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AN ANISOTROPIC FINITE ELEMENT METHOD
ON POLYHEDRAL DOMAINS:
INTERPOLATION ERROR ANALYSIS

HENGGUANG LI

ABSTRACT. On a polyhedral domain Q C R2, consider the Poisson equation
with the Dirichlet boundary condition. For singular solutions from the non-
smoothness of the domain boundary, we propose new anisotropic mesh refine-
ment algorithms to improve the convergence of finite element approximation.
The proposed algorithm is simple, explicit, and requires less geometric condi-
tions on the mesh and on the domain. Then, we develop interpolation error
estimates in suitable weighted spaces for the anisotropic mesh, especially for
the tetrahedra violating the maximum angle condition. These estimates can
be used to design optimal finite element methods approximating singular so-
lutions. We report numerical test results to validate the method.

1. INTRODUCTION

Let Q C R? be a bounded polyhedral domain. Consider the Poisson equation
with the Dirichlet boundary condition,

(1) —Au=f in u=0 on 9N

The regularity of the solution is determined by the smoothness of the boundary
09 and the smoothness of the given data f. For example, when the domain has a
smooth boundary, the solution continuously depends on the given data f in Sobolev
spaces with the full regularity estimate [231[32]

(2) [ull zm+i) < Cllf |l zm-1(), m > 0.

On domains with a non-smooth boundary, equation () usually possesses solutions
with singularities near the non-smooth points, and therefore the estimate in (2] no
longer holds, even when f is smooth. The lack of regularity in the solution can
cause severe convergence issues in the numerical approximations [I8]20,[39].
Addressing critical problems both in theory and in practice, various finite ele-
ment methods (FEMs) approximating such singular solutions have been studied.
Intuitively, the accuracy of the numerical solution can be improved by increasing the
mesh density near the singularity of the solution. For elliptic boundary value prob-
lems in two-dimensional (2D) polygonal domains, this idea has led to effective FEMs
based on local mesh grading algorithms, in which the numerical approximation of
singular solutions achieves the optimal convergence rate. See [I1,812]15]31136L37]
and the references therein. The validation of these methods highly depends on the
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regularity estimate of the singular solution in special weighted Sobolev spaces (e.g.,
[10, 21126127, 29],[34,[35] ), which itself is an active research topic in mathematical
analysis.

For a three-dimensional (3D) polyhedral domain €2, the solution is featured with
different types of singularities: the vertex (conical) singularity and the (anisotropic)
edge singularity. Thus, an anisotropic mesh is in general expected for a better
finite element approximation. The combination of different types of singularities,
together with the complexity in the 3D geometry, makes the development of optimal
FEMs for equation () a more technically challenging task. Existing algorithms on
polyhedral domains usually require restrictive geometric conditions on the mesh
and on the domain. Some relevant results are as follows. The mesh in [2]25][33]
is based on the method of dyadic partitioning. These meshes are isotropic and
optimal only for weaker singular solutions. The mesh in [I,BH5] is based on a
coordinate transformation from a quasi-uniform mesh. It is anisotropic along the
edges and requires confining angle conditions for the simplex. The mesh in [9}1T]
is also anisotropic and leads to optimal convergence rate. The algorithm, however,
requires extra steps for prism refinements to maintain the angle condition in the
simplex. There are also tensor-product anisotropic meshes based on 2D graded
meshes [6138] that are usually effective on a domain with simple geometry.

The aim of this paper is twofold. First, we propose new anisotropic mesh refine-
ment algorithms (Algorithm [B2)) for the finite element approximation of singular
solutions in equation (Il). These graded refinements are simple, explicit, and de-
termined by a set of parameters associated to the singular set (vertices and edges)
of the domain. Meanwhile, with less geometric requirements on the simplex and
on the domain, these algorithms are defined recursively based on direct decomposi-
tion of tetrahedra, and lead to conforming triangulations. Second, we develop H'!
interpolation error estimates for the finite element space associated with the pro-
posed anisotropic mesh. Due to the lack of regularity in the usual Sobolev space,
these estimates are established for solutions in suitable weighted Sobolev spaces
My (Definition 2.2)), in which the norm of the solution continuously depends on
the given data f. Using the interpolation error estimates and weighted regularity
results for the solution, one can decide the range of the grading parameters, such
that the finite element solution approximates the singular solution in the optimal
rate.

A notable difference from the existing meshes is that our triangulation, with
tetrahedral elements, in general, violates the maximum angle condition [7]. Namely,
the maximum interior angle in the triangular faces of the tetrahedra approaches m
as the level of refinements increases. To overcome the resulting difficulty in the error
analysis, we develop technical tools through the following steps. First, we classify
tetrahedra into different types according to their relation with the singular set.
For each tetrahedron type, we construct explicit linear transformations that map
the tetrahedra to the reference element. We show that the mapping is bounded,
whose upper bound is independent of the refinement level. Then, we obtain the
interpolation error estimate by proving that the lack of angle condition can be
compensated for by different weights in the function space. The finite element error
estimate (Theorem [25]) is an immediate consequence of the interpolation error
analysis and the Céa Lemma. The weighted space M} and some of its variants are
closely related to the Mellin transform for non-smooth domains [29,[30], in which
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many rigorous regularity results have been established [16,22]24]. Thus, using M7
as the function space for the solution, to validate the proposed FEM, here we pay
more attention to the connection between the grading parameters in the anisotropic
mesh and the indices in the weighted space. Besides the results in this paper, we
also expect that the self-contained analytical techniques developed here will lead to
new convergence results when similar weighted spaces are considered, and will be
useful for other numerical studies of the proposed anisotropic FEM. In particular,
we mention that Mj} is the space for the homogeneous Dirichlet problem @M.
For problems with the Neumann or other boundary conditions, different weighted
spaces that contain polynomials near the boundary may be needed to characterize
the solution. We shall study the proposed anisotropic method in such weighted
spaces for more general applications in future works.

The rest of the paper is organized as follows. In Section[2] we define the weighted
Sobolev space and the finite element approximation to equation (). In Section B3]
we propose the 3D anisotropic mesh algorithm and discuss the resulting mesh prop-
erties. In Section @] we give detailed interpolation error estimates on anisotropic
meshes in weighted spaces. In Section [5] we report numerical test results on two
model domains. These numerical results are in agreement with our theoretical
prediction, and hence provide evidence for the validation of our method.

Throughout the text below, we adopt the bold notation for vector fields. Let
T be a triangle (resp. tetrahedron) with vertices a,b,c (resp. a,b,¢,d). Then, we
denote T by its vertices: A2abe for the triangle and A*abed for the tetrahedron,
where the sup-index implies the number of vertices for 7. We denote by ab the
open line segment with endpoints ¢ and b and denote by % the vector from a to
b. By a ~ b (resp. a < b), we mean there exists a constant C' > 0 independent of
a and b, such that C~'a < b < Ca (resp. a < Cb). In addition, when A C B, it is
possible that A = B. The generic constant C' > 0 in our estimates may be different
at different occurrences. It will depend on the computational domain, but not on
the functions involved or the mesh level in the finite element algorithms.

2. PRELIMINARIES

In this section, we introduce the weighted Sobolev space and the finite element
approximation to equation (), as well as other necessary notation and existing
results.

2.1. Weighted Sobolev spaces. Let V = {v}*, and £ = {e;}}\, be the set of
vertices and open edges of 2, where N, and N, are the numbers of the vertices
and edges, respectively. Let N; := N, + N.. Then, we denote the singular set by
S = {SE}?[:SI =V UE. We number the elements in S, such that

(3) se=vp for 1<l<N,; sg=ep_pn, for N, <{<Ni.

Namely, the first Ng elements are vertices, while the last N, elements are edges.
Then, we classify different sub-regions based on their locations relative to the
singular set S.

Definition 2.1 (The domain decomposition). For a vertex v € V, let O, C § be
a neighborhood of v, whose closure does not contain any other vertices. Let G,
be the projection of @, on the unit sphere S? centered at v. Therefore, G, is a
spherical polygon on S2. Denote by &, C £ the set of edges that touch v. Then,
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each edge e € &, corresponds to a vertex v, of the region G,. Let O(v.) C G, be
a neighborhood of the vertex v., whose closure does not contain other vertices of
Gy. Then, using the spherical coordinates (p, ) € R, x S? centered at v, we define
the neighborhood of the part of the edge e € &, close to v, O = {(p,9) € O,, I €
O(ve)}. Thus, Q has the decomposition

(1) Q- (LEJV (03 U <g O))) v (LEJE Os) |

where Of = O, \ (U,ee, OF), 22 is an interior region of Q2 away from the singular

points, and 02 = Q\ (2° U (U,ey Ov)). Namely, © is decomposed into four

components: (I) U,ep(U.eg, OF), the neighborhood of the part of edges close
to vertices; (II) J,ce OF, the neighborhood of the part of the edges away from
vertices; (III) J,cy Og, the sub-region of the neighborhood of the vertices that
does not contain edge points; (IV) Q°, the interior part away from the singular set

S.
With this domain decomposition, we define the following weighted Sobolev space.

Definition 2.2 (Anisotropic weighted spaces). Let H™, m > 0, be the usual
Sobolev space that consists of functions whose kth derivatives are square-integrable
for 0 < k < m. Let H?.(Q) := {v, v € H™(w)}, where w is any open subset with
compact closure w C Q. Let p,(x) and p.(z) be distance functions from = € Q to
the vertex v € V and to the edge e € &, respectively. Within the neighborhood
O?, let pey = pe/pyv be the angular distance. In the neighborhoods O¢ and O,
we choose a local Cartesian coordinate system in which the edge e € &£ lies on

the z-axis. Let o) = (aq, ) consist of the first two entries of the multi-index

@ = (oq,q9,a3) € Z%,. Therefore, in O and O, 9*+ = 939> is a partial
derivative in a direction perpendicular to the z-axis. Recall the singular set S
in @). Then, given an N,-dimensional vector g = (p1,...,1n.), we define the

anisotropic weighted space

() M) = {v € HE(@), pfioo% € 1303), gl -e0mv € 12(07),
Pl ple e € L2(02) Vol < m).

where u, and p. are the entries in pu that have the same sub-indices as those of v
and e in §. Thus, for 1 < ¢ < N,,, ue specifies the weight associated to the vertex
vg € V; and for N, < £ < N, pp gives the weight associated to the edges e;—n, € €.
For any v € M}}(€2), the associated norm is

013 ) = NolEm ooy + D2 (DM 0%0] 7204

la|<m veV

+ > el el Ta o)) + Y o T 00 T 0y ) -
{ec&,env=uv} ecé

In this paper, all the vectors denoted by the bold font have N, entries. For any
two vectors a and b, we write a < (<,>,>) b if each entry ay < (<,>,>) by,
1 < ¢ < N,. We denote by 1 (resp. 0) the constant Ny-dimensional vectors with
all entries being 1 (resp. 0).
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Note that the distance functions in the space MJ} are determined by the location
of the singular set §. Thus, they only depend on the domain €2, and remain the
same for any sub-region of €.

Remark 2.3. The space M} is anisotropic in the sense that the transverse deriva-
tives 9%+ and the longitudinal derivatives along the edge play different roles in the

formulation. Compared with the isotropic weighted spaces [16]
K () = {v € Hp.(Q), pil 0% € LX(03), pit171 0% € L*(07),
py e pi e 0% € LP(OF) Vla| < m},

the space M}} is suitable to describe the anisotropic behavior of singular solutions,
especially the additional regularity in the edge direction. For example, define the
vector 7, such that

(6) ne=+ e+1/4 for 1<L<N, and n =w/wy for N, < ¢ < Ng,

where Ay > 0 is the smallest positive eigenvalue of the Laplace-Beltrami operator
with the zero Dirichlet boundary condition on the spherical polygon G,,, in the unit
sphere S? centered at vy, and wy is the interior dihedral angle of the edge e, n, € &.
Then, for m > 0, the solution u € HE () of equation (), satisfies [1619]

(7) [l aarm

w1 () < C”fHM;zI(Q) for0<a<mn.

This shows the continuous dependence of the solution on the given data in weighted
spaces, despite the lack of regularity in usual Sobolev spaces.

Remark 2.4. Note that the estimate () does not give a shifting in the index m. In
fact, a smoother f is expected in order for u to be in M7;?(€2) [LI]. This, however,
requires sophisticated regularity analysis that we will address in a forthcoming
paper. Nevertheless, our goal in this paper is to propose new anisotropic finite
element algorithms and develop interpolation error estimates in suitable weighted
spaces. These estimates will also facilitate the finite element analysis for singular
solutions when other anisotropic regularity results become available. Hence, from
now on, we assume the solution of equation ([I]) satisfies

ue M) for m > 1,
where o > 0 will be specified later.

2.2. The finite element method. Recall that H}(Q) C H'(Q) is the subspace
consisting of functions with zero trace on 9. The variational solution u € Hg (£2)
of equation (Il satisfies

a(u,v):/QVu-Vvda::/vadx:(f,v) Vv € H} ().

Let 7, be a triangulation of  with tetrahedra. Let S,, C H () be the Lagrange
finite element space of degree m > 1 associated with 7,. Namely, S, = {v €
C(Q), v|r € Py, for any tetrahedron T € T7,}, where P, is the space of polyno-
mials of degree < m. Then, the finite element solution u,, € S,, for equation () is
defined by

(8) a(tn,vy) = (f,vn) Vo, € S,.
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Remark 2.5. By the Poincaré inequality, the bilinear form a(, ) is both continuous
and coercive on H{(£2). Thus, the Céa Lemma [14,[17] gives rise to

(9) lu = unllae) < ik lw = ol o).

On a standard quasi-uniform triangulation 7, it is well known that the limited
regularity of u in the usual Sobolev space may result in a sub-optimal convergence
rate for the finite element approximation. Namely,

(10) Hu—un||H1(Q) S ChSHu||Hs+1(Q),

where h is the mesh size in 7, and 0 < s < m depends on the geometry of the
domain.

3. ANISOTROPIC MESH ALGORITHMS

In this section, we propose new 3D anisotropic mesh algorithms for the finite
element approximation of singular solutions of equation ({Il). We first classify tetra-
hedra in the triangulation based on their relation with the singular set S.

Definition 3.1 (Tetrahedron types). Recall the vertex set V, the edge set £, and
S =V UE&. For a tetrahedron T, we say T contains a singular edge if one of its
edges lies on an edge in £. Let x be a vertex of T. We say x is a singular vertex
of T'if z € V, or x € e for some edge e € £ but none of T’s edges lies on e. Let T
be an initial triangulation of €, such that: (I) each tetrahedron contains at most
one singular vertex and at most one singular edge; (II) if a tetrahedron contains
both a singular vertex and a singular edge, the singular vertex is an endpoint of the
singular edge. Then, each tetrahedron 7" € T falls into one of the five categories.

(1) o-tetrahedron: TNS = 0.

(2) v-tetrahedron: T NS is a vertex in V.

(3) ve-tetrahedron: T'NS is an interior point of an edge in €.

(4) e-tetrahedron: TNS is an edge of T', which lies on an edge in £ but contains
no vertex in V.

(5) ev-tetrahedron: T'NS contains a vertex v € V and an edge of T that lies
on an edge in £ joining v.

Then, we present our anisotropic mesh algorithm.

Algorithm 3.2 (Anisotropic refinement). Let T be a triangulation of 0 as in
Definition Bl For each element s, € S, 1 < £ < N, we associate a grading
parameter ky € (0,1/2]. Let T = A*xoriz003 € T be a tetrahedron with vertices
T, X1, T2, T3, such that xq is the singular vertex if T is a v-, v.-, or ev-tetrahedron;
and xox1 is the singular edge if T is an e- or ev-tetrahedron. Let k = (K1,...,KN,)
be the collection of the grading parameters, such that each kg corresponds to an
element sy in the singular set S. Then, the refinement, denoted by x(T), proceeds
as follows. We first generate new nodes xy;, 0 < k <1 < 3, on each edge xx; of
T, based on its type.

(I) (T is an o-tetrahedron): xy; = (x + 1) /2.

(IT) (T is a v-tetrahedron): Suppose xg = s¢ €V (1 <€ < N,). Define K, := Ky.
Let I, := {{, v is an endpoint of e;_n,} be the index set for edges touching
v. Define k = Key := minyer, (Ky, £e). Then, v = (zr +21)/2 for 1 <k <
1<3; 200 = (1 —K)xg + kg for 1 <1<3.
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FIGURE 1. Decompositions for a tetrahedron A*zgzizezs, top
row (left to right): o-tetrahedron, v- or w.-tetrahedron, e-
tetrahedron; bottom row (left to right): an ev-tetrahedron (r, >
Ke), an ev-tetrahedron (K, < Ke).

(IIT) (T is a ve-tetrahedron): Suppose xo = Toxy NS¢, (N, < £ < Ny), namely,
sp € E. We define k = ke := ky. Then, xp = (xp+a)/2 for 1 <k <1<3;
zor = (1 — K)xg + kg for 1 <1< 3.

(IV) (T is an e-tetrahedron): Suppose xox1 C ep—n, = 8¢ € € (N, < £ < Ny).
Define ke := ky. Then, x = (1 —ke)Trp+rex; for 0 <k <1land2<[<3;
To1 = (J)o + 1‘1)/2, To3 = (1‘2 + 1‘3)/2.

(V) (T is an ev-tetrahedron): Suppose xg = vy = s¢ € V (1 < ¢ < N,) and
xox1 C ep_n, = S¢ € E (N, < U < Ny). Define ky = kg, Ke := Ky,
and Key 1= mingey, (Ky, K¢), where I, is the index set defined in (I1I). Then,
for 2 <1 <3, zg; = (1 — Key)To + Kew®y and x1; = (1 — Ke)T1 + Kelys
Tol = (1 — Hv)l‘o + KyX1, Toz = (332 + 1‘3)/2.

Connecting these nodes x; on all the faces of T, we obtain four sub-tetrahedra and
one octahedron. The octahedron then is cut into four tetrahedra using x13 as the
common vertex. Therefore, after one refinement, we obtain eight sub-tetrahedra for
each T € T denoted by their vertices:

4 4 4 4
A*mowo1T02T03, A*T1201712%13, A TaT02T12T23, A*T3203713%23,
4 4 4 4
A*x01702T03713, A*T01T02T12713, A T02T03T13T23, A X02T12713723.
See Figure [ for different types of decompositions. Given an initial mesh Ty sat-

isfying the condition in Definition Bl the associated family of anisotropic meshes
{Tn, n > 0} is defined recursively T, = k(T,—1). See Figure 2 for example.

Remark 3.3. Algorithm first assigns to each singular element s, € S a grading
parameter ¢, which can be regarded as an indicator of the severity of the singularity
at sy. A smaller value of k; leads to a higher mesh density near s, while the value
k¢ = 1/2 corresponds to a quasi-uniform refinement. It is apparent that our meshing
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FIGURE 2. Anisotropic triangulations after two consecutive refine-
ments on a tetrahedron, top row (left to right): o-tetrahedron, v-
or ve-tetrahedron (k = 0.3), e-tetrahedron (k. = 0.3); bottom row
(left to right): ev-tetrahedron (ke, = 0.3,k, = 0.4,k = 0.3),
ev-tetrahedron (Ke, = 0.3, K, = 0.3, k. = 0.4).

method results in very different mesh geometries. In a region away from the singular
set S (i.e., °), the mesh is isotropic and quasi-uniform. The local refinement for a
v- or ve-tetrahedron in fact follows the same rule: the mesh is isotropic and graded
toward the vertex zy based on the grading parameter s associated to the vertex xg.
In the neighborhood O? of an edge away from the vertices, the resulting mesh in
general is anisotropic and graded toward the edge e € £. The mesh refinement in
OY depends on the parameters x, and kg, £ € I,,, which is also anisotropic, graded
toward both the edge e € £ and the vertex v € V.

Remark 3.4. Our anisotropic refinements also generate tetrahedra with different
shape regularities. A direct calculation shows that successive refinements of an o-
tetrahedron produce tetrahedra within three similarity classes [13]; refinements for a
v- or ve-tetrahedron produce tetrahedra within 22 similarity classes (Remark 3.4 in
[28]). However, refinements for an e- or ev-tetrahedron lead to anisotropic meshes
toward the edge that in general do not preserve the maximum angle condition.
Namely, the maximum edge angle in the face of the tetrahedron approaches 7 as
the level of refinement n increases. This is a main difficulty that we shall overcome
in the error analysis.

Remark 3.5. Compared with existing 3D graded mesh refinements [1311L38], the
proposed algorithm has a few notable properties: (1) it is simple, explicit, and
defined recursively; (2) the meshes 7;, j < n, are conforming and the associated
finite element spaces S; are nested; (3) the algorithm results in a triangulation
with the same topology and data structure as the usual 3D uniform mesh [I3],
and also provides the flexibility to adjust the grading parameters for vertex and
edge singularities on general polyhedral domains. In what follows, we shall obtain
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interpolation error estimates for singular solutions on such meshes, which in turn
imply that our mesh can effectively improve the convergence of the finite element
approximation.

To simplify the exposition in the next section, for a singular element in S, we
now define another set of parameters associated with k,, ke, and ke, (Algorithm
B2). When sy, € S is a vertex v, let a, be such that

(11) Ky = kg = 27/,
When s, € S is an edge e, let a, be such that
(12) Ke = kg = 27T/ %,

In addition, we define the constant a., = mingey, (ay, ar), where I, is the index set
defined in (II) of Algorithm Therefore,

(13) Koy = 27/ v,

Then, we denote by a = (a1,...,an,) the collection of these mesh parameters
L ey, if v= 53

(14) ag ._{ a. i e = s, 1<?¢< Ns.

Here, m > 1 is the polynomial degree in the finite element approximation (§). Since
ke € (0,1/2], it is clear that 0 < ap < m.

4. INTERPOLATION ERROR ESTIMATES

In this section, we develop analytical tools and obtain interpolation error es-
timates on the proposed anisotropic mesh. Let Ty be an initial triangulation of
the domain §2 with tetrahedra that satisfy the condition in Definition Bl Recall
T, is the mesh obtained after n successive refinements based on the parameter k.
Throughout this section, we let h := 27" be the mesh parameter of 7,. For a
continuous function v, we let vy be its Lagrange nodal interpolation associated to
the underlying mesh.

Note that the tetrahedra in the initial mesh 7o = {T(o),;} 7=, are all shape regular
and can be classified into five categories (Definition BI). Thus, with the triangu-
lation 7,,, the interpolation error estimates on 2 break down into the interpolation
error estimates on the sub-regions of €2, each of which is represented by an initial
tetrahedron T(g) ; € To.

In addition, we mention that based on the definition, the space Mf}“, m>1,
regardless of the sub-index p, is equivalent to the Sobolev space H™'! on any
sub-region of Q that is away from the singular set S. Therefore, by the Sobolev
embedding Theorem, u € MZH‘I () is continuous at each nodal point in the interior
of the domain. On the boundary of the domain, we set u; = 0 due to the boundary
condition. This makes the interpolation u; well defined.

4.1. Estimates on initial o-, v-, and v.-tetrahedra in 7;. We first have the
estimate for an o-tetrahedron in the initial mesh.

Lemma 4.1. Let T5) € To be an o-tetrahedron. For u € M (), where a is
given in ([[d)), let uy be its nodal interpolation on T,. Then, we have
(15) lu — UI\HI(T(O)) < Ohm”UHMgﬁl(Tm)y

where h = 27" and C' is independent of n and u.
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Proof. Based on Algorithm [3.2] the restriction of 7, on T\g is a quasi-uniform
mesh with size O(27™). Since H™ ! (T{¢) is equivalent to MZZ:'II(T(O)) on an o-
tetrahedron, by the standard interpolation error estimate, we have

lu— uI‘Hl(Tm)) < CQianu”H’"“(Tm)) S OhmHuHMZﬁl(Tm))'
This completes the proof. O

For a v- or v.-tetrahedron in 7y, we first identify its sub-regions that have com-
parable distances to the singular vertex.

Definition 4.2 (Mesh layers in v- and v,-tetrahedra). Let T(g) = N*zozzom3 € Ty
be either a v- or a v.-tetrahedron with xg € V or zg € e € £. We use a local
Cartesian coordinate system, such that xz is the origin. For 1 < i < n, the ith
refinement on T{g) produces a small tetrahedron with zo as a vertex and with
one face, denoted by P, ;, parallel to the face A3xqzows of T(oy- See Figure [ for
example.

Then, after n refinements, we define the ith mesh layer L, ; of T(g), 1 <i <mn,
as the region in Ty between P, ; and P, ;1. We denote by L, o the region in T{g)
between A3zixoz3 and P,1; and let L, , be the small tetrahedron with zy as a
vertex that is bounded by P, , and three faces of T(q). Since it is clear that g is
the only point for the special refinement, we drop the sub-index ¢ in the grading
parameter (I4). Namely, for such T(g, we use

K =2"m/a

to denote the grading parameter near xg (k = Kep if xg € V and kK = ke if g € € €
£). Define the dilation matrix

(16) B,i:=| 0 7% 0 A

Then, by Algorithm[3.2] B, ; maps L, ; to Ly for 0 < i < n, and maps L, to T(g).
We define the initial triangulation of L, ;, 0 <1 < n, to be the first decomposition
of L,; into tetrahedra. Thus, the initial triangulation of L, ; consists of those
tetrahedra in 7;;1 that are contained in the layer L, ;.

Remark 4.3. Based on the refinement, on L, ;, 0 < i < n, the tetrahedra in 7,, are
isotropic with mesh size O(x'2'~"). In T|g), let p be the distance to xo. Therefore,

(17) p~ K on L,;, 0<i<n.

Namely, if T(g) is a v-tetrahedron, p ~ p, for v = zo € V; and if T(g) is a v,-
tetrahedron, p ~ p., where e € £ is the edge containing xg.

Then, we have the interpolation error estimate in the layer L, ;.

Lemma 4.4. Let T\g) € To be either a v- or a v.-tetrahedron. For u € MIHH(Q),

where a is given in ([I4), let ur be its nodal interpolation on Tp,. Then, for0 <i < n,
we have
— < m m
lu = wrlm (L, ) < O™l pomr i, )

where h = 27" and C' is independent of n and u.
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Proof. For (z,y,2) € Ly, let (£,9,2) € L, be its image under the dilation B,, ;.
For a function v on L, ;, we define ¢ on L, ¢ by

,IJ(i? g’ 2?) = v(x’ y’ Z)'

As part of Ty, the triangulation on L, ; is mapped by B, ; to a triangulation on
L, with mesh size O(2°=™). Then, by the scaling argument and (IT)), we have

= uilip g, ) = w10 —arling, ) < OR22 Va0 g, )
< P,

< C2PmOmWEE N T 0 Fa -
|a]=m+1

Recall kK = 27™/% and Remark @3l Then, by the definition of the weighted space,
we have

lu—urlF(r, ) < C2PMETIR N 0% Gy, <Ch2m||U||Mm+1
la]=m+1

(Lv,i)’

which completes the proof. (Il

Then, we give the error estimate on the entire initial tetrahedron T{g).

Corollary 4.5. Let Ty € To be either a v- or a ve-tetrahedron. Foru € M (Q),
where a is given in ([[)), let us be its nodal interpolation on T,. Then, we have

lu — UI\HI(T((,)) < ChmHuHMEl(T(O)),
where h = 27" and C is independent of n and u.

Proof. By Lemma [£.74] it suffices to show the estimate for the last layer L, ,. For
(7,y,2) € Ly, let (2,9,2) € T(o) be its image under the dilation B, ,. For a
function v on L, ,, we define ¥ on T(q) by

/U(:'i.7 g? 2) = ’U(:I;7 y7 Z)'

Now let x be a smooth cutoff function on T gy such that x = 0 in a neighborhood of
xo and = 1 at every other node of T{g). Recall the distance function p from Remark
Thus, p(&,9,2) = & "p(x,y,z). Since x& = 0 in the neighborhood of zq, we
have

|Xﬁ|%1m+1(T(0))§C Z \|P‘a‘713aﬁ||2L2(T(o))~
la]<m+1

Define @ := @ — xu and note that (x@)r = ;. We have
|G — r| 1 () = [0+ X = Gr| 1 (1)) < 0|1 (1)) + IXE = Grl 1 (1))

(18) = [@[m1(74)) + X8 — (XQ) 1] H1 (T,4)

S C(”ﬁHHl(T(O)) + |Xa‘Hm+l(T(o))),

where C' depends on m and, through yx, the nodes in the triangulation. Then, using
([R), the scaling argument, k=" < p~!in L, ,, the definition of the weighted space,
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and (I4)), we have
|u — ul‘%ll(Lvm,) =r"|d — ﬁlﬁ{lmo))

<CR (i, + Y 10 0w, )
|a|<m+1

<C Y el
|a|<m-+1

_ —2mn 2
= €2l

< CK™|lu]

2
MLy )

v,n)
_ 2m 2
(L) — Ch H“”M;'}j,l(Lv,n)'

Then, the desired estimate follows by summing up the estimates from different
layers L, ;, 0 <i < n. O

4.2. Estimates on initial e-tetrahedra in 7). Throughout this subsection, let
Ty == A*zoziz03 € To be an e-tetrahedron with zgz; on the edge e € £ and let
Ke be the associated grading parameter. Then, we define the mesh layer associated
with 7, on T\ as follows.

Definition 4.6 (Mesh layers in e-tetrahedra). Based on Algorithm [3.2] in each re-
finement, an e-tetrahedron is cut by a parallelogram parallel to zgz;. For example,
in the e-tetrahedron of Figure [l the quadrilateral with vertices xg2, 12, 13, Zo3 iS
the aforementioned parallelogram. We denote by P, ; the parallelogram produced
in the 7th refinement, 1 < ¢ < n. Therefore, the distance from P, ;{1 to e is k. x the
distance from P ; to e. For the mesh 7y, let the ith layer L. ; on T{g), 0 <1i < n,
be the region bounded by P ;, Pei+1, and the faces of T{p). Define L. to be the
sub-region of 1oy away from e that is separated by P, 1. We define L., to be the
sub-region of T{y) between P, and e. See for example Figure @ As in Definition
2] the initial triangulation of the layer L. ;, 0 <14 < n, is the first decomposition
of this region into tetrahedra. Thus, the initial triangulation of L. ; consists of
those tetrahedra in 7; 1 that are contained in L. ;.

Remark 4.7. In the mesh layers, the distance p. to the edge e satisfies
(19) Pe ~ KL onLe;, 0<i<n.

In addition, the mesh layers of an e-tetrahedron T|gy also satisfy the following
properties (see Figure H):
e The layer L. ;, 2 <1 < n, is the union of two components: sub-regions from
2= 1 e-tetrahedra in 7;_; and sub-regions from 2° — 2 v.-tetrahedra in 7;_.
e Among the aforementioned 2* — 2 v,-tetrahedra in 7;_;, 2¥ of them are
sub-regions of ve-tetrahedra in 7, 1 < k <i— 1.

Now, we start to develop some estimates for the shape regularity of the mesh on
L, ;, although it is in general anisotropic and violates the maximum angle condition.
These results will be used for the interpolation error analysis.

Definition 4.8. (Relative distances for e-tetrahedra) Recall the initial e-tetrahed-
ron T(g) = A*zoziz023 € To. For an e-tetrahedron T = A*ygvy1727y3 generated
by some subsequent refinements of 7{y) based on Algorithm B.2] consider its two
vertices on the edge xoz1. We call the vertex that is closer to xg the first verter of
T, and call the vertex closer to z; the second vertex of T'.

Without loss of generality, we suppose y9y1 C e € £ and 7o (resp. 71) is the first
(resp. second) vertex of T. Let « be either v, or v3. Denote by 4’ the orthogonal
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g4t

Y4

Yo

FIGURE 3. The mesh on an e-tetrahedron after one refinement
(left); the induced triangles on a face containing the singular edge
(right).

projection of 4 on the z-axis (the axis containing the edge e). See for instance
Figure Bl Then, we define ¢, 1 to be the first relative z-distance of 7, such that

(20) leyal = 1v0Y'1/Ivomnl,  and

— ;
Cy1 = |Cy 1] if v0v" = t(7071) for some ¢ > 0,
Cy,1 = —|cy1|  otherwise.
The second relative z-distance of -y, denoted by c, 2, is defined by
(21) ley2l = mY'l/Ivoml,  and
—
Cy2 = |cy 2| if 717 = t(3174) for some t > 0,
Cy2 = —|cy2| otherwise.

It is clear that cy 2 =1 — ¢,,1. In addition, we define the absolute relative distance
for T', denoted by cr, such that

’ |CV3’2|)‘

Remark 4.9. For each e-tetrahedron, there are four relative distances corresponding
to the two vertices away from the z-axis. The sign of the relative distance is
determined by the location of orthogonal projection of the off-the-edge vertex. The
relative distances imply, for the e-tetrahedron, how far the off-the-edge vertices
shift away in the z-direction from the vertices on the z-axis.

(22) cr = max(|cy, 1], [y 2]s [eys1

Remark 4.10. Note that after one refinement, T is decomposed into eight sub-
tetrahedra: two e-tetrahedra (denoted by T4 and Tg), two v.-tetrahedra, and four
o-tetrahedra. In this case, we call T the parent tetrahedron of the sub-tetrahedra,
and call each sub-tetrahedron the child tetrahedron of T. Note that Definition 48|
is also valid for ev-tetrahedra. We shall use it later for ev-tetrahedra as well.

In what follows, we establish the connections between T" and its child e-tetrahedra
T4 and T in terms of the corresponding relative z-distances.

Lemma 4.11. Let T C Tg) be an e-tetrahedron in T;, 1 < i < n. Let Ty,
Tg C T be the two child e-tetrahedra in T;11. Denote by cr, ca, and cp the
absolute distances for T, Tx, and Ty as in 22)). Then, max(ca,cp) < max(cp,1).

Proof. Denote T by T' = A*yyy172y3 with the first vertex o and the second vertex
~1 on the singular edge voy1. As illustrated in Figure B we let T4 := A*y0v475%6
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and Tg = A*y;74977s. Recall the relative distance from Definition EE8 In par-
ticular, let ¢y, 1, cy,,2 be the relative distances of 2 in 7', and let c,‘?s)l, cf;‘&Q (resp.
¢l 1,c8 5) be the relative distances of 5 (resp. 77) in Ty (resp. Tp). We first
show |C:;‘5,1|7 |C'I;‘5,2 < max(|c.72,1|, |C’)’272|v 1)

Consider the triangles on the face A3yyy1v2 of T, induced by the sub-tetrahedra
after one refinement of T (the second picture in Figure B). In addition, we have
drawn three dashed line segments Y275, V575, and 774 that are perpendicular to

~oy1- Then, by (20), we have

C

lCre.1| = 110781 /on | and e, 1| = |voval/Ioval.

Note that A3yyy574 is similar to A3ygy274. Therefore, [v0v;| = ke|v075], and ¢y, 1
and Ci?&l have the same sign. Recall 0 < k. < 1/2. Then, we consider all the
possible cases.
In the case cy,,1 < 0, we have
A
0> ¢ 1 = =05/ 1ol = =26 oval/ vl = 26ecyn 1 = cypt

Therefore, |cZ: ;| < |¢,,,1]. Meanwhile, we have
Y5 2

A A _ —
1< o=1-c1=1-2KcCy,1 <1—cy1 =0y,

Therefore, |2} 5| < |cy, |-

In the case 0 < ¢y,1 < (2k) 7!, we have ¢ | >0 and

cii 1 = 075l oval = 2kelv072l/om| = 2kecy, 1 < 1.
Meanwhile, we have

OgcA

_ A
Je2 = L= = 1= 2Recy, 1 < L.

In the case ¢,,1 > (2K.) ", we have
1< e 1 = 10751/ hoval = 26e|v078l /1vomi| = 26,1 < eyl
Meanwhile, we have

OZCA =1-c4

V5,2 T ¥5,1 — LT 2heCyy1 21 = Cyp1 = Cqp 2.

Therefore, [¢Z, 5| < |cqy 2] Thus, we have shown

A A
|51l 1655 2] < max(ey, 1] [eq, 2], 1)

With a similar calculation, we can derive the upper bounds for other relative
distances in T4 and T, namely,

‘Cf;le,lL |C'¢G,2| < max(|073,1|, |C'YS72|’ 1)7

B
8

1.
Hence, the proof is completed by (22)). O

|057,1|7 |657,2‘ < max(lcw,l'v |CV2,2|7 1)7 |C$S’1‘7 ‘C 2| < max(\cw’ﬂ, |C’Ys,2

Recall that for a v- or ve-tetrahedron in 7y, the isotropic transformation (I8
maps a mesh layer to a reference domain (either the tetrahedron itself or the layer
L, ). Here, we define the reference domain for an e-tetrahedron.
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y &y

2o

FIGURE 4. A reference tetrahedron T' (left); the triangulation 75
after one edge refinement (center); the triangulation 73 after two
edge refinements (right).

Definition 4.12 (The reference e-tetrahedron). For the initial e-tetrahedron

Ty = A*zgxix9w3 € T, we use a local Cartesian coordinate system, such that
the z-axis contains the edge xgx;, with the direction of zgz{ as the positive direc-
tion, and 9 is in the xz-plane. We will specify the origin later. Let Iy := |zoz|

be the length of the singular edge. Then, we define the reference tetrahedron
T = A4j0f1£2j3, such that

o= (0,0,-10/2), @1 =1(0,0,10/2), &= (A& —lo/2), k=23,

where Xk,ék are the xz- and y-components of the vertices x5 and x3, respectively.
Therefore, £, = 0 and Ag, A3, &3 are constants that depend on the shape regularity

of T(gy. Thus, T is a tetrahedron with one face in the plane z = —ly/2, one face
in the zz-plane, such that |2o&1| = |zox1|, |ToZ2| = the length of the orthogonal
projection of zgxs in the plane z = —l/2, and |ZoZ3| = the length of the orthogonal
projection of xpx3 in the plane z = —ly/2. In addition, we denote by 7A'1 and 7A'2

the triangulations of T after one and two edge refinements with parameter ke,
respectively. See Figure [ for example.

In the following lemmas, we construct explicit linear mappings between an e-
tetrahedron C T{g) and the reference tetrahedron 7'

Lemma 4.13. For an e-tetrahedron T; > T := A*yyy17273 C Ty, 1 <1 <,
suppose yoy1 1S the singular edge, and ’yO—’y{ and Toxi share the same direction. We
use the local coordinate system in Definition 2], and set (yo + v1)/2 to be the
origin. Then, there exist a matrix

Kl 0 0

(23) Boi=| 0 s 0

by Kgi bgH;i 20
with |by], |b2| < Co, where Co > 0 depends on the initial tetrahedron Ty but not on
i, such that Be; : T — T isa bijection.

Proof. Based on the refinement in Algorithm B.2] and on Definition .12 we have

v2 = (KiX2,0,G2), 73 = (KiAs,Ki83,Cs), and |yomi| = 27%1g=2""|zox1|, where (;
and (3 are the z-coordinates of the vertices o and <3, respectively. Thus, the
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anisotropic transformation

ke 00
A= 0 w7 0
0 0o 2

maps T to a tetrahedron, with vertices Ajyy = (0,0, —1o/2), A1y = (0,0,10/2),
Aer2 = ()\ana 2i<2)7 and A1’Y3 = (/\375372i<3)- NOWa define

(24) b= —(2C +27 o) Aoy ba = [2(CoAs — Aas) + 27 o (As — A2)]/ A,
and let

1 0 0
A,=[0 1 0
by by 1

Then, a straightforward calculation shows that

Kkt 0 0

€

Beﬂ' = A2A1 = 0 K,_i 0

€
by He_z by He_z 20

maps T to T. Meanwhile, by Lemma EIT] we have |Cal, 1C3] < Clyom| = €27,
where C' depends on the shape regularity of T{g). In addition, since A2, A3,&3

all depend on the shape regularity of 7¢) and 5\2,53 # 0, by 24), we conclude
|b1], [b2| < Co, where Cy > 0 depends on Ty but not on i. O

Recall the parent and child tetrahedra associated to each mesh refinement in Re-
mark ET0l Note that for a v.-tetrahedron 7{;)y C T(g in Tj, its parent tetrahedron,
which is in 7;_1, can be either a v.-tetrahedron or an e-tetrahedron. Nevertheless,
there exists a ve-tetrahedron T(y) € Tx, 1 < k <4, such that T(;) C Ty C T(oy and
T(x)’s parent tetrahedron is an e-tetrahedron in Ty ;.

Next, we construct the mapping between a v.-tetrahedron in 7; and the reference
domain. Recall the triangulations 71 and T3 of T'in Definition

Lemma 4.14. Let Ti;) C Tig) be a ve-tetrahedron in T;, 1 <i <n. Let Ty € Tk,
1 < k <1, be the ve-tetrahedron, such that T(;y C T(xy and T(x)’s parent tetrahedron
Tih—1) = A*yov1727v3 € Te—1 is an e-tetrahedron. On T(x—1), we use the same local
coordinate system as in Lemma I3 with origin at (o +v1)/2. Then, there is the
transformation

koL 0 0
(25) Bi.=| o kot 0
bl b itl gk lgki

€

that maps T(;) to a ve-tetrahedron in 7A'1, where |by], |ba] < Co, for Cy > 0 depending
on Ty but not on i or k.

Proof. Based on Algorithm B.2] the origin (yo + v1)/2 is the vertex of T(;) on the
singular edge. Then, the linear mapping

(3

kh=i 0 0
Al = 0 5571‘ 0
0 0 wk-
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translates 7(;) to T(y). Since T(;_1) is an e-tetrahedron, by Lemma [£.13] the trans-
formation
fg P 0 0
A, = 0 kM0
blli(:k+1 bgli;kJrl Qkfl

maps T_1) to T, and also maps the restriction of 7 on T(,_1) to ’7], where
|b1], [b2] < C for C depending on T{g). Therefore,

Ky oL 0 0
Bi,k: = A2A1 = 0 Iﬁ?g”rl 0
bllﬁlgl+1 bQH;ZJrl 2kflnlecfz

maps T;) to one of the v.-tetrahedra in 7:. This completes the proof. O

The parameters b; and by in Lemmas and [£.14] can be different for different
tetrahedra in 7;, but they are uniformly bounded by a constant that depends on
the initial tetrahedron Tg). Now, we are ready to construct the mapping from a
tetrahedron 7{; 41y € 7Tit1 in the mesh layer L.; (Definition L8] to the reference
domain. Also recall that T{; 1) is a tetrahedron in the initial triangulation of L. ;.

Lemma 4.15. Let T(;1 1) € Tiy1 be a tetrahedron, such that T(;11) C Le; C T(g),
0<1<n.

Case 1. T(j11y is a child tetrahedron of an e-tetrahedron T(;y € T;. Using the T(; -
based local coordinate system as in Lemma [A13], the transformation

Kt 0 0

€

(26) B.i=| 0 &7 0

e
by Kgl by I{;l 2°

maps T(;4+1) to some o-tetrahedron in T;.

Case 2. T4y is a child tetrahedron of a ve-tetrahedron T(;) € T;. Let Ty € T,
1 <k <, be the ve-tetrahedron, such that T(;) C Ty and Ty s parent tetrahedron
Tik—1) € Tk—1 is an e-tetrahedron. Using the T(j_1)-based local coordinate system
as in Lemma T4, the transformation

Iﬁe_H_l 0 0
(27) Bie=| 0 w0
bll“ﬂe_H_l bglie_i—H 2k_1’€]e€_i

maps T(;11y to an o-tetrahedron in T5. In both cases, |b1], 02| < Cy, for Cy > 0
depending on T(gy but not on i or k.
Proof. If T(; 41 is a child tetrahedron of an e-tetrahedron T(;) € 7T;, the matrix in
23) maps T(;) to T, and maps Pe ;11 N7(; to ]31, where P, ;11 is the parallelogram
cutting T{g) in the (i 4+ 1)st refinement (Definition E.6) and Py is the parallelo-
gram cutting T in the first edge refinement (see Figure d). Consequently, T(; 11y is
translated to one of the four o-tetrahedra in 7; by the same mapping. R

For Case II, the transformation (25)) maps T(;) to a vc-tetrahedron in 7;. In
addition, it maps P, ; ﬁT(i) to Pl, and P ;41N T, to PQ (see Figure[]). Therefore,
the same transformation maps T(i41) to an o-tetrahedron in ’7'2 between ]51 and 152.
This completes the proof. ([l
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Each tetrahedron in 7;y; that belongs to layer L., falls into either Case I or
Case IT of Lemma [£.15]l Thus, there is a linear transformation B (either B, ; or

B 1) that maps T(;11) to an o-tetrahedron in either 7: or in T3. We denote this o-
tetrahedron by T(iﬂ)- It is clear that T(i+1) belongs to a finite number of similarity

classes determined by the o-tetrahedra in 71 and 75 Then, for (z,y,2) € Tliv1),
we have

(28) B((E, Y, Z) = (QA:, Qv 2) € T(i—i—l)'
For a function v on T(; 1, we define (%, 9, £) := v(z,y, 2).

In the (¢ 4 1)st refinement, 0 < ¢ < n, when the layer L. is formed, it only
contains tetrahedra in 7;y;. To obtain the mesh 7, these tetrahedra in L. ; are

further refined uniformly n — ¢ — 1 times. In the following, we obtain a uniform
interpolation error estimate for the mesh 7, in the layer L. ;.

Theorem 4.16. Let T(g) € Ty be an e-tetrahedron. For u € MU' (Q), where a is
given in ([I4), let uy be its nodal interpolation on T,,. Then, for 0 <i < n, we have

lu — UI|H1(Le,i) < Chm”“”m:ﬁl@ﬁ,i)a

where Le ; is the mesh layer in Definition A8, h = 27", and C depends on T gy and
m, but not on i.

Proof. Based on Algorithm B.2] the layer L. ; is formed in the (i 4 1)st refinement
and is the union of tetrahedra in 7;41 between P, ; and P, ;11. Therefore, it suffices
to verify the following interpolation error estimate on each tetrahedron T;;1 >
T(iv1) C Leyi,

(29) |u - UI|H1(T(i+1)) < OhmHuHMgﬁl(T(Hl))-

We show this estimate based on the type of T(;;1)’s parent tetrahedron.

Case 1. T(;11)’s parent is an e-tetrahedron in 7;. Let (z,y, 2) € T(;41) and (2,9, 2) €

T@-H) as in (28). Then, by the mapping in ([28) and direct calculation, we have
drdydz = 27 k2 d2djdz;

(30) 00 = (n;ié)@ + bmgiag)ﬁ, 8y’l} = (K)giag + bgli;iag)’f), v = 2%9;0;
030 = (KLOy — 012710, v, 9y = (KLOy — b22770,)v, 030 =27'0,v.

Therefore, by Lemma I8l (B0), the standard interpolation estimate on T(i—i—l)v

(@), and ([I2]), we have
100 (0= uD)Zacr, . < €27 (100~ ) B+ 1050 — ) 2 )

<02 i92m (i— n)|u|Hm+1 (Trisn))

2m(i—n —2ias . 2i(|og |—1 lo% [¢3 2
< (2 ) Z 9~ 2ias  2illos|=1)) 9 Laz3u||L2(T(H1))
\al\+a3=m+1
2m(i—n —2ia a,|—-19a gas 2
§ C2 ( ) Z 2 ng‘e < 9 l(razgu'HLz(T(Hl))
la | |[+az=m+1

< 0227n(z n) Qzae < C«th 2 . )
- ||u||Ma++11(T(i+1))

A similar calculation for the derivative with respect to y gives

il R ()

10y (u = ur)llL2(zy,40)) < Chm||u\|M;';j11(T(i+l))~
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In the z-direction, by Lemma .15 ([B0), the standard interpolation estimate, (19,

and (I2), we have

10: (0 = un)lBacr, ) < C2R200: (0 — )2y,

<C2’L 2122777,1 n)
‘ |H"L+1(T(z+1))

2 i — 2 27 2
<02 m(i—n) Z 92ig—2iag . z|aL|||6aLaaguHL2(T( )
lay |+az=m+1
< C22m(ifn) Z 2722'043 ||p|eou_|flaau_ 8?3u||%2
lay |+az=m+1

< C22m(z—n) Kgiae

(T(ig1y)

2
u||Mm+1(T( 1)) = <Ch m”uHMerl(T(iH))'

Hence, we have completed the proof for ([29).

Case II. T(j;1)’s parent is a ve-tetrahedron Ti;) € T;. Let Ty € T, 1 < k < 4,
be the v.-tetrahedron, such that T(;) C T(;) and T()’s parent tetrahedron T{;_q) €

Ti—1 is an e-tetrahedron. Then, using the mapping ([217), by @8), for (z,y,2) €

Tty and (2,9, 2) € T(i+1); we have

dzdydz = 24 Fk3=k=2d3dgdz;
Opv = (K1700; + b1kl 710:)0,  Oyv = (K170 + bakl™05)0,
(31) Ov =21k, 9,
030 = (K10, — 0128 kiR, v, 950 = (K710, — b2 7 FKI7FO, )0,
00 = 21_kné_kazv.

Therefore, by Lemma [£15 (BI), the standard interpolation estimate, ([I9), and

@), we have

190 (= wr) 31,y S C2 8 (1038 = a0) Bz, HIO: (0 = D2 )

<C21 k z k22m(z n)|u|Herl T( )
+1

< C22m(zfn) Z 22(17k)a3 K2(i7k:)agﬁ(2i72)(|aL|fl) ||aaL 8(13’&”%2(71 )
- € € z (i+1)
|y [+ag=m+1
< 022m(i7n) Z 22(1 k)as || s |— Lo aaguHLz(T( )
oy |+az=m+1

= C22m(i_n)ﬁ§iae”uHMerl(T( +1)) - h2m||uHM'"+1(T(i+1)).

A similar calculation for the derivative with respect to y gives

10y (u = ur)llL2(7y,40)) < Chm||u\|M;':;1(T(i+l))~
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In the z-direction, by Lemma .15 ([B1]), the standard interpolation estimate, (19,
and (I2), we have

10:(u = un)ar,, ) < CR1Fri 20D (@1 E2]19; (i -
<C(21 k z k) 2(i— 1)(2k 1 k z)

.
2m(i—n)
2 |U‘Hm+1(T( +1))
< CQQm(i—n) Z (21—kﬁé—k)2(as—1)ﬁz\al|('L—1)||80u62¥3u||%2(T(i+1))
|y |+az=m+1
< (92m(i—n) Z (21—kni—k)2(a3—1)Kzi—Z\ou\”p\eou\—1aaLa§3uH%2(T(i+l))
|y |+az=m+1

< 022m(i7n) Hgiaﬁ

CthHuHiA:r'l

2
U m < .
HMaﬂl(T(iH)) - 7 (Ti+n)

This completes the proof for (29) of Case II.

Hence, the theorem is proved by summing up the estimates for all the tetrahedra
T(i+1) in Le,i- O

Remark 4.17. The main ingredients for the proof of Theorem [£.16] include the scal-
ing argument based on the mappings in LemmalLT5 and the standard interpolation
estimates. Despite the slight difference in the interpolation error analsyis for differ-
ent directional derivatives, the calculations in the proof show that for the element
T(i+1) away from the edge, we have

u—rlair, .,y < C2M0CORTE ST RS 0%l e

|a|=m+1

i+1))’

where h is the size of the projection of the element in the xy-plane, and hg is the
size of the element along the edge direction. In the proof, h, and h3 are replaced
by specific expressions in terms of the grading parameters, such that they can be
transferred to the proper weight in the norm.

Then, we extend the interpolation error estimate to the entire initial tetrahedron
T(O) S 76

Corollary 4.18. Let Ty € Ty be an e-tetrahedron. For u € M’anff( ), where a
is given in ([I4]), let ur be its nodal interpolation on T,. Then, we have

= urlm(zg) < ChmHuHMlﬂl(T(o))’
where h = 27" and C depends on Ty and m.

Proof. By Theorem .16 it suffices to show the estimate for any tetrahedron T, €
T, in the last layer L. ,. We derive the desired estimate in the following two cases.

Case 1. T(;) is an e-tetrahedron. By Lemma[4.13] the mapping B, translates T{,,
to the reference tetrahedron 7. Consequently, it maps any point (z,y, z) € T(,) to
(,7,2) € T. For a function v on T(n), we define 0 on T by

0(2,9,2) = v(@,y, 2)-

Now, let x be a smooth cutoff function on T such that X = 0 in a neighborhood
of the edge é := ZoZ; and = 1 at every other Lagrange node of T. Let ps be the
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distance to é. Let @y be the interpolation of @ on the reference tetrahedron T.
Since x@ = 0 in the neighborhood of é, (x@); = 4y and

1
(32) X 2pir iy SC D T oozl
|y [+az<m+1
Define w := 4 — xu. Then, by the usual interpolation error estimate, we have
|a — ﬁI|Hl(T”) = |0+ xi — | g (7 = W’|H1 7y T Ixd — a1|H1(T)

(33) = bl + I — @il gy < Ol gy + Il s ),

where C' depends on m and, through y, the nodes on 7. T hen, using the scaling
argument based on (BU), B3), B2), the relation ps(Z, 9, 2) = k. "pe(z,y, 2), and
@), we have

102 (w = u)Za(r,y < €27 (1068 = @)1 72y + 105 (0 = @n)l 72z
< o2 Y ek azea

|lal [+ag<m+1

||L2(T)

< C Z 2_%@3||P|e(”l_laaLag?’UH%?(T(n))
lay |[+az<m+1

< 0 YL e p T 0
oy |[+az<m+1

< Ch2m||u||Mm+1 (Tewy)"

A similar calculation for the derivative with respect to y gives
10y (= w22y < CH™ [l g,

In the z-direction, using (33), (32), B0), and ([I2), we have
00— unlFny = 2°210:(0 — )2
< o2 YD | o goea?
[l [+az<m+1
< C Z 2—2na3 ||p|eou|—laou 833u‘|%2(T(n))
|y [+as<m+41

2na, 2m 2
< Ck? \|u||MT++11(TW§Oh lullpgmsr ..

L(T)

Thus, we have proved the estimate for Case I.

Case 11. Ty is a ve-tetrahedron. Let T(;) € Ty, 1 < k < n, be the v.-tetrahedron,
such that T(,,) CT{x) and T)’s parent tetrahedron T(j_1) € Tx—1 is an e-tetrahedron.

By Lemma[A.T4l the mapping B, ;. translates T(,) to a v-tetrahedron in T(n) eTi.
Thus, By, x, maps every point (x,y,z) € Ty to (Z,9,2) € T(n). As in Case I, for a
function v on T\, we define ¥ on T(n) by

/l/)(:'i.7 yA, 2) = ’U(:I;7 y7 Z)'

Now let x be a smooth cutoff function on T(n) such that y = 0 in a neighborhood
of the singular vertex on é := Z¢%; of 7' and = 1 at every other Lagrange node of
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T(n). Recall the distance pg to é. Since x@ = 0 in the neighborhood of the singular
vertex, we have (x@)r = @y on T(n) and
~12 oy |—-1 s a2
(34) ‘XU|H""+1(TW)) < C Z Hpé 8041_82 3u|lL2(T(n))'
la |[+az<m+1
Define w := 4 — xu. Then, by the usual interpolation error estimate, we have
(@ = Grl g,y = 10+ X8 = Grl g,y < Bz, + IXE =Gl

(35) =@l g1z, + Xt = D1l gra,))

< C(||ﬁ‘|H1(T(,,L>) + ‘Xﬁ|H'rrL+1(T(7l)))’

where C' depends on m and, through y, the nodes in the T(n). In Le p, pe(z,y,2) =
K" 1pe(2,9, 2). Therefore, by (1), B5), 4), and ([I2)), we have

102 (w = ur)l[f2(z,,,)) < C2' k™" (102 (2 — ar)| + 1108 = a0 72 7, )

2 A
L2(T(n))

1-k n—k lar|=19a, gas (2
< 027"k E llpe 9%+ 03 UHL2(T(M)

lay |[+az<m+1
E 2(1—k)as 2(n—k)as|| laL|-19a1 qas,, (|12

<C 2 Ke ||pe 0 az u||L2(T(n))

oy |[+az<m+1

2nae
< Ck;

2 2 2
u”/\/l;ff;l(T(n)) =Ch mHuHM;’r;l(T(n))'

A similar calculation for the derivative with respect to y gives

10y (u = )l L2(z,.)) < Chm||UHM;';j11(T(”))-

In the z-direction, by @1I), (3), B4), and ([I2), we have

10 (u = un) |2,y = @' k22D G20 (0 — an) o,
< 0(2171@%71@),{3@71)(21@7151:771)2 Z IIp'éM'_13“32‘311“%2@(”))

|at |[+ag<m+1

<o Y @R @2 e g gm a2, oy
la |[+az<m+1
2nae 2 2m 2
< Okl ) < Rl g

(Teny) < (Tny)"

Thus, we have proved the estimate for Case II.

Hence, the corollary is proved by summing up the estimates in Theorem (.10l
and the estimates for all the tetrahedra T{,) in Le p. O

4.3. Estimates on initial ev-tetrahedra in 7. In this subsection, we denote by
Ty = A*zozizems € To an ev-tetrahedron, such that zo = v € V and zz; is on
the edge e € €. Then, we first define mesh layers associated with 7, on T{g).

Definition 4.19 (Mesh layers in ev-tetrahedra). For 1 <4 < n, the ith refinement
on T{gy produces a small tetrahedron with zo as a vertex. We denote by P, ; the
face of this small tetrahedron whose closure does not contain zq (see the last two
pictures in Figure ). Then, for the mesh 7, on T{), we define the ith mesh layer
Leyyi, 1 <@ < n, as the region in T(g) between P, ; and P, ;1. We denote by
Ley,o the region in Tg) between A3zix915 and Py and let Leyn C 1oy be the
small tetrahedron with xy as a vertex that is generated in the nth refinement.
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For each ev-tetrahedron, one extra refinement results in one ev-tetrahedron, one
e-tetrahedron, two v.-tetrahedra, and four o-tetrahedra. Let T = A*yyy1v273 C
T(0) be an ev-tetrahedron generated by some subsequent refinements of T, with
Y0 = xo and 7py1 on the edge e € £. We define the relative distances c, 1 and cy 2
for T using the same notation as in Definition .8 (see also Remark [I0). In the
next lemma, we show the analogue of Lemma [£.1]] for ev-tetrahedra. Namely, the
relative distances are bounded for ev-tetrahedra with respect to the refinement.

Lemma 4.20. Let T = A*yyy1v2y3 C T(o) be an ev-tetrahedron in T;, 1 <i <n,
with vo = xo and Yoy1 on the edge e € £. Let Tr C T be the ev-tetrahedron in
Tit1. Denote by cr and cg the absolute distances 22) for T and Tr, respectively.
Then, cg < max(cp,1).

Proof. Recall the grading parameters ky, ke, and e, for Tig)y with Ky, ke > Key-
We use Figure [ to demonstrate the proof. Then, Tp = A*yy747576. Consider
the triangles on the face A3ygy1y2 of T, induced by the sub-tetrahedra after one
refinement on T, where v{ and 7} are the orthogonal projections of v5 and 2 on
the singular edge. However, note that instead of the mid-point of ~yy; for the
e-tetrahedron, the location of 74 here is given by |y9va| = Kv|Y071| for the ev-
tetrahedron. Let ¢y, 1,¢q,2 (resp. ¢ 1, ¢k ) be the relative distances of v, in T
(resp. 5 in Tg).

Based on Algorithm B2, [y074| = Kev[7075]. By @0), ¢ | and ¢, 1 have the
same sign. Then, we first show |cff ||, |[cf o] < max(|ey, 1], [¢q,,2],1) by considering
the following cases, in which the calculations are based on the definitions in (20)

and (Z1)).

If ¢y,1 <0, we have

0> 055,1 = — |05l / oyl = —ky M Rew V0%l /071 = Ky tRewCas 1 > €yt

Therefore, |c2 || <|cy,.1|. Meanwhile, we have
» 1,1 V2, ’
R _ R _ ~1 —
I<cyo=1l—c1=1-K, KewCyy1 <1—0Cyp1 =00
R
Therefore, [c3! 5| < |ey, 2]
f0<c,1< Kyko L, we have 055’1 >0 and

ev

& 1 =10%1/0val = Ky o v075 /1ol = iy theuCypn < 1.

Meanwhile, we have

OgcR

V5,2:1 Cngl'

- s,
—1
ev ?

If ¢y, 1 > Kukg, , we have

1<l )= hovsl/oval = £y Keol10val /N0val = Ky M ewCran < leggal-
Meanwhile, we have

R R -1
0> Cys2 = 1- Cys1 = 1- Ry RevCrys,1 >1- Cys,1 = Cy5,2-

R
Therefore, [c3! 5| < |ey, 2]
Hence, |cf [, [cf 5| < max(|cy, 1], ]eys.2],1). Using a similar calculation, we can
also obtain the same estimate for relative distances of 3 and . Then, the proof

is completed by combining these estimates and by the definition of the absolute
distance ([22)). O

Now, we define the reference element for the ev-tetrahedron.
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Definition 4.21 (The reference ev-tetrahedron). We shall use the tetrahedron
T = A4 ToT1Z223 in Definition M as our reference element in this subsection.
For T{g), recall the grading parameters r, and k. associated with zg and zoz1,
respectively. For the reference ev-tetrahedron T, one graded refinement using the
same parameters K., ke, and Ke, for Ty and ToZ; gives rise to a triangulation on T,
which we denote by 7;. Define the union of the seven tetrahedra in 7; away from
Zo to be the mesh layer L on T'. We denote by L the initial triangulation of L that
contains these seven tetrahedra.

Then, we construct a mapping from an ev-tetrahedron T' C T{py in 7; to T.

Lemma 4.22. For an ev-tetrahedron T := A*yyy1v2y3 C Ty inTi, 0 <i<mn,
suppose y9g = v € V and yoy1 C e € £. Use a local Cartesian coordinate system,
such that (yo + 71)/2 is the origin, 1 is in the positive z-axis, and 7o is in the
xz-plane. Then, there is a mapping

Kol 0 0
(36) B = 0 Kt 0

bikg! bokyl Kyl

with |by], |b2| < Co, for Co > 0 depending on T(gy, such that Bey; : T — T is a
bijection.

Proof. Recall A, and &, k = 2,3, in Definition 12l Based on Algorithm B2 we
have 72 = (kg A2, 0, C2), 13 = (KeyAs, Key€3: (3), and [voy1] = Kylo=r}|Toz1], where
(5 and (3 are the z-coordinates of the vertices v and <3, respectively. Then, the
transformation

maps T to a tetrahedron, with vertices A1yo = (0,0,—1o/2), A1y = (0,0,10/2),
AI’YQ = ()\2707 K;;lCQ)? and AI’YS = ()\37637'%;1(3)‘ NOW7 let

b = —(ky "G +1o/2)/ Mo, by = [k (CoAs — Aa3) + lo(As — A2)/2]/ Aaks.
Define

1 0 0
Ay:=10 1 0
by by 1

By Lemma .20 the absolute distance for T' is bounded by a constant determined
by T(g). Therefore, we have |, [(3] < C|’yo’yl\ = Cklly, where C' depends on
the shape regularlty of T(O) In addition, since )\2, )\3,53 all depend on the shape
regularity of 7 and Aa, §3 # 0, the transformation

Kot 0 0
Bev,i = A2A1 = 0 Iie_,uz 0
bikg, bakg) Ky
maps T to T' with |b1],]b2| < Co, where Cy > 0 depends on Ty but not on i. This

completes the proof. O
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Using the mapping in Lemma [£22] we present the interpolation error estimate
in the mesh layer L., ;.

Theorem 4.23. Let Tig) = A*zoziz03 € Ty be an ev-tetrahedron defined above.
Let Le, ; be the mesh layer in Definition 19}, 0 < ¢ < n. Recall the parameters a,,
Ge, and ae, associated 1o Ky, Ke, and ke, tn ([I)-I3). Define

(37) ay = (m+1)(1 — ay aey) + ey
Suppose
Z ||p33*av+aep|ea1_|*1*aeaaj_ 8?3u||%2(T(0)) < 0.
oy |[+as<m+1
Let uy be the nodal interpolation on T,. Then, we have

. 2 2m ag—ay+ae oy |—1—ae qoy gas 2
|u UI|H1(L€1,‘71) <Ch § (12 Pe 9%+ 07 u”L?(LE,,J)ﬂ
[y [+az<m+1

where h = 27" and C' depends on Ty and m.

Proof. Let T(;y C T(gy be the ev-tetrahedron in 7;. Then by Definition LT, we
have Ley; = T(;) \ T(;4+1)- Then, the mapping B, in ([B6) translates Le,; to L
(see Definition EE2T). For a point (z,y,2) € Leys, let (&,9,2) € L be its image
under B, ;. For a function v on L., ;, define the function v on L by
0(2,9,2) == v(z,y,2).

Let pz be the d_istance to o217 on the reference tetrahedron T. Then, it is clear that
pe(x,y,2) = KLype(Z, Y, 2) on Le, ;. Meanwhile, B, ; maps the triangulation 7, on
L, i to a graded triangulation on L that is obtained after ¢ + 1 — n refinements of

the initial mesh £. Note that the subsequent refinements on L are anisotropic with

the parameter x. toward ZoZ1, since £ does not contain ev- or v-tetrahedra.
Then, by the mapping (30]), the scaling argument, Corollary 18] (I9), and ([I2),
we have

||6w(u - uI)HQL?(L < OH%(H@@(@ - ﬁl)”i2(ﬁ) + ”az(ﬁ - '&I)Hiz(i))

evi) =

S D DI g

L2(L)
log |[+az<m+1
2m(i—n) 2iag .20 || o |—1—ae o Has 2
<C2 E Ky " Rey ||pe 0 az u”L?(LEUJ)
|y [+as<m+41
—2mn 2im . 2ias . 21ac || ol |—1—ae Hat Has 2
(38) §C2 E 2 Ky Kev ”pe 0 82 u”L?(Lev,i)'

ot |[+ag<m+1

Note that k¢, < py S K on Leyi, @y, ae > aey (see () and ay > a,. Then, we

EV ~v ~

consider all the possible cases below.
(I) (a3 < ay.) Then, we have

Hi(asfau) < pgsfav_
Then, by (), we have

(39) 2im"<‘::f;a3 Hiae < p

ozg—auliiaE < ,a3—aytae
ev ~v N

v ev Np’U
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(1) ((1 — aytaey)(m +1) < a3 < m+1.) Note that 0 < a, < m. Therefore, by

[@3), we have

K:;L}Oég — 27ima3/av < 27ima3/aev+imav/am7im _ Hi(vagfaeracv).

Note that a3 — ay + ae, > 0, therefore,
W) R < R e < e
(1) (ay < a3 < (1—aytaey)(m+1).) If aey, = a,, we have (1—a; tae,)(m+1) =0,

and therefore such a3 does not exist. Thus, we only need to consider the case
Gey < @p. Note that ag — ay + aey < 0 and aey < a.. Therefore, by ([I3]), we have

im,iag iae 003 . 0(0e—Qew) az—ay+a (@e—aev) _ ,az—ay+a
(41) 2 Ky Hevc = Ry ’{evﬁ v S/p'u Evpvc v = Py °.

Therefore, choosing ay as in ([B1), by (38) — [@Il), we have shown that
(42)  0s(u —un)lZa(r,, )
<O 3T gt gl g gy,
lay [+as<m+1
In the y-direction, with a similar process, we obtain
(43) 0y (u—un)lia,,
< C2-2mn Z Hpg3—av+aep\eﬂu\—1—ae oL a}?su”%Q(Lev’i)'
|y [+az<m+1

In the z-direction, by the mapping (36, the scaling argument, and Corollary
EI8, we have

R i o s
10-Gu = w2y, = i K202 = )
< CQQm(i*")K;inii Z Hp“ﬁL‘717%30%3?311”%2@)
la [+azg<m+1
< gg—2mn 22immii(a371)nii(l+ae) “p\e‘lﬂflfaeaom a;’SuHiQ(Lw 5
oo | |[+ag<m+1 Y
—2mn 2im  2iag  2i —1-a 2
<C2 " Z 2 77”&7)703,{6:)(1e||p\e0u_\ aeaaLagsuHLQ(Lev‘i)
lay |+ag<m+1
s - 1 2
(44) e D D [ e O AR L PP

la ) [+ag<m+1
where the last inequality follows from the analysis in (B9)—I).
Hence, the proof is completed by the estimates in ([@2])—d). |

Then, we are ready to obtain the interpolation error estimate on the entire ev-
tetrahedron T{g).

Corollary 4.24. Let Ty € To be an ev-tetrahedron as in Theorem E23l Recall
ay from @&1). Suppose
S e teplesloteegn gy ) < oo
ol [+az<m+1
Let uy be the nodal interpolation on T,. Then, we have
|u _ uIl%ﬂ(T(o)) < Ch2™ Z ||p33—av+aepLaL|—1—aeaaL B?SUH%;(T(O)),
oy |[+as<m+1

where h = 27" and C depends on Ty and m.
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Proof. By Theorem 23] it suffices to show

u — uIﬁﬁIl(Lev » < C—2mn Z ||p33—av+aep\€aﬂ—1—aeaal 6?3,&”%2@61) Y
lay |[+az<m+1

By Lemma 22 By n(Lev,n) = T. For (2,9,2) € Leyn, let (£,9,2) € T be its

image under B, . For a function v on Ly, we define 0 on T by
0(2,9,2) = v(z,y, 2).

Now, let x be a smooth cutoff function on T such that X = 0 in a neighborhood of
the edge é := ZpZ1 and = 1 at every other node of T'. Let p; be the distance from
(Z,9,2) to Zo. Then, by (36,
(45) Hevp’f)(xﬂyvz) 5 Pv(x,y,z) S K:}pﬁ(i’vgaé)v
and K”, ps(Z,9,2) = pe(z,y,z). Let G5 be the interpolation of 4 on the reference

tetrahedron T'. Since x@ = 0 in the neighborhood of é, (x@); = @7 and
~ a l—ae az—ay+ae o, na
(46)  Xilguirpy SC Y [plr T s avtacgou gaag 2

lay [+az<m+1

2Ty

Note that by 1), ay > a@ep. Define & := & — xi. Then, by the usual interpolation
error estimate, ps < ps, and ([@0), we have

|ﬁ—@1\H1(T) = |UA)+X71_QI‘H1(T) < |UA)‘H1(T) + ‘Xa_aﬂHl(T)
= |w‘H1(T) + [x@ — (x@)r ‘Hl(T) < C(Ha”Hl(T) + ‘Xﬁ|Hm+1(T))7
«@ l—ae as—a Qe Qo fe
(47) < 0D T e gt a2

lay |[+az<m+1

where C depends on m and, through yx, the nodes on T. Then, using @), the
scaling argument based on (3@), and the relation ps(Z, 7, 2) = k.. pe(z,y, 2), We
have

190 (u = w) 22 p, ) < COni (1058 = @Dl 22 ) + 10:(8 — @)1 )

n ag—ay tae |a)[—l—aega) gag )2
< Cr, E : llpg Pe 07+o; UHL2(T)
la | |+og<m+1
2nag 2nac) a3—aytae |a)|—l—acga) nog 2
<C E Ky Koy “llPg Pe 07+, uHLQ(Leu,n)
e [+ag<m+1
—2mn 2nm _2nag 2nae|  @3—ay+tae |a) |—l—aecga| nag, |2
(48) < C2 E 2 Ky SRy lpg P %L o7 uHLz(Lcu,n)'

la [+az<m+1

Then, we consider the following cases.
(D) (a3 < ay). By ), @A), ay > a,, and ag — a,, < 0, we have

2nm}€;r)zagﬁnaepqo}¢3 ay+ae _ Hn(ag—av)pag—av depv P?)U ay
a3 —a,+a —ay az—ay+a
(49) ST e pg T S pe v

(1) ((1 —aytaey)(m+1) < az < m+ 1). Following the calculation in (@), by
([@3) and @A), we have

nm , .nos, Nae &3—ay+a nm n(as ay+a ) nae. az—ay+a
2 Ky "Ry Py ©<2 Ke M hey Py ¢
_ n(az— aV) na. az3—ay-+a az—ay+a
(50) = Key evep ¢ < Py c.

(1) (ay < a3 < (1—ay taey)(m+1).) If aep = ay,, we have (1—a; tae,)(m+1) =
0, and therefore such as does not exist. Thus, we only need to consider the case
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Gey < @p. Note that ag — ay + aey < 0 and aey, < ae. Therefore, by (I3) and (45]),
we have

2nml€:}za3 Hggcpgg—av+ae — K:Zag H:anefaev)pgg—av+ae
(51) < lﬁ;g(a?,—av“!‘ae'v)pg(i*av“Faev n:qgae—aev)pgefaw < pas—avtae,

Therefore, by @8)—-(E1l), we conclude
102 (w = ur)lf2 s, )
(52) SCR™ Y g el T 00 9% oy -
los |[+az<m+1

A similar error estimate in the y-direction leads to
2
10, (0 = ur) 22, )

(53) SORP™ Y lpgem vt plrs T 90 0%l Ty, -

v
la | |[+az<m+1

In the z-direction, using {@7), K, > Key, the scaling argument based on (36,

@2, and @A), we have

—n

2 2n ~ ~ 2
19:(w = w2 (L gy ) = R Few 102(@ = ar)lIL2 2y

—n_ 2n ag—ay tae |a||-1—ae ga | fag
SOk "Ry llos P 9749,

o) |[+ag<m+1

~2
Wllz2 (1)
2n(ag—1) 2n(l4ae)| @3—ay+tae |a||—l—aega| qag, |2
<cC E foy Fevy llpg Pe 07+0; uHLQ(Lev,n)
o [+ag<m+1

—2mn 2nm 2nag 2na ag—aytae |a | |—l—ae g asg, 12
< C2 3 22N INAB g2 | o L COMLOBullz2 .,
|a ) [+ag<m+1
(G4)  comm X pppseviereriieeges g
leey |+az<m+1

2
UlL2 (L )

Then, the proof is completed by (G2)—(G4). O

Then, we formulate our interpolation error analysis for the anisotropic mesh on
Q.

Theorem 4.25. Recall a in [I4). Let ay, be the parameter [B1) associated to the
initial ev-tetrahedron T € Ty. For each vertex vy € V, let Uy be the union of the

initial ev-tetrahedra that have v, as the singular verter. Define o = (01,...,0N,),
such that
or = maXTEUe(aVT)a 1 < 14 < N'U;
T ar N, <l < N,.

Let T, be the triangulation defined in Algorithm B2l For u € M?jfll(Q), let uy be
its nodal interpolation on T,. Then, we have

| —urlmr ) < O™ |Jull pymta (o),
where h = 27", In turn, for the finite element solution w,, defined in &), we have
(55) lu — un|H1(Q) < C’dim(Sn)fm/g||u||M;T11(Q),

where dim(S,,) is the dimension of the finite element space associated with T,. In
both estimates, the constant C' depends on Ty and m, but not on n.
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Proof. Note that o > a > 0. Then, the first inequality is the consequence of the
definition of the weighted space MJ}’ and the local interpolation error estimates on
different initial tetrahedra: the o-tetrahedra (Lemma A1), the v- or v.-tetrahedra
(Corollary A.3), the e-tetrahedra (Corollary .18)), and the ev-tetrahedra (Corollary
).

Note that for each refinement, each tetrahedron is decomposed into 8 child
tetrahedra. Therefore, the dimension of the finite element space dim(S,,) ~ 237,
Thus, the second inequality follows from the best approximation property (@) and
h ~ dim(S,,)~1/3. O

Remark 4.26. Given a sufficiently smooth function f in equation (dI), the regularity
of the solution u (the parameters of the weighted space in the regularity estimates)
depends on the geometry of the domain. See (7)) for example. Therefore, for a
singular solution in the weighted space u € M;"jll (Q), where oy > 0 for 1 < £ < N,
it is sufficient to choose the parameter a that satisfies the condition in Theorem
425 in order to recover the optimal convergence rate of the finite element solution.

In particular, for a vertex v and an edge e, let ¢, and ¢, be the sub-indices in oy
corresponding to v and e, respectively. Then, to achieve the optimal convergence
rate, for the edge e, we can choose the grading parameter

(56) Ko = 27 m/ac for 0 < ae < min(m, oy, );
for the vertex v, we can choose

(57) fop = 27/ for 0 < a, < m and
ay = (m + 1)(1 - aglaev) + ey < 04y,
where a., is the minimum value of the parameters associated with v and with all
the edges touching v (see the definition in (I3)).
In addition, using (B7)), we obtain

ay(ay —ay) = (Mm+1—ay)(ay — aey)-

Since 0 < ¢y < a, < m, it can be seen that for ev-tetrahedra, a, < ay . Therefore,
by (1), for a given regularity index o,, in the weighted space, the optimal value
of a, is usually smaller than that of op,. Intuitively, the additional regularity
represented by the difference in the regularity index oy, —a,, is needed to compensate
for the lack of the maximum angle condition in the mesh when a, > de,. In the
special case when a, = ae,, we have ay = a, and the new ev-tetrahedra generated
in each refinement will satisfy the maximum angle condition. Nevertheless, the
conditions in (B6]) and (B7)) give rise to an optimal range of the grading parameter,
for which the proposed finite element solution converges in the optimal rate (G5
when u € M7 (Q).

5. NUMERICAL RESULTS

In this section, using the proposed anisotropic finite element algorithm, we solve
the boundary value problem (I) on two model polyhedral domains (the prism and
the Fichera corner). These domains represent typical three dimensional vertex-edge
solution singularities. It will be evident that the numerical results are aligned with
our approximation results presented in Section M and thus validate our method.
In both numerical tests, we use linear finite elements and let f = 1. This is for
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FIGURE 5. The prism domain: the initial triangulation (left) and
the mesh after two graded refinements toward the singular edge e

(ke = 0.2).

the purpose of simplifying the demonstration of the method. High-order elements
solving more complicated equations will be reported in a forthcoming paper.

5.1. Test I. [The prism domain] Let T" be the triangle with vertices (0, 0), (1,0),
and (0.5,0.5), and let the domain be the prism Q := ((0,1)>\ T) x (0,1) (Figure
[Bl). Then, we solve equation () in the variational form (&]). Based on the regularity
estimates in (@) and (7)) the solution is in H? in the sub-region of  that is away
from the edge e where the opening angle is 37 /2. Therefore, a quasi-uniform mesh
in such a region will yield a first-order (optimal) convergence for the interpolation
error. In the neighborhood of the edge e, by (6) and Table 1 in [19], we have

u€M3+1 for 0. < 1. =2/3 and o, < n, = 13/6,

where o, is the index regarding the regularity of the solution near either of the
vertices (endpoints of e) v (see (B])). Then, by (B6) and (B7), a sufficient condition
to attain the optimal convergence rate for the finite element solution is that the
mesh parameters satisfy a. < 2/3 and ay < 13/6.

Recall that for linear elements, m = 1. Then, using B1), 0 < aep < ay, 0 <
Gey < ae, and the fact a,,a. € (0,1], we have

ay =2 —a; (2 — ay)aey <2 — aey < 2 < 13/6.

Therefore, the optimal condition (ay < 13/6) for the vertex v is always satisfied for
all the feasible values of a, and a., which implies that the vertex v shall not affect
the convergence rate on the anisotropic meshes. Hence, to improve the convergence
rate, we only need to implement special edge refinement based on the value of a..
Thus, in the numerical tests, we choose the parameters for the edge e and for either
of the vertices v, such that

0<a.<1 and a, = 1.

Then, based on Theorem [£28 and (B6l), in order to recover the optimal convergence
rate for the finite element solution, it suffices to choose 0 < a. < 2/3, namely,
0 < ke = 271/ < (0.353. Recall that for ke, = ke < 0.5 and K, = 271/ = 0.5,
the resulting mesh is graded toward the edge e without special refinement for the
vertex v. See Figure [d for such graded meshes when k. = 0.2.

In Table [, we display the convergence rates of the finite element solution on
proposed anisotropic meshes associated with different values of the grading param-
eter .. Here, j is the level of refinements. Denote by u; the linear finite element
solution on the mesh after j refinements. Since the exact solution is not known,
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FIGURE 6. The Fichera corner (left to right): the initial mesh,
mesh after two refinements, mesh after three refinements (k. =
Ky = 0.3).

the convergence rate is computed using the numerical solutions for successive mesh
refinements
(58) convergence rate = logg(w .

[ujr1 — sl (o)
As j increases, the dimension of the discrete system is O(237). Therefore, the as-
ymptotic convergence rate in (B8] is a reasonable indicator of the actual convergence
rate for the numerical solution.

It is clear from the table that the first-order convergence rate is obtained for
ke = 0.1,0.2,0.3 < 0.353, while we lose the optimal convergence rate if k. = 0.4, 0.5,
both larger than the critical value 0.353. When k. = 0.4, that is 0.353 < k. < 0.5,
this choice still leads to an anisotropic mesh graded toward the singular edge,
but the grading is insufficient to resolve the edge singularity in the solution, and
hence does not lead to the optimal rate of convergence. These results are in strong
agreement with the theoretical estimates in Section @l We also point out that on
quasi-uniform meshes (k. = 0.5), the theoretical convergence rate is about h%-%6.
We see in Table [T that the numerical rate (B8] for k. = 0.5 is decreasing and shall
approach the theoretical rate 0.66 as j increases.

5.2. Test II. [The Fichera corner] Let Dy be the cube (—1,1)% and D; = [0,1)3.
Let the domain 2 := Dy \ Dy. Thus, the domain ( is featured with the Fichera
corner at the vertex v and three adjacent edges e with the opening angle 37/2
(Figure [dl). For a sub-region away from these three edges, the solution of equation
(@) belongs to H?, and therefore, a quasi-uniform mesh will lead to the optimal
convergence rate for the interpolation error. In the neighborhood of the three

TABLE 1. Convergence rates for the prism domain.

ke =01 ke=0.2 kK.=03 kK.=04 k.=0.5
0.40 0.46 0.52 0.58 0.60
0.75 0.79 0.82 0.84 0.83
0.91 0.93 0.94 0.93 0.90
0.97 0.98 0.98 0.96 0.91
0.99 0.99 0.99 0.97 0.89
1.00 1.00 1.00 0.97 0.86

| o] | | cof po| =
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edges, including the Fichera corner, by (@), (), and Table 1 in [19], the solution
satisfies

uE./\/l?,JFI, for o, < n. =2/3 and o, < 1, & 0.954.

For the endpoints of the three marked edges, which are not at the Fichera corner,
the upper bound of the regularity index is 13/6. For the same reason as in Test
I, these vertices shall not affect the convergence rate for feasible mesh parameters.
Then, by Theorem the sufficient condition to attain the optimal convergence
rate for the finite element solution is that the mesh parameters give rise to a. < 2/3
for the three marked edges and ay < 0.954 for the vertex v. There are many possible
values of a, and a, that fulfill this requirement. To illustrate our method, in Table
2 we list the convergence rates of the finite element solutions on anisotropic meshes
with k. = Kk, = 0.3 (accordingly, a. = a, ~ 0.576) and on quasi-uniform meshes,
namely k. = k, = 0.5 (accordingly, a. = a, = 1). The rates are computed using
numerical solutions as in (B8). The finest mesh (5 = 8) in the numerical tests
consists of about 5.9 x 10% tetrahedra, which results in a system of over 108 linear
equations.

In the case k. = Kk, = 0.3, by (B7), we have a. ~ 0.576 < 2/3 and ay = a, =
0.576 < 0.954. Therefore, by Theorem [£.25, (56]), and (B1), we expect to obtain
the first-order optimal convergence rate in the finite element approximation. As for
the quasi-uniform mesh (k. = k, = 0.5), since the solution is not globally in H?,
by ([IQ), we expect a sub-optimal convergence rate. It is clear that the numerical
results in Table [2] validate this theoretical prediction and hence verify the theory.

TABLE 2. Convergence rates for the Fichera corner.

J | k=03 Ke=0.3 | Ky =05 K.=0.5
2 0.64 0.68
3 0.84 0.82
4 0.94 0.86
5 0.97 0.86
6 0.99 0.83
7 0.99 0.80
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