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ON THE CONSTRUCTION OF DIRICHLET SERIES

APPROXIMATIONS FOR COMPLETELY

MONOTONE FUNCTIONS

R. J. LOY AND R. S. ANDERSSEN

Abstract. In a series of papers, Liu established and analysed conditions un-
der which completely monotone (CM) functions can be approximated by finite
Dirichlet series with positive coefficients. Motivated by a representation the-
orem of Pollard for Kohlrausch functions, a constructive procedure and proof
is given for CM functions which are the Laplace transform of absolutely con-
tinuous finite positive measures. The importance of this result, which is new
even for Kohlrausch functions, is that it allows accurate approximations to be
generated for the Laplace transform of such CM functions which can then be
utilized in various ways including the approximate solution of the interconver-
sion relationship of rheology and its generalization for the solution of Volterra
integral equations of the first kind.

1. Introduction

Using non-constructive arguments, based on the classical results of Müntz, Liu
[16, 18] established conditions under which a completely monotone function could
be approximated by a Dirichlet series with positive coefficients, and exploited this
result to derive estimates of the relaxation spectrum of a linear viscoelastic material
from creep measurements [16, 17]. Among other things, he proved “if a function can
be approximated arbitrarily closely by Dirichlet series with nonnegative coefficients
in supremum norm or Lp-norm, 1 ≤ p < ∞, then it must be completely monotonic”.
Different arguments were required for these two situations.

As well as being important from a theoretical perspective, Liu’s results open up
the question about how such sums of exponentials should be constructed. Because
of their practical importance in a wide range of applications [21, 7, 20, 15], the
completely monotone Kohlrausch functions [7] represent key candidates to examine.
The starting point is Pollard’s 1946 rigorous proof [24] of the following Laplace
transform identity for the Kohlrausch functions

(1.1) exp(−tβ) =

∫ ∞

0

φ(β, p) exp(−pt)dp, 0 < β < 1, t ≥ 0,

where

(1.2) φ(β, p) =
1

π

∫ ∞

0

exp(−pu) exp(−uβ cos(πβ)) sin(uβ sin(πβ))du.
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In the particular case when β = 0.5, we have

φ(0.5, p) =
1

π

∫ ∞

0

exp(−pu) sin(u1/2)du =

√
πe−

1
4p

2p3/2
.

The function φ(β, p), a stable distribution in the sense of Levy [22, 10], has a variety
of useful summation and integral representations [24, 7]. In terms of the deliber-
ations below, for each 0 < β < 1, φ(β, p) is non-negative and has the properties
that, given ε > 0:

• There exists a δ > 0 such that

(1.3)

∫
I

φ(β, p)dp ≤ ε,

for any interval I of length at most δ.
• There exists a η > δ such that

(1.4)

∫ ∞

η

φ(β, p)dp < ε .

These two properties just reflect the fact that φ(β, p) is an integrable function.
To the right-hand side of equation (1.1), one could simply apply a standard

quadrature formula, but there is no guarantee that the resulting approximations
converge. Because of the analytic properties of φ(β, p), one could turn to the
convergence results for the application of the trapezoidal rule to such functions
[9, 25]. However, they only apply for analytic functions on the whole line (−∞,∞),
whereas the Laplace transform is only defined on the positive half-line [0,∞). The
exponential transformation discussed in Weber et al. [25, equation (14)] could be
utilized to transform to the positive interval [0,∞), but the decay behaviour that
guarantees the exponential convergence may not hold.

Here, the focus will be on the subclass of completely monotonic (CM) functions
Γ for which Γ−Γ(∞) is the Laplace transform of a non-negative integrable function;
in terms of the notation introduced in §2 below, Γ−Γ(∞) has absolutely continuous
generating measure. We use the integral mean value theorem to construct sums of
exponentials approximations for such CM functions. Two variants are given:

(i) approximation on compact subsets of �z ≥ 0, which enables the approxi-
mation of derivatives; and

(ii) approximation on the whole half-line [0,∞), which enables ‖ · ‖p approxi-
mation, 1 ≤ p < ∞.

In particular, our results apply to any Kohlrausch function. The popularity of
the Kohlrausch function model A exp(−αtβ), A, α ≥ 0, 0 < β < 1, relates to it
being able to fit, with only three parameters, a huge range of relaxation/decay
scenarios which includes finite sums of exponentials and switching-like behaviour
when β ∼ 0, [1]. For measured data, the fitting is reduced to a linear process using
a log-log transformation.

The importance of such sums of exponential representations is that they can be
used in place of the CM function for the approximate solutions of the interconver-
sion equation [2, 3, 4] when the assumed relaxation modulus G has G−G(∞) being
a suitable CM function. In rheological applications, the interconversion equation
of linear viscoelasticity [11] takes the form:

(G ∗ J)(t) = (J ∗G)(t) = t, where (G ∗ J)(t) =
∫ t

0

G(t− τ )J(τ )dτ ,



ON THE CONSTRUCTION OF DIRICHLET SERIES APPROXIMATIONS 837

and is used, with respect to a given model for G, to recover the corresponding form
of the crep modulus J [2, 3, 4]. It has recently been shown [8] how interconver-
sion can be generalized for the analysis of properties of first kind Volterra integral
equations. For positive kernels, estimates of the effect of perturbations have been
derived. Such results have been used to analyse the defect renewal equations of risk
analysis [6].

Also in this regard, recent work on interconversion [19], developing the approach
of Gross [13], requires analysis of the Laplace transform of CM functions (rather
than the inverse Laplace transform as considered here). Positive sums of exponen-
tials approximations to a function give rise to positive rational function approxi-
mations to the Laplace transform in a very simple manner. Hilfer [14], in order to
formally determine its Laplace transform, represented the Kohlrausch function by
using a Fox H-function expansion. However, the individual terms in that expansion
are not completely monotone.

A special case of the results of §3 was reported in [5].

2. Bernstein’s theorem

For CM functions, the basic definition is as follows.

Definition 2.1. A function f : [0,∞) → [0,∞) is completely monotone if it is C∞

on (0,∞), continuous at 0 and satisfies

(2.1) (−1)nf (n)(t) � 0 (t > 0 , n = 0, 1, . . .) .

As intimated above, the class of completely monotone functions on [0,∞) will
be denoted by CM.

The fundamental fact concerning CM functions is the following; see [26, Theorem
IV.12b] or [12, Theorem 5.2.5].

Theorem 2.2 (Bernstein). A function f : [0,∞) → [0,∞) is CM if and only if
there is a (unique) positive finite Borel measure μ on [0,∞) such that

(2.2) f(s) =

∫ ∞

0

exp(−st)dμ(t) (s ≥ 0) .

For convenience, we will refer to μ as the generating measure for the CM function
f . Note that, by analytic continuation, (2.2) holds in the right half-plane �s > 0,
and so for �s ≥ 0 by dominated convergence.

The simplest CM functions are the exponentials exp(−αt), for some α ≥ 0, with
generating measures μ = δα, the point mass at α; note the particular case of the
constant function 1 with measure δ0. Pollard’s result shows in particular that the
Kohlrausch functions have absolutely continuous generating measures. It is CM
functions with this latter property that interest us here. The properties (1.3) and
(1.4) of their generating measures will be heavily exploited. This subclass of CM
functions on [0,∞) will be denoted by CMAC.

(Added in proof: see §6 below for the general situation.)

3. Mean-value discretization

Take a fixed non-negative integrable function ψ on [0,∞), with Γ ∈ CMAC its
Laplace transform on [0,∞). Let δ and η be as in (1.3) and (1.4) for this function
and this ε. Let π = {δ = p1 < p2 < · · · < pN+1 = η} be a partition of [δ, η], and



838 R. J. LOY AND R. S. ANDERSSEN

set mesh(π) = max{pi+1 − pi : i = 1, . . . , N}. Take p∗i ∈ [pi, pi+1], i = 1, . . . , N ,
and let π∗ denote the mesh pair {π, {p∗i , . . . , p∗N}}.

Consider Γ as extended to the closed right half-plane as above. For �z ≥ 0, the
identity (2.2) for Γ can be rewritten in the following compartmentalized form

(3.1) Γ(z) = Υ0(z) +

N∑
i=1

∫ pi+1

pi

ψ(p) exp(−pz)dp+Υ∞(z),

where

Υ0(z) =

∫ δ

0

ψ(p) exp(−pz)dp and Υ∞(z) =

∫ ∞

η

ψ(p) exp(−pz)dp .

Because ψ is a non-negative function, the integral mean value theorem can be
applied to the real and imaginary parts of the integrals in (3.1) to give

Γ(z) = Υ0(z) +

N∑
i=1

[� exp(−p∗(i, z)z) + i� exp(−q∗(i, z)z)]a∗i +Υ∞(z) ,(3.2)

where p∗(i, t), with pi < p∗(i, t) < pi+1, is the corresponding mean value of p for
� exp(−pz)ψ(p), and q∗(i, t), with pi < q∗(i, t) < pi+1, is that for � exp(−pz)ψ(p),
and

a∗i =

∫ pi+1

pi

ψ(p)dp .

The points p∗(i, t) and q∗(i, t) are of course not known explicitly, so making use
of the points p∗i ∈ [pi, pi+1], equation (3.2) can be rewritten in the form

(3.3) Γ = σπ∗,ε + Eπ∗,ε ,

where, for �z ≥ 0,

(3.4) σπ∗,ε(z) =
N∑
i=1

a∗i exp(−p∗i z) ,

and

(3.5)

Eπ∗,ε(z) = Υ0(z) + Υ∞(z)

+

N∑
i=1

[� exp(−p∗(i, z)z) + i� exp(−q∗(i, z)z)− exp(−p∗i z)]a
∗
i .

It is immediate that

(3.6)

|Eπ∗,ε(z)| ≤ |Υ0(z)|+ |Υ∞(z)|

+

⎛
⎝ N∑

j=1

a∗j

⎞
⎠ · max

1≤i≤N
| � exp(−p∗(i, z)z) + i� exp(−q∗(i, z)z)− exp(−p∗i z)| .

Setting z = x+ iy, with x ≥ 0 and y real,

(3.7)

� exp(−p∗(i, z)z) + i� exp(−q∗(i, z)z)− exp(−p∗i z)

= exp(−p∗(i, z)x) cos(−p∗(i, z)y)− exp(−p∗i x) cos(−p∗i y)

+ i
(
exp(−q∗(i, z)x) sin(−q∗(i, z)y)− exp(−p∗i x) sin(−p∗i y)

)
.
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Rearranging the real part of the RHS of (3.7) gives

exp(−p∗(i, z)x) cos(−p∗(i, z)y)− exp(−p∗i x) cos(−p∗i y)

= exp(−p∗(i, z)x)
[
cos(−p∗(i, z)y)− cos(−p∗i y)

]
+cos(−p∗i y)

[
exp(−p∗(i, z)x)− exp(−p∗i x)

]
.

Now apply the mean value theorem for derivatives to the differences. For some
pi < ξ, η < pi+1,

exp(−p∗(i, z)x)
[
cos(−p∗(i, z)y)− cos(−p∗i y)

]
= exp(−p∗(i, z)x)

[
(p∗(i, z)− p∗i )y sin(−ξy)

]
,

and

cos(−p∗i y)
[
exp(−p∗(i, z)x)− exp(−p∗i x)

]
= cos(−p∗i y)

[
(−p∗(i, z) + p∗i )x exp(−ηx)

]
.

Since x ≥ 0, it follows that

(3.8) |�(RHS)| ≤ (x+ |y|)|p∗(i, z)− p∗i | ≤ 2|z|(pi+1 − pi) .

The imaginary part is treated similarly, giving the same bound. Thus, from (3.6),

noting that
∑N

j=1 a
∗
j ≤ ‖ψ‖1, we have

|Eπ∗,ε(z)| ≤ |Υ0(z)|+ |Υ∞(z)|+ 2
√
2 ‖ψ‖1mesh(π)|z|(3.9)

≤
(∫ δ

0

+

∫ ∞

η

)
ψ(p)dp+ 2

√
2 ‖ψ‖1mesh(π)|z| .

3.1. The half-line [0,∞). For approximation on [0,∞) alone, where there is no
imaginary part, an alternate estimation can be used at (3.5) as follows. We have,
for t ≥ 0,

Eπ∗,ε(t) = Υ0(t) + Υ∞(t) +
N∑
i=1

[exp(−p∗(i, t)t)− exp(−p∗i t)]a
∗
i ,(3.10)

whence,

(3.11)

|Eπ∗,ε(t)| = Υ0(t) + Υ∞(t) + max
j

a∗j ·
N∑
i=1

| exp(−p∗(i, t)t)− exp(−p∗i t)|

≤ Υ0(t) + Υ∞(t) + max
j

a∗j ·
N∑
i=1

[exp(−pit)− exp(−pi+1t)]

= Υ0(t) + Υ∞(t) + max
j

a∗j · [exp(−p1t)− exp(−pN+1t)]

< Υ0(t) + Υ∞(t) + max
j

a∗j · exp(−δt) .

Thus, we have the error bound

(3.12) |Eπ∗,ε(t)| <
(∫ δ

0

+

∫ ∞

η

)
ψ(p)dp+max

j
a∗j · exp(−δt) .
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4. Convergence analysis

For the summation representation of equation (3.4), the following convergence
result holds.

Theorem 4.1. The mean-value approximation σπ∗,ε to Γ given in equation (3.4),

σπ∗,ε(z) =

N∑
i=1

a∗i exp(−p∗i z) ,

converges uniformly to Γ on compact subsets of �z ≥ 0 as mesh(π) → 0 and ε → 0.
Further, for each n ≥ 1, the approximation

dnσπ∗,ε

dzn
=

N∑
i=1

a∗i (−p∗i )
n exp(−p∗i z) ,

converges uniformly to
dnΓ

dzn
on compact subsets of �z > 0.

Proof. Given ε > 0, and a compact set K ⊂ {z : �z ≥ 0}, choose δ and η to make∫ δ

0
ψ(p)dp and

∫∞
η

ψ(p)dp less than ε/4. This determines the (possibly large) η−δ.

Now choose mesh(π) so small that (maxz∈K |z|)‖ψ‖1mesh(π) < ε/6. (Both of these
steps use the integrability of ψ.) Then, from (3.9), we have ‖Eπ∗,ε‖K < ε. The
second statement is immediate from Weierstraß’ theorem. �

Theorem 4.2 (Uniform convergence on [0,∞)). The mean-value approximation
σπ∗,ε to Γ given in equation (3.4),

σπ∗,ε(t) =
N∑
i=1

a∗i exp(−p∗i t) ,

converges uniformly to Γ on [0,∞) as mesh(π) → 0 and ε → 0.

Proof. This follows the same pattern as the proof of Theorem 4.1, using (3.12) in
place of (3.9). �

Remark 4.3. In the above theoretical analysis for [0,∞), it is sufficient to require
that mesh(π) be small to guarantee that maxj a

∗
j is suitably small in (3.12). For the

construction of approximations for which the number of terms is to be minimised,
it is necessary to explicitly exploit the structure of Eπ∗,ε; in particular, known
properties of the function ψ must be utilized to ensure that maxj a

∗
j is small in

(3.12). Details of such constructive procedures can be found in [27].

Corollary 4.4 (Mean convergence on [0,∞)). Suppose that ψ(p) and ψ(p)/p are
integrable. Then, for 1 ≤ r < ∞, the mean-value approximation σπ∗,ε to Γ given in
equation (3.4),

σπ∗,ε(t) =

N∑
i=1

a∗i exp(−p∗i t) ,

converges in ‖ · ‖r to Γ on [0,∞), as mesh(π) → 0 and ε → 0.
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Proof. First consider ‖ · ‖1-convergence. Using (3.12),

(4.1)

‖Eπ∗,ε‖1 ≤
∫ ∞

0

(∫ δ

0

exp(−pt)ψ(p)dp

+

∫ ∞

η

exp(−pt)ψ(p)dp+max
j

a∗j · exp(−δt)

)
dt

=

(∫ δ

0

+

∫ ∞

η

)
ψ(p)

p
dp+max

j
a∗j/δ .

The integrability hypothesis now gives ‖Eπ∗,ε‖1 → 0 as mesh(π) → 0 and ε → 0.
For 1 < r < ∞, and f any bounded and integrable function,

(4.2) ‖f‖rr =

∫ ∞

0

|f(p)|rdp =

∫ ∞

0

|f(p)|r−1|f(p)|dp ≤ ‖f‖r−1
∞ · ‖f‖1 .

It follows from Theorem 4.2, (4.1) and (4.2), that ‖Eπ∗,ε‖r → 0. �

Remark 4.5. Due to the δ−1 factor, convergence in mean can be expected to be
much slower than that in the uniform norm. The extra integrability condition
required for the φ(β, p) generating the Kohlrausch functions holds because of the
sin(uβ sin(βπ)) factor in the integrand of (1.2). On the other hand, if ψ(p)/p is not
integrable, then by Fubini’s theorem Υ0 is also not integrable, whereas the other
two terms on the RHS of (3.10) have finite ‖·‖1 norm, so convergence in mean fails.

5. Approximate solution of the interconversion equation

In rheological applications, with respect to a given choice for the relaxation
modulus G, a key step is the solution of the interconversion equation [4],

(5.1) (J ∗G)(t) =

t∫
0

J (t− s)G (s) ds = (G ∗ J)(t) =
t∫

0

G (t− s) J (s) ds = t,

to determine the corresponding creep (retardation) modulus J . Because, for a
Kohlrausch function choice for G − G(∞), the corresponding values of J are not
known analytically, it is necessary to turn to numerical methods to determine an
approximation to J with respect to a given approximation for G. It is well known
that, for a sum of exponentials representation for G, the corresponding analytic
solution for J is a sum of exponentials with a van der Monde matrix relationship
defining the connection [23].

As a minimum, a uniformly convergent approximation to J is required. This is
constructed as follows:

(a) Given that G will be a completely monotone function, it follows from Liu
[16, 18] and the deliberations above that a positive coefficient Dirichlet
series approximation can be constructed which is uniformly convergent to
G. For CMAC functions, the above procedure will be utilized.

(b) For a given approximationGπ∗,ε, the interconversion equation (5.1) is solved
to determine the corresponding Jπ∗,ε.

The required uniform convergence of Jπ∗,ε to J is given by the following theorem.
The argument here requires uniformity on the size of the intervals of the partition,
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so we set

h =
η − δ

N
and pi = δ + (i− 1)h ,

and write GN,ε, etc., in place of Gπ∗,ε, etc. Note that the choice of p∗i ∈ [pi, pi+1]
is still unconstrained.

Theorem 5.1. Let G and J denote the relaxation and creep modulii solution of the
interconversion equation (5.1), with G−G(∞) a CMAC function and G(∞) �= 0.
Let GN,ε = σN,ε+G(∞) be the approximation to G on [0,∞) as above. With respect
to the given GN,ε, corresponding solutions JN,ε of the interconversion equation (5.1)
converge uniformly to J on [0,∞) as N → ∞, ε → 0.

Proof. Note that EN,ε = G −GN,ε, and set DN,ε = J − JN,ε. From Anderssen et

al. [4], it is known that, if (|EN,ε(0)|+ ‖ĖN,ε‖1) ≤ G(∞), then

‖DN,ε‖∞ ≤
(

J(∞)2

1− J(∞)(|EN,ε(0)|+ ‖ĖN,ε‖1)

)
‖EN,ε‖∞.

The result will follow from the uniform convergence of EN,ε to zero, once we show

that ‖ĖN,ε‖1 also goes to zero.

For i = 1, . . . , N , define

ei(t) = exp(−p∗(i, t)t)− exp(−p∗i t) ,(5.2)

so that

(5.3) Eπ∗,ε(t) = Υ0(t) +

N∑
i=1

a∗i ei(t) + Υ∞(t) .

Then, by exploiting the role of p∗(i, t),

a∗i ei(t) =

∫ pi+1

pi

[exp(−pt)− exp(−p∗i t)]ψ(p)dp ,

and so

a∗i var(ei) = a∗i

∫ ∞

0

|ėi(t)|dt ≤
∫ ∞

0

dt

∫ pi+1

pi

| − p exp(−pt) + p∗i exp(−p∗i t)|ψ(p)dp

=

∫ pi+1

pi

∫ ∞

0

| − p exp(−pt) + p∗i exp(−p∗i t)|dtψ(p)dp .

Now, for a given p > 0, and 1 ≤ i ≤ N , −p exp(−pt) + p∗i exp(−p∗i t) vanishes for
exactly one value of t, say t0(p), and exp(−pt)− exp(−p∗i t) vanishes at t = 0 and
t = ∞. This piecewise monotonicity about t0(p) means that∫ ∞

0

| − p exp(−pt) + p∗i exp(−p∗i t)|dt = 2| exp(−pt0(p))− exp(−p∗i t0(p))| .

Since
∫ pi+1

pi
ψ(p)dp = a∗i , it follows that

a∗i var(ei) ≤ 2

∫ pi+1

pi

ψ(p)| exp(−pt0(p))− exp(−p∗i t0(p))|dp

≤ 2

∫ pi+1

pi

ψ(p)| exp(−pit0(p))− exp(−pi+1t0(p))|dp

≤ 2a∗i max
pi≤p≤pi+1

| exp(−pit0(p))− exp(−pi+1t0(p))| .(5.4)



ON THE CONSTRUCTION OF DIRICHLET SERIES APPROXIMATIONS 843

Recalling that pi = δ + (i− 1)h, elementary calculus gives, for h ≤ δ,

max
t

| exp(−pit)− exp(−pi+1t)|

≤ max
t

exp(−(δ−h)t)| exp(−(iht)− exp(−(i+ 1)ht)|

≤
(
1 +

1

i

)−i

· 1

i+ 1
.

(5.5)

So from (5.4) and (5.5), we get

(5.6) var(ei) ≤
2

i+ 1
.

Thus, by (5.3), and (5.6) it follows that

‖ĖN,ε‖1 ≤ ‖Υ0‖∞ + ‖Υ∞‖∞ + 2

N∑
i=1

a∗i
i+ 1

≤ ‖Υ0‖∞ + ‖Υ∞‖∞ + 2

(∑
i

(a∗i )
2

)1/2 (∑
i

(i+ 1)−2

)1/2

≤ ‖Υ0‖∞ + ‖Υ∞‖∞ + 2

(
π2

6
− 1

)1/2

‖ψ‖1/21

√
max

i
a∗i

< ‖Υ0‖∞ + ‖Υ∞‖∞ + 2‖ψ‖1/21

√
max

i
a∗i .

The penultimate step here uses
∑

i a
∗
i = ‖ψ‖1 so that

∑
i

(a∗i )
2 ≤ max

i
a∗i ·

∑
j

α∗
j = ‖ψ‖1 max

i
a∗i .

Now

max
i

α∗
i = max

i

∫ pi+1

pi

ψ(p)dp → 0

as h → 0. It follows that by choosing ε small and N large, we can make ‖ĖN,ε‖1
as small as we please. �

Because the oscillatory behaviour of the ei is not known, due to the dependence
of p∗(i, t) on t, it is not possible to directly use (5.2) to estimate var(ei). An
alternative strategy for bounding var(ei) was performed by utilizing (5.4). As an
indication of the possible behaviour, the figure below shows the errors a∗i ei for
i = 1, . . . , 5, and their sum, in the case of the generating measure ϕ(0.5, p) for the
Kohlrausch function exp(−t1/2), working with δ = h = 0.05, p∗i = (pi+1 − pi)/2.
Here, ϕ(0.5, p) is unimodal. For general non-nonnegative integrable ψ more highly
oscillatory behaviour could be expected.
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6. Added in proof (March 2013)

In the case of a general positive finite measure μ in the Bernstein Theorem 2.2

f(s) = Lμ =

∫
exp(−st)dμ(t) ,

the counterpart of condition (1.3) is

(��) given ε > 0, there is a δ > 0 such that μ(I) < ε for any interval I ⊆ R of
length less than δ.

In fact, we have the following:

Proposition 6.1. Let μ be a finite positive Borel measure on R. Then μ satisfies
(��) if and only if μ has zero discrete part.

The proof is immediate on considering the bounded monotonic function F : x �→
μ((−∞, x]), which is uniformly continuous if and only if μ has zero discrete part.

For a general finite positive μ, write μ = μd+μc, the decomposition into discrete
and continuous parts. By Proposition 6.1, μc satisfies (�� ) , and so the earlier
argument, suitably modified by replacing ψ(p)dp with dμc(p), applies to give a
uniform approximation to Lμc. So we have a generalization of Theorem 4.1 to any
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CM function on [0,∞) given by a measure with zero discrete part. It is immediate
that the subsequent results Theorem 4.2, Corollary 4.4 (with suitably modified
hypothesis), and Theorem 5.1 also hold for measures with zero discrete part.

Further, the discrete measure μd is a convergent sum of at most countably many
point masses. Given ε > 0, by a suitable truncation of this sum, μd can be ap-
proximated within ε in total variation norm by a finite positive combination of
point masses ν. Then Lν, which is a finite positive sum of negative exponentials,
approximates Lμd uniformly to within ε on [0,∞).

Together with the μc case above, these give a uniform approximation (say to
within 2ε) for Lμ = Lμd + Lμc. As before, it is immediate that Theorems 4.1
and 4.2, and a suitably modified Corollary 4.4 also hold in the general case. In
reworking the proof of Theorem 5.1, it is necessary to modify ‖ĖN,ε‖1 to take into
account the truncation of the discrete part. However, it easily seen that this creates
no difficulties.
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