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ERROR ESTIMATES FOR GALERKIN APPROXIMATIONS OF
THE “CLASSICAL” BOUSSINESQ SYSTEM

D. C. ANTONOPOULOS AND V. A. DOUGALIS

ABSTRACT. We consider the “classical” Boussinesq system in one space dimen-
sion and its symmetric analog. These systems model two-way propagation of
nonlinear, dispersive long waves of small amplitude on the surface of an ideal
fluid in a uniform horizontal channel. We discretize an initial-boundary-value
problem for these systems in space using Galerkin-finite element methods and
prove error estimates for the resulting semidiscrete problems and also for their
fully discrete analogs effected by explicit Runge-Kutta time-stepping proce-
dures. The theoretical orders of convergence obtained are consistent with the
results of numerical experiments that are also presented.

1. INTRODUCTION

In this paper we will analyze Galerkin approximations to the so-called “classical”
Boussinesq system

(1.1)

which is an approximation of the two-dimensional Euler equations of water-wave
theory that models two-way propagation of long waves of small amplitude on the
surface of an ideal fluid in a uniform horizontal channel of finite depth. The variables
in (L)) are nondimensional and unscaled; 2 and t are proportional to position along
the channel and time, respectively, and n = n(z,t) and u = u(z,t) are proportional
to the elevation of the free surface above a level of rest represented by n = 0, and
to the depth-averaged mean horizontal velocity of the fluid.

The system (LI is a member of a general family of Boussinesq systems derived
in [T1] that are approximations to the Euler equations of the same order as (L))
and whose nonlinear and dispersive terms are of equal importance when written in
scaled form. These systems are written as

N+ Uz + (nu)z =0,

1
ut+nx+uuz_§umxt:07

Mt + uz + (nu)r + auggy — bnzzt - O;

1.2
( ) Ut + Ny + UUz + CNgga — duwwt = 07

where a, b, ¢, d are real parameters satisfying a+b = (62 —1/3), c+d = +(1-6?),
where 0 < # < 1. The specific system ([LI)) was previously formally derived from
the Euler equations, in the appropriate parameter regime, in [22], [24], and [29]. Tt
has been widely used in the engineering fluid mechanics literature for computations
of long, nonlinear dispersive waves, starting with [22] and [23].
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Existence and uniqueness of the initial-value problem for (L) posed for z € R
and t > 0 and supplemented by initial conditions of the form

(1.3) n(@,0) =no(x), u(z,0)=ue(z), zeR,

was studied by Schonbeck, [25] and Amick, [2]. In these papers global existence
and uniqueness was established for infinitely differentiable initial data of compact
support such that no(z) > —1, x € R. In [I2] the theory of [25] and [2] was used
to prove that given initial data (ny,ug) € H*(R) x H*T1(R) for s > 1, such that
inf,er no(z) > —1, there is a unique solution (n,u) which, for any T > 0, lies in
C(0,T; H*(R)) x C(0,T; H*T*(R)). (Here, H*(R) is the usual, L?-based Sobolev
space of functions on R and C(0,7T; X) denotes the space of functions ¢ = ¢(t)
having, for each ¢ € [0, 7], values in a Banach space X and are such that the map
[0,T] — ||¢]|x is continuous.)

It is well known that the initial-value problem (II), (I3]) has classical solitary-
wave solutions. In [4] we construct such solutions numerically and investigate,
by means of numerical experiments, their properties and interactions. We use
fully discrete Galerkin methods that approximate solutions of (II]) posed on finite
intervals and subject to boundary conditions. It is of interest therefore to study
initial-boundary-value problems (ibvp’s) for (II]) and establish error estimates for
their numerical approximations.

In this paper we shall analyze the numerical solution of the following ibvp for
(CI): For some 0 < T' < oo, we seek n = n(z,t), u = u(x,t), defined for 0 < x <1,
0 <t <T, and satisfying

M+ ug + (nu)s =0, (z,t) € [0,1] x [0,T7,
ut+nw+uux—%umt:(), (z,t) € 10,1] x [0,T7,
n(z,0) =mno(z), wu(z,0)=wuo(z), z€l[0,1],
u(0,t) =0, wu(l,t)=0, te€]0,T].

This ibvp (for 0 < ¢ < oo) has been studied by Adamy, [I], who showed that
it has weak (distributional) solutions (n,u) € L°°(R*;L! x H}) provided, e.g.,
that o € L', uo € Hj with inf,cpqn0(z) > —1. (Here L' = L'(0,1), and
H} = H}(0,1) is the subspace of the Sobolev space H'(0, 1) whose elements vanish
at = 0 and = 1.) The proof uses a parabolic regularization of the first pde of
(CB)), a technique used in the context of the Cauchy problem by Schonbeck [25].
It should be noted that the homogeneous Dirichlet boundary conditions on u in
(CB) are one kind of boundary conditions that lead to well-posed ibvp’s in the
case of the linearized system; see [19]. It is noteworthy that the CB system needs
only two boundary conditions for well-posedness as opposed to the four boundary
conditions (for example, Dirichlet conditions on 7 and w at each endpoint of the
interval) required in the case of other Boussinesq systems, such as the BBM-BBM
(a=c¢=0,b=din [L2), cf. [I0]), or the Bona-Smith systems (a =0, b =d > 0,
¢ < 0in ([2), [7].) The case of the homogeneous Dirichlet boundary conditions in
(CB) may be viewed as a base for studying the nonhomogeneous analog wherein
u(0,t) and u(1,t) are given functions of ¢ > 0 corresponding to measurements of
the velocity variable at two points along the channel.

In [I3], Bona, Colin, and Lannes introduced another type of Boussinesq systems
that they called “completely symmetric”. These, when scaled, are approximations
of the Euler equations of the same order and are obtained by a nonlinear change

(CB)
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of variables from the usual systems ([2)); they have certain mathematical and
modelling advantages over the latter. In this paper we shall also therefore consider
the analogous problem for the symmetric system, specifically the ibvp

m+us + 2(qu)e =0, (x,t) €[0,1] x 0,77,

Ut + My + Sutg + 30me — 2uge =0, (z,t) €[0,1] x [0,T7,
n(x,0) =no(z), wul(xz,0)=ug(x), =ze€]l0,1],

u(0,t) =0, w(l,t)=0, te][0,T].

(SCB)

It is not hard to see that the solution of (SCB]) satisfies the conservation property
(1.4) @)1 + [lu@®)1? + gllua (0N = lnoll* + lluoll* + 5lugll?,

for t > 0, which simplifies the study of its well-posedness and the analysis of its
numerical approximations as will be seen in the sequel.

In this paper we shall analyze semidiscrete and fully discrete Galerkin-finite
element methods for the ibvp’s (CB) and (SCB) assuming that their solutions are
sufficiently smooth. Previously, rigorous error estimates for Galerkin methods for
these “classical” Boussinesq systems were proved in the case of the periodic initial-
value problem in [3] and [9]. (For numerical work for this type and for other
Boussinesq systems of the form (2] we refer the reader, e.g., to [3], [B], [20], [21],
(a1, (8], [14, [3], 6], [1].)

The analysis of Galerkin methods for (CB) or (SCB) is of considerable interest
due to the loss of optimal order of accuracy that emerges from the error estimates
and is also supported by the numerical experiments. We shall investigate this
phenomenon in detail in the paper but one may in general say that in the uniform
spatial mesh case the (limited) loss of accuracy seems to be due to a combination
of effects related to the boundary conditions and the specific form of the “classical”
Boussinesq systems. (For example, no loss of accuracy occurs in the case of periodic
boundary conditions on 7 and u for these systems; cf. [3], [9].) In the case of
general (quasiuniform) mesh the (more severe) loss of accuracy seems to stem from
the lack of cancellation effects that are present in the uniform mesh case, and from
the hyperbolic character of the first pde of these systems. (The loss of optimal
order of accuracy in standard Galerkin semidiscretizations of first-order hyperbolic
equations manifested in various contexts is well known and was earlier observed,
e.g., by Dupont in [I8].)

In section 2 we consider the standard Galerkin semidiscretizations of (CB)) and
(SCB) in the space of (at least) continuous functions on [0,1] that are piecewise
polynomials of degree at most r — 1 (r > 2, integer) with respect to a quasiuniform
mesh. We prove that if the solution (n,u) of (CB]) or (SCB) is sufficiently smooth
and (nn,up) is the semidiscrete approximation, then ||n — n,| = O(h™!) and
lu — uplls = OR"1). (Here || - ||, || - |1 denote, respectively, the L? and H*
norms on [0,1].) These rates of convergence are suboptimal in the case of 1 and
optimal for u; numerical experiments in section 6 indicate that they are sharp.

If the mesh is uniform, better rates are obtained. In section 3 we examine the
standard Galerkin semidiscretization of the two systems in the space of continuous,
piecewise linear functions and we prove, among other things, that the improved
estimates || — x| = O(h*/?), ||u — up|| = O(h?) hold, as a result of a suitable
superaccuracy estimate involving the error of the interpolant into the finite element
space. In section 4 we consider the case of C? cubic splines. Here, using some
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relevant superconvergence results of Wahlbin [28], allows proving a series of suitable
superaccuracy estimates for the error of the interpolant and that of the elliptic
projection that lead to error estimates such as || — n,|| = O(h3®\/In1/h), |ju —
up|l = O(h*y/In1/h). These are consistent with the rates of convergence of the
errors obtained from numerical experiments presented in section 6.

In section 5 we turn to the analysis of fully discrete schemes. We consider only
explicit time-stepping schemes in order to avoid the more costly implicit methods
that require solving nonlinear systems of equations at every time step. Of course,
with explicit methods there arises the issue of stability. We confine ourselves to
a uniform mesh spatial discretization and consider three representative explicit
Runge-Kutta schemes, namely, the Euler, the improved Euler, and the classical,
four-stage, Runge-Kutta methods, whose orders of accuracy are 1, 2, and 4, respec-
tively. We couple the Euler and improved Euler schemes with a piecewise linear
spatial discretization and the fourth-order RK scheme with cubic splines. We show
that the stability restrictions on the time step k£ needed by these schemes are of
the form k = O(h?), k = O(h*?), and k < Moh for a constant )\ sufficiently
small, for the schemes with Euler, improved Euler, and fourth-order RK temporal
discretizations, respectively. Under these restrictions, we prove optimal-order in
time error estimates; the spatial rates of convergence are these of the semidiscrete
approximations.

In this paper we let C¥ = C*[0,1], k = 0,1,2,..., denote the space of k times
continuously differentiable functions on [0,1] and define C§¥ = {¢ € C¥;¢(0) =
#(1) = 0}. For integer k > 0 we let H*, || - ||, denote the usual L?-based Sobolev
space of classes of functions on [0, 1] and its associated norm. (In the case k = 1 we
use the equivalent norm defined by [[v]1 = (||v]|? + &[[v/||*)!/2.) The inner product
and norm on L? = L?(0,1) is denoted simply by | - ||, (-, ), respectively, while the
norms on L>® = L>(0,1) and on W% = Wk (0,1) by | - [loc, ||  [[k.00- We let P,
be the polynomials of degree < r. By (-, ), |-|, we shall denote the Euclidean inner
product and norm on R".

In http://arxiv.org/abs/1008.4248 the interested reader may find an extended
version of the present paper ([6]) including additional results as well as details of
proofs omitted herein.

2. STANDARD GALERKIN SEMIDISCRETIZATION ON A QUASIUNIFORM MESH

Let 0 =21 < 23 < -+ < xnx41 = 1 denote a quasiuniform partition of [0, 1] with
h := max;(x;41 — x;). Given integers r > 2 and 0 < u <r —2,let Sy, := {¢p € O+ :
¢\[wj7wj+1] €P,_1,1<j< N}, Sho=1{¢€Sn,0(0)=¢(1) = 0}. It is well known
that there exists a constant C independent of h such that

(2.1) min {[w — x|| + hflw — x[1} < CA"|w]];,
XESh

for w € H", and that a similar estimate holds in S if w € H" N H. (In what
follows, C will denote a generic constant, independent of h.) Let a(-,-) denote the
bilinear form a(t, x) := (¢, x) + 5(¥',X") Y¥,x € Sho, and let Ry, : H' — Sj, 0 be
the elliptic projection operator relative to a(-,-), defined by a(Ryw,x) = a(w, X)
VX € Sho. It follows by standard estimates that for £ = 0,1,

(2.2) |Rpw —w| < Ch™F||lwl||, if we H NH;j.
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It also holds ([I7]) that

(2.3) | R = wlloo + Al Riw = w00 < CH 0] oe
provided that w € W™ N HE. In addition, the inverse inequalities
(2.4) Ixlh < CR x|l

(2.5) Ixlleo < CR2x]I,

hold for any x € Si, (or x € Sho), and so does the estimate, [17],
(2.6) |[Pv— ] < Ch™||0]lp00, for veW™™,

where P : L? — S}, is the L-projection operator onto Sj,.
The standard Galerkin semidiscretization on Sy, of (CBJ) is defined as follows:
We seek ny, : [0,T] — Sh, up : [0,T] = Sh,o, such that for ¢ € [0, T,
2.7) (hts @) + (Unz, @) + (Mun)e, ¢) =0 Vo € Sp,
' a(unt; X) + (Mha, X) + (Untthe, X) =0 VX € Sho,

with initial conditions
(2.8) nn(0) = P , up(0) = Ryug .

Similarly, we define the analogous semidiscretization of (SCBI), which is given for
0<t<Thby

(2.9) (hts @) + (Unas @) + 5 ((Mhun)e, @) =0 Vo € Sy,
a(tne, X) + (Mhas X) + 2 (Wntine, X) + 3 (Ma0he, X) =0 Vx € Sho,

with

(2.10) nn(0) = P, up(0) = Rpuo -

Upon choosing a basis for Sy, it is seen that the semidiscrete problems ([2.7), (2.8)
and ([29), (2I0) represent initial-value problems for systems of ode’s. Clearly, these
systems have unique solutions at least locally in time. One conclusion of the next
proposition is that they possess unique solutions up to t = T, where [0,7] will
denote henceforth the interval of existence of solutions of (CBI) or (SCB).

Proposition 2.1. Let h be sufficiently small. Suppose that the solutions of (CB)),
and (SCB), are such that n € C(0,T;WZL), u € C(0,T; WL N HE). Then, the
semidiscrete problems (Z), 28) and Z3), @I0) have unique solutions (N, up)
for 0 <t < T that satisfy

_ < r—1

(2.11) Jnax () = m (O] < Ch"™,
_ < r—1

(2.12) Jnax [lu(t) —un ()]s < Ch" .

Proof. We first consider the case of the symmetric system (SCBI). Putting ¢ = i
and xy = up in (29) and adding the resulting equations, we obtain the discrete
analog of ([L4)), i.e., that

(2.13) Inn (B + llun (011 = Ina ()11 + [lun (0)[1F

is valid in the temporal interval of existence of solutions of (2:9)-(2I0). By standard
ode theory we conclude that the system (2.9), (ZI0) possesses a unique solution in
any finite temporal interval [0, T.
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We now let p :=n— Pn, 0 := Pnp—np, 0 := u — Rpu, £ :== Rpu — up. Using
(SCB)) and [29), 2I0) we obtain for 0 <t < T,

(2.14) (01,0) + (00 + &, 0) + 5((nu = Mhun), @) =0 Vo € Sy,
(2.15) a(&, x) + (pe + 0z, X) + 2 (utic — unUnz, X) + 2 (M2 — MuMha, X) =0 VX € Sho.

Note first that nu — npup, = u(p+6) — (p+6)(c + &) + n(o + &), vty — UpUp: =

(uo)z + (u€)z — (0€)s — 00 — E&u, MM — MaTha = (9o + (10) — (p0) 2 — ppz — 00
Now, by continuity, in view of (2I0), we conclude that there exists a maximal
temporal instance t, > 0 such that [|0(t)]|c < 1 for ¢t < ;. Suppose that 5 < T.

Then, taking ¢ = 6 in (ZI4) and using (Z1)-(24)), (2.6), and integrating by parts,
we have for 0 <t < ty,

a0 = =(02,0) = (&,0) = 3[((pw)a, 0) + 5 (usb,0) = ((p0)z, 6)
— ((p€)w:0) = 5(020,0) — 5(£.0,0) + ((10)z,0) + (7€), 6]
< llo= 161 + €181 + 5llwlloc Loz 1161 + 5lluzllscllolIO]
+ 3 lua o101 + 3llpz ol 16
+zllellloallscllfl + 3lolleo &6l
+ Cllpzlgl O]+ FlloalloclOl* + Fl€NION + 3linllocllo= 6]l
+ 3 lnalloclo O] + Flnlloc 1€ 61 + 3lnzlloc I IE]
<R+ gl + eIl

(2.16)

where C' is independent of ¢5. In addition, putting x = ¢ in (2I5) we similarly
obtain, for 0 <t < ¢,

SANE = (p+0,8) + 2[(uo, &) + (u€, &) — (€, &) + (004, €)]
+ 5 [(np, &) + (19, €2) — (00, &) — 5 (pas p) — (062, 0)]
<llplllléll + 101IE + Sllullsollolléall + SllulloollENE:]

+ 3lollcollEllliézll + Sllollsc ozl + S lnllcollol I

+ slnllssllOlligal + 3llollgal + Cllellllollligl: + 3 1€ 191l
S O™+ [I€l + 19D -

(2.17)

From (2I0) and (ZT7) it is seen that for 0 < ¢ < ¢ there holds %(HHH +€lh) <
C(h"=Y +[|0|| + ||€]]1), from which, by Gronwall’s Lemma and (2.I0), we conclude
that

(2.18) 0@+ lE@) || < Ch™Y, 0<t<ty,

where C is independent of ;. Since by ZH) ||0]lec < Ch™Y/2||0||, if h is sufficiently
small the maximality property of ¢; is contradicted. Therefore we may take t, = T,

and (ZI0) and ([212) follow from (2I8), 1) and ([22). In the case of (CB) the
invariance property ([2.13]) no longer holds, and the ivp (2.1), (2.8)) has a local unique

solution. Using the same notation as in the case of (SCB)), we consider the ivp of
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finding 0(t) € Sh, &(t) € Sh for t > 0, such that
(01, 0) + (02 + &2, 8) + ([ulp +0) = (p+ 0) (0 +€)

+n(c+8)],¢) =0 VeS8,
(219) a(gta X) + (pm + Qma X) - (U(O' + g) - 0-57 XI)

—(00z + &€& x) =0 VX € Shpo,

6(0)=0, £(0)=0.

Obviously, [2I9) has a local unique solution. Let ¢, € (0,7") be the maximal time
instance for which this solution exists and satisfies ||0(¢)]|cc < 1 for 0 < t < .
Then, as in the case of (SCBI), we obtain again that ||0(¢)|| + [|£(¢)]1 < Ch™Y,
0 <t < ty, where C is independent of ¢;,. We conclude that we may take t;, = T.

If np, = Pnp— 0, up, = Rpu — &, it follows that (n,,up) is a unique solution of ([27),
@3) in [0,T) and that it satisfies the estimates [2I1)) and (Z12]). O

The error estimates of this proposition indicate that the L? rate of convergence
that we obtain for the error n — 1, is suboptimal while that of the H' norm of
u — uyp, is optimal. This is consistent with the results of numerical experiments to
be presented in section 6.

3. SEMIDISCRETIZATION WITH PIECEWISE LINEAR, CONTINUOUS FUNCTIONS
ON A UNIFORM MESH

For integer N > 2 we let h = 1/N and z; = (i — 1)h, i = 1,2,...,N + 1,
Sp={peC g, , €F.1<j<N} 8,=1{pe5%.60) =o(1) =0}
We will use the operators P and R}, introduced in the previous section as well as
the estimates (2I)-(2.8) for r = 2, putting S, = SZ, S = 5270. In addition, we
let Iy, I}, denote the interpolation operators with respect to the mesh {z;} into
the spaces S, 5,2170, respectively. It is well known that

(3.1) lw = Lywl| + k| (w = Tyw)'|| < CR¥|lw®]],

holds for w € H*, k = 1,2, and that a similar estimate holds in S} , if w € H*NHj.
We let {9, }5\7;11 denote the basis of S? satisfying ¢;(z;) = 6;j, 1 <4, < N+ 1. In
the following lemma we collect results that will prove useful in the error estimates
that follow.

Lemma 3.1. (i) Let Gij = (¢j,¢i), 1 < i,5 < N + 1. Then there exist positive
constants ¢ and cy such that c1hly|? < (Gv,7) < eah|y|? ¥V v € RVFL,
(ii) Let b € RNTL = G71b, and ¢ = 30" v;6,. Then [[y]| < (crh)"1/2[b).
(i41) Let w € C3. Then, there exists a constant Cy = Oy (||w®||o) such that for
any & € [x;, Tit1),
(w— Iyw)(z) = —%w”(i)(x —z) (g1 —x) + g(x), = <z <wipy,
where [|glloc + ]3| < C1R°.

Proof. The proofs of (i), (ii), (7i7) are given in [I8] for continuous, piecewise linear,
periodic functions on [0,1]. It is straightforward to adapt them in the case of S7
at hand. (]

The following superapproximation result for the interpolation error, a conse-
quence of cancellations due to the uniform mesh, is central for the sequel.
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Lemma 3.2. Let v € C3 and w € C'. If e := v — Iv and v € S} is such that
(¥, ) = ((we),¢) ¥ ¢ € SZ, then ||¢|| < Ch3/%. If in addition w(0) = w(1) = 0,
then ||v|| < Ch2.

Proof. Let b; := ((we), ¢;) = —(we, ¢}), 1 <i < N + 1. Clearly, |b1| = O(h?) and
lbyi1] = O(h?). Let 2 <4 < N. Then, from Lemma 3.1(iii) we have

b; = %/ ’ w(x)(z — zi-1)(z; — x)dz

i—

" Tit1
=2 [ ) - ) a0+ 00

"o Titl
= / [w(z) —w(z — h))(z — 2;)(wip1 — x)dz + O(h®).
Therefore, b; = O(h3), 2 < i < N; consequently |b| = O(h?) and ||¢| = O(h*/?) by
Lemma 3.1(i7). If w(0) = 0, Lemma 3.1(4i%) gives

B h
by = —(we, ¢}) = %h(o)/o w(z)z(h — z)dz + O(h®) = O(h3).

Similarly, if w(1) = 0, then byy; = O(h®). Hence, |b| = O(h%/?), giving |¢|| =
O(h?) by Lemma 3.1(i4). O

In the uniform mesh case at hand, and with Sj, = S7, Sj, ¢ = Sio, we consider
again the semidiscretizations (2.7) and (29) of (CB)) and ([SCH), respectively, with
the initial conditions for both systems now given by the interpolants of 7g, ug:

(3.2) Nr(0) = Inno, un(0) = Inoup.

The main result of this section is

Theorem 3.1. Let h = 1/N be sufficiently small. Suppose that the solutions
of (CB) and (SCB) are such that n € C(0,T;C3), n, € C(0,T;C?), u, u; €
C(0,T;C3). Then, the semidiscrete problems ), B2) and @3), B2) have
unique solutions (np,up) for 0 <t < T that satisfy

j - < Oh3/? - <
(4) ng%XTH??(t) m(t)| < Ch*=, ng%XTHu(ﬁ) up(t)[r < Ch,

.. _ 2 _ 2
() mass [[u(®) —un() < CH?, max [lus(t) = une(®)]| < Ch.

Proof. We give the proof in detail in the case of (SCBI), where existence of solutions
of the ivp (Z9)), 3:2) for 0 < ¢ < T follows from (ZI3). The proof in the case of (CB)
follows from an argument analogous to that given in the proof of Proposition 2.1
and will be omitted. Let p :=n—1pn, 0 := Iyn—"nn, 0 == u—1Ipou, & := I ou—up.
Note that nu — nyup = no + ub — 0§ + F, where F := n& + up — po — p§ — 0.
In addition, 97, — Mhpe = —00, + (n0); + G, where G := np — pf — 3p* and
Uy — upUpg = Hy, where H := uo + ué — o€ — 102 — 1¢2. Then, from (SCB) and
23), B2) it follows for 0 < ¢ < T that

(01, 0) + (€x, 0) + (L + 510z, &) + 3 ((ub)z, 6) — 5((06)a, d)

(3.3) L B )
+5(Fe,0) = —(pt,0) Vo €S,
5.0 a(&, X) + (B2 X) + (P2 X) — 3002, %) + 3((00)2s X) + 3(Ga X)
' + 3(He,x) = —(00,X) VX E Siy,
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with

(3.5) 0(0)=0, £(0)=0.

(In the right-hand side of [B.4]) we used the fact that for x € 5270 a(oe, x) = (04, %),
since (v — (Inov)’,x’) = 0 for v € H}.) In order to show the estimates in (), we

put ¢ = 6 and x = ¢ in (B3)) and (B4), integrate by parts, and add the resulting
equations to get for 0 <t < T,

31O + €D + (1 + 57)0)z,0) + 5((ub), 0) + 3(F, )
+ (pz,§) + 5((779)9675) + %(Gz,g) + %(ng) = —(pt,0) — (01,8) -

Now, using the approximation properties of S7 and Sio, integration by parts, and
Lemmas 3.1 and 3.2 we see that

(1 + Sn)o)e,0)] = [(PU+ o)), 0)]| < cr¥2)0),
((u6),,0)] = 31(u.0,6)| < il

|(Fa, )] < [((08) 2 )] + ((wp)a )] + |((p0)w, O)] + | ((pE)z, 0)] + 5(020. 6)]
< C(llllllel + R2[l6] + k6]
|

‘(pwa )l < Ch2||€||1’

(3.6)

b

)
((9)2, &) < ClIElL N0,

(G, ) < [, €)| + 1(p0. )| + 51(p%, &)| < C(R2[IEllL + B2 [101111€]1)
(Hae, €)| < |(uo, &)| + 51(uat, €)| + (06, &) + 51(0%, &) < C(R2IIENl + [I]17)
[(pe: O] + (0, &) < C(R*|16]] + h2||€||) :

Hence, from (B.6) we conclude that for 0 <t < T,
w017+ 1€y < C(R>2110] + g llx) + C (101> +1IElIT) < C[R* + (1011 + liElID)] -
By Gronwall’s Lemma we obtain
10)I1* + €@ < CIh* + [16(0)]1* + [1€0)I3],
from which, in view of ([B2]), we get
(3.7) 101+ [[€lly < Ch¥2, 0<t<T,

and the estimates in (i) follow. In addition, from (B) and the approximation
properties of S7 and Sﬁ,o one may easily derive the following L? estimates of F, G,
and H, that we note for further reference

(3-8) IFl < ClEll+Rr%), Gl <Cn®, [H| < C(lIE]l + h?).

We proceed now to prove the optimal-order error estimates in (i¢). Equation
B4) may be written in the form

(3.9) §t = Rpv,

where v is the solution of the problem
(3.10)
v—30" = —(0+p)e—3(10)s— 3(G—30°+3H),—0y, x€[0,1], v(0) =v(1) =0.

Considering the weak form of 3.I0) in Hy, and B.7) and (B8] we see that
(3.11) o], < CR®/2.
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In order to derive a bound for ||v||, let ¢ € L? and V be the solution of the problem
(3.12) V—1iv'=(, z€l0,1], V(0)=V(l)=0.

Then, by BI0)

(3.13) (v,¢) =a(v,V)=(0+p, V) +L1(00,V')+ 3(G - 16> +3H, V') — (0, V).

From (IB:SI) with ¢ = 1 we see that (0; + pt,1) = 0, 0 < ¢t < T. Hence, f01(9+
p)dx= fo x,0)dz=: J=const. Therefore, if for (z,t) € [0, 1] x [0,T],

(3.14) y(z,t) = /Ox (0(s,t) + p(s,t))ds — zJ

it follows that v € H} and v, = 6 + p — J. Hence, (3.13) yields
(0,¢) = (42, V') + 5070, V') + 3(G = 56° + 3H — np + nJ, V') = (01, V)
(V") = 3OV + V') + 5(G = 360° +3H —np+ 0, V') = (04, V).

Now, using ([B.1), (8.8), the approximation and inverse properties of S%, S7 ;, and
elliptic regularity in [3.I2) we obtain [(v, ()| < |[¥[[[V"[| + ClyII([IV"]| + [IV])
FC(02 + [ IV! |+ CHIV] < 02 + [l + €], and conclude that

(3.15) loll < C(* + Iyl + N€lD -
Now let W be the solution of the problem
(3.16) W—iW"=¢, zel0,1], W(0)=W()=0.

Using [B3)), (ZI3)), elliptic regularity in (8I6), and the estimates (BI1)) and (BI5)
gives (£,&) = a(W,&) = a(W, Ryv) = a(v, RyW) = a(v, R\W — W) + a(W,v) =
alv, By W — W) + (e,v) < Chlilllvl + lelloll < €2 + [l + Tl el from
which it follows that

(3.17) sallel® < Ch* +lyI* +l1gl?), o<t<T.

In order to obtain the required optimal-order estimate for ||£|| from (BI7) we need
a similar estimate for a suitable approximation of «. For this purpose, observe that
B3) yields, for 0 <t < T and ¢ € S?,

(3'18) (’Yactv ¢) + l((u@)w’ ¢) = _(ww7 ¢)

where w = £ + (14 4n)o — 30¢ + L F; note that w € H} and that (37) and (33)
give |[w|| < C(||¢||+h?). Using 1ntegrat10n by parts and the definition of y in (BI])
yields, for 0 < ¢t < T,

(3.19) (v, ) + 5 (uva, @) = —(w — Jup+ 3ut, ¢') Vo € S7.

Consider now the space S} ! of discontinuous, piecewise constant functions relative
to the partition {z;}. Given any ¢ € S; ' consider in (IJ) ¢ € S? such that
¢’ = 1. Hence we have for 0 <t < T (v, ¢) + %(u%,w) = (K, )V e S,:l,
where K := w — fup + juJ satisfies |K|| < C(||€|| + h?). Now taking ¢ = Py in
the above, where Py is the L2-projection operator onto S,;l, yields, for 0 <t < T,

(3.20) 3 L Poy|I? + & (uve, Poy) = —(K, Pyy).

Since || Pyy — || < Ch|lv|1 (cf. e.g. (16.24) of [27]) and |||, < Ch%/? by @), we
have |(uye, Poy)| = [(wye, Poy =) = 3(uz7,7)| < C(RINIT + [IYIIP) < CAlT



ERROR ESTIMATES FOR THE “CLASSICAL” BOUSSINESQ SYSTEM 699

+ [Poy = A2 + [PolI?) < C(h* + |[Pyr|?). Hence, @20) yields, for 0 < ¢ < T,
that

(3.21) 5o Porl® < C(A* + [Pyl + 11€11%) -

Now, from BIT), since ||v]| < ||Poy — I + |1 Pyl < Chb/? + [Poy|l, we get for
0<t<T,

(3.22) sallEl* < Ch* + 1Py [1* + €N®) -
Adding (3:2I) and [322) we finally obtain by Gronwall’s Lemma and (3.5)) that
(3.23) 1Por|I + 1I€]1* < Ch*, 0<t<T.

Therefore, the first inequality of the conclusion (i) of the theorem holds; in addi-
tion, by similar estimates with the ones used above, we also obtain

(3.24) v < Ch?*, 0<t<T.

Finally, we prove the second estimate of (i¢). Let Z be the solution of the problem
Z—32" =&, 2 €(0,1], Z(0) = Z(1) = 0. Then, by BI) |&]* = a(Z,&) =
a(Z, Rpv) = a(RpZ,v) = a(RnZ — Z,v) + (&, v). Hence, elliptic regularity and
B.11), B13), B.23), B.24) give

lgcl® < CRIZ]2llvll + [1€llvll < CR2ll&

i.e., [|&] < Ch?, and the second estimate of (ii) follows. O

Remark 3.1. It is not hard to see that the conclusions of Theorem 3.1 hold if 7, (0) is
any approximation of 7 in S? with optimal-order L? rate of convergence. However,
up,(0) has to be taken as I gug or Rpuo.

Remark 3.2. The superaccuracy estimate ||£]|; = O(h%/?) of [B) combined with
(@3) and Sobolev’s inequality yields the L estimate ||u — up|loc = O(h?/?) for w.

Remark 3.3. In the case of a quasiuniform mesh with h = max;(x,11 — z;), one
may easily check that the analog of Lemma 3.1 still holds; however, in the proof of
Lemma 3.2 there is no longer cancellation from adjacent intervals and the conclusion
is just that ||¢)|] < Ch. As a consequence, the techniques of the proof of Theorem
3.1 now yield that ||n — nn|| = O(h) and ||u — upl|s = O(h), and, instead of the
optimal-order estimates in (i), that ||u—up| = O(h%2) and ||u; — up| = O(h3/?).
However, for the linearized problem

nt+um :07

1 (.’L‘,t) € [07 1] X [OvT}v

Ut + Mg — 3Uzzt :Oa

u(0,t) =0, wu(l,t)=0, te]0,T],
(

77(%0) :770(1')3 u .’[,0) ZUO(x)’ T € [Ov 1]7

(3.25)

the last two estimates may be improved to yield optimal order, i.e., to give ||u —
up|| = O(h?), |Jus — upn¢|| = O(h?). The numerical experiments of section 6 suggest
that ||u — up|| = O(h?) even in the nonlinear case, but we have not been able to
prove this.
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4. SEMIDISCRETIZATION WITH CUBIC SPLINES ON A UNIFORM MESH

We consider again the uniform mesh on [0,1] given by z; = (i — 1)h, i =
1,2,...,N + 1, where N > 2 is an integer and h = 1/N, and let S; := {¢ € C?
: ¢y[xj7xj+l] €P3, 1 <j< N}, Spyg={¢€S,:0(0)=¢(1) =0}, be the space
of (the C?) cubic splines on [0, 1] relative to the partition {z;}, and the space of
cubic splines that vanish at * = 0 and at x = 1. In this section we shall denote by
I,:Ct = S,‘f the interpolation operator, with the properties that for any v € C*,
(Ip)(z;) = v(x;), 1 <4 < N+ 1, (Ipv)(ag) = v'(zx), k = 1, N + 1, and let
Ino: Ct— S,‘io be the analogous interpolant onto 5’270. It is well known that

2
(4.1) > Wlw = Lywll; < Ch*[w®]|
j=0
holds for any w € H* for k = 2, 3, 4 and that a similar estimate holds for I ow if
w € H* N H}. More generally, [26], if 1 <k <4 and 0 < j < k we have that

(4.2) min |[(w — x)9| < CR* I Jw®]|| if we H*
xes;
and
(4.3) min [|(w—x)9|lse < CR* I w® | if weC*,
XES}H

and that a similar estimate holds in S,‘f’o for w in H* or in C* that also vanishes
at £ =0 and = = 1. (Of course, ({.I)-3) hold for quasiuniform meshes as well.)
We shall also use the notation and properties of the elliptic projection operator
Ry, : H' — Sﬁ,o and the L? projection P : L? — S} introduced in section 2 for
r =4, as well as the more general inverse inequalities

(4.4)

Ixlls < O~ Dxlla, 0<a<B<2, [Xllseo < ChCHD x|, 0<s<2,

valid for any x € S}t (or any x € Sf{,o)~ As a consequence of these approximations
and inverse properties it follows that P is stable in L™ and in H', and that Ry, is
stable in H} and in H? N H}.

In this section, we let the standard Galerkin semidiscretization on Sjt of (SCB)
be defined as follows: We seek 7y, : [0,T] — Sp, up : [0,T] — S}, , such that for
t e 0,77,

(4 5) (nht7¢)+(uhmv¢)+ %((nhuh)zaQS) =0 Voe S}%v

. a(”hth) + (nhwa X) + %(uhuhxa X) + %(nhnhwa ¢) =0 VX € 5;4170 )
with
(4.6) nn(0) = Inno, un(0) = Ryug .

The analogous semidiscretization of (CB)) is defined similarly. We will denote by
{¢; }jvztg the usual B-spline basis of S; defined by the restrictions on [0, 1] of the
functions ¢;(x) = ®(% — (j — 2)), where @ is the cubic spline on R with respect
to the partition {—2,—1,0, 1,2} with support [—2,2] and nodal values ®(0) = 1,
@(:l:l) = 1/4, @(:‘:2) =0. rThllS7 e.g., supp(¢j) = [l‘j_g,fbj_;,_l] and ¢j(xj—1) =1 for
4 < j < N, etc. Before proving our main error estimate, we shall state and prove a
series of auxiliary results. Our first lemma is a well-known result, the cubic spline
analog of Lemma 3.1.
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Lemma 4.1. (i) Let Gij = (¢5,¢;), 1 < i,5 < N + 3. Then, there exist positive
constants ¢1 and ¢y such that cihly|?> < { Gv,7) < coh |y]? ¥V v € RN+3,
(ii) Let b € RN*3, v = G=1b, and ¢ = S04 y505. Then |[]| < (exh)~/2[p].
(i4i) Let w € C®. Then, there exists a constant Cy = Cy(||w®||o) such that for
any T € [, Tit1),
(w = Ihyw)(z) = w(@)(z - 2:)* (@1 — 2)* + §@), @ <@ <@g,
where [|§lloo + |7 [lo0 < C1B°.

Proof. The proofs of (i)-(iii) are given in [I§] in the case of periodic cubic splines.
It is straightforward to adapt them to the case of S} and Iy at hand. |

We next prove a superaccuracy estimate for P[(we)’], where € is the error of
the cubic spline interpolant of a sufficiently smooth function and w is a C'' weight.
This estimate is a consequence of cancellation effects due to the uniform mesh and
may be viewed as the cubic spline analog of Lemma 3.2.

Lemma 4.2. Let v € C° and w € C*. Ife = v — Iv and ¢ € S} is such that
(¥, ¢) = ((we)',¢) ¥ ¢ € S, then ||| < Ch35. If, in addition, w(0) = w(1) =0,
then ||v|| < Ch*.

Proof. Let b; = ((we)', ¢;) = —(we, ¢}), 1 <j < N+ 3. In view of Lemma 4.1(31)
it suffices to show that [b] = O(h?). Tt is clear by (@) and the properties of the
basis functions ¢; that b; = O(h?) for all j. We will prove that actually b; = O(h®)
for j = 4,5,..., N, thus establishing that [b] = O(h*). Let 4 < j < N. Using
Lemma 4.1(i7i) and putting ¢(z) = 2%(h — x)?/4! we have

Tj—24k

(we, ¢}) Z/w e(x)¢)(z)dx

j—3+k

— 1}(4)( _2)‘/. w(g:)q(z — I]_3)¢;(l’)dI

+ 0@ (z-1) /Ij_l w(z)g(x — xj_g)qb;(m)dx

Tj—2

PO (zj-1) /Ij w(x)q(x — xj,l)(;S;- (z)dx

Tj—1
Tjt1
+ 0@ (x;) / w(z)g(x — xj)(b; (x)dz + O(h°)
T
=0 (z;_0) Ty + v (2;_1)(Jo + J3) + v ()]s + O(R®).
Hence, by Taylor’s theorem we obtain

(4.7) (we, ;) = v (2;_1)(J1 + Jo + J3 + Ju) + O(h®) .

Suitable changes of variable in each of the four integrals yield J; = foh w(x +
h h
z;_3)q(x)¢)(x) dz, ngfo w(z+x;_2)q(x)Ps(x)dx, ngfo w(x + xj_1)q(x)Ph(x)

de, Jy = foh w(z + xj)q(z)¢)(z) de. One-term Taylor expansions now give, for
Tjy = (:pj 2+ T, 1)/2 that Ju + Jo + J3 + J4y = w z]u fo [¢/( )

Oh(x) + Ph(x) + ¢4(x)] dz + O(h®). The last integral is equal to zero, since
da(x) = $1(h — ), d3(x) = Pa(h — z), and q(z) = g(h — z) for x € [0, h]. Hence



702 D. C. ANTONOPOULOS AND V. A. DOUGALIS

Ji + Jo + J3 + Jy = O(h®), and ([@T) implies that b; = O(h®). Thus, the first
assertion of the lemma is verified. To prove the second assertion, suppose that
w(0) = 0. Then b; = O(h%) for j = 1,2,3. Indeed, using Lemma 4.1(iii), we have
—by = (we, ¢}) = v (h) foh w(z)q(z)¢)(z) dz + O(h®) = O(h®). Similarly (cf.
[6]), we may prove that by = O(h®) and by = O(h®). In addition, if w(1) = 0,
we have b; = O(h%) for j = N + 1, N + 2, N + 3. Hence, if w vanishes at z = 0
and z = 1, || = O(h®) and the second assertion of the lemma follows by Lemma
4.1(i4). O

We shall also derive a superaccuracy estimate for P[(we)’], where e is the error of
the elliptic projection of a function v € C§ and w is a C*! weight. For this purpose,
we first state two superconvergence results that follow from the analysis of Wahlbin
in [28], and which are valid for interior nodes whose distance from the endpoints of
the interval is at least of O(hIn1/h).

Proposition 4.1. Suppose that v € C§ and let v, = Rpv be its elliptic projection
onto 5’270. Then the following hold:

(i) There exists a constant C independent of h such that
(4.8) |(v—vp) (x;)] < Ch4||v||W§C provided  dist(x;,0I) > CrhIn} ,

where Cy is a sufficiently large constant independent of h.
(i) If x;, wiy1 are two adjacent nodes for which the second inequality in (L)
holds and e(x) = v(x) — vp(x), we have

(4.9) e(zip1) —e(wi) = O(hs)”U”WgEc .

Proof. (i) The estimate (@8] follows from Corollary 1.6.2 of [28] (which is strictly
valid when the elliptic projection is defined by (9,,¢') = (v, ¢’) V¢ € 3270)’ com-
bined with Theorem 1.3.1 of [28] which allows us to state the result for v, = Rpv
defined as in section 2 of the paper at hand.

(7i) The cancellation property expressed by (£9) is a consequence of the fact
that é(x) = v(x) — Up(x) may be represented in the form

é(z) = Qi(z) + O(W°)[wllws (2;,2:11) T € [i, Tiga),

where Q;(z) is a polynomial of degree four such that Q;(z;) = Q;(x;41). This
representation follows from the remarks in Example 1.8.2 of [28] and by adapting
the arguments of the proof in Section 1.8 of [28] (which are valid for C! Hermite
cubics) to the case of the C? cubic splines at hand. Hence é(z;41) — é(z;) =
OMW)|w||ws. (z;.2:41), and @EI) follows by the function values superconvergence
estimate for elliptic projections given in Theorem 1.3.2 of [28]. ]

In the next lemma we present some further formulas for the error v — Rpv that
will be used in the sequel.

Lemma 4.3. (i) Let v € C§, v, = Rpv, e =v —vp, and 1 < i < N. Then, there
exists a constant C = C(||w|ws ) such that for any & € [z, vi11],

(4.10)  e(x) = vi(z) + oW (@) (@ — 23) 2 (wig1 — )2 + 8i(2), @ € w5, 2i1]

where ||0;]|co < Ch® and ~; is the cubic Hermite polynomial interpolating the values
of e and its derivative at the nodes x; and ;1.
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(ii) In addition to the hypotheses in (i), suppose that x; and x;11 salisfy the
second inequality in [&8). Then, there is a constant C' = C(||v|lws,) such that for
any & € [x;, Tip1),

(4.11)  e(z) =e(z;) + %U(‘l)(af?)(a@ —2)%(zip1 — )2+ 0(x), =€ [z, mi41],
where ||6;||s < Ch®.

Proof. (i) By the standard representation of the error of Hermite interpolation we
have, since vy € P3 in [2;, x;11], that for © € [z;, x;41] there holds e(x) — v; = %
(x — )% (w41 — )20 (t,) for some t, € (i, 2i11). Hence [@I0) follows from the
mean-value theorem since v € C°.

(1) We let I =[0,1], and K = {z € I : dist(x,0I) > C1hlnl/h}. In view of
([@I0) it suffices to show that v;(z) = e(z;) + O(h®)||v]lws for x4, zi11 € K. Now
’YZ(I) = E(Ii)AiJ(l') + el(l‘i)Bi,l(I) + E(Ii+1)Ai72(l') + 6/(1‘7;+1)BZ‘,2(I), where

A () = [+ 2| el By () = L=l
i —x r—T; 2 — (T, —T)\rT—x; 2
Aio(x) = [1+ 2(m+hl )]( hzl) ., Bia(x) = %

Hence, using ([4.8)) and (@3] we see that v;(z) = e(x;)A;1(x) + e(wip1)Ai2(x) +
O(R®)||v]lws = e(xs) + O(h®)||v|lws , which concludes the proof of the lemma. [

We are now ready to prove the required estimate for P[(we)’], where w is a C*
weight.

Lemma 4.4. Let v € C§ and w € C'. If e = v — Ryv and ¢ € S} is such that
(,0) = ((we)',9) V ¢ € Sy, then ||| < Ch>*\/In1/h.

Proof. Let b; = ((we)’,¢;), 1 < j < N + 3. In view of Lemma 4.1(4¢) it suffices
to show that |b] = O(h*\/In1/h). It is clear by ([22)) and the properties of the
basis functions ¢; that b; = O(h*). We will show that for “most” of the the indices
J it is true that b; = O(h®). Let I = [0,1] and K = {z € I : dist(z,0I) >
CihInl/h}. Since z; = (i — 1)h, 1 < ¢ < N + 1, it is clear that if z; € K,
then 1+ C1Inl/h < i < N+ 1—Cilnl/h. Therefore x; € K if and only if
ieM={vreN:ve[l+Cilnl/h,N+1—-CyInl/h]}. Let y = min M and
m = max M. We shall show that

(4.12) bj| <Ch®, j=p+4,....,m—1.
Indeed, for such j we have
/ > Ttk ’
b= (wed) =Y [ wlalela)d(o)de
k=0 %j—3+k

Tj—3+k

3 T ok
=k§{e<xj_3+k> [ v

[ ) = elayanuo s

j—3+k
Now using Lemma 4.3(74) in each one of the second group of integrals of this ex-
pression and similar considerations as in the proof of Lemma 4.2, we see that

—bj = 6($j,3)J1 + e(l'j,Q)Jg + e(xj,1)J3 + e(xj)J4 + O(hs) R
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where J; = f‘rj “w(z)d(x)de, 1 < i < 4. But since e(ziy1) = e(x;) + O(h°)
when z;, 2,41 € K (by Proposition 4.1(i7)), and taking into account that the J;
are bounded independently of h and that J; + Jo + Js + Jy = O(h) (by similar
considerations as in the proof of Lemma 4.2), we finally obtain (AI2]). By the
definitions of u and m we now have

p+3 m—1 N+3
b|? = Zb§+ S0+ b <Cl(n+3)h8 + b0 + (N +4—m)h]
J Jj=p+4 Jj=m

< C[(Ca+CiIn$)A* + A7) < C3h®In +,
where C3 = C3(||v|lws , [[w]lwa , C1), thus concluding the proof of the lemma. [

The main result of this section follows.

Theorem 4.1. Let h = 1/N be sufficiently small. Suppose that the solutions
of (CB) and (SCB) are such that n € C(0,T;C%), n, € C(0,T;C%), u,u; €
C(0,T;C8). Then the semidiscrete problem X)), [8) (and the analogous problem
for (CB)) have unique solutions (np,up) for 0 <t < T that satisfy

(i) max [[n(t) —mu(t)]] < CR*?\/Ing,  max [lu(t) —un(t)]1 < CA?,

0<t<T 0<t<T

(#4) ogltagXTHu(t) up(t)|| < Ch*y/In 1, Orélta<XT||ut( ) — une(t)]| < Ch*y/In 5 .

Proof. Again, we give the proof in the case of (SCB)), noting that the analogous
proof for (CBJ) follows as in Proposition 2.1. The technique of proof is basically the
same as the one used in Theorem 3.1 and here we shall give the details that are
different. We define now p :=n—Ipn, 6 := Iyn—np, 0 :=u— Ryu, £ := Ryu — up,
and, arguing as in the proof of Theorem 3.1, we have for 0 <t < T,

34 (10117 + 11l + (1 + 3m)0)0, 0) + 5((uh)s, 0) + 5(Fa, 0)
+ (P2, €) + 5((10)2,6) + 5(Ga, &) + 5 (Ha, ) = —(p1,0)
where F :=n+up—po —pé —06o, G := np—p@—%pz, H = ua—l—uf—af—%oQ—

%fz. Using the approximation properties of S} and Sf;)o, integration by parts, and
Lemmas 4.2 and 4.4 we have

[((L+3m0)z,0)| < CR*>/In g |0, |((u6)a, 0)| < C16]I*,
|(Fz, 0)] < C(II£|| 101 + P11 + 11011%) Igpm &)l < ChYE]h
|

(4.13)

[((0), )| < ClElL 0]l Ga, )] < CIE]1110] + 4l
(Hz, &)l < CUEIP + A gl (p, ) < CRY[|6]] -

Therefore, @I3) gives for 0 <t < T £(|0]* + [l€]7) < C(h" In + [|0]* + [I€]19),
from which, by Gronwall’s Lemma and (&6]), we get

(4.14) 6] + 1], < Ch*°y/In 4,

and the estimates (7) follow. In order to prove the estimates (i7), we first note that
that [|F|| < C(l¢]l + 1), |GIl < ChY, [ H|| < C(Jl€]l + h*). Noting that & = Ry,
where v is the solution of the problem

0= 3" = =0+ p)e — 300). — (G = 162 +3H)., w01, v(0) = v(1) =0,
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we see by [I4) that |lv]j; < Ch*5/In1/h. Arguing as in the proof of Theorem
3.1 we have now |jv]| < C(h* + |v| + H§H) where v = [7(0(s,t) + p(s,t))ds —

xfo 5,0)ds. Then, it follows that 34 |[£]|> < C(R® + |[Pyy|? + [|€]|?), where
Py is the L2—pr0Ject10n operator onto S 3, the space of C' piecewise quadratic
functions relative to the partition {xj} We also have, in view of (£I4) and the
estimate Py — 1|l < Chlly|l, that 3 [Pyl < C(h* Ind + [P + [€]2).
From the last two inequalities and Gronwall’s Lemma we obtaln 1Poy|l + 1€l <

Ch* y/In }, from which the first estimate of (ii) follows. The second estimate also
follows along the lines of the proof of Theorem 3.1. O

Remark 4.1. The results of the theorem also hold if we take as 1,(0) any other
approximation of 7 in S; of optimal order of accuracy in L?.

Remark 4.2. The superaccuracy estimate ||£|; = O(h35y/In1/h) of [@I4), com-
bined with ([B3) and Sobolev’s inequality yield the L estimate ||u — uplloo =
O(h35 /I 1/h).

5. FULLY DISCRETE SCHEMES

In this section we turn to the study of some temporal discretizations of the
ode systems represented by the standard Galerkin spatial discretizations of (CB)
r (SCBJ]), We shall confine ourselves to ezplicit time stepping schemes in order
to avoid the more costly implicit methods that require solving nonlinear systems
of equations at each time step. Of course, with explicit methods there arises the
issue of stability of the fully discrete schemes. We will not be exhaustive in our
analysis but we will study as examples three simple, well-known explicit Runge-
Kutta temporal discretizations, namely the explicit Euler scheme, the improved
Euler, and the classical, four-stage Runge-Kutta method, of orders of accuracy 1,
2, and 4, respectively. These schemes require, respectively, stability conditions of
the type k = O(h?), k = O(h*/3), and k < A\oh for \g sufficiently small, where k
is the time step. The reader will find full convergence proofs in [6]. Here, we shall
analyze in detail the improved Euler time-stepping and just state the error estimate
results for the two other schemes.

5.1. The explicit Euler scheme. Let M be a positive integer, k = T/M denote
the (uniform) time step, and put t" = nk, n = 0,1,..., M. We consider for ex-
ample, the standard Galerkin semidiscretizations with piecewise linear, continuous
functions on a uniform spatial mesh on [0,1] with h = 1/N, given by the initial-
value problems (2.7), B.2) and @3), B2) (with Sy, = S}, Sh.0 = S; o) in the case
of the (CB)) and the (SCBJ) systems, respectively. We discretize the systems in time
with the explicit Euler scheme. Hence, we seek for 0 <n < M HJ} € 5,21, Up e Sh 0>
approximations of the solution 7(z, t"), u(z,t") of the (SCB)) system, such that for
0<n<M-1,
(5.1)

(Hy™ = Hy 6) + kUi, ¢) + 5(HUR)2),¢) =0 Yo € S,

a’(U;;Hrl - U;le X) + k(H}TLLmX) + %(Uh Uh;z:v X) %(Hi?HIZLm X) =0 VX € S}QL,O )
with

(5.2) HY =TIymo, U= Inouo.
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The full discretization of the semidiscrete (CB)) system 2.71), (3.2) is defined anal-
ogously. The following result is proved in [6].

Proposition 5.1. Suppose that the solutions (n,u) of (SCB) and (CB) are suffi-
ciently smooth on [0,T]. Then, if p = k/h?, there is a constant C = C(u), which
is an increasing continuous function of u, such that

_ || < 3/2 no__ n <
s [ 0t < OO+ 1%, max U —u)ll < O+ h),

where (H}',U}") satisfy (6.1), (6.2) or the analogous fully discrete scheme for (CB)),
as the case may be.

The condition k = O(h?) also seems to be necessary in some sense. Numerical
experiments, whose results appear in [6], indicate that the accuracy of computations
degenerated when we took k = h® with decreasing o < 2.

5.2. The improved Euler method. We next study in detail the temporal dis-
cretization of the initial-value problems ([27), B2) and 2.9]), (32)) by the explicit,
second-order accurate “improved Euler” scheme, that may be written in the case
of the ode y' = f(t,y) in the two-step form y™! = y™ + Ef(tn yn), yntl = y»
+ kf(t"™ + %, y™1). We first introduce some notation in order to write the fully
discrete schemes more compactly. Let A : L? — Sﬁ)o be defined for f € L? by

(5.3) a(Af,x) = (f,x) VYx€Sio,

i.e., as the discrete solution operator such that wy, = Af, where wy, is the standard
Galerkin approximation in S7 i, Of the solution of the two-point bvp — w + w =
f,0<z<1 w0)=w(l)= 0. From (E3) we have immediately that

(5-4) [AfllL < Cllfll-1,

where the ||-||_1 norm is defined for f € L? by || f||-1 = sup {ﬁ’;ﬁ]l g€ Hi, g #0}.

With this notation in place and as before letting P be the L? projection operator
onto 5,2” we may rewrite the improved Euler fully discrete scheme corresponding
to the (SCB]) system as follows: For 0 < n < M we seek H' € S?, Ul € S 0> and

for0<n<M-1 H}?’l € 57, U,?’l € SEL’O such that

H'' —HP + Epup + 2P(HUE), =0,
UF—W+%mz%mmma§mmwmﬂ,
Hit = Hip + kPUR + 5P U, =

Ut — U + RAH + AU U + gA(H,;Lle,;L;) =0,

(5.5)

for 0 <n < M —1, with H) = I,no, U = I oug. The fully discrete approximation
for (CB) is defined analogously.

We will prove error estimates for the scheme (5.5) and its (CB]) analog by com-
paring Hj» with Iyn(t") and U}’ with I ou(t"). For this purpose, it is useful to
establish the following estimates of the truncation errors of the interpolants. (In
the sequel we shall analyze the approximation of the (SCB]) system; the analogous
results for (CB) follow as in section 2. Frequently, we shall suppress the x variable,

denoting, e.g., n(-,t) by n(t) etc.)
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Lemma 5.1. Suppose that the solution (n,u) of (SCB) is sufficiently smooth in

[0,T]. Let H(t) = Inn(t), U(t) = Ijou(t), and define ¢(t) € S?, ((t) € o for
0<t<T by

(5.6) H,+ PU, + 3P(HU), =,

(5.7) U+ AH, + 3A(UU,) + LA(HH,) = C.

Then

(5.8) o] < CR*2, el < CR*2,lIClh < CR?, (|Gl < OB,

hold for 0 <t < T. An analogous result holds for (CB]).

Proof. Subtracting the equations P(n; + uy + 3(un),) = 0 and (E.06), and putting
p:=1n—Ipn, o :=u — I ou, we obtain P(p; + [(1 + in)ol. + L(up)s — L(po)a)
= —1). Therefore, using the approximation properties of S7 and 5,2170, and Lemma
3.2, we have

[l < e +IPIA+3mole |45 1 Pup)el+(po)ell < C(R2+H*2 4% +h7) <C/2.
Similarly, since e.g. by Lemma 3.2 ||P[(1 + in)olu| < [|P(3mo)a| + [|P[(1 +
in)oils|| < Ch?/2, we have
]l < Nlpell + 1P+ gm)oluell + 31P(up)at]| + | (p0)zel
< C(h® 4+ K32 + 1+ 1%) < Cn®/2.
Now, note that for any x € S}, (5.3) and the fact that (of, x") = 0 yield
a(A(ur — Futze) — Up, X) = (ur, x) + 5 (i, X') — a(Uy, x)
= G(UuX) = (Uta X) = a(AUtu X)

Hence A(u;— —utm) U; = Aoy, which implies, in view of the second pde of (SCB])
that Aoy + Uy + A(n + %uum + %m)m) = 0. Now subtracting this equation from
(E20) we see, after some algebra, that

(5‘9) A(Ut + P+ 5 [(uo) Uom} + %[(Wﬂ)x - ppz]) =—C.

Therefore, using (5.4) and the approximation properties of S7 and 5}21,07 we obtain

<l < Cllloell-1 + lpall-1 + l(uo = 30)all-1 + l(np = 59*)zll-1)
< Cllloell + llpll + lluoll + llo®[| + [Inpll + [12?]) < ChQ.
Similarly, after differentiating (5.9]) with respect to ¢, we see that ||(;||1 < Ch?, thus
ending the proof. The same results hold for (CB]) of course. O

In order to study the consistency and convergence of the fully discrete schemes
we let H” = H(t") = Iym(t™), U™ = U(t") = I ou(t"), where (1, u) is the solution
of (SCB), and define (H™",U™") € Si x S}, ; for 0 < n < M —1 by the equations

H™' —H" + £PU? + *P(H"U"), =

5.10
(5.10) U™t - U+ BAHD + S AUUY) + KA(HTH]) = 0.

In the case of ([CB), H™!, U™! are defined analogously. Our consistency result
follows.
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Lemma 5.2. Suppose that the solution (n,u) of (SCB) is sufficiently smooth and
let \=k/h. Define, for 0 <n < M — 1, 67, 6% by the equations

(5.11) & =H"' = H"+kPUP + 5P(H™'U™),,
(5.12) 8 = U U™ + kAH + AU US) + SAH™ H).

Then, there exists a constant C1 = C1(X), which is a polynomial of X of degree one,
such that

n n < 2 3/2 )
oms (10714 15311) < CLkGR? + 12)

The analogous result holds for (CB) as well.
Proof. Let 0 <n < M — 1. By (&I0), (56) and (5.1) we have
(5.13) H"' = H"+ §HP — 5y, UM =U"+ 50U — 5¢7.

From these expressions, after some algebra, we obtain H™'U™! = H"U™ + %(HU)?
+ w?, where

2 2
(5.14)  wi:= 5 HPU] — E(U" + UMY" — 5(H™ + SH)C" + 5gn(m.
Hence, by (EI0), (5I3), (B.8), and the above we obtain
(5.15) 07 = H™' — H" — kH]' — S H! + kg" + g7 — B pc 4 Eput,

Now, (5I4), in view of (58) and the approximation and inverse properties of S?
and S7 , gives

lwi s < CR?HF UL + Ell™ 1 (U™ + &)U )
R [l + RIHP 1)+ F2 9" ¢ )
< e(k? + kh™h32(1 4 ck) + kh2(1 4 ck) + k2h ™ h7/2) < e(k? + AR%/?).
Therefore, by Taylor’s theorem and (58] we have
(5.16) |07 < e(k® + kR®/? + kE2h3/2 £ E2h2 + k(K® + A\R%/%) < Cik(k? + h3/?),

where (' is a constant that is a polynomial of A of degree one with positive co-
efficients. (Such constants will be generically denoted by C; in the sequel of this
proof.) In order to estimate ||§%||; note that by (E13),

(5.17) umturt =UnUN + EUU,)) +wy
2 2
where wf := EUPUR — E((U™ + gUt”)C”)x + £¢"¢?. By (6.8) and the approx-

imation properties of S7 , we have

(5.18) |wh|| < C(k* 4 kh?).
Similarly,
(5.19) H™'HM = H"H + 5(HH,)} + vy,

where wf = S HPHP, — E((H™ + EHPWr) 4+ Eyrgr. By (B8) and the
approximation and inverse properties of S,QL we have
(5.20) |w || < C(k* + Ah3/?).
By G.12), ((14), (5.I7), and (519), we see now that % = (U™ — U™ — kUP
— %QUQ) + kC™ + %Ct" — ]€2—2Aw2 + %Aw? + %Awg. Therefore, by Taylor’s
theorem, (5.8), (54), GI8), G20), |65 < c(k® + kh? + k*h? + k2h3/2 + k3 +



ERROR ESTIMATES FOR THE “CLASSICAL” BOUSSINESQ SYSTEM 709

E2h% + k3 + Akh®/?) < C1k(k? + h3/?), which, with (5.I6), concludes the proof of
the lemma. The case of (CB) is entirely analogous. O

For the stability and convergence of the fully discrete scheme it is sufficient to
suppose that k = O(h*?) as the following result shows.

Proposition 5.2. Suppose that the solutions (n,u) of (SCB) and (CB) are suffi-
ciently smooth on [0,T]. Then, if u = k/h*/3, there is a constant C' = C(u), which
is an increasing continuous function of u, such that

— ()| < 2 3/2 no_ (Y|, < 2 '
Jmax [[H = n(t")| < OO+ h¥2), max [UF = u(t") | < C(K + h)

Proof. We consider (SCB), and put e” = H*—H}, " = U"~U}, " = H™' —H;"'
and £" = U™ — U»'. We will show that

n n < 2 3/2
(5.21) Jmax (" + ") < COk* + h*/2),

)

from which the conclusion of the proposition follows. From (&.0), (&.11I), (E12) we
have,for0§n<M—1

(5.22) entl = en —pper — Epgmiumt — HP'UPY), + 07,

and

(5.23)

et = e —kAQY — AU UP UML) - EAHM T HP — HPPH) 468
From Lemma 5.2 we have an estimate of ||§7||+]|d%||1. Our goal is to obtain suitable
estimates of the remaining terms of the right-hand sides of (5:22]) and (5.23) in terms
of |["|| +]le™[|1. To do this, note first that (5I0) and (5.0) give 0" = ™ — £Pe? —
%P(H”U" — HJU])z; but H"U™ — HpU = H"e" — ¢"e™ 4 Ume™. Therefore,

(5.24) o =" — Epl — kol
where

(5.25) pl = PU"),,
and

(5.26) = Pel! + tP(H"e"), — $P(e"e"),

!
Similarly, £" = " — £Aer — 3FA(UMUY — URUp,) — SA(H"HY — H'H});
but U"U} — UUp, = (U"e"), — e, H"H} — Hy'H}', = (H"e"), — e"ell.
Therefore,

(5.27) & =e"—kup,

where

(5.28) wh = Ael + SA(U"e"), — 3A(e"el) + FA(H"e™), — 3 A("er) .
In addition, by (5:24]) we have

(5.29) Humt — U = et — Eumpt — Bunwh 4 wf
where
(5.30) Wy = (U™ —U™)™ + H™e™ — e,

From (522), (524)-(E29) we therefore conclude that for 0 <n < M — 1,
(5.31) Vi W L
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where

(5.32) py :=PU"pY)a

and

(5.33) wy = Pel — Epul — EP(U"w]), + LPwy, .

Finally, using the identities U™ U U Ut = (U™1e™),—€"€7 and H™ H™' —
HP HY = (H™'0™), — ™07, we obtain from (5.23) that for 0 <n < M — 1,
(5.34) "t =" — kA0, — EA((U™E), —€"E) — EA((H™ ™), —0"0)) + 65 .
We now estimate the various terms in the right-hand sides of (531]) and (534). Let
0 <n* < M —1 be the maximal index for which

(5.35) le™ |1+ [le™|lh <1, 0<n<n".

Then, by (5.26), the approximation properties of S7 and (5.35), we have, for 0 <
n <n*,

(5.36) WPl < lle™[lx + CIH [llle”[[x + Clle™ l[1[e" |y < Clle™ |1 -

By (£.28)), the approximation properties of S, Sﬁ’o, and (B.4)) there follows for 0 <
n < n¥,

(5.37) [lwgllv < Clle™ 1+ lle™ [+ lle™ [lle™ [+l 1+l [ le™[]) < CClle™ [+ lle™[]) -
Hence, by (&21), for 0 < n < n*,

(5.38) I€7(1x < Cle™[ + lle™]l1) -

In addition, by (5.24), (B25), (B36]) and the inverse assumptions we have for 0 <
n < n*,

(5.39)

1671 < lle™ [l + CElle™ [l + Clle™ |1 < 1+ CA)le™ (| + Clle™ 1 < Calle™ ]| + le™[l1)

where we have put A = k/h; in what follows, C)\ will denote various constants that
depend polynomially on A. Note also that in view of (B35) we have for 0 < n <

n*, from (B30), (B25) and inverse inequalities,
(5.40) 10"[lx < [le™[l1 + CE[lpT |1 + Ckllw (1 < [le™[l1 + CAllp? || + CAllw?'|| < Cx.

By (30), &I3), &3), (539), (E38) and (B35]) we have for 0 < n < n*,
g | < COU™E = U 4107 + [ 1€ s + 6™ 11E™ )
(5.41) < C((k+R2)10" [ + (16" + 1™ [[1€™ 1)
< CaUlle™ I+ lle™[l1) -

Also, by (5:33), (538), (GA), for 0 < n < n",
(5.42)

lwglle < CUU™ = U™ 13 ll0™ 1 + IH™ Ml 1E™ |+ 16" 111" 1)
< (k+R)RTICA ™+ lle™ 1) + Cadlle™ [+ lle[[) + Callle™ | + lle™ 1)
< Ca(lle™l +Nle™ ) -

Hence, by (£33), (37), (530), (54I) and the inverse inequalities we have for
0<n<n®flwf| < el + CR([le™[| + [le™ () + CAlle"[[x + Cx(lle™ || + lle™[l) <
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Cr(lle™ |l + |le™]]1)- Therefore, in the right-hand side of (E31]) we have for 0 <n <
n* in view of Lemma 5.2,

(5.43) | = kit + 871 < Cak(lle™ ]| + lle™ 1) + Oxk(k + h*/?).

We embark now upon obtaining a sharp L2-estimate of the remalmng term " —

2 3 n n 2 n
5ot + % py in G.3T). We have [|e” — Bpt o+ o212 = [len 12 + B2 + Ellpg )12
- k(5n7p?) + %(En7pg) - %(P?,P%) Now, by (m)v (Envpl) - ( 7(Un n)x)
= 3(Uye™,e"). Also, by (B32), B:23), (", p5) = — (5, U"p}) = — |ptII* +
(Uzem, pt), (pt,py) = 2(UZpt, ptt). Therefore, we conclude that
(5. 44)

n 4 n n_.n n 2 n_.n n 3 n _n n

lem =5t + 5 o |12 = lle™ |2+ K llo [ 5 (Une™, &™) + 5 (U2e™, o) = S5 (U2 7, o)
Now, by the approximation and inverse properties of S}, ; we have by (5.23), (5.32)
that |(Uye™,e)| < Clle™|1?, [(Uze™, p1)| < Clle”|lllpt]l < Ch=Hle™ |12, (U7 o1, 1)
< CllptI? < Ch=2|le™|)?, [|p3]l < Ch=2||e"|. Inserting these estimates in (544)
and recalling that y = k/h?/3 we are led to the inequality [e” — &p7 + 82 3|2
(1 + Ckp® + Ck + CkX + CkX?)|[e™||? < (1 + C,k)||e"||, and, hence, to

(5.45) le™ = 5o} + 5051l < (1+ Cuk) €™

where, by C), we denote a constant depending polynomially on x; we have replaced
Cy’s by C,,’s since A = h'/3 1 < p. We finally obtain from (5.45), (5.43) and (5.31)),
for 0 < n < n*, that

(5.46) e < Nle™ll + Cuk(lle™ | + lle™ 1) + Cpuk(k* + h*/2).
We now estimate the || - ||y norm of the various terms in the right-hand side of
G34). For 0 < n < n*, by E4), GI3), G35), and (G.38) we have |A((U™1E),
= &)l < Clu™ter — 36?2 < Cllgn |l < C(lle”|| + [le™[lr). Similarly, for
0<n<n', by G, [A((H™0"), — 007) |1 < CIlH™0" — 1(0m)2] < Ca 0"
< Ch(Jle™]] + |le™]|1). Therefore, using (534, (539) and Lemma 5.2 we have for
0<n<n*
le™ 1y < le™ |1+ CEII6™ | + Oxk(lle” || + lle™[l1) + Cak(k* + h*/?)

< lle™ [+ Oxk(lle™ | + le™[l) + Cak(k? + B*?).

Now adding (5.46) and (5.47), we conclude for 0 < n < n* that |[e" || + |le" T, <
(14 CLE)(||e™]| + [le™]l1) + Cuk(k* + h3/?). Using Gronwall’s Lemma and taking
h sufficiently small contradicts the maximality of n*. Hence n* may be taken equal
to M — 1 and it holds that

le™ | + e[l < exp(CLT)(K* +h*/2), 0<n<M,

i.e., that (5:2I) is valid; the conclusion of the proposition follows. The (CB) case
is entirely similar. O

(5.47)

Remark 5.1. The last estimate and Sobolev’s inequality imply that ||e"||. = O(k*+
h3/2). Therefore, max,, |[u(t") — Ul = O(k? + h%/2).

Remark 5.2. Consider the linearized problem ([B28). In this case, the proof of
Proposition 5.2 is considerably simplified and yields ||€”|| 4 ||e™||1 < C(k? + h*/?),0
< n < M, and the other estimates of Proposition 5.2 without the stability restriction
k= O(h4/3). In other words, the linearized system is not stiff. This may also be
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verified by examining the spectrum of the spatial discretization operator of the
semidiscrete linearized system: In [6] it is proved that the eigenvalues are purely
imaginary and bounded by a constant independent of h. No stability restrictions
are needed in this case for the other two fully discrete schemes either.

Remark 5.3. Numerical experiments in [0] seem to indicate that the stability con-
dition k = O(h*/?) is also necessary in some sense. The numerical results were
stable and accurate when we took k& = h*/3 but led to overflow in finite time when
we took k = h.

5.3. Fourth-order Runge-Kutta scheme with cubic splines. Our third ex-
ample is time stepping with the classical, fourth-order accurate four-stage explicit
Runge-Kutta scheme, written in the case of the ode ¥’ = f(¢,y) in the three-step
form y™! = y" + S + §.y"), v = y" + SFE + §ymt), vt =yt +
KU 4+ k™), g =y + k(G y™) + 50 + Soy™) + 510" + 5,9™7)
+ % f@™ 4+ k,y™?)). We will couple this time-stepping scheme with a space dis-
cretization that uses cubic splines on a uniform mesh on [0,1]. We consider only
the case of (SCHI), that of (CB)) being analogous. As usual we let M be a positive
integer, k = T/M and t" = nk, for n = 0,1,...,M. For 0 < n < M we seek
(HM, UM € S} x S,‘io approximations of n(t"), u(t"), and for 0 < n < M —1
(Hp?,Up7) € St x St o, j=1,2,3, such that for 0 <n < M —1,

HYY — 4 kay PUR 4 S0 <0,
U = Ui+ ks AR+ U000 ) <0,
for 7 =1,2,3 and

(5.48)

4
(5.49) Hpt™ — Hjp + kP [Z b (U7~ + %H}j’j’lU[;’j’l)} =0,

x

j=1
4
U = U+ KA by (B 4 30RO 4 S L] =
j=1
where Hy? = HP, UM’ = UpP, a1 = ay = 1/2,a3 = 1, by = by = 1/6, by = by =
1/3, and
Hy =TIy, U = Ruug.
(We have denoted again by P : L? — S} the L?-projection operator, defined A :
L? » S,‘io by (54) posed on 5270, I}, as the interpolant in S} and Ry, as the elliptic
projection onto S;‘Z,(y) The stability and convergence of the fully discrete scheme
require that k/h is sufficiently small. The proof is long and technical and may be
found in [6]. Here we just state the final result.

Proposition 5.3. Suppose that the solution (n,u) of (SCB) is sufficiently smooth
on [0,T]. Let A =k/h and (H},U}) be the solution of (54AR)-(5.49). Then, there
exists a positive constant \g and a constant C independent of k and h, such that
for A < Ao,

max |[n(t") — H || < C(k* + h**/m1/h),

0<n<M

ny _ yrn < 4 3
og%XM”u(t )= Upll <C(k* +h°).

An entirely similar result holds for (CBJ).
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6. NUMERICAL EXPERIMENTS

In this section we present the results of some numerical experiments that we
performed in order to illustrate and explore further theoretical results that were
proved in the previous sections. The interested reader may find more numerical
results in [6].

TABLE 6.1. Errors and orders of convergence. (CBJ) system, stan-
dard Galerkin semidiscretization with piecewise linear, continuous
functions on a uniform mesh.

L% —errors H' — errors

N n order u order n order u order
80 | 0.6849(—2) 0.4259(—4) 0.1776(+1) 0.1192(—1)
160 | 0.2454(—2) | 1.481 | 0.1051(—4) | 2.019 | 0.1277(+1) | 0.476 | 0.5880(—2) | 1.019
240 | 0.1342(—2) | 1.488 | 0.4652(—5) | 2.010 | 0.1049(+1) | 0.486 | 0.3902(—2) | 1.011

320 | 0.8738(—3) | 1.492 | 0.2611(—5) | 2.007 0.9109 0.490 | 0.2920(—2) | 1.008
400 | 0.6261(—3) | 1.494 | 0.1669(—5) | 2.006 0.8161 0.492 | 0.2333(—2) | 1.006
480 | 0.4767(—3) | 1.495 | 0.1158(—5) | 2.005 0.7459 0.494 | 0.1942(—2) | 1.005

520 | 0.4230(—3) | 1.495 | 0.9864(—6) | 2.004 0.7170 0.494 | 0.1792(—2) | 1.004

6.1. Standard Galerkin semidiscretization with piecewise linear, continu-
ous functions. We first consider the case of uniform mesh with h = 1/N on [0, 1].
Table shows the errors and the associated rates of convergence for increasing N
in the L2- and H'-norms at T = 1 of the approximation to the (CB]) system with
suitable right-hand side and initial conditions so that its exact solution is given by

(6.1) n(x,t) = exp(2t)(cos(mx) + +2), u(x,t) = exp(—xt)xsin(rz).

The system was integrated up to 7' = 1 with the classical, four-stage, fourth-order,
explicit Runge-Kutta method (henceforth referred to as RK4) of section 5.3, using
a time step kK = h/10. We checked that temporal error of the discretization was
very small compared to the spatial error, so that the errors and rates of convergence
shown are essentially those of the semidiscrete problem (Z7), (8:2). The table sug-
gests that the L? rates of convergence of 7 and u approach 3/2 and 2, respectively,
and that ||u — up||1 = O(h), thus confirming the estimates of Theorem 3.1. It also
suggests that ||n — |1 = O(h'/?). The convergence rates for the analogous prob-
lem for the (SCB) system were essentially the same. The observed maximum norm
errors were || — nulleo = O(h), ||[u — un e = O(R?); cf. [6].

We then integrated a suitably nonhomogeneous version of the (CB)) system with
exact solution given by

(6.2) n(z,t) = exp(2t)(cos(mz) +x +2), wu(x,t) = exp(xt)(sin(rz) + 23 — 2?),

on the quasiuniform mesh on [0,1] given by ho;—1 = 1.2Axz, hy; = 0.8Ax, 1 < i
< N/2, where h; = z;4+1 — z; and Az = 1/N. (The RK4 scheme was used for
time-stepping with k = Axz/10.) We integrated the system up to 7' = 0.4 starting
with the L2-projections of 19 and ug on the finite element subspaces. (We checked
that the temporal error was much smaller than the spatial error.) Table [2(a)
shows the L2-errors for  and u and the associated rates of convergence at T =
0.4. The data strongly suggest that |7 — n,|| = O(h) and ||u — us| = O(h?), thus
confirming the relevant theoretical result for 7 (cf. Proposition 2.1) and supporting
the conjecture that the L? rate of convergence for u is actually equal to 2 even in
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TABLE 6.2. L?-errors and orders of convergence. ([CB)) system,

standard Galerkin semidiscretization with piecewise linear, con-

tinuous functions on a quasiuniform mesh with % = 1.5 (a),
k2

maxh; _ 150 (b)

min h;

(a) (b)

N n order u order N n order u order
80 | 0.1277(—1) 0.7432(—4) 120 | 0.1942(—1) 0.1899(—3)
160 | 0.6383(—2) | 1.000 | 0.1858(—4) | 2.000 | 200 | 0.1155(—1) 1.017 | 0.6834(—4) | 2.000
240 | 0.4258(—2) | 0.999 | 0.8259(—5) | 2.000 | 240 | 0.9600(—2) | 1.014 | 0.4745(—4) | 2.001
320 | 0.3194(—2) | 0.999 | 0.4646(—5) | 2.000 | 320 | 0.7176(—2) 1.012 | 0.2669(—4) | 2.001
400 | 0.2556(—2) | 0.999 | 0.2973(—5) | 2.000 | 360 | 0.6371(—2) | 1.010 | 0.2109(—4) | 2.000
480 | 0.2131(—2) | 0.999 | 0.2065(—5) | 2.000 | 400 | 0.5729(—2) 1.009 | 0.1708(—4) | 2.001
TABLE 6.3. Errors and orders of convergence. (SCB]) system,
standard Galerkin semidiscretization with cubic splines on a uni-
form mesh.
L? — errors H' — errors
N n order u order n order u order

80 | 0.7178(—7 0.5062(—8) 0.2215(—4) 0.2540(—5)
160 | 0.6393(—8) | 3.489 | 0.3178(—9) | 3.994 | 0.3829(—5) | 2.533 | 0.3190(—6) | 2.993
240 | 0.1553(—8) | 3.490 | 0.6288(—10) | 3.996 | 0.1379(—5) | 2.519 | 0.9467(—7) | 2.996

)
)
)
320 | 0.5691(—9) | 3.490 | 0.1986(—10) | 4.006 | 0.6699(—6) | 2.510 | 0.3997(—7) | 2.997
)
)
)

400 | 0.2612(—9 3.489 | 0.8106(—11) | 4.016 | 0.3831(—6) | 2.505 | 0.2047(—7) | 2.998
480 | 0.1382(—9 3.490 | 0.4011(—11) | 3.859 | 0.2428(—6) | 2.501 | 0.1185(—7) | 2.998
520 | 0.1046(—9 3.488 | 0.2840(—11) | 4.315 | 0.1988(—6) | 2.499 | 0.9323(—8) | 2.998

the case of the nonlinear problem; recall that the technique of proof of Theorem
3.1 in the case of a quasiuniform mesh gives a pessimistic bound of O(h3/ 2) for
|l — up||; cf. Remark 3.3. These results are confirmed by the rates shown in Table
[62(b), which was obtained by integrating the same problem with the same method
on the quasiuniform mesh on [0, 1] with hig;—9 = 0.02Az, h19;—s = 0.05Az, h1pi—7
= 0.08AJJ, h10i76 = 0.35A$, h1()2‘,5 = O.5A£L‘, h1()i,4 = h10i73 = ALL‘, h10i72 =
hioi—1 = 2Az, hig; = 3Az, 1 <4 < N/10, and &k = Az/10. Similar results were
obtained for the (SCB]) system.

6.2. Semidiscretization with cubic splines. We considered the nonhomoge-
neous (SCB)) system and we discretized it on a uniform mesh using cubic splines for
the spatial discretization and RK4 in time with time step k = h/10, for which the
temporal discretization error was negligible in comparison with the spatial error.
We took a suitable right-hand side so that the exact solution of the system was
given by ([G2)). The errors and orders of convergence produced by this numerical
experiment are shown in Table 6.3 The rates are close to the theoretical predic-
tions of Theorem 4.1. The table suggests that the L? rate of convergence for n
is slightly less than 3.5, while that for u is close to four. It further suggests that
ln —nnlli = O(h%?), |lu — unlls = O(h?®) (agreeing with the second estimate of
(7) of Theorem 4.1). We also mention that the L errors were measured to be
1M =11l = O(h?) and ||u—up||eo = O(h*), and that the convergence rates from a
similar experiment with (CBl) were practically the same; cf. [6]. When we plotted
the quantity & := ||n — n4||/(h*5/In1/h) as a function of N = 1/h we observed
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that x apparently approaches a constant close to 0.13 as N grows, which seems
to be consistent with the presence of a slow-varying modulation of A3° as h —
0. We close this paragraph with a remark on the “effect of the boundary” on the
error estimates of Theorem 4.1. The proofs of Lemma 4.4 and Theorem 4.1 suggest
that the accuracy of ¢ in Lemma 4.4 and, e.g., that of || — 9| in Theorem 4.1
degenerate near the boundary of the interval. This is consistent with the results of
the following numerical experiment. We integrated in time the (SCB]) system on
[0, 1] with suitable right-hand side and initial conditions so that the wave elevation
is given by the travelling Gaussian profile n(z,t) = 0.5 exp[—144(x — 0.5 — 0.2t)?]
and the velocity by u(z,t) = 6(y/n+1 — 1)z(x — 1). The support of the initial
n-profile is effectively contained in the interval [0.3,0.5] and the wave moves to the
right and starts crossing the boundary at x = 1 at about ¢t = 1.5 (see Figure [6.1]).
In Table we show the L? errors of ), as N = 1/h increases, at the temporal
instances t = 1.0, 1.5, 2.0 and 2.5. The rates of convergence are practically equal
to four up to t = 1.5 but as 1 becomes nonzero at the boundary they fall to a value
consistent with the first inequality of (z) of Theorem 4.1.

o 0‘.| 0.‘2 0‘3 0‘4 0;5 0.‘6 0‘7 0‘8 019 1 o 0.‘1 0‘2 013 0‘.4 0;5 0‘6 0‘7 018 0.‘9 1
(a) mp at t =0.0 (b) np, at t =0.5

0.6

05
0.4
03
T
0.2

0.1

-0.1
0

01 02 03 04 05 06 07 08 09 1
T

(¢) np at t=1.5

FiGURE 6.1. Travelling Gaussian n-profile. Nonhomogeneous

(SCBJ) system.

TABLE 6.4. L2-errors of 7 and orders of convergence. Example of

Figure 6.1
time 1.0 1.5 2.0 2.5
N L%-error order L%-error order L%-error order L%-error order
250 1.0661(—08) 1.3596(—08) 1.5924(—08) 1.9906(—08)

500 | 6.6223(—10) | 4.009 | 8.4585(—10) | 4.007 | 1.0596(—09) | 3.910 | 1.7594(—09) | 3.500
750 | 1.3067(—10) | 4.003 | 1.6706(—10) | 4.000 | 2.2223(—10) | 3.852 | 4.2637(—10) | 3.496
1000 | 4.1350(—11) | 4.000 | 5.2838(—11) | 4.001 | 7.4176(—11) | 3.814 | 1.5595(—10) | 3.496
1250 | 1.6922(—11) | 4.004 | 2.1710(—11) | 3.986 | 3.1966(—11) | 3.772 | 7.1471(—11) | 3.497
1500 | 8.1703(—12) | 3.994 | 1.0554(—11) | 3.956 | 1.6213(—11) | 3.724 | 3.7803(—11) | 3.493
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