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A CONVERGENT STAGGERED SCHEME FOR THE VARIABLE
DENSITY INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

J. C. LATCHE AND K. SALEH

ABSTRACT. In this paper, we analyze a scheme for the time-dependent vari-
able density Navier-Stokes equations. The algorithm is implicit in time, and
the space approximation is based on a low-order staggered non-conforming fi-
nite element, the so-called Rannacher-Turek element. The convection term in
the momentum balance equation is discretized by a finite volume technique,
in such a way that a solution obeys a discrete kinetic energy balance, and
the mass balance is approximated by an upwind finite volume method. We
first show that the scheme preserves the stability properties of the continuous
problem (L°-estimate for the density, L>°(L?)- and L2(H!)-estimates for the
velocity), which yields, by a topological degree technique, the existence of a
solution. Then, invoking compactness arguments and passing to the limit in
the scheme, we prove that any sequence of solutions (obtained with a sequence
of discretizations the space and time step of which tend to zero) converges
up to the extraction of a subsequence to a weak solution of the continuous
problem.

1. INTRODUCTION

Since seminal papers published from the middle of the sixties [20H22], low-order
staggered schemes for fluid flow computations have received a considerable atten-
tion. This interest is essentially motivated by the fact that they combine a low
computational cost with the so-called inf-sup or LB stability condition (see e.g.
[I7]), which prevents from the odd-even decoupling of the pressure in the incom-
pressible limit. In addition, they may be combined, still keeping basically the same
order of accuracy, with finite volume approximations for possible additional conser-
vation equations, which allows, thanks to standard techniques, to obtain discrete
convection operators satisfying maximum principles (e.g. [28]).

Two different types of space discretizations fall in the class of staggered approx-
imations. The first one, essentially able to cope with structured meshes (with cell
faces normal to the coordinate axes), is the well-known MAC scheme [20H22]; it is
characterized by the fact that the unknowns for the ith component of the velocity
are associated with the cell faces normal to the ith coordinate axis. The second type
of approximation has been developed in the finite-element framework; it is based
on general simplices (for the so-called Crouzeix-Raviart element [6]) or on general
quadrilaterals or hexahedra (for the so-called Rannacher-Turek element [33]). The
velocity unknowns are the same for each component, and are associated with all
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the faces of the mesh (so, compared to the MAC scheme, the price to pay for the
generality of the mesh is a multiplication by the space dimension d of the number
of unknowns).

Recently, for MAC, Crouzeix-Raviart and Rannacher-Turek approximations, dis-
cretizations of the convection operator in the momentum balance equation have
been developed with the aim to obtain a scheme preserving the kinetic energy bal-
ance [1L[Bl25]. These techniques, implemented in the open-source software ISIS [27],
have brought many outcomes, both from the theoretical and the practical points of
view. First, the kinetic energy conservation property yields stability estimates (see
[LLI3] for quasi-incompressible flow and [I3L[I§] for barotropic and non-barotropic
compressible Navier-Stokes equations), and has been observed in numerical exper-
iments to actually dramatically increase the reliability of the scheme. Second, the
non-dissipation of the kinetic energy is a prerequisite for numerical schemes for
Large Eddy Simulation (e.g. [3,[881,[32]), and a theoretical proof of this feature
thus strongly supports this kind of application. Finally, for Euler’s equations, hav-
ing at hand a discrete kinetic energy balance has been a key point in [18,24] to
derive a consistent staggered scheme preserving the convex set of admissible states.

The discrete form of the convection operator, which is similar in all these ap-
plications and for all the considered space discretizations, may thus be seen as a
decisive building block of a class of schemes able to cope with all regimes, i.e., from
incompressible to compressible high Mach number flows. It is a finite volume form
(see [34135] for a similar development for the finite element context, restricted to
constant density flows), written on dual cells, i.e., cells centered at the location of
the velocity unknowns, namely the faces. The difficulty for its construction lies in
the fact that, as in the continuous case, the derivation of the kinetic energy identity
needs that a mass balance equation be satisfied on the same (dual) cells, while
the mass balance in the scheme is naturally written on the primal cells. We thus
have developed a procedure to define the density on the dual meshes and the mass
fluxes through the dual faces from the primal cell density and the primal faces
mass fluxes, which ensures a discrete mass balance. However, especially for the
Rannacher-Turek approximation, the quantities associated with the dual mesh are
defined only through necessary conditions to obtain the desired mass conservation,
in a way which is somehow reminiscent of the techniques used for the derivation
of the mimetic schemes. As a consequence, we obtain a convection operator the
definition of which is not in closed form, at least at first glance, and the consistency
of which is far from obvious.

The aim of this paper is to prove this consistency property. More precisely
speaking, on a model problem and with a given scheme, we prove that the limit of
a converging sequence of solutions obtained with a sequence of discretizations with
vanishing space and time steps is necessarily a weak solution to the problem at
hand. For this latter, we choose the time-dependent variable density incompress-
ible Navier-Stokes equations, which (from the consistency point of view) retain the
essential mathematical difficulties of compressible flows; indeed, the partial dif-
ferential equations in which we have to pass to the limit, namely the mass and
momentum balance equations, are the same as for compressible flows. For the
scheme, we focus here on the Rannacher-Turek discretization, and on an implicit
time discretization.

In addition, we also prove estimates on the solution and, by compactness argu-
ments, the existence of converging sequences of solutions (which, of course, would
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be more difficult for compressible Navier-Stokes equations). The result presented
here is thus in fact a convergence result for the proposed scheme on time-dependent
variable density incompressible Navier-Stokes equations, which seems to be rather
new in the literature; indeed, only one similar result is known to us, for a different
(Discontinuous Galerkin) space approximation [30]. Note also that, as a by-product,
we obtain the existence of weak solutions to the continuous problem, without in-
voking arguments of the continuous theory [29] itself, except a result issued from
the analysis of renormalized solutions of the transport equation [9]. Various exten-
sions of this work are ongoing: for instance, the same convergence result may be
proven for the MAC scheme, with rather simpler arguments, and consistency may
be extended for Euler’s equations.

This paper is organized as follows. We state the continuous problem and recall
its essential properties in Section ], then the space discretization and the scheme
are given in Sections [3] and M respectively. The convergence theorem is stated in
Section Bl and the next three sections are devoted to its proof: we first gather in
Section [6] some useful mathematical tools, then establish the estimates satisfied by
the discrete solution and its existence (Section [), and, finally, prove the theorem

(Section[{).

2. THE CONTINUOUS PROBLEM

The continuous problem addressed in this paper reads, in its strong form:

(1a) Op + div(pu) = 0,
(1b) O(pu) +div(pu @ u) — Au+ Vp =0,
(1c) dive = 0.

This problem is posed for (x,t) in 2x(0,7) where T' € R* and €2 is an open bounded
connected subset of R?, with d € {2, 3}, which is polygonal if d = 2 and polyhedral
if d = 3. The variables p, u = (uy,...,uq)? and p are respectively the density,
the velocity and the pressure of the flow. The three equations above respectively
express the mass conservation, the momentum balance and the incompressibility of
the fluid. This system is supplemented with initial and boundary conditions:

ulgn =0, uli=0 = up, pli=o = po-
Let us suppose that the initial data satisfies the following properties:

pPo € LOO(Q)v 0 < pmin < po < Pmax, With
Pmin = €8S minmEQpO(m)7 Pmax — €SS SUpwEon(m),
(2b) uo € L2(Q)%

(2a)

A well-known consequence of equations (Ial) and (Id) is the following maximum
principle:

Pmin < p(2,1) < Pmaxs for a.e. (x,t) € Q x (0,7T),
which shows that the natural regularity for p is p € L*(Q x (0,7)). For the
velocity u, a classical formal calculation allows us to derive natural estimates for
smooth solutions. Taking the scalar product of (IB) by u and using twice the mass
conservation equation ([al) yields

1 1
8t(§p|u\2) + div(§p|u|2u) —Au-u+Vp-u=0.



584 J. C. LATCHE AND K. SALEH

Integrating over €2, one gets, since divu = 0 and u|sq = 0, that, for all ¢ € (0,7),

7 1 (w t) |u(zx, t)|2d£c—|—/ Vu(z,t) : Vu(x,t)de = 0.

Integrating over the time yields

t
/lp(w,f) |u(m,t~)|2dm—|—/ /|Vu(a:,t)|2dwdt
0?2 0o Jo

= [ 3m@ (@) P, vie©.).

Since the density is bounded from below by a positive constant, this shows that the
natural regularity for w is w € L>°((0,7); L%(2)?) N L2((0,T); H}(2)9). This leads
to define the weak solutions to problem () as follows.

Definition 2.1. Let pg € L*°(Q) such that pg > 0 for a.e. x € Q, and let
ug € L%(Q)%. A pair (p,u) is a weak solution of problem () if it satisfies the
following properties:
(i) pe{pel>(@x(0,T)), p>0ae inQx(0,T)}
(i) w € {u € L>=((0,7); L2(Q)4) N L2((0,7); H{(Q)?), dive = 0}.
(iii) For all ¢ in C(Q2 x [0,T)),

_/()T/Qp(w,t) (3t¢(a:,t) +u(x,t) - ng(zc,t)) dedt = /on(a;)qz;(%g) de.

(iv) For all v in {v € C*(Q x [0,7))%, dive = 0},
T
/0 /Q (_ p(x, thu(x,t) - Ov(x,t) — (p(x, t)u(x, t) @ u(x,t)) : Vo(x,t)

+ Vu(x,t) : V'U(m,t)) de dt = /on(w)uo(w) -v(z,0)dz.

Remark 2.1. Thanks to a theorem due to de Rham, one can actually prove that
problem () is satisfied in the distributional sense, with p € W=5°°((0,T); LZ(Q))
where LZ(Q) = L?(Q)/R. See for instance [4].

3. DEFINITION OF THE MESHES

Let €, the computational domain, be an open bounded subset of R, for d €
{2,3}, and let us suppose that Q is polygonal, for d = 2 and polyhedral, for d = 3.
We denote by 92 = Q\ Q its boundary. In the following, the notation |K| or |o]|
stands indifferently for the d-dimensional or the (d — 1)-dimensional measure of the
subset K of R? or o of R4, respectively.

Definition 3.1 (Staggered discretization). A staggered discretization of 0, denoted
by D, is given by D = (M, £), where:
- M, the primal mesh, is a finite family of non-empty convex quadrilaterals
(d = 2) or hexahedra (d = 3) of Q such that Q = J o\ K
- For any K € M, let 9K = K \ K be the boundary of K The surface
OK is the union of bounded subsets of hyperplanes of R?, which we call
faces. We denote by &£ the set of faces of the mesh, and we suppose that
two neighboring cells share a whole face: for all o € &, either 0 C 90 or
there exists (K, L) € M? with K # L such that K N L = &; we denote in
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FIGURE 1. Notation for a staggered discretization

the latter case 0 = K|L. We denote by Eqxt and &yt the set of external and
internal faces: Eoxy = {0 € £,0 C N} and &y = €\ Eext- For K € M,
E(K) stands for the set of faces of K.

- We define a dual mesh associated with the faces 0 € £ as follows. When
K € M is a rectangle or a cuboid, for ¢ € £(K), we define Dk , as the
cone with basis ¢ and with vertex the mass center of K (see Figure [I).
We thus obtain a partition of K in 2d subvolumes, each subvolume having
the same measure |Dg | = |K|/(2d). We extend this definition to general
quadrangles and hexahedra, by supposing that we have built a partition still
of equal-volume subcells, and with the same connectivities. For o € &y,
o = K|L, we now define the dual (or diamond) cell D, associated with o
by Dy = Dg U Dy . For 0 € E(K) N Eext, we define D, = Dk 5.

Remark 3.1 (Dual mesh and general cells). Note that, for a general mesh, the shape
of the dual cells does not need to be specified. In addition, for a general quadrangle
K, the definition of the volumes {Dg ,, o € E(K)} is of course possible, but Dg
may be no longer a cone; indeed, if K is far from a parallelogram, it may not be
possible to build a cone having ¢ as basis, the opposite vertex lying in K and a
volume equal to |K|/(2d).

We denote by £ (D) the set of faces of D,, and by e = D, | D, the face separating
two diamond cells D, and D,/. As for the primal mesh, we denote by Eine the set
of dual faces included in the domain and by & the set of dual faces lying on the
boundary 92. In this latter case, there exists o € Eqx such that € = 0. The unit
vector normal to o € £(K) outward K is denoted by ng .

For K € M, we denote by hx the diameter of K. The size of the discretization
is defined by

(3) hp =sup {hx, K € M}.
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In addition, for the consistency of the finite-element approximation of the diffusion
term, we need a measure of the difference between the cells of M and parallelograms
(d = 2) or parallelotopes (d = 3), as defined in [33]. For K € M, we denote by ay
the maximum of the angles between the normal vectors of opposite faces, choosing
the orientation which maximize the angle, and set ax = 7 — ax (so ax =0if K is
a parallelogram or a parallelotope, and ax > 0 otherwise). Then we define ap as:

(4) apzmax{aK, KEM}.

For K € M, we denote by rx the diameter of the largest ball included in K. We
define the real number 64 by:

h
01 = max {—K, Ke /\/l}
TK
For o € £, we denote by hp, the diameter of D, and by 7p, the diameter of the
largest ball included in D,, and we define 6¢ ; by:

(5) fe 1 = max {;i o,0' € € such that 9D, N OD,: # (2)}.
D,
The parameter 6¢ o is defined by:
|0D K &
|0K]|

Finally, we also need to introduce the following quantity:

(6) Oc 2 = max { L KeM, o€ 5(K)}.

h
fs 3 = max {—D, o€ 5}.
TD(,
The regularity of the discretization is measured through the following positive
real number:

(7) Op = max {0, Oe1, Og2, Oc 3}

The real number 6, is a classical measure of the regularity of the primal mesh.
In 2D, an inequality of the form 8,y < C is the classical uniform-shape condition
for Q;-elements (see [I7]). Observe that, by construction of the dual mesh which
imposes to the half-diamond cells Dk , to be of equal volume in every K, if O, is
bounded, we may suppose that a similar measure of the uniform-shape regularity
for the dual mesh is also bounded. The real number 6¢ ; is an additional measure of
the regularity of the dual mesh, which characterizes the difference of size between
two neighboring cells. The parameter g o measures the regularity of the dual
faces. As shown in the following, the boundedness of ¢ ; and 6¢ o for a sequence
of discretizations is used to obtain compactness results for the numerical scheme.
Finally, still for a sequence of discretizations, imposing to ¢ 3 to be bounded is
a quasi-uniformity assumption of the mesh, which is necessary to justify inverse
inequalities used in the proof of Lemma

4. THE SCHEME

4.1. General form of the scheme. Let us consider a uniform partition 0 =
tg <t < -+- < ty = T of the time interval (0,7T), and let ot = ¢, — t,_1
for n = 1,...,N be a constant time step. The discretization of problem () is
staggered in the following sense. The degrees of freedom for the density and the
pressure are associated with the primal mesh M while the degrees of freedom of
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the velocity are associated with the dual mesh, or equivalently with the set of faces
£. Correspondingly, the initial discrete density and velocity are defined by

).

0

Py = — | po(z)de, K e M,
K] Jk

1 /
0
u, = ug(x) de, o € Ent,
|Ds| Jp,

and the Dirichlet boundary condition is taken into account by setting u) = 0 for
all 0 € oyt and all nin {0,1,..., N}.
The time advancement is defined by induction as follows.

(8)

For 1 < n < N, let us suppose that (p% Vgem C R, (ul Y)pce,, C R and
(p?(_l)KeM C R are known families of real numbers, and find (p%)kem C R,
(uM)oee,, C R and (p%)kem C R such that

> Klpk =

KeM
and
1
UEE
1 n n—1 i 1
(gb) E(pD,ua' pD U, )
| Z o,cUe )Z + (Vp)g =0, 0 € Eint,
o| ceé(D,)
(9¢) (diva)l = 0, KeM.

Equation (@al) is obtained by discretization of the mass balance over the primal
mesh, and F , stands for the mass flux across o outward K, which, because of
the Dirichlet boundary condition on the velocity, vanishes on external faces and is
given on the internal faces by:

F}é,o’:|0’| pg UZ"ILK,U, U:K‘Legint-
The density at the face 0 = K|L is approximated by the upwind technique:
P ifuy ngqs>0,

10 o=
(10) Po ‘pz otherwise.

The discretization of the discrete velocity divergence is built in a similar way:

(11) (diva)}, = ﬁ > lolu}nk, — KeM.
oc€&(K)

Let us now turn to the discretization QD) of the momentum balance equation
(IH). The first two terms correspond to a finite volume approximation of the con-
vection operator, the description of which is given below (see Section [£2). The
space discretization of the diffusion term in the momentum equation relies on the
parametric Rannacher-Turek (or rotated bilinear) element associated with the pri-
mal mesh M (see [33]). The reference element K for the rotated bilinear element
is the unit d-cube and the discrete functional space on K is Q1 (K):

Q1(f<) = SpaH{L (wi)i:L..‘,da (51312 - 2+1 i=1,...,d— 1}
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The mapping from the reference element to the actual discretization cell is the
standard Q1 mapping, and the space of discrete functions over a cell K, let us say
Q1(K ), is obtained from Qi (K ) by composition. The set of shape functions over
K is the set {¢,, o € £(K)}, such that {,|x belongs to Q1 (K) and

(12) / Col(@) dy(@) =67 |ol,  0,0' € E(K),

with 67 = 1if 0 = ¢’ and 67 = 0 otherwise. The continuity of the average value
of a discrete function v across each face of the mesh is required, which is consistent
with a location of the degrees of freedom at the center of the faces:
(13)
[Ee@ i@ =0, [@a(@) = i iw) - Jim i), eco o=KL
4 yeL yeK

The discretization of the diffusion term reads:

I X [ VeV

KeM o'cE(K)

—(Au)?

Finally, the discretization of the discrete pressure gradient term reads as follows:

(14) (Vp)g

lo|

D]

(pz _p”ll() NKo, g = K|L € gint~

4.2. The velocity convection operator. In this section, we describe the ap-
proximation of the convection operator 9;(pu) + div(pu ® w) which appears in
the momentum balance equation. As mentioned in the introduction, this discrete
operator has already been used as a building brick for various schemes: variable
density low Mach number flows [I] (as here), barotropic and non-barotropic [13,24]
compressible flows, drift-flux two-phase flow model [I5L[I6L23]. Tt is of finite volume
type, and takes the general form given by the first two terms of ([@h]). The quantity
Pp, is an approximation of the density on the dual cell D,, while F; . is the mass
flux across the edge € of the dual cell D,. These quantities are built so that a finite
volume discretization of the mass balance ([@al) holds over the internal dual cells:
Bel (g~ + S Fro=0. oetu

EGS(DG)

(15)

This is crucial in order to reproduce, at the discrete level, the derivation of a kinetic
energy balance equation (see Section [l below), a consequence of which are discrete
analogues of the usual L>°(L?)- and L2(H*)- stability estimates for the velocity.

Let us first begin with the time derivative term. The values pj; and pﬁjl are
approximations of the density on the dual cell D, at time ¢,, and t,_1, respectively.
For ¢ in &y such that o = K|L, the approximate densities on the dual cell D, are
given by the following weighted average:

(16) D, | pf, = &%|K| pl + €7|L| pf, fork=n—1and k =n,
where

Dk o
(17) g;;:' K KeM, oe&(K).

K|
The set of dual fluxes F', with € included in the primal cell K, is computed by
solving a linear system depending on the primal fluxes (Fg ,)sce(k), appearing in
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the discrete mass balance ([@al). More precisely, we have the following definition for
the dual fluxes, in which we omit for short the time dependence on n.

Definition 4.1 (Definition of the dual fluxes from the primal ones). The fluxes
through the faces of the dual mesh are defined so as to satisfy the following three
constraints:

(H1) The discrete mass balance over the half-diamond cells is satisfied, in the
following sense. For all primal cell K in M, the set (F, ¢)ccx of dual fluxes
included in K solves the following linear system

(18) Fxot+ >, Foe=&k > Fro, oc&(K)

ecé(D,), eCK o' €E(K)

(H2) The dual fluxes are conservative, i.e., for any dual face e = D,| D’ , we have
Fo,e - _Fo"7e-
(H3) The dual fluxes are bounded with respect to the primal fluxes (Fk o )sece (k)
in the sense that there exists a universal constant real number C' such that:
(19)
|Foel <C max {|Fko|, c € E(K)}, KeM,oeé(K), ec&(D,), eC K.

In fact, Definition 1] is not complete, since the system of equations (I8) has
an infinite number of solutions, which makes necessary to impose in addition the
constraint ([I9); however, assumptions (H1)-(H3) are sufficient for the subsequent
developments of this paper (and thus, in particular, imply the consistency of the
discrete convection operator). Note that, since (I8]) is linear with respect to the
F,., 0€&(K),ec&(D,), e C K, asolution of (I8) may be expressed as:

F,.= Z (aK)g/FKﬁ/, o€ &(K), eeg(DU) and € C K,
o'€€(K)

and the constraint (I9) amounts to requiring to the coefficients ((OéK)gl)ma/eg(K)
to be bounded by a universal constant. In practice, one has |(ax)J | < 1 for all
0,0 € E(K) and all K € M (see [2]).

We thus would be able to cope with a quite general definition of the diamond
cells, since, up to now, even their volume is not fixed. In practice, as said in
Definition B} we choose however to impose that |Dg | = |K|/(2d); in other
words, the real number £% in (7)) is given by % = 1/(2d) for all K € M and
o € E(K). In these conditions, system (8] is now completely independent from
the cell K under consideration. We may thus consider a particular geometry for K,
let us say K = (0,1)%, and find an expression for the coefficients ((aK)g/)gyc,/eg(K)
which we will apply to all the cells, thus automatically satisfying the constraint
([@3). A technique for this computation is described in [I, Section 3.2]. The idea is
to build a momentum field w with constant divergence, such that:

/w-nKﬂdy(ac):FK)U, Vo € E(K).
Then an easy computation shows that the definition
Fa,e - /’LU ‘N d7($)7

where the unit vector normal to € outward D, is denoted by n, ., satisfies ([I8) (see
[T, Lemma 3.2]). The set of coefficients ((aK)g/)gﬁgleg(K) obtained for a quadrangle



590 J. C. LATCHE AND K. SALEH

is given in [I, Section 3.2]; extension to the three-dimensional case is straightfor-
ward.

To complete the definition of the convective flux, we now just have to give the
expression of the velocity at the dual face, i.e., of the quantity w” in (D). As
already said, a dual face lying on the boundary is also a primal face, and the flux
across that face is zero. Therefore, the values u! are only needed at the internal
dual faces; we choose them to be centered:

1
ul = 5(u§+ug,), for e = D,|D..

5. THE CONVERGENCE THEOREM

We begin by associating functions with the discrete unknowns of the scheme.
To this purpose, we first define the following sets of discrete functions of the space
variable.

Definition 5.1 (Discrete spaces). Let D = (M, E) be a staggered discretization
of Q in the sense of Definition Bl We denote by Haq(2) C L°°(2) the space of
functions which are piecewise constant on each primal mesh cell K € M. For all
w € Hpag () and for all K € M, we denote by wg the constant value of w in K, so
the function w reads:

w(x) = Z wg X (x) for a.e. & € Q,
KeM
where X stands for the characteristic function of K.

Similarly, we denote by Hg () C L>°(Q2) the space of functions which are piece-
wise constant on each diamond cell of the dual mesh D,,, o € €. For all u € Hg(Q)
and for all o € £, we denote by u, the constant value of v in D,,, so the function
u reads:

u(x) = Z g Xp, () for a.e. x € Q,
o€l

where Xp_(x) stands for the characteristic function of D,. Finally we denote
Heo(Q) = {u € Heg(Q), u, =0 for all o € Eext}.

Then, with the discrete unknowns computed by induction through the scheme,
we associate piecewise constant functions on each time interval (¢,,_1, ¢,] as follows:

plx,t) =p"(x), plz,t)=p"(x), u(x,t)=u"(x), forae. te (tn_1,tn]
where p" € Hu(Q), p" € Hum(Q) and u € He o(Q)? are the discrete functions
defined by (p%)kem, (Pk)xem and (ul)sce, respectively. Definition [5.] thus
yields:
N
p(wvt) = Z Z p?{ XK(:B) X(n—l,n] (t)a

n=1 KeM
N

Z Z prll( XK (m) X(n—l,n] (t)v
n=1 KeM
N

u(a, t) =YY ul Xp, (@) Xuo1,0(t),

n=1o0c€c&

(20) p(z, 1)

where X{,,_1 ,, stands for the characteristic function of the time interval (t,_1,%,].
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We then define a regular sequence of discretizations as follows.

Definition 5.2 (Regular sequence of discretizations). Let (D), §t(™), .y be a
sequence of staggered discretizations (in the sense of Definition BI]) and time steps.
For m € N, let h(™) and 6" be the space step and the regularity parameter
associated with D™ by equations @) and (@), respectively, and let a™ be the
measure of the deviation of the geometry of the cells from parallelograms, as defined
by @). Then this sequence (D™, §t(™)), < is said regular if:

(i) for all m € N, (™) < @, for some positive real number 6y,
(ii) the sequences of space steps (h("™),,en and time steps (6t0™),,en tend to
zero when m tends to +oo,
(iii) the sequence of parameters (a(™),,cx tends to zero when m tends to +oo.

Remark 5.1 (A particular construction of regular sequence of discretizations). For
d = 2, a sequence of discretizations satisfying the assumption (iii) above is obtained
by successively dividing each quadrangle in four subquadrangles, splitting it along
the lines joining the mid-points of opposite faces. The extension of this construction
to the three-dimensional case (splitting now each hexahedron in 8 subvolumes) is
not as easy as it seems, the difficulty being to keep the faces plane.

The following theorem is the main result of this paper; its proof is the purpose
of the rest of the paper.

Theorem 5.1. Let (D™, §t™), .y be a regular sequence of staggered discretiza-
tions and time steps. Then, under assumptions ([2al) and 2B) for the initial data,
for m € N, there exists a discrete solution to the scheme [@l). Let us denote by
(p(m), u(m),p(m))meN the corresponding discrete functions as defined in (20). Then,
there exists (p,u) weak solution of problem ([Il) in the sense of Definition 2l such
that, up to a subsequence, p'™) strongly converges to p in L4((0,T) x Q) for all q
in [1,00) and u\™ strongly converges to @ in L((0,T); L2(Q)?) for all q in [1,00).

6. PRELIMINARY LEMMATA

We gather in this section some preliminary mathematical results which are useful
for the analysis of the scheme.

6.1. Properties of the discrete divergence and gradient operators. We
define the discrete divergence and gradient operators in the following way:

Heo(@)? — Hu(Q)
u — divpu(z) = (dive)g, Yee K, K e M,

(21) divay {

(22) AV HM(Q) — HS,O(Q)d
& P — Vep(x) = (VD)e, Ya € D,, 0 € Eint,

where (divu) g and (Vp), are defined in (1)) and (I4)), respectively. The following
lemma gives two first important properties of these operators.
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Lemma 6.1. Let v € H}(Q)?. For a given discretization D = (M, &), for o € £,

let
vO’
COAS

and let Pev be the function of He o(Q)? defined by Pev(x) = v, for every x in D,
and every o € E. Then for all p in Ha(Q),

(23) /Qp(w) diva (Pev)(x) de = / p(x) dive(x) de.

Q
In addition, the discrete divergence and the discrete gradient are dual in the follow-
ing sense. For any v in He o(Q)? and any p in Ha(2), one has

(24) /Qp(w) divpv(x) de + / v(x) - Vep(x)dx = 0.

Q
Proof. The first relation is an obvious consequence of relation ([Il) defining the
discrete divergence operator and of the fact that p is piecewise constant on the cells

K € M. For the second relation, the same observations yield that for any pair
(v,p) in He o(2)% x Ha((92), one has

(25) 7K pr (divo)x + Y Dol vo - (VD)o =
KeM ogel

Note that, because of the homogeneous Dirichlet boundary condition on v, the
discrete gradient does not need to be defined at the external faces and the second
sum in ([29]) is actually a sum over Ejy. O

We also have the following convergence property for the discrete gradient defined
in (22)).
Lemma 6.2 (Weak convergence of the discrete gradient). Let (D("™),.cn be a
sequence of reqular discretizations of Q in the sense of Definition 5.2, For m € N,
let p™) € H pym) (Q) and assume that there exists C in R, such that, for allm € N,
||V5(,,,L>p(’”)|\Lq(Q)d < C for some q in [1,00]. Assume also that there exists p in

WL4(Q) such that p\"™) converges to P in the distribution sense as m tends to 4+oo,
i.e.,

Yo e X, lm [ p™(x)- () dx = / p(z) - () da.

m——+o0 Q Q
Then V5<m)p(m) converges to Vp in the distribution sense:
Vo € C°(2) lim / Veomp™ (z) - ¢(x) dz = / Vi(x)
m——+oo Q

In addition, for ¢ € (1,00) (resp. q = 400), if p'™ weakly (resp. weakly-x)
converges to p in LI(Q) (resp. in L2()), then Vewmp™ also converges to Vp
weakly (resp. weakly-x) in LI(Q)? (resp. in L>=(Q)4).

Proof. Let ¢ € C(Q2)%. For a given discretization D = (M, &), for o € &, let

1
¢ = 1o / () dy(x)

and let Pe¢ be the function of Hg o(Q2)¢ defined by Pep(z) = ¢, if * € D,, for
every o € £. Let ¢ =+ if g =1, ¢ be given by 1/¢+1/¢ = 1if ¢ € (1,00),
and ¢’ = 1 if ¢ = +0co. With the assumptions of the lemma, an easy calculation
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shows that || Pem)¢ — ¢||Lq/(9)d < 2\Q|1/q' ||V¢HL<X>(Q)d><d R(™) (with |Q|1/q’ =1
for ¢ = +00). We may write

/ Vemp™ () - () de = / Ve p™ () - (Peom @) () dz + R,
Q Q

with |R| <[V o 0™ |l ayal| Peom @ = @l ya <2C QY| V| e yaxa h™
which tends to zero as m — +o0o. Now invoking successively (24), ([23) and the
convergence of p{"™) to p in the distribution sense, we get

[ Ve @) (Pecad)(@)do = - [ 5 (@) dive(a) do
Q Q

- — / )divep(x) d = / Vip(x) - ¢p(x) de, as m — 400,

which shows that V(. p™) tends to Vp in the distributional sense. The weak or
weak-+ convergence of Vg p™), for g € (1,00) or ¢ = +o0, respectively, follows
by density. O

6.2. Properties of the Rannacher-Turek element. We gather in this section
consistency and stability results for the Rannacher-Turek element, most of them
given in [33], which are used in the analysis of the scheme.

With every function w in Hg(Q)? (or, equivalently, with every set of degrees
of freedom (u,)scg), one classically associates, in the finite-element context, the
function @ from € to R<:

xT) = Z us (o (), for a.e. ¢ € Q,
o€&

with {, the shape function defined by ([I2]). This identification allows us to introduce
the broken Sobolev H! semi-norm [[-Il¢ 1,» given for any uw € He (Q)4 by:

lul2, = 3 / Vi(z) : Vi(z) de.

KeMm

The semi-norm ||ulc is in fact a norm on the space He o(€2)?, thanks to the
discrete Poincaré inequality (see [33]) stated in the following lemma.

Lemma 6.3 (Discrete Poincaré inequality). Let D = (M, &) be a staggered dis-
cretization of Q in the sense of Definition Bl such that 0p < 6y, with Op defined
by ([@). Then there exists C, only depending on d, Q and 0y such that

lulliaoye < Cllullgy, Vo€ He o()%

Let us now denote by r¢ the following natural interpolation operator from H} ()¢

to ng(Q)d:
re H(l)(Q)d — Hg O(Q)d

(26) . reaa) = X lol ([ at@)ar(a) ) X, (@)

o€l

where Xp_(z) is the characteristic function of the dual cell D,. We have the
following stability and approximation properties of r¢.
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Lemma 6.4. Let D = (M, E) be a staggered discretization of € in the sense of Def-
inition B, such that 0p < 0y, with Op defined by (). The interpolation operator
re enjoys the following properties:
— Stability:
va e Hy(Q)?, |reallg, <C 1%/l ()

with C only depending on £ and 6.
— Approximation properties:

va € H2(Q) nHL(Q)¢, VK € M,

lw— @HL%K)d +hi V(- TAEE)HLz(K)dxd < Chr (hkx + ak) [6]uz (k)
with C only depending on £ and 6.

We also have the following classical stability property, which is used when passing
to the limit in the momentum equation (see Section [8.6]).

Lemma 6.5. Let D = (M, &) be a staggered discretization of 0 in the sense of
Definition B, such that 0p < Oy, with 0p defined by (). For o in Epng, let
[@], be the jump of @ across o as defined in (I3, and for o in Eext N E(K), let
), (@) = litny 0 yer @().

Then there exists C, only depending on d, 2 and 0y such that, for all u in
He(Q),

27) (X [l @)’ < Clule,,
UES

where, for all o in &, h, = diam(o).

Finally, the following lemma states that the pair of approximation spaces Hg ()¢

for the velocity (endowed with the finite element broken norm) and Hx,(€2) for the
pressure is inf-sup stable.

Lemma 6.6. Let D = (M, &) be a staggered discretization of 0 in the sense of
Definition Bl, such that 6p < 0y, with Op defined by (). Then there exists § > 0,
depending only on Q and 6y, such that for all p in Haq(2), there exists u in Hg o(£2)?
satisfying

umub—lmd/‘ 2) divpqu(z) dz > B |p — mp)l o

where m(p) stands for the mean value of p over Q.

6.3. Discrete functional analysis. We introduce the following finite volume dis-

crete H'-norm on the space Hg o(£2)%:

2 _
||U||5,FV = Z h(li( 2 Z lugy — Ua'|27

KeM 0,0’ €E(K)

which, by an easy computation, may be shown to be equivalent, over a regular
sequence of discretizations, to the usual finite volume H'-norm defined in [I1].
The following lemma is obtained by using standard properties of the ()1 mapping,
and then invoking a norm equivalence argument for the finite-dimensional space of
discrete functions on the reference element. It allows us to inherit all the discrete
functional analysis results associated with the finite volume H'-norm.
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Lemma 6.7. Let D = (M, &) be a staggered discretization of Q in the sense of
Definition B, such that 0p < by, with 0p defined by [d). Then:

[ullg pv < C lulgy,, Vue He 0(Q)7,
where C' only depends on ), d and 6.

We begin by giving a crucial discrete Sobolev embedding property, which is a
consequence of Lemma and of the results stated in [12] “Discrete functional
analysis” appendix].

Lemma 6.8 (Discrete Sobolev embedding). Let D = (M, ) be a staggered dis-
cretization of Q in the sense of Definition Bl such that 0p < 6y, with Op defined
by (). Then there exists C(q,d,0) > 0 such that

[l oy < Cla,d,b0) [l py,  Vu € Heo(Q)°,
for all q € [1,2%] (with 2* =6) if d =3 and for all g € [1,00) if d = 2.

Remark 6.1. Actually, the important regularity assumption for proving Lemma [6.§]
is the boundedness of the parameters 0¢ ; and f¢ 2 defined in (B))-(6). Note that for
d = 2, one has C(q,d,0y) — oo as ¢ — 0.

The following lemma is a consequence of Lemma and an adaptation of the
proof of [I1l Lemma 3.3].

Lemma 6.9. Let D = (M, &) be a staggered discretization of Q in the sense of
Definition Bl such that 0p < 6y, with Op defined by [@). For any u € He o(Q)¢,
we define its extension u' to the whole space R? by setting u® =0 on R4\ Q. Then
there exists C, only depending on 2, d and 0y such that

2
(28) [l (- + 1) = [l 2gaye < Cllullzy, nl (0l + ko), Vi € RY, Vu € He ().

Finally, an important consequence of Lemma is the following compactness
result, whose proof is similar to that of [II, Theorem 3.10].

Lemma 6.10 (Discrete Rellich theorem). Let (D™),,cn be a regular sequence of
discretizations in the sense of Definition 5.2. For m € N, let u(™) ¢ Heom o(9)4
and assume that there ezists C € R such that, for all m € N, ||u(m)\|5(m>’b < C.
Then, there exists w in H(Q)¢ and a subsequence of (u(™),,en (not relabeled) such
that u(™ converges strongly in L2(Q)¢ towards u as m — oc.

6.4. Estimates on the dual mass convection term. In the following, when
confusion is possible, if the dual fluxes F, . are computed from the fields p € H4(2)
and u € Hg o(Q)? through Fg ,, we denote F, .(p,u) and Fr ,(p,u) for the sake
of clarity. Let us define the mapping:
(29)

Hu(Q) x (Heo()9)? — R

Q™ 1 4 (p,u, v, w) — QP (p,u,v,w) = Z Z Foe(p,u
o€y e€5(D )
The mapping Q%% is a discrete counterpart of the variational formulation of the
convection term in the mass conservation equation fQ div(pu)¢, for test functions
¢ of the form ¢ = v-w where v, w € H}(Q)?. This discrete variational formulation
is obtained from the dual mass conservation equation (IH) by multiplying the local
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mass flux by the test function ¢, = (v, - w,) and summing over o € € (we recall
that F, .(p,u) vanishes at external faces).

The next lemma provides an estimate on the function Q#**°, which is a discrete
counterpart of a similar estimate satisfied in the continuous setting.

Lemma 6.11 (Estimate on QF?%). Let D = (M, E) be a staggered discretization
of Q in the sense of Definition B.1l, such that Op < 6y. Then, there exists a constant
C, only depending on (), d and 6y, such that

(30)

192, 0, w)| < Cllpll eyl epe (I0lhs palwlle , + 0l pelole )

for all p in Ha () and u, v, w in He o(2)%.

Proof. By definition of QF*%(p,u, v, w), we have, recalling that (F,).cx solve

(@R) with £% = 1/(2d):

Q™ (p, u, v, w)

:% > (vg.wg)( > Fre(pu)+ Y FK,U/(p,u))

o€Eint o’€&(L) o’'€E(K)
oc=K|L
_ 1 / /
n ﬁ (UU ! wa) |U |pa’uo’ L R + |U |po"u0’ "MK |-
0EE&int o'e&(L) o’'€E(K)
oc=K|L

Reordering the sum, one gets:

Qe (p, u, v, w)

1
= _ﬁ |U|p0'u0' : nK,o’( Z (UJ’ . w(r') - Z (UJ’ : wo”))

UG%TE o'e&(L) o'€E(K)
o=

1

~ 54 lo|potts ~nK70( Z (Vor - Wyt — Vg - Wy)

JEIE(iTi o'eE(L)
o=

+ Z (Vo - Wy — Uy -w(,/)).

o'€E(K)

Hence,

A

. 1
QF* (pu,v,w)| < oo D ollpellusl Y0 |vor - wer — v, wo|

2d o€E&int o’ €E(K)UE(L)
o=K|L
1
< ﬁ”p”LW(Q) Z |U| |u0| Z |va’ Wy — Vg 'wa|-
0E€Eint o’ €E(K)UE(L)

oc=K|L
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Now, observing that v,/ - Wer — Vo - Wy = Vo + (Wer — Wy ) + W4 - (Vs — ¥, ), ONE
obtains: [Q2%5(p, u, v, w)| < ﬁHPHLw(Q)(TI + 1) with:

T = Z o] |uo| Z Vo | |wer — wol,

o€t o'€E(K)UE(L)
o=K|L
L= Y ol Y ool — vl
oEEins o/ €E(K)UE(L)
o=K|L

Let us estimate 77, a similar calculation yields the estimate on 7. Using twice the
Cauchy-Schwarz inequality yields:

1 1

2 2
n< Y Jollul( Y o) (D fwe —w,?)
af%ili o’€E(K)UE(L) o'€E(K)UE(L)
L 2\2 ( lof? 2\ 2
st S ) (S )
U—Efﬁ’i o' EE(K)UE (L) T oreg(K)UE(L)
3
S IRCAIHEED SN
0€Eint o' €E(K)UE(L)
oc=K|L
Ty 1

(T T )

0€Emy 7! o' €E(K)UE(L)
oc=K|L

T1,2

In T4 1, Holder’s inequality with powers 3 and 3/2 gives:

[N

= 2 0Pt S o)
)

o€Eint o'€E(K)UE(L
o=K|L
1 1
6 6 ) 2\ 3
<X Dallul) (X el Y el
0EEiny 0E€Eins o' €E(K)UE(L)
o=K|L oc=K|L

1

3

< C(bo) [[ullye(q)a < Z ( Z Do [ |v0/2)%)

0€&int o' €E(K)UE(L)
oc=K|L

Again using Hoélder’s inequality with powers 3 and 3/2 in the sum over ¢’ and
recalling that card{€(K)UE(L)} = 4d—1yields T1 1 < C(d, 0o)|ullys(q)allvllysq)a-
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It remains to estimate 77 2, which is done as follows:

2
g
2= Y S

Do |
o€&int o’ €E(K)UE(L)

o=K|L
2
g
= 2 P F e 3wl
aefg‘li T oreg(K) o'€€(L)
o=
2
g
c S (S wett T -wel)
06}9{31‘;2 7 o/, 0" eE(K) o', 0" €E(L)
o=

Reordering the sum and using the regularity of the discretization yields:

BsCw) Y Y Y ww -l

KeM oes(K) ol 0" €E(K)
2 2
= C(0o)|lwl[g v < C(d, 2, 00)||w][¢ ,,

by Lemma [671 Hence Ty < C(d, 2, 00)|wllysq)allvlliz)allwlle . and a similar
calculation gives Tp < C(d, 2, 00)||wllys(qyallwllizq)allvll¢ , which concludes the
proof. O

6.5. Estimates on the momentum convection term. We define a discrete
counterpart of [, div(pu ® v) - w, the variational formulation of the convection
term in the momentum balance equation as follows:
(31)

Hu(Q) x (Heo()9)? — R

Q™1 § (pou,v,w) — QE(pwv,w) = Y wo Y Frclpu)ve
0€Eint ec€(D,)

where v, = (v, + v,) for € = D,|D,: (and F, (p,u) vanishes at external faces).

This section is devoted to derive some estimates on QF°™(p,u, v, w). First,
the analysis of the scheme actually requires an equivalent (or nearly equivalent)
reformulation of this form on the primal mesh M, that makes use of the primal
fluxes F »(p,u). Indeed, contrary to the dual fluxes Fi, (p,u), the expression of
Fr ., (p,u) with respect to the unknowns p € Ha(Q2) and u € Hg (Q)? is simple.
This motivates the introduction of the following auxiliary mapping:

HM(Q) X (Hg’o(Q)d)?’ — R

Qu™ Y (pru, v, w) — QR (pu,v,w) = Y wi- > Fro(p,u) v,
KeM cEE(K)

where wi = 3 e () {k Wo 18 a convex combination of (wg)see(x), Whose co-
efficients are defined in ([I7) (thus, as said before, we have in practice £ =
1/card £(K) = 1/(2d)). The following lemma provides a bound of the error made

when replacing Qg'°™ by QW™ in the weak formulation of the scheme.
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Lemma 6.12. Let D = (M, &) be a staggered discretization of § in the sense of
Definition B, such that 0p < 6y. Let p € Hp (), and uw and v be two elements
of He o(Q)?. Then, for any e € (0,1] ifd =2 and ¢ € [1/2,1] if d = 3, there exists
C depending only on Q, d, 6y and € such that:

mom mom 2 —
(32) ‘Q (p7 ’U,,’U,,’U) Q (pa’uﬂuav)‘ < OHpHLOO Q ||’u’||£,b ||'U||S7b th B
()

Proof. Let us denote R(p,u,u,v) = QF°™(p,u,u,v) — Q™ (p,u,u,v). In the
expression [BI)), for o = K|L, let us split the sum over the fluxes through the faces
of D, in the sum over the dual faces, on one side, included in K and, on the other
side, included in L. We get by conservativity (i.e., using Fr , = —FL »):

leom(p,u7u7v) — Z Z Vs - (FKO’ p,u )

KeM oce&(K)
Uy + Uy
+ § Fa,e(p7u) T)

ec€(D,),
eCK, e=D,|D/,

Let us write Q2™ (p, u, u, v) = Ti(p, u, u, v) + Tr(p, u, u, v) with:

Uy + Uy
T p,uuv Z VK- Z (FK(J’ pP,u ua’+ Z Fo’,ﬁ(puu) T)a
KeM ce&(K) €ES(DU),
eCK, e:DU\D;

Ta(p, u, u,v) Z Z o —VEK)" (FK,J(p,u) u

KeM oceé(K) n
Uy ug/)

+ Z Foc(p,u) 9
eeg(Dg),
eCK, s:DU|D;
By assumption (H2) in Definition HIl we remark that Ti(p,u,u,v) =
A™ (p, u, u, ) so that R(p,u,u,v) = Tar(p,u,u,v). Now using (H1), we write
R(p7 u,u, ’U) = Rl (p7 u,u, ’U) + RQ(pa u,u, ’U) with:

Ri(p,u,u,v) = Z Z o —VK) ( Z F,e(p,u) %),

KeM ce&(K) ccé(D,),
eCK, s:DU\Dg

RQ(pvuauav Z Z _UK © Uy g?{( Z FK,U’(pau))'
KeM oce&(K) o'€&(K)

The assumption (H3) yields [Fyc(p,w)| < Cplly o (q) @/l () het. As a con-
sequence, since vg is a convex combination of the (vg)geg(K), we have for any
K e M:

Y w0 Fedpw) 2T

o€&(K) ec€(D,),
eCK, e=D, \Dg

<C Hp||L°°(Q) ||u||Lo<>(Q)d hp Z h([i;2 Ve — Vo | [Uor — uor|,
o,0',0",0"€E(K)
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and, for o, o' € E(K), the quantity |u, — uy/| (or |v, — ve|) appears in the
sum a finite number of times which depends of the dimension d. Hence, by the
Cauchy-Schwarz inequality:

[B1(p, w, w,0)| < Clpllpes o el [[elle gy 0]l gy ho

33
(33) o

<Pl qy 6l e 9y

by Lemma [67 Let us now turn to Ra(p,u,u,v). By definition of vy, we have
Yoce(r) €k (Vo —vk) =0, and we obtain that:

Ry(p,u,u,v) = Z Z o —Vk) &% (ug—uK)( Z FK,U/(p,u)),

KeM oce&(K o’'€E(K)
so, once again:
(34)
|R2(p, u, u,v)| < C”P”Lw(Q)HUHLw(Q)d hp Z h?{Q Z v — VK| |Uuo —uk
KeM c€E(K)

<cC HPHLOC(Q) ||u||L°°(Q)d ||u||EFV ||U||5,Fv hp
< Cpllpes @) el @y 1wl b 0l p 2

We conclude thanks to an inverse inequality. Let ¢ and ¢’ in [1,+o00] such that
1/qg+1/q" = 1. We may write |||}« gy = |us| for some ¥ € . Hence,

el @ye = D]~ /D u(@)| dz < O(d) [Ds V"~ |ullpo(py)
b}

by Holder’s inequality, and therefore ||« < C(d,00) hp d(1/q'-1) ||u||Lq(Q)d.

Now by Lemma [6.8, we obtain (in particular) that [[u(;q g S C(q) [lullg,, for
€ [2,4+00) in 2D and for ¢ € [3,6] in 3D, thus for d(1/¢' — 1) € [-1,0) in 2D and
d(1/q¢" — 1) € [-1,—1/2] in 3D. Combining these bounds with [B3]) and [B4)) yields

the inequality that we are seeking. ]

Let us now give some estimates on the auxiliary form Q3™ (p, u,u,v), which
are discrete counterparts to classical continuous estimates.

Lemma 6.13 (Estimates on Q™). Let D = (M, &) be a staggered discretization
of Q in the sense of Definition Bl such that 0p < 0y. Then, there exists two
constants C1 and Co, only depending on 2, d and 0y, such that

(35) QM (pyu, v, w)| < ClHPHLoo(Q)||u||L4(Q)dHUHL4(Q)d||wH5,b
< CQHPHLOO(Q)”uHS,bHvH&b HwHS,ba
for all p in Ha () and u, v, w in He o(2)%.

Proof. By definition of Q%™ (p, u, v, w), we have
Qljl\l/([)m(p7u>v7w): Z Wk - Z FKO’ p,u

KeM ce&(K)

S wie S ol(pets - mis) vo

Kem c€e&(K)
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Reordering the sum and applying the Cauchy-Schwarz inequality twice, we get

o
|Qm0m(p7u7u7fv)|:‘ Z | Do |(pothe - MK.o) Vo - o]

: —(wp — wK)‘
o€&int ‘DU|

o=K|L
2 2 2 |‘7|2 2 B
< elleioy ( 32 1Dolluoloa)" (32 (5o — wl?)
oE€Eins oc€Eins 7
o=K|L o=K|L
|‘7|2 2 2
< 1l gy Nl s 0o (32 5 ||wL—wK|)
0EEint 7
o=K|L

Now, as wr and wg are convex combinations of (ws)scg(r) and (Wq)oce (k) Te-
spectively, we get, using the fact that the number of faces of an element is equal to
2d:

lwp, —wgl|? < (2d) Z [wor — wen|?

o'e&(L)
o"€E(K)
< (2d)3( S we—we P+ Y Jw, _wg,,|2),
o’,0"€€&(L) o’,0"€E(K)
Hence
2
(o
Z ‘ | |wL _,wK|2
S5 Dol
int
oc=K|L
2
S O(d) Z ‘-g—|( Z |’U]a/ — ’UJU//|2 + Z |’LU0./ — ’LUO.//|2>
Uegint| U| o’,0”€E(L) ol,0"€E(K)
oc=K|L

DY Y S e

KeMoe&(K) "l oo EE(K)

C d 90 Z Z hd 2 Z "U)g/ - wgu‘z

KeMoe&(K) o', 0"eE(K)
2
S O(d,Q,eo) H'll]”g b

by Lemma [6.71 This proves the first inequality in ([B5). The second inequality fol-
lows from the fact that, by a discrete Hélder inequality, [|u[|jqqye < |Q|1/12 16 2y
and from the discrete Sobolev inequality |lulljsqe < C(d,bo)[lul¢,, stated in
Lemma O

7. MAIN PROPERTIES OF THE SCHEME

We first establish stability properties enjoyed by the scheme (Section [(]), which
are the discrete analogues of estimates satisfied by the exact solutions of problem
(@): maximum principle for the density, and L°°(L?)- and L?(H!)-estimates for the
velocity. This latter estimate is an easy consequence of a discrete kinetic energy
balance, which is stated in Lemma In a second step (Section [[2]), we show
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that these estimates yield the existence of a solution to the scheme, by an argument
issued from the topological degree theory.

7.1. Estimates on the discrete solution. Let us start by stating a discrete
equivalent of the following transport equation satisfied by p?/2, if (p, u) is a solution
to problem (I):

2 2
at(%) n div(%u) — 0.
This discrete identity is rather classical (see e.g. [11]) and we only sketch its proof.

Lemma 7.1. Any solution to the scheme (@) satisfies the following equality, for
dl KeMand1<n<N:

K¢, . e 1
(36) oo (0P = (k) +5 D Il (o) (ul - mico) + R =0,
oc€e€&(K)
where

(n_ n71)2_1

K
(37) R, _u K — Pk

K™ 96t > ol (ph = ph)? (up -k o) > 0.

ce&(K)

Proof. Multiply @al) by |K| p%. In the discrete time derivative term, use the iden-
tity 2 (a® — ab) = (a® — b?) + (a — b)? with @ = p}% and b = pl='. In the discrete
convection term, use the identity 2ab = a* 4+ b? — (a — b)? with a = p% and b = p.
The quantity >, ce s lo|(p%)*(ul - n. ) vanishes because (diva) = 0. O

Remark 7.1. A similar result may be obtained for the partial differential equation
satisfied by 1(p), where 1 is any convex real function, and generalized to the case
where the velocity field is not divergence-free (see the appendices of [24]).

We now prove a discrete equivalent of the kinetic energy balance. Recall that
in the continuous setting, this relation is formally obtained by taking the scalar
product between u and the momentum balance equation (Ih)); this yields, using
the mass balance equation ([Ial) twice:

uf? |u?

8t(p7) + div(pTu) —Au-u+Vp-u=0.

In the discrete setting, this computation must be mimicked on the mesh used for
the discretization of the momentum balance equation, namely the dual mesh. This
is the reason why we chose the density on the diamond cells and the mass fluxes on
the faces of the dual mesh in such a way that the discrete mass balance equation
([I3) holds on the dual cells. Thanks to this choice, we obtain the following identity.

Lemma 7.2 (Discrete kinetic energy balance). Any solution to the scheme (@)
satisfies the following equality, for all 0 € Epy and 1 <n < N:

1 n n|2 n—1 n—1|2 1 n n n
(38) 2_& (de ‘ua| — Pp, |ua' | ) + m Z Fa‘,e Uy - Uy
(Ds)
EZDU‘DUJ
—(Au)g -ug + (Vp)y - ug + R; =0,

where

1 _ _
R = 55 Pb, b lug —ug TR



A CONVERGENT STAGGERED SCHEME 603

Proof. Let us take the scalar product of the discrete momentum balance equation
@OB) by the correspondlng velocity unknown [}, which gives the relation 77 —
(Auw)? - ul + (Vp)2 - u? = 0, with:

1 n o,n nfl 1 n n n n
Tl - (&(pDaua - pDa ) + m Z Fa,e (uo + ua’)) c U,
ec&(Dy)
e=Dy,|D,/
Now, using the identity 2 (p|a|* — p*a-b) = pla|® — p*|b|*> +p*|la —b|> + (p— p*)|al?
with p = p}} , p* = pp ", ' a=wu" and b= u?"!, we obtain

]' T n n— 1 n—
T = 5 (ohfunl? = o ™ ) + 5 it —
1
tap, 2
E=D(,-|Da/
1 1 |ua‘2
+ (55 (b, =P )+ 10,7 YD By ) e
ec&(Dy)

The last term is equal to zero since the dual densities pp, and the dual fluxes F, .
are chosen so as to satisfy the discrete mass conservation equation (I5)) on the cells
of the dual mesh. This concludes the proof. O

Lemmas [.1] and allow us to prove the following proposition, which gathers
the “local in time” estimates satisfied by the discrete solutions. The first three
inequalities readily provide by induction uniform (i.e., independent from the time
and space steps) bounds for the solution. On the opposite, the right-hand side of
inequality ([42) blows up when the time step tends to zero, which is consistent with
the fact that no estimate is known for the pressure in the continuous case; this
bound is thus useful only for the proof of the existence of a solution to the scheme.

Proposition 7.3 (Estimates on the discrete solutions). Let D be a staggered dis-
cretization of Q in the sense of Definition B, such that 0p < 6y where Op 1is
defined in ([@). For n € {1,...,N}, assume that the density p"~' is such that
0 < pmin < p}?l < Pmax for all K in M. Then, any solution (p™,u",p™) to the
scheme @) satisfies the following relations:

(39) Pmin S pTIL{ S Pmax VK S M7

(40) 5 > KR + 5 D ol ok — p)? ,
KeM o€Eint
o=K|L
1 n—1\2
D) Z |K (P
KeM
1 n n n 2 n 1 n— n—
(1) 5 Y IDlp lunl ot 2+ R = 5 S Dl
0EEint 0€Eint

(42) 1P" 20 < Tt

where C7'~1 only depends on p"~', "', 0y, d, Q, 6t and hp. The terms R} and
R are the following non-negative remainders which depend on differences of time
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translates of the density and the velocity respectively'

=3 3 IK] (o — i 5 Dol -y P

KeM O'GEmt
Proof. The maximum principle for the density (39) is a classical consequence of the
upwind choice ([@al) and the discrete divergence-free constraint (Oc)). Relation ([0
is obtained by summing (B6) over the cells of the mesh. As usual, the convective
terms (i.e., the second term in (BGl)) vanishes by conservativity; the second term
in Q) is obtained by summing over the cells the second term of the remainder
(7)), and using the definition of the upwind approximation of the density at the
face. Similarly, summing equation (B8] over the faces o € &y, yields {I]), since the
discrete gradient and divergence operators are dual with respect to the L2-inner
product (see ([23])) and the convection term vanishes in the summation once again
by conservativity (assumption (H2) of Definition [.1]).

Finally, we prove the estimate on the pressure. The Rannacher-Turek finite ele-
ment discretization satisfies an inf-sup condition, which implies that for p™ solution
of [@) (observing that [, p"(x)dx = 0), there exists v in Hg o(Q), with [lv[¢} =1
and a positive real number [, dependlng only on  and 6y, such that

/Qp"(a:)divMU(:c) dz = B {Ip" (| 12(q)-

Hence, taking the scalar product of (@D) by |D,| v, and summing over o in &y,
we get ||pn||L2(Q) <Ty + 15+ T3 with

1 _ _
Ti= 5 3 IDol(phup — o up ™) - v,

0€Eint
D ver ) Frul
0€Eine ec€(D,)
- Z Do |(Au)g - vo
o€Eint

We prove that each one of these terms is controlled by a constant depending only on
P w0, d, Q, 8t and hp. For the first term we have, by the Cauchy-Schwarz
inequality'

T < = 32 1Dl fug - ol + o ™ v,

ae&m
< pm“( S Dl ()2 [ wol + 3 Dol (o) 2 s v )
0€Eint €&t
pl/2 1/2 1/2
max n— n—
< P o gy (D2 10410 Tz )2 4 (X 1Dl ot ™ 2)%).
0€Eint o€t

We thus obtain the expected control on 7; by invoking (I) and the Poincaré
inequality of Lemma 6.3, which yields [[v]|;2q) < C [Jv¢;, = C, with C only
depending on d, © and 6. For the second term, we have T, = QW™ (p™, u™, u™, v)+
Qpem(p, u”7 u™, v) — Q™ (p", u”, u", v) which by Lemma 612 (with € = 1) and
Lemma [6.13] yields:

|T3| < CpmaxHun”g bHng b T C/Pmaxuun”f: bH'UHg b= c”,
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where C” depends on , d, 6t, p" !, u™ !, 6y and hp. Finally, to control the last
term T3, we observe that:

Tgfz/v Vo(x) de.

KeM
Using first the Cauchy-Schwarz inequality for the integration on the cell K and
then the discrete Cauchy-Schwarz inequality for the summation over K in M, we
easily obtain |T3| < |lu™||¢ ,||v]/¢ 1, and we conclude once again by (&I)). O

7.2. Existence of a solution to the scheme. The existence of a solution to
the scheme (@), which consists in an algebraic non-linear system, is obtained by a
topological degree argument. Its proof is based on an abstract theorem stated in

Appendix [A 7]

Theorem 7.4 (Existence of a Solution) For n € {1,...,N}, assume that the
density p"‘l is such that 0 < pmin < Pk < Pmax for all K i M. Then the non-
linear system (@) admits at least one solution (p",u™,p") in Ha(Q) x He o(Q)4 x
Ha (), and any possible solution satisfies the estimates of Proposition [[3]

Proof. This proof makes use of Theorem [AJl Let Ny = card(M) and Ng =

d card(En); we identify Haq(2) with RV and Hg o(Q)¢ with RVe. Let V =
RVM x RNe x RNM. We consider the function F': V x [0,1] — V given by:

1
&(PK—PK +)\|— Z Fy o, K e M,
oe&( )
1
E(pD{,uo' Pg lun 1 Z Foye”e
F(pvuvpa A) = (-:ES(D

_(Au)a + (Vp)au o€ ginty

LeM

—(divu) g
|K |

The function F' is continuous from V x[0, 1] to V and the problem F(p,u,p,1) = 0is
equivalent to system (@)). Indeed, multiplying the third line in the above formula by
| K|, summing and using the fact that u, = 0 for o € ey yields >, o\ |L| pL =0
and therefore (divu)x = 0 for all K € M. Moreover, an easy verification shows
that the problem F(p,u,p,\) = 0 for A in [0,1], satisfies the same estimates as
stated in Proposition [[3] uniformly in A. Hence, defining

Pmin
0= {(p,u,p) eV st. 5 <P< 2 pmaxs e, < C and [|p]l12(q) < C’},

with C (strictly) larger than the right-hand sides of (Il and ([#2I), the second hy-
pothesis of Theorem [A.Tlis also satisfied. Therefore, in order to prove the existence
of at least one solution to the scheme (), it remains to show that the topolog-
ical degree of F(p,u,p,0) with respect to Oy and O is non-zero. The function
G : (p,u,p) = F(p,u,p,0) is clearly differentiable on O, and its Jacobian matrix
is given by
50 —Idpn o xmvag ‘ 0
Jac G(p,u,p) = a
)| st

3
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where A is some matrix in RNeXNm and S(u,p) € RWetNa)x(NetNat) g the
jacobian matrix associated with the inf-sup stable Rannacher-Turek finite element
discretization of the following Stokes problem:

find (u,p) such that / p(x)dx =0 and
Q

6115 (z)u—Au+Vp=0, inQ,
(43) divu = 0, in Q,
u =0, on Jf).

With A = 0, the density unknowns (px)xer are set to (plx ')xea by the first
block of equations, so the values of the density at the faces (which is computed
over each dual cell D, as a linear combination of the density in the neighbor cells)
are also known, and positive. The generalized Stokes problem ([A3]) thus also has
one solution and only one, and there exists one and only one point of O such that
F(p,u,p,0) = Oy. Since the Jacobian matrix at this point is invertible (since
Idgvaxnva and S(w,p) are invertible), this implies that the topological degree of
F(p,u,p,0) with respect to O and Oy is non-zero. Therefore, by Theorem [AT]
there exists at least one solution (p,u,p) to the equation F(p,u,p,1) =0, i.e., to
the scheme ([@). O

8. PROOF OF THE CONVERGENCE RESULT

We begin by proving discrete analogues to the classical estimates satisfied by the
exact solutions of problem () (Section BI]). These are uniform estimates in the
sense that they only depend on the parameters of the problem and on the upper
bound 6y on the discretization regularity. Then, in Sections and B3] we prove
strong compactness for the discrete velocity and weak compactness for the discrete
density. We then conclude the proof by passing successively to the limit in the mass
and momentum balance equations (Sections [84] and B, respectively). In this last
step, we actually need strong convergence for the sequence of discrete densities,
which is proved in Section

8.1. Uniform estimates. We define Ep(Q) = {u € He o(Q)¢, divpu = 0} and
we endow Ep(f2) with the norm ||.[|g}. For ¢ in [I,00), we define on the space
of discrete velocity functions (see expression (20)) the following L2((0,T); Ep(f2))
norm:

||u||Lq (0,T);Ep(Q)) 5t ||unH5b
()

Proposition 8.1 (Uniform estimates for discrete solutions). Let D be a given
staggered discretization such that Op < 0y for some positive real number 68y and let
0t be a given time step. Let (p,u,p) be the corresponding discrete solution given by
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the scheme (@), as defined in 20). Then the following estimates hold:

(44) Pmin < p(2,t) < pmax, for allt >0 and for a.e. x in S,
N
(45) Z‘St Z o[ (pF = P )?[ul - k0| < Co,
n=1 0EEint
o=K|L
(46) 1wl o,m) 120 + 1%llez0.1):50 @) < C1s

where ppin and pmax stand for the minimum and mazimum values of the initial
density po, as defined in assumption [2al) of Section 2, and Cy, and C; are positive
real numbers depending only on T, Q, d, pg, ug and 6.

Proof. Estimate (44]) is a direct consequence of equation (B9) in Proposition
Inequality ([#H) is obtained from Q) after summing over n. In the same way, the
estimates on ||[ulpe ((o.7).12(n)) ad [[©lli2(07),5p () are obtained through (EI)
after summing over n and using the fact that p is positive and bounded from below
by Pmin > 0. O

8.2. Compactness of the sequence of discrete velocities. In this section and
in the following one, (p(m), u(m))meN are the discrete densities and velocities so-
lutions of the scheme (®)-(@) associated with (D™ §t(™),  y a regular sequence
of staggered discretizations and time steps. In this section, we prove the following
compactness result on the sequence of velocities (u(m))meN.

Proposition 8.2. Under the assumptions of Theorem [B.1], there exists
€ L((0,T); L2(Q)Y) nL2((0, T); Hy(Q)9),  with div(w) = 0,

and a subsequence of (w\™)pen, still denoted (w'™),en, which converges to @
strongly in L((0,T); L2(2)%) for all g € [1, 00).

The proof of Proposition relies on estimates of the time translations of the
velocity. The following lemma provides an estimate on the L?(L?)-norm of the
time translations of the discrete velocity w for a given discretization D, which leads
to strong compactness in L2((0,7); L%(Q)?) through Kolomogorov’s compactness
Theorem stated in Appendix [Bl

Lemma 8.3 (Time translations of the discrete velocity). Let D be a given staggered
discretization such that 6p < 6y for some positive real number 6y and let 6t be a
given time step satisfying 6t < 1. Let (p,wu,p) be the corresponding discrete solution
given by the scheme @), as defined in [20). The discrete velocity w satisfies:

T
[ Tt = ut = Dl et
(47) .
1
<y (7'i +otE + h%) , for all T € (0,min(T, 1)),

where Cy is a positive constant, depending only on T, Q, d, pg, ug and 6.

Proof. Let T be a given real number in (0, min(7,1)). For every t € (7,T), let n, k

be the two integers defined by n = [£ | and n — k = [557|. It is casily seen that



608 J. C. LATCHE AND K. SALEH

0<n—k<n<N and két <7+ 6t. We have for all o in &E;:

pi F(ul —ul™*) = (pp ul — pp Ful ) -

n n

— -1

= Y R B S VA )
p=n—k+1

pnk:+1

(o, — o)

n

> 5t[—|Dc,|*1 > FPul+ (Au) (Vp)ﬁ]

p=n—k+1 ec€(Dy)
n
-1
> oDt Y F
p=n—k+1 eES(D )

by the discrete momentum balance equations QL) and the discrete mass balance
over the dual cells (I5). Let v(.,t) be a time-dependent element of Ep () which

we denote v(x,t) = Y ¢ Vs (t)xp, (%) and denote p(x,t —7) = Y ¢ P xp, ().
Taking the scalar product of the above equation with |D,| v, (t) and summing over
o € & (recall that v, () = 0 for o € Eexy), we obtain:

[ At =Dt =t =) - 0lt) = 3 1D = ) ()

o€&int
=1 (t) + Tg(t) + Tg(t) + T4(t)7

where:

Yot Y IDs| (V) - wa(t),

p=n—k+1 0€Eint

W= Y 6t Y Dl (A v,

p=n—k+1 0E€Eint

Zn: 5t welt) Y

p=n—k+1 0E&mn: ec€(Dy)
L= > 8t (ug-vet) Y, Fie
p=n—k+1 0E€Eint EGS(DG)

Since divapw(.,t) = 0, by the discrete gradient-divergence duality (see Lemma

[6.1]), one has T3 (t) = 0.
The second term is controlled as follows:

|T2(t)|:’ En: 5ty /vup Vo(t)(x)dz

p=n—k+1 KeM

n
< Z 5t|‘up‘|g,b||”(wt)”5,b

p=n—k+1

< dthwrlzy) 000 F o 0)lle,

p=n—k+1
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by the Cauchy-Schwarz inequality. Hence |T5(t)| < Cy (7 + 6t)2 [v(.. )¢, by esti-

mate (AG), which gives [Th(t)] < C1(71 + 6t%)||v(.,1)| ¢, since 7, 5t < 1.
For the third term, we remark that

Ta(t)=— > 6t QEU(pF ul P, v(. 1)) = Tya(t) + Tsa(t)
p=n—k+1
with:
Ty == S 6 (QE (PP (1)) — QR (0P (1)),
p=n—k+1
T59(t) Z 0t QR (PP, uP, uP v (., t)).
p=n—k+1

By Lemma [6:12] and estimates (44]) and (#G]), the first term is controlled as follows:

n
2 —
Toa ] <C S 6t Pl iy 0?12, (Dl b
p=n—k+1

< OHPO|IL°°(Q)012||U('7t)”é‘,bth_Ev
where C' is a positive constant depending only on 2, d and 6y. One may choose

e = 1 for both dimensions d = 2 and d = 3. By Lemma 613} the second term
T39(t) is controlled as follows:

2
T32(1)] < Z 5t‘|ﬂp||Loc(sz)d Hup||L4(Q) ||U(~7t)Hg,b
p=n—k+1

1
< ol ol llen 0t (30 at i)
p=n—k+1

thanks to Holder’s inequality with powers 4 and 4/3. We then remark that
1 3 1 3 1 3
||up||L4(Q) < ||up||ﬁ2(Q)||up||ﬁ6(Q) <CY Hup”ﬁﬁ(ﬂ) < CfC(d,Q,@o)HupHéb

by the Cauchy-Schwarz inequality, estimate (@G and the discrete Sobolev embed-
ding given in Lemmas[6.8and[6.7 Injecting this in the above inequality on |15 2(¢)],
and invoking once again estimate (6] one gets:

1T2(0)] < CECU, 280 [pallm o [ (500 (32 a2,
p=n—k+1

< CYC(d, 2, 60)?[|polly, 0y (T + 5t)%”v(‘7t)|‘£,b'

1
Hence, [T3(t)| < C (7% +6t5 + h3)|v(.,t)||¢, for some constant C' depending only
on the initial data and on Q, T, d and 6.
The fourth term can be estimated as follows. We first remark that

Ty(t)= > Q™ (pP uf, u",v(.,1)),

p=n—k+1
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where, by Lemma [6.17] one has

QB (P P " (1))
< Ol e ey 1907 lsgays (1" lisgapall o Dlle g, + 10 Olaqapallells )

Using estimate ([A4)) on the density, the fact that u™ = u(.,t), and the now familiar
continuous embeddings He ()¢ € LE(Q)4 C L3(Q)?, one gets:

T <€ Y stfullelulst)leplloC Oley,
p=n—k+1

<Ot (D otz ) s )l p o Dlle e

p=n—k+1

Using once again estimate (0], and the fact that 7, 0t < 1 yields |Ty(t)| <
C(r5+6t7)||u(.,t) le pllv(, 1)l gy, for some constant C' depending only on the initial
data and on Q, T, d and 0. 7

Collecting the estimates on T (t), To(t), T3(t) and Ty(¢), one gets:

[t =) = ulet =)ol
Q

1 1 1 2 2
<SO(r1+6t1 + ) (1+ [l )y, + llul, Dlg 1)
Finally, selecting v(.,t) := u(.,t) — u(.,t — 7) and recalling that p(.,t) > pmin > 0
almost everywhere for all ¢ € (0,7 yields:

2 1 1 1 2 2
(s t) = ul(t = 7)[f2ie < C(TT+0tT+h3) (1+2]lult —7)|g, 3wl 1)z )

Integrating for ¢ in (7,7") and invoking once again estimate (46]) yields the expected

result (@T). O

We may now give the proof of Proposition

Proof of Proposition 82 We proceed in four steps.

- Step 1: compactness in L?(L?). The first step consists in extracting a
strongly converging subsequence from (u(™)),,cn thanks to Kolmogorov’s com-
pactness Theorem. This result is recalled in appendix [B] (Theorem [B.1)). In our
setting, the Banach space B of Theorem [B.1lis L?(Q)?, p = 2, and the subset A
is defined by A = |J,,cn{u™}. Any u(™ € A satisfies ||u(7n)||L2((0’T);L2(Q)d) <
C’||u(m)||L2((0 T)E, ) < CC1 by the Poincaré inequality of Lemma 63) and

TiEL(m
estimate (@8] so that A C L2((0,T);L2(2)4). We now check the three assump-
tions (h1)-(h3) of the Theorem.

- (hl) — The operator P is defined by extending any function u € A by
zero outside the interval (0,7T). Clearly, one has [[Pullizg.12(0)0) =
||u||L2((O,T);L2(Q)d') S Cl fOI' all u < A

- (h2) — For all ¢ € C2°(R,R), and u(™ € A, the quantity [;(Pu(™)¢dt
is an element of He(m) (€)% with:

T
||/R(Pu(m))¢dtl|g( - S/O 1% () g |00 At < Clldllrz om)m):

)
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by the Cauchy-Scharz inequality and estimate (46]). Hence, by the dis-
crete Rellich Theorem 610, the family { [, (Pu)$dt, u € A} is relatively
compact in L2(Q)%.

- (h3) — Tt remains to prove that || Pu — Pu(d — 7) [|2(r 12(0)a— 0 as
7 — 0% uniformly with respect to u € A, where the square stands for the
time variable ¢. For all u € A and 7 € (0,T) we have:

| Pu— Pu(D—7) ||i2(R,L2(Q)d)

T T
:/O ||u(.,t)\|§2(mddt+/ ) = (et — )2y

T
2
4 /T (s £)[22 0 I

Thanks to the L>°(L?)-estimate (@6, the first and third terms are each
controlled by C? 7, and the second term is controlled thanks to Lemma
on the time translations of the velocity. Let ¢ > 0 be a small real
number (smaller than 1). There exists M € N such that, (5(™)3 < ¢
and (h(™)z < ¢ for all m > M. Let 7 be a real number in (0, min(7, 1))
such that 71 < e. Thanks to Lemma B3] we have, for all m > M:

| Pul™ — Pu™ (0 =7) |2 rn< 3C2 +2C) e, Vr e (0,7).

Now, by a classical result, | Pu(™) — Pu(™) (0 1) ”i?(R,L%Q)d) tends to
zero as 7 — 0 for a fixed m < M. Hence, for all m < M, there exists
7(m) > 0 such that
| Pu'™ — Pu™ (O - 7) H%Q(R,LQ(Q)d)S g, vr € (0,7™).
Defining
7 = min(7, min{7"™, 0 <m < M}) and C =max(1,3Cy +2C?),

two numbers which are independent of u € A, we have proven that:

O<7<7 = | Pu— Pu(O—17) Hi2(R7L2(Q)d)§ Ce, Yu € A,
which expresses that || Pu — Pu(0 — 7) |2 r2@)e— 0 as 7 — 0F

uniformly for u € A.

Hence, Kolmogorov’s Theorem[B.Tlapplies and there exists u € L2((0,T); L2(2)9)
and a subsequence of (u(™),,cn, still denoted (u("™),,cn, which converges to-
wards @ in L2((0,7); L2(Q)?) as m tends to infinity.

- Step 2: convergence in L?(L?). As u(™ — @ in L2((0,7);L*(Q)?%) we
clearly have convergence in LI((0,7);L2(2)9) for 1 < ¢ < 2. Thanks to (@8],
we have Hu(m)HLm((oj);Lz(Q)d) < (C, for all m € N. Hence, there exists u €
L>°((0,T); L2(2)?%) and a subsequence (u®™),,cy such that w®(™ —* 4 in
L°((0,T); L2(Q)%). As w?™ — @ in L'((0,7);L2(Q)%), the uniqueness of
the limit in the sense of distributions implies that @ = @, which means that
w € L°°((0,7); L2(2)%). Now, using a classical interpolation result on L?(0,T)
spaces, we have for all ¢ € [1,00)

m — m : — m 1-1
I8 = w0 ryraysy < 18 = u™ IE o ynz @ 18 = v ™ Lo myee @)
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which implies that w(™) converges towards @ in LI((0,T); L?(Q)%) for all q €
[1,00) as m tends to infinity.

Step 3: regularity of the limit. According to (@), [Ju(™ l12(0,7): (@) =
T Ep(m

Cq, for all m € N. Integrating equation ([28) of Lemma along the time

variable, we get

(m) (m)
( (-

4n,0) - uf D)\Iiz<Rde)d <CCEnl (Inl+ ™), WneR?, ¥meN,
where the dot stands for the space variable x, the square stands for the time
variable ¢, C' is independent of m, and ut™ is the extension of u(™ to R¢ x R
by setting w'™ =0 on (R4 x R) \ (2 x (0,T)). Let u* be the extension by
zero of @ outside Q x (0,7T). Since ut™ s @tin L*(R? x R)¢ and h(™ — 0 as
m — 00, passing to the limit in the above inequality yields

lf (4 7.0 = 0 (. D) [ ey < 'l ¥ € B

This implies that Va € L%(Q x (0,7)) and that @ = 0 on 99 since u* = 0
outside Q x (0,7). Hence, u € L2((0,T); HZ(Q)%).

Step 4: the limit is solenoidal. It remains to prove that divu(x,t) = 0 for
a.e. (x,t) in Q x (0,T). We have u(™ — @ in L?(Q x (0,7))?. By the partial
reciprocal of the dominated convergence theorem, there exists a subsequence still
denoted (u(™),, ey such that for a.e. t > 0, u(™ (., t) = a(., ) in L2(Q)¢. Now
let ¢ € C°(Q x (0,T)) and for ¢t > 0, let ¢ (t) = |[K|™* [, ¢(x,t) da for every
K in M™)_ For a fixed m € N, denote by ¢(™(¢) the function of Hymy ()
defined by ¢(™)(t)(x) = ¢k (t) for all z in K, K in M) Since ¢ is smooth,
we easily prove that for a.e. t > 0, ¢(™(t) — ¢(.,t) strongly in L2(Q)? as
m — 400 and ||V g(m)p(™ OllL2qya < CIV (., )[lp (e for all m in N, where
C depends only on d, Q and 6. By Lemma B2 for a.e. t > 0, Ve ¢ (1)
converges weakly in L2(2)¢ towards Vé(.,t) as m tends to infinity. Finally, we
may write for a.e. ¢t > 0:

0—/¢ (z)div pgomul™ (2, t) d
- /u(m (,t) - Vem o™ (t)(x) dee

Q
— — [ a(xz,t) - Vo(z,t)de as m — +oo.
Q

Since ¢ is arbitrarily chosen, this proves that, for a.e. t > 0, diva(.,t) =0 as a
function of L2(2)¢ and therefore divie = 0 a.e. in Q x (0, 7). O

Compactness of the sequence of discrete densities.

Proposition 8.4. Under the assumptions of Theorem Bl there exists p in
L2 (2 x (0,7)) with pmin < p < pmax a-e. in Q x (0,T), and a subsequence of
(PN men, still denoted (p("™)men, which converges towards p in L>2°(Q x (0,T))
weak-*.

Proof. By (@4)), we have ||p(m)\|Loo(Qx(o,T)) < Pmax for all m in N, which implies

the weak-star convergence of a subsequence of (p("™),,cn, still denoted (p"™)nen,
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towards some function p in L>(Q x (0,7)), i.e., for all ¢ in L1(Q x (0,T)):

T T
(48)  lim_ /0 /Q o (x, ) p(x, t) dee dt = /0 /Q pla,t) ¢(a, t) da dt.

Furthermore, an easy consequence of ([@4]) and (@]) is the non-negativity of the
integrals

/oT/Q(p(w’t) = pmin) Xa(@, t)dwdt - and /()T/Q(pmax—p(m,t))XA(w,t) da dt

for any Borelian set A of € x (0,7T), which is equivalent to pmin < p(@,t) < pPmax
a.e. in Q x (0,7). O

8.4. Passing to the limit in the mass balance equation.

Proposition 8.5. Under the assumptions of Theorem [B5.11, the weak-star limit in
L®(Qx(0,7)) of (0™ ) men, p, and the strong limit of (w"™) en in L2(2x(0,T))4,
u, satisfy:

T
—/O /Qp(a:, t) (@qﬁ(a}, t) +a(z,t) - ng(m,t)) dedt = /on(:c)gb(w, 0)de
for all ¢ in CX (22 x [0,T)).

Before proving this proposition, we first state the following lemma, the proof
of which is easy and relies on Taylor’s inequalities for functions with at least C2-
regularity.

Lemma 8.6. Let D be a given staggered discretization such that Op < 6y for some
positive real number 0y and let 5t be a given time step. Let ¢ € C*(Qx[0,T)) and,
forn in {0,..., N}, let us define:

- % = d(xK,ty) for all K in M, with zx the mass center of K.

- Pt =lo| Tt / o(x,ty) dy(x) for allo € €.

We denote by ¢S, the function ¢Q,(x) = >, % Xi(x), and we define the
discrete time derivative and gradient of ¢ by:

N
Orprm (@, ) Z Z — %) X (@) X1 (1),
n=1 M
N
Vom@ )= > (V) Xic (@) Xno1,0)(8),
n=1 KeM
with (V@)% |1| > lolér'n

cel(K)

Then for all q in [1,00],

(49) 18ep — 0Dl Laax0,r)) + IVOM = VOlliaax (0.1 < C1(8t + hp),
(50) (9% = @, 0)llo() < Cahop

where Cy and Cs are two positive constants only depending on T, Q, 0y, q and ¢.
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We now prove Proposition

Proof. Let m € N and let qﬁ?{l =p(xg,tn_1), for Ke M™ and ne{l,..., N™},
Multiplying the discrete mass balance equation ([@a) by 6t |K|¢% ' and summing
over K € Mandne {l,..., N™} we get Tl(m) —I—TQ(m) = 0 with

i = Z ST - o et T = Zat STt Y PR,

n=1 KeM n=1 KeM cEE(K)

where we have dropped for short the superscript (™) for the number of time steps
and the mesh. We observe that, for m large enough, %_1 =0 for all K € M since
¢ has a compact support in 2 x [0,T); we suppose throughout this proof that we

(m)

are in this case. Performing a discrete integration by parts in 77, we get:

N
T =-3" N Kok — i) = Y IK] ook

n=1KeM KeM

/ / (@, 1) 0t pqom (1) dwdt—/ﬂpo(w) Phm () da.

By (@), since 6t — 0 and h(™ — 0 as m — oo, we obtain that ;¢ ,m) strongly
converges towards 9;¢ in L1(Q x (0,7)) as m — oo; in addition, by (E0), ¢g/[(m)
strongly converges to ¢(-,0) in L'(Q2). Thus:

T
(m _ = _
lim (™ /0 /Qp(x,t)at¢(w,t)dwdt /Q po(@) (x,0) da.

m—o0

Let us now turn to the second term T2(m). Rearranging the terms, we get:

N
Tém):_zét Z |U|p(r( 7 - nKil)ug'nK,o'

o€Eint
o=K|L
(51) |
+ m
=—Z<5t S ol AP (g gy mic + B
2 ,
o€Eint
oc=K|L
where

21 _Zét Z o] (M_ )(¢n Lo upng

0€Eint
o=K|L

Reordering the sum in the first term of (EI), we get:

TQ(m) Zét Z Pk Z lo| (o7~ - ) an—l-R(m).

n=1 KeM ce&(K)
oc=K|L
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Since (diva)j =0 for K € M and 1 <n <N, the quantity 2065(1() lo| P d%

nk ., vanishes. Let us introduce the notation qb" L= = (¢f )/27 foro € Emt,
o= K|L, and for 1 <n < N. We thus get:

Zéth > loldp up nico + RYY

= KeM oce&(K)
o=K|L

and the term Tz(m) can be written as follows:

N
T =36t 3 phuk Y ol ¢t 'nko + RYY + RYY + RYY,
n=1 KeM c€e&(K)

where u’y = Z Exuy with £ defined in (I7), and Rgg) and Rétg) are defined
c€e&(K)
by

R —26t Sk S Jol(ert - ul - ng,

n=1 KeM  oc&(K)

Ry = Zét S S loler Tt (uf —ul) - mi.

n=1 KeM  oce&(K)

Let us assume for now that Ré 1) + R(m) + jo;) = O((R'™)/2) as m tends to
infinity. We may then write

N
1
=20t ) (Kl pkcuic g 2 lolosT mie + O((0)?)

(52) n=1 KeM c€&(K)

T
_ —/ /p(m)(:c,t)ﬂ(m)(a:,t)~V¢M(m>(w,t) da dt + O((h™)1/2),
0 Q

where @™ (z,t) = Zf:[:l Yo kem Wi X (x) Xn_1,)(t). The function @™ con-
verges towards @ strongly in L2(Q x (0,7))% as m tends to infinity. Indeed,

Hﬁ( —ulm" )HL2(Q>< 0,T) d—zdt Z Z |DK<7HUK—U”|2

= KeMoe&(K)
2
< htm z& SR S ju - unf?
n=1 KeM c€E(K)
< pm? Z& (., Hg FV>
n=1

since uf; is a convex combination of (uy),ce (k). Hence, by Lemma 6.7 and the

uniform estimate (@), we have that the difference @™ — u(™) converges to zero
in L2(Q x (0,7))% Since u(™ — @ in L2(Q x (0,7))%, so does @™ . Moreover,
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pl"™) —* 5in L®(Qx(0,T)) and, by @), V¢ rom) — V¢ strongly in LI(Qx (0, 7))
for all ¢ in [1,00]. Hence, (52) implies that

lim T(m) / / x,t)u(x,t) - Vo(x,t) de dt.

m—r o0

Let us now prove that R(m) + R2 2) + R(m) = O((h™)1/2) as m tends to infinity.

For the first term Ré,l)’ we have

N
(53)  |RYY|< 2: ST dol ok = ol [6r 7 — ¢l ol

o€&int
o=K|L

l\DI»—l

by the upwind definition ([I0) of p?. Hence, applying the Cauchy-Schwarz inequality,
we get

1/2
Y <3 (E:& > Il (0~ phe)?lu - mco)
o€&int
oc=K|L
1/2
(0 Y lol 65— e Pt )
n=1 o€Eint
o=K|L
1/2 1o 1/2
<3 (EZ& S lol 65t = ok P o)
o€y
oc=K|L

by the estimate ([#5]). By Taylor’s inequality applied to 271 - (;5?{1, there exists
Cy only depending on T, Q, d, 6y and ¢ such that

N 1/2
BSP1 < Ca ()2 (35t 3 1D | fus))

n=1 o€Eint
oc=K|L

(m)\1/2 - 12

n=1

In addition, by the LP-L? inequalities and the discrete Sobolev inequality of Lemma
6.8, we have for all nin {1,..., N}, lu(., tn)ll 1 (qya < Csllul., tn)ll¢ ), where C5 only
depends on (2, d and 6,. Hence,

N 1/4
\R | < Cg (h™)1/2 T1/4(Z 5t||u(-,fn)||éb) < Cp TYA (Rm)1/2,

n=1
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by the estimate (@fl), where Cs and C7 are independent of m. The second term
R(m) can be rearranged as follows:

IRYY| = ‘Zét o] (P — ) (627" = dp ) up -k o
n=1 g€Eint
o=K|L

N
<> 6t Y ollpk = ppllen "t = dpH ul -kl
n=1

o€Eint
o=K|L

This last expression is now similar to the left-hand side of (53)), with ¢?~! — g{sg—l
instead of ¢7L171 — d)}‘{l, but these terms both vary as h("™) by Taylor’s inequality;
following the same lines, we thus conclude that Ry o behaves as Ry 1, i.e., Roo <

Cs (h{™)1/2 for some Cg independent of m. The third term Rgg) may be recast as
follows:

RyY = Z5t STk S ol (@it - o) (uk —ul) - mke,
=1 KeM  ¢e&(K)

since (divu)y = 0 and ), c¢ (f) |o| Pk,o = 0. Hence,

N
IRIDI <70t >S7 i S ol 1087 — o3 Jul — ul]

n=1 KeM oc€E(K)

1/
e (20 S S ol te o)

n=1 KeM oec&(K)

(Zdt S S ol uf - ul )

= KeM oce&(K)

There exists Co(6p) such that || [¢2 1 —¢% |2 < Co(6o)| Dy ||V¢|\LM(QX[O7T))dh<m>

and |o| < R A2, Moreover, since [p" It (@) < lpoll1,5 () We obtain that there
exists C¢ independent of m such that:

N 1/2
RSP < Cro b (30t > wi? Y Jui —uif?)

n=1 KeM ceE(K)
N 1/2
< Cio h(m)(z ot J[uls )l ey)

since uf; is a convex combination of (u),ee (k). Hence, by LemmalG.7and the uni-

form estimate ({@6l), there exists C1; independent of m such that \Ré"; | < Chy A,
which concludes the proof of Proposition

8.5. Strong convergence of the approximate densities.

Proposition 8.7. Under the assumptions of Theorem [5.1), the sequence (p™))men
strongly converges in LI(2 x (0,T)), for all q in [1,00), towards its weak-star limit
in L (Q x (0,7)), p.
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Proof. As (p(™)),,en is bounded L>(Q x (0,T)), it is sufficient, by interpolation,
to prove the strong convergence of p(™ towards p in L2(Q x (0,T)). As p(™) —*
in L®(Q x (0,7)), we also have p(™ — 5 in L?(Q x (0,T)), which implies that
12/l x (0,ry) < liminfr, o Hp(m)||L2(Q><(O,T))' By estimate ({Q) of Proposition
[[3] we have for all n in {1,..., N}:

2
STIK|(pR)? < > IK|(%)? < lpollT2(0)
KeM KeM

which yields || p(™) (., t)||ig(Q) < ||p0||ig(9) forallt € (0,T) and all m in N. Moreover,
p is a weak solution of the transport equation:

where u is a divergence-free function in L2((0,7), H}(©2)?). Thanks to the theory
of renormalized solutions [9], it is possible to prove that p is unique (once @ and
po are given), and belongs to the space C°((0,7);L%(Q2)). In addition, for any
scalar function 8 : R — R in C*°(R), the function 8(p) is also a weak solution of
the transport equation, which yields (taking 3(z) = 22, and using the boundary
conditions on @) that [|p(.,t)[[12(q) = [lpoll 2y for all t € (0,T). Therefore, we

have ||p(m)(.,t)||i2(9) < Hﬁ(.,t)Hiz(Q) for all t € [0,T") and all m in N. Integrating

this last inequality for ¢ € [0,T), we obtain Hp(m)Hig(QX(Oj)) < ||,5||i2(QX(O)T)) for
all m in N, and passing to the limit as m goes to infinity yields:

: (m) o}
hyinjllop o ||L2(Qx(0,T)) < ||P||L2(QX(0,T))'

This proves that lim,, ||P(m)||L2(Qx(0,T)) = [|Allr.2(qx (0,r)) and so that pt™) con-
verges strongly to p in L2(€2 x (0,7)) as m tends to infinity. O

Remark 8.1. In the pioneering work by Di Perna and Lions [9], the authors deal with
more general convection fields satisfying only diva in L'((0,7);L°°), with some
restriction on the class of functions 8. In the present case of the transport equation
with divergence-free velocity, the result holds for any smooth scalar function 5. We
refer to [4, Theorem VI.1.6] for a detailed proof.

8.6. Passing to the limit in the momentum balance equation.
Proposition 8.8. Under the assumptions of Theorem B, the UImit in

LI(Q x (0,7))4, ¢ in [1,00), of the sequence (p™)men, p, and the limit in
L2(Q x (0,7))¢ of the sequence (w™)en, @, satisfy

T
/0 /Q(—[)(zc,t)ﬁ(m, t) - v(x,t) — (p(x, t)u(x,t) @ u(x,t)) : Vo(x,t)

+ Va(x,t) : Vv(m,t)) dedt = /on(a:)uo(w) -v(z,0)dz,

for all v in C(Q x [0,T))¢ such that dive = 0.



A CONVERGENT STAGGERED SCHEME 619
Before proving this proposition, we first state the following preliminary lemma.
Lemma 8.9. Let D be a given staggered discretization such that Op < 6y for some

positive real number 0y and let 5t be a given time step. Let v € CZ(Q x [0,T))?
with divo = 0 and let us define, for allo in &, K € M and n in {0,...,N}:

1
vl = — /v(m,tn)d’y(a}), v = Z §kvs,

‘U| c€&(K)

with €% defined in (IT). We denote v2 the piecewise constant function defined by

ve(x) = Z vy Xp, (),

ocel

and we define the following discrete (or time partially discrete) interpolates of Oyv,
Vv and Av:

N
1
Oive(x,t) = Z 5—(1}2 - vg_l) Xp, () X(1—1,5 (1),

t
n=1c€&
al ‘O—| n—1 n—1
ch‘:(mv t) = Z |D | (vL — Vg ) X NK,o XDO‘ (w)X(n—l,n] (t),
n=1 o€ =
o=K|L

Then for all q in [1,00], there exists three positive real numbers Cy, Cy and Cs only
depending on T, ), 6y, q and v, such that

(54) Hétvg - 8t'U||Lq(Q><(0’T))d <Cy ((5t + hp),
(55) [vg = (., 0)|l0 (e < Cahop,
(56) [Avs: — Av|[10ax (0.1 < C36t.

Moreover, if (DU, 6t™),,.c is a regular sequence of staggered discretizations, for
q € (1,00) (resp. ¢ = 00) Vugum) converges weakly (resp. weak-x) towards Vv in
L2(Q x (0,7))4x4,

Remark 8.2. The proof of the weak (or weak-star) convergence of the discrete
gradient Vugny towards Vo follows similar steps as the proof of Lemma

We are now in position to prove Proposition B8l

Proof. Let m € N and let v”~! be the mean value of v(-,t,_1) over o, for o € £(™)
and n € {1,...,NU™}. Taking the scalar product of the discrete momentum
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balance equation (QB) by 6t|D,|v?~! and summing over o € Ei(;?) and n €
{1,...,N™} we get T™ + 7™ + 4™ + 7™ = 0 with

N
T =37 3 Dol ul — o ) o

n=10€EEnt

T2(m) Z(st Z Z o,€ ?'v;l_l,

n=1 oE&ns eef,‘( o)

™ = Z(St Z |Do|(Aw)? -7

= o€€int

" = Zét S IDA(Vp)2 oY,

n=1  o€&n

where we have dropped for short the superscript (™ on the number of time steps
and the set of internal faces. Since divv = 0 and by relations ([23) and 24) in

Lemma [61] we get that Tém) = 0. The three other terms, Tl(m), Tz(m) and T?fm),
stand, respectively, for the time derivative, the convection and the diffusion term.

The time derivative term. Since the support of v is compact in Q x [0,7T),
vt =0 for all 0 € &y, at least for m large enough; we suppose that we are in

this case. Performing a discrete integration by parts in Tl(m)7 we get:

N
T =-3" N Do ppul - (v =02 = N Do ph, ul - vl

n=10€En: oE€Eint
N
==Y Y (Dxolpi 1) uy - (vp — vy )
n=1 c€&nt
o=K|L

- Z (|DK7U| p% + |DL,0| p%) ug : vg,
0€Eint
o=K|L

by the definition (I8) of pp,. Hence,

T
Tl(m) T / / p(m) (m> t) u(m) ((B, t) : 6tv5(""> (m> t) dedt
0 Q
- / (P™)0() (™) (x) - 00y () dt

We have (™ — @ in L2(Q x (0,T))? and, by (54)), since t(™ — 0 and R(™ — 0
as m — 00, 0;Vg(m) converges to dyv strongly in L%(Q x (0,7))?. By the Cauchy-
Schwarz inequality, w(™ -8;v¢(m) thus converges towards @ - ;v strongly in L!(£2 x
(0,T)). Since p(™ — 5 in L=(2 x (0,T)) weak-, we obtain the convergence of the
first term. In addition, from the initialization (8) of the scheme and the assumed
regularity of the initial data (i.e., pg € L%°(Q) and ug € L2(Q)%), (p(™)° converges
to po in LI(Q) for all ¢ in [1,00) and (u(™)° converges to uy in LI(Q)¢ for all ¢
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in [1,2]. Finally, from inequality (53], vg(m) converges to vg in L4(Q)? for all ¢ in
[1,00]. Hence,

lim T / /Q (z,t) u(x,t) Opv(x, t) de dt— /on( x) ugp(z)-v(x,0) de dt.

m—o0

1

The convection term. Denoting v}~ = ZUES(K) £%v7 1 where €% is defined

in ([I7), thanks to Lemma [6:12] the second term TQ(m) may be written as

(57) Zét STt N ol ol (ul ko) ul + RYY,

= KeM c€E(K)

where the remainder term RSE) reads:

N
Rgfll) - Z 6t (QM(pn,unvunavnil) - QS(pnaunaunvvnil)),

n=1

with the notation for fixed-time discrete functions introduced in Definition [B.11
Rearranging the sum in (57)), we get:

N
T = =30t > ol (up o) up - (v —vi ) + B
n=1 gEEint
oc=K|L

- Dicol o, 1Ll
Kol n Lol n n n n— n—
:_Z(st Z |0|< D Pr T D pL)(ua'nK,U) ua'(UL l_vK 1)
n=1  o€&mnt | U| ‘ a|
o=K|L

+RYY + RYY,
where
;’Q:Zat S 1o (Pl Pl ) i mc ) w0 )

Do | [D,| L™ Fe ) e T

0€Eint
o=K|L

Assuming that Rgﬁ) + Rétg) = O((h(m))l/z) as m tends to infinity, we obtain

N
T4 =36t Y (IDx.olpf + Drolp}) (wl @ ul):
n=1 o€Eint
o=K|L

o]

Do |

T
— / / p(m)(w’ t) u(m)(:l:7 t) ® ,u/(m)(w7 t) :
o Ja
Vv (,t) dedt + O((h™)1/2).

(0i = v ) @nke + O((h™M)?)

We have, by Lemma B9l that Vv () converges towards Vo in L=°(Q x (0,7))4*4
weak-x. Hence, if we prove that p("u(™ @ u("™) strongly converges towards pu® @
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in L1((0,T) x )44 then we obtain that

m—r0o0

lim T2(m) / / z, t)u(x,t) @ u(xe,t) : Vo(z,t)de dt.

Since u(™ — @ in L}(0,T);L2(Q)%), we have for all 1 < 4,5 < d, u! )u;m) —

w;u; in L1(0,7);LY(Q)) where u; is the ith component of w. Moreover, since
w € L>°((0,7); L2(2)%) N L2((0,7); HY(2)%), we have for all 1 < i,j < d, u;u; €
L>((0,T); LY(Q)) N LY((0,7); L3(£2)) by the Sobolev injection H}(Q2) C L6(Q).
Thanks to the following interpolation inequality (see [, Theorem I1.5.5]):

105 152 (0,752 2y < i3 ||L°°((o Ty (o 14t ”Ll((o T);L3(9))

we get @;u; € L3((0,T) x ). We may now prove that p(m)u(m) (m)

converges towards pu;ii; in L'((0,7) x ). Indeed:

strongly

o™ ud™ ™ — paag s 01y x0)

< 1o (™ ™ = 55| s .y ey 1752 (07 = D)l 0,1y e

< Hp(m)HLOO((O,T)xQ)”ui )ugm) - ﬁiaj”Ll((O,T)xQ)
+ HﬂiajHLE’/?’((O,T)XQ)||p(m) = Pllesrz(o,m)x0)-

By the maximum principle on p(™ and the strong convergence of p(™) towards
p in L1(0,T) x Q) for all ¢ € [1,00), we obtain the expected convergence of
p(m)ugm)ug-m). Note that the strong convergence of the sequence (p(")),ey is
needed here; this is why Proposition must be proved before Proposition

Let us now prove that R2 ™) 4 R(m) O((h™)/2) as m tends to infinity. For

the term jo}), we have

N
Rg?)l S Z(St |QM(pn,un7un7vnfl) - Qg(pn7un’un7vn*1)|

n=1

N
7 2 —
< C (V2 5t e oy U™z 10" e,

n=1
by the estimate (32) in Lemma By @), (10" [y < llpollie(q) for all n
in {1,..., N} in addition, [[v"[¢; < C(Q,d,00)[[V|xox(0,7))axa for all n in
{1,..., N}, so by estimate ([@6]) we obtain that there exists C' independent of m
such that \Ré"m < O(h{™)Y/2. For the second remainder term, jo;), we may
write, by the definition of p,

|R22‘—’Z5t Z lo| (o7, — Pik)

n=1 o0€Eint

oc=K|L
|DL0| + |DK0| — -1 -1
x (T (g o) (up o)™ ) - (0]~ = wi)
Do | 1D, | g K

N
<6t S ol ok — sl ful macol gl [0} = wi Y,

n=1 o€Eint
oc=K]|L
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Applying the Cauchy-Schwarz inequality, we therefore obtain:

N 1/2
RS < (300t D2 lol(o — i)l - )

n=1 oE€Eint
o=K|L

i 2 -1 —12 1/2
< (Dot 7 lollug ol gl =o)L
n=1

o€&int
o=K|L

The first term of the product at the right—hand side is controlled by the uniform
estimate ([45). Since, for any cell M € M, '07](4_ is a convex combination of v7~1
for o in £(M), we obtain that |o| [v} — v%|> < C |D,| va||L°°(Q><[O,T))d><d h( ),
where C' only depends on 6y. Hence, there exists C' independent of m such that

N 1/2
REPI < c(n 3 ot S0 1D, |fuzl)

n=1 o€&int
oc=K|L

3/2
= C(h(m))l/Q(Hu(m)||L3((07T);L3(Q)d')) )
Now, as a consequence of Holder’s inequality, we have

YO ™

1™ s 0.7y < 1€ oy 1™ Loy @yo-

Since ||u(m)|\L2((07T);L6(Q)d) < Jlutm™ 20,72 B (@) S C by the discrete Sobolev
inequality of Lemma [6.8 and the uniform estimate (f]), we obtain that |Rg 2| <
C(htmN)1/2,

The diffusion term. Denoting @" (x) _Zaefm u” (y () and similarly 9" (x) =
Yooce,, Vo Co(x) (so the function 9" is defined by o™~ Yx) = reo(x, ty ),
where r¢ is the projection operator defined in ([26)), we have:

™ = Z& /V . V" () da

KeM
(58) -
- Z Z / Va'"(z): Vo(x,t,— 1)dm+R§”}),
n=1 KeM
where

Rg"})_zcst 3 / Vi Vo' H(z) — Vo(w, b, 1)) de.

= KeM

Performing an integration by parts over each element K in (58), we obtain

GO TS [ @ (@) vt ) de + R + R,
n=1 KeM

where

Ré";) Zét Z Z / ) Vo(z,ty—1) g, dy(z).

n=1 KeMoe&(K
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Let us now replace @" by the piecewise constant function u™ over each diamond
cell, which yields:

T(m = Zdt Z Z / ) Av(x, t, 1)dzc—|—R(m)—|—R(m)

n=1 KeM oc&(K) DKG

:—Zétz Z/ . Av(z,t,—1)de + RS + RYY + R{™,

n=1 KeM oc&(K) DKU

where

Rg’g)_zcst >y / () - Av(z, ty_1) da.

= KeMoe&(K Dk.o

Assuming that R(m) + R(m) = O(h{™)) and Rgnl) = O(h™ + (™) as m tends to
infinity, we may write

Zétz Z / - Av(x, b, 1)da;+(9( +a(m))

n=1 KeMoc&(K) Dk.o
—/ / w™ (@, 1) - Avgyom) (2, t) de dt + O(h™ + o™),

As u(™) strongly converges towards @ in L2(2 x (0,7))? and, by inequality (56),
Avg,m) strongly converges towards Awv in LI(Q x (0,7))¢ for all ¢ in [1, 00], we
obtain

T
lim 7™ = / / u(z,t) - Av(z,t)dedt = / / Va(z,t) : Vo(z,t)dedt,
o Ja

m— o0

since u € L2((0,7); H}(22)?). Let us now prove that Ré 1) = O(h™ + (™) as m
tends to infinity. Applying the Cauchy-Schwarz 1nequahty for every primal cell K,
Rfﬁ) can be controlled as follows:

N
|RS| SZ& 3 V@ |2y VD" = V0 (s ta1) 2 ggepaea
n=1 KeM

< (h™ +alm) Zét Y IV@" 2 (yacal oo tu) e sy
n=1 KeM

by the approximation properties of the Rannacher-Turek finite-element space stated
in Lemmal6.4l Using the Cauchy-Schwarz inequality again, we obtain, by definition
of the broken Sobolev norm,

N 1/2
IR < (0™ 4 ™) Hu(m)”LZ((O,T);ED(m) (Q))(Z 5t|v(.,tn,1)|H2(Q)d)
n=1
< C(T,Q,v) Cy (B + al™),

where C is given by the uniform estimate (@). Let us now consider the second
term Rég). By the weak continuity requirement for the discrete finite element
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velocity fields, we may write
Zét Z Z / (Vou(z, th—1) — V(s th_1)) Nk o dy(x),
n=1 KeMoec&(K)
since Vv(z,,t,)).nk » is independent of the integration variable « in 0. Using first

the Cauchy-Schwarz inequality in L?(c)? and then the discrete Cauchy-Schwarz
inequality, we get, denoting h, = diam(o):

(o [a@ @)

o€l
|

1/2
/ Vo(x,t,—1) — V’U(Cco,tn—l)|2d’7(w))

N
R <0
n=1
(he
N @ 1/2
<(LnXy, [ e ae)
N 1/2
x (Z £ h, /|va t1) = Vo(@o, 1) dy(@))
n=1 o€&

By the regularity of v, we have
IVo(z,t,-1) = Vo(To,tn-1)| < ho |U‘W2>°°(Q><(0,T))d7

foralx € 0, c € £ and n € {1,..., N}, which yields

|Rgn;)| < C(bo, T,Q,v) Zétz / [@"] ))1/2h(m).

= 065

Invoking (27) in Lemmal65 and the uniform estimate ([@6l), we obtain that \R(m)\ <

Ch{™ where C does not depend on m. We finally turn to the last term Ri(%,B)' First,
we have

N

R < vl 20 S X [ (el

n—=1 ocE(K) Y Px

Moreover, observing that for each primal cell K in M, V& € K, EUEE (g( ) =1,
and that the Rannacher-Turek shape functions are uniformly bounded by a real
number only depending on 6y, we may write:

Z \u —u"(x)|de = Z / (ul —ul) (o ()| de

oce(K) Y Px veg(K)’ DKo Ueg

Cld) Kl ) Iua—UZ'I-

o,0'€E(K)
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By the Cauchy-Schwarz inequality, we thus get:

RS | < C(d) | Al (0 0.7y

N 1/2 N 1/2
x (Zét Sonir Y |ug—ug,|2) (Zét 3wk \K|)
n=1

n=1 KeM o,0'€E(K) = KeM
< C(d) |A|g 00 (e (079 22 TR

N 1/2
X (Zét Soni? Y \ug—ug,P) .

n=1 KeM o,0'€E(K)

Since the finite volume H'-norm is controlled by the finite element H'-norm (see
Lemma [B6.7)), we conclude by the uniform estimates (8] that there exists C' in-
dependent of m such that |R1(3W3L)| < Ch{™), which ends the proof of Proposition
13.3] (]

9. EXTENSION TO OTHER DISCRETIZATIONS AND MODELS

9.1. Other space discretizations. A straightforward extension may be obtained
by considering more general meshes composed of both simplices and quadrilaterals
(d = 2) or hexahedra (d = 3). We refer to [23] for the precise definition of the dual
mesh in this case. The discretization of the time derivatives, the mass and momen-
tum convection fluxes, the free-divergence constraint as well as the pressure gradient
remains unchanged. The only difference lies in the treatment of the diffusion term.
Now, a local shape function associated with an edge of a simplex identifies with a
Crouzeix-Raviart shape function. The Crouzeix-Raviart element [6] enjoys similar
stability and approximation properties to those of the Rannacher-Turek element
stated in Lemmata and Moreover, the pair of approximation spaces also
satisfies a discrete inf-sup condition as in Lemma Finally, it is also possible to
prove the control of the finite element H'-norm over the finite volume H'-norm as
stated in Lemma For these reasons, the main result of the paper, namely the
convergence theorem, readily extends for this mixed space discretization.

Another extension of the present result is possible for the MAC (Marker-And-
Cell) space discretization. A forthcoming paper proves a similar convergence re-
sult of the implicit staggered MAC scheme for the incompressible variable density
Navier-Stokes equations.

9.2. Other time discretizations. The scheme (@) is fully implicit, and thus the
implementation of the algorithm implies to find the solution of a fully non-linear
coupled system. Consequently, using this scheme appears to be difficult in a real
computational context, mainly due to the computational cost and lack of robust-
ness. In the following, we describe three other possible time discretizations which
yield efficient schemes, obtained thanks to a partial decoupling of the discrete equa-
tions. We also discuss the conditions under which these schemes satisfy stability
estimates similar to those satisfied by the implicit scheme, which eventually en-
ables to extend the convergence result. We give the corresponding time algorithms,
keeping the same staggered space discretization as previously.
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9.2.1. Mass and momentum transport with an explicit convection field. The first
alternate time discretization is obtained through an explicit treatment of the con-
vective velocity in the mass transport equation:

1
(59a) 50" ") Fdiv(pmuT) =0,

1
(59b) g(pnun_pn 1 u 1)+d1V( Py 1®un)_Aun+Vpn:
(59¢) divu” = 0.

This scheme satisfies similar estimates for the density and the velocity as the fully
implicit scheme, with no restriction on the time step. Indeed, the density is con-
trolled in L*° provided an upwind discretization of the mass convection term, and
the velocity is controlled through a discrete kinetic energy equation, obtained when
taking the scalar product of (59L) with u". Easy computations, similar to those
performed in the proof of Lemma in the implicit case, yield the desired kinetic
energy equation, given here in a semi-discrete form:

1 1
2_&(pn|un|2 _ pn—l‘un—l‘Z) 4 §div(p"|u"\2u"_1) ~ AU u” n Vpn

1 n—1, n n—1|2 (1 n
Sy A A e Gl (2

|’U,"‘2

=0.
2

)+ div(phun ) ) o

=0 by (B9a)

Hence, the convergence analysis still holds in this case. The benefit from such a
discretization comes from the decoupling of the mass balance and hydrodynam-
ics; from a computational point of view, the difficulty is now reduced to compute
the solution of the linear system associated with (linearized) Navier-Stokes equa-
tions, for which some techniques are available (SIMPLE-like methods, Augmented
Lagrangian algorithms, ...).

9.2.2. An (as much as possible) explicit scheme. An interesting scheme for low
viscosity flows (typically a viscosity u less than the space step h) is the following
scheme, where only the pressure is treated in an implicit way (which is mandatory
for stability reasons):

1
(60a) = (p" = p" 1) + div(p"u" ") = 0,

1
(60b) E(pnun o pn—lun—l) + le( T 1 ®un—l) o ,U,A’U,n_l + Vpn _

upw
(60c)  divu" =0.

Here, the mass equation can still be solved independently of the momentum equa-
tion, and the solution of the latter is obtained by solving an elliptic problem on
the pressure p”, which is not difficult from a computational point of view. Indeed,
computing the (discrete) divergence of (the non-conservative form of) (60b]) and
using (60d), yields a relation of the form —Ap™ = F"~1. The L2-stability of this
scheme (i.e., a discrete kinetic energy balance equation) is ensured under a CFL
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restriction on the time step of the form 6t < c¢(h/|u™" | + h?/u) (see [26]), pro-
vided that an upwind space discretization be used in the convection term of the
momentum balance equation (contrary to what is done in the present paper). Here
again, the convergence analysis is the same as for the implicit scheme, with a slight
difference due to the upwind choice in the momentum equation. The assessment of
the computational efficiency of this scheme, with applications to the Large Eddy
Simulation of turbulent flows, is planned in the near future.

9.2.3. Projection method. Finally, an interesting scheme from the computational
point of view is the following pressure-correction scheme. Here again, it is possible
to solve the correction step ([GId)-([G1d]) thanks to an elliptic problem on the pressure.

1 — : n,,n—
(61a) 50" ") F div(pmu ) = 0.
Velocity prediction step:
1
(61b) E(pn,&n _ pnflunfl)

no\ 1/2
+div(p"u" ' @a") - Au" + <pi_1) VvphTt = 0.

Velocity and pressure correction step:

1 » n o\ 1/2 -
(61c) 5w —a") +Vpt - < 5_1) vl =0,
(61d) divu™ = 0.

In addition, this scheme is unconditionally L2-stable, i.e., without any restriction
on the time step. More precisely, thanks to the scaling factor (p™/ p"_l)l/ 2 applied
to the pressure gradient in (61D, it is possible to prove that the beginning and
end-of-step velocities (u")o<,<n are controlled in a discrete L°(L?)-norm, while
the intermediate velocities (@")o<n<n are controlled in a discrete L?(H{)-norm
thanks to the diffusion term (see [24] for a similar computation in the case of the
compressible Euler’s equations). A consequence of these different estimates for 4"
and u" is that the velocity convergence obtained in the fully implicit case does not
hold anymore, and the scheme convergence is still an open issue. We are currently
investigating this for the (simpler) constant density case. Note that still in the
constant density case, error estimates, obtained when assuming that the solution
to the continuous problem is smooth, have been the topic of a wide literature (see
e.g. [19,36,137)).

9.3. Extension to a density-dependent viscosity. The model with density-
dependent viscosity, for which a convergence analysis is carried out in [30] for a
discontinuous Galerkin method, reads as follows:

Op + div(pu) = 0,

9 (pu) + div(pu @ u) — div(p(p)D(u)) + Vp =0,

divu =0,
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where D(u) is the symmetric part of Vu, and the viscosity u is a continuous
positive function of the density (typically u(p) = p'/? for an ideal gas). The
convergence analysis performed here for the staggered implicit scheme is still valid,
provided some stabilization term is added in the discretization of the diffusion term:

—(div uD(u) 1wlpx) uyr (D(Cyr) - VC,) da + Stab,

KEM o'e& K)

The discrete kinetic energy, which is derived as in the constant viscosity case, yields
a control on the L2((0,T); L?)-norm of D(u) (actually of D(@) where 4 is the finite
element approximation of w). In order to infer from this an L?((0,7);H}) control
of the velocity, one needs a discrete Korn’s inequality. In [5], the author proves
discrete Korn’s inequalities, which in our context may be written as follows:

2 2
[ulle, <C (ID( @)ll2 () + 1@l 0) + Z ~llmo {2 ]ollLa(a)> ,

UGS

where 7, is the orthogonal projection operator from L?(o) onto the space of vector
polynomial functions on o of degree less than one. Hence, the desired control on the
velocity may be obtained, provided a stabilization term in the discrete diffusion that
allows a control on the edge velocity jumps in the above discrete Korn’s inequality.

APPENDIX A. A TOPOLOGICAL DEGREE RESULT

The following theorem follows from standard arguments of the topological degree
theory (see [7] for an overview of the theory and e.g. [I0,[13] for other uses in the
same objective as here, namely the proof of existence of a solution to a numerical
scheme).

Theorem A.1. Let N and M be two positive integers and V = RN x RM x RV,
Let b€V and f(-) and F(-,-) be two continuous functions respectively from V and
V x[0,1] to V satisfying:

() F(, 1) = £(); )
(ii) Yo € [0,1], if an element v of O (the closure of O) is such that F(v,a) = b,
then v € O, where O is defined as follows:

O={(z,y,2) €V s.t. Co <z <Cy and |y|,, < Cs and ||z||y < Cs}

where, for any real number ¢ and vector x, the notation x > ¢ means
that each component of x is larger than c; Cy, Cq, Co and C3 are positive
constants and ||y|,, and ||z||y are two norms defined on R™ and RY,
respectively;

(iii) the topological degree of F(-,0) with respect to b and O is equal to dy # 0.

Then the topological degree of F(-,1) with respect to b and O is also equal to dy # 0;
consequently, there exists at least one solution v € O to the equation f(v) =b.
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APPENDIX B. KOLMOGOROV’S THEOREM

The proof of the following theorem can be found in [14].

Theorem B.1 (Kolmogorov’s theorem). Let B be a Banach space, p a real number
such that1 <p < +o0 andT > 0. Let A C LP((0,T); B). The subset A is relatively
compact in LP((0,T); B) if A satisfies the three following conditions:

(hl) For allu € A, there exists Pu € LP(R; B) such that Pu = u almost every-
where in (0,T) and || Pull,g,5) < C, where C' depends only on A.
or a € the fami u)pdt, u € 18 relatively compact
(h2) For all € C(R,R), the family { [, (Pu)édt, u € A} is relatively comp
i B.
(h3) |[Pu— Pu(. = 7)|lppg;p) — 0, as 7 — 0%, uniformly with respect to u € A.
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