after (Bf)),

/‘X(v - Itv)‘2 dxdy = /‘a:yaﬂ(v - Itv)|2 dxdy

(92) =y Bt/‘ Ztl+at§)(zt2+ﬁtn)a£(v—IE@)|2 dédn
—atﬁt/| ﬂ—f—f Zt2+ )gg(v—fv” dédn.

Butz;—':zz—i— :2ytht §andﬁt—2ht SO Z&1+€Ny—5,because0<£<1

1
2
Also, 0 < 25’2 n ~ 4 because —3 1<y 4 (zéf +n) =1 —n< 3, and from the
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assumptions on the mesh, —‘ is greater than 1, which yields 3 lﬂ <z

o —p <28
Therefore, 0 < (z’ L+ f)(zéf +n)~ 62; and

Yt
Bt*

? dedn.

9 .. ..
(93) /t‘X(v - Itv)‘Q drdy ~ oy ;" /t|3_§(v — I;d)

Also
(94)

/|Y(v — )| dedy = /|§(v — L) dedy = a8, /}3(@ — ;)| dedn,
t ¢+ Oy i on
Estimate (BE]) is obtained from (@), (@3)), @4).

Now consider i € Z) and v € S1?(w;): thanks to (84,
(95) h |v Pol® dedy ~ 6 }v Pwl® dedy = ci B} / |o—Py0|* dedn.
In addition, since - f = 04_1 9 f and f ﬂ;lé—nf, and calling z; 1, 2;2 the
coordinates of Z;, we have
‘X(v - Piv)‘z dxdy = |:cy§(v - Piv)|2 dxdy
wj Wi x

0 NT
5( b — Fo)
(8 — Bid)|* dedn.

(96) =o' \ zi1 + i) (212 + Bin)

d€dn

3 Z’L 1 24,2
=a; 3; +O(Z=+ 77)—
L @4 | ﬁ’t E
Now, by definition, Z(;"il =1 = Li = 62’ therefore, in the limit hy — 0, 2 —l—f ~
Fl_;.

7

ZL2

Concerning the term
(1) if b; = 0, > +n—n,
(2) if b; = ha, Z’f +n=1+n.
This yields that
(1) if b; =0, (Z+ + & (%
(2) if b = ha, (32 +€)( 5

After simple calculations,

+ 7, we have

(1) if b; = 0,
(97) ’ X (v — P)|* dedy ~ a8, /w |778%(17 — Bo)| dedn
(2) if b, :1}% 1'
(98) ’ X (v — P)|* dedy ~ a8, /w |(1+n)a%(ﬁ—l%) ? dedn
Finally, 1 1'
/ ‘Y v — )| dzdy
e [ 30— P dady = " [ 50— B ded
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The lemma is proved. (|
To estimate the right-hand side of (88]), we recall the following result.

Lemma 5. There exists a positive constant C depending only on u such that, for
any i € Jx, and for a given triangle t € T contained in w;, we have

0
Iv‘ dédn—i—/‘a — I;0) 2d§dn+/‘a—n(ﬁ—lfﬁ) 2
i

9% 0% 2
<C(/%8 L oean @m+/@7v @m)

for any © € W22(t) (the usual Sobolev space of order 2 in L?(%)).

dédn

(100)

dédn +

Proposition 7. There exist positive constants C' and H > 0 such that for all
i € Iy, for a given triangle t € T contained in w;, and for all v € S%2(t),

(101) h;ZH’U — It’U”%Q(t) + |’U — It’l}|%1,2(t) S C h% |’U|232,2(t),
Zf hy < H.

Proof. To prove (I01]), we must estimate the terms in the right-hand side of (I00)
by integrals in ¢, repeating backward the arguments used to obtain (8g]).

Keeping in mind that for (&,71) € £, we have that (2,1 + &) (2.2 + Bin) = %,
and that the Jacobian of T; is a;(;, we get

82 . 4 82 .
/‘—2 0| dédn =~ ﬁ—i /|(Zt,1 + i) (22 + @77)2—2 o dédn
(102) i 0¢ ay Ji 92 23
-1 2
= o 6f/t|x2y2@ v‘ dzdy.
In addition, we have
82 2 1,3 82 2
1 — D = — :
(103) /£|8772 v| dédn = oy " f; /t‘3y2 v‘ dzdy
Finally,
0% 2 (2 0%
101 /5‘85677 0|" d€dn ~ —tz /‘(Zt,l + atﬁ)(zw + 5t77)@ 0" d&dn

—atlﬁt/| . 7 ol dady.

Now combining (88), (I00), (I02), (I03), (I04), and using the fact that 8, = 2k,

we get that
(105)
hi 2o = L) Zagey + v — LvfGi2g

2
< Ch? (/‘xy 57 dxdy+/| v‘ dxdy—i—/‘xya 5 ‘dedy>.

We can write the z%bove estimate be;cter in terms of the vector fields X and Y as
follows. Clearly, 88—y2 =Y? and xy%ay = XY. On the other hand, notice that

0 ov 0%v v
2 _ 0 v\ _ 2 207V 2 OV
X VT s (my8x> TV o2 try ox’
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so that
2.2 0? 2 2 112 2
(106) ; |£E Yy w ’U‘ dl’dy S 2 ||X v||L2(t) + 2 ||X’U||L2(t).

Hence, if we choose in ([I05) h; < H, with H such that

1
20 H? < =
C <2,

we get eventually (I0T]). O

We must now consider the case i € 7y and b; = h) in order to prove an estimate
like (I0I) in this case. If we denote by g; the smallest rectangle whose sides are
aligned with the axes containing wj;, it is much simpler to provide an estimate where
in the right-hand side the norms over w; are replaced by norms over ¢;, and this
gives no trouble, since the sets ¢; have bounded overlaps, as the sets w; do. Again
as above, we set

¢ = Bi(qi).
If w; C , and hence ¢; C €2, then §; C R , 18 the rectangle (—r,1) x (=1,1). The

only difference in the case b; = hy is that [B8) is replaced by (89), and then we
have to prove the following lemma, analogous to Lemma (.

Lemma 6. There exists a positive constant C' such that, for any i € T, with

bi:h}u
(107)
5 0 .
/w @—Pm2d£dn+/®i|(1+n)a—5(0—Pm)2d5dn+/®i|a_(@_ ) dedn
0% A
0 /|(1+7l) Tv2d§dn+/ |(1+n)8§8 o|” dedn
< e

for any 0 € 5’2’2(@),

Proof. We notice first that the left-hand side of (I07) is (the square of) the norm
of & — Pyt in §12(¢;), and that the right-hand side is equivalent to ||X2v||%2(di) +
HY%”%Z(M + ||XAY1)||%2(41) + ||YXU||2L2(®)7 since Y Xv :~8£ + XY”U.~

We define by R; the continuous linear operator from 5%2(g;) to S1:2(&;), which
maps v € 522(g;) to the affine polynomial P;(v|s,).

Thus we can apply Lemma [3 with V' = 5’22(%) Vi = S12(4 i), Vo = L2(g;)*,

= S§V2(&y), Ay = Id, Ayv = (X20, Y20, XY0,YXv), L =Id— R;.

Keepmg in mind Theorem@ together with Remark [0l to verify the assumptions
of Lemma [3], we have only to check that L vanishes identically on the kernel of A,
and hence it is enough to show that a function v belonging to the kernel of As is
an affine polynomial. Since Y?v = 0, then v(£,1) = na(¢) + b(€). On the other
hand, 0 = XYv = Xa, so that a'(§) = 0 and hence a(§) = ag in §;. Moreover,
0=YXv—XYv= 0w =0b(), s0bis a constant too, and the assertion follows. [
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Proposition 8. There exist positive constants C and \g > 1 such that for all
i=1,...,M =#V with b; = hy, and for all v € S**(g;),

(108) hi 2l — PiUH%Q(w,',) + v — BU@M(M) < Chi, |U|k292y2(q1.,)

if 1 <A< Ao

Proof. The proof will be carried out by arguments akin to those of Proposition [7l

By definition, b; = 3;. Keeping in mind that a; + a;€ = a;3; % and (I06), we get

——

2
?dedn = al \1+77 88 v|? dédn

82
1+n)°55 0
di\( n) 28

82
~af-a e Bt ) (a; + ;i &)*(b; + ﬁm)ﬂﬁ U‘Q dédn

(109) qi
0% 2
_ . —123 2 2
< 2077 (I1X20) (g0 + 1K 2000 ) -
Analogously,
0? 2 02 2
1 b|” dédn = o? .2/ 1 déd
/ﬁ|( +1) gy O dédn = aif; I +n)8x8yv\ Edn
110 262 . 0 21 2
(110) ~alB o) B aﬁwéﬂb+@ ?] v|” dédn
oxdy

? dady = a; ' BIXY 0720

o | v

Moreover, from the identity xf}‘x = YX - XY,

[
@1‘,8§

_ 9 2
~a?-q; 26?/(ai+ai£)2|% | dédn
qi

dgdn:af/ 1o dedy

(111)
~ a;lﬂ? /q |x% U}Q dzdy
< 2078 (I X0l + 1XY )22, ) -
Eventually, as in (I03),
2 dédn = a:lﬂf/ ‘aa—; v|2 drdy = a;lﬁfHYQvH%g(qi).
ai

Since B; = ht; = hy, the conclusion follows by combining (89), (I07), and the four
estimates above. As in the conclusion of Proposition [l we can get rid of the first
order term || Xv| 2(q,) by taking A < Ao, Ao sufficiently small. O

82
(112) —— 0
e

Finally, the same arguments used in the proofs of Lemma [f] and Proposition
8l yield the following corresponding estimates for the case b; = 0, calling ¢; the
smallest rectangle with sides parallel to the axes and containing w; and ¢; = B;~ Lgs.
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Lemma 7. There exists a positive constant C' such that, for any i = Z with b; =0,

(113)
. 8
5 medgdm/ ‘"a_go P dgdn+/ |— — Bo)|? dedn
e 852 Lazin+ | |na£a ? ded
/ |5 dgdn+/ ® dedn

for any © € S*2(§;).
Hence we can derive the following a priori error estimate.

Proposition 9. There exist positive constants C and Ay > 1 such that for all
i=1,...,M =#V with b; =0, and for all v € S*?(g;),

—2
(114) hi v = Poll7eg, + v = Pioléie,
if 1 <A< Ao
We are able now to prove the main error estimates.

Theorem 5. There exists a positive constant C' such that, if maxier hy is small
enough, for all functions, v € S%2(Q),

(115) o = Tl < © e (10l + 170l + XY ol )

Proof. The first step is to estimate ||v — Iv||z2(q). Let ¢ be a triangle of 7, and
let S;,, Si,, Si; be its vertices. For j = 1,2,3, if i; € Z,, we call Q; the operator
P;;. On the contrary, if i; € Jp, we call Q; the Lagrange interpolation operator
obtained by assembling the operators I}, t € 7, t C w;.

We have
3
lo =Tl L2y = llv = > (Qv)(S)) bl 2
j=1
3
< lv— Qo2 + Q1o — Z(ij)(sj)‘ijLQ(t)
Jj=1

3
< o= QuullLze + Y Q10 — Q;v)(S))dsl 2(r)

j=1

3
< o= QuvllLaey + Y 11Q10 = Qv oo (e 65l 2(r)
j=1
We define ¢; as
o g =tifi; € Iy,
e g; is the smallest rectangle with sides parallel to the axes containing w;; in
the opposite case.

It is clear from Propositions[d, B, and @ that [[v — Qqv|[z2¢) < Chi|v|s2.2(4,).-

Also [|¢jllr2¢y = (%‘)%, where [t| is the Lebesgue measure of ¢. On the
other hand, since (Q1 — Q;)v is affine on ¢, we have the inverse inequality
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Qv — Qjv|lpee) < Clt| 2 ||Qrv — Q;v|[z2(+), where C' does not depend on t.
Therefore

[Q1v = QjvllLewy Pl L2ty < CllQ1Y — Qjvll L2
< C([|Q1v = vl[r2y + 1Qjv — vl z2(r))-
Again by Propositions [ [8] and @ and using the fact that the triangles having
vertices in the strip |y| < 2hy have a size hy of order hy, we have that

3

3
D Q1 = Qivllelldill2y < Chi D Jvls2a(y,)

Jj=1 Jj=1

(the constant depends on 1), which yields finally the same estimate for ||v—TIIv|| 2.
Summing on all triangles, and keeping in mind that every triangle of 7 is contained
in a bounded number of subdomains ¢;, we obtain that

(116) [v—TIv[ 120 < C Igle%zih? [v]s2.2(02)-

In order to estimate ||Y (v — IIv)|| £2(q), we proceed in the same manner: we obtain
exactly as above that

3
1Y (v = TI0)[| 2ty < 1Y (v = Quo)ll L2y + D Q1o — Qyvll ooy 1Y b5l 2o)-

j=1

We know that ||Y¢jr24) < h%”qu”L"’(t)’ since h; is the size of ¢ (with respect to
the Euclidean metric) in the y direction, so exactly as above, we obtain that

3
C
1Y (v = TIv)[| L2y < 1Y (v = Quv)l[p2qe) + T D o=@l
=1

By Propositions [[l B and @ and using the fact that each triangle in the strip
ly| < 2hy has a size of order hy, we obtain that

3

1Y (v =T L2y < Che D [v]s2.2(qy)-
j=1

By summing over the triangles, we obtain the global estimate

(117) 1Y (v~ )|l p2() < C maxhe [v]se2 (0.

In order to estimate || X (v — IIv)||z2(q), we obtain exactly as above that

3
I1X (v = TI) || L2 () < 1 X (0 = Quv) L2y + D 11Q10 — Qi ooty | X b5l L2r),

Jj=1

and arguing as for (@), (@), and ([@3), we see that ||X¢j||%2(t) < Ca]ﬂ;l R~
Ch; ?|t|. Thus we can conclude as for (IT7) that

(118) [X (v —1Iv)||p2) < C rt%@])_(ht [v|s2.2(q)-

This achieves the proof. O
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5.3. Consequence: Error estimate for the finite element method. We can
now estimate the error in the finite element method.

Theorem 6. Let u be the solution of problem (58), and assume that u € S*2(Q).
There exists a positive constant C' such that, if uy is the solution of the discrete
problem ([3), then

(119) ||u— U)\Hsl,z(g) <C Itneaiziht |u|52,2(9).
Proof. Use ([4) and Theorem Bl O

Remark 10. The a priori error estimate ([19) is analogous to the one obtained
for standard elliptic operators for conforming piecewise linear finite element with a
regular family of meshes 7j, (with respect to the Euclidean metric), where h is the
maximal diameter of the triangles of 7, i.e., |u — un|/ g1 () < Chlulg2(q)-

Remark 11. If we consider other boundary value problems obtained by replacing the
Neumann boundary conditions in (&) by Dirichlet or Robin conditions, the finite
element method described above can be applied with standard modifications, and
the error estimate (1Y) holds, as soon as the solution of the continuous problem is
smooth enough.

Remark 12. For the parabolic problem obtained by replacing the first line of (&0)

by % —y2x2g%§ — % = f, or by % — Ayu = f, with A; given in ([, it is possible
to use standard time integration schemes like Euler’s implicit scheme or the Crank—
Nicolson scheme coupled with the finite element method described above. The a
priori error estimates are deduced in a standard manner from those obtained for

the elliptic problem.

Remark 13. Concerning the Cauchy problem (HO) from which we departed (the
parabolic equation is posed in the unbounded domain @), one strategy is to localize
first the problem to a rectangle (mg, M;) x (0,M,). One has to find suitable
boundary conditions on the artificial boundaries. This is discussed qualitatively
in [1], and more quantitatively by A.M. Matache and Christopher Schwab in [15].
Then one can use the finite element method described above for the problem in the
truncated domain. Of course, the error comes from both the artificial boundary
conditions and the discrete method. The error due to artificial boundary conditions
is analyzed in [15].
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