MATHEMATICS OF COMPUTATION

Volume 75, Number 256, October 2006, Pages 1997-2019
S 0025-5718(06)01843-6

Article electronically published on June 16, 2006

THE MONIC INTEGER TRANSFINITE DIAMETER

K. G. HARE AND C. J. SMYTH

ABSTRACT. We study the problem of finding nonconstant monic integer poly-
nomials, normalized by their degree, with small supremum on an interval I.
The monic integer transfinite diameter ¢);(I) is defined as the infimum of all
such supremums. We show that if I has length 1, then ¢\ (1) = %

We make three general conjectures relating to the value of ¢\;(I) for inter-
vals I of length less than 4. We also conjecture a value for ([0, b]) where
0 < b < 1. We give some partial results, as well as computational evidence, to
support these conjectures.

We define functions L_(t) and L4 (¢), which measure properties of the
lengths of intervals I with ¢y;(I) on either side of ¢. Upper and lower bounds
are given for these functions.

We also consider the problem of determining ¢\i(/) when I is a Farey in-
terval. We prove that a conjecture of Borwein, Pinner and Pritsker concerning
this value is true for an infinite family of Farey intervals.

1. INTRODUCTION AND RESULTS

In this paper we continue a study, recently initiated by Borwein, Pinner and
Pritsker [2], of the monic integer transfinite diameter of a real interval. We write
the normalized supremum on an interval I as

1P|} := sup | P(x)["/ 48 .
xel

Note that this is not a norm. Then the monic integer transfinite diameter ty(I) is
defined as .
(D) = inf || Pl

where the infimum is taken over all nonconstant monic polynomials with integer
coefficients. We call t\(I) the monic integer transfinite diameter of I (also called
the monic integer Chebyshev constant [1l 2]). Clearly tym(I) > tz(I), where tz(I)
denotes the integer transfinite diameter, defined using the same infimum, but taken
over the larger set of all nonconstant polynomials with integer coefficients [3], [4, [5].
Further tz(I) > cap([), the capacity or transfinite diameter of I [0 [14], which can
be defined again using the same infimum, but this time taken over all nonconstant
monic polynomials with real coefficients. It is well known that cap(I) = |I|/4 for
an interval I of length |I|. Further, if |I| > 4, then tz(I) = tm(I) = cap(I) by
[2], so that the challenge for evaluating t\(I), as for tz(I), lies in intervals with
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|I| < 4. For these intervals we know from [2, Prop. 1.2] that ¢y(I) < 1. However, in
contrast to the study of tz(I), it is possible to evaluate the monic integer transfinite
diameter (1) exactly over some such intervals.

Our first result is the following.

Theorem 1.1. All intervals I of length 1 have t\(I) = % In fact, slightly more
is true: if 1 < |I| < 1.008848, then ty(I) = 1.

Furthermore for any b < 1 there is an interval I with |[I| = b and tm(I) < %,
while for b > 1.064961507 there is an interval I with |I| =b and ty(I) > L.

The proof, which is essentially a corollary of Theorem [[L2(a) below, is discussed
in Section

The numbers 1.008848 and 1.064961507 in Theorem [[Il like most numerical
values given in this paper, are approximations to some specific algebraic number.
These numbers are rounded in the correct direction, if necessary, to ensure an
inequality still holds. The polynomial equations that they satisfy are given within
the text. We have tried to do this for all numerical values.

To measure the range of lengths of intervals having a particular monic integer
transfinite diameter ¢, we introduce the following two functions:

L_(t) irllf{|I| stm(I) >t}
L) = swpllT]: (D) < ).

It follows from [2 Prop. 1.3] that both L_(t) and L, (t) are nondecreasing
functions of ¢t. Also L_(t) < L (t); see Lemma[Bl(a) below. We give (Proposition
[B)) a general method for finding upper and lower bounds for L_(t) and L (t), and
apply these methods to get such bounds for % <t < 1. They are constructive, using
both the LLL basis-reduction algorithm and the Simplex method. These techniques
were first applied in this area by Borwein and Erdélyi [3], and then by Habsieger
and Salvy [7]. These bounds are given in Theorem 1] and Proposition [4} see also
Figures [[] and

At t = %, we pushed this method further and were able to say more.

Theorem 1.2. We have
(a) 1.008848 < L_ (1) < 1.064961507 and
(b) V2~ 1.41421 < L, (1) < 1.4715.

Further properties of L, and L_ are given in Lemma [31

2. DEFINITIONS, CONJECTURES, AND FURTHER RESULTS

In this section, we state some old and some more new results, and (perhaps a
little recklessly) make four conjectures.

The following result is simple but fundamental. It is useful for determining lower
bounds for ty(1).

Lemma BPP (Borwein, Pinner, and Pritsker [2l p. 1905]). Let Q(x) = aqz? +
-4 ag be a nonmonic irreducible polynomial with integer coefficients, all of whose
roots lie in the interval I. Then ||PH; > acfl/d for every monic integer polynomial
P, so that ty(I) > agl/d, Furthermore, if ||P||; = a(;l/d, then ty (1) = agl/d and

\P(ﬂ)|1/degp = agl/d for every root 8 of Q, and Res(P, Q) = £1.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



MONIC INTEGER TRANSFINITE DIAMETER 1999

The proof follows straight from the classical fact that, for the conjugates 3; of

B,
d
(1) Res(P,Q) = ag®” [ P(5)
i=1
is a nonzero integer, giving
* B 1
(2) I1Pll; > (HP(@)P/ deg") > ay ' |Res(P, Q)| TP > a1,

This result is a variant of a similar one in the theory of tz(I); see Lemma [T.11

We call such a value agl/d in Lemma BPP an obstruction for I, with obstruction
polynomial Q(x). From Lemma BPP we see that ¢\(I) is bounded below by the
supremum of all such obstructions. If this supremum is attained by some value
agl/d coming from Q(z) = agz®+- - - +ag, then we say agl/d is a mazimal obstruc-
tion, and Q(x) is a mazimal obstruction polynomial. It is not known whether such
a polynomial exists for all intervals I of length less than 4 (see Conjecture [2.3]).

We say that the monic integer polynomial P(z) is an optimal monic integer

Chebyshev polynomial for I if HP||; = tm(]). If T has a maximal obstruction agl/d

with ¢y (1) = a;I/ ¢ and an optimal monic integer Chebyshev polynomial P, then
we say that P attains the mazimal obstruction agl/d.

Throughout this paper, P(z) will denote a monic integer polynomial, Q(x) a
nonmonic integer polynomial, and R(x) any integer polynomial.

We have seen that one very nice property of the monic integer transfinite diame-
ter, not shared by its nonmonic cousin, is that often exact values can be computed
for tp(Z). In all cases where this has been done, including Theorem [l it was
achieved by finding a maximal obstruction polynomial () and a corresponding opti-
mal monic integer Chebyshev polynomial P. Simple examples of this are given ([2,
Theorem 1.5]) by the intervals I = [0, 1/n] for n > 2, where Q(z) = nx —1 is a max-
imal obstruction polynomial and P(z) = x is an optimal monic integer Chebyshev
polynomial. For n = 1, t\([0,1]) = 3, with Q(z) = 22 — 1 and P(z) = z(z — 1).
This was the case too in [2, Section 5] in the proof of the Farey Interval Conjecture
for small-denominator intervals.

A much less obvious example is the interval I = [—0.3319,0.7412], of length
1.0731. Here, we have ty(I) = ||P||; = 771/3 ~ 0.522, with maximal obstruction
polynomial 72% — 722 + 1 and where P is the optimal monic integer Chebyshev
polynomial

P(z) = 2276507 (5 _ 1)29858 (32 | 5 _ 1)14929
(5 — 172 + 2423 — 822 — 27 + 1)28848
(27 — 1172° + 19425 — 702* — 3123 + 1822 + 2 — 1)7935
(28 — 427 + 9728 — 1722° + 782" + 202 — 1822 + 1)97%
(2% — 342" + 1642° — 20825 + 652 + 3323 — 1822 — x + 1)5846
(28 — 727 + 22° — 25 — 102% + 282% — 1522 — 22 + 2)1148

of degree 670320. (Tighter endpoints for this interval, and its length, can be com-
puted by solving the equation P(z) = £ (7~ 3)degp.) The discovery of this poly-
nomial required the use of Lemma below.
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For the nonmonic transfinite diameter ¢z, Pritsker [I3] Theorem 1.8] has recently
proved that no integer polynomial R(x) can attain || R(x) ||; = tz(I), this value pos-
sibly being achieved only by a normalized product of infinitely many polynomials.
An immediate consequence of his result is the following.

Proposition 2.1. If an interval I has an optimal monic integer Chebyshev poly-
nomial, then ty\i(I) > tz(I).

A fundamental question for both the monic and nonmonic integer transfinite
diameter of an interval is whether its value can be computed exactly. In [2, Con-

jecture 5.1], Borwein et al. make a conjecture for Farey intervals (intervals {%, ?—z}
where by,ba,¢1,¢0 € Z and boc; — biecg = 1) concerning the exact value of their

monic transfinite diameter.

Conjecture BPP (Farey interval conjecture [Il p. 82], [2l Conjecture 5.1]). Sup-

pose that [b—l b—i] is a Farey interval, neither of whose endpoints is an integer.

c1’c
Then 1
[
MA e e min(eq, ¢2)

Borwein et al. verify their conjecture for all Farey intervals having the denomi-
nators cp, ca less than 22. In Section [§ we extend the verification to some infinite
families of Farey intervals (Theorems [B2] and B3]).

We next investigate what happens to ty([0,b]) when b is close to +. For these
intervals, some surprising things happen. Using the polynomial P(z) = z, we know
that tn([0,0]) < b < Lif b < 1. In fact it appears likely that ty([0,0]), clearly a
nondecreasing function of b, has a left discontinuity at ¢ = 1/n (n > 1). On the
other hand, we show in Theorem that ty is locally constant on an interval of
positive length §,, to the right of % Further, Theorem gives much larger values
for 6,, for n = 2,3 and 4, as well as an upper bound for §5.

In fact, more may be true.

Conjecture 2.1 (Zero-endpoint interval conjecture). If I = [0,0] is an interval
with b < 1, then t\(I) = 1/n, where n = max (2, [1]) is the smallest integer n > 2
for which 1/n <b.

What little we know about ([0, 8]) for b > 1 is given in Theorem [02)(c), (d).
Both Conjecture BPP and Conjecture 2] are a consequence of the following
conjecture.

Conjecture 2.2 (Maximal obstruction implies ¢y (1) conjecture). If an interval I
of length less than 4 has a maximal obstruction m, then ty(I) = m.

We were at first tempted to conjecture here that ty([), as well as equaling
its maximal obstruction, is always attained by some monic integer polynomial.
However, the following counterexample eliminates this possibility in general.

Counterexample 2.1. The polynomial 72> +4x? —2x—1 is a mazimal obstruction
polynomial for the interval I = [—0.684,0.517]. However, there is no monic integer

polynomial P with HP||; equal to the mazimal obstruction 7=/3 for I.

This result is proved in Section [I0l
Our next result proves the existence of maximal obstructions for many intervals.
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Theorem 2.1. Fvery interval not containing an integer in its interior has a maz-
imal obstruction.

Based on Conjecture and Theorem 2] we make the following conjecture.

Conjecture 2.3 (Maximal obstruction conjecture). Every interval of length less
than 4 has a mazimal obstruction.

We do not have much direct evidence for this conjecture. However, our next
conjecture, Conjecture 2.4] implies it. To describe this implication, we need the
following notion, taken from Flammang, Rhin and Smyth [5]. An irreducible poly-
nomial Q(z) = agz? + -+ + ag € Z[z] with ag > 0, all of whose roots lie in an
interval I, and for which agl/ s greater than the (nonmonic) transfinite diameter
tz(I), is called a critical polynomial for I. Here we are interested only in nonmonic
critical polynomials.

It may be that every interval of length less than 4 has infinitely many nonmonic
critical polynomials; see Proposition below. We make the following weaker
conjecture.

Conjecture 2.4 (Critical polynomial conjecture). Every interval of length less
than 4 has at least one nonmonic critical polynomial.

From Theorem 2.T], this conjecture is true for intervals not containing an integer.
For intervals I of length less than 4 that do contain an integer (say 0), then, since
tz(I) < 1, the polynomial z is a critical polynomial for I. Thus ‘nonmonic’ is an
important word in this conjecture.

In Theorem [Tl we prove that Conjecture 4] implies Conjecture 23l More
interestingly, we also prove in Corollary [[.]] that Conjecture2.2] and Conjecture
together imply Conjecture [2.4]

We observe in passing the following conditional result for the integer transfinite
diameter ty.

Proposition 2.2. Suppose that an interval I has infinitely many critical polyno-
mials Q;(x) = ag, ;2% + -+ ag,;. Then

1
tz(I) =infa, .
7 1

This result is proved in Section [ Montgomery [I1, p. 182] conjectured this
result unconditionally for the interval I = [0, 1].

3. UPPER AND LOWER BOUNDS FOR L_(t) AND L, (t) FOR FIXED ¢

The following lemma contains some simple properties, as well as alternative
definitions, of L_ and L.

Lemma 3.1. We have

(a) L_(t) < Ly(t) fort>0;

(b) L_(t) =0 for0<t<i;

(¢) Li(t)>2t for0<t<1/2;

(d) L_(t) =sup{d: tm(I) <t for all T with |I| =d} fort>1i;
() Ly(t) =inf{d:tm(I) >t for all I with |I| =d} fort > 0;
(f) Ly(t)=L_(t) =4t fort > 1.
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Proof. First note that, by [2, equation (1.11)], tm(I) = 3 for the zero-length interval
[3. %], from which (b) follows.

272
Part (c) follows from the fact that Hx||r_t g =t

To prove (d), take ¢ > 1. Then the set
S:={d:tm(I) <t for all I with |I| = d}

contains 0 (by (b)), so is nonempty. Put s = sup,; .S, and take d € S. Since I’ C I
implies that ¢ty (1) < tm(I) (2L Prop. 1.3]), any d’ with 0 < d’ < d also lies in S, so
that S =[0,s) or [0, s]. Hence L_(t) > s. On the other hand, for each d > s there
is an interval I with |I| = d and ¢\ (I) > ¢. Hence L_(t) < d, giving L_(t) = s.
Now (a) follows straight from (b) and (d). The proof of (e), similar to that of
(d), is left as an exercise for the reader.
Finally, part (f) follows from the fact that for |I| > 4 we have t\(I) = tz(I) =

cap(l) = % (see for instance [2]). O
Next, we give a simple lemma, needed for applying Proposition 3.1l below.

Lemma 3.2. Suppose that I; = [a;,b;] (i =1,...,n) are intervals with a1 < az <
o< ay =a1+1, and put M = max?;f(biﬂ —a;), m:= min?;ll (b; —ai+1). Then

(a) Any interval of length at least M contains an integer translate of some I;.
(b) Any interval of length at most m is contained in an integer translate of
some I;.

Proof. Given an interval I of length ¢, we can, after translation by an integer,
assume that I = [a, b], where a; < a < aj41, for some j < n.
(a) Suppose that £ > M. Then bj11 < a; + M < a+ ¢, so that [a;41,bj11] C
[a,a+ 7).
(b) Suppose that £ < m. Then b; > a;11+m > a+¥{, so that [a,a+¥¢] C [aj, b;].
([

The following proposition will be used to obtain explicit upper and lower bounds
for L_(t) and L4 (t) for particular values of ¢.

Proposition 3.1.
(a) If Q(x) = aqgz? + -+ + ag, with integer coefficients and aq > 1, has roots

1/d

spanning an interval of length £, then for anyt < a, '~ we have

L_(t) <.
(b) Suppose that we have a finite set of polynomials Q;(x) = ag, ;x% +--+ag

with all acz_li/ 4 S t with the property that every interval of length £ contains

an integer translate of the roots of at least one of the polynomials Q;. Then
Li(t)<e.

(c) Suppose that we have a finite set of intervals I; such that for each I; there

is a monic integer polynomial P; with ||P1HZ < t. Suppose too that every
interval of length { is contained in an integer translate of some I;. Then

L (t)>¢.
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(d) If ||P||; =t for some monic integer polynomial P and interval I of length
l, then

Ly(t)>¢.

Proof.

a) Given such a Q(x),¢ and interval I of length ¢, and t < a; "%, then from
( ) ) g , d s

Lemma BPP we have ty(I) > acfl/d > t so that, from the definition of
L_(t), we have L_(t) < /.

(b) Suppose that every interval I of length ¢ contains some integer translate of
the set of roots of some @;. Then, by Lemma BPP, #\(I) > a;ji/di > t.
Hence ty(I') > t for any interval of length |I’| > ¢, and so L (t) < £.

(c¢) Here, for every interval I of length ¢ with I +r C I;, say (with r € Z), we

have
t> By, = Bl = [Pz + 1) = tm(]),

so that any I’ with ¢\ (I7) > t has |I'| > ¢. Hence L_(
(d) If ||[P||; =t and |I| = £, then ty (1) < t, so that L ()

t) > 0.
> /.

TABLE 1. Obstruction polynomials used for Theorem [[.2] to prove
that L4 (1) < 1.4715.

i | Polynomials Q; Intervals [a;, b;]
1] 723 +72% -1 [-0.737,0.328]
2 | 5725 + 812° + 621 — 3223 — 922 4+ 3z + 1 [—0.728,0.494]
3| 723 +42* — 221 [—0.684,0.517]
4 | 5925 + 282° — 432* — 152° + 1122 + 22 — 1 [—0.669,0.528]
5322 -1 [—0.577,0.577]
6 | 5926 — 2845 — 432* + 1523 + 1122 — 22 — 1 [—0.528, 0.669]
7| T2% —42? - 22+ 1 [—0.517,0.684]
8 | 5725 — 8125 + 621 4 3223 — 922 — 3z + 1 [—0.494,0.728]
9| 723 — T2 +1 [—0.328,0.737]
10 | 632% — 1362° + 722* + 162% — 1722 + 1 [—0.310,1.115]
11 | 6328 — 1462° + 91z + 723 — 1822 + 2 + 1 [—0.285,1.141]
12 | 58x% — 13925 + 90z* + 623 — 1822 + 2 + 1 [—0.285,1.178]
13 | 5925 — 1472° + 1052% — 32% — 182% + 2z +1 | [-0.271,1.184]
14 | 632° — 1592° + 1152* — 42® — 1922 + 22+ 1 | [-0.260, 1.197]
15 | 152* — 2923 + 1322 + 2 — 1 [—0.244,1.208]
16 | 5725 — 1712 + 1532* — 212% — 2122 + 3z + 1 | [-0.228,1.228]
17 | 152* — 3123 + 1622 — 1 [—0.208, 1.244]
18 | 6325 — 21925 + 2652* — 1262% + 1422 + 52 — 1 | [-0.197,1.260]
19 | 5925 — 2072 + 2552% — 12723 + 1822 + 4z — 1 | [-0.184,1.271]
20 | 582% — 2092° + 265z — 13623 + 2022 + 4z — 1 | [—0.178, 1.285]
21 | 632° — 23225 + 3062* — 17123 + 3422 + 22 — 1 | [-0.141, 1.285)
22 | 632° — 24225 + 3372* — 20423 4 4822 — 1 [—0.115,1.310]

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use




2004 K. G. HARE AND C. J. SMYTH

TABLE 2. Optimal monic integer Chebyshev polynomials used for
Theorem to prove that L,(%) > 1.008848.

Polynomials P; Intervals I;

1| 21600(x3 — 422 4+ 1)3% (2% + 423 — 422 — x + 1)%° [-0.5142,0.5613]
(28 423627 — 9620 — 167x° + 642+ 4+ 3923 — 1422 — 32 41)39
(28437227 — 19620 — 24925 + 12924 + 5523 — 2822 — 4z +2)20

2 | 22121 (23 — 422 4+ 1)77(2* — 1023 + 522 + 22 — 1)84 [~0.4501,0.5783]
(27 — 432 — 1125 + 44a* + 223 — 1222 4 1)160

3| 212446(22 4 p — 1)199(2* — 723 4 522 + 2 —1)909 (—0.4388,0.5912]
(8 — 5325 + 462 + 1023 — 1422 4 1)640

4| 2312924 (g4 _ 743 4 5g2 4 g — 1)45312 [—0.4267,0.6401]
(xz* + 823 — 822 4+ 1)217 (2 4 923 — Tx? — x 4 1)23800

5 | x17556 (25 + 162% — 2223 + 522 + 3z — 1)2256 [—0.3797,0.6847]
(CC4 + 85!33 _ 85!32 + 1)899

6 x49329424964(1. -1 6557517120 IQ 4+ — 1)70328 [_0'3241 0'7100]
(z + 823 — 822 + 1)1916965515

(25 — 172 + 2423 — 832 — 2z + 1)5952478752
(25 + 162* — 2243 + b2 4 3¢ — 1)541825536

7 | x114080(g _ 1)9324 (g4 4 843 — 822 4 1)529 [—0.3064,0.7344]
(CC4 + 9503 _ 9502 + 1)2852

(28417227 — 44025 + 37725 — 8224 — 472342122 +—1)8184
(28421427 — 53125 +440x°% — 902 — 5423 42322+ —1)6072

8 | 215200(z — 1)5192(2% 4 923 — 922 4 1)192 [~0.2943,0.7401]
(28417227 — 44025 + 37725 — 8224 — 4723 4+ 2122+ —1)1587

9 | x3136(x — 1)1768 (26 4 325 4 624 — 1823 + 922 + = — 1)32 | [-0.2752,0.7645]
(28 417227 — 44020 + 37725 — 822 — 4723 + 2122 + 2 — 1)1

10 | 2146704 (5 _ 1)85868 (52 | 4 1)6369 [—0.2622,1.1030]
(2% + 32% + 62* — 1823 + 922 + 2 — 1)1768

Proof of Theorem [L2. Applying Proposition B.Il(a) with Q(z) = 723 — 722 + 1, we
have
L_(3) <¢=1.064961507.

Here, a more precise value could be determined by calculating the span of the roots
of Q(z) to a higher precision.

We apply Proposition[3Jkb) and Lemma[3.2(a) using the polynomials @Q; of Table
[ with the intervals [a;, b;] containing their roots. (Here, the endpoints listed in
Table [1l are approximations of the minimal and maximal root of the obstruction
polynomial in question. A higher precision was used for the computation of the
upper bound of L, (%) < 1.4715.) We put Q23(z) = Q1(x — 1), whose roots
are contained in [as3, ba3] := [a1 + 1,1 + 1], and apply the proposition to the 23
polynomials Q1,...,Q23. Each has agl/d > 1. Then because max?2, (b1 — a;) =
big — a5 = 1.4715, any interval I of length |I| > 1.4715 must, by Lemma B2(a),
contain an integer translate of some interval [a;,b;], and so all the roots of the
corresponding polynomial @;. Hence L+(%) < 1.4715.
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We apply Proposition Blc¢) by starting with the 10 intervals I; (i = 1,...,10)
in Table[2 and putting I; = 1 — Is;—; and P;(z) = Py—;(1 —z) for i = 11,...,20,
with Io; = 1+ I; and Poi(z) = Pi(z — 1). (Here again, the endpoints listed in
Table 2] are approximations only. To find more accurate values, we would solve for
the roots of P(x) = + (%)dogp. Higher precision values were used to compute the
lower bound L_ (1) > 1.008848.) Each polynomial P; listed has a critical point at
1 (and also at —1 in the case of the last polynomial), with P; () = =+ (%)deg =
The value of | P;(z)| at all other critical points, as well as at the interval endpoints,

is strictly less than (%)deg "% This shows in each case that ||PZ||; = 1. Then all 21
intervals I; have ty(1;) = % and, writing I; = [a;,b;] (i =1,...,21), we have

20
(3) Il’l_l{l (b, — ai+1) = bs — ag > 1.008848.

From this it follows by Lemma B.2(b) that every interval I of length less than
1.008848 is a subinterval of an integer translate of some I, so that t\(1) < || P; ||;

IN

||P,H; = 1. This proves part (a) of the theorem.
Part (b) of the theorem follows by applying Proposition BIl(d) with P(z) =

22 — 2. We then have, for I = [%, %}, that ||[P|; = &, so that L (t) > |I| =
V2. O

4. GENERAL BOUNDS FOR L_(t) AND L (t)

In this section we find upper and lower bounds for L_(t) and L (t), valid for ¢
from 0.5 to close to 0.9. Our first result gives the upper bounds.
Theorem 4.1.

(a) For allt; and ¢; in Table B and for all t < t; we have L_(t) < {; .
(b) For all t; and £} in Table d and for all t < t; we have Ly (t) < £; .

TABLE 3. Upper bounds for L_(¢). Here L_(t) < ¢; for t <t,,
where ¢; is the span of the roots of the i¢th polynomial (see

Theorem [4.T]).

i | Polynomial Q; t; L

1| 723+ 722 -1 %ﬁ ~ 0.522 | 1.064961507
2322 -1 % ~ 0.577 | 1.154700538
3| 523 +32%2 221 3%5 ~ 0.584 | 1.390656045
4222 -1 % ~ 0.707 | 1.414213562
5| 3z* —22% — 422+ 2+ 1 % ~ 0.759 | 2.173182852
6| 223 — 422 +1 % ~ 0.793 | 2.306243643
7| 22* — 823 + 822 — 1 % ~ 0.840 | 2.613125930
8 | 22% — 15x* + 392% — 4022 + 122 + 1 % ~ 0.870 | 2.982466529
9| 225 — 122° + 222* — 82% — 1022 +- 42 + 1 | 5= ~ 0.890 | 3.131521012

o)
)
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TABLE 4. Upper bounds for L, (t). Here L, (t) < {f for t <t
where Ef is the span of the roots of the ith polynomial (see

Theorem [4.T]).

i t; of i t; of

1 Gjﬁ ~ .501 | 1.47149 || 31 sjﬁ ~ .582 | 1.71707
2 Gjﬁ ~~ .505 | 1.47887 || 32 é ~ .585 | 1.72578
3 jﬁ ~ .506 | 1.48183 || 33 9/1ﬂ ~ .589 | 1.78511
4 91@ ~ .507 | 1.48424 || 34 sjﬁ ~ .590 | 1.79006
5 ylﬁ ~~ .508 | 1.48823 || 35 9% ~ .593 | 1.80103
6 %ﬁ ~ .508 | 1.49541 || 36 % ~ .595 | 1.80333
7 vlﬁ ~ .510 | 1.49802 || 37 % ~ .597 | 1.80514
8 91% ~ 511 | 1.50442 || 38 6;@ ~ .612 | 1.82308
9 ylﬁ ~ .517 | 1.50918 || 39 % ~ .615 | 1.82808
10 915_1 ~ .519 | 1.51232 || 40 ﬁ ~ .618 | 1.85414
11 %ﬁ ~ .523 | 1.51409 || 41 k”lm ~ .619 | 1.86446
12 %m ~ .525 | 1.54721 || 42 ‘%m ~ .624 | 1.86909
13 ;% /2 .525 | 1.54825 || 43 %ﬁ ~ .630 | 1.87806
14 Aylﬁ /2 .527 | 1.55329 || 44 glﬁ /637 | 1.92375
15 %m ~ .528 | 1.56522 || 45 Jlg ~ .644 | 1.92862
16 9% ~.530 | 1.57021 || 46 % ~ .669 | 1.95815
17 5;% ~ .534 | 1.57066 || 47 Glm ~ 671 | 2.03528
18 éﬁ ~ .537 | 1.57390 || 48 % ~ .693 | 2.05072
19 ;ﬁ ~ .544 | 1.58148 || 49 % /707 | 2.07313
20 41m ~ .549 | 1.59285 || 50 %ﬁ /723 | 2.46521
21 j% ~~ .549 | 1.60583 || 51 1f /725 | 2.49418
22 91% ~ .550 | 1.62320 || 52 % ~.742 | 2.55291
23 @1@ ~ .556 | 1.63662 || 53 5%1 ~ 758 | 2.58796
24 sj@ ~ .558 | 1.64392 || 54 4%5 ~ 760 | 2.60202
25 ;ﬁ ~ .561 | 1.65596 || 55 % ~ .T65 | 2.61238
26 @15 ~ .561 | 1.65815 || 56 %ﬂ /794 | 2.70928
27 % ~~ .562 | 1.66032 || 57 5%5 ~ .803 | 2.89569
28 915_1 ~ .564 | 1.66308 || 58 % ~ .833 | 2.97756
29 5;% /574 | 1.67218 || 59 4%5 ~ .841 | 2.98928
30 % ~ 577 | 1.68244 || 60 5% ~ 871 | 3.23520

The theorem is proved by applying Proposition [Bla) and (b) for a range of
values in [0.5,1]. Here again, the diameter given in Table B can be computed more
exactly by considering the difference between the maximal and minimal roots of the
obstruction polynomial. For Table[d] a calculation similar to that done for Table [l
was done for each t;. The rounding procedure was that used for Table[Il Then the
monotonicity of L_(t) and Ly (t) gives the result for all ¢ in this range.

For the lower bounds, we first define the normalized polynomial P,,

11—« a
(4) Po(z) = (z(1-2)) 2 (¢ —z-1)2,
of degree 1, and let o* = 0.4358 be the root in (0,1) of the equation
(5) 4a*(1 — )t~ =52
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1.5

0.5 0.6 0r 0.8 0.9

—

FIGURE 1. Upper and lower bounds for L_(t) (Theorem ET] and
Proposition [1]). Grey line, upper bound; black line, lower bound.
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244

2.2

1.84

1.6

1.44

FIGURE 2. Upper and lower bounds for L, (¢) (Theorem ET] and
Proposition 1]). Grey line, upper bound; black line, lower bound.

The following result gives the lower bounds.

Proposition 4.1. For 0 < a < % we have

50/2

2 m

(a) Ly <5Q/2) > l,, where £, is the root of P, (% +€a/2) =

(V5,00) if a>a”,
(1,\/5) if a < a.

(b) L_ (5‘;/2) > max(fy — 1,1.008848).

For the proof, we need the following simple observation.
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Lemma 4.1. If L (t) > ¢+ 1, then L_(t) > ¢.

This follows straight from the fact that, given an interval I of length ¢+ 1, every
interval of length ¢ has an integer translate that is a subinterval of I.

Proof of Proposition [£1]. Tt should first be pointed out that this proposition is in

fact true for all o, and not just those in the range specified. That being said, for
o > 122 we would have # > 1, in which case we could appeal to Lemma [B.I(f)
for the exact answer. .

(a) We will proceed to analyze |P,()|;,, picking a and £ such that, at the

endpoints of the interval Iy, | P,(x)| equals the largest local maximum of |P,(z)| in

0.1

FIGURE 3. The normalized polynomial P,(x) (see ()) with
a =035 < a*, o~ 1559, and tw(Ir,) < ||Palz)|;, =~ 0.663.

FIGURE 4. The normalized polynomial P,(z) (see (@)) with
a=05>a* lo~2449, and ty(Iy,) < ||Pa(z)|;, =~ 0.748.
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the interior of I,. (Note that P, is already normalized, so HPaHZ =||Pall1,-) (See
Figures Bland )
Note first that

[S]]e)

5 l1-a
|Pa (3 +2/2)| = 5 [1=2? 2 |1-=

)

which has a local maximum of # at £ = 0, and a local maximum of m, =
11— a|"9/2|a|*/? at 22 = 5 — 4a . Now the equation m, = 52/2 has a root «
defined by (@), with m, > % for a < a* and m, < # for @ > a*. Hence
if a > o*, then |P,(3 +2/2)| < ¥ for z < /5, so that HPaH;a = %, where
Lo =[5 = €./2,} +€./2] with £, the root £y > /5 of Py (% +£,/2) = 557
However, if a < a*, then we have the same result, but only for ¢, the root in

(1,V5) of Po(3 +44/2) = % This gives the lower bound L4 (52/2) > /., but

with a left discontinuity in ¢, (as a function of ) at @ = a*. A plot of this lower
bound, along with the upper bounds from Theorem ] and Table [4] is given in
Figure 2

(b) We know that L_ is a nondecreasing function, and that L_(1)>1.008848.
Combining these facts with Lemma [£1] we get that

504/2
L_ ( 5 ) > max({, — 1,1.008848).

This is displayed numerically, along with the upper bounds from Theorem 1] and
Table 3 in Figure [ O

5. INTERVALS OF LENGTH 1: PROOF OF THEOREM [L.]]

Proof of Theorem [Tl From Theorem[I.2]a) we know that every interval I of length
¢ < 1.008848 has ty(I) < % Now since every interval of length £ > 1 has some

integer translate that contains %, we have

s =tu({3}) <tu(D)
for all such intervals, so that t\ (1) = % for all T with 1 < |I] < 1.008848.
If b > 1.064961507, then again from Theorem[[.2[a), with the polynomial Q(z) =

72% 4 T2 — 1, there is an interval I of length b with t\ (1) > 3.
To complete the proof, note that for b < 1

tn([=0/2,6/2]) = /tm([0,0%/4]),
by applying [2, Prop 1.4 with the polynomial x2], and then

Viu((0,6°/4]) < Vb7 /4 < 3,
using the polynomial P(z) = z on [0,5%/4]. O

6. COMPUTATIONAL METHODS

6.1. Finding optimal monic integer Chebyshev polynomials P. We now
describe how the polynomials of Table [2] were found. These are optimal monic
integer polynomials P having ||P|G = £ on various intervals of length just greater
than 1. For these intervals, the maximal obstruction polynomial is Q(x) =22—1, and
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the maximal obstruction is m = % The method applies more generally, however, to
any interval I having a maximal obstruction polynomial (), so we shall describe the
method for this more general situation. We suppose that the maximal obstruction
ism = a, l/d, where Q(z) = agz? + --- + ag, so that we seek a monic integer
polynomial P with HPH; =m

First, potential factors of P of small degree k were identified using LLL [2, [8 [9].
The basis used was [1,z,...,2"], with the inner product

(Ry, Ry) = /IRl () Ba() da + bic.

Here Ry(x) = bpa® + -+ + by and Ry(x) = cpa® + -+ +co. The bycy, component of
the inner product was inserted to discourage nonmonic polynomials from appearing
in the basis returned by LLL. Now, at least one element in the basis will contain an
x* term and, because of the byc), penalty, such an element is almost always monic.
(In fact always in the examples we computed.) So we obtained a monic polynomial
of degree d with small Ly norm, which usually also had a small supremum norm.
These monic polynomials with small Lo norm are not necessarily irreducible. At this
point we examined each of their irreducible factors f;, again monic polynomials, and
applied Lemma [6.Tl(a) below to eliminate some of them. We then used the method
of Borwein and Erdélyi [3] to search for exponents o; € N such that P'/des” .—
IL ff”/dcg 7 has the desired property | P||; = m. To do this, we needed to minimize
t subject to the constraint

> e CElA@D <,

for all x € I with ZZ a; =1, 0 < a;. Some additional constraints on the «a; that
we made use of are given by Lemma [E.II(b), (c). The main difference between our
application and the original one is that here the polynomials f; are all monic. By
choosing a large number of points x € I to discretize the problem, we get a system of
linear equations, on which the Simplex method can be used to get a good estimate
of min(¢) [3, [7, 16]. In practice, with a high enough precision and a large enough
number of sample points, we obtain min(¢) = m exactly, and the corresponding
«; then give the required P. We then check that P is indeed an optimal monic
integer Chebyshev polynomial for I by checking algebraically that |P|'/ 4¢P = m
at all roots of the maximal obstruction polynomial @, and furthermore that all
other local maxima of |P| in this interval are strictly smaller than m.

The following lemma, used to help construct these polynomials P, specifies extra
properties that their factors f; and normalized exponents «; must have.

Lemma 6.1. Let I be an interval that has a maximal obstruction polynomial
Q(2) = agx®+- - -+ag. Suppose further that P(x) attains the mazimal obstruction,
and that P(z)Y/ 4P =T, f; ou/desfi yith, > ;a; =1. Then

(a) The resultant Res(f;, Q) is equal to £1 for every factor f; € Zlx] of P.
(b) For every root B of Q we have

)
Zwm 73

(¢) Fiz a root 3 € R of Q, and put f; = |f:(8)|*/ d°sfi € R. Let F be the
multiplicative subgroup of R<q generated by aq, and the f; with by = aq and
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ba, ..., by an independent generating set for F, with say fil/deg Fi = I1; b;j’i
for some integers c;;. Then

—-1/d  ifj=1,
E Cj,i0G = .
; 0 if > 1.

Proof. We have [[, P(8;) = £1/ ajegp, where the product is taken over the roots
B; of @, so that, from (), Res(P, Q) = +1. Then (a) follows from the fact that the
resultant of a product with @ is the product of the resultants with Q.

Part (a) follows from the fact that all the roots 8 of Q must be critical points of
P(z). Further, since P(x) attains the maximal obstruction, we have from Lemma

BPP that for all such § we have |P(g)['/ de P = agl/d, giving part (c). O

Note that Lemmal[G.Tlsimplifies considerably when the maximal obstruction poly-
nomial is linear, say a;x — ag. Then it says that f; (Z—‘f) = 4a; “#7" and with

P () =0,
The independent generating set bq,...,b; for F was found using the integer
relation-finding program PSLQ, which we used to search for linear integer relations
between log aq and log fz
As we have seen, the method for finding an optimal monic integer Chebyshev
polynomial P depends on first finding the (in practice there was only one) maximal

obstruction polynomial for the interval. We now describe how to do this.

6.2. Finding obstruction polynomials Q. The obstruction polynomial 723 —
7x? 4 1, as well as those listed in Tables [[] and Bl were found using the technique of
Robinson [I5] (see also [10} [17]). In this method, the aim is to search for all degree
d polynomials Q(x) = aqz? + - -- + ag having all their roots in an interval Iy, for
fixed degree, and fixed lead coefficient, a4, with ag < 2¢. We describe below how
Iy is chosen. Robinson’s method uses the fact that for £k =1,2,...,d — 1 the span
of the roots of the kth derivative of () is contained in the span of the roots of the
(k — 1)th derivative of @. In particular, these derivatives have all their roots in Ij.

Starting with the (d — 1)st derivative of @, we get a range of possible valid
values for ag—1. Then consider the (d — 2)nd derivative to find valid ranges for
aq—2. Continuing in this fashion, we obtain a list of polynomials, each one having
all its roots in Iy. We now sieve this list, first by eliminating all polynomials that
are reducible or that have integer content greater than 1. Having obtained a list
of irreducible polynomials, we can then prune it further, as follows. If Q(x) and
R(z) are both irreducible polynomials, with the same degree and lead coefficient,
and the span of the roots of R(x) contains the roots of Q(z), then for any interval
I where R(z) is an obstruction polynomial, Q(x) is also an obstruction polynomial,

and hence R(z) is not needed.
1/d

)

After construction of these polynomials, we can, for fixed d,aq, and t < a,
find an upper bound for L_(¢t) by finding the polynomial ¢ whose roots have the
smallest span, and then appeal to Proposition BI(a). This was done in Table [3]
formalized in Theorem [l(a), and displayed in Figure [1l

Similarly, given this list of polynomials, we can compute the least £ such that any
interval of length ¢ will contain an integer translate of at least one of the polynomials
in our list. Then with Proposition B(b) we get an upper bound for L (t). For
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given ¢, we must choose I carefully. If I is too short, we might miss an important
obstruction polynomial. On the other hand, if Ij is long, we will find, along with
the obstruction polynomials we seek, (possibly multiple) integer translates of these
polynomials. This is inefficient, as we end up doing more calculations than we need
to do. So we wish to pick Iy so that it is long enough to ensure that we have all
important obstruction polynomials, and yet small enough that we are not doing
more work than necessary. We do this by ensuring that Iy, the interval which
contains the roots of the polynomials we have found, has the property that |Ip| is
just greater than ¢ 4+ 1. This ensures that there are no other useful obstruction
polynomials that we might have missed, since any obstruction polynomial having a
span of length ¢ will then have some integer translate lying in I. (We might have
to rerun the calculation if |Iy] is too small, based on the current value of £.) We
can achieve tighter upper bounds for L (¢) by considering the list of all obstruction
polynomials we found such that acfl/ d > t.

This computation was done for ¢ = % (Table [ and Theorem [[2)) and also for
20 other values of ¢ (Table @ Theorem ET[(b) and Figure [J). To save space, the
list of relevant polynomials for each ¢ is not given in the table. (This information
is available upon request from the authors.)

7. CRITICAL POLYNOMIALS: RESULTS AND PROOFS

We first establish a relationship between critical polynomials and maximal ob-
structions. We define a mazimal nonmonic critical polynomial of an interval I to be
a critical polynomial Q(x) = aqz? + - -- + ag such that the value a(;l/d is maximal
for @ within the set of nonmonic critical polynomials for I. Such a polynomial is
well defined, as a result of the following theorem.

Theorem 7.1. Suppose that an interval I has a nonmonic critical polynomial.
Then I has a mazimal nonmonic critical polynomial, Q(x) = aqx® + --- + ag say,
and furthermore Q is also a maximal obstruction polynomial, so that agl/d 18 the
mazimal obstruction.

To prove this result, we will apply the following version of a classical lemma.

Lemma 7.1 ([I, p. 77]). Let Q(x) and R(x) be two (not necessarily monic) integer
polynomials. Further suppose that Q(x) = aqz® + -+ + ag is a critical polynomial
for the interval I, and that R(x) satisfies ||RH; < agl/d. Then Q divides R.

Proof. From (1) and (2)), with R(x) replacing P(z), we must have Res(Q, R) =
0. O

This result, essentially known to early workers on integer transfinite diameter
(Gorskov, Sanov, Trigub, Aparicio Bernardo, and others), has appeared in the lit-
erature in various forms; see for instance Chudnovsky [4, Lemma 2.3], Montgomery
[11, Chapter 10], Borwein and Erdélyi [3], and Flammang, Rhin and Smyth [5].

Proof of Theorem [[1l. We first observe that nonmonic critical polynomials are ob-
struction polynomials. Conversely, if an obstruction is greater than t¢z(I), then its
associated polynomial is also a critical polynomial.

Assume that I has a nonmonic critical polynomial, and consider the nonempty
set A = {agl/ d} of obstructions coming from the nonmonic critical polynomials
of I. Any integer polynomial R(x) (not necessarily monic) must, by Lemma [T}
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contain as factors all critical polynomials () whose obstructions agl/ 4 are strictly
greater than ||R(:L')||; Therefore ||R(x)\|; > { for any limit point £ of A, and hence
tz(I) = €. So if A has a limit point, then it must be inf(A). Thus sup(A) is
attained, and there is a maximal nonmonic critical polynomial @, say. Then @ is
also a maximal obstruction polynomial. O

Corollary 7.1. Conjectures and together imply Conjecture 2.4

Proof. From the proof above, we see that an obstruction that is greater than ¢z (I)
is associated to a critical polynomial. The existence of such an obstruction is a
consequence of Conjectures 2.3l and O

Proof of Proposition [Z21 Now tz(I) < inf; a(;i/di, by the definition of a critical
polynomial. But if this inequality were strict, then we could find an integer poly-
nomial R with tz(I) < ||R||; < inf; a;i/di. But then, from Lemma [T} R would

have to be divisible by all the @;, which is impossible. O

8. FAREY INTERVALS AND THE PROOF OF THEOREM [2.]]

Every closed interval I has a least positive integer ¢ such that some rational p/q
with (p,q) = 1 lies in the interior of I. If ¢ > 2, then I belongs to a unique Farey

b b

o o whose endpoints are consecutive fractions in the Farey sequence of

interval

order ¢ — 1. We define this interval to be the minimal Farey interval containing I.
Theorem 2] follows directly from our next result.

Theorem 8.1. Let I be an interval not containing an integer in its interior, and

let {l;_i’ g—ﬂ be the minimal Farey interval containing I. Then (c1 + c2)x — (b1 + ba)
is a critical polynomial for I. Moreover, the maxzimal obstruction for I is
i if61225%617z_§¢15
1 : b b
- o ch222ai¢17éela
= 1 : _[br b
m Zf0122702220/ﬂd1—|:ﬁ,éi|,

1

otherwise.
c1tca

Proof. Now the polynomial Q(z) = (c1x —by)°2(cox — by)°* has a local maximum of

ci1+ce
1 _ bitbo
<Cl+52 at x = ci1tc2

that R(z) := Q(z)" ((c1 + c2)x — (b1 + b2))™ has normalized supremum less than
L Hence (¢; 4 co)x — (by + by) is an obstruction polynomial. Now &+b2 ¢ T,

. Thus, by continuity, there exist integers r; and ro such

c1+c2 ci1tc2

as otherwise I would be contained in one of the Farey intervals %, giiiz or
bi+bs by

citeca’ e |’

Since the polynomials (¢ +c¢g)x — (b1 +b2), c1z— by and cox — be are critical only
if their roots are in I, and are, as factors of R, by Lemma[Z.I] the only three possible
maximal critical polynomials in this Farey interval, we get the final result. O

Theorem 8.2. Let [b—l b—z} with ¢y > 2 be a Farey interval, and suppose that

c1’ c

b? =41 (mod ¢;1) and b3 = B (mod cp), where ¢3|B| < ¢3. Then

1
by b _
ne (8 2]) = -
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Proof. From [2, p. 1905] we have that there exists a monic quadratic integer poly-
nomial P(x) which has the property that P (2—1) = ié and P (Z—;) = %. Since
its critical point is at a half integer, it is strictly monotonic on the Farey interval.
Hence it attains its maximum at one of its endpoints, and ‘P (%) ‘ > ‘P (g—z) ‘ O

Theorem 8.3. Let P(x) = 2% +ayx +ag be an irreducible integer polynomial with
real roots. Then there exist infinitely many Farey intervals for which P(z) attains
the mazimal obstruction.

Proof. We know (Pell’s Equation) that the equation 22 + a2y + aoy? = +1 has
an infinite number of integer solutions (z,y) = (b;,¢;). These solutions have the
property that P (?—) = :I:}2 Further, by choosing a suitable subsequence we may
assume that both the ¢; and the b;/c; are monotonically increasing. Thus for any
b; bit1

interval I := [—,, ,
Ci? Cit1

} not containing a half-integer, we see that P(z) attains the
maximal obstruction 1/¢; with Q(z) = ¢;x — by, so that ¢ty (1) = 1/¢;. This happens
infinitely often as the g— tend to a root of P(x).

We can find a % € {ﬁ M] such that {ﬁ %} is a Farey interval, and hence P(x)

¢ Ciy1 ¢!
attains its maximal obstruction 1/¢; on this interval. d

It should be noted that this method of proof will not work for polynomials of
degree 3 or higher, as the resulting Thue equation

2" ap 2"y o agy™ = +1
has only a finite number of integer solutions [I8].
9. STUDY OF tp(b)

In this section we consider intervals [0, 5], with ¢\ (b) denoting t\([0,0]). Our
first result for such intervals is a consequence of Theorem [R11

Corollary 9.1. Letn > 2 and % <b< ﬁ Then % is the maximal obstruction
of [0,].

Theoregn 9.1. For all n € N there exists §,, > ﬁ — % such that for all
0<e<on

ta ([0, +¢]) =5

Proof. Consider the polynomial P, (z) = 2™ ~2(22 — nz + 1). It has the following
properties:
1 1\7°
Py (3) =)
P, (x) has a local maximum (with respect to z) at x =

( 1
P, (x L
(

n’

)

) is strictly increasing (with respect to x) on [O, E];
P, (x) has a root 8, = ﬁ strictly greater than %;

)

P, (x) is strictly decreasing on [%, ﬁn]
Let «, be the minimal root, strictly greater than S, of the equation |P,(x)
= % Thus P,(z) demonstrates that ty(a,) = %, where «, > (3, =

2/(7?+\/n274)>%. O

Theorem 9.2. We have that
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(a) tm(b) = 2 for b € [£,0.303];
(b) tam(b) = % for b€ [%,0.465];
(c) tm(b) =1 forb e [5,1.26];
(d) tm(1.328) > 1.

Hence, in the notation of Theorem Q1] 0.76 < d5 < 0.828, 03 > 0.132 and 64 >
0.053.

Proof. The optimal monic polynomials needed for parts (a) and (b) are given in
Table Bl In each case they attain the maximal obstruction % and %, respectively.
As before, a slightly larger interval can be computed exactly, by solving P(x) =
+ (%)degp or P(z) =+ (%)degP, respectively. Part (c) follows from the first part
of Table ], using the map = — 1 — x, with the same comments to the exact values
as above. Part (d) is proved by using Lemma BPP and the obstruction polynomial
Tx3 — 1422 + 7x — 1. Here 1.328 is an approximation to its largest root, rounded

up to ensure that (d) holds. O

The factors used for the construction of the polynomials in Table [§] were found
using the techniques discussed in Section [6, making use of the constraints given by
Lemma [6.T}

Bounds have been given on the exponents of certain factors for large integer
Chebyshev polynomials used for estimating tz(I). For example, for the interval
I =10,1], Pritsker [12] shows that (z(1 — x))”, where 0.2961 < v < 0.3634, must
appear as a factor in any polynomial R (normalized to have degree 1), for which
||RH; is sufficiently close to tz(I).

Following [5], we now determine a lower bound for v(b) such that z7®) must
divide any normalized monic integer polynomial P such that || P HFO»b] approximates
ty(b) sufficiently closely.

Suppose that the function m(b) is an upper bound for ¢y (b). Then by Proposition
5.3 and Lemma 5.2 of [5] we have that v(b) is bounded below by the least positive
root of

(14 z)t*e 1
(1—z)t=2(2z)22bc  m(b)’

So in particular, if ¢\ (b) = ﬁ for b € [0,1] as in Conjecture[ZT] then our lower
bound for v(b) would have infinitely many discontinuities in this range (Figure [,
black lines). However, we know, by using the polynomial z, that we have a provable,

TABLE 5. Optimal monic integer polynomials used for the proof
of Theorem

ta(b) = 1 for b € [%,0.303] by P(x)
= 2040(25 4 4322* — 45623 + 17922 — 31z + 2)47
(7 + 876025 — 133422° + 8388z* — 278423 + 51422 — 50x + 2)3°

ty(b) = 3 for b € [1,0.465] by P(x)
= p1052706720 (5,7 — 123355 + 240645 — 19132* + 79123 — 17922 + 21z — 1)118037088
(28 + 484227 — 1093520 + 103552° — 5317z* + 159423 — 278z2 + 262 — 1)156479575
(8 + 1418427 — 3494425 + 364425 — 208322% + 704123 — 140522 + 1532 —7)72166388
(28 4+ 781227 — 1807220 + 175612° — 92712* + 286423 — 51622 4 50z — 2)*378185
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FIGURE 5. Lower bounds for v(b). Grey line—lower bound using

m(b) = b (known); solid line—lower bound assuming m(b) = -~

I1/8]
(Conjecture [2.1]).

albeit weaker, upper bound m(b) = b. This gives us a proven lower bound for ~(b)
(Figure Bl the grey line).

Proposition 9.1. We have %il% ~(b) = 1.

Proof. Define
(1+z)tt= 1
T = - -
@0 = g =eo=r b

Now T'(x,b) has a positive local maximum at x = \/ﬁ — 1 as b — 0, while

T(1—+/b,b) < 0for 0 < b < 0.04, so that T'(x,b) = 0 has a root in [1 — /b, ﬁ].
Further, since T'(z, b) is increasing for = € |0, \/ﬁ], this root is the least positive

root of T(x,b) = 0. Hence (b) > 1 — /b, giving the result. O

10. PROOF OF COUNTEREXAMPLE [2.]
For the proof of Counterexample [Z.I] we need the following p-adic result.

Proposition 10.1. Suppose that Q(z) = agz® + -+ + ag € Z[z] is a mazimal ob-
struction polynomial for the interval I, and that the maximal obstruction is attained
by some monic integer polynomial P(x). Then ged(ap, aq) = 1 and, for every prime
p dividing a4, we have

1 |i/d

aq

ad—i
ad

<
p

P
In particular, if aq 1s square-free, then i(Q(m) — Q(0)) has integer coefficients.
Here |.|, is the usual p-adic valuation on Q. For the proof, it is extended to Q.

Proof. Take 8 to be any root of Q(x), and p any prime factor of ag. Let P(x)

be of degree m. Then, as P(x) attains the obstruction, P(5) = :i:agm/d, so that
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IP(B)|, = |1/aqly’® > 1. If |B], < 1, then |[P(B)|, < 1, a contradiction, as P(z)
has integer coefficients. Hence |3|, > 1 and |P(B)], = |8} = |1/ad|;n/d, giving

(6) 18l = laal, /7.
Applying (@) for all roots B; of Q(z) we get |[[; Bjlp = |1/aal,- But also from

a;'Q(z) = [I;(z — B;) we have that |[[, 3;|, = [ao/aal,- Hence |ag|, = 1. Doing
i/d
é for
P

any 4, then the Newton polygon of P (see for instance [I9, p. 73]) tells us that
1Bilp > |1/ad\11,/d for some j, contradicting (@]).

this for all plag we obtain (ag,aq) = 1. Furthermore, if aZ—d‘l

i/d )
In the case of agq square-free, ’a—ld <pforl<i<d,sothat |2¢=1| <1, and
P P
hence, using all primes p dividing aq4, we see that QZ;Z is an integer. Il

Proof of Counterezample 21l The fact that 72% 4+ 422 — 2 — 1 is a maximal ob-
struction polynomial for the interval I = [—0.684,0.517] can be verified by showing
that it is a critical polynomial. This follows from the fact that the polynomial

R(z) = x28728(5x3 442 — g — 1)3739(7x3 +42% —op — 1)1140
(25 — 2425 — 202* + 1023 + 922 — x — 1)*%0
(32° 4 162" + 32° — 82% — x + 1)

has ||R||; < 773 so that tz(I) < 77'/3. As 72% + 42 — 2z — 1 has all its roots in
1, it is therefore a critical polynomial. As always, the interval is an approximation
only, and a tighter one can easily be computed.

We now claim that 7234422 —2x—1 is the maximal nonmonic critical polynomial
for I. For any critical polynomial agz?® + - - - + ag for I with agl/d > ||R||; must
be a factor of R, by Lemma[.Il But among the three nonmonic irreducible factors
of R, 7x® + 4x? — 2o — 1 is the only one having all its roots within I, so it must
indeed be the maximal nonmonic critical polynomial for I. By Theorem [.1] this
polynomial is the maximal obstruction polynomial. However, %(75E3 + 42% — 27)
does not have integer coefficients, so that, by Proposition [[0.], the interval has no
optimal monic integer Chebyshev polynomial. O

11. SOME FINAL COMMENTS ON THE COMPUTATIONS AND FIGURES

Consider Figure [l We see that L_(t) = 0 for for ¢ < %, and further that
L_(t) = 4t for ¢ > 1. So in fact the area of interest is for ¢ between % and
1. That being said, the upper bound is only given up to approximately 0.89.
This is because the upper bound from Proposition Bl(a) is given by high degree
polynomials with small lead coefficient. In our search, we compute only up to
degree 6. As 271/6 ~ 0.89 this is the limit to our knowledge of the upper bound.
If we wished to extend these calculations, we could extend the knowledge of the
upper bound, but the computation time becomes excessive. For example, even if
we computed up to degree 10, which is probably beyond our computational range,
we would only get up to 0.933. As it was, the computations up to degree 6 took
over 3000 CPU hours, and the computation time approximately triples for each
additional degree. Similar comments apply to bounding L, (¢) (Figure[2) for ¢ close

to 1. In this case, it actually turned out that none of the polynomials with lead
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coefficient 2 and degree 6 were useful in the calculations for such ¢, and hence we
only get an upper bound for L, (t) for t up to t = 2-/% ~ 0.871.

While we know from Lemma BIl(c) that L (t) > 2¢ for ¢t < 1/2, we do not know
L, (t) exactly in this range. In order to get an upper bound for L, (¢) in at least part

of this range, it would in principle be possible to extend the calculation downwards

from t = % The lower bound of % for t was chosen, as we computed obstruction

polynomials of degree d, with coefficients up to 2¢. If we were to compute up to
37 instead, we would be able to extend this graph down to t = % This would,
however, be a massive undertaking, because we would have 35/26 > 11 times as
many possible lead coefficients. Furthermore, we observed that, for a given degree,
the higher the lead coefficient was, the longer the computations took, so this factor
11 is probably an underestimate.

It may be possible to extend these calculations by somehow doing a more selective
search for obstruction polynomials of higher degree or larger lead coefficients. This
could lead to improved bounds

Lastly, consider Figure [l This could very easily have been extended all the way
to 0. The reason that we chose not to do this is because the black lines of the
hypothetical lower bound start to merge, and the figure becomes unreadable. (The
lower bound jumps at every %, which get more frequent as % —0.)
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