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AN hp-ADAPTIVE NEWTON-DISCONTINUOUS-GALERKIN
FINITE ELEMENT APPROACH FOR SEMILINEAR ELLIPTIC
BOUNDARY VALUE PROBLEMS

PAUL HOUSTON AND THOMAS P. WIHLER

ABSTRACT. In this paper we develop an hp-adaptive procedure for the numer-
ical solution of general second-order semilinear elliptic boundary value prob-
lems, with possible singular perturbation. Our approach combines both adap-
tive Newton schemes and an hp-version adaptive discontinuous Galerkin finite
element discretisation, which, in turn, is based on a robust hp-version a pos-
teriori residual analysis. Numerical experiments underline the robustness and
reliability of the proposed approach for various examples.

1. INTRODUCTION

The subject of this paper is the adaptive numerical approximation of second-
order semilinear elliptic problems of the form

(1) —eAu+u = f(-,u) in Q, u = 0 on 0f).

Here, 2 C R? is an open and bounded Lipschitz domain, ¢ € (0, 1] represents a
(possibly small singular perturbation) parameter, f : @ x R — R is a continuously
differentiable function, and u : £ — R is an unknown solution; next, we will omit to
explicitly express the dependence of f on the first argument, and simply write f(u)
instead. Problems of this type appear in a wide range of application areas of
practical interest, such as, for example, nonlinear reaction-diffusion in ecology and
chemical models [12L[14L25[46[47], economy [§], or classical and quantum physics [9]
10132,52].

Partial differential equations (PDEs) of the form (I) may admit a unique so-
lution, no solution at all, or more typically a multitude of solutions, or indeed
infinitely many such solutions. Moreover, in the singularly perturbed case, i.e.,
when 0 < € < 1, solutions of (Il), when they exist, may contain sharp layers
in the form of interior/boundary layers, or isolated spike-like solutions, and their
numerical approximation represents a challenging computational task. Indeed, to
efficiently and reliably compute discrete approximations to the analytical solution u
of (), it is essential to exploit a posteriori bounds which not only provide infor-
mation regarding the size of the discretisation error, measured in some appropriate
norm, but also yield local error indicators which may subsequently be employed to
enrich the underlying approximation space in an adaptive manner. Of course, a
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key aspect of this general solution procedure is the design and implementation of a
nonlinear solver which can efficiently compute the approximation u; to u; we shall
return to this issue below.

In general, the traditional approach exploited within the literature for the design
of adaptive finite element methods, for example, is to first discretise the underlying
PDE problem, in our case (), and to derive an a posteriori error bound for the
resulting (nonlinear) scheme; this is typically a very mathematically challenging
task. However, once such a bound has been established, then given a suitable
initial mesh and polynomial approximation order, the underlying nonlinear system
of discrete equations arising from the underlying finite element discretisation may
be solved based on employing, for example, a (damped) Newton iteration. Denoting
this computed numerical approximation by wuy, the size of the error between v and
up, may then be estimated by exploiting this a posteriori error bound. If this bound
is below a given user tolerance, then sufficient accuracy has been attained and the
adaptive algorithm may be terminated. Otherwise, the computational mesh (h-
refinement) or the polynomial degree (p-refinement), or both (hp-refinement) are
locally enriched based on identifying regions in the domain where the elementwise
error indicators, which stem from the a posterior: error bound, are locally large.
On the basis of this new finite element space, a new approximation u; to u may
be computed, and the whole process repeated until either the desired accuracy has
been attained, or a maximum number of refinement steps have been completed.

Stimulated by the work undertaken in the article [5], we consider an alterna-
tive approach based on the so-called adaptive Newton-Galerkin paradigm for the
numerical approximation of nonlinear problems of the type (). More precisely,
this general technique is based on applying local Newton-type linearisations on the
continuous level that allow for the approximation of the semilinear PDE () by
a sequence of linearised problems. These resulting linear PDEs are then discre-
tised by means of an adaptive finite element procedure, which, in turn, is based
on a suitable a posteriori residual analysis. The adaptive Newton-Galerkin proce-
dure provides an interplay between the (adaptive, or damped) Newton method and
the adaptive finite element approach, whereby we either perform a Newton step
(if the Newton linearisation effect dominates) or enrich the current finite element
space based on the above a posteriori residual indicators (in the case that the finite
element discretisation constitutes the main source of error); for related work we
refer to [I6L27], or the articles [TTL2TLB1] on (derivative-free) fixed-point iteration
schemes. Finally, we point to the works [I5,33] dealing with modelling errors in
linearised models.

In the current article, we extend the work undertaken in [5] to the framework of
hp-version adaptive interior penalty discontinuous Galerkin (DG) schemes, thereby
giving rise to hp-adaptive Newton-discontinuous Galerkin (NDG) methods. Here,
the proof of the resulting a posteriori residual bound for the interior penalty DG
discretisation of the underlying linearised PDE problem is based on two key steps:
first, we introduce a suitable residual operator on a given enriched space, which,
when measured in an appropriate norm, is equivalent to the error measured in terms
of the underlying DG energy norm. Second, an upper bound on the norm of the
residual operator is derived based on exploiting the general techniques developed in
the articles [341851/55]; we also refer to [56] for the application to convection-diffusion
problems, and to [19,38] for the treatment of strongly monotone quasilinear PDEs,
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cf., also, [I8120] for hp-version two-grid DG methods. The proof of this upper bound
crucially relies on the approximation of discontinuous finite element functions by
conforming ones; cf., also, [40] for the h-version case. Moreover, in the current
setting, following [53], particular care is devoted to the derivation of e-robust ap-
proximation estimates. The resulting a posteriori bound consists of two key terms:
one stemming from the Newton linearisation error, and the second which measures
the approximation error in the underlying DG scheme. On the basis of this gen-
eral hp-version bound, we devise a fully automatic hp-adaptive NDG scheme for
the numerical approximation of PDEs of the form (). Indeed, the performance of
the resulting adaptive strategy is demonstrated on both the Bratu and Ginzburg
Landau problems; moreover, the superiority of exploiting hp-enrichment of the DG
finite element space, in comparison with standard mesh adaptation (h-refinement),
will be highlighted.

The structure of this article is as follows. In Section Pl we briefly outline the
adaptive (damped) Newton linearisation procedure employed within this article.
The hp-version interior penalty DG discretisation of the resulting linearised PDE
problem is then given in Section Bl Section [ is devoted to the derivation of a
residual-based a posteriori bound. On the basis of this bound in Section B we design
a suitable adaptive refinement strategy, which controls both the error arising in the
Newton linearisation, as well as the error in the hp-DG finite element scheme; in
the latter case, we exploit automatic hp-refinement of the underlying finite element
space. The performance of this proposed algorithm is demonstrated for a series of
numerical examples presented in Section[Gl Finally, in Section [l we summarise the
work presented in this article and discuss potential future extensions.

2. NEWTON LINEARISATION

2.1. An adaptive Newton approach. We will briefly revisit an adaptive “black-
box” prediction-type Newton algorithm from [5], and refer to [23] for more sophis-
ticated approaches in more specific situations. Let us consider two Banach spaces
X,Y, with norms ||-||x and |||y, respectively. Then, given an open subset = C X,
and a (possibly nonlinear) operator F, : 2 — Y, we are interested in solving the
nonlinear operator equation

(2) Fe(u) =0,

for some unknown zeros u € Z. Supposing that the Fréchet derivative F. of F.
exists in = (or in a suitable subset), the classical Newton method for solving (2]
starts from an initial guess ug € Z, and generates a sequence {u,}n,>1 C X that is
defined iteratively by the linear equation

(3) Flg(un)(un+1 - un) - _Fe(un), n > 0.

Naturally, for this iteration to be well-defined, we need to assume that F.(u,) is
invertible for all n > 0, and that {u,},>0 C E.

In order to improve the reliability of the Newton method (@) in the case that
the initial guess ug is relatively far away from a root us € Z of Fe, Fc(us) = 0,
introducing some damping in the Newton method is a well-known remedy. In that
case (3] is rewritten as

(4) Upy1 = Up — At Fl(un) Fe(uy), n >0,
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where At, > 0, n > 0, is a damping parameter that may be adjusted adaptively
in each iteration step. The selection of the Newton parameter At, is based on
the following idea from [B]: provided that F.(u) is invertible on a suitable subset
of 2 C X, we define the Newton-Raphson transform by

u > NF(u) := —Fé(u)lee(u);

see, e.g., [48]. Then, rearranging terms in (), we notice that

“"27;“” =NF(u,), n>0,
i.e., @) can be seen as the discretisation of the dynamical system
(5) u(t) = NF(u(t)), t>0, u(0) = up,

by the forward Euler scheme, with step size At,, > 0. For ¢ € [0,00), the solu-
tion u(t) of (@), if it exists, defines a trajectory in X that starts at ug, and that will
potentially converge to a zero of F. as t — oo. Indeed, this can be seen (formally)
from the integral form of (Bl), that is,

Fe(u(t)) = Fe(ug)e™, £ >0,

which implies that F.(u(t)) — 0 as t — oco.

Now taking the view of dynamical systems, our goal is to compute an upper
bound for the value of the step sizes At,, > 0 from @), n > 0, so that the discrete
forward Euler solution {u,},>o from () stays reasonably close to the continuous
solution of (@). Specifically, a Taylor expansion analysis (see [5, Section 2] for
details) reveals that

t2
u(t) = up + tNF(up) + %nho + O(t3) + O(t*ho|INF(u)||% ),

where, for any sufficiently small hy > 0, we let n;,, = NF(ug + hoNF(ug)) — NF(uo).
Hence, after the first time step of length Aty > 0 there holds

At?
(6) u(Atg) —up = Q—hgnho + O(Atg) + O(Atgho|INF(uo) (%),

where w; is the forward Euler solution from ().
Given a prescribed tolerance 7 > 0, we proceed along the lines of [5], Section 2.3]

by defining
At() = min {\/ 27—h0H77h0H;(17 1} N

hy := 7 Ato|NF(uo) [ 3%,
where v > 0 is a parameter. Then, from (@) we infer that

(7) lu(Ato) — urllx < 7+ O(Atgha[[NF(uo)[|%).

as well as the update

This leads to the following adaptive Newton algorithm.

Algorithm 2.1. Fix a tolerance 7 > 0, a parameter v > 0, and A™** > 0.
Set n « 0.

1: Start the Newton iteration with an initial guess ug € Z.
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2: if n = 0 then choose

Aty = min{ 2T HNF(UJO)H)_(I, 1} 5

based on [5, Algorithm 2.1] (cf. also [4]),
3: else let k,, = At,,_1 and h,, = min {”yn,LHNF(un)H)_f, hmax}: define the Newton
step size

(8) Aty = min{\/ZThn INF(t -+ i NF () — NF () | 5 1} .

4: end if
5: Compute u, 1 based on the Newton iteration (), and go to (3:) with n + n+1.

We notice that the minimum in (8) ensures that the step size At,, is chosen to
be 1 whenever possible. Indeed, this is required in order to guarantee quadratic
convergence of the Newton iteration close to a root (provided that the root is
simple).

Furthermore, we remark that the prescribed tolerance 7 in the above adaptive
strategy will typically be fixed a priori. Here, for highly nonlinear problems fea-
turing numerous or even infinitely many solutions, it is typically mandatory to
select 7 < 1 small in order to remain within the attractor of the given initial guess.
This is particularly important if the starting value is relatively far away from a
solution.

As final comment, we point out that within the definition of h,, in Algorithm 2.1
we impose a maximal value of A™2*; this is necessary to avoid roundoff issues
as the Newton iteration approaches a root, whereby we expect |[NF(u,)|/y to be
extremely small. Here, in view of the estimate ([Z), it would also be possible to select
an individual upper bound, e.g., h™** = O(7x;,%|INF(u,)|/%>), in each Newton
iteration step.

2.2. Application to semilinear PDEs. In this article, we suppose that a (not
necessarily unique) solution u € X := H}(Q) of (0 exists; here, we denote by
H () the standard Sobolev space of functions in H'(Q) = W12(Q) with zero
trace on 9. Furthermore, signifying by X’ = H~!(Q) the dual space of X, and
upon defining the map F, : X — X’ through

(9) (Fe(u),v) := /Q{eVu Vo +wuv — f(u)v} de Vv € X,

where (-, -) is the dual product in X’ x X, the above problem (Il) can be written as
a nonlinear operator equation in X

(10) ueX: Fe(u) =0.
For any subset D C 2, we denote by || - ||o.p the L?-norm on Dj; in the case when
D = Q, we simply write || - [lo in lieu of || - [|o,o. With this notation, we note that

the space X is equipped with the norm
lull’ = el Vull§ + ullg,  weX.

The Fréchet-derivative of the operator F. from (I0) at v € X is given by

(FL(u)w,v) = /Q {eVw - Vv +wv — f'(u)wv} de, v,we X = Hi(Q),
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where we write f' = 9,,f. We note that, if there is a constant w > 1 for which f/(u) €
L¥(Q), then F.(u) is a well-defined linear and bounded mapping from X to X’;
see [Bl Lemma A.1].

Now given an initial guess ug € X, the adaptive Newton method (@) for ([I0) is
defined iteratively by finding u,+; € X from u,, € X, n > 0, such that

F/e(un)(un-i-l - un) = _AtnFe(Un)7
in X’. When applied to (@) and ([I0), this turns into

/Q{Ev(umrl — Un) + VO + (Unt1 = un)v = f'(un) (Un+1 — un)v} dx

= —Atn/ {eVuy, - Vo + upv — f(uy)v} de Yo e X.
Q

Hence, for n > 0, the updated Newton iterate u,; is defined through the linear
weak formulation

/Q (Vi1 - Vo + Bnp 10 — F(n)ins1v) da

(11)

- Atn/{f(un) C Plu)unlvds Vo e X,
Q

where U1 = upt1 — (1 — Aty)u,. Incidentally, if there exists a constant &
with € 1 (f/(un) — 1) < 6 < Cp? on Q, where Cpr = Cpe(Q2) > 0 is the constant in
the Poincaré-Friedrichs inequality on €2,

lwllo < Cpel|Vwl|o Yw e X,

then () is a linear second-order diffusion-reaction problem that is coercive on X.
In particular, (1)) exhibits a unique solution u,; € X in this case.

3. hp-DG DISCRETISATION

3.1. Meshes, spaces, and DG flux operators. We will employ a standard hp-
DG setting; see, e.g., [35,50].

3.1.1. Meshes and DG spaces. Let T be a subdivision of €2 into disjoint open par-
allelograms & such that Q = U,.crF. We assume that T is shape-regular, and that
each k € T is an affine image of the unit square = (0,1)?; i.e., for each K € T
there exists an affine element mapping ¥, : K — & such that kK = U, (R). By h, we
denote the element diameter of K € 7, h = max,c7;, hy is the mesh size, and n,
signifies the unit outward normal vector to x on Jk. Furthermore, we assume that
T is of bounded local variation, i.e., there exists a constant p; > 1, independent of
the element sizes, such that pl_1 < hw/h, < py, for any pair of elements k, k" € T
which share a common edge e = (0k N Ox’)°. In this context, let us consider the set
£ of all one-dimensional open edges of all elements x € 7. Further, we denote by
&7 the set of all edges e in £ that are contained in €2 (interior edges). Additionally,
introduce £ to be the set of boundary edges consisting of all e € £ that are con-
tained in 0. In our analysis, we allow the meshes to be 1-irregular, i.e., each edge
of an element k£ € 7 may contain (at most) one hanging node, which we assume to
be located at the centre of e. Suppose that e is an edge of an element x € T; then,
by he, we denote the length of e. Due to our assumptions on the subdivision 7 we
have that, if e C Ok, then h. is commensurate with h,, the diameter of k.
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For a nonnegative integer k, we denote by Qx (k) the set of all tensor-product
polynomials on K of degree at most k in each co-ordinate direction. To each x €
T we assign a polynomial degree p,, (local approximation order). We store the
quantities h, and p, in the vectors h = {h, : Kk € T} and p = {p. : & € T},
respectively, and consider the DG finite element space

(12) Voo = {v € L2(Q): v|, 0V, € Q, (R) VreT}.

We shall suppose that the polynomial degree vector p, with p, > 1 for each k € T,
has bounded local variation, i.e., there exists a constant p; > 1 independent of h
and p, such that, for any pair of neighbouring elements k, k' € T, we have p; <
Pefp. < pa. Moreover, for an edge e = (0kNOk’)° shared by two elements &, k" € T,
we define p. := 1/2(ps + pur), O pe = py if e = (O N ON)°, for some k € T, is a
boundary edge.

3.1.2. Jump and average operators. Let x and k' be two adjacent elements of T,
and @ an arbitrary point on the interior edge e € &7 given by e = (9k N Ir’)°.
Furthermore, let v and g be scalar- and vector-valued functions, respectively, that
are sufficiently smooth inside each element x, x’. Then, the averages of v and q at
T € e are given by

(o) = 5l ol), @) = lale+ alu),

respectively. Similarly, the jumps of v and g at € e are given by
[v] = vlx i + V] P lq] = qlx - ms +qle -1,

respectively. On a boundary edge e € £z, we set (v)) = v, (g)) = q and [v] = vn,
with n denoting the unit outward normal vector on the boundary 0f2.

Furthermore, we introduce, for an edge e € &£, the discontinuity penalisation
parameter o by

_ P
he
We conclude this section by equipping the DG space Vpg with the DG norm

(14) lollge = ellVrollg + |v|§+/g(60+ffl)l[[v]]|2ds,

(13) ole

which is induced by the DG inner product

(15) (v, w)pe = /Q {eVrv- V5w +vw} de + /g(ea + o H[w] - [v] ds.

Here, V7 is the elementwise gradient operator. For an element x € T we shall also
use the norm

2 2
1012 = €ellVullg,. + vl »
for v e H'(k).
3.1.3. Conforming subspaces. For a given DG finite element space Vpg (cf. (I2))),
we define the extended space
Wog := Hj () + Voe.
With this notation, the following result holds.
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Lemma 3.1. There exists a linear operator Apg : Whe — H&(Q) such that

lw — Avcwl2 < Carmy Z/g—lww]uz ds,

ecgV®

V7 (w = Ascw) |5 < Camy D, | ollw][*ds,
ecE €

for any w € Wpe, where Cg) > 0 is a constant independent of T and of p.

(16)

Proof. Consider the space V,!G = Voe N HE (), and denote by PL‘G : Vo — VQG the
orthogonal projection with respect to the inner product defined in ([IH), i.e.,

wEVps: (w-— chw,v)DG =0 Yo € V,!G.
Then, defining the subspace Vg := (id — PQG)VDg, we have the direct sum Vpg =
Vi ® Vi, as well as
(17) Woe = Hy(2) @ Vg

Based on our assumptions on the mesh 7, and referring to [56, Theorem 4.4], there
exists an operator lp, : Voc — Hj () that satisfies

Dol —lnpvllFagy <O [ o7 ds,

KET ecEgVE
Z ||V(’U - lhpv)”%z(n) < CZ 0'|[[’U]]|2C|S,
KET ecEVE

for any v € Vpg. By virtue of ([IT), we can now construct the operator Apg as follows:
for any w € Wpe, there exist unique representatives wy € H}(92) and wi, € V.
with w = wg +wi. Hence, defining Apcw = wo + lppwie € HE(), and employing
the previous estimates, we obtain

IV 7 (w = Aosw)llg = Y IV (wpe = Inpwpe) 720y < C Y [ ollwac]l® ds.
KET ecgV®
Since wy € H{(£2), we notice that [wo]|. = 0 for all e € £; thereby,
IV7(w = Apcw)[[§ < C Y [ ol[w]*ds,
ecg V€
which proves the second bound in (I€). The first inequality results from an analo-

gous argument. ([l

Remark 3.2. We note that any v € H}(Q) satisfies [v] = 0 on &; thereby, in view
of (8], it follows that Apgv = v for all v € H} (). Furthermore, for w € Wpg,
upon application of the triangle inequality and Lemma [B.Il we deduce that

[Apcwk = €l| VAscwl|§ + |Apcwl|§
< 26| V|5 + 2[|wl|§ + 2€]|V(w — Apew) |5 + 2/jw — Apcw][j
< 2¢||Vu[§ + 2lw|§ + 2Cam Y [ (o + 07 1)|[w][* ds.

ecg v €
Thus the following stability estimate holds

(18) ||ADGU)||X S C\(M)HU)”DG Yw S WDGa
where Cqg) = /2max(1, Cqg)).
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3.2. Linear hp-DG approximation. The hp-version interior penalty DG discreti-
sation of () is given by: find u%, € Vpe from u® such that

(19) apc(ub%; ubs 1, v) = log(uh®;v) Vv € Vpg.

Here, for a method parameter § € [—1,1] and a penalty parameter C, > 0, we
define the forms

0a(u2%:0%1,0) = [ {eVriS, - Vo050 =/ (uE9328 0} de
Q

(20) - / (V7.1 - [o] + 082S, ] - (€Vrv)} ds

and

loe(ul®v) = [ f(ul®)vdex,

for v € Vpg, where for n > 0, we set
~DG ._ DG DG
Upt1 = Upgy — (1 - Atn)un ’

Fup®) = Ato (f(up®) = f'(u2®)up®).

The choices § € {—1,0,1} correspond, respectively, to the nonsymmetric (NIPG),
incomplete (ITPG), and symmetric (SIPG) interior penalty DG schemes; cf. [51].
For the ITPG and SIPG methods, the penalty parameter C, must be chosen suf-
ficiently large to guarantee stability of the underlying DG scheme; cf. [54], for
example. Furthermore, an additional constraint on the minimal value of C, will be
introduced in Proposition 1] below.

(21)

4. hp-VERSION A POSTERIORI ANALYSIS

4.1. A DG residual. We introduce a residual operator
R€ . WDG — W[,)G7

where WY is the dual space of Wi, as follows: given the operator Apg constructed
in Lemma 31l and w € Whe, let us define

(Re(w),v) : = / {eVrw - VApgv + wApgv — f(w)Apcv} dz

(22) .

+ Cc,/(ea + o Hw] - [v] ds Vv € Whe,
£

with ¢ from (I3), and C, appearing in (20). Furthermore, for w € Wpg, we
introduce the norm

(23) R = sup Rel@)hd)

HEWDG Alloc

For a solution u € HE(Q) of (@), we again note that [u] = 0 on &, and, hence, due
to @) and ([I0)), we conclude that

(24) (Re(u),v) =0 Yu € Whe.

Moreover, the following result shows that, under suitable conditions on the nonlin-
earity f, the norm ||Rc(:)|| defined in (23] is directly related to the DG-norm given
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in (I4)). In this sense, we may employ the norm ||R¢(:)|| as a natural measure for
the approximation in the Newton-DG formulation (I9)).

Proposition 4.1. Suppose that there exist constants o9 > —1 and L > 0 such
that f satisfies

(25) 00 < —f' and If'I<L

on Q x R. Furthermore, assume that the penalty parameter C, is sufficiently large
so that

Co Cm(l + L)2
> 2 WYy
CJ -2 + 260

where Cg) is the constant arising in the bounds (I8]), and co = 1+min(0, gg) > 0.
Then, for any weak solution u € H}(Q) of (), the following bounds hold:

(26) %OIIU ~ w[los < IRe(w)ll < V2max (Casy (1 + L), C) [lu — wllog

for all w € Woe, where Cgy is the constant arising in (I8]).

Proof. The two bounds are proved separately. Let w € Wpg, then employing ([24)),
and noting that Apgu = u (cf. Remark B.2]), we obtain

(Re(w), w —u) = (Re(u) = Re(w), v — w)

= e/ Vru—w)-V(u— Apcw)de + / (u—w)(u — Apgw) d
Q Q

_/(f(u)_f(w))(u_ADGw)dm+c[,/(ea+a*1)\[u_w]]|2ds
Q

£

= lu=uli +¢ | Vrlu—w)- Vr(w—Aocw)do
+ [ = w)tw = Aoy da = [ (7 = Fw))(u = w)do
- [ (700 = ) = Aou) de
+(Cy—1) /8(60 + o Y)|[u — w]|? ds.
Given the assumptions on f stated in (23] hold, we conclude that
—(f) = f))(w—w) = oolu—w,  [f(u) = fw)| < Llu—wl,
on Q x R. Thus, applying the Cauchy-Schwarz inequality, we arrive at

(Re(w), w —u) > (1 +min(0, o)) |lu — wl[5e — €l Vo (u = w)lo]| V7 (w — Aocw) o
— (14 L)[lu = wloflw = Aoswllo

+ (C, — 1 — min(0, go)) /5(60 + 0o Y|[u— w]|*ds.
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Setting ¢o = 1 + min(0, go), we deduce that

co€ €
(Re(w),w —u) > collu — wl|ge — THVT(“ —w)ll§ — Q_COHVT(w — Aocw)|[3
co (1+L)?
- 5”“ —wlf§ - TOHW — Apcwl[§

+(Cy — o) /(ea + o 1)|[u — w2 ds.
£
By virtue of Lemma Bl and noting that Ju] = 0 on &, we get

Co
(Re(w), w —u) > Zflu —wlge

+ (o= - CIEEDY [l b ol - w0

9

2
> ) u — wl[ge-

This gives the first bound in ([28). In order to show the second estimate, we em-
ploy (28] and the Cauchy-Schwarz inequality, for any v € Whe, to infer that

(Re(w), v)
= (Re(w) — Re(u),v)

= /Q {eVr(w —u) - VApgv + (w — u)Apcv — (f(w) — f(u))Apcv} d

+ C’U/(ea + o Hw —u] - [v] ds
£
< eV (w —u)lloVAsvlo + (1 + L)|[w — ullof|Ascv]lo

+ (cgca-ng)[g<60+o1)[[w—u]]|2ds)l/2 (c@[g@wﬂﬂ[ﬂﬁm)

1/2
< max (1 +L, C’,,C'&é)) [l — w||pe <||ADGv||§( + C(%EI) /S(ea + o Y] ds> .

Recalling the stability of Apg from ([I8)) yields

1/2

(Re(w),v) < V3Cqm max (1+ L, CoCighy ) lu = wllog [0
This implies the second bound in (26), and, thus, completes the proof. (Il

4.2. A posteriori residual analysis. In this section we develop a residual-based
a posteriori numerical analysis for the Ap-NDG method (I9).

4.2.1. hp-approximation estimates. Let v € Wpg be arbitrary, and consider Apgv €
H} () as in Lemma Bl Then, we may choose ¢ € Vpg such that, for all k € T,
the stability bound

[Abcv — ¢°°[lo,s < [Abcvllo,x;
as well as the approximation estimate
(27)

2
Dr

IV (Abcv — ¢°) 5. + h_2||ADG” — %[5 < Cam (IVAbe|3 . + Absv]l )
K
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hold simultaneously, where Cgg) is a positive constant, independent of h,p, and
of Apgu; see [41], § 3.1]. Since € € (0, 1], we infer the bounds

e[V (Apcv — "3 . < CamllAvcvll?,
and
(28) €72V lo.x < €72V (Aocv — °%)[lo.k + €72 VAscv]l0.x < CmyllAoct|le,x-

Moreover, following the approach outlined in [53] (see also [5]), we deduce from the
above estimates that

(29)
[Abcv — ¢°°|3 .. < min (1, Cgme 'hip,?) [Aoev|? , < max (1, Cm) aillAoeo?
where, for K € T,

(30) Q= min ( —p pil)

Furthermore, applying a multiplicative trace inequality, that is,

(31) 19115.00 < Cam (he 1113 W) veH (k)
we obtain

1Aocv — ¢°¢[12 5 < C@p max (1, Cem) B2 Avsvll2,,
where, for k € T, we define

Er@ = \/hﬁla% + e 2a,

Noting the bound
Ei = a, (el/2h,:10z,.g + 1) < eil/za,ﬁ(pgl +1)< 2671/20[,“

we deduce that

(32) ||ADGU - (ZSDGHO,QH < CmﬁKHADGv||6,H7
where
(33) B = e a2

4.2.2. Upper a posteriori residual bound. In order to derive an a posteriori residual
estimate for the hp-NDG discretisation ([I]), we recall the residual

(Ro(u2S) / (VS - VAoew + 42 Aney — F(u2S ;) Angu} da
+Cs / eo+o DS, ] [v]ds =T + Ty
(cf. 22))), where we define
= /Q {07851 VAoe + 55 1 Anew — (/(u39)82, + T(uE%))Aocr} da
+Cy [(os a*)[rziﬂ] [o] ds,
Ty := (1 —Agt <R u >
= [ L) = ) — 008, — )} Aocr
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Here, ub$, and $(uPS) are given in (ZI)), and v € Wpe is again arbitrary. Recall-
ing (I9), we note that

[ {evriBe, - TP 4 308167 - (£ (RS, + )%} da
)

/ {(evrunsy)) - [0°°] + O[uRS] - (eVre®)} ds

~ Cr [ o] [0 s
with ¢P¢ € Vpg as in Section [£.2.T] above. Therefore,

T = /Q {GVTﬁvoﬁrl - V7 (Apcv — ¢°¢) + ﬁzil(ADGU - ¢DG)} dz
— [/ EOE + T (oo — %) de
/{ (eVrups ) - [6°€] + 0[unS ] - (eV70°¢) } ds

+C, /g(ea + 071)[ﬁ2i1H -[v]ds — C, /g ea[[ATDfi_l - [¢°°] ds.

Performing elementwise integration by parts in the first integral, and proceeding as
in the proof of [38, Theorem 3.2], the following estimate can be established:

CITI| < D Aty =% + f/(up®)uanS + 5l ol Avcv — 6°lo,

KET
+ > 1elVrs Tllo.omonlAocy — 6°¢llo.0r
KET
1/5
ep?
+ (Z h”ll[[ 3(11]]”(2),55) e[V
KET

+ (Cg/E(EU—FUI)H[ n+1]]|2ds)l/2 </g(60+01)|[[v]]|2ds>1/2

1/2 1/2
<02 Z ﬂﬂpﬁ A?Lil]]”g,@ﬁ) (Z 5n2||[[¢DG]]||(2),8n> .

KET RET

Here, C' is a positive constant independent of h, p, and €, and f; is defined in (B3).
Observing that [Apgv] = 0 on &, and recalling [B2), we infer the bound

Z B2 %°TI5 0 = Z B 2110 — Aoc]ll ox < C Z B 2116 — Aocvllf a1

RET KET KET
< C||Avev| % -
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Additionally, exploiting (28), 29)), and (32]), yields
Cl| < Z leAURS ) — UGy + f/(up®)iins, +F(ul®)

€K

RET
+ > eIV Dllo,0m 008 1Abev e n
KET
1/2
epE
+<Z N8 ) Aosvlx
RET

1/2
epﬁ ~
- (cz > (h ) I Ezilﬂnaaﬁds) lolos

KET

1/2
Bnp,{ [
<sz IS5 0n | 1ADGYlx,

k€T ””
with a, defined in B0). Observing that a,, < e~ /?hp! yields

max (pm K GQﬁmpn> EpK/ hfi

he TR ) S e T

Hence, applying the Cauchy-Schwarz inequality, and maklng use of ([IJ)), we arrive
at

1/2
s Ee; (Z 772> Ivlloe,

KET
where, for any « € T, we define the local residual indicators

’I]n PR OéHHGAunJrl AyDlil + f ( )Agil + f( )HO K

~ ep -~
+ ﬂZGQH[[vTuvDLil]]H%,Bn\BQ + max (17 Cg) ( hﬁ ) (im Ziﬂ]“%ﬁn'

In order to deal with the term T5, we apply elementwise 1ntegrat10n by parts to
obtain

/ {eV7ud® - VApv + ub®Apcv — f(ud®)Apcv} dx
Q

(34)

== Z /{EAUDG —up® + f(up®) }Apgv dx —i—/ [V 7ulC]Apcv ds.

KET &z
Furthermore, we define the lifting operator L : Vpg — Vpg by

w— L(w) : /QL(w)ngG de = /g [V7w]¢Pe ds VoPC € Vog;
cf., e.g., [6l[49]. Thereby, we note that )
/Q{GVT’IL%G - VApev + ulApcv — f(ul)Apcv} dx
== [ fearudt — 4 puf) - oL

(u2®)}Apgv d
+ / [eV7ule](Apcv — ¢°¢) ds — [ eL(ul®)(Apcv — ¢°°) d
&1 Q
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where A7 is the elementwise Laplacian operator. Applying the Cauchy-Schwarz
inequality, and incorporating the bounds from Section .21l we deduce that

‘ /{GVTUELG - VApev + ub®Apcv — f(ub®)Apcv} dz
Q
< lleArup® —un® + f(uy®) — el (up®) ol Aocvllo

+ Z elIVruntlllo.omocllAoct — ¢°¢|lo.0x
RET

+ 3 ellL@p®)llox Acy — 6% o,
RET
< JleArun® = up® + fun®) — el (up®) [lof| Aosvl|x

+CY " Breell[VruntlloomonllAost e x
KET

—|—CZO&,€€HL |O RHADGUHEK,
KET

< lleAgun® —up® + f(un) — el (un®) ol Avcvl|x

1/2
e (Z (B2 NIV a2 <u2@>|%;,,§)> Aocvlx-

KET

Recalling (I8]), we get

{eV7ud® - VApev + ubCApcv — f(ub®)Apeu} dx
Q

< lleArup® —un® + f(uy®) — el (up®)ollvlloe

/2
+c (Z (B2 NV 7uEDIE ovom + aieQHL(uzG)naﬁ)) Iolos-

KET
1/2
> [vloc-

Furthermore, we have

‘cg /5 (eo + o) [uB%] - [v] ds

sc<20§<%+—)nu gl

KET

Finally, using (I8) once more, we note that
AF0880) = FuE9) = (08081 = ) v
< Cam I (una) = F(un®) = f (un®) (unSy — un®)lollvllos-
In summary, we obtain the bound |T3| < C6,, o||v||pe, where

12 12
65) - (zws,;)?) + (zwszw) |

RET KET
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with
0L = (1 - At,) [neszG — RS+ f(R%) — el (w3
(36) + & (BT pevon + @2IL@R) 3 )
1/2
2
epy  he
G |uu2Gﬂ||3,aﬁ]
and
(37) = 7 (B50) = FuES) = £/ (WS) (1B, = w2 o

Thus we have proved the following key result.

Theorem 4.2. For the hp-NDG method [I3), the following upper a posteriori
residual bound holds

IRe(upS )| < E(bS,ubS, h,p) = 0(629+nn9)1/2,

where C' is a positive constant, independent of h, p, the penalty parameter C,,
and e. Moreover, 1} o = Y ,.c7 Mo » Where Ny, & € T, and 6, 0 are given in (B)

and BR)-@BT), respectively.

4.2.3. Lower a posteriori residual bounds. In this section, we briefly discuss the
derivation of local lower residual bounds in terms of the error indicators 7, ., & € T,
and some data oscillation terms; for further details, we refer to [5 §4.4.2] and [35]
38156]. To this end, given an edge e € £, we write we = U{k € T : e C 9k}, where,
for simplicity of exposition, we make the assumption that the mesh is regular; cf.
[38, Remark 3.9] for more general situations. Thereby, for any v € H{ (w.), following
[5], we note that

/EHVTﬁgil]]v ds

€

{eVruds, Vo +uds v — f(ubSy)v} dz

We

b [ {earis, ~ 88, + HERE, 4T foda
w

e

+ (1 - Aty) {eA7up® —ud® + f(ud®) — eL(ul®) } vda

We

+ (1= ALy Um eL (u25)v dar — /ee[[vTugG]]vds]

e

+ / (AL (FuRS) = Fu(uB)) + (f'(uBS) — Ff(u2S))(uES, — ul%)} v dar

{f unty) = fun®) = £ (up®) (uply — up) v da,

where we use the subindex notation -, to denote the L2-projection of a correspond-
ing function onto Vpg. For v € H}(k), k € T, an analogous identity to (ZZ3)) holds,
whereby the integrals over w, are replaced by integrals over x, with the left-hand
side identically equal to zero. On the basis of these equalities, proceeding as in
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[35.38], we deduce the following local lower bounds for the first and third terms
present in the a posteriori error indicator 1y, ., k € T; cf. (34).

Theorem 4.3. Given a solution u € H}(Q) of (), then for the hp-NDG method
defined in ([I9), the following local lower bounds hold:

(a) For each element k € T :

(38) w |[€AUDS ) — TS 4 fr(un®)unG, + fh( °) ’0
38 "
< O (IR, + ™ 50 + 5+ 81,

(b) For any edge e € E:
(39)

1N e 1)< o 3 [t o Sl + 0]
he p2 Upt1 0,e p n+111l0,0k n,K |
e KCwe

Here, A € (1/2,1], a. and . denote the restriction of a, and By, Tespectively, to
an edge e C Ok, k € T, and C > 0 is a constant, independent of the discretisation
parameters and €. Moreover, for any A C Q, which is formed from the union of a
subset of elements belonging to the finite element mesh T, we signify by [|Re(ulC) ]| 5
the localised variant of ||Rc(u®)| defined over A. Finally, for k € T, the data

oscillation term 52 . 1s defined by

T = 1AL (F(un®) = fr(up®)) + (F (%) = fr(up®) (unSy = un®)llo.s-

Remark 4.4. Deriving suitable local lower bounds on the second term arising within
the a posteriori error estimator 7, ., £ € T, involving the gradient jump of the
computed numerical solution, is technically more demanding in the current setting.
In the case when e = O(1), then an analogous bound to the one derived in [35] may
be established, subject to the addition of the corresponding linearisation terms; in
the hp-setting, we note that this is suboptimal by a factor of pM_ /2. On the other
hand, assuming that the polynomial degree is kept fixed, then employing cut-off
functions on w,, of sufficiently small support (cf. [53]), e-robust h-version lower
bounds may be deduced; cf. [56]. However, in the current hp-setting, we note that
the inverse estimates required to establish hp-version e-robust lower bounds for the
gradient flux term are currently unavailable within the literature. Notwithstanding
this issue, we shall demonstrate numerically in Section [ that the upper a posteriori
bound derived within this article is indeed sharp.

Furthermore, in contrast to the h-version approach in [5], we remark that the
local efficiency bounds above are slightly suboptimally scaled with respect to the
local polynomial degrees due to the need of applying p-dependent norm equivalence
results (involving cut-off functions); cf. [42]. We remark that hp-version a posteriori
error indicators, which are based on equilibrated flux reconstruction, may be shown
to be robust with respect to the polynomial degree; see, for example, [24}[29]. In
this latter approach, however, the resulting a posteriori error indicators are implicit
in the sense that local problems posed on patches of elements must be numerically
approximated in order to compute the elementwise error indicators. In the context
of controlling both discretisation and linearisation error within this setting, we refer
to the article [2§].
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5. hp-ADAPTIVE NDG SCHEME

In this section, we will discuss how the a posteriori bound from Theorem
can be exploited in the design of an hp-adaptive NDG algorithm for the numerical
approximation of ().

5.1. hp-Adaptive refinement procedure. In order to enrich the finite element
space Vpg, we shall apply an hp-adaptive refinement algorithm which is based on
the following two ingredients:

(a) Element marking: Each element & in the computational mesh 7 may be marked
for refinement on the basis of the size of the local residual indicators 7, ., (cf. (34)),
n > 0. To this end, several strategies, such as equidistribution, fixed fraction,
Dérfler marking, optimized mesh criterion, and so on (cf. [30], for example), have
been proposed within the literature. For the purposes of this article, we employ
the maximal strategy: here, we refine the set of elements k € 7 which satisfy the
condition

Nn,k > T max ks
KET

where 0 < T < 1 is a given parameter. On the basis of [22/[39,50], throughout this
article, we set T = 1/3.

(b) hp-refinement criterion: Once an element £ € T has been marked for refine-
ment, a decision must be made regarding whether to subdivide the element (h-
refinement) or to increase the local degree of the polynomial approximation on
element k (p-refinement). Several strategies have been proposed within the litera-
ture; for a review of hp-refinement algorithms, we refer to [43]. Here we employ the
hp-refinement strategy developed in [37] where the local regularity of the analytical
solution is estimated on the basis of truncated local Legendre expansions of the
computed numerical solution; cf., also, [26,[30].

5.2. Fully adaptive Newton-Galerkin method. We now propose a procedure
that provides an interplay of the Newton linearisation and automatic hp-finite ele-
ment mesh refinements based on the a posteriori residual estimate from Theorem [£.2]
(as outlined in the previous Section[5.]). To this end, we make the assumption that
the NDG sequence {u?ﬁrl n>0 given by (9] is well-defined as long as the iterations
are being performed.

Algorithm 5.1. Given a (coarse) starting mesh 7 in €, with an associated (low-
order) polynomial degree distribution p, and an initial guess u§® € Vpg. Set n «+ 0.
1: Determine the Newton step size parameter At, based on u¢ by the adap-
tive procedure from Algorithm 2T} the Newton-Raphson transform NF(u2°)
required for the computation of the step size parameter At,, is approximated
using the hp-DG method on the current mesh.
2: Compute the DG solution 1%, from ([[J), and ub$, = ubS, + (1 — At,)ub®.
Furthermore, evaluate the corresponding residual indicators {n, .}.e7, and

O, from [B4) and (BH)-(B6), respectively.
3. if

(40) Sra <Ang

holds, for some given parameter A > 0, then hp-refine the space Vpg adaptively
based on the marking criterion and the hp-strategy outlined in Section (.1} go
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back to step (1) with the new mesh 7 (and based on the previously computed
solution uD, interpolated on the refined mesh).

4: else, ie., if {@Q) is not fulfilled, then set n < n + 1, and perform another
Newton step by going back to (1).

5: end if

Remark 5.2. We note that our computational experience suggests that the choice of
the element marking strategy can directly affect the robustness of the NDG scheme,
particularly, when the numerical solution is far away from a given solution. Indeed,
it is essential to employ a marking scheme which adaptively adjusts the number
of elements marked for refinement at each step of the adaptive process; algorithms
such as the fixed fraction method which only mark a fixed percentage of elements
at each refinement level can lead to slow convergence of the combined adaptive
Newton-Galerkin approach.

Remark 5.3. The balancing criterion (0] ensures that the linearization error is
bounded uniformly by the (global) discretization error. In view of the (local) lower
residual bounds presented in Section [£.2.3], this allows us to estimate the linearisa-
tion indicator d,, o defined in (B3 in terms of the residual bounds from Theorem [4.3]
and the normal jumps of the discrete solution; cf. Remark [£4l Furthermore, for A
sufficiently small, the linearisation errors arising in ([B8) and ([B9)) could, at least in
parts, be absorbed into the right-hand sides of these bounds; cf. [27, Theorem 4.8].

6. NUMERICAL EXPERIMENTS

In this section we present a series of numerical experiments to demonstrate the
practical performance of the proposed hp-adaptive refinement strategy outlined in
Algorithm Bl To this end, throughout this section we select 7 = 0.1, v = 0.5,
and A™3 = 10° in Algorithm 1] the penalty parameter C, = 10 and § = 1
(SIPG) in the interior penalty DG scheme ([I3) (cf. [@20)), and A = 0.5 in Algo-
rithm [5.T} cf. [5]. Throughout this section we shall compare the performance of the
proposed hp-adaptive refinement strategy with the corresponding algorithm based
on exploiting only local mesh subdivision, i.e., h-refinement. Furthermore, within
each inner linear iteration, we employ the direct MU]Itifrontal Massively Parallel
Solver (MUMPS) [IH3]; in particular, in Theorem 2] we do not take into account
any linear algebra errors resulting from iterative solvers; cf., e.g., [27].

Example 6.1. In this first example, we consider the Bratu problem
eAu+e* =0 in (0,1)%

i.e., f(u) = e+ u, subject to homogeneous Dirichlet boundary conditions on 9f2.
Writing A = 1/e, we recall that there exists a critical parameter value A, (= 1/e.),
such that for A > A (e < €.) the problem has no solution, for A = A\ (e = €.) there
exists exactly one solution, and for A < A, (e > ¢€.) there are two solutions. In the
one-dimensional setting, an analytical expression for A. is available (cf. [7[I3L17]);
for the two-dimensional case, calculations have revealed that A. = 6.808124423
(e. = 0.146883332) to 9 decimal places; see [17,[44,[45], and the references cited
therein.

Following [44], we select the initial guess u3® € Vpe to be the L2-projection
of the function uy onto Vpg, where ug(x,y) = asin(rz)sin(ry), and a is a given
amplitude. Noting that the maximum amplitude of the critical solution computed
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FIGURE 1. Bratu Problem. Slice at y = 0.5, 0 < x < 1, of the up-
per and lower solutions computed with e = 1 and € = 0.5, together
with the critical solution (e = ¢.).

504
4.04%
3.0%

20%

0.04

(a) (b)

FIGURE 2. Bratu Problem. Upper solution computed with: (a)
e=1; (b) e=0.5.

with € = €. is approximately 1.39, selecting a to be smaller/larger than this value
leads to convergence to the so-called lower/upper solution, respectively. With this
in mind we select a = 2 when € = €., a € {l/10,6} for e = 1, and a € {1,4}
for € = 1/2; in the latter two cases the smaller value of a is employed for the
computation of the lower solution, while the larger value ensures convergence to
the upper solution. In Figure [Il we plot a slice of each of the computed numerical
solutions at y = 0.5, 0 < z < 1. Here, we observe that the lower solutions tend
to be rather flat in profile, while the upper solutions have a stronger peak in the
middle of the computational domain; cf., also, Figure [2

In Figure 8] we demonstrate the performance of the proposed hp-adaptive NDG
algorithm (cf. Algorithm [B.1]), for the computation of the lower and upper so-
lutions when € = 1 and e = 1/2, as well as for the numerical approximation of
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FicUrRE 3. Bratu Problem. Comparison between h- and hp-
refinement. (a) e = 1 (lower solution); (b) e = 1 (upper solution);
(c) e = 1/2 (lower solution); (d) € = /2 (upper solution); (e) € = €,
(critical solution).

the critical solution when ¢ = €.. In each case we plot the residual estimator
E = E(ud®,ulS, h,p) from Theorem [L2 (with the constant C' set to 1) versus the
square root of the number of degrees of freedom in the finite element space Vpg,



2662

P. HOUSTON AND T. P. WIHLER

0 1 1 1 1 1
0 5 10 15 20 25 0 10 20 30 40
Global Iteration Number Global Iteration Number
(a) (b)
1
08}
06}
g
0.4+t
02} g 0.2}
o X X X 0 \ \ \ \ \ \
0 5 10 15 0 5 10 15 20 25 30
Global lteration Number Global Iteration Number
(c) (d)
1t 1
0.8+ 0.8t
=06 06}
<
0.4 0.4
0.2+ 0.2t
0 L L I I 0 n n n I "
0 2 4 6 8 10 0 5 10 15 20 25
Global Iteration Number Global Iteration Number

() ()

F1GURE 4. Bratu Problem. Damping parameter At,. Left: h-
refinement; right: hp-refinement. (a) and (b) ¢ = 1 (upper solu-
tion); (c) and (d) e = 1/2 (upper solution); (e) and (f) e = 1/2
(lower solution).

based on employing both h- and hp-refinement. For each parameter value we ob-

serve t

hat the hp-refinement algorithm leads to an exponential decay of the residual

estimator E as the finite element space Vpg is adaptively enriched: on a linear-log
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FIGURE 5. Bratu Problem. Individual error indicators 1, o and
dn,q. Left: h-refinement; right: hp-refinement. (a) and (b) e =1
(upper solution); (c¢) and (d) e = /2 (upper solution); (e) and (f)
e = 1/2 (lower solution).

plot, the convergence lines are roughly straight. Moreover, we observe the supe-
riority of hp-refinement in comparison with a standard h-refinement algorithm, in
the sense that the former refinement strategy leads to several orders of magnitude
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FIGURE 6. Bratu Problem. Computational meshes. Left: h-
refinement; right: hp-refinement. (a) and (b) Upper solution com-
puted with ¢ = 1; (¢) and (d) Upper solution computed with
e =0.5. (e) and (f) Critical solution.
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reduction in E, for a given number of degrees of freedom, than the corresponding
quantity computed exploiting mesh subdivision only.

In Figure @ we plot the size of the Newton damping At, versus the global
iteration number. In many of the cases considered here At,, = 1 at all steps; for
brevity, these results have been omitted. For the cases presented in Figure d we
observe that initially the damping parameter slowly increases when we are far away
from the solution; once the damping parameter is close to unity, the condition

2 2
511,9 < A nn,Q

in Algorithm [B] becomes fulfilled in which case the finite element space Vpg is
adaptively enriched. In some cases, particularly at the early stages of the algorithm,
refinement of Vpg may then lead to a reduction in At,,, in which case further Newton
steps are required before the next refinement can be undertaken. As the iterates
approach the solution more closely, the size of the damping parameter typically
remains approximately 1. To provide further detail concerning the performance of
the proposed adaptive refinement strategy, for the cases depicted in Figure M in
Figure Bl we plot the individual error indicators 7, o and d, o in both the h- and
hp-cases. Here, we clearly observe that, initially, the linearisation estimator ¢, o
dominates the discretisation error estimator 7, q, in which case further Newton
steps are required; however, as the adaptive algorithm proceeds, the a posteriori
error estimator E is dominated by the size of 7, q.

Finally, in Figure [6] we show the h- and hp-refined meshes generated for the
numerical approximation of the upper solutions when e = 1 and € = 1/2, as well
as for the critical solution. Here, we observe that when h-refinement is employed,
the mesh is concentrated in the vicinity of the peak in the solution located at the
centre of the computational domain; cf. Figures [l and In the hp-setting, we
observe that while some mesh refinement has been undertaken in the centre of
the domain €2, the corners of 2 have been significantly refined in order to resolve
corner singularities typical for elliptic problems. Moreover, p-enrichement has been
employed both in these corner regions, as well as in the vicinity of the peak in the
computed solution. The corresponding meshes for the lower solutions are largely
uniformly refined, due to the flat nature of the solution; for brevity, these have been
omitted.

Example 6.2. In this example, we consider the Ginzburg-Landau equation given
by
—eAu+u=u2—-u?) in(-1,1)2

subject to homogeneous Dirichlet boundary conditions on 9. Following [5], we first
note that u = 0 is a solution; moreover, any solution u appears in a pairwise fashion
as —u. In the absence of boundary conditions, it is clear that u = 41 are solutions of
the Ginzburg-Landau equation. Thereby, in the presence of homogeneous Dirichlet
boundary conditions, boundary layers will arise in the vicinity of 92, whose width
will be governed by the size of the diffusion coefficient €. Here, we select the initial
guess u§® € Vpe to be the L?-projection of the function ug(z,y) = —sgn(z) onto
Vbe, subject to the enforcement of the boundary conditions. In this case the solution
to the Ginzburg-Landau equation will possess not only boundary layers, but also
an internal layer along x = 0; in Figure [ we plot the solution computed with both
e=10"3 and e = 1076,
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FiGURE 7. Ginzburg-Landau equation. Solution computed with:
(a) e=1073; (b) e =107°.
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F1GURE 8. Ginzburg-Landau equation. Comparison between h-
and hp-refinement. (a) € = 1073; (b) ¢ = 107%; (¢) e = 1077
(d) e =107°.
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FIGURE 9. Ginzburg-Landau equation. Individual error indicators
Mno and 6, o. Left: h-refinement; right: Ap-refinement. (a) and
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F1cURE 10. Ginzburg-Landau equation. Damping parameter At,,
for e = 1073. (a) h-refinement; (b) hp-refinement.

In Figure [ we demonstrate the performance of the proposed hp-adaptive NDG
algorithm (cf. Algorithm [B.1]), for the computation of the solution to the Ginzburg-
Landau equation when ¢ = 1073, 1074, 107°, 107°%. In each case we plot the
residual estimator E versus the square root of the number of degrees of freedom
in the finite element space Vpg, based on employing both h- and hp-refinement.
For each value of ¢ we again observe that the hp-refinement algorithm leads to
an exponential decay of the residual estimator E as the finite element space Vpg
is adaptively enriched. Moreover, we again observe the superiority of exploiting
hp-refinement in comparison with a standard h-refinement algorithm, in the sense
that the former refinement strategy leads to several orders of magnitude reduction
in E, for a given number of degrees of freedom, than the corresponding quantity
computed using h-refinement only. Furthermore, we note that as € is reduced, ad-
ditional h-enrichment of the computational mesh is required before p-refinement is
employed. Indeed, for € = 10~% we observe that there is an initial transient, be-
fore the hp-version convergence line becomes straight and exponential convergence
is observed. The magnitude of the individual error indicators 7, o and d, o are
shown in Figure @ as in the previous example, we observe that the discretisation
error indicator 7, o typically dominates the linearisation error indicator d,, o as the
adaptive Newton iteration proceeds. However, we observe that for e = 1073, 1074,
and 1077, in the case when hp-refinement is employed, 6, q is not very monotonic
in the latter stages of the adaptive algorithm.

In Figure [0 we plot At, versus the global iteration number for e = 1073; for
the other values of € considered here, the damping parameter was close to one on
all of the meshes considered. As in the previous example, we again see an initial
increase in At,, as the adaptive Newton algorithm proceeds, before the underlying
mesh is adaptively refined. Again, in the early stages of the algorithm, enrichment
of Vpg may lead to some additional damping, before At,, tends to one.

Finally, in Figure [IT] we plot the corresponding h- and hp-meshes generated for
e = 1072 and € = 107 %. Here, we clearly observe that the boundary and internal
layers present in the analytical solution are refined by our adaptive mesh adaptation
strategy; in particular, we emphasise that the NDG iterates converge to a solution
which features the same topology as the initial guess, and, hence, does not switch
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() (d)

FicUure 11. Ginzburg-Landau equation. Computational meshes.
Left: h-refinement; right: hp-refinement. (a) and (b) € = 1073;
(c) and (d) e = 107C.

between various attractors (corresponding to different solutions; see, e.g, [5]). In
the hp-setting, we see that once the h-mesh has been sufficiently refined, then p-
enrichment is employed.

Example 6.3. In order to test the computational efficiency and e-robustness of
the proposed a posteriori error bound stated in Theorem [£.2] in this final example
we consider a variant of the Ginzburg-Landau equation which possesses a known
analytical solution. More precisely, we consider the numerical approximation of

(41) —eAu+u=u2—-u?)+f in(=1,1)2

subject to homogeneous Dirichlet boundary conditions on 0f2, where, given the form
of the computed solution depicted in Figure[d, we select f such that the analytical
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Degrees of Freedom Degrees of Freedom
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FI1GURE 12. Approximate Ginzburg-Landau equation. Effectivity

indices for € = 1,107%,1072,1073,10~%. (a) h-refinement; (b) hp-
refinement.

solution to (I is given by

_ 1 1 2./€ 2
e Velz+l) — gVe(z—1) ex2—1 ev3-1
u= —16
(e

¢~ VG 4 e VEGTD -5 _’_e%f (e—y% +ey4€1)2
Note that, for this choice, the source term f in ([ I) is negligible in most of the
domain.

In Figure [[2] we plot the effectivity indices (ratio of the a posteriori error bound
and the true error, measured in the DG norm), for e = 1,107%,1072,1073, 1074,
based on employing both A- and hp-mesh refinement. Here, we observe that, in
the initial stages of the adaptive process, the effectivity indices tend to oscillate
between a value of around 5 and 20 as the damping parameter is continuously
adjusted while the mesh is refined. However, as the adaptive strategy proceeds,
and the damping parameter tends to unity, the effectivity indices tend to a value of
around 7, uniformly with respect to e. The performance of the underlying h- and
hp-refinement strategies are quantitatively similar to the results presented in the
previous example; thereby, for the sake of brevity these results are omitted.

7. CONCLUDING REMARKS

In this article we have introduced the hp-version of the NDG scheme for the
numerical approximation of second-order, singularly perturbed, semilinear elliptic
boundary value problems. Here, the general approach is based on first linearising
the underlying PDE problem on a continuous level, followed by subsequent dis-
cretisation of the resulting sequence of linear PDEs. For this latter task, in the
current article we have exploited the hp-version of the interior penalty DG method.
Furthermore, we have derived an e-robust a posteriori bound which takes into ac-
count both the linearisation and discretisation errors. On the basis of this residual
estimate, we have designed and implemented an hp-adaptive refinement algorithm
which automatically controls both of these sources of error; the practical perfor-
mance of this strategy has been studied for a series of numerical test problems.
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Future work will be devoted to the extension of this technique to more general
nonlinear PDE problems, as well as to problems in three dimensions.
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