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EXPONENTIAL INTEGRABILITY PROPERTIES
OF NUMERICAL APPROXIMATION PROCESSES
FOR NONLINEAR STOCHASTIC DIFFERENTIAL EQUATIONS

MARTIN HUTZENTHALER, ARNULF JENTZEN, AND XIAOJIE WANG

ABSTRACT. Exponential integrability properties of numerical approximations
are a key tool for establishing positive rates of strong and numerically weak
convergence for a large class of nonlinear stochastic differential equations. It
turns out that well-known numerical approximation processes such as Euler-
Maruyama approximations, linear-implicit Euler approximations, and some
tamed Euler approximations from the literature rarely preserve exponential
integrability properties of the exact solution. The main contribution of this
article is to identify a class of stopped increment-tamed Euler approximations
which preserve exponential integrability properties of the exact solution under
minor additional assumptions on the involved functions.

1. INTRODUCTION

Let T € (0,00), dym € N = {1,2,...}, let u: R —» R? and o: R? — RI*™
be locally Lipschitz continuous functions, let (22, 7, P) be a probability space with
a normal filtration (F4)iepo,7), let W: [0,T] x @ — R™ be a standard (F)iejo,1)-
Brownian motion with continuous sample paths, and let X : [0, 7] x Q — R be an

(Ft)telo,r-adapted stochastic process with continuous sample paths satisfying that
for all ¢ € [0,T] it holds P-a.s. that

(1) thXo—i-/O u(Xs)ds—i-/O o(Xs)dWs.

The stochastic process X is thus a solution process of the stochastic differential
equation (SDE) ().

The goal of this paper is to identify numerical approximations YV: [0, 7] x Q —
R? N € N, that converge in the strong sense to the exact solution of the SDE ()
and that preserve exponential integrability properties in the sense that for all suf-
fciently regular functions U: RY — [0, 00) with SUPe(0,7] Elexp(U(Xy))] < oo it
holds that sup ey Supie(o,n E[exp(U(Y{"))] < co. Our main motivation for this
is that such exponential integrability properties are a key tool for establishing rates
of strong and numerically weak convergence for a large class of nonlinear SDEs. To
be more specific, strong convergence rates of approximations of a multi-dimensional
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SDE have, except in Dérsek [6] and except in [I7], only been established if the coefhi-
cients of the SDE are globally monotone (see, e.g., (H2) in Prévot and Rockner [29]
for the global monotonicity assumption). Unfortunately, most of the nonlinear
SDEs from the literature fail to satisfy the global monotonicity assumption (see,
e.g., Section 4 in Cox et al. [3] for a list of examples). In Corollary 3.2 in Dorsek [6],
strong convergence rates for spatial spectral Galerkin approximations of the solution
of the vorticity formulation of two-dimensional stochastic Navier-Stokes equations
have been established by exploiting exponential integrability properties. Moreover,
the perturbation estimate in Theorem 1.2 in [I7] implies in a general setting that
suitable exponential integrability properties of a family of approximation processes
are sufficient to establish strong convergence rates. This conditional result together
with the exponential integrability properties established in this article then yields
strong convergence rates for the numerical scheme proposed in this article (see (@)
below) for several SDEs with nonglobally monotone coefficients (see Theorem 1.3
n [I7] for details). In particular, to the best of our knowledge, the numerical
scheme proposed in this article (see (@) below) is the first approximation method
for which temporal strong convergence rates have been proved (see Theorem 1.3 in
[17]) for at least one multi-dimensional SDE with nonglobally monotone coefficients
(see Section 3.1 in [I7] for a list of example SDEs for which temporal strong con-
vergence rates for the numerical method (@) below have been proved). In addition,
exponential integrability properties of numerical approximations are necessary for
approximating expectations of exponentially growing test functions of the exact
solution.

There are a number of SDEs in the literature that admit exponential integrability
properties. We focus on Corollary 2.4 in Cox et al. [3] (see, for example, also Lemma
2.3 in Zhang [37]). Let p € [0,00), U € C3(R%,[0,00)), and U € C(R% R) satisfy
for all 2 € R? that E[eV(¥0)] < oo, inf,cpa U(y) > —o0, and
(2)

U'(@)u(@) + dtr(o(@)o (@) (HessU)(@) ) + £ lo(2)* (VO)(@)|* + U(2) < pU(a).

Then Corollary 2.4 in Cox et al. [3] yields that for all ¢ € [0, 7] it holds that

t
3) B [enp (L2 + [ 260 )| < B[] € (0,00)

Section [ lists a selection of SDEs from the literature which satisfy condition ().
Further instructive exponential integrability results for solutions of SDEs can be
found, e.g., in [IL[7BLI0LT2,23,[37]. In light of inequality (3], the goal of this paper
is, in particular, to identify numerical approximations that converge in the strong
sense to the exact solution of the SDE () and that preserve inequality @) in a
suitable sense; see inequality ([II) below.

It turns out that many well-known numerical methods for SDEs fail to preserve
exponential integrability properties. For instance, in the special case where d =
m = 1, where X = £ € R, and where for all z € R it holds that u(z) = —2® and
o(z) = 1, the solution process X of the SDE () satisfies that for all ¢ € [0,7] it
holds P-a.s. that

t
(4) X, = Xo — / (X,)%ds + W,
0
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In that case, inequality () holds with p = 0, ¢ € (0,3), U = (R 2 2+ elz|* €
[0,00)), and U = (R 5 @ — 4e (1 — 2¢) 2® — 62 € R); see Subsection 5.1] below.
Thus, Corollary 2.4 in Cox et al. [3] implies for all € € [0, 1] that

t
(5) sup ]E[exp<€ X +/ 4e (1 —2¢) | X,|° — 6e XS|2ds)] gE[ef‘Xol“} <00
te(0,T] 0

and, in particular, for all ¢ € [0, 3) that SUPyeo,7] E[exp(e|X¢|*)] < oo. If YN:
[0,T] x Q@ — R4 N € N, are the classical Euler-Maruyama approximations as
defined in (IRI) below with D, = R, ¢ € (0,7], then moments are finite but
unbounded in the sense that for all N € N, p € (0, 00) it holds that E[|[Y|P] < oo
and limp/_oc E[|[YHM[P] = oo (see Theorem 2.1 in [19] for the case p € [1,00)
and Theorem 2.1 in [21]) whereas approximations of E [exp(3|X¢|*)], § € (0,¢),
t € (0,71, are infinite in the sense that for all N € N, p € (0,0), ¢ € (2, 00) it holds
that inf,e o7 E[ exp(p|Y,V|?)] = oo; see Lemma .1l below. Next, if Y [0,7] x
Q — R? N € N, are the linear-implicit Euler approximations as defined in (I34)
below with D; = R, ¢t € (0, 7], then strong convergence holds in the sense that for
all p € (0,00) it holds that limy e E[| X7 — Y/|P] = 0 whereas approximations
of E[exp(6]X:[*)], 6 € (0,¢), t € (0,77, are infinite in the sense that for all N € N,
p € (0,00), q € (2,00) it holds that inf,e (7] E[ exp(p|V¥]?)] = oo; see Lemma (.2
below. Moreover, if YV : [0,T] x Q — R4 N € N, are tamed Euler approximations
as defined in (I94) or as in (I99) below with D; = R, t € (0, T, then approximations
of E[exp(8|X:[*)], 6 € (0,¢), t € (0, T, are finite but unbounded in the sense that
for all N € N, p € (0,00), g € (3,00) it holds that sup,c(o 1 E[exp(elYN[*)] < oo
and limp/ o0 infye(o,7) E[ exp(p|Y;M[?)] = oo; see Corollary 5.4 and Corollary
below. In the above sense, Euler-Maruyama approximations, linear-implicit Euler
approximations, and tamed Euler approximations as defined in (I94)) or as in (T99)
are not suitable for approximating E[exp(8|X;[*)], 6 € (0,¢), ¢t € (0,T], in the
numerical weak sense. Lemma [5.3] below also indicates that further numerical one-
step approximation methods whose one-step increment function grows sufficiently
fast as the discretization step size decreases are not suitable for approximating
expectations of exponential functionals in the generality of Theorem [[T] below.

There are many results in the literature which prove uniform boundedness of
polynomial moments of numerical approximations of certain nonlinear SDEs with
superlinearly growing coeflicients; see, e.g., [1L215] 0L 1T, T3HI6] 1820125 28] B30H32,
34H36). To the best of our knowledge, the only reference on exponential integra-
bility properties of appropriate numerical approximations for nonlinear SDEs is
Bou-Rabee and Hairer [I]. More precisely, Lemma 3.6 in Bou-Rabee and Hairer [1]
implies that there exists § € (0,5) such that sup,e(o) E[exp(0U(X] ,)))] <
oo where X":{0,1,2,...} x Q@ — R% h € (0,1], is a ‘patched’ version of the
Metropolis-Adjusted Langevin Algorithm (MALA) for the overdamped Langevin
dynamics (see Subsection 9] below) where the potential energy function U €
C*4 (R, R) satisfies certain assumptions; see [I] for the details. In addition, Propo-
sition 5.2 in Bou-Rabee and Hairer [I] provides an exponential one-step estimate
for MALA.

In this article, we propose the following method to approximate the solution of
the SDE ([) and to preserve inequality (3] in a suitable sense. Let YV : [0, 7] xQ —
R? N € N, be the mappings which satisfy that forall N € N, n € {0,1,...,N—1},
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t e (2L, DT that V¥ = X, and

N
Y=Y+ Ly ell<ex(immye)}

(6) . H(Y'ILT/N)(t_ﬂ)""a(Yr{YT/N)(Wf War/N)
1+l (Y, T/N)(t—ﬂ)'f“’(y /8 We=War N |12

This method differs from the classical Euler-Maruyama scheme in two aspects.
First, the Euler-Maruyama increment is divided through by one plus the squared
norm of the Euler-Maruyama increment. This ensures that the increments of the
numerical method (@) are uniformly bounded. Second, the approximation paths
with N € N time discretizations are stopped after leaving the set {z € R¢: ||z|| <
exp (| In(N/T)[*/?)} where we choose the stopping levels mainly such that for all p €
(0,00) it holds that limy_,o exp(|In(N/T)|*/2) N=P = 0. These a priori bounds
give us control on certain rare events. In addition, observe that the numerical
approximations {0,1,...,N} x @ 3> (n,w) — YnT/N(w) € R4 N € N, can be
easily implemented recursively. In fact, this implementation requires only a few
additional arithmetical operations in each recursion step compared to the classical
Euler-Maruyama approximations. Theorem [l below shows that the numerical
approximations (B]) preserve inequality (B]) in a suitable sense under slightly stronger
assumptions on u, o, U, and U.

Theorem 1.1. Assume the above setting, let p,c € [1,00), let Tn: Q — [0,T],
N € N, be mappings, assume for all N € N that Ty = inf({t c {0, L 2T, o, Th:

YN > exp(| In(N/T)[*?)} U{T}), and assume for all z,y € R, ;]g{l, 2,3} that
(7) (@) I+ llo (@) s @em gy < (1 + 2],

(8) U(x) = Uyl < c(@+ [z + yl°) [lz = yll,

(9) 2]V < e (14 U(2)),

(10) 10O @)l gy < e (1 +U )"0

Then it holds for all r € (0,00) that imy_, (SUPte[o,T] E[lX. - Y N|"]) =0, it
holds that

tANTN =
(11)  limsup sup E[exp(”f,fiN’ + f“”%{v)ds)] gE[eU(X0>] < o0,
N—oo t€[0,T] 0

and it holds that sup yey supcio. ) E[ exp(e ? U(Y,N) + JSN e U(YN)ds)] <
0.

Theorem [ 1] is a special case of our main result, Corollary below, in which
the state space of the exact solution of the SDE under consideration is an open
subset of R%. Corollary 3.8 in turn, follows from our general result on exponen-
tial integrability properties of stopped increment-tamed Euler-Maruyama schemes,
Theorem below, and from convergence in probability of stopped increment-
tamed Euler-Maruyama schemes, Corollary B.7] below (see also Subsection [[1] be-
low for a brief outline of the proof of Corollary [B8]). To the best of our knowledge,
Theorem [[T] and its generalization in Corollary B.8] respectively, are the first re-
sults in the literature which imply exponential integrability properties for numerical
approximations of the stochastic Ginzburg-Landau equation in Subsection 2] for
numerical approximations of the stochastic Lorenz equation with additive noise in
Subsection[4.3] for numerical approximations of the stochastic van der Pol oscillator
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in Subsection [£4] for numerical approximations of the stochastic Duffing-van der
Pol oscillator in Subsection [£5], for numerical approximations of the model from
experimental psychology in Subsection [£.6] for numerical approximations of the
stochastic SIR model in Subsection .7l or—under additional assumptions on the
model—for numerical approximations of the Langevin dynamics in Subsection 8]

1.1. A brief outline of the proof of the main result of this article. In this
section we give a brief and rough outline of the proof of Theorem [[LTl Theorem [Tl
is a special case of Corollary B8 which is the main result of this article. For
our outline of the proof of Theorem [I.1] suppose the assumptions of Theorem [I.1],
let D; € R t € (0,00), be the sets with the property that for all ¢ € (0,00)
it holds that D; = {z € R?: |z < exp(|In(t)[*/?)}, let G¥,: RY — R be the
function with the property that for all z € R? it holds that GY , (x) = U’(z)u(z) +
1tr(o(z)o(z)*(Hess U)(x)) (cf. @) above), let @5 : R?x [0, ] xR™ — R%, h € [0,T7,
be the functions with the property that for all h € [0,T], (z,t,y) € R? x [0, h] x R™
it holds that

— _p@)ttolz)y
(12) Pp(z,t,y) =a+ 1+ p(x)t+o(z)y|?’

and let Z5®": [0,h] x Q@ = R?, h € [0,T — 5|, s € [0,7T], z € R?, be the stochastic
processes w1th the property that for all s € [0,T], h € [0,T — 5], x € R%, t € [0, h]
it holds that Z>™" = @ (z,t, W4y — W). Observe that for all N € N, ¢ € [0, 1],
w € Q with Xo(w) € Dy it holds that Y (w) = ZO Xo(w), T/N( ). A key step in

the proof of Theorem [[T]is to show that there exists a real number ¢ € (0, 00) such
that for all s € [0,T], h € [0, min{T — s,1}|, € Dy, t € [0, h] it holds that

t_ s, h
(13) ]E[exp(U(Z ) +/ %ﬂdr)} §exp(ct1+1/c+U(a:))
0

(cf. (103 in the proof of Theorem [Zdlin Subsection 23 below and cf. also Lemma[Z8]
in Subsection below). We prove (I3) by exploiting the assumption that Vx €
R?: GU () + 3 llo(@)*(VU)(@)|* + U(x) < pU() (see [@) above) and by apply-
ing the Ito6 formula and the fundamental theorem of calculus, respectively. More
formally, the fundamental theorem of calculus and the assumption that Vz €
R: GY () + 3 lo(z)*(VU)(z)||> + U(z) < pU(z) prove that for all s € [0, 7],
he€[0,T —s], z € Dy, t €[0,h] it holds that

s,x,h T s,x,h
E{ﬂp(mz&t ) / Lo, (o) U(2; ") dr)} _ U@
0
s,x,h s,x,h
:E|:6XP<U(Z;M ) _|_/ U(Zepr }) dr ):| _eU(:c)
(14) 0

oj’ o E[@xp(m +/OuMdr)]
- (gff,a(w) + Lo() (VU)(@)|]* + U(x) — pU(x)) ‘ du.

In the next step we apply It6’s formula, we exploit the fact that Vh € (0,1],u €
(0,h]: Dp={z € R%: |z|| < exp(|In(h)|V/?)} C {z € R?: ||z|| < exp(|In(u)|'/?)},
we exploit (I2), and we use a number of elementary estimates (see the proof of
Lemma 2.8 in Subsection for details) to obtain that there exists a real number
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¢ € (0,00) such that for all s € [0,T], h € [0,min{T — s,1}|, x € Dy, v € (0, h] it

holds that
s,z ,h u s,z h
%E{GXP(U(Z;;L 2 /0 DL drﬂ

= (9La(@) + Lo @) (VO @) + U@) = pU)) |

< Cul/c eU(ZL’).

(15)

Putting ([I3) into (I4)) then results in (I3). Using (I3) iteratively, in turn, will
allow us to prove that there exists a real number ¢ € (0,00) such that for all
N e NN [T, o) it holds that

(16)
t YN YO N c
sup E[exp(UgiN) + /[ Lom Z;Jf) o )dT)] < GXP(CN [%]Hl/ ) E[eU(YON)}
t€[0,T) 0
CT1+1/C U
_ (Xo)
exp< Ni/e ) E[e }

(see Corollary 223 and ([I07) and (I08) in the proof of Theorem for details).
Clearly, (I6) implies

tATN 5
(17) limsup sup E[exp(U(e);’iN) + fN U(;;:N) ds)] < E[eU(XO)} < 00

N—co t€[0,T] 0
and
tAT _
(18) sup sup E {exp(ept UyN)+ fN e P U(YN) ds)} < 0.
NeNN[T,00) t€[0,T) 0

Display ('] shows display ([I) in Theorem [[I] and the inequality

sup sup Ef[exp(e " U(YN)+ tAfTN e UYN)ds)] < oo

NENte[0,T] 0
in Theorem [L.1] follows immediately from estimate (I8) (cf. (I63) in the proof of
Corollary B8 below). Moreover, extensions of the notions and the results in Sec-
tions 3.2-3.4 in [I8] will allow us to prove that for all » € (0,00) it holds that
limpy o0 (supte[O’T] E[||X; — Y2||"]) = 0 (see Section B below for details). This
completes this sketch of the proof of Theorem [[.11

1.2. Notation. Throughout this article the following notation is used. By N =
{1,2,3,...} we denote the set of natural numbers and by Ny = {0,1,2,...} =
NU {0} we denote the union of the set of natural numbers and zero. Additionally,
for a natural number d € N and a set D C R? we denote by D the interior of D,
that is, the set given by

(19) D={zeD: (3e€(0,00): {yeR%: |lz—y| <} CD)}.

Furthermore, let [|-]| : (U,enR™) = [0,00) and (-, -): (U,en(R™ x R™)) — [0, 00)
be the functions with the property that for all n € N, v = (vq,...,v,), w =
(w1, ..., wy,) € R™ it holds that [[o]| = [|va>+ ...+ [va]?]"* and (v, w) = vyw; +
...+ v,w,. Moreover, for natural numbers d,m € N and a d x m-matrix A € Rx™

we denote by A* € R™*? the transpose of the matrix A and by | All s (rm ey
the Hilbert-Schmidt norm of the matrix A. Furthermore, for natural numbers
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k,d,m € N we denote by L(*) (R4 R™) the set of all k-linear mappings from (R%)* =
RIxR¥x- - -xR? to R™ and we denote by Il Ly (ma e LR, R™) — [0,00) the
mapping with the property that for all A: RExR%x --- xR? — R™ € L) (R?, R™)
it holds that

(20) HAHL%)(Rd,Rm) = sup
v1,02,...,0, ERI\{0}

( HA(?)l,Q)g, e ,Uk;)H

[oal - floall - - - - [loxl

) € [0, 00).

Additionally, for natural numbers k,d,m € N, an open set U C R? and a k-
times continuously differentiable function f € C*(U,R™) we denote by f*): U —
L*)(R? R™) the k-th derivative of f. Observe that for all k,d,m € N, v(!) =
(U§1), .. ,vfll)), o) = (’UYC), . ,vflk)) € R?, all open sets U C R%, all k-times
continuously differentiable functions f € C*(U,R™), and all x = (z1,...,74) € U
it holds that

k K
(21) fB@) (v, = Y (Wf)(x) o) PP,

U, k=1

Moreover, for sets A and B we denote by M(A, B) the set of all mappings from A
to B. In addition, for natural numbers d,m € N and arbitrary functions p: R? —
R? and o: R? — R¥™ we denote by G, ,: C?*(RY, R) — M(R?%R) the formal
generator associated to p and o, that is, we denote by G, ,: C?(R%, R) — M(R?, R)
the mapping with the property that for all ¢ € C?(R4, R), x € R? it holds that

(22) (Guo) (@) = {u(x), (Vo) (@) + 3 trace(o(x)o(z)" (Hess ¢)(x)).

Furthermore, for a natural number d € N and a Borel measurable set A € B(R?) we
denote by Aa: B(A) — [0, 00] the Lebesgue-Borel measure on A C R%. Moreover,
for measurable spaces (A, A) and (B, B) we denote by M(A, B) the set of all A/B-
measurable mappings. In addition, for numbers n,d € N, p, ¢ € (0,00), aset B C R,
and an open and convex set A C R? we denote by C7' .(A, B) (cf. (1.12) in [18]) the
set given by

(23)
Vmiy €A € NoN[0,n):
Cn (A, B) = e (A, B): 159@) — 1O W)l i < clle — vl
Ps max{1—(i+1)/p,0}
‘[1+SuPre[o,1] [f(re+(1— 7’)?/)”

Next let (-)V (-): R* = R and (-) A (-): R? — R be the mappings with the property
that for all z,y € R it holds that z V y = max{z,y} and z A y = min{z,y}. In
addition, for a set Q we denote by 2% the power set of Q (the set of all subsets
of Q) and for a set 2 we denote by #q: 2 — [0,00] the counting measure on
Q). Furthermore, for a real number T € [0,00) we denote by Pr the set given by
Pr ={A C[0,T]: #r(A) < oo and {0,T} C A} (the set of all partitions of the
interval [0, T]). Moreover, let £: 2% — (—o0, 0] be the mapping with the property
that for all # C R it holds that £(8) = #gr(0) — 1. In addition, for a real number
T € [0,00) we denote by ||, : Pr — [0,7] the mapping with the property that for
all 8 € Pp it holds that

(24)

0], = maX({O}U{x €(0,00): (3a,b € §: [x =b—a and ON(a,b) = (Z)])}) €10,7).
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Note for every T' € [0,00) and every 6 € Pr that ||, € [0,T] is the maximum
step size of the partition 6. Finally, let |-]g: [0,00) — [0,00), 8 € [(0,00) U
(Urejo,00) Pr)]s and L-0g: [0,00) = [0,00), 0 € (Urepo,00) Pr), be the mappings
which satisfy [t|, = max({0,h,2h,3h,...} N[0,t]), |t]g = max(0N[0,¢]), Ltig =
max (¢ M [0,t)), and [0], = [0]g = 029 = 0 for all 0 € (Ure(p ) Pr); hst € (0,00).

2. EXPONENTIAL MOMENTS FOR NUMERICAL APPROXIMATION PROCESSES

In this section we establish exponential integrability properties for certain numer-
ical approximation processes of stochastic differential equations. In Subsection 21
we show how exponential moment bounds for the numerical approximation pro-
cesses can be derived from suitable one-step estimates. We first prove a general
Lyapunov-type estimate in Proposition 2Z.1lin Subsection [Z.Jl Thereafter, we estab-
lish appropriate Lyapunov-type estimates for exponentially growing Lyapunov-type
functions in Lemma and Corollary [Z3] in Subsection 2T The results in Sub-
section 2] are elementary extensions of known results in the literature (cf., e.g.,
Section 2.1.1 in [I8] and Section 3.1 in Schurz [33]). Proposition 2.1 Lemma [2.2]
and Corollary 23] all assume suitable one-step estimates for the considered numer-
ical approximation processes; see ([2H]) in the case of Proposition 2l see ([Z2)) in
the case of Lemma 22 and see B1) in the case of Corollary 23l The purpose of
Subsection is to prove that an appropriate class of stopped numerical approxi-
mation schemes fulfills the one-step estimate (87)) (see Lemma[28 in Subsection 2.2
which is the key result of this article) so that Corollary [Z3] in Subsection 2] can
be applied. In Subsection we then combine Corollary 23] in Subsection 2.I] and
Lemma 2.8 in Subsection to finally obtain exponential integrability properties
for a class of stopped increment-tamed Euler-Maruyama schemes; see Theorem [2.9]
and Corollary in Subsection 2.3

2.1. From one-step estimates to exponential moments. The following propo-
sition is an extended and generalized version of Corollary 2.2 in [I8]. The proof of
Proposition 2] is similar to the proof of Proposition 2.1 in [I8].

Proposition 2.1. Let (Q, F,P) be a probability space, let (E,E) be a measurable
space, let V.e M(E,B([0,00])), let Z: Ng x Q@ — E be a stochastic process, let
Tn €10,00), n €Ny, 5, € (0,00], n € Ny, and Q, € F, n € Ny, be sequences which
satisfy for all n € Ny that Qo = Q, that Q,\Qn41 C {V(Z,) > 6.}, and that

(25) E[lq,,.V(Zut1)] < E[la, V(Z4)].

Then it holds for all n € Ny, p € [1,00], V € M(&,B([0,])) with V <V that
(26)

E[lo,V(Z (H %) -E[V(Z)], (Z o ”) [V(Z)),

< (r;[l %) "E[V(Z0)]

+IV(Zo) |l ram) KZ Hzéo %>]E[V(Zo)ﬂ(l_%).

k

(27)



EXPONENTIAL INTEGRABILITY PROPERTIES 1361

Proof of Proposition 2] The first inequality in ([26) is an immediate consequence
of [25). To arrive at the second estimate in (2], note first for all n € N that

(28) (207 = (20-1\2) © (Q0m1)\) € (umi\20) U (Rmr))-

Iterating inclusion (28] and using Qo = Q shows for all n € Ny that

<U (@00%) ) U ((0))

n—1 —

(29) = U @\ Q1) = U (Qkﬁ Qk\Qk+1)>
k=0 k=0
O (Qk N {V(Zk > 5k} U {]].Qk Zk > 5!@}
k=0

Additivity of the probability measure P, Markov’s inequality and the first inequality
in ([28) therefore imply for all n € Ny that

Pl(2)] < ip[ﬂnszk) IS [M

1Y)
k=0 k

( ;s w) E[V(Zo)]

k

| N

This is the second inequality in (2) and the proof of (26) is thus completed.
Next observe that Holder’s inequality implies for all € F, p € [1,00] and all
F/B(]0, 0o])-measurable mappings X : Q — [0, co] that

Aye1)\(1—1/p)
(31) E[X] <E[1oX]+ PUQ)T)" T IX o(sm)-

Combining ([28) and @BI) finally shows that for all n € Ny, p € [1,00] and all
&/B([0, oc])-measurable functions V: E — [0,00] with Vz € E: V(x) < V() it

holds that
) V(Zo)]

]E
(32) (
+ IV (Z) o) [(’;J iy 71) (Zo)ﬂ(l_;).

The proof of Proposition 2] is thus completed. |

Z)] + 1V (Zo) o 0m) (]P’[(Qn)CD(l—l/p)

| A

IN

u:j\

The next elementary lemma (Lemma [22]) establishes an a priori bound based
on a specific class of path dependent Lyapunov-type functions (see ([B3) below for
details and cf., e.g., also Section 3.1 in Schurz [33]). For completeness the proof of
Lemma is given below.
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Lemma 2.2. Let (2, F,P) be a probability space, let (E,E) be a measurable space,
let T,p €[0,00),0 € Pr,ceR,UU € M(E,BR)),AcE, andletY: [0,T]xQ —
E be a product measurable stochastic process which satisfies that for all t € [0,T] it
holds P-a.s. that [§14(Y|,),)|U(Y;)|dr < oo and

E{exp<_ct+ U(r;) +f nA(meJ;,T) o) g ) ‘m)re[mma]]

(33)

Ltig
< exp(—c ttag + Ué,{fﬁ) + J 71A(YLT6J§T) v gy )
0

Then it holds for all t € [0,T)] that

(34) E[exp( 5 —|—f HA(Y“ler)U(Y) dr ﬂ < edE{eU(YO)} .

Proof of Lemma [Z2]1 Assumption (B3] implies for all ¢ € [0, T] that
E[exp (—ct + UE(Z‘ -|-f YLTBJ,?,)U( 2 dr)}

D L LAY, T(Y)
= IE[IE [exp (—ct + Ue(p{) —|—({ R dr ) ‘ (Ys)se[o,Lth]”

(35)
< E[ p(—cuhe + e(pLLng) + L?QWd >:|
<...< E[exp(Ue(p}_fg))} = ]E{EU(YO)} )
This completes the proof of Lemma 0

The next corollary, Corollary 2.3l specialises Lemma to the case where the
product measurable stochastic process appearing in (33) and (B4]) is an appropriate

one-step approximation process for an SDE driven by a standard Brownian motion;
see ([B0) below for details.

Corollary 2.3. Let T,p,c € [0,00), 8 € Pr, dym € N, ® € M(B(R? x [0,T] x
R™), B(RY)), A € B(RY), U € M(B(R%),B([0,))), U € M(B(R?),B(R)), let
(, F, P, (Fi)eco,r)) be a filtered probability space, let W: [0,T] x Q@ — R™ be a
standard (Fy)ie(o,r)-Brownian motion with continuous sample paths, let Y : [0,T] x

Q — R? be an (Ft)teo,1)-adapted stochastic process which satisfies for all t € [0,T]
that

(36) Yz-f = ]]-Rd\A(YI_th) : YLt_le + Il-A(K.LIg) : CD(YLthvt - LtJ@; Wt - WLt_lg) )

assume that for all x € A it holds P-a.s. that
10| 7
fllA(YLrJQ)IU( ldr+ | U(@(x, 7, W;))|dr < o0,
and assume for all (t,x) € (0,]0|7] x A that

(37) E[exp( (2(L W) 4 f zsﬁws>>ds>]<ect+y(m>_

epPs =

Then it holds for all t € [0,T) that

(38) E{exp( (LAl f Alryg) UK )drﬂ < e B[V 0]
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Proof of Corollary 23 We prove Corollary 23] through an application of Lem-
ma 22 For this we observe that assumption (B7) implies for all (¢,z) € (0, 6] ] x
R9 that

er ers

(39) ]E|:exp(1A(m) U(<I>t(m7t,Wt)) +f 1a(z) U(®(z,s,Ws)) d8>:| < ecttla(z)Ulz)

Next note that equation ([B6), Jensen’s inequality, and inequality (B9) imply that
for all ¢ € [0,T] it holds P-a.s. that

t

Ltig

_ E|: exp( lA(YLtJQ) U((b(YLtJe 7t_LtJQ7Wt_WLtJ9 ))

ert
¢ _
]]-A(YLtJ )U((P(YLtJ ,8—Ltag,Ws—Wi 4, ))
+ f . Zps 22 ds (}/;)SE[O,LtJQ]
Ltig
lA(YLtJ )U((b(YLtJ A—rtag,Wi—Wi ¢, ))
=E ‘ exp( 2 ep(tg\_th) 2
(40)
b0 14 (Vo) U@(Yiray s Wetsgrs—Weisy)) exp(=ptao)
o ds) (Yo sefo 0]
1a(Y, U((® t—rtag, W —W,
S ]E eXp( A( l_th) ( (e;f(;thJ;—) -6 t— Lth))

exp(—pLtig)

t—Ltag Yoo ) U(®(Yieo, 8, Wetayrs—Wee,
n g a(Yie 9) (®( teepj tag+ t 9)) dS)’ (Y’s)se[o,\_t_le]‘|

exp(—pLta
eC(t—to0)F1a(Yiesy) U(Yiesy) p(=prtao)

< xp(e(t -1 tg) + 2000

eP Ltig

Combining this with (30]) shows that for all ¢ € [0, 7] it holds P-a.s. that

14(Y,.,) O,
E[exp(—ctwgziw A B g ) \(Yr)re[o,w]}

= E|:e p(lA(YLfJQ) U(Y:) + ]l]Rd\A(YLtJQ) U(Yt)

ert ert

L 14 (Yiel,) U(Y,
tf %Cﬁ)‘(n)re[o,mw]]

0

Lt
exp<—ct+ / Lal¥irp) UG YLTeJ,fT)U dr>

(41) = E[exp(“m“ew(y” 4 Tetia () UYLty

[

ept ept

b 1a(Yie,,) O
+ f %d )‘(YT”)TG[O,Lth]]

Ltig
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Lt
. exp(—ct + f6 1+’T)U() dr)
0

< exp(c (t —Ltag) + % —ct

ept f ePT

I]-Rd\A(YLtJQ)U(YLtJQ) + Lidp lA(YL JB)U(Y) d )
0

Lt 7
< exp (—CLtJo SRUICCITIN / Lalirgy) ) dr) .

Combining this with Lemma [2.2] yields for all ¢ € [0,T] that
¢
]E[GXP<U6(3?) 4 Tégr)U( )drﬂ < ectE{eU(YO)}'
0

This finishes the proof of Corollary 2.3 O

2.2. A one-step estimate for exponential moments. In Lemma 2.§ below
a one-step estimate for exponential moments (see [B7) in Corollary above) is
proved for a general class of stopped one-step numerical approximation schemes.
The proof of Lemma uses the elementary estimate in Lemma below. More-
over, the proof of Lemma, exploits the following well-known result, Lemma 2.4
For completeness the proof of Lemma [2.4] is given below.

Lemma 2.4. [t holds for all x € R that

[e’e) l'2n 1 0 x2n
(42 ex—2<zm>‘e—w§2<z<z—w>'

n=0

Proof of Lemma 2.4 Note for all 2 € R that
e 0 (—:17)" - oo x2n 0 x2n+1
(43) e = ng() nl Z (2n)! Z @2n+1)! )"

This implies for all x € R that

oo 2n o x2"+1 s x?n e x2n .
*Z (2n+1)'z(2n)'+< Z(Zn)!] — )
(44) n=0 n=0 n=0 n=0
& x?n & x2n
=2 —e " <2
Z%@m' S e
The proof of Lemma 2.4]is thus completed. O

Lemma 2.5. Let T € [0,00), d,m € N, A € R¥>*™  let (Q, F,P) be a probability
space, and let W: [0,T] x Q@ = R™ be a standard Brownian motion. Then it holds
for all t € [0,T] that E[elAWll] < 2exp(L ||A||HS R Rd))

Proof of Lemma 285l Throughout this proof let f,,: R™ — [0,00), n € Ny, be the
functions with the property that for all x € R™ and all n € Ny it holds that
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fn(z) = ||Az||?>™. Then note for all z € R™ and all n € N that
trace((Hess f,)(z))
= trace (271 |Az||?r=2 A* A
+ Lapo) 2 (20 — 2) | Az]| 2"~ (A" Ag) (A" Az)" )
(45) =204z " | Al k@ o) + Lizroy 2n (20 — 2) [|Az] " || A" Ag]?
< 2n || Azl || Al fgm oy + 20 (20 = 2) | Az] P2 A g g gy

=2n(2n—1) HAH%{S(]RT”,Rd) fn-1(z).

Itd’s formula hence shows for all sy € [0, 7] and all n € N that

IE{HAWSOH%} =E[f,(Ws,)] = %/0 OE[trace((Hessfn)(Wsl))} dsy
1
(46) <3 / (20 = 1) A o) EL a1 (We,)] s
<<t ||A||HS o ) Of({ . S”g’lE[fo(WSn)] ds.. - dsy ds,
_ (2n)!

— o 1A e ey (50)"

Combining this with Lemma 4] implies for all ¢ € [0, 7] that

E[eHAW,,H} <9 (i ]E[||f(422/)t!||2n]>

n=0
(47) e} thA‘ 2n . R
<2 Z HS(R™RT) | _ Qeal\AHHS(Rde)'
2nn!
n=0
This finishes the proof of Lemma a

Beside Lemma 28] the proof of Lemma [Z.8] also uses the following two lemmas
(Lemma and Lemma [27). The proof of Lemma 2.7 uses inequality (2.56) in
Lemma 2.11 in [18].

Lemma 2.6. Let d € N, n € Ny, ¢,p € (0,00), 2,y € RY, V € C’;jl(Rd, [0,00)).
Then
(i) it holds for allt € {s € [0,1]: R > u — V(z+uy) € Ris differentiable at s}
that | 5V (z + ty)| < clly|| [1 + V(@ + ty)>0 =20 and
(ii) it holds for all i € NN [0,n], z1,...,2; € R:, t € {s € [0,1]: R 3> u
VO (z +uy)(z1,...,2) €R is differentiable at s} that

|%(V(i)(l‘ + ty) (21, . - ,zz))|
<cllall Nzl yl 1+ V(@ + ty)mex =700
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Proof of Lemma 28l First, note that the assumption V' € Cpf' (R?, [0, 00)) ensures
that for all ¢ € [0,1], h € R it holds that

[V(z+ty) —V(z+ (t+ h)y)]
(49) < clhlyll [t +sup,eo V(z + (t+ (1 = r)h)y)]
max{1—1/p,0
= c|h| |yl [1 +sup,epo Vi + (¢ + rh)y)] "7

Next observe that again the assumption V € C7'f*(R?,[0,00)) ensures that V is
locally Lipschitz continuous. Hence, we obtain for all ¢ € [0, 1] that

(50)  limsupg (03)3n-0 | SUPreo) V(@ + (¢t +7Rh)y) — V(z +ty)| = 0.
Combining this with (@) proves (). In the next step we note again that the
assumption V € CrH(R?,[0,00)) shows that for all i € NN [0,n], z1,...,2 €
RA\{0}, t € [0,1], h € R it holds that

V) (@tty) (21,0020 =V (@4 (t4R)y) (21,-...21) |
[ENEREA]

< WOz +ty) = VO (z+ (t+ R Lo (ra r)

max{1—1/p,0}

(51) |
< c|hl[yll[1 + sup,cpoy V(@ + (£ + (1 = r)h)y)| et =008
= c|hll|yll[1 + sup,¢po,1) V(z + (t + rh)y)]max{l_““)/mo}.

This and (B0) establish (). The proof of Lemma 28] is thus completed. 0

Lemma 2.7. Let c,p € [1,00), d €N, z,y € R, V € C;VC(]Rd, [0,00)). Then it
holds that 1+ V (z +y) < cP2P~ 11 + V(x) + ||y||P)-

Proof of Lemma 27 Throughout this proof let f: R — R be the function with
the property that for all ¢ € R it holds that f(¢t) = V(z + ty). Next observe that
the fact that V is locally Lipschitz continuous ensures that f is globally Lipschitz
continuous. Moreover, note that Item (i) in Lemma implies for all t € {s €
[0,1]: R> u — f(u) € R is differentiable at s} that

21+ ) < | Z 1+ )]
<elyll L+ @1 = ellyll L+ F@1" 7

The fact that f is globally Lipschitz continuous and inequality (2.56) in Lemma 2.11
in Hutzenthaler and Jentzen [I8] (with T =1, c=c|jyl, p=p, y = ([0,1] > t —
1+ f(t) € R) in the notation of Lemma 2.11 in Hutzenthaler and Jentzen [I§])
hence prove for all ¢ € [0, 1] that

(52)

cllyllt
P

1+ f(t) <2t {1 + f(0) + p} = or-1 {1 +V(x) +

(53)
<2214 V() + P ly|1P].
This implies that
1+ V(z+y) <P+ V() +PllylP] < 2271 1+ V() + [lyl7].
The proof of Lemma 2.7 is thus completed. O

Lemma 2.8. Let a,h € (0,00), dym € N, ¢,p € [1,00), 70,71,--,76, 77,0 €
[0,00), u € M(BR?),B[RY)), 0 € M(BR?),BR™™)), U € CR,R), U €
C3 (R4, [0,00)), D € 2(€R%: U@<eh™} e § € CO12(D x [0, h] x R™,RY), let
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(Q,F,P) be a probability space, let W: [0,h] x Q@ — R™ be a standard Brownian
motion with continuous sample paths, assume for all x € R¢ that

(54) (@) <c@+ U@, o) us@ngn < e+ [U@)™),
(55) (GuoU)(@) + L llo(@)* (V) @) + U(2) < p- Ule),
assume for all r € [1,00), x € D, s € (0,h] that ®(2,0,0) = z and
56

||(8%<I))(I,S,W < s,

H I)HL‘l(Q;RC")

58)  |[(Ay®)(x, s, Wi < es™,
59

(56) ) —

67 |[(5®)(z,s,W,) —o(a ||L8(Q s gy < 057
(58) M zaomay
(59)

®(z,s, W) — x”LT(Q;]Rd)
< emin(r, 14 [U(@)", A+ [U@)[") |p@)s + o (@)Wl Lrope) )

and assume for all x,y € R? that |U(z)| < c(1 + |U(2)|") and |U(x) — U(y)| <
cQ+ U@+ |U)|"") |z — yl|. Then it holds for all (t,x) € (0,h] x D that

E|:exp<U(<I>(w,t7Wt)) +f <I>(;E s, W ) d8>:|

U(x) s [2¢] 1P (v6+2) max(70.71.75,2)
(60) <e {1 +gexp([min(s,l)]"‘[(P“fs+1)(v6+2)+"ro+2wl]
. max(p,1) [2pe max(s,1)]6P(7+3) max(1.70.71.--.75) J
[min(s,1)][* 0+ +275F (5 FD 77 +2) —min(1/2,92,73,74)] S

Proof of Lemma [Z8. Throughout this proof let Y#: [0,h] x @ — R%, 2 € D, be
the stochastic processes with the property that for all s € [0,h], x € D it holds
that Y* = ®(z,s,Ws) and let 7,,: @ — [0,h], n € N, be the functions with the
property that for all n € N it holds that 7, = inf({s € [0, R]: [|[W;|| > n} U {h}).
Next observe that It6’s formula implies that for all x € D, t € [0, h] it holds P-a.s.
that

t
exp (e"tU(Y}z) —I—/ epTU(Yf)dr> — V@
0

:/0 exp(e‘psU(YS”)—I-/O e_”TU(Yf)dr>
e UNYT) (559) (2,5, W) AW
) +/0 exp(e‘psU(Yf)—l-/o e_’”U(Yf)dr>
.epS<U( )= pUYE) + U (YE)(2®) (2,5, W)
+ %trace((a%@)(a: s, W )[(g@) x,s, Wi )}*(HessU)(Yf))
+5e () @ s, W] (YO )|

AT V) () 1) ) ds

(
U)
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This shows for all ¢ € [0, h], z € D, n € N that

tAT,

E [exp (e_”(MT”)U(YfMH) + / e P"U(Y,") drﬂ — V@)
0

tATH S
= E{/ exp<e”SU(Yf) —|—/ e PrU(Y") dr) e P
0 0

(002 - 0 07) + U (B 5,
(62)
+ 3 trace ((aay )(, s W)[( ®)(z, s W)]*(HessU)(Y.f))

1o | [(20) (5, W) (VO ||+ 40 () (8,8 a5, m)) ds].

Assumption (B5]) therefore yields for all ¢ € [0,h], x € D, n € N that

(63)

tATn
E{exp(ep(tm")U(Ytgf\Tn) / e U(YF)d ﬂ eV
0

tATH
:IE[/ exp(e"SU(Yf)—I—/ e PrU(Y") dr)e ps
0 0

.(_PU(CIT)JF(%,U )(@) + e [lo(2)"(VU) ()| + U(z)
+U(YS) = U(z) — p(UYF) = U(z)) + U (Y (aﬁ Y@, s, W) = U'(z)p(z)

3 trace ((aié x, s, W)[(a%é)(x,s, WS)] (HessU)(YF ))

— % trace (o(z)o(z)* (Hess U) ()
() s, W] (Vo) )|

= 3 o) (VU) (@)]]* + LU <Af”“’w”) ds}

tATH S
< E[/ exp<6_pSU(Yf) —|—/ e PrU(Y") dr)
0 0

-<|U(Y§”)—U($)|+p|U(Yf) o) + U (YE) (@) (@, 5, We) = U' () u(x))|

<

1 —ps
+ se

+ %’trace ((aaytb)(x, s, W) [(a%tb)(x, s, W)]" (Hess U)(Ysz))
— trace (o(z)o(z)*(Hess U)(z)) ‘

1 |12 8) s, W) (VO |~ o) (VO @)

N |U (YS~T)(Ay2<I>)(m,s,WS)|) ds].
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Hence, Fatou’s lemma, Fubini’s theorem, and Holder’s inequality imply for all ¢ €
[0,h], z € D that

(64)
E [exp (e"’tU(Yt’”) -/ Loy dr)] @

tATR B
<liminfE [exp (e_p(t/\T")U(Y;’iTn) + / e TU(YY) dr)] — V@
0

<E[/Ot exp<U(Y:)+/OS e‘pTU(Yf)dr>
: ( (0(V) =0 (@) [+plU (V) U @) [+]U"(VF) (£®) (2, 5, We) ~U' (w)pu(a)|
+ %’trace ((%cb) (2,5, W) [(2 @) (x5, W,)] " (Hess U)(y;))
— trace (o(x)o ()" (Hess U) (z)) ‘

* o) (V) (@)

1 _—ps
+ 3¢

(&) (.5, W] (VO)7)

+ 2

t
</
0

: {PIIU(W) = U@ 2w + [0V (552) (@, 5, We) = U (@) (@) 12

U/ (v) <Ay<1>>(x,s,ws>|) ds]

exp (U(Y:) + /O (v dr)

L2(QR)

+ %H trace((a%q)) (z,s, Ws) [(8%@) (z,s,Wy)] *(Hess U)(Y®)

— o(x)o(x)* (Hess U)(x)) ]

L2(Q;R)
(@) @5, W] (T )| = (@) (VU) (@) )

1,—ps
+ e

L2 (4R)

100D Ay ®) @ Woll 20 | 117y _ B
o G TV~ U (@) gy | -

Next we estimate the L2-norms on the right-hand side separately. Combining the
assumption that U € C3 (R4 [0,00)) C C} (R [0,00)) with Lemma E7 (with
c=c,p=p,V=U,z=x,y=r(y—=z) forr€[0,1], z,y € R? in the notation of
Lemma 7)) implies for all z,y € R%, i € {0, 1,2} that

[0 (y) = U (x) HL(i)(]Rd,R)
< clly =] |1+ sup e Ulry + (1= 7)a))

max(p—i—1,0)

=csup,cq [L+U(e+rly—2)] 7 ly—2]

:| max{1—(i+1)/p,0}

(65)
max(p—i—1,0)
p

< esupre [ 27 (1 UG@) + lr(y - 2)]7) Iy — 2



1370 MARTIN HUTZENTHALER, ARNULF JENTZEN, AND XIAOJIE WANG

C(Qc)max{Pfifl,O} max(p—i—1,0) mox(p—ie1,0
S max(p—i-10}/p ([1 HU@] Tyl )) ly — |

2¢c)P max(p—i-1,0) max(p—i—1,0
CO (1+1U@) ™7 + y— " |y — al).

\ /\

This, in particular, shows for all z,y € R¢ that

66) U -U@| <% (1+10@I7 +ly—2|®V) lly - all.

Combining this with Holder’s inequality and the fact that Vo € R: |U(z)| <
c(1+|U(z)|™) yields for all s € (0,h], z € R? that

E {exp (2U(Y;) +2 /O e TU(YE) dr — 2U($)>}
< E{exp(z U(Y) = Ul)| + 2f U d)]
< B exp((2o)[1+|U) T + e -2 P V] v - o)

(67) +2c

O —=un

(1L+ [U(¥;))e)dr) |

p=1 xT — xT
< [lexp(@o? L+ U@)F + v = 2| 0] v - o))

L1(4R)

exp (%2 (1 + [U(Y2)]) dr)

Lo (R)
p—1 _
<E[exp((20 [1+[U@)[F + [V =2l V) v = al])]

exp<2cf (1+ U7 Lo (9 ]R)) dr ) .

Next we estimate the two factors on the right-hand side of (67)) separately. Using
Holder’s inequality and assumption (B9) shows for all s € (0, 4], © € D that

(68)

E[exp((20)? [+ 1U@)|T + 1V = 2| ®V] v —al )]

S

—1 —_ n n
@) + || (x, 5, W) — 2|7V ||<I><x7s,wg>—x||]

—ZH CO U @) T+ (w5, Ws) = 2l 0] @, 5, W) — o]

L1 (9;R)
<3 B [ U@ + [0 W.) — o] U]

=0

N1@(x, 5, Ws) = ]| Lo

<

NE

EF L W@+ U Y]

3
Il
=]

e+ w@) lu@)s + o @Wal ooz
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=5 e [0(1 HU@)T A+ U@ + (1 + IU(x)I”"’V’}n

Elflu(z)s + o (x)We[|" ]

p

= E[exp( [2c]” [c(l + |U(x)\?1 JA+U@)?) +cP(1+ ‘U(x”%)p}

N()s + o @)W ) |
Hence, assumption (54) and Lemma 25 yield for all s € (0, k], z € D that

(69)

E[exp([26” [1+U@)|'T + ¥ — 2| * V] v -2 )]

<E|exp(c2” [L+UE)|T +|U@)" + [U@)] 7

+ 2477 (U U @) (@)s + o (@)W )]

c 5 c("/5+1)

(r+1)
< ]E[exp(?’cp {1 T -0/ T g T atet-17p)

cPYs

+[2¢ PV (1 + SWS) | l(@)s + o@w )|
< ]E{exp (2pc(p+1) [min(s, 1)@+ {40(75“) + 2?0(P+P’Ys—1)}

Na(@)s + o@Wi )]
< E[exp (23205 fmin(s, 1] (lu(a)|ls + lo (@) Wi])) |

= exp(2(2p+2)cp(75+3) [min(s, 1)]—06(1775""1) ||,u(:E)||S)
- E[exp (2272705 [min(s, 1) o)W )|
< exp (220 min(s, 1)) () )

ex s2(4p+4) 2p(v5+3) HO-(;C)HIz{S(R””,Rd)
P 2 [min(s,1)]2*®Prs+1)

<2 exp(s 9(4p+3) .2p(y5+3) [min(s, 1)]—2a(ms+1) {HM(QT)H + ||U(x)||%{S(Rm,Rd)D

< 2 eXp(S 2(4p+3) Czp(’Yer?)) [min(s, 1)]7204(pfy5+1)
Je@rwE@r) + @+ vE?))
< 2exp (s 204P+3) (2p(15+8) i (5, 1)) 2P+

. |:C + C(1+"/0)S*O"YO + 202 + 262(1+71)5*2a'y1:| )

1371

< 2exp (s 2(4p+3) (2p(5+3) [1nin (s, 1)]_0‘(2’”5"'2"'7‘”‘2”) {20(1+%) + 402(1+'Y1)D

< 26xp<8 9(4p+6) 2p(max(y0/2,71)+75+4) [min(s, 1)}fa(2p75+2+“/0+271)) '
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Next we combine (66]) with assumption (B9)) to obtain for all » € (0, k|, z € D that

(70)
10V Lo @r) < U@) + |UY) = U@)|| L= :r)

<UG) + 257 || (L0 @) "7 4 7 = o)) v -

Lo (4R)

<U@) + Z [e(L+ U@ V7)) 1+ [U@)™) + ¢ (@ + U @)™

< U(z) + <2§>” [2cmax(1,U(x)) - 2max(1, U (2)]") + [2¢]” max(1, [U(z)["7)]
< U(z) + C [demax(1, [U(x)| ) + [2¢]P max(1, [U(x)[P5)]

< U(z) + C% max(1, |U(x)| P +D) [4e + (2¢)7]

< U() + 3 (2 max(1, [U ()| D)

< 2@PHD 2P max (1, |U ()| P15 +Y),
Therefore, it holds for all s € (0,h], x € D that
(71)
v
2cf L+ ITEA) % my) dr < 25 + 2sc (2<2p+1>c2” max (1, |U(x)\(m+”)) '

< 2sc + 2s¢22PH1)76 276 max (1, |U(x)\(p75+1)76)

< 2sc + 5 212P+H D)6+ ((2py6+1+ (Y5 +1)76) max (1, S—Q(P’Ys+1)’75)

< 52l@rt1)6+2] l(p(v5+2)+1)v6+H] [min(s, 1)}*a(ms+1)'m '

Inserting ([@9) and (7)) into (7)) then shows for all s € (0, k], z € D that

E {exp <2U(Y:) L2 e UV dr — 2U(x))]
0
< 2exp (s 9(4p+6) 2p(max(v0/2,71)+75+4) [mins, 1)]7a(2p“/5+2+’yo+2wl))
- exp (s 9l(2p+1)v6+2] [(P(v5+2)+1)v6+1] [min(s, 1)}*‘1(P’Y5+1)’)'6)

(72) < 2exp( [2(4p+6) e2p(max(y0/2,m1)+v5+4) | 9l(2p+1)76+2] ([pve (75+3)+1]]

s
’ [min(s,1)]*1P7s F D6+ Fr0+271] )

< 2exp (2[1+<2p+3><w6+2>1 PImax(70,271)+(v5+4) (v6+2)]

- [min(s, 1)]—04[(1775+1)(’)’6+2)+’)’0+2’Yl] s)

Therefore, we obtain for all s € (0, h], x € D that

exp (U (Y5)

L2(Q4R)

+
2(2p+3) (76 +2) oplmax(v0,271)+(v5+4) (v6+2)] ¢ U(z)
< \/ieX ( [min(s,1)]* (P75 +DG6+2)+70+271] € :

(73)
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Moreover, the fact that Vr € [2,00),s € [0,h],2 € R%: |lo(2)Ws|/pr@rm) <

Vsr(r —=1)/2||o(z) | ysmm ray (see, e.g., Lemma 7.7 in Da Prato and Zabezyk [4]),
assumption (B4), and assumption (B9) imply for all » € [2,00), s € (0,h], z € D
that

1Y — IHLT(Q;RC") = [|®(z, s, Ws) — ‘T”LT(Q;Rd)
c(L+1U@)[") lu(@)s + o (@)Wsll Lo upa)
70(1—1—07537‘”5) <||M NIs++/sr(r—1)/2|c(x ||HS(Rm Rd))

<c(l+4Ps7%) (cs (L4 cs7%7°) +ey/sr(r—1)/2 (1 + c’“s*a'“))

(74) < 2¢ZHmax(v0:7)4%) [min(s, 1)) (1 + \/W) Vs
. max(\/g (1 + 5_0"7") 14 s_o"“)
< 22 Hmax(30.7)+75) [min(s, 1)] 7" r/s [max(s, 1)]*/?
- max(l + 570 1+ s_‘”l)
< dreHmax00m)+9) 61/2 [max (s, 1)]Y? [min(s, 1))~ *00 1)

= 4pc(2Hmax(07)47%) max(s, 1) [min(s, 1)][1/2—a(70+71+75)] _

Combining (B9) and (74)) with Holder’s inequality and inequality (G0 yields for all
€ [2,00),1€{0,1,2}, s € (0,h], x € D that

(75)
TP (ve) — U (a)]

L7 (Q:L0) (RY,R))

max(p—i

P max(p—i—1,0) max(p—i—
| (1+ @™ +m¢—wua@ 1) 1y el

IN

L7 (R)
max(p i—

2¢)P max(p—i—1,0)
C (1Y = @l ey + 1U(@) CYE = 2l ame

1
+ 1Y — H?fifx(; z)n(sz JRd))

I /\

2 P
C (14 srmmrimros + Y2 — 3l

Y -

IN

max(p—i—1,0)
[,7-max(p—i,1) (Q;]Rd)

[r-max(p—i,1) (Q;Rd)

< G5 ey + [erp 010 [ app B rmextan o)
- max(s, 1) [min(s, 1)][1/2*a(vo+'y1+75)]
< 9t (lpF24max(90.71)4%) [2ep 4 [erp]?]

-max(s, 1) [min(s, 1)][1/27a(70+71+75+1)]

< 60(2P+2+max(’>’01’¥1)+’¥5) [27‘17][) max(s, 1) [min(57 1)}[1/2—0¢(’)’0+71+75+1)] )
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This, the assumption that U € C;C(Rd, [0,00)), Lemma [2.6] Hélder’s inequality,
assumption (54)), and assumption (B6l) show for all s € (0, h], € D that

(76)
[U"(Y) (55@) (2,5, Ws) = U(x)ﬂ(x)Hm(Q;R)

< HllU’(Ysm)||L(Rd7R) |(2®)(x,s, W) — #(95)”’
U Y) = U (@) 2. pra my 11(2)]

U @) g gy | (2@) (2,5, W) = ()| 2 )
H U (YT) = U @) L sz ) [H” M+ [[(£5@) (2,5, W) _//"(x)HL‘l(Q;Rd)}

<ec[l+ U(a:)]@ 872 4 6 cZpH2tmax(yo7)+ys) (8P

L2(4R)

-max(s, 1) [mln( )][1/2—0‘(70+71+’Ys+1)] [ (1 4 s 70¢'yo) + 6872]
< 2572 [1 4 es7] PTV/P 4 6 c@ptstmax(yo m)to+s) [gp)P
(s,

- max(s, 1) [min )][1/2*04(2’YO+71+75+1)] 2+ 572]
< 2¢%$7? [min(s, 1)) + 18 (2p+3+max(y0,71)+v0+75) [8p]?
- [max(s, 1)](1+72) [min(s, 1)][1/2*a(270+71+%+1)]
= 2¢% [max(s, 1)) [min(s, 1)](72—00 + 18 ¢(2p+3+max(y0,71)+70+75) [8p]”
- [max(s, 1)](1+V2) [min(s, 1)][1/2—a(270+’71+’75+1)]
<20 [8p)” c(2p+3+max(y0,71)+70+75)
. [max(s 1)](1+72) [mln(s 1)][min(’Yz71/2)—0é(2’)’0+71+75+1)] )
Analogously, (75), the assumption that U € C3 .(R%, [0, 00)), Lemma 26, Holder’s
inequality, assumption (B4]), and assumption (B7) show for all s € (0, 4], € D that

|U"(vy7) (8%(1))@’ s, Ws) = U'(x) 0 x)||L4(Q;L(Rm,R))

< 107 Oy (@) @5, W) = @) g
+IU(YS) - Ul(x)HL‘l(Q;L(]Rd,]R)) ||0(95)||L(Rm,Rd)

< HU/(J")”L(R“I,R) ||(a%q)) (z,5,Ws) — U(x)HL‘l(Q;L(Rm,Rd))
+IU(Yy) - U,($)||L8(Q;L(R47R))
' [”U(JC)HL(RWR“") + | (55.®) (. 5, W) = ”(x)HLS(Q;L(Rde))]

(77) < e[l +U(@) PP s 4 6 2r2max(om)+5) [16p)P
)][1/2*0‘(“/0+V1+’Ys+1)] [C (1 +em S—Ot’Yl) + 0573}

LA(4R)

-max(s, 1) [min(s,
< 257 [1+ cs~) PTIP 4 6 rtatmaxtom) +m40) [16p)P
(

-max(s, 1) [min(s, 1)][1/2_a(%+271+ﬁ’5+1)] [2 4 s7]

< 2¢3578 [min(s, 1)) 4 18 ¢2pH3+max(yo.y1)+7+75) [16p)P

(14s) [ [1/2—a(yo+27v14+75+1)]

- [max(s, 1)] min(s, 1)]
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< 20[16p])” c(2p+3+max(vo,71)+v1+75)

(1+v3) [ [min(vs,1/2)—a(vo+2y1+7v5+1)] _

- [max(s, 1)] min(s, 1)]

In the next step we note for all A;, Ay € R*™, By, By € R4¥¢ that
(78)
[trace (A1 A7 By — A2 A3 Bs)|
= |trace (A7 B1 A1 — A5ByAs)|
= | <A17BlA1>HS(R’",Rd) - <A2vB2A2>HS(Rm,Rd) ‘
= (4, (B1 = B2)Aa) s(n gty + (A1 — Az, BLAL ysgm
+ (A2, B1(A1 — A2)) g rm ray

< HAQHHS(R"",Rd) ||(Bl_B2)A2||HS(R"",RL¢)+||A1_A2HHS(RW,Rd) ||BlA1HHS(R’",Rd)

+ [[ A2 pggm ray [B1(A1 — A2)[lggrm ra)

< I1B1 = Ball gay | A fig(m ey + 141 = A2l s m may [ Bl may
: [||A1HHS(RM,W) + HA2||HS(RM,Rd)]

< |1B1 = Bzl p(ray ||A2||12{S(]Rm,]Rd)
+ 141 = Azllfisn mo) + 2141 = Asllsgn gy [ 42lis e )|

[IB1 = Ball gy + |1 Ballay) -

Next we apply this inequality with A; = (a%tb)(x,s,Ws), Ay = o(z), By =
(HessU)(YY), and By = (HessU)(x) for s € [0, h], we take expectations, we ap-
ply Hélder’s inequality, we use the assumption that U € C’S,C(Rd, [0,00)), we use
Lemma 26l @) (withd =d,n=2,c=c,p=prx=z,y=w,V =U,i=1,2 =
v,t =0 for z € D,v,w € {u € R?: ||u|| < 1} in the notation of Lemma 2.6 (i),
and we apply inequalities (54)), (1), and (3] to obtain for all s € (0,h], x € D
that

H trace((a%q))(x, s, W) [(8%‘1))(33, s, Ws)]*

 (Hess U)(Y®) — o(z) o(x)* (Hess U)(ac)) ‘

L2(4R)
< [[(HessU)(Y,") — (Hess U)($)||L2(Q;L(Rd)) Ha(x)||l2—IS(Rm,Rd)
2
+ HH(%@)(x, s, Ws) = U(x)HHs(Rm,Rd)

2| (28) (5, Ws) = 00 s g ety 100 g e |

L4(Q;R)

. |:H(HESS U) (}/;x) - (HGSS U)(IE) ||L4(Q;L(]Rd)) + || (HeSS U)(.’E) HL(]Rd):|
<6 c(2p+2+max(y0,71)+7s5) [4p]p max(s, 1)

- [min(s, 1)]/27Oot it Dl 902 (1 4 (21 g-20m)

+ [0252"3 + 2¢s™3 ¢ (1 + c’“sfom)}
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. [6 c(2p+2+max(v0,71)+75) [8p]P max(s, 1)

(79) . [min(s, 1)][1/2-&("/0+V1+V5+1)] +e [1 + U(x)]max(p—zo)/p}

< 24 [4p]P P Hatmax(307)+2%14%) max(s, 1) [min(s, 1)][1/2*a(vo+371+v5+1)]
+ 2+ s [573 424 Qsﬂwl] {6 (2pF+2+max(yo,71)+7s5) [8p]” max(s, 1)

. [min(& 1)}[1/2—0t(’70+’71+’75+1)] 192 [min(s, 1)]_(1}
< 24 [4p]P rHAtmax(30,71)+27147) max (s, 1) [min(s, 1)][1/2*a(vo+371+v5+1)]
+ 5 ¢2ptddmax(y0,71) +71+75) [max(s, 1)}(1+273)
- [min(s, 1)) 20025+l g 18,7 4 9]
<24 [4p]1’ (2pF4+max(y0,71)+271+75) max(s, 1) [min(s, 1)][1/2—a(70+371+75+1)]
+ 35 [8p]P 2P+ 4max(0.91) 47145 [1ax(s, 1)) (2
- [min(s, 1)}[73*a(w+2w+75+1)]
< 47[8p)" c(@2ptatmax(y0,71)+271+75) [max(s, 1)](273“)
(s, 1)}[min(7371/2)*Q(W0+371+W5+1)] .

- [min

Furthermore, the fact that Va,b € R™: |[|la]? — [|b||*| < [la — bl (la — b]| + 2 [B]]),
Hélder’s inequality, inequality (1), and inequality (B4) prove for all s € (0, k],
x € D that

[T ®) @ s W) (eI = oty CO@I ,
< (2 ®) (@5, W] (V) ~ o) (VO)) | e grom
@) @5 W] (VO)(v2) = o) (VU @)

+20(@)" gz IVU) @)

LA(4R)
<20 [16p]p c(2p+3+max(yo,71)+71+75) [max(s, 1)](14»73)
- [min(s, 1) 0e:1/2)—aGo+2y1+75+1)]
20[16p]P c(2P+3+max(v0.71)+71+75) [ax sl (1473)
(80) . [ : fr]nin(s,l)]—[m‘n(”fsv1/2)—a(w0-¢—[2~r?+€15+)1])]

+2c(14+c"s M) e[l +es™?] (pfl)/p}

<20 [16p]p c2(2p+3+max(yo,71)+714+75) [max(s, 1)](1-‘,—'73)

) [min(s 1)][min('yg,1/2)720(’YO+271+’Y5+1)]

: [20 [16p]” [max(s, 1)) T + 8]

< [2%p] 2P 2(2p+3+max(y0,71)+71+75) [ )}(2+273)

max(s, 1

- [min(s 1)][min(7371/2)—2a(70+271+75+1)] '
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In addition, we note that Holder’s inequality, the assumption that U €
3 d . . . . .

C, o(R%,[0,00)), Lemma 2.6 inequality (B8), and inequality (73] imply for all

s € (0,h], z € D that

107 (V) (2, .5, W)l sy
<1072 e ) N0 2) @5, W) e
< (I07(¥) = U @)l sq@uneazy + 10" @)

A5 W)l sz
(51)

< (6 [8p]P c(2pF2tmax(0.7)+%) max(s, 1)

[min(s, 1)J27 000 1 ()] D) s
< (6 [8p]p C(2p+2+max(%m)+%) maux(s7 1)

[in(s, 1)1/ 00RO 962 fnin s, 1)) ) es7

< (6[8p]” + 2) cPrFETmax00m)9) [max(s, 1)] 04+

- [min(s, 1)] [va—a(vo+v1+y5+1)]

<7 [8p]p c(2p+3+max(v0,71)+7s) [max(s, 1)](744-1) [min(s, 1)][’74—(1(70-5—714-754.1)] .

Moreover, the fact that Vo,y €R?: |U(z)—U(y)| <c(1+|U(z) 7 +|Uy)["7) [la—y],
inequality (Z0), and inequality (4 show for all s € (0, h], z € D that

(52)
ITO2) = U@ 2y < lle @+ D@7+ [TFIYE = 2l p20m)
< c[1+ U@ Uiy | 1V~ @z ome

8 ¢(2+max(70,71)+75) max(s,1)

v
S C|:1 + \U(fﬂ)w + {2(21)4_1)02[) maX(L |U(x)|(p’75+1))} } [min(s,l)]_[1/2—“(”’0+71+75)]

< [1 + gt 4 9@p+)r ((2p+pys 1)y [min(s, 1)]*a'y7(p%+1) }

.8 c(3+max(9.71)+75) max(s,1)
[min(s,l)]_[l/z_“(w""*l +75)]

< [2 + 2(2p+1)v7} 8 clB3+max(vo,m1)+vs+(p(v5+2)+1)v7] max(s, 1)
. [min(s 1)}[1/2701(’YO+’Yl+’Ys+“/7(10’¥5+1))]
< 24 . 22t B+max(y0,71)+75+(p(v5+2)+1)77] max(s, 1)

- [min(s, 1)}[1/270((’}’0“’71+’Y5+(p"/5+1)’y7)] )
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In the next step we insert ([73)), (@), (@), (@), (€0), &), and B2) into ([©4) to

obtain for all ¢ € (0, k], z € D that
(83)
t —
E {exp <e_th(Y?) + / e P"U(Yy") drﬂ — V@
0
t
(2p+3) (16 +2) plmax(v0,2v1)+(v5+4)(v6+2)] 4 Uz
< /0 ﬁexp(z [min(s,1)]*lP15+D (6 +2)+70+271] ) € @

. {6p c(2p+24max(y0,71)+75) [4p]17 max(s, 1) [min(s, 1)][1/2—a("/0+"/1+%+1)]

+920 [Sp]” c(2p+3+max(yo,71)+70+75) [max(s, 1)](1“2)
 [min(s, 1)]in0O21/2 =@t 511

+ 47 [8p]P ((2pHa+max(h0,71)+2711475) [max (s, 1))@+

- [min(s, 1)][min(73,1/2)*a(70+371+75+1)] + % ng] 2p 22p+3+max(0,71)+71+75)
- [max(s, 1)]#t2%) [min(s, 1)]™n0s:1/2)~2a00+2m+35+1)]

+ 4 [8p]P P +3+max(30.71)+95) [max (s, 1)] 7T [min(s, 1)~ 0075 +D)]
+ 94 . 2@pH)7 ([3+max(y0,7) 75 +(p(v5+2)+1)v7] max(s, 1)

. [mins, 1)][1/2fa(70+71+75+(p75+1)77)] } ds

t
U 2(2p+3)(v6+2) plmax(v9,27v1)+(v5+4) (v6+2)]
<e @) /0 \/iexp( [min(s,l)]ca[(P’YS‘Fl)(75+2)+“{0+271] S)
. cl6+4p+6 max(v0,71,75)+py7 (v5+3)] {GP [4p]” + 48 [8p]” + % [291)] Zp + 2(3p77+5)}
- [max(s 1)]maX(1+'yz,2+2'ya,1+’v4)

- [min(s, 1)][min(1/2772’“/3,74)*a(270+471+275+(1W5+1)W7+2)] ds .

This implies for all ¢ € (0, h], z € D that

t —
Uyy”) UY?)
]E{exp( ot —l—({ o dr
<e 2(2p+3)(v6+2) oplmax(v0,271)+(v5+4) (v6+2)] S)

t
U U 9,12P 53
(1)_|_6 (=) /Omax(p, 1) [2 p} 27 exp( [min(s71)]“‘[(1’75+1)(’YG+2)+’YO+2’YI]

cl6+4p+6 max(v0,71,75)+py7 (v513)] [max(s, 1)][max(72,1+273,'y4)+1]

(5 1)] [a(2v0+4v1+2y5+(pys+1)v7+2) —min(1/2,v2,73,74)] ds

[min

t
U(z) 2(2p+3)(v6+2)  4p(v6+2) max(70,71:75,2) ¢
<e |:1 + gexp( [min(s’1)]0‘[(P’YS+1)('YG+2)+’YO+2'Y]]

max(p,1)[2pc]®PV7+3) max(1,%0,71:75) [max(s,1)]max (72, 1+273,74) +1]
' [min(s,1)][*@r0+471+275 + (P75 +1)77 +2) —min(1/2,72,73,74)] S
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t 4p(vg+2) max(vg,71,75,2)
U(x) [2¢]*P (76 0:71:75:2) g
<e |:1 + gexp( [min(s,1)]*[P¥5+D (6 +2)+r0+271]

max(p,1)[2pc]®PV7+3) max(1,90.71:75) [max (s,1)]max (72, 1+273,74) +1]
’ [min(s,1)]@@0F 1275+ @5 F1)77+2) —min(1/2,52,73.74)] s

This proves (60]) and thereby finishes the proof of Lemma 28 O

2.3. Exponential moments for stopped increment-tamed Euler-Maruyama
schemes. Using Corollary 2.3 and Lemma 2.8 above, we are now ready to estab-
lish exponential moment bounds for a class of stopped increment-tamed Euler-
Maruyama schemes in the next theorem.

Theorem 2.9. Let v,p € [0,00), T € ((),oo), d,m €N, p,c€[l,0), q € (1,00),
p € MBRY),BRY)), 0 € MBRY),BR>™), U € Cp (R0, 00)) U €
C(R%4LR), a € (0,3 m1n{7,y+2, (q+8),y+2}) let Dy, € B{z € Rd. U(z) < ch™@}),
h € (0,T], be a nonincreasing family of sets, assume for all h € (0,T] that
ulp, € C(Dp,R?Y) and o|p, € C(Dp,R>*™) et (Q, F,P) be a probability space with
a normal filtration (Fy)iepo,r), let W: [0,T] x Q@ — R™ be a standard (F;)ec(o,r-
Brownian motion with continuous sample paths, let Y7 [0,T]xQ — R?, 0 € Pr, be
(Ft)tejo,r)-adapted stochastic processes with continuous sample paths which satisfy
for allt €10,T], 6 € Pr that

(84)

u(Y,) (= Ltle) +o(Y]),) (Wi = Wiyy,)

1+H/‘ \_t]g)( - |_tJ9)+O—(Y\_0tJ9)(Wt—WLtJG)Hq

and assume for all x,y € R with x # y that

Y =Y(y, +1p,,(Yf,)

(85) (@) + llo (@) s @n za) + U (@) < c(1+|U@)]7),
W00 < o (1 +[U2)] + [U(y)]),

(86) (GuoU) (@) + 5 o (@) (VU) (@)|* + Ulw) < p- Ulz).

Then it holds for all t € [0,T], 8 € Pr that

(87)

u 1 Y, Uy E
limsup sup E{exp< i ) +f Dy p épjf.) Yy ds)} < 1imsupE[eU(Y09)}
\ﬁ\T\O u€l0,T |"9|T\0

and

t1 Y, Uy,
E{eXP<UgZ’) —l—f Dyojy épise) ( )ds>]

< ex max(p,1) [min(‘9|T71)][min(l/2v(qf1)/270¢(<1+1)w)7a(7w+2)] E eU(Yoe)
— p exp(—[SCpq maX(T71)]9P(Q+1)max(’Y«l)n‘ax(’Y’q’2)<’Y+2)) .

Proof of Theorem 291 Throughout this proof let vg,71,...,77,¢ € R be the real
numbers given by o =1 = =7 =7, 72 =73 = Y2—ay(¢+ 1), ya = (e-D/2—
av(q+1), 75 = 0, and ¢ = [16¢1Vgmax(T, 1)] " let ,: RY x 0, 4] x R™ —
R?, h € (0,T], be the functions which satisfy for all h € (0,7}, s € [0,h], y € R™,
x € R? that

(8) Ui, 5,9) = @+ 1p, (2) | fleial |
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and let ®p,: Dj, x [0,h] x R™ — R% h € (0,7T], be the functions which satisfy for
all h € (0,T], s €[0,h], y € R™, x € Dy, that

(89) (I)h(fE,S,y):\I/h(l‘,S,y).

We now verify step by step all assumptions of Lemma 2.8 First, note for all
h € (0,T], z € Dy, that ®(z,0,0) = x. Moreover, observe that (8] ensures that
B4) in Lemma 28 is fulfilled. Furthermore, note for all h € (0,7, (z,s,y) €
Dy, x (0,h] x R™ that

(90)
(%(I)h)(xv Svy)

_ M(fﬂ)(1+|\M(E)S+U($)y|\q)—(u(w)s-ira(w)y)QIlu(w)8+0($)yll“172)<u(w)8+0(w)y,u(1)>
(A+lln(@)s+o(@)yll9)?

= u(z) — p@)|u@)sto@yl? _ q(u(@)sto(@)y)llu(@)sto @)yl 2)<u(ﬂﬁ)8+ff(ﬂﬂ)y u(@))
H I4lp(z)s+o(=)yll? (@) s+o(2)yll9)?

This implies for all h € (0,7, s € (0,h], z € Dy, y € R™ that

(91) [(Z®n) (2, s5,9) — p(@)|| < (q+1) |u(@)s + o (@)y|? lu()]].

Moreover, the inequality Vr € [2,00),s € [0,T],z € R*: |lo(z)W|lpr(are) <

Vsr(r—1)/2|o(x)|lyg@m gay shows for all r € [2,00), h € (0,T],s € (0,h],

xEDth that

[p(x)s + o (@)Wl L o;ra)
<es(14+|U@)]) + e/sr(r—1)/2(1 4+ |U(x)])
(92) =c (5 + 073(170”)) +e/r(r—1)/2 (51/2 + c"s(l/?*a'y))
< ¢ max(7, 1) 5027 (24 27— ) 2)

< 2¢3H ) max(T, 1) s(1/2797),

This together with (@) and the fact ary < 1 implies for all h € (0,7T], s € (0, h},
z € Dy C Dy that

1(Z5®n) (s 8, W) = @) s ey
< (¢+1) [u(@)s + o (@)Wsll Fao(oymay ()]
<(g+1) {8c(l+7)q max (T, 1)] s1/2779) ¢ (1 4 |U(z)]")
(93) <c(g+1) [80(1+"’)q max (T, 1)] " ga1/2=30) (1+c7s77)
< 1) (g 4+ 1) [80(1+7)qmax(T, 1)}‘1 s(@/2=ala+1)7) (g7 4 1)
< 21+ {80(1+V)q max(T, 1)} ! gla/2=ata+1)n) o [max(7T,1)]

}(QH) gla/2—alg+1)7) < ¢s2,

< {80(1"’”)(1 max(7, 1)
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This proves that (B8) in Lemma 2.8]is fulfilled. Similarly, it holds for all h € (0,77,
(x,8,y) € Dy, x (0,h] x R™ that

(94)
((%(bh) (z,8,9)

o (@) (1| p(@) sto(2)y]| ) = (u(z) st0 (2)y) gl u(@)s+o @)y~ (u(z) s+0(2)y)* o ()

(It llp(@)sto(x)yl|1)?
o(@)|u(@)sto@yl?  q(u(@)sto(@)y)llp(@)st+o(@)y] 12 (u(@)s+o(x)y) o ()
+p(z)s+o(z)yll (I+llp(@)s+o(x)yl|*)?

= o(x) -

This implies for all h € (0,T], s € (0,h], z € Dy, y € R™ that
| (%éh)(mv $,Y) — a(x)HHs(Rm,Rd)

95
(95) < (g+ 1) 162)s + o @)y 1) s gaom 5, -

This together with ([@2]) implies for all h € (0,T], s € (0,h], z € D), C D, that

(&) @5, W) = o(a)
< (g4 1) 425 + 0 (@)W, | L ey 100 s )
<(g+1) {16c(1+7>q max(7, 1)] * 59(1/2790) ¢ (1 4 ¢15707)

L8(HS(R™ R4))

(96)

IN

0+ (g + 1) {160<1+w>qmaX(T’ 1)]‘1 sla/2=ala+] (gov 4 1)

IN

q
21470 [16¢0 ) g max(T, 1)| sl9/2~@ 17 2 max(T, 1)

}(qul)

< {160(1+7)qmaX(T, 1) gla/2—ala+1)7] — pg7s.

This shows that (57) in Lemma 28 is fulfilled. In the next step let ¢: R? — R?
and o;: R? — R i € {1,...,m}, be the functions with the property that for all
z € R it holds that ¢(z) = o7 and o(z) = (01(2),02(2),...,0m(z)). Observe
that v € C?(R?,R?) and that for all z = (21, 29,...,24), u = (u1,us,-...,Uq),
v = (v1,v2,...,v4) € R? it holds that

(97)
, d 5 U 1z =0,
W= (F)E = et #0
k=1 T+]|=]l (1+]l=[11)* ' ’
and
d
2
V" (2)(u,v) = Z (ﬁ‘/’)(z) CUE U
k=1
0 1 z2=0,
_ ) _allzl P uzo) tozau) +zun)]  ala=2)l1z)9 Y 2(z0) (z0u)
- A=l (1+]z[9)?
2¢%||2[1*" P 2(z,u) (2,0) D2 #£0.

(1+)1z019)°
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This implies for all z,u € R? that

0 2 =0,
" ) 2?2 w2 dllz) T [2ulzu) 2] u)?]
o= o DA e
_q(@=2)[[z|[""" " z[{z,u .
(T+]T=l9)2 127 0.

Hence, we obtain for all i € {1,2,...,m}, (z,s,y) € R? x (0,h] x R™ that

(99)
2
8a—y2(w(u(x)s + U(x)y))

- C%i(wl (u(@)s + olw)y) (Ui(x))) =" (u(z)s + o(x)y) (0i(x), 0i(x))

Lyay o} (1(@)s+o(2)y) 2¢° | (@) s+o (2)y* ™ (u(@)st+o (@)y)[{u(@)s+o(2)y.0i(2))*
(Itllp(@)sto(x)yl|1)®

Loa oy (4()st0(2)y) q (@) sto @)yl 2 [204 (@) (@) s+ (2)y,04 (@) + () sto(@)y) i (2)])]

(I+llp(z)s+o(x)yll9)?
Leay o} (1(@)st0(2)y) a(g—2) (@) sto(2)yl|'" (u(@)s+o(2)y) [(p(@)sto(2)y,0i ()|
(It llp(@)s+o(2)[|1)? '

This and the Cauchy-Schwarz inequality show for all (z,s,y) € R? x (0,h] x R™
that

( s—i—a()))

(2g—1)

2 lay
_ 20 lpa)s + o)y * Y o >||H3<Rm R
(1 + llu(@)s + o(@)y] )’
(100) , 3lu@)s + o(@)yl @ (@) s @ 2
(1 + [lu(@)s + o(@)yle)?
qlq =2/ ln(@)s + o (@)y| ™ o (@) [Figm ze)
(1 + (@) + o (@) )
< [2¢° + 3¢+ qlqg — 2[] lu(x)s + o (@)yl| ™ o(2) [Fg @ pe) -

Consequently, it follows for all h € (0,7, s € (0,h], € D, C Ds, y € R™ that

||(A D) (z, 8,y) §Z 62 xs,y)H

(101) <3 [(2(12 +3q+ %) ||p(x)s + o (2)y[| Y [|o(2)]?

i=1

=3¢ (q+1) u(x)s + o @)yl o (@) s @n za-
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This together with (@2)) and the fact 2ay < 1 yields for all & € (0,T], s € (0, k],
xz € Dy C Dy that

H (qu)h)(xa S, Ws) HL4(Q;]R‘1)

—1
<3q(q+ 1) [p(@)s + o @WIEL oz 1000 s gy

-1
<3q(q+ 1) |u(@)s + o (@) Wall % ey 10 @) s om

(a=1)
s@=D1/2=70) (2 (1 LU (2)[")?

}(q—l)

(102) <3¢(qg+1) {SC(HV)qrnax(T7 1)}
<6q(qg+1)c [80(1+7)q max(7, 1) sla=H/2=7e) (1+ c*7s72%7)

—1)

< 126220 g2 [86(1+W)q max(T, 1)} 7Y Jla=1/2-0@+ 19 9 [max(T, 1)]

}(q+1)

< {80(1+V)qmax(T, 1) slla=1)/2—ala+n] < agra

This proves that (B8) in Lemma is fulfilled. Next observe for all h € (0,71,
s € (0,h], z € Dy, r € [1,00) that

||q>h('/135 S, WS) - xHLT(Q;Rd)
(103) < miH{L l[(x)s + U(x)WsHLr(Q;Rd)}

< emin{r, 1+ [U(@)[", (1+ [U@)") a@)s + o (@)W

L"‘(Q;Rd)} :

This shows that (B9) in Lemma 2§ is fulfilled. Thus all assumptions of Lemma [Z.8]
are satisfied. Next let g5, € (0,00), h € (0, T}, be the real numbers with the property
that for all h € (0,77 it holds that

h [28]*P (V6 +2) max(70,71,75,2)
On = €Xp [min(hJ)]u[(pw5+1)(“fe+2)+'yo+2'v1]

(104) . max(p,1) [2pémax(h,1)]6p(77+3) max(1,70,71-» ¥5)
[min(h,l)]["‘(2“’0*471*275+(P'V5+1>77+2)*"““(1/2*72773’74)]

N h [26]4p(w+2) max(7,2) max(p,1) [2pé max(h71)]3p(w+3) max{2,2v,g—2av(q+1)}
- [min(h,1)]* 7 +] [min(h,1)]elTF2l-min(/2.(a-1)/2=alaF 7]

Note that the estimates «[7y+ 2] — min(1/2,(¢ — 1)/2 — a(q + 1)) < 0 and
a4y +2] —1 < 0 ensure that the function (0,7] > h — o € (0,00) is nonde-
creasing and that limp o 05 = 0. Combining Lemma 2§ with the fact that (0,7] >
h — o5, € (0,00) is nondecreasing implies for all h € (0,T], (t,z) € (0, k] x Dy, that

t -
E[exp(w«bh(eﬁt,m» I JUUNERRUAT ds)]
0

¢

< (1 —1—/ 0s ds> V@ < (14 gpt) V@),
0

Clearly, this implies for all 6 € Pr, (t,z) € (0,]6|7] x Djg|,. that

(106) E[exp<U(\IlgT(m,t,Wt)) +f U(\P‘Q‘T(E,S,WS)) dS):| < e@\e|Tt+U(ac)'

ert ers
0

Corollary [2Z3] hence yields for all ¢ € [0,T7], 6§ € Pr that

0 r7 )
(107) E[exp(U(Y‘g) 4+ [ 22101 Mg U0 dr)] < eamTtE[eU(Y;’)] .
0

ert err

(105)
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This implies for all # € Py that

] B 0
(108) sup ]E|:6XP<U£§';) + t ]ID\Q\T(};L;ig)U(YS ) d8>:| S QQ‘Q‘TTE{QU(YOQ)} .
t€[0,T] 0

This and the fact limp~ 0 0, = 0 then show (87). Next observe that the estimate
Vz € [57,00): x < exp(z!/2°) shows for all § € Pr that

21, T

4 2) max(v,2
0] [2[160(7+1)qmax(T,l)}(q+l)] PO 2
= exp

[min(|6] ,1)]**7F?

3p(v+3) max{2,2v,g—2a~y(qg+1
max(p,1) T {2prnax(\6|T,1)[160(7+1)qmax(T,1)](q+1) POt 2270 VD)

R R R C R

[min(|6] 5,1

max(p,1) exp([5cq maX(T,l)]SpmHX(ml)(q-%—l)(v-%—?)maX('Yﬂ)
> K [al7v+2]—min(1/2,(¢—1)/2—a(g+1)7)]
(109) [min(6],1)]""" ‘ o

(T 1)]6p(q+1) max(7,1)(v+3) max(2,2v,q)

- [Bepg max

max(p,1) cxp([ch nlax(T,l)]Sp(q+1) max(v,1) maX(%2)(w+2))
— [min(|0\ 1)][a[7w+2]*min(1/2,(q*1)/2*a<q+1)7)]
T

. exp ([5cpq max(T, 1)]?P(at1) max(r.1) max(z,zv,qstmo)

max(p,1) exp(2 [5epg max(T71)]8p<q+1>max(%l)lnaxw,q,z)(wz))
[min(|9\T,1)] [a[7y+2]—min(1/2,(¢g—1)/2—a(q+1)v)]

Combining (08]) with (I09) completes the proof of Theorem 2291 O

The next corollary of Theorem [Z9] considers the case in which there exists a
Borel measurable set D C R such that the sets Dj, € B(R?), h € (0, T}, satisfy for
all h € (0,T] that D), C {x € D: U(z) < cexp(c|In(h)|'/2)} (see Corollary 210
below for details).

Corollary 2.10. Let d,m € N, p € [0,00), T € (0,00), ¢,q € (1,00), U €
C(RYLR), D € B(RY), U ¢ Upe[l,oo) C’;C(Rd, [0,00)), u € M(B(RY),B(R?)),
o € M(B(R?), B(R*™)), let (Q2, F,P) be a probability space with a normal filtration
(Fo)ieo.r)s let Dy € B({z € D: U(z) < cexp(c|In(h)[*/?)}), h € (0,T], be a non-
increasing family of sets such that for all h € (0,T) it holds that p|p, € C(Dy,R?)
and o|p, € C(Dp,R™™), let W: [0,T] x Q@ — R™ be a standard (Fy)iepo,1)-
Brownian motion with continuous sample paths, let Y?: [0, T]xQ — R?, 6 € Pr, be
(Ft)telo,)-adapted stochastic processes with continuous sample paths which satisfy

SUPgep, ]E[eU(Yoa)] < oo and which satisfy for all t € [0,T], 6 € Pr that

pO 1) (= Ltle) +o (V) (We=Wieyy )
THIR(Y D, ) (=)t (Y ) (We Wiy, )

(110) Y = YLiJa + ]lwaT(YLiJe)

and assume for all x,y € R? that

(111) (@) I+ llo (@) s @m gy < e (1 + 2],
U(x) = Uyl < c(@+[l2]° + yl1°) [lz = yll,
(112) (GuoU)(@) + § lo(2)"(VU)(@)|* + U(z) < p- Ulz),

2] V/¢ < e (14 U(x)).
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Then it holds that

t _
sup sup E[exp(e P U(YY)+ [e " 1p,. (YLGSJQ) UYY?)ds)] < o0
0€Pr te[0,T] 0

and

t _
limsup sup E[exp(e " UYD)+ [ers Ip,, (YLGSJQ) Uyt ds))
16|70 te[0,T) 0 T
< limsup]E[eU(YOG)}.
10170

Proof of Corollary 210 We show Corollary ZT0 through an application of The-
orem For this let v, € R be the real numbers with the property that

v =c(c+1)and o = % min{ 7714_2, (q+8)7+2} and observe that (I1I]), (I12)), and the

assumption that U € Upe 1,00) C’S (R%[0,00)) ensure that there exist real numbers

p € [1,00) and ¢ € [¢, 00) such that U € C3 =(R%/[0,00)), such that for all h € (0,7

it holds that cexp(c|In(h)[}/?) < éh™?, and such that for all 7,y € R? with = # y
it holds that

(113) (@)l + llo(@) s @m zay + [U(@)] < e(1+[U)]7),
U(z) = Uyl < e+ |U@)|" +[UW)]) lz = yll.
An application of Theorem thus completes the proof of Corollary |

Theorem and Corollary [Z.I0 above establish exponential integrability prop-
erties for a family of stopped increment-tamed Euler-Maruyama approximation
schemes. Another interesting class of approximation schemes which might admit
exponential integrability properties are certain rejection- or reflection-type methods.
More formally, let d,m € N, let (Q, F,P) be a probability space, let D; € B(R%),

€ (0,T], be an appropriate nonincreasing family of sets, let W: [0, 7] x Q@ — R™
be a standard Brownian motion, and let YV : {0,1,...,N} x Q@ = R? N € N, be
stochastic processes which satisfy for all N € N, n € {0,1,..., N — 1} that

N N
(114) Y”""l Y” +]]-{YnN—"_,U‘(K{V)%+0(Y7{V)(W(7L+I)T/N_ wr/N)EDT/N}

VG + (V) (Wi — Wag)]

Under suitable additional assumptions, we suspect that the stochastic processes
YN, N €N, also admit exponential integrability properties. In the setting of the
Langevin equation, a similar class of approximation methods has been considered
in Bou-Rabee and Hairer [I]. Further related approximation methods have been
studied in Milstein and Tretjakov [27]. In [18] (see, e.g., Section 3.6.3 in [1§])
several types of appropriately tamed schemes have been investigated. The taming
often constitutes by dividing the increment of an Euler-Maruyama step through a
possibly large number and thereby decreasing the increment of the tamed scheme
(cf., e.g., (3.140), (3.141) and (3.145) in [I8]). The larger the number by which we
divide the original increment of the Euler-Maruyama step the stronger the a priori
bound that we can expect for the tamed scheme. In particular, if the increment

45
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of the Euler-Maruyama step is tamed by an appropriate exponential term, then
we might obtain a scheme that admits exponential integrability properties. For
instance, consider stochastic processes Z" : {0,1,...,N} xQ — R?, N € N, which
satisfy for all N € N, n € {0,1,...,N — 1} that

w(ZN) % + o (ZY )Y Winsnyryn = Warn)
2
eXp(HM(Zr]LV)% +(ZN)Wing1yr/Nn — WnT/N)H )

() zY, =2V +

or, more generally, consider stochastic processes ZV: {0,1,...,N} x Q — R4,
N € N, which satisfy that there exist (appropriate) a, 8,7 € R such that for
all Ne N, ne{0,1,...,N — 1} it holds that

(116)

1(ZY) % +0(Z) ) Wingyryn = Warn)

max{l, % exp(ff—ij ||M(Z£LV)% + o (ZN)Wing1yr/Nn — WnT/N)’P)}

AREDARS

Under suitable assumptions, it might be the case that schemes of the form (IIT)
and (II6) admit exponential integrability properties.

3. CONSISTENCY AND CONVERGENCE OF A CLASS
OF STOPPED AND TAMED SCHEMES

In Section 2] exponential integrability properties for certain numerical approx-
imation processes of SDEs have been established. In this section we show under
suitable assumptions that these approximation processes converge in probability
and strongly to the exact solution process of the considered SDE; see Corollary [3.7]
and Corollary B8 in Subsection For this we extend the notions and the con-
vergence results in Sections 3.2-3.4 in [I8]. More specifically, in Theorem 3.3 in
[18] convergence in probability has, under suitable assumptions, been established
for numerical approximations that are (u, o)-consistent in the sense of Definition 3.1
in [I8]. In this article we slightly generalize this notion (Definition 3.1 in [I8]) and
the corresponding convergence in probability result (Theorem 3.3 in [Ig]) in Def-
inition B.1] Proposition B.4] and Proposition below. In addition, we establish
several auxiliary results that provide sufficient conditions to ensure that a consid-
ered approximation scheme is (u, o)-consistent in the sense of Definition Bl below;
see Lemma for consistency for a class of stopped schemes, see Lemma [3.3 for
consistency for a class of increment-tamed Euler-Maruyama schemes, and see Corol-
lary (which is an immediate consequence from Lemma B2l and Lemma [B.3]) for
consistency for a class of stopped increment-tamed Euler-Maruyama schemes. As
a consequence of Corollary and Proposition we then obtain convergence
in probability (and, under additional assumptions, also strong convergence) of the
stopped increment-tamed Euler-Maruyama schemes; see Corollary B77) Combining
Corollary B, in turn, with the exponential integrability result in Corollary [Z10 in
Section 2l will then allow us to derive Corollary 3.8 (the main result of this article).

Definition 3.1 (Consistency). We say that ¢ is (u,o)-consistent with respect to
Brownian motion if and only if there exist real numbers T € (0,00), d,m € N, an
open set D C R? a probability space (2, F,P), and a standard Brownian motion
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W:[0,T] x Q — R™ such that
(i) ¢ € M(R? x (0,T] x R™ R%),
(i) 1€ M(D,RY),
(iii) o € M(D,RIx™),
(iv) Vt € (0,T]: (RY x R™||!(2,y) — ¢(z,t,y) € R M(B(RY x R™), B(R?)),
and
(v) for all nonempty compact sets K C D it holds that

lim sup 7 * Sup E[HU( YW — é(a, t, Wt)H]
(117) o0 ( e >

= limsup (sup |(z) = 1 - Elp(w,t, Wt)]“) .
N0 \zeK

In Definition 3.1 in [I8], the increment function ¢ is assumed to be Borel mea-
surable while in Definition [3.I] above the increment function ¢ does not need to be
Borel measurable in all three arguments (z,t,y) € R? x (0,7] x R™ (see Defini-
tionBIlfor details). In Proposition B4 below it is shown under suitable assumptions
that if a numerical one-step scheme is consistent in the sense of Definition Bl then
it converges in probability to the exact solution of the considered SDE (cf. also
Corollaries 3.11-3.13 in [I8] for strong convergence results based on consistency).

1. Consistency of stopped schemes. The next lemma establishes consistency
for appropriately stopped numerical approximation schemes.

Lemma 3.2. Let T € (0,00), d,m € N, let D C R? be an open set, let u: D — R?
and o: D — RY™ be functions, let ¢: R? x (0,T] x R™ — R? be (u, 0)-consistent
with respect to Brownian motion, and let D; € B(R?), t € (0,T)], be a nonincreasing
family of sets satisfying D C Ute(07T] Dy. Then the function R? x (0,T] x R™ 3
(z,t,y) = 1p,(x) - ¢(z,t,y) € RE is (u,0)-consistent with respect to Brownian
motion.

Proof of Lemma 3.2l Throughout this proof assume w.l.o.g. that D # (), let K C D
be an arbitrary nonempty compact subset of D, let (2, F,P) be a probability space,
and let W: [0,T] x 2 — R™ be a standard Brownian motion. The fact that K is a
compact set and the assumption that D C | J,¢ 0,11 D, together with the assumption
that ¢ is (u, 0)-consistent with respect to Brownian motion ensures that there exists
a real number tx € (0,T] such that K C D, and

(118) sup (5 sup B[l (@)% — o, 1. W)} ) < o
te(0,t k] zeK

The fact that the family Dy, ¢ € (0,7}, is nonincreasing hence shows that for all
t € (0,tk] it holds that

(119)
\}Z supE{Ha YW — 1p, (x) ¢, t, We) ||] sup]E[H )Wy — qb(x,t,Wt)H}

and

(120) sup H,u 1 E[]l[)t( )¢(ac,t,Wt)] H = sup H,u(ac) - % -]E[¢(ac,t,Wt)} H
zeK zeK
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Combining this with the assumption that ¢ is (u,o)-consistent with respect to
Brownian motion implies

(121) hria\s(t)lp(\/Z SEEE[H — 1p,(z)¢(z,t, WQHD =0

and

(2) tsup (s o) - }E[tn, (oo, W) ) =0
N0 \zeK

Combining (I21)) and ([I22]) with Definition Bl completes the proof of Lemma
(I

3.2. Consistency of a class of incremented-tamed FEuler-Maruyama
schemes. The following lemma proves consistency for a class of increment-tamed
Euler-Maruyama approximation schemes for SDEs.

Lemma 3.3. Let T € (0,00), ¢ € (1,00), d,m € N, let D C R be an open set, and
let 1 € M(B(D),B(R?)) and o € M(B(D), B(R*™)) be locally bounded. Then it
holds that the function

p(z)t+o(z)y -reD
(123) R x (0,T] x R™ > (x,t,y) — { He@ite@l - c R?
0 cz e RN\D

is (u, o)-consistent with respect to Brownian motion.

Proof of Lemma [33l Throughout this proof let (2, F,P) be a probability space
and let W: [0,T] x @ — R™ be a standard Brownian motion. Observe that for all
nonempty compact sets K C D it holds that

t+a
lim su sup E H )W, #(z) M)
t\op( er[ T e >t+a wtnq

. W ()t + 0@ Wi — (o)t
= limsu 1 su IE[ o(m) ¢
t\op(ﬁ sk ||== = e e
< lim sup ( 3 sup E o)W (o)t + o) Wil — u(x)tlﬂ)
t\0 rcK
(29 <timsp (- sup B0l )t + o)l
t\0 zeK
+timaup (V- sup (o))
N0 €K
< 26071 Jimsup (t<q-%> [sup T — ||u<x>||ﬂ EUWtu)
t\0 reEK

+2@=D . Jimsu (L {su o 1+?,L } {W (H_q)}) =0.
nsup { 7 EEEII (@) L gm gy | B[V
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In addition, note that for all nonempty compact sets K C D it holds that
()t + o

e (s o - B e thHqHD
HEM?:%)EI ;g))vvvvj" ] D
e (4 e e o)

(25) < timsup (sup B[ o) )t + o)Wl

< lim sup <sup
tNO - \z€K

o(x)Ws
—|—hmsup< - sup HIE[
N0 €K 1+ [|p(z)t + o (x)We||?

e[t oy

o

)

< limsup (; sup E[ |o/(2)| pgm gy [IWell |1(2)t + U(w)thq]) =0.
£\0 €K

Combining ([I24]) and ([I25]) with Definition Bl completes the proof of Lemma B3
(I

)

= lim sup <% - sup
t\0 reK

3.3. Convergence of stopped increment-tamed Euler-Maruyama schemes.
This subsection establishes consistency, convergence in probability, strong conver-
gence, and numerically weak convergence of a class of stopped increment-tamed
Euler-Maruyama schemes.

3.3.1. Setting. Throughout Subsection [3.3 the following setting is frequently used.
Let T € (0,00), d,m € N, let D C R be an open set, let (€2, F,P) be a probability
space with a normal filtration (F).epo,1), let W: [0,T] x @ — R™ be a standard
(Ft)tefo,7)-Brownian motion with continuous sample paths, let p: D — R? and
o: D — R¥™ be locally Lipschitz continuous functions, and let X : [0, 7] x Q — D
be an (F¢)epo,r)-adapted stochastic process with continuous sample paths which
satisfies that for all ¢ € [0, 7] it holds P-a.s. that

t t
(126) X, = X, +/ u(Xs)ds+/ o(X,) dW,.
0 0

3.3.2. Convergence in probability of appropriate time-continuous interpolations.
The next proposition is a slight generalization of Theorem 3.3 in [I§]. The proof
of Proposition [34] is entirely analogous to the proof of Theorem 3.3 in [I§] and
therefore omitted.

Proposition 3.4. Assume the setting in Subsection B3] let ¢: R? x (0,T] x
R™ — R? be (u,0)-consistent, and let YN [0,T] x @ — R4, N € N, be mappings
satisfying for all N € N, n € {0,1,...,N —1}, t € (&L, M} that Y{¥ = Xo and
YN =YN 4+ (N —n)-o(Y, %, Wawinr —War). Then it holds for all e € (0, 00)
~ ~ N N
that imsup _, o P[supte[oﬂ |X: = YN >e] =0.
The next proposition is an extension of Proposition[B.4]and proves convergence in

probability of suitable time-continuous interpolations of numerical approximation
processes of consistent schemes.
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Proposition 3.5. Assume the setting in Subsection B30, let ¥: RY x (0,7]? x
R™ — R? be a function satisfying that R? x (0,T] x R™ > (x,t,y) = V(z,t,t,y) €
R? is (u,0)-consistent, let YN :[0,T] x Q — R? N € N, be stochastic processes
with continuous sample paths satisfying for oll N € N, n € {0,1,...,N — 1},

te (oL (I DT) yhat YN = Xo and YN = Y AUV ft = W= W),

assume for all nonempty compact sets K C D that there exists an hi € (0,T] such
that for all h € (0, hi] it holds that sup,c g supsejo,ry |V (2, byt =[], We =Wy, )|l
is F /B(R)-measurable, and assume for all nonempty compact sets K C D that

(127) limsup E lsup sup ||\Il(x, hot — [t]n, We = Wy,) |1 =0.
A\O z€K te[0,T)

Then it holds for all € € (0,00) that imsupy_, o, P[sup,c(o 7 | X: = Y| > €] = 0.

Proof of Proposition B3l The triangle inequality implies for all N € N that

sup HXt_YtNHS sup HXt_XLtJT/NH+ sup HXLtJT/N_YL]t\/jT/NH

(128) t€[0,T] t€[0,T] N N t€[0,T]
+ sup ’ Y =Y, H .
+€[0,T] t [t]r/~

Combining this, Proposition B4l and sample paths continuity of X, ¢ € [0,7],
implies for all € € (0, 00) that

1imsup]P’[ sup ||Xt - YtNH > :‘;|
N—oo t€[0,T]

< 1imsup]P’[ sup HXt _XLtJT/NH > %1

N—o0 t€[0,T]
129 +limsupP| sup || Xy, Y0, [ 25
129 Novoa Le [o%] lryw = “ltleyn || = 3

+ limsupP| sup HYN —-YY H > £
N—o0 |f€[0,T] K [tz 3

:Hmsup]P’[ sup ‘Y;N _YLIt\jT/NH > %] .

N—oo  [te[0,T]

It thus remains to prove that sup,¢jo 7 YN — YL]t\j . || converges to zero in proba-

bility as N — oo. To prove this let D, C D, v € N, be open sets with the property
that for all v € N it holds that D, = {z € D: [|z|| < v and dist(z, D) > 1}. Then
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([I27) and Markov’s inequality show for all € € (0,00), v € N that
(130)
limsupIP’Hsupte[O’T] ks YL]t\]T/NH > E} N {Vt €10,T]: YL]t\]T/N € DUH

N—o00

= lifvnjgopp[(supte[o,ﬂ e =Y ) Livecomy: vy, epy 2 6}

1 .
< . hj{[n_?;lopE[(SuPte[o,T] YN - YLJQST/NH ) Livieo,1): YLQ’JT/NEDU}]

1.
== thUPEl(SUPte[o,T] HlI/(Yl_];jT/N’ %at - LtJT/Na Wi — WUJT/N) H )

N—o0
’ ]l{Vte[O T): YN €D, }1
) gy €D

<= limsupIElsup sup H\Il(x, %,t — |tlryn, Wi — WLtJT/N)H] =0.

N—oo z€D, t€[0,T]

In addition, Proposition 3.4l and the continuity of the sample paths of X imply for
all € € (0,00) that

lim sup lim sup ]P’[ {supte[O’T] ||YtN — YI_IthT/N || > 5}

v—=o0  N—oo
(om0 €00

< limsup lim supIE”[EJt €1[0,7]: YL]t\jT/N ¢ ng}

V—00 N—o00

< limsuplimsupP[{supte[O’T] ||XLtJT/N — Y\_Jtva/NH < %}

v—=o0  N—oo
(om0

+ lim sup limsupP[supte[O’T] HXUJT/N - YLJt\ﬁT/NH > %]

vV—+00 N—o00

(131)

= limsuplimsupP[{supte[O’T] ||XLtJT/N - Y\_Jtva/NH < %}

v—=o0  N—oo
(om0 €00

< limsuplimsupP[Et €10,7): X1y, ¢ Dv}

v—00  N—oo
<limsupP[3t € [0,T]): X, ¢ D,| = 0.
V—00
Combining (I30) and (I3T) proves that sup;c(o 1 [|Y;Y —Yﬁﬂ N || converges in prob-

ability to zero as N tends to infinity. The proof of Proposition is thus com-
pleted. O

3.3.3. Convergence of stopped increment-tamed FEuler-Maruyama schemes. Com-
bining Lemma and Lemma [B.3] immediately proves the following consistency
result.
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Corollary 3.6. LetT € (0,00), g € (1,00), d,m € N, let D C R? be an open set, let
D; € B(RY), t € (0,T], be a nonincreasing family of sets satisfying D C Ute 0.7] Dy,
and let p € M(B(D), B(RY)) and o € M(B(D), B(R?*™)) be locally bounded. Then
it holds that the function

1p, (z) [u(z)t+o(z)y]

= : D
(132) R x (0,T] x R™ 3 (z,t,y) ¢  LHIe@ire@)yl T e c R?
0 cx € R\\D

is (u, o)-consistent with respect to Brownian motion.

Combining Corollary 3.6 with Proposition 3.5 shows that the stopped increment-
tamed Euler-Maruyama schemes converge in probability. This is the subject of the
next result.

Corollary 3.7. Assume the setting in Subsection B3] let g € (1,00), let Dy €
B(R?), t € (0,T], be a nonincreasing family of sets satisfying D C Ute(o 71 Dt
and let YN:[0,T] x Q@ — RY, N € N, be mappings satisfying for all N € N,

ne{0,1,...,N—1}, t € [&L, %} w € Q that YV (w) = Xo(w) and
(133)
H(Y;VTT (@) (t-22) +a(Yf¥T (@) (We(w)=W g ()
[ (V2 @) (=58 ) 4o (v T<w>) (We(@)=Wag @) [|”
N _ N N
W =re T V@ e,
0 YN (w) ERAD
N N
Then:

(i) for all e € (0,00) it holds that

limsupP[ sup [|X;— YN[ >¢] =0,
N—o0 t€[0,T

(ii) for all p € (0,00), r € (0,p) with limsup y_, . SUP;c(o,7] E[|YN]?] < oo it

holds that

sup E[[|X;||’] <oo and limsup( sup E[|X;—YY|"]) =0
t€[0,T N—oo  t€[0,T]

and

(iii) for all continuous f: C([0,T],R?) — R with

limsup limsup E[| f(Y™)[P] < oo
pN\1 N—o0

it holds that
E[|f(X)|]] <oo and limsup|E[f(Y™)] —E[f(X)]| =0.

N—o00

Proof of Corollary B Throughout this proof let ¥: R? x (0,T]? x R™ — R be
the function which satisfies for all (x,t,s,y) € R? x (0,T]? x R™ that

1 { w(z)s+o(z)y q} c2 €D,
(134) U(z,t,8,y) = p.(2) | TuG@sto@al] ¥ ’
0 :z € RAD.
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Next observe that Corollary B.6limplies that R?x (0, T] xR™ > (z, t,y) — V(x,t,t,y)
€ R is (1, 0)-consistent with respect to Brownian motion. In addition, observe that
for all nonempty compact sets K C D it holds that

(135)
limsupE |sup sup H\I/(x,h,t— [t n, We = Wii,) ’
hN\O T€K t€[0,T]

= limsupE|sup sup
AN | z€K te[0,T)

Ip, (x)

(@)t — [t]n) + o (@) (We — W), ] |H
L+ () (t = [t]n) + o (@) (Wi — Wi, |

( () (t — [t]n) + o (@) (Wi — Wi, )]
L+ (@)t — [t]n) + o(a)(We — Wiy, |

<limsupE|sup sup
hN\0 | z€K te[0,T)

<limsupkE|sup sup ||,u(l“)(t = [t]n) + o(x) (W — WLtJh)H]

h\0 | z€K t€[0,T]
< <nmsuph> (sup o)
hN\0 zeK
+ (hmsup]E sup HWt - Wun”]) (Sup ||0(33)||L(Rm,Rd)> =0.
RN\O te[0,T] €K

Proposition hence shows that limsup,_,. P[SUPte[o,T] [X: = YN >¢] =0
for all € € (0,00). The proof of the strong convergence statement in Corollary [3.1]
is entirely analogous to the proof of Corollary 3.12 in [I8] and thus omitted. It
thus remains to prove the weak convergence statement in Corollary Bl For this
assume that p € (1, 00) is a real number, that Ny € N is a natural number, and that
f:C([0,T),R?) — R is a continuous function with SUD N e { Ny, No+1,... } E[|f(YN)[P]
< 0o. The fact that sup,¢(o 1 | X;—Y;"|| converges in probability to zero as N — oo
together with, e.g., Lemma 3.10 in [I8] then proves that

(136) E[|f(X)[’] <oo and Ve € (0,00): li]{[njupP“f(X)—f(YNﬂ >e] =0.

This shows that the family |f(X) — f(YN)], N € {Nog,No + 1,...}, of random
variables is uniformly integrable. Combining this and ([38]) with, e.g., Theorem 6.25
in Klenke [22] proves that limsupy_,. E[|f(X) — f(YY)|]] = 0. The proof of
Corollary B is thus completed. O

Combining Corollary 3.7 with Corollary 2.10]and Fatou’s lemma results in Corol-
lary 3.8l Corollary B.8 establishes both exponential integrability properties and for
any r € [0, 00) strong L"-convergence.

Corollary 3.8. Let dym € N, p € [0,00), T € (0,00), ¢,q € (1,00), U €
Upe[l,oo) Og,c(Rdv [0,00)), U € C(Rd’ [_Ca OO))7 JIS M(B(Rd)’B(Rd))7 QIS
M(B(R?), B(R™*™)), let D C R? be an open set, let (2, F,P) be a probability space
with a normal filtration (Ft)epo,), let W [0, T]xQ — R™ be a standard (Fy)iefo,1)-
Brownian motion with continuous sample paths, assume that p|p: D — RY and
olp: D — R¥>™ are locally Lipschitz continuous, let X: [0,T] x Q — D be an
(Ft)telo,1)-adapted stochastic process with continuous sample paths which satisfies
E[eVX0)] < oo and which satisfies that for all t € [0,T] it holds P-a.s. that
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X, = Xo+ [y w(Xs)ds + [ o(Xs)dWy, let YN:[0,T] x @ — R%, N € N, and
TN: Q= [0,T], N €N, be mappmgs satisfying for all N € N, n € {0,1,...,N—1},
t e [& M] that T = inf({s € {0,%.2L, ... T}: YY) ¢ Dor||Y)] >

N N s N
exp(| In(T/N)[/?)} u{T}), YV = Xo, and
N _
Yo = Y“T + ]l{ YN NED and [V lI<exp(| In(T/N)[1/2)}
(137) u(Y%)( — o)+ a(Y%)(Wt ~ War)
T a5 = 50+ o ) (s — Wag )|
and assume for all z,y € R? that
(138) (@)l + llo (@) lns@n ey < e (L+ [[z]|),
U(z) = U(y)| < e+ llz[°+ [1y[°) l= - yll,
(139) (GuoU)(@) + § lo(2)"(VU)(@)|* + T(z) < p- Ulz),

2] V/¢ < e (L +U(x)).
Then it holds for all r € (0,00) that imsup n_, o (SUPte[o,T] E[lX; —YN|"]) =0

that
t -
(140) S[I(JipT]E|:eXp<U£;§t) +g Uii(f) ds)]
telo,
tATN 7
< sup sup E{exp< S;N) + fN%N)ds>] < 00,
NeNte[0,T) 0
and that
t -
(141) sup E[exp(UiiE‘) + [ Y ds)]
te(0,T] 0

IATN
< limsup sup ]E[exp(U(Y ) 4 fN U(%:V)ds)] < E[eU(XO)] .
N—oo t€[0,T] 0
Proof of Corollary B.8. Throughout this proof let 85 € Pr, N € N, be the sets
which satisfy for all N € N that 0y = {O, ]:\F,, %,...,W,T}, let D, C R?,
h € (0,T], be the sets which satisfy for all h € (0,T] that Dy = {z € D: ||z|| <
exp(|In(min{1, 2})[*/2)}, let Z%: [0,T] x Q — R%, 6 € Pr, be (F;)iep0,r-adapted
stochastic processes with continuous sample paths which satisfy for all 8 € Pr,
t €[0,7T) that Z§ = X and
(142)
wZ Mg)( [t]o )"‘U(thjg)(wt_WLtJe)

q

U (|28, ) (8= [tlo) + o(Z0y),) (We = Wiy, ) |

and let on: Q — [0,T], N € N, be the functions which satisfy for all N € N
that oy = 1nf({s €On: Z0% ¢ DT/N} U {T}) Observe that the assumption that
Uel C’gc(Rd, [0,00)) together with Lemma [Z7] shows that

U(z)

limsup sup —————— < 00.
p—oo zerd [1+ [|z/]]P

0
Z} = Z}y, + 1py,,, (Z]1),)

pE[l,00)
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This implies that there exists a real number ¢ € [c, 00) such that for all h € (0,T]
and z € {y € R |y|| < exp(|In(min{1,%})|'/?)} it holds that U(z) <
éexp(é|In(min{1, h})[*/?). This and the fact that ¢exp(¢|In(min{1,h})|"/?) <
éexp(é\ln(h)|1/2) Vh € (0,T) assure that D, C R% h € (0,T], is a nonincreas-
ing family of sets which satisfies for all A € (0,7T] that Dy € B({x € D: U(z) <
eexp(¢|In(h)|V2)}), ulp, € C(Dy,RY), and o|p, € C(Dy,R¥™). We can hence
apply Corollary 210 to obtain that

t _
143)  sup sup Boxp(e U2 + [ 1, (20, 02 ds) | <00
0Py t€[0,T) 0
and

limsup sup ]E{exp(ept U(Z9)+fe ps ID‘Q‘T(ZMQ)[?(ZS) ds)}
(144) 10]7\0 t€[0,T]

< limsupE[eU(Zg)] = E[eVX0)].
1670

Inequalities ([43)-(I44) and the assumption that E[eV(*0)] < oo, in particular,

ensure that

t _
(145) sup sup E[exp (eplt U(ZIN) 4 [er® Ip, (Zf;\j YU (Z5) s)] < 00
NENte[0,T] 0 N

and

t _
limsup sup E[exp (ep1t UZNY + [eP® 1p,,y (Zf;j YU(Z9%)d >]
(146) N—soo t€[0,T] 0 oN

< ]E[eU(XO)] < 0.

The definition of gy, IV € N, hence proves that

tAp
(147) sup sup E[exp(e‘th(ZteN) + fN P U(Z9%) ds )] < oo
NeNte[0,T] 0
and
(148)

tAON
limsup sup E [exp (e_pt UZINYy+ [ e rsU(Z2%v) ds)] < E[eU(X°)] < 0.
N—oo t€[0,T] 0

In the next step we observe that ([47) and the assumption that inf,cgs U(x) >
—c prove that sup yey Supseo, 1 E[exp(e T{1+ U(Zf"’)})] < oo. This and the
assumption that Va € R?: ||z||'/¢ < ¢ (1 + U(z)) ensure that

sup sup E[exp(c‘le_pTHZfNHl/cﬂ < 00.

NeEN t€[0,T]
Hence, we obtain for all p € (0,00) that sup ey SupP.eo 1] ]E[||Zf” |P] < co. Com-
bining this with items [{)—({) in Corollary B assures for all r € (0, 00) that
limsupy_, o P[SUPtE[O,T] 1X: — Z/V| > r]

(149) . o
+ limsup y_, o, SUPseo, 7] E[”Xt =z } =0
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In addition, observe for all € € (0,00), N € N that
(150)

P[Lipy<ry > €] <P[Lipyery > 1] =Plon <T]
<P3sely: 2 ¢ Dyyy] <P[3s€(0,T]: Z ¢ Dy ]
<P[3se[0,T]: 2% ¢ D] +P[3s € [0,T]: | 2% | > exp(|In(min{1,T/n})|"/?)]

g]P[{Elte [0,77: Z0~ ¢D}

N {tes[lépT] X, — 20| < inf ({oo} U {||X; —v|| € R: t € [0,T],v € (R"\D)}) }]

+P| sup ||X;— 2| > inf ({oo} U {|| X; —v|| € R: t € [0,T],v € (Rd\D)})l
_te[o,T]

+P| sup ||ZfNH > exp(\ ln(min{l,T/N})|1/2)1
| te[0.7]

< Plsupepo,r 1 Xt — zZ0| > inf({oo} U {||X; —v|| € R: t € [0,T],v € (Rd\D)})}

+ P supsego, 1 — ZE¥ | + suprgory X0l > exp(|In(min{1, 7/ })[2) .

This, (I49), and the assumption that X: [0,7] x £ — D has continuous sample
paths prove for all € € (0, 00) that

1imsup]P’[]l{gN<T} > 6]
N—oco

< limsup ]P’{ supyepo, 7] Xt — zZ|

N—
(151) > inf ({o0} U {|| X, — v] € R: t € [0, T, v € (Rd\p)})}
+ 1imsup]P’{supt€[0)T] 1 X: — ZfNH > 1}
N—o0
+ hmsupp[suptem I1X,]| > exp(| In(min{1, 7/n})[/2) — 1} = 0.
N—o0

Furthermore, we note that the assumption that Va,y € R%: |U(z) — U(y)| <
c(1+ [|z]|° + [ly[|€) |z — y|| implies that

Yo,y e R |U(2) = U(y)l < c2°(1+ o —yl° + llyl°) 2 — yll.

This together with the triangle inequality ensures for all ¢ € [0, 7] that

0 tAON ~, 0 t =
Uz T(z°N U(X T(x
eptt i (eps )ds _ éptt) — ipSS) ds
0 0
N

tAON 7,0 tAON ~
S’U(ZEN)—U(Xt)’-F‘ ({N—U(ZS ) ds — OfN—Uéiis)ds‘

tAoN

_ t -
[ UXs) gs — [ U(Xs) gs
0 0

ers ers

_|._
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U(ZN)
ers s

U(Xs)
ers

ds

(152)  <|UZN)-UX)|+ |

tAQN‘

tAoN

sup |U(Z8) — U(XS)\]

<|UZ™) -U(X)|+T sup.

+ (t — min{t, o }) | sup |U(XS)‘

s€[0,T

< Tec2°

1+ sup [|Z% — X,|°+ sup ||Xs||61 l
s€[0,T]

sup HZSGN — XSH]
s€[0,T] ]

se(o,

HUZIN) = UXe)| + Lonery T

sup ‘U(Xs)ﬂ .
s€[0,T)
Next note that (I49) and the assumption that U is continuous establish that for
all e € (0,00), ¢t € [0,7] it holds that limsupNﬁoo]P’UU(ZfN) —-U(Xy)| >¢] =0.
This, (I49), (I52), and ([IEI) prove for all € € (0,00), t € [0,T] that

> E] =0.

Combining this with a well-known modification of Fatou’s lemma (see, e.g.,
Lemma 3.10 in [I8]) proves for all ¢ € [0, T] that
(154)
UX,) | LOx) U(Z N) AN (0N
Elexp| =5 + [ =5 ds | | < liminf E|exp + [ ——ds]|.
0 0

N—o00

(153) lim sup]P’[

N—o00

UzONy | TeN o tox
%_’_ ({ (s)d g ep&

Hence, we obtain that

L U
sup E[exp( +f )}
te[0,T] 0

0 tAON =, 0
< liminf sup E[exp(U(eptN) + fN U(eZTSN) ds)] .
N—=00 4el0,T] 0

(155)

This together with (I48]) ensures that

t .
sup E{exp<U(Xt fU ﬂ
te[0,T] 0

o tNAo — 6
< limsup sup E{eXp<U(ZtN) TRy pucub ds)] <E[e"X0)] < oo
N—oo te[0,T] 0

(156)

Combining this with the fact that for all N € NN [T, 00) it holds that YV = Z
and 7 = oy proves ([4I)). It thus remains to prove (I40). For this observe that
([[@5) together with the fact that for all N € NN [T, 00) it holds that YV = Z
and 7y = on assures that

tAT _
(157) sup sup E {exp <ept UYN) + fN e PP UYN) ds)] < 0.
NeNN[T,o00) t€[0,T] 0
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In addition, we observe that the fact that VN € N,¢ € [0,T]: YN = YV proves
that for all N € N, ¢ € [0,T] it holds that

AT _
exp <e_pt Uy + fN e P UYN) ds)
0

tAT,
—ep(e U+ T e U, as)

—pt N IATN —ps N
(158) —l{TN—o}GXP<6 U(Yinry) + ({ e U(YsAm)d5>

— ot N TN S T7 N
+ ]]-{TN >0} €Xp <€ g U(}/t/\‘rzv) + g e’ U(YS/\TN) dS)
= I{ry=0} exp(e " U(X0)) + Liry>0}

tATN
oo (U, + e o, as).

Moreover, we note the fact that Vo € R: |z| < 1+ |x|? ensures for all N € N,
t € [0,T] that

(159)
)< (Y2, (Y5 ) (= ctony) + o (VES, ) (We = Wersy, )|
£l S 1 Cuay 1+ HIU/(YLIXJBN) (t—Ltogy) + o(YLZXJBN) (W — WLtJaN)Hq
< ‘ YLI?YJBN H + 1.

This implies for all N € N, ¢ € [0,T] that

(160) [V Tgmwsop || < V00w, Limssop | + 1 < exo(In(@/m)['7?) + 1.
Combining this with (I58) establishes for all N € N, ¢ € [0, T] that

tATN _
exp <ept UYMN)+ [ e Uyr) ds)
0
N tIANTN  _ N
< Loymo) DU X0) + Lpryooy oo (V) + T 007, )l ds)

T _
a61) S F Lysop exp (U(Y/AVTNMTWO}) T Low>0)| dS)

).

sup U(v)
veERY, ||v||<exp(|In(T/N)|1/2)+1

< VU (Xo) 4 Liry>0} exp(

+T sup |U(v)]

vER, [lv||<exp(] In(T/N)|*/2)+1




EXPONENTIAL INTEGRABILITY PROPERTIES 1399

Hence, we obtain for all N € N that

tINTN _
sup E [exp (e_pt UYN)+ [ e UYY) ds)}
t€[0,T] 0

sup U(v)

(162) < ]E[eU(XO)} + exp
vER, ||lv||<exp(| In(T/N)[/2)+1

+7T sup U (v)]

vERY, [|v]|<exp(|In(T/N)[*/2)+1

).

Combining this with the assumption that E[eU(XO)] < oo and the assumption that
U and U are continuous ensures that

tATN _
sup sup E {exp (ept UYMN+ [ e Ul dsﬂ
NeNN[0,max{T,1}] t€[0,T] 0
) < 0.

Inequality ([IG3) together with inequality (I57) establishes inequality (I40). The
proof of Corollary [3.8] is thus completed. |

sup U(v)

(163) < E[eU(XO)} + exp
vERY [|v]| <exp(| In(T)[*/2)+1

+T sup U(v)]

vERY, [|v]|<exp(| In(T)['/?)+1

Observe, in the setting of Corollary[3.8 that the assumption that X = (X;).ep0,17:
[0,T] x Q — D is an (F):e[0,r)-adapted stochastic process, in particular, ensures
that the initial random variable Xo: Q — D is an Fy/B(D)-measurable mapping.

4. EXAMPLES OF SDES WITH EXPONENTIAL MOMENTS

In this section Corollary is applied to a number of example SDEs from the
literature. To keep this article at a reasonable length, we present the example SDEs
here in a very brief way and refer to [3,[I8] for references and further details for
these example SDEs.

4.1. Setting. Throughout Section Ml the following setting is used. Let T" € (0, c0),
d,m €N, p € M(BRY), B(RY)), o € M(B(R?), B(R™*™)), let D C R be an open
set, let (€2, F,P) be a probability space with a normal filtration (F;)icjo,7], assume
that pu|p: D — R? and o|p: D — RY™ are locally Lipschitz continuous, let
W:0,T] x 2 — R™ be a standard (F;);e[o,r)-Brownian motion with continuous
sample paths, let X = (X',..., X%):[0,7] x @ — D be an (F;)iepo,7)-adapted
stochastic process with continuous sample paths which satisfies that for all ¢ € [0, T
it holds P-a.s. that

t t
(164) Xt:XO—i-/ M(Xs)ds—i-/ o(X,) dW,,
0 0

and let YV = (YBN ) YEN) 0, T] x Q = R4 N € N, and 7n: Q — [0,7],
N € N, be functions satisfying for all N e N, n € {0,1,...,N—1},t € [%, %]
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that Y3V = Xo,

N
Y; _YNT +]l{ wT/NGD} {” /v ISexp \IH(T/N)‘I/Q)}

w( ,LT/N)(t*"T)JrU( nT/N)(Wt*WnT/N)
(Y, ) (=5 +o (V2 ) (We=Woar n) |12

(165)

and 7y = inf({s € {0,%,2L,....T}: YN ¢ D or [[Y)| > exp(|In(T/N)|V/?)} U
{T}). Then Corollary B.Zl ensures that limsup y_, . P[supte[oﬂ | X:—YN||>e] =
0 for all € € (0, c0).

4.2. Stochastic Ginzburg-Landau equation. In this subsection assume the set-

ting in Subsection ] let o € [0,00), 5,6 € (0,00), € € (0, 52] U,U € C(R,R),

and assume for all # € R that d = m = 1, D = R, u(z) = az — §23, o(z) = Bz,
U(z) = ez?, U(x) = 22 [§ — %] 2*, and E[eVX0)] < co. Then it holds for all 2 € R
that

(Gu.oU) () + 3llo(2) (VU) ()| + Ul(x)
(166) = [2z [az — 62°] + B%2®] +2 (Be)® &t + U (x)
=¢[2a+ %] 22 + 2¢ [%c — 6] 2* + U(z) = [2a+ B*] U(2),
and Corollary .8 hence shows for all r € (0, 00) that

limsup ( sup E[|X; —Y"|"]) =0,

N—oc0 t€[0,T)
N2 tATN 532 N
(167) sup sup E{exp<%+ f %ds)} < 00,
NENte[0,T] 0
(168)
. e (YN)2 tATN e 16— B2 N4 2
lb{frlj:optesgér;]E{exp<e[z(ayiag]t + ! e ds)} S]E[es'Xo' ] < o0.

4.3. Stochastic Lorenz equation with additive noise. In this subsection
assume the setting in Subsection ] let ay,a9,a3,8 € [0,00), ¢ € (0,00),
U U € C(R3R), and ¥ = min,¢(0,00) Mmax{ (o + az)?/r — 2ag,r — 1,0} € [0, 00),
and assume for all z = (z1,72,23),u = (ur,ug,uz) € R® that d = m = 3,
D = R3, o(x)u = Bu, u(z) = (al (xo — x1), 01 — T2 — X123, T1T2 — agxg,),
U(z) = el|z||?, U(z) = —3eB, and E[eV*0)] < co. Then it holds for all z € R?
that (G,.U)(z) + ||o(z)*(VU)(2)|? + U(z) < [2¢8+ 9] U(x) (cf. Subsection 4.4
in Cox et al. [3]) and Corollary B.8 hence shows for all r € (0, 00) that

limsup ( sup E[||X; —YN|"]) =

N—oo  t€[0,T]
sup sup ]E{exp(a ||YtN||2e_[255+19]t)} < 00,
NENte[0,T]

and

N |12
(169) limsup sup E[exp(%)] <exp<f0 dkﬁifmds)E{ESHXoHQ] e
N—oo t€[0,T]
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4.4. Stochastic van der Pol oscillator. In this subsection assume the setting
in Subsection @11 let a,e € (0,00), 7,6,m0,m1 € [0,00), U,U € C(R%,R), ¥ =
min,¢(g,00) max{|6 — 1|/r + 9y, 7|6 — 1| + 2y + 4noe} € [0,00), let g: R — R>™
be a globally Lipschitz continuous function which satisfies for all y € R that
lgw)lI> < no + mlyl?, and assume for all z = (z1,22) € R?, u € R™ that
d=2,D=R? p(z) = (22, (v — a(21)?) x2 — 621), o(z)u = (0, g(z1)u), em < a,
U(z) = ellz|?, U(z) = 2e[a —em] (z122)* — eno, and E[eV¥0)] < co. Then it
holds for all z € R? that (G,,U)(z) + L|o(z)*(VU)(2)|?> + U(z) < dU(z) (cf.
Subsection 4.2 in Cox et al. [3]) and Corollary B8 hence shows for all r € (0,00)
that limsup n_, oo (SUPte[o,T] E[|X; — YN|"]) =0 and

N2 tATN B 1,Nv, 2,N 2
(170) sup  sup ]E[exp(sllz/%-k ! 2 [a sm]e\;/: v ds)] < o0,
NENte[0,T] 0
N2 tATN _ 1,Nvy-2,N (2
(171) limsup sup E{exp(%-}  2ele sm]e\;’: v2r ds)]
N—oo t€[0,T] 0

T
< eXp(({ = ds) E[esuxol‘z} < o0.

4.5. Stochastic Duffing-van der Pol oscillator. In this subsection assume the
setting in Subsection 11 let 19, 71, a1 € [0,00), aa, as, € € (0,00), U, U € C(R? R),
let g: R — RX™ be a globally Lipschitz continuous function which satisfies for all
y € R that [|g(y)||* < no+m|y|?, and assume for all z = (z1,22) € R?, u € R™ that
d=2,D=R? o(z)u=(0,9(z1)u), p(z) = (z2, a2xs—arz1 —az(z1)?x2—(21)?),
em < as, U(ry1,22) = 6[% (w1)4+a1 (x1)2 + (x2)2 ], [7(33) = 2¢[az —en] (z122)% —

eNg — E‘Ov(migxfé’;;rw))li), and E[eV(X0)] < co. Then it holds for all z € R? that
(GuoU) () + L]lo(z)*(VU)(2)||? + U(z) < 2(eno + a2) U(z) (cf. Subsection 4.3

in Cox et al. [3]) and Corollary B8 hence shows for all » € (0,00) that
limsupy_, o, (supsepor) E[IIX: = Y,V["]) = 0 and

Sy LN ey YN P ae |y N |2
012 swp B
tATN 9¢ [as—em] Ysl‘NYSQ’N 2
+ g : 825?‘5"04'&2] ‘ ds):| < 0,
sy 1,N |2 2,N |2
R

N—oo t€[0,T)

2
EATN 26 [og—em ] |Y51’NY52’N‘ ds

+ g e2slengtaz] ):|

< exp (? €Mo + e |0V (1 —2a1 [eno+as])|? d5>

3 o2sleng T ozl 4 [eno+org] €25 1m0 Faz]

Eyli4 12 22
.]E|:62‘X0| +50¢1|X0‘ +5|X0‘ :| < 00.

4.6. Experimental psychology model. In this subsection assume the setting
in Subsection EI] let a,d,e € (0,00), B € R, q € [3,00), U € C(R? R), and
assume for all x = (z1,72) € R? that d = 2, m = 1, D = R?, p(xy,22) =
((x2)2(5 + daxy) — % 2pq, —x122(8 + damxy) — %ﬁzxg), o(x1,22) = (—Pxs, fr1),
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U(z) = ¢||z]|?, and E[eVX0)] < 0o. Then it holds for all 2 € R? that (G, ,U)(z) +
llo(z)* (VU)(x)||> = 0 (cf. Subsection 4.8 in Cox et al. [3]) and Corollary B8 hence
shows for all r € (0,00) that

limsup ( sup E[||X, —Y,N|"]) =0
N—oo  t€[0,T]
sup sup E[exp(e[|V;]|9)] < oo,
NeNte[0,T]

and

limsup sup E[exp( ||YN|| )] Elexp(e]| Xo||?)] -
N—oo t€[0,T]

4.7. Stochastic SIR model. In this subsection assume the setting in Subsec-
tion 11 let v, B,7,d,¢ € (0,00), U,U € C(R3 R), & € (0, 4%5], assume that d = 3,
m =1, and D = (0,0)?, assume for all z = (z1,72,23) € D that pu(zy,rs,23) =
(—az129— 02149, @z — (Y+0) T, yr2 —03), 0 (21, T2, 23) = (—Lr122, Br122,0),
assume for all z € R3\D that p(z) = o(z) =0, let ¢: R — [0,1] and ¢: R? — [0, 1]
be infinitely often differentiable functions which satisfy for all € (—o0,0] that
¢(x) = 0, which satisfy for all z € [1,00) that ¢(z) = 1, and which satisfy for all
x = (21,22) € R? that (x1,22) = ¢(x1) - p(—x2) + d(—21) - $(x2), and assume for
all 2 = (z1,22,23) € R® that U(z) = & [3 + (21 + 22)* — 2 21 - 22 - (21, 22)] +
é[xs)’, U(z) = —2¢6, and E[eVX0)] < co. Then note for all z = (21,22,23) € D
that

(174)

(GuoU)(@) + 3llo(2) (VU) (@)|* + Ul(2)

= (GuoU)(@) + 5 (o (), (VU)(2))* + U(x)
= (GuoU)(2) + U( ) = 2e[w1 + wo] [=0x1 + 6 — (v + 0) o]
+ 283 [yre — 3] + U(2)
= —2e6 [11 + 2] [11 + 22 — 1] — 287 [11 + 2] T2 + 2873 [yT2 — d23] + U(7)
= 260 [y + x5 — 1]° — 268 [11 + @2] — 267 [21 + @2] 4y — 286 [w5]°
+ 260 + 2évyzoxs + U(0)

< U(0) + 266 — 26y [x2]” — 286 [23)° + [2\/EVxa] [é@m}

gU()+255+s[ 25}[ 2 <.

Combining (4.34)—(4.35) in Section 4.6 in [I8] with Corollary B.8 therefore implies
that for all r € (0, 00) it holds that

limsup ( sup E[[|X, - V,"|"]) =0,
N—oo  t€[0,T)

ey LN 2 |y 2N |2 5y 3N 2
[ez‘Yt ‘ +51Y; [ +elYy | ] < 0,

sup sup E
NeNte[0,T)

and

limsup sup ]E[EU(YtN)7255(t/\TN)} SE[GU(XO)} < 0.
N—oo te0,T)]
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4.8. Langevin dynamics. In this subsection assume the setting in Subsection 1]
let 8,7 € (0,00), € € (0 ’7} U, U € C(R* R), and V € C3(R™,[0,00)) N
(Up,ce(0,00) C3 (R™,[0,00))), and assume that limsup, o sup,cgmn hlleT”(Tz) < 00,
d=2m, D =R alx) = (22, —(YV)(@) —y22), o(@)u = (0,v/Fu), U(z) =
eV(ar) + 5 ||22l? Ux) = e[y — L]|zl> — £, and E[eV(X0)] < oo for all
z = (x1,22) € R*, w € R™. Then it holds for all z € R*™ that (G, ,U)(z) +
$llo(2)*(VU)(2)||*+U(z) = 0 (cf. Subsection 4.5 in Cox et al. [3]) and Corollary B8]
hence shows for all r € (0,00) that limsupy_, (supte[O’T] E[X: - YN|"]) =0
and

(175)

tATN
sup sup E[exp(evmww%||YE’N||2+ Felv-4] ||Y57N||2ds)] < oo,
NEN te[0,T] 0

tAT,
limsup sup ]E{exp(sV(Ytl’N)+§||Yt2’N||2+ f”s[y—%} ||YS2’N||2ds>}
N—oo te[0,T] 0

< E{;ﬁ;”+EV<Xé>+%nX§H2} ,

4.9. Brownian dynamics (Overdamped Langevin dynamics). In this sub-
section assume the setting in Subsection AT let B € (0,00), mo,m € [0,00),
e € [0,2), V € Upeeoo0) Cpe(RE[0,00)), € € (0,2 =], U,U € C(RY,R),
assume for all z,u € R? that d = m, D = RY, limsupr\o SUp, cRd =l o 00,

14V (z)
plx) = =(VV)(x), o(z)u \/_u (AV)(@) < mo + 2mV (@) + 02 [ (VV)(2)],
U(z) =eV(x), U(z) =e(1 — —(772 + &) [[(VV)(2)||> — Eﬁ%, and E[eV 0] < oo.
Then it holds for all # € R? that (G, ,U)(z)+3 o (z)*(VU)(z)|*+U () < BmU(x)
(cf. Subsection 4.6 in Cox et al. [3]) and Corollary B8 hence shows for all r € (0, 00)
that limsup y_, (SUPte[o,T] E[|X: = YN||"]) =0 and

(176)
tAT _B
sup sup E[exp(iﬁ‘ﬁ% f”%nwvmwds)] < o0,
NeNte[0,T] 0

(177)

. V(N | N e1-S (et
limsup sup E[exp< vty VY b tn ol gy vy 2 - b d)}
N—oo t€[0,T] 0

< ]E[eEV(XO)} < 0.

5. COUNTEREXAMPLES TO EXPONENTIAL INTEGRABILITY PROPERTIES

Corollary B.8 above establishes, under suitable assumptions, that stopped
increment-tamed Euler-Maruyama approximations converge strongly to the exact
solution process of the considered SDE and also inherit suitable exponential inte-
grability properties of the exact solution process of the SDE. In this section we
illustrate in the case of one simple example SDE that several other approximation
schemes, which converge strongly to the exact solution process of this example
SDE, fail to preserve appropriate exponential integrability properties of the exact
solution process of the SDE.
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5.1. An example SDE with finite exponential moments. Let T € (0, 00), let
(92, F,P) be a probability space with a normal filtration (F;):eqo, 17, let W: [0, T] x
2 — R be a standard (F;);e[o,7)-Brownian motion with continuous sample paths,
let X: [0,7T] x Q — R be an (F;),e[0,r)-adapted stochastic process with continuous
sample paths which satisfies that for all ¢ € [0,T] it holds P-a.s. that

t t
(178) Xt:XO—/ (XS)3d5+/ dWs,
0 0

let pw,0: R — R be the functions with the property that for all z € R it holds
that p(z) = —2% and o(z) = 1, let £ € (0, 3] satisfy E[exp(e|Xo|*)] < oo, and let
Us: R — [0,00), 6 € [0,00), be the functions with the property that for all z € R,
§ € ]0,00) it holds that Us(x) = dz*. Then observe for all § € [0,0), x € R that

(179)
(GuwUs) (x) + § lo(2)"(VUs) ()|
= ((VUs)(x), u(x)) + § trace (o (z) o (x)]* (Hess Us) () + § |o(2)* (VUs)(x) [
— 542° - (—a®) + 16122 + 1 642°|* = 662 — (45 — 85%)a"
= 6622 — 40 (1 — 20) 5.

Corollary 2.4 in Cox et al. [3] (with U = [0, T] xR > (¢,z) — 46 (1 — 26) 2° —652% €
R in the notation of Corollary 2.4 in Cox et al. [3]; see also Corollary 3.8 above)
hence implies for all § € [0,¢] that

(180)

t
sup E [exp (5 X" + / 46 (1 —26) | X,|® — 66 | X,|? ds)} < ]E[e‘”XOﬂ < 0.
t€[0,T] 0

This shows, in particular, that sup,¢(o 1 IE[eXp (5 \Xt|4)} < oo for all § € (—o0,e]N

(=00, 1/2).

5.2. Infinite exponential moments for (stopped) Euler approximation
schemes. The Euler scheme stopped after leaving certain sets is not suitable for
approximating the exponential moments on the left-hand side of (I80) as there is at
least one Euler step and this results in tails of a normal distribution. Note that in
the special case Dy = R, t € (0,T], the numerical scheme (I81)) is the Euler scheme
for the SDE (I78]). We also note that Liu and Mao consider in [24] a stopped Euler
scheme with Dy = [0,00), t € [0,7T], for SDEs on the domain [0, c0).

Lemma 5.1. Assume the setting in Subsection 51l let Dy € B(R), t € (0,77, be a
nonincreasing family of sets satisfying A\x(Dr)-P[Xo € Dr] >0 and Ute(o,T] D, =
R, and let YNV : [0,T]xQ — R, N € N, be the mappings which satisfy for all N € N,
ne{0,1,...,N -1}, t e [2L, D] phat YV = X and

(181) VY =V 1, (V) (W= Wi — (V)" (- 5F))

N z N
Then it holds that lim sup ;_, . P[supse[oj] | Xs—YM|>p| =0 and E [exp(p [V ]7)]
=00 forallt € (0,T], NeN, pe (0,00), g € (2,00).
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Proof of Lemma Bl Throughout this proof let N € N, n € {0,1,...,N — 1},
t € (%,M] p € (0,00), and ¢ € (2,00) be numbers. Lemma B2 im-
plies that the function R x (0,7] x R 3 (z,h,y) — 1p,(z)(y—2®h) € R is
(w4, 0)-consistent with respect to Brownian motion. Then Proposition applied
to the function R x (0,T]* x R 3 (z,h,s,y) — 1p,(z)(y — z%s) € R shows
that limsupMﬁoo]P’[supse[OT ‘X YM‘ > p] 0. Moreover, the fact that
IP’[Y(') € DT/N] = ]P’[Xo € DT/N] > 0 and the fact that )\R(DT/N) > A(Dr) >0
prove that ]P’[YHT/N € DT/N] > 0. Combining this with the fact that W, — WTT is

independent from Y,LT yields that

Efexp(p[VV1)] 2 E[Liyx,  epyny exp(p]VV]9)]

(182) = /DT E[exp(p|YtN|q) ’Y% = :1;*} P[y% c dx}

:/D E[exp(P’Wt—W% +x—a3 (t—%)‘ )} [[D{y N Eda:}.

2|

28

The fact that Va,y € R: |[y+x|? > l;’# — || and the fact that lim, o (y|?/y?) =
oo hence prove that

(183)
Elexp(p[¥;V]7)]

Z/ ]E{exp(z%|Wt—W%|q—p|x—$3(t—%)|q>}ﬂn[ T Edaj}
Dr/n

= E[exp(& [W,_az|")] /DW exp(—ple — 2t~ 20)|") B[¥ 2} € da]
=E|exp (& [Weoaz ") B[ Ly ey 0 (—p [V = ]l = 51)7)
= [ Ao (D - %) ay

]E{ (Y, nEDr/N} eXp( p Y.l nT/N — [Yn]\%/zv]g[t_ %”qﬂ
= 0.
This finishes the proof of Lemma 5.1l O

5.3. Infinite exponential moments for a (stopped) linear-implicit Euler
approximation scheme. The following lemma shows that the stopped linear-
implicit Euler scheme (I84]) is not suitable for approximating the exponential mo-
ments on the left-hand side of (I80). Display (I84) shows that the linear-implicit
Euler scheme (I84) with V¢ € (0,7]: Dy = R belongs to the class of balanced im-
plicit methods (choose c® = [0,00) xR >z + 22 € Rand ¢! = [0,00) xR > 2+ 0 €
R in the notation of (3.3) in [26]) introduced in Milstein, Platen and Schurz [26].
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Lemma 5.2. Assume the setting in Subsection 5], let Dy € B(R), ¢t € (0,T], be a
nonincreasing family of sets satisfying \g(Dr) -P[Xo € Dr] > 0 and Ute o, Dt =
R, and let YN : [0, T]xQ — R, N € N, be the mappings which satisfy for all N € N,

ne{0,1,....,N =1}, t € [2L, DT ot YV = X and
YN =Y 1, (V) (W= Wig =¥ (V)" (- 5F))
(184) =Y+ 1o, (V) (We— Wag — (VI)° (- 20))
N ~N N N

Then it holds that limsupN_,OOIE[supne{()l N} |X% - YY[P] = 0 and
Elexp(p|YM|9)] = oo for all t € (0,T], M €N, p € (0,00), q € (2,00).

Proof of Lemma 52 Throughout this proof let N € N, n € {0,1,...,N — 1},

te (%L, %], and ¢ € (2,00) be numbers. Lemma 3.30 in [I8] and Lemma [3:2]

imply that the function R x (0,7] x R 3 (x,h,y) — 1p, (x) (g*;gh —z) € Ris

(1, 0)-consistent with respect to Brownian motion. Then Proposition B.5lapplied to

the function R x (0, T2 xR > (z,h, s,y) ~ 1p, (x)(lﬂ;gs —x) € R shows for all p €

(0, 00) that lim sup /., o, P[supye(o 7y [Xs =YY | > p] = 0. In addition, Lemma 2.28
in [I8] yields for all p € (0,00) that supy,cy || SUP,e{0,1,..., M} |YmT |HLP(Q R) < o0

and this shows for all p € (0,00) that the family of random variables
SUPe{0,1,..., M} |XT4T - Y%V), M € N, is uniformly integrable. Combining this
with convergence in probability and, e.g., Theorem 6.25 in Klenke [22] proves for
all p € (0, 00) that

lim sup E[ sup |XmT — Y,,LT ] 0.

M—oo  mef{0,1,....M}
Moreover, the fact that P[ € DT/N] = IP’[XO € DT/N] > 0 and the fact that

AR (DT/N) > AR (DT) > (0 prove that P[Yﬁ S D%] > 0. This and the fact that
N
limy, o0 (|y\q/y2) = oo imply that

Efexp(p[YN7)] > E[Lyy, epywy o0(p]¥]9)]

nT/N

:/D E[exp(p|YtN| )|YnT = :|]P>|:YT de]

T
185
(185) = / E[exp <p q)} P[Y& € dfc}
D N
g 2
- %) dy P[Yﬁ e dx] - o0
N

z+Wi— TT

28

This finishes the proof of Lemma O
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5.4. Unbounded exponential moments for a (stopped) increment-tamed
Euler approximation scheme.

Lemma 5.3. Let T,q,6,c,8 € (0,00) satisfy g8 > 2a + 1, let f: R — R be

B(R)/B(R)-measurable and locally bounded function, let Dy, € B(R), h,t €
(0,77, be sets satisfying Vn € N: 3r € (0,T7: [-n,n] € Nyeo, Nieo,n Phits let
(0, F,P) be a probability space with a normal filtration (Fy)iecjo,r), let W: [0,T] x
Q — R be a standard (F;)e(o,r)-Brownian motion with continuous sample paths,
let YN:[0,T] x Q =R, N €N, be (ft)te o,7)-adapted stochastic processes which

satisfy that for oll N € N, n € {0,1,...,N =1}, t € (”T (nJ]er)T] it holds P-a.s.
that

N N
(186) |Y ‘ > [(t rLT)B - f(Y%)] 1{1§(t—%)a(Wt—W%)S?}Q{YTI:]TTED%Jf%}7

and let X: [0,T] xQ — R be an (Fy)¢ejo,7)-adapted stochastic process with continu-
ous sample paths which satisfies imsupy_, o SUPpe(0,1,...,N} P[|XnT/N — Ynj\zf“/N‘ >
1] =0. Then liminf o infe (o7 E [exp (0 |YtN’q)] = 0.

Pmof of Lemma B3l Assumption (IR6) implies that for all N € N, n € {0,1,...,
-1}, t e (&L, M} it holds P-a.s. that

exp ((5 ‘YtN ’q)

> exp (5 max

N TN
> exp(5 max- 0, G %L&T)ﬁ f(Y]]\é)} q)
187 1
(187) {1<(t—% ”(Wt—W%)§2}ﬁ{Yﬁ’TT€D% 1_%}m{f(y%)<(t_5T)ﬁ}

N e
- §la+1) )
= eXp((t nT)qB ]l{l<(t—%)a(wr_wﬂ)g2}
N
1 -1
{iperg.n {f(y%)*wg%)ﬁ}
The fact that for all N € N, n € {0,1,.. -1}, te ("T ("H)T} it holds that

Wy — Wﬂ and Yﬁ are independent hence 1mphes for all N € N, n € {0,1,...
—1}, te (oL, M} that

Sfoa(sh)
> exp( 5 ) P[1S (1= 50)" (W = Wig) <2]

B
PN (- 2E5)" <6, Vi €Dz,

)

[E—
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( ) 2
:exp( t5 i;l)qg / \/W ( W) dy
(188) .P{|f(Y%)| (t—25)7 <4, Y e Dy t_ﬂ}

1
= V2rTCat1) eXp((t aTyap — (t—=l)(atD)

POVl (t-28)" <6, Y €Dy, |

sla+1) 2 )

v

S inf {M _ L}
Varraarn  XP etz L 77 T D
n 5
BFN - 1E) <6 VY € Dy ]

inf [(5(‘”1)2‘15 - 2z(2a+1)}>

1
————— - exp
VorT(2at+1)
27 (2 1) ZE[N, )

POV (- 55) <6 Y2 € Dy g .

In the next step we note that the fact that the sample paths of X are continuous
ensures that there exists a natural number k£ € N such that

(189) Psupyepo [ Xs| <k —1] > 3.

The assumption that Vn € N: 37 € (0,T]: [-n,n] € N,c(0.1 Nie(o,n Ph.t and the
fact that sup,ec(_y 4 [f(2z)| < oo yield that there exists a natural number Ny € N

1/B
such that No > T [ -sup,ei_pp [£(@)]]” and [~k k) € (Mo, ) Nicion Dne)
= (N¥=n, ﬂhe(o 21 MNte(o,n) Dy, ¢). This shows for all N € NN [No, 00) that

(190)
m ﬂ {x € Dy N[—k,k]: N> T[% " SUPy e[k, k] |f(y)|]1/ﬁ}

he(0,Z]te(0,h]

c N N {zebniri: 51721 1@}

he(0,%] t€(0,h]

m m {,’EEDh’t: |f(z)

N
T~
@
IN
(=9}
——

Hence, we obtain that for all N € NN [Ny,00), n € {0,1,...,.N — 1}, t €

(’}g, ("H)T] it holds that

(191) {xEDT fonL \f(m)|[t—%]6§5}2{xeﬂ%:|w|§k}.
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Combining this with (I89) and the monotonicity of P yields that for all N € NN

[No,0),n€{0,1,...,N -1}, t € (ﬂ (n+1)T] it holds that
(192)
PIFVADI (- 50)" <6, Y2 € Dy up| 2 B[ V2| <]
SB[Xapl< kb1, [Xop ~¥I<1] 20— s P[[Xup Vi > 1

In the next step we combine inequalities (I88]) and ([I92]) with the assumption that
qB > 2a+ 1 and with the assumption that

limsup  sup [\Xl YN > 1} =0
N—oo ne{0,1,...,N} N N

to obtain

liminf inf E[GXP (5 ‘YN| )}

N—oo t€(0,T]

> 1}5}1 inf [\/ﬁ . exp( 1JIVlf |:6(q+1)zq,6‘ _ 22(20¢+1)]>
(193) o (4

1
o sup P|:|XmT—Y&‘>1:|
2 me{0,1,...,N} N N

= o0.

The proof of Lemma [5.3] is thus completed. a
Corollary 5.4. Assume the setting in Subsection Bl let D, € B(R), t € (0,7,
be a nonincreasing family of sets satisfying Vn € N: 3t € (0,T]: [-n,n] C Dy,
and let YNV : [0 T x Q — R, N € N, be the mappings which satisfy for all N eN,
ne{0,1,...,N—1}, te (2L, %] that Y = X, and

(194)

Wi — War — (Y,%)?’(t - %)
max{1, (t = 5) [Wo = Wz — (Vir )" (¢ = 57)|}

Then it holds that limsupN_moP[supne{al,“_,N} | Xnr/n — Y,L1¥/N\ > p] = 0 and
lim inf o0 infye (0,77 E[exp(p |Y;N‘q)] =00 for all p € (0,00), q € (3,00).

52

YN =Yar + Lpg(Var)

=

Proof of Corollary 54l Throughout this proof let p € (0,00) and ¢ € (3, 00) be real
numbers and let ¢: R x (0,7]?> x R — R be the mapping with the property that

for all (b, ,y) € R x (0,T)? x R it holds that ¢:(z, h,t,y) = 1p,(r) mefltomry-
In the next step we apply Lemma 3.28 in [I8] and Lemma to obtain that
the function R x (0,7] x R 3 (z,t,y) — ¢(x,t,t,y) € R is (u,o)-consistent with
respect to Brownian motion. Proposition B4 hence implies for all r € (0, 00) that
lim sup y_, o0 IP’[supne{(l1 _____ N} |X% -YN|> r] = 0. For proving the divergence
statement in Corollary (.4l we intend toNapply Lemma (5.3l above. To this end we
first prove inequality (I86). For this let Dy ; € B(R), h,t € (0, T], be the sets which

satisfy for all h,t € (0,7T] that Dy, = Dy N [~t~2/3,t72/3]. Next note that for all
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€ (0,77 it holds that
(N () Dre= () [ Dun[—t72317%3])
he(0,r] te(0,h] he(0,7] te(0,h]
N (D [=h3n20))

he(0,r]
=D, N [— r72/3,7"72/3].
This and the assumption that ¥n € N: 3¢ € (0,T]: [-n,n] C D, assure that for all
n € N there exists a real number r € (0, 7] such that

(196) [—n,n]C () () Dhs
he(0,r] t€(0,h]

Moreover, observe that for all (z,h,t,y) € R x (0,7]* x R it holds that

(195)

|z + (z, b, t,y (mdxgtf; o - \II) “1p,,. (%) Lz (ty)
> (max(l iy — 12l = |$|3t> “1p,,. () - L g (ty)
(197) = <1+t2\z|3+t|y\ o] - |x|3t) Lo (@) 12 (t)
> (2 — 2| - |I|3T) “1p,,(2) 111,29 (ty)
> (5 — \a?l [°T) - 1p, () - L2 (ty)-

This together with the fact that for all N € N, n € {0,1,...,.N — 1}, t €

(5 5] it holds that YN = Y + (Vi &7t = 5 Wi — Wiz ) shows that

forall N €N, n e {0,1,.. 1}, te (1L, ("“)T] it holds that

7]

1 .
1<(t— 2L Y (W, —W,, 7 )<2 s YN €D n }
{1ty sejolvigerg o

This and ([I98) allows us to apply Lemma (3] (with &« = 8 = 1 in the notation
of Lemma [5.3]) to obtain the divergence statement in Corollary (41 The proof of
Corollary 5.4 is thus completed. a

+ |Y,LT

e {'“(‘;7{” vl

(198)

The proof of the following corollary is analogous to the proof of Corollary 5.4
and therefore omitted.

Corollary 5.5. Assume the setting in Subsection Bl let Dy € B(R), t € (0,T],
be a nonincreasing family of sets satisfying Vn € N: 3t € (0,T]: [-n,n] C Dy,
and let YN : [O T] x Q - R, N € N, be mappings which satisfy for all N € N,
ne{0,1,...,N -1}, t e (%, (nJJer)T] that Y&V = Xq and

Wi — W% - (Y%)g (t - %)
T = ) W~ Wy ~ OV (= )]

(199) vV YT+11DT(Y )

Then it holds that limsupN_mo]P’[supne{o,lwa} | Xnr/y — Yﬁ/N\ > p] =0 and
lim inf y 00 infie 0,77 E [exp (p | YV]?)] = oo for all p € (0,00), g € (3,00).
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