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To study the invariants of an algebraic variety 𝑌 ⊂ ℙ𝑚 over
an algebraically closed field 𝕜, one can pass to the ideal 𝐼𝑌
in 𝑅 = 𝕜[𝑥0, 𝑥1, … , 𝑥𝑚] consisting of polynomials that van-
ish on the points in 𝑌 . Computing invariants of such an
ideal necessitates a widening of scope to any finitely gen-
erated module 𝑀 over 𝑅 which can be presented in terms
of generators and relations. These relations again have re-
lations, and so on. By successively approximating 𝑀 in
this way, and minimally so, we obtain an acyclic complex,
called the minimal free resolution of 𝑀,

𝐹• ∶ 𝐹0
𝜕1←− 𝐹1

𝜕2←− ⋯ 𝜕𝑚←−− 𝐹𝑚+1 ← 0,

where the𝐹𝑖 are freemodules, which are simply direct sums
of the polynomial ring 𝑅 itself. Note that the article “the”
is appropriate here, as a minimal free resolution is unique
up to isomorphism.

If 𝑀 is graded so it has generators and relations that
are homogeneous, then after fixing bases, each 𝜕𝑖 can be
represented as amatrix of homogeneous forms. One keeps
track of the degrees of these forms by decorating the free
modules with parenthetical integers, which are negated by
convention. For example, with 𝑅 = 𝕜[𝑥0, 𝑥1],

𝑅
[ 𝑥20−𝑥21 𝑥0𝑥21 𝑥31 ]←−−−−−−−−−−−−−

𝑅1(−2)
⨁

𝑅2(−3)

[
𝑥21 0

−𝑥0 𝑥1𝑥1 −𝑥0
]

←−−−−−−−− 𝑅2(−4) ← 0

is the minimal free resolution of 𝑅/⟨𝑥20 − 𝑥21, 𝑥0𝑥21, 𝑥31⟩. By
construction, a minimal free resolution is acyclic or has
no higher homology. Gröbner basis techniques are quite
effective for computing (graded) minimal free resolutions,
and this has been implemented in a variety of computer
algebra software systems.

What geometric information can be recovered from a
minimal free resolution 𝐹•? To begin, there is the cele-
brated Hilbert Syzygy Theorem. Over the polynomial ring,
𝐹• has finite length: above, we see that 𝐹𝑖 = 0 for 𝑖 > 𝑚+ 1.
In fact, if 𝑀 comes from geometry, meaning that it is not
supported at the graded maximal ideal, then this bound
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can be lowered by one, so that its minimal free resolution
has length at most 𝑚 = dim(ℙ𝑚).

Given a variety 𝑌 ⊂ ℙ𝑚, the dimension of 𝑅/𝐼𝑌 in de-
gree 𝑑, or Hilbert function of 𝑅/𝐼𝑌 at 𝑑, is known to even-
tually be a polynomial in 𝑑, called the Hilbert polynomial
of 𝑌 . The leading coefficient of this polynomial encodes
the degree of 𝑌 , which is the number of points obtained
by intersecting 𝑌 with a linear subspace of complementary
dimension. And this is only the beginning. For instance,
if 𝐶 ⊂ ℙ𝑚 is a curve, then the Hilbert polynomial of 𝐶 is

(degree𝐶)𝑑 + (1 − genus𝐶),
whose coefficients topologically classify the embedded
curve.

Finally, detecting when a minimal free resolution in-
volves only linear forms is related to Castelnuovo–Mumford
regularity. This invariant measures the vanishing of sheaf
cohomology, as well as controlling when the Hilbert poly-
nomial and Hilbert function coincide.

With so many spectacular examples of geometry com-
ing from syzygies for projective space, one might look
for an analogous theory for spaces that have a similar
ideal-variety correspondence. However, even for a prod-
uct of projective spaces, minimal free resolutions do not
as closely reflect geometry. For instance, a minimal free
resolution can be much longer than the dimension of the
ambient space. Seeking to remedy this situation, Daniel
Erman, Gregory G. Smith, and I began developing the the-
ory of virtual resolutions for smooth complete toric varieties.
These are complexes that, while they are no longer acyclic
or unique up to isomorphism, better reflect the geomet-
ric theory of syzygies that mirrors the story for projective
space.
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