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RATE OF CONVERGENCE
OF FINITE DIFFERENCE APPROXIMATIONS
FOR DEGENERATE ORDINARY DIFFERENTIAL EQUATIONS

JIANFENG ZHANG

ABSTRACT. In this paper we study finite difference approximations for the
following linear stationary convection-diffusion equations:

572 @ (@) + b () — u(z) = ~f(2), @ ER,

where o is allowed to be degenerate. We first propose a new weighted finite dif-
ference scheme, motivated by approximating the diffusion process associated
with the equation in the strong sense. We show that, under certain conditions,
this scheme converges with the first order rate and that such a rate is sharp. To
the best of our knowledge, this is the first sharp result in the literature. More-
over, by using the connection between our scheme and the standard upwind
finite difference scheme, we get the rate of convergence of the latter, which is
also new.

1. INTRODUCTION

Numerical methods for degenerate (elliptic or parabolic) PDEs, in particular
degenerate HJB equations, have been studied by many authors. Notable works
include: Markov chain approximation (e.g., Kushner-Dupuis [19]); viscosity solu-
tion method (e.g., Barles-Souganidis [3]); the works by Menaldi ([20]) and Camilli-
Falcone ([I0]) on the so-called “control scheme”; Krylov’s “shaking the coefficients”
method ([I6], [I7]) and its extension by Barles-Jakobsen ([1]); the recent work by
Bonnans-Zidani ([4]); Karlsen’s series of works, especially on the so-called entropy
weak solutions to degenerate PDEs with discontinuous coefficients (e.g., [12], [9],
[15]); as well as finite element methods such as the SPUG method (e.g., Brooks-
Hughes [8]) and bubbles method (e.g., Brezzi et al. [5], [7], [6]), to mention a few.
After this work was submitted for publication, we also learned that some new pro-
gresses were made on the subject (see, Jakobsen [I3], Barles-Jakobsen [2], Krylov
[18], and Dong-Krylov [I1]).

Despite all these works, the rate of convergence of numerical approximations for
degenerate PDEs is far from being fully understood. It is somewhat surprising that
even for degenerate linear ODEs, there are no sharp results in the literature. To
the best of our knowledge, the best rates are h3 for finite difference schemes (see
[16] or [1]) and hz for control schemes (see [20]). The major difficulty lies in the
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1756 JIANFENG ZHANG

fact that, even if all the coefficients are infinitely smooth with compact support,
the solutions to degenerate linear ODEs (not to mention fully nonlinear PDEs) are
in general not sufficiently smooth.

We intend to understand how much one can expect to achieve on the rate of con-
vergence of finite difference approximations for degenerate PDEs. Instead of being
ambitious on generalization, in this paper we focus on the following 1-dimensional
linear stationary convection-diffusion equations:

(L.1) 5@ (@) + b () — u(e) = ~f(z),  TER
where, of course, o is allowed to be degenerate.

Our goal of the paper is twofold. We first propose a weighted finite difference
scheme, motivated by some probabilistic approximation. Unlike classical Markov
chain approximations which approximate the diffusion process associated with (L))
in a weak or distributional sense (in other words, it matches the transition probabil-
ities of the Markov chain with the coefficients of the finite difference equations, see,
e.g., [19]), we try to approximate the diffusion process in a strong sense. Such an
idea was also used by Menaldi [20]. It turns out that these approximating processes
can lead to probabilistic solutions of some finite difference equations, but with coef-
ficients different from standard ones. We prove that, under certain conditions, our
scheme converges with a rate of convergence h and that such a rate is sharp.

We next study the standard upwind finite difference schemes. We find that the
standard finite difference approximation to (II]) is the same as our new weighted
finite difference approximation to a new ODE with modified coefficients oy, by,.
We estimate the errors of oy, by, from o,b, respectively, and then prove that this
scheme converges with a rate of convergence h%, and the rate becomes h given some
stronger conditions. The latter rate h is also sharp, however, the sharpness of the
general rate h? is still unknown.

At this point we should mention that our method takes advantage of some special
properties of one dimension, and thus may be difficult to extend directly to high-
dimensional equations. However, besides the fact that this is the first sharp result
in the literature, it provides a benchmark on what one can (or what one cannot)
expect in high dimensions.

The rest of the paper is organized as follows. In §2 we introduce the two finite
difference schemes and state the main results. In §§3 and 4 we study the weighted
and the standard finite difference schemes, respectively. In §5 we provide some
counterexamples which show that some estimates in §2 are sharp. Finally some
technical proofs are presented in the last section.

2. MAIN RESULTS
We first consider the following standard upwind finite difference approximation

for (II):
ui(x +h)+uj(z—h) —2uj (x)

L) E + (bfa) v 0) RN )

h

o) £ 0) RO ZIE ) ) - ),

Here the superscript ° is the abbreviation for “standard”. To simplify the presenta-
tion, throughout the paper we assume b(z) > 0. Then the above discrete equation
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can be rewritten as

(2.1)
1, uj (x+h) +uj(z —h) —2uj (z) o
S0%(@) - ORI i (@)
= —f(z).

Our first main result is the following theorem.

Theorem 2.1. Assume o,b are bounded and o,b, f € C? with bounded derivatives.
Assume further that

(2.2) L 2 sup |20/ (2) + |0’ (2) 2| v sup | (2)] < 1.

Then there exists a constant C, depending on L, the bounds of o,b, and the bounds
of the derivatives, such that

(2.3) lup, () — u(x)| < Ch.
This rate is sharp.

We note that a condition similar to (2:2) was used by Menaldi [20]. We also note
that when the solution u (not the coefficients!) is smooth enough, it is possible to
obtain a much better rate.

In order to study a more general case where the coefficients are not in C?, we
adopt the following assumption:

(A) o,b are Lipschitz continuous and f is bounded and Hélder-a continuous for
some « € (0,1].

Let L, denote the Lipschitz constant of b, and let 8 > 0 be some arbitrary
constant such that 3L, < 1. Throughout the paper, we use a generic constant C,
which may vary from line to line, to denote upper bounds of estimates which may
depend on «, 3, the Lipschitz constants of o, b, the Hélder constant of f, as well as
some others specified in the context. We then have the following results.

Theorem 2.2. Assume (A).
(i) If b is bounded, then

(2.4) [0 (2) — u(w)| < CRAGA),
(ii) If o =0 or g is bounded (e.g., b =0 or o is uniformly nondegenerate), then
we obtain the sharp rate
(2.5) s, (z) — u(z)| < ChPMe.
Remark 2.3. The sharpness of ([2.4) is still unknown.
In order to prove Theorems 211 and 222] we introduce another weighted finite

difference approzimation for (II]). This scheme is interesting in its own right, and
is new to the best of our knowledge. To this end, we note that (1)) is equivalent

to
(2.6)
up(x) = pj(x)ug (@ + h) + qi (@)up(z — h) + f(2)[1 - pj(x) — g5 (2)],
where
(2.7) v 2 0% + 2bh 2 o2

Rt oh+ k2 T 2o + bh o+ 2]
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3

By using the superscript ¥ to denote “weighted”, we define our new scheme as

follows:
(2.8)
up (z) = py (z)up (x + h) + g5 (z)up (z — k) + f(2)[1 = p (z) — g5’ ()],
where
(2.9) pir £ G esn(Z) [cosn (20

w & bh VBZ+ 202 1-1
ai £ 5 exp(—25) [ cosh (")

When o = 0, we take the limits of the above expressions as the values of p;’ and
gy’ To be specific, we define that

Dy 2 exp(f%), qyy 2 0, if >0,

pv 20, g¥ £ exp(—1), if b<o,
v O N .

phzoa qh:O7 if b=0.

We note that when o > 0, it holds that limj_.q Zi‘u = limp_o Z;;U = 1. In this sense
h h
(Z38) and ([26) are asymptotically equivalent, and thus one may expect that v}’ is

also an approximation of w. This is indeed true.

Theorem 2.4. Assume (A). Then we have the following sharp estimate:

(2.10) [ul (z) — u(x)] < ChP .

3. THE WEIGHTED FINITE DIFFERENCE SCHEME

In this section we shall prove ([ZI0) and leave the sharpness to §5. First, it is
well known that the solution to (IL]) can be written as

(3.1) u(z) = £, / et g},

where X is the solution to the following SDE:

(3.2) Xi=x+ /Ot o(X,)dW, + /Ot b(X,)dr.

Here the subscript x in E, indicates the fact that Xg = x, but for simplicity we
shall omit it in the sequel when there is no confusion. The solution is unique in the
sense that u is bounded whenever f is bounded. We refer the readers to [I4] or [21]
for basic theories of stochastic calculus.

The main idea for proving (2.10) is to find a similar probabilistic expression for
u}’. We proceed by “freezing” the coefficients in ([B:2). To this end, we fix h and

h,x

. . . . A
x, and construct a sequence of increasing stopping times 7, = 7,>% and a process

Xh 2 XM as follows. First we define T0 = 0, Xﬁo 2 . Then for n = 1,2,---,
define

(3.3)

o Sinf{t > 7,y |o(XE )W = Wo ]+ 0(XE [t =70 1]| = B},

n—1
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and for t € (Th—1, Tn),

(3.4) XPEXE  4o(XP W =W, ] B(X )= 7).

Tn—1 Tn—1

We note that these processes were also used by Menaldi [20]. Since ¢ and b are
Lipschitz continuous, hence grow at most linearly, one can easily show that 7,, T oo,

almost surely. Denote 7(t) 2 Tn—1 for t € [Tp—1,7,). Then obviously it holds that

(3.5) Xy — XP<h, as.
and that
t t

The following lemma gives the probabilistic solution to (2.8]).

Lemma 3.1. Assume all the conditions in Theorem 2.4 hold true. Then
(37) up(e) = B [ e tpoat ).

Proof. Let @y, denote the right side of (87). Then

w0 =E{( [+ [ )t i)

o h
_ h,X,,1

:Ew{/ e‘tf(XfO)dH—/ e (XN s},
0 0 T TTL(s)

where 7"%7 and X"*% are defined in the same way as 7'(= 7"7) and
X"(= X™*), with the initial value = replaced by X”-*. Note that X"* = x
and X!+ = x + h. Then one can check directly that

(3.8)
up(z) = pr(x)un( + h) + qgu(@)un(x — h) + f(2)[1 = pr(z) — Gu(2)],

where
(3.9)
_ A . _
pu(r) = E:c{e 1{Xﬁ'1:w+h}}7 an(z)
So it suffices to show that
(3.10) () =pi(x), Gn(z) =gy (x).

Without loss of generality, we shall prove (B10) only for 2 = 0.

We note that by (B3) and ([B4]) one can calculate py, and g, straightforwardly
(see, e.g., [14]) and thus prove [BI0). But here we would like to provide another
argument which avoids the probabilistic calculation. To this end, we consider the
following ODE with constant coefficients:

1>

Ex{e_ﬁ 1{Xf,"1:wfh} }

(3.11) 1aQ(O)a”(:c) +b(0)@ (z) — u(w)

2
By (B) we have

I
|
=
8
\../
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where X satisfies
t t
X, =2+t / (0)dW, + / b(O)dr = 2 + o (0)Ws + (0.
0 0

Note that py(0) and g, (0) involve only o(0) and b(0). Following the same arguments
as for ([B.8) we get, for the same p(0) and g, (0) as in (33,
(3.12) u(0) = pr(0)a(h) + gn(0)u(=h) + f(0)[L = pn(0) — gn(0)].

We note that (8I2) holds true for all f and the corresponding solution @. Choose
f such that f(z) = 0 for || < h and f'(h) # 0, f'(—h) # 0. Then in (—h,h), @
satisfies the homogeneous ODE:

1

502(0)11”(95) +b(0)u' (z) — u(z) = 0.

Thus, for « € (—h,h),
a(z) = aeM® + fer2?,

where o, 3 are two constants, and

A & =00 + VP0) +20(0)

), 2 —b(0) — 4/b%(0) + 252(0)
a(0) LT a(0) '
Now by the continuity of @ we have

a(h) = aeMm + g2t G(—h) = aemM 4 e A2h,

By straightforward calculation we get the values of «, 8 and check that

(3.13) u(0) = ar+ 8 = py (0)u(h) + g (0)u(—h).

Since f(0) =0, BI2)) becomes

(3.14) u(0) = pr(0)a(h) + gn(0)u(=h).

Compare [BI3) and (3I4), and note that both of them hold true for arbitrary
values of 4(h) and @(—h); we prove B.I0) at = 0, and hence the lemma. O

To prove the theorem, we shall need another technical lemma. The arguments
of the proof are mainly due to N. Krylov. We refer the readers to [14] or [2I] again
for preliminary materials.

Lemma 3.2. Let X be the solution to the following linear SDE:
t

t
Xt =x+ / (asXs + ﬁs)dWS + / (’YSXS + )\s>d57
0 0

where || < Ky, |yt| < Ko for some K1, Ky > 0. Then for any € > 0, there exist
constants C' and q > 2, depending only on K1, Ky and €, such that

(3.15)
t 1
B{IX) < Cele+|a] +E{/ 18,07+ Alds )] v > 0.
0

Moreover, if |Bt|, |\¢] < K3, then there exists C which may depend on Ks as
well, such that

(3.16) E{| X} < Ce2t|z| + K3, Vt>0.
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Proof. Apply [B.I5) with § and note that te < Ce2?; one proves ([B.10).
So it remains to prove ([B15). To this end, we denote

t t t
~ 1
AW, 2 dWi—audt, M, = exp(—/ adeS—|—§/ agds), Ay 2 exp {—/ %ds}.
0 0 0

By the Girsanov Theorem, W is a Brownian motion under a new probability mea-
sure P such that E{&} = E{M; &} for any & € F;,. Applying It6’s formula one

gets
d(X MyAy) = MAy[BrdWy + Aedt].
Denote
A ¢ _ t
Nt = XtMtAt =T +/ MsAsﬂdes +/ MsAsAst.
0 0
Then
(3.17) E{|X|} = E{M|X,|} = E{N,A; '}

By the Ito formula again we have
A(NATY) = 7 Ny A7 Nt + M Bed W, + Myt
Thus, by noting that |v;| < K,
(3.18)
~ t ~ t ~ t
B{NATY < |2 + K2/ E{IN,ATY Vs + E{’ / M, 3,dW, + / MS)\Sds‘}.
0 0 0

Let p € (1,2) be a constant determined later, and let ¢ > 2 be its conjugate. Denote

M 2 SUPg<s<¢ | Ms| and py 2 p(1+ %) = 2p — 1. Applying the Burkholder-Davis-
Gundy inequality we have

(3.19)

E{’/OtMsﬁdes—i—/OtMs)\sds‘}
< B{( /0 t (M s[2ds)t |+ B /0 t (M |ds}

- N 2 . t 1
gE{|Mt*|1+a{(/ M, q|ﬁs|2ds)5+/ a7 A ds] )
0 0
- 1~ t 2 4 t 1 1

<cB(p Py B{[([ M8 Pdnt + ([ M)}

0 0

t 1
< CBUM P B{ [ M8 + A s} 4 61

0

1

t 1 )
< CEQg Py E{ [ 160+ s} o e,
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Note that |az] < K7 and that M; = exp(— f(f asdWs—1 fg a2ds) is a P-martingale.
Then by Doob’s inequality one gets

: : : oo [
E{\Mt*|p1}§CE{\Mt|p1}:E{exp<—p1/0 adesfi/O o2ds) }

<C’E{exp(—pl/otadeS—p;/otaﬁds—i—p%;left)}

2 _
= Cexp(

~ 2
where the last equality, thanks to the fact that exp(—p; fot s dW, — B fot a?ds), is
a P-martingale. Plugging this into (3I9) and then into [ZI8) we get

t
mmxﬂsmwg/mmu%wumm
0

where

2 t 1
A2 expPL P i B{ [ 11607+ s} (17 70
0
Note that A; is increasing in . The by the Gronwall inequality we have
(3.20) E{|A7I N[} < Ce2t[|z] + Ay

-
e+6KZ"

2
One can easily check that £ 1_1)’) LK? < £ and thus

Now choose p 29 + 5

t 1
A< cets{ [ 1o+ s}
0
which, combined with (8I7) and ([B:20)), proves (BI5) and hence the lemma. O

Proof of Theorem 24l For any x, let X and X" be defined as in (B.2) and (B.6),
respectively. Denote AX; 2 X — Xth. Then

t t
AXt = / [aSAXS + ﬁs]dWS + / [’YSAXS + )\S]ds’
0 0

where
A o(Xy) —o(XP) N
o= TRy, S o) — oK),
A b(Xy) — b(XY) 4 h h
Tt = T AX, Ae = b(XY) — b(XT(t))'

By the Lipschitz continuity of o, b, and recalling ([B.3]) we have
‘at| < Oa "Yt| < Lba |ﬁt‘ + |/\t| < Ch.

Since 8Ly < 1, choose € 2 % > 0. By BI6) and the fact that AXy = 0, we
get

(3.21) E|AX,| < Chellvtot,
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Since f is bounded and Hoélder-a continuous, it is also Holder-a A 8 continuous.

By B3) and (32I) we have
E{|f(Xt) - f(Xﬁ(t)>|} < CE{|Xt - X:—L(t)>|a/\6}
< CE{JAX,|"M + |X] = XB |} < C(B{AXD™ + ho]
< Choz/\ﬁe(a/\ﬁ)(l/b-‘rs)t.

Then by BI) and [B1) we get
) —uy C 7tE Xt - Xht d

< Chens / T land Lottt gy — cpans.
0

thanks to the fact that 8(Ly + ) < 1. The proof for (ZI0) is now complete. O

4. THE STANDARD FINITE DIFFERENCE SCHEME

We prove Theorems 2.1] and in this section, but again leave the sharpness
to §5. The main idea is to transform (26 to the form of (Z8) and thus find the
probability solution to (2:6). To be specific, in light of [27) and (Z3l), we define
two functions oy (x) and by, (x) by the following equations:

NCES L IRE 249
(bhh)[cosh(ih_g Thp) = bh
g

(4.1) o U—% b2h 2 o er e
/ 2 -1
exp(f@) [cosh(#h)} = %.
oy o} o2+ bh+h
Now by the arguments in §3 we know that
(4.2) ul (z) = Ew{ /0 e—tf(XQ(t))dt}
and
oo ~
(43) ) =i (o) < [ e B — £ et

where 7 and X" are defined in the same manner as (33) and &), with ¢ and b
replaced by op and by, respectively. Moreover, we have

(4.4) |X7Q(t) - Xth| S h/, a.s.
and

t t
Xth =+ / O'h(Xg(s))dWs + / bh(X-z}”—l(s))dS'
0 0

To prove the theorems, we need to estimate the errors of oy, by,. Solving (1)
directly we obtain

(45) o — V2h b, — hlog(1 + )

: ’ o,b,h (o,b,h) ’
\/log r(a(;g’h) log :;(21172:,3 log o2 L log ;(2+2blfz

where

r(o,0,h) 2 0% + bh + h2 + h\/202 + b2 + 2bh + 2.
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When ¢ = 0, we define oy, by, as the limits in ([£3]). That is,
B h
T Yoo(1 o BT
log(1+ %)
We note that in general oj,b, are not Lipschitz continuous in z. Following are
some key estimates whose proof is quite lengthy and thus postponed to §6.

(4.6) Op = 07 bh

Lemma 4.1. There exists a universal constant C' such that

lon —o| < C[1+ Jh,  |br, — b < Ch.

o2 + bh
Consequently we have
Corollary 4.2. (i) If b is bounded, then |0y, — o| < CVh.
(ii) If £ is bounded, then |0} — o| < Ch.
(iii) If both o and b are bounded, then |02 — 02| < Ch.
Proof. (i) and (ii) are direct consequence of Lemma [A.T]
It remains to prove (iii). Since b is bounded, by (i) we have |oy,| < |o| + CVh,

and thus
b
2 2
—o? = loj — + 0| < C[1 + ———]h[2|0| + CVh
9% = %1 = low —ollow + o] < C11 + —=Z==IhPlo| + OV
blo| + bvh |o| + Vbh

< Chl||o|+ Vh + =0 < Ch|1 + S| < Ch.

< Chfla \/o2+bh} <con| \/02+bh} =
That proves the lemma. i

We note that all the conditions in Corollary are necessary. Following are
some counterexamples. All the calculations are straightforward, and thus we omit

the proof.
Example 1. (i) (b is unbounded.)
Let c=1,b= % Then oy, ~ @ and thus o, — o0 ~ ,/1023 -1

(i) (b is bounded, but £ is unbounded.)

Let 0 = Vh,b =1, then o, ~ ,/102;3, and thus o, — o ~ | 1023 — 1]vh.

(iii) (b is bounded, but o is unbounded.)
Let 0 = %,b: 1; then o7 ~ % —|—%, and thus o7 — 0% ~ %

Proof of Theorem 221 Recall (£3). Following the arguments in the proof of The-
orem 2.4l we have

(@7) lu(z) — ul (2)] < C / et {1, ~ X Yt 4 Oher,
0

Denote AX; 2 X — )N(th Then
AAK; = [0(X0) — o (R AW, + [b(X) — by (Rt
= [OétAXt + ﬂt]th + h/tAX—t + )\t]dt,

where -
A o(Xy) —o(XY) A h 2
PO S VA G 2 o(XM) — op(XE ),
t AXt . ﬁt ( t) h( T(t))
A b(Xy) — b(X]) AL s .
S AR e Ul
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Since ¢ and b are Lipschitz continuous, we have |a;| < C and || < L,. Moreover,
by Corollary EE2(i) we have |o — oy,| < Cv/h, therefore,

1Bl < o (X)) — o(XL) + |o(X2) — on(X2p)| < CVh.

Similarly, by Lemma E1] we have |\;| < Ch. Now letting 0 < ¢ < 8~ — L; and
applying Lemma[B2 we get E{|AX;|} < Cvhe!F+T9) which, combined with 1),
proves (i).

It remains to prove (ii). We note that if ¢ = 0, by ([@6]) we have |0, — | =0 <
Ch. If £ is bounded, by Corollary EZ(ii) we have |0}, — o < Ch. Now (ii) follows
a line-by-line analogy as above. O

We next prove Theorem 211 Recall (£3). Note that we estimate the error of
f(X;L(t)) — f(X3) in (@7) in the strong sense. The next lemma gives an estimate of
the error in the weak sense. The idea is more or less standard (see, e.g., [22]).

Lemma 4.3. Assume all the conditions in Theorem 1] hold true. Then
|E{f(X}) — f(Xp)}| < Ce 5 Th, VT > 0.
Proof. Fix T > 0. Let v be the solution to the following degenerate parabolic PDE:

{ v+ 307 (@)vse + bla)os =0, 1€ (0,T),

(4.8) o(T,2) = f(a).

Then we have

(4.9) BE{f(X})} = E{o(T. X})},  E{f(Xr)} =v(0,2).
Obviously v € C12. Applying the Ito formula one has
dv(t, X"

:[Ut+;ah( By s + b (K2 v (6 XVt + 07 (XL o (1, XNV

= [3l0R (X)) = o (K + b (REy) — o] (1, X1t
—l—ah(f(?(t))vw(t,f(th)th.

By (@A), Corollary E2(iii) and Lemma [1] we have

|0h(XT(t)) —o*(X]) < |U}2L(Xb(t)) —a*( ~?(t )|+ 0% (X2 ) — o(X!)| < Ch,

(X2 ) — bR < (b (L)) — B(E L)) + B(XL)) — HED)] < Ch.
We claim that
(4.10) vg (£, 2)| + |vea (t, 2)| < Ce = (T=D vt € [0,T].
Then

T
|E{v(T, Xh) —v(0,2)}] < Ch/o e TDgr < Ce s Th,

which, together with (£9), proves the lemma.
It remains to prove ([@I0). Without loss of generality, we shall prove it only at
t = 0. To this end, we recall (Z9). Let VX, V2X denote the first order and second
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order derivative flows of X, differentiating with respect to x. That is,

t t
(4.11) VX, = 1+/ a’(XS)VXSdWS—i—/ b (X,)VX,ds,
0 0
t
VX = [0 (X)VEXL 4o ()T X
0
t
(4.12) +/ [0 (X5) VX + 6" (X,) |V X, [*]ds.
0

Then we have
(4.13)
(0, 2) = B{f'(X7)VXr}, veu(0,2) = B{f'(X7)V* X + f"(X7)|VX7|*}.
For ¢ 2 =L > 0, applying (B16) to (II) we get
(4.14) E{|VX7|} < Cellrta)T < e 5T
Moreover, for any g > 2, applying the Ito formula we have

t t
-1
|VXt\‘1:1+/ qa’(XS)\VXSPdWSJr/ [qb’(XS)JquQ 1o (X)X, J1ds.
0 0

Then letting g be close to 2 enough and applying (BI6]) again one gets

(4.15) E{VXr|1t < Ce T
Now applying B.I3) to (£I12]) we have
(4.16) E{|V?Xz|} < Ce = T

Now by (£I14), [@I3), [EI0), and [EI3) we prove ([@I0), hence the lemma. O
Proof of Theorem 2l Recalling (£3) and ([44]), and applying Lemma 3] we have

o) i) < € [ e B{IACRE,) - RN+ (XD - o}

< C/ e i[h+e 2 thldt = C’h/ et +e 7 tdt = Ch,
0 0
thanks to the assumption that L < 1. (]

5. SHARPNESS OF THE ESTIMATES

In this section we give three examples to show that some estimates in §2 are
sharp. We first consider (.

Example 2. Let 0 = 0,b(z) = Lz, f(x) = 0 for z € [0,1]. Choose 0,b, f € CF°

appropriately outside [0, 1] such that u(1) = 1. Then, by letting h = +

n’

lim inf n %o sup |u(z) — uj (z)] > 0, lim inf % sup |u(z) — up (z)| > 0.
n—00 2€[0,1] n—00 z€[0,1]

Proof. We will only estimate u(z) — u’(z). The other one is similar.
First, under our assumptions on [0, 1] (1)) becomes Lyzu'(x) — u(x) = 0. Since
u(1) = 1, one has

(5.1) u(z) = 27, Vz € [0, 1].
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On the other hand, for h = 1, and k = 1,--- ,n — 1, by ([ZJ) we have u}’(kh) =
exp(—ﬁ)u}f((k + 1)h), which leads to

n—1

(5.2) u? (h) = uh(l)exp( > k).
If Jup (1) —u(l)] > h%b, then we have
(5.3) ne [ (1) — u(1)] > 1.

Now we assume |u}’(1) — 1] = [u}(1) —u(1)| < hTi. Note that

n—1

1 "d
- > 1+/ & —log(2) + log(n).
k 2 x

E
Il

1

By (£2) we have
1—log(2),, »

N 1 .
uil () < (1R 75 ) exp (= [1-log(2)+log(n)] ) = (1+h7F) exp(— JhTE,
Ly Ly
which, combined with (5J), implies that
1 1 —log(2 B
u(h) — u(h) > [1 (14 hT ) exp(— L2181
2Ly
Note that 1 — log(2) > 0. When h is small enough, we have
2 1 —log(2) 1 —log(2)
T _ - TTO\y « _- o\ .
(14 hZv)exp( I, ) < exp( oL, )< 1
Then
1 1 —log(2
n 5 fu(h) = wf ()] > 1 — exp(— 21283 S o,
2Ly
which, combined with (B.3]), proves our claim. O

The next example shows that the first order estimate in (23] is sharp.

Example 3. Let o(x) = Vh,b(x) = 1, f(z) = 0 for z € [0,1]. Choose 0,b, f € CF°
appropriately outside [0, 1] such that w(0) = 0 and w(1l) = 1. Then, by letting
h=41,

liminfn sup |u(z) —uj(x) > 0.

n—00 z€[0,1]

We note that in this example o, and thus u, depends on h. But one may divide

R into countable disjoint intervals [a,, b, ). By Example[3 we can set o,b, f on each
interval such that they all vanish on a,, by, and nsup ¢, 5, [u() —u3 ()| > co for
some constant ¢y > 0 which is independent of n. Combining all the pieces together
we get universal o, b, f satisfying our requirement.

Proof of Example Bl First, one can easily solve (I.I):

eA1$_6A2$
= T w0 € 0717
u(@) = —r— 2€0]]
where
A A —14++V1+2h \ A —1—+14+2h
1= 7 2= 737 -

h h
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On the other hand, solve ([2:6) we have
(5.4) uj (kh) = c1yF — vy, k=0,1--- |n,
for some constants ¢y, ¢co, where
A 24+ h++V1+4h + h? A 24+ h—+1+4h+ h2
71 = ) Y2 = .
3 3
If |u3 (0)| > eh or |uj (1) — 1| > eh where € > 0 is a small number independent

of h which will be determined later, then we have

(5.5) n sup |u(z) —uj(x)] > e.
z€[0,1]
Now we assume |uj, (0)| < eh and |uj (1) — 1| < eh. By letting k =0 and k = n in
(&) we get
b0 RO () wh s
w7 w—
Denote
e
Uh(kh):ﬁ, k=0,1,n
Y1 T Y2
Note that for vy > 1 > % > v >0 and y172 = %, we have
(5.6)
s(1) =1 k_k_so kan _ Amak
|,a}sl(kh) _ u,sl(k:h)| — [uh( ) ][71 7271 UZ( )[71’}/2 71 72]‘ S 2¢h.
T2
Now we estimate |u(kh) — uj,(kh)|. Let = , or say, k = %. Then we have
1 A A A 1 n n n
u(z) =% + P m et a5) = b ]~ e (- 2 log().
Note that % ~ % — %, and
n 2 1 1 h
—1 ~—log(l+h——)~—(h—h?) == ——.
" log() ~ g log(1 +h— o)~ () = LN
Then,
1 1 1
u(g) - 112(5) ~eTEtE _emEtE o —Ze*%h
Now let & 2 %6_% > 0. When h is small enough, by (5.6) we have
1. 1 1. .1 1 11 s
[u(5) = ui ()] 2 u(5) —ur () = ui(35) — @R (I = ce72h — 2eh > eh,
which, combined with (&5]), proves our claim. O

Our last example shows the sharpness of o. Again we will only prove it for uy’.

Example 4. Assume o € (0,1]. Let o 2 V2,020, and f(z) 2 S o fm(T),
where f,, has period 27, and

A x®, 0<a <2 (mtl)
6.7 OES AN S

Then
(i) f is bounded;
(i) 1£(x) = F)] < Cla—yl*log o, Vo —y| <
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(iii) for h = 2™,
(5.8) lim inf 2"“|u(0) — u}’(0)| > 0.

n— o0

Proof. (i) By (520 it obviously holds that |fp, ()] < 2~ (Mm+De thus

- —(m « 1
B < 2 = o <o,

(i) For any |z — y| < 2, assuming 27" < |z — y| < 2!7", we have

lz—y|*,  m<n,
nle) = ol < { Ko, S
Therefore,
n—1 oo
£ ( y)l < Z (@) = Fm ()] < Dl —y|* 4 Y 2t tmdbe
m=0 m=n
@ l—a—na 1 a 1
=nlr —y|*+2 < Clz — y|*log .
1—2-« x —yl
(iii) We first note that, in our example, (L)) and (28] become
(5.9) u—u=—f
and
(5.10)
1 1
W:7WhW—h}1—7,
W (@) = o [ )+ = )] (= ) (@)

respectively. The general solution to (&3] is

1 x
u(z) = Cre® + Cre™ " — 5/ [€°7Y — Y77 f(y)dy.
0

Note that, for bounded f, we require u to be bounded. By letting + — oo or
Tr — —00 we get

e’} 0
C, = %/0 e Vf(y)dy, Co :/m e? f(y)dy

Thus

ww) =3 [ ey
Moreover, noting that f is even and f_(BO) =0, we get
(5.11) u(0) = /OO e *f(x)dz
Analogously, the general solution to (IBOEIII) is

w _ mh —mh _ cosh(h) —1 - (m—k)h _ _(k—m)h
up (mh) = C1e™" + Cae —Snh(h) kzzo[e e 1f(Eh).

By similar arguments we get

win (cosh — _rnh
(5.12) ul (0) = Smh k;e f(kR).
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We shall use (BIT)) and (BI2) to prove (B.8). The proof is quite lengthy and
purely analytic. We thus postpone it to the Appendix. O

6. APPENDIX

In this Appendix we prove (5.8]) and Lemma Tl All the arguments are purely
analytic.

Proof of (58). We shall use (5.11) and (5.I2)) to estimate |u(0) — uy(0)]. First,

~ 00 A(kpl)2—m o e
/ e " fn(x)dx = Z/ e fn(x)de = Z e M2 / e fm(x)dx
0 k=0"k27" k=0 0
1 o—(m+1) 9—m
=— [/ x%e dx + / (27 — x)o‘e_xdx}
1—e" 0 92— (m+1)
—(m+1)
1 2 —m
= W/ e +e*7? V]da.
- 0
By (EI1) we have
n—1 1 o—(m+1)
u(0) = — 2%e™® + 72 Mda
O = X | |
%) 1 9—(m+1)
+ — e + e "da.
mz::n = /0 x%le e Jdx

Using substitution m = n — m’ — 1 in the first summation and m = n + m’ in the
second summation, we get

n—1 gm=—n
]. m—n
u(0) = Z m/ e 4”2 +1]d:z:
"m0 1—e¢ 0
o 1 9—(m+n+1)
+ —_ 2%[e " 4+ 27" " da.
P / [ ]
Then by letting x = ha' = 272/, we have
= h " h h 1ip
a af, —x zh—2"
m=0 " € 0
') h, 2—(m+1)
(61) + h° Z HTmh/ xa[efwh + ewh72 h]d(ﬂ
m=0" 0
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On the other hand, note that f,,,(kh) = 0 for m > n and f,, is periodic with period
27™. So by (512) we have

uil(0) = %Z *’“hme kh)

m=0

n—12"""—

2(cosh(h) — 1) _ > nem
_ Slnh Z Z khfm k?h, ; e -2 lh
2(cosh(h) — 1) % 1
) Z 1

sinh(h —e 2" mh
anmfl_l

X|: Z |kh‘0&(efkh +€(k72"—m)h) +27(m+1)a672n—m—1h '
k=1

Using the substitution m = n —m’ — 1 again we have

2(cosh(h) — 1) =2 1
u%(o):ha( ()) )mz_:()l -

sinh(h — e 2mth
(6.2)
% [ Z ka(e—kh+e(k—2’”+1)h) +2mae—2mh]
k=1

Subtracting (6.1) from (6.2]), and dividing by h® = 27" we get
2" [uj (0) — U«(O)]

o—(m+1)

= - Z ——— / e 4 2" My
—e”

2(cosh(h) — 1)
* Z {smh(h)( — e 2mtih)

(6.3) 2m—1 .
% { Z ka(efkh+e(k72m+ )h)+2maef2mh}

h . h h—2"t1h
/ e 4 "7 ]dx}
0

1 —e2mth

n—1

=—I(h)+ Y _ In(h),

m=0

where I and I,, are defined in an obvious way. Now let n — oo, or equivalently,
h — 0. We shall study the limits of the terms in (6.3).
First,
h 9—(m+1)
/ xa[e—xh + emh—Q’mh]dm
0

1—e27"h

<7 127'rnh2_(m+1)a |:(1 _ 6—27("‘+1)h) + e—2””h(62’(’”+1)h _ 1) — 2—(m+1)a.
p— e_
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Since S°0°_ 27 (m+Da < o0 by the Dominated Convergence Theorem one gets that

) h o—(m+1)
. o . ar,—zh zh—2""h
00 9= (m+1)
= Z 2m/ x*2dx
m=0 0

>

1.

> 1 1
=2 1+ a)2mDe ~ (1+a)(2o — 1)

To estimate I,,(h), we discuss two cases. First, if « = 1, one can check directly
that

om_1
T

X m m
kk: 1— 2 _ 9m 2Mm—1
kz::l v (1—3:)2( =) 1-z- " ’

and that
2m N
ze®dr = [a7 2™ —a %] + a2
0

Then by straightforward calculation we have

1 171 — e 2"h

= — — < .
Im(h) [sinh(h) hll+e-2"h — 0

Thus

lim sup 2" [uy’ (0) — u(0)] < —1I < 0,
h—0

which obviously proves (58) in the case that o = 1.
Now we assume « € (0,1). Note that

Ln(h) = I, (h) + I3, (),

where
1 2(cosh(h) — 1) o _gm
! 4 _ af, —zh xh—2m+1p
) & T S gy P el e
12 (h) s 2(cosh(h) —1)

sinh(h)(1 —e=2"""h)

2m k
_ 1 _om+1 _om
X{§ / [(kae kh_xoze kh)+e 2 h(kaekh_xae:ch) dr—2™M%e 2 h}.
k=17k-1

Now for m < n, we have

(6.4)

Ch? 2

|Irln(h)| < W2ma [efach + ewh72m+1h]dl_ — Ch2me < C2m(a71).
1—e
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Moreover, noting that

k
90) 9@ < [ 19 wldy
for any differentiable function g and any = € [k — 1, k], we have
(1= )12 (h)

< Ch{ i/k {|ka6_kh — %"
- k=17k—1

_om41 _om
T2 h|ka€kh7xaezh|i|dl,+2mae 2 h}

k
<Chy, / [(azetemeh 4 paeh)
k—1
n 6_2"L+1}z(axa—1exh + hxaexh)} dx + Ch2™®

gm
< Cah/ =% Ldx
0

+ Ch%ome / [e=%h + e(‘”*2m+1)h}dx + Ch2™*
0

= Ch2™ + Ch2m*[1 — e~ 2" "] 4 Ch2™™ < Ch2™®,
Thus

Ch2me c2mtip
(65) |I72n(h)| S 1 _2m+1h = 1 _2m+1h2m(a_1) S C2m(a_1).
— € — €

Combining (64) and (G.H), one gets |I,,(h)] < €27~ which obviously implies

that
n—1 [e’e)

lim > In(h) =Y In,

e m=0
where

A 2m—1 om
Ly, = lim I, (h) = 2—7"[ > ke omett - / xadx]
- k=1 0

Note that Z;’::O I, and I are two numbers, so it suffices to show that

o0
(6.6) S In<I
m=0
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To this end, we note that

om_1 k+2 om %
2", Z / *dx + / (2™ — z%)dx — / x%dx
m_ 1 0
2
2 : :

Z / [2k% — (k +2)* — (k fx)a]dm/o [2me — (2™ — )] dx 7/0 2®dx
=a§f/“éﬁw—wl—®+mQW@w

k=1
i (a=1) | gm(a=1) 1
2m_ — 2ma— 2ma— dd -
o [ -y 2 Dy —
2m_1
all —a) Z/ / / (k + 2)* 2dzdydx
a(l —a) / / / — 2)° 2dzdydx + Kom(a=1) _ -
8 (14 a)2tte
a(l — ) kts 9 2 o 1
2224 a72d :| 72m(a71) o
s { / z+/2méz Z +8 (1+a)2i+e
a(l—a) [ 1
< 0 7 P 2d Qm(a n_ s
- / ’ (a2
«a 1
— 21 @ m(a—1)
8 *3 8 (14 a)21+e”
Therefore,
(oo} oo 1
Im < 2 |: 21 « 2m(a 1)
o« n « _ 1
21+~ 2(4—-2%) (14 «a)2¢
P ST U SRR LS DR
T 2olta T4 (141)20 4 27 (14+a)20—1)

That proves (6.6), whence (5.8)), for o < 1.

Proof of Lemma 1l Recall [@A). Let, by abusing the notation r,

s k2 A bh A
x:02+bh’ y202+bh’ T(w,y)=x+\/m.
Then y < 1,
ﬂ{ﬂ_i}_ vz NG N
VoRFBhAbth R oy \/10g1+f£fj’y)log1+ﬁ?y) x
= gi(z.y).
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and

1+y

by, log 1=

h

1>

y
. ga(x,y).

b

B T | T
h log Ty log — ey
We want to show that g; and g, are bounded. Obviously both functions are con-
tinuous in (0, 00) x (0,1). So it suffices to estimate them on the boundaries. First,
it is easy to check that

(6.7)
91(00, ) = g2(o0, y) =f07 vy € (0,1),
2 1
z,0) = - —, z,0) =0, Vze (0,00),
1) = =—— =
gl(zv ) Oa 92(1, ) lo g( ¥ ) 33, Vr € (03 OO);
lim gi(z,y)= lim go(z,y) =0,
x—00,y—0 r—00,y—0
lim gi(z,y) = lim g(z,y) =0.
r—00,y—1 T— 00 y—»l

Next, for fixed y € (0,1] and small z > 0, we have

1+y 1—y?
r(x,y) =y +—x —

S g el

where o(z?) denotes variables with higher order than 2% as z — 0. Then

1+r(z,y) —y,_z a?

—log(l4+ —Yy_2_
Tty g(1 )

lo -
& 14y Yy 2y

Therefore, for Vy € (0, 1), we have

(6.8)
1(0,y)=lim 2 _ViTy V2 _Vizy
mﬁoy\/log 1+y+0 Hz o(z)] Y ylog}f_z Y
lg1 y 1 1
0,y)=1 Y 2 = = )
9(0,9) xﬂol[log 1+“+ o +o(x )}[%—%4—0(932)] x 2y log }*Z

Moreover, one can easily prove that

(6.9) lim gi(z,y) =0, lim gs(e,y) =

z—0,y—1 z—0,y—1
Finally, we assume (x,y) — (0,0). Let
2y

1>
(1>

r—y

1>

=2 3 , 2= 47+ 27
1—y y 14+y Y Y
Then %, 7,2 > 0, (Z,9,2) — (0,0,0), and
F; Z
«T:f, = ~
2+2)(1+79) 4 24+
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We shall use Taylor expansions to estimate g; and go. Note that

1 1 1
Lty g Lerogo Ldr
11—y 1+y

=144y, =1+2z.
L—y

One can calculate straightforwardly

1 V2
= s et
_ 1 { 20z B \/5}
Ve+yl/@+2)(1+7)log(1+2)log(1+3) V2+i
e e
V2+ 2V +yl/(1+7)log(1l+ 2)log(1 + 9)
:1—1—0(1){ _ QZN _ _1}
Vo +y L1+ §)log(l + 2) log(1 + )
| ViE 1]
V(1 +9)log(1 + 2)log(1 + 7)

1+0(1) gz — (1+79)log(l+ 2)log(1l+7)
2(Vz+y) (1+7)log(l+ Z)log(l+7)
1+0(1) 92— (1+§)2[1 — 32+ 0(2)]g[l — 37+ o(7)]

2(V +y) yz[1 + o(1)]
C140(1)3GE-9)+o(@+2)  1+o0(1)i+o(i+7)
2 9, i 2 V2 4+
> T3
Since \/%_ZZ:E < 1, we get, for x,y small enough,
1+0(1
(6.10) o) < A <
Similarly, we have
(6.11)
log(1 + %) z(1+9)
ek e S S R R
_ gzlog(1 +7) — (1 +9)log(1 + §)[log(1 + 7) + log(1 + )]
gzlog(1+ 2)log(1+9)
_ [52 - #(1 + ) log(1 + §)]log(1 + &) — #(1 + ) log®(1 + §)
yzlog(1 + 2) log(l +7)
_ -3yt 35+ o@)]E(l — 57 + o(&)) — 2(1+§)5*(1 — § + o(5)
g 22(1 +o(1))
| EP(L ol#) — #(L+ o) _ Fol®) +o@)] _ ),
7222(1 + o(1)) Z2(1+0(1)) '
By (@7)-(6I1), we prove that g; and go are bounded. That completes the
proof. O
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