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AN INVERSE THEOREM FOR COMPACT LIPSCHITZ REGIONS
IN R? USING LOCALIZED KERNEL BASES

T. HANGELBROEK, F. J. NARCOWICH, C. RIEGER, AND J. D. WARD

ABSTRACT. While inverse estimates in the context of radial basis function
approximation on boundary-free domains have been known for at least ten
years, such theorems for the more important and difficult setting of bounded
domains have been notably absent. This article develops inverse estimates for
finite dimensional spaces arising in radial basis function approximation and
meshless methods. The inverse estimates we consider control Sobolev norms
of linear combinations of a localized basis by the L, norm over a bounded
domain. The localized basis is generated by forming local Lagrange functions
for certain types of RBFs (namely Matérn and surface spline RBFs). In this
way it extends the boundary-free construction recently presented by Fuse-
lier, Hangelbroek and Narcowich [Localized bases for kernel spaces on the unit
sphere, SIAM J. Numer. Anal. 51 (2013), no. 5, 2358-2562].

1. INTRODUCTION

This article presents a construction for localized bases generated by radial basis
functions (RBFs) in the presence of a boundary and develops analytic properties
of this basis, most notably inverse inequalities. Such inequalities are an essential
tool in the numerical solution of PDEs by finite element and related methods (see
[8L10,I1]) notably in proving inf-sup (Babuska-Brezzi) conditions, which play a
central role for mixed element and saddle point problems [IJT3}[I421]. They are also
prevalent in approximation theory (where they are called 'Bernstein inequalities’);
specifically they are used to obtain characterization of approximation spaces as
interpolation spaces by way of K-functionals [4].

The type of localized basis investigated in this article was introduced very re-
cently for the boundary-free setting (e.g., on a manifold without boundary) and
has already been employed to deliver strong results in function approximation and
scattered data fitting [8], numerical quadrature [9] and solution of PDEs [24] and
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integral equations [19]. Indeed, in [19], Lehoucq and Rowe have applied the local-
ized basis investigated in this article to obtain a Galerkin solution to a constrained
integral equation, and they have used the L, stability of the basis (presented in
this paper in Section 4) to obtain norm bounds on the stiffness matrix associated
with this problem.

The inverse estimates we consider treat finite dimensional spaces of functions,
bounding strong (Sobolev) norms by weak (Lebesgue) norms:

(L1) [sllwe @) < Ch™7|Is[|L, (o) (or [[s]lce (@) < CR™7||s||L (o) for p = 00),

where € is a bounded subset in R¢, subject to mild conditions on 9 and h is the
fill distance (also known as mesh ratio) of the finite set of points used to generate
our finite dimensional space (see Section 2] for a precise description). In one
sense, these estimates can be viewed as providing an operator norm bound (from
L, — L,) of differential operators restricted to this finite dimensional space. In
another sense, they give precise equivalences between different norms in terms of a
simple measure of the complexity (given by the parameter N above) of the finite
dimensional space. Direct consequences of these inverse estimates include trace
estimates and Bernstein-Nikolskii inequalities.

This topic has been considered in the boundary-free setting by a number of au-
thors, we list [26], [27], [22], [31], [12] (although there are certainly others). The
inequalities we consider here are similar, but depend only on the norm of a basic
function over a bounded region Without a doubt this type of estimate is signif-
icantly more challenging when a boundary is present and has, to the best of our
knowledge, remained elusive. Indeed, such inverse inequalities seem to have been
absent for meshless methods in general (not only radial basis function approxima-
tion; cf. the discussion in [21] Section 7]).

In this article we consider two prominent families of radial basis functions: the
Matérn (or Whittle-Matérn) and surface spline kernels. Generalizations to other
kernels and other settings (namely, compact Riemannian manifolds) are considered
in the manuscript [15].

The conventional finite dimensional space associated with a positive definite RBF
¢ and a finite set X C R has the form S(X) = span, ¢ x¢(- —n); for a conditionally
positive definite RBF, S(X) involves polynomials; see Section25.21 A common set-
up for a host of numerical problems invites the user to employ the basis of sampled
kernels ¢(- — 1), n € X as one would use polynomials, splines, finite elements, etc.;
that is to say, as test functions for Galerkin or collocation methods, or as basis
functions to solve interpolation, quadrature or other basic problems.

For a basic interpolation problem, using S(X) to interpolate data sampled at
the point set X, the ensuing interpolation matrix will be positive definite, thanks
to the kernel’s positive definiteness, but if X is sampled densely, the interpolation
matrix will become densd?.

Instead of using the basis of kernels, one may attempt to use another basis for
S(X); one for which basic matrices (Gram, collocation, stiffness, interpolation)
exhibit off-diagonal decay. Univariate splines provide a prime example of this phe-
nomenon: for a fixed k, the shifted truncated powers (x — t;) — a:i provide, in

LA previous result in the setting of a bounded region was presented in [28], but these estimates
significantly undershoot the precise exponent —o in (1J).

20ne may attempt to circumvent this problem by dilating the kernel; this is often done, but
will generally result in degraded rates of approximation.
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conjunction with polynomials of degree k or less, a basis for the spline space with
breakpoints at ¢;, but this basis is known to be poorly localized. However, the
B-spline basis is well-localized, with elements having support which is not only
compact, but stationary in the sense that it shrinks with the spacing of the break-
points.

We are concerned with an analogous localization problem for radial basis func-
tions:

Is there a basis for S(X) where the various elements exhibit a fast
rate of stationary decay?

If an alternative basis is available for which the interpolation matrices are sparse,
we say the basis is well-localized. For the Matérn and surface-spline kernels, the
Lagrange function Y, is well-localized in a neighborhood of 1 where the points from
X are distributed quasi-uniformly. If this is not the case, for instance if 7 occurs
near to the boundary of the convex hull of X, localization is lost.

This issue can be circumvented by using only the Lagrange basis elements x¢
that have centers £ in a subset = C X, where = is chosen from X so that the
Lagrange functions x¢, £ € =, are localized. Using these elements we may define
Vz := spangzx¢, which is of course a subspace of S(X). To avoid a possible point
of confusion, we emphasize that V= # S(Z). The former space requires all basis
functions centered in X for its construction; the latter, only those in =.

After this initial streamlining, it is important to note that even though xe,
¢ € E, is spatially localized, its construction still requires all of the points in
X. Thus finding the x¢’s is computationally expensive. In [§], local Lagrange
functions {b¢}eez were introduced. Constructing them is done by first choosing
points T(§) C X in a small neighborhood of £ € £, and then finding the Lagrange
function be € S(Y(£)) C S(X). Since Y(&) will contain many fewer points than X,
it will be much less expensive to find be. Finally, we define XN/E = spangzbe, which

is a subspace of S(X). We remark that x¢ # b and Vz # Ve. However, they are
close—a fact that will prove important in what follows.

We now turn to the connection between the set Q) and the spaces described
above. At the start, we are given a quasi-uniform set = C ). The enlarged set X is
not given. Rather, an extension is constructed from =, using a method—described
in Section Z.3}—that preserves the key geometric properties of =. The extension,
which will be denoted by E later (instead of X), is contained in a bounded region
Q that contains € and is roughly speaking about twice the size of 2. It is for this
setup that we get estimates of the form (L)) for s € V= or V. (See Theorem [B.11)

1.1. Overview and outline. We begin by giving a basic explanation and back-
ground on RBFs used in this article. This is done in Section 2.

In Section 3, we introduce the Lagrange basis (the functions generating the space
Vz) and provide estimates that control the Sobolev norm (i.e., Wy (£2)) of a function
in V= by the ¢, norm on the Lagrange coeflicients and in addition by the L, norm
of s. That is, for s = > .= agxe we show

Isllwe @) < CH#E)P~(ag)eczllr, @ and  [slwe@) < CHE) sl L, @)-

Such a result has not appeared previously.
Section 4 introduces the other stable basis considered in this paper: the local
Lagrange basis, which generates the space V=. We give sufficient conditions to
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prove existence and stability of such a basis. We give estimates that control the
Sobolev norm (i.e., W7 (£2)) of a function in V= by the ¢, norm on the local La-
grange coefficients and by the L, norm of the function. This result is presented
in Theorem Next we compare the sequence norm with the L, norm of an
expansion s = > . zagxe € Vs or s = Y . zaexe € V= over the domain . We
thus obtain

(ag)eezlle, =) ~ C(#E)PsllL, )

In the final section we give our main inverse estimates. For s € V= we have
=)—o/d
[sllwe @) < CHE)"7“lsllL, ),

and we use this to demonstrate trace estimates for that space.

2. BACKGROUND: RBF APPROXIMATION ON BOUNDED DOMAINS

We begin by describing the basic elements used in this article, starting with geo-
metric properties of point sets, a discussion of the the underlying domain, smooth-
ness spaces on the domain, and finishing with some background about the radial
basis functions which we use.

2.1. Point sets. Given a set D C R% and a discrete, possibly infinite, set X C D,
we define its fill distance (or mesh norm) h, the separation radius q and the mesh
ratio p to be:

(2.1)
- . 1 _ W(X,D)
WX, D) := sup dist(z, X), ¢(X) := 3 inf dist(§, X\{}), p(X,D):= TX)

where in defining p(X, D) we assume that ¢(X) > 0.
When there is no chance of confusion, we drop dependence in these parameters
on X and D (referring simply to h,q and p).

Remark 2.1. A finite fill distance h guarantees that the set D is covered by the
family of balls B(&,h) := {z € D | dist(z,€) < h}, £ € X. A positive separation
radius ¢ guarantees that B(&,¢)NB((, q) = {} for distinct ¢, £ € Z. The mesh ratio,
which automatically satisfies p > 1, measures the uniformity of the distribution of
X in D. The larger p(X, D) is, the less uniform the distribution is. If p is finite,
then we say that the point set X is quasi-uniformly distributed (in D), or simply
that X is quasi-uniform.

Note that, for a compact subset D and a nonempty, finite subset X C D, the
fill distance and separation radius are both positive and finite 0 < ¢ < h < oco.
Consequently, p is finite, too.

Many of the results in this article depend in some way on the geometry of the
point set X; often this emerges in an estimate, where a constant depends on p.
In most cases, (as one may expect) the strength of the estimate degrades as p
increases. Throughout the paper, we have attempted make this control explicit, by
factoring, whenever possible, the constant into a part which is totally independent
of the point set, and another, which is a function of p.
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It is often useful to estimate certain sums over X. Assume that ¢(X) > 0. If
f:[0,00) = [0,00) is a positive, decreasing, continuous function, then

oo

(2:2) D f(dist(¢,€) < f(0)+C D n? ! f(ng),
eX n=1

where C depends only on the spatial dimension d. This is easily established by

introducing annuli centered at £, with inside radius nq and outside radius (n+ 1)g,

n > 1. The number of points contained in each annulus is proportional to n?1!,

and the contribution to the sum from each n, n > 1, is less than n?~1 f(nq). Hence,

(22)) holds.

2.2. The domain Q. We now consider a bounded region  C R¢ containing a
finite point set = with h = h(Z,2) and ¢ = ¢(E) as defined above. This presents
two challenges.

The first concerns =—although we may expect it to be finely sampled (often
referred to as sufficiently dense, meaning that h(Z,Q) is small) in Q, it will not be
so in a neighborhood of €2. To construct the localized bases to be used in what
follows, we need a larger set X C R? so that X NQ = Z. In other words, we require
some extra points to lie outside of Q (in fact, when working with local Lagrange
functions be, it suffices to consider only a very small extension T C {z € R? |
dist(x, Q) < Kh|loghl|}). See Figure [l for an illustration of this. This assumption
is in place to guarantee decay of the basis functions; in other words, it is only a
tool for guaranteeing the decay of x¢ or b, and is not otherwise important for the
stability estimate. It would be quite reasonable to be ‘given’ initially only the set
= C Q and to use this to construct X. In Lemma below we demonstrate how
to extend a given set of centers = C () in a controlled way to obtain a satisfactory
set X.

The second challenge concerns the domain . For estimates relating ||al|,, and
the L;, norm of expansions ||, agbel| or || >_¢ agxe| the boundary becomes more
important. The extra assumption we make on €2, in force throughout the article,
is that © satisfies an interior cone condition (see Appendix [Al for a discussion).

2.3. Extending points. Given  and Z C €2, we wish to find an extension Zqy D
= dense in R? so that the separation radius does not decrease and the fill distance is
controlled (and, consequently, p does not increase). A simple constructive example
is the following.

Lemma 2.2. Suppose = C Q has fill distance h(Z,Q) = h and separation radius
q(E) = q. Then there is a discrete set Zox 50 that Zexy N QL =E, ¢(Eext) = ¢, and
h(Bexs, RY) = h(V/d/2 + 2).

Proof. We proceed as follows: let Sy = ZU {¢ € hZ? | dist(¢,Q) > h}. We note
that h(hZ? R?) = @h and q(hZ?) = h. Tt follows immediately that ¢(Eex;) = ¢. If
r € R? is within (@ +1)h of Q, then dist(z,E) < (@ +2)h. On the other hand, if
r € R satisfies dist(z, Q) > (@ +1)h, then there is ¢ € hZ? with dist(z, () < @h
so that dist(¢,€2) > h (and ¢ is therefore in Eeyy). O

Remark 2.3. We note that other extensions exist which do not increase h. For
example, [15, Lemma 5.1] extends points so that h(Zey, R?) = h and ¢(Zext) =
min(q, h/2). As an expository convenience, we use an extension Z.; of = to R?
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FIGURE 1. This image shows the domain 2 (the region inside the
cardioid) with a set of points = C €2 indicated with e. The dotted
line segment indicates h—the greatest distance between a point of
Q and one of Z. The solid line segment indicates 2¢q, the nearest
neighbor distance in =. The elements in the extended point set
Z\ E are denoted with a square —these are the centers used to
construct xg (discussed in Section 3). The points B denote the
points of Y, which are used to construct be (this is done in Sec-
tion 4).

which does not increase h. In practice, an extension could be used which might
not precisely preserve the geometry of the point set (such as the elementary one
in Lemma [22). This will not change the results in this paper, other than by
modifying slightly the constants. We leave it to the reader to make the (very
simple) modifications necessary to treat other extensions (which would increase h
and p).

We construct the extended point set in an extended neighborhood
(2.3) Zi=Zet NQ, where Q:={zeR?|dist(z,Q) < diam(Q)}
and where Zqy is constructed according to the method of Remark
2.4. Smoothness spaces on ). In order to present a suitably robust family of
inverse estimates, we employ a scale of spaces depending on a positive, occasionally
fractional, smoothness parameter; as in [I], for integer values of this parameter, we

use the conventional Sobolev spaces, while for fractional values we use fractional
spaces, which involve a Hélder-like seminorm.
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For a domain Q C R?, the integer order Sobolev space is defined in the conven-
tional way. For 1 < p < oo and m € N, we have the seminorm and norm

«@ = Y mn
[l o) = ( > / 1D u(@)P de, lulljy ) = > (k> o

|a|=m k=0

Note that for the first expression (the Sobolev seminorm), we use the binomial
coefficient with multi-integers (7 ) = al'L'ad' while for the second we use a standard
binomial coefficient () = #Lk), Although other weights would give equivalent
norms, resulting in the same Sobolev spaces equipped with the same topology, these
choices of coefficients will be necessary to obtain the specific reproducing kernels
we desire (see Sections 251 and [Z5.2).

For fractional orders o = m + 4 ¢ N with 0 < § < 1 the norm for W7 (1) is
obtained from ||u|? o) = [lw|? nig) + [ul? o () Where we add the Slobodecki]

p P p

| D%u( “u(y)[?
Ul . dxdy.
ulivp o) = 2 /Q/Q \fﬂ—ylg“”"S Y

lee|=

We note that when o = m+4 is fractional3, W7 () is the Besov space By ,(€2) (this
s [5l Theorem 6.7]). In particular, W7 (Q2) = By ,(Q) = [W*(), Wm+ (D]s,p
serves as the [0, p] (real) interpolation space between W"(£2) and W;"‘H( ) (see
[30, 1.6.2] for a definition and basic results).

Of particular importance is the fact that, for 2 < p < co and m € N, we have
the continuous embedding W3"(Q2) C W () for all s <m — (d/2 —d/p).

Throughout the paper, we make the (not unusual) modification W2 (Q) =
C™(Q) when p = oo and m € N. For fractional order spaces when p = oo
(discussed in Section 5), we use the Holder space C*(Q), for which the semi-

norm max su |D%u(@) =D u(y)|”
la|=Ls] SUPz yeqy [z—y]°

Wi (Q) C C*(Q) for all s < m —d/2.

seminorm

is finite for 6 = s — |s|. In this case,

2.4.1. Scaling and fractional Sobolev spaces. For an open set O C R?, let us in-
troduce the notation Og := {z | /R € O}. The following lemma shows how the
fractional Sobolev seminorm scales with R.

Lemma 2.4. Suppose 1 <p < oo, s € [0,00) and u € W;(ORr). Let U : O — C::
x +— u(Rz). Then
lulw;0r) = CRYP*|Ulws(0)-

Proof. We consider the case 1 < p < oo and s =k +d, 0 < d < 1, since the cases

where s is an integer and p = oo follow similarly, but are much easier. For RX = x,
the chain rule gives us D®u(x) = R~1*lU(X) and

P _ pd—pé—pk [ DU(X) = D*U(Y)[?
|U|Ws (Or) = RY—PO—P b3 k/ / X v |e dYdX
(03

d—
= RTPUR, o) O

3When o = m is an integer, we have WJ*(Q) = B (), although Wi™(Q) ¢ B,(Q) for
p>2and Wm(Q)D () for p < 2.
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2.4.2. Subadditivity and fractional Sobolev spaces. Carstensen and Faermann [2]
have pointed out that the pth power |u|€w(m of the fractional Sobolev seminorm
P

fails to be subadditive. This is in contrast to the (pth power) integral order semi-
norms, which are obtained from integrals of nonnegative functions, and are easily
seen to be subadditive.

The following lemma is a modification of a result of Faermann ([7, Lemma 3.1])
which we use as a tool to treat the issue of nonsubadditivity. This will be used in
what follows.

Lemma 2.5. Suppose V = {0, | j € N} is a countable family of subsets 0; C Q
covering 0 with finite overlap: i.e., 1 C Uje/\f v; and there is M > 0 so that
maxzeq Y jen Xo; (2) < M. Suppose further that there exist sets v; D ¥; so that the
complements w; == Q\ v; each are a fized positive distance from the corresponding
sets Uj: i.c., there is H > 0 so that for every j € N, infoep; yew,; |v—y| > H.

Let 1 <p<ooand s € (0,00) \N with k = |s] and 6 = s — |s]. Then for any
u € W;(Q) we have

(2.4) H“Hev;(m < Z ‘u|€vl§(vj) + CMH_MHU||€W Q
JEN

Proof. By subadditivity of the outer integral, we have that

|D*u(z) — D*u(y)[”
‘u|€vp < Z Z/ |x— S dydz.

la|=k jEN ¥ Vi

For fixed « and j, the fact that v; Uw; = Q permits us to bound the double integral
fv fQ | D u(x)— Dau(y)\ dydz by

|x—y|dFPe

|D*u(x) — D*u(y)[” |D*u(z) — D%u(y)|?
/17' /v |z — y‘d+p6 dyde + 5 Jw; |x — y|d+P5 dydz.

J J

Summing over the first terms gives the bound >\ |u|€v;(uj)’ since ¥; C vj, and

so this gives the first part of the right-hand side of ([2.4)).
Consider the sum of the second terms. Applying the quasi-triangle inequality
(a+b)P < Cp(aP + bP) to the numerator |D*u(z) — D*u(y)|P, we can control the

double integral [, [ Wdydx by
J J

| Du( ID”‘
Cp </ﬁ /w | |d+p5dydx —+ u, y‘derdedx = 7,1 —+ Jjﬁg.

We have that [ J; (95 x w;) C {(x,y) € Q?| |z —y| > H}. By symmetry, we have
also that (J;cp(w; x 95) C {(z,y) € Q* | |z —y| > H}. Using the finite overlap,
we have that

J J

Zjex\/ X[y xw;]
Zjex\/ Xw; x ;]
Consequently, for any nonnegative, integrable g : 2 x Q2 — R, we have
Xien S5, Ju, (@, y)dady
< / 9(z,y)dzdy
2ien Ju, fq;j g(z,y)dzdy {(@.9)€0?|[z—y|>H)

} < MX{(a,y)eQ?|lz—y|>H}-
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as well. Setting g(x,y) = % and applying Fubini—Tonelli allows us to control

Zje./\/(‘]]?l + Jj’g) by

Z(Jj’l + Jj72) < 2M/
{(=

JEN

| D*u(z)[?

y| @+ dzdy

wenz|la—yl>H} |7 =
< CMH™? / |D%u(z)|Pdz.
Q

(For the last estimate, we have used the fact that flw—y|>H Wdy < CpsH P
for all z.) O

2.5. Radial basis functions. There are two families of radial basis functions con-
sidered in this article: the Matérn functions and the surface splines. Both families
(under the right conditions) admit exponentially decaying basis functions; this is
mentioned in Section 3l They also admit rapidly constructed localized basis func-
tions (having polynomial decay); this is demonstrated in Sections E3T] and
The results we present in Sections [B] hold for these families.

Two features common to both families are:

(1) For any finite set of points = C R? the interpolation problem is well posed.
This means that for any data (£, ye)ee=, there exists a unique interpolant
s generated by the RBF.

(2) The RBF is a reproducing kernel for a (semi-)Hilbert space, called the
native space, and the unique interpolant to (£, ye)ee= is the best interpolant
in this space: it has the least (semi-)norm among all interpolants to the
data.

We include both families (which are in some ways quite similar) because both
are often in use, practically. The first is prized for the RBF’s rapid decay and
strict positive definiteness; the second is included for its dilation invariance and
its historical significance. Of course, there are many other prominent families of
RBFs, each with its own distinguishing features (some are infinitely smooth, some
are compactly supported, etc.). Rather than give a broad overview, we introduce
the specific families employed in this paper and direct the interested reader to [32]
for a comprehensive introduction to RBF theory. At this point it is unclear if the
algorithm for constructing localized bases works for other families; the arguments
we employ rely heavily on the RBF’s role as the fundamental solution to an elliptic
partial differential operator.

2.5.1. Matérn kernels. The Matérn function of order m > d/2 is defined as
(2.5) Kt RY = R:a s OK,pygy0(|2)) |z|m /2,

Here C is a constant depending on m and d, and K, is a Bessel function of the
second kind.

The Matérn function is positive definite, which means that for every finite set
X c R?, the collocation matrix

Kx = (km(§ = ())ecex
is strictly positive definite.
The guaranteed invertibility of Ky is of use in solving interpolation problems;
given y € R¥, one finds a € RX so that Kxa = y. It follows that > eex Aetim(-—E)
is the unique interpolant to (&, ye)eex in S(X) = spange xfm (- — §)-



1958 T. HANGELBROEK, F. J. NARCOWICH, C. RIEGER, AND J. D. WARD

It is the reproducing kernel for the Hilbert space N (k,,) = Wi*(R?) equipped
with the (standard) inner product

oy ety = /Z( ) ), Dig(x))da
> () ('ﬁ') [ D @)D (o)

[Bl<m.

where D/ f is the tensor (i.e., the j-dimensional array) of partial derivatives of order
j. Being the reproducing kernel means simply that f(z) = (f, km(z — *))wy e
for all z € R? and all f € WJ*(R). It can be shown that among all functions
interpolating the data (£, y¢)eex, the interpolant > .. v agkm(- — &) (i-e., where a
is the solution of Kxa = y) has the smallest W3"*(R?) norm.

2.5.2. Surface splines. For m > d/2, the surface spline is
| |?m—d, d is odd,

2.6 R'5 Rz C
(2:6) ém v {|x|2m_dlog |z|, d is even.

The surface spline of order m is conditionally positive definite (CPD) with respect
to II,,_1, the space of polynomials of degree m — 1. This means that the quadratic
form R¥ — R:a~ (a,Kya) = doeex 2ocex Pm(€ — Qagac is positive for every
finite set X C R and for all nonzero a € RX which satisfy > eex aep(§) = 0 for

all p € I,,,_1. (In other words, it is positive definite on a subspace of RX of finite
codimension; namely, the annihilator of IT,,_1 |x.)
One may solve interpolation problems using the finite dimensional space

S(X):= Z agdm (- — &) | Zagp =0forallpell,_q1 p +1I,,_1
fex

provided that data sites X are unisolvent: i.e., so that if p € II,,,_1 satisfies p(§) = 0
for all £ € X, then p =0. Let {p1,...,pn} be a basis for II,,_; and construct the
#X x N Vandermonde matrix ® = (p;(§))eecx, j=1,...n. For datay € R¥ one finds

a € R¥ and c € RY so that
Kx @ ay [y
o7 0)\c)  \0)/)"

It follows that sx := > .cx agdm(- — &) + Zjvzl ¢;p; is the unique interpolant to
(€, Ye)eex in S(X).
The surface spline ¢,, is the reproducing kernel for the semi-Hilbert space

D "Ly = {f € C(RY) | V|a| = m, D*f € Ly(R%)}

(sometimes called the Beppo-Levi space), which is a semi-Hilbert space (a vector
space having a semidefinite inner product with nullspace II,,_1, so that the quo-
tient D" Lo/Il,,_1 is a Hilbert space). The space D~ Ly is endowed with the
semidefinite product

) pnrs = [ (0" D lanie = 3 (15) [ D@D ga)a,

B=m
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Although ¢, ¢ D~™Ly (its mth derivatives behave, roughly, like O(|z|™~9),
which is not square integrable, since 2m > d), with a little effort, one may show that
the spaces S(X) are contained in D~ Ly. The RBF ¢,, is its reproducing kernel in
the sense that for X ¢ R¢ and two functions f;, fo € D™™ Ly where f, has the form
fr =Y eex aed(- — &) +p € S(X) we have (f1, fo)p-mr, = Deex acf1(§). The
interested reader will find a material on surface splines and conditionally positive
definite RBFs in [32] Chapter 8].

As in the case of Matérn kernels, the unique interpolant residing in S(X) has
the smallest D~ Ly seminorm among all interpolants to the data (&, y¢)eex-

2.5.3. Labeling kernels. In most cases in this article, the Matérn and surface spline
RBF's exhibit similar behaviors. Because our results often depend only on a single
parameter m indexing the RBF, we use the abbreviated notation k., to stand for
either k., or ¢p,.

In both cases, the function k,, has L, smoothness less than 2m —d + d/p (i.e.,
for any bounded set Q, k,,, € W7 () for all ¢ < 2m —d +d/p). It follows that any
finite linear combination of shifts of &, has the same regularity. Denote the space
of such linear combinations as

S(X) o SpanfeXHm(' - §)7 km = Km,
' {ZfeX a£¢m( - 6) | Zg afp(ﬁ) = O vp S Hm—l} + Hm—lv km - (bm-

Then we have
S(X)cWw () forall o<2m-—d(1-1/p).

Likewise, we let A'(k,,) represent either of the two native spaces: Wi*(R9) or
D~ Ly(R%). We note that both satisfy the continuous embedding W3"(R9Y) C
N (k) ﬁoc(Rd). In this case, the functions in the native space have a lower
L, regularity, with

Wy () for s<m—(d/2—d/p)y, 1<p<oo,
Nkm) © {Cs(ﬁ) for s <m —d/2.

3. LAGRANGE FUNCTIONS AND FIRST BERNSTEIN INEQUALITIES

In this section we investigate some further results about the RBF k,,; namely, we
consider analytic properties of the Lagrange functions. These have been presented
n [I7], but we explain them below for the sake of completeness.

After this we give a first class of Bernstein estimates, valid for linear combinations
of Lagrange functions.

3.1. Lagrange functions. For a finite X C R?, there exists a family of (uniquely
defined) functions (x¢)eex satisfying xe € S(X) and x¢(¢) = 6(£,¢) for all ¢
X. We may take the N (k,,) inner product of two Lagrange functions xe, x¢ €
S(X), noting that they have the form y¢ = ZneX Apckm(-—n) +pand x¢ =
> nex Anckm(- —n) + P (in the case of Matérn functions ky, = K, we have p =
p = 0), to obtain

(3.1)

(X&» XCIN () = <X5, EneXAkam(' —n) +ﬁ>N(k) = Znex Apcxe(n) = Agc.

m
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Lagrange function coefficients. We can make the following ‘bump estimate’ which
uses a bump function ¢ 4 = 1/)(%) : R — [0,1] that is compactly supported in
B(¢, q) and satisfies 1¢ 4(€) = 1 on a neighborhood of g. We have

m

da_
(3.2) IXellN (k) < 1Weqlln () < Clivegllwy gay < Cg?

This follows because x¢ is the best interpolant to ¢ — d(£,¢). As a consequence,
Lagrange coefficients are uniformly bounded:

(3.3) [ Ae.cl = [(xes XIn | < Cq?>™.

Better decay. For the kernels considered in this article, and more generally for the
framework given in [I7] and [I8], to get desired estimates for Lagrange functions
over a compact region  C RY the interpolatory conditions must be satisfied on a
point set that is suitably dense in a fairly large neighborhood of 2. To handle this,
we use the quasi-uniform extension = developed in Section This brings us to
the definition of V=.

Definition 3.1. For a compact set Q C R? and a finite subset = C €, let = be the
extension to {z € R? | dist(x, Q) < diam(Q)} given in ([Z3) in Section Then
for the system of Lagrange functions (Xﬁ)geé generated by k,, over =, let

V= :=span{x¢ | £ € E}.

In particular V= C S(E).
For ¢ in the original set =, we have the improved estimates:

—m R )
(34)  lxellwy @a\ser) < Cq¥* Mexp <—ME> for all 0 < R < dist(€, 99).

This is demonstrated in Appendix [A] specifically in Lemma [A3l This leads to
improved estimates. For £ € = and all z € §,

(3.5) )] < O tPenp (- 5.
Likewise, for £,( € =,
(3.6) |Ag.c| < Cq¥*Mexp <—1/|§ ; C) .

3.2. Stability of the Lagrange-function basis for V= on (). Recall that Vz =
span{x¢ }¢c=, where Z is a subset of all of the centers in =. We begin by defining the
operator T : CZ — Vz by Ta = deE agxe =: s. In other words, T is the synthesis
operator, which takes a set of coefficients {a¢}¢cz and outputs a function s € Vz.
Because the basis in consideration is the Lagrange basis, the coefficients satisfy
Ta(&) = s(§) = ae for £ € = and therefore, for the basis {x¢}¢cz, the operator T is
an interpolation operator.

If we use the £,(Z) norm for C= and L, () for Vz, then the stability of the basis,
relative to these norms, is measured by comparing ||alls, (=) and [|s|L, ). We show
this with the following proposition, which indicates that if s € Vz is small (relative
to L,(€2)), then its coefficients are small in ¢,(Z) (and likewise, if the coefficients
of s are small in £,(=), so too is the norm of s € L,()).
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Proposition 3.2 (Lagrange Basis Stability). There exists a constant hg = ho(m,d),
so that for 2 C Q satisfying h(Z,Q) < hg and 1 < p < oo, we have constants
c1 =c1(m,p, Q) >0 and ca = ca(m, ) so that

(3.7) allall,, =) < 4P ez aexell L) < cop™ P lally, (=) -

We remark that the dependence in the lower constant ¢; on p can be made
explicit. This is worked out in Lemma [B.6

Proof. The proof is given in Appendix [Bl Lemma [B.1] provides the upper bound
and Lemma [B.6] gives the lower bound. O

Another way to think of this inequality is as an L,(2) Marcinkiewicz-Zygmund
(MZ) inequality. Such inequalities are used to relate the L; norm of a trigonometric
polynomial to the £; norm of the polynomial evaluated on some fixed, finite set.
MZ inequalities have also been developed for spherical polynomials on S¢ [23].
For spherical polynomials in S?, there is another type of inequality, a Nikolskii
inequality. On S%, these have the form S|, < CLd(%_%)+HSHLT(Sd), for any
degree L spherical polynomial. Our result below establishes such an inequality for
Vz.

Corollary 3.3 (Nikolskii Inequality). With the assumptions and notation of Propo-
sition B.2], and with 1 < p,r < 0o, we have that

1

_dei_1
(3.8) I8l @) < Cq G2 |||l (), s € VE,
with C = C(m, p, 2, p,7).

Proof. Recall that, for a € C=, lalle, =) < NG=5)+ lall¢, (=), where N = #Z. Since

N ~ ¢~%, this inequality implies that lalle, =) < C’Q7T7pq_d(%_%)+|\a
this and ([B.7)), we thus have

¢.(z)- From

1

1 1
150120 < ComomraB=F ) allo2) < Cpmapra G G0 |ls]11 ).

1

The result follows from the identity = — ()4 = —(—z)+. O

3.3. Bernstein type estimates for (full) Lagrange functions. In this section
we will provide a Bernstein (or inverse) theorem relating Sobolev norms of functions
in Vz to the corresponding £, norms on the coefficients. This is the key to controlling
the Sobolev norm of the function in Vz by its L,(2) norm.

Before proceeding, we first prove two lemmas.

Lemma 3.4. Let 1 <p < o0, s >d/2 and0 < o < s. Suppose O is a fixed open set
with Lipschitz boundary and as before Op = {x | /R € O}. Suppose further that
W3 (0) is embedded continuously in W7 (O) (where we take C7 in case p = o0).
Then there is a constant C depending on O, p, s and o so that if U € WZ‘,’(O) and
if the set X of zeros of U in O are sufficiently dense that h(X,0) < 1 and Lemma
[A1] applies, then for u(z) = U(z/R), we have

) < CRs—a+d/p—d/2

[ulwg Or [ulws 0n)-
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Proof. Lemma [2.4] shows that |U|Wg(OR) = Rd/p"’|U|Wg(O). Because HU||W§(O) <
CllU|lw; (o), we have that
1/2
"k
-0 d/p—o 2 2
[ulwg (©0r) < CRYP=7|U|lw;(0) = CRY? ZO <]> Ul 0) T 1Ulws0)
=

(in case s is fractional; we leave the necessary modification to the reader in case
s € N). We now apply the zeros estimate [26] Theorem 4.2] to each term on the
right-hand side, obtaining

[ulwe ©0r) = CRYP=7|U w; 0),

since \U|€Vj(o) < Ch2E=D|U|? 5 (0 for all j. Applying Lemma 24 again, (this time

2
with p = 2), yields the desired estimate. ]
Lemma 3.5. Suppose E is sufficiently dense (meaning h(Z,Q) < hg for a constant
ho = ho(d,m) > 0) and n € Z. Decompose = into disjoint annuli £ = |J;2Z;(n):
where Z;(n) :={¢ € 2| 277 h < dist(¢,n) < 27h} for j >0 and Eg(n) :={{ € Z |
0 < dist(¢,m) < ht}.

We have, for 2<p < oo and 0 <o <m —d/2+d/p that
P
||deza§XEHW;(B(n,3h))

(39) < Cpp(m+d/2)—dhd—poZ2j(d+1)(ﬁ—1)e—up2j*1 Z |a£|P

7=0 £€8;5(n)
with C = C(p,o,m,d) and v = v(m,d).
Proof. Repeatedly applying the quasi-triangle inequality
la +Bl|P < 207 (flal” + [[b]7)

to this sum gives

H Z%XéHWa(B (n,3h)) S Z2O+1)(p DH Z a§X§(x)H§VI§T(B(n,3h))'
§€E EEE;(n)

Observe that #Z,;(n) < wap?2’? (where the constant wy depends on d), so the gen-
eralization of the above quasi-triangle inequality || Z?:l ajllP < nP1 22‘;1 |la;||?
gives

(3.10)
122 aexellivg sm,an < 227V P lwan™2770 3 lael” el sy -
e Jj=0 E€E(n)

For dist(£,n) = R sufficiently large, we have the inclusion
B(n,3h) € Q\ B(¢, R — 3h).
Applying the zeros lemma [25] Theorem 1.1] gives

m—o— ( )
< Ch 2t HX&HW;”'(Q\B(&,R—Sh)) :

||X5||W“(B(n 3h)) = HXfHWU(Q\B(g R—3h))
Applying the energy estimate ([B.4) and noting that d/2 — d/p > 0 gives us

HX&HWU(B(,, 3h)) < Chmfaf(d/27d/p)+qd/2fmefuR/h _ Cpmfd/2hd/p7(refuR/h.



AN INVERSE THEOREM FOR COMPACT LIPSCHITZ REGIONS IN R¢ 1963

We note that for ¢ in the annular set Z;(n), dist(¢,1) = R > h2771, so e VF/h <
e~3?. Applying this to (BI0) gives

(3.11) || ZGEXEHZVI;'(B(m?’h))

§EE
< Cws—lpp(m—dﬂ)-i-d(p—l) i 97 (d+1)(p—1) Z |a£‘phd—poe—%p2j
J=0 §EE;(n)
< Cpplmtd/2)—dpd—po i 9J(d+1)(p=1) o~ 52 Z lae|P. 0
J=0 §EE;(n)

Note that when p = oo, we use only integer smoothness o = k € Z and the
standard space C*(Q) of k times integral functions over Q.

Theorem 3.6. For a sufficiently dense set Z (meaning h(=Z,Q) < hg for a constant
ho = ho(d,m) > 0) we have, for 0 < o <m — (d/2 —d/p)+ when 1 < p < co (or
ceNwith0<o<m-—d/2 ifp=00),

(3.12) [Eeczaexellg g < Com 2+ 4PhIP= ], o
with C = C(p,o,m,d).
Proof. This is handled in four cases: p=00,2<p<oo,p=land 1 <p<2.

Case 1: p = co. If o € Z, we simply need to bound max|s|—¢ > _¢cz [[D¥X¢lloo- To

do this, consider a point z € Q and a ball B(z,r) C Q with r = hmax(16m2,1/h;)
and h, is the constant from the zeros Lemma [A1l In this case, we use a Bramble-
Hilbert argument involving the averaged Taylor polynomial Q"¢ of degree m — 1
described in Brenner-Scott [I]. The estimate

ID*Q™XellLow (Bwry) < CT™ 12 X lyan (B
holds by applying [I7, (3.9)]. In order to bound [[D*(xe — Q™ Xe)llLo(B(z,r))s
we use Lemma 274 (with U((y — £)/r)) = xe(y) — Q" xe(y) and the embedding
Wy 1*N(B(0,1)) € C(B(0,1)) to obtain
|(xe = Q"Xe)lctal (Blaw)) < Cr 1 NUlcta1(B0,1)) < Cr™ Uy (B0.1))-
Rescaling gives the estimate
e m
« m —|a 2j—d m 2
”D (Xf -Q Xf)HLW(B(m,r)) <Cr o ZOT / (]) |Xf -Q X5|Wg(B(m,r))
J:
Each seminorm in this last expression can be estimated by the Bramble-Hilbert
Lemma, allowing us to bound the above by C’rm*|a|*d/2\X5|W§wl(3(w)r)). Together
with the estimate on D|Q|meg, and recalling that » = Kh, we have

ID%e(@)] < I1D*Q™Xell Lo (e + 1D (e = QX Lo (B
< Chm™ 12y (B o) -

From here, we apply the energy estimate ([34) to obtain

d d o
(3.13) D¢ ()] < CR™11=5 g3 —me=v 55 — opm

_d lz—¢]
2 [

p-lal izl
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The sum over = can be carried out over annular regions =;(z) = {{ € E | jh <
dist(§,z) < (j + 1)h}. This leaves

i > D) Cpm_%h"ali 3o

J=0¢€E;(x) 7=0¢€E;(x)

IN

d > .
C«pm—§h7|a| Zpd(j + 1)d67ug
j=0

IN

d
< Cpm+§ h™ | )
In the last inequality, we use the fact that the sum E;io(j +1)%e7) = C depends
on d and m (but not p).

Case 2: 2 < p < oo. We treat this case in two stages. At first, we consider
o =k € N, treating fractional Sobolev exponents for later.

Case 2i: 0 = k € N. By subadditivity, the Sobolev norm may be taken over
overlapping balls

H Z%X&H;/;(Q) = Z H Z%Xf(x)H;/;(B(n,h))'
¢e= neEE  ¢eE

Applying Lemma to the norm over each ball B(n, h) C B(n,3h). gives

| Z%XEHIV)V&-(Q) < Cppmtpd/2=dpd—po i 93 (d+1)(p=1) —vp2’ ™ D> lagl
€= ! j=0 NEE EEE, (n)

We may exchange summation between ¢ and 7, noting that n € E;(¢) iff £ €
Ej(n). This implies the estimate >, = deEj(Tl) |aglP = > ez ZneEj(f) lag? <
wap?21? Y |aglP. Consequently,

(3.14)
1D aexellyynq) < Cuwi " prtm /et ( ) Qj(dﬂ)pe_%pQJ) > lagl”.
ce= ’ =0 ce=

The result follows by summing the series and taking the pth root.

Case 2ii: 0 ¢ N. Let 0 = k+ § with 0 < § < 1, and employ Lemma 25 using the
neighborhoods {B(n,h) N Q | n € E} as {0; | j € N} and {B(,3h)NQ | n € E}
for {v; | 7 € N}. Note that for this choice of cover, M < Cp?. Indeed, for
any z € (O, enumerate the centers {{ € =2 | dist(¢,z) < h} as &,...,&,. Then
x € B(&j,h) for each j = 1,...,n. Because the balls B({;, ¢) are disjoint, it follows
that n(cq1q?) = vol(Uj—, B(zj,q) N B(x,h)) < caoh?, so n < Cy(h/q)?. (Here
Cdyghd is the volume of the ball of radius h, and cdvlqd is the volume of the portion
in B(z,h) of any ball which is centered in B(z, h).) This guarantees that

| Z%Xpr o) S Z I Z%Xf”;/;(B(n,gh)) +Cpth| Zand!'évm)-
g€z nez  ¢e= ¢cE
We apply [B.I4) to bound the second term, which gives

—ps —pk+d—ps
Cp'h" HZ%X&H%@ O A
£eE
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The first term is handled precisely as the integer case o = k, which has been
discussed above, leaving

Z H Z agfoZ{ng(B(n,Bh)) < Cpp(m+d/2)hd/17—o ”a”Zp(E) ]
neEE  E€E

Case 3. We again consider the proof in two steps, first for the case of integer
smoothness, where the Sobolev norm is subadditive on sets, and then in the frac-
tional case, where we can apply Lemma

As an initial simplification, note that the triangle inequality gives ||s|[we(q)
lalle, (=) (maxeez [ xe|lwe(@)), so we need only to consider the size of |[x¢|we(q)-

IN

Case 3i: 0 = k € N. We proceed, as in Case 2, by first considering 0 = k €
and using subadditivity of the norm. For any integer K, we have ||x¢[lw(q)

IN Z

IXellwr Bee.xny) + Ixellwr @ Be,xn))-

The first term satisfies [[X¢llwe(p(e,xn)) < Wd(Kh)d/2||X§||W2k(3(g,1<h))- For K
sufficiently large (a constant depending only on d), the zeros estimate [26, Theorem
4.2] gives

(3.15) HX&”W{“(B(g,Kh)) < wd(Kh)dmhm%||X£||W2;n(ﬁ) < CKd/szidphdik-
The second term may be controlled by decomposing Q\ B(§, Kh) = J,= 5 A¢ in

annuli (i.e., by taking Ay := {z € Q| ¢h < dist(z,§) < (£ + 1)h}). Subadditivity
gives

M8

HX&HW{“(Q\B(&Kh)) ||X£HW§(A,;)

I
>

M8

(Vol(Ae))l/QHXéHWz"'(Ae)

i
¢ %

< DO+ DR)R Ixelwp a,)-

In the final line we have applied the zeros estimate (and simultaneously estimated
the volume of the annulus Ay). At this point, we can apply the energy estimate

B4) to obtain

(o)
(3.16) IIxellws @ nie.xny < D C((L+1)R)Y2Rm=ogY2memvt < Cpm=4/2pt=7,
=K
Combining (316) with (B.I3]), gives the desired result for o = k € N.

Case 3ii: 0 ¢ N. To handle the fractional case o = k+ 9, we apply Lemma 25| with
an initial decomposition 9; = B(§, Kh), 0o = Q\ B(&, Kh), v1 = B(&, (K+1)h) and
vy = Q\ B(&, (K —1)h). Observe that these are disjoint, so the overlap constant is
M = 1. Thus we have

Ixelwr @) < IXelwe Be.(k+1m) + IXelwe @B (k=1n) + CB 7 Ixellws o)

4In this case, because 0 < o < m, one could just as easily adopt the strategy of proving the
result for the extrema o = 0 and o = m, and then using interpolation of operators to bound the
synthesis operator T : £1(E) — W7 (), noting that W{ () is the (o/m, 1) interpolation space
between L1 (£2) and W™ ().
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We can further decompose the middle term |XE‘W10(Q\B(£7(K_1)}L)) in annuli by ap-
plying Lemma a second time. This time, we let 9y := {z € Q| 2(K — 1)h <
dist(x, &) < 21K — 1)h} for £ = 0,1,.... The annuli {3, | £ € N} partition
Q\ B(&, (K —1)h), so the overlap constant M is M = 1; in fact, we need only the
first ¢p = 1 + log,(diam(Q2)/(K — 1)h) annuli.

Define the neighborhoods of 0y as vy := {z € Q | 2‘3’1( )h < dist(z, &) <
20+2(K — 1)h}. The sets w, = Q\ v, satisfy dist(0,,w¢) > 2(K —1)h > h. Lemma
shows that

0
IXelwe @\B(e,(k—1)h)) < (Z X£|W{’(w.)> +Ch™°|Ixellw o

Since [xellwye @) = lIxellwr@) + IXelwy (@) and h <1, this leaves

0
(317) lIxellwe @) < Ixelwe (e, (x+1)n) + (Z |X£W1"(ug)> +Ch°Ixellwe (@)

which we must estimate.
Estimating the third term in (3IT): The final term is easiest to control: Case 3i
gives the estimate

(3.18) h=0Ixellws oy < Cp™= ¥ 2RAH0,

Estimating the first term in BIT): The first term in [BI7) is controlled in a
similar way to (8:10]). Begin by setting R := (K+1)h, u = x¢(-—¢§) and U = u(R(-)).
Applying Lemma B4 with O = B(0,1) gives

Xelwy (B acrny = |ulwyzo.m)
CRY>T™ = |u| vy (5(0,R))

IN

ChY>H =% X e lwpn (B(e. (1 1)m))-

The bump estimate (3.2]) then gives

Ixelwy (e +1m) < CRY2 T 7 xe )
(319) < Chd/2+mfaqd/27m
< Cpm_d/th_U.

Estimating the middle term in ([BI7): To handle the series appearing in ([B.17),
we proceed as in the last paragraph, applying, for each £, Lemma[3.4], now with u =
xe(-—&), R =2"2(K—1)h and U = u(R-). In this case O = B(0,1)\ B(0,1/8). The
scaling lemma uses the embedding W¢(0O) C W{(O) which incurs an embedding
constant C' which is independent of /. Namely,

IXelwews) = [ulweonr)
CRd/2+m_U|u|W27"(OR)

CEIPAK = 1)Y= R e e v

IN

Since vy is contained in Q\ B(&, 271 (K — 1)h), we have

{(d/24+m—o)1,d/2+m—0o
‘X£|W1°'(w) < o2t 'n! HX£||W2m(§\B(W)-
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Now we apply the energy estimate (B.4]) which gives
|X£\W“(w) < CQZ(d/Qerfa)hd/2+m7(rqd/27mefp,(K71)22_1.
g <
Observing that the infinite series Y52 (20(4/24m=o)=n(E-1)2""" converges to a
constant depending only on d and m, we can bound the middle term:

Lo
(320) (Z X£|Wf(w)> < C’hm+d/27a'qd/27m — Cpm*d/thfa'
£=0

The case p = 1 follows from the estimates (8:19), 820), BI8) and BI7).

Case 4: 1 < p < 2. In this case, we use Riesz-Thorin to estimate the norm of the
operator T': £,(Z) — W7 (1), where T is the synthesis operator Ta = > .z agxe
(i.e., the linear map which takes coordinate space C= into the vector space Vz).
Letting 6 = 2(% — 3) (so that % =01+ (1—0)1) gives
0 1-6
|| Z ag)(EHW;;(Q) < (Cpm—d/Zhd—o> (Cpm—d/Zhd/2—0> HaHE,,(E)
¢€E

< Cp™ PR ally, ). O
Using Proposition [3.2] we may replace the discrete norm |[(al|,, (=) by its equiva-
lent h=%/?||s||1,,, and so obtain an L, version of Theorem

Corollary 3.7. With the assumptions of Theorem [3.6], we have
(3.21) HEEEE%XiHWg(Q) < Ch_aHzfeE%XﬁHLp(Q)
with C' = C(p,o,m, p,Q).
Explicit dependence of C on p can be obtained from ([B.12]) and Lemma B.6.

4. LoCAL LAGRANGE FUNCTIONS

We now consider a new class of functions b € S (), € € B, constructed in a
local and cost-effective way, employing only a small set of centers in = that are near
§. For each ¢ € =, this small set is called the local footprint of £ and denoted by
T(€) C E (see Definition [1]). Each b, is a Lagrange interpolant, centered at &, for
points in Y(&). The set T (&) is chosen to give be fast decay away from &, although
not exponential decay. The size of the footprint is controlled by a parameter K > 0.

Unlike the full Lagrange functions, the local versions do not satisfy interpolatory
conditions throughout . There is no guarantee that they will have zeros outside of
the set T(£)—as a result the operator Ta = } .= agbe does not satisfy Ta(§) = ae.
It is only a quasi-interpolant (approximation on the sphere with this operator was
considered in [§]).

As in [8] the analysis of this new basis is considered in two steps. First, an
intermediate basis function X¢ is constructed and studied: the truncated Lagrange
function. These functions employ the same footprint as b¢ (i.e., they are members
of S(T(£))) but their construction is global rather than local. This topic is consid-
ered in Section Then, a comparison is made between the truncated Lagrange
function and the local Lagrange function. The error between local and truncated
Lagrange functions is controlled by the size of the coefficients in the representation
of bg — X¢ using the standard (kernel) basis for S(Y(£)). This is considered in
Section A3



1968 T. HANGELBROEK, F. J. NARCOWICH, C. RIEGER, AND J. D. WARD

4.1. Footprint and local Lagrange function.

Definition 4.1. For a compact set  C R? and a finite subset = C 2, let = be the
extension to {x € R? | dist(z, Q) < diam(f2)} given in Section 23l For a positive
parameter K, define Y(¢) := {¢ € E | |¢ — ¢| < Kh|logh|} for each ¢ € E. Then
for the system of local Lagrange functions (be) ces where each b¢ is the Lagrange
function centered at &, generated by k,, over Y (&), let

Ve = span{be | £ € E}.

Note in particular that Ve C S(Z). Indeed, it is contained in a slight expansion
of S(2). Namely, V= C S(T), where T := J= T(§) C {£ € E | dist(¢,Q) <
Khl|loghl}.

The construction of each be depends only on its nearby neighbors in Y(§), so
the majority of points in = are unnecessary from a computational point of view.
However, the (analytic properties of) full Lagrange functions x. generated by k.,
over = will still be of use in proving theorems, so we will continue to refer to the
extended set =, even though much of it plays no role in the construction of the
functions be.

In our main result, we make use of the following:

Let (x¢)eez be the family of ‘full’ Lagrange functions constructed

by k,, using the extended point set =. For any J > 0, the family
(be)eez satisfies

(4.1) Ixe = bellwg (@) S b7 for all € € E.

To obtain this result, we show that for a given J there is a K > 0, which governs
the size of the footprint, ensuring that | x¢ — belloo = O(h7) holds. The value of K
depends linearly on J, as well as some fixed constants involving m and d.

In the following two sections, we show that this result holds for Matérn (in
Lemma 7)) and surface spline radial basis functions (in Lemma [£9]). Specifically,
this holds for any prescribed value of J, where J depends linearly on K, as given
in Definition F11

4.2. Intermediate construction: Truncated Lagrange functions. For a (full)
Lagrange function x¢ = ..z Aeck(+, () +p € S(E) on the point set =, the trun-

cated Lagrange function Xe¢ := > ccy (e gggk(-,() + p is a function in S(Y(€))
obtained by omitting the coefficients outside of YT(£) and slightly modifying the
remaining coefficients A¢ = (A¢ ). (For positive definite kernels, no modification
is necessary, and the construction is quite simple.)

The cost of truncating can be measured using the norm of the omitted coefficients
(the tail).

Lemma 4.2. Let K > (4m — 2d)/v and for each & € E, let Y(&) = {¢ €
|¢ — ¢| < Kh|logh|}. Then

Z |Ag ¢| < CmehKV/Qer—Qm
CEE\T(8)

[1I?

with C = C(m,d).
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Proof. The inequality (B.6]) guarantees that the tail of the coefficients obey

Z |Agc| < g7 Z exp (—y%) .

h
CEE\TY(€) |€E—C|>Kh|log hl

By observing that for ¢ € £\ T(¢), we have ¢* < Cvol(B(¢,q) \ B(&, Kh|loghl))
with a constant C that depends only on the spatial dimension d. (Note that for most
¢, the above set is simply B((, ¢), while for those ¢ which are near the boundary of
B(&, Kh|logh|) the set contains a half-ball), we can control the above sum by an

integral, namely
C d—2m _ ‘6 — <|
q E exp ( —

> Aec]

CEE\Y(¢) |€—C|>Kh|logh|

IN

< Cq—2m Z / exp (—I/|£ - Cl) dy
yEB(£,9) h
[€—C|>Kh|log h|
(4.2) < C’inm/ exp (—yu> dy.
yERI\B(¢,Kh|log h) h

(Here we employ the sets B(£,q) := B(&,q) \ B(€, Kh|logh|), which contain at
least half volume of B(&,¢g).) In the final inequality, we have used the fact that
the sets B((,q) \ B(&, Kh|logh|) are disjoint and that for y € B((, q), dist(&,y) <
dist(&,¢) + g < dist(&,¢) + h, which implies —dist(¢, () < —dist(£,y) + h (leading
to a small increase in the constant; a factor of e”).

Applying a polar change of variables in the final integral gives the inequality

Z Al < Cq_Qm/ exp (—I/i) r*tdr.

E: h
CEE\T (&) Khiloghl

We simplify this estimate by splitting v = v/2 4+ v/2 and writing

Z |Aecl < Chig?m </K . r? L exp (—K| log h|%) exp (—r%) dr)

o

CEB\T(6)

< Chdq—thKu/Q — CpQTnhKy/Q-i-d—Zm.
The lemma follows. g
4.2.1. Bounds for truncated functions: Matérn functions. Let || - ||z be a norm on

S(Z) for which a universal constant I exists so that SUp,cq ||km(-—2)||z <T'. Since
k(- — 2)||z is finite and bounded independent of z, we have

(4.3) Ixe = Xelz T > |Agc| < CTp*mpfv/2=2mtd
CEE\T(8)
In particular, we have the following.

Lemma 4.3. Let m > d/2 and consider the Matérn radial basis function ky, = K,
described in 2.H). For 1 <p < oo and o <2m —d+ % we have

Ixe = Xelwgma < > Aeclllom( Ol ey < CpPmhfer/2ra2m
CEX\T(8)
with C = C(m,d).
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For p = oo, the above result holds for the Hélder space W (R?) replaced with
C7(RY).

Proof. By examination of ([ZT), we see that ,, € W] (R?) for 1 < p < oo and
7 < 2m —d + d/p, while for p = 00, K, € C7(R?) with 7 < 2m — d. In either case,
the smoothness norm is translation invariant, so it follows that

[#m (- = 2)lwr@ey < Crp  and [l (- = 2)llor@e) < Croo

hold. The result follows from (@3). O

4.2.2. Bounds for truncated functions: Surface splines. When k., = ¢, (i.e., a
surface spline, and therefore conditionally positive definite), the argument of the
previous section is a little more complicated. Given a Lagrange function x¢ =
>cex Acekm(-¢) + p, simply truncating coefficients does not yield a function
in S(Y()). That is, (A¢e)cer(e) does not necessarily satisfy the side condition
>ocer(e) Acep(C) = 0 for all p € I, 1.

The result for restricted surface splines on even dimensional spheres (S?*) has
been developed in [8, Proposition 6.1]. We now present a similar estimate for surface
splines on R? where the truncated Lagrange function is corrected by perturbing its
coeflicients slightly. This is done by using the orthogonal projector having range
L (- ’T(E) ). Keeping this perturbation small is essential to our later results,
so we must estimate it. We use the following result about Gram matrices for
polynomials sampled on finite point sets.

Gram matrices for polynomials restricted to point sets. Let N = dimlIl,,_; and
consider X C R? a finite point set. For a basis {p1,...,pn} of II,_1, denote
by ®x the (Vandermonde-type) matrix with N columns and #X rows whose jth
column is p; restricted to X. In other words,

(4.4) Py € Myx)xn(R)  with  (Px)e; = p; ().

Lemma 4.4. For every m € N, and any radius v > 0, point x € R% and point set
X C B(x,r) with fill distance h < hor, where hg = ho(m), the inverse of the Gram
matriz Gx = ®L®x € My« n(R) has norm bounded by

IGx l2e < Cr20m=Y)
with C = C(m,d).

Proof. From [32, Theorem 3.8 and Corollary 3.11], we have that if X C B(z, ) has
fill distance h < hor, then X is a norming set for B(z,r) with norming constant 2.
(Here hg = ¢pm—1, from [32, Corollary 3.11].) This means that for every p € II,,_1,

P (B2 < 2P x llewx)-
The norm of the Gram matrix can be controlled by

-1

IGX ll22 = (min (Gxa,a)) and  (Gxa,a) = |®xalf,x) = [RxVallf,x),

llall=1

where Va := Z;\;l a;p; and Ry is the restriction operator RxVa = E;\Ll a;p;|x -
For h sufficiently small, the norming set property ensures that

1Pl 2 (B < 2l RxPllen (x) < 2 Rxplley(x)-
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On the other hand, we have the following growth properties of polynomials 11, _1:
there exists a constant C,, > 0 so that for every 0 < 7 < 1, [|pllz_(B1) <

Cppr—(m=1) Pz (B(z,r))- Returning to the basis (pi,...,pn), we have

N m—1 N
1
Jallsv) < Conall S0l ciiosy < ot (1) 13 sty

J=1 Jj=1

This gives [|al|g,n) < Cr=m=1) Z;‘V:1 a;jpj|x lle,(x), and the result follows. [

A bound similar to this for S~ using spaces of spherical harmonics in place of
I1,,,—1 has been demonstrated in [8, Lemma 6.4], while [I5] gives general conditions
for the auxiliary space of a CPD kernel.

Modifying coefficients. We use the matrix ®(¢) to construct the orthogonal projec-
tor P = <I>T(5)(<I>T( )q)y(g))_léT(@, which has range II ‘T and kernel | (IT ’Y ©)
For a fixed &, denote the truncated coefficients (A¢ ¢)cer(e) € R () by A¢. In order

to satisfy the side conditions, we generate the modified coefficients Ag = (AC ¢) €
R via

A:=A; — PA;.

In other words, Ag is the orthogonal projection of A¢ onto L (II ’T(f) ). Define the
‘truncated’ Lagrange function as

Xe¢ = Acedm(-—C) +p
CEY(E)

Lemma 4.5. Let m > d/2 and consider the surface spline radial basis function
km = ¢m described in [28). For sufficiently small h we have

(45) A = Alleycrey < Cpm RV /ZHZ3mHd log h|t =
with C = C(m,d).

Proof. Using A¢ — Kg = PA;and P = @T(E)G}(lg)q)?@, we can estimate the £y
norm of the difference of the coefficients as

~ —1 1/2
|Ae — A£||é2(T(€)) = <‘I’¥(5)A£7Gy(lg)‘1’T( )A£>1/2 < ||Gr 5)||2/—>2||(I’T(5 A&Héz(N)'

Since ECE: Acep(§) = 0 for all polynomials p € II,,_q, we have @5(5)A5 =

N
(de E\T(¢ AC ¢Dj (C))j:]'
Applying the estimate (2.2)), the £2(N) norm of ®T A is controlled by

N
Z Z Acep;i ()

CEE\T ()

N
> 1Acel Y Ipi(0)
j=1

CEE\T (&)

IA

195 6 Acllany < 9% 6 Acllen (v

IA
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In the first estimate we use the inequality Y |c;|*> < (3 |¢j])?. Applying Hélder’s
inequality and ([B:6) to the right-hand side gives

2T Acleon < N Y ( max [pi(Q)) [Ace
CEENY(€)
. dist(¢, ¢)
< d—2m . S L
< o Y (e (e ()
ceR\T(E)

where we have absorbed N (recall that N = dimII,,_; depends on m and d) into
the constant C.

We now recall the argument in (£2)) which allows us to estimate the above sum
by an integral:

A

(o)
oL oA C _2m/ ma ( j )e‘”z/hdz
I#xo el < Ca™ [ max (Wil (ne.0)

< C’q_2m/ max(1, zm_l)e_”z/hdz
Khlogh
(46) < szmhKV/2+d_2m.

In ([@6) we have used a change to polar coordinates, as in Lemma (.2
Estimate ([@3) follows by combining Lemma 4] (using » = Kh|logh|) with
E.9). O

As in the positive definite case, we are able to control the truncation error
measured in suitable smoothness norms—the only requirement is that the kernel is
bounded. In the conditionally positive definite case, the kernel may be unbounded,
so we measure the norm over the bounded region (2. Specifically, the surface spline
Om € W;loc(Rd) for all o < 2m — d—l—}d7 (as well as CZ_(R?) for o < 2m —d). There

loc

is ' < 0o (depending on o, p, m and Q) so that for ¢ € €, ||¢m (- — Ollwe@ <T.

Lemma 4.6. For 1 <p< oo anda<2m—d—|—%,

H%ﬁ _ XﬁHW;(Q) < C«p2m+d/2hKV/2+1—3m+d| 1Ogh|d/2+1—m

with C' = C(o, m,p, ).
A similar result holds for p = oo, replacing WS (Q) by C°(Q) for o < 2m — d.

Proof. The Sobolev estimate holds by considering

IXe = xelwgy < Y Aec = Accllom(- = Ollwg
CeT(8)

+ ) |Aec

CEY(E)

[ém (- = Ollwe @)

The first term can be bounded by introducing the constant

' := max [ ¢ (- — Ollwg (o) < o0,
cen
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which gives ¢ ey () [Ae ¢ = Ae cl|6m (- —Ollwg (@) < Tl Ae—Agle, (r(e))- Employing
E3) yields
- $

e ie —om —m
> Aec = Aecllldm(- = Ollwy @) < CTp 0= =3mH log b7 (#7(€))
CEY(E)
< CFp2m+d/2h%+173m+d| 1Ogh|17m+%.

For the second inequality we have used the estimate #7Y(¢) < Cp?|log h|?.
The second term 3oy gy [Aeclll@m (- = Ollwe@) < T X egre) [Aec| is treated
with LemmaL2to obtain 3oy ¢ [Ae,c[|@m (=) llwe @) < CTp?mp e —2m+d

4.3. Local Lagrange functions. In this section we consider a locally constructed
function be. Our main goal is to show that for = C €, there exist functions b
defined on R?, so that || > ocez aebellwe (o) < Ch%_"Hang(E).

At this point, a standard argument bounds the error between bs and X¢ (this
argument is essentially the same one used on the sphere in [§]). This works by
measuring the size of be — X¢ € S(Y(€)).

4.3.1. Bounds for local Lagrange functions: Matérn functions. For the positive def-
inite case, the argument is fairly elementary. For ¢ € T(&), let y¢ = be(¢) — Xe(€)-
Observe that be —Xe = > cer(e) ackm(-—() € S(Y(£)), where a = (a¢) and y = (y¢)
are related by Ky (¢)a =y. The matrix (Ky(¢)) ™! has entries (A¢ )¢ ner(e)-

For a kernel of order m, the entries of the matrix A = (A¢;)¢,ner(e) can be
estimated by @3): |A¢,,| < Cq?=2™. It follows that (Kvy ()" has ¢, matrix norm

|(e0) !, < ctrTE@)a" > < Cormltoghlint-2m,

(Here we have used the estimate #7Y(£) < Cp?|logh|?.) Consequently |ly|l; <
#HLEDNY lloo-

Because y¢ = x¢(¢) — Xe(¢) for ¢ € T(§) and [[xe — Xelloo < Cllxe — Xellwyr mey
we have

—1 pe _ ~
> lach < || (Kr) ! Iyl < CoP T og b e = Rellwy rey-
CeT(E)

For a generic norm ||-|| z for which max__g ||k (-—2)||z < T we have ||b¢—X¢[|z <
' lac|- We now have the counterpart to LemmalL3] which shows that (£.1]) holds
for Matérn kernels.

Lemma 4.7. For k,, = Ky, and for 1 <p < oo and 0 < 2m —d + d/p we have
(47) ||b5 _ XfHWU(]Rd) S C«p4m+dhKV/2+2d74m| 10gh|2d

P
with C = C(m,d).

Setting |log h|?¢ < Ch~! (either by finding a sufficiently small h* so that this
holds for h < h*, or by increasing the constant, or both), and by employing a simple
interpolation inequality, we have

(4.8) b = Xellywy (ray < Cp*™+ap’ J=Kv/2+2d—4m — 1.
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4.3.2. Bounds for local Lagrange functions: Surface splines. As in the previous
section, we are guided by the estimates for local Lagrange functions on the sphere
[8, Proposition 5.2].
. ~ N
In this case we have x¢ — be = ZceT(g) achm(- — ¢) + 225 ¢ipj € S(T(E)).
The vectors a = (a¢)cer(e) and ¢ = (¢j)j=1,...n are related to y = (y¢)cere) =

(X¢ = b¢)cer(e) by
K’r(g) P a _ Yy
(PT 0N><N C 0N><1 ’

where K (¢) is the collocation matrix and @ is the Vandermonde matrix introduced
in (#4). The norms of a and c can be controlled by ||y||¢,(r()). This is demon-
strated in [8, Proposition 5.2], which shows that [|a||s,(r(e)) < 97 ||ylle,(r(e)) where
¥ is the minimal positive eigenvalue of PJ-KT(@PJ-. Recall that P+ = Id — P,
P =®(®T®)1®T is the projector introduced in Section

We make the following observation, which is [8}, Proposition 5.2]:

4.9)  allcrey < 97V leere)

(@10) el € 2 max (60— OlIGT 1720 HTE) Yl

It is possible to estimate the size of 9 by considering the matrix of kernel coefficients
for the Lagrange functions by y(e) = > cer () A¢nkim (- ¢) + Zjvzl Bjno;.

Lemma 4.8. For ¢, the minimal positive eigenvalue of PJ-KT(@PJ-, we have
9! = ||Allam2, where A = (A¢y)ener(e) is the matriz of kernel coefficients for
the Lagrange functions in S(Y(§)).

Proof. Writing B = (Bj)j=1,....~ it follows that Ky ¢)A + ®B = Id. From this we
neY(§)
have PL = PJ-KT(@A and ker A C ker P. On the other hand, each column of A

satisfies the side condition }_, v ) A¢yp(n) = 0 for all p € II, so ranA C ranP+.

From this it follows that ker A = ker P+ and ranA4 = ranP'.
Because P+ A = A we have P+ = PJ-KT@)A = PLKT(S)PJ‘A, and the nonzero

spectrum of A is the reciprocal of the nonzero spectrum of PLKT(OPJ-. In other
words, 97! = maxyeq(A) |Al- O

Applying Gershgorin’s theorem to A, whose entries are A¢, = (be,v(¢), by, 1 (e))
and therefore satisfy |A¢,| < Cq?™?™, we have 9~ < 0(1 + #(’r(g)))qd72m' By
[#9) we have

(4.11) lallescr e < CP*™ 2™ log h|*|lyllea(r(e))-

We will apply ([£I0) to estimate |[c||s, (), noting that Lemma F.4] ensures hat
”G;f%E) |'/2 < C(Kh|log h|)~(™~1. We have shown in the previous paragraph that
971 < Cp?™hi=2"| log h|? and a counting argument gives (#Y(€)) < Cp?™|log h|®.
Thus the right-hand side of ([@I0]) can be estimated as

9 _ -1 1/2,‘971 T
max_ o (1= Ol 120~ FTO) Y lrcric)

< C(2Kh|log h|)*™ 1 ((Kh| log h|)—<m—1>) (2™ h=2m g h|?) (o] log h|?).
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Applying ([£10) gives
(4.12) lelley vy < CP* TR =D log h|™ 1+ |y ||,y (e) -
We are now in a position to prove that (1] holds for surface splines.

Lemma 4.9. Let k,,, = ¢,,, the surface spline RBF on R?, and let J > 0. For = C
Q, form the local Lagrange functions be € Y(§), with Y(€) = =N B(&,Kh|loghl|),
where J = Kg —5m +d+ 1. Then for 1 < p < oo and 0 < 2m—d+%, and for
sufficiently small h,

Ibe = xellwg (@) < Cp*™27n7
with C = C(o,m,p, ).

Proof. We use the triangle inequality |be — Xg”Wg(Q) < be — 25||W§(Q)+
[Xe — XSHWI')Y(Q), noting that the second term has been estimated in Lemma 3]
and that the first can be controlled as

l[be —Xellwe ) < llalle,(re)) Jnax, l9m (- =2)lwg @ Hllelle, vy max p; (llwg @)-

From (@IT)) we have |[al|¢, (v(e)) < V#YT(E)alle,(re)) and counting argument gives
#Y(€) < Cr,ap?|loghl?, so
lalle,crey < CoP 2RI og WPy o r ey
S Cp4m+dhKV/2—5m+2d+l| IOg h|2d—('m—1)7

where we have employed the result of Lemma and the embedding W3 C L
to estimate

~ d., Kv _ _ d
¥l re)) < e — Xelloow (B wn0g hD)) < Camp®™ T 2R H13mtd| jog |1 =mts,

Similarly, from ([{.12), we have

lelleyy < Cp*mtdtd/2p=m=1)|1og p|mFdtd/2| 1y, o)

S C«p4m+2dhKv/274m+2+d| 10gh|2+2d.

Because max.ex(¢) [[¢m (- — 2)[we (o) and maxi<j<n [|¢;(-)|lwg(a) are bounded by
a constant I" which depends only on 2, m, p and o, we have

1be = Xellwg () < [C ptmt2dpKv/2=om41td| o0 p|242d

The lemma follows for h sufficiently small that |log h|??+2 < h~1. O

4.4. Bernstein type estimate for local Lagrange functions. In this section
we discuss the local Lagrange (be) functions generated by k,, and the centers Z.
We develop partial Bernstein inequalities similar to (BI2), where for functions
> ¢c=aebe € V=, smoothness norms |[|s|wg are controlled by an £, norm on the
coefficients: ||al[¢, (z)-

Theorem 4.10. Consider the family of local Lagrange functions generated with
K> Mm=2"For0 <o <m-(d/2—d/p)+ when 1 < p < oo (or o € N and
0<o<m-—d/2 when p= o), we have

> aghe

H < Cp4m+3dhd/p_o||a”gp(5),
tez Wi ()

(4.13) ‘

where C = C(o,p,m, Q).
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Proof. We start with the basic splitting
s 1= Z(Igbg = (ZCQ)@) + (Zag(bg — Xé)) =G+ B.
§eE £€E £e=
Applying the Sobolev norm gives ||s[lw¢ () < [|Gllwg (@) +[|Bllwg (o). From B.12),
we have

HG”W;{(Q) < Cpm+d/2+d/1)hd/p—a”a”ZP(E) < Cp4m+3dhd/p_a||a||gp(5).

Taking the L, norm of B, we have

1D aglbe — xe)llwg () < glgg”bs = Xellwe (@ > lael:
§EE £eE

#= < Oqp?h~?. Using Lemma L9 (or Lemma L7 in case k,, = k), we arrive at
the desired inequality
(4.14)

_g(p=1 Y
1> ae(be — xe)llwy @) < Cp*™ 307~ jal|y, =) < Cp*™ 3 hYP=7 a]|,, (=)

We control the ¢; norm by using Holder’s inequality |all; < (#E)pT_lHaHp and

because the choice of K ensures J > d — 0. The theorem follows. O
For s € Vz = spangcz be we may replace the discrete norm |lall,, (=) by its
equivalent h*d/pHsHLp, as we now show.

Proposition 4.11 (Local Basis Stability and Nikolskii Inequality). For every pg >
1 there exists a constant hg > 0 so that if 2 C Q has fill distance h(Z,Q) < hg
and mesh ratio p < pg, then the family of local Lagrange functions generated with
K> % satisfies the bounds

(4.15) cllall,, @z < g YP|sl|L, @) < Cpm TP lally, =)

forall s =3 = acbe € Va, with ¢ = ¢(p,m,Q) and C = C(Q,m). In addition, for
1 <p,r<oo, we have
_d(i_1
(4.16) Isll, @) < Ca~ "2 |Is]l,q)
with C = C(p,r, p,m,Q,).

Proof. The upper bound follows from the previous theorem, with ¢ = 0. To obtain
the lower bound, note that

¢ PslL,@ = 4 VPN acbe — xe) + D aexel L, @)-
(e =)

Consequently, by (£1)), 1) and ([4I4]), we have
sl = a VP (HdeE‘lefHLp(Q) - Cp4m+3dh‘]7d(?)||a||e,,(5))
> (cr — Cp"™ RN lal,, =),

where ¢1 = ¢1(p,Q,m) is the constant from Proposition Let hg > 0 be such
that ¢; — Cp4m+3dhgfd > %cl. This guarantees the same holds for all 0 < h < hy.
The proof of the Nikolskii inequality is, mutatis mutandis, that of Corollary O
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5. MAIN RESULTS AND COROLLARIES

At this point we can prove the inverse inequality for local Lagrange functions in
Vz.

Theorem 5.1. Suppose Q@ C R? is a bounded Lipschitz region. For m > d/2
and for every po > 0 there exists a constant ho > 0, so that if £ C €1 has mesh
ratio p < po, fill distance h < hg, and if 2 C Q is a suitable extension of E (as
mentioned in Remark 23]), then for all s = deE agbe € V: the following holds.
For1<p<ooand all0 <o <m-—(d/2—d/p)s, or for p =00 and an integer
o <m—d/2, we have

HS”Wg(Q) < Ch™7|s]l, @)
with C = C(m, p,Q).

Proof. This is an immediate combination of Theorem[ZI0land Proposition 11l O

5.1. Restriction to the boundary. Immediate applications of Theorem [5.1] are
the following ‘trace’ estimates. (Since the elements of V= are continuous, it is
appropriate to consider these results about restriction to the boundary.) To make
sense of these, we first need to describe Sobolev spaces on the boundary 0fQ.

5.1.1. Smoothness spaces on 02. We use the common tactic of employing a parti-
tion of unity with corresponding changes of variable to flatten the boundary. (As
in [30, 1.11] and [20], for instance.) The details of the partition of unity and change
of variable depends on the smoothness of the boundary, and this influences the
types of Sobolev spaces we can define (namely, the maximum order of smoothness
is governed by the smoothness of the boundary).

For a domain whose boundary is Lipschitz we consider a partition of unity
(wj) ", of 9Q, where each ¢; : 90 — [0,1] is Lipschitz, and let (Uj,h; ) 1 be
a correspondlng collection of bi-Lipschitz charts so that each U; is an open set in
0} containing the closure of supp(¢;) and each h; : U; = O; C Rd_l is a bijective
Lipschitz function. Then for 1 < p < oo and 0 < ¢ < 1, the Sobolev space W (89)
consists of functions f € L,(09Q) such that

-

(5.1) 71, (o) = 215 2 7D (0 (15D iz o)

1

J

is finite.

For higher orders of smoothness, we simply increase the smoothness of the bound-
ary, and the partition of unity and chart. For o < M, let (d)J)N be a CM partition
of unity of 99, and let (Uj, h; )N be a collection CM charts. Then W7 (09) consists
of functions for which the norm (G1]) is finite.

We note that this transporting of norms from Euclidean space to manifold by way
of partition of unity and pull-back can be carried out for other smoothness spaces.
In particular, it holds as well for the Besov class (see again [30] and [20]). For this
reason, it follows that for fractional o, W7 (09) = By ,(09) with equivalence of
norms (as in the Euclidean case).
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5.2. Trace estimates. We may use Theorem [5.1] to obtain the following trace
estimate for functions in V. This is nonstandard because the norms of the trace
are bounded by Lp norms rather than Sobolev norms.

Corollary 5.2. Under hypotheses of Theorem B, for s € V= we have, for 1 <
p<oocand0<o<m-—1/p—(d/2—d/p)+,

Isllwg o) < Ch™7YPls|| L, (@)
with C = C(m, p, ).

Proof. For o > 0 we have that Wy "/?(Q) = By /7 (92) and W7 (99) = B, (9Q).
It follows that Tr : W,;'H/p(Q) — W7 (09) is bounded by the trace theorem (one
will find a suitable one for smooth boundaries in [29] 3.3.3], and for Lipschitz
boundaries in [20, Theorem 2.1]) so

Isllwg om) < Calsllyz g < Cash™" sl ).
The first inequality is from the trace theorem, while the second follows from Lemma

3.6l O

We can get a similar estimate for ¢ = 0, although this requires a modified trace
result.

Lemma 5.3. Suppose (2 is compact with C' boundary. For 1 < p < oo there is a
constant C,, so that for all u € C*(Q) and € > 0 we have

||uHLp(aQ) < Cp(e_q/pHuHiP(Q) + GHUH%/I}(Q))
with q = p%l .
Proof. Note that in this case, we consider Sobolev norms over {2, so for the norms on
the right-hand side, we make use of the definition given in Section 24l The L, (02)
norm on the left is with respect to surface measure, but this can be estimated in a
standard way (by partition of unity and change of variables).
We begin by proving a trace result for @ = R4 =R~ x [0, 00). For u € C'(R%)

having compact support and z’ € R?~!, let 7, be the first positive zero of t
|u(z’,t)]. Then

O < [ e g
0

< p / (e’ 2a) P |alule’, 20))|deg
0

IA

/ OO u(e!, 20)| V7 + e|da(u(e’, ) Pdea.
0

The last line uses Young’s inequality ab < C(e)a? + eb? with C(e) = ¢~ (ep) /7.
Integrating this over R~! we have

(5.2) ||u|\ip(Rd,1) < Cpeiq/pHuHip(Ri) + €flull

P
Wi (Re)"

Now let (\I/j)é-\'zl be a finite collection of nonnegative, compactly supported, C!
functions so that ) ¥; = 1 in a small neighborhood of 0. Let (Uj)j-\[:1 denote a
corresponding collection of open sets so that supp(¥); C U; and so that there is

hj:U; — B(0,¢;), an open ball in R%.
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For f € C1(Q) and 1 < j < N, the product ¥;f is compactly supported and
(extending by 0) we have u; := (¥, f)o (h _1) € C1(RY). Applying (5.2) to (¥, f)o
h;l gives ||uj||’£p(Rd_1) < Cpe™ /P ||uy? (]Rd)—l—e||u]||w1 ray- Because W; and h;l are
C' over compact sets, their norms can be bounded independent of j. By applying
chain and product rules, it follows that

N
(5.3) Z ||Uj||1£p(]1gd—1) < Chg (67Q/p‘|u||1£p(g) + GHUH];VZ}(Q))
j=1

with an increased constant which depends on maxi<;<n ||(h;) ™ ||C (k" supp(¥,))-)
<< L (hr i ;

and max;<j<n [|¥;c, (re) as well as that of (5.2) . Because (\I’j\an ) is a partition
of unity for JQ2, the left-hand side of (5.3)) controls the L, norm of uj,, , which gives
the e-modified trace inequality

[[ull? »(09) < Cpqle” q/pH“H Lp() +€H“||€v,}(9))- O

Corollary 5.4. Let Q be a bounded domain with C' boundary and assume the
hypotheses of Theorem Al For s € Va, for 1 < p < oo and for 1 + (d/2 —d/p)+
< m, we have that

I8l L, 00) < Ch™7|s|l L@
with C' = C(p, p,m, Q).

Proof. For p =1 the theorem follows directly from the boundedness of trace from
WE() to L1(09) (see [6, Theorem 1, Chapter 5.5]) and by repeating the argument
of Theorem [B.6l

For 1 < p < 0o, we apply Lemma [53 with ¢ = h?~! (so that ¢~ 9/P = /f%)
followed by Theorem [B.6l Thus,

||3||Z£p(ag) < C( s ||p Q)+hp Hls ||W1 Q))
< COIslE, ) + 27 slE, )

and the result follows by taking the pth root. ]

APPENDIX A. ENERGY AND POINTWISE BOUNDS ON THE LAGRANGE FUNCTION

In this section, we show that Lagrange functions for surface splines and Matérn
kernels satisfy decay estimates as in Section 3.1l

We say that () satisfies an interior cone condition if there are constants ¢ €
(0,7/2) and 0 < R < oo so that for every x € € there is a cone Cz = {y | |y — 3:\ <
R,n- (Iy w‘) > cos ¢} opening in the direction determined by the unit vector 7 so
that Cy C Q.

We recall the zeros estimate [I8, Theorem A.11] for a bounded region Q with
Lipschitz boundary (the version we cite is a streamlined modification of an earlier
estimate given in [25, Theorem 2.12]).

Lemma A.1 (Zeros estimate). Let 1 <p < oo and m > d/p (when p =1 we may
have m > d/p). Suppose Q satisfies a cone condition with aperture ¢ and radius
R. Then there are constants hy (depending on m and @) and A (depending on
m,d,p, ) so that if X C Q has fill distance h < hiR and if u € W;"(Q) satisfies
ulx =0, then

lullws @) < AR [ullwm @)
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and
||u||Loo(Q) S Ahmid/pHUHWén(Q)

An important feature of this lemma is that the density A is controlled by the
cone radius R, but the constant A does not depend on R. This allows a comparison
of results across sets which are geometrically related. For example, annuli B(xz,r2)\
B(x,r1) satisfy cone conditions with aperture ¢ independent of ro and 71, and with
cone radius equal to half the thickness 25~. Thus, the above result holds for
any point set with h < hq(ro — r1)/2. With almost no modification, this result
extends to balls B(xz,r) (where h < hyr) and complements of balls (where there is
not restriction on h).

Consider now the annulus a(¢,7,t) = {z € R? | r —t < |z —&| < r}. Apply-
ing Lemma [A] with p = 2 and k = m — 1, we estimate the Sobolev nornﬁ as
||u\|%,V2 () < |ul|? m(a) T mA%h2||ul| which, after rearranging terms, implies

that |
short, if h < min(%7 hg) with

(A.1) hy := (V2mA) !,

then

(A.2) ulwp @) < lullw @y < AR Fllullwg @) < 240 F|ulwye @)

2
Wy (a)
“”%/Vzm(a) < m‘uﬁ/@n(a) for w vanishing on X C a with h < hyt/2. In

for u vanishing on X.

Lemma A.2. Suppose m > d/2. There is a constant v = v(m,d) with v < 1 such
that if X C R is a finite point set, a = a(&,r,t) is the annulus of outer radius
r, width t and center £ € X, and Xo = X Na has fill distance h = h(Xp,a) <
min(%,hg), then:

o the Matérn Lagrange function x¢ € span{km, (- — ()| ( € X} satisfies

< .
||X§\|W?(Rd\3(5,r)) < VHX&HW?(W\B(&T_O),
e the Lagrange function x¢ € S(¢m,, X) for the order m surface spline satisfies

el (movmiem) = YXelwp (raynern)-

Proof. In either case, the function k,, is the reproducing kernel for a (semi-)Hilbert
space (described in Sections [Z5.1] and 25.2)), and we use the notation [u],, y to
denote |ullwz(v) or |u[wy(v), respectively.

Let 7 : R — [0, 1] be a smooth cut-off function supported on the interval (—oo, 1)
equaling 1 on (—o0,0]. For r > t, we define 7¢,; : R? — R as 7, (z) =
7(3(lz — ¢ — (r — t)), and note that it is a smooth function supported in the
ball B(&,r), and equals 1 in B({,r — t). By the chain rule, there is a bound
| DP7¢ ]| oo < Ct~1A! which is independent of 7.

Both x¢ and 7¢,.x¢ are Lagrange functions on X. Thus [x¢lm < [7e,rtXe]m-
Using the additivity of [-],,, and noting that the Lagrange functions are identical
on B(&,r —t) while 7¢ ., vanishes outside B(§, ), we have

el < lrerixely — XelmraBer—n < [TeriXelmagen-

5Recall that we use the Sobolev norm as defined in Section [Z4}—in particular, the kth order
partial derivatives are weighted by (7).
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By using Hoélder’s inequality in conjunction with the product rule, we have

/a|Da(T£mt(x)X£($))|2dx = /JZ( > 1 ri(2) D xe (2) Pda

B<a
< CZt_2|a B‘/|D'8X§ de
B<La
(A.3) < ¢ p2lel |B|)/|Dﬁx§ )) .
BLla
In the last line we have ¢~lo=8l = ¢—lal+I8l < h(‘)al_wh*WHW which follows

from the fact that 8 < «a. Applying (A2) to (A3) gives, for each < «,
[ |1DPxe(z))[2da < C2R2(m=18D [ X¢llw;n (a)- This yields the inequality

[Tgrth RA\B(E,r—t) <C Z Z( ) 2\a\+2\5\)c2h2(m—|:@|)|X§‘%V2m(a)

la|=m <L«
Canceling powers of h and collecting constants which depend only on m and d, we
have
[xeln, RAB(e,r—t) < [Te, rtXElm, RAB(E,r—t) = C[Xd
Finally, we note that [x¢]2, o = [xe]?, RI\B(E,r—t) [Xg]de\B(&T) which yields

C—-1, o,
[Xd RANB(E,r) = T[Xﬁ]m,Rd\B(g,rft)

and the lemma follows with v = % < 1. O

We may now iterate Lemma to get control of the ‘energy’ of the tail of the
Lagrange functions.

Lemma A.3. Suppose D C R? is bounded, and X C D is a finite point set
with fill distance satisfying h(X, D) < hs. There is p = p(m,d) > 0 so that for
R < dist(&,0D):

o the Matérn Lagrange function xe¢ € span{km, (- — ()| ( € X} satisfies

R
< d/2—m .
||X‘5||W2m (Rd\B(g,R)) Cq exp (—u—h> ;

e the Lagrange function x¢ € S(¢m, X) for the order m surface spline satisfies

R
< d/2—m T T
|X'£|W£n (Rd\B(f,R)) — Cq exp ( Mh,) bl

Proof. Setting ¢t = 4h/h; (where hy is the constant appearing in Lemma [AT]),
consider, for r < dist(¢,0D), an annulus a(§,r,¢) and the restricted point set
Xo = X Nna(&,rt). The slightly smaller, inner annulus a(¢,r — h,t — 2h) has the
property that for every « € a(§,r — h,t — 2h), there is ¢ € X so that dist(z,{) < h
(since in that case dist(z, Xo) = dist(z, X)). It follows that h(Xo,a(§,r,t)) < 2h
and therefore h(Xo,a(é,r,t)) < ML

Now letting n = | R/t|, by Lemma [A2 we have that

‘X§|W”‘(Rd\B(£ R)) |X£'W”‘(R°’\B(£ R-t)) S s Vn‘xdwm( @)
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and the last expression can be bounded by V_1V%|XE|W? (Rd). By the ‘bump
estimate’ (3.2), we have that |xe| () < Cq¥?~™ 50 the lemma follows with
2

1= —2 log(v), which is positive since v < 1. O

Note that if @ C R is compact, then Q = {z € R? | dist(z,Q) < diam(Q)}
automatically satisfies a cone condition (with radius R = diam(€2) and aperture
independent of ). Thus, the result (&) follows with D = Q, X = Z, hy = ho(d, m)
and £ € Z.

Because z € Q, £ € E implies R = [£ — x| < dist(&,09), we can apply the
second part of the zeros estimate Lemma[A Ilto Lemma[A.3]to obtain the pointwise

estimate (B3]

(A4)
— e dist(z, &)
Ixe(z)| < Ch d/2||X§”Wg”’(Rd\B(f,dis‘c(&,x))) < Cp™ M exp (_MT .
Note that in the second inequality we have written k"~ 4/2¢%/2=m = pm—d/2,

APPENDIX B. STABILITY BOUNDS FOR THE LAGRANGE FUNCTION

We now demonstrate that the family of Lagrange functions for suitable kernels
over a domain 2 satisfy stability bounds of the form ([B). This was demonstrated
in [I6 Proposition 3.6 and Theorem 3.7]; we follow the argument presented there,
with modifications for dealing with a suitably bounded Euclidean domain, and to
obtain a necessary refinement: that the threshold fill distance hy depends only on
m and d (and not on p or Q).

Lemma B.1. Suppose €2 is a bounded domain and = C Q) is a finite subset with fill
distance h < ho, where ha = ho(m, d) is the constant given in (AIl). There exists
a constant ca = ca(m,d) so that the family of functions (x¢)ecz have the property

that for s = 2565 agXe,
I5]lp < c2p™2¢%?|al|,, (=)

holds.

Proof. For p = oo, inequality (A.4) leads to a bound on the Lebesgue constant £
for the x¢’s over

(B.1) L= sup (PCeezlxe(@)]) < Cpmt4/2, C = C(m, d).
(S

dist(x,€)

Indeed, for fixed z € € we note that 3. [xe(2)| < Cpm—d/? Yeeze ™ n By
estimating in annuli, using sets A, := {£ € Z | h(n — 1) < |z — &| < hn} having

d
#A, <C (hq—”) , we have that

D xe(@)| < Cpm (14 pinderm) < Cpmti2,

£eE n=1

where the constant C' = C(m,d) is independent of =. Taking the supremum then
yields (B). It follows that

I8l Lec () < Lllslzllew @) = Lllallew @)
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For p = 1, we have

[ 1s@ldae < Y lal [ Ixelwldr < Chlall, @)

£eE

Here we have used the fact that ||xe[|; < Cp™~#2hd < Cp™+4/2¢% which follows
by integrating (A4). A standard application of operator interpolation proves the
other cases. (]

Preliminary estimates. Because €) satisfies a cone condition with aperture ¢ and
radius R, there is a constant « (depending only on d and ¢) so that for all = € Q,

ar® < vol(B(z,r) N )

for r < R (the radius of the cone condition). Similarly, we have that there is a
constant K (depending only on d and ¢) so that

(B.2) #(ENB(z,r)) < K(r/q)".
We can use a simple modification of the zeros lemma [16], Lemma 7.1] valid for

balls, which states that there exists a constant Az > 0 depending only on m and d
so that for h < hs, the Holder-like condition

IXe(2) = xe(y)| < Cpm /2 (w q I>

holds for 0 < e < m — d/2 and with a constant C' = C'(d, m).

Remark B.2. For the remainder of this appendix, we assume Z is sufficiently dense
such that h(Z,Q) < hg := min(hg, h3). We note that hy depends only on d and m
(because this is true for hs and hg).

This permits us to understand the structure of x¢ around the centers ( € =
Namely, because x¢(§) =1,

2
Xel@) > 2 for 2 in B(€,70)
whenever ¢ < 1/(3Cp™~%2). For the off-center case (i.e., when ¢ # ),
(B.3) Ixc(@)] < Cp™ 42y for x in B(€,7q)

with a constant C' = C(d, m).
Now fix 0 < v < 1/(3Cp™~%2)1/¢ and define Be := QﬂB(§ ~q). The above esti-
mate guarantees that a(yq)? < vol(Bg), from which a(vyq) (%)p < fB£ Ixe(x)Pd,

implies
o (5) Lleer <3 [ lnexetoypar

§EE E€E
This is the starting point for the corresponding lower bound to Lemma [B.1] since
the quasi-triangle inequality (A + B)? < 2P~!(AP + BP) implies that |aeye(z)[P <

27 (| Dz aexc(@)l? + | X e acxe()[P) and so

(B.4)

a(yq)* ( ) > lagl? < 2r~ IZ/ D acxe(@)| + D acxe(@)| | da.

¢€E g€z ¢es C#E
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The desired lower bound is clqd/p||a||gp(5) < ||s]|p, so we must estimate the size of
the overestimated ‘off-diagonal’ terms: 2P~! D= fB§ | 2 ez acxe(z)Pda.

Controlling the off-diagonal terms. This is done in two stages, by splitting
P

S Y aoew)| ar=X e+ 100,

ge=” Be |(cemicze) geE

p
where the first term I& = fB£ ‘Z{CEE: lc—¢|>Tq} acXC(:E)‘ dz is the ‘far away7 con-

P
tribution and the second II; := fBg ’E{CGE: C—¢|<Tq} agxg(x)’ dz is the nearby

contribution. These depend on an (as yet) undetermined parameter I' > 0. First we
use the exponential decay of [A4) to control the far away portion of the off-diagonal
part, Then we use the Holder estimates (B.3]) to bound the nearby portion.

Lemma B.3. For every p € [1,00) there is a function F : (0,00) — R satisfying
lim;_, oo F'(t) = 0 so that for every T > 0, we have the inequality
P

S Y e de< P06 Plalf

ce=" B¢ |{cez: [¢—¢|2rq}
holds with F(T') < Ce™2?T with C = C(m, d, p) and u = pu(d, m) the constant from
B3).
Proof. We sum over the nonoverlapping dyadic regions
Qp = (&) := {C € 2| T2%¢ < dist(¢,¢) <T2¥g}, k=0,1,...,N,,

. P
where 2V ~ dl%q(m. This means that, for My, := st ‘degk acxc(z)| de,

N, p N,
I < 2<p—1><k+1>/ S acxe(@)| do =Y 2Dy
k=0 Be \ccq, k=0

where the above inequality follows by iterating the quasi-triangle inequality
P .
A+ B <2071 (JAP + BIP) to get |7 4| < S0, 29004
We now estimate the contribution from each My, the portion of Il coming

from the dyadic interval €. By using the (generalized quasi-triangle) inequality
| D20y AylP <P YT AP, we have

#Qk >< Z/ ‘ac)(C |pd$

CeEQy
< (#u)" ' x max HXC||L1(B€) X Z |ac|?
CeQy
_ d
(B.5) < (K@) C(yg)? "2 (exp(—upl2)) Y Jagl?.

CEQ

In the final line, we have used the estimates (B:2)) and (A4).
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Multiplying by 2@~D*+1D and summing from 0 to Ny, we obtain (after rear-
ranging some terms and combining constants which depend only on d and p)

Ny

d
Ie < C(yq)p pm=3) Z(Qk(dﬂ)l“d) exp(—ppl'2¥) Z|a<|p
k=0 CeE

We can now sum over ¢, bounding deE I: by

Nq
Clyg) P2 > @FEDTYP exp(—ppl28) > " | > acl?
k=0 ceE | cen
d Na
< Clyg)tpP™2) [ D (@Mt exp(—ppl28) (K (2MHT)) | acl?
k=0 CeE
(y)%p" ™2 [
CWT 3 @FT) @R exp(—pupl'2%) | | Jacl?

k=0 CeE

In the second inequality, we have exchanged summation over £ and (. In short, we
have used

Z Z [lacl?] = ZZ X, (¢) (€) Z (3

£EECEN (EEEEE CeEQy

in conjunction with the estimate #{¢: ¢ € Qx(¢)} < K (21T obtained from
(B2), since for ¢ € E, #{&: ¢ € Q(£)} = #Q4(C). In the final inequality, we have

r(d+Dp

used the fact that 2(kTDd < 9k(d+1) 5 2d+1 gn(q that T = —5— We estimate
this with an integral as
DI < C<Fd” exp(—ppl)
fe=
2 > (d+1)p—1 d p(m—d) P
1 ) exp (—ppr)r dr | (v)*p"" 2 ]ally =)

Which shows that F(T') := C (I'% exp(—pupl') + 3 flfo exp(—upr)r(d+1)p_1dr).
The integral term can be bounded by making a change of variable R = rI" as
2 oo o0
s exp(—,upr)r(dﬂ)pfldr = 2de/ exp(—upl“R)R(dH)p*ldR
1

< Cd,p,ml‘dp exp(—upl).

Because maxrs ['%P exp(—=5pl') < Capm, the estimate F(I") < Ce= 2Pl follows.
O

Lemma B.4. For every p € [1,00) and every T' > 0, we have the inequality
P

>/ S ac@)| dr < O (v D fall o

ce=” Be |{cem: ¢#¢,|c—¢|<rq}
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Proof. Note that #{¢ € Z: ¢ # £,[¢ — £ < Tq} < KT%, so by the quasi-triangle
inequality, we have, for each £ € =,

11 < / (KT Y Jagxe(a)Pda
Be

dist(¢,§)<Tq

< [ ey Y Jadras
Be dist(¢,€)<T'q

S CFd(pfl)fyeppp(mfd/Q) (f}/q)d Z |a<|p-

dist(¢,§)<T'q

In the first inequality we use the estimate on the number of centers (B.2). In the
second inequality, we use the bound (B.3)). The third inequality follows from the
simple estimate vol(Bg) < C(vq)®.

Summing over £ € =, we obtain:

DI < CTP Dy P(y)? >y > [s(QPF

te= £€E dist(¢,€)<Iq

d
C ()" (va) o™ 2 Jal} =

IN

The final estimate results by exchanging the two summations, and employing the
fact that #{¢ € Z: dist(¢,¢) < T'q} < KT9. This completes the proof of the

lemma. |

Lemma B.5. There exists a constant v satisfying v > C’p o = (log(p))~%¢ with
C(d,m,p,€), so that

_ 1
2P IZ/ ’Zagxg( ’ dz < 2@ vq) < ) Z\adp

gee”’ Be coe
holds for all a € £,,(Z) and all p € [1,00).

Proof. By the quasi-triangle inequality, we have

Z/ ZGCXC(:C)’pd$§2p_1 ZI&-FZII&

ce=v Be cxe ce= cex

- d -
Apply Lemma [B3] and choose I' so that Ce™2¢T = lq (%)ppfp(mfﬁ, where C
is the constant appearing in Lemma [B.3l We note that our choice of I' guarantees

d
I' < Cypmlog(p). By LemmaB3, F(T') < 1« (%)pp_p(m_i), it then follows that

),

€eET 7¢ |{CeE: \C £|=Tq}

p

_ 2\
coxcto)| do<aa(3) (0" X laeh
£EE
Now select v so that the inequalities 0 < v < 1/(3Cp™~4/?)1/¢ (with C from
d
(B3)) and C(I'y)P < L1a (%)pp_p(m_§) (with C from Lemma [B4) both hold.

The problem of choosing 4 can be rewritten as v¢ < p%/2—™ min(%, C’d’m’pI’_d).
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Since T=¢ > Cyp.m(log(p)) ™%, it suffices to take v = Cy . pp% 2~ (log(p))~¢ for
some constant Cg, ,. For this choice of v, Lemma [B.4] guarantees that

>,

§eE" 78 |{CeE: ¢#E, \C §I<'q}

P

acxe(x) dx<4pa(> (7q) Z|af|p

as well.
Thus,
p
/ Z%Xc(x)‘ de < 47PN (I + 1)
gez /BN Tze T
1 1 AN
< (3+1) a0 (2) 3 lacl
171 3) £
£€E
and the result follows with v > Cgq p p, ep e “ (log(p))~¢. 0

Lemma B.6. Suppose 2 is a bounded domain and = C ) is a finite subset with fill
distance h < hg := min(hg, hs), where hy = ho(m,d). There exists a constant then
the family of functions (x¢)ee= have the property that for any s = deE agXe,

d
c1g"?alle, (=) < llslly

—2m)

2
holds with ¢; > C’p e (log(p))_z_E with 0 < e <m —d/2 and C = C(d,p, m,e€).

Proof. Since s(§) = ag, the Ly case follows immediately with constant 1. For
1 <p < oo we use (B:4) and Lemma [BF to make the estimate

p p

2\" -
w00 (3) Tl < 2% [ (| Saoco)| +[Tacxeto)| | as
cex ce=”Be \ |cez C#E
P
< [t / D acxe(w)| | de
cee” Be |cez
1 2\
+50(v9)? (g) > Jagl”.
£€E
Applying > .= fB& }Zceu acxe(z ’ Jo ‘Zce: acxe(z )‘ dx, the result follows

with
d(d—2m) a2

1 _a?
1= g(a'yd)l/p > Campep 2P (log(p)) " »e. O
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