
MATHEMATICS OF COMPUTATION
Volume 82, Number 284, October 2013, Pages 2007–2034
S 0025-5718(2013)02710-X
Article electronically published on May 14, 2013

STABILITY OF QR-BASED FAST SYSTEM SOLVERS FOR A

SUBCLASS OF QUASISEPARABLE RANK ONE MATRICES

FROILÁN M. DOPICO, VADIM OLSHEVSKY, AND PAVEL ZHLOBICH

Abstract. The development of fast algorithms to perform computations with
quasiseparable matrices has received a lot of attention in the last decade. Many
different algorithms have been presented by several research groups all over the
world. Despite this intense activity, to the best of our knowledge, there is no
rounding error analysis published for these fast algorithms. In this paper,
we present error analyses for two fast solvers of quasiseparable linear systems
when they are applied on order one quasiseparable matrices that include the
diagonal in the lower triangular rank structure. Both solvers are based on
computing first the QR factorization of the coefficient matrix, and their error
analyses require novel structured techniques for proving rigorously that only
one of the considered algorithms is backward stable, while the other one is not.
Two fundamental consequences of this work are: (i) users should employ with
caution fast algorithms for quasiseparable matrices since they may be unstable;
and (ii) a lot of work has to be done to identify which fast algorithms for
quasiseparable matrices are backward stable among the large family available
in the literature.

1. Introduction

The study of dense low rank structured matrices and the development of fast
algorithms for performing computations with them have attracted much attention
in the past decade within Numerical Linear Algebra. Although there are many
classical results on low rank structured matrices, the modern interest on these ma-
trices is motivated by their applications in linear system theory and control [5]. It
is worth noting that they also appear in many other applications such as oscillatory
problems in mechanics, covariance matrices in statistics and the discretization of
differential and integral equations [14, Chapter 3]. As an indicator of the intense
activity developed in the last years on low rank structured matrices, we mention
that the two recent monographs [14, 15] include 500 references in this area, many
of them published in the last years. Despite this activity, to the best of our knowl-
edge, there is no rounding error analysis published for the new generation of fast
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algorithms for low rank structured matrices. In this context, the main goal of this
paper is to start the development of such error analyses by analyzing some algo-
rithms of this type. The most important conclusion that can be obtained from our
work is that users should employ these fast algorithms with caution, because their
stability is not granted and some of them are not backward stable. We believe that
we are opening a vast and difficult field of research, and that a lot of work remains
to be done for identifying which fast algorithms for low rank structured matrices are
backward stable and/or relevant subclasses of these matrices for which backward
stability may be guaranteed.

A first difficulty in analyzing fast algorithms for low rank structured matrices is
that these matrices differ in the way they are defined and parameterized, although
they always bear the same characteristic property: the presence of large sized sub-
matrices with ranks much smaller than the matrix size. Matrices of this type include
quasiseparable, block-quasiseparable, semiseparable, matrices with small Hankel
rank, hierarchically semiseparable matrices and others [2, 3, 5, 6, 7, 9, 10, 14, 15].
It would not be inaccurate to say that almost every research group working with low
rank structured matrices has its own definition/parametrization. This makes it dif-
ficult to compare results obtained for roughly the same matrices but parameterized
differently.

In this paper we focus on the rounding error analysis of fast algorithms for
solving systems of linear equations whose coefficient matrix is quasiseparable. In
particular, we consider algorithms based on computing first the structured QR
factorization of this type of matrix. There are several reasons for choosing these
algorithms. First, the solution of linear systems is the most basic task in Numerical
Linear Algebra and, so, it is the first problem that one should solve in a stable way.
For unstructured matrices, Gaussian elimination (GE) with partial pivoting is the
standard backward stable linear solver [11]. However, the use of pivoting strategies
in GE is forbidden for designing fast linear solvers for quasiseparable matrices,
because they destroy the structure and this prevents the design of fast algorithms
[14]. On the other hand, there exist fast structured versions of GE without pivoting
for quasiseparable matrices [6, 14], but they are are not backward stable. This is
not surprising, since it has been known for a long time that fast methods based on
GE without pivoting for solving banded systems (banded matrices are a subclass of
quasiseparable matrices) are not backward stable in general [11]. By contrast, fast
QR-based system solvers for banded matrices are backward stable. Therefore, it is
natural to consider fast quasiseparable QR-based system solvers as first candidates
to perform rounding error analysis.

In the literature, there are at least two different fast algorithms to solve qua-
siseparable linear systems via the QR-factorization. For brevity we will refer to
them as Algorithms A and B throughout this work. Algorithm A was presented
in full generality in [8, Algorithms 6.4 and 7.2], while Algorithm B was essentially
introduced in [12, Section 5.3] and it is also explained in [14, Chapter 5]. In fact
reference [12] includes two algorithms: a QR-solver and a URV-solver, but both
algorithms reduce to a simpler QR-solver for the subclass of matrices that we will
consider in this work.

We mention another fast algorithm developed in [2] which is somewhat related
to a QR-solver, since it uses orthogonal transformations. However, this algorithm
relies on a very different factorization and its error analysis is postponed to a
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future work. In [4], the authors develop a QR-based linear solver for a class of rank
structured matrices wider than the quasiseparable matrices. This method reduces
essentially to Algorithm A for quasiseparable matrices, and, therefore, it is not
considered here.

The computational complexity of Algorithm A and Algorithm B is essentially
the same and is linear in the size of the matrix. However, they differ in generality:
Algorithm B is applicable to order one semiseparable and quasiseparable matrices
and Algorithm A covers the more general case of block-quasiseparable matrices of
arbitrary order. In addition, each of these algorithms uses a different parametriza-
tion of the input quasiseparable matrix. Rounding error analyses have not been
developed for either of these algorithms, so it is not known if they are backward
stable or not. However, the authors of these algorithms claim that they are stable
based on intuitions and numerical experiments (see [8, p. 449] and [12, p. 747]).

Our analysis of Algorithms A and B begins with a simplification: we concen-
trate on a subclass of order one quasiseparable matrices to which both algorithms
are applicable in simplified ways that are amenable for performing rounding error
analyses. This subclass is characterized by the property of having the diagonal
included in the lower triangular rank structure, i.e., n× n matrices A in this class
satisfy

(1.1) max
1≤i≤n−1

rank(A(i : n, 1 : i)) = max
1≤i≤n−1

rank(A(1 : i, i+ 1 : n)) = 1,

where we use MATLAB notation for submatrices. Graphically, such matrices can
be represented as follows: ⎡⎢⎢⎣

× × × ×
× × × ×
× × × ×
× × × ×

⎤⎥⎥⎦ ,

where every submatrix of a single color has rank at most one. Despite this simplifi-
cation, our analysis remains valid for matrices that are very relevant in applications,
since, in particular, the important class of semiseparable matrices1 satisfies (1.1).

We next discuss the main results of the current paper. We have shown that
Algorithm B is not backward stable for matrices satisfying (1.1) by providing a
detailed study of this algorithm that shows the potential sources of instabilities,
and by constructing counterexamples where these sources of instabilities produce
large backward errors. By contrast, Algorithm A turns out to be backward stable
for matrices satisfying (1.1). We believe that this is the most relevant result in this
work and we have proved it rigorously through a rounding error analysis developed
especially for quasiseparable matrices. Two important conclusions can be obtained
from these results: (i) there is hope for developing fast algorithms that are simul-
taneously backward stable for quasiseparable matrices; and (ii) one must be very
careful when using currently available fast algorithms for quasiseparable matrices
because they may be unstable.

We finally mention that Algorithm A has always produced tiny backward rel-
ative errors of order unit roundoff in extensive numerical tests on general order
one quasiseparable matrices, i.e., when the diagonal is not included in the rank

1According to [14] semiseparable matrices are the ones satisfying maxi rank(A(i : n, 1 : i)) =
maxi rank(A(1 : i, i : n)) = 1. These matrices are called by other authors Green’s matrices.
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structure. However, a rigorous proof of backward stability in this case still remains
elusive.

The paper is organized as follows. We start with general ideas on structured
QR-decomposition and backward substitution for quasiseparable matrices of type
(1.1) in Section 2. In Section 3 we present a specific version of Algorithm A

for solving linear systems whose coefficient matrix satisfies (1.1) and its backward
stability is proved. We remark that although the error analysis of Algorithm A

relies on the quasiseparable structure, the final backward error is not quasiseparable,
i.e., we cannot state that the computed solution is the exact solution of a nearby
quasiseparable linear system. Section 4 is devoted to Algorithm B: we describe
the algorithm, explain the sources of its instability, and give counterexamples that
show explicitly that it is not backward stable. Conclusions and future work are
discussed in Section 5.

2. General ideas for QR-based system solvers

We assume in this paper that matrices and vectors have real entries and that all
matrices are nonsingular. Given an n×n matrix A with QR factorization A = QR
[11], and an n× 1 vector b, the unique solution of the linear system Ax = b is the
unique solution of the upper triangular system Rx = QT b, that can be computed
by backward substitution [11]. If A satisfies (1.1), then Q and R have particular
structures that allow us to compute in O(n) flops: (i) Q and R; (ii) QT b; and
(iii) the solution of Rx = QT b. This is much faster than traditional unstructured
methods that cost: O(n3) for (i), O(n2) for (ii), and O(n2) for (iii). Next, the
structures of the Q and R factors of matrices satisfying (1.1) are discussed, while
specific algorithms will be presented in Sections 3 and 4.

Given a matrix A of type (1.1), every set of subrows in its lower triangular part
is linearly dependent, so, we can use one subrow to completely cancel the sub-
row immediately below until its diagonal entry by using only one Givens rotation.
Therefore, to cancel the whole subdiagonal part of A and get R requires only n− 1
Givens rotations, Q is a product of n − 1 rotations, and Q is an orthogonal lower
Hessenberg matrix. It turns out that the rank structure of R differs from the one
of the strictly upper triangular part of A, because the rank is increased by 1 and
the diagonal is included in the structure. These facts are stated in Theorem 2.1,
whose proof is omitted since it is closely related to [8, Theorem 7.1] and to results
in [14, Chapter 5].

Theorem 2.1. Let A be a quasiseparable matrix of order one as in equation (1.1)
and let A = QR be its QR factorization, then Q is the product of n−1 Givens rota-
tions and R is quasiseparable of order two, including the diagonal. More precisely,

Q = (W1W2 · · ·Wn−1)
T , rank(R(1 : i, i : n)) ≤ 2, 1 ≤ i ≤ n,

where the Givens rotation Wk uses the k-th row to cancel out the k + 1-th row in
the strictly lower triangular part of A and has the following structure:

(2.1) Wk =

⎡⎢⎢⎣
Ik−1

ck sk
−sk ck

In−k−1

⎤⎥⎥⎦ .
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In the rest of this section, we explain how the rank structure of R can be used
to solve in O(n) operations an upper triangular system Rx = z. Note that the
backward substitution algorithms that will be used in Sections 3 and 4 are not
exactly equal. Therefore, we present here a general algorithm that will be later
adapted to the specific representations of R arising in Sections 3 and 4. To this
purpose, let us consider now that the diagonal of R is not included in the rank
structure, and, in addition, that

(2.2) max
1≤i≤n−1

rank(R(1 : i, i+ 1 : n)) = m,

with m < n arbitrary, since this fact does not complicate the algorithm at all with
respect the case m = 2 of interest in this work. The idea of fast quasiseparable
backward substitution [14, Section 4.2] is most easily explained via the quasisepara-
ble representation of R. It is well known (see [1, 7, 14]) that every upper triangular
quasiseparable matrix of order m, i.e., satisfying (2.2), admits the following repre-
sentation:

(2.3) R =

⎡⎢⎢⎢⎢⎢⎢⎣

d1 g1h2 g1b2h3 · · · g1b2 . . . bn−1hn

0 d2 g2h3 · · · g2b3 . . . bn−1hn

0 0 d3
. . .

...
...

...
. . .

. . . gn−1hn

0 0 · · · 0 dn

⎤⎥⎥⎥⎥⎥⎥⎦ ,

where the parameters {dk, gk, bk, hk}, also called generators, have the following
sizes:

dk gk bk hk

size 1× 1 1×m m×m m× 1
.

Note that, given R, the choice of its generators is not unique.
To develop the fast backward substitution algorithm, consider as an example a

system of equations with a 5× 5 matrix R given by its generators as in (2.3):⎡⎢⎢⎢⎢⎣
d1 g1h2 g1b2h3 g1b2b3h4 g1b2b3b4h5

0 d2 g2h3 g2b3h4 g2b3b4h5

0 0 d3 g3h4 g3b4h5

0 0 0 d4 g4h5

0 0 0 0 d5

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

x1

x2

x3

x4

x5

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
z1
z2
z3
z4
z5

⎤⎥⎥⎥⎥⎦ .

Observe that the backward substitution process can be organized as follows,

(2.4)

x5 = (z5)/d5, τ4 = h5x5,
x4 = (z4 − g4τ4)/d4, τ3 = h4x4 + b4τ4,
x3 = (z3 − g3τ3)/d3, τ2 = h3x3 + b3τ3,
x2 = (z2 − g2τ2)/d2, τ1 = h2x2 + b2τ2,
x1 = (z1 − g1τ1)/d1,

where an m × 1 temporary vector τ has been introduced. This is the key to save
operations. This idea is generalized directly to n×nmatrices to produce Algorithm
1, which has a cost of O(m2n) flops — linear in the size of R — due to the product
matrix-vector in τ . In fact, the leading term of this cost is 2m2n.
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Algorithm 1. Fast quasiseparable backward substitution to solve Rx = z.

Input: {zk}nk=1 and generators {dk}nk=1, {gk}n−1
k=1 , {bk}

n−1
k=2 , {hk}nk=2 of R in (2.3)

xn = zn/dn, τ = xnhn

for k = n− 1 to 2 do
xk = (zk − gkτ )/dk, τ = xkhk + bkτ

end for
x1 = (z1 − g1τ )/d1

Output: x1, x2, . . . , xn

3. Algorithm A

Given a linear system Ax = b, where A is a nonsingular n×nmatrix that satisfies
(1.1), we start this section by presenting a version specific for this type of matrix
of the QR-based system solver described first in [8] as an extension of ideas from
[5]. This specific version is what we call Algorithm A. Every step will be described
in detail, with the purpose of performing in Section 3.3 a rounding error analysis
that proves rigorously that Algorithm A is backward stable.

Algorithm A has as inputs the generators of the quasiseparable representation
[7, 14] of a matrix A of type (1.1). This representation is

(3.1)

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

p1q1 g1h2 g1b2h3 · · · · · · g1b2 . . . bn−1hn

p2a2q1 p2q2 g2h3 · · · · · · g2b3 . . . bn−1hn

p3a3a2q1 p3a3q2 p3q3 · · · · · · g3b4 . . . bn−1hn

...
...

...
. . .

. . .
...

...
...

...
. . . pn−1qn−1 gn−1hn

pnan . . . a2q1 pnan . . . a3q2 pnan . . . a4q3 · · · pnanqn−1 pnqn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where all the parameters (generators) are scalars.

3.1. Computing the QR factorization. Algorithm 2 below computes the QR
factorization of the matrix A in (3.1) in a fast and concise way. Although Algorithm

2 can be obtained from [8], we will deduce this algorithm, for completeness. To this
purpose, recall that Theorem 2.1 states that the factor R in the QR factorization
of A is quasiseparable of order 2 with the diagonal included in the rank structure.
Therefore, R admits a description via generators of sizes 1 × 2, 2 × 2, and 2 × 1,
that is, vectors and matrices rather than scalars (recall (2.2)–(2.3)). The first idea
to deduce Algorithm 2 is to artificially construct generators with these sizes in
the upper triangular part of A before performing the QR steps. More precisely, the
matrix A from (3.1) is written via the following generator representation:

(3.2)

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

g̃0h̃1 g̃0b̃1h̃2 g̃0b̃1b̃2h̃3 · · · · · · g̃0b̃1 . . . b̃n−1h̃n

p2a2q1 g̃1h̃2 g̃1b̃2h̃3 · · · · · · g̃1b̃2 . . . b̃n−1h̃n

p3a3a2q1 p3a3q2 g̃2h̃3 · · · · · · g̃2b̃3 . . . b̃n−1h̃n

...
...

...
. . .

. . .
...

...
...

...
. . . g̃n−2h̃n−1 g̃n−2b̃n−1h̃n

pnan . . . a2q1 pnan . . . a3q2 pnan . . . a4q3 · · · pnanqn−1 g̃n−1h̃n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
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where

g̃k =
[
0 1

]
, k = 0, 1, . . . , n− 1,

b̃1 =

[
0 0
g1 0

]
, b̃k =

[
bk 0
gk 0

]
, k = 2, . . . , n− 1,

h̃1 =

[
0

p1q1

]
, h̃k =

[
hk

pkqk

]
, k = 2, . . . , n.

Theorem 2.1 shows that multiplication by n − 1 Givens rotations is enough to
convert A to the upper triangular form R. These rotations can be computed as
follows:

p̄n = pn, p̄k =
√
(p̄k+1ak+1)2 + p2k, k = n− 1, . . . 1,

Gk =

[
ck sk

−sk ck

]
, sk = p̄k+1ak+1/p̄k, ck = pk/p̄k,

where the reader may check easily that Gk corresponds to the Givens transfor-
mation Wk in (2.1) that introduces zeros in the k + 1-th row. Observe that the
nonsingularity of A guarantees that p̄k �= 0, for k = n, n− 1, . . . , 1.

Apart from introducing zeros in the strictly lower triangular part, the Givens
rotations modify the entries in the upper triangular part of A and these entries are

described by the generators {g̃k, b̃k, h̃k} according to (3.2). The resulting matrix
R is also described by some generators {ḡk, b̄k, h̄k} with the same sizes, i.e., 1× 2,
2 × 2, and 2 × 1, respectively. So, the next idea of Algorithm 2 is to find direct
computational formulas to relate both sets of parameters

{g̃k}n−1
k=0 , {b̃k}

n−1
k=1 , {h̃k}nk=1 −→ {ḡk}n−1

k=0 , {b̄k}
n−1
k=1 , {h̄k}nk=1,

that are mathematically equivalent to Givens rotations. To deduce these formulas,
let us assume for k > 1 that at every step n−1, n−2, . . . , k+1, introducing zeros in
rows n, n−1, . . . , k+2, respectively, the algorithm modified in the upper triangular
part only the generators with indices n− 1, n− 2, . . . , k + 1. Then at the moment
we apply the Givens rotation Wk to (Wk+1 · · ·Wn−1A) =: A(k) its two subrows
A(k)(k : k + 1, k : n) are equal to[

g̃k−1h̃k g̃k−1b̃kh̄k+1 g̃k−1b̃k b̄k+1h̄k+2 · · · g̃k−1b̃k . . . b̄n−1h̄n

p̄k+1ak+1qk g̃kh̄k+1 g̃kb̄k+1h̄k+2 · · · g̃k b̄k+1 . . . b̄n−1h̄n

]
=

[
g̃k−1h̃k g̃k−1b̃k

p̄k+1ak+1qk g̃k

] [
1 0 0 · · · 0
0 h̄k+1 b̄k+1h̄k+2 · · · b̄k+1 . . . b̄n−1h̄n

]
.

Hence, the application of Wk only changes the generators with index k as follows:[
ck sk

−sk ck

] [
g̃k−1h̃k g̃k−1b̃k

p̄k+1ak+1qk g̃k

]
=

[
ck sk

−sk ck

] [
pkqk gk 0

p̄k+1ak+1qk 0 1

]
=

[
p̄kqk ckgk sk
0 −skgk ck

]
=

[
g̃k−1h̄k g̃k−1b̄k

0 ḡk

]
,

where we introduced the transformed generators

(3.3) ḡk :=
[
−skgk ck

]
, b̄k :=

[
bk 0
ckgk sk

]
, h̄k :=

[
hk

p̄kqk

]
.
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Note that the transformation {g̃k, b̃k, h̃k} −→ {ḡk, b̄k, h̄k} only changes the rows k
and k+1 and does not affect any other rows of A(k), despite the fact that b̄k and h̄k

also appear in rows 1, . . . , k−1. This follows from the structure of these generators.
Formulas (3.3) are in the heart of Algorithm 2, whose full pseudocode is given

below. The computational cost of Algorithm 2 is 10n− 9 flops.

Algorithm 2. Fast quasiseparable QR factorization, version A.

Input: generators {pk}nk=1, {ak}nk=2, {qk}nk=1, {gk}n−1
k=1 , {bk}

n−1
k=2 , {hk}nk=2 of A in

equation (3.1)

p̄n = pn, h̄n =

[
hn

pnqn

]
for k = n− 1 to 2 do
p̄k =

√
(p̄k+1ak+1)2 + p2k, sk = p̄k+1ak+1/p̄k, ck = pk/p̄k

ḡk =
[
−skgk ck

]
, b̄k =

[
bk 0
ckgk sk

]
, h̄k =

[
hk

p̄kqk

]
end for
p̄1 =

√
(p̄2a2)2 + p21, s1 = p̄2a2/p̄1, c1 = p1/p̄1

ḡ1 =
[
−s1g1 c1

]
, b̄1 =

[
0 0

c1g1 s1

]
, h̄1 =

[
0

p̄1q1

]
ḡ0 =

[
0 1

]
Output: {(ck, sk)}n−1

k=1 cosines and sines of Givens rotations Wk in (2.1) and gen-

erators of the factor R of A, {ḡk}n−1
k=0 , {b̄k}

n−1
k=1 , {h̄k}nk=1, indexed as in (3.4).

Note that the expressions of the generators b̄1 and h̄1 in Algorithm 2 are differ-
ent than those for k > 1 in (3.3) because the parametrization (3.1) of A does not
include the scalar parameters b1 and h1, and b̄1 and h̄1 only appear in the first row
of R. We invite the reader to check that the formulas for b̄1 and h̄1 are correct.

Lemma 3.1 states in matrix language that Algorithm 2 produces the right gen-
erators of R. This will be useful in the error analysis of Section 3.3. A formal
proof of Lemma 3.1 follows by induction on the rows from bottom to top and it is
omitted.

Lemma 3.1. Let {(ck, sk)}n−1
k=1 be the cosines and sines computed by Algorithm 2

corresponding to the Givens rotations Wk in (2.1) and let {ḡk}n−1
k=0 , {b̄k}

n−1
k=1 , {h̄k}nk=1

be the generators computed by Algorithm 2. Assume that all computations are per-
formed in exact arithmetic. Then the matrix

(3.4) R =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ḡ0h̄1 ḡ0b̄1h̄2 ḡ0b̄1b̄2h̄3 · · · · · · ḡ0b̄1 . . . b̄n−1h̄n

0 ḡ1h̄2 ḡ1b̄2h̄3 · · · · · · ḡ1b̄2 . . . b̄n−1h̄n

0 0 ḡ2h̄3 · · · · · · ḡ2b̄3 . . . b̄n−1h̄n

...
...

...
. . .

. . .
...

...
...

...
. . . ḡn−2h̄n−1 ḡn−2b̄n−1h̄n

0 0 0 · · · 0 ḡn−1h̄n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

is the R-factor of the QR factorization of A in (3.1), that is, A = (W1 · · ·Wn−1)
TR.

3.2. Backward substitution and complete Algorithm A. Our next goal is to
adapt the general backward substitution Algorithm 1 to upper triangular matrices
as those in (3.4). This adaptation yields Algorithm 3, which is valid for any set of
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generators {ḡk}n−1
k=0 ,{b̄k}

n−1
k=1 ,{h̄k}nk=1 of sizes 1×2, 2×2, and 2×1, respectively, and

not only for generators with the zero-pattern of those computed by Algorithm 2.
To deduce Algorithm 3 simply note that a matrix of type (3.4) can be written as in
(2.3) by establishing the correspondences among generators shown in the following
table:

Generators in (2.3) Generators in (3.4)

{d1, d2, . . . , dn} {ḡ0h̄1, ḡ1h̄2, . . . , ḡn−1h̄n}

{h2, h3, . . . , hn} {b̄1h̄2, b̄2h̄3, . . . , b̄n−1h̄n}

{b2, b3, . . . , bn−1} {b̄1, b̄2, . . . , b̄n−2}

{g1, g2, . . . , gn−1} {ḡ0, ḡ1, . . . , ḡn−2}

The use of these correspondences in Algorithm 1 gives Algorithm 3.

Algorithm 3. Fast quasiseparable backward substitution to solve Rx=z,version A

Input: {zk}nk=1 and generators {ḡk}n−1
k=0 , {b̄k}

n−1
k=1 , {h̄k}nk=1 of R in (3.4)

for k = 1 to n do
dk = ḡk−1h̄k

end for
xn = zn/dn, τ = xn (b̄n−1h̄n)
for k = n− 1 to 2 do
xk = (zk − ḡk−1τ )/dk, τ = b̄k−1 (xkh̄k + τ )

end for
x1 = (z1 − ḡ0τ )/d1

Output: x1, x2, . . . , xn

We write two for-loops in Algorithm 3 to clarify its rounding error analysis in
Subsection 3.3, but it is obvious to use only one for-loop. The cost of Algorithm 3

is 18n− 16 flops for arbitrary generators of order two. For generators computed by
Algorithm 2 the cost is 16n−21 due to the special zero pattern of these generators.

We have now all the ingredients to state our definitive Algorithm A, whose
computational cost is 32n− 36 flops.

Algorithm A. QR-based fast solver of Ax = b with A represented as in (3.1)

Input: vector b and generators {pk}nk=1, {ak}nk=2, {qk}nk=1, {gk}n−1
k=1 , {bk}

n−1
k=2 ,

{hk}nk=2 of A in (3.1)

Step 1: Apply Algorithm 2 to compute Givens rotations {Wk}n−1
k=1 and gener-

ators of the factor R of A, {ḡk}n−1
k=0 , {b̄k}

n−1
k=1 , {h̄k}nk=1

Step 2: z = (W1 . . . (Wn−2(Wn−1b)) . . .)
Step 3: Apply Algorithm 3 to solve Rx = z and compute x

Output: x1, x2, . . . , xn
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3.3. Rounding error analysis of Algorithm A. In this section, we perform
first error analyses of Algorithms 2 and 3. Then, we prove in Theorem 3.5 that
Algorithm A is backward stable. This is the most important result in this work.

We make common assumptions about the model of floating point arithmetic [11,
Ch. 2]. Given two floating point numbers x and y, then

fl(x op y) = (x op y)(1 + δ) =
x op y

1 + α
, |δ|, |α| ≤ u, op = +,−, ∗, /,(3.5)

fl(
√
x) =

√
x(1 + ε), |ε| ≤ u,

where u is the unit roundoff, which is of order 10−16 in IEEE double precision arith-
metic. We will also use the following result and standard notation for accumulating
rounding errors: if |δi| ≤ u and ρi = ±1 for i = 1, . . . , k, and ku < 1, then

k∏
i=1

(1 + δi)
ρi = 1 +Θk, where |Θk| ≤

ku

1− ku
=: γk

for any positive integer k. These symbols will be used according to the rules pre-
sented in [11, Ch. 3]. We define Θ0 = γ0 = 0. As usual, “hats” are employed to
denote quantities computed in floating point arithmetic.

Next, we introduce additional notation. The Euclidean norm in R
n is denoted

by ‖ · ‖2, as well as the matrix spectral norm, i.e., the maximum singular value of a
matrix. The matrix Frobenius norm will be denoted by ‖ · ‖F . For matrices B and
C (and vectors) inequalities B ≤ C mean bij ≤ cij for all (i, j) entries. Absolute
values are also understood in componentwise sense: |B| is the matrix with entries
|bij |.

Theorem 3.2 below deals with backward errors in Algorithm 2 for computing
the QR factorization of A in (3.1). First of all, we remark that Theorem 3.2 is
not a standard backward error result, so we provide some comments to make easier
its understanding. Recall that the key idea of backward error analysis is to prove
that the outputs computed by a certain algorithm in floating point arithmetic are
exact outputs for slightly perturbed inputs [11]. In this sense, one should naturally
try in our problem to attach backward errors to the generators of A in (3.1). We
have not been able to do this, and we doubt it is possible. Instead, in part (a) of
Theorem 3.2 we attach tiny relative backward errors to each column of the matrix
A. This destroys the structure of A, i.e., A + E is close to A but does not have
any particular structure. Moreover, this forces us to state the result in terms of
the upper triangular matrix Rĝ exactly constructed from the generators computed
by Algorithm 2. This is a matrix that is never constructed in Algorithm A and is
only used for the theoretical purpose of proving that Algorithm 2 is “unstructured”
backward stable. However, we have found that this is not enough to prove backward
stability of the whole Algorithm A. Therefore, in part (b) of Theorem 3.2, it is
proved that small columnwise backward errors in A are preserved if Rĝ is perturbed
via tiny componentwise variations, that may be different for each column of Rĝ, of
the computed generators. Part (b) is the key to match the backward errors in
Algorithm 3 with those of Algorithm 2.

Theorem 3.2. Let {̂̄gk}n−1
k=0 , {̂̄bk}n−1

k=1 , and {̂̄hk}nk=1 be the generators computed in
floating point arithmetic by Algorithm 2 for the upper triangular QR factor of A
in (3.1). Then the following two statements hold.
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(a) Let Rĝ be the upper triangular matrix exactly constructed from {̂̄gk}n−1
k=0 ,

{̂̄bk}n−1
k=1 , {̂̄hk}nk=1 according to (3.4). Then there exists an exact orthogonal

n× n matrix Q such that

A+ E = QRĝ, where ‖E(:, j)‖2 ≤ γC1n‖A(:, j)‖2, j = 1, . . . , n,

and C1 is a small integer constant. The matrix Q is given explicitly as
Q = (W1W2 · · ·Wn−1)

T , where Wk is an exact Givens rotation with the
structure given in (2.1) and based on the exact sine and cosine

s′k = ̂̄pk+1ak+1/
√
(̂̄pk+1ak+1)2 + p2k, c′k = pk/

√
(̂̄pk+1ak+1)2 + p2k,

constructed with the computed parameter ̂̄pk+1.
(b) Let Rĝ+δg be any n× n upper triangular matrix defined as follows

(Rĝ+δg)ij =

⎧⎪⎨⎪⎩
ḡ
(j)
j−1h̄

(j)
j if i = j,

ḡ
(j)
i−1b̄

(j)
i · · · b̄(j)j−1h̄

(j)
j if i < j,

0 if i > j,

,

where, for a certain nonnegative integer p,

|ḡ(j)i − ̂̄gi| ≤ γp|̂̄gi| for 1 ≤ j ≤ n, 0 ≤ i ≤ j − 1,

|b̄(j)i − ̂̄bi| ≤ γp |̂b̄i| for 1 ≤ j ≤ n, 1 ≤ i ≤ j − 1,

|h̄(j)
j − ̂̄hj | ≤ γp|̂̄hj | for 1 ≤ j ≤ n.

Then the matrix Q in part (a) satisfies

A+ F = QRĝ+δg, where ‖F (:, j)‖2 ≤ γC1n+C2pn2‖A(:, j)‖2, j = 1, . . . , n,

and C2 is a small integer constant.

Proof. Part (a) follows from part (b) by taking p = 0, i.e., γ0 = 0. Therefore, we
only prove part (b).

First, the errors in sines and cosines are established. At every step i = n−1, . . . , 1
of Algorithm 2, sines and cosines computed in floating point arithmetic satisfy

(3.6)

ŝi = fl

(̂̄pi+1ai+1/
√
(̂̄pi+1ai+1)2 + p2i

)
= s′i(1 + Θ6),

where s′i = ̂̄pi+1ai+1/
√
(̂̄pi+1ai+1)2 + p2i ,

ĉi = fl

(
pi/

√
(̂̄pi+1ai+1)2 + p2i

)
= c′i(1 + Θ5),

where c′i = pi/
√
(̂̄pi+1ai+1)2 + p2i .

So, s′i and c′i are exact corresponding sines and cosines.
Similarly to the error analysis of classical Householder or Givens algorithms for

the QR decomposition [11, Ch. 19], the rest of the proof is columnwise and focuses
in a fixed column A(:, j) of the matrix A in (3.1). The index j remains constant in
the proof. We split the proof into two steps.

Step 1. Here, we analyze the errors that are produced in A(:, j) by the Givens
rotations that introduce zeros in rows n, n − 1, . . . , j + 1. These correspond to
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(cn−1, sn−1), (cn−2, sn−2), . . . , (cj , sj). For i = n− 1, . . . , j the computed quantitieŝ̄pi satisfy:
̂̄pi = fl

(√
(̂̄pi+1ai+1)2 + p2i

)
= (1 + Θ4)

√
(̂̄pi+1ai+1)2 + p2i

=
[
c′i(1 + Θ4) s′i(1 + Θ4)

] [ pî̄pi+1ai+1

]
.

Hence,

(3.7)

[̂̄pi
0

]
=

[
c′i(1 + Θ4) s′i(1 + Θ4)

−s′i c′i

] [
pî̄pi+1ai+1

]
= (Gi +ΔGi)

[
pî̄pi+1ai+1

]
,

where

(3.8) Gi :=

[
c′i s′i
−s′i c′i

]
, and ΔGi :=

[
c′i Θ4 s′i Θ4

0 0

]
.

In order to simplify the notation, here and thereafter let us agree to denote by
Gi a 2 × 2 Givens rotation, as well as any Givens rotation of other appropriate
size based on (c′i, s

′
i) and that when it is applied to subvectors A(k : l, j) of the

j-th column only modifies those entries corresponding to rows i and i + 1 of the
input matrix A. The same agreement is valid for the error matrices ΔGi, with
the additional property that all entries of ΔGi are zero except those corresponding
to the submatrix [c′i, s

′
i ; −s′i, c

′
i] in Gi. These agreements simplify the typesetting

considerably.
Multiplying (3.7) by ai . . . aj+1qj in exact arithmetic we get:[̂̄piai . . . aj+1qj

0

]
= (Gi +ΔGi)

[
piai . . . aj+1qĵ̄pi+1ai+1ai . . . aj+1qj

]
,

which, by induction, leads to

(3.9)

⎡⎢⎢⎢⎣
̂̄pjqj
0
...
0

⎤⎥⎥⎥⎦ =
n−1∏
i=j

(Gi +ΔGi)

⎡⎢⎢⎢⎣
pjqj

pj+1aj+1qj
...

pnan . . . aj+1qj

⎤⎥⎥⎥⎦ =
n−1∏
i=j

(Gi +ΔGi)A(j : n, j).

Note that the matrices Gi are the same for each column j.

Step 2. Here, we analyze the errors that are produced in A(:, j) by the Givens
rotations that introduce zeros in rows j, j − 1, . . . , 2. Let us look at the computed
generators in Algorithm 2 that contribute to column Rĝ(:, j):̂̄gi = [

−ŝigi(1 + Θ1) ĉi
]
=

[
−s′igi(1 + Θ7) c′i(1 + Θ5)

]
, 0 ≤ i ≤ j − 1,

̂̄bi = [
bi 0

ĉigi(1 + Θ′
1) ŝi

]
=

[
bi 0

c′igi(1 + Θ6) s′i(1 + Θ′
6)

]
, 1 ≤ i ≤ j − 1,

̂̄hj =

[
hĵ̄pjqj(1 + Θ′′

1)

]
,

where, for simplicity, we define g0 = ŝ0 = s′0 = b1 = h1 = 0 and ĉ0 = c′0 = 1 to
take into account the special structure of generators ḡ0, b̄1 and h̄1. Note also that
the Θm quantities that appear in the equations above depend on the index i of the
generators. We drop this dependence by simplicity. According to the definition

of generators ḡ
(j)
i , b̄

(j)
i and h̄

(j)
j in the statement of part (b) of Theorem 3.2, they
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are obtained from ̂̄gi, ̂̄bi, and ̂̄hj by introducing tiny componentwise perturbations
bounded by γp. Therefore, we can write

(3.10)

ḡ
(j)
i =

[
−s′igi(1 + Θp+7) c′i(1 + Θp+5)

]
, 0 ≤ i ≤ j − 1,

b̄
(j)
i =

[
bi(1 + Θp) 0

c′igi(1 + Θp+6) s′i(1 + Θ′
p+6)

]
, 1 ≤ i ≤ j − 1,

h̄
(j)
j =

[
hj(1 + Θ′

p)̂̄pjqj(1 + Θp+1)

]
.

Our task now is to relate, in exact arithmetic, the nonzero entries of the j-th column
of Rĝ+δg with the entries of the matrix A in (3.1) whose generators are the inputs
of Algorithm 2. Recall that

r̃ij := (Rĝ+δg)ij = ḡ
(j)
i−1b̄

(j)
i · · · b̄(j)j−1h̄

(j)
j , if i < j,

and r̃jj := (Rĝ+δg)jj = ḡ
(j)
j−1h̄

(j)
j . Note that all the entries r̃ij , for i = j, . . . , 1, can

be computed by multiplying generators from the end to the beginning as follows:

(3.11)

τj = h̄
(j)
j ,

r̃ij = ḡ
(j)
i−1τi, τi−1 = b̄

(j)
i−1τi, i = j, . . . 2,

r̃1j = ḡ
(j)
0 τ1,

here τi =
[
τi,1 τi,2

]T
is an auxiliary column vector of length two.

Let us note that each step of (3.11), for i = j, . . . , 2, can be written in matrix
form (by using (3.10)) as

(3.12)

[
τi−1,2

r̃ij

]
=

[
c′i−1(1 + Θp+6) s′i−1(1 + Θ′

p+6)
−s′i−1(1 + Θp+7) c′i−1(1 + Θp+5)

] [
gi−1τi,1
τi,2

]
,

τi−1,1 = bi−1τi,1(1 + Θp).

For i = j, we know that τj = h̄
(j)
j and, so,[

τj−1,2

r̃jj

]
=

[
c′j−1(1 + Θp+6) s′j−1(1 + Θ′

p+6)
−s′j−1(1 + Θp+7) c′j−1(1 + Θp+5)

] [
gj−1hj(1 + Θ′

p)̂̄pjqj(1 + Θp+1)

]
,

τj−1,1 = bj−1hj(1 + Θ2p),

or, attaching errors to the Givens rotation,[
τj−1,2

r̃jj

]
=

[
c′j−1(1 + Θ2p+6) s′j−1(1 + Θ2p+7)

−s′j−1(1 + Θ′
2p+7) c′j−1(1 + Θ′

2p+6)

] [
gj−1hĵ̄pjqj

]
,

τj−1,1 = bj−1hj(1 + Θ2p).

So, τj,1 = hj(1 + Θ′
p), τj−1,1 = bj−1hj(1 + Θ2p), and by induction

τi,1 = bibi+1 · · · bj−1hj(1 + Θ(j−i+1)p), for i = j − 1, . . . , 1.

Using this to change τi,1 in equation (3.12) we get

(3.13)

[
τi−1,2

r̃ij

]
=

[
c′i−1(1 + Θ(j−i+2)p+6) s′i−1(1 + Θp+6)

−s′i−1(1 + Θ(j−i+2)p+7) c′i−1(1 + Θp+5)

] [
gi−1bi . . . bj−1hj

τi,2

]
.
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Recall the simplified notation introduced in (3.8) and the paragraph just below it2,
and stick equations (3.13) together for i = 2, . . . , j:
(3.14)⎡⎢⎢⎢⎢⎢⎢⎣

τ1,2
r̃2j
...
...
r̃jj

⎤⎥⎥⎥⎥⎥⎥⎦ =

j−1∏
i=1

(Gi +ΔGi)

⎡⎢⎢⎢⎢⎢⎣
g1b2 . . . bj−1hj

g2b3 . . . bj−1hj

...
gj−1hĵ̄pjqj

⎤⎥⎥⎥⎥⎥⎦ =

j−1∏
i=1

(Gi +ΔGi)

[
A(1 : j − 1, j)̂̄pjqj

]
.

We still need to relate τ1,2 to r̃1j . But this is trivial, since (3.11) and ̂̄g0 =
[
0 1

]
imply r̃1j = (1+Θp)τ1,2. Therefore, one can replace τ1,2 in (3.14) by r̃1j at the cost
of attaching the extra error 1 +Θp to the first row of G1 +ΔG1, and so modifying
the first row of ΔG1.

Equations (3.9) and (3.14) (with τ1,2 replaced by r̃1j as explained above) lead to

(3.15) Rĝ+δg(:, j) =
n−1∏
i=1

(Wi +ΔWi)A(:, j),

where W1, . . . ,Wn−1 are the Givens rotations defined in part (a) of the statement
of Theorem 3.2. Equations (3.8) and (3.13) define ΔWi and imply that

‖ΔW1‖F ≤
√
2γ(j+1)p+6 ≤

√
2γ(j+1)p+6 ‖W1‖2,

‖ΔWi‖F ≤
√
2γ(j−i+1)p+7 ≤

√
2γ(j−i+1)p+7 ‖Wi‖2, i = 2, . . . , j − 1,

‖ΔWi‖F ≤ γ4 ≤ γ4 ‖Wi‖2, i = j, . . . , n− 1.

Therefore, using QT =
∏n−1

i=1 Wi and [11, Lemma 3.7], we get

Rĝ+δg(:, j) =

(
n−1∏
i=1

Wi +
n−1∏
i=1

(Wi +ΔWi)−
n−1∏
i=1

Wi

)
A(:, j) = QT (A(:, j) + F (:, j)),

with

‖F (:, j)‖2 ≤
∥∥∥∥∥
n−1∏
i=1

(Wi +ΔWi)−
n−1∏
i=1

Wi

∥∥∥∥∥
F

‖A(:, j)‖2 ≤ γC1n+C2pn2‖A(:, j)‖2,

which proves the result. �

Observe that parts (a) and (b) of Theorem 3.2 imply that Rĝ+δg(:, j)−Rĝ(:, j) =
QT (F (:, j)− E(:, j)) and, therefore,

‖Rĝ+δg(:, j)−Rĝ(:, j)‖2 ≤ γ2C1n+C2pn2‖A(:, j)‖2,
for j = 1, . . . , n. This means that tiny relative componentwise perturbations of the
generators of Rĝ(:, j) produce tiny relative variations in the whole j-th column, i.e.,
the generators determine well the columns of Rĝ, although perhaps not the entries.

Let us make an interesting remark. In the assertion of part (a) of Theorem 3.2 we
assumed that the matrix Rĝ is constructed in exact arithmetic from the computed
generators. This is sufficient for our purposes, as we never construct it and only
store its generators. On the other hand, if one wants to compute the entries of Rĝ

2The reader should observe that in step 2 of the proof, that is, for i = 1, . . . , j−1, the backward
errors in Givens rotations are ΔGi = [ c′i Θ(j−i+1)p+6 , s′i Θp+6 ; −s′i Θ(j−i+1)p+7 , c′i Θp+5 ].
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explicitly in floating point arithmetic, we can also assure backward stability as it
is shown in Corollary 3.3 below. This is a consequence of part (b) in Theorem 3.2.

Corollary 3.3. Let {̂̄gk}n−1
k=0 , {̂̄bk}n−1

k=1 , {̂̄hk}nk=1 be the generators computed in float-
ing point arithmetic by Algorithm 2 for the upper triangular QR factor of A in
(3.1). Let Q and Rĝ be the matrices in the statement of Theorem 3.2. Consider
the following iteration to compute, for j = 1, . . . , n, the entries r̊jj , r̊j−1,j , . . . , r̊1j
of Rĝ:

(3.16)

τj =
̂̄hj ,

r̊ij = ̂̄gi−1τi, τi−1 = ̂̄bi−1τi, i = j, . . . , 2,

r̊1j = ̂̄g0τ1,
where τi is an auxiliary column vector of length two. Let the upper triangular matrix

R̂ĝ be the output of (3.16) in floating point arithmetic. Then

QR̂ĝ = A+ΔA, where ‖ΔA(:, j)‖2 ≤ γCn2‖A(:, j)‖2, j = 1, . . . , n,

where C is a small integer constant.

Proof. We only sketch the proof. Standard error analysis of matrix-vector multipli-
cation [11, Sect. 3.5] applied to the iteration (3.16) for computing the j-th column of

R̂ĝ introduce componentwise relative backward errors, i.e., perturbations, bounded

by γ2 in generators ̂̄gk and ̂̄bk. Although these perturbations will be different for
each column j, part (b) in Theorem 3.2 can be used with p = 2, which gives the
result. �

In fact, it is possible to prove several addenda to Corollary 3.3. For instance, if

Q̂ is the orthogonal factor of the QR factorization of A computed in floating point

arithmetic by multiplying explicitly the Givens rotations, then Q̂R̂ĝ = A + ΔA,
with ΔA bounded as in Corollary 3.3 with slightly different constants. Moreover, it

can be proved that ‖R̂ĝ(:, j)− Rĝ(:, j)‖2 ≤ γC′n2‖Rĝ(:, j)‖2, for all j. This means
that Rĝ is computed explicitly with tiny relative forward errors.

Next, we analyze in Theorem 3.4 backward errors in Algorithm 3. Recall that
Algorithm 3 is valid for any set of input generators of sizes 1× 2, 2× 2, and 2× 1.
The same holds for the error analysis. Observe that the analysis attaches backward
errors to the input generators, and that for the generators ḡk the errors are different
for different columns.

Theorem 3.4. Let R be an n× n upper triangular matrix given as in (3.4) by its
generators {ḡk}n−1

k=0 , {b̄k}
n−1
k=1 , {h̄k}nk=1 of sizes 1× 2, 2× 2, and 2× 1, respectively.

Suppose the system Rx = z is solved in floating point arithmetic using Algorithm

3. Then the computed solution x̂ is the exact solution of

(3.17) Rg+δgx̂ = z,



2022 F. M. DOPICO, V. OLSHEVSKY, AND P. ZHLOBICH

where the matrix Rg+δg is defined as

(3.18) Rg+δg =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

g̃0h̃1 g̃0b̃1h̃2 g̃0b̃1b̃2h̃3 · · · · · · g̃0b̃1 . . . b̃n−1h̃n

0 g̃1h̃2 g̃1b̃2h̃3 · · · · · · g̃1b̃2 . . . b̃n−1h̃n

0 0 g̃2h̃3 · · · · · · g̃2b̃3 . . . b̃n−1h̃n

...
...

...
. . .

. . .
...

...
...

...
. . . g̃n−2h̃n−1 g̃n−2b̃n−1h̃n

0 0 0 · · · 0 g̃n−1h̃n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
in terms of certain generators {g̃k}n−2

k=0 ⊂ R
1×2, {g̃k}n−1

k=0 ⊂ R
1×2, {b̃k}n−1

k=1 ⊂ R
2×2,

and {h̃k}nk=1 ⊂ R
2×1 that satisfy

(3.19)

|g̃k − ḡk| ≤ γ2|ḡk|, for k = 0, . . . , n− 2,

|g̃k − ḡk| ≤ γ5|ḡk|, for k = 0, . . . , n− 1,

|̃bk − b̄k| ≤ γ3|b̄k|, for k = 1, . . . , n− 1,

|h̃k − h̄k| ≤ u|h̄k|, for k = 1, . . . , n.

Proof. It is easy to check that if the first for-loop is removed from Algorithm 3

and {d1, d2, . . . , dn} are given as (arbitrary) input parameters, then Algorithm 3

would compute the solution of

(3.20) Tx = z,

where tij = rij for i �= j, and tii = di for i = 1, . . . , n.

Let d̂k = fl(ḡk−1h̄k), for k = 1, . . . , n, be the numbers computed in floating point
arithmetic in the first for-loop of Algorithm 3. Then, standard error analysis [11,
Ch. 3] gives that the computed solution x̂ satisfies3

x̂n =
zn

d̂n(1 + εn)
, |εn| ≤ u,

τ̂n−1 = x̂n(b̄n−1 +Δb̄n−1)h̄n, |Δb̄n−1| ≤ γ3 |b̄n−1|,
for k = n− 1 to 2 do

x̂k =
zk − (ḡk−1 +Δḡk−1)τ̂k

d̂k(1 + εk)(1 + ε′k)
, |εk|, |ε′k| ≤ u, |Δḡk−1| ≤ γ2 |ḡk−1|,

τ̂k−1=(b̄k−1 +Δb̄k−1)(x̂k(h̄k +Δh̄k) + τ̂k), |Δb̄k−1| ≤ γ3 |b̄k−1|, |Δh̄k| ≤ u |h̄k|,
end for

x̂1 =
z1 − (ḡ0 +Δḡ0)τ̂1

d̂1(1 + ε1)(1 + ε′1)
, |ε1|, |ε′1| ≤ u, |Δḡ0| ≤ γ2 |ḡ0|.

Comparing this recurrence with Algorithm 3, recalling (3.20), and defining ε′n := 0,
we get that x̂ is the exact solution of

Rg+δgx̂ = z,

where the entries of Rg+δg are given by

(Rg+δg)ij =

⎧⎨⎩ d̂i(1 + εi)(1 + ε′i) if i = j,
(ḡi−1 +Δḡi−1)(b̄i +Δb̄i) · · · (b̄j−1 +Δb̄j−1)(h̄j +Δh̄j) if i < j,
0 if i > j.

3We introduce indexes in the computed versions of the auxiliary vectors τ to clarify the analysis.
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To finish the proof of Theorem 3.4 we first define g̃i := ḡi+Δḡi, for i = 0, . . . , n−
2, b̃i = b̄i +Δb̄i, for i = 1, . . . , n − 1, and h̃i = h̄i +Δh̄i, for i = 1, . . . , n (we take
Δh̄n = Δh̄1 = 0). Second, note that, for k = 1, . . . , n, if ḡk−1 =

[
ḡ1k−1 ḡ2k−1

]
,

then

(3.21) d̂k =
[
ḡ1k−1 (1 + Θ2) ḡ2k−1 (1 + Θ′

2)
]
h̄k.

In addition,

h̃k =

[
(1 + δ1) 0

0 (1 + δ2)

]
h̄k,

with |δ1| ≤ u, |δ2| ≤ u. From (3.21), we get d̂k =
[
ḡ1k−1

(1+Θ2)
(1+δ1)

ḡ2k−1
(1+Θ′

2)
(1+δ2)

]
h̃k,

and

(Rg+δg)kk = d̂k(1 + εk)(1 + ε′k) =
[
ḡ1k−1 (1 + Θ5) ḡ2k−1 (1 + Θ′

5)
]
h̃k ≡ g̃k−1h̃k.

This completes the proof. �
Using part (b) of Theorem 3.2 and Theorem 3.4 together we can finally prove the

main result in this paper, that is, columnwise backward stability of Algorithm A.

Theorem 3.5 (Algorithm A is backward stable). Let A be an n×n quasiseparable
matrix of type (1.1) given by its generators {pk}nk=1, {ak}nk=2, {qk}nk=1, {gk}n−1

k=1 ,

{bk}n−1
k=2 , {hk}nk=2 as in (3.1), and let b ∈ R

n. Suppose the system Ax = b is solved
in floating point arithmetic using Algorithm A. Then the computed solution x̂ is
the exact solution of

(A+ΔA)x̂ = b+Δb,

where

‖ΔA(:, j)‖2 ≤ γK1n2‖A(:, j)‖2, j = 1, . . . , n, ‖Δb‖2 ≤ γK2n‖b‖2,
and K1 and K2 are small integer constants.

Proof. Let ẑ be the vector computed in step 2 of Algorithm A. Then Theorem 3.4
can be applied to step 3 of Algorithm A, which implies that x̂ is the exact solution
of a system of linear equations

(3.22) Rĝ+δgx̂ = ẑ,

where the matrix Rĝ+δg is defined as in (3.18), with the difference that in (3.19)

appear the generators {̂̄gk}n−1
k=0 , {̂̄bk}n−1

k=1 , {̂̄hk}nk=1 computed in step 1 of Algorithm

A instead of {ḡk}n−1
k=0 , {b̄k}

n−1
k=1 , {h̄k}nk=1. Observe that part (b) of Theorem 3.2 can

be applied with p = 5 to Rĝ+δg in (3.22) and we get

(3.23) QT (A+ΔA)x̂ = ẑ, where ‖ΔA(:, j)‖2 ≤ γK1n2‖A(:, j)‖2, j = 1, . . . , n,

where Q is the exact orthogonal matrix defined in Theorem 3.2. It only remains to
analyze the errors in the computation of ẑ. Recall that, according to (3.6), Givens
rotations we compute in Algorithm 2 satisfy

Ĝi =

[
ĉi ŝi

−ŝi ĉi

]
=

[
c′i(1 + Θ5) s′i(1 + Θ6)

−s′i(1 + Θ6) c′i(1 + Θ5)

]
,

where s′i and c′i are exact sines and cosines corresponding to the Givens rotation
Wi defined in part (a) of Theorem 3.2. Standard error analysis of multiplication
by a sequence of Givens rotations (see Lemmas 19.7 and 19.9 in [11]) yields

ẑ = (W1W2 · · ·Wn−1)(b+Δb) = QT (b+Δb), ‖Δb‖2 ≤ γK2n‖b‖2.
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Combining this equation with (3.23) gives QT (A + ΔA)x̂ = QT (b + Δb), and so
(A+ΔA)x̂ = b+Δb. This proves the result. �

4. Algorithm B

This QR-based solver for linear systems was first presented in [12, Section 5.3]
for semiseparable-plus-diagonal matrices and later in [14, pp. 194–199] for general
quasiseparable matrices of order one. In this section, we will apply the later ver-
sion of the algorithm to the subclass of order one quasiseparable matrices defined
by equation (1.1). This allows us to obtain the simple linear solver that we call
Algorithm B. Numerical tests and counterexamples presented in Subsection 4.2
show that even in this simple case the algorithm in [14] fails to compute backward
stable solutions and we identify in Subsection 4.1 which are the intrinsic sources of
instability of Algorithm B.

The algorithm described in [14] used the so-called Givens-vector representation
[13]. For the matrices defined by (1.1), this parametrization is [14, p. 195]:

(4.1)

A = AL +AU =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c1v1 0 0 · · · 0 0

c2s1v1 c2v2 0
...

...

c3s2s1v1 c3s2v2 c3v3
. . .

...
. . .

. . . 0 0
cn−1sn−2 . . . s1v1 · · · cn−1vn−1 0
sn−1sn−2 . . . s1v1 · · · sn−1vn−1 vn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 r1e1 r2t1e1 · · · rn−2tn−3 . . . t1e1 tn−2 . . . t1e1
0 0 r2e2 · · · rn−2tn−3 . . . t2e2 tn−2 . . . t2e2

0 0
. . .

. . .
...

. . . rn−2en−2 tn−2en−2

...
... 0 en−1

0 0 · · · · · · 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Here all parameters are scalars and (ci, si) and (ri, ti) are pairs of cosines and sines
of some angles. The absolute values of vi are equal to the corresponding norms
of the columns of AL, i.e., ‖AL(:, i)‖2 = |vi|. Similarly, the absolute values of the
parameters ei are norms of rows of AU . So, the overall set of parameters describing
matrix A is

(4.2)

G =

[
c1 c2 · · · cn−1

s1 s2 · · · sn−1

]
, v =

[
v1 v2 · · · vn

]T
,

H =

[
r1 r2 · · · rn−2

t1 t2 · · · tn−2

]
, e =

[
e1 e2 · · · en−1

]T
.

Observe that the Givens-vector representation (4.1) assumes, in fact, that we al-
ready know the factor Q in the QR factorization of A. The matrix Q is given by
its Schur representation established in Theorem 2.1: QT = W1W2 · · ·Wn−1, where
Wi is the n× n Givens transformation in (2.1) based on the pair (ci, si).

The only open question to get the QR factorization of A is what is the represen-
tation of the factor R. The authors of [14] answer this question as follows. Applying
the rotations Wi to A they show that R can be written as the sum of two upper
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triangular semiseparable matrices of order one. We will repeat their construction
using a 4×4 example for simplicity. We assume as in [14] that there are no divisions
by zero.

The original 4× 4 matrix A is

A = AL+AU =

⎡⎢⎢⎣
c1v1 0 0 0
c2s1v1 c2v2 0 0
c3s2s1v1 c3s2v2 c3v3 0
s3s2s1v1 s3s2v2 s3v3 v4

⎤⎥⎥⎦+

⎡⎢⎢⎣
0 r1e1 r2t1e1 t2t1e1
0 0 r2e2 t2e2
0 0 0 e3
0 0 0 0

⎤⎥⎥⎦ .

Now we apply Givens transformations to eliminate rows in the strictly lower trian-
gular part of A one by one starting from the bottom. The first transformation is
W3:

(4.3) W3A = W3AL +W3AU

=

⎡⎢⎢⎣
c1v1 0 0 0
c2s1v1 c2v2 0 0
s2s1v1 s2v2 v3 s3ṽ4

0 0 0 c3ṽ4

⎤⎥⎥⎦+

⎡⎢⎢⎣
0 r1e1 r2t1e1 t2t1e1
0 0 r2e2 t2e2
0 0 0 c3e3
0 0 0 ẽ4

⎤⎥⎥⎦ ,

where we introduced new parameters: ṽ4 = v4 and ẽ4 = −s3e3, whose absolute
values are the norms of the last column and the last row in W3AL and W3AU ,
respectively. Our ultimate goal is to have R as the sum of two upper triangular
semiseparable matrices of order one each at the end of applying all Givens trans-
formations. After the first step, the upper triangular part of matrix W3AL satisfies
this “wish” but matrix W3AU does not, because the following 2 × 2 block in its
upper triangular part [

r2e2 t2e2
0 c3e3

]

has rank two in general. Fortunately, we can modify the zero entry in this 2 × 2
block to change the rank to one. Let us note that this zero entry in matrix W3AU is
located at exactly the same position as the entry v3 in matrix W3AL (see equation
(4.3)) and v3 does not appear anywhere else in the later matrix. Hence, we are free
to add an adequate number r2x3 to 0 in the entry (3, 3) of W3AU and subtract it
from v3 in W3AL. The choice of x3 that makes the last two columns of the upper
triangular part of W3AU semiseparable of order one is x3 = c3e3/t2.

If we also introduce a new parameter ṽ3 = v3−r2x3, then equation (4.3) becomes:

(4.4) W3A = A
(3)
L +A

(3)
U

=

⎡⎢⎢⎣
c1v1 0 0 0
c2s1v1 c2v2 0 0
s2s1v1 s2v2 ṽ3 s3ṽ4

0 0 0 c3ṽ4

⎤⎥⎥⎦+

⎡⎢⎢⎣
0 r1e1 r2t1e1 t2t1e1
0 0 r2e2 t2e2
0 0 r2x3 t2x3

0 0 0 ẽ4

⎤⎥⎥⎦ .
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Applying the next Givens transformation we get

W2W3A = W2A
(3)
L +W2A

(3)
U

=

⎡⎢⎢⎣
c1v1 0 0 0
s1v1 v2 s2ṽ3 s2s3ṽ4
0 0 c2ṽ3 c2s3ṽ4
0 0 0 c3ṽ4

⎤⎥⎥⎦+
⎡⎢⎢⎣

0 r1e1 r2t1e1 t2t1e1
0 0 r2(c2e2 + s2x3) t2(c2e2 + s2x3)
0 0 r2(c2x3 − s2e2) t2(c2x3 − s2e2)
0 0 0 ẽ4

⎤⎥⎥⎦ ,

where we again need to change the highlighted zero entry to some number r1x2 to

produce semiseparability in the upper triangular part of W2A
(3)
U :

(4.5) W2W3A = A
(2)
L +A

(2)
U

=

⎡⎢⎢⎣
c1v1 0 0 0
s1v1 ṽ2 s2ṽ3 s2s3ṽ4
0 0 c2ṽ3 c2s3ṽ4
0 0 0 c3ṽ4

⎤⎥⎥⎦+

⎡⎢⎢⎣
0 r1e1 r2t1e1 t2t1e1
0 r1x2 r2t1x2 t1t2x2

0 0 r2ẽ3 t2ẽ3
0 0 0 ẽ4

⎤⎥⎥⎦ ,

with

ẽ3 = c2x3 − s2e2, x2 =
1

t1
(c2e2 + s2x3), ṽ2 = v2 − r1x2.

At this point only one Givens transformation is left, its application leads to (4.6),
this time without the need of adding and subtracting any quantity in the (1,1)-entry.

(4.6) W1W2W3A = W1A
(2)
L +W1A

(2)
U

=

⎡⎢⎢⎣
v1 s1ṽ2 s1s2ṽ3 s1s2s3ṽ4
0 c1ṽ2 c1s2ṽ3 c1s2s3ṽ4
0 0 c2ṽ3 c2s3ṽ4
0 0 0 c3ṽ4

⎤⎥⎥⎦+

⎡⎢⎢⎣
0 r1ẽ1 r2t1ẽ1 t2t1ẽ1
0 r1ẽ2 r2t1ẽ2 t2t1ẽ2
0 0 r2ẽ3 t2ẽ3
0 0 0 ẽ4

⎤⎥⎥⎦ ,

where ẽ1 = c1e1 + s1x2 and ẽ2 = c1x2 − s1e1.
All together we have the QR decomposition of matrix A expressed as:

A = QR, where Q = WT
3 WT

2 WT
1 and R = RL +RU ,

where RL := W1A
(2)
L , RU := W1A

(2)
U are given in (4.6) and both of them are

triangular order one semiseparable matrices, whose rank structure captures the
diagonal.

The procedure described above trivially generalizes to n × n matrices A repre-
sented in Givens-vector form as in (4.1). This procedure is presented as Algorithm
4. The cost of Algorithm 4 is 9n−12 flops, and its output is the set of parameters
that allows us to reconstruct the R factor in the QR factorization of A, with R
given, according to (4.6), as a sum of two triangular matrices RL and RU of the
form

(4.7) RL =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ṽ1 s1ṽ2 s1s2ṽ3 · · · s1s2 . . . sn−2ṽn−1 s1s2 . . . sn−1ṽn
0 c1ṽ2 c1s2ṽ3 · · · c1s2 . . . sn−2ṽn−1 c1s2 . . . sn−1ṽn
0 0 c2ṽ3 . . . c2s3 . . . sn−2ṽn−1 c2s3 . . . sn−1ṽn
...

...
. . .

...
...

0 0 · · · · · · cn−2ṽn−1 cn−2sn−1ṽn
0 0 · · · · · · 0 cn−1ṽn

⎤⎥⎥⎥⎥⎥⎥⎥⎦



STABILITY OF SOLVERS FOR QUASISEPARABLE MATRICES 2027

and

(4.8) RU =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 r1ẽ1 r2t1ẽ1 · · · rn−2tn−3 . . . t1ẽ1 tn−2 . . . t1ẽ1
0 r1ẽ2 r2t1ẽ2 · · · rn−2tn−3 . . . t1ẽ2 tn−2 . . . t1ẽ2
0 0 r2ẽ3 . . . rn−2tn−3 . . . t2ẽ3 tn−2 . . . t2ẽ3
...

...
. . .

...
...

0 0 · · · · · · rn−2ẽn−1 tn−2ẽn−1

0 0 · · · · · · 0 ẽn

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Algorithm 4. Fast quasiseparable QR factorization, version B.

Input: Givens-vector parameters {ck}n−1
k=1 , {sk}

n−1
k=1 , {vk}nk=1, {rk}n−2

k=1 , {tk}
n−2
k=1 ,

and {ek}n−1
k=1 of A in (4.1)

xn = 0
ṽn = vn
for k = n− 1 to 2 do[

xk

ẽk+1

]
=

[ 1
tk−1

0

0 1

] [
ck sk
−sk ck

] [
ek

xk+1

]
ṽk = vk − rk−1xk

end for[
ẽ1
ẽ2

]
=

[
c1 s1
−s1 c1

] [
e1
x2

]
ṽ1 = v1

Output: parameters {ṽk}nk=1, {ẽk}nk=1 of RL and RU in (4.7)–(4.8).

In order to solve fast the system of equations Ax = b, we still need to find a
fast solver of the upper triangular linear system (RL + RU )x = QT b, in terms
of the generators of RL and RU appearing in (4.7)–(4.8). To this purpose note
that the matrix R = RL + RU is quasiseparable of order 2 and, hence, admits the
representation (2.3). Therefore, we simply compute in Algorithm 5 the generators
of R in (2.3) and then apply Algorithm 1. The cost of Algorithm 5 is 5n − 7
flops.

Algorithm 5. Computing generators of R = RL +RU from generators of RL and
RU .

Input: generators {ck}n−1
k=1 , {sk}

n−1
k=1 , {ṽk}nk=1 of RL in (4.7) and generators

{rk}n−2
k=1 , {tk}

n−2
k=1 , {ẽk}nk=1 of RU in (4.8)

d1 = ṽ1, g1 =
[
s1 ẽ1

]
for k = 2 to n− 1 do
dk = ck−1ṽk + rk−1ẽk, gk =

[
ck−1sk tk−1ẽk

]
bk =

[
sk 0
0 tk−1

]
, hk =

[
ṽk
rk−1

]
end for

dn = cn−1ṽn + ẽn, hn =

[
ṽn
1

]
Output: generators {dk}nk=1, {gk}n−1

k=1 , {bk}
n−1
k=2 , {hk}nk=2 of R as in (2.3).

We have now all the ingredients to state the definitive Algorithm B, whose
cost is 31n − 39 flops. To deduce this cost, we have taken into account that the
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generators bk of R are diagonal matrices, which reduces in this case the cost of
Algorithm 1. Observe that the cost of Algorithm B is a little bit less than the
cost of Algorithm A, which is 32n−36 flops. This is in part related to the fact that
the Givens-vector representation has as inputs the pairs cosine-sine corresponding
to the Givens rotations of the factor Q, while Algorithm A needs to compute these
quantities.

Algorithm B. QR-based fast solver of Ax = b with A represented as in (4.1)

Input: vector b and Givens-vector parameters {ck}n−1
k=1 , {sk}

n−1
k=1 , {vk}nk=1, {rk}n−2

k=1 ,

{tk}n−2
k=1 , and {ek}n−1

k=1 of A in (4.1)
Step 1: Apply Algorithm 4 to compute parameters {ṽk}nk=1, {ẽk}nk=1 of RL and

RU in (4.7)–(4.8)
Step 2: z = (W1 . . . (Wn−2(Wn−1b)) . . .), where Wi is a Givens rotation based

on the input cosine-sine pair (ci, si)
Step 3: Apply Algorithm 5 to compute the generators of R = RL +RU repre-

sented as in (2.3)
Step 4: Apply Algorithm 1 to solve Rx = z and compute x

Output: x1, x2, . . . , xn

4.1. Potential sources of instability of Algorithm B. In this section we dis-
cuss in detail an important source of backward instability of Algorithm B. This
instability appears in step 1, i.e., in Algorithm 4 and is an intrinsic effect of repre-
senting the factor R as a summation of two matrices that may have very different
norms. The analysis is informal, but we will illustrate that this source of instability
may have a dramatic effect in the numerical tests presented in Subsection 4.2.

Observe that Algorithm 4 simply computes norms (up to signs) {ṽ1, . . . , ṽn} of
columns of RL and norms (up to signs) {ẽ1, . . . , ẽn} of rows of RU , since the rest of
generators of RL and RU are some of the input parameters. The QR factorization
of A in exact arithmetic in terms of RL and RU is

(4.9) A = Q(RL +RU ).

In floating point arithmetic the factor Q is given exactly by the input parameters, as
long as it is stored in the factorized form Q = WT

n−1 · · ·WT
2 WT

1 , but some errors are

necessarily committed to obtain the computed norms {̂̃v1, . . . , ̂̃vn} and {̂̃e1, . . . , ̂̃en}.
Therefore, if R̂L and R̂U are the matrices obtained in exact arithmetic when one

replaces ṽi by ̂̃vi and ẽi by ̂̃ei, for i = 1, . . . , n, in (4.7) and (4.8), respectively, then
the parameters computed by Algorithm 4 correspond to the QR factorization of

B̂ = Q(R̂L + R̂U ).

This is the exact QR factorization of a certain matrix B̂. Therefore, the backward
error for Algorithm 4 is

(4.10) A− B̂ = Q(RL − R̂L +RU − R̂U ).

The unstructured Givens algorithm to compute the QR factorization gives normwise
relative backward errors of order unit roundoff, u, in each column [11, Theorem
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19.10], so let us bound the Euclidean norms of the columns of the backward error
in (4.10):

‖A(:, i)− B̂(:, i)‖2
‖A(:, i)‖2

≤‖RL(:, i)− R̂L(:, i)‖2
‖RL(:, i)‖2

‖RL(:, i)‖2
‖A(:, i)‖2

+
‖RU (:, i)− R̂U (:, i)‖2

‖RU (:, i)‖2
‖RU (:, i)‖2
‖A(:, i)‖2

, i = 1, . . . , n.(4.11)

The bound (4.11) shows that, even in the best possible ideal scenario in which
Algorithm 4 would produce errors4

‖RL(:, i)− R̂L(:, i)‖2
‖RL(:, i)‖2

≈ u and
‖RU (:, i)− R̂U (:, i)‖2

‖RU (:, i)‖2
≈ u,

the normwise relative backward error for columns in Algorithm 4 may be huge if

(4.12) max

{
‖RL(:, i)‖2
‖A(:, i)‖2

,
‖RU (:, i)‖2
‖A(:, i)‖2

}
� 1, for some i.

In addition, if (4.12) holds for some index j such that ‖A(:, j)‖2 ≈ ‖A‖2, then the

whole backward error ‖A− B̂‖2/‖A‖2 may be huge. We have seen in the numerical
tests of Subsection 4.2 that this often happens.

We want to stress that if the condition (4.12) is satisfied for a column i, then
equation (4.9) is not a reliable representation of A(:, i) under perturbations, because
A(:, i) is given as a summation of two vectors QRL(:, i) and QRU (:, i) that have
much larger norms than A(:, i). Therefore tiny relative perturbations of QRL(:, i)
and/or QRU (:, i) may produce enormous relative variations in the norm of A(:, i).
This is an example of the well-known phenomenon of severe cancellation.

In the rest of this subsection we explain why Algorithm 4 may produce out-
puts that satisfy (4.12). Note that Algorithm 4 has a recursive form. To pro-
ceed with the analysis, we need to obtain the direct mapping of input param-
eters {ck}n−1

k=1 , {sk}
n−1
k=1 , {vk}nk=1, {rk}n−2

k=1 , {tk}
n−2
k=1 , {ek}

n−1
k=1 to output parameters

{ṽk}nk=1, {ẽk}nk=1. Let us introduce the block-diagonal transformation matrices

(4.13) Θk = diag

(
Ik−1 ,

[ 1
tk−1

0

0 1

] [
ck sk
−sk ck

]
, In−k−1

)
,

where for k = 1, we define t0 = 1. Then, by the virtue of Algorithm 4:⎡⎢⎢⎢⎢⎢⎣
e1
...

en−2

xn−1

ẽn

⎤⎥⎥⎥⎥⎥⎦ = Θn−1

⎡⎢⎢⎢⎢⎢⎣
e1
...

en−2

en−1

0

⎤⎥⎥⎥⎥⎥⎦ and

⎡⎢⎢⎢⎣
ẽ1
...

ẽn−1

ẽn

⎤⎥⎥⎥⎦ = Θ1 · · ·Θn−1

⎡⎢⎢⎢⎣
e1
...

en−1

0

⎤⎥⎥⎥⎦ .

Hence, if we define vectors ẽ =
[
ẽ1 · · · ẽn

]T
and e =

[
e1 · · · en−1 0

]T
, then

‖ẽ‖2 ≤
n−1∏
k=1

‖Θk‖2 · ‖e‖2 =
‖e‖2

|t1t2 . . . tn−2|
.

Recall that the numbers tk are sines of certain angles, so |1/tk| > 1 and it may
happen that ‖ẽ‖2 � ‖e‖2. To simplify the discussion, let all tk be of magnitude t,

4In fact, such ideal bounds do not hold for Algorithm 4.
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then in the worst case ‖ẽ‖2 would grow exponentially with n: ‖ẽ‖2 ≈
(
1
t

)n−2 ‖e‖2.
This is ‖ẽ‖2 ≈ 2n−2‖e‖2, for the moderate value t = 1/2. In this case, observe that

‖RU (:, i)‖2 ≥ |ri−1||ẽi| =
√
3
2 |ẽi| for i = 2, . . . , n− 1. Therefore, for |ẽk| = maxi |ẽi|,

assuming 2 ≤ k ≤ n− 1, we have for the worst case of growth of ‖ẽ‖2 that

(4.14) ‖RU (:, k)‖2 ≥
√
3

2
√
n
‖ẽ‖2 ≈

√
3√
n
2n−3‖e‖2

=

√
3√
n
2n−3‖AU‖F ≈

√
3√
n
2n−3‖A‖F ≥

√
3√
n
2n−3‖A(:, k)‖2,

where we have assumed that

‖AL‖F ≈ ‖AU‖F .

Observe that this worst case scenario leads to an exponential growth with the size
of the matrix of ‖RU (:, k)‖2/‖A(:, k)‖2.

4.2. Numerical tests showing that Algorithm B is unstable. This section
includes examples where Algorithm B computes solutions x̂ with large relative

backward errors for Ax = b. As usual, we employ the relative residual ‖Ax̂−b‖2

‖A‖2‖x̂‖2

to compute the minimum normwise relative backward error, since it is known [11,
Chapter 7] that

(4.15)
‖Ax̂− b‖2
‖A‖2‖x̂‖2

= min {ε : (A+ΔA)x̂ = b, ‖ΔA‖2 ≤ ε‖A‖2} .

Traditional unstructured solvers, like Gaussian elimination with partial pivoting or

QR, give ‖Ax̂−b‖2

‖A‖2‖x̂‖2
≈ u ≈ 10−16, in double precision, for any condition number

of A. We have performed our numerical tests in MATLAB, i.e., in IEEE double
precision.

We start by constructing a very small size counterexample by choosing one of
the generators tk tiny as follows:

G =

[
cos(π/6) cos(π/3) cos(10−6)
sin(π/6) sin(π/3) sin(10−6)

]
, v =

[
1 1 1 1

]T
,

H =

[
cos(π/4) cos(10−6)
sin(π/4) sin(10−6)

]
, e =

[
1 1 1

]T
.

According to (4.1), these generators give the matrix:

A =

⎡⎢⎢⎣
0.8660 0.7071 0.7071 0.7071 · 10−6

0.2500 0.5000 0.9999 1.0000 · 10−6

0.4330 0.8660 0.9999 1.0000
0.4330 · 10−6 0.8660 · 10−6 1.0000 · 10−6 1.0000

⎤⎥⎥⎦ ,

with cond(A) = 16.8185. The right-hand side b of the system is chosen to be

b =
[
1 1 1 1

]T
. Then Algorithm B produces the relative residual

(4.16) η =
‖Ax̂− b‖2
‖A‖2 ‖x̂‖2

= 1.2644 · 10−11,

which is much larger than u. To understand this fact, note that for this example,
‖A‖2 = 2.3011, ‖RL‖2 ≈ ‖RU‖2 = 1.2788 · 106, where RL and RU were defined in
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(4.7) and (4.8), and M = 5.5575 · 105, with

M := max
i

max

{
‖RL(:, i)‖2
‖A(:, i)‖2

,
‖RU (:, i)‖2
‖A(:, i)‖2

}
,

i.e., the maximum of the magnitudes in (4.12). Observe that η ≈ M · u. This is
precisely the source of instability discussed in Subsection 4.1.

The next test illustrates that Algorithm B may produce large relative residuals
for moderate values of the sines tk. We construct, for n = 10, 20, . . . , 90, matrices
n×n with parameters tk = 1/2, for k = 1, . . . , n−2, sk =

√
2/2, for k = 1, . . . , n−1,

vk = 1, for k = 1, . . . , n, and ek = 1, for k = 1, . . . , n− 1. The entries of the right-
hand sides were random numbers distributed uniformly in [0, 1]. The logarithms of
the relative residuals η and the magnitude M are plotted versus n in Figure 4.1.
We observe again residuals much larger than u such that η ≈ M · u. Note that
both M and the relative residual increase exponentially with n, in agreement with
(4.14).

Figure 4.1. Relative residual and M versus size of matrices that
have all parameters tk = 1/2.

The last numerical test we present illustrates that the instability of Algorithm
B is not a rare phenomenon. To show this, we performed 1000 random experiments
with 100 × 100 order one quasiseparable matrices parameterized as in (4.1). The
generators of these tests were chosen as follows: G and H in (4.2) consisted of
sines and cosines of angles distributed uniformly on [0, 2π], entries of v and e were
chosen to be uniformly distributed on [−1, 1], as well as the entries of right-hand
side vectors b. The relative residuals of these random tests are summarized by the
histogram in Figure 4.2. We also show in Table 4.1 the maximum and minimum
of the magnitude M for the cases in each bar of the histogram. Table 4.1 shows
that when Algorithm B produces large relative residuals, then large values of M
necessarily occur. However, the opposite is not true, because large values of M may
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occur and the corresponding relative residuals be small (see the data for the bar of
residual e-16). This is not in contradiction with our discussion in Subsection 4.1,
since we only showed that M contributes to an upper bound of the backward error.

Figure 4.2. Relative residual distribution in 1000 numerical ex-
periments with 100× 100 randomly generated matrices.

Table 4.1. Maximum and minimum of magnitudes M for each
bar of the histogram in Figure 4.2.

η e+0 e-1 e-2 e-3 e-4 e-5

Mmin - 7.8e+15 - 1.2e+15 1.0e+13 1.3e+11
Mmax - 2.6e+18 - 6.0e+15 3.2e+13 1.4e+14

η e-6 e-7 e-8 e-9 e-10 e-11

Mmin 2.3e+11 6.3e+9 5.8e+8 5.1e+7 3.2e+6 7.1e+5
Mmax 9.2e+13 4.2e+13 4.3e+12 3.6e+12 1.2e+11 2.4e+11

η e-12 e-13 e-14 e-15 e-16

Mmin 5.1e+4 4.1e+3 4.4e+2 1.0e+2 1.3e+1
Mmax 4.7e+9 1.8e+9 1.3e+8 2.8e+9 5.2e+6

5. Conclusions and future work

We have started in this paper the development of rounding error analysis of fast
algorithms for quasiseparable matrices by analyzing the two fast quasiseparable
linear solvers via a structured QR factorization that are presently available in the
literature. In this work, we have focused on the subclass of order one quasiseparable
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matrices defined by equations (1.1), i.e., those matrices whose diagonal is included
in the lower triangular rank structure. This class includes matrices that are very
relevant in applications as, for instance, the semiseparable matrices. Despite this
simplification, the rounding error analysis we have developed is far from trivial
and requires the use of novel approaches that employ carefully the quasiseparable
structure. This error analysis proves rigorously that the fast QR-based linear solver
introduced in [8] is backward stable on the matrices defined by (1.1), which con-
stitutes the most relevant result in this work. We have also studied carefully the
application on matrices (1.1) of the QR-based linear solver presented in [12, 14], and
we have constructed explicit counterexamples that show that this algorithm is not
backward stable. The sources of instability of the algorithm in [12, 14] have been
identified and presented in an understandable way. Besides, we have performed
many random numerical tests that show that the appearance of these instabilities
in practice is not rare. Two fundamental consequences of this work are: (i) users
should employ with caution fast algorithms for quasiseparable matrices since they
may be unstable; and (ii) a lot of work remains to be done to identify which fast
algorithms for quasiseparable matrices are backward stable among the large family
available in the literature. Future work includes the generalization of the error
analysis we have developed from matrices defined by (1.1) to general order one
quasiseparable matrices and the error analysis of the fast linear solver presented in
[2].
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