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CONVOLUTION QUADRATURE FOR THE WAVE EQUATION
WITH A NONLINEAR IMPEDANCE BOUNDARY CONDITION

LEHEL BANJAI AND ALEXANDER RIEDER

ABSTRACT. A rarely exploited advantage of time-domain boundary integral
equations compared to their frequency counterparts is that they can be used
to treat certain nonlinear problems. In this work we investigate the scattering
of acoustic waves by a bounded obstacle with a nonlinear impedance boundary
condition. We describe a boundary integral formulation of the problem and
prove without any smoothness assumptions on the solution the convergence of
a full discretization: Galerkin in space and convolution quadrature in time. If
the solution is sufficiently regular, we prove that the discrete method converges
at optimal rates. Numerical evidence in 3D supports the theory.

1. INTRODUCTION

We propose and analyze a discretization scheme for the linear wave equation
subject to a nonlinear boundary condition. The scheme is based on a boundary el-
ement method in space and convolution quadrature in time, using either an implicit
Euler or BDF2 scheme for its underlying time discretization. The motivation for
the nonlinear boundary condition comes from nonlinear acoustic boundary condi-
tions as investigated in [Gral2] and from boundary conditions in electromagnetism
obtained by asymptotic approximations of thin layers of nonlinear materials [HJ02].
Another source of interesting nonlinear boundary conditions is the coupling with
nonlinear circuits [AFMO04]. Compared with these references, the nonlinear bound-
ary condition that we use is simple. Nevertheless, to the best of our knowledge
there are currently no works in the literature analyzing the use of time-domain
boundary integral equations for nonlinear problems and the nonlinear condition we
consider is sufficiently interesting to require a new theory upon which the analysis
of more involved applications can be built.

The case of linear boundary conditions has gathered considerable interest in re-
cent years, and can be considered well understood [AJRT11/BHD86,BDS86LBLS15b,
BLMI11lDD14, [FMS12,[L.S09, [LES13]; see in particular the recent book [Sayl6].
Much of the analysis available in the literature, starting with the groundbreaking
work of Bamberger and Ha Duong [BHDS&G], is based on estimates in the Laplace
domain. In the nonlinear case these are not available and the regularity of the
solutions is not well understood. In order to deal with these difficulties we develop
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an alternative approach based on an equivalent formulation as a partial differ-
ential equation posed in exotic Hilbert spaces. Structurally, these problems are
similar and are inspired by the exotic transmission problems of Laliena and Sayas
[LS09] formulated in the Laplace domain; by taking the Z-transform they indeed
become equivalent. A similar approach has recently been used to investigate the
coupling of finite elements and convolution quadrature based boundary elements
for the Schrodinger equation in [MR17]. The focus on analyzing the convolution
quadrature scheme in the time domain is also present in [BLST5a] and [DST3|. This
reformulation allows us to investigate stability and convergence using the tools from
nonlinear semigroup theory. Due to the difficulty regarding the regularity of the
exact solution, most of this paper focuses on showing unconditional convergence
for low regularity solutions. In Section [5.4.1] we then also give a theorem which
guarantees the full convergence rate if the exact solution possesses sufficient reg-
ularity. The paper concludes with numerical experiments in 3D that support and
supplement the theoretical results.

2. MODEL PROBLEM AND NOTATION

We consider the wave equation with a nonlinear impedance boundary condition.
Let ©~ C R? be a bounded Lipschitz domain and denote the exterior by QF =
Rd\Q_* and the boundary by I' := 9Q2~. The respective trace operators are denoted
by v* and the normal derivatives by 97, where the normal vector n is taken in
both cases as pointing out of Q7. We define jumps and mean values as

[yu] :== v u — v, [0nu] := 0;fu — 0, u.
{yu} = % (vtu+v7u), {onu} = % (Ofu+0,u).
Given a function g : R — R, we consider the following model problem:
(2.1) c%ilt"t = Au',  in QF,
(2.2) ofurt = g(u'°"), onT,

together with the initial condition u'°(t) = u®¢(t) for all t < 0, where u"¢(t) is
the incident wave satisfying the wave equation

1 . .
(2.3) — U2, t) = Au""(x,t) V(1) € Qt xR.

c
We assume that at time ¢ = 0 the incident wave has not reached the scatterer
and hence u'¢(z,t) vanishes in a neighborhood of Q= for ¢t < 0. We further set
ui™(x,t) = 0in QO for all t € R.

Remark 2.1. The definition u"¢(z,t) = 0 in Q~ is somewhat uncommon, but helps
simplify later calculations. "

We will make use of a number of standard function spaces. We start with the
space of all smooth test functions with compact support on an open set O, which
will be denoted by C§°(O). The usual Lebesgue and Sobolev spaces on a set O
which is either open in R? or a relatively open subset of I will be denoted by L?(O)
and H*(O), respectively. By (u, v); we mean the continuous extension of the (com-
plex) L2-product on T to H~Y/2(T) x H/2(T), i.e., (u, v)p := Jruv for u,v € L*(T).
We also define the space HA (RY\T) := {u€ H* (R\T): Aue L2(R?\I)},
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where the Laplacian is meant in the sense of distributions for test functions in
C“(Rd \I), i.e., taken separately in Q7 and Q~. The norm on this space is given
by ||uHH1 (RI\T) = ||uHH1(Rd\F) + HAUHL2(Rd\F) It is common that estimates de-
pend on some generic constants, therefore we use the notation A < B to mean that
there exists a constant C' > 0 independent of the main quantities of interest like

time or space discretization parameter, such that A < CB. We write A ~ B for
A< Band B < A

Assumption 2.2. We will make the following assumptions on g:

(') Q(G)Cl( ),
() >0 for all p € R,

)
g (1) >0 for all p € R,
g satisfies the growth condition |g(u)| < C(1 + |u|?), where

l<p<gts, d>3.

Y

{1<p<oo, d=2,

(vi) g is strictly monotone, i.e., there exists 8 > 0 such that

(2.4) (9N —g(m) A=—p) = BIA—pu> VA peR,

Remark 2.3. The growth condition is such that the operator n — g(n) becomes a
bounded operator, i.e., we have the estimate [|g(u)||-1/2¢0) < C(1+ Hu||H1/2 ))
as will be proved in Lemma F.11 .

Remark 2.4. Under the conditions posed on g, equation (2.I)) is well-posed. This
has been shown with more general boundary conditions in [LT93] and [Gral2], but
with slightly stricter growth conditions on g. The well-posedness of the stated
problem will follow as a special case of Theorem .

Remark 2.5. Assumption (1) is needed to obtain explicit error bounds for the
spatial discretization. As it may be an overly restrictive condition in some cases of
interest, in Section [5.5] we sketch what happens if this assumption is dropped.

3. BOUNDARY INTEGRAL EQUATIONS AND DISCRETIZATION

In order to discretize the problem, it is more convenient to work with homoge-
neous initial conditions u(0) = @(0) = 0. Therefore, we make the decomposition
ansatz u!t = u™™¢ 4+ 4%°% . Since u'"¢ satisfies the wave equation it follows that

u¥e satisfies the wave equation with a homogeneous initial condition, i.e.,

(3.1) i2 scat = Au scat, in Q+7

C
(32) a:{uscat _ g(uscat + uznc) _ a:{uinc, on 1—\’
(3.3) u®(t) =0, in R? for all t < 0.

For the rest of the paper, we assume ¢ = 1 to simplify the notation. In order
to reformulate the differential equation in terms of integral equations on I', we will
need the following integral operators, the properties of which can be found in most
books on boundary element methods, e.g., [SS111[Ste08 [McL00,HWOS].
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Definition 3.1. For s € C* := {s € C : Re(s) > 0}, the Green function associated
with the differential operator A — s? is given by

i (M (is)z]) for d =2,
B(z8) = {isgl ford=3

47| z|

where H(gl) denotes the Hankel function of the first kind and order zero. We define
the single- and double-layer potentials:

(S(s)p) () w=/¢u—y,><wm
(D(s)) (@)= | DBl =33 5)0ta) dy

For all u € H) (Rd \ I‘), with Au — s?u = 0, the representation formula

w(@) = =5(8)[Onu] () + D(s)[yul (z)

holds.

Finally, we define the corresponding boundary integral operators:
(3.4a) Vi(s): H-YXI) - HY(I), V(s) :=~55(s),
(3.4b) K(s): HY2(') - HY*(I), K(s):={vD(s)},
(3.4c) K'(s): HY*() - H-Y2(I), K(s) := {0.5(s)},
(3.4d) Wi(s): HY*(') = H YT, W(s) := —9XD(s).

In order to solve the wave equation, we define the Calderén operators

(3.5) B(s) = (jizg?z) s—lfv%) ’

(36) Buunls) =50+ (£ 72",

Definition 3.2. In this paper, we make use of the operational calculus notation
as is common in the literature on convolution quadrature [Lub94]. Note that the
corresponding operational calculus dates back much further; see, e.g., [GM83] and
[Yos84]. Let K(s) : X — Y be a family of bounded linear operators analytic for
Re(s) > 0, and let . denote the Laplace transform and .2~ its inverse. We define

K(0y)g =27 (K()Zg),

where g € dom (K (0;)) is such, that the inverse Laplace transform exists, and the
expression above is well defined.
This operation has the following important properties:

(i) For kernels K;(s) and Ka(s), we have K1(0;)K2(0:) = (K1 K2) (0¢) -
(ii) For K(s) := s, we have K (9;)g(t ) g'(t ) for all g € C1(RT), with g(0) = 0.
(iii) For K(s):=s~! we have K(d;)g fo €)d¢ for all g € C(RY).
The last point motivates the notation 8t for the integral, which will be important
when we introduce a corresponding discrete version.
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Using the definition above, we can easily transfer the representation formula from
the Laplace domain to the time domain to get Kirchoff’s representation formula: If
ue C?* (R,HA (R*\T)) solves the wave equation in R?\ T, then it can be written
as:

(3.7) w=—S(3)[0,u] + D(d)yul-

This representation formula provides us with the connection between the PDE and
the boundary integral formulation, which we will use for our discretization. Namely,
with

5) Bunnl@) () + (s L iney ) = (Lpine)

the following equivalences hold:
(i) If u := u® solves ([BI), then (p,v), with ¢ := =9} u and ¢ := yTa,
solves (B.3).
(ii) If (¢, 1) solves ([B8), then u := S(0;)¢ + 9; ' D(0;)y solves ([B1)).

This statement follows from Kirchhoff’s representation formula for the wave
equation (see [BLS15al and the references therein) and the definition of the bound-
ary integral operators in Definition Bl We will not go into detail here, as we will
not directly make use of this result. Instead we will later prove a discrete analogue
in Lemma (.11

We consider two closed subspaces X;, € H~Y/2(T"), Y}, € H'/?(T") not necessar-
ily finite dimensional and let le/" : HY2(T') — Y}, denote a stable operator with
“good” approximation properties. This can be the Scott-Zhang operator in its
variant based on pure element averaging; see for example [AFFT15, Lemma 3]. An
alternative is the L?-projection for low order piecewise polynomials, where the sta-
bility depends on the triangulation used with quasiuniformity of the triangulation
being a sufficient assumption; see [CT87[BY14] for other sufficient conditions. The
detailed approximation requirements for the projection operator and the discrete
spaces can be found in Assumption or Lemma [5.30] respectively.

For the rest of the paper, we fix a time step-size At > 0 and use the abbreviation
t, := nAt. For time discretization we will use the two A-stable backward difference
formulas BDF1 and BDF2. Applied to @ = f(t,u), with step-size At, these give
the recursion

1o :
AL Zozju"ﬂ = f(tn,u"),
j=0

where k = 1 and ag = 1, ay = —1 for the one-step BDF1 and k = 2 and «g = 1/2,
a1 = —2, ag = 3/2 for the two-step BDF2 method. Apart from the A-stability we
will also require the fact that these methods are G-stable as shown by Dahlquist
[Dah7g]. In the following u(t) is assumed to be in a Hilbert space with an inner
product (-, -).

Proposition 3.3. The linear multistep methods BDF1 and BDF2 are G-stable.
Namely there exists a positive definite matriz G = (gij)ij=1,...k Such that

k
Re <Z%U'H,U"> > |U™E = Ui,
=0
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where U™ = (u", ..., u" ¥ 1T and
ko k _ _
U™ 18 =D gog(w ™+ un=+49),
i=1 j=1

Proof. As BDF methods are equivalent to their corresponding one-leg methods, the
result follows from [HW10, Chapter V.6, Theorem 6.7] and its proof. O

Next, we give the discrete analogue to Definition 3.2} this is standard in the CQ
literature (see [Lub88a,Lub88blLub94]). To do this we require a standard result
on multistep methods.

Proposition 3.4 ([HW10, Chapter V.1, Theorem 1.5]). As BDF1 and BDF2 are
A-stable methods their generating function 6(z) := Z?:o a;jzd satisifes Red(z) > 0
for |z| < 1.

Definition 3.5. Analogous to the Laplace transform .Z, we define the Z-transform
Z of a sequence g = (gn)7 as the power series (2°g) := > .~ gn2". We will also
often use the shorthand g := Z(g).

Let K(s) again be an analytic family of bounded linear operators in the right
half-plane. For a function v € L>(X) with u(¢) = 0 for all ¢ < 0 on some Banach
space X, we define

[ K(02u ZKU

where the weights K; are defined as the coefficients satisfying
6(z) e

Remark 3.6. We will use the same notation if u := (un)nen is a sequence of values
in X, by identifying u with the piecewise constant function. The connection with
Definition can be seen by applying the 2 transform to the discrete convolution:

Z (K(0fu) = K (%’?) Z(u).

This operational calculus then implies the convolution quadrature discretization
of @), by replacing B(d;) with B(0A!) resulting in the following problem.

Problem 3.7. For all n € N, find ¥) = (™, " )nen C Xp x Y3 such that

(¢,
(3.9) (oo (7 ﬂ ()> ).,

= (=0 um(t,),n). V(&) € Xp X Yi.
0

Since we will often be working with pairs (@, v) € H=Y2(T') x H/?(T') we define
the product norm

(3.10) o, 9T = el -2y + 1915/
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4. WELL POSEDNESS

In this section, we investigate the existence and uniqueness of solutions to Prob-
lem 3771 We start with some basic properties of the operator induced by g and the
operator Bjnp.

Lemma 4.1. The operator g : HY/*(T) — H~'Y/2(T') is a bounded (nonlinear)

operator, with

||g(77)HH71/2(p) <C (1 + ||77||?{1/2(F)) )

where p is the bound from Assumption Z2Am) and the constant C > 0 depends on
I and g.

Proof. We note that the following Sobolev embeddings hold (see [Ada75, Theorem

7.57]):
V1<p <o for d = 2,
Vlgp’g% for d > 3.

(4.1) HY*(T) € LP(T) {

Let p be as in Assumption Z2®). Fix p’, ¢’ such that 1/p’ + 1/¢’ = 1 and both p’

and pq’ are in the admissible range of the Sobolev embedding. The case d = 2 is

clear. For d > 3 we use p’ = 2(;1%22’ q = 2d(1_2'

For n,& € HY?(T) we calculate:
P
[ 50 < gDl Wllorr S (1+ 100 ) Dl

S (N A 3 Pty

The operator Bimp(s) is elliptic in the frequency domain.

Lemma 4.2. There exists a constant > 0, depending only on I', such that
. 2, Re(s) 2
42 Re(Buy(e) (7). (7)) = pmina s 1ol
77Z) 77Z) T ‘S‘

Proof. The analogous estimate to (A2 for the operator B(s) was shown in [BLSI5b]
Lemma 3.1]. Since the bilinear form induced by Bimp(s) — B(s) is skew-hermitian,
this implies (£2]). O

The solvability of the discrete system (B.9]) will be based on the theory of mono-
tone operators. We summarize the main result in the following proposition.

Proposition 4.3 (Browder and Minty, [Sho97, Chapter II, Theorem 2.2]). Let X
be a real separable and reflexive Banach space and let A : X — X' be a bounded,
continuous, coervice and monotone map from X to its dual space (not necessarily
linear), i.e., A satisfies:

o A: X — X’ is continuous,

the set A(M) is bounded in X' for all bounded sets M C X,

. (A(“)ﬂﬁx’xx _
Ty -0 Tl = 00,

(A(u) — A(v),u —v) y/y x >0 for all u,v € X.
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Then the variational equation

<A(u)av>X’><X :<fav>X’><X Vo e X

has at least one solution for all f € X'. If the operator is strongly monotone, i.e.,
there exists B > 0 such that

(A(u)—A(v),u—v}X,XXZBHu—vHi( for all u,v € X,
then the solution is unique.

Proof. The first part is just a slight reformulation of [Sho97, Theorem 2.2], based
on some of the equivalences stated in the same chapter. Uniqueness follows by
considering two solutions u,v and applying the strong monotonicity to conclude
lu—v|x =0. a

Theorem 4.4. Let At > 0 and (Xp,Ys,) € H™Y/2(T)x HY2(T') be closed subspaces.
Then the discrete system of equations [BA) has a unique solution in the space
Xp XYy for alln € N.

Proof. We prove this by induction on n. For n = 0 we are given the initial condition
oY = 9% = 0. Assume we have solved ([33) up to the (n — 1)st step. We denote the
operators from the definition of Bim,(0ft) as Bj, j € Ny, dropping the subscript.
We set 9™ := ™ + JEa#me(t,,) and bring all known terms to the right-hand side.
Then, in the n-th step the equation reads

@ ([ )] O b)),

with

_ 0 n—lB (pj B O
f = _ar—l-uinc(tn) _Z n—j d]j + Do Jrl‘/h'ﬂinc(tn) .

=0

The right-hand side is a continuous linear functional with respect to (£,7n) due to
the mapping properties of the operators B; that are easily transfered from the
frequency-domain versions ([B4); see [Lub94].

In order to apply Proposition B3, we note that the operator By : H~Y/?(T) x

HY2(T) — HY?(T') x H-'/2(T) is the leading term of a power series, and therefore

By = Bimp (%). This implies By is elliptic via Lemma The nonlinearity

satisfies: (g(n),m)p = [rg(n)n > 0 by Assumption Z2[). This implies that the
left-hand side in (&3]) is coercive. For 7,72, we apply the mean value theorem, to
get

(9(m) —g(n2),m —n2)p = /Fg’(S(w))(m(x) —n2(2))* da > 0,

since ¢’ > 0 via Assumption 22 v]). Thus the left-hand side in {3)) is also strongly
monotone. We have already seen boundedness in Lemma Il The continuity is a
consequence of Sobolev’s embedding theorem, with the detailed proof given later
in more generality as part of Lemma [E.T5I([H]). O
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5. CONVERGENCE ANALYSIS

In this section we are interested in the convergence of the method towards the
exact solution. A straightforward approach would be to use the positivity of Bimp
and monotonicity of g to bound the error in terms of a residual. Unfortunately, this
approach necessitates strong assumptions on the regularity of the exact solution and
seems only to give estimates in a rather weak norm; see Appendix [Alfor a sketch of
this methodology. Instead of using the integral equation, we will show convergence
by analyzing an equivalent problem based on the approximation of the differential
equation (ZI)). This equivalence is spelled out in Lemma 511 We will then spend
the rest of the section analyzing the discretization errors between this formulation
and the exact solution. The construction of the equivalent system is based on the
idea of exotic transmission problems as introduced in [LS09)].

For a space X C Y let the annihilator X° C Y’ be defined as

X ={feY':f(z)=0Vz e X}.

Lemma 5.1. Let At > 0, and let X;, € H-'/*(I'), Y}, € HY?(T) be closed sub-
spaces. Let

(5.1) Hp = {ue H (R'\T) : [vu] € Yi,7 u e Xy}
Consider the sequence of problems: Find ul., v}, € Hp forn=0,1,... such that
1< :
(5.2a) 7 D it | =i,
§=0
1 & :
=i _
(52b) E Z ajvie - A’U,Zle,
=0
(5.20) ot — g (ol + T (1) ) + 0w (1) € X7,
(52d) [[8nuie]] € Xh,

where t,, := nAt and ug = vi;j :=0 for j € N. Then the following two statements
hold:

(i) If the sequences @™, Y™ solve B9), then u;e := S(0~) o+ (8?’5)71 D(0A)y
and vie = 0~ solve (B.2).
(ii) If wie, vie solve (&2, then traces ¢ := —[Opuic], ¥ = [yvie] solve (B9).
Note: the subindex “ie”, which stands for “integral equations”, is used to sepa-

rate this sequence from the one obtained by applying the multistep method to the
semigroup, as defined in (14]).

Proof. We first note that (5.2) has a solution in H;. We show this by induction on
n. For n <0 we set uj, := v, := 0. For n € N, we consider the weak formulation,
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find ul, € Hp, vjt € Hp, such that

k
1 .
(5.3a) A Z ajuy, ! = v,
§=0
1 < :
(5.3b) AL Z Ozjv?eﬂ, Zh = — (Vug, VZh)LQ(]Rd\F)
§=0

L2(R4\T)
= (g (v + Rime(tn)) = o u(tn), Tyl )

for all z;, € Hp. Multlplymg the first equation by At and collecting all the terms
involving u], and v}, for j < n in F,, € Hy, the condition becomes apull, = At vl +
F,. After 1nsert1ng thls identity and combining all known terms into a new right—
hand side F" € H},, the second equation becomes

(%)) At
Ay (Vier#h) p2@ary + 0 (Vie, Van) p2rayry

< ([hv L)+ JYh et )) 7 [hzhﬂ>r = <ﬁ",zh>H;LX%h .

Since Hy, is a closed subspace of H!, this equation can be solved for all n € N due
to the monotonicity of the operators involved and the Browder-Minty theorem; see
Proposition 4.3 and also the proof of Theorem [£.4] for how to treat the nonlinearity.
With agul, := Atv]l + F,, we have found a solution to (G.3).

What still needs to be shown is that [0,ul’] € Xp. Note that it is sufficient to
show [0,4;.] € X, for the Z-transformed variable, as we can then express [d,ul]
as a Cauchy integral in X}. The details of this argument are given later.

. n—1 7
It is easy to see that ||u?e||H1 ®RAT) < C(At.) >izo ‘uie L EATY where the
constant may depend on At, but not on /., v}, or n. This implies that the Z-

transform ;. (z) is well deﬁned for |z| sufficiently small.
To simplify notation, define G,, := g([yv] + Jor @ (t,)) — Onu'™(t,). Taking
the Z-transform of (u;.) and (v;.) a simple calculatlons shows that for z, € Hj,

5(z)\* _ - =
((%) Uje, Zh) + (vuie; VZh)L2(]Rd\1“) + <Ga [['Yzhﬂ>r =
L2 (RT)
For z, € C5° (R*\T) this implies

(6
—Aule + (E) Uije = 0.

From zp, € Hj with zp|lg- = 0 we see 97 i, — G e Yy, Let £ € X} and z, is a
lifting of ¢ to H! (Rd \ I‘), ie., v 2, = vz = &, then we get by integration by
parts

< uzev§>p <87761\67£>F =0

or [Ontic] € (X7)° = Xp. We can use the Cauchy-integral formula to write

[Onul] = QLM /C [Onin]z""" dz,
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where the contour C := {z € C : |2| = const} denotes a sufficiently small circle,
such that all the Z-transforms exist. Since we have shown that [9, ;] € X5, and
we assumed that X, is a closed space, this implies [0,u"] € X}. Thus we have
shown the existence of a solution to (G.2)).

We can now show the equivalence of (i) and (). We start by showing that the
traces of the solutions to (5.2)) solve the boundary integral equation. We have the
following equation in the frequency domain:

8\
—Atge + (E) Uie = 0,

Ot — G e vy
The representation formula tells us that we can write @;.(z) = —S(2)[Ontic (2)] +
- 5 ~ - _— —
D(2)[yue(2)]. We set st := %, (2) = s®yue] = [yvie] and 3(z) =
—[0ntic]. Multiplying the representation formula by s2f gives s, (z) =
58S (2)@+D(z)1. Taking the interior trace v~ and testing with a discrete function
& € X, gives
0= (s e, )y = (s*V (5B &)y + ((K(s™) = 1/2)6,60) -

Analogously, by starting from the original representation formula, taking the exte-
rior normal derivative 9;", and testing with 7y, € Y}, we obtain that

(G = (O Ty = ((1/2 = K (s™) @)y + ((5%) 7 W(s2d,m)

Together, this is just the Z-transform of (3.9]). By taking the inverse Z-transform,
we conclude that the traces [yu;.] and [0nvie] solve (B9). By the uniqueness of
the solution via Theorem 4] this implies " = —[0,ul.] and Y™ = [yvl], which
then shows ().

For (i), we observe that due to the uniqueness of solutions to Helmholtz trans-
mission problems u;. defined via (5.2)) and u;. defined via potentials have the same
Z-transform and therefore coincide also in the time domain. (]

5.1. The continuous problem and semidiscretization in space. In this sec-
tion we investigate the problem in a time-continuous setting. We consider the case
of discretization in space via a Galerkin method, inspired by the spaces appearing in
Lemma[5] and also show existence and uniqueness of (21]) under the assumptions
on g made in Assumption The continuous problem is treated as a special case
of the space-semidiscrete problem, as it allows a tighter presentation of arguments,
instead of having to prove things twice. We also lay the foundation for the later
treatement of the discretization in time by introducing the right functional analytic
setting in the language of nonlinear semigroups.

5.1.1. Semigroups. We would like to use the large toolkit provided by the theory of
(nonlinear) semigroups, a summary of which can, for example, be found in [Sho97].
In order to do so, we will rewrite the wave equation (2] as a first order system.
We introduce the new variable v by setting v := % to get

(5) = ()

ofu = gyt 4+ 4™ — ofuie.
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The following definition is at the center of the used theory.

Definition 5.2. Let H be a Hilbert space and A : H — H be a (not necessarily lin-
ear or continuous) operator with domain dom(A4). We call A maximally monotone
if it satisfies:

(i) (Az —Ay,z —y)y <0 for all 2,y € dom A,

(ii) range (I —A) = H.

Remark 5.3. We follow the notation used in [Gral2]. Other authors, e.g., [Nev7§],
work with —A instead. .

The following proposition summarizes the main existence result from the theory
of nonlinear semigroups (we focus on the case ug € dom(A)).

Proposition 5.4 (Komura-Kato, [Sho97), Proposition 3.1]). Let A be a mazimally
monotone operator on a Hilbert space H with domain dom(A) C H.
For each vy € dom(A) there exists a unique absolutely continuous function w :
[0,00) — H, such that
@=Au and u(0) =ug

almost everywhere in t. Further, u is Lipschitz with [|4| 1o (0 00y 1) < |Avollz and
u(t) € dom(A) for allt > 0.

Since we would like to use monotone operator techniques, we need an appropriate
functional analytic setting. We introduce the Beppo-Levi space [DL54]

(5.4) BL! — {u € Hb(RIT) : [|Vul p2 g < oo} /kerV,

equipped with the norm |[lu[z:1 = [[Vul[;2ga\r) and the corresponding inner

product. This space contains all functions that are H' on compact subsets up
to, not necessarily the same, constants in the exterior and interior domain with
L?-gradient in QF and Q™.

The functional analytic setting for our problem is laid out in the next theorem.
We formulate the problem so that it covers the continuous in the time/discrete in
space case. To obtain the continous problem, we just set Xj := H~'/?(I') and
Y}, := HY/?(T).

Theorem 5.5. Consider the space X := BL' x L?(R?) with the product norm and
corresponding inner product and the block operator

(5.5) A= (g é) ,

dom(A) := {(u, v) € BL' x L*(RY) : Au € L*(R\ I),
(5.6)
v € Hp, [Onu] € Xn, 0 iu — g([yv]) € Yho}

Then A is a mazimally monotone operator on X and generates a strongly contin-
uous semigroup that solves

(5.7) (“) — A (“) Cw(0) = g, v(0) = vo,

for all initial data (ug,v) € dom(A).
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If additionally to vo € Hp, also ug € Hp, then the solution satisfies

(i) (u(t),v(t)) € dom(A), as well as u(t) € Hp, and v(t) € Hy, for all t > 0,
(i) u e CH1 ([0, 00), HY(RY\ T)),
(i) @ € L™ ((0, 00), it (RU\T)),
(iv) i € L> ((0,00), L*(R)).
Since a priori u is only fived up to constants, [{l)—(]) are meant in the sense that
there exists a representation which satisfies these properties. From now on, we will
not preoccupy ourselves with this distinction and always use this representant.

Proof. We first show monotonicity. Let z7 = (u1,v1), 22 := (ug,v2) in dom(A).
Then
(Azy — Axo, 01 — 22) griy e
= (Vu; — Vg, Vuy — Vug)Lz(Rd) (Auy — Aug, vy — vg)Lz(Rd)
= (0pu1 — Oy ug,y w1 =y v2)p — (O uy — O ug, vy oy —yTvg)
= <[[8 u1] — [Onua], v~ (v — U2)>p - <5:{U1 - 5:{1127 [y(v1 — U2)]]>1“
= (g(lyorl) = g(lyval), [v(vr = v2)])r

<0

)

where in the last step, we used the definition of the domain of A, which contains
the boundary conditions and the fact that [0,u;] € X}. The definition of H}, from
1) gives that [y(vy — v2)] € Vi

Next we show range(I — A) = X, ie., for (z,y) € X we have to find U =
(u,v) € dom(A) such that U — AU = (z,y). In order to do so, we first assume
r € H) (Rd \F) (a dense subspace of BL'). From the first equation, we get
u—v =2, or u = v+ x, which makes the second equation: v — Av = y + Az. For
the boundary conditions this gives us the requirements

v v e Xy, [yv] € Ya,
[Onu] € Xn, Ofv —g([yv]) + 0z € V2.

This can be solved analogously to the proof of Lemma 51l The weak formulation
is: find v € Hy, such that for all wy, € Hy,

(v, wn) 2 ey T (Vv, Vwn) pogayry + (9([]), [ywnl)r
= (y,wh)Lz(Rd\F) — (VJ?, th)Lz(Rd\F) VU}}L € Hp.

Due to the monotonicity of the left-hand side this problem has a solution via Propo-
sition[3l We then set u = v—z. The fact that the the conditions on [d,u] hold fol-
low from the same argument as in Lemmal5.1], using (X})° = X},. We therefore have
(u,v) € dom (A). For general X := (z,y) € X we argue via a density argument. Let
X, := (T, yn) be a sequence in X N (H (R*\T) x L*(R%)) such that X,, — X.
Let U, := (un,vn) be the respective solutions to (I — A)U, = X,. From the
monotonicity of A, we easily see that for n,m € N: ||U,, — Up, || < | X0, — Xl &,
which means (U,,) is Cauchy and converges to some U =: (u,v). From the first
equation u,, — v, = x, we get that v, — v in H! (Rd\F). From the second
equation v, — Au,, = y,we get Au, — Au in L?. Therefore we have u,, — u in
H) (RY\T), which implies [0,un] — [0,u] € X;. From Lemma BI5I[) we get
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(g(un), &)p — (g(u), &)y, which implies d;Fu — g(u) € Y. The other trace condi-
tions follow from the H'-convergence of v,,. The existence of the semigroup then
follows from the Komura-Kato theorem; see Proposition

In order to see that the additional assumption on the intial data implies u(t) €
‘Hp, we look at the differential equation and integrate to obtain

U=v :>u(t):/0 v(s) ds + u(0).

Since Hy, is a closed subspace and ug = u(0) € Hy, it follows that u(t) € Hp,.
The regularity results can be directly seen from the differential equation. We
remark that the statement u(t) € H' (R?\T) instead of BL' is meant in the sense

of “we can choose a representative in the equivalence class”. (Il
Remark 5.6. With the choice X} := H'/2(T") and Y}, :== H'/?(T"), the semigroup
of Lemma [5.0] represents the exact solution for ([2.1I). .

5.2. Approximation theory in H;. In this section we investigate the proper-
ties of the spaces Hj and introduce some projection/quasi-interpolation operators
required in the analysis.

We start by defining an operator, which in some sense represents a “volume
version” of J2"; see Lemma [5.8().

Definition 5.7. Let £ : H/*(I') — H' (R?\T') denote the continuous lifting
operator, such that v"£v = v and Lv = 0 in Q™. Then we define the operator Il
as

Iy : {UE H! (Rd\I‘) : 'y*u:()} — (Hh,”'”Hl(Rd\F)>
’U'—>’U—£((I—J1¥h)’y+v) in RE\T.
Recall in the above that JX" : H'/2(T) — (Yy, [[[l1/2) denotes a stable operator.

In the next lemma, we collect some of the most important properties of IIj.

Lemma 5.8. The following statements hold:
(i) if le/h is a projection, then Iy is a projection,
(ii) [yLou] = Jp*[rul,
(iii) o is stable, with the constant depending only onT and Hleh
)

HY/2(D)—H/2(T)’
(iv) Iy has the same approximation properties in the exterior domain as le/h
on T, ie.,

Y]
= Mol s g0y < © || by = R0 e,

Proof. All the statements are immediate consequences of the definition and the
continuity of £ and le’”‘. O

In the analysis of time-stepping methods, the Ritz projector plays a major role.
For our functional-analytic setting it takes the following form.

Definition 5.9. Let a > 0 be a fixed stabilization parameter. Define the Ritz-
projector II; as

I : Hy (RU\T) — Ha,
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where II;u € Hj, is the unique solution to
(VILiw, Vo) 2 gaypy + @ (Thw, o) p2 (gayry
= (Vu, Vo) pagary + @ (4, vn) 2 gayry + ([0nul, v~ vn)p  Yon € Hp.
Lemma 5.10. The operator 111 has the following properties:
(i) 11y is a stable projection onto the space HpyN{u € HA (R¥\T) : [0,u] € X}

with respect to the H' (R*\ T')-norm.
(ii) Iy almost reproduces the exterior normal trace:

(Oiu, &) = (8 u, &), VE €Y.
(iii) IIy has the following approxzimation property:

||(I - Hl)u’”Hl(]Rd\F)
=¢ <Uhigth o= wnlli ey + 1L 10wl = f”h||H1/2(r)> '

For u € HY(R\T), with u|q- = 0, this approximation problem can be reduced to
the boundary spaces Xp, Yp:

: +
I(I = I )ull g1 gayry < C1 y:g% [T 7 PRy
+Cs a:hlgch 10wl = znll g-1/2(ry-
All the constants depend only on T' and a.

Proof. This operator is well defined and stable as Hj, is a closed subspace of
H'(R?\ T) and the bilinear form used is elliptic. The fact that II; reproduces
the normal jump follows from testing with v € C§°(R?) to get the partial differ-
ential equation and then using an arbitrary v together with integration by parts.
In order to see [0,II1u] € Xp we follow the same argument as in the proof of
Lemma 51l For £ € X7 we obtain by using a global H!-lifting and integration by
parts:

([0nThhul, ) = ([Onu], &)p — ([Onul, &)1 = 0.
Thus [0, u] € (X})° =X}, and range(I1;) CHy, N {u € HR (RT\T): [0,u] € X, }.
The fact that it is a projection follows from the fact that for u € Hp, with [0,u] €
X, the term ([0nu], ¥~ vp) vanishes.
For any up, € Hyp and xp, € Xp,
17 = el oy
S (V(I - Hl)u, V(I - Hl)u)L2(Rd\I“) + « ((I - Hl)u, (I - Hl)u)L2(Rd\F)
= (VI = )u, Vu = Vup) pogaypy + o (I = )u, u — up) p2gayr)
+ ([0nu] = zn, vy hu =y up )y,

S - Hl)UHHl(Rd\r) l[u— uhHHl(Rd\F)
o 1100n] = a2y (= Thatll g gy + 16 = 0l s ) -

Young’s inequality concludes the proof.
For the second part, we need to estimate infy,, ew, [u — un|l g1 (ga\r)- Let yn € Y

be arbitrary and let 8 be a continuous H' lifting of y*u — vy, to Q1. Define u;, =0
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in Q™ and uy :=u — 0 in QF. Then we have by construction [yus] =y € Y}, and
therefore u;, € Hj. For the norm we estimate:
flu— uh“Hl(Rd\l") = H‘9||H1(Q+) <C ||’Y+U - yh||H1/2(1’\) .
O
Since we are interested in the case of low regularity, it is often not enough to

have H' stable projection operators. For this special case we need to make an
additional assumption on Y.

Assumption 5.11. For all h > 0, there exist spaces Yhﬂ_ C HY(Q7) such that
Y, 2 vV and that there exists a linear operator J" : L*(Q7) — Y& with

the following properties: Jgh; is stable in the L?- and H'-norm and for s = 0,1
satisfies the strong convergence

Yy s(O—
Hu - JQ’LUHHS(Q_) —0 forh—0, Yue H*(Q7).

This allows us to define our final operator.

Lemma 5.12. Let £E* : H™ (QF) — H™(RY) denote the Stein extension operator
from [Ste70, Chap. V1.3], which is stable for all m € Ny. Then we define a new
operator

My : L2(QF) — Hy,
u—u—E&E" ((I — Jg’:) S+u) in QF
and su := 0 in Q7 ; i.e., in order to get a correction term similar to the one for
Iy we extend the function to the interior, project/interpolate to thr and extend it

back outwards.
This operator has the following mice properties:

(i) Iy is stable in L? and H*,
(i) for s € [0,1): Ju— Mo g garpy S H(I - Jg’:)EJruHHS(Rd\F),
(ili) ou — u in H' and L? for h — 0, without further reqularity assumptions.
Proof. In order to see that Ilou € Hj,, we have to show v T Il,u € Y;,. We calculate:
Y =y u -y u+ 47 I ETu € Vs,

For the approximation properties, we use the continuity of the Stein extension:

= Tl ooy = [[€ (1= I3 ) &)

<[ (=)

H H=(RI\T)

H*(RAD)
The extension £7u has the same regularity as u, thus we end up with the correct
convergence rates of Yhﬂf. ([l

Remark 5.13. While Assumption [5.1T]looks somewhat artificial, in most cases it is
easily verified, as we can construct a “virtual” triangulation of 2~ with piecewise
polynomials. The projection operator Jg’: is then given by the (volume averaging
based) Scott-Zhang operator or for high order methods some quasi-interpolation
operator (e.g., [KM15]). .
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Remark 5.14. The use of a space on 27 is arbitrary and made to reflect the fact
that usually a natural triangulation on Q™ is given. An artificial layer of triangles
around I' in Q% could have been used instead and would have allowed us to drop
the extension operator to the interior. .

To conclude this section, we investigate the convergence property of the nonlin-
earity g.

Lemma 5.15. Let n € HY?(T') and n;, € HY/?(T) be such that n;, converges to n
weakly, i.e., np, — n for h — 0. Then the following statements hold:
(i) g(mm) = g(n) in H=Y/*(T),
(ii) If n, — n strongly in HY*(T), then g(nn) — g(n) in H-Y?(T), i.c., the
operator g : H'/?(T') — H~'/2(T") is continuous.
(iii) Assume that np, — n stmngly in HY2(T) and |g(p)| < C(1 + |ul?) with
p<oo ford=2andp < d , then the convergence is strong in L?:

(iv) Assume |g'(s)] < Cy (1 + |s]?), where ¢ < oo is arbitrary for d = 2, and
q <1 ford=3. Then we have the following estimates:

lg(m) — g2y < C)ln — mnll 2+ ford =2, Ve >0,
lg(m) — g2y < CDln — mull gz,

where the constant C(n) does not depend on h.
(v) Alternatively, if n € L>®(T) and ||np, — ||~ < Coo we have

lg(m) = g(mr)ll2ry < C(lInlloos Coo)lln = nall2r)

Proof. We focus on the case d > 3, the case d = 2 follows along the same lines but
is simpler since the Sobolev embeddings hold for arbitrary p € [1, 00).

Ad (I): Since weakly convergent sequences are bounded (see [Yos80, Theorem
1(ii), Chapter V.1]), we can apply Lemma 4.1 to get that g(n) is uniformly bounded
in H=Y/2(T"). By the Eberlein-Smulian theorem, see [Yos80, page 141], this implies
that there exists a subsequence g(ny,,), j € N, which converges weakly to some limit
g € H Y2(T"). We need to identify the limit § as g(n). By Rellich’s theorem, the
sequence 7y converges to n in H 5( ) for s < 1/2, and using Sobolev embeddings
we get that n,, — 7 in LP(T) for p/ < 2d 2 . Standard results from measure theory
(e.g. [Bre83l Theorem IV.9]) then give (up to picking another subsequence) that
nn, — 1 pointwise almost everywhere and there exists an upper bound ¢ € o (M
such that |7, | < |¢| almost everywhere. The growth conditions on g are such that

C(1 + [¢|P) is an integrable upper bound of g(n). By the continuity of g we also
get g(nn,;) — g(n) almost everywhere. For test functions ¢ € C*°(T"), we get:

/Fg(nhj)¢—>/rg(n)¢

by the dominated convergence theorem (note that ¢ is bounded). On the other
hand, since C=(I') € HY?(T), we get (9(mm,), ®)p = (9,¢)p due to the weak
convergence. Since C°°(T') is dense in H'/?(T"), we get g(17) = §. This proof can be
repeated for every subsequence, thus the whole sequence must converge weakly to
9(n).
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Ad (@): By the Sobolev embedding theorem, we have

g\n)—g\nn),v
lo(m) = gl oy = sup I —9(m) vy
0#veEH/2(T) HUHHl/?(F)

S llg(m) = gl Lo (ry-

If g, — nin HY/%(T), the Sobolev-embeddings give 1, — 1 in L4(T') for ¢ < 2=2.
Again by [Bre83, Theorem IV.9], this implies that there exists a sub-sequence 7y,
which converges pointwise almost everywhere and there exists a function ¢ € L4(I")
such that |n,| < |¢| almost everywhere. From the growth conditions on g, we get
that (14 |¢|?) € LP'(I'). Since g is continuous by assumption, g(mn,;) converges
to g(n) pointwise almost everywhere. By the dominated convergence theorem this

implies [ [g(nn,) — g(n)]?” — 0. The same argument can be applied to show that

for p’ :==(2d — 2)/d for d > 3, and p’ > 1 for d = 2.
2d—2
d

every sub-sequence of g(7;,) has a sub-sequence that converges to g(n) in H~/2(T).
This is sufficient to show that the whole sequence converges.

Ad ({l): Follows along the same lines as (f). Instead of estimating the H~'/2-
norm by the p’ norm via the duality argument, we can directly work in L?. Due to
our restrictions on g and the Sobolev embedding, we get an upper bound C(1+|(J?)
in L?(T'), which allows us to apply the same argument as before to get convergence.

Ad ([)): Using the growth condition on g’ we estimate for fixed z € T":

n(x)
lg(n(x)) — g(nn(x))] = / ( )g’(f) de| < Inh(x)—n(x)lge[ S(UI)) - lg"(&)]

(5-8) < Jnn () = n(2)| € (1 4 max (|na (2)[% [n(2)])) -

In the case d = 3, we use the Cauchy-Schwarz inequality to estimate:

2 2
lg(n) — g(m) 2y S 1L+ max(lmal, 191)? |22yl (0 — 1) Loy
S (L I eacry + Illancry ) 10 = ) 3y
S (4 Il ey + I0037m ey ) 160 = ) W32y

where in the last step we used the Sobolev embedding. Since weakly convergent
sequences are bounded, the first term can be uniformly bounded with respect to h,
which shows (iv) for d > 3.

In the case d = 2, we have by Sobolev’s embedding that [[max(|nsl, [n])[ 1w ()
can be bounded independently of h for arbitrary p’ > 1. Using (B8] to estimate
the difference and applying Holders inequality then proves (iv) in the case d = 2.

Ad @): We just remark that, since g is assumed C!, we have that ¢’ is bounded
on compact subsets of R. Arguing as before, the supremum sup(g'(§)) is there-
fore uniformly bounded, from which the stated result follows by applying Holder’s
inequality and the Sobolev embedding. ([l

5.2.1. Convergence of the semidiscretization in space. We now focus on the dis-
cretization error, due to the spaces X and Y. In order to do so, we recast the
semigroup solutions from Lemma [5.5] into a weak formulation.
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Lemma 5.16. Let Hy, be defined as in Lemma BIl Then the semigroup solution
E20) denoted by (up, vy)(t) solves

(5.9a)  (Vin(t), Vwn) o gayry = (Von(t), Vn) p2 gayry »

(5.9b) (0n (), Zh)Lz(Rd\r) = — (Vua(t), Vzh)m(Rd\r) = (g([vvn])s Iyznldr

for all (wp, z) € BL* x Hj, and t > 0. The exact solution satisfies

(5.10a)  (Vi(t), Vwn) p2gayry = (VU(t), Vr) 2 eyt »

(5.10b) (0(2); 2n) p2gavry = — (Vult), Van) pogayry — (9([v0]), [yzul)r
- <[[an“]]77_zh>r )

for all (wp, z,) € BL* x Hy, and t > 0.

Proof. This is a simple consequence of (5.2), the definition of dom(.A) and integra-
tion by parts. We just note that the last term in (5.I0B]), which is not there in a
straightforward weak formulation of the exterior problem (Z.I), appears because we
replaced 1z, with [yz;] in the boundary term containing the nonlinearity. The
difference to (B9) with X}, and Y}, as the full space, is because of the condition
v~ zn € Xj, which would imply v~ 2;, = 0 for the full space case. O

Now that we have developed the appropriate approximation theory in the space
‘Hp, we are able to quantify the convergence of the semidiscrete solution to the
continuous one. This is the content of the next theorem.

Theorem 5.17. Assume that there exists an L?-stable projection Iy onto Hjy, with
l|lu = Taul| p2gaypy — O for h— 0 as described in Lemma 5121
By introducing the error functions

A pu®)\ _ (u—Tu
pl) = (pv(t)> o (v - sz> ’
0(t) == g([vvl(t)) — g([20(®)]),

the convergence rate can be quantified as
(5.11)

t
[[on(t) — U(t)”i?(u{d\r) + [[Vun(t) — Vu(f)\|i2(Rd\r) + 5/0 Jo() = Uh(7)||i2(r) dr
(5.12)

t
S 1on(0) = w(O) |72 (gaypy + 1 Vun (0) = V()| 72 gy + T/O lp()|% dr

t
2 — 2
+T/o HP(T)HL?(Rd\r)le(Rd\r) +p7 ||9(T)||L2(r) dr.

The implied constant depends only on the stabilization parameter o from Definition
0.9l

If the operator g : H'/?(T') — L*(T) is continuous (see Lemma BIDIE) for a
sufficient condition), then the right-hand side converges to 0 for h — 0.

Proof. The additional error function

o= (20) = (i)
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solves

(Véu, th)L?(Rd\r) = (Ve, th)LZ(Rd\r) = (Vpu, th)L2(]Rd\1")
+ (Vhu, VWn) r2gayry »
(€vs 2n) 2gavry = — (Vew, 2n) p2avry — (9([von]) — 9([vH20]), [vzn])
+ (po, Zh)m(Rd\r) + (0, [vanl)r + a (pu, Zh>L2(]Rd\F)

for all wy, z;, € Hp. From the strict monotonicity of g, we obtain the following by
testing with e:
1d 2 2
Sq lelix + BIvellzzmy < Vool 2@y IVeull p2gayry
+ IVoullp2ayry IVeull 2oy
+ ||p’u||L2(Rd\F) ||ev||L2(]Rd\F) + H9||L2(F) ||[hev]]”L2(I‘)
ta Hpu||L2(Rd\r) ”ev”L?(Rd\F) :

Young’s inequality and integrating then gives

t
le()[% + 8 / Ilve ] ()2 dr
< 2 t . 2 2 T 2
SO +T [ Il dr+max (L) T [ 1oy o) 4

n t
_ B
+ 757" [ Wy dr+ 7 [ Mbes e + eI

By Gronwall’s inequality, with o dependence absorbed into the generic constant,
2 K 2
le(®ly +5 | Ibednl} dr

t
S le(O)l1 + T/O 15 + 10022 reyry s ey + B8 107y dr

By the triangle inequality |[u — un|» < |leflx + [|p]l 5 this gives (BII). In order
to see convergence, we need to investigate the different error contributions. Since
we have u,v € L> ((0,T),H'()), we get convergence of ||p|l, — 0. We have
v e L™ (0, T, L?(R?\ F)) which implies convergence of p,, since we chose Ily as
the projector from Lemma Since @ € HY(RY\ T'), we also have p, — 0 for
h — 0. This means, as long as the nonlinear term converges, we obtain convergence
of the fully discrete scheme. |

Remark 5.18. It might seem advantageous to use Ritz projector II; throughout
the proof of Theorem [B.17 as this choice eliminates the term [[Vpy |12 ga\r), but

the Ritz projector is not defined for ¥ € L?(R?). Thus we have to either assume
additional regularity or use the projector Ils. .

5.3. Time discretization analysis. In order to estimate the full error due to the
discretization of the boundary integral equation, we are interested in approximating
the semigroup solution u via a multistep method. This problem has been studied
in the literature and the following proposition gives a summary of the results we
will need.
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Proposition 5.19. Let A be a mazimally monotone operator on a separable Hilbert
space H with domain dom(A) C H.

Let u denote the solution from Proposition 5.4 and define the approzimation
sequence uR, by

k
1 -
65.19) LS e — Au
§=0
where we assumed ujAt = u(jAt) for j = 0,...,k. The a; originate from the

implicit Fuler or the BDF2 method.

Then ulx, is well-defined, i.e., (B13) has a unique sequence of solutions, with
u}, € dom(A). If ul,,...,uk, € dom(A), then the following estimate holds for
NAt<T:

maxu(t) — ul, | < C | Aol [At +TY2(AL)Y? 4 (T + T1/2) (At)l/ﬂ .
Assume that v € CPYL([0,T], H), where p is the order of the multistep method.
Then
tn) — uRy|| < CTALP.
Jmax lu(tn) —ua.fl < €

Proof. The general convergence result was shown by Nevanlinna in [Nev78, Corol-
lary 1]. The improved convergence rate is shown in [HW10, Chapter V.8, Theorem
8.2] or follows directly by inserting the consistency error into the stability theorem
[Nev78, Theorem 1]. O

Remark 5.20. We will use a shifted version of the previous proposition, where we
assume u,; = u(—jAt) for j € N and define all %, via (5I3) for all n € N. This
does not impact the stated results. .

Now that we have specified the semigroup setting, we can define the multistep
approximation sequence (usg,vsq) C dom(A) of (1)) via

k

1 .
_E o M—J —
A Qg = Vg,
Jj=0
k
i 2T = Ay
AL Vg7 = Ay,
j=0

together with the initial conditions u/, = u'™¢(jAt), v, = 4*"°(jAt) for j < 0; see
Proposition (.19

Comparing this definition to (5.2l), we see that due to the way we dealt with
u™™¢, the approximation of the semigroup does not coincide with the approximation
induced by the boundary integral equations. The following lemma shows that this
error does not compromise the convergence rate.

Lemma 5.21. Let p > 0 denote the order of the multistep method, and assume
(uinca uinc) eC® ((07 T)a X)

for a > 1. We consider the shifted version of ., defined via Uie ‘= Uze + I u™

and Vi = 0P + Hou'™e; Ty and 11, are defined as in Section 5.2, Then the



1804 LEHEL BANJAI AND ALEXANDER RIEDER

following error estimate holds:

B N 1/2
(e = T oy + 19 = Ve )

< CT (At)™ oD | (yine, mc)”m ((0,7),%)

+CAtZH(I ) m(t)H

H1/2(T)

+0Atz inf |a:’llmc(tj)—$hHH—1/2(p)

xheXh

+ CAtjz::O H (1= ) yiimee, )H

H1/2(T)

The same convergence rates hold if we use u'™°, 4'"° instead of the projected versions
on the left-hand side. Thus in practice we do not depend on the noncomputable
operators Iy and I1;.

Proof. Inserting the definition of ;. and v;, into the multistep method, using (5.2)),
we see that (Uje, U;e) solves

with right-hand sides

k
n 1 2 : inc inc
g = A_t P ajﬂlu (tnfj) - 1_IOU (tn)a

k
1 ) )
0" 1= o > oylloi™ (t) — AlLu™(t,).
j=0

We have shown that A is maximally monotone and that from the properties of Il
and II; we have (ul%,v]") € dom(A). Thus, we can apply [Nev78, Theorem 1] to

e 7,6
get for the difference ;e — ugg

. 2 1/2
+||vag, - VU’SQHLZ’(Rd\F))

(vag - 5zneHQL?(]Rd\F)
n -2 -2 1/2
< A (167 + 1V amonry)

j=0

It remains to estimate the error terms [|6" |2 ga\ry and [[Ve™ || 2 ga\r). We start
with € and rewrite it as

T é D ™ (ty) = (1) |+ (T =) (57(1).
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For the norms, due to the stability of II; and the approximation properties of IIy
and Ily, this gives

k
n 1 inc - inc
19" sy S || 2 D0 @™ (tng) = 7 k)
=0 H(RI\T)

+ H (1= ) e ()

: + -inc o
‘Hl/z(p)—’_a;hnelg(h ||a"u (t") thH*l/z(F)'

The first term is O (Atmin(pvo‘*l)) as the consistency error of a p-th order multistep
method.

A similar argument can be employed for 7,,. Noticing that All;u = Awu and
arranging the terms as above gives

k
n 1 - inc inc
16" L2 ravry S Az Z ;U (tn—j) — Au™(tn)
=0 L2(RI\T)

+ H(I - HO)A“mC(tn)Hm(Rd\F) :

Since we assumed that 4™ solves the wave equation, we have that

k
16" L2 ey < O ((At)mln(p’a71)> + CZ (1~ Ho)ﬁmc(tn)Hm(Rd\r)’
=0

which concludes the proof. O

The following convergence result with respect to the time discretization now
follows.

Theorem 5.22. Assume for a moment that X, = H='/? and Y}, = H'/?(T"). The
discrete solutions, obtained by u;. := S(0~) @ + (0~ L D(0RAY) converge to the
exact solution u of (B.T) with the rate

,max Hu(tn) — Uje(tn) — umc(tn)H < T(AL)Y3,

If we assume that the exact solution satisfies

(u,u) € CP** ([0,T], BL' x L* (R*\T)),
then we regain the full convergence rate of the multistep method
max [t = wieftn) — u" (k)| S T(AD)

n

For the fully discrete setting, the same rates in time hold, but with additional pro-
jection errors due to u'™¢; see Lemma [5.21].

Proof. This statement is easily obtained by combining Proposition[5.I9with Lemma
211 O

5.4. Analysis of the fully discrete scheme. In this section, we can now com-
bine the ideas and results from the previous sections, to get convergence results
for the fully discrete approximation to the semigroup, and therefore also to the
approximation obtained by solving the boundary integral equations ([3.9) and using
the representation formula.

We start by combining the estimates from Sections [B.1] and [£.3] which immedi-
ately give a convergence result for the full discretization.
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Corollary 5.23. Assume that the incoming wave satisfies (u*™¢, u¢) € C*((0,T), X)
for a> 1. Setting ust(t,) := ufyt + u'(t,) and V3(t,) = vAt +0Me(t,,) the dis-
cretization error can be quantified by

| afet(tn) - ||BL1 + H~At n) = u(t”)HH(Rd)

S (HAu(O)HX 10 )l 0.1, ) T (A"

n

o (1= ) i) g
=0

+ At go Ih“g(h [0 (t;) — an ||H—1/2(r)

w8 (1= R )
§=0

t’Vl
. 2 2 — 2
LT / 1B + () 2 ey ry gy + B 10y dr

with the error terms
o= () = (0.
0(t) := g([rv]) — g(yav]).
Assuming |g(p)] S (1 + |,u|%) for d > 3, this gives the strong convergence
ub! +u™ —u in L ((0,T); BL'),
Oftug! + 4™ — i in L ((0,T); L*(RY))
with a rate in time of (At)1/3 and quasioptimality in space.

Proof. We just collect all the estimates from the previous sections. The stronger
growth condition on ¢ is needed to ensure that nonlinearity-error 6 converges in
L?(T") (see Lemma [E.IHI[H)). O

5.4.1. The case of higher regularity. Previously, we avoided assuming any regularity
of the exact solution u. In order to get the full convergence rates, we need to make
these additional assumptions.

Assumption 5.24. Assume that the exact solution of [21) has the following reg-
ularity properties:

(i) we CP((0,T); H(QT)),

(ii) @ € CP*T ((0,T); L* (M),

(ifi) v u,y"u € L (( ), H™(I),

(iv) 8+u dfu e L™ ((0,T), H™(T)),

(v) i € L ((0,T), H™(Q")),

(vi) y*a € L>((0,T) x T'),
for some m > 1/2. Here p denotes the order of the multistep method that is used.
Remark 5.25. We need the strong requirement of v+ € L ((0,T) x ') in order

to be able to apply Lemma B.I0I[®). If we make stronger growth assumptions on
g’, we can drop this requirement. .



CONVOLUTION QUADRATURE FOR THE WAVE EQUATION 1807

Since we only made assumptions on the exact solution u(t), we cannot use the
same procedure as for Theorem [B.17 of first considering semidiscretization in space
and then treating the discretization in time separately, since this would require
knowledge of the regularity of up(t). Instead, we will perform the discretization
in space and time simultaneously using a variation of Theorem .17 in the time-
discrete setting.

The G-stability of the linear multistep methods used allows us to analyze the
convergence rate of the method, given that the exact solution has sufficient regu-
larity in space and time.

Lemma 5.26. Assume, that g is strictly monotone as defined in 2.4). Let uf, , v,
denote the sequence of approximations obtained by applying the BDF1 or BDE2
method to (B1) in Hy, and u the exact solution of ([21)), with v:=1u. We will use
the finite difference operator DA : 2 — (2 . [DAt u]™ At Z] _oju"d and with

the same notation for continuous u set [D™'u]™ == ZJ _o 0u(tn—j).
We introduce the following error terms:

OF =1L ([D*u]™ —ulty)),
1 o=y (D] —i(tn)) ,
Trr = (I = 1lo) v(ty),
?V = (I - HQ)".}(tn)v
Oy = g([vw(tn)]) — g([YH2v(tn)]),
vi= I —1)u(tn).

Then
(5.15)
n 2 n
[ 050 — “(tn)HLz ®A\r) T [Vugy n — Vult HLQ(]Rd\F)
2
+ﬂAtZHH Vigh ~ tj))]”m(r) ds
<A Ve ol |’ o’ ol |’
13| vei | |vein| |
Z LQ(W\F)Jr 11\ g2y T T gy TPV 2 ey
At H@J’ H@j } .
i ;0 Vil TV e gy

The implied constant depends only on the parameter o in the definition of 11;.

Proof. The proof is fairly similar to the one of Lemma 52T and many of the similar
terms appear. We define the additional error sequence

e = ez = Hlu(tn) - u?gﬁ .
62 HQv(tn) - U?g,h

The overall strategy of the proof is to substitute e in the defining equation for
the multistep method and compute the truncation terms. We then test with e” in
order to get discrete stability just as we did in Theorem [5.231 The proof becomes
technical, due to the many different error terms which appear.
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The error e™ solves the following equations for all wy, z5, € Hj, (see (B10)):
(V[D2e, )", th)Lz(Rd\p) = (Vey, Vwn) 2 gayry +(V(O1 + O111) , Vwn) 2 gavr) 5
([D%%e,)™, Zh)L2(]Rd\r‘) = —(Vew, Vzn) 2o\
—(9([voiy 1)) = 9 av ()]s [vznl) -
+ (O +O1v + a®vr, 21) r2@ayry + (Ov, [vzr])r -
From the strict monotonicity of g, we obtain by testing with e™ that
([D2e]",e™)  + Bllveulllzz ) < (V(O1 +©111) , VeR) o ary + (Ov, el Dr
+(©1r+O1v +aOvr,ey) 2 gar) -

We write E" := (e”,...,e" *)T and use Proposition B3] to obtain a lower bound
on the left-hand side. Using the Cauchy-Schwarz and Young inequalities on the
right-hand side then gives

n|2 n—1[|2 nT |2
IE" e = |1E" | g + BA | Ivesllzer)
S ALIVO; + V0111 agar) + AL OV 72
+ A9 +Ov + @V[H%2(Rd\1—\) .

Summing over n and noting the equivalence of the G-induced norm to the standard
R¥-norm gives the stated result. ]

Assumption 5.27. Assume that the spaces Xy, Yy and the operator JIY”' satisfy
the following approximation properties:

(5.16a)
0f o= anllgragey < ORHROD o] ) Vg € HE(T)),
_ 7Y min(m,q4+1)—1/2
(Ga60) o= ] S ORI ) € (D),

for parameters h > 0 and q € N, with constants that depend only on I' and q. As-
sume further that the fictitious space Yy, and the operator J;{’i from Assumption B.I1]
also satisfy

(5.17) Hu - J;{@u] < CR™M M ||| oy Yue H™MQO).

L2(Q-) —

Theorem 5.28. Assume that Assumptions and are satisfied and that we
use BDF1(p = 1) or BDF2(p = 2) discretization in time. Assume either |g'(s)] <
1+ |s|? with g €N ford=2 or q <1 ford=3, or assume that Mot 1o ey < C
is uniformly bounded w.r.t. h. Then the following convergence result holds:

[ ﬁ(tn)H;(Rd\r)_" [Vulyn = u(tn)HLZ(Rd\F) =0 (T (hmin(qﬂ/z’m) + Atp)) :

The constants involved depend only on T', g, «, and the constants implied in As-
sumptions B.24] and Assumption [B.271].

Proof. We already have all the ingredients for the proof. We combine Theorem [5.26]
with the approximation properties of the operators from Section O and Oyy
are the local truncation errors of the multistep method and therefore O(AtP) (the
operators IIy, II are stable). To estimate Oy, the assumptions on g or Ily are such
that we can apply Lemma O
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Remark 5.29. The assumptions on the spaces X}3,Y;, are true if we use standard
piecewise polynomials of degree p for Y, and p — 1 for X} on some triangulation
Tn of T. See [SS11, Theorem 4.1.51, page 217] and [SS11l Theorem 4.3.20, page
260] for the proofs of the approximation properties. In this case, the approximation
property (5I7)) holds via the construction from Lemma [5.12] using the Scott-Zhang
projection and standard finite element theory. The requirements on Ilsu can be
fulfilled in numerous ways, e.g., in 2D and 3D it can be shown using standard
approximation and inverse estimates as in [Tho06, Lemma 13.3]. The same result
can also be achieved by replacing IIs by some projector that allows L>°-estimates,
e.g., nodal interpolation. "

5.5. The case of more general g. In all the previous theorems we assumed that
g was strictly monotone. In this section, we sketch what happens if we drop this
requirement. Most notably we lose all explicit error bounds and also the strong
convergence. What can be salvaged is a weaker convergence result.

We start with the weaker version of Theorem [B.17] telling us that the semidis-
cretization with regards to space converges weakly.

Lemma 5.30. Assume the families of spaces (Xp)nso and (Yi)nso are dense in
H=Y2(T) and HY?(T), respectively. Then the sequence of solutions uy,(t), vy (t) of
BE90) weakly towards the solution of (BIQ) for almost all t € (0,T) for h — 0.

Proof. We fix t € (0,T]; all the arguments hold only almost everywhere w.r.t. ¢,
but that is sufficient in order to prove the result. Since g([yvr])[yvr] > 0, testing
with wp = up, and zp, = vy, in @) gives

[un (), va ()l 2 < [[un(0), v (0)]] 5 -

By the Eberlein-Smulian theorem (see for example [Yos80, page 141]), this gives
a weakly convergent subsequence, that we again denote by uy, v, — uniqueness of
the solution will give convergence of the whole sequence anyway — and write u, v
for its weak limit. It is easy to see that @, — @ and vp, — © since the convergence
is only with respect to the spatial discretization.

From the estimate in Proposition 5.4] we get [|uy(t), o5 ()| 4 < C (u™¢), since
(ui"C(O),vmc(O)) € Hp, as the incoming wave vanishes at the scatterer for ¢t = 0.
Since iy, = vy, we have that [[vp(t)|| g1 (ga\r) is uniformly bounded. This implies,
up to a subsequence, that the trace also converges: [yvp,(t)] — [yv(t)] in HY?(T).
What remains to show is that g ([yvn(t)]) — g ([vv(¢)]). This was already done in
Lemma @. O

The convergence of the time discretization does not depend on the strong mono-
tonicity of g. This insight immediately gives the following corollary.

Corollary 5.31. Assume the families of spaces (Xp)nso and (Y,)n>o are dense in
H-Y2(T) and H'*(T), respectively, and assume that the operator Ji" converges
strongly, i.e., fory € H'/*(T'), le/”y — y converges when h — 0.

Let ﬂfet, ﬂﬁg‘t denote the piecewise linear interpolant between the time-stepping
approzimations ul, O from Lemma 521l at nodes nAt. Then these approzimations
converge weakly towards the solution of 21 for almost allt € (0,T) for At — 0

and h — 0.
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Proof. Inspecting the proof of Lemma [5.2T] and Theorem £.22] we didn’t require g
to be strictly monotone, therefore we get that ﬂiAet and @Aet converge (strongly) to
up, and vy, respectively. Then the result follows directly from Lemma [5.30 ([l

6. NUMERICAL RESULTS

In this section, we investigate the convergence of the numerical method via nu-
merical experiments. We implemented the algorithm using the BEM++ software
library [SBA15]. In order to solve the nonlinear equation (), we linearize g and
performed a Newton iteration, i.e., at each Newton step, we solve

K} n,k+1 )
e N P
T

@1 = < ” (g) > +{gho )
with

Jr=— (ammc ) ZBM< >
and

gs =—g (wn,k 4 lehuinc(tn)) _|_g/ (wn,k 4 lehumc(tn)) wn,k.

For Jffh we used an L2-projection. As we can see, the right-hand side consists of
two parts, where g has to be recomputed in each Newton step but only involves
local computations in time and space. The computationally much more expensive
part f™ is the same for each Newton step and thus only has to be computed once.
Therefore, as long as the convergence of the Newton iteration is reasonably fast, the
additional cost due to the nonlinearity is small. This was already noted in [Ban15].
In order to efficiently solve these convolution equations, we employed the recursive
algorithm based on approximating the convolution weights with an FFT described
in [Banl0].

For X}, we used piecewise polynomials of some fixed degree p on a triangulation
of I' and for Y}, globally continuous piecewise polynomials of degree p + 1.

In order to be able to compute an estimate of the error of the numerical method,
we need to have a good approximation to the exact solution. This was obtained
by choosing a sufficiently small step size compared to the numerical approximation
and always use the second order BDF2 method; we used at least At., < % for the
scalar examples and At,, < % for the full 3D problems.

Since it is difficult to compute the norms |[u|| ;1 ga\r) and [[v[|p2ga\ry from the
representation formula, we will instead compare the errors of the traces on the
boundary. The convergence rate of these is the content of Lemma To prove
this lemma, we first need the following simple result.

Lemma 6.1. Let f e C"(X), f € C(X) for some Banach space X, with 0 =
F(0) = f'(0)=---= fr=D(0) = £(0) and r < p. Then

Ha;lf— (aﬁt)‘lﬂ\x <t [(At) max ||f7(7)[|x + max

€[0,1] r€[0,t]

o) -7 |
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Proof. We split the error into two terms by writing
ot = @27 7] < oty — 2™ o] + 0™ (- 1)
X

The stated estimate then follows from the standard theory of convolution quadra-
ture; see [Lub88al Theorem 3.1], noting that 8{1 is a sectorial operator. O

This now allows us to prove convergence estimates for ¢ and .

Lemma 6.2. Let u solve ([5.7), write u(t) := u(t) — u'™°(t), and define the traces
¥(t) == Oyt u(t) and @(t) := =0 u(t). Let ue, vie solve [5.2), with corresponding
traces Yie = —[Ontie], Wie = [YVie]. Then

H‘ o ()~ (00 wne]”

b - [(029 o] < [aten -l

“llz2rA\D)
T

Lt' _ ]
+Hu( ]) Vie L2(RA\T)

O (At")
holds for all n with nAt < T, with constants that depend only on T' and the end

time T, and where r is the minimal regularity index of (t) and o(t).

Proof. From the definition of 1) and the properties of the operational calculus we
have that

(atAt)il Vie = (atAt)il [[VUieﬂ = (atAt)il atAt[h’Uie]] = [[VUie]]

and analogously 0; Ly = [va]. The standard trace theorem then gives the estimate

Hat_ldj(t”) B [(atm)_l wierHHl/z(r) < Clu- uieHHl(Rd’\F) :

We can further estimate the L? contribution in the norm above by noting that

71';(t ) (aAt)

Ha(tn) - u?e”L?(Rd\F) = L2(]Rd\F)

and applying Lemma
Since u;e solves (B2) and A is linear, for the second estimate we note that

A (0P e = (087) T Auge = (92%) T 0P v = vy
and analogously A (8{ 117) = .

From the definition of ¢ and the stability of the normal trace operator in
H) (RY\T) we have

lor et = [@2) " i)

gCU

We apply Lemma[E.I] twice to estimate the H' term of the integral by the BL!-norm
and the L2-norm of the derivative up to higher order error terms. (Il

cHa (tn) — [(aﬁt)‘luie]”

H-1/2(T) —

it - (97

HY (RI\T)

o+ |fiten) = v

€ Hl(Rd\F) LQ(]Rd\F):| .
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(a) Exact solution 1) (t) (b) Convergence rates

FIGURE 6.1. Numerical results for Example

6.1. A scalar example. For the first example, we are only interested in conver-
gence with respect to the time discretization. As geometry 2~ we choose the unit
sphere, the right-hand sides are chosen to be constant in space, i.e., u'"¢(z,t) =
uie(t) and 9,;fu"¢(x,t) = 0 on T; see [SV14] for this approach in the linear case.
The constant functions are eigenfunctions of the integral operators V(s), W(s),
K(s),K'(s) in the Laplace domain. We therefore can replace the integral oper-
ators with Ap(s)M, where, for T € {V,W, K, K'}, Ar(s) denotes the respective
eigenvalue of T'(s) and M is the mass matrix. It is also easy to see that ¢ and ¢
are constant in space and (G.]) can be reduced to a scalar problem which can be
solved efficiently.

Example 6.3. Let g(u) := $p + || p and w'(t) = —2 e~ 10(t=10)" with to = /2
and final time T = 3. The convergence of the method with respect to time can
be seen in Figure where we plotted the error in approximating J; Ly,
Since we only consider the scalar case, the error for ¢ is virtually indistinguishable.
We see that for both the implicit Euler and the BDF2 scheme, the full order of
convergence is obtained. Investigating the solution, this is somewhat surprising,
as the second derivative of ¥ has a discontinuity; see Figure Thus the
BDF2 method performs better than predicted. Investigating the convergence of
the Newton iteration, it appears on average that it is sufficient to make 3 to 4
iterations to reduce the increment to 1078, i.e., the additional cost due to the
nonlinearity is negligible compared to the computation of the history.

6.2. Scattering of a plane wave.
Example 6.4. In this example 2~ is the unit cube cube [0,1]® and u™¢(x,t) is a
traveling wave given by

uinc(x t) — e—A(w-a—t—to)2

)
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107!
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error

1072
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107*
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—a= max (977" =0, () [ e

—o— max (971" =, () |

FIGURE 6.2. Convergence for Example

where tg = —2.5, A = 8.0, and a = (1,—1,0). We calculate the solution up to the
end time T = 4 using a BDF2 scheme. For space discretization we use discontinuous
piecewise linears for X}, with dim(X}) = 7308 and continuous piecewise quadratics
with dim(Y},) = 2438. As an exact solution, we use the BDF2 approximation with
At = ﬁ and the same spatial discretization. Figure shows that we can observe
the optimal convergence rates of the method.

6.3. Scattering from a nonconvex domain. In Section 5.4} we predicted op-
timal order of convergence, as long as the exact solution is sufficiently smooth. This
was the case of the numerical examples in Examples and In order to see
whether this assumption is indeed not always satisfied, we look at scattering from
a more complex domain €2~

Example 6.5. We choose 2~ the same as in [Banl0l Section 6.2.4], as a body with
a cavity in which the wave can be trapped; see Figure We used g(p) := p+|p| 1

. s_AN\2
and u'¢(x,t) := F(t—d-x) with F(s) := — cos(ws) e~ (F*)". The parameters were
w:=7/2,0=05, A=25and d:= \/%(I,O.S,O)T. For discretization we used a
mesh of size h ~ 0.05 with discontinuous piecewise constants for X; and continuous

piecewise linears for Yy, This gives dim(Xp) = 15756 and dim(Y) = 7880. In
Figure [6.4] we see that we still get the full convergence rate O (At?).

Due to the computational effort involved, it is hard to say for which param-
eters a lowered convergence order manifests and whether it is just due to some
preasymptotic behavior. In order to better understand the behavior, we consider
the following model problem.

Example 6.6. We again consider the unit sphere, with an incoming wave that is
constant in space. In order to construct a model problem, which is difficult for the
numerical method we consider the extreme case of a “completely trapping sphere”,
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Dirichlet_data.r
=2.000e+00
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FIGURE 6.4. Convergence of the BDF2 method for Example
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F1GURE 6.5. Convergence for Example

i.e., the wave starts inside the sphere and has no way of escape, and investigate
the convergence behaviour. This means we solve the interior boundary integral
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(e ) (0)+ G L) = )

We chose g(p) := 4 + p|p| and w'(t) = cos((.ut)e_(%f7 with A =2,0 =05
and w = 4m. In F1gure 65 we see that the BDF2 method no longer delivers the
optimal convergence rate of At?. For testing purposes, we also tried a convolution
quadrature method based on the 2-step RadaullA Runge-Kutta method which has
classical order 3 but only delivers second order convergence. Note, however, that
even in the linear case Runge-Kutta based CQ exhibits order reduction [BLM11]

problem:

APPENDIX A. ANALYSIS BASED ON INTEGRAL EQUATIONS
AND THE HERGLOTZ THEOREM

In this section, we would like to sketch a possible alternative approach to ana-
lyzing the discretization scheme introduced in Problem [B77l As these techniques
require more regularity than the semigroup approach, we only consider the case of
a smooth exact solution, analogous to Section 4Tl

The basis of the approach is formed by the following two propositions, the first
of which was proved in [BLS15D].

Proposition A.1. For all o > 0, T > 0, there exists a constant > 0, only
dependent on ', o and T, such that

(A.1) /OT et <Bimp(at) (i) , (i»r dt > 5/0T e 105 0, 05 ) |5 dt.

Analogously in the time discrete case, for all o >0, N € N with T := NAt and
p:=e" T there exists a constant B > 0, only dependent on T, o and T, such that

303 () (2 (5)),

> BAES 2 (|08 02 )|

n=0

(A.2)

We also need a continuity result for the boundary operator B(s).

Proposition A.2. There exists a constant C > 0, depending only on I', such that

(A.3) H‘Bmp(ﬂ (i) (i)

Proof. This inequality directly follows from the bounds shown in [LS09]. O

<C|s)?

I I

In order to formulate the next result, we need the following Sobolev spaces for
r > 0 and a Hilbert space X:

H{((0,T),X) == {glor) : 9 € H'(R,X) with g =0 on (—00,0)}.

We illustrate the approach and the difficulties it entails by focussing on the time
discretization only.
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Theorem A.3. Let u solve ([B1), write u(t) := u(t) — u'™°(t) and define the traces
WY(t) = ytu(t) and ¢(t) == —0Fu(t). Let Xy := H-Y(T) and Y}, := HY?(T)
be the full spaces and (pie,ie) the time-discrete numerical approximation defined
by B9). Assume that (p,%) € Hy™ ((0,T), HY*(T) x H-Y*(T')), forr > 5/2.
Then the following estimate holds:
_ -1 "
& (000 = [0 ]
= \o et - [009) ei]
f, (At)Zmin((r72)pPﬁ,p) (

2

r

2 2
el o,y -1/ + 101 0,102 )
for all N with NAt < T, with constants that depend only on T' and the end time T .

Proof. Since we want to make use of the monotonicity of of g, we start by shlftmg
the Dirichlet traces by @'™¢. Writing 1/) = 9 + u"° and z/;ze = P + W We
also write = := (¢, ¥ + uim) and Z;e = (Qie, Vie + 1) for the pairs of functions
and F := = — Z;. for the discretization error. We calculate, using the positivity
property of Proposition [A T}

Z p2n

aAt

Zp 1mP aAt)E E> < (¢)—Q(Jie),i—%;ie>r

- Z PQn 1mp 875 - 1mp(8At)E’ea E>F

+ <g<w> — (i) ¥ = ie) + (Ru(E), By

with the residual R, (Z2) := [(Bimp(at) — Bimp(ﬁtAt)) E] (tn). Since E and E;. solve
(BEI) and (B9), respectively, this gives the estimate

N
Z p2n aAt ‘H ZPZn E >1“ _ Z p2n <3tAtRn(E), (atAt)71E>F

n=0
(the second equality can be checked by using the Plancherel formula). The Cauchy-
Schwarz inequality then gives the final estimate

N
Z " SDIVa [Cas O]
n=0

From the theory of convolution quadrature ([Lub94, Theorem 3.3]) the residual can
be estimated by

102 B @l < [[0R" [(Bunn(@0) — Bino(@2) 2]

aAt

< H] Binp (00)0: — Bunp (0707 2] |
+{[[[(8: = ) (Buimp(9) = Bimp(87)) EL I

min((r—2) -2+, b
5 (At) (( )p+1 p) <||90||H6+1((0>T)aH1/2)+ Hg*l((O,T),H1/2)> ’

where in the last step we applied [Lub94, Theorem 3.3] and absorbed the second
contribution as ; is of a lower order of differentiation than B(d;); see (A3). O
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Remark A.4. The fact that with this approach convergence can be proved more
directly, at least for smooth solutions, without resorting to the results about the
approximation of semigroups [Nev7§|, is an advantage. On the other hand, the
requirements on the regularity of the exact solution is strictly larger than what
is needed in Proposition (p + 4 instead of p + 1 continuous derivatives for
full convergence rates). If we do not make any additional regularity assumptions,
this new approach does not provide any predictions in regards to convergence.
Additionally, the dependence on the end time T is much less clear (in general it will
be some polynomial O(T"), n € N). Similarly, when analyzing the discretization
error with regards to the spatial semidiscretization, we also require at least one time
derivative, due to the weak norm on the left-hand side that needs to be compensated
by integration by parts.
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