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OPTIMAL ERROR ESTIMATE

OF THE PENALTY FINITE ELEMENT METHOD
FOR THE TIME-DEPENDENT
NAVIER-STOKES EQUATIONS

YINNIAN HE

ABSTRACT. A fully discrete penalty finite element method is presented for the
two-dimensional time-dependent Navier-Stokes equations. The time discretiza-
tion of the penalty Navier-Stokes equations is based on the backward Euler
scheme; the spatial discretization of the time discretized penalty Navier-Stokes
equations is based on a finite element space pair (X}, M} ) which satisfies some
approximate assumption. An optimal error estimate of the numerical velocity
and pressure is provided for the fully discrete penalty finite element method
when the parameters ¢, At and h are sufficiently small.

1. INTRODUCTION

In this article, we consider the time-dependent Navier-Stokes equations

(1.1)  w — vAu+(u-V)u+Vp=f, divu =0, (z,t) € Q x (0,T],
(1.2) u = 0, (x,t) € 02 x (0,T], u(z,0) =up(x), v €Q,

where €2 is an open bounded set in R? with a smooth boundary 99 being of class
C?, or ) is a plane convex polygon, u = u(x,t) = (u1(x,t),ua(x,t)) represents the
velocity vector of a viscous incompressible fluid, p = p(z, t) the pressure, f = f(x,t)
the prescribed body force, ug(z) the initial velocity, v > 0 the viscosity, and T' > 0
a finite time.

We note that the velocity w and the pressure p in (LI))-(C2) are coupled to-
gether by the incompressibility constraint “divu = 0”7, which makes the system
difficult to solve numerically. A popular strategy to overcome this difficulty is to
relax the incompressibility constraint in an appropriate way, resulting in a class of
pseudo-compressibility methods, among which are the penalty method, the artifi-
cial compressibility method, the pressure stabilization method and the projection
method (see for instance [3] 4] [l [7] [8] O] 12} 14, [T6], [I7), 18, [19, [20, [21]).
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1202 YINNIAN HE

The penalty method applied to (I)-(L2) is to approximate the solution (u,p)
by (ue, pe) satisfying the following penalty Navier-Stokes equations:

(1.3)  uet — vAue + B(ue, ue) + Vpe = f, divue + Epe =0, (z,t) € Q2 x (0,7,
(14)  ue=0,(z,t) € 00 x (0,T],uc(z,0) = up(z),z € Q,

where B(u,v) = (u- V)v + 3(divu)v is the modified bilinear term, introduced by
Temam [19] to ensure the d18$1pat1v1ty of equations (L3)-(L4). We note also that p,
in (L3))-(T4)) can be eliminated to obtain a penalty system of u, only, which is much
easier to solve than the original equations (LI)-(L2). Hence the penalty method has
been widely used in many areas of computational fluid dynamics (see for instance
[, 13]). It is well known [19] that liir(l)(ug(t),pg(t)) = (u(t),p(t)), the solution of

([T)-(@2). Tt has also been known [2] that the attractors generated by the penalty
equations (L3)-(14) converge to the attractor of the Navier-Stokes equations (I1])-
(T2). The error bound of (uc,p) to (u,p), to the author’s knowledge, has been
provided by Shen [I7] and Huang and Li [12] and the error bound is

T
(15)  sup fJu(t) = welzz + ([ (= wells + Ip = pel )t V? < e,
0<t<T 0
where x > 0 is a general positive constant depending on the data (v, ug, f,Q,T),
which may stand for different values at its different occurrences.
However, the best error estimate available, to the author’s knowledge, is

OiggT(Tl/Q(t)IIU(t)—ueh(t)llm + T(Olut) = uen ()] a1)

T
(1.6) + </ T2 (t)Ip — pel|22dt)/? < ke,
0

where 7(t) = min{t, 1}; the reader can refer to Shen [16] for the detail. Furthermore,
when the backward Euler scheme is applied to the penalty Navier-Stokes equations
(C3)-([C4), Shen [16] has provided the following optimal error estimate:
SUQN(Tl/Q(tn)HU(tn) —ulllz 7)) |ultn) — wlllar)

(1.7) + AtZT Dptn) — pll|22)Y? < k(e + Al),

where 0 < At < 1 is the time-step size, ¢, = nAt, ty =T, (u?,p?) is an approxi-
mation of (u,p) at time ¢,.

In this paper, we aim to extend the work of Shen [16] to the case of a fully discrete
penalty finite element method for the time-dependent Navier-Stokes equations and
provide the optimal error estimates for the penalty finite element solution (ul,, pl%,).
Under the assumption (A;) about the data (uo, f) and the assumption (Az) about
the finite element space pair (Xp, Mp), we provide the following optimal error
estimate:

sup 7(tn)[|u(tn) — gl + AtZT llp(tn) = P lIz2)"?
1<n<N
(1.8) < (e+h+At),

for sufficient small €, At and h.
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PENALTY FINITE ELEMENT METHOD 1203

The remainder of the paper is organized as follows. In the next section, we
introduce some notation and preliminary results for the time-dependent penalty
Navier-Stokes equations (IL3)-(4). In §3, we provide some regularity results for the
time discretized penalty Navier-Stokes equations with the Fuler backward scheme.
The fully discrete finite element method of the penalty Navier-Stokes equations
([3)-(T4) is presented in §4 and some boundedness results of the numerical solution
(ulh,p%), 1 <n < N, are provided in this section. The optimal error estimate is
obtained for the fully discrete penalty finite element method in §5.

2. PRELIMINARIES

In this section, we aim to describe some of the notation and results which will
be frequently used in this paper. For the mathematical setting of the Navier-
Stokes equations (LI)-(I2) and the penalty Navier-Stokes equations (L3)-(T4),
we introduce the Hilbert spaces

X = HY(QF, ¥ = QP M = {g € L) | adz =0},
Q

The spaces L?(2)™, m = 1,2,4, are endowed with the L?-scalar product and L>2-
norm denoted by (-,-) and || - ||o, respectively. The space X is equipped with the
usual scalar product (Vu, Vv) and norm ||[Vul|o.

We define Au = —Awu and Acu = —Au — %Vdivu7 which are the operators asso-
ciated with the Navier-Stokes equations and the penalty Navier-Stokes equations.
They are the positive self-adjoint operators from D(A) = H?(Q)? N X onto Y and
the powers A® and A% of A and A, (o € R) are well defined. In particular,

(AY2u, AY%0) = (Vu, Vv), (AY2u, AY?0) = (A 2u, AV?0) + 1(divu,divv)
€

hold for all u,v € X.
It is well known that the following Gagliardo-Nirenberg inequalities hold:

IA

21) vl cllolle 1A 20llg", [lollo < cll A0, Vo € X,
(2.2) Vol < el AY20) | Av]lg%, A 20]lo < c]|Av]lo, v € D(A),
(23)  Jolle~ < clolls®Avlle, Yv € D(A),
where ¢ is a general positive constant depending only on 2, which may stand for
different values at its different occurrences.
Furthermore, we recall the following lemma given in [2], [16].

Lemma 2.1. There exists a constant co > 0 depending only on 0 and such that if
eco <1,

(2.4) 14vllo < collAcvllo, 1A ?vllo < coll A¢/?v]]o-

As for the time-dependent Navier-Stokes equations ([I])-(T:2) and the time-
dependent penalty Navier-Stokes equations ([3))-(T4), we define the continuous
bilinear forms

(u,v) = V(1411/27JL,141/21))7 ac(u,v) = V(Ai/Qu,Ai/Qv), Yu,v € X,
d(v,q) = (dive,q), Vv € X, g € M,
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1204 YINNIAN HE

respectively. We also introduce a continuous trilinear form on X x X x X

b(u,v,w) = (B(u,v),w)x x = ((u-V)v,w) + %((divu)v,w)

1 1
= 5((u Vv, w) — 5((u -V)w,v) Yu,v,w € X.
It is easy to verify that b satisfies the following important property:
(2.5) b(u, v, w) = =b(u, w,v), Yu,v,w € X.

We usually make the following assumption on the prescribed data (ug, f):
(A1) The initial velocity ug(z) € D(A) with divug = 0 and the forcing function
fx,t) € HH>®(0,T;Y) satisfy

[[Auollo + sup {[[f@)llo + [lfe(t)llo} < C,
t€[0,T]

for some positive constant C.

With the above notation, the Navier-Stokes formulation related to (ILI))-(T2)
and the penalty Navier-Stokes formulation related to ([L3))-(I4]) are defined, re-
spectively, as follows: find (u,p) € L>(0,T;Y) N L?(0,T; X) x L?(0,T; M) such
that

(2.6)  (us,v) + a(u,v) — d(v,p) + d(u,q) + b(u,u,v) = (f,v), V(v,q) € (X, M),

and find (uc,pc) € L>=(0,T;Y)NL?(0,T; X) x L?(0,T; M) such that for all (v,q) €
XxM

2.7)  (uet,v) + alue, v) = d(v, pe) + d(ue, @) + = (Pe; @) + blue, ue, v) = (f,v),

€
v
with the initial conditions u(0) = ug and u.(0) = ug, respectively.

Now, let us consider the time discretization of the penalized Navier-Stokes for-
mulation (Z7)) by the backward Euler scheme

(2.8) (diud,v)+a(ul,v)—d(v,pd) +d(ud, q)+ = (P!, @) +blud, uf, v) = (f(tn), v),

for all (v,q) € X x M and 1 < n < N, where 0 < At < 1 is the time-step size,
tn = nAt, ty =T, (u,p?) = (uo,0) and dyu = 5 (ul —ul~') for 1 <n < N,

€

€
v

and dyu? is defined to satisfy
(dyu?,v) + a(ug,v) + ((uo - Vuo),v) = (f(0),v), Vv € X with dive = 0.
Hence, by using (23), it holds that
ldeugllo < vilAuollo + [l (uo - V)uollo + 1£(0)]lo
(2.9) < 2] Auollo + clluollol| A *uol[§ + |1 (0) [o-

Theorem 2.2. Suppose that (A1) and ecy < 1 are valid. The following error
estimate holds:

(2.10) 72 (L) [1AY? (wltm) — uf)[[§ + At Y 72 (ta)llp(tn) — pENG < w(e® + AE%),
n=1

foralll1<m < N.

We refer to Shen [16] for the proof of this result.
In this paper, we will frequently use a discrete version of the Gronwall lemmas
used in [T} [16].
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PENALTY FINITE ELEMENT METHOD 1205

Lemma 2.3. Let C and ay,by,d,, for integers 1 < m < N, be nonnegative num-
bers such that

m m—1
(2.11) U + ALY by SALY  andy +C, V1 <m < N.
n=1 n=0

Assume that d, At < %, V1<n<N. Then

m m—1
(2.12) U + ALY by < Cexp(2At Y dy), V1 <m < N.
n=1 n=1

3. REGULARITY

In order to consider the error bound of the finite element solution related to
the penalty Navier-Stokes formulation (Z8), we need the following regularity of

. n1N n 1N
functions {u”},;_; and {p?}._;.

Theorem 3.1. Under the assumptions of Theorem [2.2], there is a constant kg > 0
such that if Atkg < 1, then

m
(3.1) AT a5+ At (el 5 + Al 1§ + IP2N5) < &,
n=1
m
(32) Idew |5+ [Acllg + [Ip211T + At Y A 2dl |If < s,
n=1

for all1 <m < N, where || - ||1 denotes the norm of the Sobolev space H'(S2).

Proof. Taking (v, q) = 2(u?,p?)At in (Z8), using (23) and the relation

(3.3) 2(u—v,u) = [[ull§ = [lol§ + [lu = oI, Yu,v €Y,
we have
laf 15— llul MG + 20 A 2uZ AL < 20| () lol|uf o At.
Summing this inequality from 1 to m and using (Z1]) and the Young inequality, we
obtain
m N
34) Nl + vALY ARG < Juoll§ + v eAt Y || (ta)llf < &
n=1 n=1
Next, we can derive from (Z8) that
(3.5) diu?  + vAeul + B(ul,ul) = f(tn).

Taking the scalar product of [3.5) with (v~ 1d;u” + Acu™)At in Y and using the
relation

(3.6) 2(A%(u—v), A Pu) = [|ALPul|§ — | ALP0]§ + AL (u = 0)IIE, Vu,v € X,

we get
JA2uZ |5 = [AYPul MG + v | deul [FAL + vl Acu [|FAL
(3.7) + b(ul,ul, Vﬁldtu? + Acul)At = (f(tn), Vﬁldtu? + Aul)At.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1206 YINNIAN HE
By using (Z3)-(2.4), we have
[bluf, ud, v dyud + Acuf)|
< el AV ol e ot + A
< L1l + LAz + v el B A A B4V 1,
() et + Acu?)
< 23+ A3 + el £ e 3

Combining these estimates with ([3.7) yields

_ 1, _
12U ] = AL Pul MG + 5 (o e 1+ wll Acu [ At

< dull AP AL + v el f(t)BA,
where d,, = v e(1 + v~ 2||u?||3)||AY?u”||2. Summing this inequality from 1 to m

and noting Ai 2u2 = A2y, we obtain

1 &
|AY 2| + §AtZ(V Y deul |15 + vl Acul[15)

n=1
m N
< AP ug |+ ALY dal|AYPul|[5 + v ALY (1 f(Ea) 13
n=1 n=1
(3.8) < RFALY d| AVl
n=1
If we choose At such that d,, At < &, by applying Lemma23lto (3.8), it then holds
that
1 m m
(3.9)  [|AYPu5 + 5t D WM dw 1§ + vl Acul|[5) < kexp(2At ) dy),
n=1 n=1
for all 1 <m < N. From 24), B4)) and (39)), there exists a constant kg > 0 such
that
= 1
(3.10) QAL " dn < Ky diy = v e(1 4 v ) U3 AT 2uF < 5o,
n=1

forall 1 <m < N.
Moreover, we derive from (Z8) that

(duul,v) +  ac(dwul,v) +b(dul, ul,v) + b(u?_l, dyul, v)
1 [te

(3.11) = (E t fi(®)dt,v), Yv € X.

By taking v = 2d;u” At in (1) and using 235) and (B3]), we get
ldeu 1§ = Ndeu 75+ 20| A2 dou |FAE + 2b(dou, uf, deuf) At

(3.12) < o[ pwdtden)

tn—1
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PENALTY FINITE ELEMENT METHOD 1207

Due to (1)) and (Z4), we have

2\b(dpul, ul, deul)| < elldgulol| AY2dpul ol AY 2l o
+clldeul|ly 1A 2 dgu [y | AV 2o 2
14
< §||Ai/2dtu2||3+dn||dtu?||(2),
tn tn
14 _
([ ndndan] < FlAYa st [l
tn—1 th_1

Combining these inequalities with (312) yields

lda?F o2~ v A 2 ¢
tn
(3.13) < dldarfat vl [ o]
tn—1

Summing (FI3) from 1 to m and using (Z3), E3)-BI0), we get

(3.14) ldu™ 5+ vAEY [|AY2dul||§ < k5, VI <m < N.

n=1
Finally, we derive from (28], (33) and the inf-sup condition [7] that

B.15) vlAeudllo < lldrudllo + 1B, ulo + £ E)llo,
(3.16) Ipells < elldiullo + vel Autllo + cl| B(ug, ue)llo + cll £ (En)llo-

Using (Z3))-(Z4), we have
1/2 1/2
1Bz )l < ellAY2ulflollulll < el AY2ul o] Aul|l6* |u? |y
v _
< glAclllo + v elulllol Al 3.
Combining these inequalities with (B.I5) and (B.16) and using (2.4), we get
(3.17) vl Acu?|§ < v duu 5 + v el B AL ul 1§+ v el £ (Ea) 3,

(3.18) 211 < cCldeuf Iy + v2 1l Acug |13) + vl IFI1A 2u 1§ + £ (ta) 5,

m m
AtY [P < Aty (ldeul 1§+ 07 Acul |F)

n=1 n=1
(3.19) + ety (2l [GIIAL 2 |15 + 1 f (ta)lID)-
n=1
Combining (3I7)-BI9) with B9)-(310) and [BI4), we completed the proof of
Theorem B.1I. O

Theorem 3.2. Under the assumptions of Theorem B, it holds that

m

(3:20) T(tm)IIAL2deu 1§+ At D 7(tn) ([l |5 + | Acdsu? |5 + | dep?|I3) < &,

n=1

foralll1<m < N.
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1208 YINNIAN HE

Proof. Taking v = 2v~dyuu™At in (3I1) yields
2AV2dyu, AV (dpu? — deu b)) + 207 | dygu || 2AL + 207 b(dpul, ul, dyu) At

t7l
(321) + 2v~ b( dtu dttu )At =2v" ( ft(t)dt, dttu?).

tn—1

Due to (E1)- @4), we have

v b(dpu™, u” dpgu™)|  + 207 b(deu™, ul, dypu™)|
< YAV dpu o] Augllo | e o
1 _
< plduullf + v el Acu? |Gl AL de |13,
B 1 B tn
AN aaa) < pldeigacete [ sl
tn—1 tn—1

Combining these inequalities with (32I) yields
27 (t, ) (A 2 dyul, AV (dpu?  —  dul ™)) + v () || dul |3 AE

t7l
(3.22) < vl Aa |31 A P deu |13 +V’10/ £t [t

tn—1
Summing B:22) from 1 to m and noting
27 (tn) (ALY 2 dyul, A2 (dyu? — dyul ™))
> 7(tn) [ AP deu Iy — 7(tn-1)| A2 deul 3
— |AY2dpul 7Y 3AL, 2 < n < N,
27(t1) (A 2 dyul, AYV? (dyul — dyu?))
> 7(t1)| A P dyug |§ — [l Acug — Auo|lollde?lo,

we obtain

Tt | AV 2deu™ |2+ ‘WZ n)lldecu |13

m
lAcug — Auollolldeulllo + At Y AL 2 dpul |3

n=1

m T
(3.23) + V’chtZIIAeu?II?)IIAi/thu?II?)+V’16/0 £ (®)13dt-

n=1

Combining (3.23) with [B2) yields

(3.24) 7(tm)||AY2du™(|2  + —wz )l duul||2 < &, Y1 <m < N.

IN

Finally, we derive from (2.8)) and the inf-sup condition [7] that
(3.25)  wl|Acdrug[lo <[ldsrullo + [ B(dsug, ug)lo + [ B(ug, diud)llo + 1| fe(En) o,
[depe [l <cllderu o + vel|Adpug flo + ¢l B(dru, uc) o
(3.26) +ellBud, dud)lo + el () o-
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PENALTY FINITE ELEMENT METHOD 1209

Using (Z1))-(2.4)), we have
IB(dyug,uf)o + | B(deul ul)llo < el Aculllo]| A dyul lo-
Combining this inequality with (B:25) and (8:26), we get

2Atz D Acdu||2 < cAtZ )|l dgeu|?
(3.27) + cAt Z [ Acu |31l A2 dpu 1§ + At Z 1fe(ta) I3,
n=1 n=1
m
ALY r(ta)ldp? | < CAtZ V([ |3 + v2 (| Acdru |13)
n=1
(3.28) + CAtZ(HAEUZH(Q)”Aithu?”(Q)+||ft(tn)||(2))7
n=1
Combining (327)-(328) with 32Z4) and using (B:2), we have completed the proof
of Theorem B-21 O

4. FINITE ELEMENT PENALTY METHOD OF THE NAVIER-STOKES EQUATIONS

Let h > 0 be a real positive parameter. The finite element space pair (X, Mp,)
of (X, M) is characterized by J, = J,(£2), a partitioning of Q into triangles K,
assumed to be uniformly regular as h — 0. For further details, the reader can refer
to Ciarlet [6] and Girault and Raviart [7].

Let pp, : M— M, denote the L2-orthogonal projections defined by

(ora, an) = (¢, qn), Yq € M, qn € Mj,.

For the finite element space pair (X}, M}), we will make the following assumption.
(A2) There exists a mapping rp, : D(A) N X — X}, such that

(4.1)  (div(u —rpu),qn) =0, Yqn € My,

(4.2) A2 (u—=rpu)llo < chlAullo, Ilp = pupllo < chlply, Vp € H' () N M,
and the inverse inequality

(4.3) |AY 200 < ch™|vnllo, Yon € Xa,

holds as well as the discrete inf-sup condition

g
(4.4) llgnllo < ¢ sup (divon, gu) , Yqn € M,

wnexy [A2v]lo”
Example 4.1 (Girault-Raviart [7]). If we set

X, ={v, € C°)* N X; vyl € Po(K)?, VK € J,()},
My, ={qn € M; qn|k € Po(K), VK € J5(Q)},

then (X, M},) satisfies (Asg).
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1210 YINNIAN HE

Now, we consider the finite element discretization of (Z8). We define {u®,}\_, C
X, and {p }N_, C M, as the finite element approximations of {u?}»_; C X and
{pr}N_, C M, which satisfy the recursive linear equation

(deugh,vn)  +  alugy,vn) — d(vn, pey) + d(udy, an) + = (P8, an) + bludy, udy, vn)

(4.5) = (f(tn),vn), Y(vn,qn) € (Xn, Mp),

0 _ 0 _
where u.;, = rpuo, pg, = 0.

€
14

Theorem 4.1. Assume that (A1), (A2) and eco < 1, Atkg < 1 are valid. Then it
holds that

(4.6) il + At AV g lE < &

n=1

m m
IAY2ug 15+ At lldugy Iy <k +sh=2AtY AV (uf = uly) |13]ug, 5

n=1 n=1
m
(4.7) + RhT2AEY  flul = udy|[5l1AY 2|3,
n=1

foralll1 <m < N.

Proof. The proof of (8) is exactly similar to that of (4] in the proof of Theorem
Bl It can be omitted. Moreover, we can obtain from (5] that

(deudy,vn)  + a(ufy, vn) — d(vn, ph)
(4.8) o+ d(dsulh, @n) + - (dipl, an) + blulh, uls, vn)
= (f(tn),vn), Y(vn,qn) € (Xn, Mp).
Taking (vn, gn) = 2(deuly,, p7,) At in (E8) and using (3.6)), we obtain
2l|dpufy |FAE + vl AVEug|F - v AY2al S + S(HP?}LH(Q) = lIp% 1IE)
(4.9) + 2b(uly, uly, diugy )AL = 2(f(tn), deuly ) At.
By using (Z10)-(23), (Z35) and [{3), we have

20b(ugy, uch, deugy)l < 2[bugy, — s ugy, dyugy)| + 2[b(u’, udy, diugy ),
20b(ug, ugy, deugy)| < ellAu? ol AV ugylolldeutyllo
1
< ZHdtu?h”(Q)+C||Au?||(2)”A1/2u?h”(2)v
20b(ugy — ul' s uly, drugy)l < ety — u | pallufyll Ll A2 dyug o
+ el A2y, — al) Bl | AT P | o
1 -
< glldeudy§ + ch 72 AV (ud = uh) [lluch 13
+ ch 7 |ug —ugy IF1AY Pug, I3,
1
2/(f(tn), diwd)] < Zlldeugi |5 + ell £ (t) G-
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PENALTY FINITE ELEMENT METHOD 1211

Combining these estimates with (Z9) yields

_ € _
VAP S = APl S + ldeugs [5AE + — (12815 — el 15)
< ol Aug (3]l AV Pug, |FAL + ch 72 AYE (ul — ul)IIE luc, I5AL

(4.10) ol = g S AY P ug AL + e f () AL

Summing this inequality from 1 to m and using Theorem Bl and ([24)), we obtain

@1). 0

In order to derive the error estimates of the finite element penalty method, we
also need the Galerkin projection Ry, : (X, M)—X}, Qn : (X, M)— M), defined by

a(u — Ru(u,p),vn) —  d(vn,p — Qn(u,p)) + d(u — Rp(u,p), qn)
(4.11) + —(p— Qn(w,p).gn) = 0, V(vn,qn) € (Xn, Ma),

for all (u,p) € (X, M) with divu 4 £p = 0.
By using a similar argument to that used by Layton and Tobiska in [15], the
following approximate properties can be proved.

Lemma 4.2. Under the assumptions of Theorem B, the Galerkin projection
(Rn, Qn) satisfies

lu = Ri(u,p)llo +  AIAY?(u = Ru(u,p))llo + hllp — Qn(u,p)llo
(4.12) < e h((|AY2ullo + [Ipllo), ¥(u. p) € (X, M),
with divu + <p =0, and
lu=Ra(u,p)lo + RIAY2(u— Ri(u,p))llo + hllp = Qn(u,p)llo
(4.13) < ah?(|Aullo + Ipllh), Y(u,p) € (D(A), H(Q) N M),

with divu + =p = 0, where ¢, is a general positive constant depending only on Q
and v, which may stand for different values at its different occurrences.

Proof. The stability of the Galerkin projection follows simply by (Z4) and 11,

namely

IN

v
(4.14)  v||AY2 Ry (u, p)|3 5||A1/23h(u,17)||(2) + co (| A 2ullf + [Ipl13),
(4.15) 1Qn(u,p)llo e (1A Ri(u, p)llo + | A 2ullo + [[p]lo)-
Now (4.14))-(#15) and the triangle inequality give

(4.16) 1IAY2 (u = Ry (u. p))llo + Ilp = Qu(u.p)llo < eu (A ullo + [|pllo),

for all (u,p) € (X, M) with divu + £p = 0.
Next, we introduce the dual problem: find (®,V¥) € (X, M) such that for all
(v, q) € (X, M)

(417)  a(v, ) +d(v, V) = d(®,q) + —(q, ¥) = (v,u — Rn(u,p)).

IN

In view of Lemma[Z1] we can prove that problem (ZI7) admits a unique solution
(P, ¥) satisfying

(4.18) [A®]lo + W]l < cvllu = Ra(u, p)llo-
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Now, setting v = u— Rp(u,p), ¢ = p— Qn(u,p) in EI7) and (v, qn) = (ra®, pr V)
in ([@II) and using (42)) and (IY), we find
lu—Ru(u,p)|* = alu—Ru(u,p),®—r,®) + d(u — Ru(u,p), ¥ — pn¥)

- d(q)_rhq)vp_Qh(uﬂ )) ( _Qh(uap)vqj_ph\:[l)
ch(|AY2 (w = Ri(u,p))llo + Ilp — Qn(u, p)llo) (| A®lo + [|¥]11)
euh(|AY2 (u = Ry (w,p))llo + [lp = Qn(u, p)lo)|lw = Ri(u, p)lo-
Combining (19) with [I4) yields (@I2).

Let (u,p) € (D(A), H'(Q) N M) with divu + £p = 0. Then, we derive from
ET)-E2) and ETIT) that
|42 (ru = Ry (w, ) o + lpap — Qn(u, p)llo
<e, (| A2 (u =)o + | owp = pllo)
<c h([[Aullo + [lpl[1)-
Thus the triangles inequality and [2) give
(4.20) (|42 (u = Ra(u,p)lo + [lp = Qu(w,p)llo < crh(||Aullo + [|p]1).
It now follows from (@20) and (EI9) that
(4.21) lu— Ri(u,p)llo < cuh®(|Aullo + [lpl1).-

Thus, ([E20) and @21]) imply [@.13). O

5. OPTIMAL ERROR ANALYSIS

(4.19) <
<

p))
)

In this section, our aim is to estimate some bounds for the error (ul —ul, , pr—pl,)
and then to obtain the optimal bound of the error (u(t,) — uZ,, p(tn) — p2,)-

Lemma 5.1. Under the assumptions of Theorem B1l, the error estimate
m
(5.1) " = wlhlls + Aty AV (ul — w5 < kh?

n=1

holds for all 1 <m < N.

Proof. Subtracting (£1) from 2-8) with (v, ¢) = (va, qn) and using (£1]), we obtain
(I —rp)diul + die™, vp) + a((I —rp)ul + €™, vp)
- d(’Uh, (I - ph)p? + 77”) + d( 'VL, Qh)
(5:2) +B((T = )l + el o) + b(uly, (I = ra)ul + €, vy)
€
+ ;((I —pn)pPe +n"qn) =0,  V(vp,qn) € (Xpn, Mp),

where (e, n") = (rpul — u®,, ppp — p= ). Taking (vp, qn) = 2(e™,n™)At in (5.2)

and using (2.35) and (B3), we get
le™ 1§ = lle™ G + 20| A 2e n||oAt+—||ﬂ [5AL + 2b(e™, ug,
+2b((I—T‘h) Ues e7 )At+2b( eh’(‘[ 7"}1) Ue, € )At
€
ST = pn)pZlIGAE + 2d(e", (I = pn)p?) At
—2a((I —rp)ul,e™)At — 2((I — rp)diul’, e™)At.

re™)At

(5.3)
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Using (Z1]) and (#2), we have
21b(e”, uf',e")| < clle™ | Zall AV 2ulllo + ¢ A2 ol | e fle”| 2
< 2142 + dalle 3,
206((1 —r)u,ul, ™) + 20b(uh, (I —rn)ug,e”)|
< el AYA(IL = rp)al [lo(| AUl o + | AV 2u o) [ AT 2™ o

IN

14
TIAY2en |8 + coh? || Au (A2 |5 + 1AM 2ug,[15),
€ v

I = PPl 15 + 2ld(e™, (1 = pu)pl)] < 1AV [+ eoh?[[p2 3,

2a((I —ra)ug, e")| < [ AY2e"|[g + e h®|| Aug |3,

2

8
1%

20((1 = ra)dpul's )| < Sl A2+ b A 2d |

Combining these estimates with (5.3) yields

le™I5 = lle™ I + v AV 2em [FAL < dale™||5At
+ e, B2 AYPul|[§ + (| A2l |[5) | Au |5 At

(5.4) + el Aul|§ + A2 deul (1§ + |2 ]I7) AL, V1 <n < N.
Summing (5.4)) from 1 to m and using Theorem [3:1] Theorem [£1] and (24), we
obtain

m m
(5.5) le™[5 + vALY A5 < ALY dnlle™|§ + Kb,

n=1 n=1

Due to (BI0), we can apply Lemma 23] to (5:H) and obtain

m
(5.6) le™|2  + Z/Atz |AY2e™ |12 < kh2.

n=1

Moreover, by using (24), (£2) and Theorem [B.1] we have

m m
(T = rn)u g + vt Y [|AYVA(I = ri)ul([§ < ch®(|AVu2 | + vAt Y~ || Aul )
n=1 n=1

(5.7) < rkh2.
Combining (5.6) with (5.7) has completed the proof of Lemma (.11 O

Lemma 5.2. Under the assumptions of Theorem 1], we have

(5.8) 1AV —ufi)lls + ALY [p? —phl§ < wh*, ¥1<m < N.

n=1

Proof. Subtracting ([fH) from (Z8) with (v,q) = (vn,qn) and setting e” = R}’ —
U’?ha 77" = QZ _p?}m RZ = Rh(u?ap?)a QZ = Qh(u?ap?)7 we deduce

€
(die™,vn)  + a(e”,vn) —d(vp,n"™) + d(die”, qn) + ;(dm", qn)

+ b(u? - Z + en’ U?, vh) + b(u?a u? - ;LL + en’ ’Uh)
(5.9) = b(ul —ugy, ug —udy,vn) = —(dwd — Rp(dyug, dip?), vn),
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for all (vp,qn) € (Xp, Mp,) with 1 < n < N. Taking (vn,qn) = 2(dee™,n™)At in

E9), we get
n n n— €.n .
2| due™ [FAL + v (|| A 2e™ [§ — |42 ) + — (0™ 1§ = 17"~ 1)
+2b(ul — Ry + €™, uy, die™ ) At + 2b(uly,, ul — Ry + e, die™) At
(5.10) —2b(ul — ugy, ul —uly, vp)At = —2(dyul — Rp(deuy, dipl), die™)At,

Due to (u2,p?) = (ug,0), we derive from (E2) and ([ZJ) that
(5.11) A2 (u¢ = Ru(ud, p0))llo + 1p¢ = Qu(ul, pD)llo < cvhllAulo,
1420 + [In°lo <A™ (uo — riu®)lo + | A2 (¢ = Ra(ul, p?))llo
(5.12) +11Qn(wl, p2)[lo < cvhl| Auglfo.
Using again (ZI)-(Z3) and (@3), it follows that
20b(e™, ug, dee™)| + 2[b(uf, €, dee™)| < el Aug ol A2 e"lo ]| dre™ [lo
1
< lldee™ I3 + el A3 A e 3,
2[b(u¢ — Ry, udy die™)| + [b(ug, ud — Ry, die™)|
<c|| Aufllol| A2 (uf = R)olldee” o
1
< lldee™ |3 + ell Aug 1A (uf — R,
<e(hHIAY2 (g — udy) ollut —ugyllo

+ A2 (g = u) D) ldee™ lo

2[b(ug’ — udy, ue — ugy, die")

1 _
§Z||dt€n||<2) +e(B2 A2l — ul) ISl ul — ul I
+ A2 (@l — ul)[10),
1
2|(d(u — Rp(u,p)),die")] Sszt@nH(Q) + |l deu? — Ry (dyu?, dip?)|[3-

Combining these inequalities with (5.10) and using Lemma results in
(5.13)
V|| AM2em g — v|| A2 TN + (| de™ 5 AL + S(llnnllg ="~ IE)
<cl| Au (I AY 2™ [[§ + W[l Aug 1§ + h®||p2 1) At
+ ch* ([ Adeu |[§ + | depe [I7) At
+ (B2 A2 (= gy lluf = udyIg + 1| A2 (uf = udy)[5)At.

From Theorems[3.1] and @1} Lemma[5.1]and the fact that h? < c; At < e17(t,), we
derive from (5.13) that

VA2 E — v A2 E e BAt + (13— [l R)
<k(|AY2e" |2 + B2 Au? 3 + W27 13 At
+ et (| Ade? |3+ | dupl 13 At
(LAY = a3+ 114V — uly)[3)At.

(5.14)
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Summing (BI4) from 1 to m and using Theorems Bl and B2, Lemma [B.1] and
(B12) leads to

m
(5.15) v|AY2e™[S ALY ||de™||§ < kR, V1< m < N.

n=1

Moreover, by using Lemma [£.2] Theorems B.1] and [3:2 and the fact that h? <
17 (tn), we have

AV~ Ru(ul, pO)G + At Y |ldeu? — Ra(deul’, dep?)|5
n=1
< b (A5 + I1pY )+Cuh2AtZ )([[Adeug |3 + [l dep[I7)
n=1
(5.16) < kh%* V1<m<N.
Combining (5.15) with (B.I6) yields
(5.17) [AY2 (™ — a2 + Atz |dyu? — dyul,||2 < kh?, ¥1 < m < N.
n=1
Finally, by using (52)), (E4) and (ZI), we obtain
lpnp? = plllo < clldeud — deufillo + cv| A2 (e — ufy)llo
+ el AY2 (g — ) lo(| A2 lo + 1A ug o)

(5.18) + el = pr)p o

Using Theorem B.1] Theorem E] and Lemma .2, we derive from (518) that
P} = pEll5At < elldpul — deulyllBA + ml A2 (uf — ) |[FA¢

(5.19) + el (I = pr)p?3At.

Summing (£:19) from 1 to m and using (5.17), (E-2) and Theorem B1] we find

(5.20) ALY [l = pll5 < B2, V1 <m < N.

n=1
Combining (5:20) with (517) yields (5.8). O

By combining Lemma .2 with Theorem[2.2] we obtain the optimal error estimate
result.

Theorem 5.3. Under the assumptions of Theorem 1] the optimal error estimate

72 (tm) | AT (u(tm) — )G+ AtZT Wp(tn) = PE4lIG
(5.21) < /i(e +At2+h2), Vi<m<N
holds.
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