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Knowing and Teaching Elementary Mathematics (KTEM) by
Liping Ma [10], based on a comparative study of the math-
ematical understanding of US and Chinese elementary
mathematics teachers, was published in 1999. It landed
in the US mathematics education community like a bomb-
shell. It also attracted substantial interest internationally—
it has been translated into Chinese, Korean, Spanish, and
Czech.

For much of the second half of the twentieth century,
US mathematics educators had been debating the role of
themathematical knowledge of teachers in fosteringmath-
ematics learning. Some studies [5] had indicated that
the correlation between the amount of college mathemat-
ics training of teachers and the achievement of their stu-
dents was very weak, and perhaps even negative. In [19],
Lee Shulman proposed that perhaps content knowledge
of teachers needed to be thought about differently, and
that there is content knowledge that is specific to teaching,
different in nature from the knowledge that engineers, sci-
entists, and mathematicians need to ply their crafts. Tak-
ing a cue from Shulman, Deborah Ball [1–3] started in-
vestigating what might be the nature of that knowledge,
which she later [4] called Mathematical Knowledge for
Teaching (MKT). With some colleagues at the National Re-
search Center for Teacher Education (NCRTE) at Michigan
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State University, she developed a set of interview questions
for gauging knowledge that plausibly could contribute to
MKT and which could only be correctly answered with
a good understanding of several key ideas of elementary
math: the reasons behind the computational algorithms
for subtraction and multiplication, the meaning of divi-
sion by fractions, and the relationship between area and
perimeter. See [9].

Liping Ma took these four questions, translated them
into Chinese, and went to China to pose them to a group
of Chinese teachers. The teachers were not randomly se-
lected, but did represent several types of teaching situa-
tions: different grade levels, urban and rural, etc. She com-
pared the results of her interviews to those of a group of
US teachers who had been interviewed with the NCRTE
questions. These teachers had been described as “better
than average” in the US by an expert who had worked with
them.

The results from the two sets of interviews were strik-
ingly different: the Chinese teachers provided dramati-
cally superior responses, especially to the more challeng-
ing questions. The group of Chinese teachers collectively
showed a level of expertise in elementarymathematics that
was off the charts relative to US experience.

Dramatic as these results were, KTEMwent considerably
beyond a simple report of comparative performance. Ma
formulated a concept of “profound understanding of fun-
damental mathematics” (PUFM) that captured the knowl-
edge level of the best of the Chinese teachers, and she inves-
tigated how these teachers arrived at this level. This further
work made clear that, in some sense, it was not fair to com-
pare American teachers to their Chinese counterparts. Al-
though the Chinese teachers benefited from good training
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in K–12 and college, their approach to and achievement
of PUFM involved continued learning over their years of
teaching, and this learning was enabled by their work con-
ditions, conditions which were drastically different from
those of US teachers, especially with respect to supporting
professional growth.

For one thing, even at the elementary level, most of the
Chinese teachers were specialists who were only responsi-
ble for learning mathematics and could concentrate on it.
For another, many of the Chinese teachers had “taught in
rounds”, following the same class through several years, so
that they had a perspective on how mathematics learning
develops over a range of years. Third, at the expense of
running larger classes (more like 40+ than 30-), the Chi-
nese teachers were required to be in the classroom only
half or less of each school day. The rest of the day they
could spend grading, working with students who needed
extra attention, studying the teaching materials (mainly
textbooks, officially produced and highly focused on the
mathematical issues of each lesson; and also the Chinese
mathematics standards). Most saliently, they had time
and opportunity to talk with colleagues about teaching is-
sues. These discussions were facilitated by the fact that usu-
ally the math teachers had a common office where they
would go to work when not teaching.

Thus, the Chinese elementary mathematics teachers en-
joyed a workday that promoted continual learning, and
over the years, this helped many of them to achieve an im-
pressive grasp of the key issues of their elementary mathe-
matics curriculum. At the time that KTEM was published,
it was not possible to evaluate directly how this superior
teacher knowledge translated into student achievement
(although Ma did present evidence that it did). However,
when Shanghai was ranked #1 in the world when it first
(2012) participated in the Program for International Stu-
dent Assessment (PISA) [15, p. 46], the relationship was
substantiated in a more official way.

At about the time of publication of KTEM, the National
Academies of Science was asked to review and summarize
the research on mathematics education, and to make rec-
ommendations for improving it. The report resulting from
the study was Adding It Up, published in 2001 [13]. Two
(of the five) recommendations in the report recognized the
need for systematic, long-term effort to become a profi-
cient mathematics teacher, and called for structures to ad-
dress this need:
• Teachers’ professional development should be high

quality, sustained, and systematically designed to help
all students develop mathematical proficiency. Schools
should support, as a central part of teachers’ work, engage-
ment in sustained efforts to improve their mathematics

instruction. This support requires the provision of time
and resources.
• The coordination of curriculum, instructional mate-

rials, assessment, instruction, professional development,
and school organization around the development ofmath-
ematical proficiency should drive school improvement ef-
forts.

Somewhat later, NRC work also showed that there are
even more systematic structures in place in the Chinese
school system to support teacher learning. In 2009, ten
years after publication of KTEM, the US National Com-
mission for Mathematics Instruction (USNCMI) held a
joint US-China workshop exploring the career structure
of mathematics teachers in the two countries [14]. This
workshop revealed a substantial infrastructure supporting
teacher learning in China. In general, a Chinese teacher’s
career is more structured, and offers more opportunities
for advancement, than is the case in the US. A standard
teaching career moves through three ranks: second rank
teacher, first rank teacher, and senior or master teacher.
The movement from one rank to the next involves vari-
ous formal requirements, including a substantial amount
of continuing education, and for the master rank, publica-
tion of research, often on effective methods for teaching
specific topics. Novice teachers are assigned senior men-
tors, who give advice on lesson plans and attend and give
feedback on lessons taught by the novice teachers, who in
turn will visit the classroom of their mentor teacher to ob-
serve and absorb effective teaching moves.

Further, beyond the normal three ranks, there are op-
portunities to become a “super-rank” teacher. The rules
governing these higher ranks are not uniform across China,
but in a city like Shanghai (which has a population larger
than New York State), the super-rank structure is quite sys-
tematic, and super-rank teachers form a specified (rather
small, under 1%) portion of all teachers. To become a
super-rank teacher, one must publish on good teaching
techniques for selected topics, and also compete in teach-
ing contests. Besides teaching students, the job of super-
rank teachers involves running professional development
for their normal rank colleagues. In this way, knowledge of
effective teaching techniques and responsibility for propa-
gating them is embodied in the teaching corps itself.

Consistent with the existence of the master and super
ranks for teachers, with responsibility for professional de-
velopment, there is a substantial system of continual pro-
fessional development in place. Teachers participate in re-
search groups in their schools or districts, and many re-
search groups work on new teacher induction, preparing
for rising to master teacher level, and discussion of effec-
tive teaching of various specific topics. The strong sup-
port for helping teachers improve highlighted in the 2009
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USNCMI workshop is also documented in a World Bank
report [21].

The US has nothing comparable to this level of support
for continued learning. Teachers who are determined to
make the effort to improve are mainly left to their own
devices. Moreover, there are few mechanisms for sharing
anything that is learned.

One might have hoped that these structural deficits in
the organization of US mathematics education, pointed to
so clearly by Liping Ma and further reinforced by Adding It
Up and then again by USNCMI, would have gotten the at-
tention of US educational policymakers, and resulted in
widespread reforms. Unfortunately for our teachers and
their students, this has not happened. For example, when
the Common Core State Standards for Mathematics (CC-
SSM) was rolled out around 2010, it was formally adopted
by most states, but little to nothing was done to enable
teachers to teach in the ways advocated by the CCSSM.
New York did commission a project to create a text consis-
tent with CCSSM, which resulted in Eureka Math (aka En-
gage New York) [8]. This has a lot of good points, includ-
ing teacher editions with extensive discussions of the rele-
vant mathematical ideas; but these teacher editionsmostly
run between 1,000 and 2,000 pages per grade. They clearly
require intensive study, but arrangements to promote that
study are mostly lacking.

The lack of support for teacher improvement in US edu-
cation is more or less unchanged in the two decades since
LipingMa showed us the dramatic deficits of teacher math-
ematics expertise that results from it, and international ex-
aminations such as TIMSS and PISA have shown us that
this translates into deficits in student learning. US ed-
ucation policymakers have not learned from this cross-
cultural research; they have preferred a top-down scheme
of standardized tests, with punishments for submandated
performance. So it should come as no surprise that, as
recorded in the latest PISA (2018) results [18], our chil-
dren continue not to learn mathematics very well.

Some might argue that these kinds of deficits are cultur-
ally determined, so that there is no possibility of match-
ing Chinese levels of performance. However, there are ex-
amples closer to home of school systems that achieve bet-
ter results in mathematics. In particular, Canada has con-
sistently done better in international comparisons than
the US [17]. Even more relevant for us is the experi-
ence of Massachusetts, which in the early 1990s had math-
ematics achievement that was fairly typical of the US,
but which decided that that was not good enough, and
embarked on a long-term effort to improve. The Mas-
sachusetts Education Reform Act of 1993 provided for in-
creased funding to make opportunities to learn more eq-
uitable, substantial professional development, and higher

mathematics requirements for teacher certification (thus
impacting teacher preparation programs) [6]. It worked.
Massachusetts now, considered as a separate country, has
test scores significantly above the US average [20], [16],
[11], [7]. Massachusetts also comes out at the top in the
National Assessment of Educational Progress (NAEP), the
US’s own instrument for assessing student achievement.
For example, in the 2019 edition of NAEP, Massachusetts
eighth-graders had the highest overall average of any state,
and perhaps more significantly, 48% of them scored at the
proficient or advanced level [12]. Only two other states
had over 40% at these levels. The rest of the country
should take some lessons.
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