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THE CONVERGENCE
OF V-CYCLE MULTIGRID ALGORITHMS
FOR AXISYMMETRIC LAPLACE
AND MAXWELL EQUATIONS

JAYADEEP GOPALAKRISHNAN AND JOSEPH E. PASCIAK

ABSTRACT. We investigate some simple finite element discretizations for the
axisymmetric Laplace equation and the azimuthal component of the axisym-
metric Maxwell equations as well as multigrid algorithms for these discretiza-
tions. Our analysis is targeted at simple model problems and our main result
is that the standard V-cycle with point smoothing converges at a rate in-
dependent of the number of unknowns. This is contrary to suggestions in
the existing literature that line relaxations and semicoarsening are needed in
multigrid algorithms to overcome difficulties caused by the singularities in the
axisymmetric Maxwell problems. Our multigrid analysis proceeds by apply-
ing the well known regularity based multigrid theory. In order to apply this
theory, we prove regularity results for the axisymmetric Laplace and Maxwell
equations in certain weighted Sobolev spaces. These, together with some new
finite element error estimates in certain weighted Sobolev norms, are the main
ingredients of our analysis.

1. INTRODUCTION

In this paper, we prove the optimality of the standard multigrid V-cycle applied
to certain finite element discretizations of axisymmetric Laplace and Maxwell equa-
tions. In particular, it follows from our results that it is not necessary to do line
smoothing or semicoarsening to obtain optimal multigrid convergence, in spite of
the singular coefficients in the partial differential operators. This is contrary to
suggestions in the existing literature that line relaxations and semicoarsening are
needed in multigrid algorithms to overcome difficulties caused by the singularities
in axisymmetric problems.

In the presence of axisymmetry, the three dimensional Laplace equation —Au =
f reduces to the two dimensional partial differential equation

10 [ ou 0*u
(1].) —;5 <TE> — @ = f, on D.
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1698 JAYADEEP GOPALAKRISHNAN AND JOSEPH E. PASCIAK

For simplicity, we shall only consider the case when the domain D is the unit square.
Note that the {r = 0} line intersects the boundary 9D, so the coefficients in (L))
are truly singular. Herein lies the difficulty in analysis of this problem. While
the reduction from three to two space dimensions obviously results in substantial
computational savings, the introduction of singular coefficients in the differential
operator was thought to be a problem, at least in the analysis of iterative solution by
multigrid methods. But as we shall show, a standard multigrid V-cycle with point
smoothing converges uniformly at a rate independent of the number of unknowns.
When using multigrid algorithms for second order problems that are not uni-
formly elliptic, it is well known that, in many cases, one needs to perform line
smoothing to obtain optimal algorithms [4, [8, [9, 10, 14, 15]. A rigorous proof of the
optimality of the V-cycle with line smoothing for a discretization of the operator

(12) (e ) = 5 (Mg ).

when a(x,y) > 0 is of unit size and b(x,y) > 0 is allowed to be arbitrarily close
to zero, is given in [8 [I4]. Clearly, the partial differential operator in ([I1I) is
not a specific instance of the operator considered in [§], although there are some
similarities. Our contention is that although line relaxation may be necessary to
obtain uniform multigrid convergence for (I.2)) with degenerate b, it is not necessary
for the operator in ().

The paper [5] considers equations of the form ([L2]) where the coefficients a and
b are given in tensor product form and have different types of singularities near
x = 0. There they suggest line smoothing and semicoarsening. While this may be
necessary for some examples considered in [5], as we shall see, neither is necessary
for (II)).

We also study the case of axisymmetric Maxwell equations. In the presence of
axisymmetry, it is well known that three dimensional vector Maxwell equations de-
couple into two systems of equations, one for the azimuthal component and another
for the meridian components |2, [6]. The equation for the azimuthal component is

0 0 H?
(1.3) —5(;%7@) BT

This scalar equation can be analyzed by techniques somewhat similar to the ax-
isymmetric Laplace equation ([ILI]). We will investigate two distinct finite element
discretizations for this equation, one using bilinear elements and another using a
finite element space of linear combinations of r,1/r,rz, and z/r. Both discretiza-
tions yield systems for which we can prove that the multigrid V-cycle converges
uniformly at a rate independent of the mesh size. Multigrid algorithms for the
azimuthal Maxwell equation (L3]) have been studied previously in [6]. However,
the algorithm considered there resorts to line smoothing as well as semicoarsening.
As in the case of the axisymmetric Laplace equation, neither is necessary.

While spectral discretizations of certain axisymmetric problems have been thor-
oughly studied [3], finite element approximations seem to have been less studied.
Therefore, before proceeding to multigrid analyses, we introduce the weak formu-
lations of our problems in certain weighted Sobolev spaces and prove new finite
element approximation estimates. In particular, our estimates bound the finite ele-
ment error in weighted Sobolev spaces using norms of the data that are appropriate
for multigrid analyses. Our multigrid analysis proceeds by verifying the well known
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AXISYMMETRIC PROBLEMS 1699

conditions of the regularity based multigrid theory. In order to apply this theory,
we prove regularity results for the axisymmetric Laplace and Maxwell equations in
certain weighted Sobolev spaces. While most of our regularity estimates are con-
sequences of the well known regularity results for the three dimensional problems,
one (Theorem [1]) appears to be peculiar to the axisymmetric case.

Weighted Sobolev spaces have been used to obtain optimal multigrid convergence
estimates. For example, [I7] used weighted Sobolev spaces to analyze the behavior
of multigrid methods when applied to problems with point singularities such as
those resulting from second order problems with re-entrant corners.

The outline of the remainder of the paper is as follows. We first introduce
the weak setting for the axisymmetric Laplace problem and prove finite element
estimates (Section [Z). In Section Bl we introduce the weak formulation of the az-
imuthal Maxwell problem, prove a regularity estimate, and prove finite element
convergence. In Section Ml we continue our investigation into azimuthal Maxwell
problem by proving convergence of a different finite element discretization. The
multigrid convergence analysis is given in Section Bl Numerical experiments illus-
trating the theoretical results are given in Section Finally, proofs of technical
lemmas are gathered in Appendix [Al

2. THE AXISYMMETRIC LAPLACE EQUATION

In this section, we consider the axisymmetric Laplace equation on the unit square
D in the r-z plane (so the {r = 0} line intersects D). Let I'y be the part of 0D
along the z-axis and I'; be the remainder of 9D. We then formally have the partial
differential equation

Lu=f on D,

u=20 on I'y,

10 0 0?
L=——r|r=—)—-=.

r or ( 87‘) 022
If the solution is smooth, the axial symmetry implies the boundary condition
Oru = 0 on I'y. A weaker natural boundary condition is imposed in a subse-
quent variational formulation. We shall approximate this problem using bilinear
finite elements. Note that more general domains can be handled, e.g., by employing
standard linear triangular elements away from I'y and bilinear elements near T'y.
Then the analysis can proceed by combining the new estimates we shall develop
near 'y with the standard finite element estimates for triangular elements. We omit
such generalizations in the interest of simplicity.

(2.1)

where

2.1. The weak solution. The variational formulation that we consider is selected
so that its solutions coincide with the meridian trace of the axisymmetric solutions
of the weak form of the three dimensional Laplace equation (ZI). Let L2(D)
denote the weighted Lebesgue space of all measurable functions on D for which
lullL2(py = [pu? rdrdz < co. The weighted Sobolev space HJ(D) consists of all
functions in L2(D) whose distributional derivatives of order k are also in L2(D).
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1700 JAYADEEP GOPALAKRISHNAN AND JOSEPH E. PASCIAK
Sobolev seminorms and norms are denoted in the standard way, e.g.,
2 2 2
By = [ (00 + 0.0 ard
D

|’U|?{2(D) = / (100 + |0r2v]? 4 02.0]2) v drdz.
2 b

The following properties of these weighted spaces will be useful.

Proposition 2.1. (1) C>=(D) is dense in HF(D).
(2) For allv € HX(D), on any horizontal edge E, = {(r,a) € D: 0 <r < 1},
1

(3) For allv € HY(D) with v|g, =0 for some 0 < a <1,
[0l[L2(py < 10zv]lz2(D)-

The first assertion of the proposition is a well known fact (see, e.g., [13, Theo-
rem 11.2]). Tt is easy to verify (Z2)) for all v € C°(D), so the result follows by the
density asserted in the first part. Note that it follows from Proposition 2.1I(2) that
traces exist on z = 0 and z = 1 edges of D (in a one dimensional weighted L?
space). Traces obviously exist on the » = 1 edge, as in a neighborhood of that edge
the function is actually in a standard Sobolev space. Note that traces of H}(D)
functions do not exist, in general, on the r = 0 edge of dD. The last inequality of
Proposition [2] is a Poincaré inequality which also can be easily established using
the density of smooth functions.

Now we introduce the first variational problem that we shall study. Define

ar(v,w) = / r (Opv0rw + 0,v0,w) drdz,
D

(U,U))T:/ rowdrdz, and
D

(2.3) V ={ve H:D):v|r, =0}.

By Proposition 2ZTI[2), V is well defined. We are interested in approximating u € V
satisfying

(2.4) ar(u,v) = (f,v),, forallvelV,

for some f € L?(D). By Proposition EII[3]), the conditions of the Lax—Milgram
lemma are verified so there is a unique weak solution u in V.

FiGURE 1. The computational domain and its revolution
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AXISYMMETRIC PROBLEMS 1701

As is well known, the weak solution of (2.4) is related to the solution of a three
dimensional axisymmetric Dirichlet problem. Let Q = {(r,0,2) : 0 <r <1, 0 <
z <1, 0 <6< 2x}, where (r,0, z) are cylindrical coordinates (so € is the revolution
of D about the z-axis; see Figure [I). We denote the subspace of axisymmetric
elements of H*() by H*(Q) and L2(Q) = HO(Q) (for definitions of axisymmetric
Sobolev spaces see [3]). The restriction map g(r,0, z) — gp(r, z) given by

(2.5) gp(r,z) =g(r,0,2), forall (r,2) € D,

is well defined for smooth functions and extends to an isometry from L2() onto
L2(D):

(2.6) 2nll9p 172y = l9ll72(0)-

The action of the inverse of the restriction map g — gp will be denoted by super-
scripting functions with €, e.g., (gp)* = ¢g. Then, if U is the solution of the three
dimensional Dirichlet problem

(2.7) ~AU = f? onQ, U=0 onod9Q,
it is easy to see that [3, Proposition I1.4.1]
(2.8) u? =U,

where u solves (Z4]). The following regularity estimate will be useful in our subse-
quent multigrid analysis.

Theorem 2.1. There is a constant Cyeg such that for all f € L2(D) the solution
u of (Z4) satisfies

[ul 2Dy < CregllfllL2(D)-

Proof. Since Q2 is convex, by a standard regularity result, the solution U of (27 is
in H?(Q) and there is a constant C'eg such that

(2.9) Ul #2(0) < Cregll £l 220 -
Thus,
U e = / (162U + 02U 2 + 62U
+2(0,0,U|? + 2|0,0,U|* + 2|0,0,U|?) dedydz

27pl p1 8 U 9
(2.10) :/// r(|6§U|2+|8fU2+2|8T82U|2—|—\TT\ ) drd=do
0J0J0

D
and the result follows by [20), (2.8), and 29). O

2.2. An approximation estimate. We use bilinear finite elements to discretize
24). Let the domain D = (0, 1)? be partitioned into squares with vertices (ih, jh),
h = 1/n. This forms the mesh T,. Let V}, C V denote the standard bilinear finite
element space with respect to mesh J,. The finite element approximation of u is
the function u, € Vj, satisfying

(2.11) ar(up,vp) = (f,vn), for all v, € Vj,.
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1702 JAYADEEP GOPALAKRISHNAN AND JOSEPH E. PASCIAK

To obtain an error estimate, as well as for multigrid analysis later, we need to
construct an interpolation operator with approximation properties in the weighted
norms. Define I, : H2(2) — V}, element by element as follows. On every element
K whose boundary does not intersect I'g, (II,v)|x is the unique bilinear function
whose value at the four vertices of K coincides with that of v. The remaining
elements are of the form (0,71) X (z0,21). On such an element K, (II,v)|x is
defined to be the unique bilinear function satisfying

(ITpv)(r1, 20) = v(r1, 20),

(pv)(r1,21) = v(r1, 21),

/ p1/2(3rﬂhv)(p720)dp:/ p'/20,0(p, 20) dp,
0 0

/ Pl/Z(athv)(Pvzl)dPZ/ pl/Q&U(p,zl)dp.
0 0

Note that IT,v is defined for all v € H2(D) because each of the right hand sides
above define a continuous functional in HZ?(D); for example, the functional
v [ p20,0(p, 20) dp, is continuous on all H?(D) by Proposition ZI(E), while
the functional v — v(rq, 2¢) is continuous because a Sobolev inequality holds away
from r = 0. It is also easily seen that the linear system defining II; on each element
is uniquely solvable and that IT,v is a continuous function on D. The change in
the definition of Il v on elements with an edge on the r = 0 axis is necessitated by
the fact that v — v(0, z;) is not a continuous functional on H2(D).

We prove an approximation estimate for II; using a few intermediate lemmas.
In these lemmas, K C D is the square given by

(2.12) K={(r,z): o <r<ry, 20 <z<z},
where 21 = 29 + h and r1 = rg + h. Proofs of all lemmas are in Appendix [Al

Lemma 2.1. Let v € H}(K) satisfy any one of the following conditions:

(2.13) /21 v(ry,¢) d¢ = 0.

Z0

(2.14) / v(p, z0) dp =0 and ro > 0.
ral
(2.15) / p1/2v(p, z0) dp =0 and ro = 0.
T
"
(2.16) pv(p,z0) dp =
70
Then

01|72 sy < 3R [0l3 (xc)-

Lemma 2.2. For all v € H*(K),

3
102 () [ 72 sy < §||8rzv||2Lg,(K)~

Theorem 2.2. For all v € H3(D),
v — Hhv‘H%(D) <V 15h|U|H3(D).
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As a consequence, the discrete solution uy, approzimates the exact solution uof (2.4):
lu —un|g1(py < Chl|fllL2(p)-
Proof. Since 9, (v — I,w) satisfies (213)) and 0, (v — Iv) satisfies (214]) or (Z.15),
by Lemma [2.J] we have
0= 0021 ey < BR300 (1 — T0) 220y + 102 — Tht) 2 s0))
3R (= ) 2 gy + 11022 (= Thyr) 2 )
Since 0y (ITpv) = 9, (IIxv) = 0, this implies
(2.17)
o = Mpvl3 ) < 3R2[10mvllZa (k) + 3020220122 1) + 611012 (v — I) 122 ().
By Lemma [2.2]
[[0rz (v — Hh”)”%g(x) < 2||‘9rz”\|%g(1<) + 2||arz(HhU)||2Lg(K)
< 5”87“21)‘&,%(1()'
The interpolation error estimate of the theorem follows by using this estimate

in (2I7). The second estimate of the theorem follows from the first and the regu-
larity estimate of Theorem 211 O

3. THE AZIMUTHAL MAXWELL PROBLEM

In this section, we shall study a finite element discretization for the azimuthal
component of the axisymmetric Maxwell equations. Formally, the governing partial
differential equation is

Lou=f on D,
u=20 on 9D,

0190 9%v
Lov = m(w“”)) ~ o

We investigate two approaches to a finite element discretization of this equation,
one using standard bilinear elements, and another using a finite element space built
using linear combinations of r,1/r,rz, and z/r. In this section, we will investigate
the latter. The next section is devoted to the former. Just as linear functions are
in the kernel of the standard Laplace operator 9, + 0., the span of r,1/r,rz, and
z/r is in the kernel of Ly. Hence, considering finite elements built using the span of
r,1/r,rz, and z/r is as natural as considering linear finite elements for the Laplace
equation. We begin by specifying the weak problem and associated spaces.

(3.1)

where

3.1. A weak formulation. To give a variational formulation of (B together
with appropriate boundary conditions, we start with an appropriate Sobolev space.
Let H; (D) denote H;(D)N L3, (D) where L7, (D) is the set of all measurable v
for which

Hv||i§/ (D) E/ r~tv?drdz < co.
v D

HY(D) is a Hilbert space with the norm

1/2
e (A e I
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1704 JAYADEEP GOPALAKRISHNAN AND JOSEPH E. PASCIAK

Lemma 3.1. The set of C®(D) functions which vanish in a neighborhood of T
(the {r = 0} line segment) is dense in H}(D).

As before, proofs of all lemmas are in Appendix[Al In order to clarify the nature
of traces of H} (D) as well as for later arguments, the following lemma will be useful.

Lemma 3.2. Let K be a square contained in D with vertices as in (212)). For all
v € H}(K), the trace of v on a vertical line segment S, = {(a,2) € K : 20 < 2 < 21}
exists for any a € [ro,r1] and

T1+h

lellzz

||1’||2L2 5. < 110r ’U||L2 )t (K)

The lemma shows that unlike H} (D), functions in Hl} (D) have traces in L? even
on the r = 0 edge. Moreover, since functions in C°°(D) which vanish in a neigh-
borhood of 'y have zero traces on this edge, by the density given by Lemma B.T]
traces of all functions in H}!(D) must vanish on that edge. Traces on the remainder

of OD obviously exist by Proposition 211
Proposition 3.1. For allv € HX(D), 0,(rv) is in Lf/T(D) and satisfies
[10r U||L2(D) + ||”||L2/ (D) = HaT(rv)H%f/r(D) < 2”‘97*1)”%3(1)) + 2||U||2L’;‘/T(D)

Proof. The upper inequality is obvious for smooth functions, so by Lemma [3.]]
Or(rv) exists in L?/T(D) (and satisfies the same inequality).

For the other direction, note that if v € C°°(D) and vanishes in a neighborhood

of Fo,
1
/ 200, vdrdzf// Or( drdzf/ v?(1,2)dz > 0.
0
Hence,
9, (rv) |? 2
/ r () drdz = / 7‘(|8,«v|2 + U—2 + 223,41>drdz
D T D T T
02
> / 7‘(|8,«v|2 + —2>drdz.
D T
Using Lemma B3], we get the lower inequality for all v € I:T,}(D) O

Now we can state a well posed weak problem for the azimuthal Maxwell equation
with electric boundary conditions. Defining

(3.2) V% ={ve H (D) :v=0ondD},

the weak problem can be stated as follows for any given f € L2(D). Find u € V?
satisfying

(3.3) ag(u,v) = (f,v), forallveV?,

where

ag(v,w):/l)%&(rv)ar(rw) drdz—i—/Dr((?zv)(azw) drdz.

This bilinear form is continuous by Proposition [3.1] and coercive by Proposition
2. Hence, by the Lax-Milgram lemma, there is a unique u € V9 satisfying (3.3).
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Now we give a regularity result for the weak solution. Let
- 2
(3.4) ‘v‘lr — ‘7, 15r(”’)|H,,1,(D) + |8zv|§I%(D),
H’UH%E(D) = |U|%2(D) + HU”%}(D) + HaZU”if/T(DV
HA(D) = {v € H{(D) : o, ) < oo}

The following regularity theorem is a straightforward consequence of the well known
regularity estimates for static Maxwell equations in three dimensions. It will be
useful to recall that if v = v, e, + vg €9 + v, e, in cylindrical coordinates, then

10v, Oug ov,  Ov, 1/ 0 ov,
(35) Curlv = <’r 89 — ag)er + ( az — 67" )eg —+ ; <67a(7"l]g) — ae)ez.

Here e,, ey, and e, denote unit vectors in the r, 6, and z directions, respectively.

Theorem 3.1. If u solves B3) for an f € L%(D), then u € H2(D) and
||UH2§3(D) < ClIflZ2py-

Proof. Let D(D) denote the space of compactly supported infinitely differentiable
functions on D. If u solves [B.3) with an f € L?(D), then the distribution Lyu
satisfies

(Lou,r¢) = ag(u, ¢) = (f,r¢)

forall € D(D). Since D(D) is dense in L2(D), this implies that Lyu and f coincide
as functions in L2(D). Now note that (Lgu)® is the #-component of curl curl ug
where uy = ufey. Since the equality Leu = f holds in L2(D), a corresponding
identity holds in the isometric space L?(£):

(3.6) curlcurluy = fPey.

Moreover,

(3.7) divuyg =0 on €,
g xn =0 on 0.

Hence, by standard regularity estimates for vector potentials on convex domains [IJ,
||curlu9||§{1(9) + ||“9||%11(Q) < CHfH%%(Q)'

By @B.3), curluy = —(9,u) e, + r~10,(ru) e,. Since the r, §, and 2 components of
H'(Q) are isometrically equivalent to H}(D), H}(D), and H} (D), respectively [2,
Proposition 3.17],

1
g(cher”?{l(Q) + [[uoll 3 @)
2

15‘7,(7%)

_ 2 2 2
— 0.0l + | T

HL(D) H2(D)

H(D)

This completes the proof of the theorem. (I
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3.2. A finite element space. As mentioned earlier, we will consider two suitable
finite element spaces for discretizing the weak problem, one in this section, and
another in the next. The space we consider in this section is

V% = {v e V?: |k is in the span of 7, 1/r, 7z, and z/r for all K € T),},

where, as before, T}, is the mesh of square elements that partition D. Note that
locally constant functions are not in this space, yet we shall prove approximation
properties by direct arguments. The finite element approximation is defined as the
unique function uy, € V9 satisfying

(3.9) ag(up,vr) = (f,vp)r, forall v, € f/z

_ To prove that uj, approximates u, we first prove an approximation property of
Vz using a nodal interpolation operator

i . B2(D) o 7.
On every element K, (II%v)|x is defined as the unique function in the span of
r,1/r, z, and z/r satisfying
(3.10) (ﬁiv)(ri, zj) = v(ri, zj), 1,7 =0,1,

where the notation for coordinates of vertices of K is as in (ZI2)). The following
proposition shows that I19 is well defined on all functions in H2(D).

Proposition 3.2. For all w € H2(D) and any point (r,z) € D,
lw(r, 2)| < Cllwl| gz (p)-

Proof. For any vertical edge E containing (r, z), we apply Lemma B2 with K = D
and v = 0, w to get that

182 w[|7 2y < C(||5zw||2L§/7,(D) +[10r2w]|72(py) < C||w\|%3(D)-
Now by a standard Sobolev inequality for H'(FE),
w(r, 2)] < C([|0:wl[72(g) + [lw]72(s))-

Applying Lemma again to bound Hw||%2( ) and combining these inequalities
completes the proof of the proposition. (I

It is easy to see that ﬁiw is a continuous function on D and vanishes on 9D.
We will now prove an approximation estimate for Hfl using the following lemma.

Lemma 3.3. For allv € H%(D),

770, |2 2
> 0] e < 12000 )
KeTy,
Theorem 3.2. Let |[v]|q, = ag(v,v)*/2. For all v e H2(D),
[v = |, < Ch‘“‘ﬁg(p)-
Consequently, if u satisfies B3) and uyp satisfies B9), then

lw = unllay < Chl[fllL2(D)-
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Proof. Let e =v — ﬁ,’;v. Since 7710, (re) satisfies (ZI6) and 9, (re) satisfies (Z13),
by Lemma [2.7] we have
\|7“713r(7“5)||%g(1() < Ch2|7“715r(7“5)|%13(1()>
10261725y < CR?[0:€l 11 (1
Summing over all elements, we have

lv =Tho)Z, <C > o — I}l
KeTy,

2
H2(K)

Using Lemma B.3] we finish the proof of the first inequality of the theorem. The
second follows from the first by the orthogonality property of the Galerkin method
and the regularity estimate of Theorem [3.1] O

4. THE AZIMUTHAL MAXWELL PROBLEM: BILINEAR ELEMENTS

In this section, we consider the same Maxwell problem and the same weak for-
mulation as the one in the previous section. However, we study a different dis-
cretization. We discretize (B3] using the standard bilinear finite element space

(4.1) V¥ = {v € V? : v|k is bilinear in r and z for all K € T},

instead of ‘N/fl Now, instead of ([B0), the finite element solution is defined as the
unique function uy, € Vhe satisfying

(4.2) ag(un,vp) = (f, o), for all v, € V.

Considering that bilinear elements are standard and may be easier to implement
than the elements of the previous section, this discretization may be preferred
over (39).

To analyze the bilinear element, we shall need a stronger regularity result. This
is because it is not possible to control the error in nodal bilinear interpolation of u
using the norm ‘“|ﬁ3(D)' Indeed, if w = 1/r on an element K away from I'y, then

\u|ﬁg( ) =0, but the error in the bilinear interpolation is not zero. Such a problem
did not arise in the previous sections. We will overcome this problem by controlling
the interpolation error using an additional derivative of w, namely 0,.,u. In order to
do this, we first prove a regularity result stronger than Theorem [3.I] whereby such

derivatives can be controlled by data.

4.1. A regularity estimate. To prove an improvement of Theorem [3.I] we be-
gin by showing that solutions of (B3] can be approximated by smooth functions.
Smooth approximating functions are particularly easy to construct in the case of
our simple geometry. Let J,(r) denote the Bessel function of the first kind of order
v. Define 3
2
i) = Ty )

where (3,, denotes the mth positive zero of .J;. Define
sn(z) = V2sin(nnz).

Then by classical completeness results for Bessel functions (see [I2, Ch. 8], cf. [16],
§ 18.5]) the set of functions e, (r, 2) = jm () sn(2) for all m, n € N forms a complete
orthonormal basis for L2(D). These functions are eigenfunctions of Lg. Indeed,
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letting Apmn = 62, + (nm)?, we have Lgenn = Amnemn. Consequently, expanding u
and f in terms of e,,,,

U= § Cmn€mn and f = E dmnemna

m,neN m,neN

we observe that Lyu = f implies ¢ = dimn/Amn. Now consider the partial sums

¢ ¢
Uy = § Cmn€mn and ff = E dmnemn~

m,n=0 m,n=0

The functions uy are smooth approximations to u as shown below.
Proposition 4.1. The sequence u; converges to u in ﬁf(D)

Proof. Clearly u — uy satisfies
Le(ufuf):ffflv on Dv

u—1ug =0, on 0D,
By Theorem 311
flu— WHﬁg(D) <C|f = fellzz(py-
Since fy — f in L2(D), we have the result. O

We can now give the improvement of Theorem [3.1]

Theorem 4.1. If u satisfies B.3) for some f € L2(D), then
u
iz + gz oy + 10 () 2oy < CF 2o

Proof. Let uy be as in Proposition @] and g, = 9,770, (ru,). Our proof is based
on the identity

u

1 T

(4.3) 37»(7[) = _7“73/0 s2gu(s, z) ds.
This identity follows by integration by parts:

1 /" 1 "

__3/ s2ge(s, z)ds = - (r@r(rw) - / 20, (rug)(s, z) ds)
™ Jo r 0
1
= —E(r&(rw) — 2rug) = O (ug/r).

The operations above are justified because uy is smooth. Now we apply the Hardy

inequality [11],
1 1 r 4 1 9
/ re f/ F(s)ds| dr < 72/ r*|F(r)|” dr
0 rJo (1-a)? Jo

with o = —3 and F(s) = s%gs(s, z) to bound the right hand side of (Z3)). This

2

yields
Ug 2 1 9
||8T(7)||LE(D) < 1||92HL3(D)-
Since fp = —g¢ — 0.u, and since Theorem [.1] gives [|0..uel|L2(py < Cl|fellz2(py,
we have
Ugy 12
(4.4) Ha7'(7)HL3(D) < O fl22(py-
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Now, by standard arguments using Proposition 1] it follows that the distributional
derivative 0, (u/r) exists in L2(D) and

U

(4.5) ||3r(;)||2Lg(D) < ClIfl1Z2py-
Now it only remains to prove that

(4.6) |0rrull2(py < Ol fllL2(p)-

This follows from ({3) and the identity

Oppt = 0,10, (ru) — Oy (u/7)
£2(D) < C’||f||Lg(D) by Theorem B} O
Remark 4.1. Note that although Theorem [.J] shows that the second derivatives
Oprtt, Opu and O, u are in L2(D), it is not true in general that u® € HZ(Q).

This is because H2(Q) is not isomorphic to H2(D) (see [3] for more results in this
direction). Indeed, as indicated by (2I0), one would also need d,u € L? /(D) for

u® to be in H?2 (©), a condition not given by Theorem (.1

since [|0,7 710, (ru)]

4.2. An approximation estimate. Now consider the finite element approxima-
tion defined by ([@Z) using the bilinear space V) defined in (@I]). First we prove
approximation properties of V¢ in the required norms using the nodal interpolant
g . H2(D) — V¢, On every element K, (I1,v)| is defined as the unique function
in the span of 1,r, z, and rz satisfying

(HZU)(ri,zj) =v(rs, 2j), 1,7 =0,1,

where the notation for coordinates of vertices of K are as in (2I12). Proposition
shows that 119 is a well defined operator on I:Tf, (D). Error estimates for this in-
terpolant and the resulting finite element error estimates are given by the next
theorem.

Theorem 4.2. For all v € H2(D) N H2(D), we have
v — jv|a, < Ch (lvlp2(py + |U|ﬁ3(p))~
Consequently, if u satisfies B3) and uyp, satisfies [E2), then
|u—unllay < Ch|lfllL2(D)-

Proof. Let ¢ = u—I1%u. First let us estimate € on elements K with an edge on the
{r =0} axis. A simple calculation shows that

()& = (o) |k

on all such elements (where ﬁz is as defined in (3I0)). Consequently, by the same
arguments as in the proof of Theorem [B.2] we have

el ) < ORIVl (1)
Now consider the remaining elements. By Proposition [3.1]
Cllellay < lelar(py + ||5||L§/T(D)-
On the elements under consideration,

(Iyw) | = ()| k.,
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where Il is as defined in Section Consequently, by the same arguments as in
Theorem [2.2] we obtain that

el (py < Chlelmz(p)-
Therefore, it only remains to estimate HsHL?/T(D). If K has coordinates as in (2.12),

by standard estimates (in nonweighted Sobolev spaces) for the interpolant, we have

1 1 h?
2 2 4,12 2 2
Hgan/r(K) < CT_O”gHLz(K) < C%h |U‘|H2(K) < Ch (%)‘ule(K)'
Since h/rg < 1 for the elements under consideration now, the interpolation error
estimate of the theorem follows. The finite element error estimate follows as a
corollary using also Theorem (.1 O

5. MULTIGRID ANALYSIS

All the discretizations that we considered in the previous sections were based
on the mesh T,. Now we assume the standard geometric multigrid setting. The
mesh on which a solution is sought, namely T;, = T, is obtained by successive
refinements of a coarse mesh T7. We assume that J7 is a mesh of congruent square
elements, and T, is obtained from Tj_; (k > 2) by dividing each square element of
Tr_1 into four congruent squares. We will analyze the convergence of the multigrid
V-cycle algorithm in this setting for all of the previous applications. B

Let Vi, denote one of the previously defined finite element spaces V4, V,f , Or VZ
on the mesh T;. Then V} is a subspace of the Sobolev space V' which we take to
be as defined by (23] for the Laplace application, and as defined by ([B.2)) for the
Maxwell application. Then

VicVvcCc---CcVyCV.

Let a(-, -) denote one of the previously defined bilinear forms on V xV (a is either a,
or ag). To state the multigrid V-cycle in a form suitable for both the applications,
define Qy, : L2(D) — Vi, Py : V — Vi, and Ay, : Vi, — Vi by

(Qrw, d)r = (w,¢),, forall ¢ € Vy and w € L2(D),

a(Pyw, ¢) = a(w, @), forall ¢ €V} and w eV,

(Apw, @)y = a(w, @), for all ¢ and w € V.
We want to compute the finite element solution uy, = A;lQ 7 f efficiently using the

standard V-cycle multigrid algorithm. For any g € Vj, the V-cycle iterates v(?)
approximating v = A}l g satisfy the linear iteration

(5.1) D = () Bj(g—Asg),
where By : Vj — Vj is the operator defined recursively below.
(1) B, = A7

(2) Ifk > 1, define By : Vi — Vi by Brg = v!, where v! is computed as follows.
(a) Pre-smoothing: v'/? = Rfg.
(b) Coarse grid correction:

v¥? = oM 4 By 1Qr_1(g — Apu'/?).

(c) Post-smoothing: v' = v?3 + Ry (g — Apv?/?).
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In the above algorithm, the operator Rj represents a point Gauss—Seidel or
Jacobi smoother and Rf denotes its adjoint with respect to (-,-),. Specifically, Ry
is defined using a splitting of the finite element space as follows. Let Ny = dim(Vj)
and let z;, i = 1,2,..., Ng, be any enumeration of the vertices of the mesh Ty
which are degrees of freedom. Let Dy, ; denote the domain formed by the four or
two elements connected to the vertex x;. Let V} ; denote the set of functions in Vj
which are supported on Dy ;. Define Qy.; : L2(Dy.;) — Vi, Pri: V +— Vi, and
A Vii— Vi, by

(Qr.iw, d)r = (w, ), forall ¢ € Vi, and w € L2(Dy.),
a(Pyw,¢) = a(w,¢), forallp € Vi, andw eV,
(Agiw, ¢)r = a(w, p), for all ¢ and w € V.

Define the the additive Jacobi smoother by

Ny
Hk' = Z A];}Qk‘,ja
j=1
and the multiplicative Gauss—Seidel smoother by
(5.2) Sk = (1 —~ (I = Pen)I—Pyn—1)--- (I — Pk,1)>A,;1.

We can set Ry in the V-cycle to either ady for some scaling factor «, or Gy.

Remark 5.1. In the above presentation of the multigrid algorithm, it appears that
one is required to compute the action of Qx_1. The mass matrix inversion asso-
ciated with this can be avoided in implementation due to the special form of the
smoothers. In addition, the action of Gj is not implemented as presented in (5.2]).
In fact, its implementation avoids the computation of A,;l. For details on these
implementation issues, see, e.g., [7].

Local estimates enable us to prove the following basic two sided bound on the
additive operator. This will be an important ingredient in the multigrid analysis.
Similar estimates are well known for standard applications in nonweighted Sobolev
spaces.

Lemma 5.1. There is a constant Cy independent of k such that for all v € Vj,

1 1
703(,03,0) § (3];17)71))7” S Cﬂﬁ(vav)r,
4 hi

where hy is the mesh size of Tj.

With the help of this lemma, we can now prove the uniform convergence of the
V-cycle for the axisymmetric Laplace and Maxwell equations.

Theorem 5.1. The multigrid V-cycle with the smoother Ry, set to either the scaled
Jacobi smoother ady, with 0 < o < 1/2 or the Gauss—Seidel smoother Gy converges
at a rate independent of h: There is a § < 1 independent of k such that

(5.3) 0 < a(({ — BiAg)v,v) < da(v,v), for all v € V4.

Proof. The case of the Jacobi smoother. According to [8 Lemma 2.1], once we
prove that the spectrum

(5.4) o(I — RpAx) C[-6,1), forall k,
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and
(5.5) (Re'(I = Pe—1)v,(I = P_1)v), < Cpllv = Py||%,  for all v € Vi,
then (53) follows with
(5.6) 0= %, with v = max (%, %)
To verify (5.4), note that by Lemma Bl o(adrAx) C (0,4a], so
o(I —adiAr) C [1 —4a,1).

If we choose 0 < av < 1/2, then (G.4)) holds with § = 4a — 1.
To verify the second condition ([&.H]), we first use a duality argument. Let w € V
satisfy

a(w7 ¢) = (U - Pk‘—1U7 ¢)7”7 for all ¢ ev.
Then, using Theorems 2.2 B.2] or [£.2] as appropriate,

||U) - Pk_1w||a S Chk||v - Pk—lv||L$(D)'

Hence,
(v — Pr_1v,v — Pp_10), = a(w,v — Pr_1v)
=a(w — Py_qw,v — Pr_1v)
< w = Peywllallo = Po-1vlla
< Chllv = Pe—1v|[z2(py|lv — Pr—1v][a-
Thus,
(5.7) |[v — Pr_1v[|2(p) < Chil|v — Pr_1v]fa.

The proof of (5] can now be completed using (7). Indeed,
1 C
(@ '3, (I = Po_1)v, (I — Py_1)v), < a—é”v — Pk,1v||2L%(D), by Lemma [5.1]

< Cllv = Pr—1vll3, by (.3,
so (B.3) holds.

The case of the Gauss—Seidel smoother. According to [8 Lemma 2.2], once we
verify that

(5.8) I — RiAk|lo <1,

and
(5.9)  (By (I — Py_1)v,v— Po_1v), < Carll(I = Po_y)|2, for all v € V4,
where Ry, = Ry, + Rt — R% Ay Ry, the convergence estimate (53] follows with

— CM
1+ Cu

Inequality (B.8) follows from the product representation
I -G Ay =~ Prn,) (I —Prp),

(5.10)
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so it suffices to prove (.9). Using standard arguments [7] and the fact that a basis
function “interacts” with at most eight other basis functions, it is easy to see that
N
(5.11) Z a(Pyv,v) < 9% a(SGpAgv,v).
i=1
Since (5.I0)) implies that a(JxArv,v) < 92 a(SxArv,v), by Lemma 5l we obtain
h? _
-k (w,w), < Grw,w), <9*(Gpw,w),, forall we V.

&
Consequently,
. C49?
Sk (v = Peeav),v = Picav)r < S [0 = Pecallio)
< Cllv = Pe1olz, by G.1),
so (B.9) follows. O

6. NUMERICAL RESULTS

In this section, we give the results of numerical experiments illustrating the
convergence rates of the V-cycle multigrid algorithm. We report three numerical
experiments, one for the axisymmetric Laplace problem and two for the azimuthal
Maxwell problem. In all cases, we divide the unit square into n X n square elements
with n = 2% and use the finite element discretizations which we have previously
discussed. The boundary conditions are as described in the previous sections.

We implemented the V-cycle multigrid algorithm with one sweep of point Gauss—
Seidel smoothing as described in Section [l for all cases. One can use the V-cycle
multigrid operator B in two ways. One obvious way to use it is in the linear
iteration (5.1). By Theorem [5.1] this iteration will converge at a rate independent
of the number of unknowns. The rate of convergence in the energy norm is at
most §; = ||I — BjAy|lo- Another way to use the V-cycle is to use By as a
preconditioner for A; in a preconditioned conjugate gradient iteration. In this
case the convergence is determined by the condition number of the preconditioned
system k(BjAy). Note that by Theorem B1]

(1=14y)a(v,v) < a(BAv,v) < a(v,v),
so k(ByAy) <1/(1—46y). Since d; is bounded away from one independently of J,

the condition number is bounded from above independently of J.

TABLE 6.1. V-cycle convergence rates

Bilinear elements (r,1/r, z, z/r)-elements
Laplace equation Maxwell equation Maxwell equation
J | k(BsAy) [ I = ByAslla, | 6(BsAs) | I = ByAyllag | £(BsAs) | I — ByAsllag
2 1.13 0.12 1.08 0.08 1.08 0.08
3 1.19 0.16 1.17 0.14 1.17 0.14
4 1.20 0.17 1.20 0.17 1.20 0.17
5 1.21 0.17 1.21 0.17 1.21 0.17
6 1.21 0.17 1.21 0.17 1.21 0.17
7 1.21 0.17 1.21 0.17 1.21 0.17
8 1.21 0.17 1.21 0.17 1.21 0.17
9 1.21 0.17 1.21 0.17 1.21 0.17
10 1.21 0.17 1.21 0.17 1.21 0.17
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In Table 61, we report the values of k(BjA; ) and the convergence rate
II — BjAs|la- These values were computed using estimates of the largest and
smallest eigenvalues of BjA; provided by a few iterations of the Lanczos method.
As we see from the tables, the observed convergence rates are almost identical and
clearly demonstrate a rate of convergence independent of the number of levels.

APPENDIX A. PROOFS OF THE LEMMAS

Proof of Lemma 21l In view of Proposition 2.1} it suffices to prove the required
estimate for smooth functions v.
(i) Suppose ([2I3) holds. Integrating the equation

v(r,z) —v(r, Z /811,0, dp—|—/3vr§

over Z € (29, z1) and using (2I3), we obtain

ho(r, z) = 7/ orv(p, Z) dpdZ +/ / 0.v(r,¢)d¢dZ, so
2z zod Z

oY T

21
2[o(r, 2)|> < 2hIn( )/
"

Z0

/ p|8wv<p,Z>2dp]dZ+h2 | o0 0F acaz

Hence,

T1
Pl < 200000l ([ rin T ar) ool
To

It is easy to show that

Ty =h?/4 ifrg=0,
/ rln — dr )
o r <h /2 if rop > 0,
so the result follows.

(ii) Suppose ([ZI4) holds. Then, since
z T
(A1) v(r,z) = v(R, 20) +/ 0,v(R,¢)d¢ +/ 0rv(p, 2) dp,
zZ0 R
integrating over R € (rq,r1) and utilizing (2.I4]), we find that

v(r, z) :// 0.v(R, () deC—I—/ Orv(p,z) OpdR,  so
T0 20 T

o/ R
h2[o(r, 2)|* < 2h1n( )Ha vllZa i)

s i) ([

In —
Since In(ry /ro) = In(1 + (h/rg)) < h/TO and

1,71
(A.2) /
ToY T0

we obtain after further integration that

/ parlv(p,Z)Zap‘dR)
R

T 3 1 2 2 11h3
— <
7AO)(TO"‘2(37"0h‘|'7‘0h ) < T

r|ln —’ dRdr = r0r1h+ h3 In(

3
W20l 72 () < §h4||8zv\|ig(z<) + 20|0,0 3 2 1y

from which the needed estimate follows.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



AXISYMMETRIC PROBLEMS 1715

(iii) Suppose (ZI5) holds. Multiplying (A1) by R'/? and integrating over R
gives

2 T rz ™ T
§h3/2v(7“, z) = / / RY20,v(R, () dCdR—i—/ / RY28,v(p, z) dpdR.
0 zZ0 0 R

Proceeding as before, we find that

4 T1 T
3" vz < 1901200+ K00 g [ f

The integral can be evaluated by taking the limit as rg — 0 in the equality of (A.2]).
Then we get the required inequality.
(iv) Proof of the last case is similar to the one above. O

In — |dRdr.

Proof of Lemma [Z2] Tt is easy to verify that

hpz1
2h5/2 // 1/28 rzU pv C) dpdc lf ro = 0,

1,21
—2/ / Orz0(p, () dpd¢  if ro > 0.
h ToY 20

The estimate of the lemma follows taking norms on both sides and applying the
Cauchy—Schwarz inequality. O

Or»(Ilpv) =

Proof of Lemma B Let u € H(D). First, we extend u to a function @ on the
right half plane R% = {(r,2) : 7 > 0} such that

(A.3) [l g2y < Cllullzypy:
This can be done as follows:

(i) Reflect w about the {z = 0} line to get a function in the rectangle {0 <
r < 1,—1 < z < 1}. It can be easily seen that the standard arguments
that prove that reflection gives bounded extensions apply to our weighted
Sobolev space as well.

(ii) Next, reflect the combined function about the {z = 1} line to get a function
n{0<r<l1, -1<z<3}

(iii) Now reflect about the {r = 1} line to get a function in {0 < r < 3/2,—1 <
z < 3}. Note that this reflection does not reflect the values of u near the
{r = 0} line to the r > 1 side.

(iv) Finally, @ is obtained by multiplying the function resulting from the pre-
vious steps with a smooth cut off function that is identically one in a
neighborhood of D and has compact support in the extended rectangle
{0 <r<3/2,—1 < z < 3}. This function satisfies (A3).

Next we cut off the function % to zero smoothly near the {r = 0} line. Let
x:(r) € C*°(R%) be a cutoff function satisfying

(A.4) 0<yx:<1

1 ifr>e,
(A.5) Xe(r) = {0 i< /2,
(A.6) |0rxe(r)| < CJe  for all r,
and define

= xe(r) u(r, 2).
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Then, if S, denotes the strip {(r,2) : 0 < r < €}, we have

2

~ ~112 ~112
[te — UHL?/T(M) < ||U\|L§/T(s€)v
Oru(l —xe) + 10 (1 — xe)| rdrdz
2

0.~ D2, = [
L) = [

~ ~ 2
<2)|8,@)725.) + C 1@/7l| 725,y »

0= (e — ﬂ)”%’;’,(Rﬁ_) < 10 (ue — a)||2L$(S5)'

Since |[u]| z1(g,) — 0 as € — 0, we find that given any € > 0 we can find € > 0 for
which

(A'7) Hae - ﬂHﬁ;(Ri) <e

Finally, we mollify the function u. obtained above. Let
e T 2
Cps € 02-ri-z ifre 422 <0
ps(r, z) = 0 .
0 otherwise,
where the constant ¢4 s is chosen such that fR2 ¢s(r, z) drdz = 1. Define
asé = as * ¢¢5-

If we choose ¢ < €/4, then

”7766 - ﬂs”ﬁ

4. -
2 (BY) < gHusé — Ue|| L2 (R, )-

Moreover, by the well known properties of mollifiers, |[tcs — .|| g1 (r2) — 0asd — 0.
Now choosing § > 0 further smaller if necessary, we can ensure that

H’(Aljg(s —ﬂEHL2(R+) < cee and ||ﬁ55 _ﬂEHHl(R+) < €,
so that

||ﬂ55 — ag”ﬁ}(ﬂ&i) < Be.

Combining this with (A7) we conclude that for the arbitrarily given ¢, there exist
¢ and ¢ such that

. ||F’ll'55—u||ﬁ71.(D) < 6e
and u.s € C*°(D) N L%/T(D). O
Proof of Lemma B.2l Because of Lemma[3.11 it suffices to prove the stated inequal-
ity for v € C*®(D) N Lf/T_(D). For such v,

v(r,2)? —v(a, 2)? = / 22 (p, z) dp.

Integrating with respect to z we get

/ v(a72)2dz:/ v(r, 2)? dz—/ / 2v(p, 2)0pv(p, z) dpdz.

20 20

Applying the Cauchy—Schwarz inequality and integrating both sides with respect

to r,
hllvlL2es,) < ||U||2L2(K) + 2h||UHLf/T(K)”a7"U| L2(K)
2 2 2
< 7"1||U||L§/T(K) + h||”||L§/T(K) + hl[0rvl 72 (k)
Hence, the lemma is proved. ([
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Proof of Lemma B3 On any element K (with coordinates as in (ZI2])), the fol-
lowing identities hold:

(A8) ar%aT(rﬁzu) 0,

1 O\
(A.9) 8z;8r(rﬂhu) = h2(7‘1 o) / Or»(ru) drdz,
(A.10) 9..11%u =0,
N 1 7“17“0 /
(A.11) O ju = T (1+ Or(ru) drdz
- hm (@.u(r1, €) + Duulr, ) dc|.

Z0

These identities hold even when ry = 0. Taking L?(K )-norms on both sides of (A9
and applying the Cauchy—Schwarz inequality gives

1 0
Haz;ar(thU)H%? < || TZ(TU)”I} K = \u%g(K).
r (A1), we take L?(K)-norms on both sides, apply the triangle inequality, and
estimate the line integrals using Lemma

~ 1 r1 + h 1
10T u |72 ) < 4||;3rz(7‘u)|\2Lg(K)+4ﬁTH -0 u||L2(K)+4 — Ha ullfek
Summing over all elements and applying Proposition 3] completes the proof of the
lemma. (]

Proof of Lemma Bl Since
N N Ng
a(drApv,v) = Z (P v,0) Z a(Py v, Py iv) < Z ‘U‘%I.}(Dk,i) < 4da(v,v),
j=1 j=1 j=1

the lower inequality is proved.
To prove the upper inequality, we apply a well known characterization of additive

operators [7]. Specifically, for any v € V), decomposed as v = lN:’“l v; with v; € Vi,
we have
Ny,
(35 v, v) = Za(vi, v;).
i=1

Hence, it suffices to show that
(A.12) Za(”z’,vi) < h*i||”||2Lg(D)~

i=1
This inequality will follow (by summing) once we prove the local inequality

C
K

(A.13) a” (vi, vi) < h—%”UH%z(K)
for all K and i such that v; is nonzero on K. Here a(-,-) denotes the restriction
of the integrals appearing in a(-,-) to K. We split the proof of (A13) into several
cases (wherein we omit the multilevel subscript k for convenience).

We first consider elements K which intersect T'o; ie., K = [rg,71] X [20, 21]
with 7o = 0. The analysis proceeds by mapping to the unit square and using the
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equivalence of norms on a fixed finite dimensional subspace of bilinear functions
defined on the unit square. For example, if a = a,,

1 1

(oo =h [ [ o + osoi?) draz
0 0

< Ch0]| 2 (0,1)2) = Ch™ [0l 2(x)

Here # = r/h and 2 = (z — z9)/h. The above argument also works for a = ag with
the bilinear approximation space V9 It also works for the approximation space
V , because on the elements under consideration, the span of r,1/r,rz, and z/r
reduces to bilinear functions.

For rq > 0, bilinear elements with ¢ = a, and a = ay are treated using the
analogous well known results for bilinear finite elements in unweighted norms. For
example, if a = a,,

(IK(UZ',’Ui) < rl/ (|8,«vi|2 + |8Zvi\2) drdz

C’I“l C?“l

<=5 ||U||L2(K § ||UHL2 K)

The estimates for a = ay are similar.

Finally, we need to consider the case of 1o > 0 and V9 We begin by observing
that for any function w in Vh, the function ¢(r, z) = rw(r z)|k is a linear combi-
nation of 72,1, zr, and z. Let 7= (r—ro)/h, 2= (2 — 20)/h, and §(#, 2) = q(r, z)
Let V denote the span of #2, 7,72, 2,1 on the unit square. Clearly we have ¢ € V.
Because V is finite dlmenswnal, scaling arguments show that there are constants
C, and C5 independent of h and ¢ such that

1 2

(A.14) CillalZzy <D0 alro + jh/2, 20 +ih)* < CallgllF2 (k-
1=0 j=0

Without loss of generality, let z; = (7o, 21) be the vertex corresponding to v;. Then,
letting p(r, z) = rv;(r, 2), we have by (A4,

Irvill22(xy = P11 Z2(1) < CR*rgu(ro, 21)°

1 2
< Ch*Y 0 (ro + jh/2)? v(ro + jh/2, 20 + ih)?

i=0 j=0
(A.15) < CHT’UH2L2(K

To prove ([A13]), we use inverse inequalities for quadratic functions. Since rv; is
quadratic on K,

1
all (vg,v;) < - /K (10 (rv)|* 4 10- (rv;)[?) drdz

< m”rvz‘”%z(m < WHWH%z(x)

07’1
< gz -

This completes the proof of the lemma. ([

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



AXISYMMETRIC PROBLEMS 1719

REFERENCES

[1] C. AMROUCHE, C. BERNARDI, M. DAUGE, AND V. GIRAULT, Vector potentials in three-
dimensional non-smooth domains, Math. Methods Appl. Sci., 21 (1998), pp. 823-864.
MR1626990|/(99e:35037)

[2] F. Assous, P. CIARLET, JR., AND S. LABRUNIE, Theoretical tools to solve the azisym-
metric Mazwell equations, Math. Methods Appl. Sci., 25 (2002), pp. 49-78. MR1874449
(2002j:78008)

[3] C. BERNARDI, M. DAUGE, AND Y. MADAY, Spectral methods for axisymmetric domains, vol. 3
of Series in Applied Mathematics (Paris), Gauthier-Villars, Editions Scientifiques et Médicales
Elsevier, Paris, 1999. Numerical algorithms and tests due to Mejdi Azaiez. MR1693480
(2000h:65002)

[4] S. BEUCHLER, Fast solvers for degenerated problems, Tech. Rep. SFB393-Preprint 4, Tech-
nische Universitat Chemnitz, SFB 393 (Germany), 2003.

[5] S. BOrRM AND R. HIPTMAIR, Analysis of tensor product multigrid, Numer. Algorithms, 26
(2001), pp. 219-234. MR1832541 /(2002a:65165)

6] —, Multigrid computation of axzisymmetric electromagnetic fields, Adv. Comput. Math.,
16 (2002), pp. 331-356. MR1894928)/(2003d:78042)

[7] J. H. BRAMBLE AND X. ZHANG, The analysis of multigrid methods, in Handbook of nu-
merical analysis, Vol. VII, North-Holland, Amsterdam, 2000, pp. 173—415. MR1804746
(2001m:65183)

, Uniform convergence of the multigrid V -cycle for an anisotropic problem, Math.
Comp., 70 (2001), pp. 453-470. MR1709148 (2001g:65134)

9] A. BRANDT, Multigrid techniques: 1984 guide with applications to fluid dynamics, vol. 85
of GMD-Studien, Gesellschaft fiir Mathematik und Datenverarbeitung mbH, St. Augustin,
1984. MRO772748|(87c:65139b)

[10] W. HACKBUSCH, Multi-Grid Methods and Applications, no. 4 in Springer series in Computa-
tional Mathematics, Springer—Verlag, Berlin, 1985. MR0814495|/(87¢:65082)

[11] G. H. HarpY, J. E. LITTLEWOOD, AND G. POLYA, Inequalities, Cambridge Mathemat-
ical Library, Cambridge University Press, Cambridge, 1988. Reprint of the 1952 edition.
MR0944909 (89d:26016)

[12] H. HocHSTADT, The functions of mathematical physics, vol. XXIII of Pure and Applied
Mathematics, Wiley-Interscience, New York, 1971. MR0499342(58:17241)

[13] A. KUFNER, Weighted Sobolev spaces, A Wiley-Interscience Publication, John Wiley & Sons
Inc., New York, 1985. Translated from the Czech. MR0802206| (86m:46033)

[14] N. NEguss, V-cycle convergence with unsymmetric smoothers and application to an
anisotropic model problem, SIAM J. Numer. Anal., 35 (1998), pp 1201-1212. MR1619887
(99d:65109)

[15] A. REUSKEN, On a robust multigrid solver, Computing, 56 (1996), pp. 303—322. International
GAMM-Workshop on Multi-level Methods (Meisdorf, 1994). MR1393011|/(97g:65260)

[16] G. N. WATSON, A Treatise on the Theory of Bessel Functions, Cambridge University Press,
Cambridge, 2nd ed., 1952. MR1349110|/(96i:33010)

[17] H. YSERENTANT, The convergence of multi-level methods for solving finite-element equa-
tions in the presence of singularities, Math. Comp., 47 (1986), pp. 399-409. MR0856693
(88d:65149)

[8]

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF FLORIDA, GAINESVILLE, FLORIDA 32611-8105
E-mail address: jayg@math.ufl.edu

DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY, COLLEGE STATION, TEXAS 77843—
3368
E-mail address: pasciak@math.tamu.edu

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=1626990
http://www.ams.org/mathscinet-getitem?mr=1626990
http://www.ams.org/mathscinet-getitem?mr=1874449
http://www.ams.org/mathscinet-getitem?mr=1874449
http://www.ams.org/mathscinet-getitem?mr=1693480
http://www.ams.org/mathscinet-getitem?mr=1693480
http://www.ams.org/mathscinet-getitem?mr=1832541
http://www.ams.org/mathscinet-getitem?mr=1832541
http://www.ams.org/mathscinet-getitem?mr=1894928
http://www.ams.org/mathscinet-getitem?mr=1894928
http://www.ams.org/mathscinet-getitem?mr=1804746
http://www.ams.org/mathscinet-getitem?mr=1804746
http://www.ams.org/mathscinet-getitem?mr=1709148
http://www.ams.org/mathscinet-getitem?mr=1709148
http://www.ams.org/mathscinet-getitem?mr=0772748
http://www.ams.org/mathscinet-getitem?mr=0772748
http://www.ams.org/mathscinet-getitem?mr=0814495
http://www.ams.org/mathscinet-getitem?mr=0814495
http://www.ams.org/mathscinet-getitem?mr=0944909
http://www.ams.org/mathscinet-getitem?mr=0944909
http://www.ams.org/mathscinet-getitem?mr=0499342
http://www.ams.org/mathscinet-getitem?mr=0499342
http://www.ams.org/mathscinet-getitem?mr=0802206
http://www.ams.org/mathscinet-getitem?mr=0802206
http://www.ams.org/mathscinet-getitem?mr=1619887
http://www.ams.org/mathscinet-getitem?mr=1619887
http://www.ams.org/mathscinet-getitem?mr=1393011
http://www.ams.org/mathscinet-getitem?mr=1393011
http://www.ams.org/mathscinet-getitem?mr=1349110
http://www.ams.org/mathscinet-getitem?mr=1349110
http://www.ams.org/mathscinet-getitem?mr=0856693
http://www.ams.org/mathscinet-getitem?mr=0856693

	1. Introduction
	2. The axisymmetric Laplace equation
	2.1. The weak solution
	2.2. An approximation estimate

	3. The azimuthal Maxwell problem
	3.1. A weak formulation
	3.2. A finite element space

	4. The azimuthal Maxwell problem: Bilinear elements
	4.1. A regularity estimate
	4.2. An approximation estimate

	5. Multigrid analysis
	6. Numerical results
	Appendix A. Proofs of the lemmas
	References

