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UNIFORMLY ACCURATE EXPONENTIAL-TYPE
INTEGRATORS FOR KLEIN-GORDON EQUATIONS
WITH ASYMPTOTIC CONVERGENCE
TO THE CLASSICAL NLS SPLITTING

SIMON BAUMSTARK, ERWAN FAOU, AND KATHARINA SCHRATZ

ABSTRACT. We introduce efficient and robust exponential-type integrators for
Klein-Gordon equations which resolve the solution in the relativistic regime
as well as in the highly-oscillatory nonrelativistic regime without any step-size
restriction under the same regularity assumptions on the initial data required
for the integration of the corresponding nonlinear Schrédinger limit system.
In contrast to previous works we do not employ any asymptotic/multiscale
expansion of the solution. This allows us to derive uniform convergent schemes
under far weaker regularity assumptions on the exact solution. In addition, the
newly derived first- and second-order exponential-type integrators converge to
the classical Lie, respectively, Strang splitting in the nonlinear Schrodinger
limit.

1. INTRODUCTION

Cubic Klein-Gordon equations
(1) 20z — Az + 2 =|2)%2, 2(0,7) = z0(z), 0;2(0,7) = 2} (z)

are extensively studied numerically in the relativistic regime ¢ = 1; see [10,20] and
the references therein. In contrast, the so-called “nonrelativistic regime” ¢ > 1
is numerically much more involved due to the highly-oscillatory behavior of the
solution. We refer to [7,[II] and the references therein for an introduction and
overview on highly-oscillatory problems.

Analytically, the nonrelativistic limit regime ¢ — oo is well understood nowadays:
The exact solution z of () allows (for sufficiently smooth initial data) the expansion

1/, .
z(t,x) = 5 (e’gtu*,oo(t,x) + e_wztﬁ*m(t, ;v)) +0(c™?)

on a time-interval uniform in ¢, where (uy o0, Vs 00) satisfy the cubic Schrédinger
limit system

. 1 1 .

Zatu*,oo = iAu*,oo + g( ‘u*,oo|2 + 2 ‘U*,oo|2 )u*,o<n u*,oo(o) =Y -1,
(2)

. 1 1 _

Zatvx,oo - §AU*,O<> + g( |v*,oo‘2 + 2 |u*,oo|2 )U*,OOa U*,oo(o) =@ -1,
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with initial values
2(0,2) =5 o(z) and ¢ ' (c* - A)71/2 920, 2) =3 ~(z);

see [I8, Formula (1.3)] and for the periodic setting [9, Formula (37)].

Also numerically, the nonrelativistic limit regime ¢ > 1 has recently gained a lot
of attention: Gautschi-type methods (see [12]) are analyzed in [3]. However, due to
the difficult structure of the problem they suffer from a severe time-step restriction
as they introduce a global error of order ¢*72 which requires the CFL-type condition
c?1 < 1. To overcome this difficulty so-called limit integrators which reduce the
highly-oscillatory problem to the corresponding nonoscillatory limit system (i.e.,
¢ — oo in () as well as uniformly accurate schemes based on multiscale expansions
were introduced in [9] and [IL5]. In the following we give a comparison of these
methods focusing on their convergence rates and regularity assumptions.

Limit integrators. Based on the modulated Fourier expansion of the exact solu-
tion (see [6L[I1]) numerical schemes for the Klein-Gordon equation in the strongly
nonrelativistic limit regime ¢ > 1 were introduced in [9]. The benefit of this ansatz
is that it allows us to reduce the highly-oscillatory problem () to the integration of
the corresponding nonoscillatory limit Schrodinger equation (2)). The latter can be
carried out very efficiently without imposing any c—dependent step-size restriction.
However, as this approach is based on the asymptotic expansion of the solution
with respect to ¢=2, it only allows error bounds of order

@(072 +7'2)

when integrating the limit system with a second-order method. Henceforth, the
limit integration method only yields an accurate approximation of the exact solution
for sufficiently large values of c.

Uniformly accurate schemes based on multiscale expansions. Uniformly accurate
schemes, i.e., schemes that work well for small as well as for large values of ¢
were recently introduced for Klein-Gordon equations in [IL[5]. The idea is thereby
based on a multiscale expansion of the exact solution. We also refer to [2] for the
construction and analysis in the case of highly-oscillatory second-order ordinary
differential equations. The multiscale time integrator (MTT) pseudospectral method
derived in [I] allows two independent error bounds at order

O(t*+¢?) and O(7%c?)

for sufficiently smooth solutions. These error bounds immediately imply that the
MTT method converges uniformly in time with linear convergence rate at O(r)
for all ¢ > 1 thanks to the observation that min(cfz,Tch) < 7. However, the
optimal quadratic convergence rate at O(72) is only achieved in the regimes when
either 0 < ¢ = O(1) (i.e., the relativistic regime) or £ < ¢ (i.e., the strongly
nonrelativistic regime). In the context of ordinary differential equations similar
error estimates were established for MTI methods in [2]. The first-order uniform
convergence of the MTT-FP method [I] holds for sufficiently smooth solutions: First-
order convergence in time holds in H? uniformly in ¢ for solutions in H? with
supg<i<r |2(0) || a7 + ¢ 2(|0p2(t) || e < 1 (see [I, Theorem 4.1]). First-order uniform
convergence also holds in H' under weaker regularity assumptions, namely for
solutions in H® satisfying supg<, <7 ||2(t)|| e + ¢=2||0:2(t)|| gs < 1 if an additional
CFL-type condition is imposed in space dimensions d = 2,3 (see [T, Theorem 4.9]).
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A second-order uniformly accurate scheme based on the Chapman-FEnskog ex-
pansion was derived in [B] for the Klein-Gordon equation. Thereby, to control the
remainders in the expansion, second-order uniform convergence in H” (r > d/2)
requires sufficiently smooth solutions with in particular z(0) € H" 0. Also, due to
the expansion, the problem needs to be considered in d + 1 dimensions.

We establish exponential-type integrators which converge with second-order ac-
curacy in time uniformly in all ¢ > 0. In comparison, the multiscale time integra-
tors (MTI) derived in [IL2] only converge with first-order accuracy uniformly in all
¢ > 1. This is due to the fact that the MTI methods are based on the multiscale
decomposition

2(t, @) = €2 (8 @) + e Tt 3) + 7 (1 )

which leads to a coupled second-order system in time in the c*-frequency waves 27
and the rest frequency waves r” (cf. [II System (2.4)]) and only allows numerical
approximations at order O(72 + ¢~2) and O(72c?).

In contrast to [I,BLO] we do not employ any asymptotic/multiscale expansion
of the solution, but construct exponential-type integrators based on the following
strategy:

1. In a first step we reformulate the Klein-Gordon equation (Il) as a coupled
first-order system in time via the transformations

u=z—i(cvV/-A+ 62)_18tz, v=z—i(cvV/-A+ 62)_18t2.

2. In a second step we rescale the coupled first-order system in time by looking
at the so-called “twisted variables”

w(t) = e lu(t), . (t) =e < ly(t).

This essential step will later on allow us to treat the highly-oscillatory
phases e*i¢®t and their interaction explicitly.

3. Finally, we iterate Duhamel’s formula in (u.(t),v.(t)) and integrate the
interactions of the highly-oscillatory phases exactly by approximating only
the slowly varying parts.

This strategy in particular allows us to construct uniformly accurate exponential-
type integrators up to order two which in addition asymptotically converge to the
classical splitting approximation of the corresponding nonlinear Schrédinger limit
system (2)) given in [9]. More precisely, the second-order exponential-type integrator
converges for ¢ — oo to the classical Strang splitting scheme

T A

(3) un+1 — eii%%ef’”ﬂ§‘c 22 Uy oo

n 0
*,00 *

,007 u*,oo =¥ - Z’Y
associated to the nonlinear Schrodinger limit system (2)) (see also Remark B1]) where
for simplicity we assumed that z is real-valued such that u, = v,. A similar result
holds for the asymptotic convergence of the first-order exponential-type integration
scheme towards the classical Lie splitting approximation (see also Remark [I4]).

In [9] the Strang splitting (B is precisely proposed for the numerical approxi-
mation of nonrelativistic Klein-Gordon solutions. However, in contrast to the uni-
formly accurate exponential-type integrators derived here, the scheme in [9] only
yields second-order convergence in the strongly nonrelativistic regime ¢ > % due to
its error bound at order O(7% + ¢~2).
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The main novelty in this work thus lies in the development and analysis of effi-
cient and robust exponential-type integrators for the cubic Klein-Gordon equation
@) which

o allow second-order convergence uniformly in all ¢ > 0 without adding an
extra dimension to the problem:;

o resolve the solution z in the relativistic regime ¢ = 1 as well as in the
nonrelativistic regime ¢ — oo without any c—dependent step-size restriction
under the same regularity assumptions as needed for the integration of the
corresponding limit system;

o in addition to converging uniformly in ¢, converge asymptotically to the
classical Lie, respectively, Strang splitting for the corresponding nonlinear
Schrodinger limit system (2)) in the nonrelativistic limit ¢ — oo.

Our strategy also applies to general polynomial nonlinearities f(z) = |z|?Pz
with p € N. However, for notational simplicity, we will focus only on the cubic
case p = 1. Furthermore, for practical implementation issues we impose periodic
boundary conditions, i.e., z € T¢.

We commence in Section 2] with rescaling the Klein-Gordon equation ({l) which
then allows us to construct first- and second-order schemes that converge uniformly
in c; see Sections Bl and [ respectively.

2. SCALING FOR UNIFORMLY ACCURATE SCHEMES

In a first step we reformulate the Klein-Gordon equation (Il as a first-order
system in time which allows us to resolve the limit-behavior of the solution, i.e., its
behavior for ¢ — co (see also [9,18]).

For a given ¢ > 0, we define the operator

(4) (V)e=V-A+c%
With this notation, equation (I can be written as
(5) Oz + (V)22 = 2 f(2)

with the nonlinearity

f(z) = |2z
In order to rewrite the above equation as a first-order system in time, we set
(6) u=z—ic Y (V). 10,2, v=7%—ic (V) 0%
such that in particular
1
(7) 2= (u + D).

Remark 1. If z is real, then u = v.

A short calculation shows that in terms of the variables u and v equation (&)
reads

iu = —c(V)eu+ (V)1 f(5(u+7)),

(8)

Nl= N

i = —c(V)ev+ (V)71 f(
with the initial conditions (see ()
9)  u(0) = 2(0) —ic (V) 712/(0) and ©(0) = 2(0) —ic” (V) '2/(0).

(T +v))
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Formally, the definition of (V). in (@) implies that

(10) e(V)e = ¢ + “lower-order terms in ¢”.

This observation motivates us to look at the so-called “twisted variables” by filtering
out the highly-oscillatory parts explicitly: More precisely, we set

(11) ue(t) = e lu(t),  w(t) =e " lu(t).

This idea of “twisting” the variable is well known in numerical analysis, for instance
in the context of the modulated Fourier expansion [6,[11], adiabatic integrators
[TTL16] as well as Lawson-type Runge-Kutta methods [I5]. In the case of “multiple
high frequencies” it is also widely used in the analysis of partial differential equa-
tions in low regularity spaces (see for instance [4]) and has been recently successfully
employed numerically for the construction of low-regularity exponential-type inte-
grators for the KdV and Schrédinger equation; see [14L[19].
In terms of (uy,v,.) system () reads (cf. [I8, Formula (2.1)])

—Au, + c<v>c—le—i02tf (%(eic%u* n e—ic2tm)) ,

i@tu*
(12) . 2 2 2
100, = —Av, + (V) te L f (%(elC b, +e7'e tu_*))

with the leading operator
(13) A= (V). — 2.

Remark 2. The advantage of looking numerically at (u.,v.) instead of (u,v) lies
in the fact that the leading operator —c(V), in system (8) is of order ¢? (see ({0))
whereas its counterpart —A, in system (2] is “of order one in ¢’ (see Lemma [3]
below).

In the following we construct integration schemes for (I2) based on Duhamel’s
formula
Ui (tn +7) = ™ Aeu, (t,) —ic(V) !

c

.
. . 2
X/ ez(‘rfs)Acefzc (tn+s)
0

% f (%(eicz(thrS)u*(tn + S) + eficz(tn*‘rs)ﬁ(tn _|_ 5))) ds,
Oty +7) = T ev, (t,) —ic(V) !

.
: -2
X/ ez(‘rfs).ACefw (tn+s)
0

(14)

« (%(eic2(t”+s)’l}* (tn + 5) + e—icz(tn"l's)u—*(tn + s))) ds.

Thereby, to guarantee uniform convergence with respect to ¢ we make the following
important observations. We define the Sobolev norm on T¢ by the formula

1 .
lull} = > (1+ k)" |ak]?,  where iy = —/ u(x)e™*de,
(2m)? Jpa
kezd
where for k = (ki1,...,kq) € Z%, we set k-x = kyz1+- - - kgzrg and |k|* = k-k. More-
over, for a given linear bounded operator L we denote by ||L||, its corresponding
induced norm.
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Lemma 3 (Uniform bound on the operator A.). For all ¢ € R we have that

1
(15) [Acullr < 5

[ r+2-

Proof. The operator A, acts as the Fourier multiplier (A.)r = ¢ — c\/c2 + |k|?,
k € Z2. Thus, the assertion follows thanks to the bound

2
lAcul2 = 37 (1 k)" (/@ + TP = ) fanf?

kezd
< Y ey (HEY) g
>~ 2 k|l »
kezd

where we have used that V1 +22 <1+ %x2 for all x € R. O
Lemma 4. For all t € R we have that

. » 1
(16) e, =1 and ||(e”" —1)u| < §\t|||u\|,«+2.

Proof. The first assertion is obvious and the second follows thanks to the estimate
|(e®® — 1)| < |x| which holds for all x € R together with the essential bound on the
operator A, given in (IT). O

In particular, the time derivatives (u’(t),v}(t)) can be bounded uniformly in c.

Lemma 5 (Uniform bounds on the derivatives (u/(¢),v.(t))). Fizr > d/2. Solu-
tions of ([I2) satisfy
[ (En 4 8) = wa(tn) |

1 1 3
< _¢5|Hu*(tn)ur+2‘+'_+5| sup (Hu*(tn/+'§)Hr'+ HU*(tn +'§)Hr)
2 8 o<e<s

A0 st + ) — va ()l

1 1 3
< Slsllve(ta)llrsz + 2lsl sup (lus(tn +Ellr + ox(tn + Ilr)"
2 8" 0<e<s
Proof. The assertion follows thanks to Lemma [4] together with the bound
(18) le{V) 2l < 1
which implies by Duhamel’s perturbation formula (I4)) that
[t (B + 5) = wa(tn) [+

IN

1 _
|8|||Acu*(tn)||r+§|S|||C<V>clllr sup (||U*(tn+£)||r+Hv*(tn+€)||r)3
0<¢<s

3

IN

1 1
Slslllustn)llrrz + <18l sup (st +Ellr + va(tn + )|l
2 8 o<e<s

Similarly we can establish the bound on the derivative v (). O

We will also employ the so-called “p; functions” given in the following definition.
Definition 6 (¢; functions [13]). Set

s 0F7
wo(z) :=€” and v(2) ::/ e1-0)z
0

k- 1)

d, k>1,
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such that in particular

po(2) = ¢, pi(2) = ezz— 1’ pa(2) = M.

In the following we assume local-wellposedness (LWP) of (I2) in H".

Assumption 7. Fix r > d/2 and assume that there exists a T,, = T > 0 such that
the solutions (u.(t),v«(t)) of ([I2) satisfy

sup |[us (8)||r + [lo< ()l < M
0<t<T

uniformly in c.

Remark 8. The previous assumption holds under the following condition on the
initial data

12l + e (V)2 2" (0)]], < Mo,

where M, does not depend on ¢ as can be easily proved from the formulation (I4]).

3. A FIRST-ORDER UNIFORMLY ACCURATE SCHEME

In this section we derive a first-order exponential-type integration scheme for
the solutions (u., v,) of (I2)) which allows first-order uniform time-convergence with
respect to c. The construction is thereby based on Duhamel’s formula (I4]) and the
essential estimates in Lemmas [3] [ and Bl For the derivation we will for simplicity
assume that z is real, which (by Remark [I)) implies that © = v such that system
([@2) reduces to

: 1 —1,—ic*t [ ic%t St )?
(19) 10wy, = —Acuy + §C<V>c e (e Ui + € u*>

with mild solutions

U (t" + 7_) = eiTACu* (tn) - _C<V>C_1
(20) X /T ot (T=8)Ac o —ic® (tn+s)
0

_ _ 3
" (ewz(t"*s)u*(tn 1) +eﬂcz(tn+s)u—*(tn +s)) ds.

3.1. Construction. In order to derive a first-order scheme, we need to impose
additional regularity assumptions on the exact solution w. (¢) of (I9).

Assumption 9. Fix r > d/2 and assume that u, € C([0,7]; H"+?(T%)) and in
particular

sup ||us(t)||r+2 < Mz uniformly in c.
0<t<T

Applying Lemma [] and Lemma [l in (20)) allows the expansion
)

Uy (ty 4+ 7) = ™ ew, (t,) — §0<V>C_1ei“4“

(21) ></ e_icz(tn+3) (eiCZ(t,L+s)u*(tn) +e—ic2(t,"+s)u_*(tn)>3ds
0

+ R(Ta tnv ’LL*),
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where the remainder R(7, t,, u.) satisfies thanks to the bounds (I6l), (I7) and (IK)
that

(22) |R(T, tn, wi) I < Tzkr(M2)

for some constant k.(Ms) which depends on My (see Assumption [@) and r, but
is independent of ¢. Solving the integral in ([ZI)) (in particular, integrating the
highly-oscillatory phases exp(=ilc?s) exactly) furthermore yields by adding and
subtracting the term 73e'™ ¢ |u, (t,,)[*u.(t,) (see Remark [T below for the purpose
of this manipulation) that

(23) 3
wa(t 4+ 7) = i e (1 _ Té\u*(tnﬂ?)u*(tn)
_T% (e(V)h = 1) €4 ua ()P (£0)
_ T%C<V>216”AC {eQiCQt" 1(2ic*T)u(tn)

.2 . rYe
4 o~ 2ic tn@l(_2lc27')3|u* (tn)‘QU* (tn)

1 e—dic’ty o1 (—4ic*T)u;® (tn)} + R(T, tn, ux)

with ¢ given in Definition
As the operator e? is a linear isometry in H” and by Taylor series expansion
|1 — 2 — e ?| = O(2?) we obtain for r > d/2 that

_ 3i - ;
ezr.AC (1 _ T§1|u*(tn)|2u* (tn)) _ ez‘r‘Acef‘r%M*(tn)hU* (tn)

(24)

T

< K377 us (80|17

for some constant &, independent of c.
The bound in ([24)) allows us to express (23) as

(25) .
et -+ 7) = oA O (1) = 7 (O(V)2 T = 1) €A () P (1)
- el Ve A T (i) (1)

e B o (<2073 (t0) T (1)

o7 oy (<P () | 4+ R, ),
where the remainder R(7,t,, u.) satisfies thanks to (22) and (24]) that
(26) ”R(Tv tnau*)”T < Tsz(MQ)v

for some constant k,.(Ms) which depends on My (see Assumption [d]) and r, but is
independent of c.
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The expansion (25) of the exact solution u,(t) builds the basis of our numerical
scheme: As a numerical approximation to the exact solution u,(t) at time ¢,41 =
t, + 7 we choose the exponential-type integration scheme
(27)

’U,:Jrl _ e27'./4

c uy [Pl

n 3
o TRy Tgl (c«(V);'=1)e
- T%C(V)Zlei”‘c{e2i62t"<p1(2ic27')(uf)3 + efziCQt"ga (—2ic?T)3|ul [Pur

e g (—icr) ()},
Wl = 2(0) — i (V) 2(0)
with ¢; given in Definition[Bl Note that the definition of the initial value u? follows

from (@).

For complex-valued functions z (i.e., for u#v) we similarly derive the exponential-
type integration scheme
(28)

wtt = eirAegmmd (P42l ) e (V) = 1) @A (P + 2ol

— T§C<V>glei7—Ac {62“%"@1(21’627) (u™)?v"
—|—e*2"c2t" 1(—2ic T)(2|u"|2 + v} )_
e gy (—icr) (0T) T
ud = 2(0) —ic” (V) 12'(0),

where the scheme in v is obtained by replacing u? <> v” on the right-hand side
of [28) with initial value v9 = 2(0) — ic™ (V) 12/(0) (see [@)).

Remark 10 (Practical implementation). To reduce the computational effort we may
express the first-order scheme (28)) in its equivalent form

uH = i (e—fé(lurmlvfl Vs (o 2! ) )

— (V) em A (ul 2 + 22t + e oy (2ichr) ()
+ e M gy (< 2icT) (2lul P + o2 ) oT
e o (i) (T,

u? = 2(0) —ic (V) 12/ (0)

C

which after a Fourier pseudospectral space discretization only requires the usage of
two Fast Fourier transforms (and its corresponding inverse counter parts) instead
of three.

In Section B2l below we prove that the exponential-type integration scheme (28]
is first-order convergent uniformly in ¢ for sufficiently smooth solutions. Further-
more, we give a fractional convergence result under weaker regularity assumptions
and analyze its behavior in the nonrelativistic limit regime ¢ — oo. In Section 3.3l
we give some simplifications in the latter regime.
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3.2. Convergence analysis. The exponential-type integration scheme (28]) con-
verges (by construction) with first-order in time uniformly with respect to ¢; see
Theorem [[Il Furthermore, a fractional convergence bound holds true for less reg-
ular solutions; see Theorem [I3l In particular, in the limit ¢ — oo the scheme
converges to the classical Lie splitting applied to the nonlinear Schrodinger limit
system; see Lemma

Theorem 11 (Convergence bound for the first-order scheme). Fiz r > d/2 and
assume that

(29) 12(0)[lr+2 + [l HV) 2" (0) [lrs2 < Mo
uniformly in c. For (ul,v?) defined in 28)) we set

1/, o,

2" == (e”%"uf + e*ZCQt"vf) .

2
Then, there exists a T, > 0 and 79 > 0 such that for all 7 < 19 and t, < T, we
have for all ¢ > 0 that

2(tn) — 2|, < 7K1 apeinF2mm < TR MMt 0

where the constants Ki . K2pm and Ky, 4 can be chosen independently

of c.

Proof. Fix r > d/2. First note that the regularity assumption on the initial data
in ([29) implies the regularity Assumption [@ on (u.,v.), i.e., there exists a T,. > 0
such that

sup Jua ()lr2 + v (B)llrp2 < k(M)
0<t<T}

for some constant k£ that depends on Ms and T, but can be chosen independently
of c.

In the following let (¢!, , % ) denote the exact flow of (I2) and let (®],_,®7 )
denote the numerical flow defined in ([2§), i.e.,

Us(tnr1) = 0, (w(tn), vx(tn)), W™= @] (ul,0}),

and a similar formula for the functions v, (t,) and v?. This allows us to split the
global error as follows:

Us (tna1) — ul ™ = 07 (ua(tn), va(tn)) — @7, (ul,v])
(30) = @, (ua(tn), va(tn)) — @ (ul, )
+ O, (Uatn), v (tn)) = @7 (us(tn), ve(tn))-

Local error bound. With the aid of (26]) we have by the expansion of the exact
solution in (2E) and the definition of the numerical scheme (28)) that

(31) (197, (us(tn), va(tn)) =% (wsltn), va (ta)) I = IR(T, ty s, v4) [l < 72K (M)

for some constant k, which depends on Ms and r, but can be chosen independently
of c.
Stability bound. Note that for all [ € Z we have that

ler(ireDl < 2.
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Thus, as e’*A¢ is a linear isometry for all ¢+ € R we obtain together with the bound

([I8) that as long as ||u?||, < 2M and ||u(t,)]|» < M we have that
[ (wa (), vx () — D (w07 |
< lua(tn) = wille + 7K ar ([Jus(tn) = wllr + [Joe (tn) = 0 l)

where the constant K, j; depends on r and M, but can be chosen independently
of c.

Global error bound. Plugging the stability bound (B2]) as well as the local error
bound (BI) into [B0) yields by a bootstrap argument that

(33) ||U*(tn) — ulLHT S 7'[(1,7071\/12etnl(Q,r,M7

where the constants are uniform in c¢. A similar bound holds for the difference
Vi (tn) —v2. This implies first-order convergence of (u?, v}) towards (u.(t,), v«(tn))
uniformly in c.

Furthermore, by (@) and ({1 we have that
.2 -2
< [le" (us (tn) — uf) e + [l (valtn) = 02

= llux(tn) = ulllr + v (tn) — 0¥l
Together with the bound in (B3] this completes the proof. O

(32)

2(t) = 27 e = ||3 (ulta) + o)) = 3 (e a4+ i)

Remark 12. Note that the regularity assumption (29]) is always satisfied for initial
values

2(0,2) = p(z), 0:2(0, ) = *y(x) with o,y € H™+?
as then thanks to (I8]) we have

™ V) 2 0)]],, = (| ], < Il

Under weaker regularity assumptions on the exact solution we obtain uniform
fractional convergence of the formally first-order scheme (28)).

Theorem 13 (Fractional convergence bound for the first-order scheme). Fiz r >
d/2 and assume that for some 0 < v <1

(34) 12(0) lr+2r + ™ HV) T 2 (0) |2y < Moy
uniformly in c¢. For (ul,v?) defined in [28) we set
1/ L2
2" = 3 (e”%"uf + e*wrzt"v;ﬂ) :

Then, there exists a T, > 0 and 19 > 0 such that for oll 7 < 19 and t, < T, we
have for all ¢ > 0 that

l2(tn) — Zn“r < TWKLT,Mza,etnKQ’T’M < TWK:,M,MM,tna

N .
where the constants K1 ., K200 and KTVM’M%% can be chosen independently

of c.

Proof. The proof follows the line of argumentation to the proof of Theorem [Tl using
“fractional estimates” of the operator A.. O

Next we point out an interesting observation: For sufficiently smooth solutions
the exponential-type integration scheme (28] converges in the limit ¢ — oo to the
classical Lie splitting of the corresponding nonlinear Schrédinger limit (2).
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Remark 14 (Approximation in the nonrelativistic limit ¢ — 00). The exponential-
type integration scheme (28]) corresponds for sufficiently smooth solutions in the
limit (u?,v?) =3 (u?,v".), essentially to the Lie splitting ([8,17])

*,007 V%,00

nt+l _ —ird —iri(|u? 12420 %), n 0o _ .
(35) Uyoo = € ze 8( e e )u*,oo7 Us oo =P — 17,
ntl _ —ird —irk (jor L2420l o ?), 0 0 _5_

Vsoo = € € ’ ’ Vs, 009 Voo =P — VY

applied to the cubic nonlinear Schrédinger system (2]) which is the limit system of
the Klein-Gordon equation () for ¢ — oo with initial values

c— 00

2(0) =F v and ¢ YV 1(0) =5 o

C

More precisely, the following lemma holds.
Lemma 15. Fizr > d/2 and let 0 < 6 < 2. Assume that
(36) 12(0)[lr251e + [l (V)2 (0)|ry25 e < Masie

for some € > 0 uniformly in ¢ and let the initial value approximation (there exist
functions ¢,y such that)

(37) 120) =3l + [l (V) 12" (0) — ol < ke

hold for some constant k, independent of c.

Then, there exists a T > 0 and 19 > 0 such that for all T < 7¢ the difference of
the first-order scheme 28)) for system ([I2)) and the Lie splitting [B3) for the limit
Schréodinger equation ) satisfies for t, < T and all ¢ > 0 with

(38) rF 0> 1
that
lu? = ul ool + 02 =0 ol < ¢ R (Masie, T)
for some constant k,. that depends on Mssi. and T, but is independent of c.

Proof. In the following fix r > d/2,0 < § <2 and € > 0:
1. Initial value approzimation. Thanks to (B7) we have by the definition of the
initial value u in (28), respectively, u ,, in ([B5) that
[uf = w2 sollr = [12(0) = i (V)2 (0) = (@ = i)l < kpe™®

for some constant k, independent of c¢. A similar bound holds for v —o? .

2. Regularity of the numerical solutions (u?,v?). Thanks to the regularity
assumption (B6]) we have by Theorem [[3] that there exists a T' > 0 and 75 > 0 such
that for all 7 < 79 we have

(39) llug||r425 + |03 ]| rt26 < Mas

as long as t,, < T for some constant mos depending on Mss,. and T', but not on c.

3. Regularity of the numerical solutions (u} .,v} ). Thanks to the regularity
assumption (B6) we have by [B1) and the global first-order convergence result of
the Lie splitting for semilinear Schrédinger equations (see for instance [81[17]) that

there exists a T' > 0 and 79 > 0 such that for all 7 < 79 we have

(40) [0 oo llr + 10X o[l < o

as long as t, < T for some constant mg depending on M, and T, but not on c.
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4. Approximations. Using the following bounds, v > 1,
1 1
41 1+22—1- =22 S
4y |V . —
together with the Definition of ¢; (see Definition[B]) we have for every f € H"+2+20,
(42)
(et &) 1, 41 A9 1) g b IG5 < bz

for [ = 42, —4 and for some constant k, independent of ¢, where we used (38)) for
the last estimate.

5. Difference of the numerical solutions. Thanks to the a priori regularity of the
numerical solutions ([B9) and (0] we obtain with the aid of ([#2) under assumption
([B8) for the difference u} —uf ., that

<z* and ,

_ 1‘ < g2

(43) luf ™t = a2l < (14 Th(mo))[[uf =l o llr + (€727 + 7)e ™ k(mas)
< (L4 7h(mo))[[ul — ull oo |l + 27¢ ™ k(mas)

and a similar bound on v} — v} . Solving the recursion yields the assertion. [

3.3. Simplifications in the “weakly to strongly nonrelativistic limit
regime”. In the “ strongly nonrelativistic limit regime”, i.e., for large values of c,
we may simplify the first-order scheme (28)) and nevertheless obtain a well-suited,
first-order approximation to (u.,v,) in (2.

Remark 16. Note that for | = +2, —4 we have (see Definition [f])
HTLpl(ilc2r)Hr <2c72
Furthermore, ([@2) yields that
(Ve ! = 1) ua®llr < k[l (8) 12

for some constant k, independent of c.
Thus, for sufficiently large values of ¢, more precisely if

Tc>1

and under the same regularity assumption ([B4]) we may take instead of (28] the
scheme

n+l _ atA. 7iTl(|u" 2420 |2) n
u*,c>‘r =¢e ‘e 8 ne>r e u*,c>77

n+l _ iTAc 77;7'1('1}:' 242)u” |2) n
Vie>r = © ‘e 8 e esr Vi,e>t

as a first-order numerical approximation to (u«(tn41), Vs (tn+1)) in [I2).

However, note that in the strongly nonrelativistic limit regime (such that in
particular ¢ > 1) we may immediately take the Lie splitting scheme proposed in [9]
as a suitable first-order approximation to (I2)) thanks to the following observation.

Remark 17 (Limit scheme [9]). For sufficiently large values of ¢ and sufficiently
smooth solutions, more precisely, if

12(0) |42 + [l (V) 2" (0) |42 < Mo and 7e > 1,
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the classical Lie splitting (see [8[17]) for the nonlinear Schrédinger limit equation
@), namely,

Yyl — it A =ik (jul 20T )
*,00 *,00)
(44) n+l _iriA —iTl(‘U" ‘2+2‘un |2) n
= e 27e 8 *,00 *,00 v
*,00 *,007

yields a first-order numerical approximation to (t(tn+1), Vs (tnt1)) in ([I2).
This assertion follows from [9] thanks to the approximation

”u*(tn) - u:,oo”v" < Hu*(tn) - u*,OO(tn)HT + ||U*,00(tn) - u::,ooH?” = 0(071 + 7')

n
*,00°

and a similar bound on v, (¢,) — v

4. A SECOND-ORDER UNIFORMLY ACCURATE SCHEME

In this section we derive a second-order exponential-type integration scheme for
the solutions (u.,v,) of (I2) which allows second-order uniform time-convergence
with respect to c. For notational simplicity we again assume that z is real, which
reduces the coupled system (I2) to equation (I9) with mild solutions ([20) (see also
Remark [T).

The construction of the second-order scheme is again based on Duhamel’s for-
mula (20) and the essential estimates in Lemmas[B @ and Bl However, the second-
order approximation is much more involved due to the fact that

ul(t) = O0(1), but u/(t)=0(c?).

The latter observation prevents us from simply applying the higher-order Taylor
series expansion

Us(tn + 8) = ui(tn) + sul(tn) + O(s*u] (t, + &)

in Duhamel’s formula (20) as this would lead to the “classical” c—dependent error
at order O(72c?). Therefore we need to carry out a much more careful frequency
analysis by iterating Duhamel’s formula (20) twice and controlling the appearing

highly-oscillatory terms e+t and their interactions eil¢’t (I € Z) precisely.

4.1. Construction of a second-order uniformly accurate scheme. In Section
[T we state the necessary regularity assumptions on the solution u, and derive
two useful expansions. In Section we collect some useful lemmata on highly-
oscillatory integrals and their approximations. These approximations will then
allow us to construct a uniformly accurate second-order scheme in Section
The rigorous convergence analysis is given in Section 4.2

4.1.1. Regularity and expansion of the exact solution. In order to derive a second-
order scheme, we need to impose additional regularity on the exact solution w. (%)
of (3.
Assumption 18. Fix r > d/2 and assume that u, € C([0,7]); H"**(T%)) and in
particular
sup ||us(t)||r+a < My uniformly in c.
0<t<T

In Lemma below we derive two useful expansions of the exact solution u, of
(3. For this purpose we introduce the following definition.
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Definition 19. For some function v and t¢,,t € R, we set

(45) U2 (ty, t,0) = te2i62t”201 (2ic’t) v* + 3te~2ic"tn ) (—2ic*t) |v[*D
+ te At (—4ic2t) T,

The above definition allows us the following expansions of the exact solution w,.

Lemma 20. Fizr > d/2. Then the exact solution of ([I9) satisfies the expansions

(b + 5) = Ay, (1) — ﬁcwﬁl/ A |6 eyy, (1) (e€Aeu, () de
0

8
— 2V W (fy 5,1 () + R (b5, 1)
and
, i B
et + 8) = Ao (1) = <e(V); (35 1 (00)] () + Wea (b, 5,2 (82)))
+ R2(tna S, ’LL*)

with V.2 defined in [@D) and where the remainders satisfy
(46) IR (s 5, w)llr + 1R (tny 5w )| < 8%k (Ma)
for some constant k,.(Ms) which depends on Ms, but is independent of c.

Proof. Note that by Duhamel’s perturbation formula (20) we have that
(47)

el ) = ¢ eu, (1) — Le(w);!
S
X / ei(s—Ac (3 |u*(tn + §)|2 U, (tn + f) + e2ic2(tn+5)u*(tn + 5)3
0

+ 3¢ 2D u (b, + &) P Tt + €)
+ e—4ic2(tn+§)u—*(t~n + 5)3)(16
Therefore, the bound on ¢(V), ! given in (&) in particular implies that for £ € R
[[ws(tn + &) — eigAcu*(tn)Hr < &k (14 Mp)?

for some constant k, which is independent of ¢. Together with Lemmas @ and
the assertion then follows by integrating the highly-oscillatory phases exp (iilc%)
exactly. |

In the next section we collect some important definitions and useful lemmata on
highly-oscillatory integrals.

4.1.2. Preliminary lemmata on highly-oscillatory integrals. The construction of a
second-order approximation to u, based on the iteration of Duhamel’s formula (20)
that holds uniformly in all ¢ > 0 leads to interactions of the highly-oscillatory
phases et

-

. . 1 .

(48) / ezs(écz—Ac) (ezsAcU) (e—zs.Acg)m ds, 6 e{—4,-22}.
0

In order to control these integrals we first need to distinguish the nonresonant case

0 € {—4, -2}, where
Ve>0,keN: (62— Ak =0 -V +k2+c2#0

. More precisely, we need to handle highly-oscillatory integrals of type
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from the resonant case 6 = 2 in which the operator dc? — A, may become singular.
In Lemma 1] we outline how to control the nonresonant case § € {—4,—2}.
Lemma 23] treats the resonant case § = 2.

Lemma 21. Fizr > d/2. Then we have for § = —2 and do = —4 that for j = 1,2
and l,m € N*,

T 55,6 —A) (gisAcy) (o=isAeg)™ 4
/ (¢*40)' (ei*4)

= 71 (iT(8;¢* — A)) V'™ + it s (iT(8;¢° — A.))
x (W1 A — o't T AD) + Rty 5,0),

(49)

where the remainder satisfies

(50) [R(tn, s,0)[r < kr7—3HU”T+4”UH£~+m_1

for some constant k, which is independent of c.

Proof. By Taylor series expansion of €**¢ and noting (@) we obtain that
(51)

-
e—isAueiéjczs eisAc,U l e—isACE mds
/ (¢ 40)' (eio4)
-
= / ets(9507—Ac) (v 7" +is (lvl_lﬁmAcv —mo' T A v)) ds + R(tn, s,v),
0

where thanks to (I5]) we have for » > d/2 that (B0) holds for the remainder. The
assertion then follows by the definition of the ¢, functions given in Definition[6l O

As our numerical scheme will be built on the approximation in [@J]) we need to
guarantee that the constructed term

7209 (i7(5j02 — Ac)) (lvl_lﬁmflcv —molo™ 1A v)

is uniformly bounded with respect to ¢ in H" for all functions v € H". This
stability analysis is carried out in Remark 22] below, where we in particular exploit
the bilinear estimate

(52)

vwl|ly < kvl Jw]lr, forall v <rq+ry— % with ry,re, —r # % and r1 + 17 > 0.

Remark 22 (Stability in Lemma 21]). Note that for §; = —2, respectively, o = —
we have that

oy e [ @ e®) i =1
(53) 07é(5j2 Ac—(sjz <v>c+ 2 { (C +c< >C) it j=2.

Thanks to (B3] which in particular implies that

(Vo) = VE+ k2 <V +/[k2=c+]k| and
! < min {|c|_2, leve? + k2|_1} < min {|¢[ 72, (c[k]) "'}

2+ c((V)e)
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we obtain together with the bilinear estimate (52)) that for §; = —2, -4
HTQL,OQ (iT(5j02 — .AC)) (UAcw)Hr

_ || wolir(d;¢* = Ac)) — pr(iT(9;¢* — Ac))
=T ’ (§jc2 — .AC) (vAcw) )
1
(54) < 2T m (UAC’U}) )
1 ) 1
T‘ —(02 ) (v20 w) i + 27 —(02 ) (ve(V)ow) )

< dkp7||v|| - llw]l;

for all > d/2 and all functions v and w and some constant k, > 0. The estimate
(B4) guarantees stability of our numerical scheme built on the approximation in

E).
A simple manipulation allows us to treat the resonant case, i.e., 6 = 2 in (@S],
similarly to Lemma 2T}

Lemma 23. Fizr > d/2 and let ¢ # 0. Then we have that

(55)
/OT eis(2¢°—Ac) (eiSACU)l (e_iSACE)mds =Tp1 (iT(202 — %A)) (vlim)
+ it (iT(2¢* = 3 A)) [(%A—Ac) (v'o™) + (' =" Agv—mo'o™ 1 A,D) }
+ R(tn, s,v),
where the remainder satisfies
(56) IR (tny 5,0)lr < ko7 [J0l| a0

for some constant k, which is independent of c.

Proof. Note that as
200 — A, =2 — A+ 1A - A,
we obtain
(57)
eis(202*Ac) (eisACv)l (efisAcg)m ds
0

-
:/ 0is(2° =3 jis($A—A,) (eis.Ac,U)l (e’iSACE)mds
0

:/ eis(2627%A) {(1 —l—’LS(%A _ Ac)) (’Ulﬁm)
0
+is (lvl_lﬁm/lcv - mvlﬁm_lAJ) }ds + R(tn, s,v),

where thanks to (IH) we have for » > d/2 that (Bf) holds for the remainder. The
assertion then follows by the definition of the ¢, functions given in Definition[fl O

Again we need to verify that the constructed term
720y (iT(2¢* — 3A)) [(%A — Ao) (v'0™) + (W1 Acv — mvlﬂmflAcﬁ)}

in (55) can be bounded uniformly with respect to ¢ in H” for all functions v € H".
This is done in the following remark.
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Remark 24 (Stability in Lemma[23). Note that the operator 2¢? — A satisfies the
bounds
clk| clk| c c

= <2, = <
(202 — %A)k 2c¢2 4 %|k\2 (202 — %A)k 2c¢2 + %|k|2

N~

and furthermore

(Ao), = e/ + [k|]2 — ¢* < 2¢ + | k).

The above estimates together with the bilinear estimate (52)) imply that for r > d/2

7202 (iT(2¢% — £A)) (vA. w)H
(1+|k| 2
STZ W’ kz: Uk, (Ae) by W,
(L4 [kP)et
< rm, ST
Z (202 1|]€‘ Mt 1 2
(1+ |k]*)"e 2
(58) TN ) T vk, |[Rz|[wp, |
S (S ko)
2
<y SAHRA(D okl
k k=ky+ko
2
rme SRR (YD fow ksl )
k k=ki+ko

< rmg ol wlF + mhe o1 0awllF -y < Thm [Jv]12]lw]?

for some constant m,. > 0 which guarantees stability of the numerical method built
on the approximation in Lemma 23]

Next we need to analyze integrals involving the highly-oscillatory function W .2
defined in ([[9). The following lemma yields a uniform approximation.

Lemma 25. Fizr > d/2. Then for any polynomial p(v) in v and T we have that

z(‘r s)Ac
(59) /0 Pl

) YW (ty, s,v)ds
= 72p(0)e(V) T 2 (b, 7,0) 4+ R(tn, 7, 0)

with
. 9
Dz (tn, T,0) := GQiCQt”' pmer) -2 (226 T) _ 1113
(60) ¢ o ’ 227—02
1 3-2ic%tn 1 (_2i027) - 1|v|26+ o—dicty 1 (—42’027) - 163
—2i7c? —4irc?

and where the remainder satisfies
(61) IRt 7 0)l, < k7™ (L4 [[0llsr2)”

for some constant k, independent of c.
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Proof. Thanks to the approximation (I8) and the fact that W2 (t,, s, u.(ty,)) is of
order one in s uniformly in ¢ we have that

/ l(T=8)Acy, (e Aev) (V) 1 W a2 (ty, 5,v)ds
0

—p(0) (V) [ Walt s 0)ds + Rt 0,
0
where the remainder satisfies for r > d/2 the bound (&1]). O

Finally, we need to handle the interaction of highly-oscillatory phases elle’t with
the highly-oscillatory function ¥ defined in ([I9).

Lemma 26. Let ¢ #0. Then, we have for l € N that
1 (7.
ch,l(tna’ra ’U) = _2/ e’LlCQS\Ilc2 (tna s,v)ds
™ Jo

i o1 (14 20i80) — g (1)
(62) 2iTc?
L ge-zictt, 1 (L= 2)ic’T) = (lic*T)
—2iTc?
L o—dict, £ (1 — 4)ic*T) — ¢1 (lic?T) 3
—dirc?

o]

as well as that
/ s 5ds = 120, (ilc*T).
0

Proof. Note that by Definition [I9 we have that
(142)ic%s _ elic25 —2ic%s _ elic2s

) e 9.2, € _
\chz (tn, S, ’U) = 6226 tn2,—203 + 36 2ic t"Th}F’U
1C —zlcC
(1—4)ic?s _ jlic’s
4 o dictn € € 73
—4ic? ’

which implies the assertion by Definition [6] of ¢; and @a. |

With the above lemmata at hand we can commence the construction of the
second-order uniformly accurate scheme.

4.1.3. Uniform second-order discretization of Duhamel’s formula. Our starting
point is again Duhamel’s perturbation formula (see (20]))

Uy (b +7) = €T Acu, ()

- ic(Vfl /T U7 =8)Ac o —ic® (tn+s)
0

ic? (tyn+s) —ic? (tn+8)7— 3
x e uy(tn +8) +e Us(tn+s)) ds

which we split into two parts by separating the linear plus classical cubic part
|t |21, from the terms involving u2,u;° and |u.|*%,. More precisely, we set

(63) Uty +7) = Lo(T,t, ) — %c<v>;1162 (T, by 1)
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with the linear as well as classical cubic part |u.|?u.,
(64)
-
LTyt uy) == ™A, (t,) — = (V) ! / T Ae |y (t, + )P (t, + s)ds,
0

and the terms involving u2, ;> and |u. |75,
T
Lt i= [ A (Bl 1)
0

(65) + 3e 2 s |y (£, + )25 (tn + 5)

n e—4ic2(tn+8)u_*3(tn n s))ds.

In order to obtain a second-order uniformly accurate scheme based on the decompo-
sition (G3]) we need to carefully analyze the highly-oscillatory phases in I (7, t,, u.)
and I.2(7,t,, ux). We commence with the analysis of I (7, t,, ux).

1) First term L.(T,tn, us). By Lemma 20l we have that
(66)

. 3 s
Uity + 5) = e Aou(t,) — lc(V)gl/ eis—A:
0

< ei&Acu* (%)’2 (eiEAcu* (tn)) df

— §c<v>;1\yc2 (tns 8, e (tn)) + R (ts , 1)

with U2 defined in ([@5) and where the remainder Ry is of order O(s?) uniformly
in ¢. Plugging the approximation (66) into I.(7,t,, u.) defined in (G4]) yields that
(67)

LTt uy) = T Acu, (t,) — Ve / e T e (b, + 8)) 2wty + s)ds
0

= eim ey, (t,) — §C<V>c_11i(77 T Us)
N %dvﬁlé /OT ei(ns)Ac{Q |eis.Acu*(tn)’2 (V)M 2 (ty, 5, us(tn))
_ (eisAcu*(tn))2 c<v>;1\11—cz(tn,s,u*(tn))}d5
+ R(7,tn, us),
where we have set

Ii(T7 tnvu*)

.
— / ei(T—S)Ac { ’eisAcu* (tn) ‘2 eis'A""U,* (tn)
0

3
1
3i

; 2 - ° —i(s— i —1
3 (e ()" (V) / e O oit ey (1, ) e AL, )de fds
0

C

e Aeu, ()] ¢(V); ! / e (A i Aey, (1) P& Ao u, (1, )dE
0

and the remainder satisfies
(68) IR(T, by ) [l < 7k (My)

for some constant k,.(My) which depends on My, but is independent of c.
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Lemma 23] allows us to handle the highly-oscillatory integrals involving the func-
tion U2 in (7). Thus, in order to obtain a uniform second-order approxima-
tion of I,.(7,t,,us) it remains to derive a suitable second-order approximation to
IH(T, t, ).

1.1) Approzimation of I}(7,t,,us). The midpoint rule yields the following ap-
proximation
(69)

IHT, tn, uy)

- Tei%Ac{ e 3 A, (t,)] 5 Aeu, ()

o /2 . _
= B e e 1) (v / eH(EOA it ey ()2 Aeu, (,)dE
0

P 8 i) @t [ e O ) P AT )
RO, b (£2),

where the remainder satisfies thanks to (IHl) and (I8) that

(70) IR(T, tr us (ta)) e < 72k (Ma)

with k, independent of c.
Next we approximate the two remaining integrals in ([69) with the right rectan-
gular rule, i.e.,

/2 ; i
/ ez(iig)AC|eZ£ACu* (tn)|2e1§A‘:u* (tn)d§
0

|e E A, (tn)]2e T AU, (t,) + R(T, b, s (tn)),

(71)

where the remainder satisfies again thanks to (T that
(72) IR(T tny s (ta)) e < 72k (Ma)

with k, independent of c.
Plugging (1)) into (69) yields, with the notation

(73) Uy (t,) = e 3 Aeu, (t,),
that
Ity ) = €34 {7 U () Us (1)

T 31 1 9 72 3i 1 D RS
T U (E) [ e(V) s (1) P (8 )+——U( n) (V) Ua (tn)] U*(tn)}

+ R(Ta tn, Us (tn)),

where thanks to inequalities (68]), (70) and (72) the remainder satisfies the bound
| R(T, tn, wse(tn)|lr < 72k, (My) with k, independent of c.

In order to obtain asymptotic convergence to the classical Strang splitting scheme
@) associated to the nonlinear Schrodinger limit ([2) we add and subtract the term

TAT?)?/

2 U ()| "V (1)
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in the above approximation of I!(7,t,,u). This yields that

I (7, tn, us)
iz A, 9 72 30 4
= oi3A {T\u*(tnﬂ Us(tn) = 5 5 s (tn)[Ue(tn)
(74) - %% U () * (V)" = 1)U () U (t0)
72 34 70+ )
+ 3%u*(tn)2(c<v>;1 - 1)|u*(tn)\zu*(tn)}

+ R(T, tny us(tn)).

The above decomposition allows us a second-order approximation of (7, t,, u.)
which holds uniformly in all ¢:

1.2) Final approzimation of I.(T,tn,u.). Plugging (4) into (G7) yields with the
aid of Lemma 28] that

i i\? 2
L(7 tn, ue) = oA {M*(tn) - %T |u*(tn)|2u*(t”) * <_3_) |u*(tﬂ)|4u*(t")}

8) 2
2 (e(9)7 1) A U (0) U (1) + 0oy (b7 (1)
_ 723_320<v>;1 () * (V) 02 (7, (1))
+ 726—ic<v>gl (e () (V) T 02 (b, 7, 0 (80))
+ R(T, tn, )

with a remainder R of order O(7?) uniformly in c¢. The Taylor series expansion
’1 +r+ I2—2 - e‘”‘ = O(x3) furthermore allows the following final representation of
IL:

(75)

31 _ z
=2 (V)2 = 1) B A U ()P Us(t0) + 720009y, 1 (s 72U ()
- 723—32c<V>;1 s (t)” (V) 102 (7w (t0)
+ TQG%cm ! (wa(tn))? (V) 02 (b, 7 ()
+R(Ta tnau*)
with
9 iTAc 1 4
96<v> _1(tm7'a U) _iae 2 <C<V>C N 1) |U| v
(76) ~ 5 eV e EA o (W) = 1) o
9
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and where .2 is defined in (60) and the remainder R(7,t,, u.) satisfies
(77) IR(T, by wa (En)) | < 72k (M)

with k, independent of c.

The approximation of I.(7,t,,u.) given in (7)) yields the first terms in our
numerical scheme. In order to obtain a full approximation to u.(t, +7) in (63)) we
next derive a second-order approximation to I.z(7,t,, t,).

2) Second term I.2(T,tp,u.). Applying the second approximation in Lemma
yields together with Lemma [l and by the definition of I.2(7,¢,,u,) in (B5) that

I (7_’ tn,u*) _ / ei(-rfs)Ac{e%cQ(thrs) (eisACu*(tn))g
0

1 3 2ic* (ta+s) e Aeu, (t,) |2 e AT (t,)

N 674’L‘C2(tn+s) (efisAcu—*(tn))3 }dS

[T RO 0 ) 35 1) P () + 5,0 6)]

+ 3¢ 2i¢ (tnts) ( - % (@ (tn))? (V)L [3s|u*(tn)\2u*(tn) F Wt s, u*(tn))}
2 1) ef9) 2 [3slts () P (00) + T (5,000 )

+ %e_‘l“z(t”“) (= (t0))* (V) Bl (t0) P (tn) + s (tn, s, wa(t)) | bals
+ Rty 75 ux)

with W2 defined in (&) and where thanks to Lemmas [l and 20 and the fact that
U2 is of order one in s uniformly in ¢ the remainder satisfies || R(7, ty, ws(tn))]r <
73k, (M) with k, independent of c.

Lemmas 2] and 23] together with Lemma 26] thus allow the following expansion
of I.2: We have

(78) Lo (7ot ws) = I (7, tny ws) + R(tn, T )

with the highly-oscillatory term

(79)

Iclz (Tytn, us) 1= Te%czt”e”““%pl (iT(2C2 — %A)) ul(t,)

+ir2eittn it A o) (i7(2c2 — LA)) [(%A — A3 (t,) + 3u2 (tn)Acu*(tn)]

+ 3Te_2i02t”e”“4°<p1(iT(—202 — A)) |t () T ()

+ 3ir2e 2 n giT A o (iT(—2¢% — A.)) [u_*z(tn)Acu*(tn) — 2|uy (tn)|2Acu_*(tn)]
+ Te_4iczt"e”A°<p1(iT(—402 — AT ()

— ir2e 4 ngiT A o) (7 (—Ac? — AL))3T2 (tn) Az (tn)

31 o2 )
- T%e% b (0, ()2 (V)L {3@2(2@027)\u*(tn)\Qu*(tn) + Qo (b, T, u*(tn))}

e @ (1)) e(9) 7 [Bipa (20T (1) Pt (1) + ot 0 (1))
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+ 72 @e—mc?tn

(1) (V) [302 (= 20637 e () P (b )+ Do, (b, 7 (1))

8

3, _
e (@ (8,))? (V)7 Bpa (i) (60) P (80) 4 Qe s (b s (10) |
+ R(trn T, ’U,*),

where Q.2 ; is defined in Lemma 26] and the remainder satisfies
(80) IR(tn, 7wl < T2k (M),

with &, independent of c.

3) Final approzimation of u.(t,+7). Plugging ((70)) as well as (78)) into (G3]) builds
the basis of our second-order scheme: As a numerical approximation to the exact
solution wu, at time t¢,41 we take the second-order uniform accurate exponential-

type integrator: U = e'z4cy” and
(1)
un+1 — ei%ACe_iTglu:lzun
31 L
_ Tgl (C<V>C_1 _ 1)87’§~Ac ‘[/[f|2 Uf + 729c<V>C—1 (tm T, L{f)
3 —_—
— 2 eV 2 (V) e (b ) = () (V) Do (s 7wl |
- %C<v>gllcl2 (Ta tna u:«l)a

where I (7, t,, u}) is defined in (Z9) and with ¢1, 2 given in Definition@, 0, (v, 1

given in (@), ¥.2 in (60), and Q.2 ; in (62).

4.2. Convergence analysis. The exponential-type integration scheme (BIl) con-
verges (by construction) with second-order in time uniformly with respect to c.

Theorem 27 (Convergence bound for the second-order scheme). Fiz r > d/2 and
assume that

(82) 12(0) |44 + e (V) 2" (0)[lrra < My
uniformly in c. For ul} defined in (8I)) we set

1 .2 2y
2" = 3 (e’c by 4 e t"u:}) .

Then, there exists a T > 0 and 79 > 0 such that for oll 7 < 19 and t, < T, we
have for all ¢ > 0 that

n 2 tn Ko, 2 [
[2(tn) = 2" Iy < 72K paage 2™ ST KT 0yt
where the constants Ki ., a,, Kormr and K;"MM4 ¢, can be chosen independently

of c.

Proof. First note that the regularity assumption on the initial data in (82)) implies
the regularity Assumption [I8 on wu.(t), i.e., there exists a T, > 0 such that

sup [lu.(t) 44 < k(My)
0<t<T

for some constant k£ that depends on My and T, but can be chosen independently
of c.
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In the following let ¢ denote the exact flow of [[), i.e., ux(tni1) = &7 (ux(tn))
and let ®7 denote the numerical flow defined in (&I, i.e.,

am = 87 ().
Taking the difference of (20) and (&I yields that
Ui (tngr) = ul Tt = @7 (uu(tn)) — 7 (ul)
= 7 (ux(tn)) — D7 (ul) + &7 (us(tn)) — O (ux(tn))-

Local error bound. With the aid of the expansion (75)) and (78]) we obtain by
the representation of the exact solution in ([G3)) together with the error bounds (80)
and (1) that
(84) 167 (wa(tn)) = @7 (wultn))llr = | R(7, s ) [lr < 77k (Ma)

for some constant k, which depends on M, and r, but can be chosen independently
of c.

Stability bound. Note that by the definition of o in Definition B 6.(vy, 1 in
(@), 9.2 in [@0) and Q.2 ; in &2) we have for | = —4, -2, 2 that

72 (lle2lic®t)(f = )l + 122 a(tns 7, £) = Qe altn 7, )l
(85) + [0z (b 72 f) = Voo (b, 9) 1)

<7k (1F N lglle) 1LF = gl

for some constant k, independent of ¢. Together with the bound (8], the definition
of ¢1 in Definition [ and the stability estimates (B4]) and (B8)) we thus obtain, as
long as |Ju«(t,)|lr < M and ||ul||r < 2M, that

(86) @7 (wa(tn)) = @7 (i) [lr < Mlua(tn) = willr + T arflue(tn) = wif]lr,

where the constant K, j; depends on r and M, but can be chosen independently
of c.

Global error bound. Plugging the stability bound (8@l as well as the local error
bound (B4)) into [B3) yields by a bootstrap argument that

(87) ||u*(tn) — UZHT S 72K17T7M4et"K2‘T’M’

(83)

where the constants are uniform in ¢. Note that as « = v we have by () and (1))

that
.2
< et (ua(tn) — ul) [l = luw(tn) = |-

Together with the bound in (87) this completes the proof. a

I2(tn) — 2"||» = H%(u(t") + u(tn)) _ %(eic%"uf + e—i@m@)

Remark 28 (Fractional convergence and convergence in L?). A fractional conver-
gence result as Theorem [[3]for the first-order scheme also holds for the second-order
exponential-type integrator (8I): Fix r > d/2 and let 0 < < 1. Assume that

[12(0)[[r42+2y + [le™ (V)2 2" (0)]| 4212y < Majos.

Then, the scheme (8] is convergent of order 7'*7 in H” uniformly with respect to
c.
Furthermore, for initial values satisfying

12(0)la + lle™ (V)2 2" (0)la < Miso
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the exponential-type integration scheme (8I)) is second-order convergent in L? uni-
formly with respect to ¢ by the strategy presented in [17].

In analogy to Remark [I4] we make the following observation: For sufficiently
smooth solutions the exponential-type integration scheme (&I]) converges in the limit
¢ — o0 to the classical Strang splitting of the corresponding nonlinear Schrodinger
limit equation (2]).

Remark 29 (Approximation in the nonrelativistic limit ¢ — co0). The exponential-
type integration scheme (BI)) corresponds for sufficiently smooth solutions in the
limit u” =5 u? __, essentially to the Strang splitting ([S,17])

*,00

Sun 2 A .

Puielemiavyr o wl =g —iy
; ,

for the cubic nonlinear Schrodinger limit system (2I).

More precisely, the following lemma holds.

_iZA _ir3e
(88) uf";:e ‘22 ¢ irgle

Lemma 30. Fizr > d/2. Assume that
12(0) |43 + e (V)2 (0) |3 < M3
for some € > 0 uniformly in ¢ and let the initial value approximation (there exist
functions o, such that)
12(0) = ll» + e HV)Z 2 (0) = ¢l < kpe™

hold for some constant k, independent of c.

Then, there exists a T > 0 and 19 > 0 such that for all T < 7¢ the difference of
the second-order scheme 1)) for system ([I9) and the Strang splitting [B8) for the
limit Schrodinger equation @) satisfies for t, <T and all ¢ > 0 with

Tc>1
that

ool
*,00 T

é Cilkr(Mi?n T)
for some constant k, that depends on M3z and T, but is independent of c.

ot —u

Proof. The proof follows the line of argumentation to the proof of Lemma [I5] by
noting that for [ = —4, -2 and n = —4, -2, 2,

7 (lles @i (D)l + e (i (1 = A)lr + o (ic* D)l ) < Fire™
for some constant k, independent of c. |

4.3. Simplifications in the “weakly to strongly nonrelativistic limit
regime”. In the “weakly to strongly nonrelativistic limit regime”, i.e., for large
values of ¢, we may again (substantially) simplify the second-order scheme (8I]) and
nevertheless obtain a well-suited second-order approximation to u,(t,) in (I9).

Remark 31 (Limit scheme [9]). For sufficiently large values of ¢ and sufficiently
smooth solutions, more precisely, if

12(0)lr+a + ™ (V)T 2" (0) |44 < My and 7c>1

we may take instead of (BI) the classical Strang splitting (see [8[17]) for the non-
linear Schrédinger limit equation (2]), namely,

rA . 31,-i5% 2 _.rA
(89) un+1 = efl%?efm'g‘c ‘22 ul efz%?uf
;

*,00 0o
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—-c=1.00
=-c=5.00 M
¢ |-e—c=10.00
——-c=50.00
-=-c=100.00
~4-c=500.00
¢=1000.00
¢=5000.00
¢=10000.00p1

Error

10° ’
10710l il il
107 107 102 107"
T

FiGure 1. Error of the first-, respectively, second-order
exponential-type integration scheme (28)) and (8I]). The slope of
the dotted and dashed line is one and two, respectively.

as a second-order numerical approximation to u.(t,) in ([9). The assertion follows
from [9] thanks to the approximation

||u*(tn) - u:,ooHT < Hu*(tn) - u*,OO(tn)HT + ||u*,00(tn) - uf,oo””‘ = O(C_2 + 7—2)'

5. NUMERICAL EXPERIMENTS

In this section we numerically confirm first-, respectively, second-order conver-
gence uniformly in ¢ of the exponential-type integration schemes (28)) and (§I)). In
the numerical experiments we use a standard Fourier pseudospectral method for
the space discretization with the largest Fourier mode K = 20 (i.e., the spatial
mesh size Az = 0.0061) and integrate up to T'= 0.1. In Figure [Tl we plot (double
logarithmic) the time-step size versus the error measured in a discrete H' norm of
the first-order scheme (28] and the second-order scheme (BI]) with initial values

2(0,2) = L 08(32)*sin(2z) » 1 sin(x)cos(2x)
"2 2—cos(a) 2 2 —cos(x)
for different values ¢ = 1,5, 10, 50, 100, 500, 1000, 5000, 10000.

, 0z(0,z) = ¢
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