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A SEMI-IMPLICIT MONOTONE DIFFERENCE SCHEME
FOR AN INITIAL-BOUNDARY VALUE PROBLEM
OF A STRONGLY DEGENERATE PARABOLIC EQUATION
MODELING SEDIMENTATION-CONSOLIDATION PROCESSES

RAIMUND BURGER, ANIBAL CORONEL, AND MAURICIO SEPULVEDA

ABSTRACT. We prove the convergence of a semi-implicit monotone finite dif-
ference scheme approximating an initial-boundary value problem for a spatially
one-dimensional quasilinear strongly degenerate parabolic equation, which is
supplied with two different inhomogeneous flux-type boundary conditions.
This problem arises in the modeling of the sedimentation-consolidation pro-
cess. We formulate the definition of entropy solution of the model in the sense
of Kruzkov and prove convergence of the scheme to the unique BV entropy
solution of the problem, up to satisfaction of one of the boundary conditions.

1. INTRODUCTION

In this paper we prove convergence of a semi-implicit difference scheme for an
initial-boundary value problem for a scalar strongly degenerate parabolic equation.
This problem arises from a model of sedimentation-consolidation processes of par-
ticulate suspensions [I], 2| @]. However, under slight modifications, it can also be
understood as a spatially finite model of two-phase flow in porous media [I6] or
traffic flow with driver reaction [5, [26].

The initial-boundary value problem (IBVP) is given by

(1.1a) b+ 16,0 = A@)ar (2,1) € Qr =T x T,
(1.1b) d(x,0) = ¢po(z), xe€l:=(0,1),

(L10)  (F(6,8) = A(G))(L,1) = W(t), teT = (0,T),

(1.1d) (b(6) — A(@).)(0,) =0, teT,

where t is time, x is the spatial coordinate, T' is the final time, ¢ is the unknown
function, f(¢,t) = q(t)¢ + b(¢) is the total flux, where ¢(t) is a control function
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92 R. BURGER, A. CORONEL, AND M. SEPULVEDA

and b(¢) is a material-dependent flux density function, and

[
A() = / a(s)ds. a(¢) >0,

where the diffusion function a(¢) is allowed to vanish on intervals of positive length.

In the sedimentation-consolidation model, the coordinate x increases vertically,
and ¢ is the sought solids volume fraction. The IBVP (LI describes a one-
dimensional ideal continuous thickener for the settling of industrial suspensions;
see [1L (2, [@] for details. The flux boundary condition (IId) models that at the top
boundary z = 1, a feed source is located, through which fresh suspension is fed into
the unit at the feed rate U(t) (see [4] for details). At the bottom (z = 0), the total
solids flux f(¢,t) — A(¢), is reduced to its convective part ¢(t)¢(0,t), which leads
to the boundary condition (LId]). A subcase included here is that of batch settling
of a suspension in a closed column, which corresponds to setting ¢ = 0.

The basic assumptions on ¢(t), b(¢) and A(¢) and on the initial and boundary
data arising from the sedimentation-consolidation model are the following. The
function ¢(t) < 0 is the volume-averaged velocity of the suspension, which can be
controlled, while b(¢) is a continuous, piecewise smooth function satisfying

(1.2) b(p) =0for ¢ <0 and ¢ > dmax, b(¢) < 0for ¢ € (0, Pmax),

where ¢pax € (0, 1] is the maximum concentration value. The function b(¢) models
the concentration-dependent hindrance of the settling of a solid particle due to the
presence of other particles. The degenerating diffusion function a(¢) models the
sediment compressibility, and is assumed to satisfy

(1.3) a(¢) =0 for ¢ < dc and ¢ > dmax, a(@) > 0 for ¢c < ¢ < Pmax,

where ¢ € [0, pmax] is a critical concentration at which the solid particles get into
contact with each other. The functions a(¢) and b(¢) reflect the specific material
properties of the suspension. Since ([Tal) reduces to a first-order conservation law
on the interval of positive length [0, ¢.], this equation is called strongly degenerate.
Finally, the initial function ¢¢(z) is piecewise continuous with 0 < ¢o(z) < Pmax,
while the feed flux ¥(¢) < 0 must be larger than the minimum of f(-;¢).

We mention that an analysis of the IBVP (1)) is given in [2]. Since solutions
of ([LTal) are discontinuous in general, they need to be defined as weak solutions
along with an entropy condition to select the physically relevant weak solution. In
[2] the existence of BV entropy weak solutions to (LI in the sense of Kruzkov
[25] and Vol’pert and Hudjaev [28] [29] is shown via the vanishing viscosity method,
while their uniqueness is shown by a technique introduced by Carrillo [I0]. On
the other hand, Evje and Karlsen [19] show that explicit monotone finite difference
schemes, which were first introduced by Crandall and Majda [12] for conservation
laws, converge to BV entropy solutions for initial-value problems of equation ([Tal)
(in the slightly simpler case that the flux does not depend on t). These results
are extended to implicit schemes in [I8], and to several space dimensions in [22].
The extension of these schemes to initial-boundary value problems with flux-type
boundary conditions is utilized for the simulation of sedimentation-consolidation
processes defined by (L)) in a number of papers including [T1, Bl [8 21], to which we
refer for numerical examples illustrating the scheme and the model.

In [4], the analyses of [2] and [19] are summarized, and a detailed error study
of the monotone scheme presented herein (as well as of a MUSCL extrapolation

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CONVERGENCE OF A MONOTONE SCHEME 93

to formal second-order spatial accuracy) is presented. However, convergence of the
scheme is not proved in [4]. This paper supplies this convergence analysis, which
in part relies on [I9 22] but includes some new proofs required by the boundary
conditions. We analyze a semi-implicit scheme. It should be clear that similar
arguments can be applied to the explicit and fully implicit variants of the scheme.

Convergence of monotone schemes to an entropy solution has also been proved
for conservation laws and strongly degenerate convection-diffusion equations with
discontinuous flux [6 [7, 8, 23] 24]. Such equations arise, for example, if the
sedimentation-consolidation model is extended to so-called clarifier-thickener units.
In addition, the present analysis is important for the justification of the numerical
parameter identification scheme advanced in [I1].

The remainder of this paper is organized as follows. In Section [2] we recall the
definition of an entropy solution of (LI]) and the characterization of the traces for
this kind of degenerate parabolic equation, and we describe the semi-implicit nu-
merical scheme. In Section Blwe prove that the semi-implicit scheme is well defined,
which means that the nonlinear equations defining the scheme always have a unique
solution. This property is established by proving that the scheme is monotone and
L stable. (The solution to the nonlinear equations can be computed, for exam-
ple, by the Newton—Raphson method.) In Section @ we derive BV estimates for
the numerical solution and Lipschitz continuity estimates of the discrete integrated
diffusion function. Finally, in Section Bl we show that the scheme satisfies a cell
entropy inequality which permits us to prove that the discrete solutions converge
to a limit that satisfies the entropy condition. We also show that the limit satisfies
the initial condition and one of the boundary conditions. Combining the results of
Sections Ml and Bl we obtain that the scheme converges to a solution that satisfies
all ingredients of the definition of entropy weak solutions except for the boundary
condition at x = 0. Available numerical results, however, also indicate that this
boundary condition is properly approximated, and for the special case ¢ = 0, the
analysis of Section Bl implies that the limit does satisfy the boundary condition at
x = 0, and therefore is the unique entropy weak solution of (L.IJ).

2. PRELIMINARIES
2.1. Definition of an entropy solution.

Definition 2.1. A measurable function ¢ = ¢(x,t) is an entropy solution of the
initial-boundary value problem () if the following conditions are satisfied:

(S1) ¢ € L>=(Qr) N BV(Qr).

(S2) A(¢) € CH*(Qr).

(S3) For all test functions ¢ € C§°(Qr), ¢ = 0, and any k € R, the following
entropy inequality holds:

ey f /Q {16 — kler + sn(o — K)[F(6.1) — £k, 1) — A(G)a] ps } durdt > 0.

(S4) The boundary condition at x = 0 is satisfied in the following sense:
(2.2) Y0 (b(¢) — A(®)z) =0 for almost all ¢ € 7,

where ypv denotes the trace of v with respect to x | 0.
(S5) The boundary condition at x = 1 is satisfied in the following sense:

(2.3) Y1 (f(¢,t) — A(¢)z) = ¥(t) for almost all t € T,
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where ;v denotes the trace of v with respect to x T 1.
(S6) The initial condition is satisfied in the following sense:

(2.4) }ir% d(x,t) = ¢o(x) for almost all z € I.

The traces vo¢ and ;¢ are well defined by the result given in [30].
The existence, uniqueness and stability of the entropy solutions for (LI]) was
proved in [2] under the following hypotheses:

(H1) The function b is continuous, piecewise differentiable with ||b/||o. < oo, and

satisfies (L2).

(H2) The function g is locally Lipschitz continuous such that ¢(¢) < 0 for almost
allt € T, TVr(q) < oo, and TV (q¢') < o0.
(H3) The function a is bounded, piecewise continuous with supp a C supp b, and

satisfies (L3).
(H4) The function ¥ satisfies TV (¥) < oo and

peiin flo,t) <) <0, V()= f(dmaxt), tET.

(H5’) The initial datum ¢g belongs to the set

B ={peBV(): ¢(x)€ [0, bmax]Vz €T
ANIMy > 0: TV(0,A(d)) < My uniformly in e},
where A (¢) is a smooth, positive regularization of A(¢). This condition is
in particular satisfied if ¢q is a constant.

Condition (H5'), stated in [2], refers to the viscous approximation of (LIl), and
is required for a uniform estimate of the spatial variation of the time derivative
of the solutions of the regularized, strictly parabolic problem. We here need to
replace (H5') by a condition that involves the spatial discretization. To this end,
let J € N denote the number of space steps, Az 1= 1/J, x_1,5 := 0, 2511/ := 1,
l’j+1/2 = (j + 1/2)A1’ fOI'j = 0, ceey J — ]., Ij = [%‘—1/2;%‘4—1/2)7 and

1
(2.5) ) ::E/I‘(bo(x)dx, j=0,...,J.

The new condition can be stated as follows.
(H5) The initial datum belongs to the set

B = {% € BV(I): ¢o(z) € [0, bmax) Vo € T AIMo, My > 0 :

|A(69) — A(6))| < MoAx

J—1
A Z|A(¢?+1) — 2A(¢9) + A(¢9_,)| < My Az uniformly in Aa:}.

j=1

This condition is satisfied, for example, if ¢q is constant. Moreover, in [2] the
existence of an entropy solution was proved under the condition that either ¥ = 0
or there exist positive constants £ and M, such that £a(¢) — (¢(t) + b'(¢)) > M.
This condition, which is due to Wu [27], is not required in this work. Instead, we
impose the following condition.
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(H6) Either (a) q(t) =0 and ¥(t) =0forallt € 7, or (b) ¢(t) <0 forallt e T,
and there exists a piecewise continuous functions ¢(t) such that v = ¢(t)
is the unique solution of f(u,t) = U(t) for all t € T, i.e., the function ¢(t)
denotes the time-dependent intersection of the functions fi(u;t) := f(u,t)
and fo(u;t) = ¥(t), and we assume that there exists a constant C; such
that TVr(p) < Ch.

The distinction between cases (a) and (b) in (H6) is made for simplicity of the
argument only; it will become clear that our analysis remains valid for more general
situations, e.g., when ¢(t) = ¥(¢) = 0 on a finite number of intervals 7y, ..., Ty C T
and ¢(t) is defined as in case (b) on the remaining segments 7\(7; U --- U ZTy).

2.2. The difference scheme. Let N € N be the number of time steps, At := T /N,
and I" := [t",t"*1), where t" := nAt for n = 0,...,N. We denote by ¢} the
numerical solution at (z;,%,), and assume that the values for n = 0 are given
by 2I). The semi-implicit scheme is defined by an “interior” formula, which is
consistent to the governing equation (LTal), and two “boundary” schemes that are
produced by inserting the discrete versions of the boundary conditions (I.Id)) and
(CId) into the interior formula, respectively, where n =0,..., N — 1:

(2.6a) o5 = o — Ao + pudy ' + Aa(t") 5,
(2.6b) 71 = &7 = Ngjr1jo = Gfm1ye) +u(dff =it ), =101,
(2.6c) @57 =l + NGy o — ud T, — NU(E").
Here we let A := At/Ax, p:= At/Az?, and
d?+1/2 = A(¢J+1) A(%‘L)a 9?+1/2 = 9(¢n j+l’ tn)

where g(u,v,t) is the numerical flux. We assume that g : R3 — R is a locally
Lipschitz continuous function such that g restricted to [0, ¢max|? % [0, 7] is non-
decreasing in its first argument and nonincreasing in its second, and ¢ is consistent

with f, i.e., g(¢,d,t) = f(d,t) for all (¢, t) € [0, Pmax] X [0, T]. Moreover, we assume
that the linear portion g(t)¢ of the total flux f(¢,t) is discretized by an upwind
difference. An example of g is the upwind numerical flux considered in [4], where
g(u,v,t) :== q(t)v + bBO(u,v), and b© is the Engquist-Osher [I5] numerical flux

bEO (u, v) / max{b'(s),0} ds +/ min{b'(s), 0} ds.
We assume that the parameters At and Ax satlsfy the CFL condition
(2.7) 2\ maX H8¢,f ||

2.3. Compactness criterion. We pass to the limit for Ax — 0, At — 0 by
appealing to the embedding of L>(Qr) N BV (Qr) in L'(Q7) (see [17]) and using
the following well-known L' compactness criterion.

Lemma 2.1. Let {zp}n>0 be a sequence of functions defined on Qr. Assume that
there exist constants Cy, ..., Cs which may depend on T, but not on h, such that

(2.8) Iznllzoe(@r) < Co,  llznllr@r) < Ch,
(2.9) HZ}L('-Fy,-)—Z .. HLl (@) < Colyl+h) forallyeR ash |0,
(2.10) llzn (- +7) = 2n(, ||L1(Q ) < Cs3(tr+h) forallTr>0ash]|O.
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Then {zn}n>o is compact in the strong topology of L. .(Qr). Moreover, any limit
point of {zn}n>0 belongs to L'(Qr) N L>(Qr) N C([0,T], L'(I)).

2.4. Mollifiers and related functions. Let w € C§°(R) satisfy w > 0, suppw C
(=1,1), and ||w||z1(r) = 1. A standard mollifier with support in (—h,h), h > 0, is
then defined by wp () := w(x/h)/h. For h > 0, we define the functions

x
pn(x) == / wip(£)dE,  pn(@) :=1—pp(x —2h), wvu(z) = pp(z — (1 —2h)),
—o0

which satisfy |u}, (z)|, |v},(z)] < C/h and |u}(z)], |v}/(z)] < C,,/h? with a constant
C,, that is independent of h, and which have the following property (see [2]).

Lemma 2.2. Let v € LY(T;L%(I)). If the traces yov := (yv)(0,t) and y1v =
(v0)(1,t) exist a.e. in T, then we have for ¢ € C*(Qr),

T
lim //QT 9 (p(z,t) (un () + vi(2)))v(z, t) dt do = /0 (e(1,t)71v — (0, t)yov) dt.

h|l0O

3. WELL-POSEDNESS AND MONOTONICITY OF THE NUMERICAL SCHEME

We now show that the scheme is well defined, which means that for a given
vector @" = (¢f,...,¢%) € [0, pmax)’ T at time ¢*, the nonlinear equations (Z6])
always have a unique solution ¢"*'. To show this, we first assume that (2.0)
has a solution, and show (in Lemma [31]) that the scheme is monotone and (in
Lemma [3.2) that it satisfies an L stability property. These properties allow us
to apply a topological degree argument to conclude that (2.6]) indeed has a unique
solution; see Lemma [3.3]

3.1. Monotonicity and L* stability. First, we prove the stability and some
regularity properties of the approximate solution values {¢7} = {¢7 : 0 < j <
J,0 < n < N}. We mainly follow the the classical work of Crandall and Majda [12]
and its generalizations given by Karlsen et al. in [I8] [19] 22].

Lemma 3.1. The semi-implicit scheme (28)) is monotone under the CFL condition
@). This means that if we can solve [Z8) for alln € N, then there exist functions
Ho, ..., Hy such that qﬁ?“ = H;(¢g, 01, ..., 0%,t") for j = 0,...,J, where all
functions Hy, ..., Hy are increasing in each ¢-argument.

Proof. We wish to apply the Crandall-Tartar lemma [I2] [I3] to conclude that the
scheme is monotone. A straightforward calculation based on (Z8]) yields

J J
(3.1) Doertt=>"gr+5(t",¢5), 0t ) = Aa(t)p — V().
j=0

§=0
Now let ¢ = (¢o, ..., ¢7), and let us define the family of operators T'(t) : R/*2 —
RJ+2; t > 0; by (T(t))(d)v ’U,) = (HO(¢7 t)a v 7HJ(¢5 t)a U — 6(t7 ¢0)) We may now
describe our scheme by setting u° := 0 and defining

(" u™t) = (T(t") (@", u™) = (Ho(@",1"), ..., Hs(d" "), u—6(t", 7))

— ( n+17”.’ 3+1,un 75(tn7¢g))
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We address by Ty(t),. .., Ts+1(t) the components of T'(t). Then (le) implies

J+1 J
STTE) (@7 um) = 68+ 6(E", ¢p) +u — 5(t", ¢5) quuu
j=0 j=0

Since t" can be chosen arbitrarily, all operators T'(¢) are conservative. On the other
hand, let us denote by ¥" := (¢g,... ,1/)}1) the second solution vector, and by ug
and w;, the value of u™ associated with ¢ and 1, respectively.

Let us define D} := ¢} — ¢} for j =0,...,J. Then we obtain from (2.6)

(1+00)D5 ! = (1= Brja + Ag(t")) D + @1/2D} + 61D}
(1+20; )Dnﬂ (1- ﬁg+1/2 —aj_172)D} + aji12Di 1 + B5-12D) 4
+ 0, D +0, D), =101,
(14+0,)D5 = (1= ay_1/2)D} + By_12D%_y +0,1D} 71,
where, using (0')" (u) := max{b'(u),0} and (b')~ (u) := min{¥ (u), 0}, we define

1
Qjr1/2 = —A |:q(tn) _'—/Ov (b/)i( _;'L+1 + U(¢?+1 - d)‘?-‘,-l)) do| > 07 .] = 07 o '7J - 1)

1
ﬂj+1/2 = )\/0 (b/)+(¢?+1 + U(w_;l-i-l - ¢_7]l+1)) do P 07 .] = Oa RS J - 17
o (AW~ AT /D 20 DY 0,
! 0 otherwise,
Due to (271), all coefficients in ([B:2) are nonnegative, which implies
(1+60)[D5 | < (1= Bjz + Aa(t™) PG| + o[ D | + 62 DT,
(1420)|DF 7 < (1= Bjas2 = @-12)[DF | + @ D | + Bj-1/2[ D |
+ 0,0 |DI | + 0, DI, =10 -1,
(140D < (1= ay_12)| PG| + Bro1/2| D1 | + 051 D3]

Summation over these inequalities, cancelling terms wherever possible, and rewrit-
ing the result again in terms of {¢}} and {1} }, we obtain the inequality

J
(3.3) le"“ ST < Aq(t™) [ — of |+ Y |wT — 67|
=0

Then in light of (B3]), a straightforward calculation yields

J+1 J
(34)  3|m@) @) — (L)@ up)| < Slr - 7]+l — 3,
Jj=0 j=0

which implies that for each t = t", the operator T'(t) is L' contractive. The
Crandall-Tartar lemma then yields that T'(¢) is monotone.

To conclude that the scheme (Z8) is monotone, let us choose ¢° and 4° such
that ¢ < 4 for j =0,...,J and u) < uy,. Then ¢j <} for j =0,...,J and
“}b > ué due to the monotonicity, i.e., the scheme (26 is monotone for the first
time step. Repeating this argument, we conclude that the scheme is monotone for

each following time step, and therefore monotone. ([l
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Lemma 3.2. Assume that for any given vector " € [0, dmax]’+!, there exists a
solution ¢" ' of the nonlinear equations (Z.8). Then ¢™ 1 € [0, pmax]’ . In other
words, the scheme 2.8 is L™ stable.

Proof. We rewrite the semi-implicit scheme (2.6 as a nonlinear system

(3.5) s(@"") = w"(8"),

where the vectors s and w are given by
wg = @5 — Agje +Aq(t")eh,  wi = @F+Agy s — AV(E"),
R Y T N R
so =5 —ndyf,  sr =9l 4 pdiT

_ n+1 n+1 n+1 s
5j =@y 7/1“(dj+1/27dj—1/2)’ j=1...,J-1

To establish the desired maximum principle, we rewrite (8H) in the form
(3.6) M(¢" )"t = w"(¢™),
where, in terms of

A(GTE) — A7)

Jj+1 7 . n+1 n-+1
if @ F
(7)) Difipi=q o - R T N
0 otherwise,

the entries (m; ;j)o<i,j< of the tridiagonal matrix M = M(¢) are given by
mjj—1 = _MD;lel/gv ]: 17"'7J7

mjj:1—|—uD"+1 +,UD”+1 j:l,.,.,]—l,

j+1/2 j—1/2)
— +1 g
mji+1 = _/’LD;'L+]_/2? J _07"'7J_1a

moo =1+ uD1ja, myy=1+pDj 10

Since the matrix M(¢) is monotone for all ¢ € R’/*1, the elements of its inverse
M~! are nonnegative. Furthermore, we have |[M~!||, < 1 since

J
Now consider the initial data cﬁ? :=0fori=0,...,J. Noting that w°(0,...,0) =
(0,...,0,=A¥(t°))T) we conclude by the nonnegativity of M~! that cbjl- > 0 for
j=0,...,J. On the other hand, if we start from cﬁ? ‘= @max for i =0,...,J, then
due to (H4), the components of

WO(¢maxa LRI} ¢max) = (¢maxv RN ¢max7 )\(q(t)(bmax - \Ij(to)))T

are all smaller than or equal t0 Pmax, s0 that [M ™| < 1 implies that ¢} < dmax
for 5 = 0,...,J. Since the scheme is monotone, an arbitrary initial datum with
4,5? < d)? < @2 for j = 0,...,J will lead to solution values {qul} after the first
time step with ¢§ < ¢ < @] for j = 0,...,J, and therefore 0 < ¢} < ¢max for
7 =0,...,J. Repeating the same argument for each successive time step shows
that 0 < @7 < @7 < @) < Pmax for j =0,...,J,n=1,2,3,.... (]
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3.2. Existence and uniqueness.

Lemma 3.3. Let ¢° € [0, pmax]’ 1", and assume that the CFL condition () is
satisfied. Then the scheme (2.8) is well defined:
a) There exists a unique solution {¢}} C [0, pmax| to the nonlinear equations
defined by the numerical scheme (20]).
b) The scheme ([Z.6) defines an L'-contractive solution operator. This means
that if {qb"} and {¢}'} are numerical solutions associated with the initial
values ¢O, ceey ¢O and WY, ... ,1/) respectively, then

J
(3.9) ZW“ —ert < Jer— ¢, n=0,1,2,....
7=0 j=0
In particular, choosing ¢} = ¢} for j = 0,...,J, we see that o s

uniquenely defined by (2.0)).

Proof. Let @™ € [0, max)? . In order to prove the existence of ¢" 1, we adopt an
argument used in [20] to prove the existence of the solution of implicit schemes for
hyperbolic equations, based on topological degree theory (see [14] for more details).
To this end, the numerical scheme (28] can be written in the form

(3.10) ¢ - G("T) = H(e", "),

where H(-,t") := (Ho(-,t"), ..., Hs(-,t"))T and G = (Gy,...,G;)T are continuous
maps from R7*! into R7*+! given by

HO(¢v ") = o — Mg(do, 1,t") — q(t™) o),
Hi(,t") == ¢5 — Mg(95, 541, t") — 9(dj-1,05,t")), j=1,...,0 1,
ﬁJ(qbatn) =y — ( (t ) g(ds_1,07,t")),
Go() := n(A( (¢0)),
Gi(#) == p(A (¢j+1)—2A(¢j)+A<¢J D), j=Ll -1
Gy (@) = —u(A(ds) — A(s-1))-

We recall that due to Lemma[B2 if ¢" ' satisfies (BI0), then ¢ € [0, dmax]”’ .
On the other hand, by applying Lemma to the special case A = 0, it is clear
that under the CFL condition (Z7]), the explicit scheme for the hyperbolic case

(3.11) "t =H(p" 1)

satisfies the same L bound, i.e., we also have H;(¢",t") € [0, ¢max] . Therefore,
if Bg C R/*1 is a ball with center 0 and a suffiently large radius R, then (3.I0) has
no solution on the boundary of Bg, and one can define the topological degree of the
mapping Id—G associated with the set B and the point ’ft((b", "), that is, deg(Id—
G, Br, ’H(d)n, t™)). Furthermore, if « € [0, 1], then the same argument allows us to
define deg(Id — aG, Bpg, ’H(d)", t")). Then the property of invariance of the degree
under continuous transformations asserts that deg(Id — ag,BR,’?:t(qﬁ",t")) does
not depend on «. This gives

deg(Id — G, Br, H(¢", ")) = deg(1d, Br, H(¢",t")) = 1.

The equality for o = 0 holds since we can solve the scheme ([BI1)) a unique way.
Since ¢(t™) < 0, inequality (B3) implies (3.9)). This concludes the proof. O
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4. ESTIMATES ON THE APPROXIMATE SOLUTIONS

In the remainder of the paper, it is always understood that the numbered con-
stants Cy, C5, ... are independent of A := (Ax, At).

4.1. BV estimates.

Lemma 4.1. Under the assumptions of Lemma B.2], there exists a constant Cy
such that

ZI@H ¢”\<Z|¢J+l 69| + Cu.

Proof. We define w]+1/2 = ¢j+1 — qu for j = 0,...,J — 1 and introduce the

following notation. For j =0,...,J — 1, we set
n (¢j7 Jj+1 ) g( ;’lv ?7tn)
j+1/2 n ’
j+1 J
n g( ;‘13 ?Jrlvtn) B g((b?Jrla ;‘1+1atn) n d?—i—l/Q
J+1/2 ¢ o — P ) j+1/2 ¢ ¢n
J J+1 J+1
if 74 # ¢7, and B;l+1/2 = ;7“/2 = D;'l+1/2 = 0 otherwise. Then we define
(41) Aj+1/2 )\C —1/2 J = 1,...,J,
(4.2) Bjiio .:1—/\(C’j+1/2—B]’-L+1/2), ij=0,...,J—1,

With these definitions, we can write the interior scheme (2.61) as
;111/2(1 + Q/LD;Lrll/z) = AJ Wiy + By ppw] s
(4.4) +C7 1/2Wis e + DY 1/2w;’+11/2
DD G =L -2,
while the boundary schemes (2.6a)) and (2.6d) take the respective forms

(4.5) w?/gl = Ab(of) + B1/2w1/2 + C’{L/ng/z D”Hw?/gl uD Lt

1/2 3/2 W32
(4.6) UGJF%/Q_AJ 1/2wJ 3/2+BJ 1/2“&7 1/2+)‘(f(¢J7 t) — (n))
+1 +1
+ pD5T 3/2“’J 3/2 QﬂDJ 1/2“’?]I 1/2°

Noting that

Afryes Bivjas Ciapp 200 Afiyn + Blhjn + Cilypp =1, j=0,...,J =1,

we get from (MHM)

ZW?E/Q (1+20D5)5)

(4.7) S ’Ab (66) + (Biya + A3 o) [wi)a| + (Bj-1/ :?773/2) w5 -1/2]
FAIOLE =W ) el 20 ) Db

n+1 n+1| n+ n+1
— 1Dy ’“’1/2 | nDy 1/2‘wJ /2l
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Next, we rewrite the boundary condition (ZGal) as

(45) I = g Ol + Dl = A(0)).
Since b(¢§) < 0, we get
n n+1 n+1 n 1 n+1 n+1
[Ab(65)] — Dl/Z |w1/+2 | =6 —dp — Cyjpwiys — NDl/z (w 1/2 Jr|“’1/J5 )

+1
<opt —op +C7 1/2‘w1/2|
Inserting this into ([@7), we obtain

Z‘ njrrll/2 < b+ Z|wj+1/2’ + )“f ") ‘I’(tn)‘
(4.9) =0 =
n+1 n+1

- A3+1/2|w971/2| - MDJ_1/2|“’J—1/2|'
From boundary condition (2.6d) we obtain
(4.10) @5 =0l ~ Al oWy g — pDGT 1/2“’?%/2 +A(f(e].1") = 2(t")).

We will now finish the proof for case (b) of (H6), and then deal with the simpler
case (a). For case (b), (£I0) implies

A(f(85,67) = W(t™) = ¢ — &' + AL pwl Ty )y + DGy jpwly s
A(f(ﬂ}i") = f(@5 ) = A(R(E) — v )

forn = 1,...,N. We now define O(¢,t) := ¢ + Af(,t); note that due to (27,
O(-,t) is a strictly increasing function for all ¢ € 7. Then the last equation implies

A F(@5, 1) = ()] < sgn(f(95. ") — V(™)) (O(¢],1") — (g5 1,t" 1))
(4.11) + AT WL | DT g |wly ]
FATE) v, i=1,...,N.
Inserting this into (£9), we get for M =2,...,N

J-1
Z|w%-1/2’ < ‘bé\/{ - ¢(1J + Z|wgl‘+1/2‘ + A3+1/2|w9—1/2’
(4.12) =0
M
+ HD}]—1/2‘“’9—1/2| + A Z‘\I/(t") — U™+ S,
n=1

(b.]’tn _ (¢n 1 tn 1))7

HME

where o, := sgn(f( },t") — ‘I/( ™) for n = 1,...,N. To estimate S, we define

m to be the smallest integer such there are numbers ng := 0,n1,n9,..., 0y, := M
with ng +1 =1 < ny, n; +1 < ng, and so on until n,,_1 +1 < n,y,, such that
on € {—1,0,1} is constant for n =n; +1,...,n141, 1 =0,...,m — 1.

Defining 7; := t™+1 for [ = 0,...,m — 1 and &; := sgn(f(¢;' "', 1) — ¥(n)) for
l=0,...,m—1, we can rewrite S as S = Sg + --- + 5,,_1, where

Ni4+1
Si=a1 Y (008 1) — 6t ) = ai(O(e) T ") — O(¢] 1))
k=n;+1
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for [ = 0,...,m — 1. Note that 6; # ;41 for [ = 0,...,m — 2, since otherwise
we could merge two neighbouring index segments where o, is constant to one,
in contradiction to the assumption that m is minimal. Clearly, 6; = 0 implies

Sy =0.If 6, = 1, then S; = O(¢}™", t"+1) — O(¢'}', ™). However, ; = 1 implies
that ¢’/ < ¢(t™+1). On the other hand, if [ > 1, then due to the minimality
of m we know that o,, € {0,—1}, and therefore ¢’} > ¢(t™). Consequently,
the monotonicity of O(-,t) yields that S; < ©(p(t™+1),t™+1) — O(p(t™),t™) for
[ > 1 and, if 60 = 1, Sp < O(p(t™),t™) — 0(¢%,0). Similarly, if 5, = —1,
we conclude that S; < —[O(p(t™+1),t™+1) — O(p(t™),t"™)] if | > 1 and S <
—[O(p(tm+1), tm+1) — O(¢4Y,0)] if 69 = —1. Combining the three cases of &;, we
get that S; < [O(p(™+1),t"+1) — O(p(t™),t™)] for I = 1,...,m — 1 and Sy <
|O(p(t™1),t™) — O(¢Y%,0)|. This implies

S < ‘@((p(tnl)atnl - (b.]v ‘ + Z ’@ tnl+l tn“rl) - @(gp(tnl%tnl)‘

< Gmax + [L+A([I6]|oo + IIqlloo)}TV[o,tM](s@) + GmaxTV(0,6,11(0).
Inserting this into (£I2)) and using (£9) for n = 0, we obtain

4 13 Z| ]+1/2‘ ¢8/I - ¢8 + (bmax + TV((bOA) + TVT(\I/)
7=0

+ [T+ AV [loe + 1llo0) ] TV 0,621 () + Srmax TV (0,401 (0),

which concludes the proof for case (b) of (H6).
In case (a) of (H6), the expression | f(¢",t)—¥(¢t™)] in ([43) is replaced by —b(¢7)
(since the function b(¢) is nonpositive). From (£I0) we then obtain

Z|w;i-11/2 < TL+1 7¢)0 +¢)J n-‘rl + Z|w]+1/2‘

which yields the following inequality (instead of ([@I3])) for case (a) of (H6):

J—1
S [wlhy o] < 63— ¢9+ 6 — Y + TV(62).
=0

This concludes the proof of Lemma [£.11 O
Lemma 4.2. There exists a constant Cs such that
J
(4.14) Ax |¢itt — ¢ | < CsAt forn=0,...,N - 1.
§=0

Proof. We first define
B 9(¢F_1, 7t — g(gF 1, 9, 1)

J T ¢n+1 ¢n
if ¢?+1 # ¢} and B?H/Q := 0, otherwise, for j =1,...,J,

e 9FTL O ) — gl 65 )

J ' ¢n+1 ¢n
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. An+1/2 . .
if (;5}”’1 # ¢} and C’;H_ A 0, otherwise, for j =0,...,J — 1, and

s _ A — A))

J . ¢n+1 ¢n

if ¢)F £ ¢7 and ﬁ?H/Q := 0, otherwise, for j =0,...,J. From (26) we get
(1+ Dn+3/2) n3/2 _ | s 2, ntd/2
( )\Cn+1/2 + /\q(tn+1))ug+l/2 . )\B?+1/2u111+1/2

+ Mq(t™h) — q(t™)) (85 — 1),
_#Dn+3/2 n+3/2 (1 +2ul§?+1/2)u?+3/2 _qu)n+3/2 n+3/2

Us;_q 1 Ui
= ACTH P2 4 (1= ACPHYE ARt
MBI =1
n+3/2 n+3/2 n+3/2 n+3/2
— D%t +/ J+1/ +(1+MD * /) J+/

. AC"H/ 2uhP e (L4 ABTTY2) Y2 A (g8 — q(t7)) ¢

- A(V (") — ().
These equations form a linear system of equations for un+3/ S uy 3/ with a
monotone coefficient matrix D having a nonnegative inverse D~ 1 Slnce the entries
of D;; of D satisfy a property analogous to (3:8), we have that HD Yo < 1. Using
the CFL condition (Z7) and a summation by parts, we deduce the inequality

J
W] < ST ) — a6 — 8
(4.15) Z ;0 ’ ¢

+ )\‘q(t”“) — q(t")|¢f} + A"P(t"“) — \Il(t")’
We can now proceed inductively to obtain
J
n+3 2 2
Z\ Y 0|+ 2AGmax TV (0, (0) + ATV, (T).
j=0

Finally, we show that the sum in the right-hand side is bounded. From (Z.0]) we get

(1+ ro)ug'? — mruy/? = —Ag} 1y + Aq(t™)do + pd? 1,
1 1/2
KU 1/2 Y (1+ 2@) L/2 Hj+1ujil

(4.16) ) ; .
_)‘(gj+1/2 - gj—1/2) + M(dj+1/2 —dj_1p), J=1...,J -1,

- Iﬂ}J_lulJ/_21 +(1+ K:J)'U,(l]/Q = )\99—1/2 —AP(t") — ng—l/za

where we define the nonnegative numbers

:{M(A(M A() /2 it 2 20,

0 otherwise.
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Clearly, (@10 is again a linear system for ué/ 2, . ,ulJ/ ? with a monotone coeficient

matrix K whose inverse is nonnegative with |[K=!||oc < 1. This implies

J
STy ? < Mg 2 — Aa(0)go| + pd? 5 + Sy — ©(0)] + pdSy_y

J—1
+ 2954172 = 9512 = (s e = i o)
=0
The last right-hand side is uniformly bounded due to (H4) and (H5). O

4.2. Global estimates on A(¢a). In this section we derive a space and time
translate estimate for A(¢a), where ¢ is the linearly interpolated approximate
solution of (II)). The proof of the following Lemma is a slight modification of
a proof given in [22], which includes the boundary conditions, while the proof of
Lemma [£4] does to not appeal to boundary conditions, and is therefore a subcase
of the derivation leading to Theorem 4.1 in [22].

Lemma 4.3. If the CFL condition ([ZX) holds, then there exists a constant Cg
independent of A such that

(4:17) |A(67) = A(@7)] < Colj —ilAz for0<irj < J.
Proof. We choose j € {0,...,J — 1} and i = j + 1 and estimate |d};/,|. For

j = J — 2, the statement follows immediately from the following inequality, which
is a consequence of the boundary scheme (2:6d):

| ’}+i/2|
(4.18) Az “b 1 05| + |9J71/2’ + %[0
For j =0,...,J — 2, we may use Lemma [£2] to obtain
| n+1 | dn+1
]+1/2 n Tjt+1/2
(4.19) ’9]‘4—1/2} < Y5412 — Az
d’n+1 d’n+1
m—1/2 n 1/2
(4.20) Z Ay (gm 1/2 = T) t92 A,
1
(4:21) <3 S 165 — gl + sl < 5 + Gl
m=0
where we use the standard notation A+Vj V]’}H Vj", A,Vj” = V}” — an—1~

Inequalities (LI8) and (£I9) imply (£I7) for n > 1, while for n = 0, (I1) is
ensured by assumption (H5). The statement of Lemma follows with Cg =

maX{C5+¢maX||qnoo+ H.‘]HoovMO‘FMl}- O
As a consequence of Lemma 3] there exists a constant C; such that
J-1N-1 ,
(4.22) A Z > (A1) - Ae})* < Cr.
=0 n=0

Lemma 4.4. Under the assumptions of Lemma [L3], there exists a constant Cg
such that

(423)  |A(¢]) — A(¢])| < Csv/In—m|At, 0<n,m<N, j=0,...,J
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The proof of Lemma 4] which is omitted here, is analogous to the proof of
Lemma 4.2 in [23], which in turn is an adaptation of a technique introduced in
[19]. It utilizes inequality (£I7)) combined with an interpolation technique that is
independent of the particular scheme being used.

In the sequel, we denote by ¢a (where A = (Ax, At)) the interpolant of degree
one associated with the data points {¢} }; see [18, [I9]. Note that ¢ is continuous
everywhere and differentiable almost everywhere. From Lemmas [3.2) 1] and
we deduce that there is a constant Cy = Cy(T') such that

(4.24) [fallL(@r) + TVer(a) < Co,
while Lemmas and [£4] imply that there is a constant Cyg such that

}A(d)A(va)) - A(QSA('I) t))}
gC%Ox—m+Mﬁ—ﬂ+Ax+VZD V(z,t), (,7) € Qr.

5. CONVERGENCE ANALYSIS

In view of the embedding of L>(Qr) N BV (Qr) in L'(Q7) [17], there exists a
sequence {A;};eny with A; — 0 for i — oo and a function ¢ € L (Qr) N BV (Qr)
such that ¢o — ¢ a.e. on Qr. Furthermore, the Arzela-Ascoli theorem implies
that A(¢a) — A(¢) uniformly on Qr, and we have that A(¢) € CYV/2(Qrp). It
remains to show that ¢ satisfies the entropy condition (S3), and we need to examine
the boundary conditions.

5.1. The discrete entropy inequality. We define the vectors k = (k,... k) €
R/ ¢" Tk := (pnTk,...,¢"Tk), and ¢" Lk := (5 Lk,...,¢" LEk).

Lemma 5.1. For the numerical solution {¢}} of the IBVP (1)) obtained by the
scheme (2.6]) under the CFL condition [2.7), the discrete entropy inequalities

6571 — k| ¢4 — k| + AT, — msan(ag™ — K)(AG]H) — A(gg™)
(1) + Asg(f ™ — B)(b0R) + a6 1)) <0,

’¢?+1 — k| — ¢} — k[ + )\(G?H/z - G?—1/2) - usgn(qﬁ?“ — k)
(5:2)  x (A(GFH)) —24(e] ) + A(¢]11)) <0, j=1,....,0 -1,

95— k| — |97 — K| — AG)_y o + msgn(@! — k) (A(93) — A(31)
(5.3)  +Asgn(ehtt — k) (U(t") — q(t")k — b(k)) <0
hold for all k € R with the discrete entropy flux

Gz i=9(6) Th 6741 Thit") = g(&] Lk, ¢4, Lk, "),

where we use the standard notation aTb := max{a,b} and aLb:= min{a,b}.

Proof. Let us consider the following explicit scheme obtained from (2.6 for A = 0:

Do = Ho(@",1") = 6 — Agiya + Aa(t") 5,

I =H;(P" ") == ¢ — MoGias =97 ay2)s G=1. T =1,
= (7)== ¢ + A _1/2 — AU(t").
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Clearly, the explicit scheme (3.II]) obtained from (Z2.6) for A = 0 is monotone. We
define QS;‘H =H,(¢",t") for j =0,...,J, and note that

Ry = Ho(kt) = k= Ab(k), K3 i= (k) =k + A(b(k) + q(t)k — W(2)),
Bl =k ) =k, j=1,...,J -1

Consider first the interior scheme. For j = 1,...,J—1, the identity |a —b| = abe
aLb and the monotonicity of H;, which 1mphes H (xTy, ") = H(x, ") TH, (v, ")
and 1, (x Ly, t") < H;(x,t") LH;(y,t"), lead to

|q~5n+1 _ ];r}+1}

}ﬂj(qb A7) — Hj(k, )|
7% (¢" 1) TH; (k,t") — H; (9", t") LH; (k, ")
H;(¢" Tk, t") — H -(¢Mk t")

//\

‘ | ( j+1/2 j 1/2)

for j=1,...,J — 1. On the other hand, we know that

ot = op = p(A(G1) = 24(05 ) + A(G])), =1 -1

Consequently, we obtain for j =1,...,J -1

|65 = k5 = |65 — &
> sgn(¢f T — k) [@F T — k= p(A(¢)17) — 24(65) + A(9)))]
= [@5 7" — k| = psen (o7 — k) (A(¢55]) — 24(05 1) + A(95)).

Combining this with (54]), we obtain (5.2)). For j = 0, we obtain (instead of (&.4]))

(5.5) 067" — k™| < 1o — kI 4+ Aa(t™)|6f — k| = AGY .
On the other hand, we have

(5.6) \¢”+1 — k| — psgn(op ™ — k) (A(eTH) — Alep ™))
+ Asgn(oit — k)b(k).

Combining (53) and ([B.6]), we get (BI)). For j = J the analogous inequalities are

|51 — k" <10 — K[+ AGT_y ),
> @7 — k| + psgn(@ ™ — k) (A(@5T) - A(@51))

+ Asgn(e T — k) (U(") + q(t™)k — b(k)),

|
EAN

whose combination yields (B.3)). O
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5.2. Satisfaction of the entropy inequality. We now show that the limit func-
tion ¢ satisfies the entropy inequality (2.]).

Lemma 5.2. Let ¢pa be the linearly interpolated numerical solution of ([[II) and
¢ € L>®(Qr)NBV(QT) such that ga — ¢ in L . If ¢ is obtained by the scheme
@3) under the CFL condition ([Z7), then ¢ satisfies the entropy inequality (2.1I).

Proof. Let ¢ € C§°(Qr) be a nonnegative function. We multiply the discrete
entropy inequalities (BI)-(E3) by ¢(x,t™), integrate the j-th inequality over the
corresponding interval I; = [r;_1/2,2j41/2), and sum over (j,n) € {0,...,J} x
{0,..., N —1}. This yields an inequality FE; + - -+ FE4 < 0, where

N-1 J
Buim 0 3 (67— k= |67 ~ K] [ wlatn e
n=0 j=0 J
N-1J-1
Ey = A ;'L+1/2_G;‘L—1/2)/ o(xz,t") dx
n=0 j=1 I
N-1
+)\Z[G1/2/I oz, t") dz — G5 1/2/ ( )dx}
n=0 0 J
N-1J-1
Ey = - psgn(g)t — k) [A(@]H) — 24(07 ) + A(711)] /I P, t") do
n=0 j=1 J
N-1
b Y [sn(o3 - (A5 - Ar) [ ety as
n=0 J

—sen(@pt = (AT - A ™) [ ptan) dx]
Iy
E, —Az[sgn B ) (b(k) + a(")(k — ) / o, t7) i

— sgn(qﬁf}“ — k) (b(k) +q(t™k — \Il(t”)) / o(z, t") dx} )

1,

A summation by parts and using that ¢ has compact support yield

|¢§-V—I€’/Ij @(x,T)dx—‘¢?—k|/Ij o(x,0)dx
Ay |t i / ") (.t dx]
J:N—Q n
ZZ‘¢n+l k]/ <P(33 t )da:.
=0n

=—At
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Another summation by parts, the consistency of g with f, and Lemma 1] imply

N—-1J-1

Aoz, t"
B S, [ S0
n=0 j=0 I;
_‘AtNZUZIS - nogny _ n Arp(x,t") A
- gn(o; — k) (f(05,t") — f(k,1™)) . AL dx + O(Ax),
n=0 j=0 j

where A_V (z,t") := V(x + Az, ") — V(x,t"). A summation by part shows that
E3 = Ei + E2, where

N-1 J

Ei:=p Z Z(sgn@?“ —k) — Sgn(¢?_+11 —k))

n=0 j=1

< (A5 = A [ ete e

J

N— — n
ZZ o =R - At [ S5

Noting that both sgn(qﬁ"Jrl k) — sgn(¢;’+11 ) and A((b”“) A(¢;’+11) are both

nonpositive or both nonnegative, we see that EX > 0. On the other hand,

N—1J-1
n_ o AWR) —AG]) [ Arp(x,t")
nz;) Jz(:) sgn ¢ - JHA$ J /Ij + AL dz + O(Ax)

= // sgn(pa — k)A(Pa)zpr dz dt + O(Ax).

Since ¢ and ¢, vanish at * = 0 and z = 1, the integrals appearing in E{ are
O(Ax?) quantities, which implies £, = O(Az). Since ¢ is smooth, we now may
state the remaining inequality —FE; — Fs — E3 > 0 as
J[ {103~ Mo+ 5ot~ W[1(02.0) = £01) — A(6a).) s o
Qr
—Clle.

Taking A — 0 and noting that A(¢a), — A(¢), in L®(Qr), we see that the limit
function ¢ satisfies (2. O

5.3. Satisfaction of initial and boundary conditions.

Lemma 5.3. Let ¢a be the linearly interpolated numerical solution of the IBVP
@) and ¢ € L=(Qr) N BV(Qr) such that gpa — ¢ in L'. If ¢a is obtained
by the scheme (Z.6) under the CFL condition [27), then ¢ satisfies the boundary
condition (S5) and the initial condition (S6).

Proof. Multiplying (2.6d) by [ I, o(z,t") dz, where the test function ¢ is given by
o(x,t) == O(t)vp(x) with @ € C3°(T), summing the result over n =0,...,N — 1,
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using summation by parts and (2.6H]), we get

N-—1
0= 30 () + 05 = = Ao+ i3 )0 [ (o) do
n=0 J
N-1J-1
ALy
:AtZZ\I/(t")(I)(t")/ +Ah( do +Z (671 — gm)a(t )/ v (@) do
n=0 j=0 I; n=0 I;
N-1 dn+1 A
n J—1/2 n Vh(x)
— ALY <9J1/2_ A—QJ)‘I)@ )/I JFATCZQT
n=0 J—1
—1J-2
Z [ Agjias2 _Nd?i:sl/z)/ vh(x)dz
n=0 j=0 Tjta

_ ()\g;ﬁrl/g ud” +1/2) /I vp(x) dx]q)(tn)
=81+ S + 53+ Sa.

First, we have that

(5.7) Sy = / / ) (z) dz + O(Ax).

Assuming that Az is chosen small enough such that v, = 0 on Iy, we get

No@V-1) Z P (P(t") — (t”_l))} /IJ vi(z) dz,

(5.8) Sy =

which implies

(5.9) 1S2| € dmax (|®]|oc + TV (@) Az = Cr2Az.
Moreover, we assume that Az < h, which implies S5 = 0. Next, we get
N-1J-2
Z Z |:A+ )\gjﬂ/z /’Ldj+1/2)/ vp(z) dx
n=0 j=0 Ii+1
Oy = 1) [ Ao do] a(e)
N-1J-1
—= S Y@ - ae) [ mds
n=0 j=1 I;
N—-1J-1 dn+1
n j—1/2 n A-Fyh(x) _ . cl 2
— At n_ojz_;(gj_m— . ><I>(t )/Ij_l — R, o =S+ 87
Note that
J-1[N-1
Sh=— [Z (¢7F! — @)D () / vp(x) da
j=1Ln=0 I
J—1 N-1
==Y |eMeu )+ 3 (a0 - () ;L] | mws
Jj=1 n=1 J

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



110 R. BURGER, A. CORONEL, AND M. SEPULVEDA

which implies the estimate

(5.10) |Si| < quax(||<I>||oo + TVT(<I>)) /z/h(:c) dx < Cysh,
I
where the constant Ci3 does not depend on A or h. Finally, we see that
—1J-1 dn+1
NS 5 (- 52 Yo [ i) de+Oae)
n=0 j=1 i—1
SIkS , A [
:_Atnz;) ]z;gg 1/2® /,_1Vh($)dx+T/zo v (@) da

Aleyh) , ST ), 0
_T;/,JQ ”h(f)d“;fl(ﬂﬁﬁ )/ vl (a) dz | (") + O(Ax).

Jj—1

We assume that Az is sufficiently small, such that v, = 0 on Iy and I;_. This
assumption implies

N—-1[J-1 J—2
SEAtZ[ZgJ o / v(@)do+ 3 @) [ vie)de| een)
n=0 Lj=1 -1 j=1 I
+ O(Ax)
N—-1J-1
:—AtZZ/ (971 javh (@) + A(PT )yl (2)) @(t7) da + O(Az(1 4 h72))
n=0 j=1

- // (f(da,t)vy(z) + A(da)vy (2))@(t) dz dt + O(Az(1+ h™?)).
Using an integration by parts, we get

.11) 8= [[ (168.0)~ A(0a).) (00 (@) dod + O(Ba(1 + 1),
Combining (57), (£9), S3 =0, (E10) and (G.I1), we obtain
(5.12) // F(éart) + Alda))B(t)h(x) dedt = O(Az(l + 1))

Jointly letting A — 0 and h — 0 in such a way that Az/h? — 0 (for example, by
choosing Ax = h?), and considering that f(¢a,t) — 9, A(pa) as well as its spatial
total variation is uniformly bounded, we may pass to the limit in (5I2) to obtain

T
(5.13) /0 7 (U(t) — F(6ar1) + A(da)s) B(E) dt = 0,

which implies that boundary condition (S5) is satisfied.
From Lemma we deduce that

/‘QSA(QJ, At) — ¢a(x,0)| dz < CAL.
I
Taking At — 0 we see that the initial condition (S6) is satisfied. O

For the general case ¢ # 0, we have not been able to prove that the limit ¢
satisfies (S4). The basic difficulty appears when one attempts to repeat the proof of
Lemma [5.3] for the boundary « = 0, starting from (2.6al), multiplying that scheme
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by ro o(z,t") dx, where p(z,t) = ®(t)un(z), and summing the result over n =

0,..., N — 1. This procedure will lead to the necessity to estimate terms like
N J
> ateE (@ - 65) [ e de.
n=1j=1 Iy

The latter would be possible if we had more accurate information on the behaviour
of the discrete solution in an O(h) strip [0,C - h] x T. Our present analysis does
not exclude a strongly oscillatory (in time) boundary layer near = = 0, although
numerical experiments [4, 21] illustrate that this does not happen. A related ques-
tion is whether the functions ¢a(0,-) converge to a meaningful function of ¢ as
A — 0. However, for the practically important case of batch settling in a closed
column (g = 0), we can straightforwardly prove that the boundary condition (S4) is
satisfied by repeating the proof of Lemma [5.3] under the modifications given above.
The previous series of lemmas forms a proof of the following theorem.

Theorem 5.1. Assume that (H1)—(H6) hold. Under the CFL condition [27), the
interpolated approzimate solution ¢a obtained by the semi-implicit scheme (2.6])
converges in the strong topology of L*(Qr) for A — 0 to a function ¢ € L>°(Q7)N
BV (Qr), which has the properties (S1)-(S3), (S5) and (S6) stated in the definition
of an entropy solution. In the special case ¢ = 0, the boundary condition at x = 0,
(S4), is also satisfied, and the limit function is an entropy solution.
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