TABLE 9. Decomposition of polynomials into powers of linear forms

APPENDIX A. ADDITIONAL COMPUTATIONAL TABLES

Degree M
n 1 2 5 10 20 30 40 50
2 2 11 33 129 279 491 775
3 3 40 205 1381 4306 9880 18970
4 4 10 103 831 9373 41373 122349 286893
5 5 15 221 2681 49586 305836 1.2-10° 3.3-106
8§ 8 36 1226 42271 3.1-105 4.8-107 3.7-10% 1.9-10°
10 10 55 2917 181413 3.0-107 8.4-10% 1.0-10% 7.5.10%
15 15 120 15338 3.3-10 3.2-10° 3.4-10"' 1.2-10" 2.1-10
20 20 210 52859 3.0-107 1.4-10'" 4.7-10'3 4.2-10Y 1.6-10'7
30 30 465 324076 8.5-10% 4.7-10% 1.2-10'7 5.5-10° 8.9.10%
40 40 820 1.2-10% 1.0-10'° 4.2-10" 55-10" 1.1-10* 6.0-10%
50 50 1275 3.5-10% 7.5-10'° 1.6-10'7 8.9-10*' 6.0-10*® 1.0-10%




TABLE 10. Number of monomials in a test family of random dense
homogeneous polynomials of prescribed degree

Degree
n 2 10 20 30 40 50 100 200 300 1000
1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1
2 2 1 2 4 11 16 22 28 59 120 179 606
2 2.2 4. 7.1 14 20 26 33 64 128 189 634
2 3 [§ 9 18 25 33 37 70 140 198 659
3 3 2 11 37 133 299 524 813 3209 12755
3 4 13 42 146 313 543 839 3262 12836
3 6 17 46 160 325 560 867 3307 12923
4 4 4 31 168 1085 3396 7748 14719
4 6.5 35 182 1118 3452 7802 14807
4 8 40 196 1144 3499 7887 14914
5 5 8 72 610 6650 29181
5 9.7 81 633 6716 29329
5 12 88 661 6789 29536
6 6 10 146 1847 33406
6 14 160 1896 33591
6 16 174 1934 33880
T 7 15 276 5015
7 18 291 5062
7 21 304 5114
8 8 19 476 12213
8 23 498 12295
8 29 521 12396
10 10 29 1236
10 36 1262
10 41 1289
15 15 64 7274
15 76 7352
15 85 7442
20 20 123 26742
20 133 26880
20 146 26985
30 30 282
30 295
30 309
40 40 502
40 521
40 542




TABLE 11. Integration of a random dense homogeneous polyno-
mial of prescribed degree by decomposition into a sum of powers
of linear forms

Degree
n 1 2 5 10 20 30 40 50 100 200 300
0 0 0 0.1 1.0 3.1 7.8 16 228
0 0 0 0.1 1.2 36 9.0 18 270
0 0 0.1 0.2 14 44 11 21 304
3 0 0 0.1 2.1 74
0 0 0.2 25 81
0.1 0.1 0.3 2.9 88
4 0 0.6 30
0 0.1 0.8 32
0.1 0.1 1.0 35
5 0 0.1 2.6
0 0.1 3.0
0.2 0.2 3.4
6 0 0.1 8.9
0.1 0.2 9.5
0.2 0.3 10
7 0.1 0.2 26
0.1 0.3 28
0.2 0.4 30
8 0.1 04 81
0.1 0.5 85
0.2 0.7 91
10 0.2 0.9
0.3 1.0
0.4 1.2
15 0.6 4.0
0.7 4.3
0.8 4.8
20 1.6 12
1.8 13
1.9 14
30 5.8 63
6.1 68
6.4 72
40 15 221
16 232
16 241
50 29
30

30




TABLE 12. Integration of a random dense homogeneous polyno-
mial of prescribed degree using the iterated Laurent series

Degree
n 1 2 5 10 20 30 40 50 100 200 300
0 0 0 0 0.2 06 12 21 24 255
0 0 0 0.1 0.3 08 1.7 31 29 350
0.1 0.1 0.1 0.2 0.4 1.0 22 40 37 438
3 0 0 0.2 2.1 22 146
0 0.1 0.4 2.7 32 184
0.2 0.2 0.6 3.3 37 210
4 0 0.1 2.4 37
0.1 0.2 3.0 40
0.2 0.3 3.6 44
5 0.2 0.3 12 351
0.2 0.5 14 365
0.3 0.7 16 380
6 0.3 1.0 50
0.4 1.2 55
0.5 1.5 61
7 0.7 2.0 161
0.8 24 179
0.9 2.8 195
8 1.2 3.3 481
1.3 4.6 517
1.6 5.8 560
10 3.5 13
3.6 15
3.8 18
15 22 117
23 127
23 140
20 91
94

98




TABLE 13. Integration of a random dense homogeneous polyno-
mial of prescribed degree using Taylor expansion

Degree
n 1 2 5 10 20 30 40 50 100 200 300
0 0 0 0 0.1 03 12 12 15
0 0 0 0.1 02 08 23 56 98
0 0 0.1 0.1 03 11 31 74 129
3 0 0 0.1 1.1 60
0 0 0.3 24 132
0 0 2.0 3.3 158
4 0 0 1.1 62
0 0 1.6 117
0 0.1 2.6 143
5 0 0.1 4.4
0 0.1 8.1
0 0.1 24
6 0 0.1 28
0 0.2 35
0.1 2.3 41
7 0 0.2 117
0 0.4 136
0.1 5.5 150
8 0.4 366
0.1 0.7 431
0.1 12 475
10 0.1 0.8
0.1 1.3
0.1 9.8
15 0.1 4.0
0.2 5.6
0.2 7.3
20 0.3 16
0.4 18
2.8 20
30 0.9 95
1.1 104
4.3 109
40 2.3 370
2.6 384
4.4 403
50 5.2
5.3

5.5




TABLE 14.

2 effective variables using an iterated Laurent expansion

Integration of a monomial of prescribed degree with

Degree
n 1 2 5 10 20 30 40 50 100 200 300
0 0 0 0 0 0 0 0 0.2 0.3 0.9
0 0 0 0 0.1 0.2 0.3 0.3 1.2 6.2 16
0 0 0 0.1 0.1 03 5.6 2.1 3.6 20 62
4 0 0 0 0 0.1 0.1 0.1 0.1 0.2 0.4 0.9
0 0 0.1 0.1 0.1 0.3 0.3 0.5 21 11 47
0.1 0.1 0.1 0.1 0.2 4.2 2.5 3.0 54 38 166
5 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.3 0.6 1.3
0.1 0.1 0.1 0.1 03 0.3 0.5 0.7 3.6 21 86
0.1 0.1 0.1 0.2 6.4 23 2.8 3.7 9.8 80 271
6 0.1 0.1 0.1 0.1 0.1 0.1 0.2 0.2 0.4 1.0 1.9
0.1 0.1 0.1 0.2 03 0.6 0.8 1.1 72 39 100
0.2 0.1 0.2 3.4 25 26 3.8 4.7 30 269 550
7 0.1 0.1 0.1 0.1 02 02 0.2 0.3 0.6 1.2
0.1 0.1 0.2 0.3 06 0.8 1.2 2.0 6.8 94
0.2 0.2 3.9 2.5 28 34 4.2 6.7 26 260
8 0.2 0.2 0.2 0.2 02 02 0.3 0.3 0.7 2.0
0.2 0.3 0.3 0.4 07 1.2 1.9 29 16 99
0.3 4.5 2.3 2.6 3.1 36 5.8 12 42 322
10 0.3 0.3 0.3 0.4 04 0.5 0.6 0.6 1.1
0.5 0.4 0.5 0.7 1.2 24 3.8 59 23
4.2 2.3 2.5 3.0 39 65 11 17 7
15 1.3 1.3 1.4 1.4 1.6 1.7 1.9 2.4
14 1.5 1.7 2.1 40 73 11 20
1.6 1.9 2.0 3.4 9.1 21 31 52
20 4.0 4.0 4.1 4.2
4.2 4.4 4.8 6.1
4.4 5.6 5.7 9.3
30 22 24 24 25 26
25 25 27 32 47
26 28 31 45 96
40 71 88 90
85 92 95
92 102 103
50 196 228 212 217
231 239 244 261
252 249 277 347




TABLE 15. Integration of a monomial of prescribed degree with 2

effective variables using Taylor expansion

Degree
n 1 2 5 10 20 30 40 50 100 200 300
0 0 0 0 0 0 0 0 0 1.9
0 0 0 0 0.1 0.2 0.4 0.8 58 62
0 0 0.1 0.1 0.2 0.6 1.3 2.6 27 359
4 0 0 0 0 0 0 0 0 0
0 0 0 0 0.2 0.4 0.7 1.8 11
0 0 0.1 0.1 0.4 1.2 3.0 8.2 58
5 0 0 0 0 0 0 0 0 0
0 0 0 0.1 0.2 0.6 2.0 29 19
0 0 0.1 0.2 0.7 2.2 6.7 15 110
6 0 0 0 0 0 0 0 0 0
0 0 0 0.1 0.7 0.9 2.0 44 31
0 0 0.1 0.3 16 8.4 8.8 72 124
7 0 0 0 0 0 0 0.2 0 0
0 0 0 0.1 0.5 1.6 4.3 59 52
0 0.1 0.1 0.3 1.8 8.4 21 32 246
8 0 0 0 0 0 0 0 0.3 0.1
0 0 0.1 0.2 0.9 2.7 3.6 9.3 65
0.1 01 0.2 0.4 28 36 19 42 547
10 0 0 0 0 0 0 0 0
0 0 0.1 0.2 1.1 3.5 8.4 20
0.1 01 02 0.6 70 22 40 92
20 0 0 0 0 0 0 0 2.0
0 0.1 04 2.8 12 40 74 121
0.1 0.2 1.1 9.3 43 156 309 462
30 0 0 0 0 0 0.1
0 02 14 6.9 62 90
0.1 05 56 29 205 583
40 0 0 0.1 0.1 0.1
0.1 04 33 10 71
0.1 09 32 40 329
50 0.1 0.1 0.1 0.1 0.1
0.1 04 55 19 126
0.1 15 39 65 525




TABLE 16. Approximation errors with CUBPACK

Degree

1

2

5

10

20

30

40

50

100 200 300
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13
14
15
20
22

8.2e-11
1.2e-10
1.0e-10
1.3e-10
7.4e-11
T.1le-11
6.7e-11
5.4e-11
8.5e-11
9.7e-11
0.69
0.99

1

1

1

1.2e-10
7.5e-11
7.1le-11
1.4e-10
8.4e-11
7.9e-11
5.3e-11
9.0e-11
9.2e-11
1.2e-10
0.69
0.99

1

1

1

1.1e-10
7.8e-11
1.1e-10
7.0e-11
1.6e-10
9.8e-11
6.1e-11
7.le-11
1.4e-10
1.1e-10
0.69
0.99

1

1

1

3.8e-11
1.2e-10
1.0e-10
1.1e-10
7.9e-11
8.6e-11
1.1e-10
1.1e-10
7.0e-11
9.5e-11
0.69
0.99

1

1

6.1e-11
6.8e-11
1.7¢-10
1.7e-10
1.2e-10
7.9e-11

1.1e-10
1.9e-10
8.3e-10

1.1e-10
8.6e-10
1.3e-08

1.0e-10
5.3e-09
1.8e-07

1.6e-10 8.6e-09 8.7¢-08




	Appendix A. Additional computational tables

