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ENUMERATION OF STEINER TRIPLE SYSTEMS

WITH SUBSYSTEMS

PETTERI KASKI, PATRIC R. J. ÖSTERGÅRD, AND ALEXANDRU POPA

Abstract. A Steiner triple system of order v, an STS(v), is a set of 3-element
subsets, called blocks, of a v-element set of points, such that every pair of dis-
tinct points occurs in exactly one block. A subsystem of order w in an STS(v),

a sub-STS(w), is a subset of blocks that forms an STS(w). Constructive and
nonconstructive techniques for enumerating up to isomorphism the STS(v)
that admit at least one sub-STS(w) are presented here for general parame-
ters v and w. The techniques are further applied to show that the number of
isomorphism classes of STS(21)s with at least one sub-STS(9) is 12661527336
and of STS(27)s with a sub-STS(13) is 1356574942538935943268083236.

1. Introduction

A Steiner triple system of order v, in short an STS(v), is a set of 3-element
subsets, called blocks, of a v-element set of points, such that every pair of distinct
points occurs in exactly one block. A necessary and sufficient condition for the
existence of an STS(v) is that v ≡ 1 (mod 6) or v ≡ 3 (mod 6) [6, Sect. 0.2]. An
STS(v) has v(v−1)/6 blocks and each point occurs in (v−1)/2 blocks. A subsystem
of order w in an STS(v), in short a sub-STS(w), is a subset of blocks that forms an
STS(w).

Two Steiner triple systems are isomorphic if there is a bijection between the
point sets that takes the blocks of one system onto the blocks of the other system.
The number of isomorphism classes of STS(v)s with admissible orders is known only
up to v = 19. The orders v = 7 and v = 9 both have a unique STS(v). De Pasquale
[8] and Brunel [2] established that there are two isomorphism classes for v = 13, and
Cole, Cummings, and White [7, 28] showed that there are 80 isomorphism classes

for v = 15. Kaski and Österg̊ard [14] used an extensive computer search to conclude
that there are 11084874829 isomorphism classes for v = 19.

The aforementioned studies do not only count the isomorphism classes of Steiner
triple systems, but are constructive in the sense that specimens from each isomor-
phism class are obtained. The term classification is used for such constructive
methods, whereas the term enumeration covers both constructive classification and
nonconstructive counting.

For admissible orders greater than 19, where so far no attempts to count the
number of isomorphism classes of Steiner triple systems have been successful, a
more modest goal is to enumerate systems with a specific structure. One central
type of systems are Steiner triple systems that admit subsystems. Indeed, a catalyst
for the current work was a recent study [1], where it is shown that STS(21)s with
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sub-STS(9)s form extremal objects for a certain switching construction that can be
used to obtain new strongly regular graphs. It turned out that such systems had
never been classified.

The objective of the current paper is to present constructive as well as noncon-
structive enumeration techniques for STSs that admit subsystems. The work on
nonconstructive techniques continues similar work carried out for other types of
combinatorial objects in [12, 17, 24]. In particular, the techniques are applied to
enumerate the isomorphism classes of STS(v)s that admit at least one sub-STS(w)
for the parameters v = 21, w = 9 and v = 27, w = 13. The result is constructive
for the former set of parameters and nonconstructive for the latter. The results
obtained are summarized in the following theorem.

Theorem 1. The number of isomorphism classes of STS(21)s that admit at least
one sub-STS(9) is 12661527336 and of STS(27)s that admit a sub-STS(13) is
1356574942538935943268083236.

The paper is organized as follows. Some (old and new) general results needed
throughout the paper are presented in Section 2. The discussion of enumeration
techniques for STS(v)s that admit at least one sub-STS(w) is divided into two
parts. First, in Section 3, methods for enumerating possible complements of a sub-
STS(w) in an STS(v) are considered. Second, in Section 4, the task of joining such
complements with STS(w)s is discussed. Joining is discussed separately for the
cases where the STS(v) has exactly one sub-STS(w) and when it has more than
one sub-STS(w). The various cases are linked to earlier results in the literature,
such as [18, 27]. The paper is concluded in Section 5.

2. Preliminaries

Here, we shall recall some well-known structural facts about Steiner triple sys-
tems that admit subsystems [6] and derive some further results needed in the sequel.

2.1. Decomposition of blocks induced by a subsystem. We consider an
STS(v) that has at least one sub-STS(w) and individualize one such sub-STS(w).
We further write V for the point set of the STS(v) and W ⊆ V for the point set of
the individualized sub-STS(w).

Each point p ∈ W occurs in (w − 1)/2 blocks of the subsystem and in (v −
1)/2 − (w − 1)/2 = (v − w)/2 blocks outside the subsystem. Furthermore, each
block is either contained in W (and hence part of the individualized subsystem) or
intersects W in at most one point. Thus, there are w(v−w)/2 blocks that contain
one point in W and two points in V \W . Since there are (v−w)(v−w−1)/2 pairs
of points outside the subsystem, we must have w(v−w)/2 ≤ (v−w)(v−w− 1)/2.
This inequality immediately leads to the following standard observation.

Theorem 2. For an STS(v) with a sub-STS(w), we have either 2w + 1 ≤ v or
v = w.

We call subsystems with v = w trivial. Doyen and Wilson [10] showed that the
condition in Theorem 2 is sufficient for all admissible parameters v and w.

From the analysis above we also immediately conclude that we can decompose
the set X of blocks of the STS(v) into three disjoint sets X = S ∪ F ∪D:



STEINER TRIPLE SYSTEMS WITH SUBSYSTEMS 3053

(S) the w(w − 1)/6 blocks in the individualized subsystem,
(F ) the w(v − w)/2 blocks that meet W in exactly one point, and
(D) the (v − w)(v − 2w + 1)/6 blocks that are disjoint from W .

Example 3. Below we display an STS(21) with an individualized sub-STS(9) as
a 21 × 70 incidence matrix. The points in W and the points in V \W have been
separated by a horizontal dashed line, and two vertical dashed lines separate the
three parts (S, F,D) in the induced decomposition of blocks.

Let us now study the blocks in part F in more detail. Fix a point p ∈ W and
consider the blocks in part F that contain p. Such blocks must be disjoint apart
from the common point p, since otherwise we would have a pair of distinct points
occurring in two blocks. Since there are (v − w)/2 such blocks, and each contains
two points from V \W , we conclude that the blocks form a partition of V \W into
2-subsets. Letting p vary in W , we obtain in total w such partitions Fp. Again no
two such partitions may share a 2-subset, since otherwise we would have a pair of
distinct points occurring in two blocks.

Equivalently, we may view the set F = {Fp : p ∈ W} as a one-factorization
of the w-regular graph G with vertex set V (G) = V \ W and edge set E(G) =⋃

p∈W Fp. Recall that a one-factor of a graph is a 1-regular spanning subgraph,
and a one-factorization of a graph is a set of one-factors such that each edge of the
graph appears in precisely one one-factor. Two one-factorizations of a graph are
isomorphic if one can be obtained from the other via a permutation of the vertices.

Let us now turn to the blocks in part D. We use the conventional notation Ḡ
for the complement of the graph G.

Theorem 4. The graph Ḡ is regular with degree v−2w−1. Moreover, it decomposes
into edge-disjoint triangles.

Proof. Regularity follows because G is regular. The degree is (v − w − 1) − w =
v − 2w − 1. Each block in part D defines a triangle in Ḡ. These triangles are
edge-disjoint and cover the edges of Ḡ exactly once because every pair of distinct
points occurs in a unique block. �
Corollary 5. The graph Ḡ is (i) empty if and only if 2w+1 = v, and (ii) a union
of (v − w)/3 vertex-disjoint triangles if and only if 2w + 3 = v.

In fact, the blocks in D ∪ F form the blocks of a 3-GDD of type 1v−ww1. A
k-GDD of type ga1

1 ga2
2 · · · gap

p is a triple (V,G,B), where V is a set of
∑p

i=1 aigi
points, G is a partition of V into ai subsets, called groups, of size gi for 1 ≤ i ≤ p,
and B is a collection of k-subsets of points, called blocks, such that every 2-subset
of points occurs in exactly one block or one group, but not both.

The blocks in D ∪ F can also be studied in the context of incomplete Steiner
systems [5]. The point set W is said to form a hole in such an incomplete system.
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The framework of incomplete Steiner systems is more general than that of 3-GDDs,
since there may be more than one hole. If subsystems are removed from a Steiner
triple system, then we get incomplete Steiner systems with holes. The reverse
operation is not always possible, as the size of a hole does not have to be an
admissible order for a Steiner triple system.

In general, a Steiner triple system may admit more than one subsystem of a given
order, whereby the decomposition (S, F,D) is not unique. However, using results
from the theory of incomplete Steiner systems, it follows that the decomposition is
necessarily unique for certain parameters.

Theorem 6. A necessary condition for an STS(v) to have more than one sub-
STS((v − 1)/2) is that v ≡ 7 (mod 24) or v ≡ 15 (mod 24).

Proof. Consider an STS(v) with two sub-STS((v− 1)/2) that intersect at z points.
From [5], we then have that v ≥ 2(v− 1)/2+ (v− 1)/2− 2z, that is, z ≥ (v− 3)/4.
But according to Theorem 2, z ≤ ((v − 1)/2− 1)/2 = (v − 3)/4, so z = (v − 3)/4.
As the intersection of the two sub-STS((v − 1)/2) form a Steiner triple system,
(v − 3)/4 ≡ 1 (mod 6) or (v − 3)/4 ≡ 3 (mod 6), which can be simplified to the
given necessary conditions. �

The condition in Theorem 6 is strict as the results of [5] imply that there do
exist STS(v)s with more than one sub-STS((v − 1)/2) for every v ≡ 7 (mod 24)
and v ≡ 15 (mod 24).

We shall now proceed with the discussion of enumeration algorithms.

3. Enumerating complements of subsystems

It is clear from the decomposition (S, F,D) that the subsystem S and its com-
plement (F,D) can be enumerated separately and joined together in the final stage.
In all instances considered here and in earlier studies, the order of S is at most 13,
so the involved Steiner triple systems have been classified (recall that this is the
case even up to order 19). Consequently, we may focus on enumerating the parts
(F,D). This task can further be split into the cases of v = 2w + 1 (Section 3.1)
and v > 2w + 1 (Sections 3.2 and 3.3). The choice between the two methods to be
presented in Sections 3.2 and 3.3 is basically a matter of computational efficiency
and should be decided on a case-by-case basis.

3.1. The case v = 2w + 1. When v = 2w + 1, it follows from Corollary 5 that
G ∼= Kw+1. Thus, part D of the decomposition (S, F,D) is empty, and part F
defines a one-factorization of the complete graph Kw+1.

Example 7. Below we display an STS(27) with a sub-STS(13) as a 27 × 117
incidence matrix.
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One-factorizations of complete graphs have been enumerated for graphs up to
order 14. See [16, Sect. 8.1.1] for a survey of enumeration results for orders up to 12
and [17] for the case of order 14. Indeed, in the current work the one-factorizations
of K14 will be needed.

3.2. The cases v > 2w+1, point by point. When v > 2w+1, the first possible
case is v = 2w + 3. For ease of exposition we restrict our discussion to this case,
using the parameters v = 21, w = 9 as a running example (cf. Example 3). A
generalization to arbitrary v > 2w + 3 is discussed at the end of this section.

When v = 2w + 3, we observe by Corollary 5 that the graph G is the complete
graph Kw+3 with (w + 3)/3 vertex-disjoint triangles deleted, that is, G ∼= Kw+3 \
((w + 3)/3)K3.

We classify the one-factorizations of Kw+3 \ ((w + 3)/3)K3 via the following
combinatorial correspondence, which is analogous to a correspondence due to Se-
makov and Zinov′ev [26]. Consider a one-factorization F of Kw+3 \ ((w+3)/3)K3.
Augment F into a factorization F ′ of Kw+3 consisting of (i) the 2-factor defined
by the (w + 3)/3 triangles in ((w+ 3)/3)K3, and (ii) all the one-factors in F . It is
immediate that F and F ′ determine each other uniquely. Now assign a label from
0, 1, . . . , (w+1)/2 to each connected component of each factor in F ′, so that no two
connected components within a factor get the same label. Tabulating the labels of
the w+3 vertices for each of the w+1 factors in F ′, we obtain a (w+3)× (w+1)
array over the labels 0, 1, . . . , (w + 1)/2.

Example 8. For parameters v = 21 and w = 9, below we display a 12× 10 array
obtained by labeling the factorization of K12 defined by the blocks in parts (F,D)
in Example 3. The first column corresponds to the 2-factor defined by 4K3, or
equivalently, the blocks in part D in Example 3.

0000000000
0111111111
0222222222
1012333333
1103244444
1230155555
2324401345
2441520453
2555315024
3353553210
3435434102
3544042531

We may view the rows of such an array as the codewords of a code CF ′ . From
the properties of F ′ we readily observe that:

(P1) CF ′ has w + 3 codewords of length w + 1,
(P2) any two distinct words differ in exactly w coordinates and agree

in 1 coordinate, and
(P3) there is a unique coordinate with exactly (w+ 3)/3 symbols each

occurring 3 times, and all the other w coordinates have (w+3)/2
symbols each occurring 2 times.

Conversely, any code with properties (P1)–(P3) corresponds to a factorization F ′

ofKw+3 consisting of a 2-factor of triangles and w one-factors. This correspondence
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is one-to-one between isomorphism classes of factorizations and equivalence classes
of codes, where two codes C and C ′ are said to be equivalent if one can be obtained
from the other by a sequence of the following operations:

(E1) permutation of the codewords (rows of the array),
(E2) permutation of the coordinates (columns of the array), and
(E3) independent relabeling of the symbols in each coordinate.

We enumerate the one-factorizations of Kw+3\((w+3)/3)K3 up to isomorphism
by classifying the codes (arrays) that have properties (P1)–(P3) up to equivalence.
We use an orderly algorithm [11, 25] relying on lexicographic order in this task.
The following algorithm is an adaptation of algorithms used in two earlier studies
[13, 15].

We order the set of all M × N arrays over an ordered alphabet of symbols Σ
via the lexicographic order of the strings obtained by concatenating the rows of the
array one after another. We say that an array is a minimum representative if it is
the lexicographic minimum of its equivalence class.

By lexicographic order it is immediate that an M ×N array is a minimum rep-
resentative only if the (M − 1) × N array obtained by deleting the last row is a
minimum representative. This enables us to generate the (w + 3) × (w + 1) mini-
mum representative arrays that have properties (P1)–(P3), recursively extending an
(M − 1)× (w + 1) array one row at a time, and disregarding the result unless it is
a minimum representative, 1 ≤ M ≤ w + 3. The minimality of a given array in its
equivalence class can be tested using backtrack search over partial permutations of
the rows; cf. [13].

When generating the arrays, we rely on the following observations to focus the
backtrack search. First, each new row must satisfy (P2) relative to the old rows.
Second, each new row must not violate (P3) relative to the old rows. Given (P2),
we know that the first two rows of a minimum representative must be 000 · · · 0 and
011 · · · 1, which implies, by (P3), that the third row must be 022 · · · 2 and, conse-
quently, that the first column must be 000111 · · · (w/3)(w/3)(w/3); cf. Example 8.
Third, at some point we complete the structure to an (w+3)× (w+1) array using
clique search in a compatibility graph with vertices as compatible rows; cf. [15].
For w = 9, the completion was carried out for M = 7 rows to 12 rows.

We find 15113085 isomorphism classes of one-factorizations of K12\4K3. Table 1
displays the number of one-factorizations N for each possible order |Aut(F)| of the
automorphism group. The time required by the constructive enumeration was about
nine core-hours on an Intel Xeon X5650 2.67GHz CPU.

In the case of v > 2w + 3, Theorem 4 gives that Ḡ is regular with even degree
greater than or equal to 4. Then parts F and D may be considered separately. For
parts F and D, we are facing the general problems of classifying one-factorizations
of regular graphs and decompositions of regular graphs into triangles, respectively.
For the former problem, see [15]. Starting from a classification of regular graphs
with given parameters, one may first classify the structures for part D, which gives
a set of graphs G to consider for F . Isomorph rejection is simplified by the fact
that the decomposition of (F,D) into F and D is unique, which makes the problem
analogous to that of Section 4.1.

3.3. The cases v > 2w+1, block by block. The array in the previous section is
constructed row by row. An alternative approach is that of constructing the array
column by column, that is, block by block from the viewpoint of a design.
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Table 1. The one-factorizations of K12 \ 4K3

|Aut(F)| N |Aut(F)| N
1 15032761 24 31
2 74174 27 1
3 839 36 3
4 4834 48 2
6 54 72 4
8 307 144 2
9 8 216 1
12 48 648 1
16 11 1296 1
18 3

A classification of the arrays column by column can be carried out in a two-stage
approach. In the first stage certain partial arrays are classified, and these partial
arrays (called seeds) are completed to full arrays in the second stage.

There are various possible choices for the definition of a seed. One possibility is to
define seeds as (v−w)×3 subarrays consisting of columns where each symbol occurs
twice. The approach of [18] can, somewhat modified, be put into the framework of
the current paper with such a seed (joining is not carried out in that work, but the
STS(7) is fixed while forming the complement of it).

One may also define seeds analogous to those in the approach for classifying
one-factorizations of complete graphs discussed in [15]; see also [16, Sect. 8.1.1]. A
seed is then defined as a (v − w) × w subarray consisting of those columns of the
final array where each symbol occurs twice, with the first column 0011 · · · ((v−w−
2)/2)((v − w − 2)/2), the first row 000 · · · 0, the second row 011 · · · 1, and all other
entries containing a 0 or a 1 filled out.

Example 9. For parameters v = 21 and w = 9, below we display a partial 12× 9
array (seed), which can be extended to a structure isomorphic to the 12× 10 array
in Example 8.

000000000
011111111
11
10
2 1
2 0
3 0 1
3 1 0
4 0 1
4 1 0
5 1 0
5 0 1

Extension of seeds and rejection of isomorphs amongst the completed structures
can be handled analogously to the basic situation of one-factorizations of complete
graphs, with an exact cover algorithm [20] for the former subproblem and canonical
augmentation [23] for the latter. Again we refer to [15] and [16, Sect. 8.1.1] for
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details. The difference compared with the basic case is obviously the D part of
(F,D), but this difference is easily implemented in the algorithms.

4. Joining the parts

We consider joining for two situations: for STS(v)s with exactly one sub-STS(w)
and for STS(v)s with at least one sub-STS(w). A general algorithm for the latter
case obviously covers the previous case as well but will then be considerably slower
than a tailored approach. Theorem 6 implies certain conditions under which there
will be exactly one sub-STS(w).

Also the following observation can in some cases be used to deduce that there
is exactly one sub-STS(w). Assume that an STS(v) has two sub-STS(w)s that
intersect in w′ points. If one of the subsystems has point setW , then the pairs of the
other system induced by V \W form a one-factorization of Kw−w′ . Consequently,
a necessary condition for these subsystems to exist is that (F,D) contain such a
subsystem.

4.1. Exactly one sub-STS(w). Earlier work on joining when there is exactly one
sub-STS(w) has been carried out specifically for the case of STS(2w+1)s with sub-
STS(w)s by Déherder [9] and Stinson and Seah [27]. Stinson and Seah enumerated
the STS(19)s with a sub-STS(9), a work that Déherder had started. Our discussion
will to some extent follow that of Stinson and Seah [27]. We use the case of STS(27)s
with exactly one sub-STS(13) as a running example. (For w = 9 and w = 13, there
can be only one sub-STS(w) in an STS(2w + 1) by Theorem 6.)

Focusing on cases with exactly one sub-STS(w), the decomposition (S, F,D) is
unique for a given STS(v), and our task reduces to enumerating the number of pairs
(S, (F,D)) up to isomorphism. We obtain yet another reduction by observing that
we may fix the point set W ⊆ V of S, in which case our task becomes to enumerate
the number of orbits of formal pairs (S, (F,D)) under the diagonal action of the
direct product Sym(W )× Sym(V \W ).

For STS(27)s with one sub-STS(13), there are two isomorphism classes of sub-
systems S [2,8] and 1132835421602062347 isomorphism classes of one-factorizations
F [17]; part D is empty. It is obvious that there are far too many orbits of one-
factorizations in this case to support a constructive enumeration, and hence non-
constructive techniques are required. We shall now have a look at a convenient
method for counting, which uses Burnside’s lemma to count structures. In its basic
version, as presented in [27], this method just gives the total number of objects
and is in the general case not able to refine the number based on the order of the
automorphism group.

Let S be an STS(w) with point set W and let (F,D) be a pair such that S∪F ∪D
is an STS(v). All possible ways of joining S and (F,D) into an STS(v) can now be
obtained by applying all possible permutations π ∈ Sym(W ) to S. The objective
of our enumeration is then to count or identify pairwise nonisomorphic structures
obtained in this way.

We observe that two structures (S, (F,D)) and (S′, (F,D)) are isomorphic under
the diagonal action if and only if there is an automorphism of (F,D) restricted to
the point set W that takes S onto S′.

Let Γ ≤ Sym(W ) be the automorphism group of (F,D) restricted to W . For
π ∈ Γ, let us write fix(π) for the number of S′ such that S′ is isomorphic to S and
π fixes S′. An application of Burnside’s lemma gives the following [27, Lemma 2.1]:
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Theorem 10. The number of nonisomorphic Steiner triple systems that can be
obtained by joining S and (F,D) is exactly

1

|Γ|
∑
π∈Γ

fix(π) .

The cycle type of a permutation with ni cycles of length li, 1 ≤ i ≤ m, is
ln1
1 ln2

2 · · · lnm
m . The value of fix(π) is solely dependent on the cycle type of the

permutation π ∈ Γ, as conjugates in Sym(W ) have the same value.
In [27, Table 2], fix(π) is calculated for all cycle types of permutations in the

automorphism group of the unique STS(9). There are two isomorphism classes of
STS(13)s for which the same calculations are carried out in Tables 2 and 3. The
column N gives the number of permutations in the automorphism group with the
given cycle type, and the column C shows the number of conjugates, obtained by
straightforward calculation. This enables us to determine

fix(π) =
w!N

|Aut|C .

Table 2. Automorphism types for STS(13) with |Aut| = 6

Cycle type N C fix(π)
1134 2 3203200 648
1325 3 270270 11520
113 1 1 1037836800

Table 3. Automorphism types for STS(13) with |Aut| = 39

Cycle type N C fix(π)
131 12 479001600 4
1134 26 3203200 1296
113 1 1 159667200

For the one-factorizations of K14, we find that the automorphism groups A of
the 1132835421602062347 isomorphism classes partition into 96 conjugacy classes
under the diagonal action. Furthermore, each conjugacy class acts faithfully on the
13 one-factors. Let us now describe the procedure for determining the conjugacy
classes in more detail.

For small group orders, 1 ≤ |A| ≤ 3, the conjugacy class of A is uniquely
determined by the order |A| together with the numbers of one-factors and vertices
fixed by A. There are eight such groups, up to conjugacy. In Table 4 we show some
information about the cycle types of the elements in these groups. Specifically, we
give the number of cycles for each type that occurs in Tables 2 and 3 (for the action
on the 13 one-factors). For each group we also give the group order |A| and the
number of one-factorizations whose automorphism group is conjugate to this group.
The data comes from the classification of one-factorizations of K14 published in [17]
(but is not presented in such detail in the final paper).

For group orders |A| ≥ 4, we are left with 118731 isomorphism classes of one-
factorizations, which we have stored on disk as a result of a constructive enumer-
ation [17]. We find the conjugacy classes and group elements by encoding the
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Table 4. Cycle types of group elements, small groups

Number 113 1325 1134 131 |A| N
1 1 0 0 0 1 1132835411296799774
2 1 0 0 0 2 91872798
3 1 1 0 0 2 908969907
4 1 1 0 0 2 1019084772
5 1 0 0 0 2 5777030660
6 1 0 0 0 2 24073651
7 1 0 0 0 2 2479614292
8 1 0 2 0 3 4497762

automorphism group A of each one-factorization as a vertex-colored graph H(A)
such that any two such graphs are isomorphic as colored graphs (that is, only color-
preserving permutations of the vertices are considered) if and only if the groups are
conjugate in Sym(W ) × Sym(V \ W ). We then find that there are 88 conjugacy
classes by putting H(A) into canonical form for each of the 118731 groups A using
nauty [22]. The time required was about seven core-hours on an Intel Xeon X5650
2.67GHz CPU. We present the cycle types for these groups in Tables 5 and 6 with
the same format as for small groups in Table 4.

The encoding of A as a colored graph H(A) is as follows. We use five colors,
which we represent by the characters P, Q, R, S, T. Start with the empty graph.
Take one vertex pw with color P for each w ∈ W , and take one vertex pu with
color Q for each u ∈ V \ W . Now, for each element a ∈ A, which we may view
as a permutation a : V → V , introduce the following subgraph gadget by taking
one vertex xa,v with color R for each v ∈ V , one vertex ya,v with color S for
each v ∈ V , and one vertex za with color T. Then insert the edges {pv, xa,v},
{pv, ya,v}, {xa,v, ya,a(v)}, {xa,v, za}, and {ya,v, za} for each v ∈ V . This results in
a graph with |V | + |A|(2|V | + 1) vertices and 5|A||V | edges. Figure 1 illustrates
the construction with V = {1, 2, 3, 4, 5, 6, 7}, W = {1, 2, 3} and, in cycle notation,
A = {(1)(2)(3)(4)(5)(6)(7), (1, 2)(3)(4, 5)(6, 7)}. Observe that the vertex colors are
indicated in the figure with the labels P, Q, R, S, T inside the vertices.

Applying Theorem 10, we find exactly 1356574942538935943268083236 STS(27)s
with a sub-STS(13). Unfortunately, Theorem 10 only gives the total number of
isomorphism classes of structures, but does not give a subdivision based on the order
of the automorphism group. To this aim, one may use a more sophisticated version
of Burnside’s lemma, where the action of subgroups of A rather than elements of
A are considered. See [19, Chapter 4] for details. In this work we originally got the
result with a general technique for double coset enumeration (which is much more
general than what is needed in this current context and is therefore omitted).

Table 7 displays the number of STS(27)s X with a sub-STS(13) for each possible
order of the automorphism group |Aut(X)|.

To gain confidence in the correctness of the enumeration, we count in two differ-
ent ways the total number of distinct STS(27)s that admit a sub-STS(13). First,
we recall that the total number of distinct one-factorizations of K14 is LF(K14) =
98758655816833727741338583040 [17]. Over a fixed point set V , we claim that the
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Table 5. Cycle types of group elements, part I

Number 113 1325 1134 131 |A| N
1 1 2 0 0 4 11808
2 1 1 0 0 4 10126
3 1 2 0 0 4 3144
4 1 1 0 0 4 7680
5 1 2 0 0 4 1098
6 1 0 0 0 4 10480
7 1 0 0 0 4 6112
8 1 0 0 0 4 5376
9 1 0 0 0 4 8338
10 1 2 0 0 4 10920
11 1 2 0 0 4 880
12 1 0 0 0 4 6456
13 1 0 0 0 4 18904
14 1 0 0 0 4 1144
15 1 0 0 0 4 1980
16 1 0 0 0 4 114
17 1 0 0 0 5 2742
18 1 3 2 0 6 360
19 1 0 2 0 6 534
20 1 3 2 0 6 789
21 1 0 2 0 6 3099
22 1 0 2 0 6 4176
23 1 3 2 0 6 280
24 1 0 2 0 6 9
25 1 4 0 0 8 118
26 1 4 0 0 8 32
27 1 2 0 0 8 50
28 1 2 0 0 8 20
29 1 0 0 0 8 80
30 1 2 0 0 8 164
31 1 2 0 0 8 204
32 1 2 0 0 8 186
33 1 0 0 0 8 54
34 1 0 0 0 8 14
35 1 4 0 0 8 38
36 1 2 0 0 8 122
37 1 4 0 0 8 398
38 1 4 0 0 8 12
39 1 2 0 0 8 34
40 1 0 0 0 8 84
41 1 0 0 0 8 28
42 1 0 0 0 8 19
43 1 2 0 0 8 19
44 1 0 0 0 8 76
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Table 6. Cycle types of group elements, part II

Number 113 1325 1134 131 |A| N
45 1 0 0 0 8 12
46 1 0 0 0 8 12
47 1 0 0 0 8 8
48 1 0 0 0 8 2
49 1 0 0 0 8 4
50 1 0 0 0 10 108
51 1 0 0 0 10 48
52 1 5 0 0 10 12
53 1 0 2 0 12 27
54 1 0 2 0 12 10
55 1 0 2 0 12 31
56 1 6 2 0 12 6
57 1 3 2 0 12 2
58 1 0 0 12 13 10
59 1 6 0 0 16 32
60 1 2 0 0 16 8
61 1 4 0 0 16 4
62 1 4 0 0 16 10
63 1 4 0 0 16 20
64 1 4 0 0 16 4
65 1 4 0 0 16 4
66 1 8 0 0 16 10
67 1 6 0 0 16 12
68 1 2 0 0 16 3
69 1 0 0 0 16 2
70 1 0 14 0 21 1
71 1 0 8 0 24 1
72 1 6 8 0 24 1
73 1 0 8 0 24 1
74 1 12 0 0 32 1
75 1 4 0 0 32 2
76 1 12 0 0 32 2
77 1 0 0 0 32 2
78 1 8 0 0 32 2
79 1 8 0 0 32 2
80 1 4 0 0 32 2
81 1 0 26 12 39 3
82 1 0 14 0 42 1
83 1 0 14 0 42 1
84 1 6 8 0 48 1
85 1 16 0 0 64 3
86 1 0 14 0 84 1
87 1 0 26 12 156 1
88 1 24 32 0 192 1
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Figure 1. An illustration of the encoding H(A)

Table 7. The STS(27) with a sub-STS(13)

|Aut(X)| N
1 1356574942538913722873075856
2 22211642309784
3 8752680287
6 17256
13 40
39 13

number of distinct STS(27)s that admit a sub-STS(13) is

(1)
∑
[X]

27!

|Aut(X)| =
(
27

13

)
·
(
13!

6
+

13!

39

)
· LF(K14) · 13! ,

where the sum on the left-hand side is over all isomorphism classes that admit a
sub-STS(13); see Table 7. On the right-hand side, there are exactly

(
27
13

)
ways to

select the point set W , exactly 13!
6 + 13!

39 ways to place one of the STS(13)s into W ,
and exactly LF(K14) · 13! ways to place a one-factorization of K14 between W and
V \W . Both the left-hand side and the right-hand side of (1) evaluate to

14771567449015130093238939574166392148509222502400000000 .

4.2. At least one sub-STS(w). Whenever joining is carried out such that more
than one sub-STS(w) may arise, one has to be careful, since the assumption of a
unique decomposition (S, F,D) is then no longer valid.

Here, we shall discuss an approach for joining with at least one sub-STS(w).
Some case-by-case arguments can be used to tune the approach in specific situations,
but here we shall omit such variants and put emphasis on general ideas.

When joining S and (F,D), we consider one representative from each isomor-
phism class of (F,D) and all labeled copies of S. To reject all but one representative
from each isomorphism class of the structures X = S ∪ F ∪ D thereby obtained,
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we apply the canonical augmentation method introduced by McKay [23]; see also
[16, Sect. 4.2.3].

Let the point set V be fixed. Suppose we have constructed a Steiner triple
system X = S ∪ F ∪ D by extending (F,D). We accept X as the representative
of its isomorphism class if and only if both (i) X is the minimum (with respect
to lexicographic ordering of sets of 3-element subsets over V ) of its orbit under
the automorphism group Aut(F,D) = {σ ∈ Sym(V ) : σF = F, σD = D}, and
(ii) the subsystem S = X \ (F ∪D) belongs to the canonical Aut(X)-orbit m(X)
of sub-STS(w)s in X. We obtain a canonical orbit by putting X into canonical
form X ′ = κ(X) with X ′ and κ ∈ Sym(V ) computed using nauty [22], finding the
lexicographically least point set W ′ ⊆ V of a sub-STS(w) in X ′, and returning
the Aut(X)-orbit of κ−1(W ′) as m(X). In particular, the tests (i) and (ii) become
trivial if both Aut(F,D) is trivial and the sub-STS(w) in X is unique.

For w = 9, we know that the automorphism group of the STS(9) has order 432,
which results in 9!/432 = 840 possibilities to complete the (S, F,D) decomposition
given part (F,D). In total, 840 · 15113085 = 12694991400 STS(21)s are thus con-
structed in the process, which is guaranteed to construct at least one representative
from each isomorphism class of STS(21)s that admit at least one sub-STS(9).

We find that there are 12661527336 isomorphism classes of STS(21) with a sub-
STS(9). Table 8 displays the number of STS(21)s, N , for each possible order
|Aut(X)| and each possible number s9(X) of sub-STS(9)s in X. The time required
by the extension and isomorph rejection phase was about 150 core-days aggregated
to a single Intel Xeon X5650 2.67GHz CPU.

Table 8. The STS(21)s with at least one sub-STS(9)

|Aut(X)| s9(X) N |Aut(X)| s9(X) N
1 1 12657900680 14 7 1
1 3 101719 16 3 11
2 1 3492305 16 7 1
2 3 5316 18 1 9
3 1 15050 18 3 1
3 3 140 18 7 2
4 1 11128 24 1 12
4 3 339 24 3 7
6 1 210 27 1 3
6 3 55 36 1 4
6 7 1 36 3 1
8 1 154 48 3 2
8 3 67 54 7 1
8 7 1 72 3 1
9 1 21 72 1 4
9 7 1 108 7 1
12 1 73 144 3 1
12 3 11 504 7 1
12 7 1 1008 7 1
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To gain confidence in the correctness of the enumeration, we carry out the fol-
lowing consistency check. Over a fixed point set V , we count in two different ways
all the pairs (X,F ) such that X is an STS(21) and F ⊆ X is a one-factorization of
K12 \ 4K3 represented as a set of triples over V .

Taking the sum over the isomorphism classes, that is, the orbits of Sym(V ), by
the Orbit-Stabilizer Theorem we must have∑

[F ]

21!

|Aut(F )| ·
9!

432
=

∑
[X]

21!

|Aut(X)| · s9(X) .

Using the computed data in Tables 1 and 8, both sides of this equality evaluate to

646809707516226677873049600000 .

5. Conclusions

Steiner triple systems with subsystems of order greater than 3 have now been
enumerated for STS(15)s with sub-STS(7)s (see [21, Table 1.29]), STS(19)s with
sub-STS(7)s [18] (see also [4]), STS(19)s with sub-STS(9)s [27], STS(21)s with
sub-STS(9)s (this work), and STS(27)s with sub-STS(13)s (this work). The (com-
putational) effort needed to enumerate STS(v)s with sub-STS(w)s is to a large
extent determined by the value of v −w. The open case with the smallest value of
v − w is that of enumerating STS(21)s with sub-STS(7)s.

Like various other problems, this enumeration problem can also be studied for
two other types of combinatorial designs that form classes of 3-GDDs, namely Latin
squares and one-factorizations of complete graphs. Latin squares with Latin sub-
squares are well-studied structures [3], while one-factorizations of complete graphs
with sub-one-factorizations are maybe of less importance—but they do have appli-
cations, as we have seen in the current work.
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