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ASYMPTOTICS OF THE EIGENVALUES

OF BOUNDARY VALUE PROBLEMS

FOR THE LAPLACE OPERATOR

IN A THREE-DIMENSIONAL DOMAIN

WITH A THIN CLOSED TUBE

S. A. NAZAROV

Abstract. We construct and justify asymptotic representations for the eigenval-

ues and eigenfunctions of boundary value problems for the Laplace operator in a
three-dimensional domain Ω(ε) = Ω \ Γ̄ε with a thin singular set Γε lying in the cε-
neighborhood of a simple smooth closed contour Γ. We consider the Dirichlet prob-
lem, a mixed boundary value problem with the Neumann conditions on ∂Γε, and
also a spectral problem with lumped masses on Γε. The asymptotic representations
are of diverse character: we find an asymptotic series in powers of the parameter
|ln ε|−1 or ε. The most comprehensive and complicated analysis is presented for the
lumped mass problem; namely, we sum the series in powers of |ln ε|−1 and obtain an
asymptotic expansion with the leading term holomorphically depending on |ln ε|−1

and with the remainder O(εδ), δ ∈ (0, 1). The main role in asymptotic formulas is
played by solutions of the Dirichlet problem in Ω \ Γ with logarithmic singularities
distributed along the contour Γ.

1. Statement of the problems. Description of the methods and results

1.1. Domain and boundary value problems. Let Γ be a simple smooth (C∞) closed
contour on the plane R

2. In a neighborhood V of Γ, we introduce the natural curvilinear
coordinates (n, s), where s is the arc length parameter and n is the signed distance from
Γ positive outside the domain surrounded by Γ (Figure 1). In what follows, we slightly
abuse the notation by writing s ∈ Γ to mean the point of Γ with coordinate s and by
denoting the set {x ∈ R

3 : (x1, x2) ∈ Γ, x3 = 0} in the space R
3 again by Γ. Let ω be a

bounded domain on the plane (Figure 2(a)), let U be a neighborhood of Γ in R3 where
the coordinate system (n, s, x3) is defined, and let

(1.1) Γε = {x ∈ U : s ∈ Γ, η = (ε−1n, ε−1x3) ∈ ω}.

Here ε > 0 is a small parameter; i.e., Γε is a thin toroidal set (Figure 2(b)). Finally, let Ω
be a domain in R3 containing Γ (and hence containing the set (1.1) for small ε ∈ (0, ε0],
ε0 > 0). For simplicity, we assume that the boundaries ∂Ω and ∂ω are smooth and place
the origin η = 0 in the interior of the set ω ⊂ R2.

The aim of this paper is to study asymptotic properties of the spectra of several
boundary value problems. First, this is the Dirichlet problem in the singularly perturbed
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Figure 1. The limit contour Γ
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Figure 2. (a) A reduced (unit-size) cross-section of the cavity; (b) the
thin cavity itself

domain Ω(ε) = Ω \ Γ̄ε with the thin cavity (1.1):

Δxu(ε, x) + λ(ε)u(ε, x) = 0, x ∈ Ω(ε),(1.2)

u(ε, x) = 0, x ∈ ∂Ω(ε) = ∂Ω ∪ ∂Γε.(1.3)

The second spectral problem describes harmonic vibrations of a body Ω with a heavy
inclusion Γε (a lumped mass); namely,

Δxu(ε, x) + λ(ε)(1 + aε−m
x
ε(x))u(ε, x) = 0, x ∈ Ω,(1.4)

u(ε, x) = 0, x ∈ ∂Ω.(1.5)

Equation (1.4) contains positive constants m and a as well as the characteristic function
xε of the set Γε on which the additional mass is distributed with density aε−m. Attention
is mainly paid to the case of m > 2, which corresponds to a heavy inclusion Γε.

Along with the Dirichlet problems, we study the following mixed boundary value
problem: (1.2) and the Dirichlet boundary condition (1.5) on the exterior part ∂Ω of the
boundary are supplemented with the Neumann condition

(1.6) ∂nu(ε, x) := n(ε, x)�∇xu(ε, x) = 0, x ∈ ∂Γε,

on the interior part ∂Γε. Here ∇x = grad, n(ε, x) is the unit outward (with respect to
Ω(ε)) normal vector on the surface ∂Γε, and the symbol � stands for transposition.
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It is well known that the eigenvalues of problems (1.1), (1.3) and (1.1), (1.5), (1.6)
form sequences

(1.7) 0 < λ1(ε) < λ2(ε) ≤ · · · ≤ λk(ε) ≤ · · · → +∞

and that the corresponding eigenfunctions u1, u2, . . . , uk, . . . ∈
◦
H1(Ω(ε); ∂Ω) can be sub-

jected to the orthogonality and normalization conditions

(1.8) (uj , uk)Ω(ε) = δj,k, j, k ∈ N := {1, 2, 3, . . . }.

Here
◦
H1(Ξ; Σ) is the subspace formed in the Sobolev space H1(Ξ) by functions vanishing

on the surface Σ ⊂ ∂Ξ, ( , )Ξ is the inner product on the Lebesgue space L2(Ξ), and δj,k
is the Kronecker delta. Needless to say, the eigenfunctions of the Dirichlet problem lie in

the space
◦
H1(Ω(ε); ∂Ω(ε)) (which we denote briefly by

◦
H1(Ω(ε)) because the Dirichlet

condition is posed on the entire boundary). The eigenvalues of problem (1.4), (1.5),
which can be restated as the integral identity

(1.9) (∇xu,∇xv)Ω = λ(ε)
(
(u, v)Ω + aε−m(u, v)Γε

)
, v ∈

◦
H1(Ω),

form a sequence (1.7) as well, but the orthogonality and normalization conditions similar
to (1.8) have the form

(1.10) (uj , uk)Ω + aε−m(uj , uk)Γε
= δj,k, j, k ∈ N.

1.2. Limit problems. The following result on the convergence of the eigenvalues of
problems (1.1), (1.3) and (1.1), (1.5), (1.6) (see Lemmas 6.1 and 6.3 below) is elementary:
λm(ε) tends as ε → +0 to some term (actually, to λ0

m) of the sequence

(1.11) 0 < λ0
1 < λ0

2 ≤ · · · ≤ λ0
k ≤ · · · → +∞

of eigenvalues of the problem

(1.12)
Δxv(x) + λv(x) = 0, x ∈ Ω,

v(x) = 0, x ∈ ∂Ω.

As far as the spectra of the Dirichlet problem and the mixed problem are concerned,
the content of the paper amounts to refining this primitive convergence result. For the
peculiar lumped mass problem (1.4), (1.5), a new scheme of proof had to be invented for
the convergence theorem.

In Sections 3 and 5, we construct an asymptotic series for the eigenvalues and eigen-
functions of the Dirichlet and mixed problems in the singularly perturbed domain Ω(ε).
The series for the eigenfunctions contain not only the solutions of the first limit problem
in Ω, namely, of the spectral problem (1.12) and of the ordinary problem

(1.13)
Δxv(x) = f(x), x ∈ Ω,

v(x) = g(x), x ∈ ∂Ω,

but also terms of boundary layer type, which are localized near the thin cavity Γε, depend
on the slow variable s and the fast variables η = (η1, η2) (see (1.1)), and are solutions of
exterior boundary value problems for the set ω̄. The structure of the asymptotic Ansätze
and the difficulties encountered in their construction are determined by the properties of
solutions of these exterior problems. For example, the exterior Neumann problem

(1.14)
Δηw(η) = f(η), η ∈ R

2 \ ω̄,
∂νw(η) := ν(η)�∇ηw(η) = g(η), η ∈ ∂ω,

where the right-hand side f = 0 of the equation is uniquely solvable in the class of
functions decaying as |η| → +∞, provided that the right-hand side g of the boundary
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condition has zero mean on the contour ∂ω. At the first step of the asymptotic procedure,
this solvability condition holds automatically. Hence the boundary layer plays the role
of a weak asymptotic correction, and the algorithm for constructing a formal asymptotic
series is relatively simple. Section 5 presents full asymptotic expansions in powers of the
small parameter ε both in the case of a simple eigenvalue λ0

k and in the case of a multiple
eigenvalue, that is, under the conditions κk > 1 and

(1.15) λ0
k−1 < λ0

k = · · · = λ0
k+κk−1 < λ0

k+κk
.

Here the only distinction from the classical perturbation theory is that we use a discrep-
ancy rearrangement procedure, which permits one to handle power-law boundary layers.
(See the paper [1] as well as the monograph [2] and, e.g., the papers [3, 4, 5], where this
procedure is described in detail for specific equations of mathematical physics.)

The exterior Dirichlet problem

(1.16)
Δηw(η) = f(η), η ∈ R

2 \ ω̄,
w(η) = g(η), η ∈ ∂ω,

has a bounded solution, say, if f = 0 and g ∈ C1(∂ω), but the condition for this solution
to decay at infinity, as the boundary layer necessarily should, is stated in terms of the
logarithmic capacity potential (see the books [6, 7] and further (2.30) and (2.27)), is not
satisfied automatically, and is artificially forced to hold in Section 3 by supplementing the
asymptotics with special solutions (studied in Section 2) of the homogeneous Dirichlet
problem in Ω \ Γ with singularities on Γ. As a result, the correction to the asymptotic
formula for the eigenvalues of problem (1.2), (1.3) happens to be of the order of |ln ε|−1,
becomes important, and determines the entire structure of the asymptotic Ansätze.

The results concerning the lumped mass problem were announced in the short com-
munication [8], where the formal asymptotic procedures are given without proof. This
problem stands somewhat apart from the other problems. This concerns both the com-
pleteness of the asymptotic results obtained for the specific case considered and the
method used to analyze the problem, because the asymptotic procedure presented in
Section 4 involves some elements of the procedures used for the Dirichlet and mixed
problems (Section 3 and Section 5, respectively) but proves to be much more compli-
cated. At the same time, many questions related to the analysis of problem (1.4), (1.5)
remain unanswered. These concern the intermediate value m = 2 (at which the masses
of the bodies Ω \ Γε and Γε are of the same order), the case of a multiple eigenvalue of
the limit equation, and the case of a domain in Rn, n > 3. We point out that the limit
problem on the contour Γ is changed in all these cases. Nevertheless, the low-frequency
spectrum range for n = 3 and m > 2 is completely described in Theorem 7.4; the
corresponding asymptotic formulas are especially complicated owing to the additional
holomorphic dependence of the terms in these formulas on the parameter |ln ε|.

1.3. Asymptotic constructions. The asymptotics of solutions of the Dirichlet problem
(1.13) in three-dimensional domains with thin elongated cavities was studied in [9, 10,
11, 12, 13, 14] (see also the booklet [15] and the monograph [2, Chapters 12 and 13]).
A distinguishing feature of the asymptotic formulas obtained is that, first, there arises
an additional (third) limit problem, which is an integral equation on the contour Γ and
still involves the large parameter |ln ε|, and, second, there exists an infinitesimal positive
sequence {εp} of values of the small parameter ε > 0 for which this equation is unsolvable.
There is no difficulty in constructing series expansions of the solutions of problem (1.13)
on Ω(ε) in inverse powers of |ln ε|, but the upper bound ε0 for the parameter ε itself is
significantly lowered, because the function ε 
→ |ln ε| grows slowly. A method developed
in [9, 10, 11, 12] provides a power-law asymptotic of the solution of the Dirichlet problem
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in a domain with a thin cavity under increased smoothness requirements on the data. In
this method, a modified equation (with the kernel of the integral operator “truncated” in
a certain way) is used to find the distribution density γ(s; ln ε) on Γ of the singularities
O(|ln dist(x,Γ)|) of the solution of the homogeneous problem (1.13) for all ε ∈ (0, ε0].
(Such solutions will be used in Sections 3 and 4 and studied in Sections 2.3–2.5.) In
other words, an asymptotic summation of the power series in |ln ε|−1 was carried out in
[9, 10, 11, 12].

There also arises a necessity for (and a possibility of) summing such series in the
different situation of the spectral Dirichlet problem for the Laplace operator in a two-
dimensional domain with a small hole (see [3, 16, 17] and also [2, Chapters 9 and 10]). It
turns out that, owing to the lack of the natural decay property for solutions of boundary
layer type, the asymptotic correction to the eigenvalue of the limit problem plays a
determining role in the construction of asymptotic Ansätze, is found from the solution of
some nonlinear equation, and analytically depends on the variable |ln ε|−1. We point out
that the algorithm for constructing the asymptotics is complicated, which often results
in errors in published papers (e.g., see the paper [18] and the correction in [19] of the
errors contained there).

In Section 3, we construct asymptotic series expansions of solutions of the spectral
Dirichlet problem (1.2), (1.3) in inverse powers of the large parameter |ln ε|. The author
does not know whether it is possible to sum the formal series found there; this question
remains open.

In the case of a simple eigenvalue (in particular, the first eigenvalue) of the limit
problem (1.19), we study the asymptotics of solutions of the spectral problem (1.4), (1.5)
with lumped masses on the thin set Γε completely; i.e., we sum the series in inverse
powers of |ln ε|. From the very beginning of Section 4, we speak of asymptotic Ansätze
of power-law accuracy with respect to the parameter ε itself (rather than |ln ε|). It is
this result that is the central result of the paper.

Numerous studies of lumped mass problems were initiated in [20], where the asymp-
totics of the solution of the spectral problem (1.4), (1.5) was constructed for the case
in which m = 3 and xε is the characteristic function of the set 
ε = {x ∈ R3 : ξ :=
ε−1x ∈ 
}, where 
 is a domain in R3 with smooth boundary ∂
 and compact closure

̄. (The boundary was only assumed to be smooth to simplify the statements.) This
problem and similar problems (e.g., see the papers [21, 22, 23, 24, 25, 26] as well as the
survey [27] and the book [28, 29, 30]) have the characteristic feature that the spectrum
is concentrated near the point λ = 0. Namely, regular asymptotics are obtained for the
normalized spectral parameter μ(ε) determined by the formula

(1.17) λ(ε) = εm−2a−1μ(ε).

The substitution λ(ε) 
→ μ(ε) and the dilatation x 
→ ξ = ε−1x of coordinates transform
the differential operator in (1.4) into the operator

ε−2(Δξ + μ(ε)x1(ξ)) + a−1εm−2μ(ε),

where x1 is the characteristic function of the set ω1 = ω. Consequently, the leading
asymptotic part of the operator is given by the expression ε−2(. . . ), and the limit problem
acquires the form

(1.18) Δξw(ξ) + μx1(ξ)w(ξ) = 0, ξ ∈ R
3.

Since the new spectral parameter μ is multiplied by the compactly supported function
x1, it turns out that the spectrum of (1.18) considered in the class of functions decaying
at infinity is discrete. As a result, one has the convergence ε2−ma−1λn(ε) → μn, the
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asymptotic formula
λn(ε) = εm−2(aμm +O(εmin{1,m−2})),

and even a complete asymptotic series for the eigenvalue and eigenfunctions (see [20] and
other publications cited above).

For the case in which the masses are concentrated on the thin toroidal set (1.1), we
still make the change (1.17) of the spectral parameter and a dilatation of coordinates
(n, x3) 
→ η in the planes perpendicular to the axis Γ of the “torus” Γε. As a result, we
obtain the limit equation

(1.19) Δηw(η) + μxω(η)w(η) = 0, η ∈ R
2,

where μ is a spectral parameter and xω is the characteristic function of the domain
ω ⊂ R2. However, the asymptotic analysis is complicated by two facts. First, the
natural energy class H on the plane R2 (see definition (2.35) of the norm) includes
constants; i.e., μ0 = 0 is an eigenvalue1 of (1.19), and the corresponding eigenfunction
w0(ξ) = const and other eigenfunctions do not decay as |ξ| → +∞. Second, although the
variable s ∈ Γ does not explicitly occur in the limit equation (1.19), there remains much
ambiguity2 (an arbitrary density γ ∈ C∞(Γ)) in the choice of the initial approximation to
the eigenfunction of problem (1.4), (1.5). All this makes the procedure for constructing
the asymptotics of solutions of the spectral problem with lumped masses on the thin set
(1.1) extremely complicated (see Section 4).

We pay less attention to the justification of the constructed expansions than to the as-
ymptotic algorithms themselves. In what follows, we restrict ourselves to the statements
of theorems about the asymptotics of eigenvalues (but not eigenfunctions) and, to make
the computations easier, introduce some simplifying assumptions requiring the eigenval-
ues of the auxiliary problems arising here to be simple. The claims that we have omitted
can be reconstructed by a well-known standard scheme independent of the nature of the
singular perturbation in the problem. The justification itself is divided into two stages.
First, in Section 6 we establish easy-to-verify assertions3 on the convergence of the eigen-
values of the boundary value problems (1.2), (1.3) and (1.2), (1.5), (1.6) and also prove
the convergence in problem (1.4), (1.5), which requires a new, more complicated scheme
of proof. Next, in Section 7, we use the classical lemma about “almost” eigenvalues and
eigenvectors to establish a kind of converse assertion: the original singularly perturbed
problem has eigenvalues with our asymptotics in a small neighborhood of each eigenvalue
of the limit problem. By combining these results, we arrive at definitive theorems on the
asymptotics of the spectrum of the three problems considered.

The final Section 7 discusses possible generalizations and states open questions along
with related unsolved problems.

2. Limit problems

2.1. Limit problem in the domain Ω. All problems mentioned in Section 1.1 can
naturally be interpreted as singular perturbations of the Dirichlet problem in the fixed
domain Ω. The properties of the classical (smooth) solutions of the boundary value
problem (1.13) and the corresponding spectral problem (1.12) are well known. Hence we
omit the corresponding statements and only reproduce them in the text if and where they
are needed. At the same time, as was already mentioned in Section 1.2, the asymptotic

1Equation (1.18) does not have the eigenvalue μ0 = 0, because, as obvious considerations show, the
energy class in the space R3 consists of functions decaying at infinity at the rate of O(|ξ|−1) and hence
does not contain constants.

2Clearly, there is no such ambiguity in the choice of the eigenfunction of (1.18).
3These assertions show that the limits of the eigenvalues λn(ε) belong to the spectrum of the limit

problem; cf. Section 1.2.
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analysis has to deal with solutions that are not smooth on the contour Γ. It is these
irregular solutions that are the subject of this section.

Let G be the Green function of the Dirichlet problem with a singularity at a point
ξ ∈ Ω; i.e.,

(2.1) G(x, ξ) = (4π|x− ξ|)−1 +G0(x, ξ),

where the regular part G0 is the solution of problem (1.13) with f = 0 and g(x) =
−(4π|x− ξ|)−1. For a density γ ∈ C∞(Γ), we introduce the integral

(2.2) V(γ;x) =

∫
Γ

γ(s)G(x, s) ds.

One can readily see that V is a solution (in the class of distributions) of problem (1.13)
with g = 0 and with f being the Dirac delta function distributed along the contour Γ
with density γ. It is well known (see [2, Section 12.2], [31], [32, Section 12.5], etc.) that
the asymptotics of the integral (2.2) as r = (n2 + x2

3)
1/2 → 0 has the form

(2.3) V(γ;x) = −(2π)−1γ(s) ln r + J(γ; s) +O(r|ln r|),

where the integral operator J is given by

(2.4) J(γ; s) =

∫
Γ

(γ(τ )− γ(s))G(τ, s) ds+ j(s)γ(s).

Here G(τ, s) is the trace of the Green function on the Cartesian product Γ× Γ ⊂ Ω×Ω,
and the factor j(s) is determined by the formula

(2.5) j(s) = (2π)−1 ln 2− G+(s+ 0, s)− G−(s− 0, s),

where G is some antiderivative of the function Γ � s 
→ G(s, τ ). By virtue of (2.1), we
have the representation

(2.6) G(s, τ ) = ±(4π)−1 ln |s− τ | ± G±(s, τ ).

The plus or minus sign on the right-hand side in (2.6) is taken depending on whether
the point s is to the right or to the left, respectively, of the point τ relative to the chosen
sense of the contour Γ.

One can carry out exactly the same constructions for problem (1.12). Let λ0
k be a

simple eigenvalue of this problem, and let vk be the corresponding eigenfunction normal-
ized in the Lebesgue space L2(Ω). Next, let Gk(x, ξ) be the generalized Green function
(e.g., see the textbook [33]) satisfying the relations

(2.7)

ΔxGk(x, ξ) + λ0
kGk(x, ξ) = −δ(x− ξ) + vk(ξ)vk(x), x ∈ Ω,

Gk(x, ξ) = 0, x ∈ ∂Ω,

Gk(x, ξ) = (4π|x− ξ|)−1 +O(1), x → ξ ∈ Ω,

∫
Ω

Gk(x, ξ)vk(x) dx = 0.

By analogy with the preceding, the integral

(2.8) Vk(γ;x) =

∫
Γ

γ(s)Gk(s, ξ) ds

is a solution (in the sense of distributions) of the problem

(2.9)
Δxv(x) + λ0

kv(x) = f(x), x ∈ Ω,

v(x) = g(x), x ∈ ∂Ω,
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with g = 0 and

(2.10)

f(x) = −γ(s)δ(n)δ(x3) + vk(x)

∫
Γ

γ(s)vk(s) ds,∫
Ω

Vk(γ;x)vk(x) ds = 0.

Clearly, such a right-hand side f is zero on the set Ω \ Γ only if∫
Γ

γ(s)vk(s) ds = 0.

Formulas (2.3)–(2.6) remain valid for the integral (2.8) if we write the subscript k on
all variables (naturally, except for the arbitrary density γ); thus, we arrive at the integral
operator

(2.11) Jk(γ; s) =

∫
Γ

(γ(s)− γ(s))Gk(s, s) ds+ jk(s)γ(s),

where the kernel is the restriction to Γ × Γ ⊂ Ω × Ω of the generalized Green function
and the factor jk is determined by formulas (2.5) and (2.6) with G replaced by the
antiderivative Gk of the function Γ � s 
→ Gk(s, s).

Since the regular part G0 of the expansion (2.1) is in C∞(Ω× Ω), it follows that the
difference G(s, s)− (4π|s− s|)−1 is infinitely differentiable in the variables s, s ∈ Γ. Note
that the regular part

G0
k(x, ξ) = Gk(x, ξ)− (4π|x− ξ|)−1

of the solution of problem (2.7) admits the representation

G0
k(x, ξ) = a0(ξ) +

3∑
i=1

ai(ξ)(xi − ξi)−
1

8π
λ0
k|x− ξ|+O(|x− ξ|2),

where aj ∈ C∞(Ω). Hence the difference Gk − G of the kernels of the operators (2.11)
and (2.4) belongs to the Hölder class C0,α(Γ) with arbitrary exponent α ∈ (0, 1). Finally,
the factors j and jk prove to be smooth in both cases in accordance with definition (2.5).

Example 2.1. Let Γε be the thin torus given by formula (1.1), where ω = {y ∈ R2 : |y| <
R} is a disk of radius R > 0 and Γ = {x ∈ R3 : x2

1 + x2
2 = 1, x3 = 0} is the unit circle.

In the case of the exterior Dirichlet problem for the set Γε (i.e., for Ω = R
3), the

computations corresponding to formulas (2.1)–(2.5) can be found in the paper [12] (see
also [2, Section 12.2] and [15, Section 4]). In particular, formulas (2.1) and (2.4) become

G(x, ξ) = (4π|x− ξ|)−1, J(γ; s) = J(γ; s) + (2π)−1γ(s) ln 8.

Here

(2.12) J(γ; s) =
1

2

∫ l

0

(γ(s)− γ(s))
∣∣∣sin(1

2
(s− s)

)∣∣∣−1

ds.

The eigenvalues ν0, ν1, . . . and the corresponding eigenfunctions γ0,γ1, . . . of the op-
erator (2.12) are given by the formulas

(2.13)
ν2k−1 = ν2k = −4

k−1∑
j=0

1

1 + 2j
,

γ2k−1(s) = sin ks, γ2k(s) = cos ks,

where k = 0, 1, . . . , and one should ignore ν−1 and γ−1.
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2.2. Properties of integral operators. Consider the “truncated” operator (2.4),

(2.14) J (γ; s) =

∫
Γ

(γ(s)− γ(s))G(s, s) dτ.

By the well-known properties of the Green function, its kernel is symmetric and positive.
Since

−
∫
Γ

ς(s)J (γ; s) ds =
1

2

∫
Γ

∫
Γ

(γ(s)− γ(s))G(s, s) ds ς(s)ds

+
1

2

∫
Γ

∫
Γ

(γ(s)− γ(s))G(s, s) ds ς(s)ds

=
1

2

∫
Γ

∫
Γ

(γ(s)− γ(s))(ς(s)− ς(s))G(s, s) ds ds,

we see that the operator (2.14) is symmetric and negative (but not negative definite) on
the space Hln(Γ) with the norm(

‖γ;L2(Γ)‖2 − (J (γ), γ)Γ
)1/2

,

where ( , )Γ stands for the inner product on the Lebesgue space L2(Γ), or more precisely,
for the extension of this inner product to a duality between appropriate function classes.
According to the representation (2.1), the singularity in the kernel of the operator (2.14)
is O(|s − τ |−1), and hence, by a result in [34], the space Hln(Γ) coincides with the
Hörmander space [35] generated by the weight function

(2.15) μ(ξ) =
(
1 + ln |ξ|+ |ln |ξ||

)1/2
.

In other words, the norm on Hln(Γ) can be obtained by using an admissible partition of
unity to patch together the norms on Hln(R) computed via the Fourier transform Fs→ξ

according to the formula

(2.16) ‖γ;Hln(R)‖ =

(∫
R

μ(ξ)2|(Fs→ξγ)(ξ)|2 dξ
)1/2

.

Since μ(ξ) tends to infinity as |ξ| → ∞, it follows that the embedding Hln(Γ) ⊂ L2(Γ)
is compact. Finally, one can readily verify that J is a pseudodifferential operator with
principal symbol −(2π)−1 ln |ξ|. This property is obviously inherited by the operators
(2.4) and (2.11).

The facts listed above imply the following claim.

Lemma 2.1. (i) The operator J has a countable set {τj : j = 0, 1, . . . } of eigenval-
ues. All the eigenvalues are real and, being arranged in nonascending order (counting
multiplicities), form a negative sequence tending to −∞,

(2.17) τ0 ≥ τ1 ≥ · · · ≥ τj ≥ · · · → −∞.

The corresponding eigenfunctions γ0, γ1, . . . can be chosen to be orthonormal in the
Lebesgue space L2(Γ), i.e., (γj , γk)Γ = δj,k, j, k = 0, 1, . . . .

(ii) One has τ0 = 0 and γ0(s) = l−1/2; here l is the length of the contour Γ.

The differences between (2.4) and (2.14) and between (2.11) and (2.14) have the form

(2.18) Q(γ; s) =

∫
Γ

Q(τ, s)γ(τ ) dτ + q(s)γ(s),

where Q ∈ C(Γ × Γ) and q ∈ C1(Γ). Clearly, Q is a continuous operator on Hln(Γ).
Hence the operators J and Jk coincide with J modulo compact operators, and we can
make the following conclusion.
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Proposition 2.1. The assertion of Lemma 2.1(ii) remains valid for the operator J in
(2.4) as well as for the operators Jk in (2.11).

Each of the integral operators occurring above differs from the model operator J (see
definition (2.12)) by an operator of the form (2.18), which is obviously bounded in L2(Γ).
For example,

(2.19) ‖J − J;L2(Γ) → L2(Γ)‖ ≤ C.

This estimate permits the comparison of eigenvalues (2.17) and (2.13). Indeed, the
maximin principle (e.g., see [36, Theorem 10.2.2]) implies that

(2.20) −τj = max
Ej

inf
γ∈Ej

{
− (J γ, γ)Γ

(γ, γ)Γ

}
, −τ j = max

Ej

inf
γ∈Ej

{
− (Jγ, γ)Γ

(γ, γ)Γ

}
,

where j = 0, 1, . . . and Ej stands for an arbitrary subspace of codimension j in Hln(Γ).
Relations (2.19) and (2.20) ensure the inequalities

τ j −C < τj < τ j +C.

Similar estimates hold for the eigenvalues of the operators J and Jk. All the preceding,
together with the classical asymptotic formula (e.g., see [37, p. 887])

j∑
p=0

1

1 + 2p
=

1

2
ln j +O(1), j → +∞,

results in the following assertion.

Proposition 2.2. If (2.17) is the sequence of eigenvalues of one of the operators occur-
ring in formulas (2.4), (2.11), and (2.14), then

(2.21) τj = −2 ln j +O(1), j → +∞.

2.3. On the smoothness of solutions and their asymptotic expansions. Recalling
what was said about the kernels of the operators (2.4) and (2.11) before Example 2.1,
we conclude that the eigenfunctions γj of the operator J prove to be smooth, while

the eigenfunctions γ
(k)
j of the operator Jk can only be guaranteed to belong to the

class C1,α(Γ) with arbitrary exponent α ∈ (0, 1). This does not affect the subsequent

asymptotic analysis, because we do not need the eigenfunctions γ
(k)
j in Section 3, the only

place where the operator Jk could be used. We mention the papers [38, 39, 40, 41, 42, 43]
and the book [32, Chapters 8 and 9], which permit one to give a well-posed definition
of irregular solutions (2.8) with densities γ in the Sobolev–Slobodetskii space Hs(Γ)
with (in general, variable but smooth) exponent s ∈ (0, 1). The following assertion is
a consequence of well-known properties of integral (pseudodifferential) operators with
regard to the obvious inequality ln |ξ| ≤ cδ|ξ|δ for |ξ| ≥ 1 and δ > 0.

Lemma 2.2. The mappings J : Hs(Γ) → Hs−δ(Γ) are continuous for any s and for
arbitrarily small δ > 0. The same is true for the operator Jk : H

s(Γ) → Hs−δ(Γ) with
s ∈ (0, 2).

The irregular solutions (2.2) and (2.8) do not belong to the Sobolev class H1(Ω) solely
based on their singularities on Γ. (For example, V(γ; ·) ∈ C∞(Ω̄ \ Γ) for γ ∈ C∞(Γ).)
If one does not bother oneself with the differential properties of the coefficients in the
expansions as functions of the variable s ∈ Γ and assumes that all dependences on s are
infinitely differentiable (it is this situation that occurs in Section 5 when studying the
mixed boundary value problem), then one can readily describe the complete asymptotic
expansions of the solutions of the Dirichlet problem near the contour Γ ⊂ Ω. Let us state
one fact for the solution of problem (2.9). This fact follows from the results in [38, 39].
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A comprehensive study (revealing the minimum smoothness requirements on the data
of the problem) of the asymptotic expansions of solutions near smooth edges of the
boundary can be found in [42, 43] and [32, Chapters 8 and 9]. The additional conditions
introduced in these papers are satisfied in the case of a smooth contour viewed as an
edge of codimension two.

Let us describe the notation used in what follows. Let

(2.22)
y = (y1, y2),

y1 = n = r cosϕ, y2 = x3 = r sinϕ,

let r = |y| be the distance from the contour Γ in the interior of U , let ϕ ∈ S1 be the
corresponding angular variable on the planes orthogonal to the contour Γ ⊂ R3, and let
S1 be the unit circle. We write a(x) = O(rΛ−0) if the inequalities

(2.23) |∂i
s∇k

ya(x)| ≤ ci,k,δr
Λ−k−δ, x ∈ U ,

where ∇k
ya is the set of kth derivatives of a and ∂s = ∂/∂s, hold for any δ > 0 and

i, k ∈ N0 = {0, 1, . . . }.
Assume that the right-hand side of the Helmholtz equation in problem (2.9) admits

the representations

(2.24) f(x) = χ(r)
N∑

n=1

rn−2f (n)(s, ϕ, ln r) + O(rN−1−0),

where x 
→ χ(r) is a cutoff function in C∞
0 (U), χ = 1 in a neighborhood of the contour

Γ ⊂ R3, N is an arbitrary positive integer, and the terms f (n) are polynomials of the
variable ln r with coefficients in C∞(Γ× S1).

Proposition 2.3. Let λ = λk be an eigenvalue of problem (1.12), and let vk,
. . . , vk+κk−1 be the corresponding eigenfunctions. Problem (2.9) with the homogeneous
(g = 0) boundary conditions has a bounded solution v if and only if the solvability condi-
tions

(2.25) (f, vk+p)Ω = 0, p = 0, . . . ,κk − 1,

are satisfied. The solution v is uniquely determined modulo a linear combination of the
eigenfunctions vk, . . . , vk+κk−1 and becomes unique if the orthogonality conditions

(v, vk+p)Ω = 0, p = 0, . . . ,κk − 1,

are satisfied. For each N ∈ N, one has the expansion

(2.26) v(x) = χ(r)

(
v(0)(s) +

N∑
n=1

rnv(n)(s, ϕ, ln r)

)
+O(rN+1−0),

where v(0) ∈ C∞(Γ) is the trace of the solution on the contour Γ and the v(n) are
polynomials in ln r with coefficients in C∞(Γ× S

1).

2.4. Limit problem in the exterior of the domain ω. Asymptotic representations
of solutions u(ε, x) of singularly perturbed problems in a neighborhood of the toroidal set
(1.1) are constructed with the help of the limit problem on the “cross-section.” This limit
problem is obtained by freezing the variable s ∈ Γ and by dilating the coordinates (2.22)
(cf. (1.1)). For problems (1.2), (1.3) and (1.2), (1.5), (1.6), the limit problems are the
exterior Dirichlet problem (1.16) and the exterior Neumann problem (1.14), respectively.
It is obvious what causes the boundary conditions to occur; in these boundary conditions,
ν stands for the unit inward normal vector (ν1, ν2) on the boundary ∂ω of the domain
ω ⊂ R2. To obtain the Poisson equation, one should proceed to the coordinates (η, s)
on the set U \ Γε by taking the “fast” variables η = (η1, η2) in formula (1.1) and by
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retaining the original scale for the variable s on the contour Γ. The leading (in ε) part
of the Laplace operator Δx is ε−2Δη. This fact, together with the structure of the thin
set (1.1) and the assumption that |λ(ε)| ≤ const, justifies the occurrence of the Poisson
equation in the limit problems (1.16) and (1.14).

Clearly, a constant satisfies the homogeneous Neumann problem (1.14). The homo-
geneous Dirichlet problem (1.16) has a solution e, known as the logarithmic capacity
potential, with the following asymptotics (see the books [6, 7], etc.):

(2.27)
e(η) = −(2π)−1(ln ρ− ln clog(ω)) + ẽ(η),

|∇η ẽ(η)| ≤ ckρ
k−1, k ∈ N0.

Here clog(ω) is the logarithmic capacity of the set ω; in what follows, we write Cω =
(2π)−1 ln clog(ω) for brevity.

Needless to say, one can readily obtain complete information about the solvability
of problems (1.16) and (1.14). We restrict ourselves to the simplest statements of the
corresponding assertions together with the asymptotic expansions of solutions at infinity.
The latter follow, say, from the general results in [44, 45] (see also [32, Chapters 4 and 5]
and [46, Section 6]) about elliptic boundary value problems in domains with conical
(corner) points, because the punctured neighborhood R2 \ 0 can be viewed as a round
angle.

We adopt the following convention, similar to (2.23): we write a(η) = O(ρΛ+0) if the
inequality

|∇k
ηa(η)| ≤ ck,δρ

Λ−k+δ, η ∈ R
2 \ ω

holds for any δ > 0 and k ∈ N0.

Proposition 2.4. Assume that g ∈ C∞(∂ω) and

(2.28) f(η) =
N∑

n=1

ρ−n−2f (n)(ϕ, ln ρ) +O(ρ−N−3+0).

The exterior Dirichlet problem (1.16) or Neumann problem (1.14) has a solution

(2.29) w(η) =

N∑
n=1

ρ−nw(n)(ϕ, ln ρ) +O(ρ−N−1+0)

decaying at infinity if and only if the solvability condition

(2.30)

∫
R2\ω

f(η)e(η) dη +

∫
∂ω

g(η)∂νe(η) dsη = 0

or

(2.31)

∫
R2\ω

f(η) dη −
∫
∂ω

g(η) dsη = 0,

respectively, is satisfied. In the expansions (2.28) and (2.29), ϕ is the angular variable
on the unit circle S1, N is an arbitrary positive integer, and f (n)(·, ln ρ) and w(n)(·, ln ρ)
are polynomials in ln ρ with coefficients in C∞(S1); the degree of w(n) can exceed that of
f (n) at most by unity.

The solutions of both problems are unique. Hence if the data of the problems smoothly
depend on the parameter s ∈ Γ, then so do the solutions w and the coefficients in their
expansions (2.29).

The Dirichlet problem (1.16) with right-hand side (2.28) has a bounded solution even
if condition (2.30) is violated, but this solution does not decay at infinity. The follow-
ing assertion describes the unconditional solvability of the Neumann problem (1.14): if
relation (2.31) fails, then the solution ω has logarithmic growth at infinity. Accordingly,
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right-hand sides with decay as ρ → ∞ slower than indicated in condition (2.28) are
admissible in the Poisson equation.

Proposition 2.5. Let g ∈ C∞(∂ω), and let

(2.32) f(η) =

N∑
n=0

ρ−n−2f (n)(ϕ, ln ρ) +O(ρ−N−3+0).

The exterior Neumann problem (1.14) has a solution w with the following behavior at
infinity :

(2.33) w(η) =
N∑

n=0

ρ−nw(n)(ϕ, ln ρ) + w̃(N+1)(η), w̃(N+1)(η) = O(ρ−N−1+0).

This solution is uniquely determined modulo a constant term, but nevertheless, if the
right-hand sides g(η, s) and f(η, s) are infinitely differentiable in s, then there exists a
family of solutions w(η, s) smoothly depending on s ∈ Γ. Formulas (2.32) and (2.33) use
notation similar to that introduced in Proposition 2.4.

2.5. Limit spectral problem on the plane. As was already mentioned in Section 1.2,
(1.19) serves as the limit equation for problem (1.4), (1.5). The spectral problem (1.19)
and the associated equation

(2.34) Δηw(η) + μxω(η) = f(η), η ∈ R
2,

can be stated in the Hilbert space H defined as the completion of the linear manifold
C∞

c (R2) (of infinitely differentiable compactly supported functions) with respect to the
norm

(2.35) ‖w;H‖ =
(
‖∇ηw;L2(R

2)‖2 + ‖w;L2(ω)‖2
)1/2

.

In view of the well-known one-dimensional Hardy inequality

(2.36)

∫ �

1

ρ
∣∣∣dU
dρ

(ρ)
∣∣∣2dρ ≥ 1

4

∫ �

1

ρ−1|ln ρ|−2|U(ρ)|2 dρ,

U ∈ C1
c [1,∞), U(1) = 0, � ≤ ∞,

one has the estimate

(2.37) ‖w;H‖ ≥ cω
∥∥(1 + ρ)−1(1 + | ln ρ|)−1w;L2(R

2)
∥∥

with a constant cω > 0 independent of the function w ∈ H.
Let ( , )Ξ and 〈w, v〉 = 1

4

(
‖w + v;H‖2 − ‖w − v;H‖2

)
be the inner products on the

spaces L2(Ξ) and H, respectively. The formula

(2.38) 〈(A+ μB)w, v〉 = (∇xw,∇xv)R2 − μ(w, v)ω

defines continuous operators A and B on H. Both operators are self-adjoint, and B is
compact. Furthermore, A ≥ 0, B ≤ 0, and A+ μB > 0 for μ < 0; in particular, for each
(fixed) μ < 0, the expression (2.38) specifies an inner product on H generating a norm
equivalent to the norm (2.35). Finally, each solution w ∈ H of the homogeneous (f = 0)
equation (2.34) is a constant function. Now the results of operator theory in a Hilbert
space (see the monograph [36], etc.) give the following assertions.

Proposition 2.6. (i) The spectrum Σ of problem (1.19) lies on the real line, is discrete,
and forms an unbounded monotone positive sequence of eigenvalues

(2.39) 0 = μ0 < μ1 ≤ μ2 ≤ · · · ≤ μn ≤ · · · → +∞.
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The corresponding eigenfunctions wk can be subjected to the orthogonality and normal-
ization conditions

(2.40) (wn, wm)ω = δn,m, n,m ∈ N0.

In particular, w0(η) = (mes2 ω)
−1/2.

(ii) Let (1 + ρ)(1 + | ln ρ|)f ∈ L2(R
2). If μ �= Σ, then there exists a unique solution

w ∈ H of (2.34). For μ = μk, there exists a solution w ∈ H only if the orthogonality
conditions

(2.41) (f, wk+j)R2 = 0, j = 0, . . . , κk − 1,

are satisfied. The solution is uniquely determined modulo a linear combination of the
eigenfunctions wk, . . . , wk+κk−1 corresponding to the eigenvalue μk. Here κk is the geo-
metric multiplicity of the eigenvalue μk; in other words,

(2.42) μk−1 < μk = · · · = μk+κk−1 < μk+κk

in the sequence (2.39).

For better differential properties of the right-hand side f , the solution w of (2.34)
acquires additional smoothness everywhere except for the contour ∂ω, where the coef-
ficients of the operator experience jumps. Hence it is convenient to restate (2.34) as a
problem with transmission conditions, admitting jumps in the solution itself and in its
normal derivative on the contour ∂ω; namely,

(2.43)

Δηw(η) = f(η), η ∈ R
2 \ ω̄,

Δηw(η) + μw(η) = f(η), η ∈ ω,

[w](η) = g0(η), [∂νw](η) = g1(η), η ∈ ∂ω.

Here [w](η) stands for the difference of the limits of the function w when approaching
the point η ∈ ∂ω from the exterior and interior of ω, so that [xω] = −1. Next, we write
f ∈ C∞(R2 \ ω) ∪ C∞(ω̄) if one can define the function f on ∂ω both for the domain
ω and for its exterior R \ w̄ (in general, in different ways) so that the inclusions in the
above-mentioned spaces hold.

One can readily restate Proposition 2.6(ii) for problem (2.45). We restrict ourselves
to stating the facts that are similar to those given in Proposition 2.4 and can be proved
by reference to the same general theorems in [44, 32] with the addition of well-known
results about transmission problems (e.g., see [47]).

Proposition 2.7. Let gi ∈ C∞(∂ω), i = 0, 1, let f ∈ C∞(ω̄) ∪ C∞(R2 \ ω), and let the
representation (2.28) hold on the domain R2 \ ω̄.

(i) If μ �∈ Σ, then there exists a unique solution w ∈ C∞(ω̄) ∪ C∞(R2 \ ω) of problem
(2.43), which admits the expansion

(2.44) w(η) = bw +
N∑

n=1

ρ−nwn(ϕ, ln ρ) +O(ρ−N−1+0),

where bw is some constant and the remaining notation is the same as in formula (2.29).
(ii) For μ = μk ∈ Σ, the solution w indicated in (i) exists if and only if

(2.45) (f, wk+j)R2 − (g1, wk+j)∂ω + (g0, ∂νwk+j)∂ω = 0, j = 0, . . . , κk − 1.

Here wk, . . . , wk+κk−1 are the eigenfunctions corresponding to the eigenvalue μk indi-
cated in (2.42). This solution is uniquely determined modulo a linear combination of the
functions wk, . . . , wk+κk−1, which, in turn, admit expansions of the form (2.44).
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2.6. Integral characteristics of the domain ω. Section 2.4 has already introduced
one such characteristic related to the Dirichlet problem; we mean the logarithmic capacity
clog(ω) (see the expansion (2.27)). Its analog for the transmission problem (2.43) is
described in the following lemma.

Lemma 2.3. There exists a unique solution t0 decaying at infinity of the transmission
problem (2.43) with μ = 0 and

f(η) = 0, η ∈ R
2 \ ω̄, f(η) = (mes2 ω)

−1, η ∈ ω,(2.46)

g0(η) = −(2π)−1 ln ρ, g1(η) = −(2πρ)−1ν(η)�η.(2.47)

Proof. Since μ0 = 0 is a simple eigenvalue and the corresponding eigenvalue is constant
(Proposition 2.6(i)), we see that the solvability condition (2.45) is satisfied:

(2.48)

∫
ω

f(η) dη −
∫
∂ω

g1(η) dsη =

∫
ω

(mes2 ω)
−1 dη +

1

2π

∫
∂ω

∂

∂ν
ln ρ dsη = 1− 1 = 0.

The solution t0 admitting the representation (2.44) with leading term bt is uniquely
determined up to an additive constant (Proposition 2.7(ii)), but the solution decaying as
|η| → ∞ is unique. �

The above-mentioned integral characteristic, which will be used in what follows, has
the form

(2.49) T0(ω) = (mes2 ω)
−1

∫
ω

t0(η) dη.

In Section 5, we need the 2 × 2-matrix 2πM(ω) that is associated with the virtual
mass tensor and is an integral characteristic of the compact set ω̄ in connection with
the exterior Neumann problem (see [6, Appendix G]). It can be defined as the coefficient
matrix in the expansions

(2.50) wi(η) = − 1

2π

2∑
j=1

Mij(ω)
ηj
ρ2

+O(ρ−2), ρ → +∞,

at infinity of the special solutions of problem (1.14) with right-hand sides

(2.51) f = 0, g(η) = νi(η).

Since the integrals over ∂ω of the normal vector components νi(η) are zero, we see that
the existence of the desired solutions w1 and w2 is ensured, say, by Proposition 2.4. The
factors multiplying Mik(ω) in the expansion (2.50) are the derivatives of the fundamental
solution −(2π)−1 ln ρ of the Laplace operator on the plane. It is well known (e.g., see
the book [6]) that the matrix M(ω) is symmetric and the difference M(ω) − I2 mes2 ω
remains positive definite provided that mes2 ω > 0. Here and in the following, In is the
n× n identity matrix. All these facts follow from the well-known integral representation

(2.52) Mij(ω) = (∇ηwi,∇ηwj)R2\ω + δi,j mes2 ω.

Remark 2.1. If we drop the smoothness requirements, which were only imposed on ∂ω
and ∂Ω to simplify the exposition, then one can take a closed curve or broken line for
the compact set ω̄. Then all asymptotic procedures remain in force, but the expansions
(2.28) and (2.29), as well as similar expansions, should only be used away from the
singularities of the boundary, and the Sobolev spaces should be replaced by the weighted
Kondrat’ev spaces (e.g., see the introductory chapter in the monograph [32]). If ω̄ is not
a straight-line segment, then the matrix M(ω) still has the properties listed above, but
in the case of the crack ω̄ = {η : |η1| ≤ 1/2, η2 = 0}, M22(ω) > 0 is the only nonzero
entry in M(ω).
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3. Dirichlet problem

3.1. Asymptotics of the solution away from the tube. If we formally set ε = 0
in the spectral problem (1.2), (1.3), then the cavity Γε disappears, and we arrive at the
spectral problem (1.12). More precisely, the cavity Γε is replaced by the contour Γ, but
the Sobolev problem with Dirichlet data on Γ is ill posed, and hence it is natural to
consider the entire domain Ω. Let λk be a simple eigenvalue of the Dirichlet problem
in Ω; by vk ∈ C∞(Ω̄) we denote the eigenfunction corresponding to λk and normalized
in the Lebesgue space L2(Ω). For example, the first eigenvalue λ0 > 0 has the desired
property, and the eigenfunction v0 can be chosen to be positive in Ω by the maximum
principle. For notational convenience, we write λ0 and v0 instead of λk and vk in what
follows, even though we do not restrict ourselves to the first eigenvalue. (We only need
λ0 to be the first eigenvalue in Remark 3.1.)

The function v0 yields a discrepancy in the Dirichlet boundary condition on the surface
∂Γε. To compensate for this discrepancy, one should construct a boundary layer, which
can be naturally done by solving the exterior Dirichlet problem (1.16). The difficulty is
that, according to Proposition 2.4, there does not always exist a solution of this problem
decaying at infinity, but at the same time, decay away from Γε is an intrinsic property
of the boundary layer. To overcome this difficulty, we include the irregular solution
V0(γ0;x) given by (2.8) in the leading term of the asymptotics and use the ambiguity in
this solution—the arbitrary choice of the density γ0—to satisfy condition (2.29).

Thus, we seek the main approximations to the eigenfunction and the eigenvalue of the
Dirichlet problem (1.2), (1.3) in the form

(3.1) u(ε, x) = V0(x) +V0(γ0;x) + V0(x) + · · · , λ(ε) = λ0 + Λ0 + · · · ,
where V0 = v0 and V0 and Λ0 are small corrections. We will see that γ0,V0 and Λ0

depend on |ln ε|, but we do not indicate this dependence in the notation for brevity. Let
us replace u(ε, x) and λ(ε) in (1.2) and the boundary condition (1.3) by the respective
sums in the representations (3.1). By taking into account the equations satisfied by the
functions v0 and V0 (in particular, see formula (2.10)), we obtain the relations

(3.2)
ΔxV0(x) + λ0V0(x) = F0(x), x ∈ Ω \ Γ,

V0(x) = 0, x ∈ ∂Ω,

where

(3.3) F0(x) = −Λ0(V0(γ0;x) + V0(x))− v0(x)

(
Λ0 +

∫
Γ

γ0(τ )v0(τ ) dτ

)
.

Let us temporarily forget that formula (3.3) for F0 contains V0 and consider relations
(3.2) as a problem for the function V0. Assuming that V0 is a solution in the Sobolev
space H1(Ω) (the solution actually has better properties), we extend the equation from
the set Ω \ Γ to the entire domain Ω. Clearly, F0 ∈ L2(Ω). It is well known (e.g., see
[48]) that the existence and uniqueness of the solution V0 ∈ H2(Ω) are ensured by the
relations

(3.4)

∫
Ω

F0(x)v0(x) dx = 0 and

∫
Ω

V0(x)v0(x) dx = 0,

the first of which can be rewritten according to formulas (3.3) and (2.10) as follows:

(3.5) Λ0 = −
∫
Γ

γ0(s)v0(s) ds.

Finally, we use the generalized Green function G0 satisfying (2.7) to find that

(3.6) V0(x) = Λ0

∫
Ω

(V0(γ0; ξ) + V0(ξ))G0(x, ξ) dξ.
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3.2. Boundary layer. In the curvilinear coordinates, the Laplace operator becomes

(3.7) Δx = (1 + nK(s))−1
(
∂n(1 + nK(s))∂n + ∂s(1 + nK(s))−1∂s

)
+

∂2

∂x2
3

;

here K is the curvature of the contour Γ (taken with the minus sign on the concave parts;
the triple (n, s, x3) is a right triple). Hence the passage from the coordinates x to the
coordinates (η, s) (see Section 1.1 and in particular definition (1.1)) is accompanied with
the expansion of the operator Δx in the following formal series in powers of ε:

(3.8) Δx ∼ ε−2Δη +
∞∑
p=1

εp−2Lp(η, s,∇η, ∂s).

Here Δη = ∂2
1 + ∂2

2 , ∂j =
∂

∂ηj
, ∂s =

∂
∂s ,

(3.9) L1(s,∇η) = K(s)∂1, ∂i =
∂

∂ηi
,

and the Lp are differential operators of order ≤ 2 with the following property of gener-
alized homogeneity in the variables η = (η1, η2):

(3.10) Lp(tη, s, t
−1∇η, ∂s) = tp−2Lp(η, s,∇η, ∂s).

The full expansion (3.8) is only needed in Section 5, while here we only note that
ε−2Δη is the leading asymptotic part of the operator Δx + λ(ε). (Note that, according
to the second relation in (3.1), one should have the inequality |λ(ε)| ≤ const for small
ε > 0.) Thus, if we take the function

(3.11) W0(η, s) = W0(ε
−1n, ε−1x3, s)

written in terms of the “fast” variables η for the leading term of the boundary layer,
then we arrive at the equation

(3.12) ΔηW0(η, s) = 0, η ∈ R
2 \ ω̄.

We point out that the dependence on the “slow” variable s ∈ Γ in (3.11) and (3.12) is
parametric.

The function (3.11) serves to compensate for the leading part of the discrepancy
produced by the sum V0 + V0 + V0 in the Dirichlet boundary condition (1.3) on the
interior boundary ∂Γε. Consequently, by taking into account a formula of the form (2.3)
for the irregular solution V0(γ0;x) as well as the obvious representations V0(x) = v0(x) =
v0(s) + O(r) and V0(x) = V0(s) +O(r), we find that the relation

(3.13) W0(η, s) = −v0(s) + (2π)−1γ0(s)(ln ρ+ ln ε)− J0(γ0; s)− V0(s), s ∈ ∂ω,

should be satisfied, where J0 is the integral operator (2.11). By using the harmonic
function e indicated before (2.27), one can explicitly construct a bounded solution of the
exterior Dirichlet problem (3.12), (3.13); namely,

(3.14) W0(η, s) = γ0(s)(e(η)+(2π)−1 ln ρ)−v0(s)+(2π)−1γ0(s) ln ε−J0(γ0; s)−V0(s).

Thus, the expansion (2.27) implies the relation

W0(η, s) = bW +O(ρ−1),

and the decay condition for the boundary layer as ρ = |η| → ∞ acquires the form

(3.15) γ0(s)(Cω + (2π)−1 ln ε)− J0(γ0; s)− V0(s) = v0(s), s ∈ Γ,

where Cω is a constant related to the logarithmic capacity of the set ω (cf. the expansion
(2.27)). Relation (3.14), together with (3.5) and (3.6), forms a system of equations for
the unknowns γ0, V0, and Λ0 in the Ansatz (3.1).
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3.3. Asymptotic solution of the resulting system. If we express V0(s) in (3.15) via
the density γ with the use of formulas (3.6) and (3.5), then we obtain an equation for γ0,
but this equation has some unpleasant properties. First, it contains the large parameter

(3.16) α = (2π)−1|ln ε| − Cω.

Second, the mapping γ0 
→ V0 proves to be nonlinear by virtue of (3.3)–(3.6). In principle,
both difficulties can be defeated by the techniques suggested in [49] (see also [1] and [2,
Chapter 2]) for studying the eigenvalues of the Dirichlet problem in a two-dimensional
domain with a small hole. However, the three-dimensional case presents yet another
complication, originally discovered in [9, 11]: by Lemma 2.1, the operator J0 − (Cω +
(2π)−1 ln ε) turns out not to be invertible for an infinitesimal positive sequence {εn}; here
εn = exp(2π(τk −Cω)), and the τn → −∞ are the eigenvalues (2.17) of the operator J0.
The papers [9, 11] (see also [10, 14] and [2, Chapters 12 and 13]), where the asymptotics
of solutions of the Dirichlet problem in a three-dimensional domain with a thin elongated
cavity was studied, developed a method for constructing asymptotic solutions providing
a discrepancy of power-law order O(εN ) in equations similar to (3.15). However, the
method does not apply to equations containing nonlinear terms. Thus, the three above-
mentioned difficulties force one to restrict oneself to the “logarithmic” asymptotics, that
is, to construct a series in inverse powers of the parameter (3.16),

(3.17) γ0(s) ∼
∞∑

n=1

α−nγ
(n)
0 (s),

whose partial sums produce discrepancies O(α−N) = O(|ln ε|−N ) in (3.15) and (3.6).
By substituting the series (3.17) into (3.5), we obtain

(3.18) Λ0 ∼
∞∑

n=1

α−nΛ
(n)
0 , Λ

(n)
0 = −

∫
Γ

γ
(n)
0 (s)v0(s) ds.

We seek the function V0 in the similar form

(3.19) V0(x) ∼
∞∑

n=2

α−nV(n)
0 (x).

If we replace γ0, Λ0, and V0 in (3.15) and (3.6) by the respective series (3.17)–(3.19)
and match the coefficients of like powers of the large parameter (3.16), then we obtain a

recursive sequence of equations from which one can find γ
(n)
0 and V(n)

0 :

γ
(n)
0 (s) = −δn,1v0(s)− J0(γ

(n−1)
0 ; s)− V(n−1)

0 (s),(3.20)

V(n)
0 (x) = −

n∑
q=1

∫
Γ

γ(q)(s)v0(s) ds

∫
Ω

(
V0(γ

(n−q)
0 ; ξ) + V(n−q)

0 (ξ)
)
G0(x, ξ) dξ.(3.21)

Here n = 1, 2, . . . , γ
(0)
0 = 0 and V(0)

0 = V(1)
0 = 0. Note that the factor multiplying γ0(s)

on the left-hand side in (3.15) differs in sign from the large parameter (3.16).
Thus, we have constructed the asymptotic series (3.17)–(3.19). We take their partial

sums, fix all correction terms in the Ansatz (3.1), find the solution (3.11) of boundary
layer type by formula (3.14), and simultaneously discover that the error terms in (1.2) and
(1.3) are small. We point out that the trace Γ � s 
→ v0(s) of the eigenfunction belongs
to the class C∞(Γ), and hence the iterations of the operator J0 occurring according to

formula (3.20) leave the terms γ
(n)
0 of the series (3.17) smooth (see Lemma 2.2).

Remark 3.1. For k = 1, relations (3.20) and (3.18) acquire the form γ
(1)
0 (s) = −v0(s)

and Λ
(1)
0 = ‖v0;L2(Γ)‖2, respectively. Thus, as one should have expected, the leading
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part α−1Λ of the perturbation of a simple eigenvalue λ0 of the Dirichlet problem is
nonnegative. If λ0 is the first eigenvalue, then v0 > 0 everywhere in Ω by the maximum

principle, and hence Λ
(1)
0 > 0.

3.4. Comments on the case of a multiple eigenvalue. For an eigenvalue λk of
multiplicity κk > 1, the above constructions do not change in any essential way, but the
resulting problem is now a matrix problem, which is no surprise. The only reason for us
to comment on the changes needed in this case in the formulas presented here is that
some publications contain wrong asymptotic constructions. (See, for example, the error
in [18], which was rectified in [19].)

Let vk, . . . , vk+κk−1 be the eigenfunctions of (1.12) corresponding to the eigenvalue
λk in (1.15) and subjected to orthogonality and normalization conditions

(3.22) (vk, vj)Ω = δj,k, j, k ∈ N,

similar to (1.8). In the definition of the generalized Green function Gk, the last term in
the Helmholtz equation in problem (2.7) is replaced by the sum

(3.23) vk(ξ)vk(x) + · · ·+ vk+κk−1(ξ)vk+κk−1(x),

and the orthogonality condition is replaced by the conditions

(3.24)

∫
Ω

Gk(x, ξ)vk+p(x) dx = 0, p = 0, . . . ,κk − 1.

The integral operator Jk preserves the form (2.11).
For the main approximation to the eigenfunction of the Dirichlet problem (1.2), (1.3)

in the Ansatz (3.1) we take the linear combination

(3.25) V0(x) = a00vk(x) + · · ·+ a0κk−1vk+κk−1(x),

where a0 = (a00, . . . , a
0
κk−1)

� is a coefficient column of unit length |a0| = 1. (Recall that
� stands for transposition.) However, there are more existence and uniqueness conditions
(3.4) for a solution V0 ∈ H2(Ω) of problem (3.2),

(3.26)

∫
Ω

F0(x)vk+p(x) dx = 0 and

∫
Ω

V0(x)vk+p(x) dx = 0, p = 0, . . . ,κk − 1.

Simultaneously, the right-hand side of the equation in problem (3.2) is changed, because
formulas (2.10) need a correction according to notation (3.23) and condition (3.24).
Namely, the function F0 is now specified as follows:

F0(x) = −Λ0(V0(γ0;x) + V0(x))− Λ0V0(x)−
κk−1∑
p=0

vk+p(x)

∫
Γ

γ0(τ )vk+p(τ ) dτ.

Thus, by virtue of definition (3.25) and the orthogonality and normalization conditions
(3.22), the first group of conditions in (3.26) acquires the form

(3.27) Λ0a
0
p = −

∫
Γ

γ0(s)vk+p(s) ds, p = 0, . . . ,κk − 1.

Formula (3.6) only needs the replacement G0 
→ Gk, and formulas (3.13)–(3.15) for the
boundary layer remain the same.

We supplement the series expansions (3.17) and (3.19) of the functions γ0 and V0 in
inverse powers of the large parameter (3.16) with the similar series

(3.28) Λ0 ∼
∞∑

n=1

α−nΛ
(n)
0 and a0 ∼

∞∑
n=0

α−na(0n)
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for the scalar and the column in the Ansätze (3.1) and (3.25). We substitute these series
into (3.15), single out the leading terms with respect to α, and obtain

γ
(1)
0 (s) = −

κk−1∑
p=0

a(01)p vv+p(s).

Now conditions (3.27) are transformed into the system of algebraic equations

Λ
(1)
0 a

(00)
0 = T (k)a(00)

with a κk × κk-matrix T (k) that is the Gram matrix of the traces {vk+p|Γ}κk−1
p=0 with

respect to the L2(Γ)-inner product,

(3.29) T (k) =

(∫
Γ

vk+p(s)vk+q(s) ds

)κk−1

p,q=0

.

If these traces on Γ are linearly independent, then the symmetric matrix (3.29) is positive

definite and its eigenvalues are positive. In any case, one has κk real eigenvalues Λ
(1)
0m

and the corresponding column eigenvectors a
(00)
(m) , m = 0, . . . ,κk − 1.

One should use one of the pairs
{
Λ
(1)
0m, a

(00)
(m)

}
to determine the leading terms of the

series (3.28) and (3.17). The algorithm for constructing the other terms is standard, and
hence we restrict ourselves to the simplest situation.

1◦. The eigenvalues of the matrix T k are pairwise distinct.
In this case, formula (3.28) gives m distinct formal series for the correction term

Λ0 = Λ0m in the second Ansatz in (3.1). Let us write the subscript m on all variables
considered.

The following relations, which replace (3.20) and (3.21), can be derived from (3.15)
and (3.6):

γ
(n)
m0 (s) = −

κk−1∑
p=0

a
(0n−1)
(m)p vk+p(s)− Jk(γ

(n−1)
m0 ; s)− V(n−1)

m0 (s),(3.30)

V(n)
m0 (x) = −

n∑
q=1

Λ
(q)
0m

∫
Ω

(
V0(γ

(n−q)
m0 ; ξ) + V(n−q)

m0 (ξ)
)
Gk(x, ξ) dξ.(3.31)

Here n = 2, 3, . . . and V(−1)
m0 = 0 according to the Ansatz (3.19). By substituting the

expression (3.30) into the right-hand side of (3.27) and by matching the coefficients of
α−n, we arrive at the system of algebraic equations

(3.32) Λ
(1)
0ma

(0n−1)
(m) + Λ

(n)
0ma

(00)
(m) = T (k)a

(0n−1)
(m) + b

(n)
(m),

where b
(n)
(m) is the column in Rκk with components

b
(n)
(m)p =

n−1∑
q=2

Λ
(q)
0ma

(0n−q)
(m)0 +

∫
Γ

(
Jk(γ

(n−1)
m0 ; s) + V(n−1)

m0 (s)
)
vk+p(s) ds.

Since Λ
(1)
0m is a simple eigenvalue of the matrix T (k), it follows that the algebraic system

(3.32) has a solution a
(0n−1)
(m) ∈ Rκk under the condition(

a
(00)
(m)

)�(
b
(n)
(m) − Λ

(n)
0ma

(00)
(m)

)
= 0,

which, owing to the natural normalization
∣∣a(00)(m)

∣∣ = 1, implies that

(3.33) Λ
(n)
0m =

(
a
(00)
(m)

)�
b(n)m = a

(00)
(m)0b

(n)
(m)0 + · · ·+ a

(00)
(m)κk−1b

(n)
(m)κk−1.
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By satisfying the solvability conditions, we find the column a
(0n−1)
(m) from system (3.32)

with ambiguity removed by the orthogonality conditions(
a
(00)
(m)

)�
a
(0n−1)
(m) = 0, n = 2, 3, . . . .

This completes the description of the procedure for constructing the asymptotics.

4. Lumped mass problem

4.1. Structure of the asymptotics. Let us make the change (1.17) of the spectral
parameter and rewrite (1.4) as follows:

(4.1) Δxu(ε, x) + μ(ε)(a−1εm−2 + ε−2
x
ε(x))u(ε, x) = 0, x ∈ Ω.

Now if we assume that μ(ε) is bounded for ε ∈ (0, ε0], then, by virtue of the condition
m > 2, the formal passage to ε = 0 in (4.1) removes the spectral parameter completely:
the limit of relations (1.4) and (1.5) gives the homogeneous Dirichlet problem (1.13).
Thus, there is only one remaining possibility: the eigenvalues of the original singularly
perturbed problem (1.4), (1.5) are (asymptotically) characterized by the spectrum of
(2.34) studied in Proposition 2.6(i). Recall that, to derive this equation, one should pass
to the coordinates (η, s), use formulas (1.17), (3.8), and only then set ε = 0. We start by
considering the perturbation of the first term μ0 = 0 of the sequence (2.39), because this
perturbation plays the main role when describing the spectrum of problem (1.4), (1.5)
(see Section 7.4 below).

As was already noted, the main approximation to the eigenfunction u(ε, ·) away from
the thin set Γε is necessarily harmonic. Hence we can suggest that the irregular solution
(2.2) with density γ yet to be determined be taken for the main approximation. Since the
function V(γ; ·) has singularities on Γ, we see that it can only be used on the set Ω(ε).
That is why, instead of (2.34), we consider the corresponding transmission problem (2.43)
in what follows. Its solution W0 counterbalances the leading parts of the discrepancies
produced by V(γ;x) in the transmission conditions and can be interpreted as a boundary
layer. Just as in Section 3, we satisfy the condition that the solution W0 decays at infinity
and obtain an integral equation for the density γ.

4.2. Asymptotics and the integral equation in the case of a perturbation of
the zero (or simple) eigenvalue. Owing to the occurrence of the irregular component
V(γ;x) in the asymptotic approximation to u(ε, x) outside a neighborhood of the set Γ̄ε,
the eigenvalue μ0 = 0 experiences “strong” perturbations; i.e., the correction term Mk

in the Ansatz

(4.2) μ(ε) = μk +Mk + · · · ,
similar to (3.1), depends on the parameter |ln ε|. Just as before, we do not indicate this
dependence explicitly in the notation, and moreover, we write the subscript k instead
of 0. We take the function (3.11) for the leading term of the boundary layer, take into
account the asymptotic formula (2.3) for V(γ;x), and arrive at the following transmission
problem:

(4.3)

ΔηW0(η, s) = 0, η ∈ R
2 \ ω̄,

ΔηW0(η, s) + (μk +Mk)W0(η, s) = 0, η ∈ ω,

[W0](η, s) = (2π)−1γ(s)(ln ρ+ ln ε)− J(γ; s),

[∂νW0](η, s) = (2πρ)−1γ(s)ν(η)�η, η ∈ ∂ω.

We seek its solution in the form

(4.4) W0(η, s) = W0(η, s)− γ(s)tk(η)− xω(η)
(
(2π)−1γ(s) ln ε− J(γ; s)

)
,
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where t0 is the special solution introduced in Proposition 2.3, J is the integral operator
(2.4), and W0 is the new unknown. We substitute the Ansatz (4.4) into problem (4.3),
take into account formulas (2.46) and (2.47), and find out that the function W0 satis-
fies the homogeneous transmission conditions. Thus, problem (4.3) for this function is
transformed into the equation

(4.5) ΔηW0(η, s) + μkxω(η)W0(η, s) = F0(η, s), η ∈ R
2,

where, according to formulas (2.46), which we have used, the right-hand side has the
form

(4.6) F0(η, s) = xω(η)γ(s)bkwk(η)−Mkxω(η)
(
W0(η, s)− γ(s)tk(η)

)
+ (μk +Mk)xω(η)

(
(2π)−1γ(s) ln ε− J(γ; s)

)
and, in the case of k = 0, which we consider now, the constant bkwk = (mes2 ω)

−1 is the
first eigenfunction of the spectral problem (1.19). Assuming that the right-hand side of
(4.6) is known, let us write the condition for the solvability of (4.5) with μk = μ0 = 0 in
the class of functions decaying at infinity:

(4.7) 0 =

∫
ω

F0(η, s) dη

(see Proposition 2.7(ii)). Note that we ensure the decay of the functionW0 by subtracting
the constant bW0

satisfying the homogeneous equation (4.5) with μk = 0. In view of
relations (2.49) and (4.6), condition (4.7) acquires the form

(4.8) 0 = γ(s)−M0

∫
ω

W0(η, s) dη−M0 mes2 ω
(
γ(s)(−T0(ω)+ (2π)−1|ln ε|)+ J(γ; s)

)
.

Now let us multiply relation (4.8) by xω(η) and subtract it from (4.5) term by term.
We introduce an operation v 
→ Π0v by setting

(4.9) Π0v(η) = xω(η)

(
v(η)− (mes2 ω)

−1

∫
ω

v(η) dη

)
and rewriting (4.5) in the form

ΔηW0(η, s) = −M0

(
Π0W0(η, s)− γ(s)Π0t0(η)

)
, η ∈ R

2.

Consequently,

(4.10) W0(η, s) = M0γ(s)W(η),

and W is a solution of the equation

ΔηW(η) +M0Π0W(η) = Π0t0(η), η ∈ R
2,

and decays at infinity.
Since we are interested in small corrections M0 in (4.2), we can represent the solution

W by the convergent Neumann series

(4.11) W =
∞∑
k=0

(−1)kMk
0 [Δ

−1
η Π0]

kΠ0t0,

and hence

(4.12) (mes2 ω)
−1

∫
ω

W(η) dη = A(M0).

Here A is a function analytic in a neighborhood of the point M0 = 0.
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Remark 4.1. The expression Δ−1
η Π0 on the right-hand side in (4.11) is meant to denote

the operator described as follows. For each function f ∈ H (see formulas (2.35) and
(2.37)), the projection Π0f defined in (4.9) lies in the range AH, where A is the operator
in identity (2.38). (The solvability conditions and hence a description of the subspace
cokerA can be found in Proposition 2.6(ii).) Thus, the equation Δηu = Π0f on the plane
R

2 has a solution uf ∈ H uniquely determined up to an additive constant. Moreover,
supp(Π0f) ⊂ ω̄, and it follows from Proposition 2.7(ii) that uf satisfies a relation of the
form (2.44), where the first term on the right-hand side will be denoted by bu. (The right
way is to apply the above-mentioned assertion to the equation for the function (1−χ)uf ,
where χ is a cutoff function in C∞

c (R2) with χ = 1 on ω; the right-hand side of this
equation has the desired properties owing to the inclusion uf ∈ C∞(R2 \ ω̄).) Now, by
replacing the function uf with the difference uf − bu, we remove the ambiguity in the
choice of the solution and ensure that the solution decays as |η| → ∞. It remains to note
that the mapping

H∗ = H � f 
→ Π0f 
→ uf 
→ uf − bu =: Δ−1
η Π0f ∈ H

thus constructed is an isomorphism.

Let us substitute formulas (4.10) and (4.12) into (4.8) and rearrange the terms. We
have

(4.13) J(γ; s) =
(
(M0 mes2 ω)

−1 + T0(ω)− (2π)−1|ln ε| −M0A(M0)
)
γ(s).

Thus, if (2.17) is the sequence of eigenvalues of the operator J defined in (2.4), then, by
(4.13), γ = γj is the eigenfunction corresponding to the eigenvalue

(4.14) τj = (M0 mes2 ω)
−1 + T0(ω)− (2π)−1|ln ε| −M0A(M0).

Formula (4.14) can be treated as a transcendental equation for the correction term M0 =
M (j) corresponding to given τj and γj in the Ansatz (4.2). The following claim is a
straightforward consequence of the implicit function theorem.

Proposition 4.1. For each j = 0, 1, . . . there exist numbers εj > 0 and δj > 0 such that

the transcendental equation (4.14) has a unique solution M0 = M
(j)
0 (α−1) ∈ (0, δj) for

ε ∈ (0, εj), where α is the (large) parameter

(4.15) α = αj := τj − T0(ω) + (2π)−1|ln ε|.

Moreover, z 
→ M
(j)
0 (z) is a holomorphic function in a neighborhood of the point z = 0,

and M
(j)
0 (0) = 0.

Remark 4.2. In any case, the number εj > 0 should be chosen to satisfy the condition
that the expression (4.15) be positive for ε ∈ (0, εj). In view of relation (2.21), this
implies that εj → +0 as j → +∞.

One can readily find the series expansion of M
(j)
0 (α−1) in inverse powers of the pa-

rameter α (cf. (3.16) and (3.18)). Indeed, we can rewrite (4.14) in the form

(4.16) αM0 +M2
0A(M0) = (mes2 ω)

−1,

substitute the expression

(4.17) M
(j)
0 (α−1) =

∞∑
m=1

α−mM
(jm)
0
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into the left-hand side of (4.16), and make some easy computations to obtain

(4.18)

M
(j1)
0 = (mes2 ω)

−1, M
(j2)
0 = 0,

M
(jl)
0 = −

∑
...

1

r!

drA
dMr

0

(0)M
(jp)
0 M

(jq)
0 M

(jh1)
0 · · ·M (jhr)

0 ,

where l = 3, 4, . . . and the sum is over

p, q = 1, 2, . . . , r = 0, 1, . . . , h = (h1, . . . , hr), hi = 1, 2, . . .

such that p+ q + h1 + · · ·+ hr = l.
Proposition 4.1 guarantees the convergence of the series (4.17). Moreover, by (4.17),

(4.18), and (4.15), the following representation holds for the correction term M0 =

M
(j)
0 (α−1) in the Ansatz (4.2):

(4.19) M
(j)
0 (α−1) =

(
mes2 ω

(
τn − T0(ω) + (2π)−1|ln ε|

))−1
+O(|ln ε|−3).

Thus, our formal constructions predict that, in accordance with conditions (1.17),
(4.2), and (4.19), the eigenvalue μ0 = 0 of (1.19) gives rise to an infinite series of eigen-

values λ
(n)
0 (ε) of problem (1.4), (1.5) such that

(4.20) λ
(j)
0 (ε) = εm−2

(
ames2 ω

(
τj − T0(ω) + (2π)−1|ln ε|

))−1
+ O(εm−2|ln ε|−3).

Furthermore, formulas (2.2), (3.11), and (4.4) with γ = γn reconstruct the main as-
ymptotic approximation to the eigenfunction un(ε, ·) of problem (1.4), (1.5). This com-
pletes the construction of the leading terms of the formal asymptotics for the case of
μk = μ0 = 0.

4.3. Asymptotic constructions for a multiple eigenvalue. Let μk be a positive
eigenvalue of (1.19) indicated in (2.42), and let κk be its multiplicity. Along with condi-
tions (2.40) of orthogonality and normalization in L2(ω), we subject the eigenfunctions
wk, . . . , wk+κk−1 corresponding to μk to the additional conditions

(4.21)
wk+p(η) = O(ρ−1), p = 1, . . . , κk − 1,

wk(η) = bk +O(ρ−1), ρ → ∞.

Remark 4.3. Let w = (wk, . . . , wk+κk−1)
� and w(∞) be the columns of eigenfunctions

and their limit values as ρ → ∞, respectively (see Proposition 2.7(i)). Next, let Θ be an
orthogonal κk × κk matrix taking the column w(∞) to the column (|w(∞)|, 0, . . . , 0)� ∈
Rκk . Then the row Θw consists of eigenfunctions corresponding to the eigenvalue μk and
satisfying relations (4.21) and (2.40).

In what follows, we only study the case of bk �= 0, which ensures the same “logarith-
mic” asymptotic expansions as those for the first eigenvalue μ0 = 0. If bk = 0 and all
eigenfunctions decay at infinity, then the asymptotic constructions differ substantially
from those found in Section 4.2 (see Remark 4.4 below).

If bk �= 0, then we deal with the asymptotic Ansätze (4.2) and

(4.22) u(ε, x) = (1− xω(ε
−1y))V(γ;x) + χ(r)W0(ε

−1y, s) + · · · ,
similar to those used in the preceding section. Let us construct a substitute for the
special solution t0 indicated in Lemma 2.3.

Lemma 4.1. There exists a solution tk, decaying at infinity, of the transmission problem
(2.43) in which μ = μk and the right-hand sides have the form (2.47) and satisfy

f(η) = 0, η ∈ R
2 \ ω̄,

f(η) = bkwk(η), η ∈ ω.
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This solution is uniquely determined modulo a linear combination of the eigenfunctions
wk+1, . . . , wk+κk−1 (the function wk is excluded) and becomes unique under the orthog-
onality conditions (tk, wk+p)ω = 0, p = 1, . . . , κk − 1. Owing to relations (2.40), the
number

(4.23) Tk(ω) = (tk, wk)ω

is independent of the choice of the solution tk.

Proof. By Proposition 2.7, we need to verify the solvability conditions (2.45); the decay of
a particular solution can be ensured by subtracting the product ckwk with an appropriate
factor ck. In view of formulas (2.40) and (4.21), by analogy with the computation (2.48),
we obtain∫

ω

f(η)wk+p(η) dη −
∫
∂ω

g1(η)wk+p(η) dsη +

∫
∂ω

g0(η)∂νwk+p(η) dsη

= bk(wk+p, wk)ω − 1

2π
lim

R→∞

∫
∂S1R

(
wk+p(η)

∂

∂ρ
ln ρ− ln ρ

∂

∂ρ
wk+p(η)

)
dsη

= δp,0bk − δp,0bk lim
R→∞

∫
S1R

(2πρ)−1 dsη = 0. �

The right-hand side of (4.22) contains the irregular solution (2.1) only on the set Ω\Γ̄ε,
and hence this component of the Ansatz produces a discrepancy in the transmission
conditions on the surface ∂Γε. The leading part of the discrepancy is compensated for
by the solution W0(η, s) of problem (4.3), which we represent in the form (4.4), where tk
is the special solution indicated in Lemma 4.1 and W0 is the solution of (4.5) with the
right-hand side of (4.6). By Proposition 2.6(ii), the desired solution exists and decays as
ρ → ∞ at the rate O(ρ−1) only if

(4.24)

∫
ω

F0(η, s)Wk+p(η) dη = 0, p = 0, . . . , κk − 1.

We seek this solution in the form

(4.25) W0(η, s) = W ′
0(η, s) +w′(η)a′(s)

− (1 + μ−1
k Mk)(wk(η)− bk)b

−1
k

(
(2π)−1γ(s) ln ε− J(γ; s)

)
,

wherew′=(wk+1, . . . , wk+κk−1) is a truncated row of eigenfunctions, a′=(a1, . . . , aκk−1)
�

∈ Rκk−1, and W ′ is a function decaying at infinity and satisfying the orthogonality con-
ditions

(4.26) (W ′, wk+p)ω = 0, p = 1, . . . , κk − 1.

We point out that conditions (4.26) do not include p = 0. In accordance with the
assumption that bk �= 0, the ambiguity in the choice of the term a0(s)wk(η) has been
used to ensure that the decay condition holds for the boundary layer.

Let us substitute (4.6) and (4.25) into (4.24) and use the orthogonality conditions
(4.26) and (2.40). As a result, in view of Lemma 4.1, we find the coefficients

(4.27) ap(s) = γ(s)(tk, wk+p)ω = 0, p = 1, . . . , κk − 1,

and also obtain the relation

(4.28) γ(s)bk −Mk

(∫
ω

W ′
0(η, s)wk(η) dη − γ(s)Tk(ω)

)
+Mk(1 + μ−1

k Mk)b
−1
k

(
(2π)−1γ(s) ln ε− J(γ; s)

)
= 0,

similar to (4.13).
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In what follows, we assume that γ = γn is the eigenfunction of J corresponding to the
eigenvalue τn (see Proposition 2.1) and

(4.29) W ′
0(η, s) = W

(n)
k (η)γn(s).

In this case, one can eliminate the variable s ∈ Γ from relation (4.28) as well as from the
equation for W ′

0 in the Ansätze (4.25) and (4.29), which, according to formulas (4.5),
(4.6), and (4.27), acquires the form

(4.30) ΔηW ′
0(η, s) + μkxω(η)W ′

0(η, s) = xω(η)γ(s)bkwk(η)

−Mkxω(η)

(
W ′

0(η, s)− γ(s)

(
tk(η)−w′(η)

∫
ω

w(y)�tk(y) dy

)
− (1 + μ−1

k Mk)(wk(η)− bk)b
−1
k

(
(2π)−1γ(s) ln ε− J(γ; s)

))
, η ∈ R

2.

By using notation (4.29) and

(4.31) m
(n)
k (zn) = znMk − b2k, zn = (2π)−1|ln ε|+ τn,

we rewrite (4.28) as follows:

(4.32) m
(n)
k (zn) = −bkz

−1
n

(
m

(n)
k (zn) + b2k

)(∫
ω

Wk(zn, η)wk(η) dη − Tk(ω)

)
− μ−1

k z−1
n

(
m

n
k (zn) + b2k

)2
.

Now let us treat problem (4.30). To this end, we introduce an operation v 
→ Πkv by
setting

(4.33) Πkv(η) = xω(η)

(
v(η)−

κ−1∑
p=0

wk+p(η)

∫
ω

v(y)wk+p(y) dy

)
(cf. definition (4.9)). Since w0 = const and (w0, wk+p)ω = 0, p = 0, . . . , κk − 1, we
have Πk1 = xω(η). Let us multiply the expression (4.28) by xω(η)wk(η), subtract the
result from the left-hand side of (4.30), and take into account (4.29) and the formula
Jγn = τnγn to obtain the following equation with the parameter zn:

(4.34) ΔηW
(n)
k (zn, η) + μkxω(η)W

(n)
k (zn, η)

= −z−1
n

(
m

(n)
k (zn) + b2k

)
Πk

(
W

(n)
k (zn, η) + tk(η)

)
+ xω(η)

(
m

(n)
k (zn) + b2k

)(
1 + μ−1

k z−1
n

(
m

(n)
k (zn) + b2k

))
, η ∈ R

2.

We rewrite system (4.34), (4.32) as the single abstract equation

(4.35) AkX
(n)
k (zn) = F

(n)
k

(
z−1
n ,X

(n)
k (zn)

)
for the vector unknown

X
(n)
k (zn) =

(
W

(n)
k (zn, ·),m(n)

k (zn)
)
∈ H × R;

here H is the Hilbert function space with norm (2.35).
Let L2(ω)

0
k be the space of functions f ∈ L2(ω) satisfying the orthogonality conditions

(2.41) and extended by zero outside the domain ω on the plane R2. By Proposition 2.6,
(2.34) with μ = μk has a solution that can be subjected to the orthogonality conditions
(4.26). Moreover, the function w is harmonic outside ω and hence admits the represen-
tation (2.44); by virtue of the assumption that bk �= 0, the difference w − bwb

−1
k wk is a

solution of the same equation and decays at infinity. Finally, w ∈ H2(ω). The subspace
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ofH formed by functions possessing the properties listed above will be denoted by H(ω)0k.
If f ∈ L2(ω)

0
k, then (2.34) with μ = μk is uniquely solvable in H(ω)0k and the operator

Δη + μkxω : H(ω)0k → L2(ω)

has a continuous linear inverse. By construction, the right-hand side of (4.34) lies in
L2(ω)

0
k (cf. definition (4.33)), and hence one can naturally seek a solution of (4.35) in

the class

(4.36) X
(n)
k (zn) ∈ H(ω)0k × R.

Proposition 4.2. There exists a z > 0 such that (4.35) has a solution (4.36) analytically
depending on the parameter z−1

n ∈ (0, z) and satisfying the relations

X
(n)
k (zn) = b2k(wk, 0) + X̃

(n)
k (zn),(4.37)

‖X̃(n)
k (zn);H× R‖ ≤ ckz

−1
n ,(4.38)

where wk is the solution (decaying at infinity and satisfying the orthogonality conditions
(4.26)) of (2.34) with μ = μk and f = xω. One has

(4.39) m
(n)
k (zn) = −z−1

n b3k

(
b2k

∫
ω

wk(η)wk(η) dη − Tk(ω) + μ−1
k bk

)
+O(z−2

n ).

Proof. After the change of constants X
(n)
k 
→ X̃

(n)
k indicated in (4.37), the right-hand

side F̃
(n)
k

(
z−1
n , X̃

(n)
k (zn)

)
of the modified equation (4.35) polynomially depends on the

numbers z−1
n and m

(n)
k (zn) and linearly depends on the function W̃

(n)
k (zn, ·). Moreover,

for |z−1
n | ≤ z and ‖X̃(n)

k (zn);H× R‖ ≤ const it admits the estimate∥∥F̃(n)
k

(
z−1
n , X̃

(n)
k (zn)

)
;L2(ω)

0
k × R

∥∥ ≤ c
(
z−1
n + |m(n)

k (zn)|
)(
1 + ‖W̃(n)

k (zn, ·);H‖
)
.

Thus, the existence of a unique small (i.e., satisfying inequality (4.38)) solution X̃
(n)
k ∈

H(ω)0k × R analytically depending on the parameter z−1
n ∈ (0, z) is guaranteed by the

result in [50, p. 327 of the Russian edition]. We obtain relation (4.39) by substitut-
ing (4.37) into (4.32) and by isolating the O(z−1

n ) terms on the right-hand side in this
equation. �

Remark 4.4. 1. In accordance with relations (1.17), (4.31), and (4.39), Proposition 4.2
predicts (see Theorem 7.3(ii) below) that the sequence (1.7) contains eigenvalues of prob-
lem (1.4), (1.5) such that

(4.40) λN(ε)(ε) = a−1εm−2
(
μk + b2kZ

−1
n,k +O(εm−2|ln ε|−3)

)
,

Zn,k =
1

2π
|ln ε|+ τn + b2kμ

−1
k + bk

∫
ω

wk(η)wk(η) dη − Tk(ω).

Here τn is the eigenvalue of the integral operator (2.4) in the sequence (2.17), bk =
wk(∞) �= 0, wk is the special solution of (2.34) mentioned in Proposition 4.2, and Tk(ω)
is the integral characteristic (4.23).

2. In contrast to wk, the eigenfunctions wk+1, . . . , wk+κk−1 decay at infinity (see
the representations (4.21)), and hence not only the eigenvalue (4.40) but also eigenvalues
with different stable asymptotics representable as a−1εm−2(μk+O(ε2)) should necessarily
appear in a neighborhood of the point a−1εm−2μk. For these eigenvalues, one needs to
obtain new limit problems on the contour Γ. This could be done with the use of the
asymptotic procedure that is presented in the next section and necessarily leads to a
problem of a different type, differential rather than integral. At the same time, the
main aim of this section is to describe the low-frequency spectral range of the lumped
mass problem and construct the corresponding “logarithmic” asymptotics, and so we do
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not complicate the exposition by rather awkward computations and a lengthy additional
argument of a completely different nature.

5. Mixed boundary value problem

5.1. Leading terms of the asymptotics. It was explained in Sections 1.2 and 1.3 why
the passage from the Dirichlet problem (1.2), (1.3) to the mixed boundary value prob-
lem (1.2), (1.5), (1.6) is accompanied with a dramatic simplification of the procedure
for constructing the asymptotics. This is due to the fact that the smooth solution of
problem (1.12) produces a small (of the order of ε) discrepancy in the Neumann bound-
ary condition (1.6). Let λk be an eigenvalue of problem (1.12) subjected to condition
(1.15), and let vk, . . . , vk+κk−1 be the corresponding eigenfunctions orthonormal in the
Lebesgue space L2(Ω) (see relations (3.22)). For the leading term of the asymptotics of
the eigenfunction of problem (1.2), (1.5), (1.6) we take their linear combination V0 (3.25)
with coefficient column a0. The discrepancy produced by V0 in the boundary condition
(1.6) can be represented in the form

(5.1) −ν(η)�∇yV0(s) +O(ε),

where η are the fast variables in (1.1), y are the curvilinear coordinates (2.22), and
∇yV0(s) is the trace of the column ∇yV0 at the point s ∈ Γ. The same argument as
in the preceding section shows that the leading term of the boundary layer acquires the
form εW1(η, s), where W1 is the solution, decaying at infinity, of the exterior Neumann
problem (1.14) in which

(5.2) f(η) = 0, g(η) = −ν(η)�∇yV0(s).

By comparing the notation in (5.1), (5.2), and (2.51), we find that

(5.3) W1(η, s) = −w(η)∇yV0(s),

where w = (w1, w2) is the row of special solutions mentioned in Section 2.6. Moreover,
in accordance with the expansions (2.50), we have

(5.4) W1(η, s) =
1

2π

2∑
i,j=1

Mij(ω)
∂V0

∂yi
(s)

ηj
ρ3

+ W̃1(η, s), W̃1(η, s) = O(ρ−2),

where the Mij(ω) are the entries of the positive definite symmetric matrix associated
with the virtual mass tensor (see the book [6] and Section 2.6).

Let us compute the discrepancy produced by the function (5.3) in (1.2) restricted to a
neighborhood U ⊃ Γ. By using the expansion (3.8) of the Laplace operator (3.7) in the
curvilinear coordinates (η, s), we find that

(5.5) ΔxεW1(ε
−1y, s) + λkεW1(ε

−1y, s) = ε−1ΔηW1(η, s) + ε0K(s)∂1W1(η, s) + · · · ,
where K(s) is the curvature of Γ at the point s and the dots stand for small terms
unimportant at this stage of the asymptotic procedure. To compensate for the leading
term K∂1W1(η, s) of the discrepancy, we introduce the subsequent boundary layer term
ε2w2(ε

−1y, s) satisfying the equation

(5.6) ΔηW2(η, s) = −K(s)∂1W1(η, s), η ∈ R
2 \ ω.

By virtue of the representation (5.4), the derivative ∂1W1 = ∂W1/∂η1 decays at the rate
of O(ρ−2) as ρ → ∞ and hence is an admissible right-hand side of the Poisson equation
(5.6) according to Proposition 2.5.

Now let us find the boundary conditions for the function W2. In the curvilinear
coordinates (n, s, x3), the gradient ∇x has the form (∂n, (1 + nK(s))−1∂s, ∂/∂x3), and
since the shape of the cross-section ωε(s) of the thin set (1.1) by a plane perpendicular to
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the contour Γ ⊂ R3 is independent of the variable s, it follows that the three-dimensional
normal vector n(ε, x) at the point x ∈ ∂Γε lies in the plane of ωε(s) and coincides with
the two-dimensional normal vector ν(ε−1y) to the boundary ∂ωε(s). We have

V0(x) = V0(s) + y�∇yV0(s) +
1

2
y�∇2

yV0(s)y +O(r3), r → +0,

∂nV0(x) = ν(η)�
(
∇yV0(s) + ε∇2

yV0(s)η
)
+ O(ε2), x ∈ ∂ωε.

Here ∇2
yV0(s) is the 2× 2-matrix ∂2V0

∂yi∂yk
(s) of second derivatives restricted to the curve

Γ. By the preceding, the desired boundary conditions have the form

(5.7) ∂νW2(η, s) = −ν(η)�∇2
yV0(s)η, η ∈ ∂ω,

where the right-hand side is the product of a row by a matrix by a column.
Let us verify that condition (2.31) is satisfied for the right-hand sides f2 and g2 in

problem (5.6), (5.7). By the Gauss divergence theorem,∫
∂ω

g2(η, s) dsη = −1

2

∫
∂ω

∂

∂ν
η�∇2

yV0(s)η dsη

=
1

2

∫
ω

Δη

(
η�∇2

yV0(s)η
)
dη = ΔyV0(s)mes2 ω.

(5.8)

Next, by taking into account relations (2.51), (5.3), and (2.52), we obtain∫
R2\ω

f2(η, s) dη = −K(s)

∫
R2\ω

∂1W1(η, s) dη

= −K(s)

∫
∂ω

ν1(η)W1(η, s) dsη = −K(s)

∫
∂ω

W1(η, s)∂νw1(η) dsη

= −K(s)
2∑

i=1

∂V0

∂y1
(s)(∇ηwi,∇ηw1)R2\ω

= −K(s)
2∑

i=1

∂V0

∂yi
(s)(Mi1(ω)− δi,1 mes2 ω).

(5.9)

Thus, condition (2.31) is violated in general, and hence problem (5.6), (5.7) does not
have a bounded solution.

Lemma 5.1. Problem (5.6), (5.7) has a solution admitting the expansion

(5.10) W2(η, s) = − 1

2π
A0(s) ln ρ+A1(s, ϕ) + W̃

(1)
2 (η, s),

where W̃
(1)
2 (η, s) = O(ρ−1+0) and

(5.11)

A0(s) = −
(
ΔyV0(s) + K(s)

∂

∂y1
V0(s)

)
mes2 ω − K(s)

2∑
i=1

M1i(ω)
∂V0

∂y1
(s),

A1(s) = − 1

8π
K(s)∇yV0(s)

�M(ω)

(
cos 2ϕ
sin 2ϕ

)
.

Proof. Since

(5.12)

ΔηA1(s, ϕ) = − 1

2π
K(s)

∂

∂η1
∇sV0(s)

�M(ω)ρ−2η,

− 1

2π
A0(s)

∫
∂ω

∂

∂ν
ln ρ dsη =

1

2π
A0(s)

∫
S1

∂

∂ρ
ln ρ dsη = 1,
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it follows that the exterior Neumann problem (1.14) for the function W̃2 has right-
hand sides satisfying the assumptions of Proposition 2.4, in particular, relation (2.31)
in accordance with the computations in (5.8), (5.9), and (5.12). Note also that the

harmonic function η 
→ κ(s)∂1W̃1(η, s) has the expansion (2.44) (without logarithms),
and the solution of problem (5.6), (5.7) representable in the form (5.10) is unique, because

the remainder W̃2(η, s) decays as ρ → ∞. �

Let us continue the computation of discrepancies started in (5.5). According to the
expansion (3.8) of the operator (3.7), we have

(Δx + λk)
(
εW1(ε

−1y, s) + ε2W2(ε
−1y, s)

)
= ε−1ΔηW1(η, s) + ε0

(
ΔηW2(η, s) + K(s)W1(η, s)

)
+ ε1

(
L2(η, s,∇η, ∂s)W1(η, s) + λkW1(η, s) + K(s)W2(η, s)

)
+ . . . .

The coefficients of ε−1 and ε0 are zero by the definition of the functions W1 and W2. By
virtue of the representations (5.4) and (5.7) and property (3.10) of the operator L2, the

coefficient of ε1 is F2(η, s) + F̃2(η, s), where F̃2(η, s) = O(ρ−2) and

F2(η, s) = (L2(η, s,∇η, ∂s) + λk)(2π)
−1∇yV0(s)

�M(ω)ρ−2η

+ K(s)∂1
(
−(2π)−1A0(s) ln ρ+A1(s, ϕ)

)
= ρ−1F2(s, ϕ).

The function F̃2(η, s) admits the expansion (2.32) and can be compensated for by the
term ε3W3(η, s), which is a solution of the exterior Neumann problem and has logarithmic
growth as ρ → ∞. At the same time, F2(η, s) decays too slowly at infinity and hence
cannot be used as the right-hand side of the Poisson equation in the infinite domain
R

2 \ ω̄, but after the passage to the coordinates (y, s) it becomes equal to εr−1F2(s, ϕ)
and acquires the form of the first term of the sum in formulas (2.24).

On the basis of the preceding, we suggest the following asymptotic Ansätze:

(5.13)
λ(ε) = λk + ε2Λk + · · · ,

u(ε, x) = V0(x) + εχ(r)
(
W1(ε

−1y, s) + εW2(ε
−1y, s)

)
+ ε2V2(x) + · · · .

Here the number Λk and the function V2 are determined from the problem

ΔxV2(x)− λkV2(x) = ΛkV0(x)−Δxχ(r)W0(y, s)− λkχ(r)W0(y, s), y ∈ Ω \ Γ,
V2(x) = 0, y ∈ ∂Ω.(5.14)

The function W0 contains the terms singled out in the expansions (5.4) and (5.10),

(5.15) W0(y, s) = (2π)−1∇yV0(s)
�M(ω)r−2y − (2π)−1A0(s) ln(ε

−1r) +A1(s, ϕ).

The Poisson equation in problem (5.14) is written on the set Ω \ Γ to emphasize the
fact that there are no δ-like singularities on its right-hand side; although the function
W0 has singularities at r = 0, the expression Δx(χW0) belongs to the space H−1(Ω)

(which is the dual of
◦
H1(Ω)) and generates a bounded solution of the Dirichlet problem

by Proposition 2.3. The inverse change of variables η 
→ y = εη takes the logarithm ln ρ
to the difference ln r− ln ε; this is taken into account on the right-hand side in (5.15), but
the linear dependence of the functions W2 and V2 on the parameter ln ε is not indicated
explicitly.

Since λk is a multiple eigenvalue of problem (1.13), it follows that the solution V2 exists
only if the solvability conditions (2.25) are satisfied. Let us transform these conditions
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for the right-hand side f2 = f2
0 + Λ0V0 of problem (5.14). According to formulas (3.25)

and (3.22), we obtain

0 = (f2, vk+p)Ω = Λk(V0, vk+p)Ω + lim
δ→0

∫
Ω\Tδ

f2
0 (x)vk+p(x) dx

= Λka
0
p − lim

δ→0

∫
∂Tδ

(
W0(y, s)∂rvk+p(x)− vk+p(x)∂rW0(y, s)

)
dsx.

(5.16)

Here p = 0, . . . ,κk − 1; Tδ is the tubular neighborhood {x ∈ U : r < δ} of the contour Γ.
When transforming the integral over Ω\Tδ, we have used the Green formula and relations
(1.12) for the eigenfunction vk+p. Let us replace the function vk+p in the last integral Iδ
by the linear approximation vk+p(s) +∇yvk+p(s)

�y; the resulting error vanishes in the
limit as δ → +0. Since dsx = (1 + y1K(s))rdϕ ds on ∂Tδ, we obtain, in view of notation
(5.15),

lim
δ→0

Iδ = lim
δ→0

δ

∫
Γ

∫ 2π

0

(
W0(y, s)∇yvk+p(s)

� y

r

−
(
v0k+p(s) +∇yvk+p(s)

�y
) ∂

∂r
W0(y, s)

)
(1 + y1K(s)) dϕ ds

=

∫
Γ

(
∇yV0(s)

�M(ω)∇yvk+p(s)+K(s)vk+p(s)

2∑
i=1

M1i(ω)
∂V0

∂yi
(s)+A0(s)vk+p(s)

)
ds.

We substitute the expression (5.11) for A0(s) into this relation and note that, by (3.7),
(2.22), and (1.12), we have

(5.17)∫
Γ

(
Δyvk+q(s)+K(s)

∂

∂y1
vk+q(s)

)
vk+p(s) ds =

∫
Γ

(
λkvk+q(s)−

∂

∂s2
vk+q(s)

)
vk+p(s) ds

=

∫
Γ

(
λkvk+q(s)vk+p(s) + ∂svk+q(s)∂svk+p(s)

)
ds, p, q = 0, . . . ,κk − 1.

Formulas (5.16)–(5.17) and (3.25) show that the solvability conditions for problem (5.14)
are equivalent to the system of algebraic equations

(5.18) Mka0 = Λka
0,

where a0 = (a00, . . . , a
0
κk−1)

� and Mk is the symmetric κk × κk-matrix with entries

(5.19) M(k)
pq = −

∫
Γ

∇yvk+p(s)
�M(ω)∇yvk+q(s) ds

+mes2 ω

∫
Γ

(
∂svk+p(s)∂svk+p(s) + λkvk+p(s)vk+q(s)

)
ds, p, q = 0, . . . ,κk − 1.

The matrix M(k) has eigenvalues Λ
(0)
k , . . . ,Λ

(κk−1)
k , and the corresponding columns

a(00), . . . , a(0κk−1) can be orthonormalized in the Euclidean space Rκk .
This completes the formal procedure for constructing κk copies of the leading term

of asymptotics for the solution {λ(ε), u(ε, ·)} of problem (1.2), (1.5), (1.6). Indeed, we

substitute the eigenvalues Λ
(p)
k of the matrix M(k) into the Ansätz (5.13) and take the

components a0pq of the corresponding column eigenvector a(0p) for the coefficients in

definition (3.25) of the function V0 = V
(p)
0 , p = 0, . . . ,κk − 1.
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5.2. Lower-order terms of the asymptotics. If some of the eigenvalues Λ
(0)
k , . . . ,

Λ
(κk−1)
k coincide, then the corresponding column eigenvectors are not uniquely deter-

mined and there is an ambiguity in the definition of the main Ansatz (5.13) for the
eigenfunction. There exist standard procedures for refining the Ansatz by constructing
lower-order terms of the asymptotics (e.g., see the book [2]). However, asymptotic con-
structions cannot answer the question as to whether the singularly perturbed problem
has multiple eigenvalues. Having verified some additional conditions, one can only claim
that, for sufficiently small ε, problems (1.2), (1.5), (1.6) have only simple eigenvalues in
a neighborhood of the point λk. Just as in Section 3, we impose an elementary but the
most restrictive condition.

2◦. The eigenvalues of the matrix M(k) with entries (5.19) are pairwise distinct.
Let us show how the lower-order terms of the asymptotics can be constructed.
The formal asymptotic series have the form

λ(ε) ∼ λk + ε2Λ
(m)
k +

∞∑
q=3

εqλ
(mq)
k (ln ε),(5.20)

u(ε, x) ∼ V
(m)
0 (x) + εχ(r)W

(m)
1 (ε−1y, s)

+

∞∑
q=1

εq
(
V (m)
q (x, ln ε) + εχ(r)W

(m)
q+1(ε

−1y, s, ln ε)
)
.(5.21)

Here m = 0, . . . ,κk − 1, but we omit the superscript m in what follows. Let us explain

the remaining notation. On the right-hand side in (5.20), λk = λ
(0)
k is an eigenvalue of

problem (1.13) satisfying condition (1.15), and Λk = λ
(2)
k is one of the simple eigenvalues

of the matrix M(k). The corresponding column eigenvector a0 = (a00, . . . , a
0
κk−1)

� occurs
in definitions (3.25) and (5.4) of the functions V0 and W1, respectively.

The terms of the series (5.20) and (5.21) may polynomially depend on the large param-
eter |ln ε|. The functions x 
→ Vq(x, log ε) admit the expansions (2.26) with coefficients

V
(0)
q (s, ln ε) and V

(n)
q (s, ϕ, ln r, ln ε), and the functions η 
→ Wq(η, s, ln ε) admit the ex-

pansions (2.33) with coefficients W
(n)
q (s, ϕ, ln ρ, ln ε). In other words, the singularities of

solutions of the limit problems in the domains Ω and R2 \ ω̄ do not change when passing
from step to step in the algorithm for constructing asymptotics. This is a distinguishing
feature of the method of combined asymptotic expansions developed in [1, 2] compared,
say, with the method of matched expansions (see the monographs [51, 52], etc.).

The terms of the series (5.21) need a more detailed description. Namely, one has the
representations

(5.22) Vq(x, ln ε) = Vq(x, ln ε) + v(x)aq(ln ε),

where v = (vk, . . . , vk+κk−1) is a row of eigenfunctions,

aq(ln ε) =
(
aq0(ln ε), . . . , a

q
κk−1(ln ε)

)�
is a column vector in the Euclidean space Rκk , and the orthogonality conditions

(5.23) (Vq, vk+p)Ω = 0, p = 0, . . . ,κk − 1, (a0)�aq(ln ε) = 0

are satisfied. Furthermore,

(5.24) Wq+1(η, s, ln ε) = Wq+1(η, s, ln ε)−w(η)∇yv(s)a
q(ln ε) +w(η, s)aq−1(ln ε),

where

∇yv(s) =
(∂vk+p

∂y1
(s)

)2,κk−1

i=1,p=0
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is the 2 × κk-matrix whose columns are the restrictions to Γ of the gradients ∇yvk+p

of the eigenfunctions. By w = (w1,w2) and w = (w0, . . . ,wκk−1) we mean the rows of
special solutions of the exterior Neumann problem; the right-hand sides of the problems
for wi and wp have the form (2.51) and

(5.25)
f(η) = −K(s)∂1w(η)∇yvk+p(s),

g(η) = −ν(η)�∇2
yvk+p(s)η,

respectively (cf. formulas (5.25) and (5.6), (5.7)). Relations (2.26) and (2.33) make

the notation V
(n)
q (s, ϕ, ln r, ln ε) and W

(n)
q (s, ϕ, ln ρ ln ε) meaningful. Note also that,

according to the constructions in the preceding section, one has

V0 = V1 = 0, W1 = W2 = 0.

Let us construct problems for the terms of the series (5.21) and (5.20). We start from
the less awkward exterior Neumann problem and first indicate the Poisson equation

(5.26) ΔηWq+1(η, s, ln ε) = −K(s)∂1
(
W̃(1)

q (η, s, ln ε) + w̃
(1)(η, s)aq−2(ln ε)

)
−

q∑
j=2

Lj(η, s,∇η, ∂s)W̃
(j)
q+1−j(η, s, ln ε) +

q−2∑
j=0

λ
(j)
k W̃

(2)
q−1−j(η, s ln ε), η ∈ R

2 \ ω̄.

Here W̃
(N+1)
q is the remainder in formula (2.33) for Wq (a similar meaning is given to

the expression W̃
(1)
q ), and w̃(1) is the row of remainders in the expansions (5.10) of the

special solutions w0, . . . ,wκk−1. The boundary conditions are as follows:

(5.27)
∂

∂ν
Wq+1(η, s, ε) = − ∂

∂ν

( q+1∑
m=3

ρmV
(m)
q+1−m(s, ϕ, ln ρ+ ln ε, ln ε)

+ ρ2V
(2)
q−1(s, ϕ, ln ρ+ ln ε, ln ε) + ρV(1)

q (s, ϕ, ln ρ+ ln ε, ln ε)

)
, η ∈ ∂ω.

Since the origin η = 0 lies in the interior of ω by assumption, it follows that the
right-hand side (5.27) is a smooth function on the contour ∂ω. By using formulas (2.33)
for wj and the homogeneity property (3.10) of the operators in the expansion (3.8),
one can readily verify that the right-hand side of (5.26) satisfies the assumptions of
Proposition 2.5 ensuring the existence of the desired solution Wq+1 provided that we
have already found the following terms of the asymptotic Ansätze:

(5.28)
λ
(0)
k , . . . , λ

(q−2)
k ; a0, . . . , aq−2;

V0, . . . , Vq−2,Vq−1,Vq; W1, . . . ,Wq−1,Wq.

The replacements W 
→ W and V 
→ V in problems (5.26), (5.27) are due to formulas
(5.24) and (5.22): the last two terms in the representations (5.24) compensate for parts

of the discrepancies as intended. The replacements W 
→ W̃ and W 
→ W̃ are needed
because the terms omitted in the asymptotics of the functions Wm and Wm produce
terms with inadmissible behavior at infinity: if we place them into the right-hand side
of (5.26), then the solution Wq+1 will have polynomial growth at infinity. According to
the discrepancy rearrangement procedure, which is a key point of the method in [1, 2],
these terms should be taken into account when constructing the problems for Vh. It
is in connection with this rearrangement that the singular component (5.15) occurs in
problem (5.14).
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We implement the cited procedure and found that the function Fq in the Dirichlet
problem

(5.29)
ΔxVq(x, ln ε)− λkVq(x, ln ε) = Fq(x, ln ε), x ∈ Ω,

Vq(x, ln ε) = 0, x ∈ ∂Ω,

is given by the formula

Fq(x, ln ε) =

q∑
m=1

λ
(m)
k Vq−m(x, ln ε)

−
q−1∑
m=0

L̃(m)(x,∇x)r
−mW

(m)
q−m(s, ϕ, ln r − ln ε, ln ε)

−
q−1∑
m=0

[Δx, χ(r)]r
−mW

(m)
q−m(s, ϕ, ln r − ln ε, ln ε)

+

q−1∑
m=0

λ
(m)
k χ(r)r0W

(0)
q−m(s, ϕ, ln r − ln ε ln ε)

+

q−2∑
m=0

λ
(m)
k χ(r)r−1W

(1)
q−m−1(s, ϕ, ln r − ln ε ln ε).

(5.30)

Here [Δ, χ] is the commutator of the Laplace operator with the cutoff function; i.e.,

[Δ, χ]U = 2(∇U)�∇xχ+ UΔxχ.

Moreover, the L̃(m) are differential operators with coefficients vanishing outside the neigh-
borhood U ⊃ Γ,

(5.31) L̃(m)(x,∇x) = χ(r)

(
Δx −Δy −

m−2∑
j=1

Lj(y, s,∇y, ∂s)

)
.

By (3.8) and (3.10), the operators (5.31) have the following property: the relation

(5.32) L̃(m)(x,∇x)r
hψ(s, ϕ ln r) = O(rh+m−1−0)

holds for any h ∈ R and ψ ∈ C∞(Γ× S
1 × R).

Owing to formulas (5.32) and (3.8) and the representations (2.26) of the functions
V0, . . . , Vq−1 occurring in the first sum in (5.30), the right-hand side (5.30) of the equa-
tion in problem (5.29) admits the expansion (2.24), and hence one can find the solution
Vq by Proposition 2.3 once the terms in the sum (5.30) are determined and the solv-
ability conditions (2.25) hold. To satisfy the last two requirements, we need additional
constructions.

In formula (5.30), we single out the expression

(5.33) F 0
q (x, ln ε) = Λkv(x)a

q−2(ln ε) + λ
(q)
k v(x)a0

−Δxχ(r)Wq−2(y, s, ln ε) + λkχ(r)Wq−2(y, s, ln ε).

Here Wq−2 is found by formulas (5.15) and (5.11), where the function V0 is replaced
by the linear combination vaq−2 (see the representation (5.22) with q 
→ q − 2). The
first two terms on the right-hand side in (5.33) are taken from the first sum in (5.30), in
which, in view of the relation λ(1) = 0, the only remaining terms are those with indices
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m = 3, . . . , q−1 containing λ(3), . . . , λ(q−1) and Vq−3, . . . , V1. The last pair of summands
in (5.33) is formed by the expressions

(5.34)

L̃(0)r0w(0)aq−2 − L̃(1)r(−1)w(−1)∇y(va
q−2),

[Δx, χ]
(
r0w(0)aq−2 − r−1w(−1)∇y(va

q−2)
)
,

λ
(0)
k χr0w(0)aq−2, −λ

(0)
k χr−1w(−1)∇y(va

q−2),

extracted from the respective remaining four sums in the expression (5.30). As a result,
only the following terms remain in these sums:

(5.35) W1, . . . ,Wq−2,Wq−1, aq−3, λ(0), . . . , λ(q−1).

We especially point out that the reduction of the sum (5.34) to the form −ΔxχWq−2 +
λkχWq−2 is possible in view of the relation

Δyr
0w(0)

p (s, ϕ) = −L1(s,∇y)r
−1W (−1)(ϕ)vk+p(s), y ∈ R

2 \ {0},
which is guaranteed by Lemma 5.1 and formula (3.9) for the operator L1.

Let Fq be the difference Fq−F 0
q of the functions (5.30) and (5.33). The computations

carried out in (5.16)–(5.18) show that conditions (2.25) for the solvability of problem
(5.29) can be transformed into the following system of linear algebraic equations with
parameter ln ε:

(5.36) Mkaq−2(ln ε)− Λka
q−2(ln ε) = λ

(q)
k (ln ε)a0 + F (q)(ln ε),

where F (q)(ln ε) =
(
F (q)

0 (ln ε), . . . ,F (q)
κ−1(ln ε)

)�
and

(5.37) F (q)
p (ln ε) =

∫
Ω

Fq(x, ln ε)vk+p(x) dx.

Since Λk is a simple eigenvalue of the matrixM(k) and a0 is the corresponding normalized
column eigenvector, we find the column aq−2(ln ε) ∈ Rκk after determining the number

(5.38) λ
(q)
k (ln ε) = −(a0)�F (q)(ln ε),

because the right-hand side of (5.37) becomes orthogonal to the column vector a0. When
doing so, we can also satisfy the last orthogonality condition in (5.23).

Now that the solvability conditions are satisfied, problem (5.29) has the general so-
lution (5.22), where the particular solution Vq(x, ln ε) is subjected to the orthogonality
conditions in (5.23) and the components aq0(ln ε), . . . , a

q
κ−1(ln ε) of the column vector

aq(ln ε) are arbitrary.
It remains to describe the order in which we find the terms in the Ansätze (5.20)

and (5.21). We do this by induction, taking the results of the preceding section for the
induction base and the list

(5.39)
λ
(0)
k , . . . , λ

(q−1)
k , a0, . . . , aq−3,

V0, . . . , Vq−3,Vq−2,Vq−1, W1, . . . ,Wq−2,Wq−1,Wq

of known terms of the asymptotic Ansätze for the induction assumption. We point out

that for q = 3 the list (5.39) contains λ
(0)
k = λk, λ

(1)
k = 0, λ

(2)
k = Λk, and a0 as well as V0,

V1 = 0, V2, W1 = −w(∇yv)
�a0, W2 = 0, and W3. Only the particular solution w3

of problems (5.26), (5.27) has not been found in Section 5.1, but the data (5.28), where
q = 2, are completely ready for this.

Since the elements (5.37) of the column vector Fq(ln ε) depend on the objects (5.35)
contained in the list (5.39), we determine the number (5.38) and then the column
vector aq−2(ln ε) from system (5.36). As a result, we have determined the functions
Vq−2 = Vq−2 + vaq−2 and Wq−1 = Wq−1 −w(∇yv)

�aq−2 +waq−3. Furthermore, now
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we know the right-hand side (5.30) of the equation in problem (5.29), along with Propo-
sition 2.3, provide a particular solution V2. Now we have determined the data (5.28) of
problem (5.26), (5.27) and its solution Wq+1 according to Proposition 2.5. (The choice
of the additive constant b(s) in Wq+1(s) is unimportant, because it only affects the value

V
(0)
q+1(s) of the trace of the function Vq+1 on the contour Γ.) Thus, we have found all

objects needed to make the change q 
→ q + 1 in the list (5.39) and hence complete the
induction step.

6. Convergence results

6.1. Dirichlet problem. Let λn(ε) be an eigenvalue of problem (1.2), (1.3), and let
un(ε, ·) be the corresponding eigenfunction normalized by condition (1.8). In Section 7.2,
we will verify that

(6.1) λn(ε) ≤ cn,

and hence there exists an infinitesimal sequence {εp}p∈N such that

(6.2) λn(εp) → λn(0) as p → ∞.

We retain the notation un for the eigenfunction extended by zero to the set (1.1). By
virtue of relations (1.8) and (6.1) and the integral identity [48]

(6.3) (∇xun(ε, ·),∇xv)Ω(ε) = λn(ε)(un(ε, ·), v)Ω(ε),

with test function v = un, the norms ‖un(ε, ·);H1(Ω(ε))‖ are bounded uniformly with
respect to ε ∈ (0, ε0]. Thus, there exists an infinitesimal sequence {εp}p∈N such that

(6.4) un(εp, ·) → un(0, ·) ∈
◦
H1(Ω) as p → ∞

weakly in
◦
H1(Ω) and strongly in L2(Ω). The sequences {εp} in (6.2) and (6.4) can be

assumed to be the same.

For sufficiently small ε > 0, the test function v ∈ C∞
c (Ω \ Γ) lies in

◦
H1(Ω(ε)); i.e.,

according to formulas (6.2) and (6.4), identity (6.3) survives as εp → +0 and becomes

(6.5) (∇xun(0, ·),∇xv)Ω = λn(0)(un(0, ·), v)Ω.

Since the linear manifold C∞
c (Ω \ Γ) is dense in

◦
H1(Ω) (the traces on Γ of functions

in H1(Ω) are not well defined), it follows that the integral identity (6.5) extends by

closure to test functions v ∈
◦
H1(Ω). Thus, λn(0) is an eigenvalue, and un(0, ·) is the

corresponding eigenfunction of the limit Dirichlet problem (1.12). We point out that,
owing to the strong convergence in L2(Ω), the limits un(0, ·) and ul(0, ·) in (6.4) inherit
the orthogonality and normalization conditions (3.22) from the functions un(εp, ·) and
ul(εp, ·), because the sequence {εp}p∈N can be assumed to be the same for all indices
l = 1, . . . , n.

Lemma 6.1. Each term λn(εp) in the sequence (1.7) of eigenvalues of problem (1.2),
(1.3) has the limit equal to the eigenvalue λq of the limit problem (1.12), the corresponding

eigenfunction un(εp, ·) extended by zero to the cavity Γε converges weakly in
◦
H1(Ω) and

strongly in L2(Ω) to the corresponding eigenfunction vq ∈
◦
H1(Ω), and these limits satisfy

the orthogonality and normalization conditions (3.22).

In Remark 7.1 below, we show that q = n.
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6.2. Mixed boundary value problem. To verify a result similar to Lemma 6.1, we
need auxiliary constructions.

Lemma 6.2. There exists a continuation operator
◦
H1(Ω(ε); ∂Ω) � v 
→ v̂ ∈

◦
H1(Ω) for

which the factor c in the inequality ‖v̂;
◦
H1(Ω)‖ ≤ c‖v;H1(Ω(ε))‖ is independent of the

parameter ε ∈ (0, ε0] and the function v.

Proof. It suffices to consider the case of supp v ∈ Vd \ Γε, where Vd = {x : dist(x,Γ) <
d} ⊂ V . We proceed to the curvilinear coordinate system x = (s, n, z) ∈ Γ×B

2
d and treat

it as if it were Cartesian, because the norms ‖∇xv;H
1(Γ×(B2

� \ωε))‖ and ‖∇xv;H
1(V� \

Γε)‖ are equivalent. Here B2
� is the disk of radius � > 0, and ωε = {(n, z) : η ∈ ω} (see

definition (1.1)).
Set

v̄(s) =
(
mes2(B

2
Rε \ ωε)

)−1
∫
B2
Rε\ωε

v(s, n, z) dn dz,

where the radius R satisfies the condition ω ⊂ B2
R. Owing to the inequality ∂sv̄ = ¯∂sv,

we have the relation

(6.6) ‖v̄;H1(Γ)‖ ≤ c
∥∥v;H1(Γ× (B2

Rε \ ωε))
∥∥.

Moreover, the difference v⊥ = v − v̄ satisfies the estimate∥∥v⊥;H1(Γ× (B2
Rε \ ωε))

∥∥ ≤ c
∥∥v;H1(Γ× (B2

Rε \ ωε))
∥∥.

The average of the function (n, s) 
→ v(s, n, z) over the set B2
Rε \ ωε is zero; i.e., by the

two-dimensional Poincaré inequality integrated along the curve Υ ⊂ Γ, we have

(6.7)
∥∥v⊥;L2(Υ× (B2

Rε \ ωε))
∥∥ ≤ cε

∥∥∇(n,z)v⊥;L2(Υ× (B2
Rε \ ωε))

∥∥.
Let us cover the contour Γ by arcs Υ1, . . . ,ΥJ(ε) of length ε and introduce a partition

of unity {χε
j} subjected to the cover and satisfying the condition |∂sχε

j(s)| ≤ cε−1. The

function χε
jv⊥ has a continuation vj⊥ into the circular cylinder Υj × B2

Rε such that the
continuation vanishes on the cylinder faces and satisfies the relation

(6.8)
∥∥∇ξv

j
⊥;L2(Υj × B

2
Rε)

∥∥2 + ε−2
∥∥vj⊥;L2(Υj × B

2
Rε)

2
∥∥

≤ c
(∥∥∇ξ(χ

ε
jv⊥);L2(Υj × (B2

Rε \ ωε))
∥∥+ ε−2

∥∥χε
jv⊥;L2(Υ× (B2

Rε \ ωε))
∥∥)

≤ C
∥∥∇ξv⊥;L2(Υj × (B2

Rε \ ωε))
∥∥

with constants c and C independent of j = 1, . . . , J(ε) and ε ∈ (0, ε0]. To construct such a
continuation, one should make a dilation of coordinates, (s, n, z) 
→
(ε−1(s − sj), ε−1z, ε−1z), where sj is the geometric center of the arc Υj , and proceed
to the standard set (−1/2, 1/2) × (B2

R \ ω) (independent of the index j), for which the
existence of the desired continuation is obvious. The inverse change of coordinates brings
the factor ε−2 into the left-hand and middle parts of (6.8), but this factor disappears
from the right-hand side in view of the estimate (6.7).

Now we define the desired continuation into the cavity Γε by the formula

v̂(ξ) = v̄(s) +

J(ε)∑
j=1

vj⊥(ξ);

here the functions vj⊥ are extended by zero from Υj × B
2
Rε to Γ × B

2
Rε. The desired

estimate follows from relation (6.6) and inequalities (6.8) (without the middle parts)
summed over j = 1, . . . , J(ε). �
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Since the eigenvalue λn(ε) of problems (1.2), (1.5), (1.6) satisfies relation (6.1) (see
Section 7.3), we see that, by reproducing the argument carried out for the Dirichlet
problem and based on the application of the continuation operator in Lemma 6.2 to the
eigenfunction rather than continuation of the eigenfunction to the thin set Γε by zero,
we arrive at the following lemma.

Lemma 6.3. The assertions in Lemma 6.1 remain valid for the mixed boundary value

problems (1.2), (1.5), (1.6) with the eigenfunction un(εp, ·) ∈
◦
H1(Ω(εp); ∂Ω) replaced in

these assertions by its continuation ûn(εp, ·) described in Lemma 6.2.

6.3. Lumped mass problem. In Section 7.4, we will show that the expression

(6.9) Λk(ε) = |ln ε|2
(
ames2 ωε

2−mλk(ε)− 2π|ln ε|−1
)

is uniformly bounded for ε ∈ (0, ε(k)) for some ε(k) > 0. Consequently,

(6.10) Λk(ε) → Λk(0) = 4π2(T0(ω)− tk)

along some infinitesimal positive sequence {εp}p∈N. Our immediate aim is to make
sure that the number tk introduced in (6.10) is an eigenvalue of the operator J given
by formulas (2.3) and (2.4). The origin of the expression (6.9) and the notation used
become clear if one looks at relation (4.20) once again.

Let uk be an eigenfunction of problem (1.4), (1.5) normalized according to condition
(1.10). By the integral identity (1.9) and the boundedness of (6.9), we have

(6.11) ‖∇xuk;L2(Ω)‖2 = λk(ε) ≤ cεm−2|ln ε|−1,

and hence it follows from the Dirichlet boundary condition (1.5) and the Friedrichs
inequality that

(6.12) ‖uk;L2(Ω)‖2 ≤ cεm−2|ln ε|−1.

We point out that the argument ε of the function uk(x) is omitted from now on for
brevity.

On the thin torus (1.1), we represent the eigenfunction in the form

(6.13) uk(x) = ūk(s) + u⊥
k (n, s, x3), ūk(s) =

1

mes2 ωε

∫
ωε

uk(n, s, x3) ds dx3.

Since uk ∈ C∞(Γ̄ε) ∪ C∞(Ω(ε)) (the notation was introduced in Section 2.5), it follows
that the mean function ūk is infinitely differentiable on the contour Γ. By the Poincaré
inequality, the component u⊥

k , which has zero mean over the section ωε (cf. the second
formula in (6.13)), satisfies the estimate

(6.14)

∫
Γ

∫
ωε

|u⊥
k (n, s, x3)|2 dn ds dx3 ≤ cε2

∫
Γ

∫
ωε

|∇n,x3
u⊥
k (n, s, x3)|2 dn ds dx3

= cε2
∫
Γ

∫
ωε

|∇n,x3
uk(n, s, x3)|2 dn ds dx3 ≤ cε2

∫
Γε

|∇xuk(x)|2 dx ≤ cεm|ln ε|−1.
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Now, by taking into account the relations and the formulas dx = (1 + nK(s)) dn ds dx3

and |n| ≤ cε on ωε, we find that

(6.15)

1 = aε−m

∫
Γ

∫
ωε

|uk(n, s, x3)|2 dn ds dx3

+ aε−m

∫
Γ

∫
ωε

nK(s)|uk(n, s, x3)|2 dn ds dx3 +

∫
Ω

|uk(x)|2 dx

=: I1 + I2 + I3,

|I3| ≤ cεm−2|ln ε|−1, |I2| ≤ cε,∣∣∣∣I1 − aε−m mes2 ωε

∫
Γ

|ūk(s)|2 ds
∣∣∣∣

= aε−m

∫
Γ

∫
ωε

|uk(n, s, x3)|2 dn ds dx3 ≤ c|ln ε|−1.

Finally, it turns out that the function

(6.16) u
ε
k(s) = ε1−m/2(ames2 ω)

−1/2ūk(s) =: φεūk(s)

satisfies the relation

(6.17) ‖uεk;L2(Γ)‖ = 1 +O(|ln ε|−1/2)

and hence tends weakly in L2(Γ) to a function u0k ∈ L2(Γ) along some infinitesimal
sequence (which can be chosen to be the same as in (6.10)).

To verify the strong convergence

(6.18) u
ε
k → u

0
k ∈ L2(Γ),

some additional argument is needed.

Lemma 6.4. If the eigenvalue satisfies the estimate

(6.19) λε
k ≤ ckε

m−2|ln ε|−1,

then the normalized mean uεk of the corresponding eigenfunction uε
k (see formulas (6.13),

(6.16), and (6.17)) satisfies the relations

(6.20)
uεk = uε0k + ũεk,

‖uε0k ;Hln(Γ)‖ ≤ c0k, ‖ũεk;L2(Γ)‖ ≤ c̃k|ln ε|−1,

where c0k and c̃k are some constants and Hln(Γ) is the Hörmander space generated by the
weight function (2.15) or by the model norm (2.16).

Proof. The representation

(6.21) φεuk(ε,x) = φελ
ε
k

∫
Ω

G(x, x)
(
1 + aε−m

xε(x)
)
uk(ε, x) dx

contains the Green function (2.1) and the factor φε in definition (6.16), which is conve-
nient for the computation and normalization of the mean over a section of the thin set
(1.1). From the right-hand side of (6.21), we remove the terms that can undoubtedly be
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included in the remainder ũεk in the representation (6.20); namely,

φελ
ε
k

∥∥∥∥ ∫
Ω

G(·, x)uk(ε, x) dx;L2(Γε)

∥∥∥∥
≤ cε1−m/2εm−2|ln ε|−1‖uk;L2(Ω)‖ ≤ cεm−2|ln ε|−1,

φελ
ε
kaε

−m

∥∥∥∥ ∫
Γε

G0(·, x)uk(ε, x) dx;L2(Γε)

∥∥∥∥
≤ cε−mε1−m/2εm−2|ln ε|−1(mes3 Γε)

−1/2‖uk;L2(Γε)‖ ≤ c|ln ε|−1.

Here we have taken into account relations (6.19), (6.12), and (1.10), as well as the
boundedness of the regular part G0 of the Green function. In what follows, we denote
such terms by dots; i.e., we rewrite the representation (6.21) in the form

φεuk(ε,x) = φελ
ε
kε

−m a

4π

∫
Γε

|x− x|−1uk(ε, x) dx+ · · ·

= λε
kε

−m a

4π

∫
ωε

∫
Γ

|x− x|−1
u
ε
k(s) ds dn dx3 + · · · .

We have additionally used the estimates (6.14) and (6.15), which permit us to eliminate
the Jacobian 1 + nK(s) and make the substitution φεuk(ε,x) 
→ uεk(s) according to
notation (6.13) and (6.16). Thus, after computing the mean, we obtain

(6.22)

u
ε
k(s) =

aλε
kε

−m

4πmes2(ωε)

∫
ωε

∫
ωε

∫
Γ

|x− x|−1
u
ε
k(s) ds dn dx3 dn dx3 + · · ·

=

∫
Γ

Y(s, s)uεk(s) ds+ · · · ,

where

(6.23) Y(s, s) =
aλε

kε
−m

4πmes2(ωε)

∫
ωε

∫
ωε

|x− x|−1 dn dx3 dn dx3.

The squared norm in the Hörmander space of the expression singled out in (6.22) does
not exceed

c

∫
Γ

∫
Γ

∣∣∣∣ ∫
Γ

u
ε
k(s)(Y(s, s)−Y(s, s)) ds

∣∣∣∣2 ds ds

|s− s|

≤ c

∫
Γ

∫
Γ

∫
Γ

|Y(s, s)−Y(s, s)|2 ds ds ds

|s− s|‖u
ε
k;L2(Γ)‖2.

It remains to deal with the triple integral multiplying the squared Lebesgue norm; we
denote this integral by J. We take into account formulas (6.19) and (6.23), carry out
algebraic operations, and integrate over the small set ωε to obtain

J ≤ cε2m−4|ln ε|−2ε−2mε−4ε8
∫
Γ

∫
Γ

∫
Γ

|s− s|2 ds
(|s− s|+ ε)2(|s− s|+ ε)2

ds ds

|s− s|

≤ c|ln ε|−2

∫
Γ

(∫
Γ

|s− s| ds
(|s− s|+ ε)2

∫
Γ

ds

(|s− s|+ ε)2

+

∫
Γ

|s− s| ds
(|s− s|+ ε)2

∫
Γ

ds

(|s− s|+ ε)2

)
ds

≤ 2c|ln ε|−2

∫
Γ

|ln(|s|+ ε)|
|s|+ ε

ds ≤ C.

The proof of the desired assertion is complete. �



ASYMPTOTICS OF EIGENVALUES OF BOUNDARY VALUE PROBLEMS 41

Lemma 6.4 shows that the convergence (6.18) indeed holds along some infinitesimal
sequence; in particular, the limit u0k is normalized in view of relation (6.17),

(6.24) ‖u0k;L2(Γ)‖ = 1.

Let us substitute the special test function

(6.25) v(ε, x) =

{
V(ς;x)− χ(r)ς(s)t0(ε

−1n, ε−1x3), x ∈ Ωε \ Γ̄ε,

(2π)−1|ln ε|ς(s) + J(ς; s)− ς(s)t0(ε
−1n, ε−1x3), x ∈ Γε,

mimicking the asymptotic constructions in Section 4, into the modified integral identity

(6.26) (uk,Δxv)Ω + λk(ε)
(
(uk, v)Ω + aε−m(uk, v)Γε

)
= 0,

obtained from the usual identity (1.9) by additional integration by parts. Here ς ∈
C∞(Γ) is an arbitrary density and V is the singular solution of problem (2.2) with the
asymptotics (2.3). Further, χ is the cutoff function introduced after formula (2.24) and
t0 is the solution, decaying at infinity, of the transmission problem (2.43) with μ = 0
and with right-hand sides of the form (2.46) and (2.47) (see Lemma 2.3). We point out
that both the eigenfunction uk(ε, ·) and the test function (6.25) satisfy the homogeneous
transmission conditions on the surface ∂Γε; i.e., the integral identity (6.26) indeed holds
for them.

To make the transition to the mean function (6.16) convenient, we multiply the left-
hand side of (6.26) by the coefficient φε = ε1−m/2(ames2 ω)

−1/2 and compute the inner
products occurring in the integral identity. Since the functions x 
→ V(ς;x) and η 
→ t0(η)
are harmonic in the domains Ωε \ Γ̄ε and R2 \ ω̄, respectively, it follows from formula
(3.7) for the Laplace operator in curvilinear coordinates and the fact that t0(η) decays
at the rate of O(ρ−1) (see Lemma 2.3) that

Δxv(ε, x) = 0, x ∈ Ω \ U ,

and

Δxv(ε, x) = O(ε−1ρ−2) = O(εr−2), x ∈ U \ Γ̄ε.

Moreover, by taking into account the second formula in (2.46), we find that

(6.27) Δxv(ε, x) = −ε−2(mes2 ω)
−1ς(s) +O(ε−1), x ∈ Γε.

Thus,

|φε(uk,Δxv)Ω − (u0k, ς)Γ| ≤ cε.

Here the following argument has been taken into account. First,

φε

∣∣∣∣ ∫
Ω\Γε

uk(ε, x)Δxv(ε, x) dx

∣∣∣∣
≤ cε1−m/2ε

(∫
U\Γε

r−2(1 + |ln r|)−2|uk(ε, x)|2 dx
)1/2(∫

U\Γε

r−2(1 + |ln r|)2 dx
)1/2

≤ cε1−m/2ε‖∇xuk;L2(Ω)‖ · |ln ε|3/2 ≤ cεm/2|ln ε|1/2
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by the estimate (6.11) and a corollary of the Hardy inequality (see (1.19) and further,
e.g., (7.11) and (7.12)). Second,

φε

∣∣∣∣ ∫
Γε

uk(ε,x)Δxv(ε, x) dx− 1

mes2 ωε

∫
Γε

uk(ε, x)ς(s) dx

∣∣∣∣
≤ cε1−m/2ε−1

∫
Γε

|uk(ε, x)| dx ≤ cε−m/2(mes3 Γε)
1/2‖uk;L2(Γε)‖ ≤ cε,∣∣∣∣ φε

mes2 ωε

∫
Γε

uk(ε, x)ς(s) dx−
∫
Γ

uεk(s)ς(s) ds

∣∣∣∣ ≤ cε(6.28)

by virtue of relation (6.27), the normalization condition (1.10), the convergence (6.18),
and definitions (6.13) and (6.16). We point out that the majorant in inequality (6.28) is
defined with regard to the estimate (6.23) for the component u⊥

k in the expansion (6.14)
and the relation 1 + nK(s) = 1 +O(ε) for the Jacobian on the set Γε.

Since |v(ε, x)| ≤ c|ln ε| everywhere in Ω according to definition (6.25), we find in view
of (6.19) and (6.12) that

φελk(ε)|(uk, v)Ω| ≤ cε1−m/2εm−2|ln ε|−1‖uk;L2(Ω)‖|ln ε| ≤ cε3(m−2)/2|ln ε|−1.

Finally, the second line in (6.25), formula (2.49), and the preceding argument show that∣∣∣φελk(ε)aε
−m(uk, v)Γε

− λk(ε)aε
−m

×mes2 ωε

( 1

2π
|ln ε|(uεk, ς)Γ + (uεk, J(ς))Γ − T0(ω)(u

ε
k, ς)Γ

)∣∣∣ ≤ cε.

Let us summarize our considerations. We replace the inner products in the integral
identity (6.26) by the simplified expressions obtained above, note that

λk(ε) =
εm−2

ames2 ω

(
2π|ln ε|−1 + Λk(ε)|ln ε|−2

)
by virtue of (6.9), pass to the limit and obtain

0 = φε|ln ε|
(
(uk,Δxv)Ω +

εm−2

ames2 ω

(
2π|ln ε|−1 + Λk(ε)|ln ε|−2

)
×
(
(uk, v)Ω + aε−m(uk, v)Γε

))
= |ln ε|

(
−(uεk, ς)Γ +

εm−2

ames2 ω

(
2π|ln ε|−1 + Λk(ε)|ln ε|−2

)
× ames2(ω)ε

m−2
( 1

2π
|ln ε|(uεk, ς)Γ

+ (uεk, J(ς))Γ − T0(ω)(u
ε
k, ς)Γ

)
+O(|ln ε|−2)

)
= 2π(uεk, J(ς))Γ − 2πT0(ω)(u

ε
k, ς)Γ +

1

2π
Λk(ε)(u

ε
k, ς)Γ +O(|ln ε|−2)

→ 2π(uεk, J(ς)− T0(ω)ς + (T0(ω)− tk)ς)Γ = 0.

Recall that, as was mentioned in Section 2.2, J is a self-adjoint elliptic pseudodifferential
operator with smooth coefficients and with growing principal symbol (see Sections 2.1
and 2.2); i.e., the last identity, which holds for an arbitrary test function ς ∈ C∞(Γ),
implies the inclusion u0k ∈ C∞(Γ) and the relation

J(u0k; s) = tku
0
k(s), s ∈ Γ.
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In other words, tk is an eigenvalue of this operator and u0k is the corresponding eigen-
function normalized in L2(Γ) (see relation (6.24)).

Let us state the assertion that we have established.

Lemma 6.5. For each term λn(εp) of the sequence (1.7) of eigenvalues of problem
(1.4), (1.5), the expression (6.9) has a limit along the infinitesimal sequence {εp}p∈N

(6.10). In this limit, tk is an eigenvalue of the integral operator (2.4) constructed in
Section 2.1 from the Green function of the Dirichlet problem for the Laplace operator in
Ω. The eigenfunction uk(ε, ·), corresponding to λn(εp), of problem (1.4), (1.5) generates
the mean function uεk over the sections ωε of the thin set Γε by formulas (6.13) and
(6.16), and its strong limit in L2(Γ) is an eigenfunction of the above-mentioned operator
and is normalized according to (6.24).

7. Theorems about the asymptotics

7.1. Abstract statement of spectral problems. Let H =
◦
H1(Ω(ε)) in the case of

the Dirichlet problem (1.2), (1.3), and let H =
◦
H1(Ω(ε); ∂Ω) in the case of the mixed

boundary value problem (1.2), (1.5), (1.6). We define a self-adjoint compact positive
definite operator K on the Hilbert space H with inner product

(7.1) 〈u, v〉 = (∇xu,∇xv)Ω(ε)

by the formula

(7.2) 〈Ku, v〉 = (u, v)Ω(ε), u, v ∈ H,

and rewrite each of the above-mentioned spectral problems as the abstract equation

(7.3) Ku = βu ∈ H,

where β = λ−1 is a new spectral parameter. The spectrum of the operator K lies on the
closed interval [0, ‖K‖], where ‖K‖ is the norm of the operator, the point β = 0 forms the
essential spectrum (and the continuous spectrum, because the null space of the operator
is trivial), and the half-open interval (0, ‖K‖] contains the eigenvalues βk = (λε

k)
−1, which

form an infinitesimal sequence.
The following assertion is known as the lemma about “almost eigenvalues and al-

most eigenvectors”; the proof can be found, e.g., in the paper [53] or in the books [36,
Chapter 6], [54, Chapter 7], etc.

Lemma 7.1. Let u ∈ H and b ∈ R+ be elements such that

(7.4) ‖u;H‖ = 1, ‖Ku− bu;H‖ = δ.

Then the closed interval [b− δ,b+ δ] contains at least one eigenvalue of the operator K.
Moreover, for each δ∗ > δ one has the inequality

(7.5)
∥∥∥u−

∑
akuk;H

∥∥∥ ≤ 2δ−1
∗ δ,

where the sum is over the eigenvalues βk of the operator K in the interval [b−δ∗,b+δ∗],
the uk are the corresponding eigenvectors satisfying the orthogonality and normalization
conditions 〈uk,uj〉 = δj,k, and the coefficients satisfy

∑
a2k = 1.
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7.2. Theorem about the asymptotics for the Dirichlet problem. Let λ0
k be an

eigenvalue of problem (1.12), and let formula (1.15) hold; i.e., λ0
k has multiplicity κk.

Let us take the partial sums of the asymptotic series constructed in Section 3 for the
approximate solutions of the abstract equation (7.3) for m = 0, . . . ,κk − 1; namely, set

(7.6) bm =
(
λ0
k + Λ̂

(N)
0m

)−1
=

(
λ0
k +

N∑
n=1

α−nΛ
(n)
0m

)−1

,

(7.7)
um(ε, x) = ‖Um;H‖−1Um(ε, x),

Um(ε, x) = V̂ N
0m(x) +Wk(γ̂

N
m ;x) + V̂ N

m0(x) + ŴN
m (ε, x).

Let us recall and explain the notation. First, formula (7.6) contains the partial sum

Λ̂
(N)
0m of the series (3.18) in inverse powers of the large parameter (3.16) with coefficients

(3.33). Second, V̂ N
0m is the linear combination (3.25) of the eigenfunctions vk, . . . , vk+κk−1

corresponding to the eigenvalue λk of problem (1.12) and satisfying conditions (3.22);
the coefficients of the linear combination are the components of the column vector

(7.8) â
(0N)
(m) =

N∑
n=0

α−na
(0n)
(m)0,

i.e., of the partial sum of the second series in (3.28) whose terms are found from the
algebraic systems (3.32). Third, Wk(γ̂

N
m ; ·) is the irregular solution with density

γ̂N
m(s) =

N∑
n=0

α−nγn
m0(s)

defined by formulas (3.30). Fourth,

(7.9) V̂ N
m0(x) =

N∑
n=0

α−nV(n)
m0 (x),

where the V(n)
m0 are the functions (3.31). Finally, ŴN

m is a correction term of boundary
layer type having the form

ŴN
m (ε, x) = χ(r)

N∑
n=0

α−nγn
m0(s)ẽ(η) + W̃N

m (ε, x),

where ẽ is a harmonic function on R2\ω̄ decaying at infinity (see the representation (2.27)

of the capacity potential) and the function W̃N
m is supported in the cε-neighborhood of the

contour Γ, has the norm O(|ln ε|−N−1), and serves to satisfy the homogeneous Dirichlet
condition on Γε.

Let us estimate δ = δ
(N)
m in the second formula in (7.4). According to definitions (7.1),

(7.2), and (7.7), we have

δ(N)
m = sup |〈Kum − bmum,v〉|

= ‖Um;H‖−1bm sup
∣∣(∇xUm,∇xv)Ω(ε) −

(
λ0
k + Λ̂

(N)
0m

)
(Um,v)Ω(ε)

∣∣
= ‖Um;H‖−1bm sup

∣∣(ΔxUm +
(
λ0
k + Λ̂

(N)
0m

)
Um,v

)
Ω(ε)

∣∣;(7.10)

here the supremum is over all functions v ∈
◦
H1(Ω(ε)) such that ‖v;H1(Ω(ε))‖ = 1.

The one-dimensional Hardy inequality (2.36) with the change of variables ρ 
→ r = 1/ρ
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acquires the form

(7.11)

∫ 1

�

r
∣∣∣dV
dr

(r)
∣∣∣2 dr ≥ 1

4

∫ 1

�

r−1|ln r|−2|V (r)|2 dr, V ∈ C1
c [0, 1), V (1) = 0, � ≥ 0,

and shows that

(7.12)
∥∥r−1(1 + |ln r|)−1v;L2(Ω(ε))

∥∥ ≤ c‖∇xv;L2(Ω(ε))‖ ≤ c‖v;H‖.
Here r(x) = dist(x,Γ). Since ‖Um;H‖ ≥ C > 0 and bm ≥ c > 0 by the definitions of
these expressions, it remains to estimate the weighted norm

(7.13)
∥∥r(1 + |ln r|)

(
ΔxUm +

(
λk + Λ̂

(N)
0m

)
Um

)
;L2(Ω(ε))

∥∥.
According to the asymptotic procedure carried out in Section 3, the absolute value of
the discrepancy in (1.2) does not exceed |ln ε|−N−1r−2. Consequently, the norm (7.13)
is majorized by the expression

(7.14) c|ln ε|−N−1

(∫
Ω(ε)

r
2(1 + |ln r|)2r−4 dx

)1/2

≤ c|ln ε|−N−1

(
1 +

∫ 1

ε

r2(1 + |ln r|)2r−4r dr

)1/2

≤ c|ln ε|−N+1/2.

This estimate is not sharp, but since we can supplement the partial sums (7.8)–(7.9) with
lower-order terms, the loss of the small factor |ln ε|−1 in the majorant (7.14) is harmless.
We just add these terms, obtain the correct estimate, and then drop these terms into the

remainder. As a result, we arrive at the inequality δ
(N)
m ≤ cε−N−1/2. Now by Lemma 7.1

there exists an eigenvalue of the operator K such that∣∣βn −
(
λ0
k + Λ̂

(N)
0m

)−1∣∣ ≤ c|ln ε|−N−1/2,

and hence, in view of the relation β = λ−1 between the spectral parameters, there exists
an element λn(k)(ε) of the sequence (1.7) such that

(7.15)
∣∣λn(k)(ε)− λ0

k − Λ̂
(N)
0m

∣∣ ≤ ck|ln ε|−N−1/2.

First, this implies relation (6.1), because one necessarily has n(k) ≥ k for small ε; i.e.,
λk(ε) ≤ λn(k)(ε) ≤ λ0

k + Ck. Second, n(k) = k. Indeed, if n(k) > k, then the eigenvalue

λn(k)+κk
(ε) lies in the half-open interval (0, λ0

k+Ck|ln ε|−1]. The argument in Section 6.1

shows that λn(k)+κk
(ε) → λ∗ ∈ (0, λ0

k]; the limit u∗ of the corresponding eigenfunction
un(k)+κk

is orthogonal in L2(Ω) to the eigenfunctions v1, . . . , vk+κk−1 of problem (1.12),
and ‖u∗;L2(Ω)‖ = 1. The last conclusions contradict the definition of the sequence (1.11)
and relation (1.15).

Thus, we have established the following assertion about the eigenvalues of the Dirichlet
problem in the singularly perturbed domain Ω(ε).

Theorem 7.1. Let λ0
k be an eigenvalue of multiplicity κk of the limit problem (1.12) (see

formula (1.7)). For κk > 1, assume that this eigenvalue and the other multiple eigen-
values λ0

p < λ0
k in the sequence (1.11) satisfy assumption 1◦ in Section 3.4. There exist

positive numbers εk and ck such that for ε ∈ (0, εk) the eigenvalues λk(ε), . . . , λk+κk−1(ε)
of problem (1.2), (1.3) (and only these eigenvalues) satisfy inequality (7.15).

Remark 7.1. 1. In the case of a multiple eigenvalue λk of the limit problem (1.12),
the construction of the full asymptotic series uses assumption 1◦ on the simplicity of
eigenvalues of the matrix (3.29). This assumption is not needed to determine the leading
asymptotic terms. Hence the assertion of Theorem 7.1 with exponent N = 0 in the
estimate (7.15) implies the relation q = n mentioned in the comment after Lemma 6.1.
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2. One could use the second part of Lemma 7.1 (see relation (7.5)) to estimate the
norm of the difference between the eigenfunction uε

k and the corresponding asymptotic
approximation. This has not been done for reasons explained at the end of Section 1.3.

7.3. Theorem about the asymptotics for the mixed boundary value problem.
Let λ0

k be the same eigenvalue of problem (1.12) as in the preceding section. Let us
take the partial sums of the series (5.20) constructed in Section 5 for the approximate
solutions of the abstract equation (7.3),

bm =

(
λ0
k + ε2Λ

(m)
k +

N∑
q=3

εqλ
(mq)
k (ln ε)

)−1

, um(ε, x) = ‖Um;H‖−1Um(ε, x),

Um(ε, x) = V m
0 (x) + εχ(x)W

(m)
0 (x)

+

N∑
q=1

εq
(
V (m)
q (x; ln ε) + εχ(x)W

(m)
q+1(x; ln ε)

)
+ εNV

(m)
N (x; ln ε).

The formulas for the leading asymptotic terms Λ
(m)
k , V m

0 , V m
1 , V m

2 and W
(m)
0 are given in

Section 5.1, and an algorithm for constructing the other terms is described in Section 5.2.

By analogy with the computation (7.10), we find that δ = δ
(N)
m in formula (7.4) acquires

the form

(7.16) δ(N)
m = ‖Um;H‖−1bm sup

∣∣∣∣(ΔxUm +

(
λ0
k + ε2Λ

(m)
k

+

N∑
q=3

εqλ
(mq)
k (ln ε)

)
Um,v

)
Ω(ε)

− (∂nUm,v)Γε

∣∣∣∣.
Here v ∈

◦
H1(Ω(ε); ∂Ω) and ‖v;H1(Ω(ε))‖ = 1. To estimate the expression whose

absolute value occurs in (7.16), we use relation (7.12), which can again be derived from
the Hardy inequality (7.11) and does not require that the test function vanish on the
interior boundary ∂Γε. Since the Dirichlet conditions (1.5) are completely satisfied by
construction and the weighted norms of the discrepancies produced by the sum Um in
(1.2) and in the boundary condition (1.6) do not exceed cεN+1−δ, we see that the same
argument as above gives relation (6.1) used in Section 6.2 and establishes the following
assertion about the asymptotics of the solution of the mixed boundary value problem in
the singularly perturbed domain Ω(ε).

Theorem 7.2. Let λ0
k be an eigenvalue of multiplicity κk of the limit problem (1.12)

(see formula (1.7)). For κk > 1, we assume that this eigenvalue and the other multiple
eigenvalues λ0

p < λ0
k in the sequence (1.11) satisfy assumption 2◦ in Section 5.2. There

exists an εk > 0 such that for ε ∈ (0, εk) the eigenvalues λk(ε), . . . , λk+κk−1(ε) of problem
(1.2), (1.5), (1.5) (and only these eigenvalues) satisfy the inequality∣∣∣∣λk+m(ε)− λ0

k − ε2Λ
(m)
k −

N∑
q=3

εqλ
(mq)
k (ln ε)

∣∣∣∣ ≤ ck(δ)ε
N+1−δ,

where δ is an arbitrary positive number and the factor ck(δ) depends on δ and k but is
independent of ε.

The comments on Theorem 7.1 given in Remark 7.1 can serve as comments on Theo-
rem 7.2 provided that assumption 1◦ in Section 3.4 is everywhere replaced with assump-
tion 2◦ in Section 5.2.
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7.4. Theorem about the asymptotics for the lumped mass problem. It is con-
venient to change definitions (7.1) and (7.2) by setting

(7.17)
〈u, v〉 = (∇xu,∇xv)Ω(ε) + εm(u, v)Ω + aε−2(u, v)Γε

,

〈Ku, v〉 = εm(u, v)Ω ++aε−2(u, v)Γε
, u, v ∈ H =

◦
H1(Ω, ∂Ω).

Then the operator K preserves the properties indicated in Section 7.1, Lemma 6.4 remains
valid, and the integral identity (1.9) becomes the abstract equation (7.3) with the new
spectral parameter

β = (εm−2 + λ)−1.

The spectrum of the operator K lies on [0, 1], because the norm of the operator does not
exceed unity by virtue of formulas (7.17). (It is actually smaller than unity.)

The scheme of application of the lemma on “almost eigenvalues and almost eigenvec-
tors” is the same as in the preceding two subsections, and the computations permitting
one to estimate the discrepancies in relations (7.4) and (7.5) largely follow those given in
Section 6.3 when verifying the most difficult convergence Lemma 6.5. Hence we restrict
ourselves to the statement of the theorem under the simplifying assumption that the
eigenvalues of the integral operator (2.4) are simple, and we also give some comments.

Theorem 7.3. 1. Let μk be a simple eigenvalue of (1.19), and let j ∈ N0. Then there
exist εkj > 0 and ckj > 0 such that for ε ∈ (0, εkj ] problem (1.4), (1.5) has an eigenvalue
λNε(k,j)(ε) satisfying the estimate

(7.18)
∣∣λNε(k,j)(ε)− εm−2

(
μk +M

(j)
0 (α−1

j )
)∣∣ ≤ ckjε

m−2+δ,

where z 
→ M
(j)
0 (z) is the holomorphic function constructed in Section 4.2, the parameter

αj is defined in (4.15), and δ is a given number in the interval (0, 1).
2. Let μk be an eigenvalue of multiplicity κk of (1.19) (see formula (2.42)), and let

relations (4.21) hold with bk �= 0 for the corresponding eigenfunctions. Then the first
assertion of the theorem remains valid provided that the ingredients of formula (7.18) are
taken from Section 4.3.

The first part of Theorem 7.3 and relation (4.19) for the correction term M
(j)
0 (α−1

j )

ensures the uniform boundedness of (6.9), used in Section 6.3 (cf. Remark 7.1 concerning
the Dirichlet problem). As was already mentioned in Remark 4.4, the second part of
Theorem 7.3 is not complete, because it does not contain any information about addi-
tional series of eigenvalues of problem (1.4), (1.5) with stable asymptotics of some kind
different from (6.25). At the same time, the first part of the theorem can be improved
for the first eigenvalue μ0 = 0 of (1.19). Namely, we can use the convergence Lemma 6.5
to state a complete result on the low-frequency part of the spectrum of the lumped mass
problem.

Theorem 7.4. For each j ∈ N0, there exist εj > 0 and cj > 0 such that for ε ∈ (0, εj ]
the eigenvalue λj+1(ε) of problem (1.4), (1.5) satisfies the inequality

(7.19)
∣∣λj+1(ε)− εm−2M

(j)
0 (α−1

j )
∣∣ ≤ cjε

m−2+δ,

which contains the holomorphic function M
(j)
0 , the parameter (4.15), and a fixed number

δ ∈ (0, 1).

Note the difference between the statements of Theorems 7.3 and 7.4: the number
Nε(k, j) of the eigenvalue in the asymptotic formula (7.18) is unknown and even depends
on the small parameter ε for k ≥ 1, while Nε(0, j) = j + 1 in (7.19), where the shift
j 
→ j +1 is solely due to the the different numberings of the sequences (1.7) and (2.17).
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Finally, the remainder estimate for the simplified asymptotic formula (7.19) has the
form ∣∣λj+1(ε)− εm−2

(
mes2 ω(τj − T0(ω) + (2π)−1|ln ε|)

)−1∣∣ ≤ Cjε
m−2|ln ε|−3,

with regard to relation (4.19) for the correction term M
(j)
0 (α−1

j ).

8. Generalizations, versions, and unsolved problems

8.1. Once more about the simplicity conditions for the eigenvalues. Assump-
tions 1◦ and 2◦ were introduced in Sections 3 and 5 to construct the complete asymptotic
series (3.17)–(3.19), (3.28) and (5.20), (5.21), respectively. If we drop these restrictions,
then the algorithm for constructing lower-order asymptotic terms is changed (e.g., see
[2]). At the same time, Theorems 7.1 and 7.2 remain valid if we set N = 1 and N = 2,
respectively, in these theorems.

8.2. On the data of the problems: Restrictions and possible generalizations.
The statement of spectral problems was simplified dramatically in Section 1.1, but one
cannot drop all restrictions while preserving the results.

The smoothness of the boundaries of the domains Ω ⊂ R3 and ω ⊂ R2 is not important.
They can be assumed to be Lipschitz if one treats all solutions as weak solutions (i.e.,
solutions in the sense of integral identities [48]). The expansions near Γ, described
in Section 2, of the solutions of problems in Ω, as well as the expansions at infinity
of the solutions of exterior boundary value problems and equations on the plane, are
obviously preserved, because they are written out away from nonsmooth boundaries (cf.
Remark 2.1).

The arc Γ need not be flat; the passage to an arbitrary smooth simple closed contour
in R3 does not encounter any serious difficulties. Instead of the system (n, x3, s), one
should use the natural curvilinear coordinate system (n, β, s), where s is the arc length on
Γ and n and β are the normal and binormal components (e.g., see [55]). The smoothness
of Γ is essential. If, for example, Γ has a corner point, then the three-dimensional power-
law boundary layer phenomenon is observed in a neighborhood of that point. (See the
general principles for finding the limit problems in [2, Chapter 5]). I do not know how
this additional boundary layer might affect the asymptotic procedures presented above.

The main results presented in Sections 3 and 5 for the Dirichlet problem and the
mixed boundary value problem remain valid if the Laplace operator is replaced by an
arbitrary elliptic differential operator in divergence form

L(x,∇x) = −
3∑

i,k=1

∂

∂xi
lik(x)

∂

∂xk

with smooth coefficients lik = lki in Ω̄. The same might be true for the lumped mass
problem (Section 4) as long as one speaks of the main series (k = 0) of eigenvalues
(Theorem 7.4), which have the order of ε2−m|ln ε|−1 and are generated by the Ansätze
(1.17) and (4.2), but in principle, the passage to an operator with variable coefficients
changes even the original asymptotic Ansätze for the eigenvalues aε2−m(μk+O(|ln ε|−1).
The point is that the procedures in Section 4 rely heavily on the fact that the eigenvalues
(2.39) of (1.19) are independent of the variable s on the contour Γ. In the presence of such
dependence, the asymptotic Ansätze are changed completely owing to the phenomenon
of localization of eigenfunctions, described in somewhat different situations in the papers
[56, 57, 58, 59, 60, 61], etc.

Yet another unsolved problem is related to the change of geometry suggested in the
paper [14]: there are identical cavities or inclusions of diameter O(ε) periodically arranged
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along the contour Γ. We are not aware of any published results about the asymptotics
of solutions of spectral problems listed in Section 1.1 for this geometry of the singular
perturbation of the domain.

8.3. Weakly contrasting inclusion Γε. Ifm < 2 in (1.4), then the change (1.17) of the
spectral parameter is not needed, and the transmission problem (2.43) with μ = 0 serves
as the second limit problem. Accordingly, the spectral parameter is preserved in the
first spectral problem (1.12). The solvability conditions and the properties of solutions
of this second limit problem are the same as for the exterior Neumann problem (1.14)
(Propositions 2.7 and 2.5). Consequently, the algorithm for constructing the asymptotics
of the solution of the singularly perturbed spectral Dirichlet problem (1.4), (1.5) for
m < 2 reproduces, mutatis mutandis, the algorithm presented in Section 5 for the mixed
boundary value problems (1.2), (1.5), (1.6). Hence here we only indicate the changes in
the Ansatz (5.13) and the matrix Mk.

Just as before, let λ0
k be an eigenvalue of problem (1.12) satisfying relation (1.15). Set

(8.1)
λ(ε) = λ0

k + ε2−mΛk + · · · ,
u(ε, x) = V0(x) + ε2−mχ(r)W2−m(ε−1y, s) + ε2−mV2−m(x, ln ε) + · · · .

Here V0 is the linear combination (3.25) of the eigenfunctions vk, . . . , vk+κk−1, and W2−m

is the solution of the Poisson equation

ΔηW2−m = xω(η)V0(s)

on R2 admitting the representation

W2−m(η, s) =
1

2π
V0(s)mes2 ω · ln ρ+O(ρ−1), ρ → ∞.

Thus, the same argument as before gives the problem

ΔxV2−m(x, ln ε) + λkV2−m(x, ln ε) = ΛkV0(x)

+
1

2π
V0(s)mes2 ω

(
χ(r)Δx ln

r

ε
+ λkχ(r) ln

r

ε

)
, x ∈ Ω \ Γ,

V2−m(x, ln ε) = 0, x ∈ Ω,

whose solvability conditions are equivalent to the system of algebraic equations

Λka
0 = −mes2 ωT (k)a0,

where T (k) is the symmetric positive definite Gram matrix (3.29). It is the eigenval-

ues Λ
(0)
k , . . . ,Λ

(κ−1)
k of the matrix M(k) = −mes2 ωT (k) and the corresponding column

vectors a(00), . . . , a(0κ−1) that should be substituted into (8.1) and (3.25).

Remark 8.1. The eigenvalues Λ
(0)
k , . . . ,Λ

(κ−1)
k are nonpositive, and if k = 1, so that the

matrix T (1) is a scalar, then

Λ(1) = −mes2 ω

∫
Γ

v1(x)
2 ds < 0.

The fact that the heavier the inclusion, the lower the eigenvalues of the Dirichlet problem
are, follows from the maximin principle (see [36, Theorem 10.2.2] and cf. (2.20)).

The case of m = 2, where the masses of the thin inclusion and the ambient body are
of the same order, is of special interest. I do not know what the asymptotic expansions of
the eigenvalues and eigenfunctions look like. However, it is clear that the change (1.17)
of the spectral parameter is not needed, so it is retained in both limit problems (1.12)
and (1.19); i.e., one has to apply the procedures in Sections 3 and 4 simultaneously. The
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main difficulty is presented by the case in which the eigenvalues of these limit problems
coincide; some of the additional effects arising here are described in [62].

8.4. Related spectral problem. The Steklov problem

Δxu(ε, x) = 0, x ∈ Ω(ε),

u(ε, x) = 0, x ∈ ∂Ω,

∂nu(ε, x) = λ(ε)u(ε, x), x ∈ Γε,

with spectral parameter on the boundary of the thin set (1.1) can be studied by the
methods in Section 4. This was already mentioned in [8]. A complete exposition of the
results will be given elsewhere.

8.5. Higher-dimensional domains. The difficulties arising in the analysis of the spec-
tral Dirichlet problem (1.2), (1.3) completely disappear if one considers a singular per-
turbation of a one-dimensional contour in the Euclidean space Rn for n > 3, because the
exterior Dirichlet problem (1.16) in Rn−1 is uniquely solvable in the class of functions
decaying at infinity at the rate of O(ρn−3). As a result, the algorithm for constructing
the asymptotics is the same as for the mixed spectral boundary value problems (1.2),
(1.5) (1.6). We only note that, owing to the increased decay rate of the boundary layers,
the smallness orders of the correction terms in the representations λk(ε) = λ0

k +O(εn−3)
and λk(ε) = λ0

k + O(εn−1) of the eigenvalues of the Dirichlet and Neumann problems,
respectively, are changed.

The situation is completely different in the case of lumped masses or Steklov boundary
conditions. The decay of the boundary layers and the related passage to the asymptotic
procedures in Section 5 completely change the limit spectral problem on the contour
Γ. One can readily predict that the operator in this problem is differential rather than
integral, but the corresponding studies have not been carried out.

As to singular perturbations of smooth closed d-dimensional submanifolds in Rn for
0 < d ≤ n − 2, one can expect a much richer diversity of the asymptotic structure. We
do not know any publications in this direction.
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