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FAST EVALUATION OF MODULAR FUNCTIONS
USING NEWTON ITERATIONS AND THE AGM

REGIS DUPONT

ABSTRACT. We present an asymptotically fast algorithm for the numerical
evaluation of modular functions such as the elliptic modular function j. Our al-
gorithm makes use of the natural connection between the arithmetic-geometric
mean (AGM) of complex numbers and modular functions. Through a detailed
complexity analysis, we prove that for a given 7, evaluating N significative bits
of j(7) can be done in time O(M(N)log N), where M(N) is the time com-
plexity for the multiplication of two N-bit integers. However, this is only true
for a fized T and the time complexity of this first algorithm greatly increases as
Im(7) does. We then describe a second algorithm that achieves the same time
complexity independently of the value of 7 in the classical fundamental do-
main F. We also show how our method can be used to evaluate other modular
forms, such as the Dedekind 7 function, with the same time complexity.

1. INTRODUCTION

In this article, we study the complexity of the numerical evaluation of modular
functions at complex values: given an element 7 lying in F = {z € C: Im(z) > 0,
|z] > 1, |Re(z)| < 1/2} and an integer N > 0, we investigate the time complexity
for the evaluation of NN significative bits of modular functions such as j at 7. Our
main result is a constructive proof of the following theorem.

Theorem. Given an integer N > 0 and an element 7 € F, one can compute J € C
such that

§2_N

()
in time O (M(N)log N), where M(N) is the time complezity for the multiplication
of two N -bit mtegers

‘m —J' 1

This work was motivated in part by applications such as the computation of
Hilbert class polynomials [7] and the computation of modular polynomials [§],
where it can be necessary to evaluate modular functions to precision in the tens of
thousands of bits.

We begin by recalling a few facts about modular functions and theta constants
before giving a first (naive) algorithm for the evaluation of a class of modular func-
tions with a running time in O(M(N)v/N), where N is the required precision.Then
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we study some properties of the arithmetic-geometric mean (AGM), show how it
can be used to evaluate a particular modular function using Newton iterations and
give a first algorithm in which time complexity is thoroughly analyzed. This first
algorithm achieves the announced complexity in O(M(N)log N) but only in the
case where 7 is fixed. We then propose a second algorithm having the same run-
ning time, independently of the value of 7 € F. Finally, we show how this method
can be used to evaluate other modular functions or forms, such as the Dedekind 7
function, and we give some experimental results.

An important feature of our algorithm is that it can be generalized to genus 2
(see the forthcoming [6]).

2. MODULAR FUNCTIONS AND THETA CONSTANTS

2.1. Modular functions. In this section, we briefly recall a few facts about mod-
ular functions and fix some notation. We refer the reader to [I5] for a complete
introduction to the theory of modular functions.

Throughout this paper, we let H denote the Poincaré half-plane H = {z € C :
Im(z) > 0}. For 7 € H, we let ¢ = ¢(7) = exp(inT) (note that this differs from
modern conventions, where an extra factor of 2 is added). We denote by I" the full
elliptic modular group, that is the quotient of SLo(Z) by (—I), and from now on
we identify a matrix in SLo(Z) with its class in T'. The action of " on H is given by

a b _ar+b
c d )7 cr+d’
for every (¢%) €T and 7 € H.
If we introduce the region F C H,
F={rew: Re(r)| < 1/2,]r| > 1},

then F\ (OF N{7r € H : Re(r) > 0}) is a fundamental domain for the action of T
on H.
We also introduce the generators S and T of T', defined by

s=(1 %)
T:(g }),

so that for every 7 € H, Tt =7+ 1 and ST = —1/7.
If TV is a subgroup of finite index of I, then a function f : H — C is said to be

modular for I if it is meromorphic on H, invariant under the action induced by I
(i.e., for all y e IV and 7 € H, f(y7) = f(7)), and meromorphic at the cusps.

and

2.2. Theta constants with characteristic 2. The so-called theta constants with
characteristic 2 are the three functions defined, for 7 € H and ¢ = exp(inT), by

Ooo(r) =Y g,

neZ

Bor(r) = D> (-1)"q™,

neE”Z
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and
b10(7) = Zq("+%)2.
nez
For an extensive treatment of these functions, we refer the reader to [14] or [16],
which contain the proofs of all the few properties we now state (we only give proofs
when elementary ones exists, that we are aware of).

Proposition 1. The functions 6yg, 6o1, and 619 are analytic on H and do not
vanish.

Proof. That these functions are analytic on H follows from their definition as g-
series. That they do not vanish on H follows from [I4] Lemma 4.1]. O

Proposition 2. For all T € H,
930(57') = —”980(7)’
931(57) = _iTQ%O(T)v
02,(ST) = —it63, (7).
Proof. See [16], pp. 103-105]. O

Proposition 3. For all 7 € H,
030 (7) = b1(7) + b1o (7).
Proof. See [16l, pp. 71-76]. O

Proposition 4.
lim 900(7’) = ].,

Im(7)—+o00

lim 901(7‘) = 1,
Im(7)—+o00
and
lim 910(7’) =0.
Im(7)—+o00
Proof. This is easily proven from the definitions of the theta functions as g-series.
]

Proposition 5. For all T € H,

02,(1) + 62, (1
980(27_): 00( )2 01( )

and

02,(27) = 000 ()01 (7).
Proof. This is easily derived from the definitions of 6y and 0y, using the identity
2(n? +m?) = (n+m)% + (n —m)2. O

Proposition 6. For all T € H,

d 10 .
45 log 9—01(7) = 271'930(7'),

d oo .
45 log 9—01(7) = 271'9110(7'),
d 610 o
4— log — = .
o og Bou (1) = imbgy(7)
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Proof. See [16], p. 82]. O
2.3. The functions k and k’. Jacobi’s functions k& and %" are defined, for 7 € H,
by
910(7’) > 2
1 k(T) =
o )= (o0
and
901(7'))2
2 K(r)= (
? = o)

From Propositions 2] and B it follows directly that, for all 7 € H,
o K2(7) +K?%(1) =1,
e k(ST)=K'(7) and K'(ST) = k(7).

Moreover, k' and k are modular functions:

Proposition 7. The functions k' and k are modular for the groups T'y: and Ty,
where

Fk/_{<z Z>eF:a:d:1mod4,b:0mod2,c:0mod4}

and

I‘k—{<ccl Z>GI‘:a:dZ1m0d4,b=0mod4,c=0mod2}.

Moreover, if
F'={reHt:|Re(z)| < 1,21 +1] > 1,27 — 1| > 1},
then
K'(F')=k(F')={2€C\{0,1} : Re(z) > 0},
and the real part of k(1) (resp. of k' (7)) vanishes on the boundary of F'.

Proof. The results for k' are proved in [4, Lemmata 2.7 and 2.8]. The results for k
follow easily, using k(7) = k/'(S7) and the identities I'y = ST.S and SF' = F'. O

Finally, the well-known elliptic modular function j (modular for the full group
') can be defined by

(1—K2(r) + K4 ()’
F(7) (L= k2 (7))"
(see [2, pages 112-116] for a proof of the fact that j is indeed modular for T').

(3) j(r) =256

3. BASIC EVALUATION OF j USING THE DEDEKIND 7)-FUNCTION

3.1. Notions of precision. Our goal in this paper is to evaluate some functions
with a given precision. We now define precisely what we mean by precision:

o We will say that a € C is an approximation of a € C with absolute precision
N bits if
1

|a—a|§2—N.
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o We will say that o € C is an approximation of a € C with relative precision
N bits if
1

a—«

a
We will make use of the following facts, whose proofs are straightforward:

e If o and S are approximations of a and b € C with relative precision N bits
(N > 2), then af is an approximation of ab with relative precision N — 2
bits.

e If n > 1 and « is an approximation of a € C with relative precision N bits
(N > n), then o™ is an approximation of a™ with relative precision N —
n bits.

o If o # 0 is an approximation of a € C\ {0} with relative precision N bits
(N > 1), then o~ ! is an approximation of a~! with relative precision
N —1 bits.

e If v is an approximation of a € C with relative precision N bits, and if \/a
is any of the two square roots of a, then the square root of « lying in the
same quarter-plane as y/a is an approximation of \/a with relative precision
N bits.

e If @ and 3 are approximations of a and b € C with absolute precision N bits
(N > 1), then a + 3 is an approximation of a + b with absolute precision
N —1 bits.

One of the most delicate issues when studying algorithms to numerically evaluate
functions is to know to what precision each computation has to be carried out.
Due to what precedes, we know that precision losses will occur, hence the working
precision will usually have to be higher than the precision required for the result.
However, since the time cost of arithmetic operations increases with the working
precision, one should always work at the minimal possible precision ensuring that
the final result will be correct to the required precision.

In what follows, the precision at which arithmetic operations have to be carried
out is not specified in the algorithms we give, but is discussed after the description
of these algoritms.

3.2. A naive algorithm. It is well known that the function j has a g-series ex-
pansion with integral coeficients:

1
J(7T) = = + 744+ 169884¢° + - -,
q

the coefficients of this series being effectively computable (see for example [1]).

However, this leads to an algorithm that is quite inefficient, since the series
we consider is dense and the height of its coeflicients grows quite fast: the time
complexity would be in O(M(N)N) = O(N?*¢), where N is the required precision
in bits.

A better approach is to use the functions 6yg and 6y;: their g-series can indeed
be evaluated much faster than the one for j, since they are sparse with non-nil
coefficients +1. The function &’ can be computed as the square of their quotient,
and j can then be evaluated using equation (3)).

For € € {0,1} and B > 1, we define the partial sums

1 if B=1,

2

S = { L2 0 ()™, i B 22,
for T € F.
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Notice that if 7 € F, then Im(7) > /3/2, hence |¢| < Q = exp(—n+/3/2). Thus,
using the inequality
B2

S < L <o
=% | 1-ld

we obtain )
B
|00<(T) — SE,B(T)l <4lq|” .
Notice that in the case B = 1, this implies
o (7) — 1] < 4q] <4Q <0.27,
hence 6y (7) is “close” to 1: for all 7 € F, any approximation of 6p. with absolute
precision N > 1 bits is also an approximation with relative precision N — 1 bits.

Now a straightforward computation shows that for all 7 € 7, N € Nand ¢ €
{0,1}, if

5s [ NT3
~ \/ 7lm(7)log, e
then
6‘05(7')—5573(7') L
006(7—) 2N
for e € {0, 1}.

This shows that Algorithm [I] can be used to evaluate 69 and ;.

Algorithm: EvaluateThetaNaive
input : 7€ F, NeN
output: (0, 61) such that |0o-(7) — 0:| / |60 (7)| < 27V for € € {0,1}
q + exp(inT);
g2+ ¢%
da < 1
bo < g
b < —q;
B [/(N +3)/(rIm(7) logy €);
for n =2 to M do
qa < 4a92;
q < 4aq;
o < 0o + g;
th 01+ (=1)"g;
end
90 — 1+ 290;
91 — 1+ 291;
return (6o, 61);

Algorithm 1: Naive evaluation of 6yg and 6y

We now discuss the precision at which the computations have to be carried out.
From what we have seen before, the final result should be correct with absolute
precision at least NV + 1 bits. Clearly, this will be achieved if all computations are
carried out at fixed precision N + 5log, M = O(N) bits. Since the constant 7 as
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well as the exponential function can be evaluated with relative precision N bits
in time O(M(N)log N), as explained in [3] for example, the time complexity of
algorithm EvaluateThetaNaive (Algorithm [ is in O(M(N)v/N).

9()1 (T)
000 (7)
the precision losses that can occur, Algorithm [2] can be used to evaluate k’.

2
We now turn to the evaluation of k": since k/(7) = ( ) , and considering

Algorithm: EvaluatekpNaive

input : 7€ F, NeN

output: kp such that |k'(7) — kp| / |k (7)] <27V
(09, 01) < EvaluateThetaNaive(r, N + 5);

kp « (61/00)*;

return kp;

Algorithm 2: Naive evaluation of k'

Clearly, algorithm EvaluatekpNaive (Algorithm [2) has time complexity in
O(M(N)VN).

Now j can be evaluated using equation (). However, one must be careful about
the precision loss that can occur: as Im(7) increases, 0go(7) and 61 (7) will tend
to 1, hence 1 — k/(7)? will tend to zero. More precisely, we have 1 — k"2(7) ~ 16q as
Im(7) — 400, hence this operation can entail a big precision loss. In fact, in order
to evaluate j(7) with relative precision N bits, it is sufficient to have an evaluation
of k() with relative precision N + 5Im(7) bits, and the algorithm is of course
straightforward.

Remark 1. The j function can also be defined by means of the Dedekind 7 function,
which shares a few properties with theta constants (sparse ¢ series development,. . . ).
It then follows that using the n function g¢-series instead of those of the theta
constants yields another algorithm for the evaluation of j and related functions.
This algorithm is described in [7] and has the same asymptotic complexity (up to
a constant) as EvaluatekpNaive.

Remark 2. At first sight, the complexity of this method for the evaluation of j
depends on the value of Im(7). Note, however, that the number B of iterations
in Algorithm [ is in y/N/Im(7). In particular, if we fix some constant K > 0
and we want to evaluate the theta constants at 7 € F with relative precision
N < KIm(r) bits, then the number of iterations will be bounded by a constant.
Using this remark, it is easy to see that the complexity of the evaluation of j is in

OM(N )\/N ).
4. THE ARITHMETIC-GEOMETRIC MEAN

4.1. Definition. Let a and b be two positive real numbers. The arithmetic-geo-
metric mean (AGM) of a and b, uncovered by Lagrange and then rediscovered and
much studied by Gauss, is the common limit of the two sequences (a,) and (by,)
defined by ag = a, by = b,
an + by

2

bn+1 =V anb7 .

Ap4+1 =

and
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A proof of the fact that these sequences indeed converge to a common limit can
be found in [I1I] IIT, pp. 361-363] or in [2] [4].

The AGM can be extended to the case where a and b are complex numbers,
although such a generalization is not straightforward (this is mainly due to the
fact that, for every n € N, b, is defined as being one of the two possible square
roots of a,by,, hence the sequences (a,) and (b,,) are not uniquely determined by a
and b). A study of the AGM for complex numbers can again be found in [IT} III,
pp. 361-480] or in [].

In order to simplify things somewhat, we only consider the case where a and b
liein R = {#z € C: Re(z) > 0}. For z € C, we denote by /= the unique square root
of z lying in R UR=?.

We then define the sequences (a,,) and (b,) as above. We have the following
result.

Theorem 1. Let a,b € R, and define the sequences (ay) and (b,) as above. Then
they converge to a common limit AGM(a, b) € R, and this convergence is quadratic:
for alln e N,

|y, — bn|2

n _bn S.—'
[an1 = bual < SR a0y

Proof. For every n € N, let 6,, € [0, 7] denote the unoriented angle between a,, and
b,. Proposition 2.1 of [] proves that (a,) and (b,) converge to a common limit
AGM(a, b) € R, and the proof also shows that

—-b
|1 — bpyr| < [an = bu]

and

For n € N, we have

’an + b, — 2\/anbn‘

‘an-&-l - bn+1 |

2
[Van = Vbl

o 2
|an—bn‘2

2 ‘,/an + \/bnf'
Now, the unoriented angle between ,/a,, and /b, is equal to 8,,/2 < /2, so that

Vam Vo = Il + Vo] 2]V

|an| + |bn|
2Min(|an|, |bnl)-

2

cos(6,,/2)

ARV

From the proof of [4, Proposition 2.1], we also have that

in 6, 2
20 Min (Jal , b)) > =Min (Ja], b)),
T

Min (|an| s |bn|) >
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whence

Qn

2 _ 4
b'n, Z _Mln(‘a|7|b|)a
s

and finally
7 |an — bal®

n _bn S.—' D
a1 H'SMMMJW

The limit AGM(a,b) for a and b € R, is again called the arithmetic-geometric
mean of a and b.

4.2. Relationship with theta constants and other properties. In order to
simplify notations, we let M : R — R denote the (univariate) AGM defined by
M(z) = AGM(1, 2).

The key point in the study of the AGM, relating it to modular functions and
modular forms, is the following result.

Theorem 2. For T € F', we have

M (K'(r)) =

0 0(7’
Proof. Let T € H, and define the sequences (a,,) and (b,) by
e
03(r)
and
b — 981(2n7-)
030(7)
Proposition [] shows that
lim 000(2”7’) = lim 001(2”7’) = 1,
n—oo

n—oo
whence
1
R O = 0 bn = G -
2
Since k' (1) = 38123, it is clear that ap = 1 and by = k(7). Moreover, Proposi-

00

tion Bl proves that, for any n € N, we have
a, + b,
Ap4+1 = 9

and

b2 1 = anby.
Hence the key point in obtaining the announced result is proving that, if 7 € F/,
then for any n € N, a,, and b,, lie in R. This is contained in the proof of Theorem 2.2

of [] and more precisely in the proof of Lemma 2.9, which also makes use of
Lemmata 2.3 to 2.8. (]

Proposition 8. The function M is analytic on R\ {1}.

2Considering that a univariate AGM makes sense, since the bivariate AGM is homogenous, for
all a,b € C, AGM(a, b) = aAGM(1,b/a).
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Proof. We first prove that the Inverse Function Theorem can be applied to the
function k" at any point in F'. This is due to the fact that &’ is analytic on F’, and
that, for all 7 € F,
d_k/(T) _ —Z.7T0812(7')9%0(7') # 0
dr 203,(7)
(this expression of the derivative of k' is obtained using Proposition [G]).
Now the function 1/6%, is also analytic on F’, and for all T € F’, we have

1
M(K(7)) = 25—
030(7)
hence the proposition follows from the fact that k&’ is surjective from F’ to
RN\ {1}. O
Proposition 9. For 7 € 7', we have
dM 460{,(T)

(K (1)) =

dz imBoo (705, (7)010(T)’

where O (7) = oo (7).

Proof. This follows directly from the differentiation of the equality

1
M (K(7) = 25—
050(T)
using the definition of the function ¥ and Proposition O

5. EVALUATING k' USING NEWTON ITERATIONS AND THE AGM

In this section, we restrict our work to the case 7 € F. Using the same arguments
as in Section [3] it is easy to see that for all T € F,

K (1) — 1] < 0.9,

hence any approximation of k’(7) with absolute precision N + 4 bits is also an
approximation with relative precision N bits.

5.1. A function vanishing at /(7). Let 7 € F, since F C F’ and SF C F/, we
have k(1) € R and k¥'(ST) € R, hence using the results on k and k" from Section 23]
we can write k'(ST) = /1 — k"2(7).

Theorem [ shows that

1
M (K' (1)) =
F () 930(7’)
and ]
M (E'(S7)) = 5,
W)= s
hence, using Proposition [2, we have
M)
M (K'(ST)) '

We now introduce the function f, defined for z € R by
Fo(2) = iM(2) — M (\/1 - 22) .

From the preceding discussion, it is clear that f. vanishes at k’(7), hence the
idea to use Newton iterations on f; in order to evaluate k&’ at 7. In order to show
that this is indeed possible, we now give a few results about f;.
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Proposition 10. The function f. is analytic on R\ {1}.

Proof. This is a direct consequence of the definition of f. and of Proposition8 O

Proposition 11. For all 7 € F,

e iy 2
dz () 777'931(7')94110(7').

Proof. Differentiating the definition of f,, we get

df—T(z):’LdM(Z)—l— TZ dM(m),

dz dz VI—22 dz
hence ,
T () = G () + ey G (7).
Using the expression for 4 (k/(7)) obtained in Proposition [, we get
Ue oy - () I (A N
dz 000 (T)031(7)010(7) — imk' (ST)000(ST)05,(ST)01(ST)

Now, differentiating the identity
980(57') = —”930(7)

gives us
2000(ST)000(ST) = —i7%000(7) (Bo0(T) + 27050 (7)) -
Using the equalities

92
k/(T) gl (T)
050(T)
and
030 (7)
K(ST) = k() = 25—,
050 (7)
and the transformation formulae given in Proposition [2 we obtain the announced
result. (]

We now introduce the function g : R \ {1} — C defined by

M(z)3

9(z) = m

for all z € R\ {1}.
It is easy to see that g is analytic on R \ {1}. Now, using the definitions of k
and k' and Theorem 2l we have, for all T € F,

1
K =)
o) = g e
hence from Proposition [1]
dfT / _ __2 /
Ve wiryy = 2gwin).
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5.2. Newton iterations for the function f.. In this section, we fix 7 € F, and
write £ = k(7).

Since f; is analytic on R and vanishes at £, Newton iterations on f. are a method
of choice for the evaluation of k' at 7. Classically, this is done by first setting zg to
some approximation of £, then by considering iterations of the form

fr(2n)

Rn+l1 = Zn — f/(Z )
\#n

If 2y is sufficiently close to £, then the sequence (z,) will converge to &, and the
convergence will be quadratic.

It can be proven that if we replace f.(z,) by f.(£) in each iteration, then the
same result holds. However, this is usually not very useful since ¢ is precisely the
quantity we want to compute. In our case, we consider iterations of the form

7T fr(2n)

29(zn)
The idea is that, since z,, is an approximation of £, then ;—3 g(zy) is an approximation
of ;—fg({) = f1(£). More precisely, if we introduce the values F(1) and G(7) defined

T

for all 7 € F byl

Zn+1 = ”n +

e e

=t mﬂ(f)‘

and )
- g("’(é“)‘"
G =5 e |

we have the following result.

Theorem 3. Let 7 € F and £ = k/'(1). Define the sequence (z,) by zo € R\ {1}
and (2)
T fr(2n
T )

for alln € N. Then, if

|§ - ZO| < GMaX(F(T)a G(T))

and )
€ — 20l < 5 Min (€], |1 - &),

the sequence (zy,) is well defined and we have, for all n > 0,

2n 1
e-nl<(3)  l-al

In order to prove this theorem, we first prove the following lemma.

Lemma 1. Let 7 € F, £ = k'(7), and a« = Max (F(7),G(7)). Then for all
z € R\ {1} such that
20| — 2] < 1,

3The fact that F(7) and G(7) are indeed finite follows from the analyticity of f- and g.
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we have

nrfr(2)| 20|z =g
29(2) |~ 1—=2alz—¢€|

Proof. Let 7 € F, £ = K/ (7), and « = Max (F(7),G(7)). We have

’f—z-l—

T fr-(2)| | 77 -2
e- ot TEON | T ) - - 9 (Z2a00)
T -2
<|ors| (|- -0 (Zate))
#le=gl: | 2| 1ot - ace)
9O (1) = =L | . laz) =gl
e ( mer T T ) )
Now, consider the Taylor expansion for f. at &:
f(”)
fr(z) = +Z
hence
Fr(2) = (= O £1) G
| s 2 n!f;<f)| e
< N R
n>2
F(r)]z—¢”
S T-Fm-g

since, by hypothesis, F(7) |z — &| < 1.
In a similar fashion, by considering the Taylor expansion for g at & and using
the definition of G(7), we get

g9(z) _ 9" (6)
0© 2l

(Z - §)n7

where
g(”) . _GMl==¢
T 1-G(r) [z ¢

n>1

The hypothesis on |z — £| implies that

( )|z ¢l

Grlz—g ="

hence we get
1 1-G() ]z =¢

G(r)|z=¢] — &
- G T T-2G(r) 5 — 4
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These inequalities, combined with the fact that the functions x +— % and

& — 1= are increasing on [0, 1/2[ and the definition of a, prove that

mfr(2)| _ 20lz ¢
29(2) | T 1—2alz—¢|

E—2+ O
Proof of Theorem Bl Let 7 € F, £ = K/ (1), « = Max (F(7),G(7)), and zg € R\ {1}
such that
b 6a|5_20‘ < ]-7
o |&— 2| <0l
° |§ —Z()| < |1 — Zo|.
We define the sequence (z,) by

7T fr(2n)

Zntl = Zn + 29(271)

for all n € N, and let A = 2a|€ — 2.
We now prove, by induction on n, that for alln € N, z,, € R\1 (i.e., the sequence
is well defined), and

2" —1
(@) e-nl<(25)  l-al

This is clearly true for n = 0, we now show that if it holds for n, then it holds
for n + 1.

Since z, € R\ {1}, then z,4; is well defined. Since 6« |{ — 29| < 1, we have
25 <1, hence [ — 2,| < |€ — 2|, and Lemma[Il can be applied to z, to show that

2a\§—zn|2
— < .
€= 2nial < 1—2a|€ — 2]

Combining this with the fact that equation (@) holds for z,, we get

2 A\ !
&= 2nnl < 1—204|Cz“—z|<<1—)\> 5_2‘)')

n+1
2 A 2 -2 2

< _

= 1-2a¢ — 2| (1—/\> € = 2ol

gn+l_q

2

A

A
< e — .
< (25)  k-al
Now, the condition 6 | — zp| < 1 ensures that 25 < %, hence
1 on+l_q
e-smnls () e-al k-l

Since [€ — 2] < % and |§ — 2| < %, then z,4; lies in R \ {1}, and the
theorem is proved. O
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6. ALGORITHMS AND COMPLEXITY RESULTS FOR THE EVALUATION OF k'

6.1. Evaluation of the AGM. In this section, we let z € R and we denote by (ay,)
and (b,) the sequences associated with the computation of M (z) (letting ag = 1
and by = z).

We begin by giving an upper bound on the number of AGM iterations required
in order to compute M (z) to a given relative precision.

Proposition 12. Forallz € R, N € N, if we denote by (a,,) and (b,,) the sequences
associated with the computation of M(z) (with ag = 1 and by = z) and define ny
by

ny = Max ([log, [logy |2[[], 1) + [logy(N + 3) — 1],

then a,,, is an approximation of M(z) to relative precision N bits.

Proof. Let z € R and N > 0. As usual, we denote by (a,) and (b,) the AGM
sequences associated with the computation of M(z), and we introduce the following
auxilliary sequences:

b (mn)nGN (resp. (Mn)nGN)a defined by m, = Mln(|an| ) |bn|) (resp. M, =
Max (|an|, |bn])) for all n > 0,

e (¢p)nen defined by ¢, = M, /m,, for all n > 0, and

e (0,)nen, where 6,, is the unoriented angle between a,, and b,,.

The sequence (M,,) is clearly decreasing while, from the proof of Proposition 2.1
of [,

ap — bn
o) N
(6) Mint1 = Mg OS 77,
sin Oy 2

and 6,41 < %” for all n > 0.
We then have, for n > 0,

An+41 2 _ |an+bn‘2 < (2Mn)2 —¢
bpi1 4lanb,| — AMpm, "
and
bnt1 2 4 |anby| < AMym, ¢y
Qnyt1| \an, _|_bn|2 ~ 4m2cos?6, cos?d,’

where we used the fact that
lan, + bn|2 = \an\z + \bn|2 + 2|anby,| cos 0, > 2m2(1 + cosb,,) = 4m? cos®0,,.
Using the fact that 6,, < 7, this proves that
(8) Cni1 < V2¢,.
For all n > 0, we have
R M e M
2 2fvar+VET

|an+1 - anrl‘ -
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and
2

NoEavs

On

= |an| + |bn| + 2 ’\/an\/bn COS?‘
0, 0,
> 2my, (1 + cos 7) = 4m,, cos> R

3 977/
so (using the fact that =2 < %),

|an — ba|®
9) lant1 = bnya] < #a

where a = 8cos? T =4 (1 + %)
Now, let ng = Max ([log, |logs |2]|],1): since logy co = |log, |2||, then (by an
induction using equation (§)) log, ¢y, < 1, hence ¢,, < 2. Moreover,

‘ano - bn0|2 = ‘an0|2 + |b7l0|2 -2 ‘anobm)' COSH"O = Mzo + mio - 2Mn0mn0 COSH"O’

so that, if we use the facts that 6,, < 7 and that the function x — 24+ 1-—V2x
is increasing on [1, 2],

n _bn
(10) M: c%o—l—l—anocoanOS\/cio—l—l—\/icnoS\/S—Q\/i.

My,

A direct induction using equations (@) and (@) shows that, for all & > 0,

|Gk — brg+k] k |y — bny|
(11) 10g2 0—sinG:0 S 2 1Og2 Oﬁnazo.
amno 5 amno 0,

o 0

- T

Using equation (I{) (and the fact that % > 2‘/5)7 we find that

An, — b
10g2 | = sinzz‘ — _27
QMp, 9"0 0
so that (by equation (III)) for all £ > 0,
|a‘ﬂo+k - bno+k| < o 1
sinGnU — 22k+1 s 22k+1_3'

no no

We are now ready to prove the announced result. Using equation (&), one proves
that for all n > 0, |[M(2) — an| < |an — by|, and equation (@) shows that |M(z)| >

mn% for all n, so that
— 0
|M(2) — ang+kl |@ng+k — bng+k 1
O I U R
0

no

If we set ny = ng + [log,(IV + 3) — 1], then the above equation proves that a,, is
indeed an approximation of M (z) with relative precision N bits. (I

This shows that Algorithm Bl can be used for the evaluation of M(z).
Note that, using Newton iterations, square roots can be extracted to relative
precision N bits in time O(M(N)) [3].
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Algorithm: EvaluateM
input : zeR, NeN
output: M such that |[M — M(z)|/|M(z)| < 2N
a<+ 1;
b+ z;
K < [log, [log, |2[] + [logy (N + 3)1;
for k=K —-1to0do
c<a+b;
b+ Vab;
a < c/2;
end
return a;

Algorithm 3: Evaluation of the univariate AGM function M

We now discuss precision. It is easy to see that only a constant number of bits
of relative precision can be lost at each iteration, hence it is sufficient to work with
a relative precision of

N +2+4+2ny = O (N +log|log|z||) bits,

with ny as defined in Proposition
This leads to the following result.

Corollary 1. The time complexity of algorithm EvaluateM is in
O (M (N + log [log |z[|) (log [log |z[| + log V)) .
If we suppose that z lies in a compact subset of R, then the complexity is in
O(M(N)logN).

6.2. Evaluating k' at a fized T € F. In this section, we fix some 7 € F and study
the complexity of the evaluation of k' at 7 as a function of the required relative
precision N. Our algorithm is based on Theorem Bl Since precision considera-
tions will play an important role in this algorithm and its complexity, we begin by
investigating them, before describing the algorithm itself.

6.2.1. Precision considerations. We first note that if &'(7) is needed to relative
precision N bits, the remark from the beginning of Section [l shows that it is
sufficient to compute an approximation to absolute precision N + 4 bits.

To evaluate k’, we will use Newton iterations on the function f,. The validity
of our algorithm will be based on the following (slight) variant of Theorem [Bl

Proposition 13. Let 7 € F and let (z,) and (z),) be two sequences such that

, , 1 LK ()] [1=FK(7)]
k(T)_ZOSMm(lOF(T)’lOG(T)’ 1 4 )

2y = zo and for alln > 1,
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and

N 7T fr(2n)
n+1 nt zg(zn)

Then, for all n > 0, we have

12!
K -l (5) W0 -l
Proof. The proof mimics that of Theorem [3l O

The interest of this proposition is that the sequence (z,) used in Theorem [
does converge to k'(7), but cannot be computed exactly (since algorithms can only
handle numbers with finite precision). Here, the elements of the sequence (z)
approximate those of the sequence (z],), hence our algorithm will use the sequence

If we define b, by

by = log, (Max (10 F(7),10G(r), |kf(17)| T i,w )) ,

then Proposition tells us that if zp is an approximation of k'(7) to absolute
precision b, bits and if, for all n > 0, 2,41 is an approximation of

w7 fr(2n)
T g (en)

to absolute precision at least 2"*! 4+ b, bits, then for all n > 0, z,, is an approxi-
mation of £'(7) to absolute precision 2™ — 1 + b, bits. Our algorithm will compute
such a sequence (z,) to approximate k'(7).

We now study the precision at which computations have to be carried out to
compute z,y1 from z,. We have to compute

7T fr(2n)
29(zn)

to absolute precision 2"+! 41+ b, bits (since one bit of precision can be lost when
summing with z,).

Since z, is an approximation of &’(7) with absolute precision higher than b, bits,
then, using the definitions of b,, F(7), and G(7) and Taylor expansions as in the
proof of Lemma [I we get

o =T wenarey)

and

Frlz) = o~ K T W) (1429,

with |eg| < 1/5 and |ey| < 1/5, hence

7T fr(2n) , 1
M e T I - < — .
S| < 210() ~ 2] < e
Moreover, using the fact that
1
g(K(7) = o= >
03, (1)010(7)
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it is easy to prove (by considering the definitions of 8y, and 61 as g-series and the
fact that Im(7) > v/3/2 since 7 € F) that

, 1
2 g (K'(m) = o=

10 |q| 25

Taking into account the fact that a few bits of precision can be lost in arithmetic
operations, this shows that f,(z,) should be computed to absolute precision

257 | 7]

2" + 4+ b, + log, ( ) < 2" 410 + by + logy(|7]) bits,

and g(z,) to absolute precision

2" + 4+ log, ( ) < 2" 41 —4Im(7) bits

1
101q]
or to relative precision 2" + 3 bits.
6.2.2. The algorithm. From the discussion above, and taking into account the few

bits of precision that can be lost through arithmetic operations, Algorithm [ can
be used to evaluate k(7).

Algorithm: Evaluatekpl
input : 7€ F, NeN, b, €N
output: k! such that |k'(7) — k.| / |K'(1)] <27
z «<EvaluatekpNaive(T, b;);
n < 0;
while 2" — 1+ b, < N +4do
a +EvaluateM(z, 2"t + 12 + b, + [logy(|7))]);
b +EvaluateM(v/1 — 22, 2" + 12 + b, + 2[log, (|7])]);

w12(1—22)(ia—7b)
2a3 ?

24— 2+
n<n-+1;
end
return z;

Algorithm 4: Evaluation of k¥’ using Newton iterations and the AGM

Since the precision at which the computations have to be carried out increases
(it more or less doubles at each Newton iteration), the total running time for this
algorithm is proportional to the running time for the last Newton iteration, where
n will be on the order of log, N. The cost of that last iteration is, using results
from the last section on the complexity of the evaluation of the function M, in
O(M(N)log N). Thus we have proven the following theorem.

Theorem 4. If 7 is fized in F, then there exists an algorithm that evaluates k'(T)
with relative precision N bits in time O(M(N)log N) = O(N1F¢).
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6.3. Evaluating k' at any 7 € F. In this section we let 7 vary in F and study
the complexity of the evaluation of k' at T as a function of 7 and of the required
relative precision N. This is motivated mainly by class polynomial computation, a
natural application of our algorithms.

If we consider the algorithm introduced in the last section, then its running time
when 7 varies will now also depend on 7 and not only on the required precision V.
In fact two major problems arise when Im(7) increases:

e The value of b, increases as well (the study of the second order derivative
of f, at k'(7) shows that b, increases at least linearly with Im(7)). This is
not too important, since the naive algorithm (Algorithm[2) takes a constant
number of multiplications to evaluate ¥’ at 7 with a precision linear in
Im(7), as remarked in Section

e k(1) will tend to 1, hence /1 — k/(7)? = k(7) will tend to 0. It is in fact
equivalent to 4¢'/2, and if we use algorithm Evaluatekpl (Algorithm M)
to evaluate k'(7), then the computation of f; at each step will require the
computation of M(y/1 — 22), and since /1 — 22 is on the order of k(7),
this computation will require a number of AGM iterations in O(Im(7)+N),
where N is the required precision.

Due to these reasons, the running time of the algorithm described above, if 7
is not fixed in F, is in O(M(N + log Im(7))(N + logIm(7))). We now consider a
variant of that algorithm improving on its complexity.

The basic idea is that, if k’(7) is known, then 62,(7) can be computed as
02,(1) = 1/M(K' (7)), and since k(1) = 63,(7)/03,(7), so can 62,(7). Now, us-
ing the duplication formulae for the theta constants given in Section 2.2} 62,(2"7)
and 62, (2"7) can also be computed, for all n > 1, using n AGM iterations. This
gives an algorithm with running time in O(M(N + n)n) for the computation of
k' (2"7) with precision N bits, from &'(7).

We now define, for r > 1,

Fr=Fn{reC:|r|<r}.

For all r > 1, F, is a compact subset of F, and F(r) and G(7) are indeed
bounded on F,., as a consequence of the following proposition.

Proposition 14. Let U be an open subset of C, h be an analytic function on U
and K be a compact subset of U where h does not vanish. Then the function H
defined on U by

1
h(n)(z) n

H(z) = Sup,,>, Wh(z)

is bounded on K.
Proof. Since K C U, there exists € > 0 such that for all z € K and 2’ € C,
|2/ —z|<e=z2 €U

Then, by the Residue Theorem, for all z € K and n > 1,

h(n)(z) _ L/ h(t) dt,
270 Jo(z,0) (t — z)ntt
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where C(z, ) is the circle of radius e centered at z. If we let h,, (resp. hps) denote
the maximum (resp. the minimum) of the function |h(z)| on K, we then have

h(™ (2) har har
nlh(z) | = nle™hy, — evhy,’
for all n > 1, hence
1
1 /(hpy\™ _ hu
H(z) < . — < —. O
(Z) — Sup'ILZIE (hm) — 8hm

Since F (1) and G(7) are bounded on F,., there exists B, such that for all 7 € F,.,
br < B,.

Using Theorem M the above result implies that, for all » > 1, there exists an
algorithm that evaluates k'(7) with precision N bits for all 7 € F,. and N € N in
running time O(M(N)log N).

Now, if 7 € F, there exists n < Im(7) such that 7/2" € F3, and k() can be
computed either using the naive algorithm if the required precision N is less than
n (this takes time in O(M(N))) or by first computing k’'(7/2™) and then using n
AGM iterations as seen above. This leads to Algorithm [Bl

Algorithm: Evaluatekp?2
input : 7€ F, NeN, N; e N
output: k!, such that |k'(7) — k.| / |k (7)] <27V
n + [logy(Tm(r))
if N <2n then
| return EvaluatekpNaive (T, N);
end
T T1/2™;
¢ «<Evaluatekpl (7', N + 2[log,(n)], B2);
d <EvaluateM(c, N + 2[logy(n)]);
b« cd,
a <« 1/d;
while n > 0 do
c—a+b;
b+ Vab;
a + c/2;
n+<n—1;
end
return a/b;

Algorithm 5: Evaluation of k&’ (variant)

Thus we have:

Theorem 5. There exists an algorithm that, for all N € N, evaluates k' (1) with
relative precision N bits in time O(M(N)log N) = O(N'T€) for all T € F.
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Note that a direct consequence of this result is that Hilbert class polynomi-
als of degree h can be computed in time O(h?T¢) using root approximation and
reconstruction, as described in [7].

7. EVALUATING OTHER FUNCTIONS

7.1. Using modular polynomials. It is a well-known fact (see [5] for example)
that if f; and fo are two modular functions for two subgroups (of finite index) I'y
and I'y of T', then there exists a polynomial ®y, ;, € C[X,Y] such that, for all
TEH,
(I)f17f2 (fl (7—)’ f2(T)) =0.

Such a polynomial is called a modular polynomial. As for the functions k' and
J (for which a modular polynomial is in fact given by equation (1)), it is often the
case with “classical” modular functions that the modular polynomial linking them
together can be chosen with coefficients in Z, Q or some finite extension of Q.

We now let f be a modular function for a subgroup IV of ', and we suppose that
a modular polynomial ® ;- linking f to &’ is known to an arbitrary precision. Then
for any 7 € F, f can be evaluated at 7 by first computing the (univariate) poly-
nomial @i (X, k' (7)), and then by using Newton iterations on that polynomial.
This yields an algorithm in O(M(N)log N). The algorithm we gave to evaluate j
is nothing but a (very) special case of the latter.

7.2. Evaluating the Dedekind 7 function. The Dedekind n function can be
defined, for all 7 € H, by

n(r) = q= [Ja-¢")

n>1

_ q% 1+ Z(_l)n(qn(&n—l) +qn(3n+1))

n>1

(The equivalence between these two definitions, known as Euler’s Pentagonal Num-
ber Theorem, is proved, for example, in [14]).

Modular invariants defined using simple or double quotients of n functions are
often used to compute class polynomials [9]. It is thus of interest to have a fast
algorithm to evaluate 7.

We first note that, using Theorem [2] and the very definition of k' (k'(7) =
02,(7)/62%,(1)), Ooo and bp; can be evaluated at any 7 € F in time O(M(N)log N).

Now, using [16, pages 112-114], we have

Ooo (1) = (1) f*(7),
where f is a modular function satisfying the modular equation
FHE?(1-E?) = 16.
We thus have
12 _ k(1 — k)63
Ui 16 )

and it is clear that this equation can be used to evaluate 7 in time O(M(N)log N)
(the 12-th root can be extracted using Newton iterations).
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FIGURE 1. Minimal precision needed to initialize algorithm
Evaluatekpl at k'(0.25 4 yi)

8. EXPERIMENTAL RESULTS

8.1. Precision needed in order to initialize Newton iterations on f,. One
of the problems is that the value of b,, which is an input to Algorithm Ml is not
known, hence the value of B,, which is necessary for Algorithm [l is not known
either.

After having carried out a number of numerical experiments, we conjecture that
for all T € F,

by < 100 + 7logy(e)Im(7) < 100 + 4.6Im(7).

In order to give evidence for this conjecture, we computed the minimal preci-
sion at which the initial approximation of k’(7) has to be computed so that the
Newton iterations do indeed converge. Our experiments showed that that quantity
mainly depends on Im(7) and not much on Re(7). Figure [Il shows how this min-
imal precision changes as Im(7) changes (while Re(7) is fixed, equal to 0.25)This
data shows that the minimal precision increases roughly as 4.53Im(7), which cor-
responds to logs(|g|) (since logs(|g|) = logs(exp(—nIm(7))) = mlogy(e)Im(7), and
mlogsy(€e) = 4.5324). This is in accordance with our conjecture on the value of b,.

8.2. Timings and comparison with the naive algorithm. We implemented
algorithms Evaluatekpl and EvaluatekpNaive in C, using the libraries GmP [12],
MPFR [I3] and Mpc [I0] for the arithmetic of complex numbers.

For a fixed 7 (here, 7 = 0.123456789+1.234567897), the computation time for the
evaluation of k¥’ using our implementation of algorithm Evaluatekpl for a required
precision up to one million bits (on an Athlon 64 running at 2.4 GHz) is pictured
in Figure

Figure [ shows how our implementation of EvaluatekpNaive compares to that
of Evaluatekpl, on the same machine as above.



1846

REGIS DUPONT

35 T T T T T T

30+
25+
20+

15} ¢‘§§*

Computing time (in seconds)
3

4
4+
() Lsapast?

1110° 210° 310° 410° 510° 610° 710° 810° 910° 1-10°

Precision (in bits)

F1GURE 2. Computing time for algorithm Evaluatekpl

40 T T T T

35¢ +
= L
9 +
= 30 o
(] +
g i
E 25+ . + i
< S
g 20t W g
B +
) W
2 151 e ]
g =
o o
£ 10} B ]
Q +
o o

A§¢11II:::&&*&#&*T*"’**§*§T¢§§*§§* L
50000 100000 150000 200000

Precision (in bits)

Ficure 3. Computing time for algorithms EvaluatekpNaive

(top) and Evaluatekpl (bottom)



FAST EVALUATION OF MODULAR FUNCTIONS 1847

ACKNOWLEDGMENTS

The author wishes to thank Andreas Enge, Pierrick Gaudry and Frangois Morain
for fruitful discussions about this work.

REFERENCES

(1] H. Baier and G. Kéhler. How to compute the coefficients of the elliptic modular function
j(z). Ezperiment. Math., 12(1):115-121, 2001. MR2002678|/(2004h:11039)

[2] J. M. Borwein and P. B. Borwein. Pi and the AGM. John Wiley, 1987. MRO0877728
(89a:11134)

[3] R.P.Brent. Analytic computational complezity, chapter Multiple-precision zero-finding meth-
ods and the complexity of elementary function evaluation, pages 151-176. Academic Press,
New York, 1975. MR0423869|/(54:11843)

[4] D. A. Cox. The arithmetic-geometric mean of Gauss. Enseign. Math., 30:275-330, 1984.
MRO0767905|/(86a:01027)

[5] M. Deuring. Die Klassenkorper der komplexen Multiplikation. In Enzyklopddie der mathe-
matischen Wissenschaften mit Einschluss ihrer Anwendungen, volume Bd 1, H. 10, T. 2.
Teubner, Stuttgart, 1958. MR0167481 |(29:4754)

[6] R. Dupont. Borchardt’s mean, theta constants in genus 2 and applications, 2005. In prepa-
ration.

[7] A. Enge. The complexity of class polynomial computation via floating point approximations,
Math. Comp. 78:1089-1107, 2009. MR2476572/(2010h:11097)

[8] A. Enge. The complexity of modular polynomial computation via floating point evaluation
and interpolation, 2005. In preparation.

9] A. Enge and F. Morain. Comparing invariants for class fields of imaginary quadratic fields.
In C. Fieker and D. Kohel, editors, Algorithmic Number Theory, volume 2369 of Lecture
Notes in Comput. Sci., pages 252—266. Springer-Verlag, 2002. 5th International Symposium,
ANTS-V, Sydney, Australia, July 7-12, 2002. Proceedings. MR2041089 (2005a:11179)

[10] A. Enge and P. Zimmermann. MPC — Multiprecision Complex arithmetic library version 0.4,
2004. Available at http://www.loria.fr/"zimmerma/free/.

[11] C. F. Gauss. Werke. Dieterich, Gottingen, 1866-1933.

[12] T. Granlund et al. GMp — GNU Multiprecision library version 4.1, 2002. Available at
http://wuw.swox.com/gmp/.

[13] G. Hanrot, V. Lefévre, P. Pélissier, and P. Zimmermann. MPFR — Multiple Precision Float-
ing point computations with exact Rounding library version 2.1.0, 2004. Available at
http://www.mpfr.org.

[14] D. Mumford. Tata lectures on theta I. Birkhauser, 1984. MR0688651|/(85h:14026)

[15] B. Schoeneberg. Elliptic modular functions, volume 203 of Die Grundlehren der mathema-
tischen Wissenschaften in Einzeldarstellungen. Springer—Verlag, 1974. MR0412107/(54:236)

[16] H. Weber. Lehrbuch der Algebra, volume III. Chelsea Publishing Company, New York, 1902.

INRIA FuTurs, PROJETTANC, LABORATOIRE LIX, EcoLE POLYTECHNIQUE, 91128 PALAISEAU,
FRANCE
E-mail address: regis.dupont@méx.org


http://www.ams.org/mathscinet-getitem?mr=2002678
http://www.ams.org/mathscinet-getitem?mr=2002678
http://www.ams.org/mathscinet-getitem?mr=0877728
http://www.ams.org/mathscinet-getitem?mr=0877728
http://www.ams.org/mathscinet-getitem?mr=0423869
http://www.ams.org/mathscinet-getitem?mr=0423869
http://www.ams.org/mathscinet-getitem?mr=0767905
http://www.ams.org/mathscinet-getitem?mr=0767905
http://www.ams.org/mathscinet-getitem?mr=0167481
http://www.ams.org/mathscinet-getitem?mr=0167481
http://www.ams.org/mathscinet-getitem?mr=2476572
http://www.ams.org/mathscinet-getitem?mr=2476572
http://www.ams.org/mathscinet-getitem?mr=2041089
http://www.ams.org/mathscinet-getitem?mr=2041089
http://www.ams.org/mathscinet-getitem?mr=0688651
http://www.ams.org/mathscinet-getitem?mr=0688651
http://www.ams.org/mathscinet-getitem?mr=0412107
http://www.ams.org/mathscinet-getitem?mr=0412107

	1. Introduction
	2. Modular functions and theta constants
	2.1. Modular functions
	2.2. Theta constants with characteristic 2
	2.3. The functions k and k'

	3. Basic evaluation of j using the Dedekind -function
	3.1. Notions of precision
	3.2. A naïve algorithm

	4. The arithmetic-geometric mean
	4.1. Definition
	4.2. Relationship with theta constants and other properties

	5. Evaluating k' using Newton iterations and the AGM
	5.1. A function vanishing at k'()
	5.2. Newton iterations for the function f

	6. Algorithms and complexity results for the evaluation of k'
	6.1. Evaluation of the AGM
	6.2. Evaluating k' at a fixed F
	6.3. Evaluating k' at any F

	7. Evaluating other functions
	7.1. Using modular polynomials
	7.2. Evaluating the Dedekind  function

	8. Experimental results
	8.1. Precision needed in order to initialize Newton iterations on f
	8.2. Timings and comparison with the naïve algorithm

	Acknowledgments
	References

