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A CUT FINITE ELEMENT METHOD
WITH BOUNDARY VALUE CORRECTION

ERIK BURMAN, PETER HANSBO, AND MATS G. LARSON

ABSTRACT. In this contribution we develop a cut finite element method with
boundary value correction of the type originally proposed by Bramble, Dupont,
and Thomée in [Math. Comp. 26 (1972), 869-879]. The cut finite element
method is a fictitious domain method with Nitsche-type enforcement of Dirich-
let conditions together with stabilization of the elements at the boundary which
is stable and enjoy optimal order approximation properties. A computational
difficulty is, however, the geometric computations related to quadrature on
the cut elements which must be accurate enough to achieve higher order ap-
proximation. With boundary value correction we may use only a piecewise
linear approximation of the boundary, which is very convenient in a cut finite
element method, and still obtain optimal order convergence. The boundary
value correction is a modified Nitsche formulation involving a Taylor expansion
in the normal direction compensating for the approximation of the boundary.
Key to the analysis is a consistent stabilization term which enables us to prove
stability of the method and a priori error estimates with explicit dependence
on the meshsize and distance between the exact and approximate boundary.

1. INTRODUCTION

We consider a cut finite element method (CutFEM) for a second order elliptic
boundary value problem with Dirichlet conditions. In standard fictitious domain
CutFEM the boundary is represented on a background grid and allowed to cut
through the elements in an arbitrary fashion. The Dirichlet conditions are enforced
weakly using Nitsche’s method [22]. We refer to [], [6], []], [21], [19], for recent
developments of this approach. See also the recent overview paper [7], and [20] for
implementation issues.

Cut finite element methods is one way of alleviating the problem of mesh gen-
eration and allowing for more structured meshes and associated solvers. For this
reason, the interest for such methods has increased significantly during the last few
years; among recent contributions we mention the finite cell method of Parvizian,
Diister, et al. [I4.23]; the least squares stabilized Lagrange multiplier methods of
Haslinger and Renard [I§], Tur et al. [25], and Baiges et al. [2]; the stabilization
of Nitsche’s method by Codina and Baiges [12]; the local projection stabilization
of multipliers of Barrenechea and Chouly [3] and of Amdouni, Moakher, and Re-
nard [IJ.
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In this contribution we develop a version of CutFEM based on the idea of bound-
ary value correction originally proposed for standard finite element methods on an
approximate domain in [B] and further developed in [13]. Using the closest point
mapping to the exact boundary, or an approximation thereof, the boundary con-
dition on the exact boundary may be weakly enforced using Nitsche’s method on
the boundary of the approximate domain. A Taylor expansion is used to approx-
imate the value of the solution on the exact boundary in terms of the value and
normal derivatives at the discrete approximate boundary. Key to the stability of
the method is a consistent stabilization term that, also in the case of arbitrary cut
elements at the boundary, provides control of the variation of the function in the
vicinity of the boundary. More precisely, the stabilization ensures that the inverse
inequality necessary to prove coercivity holds and that the resulting linear system
of equations has the optimal condition number O(h~2), where h is the mesh pa-
rameter, independent of the position of the boundary on the background grid. A
different approach to the approximation of curved boundaries using extensions from
subdomains was proposed by Cockburn et al. in [9HIT].

We prove optimal order a priori error estimates, in the energy and L2-norms, in
terms of the error in the boundary approximation and the meshsize. Of particular
practical importance is the fact that we may use a piecewise linear approximation
of the boundary, which is very convenient from a computational point of view since
the geometric computations are simple in this case and a piecewise linear distance
function may be used to construct the discrete domain. We obtain optimal order
convergence for higher order polynomial approximation of the solution if the Tay-
lor expansion has sufficiently high order. In particular, for second and third order
polynomials we obtain optimal order error estimates in the energy and L2-norms
with only one term in the Taylor expansion. Note that without boundary correction
one typically requires O(hPT!) accuracy in the L°-norm for the approximation of
the domain which leads to significantly more involved computations on the cut ele-
ments for higher order elements; see [I9]. However, also in the case of no boundary
value correction our analysis in fact provides optimal order error estimates if the
approximation of the boundary is accurate enough and thus we obtain an analysis
for the standard cut finite element method with approximate boundary. Finally, we
also prove estimates for the error both on the discrete domain and on the exact do-
main. The discrete solution on the exact domain is directly defined by the method
since we may include all elements that intersect the union of the discrete and exact
domains in the active mesh. Even though some active elements may not intersect
the discrete domain the resulting method is stable due to the stabilization term
and no auxiliary extension of the discrete solution outside of the discrete domain
is necessary. We present numerical results illustrating our theoretical findings.

The outline of the paper is as follows: In Section 2 we formulate the model
problem and our method, in Section 3 we present our theoretical analysis, and in
Section 4 we present the numerical results.

2. MODEL PROBLEM AND METHOD

2.1. The domain. Let 2 be a domain in R? with smooth boundary 99 and exte-
rior unit normal n. We let p be the signed distance function, negative on the inside
and positive on the outside, to 92 and we let Us(9€2) be the tubular neighborhood
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{x € RY: |p(x)| < 8} of O Then there is a constant 6, > 0 such that the clos-
est point mapping p(x) : Us, (0Q2) — 99 is well defined and we have the identity
p(z) = z—p(x)n(p(x)). We assume that dy is chosen small enough that p(zx) is well
defined. See [16], Section 14.6 for further details on distance functions.

2.2. The model problem. We consider the problem: find u : 2 — R such that
(2.1) —Au=f in Q,

(2.2) u=g on 01},

where f € H™1(Q) and g € HY?(9Q) are given data. It follows from the Lax-
Milgram Lemma that there exists a unique solution to this problem and we also
have the elliptic regularity estimate

(2.3) lull vy S f 1m0 s> -1

Here and below we use the notation < to denote less or equal up to a constant.

2.3. The mesh, discrete domains, and finite element spaces.

e Let Qg C R? be a convex polygonal domain such that Us, (Q2) C g, where
Us(Q2) = Us(0Q) UQ. Let Kon,h € (0,ho], be a family of quasiuniform
partitions, with mesh parameter h, of €y into shape regular triangles or
tetrahedra K. We refer to Ko ;, as the background mesh.

e Given a subset w of Q, let Kp(w) be the submesh defined by

(2.4) Kn(w)={K € Ko : Knw #* @},
i.e., the submesh consisting of elements that intersect w, and let
(2.5) N (w) = U K
KeKy (w)

be the union of all elements in Kp,(w). Below the L?-norm of discrete func-
tions frequently should be interpreted as the broken norm. For example,
for norms over A}, we have

(2.6) Wl w = Y lvllk-
Kekp(w)
e Let the active mesh K;, be defined by
(2.7) Kn := Kn(Q2U Qx),
i.e., the submesh consisting of elements that intersect 2, U 2, and let
(2.8) Ny, = Nh(QUQh)

be the union of all elements in K.
o Let V{ ; be the space of piecewise continuous polynomials of order p defined
on Ky and let the finite element space V}, be defined by

(2.9) Vi = {Uh LUy = ’Dh|-/\/h for vy, € VO,h}-

e Let Qp, h € (0, hgl, be a family of polygonal domains approximating §2,
possibly independent of the computational mesh. We assume neither €}, C
Q nor Q) C Qp, instead the accuracy with which §2;, approximates 2 will be
crucial. To each Q; we associate the functions vy, : 9, — R%, |v,| = 1, and
on : 0, — R, such that if pp(x,<) := x + swp(x), then py(z, on(x)) € 00
for all x € 9Qy,. We will also assume that py,(z,s) € Us,(2) for all € 98,
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and all ¢ between 0 and gp(z). For conciseness we will drop the second
argument of p;, below whenever it takes the value gp(x). We assume that
the following assumptions are satisfied:

(2.10) On = llonllL~ (00, = o(h), h € (0, hol,
and
(2.11) lvn — n o pllLe<(aq,) = o(1), h € (0, hol,

where o(-) denotes the little ordo. We also assume that hg is small enough
to guarantee that

(2.12) 0Q, € Us, (), h e (0,ho),

and that there exists M > 0 such for any y € Us,(092) the equation, find
x € 0, and |s| < dp, such that

(2.13) pu(r,¢) =y,

has a solution set Pj, with
(2.14) card(Pp) < M

uniformly in h. The rationale of this assumption is to ensure that the image
of pj, cannot degenerate for vanishing h.
e We note that it follows from (ZI0) that

(2.15) lollze a0, S llonllneon,) = o(h)
since |pn ()| > [p(x)], © € Us, (09).

The wvalidity of assumption ([214). Assumption [ZI4) will hold in any reasonable
situation in practice. Here we give a proof in the special case where v}, is chosen
constant on each element.

Lemma 2.1. Assume that for all K € Ny (0Q0), vi|kxnoa, € R%. Then there exists
M > 0 such that 2I4) holds uniformly in h.

Proof. For a triangle K € Nj,(0Q,) define the domain Ex = {z : = = zx +
sup(zg); e € K NoQy; =0, < ¢ < 6p}. Then clearly for every y € Ef
the equation pp(x,s) = y has a unique solution. It then suffices to show that
card({K’ € Nj,(090,) : Ex N Ex: # 0}) < M. That is Ex will have nonzero inter-
section with a finite number of other domains Ex. To see this let Bgs, (xg) be
a ball with radius 20;, centered at xp € Fk such that Fx C Bas, (). Then
Ex N Eg =0 for any Ef that has zero intersection with Bas, (zg); this will be
the case for F for which K’ N Bss, (xg) = 0. Since the mesh is quasiregular and
shape optimal there exists M > 0 such that card({K : K N Bss, (zg) # 0} < M
uniformly in h. The claim then holds with this value on M. (]

The choice of vy,. During computation, typically the quantities that are easily ac-
cessible on 09y, are nj, and p. The two choices that are natural for vy, g5, are
therefore vy, 1= ny, op := ¢, with ¢ solution to p(pr(z,<)) =0 or v, ;== nop and
on := p- Both cases requires the solution of nonlinear equations. The computation
of o using Newton’s method in the first case is substantially less costly than that
of n o p, since the first quantity is a scalar and the initial guess p is more accurate.

Observe that if v, := n o p, then the mapping p, coincides with p(z). It is
therefore well defined and all the above assumptions hold by the properties of the
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closest point mapping. This is not true in the general case. However, we assume
that the equation p(py(z,s)) = 0 has at least one solution for every z € 9,
and pp may then be identified with the solution of smallest magnitude. As an
example consider the practically important case where 02, is defined by the zero
level set of a piecewise linear nodal interpolant of the distance function and we
choose v, := nyp, with n;, denoting the normal of 0;. That the associated gy,
exists for all z € 99y, follows immediately from the implicit function theorem: the
equation in ¢, p(z + ¢n o p) = 0, has a solution since p is well defined and then so
does p(z +snyp) = 0 since Vp-nop(z) > 0 for h small enough. We show this using
a fixed point argument. For = € 9, let ¢y solve the equation

p(s) = p(z +snop(x)) =0
and define

0
op = a—f(x + <nop)le=g

= Vplx +gnop(z)) -nop(x) >1—Cd >0, for §y small enough.
Then consider the iterates ¢; generated by
sk =sk_1 — (6p) p(x + G_1np), with k> 1.
We will now show that this iteration converges. Let ex = ¢ — sx—1 and & =
ssk + (1 — s)gi—1 for some s € [0, 1], we may then write
ex = (I — (6p)"'Vp(a + Se—1nn) - ) ek 1.

Using the mean value theorem we see that

Vo(x + Sp—1nn) - 1 = 6p + Vp(x + G—1n) - (np, — n o p(x))

+ (Sk—1mn — son)" (V@ Vp(Z) - n o p(x)),
where T = = + t(S—1)nn + (1 — t)son for some ¢t € [0,1]. Therefore there exists
Cs > 0 such that
(2.16) (I = (8p) "' Vp(z + Gp—1nn) - nn) < Cs(h+ (G-1 = <0))-

Assuming that |[un, — n o pllp=(a0,) S h and || < h we may conclude using

~

induction in the following way. Assume that there exists C' > 0 such that
(2.17) er, < h(Ch)*
and that h is small so that Ch < 1. Observe that since |e;| = |5p p(z + sonn )| <
dp~tso||n — nn| < Coh? this is true for e; if h is chosen small enough. It follows
that for k > 2
k—1 k=2 )
Go1—s0 < Y el <Ch?Y (Ch)=' < Ch®.
i=1 i=1
Then considering (2.I6) we obtain, with C' = max(Cy, Cs),
ek 1] < Cs(h+ Ch2)lex| < h(CRYF,
and we conclude that (ZI7) holds. As a consequence the sequence {c}72, is
Cauchy, assume given two indices M > N there holds
M ~
r—owl < S Jei] < AER)Y.
i=N+1
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Therefore there exists ¢ such that p(x + ¢np) = 0. By Lemma 2] the assumption
[2I4) clearly holds in this case. Moreover we have the estimates

(2.18) 5h ,S h2, ||Vh —nNn OpHLoc(th) 5 h

2.4. Extensions. There is an extension operator E : H*(Q2) — H*(Us,(€2)) such
that

(2.19) 1B g w5 )y S vllae @), 5> 0;

see [15]. For brevity we shall use the notation v for the extended function as well,
i.e.,, v = Ev on Us, (Q).

2.5. The method.

Derivation. Let f = Ef and u = Eu be the extensions of f and u from €2 to Uy, (£2).
For v € V}, we have using Green’s formula

(220) (fv U)Qh = (f + Aua U)Qh - (AU, U)Qh
(221) = (f + Au, 'Z))Q}L\Q + (VU, V'U)Qh - (nh . Vu, U)agh,
where we used the fact f+Awu = 0 on £, while on Q,\Q we have f+Au = Ef—AFu,

which is not in general equal to zero. Now the boundary condition v = g on 9f2
may be enforced weakly as follows:

(222) (va)Qn = (f + Auvv)ﬂh + (Vu7 vv)ﬂh - (nh ’ vu,’U)th
— (woph — g0 pr,na - V)ag, + Bh™ (wo pr — g o pr,v)aq,-
The positive constant 8 must be chosen large enough to ensure stability; cf. below.

Since we do not have access to u o p, we use a Taylor approximation in the
direction vy,

k

(2.23) wopn(e) = Ti(u)(z) =)

Jj=0

Dlj/hj—,lf(x)gh(x)v

where D{;h’ is the jth partial derivative in the direction vy,. Thus it follows that the

solution to (ZI)-([22) satisfies
(2.24)  (f,v)q, = ([ + Au,v)q, + (Vu, Vv)q, — (ny, - Vu,v)aq,
— (T(u) = g © prynn - Vv)ag, + Bh (Ti(u) — g o pu,v)aq,
— (uwopp — Te(u),nn - Vo)aq, + Bh™"(uo py — Tr(u),v)aq,
for all v € V},. Rearranging the terms we arrive at
(Vu,Vo)q, — (ng - Vu,v)sq,
— (Tx(u), nn - Vv)aq, + Bh™ (Tr(u), v)aq,
+ (f + Au,v)o,0\0
— (wopp — Ti(u),np - Vv)aq, + Bh~ (uopy — Ti(u),v)aq,
(2.25) = (f,v)e, — (90 pr, 1 - V)ag, + Bh™ (g 0 pr, v)ag,

for all v € V},. The discrete method is obtained from this formulation by dropping
the consistency terms of highest order, i.e., those on lines three and four of (2:25)).
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Bilinear forms. We define the forms

(2.26) ap(v,w) := (Vov, Vw)gq,
— (np - Vo,w)sq, — (Tk(v),np, - Vw)aq,
+ BN Tk (v), w) o,

(2.27) ap(v,w) = ag(v,w) + jn(v,w),

(2‘28) jh(v7w) = Z th_l([szva [DLF’W])Fv

FeF, l=1
(2:29) In(w) == (f,w)a, — (g9 pr,na - Vw)aq, + Bh™" (g o pr,w)agq,,
where v; and 3 are positive constants. Here we used the notation:

e F; is the set of all internal faces to elements K € Ky, i.e., faces that are
not included in the boundary of the active mesh Kj, that intersect the set
Q\ Q, Uy, and np is a fixed unit normal to F' € Fy,.

e D! , is the partial derivative of order [ in the direction of the normal nr to
the face ' € Fy,.

e [v]|r = v} — vp, with vf = lim,_,o+ v(x F snp), is the jump of a discon-
tinuous function v across a face F' € Fy,.

e The stabilizing term jj (v, w) is introduced to extend the coercivity of ag(-, -)
to all of NV}, as we shall see below. Thanks to this property one may prove
that the condition number is uniformly bounded independent of how €, is
oriented compared to the mesh following the ideas of [6,21].

e Observe the presence of the penalty coefficient 8 in (Z20) and (229). In
order to guarantee coercivity 8 has to be chosen large enough and due
to the Taylor expansions we also have to require that h € (0, ho] with hg
sufficiently small. See Section[3.3and, in particular, Remark 3.2 for further
details.

The method. Find: uj € V}, such that
(2.30) ap(up,v) = lp(v), Yo € Vy,
where aj, is defined in ([2.27) and 5 in ([2.29)).

Symmetric formulation in the case k = 1. Using one term in the Taylor expansion
gives the following forms:
(2.31) ap(v,w) = (Vu, Vw)gq, + jn(v,w)

— (np - Vo,w)aq, — (v, - Vw)aq,

— (onvn - Vu,ny - Vw)aq,

+ BhH (T (v), w)ag,,
(2.32) Ih(w) = (f,w)a, — (g0 pn,nn - Vw)aq, + Bh~(g0 pr,w)aq, -
We see that only the term of the fourth line of ([223T]) violate the symmetry of the
formulation. To make it symmetric we choose v, := np,, assuming that the discrete

approximation 2, is such that this is a valid choice and also symmetrize the penalty
term in the fourth line by replacing w in the right-hand slot by 77 (w). A similar
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perturbation is added to the right-hand side to keep consistency. The forms of the
resulting symmetric formulation read:

(2.33)  ap(v,w) = (Vu,Vw)q, + jn(v,w)
— (np - Vo, w)aq, — (0,1 - Vw)agq,
— (onnp - Vo,nyp, - Vw)aq,
+ BhTH(T1(v), T (w))og,
(2.34) In(w) = (f,w)a, = (9 ©prsnn - Vw)aa, + Bh (g 0 pr, Ti(w))agq, -

The analysis presented below covers this important special case. Also observe that
if more terms are included in the Taylor series the resulting nonsymmetric part of
the matrix is expected to be small, relative to the symmetric part, and the reduced
symmetric form is likely to be a good preconditioner.

Remark 2.1. In principle it is possible to formulate a method using v o py instead
of Ty (v) in the second and third lines of equation ([226). Such a choice, however,
may lead to nonstandard couplings in the system matrix corresponding to the form
ap(+,-) whenever p, extends over an element boundary. Moreover the resulting
method cannot be symmetrized.

3. A PRIORI ERROR ESTIMATES

3.1. The energy norm. Let the energy norm be defined by

(3.1) Ivlll7 == [Voll3, +[vlll3, + hline - Vola, + 2~ Hol3a,
where
(32) |HU|H]2;L —jh(’U,’U).

3.2. Consistency. In view of (Z28]) we obtain the identity
(3.3) ap(u—up,v) = (wopy — Ti(w),np - Vu)aq, — Bh™ (uo py — Tr(u),v)sq,
+ (f—|—Au, ’U)Qh\Q, Yv € Vi,

and thus we conclude that

(34)  Jan(u—wiv)| < fluopn = Te(w)losy (- Tollog, + b Bllollon, )
+If + Aullg,nallvlle,e

(3-5) < W2 lwo pp = Tio(w)lloe, || [0]]]n
+If + Aullo,nellvlene, Yo € Vi

Estimate of the error in the Taylor approximation. The Taylor polynomial Ty (u)(x)
provides an approximation of u o p,(z) and we have the error estimate

on(z)
(3.6) lvepn(z) = Ti(v)(x)] S /0 DyFlo(a(s))(on(x) — s)ds

(3.7) S IDE ol Ml (en(@) — 5)F|l,

Vh

(3.8) S IDEF |1, on (2)[FT/2,

Vh
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where I, is the line segment between = and pp(x). Combining ([B.4) and (B.8) and
recalling the assumption (2.I4]) we arrive at the estimate

(5:9) oo =Tu(@)lBo, £ [ IDE IR low(@)* e
h
(310) S [ IR, len(o)P s
o0,
(3.11) < 5f21k+1||Dk+1”H2Ugh(th)-

Here we handled the possible overlap of the contributions from different polygonal
sides of 99, by using the fact that by assumption (2I4]) such an overlap must have
a finite number of contributions uniformly in A and by dropping the directional
derivative, effectively including the derivatives of order k + 1 in all directions.

With slightly stronger control of the regularity, v € H k+3 (Q), we obtain the
estimate

(3.12) [vop—Ti()lloa, ST sup [[DFv]aq,,
0<t<s

0
where 0, = {z € Q: p(x) = t} is the levelset with distance ¢ to the boundary 9.
Estimate of the residual on Qp, \ Q. Suppose that

(3.13) f+ Aue HF3(Us, (Q))

with € > 0 for [ = 0 and € = 0 for [ > 1, which, in view of (23) and (ZI9), holds
if f e H*21¢(Q). Using BI3) and the fact that f + Au = 0 in Q, we obtain the

estimate

(3.14) |If + Aullg,na S 8 IIDL(f + Au)lla,ae S 052 sup DL (f + Au)llag,
<t<do

where we used the fact that Q, \ © C Us(99), where § ~ dp,.

Estimates of the consistency error. Combining (8.12), (8.14), and (816, we obtain
the estimate

(3.15)

fan(u =, )] < F sup [[D*Hulan, (I - Vollog, + " Blv]on, )
<t<

0

14+1/2
h

+46 sup || DL(f + Au)llog,l[vlane, Vv € Vi

0<t<do
This estimate will be used when we derive an L? estimate of the error while for the
energy error estimate we continue the estimation using the bound (for a proof see
the Appendix)

(3.16) [vlama S Y262 0lllh, Yo € V.
This leads to
(3.17)
Jan(u—wn, )| < (255 sup (D ufon,
0<t<do

+ R sup (| DL(f + Aw)lon, ) lllelll, Vo € Vi
0<t<do
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Remark 3.1. We may upper bound the right-hand sides further using global trace
inequalities leading to

(3.18) sup || D" ulloq, < llullarrz) S Il
0<t<50
and
(3.19) 02‘15 IDL(f + Au)llae, S I1f g @) + 1Aull g @) S 1l o)
t<do

The constants in the above inequalities depend on the regularity of the domain.

3.3. Coercivity and continuity. A key element of the analysis is that the addi-
tion of the stabilization operator jj(+,-) allows us to prove coercivity of the bilinear
form, independent of how the approximate domain €2, intersects the computational
mesh. This draws on previous results from [6l21]. In particular the following results
hold:

(3.20) IVulld, S IVollg, +lvll3,,  Yoe Vi,
and
(3.21) ol S llvll&, + R30I, Yo € Vi

Below we will use the notation

(3.22) Ti k(v) = Ti(v) —

and some inverse estimates that we collect in the following technical lemma.
Lemma 3.1. For all v € V}, there holds

(3.23) W2 - Vollaa, S IVl 000,

(3.24) W2 Tk () [lan, S YVl 00.);
where y(h) — 0 as h — 0.
Proof. Inequality (3:23) then follows using a standard trace inequality elementwise,

followed by an inverse inequality To prove the inequality (B:24]) observe that by
the inverse inequality ||D7v||x < h'77|| Vol k there holds

k J ko
0
[EERACH INAETS! Z O D7 vl 00, Sh Zﬁ V]| a0,
J=1 j=1
and, consequently, since g < dp,
(3.25) R 2Tk 0) loan S BT k() 090)
o,
(3.26) S [ IVl A, 092)
j=1
—_————
Sy(h)~h=1o(h)
(3.27) S Y (W)IVvl|w, 00n)- -

The property d, = o(h) is necessary to guarantee that y(h) — 0 as h — 0, which
is important for the proof of the following result.
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Proposition 3.1. Assume that hg is small enough and (3 is large enough then there
holds

(3.28) ol < an(v,v), Vh € (0, ho] and Yv € V},.
Proof. Taking w = v in (Z21) we obtain
(3.29)

an(v,v) = (Yo, V), + ju(v,v) = 2(ny - Vo,v)aq, + Bh ™ (v,v)sq,
+ BhH Tk (v),v)00, — (T1k(v),nh - VV)ag,
(330) = |[IVolig, +l[0llI3, — 20" |Inn - Vollag, k™ ?|[v]laq, + Bh~"|v]3q,
— Bh V2 Tk (0) o, b2 [v]lon,
— h 2Tk () lon, b2 - Vol
Using ([3.20) we have
(3.31) IVollR, S IVollg, + (12l

Next we apply the inverse bounds [B23) and (324) and the arithmetic-geometric
inequality to deduce

oQp, -

(3.32) W2l - Vollag, h ™ 2llvllaq, S e ' B7HIVOIR, +eBh vl3, .
(333)  BATY2|Tuk(0)]lonnh ™ 2 0llon, S e BYAMIVIR, +eBh [v]5q,
(3.34) W2 T () o, h' 2w - Volla, S YRV, -

Using these relations we have, for positive constants ¢; and cq,
(3.35) an(v,v) > (cr—ca(y(h)+72(h) B+~ 71)) IVl +8(1—c2e)h™ [[v][3g, -

To conclude, fix € small enough so that (1 — cae) > 0, and then observe that
(c1 — ca(y(h) +¥2(h)B +e71371)) > 0 if B is large enough and, since y(h) — 0 as
h — 0, for h € (0, hgl, with hg small enough. |

Remark 3.2. Considering the practically relevant case when 2y, is a piecewise linear
approximation of 2 such that &, < h? we have y(h) < czh < e3hg for h € (0, ho).
First taking e = 1/(2c2), we get B(1 — c2€) = /2. Next we have

(3.36) 1 —ca(y(h) +72(h)B+e 1871 > ¢1 — cacsho — cacshdB —2c287 > ¢1/2,

where we choose 8 and hg such that each of the three negative factors have absolute
value less or equal to ¢1/6. These choices are

(3.37) B =12¢3/cq, ho = min(c1 /(6¢zc3), e1/(VT2¢2¢3)) = ¢1/(VT2ca¢3).

Define the space V' on which the functional V' 3 v — ap(v,w) € R, for a fixed
w €V}, and fixed h € (0, ko] is bounded,

(3.38) V = HFY2(NG) 0 H2(NG,) N HPYY2(AG,).

Then we may write the continuity of ap(-,-).

Proposition 3.2. Let v e V + V), and w € V},, then there holds

(339) an(v,w) < (ol + A 21Tk (@)llon, )l Vo €V 4+ Viyw € Vi

Proof. The continuity estimate ([3.39) follows directly from the Cauchy-Schwarz
inequality applied term by term to the definition of ay(-,-), (Z27]). O
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3.4. Interpolation estimates. Let
(340) Th * Hl(Q) BUHWSZ,}LEUE Vi,

where E is the extension operator introduced in Section[Z4] and mgz p, is the Scott-
Zhang interpolation operator. The following error estimate for the Scott-Zhang
interpolant is well known [24]:
(3.41)

||u—7rsz7hu||Hm(K) Shs_mHUHHS(Nh(K)); 0<m<s<p+1, K e Ky,
Using the properties of the extension operator we then immediately deduce this
interpolation error estimate for ([B.40):

(3.42) llw = mnal |l + B2 Tk (w = mh) ag,, S B2 ull e a)-

Verification of [B42)). The first term in (342) has four contributions (see (BI)).
The energy-norm contribution is bounded directly by (B.4I]). For the two last
contributions of ([B.]) using the trace inequality

(3.43) lolZaunr < b7 vlE +2lIVolk, K€Ky

(see [I7]), followed by the interpolation estimate ([B:41) and stability of the extension
operator (ZI9) we get the desired result. Finally to estimate |||u —mpul||;, observe
that on each simplex we have

[l < 2~ ol + Al Vol

and we proceed elementwise as before using ([B41]) and stability of the extension

operator (Z19)).
Again using the trace inequality (3.43)) the second term in (342 can be estimated
as

(3.44) W2\ T (= mvw) oo, S 07Tk (u = m0w) |, 004)
+ VT k(u = mhu) [ as 0020)
(3.45) S PPllull e o),
where finally we used the fact that §, < h and the estimate
k
(346) BV Ty (u = maw)|le S Y 6P (w = maw) | e i)
j=1
k . .
(347) S QPRI ) s vy
j=1
(3.48) S PPllull e (v i)
for m = 0,1 and K € KCp,(0%,). 0

3.5. Error estimates.
Theorem 3.1. If 65, = o(h), then the following estimate holds:

(3.49) e = wnllln S B2 |ull o oy + Y2655 sup DM lul|a,
0<t<8g

+h25 sup |[DL(f + Au)llog, -

—60<t<0
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Proof. We first note that adding and subtracting an interpolant and using the
triangle inequality and the interpolation estimate ([3:42), we obtain
(3.50) w = wnllln < w = mrullln + lmnu = unll|n
(3.51) S WPl ) + [llmnw — unll]s-

For the second term on the right-hand side we have the estimates
(3.52)
llmnu = unlllf S an(mhw — un, Thu — un)
(3.53) = ap(mpu — u, THu — up) + ap(u — up, THU — Up)
(3.54) S (1w = wllln + B2 Ty (e = ) o, ) e = w1
+h 2 luo pp — Ti(w)lloa,
+IIf + Aulla,\a,

ﬂhu—uhmh

ThU — uhHQ;L\Q

(3.55) S thuHHpH(Q)mWhU — upl|[n
+h7V2E sup || DE o, |l1mhu — unl|]n
0<t<50
+ K25 sup | DL (f + Ao, |l|mau — unl|n,
—80<t<0

where we used coercivity ([328)), added and subtracted the exact solution w, esti-
mated the first term using continuity ([B.39)) followed by the interpolation estimate
B42) and the second using the consistency estimate ([B.6]). Combining estimates

B51) and (B353) concludes the proof. O
Theorem 3.2. If 6, < h?, then the following estimate holds:
(3.56) lu = unlle, < 0P ullmr o)

+ 0, sup D" ulo,

<do
+6,% sup [[D}(f + Au) o,
0<t<do

Proof. Let ¢ € H}(Q) be the solution to the dual problem
(3.57) a(v,¢) = (v,9¥)q, ve H(Q),

where 1) : Q, UQ — R takes the values ¢ = u — up, on 5 and ¢ = 0 on Q\ Q.
We may then extend ¢ using the extension operator to Us,(€2), using the same
notation for the extended function. By standard regularity theory we have the
stability estimate

(3.58) ¢l 20 < [1¥lleng,-

We obtain the following representation formula for the error e = u — uy:
359) ||6||?2h = (6, '(/) + A¢)Qh - (6, A¢)Qh
3.60 = (6, P+ Ad))gh\g + (VB, V(b)Qh — (6, np - ng))agh

~~ ~ —~

)
361) = (6, ¢ + A¢)Q;L\Q + aO(ea d)) + bh(ea d))
3.62) =+ 11+ 111,
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where
(3.63)  III = (Ty(e) —e,np - VP)aa, — B~ (Tk(e), d)oa, + (nn - Ve, d)aq,
(3.64) = (T1k(€),n-V)aa, — Bh (e, d)oq,

— Bh™ (T k(e), d)ag, + (nn - Ve, d)ag, -
Term I. We have

(365 |1 =(e;t+Ad)g,al
(3.66) < lelanale + Adlla,a

2 2 2 1/2
(3.67) < (3l Veld, o+ onllell3a, ) (IWlane +1A6]a,10)

1/2
(3.68) S (@ +nanlliellz) " (lelone + ¢l
(3.69) S (W60 +h7'6n) 2 hlllelllnllellq, -
<1

Here we used the estimate
(3.70) [ollgna S Grlln- Vollg o+ dnllvl3a,,  veH (W),

with v = e, the definition of the energy norm to conclude that h='[le[3q,, < [llelll7,
the stability (2.19) of the extension operator, the stability ([B.58) of the dual problem
and the assumption that &, < h2.

Term II. Adding and subtracting an interpolant we obtain

(3.71) [11| = |an(e, ¢ — mho) + an(e, Tho)|
(3.72) S elllallle — mrdll|n + [an(e, mrd)|
(3.73) S hlllelllnll@ll a2 + lan(e, mno)|
(3.74) S hlllelllnllelle, + lan(e, mne)].

To estimate the second term on the right-hand side we employ (3.15]), with v = ¢,
(3.75)
e, mu) < sup 1D+ ulaa, (s - mdlan, +nBllmaslon,
0<t<

0

1+1/2
+ 6,72 sup ||IDL(f + Aw)los, [ mrdllamno-
0<t<dp

Here we have the estimates
(3.76)

Inn - Vdllaq, + b Hrdlloq, S llnn - V(rg — @)|laq, +h ™ — ¢l|aq,
+ nn - Vollaa, + b élloq,

(3.77) SEY2|lmg — lln
—1¢1/2
+||¢||H2(Qh) h 5h ||¢||H1(U5h(an))
_ 1/2
(3.78) S Y2 () I 2y R @1l 11 w3, o0))
(3.79) <2+ 140718 ela,

(3.80) < llella,
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and

(3.81) Imndllane < Imhd — dllane + 19llana
(3.82) S W20l 2 o) + onlIVéllus, o0
(3.83) < (B2 +6n)llella,

(3.84) < onllellay,,

where, in both estimates, we used the assumption 6, < h?, as well as the following
bounds:

(3.85) I6llog, < 8 lln - Vélu,, @0,
(3.86) [¢llone S 9llus, 00) S 0ulln - Vollu,, o)

see the Appendix for the proof of these estimates. Combining estimates (B.75]),

B16), and BRI)), we arrive at

(387 lanlemo) 5 (057 sup D ullan,
>t 0
£ sup D17+ Awlan, ) el
0<t<
which together with [B74]) gives
(388) 1115 (hlllelll + 357 sup D+ ulan,

+31 s 0! <f+Au>Ham)H o

Term II1. Using the Cauchy-Schwarz inequality we get

(3.89) |11 = Jbu(e, 6)|
(3.90) S Tu k@)oo, lInn - Vollaa, +Bh~ ellaa, [ 4llas,
+ BTy k(e) o, |9 lloc, + lInn - Vellaa, [|6]lac,
(3.91) S ITu(@llon, (B 18llow, + lInn - Véllon, )
+ llelllah2[llag,
(3.92) S (Imk@lan, + A28l llellln ) e,
(3.93) S (Wl o + (2280 Rl el 1n ) el

where we used ([B80) and ([B.86]) followed by the stability estimate for the dual
problem (B.58]), and at last the estimate

(3.94) ITv k(@) lonn S HPH ull o o) + (A28 hl[[el]]n-

Verification of (3.94). We have

k
(3.95) 1T1k(e)llocy, S Z‘SiLHDiheHam
j=1



648 ERIK BURMAN, PETER HANSBO, AND MATS G. LARSON

and for each of the terms || D, ellaq,, j = 1,...,k, we obtain by adding and sub-
tracting an interpolant, using the interpolation estimate ([B.41]) for the first term
and an inverse estimate for the second, the estimates

(3.96)
1D, ell3a, <k~ HIDI, ellx, @0 + RIVDL, ellis, o0
(3.97) < hilHDuh (u— Whu)”/Q\fh(th) + h||VDf;,L (u— 7Thu)||j2\/h(aﬂh)
+h7HDY, (mhu = un) X, 00,y + PIVDL, (mhu = un)lRs, 00,
(3.98) S h2p+172j||U||§{p+1(Nh(/\/h(th))) + h172j||v(77hu - uh)”jz\/h(a(lh)
(3.99) S WP ull e ) + BV Vel 00,

which leads to
(3.100) 6;7|1D}, ell3a, < h (0n/h)PRAPT [ulFpe ) + h6n/B) ¥ Vel X 000)

(3.101) S (2SR D ul Frper o) + (B3R [[ Vel X, 00
where we used (Z.I0) and the fact §;/h? < 1. Thus we have
(3.102)

k
1T k()llonn S D 1L ellon, S (h28) (7 ull rvesy + Allellln).
j=1

Conclusion of the proof. Collecting the bounds ([3.69), (8:88), and (3.93]), of Terms
I,II, and III, we obtain

(3.103) lell, < Alllellln
+ PP |ull o o)

+ 05t sup [ DFMullaq,
0<t<bo

+0,"% sup IDL(f + Aw)llon,
t<

which together with the energy norm error estimate ([3.49) concludes the proof. O

Theorem 3.3. The following estimates hold:

(3.104) [Vella S hP||ull o1y + |llell|n
and
(3.105) lello < AP ull o ) + llella, + Blllell|n-

Proof. Adding and subtracting an interpolant, using the interpolation estimate
B41), and the inverse inequality (320) or (321]), we obtain, for m = 0, 1,

(3.106)
[V™ellora, S NIV™(u—mpu)llave, + V™ (mhu — un)lova,
(3.107) S PP | o) + IV (e = wn) o, + B[ mnu = w5,
(3.108) S PP u oy + [V el + B el
(3.109) S PP | o) + Vel + B [lel ]

which concludes the proof. (|



A CutFEM WITH BOUNDARY VALUE CORRECTION 649

Remark 3.3. We conclude from Theorems B.1] and that the precise convergence
of the scheme depends on a balance between how well €, approximates 2 and
how many terms are considered in the Taylor series. A poor accuracy in €); can
be compensated for by increasing the number of Taylor terms. For instance if the
domain approximation is no better than §, = o(h), k = 1 is needed for optimality,
even if piecewise affine approximation is used for wy. In Tables [l and 2] we detail
the asymptotics of the different error contribution for the important case where
8, = O(h?), corresponding to a piecewise affine approximation of the boundary.

TABLE 1. The order of the terms in the energy error estimate un-
der the assumption §;, < h%. We conclude that we obtain optimal
order of convergence for p = 2,3, with one term, £k = 1, in the
Taylor expansion and for p = 4,5, with two terms, k = 2.

p| b K h71/25§+1 1 h1/252+1
tinrtfo] nw® Jlo] n2s
2| B2 |1 B3 |[1] AP
3| hd| 2| S |[2] oo
4| ]3] w75 |[3] mO

TABLE 2. The order of the terms in the L2-error estimate under
the assumption that &;, < h2. We conclude that we obtain optimal
order of convergence for p = 2,3, with one term, £k = 1, in the
Taylor expansion and for p = 4,5, with two terms, k = 2.

p| bt || k| ORI | 80
1| »2 o] 2 |lo] n3
ol B3 |[1| Bt ||1]| Ao
30 nt |[2] w8 |2 A7
40 n5 |[3] B8 [|3| Ao

Remark 3.4. If for a given p the lowest values of k and [ are chosen so that optimal

convergence is obtained, it is straightforward to use a trace inequality (see ([B.IS)
and (BI9)) to show that

lu = unllu) + ollle = unlll < B f o0y + lullaes ).

Therefore the regularities required for optimality of the consistency error of the
boundary approximation are always optimal compared to the polynomial approxi-
mation.

Remark 3.5. We note that we obtain, as a special case, optimal order error estimates
for the standard cut Nitsche method with approximate domains by assuming k = 0
and

(3.110) O S hPt1/?
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for the energy norm estimate and
(3.111) 6p S hPT!

for the L2-norm estimate. The latter assumption is comparable with the geometric
approximation accuracy achieved by standard isoparametric finite elements of order

p.

4. NUMERICAL EXAMPLES

In the numerical examples, we use implicitly defined boundaries by use of zero
isolines to predefined functions. Two examples have been considered, one with both
convex and concave boundaries, so that cut elements can have parts outside the
actual domain, and one example with nonzero boundary conditions where we also
compare setting the boundary condition on the exact boundary to setting them on
computational boundary. In all examples the stabilization parameters were set to
v; = 1/10, g = 100.

4.1. Convex and concave boundaries. In our first example we consider a
ring-shaped domain. In Figure [[l we show the zero isoline of the function ¢ =
(R—1/4)(R—3/4), R = /22 + 42, used to implicitly define the domain, and the
resulting mesh after removing the cut part. On this ring, we used a load corre-
sponding to the exact solution being a square function in R,

(4.1) uw=20(3/4— R)(R—1/4),

with zero boundary conditions on the outside as well as inside boundaries. The
elements on the inside of the ring are partially outside the computational domain;
outside the domain the load was extended by zero and the exact solution (in the
convergence study) by (@1]).

We show an elevation of the approximate solution on one of the meshes in a
sequence in Figure 2l In Figures [l and @ we show the convergence rates obtained
using the symmetric method (Z33)—(Z34) for P? and P3 elements (polynomial
orders p = 2 and p = 3), respectively. We also show the suboptimal convergence
rates of the original Nitsche method. Note in particular that the optimal rate is
attained also for p = 3 even though only the first two terms in the Taylor series are
accounted for.

4.2. Nonzero boundary conditions. The domain for the second example lies
inside the ellipse defined by the zero isoline to ¢ = z2/(3/4)? + y2/(1/2)? — 1.
In Figure [l we show the zero isoline of this function and the resulting mesh after
removing the cut part. On this domain we use the right-hand side

f = m%cos (mx/2) cos (1y/2)

corresponding to the exact solution u = cos (7xz/2) cos (my/2). This function also
defines the boundary conditions on the cut boundary. An elevation of an approxi-
mate solution on one of the meshes in a sequence is given in Figure [6l

In Figure[Tl we show the observed L? convergence with a P? approximation using
four different approaches:

e The symmetric method (Z33)-234).
e The unsymmetric Taylor expansion with two terms.

e The unsymmetric Taylor expansion with three terms.
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e Prescribing the boundary condition on the cut boundary (using the fact
that the exact solution is known).

In all cases the rate of convergence is 4, which is optimal. The error constant is
slightly better if we prescribe the boundary condition on the cut boundary, which
is to be expected since this does not introduce any approximations of the boundary
condition. The difference between the other three methods is negligible.

i
4 ATAVAPATAVAVATAYd
VaPATAVAPA A AVAPA VA A TAVAPATAAVA%
Vi AT
ATAVA%d
i

ATAVATATAVAVAPA VAU TAVAPATAVAVAPAAV)
ot A" 70\
Al

7
1
7

ATAVATAAVAVAPAVATATA"
PATAVAPATAVAYATA VATV
7

N
<

FiGURE 1. Background mesh with the boundary of € indicated,
and the corresponding computational mesh.

=

==

FIGURE 2. Elevation of the approximate solution on one of the
meshes in a sequence.
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2 3 L L
+L2, no mod., rate = 2
'Q'Hl, no mod., rate =~ 1.5
/ +L2, mod., rate =~ 3
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-12
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FIGURE 3. Convergence using P? elements, symmetric form (log
denotes the natural logarithm)
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FIGURE 4. Convergence using P? elements, symmetric form (log
denotes the natural logarithm).
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FiGURE 5. Background mesh with the boundary of € indicated,
and the corresponding computational mesh.
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FIGURE 6. Elevation of the approximate solution on one of the
meshes in a sequence.

14 ; -GLSymmeuic
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‘g 18 / /
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-21 /
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-23 /
-24 /
-10 -8 -6 4 -2 0 2

log of meshsize

FIGURE 7. Convergence in L? for four different approaches (log
denotes the natural logarithm).
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APPENDIX: VERIFICATION OF SOME ESTIMATES

Estimates (3.85) and (B.86). We first note that for each z € Us(I"), 0 < § < dy,
we have the representation

1
(A.1) ¢(x) = o(p(x)) + /O Vo(sz + (1= s)p(z)) - (x — p(x)) ds.
Using the Cauchy-Schwarz inequality we obtain

(A.2) 6)* S o) +dln- VI3, .,
(A.3) S 16@(@)1? + 6l|n - Vo7, (o)
where I, ,(, is the line segment between = and p(z), and I5(p(x)) is the line segment

between the points p(z) £+ on(p(z)).

B85). We recall that 9Q), C Us, (09). Setting § = d in (A3) and integrating
over 0f);, we obtain

(A.4) I16l130, < |¢ 0 p(a)*d + Sulln - VOIIT, (payde
o, Qi h

(A5) < [ toPdy+ [ aln-TolR,

(A.6) S léllza + dulln - VI, on),

where we first changed the domain of integration from 0, to 992 and then from
the tubular coordinates to the Fuclidian coordinates. This concludes the proof of
(3:8H), observing that where it is applied ¢ € Hj(Q2), so that ||¢[|3, = 0.

(B86). Again setting § = d; in (A3) and integrating over Iy, (y), with y = p(z) €
0f2, we obtain

(A7) 1613, ., S Sulo@)? +&lin-Vol3, .
Using appropriate changes of coordinates we obtain
(A8) 160, 000 5 [ 1615, oy
A.9) S | dnlo)Pdy+ [ diln- Vol
5
( < / nlo(y)"dy h Ts, o WY
Ele) 20
(A.10) S nllllda + onlin - V(b”%]gh (69)

which proves (3:30)).
Estimate (B.I06). We shall prove that
(A.11) llene S 2728 ollln, Vv € Vi

Let © € 0Qp \ Q, i.e., x belongs to the part of 9§, that reside outside of Q. For
Y € I p(x) we have the representation formula

(A12) v(y) =v(z) + /0 Vo(sy+ (1 —s)z) - (y—x)ds.
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Estimating the right-hand side using the Cauchy-Schwarz inequality we obtain
2

w13 o) s+ Vulsy 4 (1 s)a) (g ) )

(A.14) <o) + ly — al [ Voll?,

(A.15) S o* (@) + 6| Voll7, .,

which leads to

(A.16) ol = [ Py
Im,p(z)

(A17) s (P@alvel,,)d
Io,p(a) o

(A.15) < Gnv? () + 02| Vo2

@.p(z) "

Integrating over the parts of 02 that reside outside of €2 we obtain

(A.19) ol 0 < / / o2 (y) dyda
8Qh\ﬂ Im,p(:c)
(A.20) < / |2 do
A0 \Q o p()
(A.21) < SnllolZa, + 02IVol3, 0
(A.22) < Suh(h~ vl3q,) + B2 Vo],
(A.23) < (G + )0l

and thus (AII) follows since we assume that d, = O(h) and therefore hdj, + 07 <

hop,.
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