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MESH DEPENDENT STABILITY AND CONDITION NUMBER

ESTIMATES FOR FINITE ELEMENT APPROXIMATIONS

OF PARABOLIC PROBLEMS

LIYONG ZHU AND QIANG DU

Abstract. In this paper, we discuss the effects of spatial simplicial meshes
on the stability and the conditioning of fully discrete approximations of a
parabolic equation using a general finite element discretization in space with
explicit or implicit marching in time. Based on the new mesh dependent

bounds on extreme eigenvalues of general finite element systems defined for
simplicial meshes, we derive a new time step size condition for the explicit
time integration schemes presented, which provides more precise dependence
not only on mesh size but also on mesh shape. For the implicit time integration
schemes, some explicit mesh-dependent estimates of the spectral condition
number of the resulting linear systems are also established. Our results provide
guidance to the studies of numerical stability for parabolic problems when
using spatially unstructured adaptive and/or possibly anisotropic meshes.

1. Introduction

In this paper, we are concerned with fully discrete approximations of parabolic
equations using a general finite element discretization in space and an explicit or
implicit Euler marching scheme in time. Such approximations have been extensively
studied over the years and are widely used in practice [24, 27]. It is well known
that for an explicit scheme, some time step size constraints closely related to spatial
meshes are required for the stable integration in time, while for an implicit scheme,
condition numbers of resulting linear algebraic systems are also dependent on mesh
geometry.

In more recent years, the use of adaptive time steps coupled with spatially adap-
tive unstructured meshes has become increasingly popular. Yet, in such a context,
there has not been rigorous analysis on effects of unstructured spatial simplicial
meshes on the stability and the conditioning of fully discrete approximations of
parabolic equations with a general spatial finite element discretization. Our cur-
rent understanding has largely been based on the limited analysis for the linear
element on quasi-uniform and shape-regular meshes which has been known for
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decades [2, 6, 23, 24]. Most of the known results are imprecise concerning mesh
dependence and they are not directly applicable to highly unstructured adaptive
and perhaps anisotropic simplicial meshes. As a continuation of the series of works
presented in [9, 10, 26], the goal of the study undertaken here is to explore, for
general linear second order in space parabolic problems and general spatial finite
element spaces, more precise relations among the mesh geometry, the conditioning
of resulting finite element linear systems of equations for implicit schemes and the
stable time step size for explicit time integration schemes. In light of the growing
use of adaptive spatial meshes and time steps in finite element methods, it is not
only theoretically interesting but practically useful to have a better understanding
of such relations.

As discussed in [9, 10, 26], an integrated finite element methodology often in-
volves the generation and optimization of a geometric mesh, the assembly of a dis-
crete algebraic system using a finite element basis, the solution of such a system by
some algebraic solvers and the subsequent analysis of the numerical results. There is
thus considerable interest in understanding the interplay between the various com-
ponents in order to improve the overall performance of finite element simulations.
Historically, connections have been made between the performance of algebraic
solvers (or condition numbers of global stiffness matrices) and general unstructured
meshes [3, 4, 5, 7, 8, 9, 11, 12, 16, 17, 18, 21, 22]. Recently in [10], a more precise
relation is established between mesh geometry and spectral condition numbers of
stiffness matrices for some typical second order elliptic equations discretized by gen-
eral finite element methods based on unstructured simplicial meshes in any space
dimension, which shed new light on the development of mesh generation strategies
and algebraic solvers for finite element methods. In terms of parabolic problems,
although there exist some explorations of the relationship between mesh geometry
and stable time step sizes for explicit time integration schemes in the finite ele-
ment literature [19, 20, 22], precise and systematic descriptions of such relations for
general finite element spaces remain to be developed. Similarly, for implicit time
integration schemes, very few precise relations were known between mesh geometry
and spectral condition numbers of stiffness matrices. Thus, it is natural to see if
the framework developed in [10] for elliptic problems can be extended to the case
of parabolic equations.

It turns out that a key and new ingredient to be studied in the context of para-
bolic equations is the so-called preconditioned stiffness matrix with the mass matrix
being the preconditioner. This presents challenges that are significantly different
from those studies given for elliptic problems where only stiffness matrices need to
be analyzed. In this work, we not only adopt the techniques given in [13, 14] and
further developed in [10] to estimate the eigenvalues of the mass and stiffness matri-
ces, but also provide some new estimates on preconditioned stiffness matrices. Such
estimates, coupled with the elegant trace formula and the framework on the mesh
dependence given in [10], allow us to derive more precise bounds, with respect to
the mesh geometry, on stable time step sizes for an explicit time integration scheme
with a general finite element spatial discretization of parabolic problems. These
bounds are explicitly expressed by some universal mesh geometric quantities which
are dependent not only on the mesh size but also on the mesh shape. Such esti-
mates, to our knowledge, have not been presented before in the literature. Another
contribution of this paper is to establish refined relationships between the spectral



MESH DEPENDENT STABILITY AND CONDITION NUMBER ESTIMATES 39

condition number of the resulting matrix and the mesh geometry for an implicit
time integration scheme with a general finite element discretization of parabolic
problems. These analytical results offer theoretical guidance to the further studies
of both linear algebraic solvers and unstructured geometric meshing. The theoret-
ical analysis is also complemented by numerical experiments as further validation.

This paper is organized as follows. In section 2, we recall basic finite element
spatial discretizations of parabolic equations and describe the main issues we are
concerned with. In section 3, some existing results on extreme eigenvalue esti-
mates for general finite element spaces are briefly stated and some new estimates
on eigenvalues of the preconditioned stiffness matrix are given. In section 4, we
derive mesh dependent time step size conditions for the stability of an explicit time
integration scheme, while in section 5, the mesh-dependent spectral condition num-
ber estimates are established for an implicit time integration scheme. In section 6,
numerical examples are provided to substantiate the theoretical analysis. A final
conclusion is given in section 7.

2. Finite element spatial discretizations of parabolic problems

We first introduce the model equation and its finite element spatial discretization,
along with explicit and implicit time integration schemes.

Given an open bounded convex domain Ω ∈ R
d with a Lipschitz-continuous

boundary and a finite time interval (0, T ], consider the following time-dependent
parabolic equation with the solution u = u(x, t):

(2.1)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂u

∂t
=

d∑
i,j=1

∂

∂xi
(aij

∂u

∂xj
) + f, in Ω × (0, T ],

u(x, t) = 0, on ∂Ω × (0, T ],

u(x, 0) = u0(x), in Ω,

where entries of the coefficient matrix Ã = (aij)
d
i,j=1 and the right-hand side func-

tion f are assumed to be constants in time, and furthermore, Ã is assumed to be
symmetric positive definite, and uniformly bounded in Ω. The independence of Ã
and f on the time variable simplifies the notation, though much of our discussion
remains valid for time-dependent coefficients and time-dependent right-hand side
functions as well. We also choose to work with the homogeneous Dirichlet bound-
ary condition for simplicity. We point out that here the given diffusion matrix Ã
and the right-hand side function f may admit discontinuities in both space and
time. Thus, our discussion is applicable to many interesting applications such as
composite materials.

The finite element method is employed in the spatial discretization. Let T denote
a finite element mesh (a simplicial mesh for much of our discussion). An appropri-
ate finite element space, Vh ⊂ H1

0 (Ω), with suitably chosen nodal basis functions
{φj}Nj=1 may then be employed to discretize the above continuous problem, result-
ing in a finite element approximation in the form of a system of time-dependent
ordinary differential equations such as

(2.2)

∫
Ω

∂uh(x, t)

∂t
vh dx + aΩ(uh, vh) =

∫
Ω

fvh dx, ∀ vh ∈ Vh ,
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where the bilinear form aΩ = aΩ(u, v) is given by

(2.3) aΩ(u, v) :=

∫
Ω

d∑
i,j=1

(aij
∂u

∂xi

∂v

∂xj
) dx,

for any u, v ∈ H1
0 (Ω). To solve the above ODE system, we further consider the two

most popular first order time integration schemes: the forward and the backward
Euler time discretizations. First, the explicit forward Euler time integration scheme
can be written as

(2.4)

∫
Ω

ui+1
h − ui

h

Δti
vh dx + aΩ(ui

h, vh) =

∫
Ω

fvh dx, ∀ vh ∈ Vh,

where Δti is a time step size, and ui
h is the approximation solution of u(x, t) at

time ti. For any uh ∈ Vh, we denote by ui the vector containing the coordinates of
ui
h with respect to the basis {φj}, so that ui

h =
∑

(ui)jφj . We also use a similar
notation for the right-hand side term f .

In matrix notation, the discrete solution ui+1 satisfies

(2.5) Mui+1 = (M − ΔtiK)ui + Δtif , i = 0, 1, 2, 3, . . . ,

where K and M are respectively N ×N stiffness and mass matrices, generated by
the finite element basis {φi}, that is,

(2.6) K = (kij), kij = aΩ(φi, φj) and M = (mij), mij =

∫
Ω

φiφj dx.

Obviously, K and M are both symmetric and positive definite.
Similarly, the implicit backward Euler scheme of (2.2) is given by∫

Ω

ui+1
h − ui

h

Δti
vh dx + aΩ(ui+1

h , vh) =

∫
Ω

fvh dx, ∀ vh ∈ Vh,(2.7)

or, in the matrix form,

(2.8) (M + ΔtiK)ui+1 = Mui + Δtif , i ≥ 0 .

We note that for problems with time-dependent coefficients, the only complica-
tion is that K depends on the time variable. Since our discussions focus mostly on
properties of (2.4) and (2.7) at a single step, they can be easily adapted to treat
time-dependent coefficients as well. Some conditions on the diffusion coefficients
are needed. We assume that the diffusion coefficient matrix satisfies

(2.9) 0 < βτ
1 I ≤ Ãτ (x) ≤ βτ

2 I

uniformly for x ∈ τ for some positive constants βτ
1 and βτ

2 , where τ is a generic

simplicial element in T and Ãτ (x) is the restriction of the coefficient matrix Ã on
τ , I is the standard identity matrix

The explicit integration scheme (2.4) is a widely used scheme because the result-
ing linear system can often be readily solved, especially when M is approximated
by a diagonal matrix, a technique commonly called mass lumping [23]. However,
the time step size Δti must be restricted in order to satisfy the stability condition
associated with the explicit scheme. Obviously, to understand what the important
factors are that affect the choice of permissible time step size can be important for
the efficient implementation of the explicit scheme.
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Let ei = u∗
i − ui with both u∗

i and ui computed by (2.5) with different initial
conditions. It is easy to see that

(2.10) ei+1 = (I − ΔtiM
−1K)ei .

For a vector X ∈ R
N , let ′ denote the standard transpose operation of vectors. We

use λmax(A) (λmin(A)) to denote the maximum (minimum) eigenvalue of a matrix
A. Thus, to ensure the stability condition that the norm of ei+1 is bounded by that
of ei, being in either one of the following norms

(2.11) ‖ei‖L2(Ω) = (e′iMei)
1/2; ‖ei‖H1(Ω) = (e′iKei)

1/2,

we have the well-known stability condition that |λmax(I − ΔtiM
−1K)| < 1 or

equivalently,

(2.12) Δti <
2

λmax(M−1K)
.

Here, we refer M−1K as the preconditioned stiffness matrix (by the mass matrix).
Thus, it remains to give some sharp and exact estimates of λmax(M

−1K) for general
finite element spaces to get precise time step size constraints.1

Similarly, for the implicit scheme (2.7), it is unconditionally stable so that no
constraint on Δti is required. But, at each time step, a linear algebraic system has
to be solved to find the numerical solution at the new time step. The corresponding
coefficient matrices are either M + ΔtiK or I + ΔtiM

−1K, so that their condition
number estimates also depend crucially on the extreme eigenvalues of M , K and
the preconditioned stiffness matrix M−1K. It is worthwhile to point out that
while we only focus on the scheme (2.7), similar discussions on condition number
estimates for linear systems associated with other implicit schemes, such as the
Crank-Nicolson scheme, would also depend on the estimates for M−1K.

Before ending the discussion on the background, let us introduce some notations
and assumptions on the finite element spaces under consideration. While the same
assumptions have been used in [10], we phrase them in more precise terms below.

For any simplicial element τ ∈ T , we let |τ | be its volume, {|Ai|}d+1
i=1 the

areas (volumes) of its d− 1 dimensional faces, and (b1, b2, ..., bd+1) the barycentric
coordinates on τ so that τ is affinely mapped into a reference simplex described by

τ0 = {(b1, b2, ..., bd+1) | bi ≥ 0,
∑

bj = 1} .

We also use {Li({bj})}ni=1 to denote a general form of the nodal basis of the finite
element space whose restriction on any τ ∈ T is given, via the mapping to the
reference element τ0, by the same nodal basis on τ0. The finite element space is
given by functions whose restrictions on τ ∈ T are linear combinations of {Li},
subject to appropriate boundary conditions on the boundary nodes. In addition,
the following assumptions about the nodal basis on any τ ∈ T are made:

A1. A function in the nodal basis on τ is a multi-variable polynomial of {bj}
with the coefficients being independent of the element geometry.

A2. The nodal basis on τ0 (thus on any τ ), being a set of functions, is invariant
with respect to the permutation of the vertices of τ0 (or τ , correspondingly).

1We do not consider the maximum norm stability nor the discrete maximum principle here for
which a large number of works exist in the literature; see for instance [24].
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In the above assumptions, (A1) implies that the only geometric dependence of a

particular basis function is exclusively through its dependence on {bj}d+1
j=1 . It also

limits the finite element spaces to be that involving only piecewise polynomials but
a similar theory can also be developed for more general spaces that involve non-
polynomial basis functions. The assumption (A2) is referred to as a permutation
invariance property [10]. These assumptions are satisfied by many typical finite
element spaces including the classical standard Lagrange finite element spaces of
any order, and other exotic spaces like the enrichment of the conforming linear
element with bubble functions or stabilized finite element spaces [1]. Some simple
examples that satisfy (A1)-(A2) include the conventional linear element with basis

{bj}d+1
j=1 and the quadratic element with basis {bj(2bj−1)}d+1

j=1 ∪{4bjbk}j �=k, as well

as the linear element with a bubble {bj}d+1
j=1 ∪{ddb1b2 · · · bd+1}. In general, given an

arbitrary finite element space, so long as the nodal basis function construction on a
simplicial element is based on mapping from that defined on the reference element
via the barycentric coordinates and their partial products only, it is then easy to
check (A1)-(A2) through a direct verification about the permutation invariance of
the set of basis functions on τ0 with respect to the vertices.

Under the above assumptions (A1)-(A2) on the nodal basis, we now present some
important constants. We first introduce an algebraic constant γd

n as in [10], which
depends only on the nodal basis in the reference element τ0:

(2.13) γd
n =

(d− 1)!

d2(d + 1)

n∑
m=1

d+1∑
j=1

d+1∑
k=1

∫
τ0

(
∂Lm

∂bj
− ∂Lm

∂bk

)2

dx .

Note that the volume of τ0 is given by |τ0| = 1/d!. Let us also introduce a geometric
constant Qd(τ ):

(2.14) Qd(τ ) =
1

|τ |

d+1∑
i=1

|Ai|2 ,

which is purely a mesh-dependent constant that is independent of the finite element
basis selections [10, 22]. For a given element τ , Qd(τ )/|τ | represents the sum
of the squares of the reciprocals of the altitudes of τ in all directions, which is
an important geometric quantity to be used later in the stability estimates. To
provide some motivation on the above definitions, we recall that a new trace formula
has been established in [10], namely, the trace of the element stiffness matrix Kτ

associated with the discretization of the Laplacian operator is in fact the product
of an algebraic constant γd

n and a geometric factor Qd(τ ), under assumptions (A1)-
(A2). Thus, γd

n can be defined equivalently as an algebraic constant representing
the trace of Kτ0 , divided by the factor (d+ 1)!. This new formula has been the key
to a better understanding of the relation between spectral properties of the stiffness
matrix and the mesh geometry [10]. Such a fact is again useful for estimating the
preconditioned stiffness matrix here.

3. Estimates for the extreme eigenvalues

Estimates on eigenvalues of stiffness and mass matrices have been provided in
standard finite element texts [2], although their precise dependence on the finite
element meshes has only been studied more recently [10, 22]. In this section, we
recall briefly the extreme eigenvalue estimates on the element stiffness (mass) matrix
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of a general finite element discretization of a related elliptic equation given in [10]
which extended some earlier works of Fried [13, 14]. Then, we derive some new
estimates on the extreme eigenvalues of the preconditioned stiffness matrix M−1K.
These results form the basis of discussions on parabolic systems.

3.1. Known eigenvalues estimates for element stiffness and mass matri-
ces. On a (simplicial) element τ ∈ T , we denote the element matrices correspond-
ing to K and M by Kτ and Mτ , respectively, with n being their dimensions, which
corresponds to the degree of freedom or the number of nodal basis functions as-
sociated with the element τ . A geometrically precise estimate for the maximum
eigenvalue of the element stiffness matrix is given in [10]:

Lemma 3.1. For any general finite element spaces defined on a simplicial mesh
T with the nodal basis on any d-dimensional simplex τ ∈ T satisfying the assump-
tions (A1)-(A2) specified above, we have the following estimate for the maximum
eigenvalue of the element stiffness matrix Kτ ,

(3.1)
βτ
1γ

d
n

n− 1
Qd(τ ) ≤ λmax(Kτ ) ≤ βτ

2 γ
d
nQd(τ ) ,

where n is the dimension of the local finite element space, γd
n and Qd(τ ) are given

by (2.13) and (2.14), and βτ
1 , β

τ
2 are defined by (2.9).

As in [10], it is important to note that γd
n is a positive constant that depends only

on the corresponding basis functions on the reference simplex τ0 and is independent
of the geometry of the particular element τ while the other factor Qd(τ ) is com-
pletely independent of the choice of the finite element spaces as long as they satisfy
(A1)-(A2). The above estimate does provide a precise control on the contribution
due to the mesh geometry on the maximum eigenvalue of the element stiffness
matrix which is crucial for estimating stable time steps and condition numbers of
globally assembled matrices for parabolic problems.

For the mass matrix, its extreme eigenvalues have also been carefully studied
before, for example, in [25] and [10]. Here, we state a result based on the use of
local nodal basis. One may find detailed computation in [10].

Lemma 3.2. For the mass matrix defined by (2.6), the corresponding element mass
matrix Mτ on an element τ satisfies

(3.2) Mτ =
|τ |
|τ0|

Mτ0 ,

where |τ0| is the volume of the reference simplex τ0 and Mτ0 is the element mass
matrix on τ0. Consequently,

(3.3) min
τ∈T

λmin(Mτ ) = δn min
τ∈T

|τ | , max
τ∈T

λmax(Mτ ) = σn max
τ∈T

|τ | ,

where δn and σn are two constants given by

(3.4) δn =
1

|τ0|
λmin(Mτ0) , σn =

1

|τ0|
λmax(Mτ0) .

Note that the constants δn and σn are independent of the particular element τ
but only dependent on τ0 and the corresponding local finite element basis.
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3.2. New estimates for the maximum eigenvalue of M−1K. In this subsec-
tion, we estimate the maximum eigenvalue of the preconditioned stiffness matrix
M−1K, which is a key result for understanding the desired properties of the time
dependent problems.

For a vector X ∈ R
N and any element τ , we use Xτ to denote the portion of X

associated with τ . Then using the standard Rayleigh quotient argument, we have

λmax(M
−1K) = max

X∈RN ,X �=0

{X ′KX

X ′MX

}
= max

X∈RN ,X �=0

{∑
τ
X ′

τKτXτ∑
τ
X ′

τMτXτ

}

= max
X∈RN ,X �=0

{∑
τ

X′
τKτXτ

X′
τMτXτ

X ′
τMτXτ∑

τ
X ′

τMτXτ

}

≤ max
X∈RN ,X �=0

{∑
τ
λmax(M

−1
τ Kτ )X

′
τMτXτ∑

τ
X ′

τMτXτ

}
(3.5)

≤ max
τ

{λmax(M
−1
τ Kτ )}.

We state the above result as the following lemma.

Lemma 3.3. The maximum eigenvalue of M−1K has the estimate:

(3.6) λmax(M
−1K) ≤ max

τ
{λmax(M

−1
τ Kτ )}.

In order to derive a lower bound of λmax(M
−1K), we introduce an assumption

referred to here as the gradual volume change condition: there exists a positive
constant c1 such that, for any element τ ∈ T with the adjacent elements τ̃i (i =
1, 2, 3, ..., pτ ), we have

|τ̃i|/|τ | ≤ c1, ∀ 1 ≤ i ≤ pτ ,(3.7)

where pτ is the number of elements adjacent to τ . Let us point out that this gradual
volume change condition is very weak, and is easily satisfied by most commonly used
meshes in finite element methods. For convenience, we denote the lumped region
of τ with its adjacent elements by Tτ =

⋃pτ

i=1 τ̃i.

Lemma 3.4. If a mesh T satisfies the gradual volume change condition as defined
by (3.7), the maximum eigenvalue of M−1K has the estimate

(3.8)
max

τ
{λmax(M

−1
τ Kτ )}

(1 + κ(M0)c1P∗)
≤ λmax(M

−1K),

where P∗ is the maximum number of elements meeting at a nodal point, and the
spectral condition number is κ(M0) = λM0

max/λ
M0

min.

Proof. We take a special vector X̂ ∈ RN such that a portion of it is the eigenvector
corresponding to the eigenvalue max

τ
{λmax(M

−1
τ Kτ )} and the rest zero. Here we

denote the corresponding element where the above maximum is reached by τ∗. By
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Lemma 3.2 and the standard Rayleigh quotient argument, we get that∑
τ̃∈Tτ∗

X̂ ′
τ̃Mτ̃ X̂τ̃ ≤

∑
τ̃∈Tτ∗

λMτ̃
maxX̂

′
τ̃ X̂τ̃ =

∑
τ̃∈Tτ∗

λM0
max(|τ̃ |/|τ0|)X̂ ′

τ̃ X̂τ̃

≤ λM0
maxc1(|τ∗|/|τ0|)

∑
τ̃

X̂ ′
τ̃ X̂τ̃ ≤ λM0

maxc1(|τ∗|/|τ0|)P∗X̂
′
τ∗X̂τ∗(3.9)

≤ κ(M0)c1P∗(|τ∗|/|τ0|)X̂ ′
τ∗M0X̂τ∗ = (κ(M0)c1P∗)X̂

′
τ∗Mτ∗X̂τ∗ .

Thus, we have from this that

λmax(M
−1K)= max

X∈RN ,X �=0

{∑
τ

X′
τKτXτ

X′
τMτXτ

X ′
τMτXτ∑

τ
X ′

τMτXτ

}
≥
{∑

τ

X̂′
τKτ X̂τ

X̂′
τMτ X̂τ

X̂ ′
τMτ X̂τ

∑
τ
X̂ ′

τMτ X̂τ

}

=
{ ∑

τ̃∈Tτ∗∪τ∗

X̂′
τ̃Kτ̃ X̂τ̃

X̂′
τ̃Mτ̃ X̂τ̃

X̂ ′
τ̃Mτ̃ X̂τ̃

∑
τ̃∈Tτ∗∪τ∗

X̂ ′
τ̃Mτ̃ X̂τ̃

}
≥

{ X̂′
τ∗Kτ∗X̂τ∗

X̂′
τ∗Mτ∗X̂τ∗

X̂ ′
τ∗Mτ∗X̂τ∗

∑
τ̃∈Tτ∗∪τ∗

X̂ ′
τ̃Mτ̃ X̂τ̃

}

≥
max

τ
{λmax(M

−1
τ Kτ )}

(1 + κ(M0)c1P∗)
.

This completes the proof of Lemma (3.4). �

Since Mτ is symmetric positive definite, we have

Λ(M−1
τ Kτ ) = Λ(M1/2

τ M−1
τ KτM

−1/2
τ ) = Λ(M−1/2

τ KτM
−1/2
τ ),

where the notation Λ(A) represents the set of all eigenvalues of a matrix A. Hence,

the key is to estimate eigenvalues of M
−1/2
τ KτM

−1/2
τ . For simplicity, let P =

M
−1/2
τ . Obviously, P is also a symmetric and positive definite matrix. Thus,

λmax(PKτP ) = max
Y ∈Rn,Y �=0

{Y ′(PKτP )Y

Y ′Y

}

= max
Y ∈Rn,Y �=0

{ (PY )′Kτ (PY )

(PY )′(PY )
· Y

′M−1
τ Y

Y ′Y

}

≤ λmax(Kτ )λmax(M
−1
τ ) =

λmax(Kτ )

λmin(Mτ )
.(3.10)

On the other hand, with the Rayleigh quotient, taking the special vector Y = Ỹ
such that P Ỹ is an eigenvector corresponding to the maximum eigenvalue of Kτ ,
then we can get,

λmax(PKτP ) = λmax(P
′KτP ) = max

Y ∈Rn,Y �=0

{Y ′(P ′KτP )Y

Y ′Y

}

= max
Y ∈Rn,Y �=0

{ (PY )′Kτ (PY )

(PY )′(PY )

Y ′P ′PY

Y ′Y

}

≥ (P Ỹ )′Kτ (P Ỹ )

(P Ỹ )′(P Ỹ )

Ỹ ′P ′P Ỹ

Ỹ ′Ỹ
= λmax(Kτ )

Ỹ ′P ′P Ỹ

Ỹ ′Ỹ

≥ λmax(Kτ )λmin(M
−1
τ ) = λmax(Kτ )/λmax(Mτ ).(3.11)

With (3.6), (3.8), (3.10), (3.11), (3.1) and (3.3), we can immediately get the
following estimates for the maximum eigenvalue of M−1K.
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Theorem 3.1. For any general finite element space defined on a simplicial mesh
T with the nodal basis on any d-dimensional simplex τ ∈ T satisfying assumptions
(A1)-(A2) specified before, the maximum eigenvalue of the matrix M−1K has the
estimate

(3.12) λmax(M
−1K) ≤ γ̃d

n max
τ∈T

{β
τ
2Qd(τ )

|τ | },

furthermore, when the mesh T satisfies the gradual volume change condition (3.7),

(3.13) γ̂d
n max

τ∈T
{β

τ
1Qd(τ )

|τ | } ≤ λmax(M
−1K),

where n is the cardinality of the set of local nodal basis, and γ̂d
n, γ̃

d
n are given by

γ̂d
n =

λ−1
max(Mτ0)

(n− 1)(1 + c1P∗κ(M0))
|τ0|γd

n, γ̃d
n = λ−1

min(Mτ0)|τ0|γd
n.(3.14)

Here, let us point out that the constants γ̃d
n and γ̂d

n are independent of the partic-
ular element τ , but are only dependent on τ0, the corresponding local finite element
basis and the global mesh parameters (c1 and P∗). The other factors in the bounds,
which are dependent on mesh geometry and equations, are completely independent
of the choice of the finite element spaces. As pointed out previously, for a given
element τ , Qd(τ )/|τ | represents the sum of the squares of the reciprocals of the
altitudes of τ in all directions geometrically. When the mesh T satisfies the gradual
volume change condition as defined by (3.7), both the upper and lower bounds of
λmax(M

−1K) have the same mesh-dependent factor, maxτ∈T {Qd(τ )/|τ |}, which
implies that the estimates, in the isotropic case, are very precise and sharp with
respect to the mesh geometry.

4. Mesh dependent stability condition for the explicit scheme

In this section, we apply the general estimates in the previous sections to derive
the mesh dependent permissible time step sizes for the explicit time integration
scheme (2.4) for parabolic problems. Some of these estimates are widely known and
are consistent with the popular understanding in the finite element and meshing
community, while others are interesting on their own.

4.1. Mesh-dependent stability condition. With the estimates in the previous
sections, we have the following theorem on the mesh-dependent stability condition.

Theorem 4.1. For the explicit time integration scheme (2.4) discretized by fi-
nite element space defined on a simplicial mesh T with the nodal basis on any d-
dimensional simplex τ ∈ T satisfying the assumptions specified above, the stability
condition for the time step size Δti is given by

(4.1) Δti <
2

γ̃d
n

min
τ∈T

|τ |
βτ
2Qd(τ )

,

where n is the cardinality of the set of local nodal basis functions, Qd(τ ) and γ̃d
n are

respectively defined by (2.14) and (3.14), and βτ
2 is defined in (2.9).

Theorem 4.1 directly follows from the estimates (2.12) and (3.12). We give some
remarks on the above stability condition.
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Remark 4.1. In [22], some preliminary discussion on mesh-dependent stable time
step size was provided for the simple linear finite element. The result here is new in
two aspects: first, our result is for general finite element spaces, and second, we do
not need to use the mass lumping. The latter case is of special interest in practice
which is examined more closely in a separate work [26] where spectral estimates
involving lumped diagonal mass matrices can be more directly derived than those
involving general non-diagonal mass matrices as being considered here.

Remark 4.2. The stable time step size condition given by (4.1) is very elegant: it
implies that the stable time step size of the explicit differencing is a product of
two factors, with one being 2/γ̃d

n which is completely independent of the geometry
of the particular element τ , and the other being minτ∈T {|τ |/(βτ

2Qd(τ ))}, which is
completely independent of the choice of the finite element spaces. This allows us
to explore the precise relationship between the stable time step size condition and
the mesh geometry in various special cases, as discussed later.

4.2. Relating time step size constraint to mesh geometry. We now explore
the stability condition (4.1) for a variety of commonly encountered meshes.

Let us first discuss the effect of the element size on the stable time step size
when the shape of element remains regular. That is, we consider a simplicial mesh
T with all the simplices τ ∈ T satisfying the shape regular assumption:

(4.2) ρ1|τ |2−2/d ≤
∑
i

|Ai|2 ≤ ρ2|τ |2−2/d , ∀ τ ∈ T

for some positive constants ρ1 and ρ2, independent of τ . Here, for any d-dimensional
simplex τ , |τ | is its volume and {|Ai|}d+1

i=1 are the areas (volumes) of its d − 1-
dimensional faces. We refer to such meshes as shape regular (as commonly called
in the finite element literature [6]). Meanwhile, we refer to a simplicial mesh T as
being quasi-volume-uniform if

(4.3) min
τ∈T

|τ | ≥ ρ3 max
τ∈T

|τ |

holds for some positive constant ρ3, independent of τ [10]. Note that for the shape
regular meshes, the notion of quasi-volume-uniform is equivalent to the conventional
quasi-uniform triangulation assumption characterized by a bounded ratio of the
largest and smallest element sizes [6, 23].

For the shape-regular and quasi-volume-uniform meshes, (4.1) recovers a most
widely known estimate [22].

Corollary 4.1. For the explicit time integration scheme (2.4) discretized by a finite
element space which satisfies (A1)-(A2) and is defined on a quasi-volume-uniform
mesh, in the sense of (4.3), d-dimensional simplicial mesh with h being the mesh
parameter (diameter of the largest simplex), if we further assume that all simplices
are shape regular in the sense of (4.2), then it is stable if the time step size satisfies

(4.4) Δti < c
(1)
(n,d)h

2 min
τ

{1/βτ
2},

for some constant c
(1)
(n,d) which is dependent upon the finite element basis defined

on the reference element τ0 and the space dimension d, but is independent of mesh
geometry.
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Corollary 4.1 follows directly from (2.14), (4.1), (4.2) and (4.3) and it also in-
dicates that, for a uniform mesh of well-shaped elements, the maximum permissi-
ble time step size Δti for problems with isotropic diffusion coefficients is roughly
proportional to h2. Hence, smaller elements require a smaller time step size and
more computation. The result in Corollary 4.1 for the linear finite element case
with mass lumping is widely known in the finite element and meshing community
[20, 22], while the same result on general finite element spaces is rarely provided.

Now, we consider the mesh with well-shaped elements which satisfies the shape
regular condition (4.2) but does not necessarily satisfy the quasi-volume-uniform
condition (4.3). Such cases often appear in the isotropic adaptive finite element
computation. In this case, we have the following corollary.

Corollary 4.2. For the explicit time integration scheme (2.4) discretized by a fi-
nite element space which satisfies (A1)-(A2) and is defined on a shape regular d-
dimensional simplicial mesh, then it is stable if the time step size satisfies

(4.5) Δti < c
(2)
(n,d) min

τ∈T
{|τ |2/d/βτ

2}

for some constant c
(2)
(n,d) which is dependent on the finite element basis on the ref-

erence element τ0 and dimension d, but is independent of mesh geometry.

From the above corollary, for the diffusion problems with isotropic coefficients,
we can see that the time step size is usually dictated by the size of the scaled
element volume in a non-uniform mesh with well-shaped elements. The scaling
effect is introduced by the appearance of the factor βτ

2 . Thus, it helps to maintain
a relatively larger stable time step size if the smaller mesh elements happen to
correspond to smaller values of the diffusion coefficients on these elements.

Next, we consider an anisotropic but quasi-volume-uniform mesh which satisfies
the condition (4.3) but not (4.2). For Qd(τ ), the following explicit expressions are
given in [10],

(4.6) Q2(τ ) = 4

3∑
i=1

cot θτi , Q3(τ ) = 3

4∑
i=1

4∑
j=1,j �=i

lij cot θτij ,

where θτi is the triangle interior angle and θτij is the dihedral angle on the edge Eij

with the length lij . Then, by (4.1), (4.3), and (4.6), we have the following result.

Corollary 4.3. For the explicit time integration scheme (2.4) discretized by a finite
element space which satisfies (A1)-(A2) and is defined on a quasi-volume-uniform
mesh in the sense of (4.3) d-dimensional simplicial mesh, then it is stable if the
time step size satisfies

Δti < c
(3)
(n,2) min

τ∈T
{|τ |(βτ

2

3∑
i=1

cot θτi )−1},when d = 2,(4.7)

Δti < c
(4)
(n,3) min

τ∈T
{|τ |(βτ

2

4∑
i=1

4∑
j=1,j �=i

lij cot θτij)
−1},when d = 3,(4.8)

for some constants c
(3)
(n,2) and c

(4)
(n,3) which are dependent on the finite element ba-

sis on the reference element τ0 and dimension d, but are independent of element
geometry.
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The above corollary indicates that, for the problems with isotropic diffusion
coefficients and quasi-volume-uniform meshes, if anisotropic elements are used or
the shape-regularity cannot be met so that there are elements with small angles
in two dimensions and elements with small dihedral angles in three dimensions,
then conditions (4.7) and (4.8) imply that the explicit time marching is required to
take even smaller time step sizes to ensure stability. While for the problems with
anisotropic diffusion coefficients, a relatively larger stable time step size may be
taken by choosing a suitably aligned mesh.

In summary, we see that in practice, both the spatial mesh size and mesh shape,
properly scaled by the diffusion coefficients, may affect the stability conditions on
the time step size as predicted by the more general estimate (4.1).

5. Mesh dependent condition number estimates

for the implicit scheme

In the section, we derive some precise and mesh-dependent estimates of the
condition number of the resulting matrix for the implicit scheme, which is helpful
for us to improve the efficiency and accuracy of the solution to the linear system by
mesh optimization and mesh-based pre-conditioning. We first present some general
estimates on the global mass/stiffness matrices given in [13, 14] which are used in
the later condition number estimates.

5.1. Estimates for the global mass/stiffness matrices. For the stiffness and
mass matrices K and M defined by (2.6), their eigenvalues are denoted by {λK

i }Ni=1

and {λM
i }Ni=1, respectively, which are ordered by

λK
1 ≤ λK

2 ≤ · · · ≤ λK
N , λM

1 ≤ λM
2 ≤ · · · ≤ λM

N .

In this notation, λK
1 and λM

1 are the minimum eigenvalues of K and M , and λK
N

and λM
N are the maximum eigenvalues, respectively. Similarly, we use {λKτ

i }ni=1

and {λMτ
i }ni=1 to denote the eigenvalues of Kτ and Mτ , respectively, which are also

ordered by

λKτ
1 ≤ λKτ

2 ≤ · · · ≤ λKτ
n , λMτ

1 ≤ λMτ
2 ≤ · · · ≤ λMτ

n .

In [13, 14], some estimates for the extreme eigenvalues of the global stiffness
(mass) matrix in relation to that of the element stiffness (mass) matrix were given:

(5.1) max
τ∈T

(λKτ
n ) ≤ λK

N ≤ P∗ max
τ∈T

(λKτ
n ), λ∗

1 min
τ∈T

(λM̃τ
1 ) ≤ λK

1 ≤ λ̂∗
1P∗ max

τ∈T
(λM̃τ

n ),

(5.2) min
τ∈T

(λMτ
n ) ≤ λM

1 ≤ P∗ max
τ∈T

(λMτ
n ), max

τ∈T
(λMτ

n ) ≤ λM
N ≤ P∗ max

τ∈T
(λMτ

n ),

where P∗ is the maximum number of elements meeting at a nodal point2, λ∗
1 is the

smallest eigenvalue corresponding to the generalized eigenvalue problem

(5.3)

⎧⎪⎨
⎪⎩

−
d∑

i,j=1

∂

∂xi
(aij

∂u

∂xj
) = λρu, in Ω,

u = 0, on ∂Ω,

with the eigenfunction u being non-zero, and a density function ρ = ρ(x) which
can be taken to be the unit constant in most cases, but with a non-uniform density,

sharper estimates can be established for highly non-uniform meshes. Here, λ̂∗
1 is

2In this work, we always consider meshes with uniformly bounded P∗.
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the corresponding finite element smallest eigenvalue computed from KV = λm̃V
and the generalized mass matrix M̃ = (m̃ij) is as defined by m̃ij = ζnρφiφj dx, and

M̃τ is the mass matrix on element τ .
For a non-uniform density function ρ, by using (3.3), simple calculations give

(5.4) δn min
τ∈T

{ρτmin|τ |} ≤ min
τ∈T

λM̃τ
1 ≤ δn min

τ∈T
{ρτmax|τ |} ,

(5.5) σn max
τ∈T

{ρτmin|τ |} ≤ max
τ∈T

λM̃τ
n ≤ σn max

τ∈T
{ρτmax|τ |} ,

where ρτmin and ρτmax are the minimum and maximum values of ρ on element τ , and
δn, σn are given by (3.4). The smallest exact eigenvalue λ∗

1 can be regarded as a
constant that depends only on intrinsic properties of the continuous problem, but
does not depend on discretization parameters.

5.2. The mesh dependent condition number estimates. As discussed earlier,
the implicit scheme requires the numerical solution of a linear system with the
coefficient matrix (M+ΔtiK). In order to derive mesh dependent condition number
estimates, we first present a preliminary lemma

Lemma 5.1. Let λ1(M + ΔtiK) ≤ λ2(M + ΔtiK) ≤ · · · ≤ λN (M + ΔtiK) be all
the eigenvaules of (M + ΔtiK). Then, we have

(5.6)
(min
τ∈T

(λMτ
1 ) + Δtiλ

∗
1 min
τ∈T

(λM̃τ
1 )) ≤ λ1(M + ΔtiK) ≤ P∗(max

τ∈T
(λMτ

n )

+ Δtiλ̂
∗
1 max

τ∈T
(λM̃τ

n )) ,

(5.7) max
τ∈T

(λMτ
1 + Δtiλ

Kτ
n ) ≤ λN (M + ΔtiK) ≤ P∗ max

τ∈T
(λMτ

n + Δtiλ
Kτ
n ),

where Kτ/Mτ is the element stiffness/mass matrix on the element τ , M̃τ is the

element mass matrix associated with the generalized mass matrix M̃ , and P∗ is the

maximum number of elements meeting at a single vertex, λ∗
1(λ̂

∗
1) is the smallest

exact (numerical) eigenvalue of the eigenvalue problem (5.3).

Proof. Given any nonzero vector X ∈ R
N , we have from the ellipticity that

X ′KX ≥ λ∗
1X

′M̃X,

which yields that

X ′(M + ΔtiK)X

X ′X
≥ X ′MX + Δtiλ

∗
1X

′M̃X

X ′X
≥ (λM

1 + Δtiλ
∗
1λ

M̃
1 ).

Taking a special vector X = X̂ such that it is the eigenvector corresponding to
λ1(K) and using the Rayleigh quotient argument, we can arrive at

λ1(M + ΔtiK) ≤ λM
N + Δtiλ

K
1 .(5.8)

Then we may apply the results of (5.1) and (5.2) to get (5.6).
For the proof of (5.7), we follow the technique used for (5.1)-(5.2) in [13, 14].

Namely, for a unit vector X ∈ R
N and any element τ , we let xτ denote the portion
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of X associated with τ . We then decompose the following quadratic form into the
sum of contributions on each element:

X ′(M + ΔtiK)X =
∑
τ

x′
τ (Mτ + ΔtiKτ )xτ

≤
∑
τ

λ(Mτ+ΔtiKτ )
n x′

τxτ ≤ max
τ

λ(Mτ+ΔtiKτ )
n

∑
τ

x′
τxτ .

Obviously, we have λ
(Mτ+ΔtiKτ )
n ≤ λMτ

n +Δtiλ
Kτ
n , so by the inequality

∑
τ x

′
τxτ ≤

P∗, we get the right-hand side of inequality (5.7) from the standard Rayleigh quo-
tient argument. On the other hand, to derive the lower bound on the maximum
eigenvalue, we select a special vector X = X̂ such that a portion of it is the eigen-
vector corresponding to max

τ
{λmax(Mτ + ΔtiKτ )} and the rest zero. Then, we

have

λN (M + ΔtiK) ≥ X ′(M + ΔtiK)X

X ′X
=

∑
τ x

′
τ (Mτ + ΔtiKτ )xτ

X ′X

≥
∑

τ x̂
′
τ (Mτ + ΔtiKτ )x̂τ

X̂ ′X̂
≥ max

τ
{λmax(Mτ + ΔtiKτ )}.(5.9)

Furthermore, taking a special vector xτ = x̃τ such that it is the eigenvector corre-
sponding to λKτ

max, the standard Rayleigh quotient argument gives

λmax(Mτ + ΔtiKτ ) ≥ λmin(Mτ ) + Δtiλmax(Kτ ).(5.10)

The left-hand side of inequality (5.7) follows directly from (5.9) and (5.10). This
completes the proof of lemma 5.1. �

Then, we have the following mesh-dependent estimates of the spectral condition
number κ(M + ΔtiK).

Theorem 5.1. For the implicit time integration scheme (2.7) discretized by a gen-
eral finite element space defined on a d-dimensional simplicial mesh, let (A1)-(A2)
be satisfied and let M+ΔtiK be the coefficient matrix of the resulting linear system,
then its condition number satisfies

max
τ∈T

{
δn|τ | + Δtiγ

d
nβ

τ
1Qd(τ )/(n− 1)

}
P∗σn(max

τ∈T
|τ | + Δtiλ̂∗

1 max
τ∈T

{ρτmax|τ |})
≤ κ(M + ΔtiK)(5.11)

≤
P∗ max

τ∈T

{
σn|τ | + Δtiγ

d
nβ

τ
2Qd(τ )

}
δn(min

τ∈T
|τ | + Δtiλ∗

1 min
τ∈T

{ρτmin|τ |})
,

where Qd(τ ) and the constants δn, σn are respectively defined by (2.14) and (3.4), βτ
2

and γd
n are, respectively, defined by (2.9) and (2.13), and P∗ is the maximum number

of elements meeting at a single vertex, λ∗
1(λ̂

∗
1) is the smallest exact (numerical)

eigenvalue of the eigenvalue problem (5.3).

Proof. The result follows immediately from estimates (3.1), (3.3), (5.1), (5.2), (5.4),
(5.5), and Lemma 5.1. �

The results in Theorem 5.1 show that the condition number is not only dependent
on the mesh geometry but also on the time step size Δti. When the time step size
Δti is relatively small, the mesh shape has little effect on the condition number of
the coefficient matrix since the condition number in this case is determined by the



52 LIYONG ZHU AND QIANG DU

term (maxτ∈T |τ |)/(minτ∈T |τ |). In particular, for a quasi-volume-uniform mesh
in the sense of (4.3), the condition number would be independent of the mesh
geometry.

When the time step size Δti is large, we see that κ(M + ΔtiK) is essentially
dominated by κ(K), and one would encounter the same type of ill-conditioning for
the system resulted from the implicit time integration of a parabolic equation as
that corresponding to the associated elliptic problem. That is, on a typical quasi-
uniform and shape regular d-dimensional simplicial mesh with h being the mesh
parameter (diameter of the largest simplex), κ(M +ΔtiK) is dominated by Cd

nh
−2

as h → 0 [10], where the constant Cd
n is dependent on the finite element basis on

the reference element τ0, the space dimension d and the diffusion coefficients of the
continuous problem, but it is independent of h. Meanwhile, on the anisotropic mesh
that satisfies the quasi-volume-uniform condition (4.3) but not the shape regular
condition (4.2), with (4.6) and (5.11), simple calculation gives that κ(M + ΔtiK)
is dominated by

(5.12) C(n,2) max
τ∈T

(βτ
2

3∑
i=1

cot θτi ) max
τ∈T

(|τ |−1), for d = 2

or

(5.13) C(n,3) max
τ∈T

(βτ
2

4∑
i=1

4∑
j=1,j �=i

lij cot θτij) max
τ∈T

(|τ |−1) , for d = 3,

where constants C(n,2) and C(n,3) are dependent on the finite element basis on the
reference element τ0, dimension d, and the parabolic problem, but are independent
of the mesh geometry. In this case, a small angle in the two-dimensional case and a
small dihedral angle in the three-dimensional case would make the term maxt∈τ Qτ

extremely large, which would incur bad conditioning.
Other cases of a non-uniform mesh with irregular elements could also be dis-

cussed, following the results in Theorem 5.1. The estimates in Theorem 5.1 give an
explicit relationship between the spectral condition number and the mesh geometry,
which is very precise with respect to the latter.

6. Numerical experiments

In this section, we present some numerical experiments by implementing both
linear and quadratic Lagrange finite elements on a spatial domain Ω = [0, 1]2. Test
runs are performed on several sets of meshes, as shown in Figures 6.1 and 6.2, to
substantiate the theoretical results obtained in previous sections. These meshes are
artificially generated. While they are relatively simple, they serve to illustrate a
number of key geometric features related to our analysis: effects due to uniform and
non-uniform element areas, regular and irregular shapes, and their combinations.
The time discretization is implemented by either the explicit scheme or the implicit
scheme with a step size that is uniform in time. Different values of the time step
size are taken in different test runs for comparison purposes.

For simplicity, we focus on the isotropic heat conduction equation

∂u

∂t
=

∂2u

∂x2
+

∂2u

∂y2
+ f,

with a homogeneous boundary condition u(x, y, t) = 0 on ∂Ω.
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(a) (b)

Figure 6.1. Uniform triangular meshes with isosceles right trian-
gles (a) and right triangles with small angles (b).

Figure 6.2. Adaptive triangular meshes with isosceles right tri-
angles (a) and right triangles with small angles (b).

6.1. Verifying the dependence of stability limit on mesh geometry. In this
subsection, we take the meshes shown in Figures 6.1 and 6.2 to examine the effects
of the mesh geometry on the stability limit in the explicit scheme. Here we use
Δt and Δtl to denote the stability limits estimated by formulae (2.12) and (4.1),
respectively. The values of Δt are computed by (2.12) with the help of eigenvalue
routines in Matlab 7.0.

In order to get the analytic stability limit Δtl, we need to calculate the term on
the right-hand side of (4.1). With the definition of γ̃d

n, a simple calculation gives
that, for the linear element, γ̃2

3 = 6, while for the quadratic element, γ̃2
6 ≈ 209.3157.

For the isosceles right triangle elements as shown in Figure 6.1(a), we denote the
isosceles length by a so that

|τ |
Qd(τ )

=
|τ |2∑3
i=1 l

2
i

=
(1/2a2)2

4a2
=

a2

16
.
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Then, by (4.1), we have

(6.1) Δtl <
2

6
× a2

16
=

a2

48
.

Similarly, for the quadratic element,

(6.2) Δtl <
2

γ̃2
6

× a2

16
≈ (5.971841E-4)a2.

For the right triangle element with small angle as shown in Figure 6.1(b), with
the linear element, simple calculations give

|τ |
Qd(τ )

=
|τ |2∑3
i=1 l

2
i

=
s2

(8s/ sin(2θ))
=

s sin(2θ)

8
,

where s is the element area and θ is the smallest interior angle in the right triangle.
Thus, by (4.1), we have

(6.3) Δtl <
2

6
× s sin(2θ)

8
=

sin(2θ)s

24
.

Similarly, for the quadratic element, we can get

(6.4) Δtl <
2

γ̃2
6

× sin(2θ)s

8
≈ (1.194366E-3) sin(2θ)s.

Some uniform and shape regular meshes (of different sizes), as shown in Fig-
ure 6.1(a), are used first to examine the effect of element size on the stability limit.
The stability limit Δt, Δtl, the ratio of change R(Δt) = Δth/Δth/2 with respect to
Δt, and the ratio of Δt/Δtl in different cases are summarized in Tables 6.1 and 6.2
for the linear and quadratic elements, respectively. Here, the N ×N mesh means
that the length of domain in every axis direction is divided uniformly into N parts
(leading to 2N2 total triangle elements). From the results in Tables 6.1 and 6.2,
we can see that the ratios of change R(Δt) nearly remain a constant 4, which says
that the stability limit becomes one fourth of the original one when the mesh size
gets halved. This tells us that, for the explicit calculation on the uniform regular
mesh, the stability limit is proportional to the square of the typical mesh size (or
the area of the typical element), which confirms Corollary 4.1. Obviously, a smaller
mesh size will result in a smaller stability limit in this case, which thus leads to
more computations.

Table 6.1. The stability limit for the linear element on the uni-
form shape regular mesh

mesh 8 × 8 16 × 16 32 × 32 64 × 64
Δt 4.0608E-3 9.8604E-4 2.4473E-4 6.1072E-5
Δtl 3.2552E-4 8.1378E-5 2.0345E-5 5.0863E-6

R(Δt) - 4.12 4.03 4.01
Δt/Δtl 12.47 12.12 12.02 12.01

In the second example, uniform shape irregular meshes, as shown in Figure 6.1(b),
are taken to explore the effect of the element shape on the stability limit. In this
case, the total number of elements is fixed at 2048, thus the area of each element
remains to be a constant of 1/2048=4.8828125E-4. The element shape is chang-
ing along with the smallest interior angle θ. The stability limit Δt, Δtl, the ratio
Δt/Δtl on the different meshes with different θ are summarized in Tables 6.3 and
6.4 for the linear and quadratic elements, respectively. These results show that the
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Table 6.2. The stability limit for the quadratic element on the
uniform shape regular mesh

mesh 8 × 8 16 × 16 32 × 32 64 × 64
Δt 2.5058E-4 6.1138E-5 1.5188E-5 3.7908E-6
Δtl 9.3312E-6 2.3327E-6 5.8318E-7 1.4579E-7

R(Δt) - 4.10 4.03 4.01
Δt/Δtl 26.85 26.21 26.04 26.00

Table 6.3. The stability limit for the linear element on the uni-
form shape irregular mesh

mesh 32 × 32 16 × 64 8 × 128 4 × 256
θ 0.250000π 0.077979π 0.019869π 0.004973π

Δt 2.4473E-4 1.1502E-4 3.0408E-5 7.6281E-6
Δtl 2.0345E-5 9.5740E-6 2.5332E-6 6.3560E-7

Δt/Δtl 12.03 12.01 12.00 12.00

Table 6.4. The stability limit for the quadratic element on the
uniform shape irregular mesh

mesh 32 × 32 16 × 64 8 × 128 4 × 256
θ 0.250000π 0.077979π 0.019869π 0.004973π

Δt 1.5188E-5 6.7329E-6 1.7626E-6 4.5234E-7
Δtl 5.8316E-7 2.7444E-7 7.2616E-8 1.8219E-8

Δt/Δtl 26.04 24.53 24.27 24.83

stability limit decreases along with the smallest interior angle of element becomes
small. In order to demonstrate the relationship more closely, in Figure 6.3 (left),
we plot the curves of the stability limit with respect to sin(2θ), respectively, for
both linear and quadratic elements. The perfect linear behavior implies that the
stability limit is proportional to sin(2θ), which is consistent with the prediction of
estimate (4.7) given in the previous section.

In the third example, we test a slightly more complicated adaptive (non-uniform)
mesh with shape regular elements as shown in Figure 6.2(a). This may represent
a typical situation in adaptive finite element computation. In such a mesh, all
elements are similar isosceles right triangles. We denote the level of refinement by
2k, and then the right edge length of the smallest element is 1/2k and the smallest
area is 2−(2k+1); in this case, Qd(τ ) = 8. Thus, by (4.1), for the linear element, we
have

Δtl <
2

6
× minτ∈T |τ |

8
=

1

24
× (

1

2
× 1

2k
× 1

2k
) =

2−(2k+1)

24
,

and for the quadratic element,

Δtl <
2

γ̃2
6

× minτ∈T |τ |
8

≈ (1.1944E − 3) × 2−(2k+1).

The stability limit Δt, Δtl and the ratio Δt/Δtl, are summarized in Tables 6.5
and 6.6 for both the linear and quadratic elements, respectively. The results in
Tables 6.5 and 6.6 show the stability limit decreases along with the refinement
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Figure 6.3. Plots against sin(2θ) of the stability limit Δt for both
the linear and quadratic elements on uniform shape irregular mesh
(left); Plots against the smallest element area of the stability limit
Δt for both the linear and quadratic elements on adaptive shape
regular mesh (right).

level becoming large. In Figure 6.3 (right), we plot the curves of the stability
limit Δt with respect to the smallest element area for both the linear and quadratic
elements, respectively. The perfect linear behavior tells us the stability limit on such
an adaptive mesh is decided by the area of the smallest element. These numerical
results verify the theoretical results in Theorem 4.1.

Table 6.5. The stability limit for the linear element on the adap-
tive shape regular mesh

mesh (2k) 6 8 10 12 14
Δt 3.9583E-3 9.8957E-4 2.4739E-4 6.1848E-5 1.5462E-5
Δtl 3.2552E-4 8.1384E-5 2.0345E-5 5.0862E-6 1.2716E-6

Δt/Δtl 12.16 12.16 12.16 12.16 12.16

Table 6.6. The stability limit for the quadratic element on the
adaptive shape regular mesh

mesh(2k) 6 8 10 12 14
Δt 3.1844E-4 7.9610E-5 1.9902E-5 4.9756E-6 1.2439E-6
Δtl 9.3310E-6 2.3327E-6 5.8318E-7 1.4580E-7 3.6450E-8

Δt/Δtl 34.13 34.13 34.13 34.13 34.13

In the fourth example, another non-uniform adaptive mesh with irregular ele-
ment shapes, as shown in Figure 6.2(b), is used for the purpose of examining the
dependence of the stability limit on the mesh geometry. In this triangulation, the
elements in the upper-half domain are isosceles right triangles, while the elements
in the lower-half domain are right triangles with a short right edge b of varying sizes
and a fixed long right edge a = 1/4. The 4×N mesh means that the length of the
domain in the y-axis direction is divided adaptively into N parts. Here the upper-
half portion of domain in the y-axis direction are divided into 4 parts uniformly,
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while its lower-half portion is divided into N − 4 parts by the bisection method.
And the shortest edge length of elements on the 4×N mesh is 1/2N . In this case,
|τ |/Qd(τ ) = b2/(8 + 8(b/a)2), which is a monotonically increasing function of b.
Thus, by (4.1),

Δt <
2

6
× 1

8
× (

b2min

1 + (bmin/a)2
) =

b2min

24(1 + (bmin/a)2)
.

Similarly, for the quadratic element case, we have

Δt <
2

γ̃2
6

× 1

8
× (

b2min

1 + (bmin/a)2
) ≈

b2min1.1944E − 3

1 + (bmin/a)2
.

In Tables 6.7 and 6.8, the numerical stability limits Δt, Δtl, the ratio of change
R(Δt) = ΔtN/Δt(N+2) and the ratio Δt/Δtl for both the linear and quadratic
elements are presented. We see that both the ratios of change in Tables 6.7 and 6.8
are nearly the same constant of 16. Since bmin = 1/2N , the above results indicate
that the stability limit become one sixteenth of the original one when the shortest
edge length bmin becomes one fourth of the original one. This implies that the
stability limit is proportional to the square of the shortest edge length of element
in this case. Thus, a smaller bmin will incur a smaller stability limit.

Table 6.7. The stability limit for the linear element on the adap-
tive shape irregular mesh

mesh 4× 8 4×10 4×12 4×14 4×16
Δt 1.9714E-4 1.2384E-5 7.7423E-7 4.8390E-8 3.0244E-9
Δtl 1.0133E-5 6.3563E-7 3.9736E-8 2.4835E-9 1.5522E-10

R(Δt) - 15.92 16.00 16.00 16.00
Δt/Δtl 19.46 19.48 19.48 19.48 19.48

Table 6.8. The stability limit for the quadratic element on the
adaptive shape irregular mesh

mesh 4× 8 4×10 4×12 4×14 4×16
Δt 9.5291E-6 5.9732E-7 3.7339E-8 2.3337E-9 1.4586E-10
Δtl 2.9047E-7 1.8221E-8 1.1391E-9 7.1192E-11 4.4494E-12

R(Δt) - 15.95 16.00 16.00 16.00
Δt/Δtl 32.81 32.78 32.78 32.78 32.78

In the above four examples, the ratio of Δt/Δtl is also presented in Tables 6.1–
6.8. We can see that the ratio of Δt/Δtl almost remains a constant for each
case, which implies that the obtained bounds are sharp, with respect to the mesh
geometry, if we ignore the constant factors that are independent of mesh geometry.
Naturally, we see that, given the ratios being much larger than 1 in some cases,
there is room for further improvement on estimating such mesh independent factors.

6.2. Verifying the relation between the condition number and the mesh
geometry. In this subsection, the same four sets of meshes, as shown in Figures 6.1
and 6.2, are taken to evaluate the theoretically established relationship between the
condition number of the resulting matrix and the mesh geometry in the implicit
calculation (2.7). The results are summarized in the Tables 6.9–6.12.
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Table 6.9. The condition number κ on the uniform shape regular mesh

(a) The linear element case with Δt1=5.0E-6 and Δt2=1.0E-1

mesh 8 × 8 16 × 16 32 × 32 64 × 64
κ(M) 1.0000 1.0000 1.0000 1.0000
κ(K) 25.2741 1.0309E+2 4.1435E+2 1.6594E+3

κ(M + Δt1K) 1.0024 1.0100 1.0408 1.1636
κ(M + Δt2K) 17.0419 68.6862 2.7528E+2 1.1017E+3
log(R(Δt2)) - 2.01 2.00 2.00

(b) The quadratic element case with Δt1=5.0E-7 and Δt2=1.0E-1

mesh 8 × 8 16 × 16 32 × 32 64 × 64
κ(M) 5.5446 5.7552 5.8237 5.8443
κ(K) 1.3724E+2 5.5224E+2 2.2123E+3 8.8525E+3

κ(M + Δt1K) 5.5258 5.6966 5.6406 5.2110
κ(M + Δt2K) 91.4343 3.6689E+2 1.4687E+3 5.8761E+3
log(R(Δt2)) - 2.00 2.00 1.99

Table 6.10. The condition number κ on the uniform shape irreg-
ular mesh

(a) The linear element case with Δt1=1.0E-8 and Δt2=1.0E-1

mesh 32 × 32 16 × 64 8 × 128 4 × 256
θ 0.25π 0.077979π 0.019869π 0.004973π

κ(M) 1.0000 1.0000 1.0000 1.0000
κ(K) 414.35 8.8241E+2 3.3536E+3 1.3626E+4

κ(M + Δt1K) 1.0001 1.0002 1.0006 1.0026
κ(M + Δt2K) 275.28 5.8570E+2 2.2214E+3 8.9665E+3

(b) The quadratic element case with Δt1=1.0E-8 and Δt2=1.0E-1

mesh 32 × 32 16 × 64 8 × 128 4 × 256
θ 0.25π 0.077979π 0.019869π 0.004973π

κ(M) 5.8237 5.7907 5.6770 5.2932
κ(K) 221.23 4.7039E+3 1.7804E+4 7.1325E+4

κ(M + Δt1K) 5.8199 5.7824 5.6257 5.1078
κ(M + Δt2K) 146.87 3.1231E+3 1.1827E+4 4.7508E+4

(c) The linear (κ1) and quadratic (κ2) element case with different Δt

mesh 32 × 32 16 × 64 8 × 128 4 × 256
θi 0.25π 0.077979π 0.019869π 0.004973π

Δti 1.0E-6 4.7059E-7 1.2452E-7 3.1241E-8
κ1(M + ΔtiK) 1.0082 1.0082 1.0082 1.0082
κ2(M + ΔtiK) 5.4769 5.4735 5.3177 4.7763

We present condition numbers of both the global stiffness/mass matrix and the
coefficient matrix on various meshes for different values of the time step size Δt
in Tables 6.9–6.12. These results show that, in general, when the time step size
Δt(=Δt1) is small, no matter which particular element is being used (either the
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Table 6.11. The condition number κ on adaptive shape regular mesh

(a) The linear element case with Δt1=1.0E-6, and Δt2=1.0E-1

mesh(k) 6 8 10 12 14
κ(M) 7.0000 28.0000 1.1200E+2 4.4800E+2 1.7920E+3
κ(K) 14.8891 28.5064 46.6756 69.3849 96.6304

κ(M + Δt1K) 6.9977 27.9586 1.1132E+2 4.3741E+2 1.6393E+3
κ(M + Δt2K) 10.3706 20.4829 35.0041 54.0979 77.7881

(b) The quadratic element case with Δt1=1.0E-7, and Δt2=1.0E-1

mesh(k) 6 8 10 12 14
κ(M) 31.5721 1.2630E+2 5.0519E+2 2.0208E+3 8.0832E+3
κ(K) 68.3373 1.3370E+2 2.2075E+2 3.2949E+2 4.5992E+2

κ(M + Δt1K) 31.5570 1.2605E+2 5.0125E+2 1.9593E+3 7.1939E+3
κ(M + Δt2K) 46.9560 95.8886 1.6584E+2 2.5751E+2 3.7106E+2

Table 6.12. The condition number κ on the adaptive shape ir-
regular mesh

(a) The linear element case with Δt1=1.0E-9, and Δt2=1.0E-1

mesh 4 × 6 4 × 8 4 × 10 4 × 12 4 × 14
κ(M) 4.0000 16.0000 64.0000 2.5600E+2 1.0240E+3
κ(K) 12.2011 45.5946 1.8162E+2 7.2630E+2 2.9051E+3

κ(M + Δt1K) 4.0000 15.9999 63.9916 2.5546E+2 9.9130E+2
κ(M + Δt2K) 8.4323 31.4487 1.2530E+2 5.0110E+2 2.0044E+3

(b) The quadratic element case with Δt1=1.0E-11, and Δt2=1.0E-1

mesh 4 × 6 4 × 8 4 × 10 4 × 12 4 × 14
κ(M) 17.5393 70.1564 2.8063E+2 1.1225E+3 4.4900E+3
κ(K) 77.5100 3.0046E+2 1.2014E+3 4.8057E+3 1.9223E+4

κ(M + Δt1K) 17.5393 70.1563 2.8062E+2 1.1221E+3 4.4619E+3
κ(M + Δt2K) 53.0174 2.1207E+2 8.4958E+2 3.3988E+3 1.3595E+4

linear element or the quadratic element for example), the condition number κ(M +
Δt1K) is nearly the same as the condition number κ(M). Meanwhile, the condition
number κ(M + Δt2K) is nearly the same as the condition numbers κ(K) when the
time step size Δt(=Δt2) is large. This is consistent with the theoretical prediction
in Theorem 5.1.

Table 6.9(a) gives condition numbers, on the uniform shape-regular mesh, for the
linear element case while Table 6.9(b) for the quadratic element case. In these two
tables, the change ratios of the condition numbers with a small time step size case

are also computed by log(R(Δt2))=log(Δth2/Δt
h/2
2 ). These results show that, when

the time step size Δt is small (Δt1=5.0E-6), the condition numbers κ(M + Δt1K)
are nearly the same as the condition numbers κ(M), which is nearly a constant
on both coarsened meshes and refined meshes. When the time step size is large
(Δt2=1.0E-1), condition numbers κ(M + Δt2K) are getting to be more similar to
condition numbers κ(K) and the change ratio of the condition number is nearly
2, which implies that the condition number is proportional to the square of the
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Figure 6.4. Plots against sin(2θ)−1 of the condition number κ for
both the linear and quadratic elements with Δt=1.0E-1 on uniform
irregular mesh (left); Plots against the inverse of the smallest ele-
ment area of the condition number κ for both the linear element
with Δt=1.0E-6 and the quadratic element with Δt=1.0E-7 on
nonuniform regular mesh (right).
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Figure 6.5. Plots against the inverse of the smallest element
area of the condition number κ for both linear and quadratic ele-
ments on the adaptive regular mesh with the large time step size
Δt=1.0E-1 (right) and the small time step size Δt=1.0E-9 for the
linear element and Δt=1.0E-11 for the quadratic element (left),
respectively.

particular edge length of element. This verifies the theoretical discussions in the
previous section.

Table 6.10 presents the results on the uniform shape irregular mesh as shown in
Figure 6.1(b). In this case, on the 4×256 mesh, the fixed area is 1/2048 ≈4.8828E-4,
and the smallest edge length of the element is 1/256 ≈ 3.9063E-3. As in the shape
regular case, when the time step size is small(Δt=5.0E-7), the condition number is
mainly dependent on the ratio of the largest element area to the smallest element
area, which is independent of the shape. Then, as shown in Table 6.10, the condition
numbers stay nearly some constant because all elements in the mesh are the same,
though their shapes are irregular. When the time step size is large (Δt=1.0E-1),
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the element shape dominates the condition number as predicted in Theorem 5.1.
That is, small angles incur larger condition numbers. More precisely, the condition
numbers go inversely with sin(2θ) as shown in Figure 6.4 (left). Furthermore,
similar to the calculation in (6.3) and (6.4), we have the estimates on the condition
number as

κ(M + ΔtK) ≤ C1(1 + Δt(|τ | sin(2θ))−1)

1 + C2Δt
,(6.5)

which says that the condition number should stay nearly as a constant when the
time step size Δt changes proportionally with sin(2θ). The results in Table 6.10(c)
verify this prediction. The results in Tables 6.10(a) and 6.10(b) also confirm our
estimates.

In Table 6.11, condition numbers on the non-uniform adaptive shape regular
mesh Figure 6.2(a) are presented. Here, the mesh “k” represents the mesh on the
k-th refinement level, with k being a numeric value. The larger k is, the finer
the mesh becomes. On the k = 14 mesh, the smallest edge length of element
is 1/27=7.8125E-3, and the smallest element area is 1

2 × 1
27 × 1

27 ≈ 3.0518E-5.
We can see that, when Δt is small, the condition number is large because the
smallest element area becomes small but the largest element area does not change.
Theorem 5.1 implies that the condition number in this case is decided by the ratio
maxτ |τ |/minτ |τ |. That is, the condition number goes inversely with the area of
the smallest element. In Figure 6.4 (right), we plot, with respect to (minτ{|τ |})−1,
the curves of the condition number, respectively, for both the linear element with
Δt =1.0E-6 and the quadratic element with Δt =1.0E-7. The perfect linear curves
in Figure 6.4 (right) and the results in Table 6.11 confirm the theoretical prediction.

Table 6.12 shows condition numbers on another artificially constructed non-
uniform mesh which is shape-irregular as shown in Figure 6.2(b). In this case, on
the 4× 14 mesh, the smallest edge length of element is 1/214 ≈ 6.1035E-5, and the
smallest element area is 1

2 × 1
4 × 1

214 ≈ 7.6294E-6. Similar to the case of adaptive
shape-regular case, when Δt is small (Δt = Δt2), the condition number is large
because the smallest element area becomes smaller while the largest element area
does not change. Here, in Figure 6.5(left), we also plot with respect to (min{|τ |})−1,
the curves of the condition number, respectively, for both the linear element and
the quadratic element with Δt = Δt2. The linear curves in Figure 6.5 (left) show
that the condition number goes inversely with the area of the smallest element
when the time step size is small, which is again consistent with the prediction of
Theorem 5.1.

When Δt is large, the exact condition number estimate on meshes shown in
Figure 6.2 is related to the global stiffness matrix K estimate on these adaptive
meshes (which will be more carefully analyzed in the future). Generally speaking,
in these cases, the condition number increases as the mesh gets refined, as shown
in Tables 6.11 and 6.12. In Figure 6.5 (right), we plot the curves of the condition
number with respect to (min{|τ |})−1, respectively, for both the linear element and
quadratic element with Δt=1.0E-1. The linear curves in Figure 6.5 (right) show
that the condition number goes inversely with the area of the smallest element.
For these adaptive mesh, as shown in [10], in order to get the optimal condition
number estimates for the stiffness matrix, it is advantageous to introduce a non-
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uniform density function ρ in the eigenvalue problem (5.3). For example, if we take
a density function ρ such that the triangulation T satisfies approximately that the
integral of ρ over τ does not vary significantly over different τ ∈ T , then Theorem
5.1 implies that the condition number is dominated by the quantity NeQ(τ ), where
Ne is the total number of elements, when the time step size Δt is large. This can
help to explain why the condition numbers κ(M + Δt2K) in Table 6.11 have little
change while the condition numbers κ(M + Δt2K) in Table 6.12 goes inversely
with the area of the smallest element. Indeed, this is because the mesh quantity
Q(τ ) stays as a constant on such a non-uniform but shape-regular mesh while Q(τ )
changes significantly with the mesh refinement for the shape irregular case. We will
pursue more careful studies of the related phenomena in the future.

Let us point out that, although our numerical experiments are on some par-
ticular meshes shown in Figures 6.1 and 6.2, the results are expected to hold for
general simplicial meshes and general finite element spaces as predicted by the
theory established here.

7. Conclusion and future work

In this paper, the effects of spatial simplicial meshes on the stability of fully
discrete approximations of parabolic equations using general finite element dis-
cretization in space and explicit marching in time are explored systematically. More
precise mesh dependent permissible time step size estimates are derived. Numerical
examples show that the obtained bounds are sharp with respect to mesh geometry.
Furthermore, for the implicit time integration scheme, mesh dependent condition
number estimates of the resulting linear systems are given and effects of the mesh
geometry on the condition number are characterized precisely. Much of our rig-
orously derived theory is new and the results are applicable to general parabolic
equations, general finite element spaces and general simplicial meshes.

We note that exploring the precise characterization of the constants that ap-
peared in various forms of the finite element analysis has been of much interest in
the literature (see [15] for an illustration). Obviously, better understanding of the
effect of geometry on the permissible time step size can lead to the more efficient
time resolution of the problems while maintaining stability. Moreover, the explicit
and precise mesh dependent bounds of the condition number for implicit time in-
tegration are helpful to not only develop better iterative solvers but also improve
mesh generation and optimization strategies on which a better efficiency of solver
can be reached. While we focus on simple forward and backward Euler schemes
for the time integration, our framework is quite illustrative so that generalization
to other high order time integrations schemes can also be made. Related issues for
non-linear evolution equations may also be examined along with further studies of
sharper estimates on the algebraic constants involved. We will pursue these and
other interesting issues in future works.
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