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EFFICIENT INVERSION OF THE GALERKIN MATRIX
OF GENERAL SECOND-ORDER ELLIPTIC OPERATORS
WITH NONSMOOTH COEFFICIENTS

MARIO BEBENDORF

ABSTRACT. This article deals with the efficient (approximate) inversion of fi-
nite element stiffness matrices of general second-order elliptic operators with
L -coefficients. It will be shown that the inverse stiffness matrix can be ap-
proximated by hierarchical matrices (H-matrices). Furthermore, numerical
results will demonstrate that it is possible to compute an approximate inverse
with almost linear complexity.

1. INTRODUCTION

We are concerned with the numerical solution of large finite element systems of
Dirichlet problems,

Lu=f 1in Q,
u=g¢g on 0,
with second-order elliptic operators
(1) Lu = —div[AVu + bu] + ¢- Vu + du

on bounded Lipschitz domains €2 C R™. The Galerkin matrix of such operators is
sparse but has a bandwidth of order N'=1/" where N is the number of degrees
of freedom. Therefore, direct methods are well suited for small problem sizes, but
are not competitive if N is large. In the latter case, iterative methods are usually
more efficient. On the other hand, if the coefficient matrix is ill conditioned, these
methods suffer from slow convergence.

The aim of this article is to show that hierarchical matrices (H-matrices) intro-
duced by Hackbusch et al. [15], [16] can fill this gap. As we will see, they provide a
means by which an approximation of the inverse stiffness matrix can be generated
and handled with logarithmic-linear complexity. Furthermore, no grid hierarchy
is required and H-matrices are robust in the sense that their efficiency does not
depend on the smoothness and only slightly on the size of the coefficients. The H-
approximant might be used directly to solve the finite element system or it might
be used as a black-box preconditioner in an iterative scheme. If it is used as a
preconditioner, there is no need to approximate the inverse with high accuracy,
and the complexity can therefore even be reduced. Another application of the
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1180 MARIO BEBENDORF

inverse is Schur complements, which play a central role, for example, in domain
decomposition methods.

The structure of H-matrices was originally designed to efficiently represent inte-
gral operators with asymptotically smooth kernel. For this application the existence
of H-matrix approximants is well understood. Even efficient algorithms for the gen-
eration of the approximants exist; see [1, 3]. Close to the application of integral
operators are inverses of elliptic operators since they have an integral representation
with the Green function as kernel function:

) (L) (x) = /Q Gla,y)ply)dy  for all g € C°().

If L has smooth coefficients, the Green function is smooth (except for = y) and
the mentioned existence theorems apply. However, the algorithms for building the
approximants cannot be used, since they are either based on the matrix entries or
on the kernel function, neither of which is accessible in general.

In this article the case of L*°-coefficients is treated. In this case it is not obvi-
ous that an H-matrix approximant exists, since according to the De Georgi-Nash
theorem (see [I0]), G is only locally Holder continuous. Therefore, proofs cannot
rely on the smoothness of the kernel function as they did for integral operators.
In [4] we were able to show that the inverse stiffness matrix of the principal parts,
i,e., b =c = 0 and d = 0, can be approximated by H-matrices. In the present
article this result will be extended to operators ([[J) with lower-order terms without
restrictions on their size. Furthermore, we will present numerical results that, by an
‘H-matrix inversion based on the Frobenius formulas, one is able to (approximately)
invert the stiffness matrix with logarithmic-linear complexity.

The structure of the rest of this article is as follows. In Section ] a brief review
of the structure of H-matrices will be given. All necessary results and notation
for the theorems of this article from the field of H-matrices will be presented.
Section [3 contains the existence theory of degenerate kernel approximants of the
Green function, i.e.,

k
G(z,y) = Zui(x)vi(y)a z € Dy and y € Dy,
i=1

on an appropriate pair of domains (D1, D2). The usual way to prove existence of a
degenerate kernel approximant is to exploit the smoothness of the kernel function.
In the case of L*-coefficients the Green function of the inverse differential oper-
ator is not smooth. Therefore, another technique, which is based on the interior
regularity of elliptic problems, has to be used. We will show that as long as L is
invertible, the Green function can be approximated by a degenerate kernel even in
the case of dominating lower-order terms. From the numerical results it will be
seen that these terms enter the constants only in a moderate way.

This result is then employed using (2)) to show that the discrete inverse of L can
be approximated by H-matrices, which in turn leads to the existence of H-matrix
approximants to the inverse stiffness matrix. In Section[d we describe in detail how
to implement an efficient H-matrix inversion. The H-inversion presented is based
on the Frobenius formulas and is used to produce numerical results for operators
with nonsmooth coefficients. We will see that this algorithm is able to compute an
approximate inverse with almost linear complexity.
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EFFICIENT INVERSION OF GALERKIN MATRICES 1181

2. HIERARCHICAL MATRICES

This section gives a brief overview over the structure of H-matrices originally
introduced by Hackbusch et al. [15, 16]. We will describe the two principles on
which the efficiency of H-matrices is based. These are the hierarchical partitioning
of the matrix into blocks and the blockwise restriction to low-rank matrices. These
principles were also used in the mosaic-skeleton method [19)].

In contrast to other efficient methods like wavelet techniques [6l [7, 8], fast mul-
tipole and panel clustering (see [13], [L7] and the references therein), H-matrices
concentrate on the matrix level. They are purely algebraic in the sense that once
the H-matrix approximant is built, no further information about the underlying
problem is needed.

Let us assume that M € RY*N has indices

(3) mi; = a(e;, i),

where ¢; are basis functions with support X; := supp ¢;, i € I :={1,..., N}, and
a is a bilinear form. In this section we assume that there is a partition P of the
indices I x I of M such that each block b = s x t, s,t C I, can be approximated by
a matrix of low rank, i.e.,

My ~UVT UeR>k vV eR>E

where k is small compared with |s| and [¢|. Obviously, by M we denote the subblock
in the intersection of the rows s and columns ¢ of M. From Example [Z4] it will
be seen that the stiffness matrix of operators of type () possesses this property.
Section Bl will extend this to the inverse stiffness matrix.

2.1. The cluster tree. In order to exploit the fact that there is a partition such
that each block can be approximated by a matrix of low rank, we first have to find
it from the set of possible subsets of I x I. This set, however, is too large to be
searched for a partition that will satisfy our needs. Therefore, the set of subsets
b = s x t is restricted to those which consist of index sets s and ¢t stemming from a
cluster tree T7. A tree 17 satisfying the following conditions is called a cluster tree:
(1) I is the root of T7,
(2) if t € Ty is not a leaf, then ¢ has sons t1,ts € T7, so that t = t1 U to.
The set of sons of ¢ is denoted by S(t), while £(77) stands for the set of leaves of
the tree T7. The support of a cluster ¢ is the union of the supports of the basis
functions corresponding to the indices in ¢:

X=X
ict

A cluster tree is usually generated by recursive subdivision of I so as to minimize
the diameter of each part. For practical purposes the recursion should be stopped
if a certain cardinality nmi, of the clusters is reached, rather than subdividing the
clusters until only one index is left. The depth of 77 will be denoted by p. For
reasonable cluster trees one would always expect p = O(log N). A strategy based
on the principle component analysis is used in [2]. The complexity of building the
cluster tree in the case of quasi-uniform grids can be estimated as O(N log N).

Remark 2.1. Sometimes, the number of sons of a cluster in the previous definition
of a cluster tree is not restricted to two. However, this generalization has not proved
useful in practice.
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2.2. Admissibility condition. In order to be able to approximate each block b
of M by a low-rank matrix, b has to satisfy a certain condition. This so-called
admissibility condition will be the criterion for choosing whether b belongs to P. In
the field of elliptic partial differential equations the following condition on b = s x t
has proved useful:

(4) min{diam X, diam X;} < ndist(X,, X;),

where 7 > 0 is a given real number. We will see that under quite general as-
sumptions this condition allows us to approximate the Green function of L by a

degenerate kernel, i.e., there are functions u;, v;, t = 1,..., k, so that
k
(5) G(z,y) ~ Zuz(x)vz(y) in Xg x Xy,
i=1

where k depends only logarithmically on N. Since by (B) the entries of b depend
only on the values of a on the domain X x X, the degenerate approximation of
G on X, x X; will finally lead to a low-rank approximation of the block b.

Condition () was also used to prove convergence of the adaptive cross approxi-
mation (ACA) algorithm for the efficient generation of H-matrix approximants in
the case of integral equations (cf. [I], B]).

Remark 2.2. In the case of unstructured grids the computation of the distance in
(@) between two supports X and Xy is too costly. Therefore, for practical purposes,
the supports are enclosed into sets of a simpler structure; e.g., boxes or spheres.

2.3. Block cluster tree. Based on a cluster tree T; which contains a hierarchy
of partitions of I, we are able to construct the so called block cluster tree Ty
describing a hierarchy of partitions of I x I by the following rule.

procedure build_block_cluster_tree(s X t)
begin
if (s,t) does not satisfy (@) and s,t ¢ L£(T;) then begin
S(sxt):={s xt':se€S(s),t eSSt}
for s’ x ' € S(s x t) do build_block_cluster_tree(s’ x t')
end
else S(sxt):=0
end
Applying build_block_cluster_tree to I x I, we obtain a cluster tree for the index set
IxI. The set of leaves P := L(Txr) is a partition of I x I with blocks b = sxt € P
either satisfying () or consisting of clusters ¢ and s, one of which is a leaf in T7.
The complexity of building the block cluster tree in the case of quasi-uniform grids
can be estimated as O(n~"Nlog N) (cf. [2]).
We are now in a position to define the set of H-matrices for a partition P with
blockwise rank k:

H(P,k) :={M e R™! : rank M, < k for all b € P}.

Note that H(P, k) is not a linear space, since in general the sum of two rank k
matrices exceeds rank k.

Remark 2.3. For a block B € R**? the low-rank representation B = UVT, U ¢
Rs*F 1V € Rk is only advantageous compared with the entrywise representation
if k(|s| + |t]) < |s||t|. For the sake of simplicity in this article, however, we will
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EFFICIENT INVERSION OF GALERKIN MATRICES 1183

assume that each block has the low-rank representation. Employing the entrywise
representation for appropriate blocks will accelerate the algorithms.

Example 2.4. The stiffness matrix S of the differential operator L from () is
in H(P,Nymin). If b € P satisfies (@), then the supports of the basis functions are
pairwise disjoint. Hence, the matrix entries in this block vanish. In the remaining
case b does not satisfy ({@). Then the size of one of the clusters is less than or equal
to Nmin. In both cases the rank of S; does not exceed nmin.

2.4. Storage and matrix-vector multiplication. The cost of multiplying an
H-matrix M € H(P, k) and its transposed M7T by a vector z € RY is inherited
from the blockwise matrix-vector multiplication

Mz = Z Moz and MTz = Z (Msxt)sz.

sxteP sxXteP

Since each block s x t has the representation Mgy, = UVT, U € R*** V € Rt*F
(see Remark[Z3)), O(k(|s|+ |t])) units of memory are needed to store Myy; and the
matrix-vector products

Moy = UV Tz, and  (Myyy) 2, = VU x4

can be done in O(k(|s| + |t|)) operations. Exploiting the hierarchical structure of
M, it can therefore be shown that both storing M and multiplying M and M7T
by a vector has O(n~"kN log N) complexity. For a rigorous analysis the reader is
referred to [2]. Therefore, H-matrices are well suited for iterative schemes such as
Krylov subspace methods.

3. APPROXIMATION OF FE INVERSES

In Example 2.4 it was mentioned that the stiffness matrix of a general elliptic
operator with L>°-coefficients can be represented as an H-matrix. In this section it
will be proved, moreover, that its inverse can be approximated by an H-matrix. For
this purpose it will first be shown that the Green function of L and the bounded
Lipschitz domain £ C R"™ can be approximated on a pair D; X Ds of domains
satisfying

diam Dy < ndist(D1, D3).

Since we consider Dirichlet problems, we assume that L : H}(Q) — H~1(Q) is
an invertible second-order partial differential operator

(6) Lu = —div [AVu + bu] + ¢ - Vu + du,
where A(z) € R™*" is symmetric with entries a;; € L>(f2) and
(7) 0<A<A(z) <A

for all eigenvalues A(z) of A(z) and almost all z € Q. The bound A/A on the
condition numbers of A will be denoted by k := A/A. Furthermore, let b(z), c(z) €
R™ and d(z) € R with b;,¢;,d € L*°(R2),i=1,...,n.
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1184 MARIO BEBENDORF

3.1. Degenerate approximation of the Green function. In [4] we investigated
the principal part Lo of such operators; i.e., operators with b = ¢ = 0 and d = 0.
For these operators it is shown in [I2] that in the case n > 3 a Green function
Go : Q x Q — R exists with the properties

(8a) Go(z,-) € HY(Q\ B.(z)) N Wol’l(Q) for all x € Q and all r > 0,

(8b) a(Go(x,-),p) = p(z) for all ¢ € C;°(Q2) and x € Q,

where B,.(z) is the open ball centered at x with radius r and

9) a(u,v) = / Vv - AVudz.
Q
Furthermore, for z,y € Q it holds that
en(k .
(10) Gota )] < 2y

In the case of invertible operators L of type (B) a Green function G:=(Ly L)~ 'Gy
satisfying () can be defined, where

(11) a(u,v):/Vv-AVud:v—l—/Vv-budx—l—/c-Vuvdm—i—/duvda:.
Q Q Q Q

Notice that

G—Go=[Ly'L)™' = I|Gy = —L 7L, Gy,
where L, := L — Ly is the lower-order part of L. Since L™'L; is an operator of
order —1, L™'L1Gy is smoother than Gy. Hence, the singularity of Gy at z = y

is carried over to G and we may assume that there is a constant ¢, such that for
xz,y € it holds that

Cn(/ﬁ;) b) c) d)
A

In the case n = 2, the existence of a Green function for operators of type (€) has
been proved more rigorously in [9]. In this case instead of ([[Q) for =,y € Q, one
has the following bound on the Green function:

c(k,b,c,d)
A

(12) G(z,y)| < o =y

(13) G(z,y)| < log |z —y.

We will make use of the following characteristic relation between L~' and G,
which is equivalent to (8h):

(14) (L) () = / Gla,y)o(y)dy  for all o € C°().

In the rest of this paper D C R"™ is a domain. The proof of the following basic
lemma is mainly based on the Poincaré inequality (cf. [5]), and can be found in [4].

Lemma 3.1. Let D be convex and X a closed subspace of L?(D). Then for any
k € N there is a subspace Vi, C X satisfying dim Vi < k so that

. diam D
(15) distz2(py(u, Vi) < ca P 1Vl 12D

for each uw € X N HY(D), where ca depends only on the spatial dimension n.
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EFFICIENT INVERSION OF GALERKIN MATRICES 1185

The following set will be used in Lemma BT as X:
(16) X(D)={uec H} (D) : a(u,p) = 0Vp € C*(DNQ) and u|p\o = 0},

where a(,-) is the bilinear form defined in (II]). Hence, the set X (D) consists of
L-harmonic H}} -functions vanishing outside of 2. A proof for the fact that X (D)
is a closed subspace of L?(D) can be found in [4, Lemma 2.2]. We remark that the
extension of G(z,-), z € Q, to R™ by zero is in X (D) for all D C R satisfying
dist(x, D) > 0.

By the following Caccioppoli inequality we are able to estimate the gradient
on a compact subset by the norm of the function on an enclosing domain. This
inequality provides a means to overcome the lack of regularity of G.

Lemma 3.2. Let K C D be a compact subset. There is cg = cg(k, A\, b, ¢, d) such
that

CR
17 V < —
(17) I U||L2(K) = dist(K, 0D) ||U||L2(D)

for allu € X(D).

Proof. Let n € CY(D) satisfy 0 < np < 1,7 = 1in K, n = 0 in a neighborhood
of 0D and |Vn| < 2/§ in D, where we set 6 = dist(K,dD). Since K’ := suppn
is a compact subset of D, definition () of X (D) implies u € H'(K'). Hence,
¢ = n?u € H}(D N Q) may be used as a test function in a(u,¢) = 0 due to the
dense embedding of C§°(D N Q) in HY(D N Q). Since ¢ = 0 in D \ 2, we have

—/(Vnzu)~budx—/ 772uc'Vudx—/ dn2|u|2dx:/(Vn2u)~AVudx
D D D D

= 2/ nu(Vn) - AVudzx + / n*(Vu) - AVudz.
D D

Hence,

/ n?|AY2Vu? dz = —2/ nu(Vn) - AVudx — 2/ n(Vn) - blul? dz
D D D

—/ nQ(Vu)~budx—/ 772uc'Vud:c—/ dn?|u|? dz.
D D D

For the first integral on the right-hand side of the last equation we obtain

/ nu(Vn) - AVudzx
D

g/ |AY 2| [nAY 2Vl u| dz
D
Vi

A
< ZT||"7A1/2VU'HL2(D)HU'HLQ(D)-

The third integral can be estimated as

/ n*(Vu) - budzx
D

S/ n|bln[Vul [u d < |||b||\oo/ |Vl [u| dz
D D

1/2
< 11Bllo ( / n2|w|2dx) 220

_ bl

STA InAY2Vul| 12 py |lull 2Dy
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and, similarly, one has for the fourth integral
/ 772u c-Vudz| <
D

1
2||nAY2Vul| L2 pyl|ull L2y < Z””AUQVUH%Q(D) + ellullFopy

cllloo
< Ll v oy

Since

with € := 4v/A/§ + A~1/2|[|b| + |¢||| o0, we end up with

2
InAY>Vul2a ) < 2 ( 2iblle + ||d||oo) llZoc,

This leads to .
InAY2Vul| 2y < 5 lull 2Dy

where

2
@ = (VB -+ llbl +lello )+ 8611011 + 28]l

and hence

_ ¢
IVull L2y < IMVullr2py < A 1/2||77A1/2vu||L2(D) < SNV

Remark 3.3. From the previous proof it can be seen that d does not enter estimate

(@) if d > 0.

Lemma 3.4. Assume that Do C D is a conver domain such that for some n > 0
it holds that

llullz2(py. O

0 < diam Dy < ndist(D2, dD).
Then for any € > 0 there is a subspace W C X (D3) so that
(18) distz2(p,y (u, W) < ellul|z2(p) for all u € X (D),
and dim W < ¢ [|loge|]"t! + [|loge|], where ¢, = cacre(2 +n).

Proof. Let £ := [|loge|]. We consider a nested sequence of convex domains
K; = {z e R" : dist(z, D3) <r;}

with real numbers r; := (1 — j/¢)dist(D2,0D), j = 0,...,¢. Notice that Dy =
Ky C Ky—1 C --- C Ko C D. Using the definition ([8) of the space X we set
X; = X(K;).

Applying LemmaBlto K; with the choice k := [(cacr(2 + n)le~/*)"] we can
find a subspace V; C X satisfying dim V; < k and

diam K;
Tj Vvl L2k

for all v € X;NH'(K;). From Lemma B2 applied to (K, K;_1) instead of (K, D),
we obtain

(19) diSth(Kj)(U,Vj) <ca

CR Y4
20 \Y% _— .y =CR— .
(20) I UHL?(K ) S § st(K;, 0K, 1) ||’U||L2(KJ_1) CRTO ||v||L2(KJ_1)

for all v € X;_;. Since any v € X;_; also belongs to X; N H!(K}), the estimates
(@9) and (20) together with diam K; < (2 + n)ro may be combined:

(21) distr2(x,) (v, Vj) < Vvl p2k, ) forallve X, 1.
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EFFICIENT INVERSION OF GALERKIN MATRICES 1187

Let u € X(D) and vg := u|k, € Xo. By the last estimate we have vg|x, = u1+v1
with u; € V4 and
1]l 2y < € Mlvoll 2 (o)
Consequently, v1 belongs to X;. Similarly, forall j = 1,...,¢, we are able to find an
approximant u; € V; so that v; 1|k, =u; +v; and [Jvj||L2 (k) <gl/t lvj—1ll2(x;_1)-
Using the restrictions of V; to the smallest domain Dy = K, let

W :=span{Vj|p,, j =1,...,¢}.

Then W is a subspace of X (D3) and, since vg|p, = v + Ele uj|p,, we are led to

4
dist1(p) (v0, W) < lleellzaony < (27°) llvollzeien) < ellullzeo),

where the last inequality is due to Ko C D.
The dimension of W is bounded by Z§=1 dim V; < ¢k. Since e~ 1/t < e we obtain
dim W < (cacre(2 + )"t 4 ¢. O

The previous lemma will now be applied to the Green functions Gﬁc, -) with
x € Dy C Q. For this purpose let g, be the extension of G(z,-) to R™ \ Dy; i.e.,

G(l‘,y), yGQ\Elv
22 - =
(22) 9=(y) {07 yERM\ Q.
Then g, is in X(R" \ D;). Note that its approximant G(x,-) from the following
theorem is of the desired form (H).

Theorem 3.5. Let D1 C Q and Dy C R™ convex. Assume that there is n > 0 such
that
0 < diam D4y < ndist(Dq, D2).

Then for any e > 0 there is a separable approximation
Grle,y) =) Equi@)uily) with k < ke := ¢ [|loge]"" + [|loge]],
so that for all x € D1,
(23) 1G (2, ) = G, )l 2(Dane) < el G (@)l p2(p,)s
where Dy == {y € Q : 2ndist(y, Dy) < diam Dy} and

5 2 52 diam Do
=2ce(1 4 - ~ = o2 ||d|[0o, 6:=—ZZ.
cn=2cae( +n)\/< \/E+A|||b|+|6||| ) 8116l +2ldll oo, 6 2

Proof. Let D = {y € R" : 2ndist(y, D2) < diam Dy}. Note that because of
dist(D1, D) > 0, we have g, € X (D) for all z € D;. Since in addition diam Dy <
2n dist(D2, D), Lemma [34] can be applied with 7 replaced by 2n. Let {v1,...,vx}
be a basis of the subspace W C X (D) with k = dim W < ¢, [|loge[]" " +[|loge[].
By means of (I8) g, can be decomposed into g, = G, + 7, with g, € W and
I7ellz2(Ds) < €llgellz2(py- Since g, and g, vanish outside of €, we actually have
[rallz2(pne) < €llG(@, )|l 12(p,)- Expressing g, by means of the basis of W, we

obtain

o =Y Fqui(x);
with coefficients u;(z) depending on the index € D;. The function Gg(z,y) :=
Zle u;(z)v; (y) satisfies estimate (23). O
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Note that since the constant c4 does not depend on {2, the geometry enters c,
only through the diameter. Hence, the shape of the domain does not influence our
approximation result.

The existence of degenerate approximants to the Green function will now be
used to prove existence of H-matrix approximants to the discrete inverse of L and
the inverse stiffness matrix.

3.2. ‘H(P, k)-approximation of discrete operators. Using a finite element dis-
cretization, H} () is approximated by Vi, C HJ(); i.e., for all v € H}(Q)
(24) inf |jv—wp|lgr — 0 for h — 0.
vp €Vh
In agreement with the assumptions of Section 2l let N = dim V}, be the dimension
and {@;}icr a basis of Vj,, where I := {1,...,N} is used as an index set. The
notation for the support of the finite element basis function is generalized to subsets
tC I as
(25) X;:=suppp; CQ foriel, X, ::UXi fortcC 1.
1ET

In order to avoid technical complications, we consider a quasi-uniform and shape-

reqular triangulation. Hence, the step size h := max;c; diam X; fulfills

(26) vol X; > ¢,h"™.

The supports X; may overlap. In accordance with the standard finite element
discretization, we require that each triangle belongs to the support of a bounded
number of basis functions; i.e., there is a constant cp; > 0 so that

(27) carvol Xy > ) “vol X;.
ict
We use the notation J for the natural bijection J : RN — Vj, defined by Jz =

> ic1 Tiwi. For quasi-uniform and shape-regular triangulations it is known (see [14]
Theorem 8.8.1]) that there are constants 0 < c¢j1 < ¢y2 (independent of h and N)

such that
(28) crillzln < llJzlL20) < cazllzln for all z € RY,
where || - ||, is the naturally scaled Euclidean norm induced by the scalar product

(z,y)n = B™ Y, Tiyi- Since J is also a function from RY to H}(Q), the adjoint
J* € L(H~1(Q),RY) with respect to (-, ), is defined. We define the following three
N x N matrices,

S—=JLJ, B=JL'J, and M= .J*J.

S is the stiffness matrix, B the Galerkin discretization of the inverse of L, and M
is the mass matrix. The matrices S and M are sparse, while B as well as S~! and
M~! are dense.

Remark 3.6. M is positive definite and S is invertible for sufficiently small h.
Since the principal part of L is coercive and the lower-order terms constitute a
compact operator due to the compact embedding of L? in H~!, L satisfies Garding’s
inequality

(L, u) 20y = Y[l gy — cllullfaq) for allu € H'(Q).
From the Céa-Polski Lemma (cf. [I8]), S is invertible if A is sufficiently small.
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We need the following lemma [IT] by which the spectral norm of an H-matrix
can be estimated by its blockwise norms. P is again assumed to be generated as in
subsection 23]

Lemma 3.7. There is a constant csp such that for any matrizc M € H(P, k) the
following inequality holds:

1M1z < csp proax [ Myl

Theorem 3.8. Let X; be convex for allt € Ty. For anye > 0, let k. € N be chosen
as in Theorem BAl Then for k > max{ke, nmin}, there is By € H(P, k) such that

g
(29) | B — Byll2 < Cn 3Py

where ¢, = cp(k, b, c,d,n,Q) depends on n from [@) and diam Q. p is the depth of
the cluster tree Tt defined in subsection 211

Proof. Let b= s x t € P with min{#s, #t} < nmin. In this case we simply set
(BH)b =By = (J*LilJ)b.

Since the block (B ), has at most ny,i, columns or rows, rank (By ), < k holds.

If b = s xt € P with min{#s,#t} > nmin, then b satisfies ). Applying
Theorem with D71 = X, Dy = X; there is Gy(z,y) = Zf;l ub(z)v?(y) such
that

1G = Gullzzx.xx,) S EllGllpzix, xx,)

where X; := {z € Q : 2ndist(z, X;) < diam X;}. Let the functions u? and v% be
extended to € by zero. We define the integral operator

Kyp = / Gb dy for supp ¢ C Q

and set (B )y = (J*KpJ)p. The rank of (By)p is bounded by k. since each term
ul(z)v?(y) in Gy produces one rank 1 matrix in (J*Kj,J)s.

(2 3

Let x € R! and y € R®. To see that (Bs), approximates the block By, remember
the representation ([4)) of L= and use (28). The estimate

(B — B,y = (J(L™' = Kp)Jx,y)n = (L' = Kp)Jx, Jy) 12
<G = Gollzix.xxo I Izl L2 xo 1Tyl 2 x.)
< ellGllizeix, xxn 1zl L2@) 1Tl L2 (0)
< 603,2||C7'||L2(Xb,x)“(t)||$||h||y||h

proves [|(B = By)oll2 < ec5,[1Gll 2 (x, w x,)-
Although G(z,-) € WH(Q) for all z € Q, G(+, ) does not belong to L?(Q2x ) as
soon as n > 4. From it can be seen that |G|/ ;2 x_ ,) may increase when the

sets X, X, are approaching each other. The construction of Xt, however, ensures
A 1 1
= dist( X, X¢) > Edist(Xs,Xt) > 2—diame
n
as well as 2nd > diam X; due to ). Hence (I2) implies, for the case n > 3,

cn(K,b,c,d) 5 ), A
Gl 12(x, x %) < %52 (vol Xy)(vol Xy).
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Using vol X, < wn(%diam Xt)" < wp(n+1/2)"0™ and vol X5 < wy(nd)™, where wy,
is volume of the unit ball in R™, we see that

_ cn(k,b,e,d o n
G2 (x, x %) < C’?%&Q with &, := wn (n(n +1/2))"/.
The rough estimate ¢ < diam ) together with Lemma BT yields ([29)). Using (L3)),
the case d = 2 can be treated in a similar way. O

Remark 3.9. Assume that each (possibly nonconvex) set X; has a convex superset
Y; satisfying the admissibility condition (). Then Theorem [B.8] remains valid for
X, x X;. Therefore, according to Remark 2.2] the assumption on the convexity of
X; in Theorem [3.8 is reasonable even for practical purposes.

The previous theorem shows that we are able to approximate the discrete inverse
of L by H-matrices. Our aim however is to prove that the inverse of the stiffness
matrix S possesses this property. For this purpose we use the fact that S~! can be
approximated by M ~'BM~!. The last product, in turn, can be approximated by
an H-matrix. In [4] we have already presented the details of the above arguments.
Since they are quite technical, we just give the main results without proofs.

The finite element approximation is connected with the Ritz projection P, =
JATYJ*L - H}(Q) — Vi, If u € HE(Q) is the solution of the variational problem
a(u,v) = f(v), up, = Pypu is its finite element solution. The FE error is then given

by

en(u) == |lu — Prul|r2(q),
and the weakest form of the finite element convergence is described by
(30) en(u) < €h||f||L2(Q) for all u = L_lf, fe LQ(Q),

where g5, — 0 as h — 0.

Remark 3.10. Due to our quite weak assumptions on the smoothness of the co-
efficients in (@)), one cannot specify the behavior of ¢, for A — 0.

Lemma 3.11. It holds that |S™' — M~'BM 1| < 201%0?772&1-

Since the product of two H-matrices is an H-matrix with augmented rank (cf.
[T1]), it remains to show that M~! can be approximated by an H-matrix Ny.
Then, Cy := Ny By Ny approximates S~1.

Lemma 3.12. For any e > 0, there is Ny € H(P, k) satisfying
M~ = Nygllz < e| M2
with ke = O(|loge|™).

Gathering all previous results, we obtain the existence of H-matrix approximants
to the inverse stiffness matrix.

Theorem 3.13. Let €, > 0 be the finite element error from (BU) and p the depth
of the cluster tree Ty defined in subsection 21l Then there is a constant ¢ > 0
defining k = ép®log" ™! L and there is Cy € H(P, k) such that

(31) S~ — Cxll2 < cnens

where ¢, = cn(k, A, |[L7 Y g1—g-1,b,¢,d,n,diam Q). If e, = O(hP) for some 3 >
0, k = O(log""® N) holds.
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Theorem 313 states that S~! can be approximated to an accuracy determined
by the FE error, which is sufficient since the accuracy of the solution cannot be
improved by a better approximation of S~!. In the following section, however, an
inversion algorithm is devised, which, as we will see in the numerical results, can
reach any prescribed accuracy.

4. ALGORITHMS

Since H(P, k) is not a linear space, we have to replace the usual matrix operations
by truncated ones. Starting from the H-matrix addition, we define an H-matrix
multiplication. Using these modified operations it is possible to define an H-matrix
inversion based on the Frobenius formulas. These ideas already appeared in the
early papers on H-matrices (cf. [15], [16]).

4.1. Truncated addition. In order to make the sum of two H(P, k)-matrices be
in H(P, k), we have to add them blockwise and truncate each sum UVT, U =
(Uy,Us) € R¥*2k vV = (11, Vo) € R™Z* | of two rank k blocks U1 Vi! and Us V3L to
a matrix of rank at most k. For this purpose we have to assume that for a given
precision € > 0, a matrix R of rank ¢ < k exists such that |[UVT — R||s < . The
matrix R can be found by the following algorithm, which was also used in [2] for
finding the approximant of lowest rank in an e-neighborhood of a low-rank matrix.

procedure truncate(U,V, k,var U, var V)

begin
Compute the @ R-decompositions U = Qu Ry and V = Qv Ry.
Compute M := Ry RL € R2+x2k,
Compute the singular value decomposition M = X SYT.
Find the smallest £ such that sy < es1, where s1 > -+ > soi are the

diagonal entries of S.

Let Sy and Yy be the first £ columns of S and Y, respectively.
Compute U:= QuXSy and V= QvYy.

end

Obviously, UVT has rank ¢ and for the error in spectral norm it holds that
- - s
JUVT =TVl = == UV 2 < UV o,

The actual rank of a block within an H-matrix may therefore be less than k.
The truncated addition will be denoted by &, and we define the addition of two
submatrices A, B in the entries b € T7« by

A®B={A,®. By for all b € P, b is a descendant of bin Trx1}

The previous truncation algorithm needs O(k?(|s| + |t|)) operations if b = s x ¢.
Hence, exploiting the block hierarchy the complexity for the H-matrix addition of
two matrices from H(P, k) can be shown to be of order n~"k?N log NV.

4.2. Truncated matrix-matrix multiplication. Since the partition P consists

of the leaves of the block cluster tree T7x;, we are able to recursively define a
modified matrix-matrix multiplication C £ a0 B, A € H(P,k), B € H(P,k),
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making use of the partitioned matrix-matrix multiplication. Let r X s, s X t,r X t €

Tr«1 be block clusters. In order to define what is meant with C.«; g Arws © Byt
we have to distinguish three cases.

(1) All three blocks r x s, s x t, and 7 x t have sons in the tree Tyy;.

|:Cv"1><t1 CT1Xt2:| @ |:A7'1><81 AT1><82:| ® |:BS1><t1 B81Xt2:|

C’r‘g Xt CT'QXtQ AT‘2><81 AT‘QXSQ B82 Xt BSQXtQ

is recursively defined by

D <

CT1 Xt1 — AT1 X 81 © le Xty CT’l Xt1 — AT’1><52 © B52><t17
D D

Cv"l Xty — Amxsl @ B81Xt2) CrlxtQ = AT‘1><82 @ BSQXt27
D D

C’r"2><t1 = Argxsl @ lextla CT'Qth = AT‘QXSQ @ BSQXt17
D <

C’I"z Xty — A’I"2><81 © le Xto CT’QXtQ - AT’QXSz © B82><t2'

(2) One of the blocks 7 x s and s x t is a leaf in Ty«;.
Assume that s x ¢ is a leaf, then Bsy; has a representation Bgy¢ = UBVBT,
Ug € R*k Vg € Rk,

Cr><t g Arxs ®© Bs><t
in this case is defined as
Crxt = Crxt @ ATXSUBVg7

where A, «;Up are k H-matrix-vector products.
(3) r x t has no sons in Tyxy, and r X s, s X t have sons in the tree Try;.
For the definition of

Cr 3 |:Ar1><51 Ar1><52:| o) |:B51><t1 le ><t2:| ,

Xt =
AT’2><81 A’I"2><82 B82><t1 BSthz

we introduce matrices Ry, R2, Rz, and Ry by

Ri=Ry=Rs;=Ry=0,

and
REA B R ZA B
1 — r1><sl® s1 Xty 1 — r1><52® Sa Xty
R, 24 B R, 24 B
2 — 7'1><S1® S1 Xtos 2 — 7"1><82® SaXtgs
52} D
R3 = AT‘2><81 @ B81><t1) R3 = AT‘QXSQ @ BSQth)
R, 24 B R, 2 A B
4 — r2><sl® s1 Xtas 4 — r2><52® sa Xtas
and set

comcan| (8 o B (2 ol 2D}

If the truncation accuracy € was chosen to be the machine precision, then C £ AeB
would coincide with C' := C'4+ AB. The complexity of the truncated matrix-matrix
multiplication can be estimated as O(n~"k>N log® N) (cf. [I1]).
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4.3. Inversion. We assume that each block Asxs, s € Tr, of A € H(P, k) is invert-
ible. This is, for example, the case if A is positive definite. The matrix block Ay
corresponding to s € Tr \ L£(T7) is subdivided into the sons of s x s:

A _ A81 X 81 ASl X 82
SXs — .
AS2><31 ASQXSQ

According to the Frobenius formulas for the inverse of A, it holds that

1 -1 -1 -1 1 1
A*l _ A51><51+A51><51A31><325 A32><31A51><51 _A51X51A31><S2S
sXs —S1A Afl St ’
S2X814%51 X 81

where S is the Schur complement S = A;, x5, — A4s, Xslflgllmlfls1 xsy+- Lhe H-matrix
inverse Cyxs of Asxs is defined by replacing the matrix-matrix multiplication and
the addition by the H-versions. We need a temporary matrix T € H(P, k), which

together with C is initialized to zero.
procedure invertH(s, A, var C)
begin
if s € L(Tr) then Cyyy := AL
else begin
invertH(sy, A, C).
e
T81><82 - C81><81 @ ASl X S8g-+
=
Tsp(sl = A32><31 O] Csl X871+
D
ASQXSQ = A32><s1 O] Tsl><32-
invertH(sz, A, C).
D
Csl xsy = Lsyxsy © CSQXSQ'
D
CSQXSl = CSQXSQ O] Tsp(sl-

52
CSl X851 - T81 X 82 @ C82><81'
end
end

s is the usual inverse.

The matrix A is destroyed during the previous algorithm, and C' € H (P, k) contains
an approximant of A~'. The cost for the computation of the H-inverse is mainly
determined by the cost for the H-multiplication. Therefore, an approximation to
the inverse of A can be obtained with complexity O(n~"k2N log® N).

5. NUMERICAL EXPERIMENTS

In this section the practical influence of the various terms of the differential
operator (@) on the efficiency and accuracy of the H-inverse is investigated. For
simplicity all tests are performed on a uniform triangulation of the unit square
Q := (0,1) in R2. In each case the stiffness matrix S is built in the H-matrix
format; see Example2.4] Then the inversion algorithm from subection .3 is applied
to it with a relative truncation accuracy €. Hence, rank k is adaptively chosen and
is therefore expected to vary among the blocks. All tests were carried out on a
single processor of a SunFire 6800 — 900MHz [l

IThe H-matrix library which was used for the tests is available under http://www.
mathematik.uni-leipzig.de/~bebendorf/AHMED.html.
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Let up € RN be the finite element solution; i.e., the solution of Suj = b, where
b is the vector with the components

bi:/fcpidx, ’i:l,...,N,
Q

and @, = Cb, where C is the computed H-matrix approximant of S~'. Since
(32) lun = anll2 = [lun — CSunllz < |[In — CS|l2 lunl2,

the expression ||[Iy — CS||2 is an upper bound on the relative accuracy of a5 com-
pared with the finite element solution up. Note that @j cannot be a better ap-
proximation of u than wuy is, since the proposed method is built on top of the
finite element method. Hence, in the following computations we will rely on the
expression ||[Iy — CS||2 as a measure of accuracy.

5.1. Principal parts. In the first example we consider operators L = —div A(z)V.
The coefficients A of L are chosen to be of the form

Alz) = B a?x)}, reQ,

where a(x) = 1 in the lower region of Figure [I] and a random number from the
interval [0, a] in the remaining part of the unit square. In order to avoid averaging
effects, the coefficient o possesses a two-level random structure: the randomly
chosen coeflicient on each triangle is multiplied by a coefficient chosen randomly on
a scale of length v/h, where the grid size h is defined through h(y/N/2 +1) = 1.

In Table [I the accuracy ||[Iy — CS]|2 of the H-matrix C' and the CPU time
consumption are compared for different a and different problem sizes N. The
truncation accuracy ¢ is chosen such that || Iy — CS||2 is of order h.

100

FIGURE 1. The coefficient a(x)
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TABLE 1.
a=1.0 a=10.0 a = 100.0
N h € time [s] accuracy | time [s] accuracy | time [s] accuracy
14400 | 8.3e—3 | le—5 294 8.5e—3 284 lle—2 290 1lile-—1

38025 | 5.le—3 | 2e —6 146.7  6.2¢—3 1386 6.9e —3 143.2 1.5e — 2
65025 | 3.9e —3 | be =T 341.3 3.4e—-3 3276  3.2e—3 338.1 6.0e —3
129600 | 2.8e =3 | 2¢e =7 1074.9  2.6e—3 1008.0 2.8e—3 1032.3 4.7¢e -3
278784 | 1.9e —3 | 5e — 8 3452.1 1.6e—3 | 3201.7 2.0e—3| 3320.1 44e—3
529984 | 1.3e —3 | 2e —8 9210.0 13e—3 | 8529.0 1l.5e—3 | 8868.7 3.le—3

TABLE 2.
a=10 a=10.0 a = 100.0
time [s] accuracy | time [s] accuracy | time [s] accuracy
b=1 3334 3.2e-3 334.4 5.0e—3 385.4 8.0e—3
b=10 3276 28e—3| 3268 3.0e—3| 3737 27e—3
b =100 329.7 3.1e—3| 3302 26e—3| 3943 20e—3
b=1000| 3319 27¢e—3| 3331 35e—3| 3882 18e—3

In the next set of tests the same quantities for a smooth but oscillating coefficient
in the principal part are computed; i.e., « is chosen to be the function

ax) = a(l 4 cos(b2nz) sin(b27y)).

By changing the coefficient a we are able to prescribe the amplitude of the oscillation
and by b the number of oscillations in z- and y-direction of 2 = (0,1)2. Table
contains the results for N = 65025 and € = 5e — 7.

The experiments show that in the absence of lower-order terms neither the ac-
curacy nor the CPU times needed to compute the approximant do depend much
on the coefficients.

5.2. Convection-diffusion. In this section operators of the type
L=-A+c¢c-V

will be considered. In the first example the convection coefficient ¢ is randomly
chosen; i.e., ¢(r) € [—a,a]? for x € Q. Table Bl shows ||[Iy — CS||2 for different
parameters a.

In the next example we investigate operators

Lu = —eAu+ uz +uy

for different parameters ¢ > 0. We are particularly interested in a convection
dominated setting. Table @ shows the results.

TABLE 3.
a=1.0 a=10.0 a = 100.0
N h € time [s] accuracy | time [s] accuracy | time [s] accuracy
14641 | 82e—3 | le—5 314 T7.le—-3 315 7.5e—3 312  9.5e—3
38416 | 5.1e—3 | 2e — 6 153.6 6.5 — 3 154.1 6.6e — 3 155.7 8.0e —3

65025 | 3.9e —3 | 5e =7 355.9 2.9e-3 356.9 3.0e—3 356.2 3.5e—3
129600 | 2.8e —3 | 2e — 7 1100.3  2.5e -3 1104.3 2.5e—3 1106.4 2.6e—3
278784 | 1.9e—3 | 5e — 8 3503.2 1.5e—3 3505.8 1.6e —3 3518.7 1.5e—3
597529 | 1.3e —3 | 2e — 8 || 11072.6 1.4e—3 | 11111.1 1.5e—3 | 11105.7 2.0e —3
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TABLE 4.

e=0.1 e=10.01 e =0.001
N | time [s] accuracy | time [s] accuracy | time [s] accuracy
14641 30.0 5.7e—3 294 94e—-14 609 2.7e—4
38416 1455 4.2e—-3 1549 4.6e—4 259.3 1.2e—4
65025 336.8 19e—3 362.3 2.6e—4 481.0 25e—5
129600 | 1046.5 1.6e—3| 1133.0 2.0e—4| 1233.0 18e—5
278784 | 33114 94e—4| 36656 1l.le—4| 29985 1.3e—5
597529 | 104524 1.0e—3 | 11701.8 1.2e—4 | 11370.6 9.5e —6

Since the tables above show that it is possible to find an H-matrix C' that
approximates S™!, from (B2) it is obvious that @, approximates the finite element
solution uy. This is especially true in the presence of boundary layers, as illustrated
in the following example. The solution of

—€eAu+uy + uy = f,
where
F(a,) = (@ +y)(1 = @D/ 4 (g (el — o)
with zero boundary conditions is known to be
u(z,y) = zy(1 — @D/ (1 — eW=1/e),

Figure B] compares the restrictions of v and @y to the set {(z,z), x € (0,1)} for
€ = 0.01 and N = 14641. Obviously, the proposed inversion procedure is able to
handle boundary layers as long as the underlying finite element method is stable.

In the next example we consider convection in a direction that is aligned with
the grid; i.e., operators

Lu = —eAu + u,

for different parameters € > 0 are investigated. The CPU times for computing the
approximants and their accuracies can be found in Table [5

It is well known that if the ratio ¢/h gets small, the finite element discretization
suffers from the loss of stability. As a consequence the stiffness matrix becomes
ill conditioned. It may even happen that S is not invertible. This behavior is
observable for small N if € tends to zero: when changing ¢ = 0.01 to ¢ = 0.001

0.8

0.6

0.4

0.2

0

0 0.2 0.4 0.6 0.8 1

FiGURE 2. The solutions u and .
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TABLE 5.

e=0.1 e=10.01 e =0.001
N | time [s] accuracy | time [s] accuracy | time [s] accuracy
14641 30.3 6.3e—3 314 6.6e—4 474 13e—4
38416 1457 4.9e—-3 1614 5.7e—4 226.1 6.3e—5
65025 339.0 22e-3 365.7 1.8e—4 4639 18e—5
129600 | 1053.9 19e—3| 1152.1 18e—4| 12358 1l4e—5
278784 | 3323.3 1l.1le—3| 3657.8 1.5e—4| 41355 6.3e—6
597529 | 10457.6 1.0e —3 | 11646.8 1.3e—4 | 12208.7 7.9e —6

the CPU time for N = 14641 increases by a factor of 1.5, while it is almost not
influenced in the case N = 597529, where the discretization is stable.

The proposed inversion procedure can also be applied to Shishkin meshes, which
should be used for a better convergence of the finite element method.

5.3. Diffusion-reaction. As a third kind of example we consider the operator
Lu = —Au + du with a randomly chosen reaction term d(zx) € [0,a] for z € Q.
Since by adding a positive d to the operator —A, the distance of the spectrum to
zero is increased. Hence, the larger the d, the better the approximation works. The
respective results can be found in Table[6.

Negative d (i.e., the Helmholtz equation) can also be handled as long as the
inverse of L is guaranteed to exist. If an integral formulation of the Helmholtz
equation is discretized, it is known that, due to the oscillatory kernel, the rank of
the blocks in the H-matrix approximant depends on the wave number. Therefore,
the method can still be applied, but it is only efficient if the wave number is not
too large. The same effect can be observed here.

Each column of Table [7 shows the approximation results for the respective d in
the case N = 129600. In order to be able to guarantee ||Iy —CS||2 ~ h, we have to
choose a higher truncation accuracy ¢ if the modulus of d is increased. Note that
d is now a constant. Hence, for large wave numbers the inversion procedure can be
applied, but gets less efficient.

As a last example we consider values d that are close to the eigenvalues of the
operator A. In the case of resonance (i.e., —d is an eigenvalue of 5), the stiffness
matrix S is not invertible. Close to resonance the stiffness matrix is ill conditioned.
The functions

ug(z,y) == sin(2rkz) sin(2rky), k=0,1,...,

TABLE 6.

a=10.0 a =100.0 a = 1000.0
N | time [s] accuracy | time [s] accuracy | time [s] accuracy
14641 31.2 5.5e—3 323 18e—-3 34.7 21le—4
38416 1544 4.9e—-3 1616 1.3e—-3 1722 72e—-5
65025 3571 21le—3 369.1 6.1le—3 3942 4.6e—5
129600 | 1106.5 19e—3| 11339 58e—4| 12228 54e—5
278784 | 3502.8 1.2e—3| 3610.1 3.7e—4 | 3876.2 3.6e—5
597529 | 11100.7 1.1e—3 | 11500.8 3.6e —4 | 12242.4 3.2e —5
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TABLE 7.

|d=-1.0]d=-10.0 | d=—100.0 | d = —1000.0 | d = —10000.0

€ 2.0e =7 1.0e =7 2.0e -9 5.0e — 10 2.0e — 11
accuracy | 2.5be —3 2.8e — 3 2.5e —3 3.8e -3 2.9e -3
time [s] 1029.1 1076.7 1386.6 1678.3 3144.2
TABLE 8.

d| -390| -395| —40.0| —4015| -40.2| —40.25| —41.0
€ 2.0e —8 | 2.0e —8 | 1.0e — 8 | 2.0e —9 | 5.0e — 10 | 2.0¢ — 9 | 2.0e — 8
accuracy | 1.9e—3 | 1.7e —3 | 2.0e—3 | 1.6e—3 | 23e—3 | 1.3e—3 | 1.5e—3
time [s] 1109.4 1114.6 1168.2 1299.4 1414.0 1292.6 1109.1

solve the eigenproblem
—Au=Xu inQ=(0,1)
u=0 on 01,

with corresponding eigenvalues )\, := (27k)?. In Table Bl N = 129600 and —d is
chosen in a neighborhood of the second eigenvalue \; = 472,

From the numerical experiments above we conclude that the proposed method
is robust with respect to nonsmooth and anisotropic coefficients. Even convection-
diffusion problems with dominating convection can be solved efficiently without
special adaptation of the algorithm to this class of problems. Hence, the proposed
inversion procedure can be applied whenever a stable discretization of the operator
L is available. Helmholtz’ equation can be treated but the algorithms are only
efficient for relatively small wave numbers.
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