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FREDHOLM PROPERTY OF GENERAL ELLIPTIC PROBLEMS
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Dedicated to Ya. B. Lopatinskii on the occasion of his 100th birthday anniversary

ABSTRACT. Linear elliptic problems in bounded domains are normally solvable with
a finite-dimensional kernel and a finite codimension of the image, that is, satisfy
the Fredholm property, if the ellipticity condition, the condition of proper ellipticity
and the Lopatinskii condition are satisfied. In the case of unbounded domains these
conditions are not sufficient any more. The necessary and sufficient conditions of
normal solvability with a finite-dimensional kernel are formulated in terms of limiting
problems. Adjoint operators to elliptic operators in unbounded domains are studied
and the conditions in order for them to be normally solvable with a finite-dimensional
kernel are also formulated by means of limiting problems. The properties of the direct
and of the adjoint operators are used to prove the Fredholm property of elliptic
problems in unbounded domains. Some special function spaces introduced in this
work play an important role in the study of elliptic problems in unbounded domains.

1. INTRODUCTION

It is known that elliptic operators in bounded domains satisfy the Fredholm property,
that is, the dimension of their kernel is finite, the image is closed, and the codimension
of the image is also finite (see [2], [36], [42] and the references therein).

If we consider unbounded domains, then the ellipticity condition, proper ellipticity and
the Lopatinskii condition are not sufficient, generally speaking, in order for the operator
to satisfy the Fredholm property. Some additional conditions formulated in terms of
limiting problems should be imposed. The typical result says that the operator satisfies
the Fredholm property if and only if all its limiting operators are invertible. The question
is about the classes of operators for which this result is applicable.

Limiting operators and their interrelation with solvability conditions and with the
Fredholm property were first studied in [I5], [20], [21] (see also [39]) for differential
operators on the real axis, and later for some classes of elliptic operators in R™ [§], [25],
[26], in cylindrical domains [9], [43], or in some specially constructed domains [6], [7].
Some of these results are obtained for the scalar case, some others for the vector case,
under the assumption that the coefficients of the operator stabilize at infinity or without
this assumption. This theory is also developed for some classes of pseudodifferential
operators [12], [19], [B0]-[34], [37], [38] and discrete operators [5], [35]. A survey of this
literature is presented in the recent monograph [35].

In spite of the considerable progress in the understanding of properties of elliptic oper-
ators in unbounded domains, this question is not yet completely elucidated. The results
existing in the literature are formulated for some classes of operators. For example, scalar
elliptic problems in unbounded cylinders with constant coefficients at infinity are studied
in the works cited above only for some classes of second-order operators. Moreover, in
some cases it can be difficult to verify imposed conditions, and even simple problems
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128 A. VOLPERT AND V. VOLPERT

may not belong to considered classes of abstract operators. The theory of md-elliptic
operators, for example, appears to not be applicable to the Laplace operator in a strip
[12].

In this work we will prove the Fredholm property of general elliptic problems in the
Douglis—Nirenberg sense for differential operators in general domains only under the
assumption that the coefficients of the operator and the boundary of the domain are
sufficiently smooth. Our approach is based on a priori estimates of solutions of direct
and adjoint operators and on the introduction of special function spaces.

As before, the results will be formulated in terms of the invertibility of limiting prob-
lems. The construction of limiting problems is rather simple. We should consider shifted
coefficients and shifted domains and choose locally convergent subsequences (precise defi-
nitions will be given below). Limiting problems correspond to the operators with limiting
coefficients considered in limiting domains. In the general case, we cannot verify their
invertibility. Some examples for which the invertibility can be explicitly verified will be
considered at the end of this work.

There are some classes of problems for which the Fredholm property can be studied
without the analysis of the detailed structure of limiting problems. We briefly describe
this approach. These results will be published in subsequent works. Consider elliptic
problems with a parameter at infinity. This means that all limiting problems are elliptic
problems with a parameter. Elliptic problems with a parameter are introduced by Agra-
novich and Vishik [3] for some classes of elliptic problems in bounded domains. Later,
some more particular classes of elliptic problems were considered in unbounded domains
in relation to sectorial operators (see [4], [11], [I8], [23] and the references therein). Our
approach consists in the investigation of elliptic problems, which are eliptic problems
with a parameter at infinity. In this case, limiting operators are invertible for sufficiently
large values of the parameter. Therefore, according to the results of this work, the oper-
ator satisfies the Fredholm property. The index of such problems is not necessarily zero.
It can be found by the approximation of the original problems by problems in bounded
domains for which the value of the index is known.

The formulas in the paper are numbered within subsections. When we refer to a
formula within the same subsection, the section number is not indicated.

1.1. Operators. Consider the operators

(1.1) Aiuzz Z aj,(x)D%y, t=1,...,N, x € §,
k=1 |a|<aiy
N
(1.2) Bjuzz Z bfk(x)Dﬁuk, i=1,....,m, z € 09,
k=118|<B;x
where u = (ug,...,un), and @ C R™ is an unbounded domain that satisfies certain

conditions given below. According to the definition of elliptic operators in the Douglis—
Nirenberg sense [I3] we suppose that

o < s+ tg, ,k=1,...,N, Bjp <o+t j=1,....m, k=1,...,N
for some integers s;,tx,0; such that s; <0, max s; =0, t; > 0.

Denote by E the space of vector-valued functions v = (u1, ..., ux), where u; belongs to
the Sobolev space W!*tiP(Q), j =1,...,N,1 < p < oo, [ is an integer, [ > max(0, 0;+1),
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FREDHOLM PROPERTY OF GENERAL ELLIPTIC PROBLEMS 129

E= H;V:1 WHtiP(Q). The norm in this space is defined as
N

llulle = Z Huj‘|Wl+tj=p(Q)‘
j=1
The operator A; acts from E to Wlfsi”’(Q) and the operator B; acts from E to
Wi=oi=1/PP(99). Denote

(1.3) L= (A1,...,Axn,Bi,...,Bn),

N m
F=][wsr@) x [[w!'=o /e (00).
i=1 j=1
Then L : E — F.
We assume that

(1.4) agy,(z) € CIH0(Q), b, (x) € C'0 T (0Q),

where 0 < 6 < 1, and that these coefficients can be extended to R™ in such a way that
the extended coefficients belong to the same spaces in R™:

(L5) a8 () € OO (RM), b (x) € CI=oH0(Rm).

The notation Cy will be used for functions with bounded support. It is also assumed
that the operator is uniformly elliptic.

1.2. Limiting problems. To formulate the results of the work we should recall the no-
tions of limiting operators and limiting domains. Limiting operators were first considered
in [15], [20], [21] for differential operators on the real axis with quasi-periodic coefficients,
and then for elliptic operators in R™ or for domains cylindrical or conical at infinity [8],
[25], [26], [39].

In the general case limiting operators and domains are introduced in [44], [45]. Their
construction can be briefly described as follows. Let = € €2 be a sequence, which tends
to infinity. Consider the shifted domains €2 corresponding to the shifted characteristic
functions x(x + zx), where x(z) is the characteristic function of the domain Q. Consider
a ball B, C R™ with center at the origin and with radius r. Suppose that for all k there
are points of the boundaries 02 inside B,. If the boundaries are sufficiently smooth,
then we can expect that from the sequence 2 N B, we can choose a subsequence that
converges to some limiting domain Q. After that we take a larger ball and choose a
convergent subsequence of the previous subsequence. The usual diagonal process allows
us to extend the limiting domain to the whole space.

To define limiting operators we consider shifted coefficients a®(z +zy), b§ (z + %) and

choose subsequences that converge to some limiting functions a®(z), IA)? (z) uniformly in
every bounded set. The limiting operator is the operator with the limiting coefficients.
Limiting operators considered in limiting domains constitute limiting problems. It is
clear that the same problem can have a family of limiting problems depending on the
choice of the sequence x; and on the choice of both converging subsequences of domains
and coeflicients.

1.3. Function spaces. An important role in what follows is played by the choice of
function spaces. Sobolev spaces W*P proved to be very convenient in the study of
elliptic problems in bounded domains. But more flexible spaces are needed for elliptic
problems in unbounded domains. We need some generalization of the space W*P. More
exactly, we mean such spaces which coincide with W*? in bounded domains but have a
prescribed behavior at infinity in unbounded domains. It turns out that such spaces can
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130 A. VOLPERT AND V. VOLPERT

be constructed for arbitrary Banach spaces of distributions (not only Sobolev spaces) as
follows.

Consider first functions defined on R™. As usual we denote by D the space of infinitely
differentiable functions with compact support and by D’ its dual. Let £ C D’ be a
Banach space; the inclusion is understood both in the algebraic and the topological
sense. Denote by Ej,. the collection of all u € D’ such that fu € F for all f € D. Let
w(@)e D, 0<w(z) <1, wx)=1for |z| <1/2, w(x)=0 for |z| > 1.

Definition 1.3.1. E; (1 < g < 00) is the space of all u € Ej,. such that

1/q
ull, = (/R |u<~>w<-—y>|‘,§dy) coo, 1q<,

[ull g = sup [lu()w(- —y)lle < oc.
yER™
In what follows we will also use an equivalent definition based on a partition of unity.
It is proved that E, is a Banach space. If  is a domain in R", then by definition E,((2)
is the space of restrictions of E, to € with the usual norm of restrictions. It is easy to
see that if €2 is a bounded domain, then

E,(Q)=E), 1<q<c.
In particular, if E'= W*®P, then we denote W;* = E, (1 <¢q < oc). It is proved that
Wyl =W=P (s>0,1<p<o0).

Hence the spaces WP generalize the Sobolev spaces (¢ < co) and the Stepanov spaces
(¢ = 00) (see [20], [21]).

1.4. Normal solvability. The following condition determines normal solvability of el-
liptic problems.

Condition NS. Any limiting problem
Lu=0, €, ue Ex(Q)

has only the zero solution.

This is a necessary and sufficient condition for general elliptic operators considered in
Holder spaces to be normally solvable with a finite-dimensional kernel [44]. For scalar
elliptic problems in Sobolev spaces it was proved in [45]. In [47] we generalize these
results for elliptic systems. More precisely, we prove that the elliptic operator L is
normally solvable and has a finite-dimensional kernel in the space WP (1 < p < o0) if
and only if Condition NS is satisfied.

In this work we prove normal solvability of adjoint operators. This result is based
on a priori estimates. To obtain the estimates of adjoint operators we consider a mod-
ified model problem in the half-space where we take the principal terms of operators
@1), Z2) and replace the differential operators by some pseudodifferential operators
(cf. [I4]). In [30] it is proved that these operators are invertible. In the case considered
in this work where [ > max(0,0; + 1), that is, the operators act in Sobolev spaces with
nonnegative exponents, the proof of the invertibility of the operators can be simplified.
We use the approach developed in [42] for differential operators. It allows us to obtain a
priori estimates of adjoint operators for general elliptic problems in unbounded domains.
In some particular cases (Hilbert spaces, scalar operators) estimates of this type were
obtained in [27]. We should note however that these estimates are not sufficient to prove
normal solvability and finiteness of the kernel for operators in unbounded domains. In
this case we need to introduce an additional condition on limiting problems and obtain
some special a priori estimates.
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Similarly to Condition NS for the direct operators we introduce Condition NS* for the
adjoint operators.

Condition NS*. Any limiting homogeneous problem L*v = 0 does not have nonzero
solutions in (F*(2))so, where L* is the operator adjoint to the limiting operator L, and
Qisa limiting domain.

We obtain a priori estimates for adjoint operators and prove that if Condition NS*
is satisfied, then the operator L* : (F*())s — (E*(2))s is normally solvable with a
finite-dimensional kernel.

1.5. Fredholm property. We have mentioned above that the same property holds for
the operator L if Condition NS is satisfied. However this does not mean that the operator
L satisfies the Fredholm property, because we consider the adjoint operator L* not as
acting in the dual spaces from (F (2))* to (Ex(2))* but from (F*(2))so to (E*(Q))oo-
These spaces are different. Detailed analysis of these spaces and of the properties of the
operators will allow us to prove that, indeed, Condition NS and Condition NS* imply
that the operator L satisfies the Fredholm property in spaces WP, 1 < p < oo, and
WP for some q.
One of the key properties of the function spaces is given by the following relations:

(E%)oo = (E1)", (F")oo = (F1)"

Simplifying the situation we can say that it will allow us to establish a relation between
the operators

(L)oo (E oo = (F")oos  (Loo)™ & (Boo)™ = (Foo)™

We see already here that the same differential expressions considered in different func-
tion spaces should be considered as different operators. We come here to the notion of
local operators and realization of operators. An operator L is called local if for any u € F
with a bounded support, supp Lu C suppu. Differential operators satisfy obviously this
property. If an operator L is local, then the adjoint operator is also local.

For local operators we can define their realization in different spaces,

Ly:E,— F,, 1<g<o00.

We will consider also the operator Lp : Ep — Fp, where Ep and Fp are the spaces
obtained as a closure of functions from D in the norms of the spaces Fo, and F.,
respectively.

We will first prove that if Conditions NS and NS* are satisfied, then the operator Lp
satisfies the Fredholm property. It will allow us to prove next that the operator L, is
Fredholm, and then that L, is Fredholm. The exact formulations of the results are given
in Section 5.

2. THE SPACE W;’P

Let £ = W*P be the Sobolev—Slobodetskii space, where —oco < s < 00, 1 < p < 0.
In this section we construct and study the space £, = WP (1 < ¢ < o00) . We do not
use any specific properties of the space W*®P. Therefore all the results can be generalized
to any Banach space of distributions (these generalizations will be published elsewhere).
In this paper we confine ourselves to the space W*P since only these spaces are used here
for the elliptic problems under consideration.
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132 A. VOLPERT AND V. VOLPERT

2.1. Systems of functions.

Definition 2.1.1. A partition of unity is a sequence {¢;}, ¢ = 1,2,... of functions
¢; € D, ¢;(x) > 0 such that

Zqﬁz(x) =1, z€R"
i=1

Condition 2.1.2. Let {¢;}, i = 1,2,... be a sequence of functions ¢; € D. For any 4
there exist no more than N functions ¢; such that supp ¢; N supp ¢; # 0.

Everywhere below we consider partitions of unity for which Condition 2.1.2 is satisfied.

Definition 2.1.3. Two systems of functions {¢;}, {¢;}, i = 1,2,..., j = 1,2,...,
¢ € D, ; € D are called equivalent if there exists a number IV such that:
for any 4 there exist no more than N functions t; such that supp; Nsupp ¢; # 0;
for any j there exist no more than N functions ¢; such that supp ¢; Nsupp; # 0.

Proposition 2.1.4. The equivalence relation introduced by Definition 2.1.3 is reflexive,
symmetric, and transitive.

The proof is standard. In what follows we consider the equivalence class with the
representative which corresponds to a covering of R™ by cubes with centers in some
lattice.

We will also use systems of functions satisfying the following condition.

Condition 2.1.5. The system of functions ¢; satisfies the following conditions:
2. Condition 2.1.2 is satisfied,

3. sup, ||l < o0,
4. ¢(x) =Y 72, ¢i(x) > m > 0 for some constant m,
5. the following estimate holds:

sup [D*¢(z)| < Ma,
xr
where D denotes the operator of differentiation, and the M, are positive constants.
Here ||¢||as is the norm of a multiplier ¢:
[¢ulle < l9lla llulle, Yue E.

For E = W*P it is known that ||¢|/as < ||¢[|crs+1, where K is a positive constant.
For the partitions of unity {¢;} we always suppose that sup; ||¢;||as < co.

2.2. The space E,.
Definition 2.2.1. Ej,. is the space of all u € D’ such that fu € E for all f € D.

Definition 2.2.2. Let {¢;}, i =1,2,..., be a partition of unity. Then E, is the space
of all u € Ej,. such that

oo

i=1
where 1 < ¢ < 0o, with the norm

oo 1/q
ullg, = <Z|¢WIQE> :
i=1

In what follows we consider two normed spaces to be equal if they are linearly isomor-
phic and their norms are equivalent.
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Proposition 2.2.3. Let {¢;} and {¢7} be two partitions of unity. Suppose that E} and
Eg are the spaces E, corresponding to {¢}} and {¢?}, respectively. If the partitions of
unity are equivalent, then E; = Eg.

Proof. Let u € E7. We have

plu=¢} > u=>_ ¢lélu,
j=1 J’

where j are all the numbers j such that supp ¢} N supp (b? # (). By Definition 2.1.3 the
number of such j’ is no more than N. We have the estimate

q
Iefull < [ Y llei o ulle
j/
Let a;j > 0, j = 1,...,m. Then from convexity of the function s we obtain the
estimate
q q
m m 1 m
o) <o (ke ) <o S
j=1 j=1 j=1
Therefore .
Yolgidiulle | <mtY " lloiddullh,
J’ J’

where m is the number of j'. Since m < N, then
o0
lojully; < N7 Y7 lgidhully = NT71 Y 6l ddulh
J’ Jj=1

Let k£ be a positive integer. We have

k k oo oo k
D ldully, = NS S loieduly = NS N o ¢tulld,
i=1

i=1 j=1 j=1i=1

(2.1) .
S lotoully, =D lotoully, <D llek 4 lo3uls,
=1 i’ 3’

where the i’ are those i for which supp ¢; Nsupp ¢3 # . The number of such i’ is less
than or equal to N. Let

Kj = Sup||¢f||M» j=12
Then

k
> ot dulll, < NE{|¢3ul%.

i=1
It follows from (Z1]) that
k 00
> llobully < NKE S 6ully = NKull},.
i=1 j=1

From this we obtain

(oo}
S lobulll < NOK ul %,

i=1
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Hence u € E] and
lullgr < NKi|lull gz, Ej C Ey.
Similarly we get
||u||E3 < NK2||UHE;, E; C Eg.
The proposition is proved. O
Proposition 2.2.4. The space E, is complete.

Proof. Consider a fundamental sequence u,, in the space F,;. Then for any € > 0 there
exists N(e) such that

o0
(2.2) S (s — )l < e

i=1
for any k,m > N(e). Denote ¢, = Y. ¢;. Let ¥, be an infinitely differentiable
function with a finite support such that ¥,, = 1 in the support of %,. Since F is a
Banach space and the sequence ¥, u,, is fundamental with respect to m for any fixed n,
then ¥, u,, — v, in F as m — oo. Obviously ¥, u,, — ¥,v, in E as m — oo.

Consider a sequence nj, n; — 0o as j — oo. We construct a sequence of limiting

functions vy, such that

H'(/}TLJ (um - Unj>||E —0 as m — o0,
and for any jo > j1,
11}”3’1 Un;, = w"h Unjy -
Therefore we have constructed a limiting function v defined in R". It coincides with v
in the support of 1;. We have
(2.3) 1¥n; (U, — )|z — 0 as m — oo.

We note that for any ¢ > 0 there exists N(d) and ig(d) such that

o0

(24) > lueillh <6

i=ig(J)
for any k > N(6). Indeed, we choose N(§) such that

(2.5) Sk — wn)ill% < Cyd

i=1
for any k,m > N(4). Here C; = 279. On the other hand, for a fixed m we can choose
10(0) such that

oo
(2.6) Y Mumdilly < Cod
i=10(9)
since the corresponding series converges. From (2.1)) it follows that for m fixed and any
k> N(0),
(2.7) Z [(ur — um) @il < Cgd.

i=1i0(9)

From (Z8) and (27) we obtain (24).

We prove next that

oo

(2.8) > ey <6,

i=10(J)
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where ip(0) is the same as in ([24). Suppose that this estimate is not true. Then there
exists 41 (d) such that

11(8)
(2.9) S Juaillg > 6.

i=10(J)
On the other hand from (23)) we have

i1(6)

3" N —v)il% — 0 as m — occ.
i=io(8)

This convergence and (2.9) contradict ([2.4)).
From [2.3), (24)), and ([2.8) we conclude that u,, converges to v in E,. The proposition
is proved. O

Proposition 2.2.5. Let u, = Ele ug;. Then up — u in Ey for 1 < g < oo.
Proof. We have

o0 oo o0 oo oo
=l = D loitu—wolle = Mo > wosly =" llon D uasllg =,
=1 i=1 j=k+1 i=k'  j=k+1

where the external sum is taken over all ¢ such that supp ¢; Nsupp ¢; # 0 for all j > k+1.
The value k' depends on k, and k' — oo as k — oo,

o0
= > uepllh <
i=k’ 3’

where j' denotes all j such that supp ¢; Nsupp ¢; # () for a given . Since the number of
such j is uniformly bounded, we have the estimate

o0
<O Y |ugilpe
i=k'

The last sum converges to zero as k — co. The proposition is proved. O

Corollary 2.2.6. Infinitely differentiable functions with bounded supports are dense in
Ey 1< g<oo.

Proof. Tt is sufficient to note that D is dense in E, and uy € F. O

Definition 2.2.7. Let {¢;}, i = 1,2,... be a system of functions satisfying Condition
2.1.5, and let E,; be the space of all u € Ej,. such that

oo

> laulf < oo,

i=1

where 1 < ¢ < 0o, with the norm

0o 1/q
lulle, = <Z||¢iu|lq5‘> :
i=1

The following proposition can be easily proved.

Proposition 2.2.8. The spaces in Definitions 2.2.2 and 2.2.7 coincide.
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We introduce now one more definition of the norm in the space E,. Let the norm be
given by the equality

1/q
210 folle, = ([ oot~ wlas) . oe.

We show that this norm is equivalent to the norm defined through a partition of unity.
We note first of all that the function

s(y) = [lu(-)o(- — )%

is continuous. Indeed,

[s19(y) = 5" (yo)| < [[u(-)($(- —y) = S(- —yo))llm — 0 as y — yo
by the properties of multipliers.

We have
s, = [ sty =3 [ st
" i=1Y @i

where the @Q; are unit cubes of the square lattice in R",
/ s(y)dy = s(yi)
for some y; € Q; since s(y) is continuous. Hence

o0

(2.11) lully, =3 s(y0).

i=1
This equality is obtained without specific assumptions on the function ¢(z). Suppose
now that it equals 1 in the ball of the radius r = y/n, and 0 outside of the ball with the
radius 2r. Then for any y; € Q;,

dplx—y) =1, z€Q;.

Therefore the system of functions ¢;(z) = ¢(x — y;) satisfies the following conditions:

(1) m <Y 2, ¢i(x) < M for all z € R™ and some positive constants m and M,

(2) for each x € R" there exists a finite number of functions ¢; different from zero at
this point. The estimate of this number is independent of x.

Hence the norm (2.I1]) is equivalent to the norm defined with any other system of
functions equivalent to ¢;.

We have proved the following proposition.

Proposition 2.2.9. The norm 2I0) is equivalent to the norm in Definition 2.2.2.

The relation between the space W P and the corresponding Sobolev—Slobodetskii
space is given by the following theorem:

Theorem 2.2.10. Let s be a real nonnegative number, 1 < p < oo. Then Wit = W*=P.

The proof will be published elsewhere.
Consider now the case ¢ = oco.

Definition 2.2.11. Let {¢;} be a partition of unity. E. is the space of all functions
u € Ejye such that

sup ||p;ul| s < oo,
3

with the norm
[ull £ = sup [[@iu] &
1
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It is proved that Propositions 2.2.3 and 2.2.4 are true also for ¢ = co.
Other equivalent definitions of the space can be done.

Definition 2.2.12. Let n(z) € D satisfy the following conditions:
1. 0<n(x) <1, =€ R,
2. n(z) =1 in the cube |z;| < a1, i=1,2,...,n,

3. n(z) = 0 outside the cube |z;| < a2, i = 1,2,...,n, where a; and as are given
numbers, a1 < as.
Denote

ny(z) =n(x—y), y€R"
The space F is the set of all u € Ej,. such that

sup |nyullp < oo.
yERM

The norm in this space is given by the relation

[ullp.. = sup [Inyul|e.
yeER™

In what follows we use the space E(G), where G is a domain in R". The space E(G)
is defined as the set of all generalized functions from D/G which are restrictions to G of
generalized functions from E. The norm in this space is

lulle(G) = inf [|v] £,

where the infimum is taken over all those generalized functions v € F whose restriction
to G coincides with w.

Definition 2.2.13. The space E, is the set of all u € Ej,. such that

(2.12) sup [luyllg(q,) < 0,
yeER™

where u, is a restriction of u to G, G C R" is a bounded domain containing the origin,
and G, is a shifted domain: the characteristic function of G, is x(x — y), where x(z) is
the characteristic function of G. The norm in F, is given by

lullg., = sup ||uyHE(Gy)~
yER"

It is proved that the spaces in Definitions 2.2.11-2.2.13 coincide. The same is true if
instead of cubes in Definition 2.2.12 we take balls.

2.3. Bounded sequences in F.

Definition 2.3.1. A sequence ui € Ej,. is called locally weakly convergent to u € Ej,.
if for any ¢ € D,
ou, — ¢u weakly in F.

Lemma 2.3.2. If a sequence uy € F is bounded in Eo, and locally weakly convergent
to u, then u € F.

Proof. We use Definition 2.2.11 of the space E,. Let {¢;} be a partition of unity. Then
u € By if
sup [|¢iullp < oo

Suppose that u € E.,. Then there is a subsequence iy, of i such that

(3.1) i ulle — oo as i, — oc.
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A set in a Banach space is bounded if and only if any functional from the dual space is
bounded on it. Hence there exists a functional F' € E* such that
F(¢iu) — 00 as iy — oo.
Since u; is locally weakly convergent to u, then
F(¢i,w) — F(piu) as | — oo
for any ix. Therefore we can choose [ such that
B (¢i,u,) — F(dn,u)| < 1.
It follows from (B that
(3.2) F(¢i ) — 00 as i — 00.
On the other hand, by assumption uy is bounded in E.,. Hence
huells < M, llgsuells < M.
This contradicts ([B2]). The lemma is proved. (]

We present without proof the following theorem.

Theorem 2.3.3. If {ux}, k =1,2,... is a bounded sequence in E, then there exists a
subsequence uy, of up and uw € Es such that

ug, — u locally weakly and in D’.

2.4. Dual spaces. For the space E* dual to E we can define (E*), as is done above for
the space E. For example the norm in the space (E*) is given by

(4.1) [vll(z=)oc = sup ] 5,

where ¢; is a partition of unity.
In the application to elliptic problems here we are interested in the spaces dual to E.

Theorem 2.4.1. The spaces (E*)o, and (E1)* coincide.
Proof. Let v € (Eq)*. Then for any u € Ej,
(v, 0) <|vll(gy)- [ulle, -

Since v € E}; . and u € E, then (¢;v, u) is defined and

loc
[(¢iv, u)| = [(v, diw)| < [|vl|(ey)- IQiull, < Mlvlls,)~ lulls.

Here {¢;} is a partition of unity, and sup; ||¢;||xm < oo.
Therefore

divlle- < Mlvll(g,)--
Consequently,
[oll(z) < Mol

Suppose that v € (E*)s. Then v € Ef .. Let u € Ey, uj, = Zle ¢;u. Then ug € E,
and

k k k k
v, we)l = {0, ) dau)] <D o, giw)| = D 1w, i) <Y dwvlle- liuls
i=1 i=1 i=1 i=1

< Joleye D Isulls < Mol lluls -
i=1
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Here v; € D, 1; = 1 in supp ¢;. We suppose that the system of functions v; satisfies
Condition 2.2.2. We can pass to the limit in the last estimate as & — co. Therefore v
can be considered as a functional on E;, and

ol < Mol ee).. -
The theorem is proved. O

We note that functionals from both spaces (E*), and (F;)* are considered in Theorem
2.4.1 on functions from FEj.

Lemma 2.4.2. Let ¢ € (Ex)*, up, = Y 1y udi, where u € Es and ¢; is a partition of
unity. Then the limit lim,_ . ¢(u,) exists.

Proof. We have

n

Jn . = s g s = s | (3 o) |

i=1

< sup S Jubidslls | < MNsuplugy | = MN ul|s...
J

J 2:supp ¢;Nsupp ¢; #0

Suppose that the limit ¢(u,) does not exist. Then there exist two subsequences w,,;,
and ug,,, such that
¢(unk) = Cr1, ¢(uny) — Ca, C1 # Ca.
We will construct a bounded sequence in E., such that the functional ¢ will be unbounded
on it. This contradiction will prove the existence of the limit.
Without loss of generality we can assume that C; > Cy. For all k and m sufficiently
large,
O(ung) > C1 — €, d(upy,) < Csy+e.
For e < (Cy — C3) /4,
H(Ung — Unm) > %
We take k and m such that this estimate is satisfied and denote v| = upi — Up,,. We
note that

(=a>0).

ng

Ung — Unm = Z UP;.
1=Nm
Therefore the support of the function v is inside ?:‘nm supp ¢;.
Similarly, we choose other values of k and m and define the function vy, ¢(v2) > a.
Moreover, if the new values k and m are sufficiently large, then suppv; Nsuppvy = (. In
the same way, we construct other functions v; such that their supports do not intersect

and ¢(v;) > a. We put finally

J
wj; = E vr.
=1

Similar to the sequence u,, the sequence w; is uniformly bounded in E,. At the same
time ¢(w;) — oo. This contradicts the assumption that ¢ € (Ex)*. The lemma is
proved. ([l

Consider a functional ¢ from (Eo)*. We define a new functional ¢ as follows. For
any function u € F,, with a bounded support we put

(u) = p(u).
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For any function u € F,, we put
n
$(u) = lim ¢ udy).
i=1
Thus ¢ is a weak limit of Yo ¢i¢pin (Ex)*. From Lemma 2.4.2 it follows that the limit
exists. It is easy to verify that q~5 is a bounded linear functional on F...
Denote ¢g = ¢ —¢. Then ¢p(u) = 0 for any function v with a bounded support. Thus
we have the following result.

Lemma 2.4.3. The space (Ex)* can be represented as a direct sum of two subspaces,
(Ex)§ and (Es)l, where (Ex)§ consists of functionals equal to 0 on all functions with

w?
bounded supports and (Ex,)?, consists of the functionals ¢ constructed above.

*
w

Proof. Tt remains to prove that (Ew )’ and (Ex)§ are closed. Let v, € (Eo)?,
in (Fs)*. We have

(4.2) (v, u) = lim (vg, up), Yu € Fy,

Vi — U

where u,, = Y ., ¢;u. We prove that we can pass to the limit in & in the right-hand side
of ([d2). Indeed we have

vk = v, un)| < ok = vll (o) lunll 2o < Mok = vl (z,)-
since ||un| g, is bounded. Hence
| Hm (v — v, up)| < Mllvg — () — 0
n—oo
as k — oo. Passing to the limit with respect to k in ([£2) we obtain
(v, uy = lim (v, up), Yu € Ex.
n—oo

Therefore v € (FEw ). The completeness of the space (Ew)?, is proved.
It can easily be verified that the second subspace is also closed, and the lemma is

proved. O
Lemma 2.4.4. If ¢ € (Ex)*, then ¢ € (E*); and

(4.3) ol sy, <M |dll(ery
where M is a constant independent of ¢.

Proof. We have ¢;¢ € E* for ¢, € D and
|¢idlle- = sup  |pip(u)l.

uw€E, ||ul|lg=1

Hence there exists u; € FE such that

ol < 2 |psp(ui)| = 2 gid(oius),

where |o;| = 1. Therefore

(4.4) D ldidlle <26(> diosus).
i=1 i=1
For any ¢ we have

1D drdioiuille <Y lloxdiulle <D opdsuslls,

=1 =1 il
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where 4’ are all those numbers ¢ for which supp ¢; N supp ¢ # 0. It follows that

m
(4.5) [ Z ordioiuillp < NK?,
i=1

where N is the number from Condition 2.2.2 and K = sup, ||¢:||ap(g)- Inequality (4.5])
implies

1" piosuil|p. < NK2.

=1

From (@4 we obtain

S lidlle- < 2NK?|¢l| (5. -

i=1
and (Z£3) follows. The lemma is proved. O

Theorem 2.4.5. (E)} = (E*);.

Proof. The inclusion (E)¥ C (E*); follows from Lemma 2.4.4. Suppose now that

w

¢ € (E*);. Consider the functionals

k
O =Y did,
i=1

where ¢; is a partition of unity. By the definition of the space (E*);, the series
Yooy l¢idll g+ converges. We show that ® converges to ¢ in (E*);. Indeed,

k (o' k
6= Drllzy, = o =D didlley, =D 656 =D 6i0)lle-
j=1 i=1

i=1

S k
= llejo— > bi(did)- =+
j=1 i=1
All terms of this sum for which Zle ¢; equals 1 in the support of ¢;, disappear. The
remaining terms begin with some k', where &’ depends on & and tends to infinity together
with it.

s} s} k
g <Y ldidlle + YD 6ididlle-

') k
=Y g — > ilg0)|
1=1

J=k J=k’ j=k' i=1
=Y losdlle + YD ldwd;ole
=k j=k' @’
< Z lojolle- + NM Z |l¢;jblle- — 0 as k — oo.
j=kK =k’

Here ¢’ denotes all those i for which the support of ¢; intersects the support of ¢; for
each fixed j. As usual, we use the fact that their number is limited by V.
Thus, the functional ¢ can be represented in the form

b= ¢is.
i=1
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Then it is also a continuous functional on E.,. Indeed, for any v € F,

(&)l <D i, diw)| <Y ||l - [dhiul| &
1=1 =1

oo

< Cllulle, Y ll¢idl

i=1

g < Cloll e, lull g -

Here 1; = 1 in the support of ¢;. Therefore ¢ € (E)*, and
18ll(50) < ClIBll (7). -
Let u € En. Put up, = Y.F | diu. Then ¢(uy) = By (u). Hence
o(u) = ler{:O D (u) = khjglO o(ug).

This means that ¢ € (Ex)5.

w

It is easy to prove that the spaces (Ew ) and (E*); are linearly isomorphic. The
theorem is proved. (I

Consider now the closure Ep of D in the norm E.. The following theorem can be
proved.

Theorem 2.4.6. (Ep)* = (E*);.
2.5. The spaces E,(2) and E,(T"). Let  be a domain in R".

Definition 2.5.1. The space E4(2) (1 < g < o0) is defined as the set of all those
generalized functions from Dy, that are restrictions to @ of generalized functions from
E,. The norm in E,(f2) is defined as

ull £, (@) = inf [|[u]|g,,

where the minimum is taken over all those u® € E; whose restrictions to € coincide
with u.

It can be proved that the space E,(€2) in this definition coincides with the space E, ()
in the following one.

Definition 2.5.2. Let {¢;} be a partition of unity. The space E, () is defined as the
set of generalized functions u € Dy, such that ¢,u € E(Q) for all i and

oo
ull 2,0 = Q_ ldiullq)) "/ < oo (1< g < o0),
i=1
HU”EOQ(Q) = sup H@‘UHE(Q) < 0.
K3

It is obvious that if  is a bounded domain, then E,(Q) = E(Q) (1 < ¢ < o0). It
follows from the definitions that for unbounded domains the space E,(€2) inherits the
properties of the space E,(R").

If T' is an (n — 1)-dimensional manifold (in particular the boundary of the domain
2), then the definition of the space E,4(I") can be given in a standard way using local
coordinates and the definition of the space E,(R"™1).
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2.6. Local operators.

1. Operators in R™. Let E and F be two Sobolev—Slobodetskii spaces.

Definition 2.6.1. An operator A : E — F'is called local if for every u € E with a
compact support,
supp Au C supp u.

Theorem 2.6.2. If A: E — F is a bounded local operator, then A* : F* — E* is also
a bounded local operator.

Proof. The proof follows easily from the definition. O
Let A: E — F be a local operator. Denote
o0
Alocu = Z ¢]A(¢1U)7 Yu € Eloca
i,j=1
where ¢; is a partition of unity. Convergence of the series is understood in the sense of

distributions. It can be proved that A;,. does not depend on the choice of the partition
of unity ¢; and it is a linear operator acting from Fj,. to Fioe.

Definition 2.6.3. The operator 4, (1 < ¢ < c0) is a restriction of Aj,. to E,.

Theorem 2.6.4. Let A : E — F be a bounded local operator. Then Aq is a bounded
operator from E, to Fy.

Proof. We begin with the case ¢ = co. Let ¢; be a partition of unity, u € F. We have
GiAloct = @ Z A(¢Ju)
j=1
for all m sufficiently large. Since

supp A(d)ju) C supp ¢;u C supp ¢;,
then
¢2Aoou = ¢iAlocu = (bz Z A((bj/u)’
j/

where j’ are all those j for which supp ¢; Nsupp ¢; # 0. Therefore
piAscullr <Y llgiA(dyu)le <O dillar 1Al 65ulle < NIIA| il arellull £ -
J’ J’

Let x = sup, [|¢il[ar(r).- Then
[Ascull . < &N[A] [lulle.-
Consider next 1 < ¢ < oo. We have

$iAqu = $iAipcu = ¢; Y Al¢ju),
j/

and for any integer m,

S liAqullt = llei > Algpu)|h <D NTEY g A(gu)|| &
i=1 1 j’ i=1 j’

i=

= NS lloid@uls = NI e A(dyu)llf < -

j=114=1 Jj=1

N
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Here i’ are all those ¢ for which supp ¢; Nsupp¢; # 0. The number of such ¢ is not
greater than V:

e S NS e Il A(G G < N&TY ([ A(S5u)F

j=1 4 j=1

o0
< NRIAIY " lIgjullly = N7 A ullE,
j=1
Passing to the limit as m — oo, we get

[Aqullf, < N&1A]lull, -

Therefore
[Aqullr, < Nk||A]l ||lulg, -
The theorem is proved. O

2. Operators in . Let Q be a domain in R™.

Definition 2.6.5. Let A : E — F be a local bounded operator. Operator A4,(€2) (1 <
q < 00) is the restriction of A, to Eq(£2).

It can be proved that operator A,(£2) is bounded as acting from E () to F, ().

Definition 2.6.6. A linear operator B : E(Q) — F(99) is called local if for any u €
E(£2), we have supp Bu C supp u.

Theorem 2.6.7. Let B : E(Q2) — F(09Q) be a bounded local operator. Then B* :
(F(02)* — (E(Q))* is also a bounded local operator.

The proof follows directly from the definition above.

3. NORMAL SOLVABILITY

3.1. Limiting domains. We consider an unbounded domain 2 C R", which satisfies
the following condition:

Condition D. For each zy € 99 there exists a neighborhood U(z¢) such that:

1. U(x) contains a sphere with radius ¢ and center xg, where J is independent of zg.

2. There exists a homeomorphism ) (x;xg) of the neighborhood U(zy) on the unit
sphere B = {y : |y| < 1} in R"™ such that the images of Q N U(xy) and 9Q N U(xg)
coincide with By ={y:y, >0, |y| < 1} and By = {y : y, =0, |y| < 1} respectively.

3. The function 9 (z; () and its inverse belong to the Holder space C™% 0 < 6 < 1.
Their || - |46 - norms are bounded uniformly in xq .

For definiteness we suppose that § < 1.

To obtain a priori estimates of solutions we suppose that r > max({+t;,l—s;,l—0;+1).

Let Q be a domain satisfying Condition D and x(x) be its characteristic function.
Consider a sequence z, € , |z,| — oo and the shifted domains €, defined by the
shifted characteristic functions x,(z) = x(z + z,). We suppose that the sequence of
domains €2, converges in Z,. to some limiting domain (see [45]). We assume that
0<k<r.

Definition 3.1.1. Let u, € WEP(Q,), v = 1,2,.... We say that u, converges to a
limiting function @ € WEP(Q) in W/Z’Cp(Q,, — 1) if there exists an extension v, (x) €

WEP(R™) of u,(z),v = 1,2,... and an extension 9(z) € WEP(R") of 4(x) such that
A e k,p n
v, — 0 in W,2P(R™).
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Definition 3.1.2. Let u, € ngl/”’p(agu), k> 1/p, v =1,2,.... We say that u,
converges to a limiting function @ € W& /P2 (5Q) in Wllzzl/ PP(HQ, — 9) if there exists
an extension v, (z) € WEP(R") of u, (z),r = 1,2,... and an extension 9(x) € WEP(RM)
of i(z) such that v, — @ in W}>P(R™).

loc

It is proved in [45] that the limiting function @ in Definitions 3.1.1 and 3.1.2 does not
depend on the choice of the extensions v, and v.

3.2. Limiting operators. Suppose that we are given a sequence {z,},v =1,2,...,x, €
Q, |z,| — oo. Consider the shifted domains €2, with the characteristic functions y, (z) =
x(x + z,) where x(z) is the characteristic function of 2, and the shifted coefficients of
the operators A; and B;:

afy, () = af(x +3,), O, () =V} (v +2,).
We suppose that
(2.1) afy(x) € C'F0(Q), b (z) € C'=7H(0Q),

where 0 < 6 < 1, and that these coefficients can be extended to R™:

(2.2) agy,(z) € CHO(RY), b (x) € CTOO(RM).
Therefore
(2.3) lladko (@)l gr=si+o(rny < M, Hb?k,y(x)ucl*“ﬁ@(m) <M

with some constant M independent of v. It follows from Theorem 3.8 in [45] that there
exists a subsequence of the sequence €2, for which we keep the same notation, such that
it converges to a limiting domain Q. From 23) it follows that this subsequence can be
chosen such that

— a%, in C'% (R™) locally, b

(2.4) ay, ik Afk in C'=7 (R") locally,

WV
where ag;, and bf . are limiting coefficients,

agy, € C'H (R, B e 1T (R),

We have constructed limiting operators:

N
(2.5) Azuzz Z as,(z)D%uy, i=1,...,N, z €,
k:l\a\<a7g
A N ~ A
(2.6) Bjuzz bfk(x)Dﬁuk, i=1,....,m, x € 09,
k=1[B|<Bjk
(2.7) L=(A,...,Ax,By,...,Bp).

are the spaces defined in Section 1.1.
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3.3. Condition NS. We introduce the following condition.
Condition NS. For any limiting domain Q and any limiting operator L the problem
(3.1) Lu=0, u€ Ey(Q)

has only the zero solution.
The following theorems are proved in [47].

Theorem 3.3.1. Let Condition NS be satisfied. Then there exist numbers My and Ry
such that the following estimate holds:

(3.2) lullze < Mo (IZullre + el oy ) » Vot € Foc
Here Qp, = QN {|z| < Ro}.

Theorem 3.3.2. Let Condition NS be satisfied. Then the elliptic operator L : Eo(Q) —
Fo () is normally solvable and has a finite-dimensional kernel.

3.4. Exponential decay. Denote
wy, = etV 1t
where p is a real number.

Theorem 3.4.1. Let Condition NS be satisfied. Then there exist numbers My > 0,
Ry > 0 and po > 0 such that for all p, 0 < p < po the following estimate holds:

(41) etz < Mo (Ll + [l ) i@ e Ba
Proof. According to (B2) we have
(12 il < 3 (1)l + lollir@ny))-

The operator L has the form: L = (Ay,..., AN, B1,...,By,). Consider first the operator

i(wuu) = Z Z D*(wpug), i=1,...,N.

k=1l]a|<air
We have
(4.3) Aj(wyu) = wuAi(u) + @4,
where

N
o, = Z Z Z a8, (z)cgy DPw, D Vuy,,

k=1 |o|<air B+r=a,|8>0
and cg, are some constants. Direct calculations give the following estimate:

(4.4) [@illyyizeer < Mipllopul gy @)-

For the boundary operators we have

ZZb (2)DP(w,ug).

1IBI<Bjk
As above we get
(4.5) Bj(wuu) = w,Bj(u) + ¥j,
(4.6) 1l yi=es=1/mr < Mopllwpull o ()-

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



FREDHOLM PROPERTY OF GENERAL ELLIPTIC PROBLEMS 147

From ([{3)-(&6) we obtain
()l e < llwpLullp + Mpllwyulle., -

The assertion of the theorem follows from this estimate and (£2)). The theorem is
proved. O

Theorem 3.4.2. If0 < p < po for some pig, v € Fu, and w,Lu € Fy, then w,u € Fy.
In particular, if u € Eo and Lu = 0, then w,u € Ey.

Proof. Let {B;}(j = 1,2,...) be a covering of R" by unit balls with centers at the
points x;. Let further 6; be the corresponding partition of unity, suppf8; C B;. We
introduce the norms in F, and F, in accordance with this partition of unity. Suppose
that functions ¢; € D are such that

¢j(x) =1for |x —z;| <2, supp ¢; C {|z —z;| < 3},
and functions 1; € D are such that

Yi(x) = 1for |x — x| <3, supp ¢; C {|z — ;| < 4}.
We introduce next a small parameter ¢ > 0 and denote

65(x) = 5 (ex), ¥5(x) = vy (ca).
It follows from Theorem 3.4.1 that
lougsll e < Mo (lwL(ud§)llr. + llwudsllLe@n)
< My (lwd§Lul p, + lwud§llo@n) + Mollw(dfLu — L(ug§))| .-

(Here and in what follows we write w instead of w,.) We have

(4.8) [w(¢fLu = L(udj))| ro. = lwtb§(¢5Lu — L(ugf))| re < Mipesup |lwiDul| k., ,

(4.7)

where

Pe = sup |D*¢5(2)].
z,0<|a| <l+tk,k=1,...,N

We estimate the right-hand side in ([@.38]):

(4.9) lwsD%ullp., < Ky wéiulls..

where K is a constant independent of €, and ¢’ denotes all the 7 for which

supp ¢; N supp ¥5 # 0.
Denote the number of such ¢ by N. It is easy to see that it does not depend on e.

From ([{0)-#3) we obtain
lwug§l| ., < Mo (lwLullp,, + llwull @) + Mape Y wudf |k,

il

In the last term on the right-hand side we take the maximum among the summands:
(4.10) lwud§llp.. < Mo (lwLullp, + llwullprp) + MapeN wudf ;) | .. -

We rewrite this inequality in the form
(4.11) lwud§, le., < Mo (llwLullp, + lwullLrog)) + ollwuds, |l e...

where o is a small constant, and the support of the function ¢;, is neighboring to the
support of the function ¢;,. Since the last estimate is true for any j, then we can write

(4.12) lwud$, | B < Mo (|wLullpy + lwullLr@g)) + ollwuds, lle..
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where the support of the function ¢;, is neighboring to the support of the function ¢,,.
If we continue in the same way, we obtain the inequality

(4.13) lwud§, | < Mo (lwLull o, + llwullLrap)) + ollwouds, 5.

where the support of the function ¢;, ., is neighboring to the support of the function
¢j.. In order to estimate the last summand on the right-hand side of inequality (£.I])
we use the inequality (£12):

(4.14) lwud$, e < Mo(1+0) (lwLlullp. + lwullpr@gy) + o lwuds, |b.. -

Next we estimate the last summand on the right-hand side of inequality ([€I4]), and so
on. We obtain the estimate:
(4.15)

lwug$, g < Mo(1 40+ -+ +0%) (llwLullp, + lwullLrop) + 0" lwuds, 5. -

Jk+2
Let us specify the choice of the functions ¢;. Let ¢(x) € D, 0 < ¢(z) < 1, ¢(x) =1 for
|z| <2, supp ¢ C {|z|] < 3}. Put ¢;(x) = ¢(x—=x;). The points z; are chosen in the nodes
of some orthogonal grid. Therefore, the function ¢, in (@.II]) is shifted with respect to
¢5, with a value of the shift that does not exceed A/e, where the constant A does not
depend on x and j. Hence the function ¢§k+2 in (I3) is shifted with respect to @5, with

a value of the shift that does not exceed (k+1)A/e. Thus, ¢, () = ¢§, (z — hk), where

(4.16) | < @
We have, further,
(4.17) lwud, B0 = sup wubids, |l e@)-
The following estimate holds:
Skt = [lwubi g, [ B@) = llwudid, (x — hi) || 2
= w(@ + hr)ulz + hi)0i(x + hi) 65, (2) ] 2(2,, )
< I g lo(oute + k)b + )05, @l a,
Here Q, is a shifted domain, and || - ||a7(z) is the norm of the multiplier in the space

E. Tt is known that this norm can be estimated by the C-norm of the corresponding

derivatives. Therefore
w(z + hy)

< cetlhel
w(z) ||M(E)_Ce )

where the constant c is independent of y and k. Let us return to the estimate of Sy ;.
Since

1012 + hi) |y < e,

then we have
(4.18) Sk < oM |w(@)u(z + hy) o, (@)@, )-

Furthermore,
T; 3
supp ¢5, (x) C {w = < 6},

such that at the support of the function ¢5,,
|le |

L3
2| < P = 2 Tl
€ € €
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Let us introduce the function

fe(l') - { 0, ‘$| >1 +pj1/€-

Then
lw(@)u(@ + hi)é5, (@) pan, ) = lw(@)ul@ + i) g5, (@) fo(@)] s,
< Nwfellarmlle, e lu(z + bl s, < eslwfellamllull e < cae /e,

where the constant ¢y does not depend on € for € < 1. From the last inequality, (ZI71)

and (£I8) we have

(4.19) ||WU¢§,€+2||EOO(Q) < c5e”(k+1)’\/€e“pﬂ'1/€.
Consider inequality ([@I5). Taking into account (£I9), we have
(4.20)

lwuds§, || po < Mo(Lt0+---+0%) (lwlul ., + wull Lr (o)) +eso™ et el t7e,

Let € be chosen in such a way that o < % Put po < El;’Q. Then for 0 < p < po from

(#20) we obtain

k
1 1 .
lwud$, e < 2Mo (lwLullp. + llwullLr @) + s <e““/€> e 2P TN/,

2 2
Passing to the limit as kK — oo, we have
lwug§, 5., < 2Mo (lwLullp., + wullLr@g)) -
The theorem is proved. |

For some classes of elliptic problems satisfying the Fredholm property the exponential
decay of solutions is known (see [28] and the references therein). Here it is proved that
solutions of general elliptic problems behave exponentially at infinity if the corresponding
operator is normally solvable with a finite-dimensional kernel.

4. ADJOINT PROBLEMS

4.1. Model problems in a half-space. We use the following notation:
Dj = 18/8:1:], j = 1,...,71,

. _ 5 . N
Dj = (F) 1|£—Z‘ A+ [ENF, j=1,...,n—1, D, =D,,
where F’ is the partial Fourier transform with respect to the variables z1,...,z,_1,

5/ = (515 s agn—l)a |€/| = (5% et 5271)1/2'
Denote by A(D) the square N x N matrix of linear differential operators A;;(D),

AU(D>: Z G%Da
\04:04@9‘

with constant coefficients. We suppose that the operator A(D) is elliptic in the Douglis-
Nirenberg sense and contains only the principal terms. Then (see [42])

(1.1) A(c§) = S(c)A(§)T (c)

for any & = (&1,...,&,) and any real ¢. Here S and T are diagonal matrices,

(1.2) S(c) = (8;5¢%), T(c) = (6;5¢%),

where §;; is the Kronecker symbol, s1,...,sn,t1,...,tn are given integers, a;; = s; +

tj’ Z'7j:17"'7j\[7 SZSO
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We consider the system of equations

(1.3) ADyu=f
in the half-space R} = {x € R",x = (z1,...,%y),Tn > 0}, u(z) = (u1(x),...,un(x)),
f(z) = (fi(z),..., fn(x)). We set the boundary conditions
(1.4) B(Dyu = g(«')
at the boundary I' of R}, where g(z') = (g1(2'),...,gm(2’)), B(D) is a rectangular
m X N matrix with the elements
Bij(D)= > by;D,
lee|=0k;
and bj; are some constants. The matrix B({) is homogeneous, B(c§) = M(c)B(§)T'(c),
where M (c) is a diagonal matrix of order m,
(1.5) M(c) = (6i5¢7")
g; = maxlSjSN(Uij — tj), 1= 1, ..., (see [42]).
We introduce the following spaces:
N N m
B(Q) = [[w"# (@), FUQ) = [[w'=r(@), Foe) = [[weo (o),
j=1 j=1 j=1
where  is a domain in R", 0 is its boundary, [ is an integer, | > max;(o; + 1),
1<p<oo.
The main result of this section is given by the following theorem.

Theorem 4.1.1. For any f € F4(R) and g € F*(R"™1) there exists a unique solution
u € E(RY) of problem (L3), (L4).

The proof of this theorem is based on the following result.

Theorem 4.1.2. For any u € E(RY) the following estimate holds:

lullecy) < (JADYull o) + IBOYl vy )
where ¢ is a constant independent of u.

The proof of this theorem is given in Section 4.4 and the proof of the previous one in
Section 4.5. Theorem 4.1.1 in more general spaces is proved in [36]. We use the approach
developed in [42] to give a simpler proof for the case under consideration.

4.2. A priori estimates for adjoint operators. Model systems. In this section we
consider the operators

N
Ay = E E ag, D%y, i=1,...,N, z € Q,
k=1 |a|=s;+ti

N
Bjo-u = Z Z bkaﬁuk, i=1,...,m, x € 09,
k=1|8|=0i+tk
with constant coefficients af,, bfk. We suppose here that the domain € is the half-space
R;" = {x, > 0}. We will denote by A? and B? the operators obtained from A9 and B?,

respectively, if we replace the derivatives D;, ¢ = 1,...,n — 1 by the operators D;. The
operator

L0 =(AY,..., A%, BY,....,B°)
acts from E to F' = F4 x F°.
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We consider the operator
(L°)*: F* — E*
adjoint to L° = (A?,...,A?V,B?,...,B%). We have

N m
(21) Ef = H W*lftj)p’(ﬂ)’ F* = H Wﬁl‘kshp/(g) % H W7l+o-j+1/17,p' (89)7
, , =1
where 2 = R", and WP (Q) is the closure in W=7 (R") of infinitely differentiable
functions with supports in Q, W~=#'(Q) = (W*2(Q))*, % + = = 1. Denote

’
1
p’

N m

(2.2) o=t @) < [ w e temte' (o).
: e

Theorem 4.2.1.

(2:3) lelle- < € (L)

E +HU Ff1>a V’UGF*,

where C' is a constant independent of v.

Proof. From Theorem 4.1.1 it follows that the operator LY has a bounded inverse,
(ﬁo)_l :F — FE.
Therefore the operator
((iO)*)fl N DA
is also bounded. Hence we have the estimate

e < C|(LO)*v|g-, Vv e F*.

[

Therefore
(2.4) lelle- < € (NEO) olls- + (L) = (L) )olls- )

We estimate the second term on the right-hand side of this inequality. Let (,)g be the
duality between E and E*. For u € F we have

(2.5) [{u, (L°)" = (L) )v) sl = [(L° = LO)u, v) p .
Let v = (v1,...,vN,w1,...,Wy), where
& (WP(@), wy € (W=7 /pr(90)

Then we have
(2.6) (L° = LY, v)p = Z((AO Ju, v;) + Z — BY)u, w;).
j=1

Let
Ti . Wl*Sz‘Jrl,;D(Rn) N Wlfshp(Rn)
be an isomorphism between the two spaces.
Denote by ; an extension of u; to W!*%-P(R") such that

(2.7) ||ﬁj||Wz+tj,p(Rn) < QHUJ'HWWM(Q)’

and @ = (@y, .. .,ay). Then (A9 — A%)@ is an extension of (A9 — A%)u from Wi=si+1.p(Q)
to Wi=sit1p(Rn).

We have (A9 — A%)u € Wi=si+1p(Q) ¢ W!=*?(Q). Hence v; can be considered as an
element of (W!=*+1P(Q))*. It can be extended to an element ¥; € (W!=si+Lr(R"))*
such that

<(A? - A )ua U’L> <(A0 A(z))ﬂ’a ’[}'L>
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and
(2.8) [10illwi-sitro(mryys = Vil (wi-si+1())=-
Then
(AT = AD)u,vi)| = (T, Ti(AD — AD)at, 5,)| = [(Ti(AT — AD)ai, (T;1) ).
Since

(T;1>* . W—l+s,1—1,p/(Rn> N W_l+s"”p/ (Rn),
it follows that
(A7 — AD)u, vi)| < ITo(AD = AD)llwr ooy | (T3 1) il oo (-
< O(A? = AD)illwi-si41.0(pn)

< Cullall s 10l (wi-si+1.0(Rny)= -

{)IL'H(Wl—si-f—l,p(Rn))*

From (1), ([Z5),
(2.9)

(AT = AD)u, v:)| < Collull zeey Vil gwizsitro gy = Callullz@) Vil -t+o: 107 (g -
Consider now the boundary operators in (2.6]). We have
(BY — BY)u e W!=oi=t/prL2(9Q).
Let
S; : WimeimlUptble(9Q) — Wwi=oi=1/pp(5Q)

be an isomorphism between the two spaces. Then
(2.10)
[((BY = BYyu,wy)| = [(S;718;(BY) = BY)u,w;)| = [(S;(B = BY)u, (5;1) " w;)]
< 11S5(BY = BYullyyi-e, 1m0y 155 wsll gty 170 -
< CS”(B? - B?)u”vvl*f'rl/ﬁl’l’(ag)||wj||(Wl*"r1/1’+1vp(as’2))*
< Callullp@) | 1wjlly 1405 +1/0-107 ()

From (2Z3), 4, (29), and (2I0) we obtain
[(u, (L°)* = (L°)")v) ]

N m
< Csllullsiey | D Moillyi-rei -1y + 2 Nwillyrioss1m-107 g
i=1 j=1
= Csllullp@) v F-, -
Therefore
(L) = (L) vl < Cslollpe, -
Estimate (23] follows from this estimate and (Z4]). The theorem is proved. O

4.3. General problem in the half-space. We consider operators (I1I), (I2)) (Section
1) with Q@ = R7}.

Theorem 4.3.1. Let v € F*(R}) vanish outside the ball o(p) = {x : |x| < p}. Then
there exists pg > 0 such that for p < pg the following estimate holds:

(3.1) o]

Fery) < C (HL*UHE*(Ri) + ||| Fil(R¢)> :
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Proof. We introduce the notation

N
A?u:z Z ag,(0)D%uy, i=1,...,N, x € R},

k=1 |a|=s;+tk

N
B;-)u:z Z bfk(O)Dgu;c7 i=1,...,m, x € R" 1

k=1|8|=0;+

0= (A%...,4%,B%...,B%) : E — F, and (L°)* is the adjoint operator, (L°)*
F* — E*. From Theorem 4.2.1 we have

(3:2) ol -y < € (1) 0ll= ) + ol ) ) -
On the other hand,

(3.3) (L) 0]l < | L*0l| g~ + [ (L°)"v — L*

We estimate the second term in the right-hand side. For any v € E and
v=(v1,...,UN,W1,..., W) We have

(u, (L%)" = L)) = ((L° — Lyu,v)p

4 N m
(3.4) = D (A = Adu,vi) + 3 ((B] = By)u,wj).
Furthermore,
(3.5) [((A? = Adu, v)| < [(Afu, vi)| + [(AFu, vi),
where
N
36) A= (a5(0) — af(2))Duy, A3 u—Z > (@)D

k=1 |a|=a;k k=1 |a|<oask
We estimate first the operator Al. We have

(Alu,v;) Z Z ad,(2)) D%y, v;),

k=1 |al=au

[{(@3,(0) — afj,(2)) D%uk, vi) | = [(D%ux, (a3 (0) — af(x))vi)|

< [1D%uk|lwri-si0 () | (. (0) — g (z) )il (wi-sio (rr )~

< HukHW”tk’P(R;‘_) (a (0) _azk(x))UZH(Wl 5P (RY))*

and

N
(3.7) |<A%U7”i>| < Z HukHWl“kvP(Ri) Z [ (a5 (0) — afy,(z ))UZ”(W“ P (R))*

k=1 la|=aix

We estimate the second sum on the right-hand side. Let v € D, ¥(z) = 1 in o(p),
¥(x) = 0 outside o(2p). Then we have

1(@50) — a8 @)l wi-scogmg )+ = I1(@500) — A (@)l wi-scos-
= 1@ (0) — @il rmnr () = T

From Lemma 4.3.2 (see below) we obtain

T < €1 ma | (@5 (0) — @ (@)l 0illir-teea () + Keopl 101500207
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For any € > 0 we can find py > 0 such that for 0 < p < py we have
T< 6||Ui||W*l+3¢vP’(R¢) + KapllviHW*HSrLP’(Ri)'

From (B.7),
(3.8) [(Atu,v;)| < ullE(ry) (KG”’UiHWsti,p/(Ri) + M||Ui||W—l+si—1,p/(R1)) .

where £ and M are some constants.
Consider now the operator A? in (B6). We have A? : E(R}) — W!'=*"P(R"). We can
extend its coefficients in such a way that the extended operator
A?: E(R") — W'™:P(R")
is bounded. Furthermore, let T; be a bounded linear operator with a bounded inverse

acting from W'!=s+1LP(R?) to W!=s:P(R"). Then
(T'fl)* : (Wl—si+1,p(Rn))* N (Wl—si,p(Rn))*

2

is also bounded.
Let u € E(R;), and let @ be its extension to E(R") such that ||@||grn) < 2lullp(ry)-
Suppose that

€ (W!'=P(RD))* = WHeor' (RY).
We consider the extension #; € W~'*5=1¢"(R"). Then we have
[(Afu, )| = (A4, 03)| = (T ' TiATa, 0,)| = (TATG, (T 1))

<N AT o0 oy | (L) Billyyr 10007 (3
(3.9) (R™) w (R™)

< Ol ||A2a||wl—s.+1_p(Rn 171HW71+5,,LP/(R”)

< CEH“HE R") |U1||W I+s;—1,p/ (Rn)

From this estimate, (3.5), and [B.8) it follows that

(3.10)  [((A? = As)u, 0| < [l gy (sellvillirreen gy + Milloillveo v gy -

Consider now the second term on the right-hand side of (3:4]). We have

(3.11) (Bj — Bj)u = Bju + Biu,

where
N N

(312)  Bju=Y_ Y (05,00 = b (2)D%uy, Biu=-> > b (2)D%u
k=1 |8|=B;k k=18]<Bjk

Consider first the operator le-:

Mz

B u, wj) bfk 0) — bfk(x))Dﬁuk,wj),

k=1|8|=B;x

[((65,(0) = b2 () DP g, wy) | = [(DPug, (87,(0) — b (2))wy)]

< HD%||Wz-aj-up,p(R,H)||<b§k<o> @)l e, ()

(055 (0) = B0 (@)l =100 (-
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Hence
(3.13)
N
(Bju,wi)l < D llunllwreanrny D IOF(0) = (@) wjllyyrems 17007 gy
k=1 |B|=8Bjk

We estimate the second sum on the right-hand side. We have
1050) = B (@) sl e, s
= 0B (0) — V@)l svo, 170 sy = Th.
Then by Lemma 4.3.2,

<Gy xgll%an)il |(bgﬁk(0) - bfk(x))w‘ ||wj||W7l+“j+1/Pwp,(Rn—1)

+ Kﬁp”wjHW*L*’UjJrl/P*l,PI(Rn—l)'
For any € > 0 we can find py > 0 such that for 0 < p < pg the following inequality holds:
T <e ||ijW—l+frj+1/p,p’ (Rn—1) + K/Bprj||W—l+0'j+1/p—l,p/(Rnil)o

From [BI3),
(3.14)

(Bl wd) < Nullprsy (Rellwglly o, 5170 gn-sy + Mgl iso, 5170100 sy ) -
Consider now the operator B} in (311,
E(Ri) N Wl_aj_l/p+l7p(Rn_l).
Let
Sj . Wl—o'j—l/p—i-l,p(Rn—l) _ Wl_gj_l/p’p(Rn_l)
be an isomorphism. We have
(Biu,wy) = (S5 5 Bu, w;) = (S;Bju, (S; 1) wy),

(3.15) (B u, wj)| < ||SJ‘BJZ‘“Hw““r”"*”(m—l)”( j ol wz‘”w*“”ﬁ”“”’(m—l)
' < OllB3ullyioy =1/t ) 105l -ty 17010 ()

< Cl||u||E(R:;) |wj||sz+oj+1/p—1,p’(Rn_1)-

From this estimate, (311]), and (3I4) we obtain

(B} — Bj)u,w))]
(3.16)

< ”UHE(R ) (HGHwJ”W—H-G +1/pp' (Rn—1) + M1||w]||w—l+a F1/p=L.p’ (Rn— 1))

From (B:4), (310), and [B.14]),
[((u, (L°)* = L*)v) g
N N
< llullpery) (HEZ Vill =550 () +ZM1||”i||W—l+Si—1’P'<R1>>

=1 i=1

m m
+ H’U’”E(Rf{) (HE Z H’UJ] HW—H'“J"*’l/PvP' (Rn—1) + M, Z ||wj||W—l+“j+1/P—1vP’ (Rn—l)) .
j=1 =1

Using the notation in (21 and (Z2]) we can write this estimate as

[{(u, (L°)* = L*)v) gl < llull pgiy (KEIIUI

Fe(ry) + Mi|v] Fil(Rg‘_)) :
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Hence

(L) = LYol g iy < rell] Fx, (RY)-
Estimate (BI]) follows from the last estimate, B:2]), and 3]). The theorem is proved. O

Fe(ry) + Mi[v]

In the proof of this theorem we used the following lemma.

Lemma 4.3.2. Suppose v has bounded support, a € CJ*(R™), v € H®P(R"), and
1-m<s<0. Then

(3.17) llavllrerrm) < e1 max |a(@)||[vllger(rm) + e2(@) 0] zre-10(m),

where the constant c1 does not depend on v and a, and co =0 if s = 0.
A similar estimate holds for a function v € BSP(R"1):

(3.18) ||lav]

Ber(Rr-1) < €1 Max la(x)]|]|v] Bep(RP-1) + ca(a)|v] Be—1.p(Rn—1)-
zeR"—1
Proof. The proof in [36] (Section 1.12) is given for the spaces H*?(R").
Let us prove estimate (BI8) for the case of noninteger s which we use below. All
necessary elements of the proof are given in [36]. We recall that the Besov spaces coincide
in this case with the Sobolev—Slobodetskii spaces.

We note first of all that for a positive noninteger s the estimate
(3.19) laviw s rm) < e1 max |a(@)[[vllwer(rn) + c2(a)l[vliwe-cram),

where o0 = s—k, k = [s] can be verified directly from the definition of the space WP (R").

Indeed,
|D*(a(x)v(x)) — D*(a(y)v(y))”
ool ny = Vs + 2 [ [ e dady
|a|=k

|av|lwerrry < C Z ID*aD?v|| Lo ()

laf+|BI<k

=C Z ||aDBU||Lp(Rn) +C Z ||DaaDﬁv||Lp(Rn)
IBI<k || +|8]<k,|a|>0

< cisup |a(@)|||vllwerrm) + ca(@)vllwe-re(rm),
xr

/ / |D*a(x)DPu(x) — D*a(y) D v (y)? dady < My(I; + I»),

|z —y|mtee
where
. [D*a(@)P|D(x) — DOo(y)?
1 — n " |$_y‘n+p0 y?
- |DPu(y)l|Da(z) — Da(y)l”
2=/ | P Y.
If |a| = 0, then

I < HCLH%O(Rn)‘|U||€Vs,p(m,)~
If |a| > 0, then

L < Ha||gk(Rn)||U\|€st1,p(Rn)~
We now estimate I:

I, = /n 1DPo(y)|P </n Daciixzyiiz(y”pdx) dy.
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Let us prove that
[D%a(x) — D%a(y)[”

- o — g

dx < M27
Rn

where M5 is a constant. We have

|D%a(y + 2) — D%a(y)|?

J= dz = J; + Jo,
- PR 2 1+ Jo
where
7 :/ [D%a(y +2) — D*a(y)P’ , :/ [D%a(y +2) — D*a(y)? .
T i« R RS ||t '

The integral J; is bounded since
[D%a(y +2) — D%a(y)| < Klz|, || <1, y € R,

and Jz is bounded since |D%a(z)| < M. Here K and M are some positive constants.
Thus, I < Mo HU||€vk,p(Rn)~ This completes the proof of estimate ([BI9) for positive s.

We recall that it is proved for o = s —[s]. It can now be obtained for any positive o with
the help of the estimate
[ollwer(rny < €lvllwererny + Cellvllwszp(rn),

which holds for any ss < s < s; and any € > 0.

We now prove a similar estimate for the dual spaces. It is shown in [36] that there
exists an operator xy which satisfies the following properties:

(i) it is a continuous operator from B*P(R"~!) to B**tP(R"~!) for any real s and
t > 0;

(ii) the following estimate holds:

(I — x~)ull gsw(rn-1) < M|l gs.p(rn-1)

with a constant M independent of u and NV;
(iii) for any € > 0 and o¢ > 0 there exists N(e,09) > 0 such that

I(I = xn)ull s=en(re—1) < €llull per(rn-1y

for any N > N(e,0¢) and o > 0.
Substituting in (B19) p’ instead of p and (I —x y)u instead of v and using the properties
of the operator x, we obtain the estimate

(3.20) la(l = xn)ull perr (gn—ry < M max |a(@)[|[ull e (gn-ry (5> 0).

R"—

Let w € B~*P(R" 1), w € B*P(R"1). Then for a positive s,
(T = xw)au, w)| = [(u, a(I = xn)w)| < |lullp-+»(rn-lla(l = xn)wll porr (rn-1)

from (B220)

< M mae (o)l sy [0l et oy

Therefore

(3.21) I = x)aulp-eoresy < M_max fa(@)][ullp-esgresy (> 0).
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Finally for s > 0, 0 > 0,

laull p-s(rn-1y < (I = xn)au| p-sp(rr-1) + [IXNaU| B-s0(Rn-1)

< M1 ( H}%aX |CL( )|||’1,L||B—s,p(Rn—1) =+ |au||Bsg,p(Rn1)>

S N [ P T P

Here we use ([3.21)), the fact that the operator yx is continuous from B=*~7P(R"~1) to
B=%P(R"1), and the estimate
||(1U||B—s—a,p(Rn—1) < CQ(CL)HU”B—s—a,p(Rn—l) (O’ < ].)
To obtain ([31I8) we use the inequality
||UHB—s—o,p(Rn—1) < 6||UHB—s,p(Rn—1) + C(e)||u||B—s—1,p(Rn—1),

where € = (max|a(z)])/cz(a) > 0 (in the case a(z) = 0, (BI8)) is obvious). The lemma is
proved. O

4.4. General problem in unbounded domains. Consider the operators A;, B;, and
L defined by (LI)-(T3) (Section 1). We will use the spaces E and F introduced in
Sections 1.1 and 4.2, and the corresponding oco-spaces:

N
= [[wir @)
j=1

N m
Q) = [[wace (@) x [ w7 Vrr(o0),

N
(E*(Q)o = [TV 7)),
j=1
N m
H l+sl,p 2))oo ¥ H(W*l‘i’gj“l’l/pap’(ag))oo’
N m
(F21 () = H(W_”S"_l”’,(ﬂ))oo X H(W_“r”"“/”_l’p/ (0€2)) o

We assume that the domain 2 satisfies the following condition.

Condition D. For each zy € 99 there exists a neighborhood U(zp) such that:

1. U(xo) contains a sphere with radius ¢ and center xg, where § is independent of zg.

2. There exists a homeomorphism (x;xg) of the neighborhood U(zy) on the unit
sphere B = {y : |y| < 1} in R™ such that the images of Q N U(xg) and 92 N U(xo)
coincide with By ={y:y, >0, |y| < 1} and By = {y : y» =0, |y| < 1} respectively.

3. The function v (x; o) and its inverse belong to the Holder space C"+%, 0 < 6 < 1.
Their || - ||;+o-norms are bounded uniformly in z.

Here r > max(l +¢;,1 — s;,l — 0; + 1), where the first expression under the maximum
is required for a priori estimates of solutions [I], the second and the third ones for the
proof of convergence in Lemma 4.5.4. For definiteness we suppose that § < 1.

Theorem 4.4.1. For any v € (F*(Q))o the following estimate holds:

(4.1) loll ey < M (I 0l @ + 10l o2 0.0 )

with a constant M independent of v.
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The proof of the theorem will be given after some preliminary considerations. Let §
and 1 be the same as in Condition D, Bs(xzg) = {z : | — zo| < ¢}, Gzy = ¥(Bs(zg)).
We introduce the operator of change of variables,

T : W*P(QN Bs(zg)) — WP (Gay N {yn > 0}), s> 0.

We will use the same notation also for the operator of change of variables in the space
WeP(T) (s > 0, = 0Q) defined on functions with support in Bs(xo),

T :W*P(T) — WSP(Ry™H).
We have for functions with supports in Bs(zo):
T:F(Q) — F(RY), T7': F(R?) — F(Q),
T:EQ)— E(RY), T™':E(R}) — E(Q),
L:E(Q)— F(Q), L=TLT™": E(RY) — F(R").
Consider the adjoint operators. We have
(L) = (T7) L°T* : F*(RY) — B*(RY).
Here
T*: F*(R}) — F*(), (T*)"': F*(Q) — F*(R}),
T*: E*(R}) — E*(Q), (T*)"': E*(Q) — E*(R7}).
Let © € F*(R") satisfy the conditions of Theorem 4.3.1, and v = T%0 € F*(£2). From
Theorem 4.3.1 we have

(4:2) Io () By + 19, ) -
Since )
(L) =(T"") L,
then from (£.2),
[l p- ) < T 12l (ry) < CITT| (H(T_l)*L*U”E*(R;L_) (7)ol F11(31)> :
Therefore
(4.3) [v]| p+(0) < C1 (||L* 71(Q)> '

Suppose ¢(x) € C=(Ty), supp ¢ C B(xp), I's is the d-neighborhood of T, and € > 0 is
taken such that € < 6/2 and ¢(Be(zo)) C 0, with the same p as in Theorem 4.3.1. Then
the previous estimate gives

(4.4) lvllr-(@) < C1 (1L (@0)lp- (@) + 6ol e, @) -
Let us estimate the difference L*(¢v) — ¢L*v. For any u € E(Q),
(u, L*(¢v) = oL v) = (pLu — L(¢u), v)

(4.5) ol "
= (oA — Ai(du),vi) + Y (6Bju — Bj(du), w;),
i=1 j=1
where v = (v1,..., VN, W1, ..., Wy). We begin with the first term on the right-hand side

of ([@X). The operator A; acts from E(Q) to W =5:+LP(Q). Let
Ti . Wl—s7¢+1,p(Rn) N Wl—si,,p(Rn)
be a linear isomorphism between the two spaces. Then

(Tfl)* . (WlfsiJrl,p(Rn))* N (Wl*Si;p(RTL))*.

7
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Consider a function ¢ € D such that supp¢ € Bs(xo), ¥(x) > 0, ¥(xz) = 1 for z €
Bsa(w0). Denote by @ an extension of u to E(R™) such that
(4.6) [all 2rmy < 2]l g0
We have v, € (W!=s:P(Q))* C (W!=%+LP(Q))*. Hence there exists an extension
Yu; € (WI=sitLP(R™))* such that
($Anu — Ai(du), v)) = (SAiit — Ay(i1), Yuy).

Here we assume that the coefficients of the operator A; are extended to R™. Hence
[(PAiu — Ai(pu), vi)| = [{pAiu — Ai(Pu), ;)]

= (T T (g Asit — Ai(6@), $vy)]

= (Ti(¢A — Ai(9)), (T; 1) dwi)|

<N Ti(@Ast — Ai (@) |lywicim(roy (T Wil wri=siom (-

< Cillall prmy [vill wi-si+10 (gry)-

(4.7)

< Collull gy llvill wi-sitie )

according to (4.0).
We obtain similar estimates for the operators B; in (£.3]):

|(¢Bju — Bj(¢u), wj)| = (S} S;(¢Bju — Bj(¢u)), yw;)|
= [(Sj(¢Bju — Bj(du)), (7 1) (Ywy))|
<1185 6By = By (60)lypicos s/ gy | (57" (00) | e 0 1
< O3||UHE(Q)||7/1wj||W—l+oj+1/p—1,p'(r)-
From ([{3), (@), (£]) we obtain
[(u, L*(¢v) — ¢L"v)|

(4.8)

N m
< Cullull @l | 3o vl gvi-ecrrmyy + 2 w5 lly-ris 1m0 o
i=1 j=1
= Cullullp@)l¥vllF:, @)
Therefore
(4.9) |IL*(¢v) — ¢L* 0| g () < Callvov p= (-

From this estimate and (4] it follows that

(4.10) [¢vllF-) < Cs (H¢L*U| e + lovllp () + HwUHF:l(Q)) -

Proof of Theorem 4.4.1. Let § be the same as in Condition D. We cover the boundary
I of the domain Q by a countable number of balls B, of radius €, where ¢ < §/2 is
the number that appears in the proof of estimate ([@I0), and extend this covering to a
covering of ). Let V;,7 =1,2,..., be all the balls of the covering, and let ‘73 be the balls
with the same centers as V; but with radius 6. We suppose that there exists a number N

such that each of the balls V; has a nonempty intersection with at most N other balls.
Furthermore, let ¢;(x) and ¢;(z) be systems of nonnegative functions such that

¢j(z) € C®(R"), suppd; C V;,  ;(x) € C¥(R™), suppo; C Vj,
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and ¢;(x) = 1 for x € V;. For the balls V; with centers at I by virtue of (I0) we have
the estimate

(4.11) |pjv]l Fe )y < Mo (\|¢jL*U||E*(Q> + lg5vllpe, @) + llé5v]

with a constant M, independent of j and v.

The covering of the domain € can be constructed in such a way that all other balls,
with centers outside of I'; do not contain points of the boundary. We can obtain a similar
estimate for them. It is even simpler because we do not have to take into account the
boundary operators.

By the definition of the spaces (E*(f2))oc and (F*;(2))s we have for any j:

|65 L]

F;(ﬂ))

@) < Mil|[L™|[(g- (), [l@jv]
;0]
where the constants M;, My, M3 do not depend on v and j. Therefore [@IT) gives
50llr- (@) < M (|L* 0l (8- (@) + lollcre, ). ) -
Estimate (1)) follows from this. The theorem is proved. O

Fil(ﬂ) S MQHUH(Fil(Q))oo’

Fro@) < Ms|vllpr @)

4.5. Estimates with Condition NS*. Normal solvability of elliptic problems in un-
bounded domains is determined not only by the ellipticity condition (including proper
ellipticity and the Lopatinskii condition) but also by Condition NS introduced in Section
3.3. We introduce a similar condition for adjoint problems.

Condition NS*. Any limiting homogeneous problem L*v = 0 does not have nonzero
solutions in (F™* (Q))Oo, where L* is the operator adjoint to the limiting operator L, and
Qisa limiting domain.

In this section we prove the following theorem.

Theorem 4.5.1. Let L be an elliptic operator, and let Condition NS* be satisfied. Then
there exist positive numbers M and p such that for any v € (F*(Q))s the following
estimate holds:

(5.1) loll @ < M (I V8- @ + lollE2, 0, ) -
Here
N . 7 M . 7
F2(Q,) = HW_H_SFLP (Q,) x H W ltesti/p=lp (T'p)s
=1

j=1
and Q, and T, are the intersections of Q and I with the ball || < p.

Proof. Suppose that the assertion of the theorem is not right. Let M — oo, pr — o0
be given sequences. Then there exist vy € (F*(2))oo such that

(5.2) ||ka((F(Q))*)OO > My, (”L*ka((E(Q))*)oc + HUICHFil(ka)) .
We can assume that
(5.3) lvell(F@))*)e = 1
Then from (52,

* 1
(5.4) IL vkl ((E@)*) e + 1UkllP=, (2, < 2, 0 ask oo
From (1),

* 1

(5.5) 1L vkl (o2 ) + I0kllcez, @ 2 37 -
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Estimate (5.4) implies that

(5.6) I vkll((B@))w = 05 [lvkllFx (o,,) — 0 ask — occ.
Hence

1
(5.7) lorll ez, @ > 537

for k sufficiently large. The norm

vkl (72, (@))o = sup [lvk]
yeN

F*, (0B,

is equivalent to that given in the introduction. It follows from (B7) that there exists
yr € Q such that

1

(5.8) lokllr= @B, > 537 -

From this and (&8 we conclude that |yi| — oco. Denote
(5.9) L*v, = 2.
From (&0)) it follows that
llzell(E* (). — 0 as k — oo.
Let T}, be the operator of translation in (E*(2))s, h € R". We apply T, to (59):
(5.10) Ty, Lo, = Ty, 2.

The shifted functions are defined in shifted domains ;. We will pass to the limit in this
equality as k — co. We have

(5.11) Ty L*T_y, Ty, v = Ty, 2,

where the operators Ty, act in the corresponding spaces. Denote
(5.12) wg =Ty, v, Ly =T, L"T_y,, Ty 2t = Cp.
From (BT we obtain

(5.13) Liwg = (.

Let vg = (V1k, - -+, UNK, V0p, - - -, 00 ). From (53) we have

||/UZ']€||(‘/i/—H»si,p’(Q))oC S ]., Z = ].,...,N,

(5.14) ‘
||v?kH(W—l+dj+1/p,p’ (T))oo <1, j=1...,m.

: _ b b
Denoting wy = (Wik, - - ., WNk, Wik, - - -, W) We have

Wik, = Ty, vip, 1=1,...,N, wiy, = Ty, j=1...,m.

k Y5k
Then from (G14),

(515) ||wik||(W—l+Si=P’(Qk))w <1, i=12,...,N, Hw?k||(W_l+U]‘+1/PyP/ (O)) s <1,
where y, is the shifted domain, j = 1,2,...,m. Consider first the functions w;. Since
(W*HSmp’ (2%))oo C V[/C;DlJrsl-)p'(Rn)7

then wy, € Wt (R"), and
(516) Hwik||W;l+Sz‘=P'(Rn) S L

It follows from Theorem 2.3.3 that there exists a subsequence Wik; and a function
w; € WHso?' (R™) such that

(5.17) pwir, — ¢w; weakly in WP (R as kj — oo
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for any ¢ € D. Moreover the sequence w;x, can be chosen such that for an € > 0,
(5.18) Pwik; — ¢w; strongly in WHsi—er (R7) ag kj — oo

for any ¢ € D.

For what follows we need a special covering of the boundary 99, of the limiting
domain Q.. Let zg € 09Q,. Then there exists a sequence I such that &, — o,
I € 0Q. For each point ) and domain Qy there exists a neighborhood U(Z) and
a function ¢y (z) = ¥ (x;2y) defined in Condition D. It maps U(Zj) on the unit ball
B C R" with center at 0. This mapping is a bijection. Denote ¢y, = 1/),;1. By Condition
D, the functions ¢; are uniformly bounded in C™T?(B). Hence this sequence has a
convergent in C"(B) subsequence: ¢y, — ¢o in C"(B). Denote U(zg) = ¢o(B). The
mapping ¢o : B — U(xg) is also a bijection. Denote vy = ¢y ' : U(zg) — B. Then
Yr, — o € C"T(U(x)), and U(xg) is an open set that contains a sphere S(zg) of
radius 6.

Consider now a sequence z; € 92, and denote by S(x;) the spheres of radius §/2 and
with centers at 2;. We can take the points x; such that the union W of the spheres S(z;)
covers the §/4-neighborhood of the boundary 9€.. We repeat the construction above
for the point z; of this sequence. We choose a subsequence of the previous sequence
(denoted also k;) such that

Uk, =¥, o, — ¢!, Ular) = 6'(B), S(z1) C U(z).

We then repeat the same construction for the point 22 and so on, and take the diagonal
subsequence. Therefore we construct neighborhoods U(z;) of all points ;. Moreover
this construction can be done in such a way that for some number N, any N different
sets U(z;) have an empty intersection, and for any compact K C R™ the number of the
sets for which K NU(z;) # 0 is finite.

The covering V' = U;’il U(x;) is called a special covering of 0€,. Hence we have a

sequence (Qj, points 7, € 98y, neighborhoods U (xi) of the points xi, and mappings

v U(zl) = B, ¢) = ()1, such that
k k k
W=, ¢ — ¢, Ulry) = ¢/ (B).
Consider a sequence g; defined on 92 such that
(5.19) l9kll(B@o00)). < K,

where K is a constant independent of k, E = WP s > 0. The norm in (5.19) is defined
as follows. Let n(z) € C°°(R™) be such that

)
Denote n, =n(x — z), z € R". Then

(5.20) lgrllB@nm)e = sup [1(1:9x) 007l gan-1ys
2€08Qy y

where 1, maps the neighborhood U(z) to the ball B.

Consider the neighborhood U(z}) of the point x} € Q. The function i maps
U(z}) N0y onto By = BN {y" = 0}. We can define a generalized function g; on Dp,
by the equality

i = (apgn) © (V)"
We extend it to Dgn—1 by zero outside By. It follows from (519), (5.20) that

(5.21) 13 sy < K.
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where (RZfl) = W‘s’p(RZfl). Since this space is reflexive, we can find a subsequence
gy, and a function hl e E(R],") such that g, — h! weakly in E(R};") and G, — !
strongly in Efl(RZfl) (= W*S*LP(RZTI)). We use here the compact embedding of F
into F_; in bounded domains. The generalized function ' is defined on Dp,. Denote
by h! the corresponding generalized function defined on U(z1) N 9Q.: ht = ht oy, We
extend h' by zero outside U(x1) N 082, on Q.

We construct next a generalized function A% on Dy (z5)no0.- The construction is the
same, but we consider a subsequence of the previous subsequence. We continue this
construction for all z; and take a diagonal subsequence. Denote this subsequence ;.

Thus we have the following result. There exists a subsequence k; of k such that
for any j there exists a generalized function A/ on Dy (z;)naq, defined by the equality

hi = hioqpi,
Hgil - ilj||E71(R:,—1) — 0 as k; — o0,
gil — 1’ weakly in E(RZTI) as k; — oo.

Moreover,
(5.22) HéiLHE(R;,—l) <K.
The points x; € 02, and the functions Ny Can be chosen such that g, = Zj N, Ghs @ €
0. ,

Denote

oo
h=> 1.
j=1
This is the limiting function for the sequence g;. We note that for any ¢ € Dyq, we have

(h, ) = (h", ),

j/
where the j" are those j for which supp ¢ NU(x;) # 0. By the construction of U(z;), the
number of such j' is finite. O

Lemma 4.5.2. The limiting generalized function h belongs to (W ~P(9))co, that is,
(5.23) ”hH(E(aQ*))C>O = 21(‘1)8 |(n=h) o w,;lHE(R:,—l) < 0.

Proof. Suppose that it is not so. Then there is a sequence z; € 92, such that
(5.24) 1(n=,h) 0 2

Since 7,,h? = 0 for all j except for a finite number of them less than or equal to N, then
there is a sequence h% such that

1(nzh7) 00t

|E(Rn_1) — 00 as i — 00.
y/

|E(RZ'_1) — 00 asi — o0.

Therefore

(5.25) (72 (&2, (y))ﬁji”E(R:fl) — 00 asi — 00,

From this we can conclude that there exists a functional F' € E*(RZfl) such that

F(nz, (2 (y))ilﬁ) — 00 as i — 0o.

From the weak convergence
g — W' oask — o0
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it follows that for some sequence k;,

F(n:,(¢=,(y)g1.) — oo asi — oo.

This contradicts estimate (5.22]). The lemma is proved. O

Thus from (B.I5) and Lemma 4.5.2 we can conclude that there exist limiting functions

00 e (WHot /ey (90,)) 0, j=1,...,m

Existence of the limits @w; € W!T5? (R"), j = 1,...,N was proved above. Denote
W= (W1,..., 0N, w0,...,w0).

Lemma 4.5.3. The limiting function w is a solution of the problem adjoint to a limiting
problem.

Proof. Consider equation (5I3). It is supposed that we have done a special covering of
0. Let ¢; and ¢}, be the functions from the special covering,

V=0, 9L — ¢!, Ula]) = 6(B), Ulz;) = ¢ (B).

Let 0(z) = (0'(x),...,0V (2)), where 0'(x) € D(R"), supp 0° C U(z;), and let 0y (z) be
the corresponding functlon with support in U(x]): 6 = 6(¢7(¢])). From (5I3) we have
<Lkwk; 9k> = <Ck7 9k>

or
(Wi, Ty, LTy, 01) = (G O)-
We can rewrite this equality in the form
(526) <wk7 Lk0k‘> = <Cka 0k>7
where
Ly =T, LTy, Ly = (Aik, .-, ANk; Bk - - - Bmk),
A, =T, AiT_y, , By, =T, B;T_,,,

N
:Z Z Ty, (a(2)) Ty, D" wy = Z Z (@ 4+ yr) Ty D™ uy.

=1 |a|<ay; =1 |a|<a;;
Hence
N
:Z Z zlk D Uug, ]ku*Z Z b_]lk .D ur,
=1 |a|<a I=1181<Bj
where

i) = afh(@ + o), (@) = b5 + ).
We can rewrite (5.26) in the form
N

(5.27) Z<wik; Aibr) +Z Wi, BikOk) = (Cr Ok)-
j=1

i=1
We will pass to the limit in this equality. We begin with the first term on the left-hand
side. From (G.I7)) we have the weak convergence

(5.28) ow;, — ¢w; in Wt (R™) as k — oo
for any ¢ € D (we write k instead of k;). By the definition of the limiting problem,
a%y(z) — af(z) in Cp, " (R"), p=1,...,N.

loc
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Here ag),(z) are the coefficients of the limiting operator. From the definition of 0 (x) we
have

lim () = 0(6/ (49 () = 0(),

where this limit is supposed to be in C”. We suppose that 1/1%(95) and 17 (z) are extended
on a ball which contains U (xj) and U(x},) with k sufficiently large. Then

zkek_’z S a9 (x)D0r = A6, k— o
p=1|a|<aip
in C'=%{(R™). Here A, is the limiting operator. From (5.28) it follows that
N N

(5.29) Z<wzk7 Al — Z(wi, Ai0), k— oco.

i=1 i=1

Now consider (wﬁ-’k, Bii0r). Let n, be the function which is used in the definition of the
limiting function h above. Instead of the functions g considered above we take functions
wé’k, and instead of k; we write k. We obtain a sequence of functions

~bj _ b J
Wik = (%}Cwik) ° P

where ¢ = (¢i)71
~bj ~bj . _ X / _ . b X
As above @Y — !’ weakly in WH+oit1/p,p (R, Y as k — oo. Denote w = 0! ot

and

This is the limiting function for the sequence wi-’k. '
Suppose that € 9Q, N U(x},). Denote f;; = B;r0k. Since supp 8, C U(z],), then
supp fir C U(z7,). We have
(g whes fir) = (@31, (fior) © 1),

where py is the density for the manifold Q). The density is the (n — 1)-dimensional
Hausdorff measure of 02, written in local coordinates. Furthermore,

CAC Z >0 (6() D8] (y)).

p=1|B|<Bip

By the definition of limiting problems, the functions b?p(x) are extended to R™ and
b?pk(x) — l;'fp(:v) in C!~7{(R") as k — oo,

loc
where l;fp(x) are the limiting coeflicients. Since
Jim 0(63(y)) = lim 0(&" (V](61()))) = 0(¢7 (W (&7 (1)) = 0(&/ (),
then
N .
fir( @y Z D W W)DP(F () = fi(¢ ().
p=1|8|<Bip

This convergence is in C'~7.
Therefore

<@%7 (fikpr) © Q%) — <@?j7 (fips) 0 ¢’) as k — oo,
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where p, is the density for the manifold €2.. It follows that
<nx{cwfk:’flk?> - <7I}fjv (fzp*) © ¢]> = <U}$], l>7

which is the duality on 0f2,.
Taking the sum in j we get

N
(why, fix) — (07, Z Z bprﬁ9p>.

p=1B|<Bip
From this and (5.29) it follows that
N m N m
Z(wik, Azk9k> + Z<U}Zk, sz9k> — Z<’J}z, A19> + Z(wz s BZG>,
i=1 i=1 i=1 i=1

where

p=1 |/B|</sz
We will prove that
N m
(5.30) > (i, Aif) + Y (w?, B;f) = 0.
i=1 i=1
It is sufficient to show that
(5.31) (G Ok) — 0, k — o0

(see (B21)). We recall that

1kl (£ (@) — 05 K — 0.

Since the diameters of supp 6 are uniformly bounded, convergence ([B31) follows from
the last convergence and from the boundedness of the norm |0 || g(z») independently of
k. The lemma is proved. O

To finish the proof of the theorem it remains to prove the following lemma.

Lemma 4.5.4. The solution w of the limiting problem (B30) is different from 0.

Proof. If (wy,...,wy) # 0, then the lemma is proved. Consider the case (w1,...,wN) =
0. From (5.8), (512) we get
1

(5.32) wiell 7=, (unBo) > oM
Therefore

m

b 1

Z ||wjk||W—z+aj+1/p—1,p'(mmBD) > BYYi

j=1
for k > ko if kg is sufficiently large. For any k > kg there exists j = ji such that

b 1
ijk||W—L+aj+1/p—1,p'(GQWBO) > M

Passing to a subsequence if necessary we can assume that j is the same for all k. Hence

1

—b
(5.33) ”wjHW—H"J‘“/P‘LP/(89*030) = 2Mm’
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and w; is different from 0 as an element of the space W—ttoi+1/p=1p' (092 N By). Con-

sequently, it is also different from 0 as an element of W~ o5 +1/ (90, N By). Indeed,
if it is not so, then

(W, ¢) =0 Yo € W= YPP(9Q, N By).

7
Then the same equality is true for all ¢ € W=7 ~1/P+1P(9Q, N By). But this contradicts
(E33). The lemma is proved. O

Thus, assuming that (5I)) does not hold, we have obtained a nonzero solution of a
limiting problem, which contradicts Condition NS*. The theorem is proved.

Corollary 4.5.5. If Condition NS* is satisfied, then the operator L* : (E*(Q))oo —
(F*(Q))so is normally solvable with a finite-dimensional kernel.

5. FREDHOLM THEOREMS

5.1. Abstract operators. Let E = E(Q) and F?¢(2) be Banach spaces of functions
defined in a domain 2, F®(9Q) be a space of functions defined at the boundary 952,
F = F4Q) x F*(98). We assume that these spaces satisfy the conditions of Section 2.

Furthermore, let L : E — F be a local operator in the sense of Section 2.6. Then we
can define its realization in various spaces:

Ly :Ey —Fs, Lp:Ep—Fp, Ly:E;— Fy;, 1< g<oo.

Here Ep and Fp are the closures of D in E, and F,,, respectively.
We will consider also the adjoint operators

(Loo)™ s (Foo)™ = (Eoo)™s (Lp)™: (Fp)™ — (ED)", (Lg)™: (Fy)" — (Bg)", 1 < ¢ <00
and the operator
(L)oo (F)oo = (E")so-
We recall that
(B%)oo = (B1)", (F")oo = (F1)".

Therefore by the definition of local operators (L*)o, = (L1)*. This equality is understood
as

(L) oow, ) = (w, L10)

for any w € (F1)*, and any 0 € E;. It is sufficient to consider it for V6 € D.

We suppose that there exist Banach spaces of distributions £ and F such that the
spaces E and F' are imbedded in them locally compactly. This means that for any ball
B, with radius p the restriction E(£2,) of the spaces E(Q2) to Q, = QN B, is compactly
imbedded into the space £(€2,). A similar property holds for the spaces F' and F.

We note that E,(2,) = E(£,). Therefore E,(£,) is also compactly imbedded in
£(Q2,).

Lemma 5.1.1. Suppose that the following estimate
(1.1) lulle, <M ([Lqullr, + llullew,))

holds for some positive constants M and p, and any w € E,. Then the operator L, is
proper; that is, the inverse image of a compact set is compact in any bounded closed ball.
Here 1 < g < 0.
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Proof. Let Lyug = fr, fr — foin Fy, and |Jug|| g, < C for some constant C' and all k. Let
us take p for which ([ITJ) is satisfied. Then there exists a subsequence ug,, fundamental
in £(Q,):

lukn — Ukmlle@,) — 0 as m,n — oo.
From (LI)) it follows that the same subsequence is fundamental in E,. The lemma is
proved. O
Corollary 5.1.2. The operator Ly is normally solvable with a finite-dimensional kernel.

We repeat the same construction for the adjoint operators. We suppose that there
exist spaces £* and F* such that the spaces E* and F* are imbedded in them locally
compactly.

Lemma 5.1.1'. Suppose that the following estimate
(1.2) lullg=y, <M (I(L")qullee), + lulle-(o,))

holds for some positive constants M and p, and any u € (E*),. Then the operator (L*),
is proper. Here 1 < q< oo orq=D.

Corollary 5.1.2". The operator (L*), is normally solvable with o finite-dimensional
kernel.

Lemma 5.1.3. Let the operator Lo, : Eo — Fu be proper. Then the operator Lp :
Ep — Fp is also proper.

Proof. Let Loour = fi, fr — fo in Feo, ux € Ep, fi, fo € Fp, |luk]le., < C for some
constant C' and all k. Since L., is proper, then there exists a subsequence uy, and
ug € Fs such that ug,, — ug in E. Since ug,, € Ep, then ug also belongs to Ep. The
lemma is proved. O

Theorem 5.1.4. Suppose that estimates (L)) and (2] are satisfied for the operators
Loo and (L*)s, respectively, in the corresponding spaces. Then Lp is a Fredholm oper-
ator.

Proof. 1t follows from Lemma 5.1.3 that Lp is normally solvable with a finite-dimensional
kernel. It remains to show that the adjoint operator (Lp)* also has a finite-dimensional
kernel.

We note that Ker(L*) is finite-dimensional by virtue of Corollary 4.1.2 for the oper-
ator (L*)eo. We will show that Ker(Lp)* C Ker(L*)o. Indeed, let (Lp)*v = 0 for some
v € (Fp)*. This means that

<U,LD’U,> =0, Yue€ Ep.
Then for any u € E; C Ep,
(v, Lyuy = (v, Lpu) = 0.

The functional on the left-hand side is well defined because v € (Fp)* C (Fy)*. Thus
(L1)*v = 0. By definition,

(1.3) (L") oov,u) = ((L1)*v,u), Yu € Ej.

Since (L1)*v = 0, then (L*)sv also equals zero as an element of (F*). Indeed, if it is
different from zero, then there exists ¢ € D such that ¢(L*)sv # 0. On the other hand
¢(L*)oov € E*. Hence for some w € E,

(L)oo, pw) = (¢(L™)oov, w) # 0.
This contradicts (I3]) since pw € E;. The theorem is proved. O
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Corollary 5.1.5. The equation
(14) LDu:f, fEFD(Q)

is solvable in Ep () if and only if ¢;(f) = 0 for a finite number of linearly indepen-
dent functionals ¢; € (Fp(Q))* that are solutions of the homogeneous adjoint problem
(LD)*’U =0.

In the remaining part of this section we study the operator L. If it satisfies estimate
(1), then it is normally solvable with a finite-dimensional kernel. A priori we do not
know whether the codimension of its image is finite. We will use the normal solvability
of this operator and the Fredholm property of the operator Lp to show that it is finite.

From the normal solvability of the operator L., we conclude that the equation

is solvable in E if and only if ¢(f) = 0 for all ¢ € @, where ® is a set in (Fu)*.

Consider the functionals ¢;, ¢ = 1,..., N that provide the solvability conditions for
equation (L4). By the Hahn-Banach theorem they can be extended from Fp(£2) to
(F(2))s. Denote these new functionals by ¢;. Since ¢; € ((F(2))so)*, then by virtue
of Lemma 2.4.2 we can define functionals ¢; € ((F(2))o)* as follows: ¢;(f) = ¢;(f) for
functions f € (F(£2))o with bounded support,

k
(1.6) 6if) = lim &:i(Y_0;f). Vf € (F(2))e.
j=1
Here 0 is a partition of unity.

We note that the functionals él are not uniquely defined. However the functionals
&; are uniquely defined. Indeed, if there are two different functionals ézl and qgf that
correspond to the same ¢;, then the difference ¢! — ¢2? vanishes on all functions with
bounded support. Therefore the limit in (I.6) is also zero.

By the definition of b,

(1.7) ¢i(f) = ¢i(f), Vf € Fp().

Lemma 5.1.6. The restriction ¢p of a functional ¢ € ® from the solvability condition
for equation (L) to Fp(Q) is a linear combination of functionals ¢; from the solvability
condition for equation (4.

Proof. For any f € Fp(f2), the equation

N
(1.8) Lu=f= (¢ flei,

i=1
where e;,7 = 1,..., N are such that (¢;,e;) = d;;, e; € Fp(f2), is solvable in Ep(Q).
Therefore it is also solvable in E(€2). Hence for any ¢ € @,

N
¢ (f - Z<¢i7f>ei> =0, Vf e Fp(Q).

Denote ¢; = ¢(e;). Then from the previous equality,
N

(1.9) &(f) =D cidi(f), Vf € Fp().
i=1
Here ¢;(f) = (¢, f). The lemma is proved. d
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Corollary 5.1.7. For any ¢ € @,

N
(1.10) ¢ = Zcz&l +¢, ¢ = 9(e),
i=1

where € (F(Q))a), 9(f) = 0 for any f € Fp(S).

Proof. We construct the functionals ¢; € ((F(2))oo)* on the basis of the functionals

¢; € (Fp(2))*. Set ¢ = ¢ — ZZ]\LI ¢i¢;. From (L7) and (L3) we conclude that ¥ (f) =0
for any f € Fp(£2). The corollary is proved. d

Condition C. Let Lu,, = fp, (fn—f0)8 — 0in (F(Q))c for any infinitely differentiable
function 6 with a bounded support, fn, fo € (F(Q))oo, and ||un|(g()).. < M. Then there
exists ug € (E())wo such that Lug = fo.

Lemma 5.1.8. Let Condition C be satisfied. Then the functional v in (LI0) equals

zero.

Proof. Let f € (F(Q))oo, f& = Zf:l 0;f. The equation
N

(1.11) Lu=fr— Y (¢ fr)ei
i=1

is solvable in Ep(€2). The operator Lp : Ep(Q2) — Fp(€2) has a bounded inverse defined
on the image R(Lp) C Fp(Q) and acting to the subspace of Ep(2) supplementary to
the kernel. Therefore

N

lurllzn @) < IELD) Ik =D (¢ fu)eill ppe)s

i=1

where wy, is a solution of (ITI)) in the subspace supplementary to the kernel.
We note that the norm in Fp(f2) is the same as in (F(£2))s. Hence

N
Ifx =D (80 fi)eill rocey < Cillfillmn @) < Callfll(reey)-

i=1

Thus [Juxl/(g@)).. < M for some constant M.
We can use now Condition C. Passing to the limit in (I.IT]), we obtain that the equation

N
(1.12) Lu=f = (¢ fe;
=1

is solvable in (E(Q)) for any f € (F(£2))so. Then for any ¢ € @,

N ~
¢ (f > (i, f>ei> =0.
i=1

Hence
N ~
&(f) =D cidi(f), Vf € (F(2))eo-
i=1
From (LI0) we conclude that ¢ = 0. The lemma is proved. O

Thus we have proved the following theorem.
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Theorem 5.1.9. Suppose that the operators Lo and (L*)s satisfy estimates (1)) and
([T2), respectively, in the corresponding spaces, and Condition C is satisfied. Then the
operator Loo is Fredholm. Equation (LH) is solvable in (E())eo if and only if ¢(f) =0
for a finite number of functionals ¢ € ((F(Q))s)*. They satisfy the homogeneous adjoint
equation (Lo )*¢ = 0. The restriction ¢p of these functionals to Fp(S2) coincides with
the functionals ¢; in the solvability conditions for equation (L4).

Remark 5.1.10. The space ((F'(2))oo)™ contains “bad” functionals that vanish at all func-
tions from Fp(€2) and do not belong to D’. Theorem 5.1.9 shows that these functionals
do not enter the solvability conditions.

5.2. Elliptic problems in spaces W2P(Q2). Consider the operators

N
(2.1) Aiuzz Z af(x)D%y, t=1,...,N, x € §,
k=1 |a|<aik
N
(2.2) Bju:Z Z bfk(x)Dﬁuk, j=1,...,m, x € 09,
k=1|B8|<Bjk
where u = (u1,...,un), & C R™ is an unbounded domain that satisfies Condition D.

According to the definition of elliptic operators in the Douglis—Nirenberg sense [13] we
suppose that

aigp <si+t, ,k=1,...,N, Bjp<oj+tp, j=1,....m k=1,....,N

for some integers s;,tx,0; such that s; <0, max s; =0, t, > 0.

Denote by E the space of vector-valued functions w = (u, ..., un), where u; belongs to
the Sobolev space W!*iP(Q), j =1,...,N,1 < p < oo, [ is an integer, [ > max(0,0;+1),
E = H;VZI W+tiP(Q). The norm in this space is defined as

N
ulle = Z H“J’HWH‘J‘J’(Qy

j=1
The operator A; acts from E to W!=*#?(Q), and the operator B, acts from E to
Wi=oi=1/PP(98)). Denote
L=(A4,...,AN,B1,...,Bn),

(2.3) il i
F=]]w'or@) x [[worre (o).
i=1

j=1
Then L: E — F.
Lemma 5.2.1. The operator Ly, 1 < g < oo is a bounded operator from E, to F.

The proof is standard.

We will apply the results of the previous section. The properness of the operator Lo,
is proved in [47] (see Section 3). The estimates of the operator (L*)s are obtained in
Section 4.

It remains to check Condition C.

Let Lu, = f, (v =1,2,...), (f,—f0)0 — 0in (F(Q)) for any infinitely differentiable
function with a bounded support as v — 00, f,, fo € (F(Q))co, and

(2.4) luull () < Mo, Vv
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Let u, = (u1p,...,uny). It follows from Theorem 2.3.3, which is true also for domains
in R, and from (2.4)) that there exists a subsequence of u;, and u;o € W'FP(Q) such
that for € > 0,

(2.5) Uiy — o in WHE=P(Q) locally,

(2.6) Uiy — wip in WP (Q) locally weakly

as v — 00, 9 = 1,..., N. We retain the same notation for the subsequence. Denote
ug = (u10, .- -,uno). We prove that

(2.7) Luy = fo.

Indeed, we have

(2.8) A, = f&, i=1,... N,

(2.9) Bju, = f5, i=1,...,m,

Where fl/ = (fiiyv"'>f](%/'yﬂffya'~.afrl;w)' DenOte fO = (fld()a"'af]%vava"'afanO)' By
28] for any 6 € C§°(2) we have

0A;u, — 0Aug as v — oo weakly in WZ*S“”(Q).

Hence

oAin = sz% (Z = 1,...,N).
Therefore
(2.10) Ao = f& (i=1,...,N) in W=5P(Q).

Now consider (29). We can assume that the coefficients bfk of the operator B; are
extended to €2 such that bfk € C'=7+%(Q). From (7)) it follows that for € D we have
0Bju, — 0Bjug in W!™97%P(Q) as v — oo.

Hence
0Bju, — 0Bjug in W=7 "VPP(9Q) as v — oo.
By assumption of Condition C, 6%, — 8 f% in W'=7=1/P(9Q). Therefore
(2.11) 0Bjug = 0f%, in W'=oimHPP(9Q).
Since ug € (E(2))s and fo € (F(2))oo, it follows from Z.IT)) that
Bjug = f]l?O in Wi=oil/pr(9Q), j=1,...,m.

This and (ZI0) imply @7).
Thus we have proved that the operator L defined by (2.3)) satisfies Condition C. Hence
Theorem 5.1.9 is applicable for the elliptic operators. We obtain the following result.

Theorem 5.2.2. Let Conditions NS and NS* be satisfied. Then the realizations Lp and
Lo of the operator L are Fredholm operators.
The equation Lpu = f, f € Fp(Q) is solvable in Ep(Q) if and only if ¢(f) =0 for
any solution ¢ € (Fp(2))* of the problem (Loo)*¢ = 0.
The equation Loou = f, f € (F(Q))so s solvable in (E(Q))so if and only if ¢(f) =0
for any solution ¢ € ((F(2))*)1 of the problem (Loo)*¢ = 0.
b

Let v be a vector-valued function, v € F, v = (v{,...,v%,v%,...,02). We use Defini-
tions 3.1.1 and 3.1.2 for v¢ in W!=%:?(Q) and for v;? in Wi=oi=1/pr(9Q).

Denote by T, the translation operator Tyu(z) = u(x + y). Then we can define the
operator with shifted coefficients, Ly,v = T, LT, 'v. It acts on functions defined in the
shifted domain €2,.

We use the following condition.
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Condition CL. Let Ly up = fr, ug € (E(ka))oo, fr € (F(ka»oo, (fk — f0)9 — 0
in F(Qy,, — Q) for any infinitely differentiable function 6 with a bounded support,
luell(z@y,, e < M, Ly, — L. Then there exists a function uy € (E(£2))os such that
Lug = fo.

Condition CL is satisfied for the elliptic operators (see the proof of Theorem 4.1 in
).

Theorem 5.2.3. If the operator Lo, satisfies the Fredholm property, Condition CL and
Condition NS, then any limiting operator Lo, is invertible.

Proof. For any function fy € (F(2)) there exists a sequence of functions f € (F())eo,
Il fxll(P(2)).. <M and of points yy € Q, |yx| — oo such that
(fru(@ +yr) — fo(2))8 — 0 in F(Q,, — Q)
for any infinitely differentiable function ¢ with a finite support.
Indeed, let fo € (F(2))oo. Then fo = (f&, ..., o, flos- -y fho), where
4 eWlP(Q), i=1,...,N, fheWwlo=rr(oQ), i=1,....,m.
We can extend these functions to R™ in such a way that for the extended functions fe
and f;-’o we have
fio € WS P (R, flo € WSTIP(R™).
Let yx, k =1,2,... be a sequence such that y, € Q, |yx| — o0, Q, — Q, where Q,, are
the shifted domains.
Denote
id (o _ Fd C_ Fb_ Fb o
a() = fiolr—yx), i=1,....N, flr=fiol@—uy), j=1,...,m.
Let fd(z) be the restriction of f& () to (, f][-’k be the trace of f;’k on ). Then it is
easy to verify that the sequence
fo(@) = (fie(@)s -, fn (@), flr(@), - Frn ()
satisfies the conditions above.
Since the operator Lo : Ex(2) — Fuo(?) satisfies the Fredholm property, then the

equation

N
(2.12) Loot = frn — Z(vi, fm) €

i=1
is solvable in (F(Q)))c. Here v;, i = 1,..., N are all linearly independent solutions of the
homogeneous adjoint equation, (Lo,)*v; = 0, and e; € Fip, @ = 1,..., N are functions
biorthogonal to the functionals v;, j = 1,..., N. We can assume that e;, i = 1,..., N

have bounded supports (see Lemma 5.4.1 below).
Denote by wu,, the solution of the equation (2I2). The numbers a;, = (v;, fm) are
uniformly bounded because the sequence f,, is bounded in (F(2))s. The equation

N
(2.13) Ly, v=fon(z+ym)— Zaim ei(x 4+ ym)

i=1
has a solution v, () = Um (z+ym) € (E(Qy,,))eo. Since e;(x+y,) — 0in F(Q,,, — ),
then by virtue of Condition CL there exists a solution vy € (E(£2))s of the equation
Loovg = fo. It remains to note that the homogeneous equation has only the zero solution
since Condition NS is necessary for normal solvability. The theorem is proved. (Il
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Remark 5.2.4. In the proof of the theorem we use the existence of functions e; biorthog-
onal to functionals v; and such that they have bounded supports. We will prove this in
Lemma 4.4.1 below using Condition NS. Therefore we have to assume in the formulation
of Theorem 5.2.3 that it is satisfied. Otherwise we can assume that Conditions NS and
NS* are satisfied and not assume that the operator is Fredholm (see Theorem 5.2.2).

If instead of the operator L., we consider the operator Lp, then the functions e;
belong by assumption to Fp. Though they do not necessarily have bounded supports,
the convergence

ei(x +ym) — 0 in F(Q,, — Q)
remains valid. This allows us to prove the following theorem.

Theorem 5.2.5. If the operator Lp satisfies the Fredholm property and Condition CL,
then any limiting operator Lp 1is invertible.

The proof is the same as the proof of the previous theorem.

Theorem 5.2.6. If all limiting operators Lp are invertible, then Conditions NS and
NS* for the operator Lo, are satisfied, and consequently the operators Lp and Lo, are

Fredholm.

Proof. We prove first that for all limiting operators L the equation
(2.14) Liww=f, ue E(Q), feFQ)

is solvable. Indeed, consider the equation

(2.15) Lu=0,f,

where 6;, j = 1,2,... is a partition of unity, f € Fl(Q) Since Fl(Q) C FD(Q), then

there exists a solution u = u; € Ep(Q) of equation ([Z10).

Let ws(z) = €° 1+2l*  Then according to Lemma 4.4.4 below for § > 0 sufficiently
small the following estimate holds:

[uj (Jws (- = yi)ll g, @) < ClFO; 1 gy
where B; is a unit ball with center at y;, supp 6; C B; and the constant C' is independent
of j. Since
il g, @) < Cullu;(Jws(- = y)ll g, @)
we get
uill g, @) < Call F05ll peoy-

It follows that the series u = > o

j—1Uj is convergent in E1(€), and

oo o0
lll gy < S Nl gy < Co D 156y = Coll Fll, -

j=1 j=1

From (ZI58) we conclude that
Lyu=Y Lu; =Y 0;f=f
j=1 j=1

Therefore we have proved that equation (ZI4) has a solution for any f € F;(€). Hence
the equation

(ﬁl)A*v =0, ve (F(Q)*

has only the zero solution. Since (L;)* = (L*)s0, then the equation

(L)oov =0, v e (F*()oo
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also has only the zero solution. Thus we have proved that Condition NS* is satisfied.
We now prove that Condition NS is satisfied. Let u be a solution of the equation

Lou=0, u€ Ex(f2)
for a limiting operator L. Then @ = S_su is a solution of the equation
(2.16) Lsti =0,

where Ls = S_sLS5, and S is an operator of multiplication by ws(x). Equation (Z.14])
can be written in the form

(L+0K)u=0,
where K : Ep(Q) — Fp(Q) is a bounded operator. Since the operator L is invertible by

the assumption of the theorem, then for § sufficiently small, L + §K is also invertible.
Hence u = 0, and consequently, u = 0. The theorem is proved. O

5.3. Exponential decay. Continuation. Exponential decay of solutions is proved in
Section 3.4 in the case of normally solvable operators with a finite-dimensional kernel.
In this section we consider Fredholm operators and prove exponential decay of solutions
also for the homogeneous adjoint equation. Moreover, the exponent is not supposed to
be small as in Section 3.4. It belongs to some domain of the complex plane described
below.

Consider the spaces E;,1 < g < oo. Denote by S, the operator of multiplication by

wu(z) = exp(uy/1 + [2]?), peC.

If Repu <0, then S, is a bounded operator in the spaces under consideration.

Consider operator ([2.3]). Define the operator T),, = S,,LS_,, on functions with compact
support. It can be directly verified that T), = L 4+ puK(p), where K(u) : E; — Fy is a
bounded operator that depends on p polynomially. For functions u € F, with compact
supports we have

(3.1) SpTypu = TyyrSpu, p,v e C.

If Rep < 0, then all operators in ([B.I)) are bounded in the corresponding spaces. Since
these are local operators, then ([BI)) is true for all w € E;. The operator 7}, is a holo-
morphic operator function with respect to the complex variable u. If L is a Fredholm
operator, then 7}, is also Fredholm in some domain G of the u-plane, 0 € G. Its index
k(L) is constant in G, a(L,) and 3(L,,) are also constant with a possible exception of
some isolated points where they have greater values [16].

Lemma 5.3.1. FEquation
(3.2) Tyu=0
has the same number of linearly independent solutions for all p € G.

Proof. Suppose that for some pg € G the number of linearly independent solutions of
equation (3.2)) in E; is greater than for other p in a small neighborhood of py. Denote
these solutions by uq,...,u;,. Then

i; = Ssu; € Bso, 1=1,...,m

for real negative 4. On the other hand, @; are linearly independent solutions of the
equation

TMO+5U =0.
Indeed, by virtue of (B1),

TH0+5’I~LZ' = TMOJFSS(S’U/Z' = S(;T,uoui =0.
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We obtain a contradiction with the assertion that the number of solutions is the same
for all u except for isolated values. This contradiction proves the lemma. O

Theorem 5.3.2. For any pn € G, Re pp < 0 all solutions of the equation Lu =0, u € E,
can be represented in the form

u =vexp(uy/1+ |z]?),
where v € E.
Proof. Let m = dim Ker L. Consider the equation 7,,u = 0, u € E,. Denote by vi,..., vy
its linearly independent solutions and put w; = S,v;. We have
Lw; = LS, v; = S, T,v; =0, i=1,...,m.
Since the w; are linearly independent, each solution u of the equation Lu = 0 is their

linear combination. The theorem is proved. O

Consider now the adjoint operator L* : (Fy)* — (E,)*. Denote by T}; the operator
adjoint to T),. Since the index x(7),) is independent of p for all p € G, and also the
dimension of the kernel «(7},), then the codimension of the image 5(L,) is also indepen-
dent of . On the other hand, the dimension of the kernel of the adjoint operator a(T:)
equals 3(7),). Therefore we have proved the following lemma.

Lemma 5.3.3. The dimension a(L:‘L) of the kernel of the operator T}, is independent of
w for all p € G.

Theorem 5.3.4. For any p € G, Rep < 0 all solutions of the equation L*¢ =0 can be
represented in the form

¢ = exp(uy/1+[z[?),
where ¢ € (Fy)*.

The proof is the same as the proof of Theorem 5.3.2. We note that we do not use the
reflexivity of the spaces E and F.

5.4. The space E,. Suppose that the operator Lo, : Eo — Fi satisfies the Fredholm
property. This means that the equation

(4.1) Locu=f

is solvable if and only if

(4.2) (fyvs)=0, i=1,...,N,

and the homogeneous equation (f = 0) has a finite number of linearly independent
solutions. Here v;, ¢ = 1,..., N are all linearly independent solutions of the adjoint

homogeneous equation,
(Loo)*vz = Oa
where (Loo)* : (Foo)* = (Eoo)* is the adjoint operator.
We study in this section the operator L acting from E; to Fj,. To show its dependence
on the spaces we denote it by L,. We begin with some auxiliary results. Let e; € Fio, i =
1,..., N be functions biorthogonal to the functionals v;,j =1,..., N,

(43) <6i, ’Uj> = 5ij7
where d;; is the Kronecker symbol.

Lemma 5.4.1. There exist functions e;,i = 1,..., N with bounded supports satisfying

@3).
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Proof. Let e; € Fo, @ = 1,..., N satisfy [@3)). We will construct new functions é; €
E,i=1,..., N with bounded supports such that

(44) <é7,, ’Uj> = 621

Denote

m
éi: E eﬂk, izl,...,N,
k=1

where 6; is a partition of unity. We put
€; = Ci1é1 + -+ ciNEN.

Then (£4) is a system of equations with respect to ¢;1,...,¢;n. Its matrix has the
elements

m
<éi, ’Uj> = <Z eﬂk, ’Uj>7 j = 1, ey N.
k=1
Since v € (Fi)Y, then
m
(D eibh,vy) — by
k=1
as m — oo. Therefore for m sufficiently large the determinant of this matrix is different
from 0, and the system has a solution. The lemma is proved. O
Lemma 5.4.2. If w € E,, thenu= S~'w € Ey for any p > 0, and

l[ullz, < Cw)lwl e

The proof of the lemma is based on the definition of the spaces and on the properties
of multipliers.

Lemma 5.4.3. Let an operator L acting from a Banach space E to another space F
have a bounded inverse defined on its image R(L) C F. Suppose that the equation

Lyu=f
has a solution, where
L,=L+ukK,
K : E — F is a bounded operator, | K|| < M. Then for p sufficiently small,
lullz < CllfllF,

where the constant C' depends on p and M but does not depend on the operator K.

Proof. Since the equation
Lu+ pKu=f
is solvable, then f — uKu € R(L). Therefore
u=L"f - uKu).
The assertion of the lemma follows from the estimate

lulle < IL7HIf = niulle < ILTHAFE + el K ulle)-

The lemma is proved. O

We generalize here the approach developed in [26] for the operators acting in H*(R").
As above we use the function
wa(z) = SVITF,
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Lemma 5.4.4. Let 0; be a partition of unity, v; and e; be the same as in Lemma 5.4.1,
and e; have a bounded support. Then for any f € F there exists a solution u; of the
equation

N
(45) Lu = ij - Z<9]f, Ui>6i,

i=1

and for § sufficiently small the following estimate holds:

(4.6) l[u; (Dws(- = yi)lle, < CllFOlF,
where Bj is a unit ball with center at y;, supp 0; C B;, and the constant C is independent
of j.
Proof. Since the operator L : E, — F4 satisfies the Fredholm property, then the
equation

N
(4.7) Lu=g—Y (g,v)e;

i=1

is solvable for any g € Fi. Let suppg € B;. Consider the function

N
g(z) = (9(56) - Z(g,vi>ei(x)> ws(z = y5)-

i=1
We show that its norm in Fi, is independent of j. We note first of all that ws(z — y;) is
bounded in B; together with all derivatives independently of j. Therefore

l9(2)ws(z = y;)llre < Cllg(@)] ru

with a positive constant C' independent of j. We use here that the norms of multipliers
in Q and 09 can be estimated by the norms in C*. We have next

(g, vi)| = [{g; ¥jvi)|
where 1; = ¥ (x — y;) is a function with a finite support equal 1 in Bj,
= [{g, w—p(@);w;)|
where w; € (Fx)* (see Theorem 5.3.4),
< gl llw—p @) jwill (roo) < 9llpe lw—p(@);llar lwill ()=

where || - ||as is the norm in the space of multipliers. By virtue of the properties of this
norm,

lw—p(@)sllar < Kllw—p (@ + y;)d(@)l[nr < Cwp(y;)

with constants & and C independent of j, 11 > 0. For § < p the product w_, (y;)ws(x—y;)
is bounded independently of y; € R™ and of x € suppe;(x). Hence

19llF. < Cliglre,

where the constant C' depends on the diameter of the supports of e; but is independent

of j.
Since u is a solution of equation [@7), then @ = Ssu is a solution of the equation
(4.8) Lsu =g,

where Ls = SsLS_s, and Ss is the operator of multiplication by ws(x — y;). On the
other hand, Ly = L 4+ 0K, where K is a bounded operator, | K| < C, where C' does
not depend on j and on ¢ for § sufficiently small. By virtue of Lemma 5.4.3 the solution
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of ([£8)), which belongs to the subspace supplementary to the kernel of the operator L,
admits the estimate

lullee < Cillgllr. < Callgllre
independent of j. Let § = d; 4+ d2, where §; and o are positive. Then
[u(@)ws, (@ — y;) || B, = [la(@x)w-s,(z — y;) || £, < Csllt(@)[|p. < CallgllF..-
Applying this estimate to equation ([H]), we obtain
u(@)ws, (x = y;)ll 5, < C5lf0;llr.. < Coll f0;llp-
The lemma is proved. O

Assumption 5.4.5. Let u; € E;, 7 =1,2,..., and

(oo}
> g wsla —y))|1%, < oo
j=1
Then the series u = Zj’;l u; is convergent, and the following estimate holds:
(oo}
(4.9) lalls, < €3l wsle - y) 15,
j=1

If this assumption is satisfied, then from the estimate in Lemma 4.4.4 we obtain

lulle, < CllfllF,-
Therefore for any f € F, (C Fu) there exists a solution u € E; of the equation

N
(4.10) Luzf—Z(f,UZ)ei.
i=1

From this it follows that the operator L, is normally solvable and the codimension of its
image is finite. Its kernel is also finite-dimensional, since it is so for the operator L.
Hence L, is a Fredholm operator.

We note that estimate ([£9]) characterizes the function spaces and is not related to the
operators under consideration. In the remaining part of this section we show that it is
satisfied for Sobolev spaces.

Lemma 5.4.6 (Elementary inequality). Let u; > 0. Then
WS+ us+ ) <up+ug 4o (s>1),
(W +ug+ ) > bug e (s< 1),
(See for example [17T].)

Lemma 5.4.7. Letu = .o, u;, y; be centers of an orthogonal lattice in R™, 1 < p < oo.
Then the following estimate holds:

(4.11) a2 ey < €3 s ws(@ = 90)[% -
i=1

Proof. Let k = [p] + 1, p = ks. Here k is an integer, s < 1. If p is an integer, we do not
need to introduce k. All estimates below can be done directly for p. We have

k
(oo} [ee]
||u\|’£p(Rn)=/ \u|ksdx=/ \Zui\ksdxg/ <Z|ul|s> dx
R’IL R’IL 221 R’!L 'L:l
o0
:‘/R Z |ul1‘s|u12|s|ulg|édx

11,82,..,0 =1

(4.12)
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By virtue of the inequality between the geometrical and arithmetic mean values,
1
o i s | < (4 g ).
The same inequality with any positive a;, gives

k 1 -1 —1
alz ~aik

(413) |ui1|5\ui2|5 "I_le|s 1 . k 1)

|u11 ‘ks zk

1 C
k( + o fug [Mag et
Put a;, () = ws, (x — 5, ). Then

Za ) < C Vaz,

’Lkl

and substituting ([@I3]) into the right-hand side of [@I2)) and taking into account that
there are k similar summands, we obtain

/ Z |UZ1‘ |u22|5 |u2A| dx < Z / |u“‘ks a;cldx

11,89 yeueyt 01,82,

o / S Ju, [Ps, (2 — g, )F~da
i1

Replacing C*~! by C, we obtain (@I)) for § = §;(k — 1)/p. The lemma is proved. [

Similarly we prove the lemma for the spaces W'P(R™) and W'P(Q2) with an integer
1>0.

Lemma 5.4.8. The following estimate

(4.14) Hu”Wk P(Q) < Cz llus ws(x yi)”@yk,p(g)

holds with 1 < p < oo and integer k > 0.

This lemma proves that Assumption 5.4.5 holds for the Sobolev spaces. This allows us
to prove the Fredholm theorems for elliptic operators in Sobolev spaces. Thus we have
proved the following theorem.

Theorem 5.4.9. Suppose that Conditions NS and NS* are satisfied. Then for ¢ = p the
equation Lou = 0 has a finite number of linearly independent solutions in (E(Q2)),, and
the equation

Lu=f, fe(F(Q),
has a solution u € (E(Q)), if and only if
(f,vi)=0, i=1,...,N,
where v; € (Fy)* are linearly independent solutions of the equation
(4.15) (Lg)*v =0.

Proof. Equation ({I5]) should be considered in (Fuo)*. However, if v; € (Fyx)*, then
v; € (Fy)*. Moreover, all solutions of this equation from (Fj)* belong also to (Fuo)*.
Indeed, suppose that there exists w € (F,)* such that L*w = 0 and w is not a linear
combination of v;, ¢ =1,..., N. Then we can find g € F, such that

vi(g)=0,i=1,...,N, w(g) #0.

By virtue of the solvability conditions, the equation L,u = g has a solution in FE,.
Applying the functional w to both sides, we obtain a contradiction.
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We recall finally that if £ = W% then E, = E = W*? (1 < ¢ < c0). Thus we
obtain the Fredholm property for elliptic operators in Sobolev spaces. The theorem is
proved. O

Remark 5.4.10. Solvability conditions in the spaces W*¢ do not depend on q.

5.5. The space E,;. Continuation. In this section we prove the main theorem about
the Fredholm property in spaces F,. We begin with the following lemma.

Lemma 5.5.1. Let E be a Banach space such that D is dense in E, and let ¢; € E* be
linearly independent functionals, it =1,...,N, and ¢;(f) = 0 for some f € E. Then for
any € > 0 there exists fo € D such that ||f — follg < € and ¢:;(fo) =0,i=1,...,N.

Proof. We show first that there exists a system of functions 6;, j = 1,..., N biorthogonal
to ¢; and such that §; € D. To do this we note that there exist functions 6; € D such
that the matrix ®nx = (¢;(6;)) is invertible. We prove it by induction in the number
of functionals. For a single functional it is obvious. Suppose that for the functionals
@1,...,¢n—1 there exist functions 6;, j = 1,...,N — 1 such that the corresponding
matrix ®ny_; is invertible. We show that for a functional ¢y linearly independent with
the functionals ¢1,...,¢n_1 we can choose 6y such that the matrix ®p is invertible.
Indeed, otherwise, from the equality of its determinant to zero we obtain

enoN(ON) = c1d1(On) + -+ en—1On-1(0N), VON € D,

where the coefficients ¢; are determined by ¢;(0;) with j =1,..., N — 1. We note that
ey # 0 since det @y _1 # 0. Hence ¢ is linearly dependent on ¢q,...,¢n_1 since D is
dense in E. This contradiction proves the existence of functions ; € D such that the
matrix @ is invertible.

The construction of the biorthogonal system of functions is now obvious. We put

0, =ki01+ -+ knOy
and choose k; such that ¢i(éj) = 0;;. We omit the tilde in what follows.

Let f € E be such that ¢;(f) = 0, ¢ = 1,...,N. Consider a sequence f, € D
converging to f. Put

N
fn = fn - Z¢](fn)9j
j=1
Then fn € D and ¢;( fn) = 0. Moreover, fn converges to f. As a function fy from the
formulation of the lemma we take f, for n sufficiently large. The lemma is proved. [

Since D is dense in E,, then the lemma is applicable, and we can choose a system
of functions e; € D, j = 1,..., N biorthogonal to functionals v; € (F,)*, ¢ =1,...,N.
Moreover, Theorem 5.3.5 can be proved for the spaces E,. Lemma 5.4.4 is applicable
for these spaces. If we assume that the operator L, : E, — Fj, satisfies the Fredholm
property, then the equation

N
(51) Lu= ejfj — Z<0jfj’ Ui>€i
i=1
is solvable in E, for any f; € Fy, and its solution u; satisfies the estimate
(5.2) lu; (Dws (- = yi)lle, < Cllf505lr,
where C' depends on the diameters of the supports of e; but is independent of j, and the

support of ¢; belongs to a unit ball B; with center at y;. Since E; C E,, we have also
the estimate

(5.3) [ (Jws (- = yi)llEw < ClI£i05] -
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Let Og(x) € C§°(R™), supp 8y C By, where By is the unit ball with center at the origin,

fo € (F(€2)),. We use the construction similar to that in the proof of Theorem 4.2.3. We
extend the function fy to Fy(R™). Let it be fy. Denote

fi@) = folz —v;), 0;(x) =0o(x —y;).

Then suppf; C B;. As functions f;(z) we take restrictions of f;(x) to Q. It can be
proved that

(0;(x +y;) fi (@ +y;) — Oo(x) fo(x))0 — 0 in F(Qy, — Q)

for any 6 € C5°(R™), where € is a limiting domain.
Now, consider sequences ¢; and f; such that

10;fillr <M

with some constant M, and where y; — co. This means that the support of §; moves
to infinity. Instead of this, we can shift the domain 2 in such a way that B; does not
change. Let it be the unit ball with the center at yg. As in the proof of Theorem 4.2.3
we can pass to the limit in equation (G.1):

(5.4) Lu=6,f.

The second term on the right-hand side disappears since the functions e; have bounded
supports. Since the sequence u; is uniformly bounded in E.,, and the operator L.,
satisfies Condition CL, then equation (5.4)) has a solution uy € Fu (). The sequence U
converges to ug locally weakly in F.

On the other hand, the sequence v;(z) = u;(z)ws(x —yo) is uniformly bounded in F.

Therefore, there exists its subsequence that converges locally weakly to some vy € E ().

Hence ug(z)ws(z — yo) € Ex(§2). As in the proof of Lemma 5.4.4 we conclude that

luo(@)ws, (z = yo)llz, < Cullbof|r

for some positive constant C; and 0 < §; < 4.
Let 67 be a partition of unity. As above, the equation

(5.5) Lu=6f

has a solution. Denote it by u/. Then u =27, u/ is a solution of the equation Lu = f.
Lemmas 5.4.7 and 5.4.8 allow us to conclude that v € E, for ¢ = p. Thus we have proved
the following lemma.

Lemma 5.5.2. Let the operator L, be Fredholm, ¢ = p. Then any limiting problem
Lyu=f, €0
is solvable in E, for any f € Fy.

We recall that for ¢ = p the spaces £, and Fj coincide, respectively, with the spaces
FE and F defined in Section 1.

Theorem 5.5.3. Let q be a given number, 1 < q < oo, ¢ = p, and let L be an elliptic
operator. Then the following assertions are equivalent:

(1) The operator Ly is Fredholm.

(i) All limiting operators L, are invertible.

(iii) Conditions NS and NS* are satisfied.
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Proof. 1. (i) — (ii). Consider the equation
Lou=fo, u€ Ey(Q), fo€ Fy(Q).

The solvability of this equation for any fo € F,(2) follows from Lemma 5.5.2.
It remains to prove that the equation

(5.6) Lyu=0, u€ Ey(Q)

has only the zero solution. Suppose that it is not so. To obtain a contradiction it
is sufficient to prove that the operator L, : E,(2) — F, () is not proper. Consider a
nonzero solution u = ug of equation (5.6). We can assume that ug is extended to E,(R™).
Let vy, (2) = én(z)ug(x+ 2, ), where ¢, () are functions with compact supports, z,, € €,
and |z,| — oo is the sequence for which the shifted domains converge to the limiting
domain . Moreover, we assume that supp ¢,, are balls with radius r, — oo, and all
derivatives of ¢, (x) tend to zero as n — co. We have

(5.7) Lyvn = dnLguo(-+ @) + - .

The terms on the right-hand side of (51 that are not written tend to zero because of the
assumption on ¢, that their derivatives tend to zero. The supports of the functions ¢,
can be chosen in such a way that the first term on the right-hand side of (&7 tends to
zero as n — oo (see [45] for more details). Hence L,v, — 0. It can be easily proved that
the sequence v,, is not compact in E,(€2). Therefore the operator L, is not proper. This
contradiction show that equation (5.6]) has only the zero solution. Thus the invertibility
of the operator f/q is proved.

2. (ii) — (iii). The proof is the same as the proof of Theorem 5.2.6.

3. (iii) — (i). This follows from Theorem 5.4.9.
The theorem is proved. ]

We will show now that if the Fredholm property is satisfied for some value of p, then it
is also satisfied for other p assuming that the domain and the coefficients are sufficiently
smooth. Suppose that the operator L, is Fredholm for some p = p®. Then from (i) of
Theorem 5.5.3 we have (ii) and (iii) for the same py.

We can prove that Conditions NS and NS* are satisfied in other spaces. Let us begin
with Condition NS.

Suppose that it is not satisfied for some [!, p'; that is, there exists a nonzero solution
of the equation

N
Lu=0, ue [JWhto+ ().
j=1
Then obviously u € vazl Wéjtj’pl (Q) for max(0,0; 4+ 1) <1 < I*. But also for [ > I'.
This follows from a priori estimates of solutions in oo-spaces. From the embedding
theorems it follows that u belongs to vazl Witor (Q) with other p also.
Hence if Condition NS is not satisfied in some space, then it is not satisfied in other
spaces either.
Consider now Conditions NS*. We note first of all that from Theorem 5.5.3 it follows
that limiting operators are invertible. Therefore the equation

Lu=f
is solvable for any f € D. Its solution belongs to H;VZI(WZHJ' ’p(Q))l for any [, p. Locally

it follows from a priori estimates, and we have the required behavior at infinity since f
has a bounded support.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



FREDHOLM PROPERTY OF GENERAL ELLIPTIC PROBLEMS 185

Suppose that Conditions NS* are not satisfied for some I',p'; that is, there exists
v # 0 such that

Lv=0, ve(F)u

or

L*v=0, ve(F)".
Since v belongs to the space dual to Fi, then there exists f € D such that

(v, f) #0.

Hence the equation Lu = f is not solvable in E;. Indeed, otherwise we apply the
functional v to both sides of this equality and obtain a contradiction.

However, it was shown above that this equation is solvable. This contradiction shows
that Conditions NS* is satisfied for all [, p.

This result shows in particular that if the Fredholm property is verified for elliptic
problems in L?, then it can be used also in L2, which is sometimes more convenient. On
the other hand, if the Fredholm property is verified in L?, then it can be done also in L”.

Let us show now that the Fredholm property holds not only for ¢ = p but also for
q < p. We will verify Assumption 5.4.5. Let

E=1LP E,=(LP),.
Then
ully, = llgulll,
J
If =73, u;, then from Lemma 5.4.7,

gsullt, < C > lljuiws(z — yi)llF,-
[

From this estimate and the previous equality we have

a/p

q a/p e — )P

Jully, <€ Z(Zl%um(x y»an) .
J %

On the other hand,

D luiws(@ =yl =D 3 lldjuiws(@ — yi)|[L,-
i g

i

Therefore, to verify Assumption 5.4.5 it is sufficient to satisfy the estimate

q/p
(Z pjuiws(z — yz‘)||1£p> < Z lpjuiws(x —yi)[|Ts-

It is satisfied if ¢ < p (see Lemma 5.4.6). We can now apply Theorem 5.4.9 for any ¢ < p.

5.6. Weighted spaces. Let u(z) be a positive infinitely differentiable function defined
for all x € R™ and satisfying the following condition:

1
|——=D"pu(@)] = 0 as || — oo
()
for any multi-index 3, ]3| > 0. We can take for example u(z) = (1+ |z|?)%, where s € R.
For any Banach space E/ we introduce the space £, with the norm

(6.1) lulls, = llpul 5.
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This means that v € E, if and only if pu € E (see [44]). Consider weighted Sobolev
spaces. Let

N
(6.2) E=][w"r@),
j=1
N m
(6.3) F=][w'r@)x [[w' /e 00).
j=1 j=1

Then the spaces F, and F), are defined.
Denote by S the operator of multiplication by . We have

S:E,—E, S_le—>EM,
S:F,—F, Sfle—>FM.
If v € E,, then |[Sv|e = [[polle = |v]|g, -

Consider the elliptic operators (LI)—(L3]) (Section 1), L : E — F, where E and F are
the spaces ([6.2)), (63).

Proposition 5.6.1. The operator L is a bounded operator from E,, to F},.
Proof. Let u € W[ P(Q), where 7 is a positive integer. Then v = up € W"P(Q), and

M
Therefore u € W;;~1P(€); that is, the operator of differentiation is bounded from W ?(£2)
to W,;~'?(Q). Hence D* is a bounded operator from W, ?(Q) to W,:flal’p(Q), and A;
is a bounded operator from E,, to W/ =57 (€2).

Similarly, B; is a bounded operator from E, to W,i_aj ?(Q), and hence to

W/i—aj—l/p,p(aQ), The proposition is proved. .

Theorem 5.6.2. If operator L : E — F' is Fredholm, then the operator L : E,, — F,, is
Fredholm.

Proof. Consider operator L as acting from E, to F,,. Then the operator M = SLS™*
acts from E to F. We have for u € E, w = 1/pu:

SA; S u = SA;(wu) = A+ Z Z ad(x) Z cpytDPwDVuy,.
k=1|a|<ar B+y<a,B7#0
Since for |B| > 0,
w(x)DPw(z) — 0 as |z| — oo,
we conclude that the limiting operators for SA;S~! coincide with the limiting operators
for A;. The same is true for the boundary operators. Hence the operators M : E — F
and L : EF — F have the same limiting operators.

If the operator L : E — F' is Fredholm, then Conditions NS and NS* are satisfied for
it. Hence they are satisfied also for the operator M : E — F. Therefore the operator M
is Fredholm.

It remains to prove that if M : ' — F'is Fredholm, then the operator L : £, — F},
also satisfies the Fredholm property.

Indeed, let u; € E,i =1,...,k be all the linearly independent solutions of the equation
Mu =0. Then v; = S™u; € E,,i=1,...,k are solutions of the equation

(6.4) Lv =0.
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Conversely, if v € E, is a solution of the equation (€4)), then u = Sv is a solution of the

equation Mu = 0. Hence u = Zle

k k
_ o1, _ -1 _
v=29 u—g S ui—g Ci0;.-
i=1

i=1

c;u;, and it follows that

Therefore v;,i = 1,...,k are all the linearly independent solutions of (G.4]).
Now consider the adjoint operators:

L*:F, - E,, M":F"— E".
We have
S* Pt — F, (S71H*: P — F*.
Let ¢; € F*,j =1,...,1 be linearly independent solutions of the equation
(6.5) M*¢ = 0.

Then ¢; = S*¢; € Fj;,j = 1,...,1 are solutions of the equation L*1; = 0 since M* =
(S™YH)*L*S*: F* — E*. If ¢ € F}, is an arbitrary solution of the equation

(6.6) L* =0,
then ¢ = (S~1)*¢y € F* is a solution of the equation M*¢ = 0. Hence ¢ = Z;Zl cjd;j.
Therefore

1 1
p=S0=> ;S = cjiy.
j=1 j=1
We have proved that 1;,7 = 1,...,1 is a complete system of linearly independent solu-
tions of equation (G.6l).

Consider the equation

(6.7) Lv=g,veE, geF,
Suppose that
(6'8) <g7w]>:07 j:17"'7l)
where ¢; € F}; are all the linearly independent solutions of the equation (G.6). Then
¢] = (S*)ilw] € F*7 j: 17"'7l
are all the linearly independent solutions of the equation M*¢ = 0. It follows from (G.8])

that

(9,5%¢5) =0, j=1,...,1
Consequently,
(6.9) (Sg,9;) = 0.

Denote f = Sg € F. Since the operator M is Fredholm, then from (G.3) it follows
that the equation Mu = f has a solution u € E. We have SLS™'u = f. Therefore
LS™'u = S7'f = g. Hence v = S~lu € E, is a solution of equation (6.7). We
have proved that from ([6.8) it follows that equation (G7) has a solution. Therefore the
operator L : E,, — F}, is Fredholm. The theorem is proved. (|

Remark 5.6.3. In bounded domains (2 the weighted space E,, coincides with the space
E. Choosing a proper p we can obtain a prescribed behavior at infinity in the case of
unbounded domains.
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6. EXAMPLES

We show in this work that elliptic operators in unbounded domains satisfy the Fred-
holm property if and only if all their limiting operators are invertible. In the general
case, the invertibility of limiting operators cannot be verified explicitly. In some partic-
ular cases it can be done. We consider below some examples.

6.1. Limiting domains. We begin with some examples in which limiting domains can
be constructed explicitly.

1. If Q@ = R", then the only limiting domain is the whole R™. If Q is an exterior
domain for some bounded domain, then, as before, the only limiting domain is R™.

2. In the case of the half-space, 0 = R}, n > 1, there are two limiting domains, the
same half-space and the whole space. For the half-line, the limiting domain is R'.

3. If Q is an unbounded cylinder with a bounded cross section, then the only limiting
domain is the same cylinder (up to a shift). It is also a limiting domain for a half-cylinder.

Consider a domain in R? given by

Q={(z,9),y > f(2)},
where f(z), z € R! is a given function continuous with its first derivative. Suppose
that f(z) and f’(z) have limits (finite or infinite) as & — £o0o. Then the tangent to the
boundary 02 has limits. The half-planes limited by the limiting tangents are limiting
domains. These half-planes and the whole plane form all limiting domains.

If, for example, f(z) = 22, then there are three types of limiting domains: the whole
plane, the right half-plane, the left half-plane. For the exponential, f(z) = e, the
limiting domains are the whole plane, the left half-plane, the upper half-plane.

For periodic and quasi-periodic functions f(x), for which limits for the function and
for its derivative at infinity do not exist, the limiting domains are either the domain €2
itself (up to a sift) or the whole plane.

We will introduce a special class of domains for which the limiting domains can be
either the whole space or a half-space. We denote by v(z) the inward normal unit vector
to the boundary at x € 09).

Condition R. For any sequence zp € 99, k = 1,2,..., |xxg| — oo and for any given
number r > 0 there exists a subsequence xj, such that the limit limg, o0 v(zg, + hg,)
exists for all hy,: hy, € R", |hy,| <71, zx, + hi, € 012, and it does not depend on Ay, .

We will study the structure of limiting domains €, for domains €2 that satisfy Con-
dition R. Let Q. be a limiting domain and z; € Q, k = 1,2,..., |zx| — oo, be the
sequence that determines this limiting domain. Denote by dj the distance from zj to
the boundary 9€2. Consider two cases:

1. If the sequence dj, is unbounded, then there exists a subsequence dj, — oco. The
sequence xx, determines the same limiting domain §2,. Then Q, = R".

2. If the sequence dj is bounded, then we can assume, choosing a subsequence if
necessary, that dy — d < co.

It is convenient to reformulate Condition R in the following form.

Condition R. If the boundary 902 is unbounded, then for any sequence xj € 912,
k=1,2,..., |zx] — oo there exists a subsequence zj, such that for any given number
r > 0 the limit limg, o0 v(xg, +hi,) exists for all hy,: hi, € R", |hg,| <7, i, +hi, € 08,
and it does not depend on hy, .

In other words, the subsequence can be chosen independently of r. To prove that the
second definition follows from the first one, it is sufficient to take a sequence r; — oo.
For each value of j we can take a subsequence according to the first definition in such a
way that it is a subsequence of the previous one. Then we use a diagonal process.
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Denote by yi the point of the boundary 92 such that the distance from yi to g
equals di. Obviously, |yx| — oc.

Let yg, be a subsequence chosen according to Condition R. Instead of the sequence
x, we consider the subsequence x,. The limiting domain (2, remains the same. We can
use Theorem 3.3 from [45]. Let f(z) be a function that satisfies the conditions of the
theorem. Then, taking a subsequence if necessary, according to Theorem 3.8 from [45]
we can find a function f.(z) such that f,(z) = f(x + zx,) — fi(z) in C}(R™), and
domain Q, = {x : f.(x) > 0} is the limiting domain under consideration.

For convenience we write k instead of k;:

(1.1) fr(x) = flx +x1) — ful@)
in CL_(R"). The limit

loc

(1.2) klim vizg +hi)=p

exists for all hy: hy € R™, |hg| < r, xx + hg € 0Q (where r > 0 is a given number, pu is
some constant), and it is independent of hy.

It will be shown below that for any zg € 92, the inward unit normal vector equals p.
The following lemma allows us to conclude that €2, is a half-space.

Lemma 6.1.1. If the domain Q C R™ satisfies Condition D and all inward normal unit
vectors to the boundary OS2 coincide up to a shift, then Q is a half-space.

Proof. Denote I' = 0f). Let us show that any point z € " has a neighborhood U such
that U N T coincides with U NT'(z), where T'(z) is a tangent plane to I' at the point z.
Consider the local coordinate y = (y1,. .., yy) in the vicinity of the point z such that the
axis y, goes along the inward normal vector to I' at the point 2z, and all other coordinate
axes are in the tangent plane. We can assume that this system of coordinates is obtained
from the original one by a translation of the origin and by rotation. In this case, if the
neighborhood U is sufficiently small, then the surface I' in U can be given by the equation

(1.3) Un=FW), ¥ =W yn-1).

Since all normal vectors to I'y are parallel to each other, then all normal vectors to the
surface (L3]) are parallel to the y,-axis. This means that 0f/0y; =0,i=1,...,n—1;
that is, f(y’) is a constant. Since f(0) = 0, then f(y’) = 0. Thus, it is proved that
UNnT =UnNT(z).

Take an arbitrary point zo € I'. Denote by I'(2) the part of the manifold I" such that
its points can be connected by a continuous curve on I'. Let z € T'(zp) and v C T be a
continuous curve connecting zg and z. For each point { € v choose a neighborhood as
indicated above. We can also choose a finite covering of the curve v with such neigh-
borhoods. If we consider consecutive neighborhoods from this covering and take into
account that the vectors v({) are equal, we obtain T'(z9) = T'(z). Therefore v C T'(zp).
Since z is an arbitrary point in I'(z), then

(1.4) ['(z0) C T(20)-
Let us show that

Suppose that this equality is not true. Let zq € T(20),21 & I'(20). Let us connect the
points zg and z; by an interval [. Then there is a point z, € [ such that in each of its
neighborhoods there are points from I'(zp) and points that do not belong to I'(z). Since
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[20,2«) € T and T is a closed set, then z, € I. As shown above, z, has a neighborhood
U where

(1.6) UNT =UNT(z)

Therefore [zo, z.] C I'. This means that z, € I'(z). From (4 it follows that z,. € T'(zp).
As above, we obtain T'(z.) = T'(z0). By virtue of (L&), U NT = U NT(zy). Hence, we
can conclude that all points of the interval [, sufficiently close to z, belong to I' and
consequently to I'(zp). This contradiction proves (LH).

Denote by I14(z9) (II_(zp)) the half-space bounded by the plane T'(zy) and located
in the direction of the inward (outward) normal vector to I" at the point zp. Let us show
that

(1.7) I, (20) C €.

If this is not the case, then there exists a point z € 114 (2¢), 2z € Q. Let Z be the projection
of the point z on the plane T'(zp). We have Z € I'. Since Condition D is satisfied, then
some interval v(Z) belongs to 2. Therefore, there is a point £ in the interval [z, z] such
that (2,€) € Q and £ € Q. Hence, £ € I'. Consider the inward normal vector v(§) at the
point £. According to the condition of the lemma, v(§) and v(Z) coincide up to a shift.
Moreover, by virtue of Condition D, none of the points of the outward normal vector
sufficiently close to £ belongs to Q. This contradiction proves (7).
We show that

(1.8) I, (2) = Q.

Indeed, otherwise there exists a point z € , z & I1;(zp). This means that z € II_(z).
Let Z be the projection of the point z on the plane T(zp). There is a point £ in the
interval [z, Z] such that [z,£) belongs to 2, & € Q. Therefore, ¢ € T and the inward
normal vector v(£) has a direction opposite to the interval [z, £]. Since it is not possible,
we obtain a contradiction which proves (IL8)). The lemma is proved. ]

We will show now that for any point zg € 99, the inward normal unit vector equals
p. Denote B(zg,r) = {x € R",|x — 20| < r}. Let T'y, be the intersection of 92 with
B(xy,r), where r > d. Then Iy is not empty. As above, we take the point y, € 9, such
that its distance to zp equals di. All points of the set I'y, have the form yi + h, where
|h| < 2r. Therefore, we have (2.

Let us shift the point xj to the origin and denote the shifted domain by ;. Denote
further Ty = dQ; N B(0, 7). For any point z € dQ, N B(0,7) we can indicate a sequence
of points zx — z, 2z, € T'x. Moreover, vy (z1,) — V4 (2), where vg(z) (v(2,)) is the inward
normal unit vector to T'y (9€,) at the point z;, (2). From ([2) it follows that v, (z) = p.
The assertion is proved.

We have proved the following theorem.

Theorem 6.1.2. If Conditions D and R are satisfied for a domain  C R™, then each
of its limiting domains is either the whole space R™ or some half-space.

The inverse theorem also holds.

Theorem 6.1.3. Suppose that a domain Q@ C R™ satisfies Condition D and each of its
limiting domain is either the space R™ or some half-space. Then Condition R is satisfied.

Consider domains € in the space R"*! with coordinates (x,y), where z = (21, ...,2,),
determined by the inequality y > f(x), where f(z) is a function defined for all z € R™ and
continuous with its first derivatives. As usual, put Vf(z) = (0f(z)/0z1,...,0f(x)/0xy)
and consider the spherical coordinates = rf where r = |z|.

We present the following theorem without proof.
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Theorem 6.1.4. For any 6o, |0g] = 1, let one of the following conditions be satisfied:
1. The limit im, o0 g—g, V f(r0) ezists and lim,_,o g—g, |V f(r8)] < .
2. limy 00 90, |V f(1r8)] = 00 and the limit
im0
r—00,0—00 |Vf(7‘9)|
exists.
Then the domain Q satisfies Condition R.

Consider the following examples (see also [34]).

1. Let f(x) = g(|z|), where g(t) is a continuously differentiable function defined for
t > 0. Suppose that the limit lim; o ¢'(t) = ¢’(00) exists. If |¢'(00)| < oo, then we have
the first case of Theorem 6.1.4; if |¢'(c0)| = oo, then we have the second case.

2. Let f(z) = fo(x) + fi(x) (for |x| > o > 0), where fo(x) is a homogeneous function
of a positive order o > 1,

fo(pz) = p* fo(z), p >0,

and fy(z) satisfies the condition

Vi)

et e

(for example, f(z) can be a polynomial). These functions are supposed to be continuously
differentiable and |V f(0)| # 0 for all |§| = 1. Then it can be verified that the conditions
of the theorem are satisfied.

6.2. Invertibility. To verify the invertibility of limiting operators we need to show
that the corresponding homogeneous equation has only the zero solution and that the
nonhomogeneous equation is solvable for any right-hand side. In some cases, in particular
for scalar operators, the solvability conditions can be formulated with the help of formally
adjoint operators [40].

If the coefficients of the operator have limits at infinity and the limiting domains are
invariant with respect to translation, then we can use a full or partial Fourier transform.
We will limit ourselves to the following examples.

1. One-dimensional case with constant limits at infinity.

Consider the operator

Lu = a(z)u” + b(x)u’ + c(z)u, x € R,
assuming that the coeflicients are sufficiently smooth and that the limits
at,by,cy = wgrfoo a(z),b(x), c(x)
exist. The limiting equations
Liv=asu +bit/ +cru=0
have nonzero solutions if and only if one of the functions
A(§) = —ax8® +byif +cx, E€R

becomes zero for some &.
For the formally adjoint operator

L*u = (a(z)u) — (b(z)u) + c(z)u

(under the assumption that the derivatives of the coefficients tend to zero at infinity) the
functions Ay (§) do not change. Thus, the limiting operators are invertible if and only if

AL(6)#0 VEER.
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The curves A1 (€) on the complex plane determine the essential spectrum of the operator
L, that is, the set of all A for which the operator L — A\ does not satisfy the Fredholm
property.

2. Problems in cylinders.

Consider the operator

0
Lu = a(z)Au + b(x)—u + c(z)u

6$1
in an unbounded cylinder Q C R™ with axis z; and the orthogonal variables z’ € G,
where G € R*™! is a bounded domain with a sufficiently smooth boundary. Consider
for example the homogeneous Dirichlet boundary conditions though it is not essential
for what follows. Assuming that the limits

at(x'),be(z),cx(2’) = lim a(z),b(z),c(x)
x1—+oo

exist, we can apply the partial Fourier transform with respect to the variable x; to the
homogeneous limiting equations. The essential spectrum of the operator L is given by
the eigenvalues Ay (&) of the problem

az(2')A'u + (—ax (2)€% + b (a)i€ + cx(2))u = As (O, ulorec = 0.

Here A’ is the Laplace operator with respect to the variables z’.

If the coeflicients of the limiting operators and the limiting domains are not invariant
with respect to translation and the Fourier transform cannot be done, then the uniqueness
of the solution of the homogeneous equation can be shown, in some cases, by some other
methods. Consider the same operator as in the previous example and suppose first that
solutions of the equation

Lu=M\u

decay exponentially as x1 — 4o0o0. Multiplying this equation by u and integrating over
2, we obtain that for real positive and sufficiently large A it has only the zero solution.
If its solutions are bounded in the corresponding spaces but we do not assume them
to decay exponentially at infinity, then we can introduce a weighted space with a small
exponential weight and reduce this case to the previous one (see [45]).

This example is related to elliptic problems with a parameter. If we assume that all
limiting problems for the operator L are elliptic problems with a parameter, then we can
obtain their invertibility and, consequently, the Fredholm property of the operator L for
sufficiently large values of the parameter. Here we use the ellipticity with a parameter
in unbounded domains. This question will be studied in subsequent works.

6.3. Non-Fredholm operators. If one of the limiting operators is not invertible, then
the original operator is not Fredholm. It can still satisfy the Fredholm property in some
weighted spaces.

1. Problems in cylinders.

Consider the equation

(3.1) Au+cu=f

in an unbounded cylinder 2 C R™ with the axis x; and with the orthogonal variables
2’ = (x2,...,2,). Here ¢ > 0 is some constant. Consider the homogeneous Neumann
boundary condition

ou
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where n is an outer normal vector. The corresponding operator L, acting from the space
ou
E={W?%Q), — =0
w22(9), 5 =0}

to the space F = L?(Q), does not satisfy the Fredholm property since the limiting
problem

. A = — =
(3.3) u+ cu =0, o 0

has a nonzero solution. As is shown in [40], it is sufficient to verify Conditions NS and
NS* in the classes of smooth bounded functions.

To solve this problem put v(x) = p(z1)d(z’), where ¢(z’) is an eigenfunction of the
Laplace operator in the section of the cylinder with the homogeneous Neumann boundary
condition corresponding to the eigenvalue o. Then

(3.4) P+ (c+o)p=0.

This equation has a bounded for all z; € R solution if ¢4+ ¢ > 0. Denote the eigenvalues
of the Laplace operator in the section of the cylinder by ¢;,7 = 0,1, ... and suppose that

cto;>0,i=1,...,k, c+o;<0,i=k+1,....
Then the bounded solutions of problem (3.3) are
ul(z) = cos(ary)pi(z'), u?(z) = sin(a;z1)di(x’), i=1,...,k a;=+/c+ o,

Let us introduce the weighted spaces
By = {u(@) : u(@)u(ar) € B, Fy = {u(@) : u@)u(e:) € F},

() = eVt
v(z) = u(z)e VI, g(z) = f(z)er VI,

Then v satisfies the equation

where

Denote

1
_ + —q.
\/1+$1 3331 ( 1—|—331 (1+:C)3/2 c>v g

Consider the operator

(3.5) Av —2p———

2
9 I 1

T ov
oyt “7 _
‘LL /—1+x% 8I1 +<lu 1+$% ‘LL (1+1‘ )3/2 +C> 'U,

acting from F to F, and the corresponding limiting problems

Lyv=Av—

ov ov
Lfv=AvF2u——o 2 — =0.
S vF ,uax1+(u + c)v, o 0

Denote
) = [ vloyota’)d

where G is the cross section of the cylinder. Multiplying the limiting equation Lfﬂ =0
by ¢(z') and integrating by parts over G, we obtain the equation

P F2up' + (0 +c+p)p=0.

Here o is the eigenvalue corresponding to the eigenfunction ¢(z’). Since the eigenvalues
of the Laplace operator in the section of the cylinder form a discrete set, then we can
choose a value p # 0 such that o + ¢ + p? # 0 for any eigenvalue o. Hence bounded
solutions p(x1) of the last equation do not exist and the limiting problems do not have
nonzero bounded solutions.
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The same remains valid for the formally adjoint operator. Consequently, we can use

the results of [46] in order to conclude that the operator L, : E — F satisfies the
Fredholm property. Equation (B.1) is solvable if and only if the solvability conditions

(3.6) /Q g(w)v(y)dy = 0

are verified for any solution v of the formally adjoint equation

0 T1 22 1
Avt oo [ 2 =0.
R P (w/l—i—x% v>+<“ 1+ 272 “(1+x§)3/2+c)”

If we write it in the form

T ov 4 (2 x2 n 1 n 0
_— clv=0,
1+ a2 0y a 1+a? ”(1+x§)3/2

we can easily see that it can be obtained from (B3.3]) with the change of u by —pu.
Any solution u € E,, of equation (B.]) has the form

u=exp(—uy\/1+2%) v,

where v € E is a solution of equation ([BX). Any solution u € E_,, of the equation
formally adjoint to (B]) (it coincides with ([B.1])) has the form

u=exp(uy/1+a?) v,

where v € E is a solution of equation (B.1).
We have proved the following theorem.

Theorem 6.3.1. Problem [B1), B2), where v € E,, f € F, satisfies the Fredholm
property for any real 1 # 0 such that u? +c+ o # 0 for all eigenvalues o.
This problem is solvable in E,, for f € F, if and only if

/mf(mdx:o
Q

for any solution ug € E_,, of the homogeneous problem (B.3)).

(3.7) Av+2p

It follows from the theorem that the number of solvability conditions can grow when
1 increases. This can be explained as follows. The space E,, narrows when p increases.
Therefore, we need more conditions on f in order for the solution to belong to this space.

These results can easily be generalized for operators with variable coefficients having
limits at infinity.

2. Problems in R2.

Consider the operator

ou
Lu=A — +b
u u+08x2 + b(z2)u
in R2. Here c is some constant, the function b depends only on xo, b(00) < 0. Suppose
that the zero eigenvalue of the operator
Lou = u" + cu’ + b(z2)u

is simple (with an eigenfunction ug(z2)) and all other points of its spectrum are in the
left half-plane. Here ’ denotes the differentiation with respect to xs.
There are three limiting problems:

ou
Au + 08—:52 + b(£oo)u =0
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and 5
Au + 65‘—;2 + b(z2)u=0.

The last one has a nonzero bounded solution u(x) = ug(x3). Therefore, the operator L
is not Fredholm. Consider the equation
Lu = f.

We will use the same notation v and ¢ as in the previous example. Then

ov 1 ov y @3 1
38 A U - b =g.

The limiting problems

Ov Ov
A — F2u — 24 p(+ =0
VbR o o+ (4 boo) v
have constant coefficients. For sufficiently small p they have only the zero solutions.

Consider next the limiting problems
v v
Av 4+ c=— F2u — + (u2 +b(xs)) v =0.
o1s + 2u o1, (M ( 2))
We use the partial Fourier transform with respect to x:
5 4 e+ (p? — € F 2ui€ + b(az)) T = 0.
This equation can be written in the form
Lot = — (p* — € F 2ui€) o.
Since zero is a simple eigenvalue of the operator Ly and the rest of its spectrum is in the
left half-plane, this equation does not have nonzero solutions for small positive p.

For a fixed z; and x5 going to infinity we obtain another type of limiting problems
(21 can be replaced here by 1 + h):

Av 4+ v 5 1 ov N ( 5 T3 1
V4 c— = 2U——m— — —

02 uv1+x%%H SR TR )
Since b(£+00) < 0, then for sufficiently small p this equation has only the zero solution
in the class of bounded functions.

The formally adjoint operator can be studied in the same way. The operator L con-
sidered in the weighted space satisfies the Fredholm property.

3 T b(:l:oo)) v=0.
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