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ON THE ORBIT SPACE OF A COMPACT LINEAR LIE GROUP

WITH COMMUTATIVE CONNECTED COMPONENT

O. G. STYRT

Abstract. This paper is devoted to the study of topological quotients of compact
linear Lie groups. More precisely, it investigates the question of when such a quotient
is a topological or a smooth manifold.

The topological quotient of a finite linear group was studied by Mikhăılova in
1984. Here the connected component G0 of the original Lie group G is assumed to

be a torus of positive dimension.
The main method used here is to consider the weight system corresponding to the

decomposition of the representation of the commutative group G0 into irreducible
representations. In §8 an arbitrary linear group is reduced to a linear group of special
type, namely, one with a 2-stable weight system (for the definition and properties of
q-stable sets of vectors, where q ∈ N, see §§1, 4). The main results for a group with a
2-stable weight system are stated in the Introduction (Theorems 1.3–1.8) and proved
in §§6 and 7.

1. Introduction

Definition. A continuous map of smooth manifolds is called piecewise smooth if it takes
any smooth submanifold to a finite union of smooth submanifolds.

In particular, every proper smooth map of smooth manifolds is piecewise smooth.
We consider a differentiable action of some compact Lie group G on a smooth mani-

fold M .

Definition. We say that the quotient of the action G : M is diffeomorphic (piecewise
diffeomorphic) to a smooth manifold M ′ if the topological quotient M/G is homeomor-
phic to M ′ and the factorization map M → M ′ is smooth (piecewise smooth).

Definition. We say that the quotient of the action G : M is a smooth manifold if it is
piecewise diffeomorphic to some smooth manifold.

Suppose that there is a faithful linear representation of a compact Lie group G in
a real vector space V . We are interested in the question of whether the quotient V/G
of this action is a topological manifold, and also whether it is a smooth manifold. For
brevity, in what follows we will simply call a topological manifold a “manifold”.

Notation. For an arbitrary linear representation G : V and for a nonnegative integer d,
when we write (V ⊕ Rd)/G, unless we stipulate otherwise, we will mean the quotient of
the linear representation

(1.1) G : V ⊕ Rd, g : v + x → gv + x, g ∈ G, v ∈ V, x ∈ Rd.

Definition. A linear operator in a space over some field is called a reflection (a pseu-
doreflection) if its fixed point subspace has codimension 1 (2, respectively).
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Mikhăılova [1] obtained the following result in the case when the group G is finite:
if the quotient V/G is diffeomorphic to the space V , then the group G is generated by
pseudoreflections, and if G is generated by pseudoreflections, then the quotient V/G is
homeomorphic to V , and in particular, it is a manifold. We state a generalization of this
result, which we prove in §2.

Theorem 1.1. Suppose that the group G is finite. If (V ⊕ Rd)/G is a smooth manifold
for some d ≥ 0, then the group G is generated by pseudoreflections, and if G is generated
by pseudoreflections, then V/G is a manifold.

We denote by G0 the connected component of the identity of the group G, and by g

its tangent algebra. In the space V we can fix a G-invariant inner product. Then the
group G acts by orthogonal operators: G ⊂ O(V ) and G0 ⊂ SO(V ).

Let Gv be the stabilizer of a vector v ∈ V , and let gv := LieGv = {ξ ∈ g : ξv = 0}.
The group Gv leaves the vector v and the orbit Gv invariant, and therefore it also leaves
the tangent space Tv(Gv) = gv and the subspace Nv := (gv)⊥ invariant. We denote
by Mv the orthogonal complement in Nv of the subspace NGv

v of fixed vectors for the
action Gv : Nv. Then V = gv ⊕NGv

v ⊕Mv, GvMv = Mv, and

(1.2) Nv/Gv
∼= NGv

v × (Mv/Gv).

The space Mv contains no nonzero vectors fixed by Gv; in particular, if it is nontrivial,
then the group Gv cannot act trivially on it.

For an arbitrary element g ∈ G we introduce the notation

ω(g) := rk(E − g)− rk
(
E −Ad(g)

)
.

We set

Ω :=
{
g ∈ G : ω(g) ∈ {0; 2}

}
⊂ G.

Let v ∈ V be some vector with finite stabilizer. Then gv = 0 and for any g ∈ Gv we
have

(1.3) dim
(
(E − g)Nv

)
= dim

(
(E − g)V

)
− dim

(
(E − g)(gv)

)
.

The map g → gv, ξ → ξv is a linear isomorphism of the spaces g and gv, and if we
use it to identify these spaces, then an element g acts on gv in the same way as the
operator Ad(g) acts on g. In this case, dim

(
(E− g)(gv)

)
= rk

(
E−Ad(g)

)
and, by (1.3),

dim
(
(E − g)Nv

)
= ω(g). In particular, an element g ∈ Gv belongs to Ω if and only if it

acts on Nv by a pseudoreflection or trivially.
If W ⊂ V is a subspace, then the group O(W ) embeds into the group O(V ) as

a subgroup of all orthogonal transformations of the space V acting trivially on W⊥.
If g ∈ O(V ), then O(gW ) = gO(W )g−1. Next, let G[W ] := G ∩ O(W ) be the Lie
subgroup of all elements of G acting trivially on W⊥. The algebra g[W ] := LieG[W ] ⊂ g

consists of all elements of the algebra g that take W⊥ to zero. For every g ∈ G we have
G[gW ] = gG[W ]g−1 and g[gW ] = Ad(g)g[W ].

In this paper we consider the situation where the group G0 is commutative; that is,
it is a torus. Obviously, this property is preserved under passing to a quotient group.

Since G0 � G, under the action of any g ∈ G every G0-invariant subspace goes to
a G0-invariant subspace, and an irreducible G0-submodule goes to an irreducible sub-
module. Furthermore, the images of isomorphic G0-submodules are isomorphic. The
space V can be decomposed into a direct sum of pairwise orthogonal irreducible G0-inva-
riant subspaces. Then the direct sums of isomorphic irreducible submodules (isotypic
components) are also pairwise orthogonal, and the group G permutes them.

Every irreducible representation of the commutative group G0 has dimension 1 or 2.
Every two-dimensional representation has a complex structure according to which the
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group G0 acts on the complex line by multiplication by numbers in the Lie group T :=
{z ∈ C : |z| = 1}. The algebra LieT can be identified with R. Each two-dimensional
irreducible representation of the group G0 has a corresponding weight λ : G0 → T which
is a nontrivial homomorphism of Lie groups, as well as its differential, a nontrivial linear
function λ : g → R. The space g can be identified with g∗ by using an inner product
invariant under Ad(G); therefore the linear function λ can be understood as a vector
in the space g. A weight λ : G0 → T (a weight λ ∈ g) is determined up to pointwise
inversion (change of sign, respectively), since on the complex line we can make the change
of coordinates z → z. It is natural to associate the trivial weights λ : G0 → T and the
zero weights λ = 0 ∈ g with one-dimensional representations of the group G0, since the
group G0 acts trivially on these representations.

Classes of isomorphic irreducible representations of the group G0 are characterized by
weights λ ∈ g determined up to sign. The set P of weights λ corresponding to a decom-
position of V into a direct sum of irreducible components (taking their multiplicities into
account) is independent of the decomposition and is invariant, up to sign (but taking
account of the multiplicities), under the action of any operator Ad(g), g ∈ G.

Let Vλ (λ ∈ P ) be the isotypic component corresponding to the irreducible represen-
tations with weights ±λ. In particular, V0 is the isotypic component corresponding to
the one-dimensional irreducible representations. It is invariant under the action of G,
and under the action of G0, pointwise. We have Vλ1

= Vλ2
⇔ λ1 = ±λ2. For a subset

Q ⊂ P we denote by VQ the sum of the isotypic components Vλ over all λ ∈ Q.
Every isotypic component Vλ, λ 	= 0, has a complex structure, and an element g ∈ G0

acts on it by multiplication by λ(g), and ξ ∈ g acts by multiplication by iλ(ξ). Under
the action of an element g ∈ G the component Vλ goes to the component VAd(g)λ, and
the subspace VQ goes to VAd(g)Q. Furthermore, the component Vλ (λ 	= 0) is invariant
if and only if Ad(g)λ = ±λ. If in the last equality there is a “plus” sign (“minus” sign),
then the restriction of g to Vλ commutes (anticommutes) with each ξ ∈ g and therefore
is linear (antilinear) over the field C. Since the representation is faithful, the intersection
of the kernels of all the weights G0 → T in P is trivial, while the intersection of the
kernels of the corresponding weights λ ∈ g is zero, and therefore g is linearly generated
by these weights, that is, 〈P 〉 = g.

For a G0-invariant subspace W ⊂ V , the group G[W ] ∩ G0 (algebra g[W ]) is the
intersection of the kernels of the weights G0 → T (g → R, respectively) corresponding
to W⊥.

A decomposition of a set of vectors of a finite-dimensional linear space into compo-
nents is a representation of this set as a union of subsets whose linear hulls are linearly
independent. If at least two of these linear hulls are nontrivial, then the decomposition
is said to be proper. We say that a set is indecomposable if it does not admit any proper
decompositions into components. Every set of vectors is uniquely decomposable into
indecomposable components (up to distribution of the zero vector), and for any decom-
position of it into components, each component is a union of some of its indecomposable
components (again, up to the zero vector).

Definition. A finite set of vectors (taken with their multiplicities) in a finite-dimensional
space is called q-stable (q ≥ 0) if its linear hull does not change when at most q arbitrary
vectors (counting multiplicities) are removed from it.

The addition and removal of zero vectors does not affect the q-stability of a set, nor is
it affected by multiplying some vectors in the set by nonzero scalars. Clearly, the image
of a q-stable set under a linear map is q-stable. In particular, if a finite set of linear
functions on some space is q-stable, then the set of their restrictions to any subspace is
also q-stable.
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It is easy to see that a set containing at most q nonzero vectors is q-stable if and only
if it does not contain nonzero vectors. Therefore any q-stable set with a k-dimensional
linear hull (k > 0) contains more than q nonzero vectors, and if q of them are removed,
then the linear hull must still be k-dimensional. Consequently, there cannot be less than
k + q nonzero vectors in such a set.

If a q-stable set is decomposed into components (not necessarily indecomposable ones),
then each of the components is q-stable as the image of the original set under a linear
map, namely the projection onto the corresponding direct summand (up to addition and
removal of zeros).

We now state the results which we prove in what follows. First of all, the set of
all nonzero weights in P can be decomposed into a disjoint union of indecomposable
components Λ ⊂ P . Let L be the set of subspaces consisting of all the VΛ (where Λ
is an indecomposable component) and V0. Then all the subspaces in L are pairwise
orthogonal, and V is their direct sum.

The space g is the direct sum of the linear hulls of all the indecomposable compo-
nents Λ ⊂ P . The product of all the subgroups G[W ], W ∈ L, is direct and contains G0,
since the direct sum of all the subspaces g[VΛ] is g. To a faithful representation G[VΛ] : VΛ

there corresponds an indecomposable set of weights.
In §5 we shall prove the following theorem.

Theorem 1.2. Suppose that P is a 2-stable set and V/G is a smooth manifold. Then
the group G coincides with the direct product of all the subgroups G[W ], W ∈ L. Fur-
thermore, for any W ∈ L there exists a number d ≥ 0 such that (W ⊕ Rd)/G[W ] is a
smooth manifold.

If the group G coincides with the direct product of all the subgroups G[W ], W ∈ L,
and W/G[W ] is a manifold for each W ∈ L, then the quotient V/G is also a manifold as
the Cartesian product of the quotients W/G[W ], W ∈ L. (This also holds without the
requirement that P be 2-stable.)

If P is a 2-stable set, then each component Λ is itself 2-stable, and the set of weights
corresponding to the action G[VΛ] : VΛ is indecomposable, 2-stable, and contains no zeros.

In §8 the question of whether the quotient of an arbitrary representation of a Lie
group of the type under consideration is a (smooth) manifold will be reduced to a similar
question for a representation with a 2-stable set of weights.

In the case of a 2-stable set P we need to decompose V into the direct sum of subspaces
W ∈ L, verify whetherG coincides with the direct product of the subgroups G[W ],W ∈ L
(if this is not the case, then V/G is not a smooth manifold), and examine each action
G[W ] : W , W ∈ L separately. For W = V0 we can use Theorem 1.1, since the group
G[W ] is finite.

We must clarify the situation of a 2-stable indecomposable set P containing no zeros.
The following theorem describes this case under the additional condition dimG > 1.

Theorem 1.3. Suppose that the set of weights P is indecomposable, 2-stable, and con-
tains no zeros.

1. If dimG > 1 and (V ⊕ Rd)/G is a smooth manifold for some d ≥ 0, then the
following four conditions hold:
1) the set P is 2-stable and contains m+ 2 nonzero weights (m = dimG > 0);
2) the space V can be decomposed into a direct sum of pairwise orthogonal two-

dimensional G0-invariant subspaces W1, . . . ,Wm+2 permuted by the group G,
and the latter leaves the subspace W1 ⊕ · · · ⊕Wm and all the Wi, i = 1, . . . ,
m+ 2, m > 2, invariant;
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3) there exists an element g ∈ G leaving all the Wi invariant such that Ad(g) =
−E;

4) for any vector v ∈ V with finite stabilizer we have Gv = 〈Gv ∩ Ω〉.
2. If dimG > 0 (it is not necessary that dimG > 1) and conditions 1)–4) hold, then

V/G is a manifold.

Theorem 1.4. If the representation G : V satisfies conditions 1)–3) of Theorem 1.3 and
in addition the group G leaves all the subspaces W1, . . . ,Wm+2 invariant, then V/G is a
manifold.

Now suppose that the set P is indecomposable, 2-stable, and contains no zeros, while
the group G is one-dimensional (or equivalently, dimG = 1, while P contains at least
3 nonzero weights and no zero weights). The space V has a complex structure, and
Ad(G) ⊂ {±E}. An element g ∈ G such that Ad(g) = E (such that Ad(g) = −E)
acts on V linearly (antilinearly, respectively) over C. In §3 we shall prove that all the
complex reflections of the group G generate a finite subgroup H �G, the quotient V/H
is diffeomorphic to V , and the group G/H acts linearly on it. Obviously all the operators
of the group H are complex linear.

In §7 we look at this case and prove Theorems 1.5–1.8 for it.

Theorem 1.5. If (V ⊕ Rd)/G is a smooth manifold for some d, then dimC V = 3,
Ad(G) = {±E}, the group G is generated by the set Ω, and the representation (G/H) :
(V/H) is reducible. If all these conditions hold, then the quotient V/G is a manifold.

In the statements of the remaining three theorems we assume for convenience that
dimC V = 3 and Ad(G) = {±E}.
Theorem 1.6. Suppose that the group H is irreducible over the field C or G is reducible
over R. If (V ⊕Rd)/G is a smooth manifold for some d, then G = 〈Ω〉, and if G = 〈Ω〉,
then V/G is a manifold.

Following [4], for arbitrary p, q ∈ N we denote by G(pq, p, 3) the finite subgroup
of GL3(C) generated by all the operators of permutations of coordinates, as well as
by all operators of the form diag(ε1,1, 1) and diag(1, ε2, ε

−1
2 ) with εq1 = εpq2 = 1. The

group G(pq, p, 3) permutes the coordinate lines, and all its operators that result in an
even permutation on the set of these lines form the subgroup G′(pq, p, 3) of index 2.
Let G′(q, 3) ⊂ GLC(V ), q ∈ N, be the one-dimensional Lie group generated by the
group G′(q, 1,3) and all the scalar operators λE, λ ∈ T. Its normalizer contains the
involutive operator g(2,3) : (z1, z2, z3) → (z1, z3, z2), which is antilinear over C. We denote
by G(q, 3) ⊂ GLR(V ) the one-dimensional Lie group generated by G′(q, 3) and g(2,3).

Theorem 1.7. If the group H is irreducible over the field C and does not coincide with
any of the groups G(3q, 3,3), q ∈ N, then V/G is a manifold.

Theorem 1.8. Suppose that the group G is irreducible over R and H is reducible over C.
If for some d the quotient (V ⊕ Rd)/G is a smooth manifold, then G = G(q, 3), q > 1,
and if G = G(q, 3), q > 1, then V/G is a manifold.

When we assert that V/G is a manifold, the question of whether this quotient is a
smooth manifold remains open.

2. Auxiliary facts

Assertion 2.1. Suppose that M1, M2, M3 are smooth manifolds, f1 : M1 → M2 and
f2 : M2 → M3 are continuous maps, and the map f1 is proper, smooth, and surjective.
Then either both maps f2 and f := f2 ◦ f1 : M1 → M3 are piecewise smooth or neither
is.
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Proof. The image (inverse image) under the action of f1 of any smooth submanifold
of M1 (of M2) is a finite union of smooth submanifolds of M2 (of M1). Furthermore,
f(U1) = f2

(
f1(U1)

)
and f2(U2) = f

(
f−1
1 (U2)

)
for any subsets Ui ⊂ Mi. �

Corollary 2.1. Suppose that we have a linear representation of a compact Lie group G
(not necessarily with a commutative connected component) in a vector space V . Suppose
that for some normal subgroup H � G the quotient V/H is diffeomorphic to a smooth
manifold M . Then either both the quotients M/G and V/G are smooth manifolds or
neither is.

We again consider a linear representation G : V (as before, we do not require G0 to
be commutative). We denote the factorization map V → V/G by π.

Proposition 2.1. If V/G is a smooth manifold, then there exists a connected G-invari-
ant neighbourhood of zero U in V such that the quotient U/G is piecewise diffeomorphic
to an open ball of dimension dim(V/G).

Proof. The point π(0) ∈ V/G has a neighbourhood that is diffeomorphic to a cell; that
is, in V there exists a G-invariant neighbourhood of zero U such that the quotient U/G
is piecewise diffeomorphic to an open ball of dimension dim(V/G) and, in particular, is
connected. In the neighbourhood U , every path-connected component is open. If U0 is
a path-connected component containing 0, then the subsets U0 and U \U0 are open and
G-invariant. Their images under the factorization are open, disjoint, and their union is
the connected quotient U/G. Consequently, the neighbourhood U coincides with U0 and
is therefore connected. �

Lemma 2.1. If some neighbourhood of the point π(0) in V/G is a (smooth) manifold,
then V/G is a (smooth) manifold.

Proof. In the space V there exists a G-invariant neighbourhood U of zero such that the
quotient U/G is a (smooth) manifold; the set U contains some open ball B centred at
zero. This ball is G-invariant, and B/G is a (smooth) manifold. Since there exists a
diffeomorphism between V and B commuting with the action of G, the quotient V/G is
also a (smooth) manifold. �

Theorem 2.1. Let v ∈ V be some vector. The quotient V/G is a manifold locally at
the point π(v) if and only if Nv/Gv is a manifold. Furthermore, if V/G is a smooth
manifold, then Nv/Gv is also a smooth manifold.

Proof. We set H := Gv. By the slice theorem ([2], Ch. II, §§4, 5), in the space Nv there
exists an H-invariant neighbourhood U of the point v such that the subset GU is open
in V and is a homogeneous fibration G ∗

H
U , that is,

(2.1) U ∩ gU = ∅ ∀g ∈ G \H.

If V/G is a smooth manifold, then (GU)/G is also a smooth manifold, since GU
is an open subset of V . The factorization map GU → (GU)/G restricted to U gives
the factorization of U by H. Therefore, the quotient U/H is also a smooth manifold.
But then in the space Nv there is an H-invariant neighbourhood of zero U − v whose
quotient by the action of H is a smooth manifold: the map U → U − v, w → w − v is a
diffeomorphism commuting with the action of H.

The slice theorem also implies that the quotient V/G locally at the point π(v) is
homeomorphic to the quotient Nv/Gv locally at zero.

It remains to apply Lemma 2.1 to obtain both assertions of the theorem. �



ON THE ORBIT SPACE OF A COMPACT LINEAR LIE GROUP 177

Corollary 2.2. Let v ∈ V be an arbitrary vector. If (V ⊕ Rd)/G is a smooth manifold
for some d ≥ 0, then (Nv ⊕ Rd)/Gv is also a smooth manifold.

Proof. Under the natural embedding of V into V ⊕ Rd, on which the action (1.1) is
defined, the orthogonal complement of the subspace gv is exactly Nv ⊕ Rd. It remains
to use Theorem 2.1. �
Corollary 2.3. If for some vector v ∈ V the subspace Mv is nontrivial and the group Gv

acts transitively on the unit sphere in it, then V/G is not a manifold.

Proof. Clearly, the quotient of the space Mv by the action of Gv is homeomorphic to the
half-line R≥0, and by (1.2) the quotient Nv/Gv is homeomorphic to NGv

v × R≥0, which
is a closed half-space and thus is not a manifold. It follows from Theorem 2.1 that V/G
is not a manifold either. �

In the space V we can distinguish strata, that is, subsets of vectors with the stabilizer
conjugate to a fixed subgroup of G. Altogether there are finitely many (nonempty) strata,
each of them is G-invariant, and V is their disjoint union. This means the quotient V/G
also splits into a disjoint union of the images of strata under the factorization, which
we also call strata in V/G. For any vector v ∈ V , the stratum in V containing v is
a smooth submanifold of V of codimension dimMv. The image of this stratum under
the factorization is also a smooth manifold and has codimension in V/G equal to the
dimension of the quotient Mv/Gv. In particular, since dim(Mv/Gv) ≤ dimMv, the
codimension of a stratum in V/G does not exceed the codimension of the corresponding
stratum in V . The restriction of the map π to any stratum is a locally trivial fibration.
There is exactly one stratum of codimension 0 (that is, an open one) in the space V ; it
corresponds to the unique open stratum in V/G. We call these strata principal.

Lemma 2.2. If the quotient V/G is a manifold, then it contains no strata of codimen-
sion 1.

Proof. Suppose that there exists a stratum of codimension 1, and let v be a vector
contained in it. Then dim(Mv/Gv) = 1; therefore the space Mv is nontrivial, and the
quotient of its unit sphere by the action of Gv is discrete. By Corollary 2.3, the group Gv

cannot act transitively on the unit sphere inMv. Thus, the quotient of this action consists
of more than one point and, as it is discrete, it is not connected. But this can only happen
if the space Mv is one-dimensional and the group Gv acts on it trivially, which in turn
is impossible. �
Assertion 2.2. In every G0-invariant subspace W ⊂ V there exists a vector v such that
Mv ⊂ W⊥.

Proof. From the vectors in the space W we choose a vector v with minimal stabilizer,
by inclusion. There exists a neighbourhood U of the vector v in Nv satisfying (2.1). In
particular, the stabilizer of any vector in U is contained in Gv. Thus, the stabilizer of
any vector in W ∩U coincides with Gv, v ∈ W ∩U ⊂ NGv

v , W ∩Nv = 〈W ∩U〉 ⊂ NGv
v ,

and W = gv ⊕ (W ∩Nv) ⊂ gv ⊕NGv
v = M⊥

v . �
Lemma 2.3. Let W ⊂ V be a nonzero G0-invariant subspace such that the group G[W ]
acts transitively on its unit sphere. Then V/G is not a manifold.

Proof. We choose a vector v ∈ W⊥ such that Mv ⊂ W . By hypothesis, there are no
nonzero vectors in W fixed by G[W ]. In addition, G[W ] ⊂ Gv, whence W ∩ NGv

v = 0.
Furthermore, Mv ⊂ W ⊂ Nv; therefore W = Mv. Also, by hypothesis the action of
the group Gv, which contains G[W ], is transitive on the unit sphere in the nonzero
subspace Mv. It remains to apply Corollary 2.3 to obtain the required result. �
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Corollary 2.4. If V/G is a manifold, then there are no reflections in G with respect to
G0-invariant hyperplanes.

Proof. If g ∈ G is a reflection with respect to a G0-invariant hyperplane W ′, then the
operator g ∈ G[W ] acts on the G0-invariant line W := (W ′)⊥ by multiplication by (−1).
Therefore the group G[W ] acts transitively on the unit sphere in the space W (which
consists of two points). �

Corollary 2.5. If V/G is a manifold, then for every two-dimensional G0-invariant sub-
space W the group G[W ] is finite.

Proof. The group G[W ] embeds into O(W ) ∼= O2. If in addition G[W ] is infinite, then
it contains the group SO2 of all rotations of the two-dimensional space W and acts
transitively on its unit sphere (the circle). �

We denote by Uk (k > 0) the union of all the strata in V whose images under the
action of π have codimension greater than k in the quotient V/G. Then Uk/G is the
union of all the strata in V/G of codimension greater than k, and Uk is the union of some
strata in V which also all have codimension greater than k.

If V/G is a smooth manifold, then there exists a connected G-invariant neighbourhood
of zero U ⊂ V such that the quotient U/G is piecewise diffeomorphic to an open ball
of dimension dim(V/G). In particular, this quotient is a connected smooth manifold, all
its homotopy groups are trivial, and its subset (U ∩ Uk)/G is a union of finitely many
smooth submanifolds of codimensions greater than k. Consequently, (U \ Uk)/G is a
connected topological space with trivial homotopy groups π1, . . . , πk−1.

In the connected smooth manifold U ⊂ V , the subset U ∩ Uk is a union of finitely
many smooth submanifolds of codimension greater than k. Therefore, the topological
space U \Uk is nonempty and connected; hence the quotient (U \Uk)/G

0 is also nonempty
and connected. Furthermore, for any open ball B ⊂ V the subset B \Uk in the space V
is nonempty, connected, and has trivial homotopy groups π1, . . . , πk−1.

Theorem 2.2. If V/G is a smooth manifold, then the quotient group G/G0 is generated
by cosets containing a representative that leaves some vector with a corresponding stratum
in V/G of codimension at most 2 invariant, that is, a vector in V \ U2.

Proof. Consider a connected G-invariant neighbourhood of zero U ⊂ V such that the
quotient U/G is piecewise diffeomorphic to an open ball of dimension dim(V/G). As we
have already determined, the topological space (U \U2)/G

0 is nonempty and connected,
and its quotient (U \U2)/G by the action of the finite group G/G0 is simply connected.
Therefore the quotient group G/G0 is generated by elements that have a fixed point
in (U \ U2)/G

0. If an element of G/G0 leaves some orbit of the action G0 : U \ U2

invariant, then there exists a representative g ∈ G of the corresponding coset that leaves
some vector of this orbit invariant: gv = v, v ∈ U \ U2. �

We now prove Theorem 1.1. Suppose that G is a finite group. Recall that it remains
to prove the first assertion: if (V ⊕ Rd)/G is a smooth manifold for some d, then G
is generated by pseudoreflections. It suffices to prove this for d = 0: the rank of the
operator E − g (g ∈ G) is the same on the spaces V and V ⊕ Rd.

Thus, suppose that V/G is a smooth manifold. According to Corollary 2.4, the groupG
contains no reflections. If v ∈ V , then gv = 0, V = Nv = NGv

v ⊕Mv = V Gv ⊕Mv, and
the codimension of the stratum in V/G corresponding to v is dim(Mv/Gv) = dimMv,
since |Gv| < ∞.

By Theorem 2.2, the group G is generated by elements g that leave invariant some
vector v that has a corresponding stratum in V/G of codimension at most 2, that is, such
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that dimMv ≤ 2. An operator g ∈ Gv acts trivially on the subspace V Gv ; therefore,
dim

(
(E − g)V

)
≤ dimMv ≤ 2. Thus, g is the identity operator or a pseudoreflection

(there are no reflections in the group G).
Thus Theorem 1.1 is proved. �

Corollary 2.6. Suppose that the stabilizer Gv of some vector v ∈ V is finite.

1) If (V ⊕ Rd)/G is a smooth manifold for some d, then Gv = 〈Gv ∩ Ω〉, and if
Gv = 〈Gv ∩ Ω〉, then locally at the point π(v) the quotient V/G is a manifold.

2) If Gv = 〈Gv ∩ Ω〉 and the vector v lies on the unit sphere S ⊂ V , then locally at
the point π(v) the quotient S/G is a manifold.

Proof. The set of all elements of the group Gv acting on Nv by a pseudoreflection or
trivially coincides with Gv ∩ Ω.

If v ∈ S, then the orthogonal complement of the subspace gv in the tangent space
Tv(S) = 〈v〉⊥ is Nv(S) := Nv ∩ (TvS) = Nv ∩ 〈v〉⊥. Clearly, Nv = Nv(S) ⊕ 〈v〉.
Each element in Gv ∩ Ω acts on the line 〈v〉 trivially, and on Nv(S), as on Nv, by a
pseudoreflection or trivially.

It remains to use Theorems 2.1 and 1.1, as well as Corollary 2.2. �
Theorem 2.3. Suppose that an orbit in general position of the representation G : V has
nontrivial homotopy group πk (k > 0), and in the quotient V/G any stratum distinct from
the principal stratum has codimension greater than k + 2. Then V/G is not a smooth
manifold.

Proof. By hypothesis the principal stratum in V coincides with V \ Uk+2.
Suppose that V/G is a smooth manifold. Then there exists a connected G-invariant

neighbourhood of zero U ⊂ V such that the quotient U/G is piecewise diffeomorphic to
an open ball of dimension dim(V/G). The subset U ′ := U \ Uk+2 is open, connected,
G-invariant, and is contained in the principal stratum of the space V . The subset U ′/G
in V/G is connected, and its homotopy groups π1, . . . , πk+1 are trivial. The map π gives
a locally trivial fibration when restricted to the principal stratum, and therefore also
when restricted to U ′.

The neighbourhood U of zero contains an open ball B of some radius δ > 0 with
centre at zero. The set U ′ ∩ B = B \ Uk+2 is nonempty, G-invariant, connected, and
has trivial homotopy groups π1, . . . , πk+1. Let o ∈ U ′ ∩B be some vector. It belongs to
the principal stratum, and by hypothesis the group πk(Go) is nontrivial. The fibration
U ′ → U ′/G has fibre Go. We consider the segment of the exact homotopy sequence

πk+1(U
′/G)

ρk+1−−−→ πk(Go)
τk−→ πk(U

′).

Since the group πk+1(U
′/G) is trivial, the homomorphism τk is an embedding. Next,

Go ⊂ U ′ ∩B; consequently, for any element γ ∈ πk(Go), a k-dimensional spheroid in U ′

that is entirely contained in U ′ ∩ B corresponds to the element τk(γ) ∈ πk(U
′). This

spheroid contracts to a point in the subset U ′ ∩ B with trivial group πk, and therefore
also in the entire set U ′, whence the element τk(γ) is trivial. Since γ is arbitrary, the
homomorphism τk is trivial, but at the same time it is an embedding and the group
πk(Go) is nontrivial. We have obtained a contradiction. �
Corollary 2.7. Under the hypotheses of Theorem 2.3, the quotient (V ⊕ Rd)/G is not
a smooth manifold for any d.

Proof. It suffices to prove that for d ≥ 0 the representation (1.1) satisfies the hypotheses
of Theorem 2.3.

The quotient of this action is homeomorphic to V/G×Rd, the strata in it are exactly
the Cartesian products of the strata in V/G by Rd, and their codimensions are equal to
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the codimensions of the corresponding strata in V/G. Finally, an orbit in general position
for the action G : V is also an orbit in general position for the representation (1.1). �
Lemma 2.4. Suppose that V is a direct sum of two G-invariant subspaces V ′ and V ′′,
and the quotient of the action of G on the unit sphere S ⊂ V is a manifold. Furthermore,
suppose that the quotient of the unit sphere in V ′′ by the action of G, that is, (S∩V ′′)/G,
is homeomorphic to a closed ball (of some dimension), while all the homotopy groups of
the quotient

(
V ′ \ {0}

)
/G are trivial (this also means that this quotient is connected).

Then V/G is a manifold.

Proof. We denote by θt (t ∈ R, 0 ≤ t ≤ 1) the linear map in V that acts on V ′ as
the identity map, and acts on V ′′ by multiplication by t. Then θ : [0; 1] × V → V is a
continuous map, θ1 = E, and θ0(V ) = V ′. It follows from the equalities GV ′ = V ′ and
GV ′′ = V ′′ that all the θt commute with all operators in G, and the set U := V \ V ′′ is
invariant under all the maps θt and all g ∈ G, and under the action of θ0, this set goes to

U∩V ′. Therefore, in fact, we have maps θ̃t : U/G → U/G such that θ̃ : [0; 1]×U/G → U/G

is a continuous map, θ̃1 is the identity transformation in U/G, and the image of θ̃0 is

contained in the subset (U ∩ V ′)/G, where, in turn, all the θ̃t are identity maps. Hence
the quotient U/G is homotopy equivalent to the quotient

(U ∩ V ′)/G =
(
V ′ \ {0}

)
/G,

all of whose homotopy groups are trivial by hypothesis. Therefore all the homotopy
groups of U/G are also trivial.

If we remove the subset (S ∩V ′′)/G, which is homeomorphic to a closed ball from the
quotient S/G, then the remaining subset after taking the Cartesian product with R>0

gives a topological space homeomorphic to U/G. Therefore, all the homotopy groups
of the remaining topological space are trivial, like those of U/G. Thus, after a subset
homeomorphic to a closed ball is removed from the manifold S/G, a topological space
all of whose homotopy groups are trivial is left. Consequently, the quotient S/G is
homeomorphic to a sphere, and the cone V/G over this quotient to a vector space. �

Throughout what follows we assume that the group G0 is commutative.
In each isotypic component Vλ (λ ∈ P ) of the representation G0 : V the stabilizer

of any nonzero vector in the group G0 coincides with the kernel of the homomorphism
λ : G0 → T. If a vector v ∈ V has nonzero projections onto each Vλ, then its stabilizer
in the group G0 coincides with the intersection of the kernels of all weights λ : G0 → T,
which is trivial; hence |Gv| < ∞. Thus, a typical vector in the space V has finite stabilizer
in G, a typical orbit has dimension dimG, and dim(V/G) = dimV − dimG.

As the group G0 is commutative, thus Ad(G0) = {E}. In particular, for any v ∈ V ,
the group Gv ∩G0 acts trivially on gv.

For an arbitrary subset Q ⊂ P we consider the Lie group T|Q| in which each element z
is determined by its coordinates zλ ∈ T (λ ∈ Q). In the algebra LieT|Q| = R|Q|, each
element x is determined by its coordinates xλ ∈ R (λ ∈ Q).

We construct a homomorphism of Lie groups ϕQ: G
0 → T|Q| by setting

(
ϕQ(g)

)
λ
:=

λ(g). This homomorphism has the differential dϕQ: g → R|Q| given by
(
dϕQ(ξ)

)
λ
= λ(ξ).

Proposition 2.2. If V/G is a manifold, then the set P ⊂ g is 1-stable.

Proof. We need to prove that when we remove any weight λ from P (accounting for
multiplicity), the kernels of the remaining set of weights have trivial intersection, or
equivalently, have linear hull g. If λ = 0, then there is nothing to prove. If λ is a nonzero
weight, then a two-dimensional irreducible subrepresentation W ⊂ V of the group G0

corresponds to it. By Corollary 2.5, the group G[W ] is finite, and the intersection of the
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kernels of all the weights remaining after removing λ from P (accounting for multiplicity)
is g[W ] = LieG[W ] = 0, as required. �
Lemma 2.5. Let W ⊂ V be some G0-invariant subspace, and suppose that the group
G[W ] has dimension k > 0. If in addition V/G is a manifold, then dimW ≥ 2(k + 1).

Proof. The linear representation G[W ] : V is faithful; therefore the corresponding set
P ′ of weights g[W ] → R linearly generates a k-dimensional space dual to g[W ]. This
set is 1-stable, since it consists exactly of the restrictions of all weights of the 1-stable
set P to the subspace g[W ] ⊂ g. Since k > 0, it follows that P ′ contains at least
k + 1 nonzero weights. Furthermore, the group G[W ] acts trivially on the subspace
W⊥; hence all the nonzero weights in P ′ correspond (accounting for multiplicities) to

the two-dimensional irreducible subrepresentations in the representation
(
G[W ]

)0
: W .

Therefore, dimW ≥ 2(k + 1). �
For the remainder of this section, we will assume that (V ⊕Rd)/G is a smooth manifold

for some d.

Theorem 2.4. The quotient group G/G0 is generated by cosets containing a represen-
tative of some finite group Gv, v ∈ V .

Proof. We claim that if a vector v ∈ V has a corresponding stratum in V/G of codi-
mension at most 2, then |Gv| < ∞. Indeed, the group Gv ∩ G0 acts trivially on
the subspaces NGv

v and gv, whence Gv ∩ G0 ⊂ G[Mv]. If k := dimGv > 0, then
dimG[Mv] ≥ dim(Gv ∩ G0) = k; hence, according to Lemma 2.5, dimMv ≥ 2(k + 1).
Therefore the codimension of the corresponding stratum in V/G is equal to

(2.2) dim(Mv/Gv) = dimMv − dimGv ≥ 2(k + 1)− k = k + 2 > 2,

which contradicts our assumption. Consequently, the vector v has finite stabilizer.
We can now use Theorem 2.2 and obtain the required assertion. �

Corollary 2.8. The quotient group G/G0 is generated by cosets that intersect Ω. Equiv-
alently, the group G is generated by the set G0 ∪ Ω.

Proof. The proof immediately follows from Theorem 2.4 and Corollary 2.6. �
Corollary 2.9. The group Ad(G) is generated by the operators Ad(g) over all g ∈ Ω.

Theorem 2.5. If dimG > 0, then in the quotient V/G there exists a stratum of positive
codimension not greater than 3.

Proof. It is sufficient to prove that an orbit in general position for the action G : V is not
simply connected; after that, setting k := 1 we can apply Corollary 2.7.

If H ⊂ G is a stabilizer in general position, then |H| < ∞, and the orbit in general
position is homeomorphic to the manifold G/H of the left cosets of H in G. The map
G → G/H, g → gH is a covering with finite fibre H, and the covering space is not
simply connected, since G0 is a torus of positive dimension. Therefore the base G/H is
not simply connected either. �

3. Basic examples

3.1. Finite groups generated by complex reflections. Suppose that a space V has
a complex structure, that is, dimC V = n, and there is a compact Lie group G acting on
it, consisting of R-linear operators each of which is linear or antilinear over C.

Lemma 3.1. Suppose that a Lie group G acts in some complex space by C-linear and
C-antilinear operators. Then for any G-invariant complex subspace there exists a com-
plementary G-invariant complex subspace.
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Proof. By hypothesis the group G normalizes the group

Γ := {±E;±I}
generated by the operator I of multiplication by i; therefore GΓ is a compact Lie group,
and any real linear representation of it is completely reducible. It remains to observe
that the (GΓ)-invariant real subspaces are exactly the G-invariant complex ones. �

Let H �G be some finite normal subgroup generated by (complex) reflections of the
space V .

Theorem 3.1. The quotient V/H is diffeomorphic to the space V , and every operator
in G that is linear (antilinear) over C acts on V/H linearly (antilinearly) over C.

Proof. The group G acts on the linear space C[V ] by the formula

(3.1) gf(v) :=

{
f(g−1v), g ∈ GLC(V );

f(g−1v), g /∈ GLC(V ).

A C-linear (C-antilinear) operator in the group G acts on C[V ] linearly (antilinearly)
over C. Furthermore, g(f1f2) = (gf1)(gf2) for g ∈ G, fi ∈ C[V ].

The first assertion of the theorem follows from the Shephard–Todd–Chevalley Theo-
rem: the factorization map can be given by the formula

πH : V → V/H, v →
(
f1(v), . . . , fn(v)

)
,

where {f1, . . . , fn} is any system of algebraically independent homogeneous generators
of the algebra of invariants B := C[V ]H . Since H � G, we have GB = B. Let Bk ⊂ B
be the subspace of homogeneous invariants of degree k.

In each Bk (k > 0) we can distinguish the subspace Ck spanned by all the BiBk−i

(0 < i < k), that is, the subspace generated by all possible products of polynomials
in B of degree less than k, where the products themselves are homogeneous and have
degree k. The finite-dimensional complex space Bk and its complex subspace Ck are
invariant under G; therefore there exists a G-invariant complex subspace C ′

k ⊂ Bk such
that Bk = Ck ⊕ C ′

k. By choosing a basis in each C ′
k we obtain a system (f1, . . . , fn)

of algebraically independent homogeneous generators of the algebra B. We define the
factorization map by the formula πH(v) :=

(
f1(v), . . . , fn(v)

)
. Then πH(0) = 0, since

the fi are polynomials without a free term.
For any g ∈ G we have gC ′

k = C ′
k. If g is a linear (antilinear) operator in V , then

it acts on V/H linearly (antilinearly) over C, since each number fi(gv) (fi(gv)) can be
complex-linearly expressed in terms of the numbers fj(v) such that deg fj = deg fi. �

Corollary 3.1. For any d ≥ 0, the quotient (V ⊕ Rd)/H is diffeomorphic to the space
V ⊕Rd, and every C-linear (C-antilinear) operator in G acts on the direct summand Rd

of this quotient trivially, and on the direct summand V linearly (antilinearly) over C.

As can be seen from the proof of Theorem 3.1, in the space V/H the linear hulls of
all the basis vectors corresponding to homogeneous generators of any fixed degree are
G-invariant. In particular, if the representation G : (V/H) is irreducible, then the degrees
of all the homogeneous generators are the same.

Thus, we have obtained a representation of the Lie group G/H in the space V/H that
is linear (over R). We now prove that it is faithful, that is, that any element g ∈ G acting
on V/H trivially belongs to H. Indeed, for any v ∈ V we have gv ∈ Hv and h−1gv = v
for some h. We see that V is the union of linear subspaces (over R) of fixed points of
operators h−1g, h ∈ H that are also linear over R. Since |H| < ∞, for some h ∈ H this
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subspace coincides with V , whence g = h. The group G/H can be identified with its
image in GLR(V/H) under the faithful representation thus obtained.

Suppose that in the group G/H there is some finite subgroup G′/H generated by
reflections, where H ⊂ G′ ⊂ G. In particular, G′/H consists only of C-linear operators
in V/H. Therefore, all elements in G′ act on V complex-linearly. Since the groups H
and G′/H are finite, the group G′ is also finite. Since G′/H is generated by reflections,
we have

V/G′ ∼=
(
V/H

)
/
(
G′/H

) ∼= V/H ∼= V ;

hence the group G′ is generated by reflections of the space V . In particular, if H is
generated by all reflections of the group G, then G/H contains no reflections, for other-
wise G/H would contain a nontrivial finite subgroup G′/H generated by reflections for
H � G′ ⊂ G, and the group G′ would be generated by reflections, which is impossible.

Suppose that V0 = 0 and the subgroup G0 ⊂ G is central, that is, Ad(G) = {E}.
Then G leaves all the isotypic components Vλ (λ ∈ P ) of the representation G0 : V
invariant and acts on each of them complex-linearly. Thus, a complex structure is also
introduced on the space V as the direct sum of the Vλ, and the group G acts linearly
on the complex space V . For a one-dimensional Lie group G the condition V0 = 0 is
equivalent to requiring that the stabilizer of any nonzero vector in V is finite (which is
the same as requiring that it does not contain G0).

Proposition 3.1. If dimG = 1, V0 = 0, Ad(G) = {E}, dimC V > 1, then the subgroup
H �G generated by all the (complex) reflections of the group G is finite.

Proof. Since GVλ = Vλ for all λ, any reflection in G acts trivially on all the Vλ′ apart from
one Vλ on which it acts by a complex reflection, that is, it belongs to the group G[Vλ].
For each λ, let Hλ denote the group generated by all reflections in G[Vλ]. Then H is the
direct product of all the Hλ.

If there exist at least two isotypic components, then each Hλ acts trivially on each
Vλ′ for λ′ 	= ±λ; therefore Hλ ∩ G0 is contained in the kernel of the nontrivial weight
λ′ : G0 → T. This kernel is finite; hence the group Hλ is also finite. Therefore the
group H is also finite as the direct product of all the Hλ.

If there is only one isotypic component Vλ = V , then G0 acts on the space V by scalar

operators, and for an arbitrary reflection g ∈ G the operator g|G/G0| ∈ G0 is a reflection
or the identity operator. Since a scalar operator cannot be a reflection in a space of

dimension greater than 1, we have g|G/G0| = E and

(3.2) (det g)|G/G0| = 1

(the determinant is complex). All the elements g ∈ G satisfying (3.2) form a subgroup,
which contains all the reflections in G and therefore also the subgroup H. But any
operator g ∈ H ∩G0 is scalar, has the form λE, and the number λ can take only finitely
many values in view of (3.2). Consequently, |H ∩G0| < ∞ and |H| < ∞. �

The quotient (V ⊕Rd)/H (d ≥ 0) is diffeomorphic to the space V ⊕Rd, the one-dimen-
sional groupG/H acts on its direct summand V by complex linear operators among which
there are no reflections, and it acts trivially on the direct summand Rd. The connected
component of the identity element of the group G is contained in its centre; therefore the
same property is also enjoyed by its homomorphic image G/H. Finally, for the action
(G/H) : (V/H) the stabilizer of any nonzero vector is finite. Indeed, if not, the group
(G/H)0 = (G0H)/H would leave the nonzero vector v′ = πH(v) ∈ V/H invariant, where
v ∈ V , v 	= 0; then G0v ⊂ Hv and, since G0 is connected and H is finite, we would have
G0v = {v}. This contradicts the condition V0 = 0.
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Theorem 3.2. If dimG = 1, Ad(G) = {E}, V0 = 0, and the set P contains at least
three nonzero weights, then the quotient (V ⊕Rd)/G is not a smooth manifold for any d.

Proof. Suppose that (V ⊕ Rd)/G is a smooth manifold, where d ≥ 0.
The group G acts linearly on V as on a complex space. By hypothesis, dimC V > 2.

Therefore all the elements of G acting on V by complex reflections generate a finite
subgroup H �G. As we already know, the quotient (V ⊕Rd)/H is diffeomorphic to the
space V ⊕ Rd. The group G/H acts canonically on the latter, and the quotient of this
action is a smooth manifold, since (V ⊕ Rd)/G is a smooth manifold.

Thus everything is reduced to the case where (V ⊕ Rd)/G is a smooth manifold, the
group G acts on V complex-linearly without complex reflections, and, as before, V0 = 0
and dimC V > 2. By Theorem 2.5 there is a stratum in V/G, distinct from the principal
one, with codimension at most 3. In such a stratum we consider a point π(v) ∈ V/G,
where v ∈ V . If |Gv| = ∞, then v = 0; therefore this stratum in V/G consists of only the
point π(0) and has codimension dim(V/G) = 2 dimC V −1 ≥ 5. Therefore, |Gv| < ∞ and
the codimension of the stratum in V/G is equal to dimMv, so 0 < dimMv < 4. Since
Ad(G) = {E}, the complex subspace V Gv coincides with NGv

v ⊕ gv and has complex
codimension 1

2 dimMv < 4
2 = 2. At the same time the group Gv is nontrivial, since the

corresponding stratum is nonprincipal and contains no complex reflections. We have
arrived at a contradiction. �

3.2. The action of the torus on a complex space. Suppose that a space V again
has a complex structure, dimC V = n ∈ N, and that it decomposes into a direct sum of
pairwise orthogonal one-dimensional complex subspaces W1, . . . ,Wn.

Theorem 3.3. Suppose that an n-dimensional compact Lie group G ⊂ O(V ) acts in the
space V permuting the subspaces Wi, and if n > 2, then GWi = Wi for all i. Then the
quotient of the unit sphere S ⊂ V by the action of the group G is homeomorphic to a
closed (n − 1)-dimensional ball; in particular, all the homotopy groups of the quotients
S/G and

(
V \ {0}

)
/G are trivial.

Proof. The Lie group G0 leaves all the subspaces Wi invariant and acts on each of them
complex-linearly. Hence G0 embeds into the connected Lie group Tn, which means that
this embedding is an isomorphism, so that V/G0 ∼= Rn

≥0. Let g ∈ G be an arbitrary

element. If it leaves all the subspaces Wi invariant, then it acts on the quotient V/G0

trivially, since it belongs to O(V ). If not, we have n = 2, the element g takes W1

and W2 to each other and acts on the quotient V/G0 ∼= R2
≥0 by transposing the two

coordinates with respect to R≥0. In either case, the quotient V/G is homeomorphic to
a closed n-dimensional half-space and has π(0) as a boundary point, while the quotient
S/G is homeomorphic to a closed (n−1)-dimensional ball: this is either a simplex on the
unit sphere in Rn cut by the coordinate hyperplanes, or some arc of a (one-dimensional)
circle. �

Suppose that n > 1. We choose a vector ei of unit length in each space Wi. In
the space V = 〈e1, . . . , en〉C consider the action of the (n− 1)-dimensional Lie group
H ⊂ O(V ) of all complex linear diagonal operators diag(λ1, . . . , λn) such that |λi| = 1
and λa1

1 · · ·λan
n = 1, ai ∈ N. The group H can be identified with the subtorus of the

torus Tn defined by the single character with positive integer exponents a1, . . . , an.

Theorem 3.4. The quotient V/H is diffeomorphic to the real vector space Rn+1 and
every orthogonal operator g ∈ N(H) acts on it linearly.

Proof. The spacesWi are one-dimensional complex representations of the groupH. If two
of them, Wi and Wj , are isomorphic as real representations of H, then the corresponding
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weights (homomorphisms H → T) coincide up to pointwise inversion. This means that
the character (λ1, . . . , λn) → λiλ

±1
j of the torus Tn is trivial on the subtorus H; that is,

its exponents have the form ca1, . . . , can, where c ∈ Z, so n = 2 and a1 = a2 = 1.
First suppose that the real representations Wi of the group H are pairwise nonisomor-

phic. Then they are isotypic components of the representation H : V and are therefore
permuted by any operator in N(H).

Let us determine the structure of the quotient V/H. If two vectors in the space V
belong to the same orbit of the action H : V , then obviously the absolute values of their
coordinates are pairwise equal and the products of their coordinates, when raised to the
powers ai are also equal. If there are two vectors whose coordinates have pairwise equal
absolute values, and zero is among these coordinates, then they belong to the same orbit.
Indeed, the diagonal element corresponding to a zero coordinate can be chosen arbitrarily;
therefore we may first choose them all apart from this one (there may be nonuniqueness
here) and then choose the remaining one, guided by the condition λa1

1 · · ·λan
n = 1. If

the absolute values of the coordinates are pairwise equal and are all nonzero, then two
vectors belong to the same orbit if and only if the products of coordinates raised to the
powers ai are equal. We construct a factorization map

πH : V → Rn+1 = Rn−1 ⊕ C

as follows: with every vector z = (z1, . . . , zn) we associate the vector(
|z1|2, . . . , |zn|2

)
∈ Rn,

which is projected onto the hyperplane
∑n

i=1 xi = 0 along the vector (1, . . . , 1), that is,
orthogonally. The resulting projection is by definition the coordinate of the vector πH(z)
in Rn−1; the coordinate in C is the number za1

1 · · · zan
n . The map πH thus constructed

is obviously smooth and constant on orbits of H. On the other hand, if we know that
the coordinate in Rn−1 (namely, the tuple of the squares of the absolute values of the
coordinates, up to the addition of the same number), as well as the product of these
absolute values raised to the powers ai, then the absolute values themselves can be
uniquely reconstructed: as all the absolute values are strictly increasing, when we raise
them to the powers ai and take their product, it is also strictly increasing, and the
extreme values are 0 and +∞. Hence the map πH is surjective and separates orbits.

Now consider an arbitrary element g ∈ N(H). We already know that it permutes
the subspaces Wi. It can be represented as a composite g = g1 ◦ g2 ◦ g3 of R-linear
transformations: g1 results in some permutation σ of the complex coordinates, that is,
(g1z)i := zσ(i); g2 takes the complex conjugates of some coordinates preserving the

others; g3 multiplies a coordinate zi by a number νi, |νi| = 1. Obviously, g3Hg−1
3 =

H = gHg−1; therefore the operator g0 := g1g2 also belongs to the normalizer of H. But
g0Hg−1

0 is the group of all the diagonal operators diag(λ1, . . . , λn) such that |λi| = 1

and λb1
1 · · ·λbn

n = 1, where bi = aσ(i) (or bi = −aσ(i)) if the σ(i)th coordinate is preserved

(taken to the complex conjugate, respectively) by the operator g2. Since g0Hg−1
0 = H,

the numbers b1, . . . , bn are proportional to the numbers a1, . . . , an, whence

(3.3) ai = aσ(i) ∀i,
while the operator g2 is either the identity or takes the complex conjugates of all coordi-
nates.

Now let us see how such an element g acts on the quotient. The coordinate in Rn−1

changes only under the action of g1, and in this case, the absolute values of coordinates
are permuted, the linear transformation of a permutation of coordinates takes place
in Rn, and we simply have to restrict it to the invariant hyperplane x1 + · · · + xn = 0.
As for the coordinate in C, it is multiplied by νa1

1 · · · νan
n under g3, is preserved or goes
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to the complex conjugate under g2, and is preserved under g1 according to (3.3). Thus,
the element g acts on V/H linearly.

Now suppose that among the real representations H : Wi, at least two are isomorphic.
As we know, n = 2 and a1 = a2 = 1 in this case.

If we denote the vector e1 by the symbol 1, ie1 by the symbol i, the vector e2 by j,
and ie2 by k, then the space V is identified with the space H of quaternions, and left
multiplication by i here, as is easy to see, will coincide with multiplication by i in the
space over C. If v ∈ 〈j,k〉, then vi = −iv, whence vz = zv for z ∈ C (complex
numbers are identified with quaternions in 〈1, i〉). Thus, left multiplication by a complex
number z is precisely multiplication by the element z of the field C in the space over this
field, and right multiplication by z ∈ C is the diagonal operator diag(z, z) in complex
space. Consequently, the group H acts by right multiplications by complex numbers with
absolute value 1. Consider the map πH : H → H, v → viv (here conjugates are taken in
the quaternion sense: the signs of all the imaginary parts are changed and the real part
is preserved). It is easy to see that πH(H) = 〈i, j,k〉, while πH(v1) = πH(v2) if and only
if v1 = v2z, where z is a complex number with absolute value 1. Thus, the fibres of the
map πH are the orbits of the group H; therefore the quotient V/H is diffeomorphic to
R3.

The normalizer of the subgroup H in the group of orthogonal operators is generated
by H, with left multiplication by quaternions with norm 1, and right multiplication by
j; on the quotient V/H the normalizer acts as the group O3(R). �

If n = 2, then dimH = 1, and for any orthogonal operator g ∈ N(H), the operator
Adh(g) on the one-dimensional algebra h := LieH is equal to (±E).

Assertion 3.1. Suppose that n = 2 and the group H is connected. Then an orthogonal
operator g ∈ N(H) acts on V/H ∼= R3 by a reflection if and only if g2 = E and
Adh(g) = −E.

Proof. If Adh(g) = εE, ε = ±1, then the determinant of the operator g on the space
V/H is equal to ε. Therefore we can assume that Adh(g) = −E. In this case, in the
space V , any operator in h \ {0} is nonsingular and anticommutes with g, so

dim
(
Ker (E − g)

)
= dim

(
Ker (E + g)

)
=

1

2
dim

(
Ker (E − g2)

)
.

Furthermore, every orbit of the group H that is invariant under g has a nonempty finite
intersection with the subspace Ker (E − g). Therefore the dimensions of the fixed point
subspaces for the action of g on the spaces V and V/H coincide, that is,

dim(V/H)g = dim
(
Ker (E − g)

)
=

1

2
dim

(
Ker

(
E − g2

))
.

In particular, dim(V/H)g = 2 ⇔ g2 = E. �

Lemma 3.2. Let G be a finite subgroup of O3(R) containing at least one reflection. Then
for its tautological representation in V := R3 all the homotopy groups of the quotient(
V \ {0}

)
/G are trivial.

Proof. It is sufficient to prove that all the homotopy groups of the quotient of the unit
sphere S ⊂ V by the action of G are trivial.

By hypothesis, the subgroup H ⊂ G generated by all the reflections of the group G
is nontrivial. Therefore there exists a fundamental domain M 	= S for its action on S ,
which is a closed convex spherical polygon homeomorphic to a disc. We have G = H�∆,
where ∆ := {g ∈ G : gM = M}. The group ∆ contains no reflections and leaves the
centre of the spherical polygon M invariant; therefore it acts on M by rotations. The
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quotient M/∆ is also homeomorphic to a disc; in particular, all its homotopy groups are
trivial.

No two points in M belong to the same orbit of the action H : S, so the quotient S/G
is homeomorphic to M/∆ and all its homotopy groups are trivial. �

Theorem 3.5. Suppose that a one-dimensional group G acts on a four-dimensional
space V , and that the set P contains no zero weights. Also suppose that there exists an
involution g ∈ G such that Ad(g) = −E. Then all the homotopy groups of the quotient(
V \ {0}

)
/G are trivial.

Proof. Since dimG = 1, the group Ad(G) coincides with {±E}.
The space V can be decomposed into a direct sum of two irreducible subrepresentations

of the group G0, each of which has the structure of a one-dimensional complex space.
Therefore the group G0 embeds into the two-dimensional torus T2 = T × T so that the
image under the embedding does not contain any of the direct factors and therefore is
defined by a single character with nonzero exponents (we can assume they are positive
integers). Consequently, V is a two-dimensional complex space on which G0 acts by all
the diagonal complex-linear operators diag(λ1, λ2) such that |λi| = 1 and λa1

1 λa2
2 = 1,

ai ∈ N. By Theorem 3.4, the quotient V/G0 is homeomorphic to the three-dimensional
space R3, the factorization map takes the zero vector to the zero vector, and G acts on
V/G0 linearly. An involution g ∈ G such that Ad(g) = −E acts on V/G0 by a reflection.
We have

V/G ∼=
(
V/G0

)
/
(
G/G0

)
,

∣∣G/G0
∣∣ < ∞,

and it remains to apply Lemma 3.2. �

4. Systems of vectors in a finite-dimensional space

We now examine in more detail the stability of finite sets of vectors in a space. Let P
be a finite set of vectors in some finite-dimensional vector space over a field F. Some of
these vectors may coincide; multiplicity is taken into account. We denote the number of
nonzero vectors in the set P by ‖P‖.

Definition. A set of vectors is called trivial if all its vectors are zero.

For q > 0, every q-stable set is (q−1)-stable. In turn, a (q−1)-stable set P is q-stable
if and only if, when any q vectors are removed from it, a set with linear hull 〈P 〉 remains.

As established in §1, if a set P is nontrivial and q-stable, then ‖P‖ ≥ dim〈P 〉 + q.
Furthermore, the linear hull must not change if any q nonzero vectors are removed from P .
Consequently, when ‖P‖ = dim〈P 〉+ q, any dim〈P 〉 nonzero vectors generate the space
〈P 〉 linearly, and therefore they are linearly independent; therefore any set of at most
dim〈P 〉 nonzero vectors in P is linearly independent. Hence the following assertion
follows immediately.

Assertion 4.1. In a q-stable set P satisfying the inequality ‖P‖ ≤ dim〈P 〉+ q, any set
of at most dim〈P 〉 nonzero vectors is linearly independent.

If a q-stable set P admits a proper decomposition into two components P1 and P2,
then the sets Pi are nontrivial and q-stable. We have the inequalities ‖Pi‖ ≥ dim〈Pi〉+q;
therefore for q > 0 we have

‖P‖ = ‖P1‖+ ‖P2‖ ≥ (dim〈P1〉+ q) + (dim〈P2〉+ q)

= dim〈P 〉+ 2q > dim〈P 〉+ q.

Hence one can derive the following assertion.
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Assertion 4.2. If q > 0, then any q-stable set P satisfying ‖P‖ ≤ dim〈P 〉 + q is
indecomposable.

We will primarily be interested in 1-stable and 2-stable sets.
A set P is 1-stable if and only if any vector in P can be expressed linearly in terms of

the others. Every 2-stable set is 1-stable, but the converse is false. We give a criterion
for a 1-stable set of vectors P to be 2-stable.

Consider two arbitrary vectors in a set P (it is not necessarily 1-stable). We say
they are equivalent if and only if, in any linear relation between vectors in P , either the
coefficients of both vectors or of neither vector vanish. Clearly, the resulting relation
between vectors in P is an equivalence relation. It is invariant under multiplication of
some vectors by a nonzero scalar. Each zero vector in P can be equivalent only to itself.
Therefore if an equivalence class contains more than one vector, then all of them are
nonzero. As is easy to see, removing and adding zero vectors does not affect equivalence
in the set P .

Theorem 4.1. An arbitrary 1-stable set is 2-stable if and only if all of its elements are
pairwise nonequivalent.

Proof. Suppose that P is a 2-stable set. We claim that no two vectors a, b ∈ P are
equivalent. Indeed, if we remove the vectors a and b from P (counting the multiplicities
of all vectors), then a set P ′ must be left such that 〈P ′〉 = 〈P 〉. Since b ∈ 〈P ′〉, there
exists a linear relation between vectors in P , where b has a nonzero coefficient and the
coefficient of a is zero. Hence a and b are nonequivalent.

Conversely, suppose that all elements of a 1-stable set P are pairwise nonequivalent.
Let us see what happens when we remove two arbitrary vectors a, b ∈ P from it. Since
a and b are nonequivalent, there exists a linear relation between vectors in P in which,
without loss of generality, the coefficient of a is zero, and of b is nonzero (or possibly
vice versa). Then when we remove a and b from P , a set P ′ is left, whose linear hull
contains b. Therefore, 〈P ′〉 =

〈
P ′ ∪ {b}

〉
=

〈
P \ {a}

〉
, and since P is a 1-stable set,〈

P \ {a}
〉
= 〈P 〉, whence 〈P ′〉 = 〈P 〉. �

Every equivalence class N of an arbitrary set P consisting of more than one vector,
together with any of its vectors v, also contains all its copies in P . Indeed, if w ∈ P is
another copy of the vector v, then in view of the linear relation v − w = 0, none of the
vectors in P apart from v and w is equivalent to v, that is, N ⊂ {v;w}. Since ‖N‖ > 1,
we have w ∈ N .

Let P1 and P2 be finite sets of vectors in finite-dimensional spaces over a field F
such that P2 is obtained from P1 by a linear isomorphism A, up to nonzero scalars:
P2 = {εvAv : v ∈ P1}, εv ∈ F∗. Then any equivalence class N1 of the set P1 goes
under the action of A to some equivalence class N2 of the set P2, up to nonzero scalars:
εvAv ∈ N2 ⇔ v ∈ N1.

Consider a set P and an equivalence class N in it. If P is a 1-stable set, then there
exists a linear relation

∑
v∈P cvv = 0 where some vector w ∈ N has a nonzero coeffi-

cient cw. Then
∑

v∈N cvv ∈ 〈P \ N〉 is a nontrivial linear combination of vectors in N
that belongs to the linear hull of the others. In any such nontrivial linear combination, all
the coefficients cv, v ∈ N , are nonzero, since N is an equivalence class. Therefore, up to
proportionality, there is exactly one such a nontrivial linear combination with coefficients
cv 	= 0.

In what follows we shall be interested only in the case F = R, although up to now
this has not been used anywhere. Let N ⊂ P be an equivalence class. By changing the
sign of some elements of this class, if necessary, we can ensure that a nontrivial linear
combination of vectors in N contained in the linear hull of the others has coefficients cv
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(v ∈ N) with the same sign; we can assume they are positive. This procedure can be
performed independently with each class N , and then for all classes we shall have cv > 0,
v ∈ N . Here, the set P does not have to go to itself (the signs may change). Changing
signs preserves the 1-stability of a set, as well as the orders of all equivalence classes.

5. A representation with a 2-stable set of weights

In this section we assume that for a given action G : V the set P of weights correspond-
ing to irreducible components, accounting for multiplicities, is 2-stable. As we already
know, on the space g there exists an inner product invariant under Ad(G).

If v ∈ V is an arbitrary vector, then the set of weights corresponding to the repre-
sentation Gv : V consists precisely of the restrictions of the weights of the 2-stable set P
to the subspace gv ⊂ g and therefore is 2-stable. The representation Gv : Nv also has a
corresponding 2-stable set of weights, since the group Gv ∩G0 acts trivially on gv.

We consider some element g ∈ Ω and set A := Ad(g), which is a linear operator on
the space g, PA := P ∩Ker (E−A), and r := rk(E−A). The operator g in the space V
leaves all the isotypic components of the representation G0 : V invariant if and only if
P ⊂ Ker (E −A) ∪Ker (E +A), which is equivalent to

(5.1) P \ PA ⊂ Ker (E +A).

Theorem 5.1. Suppose that A 	= E. Then

1) the set (E − A)P contains exactly r + 2 nonzero vectors, is indecomposable, and
any collection of at most r nonzero vectors is linearly independent;

2) the operator g acts trivially on all the isotypic components Vλ, λ ∈ PA, including
V0;

3) if the set P \ PA is not contained in the subspace Ker (E + A), then it consists
of exactly three weights λ+, λ−, λ, each of which occurs in P with multiplicity 1;
furthermore, Aλ = −λ,

(5.2) Aλ± = λ∓ 	= ±λ±,

and the operator A is the reflection with respect to the hyperplane 〈λ〉⊥.

Proof. Since A 	= E, the number r is positive. The set (E −A)P , like P , is 2-stable. Its
linear hull (E − A)〈P 〉 = (E − A)g has dimension r > 0, whence

∥∥(E − A)P
∥∥ ≥ r + 2.

We have

(5.3) rk(E − g) = rk(E −A) + ω(g) ≤ r + 2 ≤
∥∥(E −A)P

∥∥.
The operator g in the space V permutes the isotypic components of the representation

G0 : V . Consider an independent cycle of this permutation: Vλ, gVλ = VAλ, . . . , g
kVλ =

VAkλ, where k ≥ 0, k + 1 is the length of the cycle, and gk+1Vλ = Vλ. Each giVλ is
a direct sum of the same number of irreducible components, which is denoted by l (for
different cycles, l may be different). Among the weights λ,Aλ, . . . , Akλ ∈ P , no two are
equal or opposite, each has multiplicity l, and Ak+1λ = ±λ, that is, Ak+1λ = (−1)ελ,
where ε = 0, 1 (if λ = 0, then we set ε := 0). Let Q ⊂ P be the subset consisting of the
weights λ,Aλ, . . . , Akλ, each of which is taken with multiplicity l. Clearly,

VQ =
k⊕

i=0

giVλ and gVQ = VQ.

Suppose that λ 	= 0. Then the kernel of the restriction of the operator E − g to VQ

has dimension at most 2l. Indeed, if

(E − g)(v0 + · · ·+ vk) = 0, vi ∈ giVλ,
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then gvi = vi+1 (i < k), gvk = v0, and gk+1v0 = v0. Consequently, if v0 = 0, then all the
vi are also equal to zero, that is, the kernel is projected onto Vλ injectively. Furthermore,
its dimension is equal to the dimension of the kernel of the restriction of E− gk+1 to Vλ.
If in addition ε = 1, so that Ak+1λ = −λ, then the restriction of gk+1 to Vλ is antilinear;
therefore the kernels of the restrictions to Vλ of the operators E − gk+1 and E + gk+1

are obtained from each other by multiplication by i, have the same dimension, and have
trivial intersection. Therefore, neither has dimension greater than l. Thus, the dimension
of the kernel of the restriction of E − g to the subspace VQ does not exceed 2l, and for
ε = 1 it does not exceed l; in either case this dimension does not exceed 2l − εl. Hence,

dim
(
(E − g)VQ

)
≥ dimVQ − (2l − εl) = 2l(k + 1)− (2l − εl) = 2kl + εl.

The set Q contains (k + 1)l weights accounting for multiplicities; consequently,∥∥(E −A)Q
∥∥ ≤ (k + 1)l

and

(5.4) dim
(
(E − g)VQ

)
−
∥∥(E −A)Q

∥∥ ≥ 2kl + εl − (k + 1)l = (k − 1 + ε)l.

The number k − 1 + ε can be negative only under the condition k = ε = 0 or,
equivalently, Aλ = λ. Thus, if Aλ 	= λ, then automatically λ 	= 0 and

(5.5) dim
(
(E − g)VQ

)
≥

∥∥(E −A)Q
∥∥.

But if Aλ = λ, then Q only contains the weight λ (with multiplicity l), the set (E−A)Q
is trivial,

∥∥(E −A)Q
∥∥ = 0, and inequality (5.5) again holds.

By summing the inequalities (5.5) over all independent cycles of the permutation of
the set of isotypic components, we obtain the inequality rk(E − g) ≥

∥∥(E −A)P
∥∥, since

the space V is the direct sum of the subspaces VQ and the set P is the union (counting
multiplicities) of the subsets Q. Consequently, all the inequalities in (5.3), as well as
all inequalities (5.5) become equalities; in particular,

∥∥(E − A)P
∥∥ = r + 2. The linear

hull of the 2-stable set (E −A)P has dimension r; therefore, according to Assertions 4.2
and 4.1, this set is indecomposable and any collection of at most r nonzero vectors in it
is linearly independent.

As we already mentioned, for each independent cycle, dim
(
(E−g)VQ

)
=

∥∥(E−A)Q
∥∥.

If λ 	= 0 for some cycle, then k+ε ≤ 1 by (5.4). This last inequality is also true for λ = 0,
since in this case Aλ = λ and k = ε = 0. For every λ ∈ PA the isotypic component Vλ is
invariant under the action of g and forms an independent cycle by itself. Furthermore,
the set (E − A)Q is trivial, whence dim

(
(E − g)VQ

)
=

∥∥(E − A)Q
∥∥ = 0; that is, g acts

trivially on VQ = Vλ.
Now suppose that the inclusion (5.1) does not hold. Then the operator g yields a

nonidentity permutation on the set of isotypic components. This permutation has an in-
dependent cycle such that k > 0, and since k+ε ≤ 1, we have k = 1 and ε = 0. This means
that the components Vλ+ and Vλ− occur in this cycle, while the weights λ± satisfy (5.2).
The two nonzero vectors (E−A)λ± = λ±−λ∓ in the set (E−A)P are opposite to each
other and therefore linearly dependent. Consequently, r = 1, ‖(E−A)P‖ = r+2 = 3, the
operator A is a reflection, and the set P \PA consists of exactly three weights, counting
multiplicities. The weights λ+ and λ− belong to P \PA; therefore P \PA = {λ+, λ−, λ}
and the weights λ+, λ− and λ occur in P with multiplicity 1. All the isotypic components
corresponding to the weights of the set PA are invariant under the action of g, while Vλ+

and Vλ− change places. The remaining component Vλ is invariant under the action of g;
hence Aλ = −λ and A is a reflection with respect to the hyperplane 〈λ〉⊥. �

Corollary 5.1. Every operator g ∈ Ω leaves all the isotypic components Vλ invariant,
possibly apart from two of them.
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Corollary 5.2. If Ad(Ω) � −E, then ‖P‖ = m+ 2.

Thus, if the inclusion (5.1) does not hold, then the given element g ∈ Ω has a cor-
responding triple of weights {λ+, λ−, λ}, each of which occurs in P with multiplicity 1.
Furthermore,

(E +A)(λ+ − λ−) = (λ+ − λ−) + (λ− − λ+) = 0;

therefore,

(5.6) 0 	= λ+ − λ− ∈ Ker (E + A) = 〈λ〉.
Thus, between the weights λ+, λ−, and λ there exists a linear relation, all three of

whose coefficients are nonzero. In particular, any subspace of g containing two vectors
in the triple {λ+, λ−, λ} contains the whole triple. Note that

(5.7) dim〈λ+, λ−, λ〉 = 2;

that is, the linear hull of this triple is two-dimensional: according to (5.2), the weights
λ± do not belong to the line Ker (E +A) = 〈λ〉.

Theorem 5.2. All the indecomposable components of the set P are entirely contained
in PA, possibly apart from one of them.

Proof. If A = E, then there is nothing to prove.
Suppose that A 	= E and that (5.1) holds. Then the sets PA and P \PA are contained

in the subspaces Ker (E−A) and Ker (E+A), respectively, which have trivial intersection.
Therefore, each of these sets is a union of some indecomposable components of the set P .
By Theorem 5.1, the set (E − A)P is indecomposable. It coincides (up to zeros) with
the set 2

(
P \ PA

)
; therefore the set P \ PA is also indecomposable and may include at

most one indecomposable component of P . The other indecomposable components are
completely contained in PA. Note that if P is indecomposable, then (up to zero weights)
one of the sets PA and P \ PA is empty, and the other coincides with P , and since
〈P 〉 = g and A 	= E, we have A = −E.

On the other hand, if the inclusion (5.1) does not hold, then the element g ∈ Ω has
a corresponding triple of weights {λ+, λ−, λ} ⊂ P . These three weights belong to the
same indecomposable component of the set P , since there exists a linear relation between
them with all three coefficients nonzero. All the other indecomposable components are
entirely contained in PA. �

We return to the set L of subspaces of the space V defined in §1.

Lemma 5.1. Every operator g ∈ Ω acts trivially on all the subspaces in the set L, possibly
apart from one of them. In particular, gVΛ = VΛ for all indecomposable components
Λ ⊂ P .

Proof. For Ad(g) 	= E, the assertion follows from Theorems 5.2 and 5.1: all the inde-
composable components of P , except for one of them, are contained in PA, and g acts
trivially on all the Vλ for λ ∈ PA, including V0.

If Ad(g) = E, then rk(E − g) = ω(g) ≤ 2. The operator g leaves all the subspaces
Vλ invariant, and acts on each of them, except for V0, complex-linearly. Next, we have
V =

⊕
λ Vλ and

rk(E − g) =
∑
λ

dim
(
(E − g)Vλ

)
=

∑
λ �=0

2 dimC

(
(E − g)Vλ

)
+ dim

(
(E − g)V0

)
.

Therefore at most one of the numbers dimC

(
(E − g)Vλ

)
, λ 	= 0, and dim

(
(E − g)V0

)
can be nonzero. Consequently, there exists at most one isotypic component Vλ on which
g does not act trivially. �
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We now prove Theorem 1.2.
Suppose that V/G is a smooth manifold. The direct product of the subgroups G[W ],

W ∈ L, contains the subgroup G0, as well as the set Ω: by Lemma 5.1, each element of Ω
belongs to some direct factor. Therefore, according to Corollary 2.8, this direct product
coincides with G. In particular,

(5.8) G = G[W ]×G[W⊥]

for any W ∈ L.
We fix a subspace W ∈ L. By Assertion 2.2, there exists a vector v ∈ W⊥ such

that Mv ⊂ W . Then Nv/Gv is a smooth manifold (Theorem 2.1). At the same time,
gv ⊂ W⊥, Nv ⊃ W , Nv = W⊕(Nv∩W⊥), and the group Gv acts trivially on the second
direct summand. Hence for d := dim(Nv ∩W⊥), the quotient (W ⊕Rd)/Gv is a smooth
manifold. Furthermore, the stabilizer Gv contains the subgroup G[W ] and, according
to (5.8), coincides with the direct product of the subgroups G[W ] and Gv ∩G[W⊥], and
the latter acts trivially on W . Consequently, (W ⊕ Rd)/G[W ] is a smooth manifold.

Thus Theorem 1.2 is proved. �

Theorem 5.3. If dimG = 1 and Ad(G) = {E}, then V/G is not a smooth manifold.

Proof. The set P has a one-dimensional linear hull; hence it is indecomposable and
nontrivial. Therefore, ‖P‖ ≥ dim〈P 〉 + 2 = 3 and the set L may include only two
subspaces: V0 and W := V ⊥

0 . By Theorem 1.2 it is sufficient to prove that the quo-
tient (W ⊕ Rd)/G[W ] is not a smooth manifold for any d. In turn, this follows from
Theorem 3.2: the group G[W ] containing G0 is one-dimensional, the action G[W ] : W
has at least three corresponding nonzero weights and no zero weights, and Ad

(
G[W ]

)
=

Ad(G) = {E}. �

Corollary 5.3. If dimG = 1 and Ad(G) = {E}, then the quotient (V ⊕Rd)/G is not a
smooth manifold for any d.

Proof. The representation (1.1) satisfies the hypotheses of Theorem 5.3, and the corre-
sponding set of weights is 2-stable. �

6. The proof of the main theorem

Now we will start proving Theorem 1.3. We divide the proof into two parts. In the
first part, we prove that for dimG > 1, conditions 1)–3) are necessary for the quotient
(V ⊕ Rd)/G to be a smooth manifold for some d (the necessity of condition 4) follows
from Corollary 2.6). In the second part, we prove that for dimG > 0, conditions 1)–4)
are sufficient for the quotient V/G to be a manifold.

6.1. Necessity. Suppose that the set P is indecomposable, 2-stable, and contains no
zero weights, while m := dimG > 1.

We consider some element g ∈ Ω and set, as before, A := Ad(g), r := rk(E−A), and
PA := P ∩Ker (E −A). As we know, the set (E −A)P is indecomposable and 2-stable,
and any collection of at most r nonzero vectors in it is linearly independent.

If the operator A does not satisfy (5.1), then it is a reflection. In this case, P \ PA =
{λ+, λ−, λ}, where Aλ = −λ and the vectors λ+ and λ− satisfy relation (5.2). None of the
vectors λ+, λ−, λ is proportional to any other vector in P and, in particular, each occurs
in P with multiplicity 1. But if (5.1) holds, then A = ±E, since P is indecomposable.
Thus, the set Ad(Ω) can only contain the operators (±E) and reflections with respect to
hyperplanes in g.
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Lemma 6.1. If ‖P‖ > m+2, then every operator in Ad(Ω) that is not the identity is a
reflection with respect to a hyperplane, and different reflections have triples {λ+, λ−, λ}
corresponding to them that are disjoint even up to sign.

Proof. The first assertion follows from Corollary 5.2. We now prove the second assertion.
Suppose that two different reflections Ai = Ad(gi) (i = 1, 2, gi ∈ Ω) have correspond-

ing triples {λ+
i , λ

−
i , λi} that intersect up to sign. We set PAi := P ∩Ker (E−Ai). Then

we have P \ PAi = {λ+
i , λ

−
i , λi}. Furthermore, 〈λ1〉 	= 〈λ2〉, since the reflections Ai with

respect to the hyperplanes 〈λi〉⊥ are distinct.
Any subspace of g containing two weights from the triple {λ+

i , λ
−
i , λi} also contains

the whole triple. Every vector in the set P either belongs to the triple {λ+
1 , λ

−
1 , λ1} or is

orthogonal to the vector λ1. Therefore the triple {λ+
2 , λ

−
2 , λ2} is contained in the union

of the subspaces 〈λ+
1 , λ

−
1 , λ1〉 and 〈λ1〉⊥. At least one of these subspaces contains at least

two vectors in the triple {λ+
2 , λ

−
2 , λ2} and therefore also this whole triple. But none of

the vectors in the triple {λ+
1 , λ

−
1 , λ1} is orthogonal to λ1, while the triple {λ+

2 , λ
−
2 , λ2}

intersects it up to sign and therefore is not contained in 〈λ1〉⊥. Consequently,
(6.1) {λ+

2 , λ
−
2 , λ2} ⊂ 〈λ+

1 , λ
−
1 , λ1〉.

According to (5.7) and (6.1), the triples {λ+
i , λ

−
i , λi} have the same two-dimensional

linear hull α = 〈λ1, λ2〉. In turn, the set PA1 ∩ PA2 obtained from P by removing these
two triples is contained in 〈λ1, λ2〉⊥ = α⊥. Being indecomposable, the set P coincides
with the union of the triples {λ+

i , λ
−
i , λi}, i = 1, 2, g = 〈P 〉 = α, m = dimα = 2,

‖P‖ > m+2 = 4, and
∥∥PAi

∥∥ = ‖P‖− 3 > 1. Thus, the set PA1 contains more than one

vector and is contained in the line 〈λ1〉⊥. However, each vector in P belongs to some of
the triples {λ+

i , λ
−
i , λi} and cannot be proportional to any other vector in the set P . We

have obtained a contradiction. �
Lemma 6.2. Suppose that every operator in Ad(Ω) that is not the identity is a reflection
with respect to a hyperplane, and suppose that triples {λ+, λ−, λ} that are disjoint even
up to sign correspond to different reflections there. Then the quotient (V ⊕Rd)/G is not
a smooth manifold for any d.

Proof. Suppose that (V ⊕ Rd)/G is a smooth manifold (d ≥ 0).
Let {λ1, . . . , λp} ⊂ P be the subset of all the weights λ ∈ P such that the reflection

operator with respect to 〈λ〉⊥ belongs to the set Ad(Ω). For each i = 1, . . . , p we denote
by gi an element of Ω such that Ad(gi) is its reflection with respect to the hyperplane
〈λi〉⊥ (such an element does exist), and by {λ+

i , λ
−
i , λi} we denote the corresponding

triple of weights. These p triples are pairwise disjoint (even up to sign).
Each vector λi is orthogonal to all the vectors in P , except for λ+

i , λ
−
i , and λi; in

particular, λi ⊥ λj for i 	= j. The vectors λ1, . . . , λp are pairwise orthogonal and therefore
linearly independent, whence p ≤ m.

Every nonidentity operator in Ad(Ω) coincides with some Ad(gi); therefore the whole
group Ad(G) is generated by the reflections Ad(gi) (Corollary 2.9). These reflections
commute pairwise, since the λi are pairwise orthogonal. Consequently, Ad(G) consists
precisely of all operators of the form

(6.2)
(
Ad(g1)

)ε1 · · · (Ad(gp)
)εp ,

where each εi is equal to 0 or 1. If for g ∈ G we represent Ad(g) in the form (6.2), then

(6.3) g = gε11 · · · gεpp · g0,
where Ad(g0) = E. The element gi transposes Vλ+

i
and Vλ−

i
and leaves all the other

isotypic components invariant. As for g0, it leaves all the isotypic components invari-
ant. Therefore, the element g leaves all the isotypic components invariant, except for
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Vλ+
1
, . . . , Vλ+

p
, Vλ−

1
, . . . , Vλ−

p
, and leaves the components Vλ+

i
and Vλ−

i
invariant (trans-

poses them) if the number εi is equal to 0 (equal to 1).
Suppose that p = m. Then {λ1, . . . , λm} is an orthogonal basis of g, and each vector

λ ∈ P is orthogonal to all the vectors of this basis, apart from, possibly, one of the λi

(if λ ∈ {λ+
i , λ

−
i , λi}); hence λ ∈ 〈λi〉 for some i. Thus, the indecomposable set P is

contained in the union of pairwise orthogonal one-dimensional subspaces 〈λi〉, which is
impossible, since dim〈P 〉 = m > 1.

When p < m, the vectors λ+
1 , . . . , λ

+
p do not generate g. But all the vectors in P , except

for λ−
1 , . . . , λ

−
p , generate g linearly, since by (5.6) the vector λ−

i can be expressed as a

linear combination of the vectors λ+
i and λi, which do not belong to the set {λ−

1 , . . . , λ
−
p }.

Therefore there exists a subset Q ⊂ P containing all the λ+
i , not containing any of the

λ−
i , which generates a hyperplane in g linearly. Consider a vector v ∈ V that is projected

nontrivially onto the isotypic component Vλ if and only if λ ∈ Q. The group Gv is one-
dimensional, since LieGv is the intersection of the kernels of the weights of the set Q,
which generate a hyperplane in g linearly. None of the elements g ∈ Gv can transpose the
isotypic components Vλ+

i
and Vλ−

i
, since the vector v = gv is projected nontrivially onto

exactly one of them. Consequently, when Ad(g) is represented in the form (6.2), we have
εi = 0 for all i, that is, Ad(g) = E. We see that dimGv = 1 and Ad(Gv) = {E}; hence
the representation Gv : Nv is faithful and (as we already know) a 2-stable set of weights
corresponds to it. Applying Corollary 5.3, we see that the quotient (Nv ⊕Rd)/Gv is not
a smooth manifold. According to Corollary 2.2, (V ⊕ Rd)/G is not a smooth manifold
either. �

Theorem 6.1. If (V ⊕ Rd)/G is a smooth manifold for some d, then the action G : V
satisfies conditions 1)–3) of Theorem 1.3.

Proof. As it is 2-stable, the set P contains at least m+ 2 weights. By Lemmas 6.1
and 6.2, it contains exactly m + 2 weights, that is, condition 1) holds. Therefore any
collection of at most m weights in the set P is linearly independent. In particular, the
multiplicity of each weight is equal to 1, since 2 ≤ m. Thus, all the isotypic components
are one-dimensional complex spaces Vλ, λ ∈ P , that are permuted by the group G.

Any element g ∈ G such that Ad(g) = ±E leaves each subspace Vλ invariant. Con-
sequently, Ad(G) � −E satisfies condition 3), and if Ad(G) = {±E}, then conditions 2)
and 3) are satisfied. But if Ad(G) = {E}, then Ad(Ω) = {E} and, according to
Lemma 6.2, (V ⊕ Rd)/G is not a smooth manifold.

Now suppose that the group Ad(G) is not contained in {±E}. Then the set Ad(Ω)
also is not contained in the group {±E} (Corollary 2.9) and there is some reflection in
it. The three vectors λ+, λ−, λ of the set P corresponding to this reflection are linearly
dependent, whence m = 2 and ‖P‖ = m + 2 = 4. Apart from these three vectors, in P
there is exactly one vector λ′ orthogonal to λ. The two different lines 〈λ+〉 and 〈λ−〉
on the two-dimensional plane g are symmetric with respect to each of the lines 〈λ〉 and
〈λ′〉. Therefore, among these four weights, only λ and λ′, and possibly λ+ and λ−, are
orthogonal. Therefore every reflection in the set Ad(Ω) leaves the pair of lines {〈λ〉, 〈λ′〉}
invariant. In general, every operator in Ad(Ω) leaves this pair of lines invariant, since if it
is not a reflection, then it is equal to (±E). According to Corollary 2.9, the whole group
Ad(G) leaves this pair of orthogonal lines invariant. Hence, first, G leaves the subspaces
Vλ⊕Vλ′ and Vλ+ ⊕Vλ− invariant and, second, any operator in the group Ad(G) is either
a rotation through an angle that is a multiple of π/2 or a reflection.

As we see, condition 2) holds; to verify condition 3) we need to prove that the group
Ad(G) contains the operator (−E). The subgroup of rotations in Ad(G) can only include
rotations through angles that are multiples of π/2, and if this subgroup does not contain
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(−E), then it is trivial. In this case, |Ad(G)| = 2 and there is only one operator in
the set Ad(Ω) which is not the identity; it is a reflection. By Lemma 6.2, the quotient
(V ⊕ Rd)/G is not a smooth manifold, which contradicts the hypothesis. �

Thus we have proved the necessity in Theorem 1.3.

6.2. Sufficiency. Suppose that the action G : V satisfies conditions 1)–3) of Theo-
rem 1.3.

By condition 1), the dimension m of the group G is positive. Next, there are no
zero weights in the set P , and all the nonzero weights correspond exactly (counting
multiplicities) to the subspaces Wi. These, in turn, have the structure of one-dimensio-
nal complex spaces where G0 acts by multiplication by complex numbers with absolute
value 1. The complex structure (that is, multiplication by i) is extended to the space V
from the direct summands Wi. The set P is 2-stable and ‖P‖ = dim〈P 〉 + 2; therefore
it is indecomposable, any set in it with at most m elements is linearly independent, and
any set in it with at least m elements linearly generates g. Condition 2) means that the
group G permutes the Wi; furthermore, for m = 2 it can only transpose W1 with W2,
and W3 with W4, for m = 1 it can only transpose W2 with W3, and for m > 2 it leaves
all the Wi invariant.

Lemma 6.3. Let v ∈ V be some vector. We represent it in the form

v =
m+2∑
i=1

wi,

where wi ∈ Wi. We denote by I the set of all numbers i = 1, . . . ,m+2 such that wi 	= 0.
Then

1) the stabilizer Gv is finite if and only if |I| ≥ m;
2) if |I| ≤ m, then dimGv = m − |I|, gv = 〈iwi : i ∈ I〉R, and there exists an

element g in the stabilizer Gv such that Ad(g) = −E and gWi = Wi for all i.

Proof. Let Q ⊂ P be the set of weights corresponding to the subspaces Wi, i ∈ I
(accounting for their multiplicities).

The stabilizer Gv is finite if and only if 〈Q〉 = g, which is equivalent to |Q| ≥ m. Thus
the first assertion is proved. We now prove the second.

If |I| ≤ m, then |Q| ≤ m and therefore the weights in Q are linearly independent and
the homomorphism ϕQ : G0 → T|I| is surjective, which immediately implies the equalities
dimGv = m−|I| and gv = 〈iwi : i ∈ I〉R. Consider an arbitrary element g ∈ G such that
Ad(g) = −E and gWi = Wi, i = 1, . . . ,m+ 2. Since ϕQ is a surjective homomorphism,
there exists an element g0 ∈ G0 such that the restriction of gg0 to each Wi, i ∈ I, is the
reflection with respect to the real line Rwi. We have gg0 ∈ Gv, Ad(gg0) = −E, and
(gg0)Wi = Wi for i = 1, . . . ,m+ 2. �

Lemma 6.4. If GWi = Wi for all i = 1, . . . ,m+2, then for any vector v ∈ V with finite
stabilizer we have Gv = 〈Gv ∩ Ω〉.

Proof. Since every element g ∈ G leaves all the Wi invariant, the operator Ad(g) takes
each weight in P to itself or to its opposite. Since the set P is indecomposable, it follows
that Ad(g) = ±E. According to condition 3), Ad(G) = {±E}. If Ad(g) = −E for
some g ∈ G, then rk

(
E − Ad(g)

)
= m. Furthermore, g acts on each Wi antilinearly

(by a reflection); hence rk(E − g) = m + 2 and ω(g) = 2. If Ad(Gv) = {±E}, then
the group Gv is generated by all the elements g such that Ad(g) = −E and therefore
ω(g) = 2, g ∈ Ω.
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Now suppose that Ad(Gv) = {E}. Let I be the set of all i ∈ {1, . . . ,m+2} such that
v is projected nontrivially onto Wi. Since |Gv| < ∞ and −E /∈ Ad(Gv), we have |I| > m
(Lemma 6.3). For every element g ∈ Gv the operator Ad(g) is trivial; consequently,
g acts on each Wi complex-linearly. In the case i ∈ I the element g acts trivially on
the complex space Wi, since it preserves the nonzero projection of the vector v onto it.
Therefore the rank of the operator E− g is double the number of i ∈ {1, . . . ,m+2} such
that g acts nontrivially on Wi, which in turn does not exceed m + 2 − |I| ≤ 1. Thus,
rk(E − g) ∈ {0; 2} and E −Ad(g) = 0, whence g ∈ Ω. �

Lemma 6.5. Suppose v′ ∈ V is a vector with infinite stabilizer and represent it in the

form v′ =
m+2∑
i=1

wi, where wi ∈ Wi. Let I be the set of all numbers i = 1, . . . ,m+ 2 such

that wi 	= 0, and let V ′′ be the direct sum of all the Wi over i /∈ I. Then

1) the space Nv′ is the direct sum of the Gv′-invariant subspaces V ′′ and 〈wi : i ∈ I〉R,
the latter coincides with igv′, and Gv′ acts trivially on it;

2) if the action G : V satisfies all four conditions 1)–4) in Theorem 1.3, then the
action Gv′ : V ′′ satisfies similar conditions (generally speaking, with a different
value of m).

Proof. If v′ = 0, then there is nothing to prove. In what follows we will assume that
v′ 	= 0. We denote the direct sum of all the Wi for i ∈ I by V ′. Then |I| > 0 and
V = V ′ ⊕ V ′′.

Using Lemma 6.3 and the condition |Gv′ | = ∞, we obtain that 0 < |I| < m, dimGv′ =
m− |I|, gv′ = 〈iwi : i ∈ I〉R, igv′ = 〈wi : i ∈ I〉R, and Nv′ = V ′′ ⊕ igv′.

Every element g ∈ Gv′ permutes the subspaces Wi, i ∈ I; these are the subspaces
that v′ is projected nontrivially onto. If they are permuted nontrivially, then |I| ≥ 2
and m = dimG ≤ 2 by condition 2), that is, m = dimG ≤ 2 ≤ |I| < m, which is
impossible. Consequently, every element g ∈ Gv′ leaves all the subspaces Wi, i ∈ I,
invariant; therefore the projections of the vector v′ onto them are invariant too, namely,
all the vectors wi, i ∈ I. Thus, Gv′ acts trivially on the subspace 〈wi : i ∈ I〉R; in
addition, Gv′V ′ = V ′ and Gv′V ′′ = V ′′.

The space V ′′ is the direct sum of the m + 2 − |I| = dimGv′ + 2 one-dimensional
complex spaces Wi, i /∈ I. Since the group G0

v′ acts on V ′ trivially, the representation
Gv′ : V ′′ has finite ineffective kernel and a 2-stable set of weights corresponds to it, and
also to the representation Gv′ : V . In the stabilizer Gv′ there exists an element g that
leaves all the Wi invariant and satisfies the equality Ad(g) = −E (again by Lemma 6.3).

The group G satisfies at least one of the two conditions: dimG ≤ 2 and GWi = Wi for
all i; therefore the corresponding condition is also valid for any subgroup of G, including
Gv′ . Next, the group G can permute the subspaces Wi only within fixed disjoint pairs,
and there are no more than two of these pairs; this property is also inherited by the
action Gv′ : V ′′.

Thus we have proved that the action Gv′ : V ′′ satisfies conditions 1)–3). It remains to
prove that condition 4) holds.

Let v′′ ∈ V ′′ be an arbitrary vector such that its stabilizer G′ := Gv′ ∩ Gv′′ in the
group Gv′ is finite. We need to prove that the group G′ is generated by elements acting
on the quotient space V ′′/(gv′v′′) by a pseudoreflection or trivially. We set v := v′ + v′′.

Obviously, G′ ⊂ Gv. Furthermore, |Gv| < ∞, since the group G0
v, which leaves the

subspaces V ′ and V ′′ invariant, is contained in the finite group G′. Let Ωv := Gv ∩ Ω
be the set of all elements of the group Gv acting on the quotient space V/(gv) by a
pseudoreflection or trivially. By hypothesis, 〈Ωv〉 = Gv.
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Since the group G′ is contained in Gv′ and Gv, it acts on igv′ trivially and leaves the
subspaces V ′, V ′′, gv′, gv and the subspace gv′v′′ invariant. We claim that gv′v′′ ⊂ V ′′,
gv ⊂ gv′ + V ′′, and the quotient representations V ′′/(gv′v′′) and

(
gv′ + V ′′)/(gv) of the

group G′ are isomorphic. Indeed, we have gV ′ ⊂ V ′ and gV ′′ ⊂ V ′′, whence

V ′′ ⊃ gv ∩ V ′′ = g(v′ + v′′) ∩ V ′′ = gv′(v′ + v′′) = gv′v′′,

gv ⊂ gv + V ′′ = g(v′ + v′′) + V ′′ = gv′ + V ′′ = gv′ ⊕ V ′′,

and the quotient representations V ′′/(gv ∩ V ′′) and
(
gv + V ′′)/(gv) of the group G′ are

isomorphic. The group G′ acts trivially on the subspace igv′ =
(
gv′ ⊕ V ′′)⊥. Therefore

G′ ∩ Ωv is just the set of all elements of G′ that act on
(
gv′ ⊕ V ′′)/gv, or equivalently

on V ′′/(gv′v′′), by a pseudoreflection or trivially. Thus, it is required to prove that the
set G′ ∩ Ωv generates the group G′.

The group Gv′ acts trivially on the subspace 〈wi : i ∈ I〉R and leaves all the Wi, i ∈ I,
invariant, and it can permute only those Wi for i /∈ I. Therefore, Gv′ can permute the
subspaces Wi only within a fixed pair: if there were two of these pairs, then we would
have m + 2 − |I| ≥ 4, m + 2 > 4, m > 2, but for m > 2 the group G does not permute
the Wi at all. Since m+2− |I| > 2, we can assume that this pair includes the subspaces
Wm+1 and Wm+2 with m+ 1,m+ 2 /∈ I. Let ρ be the homomorphism from G into the
cyclic group Z2 whose kernel consists precisely of all the elements which leave Wm+1

and Wm+2 invariant. Then Gv′ ∩Ker ρ is a subgroup of finite index in Gv′ , it leaves all
the Wi, i = 1, . . . ,m+2, invariant and its action on V ′′, like the action Gv′ : V ′′, satisfies
conditions 1)–3). We apply Lemma 6.4 to the action of Gv′ ∩ Ker ρ on V ′′ and obtain
that the finite group G′ ∩Ker ρ = (Gv′ ∩Ker ρ)∩Gv′′ is generated by elements acting on
V ′′/(gv′v′′) by a pseudoreflection or trivially. Therefore,

(6.4) 〈G′ ∩ Ωv〉 ⊃ (G′ ∩Ker ρ).

None of the elements of the set Ωv can permute the subspaces Wi simultaneously in
two pairs. Indeed, if an element g ∈ Ωv permutes them simultaneously in two (disjoint)
pairs, then m+ 2 ≥ 4, m ≥ 2, and among the weights of the set P any two are linearly
independent; in particular, the multiplicity of each of them is equal to 1, and the Wi

are isotypic components of the representation G0 : V . According to Corollary 5.1, the
operator g ∈ Ωv ⊂ Ω leaves all the isotypic components Wi, possibly apart from two,
invariant.

An arbitrary element g ∈ Ωv which is not contained in Ker ρ belongs to G′. Indeed, it
transposes the subspacesWm+1 andWm+2 and therefore leaves invariant all the otherWi.
In particular, gWi = Wi for all i ∈ I, since m+ 1,m+ 2 /∈ I. Hence an element g ∈ Gv

leaves V ′ and V ′′ invariant, and therefore also the vectors v′ and v′′.
Thus, Ωv ⊂ (G′ ∪Ker ρ); therefore the set ρ(G′ ∩ Ωv) coincides with ρ(Ωv) up to the

trivial element, and since 〈Ωv〉 = Gv, we have

ρ
(
〈G′ ∩ Ωv

)
〉 =

〈
ρ(G′ ∩ Ωv)

〉
=

〈
ρ(Ωv)

〉
= ρ

(
〈Ωv

)
〉 = ρ(Gv) ⊃ ρ(G′).

This fact, as well as (6.4), implies the required equality 〈G′ ∩ Ωv〉 = G′. �
Lemma 6.6. The space V decomposes into a direct sum of G-invariant subspaces V ′

and V ′′ such that the quotient of the unit sphere in V ′′ by the action of G is homeomorphic
to a closed ball and all the homotopy groups of the quotient

(
V ′ \ {0}

)
/G are trivial.

Proof. Let V ′ := Wm+1 ⊕Wm+2 and V ′′ := W1 ⊕ · · · ⊕Wm; then V = V ′ ⊕ V ′′, where
GV ′ = V ′ and GV ′′ = V ′′. Corresponding to the subspace V ′′ there are m linearly
independent weights in P ; furthermore, G permutes the subspaces W1, . . . ,Wm, and for
m > 2 leaves each of them invariant. According to Theorem 3.3, the quotient of the unit
sphere in V ′′ by the action of G is homeomorphic to a closed (m− 1)-dimensional ball.
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It remains to prove that all the homotopy groups of the quotient
(
V ′ \ {0}

)
/G are

trivial. For m ≥ 2 this follows from Theorem 3.3: the two weights in P corresponding
to V ′ are linearly independent and G transposes Wm+1 and Wm+2. When m = 1, this
follows from Theorem 3.5. Indeed, two nonzero weights correspond to the action of the
one-dimensional group G on the four-dimensional space V ′. Furthermore, there exists
an element g ∈ G leaving all the Wi invariant and such that Ad(g) = −E. It acts
on each one-dimensional complex space Wi antilinearly, by a reflection, and is therefore
involutive. �

Lemma 6.7. If the action G : V satisfies condition 4) of Theorem 1.3, then V/G is a
manifold.

Proof. We prove the assertion by induction on the (positive) dimension m of the group G.
Suppose that m = dimG > 0 and that the assertion is already proved for all groups of
positive dimension less than m.

It is sufficient to prove that the quotient of the unit sphere S ⊂ V by the action of G
is a manifold; we can then use Lemmas 2.4 and 6.6. For every vector v ∈ S with finite
stabilizer we have the equality Gv = 〈Gv ∩Ω〉, and by Corollary 2.6, the quotient S/G is
a manifold locally at the point π(v). Let us show that for any vector v ∈ S with infinite
stabilizer, the quotient of the space Nv(S) = Nv ∩ (TvS) = Nv ∩〈v〉⊥ by the action of Gv

is a manifold. By the slice theorem, this will imply that the quotient S/G is a manifold
locally at each point.

Suppose that v ∈ S and |Gv| = ∞ and let I be the set of numbers i ∈ {1, . . . ,m+ 2}
such that the projection of v onto Wi is nonzero, and let V ′′ be the direct sum of all
the Wi for i /∈ I. Then 0 < |I| < m. It follows from Lemma 6.5 that Nv = V ′′ ⊕ igv,
v ∈ igv ⊂ NGv

v , and the action Gv : V
′′ satisfies conditions 1)–4). Note that the group Gv

has positive dimension dimGv = m − |I| < m; therefore V ′′/Gv is a manifold by the
induction hypothesis. Furthermore, Nv(S) ⊃ V ′′, Nv(S) = V ′′ ⊕

(
igv ∩ (TvS)

)
, and Gv

acts trivially on the second direct summand. Therefore the quotient of Nv(S) by the
action of Gv is a manifold, like the quotient V ′′/Gv. �

This completes the proof of Theorem 1.3. In addition, from Lemmas 6.4 and 6.7 it is
easy to derive the assertion of Theorem 1.4.

7. The case of a one-dimensional group

This section is devoted to proving Theorems 1.5–1.8. Suppose that m = dimG = 1
and that the set P contains at least 3 nonzero weights and no zero weights.

The space V has a complex structure, the stabilizer of any of its nonzero vectors is
finite, and every G0-invariant real subspace of V is complex. We have Ad(G) ⊂ {±E},
and an element g ∈ G such that the operator Ad(g) is equal to E (−E) acts linearly
(antilinearly) on V over the field C. If (V ⊕Rd)/G is a smooth manifold for some d, then
Ad(G) 	= {E} (by Corollary 5.3), that is, Ad(G) = {±E}. According to Corollary 2.9,
Ad(Ω) � −E; therefore by Corollary 5.2, ‖P‖ = 3 and dimC V = 3. In what follows we
assume that dimC V = 3 and Ad(Ω) � −E; in particular, Ad(G) = {±E} and G 	= G0.

Let G′ := KerAd ⊂ G be the subgroup of all complex linear transformations of the
group G. If the representation G : V is irreducible, then its restriction to the subgroup
G′ of index 2 is either irreducible or is a direct sum of two irreducible complex subrepre-
sentations of equal dimension. However, the second case is impossible, since the number
dimC V = 3 is odd. Consequently, if the representation G : V is irreducible, then so
is G′ : V . The group G leaves all the isotypic components of the representation G0 : V
invariant. In particular, if the representation G : V is irreducible, then V is an isotypic
component and G0 acts on it by scalar operators λE, λ ∈ T.
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An element g ∈ G′ belongs to Ω if and only if rk(E − g) ∈ {0; 2}, which is equivalent
to g being either a complex reflection or the identity operator. In turn, an element
g ∈ G \ G′ belongs to Ω if and only if rk(E − g) ∈ {1; 3}. The subspaces Ker (E ± g)
have trivial intersection and are obtained from each other by multiplying by i; hence,

g ∈ Ω ⇔ dim
(
Ker (E − g)

)
= 3 ⇔ Ker (E − g)⊕Ker (E + g) = V ⇔ g2 = E.

Therefore, Ω \ G′ is the set of all antilinear involutions of the group G. This set is
nonempty, since Ad(Ω) � −E, and is a union of some cosets of G0 in G: if Ad(g) = −E,
g2 = E, and g0 ∈ G0, then Ad(gg0) = −E, gg0g = gg0g

−1 = g−1
0 , and (gg0)

2 =
(gg0g)g0 = E. Consequently, 〈Ω〉 ⊃ G0. If in addition the quotient (V ⊕ Rd)/G is a
smooth manifold for some d, then G = 〈G0 ∪Ω〉 = 〈Ω〉 by Corollary 2.8. This proves the
first assertion of Theorem 1.6.

Applying Proposition 3.1 to the group G′ we obtain that all its complex reflections
generate a finite subgroup H that is normal in G. By Theorem 3.1, the quotient V/H
is diffeomorphic to V and any element of G′ (of G \ G′) acts on this quotient linearly
(antilinearly) over the field C. The representation of the one-dimensional group G/H in
the three-dimensional complex space V/H is faithful, and no zero weight corresponds to
it. Furthermore, Ad(G/H) = {±E}. Next, the factorization map V → V/H can be given
by the formula v →

(
f1(v), f2(v), f3(v)

)
, where the fi are homogeneous polynomials that

freely generate the algebra of invariants C[V ]H . If deg fi 	= deg fj for i 	= j, then the
group G in its action on V/H ∼= V leaves all the coordinate lines invariant and, by
Theorem 1.4, V/G is a manifold.

Now we start the proof of Theorem 1.5.

Lemma 7.1. Suppose that the group G is reducible over the field R, is generated by the
set Ω, and contains no complex reflections. Then V/G is a manifold.

Proof. The nonempty set Ω \ {E} of all antilinear involutions of the group G is the
union of some cosets of G0 in G. Let Ω/G0 ⊂ G/G0 be the image of this set under the
factorization G → G/G0. If the image of some subgroup of G under the factorization
by G0 is generated by its intersection with Ω/G0, then the subgroup itself is either
generated by its intersection with Ω, or is nontrivial and is contained in G0.

Since the group G is reducible, V is a direct sum of two G-invariant complex subspaces
V ′ and V ′′ of dimensions 2 and 1, respectively. If the two weights in g corresponding to
the subspace V ′ are neither equal nor opposite, then V is the direct sum of one-dimen-
sional G-invariant complex subspaces V ′

1 , V ′
2 , and V ′′, where V ′

1 ⊕ V ′
2 = V ′, and the

assertion follows from Theorem 1.4. Suppose that a weight λ : G0 → T with multiplicity 2
corresponds to the subspace V ′. If g ∈ G0 and g ∈ Kerλ, then the operator g is linear over
C and acts on V ′ trivially, while G contains no complex reflections. Hence, Kerλ = {E}
and the stabilizer of any nonzero vector in V ′ intersects G0 trivially. The set of all
antilinear operators in G acting involutively on V ′ coincides with Ω \ {E}, since every
antilinear orthogonal operator on the one-dimensional complex space V ′′ is involutive.

We claim that the stabilizer of any nonzero vector v ∈ V is generated by its intersection
with Ω.

Suppose that v ∈ V ′. Let π0 : V
′ → V ′/G0 be the factorization map. The quotient

V ′/G0 is homeomorphic to R3, the finite group G/G0 acts on this quotient linearly, and
the elements of the set Ω/G0, and only they, act on it by reflections. The quotient
group G/G0 generated by the set Ω/G0 acts on V ′/G0 as a finite group generated by
reflections. Therefore the stabilizer of any vector in V ′/G0 ∼= R3 in the group G/G0 is
generated by its elements acting on V ′/G0 by reflections, which is the same as belonging
to Ω/G0. The image of the group Gv under the factorization of G by G0 coincides with
the stabilizer of the element π0(v) ∈ V ′/G0 in the group G/G0 and therefore is generated
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by its intersection with Ω/G0. Since the group Gv intersects G0 trivially, it is generated
by the set Gv ∩ Ω.

For a nonzero vector v ∈ V ′′ we have Gv = G0v and G = G0Gv; that is, the image
of the subgroup Gv ⊂ G under the factorization by G0 coincides with G/G0 and is
generated by its intersection with Ω/G0. Consequently, Gv = 〈Gv ∩ Ω〉; for otherwise
the group Gv would be contained in G0, which is impossible, since G0Gv = G 	= G0.

Now suppose that a vector v ∈ V does not belong to any of the subspaces V ′ and V ′′.
Then v = v′ + v′′, where v′ ∈ V ′ and v′′ ∈ V ′′ with v′, v′′ 	= 0. Every complex linear
operator g ∈ Gv leaves invariant the vectors v′ and v′′, which are linearly independent
over C. Hence the subspace Ker (E − g) has complex dimension at least 2 and as there
are no reflections in G, therefore g = E. Thus, Gv ∩ G′ = {E} and |Gv| ≤ 2; therefore
in the group Gv any nonidentity operator is antilinear and involutive, that is, belongs to
Ω \ {E}.

According to Corollary 2.6, the quotient of the unit sphere S ⊂ V by the action of G
is a manifold: we have established that the stabilizer of an arbitrary vector v ∈ S is
finite and is generated by its intersection with Ω. As we already mentioned, the group
G/G0 acts on the linear space V ′/G0 as a finite group generated by reflections. In this
case, the quotient V ′/G ∼= (V ′/G0)/(G/G0) is homeomorphic to a closed unbounded
convex polyhedron, and the image of zero under the factorization is a boundary point.
In particular, all the homotopy groups of the quotient

(
V ′ \ {0}

)
/G are trivial. The unit

sphere in the space V ′′ is exactly one orbit of the group G and its quotient by the action
of G consists of a single point. By Lemma 2.4, V/G is a manifold. �

Corollary 7.1. If the representation (G/H) : (V/H) is reducible and G = 〈Ω〉, then V/G
is a manifold.

Proof. Since V/G ∼= (V/H)/(G/H), it is sufficient to prove that the action (G/H) :
(V/H) satisfies the hypotheses of Lemma 7.1. Indeed, this representation is reducible
and none of the elements of the group G/H acts on V/H by a complex reflection. Finally,
the conditionG = 〈Ω〉 is also inherited by the groupG/H. Indeed, under the factorization
homomorphism G → G/H, the image of the subset Ω ⊂ G is contained in the analogous
subset of the group G/H: antilinear involutions again go to antilinear involutions, while
all the other operators in Ω belong to H and go to the identity operator. �

Thus, the second assertion of Theorem 1.5 is proved. We now prove the first.
Suppose that the group G0 acts on V by scalar operators. Then it is natural to

consider the subgroup K := G′ ∩ SLC(V ) in the group G′, consisting of all its operators
with complex determinant 1. It is easy to see that K � G, |K| < ∞, and G′ = G0K.
Furthermore, the absence of complex reflections in G is equivalent to the fact that in
the group K any operator over the field C is either a scalar operator or has a simple
spectrum. If K is a group of even order, then it contains a (nonidentity) operator of
order 2, all its eigenvalues are equal to (±1), and their product is 1. Such an operator is
not scalar and does not have a simple spectrum.

Consequently, if G contains no complex reflections and G0 acts on V by scalar op-
erators, then the group K has finite odd order and G′ = G0K. Therefore the group
G′ affects only even permutations on any system of imprimitivity of the representation
G : V . If in addition the group G′ is irreducible over C, then the group K, which inter-
sects all the cosets of G0 in G′, is also irreducible. All the finite irreducible subgroups
of SL3(C) are described in [5, Ch. V]. In particular, all primitive groups have even order.
Therefore, the group K is imprimitive. It affects various even permutations on its system
of imprimitivity consisting of three lines. If such a system of imprimitivity is not unique,
then K = G′(3, 3, 3).
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Lemma 7.2. If the group G is irreducible over the field R and contains no complex
reflections, then the quotient (V ⊕ Rd)/G is not a smooth manifold for any d.

Proof. Since G is irreducible, it follows that the group G′ is also irreducible, while G0

acts on V by scalar operators. Therefore, |K| < ∞ and G′ = G0K. As there are no
complex reflections in G, the group K has odd order, is irreducible and imprimitive, and
any of its nonscalar operators has a simple spectrum. We can assume that K has the
triple of coordinate lines as a system of imprimitivity, affects various even permutations
on it, and contains the operator giving a cyclic permutation of the coordinates. In the
group K, all the diagonal operators form a subgroup of index 3, which together with any
operator diag(λ1, λ2, λ3) contains diag(λ2, λ3, λ1) and diag(λ3, λ1, λ2). All the operators
of the group G permute systems of imprimitivity of its normal subgroup K.

Suppose that (V ⊕ Rd)/G is a smooth manifold for some d. We claim that K =
G′(3, 3, 3). Indeed, if the group K does not coincide with G′(3, 3, 3), then it has exactly
one system of imprimitivity consisting of three lines. Then all the operators in G permute
the coordinate lines Cei, 1 ≤ i ≤ 3. According to Corollary 2.8, there exists an operator
g ∈ Ω \ {E} that permutes these lines nontrivially. Being an antilinear involution, it
affects a transposition on the set of these lines and, without loss of generality, transposes
the lines Ce2 and Ce3. The group K together with any operator g1 = diag(λ1, λ2, λ3)
also contains g2 := gg1g

−1 = diag(λ1, λ3, λ2), as well as g1g
−1
2 = diag(λ2

1, λ2λ3, λ2λ3).
The operator g1g

−1
2 has no simple spectrum and therefore is scalar: λ2

1 = λ2λ3 and
λ3
1 = λ1λ2λ3 = det g1 = 1. But the operators diag(λ2, λ3, λ1) and diag(λ3, λ1, λ2) also

belong to K; consequently, λ3
i = 1 for 1 ≤ i ≤ 3, that is, g31 = E. Thus, the cube of any

diagonal operator in K gives the identity operator and has determinant 1. Therefore,
K = G′(3, 3, 3).

The group K = G′(3, 3, 3) has order 27. Its derived subgroup coincides with the centre
Z(K), consists of exactly three scalar operators with determinant 1, and is isomorphic to
Z3

∼= F+
3 , the additive group of the field F3. The quotient group K/Z(K) is commutative

and is isomorphic to Z3 ×Z3, the additive group of the two-dimensional space F2
3. Next,

a nondegenerate skew-symmetric bilinear form ∧ : F 2
3 ×F2

3 → F3 corresponds to the map
K × K → Z(K) given by (a, b) → aba−1b−1. Any automorphism of the group K acts
on its derived subgroup Z(K) ∼= F+

3 by multiplication by a number ε ∈ F∗
3, and on the

quotient group K/Z(K), as on the space F2
3, by a nonsingular linear transformation that

multiplies the form ∧ by the same number ε ∈ F∗
3.

The systems of imprimitivity of the representationK : V are precisely the four pairwise
disjoint triples of lines. These four systems are in bijection with the four lines of the space
F2
3. Namely, in the group K the subgroup of all operators that leave invariant each line

of some (fixed) system of imprimitivity has index 3, contains the centre Z(K), and under
the factorization by the centre gives a line in F2

3. If g ∈ G and Ad(g) = εE, ε = ±1,
then conjugation by g leaves the group K invariant. The resulting automorphism of the
group K acts on its centre, which is isomorphic to F+

3 , by multiplication by the number
ε ∈ F∗

3, while the corresponding linear transformation in F2
3 multiplies the form ∧ by

ε ∈ F∗
3 and affects a permutation with sign ε on the four-element set of lines in F2

3. The
same permutation with sign ε is affected by the operator g on the four-element set of
systems of imprimitivity of the representation K : V .

We fix one of the systems of imprimitivity and choose a line Cv, v 	= 0, in it. The
stabilizer of the vector v in the group K consists of three elements. Hence the finite
group Gv is nontrivial and, by Corollary 2.6, the set Gv ∩ Ω contains a nonidentity
operator g ∈ Ω \ {E}. We have g(Cv) = Cv; therefore this system of imprimitivity is
preserved by the operator g ∈ G \ G′, by the subgroups K and G0, and therefore also
by the whole group G. Thus, all the operators in G leave each of the four systems of
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imprimitivity invariant; that is, they affect the identity permutation on the set of them,
which has sign equal to 1. Consequently, Ad(G) = {E}, which is false. �

Corollary 7.2. If the representation (G/H) : (V/H) is irreducible, then the quotient
(V ⊕ Rd)/G is not a smooth manifold for any d.

This completes the proof of Theorem 1.5.

Lemma 7.3. If the group G is reducible over the field R or the group H is irreducible
over the field C, then the representation (G/H) : (V/H) is reducible.

Proof. First suppose that G is a reducible group. Then V is a direct sum of nonzero
G-invariant complex subspaces V ′ and V ′′ and each complex reflection in G acts on one
of them trivially, and on the other by a reflection. Then V/H ∼= (V ′/H) × (V ′′/H),
V ′/H ∼= V ′, V ′′/H ∼= V ′′, and the group G/H acts linearly on the quotients V ′/H and
V ′′/H. The linear representation of the group G/H in the space V/H is reducible as the
direct sum of its representations in the nonzero spaces V ′/H and V ′′/H.

Now suppose that the group H is irreducible. The classification of all the finite
irreducible subgroups H ⊂ GL3(C) generated by reflections is given in [4], and the set of
degrees of homogeneous generators of the algebra of invariants C[V ]H is indicated for each
of them. Thus, if the group H is primitive, then the degrees of homogeneous generators of
C[V ]H are pairwise distinct. On the other hand, if H is imprimitive, then H = G(pq, p, 3)
for some p, q ∈ N. The algebra C[V ]H has homogeneous generators of degrees pq, 2pq, 3q
(note that for p 	= 3 the numbers pq, 2pq, 3q are pairwise distinct). In any case, among
the degrees of homogeneous generators of C[V ]H at least two are distinct; therefore some
coordinate line of the complex space V/H is invariant under G/H. �

This completes the proof of Theorem 1.6: the first assertion was proved at the be-
ginning of this section and the second follows from Lemma 7.3 and Theorem 1.5. Fur-
thermore, if the group H is irreducible and does not coincide with any of the groups
G(3q, 3,3), q ∈ N, then V/G is a manifold, since the degrees of homogeneous generators
of the algebra of invariants C[V ]H are pairwise distinct. Thus Theorem 1.7 is also proved.

We now prove Theorem 1.8.
Suppose that the group H is reducible over C and G is irreducible over R. Then the

group G0 acts on V by scalar operators.
Suppose that (V ⊕Rd)/G is a smooth manifold for some d ≥ 0. By Theorem 1.5, the

representation (G/H) : V/H) is reducible, unlike the representation G : V ; in particular,
the group H is nontrivial.

The representation H : V cannot be isotypic; otherwise V would be the direct sum
of three H-invariant lines and the group H would act on V by scalar operators, but
at the same time be generated by reflections and be nontrivial. Consequently (see [3,
§9]), the representation G : V has a system of imprimitivity consisting of three H-inva-
riant complex lines (which can be assumed to be the coordinate lines) and is induced

by a representation of a proper subgroup G̃ 	= G, H ⊂ G̃ ⊂ G, on the line Ce1 ⊂ V .
Therefore the group H consists precisely of all the diagonal operators h such that hq = E,
q > 1; that is, H �G′(q, 1,3) is a subgroup of index 3. The algebra of invariants C[V ]H

has homogeneous generators zqi all with the same degree q, and under the factorization
map V → V/H given by (z1, z2, z3) → (zq1 , z

q
2 , z

q
3) the group G0 acts on V/H by scalar

operators.
The reducible representation (G/H) : (V/H) is induced by a one-dimensional repre-

sentation of the subgroup G̃/H on the line Ce1 ⊂ V/H. According to Mackey’s irre-
ducibility criterion ([3, §7]), any operator in G′ that leaves all three coordinate lines of
the spaces V and V/H invariant acts as a scalar on V/H. Furthermore, the group G′
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affects only even permutations on the set of coordinate lines in V and V/H, since none
of the elements of G/H acts on V/H by a complex reflection. We can assume that G′

is generated by the subgroup G0H and the operator of a cyclic permutation of the co-
ordinates, while the line Cv, where v := (1,1, 1) ∈ V/H, is invariant under G/H. Thus,
G′ = G0G′(q, 1,3) = G′(q, 3) ⊂ G(q, 3).

It remains to prove that the operator g(2,3) belongs to G. The group H leaves all
three coordinate lines invariant; hence, using Corollary 2.8, some antilinear involution
g ∈ Ω permutes them nontrivially, and therefore by a transposition. We can assume
that g(z1, z2, z3) = (λ1z1, λz3, λz2), |λ| = |λ1| = 1. Since under the action of g the
vector v = (1,1, 1) ∈ V/H goes to the vector (λq

1, λ
q, λq) ∈ V/H, we have λq

1 = λq and
g(2,3) ∈ gG0H ⊂ G.

Conversely, let G = G(q, 3). The group H consists exactly of all the diagonal operators
h such that hq = E, and the factorization map V → V/H can be given by the formula
(z1, z2, z3) → (zq1 , z

q
2 , z

q
3). It is easy to see that the representation of the group G in

the space V/H is reducible: the complex line spanned by the vector (1,1, 1) ∈ V/H
remains invariant. It remains to prove that 〈Ω〉 = G. The antilinear involutions g(2,3)
and g(1,2) : (z1, z2, z3) → (z2, z1, z3) belong to G; therefore the group 〈Ω〉 affects various
permutations on the set of three lines Cei ⊂ V . The subgroup of all operators of the
group G that leave invariant all the coordinate lines coincides with G0H. We have
〈Ω〉 ⊃ H, as well as 〈Ω〉 ⊃ G0, since Ad(Ω) � −E; therefore 〈Ω〉 = G.

Theorem 1.8 is proved.

8. The ‘simplification’ of representations

8.1. General construction. Suppose that there is an abstract group G and a subgroup
H ⊂ G acting on some (abstract) set F . We again denote by G/H the set of left cosets
of H in G. We consider the action of the group H on the set G × F by the rule
h(g, f) := (gh−1, hf) and the action of the group G by left shifts of the first argument:
g′(g, f) := (g′g, f). The action of the group G commutes with the action of H, since
left and right shifts commute. Therefore G acts canonically on the quotient (G×F )/H,
that is, on the homogeneous fibration G ∗

H
F , so that the surjective factorization map

π0 : G × F → G ∗
H
F commutes with the action of G on the sets G × F and G ∗

H
F .

The surjection π′ : G × F → G/H given by (g, f) → gH is constant on the fibres of π0

and commutes with the action of G on G× F and G/H by left shifts. Therefore, there
exists a surjective map π : G ∗

H
F → G/H commuting with the action of G and such that

π′ = π ◦ π0.
If f, f ′ ∈ F are distinct elements, then π0(e, f) and π0(e, f

′) are distinct elements
of G ∗

H
F ; therefore we identify the element π0(e, f) ∈ G ∗

H
F (for f ∈ F ) with f . Then

π−1(eH) = π0(H × F ) = π0

(
{e} × F

)
= F , and since π commutes with the action of G,

we have π−1(gH) = gπ−1(eH) = gF . Thus, π is a fibration with fibre F . We consider
the set SH(G,F ) of its sections, i.e., maps s : G/H → G ∗

H
F such that π ◦ s = idG/H .

The group G acts canonically on SH(G,F ) by the rule g(s) := g ◦ s ◦ g−1, since

π(gsg−1) = gπsg−1 = g ◦ idG/H ◦ g−1 = idG/H .

If F is a linear space andH acts linearly on F , then the fibre of the fibration π is a linear
space. Therefore all the sections of the fibration π also form a vector space SH(G,F )
and the action G : SH(G,F ) is linear. If in addition dimF < ∞ and |G/H| < ∞, then
the space SH(G,F ) is finite-dimensional.

Below we describe a method for reducing the original linear representation G : V
to representations in spaces of lower dimension. Namely, suppose that the space V
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contains a direct sum S of pairwise orthogonal subspaces permuted by the group G so
that G acts transitively on the (finite) set M of these subspaces. Then the product of all
subgroups of the form G[W ] ⊂ G (for W ∈ M) is direct. We set T := S⊥ ⊂ V . Clearly,
GS = S, GT = T , and the set of subspaces M ∪ {T} is a system of imprimitivity of the
representation G : V .

We now fix some subspace W ∈ M . Let G(W ) := {g ∈ G : gW = W} ⊂ G be the
stabilizer of an element W ∈ M in the group G; this is a Lie subgroup of finite index
|G/G(W )| = |M |, so G0 ⊂ G(W ). Obviously, G[W ] ⊂ G(W ); moreover, G[W ]�G(W ).

Consider some subgroup H ⊂ G[W ] that is normal in G(W ). It acts trivially on
W⊥ and therefore embeds into O(W ). For any g ∈ G we have gHg−1 ⊂ G[gW ].
Furthermore, if g1W = g2W , gi ∈ G, then g0 := g−1

1 g2 ∈ G(W ) and g0Hg−1
0 = H,

whence g2Hg−1
2 = g1Hg−1

1 . Thus, in the group G, distinct subgroups of the form gHg−1

are contained in distinct groups of the form G[gW ], g ∈ G. Therefore, only finitely
many among the subgroups gHg−1 are distinct (at most |M |) and their product H ′ is
direct. Subgroups of the form gHg−1 are permuted under conjugation by elements of G;
consequently, H ′ �G.

Proposition 8.1. Suppose that the quotient W/H is diffeomorphic to a vector space
W ′ on which the group G(W ) acts linearly. Then the quotient V/H ′ is diffeomorphic to
some vector space V ′ on which G acts linearly.

Proof. The subgroup G(W ) ⊂ G of finite index |M | acts linearly in the space W ′;
therefore the set S′ := SG(W )(G,W ′) is a finite-dimensional vector space and G acts on
it linearly. By hypothesis, the quotient S/H ′ is diffeomorphic to the finite-dimensional
vector space S′ and the canonical action of the group G on this quotient is linear. Also,
since H ′ acts on T trivially, the quotient V/H ′ is diffeomorphic to the finite-dimensional
space V ′ := S′ ⊕ T on which G acts linearly. �

Let G′ ⊂ GL(V ′) be the image of the group G under the linear representation G : V ′

obtained (under the hypotheses of Proposition 8.1). Then the quotient V/G is a (smooth)
manifold if and only if V ′/G is a (smooth) manifold. Thus the question of whether the
quotient of the representation G : V is a (smooth) manifold reduces to a similar question
for the faithful linear representation G′ : V ′. If in addition dimH > 0, then dimH ′ > 0
and dimV ′ = dim(V/H ′) < dimV ; that is, we have succeeded in reducing the original
representation to a representation of strictly lower dimension.

8.2. Passing to a 2-stable set of weights. We return to the action of the group G in
the space V and to weights λ : G0 → T and λ : g → R corresponding to a decomposition
into irreducible components (accounting for multiplicities). The set of these weights in
the space g is again denoted by P . As we mentioned, the set P is independent of the
choice of decomposition (up to changing the sign of some of its elements). We assume that
P is 1-stable; otherwise V/G is not a manifold according to Proposition 2.2. Suppose
that P is not a 2-stable set. Our aim is to reduce the study of the quotient of the
original representation to the study of the quotient of another faithful representation
G′ : V ′ such that dimV ′ < dimV . The main tool we shall use is the method for passing
to another representation, which we described in Subsection 8.1. To prove that some
subspaceW and some subgroupH ⊂ G[W ] that is normal inG(W ) satisfy the hypotheses
of Proposition 8.1 we shall use the examples in Subsection 3.2.

Any weight λ ∈ g can be replaced by its opposite; therefore we can make sure that all
the coefficients of the form cλ, λ ∈ P , are positive (see §4).

Every operator Ad(g), g ∈ G, leaves invariant, up to sign, the set P and permutes its
equivalence classes.
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Since the set P is not 2-stable, there exists an equivalence class N in it with more
than one element. This class does not contain trivial weights and, in addition, together
with any of its weights, it also includes all its copies in P . We set W := VN . Any pair
of images of the set N under the action of all the operators Ad(g), g ∈ G either coincide
or are disjoint (up to sign). Therefore any pair of subspaces gW , g ∈ G, either coincide
or are orthogonal. Their sum is direct, and they are permuted transitively under the
action of G. Let H := G[W ] ∩ G0 ⊂ G[W ]. This subgroup is normal in G(W ), since
G[W ]�G(W ) and G0 �G.

Proposition 8.2. For this choice of the subspace W and subgroup H ⊂ G[W ], the
quotient W/H is diffeomorphic to some vector space W ′ on which the group G(W ) acts
linearly.

Proof. It is easy to see that the subgroup H = G[W ] ∩G0 coincides with
⋂

λ∈P\N Kerλ

(where the λ : G0 → T are weights), and the subalgebra h := LieH = g[W ] with⋂
λ∈P\N Kerλ (where the λ are weights in g).

The group of restrictions of operators in G0 to the subspace W acts on each of its
irreducible components by multiplication by a complex number; therefore it naturally
embeds into the torus T‖N‖ so that the image under the embedding is just ϕN (G0). As
for the group H, it also embeds into T‖N‖; the image under the embedding is ϕN (H).

We restrict the homomorphism ϕN to the Lie subgroup H ⊂ G0. If some character

χ : T ‖N‖ → T, z →
∏
λ∈N

zdλ

λ , dλ ∈ Z

is trivial on the whole subgroup ϕN (H) ⊂ T‖N‖, then the linear function

dχ : R‖N‖ → R, x →
∑
λ∈N

dλxλ

is trivial on the algebra LieϕN (H) = dϕN (h) ⊂ R‖N‖. The latter is equivalent to the
fact that the function

∑
λ∈N dλλ is equal to zero on the subspace h =

⋂
λ∈P\N Kerλ or,

equivalently, it belongs to 〈P \N〉. Since N is an equivalence class, up to proportionality
exactly one of these linear combinations is nontrivial, and its coefficients cλ (λ ∈ N) are
positive. Therefore LieϕN (H) is a hyperplane in R‖N‖, while the subgroup ϕN (H) ⊂
T‖N‖ has codimension 1 and is defined by a single nontrivial character with exponents
proportional to the cλ and therefore they are nonzero and have the same sign (we can
assume they are positive integers).

The space W is a direct sum of ‖N‖ pairwise orthogonal irreducible components; each
of them is a one-dimensional complex space on which the group G0 (and therefore also H)
acts by multiplication by complex numbers. The unique nontrivial linear combination
of the weights λ ∈ N , up to proportionality, contained in the linear hull of the other
weights in P has coefficients cλ > 0. As already mentioned, H is a subgroup of the
‖N‖-dimensional torus defined by a single character with positive integer exponents aλ
which are proportional to the cλ:

ϕN (H) =
{
z ∈ T‖N‖ :

∏
λ∈N

zaλ

λ = 1
}
⊂ T‖N‖;

in particular, dimH = ‖N‖ − 1 > 0. For such a group H, the quotient W/H is diffeo-
morphic to a vector space W ′ of dimension ‖N‖+ 1 by Theorem 3.4. Furthermore, the
restriction to W of any operator in G(W ) is an orthogonal operator in W contained in
the normalizer of the group H; consequently, it acts linearly on the quotient W/H (again
by Theorem 3.4). �
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According to Proposition 8.1 we can reduce the original action G : V to another faithful
representation G′ : V ′ such that V/G is a (smooth) manifold if and only if V ′/G′ is
a (smooth) manifold. Next, dimH > 0, whence dimV ′ < dimV . We continue this
procedure until we obtain a 2-stable set of weights. Since the dimension of the space
decreases strictly at each step, sooner or later the process will terminate and therefore
the set of weights will become 2-stable.
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