
Trudy Moskov. Matem. Obw. Trans. Moscow Math. Soc.
Tom 67 (2006) 2006, Pages 127–197

S 0077-1554(06)00159-2
Article electronically published on December 27, 2006

FREDHOLM PROPERTY OF GENERAL ELLIPTIC PROBLEMS

A. VOLPERT AND V. VOLPERT

Dedicated to Ya. B. Lopatinskii on the occasion of his 100th birthday anniversary

Abstract. Linear elliptic problems in bounded domains are normally solvable with
a finite-dimensional kernel and a finite codimension of the image, that is, satisfy
the Fredholm property, if the ellipticity condition, the condition of proper ellipticity
and the Lopatinskii condition are satisfied. In the case of unbounded domains these
conditions are not sufficient any more. The necessary and sufficient conditions of
normal solvability with a finite-dimensional kernel are formulated in terms of limiting
problems. Adjoint operators to elliptic operators in unbounded domains are studied
and the conditions in order for them to be normally solvable with a finite-dimensional
kernel are also formulated by means of limiting problems. The properties of the direct
and of the adjoint operators are used to prove the Fredholm property of elliptic
problems in unbounded domains. Some special function spaces introduced in this
work play an important role in the study of elliptic problems in unbounded domains.

1. Introduction

It is known that elliptic operators in bounded domains satisfy the Fredholm property,
that is, the dimension of their kernel is finite, the image is closed, and the codimension
of the image is also finite (see [2], [36], [42] and the references therein).

If we consider unbounded domains, then the ellipticity condition, proper ellipticity and
the Lopatinskii condition are not sufficient, generally speaking, in order for the operator
to satisfy the Fredholm property. Some additional conditions formulated in terms of
limiting problems should be imposed. The typical result says that the operator satisfies
the Fredholm property if and only if all its limiting operators are invertible. The question
is about the classes of operators for which this result is applicable.

Limiting operators and their interrelation with solvability conditions and with the
Fredholm property were first studied in [15], [20], [21] (see also [39]) for differential
operators on the real axis, and later for some classes of elliptic operators in Rn [8], [25],
[26], in cylindrical domains [9], [43], or in some specially constructed domains [6], [7].
Some of these results are obtained for the scalar case, some others for the vector case,
under the assumption that the coefficients of the operator stabilize at infinity or without
this assumption. This theory is also developed for some classes of pseudodifferential
operators [12], [19], [30]–[34], [37], [38] and discrete operators [5], [35]. A survey of this
literature is presented in the recent monograph [35].

In spite of the considerable progress in the understanding of properties of elliptic oper-
ators in unbounded domains, this question is not yet completely elucidated. The results
existing in the literature are formulated for some classes of operators. For example, scalar
elliptic problems in unbounded cylinders with constant coefficients at infinity are studied
in the works cited above only for some classes of second-order operators. Moreover, in
some cases it can be difficult to verify imposed conditions, and even simple problems

2000 Mathematics Subject Classification. Primary 35J25; Secondary 34D09, 47F05.

c©2006 American Mathematical Society

127

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



128 A. VOLPERT AND V. VOLPERT

may not belong to considered classes of abstract operators. The theory of md-elliptic
operators, for example, appears to not be applicable to the Laplace operator in a strip
[12].

In this work we will prove the Fredholm property of general elliptic problems in the
Douglis–Nirenberg sense for differential operators in general domains only under the
assumption that the coefficients of the operator and the boundary of the domain are
sufficiently smooth. Our approach is based on a priori estimates of solutions of direct
and adjoint operators and on the introduction of special function spaces.

As before, the results will be formulated in terms of the invertibility of limiting prob-
lems. The construction of limiting problems is rather simple. We should consider shifted
coefficients and shifted domains and choose locally convergent subsequences (precise defi-
nitions will be given below). Limiting problems correspond to the operators with limiting
coefficients considered in limiting domains. In the general case, we cannot verify their
invertibility. Some examples for which the invertibility can be explicitly verified will be
considered at the end of this work.

There are some classes of problems for which the Fredholm property can be studied
without the analysis of the detailed structure of limiting problems. We briefly describe
this approach. These results will be published in subsequent works. Consider elliptic
problems with a parameter at infinity. This means that all limiting problems are elliptic
problems with a parameter. Elliptic problems with a parameter are introduced by Agra-
novich and Vishik [3] for some classes of elliptic problems in bounded domains. Later,
some more particular classes of elliptic problems were considered in unbounded domains
in relation to sectorial operators (see [4], [11], [18], [23] and the references therein). Our
approach consists in the investigation of elliptic problems, which are eliptic problems
with a parameter at infinity. In this case, limiting operators are invertible for sufficiently
large values of the parameter. Therefore, according to the results of this work, the oper-
ator satisfies the Fredholm property. The index of such problems is not necessarily zero.
It can be found by the approximation of the original problems by problems in bounded
domains for which the value of the index is known.

The formulas in the paper are numbered within subsections. When we refer to a
formula within the same subsection, the section number is not indicated.

1.1. Operators. Consider the operators

Aiu =
N∑

k=1

∑
|α|≤αik

aα
ik(x)Dαuk, i = 1, . . . , N, x ∈ Ω,(1.1)

Bju =
N∑

k=1

∑
|β|≤βjk

bβ
jk(x)Dβuk, i = 1, . . . , m, x ∈ ∂Ω,(1.2)

where u = (u1, . . . , uN ), and Ω ⊂ Rn is an unbounded domain that satisfies certain
conditions given below. According to the definition of elliptic operators in the Douglis–
Nirenberg sense [13] we suppose that

αik ≤ si + tk, i, k = 1, . . . , N, βjk ≤ σj + tk, j = 1, . . . , m, k = 1, . . . , N

for some integers si, tk, σj such that si ≤ 0, max si = 0, tk ≥ 0.
Denote by E the space of vector-valued functions u = (u1, . . . , uN ), where uj belongs to

the Sobolev space W l+tj ,p(Ω), j = 1, . . . , N , 1 < p < ∞, l is an integer, l ≥ max(0, σj+1),
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FREDHOLM PROPERTY OF GENERAL ELLIPTIC PROBLEMS 129

E =
∏N

j=1 W l+tj ,p(Ω). The norm in this space is defined as

‖u‖E =
N∑

j=1

‖uj‖W l+tj ,p(Ω).

The operator Ai acts from E to W l−si,p(Ω) and the operator Bj acts from E to
W l−σj−1/p,p(∂Ω). Denote

L = (A1, . . . , AN , B1, . . . , Bm),(1.3)

F =
N∏

i=1

W l−si,p(Ω) ×
m∏

j=1

W l−σj−1/p,p(∂Ω).

Then L : E → F .
We assume that

(1.4) aα
ik(x) ∈ Cl−si+θ(Ω̄), bβ

jk(x) ∈ Cl−σj+θ(∂Ω),

where 0 < θ < 1, and that these coefficients can be extended to Rn in such a way that
the extended coefficients belong to the same spaces in Rn:

(1.5) aα
ik(x) ∈ Cl−si+θ(Rn), bβ

jk(x) ∈ Cl−σj+θ(Rn).

The notation C0 will be used for functions with bounded support. It is also assumed
that the operator is uniformly elliptic.

1.2. Limiting problems. To formulate the results of the work we should recall the no-
tions of limiting operators and limiting domains. Limiting operators were first considered
in [15], [20], [21] for differential operators on the real axis with quasi-periodic coefficients,
and then for elliptic operators in Rn or for domains cylindrical or conical at infinity [8],
[25], [26], [39].

In the general case limiting operators and domains are introduced in [44], [45]. Their
construction can be briefly described as follows. Let xk ∈ Ω be a sequence, which tends
to infinity. Consider the shifted domains Ωk corresponding to the shifted characteristic
functions χ(x+xk), where χ(x) is the characteristic function of the domain Ω. Consider
a ball Br ⊂ Rn with center at the origin and with radius r. Suppose that for all k there
are points of the boundaries ∂Ωk inside Br. If the boundaries are sufficiently smooth,
then we can expect that from the sequence Ωk ∩ Br we can choose a subsequence that
converges to some limiting domain Ω̂. After that we take a larger ball and choose a
convergent subsequence of the previous subsequence. The usual diagonal process allows
us to extend the limiting domain to the whole space.

To define limiting operators we consider shifted coefficients aα(x+xk), bα
j (x+xk) and

choose subsequences that converge to some limiting functions âα(x), b̂α
j (x) uniformly in

every bounded set. The limiting operator is the operator with the limiting coefficients.
Limiting operators considered in limiting domains constitute limiting problems. It is
clear that the same problem can have a family of limiting problems depending on the
choice of the sequence xk and on the choice of both converging subsequences of domains
and coefficients.

1.3. Function spaces. An important role in what follows is played by the choice of
function spaces. Sobolev spaces W s,p proved to be very convenient in the study of
elliptic problems in bounded domains. But more flexible spaces are needed for elliptic
problems in unbounded domains. We need some generalization of the space W s,p. More
exactly, we mean such spaces which coincide with W s,p in bounded domains but have a
prescribed behavior at infinity in unbounded domains. It turns out that such spaces can
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130 A. VOLPERT AND V. VOLPERT

be constructed for arbitrary Banach spaces of distributions (not only Sobolev spaces) as
follows.

Consider first functions defined on Rn. As usual we denote by D the space of infinitely
differentiable functions with compact support and by D′ its dual. Let E ⊂ D′ be a
Banach space; the inclusion is understood both in the algebraic and the topological
sense. Denote by Eloc the collection of all u ∈ D′ such that fu ∈ E for all f ∈ D. Let
ω(x) ∈ D, 0 ≤ ω(x) ≤ 1, ω(x) = 1 for |x| ≤ 1/2, ω(x) = 0 for |x| ≥ 1.

Definition 1.3.1. Eq (1 ≤ q ≤ ∞) is the space of all u ∈ Eloc such that

‖u‖Eq
:=

(∫
Rn

‖u(·)ω(· − y)‖q
Edy

)1/q

< ∞, 1 ≤ q < ∞,

‖u‖E∞ := sup
y∈Rn

‖u(·)ω(· − y)‖E < ∞.

In what follows we will also use an equivalent definition based on a partition of unity.
It is proved that Eq is a Banach space. If Ω is a domain in Rn, then by definition Eq(Ω)
is the space of restrictions of Eq to Ω with the usual norm of restrictions. It is easy to
see that if Ω is a bounded domain, then

Eq(Ω) = E(Ω), 1 ≤ q ≤ ∞.

In particular, if E = W s,p, then we denote W s,p
q = Eq (1 ≤ q ≤ ∞). It is proved that

W s,p
p = W s,p (s ≥ 0, 1 < p < ∞).

Hence the spaces W s,p
q generalize the Sobolev spaces (q < ∞) and the Stepanov spaces

(q = ∞) (see [20], [21]).

1.4. Normal solvability. The following condition determines normal solvability of el-
liptic problems.

Condition NS. Any limiting problem

L̂u = 0, x ∈ Ω̂, u ∈ E∞(Ω̂)

has only the zero solution.
This is a necessary and sufficient condition for general elliptic operators considered in

Hölder spaces to be normally solvable with a finite-dimensional kernel [44]. For scalar
elliptic problems in Sobolev spaces it was proved in [45]. In [47] we generalize these
results for elliptic systems. More precisely, we prove that the elliptic operator L is
normally solvable and has a finite-dimensional kernel in the space W l,p

∞ (1 < p < ∞) if
and only if Condition NS is satisfied.

In this work we prove normal solvability of adjoint operators. This result is based
on a priori estimates. To obtain the estimates of adjoint operators we consider a mod-
ified model problem in the half-space where we take the principal terms of operators
(2.1), (2.2) and replace the differential operators by some pseudodifferential operators
(cf. [14]). In [36] it is proved that these operators are invertible. In the case considered
in this work where l ≥ max(0, σj + 1), that is, the operators act in Sobolev spaces with
nonnegative exponents, the proof of the invertibility of the operators can be simplified.
We use the approach developed in [42] for differential operators. It allows us to obtain a
priori estimates of adjoint operators for general elliptic problems in unbounded domains.
In some particular cases (Hilbert spaces, scalar operators) estimates of this type were
obtained in [27]. We should note however that these estimates are not sufficient to prove
normal solvability and finiteness of the kernel for operators in unbounded domains. In
this case we need to introduce an additional condition on limiting problems and obtain
some special a priori estimates.
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Similarly to Condition NS for the direct operators we introduce Condition NS∗ for the
adjoint operators.

Condition NS∗. Any limiting homogeneous problem L̂∗v = 0 does not have nonzero
solutions in (F ∗(Ω̂))∞, where L̂∗ is the operator adjoint to the limiting operator L̂, and
Ω̂ is a limiting domain.

We obtain a priori estimates for adjoint operators and prove that if Condition NS∗

is satisfied, then the operator L∗ : (F ∗(Ω))∞ → (E∗(Ω))∞ is normally solvable with a
finite-dimensional kernel.

1.5. Fredholm property. We have mentioned above that the same property holds for
the operator L if Condition NS is satisfied. However this does not mean that the operator
L satisfies the Fredholm property, because we consider the adjoint operator L∗ not as
acting in the dual spaces from (F∞(Ω))∗ to (E∞(Ω))∗ but from (F ∗(Ω))∞ to (E∗(Ω))∞.
These spaces are different. Detailed analysis of these spaces and of the properties of the
operators will allow us to prove that, indeed, Condition NS and Condition NS∗ imply
that the operator L satisfies the Fredholm property in spaces W s,p, 1 < p < ∞, and
W s,p

q for some q.
One of the key properties of the function spaces is given by the following relations:

(E∗)∞ = (E1)∗, (F ∗)∞ = (F1)∗.

Simplifying the situation we can say that it will allow us to establish a relation between
the operators

(L∗)∞ : (E∗)∞ → (F ∗)∞, (L∞)∗ : (E∞)∗ → (F∞)∗.

We see already here that the same differential expressions considered in different func-
tion spaces should be considered as different operators. We come here to the notion of
local operators and realization of operators. An operator L is called local if for any u ∈ E
with a bounded support, suppLu ⊂ supp u. Differential operators satisfy obviously this
property. If an operator L is local, then the adjoint operator is also local.

For local operators we can define their realization in different spaces,

Lq : Eq → Fq, 1 ≤ q ≤ ∞.

We will consider also the operator LD : ED → FD, where ED and FD are the spaces
obtained as a closure of functions from D in the norms of the spaces E∞ and F∞,
respectively.

We will first prove that if Conditions NS and NS∗ are satisfied, then the operator LD

satisfies the Fredholm property. It will allow us to prove next that the operator L∞ is
Fredholm, and then that Lq is Fredholm. The exact formulations of the results are given
in Section 5.

2. The space W s,p
q

Let E = W s,p be the Sobolev–Slobodetskii space, where −∞ < s < ∞, 1 < p < ∞.
In this section we construct and study the space Eq = W s,p

q (1 ≤ q ≤ ∞) . We do not
use any specific properties of the space W s,p. Therefore all the results can be generalized
to any Banach space of distributions (these generalizations will be published elsewhere).
In this paper we confine ourselves to the space W s,p since only these spaces are used here
for the elliptic problems under consideration.
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2.1. Systems of functions.

Definition 2.1.1. A partition of unity is a sequence {φi}, i = 1, 2, . . . of functions
φi ∈ D, φi(x) ≥ 0 such that

∞∑
i=1

φi(x) = 1, x ∈ Rn.

Condition 2.1.2. Let {φi}, i = 1, 2, . . . be a sequence of functions φi ∈ D. For any i
there exist no more than N functions φj such that suppφj ∩ supp φi 	= ∅.

Everywhere below we consider partitions of unity for which Condition 2.1.2 is satisfied.

Definition 2.1.3. Two systems of functions {φi}, {ψj}, i = 1, 2, . . . , j = 1, 2, . . . ,
φi ∈ D, ψj ∈ D are called equivalent if there exists a number N such that:

for any i there exist no more than N functions ψj such that supp ψj ∩ supp φi 	= ∅;
for any j there exist no more than N functions φi such that supp φi ∩ supp ψj 	= ∅.

Proposition 2.1.4. The equivalence relation introduced by Definition 2.1.3 is reflexive,
symmetric, and transitive.

The proof is standard. In what follows we consider the equivalence class with the
representative which corresponds to a covering of Rn by cubes with centers in some
lattice.

We will also use systems of functions satisfying the following condition.

Condition 2.1.5. The system of functions φi satisfies the following conditions:
1. φi(x) ≥ 0, φi ∈ D,
2. Condition 2.1.2 is satisfied,
3. supi ‖φi‖M < ∞,
4. φ(x) =

∑∞
i=1 φi(x) ≥ m > 0 for some constant m,

5. the following estimate holds:

sup
x

|Dαφ(x)| ≤ Mα,

where Dα denotes the operator of differentiation, and the Mα are positive constants.
Here ‖φ‖M is the norm of a multiplier φ:

‖φu‖E ≤ ‖φ‖M ‖u‖E , ∀u ∈ E.

For E = W s,p it is known that ‖φ‖M ≤ ‖φ‖C[|s|]+1 , where K is a positive constant.
For the partitions of unity {φi} we always suppose that supi ‖φi‖M < ∞.

2.2. The space Eq.

Definition 2.2.1. Eloc is the space of all u ∈ D′ such that fu ∈ E for all f ∈ D.

Definition 2.2.2. Let {φi}, i = 1, 2, . . . , be a partition of unity. Then Eq is the space
of all u ∈ Eloc such that

∞∑
i=1

‖φiu‖q
E < ∞,

where 1 ≤ q < ∞, with the norm

‖u‖Eq
=

( ∞∑
i=1

‖φiu‖q
E

)1/q

.

In what follows we consider two normed spaces to be equal if they are linearly isomor-
phic and their norms are equivalent.
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Proposition 2.2.3. Let {φ1
i } and {φ2

i } be two partitions of unity. Suppose that E1
q and

E2
q are the spaces Eq corresponding to {φ1

i } and {φ2
i }, respectively. If the partitions of

unity are equivalent, then E1
q = E2

q .

Proof. Let u ∈ E2
q . We have

φ1
i u = φ1

i

∞∑
j=1

φ2
ju =

∑
j′

φ1
i φ

2
j′u,

where j′ are all the numbers j such that suppφ1
i ∩ supp φ2

j 	= ∅. By Definition 2.1.3 the
number of such j′ is no more than N . We have the estimate

‖φ1
i u‖

q
E ≤

⎛⎝∑
j′

‖φ1
i φ

2
j′u‖E

⎞⎠q

.

Let aj ≥ 0, j = 1, . . . , m. Then from convexity of the function sq we obtain the
estimate ⎛⎝ m∑

j=1

aj

⎞⎠q

= mq

⎛⎝ m∑
j=1

1
m

aj

⎞⎠q

≤ mq−1
m∑

j=1

aq
j .

Therefore ⎛⎝∑
j′

‖φ1
i φ

2
j′u‖E

⎞⎠q

≤ mq−1
∑
j′

‖φ1
i φ

2
j′u‖q

E ,

where m is the number of j′. Since m ≤ N , then

‖φ1
i u‖

q
E ≤ Nq−1

∑
j′

‖φ1
i φ

2
j′u‖q

E = Nq−1
∞∑

j=1

‖φ1
i φ

2
ju‖

q
E .

Let k be a positive integer. We have

(2.1)

k∑
i=1

‖φ1
i u‖

q
E = Nq−1

k∑
i=1

∞∑
j=1

‖φ1
i φ

2
ju‖

q
E = Nq−1

∞∑
j=1

k∑
i=1

‖φ1
i φ

2
ju‖

q
E ,

k∑
i=1

‖φ1
i φ

2
ju‖

q
E =

∑
i′

‖φ1
i φ

2
ju‖

q
E ≤

∑
i′

‖φ1
i′‖

q
M‖φ2

ju‖
q
E ,

where the i′ are those i for which supp φ1
i ∩ supp φ2

j 	= ∅. The number of such i′ is less
than or equal to N . Let

Kj = sup
i

‖φj
i‖M , j = 1, 2.

Then
k∑

i=1

‖φ1
i φ

2
ju‖

q
E ≤ NKq

1‖φ2
ju‖

q
E .

It follows from (2.1) that
k∑

i=1

‖φ1
i u‖

q
E ≤ NqKq

1

∞∑
j=1

‖φ2
ju‖

q
E = NqKq

1‖u‖
q
E2

q
.

From this we obtain
∞∑

i=1

‖φ1
i u‖

q
E ≤ NqKq

1‖u‖
q
E2

q
.
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Hence u ∈ E1
q and

‖u‖E1
q
≤ NK1‖u‖E2

q
, E2

q ⊂ E1
q .

Similarly we get
‖u‖E2

q
≤ NK2‖u‖E1

q
, E1

q ⊂ E2
q .

The proposition is proved. �
Proposition 2.2.4. The space Eq is complete.

Proof. Consider a fundamental sequence um in the space Eq. Then for any ε > 0 there
exists N(ε) such that

(2.2)
∞∑

i=1

‖(uk − um)φi‖q
E ≤ ε

for any k, m ≥ N(ε). Denote ψn =
∑n

i=1 φi. Let Ψn be an infinitely differentiable
function with a finite support such that Ψn = 1 in the support of ψn. Since E is a
Banach space and the sequence Ψnum is fundamental with respect to m for any fixed n,
then Ψnum → vn in E as m → ∞. Obviously ψnum → ψnvn in E as m → ∞.

Consider a sequence nj , nj → ∞ as j → ∞. We construct a sequence of limiting
functions vnj

such that

‖ψnj
(um − vnj

)‖E → 0 as m → ∞,

and for any j2 > j1,
ψnj1

vnj1
= ψnj1

vnj2
.

Therefore we have constructed a limiting function v defined in Rn. It coincides with vj

in the support of ψj . We have

(2.3) ‖ψnj
(um − v)‖E → 0 as m → ∞.

We note that for any δ > 0 there exists N(δ) and i0(δ) such that

(2.4)
∞∑

i=i0(δ)

‖ukφi‖q
E ≤ δ

for any k ≥ N(δ). Indeed, we choose N(δ) such that

(2.5)
∞∑

i=1

‖(uk − um)φi‖q
E ≤ Cqδ

for any k, m ≥ N(δ). Here Cq = 2−q. On the other hand, for a fixed m we can choose
i0(δ) such that

(2.6)
∞∑

i=i0(δ)

‖umφi‖q
E ≤ Cqδ

since the corresponding series converges. From (2.5) it follows that for m fixed and any
k ≥ N(δ),

(2.7)
∞∑

i=i0(δ)

‖(uk − um)φi‖q
E ≤ Cqδ.

From (2.6) and (2.7) we obtain (2.4).
We prove next that

(2.8)
∞∑

i=i0(δ)

‖vφi‖q
E ≤ δ,
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where i0(δ) is the same as in (2.4). Suppose that this estimate is not true. Then there
exists i1(δ) such that

(2.9)
i1(δ)∑

i=i0(δ)

‖vφi‖q
E > δ.

On the other hand from (2.3) we have

i1(δ)∑
i=i0(δ)

‖(um − v)φi‖q
E → 0 as m → ∞.

This convergence and (2.9) contradict (2.4).
From (2.3), (2.4), and (2.8) we conclude that um converges to v in Eq. The proposition

is proved. �

Proposition 2.2.5. Let uk =
∑k

i=1 uφi. Then uk → u in Eq for 1 ≤ q < ∞.

Proof. We have

‖u − uk‖q
Eq

=
∞∑

i=1

‖φi(u − uk)‖q
E =

∞∑
i=1

‖φi

∞∑
j=k+1

uφj‖q
E =

∞∑
i=k′

‖φi

∞∑
j=k+1

uφj‖q
E = · · · ,

where the external sum is taken over all i such that supp φi∩supp φj 	= ∅ for all j ≥ k+1.
The value k′ depends on k, and k′ → ∞ as k → ∞,

· · · =
∞∑

i=k′

‖φi

∑
j′

uφj′‖q
E ≤ · · · ,

where j′ denotes all j such that supp φj ∩ supp φi 	= ∅ for a given i. Since the number of
such j is uniformly bounded, we have the estimate

· · · ≤ C

∞∑
i=k′

‖uφi‖q
E .

The last sum converges to zero as k → ∞. The proposition is proved. �

Corollary 2.2.6. Infinitely differentiable functions with bounded supports are dense in
Eq, 1 ≤ q < ∞.

Proof. It is sufficient to note that D is dense in E, and uk ∈ E. �

Definition 2.2.7. Let {φi}, i = 1, 2, . . . be a system of functions satisfying Condition
2.1.5, and let Eq be the space of all u ∈ Eloc such that

∞∑
i=1

‖φiu‖q
E < ∞,

where 1 ≤ q < ∞, with the norm

‖u‖Eq
=

( ∞∑
i=1

‖φiu‖q
E

)1/q

.

The following proposition can be easily proved.

Proposition 2.2.8. The spaces in Definitions 2.2.2 and 2.2.7 coincide.
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We introduce now one more definition of the norm in the space Eq. Let the norm be
given by the equality

(2.10) ‖u‖Eq
=

(∫
Rn

‖u(·)φ(· − y)‖q
Edy

)1/q

, φ ∈ D.

We show that this norm is equivalent to the norm defined through a partition of unity.
We note first of all that the function

s(y) = ‖u(·)φ(· − y)‖q
E

is continuous. Indeed,

|s1/q(y) − s1/q(y0)| ≤ ‖u(·)(φ(· − y) − φ(· − y0))‖E → 0 as y → y0

by the properties of multipliers.
We have

‖u‖q
Eq

=
∫

Rn

s(y)dy =
∞∑

i=1

∫
Qi

s(y)dy,

where the Qi are unit cubes of the square lattice in Rn,∫
Qi

s(y)dy = s(yi)

for some yi ∈ Qi since s(y) is continuous. Hence

(2.11) ‖u‖q
Eq

=
∞∑

i=1

s(yi).

This equality is obtained without specific assumptions on the function φ(x). Suppose
now that it equals 1 in the ball of the radius r =

√
n, and 0 outside of the ball with the

radius 2r. Then for any yi ∈ Qi,

φ(x − yi) = 1, x ∈ Qi.

Therefore the system of functions φi(x) = φ(x − yi) satisfies the following conditions:
(1) m ≤

∑∞
i=1 φi(x) ≤ M for all x ∈ Rn and some positive constants m and M ,

(2) for each x ∈ Rn there exists a finite number of functions φi different from zero at
this point. The estimate of this number is independent of x.

Hence the norm (2.11) is equivalent to the norm defined with any other system of
functions equivalent to φi.

We have proved the following proposition.

Proposition 2.2.9. The norm (2.10) is equivalent to the norm in Definition 2.2.2.

The relation between the space W s,p
q and the corresponding Sobolev–Slobodetskii

space is given by the following theorem:

Theorem 2.2.10. Let s be a real nonnegative number, 1 < p < ∞. Then W s,p
p = W s,p.

The proof will be published elsewhere.
Consider now the case q = ∞.

Definition 2.2.11. Let {φi} be a partition of unity. E∞ is the space of all functions
u ∈ Eloc such that

sup
i

‖φiu‖E < ∞,

with the norm
‖u‖E∞ = sup

i
‖φiu‖E .
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It is proved that Propositions 2.2.3 and 2.2.4 are true also for q = ∞.
Other equivalent definitions of the space can be done.

Definition 2.2.12. Let η(x) ∈ D satisfy the following conditions:
1. 0 ≤ η(x) ≤ 1, x ∈ Rn,
2. η(x) = 1 in the cube |xi| ≤ a1, i = 1, 2, . . . , n,
3. η(x) = 0 outside the cube |xi| ≤ a2, i = 1, 2, . . . , n, where a1 and a2 are given

numbers, a1 < a2.
Denote

ηy(x) = η(x − y), y ∈ Rn.

The space E∞ is the set of all u ∈ Eloc such that

sup
y∈Rn

‖ηyu‖E < ∞.

The norm in this space is given by the relation

‖u‖E∞ = sup
y∈Rn

‖ηyu‖E .

In what follows we use the space E(G), where G is a domain in Rn. The space E(G)
is defined as the set of all generalized functions from D

′

G which are restrictions to G of
generalized functions from E. The norm in this space is

‖u‖E(G) = inf ‖v‖E ,

where the infimum is taken over all those generalized functions v ∈ E whose restriction
to G coincides with u.

Definition 2.2.13. The space E∞ is the set of all u ∈ Eloc such that

(2.12) sup
y∈Rn

‖uy‖E(Gy) < ∞,

where uy is a restriction of u to Gy, G ⊂ Rn is a bounded domain containing the origin,
and Gy is a shifted domain: the characteristic function of Gy is χ(x − y), where χ(x) is
the characteristic function of G. The norm in E∞ is given by

‖u‖E∞ = sup
y∈Rn

‖uy‖E(Gy).

It is proved that the spaces in Definitions 2.2.11–2.2.13 coincide. The same is true if
instead of cubes in Definition 2.2.12 we take balls.

2.3. Bounded sequences in E∞.

Definition 2.3.1. A sequence uk ∈ Eloc is called locally weakly convergent to u ∈ Eloc

if for any φ ∈ D,
φuk → φu weakly in E.

Lemma 2.3.2. If a sequence uk ∈ E∞ is bounded in E∞ and locally weakly convergent
to u, then u ∈ E∞.

Proof. We use Definition 2.2.11 of the space E∞. Let {φi} be a partition of unity. Then
u ∈ E∞ if

sup
i

‖φiu‖E < ∞.

Suppose that u 	∈ E∞. Then there is a subsequence ik of i such that

(3.1) ‖φik
u‖E → ∞ as ik → ∞.
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A set in a Banach space is bounded if and only if any functional from the dual space is
bounded on it. Hence there exists a functional F ∈ E∗ such that

F (φik
u) → ∞ as ik → ∞.

Since ul is locally weakly convergent to u, then

F (φik
ul) → F (φik

u) as l → ∞
for any ik. Therefore we can choose lk such that

|F (φik
ulk) − F (φik

u)| < 1.

It follows from (3.1) that

(3.2) F (φik
ulk) → ∞ as ik → ∞.

On the other hand, by assumption uk is bounded in E∞. Hence

‖uk‖E∞ ≤ M, ‖φik
uk‖E ≤ M.

This contradicts (3.2). The lemma is proved. �

We present without proof the following theorem.

Theorem 2.3.3. If {uk}, k = 1, 2, . . . is a bounded sequence in E∞, then there exists a
subsequence uki

of uk and u ∈ E∞ such that

uki
→ u locally weakly and in D′.

2.4. Dual spaces. For the space E∗ dual to E we can define (E∗)q as is done above for
the space E. For example the norm in the space (E∗)∞ is given by

(4.1) ‖v‖(E∗)∞ = sup
i

‖φiv‖E∗ ,

where φi is a partition of unity.
In the application to elliptic problems here we are interested in the spaces dual to E∞.

Theorem 2.4.1. The spaces (E∗)∞ and (E1)∗ coincide.

Proof. Let v ∈ (E1)∗. Then for any u ∈ E1,

〈v, u〉 ≤ ‖v‖(E1)∗ ‖u‖E1 .

Since v ∈ E∗
loc and u ∈ E, then 〈φiv, u〉 is defined and

|〈φiv, u〉| = |〈v, φiu〉| ≤ ‖v‖(E1)∗ ‖φiu‖E1 ≤ M‖v‖(E1)∗ ‖u‖E .

Here {φi} is a partition of unity, and supi ‖φi‖M < ∞.
Therefore

‖φiv‖E∗ ≤ M‖v‖(E1)∗ .

Consequently,
‖v‖(E∗)∞ ≤ M‖v‖(E1)∗ .

Suppose that v ∈ (E∗)∞. Then v ∈ E∗
loc. Let u ∈ E1, uk =

∑k
i=1 φiu. Then uk ∈ E,

and

|〈v, uk〉| = |〈v,

k∑
i=1

φiu〉| ≤
k∑

i=1

|〈v, φiu〉| =
k∑

i=1

|〈φiv, ψiu〉| ≤
k∑

i=1

‖φiv‖E∗ ‖ψiu‖E

≤ ‖v‖(E∗)∞

∞∑
i=1

‖ψiu‖E ≤ M‖v‖(E∗)∞‖u‖E1 .
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Here ψi ∈ D, ψi = 1 in supp φi. We suppose that the system of functions ψi satisfies
Condition 2.2.2. We can pass to the limit in the last estimate as k → ∞. Therefore v
can be considered as a functional on E1, and

‖v‖(E1)∗ ≤ M‖v‖(E∗)∞ .

The theorem is proved. �

We note that functionals from both spaces (E∗)∞ and (E1)∗ are considered in Theorem
2.4.1 on functions from E1.

Lemma 2.4.2. Let φ ∈ (E∞)∗, un =
∑n

i=1 uφi, where u ∈ E∞ and φi is a partition of
unity. Then the limit limn→∞ φ(un) exists.

Proof. We have

‖un‖E∞ = sup
j

‖unφj‖E = sup
j

∥∥∥( n∑
i=1

uφi

)
φj

∥∥∥
E

≤ sup
j

⎛⎝ ∑
i:supp φi∩supp φj �=∅

‖uφiφj‖E

⎞⎠ ≤ MN sup
j

‖uφj‖ = MN‖u‖E∞ .

Suppose that the limit φ(un) does not exist. Then there exist two subsequences unk

and unm such that
φ(unk) → C1, φ(unm) → C2, C1 	= C2.

We will construct a bounded sequence in E∞ such that the functional φ will be unbounded
on it. This contradiction will prove the existence of the limit.

Without loss of generality we can assume that C1 > C2. For all k and m sufficiently
large,

φ(unk) ≥ C1 − ε, φ(unm) ≤ C2 + ε.

For ε ≤ (C1 − C2)/4,

φ(unk − unm) ≥ C1 − C2

2
(= a > 0).

We take k and m such that this estimate is satisfied and denote v1 = unk − unm. We
note that

unk − unm =
nk∑

i=nm

uφi.

Therefore the support of the function v1 is inside
⋃nk

i=nm
supp φi.

Similarly, we choose other values of k and m and define the function v2, φ(v2) ≥ a.
Moreover, if the new values k and m are sufficiently large, then supp v1 ∩ supp v2 = ∅. In
the same way, we construct other functions vl such that their supports do not intersect
and φ(vl) ≥ a. We put finally

wj =
j∑

l=1

vl.

Similar to the sequence un, the sequence wj is uniformly bounded in E∞. At the same
time φ(wj) → ∞. This contradicts the assumption that φ ∈ (E∞)∗. The lemma is
proved. �

Consider a functional φ from (E∞)∗. We define a new functional φ̃ as follows. For
any function u ∈ E∞ with a bounded support we put

φ̃(u) = φ(u).
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For any function u ∈ E∞, we put

φ̃(u) = lim
n→∞

φ(
n∑

i=1

uφi).

Thus φ̃ is a weak limit of
∑n

i=1 φiφ in (E∞)∗. From Lemma 2.4.2 it follows that the limit
exists. It is easy to verify that φ̃ is a bounded linear functional on E∞.

Denote φ0 = φ− φ̃. Then φ0(u) = 0 for any function u with a bounded support. Thus
we have the following result.

Lemma 2.4.3. The space (E∞)∗ can be represented as a direct sum of two subspaces,
(E∞)∗0 and (E∞)∗ω, where (E∞)∗0 consists of functionals equal to 0 on all functions with
bounded supports and (E∞)∗ω consists of the functionals φ̃ constructed above.

Proof. It remains to prove that (E∞)∗ω and (E∞)∗0 are closed. Let vk ∈ (E∞)∗ω, vk → v
in (E∞)∗. We have

(4.2) 〈vk, u〉 = lim
n→∞

〈vk, un〉, ∀u ∈ E∞,

where un =
∑n

i=1 φiu. We prove that we can pass to the limit in k in the right-hand side
of (4.2). Indeed we have

|〈vk − v, un〉| ≤ ‖vk − v‖(E∞)∗‖un‖E∞ ≤ M‖vk − v‖(E∞)∗

since ‖un‖E∞ is bounded. Hence

| lim
n→∞

〈vk − v, un〉| ≤ M‖vk − v‖(E∞)∗ → 0

as k → ∞. Passing to the limit with respect to k in (4.2) we obtain

〈v, u〉 = lim
n→∞

〈v, un〉, ∀u ∈ E∞.

Therefore v ∈ (E∞)∗ω. The completeness of the space (E∞)∗ω is proved.
It can easily be verified that the second subspace is also closed, and the lemma is

proved. �

Lemma 2.4.4. If φ ∈ (E∞)∗, then φ ∈ (E∗)1 and

(4.3) ‖φ‖(E∗)1 ≤ M ‖φ‖(E∞)∗ ,

where M is a constant independent of φ.

Proof. We have φiφ ∈ E∗ for φi ∈ D and

‖φiφ‖E∗ = sup
u∈E, ‖u‖E=1

|φiφ(u)|.

Hence there exists ui ∈ E such that

‖φiφ‖E∗ ≤ 2 |φiφ(ui)| = 2 φiφ(σiui),

where |σi| = 1. Therefore

(4.4)
m∑

i=1

‖φiφ‖E∗ ≤ 2 φ(
m∑

i=1

φiσiui).

For any φk we have

‖
m∑

i=1

φkφiσiui‖E ≤
m∑

i=1

‖φkφiui‖E ≤
∑
i′

‖φkφi′ui′‖E ,
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where i′ are all those numbers i for which supp φi ∩ supp φk 	= ∅. It follows that

(4.5) ‖
m∑

i=1

φkφiσiui‖E ≤ NK2,

where N is the number from Condition 2.2.2 and K = supi ‖φi‖M(E). Inequality (4.5)
implies

‖
m∑

i=1

φiσiui‖E∞ ≤ NK2.

From (4.4) we obtain
m∑

i=1

‖φiφ‖E∗ ≤ 2NK2‖φ‖(E∞)∗

and (4.3) follows. The lemma is proved. �

Theorem 2.4.5. (E∞)∗ω = (E∗)1.

Proof. The inclusion (E∞)∗ω ⊂ (E∗)1 follows from Lemma 2.4.4. Suppose now that
φ ∈ (E∗)1. Consider the functionals

Φk =
k∑

i=1

φiφ,

where φi is a partition of unity. By the definition of the space (E∗)1, the series∑∞
i=1 ‖φiφ‖E∗ converges. We show that Φk converges to φ in (E∗)1. Indeed,

‖φ − Φk‖(E∗)1 = ‖φ −
k∑

i=1

φiφ‖(E∗)1 =
∞∑

j=1

‖φj(φ −
k∑

i=1

φiφ)‖E∗

=
∞∑

j=1

‖φjφ −
k∑

i=1

φi(φjφ)‖E∗ = · · · .

All terms of this sum for which
∑k

i=1 φi equals 1 in the support of φj , disappear. The
remaining terms begin with some k′, where k′ depends on k and tends to infinity together
with it.

· · · =
∞∑

j=k′

‖φjφ −
k∑

i=1

φi(φjφ)‖E∗ ≤
∞∑

j=k′

‖φjφ‖E∗ +
∞∑

j=k′

k∑
i=1

‖φiφjφ‖E∗

=
∞∑

j=k′

‖φjφ‖E∗ +
∞∑

j=k′

∑
i′

‖φi′φjφ‖E∗

≤
∞∑

j=k′

‖φjφ‖E∗ + NM

∞∑
j=k′

‖φjφ‖E∗ → 0 as k → ∞.

Here i′ denotes all those i for which the support of φi intersects the support of φj for
each fixed j. As usual, we use the fact that their number is limited by N .

Thus, the functional φ can be represented in the form

φ =
∞∑

i=1

φiφ.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



142 A. VOLPERT AND V. VOLPERT

Then it is also a continuous functional on E∞. Indeed, for any u ∈ E∞,

|〈φ, u〉| ≤
∞∑

i=1

|〈φiφ, ψiu〉| ≤
∞∑

i=1

‖φiφ‖E∗‖ψiu‖E

≤ C‖u‖E∞

∞∑
i=1

‖φiφ‖E∗ ≤ C‖φ‖(E∗)1‖u‖E∞ .

Here ψi = 1 in the support of φi. Therefore φ ∈ (E∞)∗, and

‖φ‖(E∞)∗ ≤ C‖φ‖(E∗)1 .

Let u ∈ E∞. Put uk =
∑k

i=1 φiu. Then φ(uk) = Φk(u). Hence

φ(u) = lim
k→∞

Φk(u) = lim
k→∞

φ(uk).

This means that φ ∈ (E∞)∗ω.
It is easy to prove that the spaces (E∞)∗ω and (E∗)1 are linearly isomorphic. The

theorem is proved. �

Consider now the closure ED of D in the norm E∞. The following theorem can be
proved.

Theorem 2.4.6. (ED)∗ = (E∗)1.

2.5. The spaces Eq(Ω) and Eq(Γ). Let Ω be a domain in Rn.

Definition 2.5.1. The space Eq(Ω) (1 ≤ q ≤ ∞) is defined as the set of all those
generalized functions from D′

Ω that are restrictions to Ω of generalized functions from
Eq. The norm in Eq(Ω) is defined as

‖u‖Eq(Ω) = inf ‖uc‖Eq,

where the minimum is taken over all those uc ∈ Eq whose restrictions to Ω coincide
with u.

It can be proved that the space Eq(Ω) in this definition coincides with the space Eq(Ω)
in the following one.

Definition 2.5.2. Let {φi} be a partition of unity. The space Eq(Ω) is defined as the
set of generalized functions u ∈ D′

Ω such that φiu ∈ E(Ω) for all i and

‖u‖Eq(Ω) := (
∞∑

i=1

‖φiu‖q
E(Ω))

1/q < ∞ (1 ≤ q < ∞),

‖u‖E∞(Ω) := sup
i

‖φiu‖E(Ω) < ∞.

It is obvious that if Ω is a bounded domain, then Eq(Ω) = E(Ω) (1 ≤ q ≤ ∞). It
follows from the definitions that for unbounded domains the space Eq(Ω) inherits the
properties of the space Eq(Rn).

If Γ is an (n − 1)-dimensional manifold (in particular the boundary of the domain
Ω), then the definition of the space Eq(Γ) can be given in a standard way using local
coordinates and the definition of the space Eq(Rn−1).
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2.6. Local operators.

1. Operators in Rn. Let E and F be two Sobolev–Slobodetskii spaces.

Definition 2.6.1. An operator A : E → F is called local if for every u ∈ E with a
compact support,

supp Au ⊂ supp u.

Theorem 2.6.2. If A : E → F is a bounded local operator, then A∗ : F ∗ → E∗ is also
a bounded local operator.

Proof. The proof follows easily from the definition. �

Let A : E → F be a local operator. Denote

Alocu =
∞∑

i,j=1

φjA(φiu), ∀u ∈ Eloc,

where φi is a partition of unity. Convergence of the series is understood in the sense of
distributions. It can be proved that Aloc does not depend on the choice of the partition
of unity φi and it is a linear operator acting from Eloc to Floc.

Definition 2.6.3. The operator Aq (1 ≤ q ≤ ∞) is a restriction of Aloc to Eq.

Theorem 2.6.4. Let A : E → F be a bounded local operator. Then Aq is a bounded
operator from Eq to Fq.

Proof. We begin with the case q = ∞. Let φi be a partition of unity, u ∈ E∞. We have

φiAlocu = φi

m∑
j=1

A(φju)

for all m sufficiently large. Since

supp A(φju) ⊂ supp φju ⊂ supp φj ,

then
φiA∞u = φiAlocu = φi

∑
j′

A(φj′u),

where j′ are all those j for which supp φi ∩ supp φj 	= ∅. Therefore

‖φiA∞u‖F ≤
∑
j′

‖φiA(φj′u)‖F ≤
∑
j′

‖φi‖M(F )‖A‖ ‖φj′u‖E ≤ N‖A‖ ‖φi‖M(F )‖u‖E∞ .

Let κ = supi ‖φi‖M(F ). Then

‖A∞u‖F∞ ≤ κN‖A‖ ‖u‖E∞ .

Consider next 1 ≤ q < ∞. We have

φiAqu = φiAlocu = φi

∑
j′

A(φj′u),

and for any integer m,
m∑

i=1

‖φiAqu‖q
F =

m∑
i=1

‖φi

∑
j′

A(φj′u)‖q
F ≤

m∑
i=1

Nq−1
∑
j′

‖φiA(φj′u)‖q
F

= Nq−1
∞∑

j=1

m∑
i=1

‖φiA(φju)‖q
F = Nq−1

∞∑
j=1

m∑
i′

‖φi′A(φju)‖q
F ≤ · · · .
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Here i′ are all those i for which supp φi ∩ suppφj 	= ∅. The number of such i is not
greater than N :

· · · ≤ Nq−1
∞∑

j=1

m∑
i′

‖φi′‖q
M(F )‖A(φju)‖q

F ≤ Nqκq
∞∑

j=1

‖A(φju)‖q
F

≤ Nqκq‖A‖q
∞∑

j=1

‖φju‖q
E = Nqκq‖A‖q‖u‖q

Eq
.

Passing to the limit as m → ∞, we get

‖Aqu‖q
Fq

≤ Nqκq‖A‖q‖u‖q
Eq

.

Therefore
‖Aqu‖Fq

≤ Nκ‖A‖ ‖u‖Eq
.

The theorem is proved. �

2. Operators in Ω. Let Ω be a domain in Rn.

Definition 2.6.5. Let A : E → F be a local bounded operator. Operator Aq(Ω) (1 ≤
q ≤ ∞) is the restriction of Aq to Eq(Ω).

It can be proved that operator Aq(Ω) is bounded as acting from Eq(Ω) to Fq(Ω).

Definition 2.6.6. A linear operator B : E(Ω) → F (∂Ω) is called local if for any u ∈
E(Ω), we have supp Bu ⊂ suppu.

Theorem 2.6.7. Let B : E(Ω) → F (∂Ω) be a bounded local operator. Then B∗ :
(F (∂Ω))∗ → (E(Ω))∗ is also a bounded local operator.

The proof follows directly from the definition above.

3. Normal solvability

3.1. Limiting domains. We consider an unbounded domain Ω ⊂ Rn, which satisfies
the following condition:

Condition D. For each x0 ∈ ∂Ω there exists a neighborhood U(x0) such that:
1. U(x0) contains a sphere with radius δ and center x0, where δ is independent of x0.
2. There exists a homeomorphism ψ(x; x0) of the neighborhood U(x0) on the unit

sphere B = {y : |y| < 1} in Rn such that the images of Ω ∩ U(x0) and ∂Ω ∩ U(x0)
coincide with B+ = {y : yn > 0, |y| < 1} and B0 = {y : yn = 0, |y| < 1} respectively.

3. The function ψ(x; x0) and its inverse belong to the Hölder space Cr+θ, 0 < θ < 1.
Their ‖ · ‖r+θ - norms are bounded uniformly in x0 .

For definiteness we suppose that δ < 1.
To obtain a priori estimates of solutions we suppose that r ≥ max(l+ti, l−si, l−σj+1).
Let Ω be a domain satisfying Condition D and χ(x) be its characteristic function.

Consider a sequence xν ∈ Ω, |xν | → ∞ and the shifted domains Ων defined by the
shifted characteristic functions χν(x) = χ(x + xν). We suppose that the sequence of
domains Ων converges in Ξloc to some limiting domain Ω̂ (see [45]). We assume that
0 ≤ k ≤ r.

Definition 3.1.1. Let uν ∈ W k,p
∞ (Ων), ν = 1, 2, . . . . We say that uν converges to a

limiting function û ∈ W k,p
∞ (Ω̂) in W k,p

loc (Ων → Ω̂) if there exists an extension vν(x) ∈
W k,p

∞ (Rn) of uν(x), ν = 1, 2, . . . and an extension v̂(x) ∈ W k,p
∞ (Rn) of û(x) such that

vν → v̂ in W k,p
loc (Rn).
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Definition 3.1.2. Let uν ∈ W
k−1/p,p
∞ (∂Ων), k > 1/p, ν = 1, 2, . . . . We say that uν

converges to a limiting function û ∈ W
k−1/p,p
∞ (∂Ω̂) in W

k−1/p,p
loc (∂Ων → ∂Ω̂) if there exists

an extension vν(x) ∈ W k,p
∞ (Rn) of uν(x), ν = 1, 2, . . . and an extension v̂(x) ∈ W k,p

∞ (Rn)
of û(x) such that vν → v̂ in W k,p

loc (Rn).

It is proved in [45] that the limiting function û in Definitions 3.1.1 and 3.1.2 does not
depend on the choice of the extensions vν and v̂.

3.2. Limiting operators. Suppose that we are given a sequence {xν}, ν = 1, 2, . . . , xν ∈
Ω, |xν | → ∞. Consider the shifted domains Ων with the characteristic functions χν(x) =
χ(x + xν) where χ(x) is the characteristic function of Ω, and the shifted coefficients of
the operators Ai and Bj :

aα
ik,ν(x) = aα

ik(x + xν), bβ
jk,ν(x) = bβ

jk(x + xν).

We suppose that

(2.1) aα
ik(x) ∈ Cl−si+θ(Ω̄), bβ

jk(x) ∈ Cl−σj+θ(∂Ω),

where 0 < θ < 1, and that these coefficients can be extended to Rn:

(2.2) aα
ik(x) ∈ Cl−si+θ(Rn), bβ

jk(x) ∈ Cl−σj+θ(Rn).

Therefore

(2.3) ‖aα
ik,ν(x)‖Cl−si+θ(Rn) ≤ M, ‖bβ

jk,ν(x)‖Cl−σj+θ(Rn) ≤ M

with some constant M independent of ν. It follows from Theorem 3.8 in [45] that there
exists a subsequence of the sequence Ων , for which we keep the same notation, such that
it converges to a limiting domain Ω̂. From (2.3) it follows that this subsequence can be
chosen such that

(2.4) aα
ik,ν → âα

ik in Cl−si(Rn) locally, bβ
jk,ν → b̂β

jk in Cl−σj (Rn) locally,

where âα
ik and b̂β

jk are limiting coefficients,

âα
ik ∈ Cl−si+θ(Rn), b̂β

jk ∈ Cl−σj+θ(Rn).

We have constructed limiting operators:

Âiu =
N∑

k=1

∑
|α|≤αik

âα
ik(x)Dαuk, i = 1, . . . , N, x ∈ Ω̂,(2.5)

B̂ju =
N∑

k=1

∑
|β|≤βjk

b̂β
jk(x)Dβuk, i = 1, . . . , m, x ∈ ∂Ω̂,(2.6)

L̂ = (Â1, . . . , ÂN , B̂1, . . . , B̂m).(2.7)

We regard them as acting from E∞(Ω̂) to F∞(Ω̂). Here and in what follows E and F
are the spaces defined in Section 1.1.
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3.3. Condition NS. We introduce the following condition.

Condition NS. For any limiting domain Ω̂ and any limiting operator L̂ the problem

(3.1) L̂u = 0, u ∈ E∞(Ω̂)

has only the zero solution.
The following theorems are proved in [47].

Theorem 3.3.1. Let Condition NS be satisfied. Then there exist numbers M0 and R0

such that the following estimate holds:

(3.2) ‖u‖E∞ ≤ M0

(
‖Lu‖F∞ + ‖u‖Lp(ΩR0 )

)
, ∀u ∈ E∞.

Here ΩR0 = Ω ∩ {|x| ≤ R0}.

Theorem 3.3.2. Let Condition NS be satisfied. Then the elliptic operator L : E∞(Ω) →
F∞(Ω) is normally solvable and has a finite-dimensional kernel.

3.4. Exponential decay. Denote

ωµ = eµ
√

1+|x|2 ,

where µ is a real number.

Theorem 3.4.1. Let Condition NS be satisfied. Then there exist numbers M0 > 0,
R0 > 0 and µ0 > 0 such that for all µ, 0 < µ < µ0 the following estimate holds:

(4.1) ‖ωµu‖E∞ ≤ M0

(
‖ωµLu‖F∞ + ‖ωµu‖Lp(ΩR0)

)
if ωµu ∈ E∞.

Proof. According to (3.2) we have

(4.2) ‖ωµu‖E∞ ≤ M
(
‖L(ωµu)‖F∞ + ‖ωµu‖Lp(ΩR0)

)
.

The operator L has the form: L = (A1, . . . , AN , B1, . . . , Bm). Consider first the operator

Ai(ωµu) =
N∑

k=1

∑
|α|≤αik

aα
ik(x)Dα(ωµuk), i = 1, . . . , N.

We have

(4.3) Ai(ωµu) = ωµAi(u) + Φi,

where

Φi =
N∑

k=1

∑
|α|≤αik

∑
β+γ=α,|β|>0

aα
ik(x)cβγDβωµDγuk,

and cβγ are some constants. Direct calculations give the following estimate:

(4.4) ‖Φi‖W
l−si,p
∞

≤ M1µ‖ωµu‖E∞(Ω).

For the boundary operators we have

Bj(ωµu) =
N∑

k=1

∑
|β|≤βjk

bβ
jk(x)Dβ(ωµuk).

As above we get

Bj(ωµu) = ωµBj(u) + Ψj ,(4.5)

‖Ψj‖
W

l−σj−1/p,p
∞

≤ M2µ‖ωµu‖E∞(Ω).(4.6)
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From (4.3)–(4.6) we obtain

‖L(ωµu)‖F∞ ≤ ‖ωµLu‖F∞ + Mµ‖ωµu‖E∞ .

The assertion of the theorem follows from this estimate and (4.2). The theorem is
proved. �

Theorem 3.4.2. If 0 < µ < µ0 for some µ0, u ∈ E∞, and ωµLu ∈ F∞, then ωµu ∈ E∞.
In particular, if u ∈ E∞ and Lu = 0, then ωµu ∈ E∞.

Proof. Let {Bj}(j = 1, 2, . . . ) be a covering of Rn by unit balls with centers at the
points xj . Let further θj be the corresponding partition of unity, supp θj ⊂ Bj . We
introduce the norms in E∞ and F∞ in accordance with this partition of unity. Suppose
that functions φj ∈ D are such that

φj(x) = 1 for |x − xj | ≤ 2, supp φj ⊂ {|x − xj | < 3},
and functions ψj ∈ D are such that

ψj(x) = 1 for |x − xj | ≤ 3, supp φj ⊂ {|x − xj | < 4}.
We introduce next a small parameter ε > 0 and denote

φε
j(x) = φj(εx), ψε

j(x) = ψj(εx).

It follows from Theorem 3.4.1 that

(4.7)
‖ωuφε

j‖E∞ ≤ M0

(
‖ωL(uφε

j)‖F∞ + ‖ωuφε
j‖Lp(ΩR)

)
≤ M0

(
‖ωφε

jLu‖F∞ + ‖ωuφε
j‖Lp(ΩR)

)
+ M0‖ω(φε

jLu − L(uφε
j))‖F∞ .

(Here and in what follows we write ω instead of ωµ.) We have

(4.8) ‖ω(φε
jLu − L(uφε

j))‖F∞ = ‖ωψε
j(φ

ε
jLu − L(uφε

j))‖F∞ ≤ M1ρε sup
α

‖ωψε
jD

αu‖F∞ ,

where
ρε = sup

x,0<|α|≤l+tk,k=1,...,N

|Dαφε
j(x)|.

We estimate the right-hand side in (4.8):

(4.9) ‖ωψε
jD

αu‖F∞ ≤ K
∑
i′

‖ωφε
i′u‖E∞ ,

where K is a constant independent of ε, and i′ denotes all the i for which

supp φε
i ∩ supp ψε

j 	= ∅.
Denote the number of such i by N . It is easy to see that it does not depend on ε.

From (4.7)–(4.9) we obtain

‖ωuφε
j‖E∞ ≤ M0

(
‖ωLu‖F∞ + ‖ωu‖LP (ΩR)

)
+ M2ρε

∑
i′

‖ωuφε
i′‖E∞ .

In the last term on the right-hand side we take the maximum among the summands:

(4.10) ‖ωuφε
j‖E∞ ≤ M0

(
‖ωLu‖F∞ + ‖ωu‖LP (ΩR)

)
+ M2ρεN‖ωuφε

i(j)‖E∞ .

We rewrite this inequality in the form

(4.11) ‖ωuφε
j1‖E∞ ≤ M0

(
‖ωLu‖F∞ + ‖ωu‖LP (ΩR)

)
+ σ‖ωuφε

j2‖E∞ ,

where σ is a small constant, and the support of the function φj2 is neighboring to the
support of the function φj1 . Since the last estimate is true for any j, then we can write

(4.12) ‖ωuφε
j2‖E∞ ≤ M0

(
‖ωLu‖F∞ + ‖ωu‖LP (ΩR)

)
+ σ‖ωuφε

j3‖E∞ ,
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where the support of the function φj3 is neighboring to the support of the function φj2 .
If we continue in the same way, we obtain the inequality

(4.13) ‖ωuφε
jk
‖E∞ ≤ M0

(
‖ωLu‖F∞ + ‖ωu‖LP (ΩR)

)
+ σ‖ωuφε

jk+1
‖E∞ ,

where the support of the function φjk+1 is neighboring to the support of the function
φjk

. In order to estimate the last summand on the right-hand side of inequality (4.11)
we use the inequality (4.12):

(4.14) ‖ωuφε
j1‖E∞ ≤ M0(1 + σ)

(
‖ωLu‖F∞ + ‖ωu‖LP (ΩR)

)
+ σ2‖ωuφε

j3‖E∞ .

Next we estimate the last summand on the right-hand side of inequality (4.14), and so
on. We obtain the estimate:
(4.15)
‖ωuφε

j1‖E∞ ≤ M0(1 + σ + · · · + σk)
(
‖ωLu‖F∞ + ‖ωu‖LP (ΩR)

)
+ σk+1‖ωuφε

jk+2
‖E∞ .

Let us specify the choice of the functions φj . Let φ(x) ∈ D, 0 ≤ φ(x) ≤ 1, φ(x) = 1 for
|x| ≤ 2, supp φ ⊂ {|x| < 3}. Put φj(x) = φ(x−xj). The points xj are chosen in the nodes
of some orthogonal grid. Therefore, the function φε

j2
in (4.11) is shifted with respect to

φε
j1

with a value of the shift that does not exceed λ/ε, where the constant λ does not
depend on x and j. Hence the function φε

jk+2
in (4.15) is shifted with respect to φε

j1
with

a value of the shift that does not exceed (k +1)λ/ε. Thus, φε
jk+2

(x) = φε
j1

(x−hk), where

(4.16) |hk| ≤
(k + 1)λ

ε
.

We have, further,

(4.17) ‖ωuφε
jk+2

‖E∞(Ω) = sup
l

‖ωuθlφ
ε
jk+2

‖E(Ω).

The following estimate holds:

Sk,l : = ‖ωuθlφ
ε
jk+2

‖E(Ω) = ‖ωuθlφ
ε
j1(x − hk)‖E(Ω)

= ‖ω(x + hk)u(x + hk)θl(x + hk)φε
j1(x)‖E(Ωhk

)

≤ ‖ω(x + hk)
ω(x)

‖M(E)‖ω(x)u(x + hk)θl(x + hk)φε
j1(x)‖E(Ωhk

).

Here Ωhk
is a shifted domain, and ‖ · ‖M(E) is the norm of the multiplier in the space

E. It is known that this norm can be estimated by the C-norm of the corresponding
derivatives. Therefore

‖ω(x + hk)
ω(x)

‖M(E) ≤ ceµ|hk|,

where the constant c is independent of µ and k. Let us return to the estimate of Sk,l.
Since

‖θl(x + hk)‖M(E) ≤ c1,

then we have

(4.18) Sk,l ≤ c2e
µ|hk| ‖ω(x)u(x + hk)φε

j1(x)‖E(Ωhk
).

Furthermore,

supp φε
j1(x) ⊂

{
|x − xj1

ε
| <

3
ε

}
,

such that at the support of the function φε
j1

,

|x| ≤ ρj1

ε
≡ 3

ε
+

|xj1 |
ε

.
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Let us introduce the function

fε(x) =
{

1, |x| < ρj1/ε,
0, |x| > 1 + ρj1/ε.

Then

‖ω(x)u(x + hk)φε
j1(x)‖E(Ωhk

) = ‖ω(x)u(x + hk)φε
j1(x)fε(x)‖E(Ωhk

)

≤ ‖ωfε‖M(E)‖φε
j1‖M(E)‖u(x + hk)‖E(Ωhk

) ≤ c3‖ωfε‖M(E)‖u‖E(Ω) ≤ c4e
µρj1/ε,

where the constant c4 does not depend on ε for ε < 1. From the last inequality, (4.17)
and (4.18) we have

(4.19) ‖ωuφε
jk+2

‖E∞(Ω) ≤ c5e
µ(k+1)λ/εeµρj1/ε.

Consider inequality (4.15). Taking into account (4.19), we have
(4.20)
‖ωuφε

j1‖E∞ ≤ M0(1+σ + · · ·+σk)
(
‖ωLu‖F∞ + ‖ωu‖LP (ΩR)

)
+ c5σ

k+1eµkλ/εeµ(ρj1+λ)/ε.

Let ε be chosen in such a way that σ ≤ 1
2 . Put µ0 < ε ln 2

λ . Then for 0 < µ ≤ µ0 from
(4.20) we obtain

‖ωuφε
j1‖E∞ ≤ 2M0

(
‖ωLu‖F∞ + ‖ωu‖LP (ΩR)

)
+

1
2
c5

(
1
2
eµ0λ/ε

)k

eln 2(ρj1+λ)/λ.

Passing to the limit as k → ∞, we have

‖ωuφε
j1‖E∞ ≤ 2M0

(
‖ωLu‖F∞ + ‖ωu‖LP (ΩR)

)
.

The theorem is proved. �

For some classes of elliptic problems satisfying the Fredholm property the exponential
decay of solutions is known (see [28] and the references therein). Here it is proved that
solutions of general elliptic problems behave exponentially at infinity if the corresponding
operator is normally solvable with a finite-dimensional kernel.

4. Adjoint problems

4.1. Model problems in a half-space. We use the following notation:

Dj = i∂/∂xj , j = 1, . . . , n,

D̂j = (F ′)−1 ξj

|ξ′| (1 + |ξ′|)F ′, j = 1, . . . , n − 1, D̂n = Dn,

where F ′ is the partial Fourier transform with respect to the variables x1, . . . , xn−1,
ξ′ = (ξ1, . . . , ξn−1), |ξ′| = (ξ2

1 + · · · + ξ2
n−1)

1/2.
Denote by A(D) the square N × N matrix of linear differential operators Aij(D),

Aij(D) =
∑

|α|=αij

aα
ijD

α

with constant coefficients. We suppose that the operator A(D) is elliptic in the Douglis-
Nirenberg sense and contains only the principal terms. Then (see [42])

(1.1) A(cξ) = S(c)A(ξ)T (c)

for any ξ = (ξ1, . . . , ξn) and any real c. Here S and T are diagonal matrices,

(1.2) S(c) = (δijc
si) , T (c) =

(
δijc

tj
)
,

where δij is the Kronecker symbol, s1, . . . , sN , t1, . . . , tN are given integers, αij = si +
tj , i, j = 1, . . . , N, si ≤ 0.
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We consider the system of equations

(1.3) A(D̂)u = f

in the half-space Rn
+ = {x ∈ Rn, x = (x1, . . . , xn), xn > 0}, u(x) = (u1(x), . . . , uN (x)),

f(x) = (f1(x), . . . , fN (x)). We set the boundary conditions

(1.4) B(D̂)u = g(x′)

at the boundary Γ of Rn
+, where g(x′) = (g1(x′), . . . , gm(x′)), B(D) is a rectangular

m × N matrix with the elements

Bkj(D) =
∑

|α|=σkj

bα
kjD

α,

and bα
kj are some constants. The matrix B(ξ) is homogeneous, B(cξ) = M(c)B(ξ)T (c),

where M(c) is a diagonal matrix of order m,

(1.5) M(c) = (δijc
σi) ,

σi = max1≤j≤N (σij − tj), i = 1, . . . , m (see [42]).
We introduce the following spaces:

E(Ω) =
N∏

j=1

W l+tj ,p(Ω), F d(Ω) =
N∏

j=1

W l−si,p(Ω), F b(∂Ω) =
m∏

j=1

W l−σj−1/p,p(∂Ω),

where Ω is a domain in Rn, ∂Ω is its boundary, l is an integer, l ≥ maxj(σj + 1),
1 < p < ∞.

The main result of this section is given by the following theorem.

Theorem 4.1.1. For any f ∈ F d(Rn
+) and g ∈ F b(Rn−1) there exists a unique solution

u ∈ E(Rn
+) of problem (1.3), (1.4).

The proof of this theorem is based on the following result.

Theorem 4.1.2. For any u ∈ E(Rn
+) the following estimate holds:

‖u‖E(Rn
+) ≤

(
‖A(D̂)u‖F d(Rn

+) + ‖B(D̂)u‖F b(Γ)

)
,

where c is a constant independent of u.

The proof of this theorem is given in Section 4.4 and the proof of the previous one in
Section 4.5. Theorem 4.1.1 in more general spaces is proved in [36]. We use the approach
developed in [42] to give a simpler proof for the case under consideration.

4.2. A priori estimates for adjoint operators. Model systems. In this section we
consider the operators

A0
i u =

N∑
k=1

∑
|α|=si+tk

aα
ikDαuk, i = 1, . . . , N, x ∈ Ω,

B0
j u =

N∑
k=1

∑
|β|=σi+tk

bβ
jkDβuk, i = 1, . . . , m, x ∈ ∂Ω,

with constant coefficients aα
ik, bβ

jk. We suppose here that the domain Ω is the half-space
R+

n = {xn ≥ 0}. We will denote by Â0
i and B̂0

j the operators obtained from A0
i and B0

j ,
respectively, if we replace the derivatives Di, i = 1, . . . , n − 1 by the operators D̂i. The
operator

L̂0 = (Â0
1, . . . , Â

0
N , B̂0

1 , . . . , B̂0
m)

acts from E to F = F d × F b.
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We consider the operator
(L0)∗ : F ∗ → E∗

adjoint to L0 = (A0
1, . . . , A

0
N , B0

1 , . . . , B0
m). We have

(2.1) E∗ =
N∏

j=1

Ẇ−l−tj ,p′
(Ω), F ∗ =

N∏
i=1

Ẇ−l+si,p
′
(Ω) ×

m∏
j=1

W−l+σj+1/p,p′
(∂Ω),

where Ω = Rn
+, and Ẇ−s,p′

(Ω) is the closure in W−s,p′
(Rn) of infinitely differentiable

functions with supports in Ω, Ẇ−s,p′
(Ω) = (W s,p(Ω))∗, 1

p + 1
p′ = 1. Denote

(2.2) F ∗
−1 =

N∏
i=1

Ẇ−l+si−1,p′
(Ω) ×

m∏
j=1

W−l+σj+1/p−1,p′
(∂Ω).

Theorem 4.2.1.

(2.3) ‖v‖F∗ ≤ C
(
‖(L0)∗v‖E∗ + ‖v‖F∗

−1

)
, ∀v ∈ F ∗,

where C is a constant independent of v.

Proof. From Theorem 4.1.1 it follows that the operator L̂0 has a bounded inverse,

(L̂0)−1 : F → E.

Therefore the operator
((L̂0)∗)−1 : E∗ → F ∗

is also bounded. Hence we have the estimate

‖v‖F∗ ≤ C‖(L̂0)∗v‖E∗ , ∀v ∈ F ∗.

Therefore

(2.4) ‖v‖F∗ ≤ C
(
‖(L0)∗v‖E∗ + ‖((L̂0)∗ − (L0)∗)v‖E∗

)
.

We estimate the second term on the right-hand side of this inequality. Let 〈, 〉E be the
duality between E and E∗. For u ∈ E we have

(2.5) |〈u, ((L̂0)∗ − (L0)∗)v〉E| = |〈(L̂0 − L0)u, v〉F |.
Let v = (v1, . . . , vN , w1, . . . , wm), where

vi ∈ (W l−si,p(Ω))∗, wj ∈ (W l−σj−1/p,p(∂Ω))∗.

Then we have

(2.6) 〈(L̂0 − L0)u, v〉F =
N∑

i=1

〈(Â0
i − A0

i )u, vi〉 +
m∑

j=1

〈(B̂0
j − B0

j )u, wj〉.

Let
Ti : W l−si+1,p(Rn) → W l−si,p(Rn)

be an isomorphism between the two spaces.
Denote by ũj an extension of uj to W l+tj ,p(Rn) such that

(2.7) ‖ũj‖W l+tj,p(Rn) ≤ 2‖uj‖W l+tj ,p(Ω),

and ũ = (ũ1, . . . , ũN ). Then (Â0
i −A0

i )ũ is an extension of (Â0
i −A0

i )u from W l−si+1,p(Ω)
to W l−si+1,p(Rn).

We have (Â0
i −A0

i )u ∈ W l−si+1,p(Ω) ⊂ W l−si,p(Ω). Hence vi can be considered as an
element of (W l−si+1,p(Ω))∗. It can be extended to an element ṽi ∈ (W l−si+1,p(Rn))∗

such that
〈(Â0

i − A0
i )u, vi〉 = 〈(Â0

i − A0
i )ũ, ṽi〉
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and

(2.8) ‖ṽi‖(W l−si+1,p(Rn))∗ = ‖vi‖(W l−si+1,p(Ω))∗ .

Then

|〈(Â0
i − A0

i )u, vi〉| = |〈T−1
i Ti(Â0

i − A0
i )ũ, ṽi〉| = |〈Ti(Â0

i − A0
i )ũ, (T−1

i )∗ṽi〉|.

Since
(T−1

i )∗ : W−l+si−1,p′
(Rn) → W−l+si,p

′
(Rn),

it follows that

|〈(Â0
i − A0

i )u, vi〉| ≤ ‖Ti(Â0
i − A0

i )ũ‖W l−si,p(Rn)‖(T−1
i )∗ṽi‖(W l−si,p(Rn))∗

≤ C‖(Â0
i − A0

i )ũ‖W l−si+1,p(Rn)‖ṽi‖(W l−si+1,p(Rn))∗

≤ C1‖ũ‖E(Rn)‖ṽi‖(W l−si+1,p(Rn))∗ .

From (2.7), (2.8),
(2.9)

|〈(Â0
i − A0

i )u, vi〉| ≤ C2‖u‖E(Ω)‖‖vi‖(W l−si+1,p(Ω))∗ = C2‖u‖E(Ω)‖‖vi‖Ẇ−l+si−1,p′
(Ω).

Consider now the boundary operators in (2.6). We have

(B̂0
j − B0

j )u ∈ W l−σj−1/p+1,p(∂Ω).

Let
Sj : W l−σj−1/p+1,p(∂Ω) → W l−σj−1/p,p(∂Ω)

be an isomorphism between the two spaces. Then
(2.10)

|〈(B̂0
j − B0

j )u, wj〉| = |〈S−1
j Sj(B̂0

j − B0
j )u, wj〉| = |〈Sj(B̂0

j − B0
j )u, (S−1

j )∗wj〉|
≤ ‖Sj(B̂0

j − B0
j )u‖

W l−σj−1/p,p(∂Ω)
‖(S−1

j )∗wj‖(W l−σj−1/p,p(∂Ω))∗

≤ C3‖(B̂0
j − B0

j )u‖
W l−σj−1/p+1,p(∂Ω)

‖wj‖(W l−σj−1/p+1,p(∂Ω))∗

≤ C4‖u‖E(Ω)‖ ‖wj‖W−l+σj+1/p−1,p′
(∂Ω)

.

From (2.5), (2.6), (2.9), and (2.10) we obtain

|〈u, ((L̂0)∗ − (L0)∗)v〉E |

≤ C5‖u‖E(Ω)

⎛⎝ N∑
i=1

‖vi‖Ẇ−l+si−1,p′
(Ω) +

m∑
j=1

‖wj‖W−l+σj+1/p−1,p′
(∂Ω)

⎞⎠
= C5‖u‖E(Ω)‖v‖F∗

−1
.

Therefore
‖((L̂0)∗ − (L0)∗)v‖E∗ ≤ C5‖v‖F∗

−1
.

Estimate (2.3) follows from this estimate and (2.4). The theorem is proved. �

4.3. General problem in the half-space. We consider operators (1.1), (1.2) (Section
1) with Ω = Rn

+.

Theorem 4.3.1. Let v ∈ F ∗(Rn
+) vanish outside the ball σ(ρ) = {x : |x| < ρ}. Then

there exists ρ0 > 0 such that for ρ < ρ0 the following estimate holds:

(3.1) ‖v‖F∗(Rn
+) ≤ C

(
‖L∗v‖E∗(Rn

+) + ‖v‖F∗
−1(Rn

+)

)
.
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Proof. We introduce the notation

A0
i u =

N∑
k=1

∑
|α|=si+tk

aα
ik(0)Dαuk, i = 1, . . . , N, x ∈ Rn

+,

B0
j u =

N∑
k=1

∑
|β|=σj+tk

bβ
jk(0)Dβuk, i = 1, . . . , m, x ∈ Rn−1,

L0 = (A0
1, . . . , A

0
N , B0

1 , . . . , B0
m) : E → F , and (L0)∗ is the adjoint operator, (L0)∗ :

F ∗ → E∗. From Theorem 4.2.1 we have

(3.2) ‖v‖F∗(Rn
+) ≤ C

(
‖(L0)∗v‖E∗(Rn

+) + ‖v‖F∗
−1(R

n
+)

)
.

On the other hand,

(3.3) ‖(L0)∗v‖E∗ ≤ ‖L∗v‖E∗ + ‖(L0)∗v − L∗v‖E∗ .

We estimate the second term in the right-hand side. For any u ∈ E and
v = (v1, . . . , vN , w1, . . . , wm) we have

(3.4)

〈u, ((L0)∗ − L∗)v〉E = 〈(L0 − L)u, v〉F

=
N∑

i=1

〈(A0
i − Ai)u, vi〉 +

m∑
j=1

〈(B0
j − Bj)u, wj〉.

Furthermore,

(3.5) |〈(A0
i − Ai)u, vi〉| ≤ |〈A1

i u, vi〉| + |〈A2
i u, vi〉|,

where

(3.6) A1
i u =

N∑
k=1

∑
|α|=αik

(aα
ik(0) − aα

ik(x))Dαuk, A2
i u =

N∑
k=1

∑
|α|<αik

aα
ik(x)Dαuk.

We estimate first the operator A1
i . We have

〈A1
i u, vi〉 =

N∑
k=1

∑
|α|=αik

〈(aα
ik(0) − aα

ik(x))Dαuk, vi〉,

|〈(aα
ik(0) − aα

ik(x))Dαuk, vi〉| = |〈Dαuk, (aα
ik(0) − aα

ik(x))vi〉|
≤ ‖Dαuk‖W l−si,p(Rn

+)‖(aα
ik(0) − aα

ik(x))vi‖(W l−si,p(Rn
+))∗

≤ ‖uk‖W l+tk,p(Rn
+)‖(aα

ik(0) − aα
ik(x))vi‖(W l−si,p(Rn

+))∗ ,

and

(3.7) |〈A1
i u, vi〉| ≤

N∑
k=1

‖uk‖W l+tk,p(Rn
+)

∑
|α|=αik

‖(aα
ik(0) − aα

ik(x))vi‖(W l−si,p(Rn
+))∗ .

We estimate the second sum on the right-hand side. Let ψ ∈ D, ψ(x) = 1 in σ(ρ),
ψ(x) = 0 outside σ(2ρ). Then we have

‖(aα
ik(0) − aα

ik(x))vi‖(W l−si,p(Rn
+))∗ = ‖(aα

ik(0) − aα
ik(x))ψvi‖(W l−si,p(Rn

+))∗

= ‖(aα
ik(0) − aα

ik(x))ψvi‖Ẇ−l+si,p′
(Rn

+) ≡ T.

From Lemma 4.3.2 (see below) we obtain

T ≤ C1 max
x∈Rn

|(aα
ik(0) − aα

ik(x))ψ| ‖vi‖Ẇ−l+si,p′
(Rn

+) + Kαρ‖vi‖Ẇ−l+si−1,p′
(Rn

+).
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For any ε > 0 we can find ρ0 > 0 such that for 0 < ρ ≤ ρ0 we have

T ≤ ε‖vi‖Ẇ−l+si,p′
(Rn

+) + Kαρ‖vi‖Ẇ−l+si−1,p′
(Rn

+).

From (3.7),

(3.8) |〈A1
i u, vi〉| ≤ ‖u‖E(Rn

+)

(
κε‖vi‖Ẇ−l+si,p′

(Rn
+) + M‖vi‖Ẇ−l+si−1,p′

(Rn
+)

)
,

where κ and M are some constants.
Consider now the operator A2

i in (3.6). We have A2
i : E(R+

n ) → W l−si,p(Rn
+). We can

extend its coefficients in such a way that the extended operator

Ã2
i : E(Rn) → W l−si,p(Rn)

is bounded. Furthermore, let Ti be a bounded linear operator with a bounded inverse
acting from W l−si+1,p(Rn) to W l−si,p(Rn). Then

(T−1
i )∗ : (W l−si+1,p(Rn))∗ → (W l−si,p(Rn))∗

is also bounded.
Let u ∈ E(R+

n ), and let ũ be its extension to E(Rn) such that ‖ũ‖E(Rn) ≤ 2‖u‖E(Rn
+).

Suppose that

vi ∈ (W l−si,p(Rn
+))∗ = Ẇ−l+si,p

′
(Rn

+).

We consider the extension ṽi ∈ W−l+si−1,p′
(Rn). Then we have

(3.9)

|〈A2
i u, vi〉| = |〈Ã2

i ũ, ṽi〉| = |〈T−1
i TiÃ

2
i ũ, ṽi〉| = |〈TiÃ

2
i ũ, (T−1

i )∗ṽi〉|
≤ ‖TiÃ

2
i ũ‖W l−si,p(Rn)‖(T−1

i )∗ṽi‖W−l+si,p′
(Rn)

≤ C1‖Ã2
i ũ‖W l−si+1,p(Rn)‖ṽi‖W−l+si−1,p′

(Rn)

≤ C2‖u‖E(Rn
+)‖vi‖Ẇ−l+si−1,p′

(Rn
+).

From this estimate, (3.5), and (3.8) it follows that

(3.10) |〈(A0
i − Ai)u, vi〉| ≤ ‖u‖E(R+

n )

(
κε‖vi‖Ẇ−l+si,p′

(Rn
+) + M1‖vi‖Ẇ−l+si−1,p′

(Rn
+)

)
.

Consider now the second term on the right-hand side of (3.4). We have

(3.11) (B0
j − Bj)u = B1

j u + B2
j u,

where

(3.12) B1
j u =

N∑
k=1

∑
|β|=βjk

(bβ
jk(0) − bβ

jk(x))Dβuk, B2
j u = −

N∑
k=1

∑
|β|<βjk

bβ
jk(x)Dβuk.

Consider first the operator B1
j :

〈B1
j u, wj〉 =

N∑
k=1

∑
|β|=βjk

〈(bβ
jk(0) − bβ

jk(x))Dβuk, wj〉,

|〈(bβ
jk(0) − bβ

jk(x))Dβuk, wj〉| = |〈Dβuk, (bβ
jk(0) − bβ

jk(x))wj〉|

≤ ‖Dβuk‖W l−σj−1/p,p(Rn−1)
‖(bβ

jk(0) − bβ
jk(x))wj‖W−l+σj+1/p,p′

(Rn−1)

≤ ‖uk‖W l+tk,p(Rn
+)‖(b

β
jk(0) − bβ

jk(x))wj‖W−l+σj+1/p,p′
(Rn−1)

.
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Hence
(3.13)

|〈B1
j u, wj〉| ≤

N∑
k=1

‖uk‖W l+tk,p(Rn
+)

∑
|β|=βjk

‖(bβ
jk(0) − bβ

jk(x))wj‖W−l+σj+1/p,p′
(Rn−1)

.

We estimate the second sum on the right-hand side. We have

‖(bβ
jk(0) − bβ

jk(x))wj‖W−l+σj+1/p,p′
(Rn−1)

= ‖(bβ
jk(0) − bβ

jk(x))ψwj‖W−l+σj+1/p,p′
(Rn−1)

≡ T1.

Then by Lemma 4.3.2,

T1 ≤ C1 max
x∈Rn−1

|(bβ
jk(0) − bβ

jk(x))ψ| ‖wj‖W−l+σj+1/p,p′
(Rn−1)

+ Kβρ‖wj‖W−l+σj+1/p−1,p′
(Rn−1)

.

For any ε > 0 we can find ρ0 > 0 such that for 0 < ρ ≤ ρ0 the following inequality holds:

T1 ≤ ε ‖wj‖W−l+σj+1/p,p′
(Rn−1)

+ Kβρ‖wj‖W−l+σj+1/p−1,p′
(Rn−1)

.

From (3.13),
(3.14)
|〈B1

j u, wj〉| ≤ ‖u‖E(Rn
+)

(
κε‖wj‖W−l+σj+1/p,p′

(Rn−1)
+ M‖wj‖W−l+σj+1/p−1,p′

(Rn−1)

)
.

Consider now the operator B2
j in (3.11),

B2
j : E(Rn

+) → W l−σj−1/p+1,p(Rn−1).

Let
Sj : W l−σj−1/p+1,p(Rn−1) → W l−σj−1/p,p(Rn−1)

be an isomorphism. We have

(3.15)

〈B2
j u, wj〉 = 〈S−1

j SjB
2
j u, wj〉 = 〈SjB

2
j u, (S−1

j )∗wj〉,
|〈B2

j u, wj〉| ≤ ‖SjB
2
j u‖

W l−σj−1/p,p(Rn−1)
‖(S−1

j )∗wj‖W−l+σj+1/p,p′
(Rn−1)

≤ C‖B2
j u‖

W l−σj−1/p+1,p(Rn−1)
‖wj‖W−l+σj+1/p−1,p′

(Rn−1)

≤ C1‖u‖E(Rn
+)‖wj‖W−l+σj+1/p−1,p′

(Rn−1)
.

From this estimate, (3.11), and (3.14) we obtain

(3.16)
|〈(B0

j − Bj)u, wj〉|

≤ ‖u‖E(Rn
+)

(
κε‖wj‖W−l+σj+1/p,p′

(Rn−1)
+ M1‖wj‖W−l+σj+1/p−1,p′

(Rn−1)

)
.

From (3.4), (3.10), and (3.16),

|〈(u, ((L0)∗ − L∗)v〉E |

≤ ‖u‖E(R+
n )

(
κε

N∑
i=1

‖vi‖Ẇ−l+si,p′
(Rn

+) +
N∑

i=1

M1‖vi‖Ẇ−l+si−1,p′
(Rn

+)

)

+ ‖u‖E(R+
n )

(
κε

m∑
j=1

‖wj‖W−l+σj+1/p,p′
(Rn−1)

+ M1

m∑
j=1

‖wj‖W−l+σj+1/p−1,p′
(Rn−1)

)
.

Using the notation in (2.1) and (2.2) we can write this estimate as

|〈(u, ((L0)∗ − L∗)v〉E| ≤ ‖u‖E(R+
n )

(
κε‖v‖F∗(Rn

+) + M1‖v‖F∗
−1(Rn

+)

)
.
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Hence
‖((L0)∗ − L∗)v‖E∗(R+

n ) ≤ κε‖v‖F∗(Rn
+) + M1‖v‖F∗

−1(R
n
+).

Estimate (3.1) follows from the last estimate, (3.2), and (3.3). The theorem is proved. �

In the proof of this theorem we used the following lemma.

Lemma 4.3.2. Suppose v has bounded support, a ∈ Cm
0 (Rn), v ∈ Hs,p(Rn), and

1 − m ≤ s ≤ 0. Then

(3.17) ‖av‖Hs,p(Rn) ≤ c1 max
x∈Rn

|a(x)|‖v‖Hs,p(Rn) + c2(a)‖v‖Hs−1,p(Rn),

where the constant c1 does not depend on v and a, and c2 = 0 if s = 0.
A similar estimate holds for a function v ∈ Bs,p(Rn−1):

(3.18) ‖av‖Bs,p(Rn−1) ≤ c1 max
x∈Rn−1

|a(x)|‖v‖Bs,p(Rn−1) + c2(a)‖v‖Bs−1,p(Rn−1).

Proof. The proof in [36] (Section 1.12) is given for the spaces Hs,p(Rn).
Let us prove estimate (3.18) for the case of noninteger s which we use below. All

necessary elements of the proof are given in [36]. We recall that the Besov spaces coincide
in this case with the Sobolev–Slobodetskii spaces.

We note first of all that for a positive noninteger s the estimate

(3.19) ‖av‖W s,p(Rn) ≤ c1 max
x∈Rn

|a(x)|‖v‖W s,p(Rn) + c2(a)‖v‖W s−σ,p(Rn),

where σ = s−k, k = [s] can be verified directly from the definition of the space W s,p(Rn).
Indeed,

‖av‖p
W s,p(Rn) = ‖av‖p

W k,p(Rn)
+

∑
|α|=k

∫
Rn

∫
Rn

|Dα(a(x)v(x)) − Dα(a(y)v(y))|p
|x − y|n+pσ

dxdy,

‖av‖W k,p(Rn) ≤ C
∑

|α|+|β|≤k

‖DαaDβv‖Lp(Rn)

= C
∑
|β|≤k

‖aDβv‖Lp(Rn) + C
∑

|α|+|β|≤k,|α|>0

‖DαaDβv‖Lp(Rn)

≤ c1 sup
x

|a(x)|‖v‖W k,p(Rn) + c2(a)‖v‖W k−1,p(Rn),∫
Rn

∫
Rn

|Dαa(x)Dβv(x) − Dαa(y)Dβv(y)|p
|x − y|n+pσ

dxdy ≤ M1(I1 + I2),

where

I1 =
∫

Rn

∫
Rn

|Dαa(x)|p|Dβv(x) − Dβv(y)|p
|x − y|n+pσ

dxdy,

I2 =
∫

Rn

∫
Rn

|Dβv(y)|p|Dαa(x) − Dαa(y)|p
|x − y|n+pσ

dxdy.

If |α| = 0, then
I1 ≤ ‖a‖p

C0(Rn)‖v‖
p
W s,p(Rn).

If |α| > 0, then
I1 ≤ ‖a‖p

Ck(Rn)
‖v‖p

W s−1,p(Rn).

We now estimate I2:

I2 =
∫

Rn

|Dβv(y)|p
(∫

Rn

|Dαa(x) − Dαa(y)|p
|x − y|n+pσ

dx

)
dy.
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Let us prove that

J =
∫

Rn

|Dαa(x) − Dαa(y)|p
|x − y|n+pσ

dx ≤ M2,

where M2 is a constant. We have

J =
∫

Rn

|Dαa(y + z) − Dαa(y)|p
|z|n+pσ

dz = J1 + J2,

where

J1 =
∫
|z|≤1

|Dαa(y + z) − Dαa(y)|p
|z|n+pσ

dz, J2 =
∫
|z|>1

|Dαa(y + z) − Dαa(y)|p
|z|n+pσ

dz.

The integral J1 is bounded since

|Dαa(y + z) − Dαa(y)| ≤ K|z|, |z| ≤ 1, y ∈ Rn,

and J2 is bounded since |Dαa(x)| ≤ M . Here K and M are some positive constants.
Thus, I2 ≤ M2‖v‖p

W k,p(Rn)
. This completes the proof of estimate (3.19) for positive s.

We recall that it is proved for σ = s− [s]. It can now be obtained for any positive σ with
the help of the estimate

‖v‖W s,p(Rn) ≤ ε‖v‖W s1,p(Rn) + Cε‖v‖W s2,p(Rn),

which holds for any s2 < s < s1 and any ε > 0.
We now prove a similar estimate for the dual spaces. It is shown in [36] that there

exists an operator χN which satisfies the following properties:
(i) it is a continuous operator from Bs,p(Rn−1) to Bs+t,p(Rn−1) for any real s and

t > 0;
(ii) the following estimate holds:

‖(I − χN )u‖Bs,p(Rn−1) ≤ M‖u‖Bs,p(Rn−1)

with a constant M independent of u and N ;
(iii) for any ε > 0 and σ0 > 0 there exists N(ε, σ0) > 0 such that

‖(I − χN )u‖Bs−σ,p(Rn−1) ≤ ε‖u‖Bs,p(Rn−1)

for any N ≥ N(ε, σ0) and σ ≥ σ0.
Substituting in (3.19) p′ instead of p and (I−χN )u instead of v and using the properties

of the operator χN , we obtain the estimate

(3.20) ‖a(I − χN )u‖Bs,p′ (Rn−1) ≤ M max
x∈Rn−1

|a(x)|‖u‖Bs,p′(Rn−1) (s > 0).

Let u ∈ B−s,p(Rn−1), w ∈ Bs,p(Rn−1). Then for a positive s,

|〈(I − χN )au, w〉| = |〈u, ā(I − χN )w〉| ≤ ‖u‖B−s,p(Rn−1)‖ā(I − χN )w‖Bs,p′ (Rn−1)

from (3.20)

≤ M max
x∈Rn−1

|a(x)|‖u‖B−s,p(Rn−1)‖w‖Bs,p′ (Rn−1).

Therefore

(3.21) ‖(I − χN )au‖B−s,p(Rn−1) ≤ M max
x∈Rn−1

|a(x)|‖u‖B−s,p(Rn−1) (s > 0).
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Finally for s > 0, σ > 0,

‖au‖B−s,p(Rn−1) ≤ ‖(I − χN )au‖B−s,p(Rn−1) + ‖χNau‖B−s,p(Rn−1)

≤ M1

(
max

x∈Rn−1
|a(x)|‖u‖B−s,p(Rn−1) + ‖au‖B−s−σ,p(Rn−1)

)
≤ M1

(
max

x∈Rn−1
|a(x)|‖u‖B−s,p(Rn−1) + c2(a)‖u‖B−s−σ,p(Rn−1)

)
.

Here we use (3.21), the fact that the operator χN is continuous from B−s−σ,p(Rn−1) to
B−s,p(Rn−1), and the estimate

‖au‖B−s−σ,p(Rn−1) ≤ c2(a)‖u‖B−s−σ,p(Rn−1) (σ < 1).

To obtain (3.18) we use the inequality

‖u‖B−s−σ,p(Rn−1) ≤ ε‖u‖B−s,p(Rn−1) + c(ε)‖u‖B−s−1,p(Rn−1),

where ε = (max |a(x)|)/c2(a) > 0 (in the case a(x) = 0, (3.18) is obvious). The lemma is
proved. �
4.4. General problem in unbounded domains. Consider the operators Ai, Bj , and
L defined by (1.1)–(1.3) (Section 1). We will use the spaces E and F introduced in
Sections 1.1 and 4.2, and the corresponding ∞-spaces:

E∞(Ω) =
N∏

j=1

W l+tj ,p
∞ (Ω),

F∞(Ω) =
N∏

i=1

W l−si,p
∞ (Ω) ×

m∏
j=1

W l−σj−1/p,p
∞ (∂Ω),

(E∗(Ω))∞ =
N∏

j=1

(Ẇ−l−tj ,p′
(Ω))∞,

(F ∗(Ω))∞ =
N∏

i=1

(Ẇ−l+si,p
′
(Ω))∞ ×

m∏
j=1

(W−l+σj+1/p,p′
(∂Ω))∞,

(F ∗
−1(Ω))∞ =

N∏
i=1

(Ẇ−l+si−1,p′
(Ω))∞ ×

m∏
j=1

(W−l+σj+1/p−1,p′
(∂Ω))∞.

We assume that the domain Ω satisfies the following condition.

Condition D. For each x0 ∈ ∂Ω there exists a neighborhood U(x0) such that:
1. U(x0) contains a sphere with radius δ and center x0, where δ is independent of x0.
2. There exists a homeomorphism ψ(x; x0) of the neighborhood U(x0) on the unit

sphere B = {y : |y| < 1} in Rn such that the images of Ω ∩ U(x0) and ∂Ω ∩ U(x0)
coincide with B+ = {y : yn > 0, |y| < 1} and B0 = {y : yn = 0, |y| < 1} respectively.

3. The function ψ(x; x0) and its inverse belong to the Hölder space Cr+θ, 0 < θ < 1.
Their ‖ · ‖r+θ-norms are bounded uniformly in x0.

Here r ≥ max(l + ti, l− si, l − σj + 1), where the first expression under the maximum
is required for a priori estimates of solutions [1], the second and the third ones for the
proof of convergence in Lemma 4.5.4. For definiteness we suppose that δ < 1.

Theorem 4.4.1. For any v ∈ (F ∗(Ω))∞ the following estimate holds:

(4.1) ‖v‖(F∗(Ω))∞ ≤ M
(
‖L∗v‖(E∗(Ω))∞ + ‖v‖(F∗

−1(Ω))∞

)
with a constant M independent of v.
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The proof of the theorem will be given after some preliminary considerations. Let δ
and ψ be the same as in Condition D, Bδ(x0) = {x : |x − x0| < δ}, Gx0 = ψ(Bδ(x0)).
We introduce the operator of change of variables,

T : W s,p(Ω ∩ Bδ(x0)) → W s,p(Gx0 ∩ {yn > 0}), s ≥ 0.

We will use the same notation also for the operator of change of variables in the space
W s,p(Γ) (s ≥ 0, Γ = ∂Ω) defined on functions with support in Bδ(x0),

T : W s,p(Γ) → W s,p(Rn−1
y′ ).

We have for functions with supports in Bδ(x0):

T : F (Ω) → F (Rn
+), T−1 : F (Rn

+) → F (Ω),

T : E(Ω) → E(Rn
+), T−1 : E(Rn

+) → E(Ω),

L : E(Ω) → F (Ω), L̃ = TLT−1 : E(Rn
+) → F (Rn

+).

Consider the adjoint operators. We have

(L̃)∗ = (T−1)∗L∗T ∗ : F ∗(Rn
+) → E∗(Rn

+).

Here

T ∗ : F ∗(Rn
+) → F ∗(Ω), (T ∗)−1 : F ∗(Ω) → F ∗(Rn

+),

T ∗ : E∗(Rn
+) → E∗(Ω), (T ∗)−1 : E∗(Ω) → E∗(Rn

+).

Let ṽ ∈ F ∗(Rn
+) satisfy the conditions of Theorem 4.3.1, and v = T ∗ṽ ∈ F ∗(Ω). From

Theorem 4.3.1 we have

(4.2) ‖ṽ‖F∗(Rn
+) ≤ C

(
‖(L̃)∗ṽ‖E∗(Rn

+) + ‖ṽ‖F∗
−1(R

n
+)

)
.

Since
(L̃)∗ṽ = (T−1)∗L∗v,

then from (4.2),

‖v‖F∗(Ω) ≤ ‖T ∗‖ ‖ṽ‖F∗(Rn
+) ≤ C‖T ∗‖

(
‖(T−1)∗L∗v‖E∗(Rn

+) + ‖(T ∗)−1v‖F∗
−1(R

n
+)

)
.

Therefore

(4.3) ‖v‖F∗(Ω) ≤ C1

(
‖L∗v‖E∗(Ω) + ‖v‖F∗

−1(Ω)

)
.

Suppose φ(x) ∈ C∞(Γδ), supp φ ⊂ Bε(x0), Γδ is the δ-neighborhood of Γ, and ε > 0 is
taken such that ε ≤ δ/2 and ψ(Bε(x0)) ⊂ σρ with the same ρ as in Theorem 4.3.1. Then
the previous estimate gives

(4.4) ‖φv‖F∗(Ω) ≤ C1

(
‖L∗(φv)‖E∗(Ω) + ‖φv‖F∗

−1(Ω)

)
.

Let us estimate the difference L∗(φv) − φL∗v. For any u ∈ E(Ω),

(4.5)

〈u, L∗(φv) − φL∗v〉 = 〈φLu − L(φu), v〉

=
N∑

i=1

〈φAiu − Ai(φu), vi〉 +
m∑

j=1

〈φBju − Bj(φu), wj〉,

where v = (v1, . . . , vN , w1, . . . , wm). We begin with the first term on the right-hand side
of (4.5). The operator Ai acts from E(Ω) to W l−si+1,p(Ω). Let

Ti : W l−si+1,p(Rn) → W l−si,p(Rn)

be a linear isomorphism between the two spaces. Then

(T−1
i )∗ : (W l−si+1,p(Rn))∗ → (W l−si,p(Rn))∗.
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Consider a function ψ ∈ D such that supp ψ ∈ Bδ(x0), ψ(x) ≥ 0, ψ(x) = 1 for x ∈
Bδ/2(x0). Denote by ũ an extension of u to E(Rn) such that

(4.6) ‖ũ‖E(Rn) ≤ 2‖u‖E(Ω).

We have ψvi ∈ (W l−si,p(Ω))∗ ⊂ (W l−si+1,p(Ω))∗. Hence there exists an extension
ψ̂vi ∈ (W l−si+1,p(Rn))∗ such that

〈φAiu − Ai(φu), ψvi〉 = 〈φAiũ − Ai(φũ), ψ̂vi〉.

Here we assume that the coefficients of the operator Ai are extended to Rn. Hence

(4.7)

|〈φAiu − Ai(φu), vi〉| = |〈φAiu − Ai(φu), ψvi〉|

= |〈T−1
i Ti(φAiũ − Ai(φũ)), ψ̂vi〉|

= |〈Ti(φAiũ − Ai(φũ)), (T−1
i )∗ψ̂vi〉|

≤ ‖Ti(φAiũ − Ai(φũ))‖W l−si,p(Rn)‖(T−1
i )∗ψ̂vi‖(W l−si,p(Rn))∗

≤ C1‖ũ‖E(Rn)‖ψ̂vi‖(W l−si+1,p(Rn))∗

≤ C2‖u‖E(Ω)‖ψvi‖(W l−si+1,p(Ω))∗

according to (4.6).
We obtain similar estimates for the operators Bj in (4.5):

(4.8)

|〈φBju − Bj(φu), wj〉| = |〈S−1
j Sj(φBju − Bj(φu)), ψwj〉|

= |〈Sj(φBju − Bj(φu)), (S−1
j )∗(ψwj)〉|

≤ ‖Sj(φBju − Bj(φu))‖
W l−σj−1/p,p(Γ)

‖(S−1
j )∗(ψwj)‖(W l−σj−1/p,p(Γ))∗

≤ C3‖u‖E(Ω)‖ψwj‖W−l+σj+1/p−1,p′
(Γ)

.

From (4.5), (4.7), (4.8) we obtain

|〈u, L∗(φv) − φL∗v〉|

≤ C4‖u‖E(Ω)‖

⎛⎝ N∑
i=1

‖ψvi‖(W l−si+1,p(Ω))∗ +
m∑

j=1

‖ψwj‖W−l+σj+1/p−1,p′
(Γ)

⎞⎠
= C4‖u‖E(Ω)‖ψv‖F∗

−1(Ω).

Therefore

(4.9) ‖L∗(φv) − φL∗v‖E∗(Ω) ≤ C4‖ψv‖F∗
−1(Ω).

From this estimate and (4.4) it follows that

(4.10) ‖φv‖F∗(Ω) ≤ C5

(
‖φL∗v‖E∗(Ω) + ‖φv‖F∗

−1(Ω) + ‖ψv‖F∗
−1(Ω)

)
.

Proof of Theorem 4.4.1. Let δ be the same as in Condition D. We cover the boundary
Γ of the domain Ω by a countable number of balls Bε of radius ε, where ε ≤ δ/2 is
the number that appears in the proof of estimate (4.10), and extend this covering to a
covering of Ω. Let Vj , j = 1, 2, . . . , be all the balls of the covering, and let Ṽj be the balls
with the same centers as Vj but with radius δ. We suppose that there exists a number N

such that each of the balls Ṽj has a nonempty intersection with at most N other balls.
Furthermore, let φj(x) and φ̃j(x) be systems of nonnegative functions such that

φj(x) ∈ C∞(Rn), supp φj ⊂ Vj , φ̃j(x) ∈ C∞(Rn), supp φ̃j ⊂ Ṽj ,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



FREDHOLM PROPERTY OF GENERAL ELLIPTIC PROBLEMS 161

and φ̃j(x) = 1 for x ∈ Vj . For the balls Vj with centers at Γ by virtue of (4.10) we have
the estimate

(4.11) ‖φjv‖F∗(Ω) ≤ M0

(
‖φjL

∗v‖E∗(Ω) + ‖φjv‖F∗
−1(Ω) + ‖φ̃jv‖F∗

−1(Ω)

)
with a constant M0 independent of j and v.

The covering of the domain Ω can be constructed in such a way that all other balls,
with centers outside of Γ, do not contain points of the boundary. We can obtain a similar
estimate for them. It is even simpler because we do not have to take into account the
boundary operators.

By the definition of the spaces (E∗(Ω))∞ and (F ∗
−1(Ω))∞ we have for any j:

‖φjL
∗v‖E∗(Ω) ≤ M1‖L∗v‖(E∗(Ω))∞ , ‖φjv‖F∗

−1(Ω) ≤ M2‖v‖(F∗
−1(Ω))∞ ,

‖φ̃jv‖F∗
−1(Ω) ≤ M3‖v‖(F∗

−1(Ω))∞ ,

where the constants M1, M2, M3 do not depend on v and j. Therefore (4.11) gives

‖φjv‖F∗(Ω) ≤ M
(
‖L∗v‖(E∗(Ω))∞ + ‖v‖(F∗

−1(Ω))∞

)
.

Estimate (4.1) follows from this. The theorem is proved. �
4.5. Estimates with Condition NS∗. Normal solvability of elliptic problems in un-
bounded domains is determined not only by the ellipticity condition (including proper
ellipticity and the Lopatinskii condition) but also by Condition NS introduced in Section
3.3. We introduce a similar condition for adjoint problems.

Condition NS∗. Any limiting homogeneous problem L̂∗v = 0 does not have nonzero
solutions in (F ∗(Ω̂))∞, where L̂∗ is the operator adjoint to the limiting operator L̂, and
Ω̂ is a limiting domain.

In this section we prove the following theorem.

Theorem 4.5.1. Let L be an elliptic operator, and let Condition NS∗ be satisfied. Then
there exist positive numbers M and ρ such that for any v ∈ (F ∗(Ω))∞ the following
estimate holds:

(5.1) ‖v‖(F∗(Ω))∞ ≤ M
(
‖L∗v‖(E∗(Ω))∞ + ‖v‖F∗

−1(Ωρ)

)
.

Here

F ∗
−1(Ωρ) =

N∏
i=1

Ẇ−l+si−1,p′
(Ωρ) ×

m∏
j=1

Ẇ−l+σj+1/p−1,p′
(Γρ),

and Ωρ and Γρ are the intersections of Ω and Γ with the ball |x| < ρ.

Proof. Suppose that the assertion of the theorem is not right. Let Mk → ∞, ρk → ∞
be given sequences. Then there exist vk ∈ (F ∗(Ω))∞ such that

(5.2) ‖vk‖((F (Ω))∗)∞ ≥ Mk

(
‖L∗vk‖((E(Ω))∗)∞ + ‖vk‖F∗

−1(Ωρk
)

)
.

We can assume that

(5.3) ‖vk‖((F (Ω))∗)∞ = 1.

Then from (5.2),

(5.4) ‖L∗vk‖((E(Ω))∗)∞ + ‖vk‖F∗
−1(Ωρk)

<
1
M k

→ 0 as k → ∞.

From (4.1),

(5.5) ‖L∗vk‖((E(Ω))∗)∞ + ‖vk‖(F∗
−1(Ω))∞ ≥ 1

M
.
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Estimate (5.4) implies that

(5.6) ‖L∗vk‖((E(Ω))∗)∞ → 0, ‖vk‖F∗
−1(Ωρk

) → 0 as k → ∞.

Hence

(5.7) ‖vk‖(F∗
−1(Ω))∞ >

1
2M

for k sufficiently large. The norm

‖vk‖(F∗
−1(Ω))∞ = sup

y∈Ω
‖vk‖F∗

−1(Ω∩By)

is equivalent to that given in the introduction. It follows from (5.7) that there exists
yk ∈ Ω such that

(5.8) ‖vk‖F∗
−1(Ω∩Byk

) >
1

2M
.

From this and (5.6) we conclude that |yk| → ∞. Denote

(5.9) L∗vk = zk.

From (5.6) it follows that

‖zk‖(E∗(Ω))∞ → 0 as k → ∞.

Let Th be the operator of translation in (E∗(Ω))∞, h ∈ Rn. We apply Tyk
to (5.9):

(5.10) Tyk
L∗vk = Tyk

zk.

The shifted functions are defined in shifted domains Ωk. We will pass to the limit in this
equality as k → ∞. We have

(5.11) Tyk
L∗T−yk

Tyk
vk = Tyk

zk,

where the operators Tyk
act in the corresponding spaces. Denote

(5.12) wk = Tyk
vk, L∗

k = Tyk
L∗T−yk

, Tyk
zk = ζk.

From (5.11) we obtain

(5.13) L∗
kwk = ζk.

Let vk = (v1k, . . . , vNk, vb
1k, . . . , vb

mk). From (5.3) we have

(5.14)
‖vik‖(Ẇ−l+si,p′

(Ω))∞
≤ 1, i = 1, . . . , N,

‖vb
jk‖(W−l+σj+1/p,p′

(Γ))∞
≤ 1, j = 1, . . . , m.

Denoting wk = (w1k, . . . , wNk, wb
1k, . . . , wb

mk), we have

wik = Tyk
vik, i = 1, . . . , N, wb

jk = Tyk
vb

jk, j = 1, . . . , m.

Then from (5.14),

(5.15) ‖wik‖(Ẇ−l+si,p′
(Ωk))∞

≤ 1, i = 1, 2, . . . , N, ‖wb
jk‖(W−l+σj+1/p,p′

(∂Ωk))∞
≤ 1,

where Ωk is the shifted domain, j = 1, 2, . . . , m. Consider first the functions wik. Since

(Ẇ−l+si,p
′
(Ωk))∞ ⊂ W−l+si,p

′

∞ (Rn),

then wik ∈ W−l+si,p
′

∞ (Rn), and

(5.16) ‖wik‖W
−l+si,p′
∞ (Rn)

≤ 1.

It follows from Theorem 2.3.3 that there exists a subsequence wikj
and a function

w̄i ∈ W−l+si,p
′

∞ (Rn) such that

(5.17) φwikj
→ φw̄i weakly in W−l+si,p

′
(Rn) as kj → ∞
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for any φ ∈ D. Moreover the sequence wikj
can be chosen such that for an ε > 0,

(5.18) φwikj
→ φw̄i strongly in W−l+si−ε,p′

(Rn) as kj → ∞
for any φ ∈ D.

For what follows we need a special covering of the boundary ∂Ω∗ of the limiting
domain Ω∗. Let x0 ∈ ∂Ω∗. Then there exists a sequence x̂k such that x̂k → x0,
x̂k ∈ ∂Ωk. For each point x̂k and domain Ωk there exists a neighborhood U(x̂k) and
a function ψk(x) = ψ(x; x̂k) defined in Condition D. It maps U(x̂k) on the unit ball
B ⊂ Rn with center at 0. This mapping is a bijection. Denote φk = ψ−1

k . By Condition
D, the functions φk are uniformly bounded in Cr+θ(B). Hence this sequence has a
convergent in Cr(B) subsequence: φki

→ φ0 in Cr(B). Denote U(x0) = φ0(B). The
mapping φ0 : B → U(x0) is also a bijection. Denote ψ0 = φ−1

0 : U(x0) → B. Then
ψki

→ ψ0 ∈ Cr+θ(U(x0)), and U(x0) is an open set that contains a sphere S(x0) of
radius δ.

Consider now a sequence xj ∈ ∂Ω∗, and denote by S(xj) the spheres of radius δ/2 and
with centers at xj . We can take the points xj such that the union W of the spheres S(xj)
covers the δ/4-neighborhood of the boundary ∂Ω∗. We repeat the construction above
for the point x1 of this sequence. We choose a subsequence of the previous sequence
(denoted also ki) such that

ψki
→ ψ1, φki

→ φ1, U(x1) = φ1(B), S(x1) ⊂ U(x1).

We then repeat the same construction for the point x2 and so on, and take the diagonal
subsequence. Therefore we construct neighborhoods U(xj) of all points xj . Moreover
this construction can be done in such a way that for some number N , any N different
sets U(xj) have an empty intersection, and for any compact K ⊂ Rn the number of the
sets for which K ∩ U(xj) 	= ∅ is finite.

The covering V =
⋃∞

j=1 U(xj) is called a special covering of ∂Ω∗. Hence we have a
sequence Ωk, points xj

k ∈ ∂Ωk, neighborhoods U(xj
k) of the points xj

k, and mappings
ψj

k : U(xj
k) → B, φj

k = (ψj
k)−1, such that

ψj
k → ψj , φj

k → φj , U(xj) = φj(B).

Consider a sequence gk defined on ∂Ωk such that

(5.19) ‖gk‖(E(∂Ωk))∞ ≤ K,

where K is a constant independent of k, E = W−s,p, s > 0. The norm in (5.19) is defined
as follows. Let η(x) ∈ C∞(Rn) be such that

η(x) ≥ 0, η(x) = 1, |x| <
δ

2
, η(x) = 0, |x| > δ.

Denote ηz = η(x − z), z ∈ Rn. Then

(5.20) ‖gk‖(E(∂Ωk))∞ = sup
z∈∂Ωk

‖(ηzgk) ◦ ψ−1
z ‖E(Rn−1

y′ ),

where ψz maps the neighborhood U(z) to the ball B.
Consider the neighborhood U(x1

k) of the point x1
k ∈ ∂Ωk. The function ψ1

k maps
U(x1

k) ∩ ∂Ωk onto B0 = B ∩ {yn = 0}. We can define a generalized function g̃1
k on DB0

by the equality
g̃1

k = (ηx1
k
gk) ◦ (ψ1

k)−1.

We extend it to DRn−1 by zero outside B0. It follows from (5.19), (5.20) that

(5.21) ‖g̃1
k‖E(Rn−1

y′ ) ≤ K,
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where E(Rn−1
y′ ) = W−s,p(Rn−1

y′ ). Since this space is reflexive, we can find a subsequence
g̃1

kj
and a function h̃1 ∈ E(Rn−1

y′ ) such that g̃1
kj

→ h̃1 weakly in E(Rn−1
y′ ) and g̃1

kj
→ h̃1

strongly in E−1(Rn−1
y′ ) (= W−s−1,p(Rn−1

y′ )). We use here the compact embedding of E

into E−1 in bounded domains. The generalized function h̃1 is defined on DB0 . Denote
by h1 the corresponding generalized function defined on U(x1) ∩ ∂Ω∗: h1 = h̃1 ◦ ψ1. We
extend h1 by zero outside U(x1) ∩ ∂Ω∗ on ∂Ω∗.

We construct next a generalized function h2 on DU(x2)∩∂Ω∗ . The construction is the
same, but we consider a subsequence of the previous subsequence. We continue this
construction for all xj and take a diagonal subsequence. Denote this subsequence kl.

Thus we have the following result. There exists a subsequence kl of k such that
for any j there exists a generalized function hj on DU(xj)∩∂Ω∗ defined by the equality
hj = h̃j ◦ ψj ,

‖g̃j
kl
− h̃j‖E−1(R

n−1
y′ ) → 0 as kl → ∞,

g̃j
kl

→ h̃j weakly in E(Rn−1
y′ ) as kl → ∞.

Moreover,

(5.22) ‖g̃j
kl
‖E(Rn−1

y′ ) ≤ K.

The points xj ∈ ∂Ω∗ and the functions ηxj
k

can be chosen such that gk =
∑

j ηxj
k
gk, x ∈

∂Ωk.
Denote

h =
∞∑

j=1

hj .

This is the limiting function for the sequence gk. We note that for any φ ∈ D∂Ω∗ we have

〈h, φ〉 =
∑
j′

〈hj′
, φ〉,

where the j′ are those j for which supp φ∩U(xj) 	= ∅. By the construction of U(xj), the
number of such j′ is finite. �

Lemma 4.5.2. The limiting generalized function h belongs to (W−s,p(∂Ω∗))∞, that is,

(5.23) ‖h‖(E(∂Ω∗))∞ = sup
z∈∂Ω∗

‖(ηzh) ◦ ψ−1
z ‖E(Rn−1

y′ ) < ∞.

Proof. Suppose that it is not so. Then there is a sequence zi ∈ ∂Ω∗ such that

(5.24) ‖(ηzi
h) ◦ ψ−1

zi
‖E(Rn−1

y′ ) → ∞ as i → ∞.

Since ηzi
hj = 0 for all j except for a finite number of them less than or equal to N , then

there is a sequence hji such that

‖(ηzi
hji) ◦ ψ−1

zi
‖E(Rn−1

y′ ) → ∞ as i → ∞.

Therefore

(5.25) ‖ηzi
(φzi

(y))h̃ji‖E(Rn−1
y′ ) → ∞ as i → ∞.

From this we can conclude that there exists a functional F ∈ E∗(Rn−1
y′ ) such that

F (ηzi
(φzi

(y))h̃ji) → ∞ as i → ∞.

From the weak convergence
g̃ji

k → h̃ji as k → ∞
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it follows that for some sequence ki,

F (ηzi
(φzi

(y))g̃ji

ki
) → ∞ as i → ∞.

This contradicts estimate (5.22). The lemma is proved. �

Thus from (5.15) and Lemma 4.5.2 we can conclude that there exist limiting functions

w̄b
j ∈ (W−l+σj+1/p,p′

(∂Ω∗))∞, j = 1, . . . , m.

Existence of the limits w̄i ∈ W−l+si,p
′

∞ (Rn), j = 1, . . . , N was proved above. Denote
w̄ = (w̄1, . . . , w̄N , w̄b

1, . . . , w̄
b
m).

Lemma 4.5.3. The limiting function w̄ is a solution of the problem adjoint to a limiting
problem.

Proof. Consider equation (5.13). It is supposed that we have done a special covering of
∂Ω∗. Let ψi

k and φi
k be the functions from the special covering,

ψj
k → ψj , φj

k → φj , U(xj
k) = φj

k(B), U(xj) = φj(B).

Let θ(x) = (θ1(x), . . . , θN (x)), where θi(x) ∈ D(Rn), supp θi ⊂ U(xj), and let θk(x) be
the corresponding function with support in U(xj

k): θk = θ(φj(ψj
k)). From (5.13) we have

〈L∗
kwk, θk〉 = 〈ζk, θk〉

or
〈wk, Tyk

LT−yk
θk〉 = 〈ζk, θk〉.

We can rewrite this equality in the form

(5.26) 〈wk, Lkθk〉 = 〈ζk, θk〉,
where

Lk = Tyk
LT−yk

, Lk = (A1k, . . . , ANk, B1k, . . . , Bmk),
Aik = Tyk

AiT−yk
, Bjk = Tyk

BjT−yk
,

Tyk
Aiu =

N∑
l=1

∑
|α|≤αil

Tyk
(aα

il(x))Tyk
Dαul =

N∑
l=1

∑
|α|≤αil

aα
il(x + yk)Tyk

Dαul.

Hence

Aiku =
N∑

l=1

∑
|α|≤αil

aα
ilk(x)Dαul, Bjku =

N∑
l=1

∑
|β|≤βjl

bβ
jlk(x)Dβul,

where
aα

ilk(x) = aα
il(x + yk), bβ

jlk(x) = bβ
jl(x + yk).

We can rewrite (5.26) in the form

(5.27)
N∑

i=1

〈wik, Aikθk〉 +
m∑

j=1

〈wb
jk, Bjkθk〉 = 〈ζk, θk〉.

We will pass to the limit in this equality. We begin with the first term on the left-hand
side. From (5.17) we have the weak convergence

(5.28) φwik → φw̄i in W−l+si,p
′
(Rn) as k → ∞

for any φ ∈ D (we write k instead of kj). By the definition of the limiting problem,

aα
ipk(x) → âα

ip(x) in Cl−si

loc (Rn), p = 1, . . . , N.
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Here âα
ip(x) are the coefficients of the limiting operator. From the definition of θk(x) we

have
lim

k→∞
θk(x) = θ(φj(ψj(x))) = θ(x),

where this limit is supposed to be in Cr. We suppose that ψj
k(x) and ψj(x) are extended

on a ball which contains U(xj) and U(xj
k) with k sufficiently large. Then

Aikθk →
N∑

p=1

∑
|α|≤αip

âα
ip(x)Dαθp = Âiθ, k → ∞

in Cl−si(Rn). Here Âi is the limiting operator. From (5.28) it follows that

(5.29)
N∑

i=1

〈wik, Aikθk〉 →
N∑

i=1

〈w̄i, Âiθ〉, k → ∞.

Now consider 〈wb
ik, Bikθk〉. Let ηz be the function which is used in the definition of the

limiting function h above. Instead of the functions gk considered above we take functions
wb

ik, and instead of kl we write k. We obtain a sequence of functions

w̃bj
ik = (ηx1

k
wb

ik) ◦ φj
k,

where φj
k = (ψ1

k)−1.
As above w̃bj

ik → w̃bj
i weakly in W−l+σi+1/p, p′

(Rn−1
y′ ) as k → ∞. Denote wbj

i = w̃bj
i ◦ψj

and

w̄b
i =

∞∑
j=1

wbj
i .

This is the limiting function for the sequence wb
ik.

Suppose that x ∈ ∂Ωk ∩ U(xj
k). Denote fik = Bikθk. Since supp θk ⊂ U(xj

k), then
supp fik ⊂ U(xj

k). We have

〈ηxj
k
wb

ik, fik〉 = 〈w̃bj
ik , (fikρk) ◦ φj

k〉,

where ρk is the density for the manifold Ωk. The density is the (n − 1)-dimensional
Hausdorff measure of ∂Ωk written in local coordinates. Furthermore,

fik(φj
k(y)) =

N∑
p=1

∑
|β|≤βip

bβ
ipk(φj

k(y))Dβθp
k(φj

k(y)).

By the definition of limiting problems, the functions bβ
ip(x) are extended to Rn and

bβ
ipk(x) → b̂β

ip(x) in Cl−σi

loc (Rn) as k → ∞,

where b̂β
ip(x) are the limiting coefficients. Since

lim
k→∞

θk(φj
k(y)) = lim

k→∞
θ(φj(ψj

k(φj
k(y)))) = θ(φj(ψj(φj(y)))) = θ(φj(y)),

then

fik(φj
k(y)) →

N∑
p=1

∑
|β|≤βip

b̂β
ip(φ

j(y))Dβθp(φj(y)) ≡ fi(φj(y)).

This convergence is in Cl−σi .
Therefore

〈w̃bj
ik , (fikρk) ◦ φj

k〉 → 〈w̃bj
i , (fiρ∗) ◦ φj〉 as k → ∞,
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where ρ∗ is the density for the manifold Ω∗. It follows that

〈ηxj
k
wb

ik, fik〉 → 〈w̃bj
i , (fiρ∗) ◦ φj〉 = 〈wbj

i , fi〉,

which is the duality on ∂Ω∗.
Taking the sum in j we get

〈wb
ik, fik〉 → 〈w̄b

i ,

N∑
p=1

∑
|β|≤βip

b̂β
ipD

βθp〉.

From this and (5.29) it follows that

N∑
i=1

〈wik, Aikθk〉 +
m∑

i=1

〈wb
ik, Bikθk〉 →

N∑
i=1

〈w̄i, Âiθ〉 +
m∑

i=1

〈w̄b
i , B̂iθ〉,

where

B̂iθ =
N∑

p=1

∑
|β|≤βip

b̂β
ipD

βθp.

We will prove that

(5.30)
N∑

i=1

〈w̄i, Âiθ〉 +
m∑

i=1

〈w̄b
i , B̂iθ〉 = 0.

It is sufficient to show that

(5.31) 〈ζk, θk〉 → 0, k → ∞

(see (5.27)). We recall that

‖ζk‖(E∗(Ωk))∞ → 0, k → ∞.

Since the diameters of supp θk are uniformly bounded, convergence (5.31) follows from
the last convergence and from the boundedness of the norm ‖θk‖E(Rn) independently of
k. The lemma is proved. �

To finish the proof of the theorem it remains to prove the following lemma.

Lemma 4.5.4. The solution w̄ of the limiting problem (5.30) is different from 0.

Proof. If (w̄1, . . . , w̄N ) 	= 0, then the lemma is proved. Consider the case (w̄1, . . . , w̄N ) =
0. From (5.8), (5.12) we get

(5.32) ‖wk‖F∗
−1(Ωk∩B0) >

1
2M

.

Therefore
m∑

j=1

‖wb
jk‖W−l+σj+1/p−1,p′

(∂Ωk∩B0)
>

1
2M

for k > k0 if k0 is sufficiently large. For any k > k0 there exists j = jk such that

‖wb
jk‖W−l+σj+1/p−1,p′

(∂Ωk∩B0)
>

1
2Mm

.

Passing to a subsequence if necessary we can assume that j is the same for all k. Hence

(5.33) ‖w̄b
j‖W−l+σj+1/p−1,p′

(∂Ω∗∩B0)
≥ 1

2Mm
,
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and w̄j is different from 0 as an element of the space W−l+σj+1/p−1,p′
(∂Ω∗ ∩ B0). Con-

sequently, it is also different from 0 as an element of W−l+σj+1/p,p′
(∂Ω∗ ∩ B0). Indeed,

if it is not so, then

〈w̄b
j , φ〉 = 0 ∀φ ∈ W l−σj−1/p,p(∂Ω∗ ∩ B0).

Then the same equality is true for all φ ∈ W l−σj−1/p+1,p(∂Ω∗∩B0). But this contradicts
(5.33). The lemma is proved. �

Thus, assuming that (5.1) does not hold, we have obtained a nonzero solution of a
limiting problem, which contradicts Condition NS∗. The theorem is proved.

Corollary 4.5.5. If Condition NS∗ is satisfied, then the operator L∗ : (E∗(Ω))∞ →
(F ∗(Ω))∞ is normally solvable with a finite-dimensional kernel.

5. Fredholm theorems

5.1. Abstract operators. Let E = E(Ω) and F d(Ω) be Banach spaces of functions
defined in a domain Ω, F b(∂Ω) be a space of functions defined at the boundary ∂Ω,
F = F d(Ω) × F b(∂Ω). We assume that these spaces satisfy the conditions of Section 2.

Furthermore, let L : E → F be a local operator in the sense of Section 2.6. Then we
can define its realization in various spaces:

L∞ : E∞ → F∞, LD : ED → FD, Lq : Eq → Fq, 1 ≤ q < ∞.

Here ED and FD are the closures of D in E∞ and F∞, respectively.
We will consider also the adjoint operators

(L∞)∗ : (F∞)∗ → (E∞)∗, (LD)∗ : (FD)∗ → (ED)∗, (Lq)∗ : (Fq)∗ → (Eq)∗, 1 ≤ q < ∞

and the operator

(L∗)∞ : (F ∗)∞ → (E∗)∞.

We recall that

(E∗)∞ = (E1)∗, (F ∗)∞ = (F1)∗.

Therefore by the definition of local operators (L∗)∞ = (L1)∗. This equality is understood
as

〈(L∗)∞w, θ〉 = 〈w, L1θ〉
for any w ∈ (F1)∗, and any θ ∈ E1. It is sufficient to consider it for ∀θ ∈ D.

We suppose that there exist Banach spaces of distributions E and F such that the
spaces E and F are imbedded in them locally compactly. This means that for any ball
Bρ with radius ρ the restriction E(Ωρ) of the spaces E(Ω) to Ωρ = Ω ∩ Bρ is compactly
imbedded into the space E(Ωρ). A similar property holds for the spaces F and F .

We note that Eq(Ωρ) = E(Ωρ). Therefore Eq(Ωρ) is also compactly imbedded in
E(Ωρ).

Lemma 5.1.1. Suppose that the following estimate

(1.1) ‖u‖Eq
≤ M

(
‖Lqu‖Fq

+ ‖u‖E(Ωρ)

)
holds for some positive constants M and ρ, and any u ∈ Eq. Then the operator Lq is
proper; that is, the inverse image of a compact set is compact in any bounded closed ball.
Here 1 ≤ q ≤ ∞.
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Proof. Let Lquk = fk, fk → f0 in Fq, and ‖uk‖Eq
≤ C for some constant C and all k. Let

us take ρ for which (1.1) is satisfied. Then there exists a subsequence ukn fundamental
in E(Ωρ):

‖ukn − ukm‖E(Ωρ) → 0 as m, n → ∞.

From (1.1) it follows that the same subsequence is fundamental in Eq. The lemma is
proved. �

Corollary 5.1.2. The operator Lq is normally solvable with a finite-dimensional kernel.

We repeat the same construction for the adjoint operators. We suppose that there
exist spaces E∗ and F∗ such that the spaces E∗ and F ∗ are imbedded in them locally
compactly.

Lemma 5.1.1′. Suppose that the following estimate

(1.2) ‖u‖(E∗)q
≤ M

(
‖(L∗)qu‖(F∗)q

+ ‖u‖E∗(Ωρ)

)
holds for some positive constants M and ρ, and any u ∈ (E∗)q. Then the operator (L∗)q

is proper. Here 1 ≤ q ≤ ∞ or q = D.

Corollary 5.1.2′. The operator (L∗)q is normally solvable with a finite-dimensional
kernel.

Lemma 5.1.3. Let the operator L∞ : E∞ → F∞ be proper. Then the operator LD :
ED → FD is also proper.

Proof. Let L∞uk = fk, fk → f0 in F∞, uk ∈ ED, fk, f0 ∈ FD, ‖uk‖E∞ ≤ C for some
constant C and all k. Since L∞ is proper, then there exists a subsequence ukn and
u0 ∈ E∞ such that ukn → u0 in E∞. Since ukn ∈ ED, then u0 also belongs to ED. The
lemma is proved. �

Theorem 5.1.4. Suppose that estimates (1.1) and (1.2) are satisfied for the operators
L∞ and (L∗)∞, respectively, in the corresponding spaces. Then LD is a Fredholm oper-
ator.

Proof. It follows from Lemma 5.1.3 that LD is normally solvable with a finite-dimensional
kernel. It remains to show that the adjoint operator (LD)∗ also has a finite-dimensional
kernel.

We note that Ker(L∗)∞ is finite-dimensional by virtue of Corollary 4.1.2 for the oper-
ator (L∗)∞. We will show that Ker(LD)∗ ⊂ Ker(L∗)∞. Indeed, let (LD)∗v = 0 for some
v ∈ (FD)∗. This means that

〈v, LDu〉 = 0, ∀u ∈ ED.

Then for any u ∈ E1 ⊂ ED,

〈v, L1u〉 = 〈v, LDu〉 = 0.

The functional on the left-hand side is well defined because v ∈ (FD)∗ ⊂ (F1)∗. Thus
(L1)∗v = 0. By definition,

(1.3) 〈(L∗)∞v, u〉 = 〈(L1)∗v, u〉, ∀u ∈ E1.

Since (L1)∗v = 0, then (L∗)∞v also equals zero as an element of (E∗)∞. Indeed, if it is
different from zero, then there exists φ ∈ D such that φ(L∗)∞v 	= 0. On the other hand
φ(L∗)∞v ∈ E∗. Hence for some w ∈ E,

〈(L∗)∞v, φw〉 = 〈φ(L∗)∞v, w〉 	= 0.

This contradicts (1.3) since φw ∈ E1. The theorem is proved. �
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Corollary 5.1.5. The equation

(1.4) LDu = f, f ∈ FD(Ω)

is solvable in ED(Ω) if and only if φi(f) = 0 for a finite number of linearly indepen-
dent functionals φi ∈ (FD(Ω))∗ that are solutions of the homogeneous adjoint problem
(LD)∗v = 0.

In the remaining part of this section we study the operator L∞. If it satisfies estimate
(1.1), then it is normally solvable with a finite-dimensional kernel. A priori we do not
know whether the codimension of its image is finite. We will use the normal solvability
of this operator and the Fredholm property of the operator LD to show that it is finite.

From the normal solvability of the operator L∞ we conclude that the equation

(1.5) L∞u = f, f ∈ F∞

is solvable in E∞ if and only if φ(f) = 0 for all φ ∈ Φ, where Φ is a set in (F∞)∗.
Consider the functionals φi, i = 1, . . . , N that provide the solvability conditions for

equation (1.4). By the Hahn–Banach theorem they can be extended from FD(Ω) to
(F (Ω))∞. Denote these new functionals by φ̂i. Since φ̂i ∈ ((F (Ω))∞)∗, then by virtue
of Lemma 2.4.2 we can define functionals φ̃i ∈ ((F (Ω))∞)∗ as follows: φ̃i(f) = φ̂i(f) for
functions f ∈ (F (Ω))∞ with bounded support,

(1.6) φ̃i(f) = lim
k→∞

φ̂i(
k∑

j=1

θjf), ∀f ∈ (F (Ω))∞.

Here θj is a partition of unity.
We note that the functionals φ̂i are not uniquely defined. However the functionals

φ̃i are uniquely defined. Indeed, if there are two different functionals φ̃1
i and φ̃2

i that
correspond to the same φ̂i, then the difference φ̃1

i − φ̃2
i vanishes on all functions with

bounded support. Therefore the limit in (1.6) is also zero.
By the definition of φ̃i,

(1.7) φ̃i(f) = φi(f), ∀f ∈ FD(Ω).

Lemma 5.1.6. The restriction φD of a functional φ ∈ Φ from the solvability condition
for equation (1.5) to FD(Ω) is a linear combination of functionals φi from the solvability
condition for equation (1.4).

Proof. For any f ∈ FD(Ω), the equation

(1.8) Lu = f −
N∑

i=1

〈φi, f〉ei,

where ei, i = 1, . . . , N are such that 〈φi, ej〉 = δij , ej ∈ FD(Ω), is solvable in ED(Ω).
Therefore it is also solvable in E∞(Ω). Hence for any φ ∈ Φ,

φ

(
f −

N∑
i=1

〈φi, f〉ei

)
= 0, ∀f ∈ FD(Ω).

Denote ci = φ(ei). Then from the previous equality,

(1.9) φ(f) =
N∑

i=1

ciφi(f), ∀f ∈ FD(Ω).

Here φi(f) = 〈φi, f〉. The lemma is proved. �
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Corollary 5.1.7. For any φ ∈ Φ,

(1.10) φ =
N∑

i=1

ciφ̃i + ψ, ci = φ(ei),

where ψ ∈ ((F (Ω))∞)∗, ψ(f) = 0 for any f ∈ FD(Ω).

Proof. We construct the functionals φ̃i ∈ ((F (Ω))∞)∗ on the basis of the functionals
φi ∈ (FD(Ω))∗. Set ψ = φ−

∑N
i=1 ciφ̃i. From (1.7) and (1.9) we conclude that ψ(f) = 0

for any f ∈ FD(Ω). The corollary is proved. �

Condition C. Let Lun = fn, (fn−f0)θ → 0 in (F (Ω))∞ for any infinitely differentiable
function θ with a bounded support, fn, f0 ∈ (F (Ω))∞, and ‖un‖(E(Ω))∞ ≤ M . Then there
exists u0 ∈ (E(Ω))∞ such that Lu0 = f0.

Lemma 5.1.8. Let Condition C be satisfied. Then the functional ψ in (1.10) equals
zero.

Proof. Let f ∈ (F (Ω))∞, fk =
∑k

i=1 θif . The equation

(1.11) Lu = fk −
N∑

i=1

〈φi, fk〉ei

is solvable in ED(Ω). The operator LD : ED(Ω) → FD(Ω) has a bounded inverse defined
on the image R(LD) ⊂ FD(Ω) and acting to the subspace of ED(Ω) supplementary to
the kernel. Therefore

‖uk‖ED(Ω) ≤ ‖(LD)−1‖ ‖fk −
N∑

i=1

〈φi, fk〉ei‖FD(Ω),

where uk is a solution of (1.11) in the subspace supplementary to the kernel.
We note that the norm in FD(Ω) is the same as in (F (Ω))∞. Hence

‖fk −
N∑

i=1

〈φi, fk〉ei‖FD(Ω) ≤ C1‖fk‖FD(Ω) ≤ C2‖f‖(F (Ω))∞ .

Thus ‖uk‖(E(Ω))∞ ≤ M for some constant M .
We can use now Condition C. Passing to the limit in (1.11), we obtain that the equation

(1.12) Lu = f −
N∑

i=1

〈φ̃i, f〉ei

is solvable in (E(Ω))∞ for any f ∈ (F (Ω))∞. Then for any φ ∈ Φ,

φ

(
f −

N∑
i=1

〈φ̃i, f〉ei

)
= 0.

Hence

φ(f) =
N∑

i=1

ciφ̃i(f), ∀f ∈ (F (Ω))∞.

From (1.10) we conclude that ψ = 0. The lemma is proved. �

Thus we have proved the following theorem.
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Theorem 5.1.9. Suppose that the operators L∞ and (L∗)∞ satisfy estimates (1.1) and
(1.2), respectively, in the corresponding spaces, and Condition C is satisfied. Then the
operator L∞ is Fredholm. Equation (1.5) is solvable in (E(Ω))∞ if and only if φ(f) = 0
for a finite number of functionals φ ∈ ((F (Ω))∞)∗. They satisfy the homogeneous adjoint
equation (L∞)∗φ = 0. The restriction φD of these functionals to FD(Ω) coincides with
the functionals φi in the solvability conditions for equation (1.4).

Remark 5.1.10. The space ((F (Ω))∞)∗ contains “bad” functionals that vanish at all func-
tions from FD(Ω) and do not belong to D′. Theorem 5.1.9 shows that these functionals
do not enter the solvability conditions.

5.2. Elliptic problems in spaces W s,p
∞ (Ω). Consider the operators

Aiu =
N∑

k=1

∑
|α|≤αik

aα
ik(x)Dαuk, i = 1, . . . , N, x ∈ Ω,(2.1)

Bju =
N∑

k=1

∑
|β|≤βjk

bβ
jk(x)Dβuk, j = 1, . . . , m, x ∈ ∂Ω,(2.2)

where u = (u1, . . . , uN ), Ω ⊂ Rn is an unbounded domain that satisfies Condition D.
According to the definition of elliptic operators in the Douglis–Nirenberg sense [13] we
suppose that

αik ≤ si + tk, i, k = 1, . . . , N, βjk ≤ σj + tk, j = 1, . . . , m, k = 1, . . . , N

for some integers si, tk, σj such that si ≤ 0, max si = 0, tk ≥ 0.
Denote by E the space of vector-valued functions u = (u1, . . . , uN ), where uj belongs to

the Sobolev space W l+tj ,p(Ω), j = 1, . . . , N , 1 < p < ∞, l is an integer, l ≥ max(0, σj+1),
E =

∏N
j=1 W l+tj ,p(Ω). The norm in this space is defined as

‖u‖E =
N∑

j=1

‖uj‖W l+tj ,p(Ω).

The operator Ai acts from E to W l−si,p(Ω), and the operator Bj acts from E to
W l−σj−1/p,p(∂Ω). Denote

(2.3)

L = (A1, . . . , AN , B1, . . . , Bm),

F =
N∏

i=1

W l−si,p(Ω) ×
m∏

j=1

W l−σj−1/p,p(∂Ω).

Then L : E → F .

Lemma 5.2.1. The operator Lq, 1 ≤ q ≤ ∞ is a bounded operator from Eq to Fq.

The proof is standard.
We will apply the results of the previous section. The properness of the operator L∞

is proved in [47] (see Section 3). The estimates of the operator (L∗)∞ are obtained in
Section 4.

It remains to check Condition C.
Let Luν = fν (ν = 1, 2, . . . ), (fν−f0)θ → 0 in (F (Ω))∞ for any infinitely differentiable

function with a bounded support as ν → ∞, fν , f0 ∈ (F (Ω))∞, and

(2.4) ‖uν‖(E(Ω))∞ ≤ M0, ∀ν.
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Let uν = (u1ν , . . . , uNν). It follows from Theorem 2.3.3, which is true also for domains
in Rn, and from (2.4) that there exists a subsequence of uiν and ui0 ∈ W l+ti,p

∞ (Ω) such
that for ε > 0,

uiν → ui0 in W l+ti−ε,p(Ω) locally,(2.5)

uiν → ui0 in W l+ti,p(Ω) locally weakly(2.6)

as ν → ∞, i = 1, . . . , N . We retain the same notation for the subsequence. Denote
u0 = (u10, . . . , uN0). We prove that

(2.7) Lu0 = f0.

Indeed, we have

Aiuν = fd
iν , i = 1, . . . , N,(2.8)

Bjuν = f b
iν , i = 1, . . . , m,(2.9)

where fν = (fd
1ν , . . . , fd

Nν , f b
1ν , . . . , fb

mν). Denote f0 = (fd
10, . . . , f

d
N0, f

b
10, . . . , f

b
m0). By

(2.6) for any θ ∈ C∞
0 (Ω) we have

θAiuν → θAiu0 as ν → ∞ weakly in W l−si,p(Ω).

Hence
θAiu0 = θfd

i0 (i = 1, . . . , N).
Therefore

(2.10) Aiu0 = fd
i0 (i = 1, . . . , N) in W l−si,p(Ω).

Now consider (2.9). We can assume that the coefficients bβ
jk of the operator Bj are

extended to Ω such that bβ
jk ∈ Cl−σj+δ(Ω). From (2.5) it follows that for θ ∈ D we have

θBjuν → θBju0 in W l−σj−ε,p(Ω) as ν → ∞.

Hence
θBjuν → θBju0 in W l−σj−ε−1/p,p(∂Ω) as ν → ∞.

By assumption of Condition C, θf b
jν → θf b

j0 in W l−σj−1/p,p(∂Ω). Therefore

(2.11) θBju0 = θf b
j0 in W l−σj−ε−1/p,p(∂Ω).

Since u0 ∈ (E(Ω))∞ and f0 ∈ (F (Ω))∞, it follows from (2.11) that

Bju0 = f b
j0 in W l−σj−1/p,p(∂Ω), j = 1, . . . , m.

This and (2.10) imply (2.7).
Thus we have proved that the operator L defined by (2.3) satisfies Condition C. Hence

Theorem 5.1.9 is applicable for the elliptic operators. We obtain the following result.

Theorem 5.2.2. Let Conditions NS and NS∗ be satisfied. Then the realizations LD and
L∞ of the operator L are Fredholm operators.

The equation LDu = f , f ∈ FD(Ω) is solvable in ED(Ω) if and only if φ(f) = 0 for
any solution φ ∈ (FD(Ω))∗ of the problem (L∞)∗φ = 0.

The equation L∞u = f , f ∈ (F (Ω))∞ is solvable in (E(Ω))∞ if and only if φ(f) = 0
for any solution φ ∈ ((F (Ω))∗)1 of the problem (L∞)∗φ = 0.

Let v be a vector-valued function, v ∈ F , v = (vd
1 , . . . , vd

N , vb
1, . . . , v

b
m). We use Defini-

tions 3.1.1 and 3.1.2 for vd
i in W l−si,p(Ω) and for vb

j in W l−σj−1/p,p(∂Ω).
Denote by Ty the translation operator Tyu(x) = u(x + y). Then we can define the

operator with shifted coefficients, Lyv = TyLT−1
y v. It acts on functions defined in the

shifted domain Ωy.
We use the following condition.
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Condition CL. Let Lyk
uk = fk, uk ∈ (E(Ωyk

))∞, fk ∈ (F (Ωyk
))∞, (fk − f0)θ → 0

in F (Ωyk
→ Ω̂) for any infinitely differentiable function θ with a bounded support,

‖uk‖(E(Ωyk
))∞ ≤ M , Lyk

→ L̂. Then there exists a function u0 ∈ (E(Ω̂))∞ such that
L̂u0 = f0.

Condition CL is satisfied for the elliptic operators (see the proof of Theorem 4.1 in
[47]).

Theorem 5.2.3. If the operator L∞ satisfies the Fredholm property, Condition CL and
Condition NS, then any limiting operator L̂∞ is invertible.

Proof. For any function f0 ∈ (F (Ω̂))∞ there exists a sequence of functions fk ∈ (F (Ω))∞,
‖fk‖(F (Ω))∞ ≤ M and of points yk ∈ Ω, |yk| → ∞ such that

(fk(x + yk) − f0(x))θ → 0 in F (Ωyk
→ Ω̂)

for any infinitely differentiable function θ with a finite support.
Indeed, let f0 ∈ (F (Ω̂))∞. Then f0 = (fd

10, . . . , f
d
N0, f

b
10, . . . , f

b
m0), where

fd
i0 ∈ W l−si,p

∞ (Ω̂), i = 1, . . . , N, fb
j0 ∈ W l−σj−1/p,p

∞ (∂Ω̂), i = 1, . . . , m.

We can extend these functions to Rn in such a way that for the extended functions f̃d
i0

and f̃ b
j0 we have

f̃d
i0 ∈ W l−si,p

∞ (Rn), f̃ b
j0 ∈ W l−σj ,p

∞ (Rn).

Let yk, k = 1, 2, . . . be a sequence such that yk ∈ Ω, |yk| → ∞, Ωyk
→ Ω̂, where Ωyk

are
the shifted domains.

Denote

f̃d
ik(x) = f̃d

i0(x − yk), i = 1, . . . , N, f̃ b
jk = f̃ b

j0(x − yk), j = 1, . . . , m.

Let fd
ik(x) be the restriction of f̃d

ik(x) to Ω, f b
jk be the trace of f̃ b

jk on ∂Ω. Then it is
easy to verify that the sequence

fk(x) = (fd
1k(x), . . . , fd

Nk(x), f b
1k(x), . . . , fb

mk(x))

satisfies the conditions above.
Since the operator L∞ : E∞(Ω) → F∞(Ω) satisfies the Fredholm property, then the

equation

(2.12) L∞u = fm −
N∑

i=1

〈vi, fm〉 ei

is solvable in (E(Ω))∞. Here vi, i = 1, . . . , N are all linearly independent solutions of the
homogeneous adjoint equation, (L∞)∗vi = 0, and ei ∈ F∞, i = 1, . . . , N are functions
biorthogonal to the functionals vj , j = 1, . . . , N . We can assume that ei, i = 1, . . . , N
have bounded supports (see Lemma 5.4.1 below).

Denote by um the solution of the equation (2.12). The numbers aim = 〈vi, fm〉 are
uniformly bounded because the sequence fm is bounded in (F (Ω))∞. The equation

(2.13) Lym
v = fm(x + ym) −

N∑
i=1

aim ei(x + ym)

has a solution vm(x) = um(x+ym) ∈ (E(Ωym
))∞. Since ei(x+ym) → 0 in F (Ωym

→ Ω̂),
then by virtue of Condition CL there exists a solution v0 ∈ (E(Ω̂))∞ of the equation
L̂∞v0 = f0. It remains to note that the homogeneous equation has only the zero solution
since Condition NS is necessary for normal solvability. The theorem is proved. �
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Remark 5.2.4. In the proof of the theorem we use the existence of functions ei biorthog-
onal to functionals vj and such that they have bounded supports. We will prove this in
Lemma 4.4.1 below using Condition NS. Therefore we have to assume in the formulation
of Theorem 5.2.3 that it is satisfied. Otherwise we can assume that Conditions NS and
NS∗ are satisfied and not assume that the operator is Fredholm (see Theorem 5.2.2).

If instead of the operator L∞ we consider the operator LD, then the functions ei

belong by assumption to FD. Though they do not necessarily have bounded supports,
the convergence

ei(x + ym) → 0 in F (Ωym
→ Ω̂)

remains valid. This allows us to prove the following theorem.

Theorem 5.2.5. If the operator LD satisfies the Fredholm property and Condition CL,
then any limiting operator L̂D is invertible.

The proof is the same as the proof of the previous theorem.

Theorem 5.2.6. If all limiting operators L̂D are invertible, then Conditions NS and
NS∗ for the operator L∞ are satisfied, and consequently the operators LD and L∞ are
Fredholm.

Proof. We prove first that for all limiting operators L̂ the equation

(2.14) L̂1u = f, u ∈ E1(Ω̂), f ∈ F1(Ω̂)

is solvable. Indeed, consider the equation

(2.15) L̂u = θjf,

where θj , j = 1, 2, . . . is a partition of unity, f ∈ F1(Ω̂). Since F1(Ω̂) ⊂ FD(Ω̂), then
there exists a solution u = uj ∈ ED(Ω̂) of equation (2.15).

Let ωδ(x) = eδ
√

1+|x|2 . Then according to Lemma 4.4.4 below for δ > 0 sufficiently
small the following estimate holds:

‖uj(·)ωδ(· − yj)‖E1(Ω̂) ≤ C‖fθj‖F (Ω̂),

where Bj is a unit ball with center at yj , supp θj ⊂ Bj and the constant C is independent
of j. Since

‖uj‖E1(Ω̂) ≤ C1‖uj(·)ωδ(· − yj)‖E1(Ω̂),

we get
‖uj‖E1(Ω̂) ≤ C2‖fθj‖F (Ω̂).

It follows that the series u =
∑∞

j=1 uj is convergent in E1(Ω̂), and

‖u‖E1(Ω̂) ≤
∞∑

j=1

‖uj‖E1(Ω̂) ≤ C2

∞∑
j=1

‖fθj‖F (Ω̂) = C2‖f‖F1(Ω̂).

From (2.15) we conclude that

L̂1u =
∞∑

j=1

L̂1uj =
∞∑

j=1

θjf = f.

Therefore we have proved that equation (2.14) has a solution for any f ∈ F1(Ω̂). Hence
the equation

(L̂1)∗v = 0, v ∈ (F1(Ω̂))∗

has only the zero solution. Since (L̂1)∗ = (L̂∗)∞, then the equation

(L̂∗)∞v = 0, v ∈ (F ∗(Ω̂))∞
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also has only the zero solution. Thus we have proved that Condition NS∗ is satisfied.
We now prove that Condition NS is satisfied. Let u be a solution of the equation

L̂∞u = 0, u ∈ E∞(Ω̂)

for a limiting operator L̂. Then ũ = S−δu is a solution of the equation

(2.16) L̂δũ = 0,

where L̂δ = S−δL̂Sδ, and Sδ is an operator of multiplication by ωδ(x). Equation (2.16)
can be written in the form

(L̂ + δK)ũ = 0,

where K : ED(Ω̂) → FD(Ω̂) is a bounded operator. Since the operator L̂ is invertible by
the assumption of the theorem, then for δ sufficiently small, L̂ + δK is also invertible.
Hence ũ = 0, and consequently, u = 0. The theorem is proved. �

5.3. Exponential decay. Continuation. Exponential decay of solutions is proved in
Section 3.4 in the case of normally solvable operators with a finite-dimensional kernel.
In this section we consider Fredholm operators and prove exponential decay of solutions
also for the homogeneous adjoint equation. Moreover, the exponent is not supposed to
be small as in Section 3.4. It belongs to some domain of the complex plane described
below.

Consider the spaces Eq, 1 ≤ q ≤ ∞. Denote by Sµ the operator of multiplication by

ωµ(x) = exp(µ
√

1 + |x|2), µ ∈ C.

If Reµ ≤ 0, then Sµ is a bounded operator in the spaces under consideration.
Consider operator (2.3). Define the operator Tµ = SµLS−µ on functions with compact

support. It can be directly verified that Tµ = L + µK(µ), where K(µ) : Eq → Fq is a
bounded operator that depends on µ polynomially. For functions u ∈ Eq with compact
supports we have

(3.1) SµTµu = Tµ+νSµu, µ, ν ∈ C.

If Re µ ≤ 0, then all operators in (3.1) are bounded in the corresponding spaces. Since
these are local operators, then (3.1) is true for all u ∈ Eq. The operator Tµ is a holo-
morphic operator function with respect to the complex variable µ. If L is a Fredholm
operator, then Tµ is also Fredholm in some domain G of the µ-plane, 0 ∈ G. Its index
κ(Lµ) is constant in G, α(Lµ) and β(Lµ) are also constant with a possible exception of
some isolated points where they have greater values [16].

Lemma 5.3.1. Equation

(3.2) Tµu = 0

has the same number of linearly independent solutions for all µ ∈ G.

Proof. Suppose that for some µ0 ∈ G the number of linearly independent solutions of
equation (3.2) in Eq is greater than for other µ in a small neighborhood of µ0. Denote
these solutions by u1, . . . , um. Then

ũi ≡ Sδui ∈ E∞, i = 1, . . . , m

for real negative δ. On the other hand, ũi are linearly independent solutions of the
equation

Tµ0+δu = 0.

Indeed, by virtue of (3.1),

Tµ0+δũi = Tµ0+δSδui = SδTµ0ui = 0.
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We obtain a contradiction with the assertion that the number of solutions is the same
for all µ except for isolated values. This contradiction proves the lemma. �

Theorem 5.3.2. For any µ ∈ G, Re µ ≤ 0 all solutions of the equation Lu = 0, u ∈ Eq

can be represented in the form

u = v exp(µ
√

1 + |x|2),
where v ∈ Eq.

Proof. Let m = dim KerL. Consider the equation Tµu = 0, u ∈ Eq. Denote by v1, . . . , vm

its linearly independent solutions and put wi = Sµvi. We have

Lwi = LSµvi = SµTµvi = 0, i = 1, . . . , m.

Since the wi are linearly independent, each solution u of the equation Lu = 0 is their
linear combination. The theorem is proved. �

Consider now the adjoint operator L∗ : (Fq)∗ → (Eq)∗. Denote by T ∗
µ the operator

adjoint to Tµ. Since the index κ(Tµ) is independent of µ for all µ ∈ G, and also the
dimension of the kernel α(Tµ), then the codimension of the image β(Lµ) is also indepen-
dent of µ. On the other hand, the dimension of the kernel of the adjoint operator α(T ∗

µ)
equals β(Tµ). Therefore we have proved the following lemma.

Lemma 5.3.3. The dimension α(L∗
µ) of the kernel of the operator T ∗

µ is independent of
µ for all µ ∈ G.

Theorem 5.3.4. For any µ ∈ G, Reµ < 0 all solutions of the equation L∗φ = 0 can be
represented in the form

φ = ψ exp(µ
√

1 + |x|2),
where ψ ∈ (Fq)∗.

The proof is the same as the proof of Theorem 5.3.2. We note that we do not use the
reflexivity of the spaces E and F .

5.4. The space Eq. Suppose that the operator L∞ : E∞ → F∞ satisfies the Fredholm
property. This means that the equation

(4.1) L∞u = f

is solvable if and only if

(4.2) 〈f, vi〉 = 0, i = 1, . . . , N,

and the homogeneous equation (f = 0) has a finite number of linearly independent
solutions. Here vi, i = 1, . . . , N are all linearly independent solutions of the adjoint
homogeneous equation,

(L∞)∗vi = 0,

where (L∞)∗ : (F∞)∗ → (E∞)∗ is the adjoint operator.
We study in this section the operator L acting from Eq to Fq. To show its dependence

on the spaces we denote it by Lq. We begin with some auxiliary results. Let ei ∈ F∞, i =
1, . . . , N be functions biorthogonal to the functionals vj , j = 1, . . . , N ,

(4.3) 〈ei, vj〉 = δij ,

where δij is the Kronecker symbol.

Lemma 5.4.1. There exist functions ei, i = 1, . . . , N with bounded supports satisfying
(4.3).
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Proof. Let ei ∈ F∞, i = 1, . . . , N satisfy (4.3). We will construct new functions ẽi ∈
E∞, i = 1, . . . , N with bounded supports such that

(4.4) 〈ẽi, vj〉 = δij .

Denote

êi =
m∑

k=1

eiθk, i = 1, . . . , N,

where θi is a partition of unity. We put

ẽi = ci1ê1 + · · · + ciN êN .

Then (4.4) is a system of equations with respect to ci1, . . . , ciN . Its matrix has the
elements

〈êi, vj〉 = 〈
m∑

k=1

eiθk, vj〉, j = 1, . . . , N.

Since vj ∈ (F∞)∗ω, then

〈
m∑

k=1

eiθk, vj〉 → δij

as m → ∞. Therefore for m sufficiently large the determinant of this matrix is different
from 0, and the system has a solution. The lemma is proved. �

Lemma 5.4.2. If w ∈ E∞, then u = S−1w ∈ E1 for any µ > 0, and

‖u‖E1 ≤ C(µ)‖w‖E∞ .

The proof of the lemma is based on the definition of the spaces and on the properties
of multipliers.

Lemma 5.4.3. Let an operator L acting from a Banach space E to another space F
have a bounded inverse defined on its image R(L) ⊂ F . Suppose that the equation

Lµu = f

has a solution, where
Lµ = L + µK,

K : E → F is a bounded operator, ‖K‖ ≤ M . Then for µ sufficiently small,

‖u‖E ≤ C‖f‖F ,

where the constant C depends on µ and M but does not depend on the operator K.

Proof. Since the equation
Lu + µKu = f

is solvable, then f − µKu ∈ R(L). Therefore

u = L−1(f − µKu).

The assertion of the lemma follows from the estimate

‖u‖E ≤ ‖L−1‖‖f − µKu‖F ≤ ‖L−1‖(‖f‖F + |µ|‖K‖‖u‖E).

The lemma is proved. �

We generalize here the approach developed in [26] for the operators acting in Hs(Rn).
As above we use the function

ωδ(x) = eδ
√

1+|x|2 .
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Lemma 5.4.4. Let θj be a partition of unity, vi and ei be the same as in Lemma 5.4.1,
and ei have a bounded support. Then for any f ∈ F∞ there exists a solution uj of the
equation

(4.5) Lu = θjf −
N∑

i=1

〈θjf, vi〉ei,

and for δ sufficiently small the following estimate holds:

(4.6) ‖uj(·)ωδ(· − yj)‖Eq
≤ C‖fθj‖F ,

where Bj is a unit ball with center at yj, supp θj ⊂ Bj, and the constant C is independent
of j.

Proof. Since the operator L : E∞ → F∞ satisfies the Fredholm property, then the
equation

(4.7) Lu = g −
N∑

i=1

〈g, vi〉ei

is solvable for any g ∈ F∞. Let supp g ∈ Bj . Consider the function

g̃(x) =

(
g(x) −

N∑
i=1

〈g, vi〉ei(x)

)
ωδ(x − yj).

We show that its norm in F∞ is independent of j. We note first of all that ωδ(x− yj) is
bounded in Bj together with all derivatives independently of j. Therefore

‖g(x)ωδ(x − yj)‖F∞ ≤ C‖g(x)‖F∞

with a positive constant C independent of j. We use here that the norms of multipliers
in Ω and ∂Ω can be estimated by the norms in Ck. We have next

|〈g, vi〉| = |〈g, ψjvi〉|
where ψj = ψ(x − yj) is a function with a finite support equal 1 in Bj ,

= |〈g, ω−µ(x)ψjwi〉|
where wi ∈ (F∞)∗ (see Theorem 5.3.4),

≤ ‖g‖F∞‖ω−µ(x)ψjwi‖(F∞)∗ ≤ ‖g‖F∞ ‖ω−µ(x)ψj‖M ‖wi‖(F∞)∗ ,

where ‖ · ‖M is the norm in the space of multipliers. By virtue of the properties of this
norm,

‖ω−µ(x)ψj‖M ≤ K‖ω−µ(x + yj)ψ(x)‖M ≤ Cω−µ(yj)

with constants K and C independent of j, µ > 0. For δ ≤ µ the product ω−µ(yj)ωδ(x−yj)
is bounded independently of yj ∈ Rn and of x ∈ supp ei(x). Hence

‖g̃‖F∞ ≤ C‖g‖F∞ ,

where the constant C depends on the diameter of the supports of ei but is independent
of j.

Since u is a solution of equation (4.7), then ũ = Sδu is a solution of the equation

(4.8) Lδũ = g̃,

where Lδ = SδLS−δ, and Sδ is the operator of multiplication by ωδ(x − yj). On the
other hand, Lδ = L + δK, where K is a bounded operator, ‖K‖ ≤ C, where C does
not depend on j and on δ for δ sufficiently small. By virtue of Lemma 5.4.3 the solution
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of (4.8), which belongs to the subspace supplementary to the kernel of the operator L,
admits the estimate

‖ũ‖E∞ ≤ C1‖g̃‖F∞ ≤ C2‖g‖F∞

independent of j. Let δ = δ1 + δ2, where δ1 and δ2 are positive. Then

‖u(x)ωδ1(x − yj)‖Eq
= ‖ũ(x)ω−δ2(x − yj)‖Eq

≤ C3‖ũ(x)‖E∞ ≤ C4‖g‖F∞ .

Applying this estimate to equation (4.5), we obtain

‖u(x)ωδ1(x − yj)‖Eq
≤ C5‖fθj‖F∞ ≤ C6‖fθj‖F .

The lemma is proved. �
Assumption 5.4.5. Let uj ∈ Eq, j = 1, 2, . . . , and

∞∑
j=1

‖uj ωδ(x − yj)‖q
Eq

< ∞.

Then the series u =
∑∞

j=1 uj is convergent, and the following estimate holds:

(4.9) ‖u‖q
Eq

≤ C
∞∑

j=1

‖uj ωδ(x − yj)‖q
Eq

.

If this assumption is satisfied, then from the estimate in Lemma 4.4.4 we obtain

‖u‖Eq
≤ C‖f‖Fq

.

Therefore for any f ∈ Fq (⊂ F∞) there exists a solution u ∈ Eq of the equation

(4.10) Lu = f −
N∑

i=1

〈f, vi〉ei.

From this it follows that the operator Lq is normally solvable and the codimension of its
image is finite. Its kernel is also finite-dimensional, since it is so for the operator L∞.
Hence Lq is a Fredholm operator.

We note that estimate (4.9) characterizes the function spaces and is not related to the
operators under consideration. In the remaining part of this section we show that it is
satisfied for Sobolev spaces.

Lemma 5.4.6 (Elementary inequality). Let ui ≥ 0. Then

(us
1 + us

2 + · · · )1/s ≤ u1 + u2 + · · · (s ≥ 1),

(us
1 + us

2 + · · · )1/s ≥ u1 + u2 + · · · (s ≤ 1).

(See for example [17].)

Lemma 5.4.7. Let u =
∑∞

i=1 ui, yi be centers of an orthogonal lattice in Rn, 1 ≤ p < ∞.
Then the following estimate holds:

(4.11) ‖u‖p
Lp(Rn) ≤ C

∞∑
i=1

‖ui ωδ(x − yi)‖p
Lp(Rn).

Proof. Let k = [p] + 1, p = ks. Here k is an integer, s < 1. If p is an integer, we do not
need to introduce k. All estimates below can be done directly for p. We have

(4.12)

‖u‖p
Lp(Rn) =

∫
Rn

|u|ksdx =
∫

Rn

|
∞∑

i=1

ui|ksdx ≤
∫

Rn

( ∞∑
i=1

|ui|s
)k

dx

=
∫

Rn

∞∑
i1,i2,...,ik=1

|ui1 |s|ui2 |s · · · |uik
|sdx.
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By virtue of the inequality between the geometrical and arithmetic mean values,

|ui1 |s|ui2 |s · · · |uik
|s ≤ 1

k

(
|ui1 |ks + · · · + |uik

|ks
)
.

The same inequality with any positive aij
gives

(4.13) |ui1 |s|ui2 |s · · · |uik
|s ≤ 1

k

(
|ui1 |ksak−1

i1
a−1

i2
· · · a−1

ik
+ · · · + |uik

|ksa−1
i1

a−1
i2

· · · ak−1
ik

)
.

Put aik
(x) = ωδ1(x − yik

). Then
∞∑

ik=1

a−1
ik

(x) ≤ C ∀x,

and substituting (4.13) into the right-hand side of (4.12) and taking into account that
there are k similar summands, we obtain∫

Rn

∑
i1,i2,...,ik

|ui1 |s|ui2 |s . . . |uik
|sdx ≤

∑
i1,i2,...,ik

∫
Rn

|ui1 |ksak−1
i1

a−1
i2

. . . a−1
ik

dx

≤ Ck−1

∫
Rn

∑
i1

|ui1 |pωδ1(x − yi1)
k−1dx.

Replacing Ck−1 by C, we obtain (4.11) for δ = δ1(k − 1)/p. The lemma is proved. �

Similarly we prove the lemma for the spaces W l,p(Rn) and W l,p(Ω) with an integer
l ≥ 0.

Lemma 5.4.8. The following estimate

(4.14) ‖u‖p
W k,p(Ω)

≤ C
∞∑

i=1

‖ui ωδ(x − yi)‖p
W k,p(Ω)

holds with 1 ≤ p < ∞ and integer k ≥ 0.

This lemma proves that Assumption 5.4.5 holds for the Sobolev spaces. This allows us
to prove the Fredholm theorems for elliptic operators in Sobolev spaces. Thus we have
proved the following theorem.

Theorem 5.4.9. Suppose that Conditions NS and NS∗ are satisfied. Then for q = p the
equation Lqu = 0 has a finite number of linearly independent solutions in (E(Ω))q, and
the equation

Lu = f, f ∈ (F (Ω))q

has a solution u ∈ (E(Ω))q if and only if

〈f, vi〉 = 0, i = 1, . . . , N,

where vi ∈ (Fq)∗ are linearly independent solutions of the equation

(4.15) (Lq)∗v = 0.

Proof. Equation (4.15) should be considered in (F∞)∗. However, if vi ∈ (F∞)∗, then
vi ∈ (Fq)∗. Moreover, all solutions of this equation from (Fq)∗ belong also to (F∞)∗.
Indeed, suppose that there exists w ∈ (Fq)∗ such that L∗w = 0 and w is not a linear
combination of vi, i = 1, . . . , N . Then we can find g ∈ Fq such that

vi(g) = 0, i = 1, . . . , N, w(g) 	= 0.

By virtue of the solvability conditions, the equation Lqu = g has a solution in Eq.
Applying the functional w to both sides, we obtain a contradiction.
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We recall finally that if E = W k,q, then Eq = E = W k,q (1 < q < ∞). Thus we
obtain the Fredholm property for elliptic operators in Sobolev spaces. The theorem is
proved. �
Remark 5.4.10. Solvability conditions in the spaces W k,q do not depend on q.

5.5. The space Eq. Continuation. In this section we prove the main theorem about
the Fredholm property in spaces Eq. We begin with the following lemma.

Lemma 5.5.1. Let E be a Banach space such that D is dense in E, and let φi ∈ E∗ be
linearly independent functionals, i = 1, . . . , N , and φi(f) = 0 for some f ∈ E. Then for
any ε > 0 there exists f0 ∈ D such that ‖f − f0‖E ≤ ε and φi(f0) = 0, i = 1, . . . , N .

Proof. We show first that there exists a system of functions θj , j = 1, . . . , N biorthogonal
to φi and such that θj ∈ D. To do this we note that there exist functions θj ∈ D such
that the matrix ΦN = (φi(θj)) is invertible. We prove it by induction in the number
of functionals. For a single functional it is obvious. Suppose that for the functionals
φ1, . . . , φN−1 there exist functions θj , j = 1, . . . , N − 1 such that the corresponding
matrix ΦN−1 is invertible. We show that for a functional φN linearly independent with
the functionals φ1, . . . , φN−1 we can choose θN such that the matrix ΦN is invertible.
Indeed, otherwise, from the equality of its determinant to zero we obtain

cNφN (θN ) = c1φ1(θN ) + · · · + cN−1φN−1(θN ), ∀θN ∈ D,

where the coefficients cj are determined by φi(θj) with j = 1, . . . , N − 1. We note that
cN 	= 0 since det ΦN−1 	= 0. Hence φN is linearly dependent on φ1, . . . , φN−1 since D is
dense in E. This contradiction proves the existence of functions θj ∈ D such that the
matrix ΦN is invertible.

The construction of the biorthogonal system of functions is now obvious. We put

θ̃j = k1θ1 + · · · + kNθN

and choose ki such that φi(θ̃j) = δij . We omit the tilde in what follows.
Let f ∈ E be such that φi(f) = 0, i = 1, . . . , N . Consider a sequence fn ∈ D

converging to f . Put

f̃n = fn −
N∑

j=1

φj(fn)θj .

Then f̃n ∈ D and φi(f̃n) = 0. Moreover, f̃n converges to f . As a function f0 from the
formulation of the lemma we take f̃n for n sufficiently large. The lemma is proved. �

Since D is dense in Eq, then the lemma is applicable, and we can choose a system
of functions ej ∈ D, j = 1, . . . , N biorthogonal to functionals vi ∈ (Fq)∗, i = 1, . . . , N .
Moreover, Theorem 5.3.5 can be proved for the spaces Eq. Lemma 5.4.4 is applicable
for these spaces. If we assume that the operator Lq : Eq → Fq satisfies the Fredholm
property, then the equation

(5.1) Lu = θjfj −
N∑

i=1

〈θjfj , vi〉ei

is solvable in Eq for any fj ∈ Fq, and its solution uj satisfies the estimate

(5.2) ‖uj(·)ωδ(· − yj)‖Eq
≤ C‖fjθj‖F ,

where C depends on the diameters of the supports of ei but is independent of j, and the
support of θj belongs to a unit ball Bj with center at yj . Since Eq ⊂ E∞, we have also
the estimate

(5.3) ‖uj(·)ωδ(· − yj)‖E∞ ≤ C‖fjθj‖F .
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Let θ0(x) ∈ C∞
0 (Rn), supp θ0 ⊂ B0, where B0 is the unit ball with center at the origin,

f0 ∈ (F (Ω̂))q. We use the construction similar to that in the proof of Theorem 4.2.3. We
extend the function f0 to Fq(Rn). Let it be f̃0. Denote

f̃j(x) = f̃0(x − yj), θj(x) = θ0(x − yj).

Then supp θj ⊂ Bj . As functions fj(x) we take restrictions of f̃j(x) to Ω. It can be
proved that

(θj(x + yj)fj(x + yj) − θ0(x)f0(x))θ → 0 in F (Ωyj
→ Ω̂)

for any θ ⊂ C∞
0 (Rn), where Ω̂ is a limiting domain.

Now, consider sequences θj and fj such that

‖θjfj‖F ≤ M

with some constant M , and where yj → ∞. This means that the support of θj moves
to infinity. Instead of this, we can shift the domain Ω in such a way that Bj does not
change. Let it be the unit ball with the center at y0. As in the proof of Theorem 4.2.3
we can pass to the limit in equation (5.1):

(5.4) L̂u = θ0f̂ .

The second term on the right-hand side disappears since the functions ei have bounded
supports. Since the sequence uj is uniformly bounded in E∞, and the operator L∞
satisfies Condition CL, then equation (5.4) has a solution u0 ∈ E∞(Ω̂). The sequence uj

converges to u0 locally weakly in E∞.
On the other hand, the sequence vj(x) = uj(x)ωδ(x−y0) is uniformly bounded in E∞.

Therefore, there exists its subsequence that converges locally weakly to some v0 ∈ E∞(Ω̂).
Hence u0(x)ωδ(x − y0) ∈ E∞(Ω̂). As in the proof of Lemma 5.4.4 we conclude that

‖u0(x)ωδ1(x − y0)‖Eq
≤ C1‖θ0f̂‖F

for some positive constant C1 and 0 < δ1 ≤ δ.
Let θj be a partition of unity. As above, the equation

(5.5) L̂u = θj f̂

has a solution. Denote it by uj . Then u =
∑∞

j=1 uj is a solution of the equation Lu = f .
Lemmas 5.4.7 and 5.4.8 allow us to conclude that u ∈ Eq for q = p. Thus we have proved
the following lemma.

Lemma 5.5.2. Let the operator Lq be Fredholm, q = p. Then any limiting problem

L̂qu = f, x ∈ Ω̂

is solvable in Eq for any f ∈ Fq.

We recall that for q = p the spaces Eq and Fq coincide, respectively, with the spaces
E and F defined in Section 1.

Theorem 5.5.3. Let q be a given number, 1 < q < ∞, q = p, and let L be an elliptic
operator. Then the following assertions are equivalent:

(i) The operator Lq is Fredholm.
(ii) All limiting operators L̂q are invertible.
(iii) Conditions NS and NS∗ are satisfied.
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Proof. 1. (i) → (ii). Consider the equation

L̂qu = f0, u ∈ Eq(Ω̂), f0 ∈ Fq(Ω̂).

The solvability of this equation for any f0 ∈ Fq(Ω̂) follows from Lemma 5.5.2.
It remains to prove that the equation

(5.6) L̂qu = 0, u ∈ Eq(Ω̂)

has only the zero solution. Suppose that it is not so. To obtain a contradiction it
is sufficient to prove that the operator Lq : Eq(Ω) → Fq(Ω) is not proper. Consider a
nonzero solution u = u0 of equation (5.6). We can assume that u0 is extended to Eq(Rn).
Let vn(x) = φn(x)u0(x+xn), where φn(x) are functions with compact supports, xn ∈ Ω,
and |xn| → ∞ is the sequence for which the shifted domains converge to the limiting
domain Ω̂. Moreover, we assume that supp φn are balls with radius rn → ∞, and all
derivatives of φn(x) tend to zero as n → ∞. We have

(5.7) Lqvn = φnLqu0(· + xn) + · · · .

The terms on the right-hand side of (5.7) that are not written tend to zero because of the
assumption on φn that their derivatives tend to zero. The supports of the functions φn

can be chosen in such a way that the first term on the right-hand side of (5.7) tends to
zero as n → ∞ (see [45] for more details). Hence Lqvn → 0. It can be easily proved that
the sequence vn is not compact in Eq(Ω). Therefore the operator Lq is not proper. This
contradiction show that equation (5.6) has only the zero solution. Thus the invertibility
of the operator L̂q is proved.

2. (ii) → (iii). The proof is the same as the proof of Theorem 5.2.6.
3. (iii) → (i). This follows from Theorem 5.4.9.

The theorem is proved. �

We will show now that if the Fredholm property is satisfied for some value of p, then it
is also satisfied for other p assuming that the domain and the coefficients are sufficiently
smooth. Suppose that the operator Lp is Fredholm for some p = p0. Then from (i) of
Theorem 5.5.3 we have (ii) and (iii) for the same p0.

We can prove that Conditions NS and NS∗ are satisfied in other spaces. Let us begin
with Condition NS.

Suppose that it is not satisfied for some l1, p1; that is, there exists a nonzero solution
of the equation

L̂u = 0, u ∈
N∏

j=1

W l1+tj ,p1

∞ (Ω̂).

Then obviously u ∈
∏N

j=1 W
l+tj ,p1

∞ (Ω̂) for max(0, σj + 1) ≤ l < l1. But also for l > l1.
This follows from a priori estimates of solutions in ∞-spaces. From the embedding
theorems it follows that u belongs to

∏N
j=1 W

l+tj ,p
∞ (Ω̂) with other p also.

Hence if Condition NS is not satisfied in some space, then it is not satisfied in other
spaces either.

Consider now Conditions NS∗. We note first of all that from Theorem 5.5.3 it follows
that limiting operators are invertible. Therefore the equation

L̂u = f

is solvable for any f ∈ D. Its solution belongs to
∏N

j=1(W
l+tj ,p(Ω̂))1 for any l, p. Locally

it follows from a priori estimates, and we have the required behavior at infinity since f
has a bounded support.
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Suppose that Conditions NS∗ are not satisfied for some l1, p1; that is, there exists
v 	= 0 such that

L̂∗v = 0, v ∈ (F ∗)∞
or

L̂∗v = 0, v ∈ (F1)∗.

Since v belongs to the space dual to F1, then there exists f ∈ D such that

〈v, f〉 	= 0.

Hence the equation L̂u = f is not solvable in E1. Indeed, otherwise we apply the
functional v to both sides of this equality and obtain a contradiction.

However, it was shown above that this equation is solvable. This contradiction shows
that Conditions NS∗ is satisfied for all l, p.

This result shows in particular that if the Fredholm property is verified for elliptic
problems in Lp, then it can be used also in L2, which is sometimes more convenient. On
the other hand, if the Fredholm property is verified in L2, then it can be done also in Lp.

Let us show now that the Fredholm property holds not only for q = p but also for
q ≤ p. We will verify Assumption 5.4.5. Let

E = Lp, Eq = (Lp)q.

Then
‖u‖q

Eq
=

∑
j

‖φju‖q
Lp .

If u =
∑

i ui, then from Lemma 5.4.7,

‖φju‖p
Lp ≤ C

∑
i

‖φjuiωδ(x − yi)‖p
Lp .

From this estimate and the previous equality we have

‖u‖q
Eq

≤ Cq/p
∑

j

(∑
i

‖φjuiωδ(x − yi)‖p
Lp

)q/p

.

On the other hand,∑
i

‖uiωδ(x − yi)‖q
Eq

=
∑

i

∑
j

‖φjuiωδ(x − yi)‖q
Lp .

Therefore, to verify Assumption 5.4.5 it is sufficient to satisfy the estimate(∑
i

‖φjuiωδ(x − yi)‖p
Lp

)q/p

≤
∑

i

‖φjuiωδ(x − yi)‖q
Lp .

It is satisfied if q ≤ p (see Lemma 5.4.6). We can now apply Theorem 5.4.9 for any q ≤ p.

5.6. Weighted spaces. Let µ(x) be a positive infinitely differentiable function defined
for all x ∈ Rn and satisfying the following condition:

| 1
µ(x)

Dβµ(x)| → 0 as |x| → ∞

for any multi-index β, |β| > 0. We can take for example µ(x) = (1 + |x|2)s, where s ∈ R.
For any Banach space E we introduce the space Eµ with the norm

(6.1) ‖u‖Eµ
= ‖µu‖E .
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This means that u ∈ Eµ if and only if µu ∈ E (see [44]). Consider weighted Sobolev
spaces. Let

E =
N∏

j=1

W l+tj ,p(Ω),(6.2)

F =
N∏

j=1

W l−si,p(Ω) ×
m∏

j=1

W l−σj−1/p,p(∂Ω).(6.3)

Then the spaces Eµ and Fµ are defined.
Denote by S the operator of multiplication by µ. We have

S : Eµ → E, S−1 : E → Eµ,

S : Fµ → F, S−1 : F → Fµ.

If v ∈ Eµ, then ‖Sv‖E = ‖µv‖E = ‖v‖Eµ
.

Consider the elliptic operators (1.1)–(1.3) (Section 1), L : E → F , where E and F are
the spaces (6.2), (6.3).

Proposition 5.6.1. The operator L is a bounded operator from Eµ to Fµ.

Proof. Let u ∈ W r,p
µ (Ω), where r is a positive integer. Then v = uµ ∈ W r,p(Ω), and

µ
∂u

∂xi
=

∂v

∂xi
− µ−1 ∂µ

∂xi
∈ W r−1,p(Ω).

Therefore u ∈ W r−1,p
µ (Ω); that is, the operator of differentiation is bounded from W r,p

µ (Ω)

to W r−1,p
µ (Ω). Hence Dα is a bounded operator from W r,p

µ (Ω) to W
r−|α|,p
µ (Ω), and Ai

is a bounded operator from Eµ to W l−si,p
µ (Ω).

Similarly, Bj is a bounded operator from Eµ to W
l−σj ,p
µ (Ω), and hence to

W
l−σj−1/p,p
µ (∂Ω). The proposition is proved. �

Theorem 5.6.2. If operator L : E → F is Fredholm, then the operator L : Eµ → Fµ is
Fredholm.

Proof. Consider operator L as acting from Eµ to Fµ. Then the operator M = SLS−1

acts from E to F . We have for u ∈ E, ω = 1/µ:

SAiS
−1u = SAi(ωu) = Aiu +

n∑
k=1

∑
|α|≤αik

aα
ik(x)

∑
β+γ≤α,β �=0

cβγµDβωDγuk.

Since for |β| > 0,
µ(x)Dβω(x) → 0 as |x| → ∞,

we conclude that the limiting operators for SAiS
−1 coincide with the limiting operators

for Ai. The same is true for the boundary operators. Hence the operators M : E → F
and L : E → F have the same limiting operators.

If the operator L : E → F is Fredholm, then Conditions NS and NS∗ are satisfied for
it. Hence they are satisfied also for the operator M : E → F . Therefore the operator M
is Fredholm.

It remains to prove that if M : E → F is Fredholm, then the operator L : Eµ → Fµ

also satisfies the Fredholm property.
Indeed, let ui ∈ E, i = 1, . . . , k be all the linearly independent solutions of the equation

Mu = 0. Then vi = S−1ui ∈ Eµ, i = 1, . . . , k are solutions of the equation

(6.4) Lv = 0.
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Conversely, if v ∈ Eµ is a solution of the equation (6.4), then u = Sv is a solution of the
equation Mu = 0. Hence u =

∑k
i=1 ciui, and it follows that

v = S−1u =
k∑

i=1

ciS
−1ui =

k∑
i=1

civi.

Therefore vi, i = 1, . . . , k are all the linearly independent solutions of (6.4).
Now consider the adjoint operators:

L∗ : F ∗
µ → E∗

µ, M∗ : F ∗ → E∗.

We have
S∗ : F ∗ → F ∗

µ , (S−1)∗ : F ∗
µ → F ∗.

Let φj ∈ F ∗, j = 1, . . . , l be linearly independent solutions of the equation

(6.5) M∗φ = 0.

Then ψj = S∗φj ∈ F ∗
µ , j = 1, . . . , l are solutions of the equation L∗ψj = 0 since M∗ =

(S−1)∗L∗S∗ : F ∗ → E∗. If ψ ∈ F ∗
µ is an arbitrary solution of the equation

(6.6) L∗ψ = 0,

then φ = (S−1)∗ψ ∈ F ∗ is a solution of the equation M∗φ = 0. Hence φ =
∑l

j=1 cjφj .
Therefore

ψ = S∗φ =
l∑

j=1

cjS
∗φj =

l∑
j=1

cjψj .

We have proved that ψj , j = 1, . . . , l is a complete system of linearly independent solu-
tions of equation (6.6).

Consider the equation

(6.7) Lv = g, v ∈ Eµ, g ∈ Fµ.

Suppose that

(6.8) 〈g, ψj〉 = 0, j = 1, . . . , l,

where ψj ∈ F ∗
µ are all the linearly independent solutions of the equation (6.6). Then

φj = (S∗)−1ψj ∈ F ∗, j = 1, . . . , l

are all the linearly independent solutions of the equation M∗φ = 0. It follows from (6.8)
that

〈g, S∗φj〉 = 0, j = 1, . . . , l.

Consequently,

(6.9) 〈Sg, φj〉 = 0.

Denote f = Sg ∈ F . Since the operator M is Fredholm, then from (6.9) it follows
that the equation Mu = f has a solution u ∈ E. We have SLS−1u = f . Therefore
LS−1u = S−1f = g. Hence v = S−1u ∈ Eµ is a solution of equation (6.7). We
have proved that from (6.8) it follows that equation (6.7) has a solution. Therefore the
operator L : Eµ → Fµ is Fredholm. The theorem is proved. �

Remark 5.6.3. In bounded domains Ω the weighted space Eµ coincides with the space
E. Choosing a proper µ we can obtain a prescribed behavior at infinity in the case of
unbounded domains.
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6. Examples

We show in this work that elliptic operators in unbounded domains satisfy the Fred-
holm property if and only if all their limiting operators are invertible. In the general
case, the invertibility of limiting operators cannot be verified explicitly. In some partic-
ular cases it can be done. We consider below some examples.

6.1. Limiting domains. We begin with some examples in which limiting domains can
be constructed explicitly.

1. If Ω = Rn, then the only limiting domain is the whole Rn. If Ω is an exterior
domain for some bounded domain, then, as before, the only limiting domain is Rn.

2. In the case of the half-space, Ω = Rn
+, n > 1, there are two limiting domains, the

same half-space and the whole space. For the half-line, the limiting domain is R1.
3. If Ω is an unbounded cylinder with a bounded cross section, then the only limiting

domain is the same cylinder (up to a shift). It is also a limiting domain for a half-cylinder.
Consider a domain in R2 given by

Ω = {(x, y), y > f(x)},
where f(x), x ∈ R1 is a given function continuous with its first derivative. Suppose
that f(x) and f ′(x) have limits (finite or infinite) as x → ±∞. Then the tangent to the
boundary ∂Ω has limits. The half-planes limited by the limiting tangents are limiting
domains. These half-planes and the whole plane form all limiting domains.

If, for example, f(x) = x2, then there are three types of limiting domains: the whole
plane, the right half-plane, the left half-plane. For the exponential, f(x) = ex, the
limiting domains are the whole plane, the left half-plane, the upper half-plane.

For periodic and quasi-periodic functions f(x), for which limits for the function and
for its derivative at infinity do not exist, the limiting domains are either the domain Ω
itself (up to a sift) or the whole plane.

We will introduce a special class of domains for which the limiting domains can be
either the whole space or a half-space. We denote by ν(x) the inward normal unit vector
to the boundary at x ∈ ∂Ω.

Condition R. For any sequence xk ∈ ∂Ω, k = 1, 2, . . . , |xk| → ∞ and for any given
number r > 0 there exists a subsequence xki

such that the limit limki→∞ ν(xki
+ hki

)
exists for all hki

: hki
∈ Rn, |hki

| < r, xki
+ hki

∈ ∂Ω, and it does not depend on hki
.

We will study the structure of limiting domains Ω∗ for domains Ω that satisfy Con-
dition R. Let Ω∗ be a limiting domain and xk ∈ Ω, k = 1, 2, . . . , |xk| → ∞, be the
sequence that determines this limiting domain. Denote by dk the distance from xk to
the boundary ∂Ω. Consider two cases:

1. If the sequence dk is unbounded, then there exists a subsequence dki
→ ∞. The

sequence xki
determines the same limiting domain Ω∗. Then Ω∗ = Rn.

2. If the sequence dk is bounded, then we can assume, choosing a subsequence if
necessary, that dk → d < ∞.

It is convenient to reformulate Condition R in the following form.

Condition R. If the boundary ∂Ω is unbounded, then for any sequence xk ∈ ∂Ω,
k = 1, 2, . . . , |xk| → ∞ there exists a subsequence xki

such that for any given number
r > 0 the limit limki→∞ ν(xki

+hki
) exists for all hki

: hki
∈ Rn, |hki

| < r, xki
+hki

∈ ∂Ω,
and it does not depend on hki

.
In other words, the subsequence can be chosen independently of r. To prove that the

second definition follows from the first one, it is sufficient to take a sequence rj → ∞.
For each value of j we can take a subsequence according to the first definition in such a
way that it is a subsequence of the previous one. Then we use a diagonal process.
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Denote by yk the point of the boundary ∂Ω such that the distance from yk to xk

equals dk. Obviously, |yk| → ∞.
Let yki

be a subsequence chosen according to Condition R. Instead of the sequence
xk we consider the subsequence xki

. The limiting domain Ω∗ remains the same. We can
use Theorem 3.3 from [45]. Let f(x) be a function that satisfies the conditions of the
theorem. Then, taking a subsequence if necessary, according to Theorem 3.8 from [45]
we can find a function f∗(x) such that fki

(x) ≡ f(x + xki
) → f∗(x) in C1

loc(R
n), and

domain Ω∗ = {x : f∗(x) > 0} is the limiting domain under consideration.
For convenience we write k instead of ki:

(1.1) fk(x) ≡ f(x + xk) → f∗(x)

in C1
loc(R

n). The limit

(1.2) lim
k→∞

ν(xk + hk) = µ

exists for all hk: hk ∈ Rn, |hk| < r, xk + hk ∈ ∂Ω (where r > 0 is a given number, µ is
some constant), and it is independent of hk.

It will be shown below that for any z0 ∈ ∂Ω∗ the inward unit normal vector equals µ.
The following lemma allows us to conclude that Ω∗ is a half-space.

Lemma 6.1.1. If the domain Ω ⊂ R
n satisfies Condition D and all inward normal unit

vectors to the boundary ∂Ω coincide up to a shift, then Ω is a half-space.

Proof. Denote Γ = ∂Ω. Let us show that any point z ∈ Γ has a neighborhood U such
that U ∩ Γ coincides with U ∩ T (z), where T (z) is a tangent plane to Γ at the point z.
Consider the local coordinate y = (y1, . . . , yn) in the vicinity of the point z such that the
axis yn goes along the inward normal vector to Γ at the point z, and all other coordinate
axes are in the tangent plane. We can assume that this system of coordinates is obtained
from the original one by a translation of the origin and by rotation. In this case, if the
neighborhood U is sufficiently small, then the surface Γ in U can be given by the equation

(1.3) yn = f(y′), y′ = (y1, . . . , yn−1).

Since all normal vectors to Γ∗ are parallel to each other, then all normal vectors to the
surface (1.3) are parallel to the yn-axis. This means that ∂f/∂yi ≡ 0, i = 1, . . . , n − 1;
that is, f(y′) is a constant. Since f(0) = 0, then f(y′) ≡ 0. Thus, it is proved that
U ∩ Γ = U ∩ T (z).

Take an arbitrary point z0 ∈ Γ. Denote by Γ(z0) the part of the manifold Γ such that
its points can be connected by a continuous curve on Γ. Let z ∈ Γ(z0) and γ ⊂ Γ be a
continuous curve connecting z0 and z. For each point ζ ∈ γ choose a neighborhood as
indicated above. We can also choose a finite covering of the curve γ with such neigh-
borhoods. If we consider consecutive neighborhoods from this covering and take into
account that the vectors ν(ζ) are equal, we obtain T (z0) = T (z). Therefore γ ⊂ T (z0).
Since z is an arbitrary point in Γ(z0), then

(1.4) Γ(z0) ⊂ T (z0).

Let us show that

(1.5) Γ(z0) = T (z0).

Suppose that this equality is not true. Let z1 ∈ T (z0), z1 	∈ Γ(z0). Let us connect the
points z0 and z1 by an interval l. Then there is a point z∗ ∈ l such that in each of its
neighborhoods there are points from Γ(z0) and points that do not belong to Γ(z0). Since
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[z0, z∗) ∈ Γ and Γ is a closed set, then z∗ ∈ Γ. As shown above, z∗ has a neighborhood
U where

(1.6) U ∩ Γ = U ∩ T (z∗)

Therefore [z0, z∗] ⊂ Γ. This means that z∗ ∈ Γ(z0). From (1.4) it follows that z∗ ∈ T (z0).
As above, we obtain T (z∗) = T (z0). By virtue of (1.6), U ∩ Γ = U ∩ T (z0). Hence, we
can conclude that all points of the interval l, sufficiently close to z∗ belong to Γ and
consequently to Γ(z0). This contradiction proves (1.5).

Denote by Π+(z0) (Π−(z0)) the half-space bounded by the plane T (z0) and located
in the direction of the inward (outward) normal vector to Γ at the point z0. Let us show
that

(1.7) Π+(z0) ⊂ Ω.

If this is not the case, then there exists a point z ∈ Π+(z0), z 	∈ Ω. Let z̃ be the projection
of the point z on the plane T (z0). We have z̃ ∈ Γ. Since Condition D is satisfied, then
some interval ν(z̃) belongs to Ω. Therefore, there is a point ξ in the interval [z̃, z] such
that (z̃, ξ) ∈ Ω and ξ 	∈ Ω. Hence, ξ ∈ Γ. Consider the inward normal vector ν(ξ) at the
point ξ. According to the condition of the lemma, ν(ξ) and ν(z̃) coincide up to a shift.
Moreover, by virtue of Condition D, none of the points of the outward normal vector
sufficiently close to ξ belongs to Ω. This contradiction proves (1.7).

We show that

(1.8) Π+(z0) = Ω.

Indeed, otherwise there exists a point z ∈ Ω, z 	∈ Π+(z0). This means that z ∈ Π−(z0).
Let z̃ be the projection of the point z on the plane T (z0). There is a point ξ in the
interval [z, z̃] such that [z, ξ) belongs to Ω, ξ 	∈ Ω. Therefore, ξ ∈ Γ and the inward
normal vector ν(ξ) has a direction opposite to the interval [z, ξ]. Since it is not possible,
we obtain a contradiction which proves (1.8). The lemma is proved. �

We will show now that for any point z0 ∈ ∂Ω∗ the inward normal unit vector equals
µ. Denote B(x0, r) = {x ∈ Rn, |x − x0| < r}. Let Γk be the intersection of ∂Ω with
B(xk, r), where r > d. Then Γk is not empty. As above, we take the point yk ∈ ∂Ω, such
that its distance to xk equals dk. All points of the set Γk have the form yk + h, where
|h| < 2r. Therefore, we have (1.2).

Let us shift the point xk to the origin and denote the shifted domain by Ωk. Denote
further Γ̃k = ∂Ωk ∩ B(0, r). For any point z ∈ ∂Ω∗ ∩ B(0, r) we can indicate a sequence
of points zk → z, zk ∈ Γ̃k. Moreover, νk(zk) → ν∗(z), where νk(zk) (ν(z∗)) is the inward
normal unit vector to Γ̃k (∂Ω∗) at the point zk (z). From (1.2) it follows that ν∗(z) = µ.
The assertion is proved.

We have proved the following theorem.

Theorem 6.1.2. If Conditions D and R are satisfied for a domain Ω ⊂ R
n, then each

of its limiting domains is either the whole space Rn or some half-space.

The inverse theorem also holds.

Theorem 6.1.3. Suppose that a domain Ω ⊂ Rn satisfies Condition D and each of its
limiting domain is either the space Rn or some half-space. Then Condition R is satisfied.

Consider domains Ω in the space Rn+1 with coordinates (x, y), where x = (x1, . . . , xn),
determined by the inequality y > f(x), where f(x) is a function defined for all x ∈ R

n and
continuous with its first derivatives. As usual, put ∇f(x) = (∂f(x)/∂x1, . . . , ∂f(x)/∂xn)
and consider the spherical coordinates x = rθ where r = |x|.

We present the following theorem without proof.
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Theorem 6.1.4. For any θ0, |θ0| = 1, let one of the following conditions be satisfied:
1. The limit limr→∞,θ→θ0 ∇f(rθ) exists and limr→∞,θ→θ0 |∇f(rθ)| < ∞.
2. limr→∞,θ→θ0 |∇f(rθ)| = ∞ and the limit

lim
r→∞,θ→θ0

∇f(rθ)
|∇f(rθ)| .

exists.
Then the domain Ω satisfies Condition R.

Consider the following examples (see also [34]).
1. Let f(x) = g(|x|), where g(t) is a continuously differentiable function defined for

t ≥ 0. Suppose that the limit limt→∞ g′(t) = g′(∞) exists. If |g′(∞)| < ∞, then we have
the first case of Theorem 6.1.4; if |g′(∞)| = ∞, then we have the second case.

2. Let f(x) = f0(x) + f1(x) (for |x| ≥ σ > 0), where f0(x) is a homogeneous function
of a positive order α ≥ 1,

f0(ρx) = ραf0(x), ρ > 0,

and f1(x) satisfies the condition

∇f1(x)|
|x|α−1

→ 0, |x| → ∞

(for example, f(x) can be a polynomial). These functions are supposed to be continuously
differentiable and |∇f(θ)| 	= 0 for all |θ| = 1. Then it can be verified that the conditions
of the theorem are satisfied.

6.2. Invertibility. To verify the invertibility of limiting operators we need to show
that the corresponding homogeneous equation has only the zero solution and that the
nonhomogeneous equation is solvable for any right-hand side. In some cases, in particular
for scalar operators, the solvability conditions can be formulated with the help of formally
adjoint operators [46].

If the coefficients of the operator have limits at infinity and the limiting domains are
invariant with respect to translation, then we can use a full or partial Fourier transform.
We will limit ourselves to the following examples.

1. One-dimensional case with constant limits at infinity.
Consider the operator

Lu = a(x)u′′ + b(x)u′ + c(x)u, x ∈ R,

assuming that the coefficients are sufficiently smooth and that the limits

a±, b±, c± = lim
x→±∞

a(x), b(x), c(x)

exist. The limiting equations

L±u ≡ a±u′′ + b±u′ + c±u = 0

have nonzero solutions if and only if one of the functions

λ±(ξ) = −a±ξ2 + b±iξ + c±, ξ ∈ R

becomes zero for some ξ.
For the formally adjoint operator

L∗u = (a(x)u)
′′
− (b(x)u)

′
+ c(x)u

(under the assumption that the derivatives of the coefficients tend to zero at infinity) the
functions λ±(ξ) do not change. Thus, the limiting operators are invertible if and only if

λ±(ξ) 	= 0 ∀ξ ∈ R.
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The curves λ±(ξ) on the complex plane determine the essential spectrum of the operator
L, that is, the set of all λ for which the operator L − λ does not satisfy the Fredholm
property.

2. Problems in cylinders.
Consider the operator

Lu = a(x)∆u + b(x)
∂u

∂x1
+ c(x)u

in an unbounded cylinder Ω ⊂ Rn with axis x1 and the orthogonal variables x′ ∈ G,
where G ⊂ Rn−1 is a bounded domain with a sufficiently smooth boundary. Consider
for example the homogeneous Dirichlet boundary conditions though it is not essential
for what follows. Assuming that the limits

a±(x′), b±(x′), c±(x′) = lim
x1→±∞

a(x), b(x), c(x)

exist, we can apply the partial Fourier transform with respect to the variable x1 to the
homogeneous limiting equations. The essential spectrum of the operator L is given by
the eigenvalues λ±(ξ) of the problem

a±(x′)∆′u + (−a±(x′)ξ2 + b±(x′)iξ + c±(x′))u = λ±(ξ)u, u|x′∈G = 0.

Here ∆′ is the Laplace operator with respect to the variables x′.
If the coefficients of the limiting operators and the limiting domains are not invariant

with respect to translation and the Fourier transform cannot be done, then the uniqueness
of the solution of the homogeneous equation can be shown, in some cases, by some other
methods. Consider the same operator as in the previous example and suppose first that
solutions of the equation

Lu = λu

decay exponentially as x1 → ±∞. Multiplying this equation by u and integrating over
Ω, we obtain that for real positive and sufficiently large λ it has only the zero solution.
If its solutions are bounded in the corresponding spaces but we do not assume them
to decay exponentially at infinity, then we can introduce a weighted space with a small
exponential weight and reduce this case to the previous one (see [45]).

This example is related to elliptic problems with a parameter. If we assume that all
limiting problems for the operator L are elliptic problems with a parameter, then we can
obtain their invertibility and, consequently, the Fredholm property of the operator L for
sufficiently large values of the parameter. Here we use the ellipticity with a parameter
in unbounded domains. This question will be studied in subsequent works.

6.3. Non-Fredholm operators. If one of the limiting operators is not invertible, then
the original operator is not Fredholm. It can still satisfy the Fredholm property in some
weighted spaces.

1. Problems in cylinders.
Consider the equation

(3.1) ∆u + cu = f

in an unbounded cylinder Ω ⊂ R
n with the axis x1 and with the orthogonal variables

x′ = (x2, . . . , xn). Here c ≥ 0 is some constant. Consider the homogeneous Neumann
boundary condition

(3.2)
∂u

∂n
= 0,
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where n is an outer normal vector. The corresponding operator L, acting from the space

E = {W 2,2(Ω),
∂u

∂n
= 0}

to the space F = L2(Ω), does not satisfy the Fredholm property since the limiting
problem

(3.3) ∆u + cu = 0,
∂u

∂n
= 0

has a nonzero solution. As is shown in [46], it is sufficient to verify Conditions NS and
NS∗ in the classes of smooth bounded functions.

To solve this problem put v(x) = p(x1)φ(x′), where φ(x′) is an eigenfunction of the
Laplace operator in the section of the cylinder with the homogeneous Neumann boundary
condition corresponding to the eigenvalue σ. Then

(3.4) p′′ + (c + σ)p = 0.

This equation has a bounded for all x1 ∈ R solution if c + σ ≥ 0. Denote the eigenvalues
of the Laplace operator in the section of the cylinder by σi, i = 0, 1, . . . and suppose that

c + σi > 0, i = 1, . . . , k, c + σi < 0, i = k + 1, . . . .

Then the bounded solutions of problem (3.3) are

u1
i (x) = cos(aix1)φi(x′), u2

i (x) = sin(aix1)φi(x′), i = 1, . . . , k, ai =
√

c + σi.

Let us introduce the weighted spaces

Eµ = {u(x) : u(x)µ(x1) ∈ E}, Fµ = {u(x) : u(x)µ(x1) ∈ F},
where

µ(x1) = eµ
√

1+x2
1 .

Denote
v(x) = u(x)eµ

√
1+x2

1 , g(x) = f(x)eµ
√

1+x2
1 .

Then v satisfies the equation

(3.5) ∆v − 2µ
x1√

1 + x2
1

∂v

∂x1
+

(
µ2 x2

1

1 + x2
1

− µ
1

(1 + x2
1)3/2

+ c

)
v = g.

Consider the operator

Lµv = ∆v − 2µ
x1√

1 + x2
1

∂v

∂x1
+

(
µ2 x2

1

1 + x2
1

− µ
1

(1 + x2
1)3/2

+ c

)
v,

acting from E to F , and the corresponding limiting problems

L±
µ v = ∆v ∓ 2µ

∂v

∂x1
+ (µ2 + c)v,

∂v

∂n
= 0.

Denote
p(x1) =

∫
G

v(x)φ(x′)dx′,

where G is the cross section of the cylinder. Multiplying the limiting equation L±
µ v = 0

by φ(x′) and integrating by parts over G, we obtain the equation

p′′ ∓ 2µp′ + (σ + c + µ2)p = 0.

Here σ is the eigenvalue corresponding to the eigenfunction φ(x′). Since the eigenvalues
of the Laplace operator in the section of the cylinder form a discrete set, then we can
choose a value µ 	= 0 such that σ + c + µ2 	= 0 for any eigenvalue σ. Hence bounded
solutions p(x1) of the last equation do not exist and the limiting problems do not have
nonzero bounded solutions.
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The same remains valid for the formally adjoint operator. Consequently, we can use
the results of [46] in order to conclude that the operator Lµ : E → F satisfies the
Fredholm property. Equation (3.5) is solvable if and only if the solvability conditions

(3.6)
∫

Ω

g(y)v(y)dy = 0

are verified for any solution v of the formally adjoint equation

∆v + 2µ
∂

∂x1

(
x1√

1 + x2
1

v

)
+

(
µ2 x2

1

1 + x2
1

− µ
1

(1 + x2
1)3/2

+ c

)
v = 0.

If we write it in the form

(3.7) ∆v + 2µ
x1√

1 + x2
1

∂v

∂x1
+

(
µ2 x2

1

1 + x2
1

+ µ
1

(1 + x2
1)3/2

+ c

)
v = 0,

we can easily see that it can be obtained from (3.5) with the change of µ by −µ.
Any solution u ∈ Eµ of equation (3.1) has the form

u = exp(−µ
√

1 + x2
1) v,

where v ∈ E is a solution of equation (3.5). Any solution u ∈ E−µ of the equation
formally adjoint to (3.1) (it coincides with (3.1)) has the form

u = exp(µ
√

1 + x2
1) v,

where v ∈ E is a solution of equation (3.7).
We have proved the following theorem.

Theorem 6.3.1. Problem (3.1), (3.2), where u ∈ Eµ, f ∈ Fµ satisfies the Fredholm
property for any real µ 	= 0 such that µ2 + c + σ 	= 0 for all eigenvalues σ.

This problem is solvable in Eµ for f ∈ Fµ if and only if∫
Ω

u0(x) f(x) dx = 0

for any solution u0 ∈ E−µ of the homogeneous problem (3.3).

It follows from the theorem that the number of solvability conditions can grow when
µ increases. This can be explained as follows. The space Eµ narrows when µ increases.
Therefore, we need more conditions on f in order for the solution to belong to this space.

These results can easily be generalized for operators with variable coefficients having
limits at infinity.

2. Problems in R2.
Consider the operator

Lu = ∆u + c
∂u

∂x2
+ b(x2)u

in R
2. Here c is some constant, the function b depends only on x2, b(±∞) < 0. Suppose

that the zero eigenvalue of the operator

L0u = u′′ + cu′ + b(x2)u

is simple (with an eigenfunction u0(x2)) and all other points of its spectrum are in the
left half-plane. Here ′ denotes the differentiation with respect to x2.

There are three limiting problems:

∆u + c
∂u

∂x2
+ b(±∞)u = 0
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and
∆u + c

∂u

∂x2
+ b(x2)u = 0.

The last one has a nonzero bounded solution u(x) = u0(x2). Therefore, the operator L
is not Fredholm. Consider the equation

Lu = f.

We will use the same notation v and g as in the previous example. Then

(3.8) ∆v + c
∂v

∂x2
− 2µ

x1√
1 + x2

1

∂v

∂x1
+

(
µ2 x2

1

1 + x2
1

− µ
1

(1 + x2
1)3/2

+ b(x2)
)

v = g.

The limiting problems

∆v + c
∂v

∂x2
∓ 2µ

∂v

∂x1
+

(
µ2 + b(±∞)

)
v = 0

have constant coefficients. For sufficiently small µ they have only the zero solutions.
Consider next the limiting problems

∆v + c
∂v

∂x2
∓ 2µ

∂v

∂x1
+

(
µ2 + b(x2)

)
v = 0.

We use the partial Fourier transform with respect to x1:

ṽ
′′

+ cṽ
′
+

(
µ2 − ξ2 ∓ 2µiξ + b(x2)

)
ṽ = 0.

This equation can be written in the form

L0ṽ = −
(
µ2 − ξ2 ∓ 2µiξ

)
ṽ.

Since zero is a simple eigenvalue of the operator L0 and the rest of its spectrum is in the
left half-plane, this equation does not have nonzero solutions for small positive µ.

For a fixed x1 and x2 going to infinity we obtain another type of limiting problems
(x1 can be replaced here by x1 + h):

∆v + c
∂v

∂x2
− 2µ

x1√
1 + x2

1

∂v

∂x1
+

(
µ2 x2

1

1 + x2
1

− µ
1

(1 + x2
1)3/2

+ b(±∞)
)

v = 0.

Since b(±∞) < 0, then for sufficiently small µ this equation has only the zero solution
in the class of bounded functions.

The formally adjoint operator can be studied in the same way. The operator L con-
sidered in the weighted space satisfies the Fredholm property.
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