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FAST AUXILIARY SPACE PRECONDITIONERS
FOR LINEAR ELASTICITY IN MIXED FORM

LONG CHEN, JUN HU, AND XUEHAI HUANG

ABSTRACT. A block-diagonal preconditioner with the minimal residual method
and an approximate block-factorization preconditioner with the generalized
minimal residual method are developed for Hu-Zhang mixed finite element
methods for linear elasticity. They are based on a new stability result for the
saddle point system in mesh-dependent norms. The mesh-dependent norm for
the stress corresponds to the mass matrix which is easy to invert while for
the displacement it is spectral equivalent to the Schur complement. A fast
auxiliary space preconditioner based on the H!'-conforming linear element of
the linear elasticity problem is then designed for solving the Schur comple-
ment. For both diagonal and triangular preconditioners, it is proved that the
conditioning numbers of the preconditioned systems are bounded above by a
constant independent of both the crucial Lamé constant and the mesh size.
Numerical examples are presented to support theoretical results. As byprod-
ucts, a new stabilized low order mixed finite element method is proposed and
analyzed and superconvergence results for the Hu-Zhang element are obtained.

1. INTRODUCTION

We consider fast solvers for the Hu-Zhang mixed finite element methods [46,/48],
49/[851/86] for linear elasticity, namely fast solvers for inverting the following saddle
point system,

Mp B
(L1) (Bh ).

where M} is the mass matrix weighted by the compliance tensor and By, is the
discretization of the div operator. The subscript h is the mesh size of an underlying
triangulation and the superscript A is the Lamé number which could be very large
for nearly incompressible material. We aim to develop preconditioners robust to
both h and A.
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In [46/48,49,85l86], a stability result is established in the H (div, ; S)x L?(Q; R™)
norm whose matrix form is
My + B{M, B, O
0] Myn)’

where M, ; is the mass matrix for the displacement and Mj, is the abbreviation
of M. By the theory developed by Mardal and Winther [64], the following block-
diagonal preconditioner leads to a parameter independent condition number of the
preconditioned system

(1.2) ((Mhﬂ‘B;?M,;iBh)l 0 )

0] MJ}L

To compute the first block of ([2]), however, a nontrivial solver should be designed
to account for the discrete div operator.

Motivated by works [4,33}47], we shall establish another stability result of (L))
in mesh-dependent norms || - |lo.n X | - |1,, whose equivalent matrix form is

M, o)
O B,M,;'BF)"

Therefore we can use the block-diagonal preconditioner

M O

1 ("6 o o)

together with the MINRES method to solve (II)). It is worth mentioning that the
stability in mesh-dependent norms established in [I7,[63] has been used to devise
preconditioners for the mixed finite element methods for the Poisson problem in
[43.[69]. The mass matrix M}, can be further replaced by its diagonal matrix and
thus a spectral equivalent approximation of M, ! is easy to construct. The difficulty
is the inverse of the Schur complement.

We shall develop a fast auxiliary space preconditioner for the Schur comple-
ment. The auxiliary space preconditioner was initially designed by Xu [79] to avoid
the difficulty in creating a sequence of nonnested grids or nonnested finite element
spaces. As a two level method, the auxiliary space preconditioner involves smooth-
ing on the fine level space which is usually the to-be-solved finite element space,
and a coarse grid correction on an auxiliary space which is much more flexible to
choose. It has been successfully applied to many finite element methods for partial
differential equations [80], including conforming and nonconforming finite element
methods for the second or fourth order problem [T9.[8T], H(curl) and H(div) prob-
lems [44[53H55L74], DG type discretizations [291[321[35[61182], and general symmet-
ric positive definite problems [56], etc.

We use the H!-conforming linear finite element discretization on the same mesh
for the linear elasticity equation with parameter A = 0 as the auxiliary problem
to precondition the Schur complement. Since A = 0, we can solve the auxiliary
problem by geometric multigrid methods for structured meshes and algebraic multi-
grid methods in general. Using Korn’s inequality, we can further adopt the H'-
conforming linear finite element discretization for the vector-type Poisson equation
as the auxiliary problem.

Our stability result is robust with respect to both the parameters A and h,
therefore the condition number of the preconditioned system is uniformly bounded
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with respect to both the size of the problem and the parameter A. The latter is
difficult to construct for linear elasticity. Furthermore our results hold without the
full regularity assumption.

To further improve the performance, we propose the following approximate
block-factorization preconditioner

-1pT -1
(1.4) 1 D'BIY (D 0\
0 I B, S

where Dy, is the diagonal of M}, and S’h = BhDng,:f will be further preconditioned
by the auxiliary space preconditioner we mentioned before. Numerical results in
Section 6 show that the preconditioned GMRES converges around 40 steps to push
the relative tolerance below 1078,

Results in this paper can also be applied to other H(div) conforming and sym-
metric stress elements developed in [I,BL6LK]. Indeed we present our results for
both the original Hu-Zhang element & > n 4+ 1 and a new stabilized version for
1<k<n.

We now give a brief literature review on robust multigrid methods for the lin-
ear elasticity problem. Discretization of the linear elasticity equations can be
roughly classified into three categories: the displacement primary formulation, the
displacement-pressure mixed formulation, and the stress-displacement mixed for-
mulation. Robust conforming and nonconforming multigrid methods for the pri-
mary formulation have been discussed in [60,[7T,[77], and discontinuous Galerkin
H(div)-conforming method in [45]. The W-cycle multigrid methods are the most
studied multigrid methods for the displacement-pressure mixed formulation, which
can be found in [251[59] for conforming discretization and [I9L20] for nonconforming
discretization. A V-cycle multigrid method for the finite difference discretization
was developed in [84]. In [I0], the Taylor-Hood element method was reduced to
the pressure Schur complement equation, based on which an inner/outer iteration
scheme was set up. So far the solvers for the stress-displacement mixed formulation
are mainly concentrated on the block-diagonal preconditioned MINRES method;
see [B2[66,[76]. In [52], the multigrid preconditioner was advanced for the PEERS
element method with weakly symmetric stress. As for the Arnold-Winther element
discretization, the overlapping Schwarz preconditioner was exploited in [76], and
the variable V-cycle multigrid preconditioner was developed in [66]. Recently, an
augmented Lagrangian Uzawa iteration was devised for the mixed finite element
method with weakly imposed symmetry in [83], in which the saddle point prob-
lem was reduced to a nearly singular system and the HX preconditioner [44] was
used for this nearly singular system. The majority of existing works deal with
the discrete null space ker(div) by using either blockwise Gauss-Seidels smoother
or overlapping Schwarz smoothers; only works in [25,[45]52,[60L66,[83] do not rely
on the H? regularity assumption. As we mentioned early our approach does not
require a prior knowledge of the discrete ker(div). We transfer this difficulty to
solve the Schur complement problem but with A = 0, which only involves standard
Poisson-type solvers. So it is much easier to implement and analyze.

The rest of this article is organized as follows. In Section 2, we present the
mixed finite element methods for linear elasticity. In Section 3, we establish the
stability based on the mesh-dependent norms. Then we describe the block-diagonal
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and triangular preconditioners in Section 4 and construct an auxiliary space pre-
conditioner in Section 5. In Section 6, we give some numerical experiments to
demonstrate the efficiency and robustness of our preconditioners. Throughout this
paper, we use “< ---” to mean that “< C---” where C' is a generic positive con-
stant independent of h and the Lamé constant A, which may take different values
at different times, and a =~ b means a < b and b < a.

2. MIXED FINITE ELEMENT METHODS

Assume that 2 C R™ is a bounded polytope. Denote by S the space of all sym-
metric n x n tensors. Given a bounded domain G C R™ and a nonnegative integer
m, let H™(G) be the usual Sobolev space of functions on G, and let H™(G;X) be
the usual Sobolev space of functions taking values in the finite-dimensional vector
space X for X being S or R™. The corresponding norm and semi-norm are denoted,
respectively, by || - |lm.c and | - |m.¢. Let (-,-)g be the standard inner product
on L*(G) or L*(G;X). If G is Q, we abbreviate || - |lm.cs | - |m.c¢ and (+,-)¢ by
I llms | - | and (-, ), respectively. Let H{'(G;R™) be the closure of C5°(G;R™)
with respect to the norm || - ||, . Denote by H(div,G;S) the Sobolev space of
square-integrable symmetric tensor fields with square-integrable divergence. For
any T € H(div,(;S), we define the following norm:

I lzaiw) = (1713 + idivr ).

The Hellinger-Reissner mixed formulation of the linear elasticity under the load
f € L*(;R™) is given as follows: Find (o, u) € ZxV := H(div,Q;S)x L*(Q; R")
such that

(2.1) a(lo,T)+b(t,u) =0 Ve,
(2.2) b(o,v) = —(f,v) VveV,
where

a(o, 1) := Ao, 1), b(T,v):=(divr,v)
with 2 being the compliance tensor of fourth order defined by

1 A

Here I is the identity tensor, tr is the trace operator, and the positive constants A
and p are the Lamé constants.

Suppose the domain 2 is subdivided by a family of shape regular simplicial grids
Tr, (cf. [261/34]) with h := maxke7;, hx and hg := diam(K). Let F, be the union of
all (n—1)-dimensional faces of 7;, and let 7} be the union of all (n—1)-dimensional
interior faces. For any F' € F},, denote by hp its diameter and fix a unit normal
vector vp. Let P, (G) stand for the set of all polynomials in G with the total
degree no more than m, and let P,,(G;X) denote the tensor or vector version of
P,,(G) for X being S or R™, respectively.

Consider two adjacent simplices K and K~ sharing an interior face F'. Denote
by vt and v~ the unit outward normals to the common face F' of the simplices
KT and K, respectively. For a vector-valued function w, write w™ := w|x+ and
w~ := w|g-. Then define the jump of w as

] = wrwt vp)+w (v -vp), %fF € Fh
w, it F e F\Fi.
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For each K € Ty, define an H(div, K;S) bubble function space of polynomials
of degree k as
BK,k: = {T (S Pk(K,S) : TV|8K = 0}
It is easy to check that B ; is merely the zero space. Denote the vertices of simplex
K by zkp,..., Tk If it does not cause confusion, we will abbreviate xx ; as x;
for ¢ =0,...,n. For any edge x;x;(i # j) of element K, let ¢; ; be the associated
unit tangent vectors and let

Ti,j = ti,jtz:j, 0<i<j<n.

It has been proved in [46] that the (n + 1)n/2 symmetric tensors T; ; form a basis
of S, and for k > 2,

Brir= Y. MNPk oK)y,
0<i<j<n

where P; j.x—2(K) := Py_o(K) and ); is the associated barycentric coordinate
corresponding to x; for 0 <14 < j < mn. Some global finite element spaces are given
by

Bk,h = {TEH(diV,Q;S):TlK E.BK’;C VKEIT}L},

Sip = {T € H(%S) : 7|k € Pp(K;S) VK €Ty},
Xp = ik,h + By 1,
V= {ve L*(4R") :v|g € Pr_1(K;R") YK €T},
with integer £ > 1. The local rigid motion space is defined as
R(K):={ve H'(K;R"):e(v) = 0}
with (v) := (Vv + (Vv)T) /2 being the linearized strain tensor.

With previous preparation, the mixed finite element method for linear elasticity
proposed in [30,46,48,49] is defined as follows: Find (o, up) € Xj, x V), such that

(23) a(Uh,Th)+b(Th,uh) =0 Y15 eEh,
(2.4) b(ah,vh) — c(uh,vh) = —(f,'vh) Yo, € Vi,
where

c(up,vp) =1 Z h;l/F[uh] - [vp] ds,

FeF,
_J o, ifk>n+1,
=11, if1<k<n.

The bilinear form ¢(-, -) involving the jump of displacement is introduced to stabilize
the discretization which is only necessary for low order polynomials, i.e., 1 < k < n.
Note that the scaling hj' is different than the one in [30].

Choosing appropriate bases of X; and V', we can write the matrix form of

R3)-E4) as

(2.5) (z\gf —B@ (ZZ) N (3‘) ’

where M} is the mass matrix weighted by the compliance tensor, By, is the dis-
cretization of the div operator, and C}, corresponds to the stabilization term. Here
with a slight abuse of notation, we use the same notation o, u,, and f for the
vector representations of corresponding functions.
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Let
3 ::{TEEh:/terx:O},
Q
Alon,up;Th,vn) = alon, 7h) + b(Th, ur) + b(oh, vr) — c(up, vy).

For k > n+ 1, the following inf-sup condition is the immediate result of (3.4)-(3.5)
in [46]:

A(on, Un; Th, va)

o . u <
(2.6) o nllE(aiv) + lEnllo < (Th,vjlellf)}h,XVh T artca + [oalo’
for any (op,up) € 3, X V.

Thanks to the inf-sup condtion (Z0l), the system (28] is stable in the space
3, x V3, equipped with the H (div, Q;S) x L*(Q; R")-norm which leads to a block-
diagonal preconditioner requiring a nontrivial solver for (M}, + B,fMu_ 2 Bp) 7L
In the next section we shall establish another stability result of (ZX]) in mesh-
dependent norms which leads to a new block-diagonal preconditioner.

3. STABILITY BASED ON MESH-DEPENDENT NORMS

To construct a new block-diagonal preconditioner, we will show that the bilinear
form A(-,-;-,-) is stable on 3, x V3, with mesh-dependent norms.

For each K € Tj, denote by v; the unit outward normal vector of the ith face
F; of element K. For any 1) € ¥} and vy, € Vj,, define

ITnllgn = lrnlls + D helravells p,
FeF,
onlsp = llen(wn) I3+ > hptlwalllf e
FeF,

[onll? = c(vn, vn).
Here €j, is the elementwise symmetric gradient. We shall prove the stability of

(2.3) in the mesh-dependent norms | - [jo,n X | |1,n. The key is the following inf-sup
condition: for k >n + 1,

b
(3.1) lonlin < sup b(Tn, vn)

Yo, € V.
ThED ||Th|

0,h
For low order cases 1 < k < n, in addition to a variant of the inf-sup condition, we
also need a coercivity result in the null space of the div operator.

3.1. Properties of mesh-dependent norms. We first present a different basis

of the symmetric tensor space S. Inside a simplex formed by vertices xy, ..., Ty,
we label the face opposite to x; as the ith face F;. For the edge x;x;, i # j, define
1
N, ;= (wvivt +vvl), 0<i<j<n.
ol )l )

Here recall that ¢; ; is a unit tangent vector of edge x;x; and v; is the unit outwards
normal vector of face F;. Due to the shape regularity of the triangulation, it holds
that
vitij~1, 0<i<j<n.
By direct manipulation, we have the following results about T'; ; and IN; ;:

(32) Ti’jZNk’lzéikéjl, O§i<j§n,0§k<l§n,
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(33) Ti,j : Ti,j =1, Ni,j : Ni,j ~1, 0<i<jy<n.

Thus the (n + 1)n/2 symmetric tensors {IN; ;} also form a basis of S which is the
dual to {T'; ;}.

Lemma 3.1. For any g;; € L*(K),0<i<j<m,letT) = ZO<i<j<n ¢i;jTi; and
let T2 =3 g<icjcn @i Nij, then it holds that

|(2),K; Z ll9:;

0<i<j<n

71 |(2)K ~ |72 |(2)K

Proof. Using the Cauchy-Schwarz inequality and ([B.3]), we have

(n+1)n (n+1)n
72115 < — > lauTislg e = —g > gtk
0<i<j<n 0<i<j<n
(n+1)n (n+1)n
72013 5 < — > Nl S — > laisllp k-
0<i<j<n 0<i<j<n

On the other side, it follows from Cauchy-Schwarz inequality and [B.2]) that

Z lass 15,5 = Z /K‘Iizj dr = Z Z /KCIz‘ijz5ik5jld£E

0<i<j<n 0<i<j<n 0<i<j<n 0<k<I<n

= Z Z /qu'jTi,jlqksz,z dz

0<i<j<n 0<k<I<n
:/ 7o da < ralloxlrellox.
K

Hence we conclude the result by combining the last three inequalities. ]

We then map &,(V},) into the H(div, K;S) bubble function space. For each
element K € T, introduce a bijective connection operator Ex : Py_o(K;S) —
B, with k > 2 as follows: For any 7 = ZOnggn ¢i; N ; with g;; € Py_a(K),
0<i<j<n, define

EKT = Z AiquijTi,j-
0<i<j<n
Applying Lemma Bl and the scaling argument, we get for any 7 € Pj_o(K;S),

(3.4) IExkTllo e~ Y. INNalse=~ D laslsx = 17115,
0<i<j<n 0<i<j<n
(3.5) / Ex7t :7do= Z / )\i/\jqu dz = Z llgij |3K ~ ||T||37K.
K o<i<j<n’E 0<i<j<n
Denote by E the elementwise global version of Ek, i.e., E|x := Eg for each

KeT,.

Next, we give an equivalent formulation of the mesh-dependent norm |- |q . For
each F' € Fj,, denote by mp the orthogonal projection operator from LQ(F ;R™)
onto P(F;R™). Define the broken H' space as

H'(Ty;R") := {v € LA(QR") 0| € H'(K;R") VK €T}

The domain of the mesh-dependent norm | - |1, can be extended from V', to
H'(T,;R™).
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Lemma 3.2. We have the norm equivalence:
(3.6) o1~ llen@)l5+ D hp'lmrPllsr Vo€ HY(TiR").
FeFy

Proof. For any element K € Ty, let 7wk be an interpolation operator from H (K; R"™)
onto R(K) defined by (3.1)-(3.2) in [22], and let 7 be the elementwise global version
of g, i.e., |k := wg for each K € Tp,. It follows from (3.3)-(3.4) in [22] that for
any v € H'(T,; R™),

Y hptl] = mellsr = ) bl — 7o) = wplv — wo]|If o

FeFy FeFy
(3.7) <> hptl = mlld p S llen(o)3:
FeF,
Then the equivalence [B6]) follows from the triangle inequality. O

We shall also use the following discrete Korn’s inequality (cf. (1.22) in [22] and
(34) in [7])
(38) NVolls +[vl3 S len()lg + Y- hp'lmrbllfr Vve H (TR,

FeF,

Together with (3.6]), we conclude | - |1, defines a norm on V7,
3.2. inf-sup condition in mesh-dependent norms. The inf-sup condition we
need is actually for the subspace ¥, with vanished mean trace, cf., (39) below. It
is obvious that the inf-sup condition ([8.9) implies the inf-sup condition [B.1]). On
the other hand, if the inf-sup condition (B is true, then (B3] holds by taking

Tn = Th — (£ o trT, dz)d. Therefore the inf-sup conditions BI) and [B3) are
equivalent.

Lemma 3.3. For k> n+ 1, we have the following inf-sup condition,

"
(3.9) orlin S sup DUERaR)
#res, I1Tnllon

for any v, € V.

Proof. Given a vy, € V5, we shall construct a 75, € 3, to verify (B.9).
We first control the norm ||y, (vp)|lo. For any vy, € Vi, take 71 = Eep(vy,). It
follows from (34) that

(3.10) I71llo = llen(va)llo-

According to integration by parts and (B3], there exists a constant C; > 0 such
that

(3.11) b(T1,vp) = / T1:ep(vp) dz > Cl||r-:h(vh)||g.
Q

Next we control the jump term. Choose 79 € ¥} such that all the degrees of
freedom (cf. Lemma 2.1 in [30]) for 74 vanish except the following one:

/(TQVF) w ds = hp' / [vp]-w ds V w e P1(F;R") on each face F.
F F
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Then we have

/ T2 1 ep(vp) do =0, /(T2VF) -wplvn] ds = hip'|wpon]|§ g
K F

(3.12) T2l S Y hptllwefoallg -
FeTh

Thus by B2 and BI2), there exists a constant Co > 0 such that

b(Ta,vp) = Z / Tovp) - [vy] ds

FeFy
= > / Tovp) - ([va] = wplva]) ds+ > hp'llweoallf -
FEFy, FeFy,
(3.13) > —Cllen(vn)llf + Z hit 1w p[onll[5 5

FE}-}L
Now taking 7, = 71 + 2%27'2, it holds from (BII) and (BI3) that

C
b(Th, ’Uh) = b(Tl,’l)h) + ﬁb(Tz, ’Uh)
C,
> —||€h(vh Ho+ Z hp' 1w e [onlll5 5
F€.7:h

Thanks to [B.6]), we get
onltn S 0(Th, vn).
On the other hand, it follows from the inverse inequality, (BI0) and BI2]) that

|Uh|1h

Finally, the inf-sup condition (B:I:I) is the result of the last two inequalities and
consequently (B3) holds by taking 7, = 7, — (& [, trm, dz)d. O
3.3. Coercivity in the null space of the div operator. Besides the inf-sup

condition, another issue of the linear elasticity in the mixed form is the coercivity
of bilinear form a(-,-). On the whole space: for all o € X,
(3.14) alo,o) >

2
— o5

> -l

The coercivity constant is, unfortunately, in the order of O(1/)) as A — +oc.

Namely it is not robust to A. To obtain a robust coercivity, we first recall the fol-

lowing inequality which implies the coercivity in the null space of the div operator.

Lemma 3.4 (Proposition 9.1.1 in [16]). For T € H(div,$;S) satisfying [, trr dz
=0, we have

I7llo < I7lla + [ div 7| -1,
where ||T||? == a(7,7) and | divr|_1 := SUPye g (aurn) (T, 0) /|1

We then move to the discrete case. Define discrete norms
b
sup AT
v, EVy \Uh|1h
|hdivT|? = Z hKHleTH%’K.
KeTy,

[[divr]|—1n :
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Let Qﬁ_l be the L? orthogonal projection from L*(€;R™) onto V', which will be
abbreviated as Q,. It holds the following error estimate (cf. [2634]):

(3.15) v—Qpollo.x +hil [v—Qpov

with integer m > 1.

|0,8K S h?in{k’m}w‘m,l( Voe Hm(Q;R"),

Lemma 3.5. For any 7 € H(div,€;S) satisfying [, trr dz =0, we have
I7llo S lI7lla + 1A div 7|l + || div 7| -1,

Proof. Tt is sufficient to prove the case k = 1. Let v € Hy(Q;R"), then it follows
from the Cauchy-Schwarz inequality and (3.15) that

b(T7U) = b(T,’U - th) + b(T> th)
< |hdivTjv)s + b(T, Q).

Again, by (BI3) and [v] = 0 on Fj, since v € H(%;R™), it holds that
(3.16) Qv %,h = Z he' Q] |(2),F = Z he'[Qpv — U]||(2)F < |vli.

FeFy FeFy

Hence we get from the last two inequalities that

b(r,v b(tT,v
[divr|-1 = sup (.v) < ||hdivT| + sup (7, h>.
'UEH(IJ(Q;R") |’U‘1 v, EV Y |Uh|1,h
Therefore we can end the proof by using Lemma [3.4] a

3.4. Stability in the mesh-dependent norms. We now present stability in
mesh-dependent norms. For & > n + 1, since there is no stabilization term and
div3;, C Vy, then ker(div) N ¥, C ker(div) N X. The stability follows from
Lemma [B:4] and inf-sup condition (B3]).

Theorem 3.6. For k >n+ 1, it follows that for any (oh,up) € 30XV,

A(&hu ﬁh; ‘I'h,’Uh)

(3.17) lorllon + [@n|in S sup .
~ rnonyesx vy ITrllon + [vnlin

Corollary 3.7. Let k> n+1. Assume that o € H*™(Q;S) and u € H* (Q;R"),
then

(3.18) lo = onllon + 1Quu = unlin S Ko ki1,

(3.19) lu—uplin S H (o lre + [l

Moreover, when Q is convex, we have

(3.20) 1Qnu —unllo S B 2o ||kt

Proof. Subtracting (23)-(Z4) from @ZI)-(Z2), we get the error equation
(3.21) aloc —op,Th) +b(Th,u—up) =0 V1, € Xy,

(3.22) blo —op,v,) =0 Vv, € V.

Let IT'# be the standard interpolation from H'(Q;S) to X, defined in [46, Remark
3.1], and it holds that

(3.23) div(I'? o) = Q, (divo).



FASP FOR LINEAR ELASTICITY 1611

Thus we have from (3.22) that
(I 2o — oy, v) = b(o — o, v;,) = 0.
By the definition of @, and B21]),
b(Th, Quu —up) = b(Th,u —up) = —a(o — oy, Th).
Combining the last two equalities, it holds that
A% 0 — o, Quu — wp; Th,vn)
=a(I?0 — o, 1) +b(Th, Quu —up) + b(IF 20 — o), v1)
= a(IhHZo' —0,Th),
which together with [BI7) implies
11/ o - onllop +1Quu — unlin S 113 %o — alo,n-

Therefore we will achieve (BI8)-@I9) by using the last inequality, and the error
estimate of It'? and Q,. The error estimate (320) can be derived by using the
duality argument as in [39,[73]. O

Remark 3.8. The optimal convergence rate of || — opllo,, has been proved in
[46, Remarks 3.1-3.2] and [49, Remarks 3.6], but the second order higher super-
convergent rates of |Q,u — upl1,, and ||Q,u — upllo are new which can be used
to reconstruct a better approximation of displacement. The convergence rate of
|lu — w1 is also optimal.

Due to the stabilization term (for the inf-sup condition), our proof of the stability
is more complicated for the lower order case 1 < k < n, which is similar to the one
in [30] Lemma 3.2].

Theorem 3.9. For 1 <k <mn, it holds for any (o, up) € 3, x V), that

~ - NG TR
(3.24) ||0'h||0,h+ |uh|1,h S sup (a-h)uha‘rhmvh).
(Th,oR)ESR XV, lTnllo,n + [VR]1n

Proof. As demonstrated in Lemma [3.3] it is equivalent to prove that

~ ~ Aloy,up;mh,v
(3.25) lonllon + [wnlin S sup (G, i T, Oh) =
(rnon)esyxvy [[Trllon + valin

The notation § is introduced just for ease of presentation. Let 71 = Eep(uy,) for
k> 2 and let 71 = 0 for k = 1, then it holds from Cauchy-Schwarz inequality that

A(on, up;71,0) = alon, 1) +b(T1,un) = —|onllalTilla + b(T1, un).
Using BI0)-@II), there exists a constant Cs > 0 such that
AGn, an;71,0) > Cillen(@n)llg — Csll&n lallen(@n)llo
a5
2C,

Let v1 € V), such that vi|g = h%(divbv'h for each K € 7T,. Applying inverse
inequality, we have

(3.27) vy

& - -
(3.26) 2 7||€h(uh)|\8 - onl2.

1a Slhdives| S llonllo-
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Thus there exists a constant C4 > 0 such that

A(Gh, Un; 0,v1) = b(Gh, v1) = c(Un, v1) 2 [[hdiven|® — [[@nlc]villc

|hdiven||* — Cyllan| ||k div ey

Y

(3.28)

Y

1, . - C?
§th1V0hH2 - 7||Uh||z~
Now taking 74, = E'h—l—%rl and vy, = —up + évl, we have from ([326) and ([B:2])
3 4
A(oh, Un; Th,vn)

PR - C U 1 -
= Ao, up; o, —up) + C—EA(Umuh; 71,0) + @A(Um up;0,v1)
3 4
2

1 . 1 - C -
> —|lonllz + Sllunl2 + =5 |k diven|? + =25 llen(@n)|[3,
a T gl%nlle T 502 2032

N | =

which together with (BI0) and ([B:27)) indicates
lonlls + |hdiven|® + [wnli ;) S Aleh, s Th,vn) S B(|lowllo + [@al1,n)-

According to Lemma and the definition of 3, it holds that

- - s bloy,,v
1Enllo < [alla + [Ihdivan] + sup TmUR)
oneVn  |Vnl1n

A(&ha ﬁh’ O, ’Uh) + C(ﬁh; vh)

= |lonlla + [[hdiven| + sup
v, EV), |Uh|1,h

Sllonlla + IR divesl + [wnlin + B
Thus we obtain from the last two inequalities that

ln g+ [wnl3n S lonllZ + | divesl® + @], + 82
< BUlonllo + [@nlis) + 52,

which implies inf-sup condition (B.25). O

Corollary 3.10. Let1 < k < n. Assume thato € H"™(Q;S) and uw € H*(Q;R"),
then

lo = anllon + [w—wnlin S B (o lerr + [lwlk) -

The convergence rate of |u — w15 is optimal. But the L%-type error of | —
orllon is of two order less.

Remark 3.11. Using the stability in mesh-dependent norms established in [17.[63],
the MINRES method with additive Schwarz preconditioner was developed for the
mixed finite element methods of the Poisson problem in [69], and the CG method
with the auxiliary space preconditioner for the corresponding Schur complement
problem was designed in [43]. Similar stability in the mesh-dependent norm for
the mixed finite macroelement methods of the linear elasticity can be found in [72],
hence the fast auxiliary space preconditioner constructed in this paper can be easily
extended to these mixed methods.
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3.5. Postprocessing. Based on the superconvergent results of the displacement in
BI8) and (B20), we will construct a superconvergent postprocessed displacement
from (op,wy) for the higher order case k > n + 1 in this subsection.
To this end, let
V= {ve L*(R") :v|g € P (K;R") VK €T}
Then a postprocessed displacement can be defined as follows: Find u} € V7, such
that

(3.29) Qnuyp, = up,

(3.30) (e(up), e(v)k = (Aon,e(v))xk Vv e -Q,)Vilk,
for any K € Tp. The postprocessing ([B:29)-(B30) can be recast as the following
local mixed method: Find u} € V7, and ¢, € V), satisfying
(e(up), e(v)k + (v, )k = (Aon,e(v))xk Vv e Vilk,
(up, ¥)k = (un, ¥)x VY € Vilk.
To derive the error estimate for the postprocessed displacement uj, we will
merge the mixed finite element method (Z3)-(2Z4]) and the postprocessing (B3.29])-

(B30)) into one method as in [63]. To be specific, find (op, u)) € Xj, x V7, such
that

(331) Ah(Uh,UZ;Th,'UZ) = _(Qh.fav;;) v (T}“’U;;) € Eh X VZv
where
Ap(on, up; Th, v)) = Alon, up; Ta, vg) + (En(uy) — Aop, en(vy, — Q,vy)).

Lemma 3.12. The mized finite element method (Z3)-(Z4) and the problem B3]
are equivalent in the following sense: If (op,u}) € Xy x V7 is the solution of
the problem B3I)) and uy, = Qpu;j, then (o, up) € Xj, x V), solves the mized
finite element method 23))-2A); Conversely, if (o, up) € Xy x V', is the solution
of the mized finite element method (2Z3)-24) and w) € V7, is the postprocessed
displacement defined by B.29)-B30), then (o, u;) € Xp, x V7, solves the problem

@3).
Proof. Taking any (7h,vp) € X, X Vi, and noting the fact that v, = Qv and
divX, C Vy, we have

Ap(on, up; Thovn) = Alon, uy; Th,vn) = alon, Th) + b(Th, up) + b(on, vn)

(3.32) =a(on, Th) + b(Th, Qruy) + b(on, vr) = Ao, Quuy; Th, Up).

Hence we can see from ([B:32)) that (op,, up) solves the mixed finite element method

Z3)-232) if (op,uy,) is the solution of problem (B3T]).
Conversely, since divy, C Vj and (I — Q,,)? = I — Q,, it follows from (3.32)

and ([3.:29) that
An(on, uh; Th,vy) = Ap(on, uh; Th, Quuy) + An(on, uy; 0,05 — Q,v})
= Ao, un; Th, Qo) + (en(uy) — Aop, en(v), — Qpvy))
(3.33) = —(f,Qyv}) + (en(uy) — Aon, en(vy, — @,v})),
which together with (B:30) means that (o}, uj;) solves problem (B.3T]). O
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Lemma 3.13. For any v € H*(T;;R"), it holds that

(3.34) v —Qpvlin = [len(v — Quv)lo-
Proof. Tt is sufficient to prove that
(3.35) > hptlle = Qullls.r < llen(v — Quo)li5.

FeFy
Let 7 be defined as in Lemma B2l and w = v — Qpv. It follows from (3.3) in [22]

Y hptlllw = Quullfp = Y hp'll(w - 7w) — Q) (w — ww)]|[f
FeF, FeF,
(3.36) S D lw—mwli ¢ < len(w)]5.

KeTh
On the other hand,

S hptllv - Quulllf = Y hp'lllw — Quuwl|f3 4

FeFp FeFp
Therefore ([335]) follows from (B30]). O

Theorem 3.14. For any (&1, %;,) € 35, x V3, it follows that

Ap(Gn, Up; T, v})

(3.37) o] 1n S sup

(rawpyesxvy [Tallon +1050n

on+ Uy,

Proof. For any vy, € V5, we have from ([332)) that
Ah(a{-ha 17’2’ Th Uh) - A(&h, Qhﬁ;kw Th, ’Uh).
Since (61, Q%) € X5 x Vy,, it holds from (BI7) that

Ao, Quuy; Th,vp)
oh + |Vnlin

lo.n + 1Qpty 10 S sup

on
(Th,0n)EZL XV, 7l

Ah(a’h; ﬁ;a Thvvh)

= sup
(Th,vR)ESH XV, HThHO’h + |'Uh|1,h

Ap(Gp, up; T, v})

(3.38) < sup .
(Thv})ESLX VT I7nllon + v} ]1n

If ep(uy, — Qpuy) = 0, then (337) is the immediate result of the triangle inequality,
B38) and [B.34). Next we only need to focus on €, (u; — Q,u;,) # 0. Similarly,

as in (B33), we get
Ap(n, ;0,1 — Q,uy,) = (en(@),) — Aan, en(ty, — Q,uy)).
Then we rewrite it as
len (@, — Quup)ll3 =(Aon — en(Qpur), en(@y, — Q)
(3.39) + Ap(on, uy; 0,0, — Quay,).
By the triangle inequality and ([B38]), it holds that
A5, — en(Qnty)llo <A nllo + llen(Quun)llo < llonllo + 1Qp,

Ap(oh, up; T, v})

1,h

< sup .
~ rnwpyesixve ITrllon +viln
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Due to ([B.34]), we have
~ ~ % ~ % ~ %
Ap(op, uy; 0,u) — Qpuy,)

Ap(op, up; 0,05 — Quvi)

< llen(m, — Qpay) o sup
viEVE, en(vi—Q,vi)#£0 len(vy, — Quvi)llo
~ ~ Ah &h ’lNL*'O U*—Q v}
< llen(@i; — @uiig) o sup (O ;0. vi, — Q.v})
Vi€V, en (v —Q,v})#0 vy — Qpv |1

Ap(on, up; Th, v})

< llen (@, — Q) llo sup -
~ (Th,,'v;i)eihXV; HTh”O,h + |v;kL|17h

Using the last two inequalities and the Cauchy-Schwarz inequality, we get from

@39) that

Ap (O, p; Th, v})

len (@, — Quup)llo S sup
~ (‘rh,v;i)eih,XVz HTh”O,h + |”2|17h

which together with ([B:34]) implies

)

Ap(on,up; T, v})

(3.40) - Quaiha S sw u VL),
(Th,v;)e)ih,xvz ||ThHO’h + |vh|11h
Finally, we can finish the proof by combining (338) and B40). O

Theorem 3.15. Assume that o € H" ™ (Q;S) and w € H"2(Q;R™), then
(3.41) lo = anllon + [ —uplin S A (o]l + [Jullire) -
Moreover, when Q is convex, we have

(3.42) lu = wpllo S P52 (ol + [l i) -
Proof. By direct computation, we have
Ap(o,u;Th,vr) = —(f,v),) V (Th,v}) € Tp x V.
Combining with (31]), we get the error equation
(3.43)  Ap(o —on,u—us;Th,v5) = (Qnf — f,v5) Y (Th,v}) € Xy x V.

Let Q; be the L? orthogonal projection from L?*(€;R™) onto V. It holds from
323) that

An(oc — I 0, u — Qju; Ty, v})
=alo — I ?o,7,) 4+ b(o — I} Z0,v})
+ (en(u— Qhu) — Ao — T 0), 21, (v], — @,o7))
=a(o = I}, 71) + (@ f — £.v})
+ (en(u — Qju) — Ao — I}/70),en(v), — Q4v})).

Then we obtain from ([B.43]), Cauchy-Schwarz inequality and the error estimates of
I'Z.Q; and Q,, that

Ah(IfZa —on, Qru—uj;Th,v})
=a(I}/?0 —o,74) — (en(u— Qju) — A(o — I}/ 7o), en (v}, — Q)v}))

< (ol + lulla) (irallo + len (R ).
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Here we indeed have used the following estimate derived from the inverse inequality
and (3.3)-(3.4) in [22]

len(vi, = Quvi)llox S hillvy — Quoillox S At vy = wrvillox < llen(vi)]
for any K € T,. Applying the inf-sup condition (B31), it follows that

11} 7 o — oy

0,K

hk+1 (

lollkt1 + [lwflks2) -

Hence we will achieve (341)) by using the triangle inequality, and the error estimates
of I'Z and Q.
When 2 is convex, we have from the triangle inequality, the error estimate of

Q;, and (329) that
lw —wpllo <[[(T = Qp)(w —up)llo + 1Qnu — Quupllo
Shlu —upl1n + |Qpu — unlfo

Finally ([342]) is achieved by using B41]) and E20). O

Remark 3.16. The convergence rate of |{u — uj |1 is of second order higher than
that of |u — up|1,5. This superconvergent postprocessed displacement u), has been
used in [3] to construct an a posteriori error estimator involving the displacement.

o T Qru —uplin <

4. BLOCK-DIAGONAL AND BLOCK-FACTORIZATION PRECONDITIONERS

Direct use of the mesh-dependent norm ||-|o,» X |[1,» would require the additional
assembling of the jump term. In this section, we first derive equivalent matrix
forms for these mesh-dependent norms and then construct block-diagonal and an
approximate block-factorization preconditioners.

4.1. Equivalent matrix forms of the mesh-dependent norms. By the trace
theorem and the inverse inequality, it is easy to see that

(4.1) ITnllon = ITrllo ¥V 7h € 2,

which implies that we can use the weighted mass matrix Mé‘ with A =0, i.e., My,

For each v;, € V7, denote by vy, the vector representation of v; based on the
basis of V', used to form the mass matrix M, ;, (cf. [78, Subsection 4.4]). For the
mesh-dependent norm | - |1 5, of the displacement, we can use the Schur complement
of the (1,1) block, i.e., Sy := BhMngg + Cp. It is easy to see S, is symmetric
and positive definite (SPD) and induces a norm | - ||g, on Vi, i.e.,

vnll3, == va" Shvn ¥ vi € Vi
Lemma 4.1. We have the norm equivalence:
[vnlin = [[vnlls, ¥V vn € Vi

Proof. We focus on the case k > n + 1 first. The low order case 1 < k < n can be
proved similarly by adding the stabilization term.

The inf-sup condition (B.1]) implies B is injective and thus Sy, is SPD and defines
an inner product on V. The identity

_ b(Th,v
(42) (T Spwm)"? = | My V2B vy = sup TR

Yo, €Vy
ThED, HTh”O

follows from the Riesz representation. Here || - || denotes the Euclidean norm of a
vector. The inequality |vp|1n S ||vnlls, is a combination of (B1), (A1), and (£2).
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From an integration by parts, we can easily get b(7p, vpn) S || 7rllo.n|Un]1,n. Then
the inequality |[vns, S |va|i,n follows from (@) and (2.

We define the operator P, : £} x V), — £}, x V;, with the matrix representation

_ (M0

(43) Ph .— ( O Sh1> 3
and denote \ -
E}\ _ Mh Bh
B, —Ch

By the stability results (BI7) and (B24]), we have the following result [I51[6467].

Theorem 4.2. The Py is a uniform preconditioner for Eﬁ, i.e., the corresponding
operator norms
IPrLisllznxvi—sux v [(PRLR) s xvissax v,
are bounded and independent of parameters h and .
The inverse of the mass matrix M, ! can be further replaced by the inverse of
the diagonal matrix or symmetric Gauss-Seidel iteration and thus the computation
of M, 1'is not a problem. The difficulty is the inverse of the Schur complement

which will be further preconditioned by an auxiliary space preconditioner in the
next section.

4.2. Approximate block-factorization preconditioner. Let M, be a symmet-
ric and positive definite matrix which is spectrally equivalent to Mj,. We can make
use of the block decomposition

- _— -
(4.4) M, B} I M, 'Bf _(Mn O
B, —-Cp)\0 -1 Bn  Sh
to obtain an approximate block-factorization preconditioner, where
gh = Bth_lBg: + Ch,.

It is apparent that Sy is spectrally equivalent to Sp,.
We define the operator G, : 3}, x V}, — X; x V, as

~ ~ —1
(T M;'BI'\ (M, 0
(4.5) G = (O . By G, )
If we denote ~ .
o (Mn B,
ch._(Bh _Ch),

it is trivial to verify that G, = E;l Sine M, is spectrally equivalent to My, so
L}, is also stable in the mesh-dependent norm. We thus obtain the following result

[9,[15,[64,[67]. Detailed eigenvalue analysis of the preconditioned system can be
found in [I3].

Theorem 4.3. The Gy, is a uniform preconditioner for Eﬁ, i.e., the corresponding
operator norms

G LalIS0 xV =50 x Vi 1(GRLR) M IS0 x Vim0 x Vs

are bounded and independent of parameters h and .

Lemma 4.4. All the eigenvalues of ghﬁﬁ are positive.
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Proof. This claim has been proved in [37,[51]. Here we reprove it by a direct
computation. Suppose ( is an eigenvalue of ghﬁﬁ, then there exists nonzero complex
vector (y, z) such that

(4.6) (Agf _th) (Z) = (z\g: _th> (li)

Multiplying (0, zT) on the left of (@G), where Z is the complex conjugate of z, we
get,

ETBhy — ETC}LZ = C(ETBhy — ETOhZ).
If { =1, the proof is finished. Then we only consider ¢ # 1, which indicates
ZTBhy = ETC}LZ.
Thus
9" Bl 2= 2TBry = 2TClz = 21 O 2.

Multiplying (37, 0) on the left of (E6), we have

7' Miyy+ 5" Bz = ¢(§" Myy + 5" By 2).
Then we get from the last two equalities that
(4.7) GEMMy + 2T CLz = (5T My + 27 Ch2).

Next we show that 57 M,y + 27 Cpz # 0. Otherwise, we obtain y = 0 and Cj,z = 0.
By (£6) and the fact that ¢ # 1, we get Bf z = 0. Hence it holds that

My Bi\ (y) _ (0

Bh —Ch z) 0/’
which indicates the vector (y,z) = 0. Thus T Myy + z7Cl,z # 0. Therefore we get
from (A7) that ¢ is positive. O

Combining Theorem 3] and Lemma 4] we have the following result.
Theorem 4.5. It holds for each eigenvalue ¢ of ghﬁﬁ that
(=1

In both diagonal- and block-factorization preconditioners, to be practical, we do
not compute S, Lor 5,; ! Instead it can be solved by many existing fast solvers,
such as multigrid methods [11]12]23]24,[28,[42], domain decomposition methods
[2,3}14L4T], and other two-level or multilevel preconditioning techniques [IT}12}29]
30,57158l[82]. We shall apply the fast auxiliary space preconditioner to be developed
in the next section.

At the end of this section, we show the convergence of the preconditioned GM-
RES method. For ease of presentation, for any two symmetric matrices Hy and Ha,
let H; < Hy mean Hy — H; is a semi-positive definite matrix.

Lemma 4.6. For any T, € Xj, satisfying fQ trry, doe = 0, we have

ITnllo S IThlla + [ div Tall -1 n-
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Proof. First we can see that

> (hxdivry,va)k (div 7. 08)
|hdivTy| = sup KT = sup o Zh

v EV thHO B v EV 1 /2
> lhg onllf &

KeTy,

By the inverse inequality, it follows that

|vh|ih§ Z ”hl_(lvh”(z),K'

KeTh
Hence
. div Th,Up .
haivr < sup SR gy,
v €V |vh|1,h
which together with Lemma will end the proof. O

By Lemma [£1] and Lemma [£.6] there exists a constant C; > 0 such that
(4.8) C1 My, < M}y + BiLS, ' By,

Let Spasp be a symmetric and positive definite matrix which is spectrally equiv-

alent to Sy, and
G = I M'B'\ (M, 0" .
0 -1 By, Srasp

Assume there exist positive constants a < o’ < 1 and 8’ < 8 < 4 such that
(49) (1 - a,)Mh < Mh < (1 - O‘)th B,SFasp < Sh < BSFasp-

Assumption (£9) is easily satisfied by scaling M, and S Fasp With constants indepen-
dent of h. Indeed, for any given matrix Mh being spectrally equlvalent to M}, and
matrix Sh being spectrally equivalent to Sh, take M, = wth and Spqasp = WQSh
with constants w; and wa being independent of h, then (£9) can be verified only if
constants w; and wy are chosen large enough.

Obviously
(4.10) aMy, < My — My < My,
(411) (1 — O/)Sh S Sh S Sh.
Let Epr := I — M, ' M}, then
(4.12) aM} < EL M) < M), ELM}E) < M),
(413) Oéth §E1\T/[MhEM SMh, O[zMijl gEMM}leﬁ SM}Zl

By direct computation, we get

T T RT
6oy —p 1 (E LMY+ EL B Sp.
—BhEM Sh

Fasp

BhLEy ELBL(I - Sq} Sh)>

Let

(M =M 0
Dh._( M) ).
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Lemma 4.7 (Field-of-value equivalence). Assume (£9)) holds, then we have

(GrLpz, x)p, > and IGnLChz13, <T
(z,2)p, [EI%
for all nonzero vectors 7 := (yT, 2T), where
yimmin{Ct(1 - ), -y - ), 50 -2,
F:—max{%(( 0?46+ 2 B ppras P 5')2+252}.

Here C} is the constant from (Z.8]).
Proof. Tt follows from the Cauchy-Schwarz inequality and ([3]) that
(BuEary, Srbuy02) <IBuEarylsss I302lss < VBIBuEalss Iels,
VB

(BBl s +I2I3,)
Due to ([@I2)), it holds that
(@), =(EG M) + BBl s+ 213, — (BuEary. Sl 1)
(114) Sa(My ) + (- D) BElE .+ 1),

By ([@39) and @),
Cr(1 = ) Bayly, < CillBaylig, < (Mi By, Bxy) + | BrEwyllg -

Combining with ([@I1)-@I3) and @3), we get

1
1913, <ozl By, < Gz —ay ((MREws Eary) + 1B Earsl )
- ((Mv.0) + I BuBwll% )
~Cia?2(1 - o) ’ S
1 1
<—— (M ————||BRFE 2.,
~Cra?(l - a’)( Wy + Cia?(l—a)p IBn My”SFisp

According to (@9)-(I0) and {@I4), we obtain

Y&, 2)p, <Ayl + 205, <yl + B,IIZH

«_ T _r
“Cha?(l— o) Cia2(1—ao)p

<(GnLrz, x)p, .
On the other hand, by (ZI12) and (£3)),
MRyl =(MRy,y) — (EyMyy,y) < (1= a)(Myy,y)
<(1- )yl < (1- )y,

.
(MRy.y) + 1B Easl |+ Silel,
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Since BhMng}?g;l =1-— Chggl and M{lB,fg,;lBh have the same nonzero
eigenvalues, the eigenvalues of the generalized eigenvalue problem B,?S; 'Buy =
AMy,y are not bigger than one. We get from (9] and (LI3)) that

||BES;;SthEMyH?\~4;1 =yTELBISRL, BuM, *Bl'S:L. BrLEwy

Fasp Fasp
<y ENBi SpasySnSpasyBrEnmy
<By" BB, SpagyBrEay

<B*" E} By Sy BuEwy
<B*y" BN MpEny < 82lyl%, -
Similarly, we obtain from (E9) and (ZI3) that
|BF (I — St Sh)znf&[;l =2T(I — SpSpt. ) BuM, "B (I — Spt, Si)z

Fasp Fasp Fasp
SZT(I - ghsl;;sp)gh(‘[ - Sgisp‘gh)z

<max{(1 - B)% (1 - B/)Q}”Z“%h’

|~ BuBay + $n2l 0 <2 — BuBaryl o + 201802
=2y" B} B S, BuEay + 2|23,
<2y EYMyEny +2|1211%, < 2llull%, + 22113, -
Combining the last four inequalities, we achieve from (£9)-(ZI0) and (£I3)) that
G Lz l1B, <IIMRy + By SraypBrEny + By (I = Spag,Sh)

2
Fasp Fasp Z||EM(M}1*M}’1\)71E£I

+ || — BhEnmy + Sh2||2,;1
asp

1 _ _ ~
S AIMRy + By Spasy BaBary + By (I = Sy, Sn)2ll 5

+ Bl = BrEnmy + S”th%;l

3 A2 3 T g1 2
SEHMhyHM;l + EHBh SFasthEMyHM}jl

3 o ~
+ S IBE = S, 8023 + Bl = BuBary + Snel

Fasp

g(z((l —a)? +6%) +28) |yl

3
+ (= max{(1 - )%, (1 = 8} + 28)lIz[13, <Tl=[3,,
as required. ([l

By the convergence theories for the GMRES method developed in [40,[70] and
[62, Algorithm 2.2], from Lemma 7] we conclude the uniform convergence of the
GMRES method in the | - ||p,-norm as follows.

Theorem 4.8. Assume the SPD matrices M, and Srasp satisfy @E9), then the
GMRES method with the approximate block-factorization preconditioner Gn for lin-
ear system (23]) converges uniformly in the || -||p, -norm with respect to the param-
eters h and A.
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5. AUXILIARY SPACE PRECONDITIONER

In this section we first review the framework on the auxiliary space precondition-
ers developed by Xu [79] and then construct one for the linear elasticity problem
in mixed forms. We use H!'-conforming linear element and primary formulation
of linear elasticity with A = 0 as the auxiliary space preconditioner and verify all
assumptions needed in the framework.

5.1. Framework. Let

V), = {v e Hi(QR") :v|g € P(K;R") YK eT,}.
Then V,, C Vy, for k > 2, and
(5.1) loplin = lle(vn)llo = |vnl1 YV vn € Vy.

The conforming linear finite element method for the linear elasticity with A = 0 is
defined as follows: Find u; € V}, such that

(5.2) 2u(e(un),e(vn)) = (f,vn)  Von € Vi,
Denote A : V), — V), by

(Awp,vp) = 2u(e(wn), e(vn)) YV wh,vp € V.
It is apparent that the operator A is SPD.

In what follows we assume 7, is quasi-uniform. Define operator M : X, — X,
by

(Mgp,Th) = %(Chv"'h) V Sh, Th € B,
operator B : 3 — V', by
(Bth,vp) = b(Th,vp) VT € Xp,vp € v,
and operator C' : Vi, = V', by
(Cwp,vp) = c(up,vp) Y wp,vp € V.

Then the Schur complement operator S = BM~'BT 4+ C. Based on the norm
equivalence (B.]), we can easily derive the estimate of spectral radius and condition
number of the Schur complement operator S that

(53) pPs = )\max(s) ~ h_2a K(‘S) =5 T~ h’_2'

The relation between S and S}, is given by
Sp = My nS

with S being the matrix representation of S.

We introduce the auxiliary space preconditioner for the Schur complement. The
idea is to construct a multigrid method using V', as the “fine” space and V;, as the
“coarse” space. Denote B : V) — V}, to be such a “coarse” solver. It can be either
an exact solver or an approximate solver that satisfies certain conditions, which will
be given later. Next, on the fine space, we need a smoother R: V — V., which
is symmetric and positive definite. For example, R can be a Jacobi or symmetric
Gauss-Seidel smoother. Finally, to connect the “coarse” space with the “fine”
space, we need a “prolongation” operator I : V), — V. A “restriction” operator
I': V;, — V}, is consequently defined by

(IT'v, w) = (v, lw) for v € V}, and w € V,.
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It is also well-known that the matrix representation of the restriction operator II*
is just the transpose of the matrix representation of the prolongation operator II.
Then, the auxiliary space preconditioner X : V; — V7, following the definition
in [79], is given by

(5.4) Additive X = R+ B,

(5.5) Multiplicative I-XS=(—-RS)(I-UBIS)(I - RS).
According to [79], the following theorem holds.

Theorem 5.1 (Xu [79]). Assume that for allv € Vi, w € Vy,

(56) (S'U, 'U) 5 (Rilfv7 'U) 5 pS(va 'U),
(5.7) (Aw, w) < (BAw, Aw) < (Aw, w),
(5.8) Mw|; p < w|s (stability of 11),

and furthermore, assume that there exists a linear operator P : Vi — V) such
that

(5.9) |Pv|y S |v|in (stability of P),

(5.10) |v —TIPv||2 < p§1|v|ih (approzimability).

Then the preconditioner X defined in (54) or (B0 satisfies
k(XS) S 1L

5.2. Construction. Now we construct an auxiliary space preconditioner which
satisfies all conditions in Theorem [ namely, inequalities (G6l)-(GI0). It is
straightforward to pick B that satisfies condition (5.7)). For example, B can be
either the direct solver, for which B ~ A~!, or one step of classical multigrid
iteration which satisfies condition (G1)).

The smoother R is also easy to define. A Jacobi or a symmetric Gauss-Seidel
smoother [I8] will satisfy the condition ([B.6]). Operator II is the natural inclusion
for k > 2 and the L? projection Q,, for k = 1, i.e., taking the average of nodal
values inside each simplex. Then the condition (58] follows from (&1l and (BI6)
immediately.

The technical part is to define an operator P : V), — V) that satisfy the
conditions (B9)-(EI0). Note that the operator P is needed only in the theoretical
analysis. In the implementation, one needs B, R, and II only.

Construction of P is equivalent to specify function values at each vertex. For
an interior vertex x; of 7Ty, denoted by £2; the vertex patch of x;, we will simply
choose (Pv)(x;) := ]! fﬂi vdz, i.e., the average of a discontinuous polynomial
v in the vertex patch. For boundary vertex x; € 99, we set (Pv)(x;) := 0.

For any K € Ty, let

Q%v = (Q)v)|x = L/ vdz v e L*(;R").
(K] Jx
Define
E’iZ:{KEﬂLZKCQi}, ]:h’iZ:{FEJ:h:wiEF}.
Obviously for interior nodes we have (cf. [21])

(5.11) (Po)@)= .

KeTh,:

| K|
192

0
Qkw.
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The error estimate of the operator P can be derived by the standard argument
used in [22/27B0,[75]. For completeness, we show it in detail as follows.
Lemma 5.2. The operator P satisfies
lv = Pollo + h|Pv|y S hlvjin YV ve V.
Proof. According to (5I0)), it holds for each interior node x; that
Qv — (Po)(@)P S Y 1Qkv— Qv S Y @l
K'€Th,: FeFy;

For each boundary node «;, we obtain by a similar technique and the definition of
jump on the boundary,

1Q%v — (Po)(m)* = |Q%v]* S > @yl
FeFn

Then using the scaling argument, we have

n

> Q% v — Pol§ = Y Y hiTQ%v — (Pu) (ki)

KeTy, KeTy, i=0
D (27 R0l
FeFy,

From the L? error estimate ([B.I5)), the discrete Korn’s inequality (3.8)), and the
norm equivalence ([B.6]), we get

v —Pold S D hilllv - Qkv

|(2J,K + Z h Q% v — PUH%,K

KeTy KeTy KeTh
— 0
Slolia+ Y he' @015 -
FeF,
- 0
(5.12) Sllin+ DY hp'l@v =[5 r S vl
FeFy,

It follows from (12 and BI5) that
[Polf= ) [Pv—Qiolix S D hilllPv — Q%vllf

KeTn KeTn
- - 0
S Y Wl = Pollg i+ Y bl — Qkvlli i S vl
KeTy, KeTy,
Therefore we can finish the proof by combining the last two inequalities. O

Lemma 5.3. For any v € V', it holds that
(5.13) lv = TIPo|[§ S ps'vlE -

Proof. For k > 2, the inequality (5.13)) is the result of Lemma and (53). For
k =1, we obtain from the triangle inequality, (B.13]), Lemma (.2 and (53) that

lv = LPv|[§ =[lv — @, Pv[§ < llv — Po§ + [|Pv — Q, Pvl3
< llv = Polfg + 12|1Poli S 2o}, < p5'[oli 4,
as required. O

Combining Lemma [£J] Theorem [B.1] and Lemmas and B3] we have the
following estimate of the condition number of X S.
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Theorem 5.4. Let R be a Jacobi or a symmetric Gauss-Seidel smoother, let B be
one step of classical multigrid iteration, and let I be @Q;,. Then the preconditioner

X defined in (&4) or (B0 satisfies
k(XS) S 1

6. NUMERICAL RESULTS

In this section, we will report some numerical results to testify the efficiency and
robustness of the auxiliary space preconditioners developed in Sections 4 and 5 for
the mixed finite element method (Z3)-Z4). Let Q = (—1,1)%, u = 0.5 and the
load f = 1. We use the uniform triangulation 7; of Q except in the last example.
The stopping criteria of our iterative methods is that the relative residual is less
than 1078, and the initial guess is zero. We run the code on the laptop with Intel
Core i5-5300U CPU (2.30 GHz) and 4GB RAM.

6.1. Block-diagonal preconditioner. First we use the minimal residual (MIN-
RES) method with the block-diagonal preconditioner

D;* 0

( 0 (BuDy'Bi +Cn)™" >
to solve the matrix equation (Z3)) for the mixed finite element method (23))-(2),
where Dy, is the diagonal matrix of My. To precondition the Schur complement
BhDng;f + Ch, we apply the multiplicative auxiliary space preconditioner (53],
in which we employ three steps of the Gauss-Seidel smoother for R and one step of
the V-cycle multigrid method with one pre-smoothing and one post-smoothing for
B.

The iteration numbers and CPU time for the block-diagonal preconditioned MIN-
RES method are shown in Tables[IH3] for £ = 1,2, 3, from which we can see that the
iteration steps are uniform with respect to the mesh-size h and the Lamé constant
A. But it depends on k as the traditional multigrid methods applied to the Poisson
equation.

Remark 6.1. The iteration steps can be further reduced by introducing additional
scaling in Dj, and Sy, i.e.,

wlD,:I 0
0 wz(wlBhD,?lBg —l—Ch)_l ’

and optimizing w; and ws.

6.2. Approximate block-factorization preconditioner. Next we examine the
generalized minimal residual (GMRES) method with the approximate block-factori-
zation preconditioner

D, B \' (T D;'BY\ /[ D 0 -
( B, —Ch > - < 0 I >( B, ByD;'Bf+0C > '

Set restart=20 in the GMRES method. We still exploit the same multiplicative
auxiliary space preconditioner as in the block-diagonal preconditioner to solve the
Schur complement.

The iteration numbers and CPU time for the approximate block-factorization
preconditioned GMRES method are shown in Tables[@HTlfor k = 1,2, 3, 4. Again the
iteration steps are uniform with respect to the mesh-size h and the Lamé constant .
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TABLE 1. The iteration steps and CPU time (in seconds) of the
block-diagonal preconditioned MINRES method for & = 1

A=0 A=10 A =100 A = 1000 A =400
##dofs steps time | steps time | steps time | steps time | steps time
1891 43 0.08 65 0.11 74 0.13 74 0.13 74 0.13
7363 46 0.34 75 0.58 84 0.64 86 0.64 86 0.64
29059 47 1.39 78 2.31 91 2.65 92 2.67 92 2.67
115459 47 5.24 81 9.05 95 10.5 96 10.6 96 10.6
460291 47 21.9 81 37.4 97 44.7 98 45.2 98 45.2
1838083 | 46 88.0 81 151.3 | 97 183.6 | 100 189.3 | 100 189.3

TABLE 2. The iteration steps and CPU time (in seconds) of the
block-diagonal preconditioned MINRES method for k = 2

A=0 A=10 A =100 A = 1000 A =400
##dofs steps time | steps time | steps time | steps time | steps time
1811 57 0.16 85 0.23 93 0.25 94 0.25 94 0.25
7075 58 0.66 91 1.03 98 1.09 | 100 1.12 100 1.12
27971 58 2.64 93 4.13 102 4.57 102 4.57 102 4.57
111235 58 10.2 95 16.5 103 17.8 104 18.0 104 18.0
443651 57 41.3 96 68.4 104 73.9 104 73.9 106 75.3
1772035 | 57 170.7| 97 2855 | 104 307.3| 106 313.2 | 106 313.2

TABLE 3. The iteration steps and CPU time (in seconds) of the
block-diagonal preconditioned MINRES method for & = 3

A=0 A=10 A =100 A = 1000 A =400
##dofs steps time | steps time | steps time | steps time | steps time
971 56 0.09 89 0.17 91 0.19 91 0.19 91 0.19
3763 58 0.58 88 0.81 94 0.87 94 0.87 94 0.87
14819 58 2.31 90 3.56 96 3.76 96 3.76 96 3.76
58819 58 8.78 90 13.8 96 14.4 96 14.4 97 14.6
234371 57 34.6 90 55.0 96 58.4 98 59.6 98 59.6
935683 | 57 1414 90 221.7| 96 236.5| 98 2414 | 98 2414

The performance of the approximate block-factorization preconditioned GMRES
method is better than the block-diagonal preconditioned MINRES method. The
iteration steps and CPU time are almost halved compared with the block-diagonal
preconditioner. By Tables @7 the approximate block-factorization preconditioner
is not robust with respect to k. Indeed, the auxiliary linear conforming element
space preconditioner is not robust even for the Lagrange element method for the
Poisson equation with respect to k.

At last, we testify the approximate block-factorization preconditioner on un-
structured meshes. Let the Lamé coefficient
2% + 9% < 0.25,
2% + 9% > 0.25.

|

1
10000,
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TABLE 4. The iteration steps and CPU time (in seconds) of the
approximate block-factorization preconditioned GMRES method

for k=1
A=0 A=10 A =100 A = 1000 A= +00
#tdofs steps time | steps time | steps time | steps time | steps time
1891 20 0.05| 34 0.06 38 0.06 39 0.08 39 0.08
7363 22 016 | 39 0.30 46 0.33 47 0.36 47 0.36
29059 24 073 | 45 1.33 50 1.45 51 1.54 51 1.54
115459 24 287 | 47 5.63 54 6.52 55 6.71 55 6.71
460291 25 129 | 50 25.6 57 28.9 59 30.4 59 304
1838083 | 26  57.3 | 52 112.2| 63 1409 | 64 1425 | 64 1425

TABLE 5. The iteration steps and CPU time (in seconds) of the
approximate block-factorization preconditioned GMRES method

for k=2
A=0 A=10 A =100 A =1000 A =400
#fdofs steps time | steps time | steps time | steps time | steps time
1811 18  0.05| 29 0.07 31 0.08 31 0.08 32 0.08
7075 20 023 | 32 0.36 34 0.39 35 0.41 35 0.41
27971 22 1.03| 35 1.62 37 1.70 38 1.73 38 1.73
111235 23 4.20 | 37 6.80 40 7.38 41 7.60 41 7.60
443651 24 183 | 39 29.4 44 34.7 44 34.7 44 34.7
1772035 | 24 75.6 | 40 125.8 | 45 1452 | 46 1484 | 46 1484

TABLE 6. The iteration steps and CPU time (in seconds) of the
approximate block-factorization preconditioned GMRES method

for k=3
A=0 A=10 A =100 A = 1000 A =+00
#dofs gteps time | steps time | steps time | steps time | steps time
971 20 0.03 27 0.05 28 0.06 28 0.06 28 0.06
3763 21 0.19 29  0.26 30 0.27 | 30 0.27 | 30 0.27
14819 22 0.86 30 1.19 32 1.25 32 1.25 32 1.25
58819 23 3.62 31 4.82 33 5.21 33 5.21 33 5.21
234371 24 15.5 32 20.6 34 21.7 35 22.3 35 22.3
935683 | 24 629 | 33 864 35 91.4 36 94.1 36 94.1

To generate unstructured meshes, we use the following a posteriori error estimator

recently advanced in [31]

Y hiclrot rot@on)lg x + Y hxllt (Aon))IE ox

KeTy

KeTy,

+ ) hkllow

KeTy,

T(Aeop)t)) — tTI'Ot(Qlo'h)]H(Z),aK
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TABLE 7. The iteration steps and CPU time (in seconds) of the
approximate block-factorization preconditioned GMRES method
for k=4
A=0 A=10 A =100 A = 1000 A =400
#dofs steps time | steps time | steps time | steps time | steps time
427 26 0.02| 34 0.03| 32 003] 32 003] 32 0.03
1627 28 0.14| 35 0.17| 36 0.19| 36 019 ] 36 0.19
6355 28 067 3 08| 37 089| 38 092| 38 0.92
25123 29 290 | 37 370 | 38 3.74| 38 3.74| 38 3.74
99907 30 122 | 38 155 | 40 163 | 40 163 | 40 16.3
398467 | 31 509 | 40 658 | 42 69.1 | 43 708 | 43 70.8

to design the adaptive algorithm. The Dérfler marking strategy [38] with bulk pa-
rameter § = 0.1 and the newest vertex bisection [65] are employed in the adaptive
algorithm. For consideration of unstructured meshes, we replace the auxiliary dis-
crete problem ([5.2]) with the following vectorial Poisson equation discretized by the
conforming linear element: Find u; € V), such that

2u(Vup, Vo) = (f,vp) Vv € Vy.

This discrete problem will be solved efficiently by algebraic multigrid method [6§].
The unstructured mesh with #dofs = 1669303 for k = 3 generated by the adaptive
algorithm is drawn in Figure[I, which fairly exhibits the singularity of the solution
around x? + y? = 0.25. Partial numerical results on the iteration steps of the
approximate block-factorization preconditioned GMRES method for the adaptive
algorithm are listed in Table[§ The approximate block-factorization preconditioner
is still robust with respect to the #dofs and the Lamé coefficient A even on adaptive
meshes.

FIGURE 1. Adaptive mesh with #dofs = 1669303 for k = 3
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TABLE 8. The iteration steps of the approximate block-
factorization preconditioned GMRES method for the adaptive al-
gorithm

k=2 k=3 k=4

#dofs | steps | #dofs | steps | #dofs | steps
6226 34 5531 33 5992 39
35190 35 36026 35 37129 40
175532 40 158348 35 177197 | 40
386054 | 42 309797 | 35 347044 | 40
550932 43 501416 36 613309 | 40
778059 | 44 | 636848 35 790819 | 40
1102619 | 46 | 805682 36 897810 | 40
1394239 | 46 | 1028794 | 36 | 1036132 | 41
1756771 | 49 | 1311058 | 36 | 1180274 | 41
2198618 | 43 | 1669303 | 37 | 1319178 | 40
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