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COMPARISON THEOREMS OF KOLMOGOROV TYPE
AND EXACT VALUES OF n-WIDTHS
ON HARDY-SOBOLEV CLASSES

GENSUN FANG AND XUEHUA LI

ABSTRACT. Let Sg:= {z € C: [Imz| < 8} be a strip in complex plane. fI;’oﬂ
denotes those 2m-periodic, real-valued functions on R which are analytic in
the strip Sz and satisfy the condition |f(")(2)| < 1, 2 € Sg. Osipenko and
Wilderotter obtained the exact values of the Kolmogorov, linear, Gel’fand, and
information n-widths of I:T;Oﬁ in Lso[0,27], 7 = 0,1,2,..., and 2n-widths of
H?, 4 in Ly[0,27], 7 =0, 1 < ¢ < oo.
In this paper we continue their work. Firstly, we establish a comparison
20,6’ from which we get an inequality of
Landau—Kolmogorov type. Secondly, we apply these results to determine the
exact values of the Gel’fand n-width of flgoﬁ in Lg[0,27], r =0,1,2...,1 <
q < oco. Finally, we calculate the exact values of Kolmogorov 2n-width, linear
2n-width, and information 2n-width of ﬁgo,ﬁ in Lq[0,27], r € N, 1 < g < o0.

theorem of Kolmogorov type on H

1. INTRODUCTION

Let X be a normed linear space and X,, be an n-dimensional subspace of X. For
each x € X, E(z; X,,) denotes the distance of the n-dimensional subspace X,, from

x, defined by

(1) E(x; X,) == yggn lz —yll,
and the quantity

2 E(A,X,) :=sup inf |z —
@) (A X,) = sup inf 1z =]

is said to be the deviation of A from X,,. Thus E(A4, X,,) measures how well the
“worst element” of A can be approximated from X,,.

Given a subset A of X, one might ask how well one can approximate A by
n-dimensional subspaces of X. Thus, we consider the possibility of allowing the n-
dimensional subspaces X,, to vary within X. This idea, introduced by Kolmogorov
in 1936, is now referred to as the Kolmogorov n-width of A in X. It is defined by

3 dn(A, X) :=infsup inf |z —yll,
) (4.) = pfsup inf o =]
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242 GENSUN FANG AND XUEHUA LI

where X, runs over all n-dimensional subspaces of X.

The Kolmogorov n-width d, (A, X) describes the minimum error of A approx-
imated by any n-dimensional subspace X, in X. In addition to the Kolmogorov
n-width, there are three other related concepts that will be studied in this paper.
The linear n-width of A in X is defined by
(4) An(A, X) :=inf sup ||z — P,z||,

Pr zea
where the infimum is taken over all bounded linear operators mapping X into itself
whose range has dimension at most n.

The Gel'fand n-width of A in X is given by

(5) d"(A,X):=inf sup |z,

X" geAnxn
where X™ runs over all subspaces of X of codimension n (here we assume that
0 € A), and the information n-width is the quantity
(6) in(A,X) = lhi.r.lfln mzzirv}ix ilelg le —m(lx, ... L),
where lq,...,[, run over all continuous linear functionals on A and m is taken over
all maps of Z” into X (Z = R or C depending on whether A is a set of real-valued
or complex-valued functions). More detailed information about the n-widths is
contained in the books of Pinkus [16], and Lorentz, Golischek and Makovoz [7].

Now we introduce the classes of functions to be studied. Let Sz := {z € C:
[Imz| < B} be a strip in a complex plane. For an integer r > 0, the class Efgoﬁ
(71’;0 ) consists of those 2m-periodic, real-valued functions on R which are analytic
in the strip Ss and satisfy the condition |f(")(2)] < 1 (|[Ref("(2)| < 1), z € S;.
For r = 0, we will omit the upper index in the notation of these classes.

Many extremal problems, especially for calculating the exact values of n-widths,
were investigated for the classical Sobolev class of 2m-periodic functions Wi (see
[6]) in L, space, where Ly,:= L,[0,2n] is the classical Lebesgue integral space of
2m-periodic real-valued functions with the usual norm || - |4, 1 < ¢ < co. By the
efforts of many mathematicians some similar results were also built for the classes
in which each function can be represented as a convolution with a kernel having
a cyclic variation diminishing property or satisfying Property B (see, e.g., [15]-
[I7]). For example, the Kolmogorov n-widths of the class ﬁgo 5 in the space Lo
were obtained by Tikhomirov [I9], Forst [4] for » = 0, and by Osipenko [1I] for all
r € N. After this, the exact values of the even n-widths of the class of Ego g in Lg,
1 < ¢ < oo were calculated by Pinkus [I6] for » = 0 and by Osipenko [10] for all
reN.

__ On the other hand, recently, the exact estimates of the even n-widths of the class
H_ ; in the space L, were determined by Osipenko [J] for 7 =0, 1 < ¢ < o0, and
by Osipenko [I1]-[12], and Osipenko and Wilderotter [13] for all r € N, ¢ = cc.

Motivated by Osipenko [11], in this paper we determine the exact values of the
Gel'fand n-width, Kolmogorov 2n-width, linear 2n-width, and information 2n-width
of H 5 in the space Lq, 1 < ¢ < oo, for all € N.

The fundamental difference between H . 5 and Ego 5 lies in the fact that functions
in Ego 5 may be characterized as convolutions with a Property B kernel (see [16]),

while such a representation is not available for functions in H, .- Therefore, in
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some cases other techniques must be applied in order to deal with I}go’ﬁ. Our
approach will consist in establishing a comparison theorem of Kolmogorov type on
ﬁ;o 5 by using Rouche’s theorem. And then, we derive an inequality of Taikov
type for trigonometric polynomials [6], [I8], from which we get the upper estimates
of Gel'fand widths. In processing the lower estimates of n-widths, we follow the
method of Zensykbaev [20], Micchelli and Pinkus [8], Pinkus [I5], and Osipenko [11]
to consider a minimum norm question on analogue of classical polynomial perfect
splines.

We now outline the rest of this paper. In Section 2, we establish a comparison
theorem of Kolmogorov type on the Hardy—Sobolev class H *o,p and as a conse-
quence, we derive an inequality of Landau-Kolmogorov type on this class of func-
tions. In Section 3, using the results of Section 2, we demonstrate an inequality
on nonincreasing rearrangement, from which we get a Taikov type inequality that
will be used as the upper estimates of the Gel’fand n-width of the class H 5. In
Section 4, we solve a minimum norm question on an analogue of the classmal poly-
nomial perfect splines, and then we use it to prove the lower estimates of n-widths,
which together with some results of Osipenko (see [I4]) and Section 3 determine
the exact values of the Gel'fand n-width, Kolmogorov 2n-width, linear 2n-width,
and information 2n-width of H7 5 in Lg, 7 € N, 1 < ¢ < c0.

2. COMPARISON THEOREM OF KOLMOGOROV TYPE ON ﬁgoﬂ

The Kolmogorov comparison theorem (see [6]), which concerns the comparison
of derivatives of differentiable functions defined on the real line, plays an important
role in establishing some sharp inequalities in approximation theory. In this section
we will prove a comparison theorem of Kolmogorov type on the class of analytic
functions H7, ; and then derive an inequality of Landau-Kolmogorov type on this
class of functions. Besides their own independent roles, these results will also be
used in the following section to establish an inequality of Taikov type on the class
H A

Before we advance our discussion further, we introduce some notions of sign
changes of vectors and functions that are very important in our research.

Definition 1 (see [16], pp. 45, 59). Let = (x1,...,2,) € R™\{0} be a real
nontrivial vectors.

(i) S~ (z) indicates the number of sign changes in the sequence z1,...,x, with
zero terms discarded. The number S; (x) of cyclic variations of the sign of x is
given by

S (x) = InzaXSf(xi,a:i_H, e Ty Ty e ) = ST (T Ty Ty, X)),

where k is any integer for which zy # 0. Obviously S (z) is invariant under cyclic
permutations, and S (z) is always an even number.

(ii) ST(«) counts the maximum number of sign changes in the sequence z1, . . . , Zy,
where zero terms are arbitrarily assigned values +1 or —1. The number S;(z) of
maximum cyclic variations of sign of x is defined by

S:(Q?) = HlZaXS—i_(ZIIZ‘,l‘iJ,_l, ey Ty, Ty ,xi).
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Let f(z) be a piecewise continuous 27-periodic function. We assume that f(z) =

[f(z+) + f(xz—)]/2 for all  and
(7) Se(f) =sup Sg ((f(@1),---, f(@m)),
where the supremum is taken over all 1 < --- < z,,, < x1 + 27 and all m € N.

Moreover, we need another notation about the count of zeros of a function.
Suppose that f(z) is a continuous periodic function of periodic 2. We define

(8) Ze(f) = sup ST ((f(@1), -, f@m))),

where the supremum runs over all 1 < --- < x,,, < x1 + 27 and all m € N.
Clearly,

Se(f) < Ze(f).

S.(f) denotes the number of sign changes of f on a period. Zc(f) denotes the
number of zeros of f on a period, where zeros that are sign changes are counted
once, and zeros that are not sign changes are counted twice.

Now we introduce the standard function &2 . Of the comparison theorem on the

class H L and recall some of its properties.
Set

AQn Z:{fi 5:(51,...,fgn),0§51 <"'<£2n<2’/’f}7 nGN.
For each £ € Ay, we define
hf(t) = (_1)]7 te [Ej—lagj)7 .] = 1a .. 72n+ 1)

where &y := 0, 2,41 := 2m. There is an especially important function of the above
form, which is the function h¢ for §; = (j — 1)n/n,j =1,...,2n. For convenience,
we write it as h,,.
Let ¢o(z) := tan(n/4 z) and
1 27
(frg)(e) =5 [ flz—t)g(t)dt,
T Jo
O o= o(Kp * hy), O =D, xpo(Kg*hy), r=12,...,

where

. cos(kt — (71 /2
(9) Dr(t)::2;w, r=1,2,...

is the Bernoulli kernel, and
cos(kz)
10 +2
(10) Z cosh(kf)’

Then we have (see [11])

“ey

3 T s~ sin((2k+ 1)nt — 7r/2) B
(11) nr(t) = VAART I;) (2k + D sinh((2k + 1)208)" | 0.1,.

where

—46n 2
(12) A= de720m ( izot " lj;::) )
14+2307,
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and

(13)

_/1 dt
Jo VA =2)(1 = N22)

is the complete elliptic integral of the first kind with modulus A. Using the repre-
sentation (see [I], p. 226)

2n sin((2k + 1)nt)
SD(T VTNA Z sinh((2k + 1)2n03)’
[10] proved that
(I)n,O(t) = VAsn (—t )‘)

For m € {0} UN, put

¢ . B r=2m,
n,r . @-‘-%7 T:Qm_i_l,
(14) i=12...,2n
L s =,
S GRS ) r=2m+1,
It is easily seen that tﬁil, j=1,...,2n, are zeros of @g , and ng)r, 73=1,...,2n,
are extremal points of ®7  in [0, 277). Put
w(j—1) —
(15) AW . =5 j +%7 " + )’ r=2m, ji=1 2n
" [—”(]n_l), ), r=2m+1,
Then @gﬂ. is strictly monotonic in Ag},j =1,...,2n. By similar arguments as the

Euler perfect splines (see [6], p.102), Osipenko (see [I1]) has shown that
& _1)k(r+1)

s, T (
1 rlloe = 570 kzzo (2k + 1)7 sinh((2k + 1)2n/)

Now we are in position to prove the comparison theorem on the class € H 0.0

Theorem 1 (Comparison theorem of Kolmogorov type). Let r = 0,1,2,... and
f € HY 5 be such that ||f|le < @5 |l for some positive integer n and f(a) =
@8 (a) for some a, a € R. Then

!
(16) [f' (@) < [@), ().
Proof. Without loss of generality we may assume a = a and r € N (the case where
r = 0 is simpler). Assume that for some f € H(><> B
we have ||f|loo < || @2 (o) = @Q’T(a), and |f'(a)| > [®F "(a)]. It follows

from the definition that f" and <I>n ~ are continuous. If f(a) # 07 their continuity
ensures the existence of 0 < p < 1, ap € R such that

(17) pflao) = (ao),  plf'(ao)| > |®2, (c0)]-

positive integer n and a € R,
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B/ a
If f(a) = ®2,(a) = 0, we can choose some p satisfying 1 > p > % and

n,r
let ag = a. Then (I7) also holds. Put f := pf, then f € ﬁgog and [|flleo <
@2 [loo- It is enough to consider one possible case f(ag) = @g,r(ao) >0, 7/(040) >
Qﬁ’rl(ao) > 0 (the other cases can be treated by the same way). Let Aslk; be the
interval that contains ag. By geometrical consideration we see that on A%kz the

graphs of f and ®°  intersect at least three times, while on each of the other

intervals Asf)r(] € {1,...,2n}\{k}) these graphs intersect at least once. Hence for
F(z) :=® (x) — pf(x), we have S.(F) > 2n+ 2. By Rolle’s theorem, S¢(F(")) >
2n + 2, where
F(x) = Vsn( ) = pf" ().
Denote by Hoo(Ag) the set of functions that are analytic on the annulus
Ag:={zcC:e P <|z] <}

and satisfy the condition |g(z)| < 1, z € Ag. If g(2) € Huo, then g((1/i)Inz) €
Ho(Ap). We know that

2nA
i
™

(18) G(z) := ﬁsn(%lnz,)\)

has exactly 2n zeros: cos @ + i sin @, j=1,...,2n on Ag. Since on 0Ag

G) ~ FOG 2] = pf O (3 2)] < p < 1= 16(2),

Rouche’s theorem implies that F(") has at most 2n zeros on a period 2w. So
SC(F(T)) < 2n. This is a contradiction. Theorem [l is proved. O

Remark 1. Among others, Sun [I7] established a comparison theorem of Kol-
mogorov type for the class 71007 3. Moreover, Fisher [3] demonstrated an inequality
of Landau—Kolmogorov type for the class of nonperiodic analytic functions on the
open unit disk whose rth derivatives are bounded by 1 and which are real-valued
on the interval (—1,1).

Our next aim is to establish a Landau—Kolmogorov type inequality and some
other corollaries of the comparison theorem which will be used for establishing an
inequality of Taikov type on the class H ; in the following section.

Corollary 1 (Landau-Kolmogorov type inequality). Let r = 0,1,2,... and f €
H_ 5 be such that || f[loc < ||<I>'27,.H(><> for some positive integer n. Then

!/
(19) 1 oo < 1197 2 lloo-

Proof. Assume that there exists a £ € R for which | f/(§)| > ||<I>ﬁﬂ,/\|oo. Since ®f (1)
is a continuous function of ¢ and

1Flloe < NP lloos NP0 e < @5 (8) (|97 4 llc,  tER,

n,r
there exists an 1 € R such that f(£) = ®7 () and |f/(£)] > |<I>ﬁ’rl(77)|, which
contradicts Theorem [Il Corollary [l is proved.

Let C(R) be the set of all continuous functions on the real line R. A function
1 € C(R) is said to be regular (see [6], p. 107) if it has a period 2 and if on some
interval (a,a + 2l) (a is a point of an absolute extremum of 1) there is a point ¢
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such that 1) is strictly monotone on (a,c) and (¢, a+ 21). In order to emphasize the
length of the period 2[, sometimes we shall speak about 1 as being 2l-regular.

We say that a function f € C(R) possesses a p-property with respect to a
regular function v if for every a € R and on every interval of monotonicity of
the difference 1(t) — f(t + «) either does not change sign or changes sign exactly
once: from + to — if ¢ decreases or from — to + if ¢ increases. It is clear that
f will possess the p-property with respect to ¥(t + 3), 8 € R, if it possesses the
p-property with respect to . O

Corollary 2. Letr =0,1,2,..., and let f € I?goﬁ be such that || flleo < [P0, ]lso
for some positive integer n. Then the function f possesses a p-property with respect
to @7 .

Proof. If f does not possess a u-property with respect to ®? . then for some

n,r’
« € R the difference <I>gr(t) — f(t+ «) changes sign on a monotonic interval Agf},

k € {1,...,2n} of the standard function <I>§,T from + to — if <I>§7T increases and

from — to + if @g’r decreases. By continuity arguments this fact will also hold for
the difference

F(t):= ) ,.(t) = (1 =) f(t + )
for 0 < e < 1 sufficiently small. Since (1 — €)[[f(- + a@)lloc < |®4 ,[loc; F changes
sign at least three times on the interval A5Z“ 2» and at least once on each of the other
intervals Asfza (7 € {1,...,2n}\{k}). Hence S.(F) > 2n + 2. By Rolle’s theorem,
S.(F)) > 2n + 2, where

FO(t) = \[\sn(%t7 A
T

Y= (1= fT(t+ ).

On the other hand we can prove that S.(F(")) < 2n by the same method as that
in the proof of Theorem [Il This contradiction proves the corollary. O

By virtue of Corollary 2 and [0, Lemma 3.2.1], we have

Corollary 3. Letr=0,1,2,..., and let f € ﬁgoﬁ be such that || fllee < [P0, ]ls

for some positive integer n and f(&) = ‘I’?W(no) for some &y € R, ng € A%kz

(i) If the standard function ®2  increases on the interval Agf?«, then

fl&o+u) < @g,r(no + u), for all w >0, and g +u € A%kl Nlno, 00),
Fl&o—m = ® (o —p),  forallu>0, and o —u € AL (=00, 70,

(ii) If the standard function ®2  decreases on the interval A%kz, then the in-

n,r >

equalities in (1) are true with opposite sign.

It follows from Corollary [l Corollary 2 [6, Proposition 3.2.3], and the symmetry
of the graph of @ﬁ’r that

Corollary 4. Letr =0,1,2,..., and let f € I?goﬁ be such that || f]le < ||<I>2’THOO
for some positive integer n. If f(&) = @5 (no), f(&1) = @5 .(m), &o, 10, &1
m € R, and ng,m are contained in the same monotonic interval Agfl, then

(20) €0 — &1 > no — ml.
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A function F' is said to be a periodic integral of a real 2m-periodic continuous
function f on R if F'(z) = f(z) and F(x + 27) = F(z) for all z € R. From
Corollary [l we have immediately the following theorem which will be used in the
next section.

Theorem 2. Suppose that r =0,1,2,..., f € f[goﬂ, and F is a periodic integral
of [ such that ||F||leo < H‘I’ﬁmHHOO for some positive integer n. Then

(21) 1£llse < 195 lloc-

3. TAIKOV TYPE INEQUALITIES ON H[_ 4

In this section we establish an inequality of Taikov type, which leads to the upper
estimates of the Gel’fand n-widths. To do this, we need some auxiliary lemmas.

Lemma 1. Letn € N andr:O,l,.. Then

21
(22) / ()| dt = v@n vor = 4022 o

Proof. By (), @gm is 27 /n-periodic, is strictly monotonic in Ag’,g«,j =1,...,2n,

and @57,0(:5 + Z) = -8 (t) for all t € [0,27). First we assume that r + 1 is odd.
Then it follows from (I4) that ’@§7T+1(7r/n) - @g,Hl(O)‘ = 2H<I>2’T+1||Oo. Hence,
2m s s
| ek wlde=2 [Tz ol =2 [T ol @ ar
0 0 0

e
=2 \@ﬁ,mm — 0] 1(0)] = 41974 e

72\/(I)nr+1 \/q)nr—i-l

Consequently,
2m 8
| eawna = vénm =402
By the same method as above, we can prove that ([22)) also holds if r + 1 is even.
The details are omitted. The proof of Lemma [l is complete. O

Now let f be a 27r-periodic integrable function, and denote by r(f,¢) the non-
increasing rearrangement of |f| (see [6], p. 110). With this notation we have

Lemma 2 (see [6], p.112). Let f, g€ L, (1 < ¢ < o0), and

/r(f,t)dtg/ r(g,t)dt, 0<uxz<2m.
0 0

Then
I £1lq < llgllq-

Lemma 3 (see [6], p. 114). Let f € C(R) possess the p-property with respect to
the 2 /n-regular (n = 1,2,...) function ¢ and

27 /n
/ W(t)dt = 0.
0
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If
minz/J( )< f(t) < maxw(u), VteR,

/ f(t dt\ /Qﬂ/nw(mdu

/(f,)drfé/0 r(y,t)dt, 0<z<2m

m a.X

then

Theorem 3. Letr=0,1,2,..., f € I;T;oﬂ, and F be a periodic integral of f such
that | Flleo < H@g,H_IHOO for some positive integer n. Then

(23) /Omr(f,t)dtg/om (@2, dt, 0<z<om

(24) 1£llg < 127 llgs 1< g < oo

Proof. By virtue of Lemma [2 the inequality ([24]) follows from (23)). So we only
need to prove the inequality ([23). Without loss of generality we assume that r € N.
Since f € H p and F'is a periodic integral of f such that || F']|ec < H<I>n ri1lloo fO

some positive integer n, we conclude from Theorem B that || f|lec < |4 . ||s0, and

it follows from Corollary that f possesses a u-property with respect to fbfw. By

Zﬂ/n

noticing that |[; f (t)dt = 0 and the following result derived from the proof

of Lemma [I]

b
max| [ f(Odt] < 2o < 2007,

T/n 1 27 /n
[ elwla=g [ el
0 7 2.Jo ’

we see that Lemma [3] is applicable for the functions f and CDf’W. Hence, the in-
equality ([23)) is true. Theorem [Bis proved. O

Consider a subset of H ~, defined by

(25) HY, 5 (T = {f € H, 4 f1T.},

where the condition f17,, means that
27

f(t)sin(kt) dt = 0,
0

27
f(t) cos(kt) dt = 0,
0

Let F' be the periodic integral of f € }ngoﬁﬂTnL and satisfy the condition
f% F(t)dt = 0. Then we have
27 27
/ F(t)sin(kt)dt = 0, / F(t)cos(kt)dt =0, k=0,1,...,n—1.
0 0

It was proved by Osipenko and Wilderotter in [I3] that
(26) 1o < 1125 4 lloos
which together with Theorem [l gives an inequality of Taikov type as follows.
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Theorem 4 (Taikov type inequality). LetneN, r=0,1,2,..., and feﬁ;’ﬁ N7Z:-.
Then
1fllg <195 llgs 1< g < oo

Since ®F . is 27 /n-periodic and @, 11, ® € I;Tgoﬁ N7Z,;-. From Theorem [

n,r

and (26]), we obtain

Corollary 5. Letn € N andr=0,1,2,.... Then
sup [|fllg = 1195 llgy 1< g < oo
feHT, sNTH
Remark 2. Among others, Taikov [I8] proved that for alln € Nand r =1,2,...,

(27) sup [ fllg < lldnrllg; 1< g <00,
FeWL NI+

where WOTO is the classical Sobolev class, and

4 i sin((2k + 1)nt — 7r/2)

Dnr(t) = GEr

r=20,1,...,
™"
k=0
is the 27 /n-periodic perfect Euler spline of degree r. The inequality (27)) is now
referred to as Taikov’s inequality. For the case ¢ = 1, ([27)) was also proved by

Turovets in another way. For more detail, see [0, page 172 and page 207].

4. EXACT VALUES OF n-WIDTHS OF H[_ 4

In this section, we will solve a minimum norm question on an analogue of the
classical polynomial perfect splines, and then using this result, we will estimate the
lower bounds of n-widths, which together with some results of Osipenko (see [14])
and Section 3 will determine the exact values of the Gel'fand n-width, Kolmogorov
2n-width, linear 2n-width, and information 2n-width of f[goﬁ inLg,reN, 1<
q < oo. First we recall some definitions.

Definition 2. [I5] The kernel k is called strictly sign consistent of order 2¢ + 1
(SSCo41) if
o det (k(z; — ym)) 5ty >0

whenever 0 <7 < --- < @opy1, 0<y; < -+ < yapy1,and o =1 or —1.

With this definition, we have the following two results which will be used in the
proof of the next theorem.

Lemma 4 (see [5], p. 250-270 and [15]). If k is SSCapy1, h is a real 2m-periodic
piecewise continuous function and S.(h) < 2n, then

Z(k * h) < 2n,
where Zo(k = h) is defined by ().

Corollary 6. Let n € N, h is a real 2w-periodic piecewise continuous function and
Sc(h) < 2n. Then

(28) Se(Kg* h) < Z.(Kg * h) < 2n.
Proof. It was proved by Forst [4] that K is SSCqyq forall¢ =0,1,.... By Lemma
[ we get (28]). Corollary [Alis proved. O
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Lemma 5 ([15]). Let & = (&1,...,&2n) and n = (N1, ..., M2n) € Aay. Then
Se(he £ hy) < 2n.
Moreover, if £ = Nii2e for some k and £, then
Se(he —hy) <2(n—1).

Armed with these preparations, we are now ready to investigate a problem about
the minimum norm on analogue of the polynomial perfect splines which is the key
for getting the lower estimates of the Gel'fand n-width, Kolmogorov 2n-width,
linear 2n-width, and information 2n-width of F[goﬂ in Ly, 7eN, 1< g <o0.

Theorem 5. Letn € N, r =0,1,2,..., and ¢ be a differentiable, odd, and strictly
increasing function for which ¢’ is continuous on [—1,1]. Put

Aoy i={¢: €€ Ay, m N, m <},
RS, = {€: €€ Noy, p(Kpxhe) L1},
Then

(29)  inf " la+Dpxp(Kprhe)llg = min_||Dpxo(Kgxhm)lg, 1< ¢ < oo,
a€R, £€AT, meN, m<n

where when r =0 29) means that

e ot kgl = min (K bl 10 < 00
Proof. The case ¢ = oo was proved by Osipenko in [I1] (in this case it is enough to
assume ¢ is a continuous, odd, and strictly increasing function defined on [—1, 1]).
Now we assume that 1 < ¢ < oo, 7 € N (the case » = 0 is simpler), and follow
the approach of Zensykbaev [20], Micchelli and Pinkus [§], and Pinkus [15].
A compactness argument shows that the minimum in (29) is attained; i.e., there
exists an a* € R and a £* € Ay, € = (€,...,&5,,), m < n, such that

inf _la+ Dy xo(Kp* he)|[§ = [la™ + Dy o(Kp * he+) |3
a€R, £€€AY

2n

Using the method of the Lagrange multiplier, we find that the optimal ¢* and
& = (&, ...,&,) must satisfy the system of nonlinear equations:
2m

(30) f(z)dz =0,
0

(Eif/()ﬂf(:c) [ ; ﬂDr(t)w/((Kﬁ*hg*)(x—t))Kg(x—t—fj)dt dx

@) > o
0 [ (0« he YOVt~ )t =0, j=1,....2m,
0

2
| et he ey ae=o.
where 6 is the Lagrange multiplier, and

(32)  f(@) = qla* + Dy x o((Kp * he-) ()| "sgnla” + Dy p((Kp * hex ) (2))]-
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Since ¢’ > 0 and ¢’ is continuous on [—1,1], by Rolle’s theorem and Corollary [0]

we get
(33) Se(f) = S (a” + Dy % p(Kp * he)) < Sc(p(Kp * he+))

First we claim that the knots of the vector £* are equidistant which means that
=& = m/m, j =1,...,2m, ie., hex = hy,. By translation we may assume
that & = (&F,...,&3,,) satisfies 0 = &5 < &5 < -+ < &3, < 27 and

6=& =& —& =min{gfy, —&i=1,...,2m},
where &5, 1 = 2m. Assume that hex # hyy,. It follows from Lemma [5] that
Se(hex(-) + hex (- +0)) < 2(m —1).

Since ¢ is a continuous, odd, and strictly increasing function, by Corollary [6, we

have
Se(p((Kp * he) () + @((Kp * he ) (- +6)))
(34) = Sc((Kp * he=)(-) + (Kp * hex ) (- + )
< Se(hex(4) + hes (- +96)) <2(m —1).
Set
p(x) = a* + Dy * o((Kp * he ) (),
r(x) = p(e +8) = a* + Dy % o((Kg * he: ) (z + 6)).
Thus
2
p(x) +r(x) —90* = D, (x — y)[p((Kp * he- )(y)) +(Kp * he ) (y + 0))] dy.

2 Jo
From Rolle’s theorem and ([B4), it follows that S.(p + ) < 2(m — 1). Since
sgn(a + b) = sgn (|a|? *sgna + [b|9 'sgn b),
for every a,b € R and g € [1,00), it follows that
sgn(p()|7 sgn(p()) + r(-)|* sgn(r())) < 2(m — 1)
for each g € [1,00). From (B2,

f(x) = qla* + Dy x o((Kp * he-)(2))|7 tsgnla” + Dy * p((Kg * he ) (2))]
= qlp(2)|" 'sgn(p(x)).
Therefore, we have

Se(f()+ f(-+0)) = Se(p+7r) <2(m —1).

Set
P =g [ S a0 [ e )5 o)
and
R =g [ S 0G0 [Py he )i+ )Rsle o),
where .
Gl = [ DO (B e o~ D)ot~ )
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By change of scale and Fubini’s theorem we have
1 27 27

P =5 [ 10|

- Dyl = 009 (K + e YO) Kot — ) e d

0

27
L6 / & (K he)(£) K(t — ) dt

= % W‘Pl((Kg*hg*)(t»Kg(t—y) |: ﬂDT(x—t>f($> dx:| dt
0 0
0 [ s he ) Kot - )
0
27
- % A @' ((Kp* hex ) (1)) fr(t) Kp(t —y) dt
2
0 [ (e he )0 e~ y)
- % A TG % he YOt — ) (£ (1) + 270) d
27
B % ) ¢ (K * he )(t +y)) Ka(t) (fr(t +y) + 2m0) dt,
where .
fr(t) = Dr(ﬂfft)f(x) dr.

0
Since ¢’ > 0 and ¢’ is continuous on [—1, 1], by Rolle’s theorem, Corollary [l and
3), we conclude that
(35)
Ze(P() + R(")) < Se (¢ (Kp * he ) () (fr () + fr (- + 0) + 4n0))
< Se(fr() + fr(-+0) +47m0) < Se(f() + f(- +9)) < 2(m —1).
A simple change of variable argument shows that R(y) = P(y + d), from which we
obtain B
Z(P(:)+ P(-+6)) < 2(m —1).
From (BI) we have
P(E) =0, i=1,...,2m.
By our choice of 6, § < & +6 <&y, i=1,...,2m, and therefore
SF (P& +9),..., P(&, +9)) = 2m.
Thus
SE(P(E) + P& +9),..., P(&3,) + P(&5, +6)) = 2m,
which implies that
Z.(P(:)+ P(-+0)) > 2m.
This is a contradiction, and therefore hex(-) = —he« (- + 9), L.e., hex = hyy,.
Now we proceed to show that a* = 0. Let
f(x3a) = qla+ Dy p((Kp * hin)(2))|" 'sgnla + Dy o((Kp * hi)(2))]-

Since the constant term is a free variable, f(-;a*) L 1. Because

Dy p((Kp # hon) (@ + 7)) = =Dy % (K # h) (),
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it follows that f(-;0) L 1. Thus a* = 0. Since h,, € {he : £ € Ay} for all m € N
satisfying m < n, we get (29). O

Corollary 7. Letn e N andr =0,1,2,.... Then

(36) inf  |la+ Dy« @o(Kp* he)llq
a€R, ¢eA30

= || Dy x o (K * hy )|l = ||(I)§7qu7 1 <qg<oo.

Proof. Noting that ¢o(z) := tan(w/4 z) satisfies the conditions of ¢ in Theorem [
by 29) we only need to prove that

min_||Dy x @o(Kp * h)llg = | Dr % po(Kp * ha)llg, 1< q < oo0.
meN, m<n

In fact, since D, % @o(Kg * hy,) € f[gog N 7Z,;- for all m € N satisfying m < n, by
Theorem M we have

| Dy # 00(Kpg * hn)llg < |1 Dr % 0o(Kp % han)llg, 1< g < o0.

Corollary [1 is proved. O

Our next aim is to study the exact estimates of the Gel'fand n-widths of the
class of functions Hgo -

Theorem 6. Forne N, r=0,1,2,..., and 1 < g < o0,
(37) d*"(HY g, L) = d" 7 (HE, 5, Lq) = |27, llg-

Proof. The case of ¢ = oo, where r is a nonnegative integer and n € N, and the
case of 1 < ¢ < oo, where r = 0 and n is even, were proved in [9] and [I3]. We
consider the case r = 1,2, ... (the case r = 0 is simpler), and 1 < ¢ < co. We begin
with the lower estimate. Set

2n+1
(38) S2n = {.’L‘ = (xl, . .,$2n+1) S R2n+1 : Z |$k| = 27'('} s

k=1
J
To(z) =0,  7(z):=> |wl, j=1,....2n+1L
k=1

For each z € S, put

(39) gx(t) :==sgnz;, Ti1(r) <t<T7(r), j=1,...,2n+1,

(40) Jo = Dy x po(Kp * ga).
Suppose that
X ={feLy: {; f)=0,1; €L, j=1,...,2n}.
If (;,1) =0,j =1,...,2n, then

_sup[|fllg = oo
fEchyﬁﬂXZ”
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Therefore, we only need to consider the subspace X2" such that there exists a
jo € {1,...,2n} for which (l;;,1) # 0. Then without loss of generality we may
assume that (I3,1) # 0. Set

DR
L; =1 1)

For each x € S?" denote by A; the mapping
Al(x) = (b(.’L'), <L27 f1>7 ey <L2n7 f:r:>)7

L, j=2,...,2n.

where
2
b(z) = / o((Ks * g.) (1))

Since A; is an odd and continuous map of S?" into R?", by Borsuk’s theorem (see
[6, p. 91]), there exists an z* € S?" for which A;(2*) = 0. Then g« € {h¢ :
¢ € ng}, where ng = {€ € Aoy : 0o(Kp x he) L 1}, and (L;, for) = 0, i =
2,...,2n.

As the function ¢g(2) = tan(n/4 z) maps the strip |Rez| < 1 conformally onto
the open unit disk, f,« € H_ 5. Thus

<ll7 fz* >
<llv 1>
Consequently, by virtue of Corollary [7,

swp fllg 2 17 lg = inf_ fla+ Dk go(Ep xhe)llg = 197, llg-
fEHgQﬁﬁxz" a€R, £€A;,)

= fur — e XN HY, 4.

Therefore,

(41) A" HY g, Lg) > A" (Hl 5, Lg) > 127l

00,3 n

which completes the lower estimate of [37). Now we turn to the upper estimate. It
follows from Theorem M that

(42) d*"(HY, 5, Lg) < "7 (HY, 5, Lg) < |97 o,
which, in combination with ({Il), gives the proof of Theorem [6l O
Remark 3. Among others, Sun [I7] determined the exact values of the Gel’fand
n-widths
d2n(7100757l’q) = dQn_l(EOO767Lq) = H¢75L||qa 1 S q S o0, N = 1727 ]
where
4 & cos(2v + 1)nx

43 Pla) = — :
(43) 9n(T) T uz::() (2v + 1) cosh(2v + 1)ng

Let

2

oo —28m(m+1
k= 4676 < Zm:oeoo o )2>
1+2) " e 20m
The complete elliptic integral of the first kind with modulus & is defined by formula

1 dt
e / V- 21— k)
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Set
ctn(z) := %(zd)n(z)

where sn(z), cn(z) and dn(z) denote the Jacobi elliptic functions with modulus k
(see [1I] and [2]).

Lemma 6 ([14]). There exists a subspace of continuous functions with 2n dimen-
sion

2n 2n
Woy, = CQ-FZCj(DT*gj):ZCj:O s
j=1 j=1

such that for any f € ffgoﬁ there is a unique function Loy, (f) € Wa, interpolating
f at 2n equidistant points

(44) L27L(fa tsg}) = f(tsia")v .] = 1a oy 2“"
and satisfying
(45) |f(2) = Laa(f,2)| < |@) ()] Va € [0,27),

where t%j}, j=1,...,2n are defined by (), and

K X
0,(t) = 8 o (t)etn (—(t - tsm) L i=1...m.
| (¢~ 19

We are now in position to prove the exact estimates of the Kolmogorov 2n-width,
linear 2n-width, and information 2n-width of the class of functions HZ_ 5.

Theorem 7. For integerr >0, n €N, and 1 < ¢q < o0,
(46)
d2n(H;o,Bqu) = )‘2n( ;o,ﬁqu) = d%( go,ﬁqu) = Z-271(1{;0,57[%1) = H(I)g,rllcr

Proof. The case of r =0, 1 < g < 00, and the case of r € N, ¢ = oo were obtained
in [9 and [II]-[13]. Let » € N. First, we will prove the lower bound for the
Kolmogorov widths. Assume that 1 < ¢ < oo, and S?", g, and f, are the same
as those in the proof of Theorem [0 (see [BY)-@Q)). Since the class of functions

ﬁ;oﬁ (r=1,2,...,) contains all constants, in order to establish the lower bound

of doy, (HT, ,B’Lq) we only have to consider the subspace Xa, C L,, which also

oo
contains the constants. Let Xs,, be any 2n-dimensional subspace of Ly, 1 < ¢ < 00,

such that 1 € Xs,. Suppose that Xs, = span{fi,..., fon} and fi(¢) = 1. Let
a1(x), ..., a2, (x) be the coeflicients of fi,..., fon, respectively, in the unique best
approximation to f, from Xs,. The mapping

A(z) := (b(x),az(x), ..., a2,(x)),
where

b(x) ::/O 7T4,00(([(5*ggc)(ﬁ))dﬁ,

is an odd and continuous map of S?" into R?”. By Borsuk’s theorem there exists
an z* € " for which A(z*) = 0. Then g, € {he : £ € Ay} and a;(z*) = 0,
i = 2,...,2n. As the function ¢g(z) := tan(w/4z) maps the strip |[Rez| < 1
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conformally onto the open unit disk, f,« € flgo’ﬁ. Therefore, if 1 < ¢ < oo, by
Corollary [l we have
(47)
d2n(Hgo,5an) > sup inf [|f —gllg > [ far —ar(z)llg
feﬁ;ﬁ g€Xan

> inf a4 Dy xpo(Kp * he)llg = |2,
a€R €€A30

lgy 1< g<o0.

By passing to the limit ¢ — 1, ¢ — oo, respectively, we obtain the lower estimate
of the Kolmogorov widths da,,(HY, 5, L), 1 < g < oc.

o0

Now we prove the upper estimate of the linear widths. It follows from Lemma

that
sup  ||f = Lon(F)llg < 195, llg, 1< g <00,
feHr, ,
where Lo, (f) € Wa,. From the definition of \,, we have
(48) Aon(HY, 5, L) < @) llgy 1< g < o0
Since da, < A2, and d?" < i, < Aoy, by virtue of (@), @8) and Theorem B, we
get Theorem [7 O
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