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ON THE MINIMAL POLYNOMIAL
OF GAUSS PERIODS FOR PRIME POWERS

S. GURAK

ABSTRACT. For a positive integer m, set {;n = exp(27i/m) and let Z7, denote
the group of reduced residues modulo m. Fix a congruence group H of conduc-
tor m and of order f. Choose integers t1,...,te to represent the e = ¢(m)/f
cosets of H in Z3,. The Gauss periods

0;=> " (1<j<e)
xeH
corresponding to H are conjugate and distinct over Q with minimal polynomial
g(z) =2 + 1z 4 4 ce1T + Con

To determine the coefficients of the period polynomial g(x) (or equivalently,
its reciprocal polynomial G(X) = X¢g(X~1)) is a classical problem dating
back to Gauss. Previous work of the author, and Gupta and Zagier, primarily
treated the case m = p, an odd prime, with f > 1 fixed. In this setting, it is
known for certain integral power series A(X) and B(X), that for any positive
integer N

G(X)= AX)-B(X) 7 (mod X™)

holds in Z[X] for all primes p = 1(mod f) except those in an effectively
determinable finite set. Here we describe an analogous result for the case
m = p®, a prime power (o > 1). The methods extend for odd prime powers
p% to give a similar result for certain twisted Gauss periods of the form

v =i vp S (EDT (1<) <e),
zeH p

(»-1)°
where () denotes the usual Legendre symbol and i* = i o

1. INTRODUCTION

For any positive integer m, set (., = exp(2mi/m) and let Z7, denote the group of
reduced residues modulo m. Fix a congruence group H defined modulo m of order
f and conductor m. Choose integers t; = 1,ta,...,t. to represent the e = ¢(m)/ f
cosets of H in Z},. The Gauss periods

(1) 0; =Y " (1<j<e)
x€H

corresponding to H lie in the subfield K of Q({,,) fixed by the Galois actions
induced by sending ¢, — (% for x € H. They are conjugate and distinct over Q
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2022 S. GURAK

[8, [11], and have minimal polynomial

(2) 9(x) = gu(x) =2+ 12+t cox+ e

of degree e. For any numerical character x defined modulo m, the Gauss sum G(x)
is given by

(3) G = Y x(@)h.

z€Z},

The Gauss periods (1) are intimately related with the sums (3); namely,
(4) G(x) =Y _x(t;)0;
j=1
for any character x annihilating H, and
1 _ .
(5) 0; == _x(t;)G() (1<j<e),
X

where x runs through the characters defined modulo m which annihilate H. (Here
X denotes the multiplicative inverse of the x.)

It is well known from the theory of equations [4] that the coefficients ¢, of g(x)
in (2) can be computed in terms of the symmetric power sums S,, = (6;)" using
Newton’s identities

(6) Sr+ec1Sr—1+ -+ e_1S51+re. =0 (1<r<e),

Sp+c1Sn—1+ -+ Ce1S1—er1+CeSn_e =0 (n>e).
Alternatively, if

(7) GX)=Gr(X)=XGX =14+ X+ +cX°
is the reciprocal polynomial of g(z), its logarithm is formally expressed as
e oo
S, Xm
(8) log G(X) = log 1_[1(1 —0;X) = — o
j= n=

in terms of the power sums S,.

To determine the coeflicients of the period polynomial g(z) in (2) (or equivalently
its reciprocal polynomial in (7)) is a classical problem dating back to Gauss [5].
When f =1 one has 6; = (,,, in (1) whose minimal polynomial is the well-known
cyclotomic polynomial

9) () = [ J (@ = 1)/,

dlm

with e () = 2?7 D 4o g P 11
when m = p®, a prime power. Henceforth, we shall assume f > 1 throughout this
paper.

Previous work of the author [7] and Gupta and Zagier [0] primarily treated the
case m = p, an odd prime, with f > 1 fixed. In this case, the beginning coeffi-
cients of g(x) exhibit a polynomial dependence on p for all sufficiently large primes
p = 1(mod f). More precisely, Gupta and Zagier [6] showed for certain integral
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ON THE MINIMAL POLYNOMIAL OF GAUSS PERIODS FOR PRIME POWERS 2023

power series A(X) and B(X) depending only on simple arithmetic properties of the
f-roots of unity (} (1 <wv < f), that for any positive integer N

(10) G(X)= AX)-B(X)P~V/f (mod X)

holds in Z[X] for all primes p = 1(mod f) except for those in an effectively de-
terminable finite set. Moreover, they give an elegant algorithm to compute the
exceptional sets. For f = 2, the congruence (10) holds for N = p, so G(X) is
uniquely determined. Indeed,

e
Ny (le=T/2]N o

(1) 600 =31 (“ ) x

exactly in closed form, a formula known to Gauss [5]. (Here [ ] denotes the greatest
integer function.) Some extensions of these results for certain congruence groups
H of square-free conductor m = p; - - - p, with a fixed number of prime factors of
specified types have been suggested (see [§] and also [6]). However, the prime power
case m = p%, a > 1, seems to have been overlooked. It is this situation we describe
here. The case p = 2 is treated first, separately in Section 2, where closed form
formulas are known for Gg(X) for any congruence group H of conductor 2%. In
Section 3 we give an analog of (10) for Gauss periods corresponding to congruence
groups H of odd prime power conductor p®, « > 1, together with an adaptation of
Gupta and Zagier’s algorithm to determine exceptional prime powers. When f = 2
this congruence is shown to hold modulo X ”ail, not enough though to completely
determine G(X). However, we have recently found [9] closed form formulas in this
case for G(X) which generalize (11). In the final section, we extend the results for
odd prime powers p® to certain twisted Gauss periods of the form

(12) N s

i (1<j<e),
xeH p

P
where (5) denotes the usual Legendre symbol and ix = iP=1°/4 Such quadratic

twists or integer multiples of them arise classically as values of Kloosterman sums
[10], [13] for odd prime powers p®, o > 1.

2. (GAUSS PERIODS FOR 2¢

Throughout this section H is a congruence group of conductor 2¢ (a > 1) and
order f > 1. It is known that there are only two possible choices for H. For the
sake of completeness we include a brief rationale for this fact.

Proposition 1. A congruence group H of conductor 2%, a > 1, and order f > 1
must be either {1,2% — 1} or {1,247t — 1} modulo 2¢.

Proof. Since H has conductor 2% with f > 1, it is known from class field theory
that the field K corresponding to H is a proper subfield of Q(({2«) not contained
in Q({2a-1), and so a > 2. Since 2|f, H contains an element of order two modulo
2% —either 2¢ — 1, 21 —1 or 21 4+ 1. The last choice can be eliminated since H
has conductor 2%. Thus K is contained in one of the cyclic fields Q((2o + CQZ}) or
Q(Con —(5a') which correspond to the congruence groups {1,2% —1} or {1,201 —1}
modulo 2%, respectively. But any proper subfield of Q((aa +(5at) or Q(Coa — (ot ) is
a subfield of Q({aa-1 +C2_al,1) contained in Q({za-1). Thus either K = Q((oa +(5a")
or Q(Caa — (aa'), so H equals {1,2* — 1} or {1,2*"! —1}. O
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2024 S. GURAK

From the proposition above the only possibilities for #; in (1) here is (oo + (gt or
(o0 — CQ_O}, each with f = 2 and a > 2. The corresponding minimal polynomials are
classically known from the properties of Chebyshev polynomials. We quote results
from [9] relevant to the discussion here.

Theorem 1. The minimal polynomial for (s« + (221 for a > 2 is equivalently
characterized by

2&—3

n 204—2 20‘72 —-n 20=2_9on
@)= e ()

n=0

S, — 202 (nT/L2> if n is even,
0 if n is odd,

for 1 <n <22 or the congruence

—2

G(X) =B (X)*" (mod X271,

where

By(X)=exp(— Y (?) X2n) = 1(1 + /1 —4X2).

2n 2
The minimal polynomial for (o — Cz_al for a > 2 is characterized equivalently by

204—3

2a72 2a—2 —n a—2_o,
9@) =Y saim— ( S

n=0

_ga—? <n72> if 2||n

Sn = a—2 n ;
2 (n/2> if 4n

0 if n is odd,

or the power sums

for 1 <n <22 or the congruence

20(72

G(X)=B_(X)*"" (mod X2,

where

B_(X) = exp(— Y _(-1)" <2:) X%) - %(1 +/1+4X2).

2n

We treat the case when H has an odd prime power conductor next.
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ON THE MINIMAL POLYNOMIAL OF GAUSS PERIODS FOR PRIME POWERS 2025

3. (GAUSS PERIODS FOR ODD PRIME POWERS

Throughout this section we assume the congruence group H in (1) has conductor
m = p® with podd and a > 1. Since Z}. is cyclic, H = (Z;;a)‘lb(pa)/f7 or equivalently
H equals the group of f-roots of unity in Zy.. In particular, since H has conductor
p®, pff so p = 1(mod f). To compute the symmetric power sums S,,, we introduce
certain counting functions T;,(p”) for 0 < v < « as in [§]. Specifically, let T}, (p")
count the number of times
(13) x1+ -+ 2, =0 (mod p7)
for choice of tuples (z1,...,z,) with z; in (Z;W)qb(pv)/f (1 <i < n). These
counting functions possess the following useful property.

Lemma 1. Fory > 1, T,,(p”™1) — T,.(p") equals the number of tuples (z1,...,xy)
with x; in (Z;W)qb(pw)/f for which p?=||(x1 + -+ + 2y,).

Proof. First observe that any f-root of unity  mod p¥~! lifts to a unique f-root
of unity ' mod p”7, since

(x+tp" N =2l + ftp?~' =1 (mod p")
has a unique solution ¢ satisfying — ft = (z/ —1)/p"~! (mod p). Thus each solution
x1 + -+ 2, = 0(mod p?~ 1) with z; in (Z;ﬂ,l)qb(p%l)/f lifts to a unique solution

zy 4+ +a), = 0(mod pY~') with #} in (Z7,)*®")// . The statement of the lemma
now readily follows.
Now observe in the expansion (8)

[e%S) o e e X
logG(X) = — ZSnX"/n =- ZZ(Z Cpor )nT,
n=1

n=1j=1 z€H

that S;, equals the inner sum

j=1 z€eH T€Z%0 v, €H
But in view of the lemma above, and since
o(p*) if pla
Z pa = -p*t if p*
T€Z5a 0 otherwise,
SN GET = o) T () — T — Tu(p®)
r€Zia zi€H
— paTn(pa) _paflTn(pafl).
Thus,

a—1

(14) &zpf<muwwﬂmw*»

Now let Bf(n) count the number of times €; + --- + ¢, = 0 for f-roots of unity
e in Q(¢f), so Tn(p*~t) > Ty, (p™) > B¢(n). Thus as long as T, (p* 1) = B¢(n),

(15) S, =
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2026 S. GURAK

above. Letting {7(n) be the set of odd prime powers p* (a > 1), p = 1(mod f), for
which T, (p*~1) > B¢(n) and putting

(16) B(X) =exp(~ Y 5(m)°),

one obtains from (8) and (15) the following analog of Gupta and Zagier’s result
[6, Theorem 1]. O

Theorem 2. For each natural number N, the congruence
G(X) = B(X)?®)/f (mod XN)

holds in Z[X] for all odd prime powers p® (a > 1), p = 1(mod f), except those
lying in E¢(n) for some n < N.

Before giving some examples, some comments concerning the result above and
the computation of the exceptional sets {¢(n) are in order. The power series B(X)
in (16) is the same integral power series appearing in [6]. The counting function
Bf(n) has a nice expression when f is a prime power or twice a prime (chiefly,
Theorem 2 in [6]) In particular, one has

0 if I fn
(17) ﬁl(n) = n! if l/{/
Taopr

when [ is a prime and

0 if n is odd

(18) Pa(n) = <n ) o
n/2 1I n 1S even

(see also Corollary 2 in [§]).

Gupta and Zagier [6] give an elegant alternative expression for §y(n) which is
useful in computing the exceptional sets £f(n). For any tuple i = (i1,...,4,) in
(Z/fZ)", let P;(z) denote the polynomial 2%t +- - - +z% with i, (1 < v < n) chosen
to be the least nonnegative representative of the class i, (mod f). Then

(19)  By(n) = card({i = (i1,...,in) € (Z/fZ)"[1)4(z) divides Pi(z)}),

where 1 (x) denotes the fth cyclotomic polynomial (9). If one fixes a prime p lying
above p in Q((y), then

(20)  Tu(p") = card({i = (i1,...,in) € (Z/fZ)"|p" divides ' +--- +(}"})

in (13), independent of the choice of p. Clearly T,,(p®~') > B¢(n) if and only if for
some tuple i = (i1, ...,i,) in (Z/fZ)"

(21) P 44+ C) but P+ (A0,

Thus &f(n) consists of all odd prime powers p®, p = 1(mod f) for which (21)
holds for some tuple i in (Z/fZ)". Now a necessary condition for i to satisfy
(21) is R; = O(mod p®~1), but R; # 0, where R; denotes the resultant of P;(z)
and 9¢(x). The resultant R; = 0 if ¢¢(x) divides P;(x). When v¢(z) [P;(z) (so
(¢f, P;) = 1), R; is essentially the smallest positive integer R for which the equation
g(x)Ys(z)+h(x)P;(z) = R is solvable with polynomials g, h € Z[z], or equivalently,
the norm Ngq(¢;)/qPi(Cr). Thus to determine which prime powers lie in {¢(n), one
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ON THE MINIMAL POLYNOMIAL OF GAUSS PERIODS FOR PRIME POWERS 2027

TABLE 1.

f=4n=71: p5s=2— (5 where (4 = 7(mod j53)
i R; g}l 4ot (} factors
0000002 | 25 | 5= (2+C4)(2—C)
0000111 25 | 4+30=GR2—G)?
0000333 25 |4—3C = —Ca(2+Ca)?
0111112 25 | 5 = G2+ ) (2 —G)
f=56,n=7: pnx :2"‘1‘(:5? where C553(m0dﬁ%1)
Fi R; (}1 4 C}" factors
0000123 | 121 |3 — ¢ = —c2(1 + ¢ 2+ ¢3)2
0000124 | 121 |3 —¢3 = —C3(1+ B)(2+ ()2
0000134 | 121 |3 — (2 = —C2(1 + C2)(2 + ¢&)?
0000234 | 121 |3 — (5 = —Cs(1 4 C5) (24 (2)?

0001113 | 121 | 3+3G+ G = -G+ )2+ )2+ )
0001222 [ 121 |3+3Z + (= -1+ 2+ B2+ )
f=3n=11: p; = (3 — 2 where (3 = —19(mod p?)

i R; g}l N (} factors
00000000111 | 49 | 8+ 3¢5 = —(2((3 — 2)2
00000000222 | 49 | 8 +3¢2 = —(3(¢2 — 2)2

first restricts to those prime powers p®, p = 1(mod f) for which R; = 0(mod p®~!)
but R; # 0 for some tuple i in (Z/fZ)". For such a prime power p®, select a
primitive f-root of unity g modulo p®~! for which p*~'|(¢f — g). Then in view of
(21), p™ € &f(n) if and only if

g+ g =0 (mod p”t) with (4o +( £0

for some tuple i = (i1,...,i,) in (Z/fZ)". Tt is enough to consider tuples i,
inequivalent under translation and permutation.

Table [l shows the results of this computation for finding exceptional prime pow-
ers p> among the inequivalent n-tuples 7 for which R; = 0(mod p?), R; # 0 in cases
(f,n)=(4,7),(5,7) and (3,11).

To illustrate when f =5 and n = 7, one finds six inequivalent classes of 7-tuples
i with p?|R; and R; # 0. Representatives for each such class are given in Table [}
all have resultant R; = 121. To check if 113 € &5(7) one may choose 11 = 2 + (2,
where (5 = 3(mod p2;). One of these tuples satisfies (21) with py; = 2 + (2 and
o = 3; namely, 0000234, so 113 € &(7). There are & = 210 permutations of
0000234 with five translations each, so

T7(121) = B5(7) + 210 - 5 = 1250

as O5(7) = 0.

The “new” exceptional prime powers for given n are the elements of £¢(n) which
do not appear in {;(n’) for some n’ < n. Table [2 lists the “new” exceptional prime
powers for 3 < f < 8 and small values of n.
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2028 S. GURAK
TABLE 2.
n | f= f= f=
3| ——— 52 72
4|7 - 132
5 | 132 132,172 192
6| ——— - — 312
7 | 192,312 5% 292 372 372, 432
8 | 432 - 73
9| ——— 412,532 612,672,732
10 | 372,732 —-—— 792
11 | 73,672 612,73%,1012 97%,103>
n|f=5 f=1 =8
3] 112 432 172
4| 612 292,712, 547> 412
5 | 412 1132%,1972, 732,892,972
4212, 463> 1132,2572
6 | 312,712 21123792, 4492 | 1372, 313>
1812,5212 7512, 26892
7| 113,1012%,1512 | 239%,2812,337% | 17,1932, 2332
1912, 4612 15832, 15972 24122812, 3372
3532,4092, 4332,
6412,12972

Here are a couple of examples to illustrate Theorem 2.

Example 1. Consider the case p =7 with f = 3, so

I nl((n/3)0)3if 3|n,
fa(n) = {0 otherwise
from (17) with
B(X)=1-2X%-13X% - 158X°% — 2431 X% —

n (16), The power 49 first appears in the exceptional set {3(4) with Ty(7) = 12 >
B3(4) = 0, whereas 343 first appears in the exceptional set &3(11) with 771(49) =
495 > f33(11) = 0. The minimal polynomials G(X) for ;5" = (Ca0 + (1§ + Cig ™) !
begins

1—28X% 4+ 7X*+14X° +189X6 + ...
(Caaz + a5 + C357) ™! begins
1-196X3 +7%-362X% — 73 .2872X° + 72 . 15X 4+ 72 . 109733X 1% +

The underscored coefficients deviate as expected from the pattern of the beginning
coefficients given by Theorem 2.

whereas that for 91_1 =

Example 2. Consider next p =5 with f =4, so 84(n) is given by (18) with
B(X)=1-2X?-7X*-50X°% - 456 X% —

n (16). The power 25 first appears in &4(3) with T3(5) = 12 > (4(3) = 0, whereas
125 first appears in the exceptional set &4(7) with T7(25) = 140 > (34(7) = 0. Here
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ON THE MINIMAL POLYNOMIAL OF GAUSS PERIODS FOR PRIME POWERS 2029

one may take H = {£1,£7} for m = 25 and H = {£1,457} for m = 125. The
minimal polynomial G(X) for 0, ' = (Cas + (o' + 37 +G37") 7L is
1—-10X%2+5X%+10X*+1X°.
That for 67" = (Ci2s + (g5 + (P35 + (a3 ) ™" begins
1—50X% +1025X" — 11250X° + 125X 7 +

The underscored coefficients deviate as expected from the pattern of the beginning
coeflicents given by Theorem 2.

We conclude this section with a discussion of the case f = 2 where a closed
formula for G(X) has been obtained [9]. The power series B(X) in (16) is just

B(X)Z %(1_’_ /1—4X2):1—§: (27’L) X 2n+2

= n/) n+1

with (B2(n) given by (17). The minimal polynomial G(X) for (2cos 27 /p®)~" is
seen to have the form
L4 VI AX? ey 1= ()"

(22) G(X) = (f) 1 (@)p‘kl

with power sums S,, satisfying

'

(23) S, =p® [nia] ((n _Zatw) —p*! WZ ((n —pZ—lt)/2>

t=1,t odd t=1,t odd

if n is odd, or

o) [ n [np™ /2] n np'~* /2]
2 <n/2) TP ; <n/2—pat> <n/2 P 1t>

t=1

if n is even. A closed form formula for G(X) is

(p—3)/2
(24) G(X) = X2™)/2 4 Z XTI oy (X)),
where
(/2]
d d—TL 2
X)=> (-1 X2
¥ = 3o () X

or equivalently with coefficients in (7) satisfying for 1 <r < ¢(p®)/2,

[rp' %] a—1(p=1 _ a—1/p=1 _ .\ _ 4.
(25) ¢ = > (~1)t 2 L ])tj (p (Qtj & tj)

1 —
j=0, j=r (mod 2) P ( ‘])

with Co(pa)/2) = (;) where t; = (r — 71]')/2.
From (22) or (24) it follows that the congruence
G(X) = B(X)?®/2 (mod XV)

holds in Z[X] for N = p®~! but not for N > p®~! and thus fails to determine
G(X) which is of degree ¢(p*)/2. Indeed, one can show p® first appears in the
exceptional set &;(n) for n = p*~ 1.
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4. TWISTED (GAUSS PERIODS FOR p“

Here we consider quadratic twists of Gauss periods for prime powers p®, a > 1.
When p = 2 with o > 3, the twisted Gauss periods have the form v/2(¢3. + Cp.") or
V2(C3a — (o) for some odd integer v, and their corresponding minimal polynomials
are easily obtained from the Theorem 1 in Section 2. With no loss of generality
then we restrict attention to the case in which p is odd, and consider the twisted
Gauss periods

(26) b= VB (L (1< <e)

reH p
with H a congruence group of conductor p® (a > 1) and order f > 1 asin (1). The
twisted Gauss periods (26) also lie in the subfield K of Q((pe) corresponding to H
with [K : Q] = ¢(p®)/f. In fact ¢; = TrQ(Cpa)/K(i*\/}—oC;i) (1 <j<e),and each
is seen to generate K.

Proposition 2. Each twisted Gauss period ¢, in (26) generates the field K over
Q.

Proof. Tt suffices to show the conjugates ¢; (1 < j < e) are all distinct. For this
purpose set

T(x) =Y x(t;)v;
j=1
for any numerical character y annihilating H. Then
1 _ .
Y= XH)TH) (1<i<e),
X

the sum taken over the characters x annihilating H. Generalizing the argument in
the Appendix of [§] one finds in view of the lemma there that the ¢); (1 <j <e)
will be distinct provided T'(x) # 0 for all x annihilating H with conductor f(x)
satisfying (p*/f(x), f(x)) = 1, where p*/f(x) is square-free. We assert that this
hypothesis above holds here so that the 1); are distinct. Indeed for any character
x annihilating H, T'(x) equals

Zx(tj)i*ﬁZ(%x)C,ﬁix:i*\/ﬁ > @G
j=1

r€H er;a

or i*/pG(x¥) in terms of a Gauss sum (3), where 1 is the quadratic character ()
considered modulo p®. But any such character x with (p®/f(x), f(x)) = 1 and
p®/f(x) square-free must have conductor f(x) = p®. Hence x¥ must also have
conductor p® so G(xv) # 0, and thus T'(x) # 0.

The proof of the proposition is now complete. O

Our goal here is to give an analog of Theorem 2 in Section 3 for the minimal
polynomial G(X) for the reciprocals of the ¢); in (26). Two situations arise naturally
depending on whether (p — 1)/ f is even or odd. To deal with the case (p — 1)/f is
even, we set

. _ ) Bg(n) if niseven
27) Prn) = {o if n is odd,
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ON THE MINIMAL POLYNOMIAL OF GAUSS PERIODS FOR PRIME POWERS 2031

where 8f(n) is the counting function in (15). In terms of this adjusted counting
function §¢(n) and the exceptional sets £(n) as before, we find

Theorem 3. Suppose (p — 1)/ f is even where B(X) = exp(— > Br(n)X™/n)
with Bf(n) defined by (27). Then for each natural number N, the congruence
G(X) = B(i*y/pX)*®P/f (mod XV)

holds in Z[X] for all odd prime powers p® (a > 1) except those lying in {¢(n) for
somen < N.

Proof. Here log G(X) = —Y7", S, X™/n takes the form
(1 XN e b e
-3 R g
n=1 j=1 H

with inner sum
€

t{E tat o racn_ ra:n
Z(Z(p Cp“ f Z Z P CP f Z ZC

j=1 H r€Z% zEH r€Z%

since H is contained in Z*2 as (p —1)/f is even. When n is even, this last sum is
just

7 5y ZC“’”— 0 Tu0™) ~ " T 0") = 28 )

TGZ* f

as in the proof of Theorem 2 when p® does not lie in {;(n) for n < N. When n is

odd this sum becomes
f Z Z r(x1+ tan) _ f Z Z r(x1+ Frn) -0

76Z*a3: EH T EHT‘EZ*

TV
P

unless p®~1|[v. This establishes the theorem with B(X) defined in terms of the
adjusted counting function B¢(n) in (27). O

for any prime power p® not in &;(n) for some n < N, since ZTGZ* (%)

Example 3. Consider p = 7 with f = 3, so
Bar) = {n!/((n/3)!)3 if 6,
0 otherwise,
n (27) with
B(X)=1-15X°% - 2775X'2 — 910202X'® —
in Theorem 3. Then
B(ivVTX)=1+7-15X% — 75 .2775X 12 + 79 . 910202X 18 —

One may again take H = {1,18, —19} for m = 49 or 343 as in Example 1, where
49 first appears in £3(4) and 343 first appears in £3(11). The minimal polynomial
for the reciprocal of ¥y = i * v/7(Ca9 + (4§ + (4o'”) begins

T+3X 47 2X5 474 29X0 4.
whereas that for the reciprocal of ¢ = i * V/7((343 + (355 + (345) begins
14+7°-36X5 — 7% 165X " + 77 . 2325 X 12 +
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The underscored coefficients deviate as expected from the pattern given in Theorem
3.

Now consider the case (p — 1)/f is odd, so f must be even. For any positive
integer n, let ﬂ;r(n) count the number of times a sum satisfies ¢; +---+ ¢, =0
for f-roots of unity € in Q((y) with an even number of the ¢; actually being
f/2-roots of unity. Similarly, let ﬁ;(n) count the number of times a sum satisfies
€1 + -+ €, = 0 for f-roots of unity ¢; in Q({y) with an odd number of the ¢;
actually being f/2-roots of unity. Clearly ﬂ; (n) + ﬂ;(n) = ff(n) for any 7, and
also ﬁ; (n) = By (n) if n is odd. Define an adjusted counting function (¢ (n) by

(28) Br(n) = Bf (n) - B (n)
for any positive integer n. Note that Bf(n) =0 if n is odd.

In terms of this adjusted counting function and exceptional sets {;(n) as before,
we find

Theorem 4. Suppose (p — 1)/f is odd where B(X) = exp(— 30, B;(n) X" /n)
with Br(n) defined by (28). Then for each natural number N, the congruence

G(X) = B*/pX)?®P/f (mod X7)

holds in Z|X] for all odd primes powers p* (a > 1) except those lying in {¢(n) for
somen < N.

Proof. In this case the inner sum in the expansion for log G(X) in the proof of
Theorem 3 can be expressed

€

SO A ey :} S (S (e

j=1 H p rEZ;a z€H p
(29) . -
"\n r(zit+4zn) T \n r(zi+-tan)
=52 2 )G -5 2 C)Ge
f T, €H TEZ;Q p f x, €EH rEZ;& p
since (%) = —1for any # € H — H?. Here H? is just the set of f/2-roots of unity in
Z., Z+ is the sum over tuples (x1,...,2,) with an even number of components
lying in H — H? and ).~ is the analogous sum over tuples (z1,...,2,) with an

odd number of components lying in H — H?. If p® is not in any &r(n') forn’ < N,
then each term > _,. (7) r(@ittTn) o (29) and hence S, = 0 when n is

p/>pP”
odd, since no sum x1 + - - - + x,, is exactly divisible by p®*~!. When n is even, there
may be sums z; + -+ + x, divisible by p®, each such sum » . I’)“C(fl+~~~+a:n)
o

contributing ¢(p®) in (29). Overall, there are ﬂ;‘(n) of these with a + sign and
B¢ (n) with a — sign, so (29) matches @(ﬂ;{(n) — B (n)). This establishes the

assertion of the theorem with B(X) defined in terms of the adjusted sums (3 (n) in
(28). O
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Example 4. Consider p = 7 with f = 6. Here one finds 3§ (1) = 35 (1) =
G2 = 0. 55(2) = 6. BEE) = 55 (3) = 6. 57 (4) = 90, G (4) = 0. 56 >
B (5) = 180, G5 (6) = 180 and B; (6) = —1860 to obtain values 66( ) =
Be(4) = 90 and Fs(6) = —1680 in (28). Then

0,

B(X)=1+3X2?-18X"*+217X% 4
in Theorem 4 so
B(iVTX)=1-21X2-18-72X* - 217 73X° —

One may take H = {£1,+18,+£19} for m = 49 or 343. From Table 2] one finds
that 49 first appears in £5(3), whereas 343 first appears in £3(8). The minimal

polynomial for the reciprocal of 1y = iv/7(Cao + 15 + Cio™ — Ciot — Cao™® — C49) in
(26) is

1_72'3X2—ZBX3+Z4X4+2'Z4X5—Z4X7,

whereas that for the reciprocal of 11 = iv/7(Csas + G335 + (s — Caas — Gaus — (38s)
begins

1—73-3X%2—-74.198X* — 76 . 1111X6 + 7720027 X8 + 78 . 6X7 + .- . .

The underscored coefficients deviate as expected from the pattern of the beginning
coeficients given in Theorem 4.

Example 5. Next consider p = 5 with f = 4. One readily finds that

2
n i s
64(71) _ n/2 1I n 1S even
0 if n is odd
n (28) so
B(X)=1-2X?-7X* -50X° — 456 X% —
in Theorem 4 and hence
B(V5X)=1-10X2—5%.7X* - 5°.2X% — 5% . 456 X° —

Here we take H = {£1,£7} for m = 25 and H = {1, £57} for m = 125 again as
in Example 2, where 25 first appears in &(3) and 125 first appears in £4(7). The
minimal polynomial for the reciprocal of 11 = v/5(Cas + (o5t — (o5 — Cos') is

1—-50X% +125X° + 125X * — 500X,
whereas that for the reciprocal of 11 = v/5(C125 + Clop — (Va5 — C1ar) begins
1—250X2+5% 41X*—57-18X7 —57X7 +

The underscored coefficients deviate as expected from the pattern given in Theorem
4.

One may have noticed that 34(n) = B4(n) in the last example. More generally,
Proposition 3. For v > 1, o0 (n) in (28) satisfies B (n) = Bav (n).
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Proof. We first note that no sum of an odd number of 2¥-roots of unity for v > 1
can vanish since each such root of unity is congruent to 1 mod w3, where mo is
the unique prime above 2 in Q((2v). Now we assert no sum of an odd number of
primitive 2¥-roots of unity can lie in Q({3»-1) for v > 1. Suppose to the contrary
a sum (i -+ C; lies in Q(({av—1), where v > 1 and the ¢; and n are odd. Then
Cor (G50 A P+ ) dies in Q(Gar) so (U YE (Y = 0
contradlctlng our first remark. It follows easily now that for v > 1 any sum of
an even number of 2”-roots of unity which vanishes must always contain an even
number of primitive 2¥-roots of unity. Hence (35, (n) = 0 for n even. The statement
of the proposition readily follows. O

We conclude this section with a remark concerning the case f = 2 which is not
governed by the last proposition. One finds in this case that the counting function
Ba(n) = Ba(n) in (27) whenever p = 1(mod 4), whereas B2(n) = (—=1)"/23,(n)
n (28) for p = 3(mod 4). In each case, the respective power series B(X) =
exp(— >0, By(n)X™/n) in Theorems 3 or 4 satisfies

B(i*X) = exp(— Z (2”) 2: 51+ V1-4x?),

In particular for the case f = 2, one finds for any odd prime power p®, o > 1 that
the congurence

(30) G(X) = B(ypX)?®)/2 mod XN
holds in Z[X] for N = p®~! but not for N > p*~!, where

BX) = exp(- 3 L

n=1

Indeed, we had previously remarked in Section 3 that p® first appears in an excep-
tional set &»(n) for n = p*~1. One consequence is that the first p*~! coefficients of
G(X) satisfy

(31) e = $p)=r r/2
0 if r is odd

(—1)7/2pr/2 9@ <¢(pa)/2 B r/2> if r is even

for 1 < r < p®~! (chiefly, Corollary 3 in [9]). While (31) is not enough to determine
G(X), we have recently found a closed form formula for the coefficients of G(X)
analogous to (25) expressed in terms of an Aurifeuillian factor [3] of the cyclotomic
polynomial 1,. The reader is referred to [9] for details.
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