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V-INTEGRABILITY, ASYMPTOTIC STABILITY
AND COMPARISON PROPERTY OF EXPLICIT
NUMERICAL SCHEMES FOR NON-LINEAR SDES

LUKASZ SZPRUCH AND XILING ZHANG

ABsTRACT. Khasminski [Stochastic Stability of Differential Equations, Kluwer
Academic Publishers, 1980] showed that the asymptotic stability and the in-
tegrability of solutions to stochastic differential equations (SDEs) can be ob-
tained via Lyapunov functions. These properties are, however, not necessarily
inherited by standard numerical approximations. In this article we introduce a
general class of explicit numerical approximations that are amenable to Khas-
minski’s techniques and are particularly suited for non-globally Lipschitz coef-
ficients. We derive general conditions under which these numerical schemes are
bounded in expectation with respect to certain Lyapunov functions, and/or
inherit the asymptotic stability of the SDEs. Finally we show that by trun-
cating the noise it is possible to recover the comparison theorem for numerical
approximations of non-linear scalar SDEs.

1. INTRODUCTION

The main goal of this article is to extend the applicability of Lyapunov functions
to numerical approximations of SDEs. This is achieved by modifying the standard
Euler scheme in such a way that, despite the lack of a discrete version of Ito’s
formula, one can still analyse asymptotic and qualitative properties of numerical
approximations using discrete analogues of classical techniques developed in [14].
In particular, we investigate the integrability and asymptotic stability of numerical
approximations of SDEs, paying particular attention to SDEs with non-globally
Lipschitz drift and diffusion. This is a relatively new area as the majority of the re-
search on numerical analysis for SDEs is restricted to the global Lipschitz condition
[15.[23]. If the global Lipschitz condition does not hold for either of the coefficients,
Hutzenthaler, Jentzen and Kloeden [§] showed that the explicit Euler scheme may
have unbounded moments, and consequently the classical Euler scheme may fail to
converge in the LP norm, p € N* .

Let (Q, F, (Ft)tcr,P) be a stochastic basis satisfying the usual conditions, where
I'is asubset of [0, 00). Let Wy be an m-dimensional (F;):c-adapted Wiener process.
Consider an SDE:

(11) dX; = b(t, Xt)dt + O'(t,Xt)th, tel,

where b : IxR? — R? and 0 =: I xR? — R¥*™ are locally Lipschitz continuous, and
a Lyapunov function V : R — R* U {0} at least twice continuously differentiable.
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Both integrability and asymptotic stability properties of (I.I]) can be deduced by
examining the generator

LV (z) = (VV(z),b(t,z)) + %tr o(t,z)V® (fc)a(t,x)—r} ,Vtel, ©eRY

where V() (.) is the Hessian matrix of V(-). When I = [0,7T] for T > 0 fixed, one
knows from standard results in stochastic analysis [I4] that if there is a constant
p > 0s.t.

(1.2) LV () < pV(x), Vt €[0,T], 2 € R,
then one has a uniform bound:
(1.3) EV(X,) < e’TEV(X,), Vt € [0,T].

In the context of asymptotic stability, one considers the case where I = [0, 00)
and b(t,0) = 0, o(¢,0) =0, V¢ > 0 holdd!| (see [I7,19]). One also takes a Lyapunov
function V' € C?(R) that takes value 0 at the origin and is strictly positive elsewhere

(e.g. V(-) =P for some p € N“‘)@. Instead of (L2)), a sufficient condition for
X; — 0 a.s. as t — oo, regardless of the value of X, is that
(1.4) LV () < —2(),

for some non-negative z € C(R?) such that ker(z) = {0}. Moreover if 2(-) > pV (")
for some constant p > 0, then instead of (L3) one has

(1.5) EV(X;) < e P'EV(Xy) — 0,

as t — oo, given that EV(Xy) < co. Conditions of the type (L) with z(-) > pV(+)
also play a crucial role in establishing ergodicity properties of SDEs; see [22].

The majority of the research on integrability or stability of the numerical schemes
relies on simple Lyapunov functions such as V(x) = |z|P, p > 2; see, e.g., [QIT1[15]
23[24], with the exception of [TTL12]. Here we aim at handling more general cases,
particularly polynomials of the general form

d
(16) V(.’L’) :ZCZ‘.’IIZ;i, C1," " ,Cd ERy
=1

where the p;’s (non-negative) are not necessarily identical. This is necessary if one
hopes to analyse many important SDEs in literature; see [11 12]@ and Example[3.19]
in the current paper. It turns out that for a special class of Lyapunov functions
V(z) = |z|P, p = 2, the drift-implicit Euler scheme admits a discrete-time analogue
of ([[3]), without the global Lipschitz condition; see [6,20,21]. However, solving an
implicit equation at each iteration of the algorithm is usually costly. Furthermore,
recently it has been demonstrated that even the explicit Euler scheme, if appropri-
ately modified, can have bounded moments (and hence LP-convergence). Such mod-
ification of explicit schemes is conventionally called “taming”; see [9IIL12L2427].
A tamed Euler scheme is usually of the following form:

(1.7) Xi1 = Xp + 0" (t, Xp)h + 0" (t, Xp) AWpy1, k €N,

LGiven the well-posedness of the SDE ([ZI)) one sees that the system has trivial solution (equi-
librium) X; =0, V¢ > 0 a.s. when Xo =0 a.s.

2Throughout this article we use the notation |- | for modulus of vectors and || - || for the 2-norm
of matrices.

3In [IIl[2] authors investigated integrability, but not asymptotic stability of explicit schemes
allowing Lyapunov functions of the form (L6]).
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where t;, = kh with 0 < h < 1 being the step size of the uniform partition of
I, and AWy = Wisr — Wi, Usually a taming method (bh,oh) is chosen s.t.
h(t,x) — b(t,x), oh(t,z) — o(t,z) as h — 0 uniformlyf] in (t,2) € I x RY. We
also introduce the “tamed” generator:

LIV (2) == (VV(z),b"(t, z)) + %tr [ah(t,x)V@) (x)ah(t,x)T]  Vtel, zeR%

The main challenge is to preserve condition (IZ) or (I4) for £} and to benefit from
some extra control on the growth of the tamed coefficients. Although integrability
results have been established in the literature for some specific explicit schemes of
the form (), it is not clear how property (L3 can be inherited (possibly with
a different p) under simple assumptions. For example, in [I1] the authors showed
some criteria for moment bounds (Proposition 2.7) and one can indeed recover ([I3),
but an a priori estimate is needed: supj, maxy, ||V (Xg)|| s o) h(@~PE1/P) < oo for
some a > 1. We will show in Section ] that such a property can be preserved
by controlling the generator £ and the coefficients b", o". We will also propose
a type of projected schemes (L8] that preserve the strong convergence rate 1/2
and a uniform bound of the form ([3)), with respect to a larger class of Lyapunov
functions.

On the other hand, the problem of asymptotic stability has received less at-
tention in the literature so far and to the best of our knowledge the asymptotic
stability of explicit numerical schemes beyond the Lipschitz setting is entirely new.
Nonetheless, considerable effort has been made in this direction (mainly for implicit
schemes) in [2H5L[71[20221[28]. We will extend these results in two ways: a) we allow
a bigger class of Lyapunov functions; b) we consider explicit Euler-type schemes.
The idea seems similar to that of integrability—the main difference, however, lies in
the recovery of condition ([L4]). The issue here is that for the tamed Euler schemes
([0 one often can only deduce

LiV() < =2() = LIV() < =p"()z(), p"(-) 20,

and finds no strictly positive lower bound for p”(-)z(-). The same problem would
occur if one tries to recover the ergodicity of the underlying SDE using scheme (I7);
see [22]. Nevertheless, explicit schemes of type (7)) can recover the almost-sure
stability if ker(p") = {0}, but the exponential stability (LF) seems not to hold.
This, however, can be resolved by the aforementioned projected schemes:

(1.8) X1 = I (Xpo + 0" (b, X))o+ 0" (tr, X)) AWis1)

where II : R¢ — R? is a projection function that can be customised. The advantage
of this method lies in that p"(-) > ¢ for some ¢ > 0.

In the last section we will investigate the preservation of non-negativity and
the comparison theorem for explicit numerical schemes. This is aimed at those
SDEs whose solutions, for example, only stay in [0,00). We will see that b(¢,0) >
0, o(t,0) = 0 is enough to guarantee X; > 0 a.s., but not necessarily the case for
numerical schemes. We will show that simply by truncating the noise as is done
in Section 1.3.4 in [23], one can easily recover non-negativity of the tamed Euler
scheme. The same method can readily be used to preserve the comparison theorem
for SDEs with non-globally Lipschitz coefficients.

4Precise definition of these limits may vary.
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To summarise the main contributions and the structure of this paper:

e We give general conditions for a modified (tamed) explicit Euler scheme to
be integrable with respect to a rich family (22)) of Lyapunov functions.

e We establish in Section Bla result on the asymptotic stability properties for
tamed explicit Euler schemes in the non-globally Lipschitz setting, admit-
ting a large class of Lyapunov functions.

e We propose an explicit tamed Euler scheme that is easy to implement,
recovers exponential V-stability ([H]), and allows the optimal rate of strong
convergence.

e We investigate non-negativity preservation and comparison result of tamed
Euler schemes in Section @ Both properties hold true in the non-globally
Lipschitz setting.

2. V-INTEGRABILITY OF TAMED EULER SCHEMES

In this section we investigate the integrability of tamed Euler schemes {Xj},
(0 or (LH), for the SDE on a fixed interval ¢ € [0, T:

(21) dXt = b(t, Xt)dt + O'(t, Xt)th

Following [11], let p,d € N*, v € (0,1/p] and consider the following class of Lya-
punov functions VI C CP(R%), where for N3 p > 2 and 0 < v < %,

(2.2) VE:={V >20: ker(V) = {0}, 3¢ >0 s.t.
IVEOllus < e+ V()™ ¥s e NA0,p]} -

Here || - |lus denotes the Hilbert-Schmidt norm and V() denotes the s-th order
derivative of V. For example, V(1) = VV and V(? is the Hessian matrix of V.
Note that the set VI not only covers power functions |- 2, p > 0, but also covers
polynomials of the form ([6)). Hence it is rich enough for one to choose suitable
Lyapunov functions for many of important SDEs (see [I1] for more details).

The property ker(V) = {0} is in fact not necessary for integrability, but is needed
for stability results in Section Bl We introduce this definition here rather than later
for the simplicity of presentation: if a non-negative function U only satisfies the
growth condition of its derivatives as in ([2.2), then V(z) := U(x) — U(0) € VL and
U(z) is thus equivalent to 1 + V' (z).

Remark 2.1. The function |- |P for some even number p is a candidate in the subset

Vi, =V, VT =0, 3e> 0 st [V () us < eV ()77, ¥s e NN [0,p]}

Once we fix a Lyapunov function V' € VF it will be useful if the growth conditions
of the coefficients of the SDE (2]) can be expressed in terms of V.

Assumption 2.2. There exists a Lyapunov function V € V¥ and constants K,k >
0, s.t. Vt € [0,T], z € RY,

[b(t, )|V [lo(t, 2)|| < K (1+V(2)"7).

Take V() =|-|P € 17f I then Assumption 2.2 essentially imposes the polynomial
growth condition on the coefficients of the SDE (2]). Indeed, we may observe that
if there exists L > 0 such that V¢, z, |b(t,z)] < L(1 + |#|™), one can find K > 0

such that |b(t,z)| < K (14 V(x))*/P. The same applies to the diffusion coefficient
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with polynomial growth of degree ko and let k = K1 V ko. Expressing all estimates
in terms of the chosen Lyapunov function] makes all calculations convenient.

Definition 2.3. Let V be a non-negative Borel function on R?. The solution to
the SDE (2I)) is said to be integrable with respect to V', or V-integrable, if

sup EV(X;) < o0.
te[0,T)

A time-discretisation {X}}, with step size h € (0,1], of the SDE (2] is said to be
V-integrable, if

sup max EV(Xj) < oco.
h>00<k<|T /R

To clarify the idea of this section without going into too much technical detail
let us consider a motivational example.

Example 2.4. Let (X;)c[0,77 be the solution of the 1-d autonomous SDE
(23) dXt = b(Xt)dt + O'(Xt)th,
with E|X(|? < oo and b and o satisfying Assumption and monotonicity condi-

tion:
(2.4) 22b(z) + |o(x)|* < p(1 + |z]?) Vz €R.

Note that (2.4) corresponds to the special case of the Lyapunov function
V(z) = [z* € V}),, and it immediately follows that for all ¢ > 0, EV(X;) <

e E(1+ V(Xy)). We are seeking some condition under which the tamed Euler
scheme

Xk+1 = Xk + bh(Xk)h + Uh(Xk)AWk+1,
is also | - |?-integrable. Let us first square both sides of the scheme to get

(2.5)  Ep|Xppa? = [Xil? + (2Xkb"(X3) + 0" (X5)[*) b + [ (X3) [R2,
where Eg(+) := E(:|F,). If a taming method is chosen such that 3 > 0,

(2.6) 2xb"(x) + [o"(@)? < p(14+V(z)) and [b"(2)|*h < p(1 4+ V(z)), Vo €R,
then for all 1 < k < |T/h],

Ep(14+V(Xpi1)) <14+ V(XR) + (p+p)(1 + V(Xp)h
= EV(X|7/n)) < PTWTE(L + V(Xo)).
One can use taming methods, e.g.,
b(t, )

2.7 bt x) = ——L— oh(t = ————, Vte[0,T R¢
@) V()= g oM (6a) = s e 0T e B
for some Gy (+, ), G5 (-, ) = 0. Then the first condition in (Z6]) holds if 1+Gp(z, h) <
(1 + G, (z,h))% Furthermore for the second condition in ([Z6) take G, (z,h) =
Gy(z,h) == CV(z)™/2h? with C = K/\/li, ko = (k — 1)* and 8 = 1/2, so that
e @I KV

1+ OV (x)r0/2h1/2 = 1 4 OV (x)r0/2h1/2

o(t,x)

b ()] < VRV (2)'2,
as required.

5This corresponds to the Lyapunov-type functions V(-) := 14 V() defined in [IT].
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2.1. Taming conditions for V-integrability. The difficulty in exploiting the
integrability of numerical schemes is the lack of a discrete version of Itd’s formula.
However, if the coefficients are appropriately modified (tamed), one can recover
many classical results by controlling the remainder term of the Taylor expansion.
This is the result of Theorem

In the first part of this section we focus on another subset of V¥ denoted by
)AJZ'; =Vhn {V(+1) = 0} (this class contains almost all examples of polynomial
Lyapunov functions presented in [I1]). As an example one may consider a very
popular Lypaunov function V(z) = |z|P, p > 2, which allows us to explore the so-
called one-sided Lipschitz property of the drift coefficient of the SDE (I1I). Later
on we will show that integrability results can be extended to the whole family V2.

Theorem 2.5. Suppose for the tamed coefficients (b, ") as in (1) there is a
Lyapunov function V€ VP, p > 2 s.t. EV(Xp) < o0 and

(2.8) LMV () < p(1+V(z)), Y(t, z) € [0,T] x RY,
for some p > 0. Also assume that there exists 1 > 0 s.t.
(2.9) " (¢, z)| ht/2 v Hoh(t,x)H Y% (14 V().
Then there exists a constant p = O(u?) s.t.
EV(X;) < P PTE(14+V(Xy)) < oo, YO<k<|T/h].

Remark 2.6. V-integrability of numerical schemes has already been studied in [I1]
(section 2.2), but the results are based on a weaker “semi-stability” condition. Here
condition (23] ensures full “V-stability” according to their definition.

Proof. Since V' € f}p , one has the following finite Taylor expansion:

V(X -
(210)  Ex(1+V(Xppr) =14 V(Xp) +Ex > %(Xk+1 Xp)e.
1<]a|<p ’
For the convenience of notation denote by := b (ty, X1.), 6% := o"(tx, Xs), and
Ss the summation with index |a| = s, s = 1,--- ,p. It is easy to see that the

conditional expectation of the first two terms of the summation in ([2.I0]) are

0V (Xy) - _ _
Sy :=Ep #(bkm&mmﬂ)“ = (by,, VV(X3)) h,

jal=1
d m d
1 PV o -Gy 1 PV o D70 2
ExSs =3 i ;:1 l§=1 D20z, (Xk)O'k oy h+ B i 2:1 _5xi5$j (Xk)bk: by "h
1 _(-0) 1-(2) Q) 2
=5 (ot v (x) >h+ (b, VO (X)by )

g%tr {V@)(Xk)&k&ﬂ h + L "V(Q)(Xk)H |bi| B2

We can now analyse the rest of the expansion for |a| = s > 3 by rewriting the sum

_ _ @ o _
o= 32 () (-5 (3 - ) v
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+1

(b‘”h+ G, ’AWkH)% _ :i:% (o;) (Z_’/(:)h) — (5,?"’AW,€H)T,

where for i =1,--- ,d, each ()_(,gi) — )_(Igi)) i is equal to

Due to the 1ndependence and the law of the Brownian increments AWki)l, the
terms with odd r’s are zero under Ej. Therefore, with a bit relabelling,
) ds— 1 Le/2] S - |s—2r 2r
ExS, <[V = > <2r) B okl
o sl . ,
<o [V 0| D2 (bl el
r=0
where the positive constants
dsfl s d571
2.11 S <4
210 o= e, () < e
for each s. Returning to (ZI0) and using the above estimates, we obtain
(2.12) Er(1 4V (Xp1)) = 1+ V(Xp) + L] V(Xp)h + RV (Xy),
where, by relabelling the indices (with 7,7 € N) in the summation,
(2.13) R'W(X,) < Hv<2> H |bs|
D b | [V 3] ol
3<i+25<p
Now given ([23) and the estimates of V+27) as in ([Z2)), we have
_ 1 — . . _ itj
RM (X)) S5e?(L+ VXD Y. buayen ™ 1+ V(X)h'?
3<i+2j<p
1 P , -
= 5er? 4> D beewhiTH) L+ V(XW)h
s=3 i+2j=s
+
\< el +CZ r J )(1+V(Xk))
Set pi=fep? + te(p+1) Y0, qﬁs,ushs/%l, and from (2.12]) we get
E(L+V(Xk1)) <L+ (p+ DHEL + V(Xk)) < (L+ (p+ p)R)E(L + V(Xo))
<e(p+ﬁ)TE(1 + V(Xo)),
and the result follows by removing 1 from the left-hand side. O

Remark 2.7. For p = 2 one only needs to check condition ([Z3) for b (,-).

Remark 2.8. In practice one can take p < 1 and choose p := c(p? — 1)dP~* 2 since
SUP3<s<p Ps < dP —1. Therefore p can be arbitrarily small by a suitable choice of
the parameter u. For example, the choice p = O(h®) for some ¢ > 0 will lead to
the generalisation of Proposition 2.7 in [I1], where asymptotically g — 0 as h — 0,
but the authors proved the result only on a suitable subset of R¢.
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In a similar way we extend applicability of tamed Euler schemes to all Lyapunov
functions from V7. It turns out that the smoothness of V' affects the rate of taming
of the diffusion coefficient.

Proposition 2.9. Let V. € VI, p > 3. Suppose there is a constant p > 0 s.t.
LMV () < pV(+), and a constant pn > 0 s.t.

(2.14) " (t, @) | WP v o (¢, 2)|| W72 < (1 + V ()7, Vi, o,

for some B1 <1/2 and B2 < 1/2 —1/(p AN 4). Then there exists p = p(p) s.t
EV(X:) < e?PTE(1 4+ V (X)), Y0 < k < |T/h].

Proof. The proof is very similar to the proof of Theorem We write

Er(14+V (Xpi1)) =14+ V(Xp) + Z aav—(X")Ek(XkH — X))

al
1<]a|<p—-1

Kpsr — K)o [ o
(215)  +p > Ek%/o (1 =619V (Xy, + t( X1 — Xp))dt.
lee|=p ’

It therefore suffices to look at the remainder term for p > 2:

. Xirr — Xp)* 1 - - -
R = D Z Ek% / (1 — t)p_la(’V(Xk + t(Xgy1 — Xk))dt
lal=p ' 0
(X X . . .
<p Y B [Frn o |(Xp1 = Xp)?| / — HV(”)(Xk (K — X"))H dt

lal=p

(X X _
Sep Y Epn ot k) ‘/ HP (1 4+ V(X 4+ H(Kppr — X)) 77 dt.

la|=p

By Lemma 2.12 in [II] we have
1+V(z+y) < 052%_1(1 +V(z)+ \yﬁ ), v,y € RY,
which leads to
(L+v+n) 7 <d B0 (v + )
<L+ V@) ),

for v € (0,1/p]. Consequently,

1—pvy

Rh < cp Z EkM(2C)%_p((l + V(Xk))l—p'y + ’Xk+1 _ Xk|%7p)

a!
|a|=p
_ _ d P
P X0, = X)) (O VE)P + [ Kpr — X7
<o B | XL X0 ) (V) K — X
: i=1

dp C'Y —p+1 2,Yfp
(p—1)!
([l Ul 72) 1+ V) 4 B[] 0 el %),

Ep | Xin = Xal” (14 VD + K = X777
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where, similar to the proof of Theorem 5] ¢ := (d(m + 1))%_71(20)%71)/(19 - L
Now given (2.I4)), there exists p = p(u) > 0s.t. one has R*V(X}) < p(1+V (Xx))h
for R" defined in ([ZI2)). This is obtained by the following estimate (with i, j € N):

_ 1 -
R'V(Xy) < 5 Hv<2>(X)H b |” 2
Y e VORI [Be] okl i+ R
3<i+2j<p—1
1 o . , _
< 5c,u2h172ﬁ1+ Z ¢i+2jcﬂz+2jh(1/2*ﬁ1)1+(1/2*262)a (1+V(Xp)h
3<i+2j<p—1

+ c,upiﬁ(l + V(X)) (hp(1—61)—1 + hp(1/2—ﬁz)—1)h

1-8

et P+ V(X)) (R + hléiﬁz—l) h
< p(1+V(Xp))h,
for 81 < 1/2 and B2 < 1/2—-1/(p A 4), and

—1
o1 1 = . .
po=gen’ + elp+1) Y b + 20,
5=3
where {¢s} are the same positive constants as in ([ZIT]). O

2.2. Taming choices. The results in the previous subsection give us some general
integrability conditions for the tamed Euler scheme (7). A natural question would
be if the assumptions in Theorem 2.5 and Proposition 2.9 can be satisfied for specific
taming methods, i.e., for V' € V¥ whether for all (¢,z) € [0,7] x R4,

(2.16) LV (x) < p(1+V(2) = LV (z) < p(1+ V(2)),
for some p, p > 0, and for all (t,z) € [0,7] x R?,
(2.17) " (&, 2)[h7 v [lo" (t, @) |72 < p(l+ V()7

for some 81 < 1/2 and 82 < 1/2 —1/(p A 4) hold.

2.2.1. Balanced schemes. Let us first look at the balanced schemes proposed in
[9125L27], which in general are of the form

b(t, x)
h = h = ——
(2.18) b (t,x) := 15 G )’ o (t,x): TG, h) Vi, x,

where Gy, G, = 0 and Gy(-,h),Gy(-,h) — 0 as h — 0. In this case requirement
([210) is interpreted as

LMV (z) = VV(x)-b(t,z) + %tr [v<2>(x)ah(ah)T(t x)}

3

o(t,x)

WV (z)-bta) | 1t [V (2)ooT(t, 1))
T 1+ Gy(zh) 2 (14 Ga(x, h))?
Hence, condition (ZI6]) holds if either of the following conditions is satisfied:
(i) 1+ Gp(z,h) = (1 + Gy (x,h))?, Va,h;
(i) 1+ Gy(z, h) < (1+Go(z,h))?, Vo, b, if tr [V (z)o0 T (t,z)] >0, Vz € R?
(this is the case for most Lyapunov functions).

< p(1+V(x)).
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One may consider case (i) and let, e.g.,
Gy(z,h) =20V ()" ThP2 + C?V(2)?* 7h?2  and Gg(x,h) := CV(x)" ThP.

In order for [ZI7) to hold we take 81 =205, C > K/p and k* > k — 1 so that
t h/2 K14V R B2

o (t, )| hP2 = llo( ,;v)||* < (1+ (;v))
14+ CV(x)"7hP2 = 14 CV(z)"" YhP2
by Assumption We also need to choose C? > K/u so that
K(1+ V(x))""h252

14 2CV (z)""YhP2 + C2V ()2 7 h2P2

as 2k* > k — 1. Therefore we choose k* > k — 1 and C > (K/p) V 1, which gives a
reasonable taming method for the scheme to be bounded with respect to V.

< p(l+V(z))7,

b (t, ) |h* < < p(l+V(x),

2.2.2. Projected schemes. Motivated by a different type of projected scheme intro-
duced in [I], where the authors considered 1-d SDEs with strong solutions on [0, c0),
we propose a new type of Euler schemes:

(2.19) X1 = I (Xg + b(te, Xi)h + o (te, Xp) AWiy1)

where II : R? — R? defined s.t. |lI(z)| = |z| A h~" with r > 0 to be chosen.
For example, one can define II(z) = (Hi(xi))gzl as a truncation, where II;(x;) =
(=h~"V x; AhTT)/Vd, or as a scaling: II(z) = min{1,A~"|z|~'}2. In order to
ensure | X;| < h™" for all £ > 0 we may assume |Xo| < h™", otherwise send in
II(Xy) for the first iteration. Integrability of this scheme becomes straightforward
for Lyapunov functions V satisfying V oII(-) < V/(-). This additional condition does
not significantly narrow the set V¥ of choices; in particular, it is usually satisfied for
polynomials of the general form (L@). In Section Bl we will show that these schemes
preserve the exponential stability, which balanced schemes may fail to achieve.

Theorem 2.10. Consider a projected scheme {X.} defined by @I9). Let As-
sumption hold and V € V¥ s.t. for all z € R, V(II(z)) < V(x) < v(1+ |z[9)
for some constants v > 0, q > 1. If there exists p > 0 s.t.

LV (z) < p(14V(z)), Y(t,z) € [0,T] x RY,
and EV (Xo) < oo, then {X}} is V-integrable for r < (1/2—1/(pA4))/((k—1)gy).
Proof. The same arguments in the proofs of Theorem and Proposition 2.9 imply
ErV (Xpi1) =V (H(X'k + b(ty, Xi)h + o (ty, )_(k)AWkH))
SV(Xg + b(tr, Xi)h + 0 (tg, Xi) AW 1)
(2.20) =V(Xp) + Lo,V (Xp)h + R"V (X)) + Myi1,

where My is a local martingale, as the expression given in ([212). This immedi-
ately shows that one need only work with £,V (z), b(t,z) and o(¢,z) directly for
|z] < h~". Thus (2I0) is redundant and we have

bt @)V ot 2) |37 <K (14 V(@) b
S2Kv (1 + leq(”’l)”) (14 V(2))"hs"

(2.21) <AKvh? "5 "D (] L V()Y = p(1 + V(2))?,
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by choosing r < (1/2 —1/(p A4))/((k — 1)gv), which achieves (ZIT). The result
thus follows by Theorem O

2.2.3. Strong convergence. Now given the integrability (in particular, bounded mo-
ments) of the scheme we can explain how in general one may establish the strong
convergence of (7)) based on the results in [I1] (Definition 3.1 and Corollary 3.12)
and [27] (the proof of Lemma 3.2 and Theorem 2.1). Roughly speaking, both re-
sults state that provided that appropriate moment bounds (V(-) = | - |P) for the
tamed Euler scheme (7)) are achieved, and that the strong and weak one-step dif-
ferences against the standard Euler scheme are given by appropriate rates, then the
tamed Euler scheme (7)) converges to the solution of the SDE (I]) in LP. Precise
statements are made in Appendix [Al

Proposition 2.11. Under appropriate assumptions (more precisely, let Assump-
tion [A1] in Appendiz [Al hold for p = 2 and some even number pg > 2 sufficiently
large), the projected schemes ([2I9]) converge to the solution to the SDE 1)) in
L? with rate 1/2 forr < 1/(2(k — 1)).

Corollary 2.12. If a tamed Euler scheme (L) already satisfies the conditions for
L2-convergence (see Theorem in Appendiz [Al), then the composed scheme

(2.22) X1 = I ( Xy + 6" (tn, Xi)h + 0™ (tr, Xi) AWiy1)
with an appropriate value of r chosen, also converges in L? with the same rate.

The proofs of both claims above can be found in Appendix [Bl

3. ASYMPTOTIC STABILITY OF EQUILIBRIUM

Suppose for all Fp-measurable Xy, there exists a unique (strong or weak) solution
to the SDE

(31) dXt == b(t, Xt)dt + O'(t, Xt)th, t 2 O,

with drift and diffusion satisfying b(t,2*) = 0, o(t,z*) = 0, V¢ > 0 for some
z* € RY. When almost surely X = z*, the SDE has trivial solution X; = z* a.s.
Analogous to the concept of equilibria of ODEs, one can rewrite the SDE as

t t
Y, = X;—aF = / b(s,Y+a*)ds+o(s, Yi+a™)dW, =: / B(s,i’s)ds—l—&(s,Y;)dWS,
0 0

and therefore assume, without loss of generality, the equilibrium z* = 0 and
(3.2) b(t,0) =0, o(t,0) =0, Vit > 0.

In the context of stability one still needs to model the growth of b and of ¢ in terms
of the selected Lyapunov function in the class V. But instead of 1 + V" as in the
integrability discussion before, we need a different assumption than Assumption 221
to model the growth conditions of b and o, due to (B.2) and the possibility of V/
taking the form (L@). More precisely,

Assumption 3.1. There is a V € V¥ and a non-negative function U € C(RY),
ker(U) = {0}, s.t. V(-) < U(-), and constants K >0, k12 > 1 s.t.

b(t,z)| < KU(z)™", |lo(t,z)|| < KU(x)"Y, ¥t >0, x € R%
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In most cases the function U can be reasonably assumed to have polynomial
growth in the sense

UC)S -1+ 117,
with 0 < g1 < g2, which gives polynomial growth for b and o; see Example [3.18

Definition 3.2. The solution to the SDE (B is said to be almost surely stable,
if Xy — 0 a.s. as t — oo, regardless of the value of Xj.

A time-discretisation {X}}, with step size h € (0, 1], of the solution to the SDE
(B is said to be almost surely stable, if for fixed step size h > 0, X — 0 a.s. as
k — oo, regardless of the value of Xj.

Definition 3.3. Let V' € V2. The solution to the SDE (B.J)) is said to be ex-
ponentially stable with respect to V, or V-exponentially stable, with rate p, if
EV(Xo) < oo and there exists p > 0 s.t.

EV(X;) < e "'EV(Xp), Vt > 0.

A time-discretisation {X}}, with step size h € (0, 1], of the solution to the SDE
() is said to be V-exponentially stable with rate p, if for fixed time-step h > 0
there exists p > 0 s.t.

EV(X};) < e P*"EV(Xy), Yk > 0.

Remark 3.4. By the Borel-Cantelli lemma, V-exponential stability implies almost-
sure stability.

First we check the conditions for stability of equilibrium on the SDE level. We
first quote a simplified version of stochastic LaSalle theorem regarding the almost-
sure stability of SDE (B)) from [18}21126]:

Theorem 3.5. Let b and o be locally Lipschitz in x and V € C?(R?) be non-
negative. If V(Xo) < 0o a.s. and there is a non-negative z € C(R?) s.t.

(3.3) LV () < —2(x), V(t,z) € [0,00) x R,
then almost surely we have

tli)noloV(Xt) < 00, tliglo z2(Xy) =0,
regardless of the value of Xo. In addition, if ker(z) = {0}, then Xy — 0 a.s. as
t — oo.

Moreover, when z(-) = pV(-) for some constant p > 0, then the solution X is
V -exponentially stable.

One can use Theorem to determine whether a system is almost surely stable.
In particular, mean-square stability, i.e., V() = | - |?, is the most popular choice.
Before introducing stability results for tamed Euler schemes let us consider the
following simple case.

Example 3.6. The solution to
dXt = —‘Xt|2Xtdt + |Xt‘2tha |XQ|2 < 00 a.s.

is almost surely stable at 0.
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Indeed one finds L]z|? = —2|z|* + |z]|* = —|z|* = —2z(2), where 2(z) > 0 and
z(z) = 0 & 2 = 0. Note that in this case the solution is not necessarily mean-square
exponentially stable, but Theorem still holds.

Nevertheless, the stability property of numerical schemes is not immediate. One
may, for example, consider the following balanced scheme:

— b(.I) O'h(x) — O'(l‘)
1+ G(x)h’ 1+ G(x)h’

This is a simple version of ([2I8). One first notices that by (2.3,

(3.4) b () 0<a<l.

[ Xis1l® = [ Xel” + L Xk PR+ b (X0) PR + My,

where My denotes a local martingale. We then calculate

-b(x) lo ()| 1 z(z)
Eh 2 == 2 :I; < L: 2 = -
o = 2 G T T ewmE S Txa@he - 1+ G(a)he
One can choose a < 1 and G(x) := 2|z|?, s.t.
bz = 2x)  Pp@PR et =%
T 1+ G@)he (1+G(z)h*)2 1+ 2x2he (14 2|z[2he)?

2|x[ShY — |x|Sh |z|5h
2 2 =0,
(14 2|z2h*)2 7 (1 + 2|z|2he)?

and A"(x) =0 < x = 0. Thus we have
) ) ) ) k ) k
[ Xia[* < [Xif? = AMXp)h + Myyr < | Xof* = Y AMXDh+ Y My,
1=0 1=0

from which we deduce lim;_,o, A"(X;) = 0 a.s. and limg_ ;oo Xz = 0 a.s. since
ker(A") = {0}. This can be seen by applying the following lemma, quoted from [19]
(Theorem 1.3.9), to the non-negative process Vj, := VO_Z;C:() Ah()_(l)h—I—Ef:O My
with VO = |X0|2.

Lemma 3.7. Consider a non-negative stochastic process {Vi.} with representation
Vi =Vo + A}, — A} + M,

where {A}} and {A}} are almost surely non-decreasing, predictable processes with
Al = A3 =0, and {My} is a local martingale adapted to {F, } with My = 0. Then

(3.5) {lim A} < oo} C {lim A2 < oo} N{lim V} < oo exists} a.s.
k—o0 k—o0 k— o0

This is in fact a discrete version of Theorem 2.6.7 in [16] for special semi-
martingales.
Now we investigate, for a general tamed explicit Euler scheme

(36) XkJrl :Xk+bh(tk,Xk)h+0’h(tk,Xk)AWk+1

to be almost surely stable, what conditions one should impose on the tamed coef-
ficients (b",0"). We first remark that a result on the preservation of almost-sure
stability for the drift-implicit Euler scheme has been studied in [2I], where the
authors considered only V = | - |%.
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Theorem 3.8. Let V € f/,’; =Vhn {V®+) = 0} be dominated by a non-negative
function U and EV (Xy) < oo. Suppose there is a non-negative function 2" € C(R?),
s.t. for all (t,x) € [0,00) x R,

(3.7) L (z) < —2"(x),

and a constant 0 < pu < 1 s.t.

1/2 1/4 < L+ U(2))72" (=
B9 Py o < o,

Then for p < \/2/+/c+ cdP=1(p% — 1), the scheme [B.8) satisfies:

lim V(X;) < oo, lim 2"(X;) =0, a.s.,

k—o0 k—o0

and hence if ker(z") = {0}, then Xy — 0 a.s. as k — oo.
Moreover, in the particular case where z"(-) = pV(-) for some p > 0, if there
exists > 0 s.t. for allt >0 and x € RY,

(3.9) ’bh(t,x)’ ht/2 v Hah(t,x)H YA <V (),

then the scheme B.8), with p < \/2p/\/c+ cdP~1(p? — 1), admits V -exponential
stability with a rate p € (0,p), p—p = O(u?).

Proof. The proof is almost identical to that of Theorem However, by the
estimate for the remainder (Z1I3)), instead of (ZI2) we have the following estimate:

V(Xpt1) = V(Xi) + L V(Xp)h + RV (Xg) + Myq
_ _ 1 _ _
<V(KR) = Lo V(X + 5 ||V ) | Bl 02

(3.10) + Z bit2; HV(HM)(X’“)H \Ek‘z ||5k||2j Rt 4 My,
3<i+2j<p

where My 1 is a local martingale and again 4, j € N. Notice that all derivatives of
V have upper bounds as defined in ([Z2]). Now apply 1) and (B]) and we get
(recall that v < 1/p):

V(Xen) < V() = 2 (Kh + g1+ V)

(1+U(Xp))72"(Xy)
1+U(Xy) +zh (X%)

(1+U(X0)' <Xk>>’“ﬂ e
1+ U(Xy) + 2"(X5)

+ Z G’ (1 4+ V(X)) =42y <
3<i+25<p
+ M1
_ _ 1 1+U(X
SV(Ke) — M (Eh+ gt T
(1 i 1+U(}(k))

2M(Xk)
+ > iggiep ™

i+2j
3<i+25<p (1 + —Hh%()?;))

h
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By the fact that 1 + (1 + U(X})/2"(X)) > 1, the above expression reduces to

_ _ . 1 . a s
V(Xi1) V() = 2" (X)h + Sen®s" (X)h + E; g; bscp® 2" (Xp)h?
s=31+2)=s
+ My41

s+1
2

Nlw

_ _ 1 _ P
<V(Xk) — Zh(Xk)h+ 5CM22h(Xk)h + 2_; {

+ M.
This implies that for all k,

J buci® (X )h

k

p
(3.11) V(Xpy1) SV(Xo) = > (1 - —c,u - 1c(p+ 1)) ¢, mh%—1> 2M(X)h
s=3

=0

+ ZMlJrl-
1=0

One should then find a taming method with x4 and A sufficiently small s.t.

P
as( ) = 1= seu? = Zelp+1) > o >0

so that Zf 0 @s(p, h)z"(X;)h is increasing in k. Now the same argument used at
the end of Example 6] applies, according to Lemma [3.7] hmk_>OO V(Xk) < 0o and
Yoo as(p, h)2"(X;)h < 0o a.s., implying that limy_, 2" (X%) = 0 a.s. Moreover
when 2" (z) = 0 iff z = 0 one concludes that limy_, oo X; = 0 a.s. In fact, assuming
p, h < 1, by Remark 2.8 one just needs to choose pu < 1/4/c/2 + cdP=1(p% —1)/2.

If 2"(-) > pV(-) for some p > 0, then instead of (311 one runs the same
calculation to get

_ _ 1 1 P . _
V(Xp1) <V(Xp) — (p - gen = 5elp 1)) :mﬁh%l) V(Xi)h + M
s=3

=V(Xy) = pV(Xp)h + M1
Choose p and h sufficiently small s.t. p > 0. Taking expectation on both sides,
EV(Xpi1) < (1= ph)EV(Xy) < (1 — ph)PHEV (X)) < e P*HDREY (X)) — 0,
as k — oo. This can be done by choosing p < \/p/+/c/2 + cdP~(p?> —1)/2. O

Remark 3.9. In analogy to Proposition 2.9, Theorem [3.§ also holds for V' € VI.
Remark 3.10. By BI0), condition (38) can be weakened to
312) VORI @) b )] o )7

1+J

< p2(x), vt >0, = € RY,
fori=2,j=0andalli,j e Nst. 3<i+2j<p
Remark 3.11. For V € VE condition ([BR) can be simplified to

U(x)72"(x)
h 1/2 h 1/4 A d
(3.13) |b (t,x)|h \ HO’ (t,a:)”h < @) 1 (@) t>0, reR%

which also implies (812) for 0 < o < 1.
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Notice that ([B.I3) is reasonable since from (B.17) we have

1 2
(@) S IVVE@I P 0)] + 5 [V @) o o)
(3.14) <KU(z)" =07 4 KU(I‘)1+2(K2—1)77

which ensures no singularity in the right-hand term in BI3)).

3.1. Balanced schemes. Now with Theorem [3.8] one can determine whether a
certain type of taming methods can preserve stability. For this we may derive
some general conditions with respect to Lyapunov functions in VP. Although most
practically relevant Lyapunov functions can be found in the subset 171; defined in
Remark 2.1} we may treat them as a special case.

Let us first investigate the following type of tamed schemes adopted by [9L25L27]:

b(t, x) o(t,x)

(3.15) (t2) = T gm0 = T G

for some G(-) > 0 < o < 1. Given the growth condition ([B.14]), which also holds
for z(-), it turns out that by imposing some lower bounds on z one can recover
almost-sure stability for (313)).

Proposition 3.12. Let Assumption 3.1l hold for V € VI s.t. the coefficients of the
SDE B1) satisfy

(3.16) LV () < —2(x), V(t,z) € [0,00) x R,
for some 0 < z € C(RY) satisfying
(3.17) 2(x) = M1+ U) ™ (U(x)™7 vV U(2)""), Vo € RY,

for some A>0. Then by choosing h< (u\/K)*, G(x)=C(U(z)" =7 vU (2)K2=17),
C > 1/ (u/K —h'*/X), and o < 1/4, the Euler scheme [B8) with tamed coeffi-
cients [BI0) preserves almost-sure stability for the trivial solution, where u satisfies
the requirement in Theorem [3.8l

Proof. First one calculates

LMV (z) =VV(x)- . f(é’(z))ha + 2 +Gl(z)ha)2tr V2V (2)o0 " (t,2)]
2 z(z)
Ed

(3.18)

ST b < T )
ST+ G(z)he ST G W)

which satisfies 2 (z) = 0 & = = 0. Now one only needs to select appropriate G(-)
and « s.t. condition ([B.Y) is satisfied, i.e.,

bl Vool 04U
1+ G(z)h* 14 U(2) + s L+ C@)he
1 1 o 1+U(x))”
& bt )|t v oft, o)t <l U

—
@) T IrG@he

One has an upper bound for the left-hand side above by Assumption [3.] and a
lower bound for the right-hand side by (3I7). Hence for the above inequality to
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hold, one can require

p(l+U(x))”

( (14U (2))7 i 1 )
AU (z)*17VU (x)r27) 1+G(z)he

K (U(x)™7 v U (z)"7) 4 <

K (U()v U@)™) .
1+ G(x)he
K U@)™"vU(@)™Y) 1/
(n=Kh/4 /N1 +U@)
where for fixed p < 1 we choose h < hg < (uA\/K)*. Thus by choosing a = 1/4
and G(z) == C (U(z)"~D7 v U(z)"2~17), the taming condition (3I3) is satisfied
for p > K (1/C + h'/*/)). Hence by Remark B.IT] and Theorem [Z.8] the scheme

(BI3) is almost surely stable when C' and h are chosen sufficiently large and small,
respectively. ([l

& 1 +UE) > SR U@) +

< 14+ Gx)h =

When U(+) = |-|%4|-|2, 0 < ¢1 < g2, one sees U(-)" VU (-)k27 = |-|(mAr2)ay 4
| - |(m\/mz)q27.

Corollary 3.13. In the special case where V(-) = |- |P and z(z) = |z|sFP~1 4+
|z|"2+tP=1 | one just needs to choose a = 1/4 and G(x) := O(|z|"+ 1 + |z|~2~1) with
C sufficiently large.

3.2. Projected schemes. In general there is no evident clue that the balanced
scheme (B3 can preserve moment-exponential stability, since the factor 1/
(1 + G(x)h™) has no positive lower bound. However, this can be resolved if at
every step the scheme is projected onto a bounded range:

(3.19) Xjp1 = I (X + 6" (t, Xi)h + 0™ (ti, Xi) AWt )

where IT : R? — R? is a function such that |[II(z)| = |z| A h~" for some r > 0, Vz €
R?, and b", 0" are as in ([BI5). By adopting this scheme one can immediately have
2" in B.I8) replaced by just z itself (with scaling):

B z(x) B z(x) < z(x) < 1

14+ G@)he 1+ Clz[she T 14+ Cheres” T 14 C
by choosing r < a/(gk*), where G(-) is, for instance, as in Example B0 chosen
to be C| - |*" for some C,x* > 0. This motivates the idea that ([IJ) can remedy

the shortcoming of the balanced scheme ([B.10). Indeed, when z(-) > pV/(+), for the
balance schemes one has

2 (x) 2(z), Vo € RY,

V(x)
14+ G(x)h’

where one sees that 2"(-) > V/(-) is violated due to the unboundedness of G(-).
However, this can be avoided by using projection ([B19).

LYV (x) < —p

Proposition 3.14. Let Assumption B hold with U(-) = V(-) < v(1 4+ |- |?) for
some v,q > 0, and

(3.20) V(I(x)) < V(z), Vo € RY,
for a chosen projection 1. Suppose there exists p > 0 s.t. for all (t,x) € [0,00) xR?,
LV (x) < —pV(x).
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Then, with G(z) := C(1 + |z|F~V) C > KvFD7/u o < 1/4, r < «f
((& — 1)qv), the scheme BI9) is V-exponentially stable, where ik = k1 V kg and i
satisfies the requirement in Theorem [3.8]

Proof. Notice that by the same argument as in the proof of Theorem 210l we treat
Lr (", o) as Li(b", 0") restricted on {|z| < h™"}, and b", 6" in Theorem 3.8 are
just as in (BI0). We first verify condition (3] by finding a sufficient condition:
1/2 1/4
b @) [RZY ot 2)[ A7 WV (z)!
1+ G(x)he
= K(V(z)™7 Vv V(z)=")rY* < uV(z) G (z)h?,

which is achieved by choosing a < 1/4, G(z) := C(1+|z|F~19), C > KvF=D7/p,
assuming v > 1 without loss of generality. Also for z € {|z| < h™"}, we have
G(z) < C+ Ch (7197 and thus
_ 1

1+ Ch® 4+ Cho—r(E=Day
for p > 0 if we choose r < a/((£ — 1)g7y). Note that there is no restriction on the
step size h. O

LV < ——F v <

T e V(z) = —pV(x),

In fact, one can show that projecting the standard Euler scheme, with the original
drift and diffusion,

(321) Xk+1 :H(Xk-‘rb(tk,Xk)h—f—O'(tk,Xk)AWkJrl) s

is enough to inherit V-exponential stability under suitable conditions. This has
been introduced earlier in ([Z19), which by Proposition 2.11]is well-defined.

Proposition 3.15. Let Assumption Bl hold with U =V satisfying B20) for a
chosen projection IT and V(-) < v(1+|-19) for some v,q > 0. If there exists p > 0
s.t. for all (t,x) € [0,00) x RY,

LV(z) < —pV (),

then with r < 1/(4(k — 1)qv), h < (u/2KvF=D7))8 the scheme B21) preserves
V -exponential stability, where 8 =1/4 —r(k —1)qvy and p satisfies the requirement
in Theorem [B.8l

Proof. As shown in (Z20) condition ([B77) is redundant and one only needs to verify
condition [B.9) for b and o, i.e.,

(3.22) bt 2)| B2V [lo(t, )| BV < uV (@), Wi,

The left-hand term has upper bound K (V(z)*17hY/2) v (V(z)"27h'/4), and for
scheme ([B2I)) we know |X%| < h~". Since V(-) < v (1+]-|9), one can require

WVi(z) = KV(z) (V(x)(m—l)vhl/Z) v (V(m)(@_l”hl/‘l)
< p> KpFE-)y (1 + |x|(m—1)qv> B2y (1 + ‘x|(ﬁz—1)Q’7) Rl/4

< p

WV

oK (F=1) (h1/2fr(nrl)qv V. h1/4fr(n271)q7)

(3.23) = p > 2Ky D78,

WV
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Note that one can immediately let inequality ([B.23)) hold by choosing

(3.24) «t a1 h<ho< (Gt )”B

' "2 gy A — Dy S GGy

for fixed p. Therefore, the scheme ([B2I)) preserves V-exponential stability when

such r is chosen and h is sufficiently small. O
Moment-exponential stability immediately follows when V(:) =U(:) = |- |7, ¢ =

p=1/v.

On the other hand, scheme ([B.2]]), as expected, also admits almost-sure stability
given the same conditions as for scheme (B15)).

Proposition 3.16. Let Assumption Bl hold with V' satisfying B.20) for a chosen
projection 1. Suppose there exists 0 < z € C(R?) satisfying BIT7), s.t. for all
(t,x) € [0,00) x RY, L,V (x) < —2(x). If there exist v,q > 0 s.t. U(-) < v(1+]-]9),
then, with r < (4(k —1)gy) ™", h < (uA/(K + 2AKV(R_1)7))1/ﬁ, the scheme (321
is almost-surely stable, where 5 =1/4 —r(k — 1)gy and p satisfies the requirement
in Theorem [B.8.

Proof. Again one only needs to check condition (3.8]) for b and o for scheme (3.2,
which satisfies |X;| < h™", Vk > 1, with 2*(-) = 2(-). Indeed for all x (regardless
of Xy since we are only interested in the long-term behaviour),

b(t, )|/ V ||o(t,2)||h!/* < M%’

where, the left-hand term above has upper bound Kh'/4 (U(z)"7 v U(z)*2)7), and
the right-hand term minimizes when z(z) reaches its lower bound in (BI7). Thus,
due to |z| < h™", one can require

A1+ U())7 (U(a)™7 v U(x)"=))
MU+ T@) A U@ VU @)=7)

Kh'/4 (U( )TV U (z )Nzh) <u
& KhY* (U(z)™7 v U(z)k=7) (u h1/4) 1+U(x

« (k= 1)th1/4(1 + |x|(“ 1) qw )< p— 3 h1/4

- <§ N V(k—l)vK) B4 4 =1 /ATy

Set r < (4(k — 1)gy)~! st. B = 1/4 —rikgy > 0. One can then choose h <
(uA/(K + QAKV(R_l)W))l/ﬂ, and hence almost-sure stability is achieved. O

In most cases V() = U(-) = |- |P is chosen, then ¢ = p = 1/ and the conditions
become much simpler.

Corollary 3.17. In the special case where V(-) = |- |P and z(z) 2 |z|sFP~1 4+
|z|"2+P=L one just needs to choose r and h sufficiently small.



774 LUKASZ SZPRUCH AND XILING ZHANG

3.3. Other examples.

Example 3.18. Consider the stochastic Lorenz equation [L1] in R? driven by a 3-d
Wiener process:

ai(xe — 1) Brx1 0 0
(3.25) b(x) = | —a1x1 — 22 —x123 |, o(x) = 0 Boxao 0 ,
T1Tgo — X3 0 0 53I3

where 20y > 32, 35 < 2, 209 > f33.

One can immediately check for the Lyapunov function V(-) = |- |? € Vl /2°

Llz|* = =201 — f)a] — (2 = B3)a3 — (202 — )23 < —plzf?,

where p := (2a1 — 82) A (2 — 83) A (2a2 — B2). According to Theorem [B.5] the system

is mean-square stable for the equilibrium. One can thus choose taming
method (BZI)) to preserve mean-square stability for the tamed Euler scheme. One
observes

|b(2)| :\/a2(x2 —x1)% + (11 + x2 + 23)% + (122 — @ow3)? < K(|z| + \x| ),

o)l =y/B32% + B33 + Bsa} < Klal,

where K = /502 +4a1 + a3 + 4V \/B? + B2 + 2. Then one can choose U(z) =
|z| + |z|?, k1 =2, k2 = 1 for Assumption 1] to hold. Note that due to p = 2 in
this case, one only needs the requirement on b(¢, ) as in (3.22). Hence according to
Proposition BI5], one needs to choose r < 1/2 and h < (2K)~'/(/2=") sufficiently
small.

Example 3.19. Consider the following 2-d SDE with drift and diffusion similar to
the stochastic Duffing-van der Pol oscillator [I1]:

(3.26) b(x) = <f;2;2aix;§>v olw) = (8 ﬁgz 8)’

where a1 > 0, 2ay > 32.
In this case one can set the Lyapunov function to be
V(x) = i + 213,
which is from a broader class Vf /4 Then one observes that
LV (z) = —darx] — (dag — 2B%) 22 < —pV (2),

where p := 4 A (4az —28?). According to Theorem [B.5] the trivial solution of (B.26])
is V-exponentially stable. Therefore we consider using the projected scheme (B:21]),
for which all conditions regarding (b", 0", 2") are reduced to those of (b,o,2) on
the set {z : |z| < h™"}. In this 2-d case one can, for example, define

o :i —h "Vaxi ARTT
T2 \/5 —h™"Vay A" )’
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s.t. |Ilz] < h~" and ([B.20) is satisfied. Hence in order to verify condition ([3.9)), one
only needs to check for the points (w1, 29) satisfying |z1| V |zo| < h™7/v/2:

[b() |1 = (2 + 1)|wa| + anlas | + [ *) b1/
as +1 |:L‘ |
\Ayi 2
<041 Voas + 1h1/2—2r

2

o) IR =I8eal/* < L parropanpir2 < vy,

V2
where we choose r < 1/4 and 1 := max{4(a; Vag+1)h'/272" /2 |B|h1/4=7/2//2} <
1. Thus according to Theorem B.8 the projected scheme ([B.2I]) is exponentially
stable with respect to V' when h is chosen sufficiently small.

<

2p1/2-1/2 0412+ 1 o1 |B1/2-2r

(J1] +2faa] /) < pV (2)H1,

4. PRESERVATION OF NON-NEGATIVITY AND COMPARISON PROPERTY

Apart from integrability and stability, there are some other properties on the
SDE level that can be preserved via taming. For example, some SDEs have solution
only in a bounded region, and especially in 1-d case two SDEs with the same
diffusion can be compared, subject to some conditions.

4.1. Non-negativity. The issue of non-negativity preservation can be seen from
the following 1-d linear SDE with non-zero constants p and o:

(41) dXt = /,LXtdt + O'Xtth.

The solution X; = X, exp{(,u — 02/2) t+ JWt} > 0 a.s. if Xg > 0 a.s. However,
this may not be the case for the standard Euler scheme

Xip1 = (1 + ph) Xy, + 0 X AW

More precisely, suppose that X > 0 a.s., then for o > 0,

_ 1 h
P(Xk+1 < 0) =P (AWk+1 < = +U'u ) > 0;

the same applies for ¢ < 0 due to the symmetry of the Gaussian distribution.
However, one can avoid this situation by simply truncating the Wiener process.
For SDEs with super-linear growth coefficients a little bit more work is needed to
preserve non-negativity.

Non-negativity of the SDE can be regarded as a corollary of the comparison
theorem to be mentioned later (Theorem E3]). However, it turns out that for
non-negativity the requirement on the drift is slightly weaker than that for the
comparison theorem.

Lemma 4.1. Given a 1-d SDE
(42) dXt = b(t,Xt)dt+U(t,Xt)th,
with Xo 2 0 a.s. and EXy < oo Suppose

(i) there exists a unique, | - |"-integrable, strong solution of ([@2) for some
k=1
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(ii) |b(t,2)| V |o(t,2)|*> < 1+ |z|®, V(t,z) € [0,00) x R, and b satisfies the
one-sided Lipschitz condition:
(4.3) (z = ) (b(t,2) — b(t, ) < Klo — yl?, Yo,y € R, ¥ > 0;
(iii) b(¢,0) >0, o(t,0) =0, Vt > 0.
Then X; > 0 a.s. for all t.

This has been mentioned and heuristically explained in [2]. We give a proof of
it in Appendix [Cl
Now consider a tamed Euler scheme for ({£2)):

(4.4) Xp1 = Xp, + 0" (t, Xp)h + o (ty, Xp)VRE,

where £ ~ N(0,1). Non-negativity generally does not hold any more for X4, but
one can recover this property by truncating the noise:

(4.5) Ch = (—Ap) VEN Ay,

where one takes A, = /2|logh|. This idea is introduced in Section 1.3.4 in [23]
for mean-square convergence of the implicit Euler scheme. We would like to point
out that such a truncation can be used to preserve non-negativity.

Theorem 4.2. Let the assumptions in Lemma BTl hold. If one can find a taming
method (b", o™) such that b"(-,0) > 0 and there ezist p, o > 0,

(4.6) b"(t, ) — b (t,0)|h™ V [o"(t, 2)|h/? < plz|, V(t,z) € [0,00) x R,
then the tamed Euler scheme
(4.7) Xir1 = X + 0" (tg, Xi)h + 0" (tre, Xi) VI,
is almost surely non-negative for a < 1 and h, p sufficiently small.
Proof. Rewrite the scheme (1) and inductively assume X > 0 a.s.,

Xip1r =Xp + 0" (t, 0)h + (V" (tx, Xi) — b" (t, 0)h + 0™ (t, Xi))VRCn
(4.8) > X (1 — phtme - ,ml/z—a/?Ah) :

as b"(¢,0) > 0. In order for (A8) to stay non-negative, we set o < 1 and h'=® +
R/2=e/2 A, < 1/ p. O

If |b(-,2) — b(-,0)] < |x| + |2|™ for some m > 1, then (8] can be realised by a
suitable balanced scheme as discussed in Subsection 2.2 for which the constant p
can be arbitrarily small.

Under the same assumption, condition () can also be realised by the projected
scheme (B2I) by choosing an appropirate 7. In fact, in this case one need not
truncate the noise via (LI]). Instead one need only define a reasonable projection:
(4.9) (z) = (0Va; ALT")

i=1,,d’

where 7 is chosen s.t. Proposition [ZT1] holds. This is similar to what is suggested
in [I], where the authors ensure the approximation stay strictly positive. For that
one just replaces the 0 above with h".



EXPLICIT NUMERICAL SCHEMES FOR NON-LINEAR SDES T

4.2. Comparison result. As an extension of non-negativity preservation, one can
preserve comparison result for SDEs by applying taming techniques. It is known
that two SDEs with the same diffusion and noise can be compared by the compar-
ison theorem:

Theorem 4.3. Consider two 1-d SDEs:
dXt :V(t, Xt)dt + O'(t, Xt)th,
Yy =A(t, V) dt + o(t,Yy) dWy,
with Xo < Yy a.s. and E|Yy| V E|Xo| < co. Assume the following conditions:

(i) each SDE has a unique, | - |"-integrable, strong solution for some k > 1;
(i) v(t,z)| VAt 2)| Vot z)]? S 1+ |z|F, V(t,z) €[0,0) x R;
(iii) o s locally Holder in x with exponent o > 1/2;
(iv) v(t,z) < At x), Y(t,x) € [0,00) x R;
(v) either A or v satisfies one-sided Lipschitz condition ([43).

Then X; <Y a.s., for allt > 0.

Although condition (v) is weaker than usually stated in the literature, e.g.,
Proposition 5.2.18 in [13], one still applies 1td’s formula to the process (Y; — X;)~
via smooth approximation (for which (iii) is needed), and the result follows from
the same arguments adopted in Appendix

Now consider the Euler scheme for each equation:

X1 =X + v(te, Xp)h + o (te, Xi)VRE,
Vie1 =Yk + Ate, Yi)h + o (ty, Vi) VERE,

where £ ~ N(0,1). In general the comparison property does not necessarily hold
for X and Y}, but by truncating the noise using ([&3]) it can be recovered.

Theorem 4.4. Let the assumptions in Theorem 3] hold with \ satisfying one-
sided Lipschitz condition [@&3). If there is a taming method (A", a") s.t. there exist
>0, forallz,y € R, t >0,

(4.10) N (8, ) — AP (t, )[RV o™ (8, ) — o™ (¢, y)|h? < pla — 1y,

and v (t,2) < N (t, ), then, for a < 1, (;, defined as in [@3)) and h, p sufficiently
small, the tamed FEuler schemes

Xipr =Xp, + (b, Xi)h + 0" (tr, Xi)VhC,
Vir1r =Y + A (ty, Vi) + 0" (ty, Vi) VRCh,
preserve the comparison property: X <Yy a.s. for all k € N.
Proof. Inductively suppose Y3 > X} a.s. and take the difference of the two SDEs:
Visr — Xig1 =V — Xp) (1 — ph /2722 A) + (\"(Y3) — v"(X3))h
>(Vi = Xp)(1 = ph 2702 Ap) + (A (Vi) — A (X))
>(Vi — Xp) (1 — ph'= — uh/2=9/2 4,,).

Require o < 1 and '~ + h1/272/24; < 1/p, and the result follows. O
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Condition v"(t,r) < A'(t,z) is usually immediately satisfied given v(t,z) <
A(t,z), Vt,z. Now let us investigate whether ([@I0) is achievable.

If A(t,z) is differentiable in  and |0 A(¢,2)| V [A(t,z)| < K(1 + |z|™) for
some K > 0,m > 1, one multiplies the taming factor (1 + G(x)h®)~! with A
for G(z) = C|z|™~!, C > 1, and by the mean value theorem, |\ (¢, z) — M (t,y)| <
|0\ (t, €) ||z — y| for some ¢ between = and y. Then by the chain rule,
[0:A" (£, (1 + Chlg™ 1) + CIAE, §)[h (m — 1)|g]™ 2

(14 Chelgm=1)?
(L [ (1 + Chog™ ) + C(1+ )™
(14 Chefgm=1)?
1+Cho¢|§|m—2 + (1 +Cho¢)|§|m—1 +2Cha|€‘2m—2
1_|_2Cha|£|mfl +C2h2a|§|2m72
1+ 20|~ + hogPm—2 2K'm

QK - B,
M One (T 2l T e e T e

where the last inequality holds for Ch® < 1. Thus [\*(z) — M (y)| < plz — y|h=2
where, by choosing a large C, the constant yp = 2K'm/C can be arbitrarily small.

|0, A" (t,€)| <

<Km

=Km

APPENDIX A. V-INTEGRABILITY APPLIED TO STRONG CONVERGENCE

Strong LP-convergence of explicit numerical methods of a SDE
(Al) dXt = b(t, Xt)dt + O'(t, Xt)tha te [O, T],

has been well studied in the literature. Although this is not the main topic, we
still summarise the framework of it in order to make this article self-contained. For
simplicity we may consider L? convergence of an explicit numerical scheme X. A
typical proof adopted in [27] is based on splitting the one-step difference into two:

th,X(tk)(tk-i-l) - th,)'(k (tk-i-l)
= X, x(t0) (trr1) — Xy x, (te1) + Xy, (Brv1) — Xy %, (Bitn)-

The first difference is the one-step perturbatiorﬁ of the solution X given different
initial conditions, which by Lemma 2.2 in [27] can be handled provided that As-
sumption [A1] below holds. The second difference is the one-step error between X
and X starting from the same initial condition, and that, as seen from the proof of
Lemma 3.2 in [27], can be studied by further decomposing the error as

(A-Q) = th,)’(k (tk+1) - th,)’(k (tk+1) + th,Xk (tk+1) - th,)?k (tk+1)a
where X is the standard Euler scheme
(A.3) Xip(t+h) =2z +b(t,x)h+o(t,z)(Wipn — Wy).

As is shown in [27], one can achieve optimal rates for the one-step error of (A.3)
against the solution X; without additional assumptions.

Alternatively, one can regard the local estimates for one-step perturbation and
one-step error as special cases of what is stated in Theorem 1.2 in [I0], which holds
for two processes at a stopping time.

60r one-step stability, not to be confused with the asymptotic stability of equilibrium.
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Assumption A.1. For SDE (A, there exist po > 2 and k > 1, s.t. for all
t,s €10,7T), =,y € RY,

(i) (z = y,b(t,2) = blt,y)) + 25~ |lo(t,@) — ot y)|I* S = — yf*;
(i) 62, 0)[ V [lo(t, 0)I[ V sup,so E[Xo|? < 00;
(iii) [b(t,2) = b(t,y)| S (L+|2[*" + [y|*~") |2 — y| and
lo(t, ) = o(t,y)ll S (1+[a] D72 4 [y|=D/2) |2 - y];
(iv) [b(t, ) = b(s, )| S (1 + [«]7) |t — 5| and
lo(t, ) = o(s,2)|| S (1 + || "+D/2) |t — 5.

Note that (i) and (iii) above provides convenience for the strong and weak es-
timates of one-step perturbation X, ,(t + h) — X, ,(¢t + h) for the SDE. If we let
V(i)=]-|p € Vl/p , then by (i) and (ii),

(A4) LV (z) = |zPo—? <(as,b(t,m)> + po2— ! ||o(t,x)||2) S14V(x),

which together with the growth condition implied by (ii) and (iii),
(A.5) b(t,2)] S 1+ 2], flo(t,2)]| S 1+ |2V, vt € [0,T], = e R,

can make it possible for the tamed Euler scheme to achieve Theorem
Although the argument (A.2) is hidden in the proof of the main result in [27],
here we reformulate it as the following.

Theorem A.2. Let Assumption [A]] hold for some even py € N*. If there is a real
number py > 1 s.t. a numerical scheme { Xy} with step size h is |- |P* -integrable and
its one-step error against the standard Euler scheme (A3)) satisfies for all ¢ > 1,

v it q
£ ‘Xtﬂf(t +h) = Xea(t+ h>\ < (14 Ja|™) h%,
SRt 0B ] 1)

for some a,a’ > 0 and § > 1/2, then for some p € [1,p1], maxy, || X — Xy,
O(hé_l/Q).

HLP(Q) =

Regarding moment bounds, Theorem [2.5] plays an essential role in controlling the
highest (p;) moments of {X} needed for LP convergence. The relation between
po, p1 and p depends on what specific taming method one adopts and how one
decomposes the global error. This has been studied for various balanced schemes
in [0125127].

APPENDIX B. PROOF OF PROPOSITION [2.1]] AND COROLLARY [2.12]

B.1. Proof of Proposition 2.171

Proof. Since both drift and diffusion are Lipschitz in ¢, we may assume b(t,z) =
b(z), o(t,z) = o(x), Vt,x. Notice that using a more precise growth condition
([(A5) rather than Assumption 2 we can estimate |b|h'/2 and ||o||h/* separately
in (221I) and need only choose r < 1/(2(k — 1)), ¢y = 1.

One only needs to check if § = 1 in Theorem Indeed the weak one-step
error has estimate, by the Cauchy-Schwarz inequality and Chebyshev’s inequality
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(denote AW := Wy — W),

EX;, —EX,,

= |Ell(x + b(x)h + o(2) AW) — E (x 4+ b(x)h + o(z) AW))|
<2E |z + b(x)h 4+ 0 (2) AW | 1 g b(2)ht o (o) AW|>h—r

1
<K (]E\x +b(z)h + a(x)AW|2+%) %
- 1\ s 1\ M
<K <x|1+% + (@ lahpt) T+ (A fahpt) )h%
<K (1 + |x\1+%) K,

where we used (2.21)) for |z| < h~". Similarly,

2

E ]Xm — Xio| =E[M(z + b(x)h + o(x) AW) — & — b(z)h — o (x) AW |?
<KE |z + b(z)h + a(az)AWl2 Loyb(z)hto(x) AW |>h—"
<K (]E\x +b(z)h + a(x)AW|4+%) g%
<K (x|2+% + (1 + J2)n?) "y (a+ |x|)hi)2+’2") h2
<K (14 2277 ) 02,
This validates the L? convergence of (Z.I9). (]

It is worth mentioning that if set » = 1/(2x), in the end (involving the Cauchy-
Schwarz inequality) we have p; = 8k + 4, which is almost the same p; needed for
the specific balanced scheme introduced in [27]. However, as shown in Lemma 3.1
therein, py > O(p1k), whereas for the projected scheme proposed here we have
po = p1- We leave the details of this calculation to the reader.

B.2. Proof of Corollary

Proof. Suppose we already have a numerical scheme (b", o) satisfying the condi-
tions of Theorem [A:2l For the composed scheme ([Z.22)) to converge in L2, one uses
the same arguments adopted above to give the one-step estimates

|EIL (2 + 0" (2)h + o™ (2) AW) — E ( + 0" (x)h + o™ (2) AW)| = O(h?),
E|II (2 + b" (@)h + 0" (2)AW) — & — b (2)h — o" () AW|” = O(h?),

and the result follows from the triangle inequality. O

APPENDIX C. PROOF OF LEMMA [4.]]

Proof. Consider f(xz) = z— = max(0, —z). Take a monotone sequence of smooth
functions ¢, (z) s.t.

On(2) = f(2), ¢,(2) = —Lacoy(@), &, (2) =0,
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uniformly as n — oo, and the derivatives satisfy |¢/,(2)| < 1, ¢//(z) < n~t|x|7F,
for all x € R. Existence of such approximation can be found in, e.g., Section 5.2.C
n [13]. By Itd’s formula,

(1) 000 =6u(X0) + [ (0K X+ X5 X))

0
t
+/ o (X2)o (s, X.)dW,.
0

From (3] one can show that b(t, z) = by (¢, x) + b2(t, z), where by (t, ) is monoton-
ically decreasing in x, and by (t, x) is Lipschitz. One can choose, e.g., ba(t,z) = Kz
and hence
(z —y)(br(t,2) = b1(t,y)) = (z —y)(b(t, x) — Kz = b(t,y) + Ky)
= (z = y)(b(t,z) = bz, y)) — K|z —y|* <0.
Taking expectation on both sides of (CJ]) and letting n — oo, by the monotone
and dominated convergence theorems we find that only one term remains:

t

t
]EXt_ QIE/ —H{XS<0}b(S7XS)dS:]E/ _H{Xé,<0} (bl(S,XS)—FbQ(S,Xg))dS
0 0

N

t
IE/ “px,coy (b1 (5,0) + b(s,0) — K|X,[)ds
0
t
—E [ 1000 (-b(s,0) + K|X. ] ds,
0
Note that b(s,0) > 0, thus
t
EX; g/ KEX ds = EX; =0, V¢ >0,
0
by Gronwall’s inequality, which is validated by checking, for all ¢ > 0,

t
EX, =Elx,<o X0+/ b(s, Xs)ds + o (s, X5)dW,
0

t t 3
<EXy + IE/ |b(s, Xs)|ds + C (E/ az(s,Xs)ds> < 00,
0 0

for some constant C' > 0, due to polynomial growth of b and ¢? and bounded
moments of X; up to the same order. Thus we conclude that X; > 0 a.s. O
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