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TYPES OF INTEGRABILITY ON A SUBMANIFOLD AND
GENERALIZATIONS OF GORDON’S THEOREM

N. N. NEKHOROSHEV

Abstract. At the beginning of the paper the concept of Liouville integrability is
analysed for systems of general form, that is, ones that are not necessarily Hamil-
tonian. On this simple basis Hamiltonian systems are studied that are integrable
only on submanifolds N of the phase space, which is the main subject of the paper.
The study is carried out in terms of k-dimensional foliations and fibrations defined

on N by the Hamiltonian vector fields corresponding to k integrals in involution.
These integrals are said to be central and may include the Hamiltonian function of
the system. The parallel language of sets of functions is also used, in particular, sets
of functions whose common level surfaces are the fibres of fibrations.

Relations between different types of integrability on submanifolds of the phase
space are established. The main result of the paper is a generalization of Gordon’s
theorem stating that in a Hamiltonian system all of whose trajectories are closed
the period of the solutions depends only on the value of the Hamiltonian. Our
generalization asserts that in the case of the strongest “Hamiltonian” integrability
the frequencies of a conditionally periodic motion on the invariant isotropic tori
that form a fibration of an integrability submanifold depend only on the values of
the central integrals. Under essentially weaker assumptions on the fibration of the
submanifold into such tori it is proved that the circular action functions also have
the same property. In addition, certain general recipes for finding the integrability
submanifolds are given.

0. Introduction

The main object of investigation in this paper is autonomous Hamiltonian systems that
are not necessarily integrable. Such a system is given by its Hamiltonian function H :
M → R defined on a symplectic manifold M = M2n, that is, a manifold equipped with
some symplectic structure ω2, where 2n = dimM2n. Integrable Hamiltonian systems
have a relatively simple structure and are fairly well studied, at least in the regular
situation. (In the case of “nonregular” integrability there are many interesting questions;
see, for example, [9].) But most systems are not integrable on the entire phase space M
even in the nonregular sense. What is the structure of the phase flow of nonintegrable
systems? It is known that many such systems are integrable, but only on some invariant
submanifolds, rather than on the whole of M .

First we will look at the regular toric integrability of the system on a submanifold
N ⊆ M . By this we mean that the k-dimensional invariant tori Λb form a locally trivial
fibration of this submanifold, so that N =

⋃
b∈B Λb, where the parameter b parametrizing
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these tori runs over some manifold B. The invariance means that the tori Λb are invariant
under the action of the local phase flow {gt

H , t ∈ R} of the system, that is, gt
HΛb = Λb

for any time t. We also assume that the motion of the points of the phase space under
the action of this flow is conditionally periodic on the tori Λb.

Studying the integrability submanifolds appears to be important for the following
reasons. It often turns out that it is such submanifolds N ⊂ M , as well as their neigh-
bourhoods in the whole phase space M of the system, that are of primary interest for
applications. In addition, in a neighbourhood of an integrability submanifold the phase
flow of the system has the simplest structure. We think that studying the integrability
submanifolds is the easiest, but also the most important and immediate step in the study
of nonintegrable Hamiltonian systems. In the present paper we are interested only in the
behaviour of the system on the submanifold N itself.

There is an extensive literature devoted to finding families of integrable solutions.
For example, many examples of this kind of particular solutions to the equations of the
dynamics of a rigid body are described in the book [24], which also contains a large
list of references related to this problem. Numerous families of integrable solutions were
found for the equations of celestial mechanics and many other quite diverse differential
equations of importance in applications. In our context the trajectories of all these
solutions form integrability submanifolds.

The purpose of our paper is to study general approaches to FINDING the integrability
submanifolds, clarifying the CAUSES of existence of such submanifolds, and investigating
the QUALITY OF INTEGRABILITY of systems on them, especially, for Hamiltonian
systems, and toric integrability. It is here that when we have the highest-quality integra-
bility the generalization of Gordon’s theorem for frequencies holds. Note that finding the
toric integrability submanifolds interlocks with finding the families of periodic solutions
of dynamical systems the unions of whose trajectories can be regarded as a special case
of integrability submanifolds; see, in particular, [7, 6].

In fact, the quality of integrability on a given submanifold N ⊆ M , as it is understood
here, depends on how fully the Hamiltonian character of the system on N is used. One
may consider that this character is taken into account most fully in the case of “complete
integrability”, that is, the integrability of a Hamiltonian system on the entire phase space
M , which is usually studied. This type of integrability on the whole of M has been studied
from general differential-geometric viewpoints in [1, 5, 3] and many other papers.

The case where an integrability submanifold N ⊆ M of the symplectic manifold M
is symplectic is easily reduced to the case of integrability on the entire symplectic phase
space. The fact is that the restriction of a Hamiltonian system to an invariant symplectic
submanifold is also a Hamiltonian system; see Lemma 3.1.1. So if this system with p
degrees of freedom, defined on N = N2p, is completely Hamiltonian integrable, its phase
space (N2p, ω̃2), where ω̃2 := ω2|N , is fibred into the k-dimensional invariant isotropic
surfaces Λ; here k ≤ p ≤ n.

If these surfaces are compact sets, then they are diffeomorphic to tori, on which the
motion of the system is conditionally periodic. Furthermore, in the case where N is sym-
plectic one can construct normalizing canonical “coordinates” (I, p, ϕ mod 2π, q) on N
that are generalizations of the action-angle variables (I, ϕ mod 2π). In these coordinates
the Hamiltonian H̃ := H|N of the system with Hamiltonian H restricted to N has the
form H̃ = H̃(I) (see Proposition 5.1.1); more details about these coordinates can be
found in [5]. Hence the frequencies of the conditionally periodic motion on these tori,
ωi = ϕ̇i = ∂H̃/∂Ii, i = 1, . . . , k, depend only on the action variables I. This assertion is
equivalent to the generalization of Gordon’s theorem for frequencies.
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Two simple examples of such a situation are given in § 1. Namely, we produce two
systems, both in all probability nonintegrable, that are integrable on certain symplectic
submanifolds N ⊂ M . In addition, in § 1 we also illustrate Gordon’s theorem itself by the
example of the problem of two and many bodies. (The precise statement of the original
version of this theorem is given at the beginning of § 5.3.)

Thus, the case where an integrability submanifold N ⊂ M is symplectic is relatively
simple. But the case where N ⊂ M is a submanifold of general form, for example, of odd
dimension, is more complicated. The question arises as to how we can take into account
the Hamiltonian characteristics most fully in this case? And under what conditions do
the generalizations of Gordon’s theorem remain valid? In order to answer these questions
we must find the basic types of integrability that a Hamiltonian system can have on a
submanifold. In turn, in order to understand this we need to clearly understand the
much more simple concept of Liouville integrability for systems of general form, that is,
systems that are not necessarily Hamiltonian.

This concept is considered in § 2, which is entirely devoted to systems of general
form, which are not considered further in the paper. For such a system with phase
space N to be Liouville integrable there must be k vector fields (a1, . . . , ak) = A on N
that are linearly independent at each point, that are pairwise commutative, and that
commute with the vector field V of the given system. (One of the fields in the set A may
coincide with the given field V , but this is not necessary.) In addition, we require that
there exist r functionally independent integrals common to all these k + 1 vector fields,
and that k + r = dim N . The connected components Λ of the common level surfaces
of these integrals are invariant k-dimensional smooth surfaces. They are analogues of
the submanifolds Λ = Λb considered above, which form a fibration of the integrability
submanifold N in the Hamiltonian situation.

In this case we speak about global A-integrability of the system of the general form
defined by the field V . However, if we do not assume that there exist global common
integrals, then we speak about local A-integrability. This condition is essentially weaker
and the whole leaves in Λ can have very irregular structure, being very different from their
closures, which in the typical situation apparently causes the trajectories of the system
that lie on them to be irregular. Therefore global integrability should be regarded as
“real” integrability. But local integrability is a necessary condition for global integrability
and is often more convenient to study, so it is important.

If the field V is globally integrable on N and in addition the surfaces Λ that form
a fibration of N are compact sets, then we say that V is torically integrable on N .
Indeed, in this case each submanifold Λ is a torus with conditionally periodic motion
on it. Moreover, in a neighbourhood of such a torus one can introduce normalizing
“coordinates” (I, ϕ mod2π) in which the original system of general form takes the form
İ = 0, ϕ̇ = ω(I), where I = (I1, . . . , Ir) and ϕ = (ϕ1, . . . , ϕk); see Proposition 2.2.1.

These simple facts given in the first half of § 2 enable us to understand the various
types of integrability that a Hamiltonian system defined on a symplectic manifold M has
on an arbitrary invariant submanifold N ⊆ M and to clarify the connections between
these types, which we discuss in § 3. In particular, apart from the division into local,
global, and toric integrability, we can distinguish general integrability (that is, as in the
general non-Hamiltonian situation of § 2), weakly Hamiltonian, and (strongly) Hamil-
tonian integrability. We describe briefly the last two types of integrability, which are
of higher quality and take into account the Hamiltonian characteristics, here confining
ourselves to the local case; see the precise definitions in § 3.

Weak Hamiltonian integrability on N ⊆ M takes place in the following situation.
In addition to the original system with Hamiltonian H, whose vector field we denote
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by JdH, on M there are k Hamiltonian systems with Hamiltonians (Z1, . . . , Zk) = Z
which have the following properties. The vector fields JdH, JdZ1, . . . , JdZk are tangent
to N and are pairwise commutative on N . It is also required that all the leaves Λ ⊆ N
defined by the k fields JdZ1, . . . , JdZk be isotropic k-dimensional submanifolds of M .
The leaves Λ being isotropic is equivalent to the fact that the Hamiltonians Z1, . . . , Zk,
Zi : M → R, of these k Hamiltonian fields are pairwise in involution on N , which we
denote by {Z, Z}

∣∣
N

= 0. It is also assumed that at each point m ∈ N the differential
of the Hamiltonian function H of the system is a linear combination of the differentials
of the functions in the set Z = (Z1, . . . , Zk). The last condition is called the sliding
condition.

In this case Z is called a set of “weakly Hamiltonian-sliding symmetries” of the system
on N ⊆ M , and the system itself is said to be “locally weakly Hamiltonian-Z-integrable”
on N ; see precise formulations in Definition 3.2.4. It is easy to show that the restriction
of such a field JdH to N , JdH|N , is Ã-integrable in the sense of systems of general form
considered in § 2, where Ã =

(
JdZ1|N , . . . , JdZk|N

)
.

Among “weakly integrable” systems we distinguish the “strongly integrable” ones,
which we call “locally Hamiltonian-Z-integrable” on N ; see Definition 3.2.4. These are
systems such that the submanifold N and the set Z have one more property: “internal
regularity” of Z on N . This property consists in that the set Z̃ = (Z̃1, . . . , Z̃k) of the
restrictions Z̃i := Zi|N of these functions to N is regular in the sense that the differentials
of these restricted functions are linearly independent at each point m ∈ N . This means
that, in contrast to the “weak” case, not only are the differentials of the functions in the
set Z linearly independent at every point m ∈ N , but also so are the functions in the
set Z̃, which is a stronger condition. It is easy to show that in the “weak” situation this
condition that Z has “internal regularity” on N is automatically satisfied if N ⊆ M is a
symplectic submanifold, so that this case is, in fact, a “strong” one; see Corollary 3.3.1.

One of the main objectives of the paper is the study of arbitrary integrability subman-
ifolds, that is, ones that are not necessarily symplectic. The investigations carried out in
§§ 3–6 show that if a system is strongly Hamiltonian-integrable on such a submanifold,
and even globally, then its restriction to this submanifold N has virtually the same prop-
erties as the integrable system that is more often studied, that is, a completely integrable
Hamiltonian system on a symplectic manifold. In particular, in the case where the fibres
Λ ⊂ N are compact sets all the generalizations of Gordon’s theorem are valid on the
surface N . If in addition N ⊂ M is symplectic, then the system has exactly the same
properties as completely integrable Hamiltonian systems. So we may suppose that the
fundamental role in ensuring high-quality, Hamiltonian integrability on any submanifold
N is played by the condition that Z̃ is regular on N .

Moreover, this conclusion is supported by the following two facts. First, it is actually
required to ensure that the system in the situation of the Liouville–Arnol’d theorem and
its generalizations is completely integrable; see [1, 5]. Here it has the form of the map Z :
M → Rk defined by the set Z of “central” integrals being regular. Second, the condition
of internal regularity of Z on N does not automatically follow from the other conditions of
strong integrability and does not even follow from weak integrability. Indeed, an example
given in § 5.4 shows that there exist systems that are weakly Hamiltonian-Z-integrable
on a nonsymplectic submanifold N , but Z is not internally regular on N . (The same
example is a counterexample to the generalization of Gordon’s theorem for frequencies
to a submanifold.)

Actually, in § 3, apart from sets Z = (Z1, . . . , Zk) of strongly and weakly Hamiltonian-
sliding symmetries on N , we consider sets Z of a similar type satisfying essentially
weaker conditions, namely, sets of “pseudo-Hamiltonian-sliding symmetries”. This means



TYPES OF INTEGRABILITY ON A SUBMANIFOLD 173

that in the “weak” definition, instead of the condition that the Hamiltonian vector
fields JdH, JdZ1, . . . , JdZk be pairwise commutative, we only require that the k fields
JdZ1, . . . , JdZk define a foliation of the submanifold N ⊆ M into isotropic leaves and
that each of these fields commutes with the field JdH; see Definition 3.2.4.

Thus, if in addition a locally Hamiltonian-Z-pseudo-integrable system (that is, a sys-
tem with pseudo-Hamiltonian sliding symmetries Z) is Ã-integrable in the sense of sys-
tems of general form, where, as above, Ã = JdZ|N , then Z is a set of weakly Hamiltonian-
sliding symmetries on N . But, instead of requiring that the fields JdZ1, . . . , JdZk are
pairwise commutative, in the pseudo-Hamiltonian situation we can require that Z̃ is reg-
ular, and then this commutativity condition will be automatically satisfied (see Propo-
sition 3.4.1), which seems amazing at first glance. In this case we even have strongly
Hamiltonian integrability.

The study of integrability in § 3 is carried out mainly on the basis of differential
geometry, which is used to study the foliations and fibrations defined by the fields
JdZ1, . . . , JdZk on N . To foliations there corresponds local integrability, and to fi-
brations, global. We put more emphasis on studying local integrability, that is, merely
foliations. But we also consider fibrations, that is, the case where the leaves Λ ⊆ N
of these foliations are globally “gripped” by common invariants, and the case where in
addition the Λ are tori. In these two cases systems with sliding symmetries Z on N are
called (globally) Hamiltonian-Z-integrable and torically Hamiltonian-Z-integrable on N ,
respectively. Taking into account the separate division of integrability into types with
respect to the degree of Hamiltonian integrability considered above we obtain quite a lot
of kinds of integrability; see the diagram:⎡

⎣ foliations locally

fibrations

{
(globally)

torically

⎤
⎦ ⊗

⎡
⎣ pseudo

weakly

(strongly)

⎤
⎦ Hamiltonian

integrability

[
of a system

of a set of functions

]
.

The main connections between these cases are established in Propositions 3.3.1–3.3.4 and
3.4.1 and their corollaries. Some of them were discussed above.

In the case of systems of general form, that is, ones that are not necessarily Hamil-
tonian, the second column describing the quality of Hamiltonian integrability should be
removed, as well as the following word “Hamiltonian”, leaving just “integrability”. In
addition, in the last column in the lower row “of a set of functions” should be replaced by
“of a set of vector fields”. Actually, Hamiltonian-pseudo-integrable systems are not even
integrable in this ordinary sense; that is, as systems of general form, they are merely po-
tentially Hamiltonian-integrable, which was discussed above. The last column appeared
because it is often convenient to abstract oneself from the system and consider sets of
functions that either themselves, or via the corresponding vector fields, define a folia-
tion or fibration of a submanifold of the symplectic manifold of the required form. The
situation is similar also in the case of systems of the general form.

In § 4 we only study systems that are globally integrable on submanifolds N ⊆ M ,
and only in the strongest sense, that is, they are Hamiltonian. Moreover, the study is
not based on fibrations, but is carried out in the spirit of the original versions of the
Liouville–Arnol’d theorem, which often turns out to be more convenient for applica-
tions. More precisely, the definitions of this integrability are stated in terms of sets of
functions, namely, in terms of sets (Z,F) that are “Hamiltonian-integrable” on N ; see
Definition 4.2.1. Here, as above, Z = (Z1, . . . , Zk) is a set of functions on the whole of
M such that {Z, Z}

∣∣
N

= 0, that is, dZj(JdZi) = 0 on N , where i, j = 1, . . . , k, and N is
assumed to be invariant under the action of the flows of all the systems with Hamiltoni-
ans Zi. These functions are called central functions in the whole set (Z,F). The subset
F consists of l functions on N such that dFs(JdZi) = 0, s = 1, . . . , l.
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We also assume that 2k + l = dim N and that the functions in the set (Z̃,F) “asso-
ciated” with (Z,F), where Z̃ := Z|N , define a regular map N → Rk+l; cf. [5]. Thus,
(Z̃,F) is a “maximal” set of integrals on N common to the fields JdZ1, . . . , JdZk. The
existence of such a set F turns the k-dimensional foliation defined by these fields on N
into a fibration. Here, if the connected components Λ ⊆ N of the common level surfaces
of the functions in the set (Z̃,F) are compact, then these components are k-dimensional
tori.

We remark that the conditions we make here of (strong) Hamiltonian integrability
of a system on N ⊂ M (the system itself is not taken into account) are an immediate
generalization of the conditions in the main theorem on lower-dimensional integrability
on the entire phase space M in [5] stated in § 1 there. We emphasize that this is a
generalization to the case of an arbitrary, not necessarily symplectic, submanifold N .

By a system being (Z,F)-integrable on N we mean a system with Hamiltonian H for
which the Z-sliding condition holds on N , that is,

dH =
k∑

i=1

λi dZi,

where λi = λi(m), m ∈ N . In the case where the fibres Λ are compact they are k-
dimensional tori, and the motion on them under the action of the phase flow of the
system is conditionally periodic. In § 4 we also state Propositions 4.3.1 A) and B) on the
equivalence of the definitions of § 4 and the corresponding definitions of § 3, which are
more invariant and geometric.

The main contents of § 5 are the statements of the generalizations of Gordon’s theorem
for action variables (Theorem 5.5.1 A)) and for frequencies (Theorem 5.5.1 B)) to the case
of systems torically integrable on a submanifold. In more detail, the contents of § 5 are
as follows. At the beginning we state Proposition 5.1.1 on the existence of generalized
action-angle variables (I, p, ϕ mod 2π, q) on a symplectic submanifold N ⊆ M . Then
we describe how to construct a set I = (I1, . . . , Ik) of circular action functions in quite
a general situation when the submanifold N has a locally trivial fibration into isotropic
tori, which is not connected with any vector fields in any way.

The second half of § 5 contains the statements of the two main results of the paper,
the aforementioned Theorems 5.5.1 A) and B). They can be regarded as generalizations
of Gordon’s theorem (see [11, 12]), which asserts the following. Suppose that all the
solutions of an (autonomous) Hamiltonian system are periodic; then the period T , the
frequency of solutions ω, and the circular action function I depend only on the value of
the Hamiltonian function H on the trajectory of a given solution. For example, in the
problem of two bodies attracting each other according to Newton’s law all the solutions
with negative energy and nonzero angular momentum are periodic, and the period of
these solutions and their action depend only on the total energy, which is equal to the
Hamiltonian function H.

In Theorem 5.5.1 A) we consider separately the fibration of an arbitrary submanifold
N ⊆ M into the isotropic tori defined by the vector fields JdZ1, . . . , JdZk that are
not necessarily pairwise commutative on N ; in other words, a pseudo-Hamiltonian toric
fibration. We show, in fact, that the action functions Ii, i = 1, . . . , k, are locally constant
on the intersections of the common level surfaces Z−1(z) of the functions in the set Z
with N .

Theorem 5.5.1 B) asserts that if a system is Hamiltonian-torically Z-integrable on
N , then the frequencies (ω1, . . . , ωk) = ω of the conditionally periodic motion on the
invariant tori, which are the fibres of the corresponding fibration of N , depend locally
only on the functions in the set Z defining this fibration: ω = ω(Z). Or, in terms
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of the sets of functions in § 4, they depend only on the central functions Z1, . . . , Zk in
the set (Z,F). Thus, the number of parameters on which the frequencies depend is at
most the dimension k of the invariant tori, while the codimension of these tori in the
submanifold N whose fibration they form can be arbitrarily large. Note that in the case
of Hamiltonian integrability this codimension is at least k because Z̃ is assumed to be
regular.

We also show that under the hypotheses of this theorem, H, I, and ω satisfy the same
relations as they do when N is symplectic, that is, ω = ∂H

∂I (I). We emphasize that the
condition that N can be fibred into isotropic tori in Theorem B) is essentially stronger
than in Theorem A).

Immediately before the statements of these theorems, in § 5.4 we give the counterex-
ample described above showing that Gordon’s theorem for the frequencies of periodic
solutions cannot be generalized to a submanifold. In this example we consider a sub-
manifold N ⊆ M that consists entirely of the closed trajectories Λ of a certain system
and lies on the level surface H−1(0) of the Hamiltonian function H of this system. Thus,
the Hamiltonian H is also the only central function, that is, the only function in Z, but
the period of the solutions whose trajectories lie on N is not constant. In fact, this does
not contradict Theorem B), since one of the conditions of Hamiltonian integrability is
not satisfied, namely, the condition of regularity of the restriction H|N of the function
H to N .

In § 6 we prove all the assertions that were stated in §§ 3–5 but not proved there
because their proofs are very detailed.

Finally, the second half of § 2, namely § 2.3, and the whole of § 7 are devoted to the
problem of finding the integrability submanifolds: in § 2 we look at systems of general
form, and in § 7, Hamiltonian systems. The symmetries which we have considered so
far are abelian, and only such symmetries can guarantee integrability. At the beginning
of § 2.3 we give an argument showing that if we have a nonabelian local Lie group of
symmetries, the sliding condition specifies the maximal submanifold N ⊂ M of sliding
symmetries, that is, an invariant submanifold on which the vector field of the system is
tangent to the group orbits. Then under certain conditions, which hold, for example, for
many compact symmetry groups, we prove the toric integrability of the system on such
an N . Thus nonabelian symmetry groups are kind of transformed into compact abelian
ones.

In § 7 we remind the reader, using terms that suit our aims, how given a Poisson
action of a local nonabelian Lie group on the entire phase space M , we can construct
a “centred” set of functions (Z,F), that is, such that {Z, Z} = 0 and {Z,F} = 0 on
the whole of M ; more precisely, see Definition 4.1.2. In the case N = M such sets of
functions coincide with the sets (Z,F) discussed earlier that are Hamiltonian-integrable
on N ⊆ M . The same is also done in the more general situation of a Poisson closed
set of functions F . We also show that if the functions in such a set F are integrals of
the system, then the sliding condition specifies the maximal Z-integrability submanifold.
Here Z is a “central” subset of a centred set of functions (Z,F), which is constructed
from the set F .

In addition, in § 7 we consider the case where F is not a set of integrals on the whole
of M . In this situation, specifying the integrability submanifolds N cannot be achieved
using just the sliding condition and is much more difficult. This is because the sliding
condition now no longer has to specify an invariant submanifold. The submanifolds
N obtained here are called “equilibrium submanifolds”. The phase curves lying on N
generalize relative equilibrium positions (see, for example, [3]), which exist only if there
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is a reduction of the system. We also consider certain other more general situations, and
methods for finding the Z-integrability submanifolds in these situations.

The main results here concerning the generalizations of Gordon’s theorem were stated
in [10], and their proofs were also outlined there. These proofs are given in full in the
present paper. Note that Gordon’s theorem [12] was published practically at the same
time when the studies on lower-dimensional integrability appeared [4, 5]. Both Gordon’s
theorem and the generalizations of it to the case of a “Hamiltonian” fibration of the entire
phase space M into invariant isotropic tori of any dimension follow from those studies
as obvious corollaries; see § 1 in [5]. Far from being exhausted by the generalizations of
Gordon’s theorem this section in [5] contains a more difficult result—normalizing canon-
ical “coordinates” were constructed: the generalized action-angle coordinates mentioned
earlier. But the author knew nothing about the paper [12] at that time and learned
about Gordon’s theorem much later from the book [11].

The present paper can be regarded as a continuation of our work on “lower-dimension-
al” or “isotropic” integrability of Hamiltonian systems started in [4, 5]. In these papers we
studied the completely integrable case, where the entire phase space of the system is fibred
into invariant isotropic tori of any dimension, rather than necessarily into Lagrangian
tori as was done in the original version of the Liouville–Arnol’d theorem; see [1]. Recall
that Lagrangian surfaces have the maximum dimension among the isotropic surfaces. In
the present paper we study integrability on submanifolds of the phase space started in [7]
in the spirit of the Liouville–Arnol’d theorem; see also [6].

Many facts, including those given in this paper, show that in the study of integrability
on submanifolds new effects appear, which do not exist in completely integrable systems.
Therefore we can speak about the theory of integrability on submanifolds of phase space,
which is separate from ordinary integrability theory. We plan to continue the study of
integrability on submanifolds, and this paper is supposed to lay the basis for this. We
give a lot of attention to fundamental notions and assertions.

The author is grateful to E. Kudryavtseva, S. Shadrin, as well as to B. Zhilinskĭı and
D. Sadovskĭı for useful discussions and remarks.

1. Examples of integrability submanifolds and

an illustration of Gordon’s theorem

This section is devoted exclusively to the study of Hamiltonian systems. In § 1.1 we
give two heterogeneous concrete examples of Hamiltonian systems that are integrable on
certain submanifolds N of the phase space M but, in all probability, are nonintegrable on
the whole of M . The same simple examples are used to elucidate the role of “centred”
sets Φ = (Z,F) of functions defined on the whole of M and the special role of their
central subsets Z; see Definition 4.1.2. In § 1.2 Gordon’s theorem is illustrated by the
two-body problem, as well as the n-body problem. It is explained how in simple cases
this theorem can be obtained from the flows defined by integrals of the system by means
of “spreading”.

1.1. Examples. It may seem that the number of integrability submanifolds in concrete
systems of interest in applications will be small and that all such submanifolds can be
relatively easily found. The following example shows that this is far from being the case
and that there can be infinitely many such submanifolds. Moreover, the closure of the
union of integrability submanifolds can coincide with the entire phase space.

Example 1. Consider the Hamiltonian system corresponding to the geodesic flow on
a Riemannian compact manifold with an arbitrary Riemannian metric whose curvature
is everywhere negative. It is well known that there are infinitely many isolated closed
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geodesics on such a manifold. Moreover, the union of all the closed phase curves of
the geodesic flow, that is, of the liftings of the closed geodesics to the phase space M
of the system is everywhere dense in M . This means that there exist 2-dimensional
integrability submanifolds N = N2

κ such that the closure of their union
⋃

κ N2
κ coincides

with the entire phase space:
⋃

κ N2
κ = M . Here κ is some nonregular discrete parameter.

The families of periodic trajectories described above may be called “wild” because
their existence does not follow from any obvious symmetries of the vector field in the
phase space of the system. (Such families in a way resemble wild Lie groups, which also
do not conform to certain frameworks.) In all probability, as a rule, the fields considered
in Example 1 may not only have no geometrically obvious symmetries, but may have
no symmetries at all, apart from this field itself. These vector fields are independent of
time t, that is, the system is autonomous, but this implies only the existence of the first
integral of the system —the Hamiltonian function H.

We also remark that, apart from a few exceptions, all the periodic solutions in Ex-
ample 1 have large period and therefore are not interesting from the viewpoint of direct
applications. On the contrary, many trajectories of the “relative equilibrium position”
type (see [3]) are interesting from this viewpoint. We give a simple example of such
trajectories.

Example 2. Consider the problem of s bodies attracting each other according to New-
ton’s law. We assume that the centre of mass of all the bodies is stationary; then the
position and velocity of one body are determined by the positions and velocities of the
other bodies. Consequently, dim M = 6(s − 1), where M is the phase space of the sys-
tem, which coincides with the cotangent bundle T ∗E3(s−1) of the configuration space
E3(s−1) = E3(s−1) \ Σ. Here E3(s−1) is Euclidean 3(s − 1)-dimensional space, and Σ the
subset corresponding to collisions of the bodies. Apart from the energy integral H, the
system has three additional integrals M1, M2, M3 —the components of the vector �M
giving the total angular momentum of the bodies. All the trajectories of the vector field
defined by the Hamiltonian function M =

√
M2

1 + M2
2 + M2

3 for M �= 0 are closed
and form a locally trivial fibration of the entire phase space M = T ∗E3(s−1), with the
exception of the subset of points where M = 0.

The equation dH(m) = λ(m) dM(m), λ(m) ∈ R, imposed on the points m ∈ M
for M(m) �= 0 specifies a 4-dimensional symplectic submanifold N = N4 ⊂ M . The
submanifold N4 consists of the trajectories of solutions, called circular periodic solutions
of Lagrange, that correspond to the circular rotations of all the bodies of the system
around the common centre of mass with the same angular velocity. Then the bodies of
the system are situated in a special way; for example, for s = 3 they are at the vertices of
an equilateral triangle. According to the generalization of Gordon’s theorem the period
of such rotations depends only on the total energy H of the system.

Note that in the first of these two examples integrability was determined by the Hamil-
tonian H itself, and in the second by the set (M, M1, M2). In other words, it is these
sets of functions whose common level surfaces specify the closed phase curves of the sys-
tem on the integrability submanifolds N . In the general case such a set of functions on M
has the form of a regular set Φ = (Z,F), where Z = (Z1, . . . , Zk) and F = (F1, . . . ,Fl),
such that on M all k functions in the subset Z are in involution with all k + l functions
in the set (Z,F). A set (Z,F) with these properties is called centred, and the functions
in the subset Z central; see the definitions in § 4.1.

Suppose that N ⊆ M is some submanifold invariant under the flows of the system with
Hamiltonians Zi, i = 1, . . . , k, and such that 2k+l = dimN and the map Φ|N : N → Rk+l

is regular; cf. [5]. (In this situation the sets Φ = (Z,F) differ from the sets (Z,F) we
looked at in the Introduction when we discussed § 4 (see also Definition 4.2.1), only in
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that the functions in the subset F are defined on the whole of M , rather than merely
on N .) Then the sets Φ define by their common surfaces a fibration of N into fibres Λ
that are the integral surfaces of the foliation defined by the vector fields JdZ1, . . . , JdZk.
When the system is Φ-integrable on N , that is, when the sliding condition dH(m) =∑

λi(m)dZi(m) holds on N , the frequencies in the generalized Gordon’s theorem will
depend on the central functions in the set Φ. In the examples considered above we have
k = 1 in both cases, while l = 0 and 2, respectively.

It is natural to ask when do the centred sets (Z,F) appear? Poisson actions of local
Lie groups on symplectic manifolds are one of the main and simplest sources of them;
see [3]. The two examples given above are special cases of this situation. Indeed, in
the first example we may assume that the existence of such a set of functions (Z,F)
on M is connected by the Noether duality with the action on M of the local symmetry
group R coinciding with the phase flow of the system itself. In the second example it
is connected in the same way with the action of the compact Lie group G = SO(3) of
orthogonal transformations of 3-dimensional space. The group SO(3) acts in the obvious
way in “physical” Euclidean space E3 and induces an action on the configuration space
E3(s−1), and thus induces an action also on the phase space of the system M6(s−1) =
T ∗E3(s−1). According to the Noether duality this action defines the set of integrals
(M1,M2,M3), which can be replaced by the almost everywhere equivalent and regular
centred set (M,M1,M2).

In fact, the existence of a Poisson action of any local Lie group G on a symplectic
manifold gives rise by the Noether duality to a set (Z,F) with these properties. In § 7
we remind the reader of the process of constructing such a set in the general case (see [1,
3, 16, 23]) and discuss some methods of finding the integrability submanifolds N , in
particular, by specifying N in M by the aforementioned “sliding” condition. This simple
but effective method is a generalization of the method used for specifying N in Example 2.
As a whole, § 7 is to some extent a continuation of this subsection.

1.2. The two-body problem as an illustration of Gordon’s theorem. This com-
pletely integrable system is a classical example of the application of Gordon’s theorem;
it is also the simplest. The system has 3 degrees of freedom, and all its trajectories with
negative energy H < 0, apart from the exceptional ones, are closed. The five-parameter
family of closed trajectories forms a fibration of the corresponding domain of the phase
space M6, and their 4-parameter subfamilies form fibrations of the level surfaces H−1(h)
of the Hamiltonian function H for h < 0. On each such surface the period of motion
along the trajectories lying on them is the same, which at first glance seems to be quite
strange and amazing.

Indeed, as already mentioned, on M6 there is a Poisson action of the group SO(3)
preserving the Hamiltonian function, but the orbits of its action are 3-dimensional, while
the number of parameters of the closed trajectories on H−1(h) is equal to 4. Of course,
there is also the action of the system’s phase flow itself, but it does not spread the
trajectories, since its orbits are these trajectories themselves.

The explanation is in the fact that, apart from H and the integrals M1, M2, M3

corresponding to the action of the group SO(3), the system also has the fifth integral,
whose existence actually causes the trajectories of the system in the 6-dimensional phase
space to be closed. The phase flow of this integral together with the flows of the integrals
M1,M2,M3 spread one closed trajectory over the entire level surface H−1(h). These
flows preserve H and are symplectomorphisms and therefore preserve both the property
that the trajectories are closed and the period, which explains Gordon’s theorem in this
case.

Using this argument one can prove the weak variant of Gordon’s theorem given in the
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Introduction, that is, with no elaboration on the relations between ω, H, and I. This
deals with systems whose phase space is fibred into closed trajectories. This method can
also be used to obtain this weak variant when the entire phase space has a Hamilton-
ian fibration into invariant isotropic tori of any dimension. However, if we have toric
integrability on a nonsymplectic submanifold, then such simple considerations alone do
not suffice, if only because the “noncentral” integrals can be defined only on an inte-
grability submanifold N . (In the example considered above the noncentral integrals are
M1,M2,M3 and the fifth integral, and the only central one is the Hamiltonian H, so
that k = 1 and l = 4.) The fact that this situation does occur (apparently quite often)
is shown by the system given in § 5.4 as a counterexample to Gordon’s theorem. Such
integrals do not define vector fields, and this does not allow one to spread the invariant
tori.

Arguments based on “spreading” also have the disadvantage that they do not allow
one to establish the equalities ωi = ∂H̃

∂Ii
(I), i = 1, . . . , k, for the frequencies ωi of the

conditionally periodic motion and thus obtain the generalization of the strong variant of
Gordon’s theorem. These relations between ω, H, and I are obtained on the basis of the
generalized action-angle variables normalizing the Hamiltonian H; see [5].

Note that when the number of bodies of the system is greater than two, s > 2, there
exist periodic solutions that are analogues of the periodic solutions of the two-body
problem described above; see, for example, [25, 26]. We shall discuss these solutions in
more detail in Remark 7.5.2. The union N = N6 of the trajectories of these solutions is
a 6-dimensional symplectic integrability submanifold in the 6(s − 1)-dimensional phase
space M . If H < 0 and �M �= 0, where H and �M are the total energy and vector of
angular momentum, respectively, over all bodies of the system, then all the trajectories
on N = N6 are periodic. The solutions corresponding to these trajectories satisfy all the
generalizations of Gordon’s theorem, that is, the period and action depend only on the
total energy H.

The simplest example is given by the well-known “triangular” Lagrange solutions in
the case s = 3, which correspond to the arrangement of the bodies at the vertices of
an equilateral triangle moving along ellipses as in the case s = 2; see, for example, [18].
They generalize the circular Lagrange motions mentioned in § 1.1, so that N6 ⊃ N4,
where N4 corresponds to those circular motions. As in the case s = 2, there is the fifth
integral on N6; the question of whether this integral can be continued to the entire phase
space M is of interest. The answer is most likely known, but the author does not know
it.

2. Liouville foliations and integrability of systems of general form

In this section we explain the general concept of Liouville integrability, which is suit-
able for systems of general form, rather than ones that are necessarily Hamiltonian. In
§§ 2.1 and 2.2 we define local, global and, strongest and most important, toric integra-
bility; see Definitions 2.1.3 and 2.2.1. There we also briefly remind the reader how local
(Proposition 2.1.1) and semilocal (Proposition 2.2.1) coordinates are constructed that
normalize a vector field that is integrable locally or torically, respectively.

Finally, in § 2.3 we consider the case when a vector field has, generally speaking, a
nonabelian local Lie group of symmetries. We discuss one of the main and simplest meth-
ods of finding the local integrability submanifolds in the phase space of the field in this
situation — specifying them by the sliding condition. Under certain natural assumptions,
in the case where the group is compact and its action is global the integrability is toric.

2.1. Basic notions. All the functions, maps and manifolds throughout the paper are
assumed to be smooth, that is, infinitely differentiable. By submanifolds N ⊆ M we shall
always mean, if not stipulated otherwise, the images of injective immersions of manifolds;
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these N will also be called locally flat submanifolds. For example, as submanifolds we
allow “irrational” windings of a torus, in particular, trajectories N of the system φ̇1 = ω1,
φ̇2 = ω2 lying on the 2-dimensional torus M = T2, where the frequency ratio ω2/ω1 is
an irrational number. But we do not allow self-intersections, for example, eights.

Apart from locally flat submanifolds, we shall also consider “ordinary” submanifolds
N , that is, where each point m ∈ N has a neighbourhood U in the whole of M whose
intersection U ∩N with N is defined in some coordinates in U as a part of the coordinate
subspace. Thus, here not only eights are excluded but also irrational windings of a torus.
Such submanifolds are called embedded .

Suppose that on an arbitrary manifold N we are given k vector fields a1, . . . , ak that are
linearly independent at each point m ∈ N and are pairwise commutative on N : [ai, aj ] =
0, i, j = 1, . . . , k, where [ , ] is the Lie bracket of vector fields. Linear combinations of the
vectors of these fields define a k-dimensional distribution on N , that is, a field of planes,
which we denote by θ = θ(A), where A = (a1, . . . , ak). By Frobenius’s theorem this
distribution is integrable, that is, it defines a partition of the manifold N into pairwise
disjoint k-dimensional locally flat connected submanifolds Λ which have the following
property. At every point m ∈ N the tangent plane TmΛ to the surface Λ 
 m passing
through this point coincides with the plane θm of the field θ at this point: TmΛ = θm.

The submanifolds Λ are called maximal integral surfaces of the distribution θ and the
partition N =

⋃
Λ into these surfaces is called a foliation with leaves Λ. In other words,

if a distribution is integrable, then it defines a foliation. The partition of the manifold
N into the (whole) trajectories of an arbitrary vector field V that has no singular points
on this manifold, that is, that does not vanish on N , is the one-dimensional foliation
corresponding to a distribution of the type θ = θ(A) described above. Here V = a1 is
the only field in the set A.

Definition 2.1.1. The foliation corresponding to the distribution θ = θ(A) is called
the Liouville foliation of the manifold N defined by the set A = (a1, . . . , ak) of pairwise
commuting vector fields on N . We denote this foliation by Ξ = Ξ(A).

Let F : N → B be a map of the manifold N into some manifold B. Recall that the
rank of the map F at a point m0 ∈ N , rankF∗(m0), is the rank of the matrix ∂y

∂x (x0),
where y = y(x) is a vector-valued function defining the map F in local coordinates x in
a neighbourhood of the point m0 and in local coordinates y defined in a neighbourhood
of the point b0 = F (m0) ∈ B, with the coordinates of the point m0 given by x0. This
definition is independent of the choice of the local coordinates x and y. If the rank of
F is constant at all the points m ∈ N , then it is called the rank of the map F , and
we denote it by rank F∗. A map F is said to be regular at a point m ∈ N (or on the
whole of N) if it has maximum rank, that is, rankF∗(m) = µ (or rank F∗ = µ), where
µ = min{dim N, dimB}.

All these definitions can also be extended to an arbitrary set of functions on N ,
F = (F1, . . . , Fr), since such a set defines a map F : N → Rr.

Suppose that the partition of the manifold N into the connected components of the
inverse images F−1(b) of points b ∈ B under some map F : N → B that is regular on the
whole of N coincides with the partition of N into the leaves of a given Liouville foliation
Ξ(A).

Definition 2.1.2. In this case we call the Liouville foliation Ξ(A) a Liouville fibration
defined by the set of vector fields A = (a1, . . . , ak) and the regular map F and denote
it by Ξ(A, F ) or simply by Ξ(A). In this situation the fibring map F : N → B is
often called an invariant map or a momentum map. We define the fibres of the Liouville
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fibration not as the inverse images F−1(b) ⊂ N , b ∈ B, themselves but as their connected
components Λ. Note that in this situation we have k + dimB = dimN .

Suppose that V is a vector field on a manifold N and in addition there is a set
A = (a1, . . . , ak) of vector fields on N having the following properties.

a) The field V commutes with all the fields in the set A : [V, ai] = 0, i = 1, . . . , k,
or, for short, [V, A] = 0.

b) At each point m ∈ N the vector V (m) of the field V is a linear combination of
vectors of the fields in the set A:

V (m) =
k∑

i=1

λi(m)ai(m).

c) The set A defines a Liouville foliation of the manifold N , that is, [A, A] = 0 and
the vectors of the fields in the set A are linearly independent at each point of N .

Definition 2.1.3. In this case we say that the vector field V has an abelian set of
sliding symmetries A. If the set A together with a map F : N → B defines a Liouville
fibration, then we say that the field V is (A, F )-integrable or simply A-integrable on N .
Furthermore, in the case of foliations we may speak about the local integrability of the
system, and in the case of a fibration, about its global integrability. We call condition b)
the sliding condition.

Note that if one of the fields ai in the set A defining a Liouville foliation of N (condi-
tion c)) is taken to be V , then parts a) and b) of the definition are satisfied automatically.
We also note that if the field V has a set of abelian symmetries A = (a1, . . . , ak), then all
the fields in the set (V, a1, . . . , ak) of k+1 fields extended by V are pairwise commutative.

In addition we note that locally, that is, in some neighbourhood U of any point
m0 ∈ N , any foliation is a fibration; hence any field V with some set of abelian symmetries
A is A-integrable in U . Indeed, locally the leaves of any foliation can be defined as the
inverse images of a regular map of the form F : U → Rr, where r is the codimension of
the leaves, and therefore the field V is (A, F )-integrable in U .

The term “integrability” is used for the following reason. One can show that the
solutions of the system of ordinary differential equations corresponding to a vector field
V integrable in this sense can be expressed by quadratures in terms of the right-hand
sides of the equations of this system and the systems corresponding to the fields a1, . . . , ak

and in terms of the functions defining the fibring map F . Furthermore, the integrability
of the field V ensures relatively simple motion in this vector field. In particular, we have
the following simple assertion.

Proposition 2.1.1 (Local normalizing coordinates). Let Ξ(A, F ) be an arbitrary Liou-
ville fibration of a manifold N defined by a set of vector fields A = (a1, . . . , ak) and a
map F : N → B. Then in some neighbourhood U in N of any point m0 ∈ N there exist
functions τ1, . . . , τk with the following property. Together with the functions in the set
F = (F1, . . . , Fr) defining the map F in some local coordinates y = (y1, . . . , yr) on B,
where r = dimB, they form coordinates in U ⊆ N with the following properties.

A) In the coordinates (F, τ ), where τ = (τ1, . . . , τk), for each i = 1, . . . , k the vector
field ai is defined by the system of k + r differential equations Ḟ = 0, τ̇j = δij,
j = 1, . . . , k, where δij is the Kronecker delta.

B) Suppose that V is any vector field commuting with all the fields in the set A :
[V, A] = 0. Then in the local coordinates (F, τ ) it is defined by the system of
ordinary differential equations Ḟ = C(F ), τ̇ = D(F ), where C(F ) and D(F )
are some vector-valued functions independent of τ . In particular, if V is any
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(A, F )-integrable vector field, then it is defined by the system of equations Ḟ = 0,
τ̇ = D(F ).

Note that assertion A) can be interpreted as a theorem on the existence of local
straightening coordinates for a set A of pairwise commutative vector fields in a neighbour-
hood of a nonsingular point, that is, a point at which the vectors of these fields are linearly
independent. The coordinates exist by A), using the fact that a set F = (F1, . . . , Fr)
of local functions with r + k = dim N invariant under the phase flows of all these fields
exists, as we noted above.

The construction of the normalizing coordinates (F, τ ) is carried out explicitly with
respect to F and A. Namely, the functions in the sets τ are expressed by quadratures in
terms of the function in the set F and the right-hand sides of the systems of equations
defining the vector fields in the set A in some local coordinates. If V is an (A, F )-inte-
grable field, then we can constructively find the form of this field in the coordinates
(F, τ ). More precisely, the vector-valued function D(F ) is expressed by quadratures in
terms of the functions in the set F and the right-hand sides of the systems of equations
defining the vector fields in the set A and the field V .

Proof of Proposition 2.1.1. The proof can be extracted, for example, from [1] or [5]. We
remind the reader of this proof. We begin with A). To construct the functions τ1, . . . , τk,
given m0 ∈ N we must construct an r-dimensional local transversal Γ to the inverse
image F−1(b0) passing through this point, where b0 = F (m0). Then we set τ = 0 on Γ,
and at the points m ∈ N close to Γ we define τ (m) to be equal to the “multi-dimensional
time” t = (t1, . . . , tk) that has to be spent by the “multi-dimensional flow” gt to carry a
point m′ ∈ Γ to the given point m, that is, we define τ (m) so that gτ(m)m′ = m. Here
gt = gtk

k ◦g
tk−1
k−1 ◦ · · ·◦gt1

1 is the composite of the maps gti
i , where gti

i is the transformation
over time ti of the local phase flow defined on N by the vector field ai, i = 1, . . . , k.
Assertion A) is easily obtained from the construction of the functions τi.

To prove B) we express V in the coordinates we have constructed, (F, τ ) : Ḟ = C(F, τ ),
τ̇ = D(F, τ ). For each i = 1, . . . , k the field V commutes with the vector field defined by
the system of k + r differential equations Ḟ = 0, τ̇j = δij , j = 1, . . . , k. Using this and
the expression for the Lie bracket in these coordinates we obtain that the vector-valued
functions C(F, τ ) and D(F, τ ) are independent of τ . The proof of Proposition 2.1.1 is
complete. �

2.2. Toric fibrations and toric integrability. In what follows we shall mainly be
interested in Liouville fibrations, rather than just Liouville foliations. In particular, we
concentrate on the case when all their fibres, that is, the connected components Λ of all
the inverse images F−1(b) of points b ∈ B, are compact.

Definition 2.2.1. Under the hypotheses above, the Liouville fibration Ξ(A, F ) of the
manifold N defined by a set of vector fields A = (a1, . . . , ak) on N and a map F : N → B
is called a toric fibration. If in addition there is a vector field V on N having a set of
symmetries A, then we say that the field V is torically (A, F )-integrable or torically
A-integrable.

Using the term “torically” is justified by the following proposition.

Proposition 2.2.1. Let Ξ = Ξ(A, F ) be an arbitrary toric fibration of a manifold N ,
where A = (a1, . . . , ak), k ≥ 1, dim B = r ≥ 0, and correspondingly dimN = k+r. Then
the following holds.

A) Every connected component Λ of the inverse image F−1(b) of any point b ∈ B
under the map F : N → B is a k-dimensional torus and the partition of N into
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such tori defines a locally trivial fibration of N . Moreover, in some neighbourhood
U in N of each component Λ0 ⊆ N we can define k “angular functions”

ϕ1 mod 2π, . . . , ϕk mod2π

with the following properties.
The set (F, ϕ mod 2π) with ϕ = (ϕ1, . . . , ϕk) defines a set of “coordinates”

in U , that is, this set defines a diffeomorphism U → Dr × Tk in the domain
U ⊆ N onto the direct product Dr × Tk. Here Dr is a domain of the linear
space Rr; when r = 0 it is a point; Tk is a k-dimensional torus. Furthermore,
the restrictions of the “functions” in the set ϕ mod 2π to each torus F−1(b) ∩ U
are “angular coordinates” on this torus. In addition, each vector field ai, i =
1, . . . , k, in these “coordinates” is given by a system of equations of the form
Ḟ = 0, ϕ̇ = Ωi(F ) defining a conditionally periodic motion on the invariant tori
Λ = F−1(b) ∩ U .

B) Suppose that in addition we have an arbitrary torically (A, F )-integrable system.
Then in these coordinates it is defined by a system of equations of the same type:
Ḟ = 0, ϕ̇ = Ω(F ).

Proof of Proposition 2.2.1. We sketch the proof. We take it that the construction of
the normalizing “coordinates” ϕ mod 2π is a fairly well-developed element of the proof
of the Liouville–Arnol’d theorem and its generalizations, so the missing details can be
extracted, for example, from [1]; see also [5]. One needs to “forget” the Hamiltonian
nature of the case considered there, which makes it much simpler. We give a short proof
of this simple fact because it is essential later on in the paper.

The fact that each connected surface Λ is diffeomorphic to the k-dimensional torus fol-
lows because it is compact and there exist k pairwise commutative vector fields a1, . . . , ak

defined on it and linearly independent at each point m ∈ N . The “coordinates” ϕ mod 2π
on each fixed torus Λ are constructed as in the proof of Proposition 2.1.1, that is, as the
“multi-dimensional” time ϕ defined by the abelian group gϕ, ϕ ∈ Rk, which is the com-
posite of the flows of pairwise commutative vector fields. Now, we do not take the
a1, . . . , ak themselves for these fields but linear combinations of them, a′

i =
∑k

j=1 λijaj ,
i = 1, . . . , k, with constant coefficients depending only on the torus Λ under considera-
tion.

These coefficients λij are chosen so that all the trajectories of each of these fields a′
i

are periodic on Λ with period 2π, and taken together over all i = 1, . . . , k the trajectories
form a basis of cycles in the fundamental group π1(Λ) of the torus Λ. This implies
that the square matrix (λij , i, j = 1, . . . , k) is nonsingular and therefore the vector fields
a′
1, . . . , a

′
k are linearly independent at each point m ∈ Λ. Thus, the “angular coordinates”

ϕ mod 2π on each torus Λ are determined by the choice of a basis γ1, . . . , γk in the group
π1(Λ) ∼= Zk and by the choice of the initial point ϕ mod 2π = 0.

Since the compact surfaces Λ are connected components of the inverse images F−1(b)
of points under the regular map F , these surfaces define a locally trivial fibration of
the manifold N . In other words, each such torus Λ0 has a neighbourhood U in N
diffeomorphic to the direct product of the torus Tk and the disc Dr ⊂ Rr and this
diffeomorphism ψ : U → Dr × Tk is compatible with the fibration of U into the tori Λ,
that is, ψ−1({b} × Tk) = Λb = F−1(b) ∩ U for all b ∈ F (U) ⊂ B.

This trivial fibration allows one to choose, consistently over all the tori Λb ⊆ U , a set
of basis cycles γ1, . . . , γk, γi = γi(b) ∈ π1(Λb), in the fundamental groups π1(Λb) of the
tori Λb. First we must choose a basis in π1(Tk) and then carry it over to the groups
π1(Λb) by the map ψ−1. It is clear that then the coefficients λij = λij(Λb) will depend
smoothly on the torus Λb, that is, on the point b ∈ F (U).
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In order to choose the initial point ϕ mod 2π = 0 to be compatible over all the tori
Λ ⊂ U through any point m0 ∈ Λ0 we must construct an r-dimensional transversal Γ
to the fibre Λ0 and set ϕ mod 2π = 0 on Γ (codimΛ = r in N), as in the proof of
Proposition 2.1.1. As a result we obtain a set ϕ mod 2π of “functions” defined on the
whole of U . It is clear that the “functions” (F, ϕ mod 2π) globally defined on U are
“coordinates” on U . Thus, the construction of the “coordinates” (F, ϕ mod 2π) in U
is complete. That ϕ is independent of the right-hand sides of the equations defining
the vector fields V and a1, . . . , ak in these “coordinates” follows, as in the proof of
Proposition 2.1.1, from the fact that these fields are pairwise commutative on the tori Λ.
Proposition 2.2.1 is proved. �

2.3. Finding the integrability submanifolds of systems with nonabelian sym-
metries. Let V be an arbitrary vector field defined on some manifold M . In many cases
the existence of abelian sliding symmetries for this field and the fact that it is integrable,
which hold at least on some invariant submanifold N ⊆ M , are due to nonabelian sym-
metries of the field V on the whole of M . We focus briefly on finding such submanifolds,
especially those on which the system is torically integrable.

Let γ be some finite-dimensional, in general nonabelian Lie subalgebra of the Lie
algebra Vect(M) of all smooth vector fields on the manifold M with the Lie bracket of
vector fields as the commutator operation in this algebra.

Definition 2.3.1. We say that γ is a symmetry algebra of the vector field V defined on
M if [V, a] = 0 for any field a ∈ γ. Then the field V itself is said to be γ-symmetric.
Suppose that in addition at each point m ∈ M for some linear basis a1, . . . , as of γ we
have the sliding condition:

(1) V (m) =
s∑

i=1

λi(m)ai(m);

cf. condition b) of Definition 2.1.3. Then we say that γ is an algebra of sliding symmetries
of the field V .

Note that there is complete compatibility between Definition 2.1.3 and this definition
in the case where the algebra γ is abelian and such that the local Lie group G = G(γ)
corresponding to this Lie algebra acts locally freely at all the points of M . Indeed, we can
assume that in § 2.1 we considered a linear basis A = (a1, . . . , ak) of such a k-dimensional
abelian Lie algebra of vector fields on N .

Now consider the case where a symmetry algebra γ is not an algebra of sliding sym-
metries on the whole of M . Then an integrability submanifold N ⊆ M can often be
specified in the whole phase space M by the sliding condition; see (1). The assertions of
this subsection explain to some extent the appearance of such integrability. The follow-
ing Proposition 2.3.1 asserts the invariance of the submanifold specified in this way, and
Proposition 2.3.2 shows, in particular, how an abelian symmetry group can emerge in a
nonabelian situation.

Proposition 2.3.1 (Invariance of the submanifold specified by the sliding condition).
Suppose that a vector field V is defined on some manifold M having a symmetry Lie
algebra γ. Consider the subset N ⊆ M specified in M 
 m by the sliding condition (1),
where a1, . . . , as is a linear basis of γ. Then this subset is invariant under the action of
the local group G = G(γ). In other words, if N intersects some orbit of this group, then
it contains the whole orbit.

Suppose in addition that N is a smooth submanifold of M . Then the vector field V
and all the fields a ∈ γ are tangent to N at all the points m ∈ N . Let Ṽ and ã denote
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the restrictions of these fields to N ; then the Lie algebra γ̃ isomorphic to γ that consists
of the fields ã := a|N for all a ∈ γ is an algebra of sliding symmetries of the field Ṽ .
The submanifold N specified by the sliding condition is maximal among all the invariant
submanifolds on which the field V |N has the algebra of sliding symmetries γ|N := γ̃.

Furthermore, if the algebra γ is abelian and the local Lie group G = G(γ) acts locally
freely at all the points of N , then the field Ṽ is locally Ã-integrable on the whole of N ,
where Ã is any linear basis of γ̃.

Proof of Proposition 2.3.1. Let m ∈ M be an arbitrary point and consider the orbit
O = Om of this point under the action of the group G. By the sliding condition the
vector V (m) is tangent to O. Since [V, γ] = 0, V is invariant under the action of G.
Hence the restricted field V |O is obtained by spreading the vector V (m) by the group
G over the orbit O. Consequently, V |O is tangent to the orbit O at all points m ∈ O
and therefore Om ⊆ N . Thus, N is invariant under the action of the group G. The
sliding condition implies that this is also true for the phase flow of the field V . The
commutativity conditions for the vector fields are preserved on an invariant submanifold.
This implies all the remaining assertions of Proposition 2.3.1 and completes the proof. �

Thus, in the case of an abelian symmetry algebra γ the position regarding integrability
on the submanifold N specified by the sliding condition (1) is fairly clear. We now present
arguments needed to understand the nonabelian case.

For the moment we will assume that γ is an arbitrary abstract Lie algebra, rather
than necessarily an algebra of vector fields. Let γ̆ ⊆ γ be some subset of the algebra γ
satisfying the following conditions. To each element a ∈ γ̆ there corresponds an abelian
subalgebra α(a) ⊆ γ containing the element a and having the maximality property, that
is, α(a) does not embed into any larger abelian subalgebra of the algebra γ. One may
call such a subalgebra α(a) a maximal abelian extension of the element a ∈ γ. We also
require that the family of subalgebras α(a) depends smoothly on the element a ∈ γ̆ and
is Ad-invariant. The latter means that the local Lie group G = G(γ) corresponding to
the Lie algebra γ is invariant under the adjoint action on γ. More precisely, this means
that for any a ∈ γ̆ and g ∈ G we must have Adgα(a) = α(b), where b = Adga. In
particular, this means that the subset γ̆ ⊆ γ itself is also Ad-invariant.

Definition 2.3.2. In this case we call γ̆ an α-regular subset of the algebra γ, and α itself
a regular family of maximal abelian extensions of elements in γ̆. Any element a ∈ γ̆ of
the Lie algebra γ is said to be α-regular. Suppose that the Lie algebra γ is such that for
some α there exists an α-regular subset γ̆ that is open and everywhere dense in γ. Then
we say that a typical element of the algebra γ is regular.

Remark 2.3.1. One can hope that a typical element of any Lie algebra γ is regular.
At least this is true for semisimple Lie algebras. For any semisimple algebra γ, the
regular elements are the elements a ∈ γ such that the dimension of the subalgebra
Ann(a) := {b ∈ γ | [b, a] = 0} of all elements b ∈ γ commuting with a is minimized. For
such a this subalgebra is always abelian, obviously contains a, is maximal, and Ad-invari-
ant. (For such a this Ann(a) is called a Cartan subalgebra. Its dimension is called the
rank of the Lie algebra γ: rank γ := k, where k = mina∈γ{dim Ann(a)}.) The subset of
all irregular elements is specified in γ by algebraic conditions and therefore is closed and
nowhere dense in γ. Furthermore, on the subset of regular elements of the Lie algebra γ
the subalgebra Ann(a) depends smoothly (and even analytically) on the parameter a.
Hence one can take Ann(a) for α(a) in Definition 2.3.2.

It would be interesting to know what the structure of maximal abelian Lie subalgebras
α(a) 
 a of an arbitrary Lie algebra γ is like and whether it is true that a typical element
of such an algebra is regular in the sense of Definition 2.3.2.
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Let V be an arbitrary vector field defined on some manifold N , and now let γ be some
Lie algebra of sliding symmetries of this field, which in general will be nonabelian. We
assume that the local Lie group G = G(γ) corresponding to this Lie algebra acts locally
freely at all the points of N . For each point m ∈ N , let am denote an element of the
algebra γ such that am(m) = V (m). By the sliding condition such an element am ∈ γ
does exist and under the condition that the action of the group G = G(γ) is locally free,
it is unique. Let α be some regular family of abelian extensions of the elements of the
subset γ̆ ⊆ γ.

Definition 2.3.3. We say that a point m ∈ N is an α-regular point of the vector field
V if am is an α-regular element of the Lie algebra γ, that is, am ∈ γ̆.

Proposition 2.3.2 (Integrability of α-regular vector fields). A) Suppose that a vector
field V is defined on some manifold N having an algebra of sliding symmetries γ. Suppose
that γ has a regular family of maximal abelian extensions α = {α(a), a ∈ γ̇} such that
each point m ∈ N is an α-regular point of the field V . For each point m ∈ N , let Gm

denote the abelian Lie subgroup of the group G = G(γ) corresponding to the subalgebra
α(am) ⊆ γ, and let Λm denote the orbit of this subgroup passing through the point m:
Λm 
 m. Then the surfaces Λm, m ∈ N , define a smooth foliation of the manifold N . In
particular, for any two points p and q in N the surfaces Λp and Λq either are disjoint or
coincide. Furthermore, the foliation into the submanifolds Λm is locally invariant under
the action of the entire group G = G(γ).

B) Suppose in addition that the surfaces Λm are compact and form a locally trivial
fibration of the submanifold N . Then these surfaces are tori and there exists a neighbour-
hood U in N for each such torus in which the system is torically integrable. Moreover, the
neighbourhood U can be chosen so that there exist normalizing coordinates (F, ϕ mod 2π)
in it with the following property. All the tori Λm ⊆ U contained in U have the form
{F = const}, and the field V is given in U in the form Ḟ = 0, ϕ̇ = Ω(F ). Furthermore,
the action of the subgroup Gm on its orbit Λm for any m ∈ U has the form of translations
with respect to ϕ.

Remark 2.3.2. The condition that the fibres Λm be compact and form a locally trivial
fibration of N may be considered to be the most restrictive one. However, this condition
will be satisfied in the typical situation if the group G = G(γ) is assumed to be compact
and acting globally. Indeed, the condition that the abelian subalgebras α(am) ⊆ γ be
maximal implies that the corresponding Lie subgroups Gm = G(α(am)), Gm ⊆ G, are
closed. When G is compact this implies that the Lie subgroups Gm for m ∈ N are also
compact. Since the action is global, the fibres Λm of the fibration under consideration
are also compact as orbits of these subgroups. Since the fibres Λm are compact, this
fibration must be trivial in a neighbourhood of a typical fibre.

This explains the significance of nonabelian compact Lie groups of symmetries, even
not necessarily sliding ones, for integrability. We can assume that, as a rule, a vector field
V defined on an arbitrary submanifold of M is tangent to one of the orbits O of such a
symmetry group G at least at one point, that is, at this point the sliding condition holds.
Then we have the nonempty submanifold N ⊆ M specified by the sliding condition. If
the restriction of V to this N is α-regular on N , then V |N is torically integrable in the
typical situation.

In particular, suppose that some vector field V has a compact symmetry group G on
M such that a typical element of the corresponding Lie algebra γ = γ(G) is regular in
the sense of Definition 2.3.2. Then we can assume that, with the exception of the cases
of total nontangency of the field V to the orbits O of this group (which we assume are
rare), the following “principle” holds for such systems. In the typical case this field has at
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least one submanifold of toric integrability invariant under the action of G. Furthermore,
the tori invariant under the flow of the field with conditionally periodic motion on them
fibring this submanifold N ⊆ M are orbits of the abelian subgroups of the group G. In
addition, if the conjecture on the regularity of a typical element of the Lie algebra of any
compact Lie group is true, cf. Remark 2.3.1, then this “principle” will be true for any
compact symmetry group.

Note that it is not necessary that G is the Lie group of all symmetries of a given field,
which may well not be compact. What is important is that this full group must have at
least one compact subgroup. Of course, in the passage from the group to a subgroup the
submanifold N specified by the sliding condition (1) can get correspondingly smaller or
even disappear; see Proposition 2.3.1.

Proof of Proposition 2.3.2. The proof of assertion A) is based on the Ad-invariance of
the abelian subalgebras α(a) ⊆ γ and the G-invariance of the vector field V . Consider the
distribution θ on N that is defined by the subalgebras α(am) for m ∈ N as follows (recall
that am(m) = V (m)). For θm ⊆ TmN we take the plane θm = {w ∈ TmN | w = a(m),
where a ∈ α(am)}, that is, the plane θm is formed by the vectors at the point m of all
the fields in the subalgebra α(am) ⊆ γ. We claim that the field of planes θ is invariant
under the action of the group G = G(γ): g∗θm = θgm for any m ∈ N and g ∈ G, where
g∗ is the derivative of the map g.

To show this, we use the well-known formula g∗a = Adga, which is valid for any vector
field a ∈ γ and any element g ∈ G(γ), where γ is an arbitrary Lie algebra of vector fields.
From this formula and the Ad-invariance of the subalgebras α(a) we obtain

g∗α(am) = Adgα(am) = α(Adgam).

Due to the G-invariance of the original field V we have g∗(V ) = V ; hence,

(Adgam)(gm) = (g∗am)(gm) = g∗(am(m)) = g∗(V (m)) = V (gm) = (agm)(gm).

Since the group G acts locally freely, if two fields in the algebra γ coincide at one point
in N , then they coincide as elements of the algebra; hence Adgam = agm. These two
equalities obtained imply

(2) g∗θm = (g∗α(am))(gm) = (α(Adgam))(gm) = (α(agm))(gm) = θgm.

Consequently, the distribution θ is indeed G-invariant.
We now show that the distribution θ is integrable, and for any m ∈ N its integral

surface Lm 
 m coincides with the orbit Λm 
 m of the subgroup Gm = G(α(am))
corresponding to the subalgebra α(am). To do this it is sufficient to show that for any
m ∈ N at any point p ∈ Λm the tangent space TpΛm to the orbit Λm coincides with θp,
that is, TpΛm = θp for any m ∈ N and p ∈ Λm. Consider an element g ∈ Gm = G(α(am))
such that gm = p. Since the subalgebra α(am) is abelian, we have Adgα(am) = α(am).
Using a part of the calculation (2), the Ad-invariance of α, and this equality we obtain

θp = (α(Adgam))(p) = (Adgα(am))(p) = (α(am))(p) = TpΛm.

The smoothness of the foliation of N into the leaves Λm follows from the smoothness of
the distribution θ, which follows from the obvious fact that the subalgebras α(am) depend
smoothly on the point m ∈ N . The local G-invariance of these leaves follows from the
G-invariance of the distribution θ. The proof of Proposition 2.3.2 A) is complete. �
Proof of Proposition 2.3.2 B). The case dim Λ = dim N is simple and is easily reduced
to the case dim Λ < dimN , which we shall consider. Each fibre Λ is a compact orbit of
an abelian group and therefore is diffeomorphic to the torus. We fix any point m ∈ N .
In some neighbourhood U of the orbit Λm 
 m of the subgroup Gm we construct a set
A = (a1, . . . , ak) of k vector fields which are pairwise commutative on U and have the
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following properties. They are tangent to all the tori Λp ⊆ U at all the points p ∈ U .
Furthermore, the set A of the restrictions ai := ai

∣∣
Λp

of these fields to each such torus

is a linear basis of the abelian algebra α(ap) of the restrictions to Λp of the fields of the
subalgebra α(ap). In particular, k = dim Λp and span(A) = α(ap), where span(A) is the
linear span of the fields in the set A.

To construct the set A we use the equality Adgap = agp proved above and the fact
that the subalgebras α(ap) are abelian, whence we obtain agp = Adgap = ap for any
p ∈ N and g ∈ Gp. Consequently,

(3) α(aq) = α(ap) ∀ q ∈ Λp.

We choose a neighbourhood U of the torus Λm to be sufficiently narrow. Then the
smoothness conditions and the equality obtained above imply that the algebras α(ap)
for all p ∈ U are contained in a small neighbourhood of the subalgebra α(am) ⊆ γ in the
corresponding Grassmannian manifold of k-dimensional subspaces of the linear space γ.
Using this fact, the smoothness conditions and (3) one can easily obtain the existence of
a basis Aq in the subspace α(aq) ⊆ γ that depends smoothly on the point q ∈ U and is
constant on each fibre Λp ⊂ U .

Consider the set Aq := Aq|Λp
of k vector fields on Λp ⊂ U . Like Aq, the set Aq also

does not depend on the choice of the point q on the fibre Λp ⊂ U . Clearly it is a linear
basis of the abelian algebra α(aq), q ∈ Λp. Taking the union over all p ∈ U of the fields
in this family of sets we obtain a set A of vector fields defined on the entire domain U . It
is clear that these fields are tangent to all the tori Λp ⊆ U . Since the basis Ap depends
smoothly on the point p ∈ U , the fields of the set A are smooth. It is also clear that they
are pairwise commutative on U and therefore have all the properties that we required
for the fields in the set A above.

By the construction of the distribution θ the vector field V “is contained” in θ and
therefore it is tangent to all of its fibres Λp. On the other hand, for any p ∈ N all
the fields of the algebra α(ap) commute with the field V , that is, [V, α(ap)] = 0, since
α(ap) is a subalgebra of the symmetry algebra γ of this field. Consequently, they will
also commute on the invariant submanifold Λp. From this and the construction of A we
obtain that [V, A] = 0 on U and therefore the field V is locally A-integrable on U . Using
Proposition 2.2.1 B) we obtain the existence of normalizing coordinates (F, ϕ mod 2π)
with the required properties, which completes the proof of Proposition 2.3.2 B). The
proof of Proposition 2.3.2 is complete. �

Remark 2.3.3. In Proposition 2.3.2 B) we can omit the condition that the leaves Λm be
compact and that they form a locally trivial fibration of the manifold N , but then we
can only obtain local A-integrability of the field V on N and just in some neighbourhood
in N of any point m ∈ N . Now A = (a1, . . . , ak) is some set of pairwise commuting
vector fields defined only in this neighbourhood (k = dim α(am)). To the set A there
corresponds a local abelian group G = GA

∼= Rk. It follows from this construction
of A that neither the set A nor the action of the group G are uniquely defined, but this
arbitrariness is not essential.

The construction (G, V ) −→ G of the group G from G and V may be called the
“abelianization” of an arbitrary local group G of sliding symmetries of a vector field V .
When we have compactness, as in Proposition 2.3.2 B) we can take a compact group
for G, that is, a group isomorphic to the torus Tk, which will act globally in an entire
neighbourhood of the fibre Λ that is an orbit of it.

The mechanism of integrability described above, which is related to the existence of an
(in general) nonabelian symmetry group, is quite common. It lies behind the integrability
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of many concrete vector fields, both in general form and Hamiltonian, integrated over
the entire phase space or on submanifolds of it; see § 1 and § 7.

3. Some types of Hamiltonian integrable systems and

systems with symmetries

In what follows we will just study the Hamiltonian case. In this section we will inves-
tigate three types of foliations and fibrations of submanifolds N of symplectic manifolds
M : pseudo-Hamiltonian, weakly Hamiltonian, and simply Hamiltonian ones. Here the
first ones mentioned are not even Liouville in the sense of § 2.1, while the strongest con-
ditions are imposed on the last, namely Hamiltonian; see Definitions 3.2.2 and 3.2.3. As
in § 2, these foliations will be defined by sets of vector fields, but now these are Hamil-
tonian. We also study the corresponding Hamiltonian systems, with phase space M and
a submanifold N ⊆ M on which a foliation or fibration is defined with leaves (fibres) in-
variant under the phase flow of the system; see Definition 3.2.4. In the case of foliations
they are called systems with symmetries on N , and in the case of fibrations, systems
integrable on N .

Systems Hamiltonian-integrable on N , that is, systems with a corresponding Hamil-
tonian fibration, are to a great extent analogous to Hamiltonian systems integrable on a
symplectic submanifold of the phase space M . In other words, this integrability on N is
the closest to the standard integrability of Hamiltonian systems.

In §§ 3.2–3.5 we give the definitions of these foliations, fibrations, and systems of var-
ious types and study their properties and relations between them. In particular, Propo-
sition 3.3.4 shows that in the case of a symplectic submanifold N , all three definitions:
of a pseudo-Hamiltonian, weakly Hamiltonian, and Hamiltonian foliation, coincide.

The most important definitions are Definitions 3.2.2, 3.2.3, and 3.2.4. They are formu-
lated uniformly so as to emphasize their connections with the corresponding definitions
in § 2 for systems of general form, that is, systems that are not necessarily Hamilton-
ian; therefore these definitions are not always “optimal”. It is not easy to verify them
for concrete systems, but even so it is convenient to use them. Some of the assertions
in § 3.3–3.5 show that particular conditions in these definitions are in fact redundant,
and some can be reformulated more simply.

The central result in this section, Proposition 3.4.1 A) asserts that various definitions
of Hamiltonian foliations are equivalent. In addition, in Corollary 3.4.3 and in Proposi-
tion 3.4.2 we touch on the question of finding the integrability submanifolds; see more
details about this in § 7.

3.1. Hamiltonian systems on symplectic manifolds. We recall some simple facts in
the theory of Hamiltonian systems defined on symplectic manifolds; see, for example, [1].
By such a system we mean a triple (M, ω2, H), where M = M2n is a 2n-dimensional
manifold equipped with a symplectic structure, that is, a nondegenerate closed differential
2-form ω2, and H : M → R is a function on M called the Hamiltonian of the system.
We denote the vector field on M defining this system by JdH, although it is more often
denoted by XH ; but the former notation is more convenient for us.

At each point m ∈ M , the vector JmdH of this field is defined by the relation dH(ξ) =
ω2(ξ, JmdH), which must hold for any vector ξ ∈ TmM , where TmM is the tangent space
to M at this point. The linear map Jm : T ∗

mM → TmM acting on the conjugate space
T ∗

mM of TmM is called the Hamiltonian operator at the point m, and the linear map J
from the space of all differential 1-forms on M onto the space of all vector fields on M
is called the Hamiltonian operator on the symplectic manifold (M, ω2). Note that both
operators Jm and J define isomorphisms.
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On the space of all functions on M the Poisson bracket of two functions A and B is
defined:

(4) {A, B} = dA(JdB) = −dB(JdA) = ω2(JdB, JdA).

We shall also need the formula

(5) [JdA, JdB] = Jd{A, B},

which connects the Lie bracket [JdA, JdB] of Hamiltonian vector fields JdA and JdB
with the Poisson bracket {A, B} of the functions A and B defining these fields.

Definition 3.1.1. A submanifold N ⊂ M2n of a symplectic 2n-dimensional manifold
(M2n, ω2) is said to be isotropic if the restriction ω2|N of the 2-form ω2 to N is equal to
zero, ω̃2 = 0, where ω̃2 := ω2|N , and Lagrangian if it is isotropic and has the maximum
possible dimension for isotropic submanifolds, that is, dim N = n. A submanifold N ⊆ M
is said to be symplectic if the restricted 2-form ω̃2 is nondegenerate. In other words, it
is required that the pair (N, ω̃2) be a symplectic manifold.

Thus, the dimension of an isotropic submanifold is at most n, and of a symplectic one
is always even. We shall frequently use the following trivial fact.

Lemma 3.1.1 (Restriction to an invariant symplectic submanifold). Suppose that a
system with Hamiltonian function H is defined on a symplectic manifold (M, ω2) and
suppose that N ⊆ M is a symplectic submanifold invariant under the local flow corre-
sponding to this system, that is, JmdH ∈ TmN at each point m ∈ N . Let J̃ denote the
Hamiltonian operator corresponding to the symplectic manifold (N, ω̃2) and let H̃ denote
the restriction of the function H to N . Then the following hold.

A) The restriction to N of the Hamiltonian vector field JdH coincides with the
Hamiltonian vector field J̃dH̃:

(JdH)|N = J̃dH̃.

B) Suppose that A is another function on M . Then

{A, H}
∣∣
N

= {Ã, H̃}N ,

where Ã = A|N and the Poisson bracket on the right { , }N is interpreted as
corresponding to the symplectic manifold (N, ω̃2). In particular, if the function
A is an integral of the original system on M , then the restriction Ã = A|N is an
integral of the system restricted to N .

We give the proof of this lemma for the sake of completeness.

Proof. We fix a point m ∈ N ; then for any vector ξ ∈ TmN we have

ω̃2(ξ, JdH) = ω2(ξ, JdH) = dH(ξ) = dH̃(ξ) = ω̃2(ξ, J̃dH̃).

This, with the fact that the 2-form ω̃2 is nondegenerate, implies that JdH = J̃dH̃ on N ,
which proves assertion A).

To prove B) we observe that on N we have

{A, H} = dA(JdH) = dA(J̃dH̃) = dÃ(J̃dH̃) = {Ã, H̃}N .

The proof of Lemma 3.1.1 is complete. �
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3.2. Definitions of Hamiltonian, weakly Hamiltonian, and pseudo-Hamiltonian
foliations and fibrations and of the corresponding systems.

Definition 3.2.1. An arbitrary foliation Ξ of a submanifold N ⊆ M of a symplectic
manifold (M, ω2) is said to be isotropic if all its leaves Λ are isotropic in M , that is,
ω2|Λ = 0.

By a fibration of an arbitrary manifold M we mean henceforth a partition of M into
the connected components Λ of the inverse images F−1(b) of points b ∈ B under some
smooth map F : M → B; cf. Definition 2.1.2. Here we shall always assume that a
fibration is regular , that is, F has no critical points. We call F a fibring map; it is often
called also a momentum map or invariant map.

Remark 3.2.0. In the case where all the fibres Λ of such a fibration are compact, this
is an ordinary locally trivial fibration. This simple fact was used in the proof of the
Liouville–Arnol’d theorem, so its proof can be extracted from the proof of that theorem;
see [1] and [5]. It is proved there under the assumption that the fibres Λ are tori, but
this is not essential to the proof.

In the Hamiltonian case it is natural to consider Hamiltonian vector fields, rather
than those of general form. Since such fields are defined by functions, in the Hamiltonian
situation many things are more conveniently stated in terms of functions, rather than in
terms of vector fields as in § 2.

Let Z = (Z1, . . . , Zk) be a set of k functions defined on a symplectic manifold (M, ω2),
and N ⊆ M an arbitrary, not necessarily symplectic submanifold, and suppose that Z
and N satisfy the following conditions.

a) (Z-invariance of N) The vector fields JdZ1, . . . , JdZk defined by the functions in
Z are tangent to the submanifold N , that is,

(6) JmdZi ∈ TmN, i = 1, . . . , k,

at each point m ∈ N , where JmdZi is the vector of the field JdZi at the point m.
Let Z̃ = (Z̃1, . . . , Z̃k) denote the set of restrictions Z̃i := Zi|N to N of the functions

in the set Z. We require the following.
b) (Internal regularity of Z) The set Z̃ is regular on N (see Definition 2.1.1), that is,

(7) rank Z̃∗ = k.

In this case in some neighbourhood of the submanifold N in M the set Z is obvi-
ously also regular. Consequently, at each point of this neighbourhood the vector fields
JdZ1, . . . , JdZk are linearly independent. We require the following.

c) (Commutativity of the fields JdZi) The vector fields JdZ1, . . . , JdZk are pairwise
commutative on N :

(8) [JdZi, JdZj ]
∣∣
N

= 0, i, j = 1, . . . , k.

Let JNdZ denote the field (defined on N) of the linear spans θm = JmdZ of the vectors
of the fields JdZ1, . . . , JdZk at points m ∈ N . It follows from (8) that the vector fields
in the set JNdZ = (JNdZ1, . . . , JNdZk) consisting of the restrictions JNdZi := (JdZi)|N
to N of the vector fields JdZi commute pairwise. Since the vectors of these fields are
pairwise commutative and linearly independent at each point m ∈ N , the distribution
JNdZ is regularly integrable. We denote by ΞN (Z) := Ξ(JNdZ) the k-dimensional
Liouville foliation of the submanifold N defined by this distribution; see Definition 2.1.1.
We require the following.

d) (Isotropy of the foliation) The foliation ΞN (Z) is isotropic, that is,

(9) ω2|Λ = 0

on each leaf Λ of this foliation.
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Definition 3.2.2. If conditions a)–d) hold, then the Liouville foliation (fibration, toric
fibration) ΞN (Z) of the submanifold N ⊆ M is called a Hamiltonian foliation (fibration,
toric fibration) defined by the set Z of functions on M .

We consider two more conditions, which are weaker than b) and c), respectively.
b′) (External regularity of Z) The set Z = (Z1, . . . , Zk) of functions on M is regular

on N , that is, rank Z∗(m) = k at all points m ∈ N .
c′) (Frobenius integrability of the fields JdZ.) The field θ = JN (Z) of the linear spans

of the vectors JmdZ1, . . . , JmdZk tangent to N is Frobenius integrable on N and thus
defines a k-dimensional foliation on N ; it is not required that the fields JdZ1, . . . , JdZk

are pairwise commutative. By Frobenius’ theorem this is equivalent to the following
condition:

(10) [JdZi, JdZj ](m) =
k∑

s=1

λij
s Jm dZs

at each point m ∈ N , where λij
s = λij

s (m).

Definition 3.2.3. In the set of conditions a)–d), we replace condition b) concerning
internal regularity by the weaker condition b′) concerning external regularity. In this
case the vector fields JdZ1, . . . , JdZk as before will define a Liouville foliation, which
may be a fibration or a toric fibration (see the definitions in § 2); in all these cases we
call this foliation weakly Hamiltonian.

If we also replace the commutation condition c) by Frobenius integrability c′), then the
linear spans θm = JmdZ of the vectors of these fields will also define a foliation, which
may not be Liouville, but may be a fibration or a toric fibration (that is, a fibration into
tori). Then such foliations and fibrations are called pseudo-Hamiltonian and are also
denoted by ΞN (Z).

Remark 3.2.1. In the case of a fibration, that is, when there exist dimN −k functionally
independent integrals on N common to all k fields in the set JNdZ, condition c′) concern-
ing the Frobenius integrability of the distribution θ = θ(JNdZ) = JNdZ is automatically
satisfied.

Remark 3.2.2. An equivalent definition of a weakly Hamiltonian foliation is to define
it as a k-dimensional isotropic Liouville foliation of N , in the sense of Definition 2.1.1,
defined by the restrictions to N of some k Hamiltonian vector fields JdF1, . . . , JdFk,
that is, Ξ = Ξ(JNdF ). The requirement that the foliation be isotropic can be replaced
by the equivalent condition {F, F}

∣∣
N

= 0 of pairwise involutivity of the functions in the
set F = (F1, . . . , Fk) on N ; see more details in Proposition 3.3.3.

Remark 3.2.3. If a foliation is weakly Hamiltonian, this does not imply it is Hamilton-
ian — this is shown by the example of a fibration given in § 5.4; the same example is
a counterexample to Gordon’s theorem. We also note that the regularity of Z̃ (con-
dition b)) follows from the regularity of Z on N (condition b′)) if and only if at each
point m ∈ N the tangent planes TmN and Tm(Z−1(z)) to the submanifold N and to the
common level surface Z−1(z) ⊂ M of functions in Z, respectively, intersect in general
position, that is, transversally; here z = Z(m).

Remark 3.2.4. The fact that the foliation ΞN (Z) is pseudo-Hamiltonian may not imply
that it is (JNdZ)-Liouville (see § 2.1), because although the vector fields JdZ1, . . . , JdZk

define a foliation on N , they may not be pairwise commutative on N . Nevertheless being
pseudo-Hamiltonian is quite a strong hypothesis, since it means that on each k-dimen-
sional leaf there exist k vector fields that are tangent to this leaf and linearly independent
at each point of it. This condition is a key one if the leaf is compact; for example, it
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imposes strong restrictions on the topology of such a leaf, but the leaf no longer has to
be diffeomorphic to the torus as in the Liouville case.

Suppose that in addition we have a system with Hamiltonian H such that the following
two conditions hold:

e) (Criticality of the set (H, Z) or sliding) At each point m ∈ N the differential of
the function H regarded as a function on the whole of M is a linear combination of the
differentials of the functions in the set Z: dH =

∑k
i=1 λi dZi, where λi = λi(m) ∈ R.

f) (Z-symmetry) The vector field JdH commutes on N with each field JdZi:

[JdH, JdZi]
∣∣
N

= 0, i = 1, . . . , k.

Definition 3.2.4. In this case and under the condition that the set of functions Z
defines a Hamiltonian foliation ΞN (Z) on N we say that the system has the set Z of
Hamiltonian-sliding symmetries or integrals on N ⊆ M . One may also say that the
system is locally Hamiltonian-Z-integrable on N . If ΞN (Z) is, in fact, a fibration (toric
fibration), then the system is said to be Hamiltonian- (Hamiltonian-torically) Z-inte-
grable on N . If in addition N = M , then it is said to be completely integrable (torically
completely integrable).

If ΞN (Z) is not a Hamiltonian but merely a weakly Hamiltonian foliation, fibration, or
a toric fibration, then in the above definitions the term “Hamiltonian-” must be replaced
by “weakly Hamiltonian-”. If ΞN (Z) is pseudo-Hamiltonian, then we say that the system
has pseudo-Hamiltonian-sliding symmetries on N ; these symmetries are not in general
pairwise commutative on N . When ΞN (Z) is a fibration (a toric fibration), the system
is said to be Z-pseudo-integrable (torically Z-pseudo-integrable) on N .

Sometimes Hamiltonian foliations, fibrations, toric fibrations, and the corresponding
integrable systems are called strongly Hamiltonian in order to better distinguish them
from weakly Hamiltonian ones.

Remark 3.2.5. For complete compatibility with the definitions of § 2 we must speak
about abelian symmetries. But as our terminology is already cumbersome we shall omit
the word “abelian”. In fact, nonabelian symmetries in the Hamiltonian case are not
considered explicitly in the paper. To be precise, they are investigated in § 7: in the
terminology used there, such symmetries are “Lie groups with Poisson action” preserving
the Hamiltonian H of the system; see §§ 7.1–7.3.

Remark 3.2.6. Actually, for “genuine” global integrability on N ⊆ M we also need the
submanifold N to be embedded in M or at least the fibres Λ of the fibration ΞN (Z) be
embedded in M ; see the definition at the beginning of § 2.1. If N is embedded in M ,
then the fibres Λ that form a fibration of N are embedded in M . But if a fibre Λ is not
embedded in M , then it appears that the behaviour of the solutions of the system on a
typical submanifold Λ will in practice be the same as the behaviour of the solutions of
nonintegrable systems.

Indeed, although the behaviour of solutions on a nonembedded Λ will be fine, for
dim Λ < dimM , Λ itself may be everywhere dense in the whole of M . As a result the
behaviour of solutions on such a fibre of an “integrable” submanifold N ⊂ M may, in all
probability, be quite chaotic with respect to the entire phase space M . However, in the
case of toric integrability on N the fibres Λ, being tori, will always be embedded in M .
They will be invariant tori of the system with conditionally periodic motion on them
even if the submanifold N is not embedded.

Nevertheless, for the sake of generality neither here nor in § 2 have we imposed the
condition that N or the fibres Λ are embedded in M . The fact is that this restriction is
purely “ideological” and in particular, it would have no effect on the arguments or the
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assertions in this paper. But we shall bear in mind that for the solutions to have regular
behaviour, which is inherent in solutions of systems integrable in the standard sense on
the entire phase space, one must require that either N or the fibres Λ be embedded in M .

Remark 3.2.7. In the whole set of Definitions 3.2.4, except for the last definitions of sys-
tems with pseudo-Hamiltonian sliding symmetries and pseudo-integrable systems, we can
take H to be one of the functions Zi, i = 1, . . . , k, in the set Z defining the corresponding
foliation or fibration ΞN (Z). Then both additional conditions e) (the sliding condition)
and f) (Z-symmetry) are redundant, since they are satisfied automatically. However, in
the last definitions, that is, the ones related to local and global pseudo-integrability, only
condition e) will be automatically satisfied for H = Zi.

3.3. Systems with sliding symmetries. Relations between various proper-
ties of sets of functions Z and the foliations defined by these sets. In Re-
marks 3.2.1–3.2.4 and 3.2.7 we mentioned some relations between the definitions stated
in § 3.2 and § 2 and considered the properties of the objects defined there in some special
cases. In § 3.3 we state several more assertions of the same type related to these defi-
nitions. The proofs are simple and will all be given together in § 3.5, at the end of this
section. In all these assertions, unless we stipulate otherwise, by N ⊆ M we mean an
arbitrary submanifold of a symplectic manifold (M, ω2) and denote by an upper tilde the
restriction to N of a given function defined on the whole of M .

The following proposition justifies the use of the term “integral” instead of “symmetry”
in Definition 3.2.4. It also contains the assertion that weakly Hamiltonian-integrable
systems on N ⊆ M are Liouville-integrable on N , that is, they are integrable in the
sense of § 2.

Proposition 3.3.1. Suppose a system with Hamiltonian H has a set Z = (Z1, . . . , Zk)
of pseudo-Hamiltonian-sliding symmetries on a submanifold N ⊆ M . Then this subman-
ifold is invariant under the local phase flow of the system, and the restrictions Z̃i := Zi|N
are integrals of the system restricted to N , that is,

JmdH ∈ TmN, dZi(JmdH) = 0 for all i = 1, . . . , k, m ∈ N.

Suppose that Z = (Z1, . . . , Zk) is a set of not merely pseudo-Hamiltonian-sliding but
weakly Hamiltonian-sliding symmetries on N ⊆ M . Set JNdH := (JdH)|N . Then the
restricted vector fields JNdZ1, . . . , JNdZk form an abelian set of sliding symmetries of
the vector field Ṽ := JNdH regarded as a field of general form, that is, in the sense of
Definition 2.1.3.

In the case where the foliation ΞN (Z) is a fibration (a toric fibration) the vector field Ṽ
is A-integrable (torically A-integrable) on N in the sense of Definitions 2.1.3 and 2.2.1,
where A := JNdZ. In particular, in the case of toric weakly Hamiltonian integrability
on N the motion of the system on the integrability submanifold N is conditionally periodic
on the invariant tori Λ that are the fibres of the fibration ΞN (Z); see Proposition 2.2.1.

In the following proposition we state a certain sufficient condition for Hamiltonian
vector fields to define a Liouville foliation on a submanifold N ⊆ M in the sense of § 2.

Proposition 3.3.2. Let Z = (Z1, . . . , Zk) be a set of functions on (M, ω2), and let
N ⊆ M be an arbitrary submanifold. Suppose that the vector fields JdZ1, . . . , JdZk are
tangent to N and linearly independent at each point m ∈ N . Then these vector fields
commute pairwise on N and therefore define a Liouville foliation on N if and only if
(d{Zi, Zj})|N = 0 for all i, j = 1, . . . , k.

Proposition 3.3.3 asserts that the isotropy of the foliation defined on N ⊆ M by
Hamiltonian vector fields is equivalent to the fact that the Hamiltonians corresponding
to these fields are pairwise in involution on N .
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Proposition 3.3.3. Suppose that Z1, . . . , Zk are some functions on a symplectic mani-
fold M such that the linear spans JmdZ of the vectors of the fields JdZ1, . . . , JdZk define
a Frobenius integrable distribution on some submanifold N ⊆ M that is k-dimensional
at each point, that is, a foliation of N . Then this foliation is isotropic if and only if
{Zi, Zj}

∣∣
N

= 0 for all i, j = 1, . . . , k, or the equivalent equalities dZi(JdZj)|N = 0 hold
for the same i, j.

The following Proposition 3.3.4 together with its Corollary 3.3.1 show that in the
special case of a symplectic submanifold N ⊆ M , verification of the conditions in Defini-
tion 3.2.2 of a Hamiltonian foliation simplifies substantially. Namely, condition b) that
Z̃ is regular and condition c) that the fields JdZ1, . . . , JdZk are pairwise commutative
follow from the remaining conditions a) that N is invariant and d) that the leaves are
isotropic and b′) that Z is regular on N . Here d) can be replaced by the involutivity
condition {Z, Z}

∣∣
N

= 0 on N . Thus, to establish the existence of the Hamiltonian fo-
liation ΞN (Z) there is no need to verify the Frobenius integrability of the distribution
JNdZ or the existence of the leaves Λ.

In addition, verifying the existence of Hamiltonian-sliding symmetries (see Defini-
tion 3.2.4) for the system also simplifies, since in this case condition f) that the field
JdH commutes with the fields JdZ1, . . . , JdZk follows from the other conditions, that
is, from conditions a), b′), d), and e). In particular, it is redundant to verify both
commuting conditions in this definition, that is, c) and f).

Proposition 3.3.4. Let N ⊆ M be a symplectic submanifold. Then the following three
assertions hold.

A) Suppose that Z = (Z1, . . . , Zk) is a set of functions on M such that Z and N
satisfy only the following three conditions. The differentials dZ1, . . . , dZk of these
functions are linearly independent at each point m ∈ N , while {Zi, Zj}

∣∣
N

= 0 for
i, j = 1, . . . , k and the vector fields JdZ1, . . . , JdZk are tangent to the submanifold
N . Then the distribution JNdZ defines a Hamiltonian foliation Ξ = ΞN (Z)
on N . This foliation ΞN (Z) coincides with the Hamiltonian foliation Ξ(Z̃) of
the symplectic manifold (N, ω̃2), ω̃2 := ω2|N , defined by the set Z̃ = (Z̃1, . . . , Z̃k)
of functions on N , where Z̃i := Zi|N .

The converse assertion is of course also true, namely, that if the foliation ΞN (Z)
is Hamiltonian on any submanifold N ⊆ M , then conditions a), b′) and d) of Defini-
tion 3.2.2 hold.

B) Suppose that a system with Hamiltonian H has some set of Hamiltonian-sliding
symmetries Z on a submanifold N ⊆ M ; see Definition 3.2.4. Then the vector
field JdH is tangent to N . Furthermore, its restriction to N is a Hamiltonian
vector field on the symplectic manifold (N, ω̃2) with the Hamiltonian function
H̃ = H|N and with the set Z̃ of Hamiltonian-sliding symmetries on the whole of
N .

C) In this situation, in Definition 3.2.4 of a system with a set of Hamiltonian-
sliding symmetries Z on N ⊆ M condition f) (of Z-symmetry of the system)
can be dropped, since it follows from the other conditions of this definition, that
is, from conditions a), b), c), d) and e).

Corollary 3.3.1. In the case of a symplectic submanifold N ⊆ M all three conditions of
pseudo-Hamiltonian, weakly Hamiltonian, and simply Hamiltonian foliation Ξ = ΞN (Z)
of the submanifold N are equivalent.

Moreover, for arbitrary functions Zi : M → R, i = 1, . . . , k, to define a Hamiltonian
foliation ΞN (Z) on N it is sufficient that the vector fields JdZ1, . . . , JdZk simply define
on N a field of k-dimensional isotropic planes tangent to N .
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Suppose in addition that we have a system, defined on the whole of M , for which
the vectors of its field JdH are contained in the planes JmdZ of this distribution for
all points m of the symplectic submanifold N ⊆ M , that is, JmdH ∈ JmdZ for all
m ∈ N . Then this system is locally Hamiltonian-Z-integrable on N . If the foliation
ΞN (Z) is a fibration (a fibration with compact fibres), then the system is Hamiltonian-
(Hamiltonian-torically) Z-integrable on N .

In particular, for a foliation of a symplectic submanifold to be Hamiltonian it is suf-
ficient that this foliation be defined by Hamiltonian vector fields and be isotropic. Note
that the isotropy of the leaves alone is not enough for the foliation to be Hamiltonian.
Moreover, there exist isotropic foliations to which no Hamiltonian systems correspond
in the sense that the leaves of the foliation cannot be the invariant surfaces of such a
system. This is shown by the following example; see [14]. Consider a field of hyperplanes
on a symplectic manifold M that is not Frobenius-integrable. The Hamilton operator J
defines the dual field of straight lines on M . The integral curves of this field define a
one-dimensional foliation of M , which is isotropic, since any curve is isotropic. But these
curves obviously cannot be the trajectories of any Hamiltonian system and therefore the
foliation into these curves cannot be Hamiltonian.

3.4. Properties of strongly Hamiltonian foliations and fibrations. It is clear that
in the general situation verifying that a system is local integrable on an arbitrary subman-
ifold N ⊆ M , that is, one that is not necessarily symplectic, is much harder than proving
local Hamiltonian integrability on a symplectic submanifold N ; see Corollary 3.3.1. The
main result of this section, Proposition 3.4.1 (see also its Corollaries 3.4.1 and 3.4.2)
shows, in particular, that proving local Hamiltonian Z-integrability on an arbitrary N is
not much more difficult than in the case of symplectic N . One must merely verify that
Z̃ = Z|N is regular and then verify the same conditions as in the case of symplectic N
(that is, conditions a), d), and e) of Definition 3.2.4) and in addition verify condition c′)
that the distribution JNdZ is regular.

Thus, by comparison with the case of a symplectic submanifold N one must in addition
verify conditions b) and c′) of Definition 3.2.4. But while the first is important, its
verification is relatively simple; proving c′), that the distribution JNdZ is integrable,
based on the Frobenius conditions (10), is much harder. We could not get rid of this
condition and it is unclear whether this is ever possible.

However, in Definition 3.2.4, where we define globally Hamiltonian-integrable systems,
condition c′) follows from the other conditions, roughly speaking, from the existence of
a fibration of N (see Remark 3.2.1) and it is global integrability that is of interest in
applications. (Nevertheless, this question of whether the distribution JNdZ is integrable
does not seem to be without any significance.) We emphasize that, just as for symplec-
tic N , both commutativity conditions c) and f) involved in this definition are lifted in
the situation of foliations; more precisely, for foliations, c) is replaced by c′). Note that
the proofs of all these facts are much more cumbersome than when N is symplectic.

We emphasize that in Definition 3.2.4 for weakly Hamiltonian-integrable systems in
any situation —of foliations, fibrations, or toric fibrations— we could not manage to
derive the commutativity conditions c) and f) from the other conditions. Thus, the
importance of Z|N being regular is again highlighted.

Proposition 3.4.1 will also be used in the proof of Theorem 5.5.1 B), the main general-
ization of Gordon’s theorem. Its statement contains several conditions equivalent to the
existence of a Hamiltonian foliation of a submanifold N ⊆ M . To formulate them we shall
need the following notions of “nondegenerate isotropy” and being “quasi-Lagrangian” for
a foliation of N into isotropic leaves.
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Let N be an arbitrary submanifold of a symplectic manifold (M, ω2), and Q ⊆ N an
arbitrary submanifold of it that is isotropic in M , that is, ω2|Q = 0. Let Km = KN

m

denote the kernel of the restriction ω2|TmN of the 2-form ω2 to the tangent space TmN
to N at a point m ∈ N , that is,

Km :=
{
ξ ∈ TmN | ω2(ξ, η) = 0 ∀η ∈ TmN

}
.

In other words, Km = TmN ∩ (TmN) � , where (TmN) � is the skew-orthogonal comple-
ment of TmN in the symplectic linear space (TmM, ω2|TmM ).

Definition 3.4.1. We say that the isotropic submanifold Q ⊆ N ⊆ M is nondegenerate-
isotropic in N at a point m ∈ Q if the tangent space TmQ to Q at the point m inter-
sects Km only in the zero vector: TmQ ∩ Km = {0}. We say that the whole of Q is
nondegenerate-isotropic in N if this is true at each point m ∈ Q. An isotropic foliation
of the submanifold N ⊆ M is said to be nondegenerate-isotropic if each of its leaves Λ is
nondegenerate-isotropic in N .

Remark 3.4.1. Each isotropic submanifold Q of a symplectic submanifold N ⊆ M is
nondegenerate-isotropic in N . On the other hand, if N is itself isotropic, then any
submanifold P ⊆ N is not nondegenerate-isotropic in N at any point m ∈ P .

We now define what we mean by quasi-Lagrangian. Let Ξ be some isotropic k-dimen-
sional foliation of an arbitrary submanifold N ⊆ M having the following properties.
For each point m0 ∈ N there exists a 2k-dimensional symplectic submanifold S ⊆ N
containing the point m0 and composed of pieces of the leaves Λ of the foliation Ξ. More
precisely, for any point m ∈ S, TmΛm ⊂ TmS, where Λm 
 m is a leaf of the foliation Ξ,
and on the left and on the right there are tangent spaces at m to Λm and S, respectively.
In particular, we must have m0 ∈ Λm0 ∩ S ⊂ S ⊆ N ⊆ M .

Definition 3.4.2. In this case the isotropic foliation Ξ of the submanifold N ⊆ M is
said to be quasi-Lagrangian.

This term is used in connection with the fact that the leaves of the restriction of this
foliation to S are Lagrangian submanifolds of the symplectic manifold (S, ω2|S).

Proposition 3.4.1. A) Suppose that a set Z = (Z1, . . . , Zk) of functions on M defines a
pseudo-Hamiltonian foliation Ξ = ΞN (Z) on an arbitrary submanifold N ⊆ M . In other
words, suppose the vector fields JdZ1, . . . , JdZk are tangent to the submanifold N and the
linear spans JmdZ of the vectors of these fields at points m ∈ N define a k-dimensional
isotropic foliation on N . Then the following four conditions are equivalent:

a) the foliation Ξ is nondegenerate-isotropic;
b) the foliation Ξ is quasi-Lagrangian;
c) the set Z̃ = Z|N of the restrictions to N of the functions in Z is regular on N ;
d) the foliation Ξ is the Hamiltonian foliation defined by Z.

B) Consider Definition 3.2.4 of a system with a set Z of Hamiltonian-sliding symme-
tries on N ⊆ M . Then in this definition, condition f), [JdH, JdZ]

∣∣
N

= 0 (the vector field
JdH of the system commutes on N with the vector fields JdZi, i = 1, . . . , k), is redundant
and can be omitted, since it always follows from conditions a)–e) in Definition 3.2.4.

The proof of Proposition 3.4.1 is rather cumbersome and will be given in § 6.2. Propo-
sition 3.4.1 A) obviously implies the following.

Corollary 3.4.1. In Definition 3.2.2, when defining a Hamiltonian foliation ΞN (Z) of a
submanifold N ⊆ M , condition c) that the fields JdZ1, . . . , JdZk be pairwise commutative
can be replaced by the weaker condition c′) that the field of planes JNdZ be integrable.
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Also, when defining a Hamiltonian fibration, condition c), as well as the weaker condi-
tion c′) can be removed altogether, since the condition for a fibration obviously implies
the integrability of the field of planes JNdZ on N ; see Remark 3.2.1.

Remark 3.4.2. Let us compare the conditions that guarantee that a foliation of a sub-
manifold N ⊆ M is Hamiltonian, when N is arbitrary (see Proposition 3.4.1 A) and
Corollary 3.4.1) and when N is symplectic (see Proposition 3.3.4A)). We see that if
N ⊆ M is symplectic it is easier to verify these conditions; cf. the beginning of this
subsection. The main point is that in this special case the condition of Frobenius in-
tegrability is not imposed on the field of planes JNdZ (see conditions c) and c′) of
Definitions 3.2.2 and 3.2.3). This is because this condition follows from the involutiv-
ity of Z on N , that is, from the condition {Z, Z}

∣∣
N

= 0, which immediately implies
that the fields JdZ1, . . . , JdZk are pairwise commutative on N ; see also the proof of
Proposition 3.3.4 A) below. Furthermore, the equivalence of conditions a)–d) of Propo-
sition 3.4.1 A) is no longer relevant, since if N is symplectic any isotropic foliation is
nondegenerate-isotropic; see Remark 3.4.1.

The three assertions given below are useful for finding the global and local integrability
submanifolds of the phase spaces of concrete systems. The following is obvious.

Corollary 3.4.2. Suppose that the distribution JNdZ defined on a submanifold N ⊆ M
by a set Z = (Z1, . . . , Zk) defines an isotropic fibration of this submanifold. Then for
the the system on N to be Hamiltonian-Z-integrable it is sufficient to verify b) that Z is
internally regular and the sliding condition e); see Definition 3.2.2. These two conditions
are also necessary for Hamiltonian Z-integrability on N .

The following two assertions show that if we have involutivity on the entire mani-
fold M , rather than on a submanifold N ⊆ M , the situation becomes much simpler.

Corollary 3.4.3. Suppose that a system with Hamiltonian H is defined on M and there
is a set Z = (Z1, . . . , Zk) of functions on M that are pairwise in involution on the entire
symplectic manifold M , that is, {Z, Z} = 0. Then Z is a set of Hamiltonian-sliding
symmetries of the system on some submanifold N ⊆ M (see Definition 3.2.4) if and only
if the following three conditions are satisfied:

a) dH(m) =
∑k

i=1 λi(m)dZi(m) at each point m ∈ N , that is, the differential of H
must be a linear combination of the differentials of the functions in Z;

b) the vector fields JdZ1, . . . , JdZk are tangent to the surface N ;
c) the set Z̃ = (Z̃1, . . . , Z̃k) of the restrictions Z̃i = Zi|N to N of the functions in

Z is regular on the whole of N ; that is, rank Z̃∗ = k, where Z̃∗ is the derivative
of the map Z̃ : N → Rk.

The following proposition is the Hamiltonian analogue of Proposition 2.3.1 in the
special case of abelian symmetries.

Proposition 3.4.2. Suppose that both the functions in Z = (Z1, . . . , Zk) and the func-
tions in the set (H, Z) extended by H are pairwise in involution on the entire symplectic
manifold M , that is, {Z, Z} = 0 and {H, Z} = 0. Consider the submanifold N ⊆ M
specified in M by condition a) of the preceding corollary, that the differential of the func-
tion H is linearly dependent on the differentials of the functions in Z at a point m, and
suppose that N is a smooth submanifold of M . Suppose also that Z (the set Z̃ = Z|N )
is regular at all the points of this submanifold. Then the tangency condition b) in that
corollary, JmdZi ∈ TmN , i = 1, . . . , k, m ∈ N , is automatically satisfied. Moreover, Z
will be a set of weakly Hamiltonian- (respectively, Hamiltonian-) sliding symmetries of
the system on N ; see Definition 3.2.4.



TYPES OF INTEGRABILITY ON A SUBMANIFOLD 199

Thus, in this case, where {H, Z} = 0 and {Z, Z} = 0 on the whole of M , finding the
maximal submanifold N on which the system is locally weakly or strongly Hamiltonian-
Z-integrable becomes especially easy, since in practice it amounts to specifying N in M
by the sliding condition, Corollary 3.4.3 a). Note that specifying the submanifold N ⊆ M
by the Hamiltonian function H and the set Z can be done using Lagrange multipliers.

Proof of Corollary 3.4.3. It is sufficient to show that because the integrals in Z are in
involution on the whole of M , conditions a)–c) in this corollary imply Definition 3.2.4 a)–
f). According to Proposition 3.4.1 B), f) follows from conditions a)–d). Condition c),
[JdZ, JdZ]

∣∣
N

= 0, follows since {Z, Z} = 0 using (5). Conditions a), b), d), and e) are
obtained trivially. �

Proof of Proposition 3.4.2. First we observe that if (H, Z) is in involution on the whole of
M , then (5) implies that the vector fields JdH, JdZ1, . . . , JdZk are pairwise commutative
on M . Since Jm is an isomorphism, we can apply Proposition 2.3.1 in a simpler form,
because the algebra γ whose linear basis is formed by the vector fields JdZ1, . . . , JdZk

is abelian. Proposition 2.3.1 implies that N is invariant, but we give a separate proof of
this fact based on Proposition 2.1.1.

Using this proposition, which discusses the existence of local normalizing coordinates,
and the fact that the k + 1 fields are pairwise commutative, as we showed above,
we obtain the following. If some point m ∈ M belongs to N , that is, Jm dH =∑k

i=1 λiJm dZi, then this relation is preserved at all the points of the trajectory of each
of the fields JdH, JdZ1, . . . , JdZk passing through m, with exactly the same coefficients
λi. This means that these k + 1 trajectories lie on N and, consequently, the vector fields
JdH, JdZ1, . . . , JdZk are indeed tangent to N at any of its points m.

By construction, the sliding condition e) in Definition 3.2.4 holds on N . The fact
that Z is a set of weakly Hamiltonian-sliding symmetries of the system on N in the
case rank Z∗ = k, or Hamiltonian-sliding symmetries for rank Z̃∗ = k, follows easily
from the facts obtained above, Definition 3.2.4, and formulae (4) and (5). This proves
Proposition 3.4.2. �

To conclude this subsection we prove the following, which may be regarded as a local
analogue of the generalization of Gordon’s theorem.

Proposition 3.4.3. Suppose that some system with Hamiltonian H is locally Hamiltoni-
an-Z-integrable on some submanifold N ⊆ M . Then the coefficients λi in the sliding
condition e), dH =

∑k
i=1 λi dZi on N (see Definition 3.2.4), only depend locally on Z:

λi = λi(Z|N ).

Proof. The sliding condition shows that d(H|N ) =
∑k

i=1 λi|N d(Zi|N ). This fact and
the regularity of Z|N imply that H|N = f(Z|N ) locally. Consequently, the differentials
of these two functions are also equal. From this and the regularity of Z|N we obtain
λi|N = gi(Z|N ), where gi = ∂if , i = 1, . . . , k, and ∂if is the derivative of the function f
with respect to the ith variable. Proposition 3.4.3 is proved. �

Note that the regularity of Z|N is a crucial condition for this assertion to be true,
since if it fails, then the coefficients λi may be quite arbitrary. (For example, this will be
the case for a function of the form H = α · Z on the submanifold N = {Z = 0}, where
α|N �= const.) The same is also true for the genuine, global generalizations of Gordon’s
theorem; see Propositions 5.1.1, 5.3.1 and Theorem 5.5.1 B).

3.5. Proof of Propositions 3.3.1–3.3.4.

Proof of Proposition 3.3.1. By Definition 3.2.3 a), defining a Hamiltonian foliation, the
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vector fields JdZ1, . . . , JdZk are tangent to the submanifold N ⊆ M . As we remarked,
Jm : T ∗

mM → TmM is a linear isomorphism (see § 3.1 or [1]); consequently, Jm dH =∑k
i=1 λi(m)Jm dZi. From this we obtain JmdH ∈ TmN , m ∈ N . Now (4) implies that

dZj(JdH) = ω2(JdH, JdZj) =
k∑

i=1

λiω
2(JdZi, JdZj), j = 1, . . . , k.

The last sum vanishes on N , since ω2(JdZi, JdZj) = 0 on N for i, j = 1, . . . , k; this is
because the pseudo-Hamiltonian foliation ΞN (Z) is isotropic. The other assertions follow
trivially from Definitions 3.2.4, 3.2.3, 2.1.3, and 2.2.1. Proposition 3.3.1 is proved. �

Proposition 3.3.2 obviously follows from (5), which links the Lie and Poisson brackets.
Proposition 3.3.3 is an obvious consequence of (4), which links the Poisson bracket with
the symplectic structure ω2 on M , and the Poisson bracket with the derivative of a
function along a Hamiltonian vector field.

Proof of Proposition 3.3.4 A). We need the following useful lemma.

Lemma 3.5.1. Let F = (F1, . . . , Fr) be a set of functions defined on a symplectic mani-
fold M and suppose that F is regular at every point of a symplectic submanifold N ⊆ M
such that the vector fields JdF1, . . . , JdFr are tangent to N ; in other words, we require
that rankZ∗(m) = k and JmdFi ∈ TmN , i = 1, . . . , k, for all m ∈ N . Then the set of
restrictions F̃ = (F̃1, . . . , F̃r) of the functions in F to N is also regular on N . Further-
more, {Fi, Fj}

∣∣
N

= {F̃i, F̃j}N , where { , }N is the Poisson bracket corresponding to the
symplectic manifold (N, ω̃2), ω̃2 = ω|N .

Proof of Lemma 3.5.1. By Lemma 3.1.1 A), which discusses the restriction of a Hamil-
tonian vector field to an invariant symplectic submanifold, in the notation of this lemma
(JdFi)|N = J̃dF̃i, i = 1, . . . , r. Since the operators Jm and J̃m are isomorphisms, the
regularity of F implies that the vector fields J̃dF̃i, i = 1, . . . , r, are linearly indepen-
dent at each point m ∈ N and therefore the differentials dF̃1, . . . , dF̃r are also linearly
independent at each point m ∈ N , that is, the set F̃ is regular on N . The equality of
the Poisson brackets follows from the same lemma, more precisely, from Lemma 3.1.1 B).
Lemma 3.5.1 is proved. �

This lemma implies that Z̃ is regular on N . Lemma 3.1.1 and formula (5) imply that
the restrictions of the vector fields JdZ1, . . . , JdZk to N are pairwise commutative. Now
using (4) we see that the foliation ΞN (Z) defined on N by the set JNdZ of these fields is
isotropic. Consequently, the foliation ΞN (Z) of N ⊆ M satisfies Definition 3.2.2 a)–d),
that is, it is indeed Hamiltonian. The fact that the foliations ΞN (Z) and Ξ(Z̃) defined
on N coincide follows from Lemma 3.1.1 A) in an obvious way. Applying Lemma 3.1.1 A)
again, the foliation Ξ(Z̃) is Hamiltionian because the foliation ΞN (Z) is. The proof of
Proposition 3.3.4 A) is complete. �
Proof of Proposition 3.3.4 B). The fact that the field JdH is tangent to N follows from
Proposition 3.3.1. That the restriction of the system to the submanifold N is Hamiltonian
follows from Lemma 3.1.1. The existence of the set of Hamiltonian-sliding symmetries
Z̃ for the system restricted to N is a consequence of the fact that Ξ(Z̃) is Hamiltonian,
as we have just shown, Lemma 3.1.1 and the fact that Z satisfies Definitions 3.2.4 e)
and f). �
Proof of Proposition 3.3.4 C). To derive Definition 3.2.4 f) from conditions a)–e) we ob-
serve that e) implies that locally H̃ = H̃(Z̃). Since {Z, Z}

∣∣
N

= 0, Lemma 3.1.1 B)
implies that {Z̃, Z̃}N = 0. This, with (4), means that {H̃, Z̃}N = 0. Now using (5),
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[J̃dH̃, J̃dZ̃] = 0, where J̃ is the Hamiltonian operator corresponding to the symplectic
manifold (N, ω̃2). Using Lemma 3.1.1 A) we obtain [JdH, JdZ]

∣∣
N

= 0, that is, condi-
tion f) holds. The proof of Proposition 3.3.4 is complete. �

4. Hamiltonian fibrations and integrable systems

in terms of sets of functions

In the preceding section the structures we studied were, for the most part foliations,
and in the main we used a geometric viewpoint, namely, as partitions of the distribution
defined by a set of Hamiltonian vector fields into integral surfaces. The present section,
§ 4 is devoted exclusively to fibrations – in fact, Hamiltonian fibrations – and to the
corresponding integrable systems. We shall study these objects mainly in terms of sets
of functions. In the invariant language of the preceding section this means in practice
that we will study the system in a neighbourhood of a fibre of a Hamiltonian fibration.
Here, by contrast with the general non-Hamiltonian case, that is, the study of Liouville
fibrations (see § 2), the semilocal study of Hamiltonian fibrations can be completely
reduced to the study of sets of functions.

There are two reasons for this. First, Hamiltonian vector fields are defined by their
Hamiltonian functions. Second, we can define the map ψ : N → B, which fibres N by the
inverse images of points in B in a neighbourhood U in N of the inverse image ψ−1(b) of
each point b ∈ B, by the set F of functions on U corresponding to some local coordinates
y in a neighbourhood of the point b in B, that is, F = y ◦ ψ. The last fact is of course
valid for any fibration of any manifold N defined by a map ψ : N → B, that is, one does
not have to assume that N is a submanifold of a symplectic manifold.

In § 4.1 we define and describe some types of sets of functions defined on the en-
tire phase space M , which are useful in the study of integrability. In § 4.2 we define
“Hamiltonian-integrable” on N sets of functions Φ = (Z,F) defining the fibration of the
submanifold N ⊆ M by the common level surfaces, as well as the systems corresponding
to these sets that are Hamiltonian-Φ-integrable on N . The functions in the subset F
may be defined only on N . We also explain the equivalence of the definitions of these
two subsections in the case N = M .

In § 4.3 we state Proposition 4.3.1, which asserts the equivalence of the definitions of
Hamiltonian integrability in § 4.2 given in terms of the common surfaces of sets of func-
tions, and the corresponding invariant definitions in § 3.2 based on Hamiltonian fibra-
tions. We also state Proposition 4.3.2, which asserts the equivalence of several different
definitions of Hamiltonian fibrations defined as common surfaces. This proposition may
be regarded as a special case of Proposition 3.4.1 A) for the situation of fibrations; it
reformulates it in terms of sets of functions.

4.1. Centred, involutive, and integrable sets of functions on a symplectic man-
ifold. In this subsection we consider some types of sets of functions defined on the entire
symplectic manifold (M, ω2).

Let F = (F1, . . . , Fr) and G = (G1, . . . , Gs) be two sets of functions on M , Fi : M →
R, Gj : M → R. We denote by {F, G} the rectangular matrix of size r× s composed of
the pairwise Poisson brackets of the functions in these sets:

{F, G} :=
(
{Fi, Gj}, i = 1, . . . , r, j = 1, . . . , s

)
.

Definition 4.1.1. We call the matrix {F, G} the Poisson matrix of the sets of functions
F and G.

When we used the shorthand {F, G} = 0 above we meant that the Poisson matrix
{F, G} is equal to zero. We only need nonzero Poisson matrices in § 7.
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Remark 4.1.0. This remark relates to the condition {Z, Z} = 0 that the functions in
a set Z are in pairwise involution in the entire phase space M and concerns all the
propositions, both those given above and those stated below, of the following kind. In
these propositions the condition {Z, Z} = 0 is imposed in the whole of M , while by
hypothesis a submanifold N ⊆ M is given, and certain assertions are made on the
behaviour of the Hamiltonian system only on N , or the weak or strong Hamiltonian
Z-integrability of the system is asserted also only on N (see Definitions 3.2.4). These
propositions do not include Proposition 3.4.2 and the assertions in § 7, since in them N
is to be found, rather than being fixed.

It is easy to see that the condition {Z, Z} = 0 on M can be replaced in these as-
sertions and in Definition 3.2.4 by the condition of pairwise involutivity in the “linear
approximation” of the functions in the set Z = (Z1, . . . , Zk) in a neighbourhood of the
submanifold N ⊆ M . This means that the functions in the set can be defined only in
some neighbourhood of the submanifold N and satisfy {Z, Z}(m) = O(ρ2) for each point
m ∈ N . Here ρ = ρ(m, N) is the distance from a point m to N corresponding to some
Riemannian metric defined in a neighbourhood of N in M .

The fact is that in the proofs of all the assertions of this type the condition {Z, Z} =
0 on M is really only necessary for the following reason. From this condition, using
formula (5) we find that the vector fields JdZ1, . . . , JdZk, which are assumed to be
tangent to N , are pairwise commutative on N , that is, the corresponding Poisson brackets
vanish on N : [JdZ, JdZ]

∣∣
N

= 0. But this equality also follows from the weaker condition
{Z, Z}(m) = O(ρ2). We require that equalities of the type {Z, Z} = 0 hold on the whole
of M mainly so that the statements can be concise.

Furthermore, in this subsection we consider only the phase space M itself. Let
F = (Z,G) be a set of functions on M divided into two subsets: F = (Z,G) =
(Z1, . . . , Zk,G1, . . . ,Gl), where k ≥ 1 and l ≥ 0.

Definition 4.1.2. A set F = (Z,G) of functions on M that is regular on M is called
centred if all the functions in the subset Z are pairwise in involution with all the functions
in F , that is,

rankF∗ = k + l and {Z, F} = 0 on M.

In this case the subset Z is called a distinguished central subset of the set F = (Z,G).
If l = 0, then such a set F is called involutive, and if 2k + l = 2n, where 2n = dim M ,

then it is called integrable on M .

Remark 4.1.1. In the definition of a centred set it is not necessary that the second subset
G contains no functions in involution with all the functions in the set F . In other words,
Z does not have to be a maximal subset of the set F such that {Z, F} = 0 but merely
some subset of this type.

We also note that if F = (Z,G) is integrable, the subset Z will automatically be a
maximal subset of this type. This follows easily from the next lemma, which is a trivial
consequence of the nondegeneracy of the 2-form ω2 defining the symplectic structure
on M = M2n; see [5].

Lemma 4.1.1. Let F = (F1, . . . , Fr) and G = (G1, . . . , Gs) be two arbitrary regular sets
of functions on a symplectic manifold (M2n, ω2) such that {F, G} = 0. Then r + s ≤ 2n,
where 2n = dimM2n.

Remark 4.1.2. This lemma implies that if F = (Z,G) is a centred set of functions on
M2n, where Z = (Z1, . . . , Zk), G = (G1, . . . ,Gl), then 2k + l ≤ 2n. Thus, the integrable
case is a limiting one.
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Definition 4.1.3. Suppose that a system with Hamiltonian H is defined on M having
a set of integrals F = (Z,G) integrable on M , that is, such that {H, F} = 0. Then we
say that such a system is completely integrable by the set of integrals F , or F -integrable
on M , for short.

4.2. Systems and sets of functions Hamiltonian-integrable on a submanifold.
In § 4.3 we state Propositions 4.3.1 A) and 4.3.1 B), which show, in particular, the follow-
ing. The definitions of integrable sets of functions and of integrable systems on M given
in § 4.1 are compatible with Definition 3.2.2 of Hamiltonian fibrations of a submanifold
N ⊆ M and with Definition 3.2.4 of systems Hamiltonian-integrable on N in the case
N = M .

For fibrations and sets of functions to be compatible when N ⊆ M is an arbitrary
submanifold, we must consider mixed sets of functions. By this we mean sets of the form
Φ = (Z,F), where Z = (Z1, . . . , Zk) is a set of functions defined on the whole of M , as
above, and F = (F1, . . . ,Fl) is a set of functions defined only on N .

Suppose that a mixed set Φ = (Z,F) satisfies the following five conditions:
a) 2k + l = dim N ;
b) {Z, Z}

∣∣
N

= 0;
c) the Hamiltonian vector fields defined by the functions in the central subset Z are

tangent to the submanifold N ⊆ M , that is,

Jm dZi ∈ TmN ∀ i = 1, . . . , k, m ∈ N ;

d) the functions in F are integrals of the restrictions of these fields to N , that is,
on N we have

dFj(JdZi) = 0, i = 1, . . . , k, j = 1, . . . , l;

e) let F = (Z̃,F) denote the set of k + l functions defined on N , where, as in § 3,
Z̃ = (Z̃1, . . . , Z̃k), Z̃i = Zi|N ; then F is regular on N .

Definition 4.2.1. If conditions a)–e) are satisfied, then the mixed set Φ = (Z,F)
consisting of k functions defined on M and l functions defined on N ⊆ M is said to be
Hamiltonian-integrable on the submanifold N ⊆ M . The subset Z is called a central
subset of the set Φ, and the set F = (Z̃,F) of functions on N is said to be associated
with Φ.

If in addition all the connected components of all the common level surfaces F−1(y),
y ∈ Rk+l, of the functions in the set F are compact, then we say that the set Φ is
Hamiltonian-torically integrable on N .

Remark 4.2.1. The use of the term “torically” is related to the fact that all these compo-
nents are tori, which form a locally trivial fibration of N . This fact will follow from the
fact that this fibration is Hamiltonian in the sense of Definition 3.2.2, which we prove
below (see Proposition 4.3.1 A)) and therefore it is Liouville, as well as from Proposi-
tion 2.2.1 (or see Proposition 3.3.1).

Suppose that a system with Hamiltonian H is defined on the whole of M and there is
a mixed set of functions Φ = (Z,F) Hamiltonian- (Hamiltonian-torically) integrable on
a submanifold N ⊆ M and having the following property. At each point m ∈ N , if dH
and dZi are the differentials of the functions H and Zi respectively, regarded as functions
on the whole of M , then dH is linearly dependent on the dZi: dH =

∑k
i=1 λi dZi, where

λi = λi(m).

Definition 4.2.2. In this case we say that the system is Hamiltonian- (Hamiltonian-
torically) Φ-integrable on the submanifold N ⊆ M .
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Remark 4.2.2. When N = M a mixed set Φ = (Z,F) = F can be regarded as a set of
functions on M . Then if Φ is Hamiltonian-integrable on N = M in the sense of Defini-
tion 4.2.1 this set will obviously be integrable on M also in the sense of Definition 4.1.2.
The converse assertion is also true, and the equivalence of Definitions 4.1.2 and 4.2.1 in
the case N = M easily follows from the comparison of the conditions imposed in them.

When N = M , Definition 4.2.2 is also fully equivalent to Definition 4.1.3 of a com-
pletely integrable system. These definitions differ, in fact, only in that the condition of
being critical, dH =

∑k
i=1 λi dZi, is replaced by {H, F} = 0 in Definition 4.1.3. Therefore

their equivalence is an easy consequence of the following simple lemma.

Lemma 4.2.1. Suppose that a system with Hamiltonian H is defined on M and there is
a set of functions F = (Z,G) integrable on the whole of M , that is, such that {Z, F} = 0,
rank F∗ = k+l, and 2k+l = 2n, where 2n = dim M , Z = (Z1, . . . , Zk), G = (G1, . . . ,Gl).
Then F is a set of integrals of the system if and only if dH =

∑k
i=1 λi dZi at each point

m ∈ M , where λi = λi(m).

Proof. In one direction the assertion of the lemma follows from the nondegeneracy of the
symplectic form ω2. In more detail, suppose that the system has such a set F = (Z,G) of
integrals, and suppose the opposite, that is, at some point m ∈ M the differential dH is
not a linear combination of the differentials dZ1, . . . , dZk. Let Z ′ denote the set of k′ =
k + 1 functions: Z ′ = (Z1, . . . , Zk, H); then {Z ′, F} = 0 and k′ + k + l = 2k + l + 1 > 2n,
which contradicts Lemma 4.1.1.

Conversely, since the set F = (Z,G) is Hamiltonian-integrable, we have 0 = {Fj , Zi} =
dFj(JdZi), i = 1, . . . , k, j = 1, . . . , k + l. Consequently,

dFj(JdH) = dFj

(
J

(
k∑

i=1

λi dZi

))
=

k∑
i=1

λi dFj(JdZi) = 0,

that is, all the functions in the set F are indeed integrals of the system. Lemma 4.2.1 is
proved. �

4.3. Compatibility of the definitions for sets of functions and for fibrations.
Conditions equivalent to the existence of the Hamiltonian fibration defined
by a set of functions. The following proposition shows that Definition 4.2.1, which
defines a set of functions Φ = (Z,F) Hamiltonian-integrable on an arbitrary submanifold
N ⊆ M agrees with Definition 3.2.2 of a Hamiltonian Z-fibration of the submanifold N ,
and in the case of a toric fibration these definitions in fact coincide.

Proposition 4.3.1. A) Suppose that Φ = (Z,F) is a set of functions Hamiltonian-
integrable on a submanifold N ⊆ M , where Z = (Z1, . . . , Zk), F = (F1, . . . ,Fl), and let
F = (Z̃,F) be the set of functions on N associated with Φ. Then the central subset Z
of the set Φ defines a k-dimensional Hamiltonian fibration ΞN (Z) of the submanifold N ;
see Definition 3.2.2. Here F : N → Rk+l is the corresponding fibring map, that is, the
fibres of the fibration ΞN (Z) are the connected components of the inverse images F−1(y)
of points y ∈ Rk+l; see Definition 3.2.1.

Conversely, suppose that an involutive set Z = (Z1, . . . , Zk) of functions on (M, ω2)
defines a Hamiltonian fibration Ξ = ΞN (Z) of a submanifold N ⊆ M and let ψ : N → B
be the corresponding fibring map. Then dimN = 2k+l and correspondingly dimB = k+l,
where l ≥ 0; and if l = 0, then N is a symplectic submanifold of M .

Furthermore, let K be any connected compact set contained in the inverse image
ψ−1(b) of some point b ∈ B under the map ψ: K ⊆ ψ−1(b) ⊂ N . Then in some neigh-
bourhood U in N of K, K ⊂ U ⊆ N , the converse assertion is also true. Namely, there
exists a set of functions F = (F1, . . . ,Fl) defined in U such that the set F = (Z|U ,F)
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defines the restriction of the map ψ to U in some local coordinates y defined in a neigh-
bourhood of the point b ∈ B: y(ψ(m)) = F (m) for all m ∈ U . Here the mixed set
Φ = (Z,F) is Hamiltonian-integrable on U ; see Definition 4.2.1.

A similar assertion is also valid for systems:

Proposition 4.3.1. B) Suppose that we have a system that is Hamiltonianly-Φ-inte-
grable on an arbitrary submanifold N ⊆ M of a symplectic manifold (M, ω2) in the sense
of Definition 4.2.2, where Φ = (Z,F), Z = (Z1, . . . , Zk), and dim N = 2k + l. Then
the system is also Hamiltonian-Z-integrable on N in the sense of Definition 3.2.4 with
fibring map F : N → Rk+l, where F is the set associated with Φ, that is, F = (Z̃,F)
and Z̃ = Z|N .

Conversely, suppose that we have a system that is Hamiltonian-Z-integrable on an
arbitrary submanifold N ⊆ M in the sense of Definition 3.2.4 with fibring map ψ :
N → B, where Z = (Z1, . . . , Zk) and dim B = k + l. Then any connected compact
set K ⊆ ψ−1(b) ⊂ N , b ∈ B, has a neighbourhood U in N such that the system is
Hamiltonian-Φ-integrable on U ⊆ N in the sense of Definition 4.2.2, where Φ is a mixed
set with the following properties: it has the form Φ = (Z,F), where F is a set of l
functions on U such that the set F = (Z|U ,F) of functions on U defines the restriction
ψ|U of the map ψ to U in some local coordinates y defined in a neighbourhood of the
point b ∈ B.

Remark 4.3.1. If the fibration Ξ = ΞNψ of the submanifold N defined by the map
ψ is toric, then in both Propositions 4.3.1 A) and B) there is no need to consider a
connected compact set K ⊆ Λ instead of the fibre Λ itself, since a torus is a compact
set. So we find that if the fibres of the fibration are compact, Definitions 3.2.2 and 3.2.4
coincide with Definitions 4.2.1 and 4.2.2, respectively, at least semilocally, that is, in
some neighbourhood of each fibre Λ of this fibration. When a fibre Λ ⊆ ψ−1(b) is
noncompact, the need for a compact set K ⊆ Λ is related to the fact that it is easy
to construct an example where for any neighbourhood U of this fibre in N there exist
at least two connected components of the inverse image ψ−1(b′) of one of the points
b′ ∈ B intersecting this neighbourhood. This nonconnectedness impedes the proof of
Proposition 4.3.1 A) and therefore, 4.3.1 B).

These two propositions have somewhat complex proofs and we shall give them in § 6.3
together with the proof of the next proposition. It can be regarded as a reformulation of
Proposition 3.4.1 A) in the special case when fibrations are defined by sets of functions,
rather than by the integral surfaces of the distributions corresponding to vector fields.

Proposition 4.3.2. Let N ⊆ M be an arbitrary submanifold of a symplectic manifold
(M, ω2), and suppose that Z = (Z1, . . . , Zk) and G = (G1, . . . , Gr) are sets of func-
tions defined on M and N , respectively, that are regular on N : rank Z∗(m) = k and
rank G∗(m) = r at all the points m ∈ N . Suppose that these sets and N satisfy all of the
following four conditions:⎧⎪⎨

⎪⎩
k + r = dimN ; {Z, Z}

∣∣
N

= 0;
JmdZi ∈ TmN for all i = 1, . . . , k, m ∈ N ;
dGj(JdZi) = 0, i = 1, . . . , k, j = 1, . . . , r, on N

(cf. conditions a)–d) of Definition 4.2.1). Then under these assumptions the following
four conditions are pairwise equivalent.

a) Consider the fibration Ξ = ΞNG of the submanifold N into the connected compo-
nents of the inverse images G−1(g), g ∈ Rr of the map G : N → Rr; then this
fibration, which is isotropic by the above conditions, is nondegenerate-isotropic.
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b) This isotropic fibration ΞNG of the submanifold N is quasi-Lagrangian.
c) The set Z̃ = Z|N of the restrictions to N of the functions in the set Z is regular

on N : rank Z̃∗(m) = k.
d) The set of functions Z defines a Hamiltonian fibration ΞN (Z) of the submanifold

N ⊆ M in the sense of Definition 3.2.2. In particular, this fibration defined by
the vector fields JdZ1, . . . , JdZk is Liouville. The fibration ΞN (Z) coincides with
the fibration ΞNG corresponding to the map G : N → Rr in a), in the sense that
the fibres of these fibrations coincide.

Remark 4.3.2. It is easy to see that if Φ = (Z,F) is a mixed set of functions Hamiltonian-
integrable on N ⊆ M (see Definition 4.2.1), then the sets Z and G = (Z|N ,F) satisfy
the main assumptions of Proposition 4.3.2 plus condition c) (that the set Z|N is regu-
lar on N). Conversely, if the fibres of the fibration Ξ = ΞNG are compact, then from
Proposition 4.3.1 A) (see Remark 4.3.1), as Ξ is assumed to be Hamiltonian in Proposi-
tion 4.3.2, we obtain the following fact. In a neighbourhood U in N of each such a fibre
there exists a set of functions F such that the set Φ = (Z,F) is Hamiltonian-torically
integrable on U ⊆ N ⊆ M and fibres U into the same fibres as the set G. In other words,
the sets Φ|U and G|U can be expressed as functions of each other.

5. Toric integrability and generalizations of Gordon’s theorem

This is the main section in the paper. In § 5.1 (Proposition 5.1.1) we show that if
the system is torically integrable on a symplectic submanifold N in the sense of Defini-
tion 4.2.2, then on N one can introduce semilocal coordinates (I, p, ϕ mod 2π, q) normal-
izing the Hamiltonian of the system restricted to N . In § 5.2 we construct and describe
circular action functions I = (I1, . . . , Ik) semilocally defined on any submanifold N fibred
into k-dimensional isotropic tori. In § 5.3 we give the original statement of Gordon’s the-
orem and show that it is a simple special case of Proposition 5.3.1, which is a geometric
variant of Proposition 5.1.1.

In § 5.4 we produce a counterexample to Gordon’s theorem for the frequencies of a
conditionally periodic motion on an integrability submanifold N of some system. The
existence of this counterexample is explained by the fact that the fibration of N into
the closed trajectories of the system is not integrable in the strong, Hamiltonian sense.
Finally, in § 5.5 we state the generalizations of Gordon’s theorem for arbitrary submani-
folds N fibred into isotropic tori also of arbitrary dimension. We consider separately the
case of action functions I, where the weakest condition, that of being pseudo-Hamiltonian
is imposed on the fibration (see Theorem 5.5.1 A)), and the case of the frequencies ω of
the conditionally periodic motion under the action of the flow of the system on the tori
fibring N , where this fibration is required to be Hamiltonian (see Theorem 5.5.1 B)).

5.1. Normalizing coordinates (I, p, ϕ mod 2π, q) in a neighbourhood of a fibre
of a toric fibration of a symplectic submanifold N . Proposition 5.1.1 stated be-
low is the Hamiltonian analogue of Proposition 2.2.1 on the existence of the normal-
izing variables (F, ϕ mod 2π) in the case of a toric fibration of the phase space N of
a system of general form. In particular, it asserts that if a mixed set Φ = (Z,F) is
Hamiltonian-torically integrable on a symplectic submanifold N ⊆ M , then, instead of
the “coordinates” (F, ϕ mod 2π) that exist by Proposition 2.2.1, one can introduce much
more convenient “coordinates” on N semilocally, called generalized action-angle coordi-
nates ; see [5]. These “coordinates” (I, p, ϕ mod 2π, q) are canonical with respect to the
symplectic structure ω̃2 = ω2|N on N , and I = I(Z). The Hamiltonian H̃ of the restric-
tion to N of a system Hamiltonian-torically Φ-integrable on N takes the simplest form
H̃ = H̃(I) in these “coordinates”.
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Proposition 5.1.1 is a simple consequence of the substantial main theorem in [5], which
is stated and proved in § 1 of that paper, and of its corollary stated at the end of that
section. Note that the proofs of these two assertions in [5] are considerably more difficult
than their non-Hamiltonian analogue, Proposition 2.2.1, which fact is related to the
fact that the normalizing coordinates constructed in [5] are canonical. These assertions
in [5] generalize the Liouville–Arnol’d theorem on toric integrability (see [1]) to the case of
isotropic invariant tori Λ of arbitrary dimension k, where 1 ≤ k ≤ n, rather than tori that
are necessarily Lagrangian, that is, of dimension n, where 2n = dim M . Therefore the
following assertion can also be regarded as a generalization of the original version of the
Liouville–Arnol’d theorem in two directions: first, to the case of a symplectic submanifold
N of a nonintegrable system, and second, to the lower-dimensional case, that is, the case
where N is fibred into isotropic tori Λ of any dimension k = dim Λ ≤ (dim N)/2.

Proposition 5.1.1. Let Φ = (Z,F) be some mixed set of functions Hamiltonian-torically
integrable on a symplectic submanifold N ⊆ M ; see Definition 4.2.1. As above, let
F = (Z̃,F) be the set of functions on N associated with Φ, where Z̃ = Z|N . Recall
that toric integrability means, in particular, that all the connected components Λ of all
the common level surfaces F−1(y) ⊂ N of the functions in F are compact, as well
as that dim N = 2k + l, where Z = (Z1, . . . , Zk), F = (F1, . . . ,Fl), y ∈ Rk+l; see
Definition 4.2.1. Then the following holds.

A) In some neighbourhood U in N of each such fixed component Λ0, Λ0 ⊆ F−1(y) ⊂ N ,
one can define generalized action-angle coordinates (I, p, ϕ mod 2π, q), that is, “coordi-
nates” such that the restriction ω2|U to U ⊆ N of the symplectic form ω2 on M can be
written in terms of these variables in the form

ω2|U = d

⎛
⎝ k∑

i=1

Ii dϕi +
l/2∑
j=1

pj dqj

⎞
⎠ .

Furthermore, the functions in the sets (I, p, q) and F = (Z̃,F) can be expressed as
functions of each other in the neighbourhood U ⊆ N , as can the sets I and Z̃:

(I, p, q) = α(F ), F = α−1(I, p, q), I = β(Z̃), Z̃ = β−1(I).

Thus, the set (I, p, ϕ mod 2π, q) defines an isomorphism U → Dk+l ×Tk of the domain
U ⊃ Λ0 onto the direct product of a domain Dk+l of the linear space Rk+l and the
k-dimensional torus Tk. Furthermore, the fibrations of the domain U ⊆ N defined by
the sets F and (I, p, q) coincide: F−1(y) ∩ U = {(I, p, q) = const}. One of these fibres
Λ = F−1(y) ∩ U coincides with Λ0.

B) Suppose in addition that on M there is a system with Hamiltonian function H which
is Hamiltonian-Φ-integrable on a symplectic submanifold N ⊆ M ; see Definition 4.2.2
(for example, with H = Z1). Then the vector field JdH of this system is tangent to
the submanifold N , that is, JmdH ∈ TmM for all m ∈ N , and the restriction of this
field to N is a Hamiltonian system on the symplectic manifold (N, ω̃2) with Hamiltonian
function H̃ = H|N , where ω̃2 := ω2|N . Furthermore, in the generalized action-angle
variables (I, p, ϕ mod 2π, q) the function H̃ has the form H̃ = H̃(I), that is, it depends
only on the action variables I. The tori {(I, p, q) = const} = Λ ⊂ U are invariant tori of
this system, where the motion is conditionally periodic with frequencies ω1, . . . , ωk such
that ωi = ωi(I) = ∂H̃

∂Ii
(I), i = 1, . . . , k.

Proof of Proposition 5.1.1. Lemma 3.1.1 reduces our situation of symplectic submanifold
N ⊆ M to that of a symplectic manifold (N, ω̃2). This allows us to use the assertions
in [5]. Proposition A) follows from the main theorem in [5] (see § 1 there), while B) can
be obtained from its corollary, stated at the end of § 1 in [5], as well as from Lemma 4.2.1.
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A more precise and direct argument is as follows. Lemma 3.1.1 implies that F =
(Z̃,F) is a Hamiltonian-torically integrable set of functions on the entire symplectic
manifold (N, ω̃2); see Definition 4.2.1. Applying the main theorem in [5] to F we find
that there exist semilocal canonical “coordinates” (I, p, ϕ mod 2π, q) on (N, ω̃2), which
are connected with the functions in the set F = (Z̃,F) in the way described above.
Using Lemma 3.1.1 again, with the sliding condition, we see that the Hamiltonian of
the restricted system has the form H̃ = H|N , and semilocally H̃ = H̃(I). This, with
Hamilton’s equations proves the assertion about the frequencies. Proposition 5.1.1 is
proved. �

5.2. Construction of circular action functions on a submanifold N ⊆ M fibred
into isotropic tori. Among the generalized action-angle variables (I, p, ϕ mod 2π, q)
the action variables I are the most important for the dynamics of a torically integrable
system; they are also the easiest to construct. Given a set of functions integrable on the
entire symplectic manifold M the construction of the functions in the set I = (I1, . . . , Ik)
is given in [5]. We describe it in a somewhat more general situation, when we have an
arbitrary submanifold N ⊆ M , that is not necessarily symplectic, fibred into isotropic
tori. Here we do not assume that there exist any vector fields tangent to the fibres of
this fibration. Fundamentally this construction is little different from the construction
given in [5].

So, suppose we have a locally trivial fibration of an arbitrary submanifold N ⊆ M
whose fibres Λ are k-dimensional isotropic tori, and no other conditions are imposed on
this fibration. Let U ⊆ N be an arbitrary open subset trivially fibred by the tori Λ. For
example, any torus Λ0 ⊂ N has a neighbourhood U ⊆ N trivially fibred by the fibres Λ.
We will define action functions (I1, . . . , Ik) = I in U .

To do this, first we choose basis cycles γ = (γ1, . . . , γk), γi ∈ π1(Λ), compatibly on all
the tori Λ ⊆ U , in the same way as in § 2.2, where in a similar situation we defined the
angular “functions” ϕ mod 2π in U (see the proof of Proposition 2.2.1). Suppose that in
a neighbourhood of U in M we have a 1-form α such that dα = ω2. Then for the action
functions we can take the integrals

(11) Ii(m) =
1
2π

∮
δi(Λm)

α

defined at any point m ∈ U ; here δi(Λm) is any closed curve lying on the torus Λm 
 m
and representing the class γi(Λm) of the fundamental group π1(Λm) of this torus. Instead
of the 1-form α defined in a full domain of the manifold M we can take a 1-form α̃ defined
only on U ⊆ N itself and such that dα̃ = ω2|U .

The method of defining the action functions via a 1-form is the simplest, but there
may be problems with the 1-form: for example, it may exist on U but not be given
explicitly. We give a more complicated method of defining the functions Ii via integrals
of the symplectic 2-form ω2 on the whole of M , which can be taken as given; this method
always works. First we fix one of the tori Λ ⊆ U , which we denote by Λ0, and choose
any point m ∈ U . Consider any closed curves δi(Λm) and δ0

i representing the 1-cycles
γi(Λm) and γ0

i on the tori Λm and Λ0, respectively. We stretch a 2-dimensional film
Πi = Πi(Λm) contained in U over these curves. Then we have

δi(Λm) ⊆ Λm, m ∈ Λm, δ0
i ⊆ Λ0, ∂Πi = δi(Λm) − δ0

i ,

where ∂Πi is the boundary of the film Πi. Since γi(Λm) and γ0
i are, in fact, the same

cycle but on different tori, such a film does exist. We set

(12) Ii(m) =
1
2π

∫∫
Πi(Λm)

ω2, i = 1, . . . , k.
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Of course, instead of the form ω2 in these formulae one can take its restriction ω̃2 = ω2|U
to U ⊆ N .

Proposition 5.2.1. The functions I1, . . . , Ik are well defined in the following sense.
The values of the integrals (12) do not depend either on the choice of the films Πi ⊆
U connecting the closed curves δi(Λm) ⊆ Λm and δ0

i ⊆ Λ0 or on the choice of these
curves among the homotopy equivalent curves lying on the tori Λm and Λ0, respectively.
Similarly, the values of the integrals (11) are independent of the choice of the closed
curves δi(Λm) ⊆ Λm. Furthermore, the functions I1, . . . , Ik defined by (11) or (12) are
constant on each torus Λm ⊆ U .

For fixed basis cycles γ1, . . . , γk these functions are determined up to constants, which
depend on the choice of the 1-form α such that dα = ω2, or on the choice of the fixed
torus Λ0 over whose closed curves the 2-film Πi is stretched from one side. The integrals
of the 1-form differ from the integrals of the 2-form also only by constant summands.

If we consider two distinct sets of compatible basis cycles γ1, . . . , γk, then the corre-
sponding sets I = (I1, . . . , Ik) and I ′ = (I ′1, . . . , I

′
k) are expressed in terms of each other

as follows: I ′ = AI +C, where C is a constant vector and A is a unimodular matrix with
integer coefficients, that is, A = (aij , i, j = 1, . . . , k), detA = ±1, and aij ∈ Z.

Consequently, the relations between different sets of circular action functions that held
in the case of a Hamiltonian fibration of a symplectic manifold M (see § 2 in [5]) are still
valid in this more general case when the fibration of an arbitrary submanifold N ⊆ M
into tori is simply isotropic.

The proposition obviously follows as ω2: dω2 = 0 is closed and the leaves Λ of the
foliation are isotropic: ω2|Λ = 0.

Definition 5.2.1. Suppose that an arbitrary submanifold N ⊆ M of a symplectic man-
ifold M is locally trivially fibred into isotropic tori Λ. Let U ⊂ N be an arbitrary open
subset that is trivially fibred into these tori Λ. Then the functions I1, . . . , Ik on U defined
by (11) or (12) are called the (circular) action functions corresponding to this fibration
of N ⊆ M .

We emphasize that such functions can be constructed in a neighbourhood U in N of
any torus Λ ⊆ N .

Remark 5.2.1. It is obvious how to generalise the construction of this set of circular
action functions to the case of a locally trivial fibration of the submanifold N ⊆ M with
arbitrary isotropic fibres Λ, that is, not necessarily diffeomorphic to a torus; no problems
arise and it is not even necessary that the fibres be compact. The only change required
is that instead of the fundamental group π1(Λ) one must consider the group H1(Λ,Z) of
1-dimensional homologies and choose a basis γ1, . . . , γk in this group, assuming that it
exists. As in the case of tori, in the general case, when an initial fibre Λ0 is fixed, there is
a linear correspondence between the elements γ of the homology group H1(Λ,Z) and the
values (12) of the integral Iγ . Namely, if γ =

∑k
i=1 aiγi, ai ∈ Z, then Iγ =

∑k
i=1 aiIi,

where Ii = Iγi
, Iγ(m) = 1

2π

∫∫
Πγ

ω2, and Πγ is a 2-film stretched over the cycles lying on
the fibres Λm and Λ0 and corresponding to the element γ ∈ H1(Λ,Z). The same relation
also holds for the values of the integral (11) for a fixed 1-form α.

5.3. Generalization of Gordon’s theorem to the case of a Hamiltonian fibra-
tion of a symplectic submanifold by compact fibres. Proposition 5.1.1 B) may be
regarded as a generalization of the following well-known assertion.

Theorem 5.3.1 (Gordon’s theorem; see [11, 12]). Suppose that all solutions of an au-
tonomous system with Hamiltonian function H are periodic and such that the trajectories
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of solutions of the system define a locally trivial fibration of the entire phase space M with
fibres diffeomorphic to a circle. Then semilocally, that is, in some neighbourhood in M
of each trajectory of the system, the period T and the frequency ω = 2π/T of the solu-
tions with trajectories contained in this neighbourhood are functions of the Hamiltonian
H only: T = T (H) and ω = ω(H).

The circular action function I, defined above via the integral of the symplectic struc-
ture ω2, also depends only on H and is unique in this situation, that is, semilocally
I = I(H). Moreover, T (H) = 2π dI

dH (H).

In order to make the connection between Gordon’s theorem and Proposition 5.1.1 B)
clearer we state the following proposition, which can be viewed as a reformulation of
Proposition 5.1.1 B) in geometric terms of fibrations.

Proposition 5.3.1 (Generalization of Gordon’s theorem to the case of fibrations of a
symplectic submanifold by invariant isotropic tori of arbitrary dimension). Suppose
that a system with Hamiltonian function H is defined on a symplectic manifold M , and
there is a symplectic submanifold N ⊆ M and a set Z = (Z1, . . . , Zk) of functions on the
whole of M such that H, Z, and N have the following properties.

a) At each point m ∈ N the vector of the field JdH is a linear combination of the
vectors of the fields JdZ1, . . . , JdZk: Jm dH =

∑k
i=1 λiJm dZi, λi = λi(m),

m ∈ N .
b) {Zi, Zj}

∣∣
N

= 0.
c) N is invariant under the local phase flows {gti

Zi
} corresponding to the Hamiltonian

fields JdZi, i = 1, . . . , k. Furthermore, the orbits Λm, m ∈ Λm, of the joint action
of these flows lying on N are compact, k-dimensional, and form a locally trivial
fibration of the submanifold N .

Then the following two assertions hold.
A) For all m ∈ M the orbits Λ = Λm ⊂ N are invariant k-dimensional isotropic tori

of the system, on which the motion is conditionally periodic. The functions in the
set Z are constant on each such orbit Λ. Furthermore, semilocally, that is in some
neighbourhood U ⊆ N in N of each such orbit, the frequencies (ω1, . . . , ωk) = ω
of this motion, as well as the restriction H|N of the Hamiltonian function H to
N , depend only on the values of the functions Z1, . . . , Zk on any orbit Λ ⊂ U , so
that

ω = ω(Z̃), H̃ = H̃(Z̃), where Z̃ = (Z̃1, . . . , Z̃k), Z̃i = Zi|U , H̃ = H|U .

B) The same is also true for the circular action functions (I1, . . . , Ik) = I defined on
U (see Definition 5.2.1), that is, semilocally I = I(Z̃). The converse dependence
also holds, that is, semilocally Z̃ = Z̃(I). Furthermore, ω(I) = ∂H̃

∂I (I) on the tori
Λ ⊂ U ⊆ N .

Gordon’s theorem is a special case of this assertion and is obtained from it by setting
k = 1 and N = M and taking Z1 = H for the function Z1.

Proposition 5.3.1 can be fairly easily derived from Proposition 5.1.1. The main dif-
ficulty consists in proving the existence of a regular set F = (Z̃,F) of functions on U
specifying the fibres Λ ⊂ U by their common level surfaces. (Roughly speaking the same
difficulty must be overcome in the proof of the converse assertion in Proposition 4.3.1;
see also Remark 4.3.1.) The regularity of the set Z on N follows from the fact the fibres
Λ are k-dimensional. This with Lemma 3.5.1 implies that Z|N is regular and therefore
so is Z̃ = Z|U . The involutivity of Z on N implies that Z̃ is constant on each fibre Λ
contained in U . The existence and regularity of a whole set F = (Z̃,F) such that the
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fibres Λ ⊂ U coincide with the inverse images F−1(y) of points y ∈ Rr follows from this
and the fact that the fibres Λ that form a locally trivial fibration of N are compact and
connected; here r = dim N−k. This is what makes it possible to apply Proposition 5.1.1.

The fact that the circular action functions (I1, . . . , Ik) = I coincide with the action
variables that form a part of the generalized action-angle variables follows from Proposi-
tion 5.2.1 and the expression of the form ω2|U in these variables; see Proposition 5.1.1 A).
Furthermore, Proposition 5.3.1 is an obvious corollary of Theorem 5.5.1 B) stated below;
see Remark 5.5.7.

5.4. Counterexample to Gordon’s theorem in the case of a nonsymplectic fi-
bred submanifold N ⊂ M . Using Proposition 3.3.3 one can easily show that the
conditions imposed on the fibration of the symplectic submanifold N ⊆ M in the pre-
ceding proposition were the conditions of a pseudo-Hamiltonian toric fibration (see Defi-
nition 3.2.3) whose fibres are invariant under the phase flow of the system. The question
arises as to whether Gordon’s theorem remains valid in the case of a general subman-
ifold N ⊆ M , that is, one that is not necessarily symplectic, if we impose the same
conditions of a pseudo-Hamiltonian fibration of the submanifold N with invariant fibres
diffeomorphic to the torus, that is, if we require that all the orbits Λ of the joint ac-
tion of the flows of the vector fields JdZ1, . . . , JdZk intersecting N are contained in N
and are k-dimensional invariant isotropic tori forming a locally trivial fibration of N?
The following simple example shows that this question has a negative answer even when
stronger conditions are imposed on the fibration.

Counterexample. Consider the integrable system with Hamiltonian H = J1J2 defined
on the 4-dimensional symplectic manifold M4 = A2

J × T2
ψ, where A2

J = R2
J \ {0} is the

two-dimensional plane with zero removed, and (J, ψ mod 2π) are the canonical action-
angle “coordinates”. For N ⊂ M we take the 3-dimensional surface

N = N3 =
{
(J, ψ mod2π) ∈ M4 | J2 = 0, J1 > 0

}
.

Then the frequencies Ω1, Ω2 of the conditionally periodic motion on the invariant 2-
dimensional tori {J = const} contained in N have the form

Ω1 =
∂H

∂J1
(J) = J2 = 0, Ω2 =

∂H

∂J2
(J) = J1 �= 0.

Thus, the connected submanifold N3 ⊂ M4 is trivially fibred into the closed trajec-
tories of the system and lies on an isoenergetic surface, namely, N3 ⊂ H−1(0). But the
frequency ω of the periodic solutions whose trajectories form a fibration of N is not con-
stant: ω = Ω2 = J1 �= const on N . This contradicts the hypothetical generalization of
Gordon’s theorem according to which if N ⊂ M has a fibration into closed trajectories γ,
then ω = ω(H) in a neighbourhood of each such trajectory. Since N = N3 is connected,
this would mean that ω = const; compare with Theorem 5.3.1 or with Proposition 5.3.1
with Z1 = H.

Remark 5.4.1. The fibration of N into the trajectories γ = Λ of the system with Hamil-
tonian Z1 = H is not merely pseudo-Hamiltonian but also weakly Hamiltonian and toric.
However, even this is not enough for Gordon’s theorem to hold in the case of nonsym-
plectic N . It is necessary that it be Hamiltonian; this follows if it is pseudo-Hamiltonian
when N is symplectic; see Corollary 3.3.1.

Remark 5.4.2. Complete integrability of the system, that is, integrability over the entire
phase space M4, is completely unnecessary in the example considered above. This is
shown by the following argument. It is easy to “corrupt” the Hamiltonian function
H = J1J2 so that the vector field of the system and the function H remain the same on
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N and therefore the conclusion of Gordon’s theorem remains invalid. At the same time,
the arbitrariness in the choice of such a deformation of the function H is so great that
among the resulting systems there certainly exist systems that are not integrable on the
whole of M . It would appear that this must be possible even in the analytic situation.

Remark 5.4.3. In this example, unlike the frequency ω, the circular action function I1

corresponding to the fibration of N into the closed trajectories of the system is constant:

I1(m) =
1
2π

∮
γm

J dψ =
1
2π

∮
γm

J2 dψ2 = J2 = 0.

Here γm 
 m is the trajectory of the system passing through a point m = (J, ψ mod 2π),
and the middle equality holds because ψ1 = const on the curve γm. The fact that the
action is constant on such N fully agrees with Theorem 5.5.1 A) stated below.

5.5. Generalizations of Gordon’s theorem to the general case of a submanifold
that is not necessarily symplectic, fibred into tori. Below we state the two main
theorems of the paper. In particular these show the following. The fact that the circular
action functions I = I(Z̃) only depend on the functions in the original set Z, which
is in involution on N (or more precisely on the set Z̃ = Z|U ), is also locally true for
an arbitrary submanifold N ⊆ M that is not necessarily symplectic. The requirements
on the fibration ΞN (Z) are minimal: it must be pseudo-Hamiltonian and toric; see
Theorem 5.5.1 A). Here U ⊆ N is some neighbourhood in N of an arbitrary torus-fibre
of this fibration.

But to prove the converse dependence Z̃ = Z̃(I) we need to place a much stronger
condition on N and Z. Namely, the dependence of the form Z̃ = Z̃(I) is guaranteed
by a Hamiltonian fibration of the submanifold N into tori; see Theorem 5.5.1 B) where
we take H = Z1. In other words, compared with Theorem 5.5.1 A) we must assume in
addition that rank (Z|N )∗ = k instead of rank Z∗ = k on N . If there is an arbitrary
system whose vector field is tangent to the fibres of the fibration ΞN (Z), then these
conditions on ΞN (Z) are sufficient for the dependence ω(I) = ∂H̃

∂I (I). Here H is the
Hamiltonian of the system, H̃ = H|U , and ω is the set of frequencies of the conditionally
periodic motion of the system on the invariant fibres-tori of this fibration of N .

Theorem 5.5.1. A) (Generalization of Gordon’s theorem for circular action functions I
on an arbitrary submanifold N ⊆ M) Suppose there is a set of functions Z = (Z1, . . . , Zk)
on a symplectic manifold (M, ω2) and a submanifold N ⊆ M with the following property.
Let J dZ denote the field of the linear spans of the vectors of the k Hamiltonian fields
JdZ1, . . . , JdZk. Suppose that the field of planes J dZ is tangent to N and is a k-dimen-
sional Frobenius integrable distribution on N whose integral surfaces are isotropic k-
dimensional tori that form a locally trivial fibration of N .

Let Λ0 ⊆ N be an arbitrary fixed leaf of this foliation and let I = (I1, . . . , Ik) be
some set of circular action functions defined in some neighbourhood U of the torus Λ0

in N ; see Definition 5.2.1. Let σ be an arbitrary connected smooth submanifold of the
manifold N contained in the intersection U ∩ Z−1(z) of this neighbourhood U ⊆ N
with some common level surface Z−1(z) of the functions in the set Z: σ ⊆ U ∩ Z−1(z).
Suppose that this surface σ has the following completeness property: for each point m ∈ σ
the entire fibre Λm ⊆ N of our fibration passing through this point lies in σ, so that we
have

m ∈ Λm ⊆ σ ⊆ U ∩ Z−1(z) ⊆ N.

Then, under all these conditions, the action functions are constant on this submanifold:
I|σ = C, C ∈ Rk.
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Remark 5.5.1. We look at the subset σ instead of the entire intersection U ∩ Z−1(z)
because the intersection N ∩ Z−1(z) may be quite a nonregular subset in N (cf. Re-
mark 3.2.3), and in the proof of this theorem we have to consider smooth films contained
in σ.

We also note that since the fibration under consideration is isotropic, the completeness
property m ∈ σ ⇒ Λm ⊆ σ is not too restrictive. Indeed, we can assume that the
intersection U ∩ Z−1(z) containing σ has this property itself. Indeed, by definition the
fibres Λm are entirely contained in N , and it is clear that the neighbourhood U ⊆ N of
the torus Λ0 can be chosen so that U has the same property. The isotropy of the fibres
Λ and Proposition 3.3.3 imply that the functions in the set Z are constant on each of
them, that is, these fibres are entirely contained in the common level surfaces Z−1(z).
Thus, the subsets N ∩ Z−1(z) and U ∩ Z−1(z) have the completeness property.

In particular, consider the case where the action variables I are defined globally on
the whole of N , that is, U = N . Then any connected component of the intersection
N ∩ Z−1(z) that is a smooth submanifold of the manifold N , or a connected smooth
stratum of such a component, satisfies all the conditions imposed on σ in the theorem.

Remark 5.5.2. The proof of Theorem 5.5.1 A) given in § 6.4 shows that one can weaken
the smoothness condition on the subset σ ⊆ U ∩ Z−1(z), replacing it by the weaker
condition that any two points of this subset can be connected by a path contained in σ
that is piecewise smooth in N .

We also note that if a submanifold σ ⊆ N of the surface N is smooth in N , then it is
smooth in the whole of M ⊇ N .

Remark 5.5.3. The main condition imposed on N and Z in Theorem A) is equivalent to
requiring that the set Z define a pseudo-Hamiltonian fibration of N ⊆ M into k-dimen-
sional tori. This follows immediately from Definition 3.2.3 of such fibrations, as they are
locally trivial; see Remark 3.2.0.

Theorem 5.5.1. B) (Generalization of Gordon’s theorem for the frequencies of a con-
ditionally periodic motion on an arbitrary integrability submanifold N ⊆ M) Suppose
that on a symplectic manifold (M, ω2) a system with Hamiltonian H is defined that is
Hamiltonian-torically Z-integrable on some submanifold N ⊆ M in the sense of Defi-
nition 3.2.4, where Z = (Z1, . . . , Zk), or Hamiltonian-torically Φ-integrable on N ⊆ M
in the sense of Definition 4.2.2, where Φ = (Z,F) and Z is again a set of k functions
on M . Let Λ denote the fibres of the corresponding k-dimensional fibration of the sub-
manifold N ; in the first case this is the fibration ΞN (Z) into the integral surfaces of
the distribution defined by the vector fields JdZ1, . . . , JdZk, and in the second case, the
fibration ΞNF into the connected components of the inverse images of points under the
map F : N → Rk+l, where F = (Z|N ,F).

Then in either case the fibres Λ of this Hamiltonian fibration of N are invariant k-
dimensional isotropic tori of the system forming a locally trivial fibration of N , and the
motion on these tori is conditionally periodic. Each function in Z is constant on any
fibre Λ of this fibration. Furthermore, each fixed torus-fibre Λ0 ⊂ N has a neighbourhood
U in N , Λ0 ⊂ U ⊆ N ⊆ M , having the following properties.

The frequencies ω = (ω1, . . . , ωk) of such a motion on the tori Λ contained in U ,
and the restriction H̃ := H|U , depend only on the set Z̃ := Z|U of functions in the set
Z restricted to U , that is, ω = ω(Z̃) and H̃ = H̃(Z̃). Furthermore, a set of circular
action functions I can be defined on U (see Definition 5.2.1), and this set and the set Z̃

can be expressed as functions of each other: I = I(Z̃) and Z̃ = Z̃(I). In addition, the
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frequencies ω on U ⊆ N are connected with H̃ and I by the relations ωi(I) = ∂H̃
∂Ii

(I),
i = 1, . . . , k.

Remark 5.5.4. Definitions 3.2.4 and 4.2.2 concerning Hamiltonian toric Z-integrability
and Φ-integrability on the submanifold N ⊆ M are, in fact, equivalent; see Remark 4.3.1
and Proposition 4.3.1 B), which we have not yet proved. In particular, in some neighbour-
hood U in N of any fibre Λ0 of the toric fibration ΞN (Z) defined by the set of vector fields
JdZ (see Definitions 3.2.4 and 3.2.2) there exists a set of functions F defined on U ⊆ N
and such that the set Φ = (Z,F) is Hamiltonian-integrable on U (see Definitions 4.2.2
and 4.2.1). Here the fibres Λ ⊂ U of the fibration ΞN (Z) coincide with the fibres of the
fibration ΞNF into the connected components of the inverse images of points under the
map F : N → Rk+l, where F is the set associated with Φ, that is, F = (Z|U ,F).

Remark 5.5.5. Recall that the existence of a Hamiltonian fibration of N implies that
dimN ≥ 2k. Recall also that according to Corollary 3.4.1 and Theorem 3.4.1 B) the
verification of the conditions of Theorem B) can be simplified by omitting conditions c)
and f) in Definition 3.2.4 of Hamiltonian integrability, which together mean that the
vector fields JdH, JdZ1, . . . , JdZk commute pairwise on N .

We now compare the conditions in Theorems 5.5.1 A) and B), taking into account
that the conditions in Theorem B) have been weakened. We see that in Theorem B), in
addition to the conditions of Theorem A), the condition that Z|N be regular is imposed
on Z. In Theorem B) it is also assumed that there exists a system on M on which only one
condition is imposed —the sliding condition, that is, it is assumed that dH =

∑k
i=1 λi dZi

at every point m ∈ N , where λi = λi(m) and H is the Hamiltonian of the system.
Compared with Theorem A), no other conditions are imposed. Thus, in this context
the condition that Z|N be noncritical can be regarded as the most important condition
among those imposed on Z and N ⊆ M in Theorem B).

The fact that this condition is essential is shown by the counterexample to Gordon’s
theorem given above, which does not contradict Theorem B) precisely because the regu-
larity condition on the set Z|N , which consists of the single function Z1|N , does not hold
there. Indeed, in that example we have Z1|N = 0, where Z1 = H. In other words, the
fibration of N3 into the closed trajectories γ of the system with Hamiltonian H “cannot
be continued outside the surface {H = 0}”.

The existence of this counterexample can also be explained by the fact that for each
trajectory γ ⊂ N there is no symplectic 2-dimensional submanifold S ⊆ N containing γ
and composed entirely of closed trajectories of the system. This means that the condition
that the fibration ΞN (Z) of N be quasi-Lagrangian is not satisfied. The existence of all
these slightly different explanations corresponds to the assertion of Proposition 3.4.1 A)
that the condition that Z|N is regular and the condition that the fibration of N defined
by the set Z is quasi-Lagrangian are equivalent.

Remark 5.5.6. We emphasize that in Theorems A) and B) it is not required that the
rank of the 2-form ω̃2 on N be constant, where ω̃2 = ω2|N is the restriction to N of the
symplectic structure ω2 defined on M .

Remark 5.5.7. Proposition 5.3.1, which generalizes Gordon’s theorem to the case of
a symplectic integrability submanifold N follows easily from Theorem 5.5.1 B). Indeed,
since N ⊆ M is symplectic, it follows from Corollary 3.3.1 that the system is Hamiltonian-
torically Z-integrable on N . This fact and the assertions of Theorem 5.5.1 B) imply all
the assertions of Proposition 5.3.1.
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6. Proofs of the assertions in §§ 3–5

In this section we shall prove all the assertions stated above which were not proved
straight away, namely, Propositions 3.4.1 A) and B), 4.3.1 A) and B), 4.3.2, and Theo-
rems 5.5.1 A) and B).

6.1. Auxiliary assertions. For the proofs we will need the following facts from linear
symplectic geometry.

Lemma 6.1.1. Let Q ⊆ L2n be an arbitrary isotropic subspace of a linear symplectic
space (L2n, Ω2), where Ω2 is a linear symplectic structure on a linear 2n-dimensional
space L2n, that is, a bilinear nondegenerate skew-symmetric 2-form. Let P = Q � be the
skew-orthogonal complement of Q; see [1]. Then the following holds.

A) P ⊇ Q.
B) Suppose that in addition we have an arbitrary subspace B of L2n containing Q,

that is, Q ⊆ B ⊆ L2n. Let K denote the kernel of the restriction of the form Ω2

to B, that is, the subspace K = B ∩ B � . Then B and P are transversal to each
other, that is, the vectors in B and P generate the entire space L2n if and only
if the linear subspaces K and Q contained in B intersect only in zero, 0 ∈ L2n:

span(B, P ) = L2n ⇐⇒ K ∩ Q = {0}.
Here span(B, P ) denotes the linear span of the subspaces B and P .

C) Suppose that R ⊂ L2n is an arbitrary k-dimensional subspace transversal to the
(2n − k)-dimensional subspace P where k = dimQ, that is, R ⊕ P = L2n. Then
the direct sum Q ⊕ R of the subspaces Q and R is a symplectic 2k-dimensional
subspace of the space L2n, that is, the bilinear form Ω2|Q⊕R is nondegenerate.

Proof of Lemma 6.1.1. Since Q is isotropic, Ω2|Q = 0; consequently, all the vectors in Q
are skew-orthogonal to Q, that is, Q ⊆ Q � = P , which proves assertion A) of the lemma.

Let A ⊆ L2n and B ⊆ L2n be any two subspaces. Since the 2-form Ω2 is nondegen-
erate, it follows that if A ⊂ B, then A � ⊃ B � . Using this fact it is easy to verify that
(A ∩ B) � = span(A � , B � ). Indeed,

A ∩ B ⊆ A =⇒ (A ∩ B) � ⊇ A
� =⇒ (A ∩ B) � ⊇ span(A �

, B
� ).

On the other hand,

A
� ⊆ span(A �

, B
� ) =⇒ A ⊇ (span(A �

, B
� )) � =⇒

A ∩ B ⊇ (span(A �
, B

� )) � =⇒ (A ∩ B) � ⊆ span(A �
, B

� ).

From this, it is easy to deduce that (A ∩ B ∩ C) � = span(A � , B � , C � ). (In fact, the
number of subspaces in this formula can be arbitrary and the formula remains valid, but
two and three suffices for us.) Using these facts we prove assertion B). The embedding
B ⊇ Q implies that B � ⊆ Q � = P . On the other hand, as B ∩ B � ∩ Q = {0},
thus span(B � , B, P ) = L2n. From these two assertions we obtain span(B, P ) = L2n,
that is, the subspaces B and P are transversal. Conversely, if span(B, P ) = L2n, then
B � ∩ P � = {0} and therefore K ∩ Q = B ∩ B � ∩ Q = {0}. Assertion B) is proved.

To prove C) we observe that Q and R intersect in zero, 0 ∈ L2n, since Q ⊆ P and R
intersects P in zero. Therefore we can indeed speak about the direct sum Q ⊕ R. We
prove by contradiction that the 2k-dimensional subspace Q ⊕ R is symplectic. Indeed,
suppose that there exists a nonzero vector ξ ∈ Q ⊕ R that is skew-orthogonal to this entire
subspace, that is, ξ ∈ (Q ⊕ R) ∩ (Q ⊕ R) � . This means that ξ ∈ (Q ⊕ R) � ⊂ Q � = P .
Consequently, ξ ∈ (Q ⊕ R) ∩ P . But by the hypothesis of Lemma C) the subspace R
intersects P in zero; hence Q ⊕ R intersects P in Q and therefore ξ ∈ Q.
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Since R ⊕ P = L2n, the subspace B := Q ⊕ R is also transversal to the subspace P ,
that is, span(B, P ) = L2n. This fact and the formula connecting the linear span and
the intersection of subspaces imply that B � ∩ Q = {0}. But ξ ∈ B ∩ B � ⊆ B � and
therefore ξ ∈ B � ∩ Q. These two facts imply ξ = 0. The contradiction thus obtained
proves assertion C). The proof of Lemma 6.1.1 is complete. �

Let F = (F1, . . . , Fr) be an arbitrary regular set of functions defined on a 2n-dimen-
sional symplectic manifold (M, ω2), M = M2n. It is clear that in this case the common
level surfaces F−1(b) of the functions in F are smooth (2n − r)-dimensional surfaces at
each point m ∈ M . We denote by JmdF the subspace of the tangent space TmM to M
at a point m ∈ M spanned by the vectors of the Hamiltonian fields JdF1, . . . , JdFr at
this point. We denote by J dF the corresponding distribution of k-dimensional planes,
that is, of the planes JmdF . (These should not be mixed up with JdF , by which we
meant the set of vector fields JdF1, . . . , JdFr.)

Lemma 6.1.2. A) At every point m ∈ M the tangent space Tm(F−1(b)) to the common
level surface F−1(b) 
 m and the subspace JmdF are the skew-orthogonal complements
of each other in the linear symplectic space (TmM, Ω2

m), where Ω2
m = ω2|TmM and TmM

is the tangent space to M at the point m. In other words, (JmdF ) � = Tm(F−1(b)).
B) If the functions in the set F are pairwise in involution at a point m, that is,

{Fi, Fj} = 0, i, j = 1, . . . , r, at this point, then the r-dimensional subspace JmdF is
isotropic: Ω2

m|JmdF = 0. Furthermore, JmdF ⊆ TmF−1(b).

Proof. The proof of the lemma is obvious. Indeed, let ξ ∈ Tm(F−1(b)); then we have
ω2(ξ, JdFi) = dFi(ξ) = 0, i = 1, . . . , r; see the beginning of § 3.1. Consequently, any
vector in Tm(F−1(b)) is skew-orthogonal to the vectors JdF1, . . . , JdFr and therefore
to their linear span JmdF , that is, the subspaces Tm(F−1(b)) and JmdF are skew-
orthogonal. These subspaces have dimension 2n − r and r respectively, that is, they are
complementary in TmM ; they are therefore skew-orthogonal complements, which proves
assertion A). Assertion B) on isotropy is an obvious consequence of involutivity and (4),
and the embedding JmdF ⊆ TmF−1(b) is an obvious consequence of Lemma 6.1.1 A)
and the fact that these two subspaces are skew-orthogonal complements. �

6.2. Proof of Propositions 3.4.1 A) and B). We now prove Proposition 3.4.1A), that
is, that conditions a), b), c), and d) of this proposition are equivalent. The equivalence of
Definition 3.4.1 a) and c) (nondegenerate isotropy and regularity of the set of functions
Z̃ respectively) is an easy consequence of assertions A) and B) of Lemma 6.1.1 and both
assertions of Lemma 6.1.2.

Indeed, in Lemma 6.1.1 we take Q = JmdZ, P = Tm(Z−1(z)), and B = TmN ,
where m ∈ N is any point and z = Z(m). Lemma 6.1.2 A) implies that P = Q � .
From Lemma 6.1.2 B) and the involutivity of the set Z on N we obtain the isotropy of
Q and therefore the isotropy of our pseudo-Hamiltonian foliation ΞN (Z) defined by the
distribution J dZ. By the hypothesis of Proposition 3.4.1 A) the set Z is regular on N ;
hence condition c) that the set Z̃ = Z|N is regular on N is equivalent to the fact that
the subspaces TmN and Tm(Z−1(z)) are transversal; see Remark 3.2.3. In other words,
condition c) is equivalent to the equality span(B, P ) = L2n, where, as above, span(B, P )
is the linear span of the subspaces B and P . Furthermore, Lemma 6.1.1 B) implies that
span(B, P ) = L2n ⇐⇒ B ∩B � ∩Q = {0}. Together with the preceding equivalence this
proves that a) ⇐⇒ c).

The most cumbersome part is the proof of the fact that c) =⇒ b), which we present
below; we prove that the regularity of the set Z̃ implies that the foliation ΞN (Z) is quasi-
Lagrangian. We fix any point m ∈ N and construct some k-dimensional surface Γ ⊂ N
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through it such that the set Z1|Γ, . . . , Zk|Γ of the restrictions to Γ of the functions in Z
is regular on Γ. In other words, we require that the set of these restrictions be a set of
local coordinates on Γ. The condition that the set Z̃ = (Z̃1, . . . , Z̃k) of functions on N
is regular implies that such a surface does exist and can easily be constructed.

Indeed, this regularity implies that the common level surfaces Z̃−1(z) ⊂ N of the
functions in Z̃ are smooth surfaces of codimension k in N . Consider a k-dimensional
surface Γ′ ⊂ N passing through the point m and having the following property. The
tangent subspace to Γ′ at the point m, TmΓ′, must be transversal in TmN to the tangent
subspace Tm(Z̃−1(z)) to the level surface Z̃−1(z) ⊂ N containing this point. Then in a
sufficiently small neighbourhood of the point m the surface Γ′ has the required property
that rank (Z|Γ)∗ = k. We choose as Γ the intersection of the surface Γ′ with this small
neighbourhood of the point m. It is clear that the surface Γ will then be transversal
in the whole of M to the common level surfaces Z−1(z); otherwise the restriction Z|Γ
would not be regular on Γ.

Consider the subspaces

(13) TmΓ, TmΛm and Tm(Z−1(z)),

tangent at the point m, respectively, to Γ, to the leaf Λm 
 m of this pseudo-Hamiltonian
foliation Ξ = ΞN (Z), and to the common level surface Z−1(z) passing through this
point m. We claim that the direct sum TmΓ ⊕ TmΛm is a 2k-dimensional symplectic
subspace of the space TmM .

As the surfaces Γ and Z−1(z) 
 m are transversal in M , thus TmΓ∩Tm(Z−1(z)) = {0}.
We have TmΛm = JmdZ; from this, using Lemma 6.1.2 we obtain that the subspace
TmΛm is isotropic and is the skew-orthogonal complement of Tm(Z−1(z)) in TmM . It
follows from these facts that the three subspaces in (13) can be taken for R, Q, and P ,
respectively, in Lemma 6.1.1. Applying this lemma we obtain that the k-dimensional
subspaces TmΓ and TmΛm intersect only in zero, 0 ∈ TmM , and TmΓ⊕ TmΛm is indeed
a 2k-dimensional symplectic subspace of TmM .

To construct S (the surface required in Definition 3.4.2) we consider a sufficiently
small neighbourhood U of the point m in N and restrict the foliation Ξ = ΞN (Z) to this
neighbourhood. Let Λ′ denote the leaves of this restricted foliation. For S we take the
union of the leaves Λ′ intersecting Γ, that is, S :=

⋃
p∈Γ Λ′

p. Then Λm ∩ U ⊂ S ⊆ N .
Since the subspaces TmΓ and TmΛm intersect only in the zero vector, it follows from
this construction that S is a 2k-dimensional submanifold of the manifold N , and TmS =
TmΓ ⊕ TmΛm. Since TmΓ ⊕ TmΛm is symplectic, it follows that the entire submanifold
S is symplectic in M , that is, the 2-form ω2|S is nondegenerate. Thus, the fibration Ξ is
quasi-Lagrangian (see Definition 3.4.2) and therefore c) =⇒ b).

We now prove that b) =⇒ c); that is, if the foliation Ξ = ΞN (Z) is quasi-Lagrangian,
then Z: rank (Z|N )∗ = k is internally regular. To do this, we use the fact that Ξ is quasi-
Lagrangian to construct a symplectic submanifold S consisting of pieces of the leaves
of the pseudo-Hamiltonian foliation Ξ of the submanifold N through any point m ∈ N .
By hypothesis, Z is regular on N and therefore also on S. This fact and Lemma 3.5.1
imply that Z|S is also regular on S and, a fortiori, Z̃ = Z|N is regular on S, that is,
rank Z̃∗(p) = k for all p ∈ S. Since m is any point in N , the set Z̃ is regular on the whole
of N .

Taking into account that b) =⇒ c) we see that to prove that b) =⇒ d), that is,
that if Ξ = ΞN (Z) is quasi-Lagrangian then this pseudo-Hamiltonian foliation is in fact
Hamiltonian, it is sufficient to show that the vector fields JdZ1, . . . , JdZk are pairwise
commutative on N ; see Definitions 3.2.2 and 3.2.3. For that it is sufficient to show that
these fields commute on each leaf Λ0 ⊆ N of the foliation Ξ = ΞN (Z). Actually, it is
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sufficient to show that these fields are pairwise commutative on Λ0 in some neighbourhood
U of any point m ∈ Λ0, that is, in the intersection Λ0 ∩ U .

As above, let S 
 m be a 2k-dimensional symplectic submanifold S ⊆ N composed
of pieces of the leaves Λ of the foliation Ξ. It is clear that the restriction to S of
the pseudo-Hamiltonian foliation Ξ = ΞN (Z) of the submanifold N is itself a pseudo-
Hamiltonian foliation of the submanifold S defined by the same set Z; see Definition 3.2.3.
From this fact and Corollary 3.3.1 we obtain that this restricted foliation ΞS(Z) of the
symplectic submanifold S is Hamiltonian. Consequently, the vector fields JdZ1, . . . , JdZk

are pairwise commutative on S and therefore also on the intersection Λ0 ∩ S = Λ0 ∩ U ,
since these fields are tangent to the leaves Λ.

The implication d) =⇒ c) obviously follows from Definition 3.2.2 of a Hamiltonian
foliation. Thus, a) ⇐⇒ c) ⇐⇒ b) =⇒ d) =⇒ c). The proof of Proposition 3.4.1 A) is
complete.

We will now prove Proposition 3.4.1 B), that is, that condition f) of commutativity:

[JdH, JdZ]
∣∣
N

= 0,

in the list of conditions a), b), c), d), e), f) of the first definition in the set of Defini-
tions 3.2.4 is redundant. First, we observe that in condition e), the fact that (H, Z) is
critical on N and that the operator Jm is an isomorphism imply that at each point m ∈ N
the vector JmdH is a linear combination of the vectors JmdZ1, . . . , JmdZk. Therefore
to prove Proposition 3.4.1 B), that is, to derive condition f), it is sufficient to show that
for any point m0 ∈ N there exists a neighbourhood U of this point in N such that
[JdH, JdZ]

∣∣
Λ0∩U

= 0, where Λ0 ⊂ N is the leaf of our Hamiltonian foliation Ξ = ΞN (Z)
containing the point m0.

Now, the foliation is quasi-Lagrangian and we can construct the symplectic 2k-dimen-
sional submanifold S ⊆ N through Λ0 ∩ U , composed of the intersections of the leaves
Λ of this foliation with U . When we derived the implication b) =⇒ d) in the proof
of Proposition 3.4.1 A), we showed that under these hypotheses the restricted foliation
ΞS(Z) of the symplectic submanifold S is Hamiltonian. This fact with the criticality
of the set (H, Z) on N implies that Definitions 3.2.4 a)–e) hold on S, that is, these
conditions are satisfied if we replace N by S.

In other words, our system satisfies all the conditions of Definition 3.2.4 imposed on
a system having the Hamiltonian-sliding symmetries Z = (Z1, . . . , Zk) on S, except for
condition f). This, the fact that S is symplectic and Proposition 3.3.4 C) imply that
condition f) is also satisfied on S, that is, [JdH, JdZ] = 0 on the whole of S, and
therefore also on the surface Λ0 ∩U , since the fields JdH, JdZ1, . . . , JdZk are tangent to
it. But m0 ∈ N is arbitrary, whence Proposition 3.4.1 B) follows.

6.3. Proof of Propositions 4.3.2, 4.3.1 A) and B). To prove Proposition 4.3.2 we
first show that a set Z that satisfies the main conditions of this proposition, that is,
all the conditions apart from a)–d) which we want to show are all equivalent, defines a
pseudo-Hamiltonian fibration ΞN (Z) of the submanifold N .

Indeed, using Remark 3.2.1 we can see that in order to prove that ΞN (Z) is pseudo-
Hamiltonian it is sufficient to show that it satisfies conditions a), b′), and d) of Defini-
tion 3.2.3, and that the distribution JNdZ defines a fibration on N . But the tangency
condition a) on N and condition b′) that Z is regular on N are obviously satisfied, while
the isotropy condition d) follows from Proposition 3.3.3, as by hypothesis {Z, Z}

∣∣
N

= 0.
The Frobenius integrability of the field of planes JNdZ and the fibration of N by the
leaves of the foliation defined by this field follow from the hypothesis that dG(JdZ) = 0,
the equality k + r = dimN , and formula (4), using the regularity of the sets Z and G.
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Furthermore, the fibres of this pseudo-Hamiltonian fibration ΞN (Z) obviously coincide
with the fibres of the fibration ΞNG corresponding to the map G : N → Rr.

We further observe that the additional conditions a), b), c), d) of Proposition 4.3.2,
which we are proving equivalent, are completely equivalent to the corresponding con-
ditions of Proposition 3.4.1 A) for the case of fibrations (denoted in the same way and
in the same order). In fact, these four conditions coincide with the same conditions in
Proposition 3.4.1 A), but they are stated for the special situation of fibrations considered
in Proposition 4.3.2, rather than for foliations. The fact that, as we have shown, ΞN (Z)
is pseudo-Hamiltonian, along with Proposition 3.4.1 A) proves Proposition 4.3.2.

We now prove Proposition 4.3.1 A). We have that Φ = (Z,F) is a set of functions
Hamiltonian-integrable on N ⊆ M (see Definition 4.2.1), and we need to show that
Definitions 3.2.2 a)–d) hold for fibrations. This can easily be done using Proposi-
tion 4.3.2, but we will do it directly. The isotropy of the foliation defined by the vector
fields JdZ1, . . . , JdZk of the set JdZ follows from the involutivity condition in Defini-
tion 4.2.1 b), {Z, Z}

∣∣
N

= 0, and formula (4); see also Proposition 3.3.3.
Again using Definition 4.2.1b), {Z, Z}

∣∣
N

= 0, and (4) we find that dZ̃(JdZ) = 0 on
N , where Z̃ := Z|N . From this fact and Definition 4.2.1 d), dF(JdZ) = 0, we obtain
that dF (JdZ) = 0 on N , where F := (Z̃,F). Now Definition 4.2.1 e), which says that
F is regular on N , implies the regularity of Z̃ and therefore also of Z on N . This fact
and the equality dF (JdZ) = 0, as well as conditions a), 2k + l = dim N , and e), the
regularity of F on N , imply that the k fields in the set JdZ define a foliation of N ,
which is a fibration of the submanifold N with fibring map F : N → Rk+l. According to
Corollary 3.4.1, in the case of fibrations, condition c) of pairwise commutativity follows
from the other conditions of Definition 3.2.2 of a Hamiltonian fibration, which we have
verified. Thus, assertion 4.3.1 A) is proved in one direction.

We now prove it in the other direction. The assertion that the dimension dimN ≥ 2k
and that the submanifold N for dim N = 2k is symplectic follow from the fact that
a Hamiltonian foliation is quasi-Lagrangian; see Proposition 3.4.1 A), which we proved
in § 6.2. The main part of the converse assertion is proved as follows.

Proposition 3.3.3 and the isotropy of the given Hamiltonian fibration ΞN (Z) of the
submanifold N defined by the set Z imply that {Z, Z}

∣∣
N

= 0, that is, Definition 4.2.1 b)
holds. From this fact, using (4), we obtain that dZ(JdZ) = 0 on N ; see also Proposi-
tion 3.3.3. Consequently, the functions Z1, . . . , Zk are constant on the connected com-
ponents Λ of the inverse images ψ−1(b) ⊂ N of points b ∈ B under the map ψ : N → B
defining the fibration of the submanifold N . We consider an arbitrary connected com-
pact set K ⊆ ψ−1(b0) contained in the inverse image ψ−1(b0) of some point b0 ∈ B.
Using the regularity of the map ψ (see Definition 3.2.1) one can easily show that there
exists a neighbourhood U in N of this compact set having the following properties. The
nonempty inverse images ψ−1

U (b) of every point b ∈ B under the map ψU := ψ|U are
connected submanifolds of U . Furthermore, ψ(U) is a neighbourhood of the point b0

in B. Here K ⊂ U ⊆ N and ψ−1
U (b) ⊂ U .

Using this fact we construct a set F of functions on U . The restrictions of the functions
in the set Z to the inverse images ψ−1

U (b) are constant because they are connected. This
fact and the regularity of ψ imply the existence of a neighbourhood V of the point b0 ∈ B
such that the composites Zi|U ◦ ψ−1

U |V define smooth functions zi : V → R, i = 1, . . . , k.
As Z|N is regular on N , the functions z1, . . . , zk are functionally independent in some
neighbourhood V of the point b0 in B. We complement these k functions by functions
f1, . . . , fl to obtain a set of smooth coordinates in V . (In fact, these neighbourhoods V
can become smaller at each step of the argument.) We set Fj := fj ◦ ψU , j = 1, . . . , l,
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and Z̃i := Zi|U . Clearly, then Z̃i = zi ◦ ψU for all i = 1, . . . , k, and the functions in the
set F = (F1, . . . ,Fl) are smooth.

It is also clear that the set F = (Z̃,F) of k+l functions on U defines the map ψU in the
local coordinates y = (z, f) defined in V ⊆ B. This fact and ψ being regular imply that
F is regular on U . Since ψ is the fibring map, we have dimN = k + (k + l) = 2k + l and
dF (JdZ) = 0 on U and therefore also dF(JdZ) = 0 on U . Thus, all five conditions a)–e)
in Definition 4.2.1 for the mixed set Φ = (Z,F) to be Hamiltonian-integrable on U ⊆ N
are satisfied. The proof of Assertion 4.3.1 A) is complete.

Assertion 4.3.1 B) is an analogue of Proposition 4.3.1 A) for systems instead of fibra-
tions. It clearly follows from this proposition and Definitions 4.2.2 and 3.2.4 of systems
that are Hamiltonian-integrable on a submanifold of the phase space, together with
Proposition 3.4.1 B), which states that in Definition 3.2.4 condition f), requiring that the
field JdH commute with the fields in the set JdZ on this submanifold, is redundant.

6.4. Proof of Theorem 5.5.1 A). First of all we note that the fibres-tori Λ form a
locally trivial fibration of the submanifold σ ⊆ N ∩ Z−1(z). This follows from the
fact that such tori Λ form a locally trivial fibration of the submanifold N and that the
submanifold σ is smooth and has the completeness property.

It follows from Definition 5.2.1 of circular action functions that to prove the theorem,
that is, to prove that I|σ = const it is sufficient to do the following. First we must take
any two points m1 and m2 on σ sufficiently close to each other and consider the fibres-tori
Λ1 
 m1 and Λ2 
 m2 of this fibration ΞN (JdZ) of the submanifold N containing these
points. Then we must fix any i = 1, . . . , k and consider some closed curves δi1 ⊆ Λ1 and
δi2 ⊆ Λ2 lying on these tori and corresponding to the ith basis cycle in the fundamental
groups of these tori with compatible bases in these groups. Then we must stretch a
2-dimensional film Πi ⊆ σ connecting the curves δi1 and δi2 and show that∫∫

Πi

ω2 = 0,

where ω2 is the symplectic form on M .
We construct the film Π = Πi as follows. We choose an arbitrary smooth curve

α ⊂ σ that connects the points m1 and m2 and intersects the fibre-torus Λm 
 m of
the fibration ΞN (JdZ) at each point m ∈ α at a nonzero angle. It is clear that such
a curve always exists. Then through each point m ∈ α we construct a closed curve
δim ⊆ Λm representing the ith basis element of the fundamental group π1(Λm) of the
torus Λm. It is easy to see that these curves δim can be chosen to be such that the film
Π =

⋃
m∈α δim swept out by them is a smooth 2-dimensional surface. The boundary of

this film contained in σ is formed by the cycles δi1 := δim1 and δi2 := δim2 . As the tori
Λ give a locally trivial fibration of our surface σ all these constructions can indeed be
carried out.

We claim that the film Π constructed above is isotropic, that is, ω2|Π = 0, which will
prove Theorem 5.5.1 A). We take any point m ∈ Π; then it follows from the construction
of Π that there exists a nonzero vector η ∈ TmΠ tangent to the torus Λm and passing
through this point. Consequently, the vector η belongs to the linear span JmdZ of the
vectors of the fields JdZ1, . . . , JdZk at this point. On the other hand, Π ⊆ σ ⊆ Z−1(z);
hence it follows from Lemma 6.1.2 A) that all the tangent vectors to Π, that is, all the
vectors in TmΠ, are skew-orthogonal to the vector η. This implies that TmΠ has a basis
of two vectors η and ξ that are skew-orthogonal to each other. Thus, the form ω2|Π
vanishes at the point m ∈ Π and therefore also on the whole of Π. This proves that the
integrals

∫∫
Πi

ω2 are equal to zero; thus Theorem 5.5.1 A) is proved.
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6.5. Proof of Theorem 5.5.1 B). The fact that each fibre Λ of the fibration of either
of the types considered in the theorem is diffeomorphic to the k-dimensional torus follows
from Proposition 4.3.1 A), Definition 3.2.2, and Proposition 2.2.1.

We also note that the remaining assertions of this theorem are semilocal in the sense
that they guarantee certain properties only in some sufficiently small neighbourhood of
any fibre Λ0 ⊂ N in N . But Λ0 is diffeomorphic to a torus, that is, it is a compact
set. From this and Proposition 4.3.1 B) we obtain the following fact. In a sufficiently
small neighbourhood in M of each fibre Λ0 ⊂ N , systems Hamiltonian-torically Z-
integrable on N ⊆ M in the sense of Definition 3.2.4 have just the same structure as
systems Hamiltonian-torically Φ-integrable on N in the sense of Definition 4.2.2, where
Φ = (Z,F). More precisely, if the restriction of the system to such a neighbourhood
in M satisfies one of these two definitions, then it also satisfies the other one with the
same set Z. Furthermore, the fibres of the fibrations ΞN (Z) and ΞNF corresponding to
these two definitions coincide; cf. Remark 5.5.4.

Using this fact, in what follows by the fibration Ξ of a submanifold N we shall mean,
depending on the situation, either the fibration ΞN (Z) defined by the vector fields in the
set JdZ (see Definition 3.2.1) or the fibration ΞNF into the connected components Λ of
the inverse images of points under the map F : N → Rk+l, where F = (Z|N ,F) (see
Definition 4.2.1). Taking this into account, from Definition 3.2.2 and Proposition 2.2.1
we obtain that the fibration Ξ of the submanifold N into the tori Λ is locally trivial; see
also Definition 3.2.1 of a fibration and Remark 3.2.0. The rest of the proof is based on
the following lemma.

Lemma 6.5.1. Suppose that all the conditions of Theorem 5.5.1 B) hold. Then for each
fibre Λ0 of the toric fibration Ξ of the submanifold N ⊆ M under consideration there
exists a symplectic 2k-dimensional submanifold S containing Λ0 and having the following
three properties.

A) This submanifold S ⊃ Λ0 is contained in N : S ⊆ N , and moreover, it is
composed of whole fibres Λ of the fibration Ξ. In other words, for any point
m ∈ S the fibre-torus Λm passing through m is entirely contained in S: Λm ⊂ S.
Furthermore, in some neighbourhood of S in N the set I = (I1, . . . , Ik) of circular
action functions is defined on N corresponding to the Hamiltonian fibration Ξ of
the submanifold N into the tori Λ; see Definition 5.2.1.

B) Set H := H|S ; also let Z := Z|S and I := I|S denote the sets obtained by
restricting the functions in the sets Z and I respectively to S. Then the field
JdH of the original system is tangent to the submanifold S: JmdH ∈ TmS for
any point m ∈ S. Furthermore, the restriction of this system to S is the system
with Hamiltonian H that is Hamiltonian-torically Z-integrable on the whole of
S. In addition, H is a function only of the functions in the set I: H = H(I ).
The tori-fibres Λ ⊂ S of the fibration Ξ lying on S coincide with the k-dimen-
sional tori {I = const} ⊂ S and are invariant under the local flow of the original
system with Hamiltonian H. The motion on these tori is conditionally periodic
with frequencies (ω1, . . . , ωk) = ω such that ω = ω(I ) = ∂H

∂I
(I ).

C) The action variables I and the functions in the set Z can be expressed as functions
of each other: I = I(Z) and Z = Z(I ).

Proof of Lemma 6.5.1. To prove assertion A) we first observe that as the fibration Ξ of
the submanifold N into the tori Λ is locally trivial, applying Proposition 5.2.1 we obtain
the following. In some neighbourhood of each fixed torus Λ0 of this fibration it is possible
to construct the set I of circular action functions corresponding to the fibration Ξ.
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To construct the submanifold S ⊃ Λ0 we consider any point m0 ∈ Λ0. As the fibration
Ξ is quasi-Lagrangian (see Propositions 3.4.1 A) and 4.3.2) we can construct a 2k-dimen-
sional symplectic submanifold S0 through this point such that JmdZi ∈ TmS0 at each
point m ∈ S0 and for any i = 1, . . . , k. We assume that S0 is contained in a sufficiently
small neighbourhood of the point m0.

For the submanifold S containing Λ0 and composed of whole leaves Λ of the fibration
Ξ we take S =

⋃
m∈S0

Λm, where Λm 
 m. As the fibration Ξ of the submanifold N
into the tori Λ is locally trivial we obtain that S is a 2k-dimensional submanifold of N
such that its intersection S ∩ V with a small neighbourhood V of the point m0 coincides
with S0. Furthermore, for sufficiently small S0 the submanifold S = S(S0) is trivially
fibred by these isotropic tori Λ and is contained in a small neighbourhood of the torus Λ0.

It remains to prove that the submanifold S is symplectic, that is, that the 2-form
ω2|S is nondegenerate. Consider the local phase flows {gt

Zi
, t ∈ R} of the vector fields

JdZi, i = 1, . . . , k. As is well known (see, for example, [1]), the phase flow of a Hamil-
tonian system preserves the symplectic structure ω2 on M and therefore also preserves
the restriction ω2|R of this form to any invariant submanifold R ⊂ M of the system.
Since the fields JdZ1, . . . , JdZk are tangent to S, this implies that the corresponding
symplectomorphisms gt

Zi
, i = 1, . . . , k, preserve the 2-form ω2|S .

According to Definition 3.2.2 c), the fields JdZ1, . . . , JdZk are pairwise commutative
on N and therefore also on S. Consequently, the restrictions of these fields to S form a
basis of generators of an abelian group, which is isomorphic to Rk. It follows from the
definition of the fibration Ξ = ΞN (Z) (see also Definition 3.2.2 c)) that the fibres Λ of
this fibration contained in S coincide with orbits of this group. But the restriction of the
2-form ω2 to S0 is nondegenerate, and from the construction of S for any point m ∈ S,
the fibre Λm of the fibration Ξ passing through this point intersects S0. This fact and
the invariance of ω2|S under the transformations gt

Zi
, i = 1, . . . , k, imply that this form

is nondegenerate on the whole of S.
Proof of assertion B). Assertion A) on the properties of the submanifold S and the

fact that our system is Hamiltonian-torically Z-integrable on N obviously imply that the
system is weakly Hamiltonian-torically Z-integrable on the submanifold S ⊆ N ⊆ M ;
see Definitions 3.2.4, 3.2.2, and 3.2.3. From this fact, since S ⊆ M is symplectic, using
Corollary 3.3.1 we find that the system is Hamiltonian-torically Z-integrable on S. Con-
sequently, we can apply Proposition 5.1.1, which implies the following. The vector field
JdH of the original system is tangent to the submanifold S. In addition, the restriction
of this field to S is the Hamiltonian system on (S, ω2) with Hamiltonian function H ,
where ω2 := ω2|S . Furthermore, in some canonical coordinates (J, ψ mod 2π) defined
on S the Hamiltonian H has the form H = H(J), while J = J(Z) and Z = Z(J). The
variables J are circular action functions; hence we can take J = I ; see Proposition 5.2.1.
The fact that the motion on the tori Λ = {I = const} ⊂ S is conditionally periodic and
the required form of the frequency ω of this motion follow from Proposition 5.1.1 B).
This proves 6.5.1 B). Now, 6.5.1 C) follows from Proposition 5.1.1 A). Thus the proof of
Lemma 6.5.1 is complete. �

The completion of the proof of Theorem 5.5.1 B). In the lemma we have just proved, we
have shown that the Hamiltonian function H, the set ω of frequencies of the conditionally
periodic motion, and the set I of action functions depend only on the functions in the set
Z, but only on the surface S ⊆ N , Λ0 ⊂ S. The same is also true of the other functional
dependencies we need. If we can prove these in the whole of the neighbourhood U in N
of an arbitrary fixed torus Λ0, Λ0 ⊂ U ⊆ N ⊆ M , then the proof of Theorem 5.5.1 B)
will be complete. The extension of the required relations between Z̃ = Z|U , I, ω, and
H̃ = H|U from S to the entire neighbourhood U in N of the torus Λ0 can be easily
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obtained from the fact that I and H̃ depend only on Z̃ in the entire U ⊆ N . A more
detailed argument is as follows.

We rewrite the dependencies obtained on S in the preceding lemma using different
letters to denote the maps connecting the sets of functions under consideration:

I = β(Z), Z = β−1(I ), H = ν(I ), ω = �ν(I ),

where �ν is the vector of partial derivatives of a function ν of k variables, and ω is the set
of frequencies on S. We emphasize that all these maps are smooth. Using the assumption
in our theorem that dH =

∑k
i=1 λi dZi on N , the fact that the torus is connected, that

the fibration of N by the tori Λ ⊂ Z−1(z) is locally trivial and the regularity of the set
Z̃ we obtain the following assertion. In some neighbourhood U of the torus Λ0 in N we
have H̃ = κ(Z̃), where κ is some smooth function. Using the same facts we obtain from
Theorem 5.5.1 A) that I = µ(Z̃) in U .

From the relations I = µ(Z̃), I = β(Z), and I = I|S , Z = Z̃|S , and as the functions in
the set Z are functionally independent, we obtain β = µ. As β−1 exists and is smooth, so
is µ−1 = β−1. Consequently, Z̃ = µ−1(I) in the entire neighbourhood U of the torus Λ0

in N . Thus, H̃ = ρ(I) on U , where ρ = κ ◦ µ−1. Using the same arguments as we used
to prove β = µ we obtain ν = ρ.

Consequently, for each torus Λ ⊂ S = S(Λ0), including the torus Λ0, we have ω =
�ρ(I), where I = I(Λ) and ω is the set of frequencies on this torus. Since the fibre
Λ0 ⊂ N is arbitrary, this argument is valid for any fibre Λ ⊂ U if it is chosen for Λ0.
Thus, for any Λ ⊂ U we have ω(I) = �ρ(I), that is, ω(I) = ∂H̃

∂I (I), where I = I(Λ).
Thus, all the assertions of Theorem 5.5.1 B) are proved. �

7. Equilibrium submanifolds

This section largely deals with how to find integrability submanifolds, especially those
that are toric. In § 2.3 we looked at this for systems of general form, while here we study
it for Hamiltonian systems. We consider the case where some centred set of functions
Φ = (Z,F) is known, that is, a set of functions defined on the entire phase space M
and such that {Z, Φ} = 0 on M ; see Definition 4.1.2. We also consider more general
situations. We are interested in general methods for finding the submanifolds N ⊆ M
on which a given system is weakly or strongly Hamiltonian-Z-integrable.

But to start with, in §§ 7.1 and 7.2, we consider the question of where the centred sets
Φ themselves come from. As we already noted at the end of § 1.1, local Lie groups with
Poisson action on symplectic manifolds M give one of the main and simplest sources of
such sets, Φ = (Z,F). In § 7.1 using our terminology, we remind the reader how a centred
set Φ = (Z,F) is constructed with respect to any such Lie group. In § 7.2 we do the
same in the more general situation of a set of functions F on M that is Poisson closed.
In § 7.3 we consider the case where the set F is a set of integrals of some system. We
discuss how in this and more general situations one can find the maximal submanifold N
of local Z-integrability of this system, specifying it by the sliding condition. We study
some properties of these N .

In § 7.4 we shall describe a method for finding the “equilibrium submanifolds”. The
trajectories lying on them generalize the well-known “relative equilibrium positions”; see,
for example, [3]. This method is applied when Z is not a set of integrals of the system,
that is, when {H, Z} �≡ 0 on M . Roughly speaking, to find an integrability submanifold
N we consider the system of equations corresponding to the sliding condition and then
apply the operator {•, Z} to the right-hand sides of these equations “repeatedly”; each
time the result is equated to zero. The integrability which is obtained on such equilibrium
submanifolds N is, generally speaking, merely local. In § 7.5 we give an informal but more
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effective algorithm based on the contents of § 7.4, which allows one, in a larger number
of cases, to find the submanifolds on which the system is globally Z-integrable.

7.1. Construction of the centred set of functions induced by a Poisson action
of a local Lie group. Recall that by a local Lie group G acting on a manifold M
we mean some Lie algebra γ of vector fields on M . The action of the corresponding
local Lie group G = G(γ) on the symplectic manifold M is said to be Poisson if the
following holds. First, all the vector fields in γ are globally Hamiltonian on M . Second,
the resulting map γ → C∞(M) of elements a in γ to the corresponding Hamiltonians
Fa defines a homomorphism of the Lie algebra γ into the Lie algebra of functions on M
with the Poisson bracket as the operation; see [1, 3].

This homomorphism a �→ Fa defines the so-called momentum map F : M → γ∗

from M into the Lie coalgebra γ∗ of the given group G. Indeed, for any point m ∈ M
there is a linear map γ → R associating with each field a ∈ γ the number Fa(m), and
such a map is an element of the coalgebra γ∗. In other words, F is defined by the
equality 〈F (m), a〉 = Fa(m) for any element a ∈ γ. We fix some basis a1, . . . , as of γ and
let F1, . . . , Fs be Hamiltonian functions on M defining these vector fields: ai = JdFi.
Then in the coordinates in γ∗ corresponding to this basis in γ the momentum map is
given by the set of functions F = (F1, . . . , Fs), so that F : M → Rs ∼= γ∗.

The centring of the set F is carried out as follows. Let ξ ∈ γ∗ be an arbitrary typical
point, that is, lying on an orbit of the coadjoint representation that has maximum dimen-
sion. Let z1, . . . , zk be a complete set of functionally independent invariants zi : γ∗ → R
of the coadjoint action of the group G on γ∗. Here local invariants are considered, that
is, defined in some neighbourhood of this point. Consider the corresponding functions
Zi on M , that is, the composites Zi = zi ◦ F . Then each of the functions in the set
Z = (Z1, . . . , Zk) is in involution with each of the functions in the set F and therefore
the functions in the set Z themselves are pairwise in involution.

Indeed, the Poisson action of the group G on M under the momentum map is trans-
formed into the coadjoint action of this group; see [1, 3]. Since the zi are invariants of
this action, thus 0 = dZi(JdFj) = {Zi, Fj} for all i = 1, . . . , k, j = 1, . . . , s, where { , }
is the Poisson bracket of functions on the symplectic manifold (M, ω2). The functions
in the set Z are obviously functions of the set F : Z = Z(F ); hence, {Z, Z} = 0. If the
group G acts locally freely, then the functions in the set F are functionally independent.
Then the functions in the set Z, as well as in the set z, are also functionally independent.
Replacing k suitable functions in the set F by functions in the set Z we obtain a centred
set (Z,F) of s functionally independent functions that are locally functionally dependent
on the functions in the set F .

A trivial example is provided by a Poisson action of an abelian Lie group G —to such a
group there obviously corresponds a set of functions F1, . . . , Fs in involution. Conversely,
to any set of functions Z1, . . . , Zk that are pairwise in involution there corresponds a k-
dimensional abelian group with Poisson action diffeomorphic to Rk. Consequently, the
standard construction F → Z of the set Z from F described above can be regarded
as “abelianization” of a nonabelian Lie group G with Poisson action on a symplectic
manifold M : G −→ G, where G ∼= Rk.

Note that in the case of systems of general form the corresponding transition to this
one is the transition (G, V ) −→ G described in § 2.3. But in this general situation, in
contrast to the Hamiltonian case, the original vector field V is used directly. Furthermore,
the “abelianization” G ∼= Rk of the original group G is only constructed on a submanifold
N ⊆ M where G is a group of sliding symmetries of the field V . In other words, N must
be invariant under the action of the group G, and the field V must be tangent to the
orbits of this group on it.
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7.2. Centring of a Poisson closed set of functions. The situation described in the
preceding subsection is a special case of the following more general situation.

Definition 7.2.1. A set of functions F = (F1, . . . , Fs) is said to be Poisson closed if the
Poisson bracket of any two functions in the set is a function of the set F : {Fi, Fj} =
fij(F ), i, j = 1, . . . , s.

In invariant terms this means that the map F : M → Rs defined by this set is
single-valued and gives a well-defined Poisson structure on Rs with respect to the sym-
plectic structure ω2 on M ; see [3]. Suppose also that the rank of the square “Poisson
matrix” {F, F} of size s × s composed of the Poisson brackets {Fi, Fj} is constant:
rank (fij(F ), i, j = 1, . . . , s) = const. In other words, the rank of the Poisson structure
on Rs transferred from (M, ω2) is constant (see [3]); this rank by definition coincides
with rank {F, F}.

In the case of a Poisson action of a local Lie group considered in the preceding subsec-
tion we have Rs = γ∗ and all the functions fij(F ) are linear: fij(F ) =

∑
k ck

ijFk, where
the ck

ij = const are the so-called structure constants of the Lie algebra γ corresponding
to this group. In this case the Poisson structure on the coalgebra γ∗ is fixed, that is,
it is defined only by the algebra γ itself. Here the rank of this structure is maximal at
all the typical points of the coalgebra γ∗. The latter means that these points ξ ∈ γ∗

lie on typical orbits of the coadjoint action of the group, that is, orbits of maximum
dimension. This dimension coincides with the rank of the structure. Such orbits form
a submanifold of zero codimension in γ∗ that is everywhere dense in γ∗. If the image
of the map F : M → γ∗ consists only of typical points, then F , the corresponding set
of functions on M , satisfies the condition rank {F, F} = const: the rank of the Poisson
matrix is constant.

In the general case, instead of a set F = (F1, . . . , Fs), F : M → Rs, one must consider
a map F : M → B, where B is a manifold with the Poisson structure that is transferred
from M by this map. But we are only working semilocally, that is, in a neighbourhood
of the inverse image F−1(b) ⊂ M ; therefore we simply have to consider a set of functions
F , and correspondingly Rs instead of B.

Proposition 7.2.1. Suppose that the functions in the set F = (F1, . . . , Fs) are func-
tionally independent in a neighbourhood of each point m ∈ M , and suppose that the set
is Poisson closed and the rank of the Poisson matrix {F, F} is constant on M , as above.
Then for each point ξ ∈ Rs there exists a centred set Φ = (Z,F) of s functions, that is,
{Z, Φ} = 0, satisfying the following four conditions.

a) All the functions in the set Φ are defined in F−1(V), where V ⊆ Rs is some
neighbourhood of the point ξ in Rs.

b) The number k of central functions, that is, functions that belong to the subset
Z = (Z1, . . . , Zk), is defined by the formula k = corank{F, F} := s− rank{F, F}.

c) The set Φ is functionally equivalent to the original set F , that is, in the domain
F−1(V) each of these sets can be functionally expressed in terms of the other:
Φ = Φ(F ), F = F (Φ).

d) The functions in the subset Z are, in fact, uniquely determined by the preceding
conditions. More precisely, if Φ′ = (Z ′,F ′) is another set satisfying all these
three conditions a), b), c) and such that {Z ′, Φ′} = 0, then Z ′ = Z ′(Z).

The functions in the set Φ are constructed as follows. In a neighbourhood of the point
ξ ∈ Rs we choose local coordinates (z, f) such that the surfaces z = const specify the
symplectic leaves in Rs of the Poisson structure under consideration, whose dimension
coincides with rank {F, F}. (In the special case of local Lie groups these leaves on γ∗
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coincide with the orbits of the coadjoint action.) In other words, for the set z we take the
complete set of functionally independent Casimir functions. Consider the set Φ = (Z,F)
of liftings of the functions in the set (z, f) from Rs to M , that is, Z := z ◦ F and
F := f ◦ F . It is easy to verify that this set is the required one.

It easily follows from formula (4) that rank {F, F} does not change when the set F is
replaced by an equivalent one. (For the geometric meaning of this rank see the proof of
Lemma 7.3.1.) Therefore if the central subsets Z and Z ′ of two sets equivalent to F were
functionally dependent, this would cause the rank to drop with respect to s− k for some
set equivalent to F . From this we obtain that the centred set Φ = (Z,F) is unique.

7.3. Finding the integrability submanifolds of the system in the presence of
an involutive set of integrals. Proposition 7.3.1 C) below shows the following. Let
Φ = (Z,F) be an arbitrary centred set of integrals, so that {Z, Φ} = 0 on the whole of
M . Suppose that it is not necessarily Poisson closed but merely satisfies the condition
rank {F ,F} = l, where F = (F1, . . . ,Fl). Then the conditions of Z-sliding and Φ-sliding
specify in M one and the same set N . Furthermore, N is Φ-invariant, and if N is smooth,
then the system is locally weakly Hamiltonian-Z-integrable on N .

Actually we consider the more general case where N is specified not in the whole of
M but in some submanifold L0 ⊆ M and, instead of a centred set Φ = (Z,F), the set F
is somewhat more general.

Proposition 7.3.1. Suppose that we have an arbitrary system with Hamiltonian func-
tion H. Suppose that there exist two sets of functions F = (F1, . . . , Fs) and Z =
(Z1, . . . , Zk) that are regular on the entire phase space M and such that locally Z = Z(F ).
Let L0 ⊆ M be an arbitrary submanifold. Consider the two sets specified in L0 by the
“sliding” condition with respect to the sets Z and F , respectively:

(14) NZ =
{

m ∈ L0 | dH =
k∑

i=1

λi dZi at the point m

}
,

(15) NF =
{

m ∈ L0 | dH =
s∑

j=1

µj dFj at the point m

}
.

Then the following two assertions hold.
A) (Conditions of Z- and F -sliding coincide) Suppose that {H, F}

∣∣
NF

= 0 and
{Z, F}

∣∣
NF

= 0. Suppose also that the rank of the Poisson matrix {F, F} is
constant on NF and

(16) k + (rank {F, F})
∣∣
NF

= s.

Then these two sets coincide: NF = NZ .
B) (F -invariance of NZ , and Z-integrability on NZ) Suppose that {H, F} = 0 and

{Z, F} = 0 and, consequently, {Z, Z} = 0 on the whole of M . Suppose in
addition that the submanifold L0 is invariant under the local phase flows of the
systems with Hamiltonians F1, . . . , Fs. For example, this always holds for L0 =
M . Then the subset NZ is invariant under the local flows of the same systems
and of the original system, that is, the flows of the systems with Hamiltonians
H, F1, . . . , Fs. If N is a smooth submanifold, then the system is locally weakly
Hamiltonian-Z-integrable on NZ .

C) (Unifying statement) Suppose that all the conditions of Proposition 7.3.1 B) hold,
along with (16). Then both preceding assertions A) and B) hold. In other words,
apart from the (H, F )-invariance of the subset NZ and apart from the local weakly
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Hamiltonian Z-integrability of the system on NZ , in the case where NZ is a
submanifold we also have NF = NZ .

We emphasize that the coefficients in the formulae for NZ and NF may differ at distinct
points m, that is, λi = λi(m), µj = µj(m). We also note that the invariance of any subset
under the phase flows of the systems with Hamiltonians F1, . . . , Fs implies its invariance
under the flows of the systems with Hamiltonians Z1, . . . , Zk. Under the hypotheses of
Proposition 7.3.1 B) to prove that the system is locally weakly Hamiltonian-Z-integrable
on the submanifold NZ it is sufficient to require simply that it is Z-invariant, instead of
the F -invariance of the submanifold L0.

Assertion 7.3.1 C) obviously implies the following.

Corollary 7.3.1 (Integrability on NF when F is closed). Suppose that a system with
Hamiltonian function H is defined on a phase space M . Suppose that F = (F1, . . . , Fs) is
some set of integrals of the system on M satisfying all the conditions of Proposition 7.2.1,
that is, the conditions of regularity, closedness, and the Poisson matrix having constant
rank on M . Let Φ = (Z,F) be the centred set equivalent to F described in Proposi-
tion 7.2.1, where Z = (Z1, . . . , Zk) is its central subset. Suppose that the functions in
the set Φ are defined on the whole of M and that Φ = Φ(F ), F = F (Φ), and {Z, Φ} = 0
also on the whole of M .

Then NF = NZ , where NF and NZ are the subsets of M specified by the condi-
tions of F -sliding and Z-sliding, respectively; see formulae (15) and (14). Furthermore,
N = NF = NZ is invariant under the phase flows of the systems with Hamiltonians
F1, . . . , Fs. In addition, if N is a smooth submanifold, then the system on N is locally
weakly Hamiltonian-Z-integrable.

The main meaning of Proposition 7.3.1 B) is that if the submanifold L0 is Z-invari-
ant, the system with Hamiltonian H is locally weakly Hamiltonian-Z-integrable on NZ .
Furthermore, NZ is the maximal submanifold of L0 having this property. Proposi-
tion 7.3.1 C) is useful in the following situation. In concrete cases it is often quite difficult
to “isolate” an involutive set Z from the set F , using the construction in § 7.2 in the case
when F is closed, for example. In the case when (16) holds, so the rank of the Pois-
son matrix {F, F} is maximal, then the submanifold NZ = NF can be specified by the
F -sliding condition, which here is much more convenient.

However, Proposition 7.3.1 B) shows that the Z-sliding condition is more important
than the F -sliding condition. Indeed, it is the Z-sliding condition that is used to specify
the maximal Z-integrability submanifold in a Z-invariant submanifold L0 in the most
general situation where the system only has an involutive set of integrals Z. Proposi-
tion 7.3.1 will be proved immediately after the proof of Proposition 7.3.2 stated below,
which also demonstrates the fundamental role of the submanifold NZ ⊆ NF in Z-inte-
grability.

In particular, in Proposition 7.3.2 we study the case when, apart from Z there is
an additional, not necessarily regular set of functions that are common integrals of the
systems with Hamiltonian functions in the set Z. The existence of such functions allows
us, under certain conditions, to obtain certain information on the submanifold NZ and on
the existence of common integrals on it, which are essential for the global Z-integrability
of this system on NZ . These conditions imposed on the additional set are, as a whole,
weaker than the conditions on the set F in Proposition 7.3.1.

Proposition 7.3.2 (Miscellaneous properties of N = NZ). Suppose that a system with
Hamiltonian function H is defined on some symplectic manifold M . Let Z = (Z1, . . . , Zk)
be an arbitrary regular set of integrals of the system that are pairwise in involution on
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the whole of M : {Z, Z} = 0 and {H, Z} = 0. Let L0 ⊆ M be an arbitrary Z-invari-
ant submanifold: JmdZi ∈ TmL0, i = 1, . . . , k, at each point m ∈ L0. Consider the
set N = NZ specified in L0 by the sliding condition with respect to the set Z; see (14).
Suppose that N is a smooth submanifold of M . Then under these conditions the following
four assertions hold.

A) (Z-integrability on N) The vector fields JdZ1, . . . , JdZk and the field JdH are
pairwise commutative on the whole of M and are tangent to N . Furthermore,
the system with Hamiltonian H is locally weakly Hamiltonian-Z-integrable on N ;
see Definition 3.2.4.

B) (Integrals are transferable from L0 to N) Suppose that the fields JdZ1, . . . , JdZk

have some not necessarily regular set G of common integrals on L0, that is,
dG(JdZ) = 0 on L0. Then the restrictions to N ⊆ L0 of the functions in the set
G are common integrals of the systems with Hamiltonians H, Z1, . . . , Zk.

C) (F -invariance of the submanifold N) Suppose that the same fields JdZ1, . . . , JdZk

together with the field JdH have some not necessarily regular set F of common
integrals on the whole of M , that is, {H,F} = 0 and {Z,F} = 0 on M . Suppose
also that the submanifold L0 is F-invariant, that is, invariant under the local
phase flow of each system whose Hamiltonian is one of the functions in the set F .
Then the submanifold N is F -invariant in the same sense, where F := (Z,F) is
the set composed of the sets Z and F .

D) (Toric Z-integrability on N) Suppose that the k-dimensional leaves Λ of the foli-
ation ΞN (JdZ) defined by the vector fields in the set JdZ = (JdZ1, . . . , JdZk) on
the submanifold N are compact and form a locally trivial fibration of N . Then the
system is torically weakly Hamiltonian-Z-integrable on N ; see Definition 3.2.4.
In particular, the leaves Λ are invariant tori for the system, on which the motion
is conditionally periodic. Furthermore, if the restriction Z|N is a regular set, then
such integrability is in fact stronger—it is Hamiltonian (see the same definition);
in particular, the generalization of Gordon’s theorem that the frequencies of this
motion depend only on the functions in the set Z holds.

Remark 7.3.1. We emphasize that in assertion C) it is not required that the set F be
regular anywhere. This means we do not assume that the set F = (Z,F) is closed nor
that the Poisson matrix {F, F} satisfies any conditions. In assertion B) no conditions at
all are imposed on the additional set G of functions defined on L0, except the equality
dG(JdZ) = 0 on the submanifold L0.

It is easy to see that the fact that an arbitrary submanifold is F -invariant means more
than the vector fields of the systems with Hamiltonian functions only directly involved in
the given set F being tangent to it. The formal assertion consists in the following. Add
one more function to the set F that is either functionally dependent on the functions in
the set F or is equal to the Poisson bracket of some two functions in the set F0 := F .
The resulting set F1 is subjected to the same procedure, the resulting extension of it is
denoted by F2, and so on. We denote by PF the uncountable set of all functions on M
obtained in this way.

Definition 7.3.1. We call the set PF the Poisson extension of the set of functions F .

Corollary 7.3.2 (Invariance of NZ and L0 under the Poisson extension of F ). Suppose
that all the conditions of one of Propositions 7.3.1 B), 7.3.1 C), or 7.3.2 C) are satisfied,
and let F be the set defined in this proposition. Let F ′ := (H, F ) denote the extension of
F by H. Then the submanifold NZ specified in L0 by (14) is invariant not only under the
local phase flows of the systems with Hamiltonian functions directly involved in the set F ′

but also those involved in its Poisson extension PF ′
. Similarly, the submanifold L0, which
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is F -invariant by hypothesis, is actually PF -invariant. Corollary 7.3.1 can be strength-
ened in the same way: in it N is specified in L0 = M . Furthermore, {(H, Z),PF ′} = 0
on M in all these cases.

These assertions follow easily from the fact that the operator Jm is an isomorphism,
using formula (5), which gives the correspondence between Poisson and Lie brackets on
a symplectic manifold.

Proof of Proposition 7.3.2. It is more convenient to start by proving assertion C). We
have {(H, Z), (H, Z,F)} = 0 on M , and Jmd(Z,F) ⊆ TmL0 at all points m ∈ L0. We
fix any point m ∈ N and fix any function P contained in F = (Z,F). Note that the
functions in H, P, Z1, . . . , Zk are pairwise in involution on the whole of M . We denote
by Z ′ the set that coincides with the set P, Z1, . . . , Zk if the vector JmdP is not a linear
combination of the vectors JmZ1, . . . , JmZk; otherwise we set Z ′ = Z. The vector fields
whose Hamiltonians coincide with the functions in Z ′ form a basis JdZ ′ in the abelian
Lie algebra γ = γ(Z ′). Consider the orbit O 
 m of the Lie group corresponding to the
algebra γ. Using local JdZ ′-normalizing coordinates on O (see Proposition 2.1.1) we can
easily show that this group acts locally freely on its orbit O.

We claim that the fields JdH and JdP are tangent to the orbit O at all of its points.
It follows from the construction of O that the vector JmdP is tangent to O. Since
m ∈ N = NZ , the same is also true for the vector JmdH. Using the JdZ ′-normalizing
coordinates and the pairwise involutivity of the functions in the set (H, Z ′) and arguing
as in the proof of Proposition 3.4.2 (see § 3.4) we find that the fields JdH and JdP are
indeed tangent to the orbit O. Moreover, since Jx dH =

∑k
i=1 λiJx dZi for x = m, we see

that this relation holds for all x ∈ O, where the coefficients λi are constant on the entire
orbit O. This means that O ⊆ N . Since O is P -invariant, it follows that the trajectory
of the field JdP passing through the point m is contained in O and therefore also in N .
Consequently, the submanifold N is F -invariant, that is, we obtain assertion C).

Now set F = Z on C), that is, take the empty set for F . Then in this special case,
using C), the fact that the functions in the set (H, Z) are pairwise commutative and the
sliding condition, which obviously holds on the whole of N , we obtain that the system
with Hamiltonian H is locally weakly Hamiltonian-Z-integrable on N . Thus, assertion A)
is also proved. Assertion B) is obvious. Assertion D) obviously follows from assertion A),
Definition 3.2.4, and Theorem 5.5.1 B). The proof of Proposition 7.3.2 is complete. �

The proof of Proposition 7.3.1 will be based on the following simple assertion.

Lemma 7.3.1. Let F = (F1, . . . , Fs) be an arbitrary regular set of functions on a
symplectic manifold M , and let m ∈ M be any point of M . We set Km := JmdF ∩
TmF−1(y), where, as before, JmdF is the linear span of the vectors JmdZ1, . . . , JmdZk,
and TmF−1(y) is the tangent space to the surface F−1(y), where y = F (m). Then the sub-
space Km is isotropic in TmM and dimKm = s− rank {F, F}(m). Let Z = (Z1, . . . , Zk)
be an arbitrary set such that JmdZ ⊆ JmdF and {Z, F}(m) = 0. Then JmdZ ⊆ Km.

Proof. First of all we observe that the regularity of the set F implies that the sur-
faces F−1(y) are smooth submanifolds of codimension s in M . Thus, the tangent space
TmF−1(y) is well defined. We denote by Ω2 := ω2|JmdF the restriction of the symplectic
2-form ω2 to the subspace JmdF . It easily follows from formula (4) that rank {F, F} at
the point m is equal to the rank of the 2-form Ω2. From this we obtain that the dimen-
sion of the kernel of the form Ω2, that is, of the intersection JmdF ∩ (JmdF ) � , is equal
to s − rank {F, F}(m). Here (JmdF ) � is the skew-orthogonal complement of JmdF in
the tangent space TmM . But it follows from Lemma 6.1.2 that (JmdF ) � = TmF−1(y),
whence we obtain dim Km = s − rank {F, F}(m).
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From the condition {Z, F} = 0 and (4) we obtain dF (JmdZ) = 0, that is, JmdZ ⊆
TmF−1(z). Consequently, JmdZ ⊆ JmdF ∩TmF−1(z) = Km. The proof of Lemma 7.3.1
is complete. �

Proof of Proposition 7.3.1. We begin with assertion A). Since Z = Z(F ), we obviously
have JmdZ ⊆ JmdF at any point m ∈ M . From this we obtain NZ ⊆ NF . We now
show that NZ ⊇ NF . Let m ∈ NF be an arbitrary point, and F−1(y) 
 m the common
level surface of the functions in the set F containing this point. Since F is regular, this
surface is smooth. The regularity of Z implies that dimJmdZ = k. By hypothesis,
{Z, F}(m) = 0 and rank {F, F}(m) = s − k. Using these facts and the embedding
JmdZ ⊆ JmdF we obtain from both assertions of Lemma 7.3.1 that

(17) JmdZ = Km,

where, as in the lemma, Km = JmdF ∩ TmF−1(y).
The F -sliding condition (see (15)) implies that JmdH ∈ JmdF . From the equality

{H, F}(m) = 0 and (4) we obtain dF (JmdH) = 0; hence JmdH ∈ TmF−1(y). This, with
(17) implies that JmdH ∈ Km = JmdZ. But this means precisely that m ∈ NZ ; thus,
NZ ⊇ NF . Assertion 7.3.1 A) is proved. Assertion 7.3.1 B) is an obvious consequence
of Proposition 7.3.2 C). Assertion 7.3.1 C) easily follows from assertions 7.3.1 A) and B).
Thus, the proof of Proposition 7.3.1 is complete. �

Remark 7.3.2. As usual for toric Z-integrability, the condition of the leaves Λ = Λ(Z)
being compact is the strongest and restrictive. This condition is satisfied, for example,
in the typical case if the set Z is defined via the Noether duality applied to a global
Poisson action of a compact not necessarily abelian Lie group; see § 7.1. The reason is
that each leaf Λ ⊂ N of the foliation ΞN (JdZ) coincides with an orbit of one of the closed
abelian subgroups of this group (see Remark 2.3.2); these subgroups may be different
for different Λ. Compact Lie symmetry groups, whose importance is emphasized in this
remark, are also important in the Hamiltonian case.

Remark 7.3.3. Another possibility for the global Z-integrability of the system on N is
the existence on the submanifold N of r functions, including the functions in the set
Z|N , which have the following properties. The differentials of these r functions are
linearly independent at each point on N , they are all integrals for all k vector fields
JdZ1, . . . , JdZk, and r = dim N − k. (Of course, this is also possible for systems of
general form.) Such functions may arise if the set of fields JdZ = (JdZ1, . . . , JdZk) had
a set F of common integrals on L0; then by Proposition 7.3.2 B) the set F̃ := F|N of
their restrictions to N = NZ(L0) consists of common integrals of these fields on N . For
example, if the set Z is a central subset of an arbitrary centred set Φ = (Z,F) of functions
on the whole of M , then the functions in the set Φ̃ := Φ|N are common integrals of the
fields in the set JdZ on N .

When passing from a set of functions F defined on L0 to F̃ , the set of their restrictions
to N , the number of functionally independent functions among them can decrease. But,
first, dimN usually decreases much more relative to dim L0 in this transition. Second,
additional common integrals often emerge on N = NZ , which did not exist on L0. Thus,
it is quite probable that the system is globally weakly Hamiltonian-Z-integrable on N .
If in addition the common level surfaces of all the integrals defined on N are compact,
then such integrability is toric.

Definition 7.3.2. Suppose that all the conditions of Proposition 7.3.2 D) hold, except
for the condition that the restriction Z|N be regular, which is unnecessary. Consider
the complete trajectories of the system with Hamiltonian H lying on the submanifold
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N = NZ specified by the Z-sliding condition; see (14). Then these trajectories may be
called generalized relative equilibrium positions of toric type.

The word “generalized” is used because the “classical” ones (considered, for example,
in [3]) correspond to equilibrium positions, that is, to singular points of the reduced
system. Recall that if there is a Poisson closed set of integrals F , then the reduction is
carried out on each common level surface of the integrals of this set by means of factor-
ization by the action of the abelian group defined by the set Z = Z(F ). (In [3] the special
case of a set F corresponding to a Poisson action of a Lie symmetry group of the system
was considered.) In our terminology, such factorization means that the field of planes
JdZ defines a fibration on the surface F−1(y). However, under the hypotheses of Propo-
sition 7.3.2 D) the genuine reduction defined by the flows of the fields JdZ1, . . . , JdZk

is guaranteed only on the integrability submanifold NZ itself and, generally speaking, it
cannot be extended outside NZ . Note that due to the condition {H, Z} = 0 imposed on
the whole of M such Z-reduction of the system nevertheless always exists locally, that
is, in a neighbourhood in M of any point m ∈ M .

In the next subsection the condition {H, Z} = 0 will be lifted, and consequently no
reduction of this type, not even a local one, will be guaranteed outside NZ . Neverthe-
less, even in this considerably more complicated situation we shall describe a recipe for
finding the Z-integrability submanifolds N . Such submanifolds N may be called “equi-
librium submanifolds”. The trajectories of the system lying on them are more substantial
generalizations of the “classical” relative equilibrium positions.

7.4. Finding the integrability submanifolds of the system in the case where the
functions of an involutive set Z are noninvariant. Equilibrium submanifolds.
It is clear from the assertions of the preceding subsection that the sliding condition fairly
simply and effectively specifies in M the submanifold NZ of local Z-integrability of the
system; see formula (14), where we set L0 = M , and Proposition 7.3.2. But here it is
assumed that the system is Z-invariant, that is, {H, Z} = 0 on the whole of M . Of
course, this condition is satisfied on any submanifold N of local Z-integrability, but it
does not have to be satisfied on the whole of M . In this subsection we describe a method
of finding the Z-integrability submanifolds without the assumption that {H, Z} = 0 on
the whole of M , but this method is more complicated than the method of specifying N
by the sliding condition alone.

Recipe for finding the maximal local Z-integrability submanifolds N ⊂ M in
the case {H, Z} �= 0 and {Z, Z} = 0 on the whole of M . This recipe consists in the
following. First we impose the sliding condition on the whole of M ; see formula (14),
where we set L0 = M . We consider this condition more carefully. It is imposed on the
points m ∈ M and requires the differential dH to be linearly dependent on the differ-
entials dZ1, . . . , dZk at this point. In arbitrary, not necessarily canonical, coordinates
x = (x1, . . . , x2n) this condition can be easily written as a system of the usual equations
on x involving the first partial derivatives of the functions H, Z1, . . . , Zk. For example,
if k = 1, that is, Z = (Z1), then this condition can be written as the following system of
2n − 1 equations:

(18)
∂H

∂x1

∂Z1

∂xj
− ∂H

∂xj

∂Z1

∂x1
= 0, j = 2, 3, . . . , 2n,

where it is assumed that ∂Z1/∂x1 �= 0.
In the case of arbitrary k = 1, . . . , n a similar system G(x) = 0 will consist of 2n − k

equations. We assume that the map Z : M → Rk has no critical points, that is, the
set Z is regular on the whole of M . Then such a system specifies the set L = Σ(H, Z)
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of critical points of the map (H, Z) : M → Rk+1 defined by the set of k + 1 functions,
(H, Z). We assume that this system of equations G(x) = 0 can be rewritten in the form
S(x) = 0, where S is some regular set of functions at all the points m ∈ L. Then the
level surface L = S−1(0) is a smooth submanifold of M .

We can assume that in the typical case the set G(x) of the left-hand sides of all these
2n − k equations of the original system defining L = G−1(0) and generalizing (18) is
regular. Then S = G and dim L = k. Since a Z-integrability submanifold N must be
contained in L, the equality dim L = k means that at best N consists of one leaf Λ = Λ(Z)
of the foliation Ξ(JdZ). But this case is quite degenerate, whereas in the typical case
there are no such submanifolds in M at all. Thus, the typical case is just not interesting,
and we must seek sets Z such that the critical set L = Σ(H, Z) has a higher dimension.
Therefore to find the Z-integrability submanifolds we cannot choose the involutive set
Z arbitrarily, but must choose it from sets connected with the Hamiltonian H of the
original system in a certain essential way.

In what follows our goal is to specify the maximal subset N in L that is invariant under
the local action of the flows of the systems with Hamiltonians Z1, . . . , Zk. This subset
must contain all the submanifolds on which the system is locally weakly Hamiltonian-Z-
integrable. Actually, the construction of such N is independent of any specific properties
of the submanifold L of the symplectic manifold M , for example, whether or not the
sliding condition holds on L. Therefore we describe the construction of N in the general
case. In practice, this construction is also independent of the properties of the regular
set Z, but for simplicity we confine ourselves here to the case of an involutive set.

Construction of the maximal Z-invariant subset N contained in a submanifold
L ⊂ M of a symplectic manifold M . Thus, we suppose that there is a surface L ⊂ M
defined by a system S(x) = 0 of 2n − p equations, where S is a set of 2n − p functions
defined in some neighbourhood U in M of this surface L ⊂ U ⊆ M . We also assume
that S is regular on L: rank S∗(m) = 2n− p at all the points m ∈ L. In particular, this
means that L = S−1(0) is an embedded smooth p-dimensional submanifold of M ; see the
definition at the beginning of § 2.1. There is also an involutive, regular set Z consisting
of k functions on U : {Z, Z} = 0.

To the system S(x) = 0 (S = 0 for short) we add the system dS(JdZ) = 0, which
using the Poisson brackets can also be written in the form {S, Z} = 0. Recall that both
S and Z are sets of functions, so that {S, Z} is a matrix. For uniformity of notation we
rewrite the original system S = 0 in the form S

(0)
JdZ = 0, and the additional one in the

form S
(1)
JdZ = 0. Then by analogy we add the system {{S, Z}, Z} = 0, which we rewrite

in the form S
(2)
JdZ = 0. Then we successively add the following systems: S

(l)
JdZ = 0,

l = 3, 4, 5, . . . , and so on to infinity. (This notation is used because for k = 1 the
expression S

(l)
JdZ = 0 coincides with the lth derivative of the vector-valued function S

along the vector field JdZ1.)
We denote by N̂r the subset of M specified by the system

(19) S
(l)
JdZ = 0, l = 0, 1, 2, . . . , r,

where r = 0, 1, 2, . . . ,∞. It is clear that N̂r ⊇ N̂s for any r < s ≤ ∞.

Proposition 7.4.1. Under the assumptions made above that the sets of functions Z and
S defined on U are regular on the submanifold L = S−1(0), where {Z, Z} = 0 on the
whole of U , the following two assertions hold.

A) Let N ⊆ L be any Z-invariant submanifold, so that at each point m ∈ N ,
JmdZi ⊆ TmN , i = 1, . . . , k. Then N ⊆ N̂r for any r = 0, 1 , 2, . . . ,∞.
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B) Suppose that the situation is real-analytic. Then N̂∞ is the maximal Z-invariant
subset of L. Here Z-invariance means that if m ∈ N̂∞, then the leaf Λm(Z) 
 m

of the foliation defined by the distribution J dZ is also contained in N̂∞.

Proof of Proposition 7.4.1. We shall use the following lemma.

Lemma 7.4.1. Suppose that, as in Proposition 7.4.1, the sets of functions Z and S are
regular on L = S−1(0) and {Z, Z} = 0 on U ⊃ L, where U is a neighbourhood of L

in M . Then the set N̂r, 1 ≤ r ≤ ∞, consists of all the points m ∈ N̂0 at which the
integral surface Λm(Z) 
 m of the distribution J dZ has order of tangency to the smooth
surface N̂0 = S−1(0) greater than r. (If these surfaces intersect in general position, then
we consider this order to be equal to 1.)

Proof of Lemma 7.4.1. Let m ∈ N̂0 be an arbitrary point and suppose that (y1, . . . , yk,
yk+1, . . . , y2n) are local coordinates on M straightening the set of vector fields JdZ1, . . . ,
JdZk which are pairwise commutative in a neighbourhood of this point. Recall (see § 2.1)
that this means that dyi(JdZj) = δi,j and dys(JdZj) = 0, where i, j = 1, . . . , k, s = k +
1, . . . , 2n, and δi,j is the Kronecker delta. It is easy to see that then for any l = 0, 1, 2, . . .

the set S
(l+1)
JdZ is obtained from the preceding set S

(l)
JdZ as follows. It consists of the first

partial derivatives of all the functions in the set S
(l)
JdZ taken with respect to all the first k

variables y1, . . . , yk. On the other hand, in these coordinates the leaves Λ have the form
(yk+1, . . . , y2n) = const. Using the Taylor expansion one can easily obtain the assertion
of Lemma 7.4.1 from these facts. �

This lemma immediately implies assertion A) of Proposition 7.4.1. Indeed, for each
point m ∈ N the leaf Λm 
 m is contained in N , and so clearly it is contained in L ⊇ N .
Consequently, m ∈ N̂∞ and therefore N ⊆ N̂∞. To prove B) we consider any point
m ∈ N̂∞. Then by Lemma 7.4.1 the order of tangency of the surface L = N̂0 by the leaf
Λm is infinite. This fact and the analyticity of the situation imply that Λm ⊆ L. From
this embedding and again from Lemma 7.4.1 we obtain that Λm ⊆ N̂∞ and therefore
N̂∞ is indeed Z-invariant. The proof of Proposition 7.4.1 is complete. �

Definition 7.4.1. We call the system of equations (19) the tangency condition of tan-
gency with order greater than r between the submanifold L = N̂0 and the leaves Λ = Λ(Z)
defined by the distribution J dZ, where r = 0, 1, 2, . . . . For r = ∞ the order of tangency
is considered to be infinite.

In the typical case one can expect that if there exist Z-invariant submanifolds N ⊆
L, then the “r-shortened” system (19) will soon stabilize as r increases, specifying in
the process the surface Nst =

⋃
N consisting entirely of such submanifolds N , whose

dimension must be at least k. However, if there does not exist any such Z-integrability
submanifold N , then the shortened system, as r increases, will either very soon become
contradictory or will begin to specify only those surfaces N̂r whose dimension is less
than k. This is what would indicate the nonexistence of Z-invariant submanifolds in L.

The number of equations in the subsystem S
(l)
JdZ = 0 is equal to kl(2n − p), that is,

it is usually relatively large, and for k ≥ 2 this number can even increase in a geometric
progression depending on l. In any case the total number of equations in system (19)
rapidly increases as r increases. Therefore, in all probability, in real examples of systems
with not too many degrees of freedom it will be, as a rule, sufficient to study the r-
shortening (19) for r = 1 or at most r = 2. This is sufficient either to prove the
nonexistence of such surfaces N or to obtain a system of equations defining the union of
all the Z-invariant surfaces contained in L.
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Remark 7.4.0. It is easy to verify that all the assertions above in this subsections remain
valid if, instead of an involutive set Z, we consider an arbitrary Poisson closed regular
set F . Using the recipe given above one can seek the maximal F -invariant subsets N ⊆ L
even for an arbitrary regular set F , since at least Proposition 7.4.1 A) remains valid. The
above arguments on the quick stabilization of N̂r as r increases also do not change for
such a set.

We now return to the situation considered at the beginning of this subsection where
L = S−1(0) is specified in M by the Z-sliding condition (14). Then Proposition 7.4.1,
Definition 3.2.4, Corollary 3.4.3, and Theorem 5.5.1 obviously imply the following.

Corollary 7.4.1. Suppose that L = S−1(0) is specified by condition (14) where L0 = M .
In other words, in the notation of equality (14) for L we take L = NZ with L0 = M .
Suppose that, as in Proposition 7.4.1, the sets of functions Z and S are regular on L and
are now taken to be defined on the whole of M , and let {Z, Z} = 0 on the whole of M .
Then the following two assertions hold.

A) Let N ⊆ M be any submanifold on which the system is locally Z-integrable, that
is, it has a set of sliding weakly Hamiltonian symmetries Z on N . Then N ⊆ N̂r

for any r = 0, 1, 2, . . . ,∞, where N̂r is specified in L by the condition of tangency
of order greater than r of L by the leaves Λ = Λ(Z), given by formula (19).

B) Suppose that the situation is real-analytic. Suppose that some connected com-
ponent N of the subset N̂∞ is a submanifold of M . Suppose also that the re-
striction Z|N of the set Z to N is regular. Then the system is locally strongly
Hamiltonian-Z-integrable on N ; see Definition 3.2.4. In particular, if the leaves
Λ = Λ(Z) defined by the vector fields JdZ1, . . . , JdZk are compact and form a
locally trivial fibration of N , then the generalizations of Gordon’s theorem stated
in Theorem 5.5.1 A) and B) hold.

This assertion remains valid if, instead of a connected component of the subset
N̂∞, we take for N any Z-invariant submanifold contained in N̂∞; moreover,
in this case it is not necessary to require the situation to be analytic.

Suppose that, as in Corollary 7.4.1, N̂∞ is specified by condition (19) in the subman-
ifold L = S−1(0) = N̂0, which in turn is specified in the whole of M by the Z-sliding
condition (14) with L0 = M . Let N ⊆ N̂∞ be an arbitrary maximal submanifold, that is,
it cannot be extended further, on which the system has the set of sliding weakly Hamil-
tonian symmetries Z. The dimension of N can be arbitrary, including the minimum
possible, that is, k.

Definition 7.4.2. In this case we call N̂∞ the complete Z-equilibrium subset of the sys-
tem. The submanifold N is called a Z-equilibrium submanifold, as well as a submanifold
of locally weakly Hamiltonian integrability of critical type. If in addition the system is
torically Z-integrable on N , then we replace “locally weakly Hamiltonian” by “weakly
Hamiltonian-toric”.

Remark 7.4.1. The term “critical” is used here for the following reasons. First, L is a
set of critical points of the map (H, Z) : M → Rk+1; see condition (14) with L0 = M .
Second, each subsystem S

(l)
JdZ = 0 contained in system (19) specifying N̂r in L also

defines the critical set of points where the vector fields JdZ1, . . . , JdZk are tangent to
the surface (19) defined earlier, with r = l − 1, that is, N̂ l−1.

Somewhat differently and completely in geometric language, all these conditions of
criticality can be interpreted as conditions of tangency to the leaves Λ = Λ(Z) corre-
sponding to the distribution J dZ. Indeed, the sliding condition (see (14) for L0 = M)
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specifies in M the subset L of all the points m ∈ M at which the vectors of the original
field JdH are exactly tangent to the leaves Λ. The role of the tangency conditions (19)
is that they specify in L the tangency points of order > r of the manifold L by the same
leaves Λ = Λ(Z).

Remark 7.4.2. We emphasize that for an equilibrium submanifold no reduction de-
fined by the fields JdZ1, . . . , JdZk is required, even locally; cf. the remark after Defi-
nition 7.3.2. Indeed, the field JdH of the system does not have to commute with the
fields JdZ1, . . . , JdZk outside N̂∞, and a fortiori not on the whole of M .

Remark 7.4.3. In our context the facts given in the last two subsections can be interpreted
as follows. In the end, to find the submanifolds of global Hamiltonian integrability it is
important to have a set Z of functions in involution: {Z, Z} = 0. Then the submanifold
N of local Z-integrability is specified. It is specified either by the sliding condition
alone — in the case where the system is Z-invariant, or by the sliding condition and the
Z-tangency condition in Definition 7.4.1 and then verifying that Z|N is regular. The
next important point is to verify the condition that the leaves Λ form a fibration of N .
Thus, it is not necessary that the functions in the set Z be integrals of the system on
the whole of M , as was required in § 7.3. The existence of an arbitrary Lie group G with
Poisson action or of a Poisson closed set of functions F on M can ensure the existence
of such a set Z and can provide the leaves Λ = Λ(Z) with the required properties.

Remark 7.4.4. Practically the same formulae, as written down above (see (14) and (19)),
can also be used to specify the integrability submanifolds of systems of general form, that
is, ones that are not necessarily Hamiltonian. More precisely, let A = (a1, . . . , ak) be a
basis of some abelian Lie algebra acting in the phase space M of a vector field V . Then we
must write down the sliding condition (1) in the form of a system of equations specifying
an analogue of the submanifold L. Then we must “repeatedly” subject the left-hand sides
of these equations to the action of the linear operators defined by the fields a1, . . . , ak

equating the results of the action to zero. In the typical case we obtain an A-invariant
subset, which must contain all the submanifolds of local Liouville A-integrability of the
field V ; see Definition 2.1.3.

But it is not possible to specify the submanifolds of local A-integrability of the field
V in this way immediately, by verifying some simple condition such as the regularity of
the set Z|N , as was the case in the strongly Hamiltonian situation. In addition we must
impose the condition [V, A] = 0, that the Poisson bracket of the field V with the fields
in the set A vanishes; more precisely, we must use this condition to specify a smaller
submanifold in the submanifold just obtained. Then we must again specify an A-invari-
ant submanifold in it. The specifying of submanifolds can be carried out in the following
order: by the sliding conditions, by the condition of infinitesimal commuting [V, A] = 0,
and then by the condition of invariance.

Incidentally, using this method, that is, using the condition [JdH, JdZ] = 0, one can
specify the submanifolds of local weakly Hamiltonian Z-integrability of the field JdH
in the Hamiltonian situation if Z|N is not regular. More precisely, suppose that, acting
according to the recipe of Corollary 7.4.1, we obtain a Z-invariant submanifold N ⊆ N̂∞

satisfying the Z-sliding condition but not satisfying the condition rank (Z|N )∗ = rankZ∗,
that Z is internally regular on N . We specify a subset in N by two conditions: first by the
condition [JdH, JdZ] = 0, and then by the condition of Z-invariance. Then the subset
obtained is a Z-equilibrium subset, and any Z-invariant submanifold N ′ contained in
such a subset is locally weakly Hamiltonian-Z-integrable; see Definition 3.2.4. Using
this fact one can easily obtain an analogue of Corollary 7.4.1 for weakly Hamiltonian
Z-integrability.
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7.5. General remarks on methods for finding the integrability submanifolds
of the system, and the mechanisms of such integrability. The algorithms for
specifying the submanifolds N of local Z-integrability considered in §§ 7.3 and 7.4 will by
no means always solve the problems, since it is global integrability that gives the solutions
a simple structure and has real value for applications; see also Remark 3.2.6. This
problem is solved if the set Z is constructed from the set of functions F corresponding to
a Poisson action of a compact Lie group on M using the scheme in § 7.1; cf. Remark 2.3.2.
Another possibility is that sufficiently many integrals, common to the flows of the systems
with Hamiltonians Z1, . . . , Zk that form the set Z, exist on N . But what should be done
in the case where the number r of functionally independent integrals is not large enough
for global integrability, that is, when r + k < dim N? This concerns both the case where
{H, Z} = 0 on the whole of M considered in § 7.3 and the case of arbitrary {H, Z}
studied in § 7.4.

Moreover, it is often necessary to include the Hamiltonian H itself into the set of
functions Z. But then neither the sliding condition, nor the tangency condition, nor
the condition of infinitesimal commuting [JdH, JdZ] = 0 can specify anything in M ,
since they hold on the whole of M automatically, so that by specifying a submanifold we
would obtain N = M . The system is weakly integrable on the whole of M ; but if there
is no global integrability, then we cannot obtain it using these conditions. In this case
the considerations related to the compactness of a Lie group do not save the day either.
Indeed, if the set Z with H included defines a Lie algebra of a Lie group, then it is only
very rarely compact. Even if a compact Lie group corresponded to this set before H was
added to the set Z, then after including H the compactness is almost always lost.

In order to get out of this stalemate we can consider some invariant submanifold
L ⊂ N for the system and then apply the algorithm of § 7.4 to find a Z-invariant subset
of L. We assume that the two other necessary conditions for local Z-integrability, the
sliding condition and the condition [JdH, JdZ] = 0, are satisfied on N ; then they are
also satisfied on any submanifold, so that they no longer have to be verified on L. But
finding proper invariant submanifolds in an invariant manifold is often quite a difficult
problem; therefore we can act as follows. We can specify in some way a submanifold in N
that is not necessarily invariant for the system but presumably contains a submanifold
of global Z-integrability. Then using the same Z-tangency condition (19) we can specify
Z-integrability submanifolds N1 ⊂ L ⊂ N , which in fact are not unique.

If the integrability of the system on some of these submanifolds N1 is again merely
local, then all the actions should be repeated, starting from the choice of the submanifold
L1 in N1, and again this choice is made based on certain “external” considerations. Thus,
an outline of the following scheme appears.

“Extractive” scheme for finding the global Z-integrability submanifolds. Let
Z = (Z1, . . . , Zk) be a regular set of functions involutive on M , {Z, Z} = 0. Then
finding such submanifolds can be represented as the construction of a chain of embedded
submanifolds

(20) M = N0 ⊃ N1 ⊃ N2 ⊃ · · · ⊃ Np,

whose dimensions are strictly decreasing, so that p ≤ 2n − k. Each passage Nj → Nj+1

is performed on the basis of the following four considerations.
a) (Sliding) Nj+1 is specified in Nj by the sliding condition

dH =
k∑

i=1

λi dZi,

that is, by condition (14) in which we put L0 = Nj .
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b) (Tangency or invariance) Nj+1 is specified in Nj by the condition of Z-invariance
JmdZi ∈ TmNj+1, i = 1, . . . , k, m ∈ Nj+1, which was studied in § 7.4; by the
condition of H-invariance JmdH ∈ TmNj+1, m ∈ Nj+1, that is, by specifying
the maximal invariant submanifold for the system in Nj ; or by alternating these
two conditions; or by at once imposing the condition of (H, Z)-invariance, where
(H, Z) is the extension of the set Z by H.

c) (Infinitesimal commuting) Nj+1 is specified in Nj by the condition

[JdH, JdZ](m) = 0, m ∈ Nj .

d) (Other methods of specifying a submanifold) Nj+1 is specified in Nj on the basis
of other considerations related to the specifics of the system, the set Z, and the
submanifold Nj .

As for item b) concerning specifying a submanifold by the tangency conditions, which
of the possibilities listed there should be chosen in practice is determined by how conve-
nient it is to apply it to a concrete problem. It seems that in many cases, especially if
it is required to obtain toric integrability, it is sufficient to specify the submanifold Nj+1

in Nj simply by the condition of H-invariance.
By the words “is specified by the condition...” here we do not mean specifying the

submanifold strictly, as in §§ 7.3 and 7.4, but one based on this specification. For example,
a strictly specified subset may not be smooth and at least must be divided into smooth
strata. We can assume that at the end of such a chain we obtain either the empty set
or a submanifold N = Np of local weakly Hamiltonian Z-integrability. Suppose that we
succeed in obtaining an N , on which there are r = dimN − k functionally independent
integrals common for the flows of all the fields JdZi, i = 1, . . . , k. Then the Z-integra-
bility of the system on N will be the required global one.

Note that if the sliding condition a) and the commutativity condition c) are satisfied
at some step, then they do not have to be verified further, since they will be satisfied
automatically. Thus, one can use them in the construction of the chain (20) only once
each. Note also that if the submanifold Nj obtained after the jth step of the construction
of the chain satisfies the sliding condition, the Z-invariance condition and the regularity
condition, rank (Z|Nj

)∗ = k, then the commutativity condition c) will be necessarily
satisfied for this Nj , so that for j′ > j it no longer needs to be verified. But the condition
of internal regularity for the set Z can actually be violated as j increases. Therefore after
obtaining the last submanifold N = Np of the chain one has to verify this condition again
in order to find out whether N is a submanifold of strongly Hamiltonian Z-integrability.

The first three methods a), b), and c) of specifying Nj+1 in Nj can be formalized to
a sufficient extent, and the first two of them were described in detail in §§ 7.3 and 7.4.
No special conditions are assumed for the order of the methods a), b), c), and d) in the
construction of the chain (20); for example, a “free” choice of d) might be the start.

Remark 7.5.1. The situation for the common integrals of the vector fields JdZ1, . . . , JdZk

that are additional to the set Z is completely analogous to that considered in § 7.3. There,
when {H, Z} = 0 a Z-integrability submanifold is specified by the sliding condition; see
Remark 7.3.3. Namely, looking only at those submanifolds Nj in the resulting chain (20)
that are Z-invariant, we may trace two tendencies as j increases. All such integrals,
including the set Z, are conserved as j increases, so that formally their number can
increase since new integrals may appear as the dimension of the surfaces Nj decreases.
But the number r of functionally independent ones among them can still decrease because
the “earlier” integrals are restricted to submanifolds of smaller dimension. Nevertheless,
in concrete situations one can hope that the “Z-integrability deficiency” dimNj − k − r
will be rapidly decreasing as j increases, due to a rapid decrease of dim Nj .
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Remark 7.5.2. An interesting question is on which basis is the submanifold Nj+1 chosen
in Nj when the “free” method d) is realized? It is possible that the reasons for the choice
of Nj+1 ⊂ Nj are diverse and are determined by a concrete situation. As an example we
give the considerations on which the choice of N1 ⊂ N0 = M is made, to find periodic
solutions in the s-body problem using the so-called “central configurations”; see, for
example, [25, 26]. (These solutions were mentioned at the end of § 1.)

A central configuration is an arrangement of the bodies of the system such that the
resultant force fi acting on each body due to the other s − 1 bodies is directed towards
the centre of mass O, and the ratio of the quantity |fi| to miρi is independent of the
body, that is, of i: |fi|/(miρi) = const (but it may depend on time); here i = 1, . . . , s is
the number of a body, ρi is the distance from the ith body to the centre of mass O, and
mi is the mass of this body. In other words, the ratio of the magnitude of the acceleration
of the body to its distance from the centre of mass O is independent of the body.

It is easy to see that in the canonical coordinates in M ⊂ E6(s−1) induced by Cartesian
coordinates in the “physical” space E3 these conditions are given by algebraic equations,
which can be relatively easily studied. They specify a set of separate submanifolds, and
possibly also of families of submanifolds in the configuration space and therefore also in
the phase space M = M6(s−1) , such that each of these submanifolds corresponds to its
own arrangement of the bodies in the space E3 up to similarity. We fix any of these
submanifolds N1 ⊂ M corresponding to a planar arrangement of the bodies. It is easy
to show that this submanifold contains closed trajectories, which form a submanifold of
toric H-integrability of the system, which we denote by N2. (This analysis in a way
replaces the process of specifying an H-invariant submanifold in N1, mentioned above,
which is a somewhat more cumbersome operation.)

The motion of the bodies corresponding to the trajectories lying in such N = N2 is
planar, that is, all the bodies of the system move in the same plane. If we fix such a plane,
then it is easy to show that to each “planar” central configuration there corresponds a 3-
parameter family of “Kepler-like” periodic trajectories. When we again pass to 3-dimen-
sional space, the number of parameters increases to 5. The number of configurations
with planar motion corresponding to fixed s increases rapidly as s increases.

The submanifold N = N2 itself is a 6-dimensional symplectic submanifold. As in § 1,
let H and �M be the total energy and vector of angular momentum respectively, taken
over all the bodies of the system. Then on such a submanifold N ⊂ M the system
is globally Hamiltonian-Z-integrable, where Z = (Z1) and Z1 = H. For H < 0 and
�M �= 0 the Z-integrability on N is toric, that is, under these restrictions all the solutions

of the system with initial conditions on N are periodic. These solutions satisfy all the
generalizations of Gordon’s theorem, that is, the period and action depend only on the
total energy H. Apart from Theorems 5.5.1 A) and B) this also follows from the fact that
all the solutions with trajectories on this N are “Kepler-like”. By this we mean that the
restriction to the whole of N of the system under consideration with 3(s − 1) degrees of
freedom, s ≥ 3, is completely isomorphic to the integrable system corresponding to the
two-body problem, that is, to the case s = 2.

Note that since we are studying H-integrability, there is no sense in using the H-sliding
condition to specify a submanifold. We can take M = | �M| for Z1 instead of H; then the
M-sliding condition specifies in the whole of M the submanifold corresponding to the
planar motion of the bodies obtained by a rotation of E3 together with the “frozen-in”
bodies preserving this plane with constant angular velocity around the centre of mass.
(An example is provided by the motion corresponding to the Lagrange periodic solutions;
see § 1.1.) But such circular motions are special cases of the motions corresponding to
central configurations. The corresponding trajectories in M are relative equilibrium
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positions (cf. Definition 7.3.2), since the phase flow of the system with Hamiltonian
function M is periodic and therefore defines a factorization of M .

This M-factorization can be used to find submanifolds of periodic trajectories in the
reduced system obtained by the factorization. Such submanifolds can be lifted to subman-
ifolds of toric M-integrability fibred into the 2-dimensional invariant tori— submanifolds
of “relatively closed trajectories”. Here the arrangements of the moving bodies, generally
speaking, will no longer form central configurations. There are many studies devoted to
this approach; see, for example, [22].

Remark 7.5.3. The analysis in § 7 shows that finding the Z-integrability submanifolds
N by successive specification by systems of equations defining either the Z-sliding con-
dition, or the condition of Z-invariance, or the condition of Z-commuting, or some other
conditions of similar type is a fairly simple and effective method. All these conditions
are characterized by the fact that they specify a submanifold itself, rather than, say, its
intersection with some transversal like the Poincaré section.

But this “critical” approach is far from being the only one. This is, in particular,
indicated by Example 1 in § 1.1, in which none of these three conditions — Z-sliding,
Z-invariance and of Z-commuting — works in principle, since they are automatically
satisfied on the whole of M . The reason is again in the fact that the Hamiltonian H
is contained in the set Z: in this example k = 1, that is, Z = {Z1}, and Z1 = H.
Nevertheless, submanifolds on which the system is integrable do exist. Nor does it
seem possible to specify them using any systems of equations according to the “forcible”
method d). Here one must rather apply methods such as considering a Poincaré section
and the Poincaré return map on it, and other similar methods used for finding periodic
solutions; see, for example, [7, 6, 28, 29, 30, 31, 22].

Actually, toric Z-integrability on submanifolds is related to the fact that, generally
speaking, noncompact leaves Λ = Λ(Z) defined by the vector fields JdZ1, . . . , JdZk,
where Z = (Z1, . . . , Zk) is a set of functions in involution, can sometimes “roll up” into
compact surfaces, which must be tori. The leaves Λ(Z) roll up into tori in about the
same way as the trajectories of a vector field become closed, which is a special case of
the general situation for k = 1. Suppose that the sliding conditions are satisfied on
some of these tori Λ. Then they are often invariant isotropic tori of the system such
that the motion on them is conditionally periodic; for example, this is always the case
if H = Z1 or if {H, Z} = 0 in a more general case. Usually this happens with entire
families of leaves Λ, which is what causes the appearance of Z-integrability submanifolds
N =

⋃
Λ. But the reasons for such “rolling up” of the leaves Λ = Λ(Z), as well as for

the appearance of closed trajectories, can be different: from reasons of “critical type”,
to “random” ones; see, for example, [7, 28, 30, 31]. In principle, all this of course relates
also to systems of general form.

Remark 7.5.4. We emphasize that in §§ 3–5 we mainly considered essentially weaker
conditions on the set Z and submanifold N than in § 7. In particular, the condition
{H, Z} = 0, that is, that Z is a set of integrals of the system, was almost completely
redundant, and only the sliding condition on N was used. In addition, we assumed
that the functions in the set Z were pairwise in involution also only on the submanifold
N ⊂ M , rather than on the whole of M as in this § 7. The reason is that in §§ 3–5
a Z-integrability submanifold N , with rare exceptions, was considered to be given; in
particular, we were assuming that the vector fields JdZ1, . . . , JdZk were tangent to N ,
while in §§ 7.3–7.5 we were seeking such submanifolds. Of course, not only the condition
{H, Z} = 0, but also the condition {Z, Z} = 0 required in § 7 in the whole of M can be
weakened when finding the integrability submanifolds in the general case.
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[7] N. N. Nekhoroshev, The Poincaré–Lyapunov–Liouville–Arnol’d theorem, Funktsional. Anal. i
Prilozhen. 28 (1994), no. 2, 67–69; English transl. in Funct. Anal. Appl. 28 (1994), 128–129.
MR1283258 (95e:58072)

[8] N. N. Nekhoroshev, Generalizations of Gordon’s theorem, Proc. Symmetry and perturbation the-
ory (Cala Gonone, Sardinia, Italy, 2001), World Sci. Publ., River Edge, NJ, 2001, pp. 137–142.
MR1875487 (2002g:37002)
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