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A WORD FROM...
Sergei Gelfand, Publisher of the AMS1

One can say that publishing is one of the central activities of the American Mathematical 
Society. Looking at the five bullets in the AMS Mission Statement (https://www.ams 
.org/ams), you will see that publishing plays an important, sometimes crucial, role in each 
of them. My role as the publisher of the AMS is to supervise the mathematical content of 
everything the Society publishes, including more than 1,300 journal articles and about 90 
books a year.

Of course, many groups and departments of the AMS contribute to transforming the 
content we receive from the authors (in the form of TEX or PDF files) into the printed or 
electronic book or journal issue. Without editing, printing, and marketing our books and 
journals it would be impossible to achieve anything. With the rapid advance of electronic 
publishing the role of the AMS Information Technology department becomes particularly 
important. Some of the activities of these departments are described in other “A Word from 
…” columns; see, e.g., https://www.ams.org/journals/notices/202001/rnoti-p2 

.pdf. Here I will speak mainly about how the AMS chooses and manages the content of its publications.
On the journal side, a lot of work is done by editorial boards. Journal editors evaluate submitted articles, orga-

nize the peer-review process, and work with referees and authors to maintain the high standards of our journals. 
The role of the publisher, together with the AMS Publications Division, is to work with editorial boards to set up 
and maintain journal policies and procedures, in particular related to appropriate coverage of important areas of 
mathematics and to backlog issues. We also provide advice and assistance in occasional complicated cases. 

Much more complex work is required by the AMS Book Program. Going back in history we see that mathematical 
books seem to have existed forever. Archeologists have found examples in China (tenth century BC), Mesopotamia 
(sixteenth century BC), and Egypt (eighteenth century BC). Probably the best-known ancient mathematical book is 
Euclid’s Elements, written circa 300 BC. Elements has all the main features of a mathematical book: depth, breadth, 
and, very importantly, longevity. 

I should say that longevity is a characteristic feature of books in mathematics which distinguishes them from 
books in many other areas of human activity. For example, at the time when Gerolamo Cardano and other Italian 
mathematicians had discovered and published formulas for solving cubic and quartic equations (Cardano’s Ars 
Magna was published in 1545), their contemporaries in chemistry—or, rather, alchemy—were coming up with 
secret manuscripts about the search for the Philosopher’s Stone that would transform plumbum into aurum.

The AMS started publishing in the late nineteenth century. The first issue of the Bulletin of the American Mathemat-
ical Society was published in 1891, and the first journal devoted exclusively to research, Transactions of the American 
Mathematical Society, was launched in 1900. AMS book publishing started in 1905, with the publication of the first 
volume of Colloquium Publications, called just The Boston Colloquium. Another notable early book is Felix Klein’s 
Lectures in Mathematics, originally published in 1884 and reissued by the AMS in 1911. 

Over the next 50+ years AMS publications expanded, and by the 1950s the AMS had two book series, Colloquium 
Publications (started in 1905) and Mathematical Surveys and Monographs (started in 1943), and two more journals, 
Mathematics of Computations (started in 1943) and Proceedings of the American Mathematical Society (started in 1950).

The next significant expansion of the AMS publication program occurred in the late 1980s and early 1990s. The 
new Journal of the American Mathematical Society was launched in 1988 and almost immediately became one of the 
world’s top-level research journals in mathematics. On the book side, around that same time the AMS expanded 
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Sergei Gelfand is the publisher of the AMS. His email address is sxg@ams.org.
1The opinions expressed here are not necessarily those of the Notices or the AMS.

https://www.ams.org/ams
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its program to include books intended for graduate and advanced undergraduate readers. The Graduate Studies in Math-
ematics series, launched in 1993, and the Student Mathematical Library series, launched in 1999, are two of the most 
notable ones to be mentioned here. Also, the AMS launched the University Lecture Series (in 1989), intended for young 
researchers, and the Mathematical World Series (in 1991), modelled on a series of Russian books published in the Soviet 
Union and intended for high school and undergraduate students with a strong interest in mathematics.

At the same time, the AMS began working with other mathematical organizations to start co-publication book series. 
Usually, this work involves organizations that produce excellent mathematical content in the form of books and lecture 
notes but have little experience in publishing. Among the most successful co-publication series are Courant Lecture Notes, 
published with the Courant Institute, and Mathematical Circles Library, a series of books for organizers and participants 
of math circles, published with MSRI.

About fifteen years ago the AMS started looking at the possibility of publishing textbooks for undergraduate educa-
tion. Before that the AMS’s thoughts about undergraduate textbook publishing were that we could not compete with big 
commercial publishers and their huge marketing machines involving armies of sales people and that any attempt to enter 
this segment was destined to fail. This changed when colleges and departments became more and more concerned with 
the price, and often the quality, of books from major publishers. Simultaneously, some of these publishers decided to 
stop publishing textbooks for the upper-level undergraduate market, forcing authors to look elsewhere for an appropriate 
home for their books.

The AMS’s direct involvement with publishing undergraduate texts started in 2008 when Paul Sally, the former editor 
of the Cengage Learning book series, told us that Cengage wanted to close this series and was looking for a publisher to 
buy the rights to, and all the stock of, books in the series. The negotiations resulted in the launch of the AMS Pure and 
Applied Undergraduate Texts series (aka the Sally series); the first ten volumes in this series, released in 2009, are books 
purchased from Cengage.

The next important step toward the expansion of the undergraduate component of AMS publishing happened when 
the AMS took over the book program of the Mathematical Association of America (see https://www.ams.org/journals 
/notices/201901/rnoti-p57.pdf). The MAA had been publishing books for the undergraduate classroom for decades 
and had in its portfolio many excellent texts. Blending AMS and MAA book lists and publishing traditions into a rich 
comprehensive book program has been a major challenge which, I hope, we are successfully resolving.

Currently the AMS is offering at least one and in many cases several textbooks for almost all standard courses in the 
undergraduate math curriculum, and our goal is to make the AMS Bookstore the place where instructors look for a text 
they can use in any course they teach.

There are many more aspects of the AMS Book Program than what I have mentioned here. The AMS has several highly 
visible proceedings series, some of them going back to 1980. It publishes books on entertaining mathematics and books 
for children. We have several so-called “how-to” books advising mathematicians on various aspects of their professional 
activity. Our Translations of Mathematical Monographs series was an important resource for informing Western mathe-
maticians about research in the Soviet Union, China, and Japan. Last but not least, the AMS has published several books 
devoted to issues of diversity and inclusion in mathematics (see, e.g., Living Proof, freely available at http://www.ams 
.org/about-us/LivingProof.pdf), and we are committed to publishing more of these.

To conclude, I want to emphasize the importance of active communication between the AMS and the entire community 
of mathematicians. As I said above, our publishing activities are rooted in the mission of the Society. We exist to serve the 
needs of the community—to produce books and articles that you will want to read, to study from, to teach from, and to 
recommend to a colleague or a student (i.e., books and articles that will contribute to all aspects of your work as a math-
ematician). So, please write mathematics, read mathematics, and, most importantly, talk with us, ask questions, make 
suggestions, and tell us what we do well and what needs to be improved. I am convinced that together we can advance 
the quality and the reach of AMS publishing. 

https://www.ams.org/journals/notices/201901/rnoti-p57.pdf
https://www.ams.org/journals/notices/201901/rnoti-p57.pdf
http://www.ams.org/about-us/LivingProof.pdf
http://www.ams.org/about-us/LivingProof.pdf
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references:

On p. 702 (second column, six lines from the bot-
tom), the quotation “stimulate in a systematic manner 
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Thomas Fiske, Mathematical Progress in 
America, Bull. Amer. Math. Soc. 11 (1905), 
238–246. Reprinted in Bulletin (New Series) 
of the American Mathematical Society 37 
(1999), no. 1, 3–8.

On p. 703 (top of first column), the quotation “a 
milestone marking the transition from primary empha-
sis on mathematical education at Harvard to primary 
emphasis on research” is from

Garrett Birkhoff, Mathematics at Harvard 
1836–1944, in: A Century of Mathematics 
in America–Part II, eds. Peter Duren et al., 
American Mathematical Society, Providence, 
1989, 27.
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LETTERS TO THE EDITOR

*We invite readers to submit letters to the editor at notices-letters 
@ams.org.

would be willing to purchase books for me. I would like to 
have books on topology, groups, rings, fields, Galois theory, 
category theory, and philosophy and history of math. Also, 
it would be helpful to have some current handbooks of 
special functions and formulae. Only new books can be 
sent to me and they must come directly from a publisher 
(including the AMS), or an online bookstore like Barnes 
and Noble or Amazon. Before you send a book you could 
write to me at mathdad@outlook.com to make sure no-
body else has already sent that book to me. The address 
books should be sent to is:

Christopher Havens 349034
TRU MCC D605-2
PO Box 888
Monroe, WA 98272
I’d also like to find somebody willing to mentor me and 

help me fine tune techniques and fix conceptual flaws as 
they arise. Also, if they would be willing to have discus-
sions with me about mathematical topics... maybe even 
challenge me with thought exercises so that I might gain 
further insight into what I study, I think I could flourish. 

As well, I look for collaborations on any mathematical 
project, for it allows me to learn and grow in new ways. It 
helps me to be part of the mathematical community, where 
I can find a new way in this life which I have begun to re-
build. Broadening my range of research is very important 
to me, and so I would enjoy any opportunity to work on 
projects I am unfamiliar with. If someone wants to mentor 
me or explore possible collaborations in research I can be 
contacted directly by email at mathdad@outlook.com.

I would like to thank the mathematical community for 
the inclusivity I’ve felt for these past years in all of my math-
ematical endeavors. Thank you all so much for allowing me 
this precious piece of your world. 

—Christopher Havens

Letter to the Editor
The arrival of COVID-19 has prompted many members 
of our community to reset and reflect. During this time, I 
would like to make the urgent request that we learn from 
this seismic shift and commit to implementing positive 
changes to our current mode of operation.

As I fall into the Early Career/Graduate Student group, 
I am particularly mindful of the challenges those of us in 
this group face and the importance of each decision we 
make at this fragile point of our career. A budding career, 

Letter to the Editor
My name is Christopher Havens, an aspiring mathemati-
cian, and incarcerated on a 25 year sentence. My interest in 
mathematics began early in my prison sentence as a result 
of a long stay in solitary confinement. I worked on a prob-
lem for over a year, only to learn that a solution didn’t exist 
in the terms I was looking for. Through my efforts, I found 
some interesting new facts about continued fractions and 
realized that doing mathematics was the only time when I 
felt in awe of my failures. There was beauty here that I had 
never experienced and I knew that through mathematics, 
my life could have new meaning.

During my isolation, I read textbooks on algebra and 
calculus. Just after I was released from isolation, I began 
corresponding with Professor Luisella Caire, who intro-
duced me to number theory. As I studied number theory, 
I realized that I had skipped most of the foundations. So I 
then I set out to learn trigonometry, linear algebra, discrete 
mathematics, analysis, abstract algebra, and logic. Most 
of my learning was by experimentation, coupled with 
reading books and articles when possible. I would send 
my “discoveries” to Luisella and her husband, Umberto 
Cerutti. Of course these were independent discoveries of 
known results... until, the results I obtained following my 
previous “failure.” 

Then one day, Umberto invited me into a collaboration 
as a member of his research group. Our first project together 
begat “Linear Fractional Transformations and Nonlinear 
Leaping Convergents of Some Continued Fractions,” now 
published in Research in Number Theory. In this paper, we 
characterized combinatorial properties of large families of 
continued fractions of a linear fractional transformation 
(LFT) and provided closed forms for certain cases. In tak-
ing a close look at the convergents, the leaping patterns 
which are common in some continued fractions behaved 
in ways which can be described by nonlinear functions. 
We provided recurrence relations for these new nonlinear 
leaping convergents. This research moves a step closer to 
completely generalizing similar results where the determi-
nant of the unimodular matrix corresponding to the LFT 
is not equal to 0 or ±1.

I don’t have access to online sources, so I need books 
to learn more mathematics. I am writing to ask if anyone 
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Letter to the Editor
Yesterday, 6/10/2020, the AMS websites including Math-
SciNet were shut down. None of the AMS members, even 
fellows of AMS were consulted or informed about it in 
advance. This shows how AMS treats its members. So please 
cancel my AMS membership.

—Mark Sapir
Fellow of AMS

Centennial Professor of Mathematics
Vanderbilt University

more often than not, benefits from having a mathematical 
community, access to the current exchange of ideas, and 
the resources to bring these two together. To be candid, 
attending conferences is expensive. For those in more 
demanding circumstances, such as caretaking for others 
or having limited financial resources, even participating 
in nearby workshops may prove burdensome. One often 
sees advice about the importance of attending conferences, 
networking with others in the field, and participating in the 
market of perspectives. These indispensable interactions 
should not be left to the caprice of one’s financial standing, 
geographical location, or as is often expected, the mercy of 
one’s institution or advisor to demonstrate willingness to 
assist or provide the necessary resources.

Secondly, the negative environmental impact of frequent 
academic gatherings has gained increasing attention in re-
cent years. The term social trap refers to a situation in which, 
based on short-term gains, potentially lethal long-term 
harm is inflicted. Even if one is aware of the calamity ahead, 
one must participate in these events or face massive con-
cessions to the trajectory of one’s career. There have been 
efforts by some, seeing which way the wind is blowing, to 
try their hand at implementing incremental changes. Such 
efforts have included eco-friendly double conferences1 or, 
with the current state of affairs, virtual meetings.2 But these 
efforts have not gained the necessary traction to address the 
problem in the long term.

In one fell swoop, virtual meetings offer an opportunity 
to level the playing field and address the social trap of envi-
ronmental catastrophe. Local seminars, collegial meetings, 
and the like that have continued in this crisis have done 
so through the technological miracles of platforms such as 
Zoom and WebEx. Circumstances, bleak as they are, have 
forced our hand. We have been required to adapt to these 
technologies. Upon exiting this chapter of history, why 
not perpetuate this adaptation and, as far as is conceivably 
possible, convert all future conferences and gatherings to 
such virtual formats?

Whether we implement these changes now or in the 
future, the arc of time will mandate that we update the 
way we operate.

—Michael R. Pilla, PhD student,  
Department of Mathematical Sciences, Purdue University

1See, e.g., https://www.perimeterinstitute.ca/conferences 
/higher-algebra-and-mathematical-physics.
2See the 3rd annual international Applied Category Theory Conference at 
http://act2020.mit.edu/ for an example of this.

https://www.perimeterinstitute.ca/conferences/higher-algebra-and-mathematical-physics
https://www.perimeterinstitute.ca/conferences/higher-algebra-and-mathematical-physics
http://act2020.mit.edu/
http://msri.org/directorsearch


Seeing the Monodromy Group
of a Blaschke Product

Elias Wegert
Visualization plays an important role in understanding
and communicating scientific concepts. Images are part
of a universal language that helps to build bridges between
different disciplines, and pictorial or sculptural representa-
tions of mathematical objects form the basis of mathemat-
ical artwork.

Besides those areas in which pictures have been used ex-
tensively from the very beginning, such as geometry, visu-
alization became relevant inmore andmore fields ofmath-
ematics. Apart from the fascinating fractal images gener-
ated by dynamical systems, complex analysis has been (al-
most) excluded from this development; only during the
last few decades, when the technique of domain coloring
became popular, have pictorial representations of complex
functions entered the scene. A recent example is the illus-
tration of the Klein modular function that decorates the
cover of the January 2019 issue of this journal.

A specific version of domain coloring, so-called phase
plots, was discussed in the September 2011 issue of the No-
tices [20]. Phase plots have mainly been used to visual-
ize complex functions, as in Donald Marshall’s brilliant
textbook [11], or the Handbook of Special Functions [13].
Moreover, they may serve as exploration tools, helping to
discover interesting phenomena, to observe hidden struc-
tures, and to generate fresh ideas. Topics addressed in pure
and applied research papers comprise approximation the-
ory (Austin, Kravanja, and Trefethen [1], and Böttcher and
Wegert [2]), computation of special functions (Fasondini,

Elias Wegert is a professor of mathematics at Technische Universität
Bergakademie Freiberg (Germany). His email address is wegert@math.tu
-freiberg.de.

Communicated by Notices Associate Editor Daniela De Silva.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2116

Fornberg, and Weideman [7]), design of controllers (Gar-
rido and Moreno [9]), gravitational lensing (Luce, Sète,
and Liesen [10]), investigation of iterative methods (Sète
and Zur [15]), and value distribution of the Riemann zeta
function (Steuding and Wegert [16]). For an overview of
other themes and further applications readers are referred
to [19].1

The paper at hand aims to demonstrate how phase plots
can serve as tools for exploring algebraic properties of com-
plex functions. The relevant structures cannot be seen in
pure phase plots, nor can they be seen in the conventional
version of domain coloring, but they will be revealed using
specific color schemes that generate tiled phase plots.

To illustrate these ideas, we have chosen the class
of Blaschke products. In particular, we study their mon-
odromy groups and investigate whether a given function is a
(nontrivial) composition. Blaschke products are relevant
in many areas of mathematics, including linear algebra,
group theory, approximation theory, operator theory, and
systems theory ([3, 8, 12]). The author is convinced that
they deserve more attention than they currently have.

1. Phase Plots
While a real-valued function of a real variable can be visu-
alized in two dimensions by its graph, the analogous rep-
resentation of a complex function 𝑓 would require four
real dimensions. Traditional analytic landscapes therefore
depict only the graph of the modulus |𝑓| and neglect the
argument of the function. In the era of computer graphics,
the missing information can easily be incorporated using
color. Since the argument is determined only up to a mul-
tiple of 2𝜋, it is better to color code the phase 𝑓/|𝑓|. This
assumes values of modulus one on the unit circle and can,
for example, be represented using colors of the common

1There is also an annual calendar, “Complex Beauties,” which provides a phase
portrait for each month and is available online at www.mathcalendar.net/.
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Figure 1. Colored analytic landscape of the function
𝑓(𝑧) = (1 − 𝑧)/(𝑧2 + 𝑧 + 1).

HSV color wheel.2 Figure 1 shows such a colored analytic
landscape of 𝑓(𝑧) = (1 − 𝑧)/(𝑧2 + 𝑧 + 1).

The use of color opens up completely new possibilities
of visualization. One of them is domain coloring, which de-
picts a complex function as an image on its domain, con-
verting the values 𝑓(𝑧) such that phase 𝑓(𝑧)/|𝑓(𝑧)| is repre-
sented by saturated colors (hue) and |𝑓(𝑧)| corresponds to
brightness. The first examples of such pictures appeared in
the early 1980s, but the method gained popularity with
Frank Farris’s review of Needham’s book Visual Complex
Analysis.

While conventional domain coloring encodes the val-
ues of 𝑓 completely, it is sometimes advantageous to dis-
card the modulus. This leads to the concept of phase por-
traits (or phase plots). We summarize some relevant facts
and refer to [18,20] for details.

Functions that are holomorphic (or, more generally,
meromorphic) in an open connected set are uniquely de-
termined by their phase up to a positive constant factor.
So, in principle, all essential information can be recon-
structed from phase plots. However, some hidden struc-
tures can be discovered more easily when additional in-
formation is incorporated. Figure 2 illustrates the con-
struction of such enhanced phase plots. In all examples, a
standard color scheme highlighting special features is first
defined in the 𝑤-plane (depicted in the lower row). In
the second step, every point 𝑧 in the domain of 𝑓 (upper
row) is assigned the same color as the value 𝑓(𝑧) in the 𝑤-
plane. The leftmost column corresponds to conventional
domain coloring, the second represents a plain phase plot,
the third has highlighted contour lines of |𝑓|, in the fourth
column some lines of constant phase are emphasized, and
the rightmost images are equipped with a conformal tiling.3

2The Handbook of Special Functions [13] recommends a slightly modified
color scheme where yellow represents positive multiples of i.
3The author’s Matlab software is available at https://mathworks
.com/matlabcentral/fileexchange/44375. Various color schemes

Zeros and poles can easily be detected in a phase plot:
these are the points where all colors meet, and the num-
ber of times each color appears indicates the multiplicity.
Zeros and poles can be distinguished by the orientation of
colors in their neighborhood.

For the structural analysis of a function a third class of
points is even more important. A critical point 𝜁 of 𝑓 is a
zero of its derivative 𝑓′, and 𝑓(𝜁) is the corresponding crit-
ical value. Those critical points that are not zeros of 𝑓 are
called saddle points, a name that is motivated by their ap-
pearance in the analytic landscape. In a phase plot, saddle
points can be seen more clearly by enhancing isochromatic
lines on which 𝑓 has constant phase (see [18], Section 2.5).
A saddle point 𝑧0 of order 𝑘 (meaning that 𝑓′ has a zero of
multiplicity 𝑘 at 𝑧0) is the crossing point of exactly 𝑘 + 1
isochromatic lines. This is illustrated in Figure 3 for sad-
dle points of orders 1, 2, and 3, respectively. Here some of
the highlighted isochromatic lines run through 𝑧0, which
is the exception rather than the rule. In a tiled phase plot
critical points generate tiles with more than 4 vertices; we
call these exceptional. If a tile 𝑇 contains a saddle point of
order 𝑘 in its interior (or several saddle points with orders
summing up to 𝑘) and no saddle point lies on its bound-
ary, then 𝑇 has 4𝑘+4 vertices. The images in Figure 4 show
exceptional tiles with saddle points of orders 1, 2, and 3 at
their centers.

2. Blaschke Products
A Blaschke product of degree 𝑛 is a rational function of the
form

𝐵(𝑧) = 𝑐
𝑛
∏
𝑘=1

𝑧 − 𝑧𝑘
1 − 𝑧𝑘𝑧

, |𝑧𝑘| < 1, |𝑐| = 1.

Each factor is a special Möbius transformation and is a con-
formal automorphism of the complex unit disk 𝔻. The
mappings 𝐵 ∶ 𝔻 → 𝔻 and 𝐵 ∶ 𝕋 → 𝕋 are 𝑛-fold covering
maps. A phase plot of a Blaschke product is depicted in
Figure 5.

Due to the symmetry relation 𝐵(1/𝑧) = 1/𝐵(𝑧), the ze-
ros 𝑧𝑘 of 𝐵 in the unit disk correspond to poles of 𝐵 at
their reflections 1/𝑧𝑘 with respect to the unit circle. The
phase plot of Blaschke products on the Riemann sphere
is beautifully symmetric with respect to the equator plane
(see Figure 6).4

As functions in the unit disk (endowed with the hy-
perbolic geometry of the Poincaré disk model), Blaschke
products play a role similar to that of the polynomials in
the (Euclidean) complex plane. For example, a Blaschke
product 𝐵 of degree 𝑛 has exactly 𝑛 − 1 critical points in

are implemented in the Julia-package https://github.com/luchr
/ComplexPortraits.jl by Ch. Ludwig.
4Here the plane is stereographically projected from the south pole; the usual pro-
jection from the north pole reverses orientation.
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Figure 2. Different versions of color representations of 𝑓(𝑧) = (1 − 𝑧)/(𝑧2 + 𝑧 + 1).

Figure 3. Saddle points of orders 1, 2, and 3 located at
crossing points of isochromatic lines.

Figure 4. Saddle points of orders 1, 2, and 3 located at the
centers of exceptional tiles.

𝔻 (counted according to their multiplicity), and Walsh’s
theorem ([8, Theorem 6.1.6]) says that these points lie in
the hyperbolic convex hull of the zeros of 𝐵. This is a
counterpart of the Gauss–Lucas theorem for polynomials
([8, Theorem 5.1.1]). For an illustration of Walsh’s theo-
rem and some related topics we refer to the essay [6] by
Daepp, Gorkin, Semmler, and Wegert. More substantial
results in this direction can be found in Garcia, Mashreghi,
Ross [8] and Ng and Tsang [12, p. 249ff.].

3. Phase Flow
Looking at phase plots of Blaschke products, one can gain
the impression that “phase” is a substance that flows along
the isochromatic lines (i.e., the contour lines of arg 𝑓).

Figure 5. A Blaschke product of degree 50.

This can be modeled by a vector field: If 𝑓 is a meromor-
phic function, 𝑓 ∶ 𝐷 → ℂ̂ ∶= ℂ ∪ {∞}, then

𝑉𝑓 ∶= − 𝑓 𝑓′
|𝑓|2 + |𝑓′|2

is smooth on 𝐷, and 𝑉𝑓(𝑧) (considered as a vector in ℝ2) is
tangent to the isochromatic lines of 𝑓 at 𝑧 (see [17] for de-
tails). The flow generated by the vector field 𝑉𝑓 is said to be
the phase flow and denoted Ψ𝑓. If 𝑓 is a Blaschke product,

Ψ𝑓 ∶ 𝔻×ℝ+ → 𝔻 is a continuous semigroup. The fixed points
of Ψ𝑓 are the zeros (attracting), poles (repelling), and sad-
dle points (as indicated by the name) of 𝑓. Each zero 𝑧0
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Figure 6. The same Blaschke product as in Figure 5 on the
Riemann sphere.

𝑆1

𝑆2

𝑍1
𝑍2

𝑍3

𝜁1

𝜁2

Figure 7. The phase flow of a Blaschke product, the stable
manifolds, and the basins of its zeros.

has its basin of attraction, consisting of all points 𝑧 ∈ 𝐷
with Ψ𝑓(𝑧, 𝑡) → 𝑧0 as 𝑡 → +∞. A detailed description of
the basins of attraction for generalmeromorphic functions
is given in [17]. For the determination of these basins the
stable manifolds of saddle points are crucial; together with
some arcs on the unit circle they form the boundaries of
the basins (see Figure 7). Here we need a more specific
result for a special class of Blaschke products.

Definition 1. A finite Blaschke product 𝐵 is called regular-
ized if it satisfies the following conditions:

(i) All zeros of 𝐵 are simple.
(ii) If 𝜁𝑗 and 𝜁𝑘 are critical points of 𝐵 and 𝐵(𝜁𝑗)/𝐵(𝜁𝑘)

is positive, then 𝐵(𝜁𝑗) = 𝐵(𝜁𝑘).
The first condition implies that all critical points of 𝐵

are saddle points. The second condition guarantees that
any isochromatic line in the phase plot contains at most
one critical point.

𝜁1

𝑍∗1

⟶
𝐵1

𝐷1

𝑅12

𝜁1

𝜁2

𝑍∗2

⟶
𝐵2

𝐷2

𝑅21

𝑅23

𝜁2

𝑍∗3 ⟶
𝐵3

𝐷3𝑅32

Figure 8. The basins 𝑍𝑘 and their images 𝐷𝑘.

We remark that both conditions can always be satisfied
by replacing 𝐵 with ℎ ∘ 𝐵, where ℎ is an appropriate con-
formal automorphism of 𝔻. As we shall see, this transfor-
mation does not influence the algebraic structures we are
interested in.

Theorem 1. Let 𝐵 be a regularized Blaschke product and let 𝑆
denote the union of all stable manifolds of all saddle points of
𝐵. Then the basins 𝑍1, … , 𝑍𝑛 of the zeros 𝑧1, … , 𝑧𝑛 of 𝐵 are the
(simply) connected components of 𝔻 ⧵ 𝑆. The restriction 𝐵𝑘 of
𝐵 to an arbitrary basin 𝑍𝑘 maps 𝑍𝑘 bijectively and conformally
onto a domain 𝐷𝑘 = 𝔻 ⧵ 𝑅𝑘 that is the unit disk with some
radial slits 𝑅𝑘𝑗.

Proof. According to the general description of the phase
flow in [17], the basins 𝑍𝑘 are simply connected, and their
boundaries are formed by (the union of) stable manifolds
of the critical points 𝜁𝑘 and arcs on the unit circle.

On the stable manifold 𝑆𝑗 of 𝜁𝑗 the phase of 𝐵 is con-
stant, while |𝐵(𝑧)| > |𝐵(𝜁𝑗)| if 𝑧 ≠ 𝑧𝑗. Hence, by condi-
tion (ii) of Definition 1, each stable manifold contains ex-
actly one critical point. Moreover, the image 𝐵(𝑆𝑗) of 𝑆𝑗 is
a radial segment, running from the critical value 𝐵(𝜁𝑗) to
the boundary of 𝔻.
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Let 𝑅𝑘 be the union of all images 𝐵(𝑆𝑗) of stable mani-
folds 𝑆𝑗 that belong to the boundary of 𝑍𝑘. Observing the
reversed phase flow emerging from the zero 𝑧𝑘, it becomes
clear that 𝐵maps each basin 𝑍𝑘 bijectively onto𝔻⧵𝑅𝑘. □

Adding parts of the stable manifolds, we (sometimes)
extend the basins 𝑍𝑘 to 𝑍∗𝑘, such that 𝐵maps each 𝑍∗𝑘 bijec-
tively onto 𝔻 (see Figure 8).

4. Riemann Surfaces
Blaschke products of degree 𝑛 > 1 are not injective, and
hence their inverses live on Riemann surfaces. We describe
briefly an explicit construction of the Riemann surface 𝑆𝐵
of 𝐵−1 at an informal level. For more information about
phase plots on general Riemann surfaces we refer to Chap-
ter 8 of [18].

Figure 9. The Riemann surface 𝑆𝐵 of 𝐵−1 (cutout).

By Theorem 1, the images 𝐷𝑘 of the basins 𝑍𝑘 are disks
with radial cuts; these slit disks are the raw material form-
ing the sheets of 𝑆𝐵. In order to build 𝑆𝐵, we connect two
slit disks 𝐷𝑘 and 𝐷𝑗 if the basins 𝑍𝑘 and 𝑍𝑗 have a common
boundary component. The image of this boundary com-
ponent is a radial segment that forms a slit 𝑅𝑘𝑗 of 𝐷𝑘 and a
slit 𝑅𝑗𝑘 of 𝐷𝑗, and we “glue” 𝐷𝑘 and 𝐷𝑗 crosswise along this
slit (i.e., we introduce charts which cover the cuts 𝑅𝑘𝑗 and
𝑅𝑗𝑘, defining a conformal structure). Figure 9 shows the
resulting Riemann surface as a stack of sheets, connected
crosswise along the rims of their cuts.

5. Monodromy
We sketch the construction of the monodromy group of a
(regularized) Blaschke product 𝐵; for details we refer to [8,
Section 9.3].

Let 𝐶 be the set of critical points of 𝐵, and denote by
𝐵(𝐶) the set of its critical values. The closed oriented paths
(loops) 𝛾 in𝔻𝐵 ∶= 𝔻⧵𝐵(𝐶)with base point 0 form a group
with respect to concatenation; we denote this loop group by
𝐿𝐵. Two loops in 𝔻𝐵 are homotopic equivalent if one can
be continuously deformed into the other inside 𝔻𝐵. Fac-
toring 𝐿𝐵 with respect to this equivalence relation yields

ℂ

𝐷1

𝐷2

𝐷3

𝛾

Γ

Figure 10. Lifting a loop from ℂ to 𝑆𝐵 .

the fundamental group 𝜋1(𝔻𝐵). This group is generated by
the (equivalence classes of) loops that encircle exactly one
critical value of 𝐵. If 𝔻𝐵 = 𝔻 ⧵ {𝜁} is a punctured disk, then
two loops in 𝔻𝐵 are equivalent if and only if they have the
same winding number about 𝜁, and 𝜋1(𝔻𝐵) is (isomorphic
to) ℤ.

A general result ensures that any path 𝛾 in 𝔻𝐵 can be
lifted to a path Γ on the Riemann surface 𝑆𝐵. Hereby the
initial point of Γ can be chosen on any sheet (“above” the
initial point of 𝛾); once this point is fixed, Γ is uniquely
determined.

If 𝛾 is closed, this need not be so for Γ, since the sheet
of its terminal point can be different from the sheet of its
initial point (see Figure 10). Denoting by 𝐷𝑗 the sheet con-
taining the initial point of Γ and by𝐷𝑘 the sheet containing
its terminal point, this defines a mapping

𝑀𝐵(𝛾) ∶ 𝑁 → 𝑁, 𝑗 ↦ 𝑘, 𝑁 ∶= {1, … , 𝑛},

which describes the permutation of the sheets of 𝑆𝐵 induced
by the lifts of 𝛾. In the example depicted in Figure 10,
𝑀𝐵(𝛾) is the cyclic permutation (1 2 3).

The monodromy mapping

𝐿𝐵 → 𝕊𝑛, 𝛾 ↦ 𝑀𝐵(𝛾) (1)

sends 𝐿𝐵 into the symmetric group 𝕊𝑛. If 𝛾 = 𝛾2 𝛾1 is the
concatenation of 𝛾1 and 𝛾2, then 𝑀𝐵(𝛾) = 𝑀𝐵(𝛾2)𝑀𝐵(𝛾1),
so that (1) is a group homomorphism. The subgroup

𝑀𝐵 ∶= {𝑀𝐵(𝛾) ∈ 𝕊𝑛 ∶ 𝛾 ∈ 𝐿𝐵}

of 𝕊𝑛 is the monodromy group of 𝐵.
Denoting by 𝛾1, … , 𝛾𝑚 ∈ 𝐿𝐵 a set of (representatives of)

generators of the fundamental group, the corresponding
permutations𝑀𝐵(𝛾1), … ,𝑀𝐵(𝛾𝑚) generate the monodromy
group 𝑀𝐵. These generators can be read off directly from
the tiled phase plot of 𝐵 !
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𝐶1

𝐶2

Figure 11. Visualization of the generators of the monodromy group 𝑀𝐵 for the standard example.

The image on the left of Figure 11 is the phase plot of the
Blaschke product which we have seen before in Figures 7
and 8, but is now equipped with a structure of tiles. The
dots in the exceptional tiles are the critical points 𝜁1 and
𝜁2 of 𝐵. The rightmost image is the range disk, where we
see the two critical values inside two (orange and green)
small sectors with a common vertex at the origin. The pos-
itively oriented boundaries 𝛾1 and 𝛾2 of these sectors are
generators of the fundamental group 𝜋1(𝔻𝐵). The image
in the middle shows the highlighted preimages 𝐶1 and 𝐶2
of these sectors, with a phase plot of 𝐵 in the background.
Each of the cells 𝐶1 and 𝐶2 has two vertices that are located
at zeros of 𝐵. Following the numbering in the figure, these
are 𝑧1 and 𝑧2 for 𝐶1, and 𝑧2, 𝑧3 for 𝐶2, respectively. Look-
ing at the image in the middle, we see what happens when
the loops 𝛾1 and 𝛾2 are lifted to the Riemann surface 𝑆𝐵. Let
us start, for example, on the sheet 𝐷1 and move along the
lift of 𝛾1 in a counterclockwise direction. In the middle
image this corresponds to a counterclockwise movement
along the boundary of 𝐶1, starting at 𝑧1 and ending at 𝑧2.
Since the zeros of 𝐵 are in a one-to-one correspondence
to the sheets of 𝑆𝐵, this tells us that the lift of 𝛾1 ends on
the sheet 𝐷2. A second circuit about 𝐵(𝜁1) along 𝛾1, now
starting the lifted path on 𝐷2, brings us back to 𝐷1. Conse-
quently 𝑀𝐵(𝛾1) is the transposition (1 2). Similarly, we get
𝑀𝐵(𝛾2) = (2 3). These two transpositions together generate
the full symmetric group 𝕊3, so that 𝑀𝐵 = 𝕊3.

The two cells 𝐶1 and 𝐶2 representing the generators of
the monodromy group 𝑀𝐵 indicate how the sheets of 𝑆𝐵
are permuted by lifted paths encircling the critical values.
Knowing what to look for, one can easily identify these
cells directly in the phase plot on the left (one such cell
is shown in slightly brighter colors). Note that the cells in
the middle were generated from sectors that are symmetric
with respect to their critical value. This is typically not the
case for the cells in a tiled phase plot, which often look
distorted.

A Blaschke product of degree 4 with a single saddle
point of order 3 at 𝜁1 is analyzed in Figure 12. Since it has
only one critical value 𝐵(𝜁1), its fundamental group is gen-
erated by the single loop 𝛾1 that is the boundary of the red
sector. As can be seen in the image in the middle, the cor-
responding generator of its monodromy group is (1 2 3 4),
so that 𝑀𝐵 is the cyclic group ℤ4.

In Figure 13 we see a Blaschke product of degree 4 with
3 saddle points 𝜁1, 𝜁2, 𝜁3 of order 1, but two critical values
coincide, 𝐵(𝜁2) = 𝐵(𝜁3) =∶ 𝑤. Since a loop that encircles 𝑤
affects both cells 𝐶2 and 𝐶3, they act simultaneously, which
results in the permutation (1 3)(2 4). Together with the sec-
ond generator (3 4) associated with 𝐵(𝜁1) this produces the
monodromy group of 𝐵, which is the dihedral group 𝔻4.

What has been demonstrated in these examples works
(in principle) for all regularized Blaschke products: The
(canonical) generators of 𝑀𝐵 are in a one-to-one corre-
spondence with the critical values 𝐵(𝜁𝑘) of 𝐵. Condition
(i) of Definition 1 guarantees that all critical values are dif-
ferent from zero, and according to (ii) one can choose a
sufficiently fine tiling such that each critical value lies in
a separate sector with respect to this tiling. The oriented
boundaries 𝛾𝑘 of these sectors are (canonical) generators
of the fundamental group 𝜋1(𝔻𝐵). The preimages of the
sectors are unions of cells, each containing exactly one crit-
ical point. In the phase plot of 𝐵, two cells 𝐶𝑖 and 𝐶𝑗 either
carry the same collection of colors (we say 𝐶𝑖 and 𝐶𝑗 are
equicolored) or have no color in common. So each genera-
tor𝑀𝐵(𝛾𝑘) of𝑀𝐵 is associated with a collection of equicolored
cells.5 Each cell 𝐶𝑖 defines a cyclic permutation 𝑃𝑖, corre-
sponding to the arrangement of the zeros of 𝐵 sitting at
the vertices of 𝐶𝑖. Finally, again by condition (i), the zeros
of 𝐵 are in bijective correspondence with the sheets of 𝑆𝐵.
The permutation of sheets affected by 𝑀𝐵(𝛾𝑘) is the prod-
uct of the cycles 𝑃𝑖 induced by the associated equicolored
cells 𝐶𝑖.

5Note that these equicolored cells need not be conformally equivalent.
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𝐶1

Figure 12. Generator of the monodromy group of a Blaschke product with a saddle point of order 3.

𝐶1 𝐶2𝐶3

Figure 13. Generators of the monodromy group of a nontypical Blaschke product.

In what follows we sometimes associate the generators
of𝑀𝐵 with critical points 𝜁 instead of the critical values 𝐵(𝜁),
setting 𝑀𝐵(𝜁) ∶= 𝑀𝐵(𝛾) where 𝛾 is a loop around 𝐵(𝜁).

If the Blaschke product 𝐵 is not regularized, it can be
replaced by a regularized one, ℎ ∘ 𝐵, where ℎ is a confor-
mal automorphism of 𝔻. Since ℎ acts on the range of 𝐵,
this transformation does not influence the critical points,
while the zeros of ℎ ∘ 𝐵 are the preimages of 𝑎 ∶= ℎ−1(0)
under the mapping 𝐵. It is clear that ℎ can be chosen such
that ℎ ∘ 𝐵 satisfies the conditions of Definition 1. Apply-
ing the above construction of the Riemann surface to ℎ ∘𝐵
and translating it back to 𝐵, we now build 𝑆𝐵 from disks
with branch cuts that are circular arcs (on hyperbolic lines
through 𝑎), and label these sheets by the preimages of 𝑎
instead of by zeros of 𝐵. Since 𝑎 is not a critical value of 𝐵,
it can be chosen as the base point for the loops in 𝐿𝐵, so
that the monodromy groups of 𝐵 and ℎ∘𝐵 are isomorphic.

6. Compositions
The Blaschke product depicted in Figure 13 is special be-
cause it is a composition of two Blaschke products of

degree 2. This section describes how this can be seen in
its phase plot.

The composition 𝐵 = 𝑔 ∘ 𝑓 of two Blaschke products 𝑓
and 𝑔 with deg 𝑓 = 𝑚 and deg 𝑔 = 𝑛 is a Blaschke product
of degree𝑚𝑛. A composition is said to be nontrivial if both
factors have degree at least 2, which we will often suppose
without explicitly saying so. Since (ℎ2 ∘ 𝑔 ∘ ℎ−11 ) ∘ (ℎ1 ∘ 𝑓) =
(ℎ2 ∘ 𝑔) ∘ 𝑓 for conformal automorphisms ℎ1 and ℎ2 of 𝔻,
we can assume that both factors 𝑓 and 𝑔 as well as 𝐵 are
regularized.

Figure 14 illustrates how Blaschke products 𝑓 of de-
gree 3 and 𝑔 of degree 4 are composed to form a Blaschke
product of degree 12. Since phase plots are constructed
by pulling back the image from the range plane to the do-
main, this should be read from right to left. The phase
plot of 𝑔 in the middle shows the critical points of 𝑔. By
the chain rule,

𝐵′ = (𝑔 ∘ 𝑓)′ = (𝑔′ ∘ 𝑓) ⋅ 𝑓′.

Their pullbacks via 𝑓 are critical points of 𝐵, depicted as
white dots on the left. The remaining (gray) critical points
of 𝐵 are the critical points of 𝑓.
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⟶
𝑓

⟶
𝑔

Figure 14. Generation of the phase plot of a composition 𝑔 ∘ 𝑓 with critical points.

Figure 15. Tiled phase plot of a composition 𝐵 = 𝑔 ∘ 𝑓, generators of 𝑀𝐵 , and basins of zeros.

This can also be seen by looking at the corresponding
exceptional tiles in Figure 14: Since 𝑓 maps 𝔻 onto a 3-fold
covering of itself, each exceptional tile of 𝑔 is triplicated
in the phase plot of 𝐵. Consequently there are triples of
exceptional tiles that are equicolored (and conformally equiv-
alent) since they are pulled back from one and the same
tile.

These observations form the background of the follow-
ing criterion for decomposability.

Theorem 2 (Daepp, Gorkin, Shaffer, Sokolowsky,
Voss [5]). A finite Blaschke product 𝐵 is decomposable as
𝐵 = 𝑔 ∘ 𝑓 with Blaschke products 𝑓 of degree 𝑚 ≥ 2 and 𝑔
of degree 𝑛 ≥ 2, respectively, if and only if the critical points of
𝐵 can be partitioned into multisets6 𝐴0, 𝐴1, … , 𝐴𝑛−1 such that:

(i) The multiset 𝐴0 contains 𝑚 − 1 elements, and each
𝐴1, … , 𝐴𝑛−1 contains 𝑚 elements.

6Containing critical points according to their multiplicity.

(ii) Two critical points of 𝐵 have the same multiplicity
whenever they belong to the same multiset 𝐴𝑘 for some
𝑘 = 1, … , 𝑛 − 1.

(iii) If 𝑓0 is a Blaschke product of degree 𝑚 with 𝐴0 as
multiset of critical points, then 𝑓0 is constant on each 𝐴𝑘
for 𝑘 = 1, … , 𝑛 − 1.

If these conditions are satisfied, then 𝐵 can be decomposed as
𝐵 = 𝑔0 ∘ 𝑓0, and the general form of such decompositions is

𝐵 = (𝑔0 ∘ ℎ−1) ∘ (ℎ ∘ 𝑓0),
where ℎ is any conformal automorphism of 𝔻.

For 𝑘 = 1, … , 𝑛 − 1, the set 𝐴𝑘 is constituted by the 𝑚
preimages of one and the same critical point of 𝑔. The re-
maining critical points in 𝐴0 are the critical points of 𝑓. So
the color (and the shape) of the exceptional tiles classifies
the critical points of 𝐵. How one can verify the conditions
in Theorem 2 using phase plots is described in [6].

While Theorem 2 is based on a partitioning of the crit-
ical points of 𝐵, there is another characterization that uses
a splitting of the zeros of 𝐵. This result is related to the
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monodromy group of 𝐵 and was originally stated for poly-
nomials in [14]. For a modern treatment we refer to [4]
and Section 9.6 of [8].

Theorem 3 (Ritt, 1922). A Blaschke product is decomposable
if and only if its monodromy group acts imprimitively.

A group 𝐺 operating on a set 𝑃 acts imprimitively if there
is a nontrivial partition of 𝑃 into subsets 𝑃1, … , 𝑃𝑛 which
is respected by 𝐺; i.e., if 𝑝1, 𝑝2 ∈ 𝑃𝑘 and 𝜑 ∈ 𝐺, then
𝜑(𝑝1), 𝜑(𝑝2) ∈ 𝑃𝑗 for some 𝑗.

Can this partitioning be seen in the phase plot of a de-
composable Blaschke product? The image on the left of
Figure 15 is a phase plot of 𝐵 = 𝑔 ∘ 𝑓 with 𝑚 ∶= deg 𝑓 = 3
and 𝑛 ∶= deg 𝑔 = 4. Its monodromy group 𝑀𝐵 operates
on the sheets of the Riemann surface 𝑆𝐵, and these are in
a bijective correspondence with the zeros of 𝐵 = 𝑔∘𝑓. The
generators of𝑀𝐵 are shown in the middle; each of the five
generators is represented by a set of cells carrying the same
color. The critical points (of 𝑓) in 𝐴0 lie in the yellow and
violet cells; the sets 𝐴1, 𝐴2, and 𝐴3 are formed by the criti-
cal points in the red, green and blue cells, respectively.

The 𝑚− 1 = 2 generators 𝐺1, 𝐺2 associated with critical
points in 𝐴0 (yellow and violet cells) operate on 𝑚 = 3
zeros of 𝐵 (respectively, on the sheets of 𝑆𝐵 associated with
the basins of these zeros). These zeros (represented by the
yellow dots in the image on the right) form the first set 𝑃1
of the partition. Applying one of the remaining 𝑛 − 1 = 3
generators 𝐺3, 𝐺4, 𝐺5 (associated with the critical points in
𝐴1, 𝐴2, 𝐴3 and represented by the red, green, and blue cells,
respectively) to the𝑚 zeros in the set 𝑃1 yields themembers
of the other sets, 𝑃2 ∶= 𝐺3(𝑃1), 𝑃3 ∶= 𝐺4(𝑃1), 𝑃4 ∶= 𝐺5(𝑃1).

The generators associated with critical points of 𝑓 (in
𝐴0) respect the partition since they operate only inside
𝑃1, while the generators associated with critical points in
𝐴1, 𝐴2, 𝐴3 respect the partition since they permute the
groups.

𝑈1

𝑈2

𝑈3

𝑉1

𝑉2

𝑉3

𝑉4

𝑍11

𝑍21

𝑍31

𝑍12

𝑍22

𝑍13

𝑍23

𝑍33

𝑍14

𝑍24

𝑓

𝑔 𝑔 ∘ 𝑓

Figure 16. Generators of the monodromy groups 𝑀𝑓, 𝑀𝑔, and
𝑀𝐵 with basins of zeros.

𝑊1

𝑊2

𝑊3

𝑉1

𝑉2

𝑉3

𝑉4

𝑓

𝑔 𝑔 ∘ 𝑓

𝑍3

𝑍1

𝑍2

Figure 17. Modified representation of the generators of 𝑀𝑓,
superbasins of 𝐵, and product structure of 𝑀𝐵 .

To put this in general context, recall from Section 4 that
the extended basins 𝑍∗𝑖 of a (regularized) Blaschke product
𝐵 are the ranges 𝐵−1𝑖 (𝔻) of the branches 𝐵−1𝑖 of 𝐵−1. If 𝐵 is
a composition 𝑔∘𝑓, the branches of 𝐵−1 are 𝑓−1𝑗 ∘𝑔−1𝑘 with
𝑗 ∈ 𝑀 ∶= {1, … ,𝑚}, 𝑘 ∈ 𝑁 ∶= {1, … , 𝑛}, and we set

𝑉𝑘 ∶= 𝑔−1𝑘 (𝔻), 𝑍𝑗𝑘 ∶= 𝑓−1𝑗 (𝑉𝑘).
For each 𝑗, the union of the 𝑍𝑗𝑘 forms a superbasin

𝑍𝑗 ∶= 𝑓−1𝑗 (𝔻) = ⋃
𝑘=1,…,𝑛

𝑍𝑗𝑘

that is mapped by 𝐵 onto an 𝑛-fold covering of 𝔻 (see Fig-
ures 16 and 17, right). The generators 𝑀𝐵(𝜁) associated
with critical points 𝜁 in 𝐴0 permute the superbasins, while
the generators𝑀𝐵(𝜁)with 𝜁 in𝐴1∪⋯∪𝐴𝑛−1 operate inside
the superbasins.

To study this more precisely, we first look at the genera-
tors 𝑀𝐵(𝜁) with 𝜁 ∈ 𝐴𝑘 for some fixed 𝑘 ≥ 1. If 𝜂𝑘 ∶= 𝑓(𝜁)
(which does not depend on the choice of 𝜁 ∈ 𝐴𝑘), the
cells associated with 𝑀𝐵(𝜁) are preimages (under 𝑓) of
the cell(s) associated with the generator 𝑀𝑔(𝜂𝑘) of 𝑀𝑔. If
𝑀𝑔(𝜂𝑘) maps 𝑉𝑖 to 𝑉𝑙, then 𝑀𝐵(𝜁) maps 𝑍𝑗𝑖 to 𝑍𝑗𝑙 for all
𝑗 ∈ 𝑀.

Breaking this down to the permutation of index pairs
(𝑗, 𝑘) with 𝑗 ∈ 𝑀 and 𝑘 ∈ 𝑁, we see that 𝑀𝐵(𝜁) acts only
on the right entry of these pairs: If 𝑀𝑔(𝑓(𝜁)) with 𝜁 ∈ 𝐴𝑘,
𝑘 = 1, … , 𝑛 − 1, is a permutation 𝑃𝑘 of 𝑁, then𝑀𝐵(𝜁) is the
permutation

(id, 𝑃𝑘) ∶ 𝑀 × 𝑁 → 𝑀 × 𝑁, 𝑘 = 1, … 𝑛 − 1.
Similarly, a generator 𝑀𝐵(𝜁) that is associated with one
of the 𝑚 − 1 critical points 𝜁 in 𝐴0 acts only on the left
entry of index pairs. Denoting these permutations of 𝑀
by 𝐹1, … , 𝐹𝑚−1, we get the double-index representation of
𝑀𝐵(𝜁) for 𝜁 ∈ 𝐴0,

(𝐹𝑗 , id) ∶ 𝑀 × 𝑁 → 𝑀 × 𝑁, 𝑗 = 1, … ,𝑚 − 1.
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Finally, we observe that the permutation group generated
by 𝐹1, … , 𝐹𝑚−1 is (isomorphic to) the monodromy group
𝑀𝑓 of 𝑓. This becomes clear when the Riemann surface
𝑆𝑓 is built from 𝑚 copies of 𝔻 with curvilinear branch cuts
along isochromatic lines in the phase plot of 𝑔. The preim-
ages of these sheets are depicted in the upper left image of
Figure 17.

Summarizing, we get the following result.

Theorem 4. The monodromy group of a composition of finite
Blaschke products is (isomorphic to) the direct product of the
monodromy groups of its factors.

7. Concluding Remarks
It is time to tell the truth: There are several obstacles
that prevent us from seeing the monodromy group of a
Blaschke product in its phase plot.

First of all, it is impossible to tell by visual inspection
whether an exceptional tile contains a single critical point
of multiplicity greater than one or several critical points
at a small distance from each other. Similarly, the coinci-
dence of critical values is undecidable, which is crucial for
the structure of the monodromy group.

Concerning compositions, the attentive readermay also
have observed that it is not always possible to identify the
critical points of 𝑓 (forming the set 𝐴0) among the critical
points of 𝐵. Special complications arise when critical val-
ues of 𝑓 coincide with critical points of 𝑔, since it is then
impossible to separate the points 𝜁 with 𝑓′(𝜁) = 0 from
those with 𝑔′(𝑓(𝜁)) = 0.

However, many bad things have a good side: we may
get new ideas. Considering a tiled phase plot of a Blaschke
product 𝐵 as an abstract discrete structure 𝑇𝑑

𝐵 (where 𝑑 de-
notes the number of tiles along the unit circle in the range
disk), we define the monodromy group𝑀𝑑

𝐵 of 𝑇𝑑
𝐵 as follows.

Each tile 𝑇 in 𝑇𝑑
𝐵 is labeled by two integers, originally

corresponding to modulus and phase, which can be de-
termined following a chain of neighboring tiles that con-
nects 𝑇 with a distinguished tile 𝟙 on the boundary of 𝑇𝑑

𝐵 .
The phase label is cyclic and attains values in {1, … , 𝑑}, and
the modulus label is a positive integer, which equals 1 for
boundary tiles.

Each exceptional tile 𝑇 of 𝑇𝑑
𝐵 is associated with a cell, and

each cell defines a cyclic permutation 𝑃𝑇 (of zeros of 𝐵).
The generators of 𝑀𝑑

𝐵 are the products of those 𝑃𝑇 that are
associated with the exceptional tiles 𝑇 having the same la-
bels.

In the end, the determination of themonodromy group
𝑀𝑑
𝐵 is reduced to a counting exercise, which does not even

need a priori knowledge of the discretization parameter 𝑑
and the phase information. Figure 18 shows an example
with 𝑑 = 20 and generators (1 4) (yellow), (6 7) (green),
(2 3)(5 6)(7 8) (red), (1 3)(4 6)(7 9) (blue). It can also be

1

2

3

4

5

6 7

8

9

11

Figure 18. Discrete analysis of a Blaschke product: the
monodromy group of a conformal tiling.

seen that the group 𝑀𝑑
𝐵 is isomorphic to the direct prod-

uct 𝕊3 × 𝕊3.
What is the relationship between 𝑀𝐵 and 𝑀𝑑

𝐵? If 𝐵 is a
regularized Blaschke product, then 𝑀𝑑

𝐵 = 𝑀𝐵 for all suffi-
ciently large 𝑑 (provided no saddle point lies by accident
on the boundary of a tile). Unfortunately, in the interest-
ing cases, we cannot decide whether a concrete 𝑑 is large
enough to ensure 𝑀𝐵 = 𝑀𝑑

𝐵 .
Reversing the role of 𝑀𝑑

𝐵 and 𝑀𝐵 leads to several ques-
tions. Assume that at some given level 𝑑 of discretization,
the tiled phase plot 𝑇𝑑

𝐵 of a Blaschke product 𝐵 has the
monodromy group 𝑀𝑑

𝐵 . What is (a good estimate of) the
distance between 𝐵 and a Blaschke product 𝐵 with the
monodromy group 𝑀𝐵 = 𝑀𝑑

𝐵? What is an appropriate
measure of distance? And, last but not least, which sub-
groups of 𝕊𝑛 aremonodromy groups of Blaschke products,
and how can related Blaschke products be constructed?
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of the third Painlevé equation, Phys. D 363 (2018), 18–43,
DOI 10.1016/j.physd.2017.10.011. MR3724928

[8] Stephan Ramon Garcia, Javad Mashreghi, and William T.
Ross, Finite Blaschke products and their connections, Springer,
Cham, 2018. MR3793610

[9] Santiago Garrido and Luis Moreno, PM diagram of the
transfer function and its use in the design of controllers, Journal
of Mathematics and System Science 5 (2015), 138–149.

[10] Robert Luce, Olivier Sète, and Jörg Liesen, A note on
the maximum number of zeros of 𝑟(𝑧) − 𝑧, Comput. Meth-
ods Funct. Theory 15 (2015), no. 3, 439–448, DOI
10.1007/s40315-015-0110-6. MR3393817

[11] Donald E. Marshall, Complex Analysis, Cambridge Uni-
versity Press, Cambridge, 2019.

[12] Javad Mashreghi and Emmanuel Fricain (eds.), Blaschke
products and their applications, Fields Institute Communi-
cations, vol. 65, Springer, New York; Fields Institute for
Research in Mathematical Sciences, Toronto, ON, 2013.
MR3052284

[13] Frank W. J. Olver, Daniel W. Lozier, Ronald F. Boisvert,
and CharlesW. Clark (eds.),NIST handbook of mathematical
functions, U.S. Department of Commerce, National Insti-
tute of Standards and Technology, Washington, DC; Cam-
bridge University Press, Cambridge, 2010. MR2723248

[14] Joseph F. Ritt, Prime and composite polynomials, Trans.
Amer. Math. Soc. 23 (1922), no. 1, 51–66, DOI
10.2307/1988911. MR1501189

[15] Olivier Sète and Jan Zur, A Newton method for harmonic
mappings in the plane, IMA J. Numer. Anal., 2019.

[16] Jörn Steuding and Elias Wegert, The Riemann zeta
function on arithmetic progressions, Exp. Math. 21 (2012),
no. 3, 235–240, DOI 10.1080/10586458.2012.651410.
MR2988576

[17] Elias Wegert, Phase diagrams of meromorphic functions,
Comput. Methods Funct. Theory 10 (2010), no. 2, 639–
661, DOI 10.1007/BF03321784. MR2791328

[18] EliasWegert,Visual complex functions:An introduction with
phase portraits, Birkhäuser/Springer Basel AG, Basel, 2012.
MR3024399

[19] Elias Wegert, Visual exploration of complex functions, Math-
ematical analysis, probability and applications—plenary
lectures, Springer Proc. Math. Stat., vol. 177, Springer,
[Cham], 2016, pp. 253–279, DOI 10.1007/978-3-319-
41945-9_10. MR3571706

[20] Elias Wegert and Gunter Semmler, Phase plots of complex
functions: a journey in illustration, Notices Amer. Math. Soc.
58 (2011), no. 6, 768–780. MR2839922

Elias Wegert

Credits

All figures are courtesy of Elias Wegert.
Photo of Elias Wegert is courtesy of Petra Wegert.

AUGUST 2020 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 975

http://dx.doi.org/10.1137/130931035
http://dx.doi.org/10.1007/978-3-319-70658-0
http://dx.doi.org/10.1007/978-3-319-70658-0
http://dx.doi.org/10.1016/j.physd.2017.10.011
http://dx.doi.org/10.2307/1988911
http://dx.doi.org/10.1080/10586458.2012.651410
http://dx.doi.org/10.1007/978-3-319-41945-9_10
http://dx.doi.org/10.1007/978-3-319-41945-9_10
http://dx.doi.org/10.1007/BF03321784
http://dx.doi.org/10.1016/j.jmaa.2015.01.039
http://dx.doi.org/10.1007/s40315-015-0110-6
http://www.ams.org/mathscinet-getitem?mr=2988576
http://www.ams.org/mathscinet-getitem?mr=1501189
http://www.ams.org/mathscinet-getitem?mr=2723248
http://www.ams.org/mathscinet-getitem?mr=3052284
http://www.ams.org/mathscinet-getitem?mr=3393817
http://www.ams.org/mathscinet-getitem?mr=3793610
http://www.ams.org/mathscinet-getitem?mr=3724928
http://www.ams.org/mathscinet-getitem?mr=3314888
http://www.ams.org/mathscinet-getitem?mr=3417418
http://www.ams.org/mathscinet-getitem?mr=2839922
http://www.ams.org/mathscinet-getitem?mr=3889654
http://www.ams.org/mathscinet-getitem?mr=3240851
http://www.ams.org/mathscinet-getitem?mr=2791328
http://www.ams.org/mathscinet-getitem?mr=3024399
http://www.arxiv.org/abs/1207.4010
http://www.ams.org/mathscinet-getitem?mr=3571706


MATHEMATICS MEETINGS  GOVERNMENT AND POLICY ADVOCACY FOR MATHEMATICS

EMPLOYMENT SERVICES      PUBLIC AWARENESS AND OUTREACH       DATA ON THE PROFESSION

Thank you!
Want to learn more? 

Visit www.ams.org/giving
Or contact 

development@ams.org 
401.455.4111

Depending on the needs, your gift will help programs and services such as scientifi c 
meetings, advocacy for mathematics, employment services, and much more.

SUPPORT: AREA OF GREATEST NEED

Your donation is unrestricted, 
which means you are supporting 
immediate priorities in the 
mathematics community. 

What happens when I 
donate to the Area of 

Greatest Need?

Ph
ot

o 
by

 S
te

ve
 S

ch
ne

id
er

/J
M

M
.



CAT(0) Geometry, Robots,
and Society

Federico Ardila-Mantilla
1. Moving Objects Optimally
There aremany situations inwhich an object can bemoved
using certain prescribed rules, and many reasons—pure
and applied—to solve the following problem.

Problem 1. Move an object optimally from one given position
to another.

Without a good idea, this is usually very hard to do.
When we are in a city we do not know well, trying to

get from one location to another quickly, most of us will
consult a map of the city to plan our route. This simple,
powerful idea is the root of a very useful approach to Prob-
lem 1: We build and understand the “map of possibilities,”
which keeps track of all possible positions of the object; we
call it the configuration space. This idea is pervasive in many
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fields of mathematics, which call such maps moduli spaces,
parameter spaces, or state complexes.

This article seeks to explain that, for many objects that
move discretely, the resulting “map of possibilities” is a
CAT(0) cubical complex: a space of nonpositive curvature
made of unit cubes. When this is the case, we can use ideas
from geometric group theory and combinatorics to solve
Problem 1.

This approach is applicable to many different settings,
but to keep the discussion concrete, we focus on the follow-
ing specific example. For precise statements, see Section 3
and Theorems 5 and 9.

Figure 1. A pinned down robotic arm of length 6 in a tunnel of
height 2. The figure above shows its configuration space.

Theorem 2 ([3], [4]). The configuration space of a 2-D pinned
down robotic arm in a rectangular tunnel is a CAT(0) cubical
complex. Therefore there is an explicit algorithm to move this
robotic arm optimally from one given position to another.
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2. Black Lives Matter
On July 4, 2016, we finished the implementation of our
algorithm to move a discrete robotic arm. Three days later,
seemingly for the first time in history, US police used a
robot to kill an American citizen. Now, whenever I present
this research, I also discuss this action.

The day started with several peaceful Black Lives Matter
protests across the US, condemning the violence dispro-
portionately inflicted on Black communities by the Amer-
ican state. These particular protests were prompted by the
shootings of Alton Sterling and Philando Castile by police
officers in Minnesota and Louisiana.

In Dallas, TX, as the protest was coming to an end, a
sniper opened fire on the crowd, killing five police offi-
cers. Dallas Police initially misidentified a Black man—
the brother of one of the protest organizers—as a suspect.
They posted a photo of him on the internet and asked for
help finding him. Fearing for his life, he turned himself in,
and was quickly found innocent.

A few hours later, police identified US Army veteran
Micah Johnson as the main suspect. After a chase, a stand-
off, and failed negotiations, they used a robot to kill him,
without due process of law.

The organizers of the protest condemned the sniper’s
actions, and police officials believe he acted alone. The ro-
bot that killed Johnson cost about $150,000; police said
that the arm of the robot was damaged, but still functional
after the blast [18]. The innocent man who was misiden-
tified by the police continued to receive death threats for
months afterwards.

Different people will have different opinions about the
actions of the Dallas Police in this tragic event. What is
certainly unhealthy is that the large majority of people I
have spoken to have never heard of this incident.

Ourmathematicalmodel of a robotic arm is very simpli-
fied, and probably far from having direct applications, but
the techniques developed here have the potential to make
robotic operations cheaper and more efficient. We tell our-
selves that mathematics and robotics are neutral tools, but
our research is not independent fromhow it is applied. We
arrive at mathematics and science searching for beauty, un-
derstanding, or applicability. When we discover the power
that they carry, how do we proceed?

Axiom ([6]). Mathematics is a powerful, malleable tool that
can be shaped and used differently by various communities to
serve their needs.

Who currently holds that power? How do we use it?
Who funds it and for what ends? With whom do we share
that power? Which communities benefit from it? Which
are disproportionately harmed by it?

For me these are the hardest questions about this work,
and the most important. The second goal in writing this

article—a central one for me—is to invite myself, and its
readers, to continue to look for answers that make sense
to us.

3. Moving Robots
We consider a discrete 2-D robotic arm 𝑅𝑚,𝑛 of length 𝑛
moving in a rectangular tunnel of height𝑚. The robot con-
sists of 𝑛 links of unit length, attached sequentially, facing
up, down, or right. Its base is affixed to the lower left cor-
ner of the tunnel, as shown in Figure 1 for 𝑅2,6.

The robotic arm may move freely, as long as it doesn’t
collide with itself, using two kinds of local moves:
• Flipping a corner: Two consecutive links facing different
directions interchange directions.
• Rotating the end: The last link of the robot rotates 90∘
without intersecting itself.
This is an example of a metamorphic robot [1].

Figure 2. The local moves of the robotic arm.

How can we get the robot to navigate this tunnel effi-
ciently?

Figure 3 shows two positions of the robot; suppose we
want to move it from one position to the other. By trial
and error, one will not have too much difficulty in doing
it. It is not at all clear, however, how one might do this in
the most efficient way possible.

Figure 3. Two positions of the robot 𝑅2,6.

4. Maps
To answer this question, let us build the “map of possi-
bilities” of the robot. We begin with a configuration graph,
which has a node for each position of the arm, and an edge
for each local move between two positions. A small piece
of this graph is shown in Figure 4.

As we see in Figure 6, the resulting graph looks a bit
like the map of downtown San Francisco or Bogotá, with
many square blocks lined up neatly. Such a cycle of length
4 arises whenever the robot is in a given position, and there
are two moves A and B that do not interfere with each
other: if we perform move A and then move B, the result
is the same as if we perform move B and then move A; see
for example the 4-cycle of Figure 4. More generally, if the
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Figure 4. A part of the graph of possibilities of 𝑅2,6.

robot has 𝑘 moves that can be performed independently
of each other, these moves result in (the skeleton of) a 𝑘-
dimensional cube in the graph.

This brings up an important point: If we wish to move
the robot efficiently, we should let it perform various
moves simultaneously. In the map, this corresponds to
walking across the diagonal of the corresponding cube.
Thus we construct the configuration space of the robot, by
filling in the 𝑘-cube corresponding to any 𝑘 moves that
can be performed simultaneously, as illustrated in Figure
5; compare with Figure 4. The result is a cubical complex, a
space made of cubes that are glued face-to-face.

Figure 5. A part of the configuration space of 𝑅2,6.

Definition 3. The configuration space 𝒞(𝑅) of the robotic
arm 𝑅 is the cubical complex with:
• a vertex for each position of the robot,
• an edge for each local move between two positions,
• a 𝑘-dimensional cube for each 𝑘-tuple of local moves that

may be performed simultaneously.

Figure 6. The configuration space of the robotic arm 𝑅2,6.

This definition applies much more generally to discrete
situations that change according to local moves; see Sec-
tion 9 and [1], [11].

In our specific example, Figure 6 shows the configura-
tion space of the robot 𝑅2,6 of length 6 in a tunnel of height
2. It is now clear how to move between two positions effi-
ciently: follow the shortest path between them in themap!

5. What Are We Optimizing?
Is it so clear, just looking at a map, what the optimal path
will be? It depends on what we are trying to optimize. In
San Francisco, with its beautifully steep hills, the best route
between two points can be very different depending on
whether one is driving, biking, walking, or taking public
transportation. The same is true for the motion of a robot.

For the configuration spaces we are studying, there are
at least three reasonable metrics: ℓ1, ℓ2, and ℓ∞. In these
metrics, the distance between points 𝑥 and 𝑦 in the same
𝑑-cube, say [0, 1]𝑑, is

√
∑

1≤𝑖≤𝑑
(𝑥𝑖 − 𝑦𝑖)2, ∑

1≤𝑖≤𝑑
|𝑥𝑖 − 𝑦𝑖|, max

1≤𝑖≤𝑑
|𝑥𝑖 − 𝑦𝑖|,

respectively. Figure 7 shows the two positions of the robot
of Figure 3 in the configuration space, and shortest paths
or geodesics between them according to these metrics.

Figure 7. Some paths between two points in the configuration
space 𝒞(𝑅2,6). The black path is geodesic in the ℓ1 metric, the
magenta path is geodesic in ℓ1 and ℓ∞, and the cyan path is
geodesic in ℓ1, ℓ2, and ℓ∞.

If each individual move has a “cost” of 1, then perform-
ing 𝑑 simultaneous moves—which corresponds to cross-
ing a 𝑑-cube—costs √𝑑, 𝑑, and 1 in the metrics ℓ2, ℓ1, and
ℓ∞. Although the Euclidean metric is the most familiar, it
seems unrealistic in this application; why should two si-
multaneous moves cost √2? For the applications we have
in mind, the ℓ1 and ℓ∞ metrics are reasonable models for
the cost and the time of motion:
Cost (ℓ1): We perform one move at a time; there is no cost
benefit to making moves simultaneously.
Time (ℓ∞): We may perform several moves at a time, caus-
ing no extra delay.

These two metrics, studied in [3], [4], will be the ones
that concern us in this paper. The Euclidean metric, which
is useful in other contexts and significantly harder to ana-
lyze, is studied in [5], [13].
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6. Morning Routine
I write this while on sabbatical in a foreign city. Being the
coffee enthusiast that I am, I carefully study a map several
mornings in a row, struggling to find the best cafe on my
way from home to my office. One morning, amused, my
partner May-Li stops me on the way out: “Fede, you know
you don’t always have to take a geodesic, right?”

Perhaps, instead of the most efficient paths, we should
be looking for the most pleasant, or the greenest, or the
most surprising, or the most beautiful.

7. CAT(0) Cubical Complexes
Our two most relevant algorithmic results are the explicit
construction of cheapest (ℓ1) and fastest (ℓ∞) paths in the
configuration space of the robot arm 𝑅𝑚,𝑛. Still, the Eu-
clidean metric (ℓ2) turns out to play a very important role
as well. Most configuration spaces that interest us exhibit
nonpositive curvature with respect to the Euclideanmetric,
and this fact is central in our construction of shortest paths
in the cost and time metrics.

Let us consider a geodesic metric space (𝑋, 𝑑), where any
two points 𝑥 and 𝑦 can be joined by a unique shortest path
of length 𝑑(𝑥, 𝑦); such a path is known as a geodesic. Let
𝑇 be a triangle in 𝑋 whose sides are geodesics of lengths
𝑎, 𝑏, 𝑐, and let 𝑇 ′ be the triangle with the same side lengths
in the plane. For any geodesic chord of length 𝑑 connect-
ing two points on the boundary of 𝑇, there is a compari-
son chord between the corresponding two points on the
boundary of 𝑇 ′, say of length 𝑑′. If 𝑑 ≤ 𝑑′ for any such
chord in 𝑇, we say that triangle 𝑇 is at least as thin as a
Euclidean triangle.

a b
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d

a b

c

d

X R
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Figure 8. A chord in a triangle in 𝑋, and the corresponding
chord in the comparison triangle in ℝ2. The triangle in 𝑋 is at
least as thin as a Euclidean triangle if 𝑑 ≤ 𝑑′ for all such
chords.

Definition 4. A metric space 𝑋 is CAT(0) if:
• between any two points there is a unique geodesic, and
• every triangle is at least as thin as a Euclidean triangle.

A (finite) cubical complex is a connected space obtained
by gluing finitely many cubes of various dimensions along
their faces. We regard it as a metric space with the Eu-
clidean metric on each cube; all cubes necessarily have the
same side length. Cubical complexes are flat inside each
cube, but they can have curvature where cubes are glued
together, for example, by attaching three or five squares
around a common vertex (obtaining positive and negative

curvature, respectively), as shown in Figure 9. We invite
the reader to check that the triangles in the left and right
panels of Figure 9 are thinner and not thinner than a Eu-
clidean triangle, respectively.

Figure 9. A CAT(0) and a non-CAT(0) cubical complex.

We have the following general theorem.

Theorem 5 ([1], [3], [5], [13], [14]). Given two points 𝑥 and
𝑦 in a CAT(0) cubical complex, there are algorithms to find a
geodesic from 𝑥 to 𝑦 in the Euclidean (ℓ2), cost (ℓ1), and time
(ℓ∞) metrics.

Thus a robot with a CAT(0) configuration space is easier
to control: we have a procedure that automatically moves
it optimally. We will see that this is the case for the robotic
arm 𝑅𝑚,𝑛.

8. How Do We Proceed?
Once I began to feel that this work, which started out in
“pure” mathematics, could actually have real-life applica-
tions, I started getting anxious and selective about who I
discussed it with. It is a strange feeling, to discover some-
thing you really like, and yet to hope that not too many
people find out about it. When I was invited to write this
article, I felt conflicted. I knew I did not want to only dis-
cuss themathematics, but I ammuch less comfortable writ-
ing outside of the shared imaginary world of mathemati-
cians, where we believe we know right from wrong. Still,
I know it is important to listen, learn, discuss, and even
write from this place of discomfort.

How should I tell this story? Should I do it at all? I have
turned to many friends, colleagues, and students for their
wisdom and advice.

Mario Sanchez, who thinks deeply and critically about
the culture of mathematics and philosophy in our soci-
ety, is wary of mathematical fashions: What if it becomes
trendy for mathematicians to start working on optimizing
robots, but not to think about what is being optimized, or
whom that optimization benefits? He tells me, with his
quiet intensity: “If you’re worried that your paper might
have this effect, you should probably emphasize the hu-
man question pretty strongly.”

Laura Escobar just returned from a yoga retreat in
Champaign-Urbana where a scholar of Indian literature
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taught them the story of Arjuna, a young warrior about
to enter a rightful battle against members of his own fam-
ily. Deeply conflicted about the great violence that will
ensue, he turns to Krishna for advice. Oversimplifying
his reply, Krishna says: “One should not abandon duties
born of one’s nature, even if one sees defects in them. It
is your duty as a warrior to uphold the Dharma, take ac-
tion, and fight.” With her usual thoughtful laugh, Laura
tells me about the distressed reactions of her peace-loving
yoga classmates. Laura and I grew up in the middle of
Colombia’s sixty-year-old civil war, which has killed more
than 215,000 civilians and 45,000 combatants and has dis-
placed more than 15% of the country’s population [9],
[10]; it is hard for us to understand Krishna’s advice as
well.1 So we go to the bookstore and buy matching copies
of the Bhagavad Gita.

Many of my friends who do not work in science are sur-
prised by the lack of structural and institutional resources.
They ask me: If a mathematician or a scientist is trying
to understand or have some control over the societal im-
pact of their knowledge and their expertise, what organi-
zations can they turn to for support? I have been pos-
ing this question to many people. I have not found such
an organization, but I am collecting resources. Interdis-
ciplinary organizations such as the Union of Concerned
Scientists, Science for the People, Data for Black Lives, and
sections of the American Association for the Advancement
of Science seek to use science to improve people’s lives
and advance social justice. Our colleagues in departments
of science, technology, and society, public policy, history,
philosophy, and ethnic studies have been studying these
issues for decades, even centuries. This has often taken
place too far from science departments, and it must be said
that my generation of scientists largely looked down on
these disciplines as unrigorous, uninteresting, or unimpor-
tant. Governments, companies, and professional organi-
zations assemble ethics committees, usually separate from
their main operations, and give them little to no decision-
making power.

How do we make these considerations an integral part
of the practice and application of science? I am encour-
aged to see that the new generation of scientists under-
stands their urgent role in society much more clearly than
we do.

May-Li Khoe, whom I can always trust to be wise and
direct, asks me: “If you tell me that this model of mapping
possibilities could be applicable in many areas, and you
don’t trust the organizations that build the most powerful
robots, why don’t you find other applications?” She’s right.
I’m looking.

1We later learn that Robert Oppenheimer quoted Krishna when he and his team
detonated the first nuclear bomb.

9. Examples
Just like any other cultural practice, mathematics respects
none of the artificial boundaries that we sometimes draw,
in an attempt to understand it and control it. This is ev-
ident for CAT(0) cubical complexes, a family of objects
which appears inmany seemingly disparate parts of (math-
ematical) nature. Let us discuss three sources of examples;
each one raises different kinds of questions and offers valu-
able tools that have directly shaped this investigation.
Geometric group theory. This project was born in geo-
metric group theory, which studies groups by analyzing
how they act on geometric spaces. Gromov’s pioneering
work in this field [12] led to the systematic study of CAT(0)
cubical complexes. A concrete source of examples is due
to Davis [8].

A right-angled Coxeter group 𝑋(𝐺) is given by generators
of order 2 and some commuting relations between them;
we encode the generators and commuting pairs in a graph
𝐺. For example, the graph of Figure 10(a) encodes the
group generated by 𝑎, 𝑏, 𝑐, 𝑑 with relations 𝑎2 = 𝑏2 = 𝑐2 =
𝑑2 = 1, 𝑎𝑏 = 𝑏𝑎, 𝑎𝑐 = 𝑐𝑎, 𝑏𝑐 = 𝑐𝑏, 𝑐𝑑 = 𝑑𝑐.

The Cayley graph has a vertex for each element of 𝑋(𝐺)
and an edge between 𝑔 and 𝑔𝑠 for each group element 𝑔 and
generator 𝑠. This graph is the skeleton of a CAT(0) cube
complex that 𝐺 acts on, called the Davis complex 𝒮(𝐺). It is
illustrated in Figure 10(b). One can then use the geometry
of 𝒮(𝐺) to derive algebraic properties of𝑋(𝐺). For example,
one can easily solve the word problem for this group: given
a word in the generators, determine whether it equals the
identity. This problem is undecidable for general groups.

b 1 d
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dadda
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Figure 10. (a) A graph 𝐺 determining a right-angled Coxeter
group 𝑋(𝐺), and (b) part of its Davis complex 𝒮(𝐺).

Phylogenetic trees. A central problem in phylogenetics is
the following: given 𝑛 species, determine the most likely
evolutionary tree that led to them. There are many ways
of measuring how different two species are,2 but if we are
given the (𝑛

2
) pairwise distances between the species, how

do we construct the tree that most closely fits that data?
Billera, Holmes, and Vogtmann [7] approached this

problem by constructing the space of all possibilities: the
space of trees 𝒯𝑛. Remarkably, they proved that the space
of trees 𝒯𝑛 is a CAT(0) cube complex. In particular, since
it has unique geodesics, we can measure the distance

2We should approach them thoughtfully and critically; see Section 10.
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Figure 11. Ernst Haeckel’s tree of life (1866).

between two trees, or find the average tree between them.
This can be very helpful in applications: if ten different al-
gorithms propose ten different phylogenetic trees, we can
detect which proposed trees are close to each other, detect
outlier proposals that seem unlikely, or find the average
between different proposals. Owen and Provan showed
how to do this in polynomial time [15].

A B C D

A B C D

A B C D

A B C DA B C D

Figure 12. Five of the fifteen squares in the space of trees 𝒯4.

These results made us wonder whether one can simi-
larly construct ℓ2-optimal paths in any CAT(0) cube com-
plex. New complications arise, but it is possible [5], [13].
Discrete systems: Reconfiguration. Abrams, Ghrist, and
Peterson introduced reconfigurable systems in [1], [11].
This very general framework models discrete objects that
change according to local moves, keeping track of which
pairs of moves can be carried out simultaneously. Exam-
ples include discrete metamorphic robots moving around
a space, particles moving around a graph without collid-
ing, domino tilings of a region changing by flips ,
and reduced words in the symmetric group changing by
commutation moves 𝑠𝑖𝑠𝑗 ↔ 𝑠𝑗𝑠𝑖 for |𝑖 − 𝑗| ≥ 2 and braid
moves 𝑠𝑖𝑠𝑖+1𝑠𝑖 ↔ 𝑠𝑖+1𝑠𝑖𝑠𝑖+1.

Definition 3 associates a configuration space to any re-
configurable system. Such a configuration space is always
locally CAT(0). It is often globally CAT(0), and when that
happens Theorem 5 applies, allowing us to move our ob-
jects optimally.

10. Why Do We Map?
Math historian Michael Barany points out to me that,
struck by the aesthetic beauty of the tree of life shown
in Figure 11, I failed to notice another map that Haeckel
drew: a hierarchical tree of nine human groups—which
he regarded as different species—showing their supposed
evolutionary distance from the ape-man. Modern biology
shows this has no scientific validity, and furthermore, that
there is no genetic basis for the concept of race. Haeckel’s
work is just one sample of the deep historical ties between
phylogenetics and scientific racism, and betweenmapmak-
ing and domination.

If we map from a different—an other—point of
view [...] then mapping becomes a process of get-
ting to know, connect, bring closer together in re-
lation, remember, and interpret.

—Sandra Alvarez [2]

11. Characterizations
How does one determine whether a given space is CAT(0)?
We surely do not want to follow Definition 4 and check
whether every triangle is at least as thin as a Euclidean tri-
angle; this is not easy to do, even for an example as small
as Figure 9. Fortunately, this becomes much easier when
the space in question is a cubical complex. In this case,
Gromov showed that the CAT(0) property—a subtle met-
ric condition—can be rephrased entirely in terms of topol-
ogy and combinatorics; no measuring is necessary!

To state this, we recall two definitions. A space 𝑋 is sim-
ply connected if there is a path between any two points, and
every loop can be contracted to a point. If 𝑣 is a vertex of
a cubical complex 𝑋 , then the link of 𝑣 in 𝑋 is the simpli-
cial complex one obtains by intersecting 𝑋 with a small
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sphere centered at 𝑣. A simplicial complex Δ is flag if it has
no empty simplices: if 𝐴 is a set of vertices and every pair
of vertices in 𝐴 is connected by an edge in Δ, then 𝐴 is a
simplex in Δ.

Theorem 6 ([12]). A cubical complex 𝑋 is CAT(0) if and only
if:
• 𝑋 is simply connected, and
• the link of every vertex in 𝑋 is flag.

In fact, one can also dowithout the topology: there is an
entirely combinatorial characterization of CAT(0) cubical
complexes. This is originally due to Sageev and Roller, and
we rediscovered it in [5] in a different formulation that is
more convenient for our purposes. Let a pointed cubical
complex be a cubical complex with a distinguished vertex.

Definition 7 ([5], [19]). A poset with inconsistent pairs
(PIP) (𝑃, ≤,↮) is a poset (𝑃, ≤) together with a collection of
inconsistent pairs, denoted 𝑝 ↮ 𝑞 for 𝑝 ≠ 𝑞 ∈ 𝑃, that is
closed under ≤; that is, if 𝑝 ↮ 𝑞 and 𝑝 ≤ 𝑝′, 𝑞 ≤ 𝑞′, then
𝑝′ ↮ 𝑞′.

PIPs are also known as prime event structures in the com-
puter science literature [19]. The Hasse diagram of a PIP
(𝑃, ≤,↮) shows graphically the minimal relations that de-
fine it. It has a dot for each element of 𝑃, a solid line
from 𝑝 upward to 𝑞 whenever 𝑝 < 𝑞 and there is no 𝑟 with
𝑝 < 𝑞 < 𝑟, and a dotted line between 𝑝 and 𝑞 whenever
𝑝 ↮ 𝑞 and there are no 𝑟 ≤ 𝑝 and 𝑠 ≤ 𝑞 such that 𝑟 ↮ 𝑠.

A B 
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Figure 13. The Hasse diagram of a PIP: solid lines represent
the poset, and dotted lines represent the (minimal)
inconsistent pairs. Notice that 𝐶 ↮ 𝐹 implies 𝐸 ↮ 𝐹.

Theorem 8 ([5],[16], [17]). Pointed CAT(0) cube complexes
are in bijection with posets with inconsistent pairs (PIPs).

This rediscovery was motivated by the observation that
CAT(0) cubical complexes look very much like distribu-
tive lattices. In fact, Theorem 8 is an analog of Birkhoff’s
representation theorem, which gives a bijection between

distributive lattices and posets. The proof is subtle and re-
lies heavily on Sageev’s work [17], but the bijection is easy
and useful to describe.
Pointed CAT(0) cubical complex ↦ PIP. Let (𝑋, 𝑣) be a
CAT(0) cubical complex 𝑋 rooted at vertex 𝑣. Every 𝑑-cube
in 𝑋 has 𝑑 hyperplanes that bisect its edges. Whenever two
cubes share an edge, let us glue the two hyperplanes bisect-
ing it. The result is a system of hyperplanes associated to 𝑋
[17]. Figure 14 shows an example.

The PIP corresponding to (𝑋, 𝑣) keeps track of how one
can navigate 𝑋 starting from 𝑣. The elements of the cor-
responding PIP are the hyperplanes. We declare 𝐻 < 𝐼 if,
starting from 𝑣, one must cross 𝐻 before crossing 𝐼. We
declare 𝐻 ↮ 𝐼 if, starting from 𝑣, one cannot cross both 𝐻
and 𝐼 without backtracking. Remarkably, the simple com-
binatorial information stored in this PIP is enough to re-
cover the pointed space (𝑋, 𝑣).
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Figure 14. A rooted CAT(0) cubical complex with six
hyperplanes. Its PIP is shown in Figure 13.

PIP ⟼ rooted CAT(0) cubical complex. Let 𝑃 be a PIP.
An order ideal of 𝑃 is a subset 𝐼 closed under <; that is, if
𝑥 < 𝑦 and 𝑦 ∈ 𝐼, then 𝑥 ∈ 𝐼. We say that 𝐼 is consistent if it
contains no inconsistent pair.

The vertices of the corresponding CAT(0) cubical com-
plex 𝑋(𝑃) correspond to the consistent order ideals of 𝑃.
Two vertices are connected if their ideals differ by a single
element. Then we fill in all cubes whose edges are in this
graph. The root is the vertex corresponding to the empty
order ideal.

We invite the reader to verify that the PIP of Figure 13
corresponds to the rooted complex of Figure 14.

Theorem 8 provides a completely combinatorial way
of proving that a cubical complex is CAT(0): one simply
needs to identify the corresponding PIP!
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12. Remote Controls and Geodesics
Intuitively, we think of the PIP 𝑃 as a “remote control”
to help an imaginary particle navigate the corresponding
CAT(0) cubical complex 𝑋 . If the particle is at a vertex of 𝑋 ,
there is a corresponding consistent order ideal 𝐼 of 𝑃. The
hyperplanes that the particle can cross are the maximal el-
ements of 𝐼 and the minimal elements of 𝑃 − 𝐼 consistent
with 𝐼. We can then press the 𝑖th “button” of 𝑃 if we want
the point to cross hyperplane 𝑖.

This point of view is powerful because in practical
applications, the configuration space 𝑋 is usually very
large, high dimensional, and combinatorially compli-
cated, whereas the remote control 𝑃 is much smaller and
can be constructed in some cases of interest.

Theorem 5 provides algorithms to move optimally be-
tween any two points in a CAT(0) cubical complex in the
ℓ1, ℓ2, and ℓ∞ metrics. We sketch the proof in the cases
that are relevant here: in the ℓ1 and ℓ∞ metrics, where the
two points 𝑣 and 𝑤 are vertices.

Sketch of Proof of Theorem 5. To move from 𝑣 to 𝑤, let us
root the cube complex 𝑋 at 𝑣, and let 𝑃 be the correspond-
ing PIP. Then 𝑤 corresponds to an order ideal 𝐼 of 𝑃; these
are the hyperplanes we need to cross.
Cost (ℓ1)Metric: We simply cross the hyperplanes from 𝑣 to
𝑤 in nondecreasing order, with respect to the poset 𝐼 ⊆ 𝑃:
we first cross a minimal element 𝑚1 ∈ 𝐼, then a minimal
element 𝑚2 ∈ 𝐼 − 𝑚1, and so on.
Time (ℓ∞) Metric: We first cross all minimal hyperplanes
𝑀1 in 𝐼 simultaneously, then we cross all the minimal hy-
perplanes 𝑀2 in 𝐼 − 𝑀1 simultaneously, and so on. This
corresponds to Niblo and Reeves’s normal cube path [14],
where we cross the best available cube at each stage. □

These algorithms show how to move a CAT(0) robot
optimally and automatically.

13. Automation
Driving in San Francisco, I get stuck behind a terrible driver.
They are going extremely slowly, hesitating at every corner,
stalling at every speed bump. When I finally lose patience
and decide to pass them, they swerve wildly towards me; I
react quickly to avoid being hit. I turn to give the driver a
nasty look, but I find there isn’t one.

What happens if you are injured by an automated, self-
driving vehicle or robot designed by well-meaning scien-
tists and technologists? When you live this close to Silicon
Valley, the question is not just philosophical.

14. Prototype: A Robotic Arm in a Tunnel
If wewish to apply Theorem 5 tomove an object optimally,
our first hope is that the corresponding map of possibili-
ties is a CAT(0) cubical complex. If this is true, we can
prove it by choosing a convenient root and identifying the

corresponding PIP. Tia Baker and Rika Yatchak pioneered
this approach in their master’s theses [3].

For concreteness, let us consider our robotic arm of
length 𝑛 in a rectangular tunnel of height 1. Baker and
Yatchak found that the number of states of the configura-
tion space is the term 𝐹𝑛+1 of the Fibonacci sequence. This
seemed like good news, until we realized that these num-
bers grow exponentially! The dimension of themap is 𝑛/3,
and its combinatorial structure is enormous and intricate.
We cannot navigate this map by brute force.

Fortunately, by running the bijection of Theorem 8 on
enough examples, Baker and Yatchak discovered that this
robot has a very nice PIP: a triangular wedge 𝑇𝑛 of a square
grid with no inconsistent pairs, as shown in Figure 15. It is
much simpler than the configuration space and only has
about 𝑛2/4 vertices. Indeed they proved that the map of
possibilities of the robot 𝑅1,𝑛 is isomorphic to the cubical
complex 𝑋(𝑇𝑛) corresponding to 𝑇𝑛. This implies that the
map is CAT(0), and it allows us to use 𝑇𝑛 as a remote con-
trol to move the robot optimally.

Figure 15. The map of the robot 𝑅1,7 and its remote control,
the PIP 𝑇7.

More generally, we have the following.

Theorem 9 ([3], [4]). The configuration space of the robotic
arm 𝑅𝑚,𝑛 of length 𝑛 in a tunnel of height 𝑚 is a CAT(0)
cubical complex. Therefore, we have an algorithm to move the
arm optimally from any position to any other.

Naturally, as the height grows, the map becomes in-
creasingly complex. After staring at many examples, get-
ting stuck, and finally receiving a conclusive hint from
the Pacific Ocean—a piece of coral with a fractal-like
structure—we were able to describe the PIP of the robot
𝑅𝑚,𝑛 for any𝑚 and 𝑛. It is made of triangular flaps like the
one in Figure 16 recursively branching out in numerous
directions.

This coral PIP serves as awitness that themap of possibil-
ities of the robotic arm 𝑅𝑚,𝑛 is a CAT(0) cubical complex.
It can also be programmed to serve as a remote control, to
help the arm explore the tunnel.
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Figure 16. The coral PIPs of the robot 𝑅2,9, which contains the
PIPs of 𝑅2,1, … , 𝑅2,8, shown in different colors.

15. Implementation
The algorithms to navigate a CAT(0) space optimally, and
hence move a CAT(0) robot, are described in [3]. We
have implemented them in Python for the robotic arm
in a tunnel [4]. Given two states, the program outputs
the distance between the two states in terms of cost (ℓ1)
and time (ℓ∞), and an animation moving the robot opti-
mally between the two states. The downloadable code, in-
structions, and a sample animation are at math.sfsu.edu
/federico/robots.html.

With the goal to broaden access to these tools, I joined
my collaborator César Ceballos, who led a week-long
workshop for young robotics enthusiasts as part of the
Clubes de Ciencia de Colombia. This program invites
Colombian researchers to design scientific activities for
groups of students from public high schools and univer-
sities across the country.

We proposed some discretemodels of robotic arms, and
our students successfully built their maps of possibilities.
Extremely politely, they also pointed out that César and I
really didn’t know much about the mechanics of robots,
and cleverly proposed several possible mechanisms. After
the workshop, Arlys Asprilla implemented the design on
CAD and built an initial prototype.

16. Escuela de Robótica del Chocó
Arlys, his classmate Wolsey Rubio (on the right in Figure
17(a), my partner May-Li Khoe, our friend Akil King, and
I designed a similar workshop in Arlys and Wolsey’s na-
tive Chocó. This region of the Colombian Pacific Coast

Figure 17. (a) César Ceballos and students discuss
configuration spaces during the Clubes de Ciencia de
Colombia. (b) Arlys Asprilla and one of his robotic arms.

is one of the most biodiverse in the world, and also one
of the most neglected historically by our government. We
partnered with the Escuela de Robótica del Chocó, led by
Jimmy Garcı́a, which seeks to empower local youth to de-
velop their scientific and technological skills in order to
address the problems faced by their communities.

At the end of the workshop, we asked the students:
What robot do you really want to design? Deison Rivas
wants to build a firefighter robot; it will quickly and safely
go in and out of houses—traditionally made of wood—
and put out the fires that have razed entire city blocks in
Quibdó in the past. Juan David Cuenta wants to design an
agile rescue robot; it will help people stuck under the fre-
quent landslides caused by illegal mining operations and
by heavy rainfalls on the roads.

This theoretical exercise in robotic optimization imme-
diately took on new meaning, thanks to the wisdom of
these young people.
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Figure 18. (a) At the Escuela de Robótica del Chocó. (b)
Deison Rivas and Juan David Cuenta.

17. What Does It Mean to Do Math Ethically?
Six years ago, my student Brian Cruz asked me whether
mathematicians have an ethical code, similar to theHippo-
cratic Oath adopted by physicians. More than two decades
into my mathematical career, I had never thought or heard
of this specific suggestion.

Thanks to Brian, I did some research, gathered some
resources with the help of my students,3 and I now de-
vote one day of each semester to discuss this question with
them. Posing the question to them is surely more impor-
tant than proposing an answer:
Writing assignment. What does “doing mathematics ethically”
mean to you? This question is an invitation to recognize the
power you carry as a mathematician, and the privilege and re-
sponsibility that comes with it. When you enter a scientific ca-
reer, you do not leave yourself at the door. You can choose how
to use that power. My hope is that you will always continue to
think about this in your work.

3These resources are available at math.sfsu.edu/federico
/ethicsinmath.html.
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Assessing Procedures
vs. Assessing Evidence
and the Principles of Sufficiency, Conditionality,
and Likelihood

Michael Lavine
A fundamental idea in statistics and data science is that sta-
tistical procedures are judged by criteria such as misclassi-
fication rates, p-values, or convergence that measure how
the procedure performs when applied to many possible
data sets. But such measures gloss over quantifying the
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evidence in a particular data set. We show that assessing
a procedure and assessing evidence are distinct. The main
distinction is that procedures are assessed unconditionally,
i.e., by averaging over many data sets, while evidence must
be assessed conditionally by considering only the data at
hand.

We present four examples to illustrate the difference be-
tween assessing a procedure and assessing evidence. Then
we examine a fifth example in detail to introduce the Suf-
ficiency and Conditionality Principles and show why evi-
dence must be assessed conditionally on the data at hand,
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not averaged over many possible data sets. Finally we state
the Likelihood Principle, its relationship to the Sufficiency
and Conditionality Principles, and some of its implica-
tions.

Example 1 (Forensic evidence: fingerprints). After a finger-
print has been found at a crime scene and deemed to be of
sufficiently high quality, it is common to take a fingerprint
from a suspect to see whether it matches the print from the
scene. Whether the task is accomplished by a forensic ex-
aminer or by an algorithm, it results in a classification of
either match or mismatch. Using prints from a database
where it is known whether two prints come from the same
finger, we can estimate

𝛼 = Pr[Type A error] and 𝛽 = Pr[Type B error],

where the two types of error are classifying a true match
as a mismatch and classifying a true mismatch as a match.
Here 𝛼 and 𝛽 describe the procedure: how often, when
averaged over the universe of fingerprint pairs, it makes an
error of Type A or Type B. But those are averages over some
pairs that are hard to classify and others that are easy. A
pair that is hard to classify provides only weak evidence for
its conclusion, while an easy pair provides strong evidence.
Thus, 𝛼 and 𝛽 donot quantify the evidence in the particular
fingerprint pair at hand. To quantify the evidence we need
to know how hard this particular pair is to classify.

Example 1 illustrates a major theme of this paper,
namely, that different data sets, even of the same type
(here, pairs of fingerprints), contain evidence of different
strengths. So assessing a procedure, which requires averag-
ing over many possible data sets, differs from assessing the
evidence in a single data set.

Throughout this paper we will be dealing with a ran-
dom variable 𝑋 that is an observation from a probability
distribution 𝐹true which is unknown but is assumed to be-
long to a given set of distributions {𝐹}. Usually {𝐹} is in-
dexed by a parameter 𝜃 in a parameter space Θ and we
write 𝐹true ∈ {𝐹𝜃}𝜃∈Θ. For densities we write 𝑓𝜃. Thus 𝐹true
corresponds to a value 𝜃true, cdf 𝐹𝜃true

, and pdf 𝑓𝜃true
. The

value 𝜃true is unknown and we use 𝑋 to learn about it.
A key concept is the likelihood function

ℓ(𝜃) ≡ 𝑐𝑓𝜃(𝑥), (1)

where 𝑥 is the observed value of the random variable 𝑋
and 𝑐 > 0 is an arbitrary constant. ℓ(𝜃)measures how well
each value of 𝜃 describes the observation 𝑋 = 𝑥. In (1),
ℓ(𝜃) is a function of 𝜃, while 𝑥 is understood to be given.
ℓ(𝜃)matters only up to an arbitrarymultiplicative constant
𝑐 > 0. That is, ℓ1(𝜃) and ℓ2(𝜃) = 𝑐ℓ1(𝜃) are equivalent
likelihood functions. It is often convenient to set 𝑐 so that
max𝜃 ℓ(𝜃) = 1.

Example 2 (Likelihood ratio as evidence: two classes).
Suppose data sets of size 𝑛, 𝑋 = (𝑋1, … , 𝑋𝑛), are gener-
ated as independent observations from one of two distri-
butions: either 𝐹1, the uniform distribution on [0, 1], or 𝐹2,
the uniform distribution on [0, 1 + 𝜖]. In this example, Θ
is the set {1, 2}. For a given sample 𝑥 = (𝑥1, … , 𝑥𝑛), the ev-
idence that it was generated from 𝐹1 rather than 𝐹2 is the
likelihood ratio1

LR= ℓ(1)
ℓ(2) =

𝑛
∏
𝑖=1

𝑓1(𝑥𝑖)
𝑓2(𝑥𝑖)

={(1+𝜖)
𝑛 ifmax(𝑥1, … , 𝑥𝑛) ≤ 1,

0 ifmax(𝑥1, … , 𝑥𝑛) > 1.
That is, the evidence is either weak (LR ≈ 1) in favor of

𝐹1 or conclusive (LR = 0) in favor of 𝐹2, depending on the
value ofmax𝑥𝑖. Thus, different data sets of size 𝑛 have dif-
ferent strengths of evidence. Error probabilities and mis-
classification rates are averages over all possible data sets
and do not quantify the evidence in any individual data
set. Curiously, if 𝜖 ≪ 𝑛−1, then Pr2[max 𝑥𝑖 ≤ 1] is large
and most data sets from 𝐹2 favor 𝐹1, albeit weakly.

Example 3 (Confidence intervals: location family). Exam-
ple 3 examines samples of size 𝑛 = 3 from the family

𝑓𝜃(𝑥) =
1
𝜋

1
(𝑥 − 𝜃)2 + 1,

the Cauchy density with unknown location parameter 𝜃.
In this example, Θ = ℝ. Figure 1 shows four samples of
size 3 from 𝑓0. We pretend we don’t know the true value of
𝜃 and are trying to learn about it. Each sample is plotted
with its likelihood function and a 95% confidence inter-
val2 for 𝜃. The confidence interval is median(𝑥1, 𝑥2, 𝑥3) ±
3.28 because

Pr𝜃{[median(𝑥1, 𝑥2, 𝑥3) − 3.28,
median(𝑥1, 𝑥2, 𝑥3) + 3.28]∋𝜃} ≈ 0.95.

The confidence procedure yields four intervals that all have
length 6.56 and confidence coefficient .95 even though
some likelihood functions are sharply peaked and others
are broader. The intervals’ length, 2 × 3.28 = 6.56, is deter-
mined by taking a mean over all possible samples of size 3
w.r.t. the Cauchy distribution and is therefore the same for
every sample. Yet the samples with sharp likelihood func-
tions have strong evidence for 𝜃, while the samples with
broad likelihood functions have weak evidence.

Example 4 (Statistical consulting). A scientist is investi-
gating a phenomenon that generates a random number 𝑋
having a Poisson distribution with mean 𝜆. The value of
𝜆 is unknown. In this example, Θ = ℝ+. The scientist

1The Law of Likelihood asserts that evidence is measured by the likelihood ratio.
See external sources such as [Roy97] for an explanation.
2A 95% confidence interval CI(𝑋) is an interval constructed according to a pro-
cedure having the property that Pr𝜃[CI(𝑋) ∋ 𝜃 ≥ .95] for all 𝜃. Consult stan-
dard statistics texts for a further explanation of confidence intervals and their
role in statistics.
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Figure 1. Four samples of size 𝑛 = 3 from the Cauchy
distribution with 𝜃 = 0. Each panel shows a rug plot (tick
marks on the horizontal axis) for the sample, a 95%
confidence interval (horizontal bar at 𝑦 = 0.1), and the
likelihood function (solid curve) for 𝜃. Sample 4 has a sharp
likelihood function and hence contains strong information for
𝜃. In contrast, the other samples have broader likelihood
functions and weaker information for 𝜃. The likelihood
functions are scaled so each has a maximum value of 1.

brings a single observation 𝑋 = 1 (experiments are expen-
sive) to a statistician and asks what can be inferred. The
statistician uses a standard procedure to give the scientist
the 95% confidence interval shown in Figure 2. The scien-
tist notices there are two values of 𝜆, 𝜆1 and 𝜆2, such that

(a) 𝜆2 is in the confidence interval, but 𝜆1 is not and
(b) 𝜆1 describes the datum 𝑥 = 1 better than 𝜆2 (be-
cause ℓ(𝜆1) > ℓ(𝜆2))

and asks the statistician, “Why do you call my attention to 𝜆2
but not 𝜆1?”

Implicit in the scientist’s question is the scientist’s in-
terest in knowing which values of 𝜆 describe the datum
𝑥 = 1 well. The statistician used a standard procedure for
constructing a confidence interval, but that doesn’t address
the scientist’s interest, because the confidence interval and
confidence coefficient of 0.95 come from averaging over
all possible data sets while the scientist wants to draw an
inference from this particular data set and because the con-
fidence interval excludes some values of 𝜆 that describe the
data well.

Examples 1–3 illustrate that different data sets even
of the same size and type can have evidence of different
strengths. Example 4 raises the question of what a scientist

95% CI for λλ1 λ2
0.0

0.1

0.2

0.3

0.4

0 2 4 6
λ

lik
 (λ

)≡
Pr

λ 
[X

=
1]

Figure 2. 𝑋 ∼ Poi𝜆. The datum is 𝑥 = 1. The dark bar just
above the horizontal axis is a 95% confidence interval for 𝜆.
The curve is the likelihood function for 𝜆.

wants from the analysis of a data set: average performance
or evidential strength.

Now we take up one more example to introduce princi-
ples that measurements of evidence must follow. Suppose
there is a repeatable experiment that results in a random
𝑋 that is either success (𝑋 = 1) or failure (𝑋 = 0). Let 𝑋𝑖
be the outcome of the 𝑖th repetition and assume the 𝑋𝑖’s
aremutually independent, all with the same probability of
success 𝜃true. The 𝑋𝑖’s are called Bernoulli trials. Θ = [0, 1].
Two possible experiments to learn about 𝜃true are:

E1. Under E1 we conduct two trials and record 𝑥1 and
𝑥2.

E2. Under E2 we conduct as many trials as needed until
the first success. If 𝑘 is the eventual number of trials,
then 𝑥1 = ⋯ = 𝑥𝑘−1 = 0 and 𝑥𝑘 = 1.

A third possible experiment is:

E3. Under E3 we toss a coin. If the coin lands Heads we
conduct E1; if the coin lands Tails we conduct E2.

Four possible scenarios are:

1. Conduct E1 and observe the outcome 𝑥1 = 0; 𝑥2 = 1;
2. Conduct E2 and observe the outcome 𝑥1 = 0; 𝑥2 = 1;
3. Conduct E3 and observe the outcome Heads followed

by 𝑥1 = 0; 𝑥2 = 1; and
4. Conduct E3 and observe the outcome Tails followed

by 𝑥1 = 0; 𝑥2 = 1.
Let Ev stand for “evidence” and, without yet defining what
it means, consider whether the four scenarios have the
same evidence regarding 𝜃. That is, do we think the fol-
lowing equalities should hold:

Ev(E1, (0, 1)) ?= Ev(E3, (𝐻, 0, 1))
?= Ev(E3, (𝑇, 0, 1)) ?= Ev(E2, (0, 1))? (2)
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The symbol
?= in (2) means we are considering whether we

should require equality to hold for any quantity we’re will-
ing to call “evidence.” We now introduce two principles
that argue for the equalities to hold.
Conditionality Principle (CP). CP describes the evidence
in a situation where there are two possible experiments, E1
and E2, and we randomly choose which to perform. If we
randomly choose E1 and observe 𝑥1, the evidence is just
the same as if we had always intended to perform E1 and
had observed 𝑥1. CP was first formally stated in [Bir62].
More recently Berger and Wolpert [BW88] state CP as:

Suppose there are two experiments 𝐸1 =
(𝑋1, 𝜃, {𝑓1𝜃 }) and 𝐸2 = (𝑋2, 𝜃, {𝑓2𝜃 }). Consider the
mixed experiment 𝐸∗, whereby 𝐽 = 1 or 2 is ob-
served, . . . , and experiment 𝐸𝑗 is then performed.
. . . Then Ev(𝐸∗, (𝑗, 𝑥𝑗)) = Ev(𝐸𝑗 , 𝑥𝑗).

Berger and Wolpert’s 𝐸1, 𝐸2, and 𝐸∗ are our E1, E2, and
E3. Their 𝑋1 and 𝑋2 are our observations under E1 and E2,
respectively. Their 𝐽 is our coin toss.

CP means we should accept as reasonable only those
methods of measuring evidence that yield Ev(𝐸∗, (𝑗, 𝑥𝑗)) =
Ev(𝐸𝑗 , 𝑥𝑗). Many people agree that CP is a desirable prop-
erty of any quantity we call “evidence.” Readers should
consider for themselves whether they agree.

According to CP, Ev(E3, (𝐻, 0, 1)) = Ev(E1, (0, 1)) and
Ev(E3, (𝑇, 0, 1)) = Ev(E2, (0, 1)), so (2) becomes

Ev(E1, (0, 1)) = Ev(E3, (𝐻, 0, 1))
?= Ev(E3, (𝑇, 0, 1)) = Ev(E2, (0, 1)). (3)

Sufficiency Principle (SP). A statistic is a function of a
random variable, say 𝑇(𝑋). A sufficient statistic is one for
which the conditional distribution 𝐹𝜃(𝑋 | 𝑇(𝑋)) does not
depend on 𝜃. That is, 𝐹𝜃(𝑋 | 𝑇(𝑋)) is the same for all 𝜃 ∈ Θ.

For an example of sufficiency, let 𝑋 = (𝑋1, … , 𝑋𝑛) be
𝑛 i.i.d. observations from the N(𝜃, 1) distribution where 𝜃
is unknown. Then ̄𝑋 ≡ 1

𝑛
∑𝑋𝑖 is a sufficient statistic for 𝜃.

For another example, let 𝑋 = (𝑋1, … , 𝑋𝑛) be 𝑛 independent
Bernoulli trials with the same unknown parameter 𝜃. Then
∑𝑋𝑖 is a sufficient statistic for 𝜃.

When a sufficient statistic exists 𝑋 can be decomposed
as 𝑋 ≡ (𝑇(𝑋), 𝐴(𝑋)), where 𝐴 represents all aspects of 𝑋
other than 𝑇(𝑋). That is, 𝑋 can be reconstructed from 𝑇(𝑋)
and𝐴(𝑋). In our example of a sufficient statistic for N(𝜃, 1),
𝐴(𝑋) is (𝑋1 − ̄𝑋, … , 𝑋𝑛 − ̄𝑋) or its equivalent. In our exam-
ple of Bernoulli trials, 𝐴(𝑋) specifies which 𝑋𝑖’s are 1’s and
which are 0’s.3

3See standard textbooks on mathematical statistics for further discussion of suf-
ficiency. The factorization theorem and Basu’s theorem are key concepts. Text-
books also contain examples of statistics that are sufficient for one parameter
space Θ1 but not for another Θ2.

Sufficiency is important in statistics because 𝑇(𝑋) car-
ries all the information in 𝑋 for 𝜃. Because 𝐹𝜃(𝑋 | 𝑇(𝑋))
does not depend on 𝜃, 𝐹𝜃(𝐴(𝑋) | 𝑇(𝑋)) also does not de-
pend on 𝜃, so 𝐴(𝑋) carries no additional information for
𝜃. It is sufficient to base inference on just 𝑇(𝑋); other as-
pects of 𝑋 may be ignored.

SP says that for an experiment 𝐸 with observation 𝑋 and
sufficient statistic 𝑇(𝑋), if two outcomes 𝑥1 and 𝑥2 satisfy
𝑇(𝑥1) = 𝑇(𝑥2), then Ev(𝐸, 𝑥1) = Ev(𝐸, 𝑥2).

In E3, the sequence of Bernoulli trials is sufficient (not
proven here), so Ev(E3, (𝐻, 0, 1)) = Ev(E3, (𝑇, 0, 1)) and (3)
becomes

Ev(E1, (0, 1)) = Ev(E3, (𝐻, 0, 1))
= Ev(E3, (𝑇, 0, 1)) = Ev(E2, (0, 1)). (4)

That is, we accept as reasonable only those methods of
quantifying evidence that imply (4).

A common statistical analysis is to partition Θ into
Θ1 ∪ Θ2 and test the hypothesis 𝐻1 ∶ 𝜃true ∈ Θ1 versus
𝐻2 ∶ 𝜃true ∈ Θ2. Once 𝑋 = 𝑥obs has been observed we
partition the possible outcomes of 𝑋 into 𝑋1, the set of 𝑥’s
that support Θ1 more than the observed 𝑥obs, and 𝑋2, the
set of 𝑥’s that supportΘ2 at least as much as 𝑥obs. Then the
p-value4 is

𝑝 = sup
𝜃∈Θ1

Pr 𝜃[𝑋2].

Table 1 shows p-values under E1, E2, and E3 for testing
𝐻1 ∶ 𝜃true ∈ Θ1 ≡ [.95, 1] vs. 𝐻2 ∶ 𝜃true ∈ Θ2 ≡ [0, .95).
𝑝1 ≠ 𝑝2 ≠ 𝑝3, so (4) does not hold and p-values cannot
be said to measure the evidence for 𝐻1 vs. 𝐻2.
Likelihood Principle (LP). An informal statement5 of LP
is

All the information about 𝜃 . . . is contained in the
likelihood function. [BW88]

LP is related to CP and SP by a theorem due to [Bir62],6

(𝑆𝑃, 𝐶𝑃) ⇔ 𝐿𝑃, which says that CP and SP together imply
and are implied by LP. The theorem is important because
CP and SP each seem intuitively reasonable yet lead to LP,
which not only seems unreasonable to many statisticians
but says common statistical procedures like p-values and
hypothesis tests do not measure evidence. LP says all the
statistical evidence in a given data set is contained in the
likelihood function ℓ(𝜃) ∝ 𝑓𝜃(𝑥). ℓ(𝜃) depends only on
the observed 𝑥, which brings us back to a pointmade in the
examples, viz., that evidence must be computed using the
observed 𝑥 and not by averaging over unobserved values
of 𝑋 . In contrast, performance measures such as p-values

4Consult introductory statistics texts for more on p-values and their role in
statistics.
5See [BW88] for formalities and the role of LP in statistics.
6Birnbaum’s proof is essentially the argument leading from (2) to (4) for gen-
eral experiments, not just for E1, E2, and E3.
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E1: 𝑋 is one of

⎧⎪
⎨⎪
⎩

(𝟎, 𝟎) (𝐟.𝟗𝟓 = .𝟎𝟎𝟐𝟓)
(𝟎, 𝟏) (𝐟.𝟗𝟓 = .𝟎𝟒𝟕𝟓)
(𝟏, 𝟎) (𝐟.𝟗𝟓 = .𝟎𝟒𝟕𝟓)
(1, 1) not relevant

⎫⎪
⎬⎪
⎭

𝑝1 = .0975

E2: 𝑋 is one of

⎧⎪
⎨⎪
⎩

(1) not relevant

(𝟎, 𝟏) (𝐟.𝟗𝟓 = .𝟎𝟒𝟕𝟓)
(𝟎, 𝟎, 𝟏) (𝐟.𝟗𝟓 = .𝟎𝟎𝟐𝟑𝟕𝟓)
⋮ (𝐟.𝟗𝟓 = …)

⎫⎪
⎬⎪
⎭

𝑝2 = .05

E3: 𝑋 is one of

⎧
⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪
⎩

(𝐇, 𝟎, 𝟎) (𝐟.𝟗𝟓 = .𝟎𝟎𝟏𝟐𝟓)
(𝐇, 𝟎, 𝟏) (𝐟.𝟗𝟓 = .𝟎𝟐𝟑𝟕𝟓)
(𝐇, 𝟏, 𝟎) (𝐟.𝟗𝟓 = .𝟎𝟐𝟑𝟕𝟓)
(𝐻, 1, 1) not relevant

(𝑇, 1) not relevant

(𝐓, 𝟎, 𝟏) (𝐟.𝟗𝟓 = .𝟎𝟐𝟑𝟕𝟓)
(𝐓, 𝟎, 𝟎, 𝟏) (𝐟.𝟗𝟓 = .𝟎𝟎𝟏𝟏𝟖𝟕𝟓)
⋮ (𝐟.𝟗𝟓 = …)

⎫
⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪
⎭

𝑝3 = .07375

Table 1. E1, E2, and E3 p-values for testing 𝐻1 ∶ 𝜃true ≥ .95 vs.
𝐻2 ∶ 𝜃true < .95 when the Bernoulli sequence (0, 1) is observed.
Each entry shows a possible outcome of the experiment and
the supremum of its probability for 𝜃 ≥ .95. The p-value is the
sum of the probabilities in bold. Note that 𝑝1 ≠ 𝑝2 ≠ 𝑝3 even
though the evidence is the same in each experiment.

and error rates average over unobserved values of 𝑋 . For
p-values specifically,

𝑝 = sup
𝜃∈Θ1

Pr 𝜃[𝑋2] = sup
𝜃∈Θ1

𝔼𝜃[𝟏𝑋2(𝑋)],

which is the supremum of an expectation over all possible
values of 𝑋 .

Some statistical ideas that follow LP are the maximum
likelihood estimator, a likelihood interval, a likelihood ra-
tio, and subjective Bayesian analysis. Some statistical ideas
that don’t follow LP are p-values, confidence intervals, mis-
classification rates, mean squared error, and bias.

Statisticians and data scientists often assert that we want
procedures that work well and that we should quantify
how well our procedures work. Granting that assertion,
we should also ask, “procedures that work well in accom-
plishing what task?” This paper shows that popular proce-
dures for testing hypotheses, finding confidence intervals,
and making classifications are not accomplishing the task

of assessing evidence; they are accomplishing something
else. Quantifying how well those procedures work is dif-
ferent from quantifying evidence. It behooves us to under-
stand what task we want to accomplish when analyzing
any given data set.

Methods for quantifying non-LP procedures are com-
mon in statistics references. Methods for quantifying ev-
idence are not, but can be found in the following ref-
erences, among others, along with a deeper analysis of
likelihood thought: [Blu02], [BSLM07], [GR88], [HB08],
[Mel99], [Mel00], [MR97], [Paw01], [Roy86], [RT03],
[Sev01], [Str18], and [TR95].
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From Permutation Patterns
to the Periodic Table

Lara Pudwell
Permutation patterns is a burgeoning area of research with
roots in enumerative combinatorics and theoretical com-
puter science. Although much current work in this area
still relates to its computer science origins, its rapid expan-
sion over the past two decades has led to some surprising
connections with other areas of mathematics. This article
first presents a brief overview of pattern avoidance and a
survey of enumeration results that are standard knowledge
within the field. Then, we turn our attention to a newer
optimization problem of pattern packing. We survey
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pattern packing results in the general case before we con-
sider packing in a specific type of permutation that leads to
a new and surprising connection with physical chemistry.

Let 𝒮𝑘 be the set of all permutations on [𝑘] = {1, 2, … , 𝑘}.
Given 𝜋 ∈ 𝒮𝑘 and 𝜌 ∈ 𝒮ℓ we say that 𝜋 contains 𝜌 as a
pattern if there exist 1 ≤ 𝑖1 < 𝑖2 < ⋯ < 𝑖ℓ ≤ 𝑘 such that
𝜋𝑖𝑎 ≤ 𝜋𝑖𝑏 if and only if 𝜌𝑎 ≤ 𝜌𝑏. In this case we say that
𝜋𝑖1 ⋯𝜋𝑖ℓ is order-isomorphic to 𝜌, and that 𝜋𝑖1 ⋯𝜋𝑖ℓ is an
occurrence or a copy of 𝜌 in 𝜋. If 𝜋 does not contain 𝜌, then
we say that 𝜋 avoids 𝜌. For example 𝜋 = 43512 contains the
pattern 𝜌 = 231 because the digits of 𝜋2𝜋3𝜋5 = 352 have
the same relative order as the digits of 𝜌; this is one of four
instances of 231 in 𝜋.

The definition of pattern containment may be made
more visual by considering the plot of 𝜋. In particular, for
𝜋 = 𝜋1𝜋2⋯𝜋𝑘 ∈ 𝒮𝑘, the plot of𝜋 is the graph of the points
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(𝑖, 𝜋𝑖) in the Cartesian plane. The plots of 𝜋 = 43512 and
𝜌 = 231 are given in Figure 1. An alternate way to see that
𝜋 contains 𝜌 is to notice that if we remove the rows and
columns with red points from the plot of 𝜋, the remaining
(black) points form a plot of 𝜌.

Figure 1. The plots of 𝜋 = 43512 and 𝜌 = 231.

Of particular interest are the sets 𝒮𝑘(𝜌) = {𝜋 ∈ 𝒮𝑘 ∣
𝜋 avoids 𝜌}. For example,

𝒮4(123) = {1432, 2143, 2413, 2431, 3142, 3214, 3241,
3412, 3421, 4132, 4213, 4231, 4312, 4321},

and 𝜋 = 43512 ∈ 𝒮5(123) since there is no increasing sub-
sequence of length 3 in 𝜋.

One early occurrence of pattern avoidance is the Erdős–
Szekeres theorem [9], which can be rephrased as follows:
Let 𝐼𝑎 = 12⋯𝑎 be the increasing permutation of length 𝑎
and let 𝐽𝑏 = 𝑏(𝑏 − 1)⋯1 be the decreasing permutation of
length 𝑏. Then 𝒮𝑘(𝐼𝑎)∩𝒮𝑘(𝐽𝑏) = ∅ if 𝑘 > (𝑎−1)(𝑏−1). The
study of pattern-avoiding permutations in their own right
was instigated by Knuth’s work in The Art of Computer Pro-
gramming [12] when he showed that a permutation 𝜋 ∈ 𝒮𝑘
is sortable after one pass through a stack if and only if
𝜋 ∈ 𝒮𝑘(231). Pattern avoidance has also proven to be a
useful language to describe inputs sortable through a va-
riety of other machines. Generalizations of pattern avoid-
ance have been used to characterize geometric properties
of Schubert varieties. More recently, researchers have con-
nected permutation patterns with results in genomics, sta-
tistical mechanics, and more.

Counting
Much of the existing literature in permutation patterns
studies the quantity s𝑘(𝜌) = |𝒮𝑘(𝜌)| for various patterns
𝜌. While the results in this section are central ideas in per-
mutation patterns research, they are not closely related to
the final result of this paper. The reader interested in a con-
nection to chemistry may wish to skip ahead to the section
on pattern packing.

Starting with the simplest case, it is immediate that
s𝑘(1) = 0 if 𝑘 ≥ 1 since each digit of a nonempty per-
mutation is a copy of the pattern 1. We also have that
s𝑘(12) = s𝑘(21) = 1 for 𝑘 ≥ 0, since the unique permu-
tation of length 𝑘 avoiding 12 (resp., 21) is 𝐽𝑘 (resp., 𝐼𝑘).

The fact that s𝑘(12) = s𝑘(21) is a special case of a more
general phenomenon. If s𝑘(𝜌) = s𝑘(𝜌∗) for all 𝑘, we
say that 𝜌 and 𝜌∗ are Wilf-equivalent. A number of Wilf-
equivalences are made clear by considering the plot of a
permutation as in Figures 1 and 2. All points in the plot
of 𝜋 lie in the square [1, 𝑘] × [1, 𝑘], and thus we may ap-
ply various symmetries of the square to obtain involutions
on the set 𝒮𝑘. For 𝜋 ∈ 𝒮𝑘, we define 𝜋𝑟 = 𝜋𝑘⋯𝜋1 and
𝜋𝑐 = (𝑘 + 1 − 𝜋1)⋯ (𝑘 + 1 − 𝜋𝑘), which are called the
reverse and complement of 𝜋, respectively. Notice that the
plot of 𝜋𝑟 is obtained by reflecting the plot of 𝜋 across

the vertical line at
𝑘+1
2

and 𝜋𝑐 is obtained by reflecting

the plot of 𝜋 across the horizontal line at
𝑘+1
2

. We obtain

one additional important equivalence by considering 𝜋−1
which reflects the plot of 𝜋 over the line 𝑦 = 𝑥. For ex-
ample, the graphs of 𝜋 = 1342, 𝜋𝑟 = 2431, 𝜋𝑐 = 4213,
and 𝜋−1 = 1423 are shown in Figure 2. Notice that if 𝜋
contains 𝜌, then 𝜋𝑟 contains 𝜌𝑟, 𝜋𝑐 contains 𝜌𝑐, and 𝜋−1
contains 𝜌−1. Thus, these involutions on 𝒮𝑘 also provide
bijections between 𝒮𝑘(𝜌), 𝒮𝑘(𝜌𝑟), 𝒮𝑘(𝜌𝑐), and 𝒮𝑘(𝜌−1). As a
consequence, for any pattern 𝜌, 𝜌 is Wilf-equivalent to 𝜌𝑟,
𝜌𝑐, and 𝜌−1. These Wilf-equivalences that follow from the
action of the dihedral group on the plot of 𝜋 are known as
trivial Wilf-equivalences.

𝜋 = 1342 𝜋𝑟 = 2431 𝜋𝑐 = 4213 𝜋−1 = 1423
Figure 2. The plots of 𝜋 = 1342, 𝜋𝑟 = 2431, 𝜋𝑐 = 4213, and
𝜋−1 = 1423.

By trivial Wilf-equivalence, we have that s𝑘(132) =
s𝑘(213) = s𝑘(231) = s𝑘(312) and that s𝑘(123) = s𝑘(321).

In fact, it turns out that s𝑘(𝜌) =
(2𝑘𝑘 )
𝑘+1

for 𝜌 ∈ 𝒮3. Consider

the case of s𝑘(132). We have s0(132) = s1(132) = 1. Now,
consider 𝜋 ∈ 𝒮𝑘(132) and suppose that 𝜋𝑖 = 𝑘. For any
𝜋𝑎 and 𝜋𝑏 with 𝑎 < 𝑖 < 𝑏, it must be that 𝜋𝑎 > 𝜋𝑏; oth-
erwise 𝜋𝑎𝑘𝜋𝑏 would form a 132 pattern. Since 𝜋1⋯𝜋𝑖−1
and 𝜋𝑖+1⋯𝜋𝑘 must also avoid 132, this implies

s𝑘(132) =
𝑘
∑
𝑖=1

s𝑖−1(132) ⋅ s𝑘−𝑖(132).

It is easily checked that s𝑘(𝜌) =
(2𝑘𝑘 )
𝑘+1

satisfies this recur-

rence and matches the required initial values. Notice that
s𝑘(𝜌) is the 𝑘th Catalan number. Pattern-avoiding permu-
tations are just one of many enumerative combinatorics
contexts where the Catalan numbers appear; Stanley [16]
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has collected more than 200 occurrences of this celebrated
sequence. There are also a number of bijections between
𝒮𝑘(123) and 𝒮𝑘(132) that preserve various statistics; see, for
example, Bóna’s text [7].

Although s𝑘(𝜌) depends only on 𝑘 and |𝜌| for patterns
of length at most 3, the general case is more complicated.
It is known that if 𝜌 ∈ 𝒮4, then 𝜌 is Wilf-equivalent to
1342, 1234, or 1324, but s𝑘(1342), s𝑘(1234), and s𝑘(1324)
are three distinct values for sufficiently large 𝑘. Bóna
[6] showed the sequence s𝑘(1342) has a nonrational al-
gebraic generating function. Gessel [10] showed the se-
quence s𝑘(1234) has a nonalgebraic holonomic generat-
ing function. However, there is no known general for-
mula for s𝑘(1324), and better understanding the structure
of 𝒮𝑘(1324) for large 𝑘 is an ongoing active area of research.

The patterns we have discussed thus far are known
as classical permutation patterns. A number of varia-
tions have been considered, including consecutive pat-
terns (where digits of 𝜌 must appear in adjacent positions
of 𝜋), vincular patterns (a hybrid between classical and
consecutive patterns), and bivincular patterns (which also
place restrictions on the relative sizes of the digits form-
ing a copy of 𝜌, not just on their positions). Barred pat-
terns, where 𝜋 avoids 𝜌 unless 𝜌 is part of a larger specified
pattern in 𝜋, have proved useful in characterizing permu-
tations sortable after repeated passes through a stack and
in describing geometric properties of Schubert varieties.
Other types of enumeration questions are also of interest.
Researchers have enumerated pattern-avoiding words, set
partitions, integer partitions, lattice paths, and other com-
binatorial objects with appropriate definitions of patterns.
Pattern avoidance itself is really a special case of the more
general question of studying

𝒮𝑘,𝑐(𝜌) = {𝜋 ∈ 𝒮𝑘 ∣ 𝜋 contains 𝑐 copies of 𝜌}.

Thus far, we have focused on the situation when 𝑐 = 0. For
some specific patterns 𝜌, ||𝒮𝑘,𝑐(𝜌)|| is known for 𝑐 ≥ 1, but
in general, the pattern containment question is hard. The
literature on pattern-avoiding permutations is vast, but in
the remainder of this paper we focus on pattern packing.
In other words, given a pattern 𝜌, we consider the maxi-
mum value of 𝑐 (given as a function of 𝑘) for which 𝒮𝑘,𝑐(𝜌)
is nonempty.

Packing
In this section, we consider the maximum number of
copies of 𝜌 that can occur in a permutation of length 𝑘.
Let 𝜈(𝜌, 𝜋) be the number of occurrences of 𝜌 in 𝜋. If we wish
to determine max𝜋∈𝒮𝑘 𝜈(𝜌, 𝜋), it is advantageous to report
the percentage of copies of 𝜌 out of all subsequences of
length |𝜌| in 𝜋 rather than just the number of copies.

Definition. The packing density of 𝜌, denoted 𝑑(𝜌), is given
by

𝑑(𝜌) = lim
𝑘→∞

max𝜋∈𝒮𝑘 𝜈(𝜌, 𝜋)
( 𝑘
|𝜌|
)

.

In the rest of this section, we survey the packing litera-
ture. However, for our final connection to physical chem-
istry, we care about packing into a specific kind of permu-
tation that is addressed in the next section. The reader in-
terested more in this chemistry connection than in pattern
packing in general may read the definition of sum below
and then skip ahead to the section on alternating permu-
tations.

The most straightforward pattern of length 𝑎 to pack is
the monotone increasing pattern. We have that 𝑑(𝐼𝑎) = 1
since every subsequence of 𝐼𝑘 of length 𝑎 is a copy of 𝐼𝑎. For
more general patterns, it may not initially be clear that 𝑑(𝜌)
exists, but an unpublished argument of Fred Galvin (de-

scribed by Price in [15]) shows that
max𝜋∈𝒮𝑘 𝜈(𝜌,𝜋)

( 𝑘|𝜌|)
is non-

increasing for 𝑘 ≥ |𝜌|. Since this sequence is also clearly
bounded below by 0, it converges.

The main other type of permutation pattern for which
we can say something about 𝑑(𝜌) is that of layered patterns.

Definition. The sum of permutations 𝛼 = 𝛼1⋯𝛼𝑎 and
𝛽 = 𝛽1⋯𝛽𝑏, denoted 𝛼 ⊕ 𝛽, is given by

𝛼 ⊕ 𝛽 = {𝛼𝑖 1 ≤ 𝑖 ≤ 𝑎,
𝑎 + 𝛽𝑖−𝑎 𝑎 + 1 ≤ 𝑖 ≤ 𝑎 + 𝑏.

Definition. A permutation is layered if it can be written in
the form 𝐽𝑎1 ⊕ 𝐽𝑎2 ⊕⋯⊕𝐽𝑎𝑝 for positive integers 𝑎1, … , 𝑎𝑝.

The permutation shown in Figure 3 is an example of a
layered permutation since it is of the form 𝐽1 ⊕ 𝐽2 ⊕ 𝐽2 ⊕
𝐽2 ⊕ 𝐽1. However, the simplest nontrivial layered permu-
tation pattern is 132 = 𝐽1 ⊕ 𝐽2. Stromquist [17] showed

that if 𝜌 is layered, then
max𝜋∈𝒮𝑘 𝜈(𝜌,𝜋)

( 𝑙
|𝜌|)

is achieved by a

layered 𝜋. Stromquist and later Barton [4] showed that
𝑑(132) = 2√3 − 3 ≈ 0.464 by focusing on layered 𝜋 ∈ 𝒮𝑘
and showing that

max𝜋∈𝒮𝑘 𝜈(𝜌,𝜋)

( 𝑘|𝜌|)
is achieved when the top

layer is of size 𝑎 ≈ ( 3−√3
2

) 𝑘 and the remaining entries are

filled in recursively with an optimal 132-packing layered
permutation of length 𝑘 − 𝑎.

For patterns of length 4, Price [15] showed that 𝑑(1432)
is given by the real root of 𝑥3 − 12𝑥2 + 156𝑥 − 64 and that
𝑑(2143) = 3

8
. Later, Albert et al. [1] showed that 𝑑(1243) =

3
8
. Bounds on 𝑑(1324), 𝑑(1342), and 𝑑(2413) are known

but have not yet been proved to be sharp. In the case of
1324, this illustrates that even if a pattern is layered, that
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does not imply the packing density is straightforward to
determine. A variety of additional packing literature exists,
both packing patterns into permutations and into words
(i.e., permutations with repeated digits) [5, 8, 11, 18–20],
but in general packing problems have seen slower progress
than pattern avoidance problems.

Packing in Alternating Permutations
Rather than focusing on packing in all permutations, in
the rest of this paper we will focus on packing patterns
into permutations with extra restrictions. This family of
packing problems will provide a new link between permu-
tations and physical chemistry.

Definition. Permutation 𝜋 is an alternating permutation if

𝜋1 < 𝜋2 > 𝜋3 < 𝜋4⋯.
Alternating permutations are also known as zig-zag per-

mutations or up-down permutations. They were first stud-
ied by André [2,3] in the nineteenth century. Let𝒜𝑘 be the
set of alternating permutations of length 𝑘. André proved
the surprising result that

∞
∑
𝑘=0

|𝒜𝑘| 𝑥𝑘
𝑘! = sec(𝑥) + tan(𝑥),

giving a natural combinatorial interpretation to a series ex-
pansion of trigonometric functions.

Now, instead of the classical definition of packing den-
sity above, we consider the following modification.

Definition. The alternating packing density of 𝜌, denoted
𝑑𝐴(𝜌), is

𝑑𝐴(𝜌) = lim
𝑘→∞

max𝜋∈𝒜𝑘 𝜈(𝜌, 𝜋)
( 𝑘
|𝜌|
)

.

Although it is not necessary for the upcoming chemistry
result, the interested reader may wish to compare 𝑑𝐴(𝜌) to
the classical packing density 𝑑(𝜌) introduced in the previ-

ous section. We know 𝑑(𝜌) exists because
max𝜋∈𝒮𝑘 𝜈(𝜌,𝜋)

( 𝑘|𝜌|)
is

nonincreasing in 𝑘. However, this is no longer the case for
max𝜋∈𝒜𝑘 𝜈(𝜌,𝜋)

( 𝑘|𝜌|)
when we restrict our attention to alternating

permutations. If 𝑑𝐴(𝜌) exists, we immediately have that
𝑑𝐴(𝜌) ≤ 𝑑(𝜌) for any pattern 𝜌 since 𝒜𝑘 ⊆ 𝒮𝑘. Strikingly,
it turns out that 𝑑𝐴(𝜌) = 𝑑(𝜌) for any pattern 𝜌. Since
𝑑(𝜌) exists, we may construct a sequence of permutations

with 𝜏𝑘 ∈ 𝒮𝑘 such that lim
𝑘→∞

𝜈(𝜌, 𝜏𝑘)
( 𝑘
|𝜌|
)

= 𝑑(𝜌). The proof that

𝑑𝐴(𝜌) = 𝑑(𝜌) relies on a construction that replaces each
point in the plot of 𝜏𝑘 with an alternating permutation to
produce a sequence of alternating permutations 𝜎𝑘 with

lim
𝑘→∞

𝜈(𝜌, 𝜎𝑘)
( 𝑘
|𝜌|
)

= 𝑑(𝜌) as well.

To see the connection with physical chemistry, the last
problem we will consider is packing 𝐼𝑎 into an alternating
permutation of length 𝑘. We already know the optimal
way to pack 𝐼𝑎 into an arbitrary permutation of length 𝑘
is to pack it into 𝐼𝑘, where every subsequence of length 𝑎
is a copy of 𝐼𝑎. However, 𝐼𝑘 ∉ 𝒜𝑘. To address this, we
construct the alternating permutation 𝐼𝑘 defined as

𝐼𝑘 =

⎧
⎪
⎨
⎪
⎩

𝐽1 ⊕ 𝐽2 ⊕⋯⊕ 𝐽2⏟⎵⎵⏟⎵⎵⏟
𝑘
2−1 times

⊕𝐽1 𝑘 even,

𝐽1 ⊕ 𝐽2 ⊕⋯⊕ 𝐽2⏟⎵⎵⏟⎵⎵⏟
𝑘−1
2 times

𝑘 odd.

As an example, the plot of 𝐼8 is given in Figure 3.

Figure 3. The plot of 𝐼8.

Although
𝜈(𝐼𝑎, 𝐼𝑘)
(𝑘
𝑎
)

< 1 for specific values of 𝑘, we claim

that 𝐼𝑘 is the construction that proves 𝑑𝐴(𝐼𝑎) = 1. For the
case where we pack 𝐼3 = 123 into 𝜋 = 𝐼𝑘, notice that every
subsequence of length 3 still forms a 123 pattern unless
two digits of the subsequence come from the same layer
of 𝐼𝑘. While there are (𝑘

3
) total subsequences of length 3

in 𝐼𝑘, there are less than 2(𝑘
2
) subsequences with two digits

from the same layer of 𝐼𝑘. Therefore 𝜈(𝐼3, 𝐼𝑘) ≥ (𝑘
3
) − 2(𝑘

2
)

and in the limit,

1 ≥ 𝑑𝐴(123) ≥ lim
𝑘→∞

(𝑘
3
) − 2(𝑘

2
)

(𝑘
3
)

= lim
𝑘→∞

𝑘 − 8
𝑘 − 2 = 1.

Since a length 3 subsequence of 𝐼𝑘 fails to be a 123 pattern
only when it uses adjacent digits that were required to be
in decreasing order by the definition of alternating permu-
tation, 𝐼𝑘 is, in fact, the alternating permutation of length
𝑘 with the maximum number of copies of 123. Finding
the exact value of 𝜈(123, 𝐼𝑘) is a straightforward exercise in
cases. We have:

Theorem. The maximum number of copies of 123 in an alter-
nating permutation of length 𝑘 is given by

𝜈(123, 𝐼𝑘) = {
(𝑘−2)(𝑘2−4𝑘+6)

6
𝑘 even,

(𝑘−1)(𝑘−2)(𝑘−3)
6

𝑘 odd.
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1
H

(1,0)

3
Li

(2,0)

11
Na

(3,0)

19
K

(4,0)

37
Rb

(5,0)

55
Cs

(6,0)

87
Fr

(7,0)

4
Be

(2,0)

12
Mg

(3,0)

20
Ca

(4,0)

38
Sr

(5,0)

56
Ba

(6,0)

88
Ra

(7,0)

21
Sc

(3,2)

39
Y

(4,2)

57
La

(5,2)

89
Ac

(6,2)

22
Ti

(3,2)

40
Zr

(4,2)

72
Hf

(5,2)

104
Rf

(6,2)

23
V

(3,2)

41
Nb

(4,2)

73
Ta

(5,2)

105
Db

(6,2)

24
Cr

(3,2)

42
Mo

(4,2)

74
W

(5,2)

106
Sg

(6,2)

25
Mn

(3,2)

43
Tc

(4,2)

75
Re

(5,2)

107
Bh

(6,2)

26
Fe

(3,2)

44
Ru

(4,2)

76
Os

(5,2)

108
Hs

(6,2)

27
Co

(3,2)

45
Rh

(4,2)

77
Ir

(5,2)

109
Mt

(6,2)

28
Ni

(3,2)

46
Pd

(4,2)

78
Pt

(5,2)

110
Ds

(6,2)

29
Cu

(3,2)

47
Ag

(4,2)

79
Au

(5,2)

111
Rg

(6,2)

30
Zn

(3,2)

48
Cd

(4,2)

80
Hg

(5,2)

112
Cn

(6,2)

31
Ga

(4,1)

49
In

(5,1)

81
Tl

(6,1)

113
Uut
(7,1)

13
Al

(3,1)

5
B

(2,1)

6
C

(2,1)

14
Si

(3,1)

32
Ge

(4,1)

50
Sn

(5,1)

82
Pb

(6,1)

114
Fl

(7,1)

7
N

(2,1)

15
P

(3,1)

33
As

(4,1)

51
Sb

(5,1)

83
Bi

(6,1)

115
Uup
(7,1)

8
O

(2,1)

16
S

(3,1)

34
Se

(4,1)

52
Te

(5,1)

84
Po

(6,1)

116
Lv

(7,1)

9
F

(2,1)

17
Cl

(3,1)

35
Br

(4,1)

53
I

(5,1)

85
At

(6,1)

117
Uus
(7,1)

10
Ne

(2,1)

2
He

(1,0)

18
Ar

(3,1)

36
Kr

(4,1)

54
Xe

(5,1)

86
Rn

(6,1)

118
Uuo
(7,1)

1 IA

2 IIA

3 IIIA 4 IVB 5 VB 6 VIB 7 VIIB 8 VIIIB 9 VIIIB 10 VIIIB 11 IB 12 IIB

13 IIIA 14 IVA 15 VA 16 VIA 17 VIIA

18 VIIIA

58
Ce

(4,3)

59
Pr

(4,3)

60
Nd

(4,3)

61
Pm
(4,3)

62
Sm

(4,3)

63
Eu

(4,3)

64
Gd

(4,3)

65
Tb

(4,3)

66
Dy

(4,3)

67
Ho

(4,3)

68
Er

(4,3)

69
Tm
(4,3)

70
Yb

(4,3)

71
Lu

(4,3)

90
Th

(5,3)

91
Pa

(5,3)

92
U

(5,3)

93
Np

(5,3)

94
Pu

(5,3)

95
Am
(5,3)

96
Cm
(5,3)

97
Bk

(5,3)

98
Cf

(5,3)

99
Es

(5,3)

100
Fm

(5,3)

101
Md

(5,3)

102
No

(5,3)

103
Lr

(5,3)

atomic
no.

Symbol
(n, )

Figure 4. The periodic table of chemical elements.

Proof. In the case when 𝑘 is even, there are
𝑘
2
− 1 layers of

size 2 and two layers of size 1 in 𝐼𝑘. A copy of 123 can be
formed by using both, one, or neither layer of size 1. If we
use both layers of size 1, it remains to choose a layer of size
2 and then choose one point from the layer to complete
the 123 pattern. If we use one layer of size 1, we must first
choose the layer of size 1, then choose two of the layers of
size 2, and choose one point from each of those layers. If
we use no layers of size 1, then we need to choose three
distinct layers of size 2 and then choose one point from
each of those layers. Therefore, there are

2 (𝑘2 − 1) + 8(
𝑘
2
− 1
2 ) + 8(

𝑘
2
− 1
3 ) = (𝑘 − 2)(𝑘2 − 4𝑘 + 6)

6

copies of 123 in 𝐼𝑘 when 𝑘 is even.
The odd case is similar, with the adjustment that there

are now
𝑘−1
2

layers of size 2 and one layer of size 1 in 𝐼𝑘.

There are 4(
𝑘−1
2
2
) ways to construct a 123 pattern using the

initial layer of size 1 and two layers of size 2. Otherwise,
wemust pick three distinct layers of size 2 and then choose
one point from each of those layers. Therefore, there are

4(
𝑘−1
2
2 ) + 8(

𝑘−1
2
3 ) = (𝑘 − 1)(𝑘 − 2)(𝑘 − 3)

6

copies of 123 in 𝐼𝑘 when 𝑘 is odd. □

While this argument is not complicated, the numbers
themselves are interesting. Table 1 gives the values of
𝜈(123, 𝐼𝑘) for 4 ≤ 𝑘 ≤ 10. This is sequence A168380
in the On-Line Encyclopedia of Integer Sequences [14].
However, the primary description is perhaps surprising:
this is the sequence of atomic numbers of the alkaline
earth metals of the periodic table. For emphasis, see Fig-
ure 4. The values of 𝜈(123, 𝐼𝑘) correspond to the atomic
numbers in the second column, labeled as Group “2
- IIA”. In other words, the quasi-polynomial sequence
2, 4, 12, 20, 38, 56, 88, … not only gives values of 𝜈(123, 𝐼𝑘), it
also gives the atomic numbers of helium, beryllium, mag-
nesium, calcium, and more. This is unexpected! Although
permutation patterns appear in a wide variety of contexts,
a connection to physical chemistry is novel and quite dif-
ferent from other more abstract appearances of patterns.
In the rest of this paper we give a bijective proof connect-
ing our pattern packing problem to the language of physi-
cal chemistry.

𝑘 4 5 6 7 8 9 10

𝜈(123, 𝐼𝑘) 2 4 12 20 38 56 88

Table 1. Values of 𝜈(123, 𝐼𝑘) for 4 ≤ 𝑘 ≤ 10.
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Physical Chemistry
In the periodic table, the atomic number of an element is
the number of protons in an atom of that element. While
various ions exist, the atomic number also gives the num-
ber of electrons in a neutral atom. In Schrödinger’s model,
electrons move in space about the atom’s nucleus, and
Schrödinger’s wave equation is used to predict possible
electron orbitals, that is, the regions where electrons are
most likely to be found. In three-dimensional space, three
variables are required to describe the size, shape, and orien-
tation of an orbital. These are the principal quantum num-
ber (𝑛), the angular quantum number (ℓ), and the mag-
netic quantum number (𝑚). More details can be found in
any standard chemistry book such as [13].

The principal quantum number 𝑛 corresponds to the
size of an electron orbital. 𝑛 is given as a positive integer,
and larger values of 𝑛 correspond to larger orbitals. All
orbitals that have the same principal quantum number are
said to be in the same shell of the atom.

The angular quantum number ℓ gives the shape of an
orbital. While multiple electrons may be in the same shell,
the angular quantum number partitions the orbitals of a
shell into subshells. Larger values of 𝑛 allow more room
for different shapes of subshells. Given 𝑛, ℓ is an integer
with 0 ≤ ℓ ≤ 𝑛 − 1. The shapes of orbitals for small val-
ues of ℓ are shown in Figure 5. To determine the (𝑛, ℓ)
pairs that describe subshells in a particular atom, consider
the coloring of the periodic table given in Figure 4. Each
color corresponds to an ℓ value. Since ℓ ≤ 𝑛 − 1, the first
elements with a particular ℓ value have principal number
𝑛 = ℓ + 1. Subsequent rows of elements with a particu-
lar ℓ value increment 𝑛 by 1. This gives a straightforward
mapping from an element to one (𝑛, ℓ) pair. Any (𝑛, ℓ)
pair that corresponds to an element with a smaller atomic
number is also possible in the original element. For exam-
ple, calcium (atomic number 20) is shaded as ℓ = 0. This
is the fourth row of ℓ = 0 orbitals. Therefore, calcium has
orbitals with (𝑛, ℓ) = (4, 0). However, looking at the ele-
ments with smaller atomic numbers, we see calcium also
has orbitals with (𝑛, ℓ) ∈ {(1, 0), (2, 0), (2, 1), (3, 0), (3, 1)}.
Notice that (𝑛, ℓ) = (3, 2) first occurs in scandium (atomic
number 21), so calcium has no (𝑛, ℓ) = (3, 2) subshell.

Physical Chemistry
In the periodic table, the atomic number of an element is
the number of protons in an atom of that element. While
various ions exist, the atomic number also gives the num-
ber of electrons in a neutral atom. In Schrödinger’s model,
electrons move in space about the atom’s nucleus, and
Schrödinger’s wave equation is used to predict possible
electron orbitals, that is, the regions where electrons are
most likely to be found. In three-dimensional space, three
variables are required to describe the size, shape, and orien-
tation of an orbital. These are the principal quantum num-
ber (𝑛), the angular quantum number (ℓ), and the mag-
netic quantum number (𝑚). More details can be found in
any standard chemistry book such as [13].

The principal quantum number 𝑛 corresponds to the
size of an electron orbital. 𝑛 is given as a positive integer,
and larger values of 𝑛 correspond to larger orbitals. All
orbitals that have the same principal quantum number are
said to be in the same shell of the atom.

The angular quantum number ℓ gives the shape of an
orbital. While multiple electrons may be in the same shell,
the angular quantum number partitions the orbitals of a
shell into subshells. Larger values of 𝑛 allow more room
for different shapes of subshells. Given 𝑛, ℓ is an integer
with 0 ≤ ℓ ≤ 𝑛 − 1. The shapes of orbitals for small val-
ues of ℓ are shown in Figure 5. To determine the (𝑛, ℓ)
pairs that describe subshells in a particular atom, consider
the coloring of the periodic table given in Figure 4. Each
color corresponds to an ℓ value. Since ℓ ≤ 𝑛 − 1, the first
elements with a particular ℓ value have principal number
𝑛 = ℓ + 1. Subsequent rows of elements with a particu-
lar ℓ value increment 𝑛 by 1. This gives a straightforward
mapping from an element to one (𝑛, ℓ) pair. Any (𝑛, ℓ)
pair that corresponds to an element with a smaller atomic
number is also possible in the original element. For exam-
ple, calcium (atomic number 20) is shaded as ℓ = 0. This
is the fourth row of ℓ = 0 orbitals. Therefore, calcium has
orbitals with (𝑛, ℓ) = (4, 0). However, looking at the ele-
ments with smaller atomic numbers, we see calcium also
has orbitals with (𝑛, ℓ) ∈ {(1, 0), (2, 0), (2, 1), (3, 0), (3, 1)}.
Notice that (𝑛, ℓ) = (3, 2) first occurs in scandium (atomic
number 21), so calcium has no (𝑛, ℓ) = (3, 2) subshell.

ℓ = 0 ℓ = 1 ℓ = 2
Figure 5. Simple electron orbital shapes.

Although there is only one way to orient an ℓ = 0
(spherical) orbital around an atom’s nucleus, subshells
with ℓ ≥ 1 can be oriented in multiple ways. The magnetic
quantum number 𝑚 describes an orbital’s orientation in
space. Given 𝑛 and ℓ, 𝑚 is reported as an integer such
that −ℓ ≤ 𝑚 ≤ ℓ. For example, a polar (ℓ = 1) orbital
has three possible orientations, i.e., 𝑚 = −1, 𝑚 = 0, and
𝑚 = 1, which could be thought of as orienting this orbital
shape along the 𝑥-axis, 𝑦-axis, or 𝑧-axis in space.

Finally, there is a fourth quantum number that is inde-
pendent of the other three called the spin quantum num-
ber (𝑠). For any valid combination of (𝑛, ℓ,𝑚), there are
two possible spins for an electron.

In summary, in Schrödinger’s model of the atom, pairs
of electrons are in bijection with tuples of integers (𝑛, ℓ,𝑚)
such that 𝑛 ≥ 1, 0 ≤ ℓ ≤ 𝑛 − 1, and |𝑚| ≤ ℓ. How-
ever, knowing the highest 𝑛-value that appears in a par-
ticular atom does not mean that all (𝑛, ℓ,𝑚) tuples follow-
ing these inequalities appear. Observe that in the periodic
table there are always two shells with orbitals of shape ℓ
before orbitals with shape ℓ + 1 are introduced.

The Bijection
Consider 𝐼𝑘 = 𝐽1 ⊕ 𝐽2 ⊕⋯. We wish to connect copies of
123 in 𝐼𝑘 to valid tuples (𝑛, ℓ,𝑚, 𝑠) of quantum numbers
for electrons in alkaline earth metals.

First, we address the spin number, 𝑠. Just as there are
two spin numbers for any valid (𝑛, ℓ,𝑚) tuple, observe that
copies of 123 in 𝐼𝑘 come in pairs. In particular if 𝜋𝑎𝜋𝑏𝜋𝑐
form a 123 pattern in 𝜋 = 𝐼𝑘, then 𝜋𝑎, 𝜋𝑏, and 𝜋𝑐 must
come from different layers of 𝜋. Let 𝜋′𝑏 be the other digit
in the same layer as 𝜋𝑏. Then 𝜋𝑎𝜋′𝑏𝜋𝑐 is a second 123 pat-
tern in 𝐼𝑘. Two copies of 123 that use the same layer of 𝐼𝑘
for the second digit correspond to pairs of electrons that
have the same principal (𝑛), angular (ℓ), andmagnetic (𝑚)
quantum numbers but different spin numbers.

Now, for the remaining quantum numbers, 𝑚 encodes
the value of the “1” in a 123 pattern, ℓ encodes the layer
of the “2”, and 𝑛 encodes the value of the “3”. To be more
precise, call the initial 𝐽1 layer of 𝐼𝑘 layer 0, and enumerate
the remaining layers startingwith layer 1. A copy𝜋𝑎𝜋𝑏𝜋𝑐 of
123 in 𝜋 = 𝐼𝑘 maps to a tuple of integers in the following
way: �̂� is the layer of 𝐼𝑘 where 𝜋𝑎 is found. Then

𝑚 = {−�̂� 𝜋𝑎 is the smaller entry of layer �̂�,
�̂� 𝜋𝑎 is the larger entry of layer �̂�.

ℓ + 1 is the layer of 𝐼𝑘 where 𝜋𝑏 is found. Finally, given ℓ
and 𝜋𝑐, we compute 𝑛 = 𝜋𝑐−ℓ−3; intuitively, larger values
of 𝑛 correspond to a larger gap between the location of 𝜋𝑏
and 𝜋𝑐 in 𝐼𝑘, but with an appropriate offset to ensure 𝑛 is
positive.

As an example, consider copies of 123 in 𝐼7 = 𝐽1 ⊕ 𝐽2 ⊕
𝐽2 ⊕ 𝐽2 = 1325476. There are 20 copies of 123 in 𝐼7, and
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𝐽2 ⊕ 𝐽2 = 1325476. There are 20 copies of 123 in 𝐼7, and
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these 20 copies correspond to the 20 electrons in an atom
of calcium. Just as copies of 123 come in pairs, electrons
in calcium come in 10 pairs that correspond to 10 differ-
ent tuples of quantum numbers (𝑛, ℓ,𝑚). The 20 copies
of 123 in 𝐼7 are given in pairs with their corresponding
(𝑛, ℓ,𝑚) tuples in Table 2. For instance, both 246 and 256
are copies of 123 in 𝐼7. Both have their initial element in
layer 1, so both correspond to �̂� = 1. Since 2 is the smaller
digit in this layer, we have 𝑚 = −1. We see that in both
copies 𝜋𝑗 comes from layer 2, so ℓ + 1 = 2, i.e., ℓ = 1. Fi-
nally, 𝑛 = 6 − 1 − 3 = 2. So these two copies correspond
to the tuple (2, 1, −1). The tuples corresponding to other
(pairs of) copies of 123 may be verified similarly. Layers
of 𝐼7 are highlighted in different colors for easy reference
throughout Table 2.

copies tuple copies tuple copies tuple
124,134 (1,0,0) 146,156 (2,1,0) 147,157 (3,1,0)
125,135 (2,0,0) 246,256 (2,1,-1) 247,257 (3,1,-1)
126,136 (3,0,0) 346,356 (2,1,1) 347,357 (3,1,1)
127,137 (4,0,0)

Table 2. Copies of 123 in 𝐼7 = 1325476, which correspond to
tuples (𝑛, ℓ,𝑚) of quantum numbers for the 20 electrons in an
atom of calcium.

We still must show that this mapping of pairs of occur-
rences of 123 in 𝐼𝑘 to integer tuples obeys the inequalities
that determine valid quantum numbers.

First, by construction, layer 0 of 𝐼𝑘 contains the digit 1,

while for 𝐿 ≤ 𝑘−1
2

, layer 𝐿 contains the digits 2𝐿 and 2𝐿+1.
When 𝑘 is even, layer

𝑘
2
contains the digit 𝑘.

Consider the occurrence 𝜋𝑎𝜋𝑏𝜋𝑐 of 123 in 𝐼𝑘. Since 𝜋𝑏
comes from layer ℓ + 1, we know ℓ ≥ 0 and 𝜋𝑐 comes
from layer ℓ + 2 or higher. This implies 𝜋𝑐 ≥ 2(ℓ + 2).
Together with the fact that 𝑛 = 𝜋𝑐 − ℓ − 3, we have 𝑛 ≥
2(ℓ + 2) − ℓ − 3 = ℓ + 1 ≥ 1. 𝑛 ≥ ℓ + 1 also implies
ℓ ≤ 𝑛 − 1. Finally, since |𝑚| denotes the layer of 𝜋𝑎 and
ℓ + 1 denotes the layer of 𝜋𝑏, we have |𝑚| + 1 ≤ ℓ + 1, or
|𝑚| ≤ ℓ, as desired. These are exactly the restrictions on
quantum numbers discussed earlier! Notice that a new ℓ
value is introduced for each even value of 𝑘 since 𝐼2𝑖 has
one more layer than 𝐼2𝑖−1. This corresponds exactly to the
frequency with which new subshell shapes are introduced
in the periodic table.

Conclusion
This connection between pattern packing and physical
chemistry is striking even to long-time permutation pat-
terns researchers. Similarly, the quasi-polynomial se-
quence obtained for 𝜈(123, 𝐼𝑘) had no previous interpre-
tation in the literature other than as a sequence of atomic
numbers. What, if any, chemical interpretation is there

for 𝜈(123, 𝐼𝑘) when 𝑘 > 10? What other chemical or physi-
cal structures can be described in terms of pattern packing
or pattern avoidance? Are there other combinatorial struc-
tures that give alternate ways to generate the sequences
of atomic numbers of particular groups of chemical ele-
ments? The variety of applications of permutation patterns
has grown tremendously in recent decades, and modeling
electron orbitals can now be added to the list.
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tials Kummer, Kähler, Kodaira, 
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discovered in the 19th century. K 3 surfaces can be consid-
ered as a 2-dimensional analogue of an elliptic curve, and 
the theory of periods—called the Torelli-type theorem for 
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Hitting the Wall

Laura Taalman

Math was easy for me, until suddenly it wasn’t. I suspect this 
is a transition that many people go through, some having a 
difficult time in high school and others hitting the wall in 
graduate school when they have to start doing serious work 
to succeed. I think sometimes people who hit that wall too 
late in their journey have trouble dealing with it because 
they never had to develop the necessary study habits and 
capacity for successfully handling “being stuck’’ without 
giving up. I was fortunate in that I hit this wall the minute 
I went to college and was somehow able to handle transi-
tioning from the high school kid who was best at math to 
the dumbest, least-prepared kid in her calculus class.

I grew up in a small town of fewer than a thousand 
people, and at my high school, there were no calculus 
courses. I knew that I wanted to do math in college and 
that I wanted to test into the honors calculus sequence at 
the University of Chicago, where I was to be an undergrad-
uate. So, I took a quick-and-dirty computational calculus 
course over the summer at a local college. Somehow, this 
was enough to allow me to pass the placement exam that 
put me in the honors sequence, so that’s where I started in 
college. Of course, many of the other math majors passed 
out of calculus entirely and were starting out with honors 
real analysis, so for the major at Chicago, I was actually 
starting out on one of the bottom rungs.

In this honors calculus sequence, we used the book by 
Spivak—an insanely theoretical and difficult treatment of 
the subject. At the time it was a real shock to me. It was my 
first introduction to real mathematical thinking and proof. 
I had to work easily ten times as hard as everyone else in 
the class, literally. I remember spending every day working 
for hours to try to figure out the material and setting aside 
my entire Sunday—from when I got up to when I went to 
bed—every week to work just on this one calculus class. 
And even so, I was always the student with the dumbest 
questions and the most confused-looking face. I was barely 
hanging on for each homework assignment.
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intensive programs in mathematics in my home country 
of Mexico. The kinds of classes I was taking there look a lot 
more like graduate-level classes in many other institutions. 
So when making the transition to a mid-level PhD program, 
everything seemed to indicate that the struggle had passed.

I was lucky to be able to pass the first two preliminary 
exams before starting my PhD program, which allowed 
me to start doing research during my first semester for the 
first time in my career. Research is so different from classes. 
During my first research meeting, my advisor and his col-
laborator started describing a program that would act as 
a simulation for a biological system. They talked among 
themselves and discussed what they expected the program 
to do and how the simulations should look. Then my advi-
sor turned to me and asked: Do you have any questions? I 
realized then that I was supposed to come up with this program!

Since I had never done research, I had a million ques-
tions, but I asked nothing. I nodded and went to my office. 
It was a Wednesday. In my mind, I convinced myself that 
research was like class, so when given an assignment, one 
has a week to complete it. That’s how it works, right? The 
only problem was that I had never programmed. I wasn’t 
even sure what “Matlab” looked like or where to find it. 
So, as a lot of people my age were starting to do at that 
time, I asked Google. I did not sleep too much that week. 
I spent 12–14 hours every day in front of the computer 
trying to teach myself how to program so I could turn in 
my “assignment” on time. I questioned all my life choices 
and wondered whether I was cut out for this.

I tried and tried and by the end of the weekend, I had 
nothing good. Since I had taken this as an assignment, 
I assumed I could not ask anyone for help and that my 
advisor had assigned this work because I was expected to 
be able to do it. You would think that since I was doing 
well in my classes I would not question my capacity, but 
you would be wrong. Impostor syndrome has wonderful 
ways of sneaking up on you when you least need it. It was 
a very long and short week. I cried a lot and worked a lot. 
I made a lot of mistakes that week, but none greater than 
isolating myself. Neither my friends, professor, family, nor 
my then-boyfriend knew I was going through this. I was too 
ashamed to admit that this was hard, and I was struggling.

By the next Wednesday meeting, I had a very terrible 
version of what my advisor and collaborator had been 
describing—pretty much a cartoon of what they wanted. I 
was so ashamed and nervous to show the program to my 
advisor. I was sure he was going to drop me as a student. 
Much to my surprise, when I presented my progress, they 
were both impressed and told me what I could change to 
make it better.

I have learned since then that research is not like a class 
and that research progress is just that: progress. It’s not an 
assignment that you are supposed to finish from week to 
week. But more importantly than that, I have learned to ask 
for help, to admit when I am struggling, and to lean on my 

Having to work so hard that semester and develop a thick 
skin for feeling stupid all the time in a math course really 
helped me in my career. I don’t think mathematics was 
ever “easy’’ for me again after I got to college; it was always 
a struggle. College math courses were all hard, graduate 
school was hard, and researching and writing my thesis 
was hard, too. But at each step, it was a struggle that I loved 
working through. I didn’t mind being stuck and feeling 
dumb. I knew I could get through it if I kept plugging away. 
In today’s language, I would say that I was lucky to have 
formed a “growth mindset’’ about learning math—I was 
willing to work on hard problems to find success—rather 
than a “fixed mindset,’’ where I judged myself harshly when 
I didn’t know something. To this day, I still benefit from 
this mindset, and I’ve basically made a career out of trying 
new things that I don’t know anything about. It’s in the 
process of making mistakes and figuring out how to make 
progress where the real fun begins.

Credits
Author photo is courtesy of Laura Taalman.

The Unnecessary Struggle 
of Self-Mandated Isolation

Alicia Prieto-Langarica

Graduate school is hard. Most people will agree with that 
statement. However, what makes graduate school hard 
can vary from student to student. I was very fortunate to 
be immersed in mathematics from a very young age. I was 
a participant in the Mathematical Olympiad since the age 
of thirteen. Throughout my time at the Olympiads, I was 
exposed to formal mathematics, the kind that one learns 
in most undergraduate programs. The Math Olympiad 
training sessions were demanding and many times very 
hard. After high school, I was admitted to one of the most 

Laura Taalman
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Persistence in Equity Oriented Teaching,” Nicole Louie 
describes what she calls the “culture of exclusion” in the 
mathematics classroom:

The restrictive and hierarchical culture that has 
historically dominated American mathematics 
education limits all students’ access to rich and 
meaningful mathematics learning experiences 
and further limits many students’ opportunities 
to develop identities as mathematically capable 
learners and thinkers.

One of my first memorable experiences with the culture 
of exclusion in the mathematical sciences happened in my 
transition from middle school to high school. My mother, 
being the proactive mom that she was, engaged me early 
on in extracurricular activities around mathematics and 
science.  For instance, she enrolled me in a science-themed 
summer program in elementary school. Later, when I was 
in middle school, she got me involved in the Mathematics, 
Engineering, Science Achievement (MESA) Program. The 
summer after I took pre-algebra in eighth grade, my mom 
placed me in a self-paced algebra class that was offered at a 
local college and taught by a college instructor. I struggled 
through the course the entire summer and suffered the 
experience of always being the slowest one, but I survived 
the long days in class and the long bus rides home. When I 
went to my high school for the first time to meet my guid-
ance counselor, who happened to be a middle-aged white 
person, he looked first at me, then at my record, and placed 
me into pre-algebra again. Despite my summer spent learn-
ing algebra, he convinced me that it was in my own best 
interest to repeat the pre-algebra course. My mother, on the 
other hand, upon learning about my schedule, marched up 
to the school the next day to demand that I be placed in 
the appropriate mathematics class—algebra.

It wasn’t until I was an adult that I was able to reflect on 
the significance of this experience. If I hadn’t been given the 
opportunity to take algebra as a freshman, I wouldn’t have 
been able to take calculus in high school, and I’m not sure 
where I would be today. I’m sure it’s possible that I would 
still have gone on to become a mathematician, but I would 
have followed a different path with more obstacles. What’s 
of much bigger concern to me, though, is the realization 
that there have been many other students, like me, who 
were placed in mathematics courses below their ability level 
by this same counselor or by other staff in similar positions 
of power. These gatekeepers were unintentionally (or per-
haps intentionally) underserving the education of so many 
students. Multiply that number across all the high schools 
in my home town of Sacramento, the state of California, 
and the country, and the impact is staggering.

My high school was a public one and was exposed to its 
share of violence; more than a handful of my peers were 
victims of gun violence and the prison-industrial complex. 
For these students, having greater access to mathematics 

professors and peers. Because—you want to know a secret? 
Everybody struggles. Even when you see them doing well 
in class, or publishing papers, or succeeding in any way, 
that success was most probably built on tears and sweat.

Currently all my research projects are collaborations. 
Even most of my undergraduate student research happens 
in groups of students that I advise. I work with a wide 
variety of researchers and students in many different disci-
plines. We take advantage of each others’ strengths to make 
up for each others’ weaknesses. Many of my collaborators 
have also become my friends and they advise me in other 
areas of my professional life, such as teaching, mentoring 
students, and university service. I am (mostly) not ashamed 
of asking for help now or admitting that I don’t understand 
something. My collaborators make me a better researcher, 
and I hope that my students learn about the power of col-
laboration as I have.

Credits
Author photo is courtesy of Alicia Prieto-Langarica.

A View of Mathematics 
from Behind the Veil

Robin Wilson

If we think of mathematics as a neutral science that is 
free of bias, it might be hard to comprehend how there is 
any other explanation for some groups’ lack of success in 
mathematics other than the fact that they are less capable. 
But when we investigate how privilege plays out over the 
course of history, over one’s lifetime, and over the course of 
one’s day, we can see how one can be placed in a position 
to either access or be denied access to an equal chance at 
participation in society.  And societal participation includes 
participation in the mathematical community. In her 2017 
Journal for Research in Mathematics Education article “The 
Culture of Exclusion in Mathematics Education and its 
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exposed to the same opportunities that many of my peers 
and classmates in high school and college had access to.  
In some ways, it’s as if my experience in mathematics has 
taken place behind a “veil,” to borrow a phrase from W. E. B. 
Du Bois as it was articulated in his 1903 book Souls of Black 
Folk. For Du Bois, the veil is a reference to the experience 
of Blacks in America in which there is a world that they 
can see and are in many ways a part of but cannot access 
in the same way as their white American counterparts. The 
veil takes many forms. It appears as the metaphor of the 
glass ceiling for women and the bamboo ceiling for Asian 
Americans. As Howard Winant explains in his 2004 article 
“The New Politics of Race: Globalism, Difference, Justice,” 
“For Du Bois the veil not only confined and excluded Black 
people, but also protected them from at least some forms 
of white violence and domination.” He goes on to say 
that as a consequence of this double-consciousness that 
is imposed by the presence of the veil, “the veil not only 
divides the individual self; it also fissures the community, 
nation, and society as a whole.’’ This metaphor plays out in 
the mathematical sciences as a fissure in the mathematical 
community that also passes beyond the community into 
the discipline itself.

For me, the repercussions of these experiences have been 
profound. My identity as a mathematician, how I see my 
role as a faculty member, how I relate to students, and how I 
relate to and socialize with others in the field are all shaped 
by these experiences. Now, as a full professor with little left 
to prove, I still find myself wondering from time to time 
what it would be like to experience a bit more entitlement 
around mathematics. I am still unsure of where I belong 
in relation to many of my peers. The impostor syndrome 
is still very real. And I often wonder what it would feel like 
to be able to participate in the discipline without it having 
to be so much of a struggle.

Credits
Author photo is courtesy of Tom Zasadzinski/Cal Poly Po-

mona.

early on could have made a very real difference in their 
lives. For many students today, the issue of access to quality 
mathematics instruction can literally mean life or death.

I have a very vivid memory of another incident that must 
have happened around my junior year of high school. I was 
at my school on a weekend, and when I walked past the 
cafeteria, I was surprised to find it full of people. I stopped 
to look through the window—I was trying to figure out 
what was going on inside. I didn’t recognize many of the 
people. I noticed that the students didn’t really reflect the 
entire demographic of our school, which was very diverse. 
After asking someone what was going on, I found out that 
it was a math competition! So, there I was, literally on the 
outside looking in. First, I wondered why I hadn’t been 
invited. Then, I felt glad that I wasn’t invited because I 
didn’t think I’d fit in or perform well anyway. It’s interest-
ing looking back on that experience from the perspective 
of a student who also may have been capable but was not 
invited into the math community at my high school. In 
addition to being denied access to a mathematical enrich-
ment activity, I was also denied the opportunity to network 
and build mathematical relationships with other students 
and teachers from across the metro area. What a perfect 
example of an experience in which a student may have 
been perfectly capable of performing well or excelling in 
a specific math community but was not invited into the 
room to even find out.

As an undergraduate, I was not invited into the math 
community by any students or faculty in the math depart-
ment at my own university, but I was included in the emerg-
ing scholars program community which operated in a 
different space. It was outside of the department, but at the 
same time, it provided a “safe passage’’ that we could take to 
get in and out of the math department space. Almost no one 
in the math department (except for those in the emerging 
scholars program, which was outside the math department) 
ever expressed the slightest interest or confidence in me 
or my abilities until the last week of my senior year when 
I handed in my honors thesis project. Then, almost as an 
afterthought, my advisor suggested I might be capable of 
succeeding in a graduate program. Looking back, I find it 
puzzling that I had never even heard of the Putnam exam 
until my fourth year of graduate school, and I probably 
learned about the Math Olympiad around the same time. 
I didn’t even know colleges had math clubs for students 
until I became a faculty member.  Instead, my “math club’’ 
was the peer group that I formed in the emerging scholars 
program, the community of role models and mentors that I 
met through attending the NAM Undergraduate MATHFest 
conferences, and the mathematicians that I discovered on 
my own by spending lots of time on the Mathematicians 
of the African Diaspora website in order to find my own 
role models to look up to.

Things turned out all right for me in the end, but I 
wonder how different things might have been if I had been 

Robin  Wilson
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When I entered graduate study at Princeton, I brought 
my study habits (or lack thereof) with me. At the time in 
Princeton, the graduate classes did not have any home-
work or tests; the only major examination one had to pass 
(apart from some fairly easy language requirements) were 
the dreaded “generals’’—the oral qualifying exams, often 
lasting over two hours, that one would take in front of 
three faculty members, usually in one’s second year. The 
questions would be drawn from five topics: real analysis, 
complex analysis, algebra, and two topics of the student’s 
choice. For most of the other graduate students in my year, 
preparing for the generals was a top priority; they would 
read textbooks from cover to cover, organise study groups, 
and give each other mock exams. It had become a tradition 
for every graduate student taking the generals to write up 
the questions they received and the answers they gave for 
future students to practice. There were even skits performed 
(with much gallows humor) on hypothetical general exams 
with a “death committee’’ of three faculty that were partic-
ularly notorious for being harsh on the examinee.

I managed to brush off almost all of this. I went to the 
classes that I enjoyed, dropped out of the ones I did not, 
and did some desultory reading of textbooks but spent an 
embarrassingly large fraction of my early graduate years 
messing around online (having discovered the World Wide 
Web in my first year) or playing computer games until late 
at night at the graduate dormitory computer room. For 
my general topics, I chose harmonic analysis—which I 
had studied for my master’s degree back in Australia—and 
analytic number theory. Feeling that analysis was my strong 
suit, I only spent a few days reviewing real, complex, and 
harmonic analysis; the bulk of my study, such as it was, 
was devoted instead to algebra and analytic number theory. 
All in all, I probably only did about two weeks’ worth of 
preparation for the generals, while my fellow classmates 
had devoted months. Nevertheless, I felt quite confident 
going into the exam.

The exam started off reasonably well, as they asked me 
to present the harmonic analysis that I had prepared, which 
was mostly material based on my master’s thesis and specif-
ically on a theorem in harmonic analysis known as the T(b) 
theorem. However, as they moved away from that topic, 
the shallowness of my preparation in the subject showed 
quite badly. I would be able to vaguely recall a basic result 
in the field, but not state it accurately, give a correct proof, 
or describe what it was used for or connected to. I have a 
distinct memory of the examiners asking easier and easier 
questions, to get me to a point where I would actually be 
able to give a satisfactory answer; they spent several min-
utes, for instance, painfully walking me through a deriva-
tion of the fundamental solution for the Laplacian. I had 
enjoyed playing with harmonic analysis for its own sake 
and had never paid much attention as to how it was used 
in other fields such as PDEs or complex analysis. Presented, 
for instance, with the Fourier multiplier for the propagator 

A Close Call: How a 
Near Failure Propelled 
Me to Succeed

Terence Tao

For as long as I can remember, I was always fascinated by 
numbers and the formal symbolic operations of mathe-
matics, even before I knew the uses of mathematics in the 
real world. One of my earliest childhood memories was 
demanding that my grandmother, who was washing the 
windows, put detergent on the windows in the shape of 
numbers. When I was particularly rowdy as a child, my 
parents would sometimes give me a math workbook to 
work on instead, which I was more than happy to do. To 
me, mathematics was an activity to do for fun, and I would 
play with it endlessly.

Perhaps because of this, I found my mathematics classes 
at school to be easy—perhaps too easy—even after skipping 
a number of grades. If a lecture was on a topic I found in-
teresting, I would use the class time to experiment with the 
material, perhaps finding alternate derivations of some step 
the teacher did on the board, or to plug in some numbers 
to try out special cases and look for patterns. If instead I 
found the topic to be dull, I would doodle like any other 
bored student. In either case, I did not take particularly 
detailed notes, nor did I ever develop any systematic study 
habits. I would be able to improvise my way through my 
homework and exams, for instance, by cramming through 
the textbook a few days before a final exam and perhaps 
playing a bit more with the parts of the class material that 
I really liked. It tended to work fairly well all the way up 
to my undergraduate classes. The courses that I enjoyed, I 
aced; classes that I found boring, I only barely passed, or 
(in two cases) failed altogether. (One class was a FORTRAN 
programming class in which I had refused to learn FOR-
TRAN on the grounds that I already knew how to program 
in BASIC; the other was a quantum mechanics class in 
which we were warned well ahead of time that the final 
exam would require us to write a short essay on the history 
of the subject, which I totally ignored until the day of the 
exam, during which I still recall having to be escorted from 
the examination room in tears.) Despite this, I ended up 
graduating from my university with honors at the top of 
my class—but it was a small university with a tiny honors 
program, and in fact, there were only two other honors 
students in mathematics in my year!
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My Journey from 
Slippery Rock to Duluth

Joseph Gallian

My journey from Slippery Rock State College in Pennsyl-
vania in 1966 to the University of Minnesota Duluth in 
1972 had quite a few twists and turns. In 1966, I received 
TA offers from Minnesota, Kansas, Purdue, and Michigan 
State. About a week before the deadline for accepting offers, 
I selected Minnesota. A few days later, Kansas called to ask 
me if I would be willing to come to KU on a five-year NASA 
Fellowship. I was delighted to accept.

Because the Rock was almost exclusively a school for 
the preparation of K–12 teachers, my course work there 
did not adequately prepare me for graduate-level courses. 
Instead, I took courses intended for juniors and seniors. 
Fortunately, I had a charismatic abstract algebra teacher 
named Lee Sonneborn for both semesters. I was so en-
thralled with that course that I took an independent study 
course in permutation groups and participated in a weekly 
seminar on infinite group theory. By the middle of my 
second semester, I decided to do a PhD thesis on infinite 
groups under Sonneborn. This plan abruptly changed a few 
months later when Sonneborn moved to Michigan State. 
Disappointed, but not deterred, I decided that I would do 
a thesis with Dick Phillips, who was another infinite group 
theorist participating in the infinite group theory seminar. 
But it was not to be. In the fall of 1967, Phillips told me 
that he would be going to Michigan State the next year.

The departure of both of my potential thesis advisors 
prompted me to apply to grad school at Michigan State, 
Utah, Illinois, and Notre Dame, all of which had infinite 
group theorists. When I received a three-year fellowship 
from Notre Dame, I accepted. Shortly after arriving at 
Notre Dame, I approached the infinite group theorist about 
working with him. As luck would have it, he told me that 
this was his final year at Notre Dame. The next best option 
was to work with Warren Wong, who was one of hundreds 
of people working on the classification of finite simple 
groups. Wong agreed to take me on, but he said he would 
be on sabbatical the next year in New Zealand and I was 
welcome to join him there. This did not appeal to me and 
my wife, so I declined. That left me with three options: 
transfer, abandon group theory, or do a thesis with Karl 
Kronstein, whose only publication was on representations 
of finite groups, a subject about which I knew nothing. I 
opted for the last.

of the wave equation, I did not recognise it at all, and was 
unable to say anything interesting about it.

At this point, I was saved by a stroke of pure luck as 
the questioning then turned to my other topic of analytic 
number theory. Only one of the examiners had an exten-
sive background in number theory, but he had mistakenly 
thought I had selected algebraic number theory as my 
topic, and so all the questions he had prepared were not 
appropriate. As such, I only got very standard questions 
in analytic number theory (e.g., prove the prime number 
theorem, Dirichlet’s theorem, etc.), and these were topics 
that I actually did prepare for, so I was able to answer these 
questions quite easily. The rest of the exam then went fairly 
quickly as none of the examiners had prepared any truly 
challenging algebra questions.

After many nerve-wracking minutes of closed-door de-
liberation, the examiners did decide to (barely) pass me; 
however, my advisor gently explained his disappointment 
at my performance, and how I needed to do better in the 
future. I was still largely in a state of shock—this was the 
first time I had performed poorly on an exam that I was 
genuinely interested in performing well in. But it served as 
an important wake-up call and a turning point in my career. 
I began to take my classes and studying more seriously. I 
listened more to my fellow students and other faculty, and 
I cut back on my gaming. I worked particularly hard on all 
of the problems that my advisor gave me, in the hopes of 
finally impressing him. I certainly didn’t always succeed at 
this—for instance, the first problem my advisor gave me, I 
was only able to solve five years after my PhD—but I poured 
substantial effort into the last two years of my graduate 
study, wrote up a decent thesis and a number of publi-
cations, and began the rest of my career as a professional 
mathematician. In retrospect, nearly failing the generals 
was probably the best thing that could have happened to 
me at the time.

My write-up of my general exams experience is still avail-
able online. I have been told that it has been a significant 
source of comfort to the more recent graduate students at 
Princeton.
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In hindsight, I cannot imagine any of those other 144 
schools being a better fit for me.  I do not believe in destiny, 
but I do believe that good fortune often prevails when you 
keep up the struggle!

Credits
Author photo is courtesy of William Higgins.

In the summer of 1969, Kronstein gave me a research 
paper on a new concept called the “breadth of a finite 
p-group” to study. The paper had some nice results and 
an appealing conjecture that Kronstein thought could be 
attacked using group representations. After six months of 
learning some representation theory and trying to apply 
it to the breadth problem, I had made no progress. I was 
so discouraged that I called the Slippery Rock department 
head about the possibility of leaving Notre Dame with 
just a master’s degree and teaching there. He said he could 
not promise anything but encouraged me to stick it out 
at Notre Dame. I also talked to Kronstein about finishing 
the master’s degree and getting a job. He told me that it 
was not unusual for people to make little progress in the 
first six months of thesis work. I ended up compromising 
by not giving up on a PhD, but giving up a representation 
theory approach to the breadth problem. In short order, I 
began to make substantial progress on the problem, and I 
even came up with an unrelated problem of my own that 
led to published results that generalized several well-known 
theorems on finite p-groups.

From then on, everything went smoothly until I applied 
for jobs in January 1971. Prior to 1971, Notre Dame PhDs 
had done well on the job market, but two things converged 
in 1971 to change employment opportunities dramatically. 
During the 1960s, the U.S. responded to the Cold War and 
the Russian success in putting satellites and people in space 
by pumping an enormous amount of funding into graduate 
study in STEM fields (indeed, my KU and ND fellowships 
were part of this). At the same time, men could avoid the 
military draft for the Vietnam War while in college. These 
had the effect of funneling large numbers of people into 
PhD programs. Although everyone knew a bad job market 
was coming, it was not clear exactly when and how hard 
it would hit. The effect on me was that the 25 or so job 
applications I sent out in January did not generate a single 
response. So, it appeared I would be an unemployed new 
PhD in the fall of 1971. To my great relief, Notre Dame 
offered me a one-year postdoc.

In December of 1971, I sent job applications to 145 
schools. By March, only four had expressed some interest, 
and none of these four offered me a job interview. In May, 
Notre Dame once again rescued me by offering another 
one-year postdoc. To this day, I shudder to think of how 
my career would have gone without those postdocs.

A few weeks later, I received a call from the University 
of Minnesota Duluth saying that a person who had just 
accepted a position there decided to stay where he was, 
and they asked if I was still interested in their job. I said 
that I was sure that Notre Dame would be happy to release 
me from the postdoc if I received an offer (which I con-
firmed the next day). About a week later, I interviewed at 
UMD and, a month later, accepted an offer. Forty-six years 
later, I am still teaching, writing, and engaging students in 
research.

Joseph Gallian
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Jean-Marc Fontaine
(1944–2019)
Pierre Berthelot, Luc Illusie, Nicholas M. Katz,
William Messing, and Peter Scholze

Jean-Marc Fontaine passed away on January 29, 2019. For
half a century, and up until his very last days, he devoted
his immense talent and energy to the development of one
of themost powerful tools now available in number theory
and arithmetic geometry, 𝑝-adic Hodge theory. His work
has had and will continue to have a tremendous influence.
It has many deep applications. With the following texts,
we would like to express our admiration, gratitude, and
friendship.

Jean-Marc was born on March 13, 1944, in Boulogne-
Billancourt, a city located in the southwest suburbs of Paris.
Boulogne-Billancourt was then mainly known as hosting
one of the biggest car plants in France, and as a labor union
stronghold. However, Jean-Marc’s family background was
different. Close to the Christian Democratic movement,
his father, André Fontaine, was a very influential journal-
ist and historian, specialist on the Cold War. He worked
from 1947 to 1991 for the well-known daily newspaper
Le Monde, where he served in particular as editor-in-chief
(1969–85) and director (1985–91).

Jean-Marc himself had a natural taste for intellectual de-
bates, and very independent judgement. In most cases, his
point of view was original, sometimes almost provocative.

This is already apparent in the choices hemadewhen he
was a student at École Polytechnique, from 1962 to 1965.
Indeed, high-level teaching and research in mathematics
were still somewhat undeveloped at École Polytechnique
in the late fifties. However this began to change with the
appointment of Laurent Schwartz as a professor in 1958.

Communicated by Notices Associate Editor William McCallum.
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Figure 1. Jean-Marc Fontaine during a visit to China, standing
next to a modern copy of the “Lantingji Xu”.

In just a few years, Schwartz succeeded in creating an active
mathematical research center, and became very influential
among the students who wanted to specialize in mathe-
matics. It is no surprise that many chose a thesis topic
in analysis. However, Jean-Marc became more interested
in number theory, and it is by attending the lectures of
Charles Pisot that he found his path towards mathemati-
cal research.

Pisot was Jean-Marc’s advisor for two years. In Decem-
ber 1967, Jean-Marc gave a lecture at the Delange–Pisot–
Poitou seminar on ramification for local field extensions
[1]. Jean-Pierre Serre was very positively impressed. He
got in touch with Jean-Marc, and, as a thesis topic, he pro-
posed his conjecture on the rationality of Artin represen-
tations of local fields. Jean-Marc proved the conjecture
pretty rapidly and defended his thesis in 1972 [2]. Then,
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with the encouragement of Serre, he began to develop a
program for a systematic study of 𝑝-adic representations
of Galois groups of local fields, and this is where the story
of Fontaine rings begins.

Jean-Marc Fontaine

Nicholas M. Katz
I first met Jean-Marc Fontaine and his family in the early
1970s. Our first children were born the same year (1974),
and they remain friends to this day. In the following years
we made several family visits to them in Grenoble, and
hadmany dinners together whenwewere at IHES and they
were in Paris.

Let me say a few words about some of the mathemat-
ics we owe to Jean-Marc. His work is described in detail
in the articles of Berthelot and Scholze, but I want to give
a “baby” version of one part, and a reminiscence of the
impact it had. From the early 1970s, Jean-Marc was fasci-
nated by Grothendieck’s “mysterious functor.” Recall the
background of this.

Tate in 1966 had shown that a 𝑝-divisible group Γ over
the ring of integers, (e.g., ℤ𝑝) of a local field (e.g., ℚ𝑝)
was determined by its Galois representation (the action of
𝐺𝑎𝑙(ℚ𝑝/ℚ𝑝) on the Tate module formed from the 𝑝-power

torsion points of Γ(ℚ𝑝)). On the other hand, Messing, car-
rying out an idea of Grothendieck, had shown that for 𝑝 >
2, such a Γwas determined by a filtration of theDieudonné
module of the special fibre Γ𝔽𝑝 , a 𝑝-divisible group over 𝔽𝑝.
The “mysterious functor” was to pass between the Galois
representation and the filtered Dieudonné module. The
mystery was how to do this without invoking Γ. When, for
example, Γ is the 𝑝-divisible group of an abelian variety
𝐴/ℚ𝑝 with good reduction (i.e., an abelian scheme 𝔸/ℤ𝑝),
then the Galois representation is the 𝑝-adic étale cohomol-
ogy group 𝐻1

ét of 𝐴ℚ𝑝
, while the Dieudonné module is the

de Rham cohomology group 𝐻1
dR of 𝔸/ℤ𝑝. So more gen-

erally, the “mysterious functor” was to pass between the
𝑝-adic étale cohomology and the filtered de Rham coho-
mology of (eventually quite general) varieties over local
fields of mixed characteristic (0, 𝑝).

At the Journées de Géométrie Algébrique de Rennes in
1978, Jean-Marc astounded all of us by introducing his
“Barsotti-Tate rings,” which, he showed, realized the “mys-
terious functor” in the case of 𝑝-divisible groups. This not
only solved an existing problem, but was a revolution in

Nicholas M. Katz is a professor of mathematics at Princeton University, Prince-
ton, New Jersey. His email address is nmk@math.princeton.edu.

how to think about such problems. Further development
of his ideas led to more general rings of this type, which
are some of the fundamentals of 𝑝-adic Hodge theory, but
this was the starting point.

I refer to Illusie’s piece for his keen insight into Jean-
Marc as a colleague and as a courageous human being. It
was an honor to have known Jean-Marc. He will be sorely
missed.

Nicholas M. Katz

Remembering Jean-Marc

Luc Illusie
I amnot sure when Imet Jean-Marc for the first time. It was
probably at his 1972 thesis defense, which was directed by
Serre, about the rationality of Artin representations. That
summer we both attended the Antwerp summer school on
modular forms, and two years later we were both at the
AMS Summer Institute on Algebraic Geometry, in Arcata.
I also attended his Cours Peccot at Collège de France in
1975. After his thesis, Jean-Marc took a position at Greno-
ble. In 1988, Jean-Marc moved to Orsay, where he was a
professor until his retirement in 2009, when he became
emeritus.

His Cours Peccot was about the classification of 𝑝-
divisible groups over local fields. He was fascinated by
questions of Grothendieck about 𝑝-divisible groups and
the “mysterious functor” relating de Rham cohomology
and 𝑝-adic cohomology of varieties over local fields. At
that time, no one had the slightest idea of how to proceed,
or even how to formulate precise conjectures. Jean-Marc

Luc Illusie is a retired professor of mathematics at Université Paris-Saclay, Or-
say, France. His email address is luc.illusie@wanadoo.fr.
This text is the translation by Nicholas M. Katz of a slightly edited version of
the eulogy delivered by the author at Jean-Marc Fontaine’s funeral on Febru-
ary 5, 2019, which appeared in the October 2019 issue of La Gazette des
Mathématiciens, and is translated and published here by permission. The au-
thor is very grateful to Nick Katz for the translation of his piece, and thanks
the editors of the Gazette for granting the Notices permission to include this
translation.
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Figure 2. Jean-Marc Fontaine with Michel Raynaud
(Conference in honor of L. Illusie, IHES, 2005).

devoted himself to this, and over the next years constructed
an elaborate algebraic formalism in which the conjectures
could be formulated, and which eventually led to their
complete solution. His formalism, based on the construc-
tion of certain rings called “period rings” which now bear
his name, was at first received with a combination of skep-
ticism and fear. It became the pillar of 𝑝-adic Hodge the-
ory. His rings play a central role in present-day arithmetic
geometry. Over the past twenty years, they have had many
spectacular applications, featuring in the work of Taylor–
Wiles on Fermat, and of Khare–Wintenberger on Serre’s
modularity conjecture.

Throughout my career, I have been closely involved
with Jean-Marc, not only at Orsay but also as we traveled
together all around the (mathematical) world: Europe, the
US, India, China, Japan. Let me say a few words about his
arrival at Orsay in 1988. It brought us a breath of fresh air,
a renewed sense of energy. Together with Raynaud, Win-
tenberger1 (who had himself just arrived at Orsay), Perrin-
Riou, Kato (who was visiting Orsay), and Mazur, who
was visiting IHES, Jean-Marc organized a seminar at IHES
on “𝑝-adic periods.” There was great enthusiasm about
the “semistable conjecture”2 𝐶𝑠𝑡 of Jean-Marc and Jannsen.
The geometric formulation of 𝐶𝑠𝑡, following work of Hy-
odo and Kato, led to new subjects of research, in particu-
lar what is now called logarithmic geometry.3 The book

1Sadly deceased on January 23, 2019.
2It was fully proven some twelve years later by Tsuji.
3In fact, logarithmic geometry was born in a conversation Jean-Marc and I had

Périodes 𝑝-adiques, Astérisque 223, which grew out of the
seminar, remains today a basic reference for 𝑝-adic Hodge
theory.

The 1990s were also rich in new developments: work
of Jean-Marc and Perrin-Riou on Bloch–Kato, formula-
tion of the Fontaine–Mazur conjecture, a “𝑝-adic semester”
at IHP in spring 1997 co-organized with Berthelot, Kato,
Rapoport, and me and devoted in particular to work of
Tsuji and Faltings on 𝑝-adic comparison theorems.

Let me now turn to Jean-Marc’s interaction with China.
After going to Beijing to give an invited talk at the 2002
ICM, Jean-Marc thought it was the right time to start a
cooperative program with China in arithmetic geometry.
This was realized by a chaired professorship of arithmetic
geometry at Tsinghua University which ran from 2003 to
2006, of which Jean-Marc was the first. He convinced sev-
eral of his Orsay colleagues (including me) to go teach at
Tsinghua, to give a solid foundation to students who were
both talented and anxious to learn. Each year, some of
the best were chosen to come to Orsay or ENS to write a
thesis. Many then returned to China to hold permanent
academic positions. They became the “dorsal fin” of arith-
metic geometry in China. Jean-Marc was the guiding spirit
of this cooperation, to which he devoted all his energy un-
til he fell ill in 2016. In an article published this past Jan-
uary 30 by the Chinese Mathematical Society, Yi Ouyang
(who gave us invaluable assistance in Beijing, andwhowas
a coauthor with Jean-Marc of an introductory book on 𝑝-
adic Hodge theory) wrote a moving tribute4 to Jean-Marc.
Miaofen Chen, who had been our student in Tsinghua in
2004, and is now a professor at ECNU in Shanghai, made
a video, together with former classmates, in Jean-Marc’s
honor in December of 2018.

Jean-Marc was extremely generous. He loved to convey
his ideas and his vision of mathematics. This was of great
benefit to his students, especially Wintenberger, Colmez,
and Breuil, each of whom went on to contribute enor-
mously to both his work and its influence.

Verymuch likeMichel Raynaud, whomwe lost inMarch
of 2018, Jean-Marc did not care for honors, and never
spoke of those he had received (invited speaker at the 1983
ICM in Warsaw and the 2002 ICM in Beijing, Prix Petit
d’Ormoy, Carrière et Thébaut in 1984, Gay-Lussac Hum-
boldt Prize in 2002, election to the Académie des Sciences
in 2002).

Let me end on a personal note. Jean-Marc loved to
argue about all sorts of things. At the Orsay dining
hall, or around the coffee machine, we would have long

in July 1988, on the train taking us to Oberwolfach.
4This tribute is essentially reproduced in Ouyang’s piece “The China legacy
of Jean-Marc Fontaine” in the October 2019 issue of La Gazette des
Mathématiciens.
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discussions. I could barely state an opinion before Jean-
Marc objected; often he was right. But in November 2017,
after his major surgery, I noticed a change. We were both
in Padova, each giving a course. He knew his way around
the back streets; I did not. On rainy nights we would go
by means of narrow, winding, poorly lit streets to a good
restaurant he knew. When we got there he wouldn’t eat
much but we talked for a long time. And we agreed on
everything. It was a bad omen.

Right up to the end, Jean-Marc fought valiantly against
the disease which was destroying his body. In March of
2016 I was in Taipei, and suggested Jean-Marc to Chia
Fu Yu, who then invited him to come give a course. He
accepted, but had to postpone coming several times, be-
cause of his operation and its ensuing complications. He
finally went in October of 2018, despite his cancer having
returned with a vengeance. With incredible stoicism, he
gave three two-hour lectures, before having to be rushed
home.

In our last conversations, we talked as though every-
thing were normal—about math, about current events,
about music, about Schoenberg’s La nuit transfigurée, a fa-
vorite of his. Some mathematical things he cared deeply
about were the re-edition, with errata and addenda, of the
book Périodes 𝑝-adiques, Astérisque 223; the publication of
his last article,5 on almost 𝐶𝑝-representations; the publica-
tion of his book with Yi Ouyang; and the publication of
his work with Fargues on the “fundamental curve” in 𝑝-
adic Hodge theory. Of these, only the last, Astérisque 406,
was done in time for Jean-Marc to hold in his hands.

Luc Illusie

5This article has now appeared: Jean-Marc Fontaine, Almost 𝐂𝑝 Galois repre-
sentations and vector bundles, Tunis. J. Math. 2 (2020), no. 3, 667–732.
MR4041286.

Figure 3. Jean-Marc Fontaine in Cambridge (UK), with the
Messing and Berthelot families, after Wiles’s lectures on
Fermat (June 28, 1993).

Souvenirs de Jean-Marc

William Messing
I first encountered Jean-Marc on Monday, June 7, 1971
when he was sitting with Serre during the pot before Serre’s
Séminaire Bourbaki talk. I next encountered him on Mon-
day, June 5, 1972, again sitting with Serre, before Serre’s
Séminaire Bourbaki talk. I do not recall speaking to him
on either of these occasions. That summer, we both at-
tended the Antwerp Modular Forms of One Variable for
three weeks and we did discuss 𝑝-divisible groups a cou-
ple of times.

It was during the AMS Summer Institute in Algebraic
Geometry, held in Arcata in August 1974, that I really got
to know Jean-Marc. He was there with his first wife, Lau-
rence, and their infant daughter, Isabelle, and I discussed
with him our common interests in 𝑝-divisible groups, 𝑝-
adic Galois representations, and Grothendieck’s problem
of the “mysterious functor.” He attended my two lectures
and I was very impressed by his August 15 lecture, given
in the Serre–Tate seminar, Arithmetic, Formal Groups and
their Division Points.

I visited Berthelot and Breen in Rennes during the pe-
riod September–December 1976. In November 1976 I
flew from Rennes to Lyon, where Jean-Marc picked me up
at the airport and drove to his Grenoble apartment where
I spent a week staying with him, Laurence, and their three
daughters. The twins, Camille and Caroline, were infants

William Messing is a professor of mathematics at the School of Mathemat-
ics, University of Minnesota, Minneapolis, Minnesota. His email address is
messing@math.umn.edu.

AUGUST 2020 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1013

http://www.ams.org/mathscinet-getitem?mr=4041286


at the time. It was a terrific visit, both because of our
mathematical interaction and my getting to know both
him and Laurence as wonderful hosts and friends. Jean-
Marc was then a believing Catholic. I was surprised, as
the Frenchmathematicians whom I had known previously
were strongly anticlerical. He told me a wonderful story
about how in the past he had traveled with four priests
to Normandy, where they enjoyed a large sumptuous lun-
cheon on a Friday featuringMarmite Dieppoise, agneau de
pré-salé, camembert, and several trous normands. I asked
Jean-Marc about the priests eating meat on a Friday, and
he told me that he had asked them the same question and
their response was “The peasants refrain from eating meat;
the priests do not.” I was both amused and amazed with
this story, as he was in recounting it.

On Thursday and Friday, July 6 and 7, 1978, Jean-Marc
spoke at the Rennes conference, Journées de Géométrie
Algébrique de Rennes. Jean-Marc announced and outlined
his solution to the mysterious functor problem for abelian
varieties and 𝑝-divisible groups. To put it mildly, this was
a striking result and was, hands down, the highlight of the
conference. I spent the summer and autumn first at the
IHES and then in Rennes. Jean-Marc visited Rennes and
stayed at chez Berthelot for a week. The three of us talked
at length. I again visited Jean-Marc in Grenoble, staying
again with him and Laurence.

The Fontaine family spent the month of January 1980
visiting my wife, Rita, and me at UC Irvine. We had rented
a small bungalow for them on Balboa Island. Jean-Marc
and I began seriously working together during that month.
Let 𝑘 be a perfect field of characteristic 𝑝 > 0, let𝑊𝑛 be the
Witt vectors of length 𝑛 of 𝑘, and let 𝑆𝑛 = 𝑆𝑝𝑒𝑐(𝑊𝑛). He
told me that, with covering morphisms being flat, locally
complete intersections the functor assigning to a scheme
𝑋/𝑘, 𝐻0

𝑐𝑟𝑦𝑠(𝑋/𝑆𝑛) is a sheaf. I told him that this topology
had previously been considered by Mazur, who named
it the syntomic topology, and I gave Jean-Marc a copy of
Mazur’s unpublished notes on the syntomic topology. We
named this sheaf 𝒪𝑐𝑟𝑦𝑠

𝑛 . The next day, I gave Jean-Marc a
proof that if 𝑋𝑆𝑌𝑁 denotes the big syntomic site of the 𝑘
scheme 𝑋 , then we have a canonical isomorphism, com-
patible with the action of Frobenius, between 𝐻∗

𝑐𝑟𝑦𝑠(𝑋/𝑆𝑛)
and𝐻∗(𝑋𝑆𝑌𝑁 , 𝒪𝑐𝑟𝑦𝑠

𝑛 ). He was delighted and our work took
off.

The Messing family spent the period June–December
1980 abroad. Jean-Marc and I corresponded that summer
and, in particular, on August 19, I wrote the letter per-
mitting the formulation of the 𝐶𝑐𝑟𝑦𝑠 conjecture in Jean-
Marc’s Annals of Mathematics paper. In September, my
nine-year-old son, Charles, and I went to Rennes, where he
entered the école primaire near the Berthelot house. Each
afternoon, after school, he would play with the Berthelot

children, Katell and Erwan, until I picked him up and we
drove to our small apartment in Zup-Sud Rennes. Jean-
Marc visited Rennes and again stayed with the Berthelots.
We continued to work together.

During the Fall Semester 1983, I visited Jean-Marc in
Grenoble and stayed at the Institut Fourier tower where
there were a small number of apartments. Jean-Marc and
I discussed Dieudonné gauges. Jean-Marc was an Ord-
way Visitor at theMinnesotaMathematicsDepartment and
stayed at the Messing house November 12–December 11,
1984. We continued to work on 𝑝-adic comparison theo-
rems. He gave a series of lectures on Wintenberger’s the-
orem showing when 𝐾 is a characteristic zero, absolutely
unramified local field with perfect residue field of charac-
teristic 𝑝 > 0 and 𝑋/𝐾 is proper and smooth and has good
reduction, theHodge filtration on𝐻∗

𝑑𝑅(𝑋/𝐾) is canonically
split.

I saw Jean-Marc next at the conference for Tate’s sixti-
eth birthday at Harvard, in April 1985. Jean-Marc and I
worked intently at a blackboard for three days and then
Jean-Marc lectured on the comparison theorem we had
proven. The AMS conference Current Trends in Arith-
metic Algebraic Geometry was held in Arcata, August 18–
24, 1985. I gave four lectures on our joint work and our
paper was published in the proceedings of that conference.
Immediately after the conference, Jean-Marc came to our
house in Saint Paul, where he stayed a week and gave a
beautiful lecture on the Frey curve and Serre’s strategy for
proving Fermat’s Last Theorem. Shortly after, I returned to
Grenoble, where I again spent the Fall Semester. In addi-
tion to Jean-Marc’s presence, Kato was also a visitor and
this was when I first met him. Kato learned and immedi-
ately understood what Jean-Marc and I had done and saw
how to generalize some of our results. It was thrilling for
both Jean-Marc andme to see and learn from a youngmas-
ter.

Jean-Marc and I exchanged emails in November 2018. I
wrote to him on November 11 and he responded on No-
vember 22. Here are those letters:

Cher Jean-Marc,
Please permit me to write in English, as I want to be as pre-

cise as possible. Luc wrote and told me of your relapse and the
lack of hope for your recovery. I have recalled and reflected on
the more than forty-four years we have known each other, my
visits to you in Grenoble, your visits to me in both Irvine and
Minnesota. When I last saw you at the Gabber conference in
June, you seemed to be in good spirits and I was very happy
that you were a cancer survivor. Thus, I was shocked to learn
of the recurrence. I remember vividly the hospitality you and
Laurence extended to me in Grenoble and getting to know both
of you and your daughters. Later getting to know Hélène. I re-
member howmuch I learned from you, your incredible drive and
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work ethic and mathematical vision which reshaped the 𝑝-adic
landscape. I recall my interest in your Catholic faith, as most
mathematicians I knew were noncroyant. I remember too being
quite surprised when you told me, that you had stopped going
to Mass each week. Please let me know if there is anything that
Rita and I might do to aid and bring you solace.

Amitiés,
Bill

Dear Bill,
Sorry for being so slow to answer but I was too tired to write

anything reasonable. Thank you heartily for your message which
touched me deeply. Needless to say that, despite my bad temper,
it has been a pleasure to work with you. I know very well that our
joint work on 𝑝-adic comparison theorems has been the hardest
thing I ever contributed to and that, without you, I would have
had no chance to get into this kind of thing. That we did not
succeed to continue to work together is entirely my fault and I
regret it deeply. I also have a lot of nice souvenirs of when we
were together, in particular of your warm hospitality with Rita
in Minneapolis. Everything concerning my catholic faith seems
to me now as if it never existed. I am ready to die (even if I
would love to wait 20 more years!). I am neither interested or
frightened by what is going to happen after. I can not say the
same about what is going to happen before. I wish you, Rita
and your family a long, nice and peaceful life.

With all my affection,
Jean-Marc

Adieu Jean-Marc.

William Messing

A Quest for Rings

Pierre Berthelot
At the heart of Fontaine’s program for the study of 𝑝-adic
representations of Galois groups of local fields, Fontaine’s
rings have often be viewed as mysterious and highly im-
pressive objects. Yet, their construction has been the re-
sult of a very coherent strategy, initiated by Fontaine in
the early seventies, and regularly enriched with new view-
points and key results. In this survey, I would like to
put into perspective the main steps of these developments,
from the early contributions of Tate and Serre to the com-
plete solution of Fontaine’s conjectures some thirty years
later.

In the whole story, 𝑝 denotes a fixed prime number, and
𝐾 a local field6 of characteristic 0 and residue characteris-
tic 𝑝 (𝐾 is also called a 𝑝-adic field). Let 𝐾 be an algebraic
closure of𝐾, 𝐶 its completion,𝑂𝐾 ,𝑂𝐾 ,𝑂𝐶 the rings of inte-

gers in𝐾,𝐾,𝐶, and 𝑘 the residue field of𝑂𝐾 . When needed,
the result of a base change will be denoted by adding the
new base as a subscript.

The objects of interest here are the 𝑝-adic representa-
tions7 of the absolute Galois group 𝐺 = Gal(𝐾/𝐾). Let
me first recall a few important results already known in
the late sixties.

1. Hodge–Tate Representations
A simple example of a 𝑝-adic representation of 𝐺 ∶=
Gal(𝐾/𝐾) is given by the natural action of 𝐺 on the roots
of unity in 𝐾: use the transition maps 𝜇𝑝𝑛+1(𝐾) → 𝜇𝑝𝑛(𝐾)
given by elevation to the 𝑝th power to define

𝑇𝑝(𝜇) ∶= lim←−−
𝑛
𝜇𝑝𝑛(𝐾), 𝑉𝑝(𝜇) ∶= ℚ𝑝 ⊗ℤ𝑝 𝑇𝑝(𝜇).

Then 𝑉𝑝(𝜇) is a 1-dimensional ℚ𝑝-representation of 𝐺, de-
fined by the (𝑝-adic) cyclotomic character 𝜒 of𝐺. For any 𝑖 ∈
ℤ, we denote byℚ𝑝(𝑖) theℚ𝑝-representation of dimension
1 given by multiplication by 𝜒𝑖. If 𝐸 is aℚ𝑝-representation
of 𝐺, we denote by 𝐸(𝑖) the ℚ𝑝-representation 𝐸⊗ℚ𝑝 ℚ𝑝(𝑖),
and by 𝐸{𝑖} the subspace {𝑥 ∈ 𝐸 | ∀𝑔 ∈ 𝐺, 𝑔𝑥 = 𝜒(𝑔)𝑖𝑥}.

Pierre Berthelot is a retired professor of mathematics at Université de Rennes 1,
Rennes, France. His email address is pierre.berthelot@univ-rennes1
.fr.
This text is partly based on an unpublished report due to Luc Illusie. The author
thanks him heartily for letting him use that document.

6i.e., a complete discrete valuation field with perfect residue field.
7i.e., the finite-dimensional ℚ𝑝-vector spaces endowed with a continuous linear
action of 𝐺. We will often write simply “ℚ𝑝-representation.”
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Let 𝑉 be a ℚ𝑝-representation of 𝐺. Then the 𝐶-vector
space 𝐶 ⊗ℚ𝑝 𝑉 is endowed with a semilinear action of 𝐺,
and (𝐶⊗ℚ𝑝𝑉){𝑖} is a𝐾-subspace of𝐶⊗ℚ𝑝𝑉 . A fundamental
result of Tate on the Galois cohomology of 𝐶 implies that
the 𝐺-equivariant map

𝜀 ∶⨁
𝑖
𝐶 ⊗𝐾 ((𝐶 ⊗ℚ𝑝 𝑉){𝑖}) → 𝐶 ⊗ℚ𝑝 𝑉

is injective (see [Serre, MR0242839] and [Tate,
MR0231827]). One says that 𝑉 is a Hodge–Tate represen-
tation if 𝜀 is an isomorphism. The integers 𝑖 for which
(𝐶 ⊗ 𝑉){𝑖} ≠ 0 are then called the Hodge–Tate weights of
𝑉 .

Let 𝐻 = ⋃𝑛𝐻[𝑛] be a 𝑝-divisible group8 of height ℎ
over𝐾,𝐻[𝑛] denoting the kernel ofmultiplication by 𝑝𝑛 in
𝐻. The above construction can be repeated using the sub-
groups 𝐻[𝑛] in place of the 𝜇𝑝𝑛 ’s. This gives the Tate mod-
ule 𝑇𝑝(𝐻) and the associated 𝑝-adic representation 𝑉𝑝(𝐻)
of 𝐺, of dimension ℎ.

A natural question is then: is 𝑉(𝐻) a Hodge–Tate rep-
resentation? When 𝐻 has good reduction over 𝑂𝐾 , i.e., is
the generic fiber of a 𝑝-divisible groupℋ on 𝑂𝐾 , Tate gave
a positive answer by constructing a 𝐺-equivariant isomor-
phism

𝑡ℋ′(𝐶) ⊕ [𝑡∗ℋ(𝐶) ⊗ 𝑉𝑝(𝜇)∨]
∼−→ 𝑉(𝐻)∨,

where ∨ denotes the 𝐶-valued dual, ℋ′ is the Cartier dual
of ℋ, and 𝑡 (resp., 𝑡∗) denotes the tangent (resp., cotan-
gent) space [MR0231827]. Using the semistable reduction
theorem [SGA7], Raynaud extended Tate’s proof to the case
of the 𝑝-divisible group 𝐻 = 𝐴[∞] defined by an arbitrary
abelian variety𝐴. In 1982, Fontaine gave another proof for
𝑝-divisible groups, using a completely different method
based on the study of the modules of absolute 1-forms of
𝑂𝐾 and 𝑂𝐾 [6].

When 𝐻 = 𝐴[∞], 𝑉(𝐻)∨ can classically be identified
with the first étale cohomology group 𝐻1

ét(𝐴𝐾 , ℚ𝑝). Tate’s
isomorphism can then be written

(𝐻1(𝐴,𝒪𝐴) ⊗𝐾 𝐶) ⊕ (𝐻0(𝐴,Ω1
𝐴) ⊗𝐾 𝐶(−1))
∼−→ 𝐶 ⊗ℚ𝑝 𝐻1

ét(𝐴𝐾 , ℚ𝑝).

Tate asked whether a similar decomposition might actu-
ally exist for any proper and smooth 𝐾-scheme, thus giv-
ing the first formulation of the Hodge–Tate decomposition
conjecture :

8i.e., a direct system of finite locally free commutative group schemes 𝐻[𝑛] over
𝑆, of rank 𝑝𝑛ℎ, such that the transition maps identify 𝐻[𝑛] with the kernel of
multiplication by 𝑝𝑛 on 𝐻[𝑛 + 1]. Following Grothendieck, 𝑝-divisible groups
are also called Barsotti–Tate groups.

Conjecture/Theorem 1 (𝐂𝐇𝐓). Let 𝑋 be a proper and smooth
scheme over 𝐾. For any 𝑛 ∈ 𝐍, there exists a canonical 𝐺-
equivariant isomorphism

⨁
𝑖+𝑗=𝑛

𝐻𝑗(𝑋,Ω𝑖
𝑋/𝐾) ⊗𝐾 𝐶(−𝑖) ∼→ 𝐶 ⊗ℚ𝑝 𝐻𝑛

ét(𝑋𝐾 , ℚ𝑝).

We’ll see later how this conjecture has been included
in the broader context of Fontaine’s conjectures. By anal-
ogy with the Hodge decomposition for the cohomology
of complex varieties, the subject became known as 𝑝-adic
Hodge theory.

2. The “Mysterious Functor”
Another major input for the development of 𝑝-adic Hodge
theory came from Grothendieck’s work on Dieudonné
theory for 𝑝-divisible groups (cf. his lecture at ICM70
in Nice [MR0578496] and his 1970 Montreal course
[MR0417192]).

Dieudonné theory was initiated by a series of articles
written by Dieudonné in the fifties. Their goal was to clas-
sify formal Lie groups over a perfect field 𝑘 of characteristic
𝑝 by some kind of (semi)linear data analogous to the Lie
algebra in characteristic 0. It has been developed by many
authors, in several flavors, covariant or contravariant, each
with its own hypotheses.

Over 𝑘, one of the most commonly used constructions
is due to Manin (see Manin [MR0157972] or Demazure
[MR0344261]). Let𝑊 = 𝑊(𝑘) = lim←−−𝑛

𝑊𝑛(𝑘) be the ring of

Witt vectors with coefficients in 𝑘 and let 𝜎 be its Frobenius
automorphism. For a finite unipotent 𝑝-group scheme Γ
over Spec(𝑘), Manin defines the Dieudonné module 𝑀(Γ)
by𝑀(Γ) ∶= 𝖧𝗈𝗆(Γ,𝕎), where𝕎 is the ind-group scheme
representing the “ring of Witt vectors functor.” Then 𝑀(Γ)
is a finitely generated torsion 𝑊 -module, endowed with
a pair of endomorphisms 𝐹, 𝑉 , respectively, 𝜎 and 𝜎−1-
semilinear, such that 𝐹𝑉 = 𝑉𝐹 = 𝑝 and𝑉 is nilpotent. The
functor Γ ↦ (𝑀(Γ), 𝐹, 𝑉) is an equivalence of categories.
By an inverse limit argument, it yields an equivalence be-
tween unipotent 𝑝-divisible groups and free finitely gen-
erated 𝑊 -modules endowed with 𝐹, 𝑉 as before, 𝑉 being
now topologically nilpotent. Finally, the theory can be ex-
tended to all finite or 𝑝-divisible 𝑘-groups using the canon-
ical decomposition of a 𝑝-group scheme on a perfect field
and Cartier duality.

Grothendieck’s interest in Dieudonné theory was mo-
tivated by the development of crystalline cohomology in
a relative situation, and by the possibility of using defor-
mation theory to go from characteristic 𝑝 to characteristic
0. His idea was that over a nonperfect base 𝑆, one should
replace the Dieudonné module of a 𝑝-divisible group 𝐻
by a Dieudonné crystal 𝔻(𝐻). This would provide a locally
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free finitely generated 𝒪𝑆′ -module 𝔻(𝐻)𝑆′ for any nilim-
mersion 𝑆 ↪ 𝑆′ defined by an ideal endowed with a suit-
able divided power structure,9 together with base change iso-
morphisms when 𝑆′ varies. For 𝑆 = Spec 𝑘, the datum of a
crystal on 𝑆 is equivalent to that of a 𝑝-adically complete
and separated 𝑊 -module, and 𝔻(𝐻) should give back the
usual Dieudonné module.

Grothendieck proposed two constructions of the crystal
𝔻(𝐻), which yield in addition a locally split monomor-
phism 𝜔𝐻 ↪ 𝔻(𝐻)𝑆, where 𝜔𝐻 is the module of
invariant differential forms on 𝐻. His program was
completed by Messing [MR0347836] (see also [Mazur–
Messing, MR0374150]), who proved in particular that if
the divided powers satisfy some nilpotency condition, the
datum of a 𝑝-divisible group 𝐻′ on 𝑆′ lifting 𝐻 is equiva-
lent to the datum of a locally split submodule ℒ ⊂ 𝔻(𝐻)𝑆′
lifting 𝜔𝐻 ↪ 𝔻(𝐻)𝑆.

Assume again that 𝐾 is a 𝑝-adic field with residue field
𝑘. Let 𝐾0 be the fraction field of 𝑊 , which is in a nat-
ural way a subfield of 𝐾. Using Messing’s theorem, one
gets that, up to isogeny, a 𝑝-divisible group 𝐻 over 𝑂𝐾 is
determined by the data of a 𝐾0-vector space 𝐸 endowed
with a 𝜎-semilinear automorphism 𝐹, and of a 𝐾-subspace
𝐿 ⊂ 𝐾 ⊗𝐾0 𝐸. It follows that the 𝑝-adic representation
𝑉(𝐻𝐾) is determined uniquely by the triple (𝐸, 𝐹, 𝐿). But
the converse is also true, as Tate proved in [MR0231827]
that the functor 𝐻 ↦ 𝐻𝐾 is fully faithful.

Then Grothendieck emphasized the following striking
fact. Using the theory of 𝑝-divisible groups on 𝑂𝐾 as an in-
termediate, we obtain a correspondence between two very
different kinds of data. However, both are described in
purely algebraic terms, without ever using the notion of
a 𝑝-divisible group, nor any other geometric construction.
This led him to ask in his ICM70 talk [MR0578496] the
following questions:

(1) Can one give a direct construction of the 𝑝-adic
representation 𝑉(𝐻𝐾) in terms of the data (𝐸, 𝐹, 𝐿), with-
out using 𝑝-divisible groups? Conversely, is there a direct
construction recovering the triple (𝐸, 𝐹, 𝐿) from 𝑉(𝐻𝐾)?

(2) Is there a higher dimension analogue of this corre-
spondence relating, for a proper and smooth 𝑂𝐾 -scheme
𝑋 , the 𝑝-adic representations 𝐻∗

ét(𝑋𝐾 , ℚ𝑝) with the crys-
talline cohomology spaces 𝐻∗

cris(𝑋𝑘/𝑊) ⊗𝑊 𝐾0 endowed
with their Frobenius action and a Hodge-type filtration?

9A divided power structure, or PD-structure, on an ideal 𝐽 is a family of oper-
ators on 𝐽, often denoted by 𝑥 ↦ 𝑥[𝑛], which behave “as the operators 𝑥 ↦
𝑥𝑛/𝑛! in characteristic 0” (see [MR0384804] or [MR0491705]). Endowed
with this extra structure, 𝐽 is called a PD-ideal. For example, for any ℤ𝑝-algebra
𝑅, the ideal 𝑝𝑅 has a canonical PD-structure given by (𝑝𝑥)[𝑛] = (𝑝𝑛/𝑛! )𝑥𝑛 for
all 𝑛 ≥ 1 and all 𝑥 ∈ 𝑅. We always require that a PD-structure on 𝐽 induce the
canonical PD-structure on 𝐽 ∩ 𝑝𝑅.

In 1970, these questions seemed to be completely inac-
cessible. Following Grothendieck, they were referred to as
the problem of the mysterious functor.

3. Dieudonné Theory Revisited
During a lecture at IHES10 in 2009, Fontaine pointed out
that he met Grothendieck only once: in 1972, during the
Antwerp Summer School onModular Functions. As is well
known,11 there could have been better circumstances for
an introduction to the problem of the mysterious functor.
Fortunately, Serre took over: he shared with Fontaine his
interest in these questions, and he convinced him to work
on their solution.

Fontaine’s strategy unfolded progressively. Its first step
was to revisit completely the previous results about the
classification of finite 𝑝-groups and 𝑝-divisible groups over
𝑘 and 𝑂𝐾 . More specifically, Fontaine’s goal was to make
as explicit as possible the construction of a quasi-inverse
functor retrieving the initial 𝑝-divisible group from the
classifying data.

Over 𝑘, Manin’s construction of the Dieudonné mod-
ule has an unpleasant feature: in order to define the
Dieudonné module of an arbitrary 𝑝-divisible group 𝐻,
one must decompose 𝐻 as the product of its unipotent
and multiplicative components and give an ad hoc defi-
nition for each of the two components. Fontaine looked
for an alternate definition that would unify the treatment
of the two cases. His solution was to modify a construc-
tion of Barsotti and to use the sheaf of Witt covectors. If 𝑅
is a 𝑘-algebra, define

𝐶𝑊(𝑅) = {
(… , 𝑎−𝑖, … , 𝑎−1, 𝑎0) | 𝑎−𝑖 ∈ 𝑅,

∃ 𝑟 > 0 such that
the ideal (𝑎−𝑖)𝑖≥𝑟 is nilpotent

} .

Let 𝐷𝑘 be the Dieudonné ring, generated by 𝑊 and by
elements 𝐹, 𝑉 , with relations 𝐹𝑉 = 𝑉𝐹 = 𝑝, 𝐹𝑎 =
𝜎(𝑎)𝐹, 𝑉𝜎(𝑎) = 𝑎𝑉 for all 𝑎 ∈ 𝑊 . Then 𝐶𝑊(𝑅) has a func-
torial structure of left-𝐷𝑘-module.

Let 𝒜 be the category of finite 𝑘-algebras. Fontaine de-
fines the Dieudonné module of a finite 𝑝-group scheme 𝐻
as being the left 𝐷𝑘-module 𝒟(𝐻) = 𝖧𝗈𝗆(𝐻, 𝐶𝑊), where
𝖧𝗈𝗆 is the set of morphisms of group functors on 𝒜. If
𝑀 is a 𝐷𝑘-module of finite length as a 𝑊 -module, he
also defines a functor 𝒢(𝑀) on 𝒜 by setting 𝒢(𝑀)(𝑅) =
𝖧𝗈𝗆𝐷𝑘(𝑀, 𝐶𝑊(𝑅)). Then he proves that the functors 𝐻 ↦
𝒟(𝐻) and 𝑀 ↦ 𝒢(𝑀) are left adjoint functors, providing
an antiequivalence between the category of finite 𝑝-groups
over 𝑘 and the category of𝐷𝑘-modules of finite length over
𝑊 . Taking into account appropriate topologies allows him
to obtain similar results for 𝑝-divisible groups.

10Available at https://www.dailymotion.com/video/x8jeru.
11See for example [Jackson, MR2104915, p. 1201].
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At this point, Fontaine has recovered the main results
of classical Dieudonné theory over 𝑘, with an explicit de-
scription of a quasi-inverse functor 𝒢. Then he proceeds
with the classification of 𝑝-divisible groups over 𝑂𝐾 , first
up to isomorphism in the unramified case (for 𝑝 ≠ 2),
next up to isogeny in the general case. We cannot give
the details of his constructions here, but we would like
to emphasize a feature that will become the core of his
method for classifying 𝑝-adic representations: in order to
define a pair of functors relating two different categories
of algebraic structures, he constructs an object endowed
with both structures in a compatible way, and uses bifunc-
tors such as 𝖧𝗈𝗆 or ⊗ to get functors in both directions.
In the relation between finite 𝑝-group schemes over 𝑘 and
Dieudonné modules, this role is played by the family of
(ℤ𝑝, 𝐷𝑘)-bimodules 𝐶𝑊(𝑅). To give another example, we
now sketch briefly the correspondence between isogeny
classes of 𝑝-divisible groups over 𝑂𝐾 and triples (𝐸, 𝐹, 𝐿)
as considered by Grothendieck.

For any discrete ring 𝐴, let 𝐵𝑊(𝐴) be the additive group
of Witt bivectors12 with coefficients in 𝐴; the functor 𝐵𝑊
can be extended in a natural way to complete linearly
topologized rings. When 𝐴 is a 𝑘-algebra, 𝐵𝑊(𝐴) has
a natural structure of a 𝐷𝑘-module. Denote by Res(𝑂𝐶)
the set of families 𝑥 = (𝑥(𝑛))𝑛∈ℤ of elements of 𝑂𝐶 such
that (𝑥(𝑛+1))𝑝 = 𝑥(𝑛) for all 𝑛. One can endow Res(𝑂𝐶)
with a structure of 𝑘-algebra, complete for a linear topol-
ogy. Fontaine defines a 𝐾0-linear homomorphism 𝜃0 ∶
𝐵𝑊(Res(𝑂𝐶)) → 𝐶 by 𝜃((𝑥𝑛)𝑛∈ℤ) = ∑𝑛∈ℤ 𝑝𝑛𝑥

(𝑛)
𝑛 , and ex-

tends it by linearity as 𝜃 ∶ 𝐾⊗𝐾0 𝐵𝑊(Res(𝑂𝐶)) → 𝐶. Then
he endows 𝐾⊗𝐾0 𝐵𝑊(Res(𝑂𝐶))with the length 1 filtration
defined by Ker(𝜃), and constructs a 𝐺-equivariant isomor-
phism [3, V, Theorem 1]

𝑉(𝐻) ∼−→ {
𝑢 ∈ 𝖧𝗈𝗆𝐾0[𝐹,𝑉](𝐸, 𝐵𝑊(Res(𝑂𝐶)))

such that 𝑢𝐾(𝐿) ⊂ Ker(𝜃) } .

With these results, Fontaine answers Grothendieck’s
questions about the “mysterious functor” for 𝑝-divisible
groups. They were the topic of his 1975 Cours Peccot at
the Collège de France, and were published in 1977 as an
Astérisque volume [3]. However, the method used for 𝑝-
divisible groups could not suffice to construct the “mysteri-
ous functor” for varieties of any dimension, because it only
gives representations withHodge–Tate weights in {0, 1}. So
new ideas were again needed. . . .

4. Fontaine Rings I : 𝐁𝐇𝐓
In his quest for a correspondence relating the 𝑝-adic étale
and de Rham/crystalline cohomologies of algebraic vari-
eties over𝐾, Fontaine had a guideline: these cohomologies

12i.e., families (𝑥𝑛)𝑛∈ℤ satisfying the condition used above to define 𝐶𝑊(𝐴).

Figure 4. Jean-Marc Fontaine giving a lecture.

share some features, such as the Künneth formula or
Poincaré duality, and one could hope that the “mysterious
functor” would respect these structures. More precisely,
he wanted the functor to be an equivalence between two
Tannakian categories ,13 and to preserve the multiplicative
structures on both. He concluded that the “bistructured
objects” such as 𝐶𝑊(𝑅) or 𝐵𝑊(Res(𝑂𝐶)) used in the con-
struction of the “mysterious functor” for 𝑝-divisible groups
should be replaced by similar objects having a ring struc-
ture.

With his lecture at the 1978 Rennes conference [5],
Fontaine began to develop a very impressive program,
which is still at the heart of 𝑝-adic Hodge theory nowadays.
Let Rep(𝐺) be the category of finite-dimensional continu-
ous ℚ𝑝-representations of 𝐺. Fontaine’s strategy consists
of describing various Tannakian subcategories of Rep(𝐺)
by means of correspondences with other tensor categories
having as objects𝐾-vector spaces endowedwith some extra
structures (such as a graduation, a filtration, etc.). Let 𝒞 be
such a tensor category. In each case, the correspondence
is to be defined by an object of 𝒞 endowed with a commu-
tative 𝐾-algebra structure and a compatible 𝐺-action. For
such algebras, which he calls (ℚ𝑝, 𝐺)-rings, Fontaine uses
the generic notation 𝐵 (as a tribute to Barsotti), generally
enriched by some relevant abbreviation.

The algebra 𝐵 defines a functor 𝒟𝐵 ∶ Rep(𝐺) → 𝒞 by
setting, for any representation 𝑉 ∈ Rep(𝐺),

𝒟𝐵(𝑉) = (𝐵 ⊗ℚ𝑝 𝑉)𝐺 .

Let 𝐹 denote the 𝐾-algebra 𝐵𝐺. By adjunction, one gets a
canonical 𝐵-linear map

𝛼𝐵(𝑉) ∶ 𝐵 ⊗𝐹 𝒟𝐵(𝑉) → 𝐵 ⊗ℚ𝑝 𝑉.
Fontaine defines 𝐺-regular (ℚ𝑝, 𝐺)-rings by certain condi-
tions which insure in particular that 𝐹 is a field, and that
𝛼𝐵(𝑉) is injective for all 𝑉 . Assuming that 𝐵 is 𝐺-regular,
a representation 𝑉 is said to be 𝐵-admissible if 𝛼𝐵(𝑉) is an

13See [Deligne, MR0654325].
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isomorphism, or, equivalently, if dim𝐹 𝒟𝐵(𝑉) = dimℚ𝑝 𝑉 .
When 𝑉 is 𝐵-admissible, one says that 𝑉 and the object
𝒟𝐵(𝑉) of 𝒞 are associated (under the correspondence de-
fined by 𝐵).

As a first example, let us consider the Hodge–Tate ring
𝐵HT = 𝐶[𝑇, 𝑇−1]. On the one hand, it has an obvious
graded 𝐾-algebra structure. On the other hand, it can be
endowed with an action of 𝐺 by setting, for all 𝑔 ∈ 𝐺,

𝑔 ⋅ (∑
𝑖∈ℤ

𝜆𝑖𝑇 𝑖) = ∑
𝑖∈ℤ

𝑔(𝜆𝑖)𝜒𝑖(𝑔)𝑇 𝑖.

Then 𝐵HT is (ℚ𝑝, 𝐺)-regular, and aℚ𝑝-representation is 𝐵HT-
admissible if and only if it is a Hodge–Tate representation
as defined in our first section.

The notion of 𝐵-admissibility can be extended so as to
take into account finite extensions of the field 𝐾: a ℚ𝑝-

representation𝑉 of𝐺 = Gal(𝐾/𝐾) is said to be potentially 𝐵-
admissible if there exists a finite extension 𝐾′ of 𝐾 in 𝐾 such
that 𝑉 is 𝐵-admissible as a representation of Gal(𝐾/𝐾′).

5. Fontaine Rings II : 𝐁𝐝𝐑
In [7], [8], and [14], Fontaine constructs three new rings
which play a central role in his classification of 𝑝-adic rep-
resentations: 𝐵dR, 𝐵cris, and 𝐵st. We now sketch the con-
struction of the biggest one, 𝐵dR, which will control the 𝑝-
adic étale cohomology of general algebraic varieties over
𝐾.

The first step is to construct a “universal thickening”𝐴inf

of 𝑂𝐶 [14]. Note that the Frobenius endomorphism 𝐹 of
𝑂𝐶/𝑝 is surjective. We denote by 𝑂♭

𝐶 the ring defined by

𝑂♭
𝐶 ∶= lim←−−

𝐹
𝑂𝐶/𝑝.

If 𝑥 = (𝑥𝑛)𝑛≥0 is an element of 𝑂♭
𝐶 , and if, for all 𝑛 ≥ 0,

̂𝑥𝑛 ∈ 𝑂𝐶 is a lifting of 𝑥𝑛, then, for all 𝑚 ≥ 0, the se-

quence ̂𝑥𝑝
𝑛

𝑛+𝑚 converges towards an element 𝑥(𝑚) ∈ 𝑂𝐶
when 𝑛 → ∞. The elements 𝑥(𝑚) do not depend upon
the choice of the liftings ̂𝑥𝑛, and the mapping (𝑥𝑛)𝑛≥0 ↦
(𝑥(𝑚))𝑚≥0 allows one to identify𝑂♭

𝐶 with the set of families
(𝑥(𝑚))𝑚≥0 of elements of𝑂𝐶 such that (𝑥(𝑚+1))𝑝 = 𝑥(𝑚) for
all𝑚 ≥ 0. Using Teichmüller representatives, this provides
a 𝑘-algebra structure on 𝑂♭

𝐶 .
Fontaine defines a surjective 𝑊 -algebra homomor-

phism 𝜃0 ∶ 𝑊(𝑂♭
𝐶) → 𝑂𝐶 by setting, for a Witt vector

(𝑥𝑛)𝑛≥0 with coordinates in 𝑂♭
𝐶 ,

𝜃0((𝑥𝑛)𝑛≥0) = ∑
𝑛≥0

𝑝𝑛𝑥(𝑛)𝑛 .

He shows that 𝜃0 is an initial object in the category of sur-
jective𝑊 -algebra homomorphisms 𝛽 ∶ 𝐷 → 𝑂𝐶 , with ker-
nel 𝐼, such that 𝐷 and the 𝐷/𝐼𝑚+1 are 𝑝-adically separated

and complete, and 𝐷 ∼−→ lim←−−𝑚
𝐷/𝐼𝑚+1.

Let 𝜃 ∶ 𝑂𝐾⊗𝑊𝑊(𝑂♭
𝐶) → 𝑂𝐶 be the𝑂𝐾 -linear extension

of 𝜃0. The 𝑂𝐾 -algebra 𝐴inf is then defined as the comple-
tion of 𝑂𝐾⊗𝑊𝑊(𝑂♭

𝐶) for the adic topology defined by the
ideal (𝑝) + Ker(𝜃), and one sets 𝐴inf,𝐾 = 𝐾 ⊗𝑂𝐾 𝐴inf.

Keeping the notation 𝜃 for the natural extensions of 𝜃
to 𝐴inf and 𝐴inf,𝐾 , one denotes by 𝐽𝐾 ⊂ 𝐴inf,𝐾 the kernel
of 𝜃. It is a maximal principal ideal in 𝐴inf,𝐾 . One de-
notes by 𝐵+dR the completion of 𝐴inf,𝐾 with respect to the
𝐽𝐾 -adic topology. It is a complete discrete valuation ring
with residue field 𝐶. Finally, one defines the ring 𝐵dR as
being the fraction field of 𝐵+dR.

As all the steps leading to 𝐵dR are compatible with the
action of 𝐺, the algebras 𝐴inf, 𝐴inf,𝐾 , 𝐵dR are endowed with
an action of 𝐺. We have (𝐵dR)𝐺 = 𝐾, and there is a natural
equivariant injection 𝜈 ∶ ℤ𝑝(1) ↪ 𝐴×inf, defined as follows.
An element 𝜀 ∈ ℤ𝑝(1) is a sequence (𝜀𝑛)𝑛∈ℕ such that 𝜀0 = 1
and 𝜀𝑝𝑛+1 = 𝜀𝑛 for all 𝑛. It can be viewed as an element
of 𝑂♭

𝐶 by setting 𝜀(𝑛) = 𝜀𝑛 for all 𝑛, and one defines 𝜈 by
𝜈(𝜀) = 1 ⊗ [𝜀], where [𝜀] is the Teichmüller representative
of 𝜀. Then 𝜈(𝜀) ∈ Ker(𝜃), and one can define an additive
map ℤ𝑝(1) → 𝐵+dR by

𝜀 ↦ log(𝜈(𝜀)) = ∑
𝑛≥1

(−1)𝑛+1(𝜈(𝜀) − 1)𝑛/𝑛.

Fontaine proved that the image in 𝐵dR of any nonzero ele-
ment of ℤ𝑝(1) is a uniformizing parameter.

The ring 𝐵dR has another fundamental structure: it is
endowed with the decreasing filtration defined by its dis-
crete valuation. The Galois action is compatible with this
filtration. Thanks to the previous results, one sees that
the choice of a nonzero element 𝑡 ∈ ℤ𝑝(1) provides a 𝐺-
equivariant graded isomorphism

gr•𝐵dR
∼−→⨁

𝑖∈ℤ
𝐶(𝑖) = 𝐶[𝑡, 𝑡−1] = 𝐵HT,

where 𝐵HT is the previous Hodge–Tate ring.
Following the general pattern, one says that a ℚ𝑝-

representation 𝑉 is a de Rham representation if it is 𝐵dR-
admissible, i.e., if the canonical map

𝛼𝐵dR
(𝑉) ∶ 𝐵dR ⊗𝐾 (𝐵dR ⊗ℚ𝑝 𝑉)𝐺 → 𝐵dR ⊗ℚ𝑝 𝑉

is an isomorphism. Using the previous results, one gets
that de Rham representations are Hodge–Tate.

Remarks. (a) The ring 𝐵dR is functorial with respect to
(𝐾, 𝐾). Fontaine shows that if 𝐾′ ⊂ 𝐾 is a finite extension
of 𝐾, the functoriality map is a filtered isomorphism. As
a consequence, 𝐵dR does not depend upon 𝐾, and has a
natural 𝐾-algebra structure.

(b) As 𝐵+dR is a complete discrete valuation ring of
residue characteristic 0, it has a (noncanonical) 𝐶-algebra
structure. However, one can show that there does not exist
any 𝐺-equivariant section of the reduction map 𝐵+dR → 𝐶.
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(c) There exist Hodge–Tate representations which are
not de Rham.

6. Fontaine Rings III : 𝐁𝐜𝐫𝐢𝐬
The smallest of the three main Fontaine rings, 𝐵cris, was
introduced at the very beginning of the theory, in order to
control the 𝑝-adic étale cohomology of algebraic varieties
with good reduction14 over 𝑂𝐾 . There are actually several
subrings of 𝐵dR which can be used for that purpose, and the
ring 𝐵 initially used by Fontaine in [7] was later replaced by
the ring now known as 𝐵cris, better adapted to comparison
with crystalline cohomology (see [8], [14]).

A basic tool in crystalline cohomology is the PD-
envelope of an ideal: given a commutative ring 𝐴, and an
ideal 𝐽 ⊂ 𝐴, there exist a ring homomorphism 𝜌 ∶ 𝐴 →
𝒫𝐴(𝐽) and a 𝑃𝐷-ideal 𝐽 ⊂ 𝒫𝐴(𝐽) such that 𝜌(𝐽) ⊂ 𝐽, and
which are universal for data of this kind (see footnote 9).

We return to the setup of the construction of 𝐵dR, and
we consider again the kernel of the surjective map 𝜃0 ∶
𝑊(𝑂♭

𝐶) → 𝑂𝐶 . Let 𝐴cris be the 𝑝-adic completion of the
PD-envelope of Ker(𝜃0). The group 𝐺 acts by functoriality
on 𝐴cris. Repeating the construction made for 𝐵dR, one gets
an equivariant map ℤ𝑝(1) → 𝐴cris. If 𝑡 ∈ 𝐴cris is the image
of a generator of ℤ𝑝(1), one defines 𝐵+cris = 𝐾0⊗𝑊 𝐴cris and
𝐵cris = 𝐵+cris[𝑡−1]. Extending by functoriality the action of 𝐺
to 𝐵cris, one gets (𝐵cris)𝐺 = 𝐾0.

From the constructions of 𝐵dR and 𝐵cris, one checks that
there are natural injective maps

𝐴cris
� � // 𝐵+cris

� � //
� _

��

𝐾 ⊗𝐾0 𝐵
+
cris

� � //
� _

��

𝐵+dR� _

��

𝐵cris
� � // 𝐾 ⊗𝐾0 𝐵cris

� � // 𝐵dR.

This allows one to endow 𝐾 ⊗𝐾0 𝐵cris with the filtration
induced by the filtration of 𝐵dR.

A functoriality argument shows that the Frobenius of
𝑂♭
𝐶 defines a Frobenius action 𝜑 on 𝐴cris; as 𝜑(𝑡) = 𝑝𝑡, this

action extends to 𝐵+cris and 𝐵cris and commutes with the 𝐺-
action. Fontaine calls filtered 𝜑-module the datum of a 𝐾0-
vector space 𝑀0 endowed with a Frobenius action and a
filtration on 𝐾 ⊗𝐾0 𝑀0. With these definitions, 𝐵cris has
a structure of a filtered 𝜑-module, compatible with the 𝐺-
action.

A 𝑝-adic representation 𝑉 is said to be crystalline if it is
𝐵cris-admissible, i.e., if the canonical map

𝛼𝐵cris
(𝑉) ∶ 𝐵cris ⊗𝐾0 (𝐵cris ⊗ℚ𝑝 𝑉)𝐺 → 𝐵cris ⊗ℚ𝑝 𝑉

is an isomorphism. When this is the case, 𝛼𝐵cris
(𝑉) is a

𝐺-equivariant filtered isomorphism, commuting with the
Frobenius actions. Moreover, a crystalline representation

14i.e., which can be extended as a proper and smooth scheme over 𝑂𝐾 .

𝑉 can be recovered from the associated filtered module
𝑀 = (𝐵cris ⊗ℚ𝑝 𝑉)𝐺 by

𝑉 ∼→ 𝖧𝗈𝗆filt.𝜑-mod.(𝐾0, 𝐵cris ⊗𝐾0 𝑀).

Finally, one sees from the above diagram that crystalline
representations are de Rham.

7. Fontaine Rings IV : 𝐁𝐬𝐭
Using de Jong’s theorems [MR1423020], many questions
relative to varieties over a discrete valuation field can be
reduced to the case of varieties with semistable reduction. It
is therefore essential to understand where the cohomology
of these varieties stands in Fontaine’s classification.

In analogy with the complex and ℓ-adic cases, Fontaine
and Janssen [R1012170] conjectured that the de Rham co-
homology of these varieties could be endowed with an ad-
ditional structure provided by a nilpotent endomorphism,
the monodromy operator. This was proved by Hyodo and
Kato [MR1293974], and Fontaine introduced a new ring
𝐵st in order to control the cohomology of varieties with
semistable reduction.

We will describe 𝐵st as a subring of 𝐵dR, which requires
us to fix a prime element 𝜋 ∈ 𝑂𝐾 . Let 𝑠 = (𝑠𝑛)𝑛≥1 be a se-
quence of elements of 𝑂𝐶 such that 𝑠0 = 𝜋 and 𝑠𝑝𝑛+1 = 𝑠𝑛
for all 𝑛 ≥ 0, and let 𝑠𝑛 ∈ 𝑂𝐶/𝑝 be the reduction of
𝑠𝑛. The sequence 𝑠 = (𝑠𝑛)𝑛≥0 is an element of 𝑂♭

𝐶 , and
we denote by 𝜀(𝑠) = [𝑠] its Teichmüller representative in
𝑊(𝑂♭

𝐶) ⊂ 𝐴cris. Then 𝜀(𝑠)𝜋−1 ∈ 1 + Fil1𝐵dR, and its loga-
rithm converges in 𝐵+dR towards an element 𝑢𝑠. Fontaine
defined 𝐵+st = 𝐵+cris[𝑢𝑠], 𝐵st = 𝐵cris[𝑢𝑠]. He proved that 𝑢𝑠 is
transcendental over 𝐵+cris, and that the canonical morphism
𝐾 ⊗𝐾0 𝐵st → 𝐵dR is injective. One endows 𝐾 ⊗𝐾0 𝐵st with
the filtration induced by the filtration of 𝐵dR.

These subrings of 𝐵dR are stable under the action of 𝐺,
and we again have (𝐵st)𝐺 = 𝐾0. The action of Frobenius
on 𝐵cris extends to 𝐵st by setting 𝜑(𝑢𝑠) = 𝑝𝑢𝑠. In [15],
Fontaine defined the monodromy operator 𝑁 ∶ 𝐵st → 𝐵st

as being the unique 𝐵cris-derivation such that15 𝑁(𝑢𝑠) = 1.
He called filtered (𝜑, 𝑁)-module the datum of a filtered 𝜑-
module endowed with a 𝐾0-linear endomorphism 𝑁 such
that 𝑁𝜑 = 𝑝𝜑𝑁. In this way, 𝐵st is endowed with a struc-
ture of filtered (𝜑, 𝑁)-module, compatible with the action
of 𝐺. Note that the subrings 𝐵+st and 𝐵st, as well as 𝜑 and 𝑁,
depend upon the choice of the prime element 𝜋, but not
upon 𝑠.

As with the previous rings, we will say that a ℚ𝑝-
representation 𝑉 is semistable if it is 𝐵st-admissible. When
𝑉 is semistable, the isomorphism 𝛼𝐵st

(𝑉) is compatible

15To insure a better compatibility with crystalline cohomology, Tsuji uses in
[MR1705837] the opposite convention 𝑁(𝑢𝑠) = −1.
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with all structures, and the representation 𝑉 can be recov-
ered from the associated filtered module 𝑀 by

𝑉 ∼→ 𝖧𝗈𝗆filt.(𝜑,𝑁)-mod.(𝐾0, 𝐵st ⊗𝐾0 𝑀).
Semistable representations are de Rham, crystalline repre-
sentations are semistable, and a semistable representation
is crystalline if and only if 𝑁 = 0.

8. Fontaine Conjectures
As expected, a first, and fundamental, application of
Fontaine’s theory is a classification of 𝑝-adic representations.
In contrast with ℓ-adic representations of 𝐺𝐾 (ℓ ≠ 𝑝),
whose structure is rather simple,16 𝑝-adic representations
of 𝐺𝐾 have a complicated structure: for example, even
when a variety 𝑋 over 𝐾 has good reduction, the inertia
group may act wildly on 𝐻ét(𝑋𝐾 , ℚ𝑝), while it acts trivially
in the ℓ-adic case, ℓ ≠ 𝑝. Until Fontaine set up his formal-
ism of 𝐵 rings, the understanding of this wildness and a
classification of 𝑝-adic representations of𝐺𝐾 seemed hope-
less. Using Fontaine’s rings 𝐵cris, 𝐵st, 𝐵dR, 𝐵HT, and the cor-
responding 𝐵-admissibility and potential 𝐵-admissibility
conditions, we now have a hierarchy (with a “?” discussed
as Conjecture/Theorem 6):

crystalline ⇒ semistable ⇒ de Rham
⇓ ⇓ ‖

pot. cryst. ⇒ pot. semist.

?
⇐
⇒ de Rham

⇓
Hodge–Tate

Hints for this classification came of course from geome-
try. Fontaine expected that the geometric properties of an
algebraic variety 𝑋 over 𝐾 would be reflected in the posi-
tion of its 𝑝-adic étale cohomology spaces in this hierarchy,
and he made a series of conjectures to that effect.

Assume only that 𝑋 is proper and smooth over 𝐾.
Fontaine made the following conjecture [7]:

Conjecture/Theorem 2 (𝐂𝐝𝐑). Under the previous assump-
tions, 𝐻𝑚

ét(𝑋𝐾 , ℚ𝑝) is de Rham, and associated with 𝐻𝑚
dR(𝑋/𝐾)

endowed with its Hodge filtration; i.e., there exists a canonical
isomorphism

𝐵dR ⊗𝐾 𝐻𝑚
dR(𝑋/𝐾)

∼→ 𝐵dR ⊗ℚ𝑝 𝐻𝑚
ét(𝑋𝐾 , ℚ𝑝),

compatible with filtrations and Galois actions on both sides.

Using the results of section 5, one sees that 𝐂𝐝𝐑 implies
𝐂𝐇𝐓.

Assume now that 𝑋/𝐾 has good reduction, and let𝒳 be a
proper and smooth 𝑂𝐾 -scheme such that 𝑋 = 𝒳𝐾 . By a

16By Grothendieck’s local monodromy theorem, when no finite extension of 𝑘
contains all the roots of unity of order a power of ℓ, the action of the inertia
group is quasi-unipotent.

Figure 5. Jean-Marc Fontaine making his point with Takeshi
Saito.

theorem of Berthelot–Ogus [MR0700767], there is a
canonical isomorphism

𝐾 ⊗𝑊 𝐻𝑚
cris(𝒳𝑘/𝑊) ∼−→ 𝐻𝑚

dR(𝑋/𝐾)
where 𝐻𝑚

cris(𝒳𝑘/𝑊) is the crystalline cohomology of the
special fiber 𝒳𝑘. This endows the 𝐾0-vector space 𝐾0 ⊗
𝐻𝑚
cris(𝒳𝑘/𝑊) with a structure of filtered 𝜑-module. Com-

bining this structure with the analogous one on 𝐵cris,
Fontaine made the following conjecture [7]:

Conjecture/Theorem 3 (𝐂𝐜𝐫𝐢𝐬). With the above notation,
𝐻𝑚
ét(𝑋𝐾 , ℚ𝑝) is crystalline, and associated with 𝐾0 ⊗𝑊

𝐻𝑚
cris(𝒳𝑘/𝑊); i.e., there exists a canonical isomorphism

𝐵cris ⊗𝑊 𝐻𝑚
cris(𝒳𝑘/𝑊) ∼→ 𝐵cris ⊗ℚ𝑝 𝐻𝑚

ét(𝑋𝐾 , ℚ𝑝)

compatible with Frobenius and Galois actions on both sides, and
with the filtrations after extension to 𝐵dR.

In the semistable reduction case, where 𝑋 = 𝒳𝐾 for a
proper semistable𝑂𝐾 -scheme𝒳, Hyodo and Kato used the
theory of logarithmic structures initiated by Fontaine and Il-
lusie, and developed by Kato and many others, to replace
the crystalline cohomology of 𝒳𝑘 by its log crystalline co-
homology. Generalizing the aforementioned theorem of
Berthelot–Ogus, they defined a canonical isomorphism

𝐾 ⊗𝑊 𝐻𝑚
logcris(𝒳𝑘/𝑊) ∼→ 𝐻𝑚

dR(𝑋/𝐾) (see [MR1293974])
which endows 𝐾0 ⊗𝐻𝑚

logcris(𝒳𝑘/𝑊) with a structure of fil-
tered (𝜑, 𝑁)-module. Combining this structure with the
analogous one on 𝐵st, Fontaine and Jannsen made the fol-
lowing conjecture ([11], [MR1293975]):
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Conjecture/Theorem 4 (𝐂𝐬𝐭). With the above notation,
𝐻𝑚
ét(𝑋𝐾 , ℚ𝑝) is semistable, and associated with 𝐾0 ⊗𝑊

𝐻𝑚
logcris(𝒳𝑘/𝑊); i.e., there exists a canonical isomorphism

𝐵st ⊗𝑊 𝐻𝑚
logcris(𝒳𝑘/𝑊) ∼→ 𝐵st ⊗ℚ𝑝 𝐻𝑚

ét(𝑋𝐾 , ℚ𝑝)

compatible with 𝜑, 𝑁, and Galois actions on both sides, and
with the filtrations after extension to 𝐵dR.

By now conjectures𝐂𝐝𝐑,𝐂𝐜𝐫𝐢𝐬, and𝐂𝐬𝐭 (and in particular
𝐂𝐇𝐓) have been fully proved. Actually, 𝐂𝐜𝐫𝐢𝐬 turns out to be
a particular case of 𝐂𝐬𝐭 (with 𝑁 = 0), and it was shown, us-
ing de Jong’s alterations, that 𝐂𝐬𝐭 implies 𝐂𝐝𝐑. Conjecture
𝐂𝐬𝐭 was first proved by Tsuji [MR1705837].

The history of the proofs of these conjectures is long
and involves many mathematicians. Bloch and Kato
had proved 𝐂𝐇𝐓 in the case of good ordinary reduction
[MR0849653]. However their method did not extend to
the general case, and gave no idea on how to attack 𝐂𝐜𝐫𝐢𝐬.
The first breakthrough was made by Fontaine and Messing
[10], who proved 𝐂𝐜𝐫𝐢𝐬 for 𝐾 = 𝐾0 and dim𝑋 < 𝑝. For
this they introduced a new and fruitful technique, that of
syntomic sheaves and complexes. Kato’s proof of 𝐂𝐬𝐭 (under
certain restrictions of dimension) and Tsuji’s proof (in the
general case) basically follow Fontaine–Messing’s method.
At about the same time as Fontaine–Messing’s work, Falt-
ings developed quite a different approach, based on the
theory of almost étale extensions, a far-reaching generaliza-
tion of some fundamental results of Tate in [MR0231827].
A flaw was found in his first proofs of 𝐂𝐝𝐑 and 𝐂𝐜𝐫𝐢𝐬, which
he corrected in [MR1922831], giving a new proof of 𝐂𝐬𝐭.
Finally, Niziol [MR2372150] proved 𝐂𝐬𝐭 by still another
method, based on higher 𝐾-theory, and showed that the
comparison isomorphisms established by all these differ-
ent methods were actually the same. More recently, Beilin-
son gave simple proofs of these isomorphisms, by a totally
different approach, using techniques of derived algebraic
geometry (see [MR2904571], [MR3272051]).

9. More Conjectures
In addition to these conjectures, the development of
Fontaine’s theory has raised some new questions involving
the structures used in his classification ofℚ𝑝-representions.
The solutions of the next two conjectures have been very
important steps in 𝑝-adic Hodge theory.
9.1. Weak admissibility. From the very beginning, Fon-
taine wanted to give an intrinsic characterization of the
filtered (𝜑, 𝑁)-modules that could be associated with a
crystalline (and, later on, semistable) representation, call-
ing them in short “admissible modules.” He investi-
gated the Newton and Hodge polygons defined by the
Frobenius action and the filtration of such a module, and
he discovered a remarkable property, reminiscent of the

semistability condition for vector bundles on curves: these
polygons have the same terminal points, and, for any sub-
module, Newton is above Hodge. He called the filtered
(𝜑, 𝑁)-modules satisfying this property weakly admissible,
and he made the following conjecture ([5], [15]):

Conjecture/Theorem 5. Weakly admissible (𝜑, 𝑁)-modules
are admissible.

This conjecture resisted all attempts for over twenty
years. Exploiting the analogy between weak admis-
sibility and semistability, Faltings proved a partial re-
sult in this direction, namely, the stability (in the crys-
talline case) of weak admissibility under tensor product
[MR1403965]. The semistable case was then treated by
Totaro [MR1388844]. Conjecture 5 was eventually proved
in 2000 by Colmez and Fontaine [MR1779803]. More re-
cently, Fargues and Fontaine gave a beautiful new proof,
making the analogy become a true correspondence (see
section 12).
9.2. Potentially semistable representations. As semi-
stable representations are de Rham, and 𝐵dR does not
change if 𝐾 is replaced by a finite extension contained in
𝐶, potentially semistable representations are also de Rham.
However, no example was known of a de Rham represen-
tation that would not be potentially semistable, which is
symbolized by the “?” in the hierarchy displayed in sec-
tion 8. This led Fontaine to the conjecture [15]:

Conjecture/Theorem 6 (𝐂𝐩𝐬𝐭). De Rham representations are
potentially semistable.

This conjecture was hard, too. Several proofs were (in-
dependently) given around 2002, by André [MR1906151],
Kedlaya [MR2119719], and Mebkhout [MR1906152], us-
ing new ingredients: the theory of (𝜑, Γ)-modules (another
fundamental contribution of Fontaine [12]; see the end of
section 10), and that of 𝑝-adic differential equations over
the Robba ring (see [Berger, MR1906150]). A simplified
proof was later given by Colmez [MR2493217].

10. Impact on Arithmetic Geometry
Fontaine’s work has rapidly found deep applications to al-
gebraic geometry. A beautiful example was given by his
proof of a conjecture of Shafarevich: a good control of
the ramification of finite commutative group schemes over
ℤ allowed him to show that there is no nonzero abelian
scheme over Specℤ [9] (the conjecture was also proved,
independently, by Abrashkin). In the same vein, the full
force of Fontaine’s theory served as a crucial ingredient in
many global results and conjectures over number fields.
Let us present here very briefly a few examples.
10.1. The Bloch-Kato conjecture on special values of
𝐿-functions. Let 𝑘 be a number field, and let 𝑉 be the
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𝑝-adic realization of a Chow motive 𝑀 over 𝑘, e.g., 𝑉 =
𝐻𝑚(𝑋𝑘, ℚ𝑝) for 𝑋 projective and smooth over 𝑘. Using the
rings 𝐵cris associated with the places of 𝑘 over 𝑝, Bloch and
Kato define in [MR1086888] a subspace

𝐻1
𝑓(𝑘, 𝑉) ⊂ 𝐻1(𝑘, 𝑉),

from which they in turn define a subgroup

𝐻1
𝑓(𝑘,𝑀) ⊂ 𝐻1(𝑘,𝑀)

of a motivic cohomology group, closely related to a Tate–
Shafarevich group when 𝑀 is the motive of an abelian va-
riety over 𝑘. The Bloch–Kato conjecture predicts the or-
der of vanishing of 𝐿(𝑀, 𝑠) at 𝑠 = 0 as dim𝐻1

𝑓(𝑘,𝑀∨(1)) −
dim𝐻0(𝑘,𝑀∨(1)) and determines the leading coefficient
of the Taylor series expansion of 𝐿(𝑀, 𝑠) at zero, by a for-
mula generalizing the Birch and Swinnerton-Dyer conjec-
ture. An equivariant version, due to Kato, plays an impor-
tant role in Iwasawa theory. See [MR1086888], [13].
10.2. Serre’s modularity conjecture. The following con-
jecture is due to Serre [MR0885783]:

Conjecture/Theorem 7. Let 𝑟 ∶ 𝐺ℚ = Gal(ℚ/ℚ) → GL2(𝐹)
be a continuous, irreducible, and odd representation, where 𝐹 is
a finite field of characteristic 𝑝. Then 𝑟 is modular, i.e., is the re-
duction modulo the maximal ideal of the ring of integers 𝒪 of a
finite extension of ℚ𝑝 of the representation 𝜌𝑓 ∶ 𝐺ℚ → GL2(𝒪)
associated with a newform 𝑓 ∈ 𝑆𝑘(Γ1(𝑁)), for a suitable weight
𝑘 and level 𝑁 coprime to 𝑝.

The precise conjecture prescribes 𝑘 and 𝑁 in terms of
𝑟. It is known that this conjecture implies the Shimura–
Taniyama–Weil modularity conjecture for elliptic curves
over ℚ, proved by Wiles, Taylor–Wiles et al. Con-
jecture 7 has been proved by Khare and Wintenberger
[MR2551764], modulo some hypothesis, later proved by
Kisin [MR2551765].

The proof heavily relies on modularity lifting theorems
due to Kisin [MR2600871] et al. for 𝑝-adic representations
of 𝐺ℚ with prescribed ramification at 𝑝, expressed in terms
of Fontaine’s classification (crystalline, semistable, poten-
tially semistable).
10.3. The Fontaine–Mazur conjecture. Let 𝑘 be a num-
ber field, and let 𝑝 be a prime number. Let 𝐺𝑘 = Gal(𝑘/𝑘)
be the absolute Galois group of 𝑘. Let 𝑋/𝑘 be proper
and smooth and let 𝑚 ∈ ℤ. The 𝑝-adic representation
𝐻𝑚
ét(𝑋𝑘, ℚ𝑝) of 𝐺𝑘 is unramified oustside a finite set of

places of 𝑘, and, by the 𝑝-adic comparison Theorem 3
(together with 6), is potentially semistable at any prime
above 𝑝. The same is true of any subquotient. Fontaine
and Mazur conjectured the following converse [16]:

Conjecture/Theorem 8. Let 𝜌 ∶ 𝐺𝑘 → GL𝑛(ℚ𝑝) be a contin-
uous, irreducible representation which is unramified outside a

finite number of places, and potentially semistable at every place
above 𝑝. Then 𝜌 is a subquotient of a representation of the form
𝐻𝑚(𝑋𝑘, ℚ𝑝) for some proper and smooth 𝑋/𝑘 and 𝑚 ∈ ℤ.

The case 𝑛 = 1 had been known for a long time. For
𝑛 = 2 and 𝑘 = ℚ, Conjecture 8 takes the more precise
form:

Conjecture/Theorem 9. Let 𝜌 ∶ 𝐺ℚ → GL2(ℚ𝑝) be a contin-
uous representation. Assume that 𝜌 is irreducible, odd, unrami-
fied outside a finite number of primes, and potentially semistable
at 𝑝. Then there exists 𝑖 ∈ ℤ and a newform 𝑓 as above such
that 𝜌 is isomorphic to 𝜌𝑓 ⊗ 𝜒𝑖𝑝, where 𝜒𝑝 ∶ 𝐺ℚ → ℤ∗𝑝 is the
cyclotomic character.

Conjecture 9 has been proved independently by Emer-
ton [MR2251474] and by Kisin (with some mild technical
restrictions [MR2505297]). In addition to Kisin’s theory of
potentially semistable deformation rings ([MR2373358],
[MR2827797]), the proofs use a deep, new ingredient, a
𝑝-adic local Langlands correspondence between absolutely ir-
reducible 2-dimensional 𝑝-adic representations of 𝐺ℚ𝑝 =
Gal(ℚ𝑝/ℚ𝑝) and certain absolutely irreducible unitary Ba-
nach representations of GL2(ℚ𝑝), constructed by Breuil
in some cases, and by Breuil and Colmez in general (see
[MR2906353] and Astérisque 319, 330, 331). Their con-
struction heavily relies on Fontaine’s theory of (𝜑, Γ)-modules.
This theory, introduced by Fontaine [12], and developed
by Berger, Cherbonnier, Colmez, and Kedlaya, describes
𝑝-adic representations of 𝐺ℚ𝑝 in terms of modules over
power series rings in one variable over ℚ𝑝 (or a finite ex-
tension) equipped with certain operators (a “Frobenius”
𝜑 and an action of a group Γ isomorphic to ℤ∗𝑝).

11. Norm Fields and Tilts
Spectacular generalizations and applications of Fontaine’s
theory have been developed by Peter Scholze. His theory
of perfectoid spaces has its roots in:

(a) Fontaine’s construction of the 𝐵 rings, as seen above;
(b) Fontaine–Wintenberger’s theory of norm fields.
These constructions make sense for complete, valuative

extensions 𝐿 of 𝐾 of height one such that the Frobenius en-
domorphism of 𝑂𝐿/𝑝 is surjective. In ([4], [MR0719763]),
Fontaine andWintenberger constructed, for a large class of
infinite extensions 𝐸 of 𝐾 (called arithmetically profinite), a
field 𝐸 of characteristic 𝑝, called the norm field of 𝐸, with
the remarkable property that the absolute Galois groups of
𝐸 and 𝐸 are canonically isomorphic. Moreover, if 𝐿 is the
𝑝-adic completion of 𝐸, the fraction field 𝐿♭ of 𝑂♭

𝐿 is the
completion of the radicial closure of 𝐸 (hence the abso-
lute Galois groups of 𝐿 and 𝐿♭ are also canonically isomor-
phic). As an example, for 𝐾 = ℚ𝑝, 𝐸 = ℚ𝑝(𝑝1/𝑝

∞), we have
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𝐸 = 𝔽𝑝((𝑡)), and the absolute Galois groups of ℚ𝑝(𝑝1/𝑝
∞)

and 𝔽𝑝((𝑡)) are canonically isomorphic.
Scholze called fields such as 𝐿 perfectoid, and 𝐿♭ the tilt

of 𝐿. It was the starting point of his theory of perfectoid
spaces, which has had several striking applications out-
side of the 𝑝-adic world, e.g., the proof of the weight mon-
odromy conjecture in ℓ-adic cohomology in mixed charac-
teristic for complete intersections in the projective space
[MR3090258].

12. The Fargues–Fontaine Curve
In the first decade of this century, most of the conjectures
that fueled the development of 𝑝-adic Hodge theory had
been proved, and the landscape of Fontaine’s rings was
looking almost familiar. One could then have thought
that the theory had essentially reached its final shape. But
that would have been ignoring how much Fontaine liked
to change perspective and develop new points of view on
everything, including his own work.

So, in a joint work with Laurent Fargues, he surprised
everyone again. In [18], [19] (considerably amplified in
[20]), they constructed and studied a Noetherian scheme
𝑋 overℚ𝑝, regular of dimension 1, now called the Fargues–
Fontaine curve. This geometric object, obtained by gluing
pieces of Fontaine’s ring 𝐵cris, sheds a totally new light on
𝑝-adic Hodge theory.

Though not being of finite type over ℚ𝑝, it resembles
the projective line over ℚ𝑝: 𝐻0(𝑋,𝒪) = ℚ𝑝, and every
vector bundle over 𝑋 is a sum of line bundles. If 𝐾 is a
finite extension of ℚ𝑝, the absolute Galois group 𝐺𝐾 =
Gal(𝐾/𝐾) acts on 𝑋 , and Fargues and Fontaine establish
an equivalence of categories between ℚ𝑝-representations
of 𝐺𝐾 and 𝐺𝐾 -equivariant vector bundles on 𝑋 which are
semistable of slope zero. This leads to simpler, more con-
ceptual proofs of Conjectures 5 and 6. But there is a
much deeper potential application, namely, the Fargues
geometrization conjecture for the local Langlands correspon-
dence [arXiv:1602.00999], intensely studied today with
Scholze’s theory of diamonds [arXiv:1709.07343].

To Conclude. . .
Solving the problem of the “mysterious functor” was one
of the biggest challenges left by Grothendieck in the early
seventies. To that effect, Jean-Marc Fontaine patiently
and systematically developed a program which unlocked
a whole new area of number theory and algebraic geome-
try, apparently out of reach before his work. He has been
a leading force in the subject during his whole life, con-
stantly enriching it with new methods, results, and con-
jectures. He was always ready to share his ideas, and sev-
eral of his former students have been themselves major

contributors to the development of 𝑝-adic Hodge theory.
Jean-Marc Fontaine has left us now, but he will still be
present among us for a very long time, thanks to the rich-
ness of his mathematical heritage.

Figure 6. Jean-Marc Fontaine attending a lecture with Pierre
Colmez and Jean-Pierre Serre.

Pierre Berthelot

Fontaine’s Rings and Geometry

Peter Scholze
One of the most striking results of Fontaine is his theory
of the field of norms, developed jointly with his student
Jean-Pierre Wintenberger. While the field

ℚ𝑝 = { ∑
𝑛≫−∞

𝑎𝑛𝑝𝑛 ∣ 𝑎𝑛 ∈ {0, 1, … , 𝑝 − 1}}

of 𝑝-adic numbers and the field

𝔽𝑝((𝑡)) = { ∑
𝑛≫−∞

𝑎𝑛𝑡𝑛 ∣ 𝑎𝑛 ∈ {0, 1, … , 𝑝 − 1} = 𝔽𝑝}

Peter Scholze is a professor of mathematics at the Mathematisches Institut, Uni-
versität Bonn, and Max-Planck-Institut für Mathematik, Bonn, Germany. His
email address is scholze@math.uni-bonn.de.
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share many formal similarities, there is no direct algebraic
relationship. For example the absolute Galois group ofℚ𝑝
is topologically finitely generated, while that of 𝔽𝑝((𝑡)) is
not. However:

Theorem (Fontaine–Wintenberger, [4]). Consider the fields
𝐾𝑛 = ℚ𝑝(𝜁𝑝𝑛) obtained from ℚ𝑝 by adjoining a primitive 𝑝𝑛th
root of unity 𝜁𝑝𝑛 , and let 𝐾∞ = ⋃𝐾𝑛 be their compositum.
The absolute Galois groups of 𝐾∞ and 𝔽𝑝((𝑡)) are canonically
isomorphic.

The result holds for many other infinite extensions of
ℚ𝑝, e.g., the one obtained by adjoining all 𝑝-power roots of
𝑝. Contemplating this result was amain inspiration for the
theory of perfectoid spaces. While I was working on these
results, still a PhD student, I was given the opportunity to
present this work at a course at the IHES in the fall of 2011.
It was an enormous honor that Fontaine attended these
lectures, and the support he expressed wasmost significant
to me.

In this note, I want to focus however on another object
introduced by Fontaine: his ring of 𝑝-adic periods 𝐵+dR. Let
me give a brief summary of its character.

The ring 𝐵+dR is a complete discrete valuation ring whose
residue field is the field ℂ𝑝, the completion of ℚ𝑝. More-
over, it has a natural topology, inducing the usual 𝑝-adic
topology on ℂ𝑝, and a natural action of the absolute Ga-
lois group 𝐺ℚ𝑝 .

Note that by Cohen’s structure theorem, there is an iso-
morphism of 𝐵+dR with a power series ring over ℂ𝑝, as com-
plete discrete valuation rings whose residue field ℂ𝑝 is of
characteristic 0:17

𝐵+dR ≅ ℂ𝑝[[𝑡]].
However, there is no such isomorphism that is continuous,
and no such isomorphism that is Galois-equivariant.

The original motivation for introducing the ring 𝐵+dR
(and for its name, the “ring of 𝑝-adic (de Rham) periods”)
is the role that it plays in 𝑝-adic Hodge theory. Recall that
if 𝑋 is a smooth complex variety, then there is a natural
isomorphism

𝐻𝑖(𝑋, ℤ) ⊗ℤ ℂ ≅ 𝐻𝑖
dR(𝑋)

between singular and de Rham cohomology. On a con-
crete level, this means that one has a pairing between dif-
ferential forms and cycles; e.g., if 𝑋 = ℂ×, one can take

𝜔 = 𝑑𝑧
𝑧

and the circle 𝛾 = 𝑆1 ⊂ ℂ× to get the period

∫
𝑆1

𝑑𝑧
𝑧 = ∫

1

0

𝑑(𝑒2𝜋𝑖𝑡)
𝑒2𝜋𝑖𝑡 = ∫

1

0
2𝜋𝑖𝑑𝑡 = 2𝜋𝑖 ∈ ℂ .

17From what I hear, it took several decades for the mathematical community to
understand the significance of 𝐵+dR, not least because it’s just ℂ𝑝[[𝑡]] after all!

Similarly, a conjecture of Fontaine, known as (𝐶dR),18 as-
serts that for a smooth variety 𝑋 over ℚ𝑝, there is a natural
isomorphism

𝐻𝑖(𝑋ℂ𝑝 , ℤ𝑝) ⊗ℤ𝑝 𝐵dR ≅ 𝐻𝑖
dR(𝑋) ⊗ℚ𝑝 𝐵dR

between étale and de Rham cohomology. Here 𝐵dR is the
fraction field of 𝐵+dR. At a concrete level, this means that
given a differential form and a cycle, one can get periods

in 𝐵dR. This can be applied to analogues of 𝜔 = 𝑑𝑧
𝑧

and 𝛾
as above, leading in that case to an element 𝑡 ∈ 𝐵+dR that is
in fact a uniformizer of 𝐵+dR. This is the so-called “𝑝-adic
analogue of 2𝜋𝑖.” In particular, the periods thus obtained
do not lie in ℂ𝑝.

Now I claim that by defining 𝐵+dR, Fontaine was the first
person to get a glimpse of a part of the elusive “arithmetic
surface”

Specℤ × Specℤ .
Recall that in algebraic geometry, there is a space Spec𝐴
associated with any commutative ring 𝐴. For the simplest
(namely, initial) ring 𝐴 = ℤ of the integers, the points of
Specℤ are exactly the prime numbers 2, 3, 5, 7, 11, …, plus
a generic point 𝜂. Any other ring 𝐴 admits a unique map
ℤ → 𝐴, which induces a map Spec𝐴 → Specℤ. In other
words, all of algebraic geometry lives over the base space
Specℤ.

However, as emphasized for example by Weil, in many
respects Specℤ behaves like a curve, in fact very much like
the affine line Spec 𝔽𝑝[𝑇] over a finite field 𝔽𝑝. The the-
orem of Fontaine–Wintenberger is one of the most pro-
found manifestations of this analogy. In the arithmetic of
Spec 𝔽𝑝[𝑇], a critical role is played by the arithmetic surface

Spec 𝔽𝑝[𝑇] ×𝔽𝑝 Spec 𝔽𝑝[𝑇] = Spec 𝔽𝑝[𝑇1, 𝑇2] .
In particular, Weil’s proof of his conjectures for curves is
based on intersecting curves on this surface.

Unfortunately, no such space is available for Specℤ, pre-
cisely because all objects in algebraic geometry come with
a uniquemap to Specℤ. It has long been dreamt that there
is still some way to make sense of

Specℤ × Specℤ ,
but it is hard to fill this dream with interesting
mathematics—taken inside schemes, the best one can do
is Specℤ ×Specℤ Specℤ, which is just Specℤ itself. Dream-
ing on for a moment, there should be a diagonal embed-
ding

Δ ∶ Specℤ ↪ Specℤ × Specℤ ,
and the completion of Specℤ × Specℤ along Δ should be
some 1-parameter deformation of Specℤ. More generally,
for any ring 𝐴, there should be an object Spec𝐴 × Specℤ,
18First proved by Tsuji, with now many different proofs known.
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and the natural map Spec𝐴 → Specℤ should induce a
graph

Γ𝐴 ∶ Spec𝐴 ↪ Spec𝐴 × Specℤ .
The completion of Spec𝐴 × Specℤ should be a natural 1-
parameter deformation of 𝐴.

This is precisely what Fontaine has defined in the case
of 𝐴 = ℂ𝑝! Indeed Spec 𝐵+dR ≃ Specℂ𝑝[[𝑡]] is a certain
canonical 1-parameter deformation of Specℂ𝑝.

In joint work with Fargues on the Fargues–Fontaine
curve, [20], Fontaine has actually gone further and has ar-
guably described all of Specℂ𝑝 × Specℤ𝑝, making it into
an actual mathematical object. By leaving the diagonal
Δ(Specℤ) ⊂ Specℤ × Specℤ near a prime 𝑝, Fontaine has
led us into a whole new and mysterious world.

This was actually the motivation for my work on “di-
amonds,” about which I have also given a course at the
IHES in March/April 2017. At the time, Fontaine had al-
ready been on cancer treatment. It was a very pleasant sur-
prise, and again a deep honor, that Fontaine was able to
attend the talks. In fact, I was very happy to see him in
good spirits, and as energetic as ever in his mathematics.
His passion for mathematics was truly inspiring.

Where will his mathematics lead us? In joint work with
Clausen, on January 24, 2019, we found an analogue of
the ring 𝐵+dR for the real numbers ℝ. Again, it appears to
be just ℝ[[𝑡]] at first sight. However, we are working with
the notion of what we termed an analytic ring, which is
roughly a topological ring 𝑅 equipped with a notion of 𝑅-
valuedmeasures on any profinite set 𝑆. It turns out that for
0 < 𝑝 < 1, the space of “𝑝-measures” ℳ𝑝(𝑆, ℝ) with real
coefficients has a canonical nonsplit self-extension, which
may be calledℳ𝑝(𝑆, 𝐵+dR(ℝ)/𝑡2). It comes from the entropy
function and some avatars of it had been known in the
functional analysis literature. We realized that this non-
split self-extension could even be put into an infinite tower,
leading to spaces of measures ℳ𝑝(𝑆, 𝐵+dR(ℝ)), which have
a ring structure in the suitable sense. Moreover, the def-
inition of 𝐵+dR(ℝ) is similar to Fontaine’s definition, as a
certain completion of a ring generated by “Teichmüller rep-
resentatives” of the reals.

I immediately wondered whether I should inform
Fontaine that his ideas had now truly become real; how-
ever, I first wanted to be sure that these ideas were correct.
Fontaine died five days later, on January 29, 2019.

Peter Scholze
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baki, Vol. 1991/92, Astérisque 206 (1992), Exp. No. 751,
4, 205–249. MR1206069

[14] Jean-Marc Fontaine, Le corps des périodes 𝑝-adiques
(French), Périodes 𝑝-adiques (Bures-sur-Yvette, 1988),
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wide range of mathematics, but Rowe focuses particularly 
on his fifth talk about set theory in which he argued against 
the axiom of choice much to the assembled audience’s cha-
grin. Later that day, Ernst Zermelo gave a talk to the same 
audience, from a very different philosophical perspective.

As Rowe demonstrates, these well-known names thrived 
amidst a supportive community of mathematicians. 
Any one chapter of this text confirms that mathematics 
and physics are collective endeavors only made possible 
through communication, revision, and networking. The 
wonder of this text is to glimpse this process in action 
through well-chosen quotes as well as substantial excerpts 
from archival primary sources. Rowe’s choice of subject 
matter often involves mathematicians who were also ex-
ceptional writers. In particular, Rowe describes Weyl “whose 
masterful control of the German language was probably 
unmatched by any other mathematician” (p. 185).

One persistent theme running through this text is the 
personal effort required to gain an audience for mathemat-
ical innovations. To take one illustrative example, Rowe’s 
excerpts from Sophus Lie’s letters to Klein from Paris during 
the 1890s reveal his dedication to educating French mathe-
maticians about the advantages of his recent contributions 
to the study of groups. While Lie found Charles Hermite 
very amiable, he doubted whether the older mathematician 
truly understood group transformations.

Poincaré comprehended me clearly, and I be-
lieve Picard as well. On the other hand, I fear 
that Hermite’s recognition was only pleasant 
phrases. Hermite is a man of the world in con-
versation, but he appears now to be just a little 
old. (p. 108)

A photograph of Hermite from this time period confirms 
that he was not young (Figure 1).

A Richer Picture of Mathematics 
The Göttingen Tradition and Beyond 

By David Rowe

A Richer Picture of Mathematics delivers on the promise of 
its title. 

As a contributor and then editor of the “Years Ago” 
column for The Mathematical Intelligencer since the 1980s, 
David Rowe wrote scores of articles that illustrate his 
deep interest in the history of mathematics, particularly 
focused on nineteenth- and twentieth-century Göttingen 
and the reverberations of this mathematical explosion, 
from Hilbert’s axiomatic foundations of geometry, to the 
concept of spacetime, to the now commonplace weekly 
mathematical research seminars as a formative part of the 
graduate school experience. A selection of these articles is 
thoughtfully compiled into six thematic parts. Rowe begins 
each chapter with an explanatory introduction highlighting 
unexpected interconnections and updating older material 
with references to contemporary contributions (there are 
also updated references in the articles themselves).

David Rowe is a historian of mathematics who is dedi-
cated to subjects of broad interest to the wider mathematical 
community. Most readers of the Notices will know of Felix 
Klein, David Hilbert, Emmy Noether, Henri Poincaré, and 
Albert Einstein, but will still be enlightened by the details 
of, for instance, Poincaré’s week-long visit to Göttingen in 
1909 as the first guest of the Wolfskehl Foundation, which 
had been founded to award a proof or counterexample to 
Fermat’s Last Theorem (Chapter 16). Poincaré spoke on a 

A Richer Picture of Mathematics
The Göttingen Tradition and Beyond

Reviewed by Jemma Lorenat
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of Mathematics Archive (which Rowe cited as one version 
of the false story).

With comprehensive cited references updated to rep-
resent the latest scholarship, Rowe’s text might also serve 
as an introduction to more historically or mathematically 
technical treatments (including his own work published in 
other venues). That is not to diminish the serious schol-
arship demonstrated in this volume. Among historians of 
mathematics, Rowe is well known (among other things) 
for his authoritative treatment of the forms and functions 
of mathematical research schools with an emphasis on 
Göttingen under Klein (see [2]). Klein (pictured in Figure 
2 from the 1870s) remains a focal point in A Richer Picture 
of Mathematics, but other chapters explore how the Göt-
tingen research school evolved under Hilbert and then 
Courant, eventually inspiring Courant’s program at New 
York University.

One aspect of this research school was the weekly 
meeting of the Göttingen Mathematical Society, where 
professors, graduate students, and distinguished visitors 
would present and discuss their research. Rowe provides 
an illuminating quote from Max Born that paints a not 
very welcoming picture.

Books were piled on the green cloth of the 
tables; at the beginning of the meeting Klein 
gave a short account of his impressions of 
some of these new publications and then cir-
culated them. So everybody soon had a book 
in his hand and paid very little attention to the 
speaker, and what attention he gave was mostly 
in the way of objection and criticism. (p. 145)

Though it involved navigating several difficult person-
alities, Lie’s networking points to the value of personal 
contact in the dissemination of mathematics, particularly 
in an era when those writing in German might not be read 
by French mathematicians. 

In these collected articles, Rowe presents engaging nar-
ratives, sometimes for their own sake and sometimes as 
evidence for a socially informed vision of the history of 
mathematics. While Rowe is scrupulous in pointing out 
false myths and challenging stereotypes, he does so in a 
compassionate tone and without scolding. Further, the 
truthful version of events is usually more interesting. As 
Rowe remarks regarding “Klein, Hurwitz, and the ‘Jewish 
Question’ in German Academia,”

Unfortunately, Meissner’s version of the events 
obscures a far more poignant story, one that 
deserves to be widely known. In retelling it 
here, I hope not only to correct the record but 
also to suggest some larger themes relating to 
the vulnerability of German Jews who pursued 
academic careers in mathematics. (p. 171)

Ernst Meissner, Hurwitz’s former student, wrote in 1919 
that Hurwitz declined an offer of a position in Germany 
because he wanted to remain at the ETH in Zürich. Yet, as 
Rowe shows through a careful study of the archival record, 
Hurwitz was never offered a position outside of Zürich, 
despite the high opinion of his mathematics expressed by 
Klein and others. Indeed, the folklore that Rowe aimed to 
correct in 2007 (when this article first appeared) still re-
mains in the account on Hurwitz in the MacTutor History 

Figure 1. Charles Hermite Figure 2. Felix Klein
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about the developments of so many branches of modern 
mathematics.
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Born goes on to explain the many distinguished mem-
bers of the audience and the emotional strain on the part of 
the speaker. On the other hand, Rowe also shows how Klein 
and Hilbert supported talent above all, such as in their fight 
to secure an academic position for Emmy Noether.

Rowe also welcomes the reader into more personal 
stories. Most charming is his interview with Dirk Struik 
(1894–2000) in Chapter 32. Struik studied mathematics 
in Göttingen during the 1920s and later contributed pro-
foundly to the history of mathematics as a social history. 
In these two contributions, he bridges Rowe’s work as a 
historian and the subject of mathematics in Göttingen. 
For another account of their friendship and the delightful 
circumstances that led to the photograph on page 405, one 
can turn to Struik himself [1].

The occasional repetition between chapters serves 
to reinforce significant episodes and key arguments. By 
Chapter 28, one is already familiar with the facts of the 
matter surrounding the choice to hire Edmund Landau in 
Göttingen, despite or because of his difficult personality. In 
the early twentieth century, when a new academic position 
opened at a German university, the practice was for faculty 
to draw up a list of several candidates to submit to the gov-
ernment for the final selection. Strikingly, the candidate list 
to replace Minkowski, who had died suddenly, consisted 
of three Jewish number theorists: Otto Blumenthal, Adolf 
Hurwitz, and Edmund Landau. The true story thus serves 
to make Richard Courant’s peculiar recollection of the 
events all the more striking. In Courant’s version, Landau 
was selected over Oskar Perron (who was not Jewish and, 
more importantly, not even an actual candidate). Rowe 
reconciles the disparities between this and other “coun-
terfactual Courant stories” and more objective versions, in 
turn drawing more information about the storyteller. In this 
way many mathematicians feature as alternatively minor 
characters, contributors of anecdotes, and objects of study 
as the book progresses.

Instead of reading cover-to-cover, the chapters might be 
perused in any order. Someone particularly interested in 
Hilbert’s 23 Paris Problems could start with Chapter 15, 
which might spark interest in Hermann Minkowski’s con-
tributions to relativity theory, thus jumping to Chapter 18, 
or to a later effort in predicting the future of mathematics 
that is presented in Chapter 37. The book is accompanied 
by an extensive name index, which could assist in this form 
of selective reading.

The one difficulty of this text is its tremendous size. The 
Mathematical Intelligencer is a full-page magazine, and (per-
haps in order to include the striking full-color illustrations 
in their full size) this book retains the same format. The 
effect is textbook-like and thus cumbersome in a way that 
is not complementary to its accessible and lively contents. 
This is doubly unfortunate, as this is exactly the kind of text 
one would want to lend to a colleague or student curious 

Jemma Lorenat
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A People’s History of  
Computing in the United States  
by Joy Lisi Rankin

This book, whose title is a trib-
ute to Howard Zinn’s influential 
A People’s History of the United 
States (1980), seeks to change 
the dominant narrative about the 
development of digital America. 
The prevailing “Silicon Valley my-
thology,” as Rankin calls it, posits 
that the digital revolution was due 

to the intrepid genius of a small number of individuals 
(such as Steve Jobs, Bill Gates, and Mark Zuckerberg). It 
also celebrates the rise of personal computers and the lib-
eration of the computing experience from the mainframe. 
Only with the rise of the internet in the 1990s, the Silicon 
Valley narrative suggests, did the era of widespread and 
interpersonal computing truly begin.

Rankin argues that computing as a social phenomenon 
“emerged neither from individual genius nor from the 
military-industrial establishment.” A People’s History of Com-
puting in the United States focuses on time-sharing systems in 
the 1960s and 70s. These networked computer systems were 
composed of terminals connected, often with telephone 
wires, to a central computer that allocated processing time 
between simultaneous users. For example, many terminals 
were located in university computer labs, college dorms, 
and even K–12 classrooms. Rankin celebrates early “com-
puting citizens” whose access to time-sharing networks led 
to the first digital communities and multi-user shared expe-
riences. A People’s History of Computing in the United States 
pays particular attention to specific time-sharing systems 
in Minnesota, New England, and the University of Illinois.

A People’s History of Computing in the United States is a 
thought-provoking reinvestigation of the foundations of 
digital America. It is largely non-technical and written at 

a level accessible to a wide audience. In her book, Rankin 
sheds light on a crucial period in which innovation was 
“not limited to garage hobbyists, entrepreneurs, or mili-
tary-funded scientists.” She inverts the standard narrative 
and illustrates how public schools and college classrooms 
were not just end users of advanced technology, but rather 
innovators and pioneers instead. 

Quantum Computing for Everyone 
by Chris Bernhardt

Quantum computing has been 
a hot topic at the interface of 
physics, computer science, and 
mathematics for several decades. 
However, books on the subject 
are often too “soft” (relatively 
math free) or too “hard” (not 
appropriate for a leisurely read). 
Quantum Computing for Everyone, 
which is written by a mathematics 

professor, fits nicely into the niche between popular science 
account and textbook. 

Quantum Computing for Everyone is divided into nine 
chapters. The first chapter introduces the spin of a particle 
and the second reviews the necessary linear algebra (all of 
which is standard undergraduate fare). The next six chapters 
hit all of the expected topics: qubits, entanglement, Bell’s 
inequality, classical gates and circuits, quantum gates and 
circuits, and quantum algorithms. A final chapter considers 
the possible ramifications of quantum computing on the 
real world.

Quantum Computing for Everyone, although perhaps 
too advanced for a general audience, is pitched perfectly 
for the Notices audience. The unapologetic use of linear 
algebra throughout ensures that the book does not hand 
wave through important details. However, the sharp left 
alignment of equations takes some getting used to and the 
frequent typesetting of vectors (involving fractions and the 
ubiquitous √2) in text occasionally make the presentation 
clumsy.
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choose your way through to a twenty-first-century semes-
ter-long ODE course.

Barrycades and Septoku:  
Papers in Honor of Martin Gardner  
and Tom Rodgers 

Thane Plambeck, Tomas Rokicki, 
Editors

The set {1, 2, 3, 4} has partial 
sums 1, 3, 6, and 10. Barry Cipra 
noticed that the rearrangement 
{2, 3, 4, 1} yields partial sums 2, 
5, 9, 10, while the rearrangement 
{4, 3, 1, 2} gives sums 4, 7, 8, 
and 10. That is, every number 

from 1 to 9 appears as a partial sum exactly once. Richard 
Guy visualized these arrangements as a stack of logs as 
pictured and dubbed the resulting object a barrycade. Note 
that the breaks occur at every possible position once and 
only once.

Several questions im-
mediately suggest them-
selves: For which n is a 
barrycade possible? For 
a feasible n, how many 
essentially different ways are there? What other log lengths 
permit construction of a barrycade? 

The Gathering 4 Gardner (G4G) is a meeting of Martin 
Gardner fans that takes place in the spring of even-num-
bered years in Atlanta. Tom Rodgers conceived of and was 
the driving force behind the Gatherings until his death in 
2012. It is an eclectic mix of mathematicians, computer 
scientists, artists, philosophers, magicians, and it exists, to 
quote the website, to “stimulate curiosity and the playful 
exchange of ideas and critical thinking.” It teems with the 
spirit of Martin Gardner, Tom Rodgers, and problems and 
puzzles like the one above. This volume is a collection of 
papers first delivered at a Gathering in recent years. With the 
COVID-induced postponement of G4G this year, curling up 
with the contributions of Neil Sloane, George Hart, Tanya 
Khovanova, Erik Demaine, or one of the other brilliant 
expositors represented here may just be the next best thing.

Differential Equations:  
Techniques, Theory, and Applications 
Barbara D. MacCluer, Paul S. 
Bourdon, Thomas L. Kriete

Introductory differential equa-
tions is the undergraduate course 
whose content has been most 
disrupted by mathematical ad-
vances of the last fifty years. 
Computing has elevated the im-
portance of numerics, dynamical 
systems has had a similar effect 
on qualitative techniques, and 

applications have extended very far from the classical 
examples in physics and mechanics to biology, chemistry, 
public health, social science, and more. It is still possible 
to teach real analysis from the textbook I learned it from 
in the 1980s. It would be absurd and irresponsible to do 
the analogous thing in an ODE course. Today’s typical syl-
labus is the result of patching recent developments onto a 
syllabus first developed early in the last century.

The authors of this book asked themselves how one 
might rethink the ODE course from first principles in 
light of these advances. Their answer is to weave together 
theory, technique, and modeling. Differential equations 
are presented as a method of modeling the real world with 
mathematics. They are our best bet for predicting the future. 
Theory makes it possible to build, validate, and analyze 
those models. And “analyze” means create techniques—an-
alytic, graphical, numerical—to interpret those predictions 
of the future. Every section of this text carefully braids all 
three strands of this approach into a coherent picture.

This is a book with a large vision of both its subject and 
the appropriate way to teach that subject to undergradu-
ates. The book has been in development and testing at the 
University of Virginia for approximately fifteen years. The 
exposition is well polished and extremely readable. There 
are over 1,300 tested exercises and an online collection 
of extensive modeling explorations. There is more than 
enough material to fill a year-long course, or to pick and 

A simple example of a barrycade.
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COMMUNICATION

after the departure of his master, benefiting in particular 
from the influence of Charles Ehresmann.

Thus blessed with a vision of the world complementary 
to that of the “Parisians,” Thom resolved fundamental 
questions which others would doubtless not even have 
thought of. Some landmarks:

 • From 1949 to 1956, Thom worked in algebraic topol-
ogy and elaborated “a completely new way of studying 
differentiable manifolds” (Milnor), about which he thus 
obtained definitive results, giving birth to the theory of 
cobordism, for which he was awarded the Fields Medal 
in 1958.

 • From 1956 on he concentrated on the singularities 
of differentiable maps, which appear naturally in his 
vision of differential topology. Following Whitney, he 
then studied stratifications and introduced the “natural 
stratification of mapping spaces” made precise later by 
John Mather.2

 • From the middle of the 1960’s, aware that singularities 
of maps and transversality aid in understanding all 
sorts of natural phenomena, he developed a catastrophe 
theory; this met with an extraordinary mediatic period 
after the appearance of his book Stabilité structurelle et 
morphogénèse in 1972.

Volume II has just appeared. We present the whole of the 
project, initiated by André Haefliger.

René Thom in Brief
Thom was one of the first members of the mathematical 
school created around Henri Cartan at the end of the Sec-
ond World War, and one of the most glorious, but from 
the start singular: provincial, born outside university circles, 
he had acquired very young an intimate knowledge of the 
differential calculus as its founders conceived it. Unusual 
for his time, he did not distrust geometry, where he had 
developed his intuition to the point of “seeing” in four 
dimensions. Finally, having followed Henri Cartan to Stras-
bourg as a young researcher in the CNRS,1 he stayed there 

Publication of the Mathematical 
Works of René Thom in 
the Collection Documents 
Mathématiques of the French 
Mathematical Society
Marc Chaperon and François Laudenbach
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2This idea, to which Thom was much attached, provided for example the 
frame for the work of Jean Cerf on pseudoisotopy and for that of Victor 
Vassiliev on knot invariants.
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Laudenbach, Jean Petitot, David Trotman, and, for Volume 
I, Jean Lannes and Pierre Vogel quickly joined the editorial 
committee.

Overview
This publication does not pretend to be a substitute for the 
CD-ROM but to complete it:

 • It is concentrated on the mathematical articles (or at 
least classified as such in Mathematical Reviews), which 
here are provided with mathematical or historical 
commentaries, justified by later developments and the 
continued relevance of this often visionary work. Cer-
tain commentaries are to be found following the article 
which they relate to; others serve as an introduction to 
several articles. After each article one finds shorter notes 
concerning precise details.

 • We have chosen to reproduce the originals instead of 
transcribing into modern mathematical typography, 
thus avoiding introducing errors and changing the page 
numbering.6 An exception comprises unpublished texts 
(absent from the CD-ROM) whose typed version was 
not legible enough.

As well as these unpublished texts, we publish a 
certain number of documents for their historical interest, 
for example large extracts from the correspondence with 
Cartan which led to Thom’s thesis7 and fragments of 
letters written by him to his wife Suzanne during his stay 
in Princeton in 1951. They contain much information 
on the genesis of the work which followed.

 • The bibliography, like the biographical notice, com-
pletes, corrects, and enriches that of the CD-ROM. 
Using earlier versions of Michèle Porte, Jean Petitot, and 
Aurélie Brest, it covers all Thom’s writings, mathematical 
or not.

Volume I
This volume, of 573 pages, appeared at last in April 2017 
as number 15 of the collection Documents Mathématiques. 
It covers the publications of Thom from 1949 to 1959 
except one, delayed to the beginning of the following vol-
ume. Given the dates, it is not surprising that it contains 
the major elements of Thom’s work. We will evoke them a 
little more precisely.

The first article of Thom is a note in the Comptes Rendus 
de l’Académie des Sciences de Paris, 2 pages, entitled “Sur 
une partition en cellules associée à une fonction sur une 

 • At the end of the 1970’s, the sometimes delirious infat-
uation for catastrophes met with a sudden halt, without 
doubt hardly more justified than the ups and downs of 
fashions. Thom moved away then from mathematics 
in favour of philosophy and a fertile return to Aristotle.
These changes of orientation must not mask a profound 

unity of thought: already on his entry to the École Normale 
Supérieure, Thom was tempted by the philosophy of sci-
ence, from which the director of the École had to dissuade 
him. His great mathematical results have a strong philo-
sophical connotation, far from the “modern” pretension 
to separate mathematics from the question of meaning.

Birth of the Project
The admiration of André Haefliger for Thom goes back 
to their common Strasbourg years (1954–1958).3 Their 
relations ceased only after the disappearance of Thom in 
October 2002.

Already possessing documents from a near half-century 
of exchanges, Haefliger consecrated much time from the 
end of 2010 to the study of the Thom archives, sorted, 
inventoried, and classified from mid-April 2011 in the 
basements of IHES by its librarian Aurélie Brest, with, at 
the start, help from Herminia and André Haefliger. He 
discovered “veritable treasures,” for example two quite 
amazing unpublished mathematical manuscripts that we 
will speak of again. He acquainted Marc Chaperon with 
this discovery in September 2011, with the idea of putting 
in place with his help and that of Bernard Teissier a “classi-
cal” paper publication, annotated and commented on, of the 
mathematical works of Thom.

Teissier and Étienne Ghys would have liked this edition 
to be accompanied by the placing online of the complete 
works (mathematical or not) of Thom, published in the 
form of a CD-ROM at the beginning of 2003 by IHES.4 
Alas! This quite natural idea was halted by problems of 
copyright.5 As to the CD-ROM, perfectly usable despite the 
obsolescence of its search engine, it is no longer for sale.

A first editorial committee, constituted in October 
2011, met at the beginning of the following month; as 
well as Haefliger, Teissier, and Chaperon, it included 
Alain Chenciner. The project was submitted at the end of 
November by Teissier to Pierre Colmez and immediately 
accepted in the collection Documents Mathématiques newly 
created by the French Mathematical Society (SMF). François 

3Numerous discussions between them about foliated manifolds had then 
led to the “concrete” part (analytic foliations) of the still famous thesis on 
which Haefliger worked under the direction of Charles Ehresmann, rarely 
present in Strasbourg during this period.
4Thanks to the efforts of its director, Jean Pierre Bourguignon, and to the 
unfailing enthusiasm of Michèle Porte, director of this project begun in 
1996 and with whom Thom had actively collaborated.
5Those for the books reproduced were ceded by their publishers only for a 
limited number of copies.

6This choice, even if it has contributed to much delay in the publication of 
Volume I, was imposed all the more since Thom often published in journals 
or collections of articles which have become almost impossible to find.
7We have unfortunately not been able to take into account in Volume I an 
inestimable document which is part of the archives given since then by the 
Thom family to the library of the École Normale Supérieure: Chapter 6 on 
cobordism, written by Thom and excluded by Cartan, for whom it seemed 
to not yet make sense.
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“most of the time,” by a sufficiently differentiable map. 
This article is important in two aspects. On the one hand 
it opens the way to a new branch of differential topology 
which will become homotopic topology. This starts from the 
following problem that Thom solves: under what condi-
tion on a homology class of a manifold is it realisable by a 
submanifold? On the other hand, merely by the apparition 
of transversality—a few pages of this article—it opens the 
way to the study of singularities. With some exceptions, 
Thom is going to plunge into this second way. Let us see 
what happens.

Thom will realise that the way in which he proved his 
transversality theorem for a submanifold applies at once, 
without change, to certain situations that one now calls 
transversality under constraint. The first of these situations is 
the transversality to a submanifold in a jet space.

Jet bundles were discovered by Ehresmann. For a func-
tion f, let us say real for simplicity, k times differentiable, 
and defined on a manifold M, its jet of order k at a point 
a of M is, in coordinates, the Taylor development of f at a. 
Of course, this polynomial depends on the coordinates, 
but that two functions have the same Taylor development 
to order k does not depend on coordinates. One can then 
collect all the k-jets of functions at all points of M, and we 
have thus created a new manifold Jk(M,R) which fibres over 
M by indicating the point where the k-jet is taken. A section 
of the bundle is rather rarely the collection of Taylor poly-
nomials of a single function at all the points of M: there is 
said to be an integrability condition.

Despite this constraint, the theorem of transversality to 
a submanifold S of Jk(M,R) holds, not in the space of all 
sections but among those which are integrable—and of 
course, one can replace R by any other manifold. However, 
the choice of S is decisive for the study of singularities of 
real functions. This is what Thom does in his article “Les 
singularités des applications différentiables,” which ap-
peared in the Annales de l’Institut Fourier (1956). Before this 
paper, a “cap” written by Haefliger and based on his own 
archives presents the work of Thom on singularities in the 
period 1956–1957. Moreover, with the agreement of the 
American Mathematical Society we have reproduced the 
long report of W. S. Massey in Math. Reviews; this provides 
a useful light on Thom’s article.

Because we are in 1957, let us say a word about two un-
published papers. The first is entitled “Une démonstration 
d’un théorème de Lefschetz,” and the second “L’homologie 
des variétés de Stein.” Thom writes at the very beginning of 
the second: “As a result we have the proof of a conjecture of 
J.-P. Serre: the homology groups Hi(V,Z) of a Stein manifold 
of complex dimension n are zero for i > n.” Thom presented 
these in a seminar in Chicago in February 1957. Why did 
they remain unpublished? We will never have the answer. 
In any case A. Andreotti and T. Frankel published an article, 

variété.” It concerns a Morse function, that is to say, a func-
tion at least of class C2 whose critical points have Hessians 
of maximal rank. This note has had a very rich descendance 
that we have made explicit by a commentary in Volume 
I. Thom is here curiously mute about what will become, 
starting in 1954, one of his paradigms: the notion of ge-
nericity. There lacks indeed the supplementary hypothesis of 
genericity ensuring that the said partition into cells is what 
is called a cellular decomposition, with its specific properties 
concerning the attachment of the cells. It is Stephen Smale, 
ten years later, who will make explicit this hypothesis on 
the gradient of the function in question, called today the 
Morse–Smale condition.

Next comes Thom’s work in algebraic topology that we 
have preceded by a note of presentation written by J. Lannes 
and P. Vogel. This covers essentially the work of Thom for 
his thesis (1951) and his founding article on the theory of 
cobordism (1954). The thesis was published in the Annales 
de l’École Normale Supérieure (1952), 73 pages.

The article of 1954, 69 pages, has a title turned to the 
future, “Quelques propriétés globales des variétés différen-
tiables.” It is here that appears for the first time the notion 
of transversality, a property which is generically satisfied, 

Figure 1.
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appearance. The editorial committee was solicited more 
here than in Volume I.

 • Many of the long articles contained in the latter, written 
under the gaze of Henri Cartan and his school, required 
in fact no other commentary than the mention of their 
whys and wherefores. After his Fields Medal, Thom is 
more alone but does not lose his tranquil audacity, 
which results in often prophetic (and, very rarely, badly 
written) mathematical papers requiring completion10 
and, in this volume, commented on in more detail.

 • This audacity led him to “leave the frame” with his 
catastrophe theory, of which the foundational articles 
figure in this Volume II. Containing sometimes very new 
mathematics, they are part of another story, notably in 
biology, of which it was important to give an idea; Sara 
Franceschelli and Jean Petitot took this on with much 
talent.
Singularities. A large part of this volume is formed of 

essential papers on singularities of maps—notably on their 
topological stability and on stratifications—annotated and 
commented upon by Teissier and Trotman, experts in the 
field. This includes “La stabilité topologique des applica-
tions polynomiales,” which sketches already the celebrated 
isotopy theorems of Thom–Mather, then “Propriétés dif-
férentiables locales des ensembles analytiques (d’après H. 
Whitney),” an excellent exposition of fundamental results 
of Whitney on the stratification of analytic sets and a draft 
of the theory of stratified sets. This is further developed in 
“Local topological properties of differentiable mappings,” 
astonishingly clairvoyant, and followed by “On some ide-
als of differentiable functions,” focusing on the difference 
between the differentiable and the analytic.

There next comes a “big part,” “Ensembles et morphis-
mes stratifiés,” which, after inspiring Mather and a pleiad of 
other experts, continues after fifty years to be the source of 
active research. “The bifurcation subset of a space of maps” 
introduces the absolutely fascinating idea of a natural 
stratification of function spaces, concerning which much 
remains to be done.

The volume concludes, in a way closer to the two un-
published papers of Volume I, by “Un résultat sur la mono-
dromie,” commented on by Norbert A’Campo with Teissier, 
and by an unpublished manuscript on the monodromy11 
which, despite a fatal error, contains important and beauti-
ful ideas. As an anecdote, Thom’s article had been accepted 
in a prestigious journal, which had previously refused at 
the same time the paper where the young A’Campo gave a 
counterexample! Happily, Thom withdrew his text, and the 
work of A’Campo, which surprised the most distinguished, 
established his reputation.

“The Lefschetz theorem on hyperplane sections,” Annals of 
Math. (1959), 14 pages. In their introduction one may read:

Recently Thom has given a proof (unpublished) 
which, as far as we know, is the first to use 
Morse’s theory of critical points. We present in 
§3, in a slightly more general setting, an alter-
nate proof inspired by Thom’s discovery.

Let us finish this look at Volume I with a last historical 
evocation. Thom gave a talk at a CNRS meeting in Lille 
in 1959. This talk was published in the Bulletin SMF with 
the title “Remarques sur les problèmes comportant des 
inéquations différentielles globales.” One cannot avoid 
relating this title with that of the book by M. Gromov, Par-
tial Differential Relations, Springer-Verlag, 1986; moreover, 
Thom’s article is cited there. Thom gives in this article, next 
to general considerations, a precise statement on the ho-
mology of an open set in a jet space. Here we are ten years 
before the thesis of Gromov (1969), who proves an analo-
gous statement but with an important difference: Gromov 
speaks of homotopy. As later, the statement of Gromov will 
be called an h-principle after the initial letter of homotopy, 
one could say that the statement of Thom is an h-principle 
(only homological) before its time.

The paradox of this affair is that Thom, at the time that 
S. Smale wrote his (brief) report for Math. Reviews, only 
believed in his theorem for the jet spaces of order one, as 
shown by Smale’s commentary. However, the commentary 
of D. Spring in our Volume I, p. 562, makes precise that 
he himself knew how to give a proof using the holonomic 
approximation theorem of Eliashberg and Mishachev (L’En-
seignement Math., 2001). Finally, there is a strong chance 
that the idea of Thom to introduce small sawtooths in his 
simplexes can be carried out to the end.

Volume II
As in Volume I, the texts of Thom are preceded here by a 
complete bibliography of his works.8 It begins with the 
course on singularities given at Bonn in 1959, as recorded 
by Harold Levine. Annotated and commented on by Hae-
fliger, this lecture course is followed by a translation of the 
preface and the table of contents of the Russian edition by 
V. I. Arnold, then by a letter to Haefliger of February 1959. 
Despite a casual error, this shows that Thom had quickly 
noticed the modules (moduli) which complicate the theory.

The volume gathers then the articles of Thom published 
between 1962 and 1971,9 in chronological order of their 

8Mildly corrected with respect to Volume I, which sometimes changes the 
numbering.
9Except for the Fermi Lectures “Modèles mathématiques de la morpho-
génèse” given at the Scuola Normale Superiore of Pisa in April 1971, kept 
for Volume III as the lectures in Bonn were kept for Volume II.

10Mathematicians of the calibre of John Mather and Vladimir Arnold 
worked on this, but many exciting problems remain open.
11In a modern typography of Duco van Straten.
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lectures “Modèles mathématiques de la morphogénèse”13 
is a clear exposition of the stakes of catastrophe theory and 
a lot of new mathematics which have had an important 
progeny. A critical rereading was therefore in order.

Then comes “Sur le cut-locus d’une variété plongée,” a 
paper which is very rich mathematically (it takes the func-
tional viewpoint of “The bifurcation subset of a space of 
maps”) and even beyond mathematics—one finds there a 
quite up-to-date model of visual perception.

“Phase transitions as catastrophes,” which is mathemat-
ically substantial,14 proposes in particular a proof of the 
Gibbs phase rule based on the generic structure of Maxwell 
sets.15 This notion was at the heart of the cut locus paper.

“Sur les équations différentielles multiformes et leurs 
intégrales singulières” provides among other things a 
marvelous introduction to singularities, contact geometry, 
and Pfaffian systems.

“Symmetries gained and lost” analyses symmetry break-
ings, in connection with the work of the physicist Louis 
Michel and as a continuation of the paper of Volume II.

“Introduction à la dynamique qualitative,” a mathemat-
ical-historical-philosophical text à la Thom, evidences his 
long-standing interest in this domain which was for a time 
not so popular in France, a situation which his seminar 
around 1970 remedied, contributing to the orientation 
of future “leaders” in the subject, such as Michel Herman.

“Gradients of analytic functions,” absent from the CD-
ROM and unearthed by our Iranian colleague Massoud 
Amini, notably states the “gradient conjecture” on the lim-
its at a singular point of the tangents to integral curves of an 
analytic gradient.16 Enthusiastic commentary by Kurdyka.

“Tectonique des plaques et théorie des catastrophes” 
is the trace of a daring incursion into Claude Allègre’s 
territory.

The Les Houches lectures “Mathematical concepts in 
the theory of ordered media” is a follow-up to the work of 
Kléman and Toulouse on dislocations in crystalline media.

The note with Yannick Kergosien, “Sur les points par-
aboliques des surfaces,” completed and corrected with 
Thomas Banchoff, deals with the apparent contours of a 
“generic” surface in Euclidean space when the direction of 
projection varies.17

The two notes with Peixoto, “Le point de vue énuméra-
tif dans les problèmes aux limites pour les équations 

Catastrophes. Preceded by a knowledgeable introduc-
tion by Petitot, this part contains five articles. “A dynamic 
theory for morphogenesis,” “lost” but recovered by Tadashi 
Tokieda, presents the theory for the first time, insisting 
on its mathematical aspects—this is in particular the first 
appearance of universal unfoldings. The commentary led us 
to interrogate Mather, whose response, of great interest, is 
partially reproduced.

Thom presents his ideas in more detail in “Une théorie 
dynamique de la morphogénèse,” a fundamental article 
followed by correspondence with the great biologist C. H. 
Waddington. The whole is commented on by Sara Fran-
ceschelli and Petitot, who begin with the relation with “The 
chemical basis of morphogenesis” of Alan Turing (1952).

Then comes “Topological models in biology,” then “A 
mathematical approach to morphogenesis: archetypal 
morphologies,” and “Topologie et linguistique,” which 
illustrates the scale of the project.

Varia. The volume contains other “concrete” appli-
cations of the theory of singularities: “Sur la théorie des 
enveloppes,” written in 1960 to clean up a rather “dirty” 
domain, is not very readable—we have tried to remedy 
this in part without departing from Thom’s ideas. “Sur les 
variétés d’ordre fini” sketches notably the proof that, save 
for rare exceptions, a compact submanifold M of dimension 
n in Rn+μ cuts every affine μ-plane P in a finite number of 
points, bounded as P varies.

More ambitious, the article “Les symétries brisées en 
physique macroscopique et la mécanique quantique” is 
confronted by Valentin Poénaru with the later progress 
in physics. Like the talk “Travaux de Moser sur la stabilité 
des mouvements périodiques” on “KAM theory,” it bares 
witness to the variety of interests of Thom and to his ex-
ceptional insight.

The article “Sur l’homologie des variétés algébriques 
réelles,” commented on by Ilia Itenberg, is devoted to 
what is since often called the Smith–Thom inequality, very 
important in real algebraic geometry. This work dedicated 
to Marston Morse depends on Morse theory, of which a 
“foliated” version is proposed in “Généralisation de la 
théorie de Morse aux variétés feuilletées.”

Finally “Jets de Liapunov,” commented on by Krzysztof 
Kurdyka, examines the implications of the existence of a 
Liapunov function for a vector field in the neighbourhood 
of a point.

Volume III
Respecting the name of the collection, this last volume12 es-
sentially contains mathematical writings, a small minority 
of Thom’s publications after 1971, but often remarkable. 
Let us point out some of them. The first text, the Fermi 

13It provides the first three chapters of the book with the same title published 
in 1974 in the pocket collection 10–18.
14And bold, sometimes a little too much so!
15The set of values of parameters for which a function depending on those 
parameters attains its minimum in several points (if one counts them with 
multiplicities).
16A version of it has been proved by Kurdyka, Mostowski, and Parusinski 
in a paper published in 2000 in the Annals of Math.
17The case of a single projection was very well treated in the paper “Sur les 
équations différentielles multiformes et leurs intégrales singulières.”12In preparation, we would like to see it published at the end of 2020.
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amazed its first “guinea pig” Whitney, who at first could not 
believe this statement which put under the same umbrella 
almost all general position arguments. That is why we 
thought it would be useful to present an overview of it.19

First Elementary Version
The following facts seem to correspond to our intuition. If, 
in R3, a point p lies on a surface S, a jiggling20 will push p 
outside of S. If a (compact) curve C is tangent to S at one 
or several of its points, a jiggling will result in that either 
C and S are disjoint or, at the possible common points, 
the tangent to C and the tangent plane to S will intersect 
transversally. Finally, if S′ is a (compact) surface which at 
some points shares a tangent plane with S, a jiggling of S′ 
will put it in a transversal position with respect to S; at the 
possible common points the tangent planes will be secant. 
In fact—and this is less intuitive—if this last condition on 
the tangent planes is satisfied at each point of the intersec-
tion S∩ S′, this intersection will be a smooth curve (this 
last fact is guaranteed by the implicit function theorem).

Thom’s first statement on transversality is a generaliza-
tion to all dimensions and all manifolds of those three 
examples. But one has still to specify what a “jiggling” is. 
It is a diffeomorphism g of the ambient manifold M, arbi-
trarily close to the identity (in the C∞ topology) which one 
applies to a (compact) submanifold N in order to make it 
transversal to another submanifold N′ of M: at any point of 
g(N)∩N′ the two tangent spaces Txg(N) and TxN′ generate 
TxM. In what follows all manifolds will be assumed to be 
C∞ (we shall say “smooth”).

Elementary transversality theorem (Thom). The property 
that g(N) is transversal to N′ is generically satisfied for g in 
the group Diffk(M) of Ck diffeomorphisms of M if k > max(0, 
dimN − codimN′). Here, a property is said to be generic if it is 
satisfied at all points of a countable intersection of dense open 
subsets of Diffk(M).

Remarks. (1) If N is compact, transversality is an open 
property in the C∞ topology and therefore in all finer 
topologies such as the C∞ on the group Diff ∞(M). More-
over, under this assumption, genericity is also true in the 
subgroup Diff∞c(M) of diffeomeorphisms with compact 
support.

(2) The same statement is still valid if N is singular 
(presence of double points, lack of tangent space) or even 
the image in M of a manifold N by a Ck map.

différentielles ordinaires,” illustrate in particular the very 
enlightening vision that Thom had of “well-posed” prob-
lems: they are those in which the d-dimensional manifold 
of solutions of the differential system is transversal in the 
function space to the d-codimensional variety defined by 
the limit conditions of the problem.

“Quid des stratifications canoniques?” evidences again 
their extreme importance in the eyes of Thom.

Finally, the obituaries of Morse and Whitney written 
for the Académie des sciences are obviously of great inter-
est, as well as “La théorie des jets et ses développements 
ultérieurs,” published with Ehresmann’s complete works.

We also write a little about “the catastrophe of catastro-
phe theory,” which took place in 1978 and has without 
any doubt contributed to Thom distancing himself from 
mathematics, to its detriment.

Appendix: A Modest Overview of Transversality 
according to Thom
Transversality plays an essential role in Thom’s work, both 
in mathematics and in catastrophe theory where a key idea 
is that one can only observe the phenomena that are stable 
under perturbation. The transversality lemma in jet spaces18 

Figure 2. Catastrophes, around 1975.

18See Thom’s paper “Un lemme sur les applications différentiables” (1956), 
reproduced and commented in Volume I.

19Marc Chaperon treated it very differently in issue 65 of the Gazette de 
la SMF, with many other applications.
20A generic small movement; we borrow this term from W. Thurston.
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diffeomorphism gi,vi of M with compact support which is 
idM if vi = 0. Let v := (v1, … , vs). Set gv = g1,v1°···°gs,vs. One 
easily verifies that conditions (1) –(3) are satisfied, which 
ends the proof.
Transversality and Jet Spaces
It is obviously in the jet spaces of order r ≥ 2 that Thom will 
give the deepest applications of the transversality theorem 
to singularities of differentiable mappings. However, one 
can already realize the innovative aspect of this theorem 
with jets of order 1 (or 1-jets) of real functions of one real 
variable.

In order to start with a compact manifold, let us look at 
the 1-jets of functions on the interval [0, 1], which is not 
exactly a manifold, but a manifold with boundary. The 
boundary creates no difficulty for understanding the space 
of real-valued C∞ functions.

If f : [0,1] → R is Ck, k ≥ 1, we define its jet of order one 
j1f(a) = (a, f(a), f ′(a)) at any point a ∈ [0,1].21 The map 
j1f is a section (that is, a right inverse) of the projection 
(x, y ,z)→ x of J1([0, 1]) to [0, 1]; thus, it identifies with its 
image which is a Ck−1 submanifold of J1([0, 1]).

Given a ∈ [0, 1], any P ∈ R[T] of degree one is equal to 
j1a f, where f(x) = P(x − a). However a global section s(x) = (x, 
y(x), z(x)) is of the form j1f(x) if and only if

z(x) = dy

dx
(x) (integrability condition).

This condition is quite rarely satisfied. Thus, if ∑ is a sub-
manifold of J1([0, 1]), the proof given for the transversality 
theorem (elementary version) will produce from j1f at best 
a section transversal to ∑, with practically no chance to 
produce an integrable section.

We remember that everything lies in the choice of the 
family G of maximal rank with respect to the parameters. It 
is Thom’s clairvoyance which made him see that the same 
proof works in the subspace of integrable sections if we take 
as parameter space the (finite-dimensional) space of degree 
one real polynomials, here in one variable. At the same 
time we shall replace the diffeomorphism group of J1([0, 
1]) by its subgroup, which one might call the gauge group 
consisting of those diffeomorphisms which preserve not 
only each fiber j1x ([0, 1]) but also the distribution of contact 
planes, i.e., the kernels of the differential form dy − zdx.22

If P is a polynomial function of degree one, the transla-
tion (in the fibers)

(x, y, z)→ (x, y + P(x), z + P′(x)), 
in other words j1f(x)→ j1(f + P)(x)

is a gauge transformation, sending each integrable sec-
tion j1f to the integrable section j1(f + P). This family of 
translations verifies conditions (1) –(3), once truncated 
to obtain (2).

Proof of Thom’s Theorem Based on Theorems 
of A. Morse and A. Sard
Theorem (Morse–Sard). Let X be a manifold. If f : X → Rq 
is Ck, k > max(0, dim X − q), then almost every y in Rq, in the 
sense of the Lebesgue measure, is a regular value of f, which 
means that for every x ∈ f−1(y) the differential of f at x is of 
rank q.

For instance, if dim X < q, almost no y is in the image of 
f. By the implicit function theorem, the inverse image of a 
regular value is a Ck submanifold of codimension q.

The inequality on k in the statement above is necessary. 
For example, Whitney has built a function f : R2→R of class 
C1 and an arc A in the plane where f is not constant but 
along which the differential of f is identically zero (the arc 
A is continuous but of course not C1). The interval f(A) con-
tains no regular value of f, although it is of positive length.

Here is how Thom uses Sard’s theorem to prove his first 
transversality theorem. With its notation, let us consider the 
case k = ∞ and N compact and concentrate on the density 
part. Since Diff∞c(M) is a group, one easily shows that it 
suffices to prove that idM can be approximated in the C∞ 
topology by g∈ Diff∞c(M) such that g(N) is transversal to N′.

Thom’s idea is to build, for a certain integer r, a map 
G : Rr × M → M, (v, x)→ G(v, x) of class C∞, such that:
1. G(0,x) = x for all x ∈ M ;
2. for all small enough fixed v, gv := G(v,−) is a diffeomor-

phism of M with compact support;
3.	 ∂vG(0,x) is of rank n = dim M for all x ∈ N.

We shall think of G as a family {gv}v∈Rr depending on r 
real parameters. Let us assume we have such a family and 
prove Thom’s theorem. Since the rank condition is open, 
condition (3) implies that ∂vG(v,x) is of rank n for all (v,x) 
in a neighborhood U of {0} × N. Let us still denote by G 
its restriction to U. With the rank condition, the implicit 
function theorem tells us that W := G−1(N′) is a submani-
fold of U of class C∞.

Let Π : W → Rr be the projection onto the parameter 
space. One now applies Sard’s theorem to Π . Almost every 
(r-dimensional) parameter v is a regular value of Π. An 
easy lemma of linear algebra shows that for such a v, the 
diffeomorphism gv pushes N to a position transversal to N′.

There remains only to build the family G. Let us begin 
with the case M = Rn. We take as parameter space the vector 
space R

→
n of translations of Rn. By a well-chosen partition of 

unity, one extends the translation of the compact N by the 
vector v into a diffeomorphism gv with compact support 
which is idM if v = 0. Conditions (1) –(3) are satisfied.

In the case where M is a manifold, using the compactness 
of N, we cover it by a finite collection {Bi}s

i = 1 of balls, 
each of which is contained in a coordinate chart Oi of M.

One chooses the translations v in the coordinates of Oi 
small enough for Bi + vi to remain in a fixed compact sub-
set of this chart. One easily extends this translation into a 

21In other words j1f(a)=(a, j1a f), where j1a f ∈ R[T] is the Taylor polynomial 
f(a) + f ′(a)T.
22A “contactologist” tradition exchanges y and z, giving dz − ydx.
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The same approach works in any dimension of base 
manifold and for any jet order.23 Thom thus obtains the 
following theorem:

Transversality theorem in a jet space (Thom). Let N be an 
n-dimensional manifold, let Jr(N) be its space of r-jets of real 
functions, and let ∑ be a submanifold of Jr(N) of codimension 
q and of class C,> max{0,n − q}. For any f ∈ Ck(N,R), k −
r > max{0,n − q}, generically for g in the Ck − r gauge group, 
the submanifold g(jrf(N)) is transversal to ∑.

Here is a first application to Morse functions. At the 
beginning of the 1930’s, Marston Morse showed the im-
portance of the functions which now bear his name for the 
understanding of manifolds. Recall that a Morse function 
f : N → R is a function, of class at least C2, whose critical 
points (points where df = 0) are all nondegenerate (in 
coordinates, the matrix of second partial derivatives is of 
maximum rank).

Corollary. Morse functions of class Ck on N are dense in 
Ck(N,R) for k ≥ 2.

Indeed, a simple computation shows that f is a Morse 
function if and only if j1f is transversal to the zero section 
∑ := {j1ϕ(x) : dxϕ = 0} of the projection j1ϕ(x)→ j0ϕ(x) := 
(x, ϕ(x)). According to the theorem (here with q = n and 
r = 1), generically j1f is transversal to ∑, hence the density.

Credits
Figure 1 is courtesy of Marc Chaperon and Frank Lauden-

bach.
Figure 2 is © Archives de l’IHÉS - Droits réservés.
Photo of Marc Chaperon is courtesy of Emmanuel Ferrand.
Photo of François Laudenbach is courtesy of Claude Jouault.

Marc Chaperon François Laudenbach

23Even replacing the target space R by another manifold.
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On the Kinematic Formula
in the Lives of the Saints
Danny Calegari

Saint Sebastian was an early Christian martyr. He served
as a captain in the Praetorian Guard under Diocletian un-
til his religious faith was discovered, at which point he was
taken to a field, bound to a stake, and shot by archers “till
he was as full of arrows as an urchin1 is full of pricks2.”
Rather miraculously, he made a full recovery, but was later
executed anyway for insulting the emperor. The trans-
pierced saint became a popular subject for Renaissance
painters, e.g., Figure 1.

The arrows in Mantegna’s painting have apparently ar-
rived from all directions, though they are conspicuously
grouped around the legs and groin, almost completely
missing the thorax. Intuitively, we should expect more ar-
rows in the parts of the body that present a bigger cross
section. This intuition is formalized by the claim that a
subset of the surface of Saint Sebastian has an area pro-
portional to its expected number of intersections with a
random line (i.e., arrow). Since both area and expectation
are additive, we may reduce the claim (by polygonal ap-
proximation and limit) to the case of a flat triangular Saint
Sebastian, in which case it is obvious.

Danny Calegari is a professor of mathematics at the University of Chicago. His
email address is dannyc@math.uchicago.edu.
1hedgehog
2quills

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2117

Figure 1. Andrea Mantegna’s painting of Saint Sebastian.

This is a 3-dimensional version of the classical Crofton
formula, which says that the length of a plane curve is pro-
portional to its expected number of intersections with a
random line. A famous application is known as “Buffon’s
needle”. In the Euclidean plane we consider the family of
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all horizontal lines whose 𝑦 coordinate is an integer, and
we drop a needle of length 1 so that it lands somewhere
at random. Then the probability that the needle crosses
one of the lines is 2/𝜋 (i.e., the average of | sin(𝜃)|, where
𝜃 is the angle the needle makes with the horizontal). In
fact, the only relevance of the straightness of the needle is
that a straight needle of length 1 can cross at most one of
the horizontal lines in at most one point. If you trade in
your needle for a stick of spaghetti of the same length (i.e.,
“Buffon’s noodle”) and then cook the spaghetti and drop
it at random in the plane, the expected number of cross-
ings with the horizontal lines is still 2/𝜋, no matter what
complicated physical process determines its shape.

Figure 2. A random noodle of length 1 has 2/𝜋 expected
crossings with the horizontal lines.

Crofton’s formula can be greatly generalized. For ex-
ample, Kang and Tasaki give a formula for the expected
number of intersections of a (real) surface 𝑆 in ℂℙ𝑛 with a
random hyperplane. The number of such intersections is

1
2𝜋 ∫

𝑆
1 + cos2(𝜃𝑥) 𝑑area(𝑥),

where for a point 𝑥 ∈ 𝑆 the “Kähler angle” 𝜃𝑥 measures
how far 𝑇𝑆 is from being complex: if 𝑣1, 𝑣2 is an orthonor-
mal basis for 𝑇𝑥𝑆, then cos(𝜃𝑥) is the inner product of 𝑖𝑣1
with 𝑣2. For example, if 𝑆 is a holomorphic curve, then
𝜃 = 0 and the area of 𝑆 is 𝜋 times the degree, whereas for 𝑆
equal to the “standardly embedded” ℝℙ2 one has 𝜃 = 𝜋/2
and the area is 2𝜋.

One of the most beautiful generalizations is the so-
called kinematic formula of Chern (actually, a more general
formula still, valid for manifolds with boundary among
other things, was obtained seven years earlier by Federer).
“Kinematic” here refers to the group 𝐺 of isometries of
Euclidean space. Given submanifolds 𝑀𝑝 and 𝑁𝑞 of Eu-
clidean ℝ𝑛, a modest improvement of Crofton’s formula
says

∫
𝑔∈𝐺

vol𝑝+𝑞−𝑛(𝑀 ∩ 𝑔𝑁) 𝑑𝑔 = 𝑐 vol𝑝(𝑀)vol𝑞(𝑁),

where vol𝑖 denotes 𝑖-dimensional volume, and 𝑐 is a univer-
sal constant depending only on the dimensions 𝑛, 𝑝, 𝑞, and
the normalization of the measure on 𝐺 (the actual compu-
tation of 𝑐 was first carried out by Santaló, who showed it
is a ratio of products of Euclidean unit spheres of various

dimension). Chern generalizes this as follows: for every
even number 𝑒 ≤ 𝑝 + 𝑞 − 𝑛 he proves there is a formula

∫
𝑔∈𝐺

𝜇𝑒(𝑀 ∩ 𝑔𝑁) 𝑑𝑔 = ∑
even 𝑖≤𝑒

𝑐𝑖𝜇𝑖(𝑀)𝜇𝑒−𝑖(𝑁)

where 𝑐𝑖 are universal constants depending only on
𝑛, 𝑝, 𝑞, 𝑒, and the 𝜇𝑒 are certain geometric invariants of 𝑀
and 𝑁 concentrated in “codimension 𝑒” (so to speak). Fur-
thermore, Chern’s formula is valid in the “noodly” sense
that the invariants 𝜇𝑖 depend only on the intrinsic Rie-
mannian geometry of the manifolds, and not on how they
are isometrically embedded in Euclidean space.

The geometric invariants 𝜇𝑒 appear in Weyl’s (closely re-
lated) formula for the volume of a (sufficiently narrow)
tube of radius 𝜌 about a 𝑘-dimensional submanifold 𝑋
of ℝ𝑛. Let 𝑇(𝑋, 𝜌) denote the tube around 𝑋 of radius 𝜌,
where 𝜌 is sufficiently small depending on 𝑋 . Then

vol(𝑇(𝑋, 𝜌))

= 𝑂𝑛−𝑘 ∑
even 𝑒≤𝑘

(𝑒 − 1)(𝑒 − 3)⋯1
(𝑛 − 𝑘 + 𝑒)(𝑛 − 𝑘 + 𝑒 − 2)⋯ (𝑛 − 𝑘)𝜇𝑒(𝑋)𝜌

𝑛−𝑘+𝑒,

where 𝑂𝑖 is the volume of the unit sphere in Euclidean ℝ𝑖,
and the 𝜇𝑒(𝑋) are certain integrals over 𝑋 of invariant poly-
nomials in the matrix entries of the second fundamental
form. Evidently the leading order term for small 𝜌 is just
𝑂𝑛−𝑘vol𝑘(𝑋)𝜌𝑛−𝑘; i.e., 𝜇0(𝑋) = vol𝑘(𝑋). One may think
of Weyl’s formula as a special case of (Federer’s version of)
the kinematic formula, taking𝑀 = 𝑋 and𝑁 equal to a ball
𝐵𝜌 of small radius 𝜌. Then 𝜇𝑖(𝐵𝜌) is (up to a constant) just
the appropriate power of 𝜌.

Weyl’s formula is exact, but only valid for 𝜌 small
enough so that the exponential map is an embedding on
the normal disk bundle of radius 𝜌. What the formula re-
ally computes is the integral over this normal disk bun-
dle of the pullback of the Euclidean volume form under
the exponential map. For larger 𝜌 one must compute vol-
ume with multiplicity (where different sheets of the image
of the exponential map overlap each other) and with sign
(where the Jacobian of the exponential map has negative
sign). For accuracy we should call this the algebraic volume
of 𝑇(𝑋, 𝜌), to distinguish it from the naive volume. Fig-
ure 3 shows a region where three local sheets of the expo-
nential map overlap, two with positive sign and one nega-
tive.

One can think of Weyl’s formula as a Taylor series, but
if so it has two properties that are rather startling at first
glance:

1. the nonzero terms all have the same parity (equal to
the codimension of 𝑋); and

2. there are only finitely many nonzero terms!

Actually a little reflection makes these properties appear
less preposterous. Firstly, if we express 𝑇(𝑋, 𝜌) as the inte-
gral of a density 𝑇(𝑋, 𝜌, 𝑣) over vectors 𝑣 in the unit normal
bundle 𝜈, then if we expand 𝑇(𝑋, 𝜌, 𝑣) for any fixed 𝑣 as a
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Figure 3. A ‘tube’ of sufficiently large radius has volume
which must be counted with multiplicity and with sign. In this
figure, the red region is counted with multiplicity 1, the green
region with multiplicity 1 + 1 − 1, and the blue region with
multiplicity 1 + 1.

power series in 𝜌 we will have 𝑇(𝑋, 𝜌, −𝑣) = 𝑇(𝑋,−𝜌, 𝑣).
Thus only the terms with an even exponent will survive
after integrating over 𝑣.

Secondly, if we approximate 𝑋 by a polyhedron 𝑌 , it is
obvious that each codimension 𝑒 simplex 𝜎 contributes an
expression of the form 𝑐𝑒 𝛼(𝜎)vol𝑘−𝑒(𝜎)𝜌𝑛−𝑘+𝑒, where 𝑐𝑒 is
a constant depending only on 𝑛, 𝑘, 𝑒, and where 𝛼(𝜎) (the
angle excess) is the volume of a certain (dual) immersed
spherical polyhedron whose faces are inductively associ-
ated to higher-dimensional simplices 𝜏 incident to 𝜎. Here
it is important that we are computing the algebraic volume
— the exponential map on the “normal bundle” of a poly-
hedron𝑌 is singular for any positive 𝜌 unless𝑌 is totally ge-
odesic. In any case, this argument shows that vol(𝑇(𝑌, 𝜌))
is a polynomial in 𝜌 of degree 𝑛 and so—taking limits—is
vol(𝑇(𝑋, 𝜌)).

Now, as remarked above, the 𝜇𝑒 are integrals of invari-
ant polynomials of even degree in the coefficients of the
second fundamental form. In particular, they can be ex-
pressed purely in terms of the intrinsic Riemannian metric
for 𝑀. When 𝑘 is even, the highest order term 𝜇𝑘(𝑋) is es-
pecially nice: the Chern–Gauss–Bonnet formula gives the
identity

𝜇𝑘(𝑋) =
(2𝜋)𝑘/2

(𝑘 − 1)(𝑘 − 3)⋯1𝜒(𝑋),

where 𝜒 is the Euler characteristic of 𝑋 . Actually, this can
be seen directly, at least for the case of a hypersurface
𝑋 . When 𝜌 is very large, 𝑇(𝑋, 𝜌) is approximately equal
to a ball of radius 𝜌. To compute the algebraic volume
vol(𝑇(𝑋, 𝜌)) we must figure out the multiplicity of a typi-
cal point very far from 𝑋 . Think of 𝑋 × ±1 as the unit nor-
mal bundle to 𝑋 . The copy 𝑋 × 1 is oriented like 𝑋 , and
𝑋 × −1 is oriented oppositely. Define 𝑁𝜌 ∶ 𝑋 × ±1 → ℝ𝑛

by 𝑁𝜌(𝑥, ±1) = exp(±𝜌𝑣), where 𝑣 is the positive unit nor-
mal to 𝑋 at 𝑥. For big 𝜌, it is approximately true that 𝑁𝜌
maps 𝑋 × 1 (resp., 𝑋 × −1) to the sphere of radius 𝜌 by
𝜌 ⋅ 𝐺 (resp., −𝜌 ⋅ 𝐺) where 𝐺 is the Gauss map. If 𝑘 is even
the antipodal map has degree −1. Since the components
of 𝑋 × ±1 have opposite orientations, it follows that the
oriented degree of both maps is equal to deg(𝐺) = 𝜒(𝑋)/2.
Thus the coefficient of 𝜌𝑛 in Weyl’s formula is𝑂𝑛𝜒(𝑋), and
by running this argument in reverse, we obtain a proof of
the Chern–Gauss–Bonnet formula!

Taking 𝑒 = 𝑝 + 𝑞 − 𝑛 in Chern’s formula one has the
rather extraordinary conclusion that if one drops 𝑝- and
𝑞-dimensional noodles 𝑀 and 𝑁 randomly into ℝ𝑛 the
expected Euler characteristic of their intersection depends
only on the intrinsic Riemannian geometry of 𝑀 and 𝑁.
Saints alive!

AUTHOR’SNOTE. Chern’s formula is proved in the pa-
per “On the Kinematic Formula in Integral Geometry,”
J. Math. Mech. 16 (1966), no. 1, 101–118. Federer’s pa-
per “Curvature measures,” Trans. AMS 93 (1959), 418–
491, is also recommended.

Danny Calegari

Credits

Figure 1 is courtesy of Wikimedia Commons.
Figures 2–3 and photo of Danny Calegari are courtesy of

Danny Calegari.
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From the AMS Secretary

ATTENTION ALL 
AMS MEMBERS

YO

UR VOTE

CO U NTS!

YO

UR VOTE

C

O U N TS!

Voting Information  
for 2020 AMS Election
AMS members who have chosen to vote online will receive an  
email message on or shortly after August 17, 2020, from the AMS  
Election Coordinator, Survey & Ballot Systems.  

The From line will be “AMS Election Coordinator”, the Sender  
email address will be noreply@directvote.net, and the Subject 
line will be “AMS 2020 Election—login information below”. If  
you use a spam filter you may want to use the above address or 
subject information to configure your spam filter to ensure this 
email will be delivered to you.  

The body of the message will provide your unique voting login 
information and the address (URL) of the voting website.

AMS members who have chosen to vote by paper should expect 
to receive their ballot by the middle of September. Unique vot-
ing login information will be printed on the ballot should you 
wish to vote online.

At midnight (US Eastern Time) on November 1, 2020, the web-
site will stop accepting votes. Paper ballots received after this 
date will not be counted.

Additional information regarding the 2020 AMS Election is 
available on the AMS website: www.ams.org/election-info 
or by contacting the AMS: election@ams.org, 800.321.4267, 
extension 4128 (US & Canada), 401.455.4128 (worldwide).

Thank you and . . . please remember to vote.

Carla D. Savage

To learn more visit:  
www.ams.org/election-info
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Society Governance
The American Mathematical Society has a bicameral governance structure consisting of the Council (created when 
the Society’s constitution was ratified in December 1889) and the Board of Trustees (created when the Society was 
incorporated in May 1923). These bodies have the ultimate responsibility and authority for representing the AMS 
membership and the broader mathematical community, determining how the AMS can best serve their collective needs, 
and formulating and approving policies to address these needs. The governing bodies determine what the Society does 
and the general framework for how it utilizes its volunteer, staff, and financial resources.

The Governance Leadership consists of the Officers (President, three Vice Presidents, Secretary, four Associate Secre-
taries, Treasurer, and Associate Treasurer), the Council, Executive Committee of the Council, and Board of Trustees.

The Council formulates and administers the scientific policies of the Society and acts in an advisory capacity to the 
Board of Trustees. Council Meetings are held twice a year (January and the spring).

The Board of Trustees receives and administers the funds of the Society, has full legal control of its investments and 
properties, and conducts all business affairs of the Society. The Trustees meet jointly with the Executive Committee of 
the Council twice a year (May and November) at ECBT Meetings.

The Council and Board of Trustees are advised by nearly 100 Committees, including six Policy Committees (Education; 
Equity, Diversity, and Inclusion; Meetings and Conferences; Profession; Publications; and Science Policy) and over 20 
Editorial Committees for the various journals and books it publishes.

The Council and Board of Trustees are also advised by the Executive Director and the Executive Staff, who are respon-
sible for seeing that governance decisions are implemented by the Society’s 210 staff members.

Learn more at https://www.ams.org/governance.
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Award for an Exemplary 
Program or Achievement in 
a Mathematics Department
This award recognizes a department which has distin-
guished itself by undertaking an unusual or particularly 
effective program of value to the mathematics community, 
internally or in relation to the rest of society. Examples 
might include a department that runs a notable minority 
outreach program, a department that has instituted an 
unusually effective industrial mathematics internship 
program, a department that has promoted mathemat-
ics so successfully that a large fraction of its university’s 
undergraduate population majors in mathematics, or a 
department that has made some form of innovation in its 
research support to faculty and/or graduate students, or 
which has created a special and innovative environment 
for some aspect of mathematics research.

About this Award
This award was established in 2004. For the first three 
awards (2006–2008), the prize amount was US$1,200.  
The prize was endowed by an anonymous donor in 2008, 
and starting with the 2009 prize, the amount is US$5,000.

This US$5,000 prize is awarded annually. Departments 
of mathematical sciences in North America that offer at 
least a bachelors degree in mathematical sciences are el-
igible.

Next Award: 2021

Nomination Deadline: September 15, 2020

Nomination Procedure
A letter of nomination may be submitted by one or more 
individuals. Nomination of the writer’s own institution 
is permitted. The letter should describe the specific pro-
gram(s) for which the department is being nominated 
as well as the achievements which make the program(s) 
an outstanding success, and may include any ancillary  

AMS Prizes & Awards
Mathematics Programs 
that Make a Difference
This Award for Mathematics Programs that Make a Differ-
ence was established in 2005 by the AMS’s Committee on 
the Profession to compile and publish a series of profiles 
of programs that:
1. aim to bring more persons from underrepresented 

backgrounds into some portion of the pipeline be-
ginning at the undergraduate level and leading to 
advanced degrees in mathematics and professional 
success, or retain them once in the pipeline;

2. have achieved documentable success in doing so; and
3. are replicable models.

About this Award
One program is selected each year by the AMS Committee 
on the Profession and is awarded US$1,000 provided by 
the Mark Green and Kathryn Kert Green Fund for Inclusion 
and Diversity.

Preference is given to programs with significant partici-
pation by underrepresented minorities. Note that programs 
aimed at pre-college students are eligible only if there is 
a significant component of the program benefiting indi-
viduals from underrepresented groups at or beyond the 
undergraduate level.

Next Award: 2021

Nomination Deadline: September 15, 2020

The nomination procedure can be found at https://www 
.ams.org/make-a-diff-award. For questions, contact 
aed-mps@ams.org.

https://www.ams.org/make-a-diff-award
https://www.ams.org/make-a-diff-award
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significant contributions made by the nominee(s) and pro-
vide evidence of the impact these contributions have made 
on the teaching and learning of mathematics. The letter of 
nomination should not exceed two pages, and may include 
supporting documentation not to exceed three additional 
pages. A brief curriculum vitae for each nominee should 
also be included. The non-winning nominations will au-
tomatically be reconsidered, without further updating, for 
the awards to be presented over the next two years. 

To nominate a colleague, please see instructions here: 
https://www.ams.org/impact.

documents which support the success of the program(s).  
Where possible, the letter and documentation should 
address how these successes came about by 1) system-
atic, reproducible changes in programs that might be 
implemented by others, and/or 2) have value outside the 
mathematical community. The letter should not exceed 
two pages, with supporting documentation not to exceed 
an additional three pages.

Nominations may be submitted through the form 
available here: https://www.mathprograms.org/db 
/programs/809 or by sending them by postal mail to 
Steve Ferrucci, 201 Charles Street, Providence, RI 02904, 
or 401-455-4113. Nominations received by September 15 
will be considered for the award announced the following 
spring; the non-winning nominations will automatically 
be reconsidered, without further updating, for the awards 
to be presented over the next two years. Questions about 
this award and the nomination process should be directed 
to Steve Ferrucci or 401-455-4113.

Award for Impact on 
the Teaching and Learning 
of Mathematics
This award is given annually to a mathematician (or group 
of mathematicians) who has made significant contribu-
tions of lasting value to mathematics education.

Priorities of the award include recognition of:
(a) accomplished mathematicians who have worked di-

rectly with pre-college teachers to enhance teachers’ impact 
on mathematics achievement for all students, or

(b) sustainable and replicable contributions by math-
ematicians to improving the mathematics education of 
students in the first two years of college.

About this Award
The Award for Impact on the Teaching and Learning of 
Mathematics was established by the AMS Committee on 
Education in 2013. The endowment fund that supports 
the award was established in 2012 by a contribution from 
Kenneth I. and Mary Lou Gross in honor of their daughters 
Laura and Karen.

The US$1,000 award is given annually. The recipient is 
selected by the Committee on Education.

Next Award: 2021

Nomination Deadline: September 15, 2020

Nomination Procedure
Letters of nomination may be submitted by one or more 
individuals. The letter of nomination should describe the 
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INTRODUCING AN AMS MEMBER 

Chris Castillo 
Associate Professor of Mathematics, Cecil College

Member Type: Introductory 
AMS Member Since: 2009
Primary Field of Research: Permutation Polyno-
mials over Finite Fields
Dissertation Advisor: Robert S. Coulter
Undergraduate Institution: Towson University
Favorite Non-Math Hobby: Rockhounding 
Erdős Number: 4
PhD-Granting Institution: University of Delaware

Favorite Memory From an AMS 
Conference or Event: 
Starting with my fi rst Joint Meetings (New Orle-
ans 2007) and even continuing throughout today, 
I remember seeing mathematicians giving talks 
and even walking through the halls whose names 
I recognized from textbooks and seminal papers 
– names like Michael Artin, Gilbert Strang, 
Benedict Gross.  For me, it humanizes mathemat-
ics knowing that these are not just names but 
actual people in the fl esh.

How would you describe to a non-math person that mathematics 
(or at least your area of specialty) is beautiful? 

I am fascinated by structure.  Certainly mathematics gives us a vocabulary to describe 
structure and relationships in the world around us, but the structure of mathematics is 
also inherently beautiful.  Starting from just a few simple axioms we can build up massive 
structures that enable us to describe the way numbers behave (Fermat’s Last Theorem) or 
why the object behaves (The Classifi cation of Finite Simple Groups).  As a more “acces-
sible” example, the statement of Cauchy’s Integral Formula is a surprising result (at fi rst) 
for a student who has taken calculus, and amply demonstrates the richness of the fi eld of 
complex numbers.  With this last example, we fi nd both structure and simplicity (of a sort) 
– in short, beauty.
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combinatorics, with his efforts espe-
cially focused in the design theory 
community. He was instrumental in 
the founding of the Journal of Combi-
natorial Designs, which filled a void 
that had existed in the journal land-
scape prior to its inception. He has 
served as one of the editors-in-chief 
of JCD since 1993 and has promoted 
it to be the flagship journal of design 
theory and a highly respected journal 

throughout the mathematics community. He also serves 
in an editorial role on a large number of other journals in 
combinatorics and related fields. He was the coeditor (with 
Jeff Dinitz) of the first (1996) and second (2006) editions 
of the Handbook of Combinatorial Designs, now widely con-
sidered to be an indispensable reference by researchers in 
design theory. Dr. Colbourn is a great advocate for design 
theory and combinatorics. He attends a huge number of 
conferences in a wide variety of fields, very often as an 
invited speaker, and always makes a compelling case for 
the importance of design theory to the relevant field. He 
has provided invaluable mentoring for a great many young 
combinatorialists who have developed into active members 
of the combinatorics community. He chaired the Medals 
Committee of the ICA from 2016 to 2019.” Colbourn 
received his PhD from the University of Toronto in 1980. 
He was awarded the ICA Euler Medal for Lifetime Research 
Achievement in 2003. When not engaged in mathematics 
and computing, his favorite pastime is reading history, 
general science, and nineteenth-century English novels.

Koen Thas of Ghent University 
was awarded a 2019 Hall Medal, 
which recognizes extensive quality 
research with substantial interna-
tional impact by Fellows of the ICA 
in midcareer. The citation reads in 
part: “Koen Thas has made significant 
contributions in the areas of finite 
geometry and absolute geometry and 
has addressed important problems in 
mathematical physics and quantum 

information theory using geometric and group-theoretic 
methods. He has solved a number of fundamental open 

Ulcigrai Awarded Brin Prize
Corinna Ulcigrai of the University of 
Zürich has been awarded the ninth 
Michael Brin Prize in Dynamical Sys-
tems for her “fundamental work on 
the ergodic theory of locally Hamilto-
nian flows on surfaces, of translation 
flows on periodic surfaces and wind-
tree models, and her seminal work 
on higher genus generalizations of 
Markov and Lagrange spectra.” The 
work for which she was honored 

includes the articles “Absence of Mixing in Area-Preserv-
ing Flows on Surfaces,” Annals of Mathematics 173 (2011), 
“Non-ergodic Z-Periodic Billiards and Infinite Translation 
Surfaces,” Inventiones Mathematicae 197 (2014) (with K. 
Fraçzek), and “Lagrange Spectra in Teichmüller Dynamics 
via Renormalization,” Geometric and Functional Analysis 25 
(2015). Ulcigrai received her PhD in 2007 from Princeton 
University under the direction of Yakov Sinai. She held a 
position at the University of Bristol (2007–2019) and has 
been at the University of Zürich since 2018. Her honors 
include the European Mathematical Society Prize in 2012 
and the Whitehead Prize in 2013.

The Brin Prize was endowed in 2008 by Michael Brin of 
the University of Maryland to recognize mathematicians 
who have made substantial impact in dynamical systems 
and related fields at an early stage of their careers. The prize 
is awarded for specific contributions and currently carries 
a cash award of US$18,000.

—Giovanni Forni, Chair, Prize Selection Committee

ICA Medals Awarded
The Institute of Combinatorics and Its Applications (ICA) 
has awarded medals to the following mathematicians.

Charles Colbourn of Arizona State University was 
awarded the 2019 Stanton Medal for significant lifetime 
contributions to promoting the discipline of combinator-
ics. The prize citation reads in part: “Dr. Charles Colbourn 
has been a tireless lifelong champion for the discipline of  

Corinna Ulcigrai

Charles Colbourn

Koen Thas
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and hard-working researcher,’ and attest that ‘the depth 
and breadth of Tao Zhang’s research are very impressive.’”

—From ICA announcements

Clay Research 
Awards Presented
The Clay Mathematics Institute (CMI) has presented its 
Research Awards for 2019 to four mathematical scientists. 
The awards celebrate outstanding achievement in the 
mathematical sciences.

Wei Zhang of the Massachusetts 
Institute of Technology was selected 
“in recognition of his groundbreak-
ing work in arithmetic geometry 
and arithmetic aspects of automor-
phic forms.” The prize citation reads, 
“His landmark contributions include 
a proof of the global Gan–Gross–
Prasad Conjecture for a wide class 
of automorphic representations of 
unitary groups, a proof with Zhiwei 

Yun of a higher-order generalization of the Gross–Zagier 
formula over function fields, and a proof of Kolyvagin’s 
conjecture on the structure of Selmer groups for a large class 
of elliptic curves over Q. He has formulated an arithmetic 
version of the Gan–Gross–Prasad Conjecture—a vision for 
a far-reaching generalization of the Gross–Zagier formula 
over number fields—and pioneered a relative trace formula 
approach to its proof. He recently achieved a major step 
in this program by proving the Arithmetic Fundamental 
Lemma.” Zhang received his PhD from Columbia Univer-
sity in 2009. His honors include the 2010 SASTRA Ramanu-
jan Prize and the 2018 New Horizons in Mathematics Prize. 
He is a Fellow of the AMS. He tells the Notices: “I grew up 
in Sichuan, China, and thus I am a big fan of spicy food 
owing to my hometown cuisine. Aside from math, I enjoy 
spending time with my family, practicing Chinese calligra-
phy, and playing tennis.”

Tristan Buckmaster of Princeton 
University, Philip Isett of the Cali-
fornia Institute of Technology, and 
Vlad Vicol of the Courant Institute 
of Mathematical Sciences were jointly 
honored with a Clay Research Award 
“in recognition of the profound con-
tributions that each of them has 
made to the analysis of partial dif-
ferential equations, particularly the 
Navier–Stokes and Euler equations.” 

The citation continues: “Buckmaster and Vicol changed 

problems by eminent researchers. In his work linking alge-
braic geometry over F1 and combinatorics, he was one of 
the first in almost forty years to contribute new substantial 
results to infinite Singer theory.” Thas received his PhD in 
2002 and was awarded an ICA Kirkman Medal in 2006 and 
the Triennial Prize of the Flemish Science Foundation for 
Exact Sciences in 2009. Thas tells the Notices: “I was born in 
Ghent, and lived in Nazareth—of all places—till I moved to 
Ghent again, and stayed in its surroundings. I was a drawing 
prodigy as a very young child, and once caused a ‘visitor 
jam’ in the Galleria dell’Accademia, drawing variations of 
Michelangelo’s David as a ten-year-old. My thirst for cre-
ation in both the visual arts and writing never left me. But 
mathematics entered my space as well, and introduced new 
textures to my general sketch.”

Jeroen Schillewaert of the Uni-
versity of Auckland also was honored 
with a Hall Medal for 2019.The cita-
tion reads: “Jeroen Schillewaert has 
made significant contributions to a 
broad range of topics in combinator-
ics and finite geometry, combining 
techniques from extremal and proba-
bilistic combinatorics, linear algebra, 
and group theory. He is a world ex-
pert on buildings, the combinatorial 

and geometric structures introduced by Jacques Tits. His 
work has applications in coding theory and cryptography.” 
He received his PhD from the University of Ghent in 2009, 
and he was awarded an Oberwolfach Leibniz Fellowship, a 
Marie Curie Fellowship, and an Alexander von Humboldt 
Fellowship. Schillewaert tells the  Notices: “I grew up in De 
Haan, Belgium and still live near a beach with my fiancee 
Emma in Takapuna, New Zealand. I like a wide variety of 
sports, including tennis and soccer. These tend to make me 
hungry and thirsty.”

Tao Zhang of Guangzhou University was awarded the 
2019 Kirkman Medal, which recognizes excellent research 
by Fellows or Associate Fellows of the ICA early in their re-
search careers. The citation reads: “Dr. Tao Zhang has made 
deep contributions to lattice tilings and their applications, 
algebraic coding theory, and design theory. His notable 
research achievements include a significant advance on 
the Golomb–Welch conjecture on lattice tilings and the 
construction of new classes of quantum error-correcting 
codes with large minimum distance. Dr. Zhang’s research 
has resulted in more than twenty published papers in 
top-ranked discrete mathematics and electrical engineer-
ing journals. He has given ten conference and workshop 
talks, including a plenary address and an invited talk. The 
excellence of his doctoral dissertation was recognized with 
awards from Zhejiang University and Zhejiang Province. 
His nominators describe him as ‘a very original, passionate, 

Jeroen Schillewaert

Wei Zhang

Tristan Buckmaster



NEWS

Mathematics People

August 2020  Notices of the AmericAN mAthemAticAl society   1053

contributions to the field of quantum computation and 
communication, involving work in mathematics, physics, 
and computer science.

Artur Ekert of the Centre for 
Quantum Technologies, National 
University of Singapore,  and the Uni-
versity of Oxford was selected “for his 
inventions of entanglement-based 
quantum key distribution, entangle-
ment swapping, and entanglement 
purification.” He received his PhD 
from the University of Oxford and 
is a Fellow of the Royal Society of 
London.

Jian-Wei Pan of the University of 
Science and Technology of China 
and Anton Zeilinger of the Univer-
sity of Vienna were honored “for 
their groundbreaking experiments 
in multi-photon interferometry and 
free-space quantum transmission 
that enabled practically secure and 
large-scale quantum communica-
tions.” Pan received his PhD from 
the University of Vienna in 1999. 

His honors include the Emmy Noether Research Award 
(2004), the Sofja Kovalevskaja Award (2004), and the 
Chinese Young Scientist Prize (2006). He is a member of 
the Chinese Academy of Sciences and the World Academy 
of Sciences. Zeilinger received his doctorate from the Uni-
versity of Vienna in 1971 and has served on the faculties 
of the Technical University of Vienna and the University of 
Innsbruck as well as Vienna. He received the Wolf Prize in 
Physics in 2010. In his spare time he enjoys sailing. 

Stephen Wiesner of Israel was also recognized “for his 
original conceptual idea on conjugate coding that inspired 
the discovery of practical quantum cryptography.”

The prizes carry cash awards of 1 million Chinese yuan 
(approximately US$141,000).

—From a Micius Quantum Foundation announcement

Guggenheim Fellowship 
Awards to Mathematical 
Scientists
The John Simon Guggenheim Memorial Foundation has 
announced the names of the scholars, artists, and scientists 
who were selected as Guggenheim Fellows for 2020. Se-
lected as fellows in the mathematical sciences were Kavita 
Ramanan, Brown University, applied mathematics, and 

perceptions of the nature of weak 
solutions to the Navier–Stokes equa-
tions by proving that such solutions 
can be remarkably wild—severely 
nonsmooth and highly nonunique. 
With a series of breakthroughs, Isett 
finally settled Onsager’s 1949 Con-
jecture that, in turbulent regimes, 
below a specific regularity threshold, 
solutions to Euler’s equations can 
be energy dissipative. Both works 

solve long-standing problems of fundamental importance. 
In the course of doing so, they introduce novel ideas in 
hard analysis, building on the program of De Lellis and 
Székelyhidi, inspired by the pioneering work of Nash and 
Gromov.” Buckmaster received his doctorate from the 
University of Leipzig/Max Planck Institute for Mathematics 
in the Sciences in 2014. He taught at the Courant Institute 
before joining the Princeton faculty in 2017. Isett received 
his PhD from Princeton University in 2013 and has taught 
at MIT and the University of Texas at Austin prior to joining 
the faculty at Caltech in 2018. Vicol received his PhD from 
the University of Southern California in 2010. He taught at 
the University of Chicago and Princeton University before 
joining the faculty at the Courant Institute in 2018.

—From CMI announcements

2019 Micius  
Quantum Prizes
The Micius Quantum Prizes recognize scientists who have 
made outstanding contributions in the field of quantum 
communications, quantum simulation, quantum compu-
tation, and quantum metrology. The prizes for 2019 were 
awarded to the following.

Charles H. Bennett of the Thomas 
J. Watson Research Center and Gilles 
Brassard of the University of Mon-
treal were honored “for their in-
ventions of quantum key distribu-
tion, quantum teleportation, and 
entanglement purification.” Bennett 
received his PhD from Harvard Uni-
versity  in 1971. Brassard received his 
PhD in theoretical computer science 
from Cornell University in 1979. 

He is a Fellow of the Royal Society of Canada and of the 
Royal Society of London, and he received the Wolf Prize 
in Physics in 2018. Brassard and Bennett, along with Peter 
Shor, were awarded the BBVA Foundation Frontiers of 
Knowledge Award in Basic Sciences earlier this year for their 

Vlad Vicol

Gilles Brassard

Artur Ekert

Anton Zeilinger
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 • Xiao-Li Meng, Harvard University
 • André Arroja Neves, University of Chicago
 • Tatiana Toro, University of Washington

The following new Fellows whose work involves the 
mathematical sciences were named in other AAAS sections:

 • Eva Silverstein, Stanford University
 • Arogyaswami J. Paulraj, Stanford University
 • Ronitt Rubinfeld, Massachusetts Institute of 

Technology
 • Mihalis Yannakakis, Columbia University
 • Alexander Razborov, University of Chicago

Hofer and Toro are members and Fellows of the AMS. 
Neves and Razborov are members of the AMS.

—From an AAAS announcement

Fellows of the Royal Society
The Royal Society of London has announced the names of 
its newly elected Fellows for 2020. The new Fellows whose 
work involves the mathematical sciences are:

 • Yoshua Bengio, University of Montreal
 • David Harel, Weizmann Institute
 • Ehud Hrushovski, University of Oxford
 • Hugh Osborn, University of Cambridge
 • Raymond Pierrehumbert, University of Oxford
 • Andrew Stuart, California Institute of Technology
 • Jack Thorne, University of Cambridge

Elected as a foreign member was Wendelin Werner, 
ETH Zürich.

—From a Royal Society announcement

MathWorks Math 
Modeling (M3) Challenge
The 2020 MathWorks Math Modeling (M3) Challenge 
(formerly the Moody’s Mega Math Challenge) was held 
online in April 2020. This year’s problem for the teams was 
to create a model to predict what percentage of semi trucks 
will be electric in the next few years and decades, to deter-
mine the number and locations of charging stations along 
major US trucking routes that are needed for an all-electric 
trucking industry, and to prioritize which routes should be 
developed with electric charging infrastructure first.

The Challenge Champions Team Prize of US$20,000 in 
scholarship money was awarded to a team from Pine View 
High School in Osprey, Florida. The team members were 
Nicholas Butakow, Pragnya Govindu, Christiana Guan, 
Michael Gutierrez, and Kristoffer Selberg. They were 
coached by Mark Mattia.

Martin H. Weissman, University of California, Santa Cruz, 
mathematics.

Guggenheim Fellows are appointed on the basis of im-
pressive achievement in the past and exceptional promise 
for future accomplishments.

—From a Guggenheim Foundation announcement

National Academy 
of Sciences Elections
The National Academy of Sciences (NAS) has elected its 
new members for 2020. The names and institutions of the 
new members follow.

 • Ivet Bahar, University of Pittsburgh
 • Abhijit Banerjee, Massachusetts Institute of Tech-

nology
 • Gerard Ben Arous, Courant Institute of Mathe-

matical Sciences, New York University
 • Bonnie Berger, Massachusetts Institute of Tech-

nology
 • Laura G. DeMarco, Northwestern University
 • Ronald Fagin, IBM Almaden Research Center
 • Katherine Freese, University of Texas at Austin
 • Dennis Gaitsgory, Harvard University
 • Robert L. Griess, University of Michigan, Ann 

Arbor
 • Terence T. Hwa, University of California, San 

Diego
 • Jacob Lurie, Institute for Advanced Study
 • Wilfried Schmid, Harvard University
 • Jeffrey D. Ullman, Stanford University
 • Lai-Sang Young, Courant Institute of Mathemati-

cal Sciences, New York University
 • Ofer Zeitouni, Weizmann Institute of Science

Elected as International Associates were
 • Yoav Benjamini, Tel Aviv University
 • Jürg Fröhlich, Institut for Theoretical Physics, 

ETH Zürich
Berger, DeMarco, Griess, Schmid, and Zeitouni are mem-

bers and Fellows of the AMS. Fagin is a member of the AMS.

—From an NAS announcement

AAAS Fellows Elected
The American Academy of Arts and Sciences (AAAS) has 
elected its new Fellows and foreign honorary members 
for 2020. The new Fellows in the section on Mathematics, 
Applied Mathematics and Statistics are:

 • Andrew Gelman, Columbia University
 • Helmut Hofer, Institute for Advanced Study
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The Challenge Runner-Up Team Prize of US$15,000 
went to a team from White Station High School in Mem-
phis, Tennessee. The team members were Kevin Cao, 
Andrew Chen, Krishna Dasari, Kevin Luo, and Jonathan 
Zhang. They were coached by Yanli Cui.

The Third Place Team Prize of US$10,000 was awarded 
to a team from Adlai E. Stevenson High School in Lin-
colnshire, Illinois. The team members were Philena Liu, 
Brandon Lu, Sai Merneedi, Praneet Rathi, and Joshua 
Tsai. Their coach was Paul Kim.

Finalist Team Prizes of US$5,000 were awarded to three 
teams. The team from Columbus North High School in 
Columbus, Indiana, consisted of Samantha Heathcote, 
Vivek Hebbar, Anna Kim, Helen Rumsey, and Erica Song; 
they were coached by Mike Spock. A second team from 
Pine View High School, Osprey, Florida, was awarded a 
Finalist Team Prize. This team consisted of Alexander 
Douglas, Jack Gallahan, Vinay Konuru, Julia Kourelakos, 
and Danny McDonald and were also coached by Mark 
Mattia. The team from Wayzata High School in Plymouth, 
Minnesota, consisted of Brian Lin, George Lyu, Zachary 
Xiong, Andrew Yang, and Audrey Yang. Their coach was 
William Skerbitz.

The M3 Challenge invites teams of high school juniors 
and seniors to solve an open-ended, realistic, challeng-
ing modeling problem focused on real-world issues. The 
top five teams receive awards ranging from US$5,000 to 
US$20,000 in scholarship money. The competition is spon-
sored by MathWorks, a developer of computing software 
for engineers and scientists, and is organized by the Society 
for Industrial and Applied Mathematics (SIAM).

—From a MathWorks/SIAM announcement

Credits 
Photo of Corinna Ulcigrai is by Jos Schmid, Jos Schmid Pho-

tography Zurich, Switzerland.
Photo of Charles Colbourn is courtesy of Arizona State Uni-

versity.
Photo of Jeroen Schillewaert is courtesy of Ivonne Vetter.
Photo of Wei Zhang is courtesy of C. J. Mozzochi.
Photo of Tristan Buckmaster is courtesy of Marlene Buckmas-

ter.
Photo of Vlad Vicol is courtesy of Simona Vicol.
Photo of Gilles Brassard is courtesy of Christina Buchmann.
Photo of Artur Ekert is courtesy of Daniel K. L. Oi.
Photo of Anton Zeilinger is courtesy of Elias Zilberberg.

mathematics
LANGUAGE OF THE SCIENCES

forensics
climatology

statistics
fi nance

computer science
physics

astronomy
robotics

genetics
medicine

engineering

biology

neuroscience
chemistry

geology
biochemistry

ecology
molecular biology



1056    Notices of the AmericAN mAthemAticAl society Volume 67, Number 7

NEWS

Community Updates

From the AMS Public 
Awareness Office
AMS  Awards at the 2020 MCM. The team members and 
faculty advisors (and their institutions) who won the AMS 
Awards at the 2020 Mathematical Contest in Modeling 
(MCM) are:

 • Problem A: Jiandong Jiang, Mingyuan Xia, and Jiawei Li; 
advisor: Xilian Wang—Harbin Institute of Technology 
(China) 

 • Problem B: Duan Shuwen, Guo Wencun, and Su Jiebin; 
advisor: Cheng Rong—North University of China

 • Problem C: Xiang Gao, Shaochong Ye, and Jianan Liu; 
advisor: Yongkuan Cheng, South China University of 
Technology
More than 13,000 undergraduate teams representing 

institutions from twenty countries or regions participated 
in the 2020 contest, which is run by the Consortium for 
Mathematics and Its Applications (COMAP). The AMS 
congratulates all the winners and thanks COMAP and its 
judges. For more information about the competition, see 
https://www.comap.com/undergraduate/contests 
/index.html.

Video interviews with information about using math to 
model COVID-19. See the playlist on the AMS YouTube 
channel, including a COVID-19 modeling contest for un-
dergraduates at Emory University and an interview with 
Mac Hyman of Tulane University about different types of 
models used, a potential “second wave,” and the importance  

AMS Mass Media 
Fellowship Awarded

The 2020 AMS Mass Media Fel-
lowship has been awarded to Scott  
Hershberger, a May 2020 graduate of 
Washington University in St. Louis, 
where he studied mathematics and 
physics. Hershberger is spending 
the summer working at Scientific 
American.

The Mass Media Science and En-
gineering Fellows program is orga-
nized by the American Association 

for the Advancement of Science (AAAS). This program is 
designed to improve public understanding of science and 
technology by placing advanced undergraduate, graduate, 
and postgraduate science, mathematics, and engineering 
students in media outlets nationwide. The fellows work 
for ten weeks over the summer as reporters, researchers, 
and production assistants alongside media professionals 
to sharpen their communication skills and increase their 
understanding of the editorial process by which events and 
ideas become news.

Now in its forty-fifth year, this fellowship program has 
placed more than 700 fellows in media organizations na-
tionwide as they research, write, and report today’s head-
lines. The program is designed to report science-related 
issues in the media in easy-to-understand ways so as to 
improve public understanding and appreciation for science 
and technology.

For more information on the AMS Mass Media Fel-
lowship, visit the website at https://www.ams.org 
/massmediafellow.

—Anita Benjamin, AMS Office of Government Relations

Credits

Photo of Scott Hershberger is courtesy of Jiyoon Kang.

Scott Hershberger

https://www.comap.com/undergraduate/contests/index.html
https://www.comap.com/undergraduate/contests/index.html
https://www.ams.org/massmediafellow
https://www.ams.org/massmediafellow
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of math in the fight against the pandemic. https://www 
.youtube.com/user/amermathsoc.

Mathematicians shed light on the coronavirus. Keep 
up to date on the latest mathematics used to explain and 
address the coronavirus pandemic. We’re adding media 
coverage on an ongoing basis. https://www.ams.org 
/news?news_id=5955.

Top ways to use free AMS 
math content. Our website 
offers lots of free content 
that can be used for infor-
mal learning and enrichment, 
thinking about careers, and 
recreation. Explore our online 
essays, sample book chap-
ters, Notices issues, podcasts, 
videos, blogs, and more, and 
share them with your family, 

friends, and colleagues. https://www.ams.org/use-ams 
-free-math-content.

New on Mathematical Im-
agery. See a new gallery of 
artworks by multiple artists, 
“2020 Mathematical Art Ex-
hibition.” https://www.ams 
.org/2020-Exhibition.

—Annette Emerson and  
Mike Breen, AMS Public 

Awareness Officers
pao@ams.org

AMS Email Support for 
Frequently Asked Questions
A number of email addresses have been established for con-
tacting the AMS staff regarding frequently asked questions. 

The following is a list of those addresses together with a 
description of the types of inquiries that should be made 
through each address:

abs-coord@ams.org for questions regarding a particu-
lar abstract or abstracts questions in general.

acquisitions@ams.org to contact the AMS Acquisi-
tions Department.

ams@ams.org to contact AMS Headquarters in Provi-
dence, Rhode Island.

amsdc@ams.org to reach the AMS Washington Office 
about government relations and advocacy programs.

amsfellows@ams.org to inquire about the Fellows of 
the AMS.

amsmem@ams.org to request information about mem-
bership in the AMS and about dues payments or to ask any 

general membership questions; may also be used to submit 
address changes.

ams-mrc@ams.org for questions about the AMS Math-
ematics Research Communities.

ams-simons@ams.org for information about the AMS 
Simons Travel Grants Program.

ams-survey@ams.org for information or questions 
about the Annual Survey of the Mathematical Sciences or 
to request reprints of survey reports.

bookstore@ams.org for inquiries related to the online 
AMS Bookstore.

classads@ams.org to submit classified advertising for 
the Notices.

com-staff@ams.org to reach the AMS Communica-
tions Department.

consortia@ams.org for information on consortia 
subscriptions and MathSciNet for Developing Countries 
Program.

cust-serv@ams.org for general information about 
AMS products (including electronic products), to send 
address changes, or to conduct any general correspondence 
with the Society’s Sales and Member Services Department.

development@ams.org for information about charita-
ble giving to the AMS.

education@ams.org to reach the AMS Education De-
partment with questions or ideas about education.

eims-info@ams.org to request information about 
Employment Information in the Mathematical Sciences 
(EIMS). For ad rates and to submit ads go to eims.ams 
.org.

emp-info@ams.org for information regarding AMS 
employment and career services.

eprod-support@ams.org for technical questions re-
garding AMS electronic products and services.

exdir@ams.org to contact the AMS executive director. 
gradprg-ad@ams.org to inquire about a listing or ad 

in the Find Graduate Programs online service.
mathcal@ams.org for questions regarding posting on 

the Mathematics Calendar.
mathjobs@ams.org for questions about the online job 

application service Mathjobs.org.
mathprograms@ams.org for questions about the online 

program application service Mathprograms.org.
mathrev@ams.org to send correspondence to Mathemat-

ical Reviews related to reviews or other editorial questions.
meet@ams.org to request general information about 

Society meetings and conferences.
mmsb@ams.org for information or questions about reg-

istration, housing, and exhibits for any Society meetings 
or conferences (Mathematics Meetings Service Bureau).

mr-exec@ams.org to contact the executive editor of the 
Mathematical Reviews Division regarding editorial and 
related questions. 

https://www.youtube.com/user/amermathsoc
https://www.youtube.com/user/amermathsoc
https://www.ams.org/news?news_id=5955
https://www.ams.org/news?news_id=5955
https://www.ams.org/use-ams-free-math-content
https://www.ams.org/use-ams-free-math-content
https://www.ams.org/2020-Exhibition
https://www.ams.org/2020-Exhibition
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mr-librarian@ams.org to contact the Mathematical 
Reviews Division regarding the acquisition and cataloging 
of the mathematical literature indexed in MathSciNet®. 

msn-support@ams.org for technical questions regard-
ing MathSciNet®.

notices@ams.org to send correspondence to the man-
aging editor of the Notices.

notices-ads@ams.org to submit paid display ads for 
the Notices.

notices-booklist@ams.org to submit suggestions 
for books to be included in the “Bookshelf” section of the 
Notices. 

notices-letters@ams.org to submit letters and opin-
ion pieces to the Notices.

opportunities@ams.org for questions about submit-
ting to the Opportunities webpage.

paoffice@ams.org to contact the AMS Public Aware-
ness Office.

president@ams.org to contact the AMS president.
prof-serv@ams.org to send correspondence about 

AMS professional programs and services.
promorequests@ams.org to request AMS giveaway 

materials such as posters, brochures, and catalogs for use 
at mathematical conferences, exhibits, and workshops.

publications@ams.org to send correspondence to the 
AMS Publication Division.

publisher@ams.org to contact the AMS publisher. 
pub-submit@ams.org to submit accepted electronic 

manuscripts to AMS publications (other than Abstracts). 
See www.ams.org/submit-book-journal to electroni-
cally submit accepted manuscripts to the AMS book and 
journal programs.

reprint-permission@ams.org to request permission 
to reprint material from Society publications.

reviewcopies@ams.org to request a book for review.
royalties@ams.org for AMS authors to direct ques-

tions about royalty payments.
sales@ams.org to inquire about reselling or distrib-

uting AMS publications or to send correspondence to the 
AMS Sales and Member Services Department.

secretary@ams.org to contact the AMS secretary.
studchap-staff@ams.org for inquiries about the AMS 

Graduate Student Chapter Program.
student-serv@ams.org for questions about AMS pro-

grams and services for students.
tech-support@ams.org to contact the Society’s type-

setting Technical Support Group.
textbooks@ams.org to request examination/desk cop-

ies or to inquire about using AMS publications as course 
texts.

webmaster@ams.org for general information or for 
assistance in accessing and using the AMS website.

Deaths of AMS Members
clifford eArle died on June 12, 2017. Born on Novem-

ber 3, 1935, he was a member of the Society for 55 years.
doN e. edmoNdsoN, of Austin, Texas, died on May 22, 

2017. Born on September 6, 1925, he was a member of the 
Society for 65 years. 

JAcob feldmAN, professor, University of California Berke-
ley, died on May 28, 2017. Born on January 10, 1928, he 
was a member of the Society for 64 years.

AbrAhAm goetz, of South Bend, Indiana, died on May 
9, 2017. Born on April 8, 1926, he was a member of the 
Society for 55 years.

JohN W. grAy, of Urbana, Illinois, died on May 17, 2017. 
Born on October 3, 1931, he was a member of the Society 
for 62 years.

theodore W. hildebrANdt, of Longmont, Colorado, died 
on April 29, 2017. Born on December 8, 1922, he was a 
member of the Society for 67 years.

myrNA Pike lee, of Silver Spring, Maryland, died in June 
2017. Born on May 23, 1936, she was a member of the 
Society for 23 years.

tAdAshi NAgANo, of Japan, died on February 1, 2017. 
Born on January 9, 1930, he was a member of the Society 
for 54 years.

WAlter Noll, of Pittsburgh, Pennsylvania, died on June 
6, 2017. Born on January 7, 1925, he was a member of the 
Society for 63 years.

dAle WeNdell PostemA, of Griffith, Indiana, died on May 
25, 2017. Born on May 18, 1952, he was a member of the 
Society for 32 years.

JohN s. riNey, of Austin, Texas, died on May 25, 2017. 
Born on May 4, 1933, he was a member of the Society for 
54 years.

desmoNd b. sAWyer, of New Zealand, died on April 29, 
2017. Born on September 12, 1924, he was a member of 
the Society for 51 years. 

VlAdimir georgieVich sheretoV, professor, Tver State 
University, died on April 2, 2017. Born on November 1, 
1938, he was a member of the Society for 39 years.

gAisi tAkeuti, of Philadelphia, Pennsylvania, died on 
May 10, 2017. Born on January 25, 1926, he was a member 
of the Society for 57 years.

d. A. r. WAllAce, of the United Kingdom, died in May 
2017. Born on November 24, 1933, he was a member of 
the Society for 59 years.

seth l. WArNer, of Durham, North Carolina, died on 
April 20, 2017. Born on July 11, 1927, he was a member 
of the Society for 64 years.

george r. yAtes Jr., of Chicago, Illinois, died on June 4, 
2017. Born on October 15, 1943, he was a member of the 
Society for 34 years.
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Mathematics Opportunities

Listings for upcoming mathematics opportunities to appear in Notices may be submitted to notices@ams.org.

The deadline for nominations is October 1, 2020. See 
https://awm-math.org/awards/falconer-lectures.

—From an AWM announcement

Call for Nominations for 
AWM-SIAM Kovalevsky Lectureship

The Association for Women in Mathematics (AWM) and 
the Society for Industrial and Applied Mathematics (SIAM) 
awards the Sonia Kovalevsky Lectureship to recognize those 
in the scientific or engineering community whose work 
highlights the achievement of women in applied or com-
putational mathematics. The deadline for nominations is 
October 1, 2020. See https://awm-math.org/awards.

—From an AWM announcement

Early Career Opportunity

Sloan Foundation Fellowships

The Alfred P. Sloan Foundation awards two-year fellowships 
to outstanding early-career researchers who have the poten-
tial to revolutionize their fields of study. The deadline for 
nominations is September 15, 2020. See https://sloan 
.org/fellowships.

—Sloan Foundation announcement

Early Career Opportunity

Call for Nominations 
for AWM Schafer Prize

The Association for Women in Mathematics (AWM) calls 
for nominations for the Alice T. Schafer Mathematics 
Prize to be awarded to an undergraduate woman for 
excellence in mathematics. The nominee must be an un-
dergraduate when nominated. The deadline is October 

Call for Nominations 
for 2021 Abel Prize

The Norwegian Academy of Science and Letters awards 
the Abel Prize annually to recognize outstanding scientific 
work in mathematics, including mathematical aspects of 
computer science, mathematical physics, probability, nu-
merical analysis and scientific computing, statistics, and 
also applications in the sciences. Nominations are due by 
September 15, 2020. See www.abelprize.no/c53676 
/artikkel/vis.html?tid=53705.

—Norwegian Academy of Science and Letters

Call for Nominations 
for 2020 Balaguer Prize

The Ferran Sunyer i Balaguer Prize will be awarded for a 
mathematical monograph of an expository nature present-
ing the latest developments in an active area of research 
in mathematics. The prize consists of 15,000 euros (ap-
proximately US$16,200). The winning monograph will 
be published in the Birkhäuser series Progress in Mathe-
matics. The deadline for nominations for the 2020 prize is 
November 27, 2020. For more information see https:// 
ffsb.espais.iec.cat/en/the-ferran-sunyer 
-i-balaguer-prize.

—Institut d’Estudis Catalans announcement

Call for Nominations 
for AWM Falconer Lectureship

The Association for Women in Mathematics (AWM) and 
the Mathematical Association of America (MAA) annually 
present the Etta Z. Falconer Lecture at MathFest to honor 
women who have made distinguished contributions to 
the mathematical sciences or mathematics education. 

http://www.abelprize.no/c53676/artikkel/vis.html?tid=53705
http://www.abelprize.no/c53676/artikkel/vis.html?tid=53705
https://ffsb.espais.iec.cat/en/the-ferran-sunyer-i-balaguer-prize
https://ffsb.espais.iec.cat/en/the-ferran-sunyer-i-balaguer-prize
https://ffsb.espais.iec.cat/en/the-ferran-sunyer-i-balaguer-prize
https://sloan.org/fellowships
https://sloan.org/fellowships
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Joint DMS/NIGMS Initiative 
to Support Research at the 
Interface of the Biological 
and Mathematical Sciences

The National Science Foundation (NSF) and the National 
Institute of General Medical Sciences (NIGMS) at the 
National Institutes of Health (NIH) support research in 
mathematics and statistics on questions in the biological 
and biomedical sciences. The application period is Sep-
tember 1–18, 2020. For more information see https:// 
www.nsf.gov/funding/pgm_summ.jsp?pims_id=5300.

—From an NSF announcement

Early Career Opportunity

News from MSRI

The Mathematical Sciences Research Institute (MSRI) in-
vites applications for Research Professors, Research Mem-
bers, and Postdoctoral Fellows in the following programs:

 • Universality and Integrability in Random Matrix Theory 
and Interacting Particle Systems, August 16–December 
17, 2021

 • The Analysis and Geometry of Random Spaces, January 
18–May 27, 2022

 • Complex Dynamics: From Special Families to Natural Gen-
eralizations in One and Several Variables, January 18–May 
27, 2022
Research Professorships are intended for senior research-

ers who will be making key contributions to a program, 
including the mentoring of postdoctoral fellows, and who 
will be in residence for three or more months. Application 
deadline: October 1, 2020.

Research Memberships are intended for researchers who 
will be making contributions to a program and who will be 
in residence for one or more months. Application deadline: 
December 1, 2020.

Postdoctoral Fellowships are intended for recent PhDs. 
Application deadline: December 1, 2020.

For application information, see www.msri.org 
/application.

It is the policy of MSRI actively to seek to achieve diver-
sity in its programs and workshops. Thus a strong effort is 
made to remove barriers that hinder equal opportunity, 
particularly for those groups that have been historically 
underrepresented in the mathematical sciences. MSRI has 
been supported from its origins by the National Science 
Foundation, now joined by the National Security Agency, 
by over 100 academic sponsor departments, by a range 
of private foundations, and by generous and farsighted 
individuals.

—MSRI announcement

1, 2020. See https://awm-math.org/awards/schafer 
-prize-for-undergraduates.

—From an AWM announcement

Early Career Opportunity

Call for Nominations 
for Gerald Sacks Prize

The Association for Symbolic Logic (ASL) invites nomi-
nations for the Gerald Sacks Prize for the most outstand-
ing doctoral dissertation in mathematical logic. See the 
website http://aslonline.org/other-information 
/prizes-and-awards/sacks-prize-recipients 
/sacks-prize-nominations/.

—From an ASL announcement

Early Career Opportunity

Research Experiences 
for Undergraduates

The Research Experiences for Undergraduates (REU) pro-
gram supports student research in areas funded by the 
National Science Foundation (NSF) through REU sites and 
REU supplements. See www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=5517. The deadline date for proposals from 
institutions wishing to host REU sites is August 26, 2020. 
Dates for REU supplements vary with the research program 
(contact the program director for more information). 
Students apply directly to REU sites; see www.nsf.gov 
/crssprgm/reu/list_result.jsp?unitid=5044 for 
active REU sites.

—From an NSF announcement

NSF Focused Research Groups

The National Science Foundation (NSF) Focused Research 
Group program supports collaborative groups employing 
innovative methods to solve specific major research chal-
lenges in the mathematical sciences. The deadline for full 
proposals is September 9, 2020. See https://www.nsf 
.gov/funding/pgm_summ.jsp?pims_id=5671&org 
=NSF&sel_org=MPS&from=fund.

—From an NSF announcement

The most up-to-date listing of NSF funding opportunities from the Division 
of Mathematical Sciences can be found online at www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe 
to the DMSNEWS listserv by following the directions at www.nsf.gov 
/mps/dms/about.jsp. 

https://awm-math.org/awards/schafer-prize-for-undergraduates
https://awm-math.org/awards/schafer-prize-for-undergraduates
http://aslonline.org/other-information/prizes-and-awards/sacks-prize-recipients/sacks-prize-nominations/
http://aslonline.org/other-information/prizes-and-awards/sacks-prize-recipients/sacks-prize-nominations/
http://aslonline.org/other-information/prizes-and-awards/sacks-prize-recipients/sacks-prize-nominations/
http://www.nsf.gov/crssprgm/reu/list_result.jsp?unitid=5044
http://www.nsf.gov/crssprgm/reu/list_result.jsp?unitid=5044
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5671&org=NSF&sel_org=MPS&from=fund
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5671&org=NSF&sel_org=MPS&from=fund
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/mps/dms/about.jsp
http://www.msri.org/application
http://www.nsf.gov/mps/dms/about.jsp
http://www.msri.org/application
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5671&org=NSF&sel_org=MPS&from=fund
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/funding/pgm_summ.jsp?pims_1d=5517
http://www.nsf.gov/funding/pgm_summ.jsp?pims_1d=5517


Applications are invited for the position of Associate Executive Director for Meetings and Professional 
Services.  Come be part of an extraordinary collection of talent who support the Society’s extensive 
activities. This is an exciting opportunity to have a direct impact on the ways we advance research and 
create connections in the mathematics community. 

The Associate Executive Director heads the Meetings and Professional Services division and is part of the 
executive leadership team. Departments in the division support a variety of AMS meetings, programs, 
and activities that engage our members and the entire mathematical community.  This robust range of 
activities includes meetings such as the Joint Mathematics Meetings, projects such as the Annual Survey 
and Mathjobs.org, membership activities such as the AMS Graduate Student Chapters, and activities such 
as our AMS Mathematics Research Communities and the AMS Fellows program, as well as a number of 
education initiatives, various travel support programs, and several outreach activities. 

Responsibilities of the Associate Executive Director include:

• Developing and implementing long-range plans for all parts of the division

• Overseeing departments in the division, including budgetary planning and control

• Leadership and vision to ensure existing AMS programs optimize their impact, as well as in creating, 
planning, and implementing new programs

• Collaborating with other mathematical organizations

• Representing the division with AMS governance and the mathematical community

• Working closely with senior executive staff, as well as department directors across the organization, 
to ensure excellence and professionalism

Candidates should have an earned doctorate in one of the mathematical sciences as well as adminis-
trative experience. A strong interest in professional programs and services is essential, as is experience 
with grant writing. This position reports to the AMS Executive Director and also interacts with the AMS 
governance on the Council and Board of Trustees.

This position is full time, located in our Providence, RI headquarters. Salary is negotiable and will be  
commensurate with experience. Inquiries about the position are encouraged. Please contact exdir@
ams.org. This position is open until filled. Please submit letter of interest, CV, and three professional 
references to be considered for the position.

The American Mathematical Society is committed to creating 
a diverse environment and is proud to be an equal opportunity 
employer. All quali� ed applicants will receive consideration for 
employment without regard to race, color, religion, gender, gender 
identity or expression, sexual orientation, national origin, genetics, 
disability, age, veteran status, or immigration status.

POSITION AVAILABLE

ASSOCIATE EXECUTIVE DIRECTOR
for Meetings and Professional Services

AMERICAN MATHEMATICAL SOCIETY



Classified Advertising
Employment Opportunities

The Notices Classified Advertising section is devoted to listings of current employment opportunities. The publisher reserves the right to reject any listing 
not in keeping with the Society's standards. Acceptance shall not be construed as approval of the accuracy or the legality of any information therein. Advertis-
ers are neither screened nor recommended by the publisher. The publisher is not responsible for agreements or transactions executed in part or in full based 
on classified advertisements. 
The 2020 rate is $3.65 per word. Advertisements will be set with a minimum one-line headline, consisting of the institution name above body copy, unless 
additional headline copy is specified by the advertiser. Headlines will be centered in boldface at no extra charge. Ads will appear in the language in which they 
are submitted. There are no member discounts for classified ads. Dictation over the telephone will not be accepted for classified ads.
Upcoming deadlines for classified advertising are as follows: October 2020—July 17, 2020; November 2020—August 19, 2020; December 2020—September 
16, 2020.
US laws prohibit discrimination in employment on the basis of color, age, sex, race, religion, or national origin. Advertisements from institutions outside the 
US cannot be published unless they are accompanied by a statement that the institution does not discriminate on these grounds whether or not it is subject to 
US laws.
Submission: Send email to classads@ams.org.
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projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or 

contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone: 
86-22-2740-6039.

01

CALIFORNIA

MSRI Director Search 2022 
Applications Now Open

The Mathematical Sciences Research Institute (MSRI) in 
Berkeley, California invites applications for the Director 
position. The appointment is five years, beginning July 1, 
2022, with the possibility of renewal. Since 1982, MSRI has 
been a preeminent center for research.

For details, visit: www.msri.org/directorsearch.
MSRI is an equal opportunity employer and values inclusivity. 

Candidates of all backgrounds are encouraged to apply.
MSRI is supported by the National Science Foundation, 

the National Security Agency, over 100 Academic Sponsor 
Institutions, a range of private foundations, and by gener-
ous and visionary individuals.

11

CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 

http://cam.tju.edu.cn
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NEW BOOKS

New Books Offered by the AMS

Finally, the authors discuss PI exponent and codimension 
growth. This part uses some nontrivial analytic tools com-
ing from probability theory. The appendix presents the 
counterexamples of Golod and Shafarevich to the Burnside 
problem.

Colloquium Publications, Volume 66
August 2020, approximately 630 pages, Softcover, ISBN: 
978-1-4704-5174-5, 2010 Mathematics Subject Classifi-
cation: 16H05, 16H10, 16R20, 16R30, 16W22, 15A75, 
15A72, 14L24, 16N60, 16P90, List US$99, AMS members 
US$79.20, MAA members US$89.10, Order code COLL/66

bookstore.ams.org/coll-66

Linear Algebra
Michael E. Taylor, University of 
North Carolina, Chapel Hill, NC

This text develops linear alge-
bra with the view that it is an 
important gateway connecting 
elementary mathematics to 
more advanced subjects, such 
as advanced calculus, systems of 
differential equations, differen-
tial geometry, and group repre-
sentations. The purpose of this 
book is to provide a treatment 

of this subject in sufficient depth to prepare the reader to 
tackle such further material.

The text starts with vector spaces, over the sets of real 
and complex numbers, and linear transformations between 
such vector spaces. Later on, this setting is extended to 
general fields. The reader will be in a position to appreciate 
the early material on this more general level with minimal 
effort.

Notable features of the text include a treatment of deter-
minants, which is cleaner than one often sees, and a high 
degree of contact with geometry and analysis, particularly 
in the chapter on linear algebra on inner product spaces. 
In addition to studying linear algebra over general fields, 
the text has a chapter on linear algebra over rings. There is 
also a chapter on special structures, such as quaternions, 
Clifford algebras, and octonions.

Algebra and 
Algebraic Geometry

Rings with Polynomial 
Identities and 
Finite Dimensional 
Representations 
of Algebras
Eli Aljadeff, Technion-Israel In-
stitute of Technology, Haifa, Israel, 
Antonio Giambruno, Universitá 
di Palermo, Italy, Claudio Pro-
cesi, Universitá di Roma “La Sa-
pienza,” Italy, and Amitai Regev, 
The Weitzmann Institute of Sci-
ence, Rehovot, Israel

A polynomial identity for an algebra (or a ring) A is a 
polynomial in noncommutative variables that vanishes 
under any evaluation in A. An algebra satisfying a nontrivial 
polynomial identity is called a PI algebra, and this is the 
main object of study in this book, which can be used by 
graduate students and researchers alike.

The book is divided into four parts. Part 1 contains 
foundational material on representation theory and non-
commutative algebra. In addition to setting the stage for the 
rest of the book, this part can be used for an introductory 
course in noncommutative algebra. An expert reader may 
use Part 1 as reference and start with the main topics in the 
remaining parts. Part 2 discusses the combinatorial aspects 
of the theory, the growth theorem, and Shirshov’s bases. 
Here methods of representation theory of the symmetric 
group play a major role. Part 3 contains the main body of 
structure theorems for PI algebras, theorems of Kaplansky 
and Posner, the theory of central polynomials, M. Artin’s 
theorem on Azumaya algebras, and the geometric part 
on the variety of semisimple representations, including 
the foundations of the theory of Cayley–Hamilton alge-
bras. Part 4 is devoted first to the proof of the theorem of 
Razmyslov, Kemer, and Braun on the nilpotency of the nil 
radical for finitely generated PI algebras over Noetherian 
rings, then to the theory of Kemer and the Specht problem. 

http://bookstore.ams.org/coll-66
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Geometry and Topology

Organized Collapse: 
An Introduction to 
Discrete Morse Theory
Dmitry N. Kozlov, University of 
Bremen, Germany, and Okinawa 
Institute of Science and Technolo-
gy, Japan

Applied topology is a modern 
subject which emerged in recent 
years at a crossroads of many 
methods, all of them topological 
in nature, which were used in a 
wide variety of applications in 

classical mathematics and beyond. Within applied topol-
ogy, discrete Morse theory came into light as one of the 
main tools to understand cell complexes arising in different 
contexts, as well as to reduce the complexity of homology 
calculations.

The present book provides a gentle introduction into 
this beautiful theory. Using a combinatorial approach—the 
author emphasizes acyclic matchings as the central object of 
study. The first two parts of the book can be used as a stand-
alone introduction to homology, the last two parts delve 
into the core of discrete Morse theory. The presentation is 
broad, ranging from abstract topics, such as formulation 
of the entire theory using poset maps with small fibers, to 
heavily computational aspects, providing, for example, a 
specific algorithm of finding an explicit homology basis 
starting from an acyclic matching.

The book will be appreciated by graduate students in 
applied topology, students and specialists in computer 
science and engineering, as well as research mathematicians 
interested in learning about the subject and applying it in 
context of their fields.

This item will also be of interest to those working in algebra and 
algebraic geometry.

Graduate Studies in Mathematics, Volume 207
September 2020, 336 pages, Hardcover, ISBN: 978-1-4704-
5701-3, 2010 Mathematics Subject Classification: 57Q10; 
05C70, 06A07, 55U10, 57–02, 57Q05, 58E05, List US$89, 
AMS members US$71.20, MAA members US$80.10, Order 
code GSM/207

bookstore.ams.org/gsm-207

Pure and Applied Undergraduate Texts, Volume 45
August 2020, 328 pages, Softcover, ISBN: 978-1-4704-5670-
2, LC 2020005165, 2010 Mathematics Subject Classification: 
15–00, 15–01, List US$85, AMS members US$68, MAA 
members US$76.50, Order code AMSTEXT/45

bookstore.ams.org/amstext-45

Analysis

Function Theory 
and p  Spaces
Raymond Cheng, Old Domin-
ion University, Norfolk, VA, Javad 
Mashreghi, Laval University, 
Quebec City, QC, Canada, and 
William T. Ross, University of 
Richmond, VA

The classical  p  sequence 
spaces have been a mainstay 
in Banach spaces. This book 
reviews some of the founda-
tional results in this area (the 

basic inequalities, duality, convexity, geometry) as well 
as connects them to the function theory (boundary 
growth conditions, zero sets, extremal functions, mul-
tipliers, operator theory) of the associated spaces pA  of 
analytic functions whose Taylor coefficients belong to p . 
Relations between the Banach space p  and its associated 
function space are uncovered using tools from Banach 
space geometry, including Birkhoff–James orthogonality 
and the resulting Pythagorean inequalities. The authors 
survey the literature on all of this material, including a 
discussion of the multipliers of pA   and a discussion of the 
Wiener algebra 1

A  .
Except for some basic measure theory, functional anal-

ysis, and complex analysis, which the reader is expected to 
know, the material in this book is self-contained and de-
tailed proofs of nearly all the results are given. Each chapter 
concludes with some end notes that give proper references, 
historical background, and avenues for further exploration.

University Lecture Series, Volume 75
July 2020, 219 pages, Softcover, ISBN: 978-1-4704-5593-4, 
LC 2020008686, 2010 Mathematics Subject Classification: 
46B10, 46B25, 30H50, 30J05, 30B10, 30B30, List US$55, 
AMS members US$44, MAA members US$49.50, Order 
code ULECT/75

bookstore.ams.org/ulect-75

GRADUATE STUDIES
IN MATHEMATICS 207

Organized Collapse: 
An Introduction 
to Discrete 
Morse Theory

Dmitry N. Kozlov

http://bookstore.ams.org/amstext-45
http://bookstore.ams.org/ulect-75
http://bookstore.ams.org/gsm-207
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New in Contemporary 
Mathematics
Algebra and 
Algebraic Geometry

Categorical, Homological 
and Combinatorial 
Methods in Algebra
Ashish K. Srivastava, Saint Louis 
University, St. Louis, MO, André 
Leroy, Universite d’Artois, Lens, 
France, Ivo Herzog, Ohio State 
University, Lima, OH, and Pedro 
A. Guil Asensio, Universidad de 
Murcia, Spain, Editors

This book contains the proceed-
ings of the AMS Special Session, 
in honor of S. K. Jain’s 80th 

birthday, on Categorical, Homological and Combinatorial 
Methods in Algebra held from March 16–18, 2018, at Ohio 
State University, Columbus, Ohio.

The articles contained in this volume aim to showcase 
the current state of art in categorical, homological and 
combinatorial aspects of algebra.

Contemporary Mathematics, Volume 751
July 2020, 282 pages, Softcover, ISBN: 978-1-4704-4368-
9, LC 2019056297, 2010 Mathematics Subject Classification: 
16–06, 18–06, List US$120, AMS members US$96, MAA 
members US$108, Order code CONM/751

bookstore.ams.org/conm-751

Logic and Foundations

Trends in Set Theory
Samuel Coskey, Boise State Uni-
versity, ID, and Grigor Sargsyan, 
Rutgers University, Piscataway, NJ, 
Editors

This volume contains the pro-
ceedings of Simon Fest, held in 
honor of Simon Thomas’s 60th 
birthday, from September 15–
17, 2017, at Rutgers University, 
Piscataway, New Jersey.

Math Education

Rational Numbers to 
Linear Equations
Hung-Hsi Wu, University of Cal-
ifornia, Berkeley, CA

This is the first of three volumes 
that, together, give an exposition 
of the mathematics of grades 
9–12 that is simultaneously 
mathematically correct and 
grade-level appropriate. The vol-
umes are consistent with CCSSM 
(Common Core State Standards 
for Mathematics) and aim at pre-

senting the mathematics of K–12 as a totally transparent 
subject.

The present volume begins with fractions, then rational 
numbers, then introductory geometry that can make sense 
of the slope of a line, then an explanation of the correct use 
of symbols that makes sense of “variables”, and finally a 
systematic treatment of linear equations that explains why 
the graph of a linear equation in two variables is a straight 
line and why the usual solution method for simultaneous 
linear equations “by substitutions” is correct.

This book should be useful for current and future teach-
ers of K–12 mathematics, as well as for some high school 
students and for education professionals.

August 2020, 450 pages, Softcover, ISBN: 978-1-4704-5675-
7, 2010 Mathematics Subject Classification: 97–01, 97–00, 
97D99, 97–02, 00–01, 00–02, List US$50, AMS members 
US$40, MAA members US$45, Order code MBK/131

bookstore.ams.org/mbk-131

http://bookstore.ams.org/mbk-131
http://bookstore.ams.org/conm-751
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countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Mémoires de la Société Mathématique de France, Num-
ber 164
April 2020, 198 pages, Softcover, ISBN: 978-2-85629-922-
7, 2010 Mathematics Subject Classification: 35G15, 57M50, 
58D27, 53C29, 14K25, 55N25, 33C70, 34M35, List US$52, 
AMS members US$41.60, Order code SMFMEM/164

bookstore.ams.org/smfmem-164

t-Motives: Hodge 
Structures, Transcendence 
and Other Motivic Aspects
Gebhard Böckle, University 
of Heidelberg, Germany, David 
Goss, Urs Hartl, University of 
Muenster, Germany, and Matthew 
Papanikolas, Texas A&M Univer-
sity, College Station, Editors

This volume contains research 
and survey articles on Drinfeld 
modules, Anderson t -modules 
and t -motives. Much material 

that had not been easily accessible in the literature is pre-
sented here, for example, the cohomology theories and 
Pink’s theory of Hodge structures attached to Drinfeld 
modules and t -motives. Also included are survey articles on 
the function field analogue of Fontaine’s theory of p -adic 
crystalline Galois representations and on transcendence 
methods over function fields, encompassing the theories 
of Frobenius difference equations, automata theory, and 
Mahler’s method. In addition, this volume contains a small 
number of research articles on function field Iwasawa the-
ory, 1-t -motifs, and multizeta values.

The book is a useful source for learning important tech-
niques and an effective reference for all researchers working 
in or interested in the area of function field arithmetic, from 
graduate students to established experts.

This item will also be of interest to those working in number 
theory.

A publication of the European Mathematical Society (EMS). Distributed 
within the Americas by the American Mathematical Society.

EMS Series of Congress Reports, Volume 16
May 2020, 473 pages, Hardcover, ISBN: 978-3-03719-198-
9, 2010 Mathematics Subject Classification: 11G09, 11J93, 
11R58, 13A35, List US$99, AMS members US$79.20, 
Order code EMSSCR/16

bookstore.ams.org/emsscr-16

The topics covered showcase recent advances from a 
variety of main areas of set theory, including descriptive 
set theory, forcing, and inner model theory, in addition to 
several applications of set theory, including ergodic theory, 
combinatorics, and model theory.

Contemporary Mathematics, Volume 752
July 2020, approximately 214 pages, Softcover, ISBN: 978-
1-4704-4332-0, 2010 Mathematics Subject Classification: 
03E15, 03E35, 03E45, 03E60, 03E75, 28D05, 05C45, List 
US$120, AMS members US$96, MAA members US$108, 
Order code CONM/752

bookstore.ams.org/conm-752

New AMS-Distributed 
Publications
Algebra and 
Algebraic Geometry

Moduli Spaces of 
Flat  Tori and Elliptic 
Hypergeometric Functions
Sélim Ghazouani, University of 
Warwick, Coventry, United King-
dom, and Luc Pirio, Université 
Versailles St-Quentin, Versailles, 
France

In genus 1, the authors make 
explicit certain constructions 
of Veech on flat surfaces and 
generalize geometric results of 
Thurston on spaces of modules 

of flat spheres as well as equivalent results of Deligne and 
Mostow, of an analytico-cohomological nature, which 
concern the monodromy of the hypergeometric functions 
of Appell–Lauricella.

In a twin paper, the authors again take Thurston’s ap-
proach and study the spaces of flat toroid modules with 
conical singularities and with prescribed holonomy via geo-
metric methods obtained by means of surgical operations 
made on the considered flat surfaces. In this thesis, they 
study the same objects using analytical and cohomological 
methods, more in the spirit of the article by Deligne and 
Mostow.

This item will also be of interest to those working in analysis and 
differential equations.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 

http://bookstore.ams.org/conm-752
http://bookstore.ams.org/smfmem-164
http://bookstore.ams.org/emsscr-16


NEW BOOKS

August 2020  Notices of the AmericAN mAthemAticAl society   1067

Math Education

A Romanian Problem Book
Titu Andreescu, University of 
Texas at Dallas, and Marian Te-
tiva, Rosca Codreanu College, Ro-
mania

The authors learned a lot of 
mathematics from the problems 
encountered in various Roma-
nian national contests. This is 
something that stayed with them 
for their entire careers. One of 
the goals of the book is to make 
the exposition of the material 

more interesting, at least for the beginners in Olympiad 
mathematics. Here and there, they left unanswered ques-
tions related to the problems presented in the hopes that 
the reader will accept and even enjoy these challenges.

A publication of XYZ Press. Distributed in North America by the American 
Mathematical Society.

XYZ Series, Volume 38
March 2020, 401 pages, Hardcover, ISBN: 978-0-9993428-
8-6, 2010 Mathematics Subject Classification: 00A07, 97U40, 
97D50, 00A05, List US$59.95, AMS members US$47.96, 
Order code XYZ/38

bookstore.ams.org/xyz-38

Graphs: An Introduction
Radu Bumbăcea, University of 
Bucharest

The book bridges between the 
enthusiastic problem solver and 
the beautiful field of graphs. 
It takes you from the very ba-
sics through some beautiful 
theorems, right up to the hard 
problems. Whether you want to 
become better at problem solv-
ing, or just to learn some lovely 
elementary mathematics, this 

book is a great companion.

A publication of XYZ Press. Distributed in North America by the American 
Mathematical Society.

XYZ Series, Volume 37
March 2020, 400 pages, Hardcover, ISBN: 978-0-9993428-
7-9, 2010 Mathematics Subject Classification: 00A07, 97U40, 
97D50, 00A05, List US$59.95, AMS members US$47.96, 
Order code XYZ/37

bookstore.ams.org/xyz-37

General Interest

Decision Support Systems 
for Water Supply Systems
Smart Water System to 
Improve the Operation of 
Water Supply Systems by 
Using Applied Mathematics
Andreas Pirsing, Siemens AG, 
Berlin, Germany, and Anto-
nio Morsi, University of Erlan-
gen-Nürnberg, Germany, Editors

Operating water supply systems 
is complex. It has to be ensured 
that consumers are reliably sup-

plied with a sufficient quantity and quality of water, as well 
as a sufficient water pressure at all times. In addition to a re-
liable water supply, consumers demand reasonable prices.

For decision making and operational support, the EWave 
system uses newly developed integrated optimization mod-
ules. As a result, the user receives operating schedules on a 
15-minute scale. For this purpose, mixed-integer linear and 
nonlinear mathematical optimization methods are com-
bined. First, a mixed-integer optimization model is solved 
in order to derive all discrete decisions (primarily pump 
schedules). The idea here is to approximate the physics by 
piecewise linear relaxations well enough to come up with 
the right/optimal decisions. EWave then uses nonlinear 
optimization and simulation methods to get the physics 
straight. The process is iterated if necessary. This approach 
enables globally optimal solutions within an a priori given 
quality tolerance.

Optimization results obtained in real time yield a po-
tential of energy savings of up to 4.6 percent daily for the 
waterworks in the pilot area.

A publication of the European Mathematical Society (EMS). Distributed 
within the Americas by the American Mathematical Society.

EMS Industrial and Applied Mathematics, Volume 2
May 2020, 243 pages, Hardcover, ISBN: 978-3-03719-207-
8, 2010 Mathematics Subject Classification: 68U07, 76B75, 
93C05, 90C11, 90C30, 65L80, 90–08, 90–11, 90–10, List 
US$79, AMS members US$63.20, Order code EMSIAM/2

bookstore.ams.org/emsiam-2

http://bookstore.ams.org/xyz-38
http://bookstore.ams.org/emsiam-2
http://bookstore.ams.org/xyz-37
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Meetings & Conferences of the AMS
August Table of Contents

Meetings in this Issue

  2020  
September 12–13 Fall Central Virtual p. 1069
October 3–4 Fall Eastern Virtual p. 1070
October 10–11 Fall Southeastern Virtual p. 1072
October 24–25 Fall Western Virtual p. 1075

  2021  
January 6–9 Washington, DC p. 1077
March 13–14 Atlanta, Georgia p. 1080
March 20–21 Providence, Rhode Island p. 1080
April 17–18 Cincinnati, Ohio p. 1081
May 1–2 San Francisco, California p. 1081
July 5–9 Grenoble, France p. 1082
July 19–23 Buenos Aires, Argentina p. 1082
September 18–19 Buffalo, New York p. 1082
October 9–10 Omaha, Nebraska p. 1082
October 23–24 Albuquerque, NM p. 1083
November 20–21 Mobile, Alabama p. 1083

  2022  
January 5–8 Seattle, Washington p. 1083
March 11–13 Charlottesville, Virginia p. 1084
March 19–20 Medford, Massachusetts p. 1085
March 26–27 West Lafayette, Indiana p. 1086
May 14–15 Denver, Colorado p. 1086

  2023  
January 4–7 Boston, Massachusetts p. 1087
May 6–7 Fresno, California p. 1087

See www.ams.org/meetings for the most up-to-date  
information on the meetings and conferences that we offer.

The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Poten-
tial organizers, speakers, and hosts should refer to page 
110 in the January 2020 issue of the Notices for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy
http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
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MEETINGS & CONFERENCES

Meetings & Conferences 
of the AMS

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.

Fall Central Virtual Sectional Meeting
formerly at University of Texas, El Paso

September 12–13, 2020
Saturday – Sunday

Meeting #1159
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: June 2020
Program first available on AMS website: July 28, 2020
Issue of Abstracts: Volume 41, Issue 3

Deadlines
For organizers: Expired
For abstracts: July 14, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Please note that our 2020 Fall Sectional Meetings will occur virtually. Further details will be posted on https://www 
.ams.org/meetings/sectional/sectional-index as soon as they are available.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic, geometric and topological combinatorics (Code: SS 6A), Art Duval, University of Texas at El Paso, Caroline 
Klivans, Brown University, and Jeremy Martin, University of Kansas.

Algebraic structures in topology, logic, and arithmetic (Code: SS 3A), John Harding, New Mexico State University, and Emil 
Schwab, The University of Texas at El Paso.

Commutative Algebra (Code: SS 12A), Sara Faridi, Dalhousie University, and Susan Morey, Texas State University.
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Fixed point theory and its applications (Code: SS 5A), Monther R. Alfuraidan, King Fahd University of Petroleum & 
Minerals, KSA, Mohamed A. Khamsi, The University of Texas at El Paso, Poom Kumam, King Mongkut’s University of 
Technology, Thonburi, Thailand, and Osvaldo Mendez, The University of Texas at El Paso.

Free Resolutions, Combinatorics, and Geometry (Code: SS 17A), Anton Dochtermann, Texas State University, and Sean 
Sather-Wagstaff, Clemson University.

Geometric Inequalities and Nonlinear Partial Differential Equations (Code: SS 20A), Joshua Flynn, University of Connecti-
cut, Jungang Li, Brown University, and Guozhen Lu, University of Connecticut.

Geometry of Submanifolds and Integrable Systems (Code: SS 21A), Magdalena Toda and Hung Tran, Texas Tech University.
Groups and Their Cohomological Invariants in Arithmetic and Geometry (Code: SS 13A), Stefan Gille and Nikita Karpenko, 

University of Alberta, and Jan Minac, Western University.
High-Frequency data analysis and applications (Code: SS 1A), Maria Christina Mariani and Michael Pokojovy, University 

of Texas at El Paso, and Ambar Sengupta, University of Connecticut.
Leibniz Algebras and related topics (Code: SS 7A), Guy Biyogmam, Georgia College and State University, and Jerry Lod-

der, New Mexico State University.
Low-dimensional topology and knot theory (Code: SS 4A), Mohamed Ait Nouh and Luis Valdez-Sanchez, University of 

Texas at El Paso.
Methods and applications in data Science (Code: SS 9A), Sangjin Kim, Ming-Ying Leung, Xiaogang Su, and Amy Wagler, 

The University of Texas at El Paso.
Nonlinear analysis and optimization (Code: SS 2A), Behzad Djafari-Rouhani, University of Texas at El Paso, and Akhtar 

A. Khan, Rochester Institute of Technology.
Non-Linear Evolution Equations (Code: SS 19A), Irena Lasiecka and Roberto Triggiani, University of Memphis, and 

Xiang Wan, George Washington University.
Numerical partial differential equations and applications (Code: SS 10A), Son-Young Yi and Xianyi Zeng, The University 

of Texas at El Paso.
Recent advances in scientific computing and applications (Code: SS 11A), Natasha Sharma, University of Texas at El Paso, 

and Annalisa Quaini, University of Houston.
Recent Developments in Commutative Algebra (Code: SS 15A), Louiza Fouli and Jonathan Montaño, New Mexico State 

University.
Statistical methodology and applications (Code: SS 8A), Ori Rosen and Suneel Chatla, University of Texas at El Paso.
Stochastic Modeling in Mathematical Biology (Code: SS 16A), Mary Ballyk, New Mexico State University, Si Tang, Lehigh 

University, and Jianjun Paul Tian, New Mexico State University.
Theoretical and Computational Studies of PDEs Related to Fluid Mechanics (Code: SS 14A), Phuong Nguyen, Texas Tech 

University, Andrei Tarfulea, Louisiana State University, and Kazuo Yamazaki, Texas Tech University.
Undergraduate Teaching and Learning of Mathematics (Code: SS 18A), Paul Dawkins and Samuel Obara, Texas State 

University.

Fall Eastern Virtual Sectional Meeting
formerly at Penn State University

October 3–4, 2020
Saturday – Sunday

Meeting #1160
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: August 2020
Program first available on AMS website: August 25, 2020
Issue of Abstracts: Volume 41, Issue 3

Deadlines
For organizers: Expired
For abstracts: August 11, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Please note that our 2020 Fall Sectional Meetings will occur virtually. Further details will be posted on https://www 
.ams.org/meetings/sectional/sectional-index as soon as they are available.



MEETINGS & CONFERENCES

August 2020  Notices of the AmericAN mAthemAticAl society   1071

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Mathematical Modeling of Infection (Code: SS 21A), Jessica M. Conway, Pennsylvania State University, Troy 
Day, Queen’s University, and Timothy C. Reluga, Pennsylvania State University.

Algebraic and Analytic Theory of Elliptic Curves (Code: SS 22A), Alina Cojocaru, University of Illinois at Chicago, Seoyung 
Kim, Queen’s University, Steven J. Miller, Williams College, and Jesse Thorner, University of Florida.

Algebraic Singularities in Arbitrary Characteristic (Code: SS 12A), Rankeya Datta, University of Illinois at Chicago, and 
Takumi Murayama, Princeton University.

Analytic Number Theory (Code: SS 11A), Angel V. Kumchev, Towson University, and Siddhi S. Pathak and Robert C. 
Vaughan, Pennsylvania State University.

Automorphic Forms and Galois Representations (Code: SS 3A), Jim Brown, Occidental College, and Krzysztof Klosin, 
Queens College, CUNY.

Cluster Algebras and Plabic Graphs (Code: SS 16A), Chris Fraser, University of Minnesota, and Max Glick, Google Inc..
Combinatorics and Computing (Code: SS 17A), Saúl A. Blanco, Indiana University, and Charles Buehrle, Notre Dame 

of Maryland University.
Commutative Algebra and Connections to Algebraic Geometry and Combinatorics (Code: SS 4A), Ayah Almousa, Cornell 

University, and Kuei-Nuan Lin, Pennsylvania State University, Greater Allegheny.
Configuration Spaces across Combinatorics and Topology (Code: SS 18A), Florian Frick and Michael Harrison, Carnegie 

Mellon University.
Conservation Laws and Nonlinear Wave Equations (Code: SS 14A), Alberto Bressan, Pennsylvania State University, Geng 

Chen, University of Kansas, and Qingtian Zhang, West Virginia University.
Drinfeld Modules, Modular Varieties and Arithmetic Applications (Code: SS 10A), Mihran Papikian, Pennsylvania State 

University, and Dinesh Thakur, University of Rochester.
Geometric Dynamics (Code: SS 23A), Mark Levi and Sergei Tabachnikov, Pennsylvania State University.
Geometry and Arithmetic of Algebraic Varieties (Code: SS 8A), Jack Huizenga, John Kopper, and John Lesieutre, Penn-

sylvania State University.
Geometry of Groups and 3-manifolds (Code: SS 2A), Abhijit Champanerkar, College of Staten Island and The Graduate 

Center, CUNY, and Hongbin Sun, Rutgers University.
Group Representations and Related Topics (Code: SS 9A), Mark L. Lewis and Shawn T. Burkett, Kent State University, and 

Hung P. Tong-Viet, Binghamton University.
Homological Methods in Algebra (Code: SS 5A), Ela Celikbas and Olgur Celikbas, West Virginia University, and Saeed 

Nasseh, Georgia Southern University.
Legendrian Knots and Surfaces (Code: SS 6A), Honghao Gao, Michigan State University, and Dan Rutherford, Ball State 

University.
Nonlinear Scientific Computing and Applications (Code: SS 1A), Wenrui Hao, Pennsylvania State University.
q-Series and Related Areas in Combinatorics and Number Theory (Code: SS 7A), George Andrews, David Little, and Ae Ja 

Yee, Pennsylvania State University.
Recent Developments in Gauge Theory (Code: SS 19A), Siqi He, Stony Brook University, and Ákos Nagy, Duke University.
Recent Probabilistic Advances in Mathematical Physics (Code: SS 20A), Alexei Novikiov, Izabella Stuhl, and Yuri Suhov, 

Pennsylvania State University.
Turbulence and Mixing in Fluid Dynamics (Code: SS 15A), Yuanyuan Feng, Anna Mazzucato, and Alexei Novikov, 

Pennsylvania State University.
Variational Aspects of Geometric Analysis (Code: SS 13A), Jeffrey Case, Pennsylvania State University, Casey Kelleher and 

Chao Li, Princeton University, and Siyi Zhang, University of Notre Dame.

Registration and Meeting Information
All participants are expected to register for the sectional meetings. The importance of registering for the meetings cannot 
be overemphasized. Paying a registration fee helps to support a wide range of activities associated with planning, or-
ganizing, and executing the meetings. Fees (advance and during the meeting) are US$25 for AMS members, US$75 for 
nonmembers, US$10 for students and unemployed mathematicians, and US$15 for emeritus members. 

NEW! Register for two meetings and get all four FREE! Details on how to register will be posted soon. For any questions 
about registration for this meeting, please send email to meet@ams.org. 
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Program
For your convenience, the following changes have been made to the website to make the program more accessible and 
mobile-friendly.
1. Online Timetable: The sectional meetings now have an online timetable display. It will provide a quick reference to 

when sessions will take place.
2. Print-friendly Pages: The pages of the program now have a “Print” button in the top right-hand corner. It is black 

and is depicted by a little printer. If you cannot see it, please maximize your window. The printer icon is sometimes 
bundled into the generic “share” icon when the window is resized. If you click the printer button, it will print the 
text of the page without additional webpage elements. If you go to the page of a special session and click the print 
icon, you will get a schedule of all the parts of that session. This can also be printed to pdf if you have a pdf printer 
installed.

Other Activities
Please visit the AMS website for more information on the AMS bookstore, AMS Editorial activity, and membership activity 
at the meeting.

Child Care Grants
The AMS will provide a limited number of reimbursement grants of US$125 per family to help with the cost of child 
care for registered participants at the meeting. The funds may be used for any form of child care that frees a parent to 
participate more fully in the meeting. Grants will be awarded on a first-come, first-served basis, one per family, and one 
per season (i.e. Spring or Fall), the latter depending on the amount of grants available. Registration for the meeting as 
well as membership in the AMS is required to apply for this program.

Applications are available on MathPrograms.org and will be accepted on a first-come, first-served basis until August 
11, 2020. Final decisions on recipients will be made on or before September 1, 2020. 

Special Needs
It is the goal of the AMS to ensure that its conferences are accessible to all, regardless of disability. The AMS will strive 
to make all as accessible as possible.

If special needs accommodations are necessary in order for you to participate in an AMS Sectional Meeting, please 
communicate your needs in advance to the AMS Meetings Department by: 

 • Registering early for the meeting
 • Checking the appropriate box on the registration form, and
 • Sending an email request to the AMS Meetings Department at mmsb@ams.org or meet@ams.org.

AMS Policy on a Welcoming Environment
The AMS strives to ensure that participants in its activities enjoy a welcoming environment. Please see our full Policy on 
a Welcoming Environment at https://www.ams.org/welcoming-environment-policy.

Social Networking
Attendees and speakers are encouraged to tweet about the meeting using the hashtag #AMSmtg.

Fall Southeastern Virtual Sectional Meeting
formerly at University of Tennessee at Chattanooga

October 10–11, 2020
Saturday – Sunday

Meeting #1161
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: August 2020
Program first available on AMS website: September 1, 2020
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: Expired
For abstracts: August 18, 2020
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Please note that our 2020 Fall Sectional Meetings will occur virtually. Further details will be posted on https://www 
.ams.org/meetings/sectional/sectional-index as soon as they are available.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 20A), Hashim A 
Saber, University of North Georgia.

Advances in Graph Theory (Code: SS 5A), Xiaofeng Gu, University of West Georgia, and Dong Ye, Middle Tennessee 
State University.

Advances in Image Reconstruction Algorithms for Inverse Tomography Problems (Code: SS 22A), Sanwar Uddin Ahmad, 
Colorado State University, and Taufiquar R Khan, Clemson University.

Advances in the Modeling and Computation of Fluid Flows and Fluid-Structure Interactions (Code: SS 11A), Jin Wang and 
Eleni Panagiotou, University of Tennessee at Chattanooga.

Applicable Analysis of PDE Systems which Govern Fluid Flows and Flow-Structure Interactions (Code: SS 12A), Pelin Guven 
Geredeli, Iowa State University, and George Avalos, University of Nebraska-Lincoln.

Applied Knot Theory (Code: SS 4A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 2A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Coding Theory, Cryptography, and Number Theory (Code: SS 16A), Ryann Cartor, Shuhong Gao, Kevin James, and Felice 
Manganiello, Clemson University.

Commutative Algebra (Code: SS 1A), Simplice Tchamna, Georgia College, and Lokendra Paudel, University of South 
Carolina, Salkehatchie.

Convexity and Probability in High Dimensions (Code: SS 21A), Steven Hoehner, Longwood University, and Stanislaw 
Szarek and Elisabeth Werner, Case Western Reserve University.

Geometric and Topological Generalization of Groups (Code: SS 19A), Bikash C Das, University of North Georgia.
Homological Commutative Algebra (Code: SS 9A), Hugh Geller, James Gossell, and Sean Sather-Wagstaff, Clemson 

University.
Interactions Between Algebra, Geometry and Topology in Low Dimensions (Code: SS 6A), Alex Casella and Lorenzo Ruffoni, 

Florida State University at Tallahassee, and Michelle Chu, University of Illinois at Chicago.
Modern Applied Analysis (Code: SS 8A), Boris Belinskiy, University of Tennessee at Chattanooga.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 10A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Polynomials, Approximation Theory, and Potential Theory (Code: SS 13A), Aaron Yeager, College of Coastal Georgia, and 

Erik Lundberg, Florida Atlantic University.
Probability and Statistical Models with Applications (Code: SS 7A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.
Topological Data Analysis and Artificial Intelligence (Code: SS 14A), Vasilios Maroulas and Farzana Nasrin, University 

of Tennessee, Knoxville, Eleni Panagiotou, University of Tennessee at Chattanooga, and Theodore Papamarkou, Oak 
Ridge National Laboratory.

Registration and Meeting Information
All participants are expected to register for the sectional meetings. The importance of registering for the meetings cannot 
be overemphasized. Paying a registration fee helps to support a wide range of activities associated with planning, or-
ganizing, and executing the meetings. Fees (advance and during the meeting) are US$25 for AMS members, US$75 for 
nonmembers, US$10 for students and unemployed mathematicians, and US$15 for emeritus members. 
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NEW! Register for two meetings and get all four FREE! Details on how to register will be posted soon. For any questions 
about registration for this meeting, please send email to meet@ams.org. 

Program
For your convenience, the following changes have been made to the website to make the program more accessible and 
mobile-friendly.
1. Online Timetable: The sectional meetings now have an online timetable display. It will provide a quick reference to 

when sessions will take place.
2. Print-friendly Pages: The pages of the program now have a “Print” button in the top right-hand corner. It is black 

and is depicted by a little printer. If you cannot see it, please maximize your window. The printer icon is sometimes 
bundled into the generic “share” icon when the window is resized. If you click the printer button, it will print the 
text of the page without additional webpage elements. If you go to the page of a special session and click the print 
icon, you will get a schedule of all the parts of that session. This can also be printed to pdf if you have a pdf printer 
installed.

Other Activities
Please visit the AMS website for more information on the AMS bookstore, AMS Editorial activity, and membership activity 
at the meeting.

Child Care Grants
The AMS will provide a limited number of reimbursement grants of US$125 per family to help with the cost of child 
care for registered participants at the meeting. The funds may be used for any form of child care that frees a parent to 
participate more fully in the meeting. Grants will be awarded on a first-come, first-served basis, one per family, and one 
per season (i.e. Spring or Fall), the latter depending on the amount of grants available. Registration for the meeting as 
well as membership in the AMS is required to apply for this program.

Applications will be on MathPrograms.org and will be accepted on a first-come, first-served basis until August 18, 
2020. Final decisions on recipients will be made on or before September 8, 2020. 

Special Needs
It is the goal of the AMS to ensure that its conferences are accessible to all, regardless of disability. The AMS will strive 
to make all as accessible as possible.

If special needs accommodations are necessary in order for you to participate in an AMS Sectional Meeting, please 
communicate your needs in advance to the AMS Meetings Department by: 

 • Registering early for the meeting
 • Checking the appropriate box on the registration form, and
 • Sending an email request to the AMS Meetings Department at mmsb@ams.org or meet@ams.org.

AMS Policy on a Welcoming Environment
The AMS strives to ensure that participants in its activities enjoy a welcoming environment. Please see our full Policy on 
a Welcoming Environment at https://www.ams.org/welcoming-environment-policy. 

Social Networking
Attendees and speakers are encouraged to tweet about the meeting using the hashtag #AMSmtg.
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Fall Western Virtual Sectional Meeting
formerly at University of Utah

October 24–25, 2020
Saturday – Sunday

Meeting #1162
Western Section
Associate secretary: Michel L. Lapidus

Announcement issue of Notices: August 2020
Program first available on AMS website: September 17, 2020
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: Expired
For abstracts: September 1, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Please note that our 2020 Fall Sectional Meetings will occur virtually. Further details will be posted on https://www 
.ams.org/meetings/sectional/sectional-index as soon as they are available.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic combinatorics and applications in harmonic analysis (Code: SS 4A), Joseph Iverson and Sung Y. Song, Iowa State 
University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 3A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building bridges between commutative algebra and nearby areas (Code: SS 6A), Benjamin Briggs and Josh Pollitz, Uni-
versity of Utah.

Commutative Algebra (Code: SS 5A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), József Balogh, University of Illinois, and Bernard Lidický , Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 10A), Alexander M. 

Henderson, University of California, Riverside, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. 
Voskanian, The College of New Jersey.

Free boundary problems arising in applications (Code: SS 17A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, The University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 7A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Temple University, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 12A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 21A), Agnés Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
How to Solve It? Heuristics and Inquiry Based Learning (Code: SS 15A), Mario Banuelos, California State University, 

Fresno, Andrew G. Benedek, Research Centre for the Humanities, Eötvös Loránd Research Network, Hungary, and Agnes 
Tuska, California State University, Fresno.

Inverse Problems (Code: SS 13A), Hanna Makaruk, Los Alamos National Laboratory, Los Alamos, NM, and Robert 
Owczarek, University of New Mexico, Albuquerque, NM, and University of New Mexico, Los Alamos, NM.

Knotted surfaces and concordances (Code: SS 18A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 
Washington University, and Maggie Miller, Princeton University.

Mathematics of Collective Behavior (Code: SS 11A), Roman Shvydkoy, University of Illinois at Chicago, and Daniel Lear.
Monoidal Categories in Representation Theory (associated with the Invited Address by Jon Brudan) (Code: SS 2A), Jonathan 

Brundan, Ben Elias, and Victor Ostrik, University of Oregon.
PDEs, data, and inverse problems (Code: SS 8A), Jared Whitehead, Department Brigham Young University.
Recent advances in algebraic geometry and commutative algebra in or near characteristic p (associated with the Invited Address 

by Bhargav Bhatt) (Code: SS 9A), Bhargav Bhatt, University of Michigan, and Karl Schwede, University of Utah.
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Recent advances in the theory of fluid dynamics (Code: SS 20A), Elaine Cozzi, Oregon State University, and Magdalena 
Czubak, University of Colorado Boulder.

Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 19A), Joe Koebbe, 
Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.

Recent Developments in Distribution Theory and Its Applications (Code: SS 14A), Clement Boateng Ampadu, Boston, MA.
Several Complex Variables: Emerging Applications, Connections, and Synergies (Code: SS 16A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in graphs, hypergraphs and set systems (Code: SS 22A), John Engbers, Marquette University, David Galvin, Uni-

versity of Notre Dame, and Cliff Smyth, University of North Carolina Greensboro.

Registration and Meeting Information
All participants are expected to register for the sectional meetings. The importance of registering for the meetings cannot 
be overemphasized. Paying a registration fee helps to support a wide range of activities associated with planning, or-
ganizing, and executing the meetings. Fees (advance and during the meeting) are US$25 for AMS members, US$75 for 
nonmembers, US$10 for students and unemployed mathematicians, and US$15 for emeritus members. 

NEW! Register for two meetings and get all four FREE! Details on how to register will be posted soon. For any questions 
about registration for this meeting, please send email to meet@ams.org. 

Program
For your convenience, the following changes have been made to the website to make the program more accessible and 
mobile-friendly.
1. Online Timetable: The sectional meetings now have an online timetable display. It will provide a quick reference to 

when sessions will take place.
2. Print-friendly Pages: The pages of the program now have a “Print” button in the top right-hand corner. It is black 

and is depicted by a little printer. If you cannot see it, please maximize your window. The printer icon is sometimes 
bundled into the generic “share” icon when the window is resized. If you click the printer button, it will print the 
text of the page without additional webpage elements. If you go to the page of a special session and click the print 
icon, you will get a schedule of all the parts of that session. This can also be printed to pdf if you have a pdf printer 
installed.

Other Activities
Please visit the AMS website for more information on the AMS bookstore, AMS Editorial activity, and membership activity 
at the meeting.

Child Care Grants
The AMS will provide a limited number of reimbursement grants of US$125 per family to help with the cost of child 
care for registered participants at the meeting. The funds may be used for any form of child care that frees a parent to 
participate more fully in the meeting. Grants will be awarded on a first-come, first-served basis, one per family, and one 
per season (i.e. Spring or Fall), the latter depending on the amount of grants available. Registration for the meeting as 
well as membership in the AMS is required to apply for this program.

Applications will be on MathPrograms.org and will be accepted on a first-come, first-served basis until September 1, 
2020. Final decisions on recipients will be made on or before September 25, 2020. 

Special Needs
It is the goal of the AMS to ensure that its conferences are accessible to all, regardless of disability. The AMS will strive 
to make all as accessible as possible.

If special needs accommodations are necessary in order for you to participate in an AMS Sectional Meeting, please 
communicate your needs in advance to the AMS Meetings Department by: 

 • Registering early for the meeting,
 • Checking the appropriate box on the registration form, and
 • Sending an email request to the AMS Meetings Department at mmsb@ams.org or meet@ams.org.



MEETINGS & CONFERENCES

August 2020  Notices of the AmericAN mAthemAticAl society   1077

AMS Policy on a Welcoming Environment
The AMS strives to ensure that participants in its activities enjoy a welcoming environment. Please see our full Policy on 
a Welcoming Environment at https://www.ams.org/welcoming-environment-policy.

Social Networking
Attendees and speakers are encouraged to tweet about the meeting using the hashtag #AMSmtg.

Washington, District of Columbia
Walter E. Washington Convention Center

January 6–9, 2021
Wednesday – Saturday

Meeting #1163
Joint Mathematics Meetings, including the 127th Annual 
Meeting of the AMS, 104th Annual Meeting of the Mathe-
matical Association of America (MAA), annual meetings of 
the Association for Women in Mathematics (AWM) and the 
National Association of Mathematicians (NAM), and the win-
ter meeting of the Association of Symbolic Logic (ASL), with 

sessions contributed by the Society for Industrial and Applied 
Mathematics (SIAM).
Associate secretary: Brian D. Boe
Announcement issue of Notices: October 2020
Program first available on AMS website: November 1, 2020
Issue of Abstracts: Volume 42, Issue 1

Deadlines
For organizers: Expired
For abstracts: September 8, 2020

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/national.html.

Joint Invited Addresses
Trachette Jackson, University of Michigan, Title to be announced (MAA-AMS-SIAM Gerald and Judith Porter Public 

Lecture).

AMS Invited Addresses
Douglas N. Arnold, University of Minnesota, Title to be announced.
Ryan Hynd, University of Pennsylvania, Title to be announced.
Ciprian Manolescu, Stanford University, Khovanov homology and surfaces in four-manifolds (AMS Maryam Mirzakhani 

Lecture).
Andrea Nahmod, University of Massachusetts Amherst, Title to be announced.
Karen E. Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture I).
Karen E. Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture II).
Karen E. Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture III).
Lenka Zdeborova, Institut de Physique Theorique, Title to be announced (AMS Josiah Willard Gibbs Lecture).
Xinwen Zhu, California Institute of Technology, Title to be announced.

AMS Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.

Some sessions are cosponsored with other organizations. These are noted within the parenthesis at the end of 
each listing, where applicable.

Adopt, Adapt, Assign Modeling Activities in Differential Equations (Code: SS 15A), Brian Winkel, US Military Academy, 
West Point, Janet Fierson, LaSalle University, Jennifer Garbett, Lenoir Rhyne University, and Therese Shelton, South-
western University.

Advances and Applications in Integral and Differential Equations (Code: SS 8A), Min Wang, Kennesaw State University, 
Jeffrey W. Lyons, Trinity University, and Jeffrey T. Neugebauer, Eastern Kentucky University.

Advances in Computational Biomedicine (Code: SS 16A), Nek Valous and Niels Halama, German Cancer Research Center, 
and Paul Macklin, Indiana University.
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Advances in Modeling the Ecology of Infectious Diseases (Code: SS 38A), Lauren M. Childs, Virginia Tech, Julie C. Black-
wood, Williams College, and Suzanne Lenhart and Olivia Prosper, University of Tennessee Knoxville.

Advances in Multivariable Operator and Function Theory in Both Commutative and Non-commutative Settings (Code: SS 27A), 
Kelly Bickel, Bucknell University, Paul Muhly, University of Iowa, Rachael Norton, Fitchberg State University, and Ryan 
Tully-Doyl, University of New Haven.

Advances in Operator Algebras (Code: SS 51A), Rolando de Santiago, UCLA, Adam Fuller, Ohio University, Lara Ismert, 
Embry-Riddle Aeronautical University, and Pieter Spaas, UCLA.

Agent-Based Dynamics and Self-Organization in Biology (Code: SS 60A), Alexandria Volkening, Northwestern University, 
and Andrew Berno and Jasper Weinburd, Harvey Mudd College.

Algebraic and Arithmetic Geometry (Code: SS 7A), Tony Shaska, Oakland University, and Marc Hindry, Institut de 
mathématiques Jussieu - Paris Rive Gauche Universiteé Paris Diderot.

Algebraic Structures Related to Knot Theory (Code: SS 26A), Sujoy Mukherjee, Ohio State University, Thang Le, Georgia 
Tech, and Jozef H. Przytycki, George Washington University.

Analysis and Differential Equations at Undergraduate Institutions (Code: SS 11A), Katharine Ott, Bates College, and Wil-
liam Green, Rose Hulman Institute of Technology.

Analysis of Fractional, and Stochastic Dynamic Systems with Applications (Code: SS 3A), Aghalaya S. Vatsala, University 
of Louisiana at Lafayette, Gangaram S. Ladde, University of South Florida, Tampa, and John R. Graef, University of 
Tennessee at Chattanooga.

Applied Topology (Code: SS 25A), Alvin Jin, KTH Royal Institute of Technology, and Mikael Vejdemo-Johansson, CUNY 
College of Staten Island.

A Showcase of Number Theory at Undergraduate Institutions (Code: SS 57A), Ricardo Conceicao and Darren Glass, Get-
tysburg College, and Holley Friedlander, Dickinson College.

Commutative Algebra (Code: SS 32A), Rebecca RG, George Mason University, and Sean Sather-Wagstaff, Clemson 
University.

Commutative Algebra Meets Representation Theory (Code: SS 20A), Alessandra Costantini, University of California Riv-
erside, Francesca Gandini, Kalamazoo College, and Ela Celikbas, West Virginia University.

Commutative Rings: Ideals, Modules, and Factorizations (Code: SS 2A), Bruce Olberding, New Mexico State University, 
and Alfred Geroldinger, University of Graz, Austria.

Computability Theory and Effective Mathematics (Code: SS 18A), Mariya I. Soskova, Joseph S. Miller, and Jun Le Goh, 
University of Wisconsin Madison (AMS-ASL).

Creative Teaching Methods That Lead to Student Learning (Code: SS 29A), Michael A. Radin, Rochester Institute of Tech-
nology, Natali Hritonenko, Prairie View A & M University, and Ellina Grigorieva, Texas Woman’s University.

Current Trends in Arithmetic Dynamics (Code: SS 34A), Trevor Hyde, University of Chicago, John R. Doyle, Oklahoma 
State University, and Michelle Mane, University of Hawaii and NSF.

Developments in Spatial Graphs (Code: SS 28A), Kenneth Baker, University of Miami, Allison Moore, Virginia Com-
monwealth University, and Danielle O’Donnol, Marymount University.

Eigenvalues, Nonnegative Matrices and Applications (Code: SS 45A), Alan Krinik and Randall J. Swift, California State 
Polytechnic University, Pomona.

Foundations of Data Science: Mathematical Representation, Computational Modeling, and Statistical Inference (Code: SS 9A), 
Ivo Dinov, University of Michigan.

Galois Cohomology in Arithmetic Geometry (Code: SS 59A), Charlotte Ure and Evangelia Gazaki, University of Virginia.
Geometry and Topology in Dimensions 3 and 4 (Code: SS 58A), Christian Millichap, Furman University, Neil R. Hoffman, 

Oklahoma State University, Matt Stover, Temple University, and Genevieve Walsh, Tufts University.
Geophysical Fluid Dynamics, Turbulence, and Data Assimilation: A Rigorous and Computational Study (Code: SS 48A), Jing 

Tian, Towson University, and Animikh Biswas, University of Maryland Baltimore.
History of Mathematics (Code: SS 12A), Adrian Rice, Randolph Macon College, Deborah Kent, Drake University, Jemma 

Lorenat, Pitzer College, and Daniel Otero, Xavier University.
Homological Aspects of Quantum Symmetries and Related Topics (Code: SS 14A), James Zhang, University of Washington, 

Chelsea Walton, University of Illinois at Urbana Champaign, and Ellen Kirkman, Wake Forest University.
Hopf Algebras and Tensor Categories (Code: SS 43A), Julia Plavnik, Indiana University, Siu-Hung Ng, Louisiana State 

University, and Henry Tucker, University of California Riverside.
Interactions Between Noncommutative Algebra and Noncommutative Algebraic Geometry (Code: SS 5A), Van C. Nguyen, US 

Naval Academy, Xingting Wang, Howard University, and Sarah Witherspoon, Texas A & M University.
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Knotty Problems in Geometry: Special Session in Memory of Mark E. Kidwell (Code: SS 10A), Will Traves, U.S. Naval Acad-
emy, and Kerry Luse, Trinity Washington University.

Mathematical Outreach: Engagement Opportunities and Best Practices (Code: SS 46A), Irina Mitrea and Maria Lorenz, 
Temple University, and Katharine Ott, Bates College.

Mathematicians and the Sciences: Members of the 2019 class of Fellows of the American Association for the Advancement of 
Science Talk About Their Work (Code: SS 36A), Reinhard Laubenbacher, University of Connecticut/University of Florida, 
Barbara Keyfitz, Ohio State University, and Karen Saxe, American Mathematical Society.

Mathematics in Security & Defense (Code: SS 22A), Paul Goethals, US Military Academy, Lubjana Beshaj, Army Cyber 
Institute, and Cheyne Homberger, Department of Defense.

Mathematics of Cryptography (Code: SS 47A), Angela Robinson, NIST, Gretchen L. Matthews, Virginia Tech, and Travis 
Morrison, University of Waterloo.

Modeling and Data Analytic Techniques for Biological Systems (Code: SS 55A), Erica Rutter, University of California, and 
Maria-Veronica Ciocanel, Ohio State University.

Multiobjective Semiinfinite Fractional Programs (Code: SS 44A), Ram Verma, International Publications USA, and Alex-
ander Zaslavski, Israel Institute of Technology.

Nonlinear Reaction Diffusion Models with Applications in Spatial Ecology (Code: SS 40A), Jerome Goddard II, Auburn 
University, Montgomery AL, and Ratnasingham Shivaji, University of North Carolina.

NSF S-STEM Programs with Mathematical Connections (Code: SS 33A), Oscar Vega, California State University Fresno, 
Rebekah Dupont, Augsburg University, Yu-Ju Kuo, Indiana University of Pennsylvania, Perla Myers, University of San 
Diego, and Susan Pustejovsky, Alverno College.

Operator Theory and Approximation in Spaces of Analytic Functions (Code: SS 13A), William Ross, University of Richmond, 
Alberto Condori, Florida Gulf Coast University, Elodie Pozzi, St Louis University, and Alan Sola, Stockholm University, 
Sweden.

Optimal Methods in Applicable Analysis Approximation & Optimization, Cyber Security & Geometric Function Theory (Code: SS 
42A), Ram Mohapatra, University of Central Florida, Surajit Borkotokey, Dibrugarh University, and Balendu Bhooshan 
Upadhyay, Indian Institute of Technology Patna.

Partial Differential Equations and Spaces of Holomorphic Functions (Code: SS 19A), Marius Beceanu and Hyun-Kyoung 
Kwon, University of Albany SUNY.

PDEs in Optimization, Control, and Games, I (Associated with AMS Invited Address Ryan Hynd) (Code: SS 53A), Henok 
Mawi, Howard University, and Ryan Hynd, University of Pennsylvania.

Piecewise & Discontinuous Difference Equations & Applications (Code: SS 49A), Vlajko Kocic, Xavier University of Loui-
siana, and Michael A. Radin, Rochester Institute of Technology.

Quantization for Probability Distributions and Dynamical Systems (Code: SS 4A), Mrinal Kanti Roychowdhury, University 
of Texas Rio Grande Valley.

Quantum Algebra and Geometry (Code: SS 23A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Ran-
dolph College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.

Quaternions (Code: SS 31A), Johannes Familton, Borough of Manhattan Community College, Terrence Blackman, 
Medgar Evers College, and Chris McCarthy, Borough of Manhattan Community College.

Recent Advances in Ecological Modeling (Code: SS 24A), Punit Gandhi and David Chan, Virginia Commonwealth Uni-
versity.

Recent Trends in Discrete-Time Ecological and Epidemiological Models (Code: SS 41A), M.R.S. Kulenovic, University of 
Rhode Island, and Abdul Aziz Yakubu, Howard University.

Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs (Code: SS 17A), Darren A. Narayan, 
Rochester Institute of Technology, Christopher O’Neil, San Diego State University, Khang Tran, California State University 
Fresno, Mark David Ward, Purdue University, and John Wierman, The Johns Hopkins University (AMS-MAA-SIAM).

Stochastic Analysis and Applications in Finance, Actuarial Science and Related Fields (Code: SS 1A), Julius N. Esunge, 
University of Mary Washington, See Keong Lee, University of Sciences, Peneng, Malaysia, and Isabelle Kemajou-Brown, 
Morgan State University.

The Inverse Eigenvalue Problem for Graphs, Zero Forcing, and Related Topics, I (a Mathematics Research Communities Session) 
(Code: SS 37A), Bryan L. Shader, University of Wyoming, and Leslie Hogben, Iowa State University/AIM.

The Legacy of Dick Askey (Code: SS 39A), Howard S. Cohl, National Institute of Standards & Tech, Mourad E.H. Ismail, 
University of Central Florida, and George E. Andrews, Penn State University, State College.

The Mathematics of RNA and DNA (Code: SS 30A), Chris McCarthy and Johannes Familton, Borough of Manhattan 
Community College.
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Topology, Structure and Symmetry in Graph Theory (Code: SS 52A), Lowell Abrams, George Washington University, and 
Mark Ellingham, Vanderbilt University.

Understanding COVID-19: Mathematical Models to Address the Global Pandemic (Code: SS 50A), Hwayeon Ryu, Elon 
University, and Kamila Larripa, Humboldt State University.

Variational Analysis and Optimization (Code: SS 56A), Hung M. Phan, University of Massachusetts Lowell, Sedi Bartz, 
Portland State University, and Mau Nam Nguyen, University of Massachusetts Lowell.

What Physics Teaches Us About Computation in High Dimensions (Associated with AMS Josiah Willard Gibbs Lecture Lenka 
Zdeborova) (Code: SS 21A), Lenka Zdeborová, CEA Saclay (Paris).

Women Advancing Mathematical Biology Through Computational and Analytical Techniques (Associated with MAA-AMS-SIAM 
Gerald and Judith Porter Public Lecture Trachette Jackson) (Code: SS 35A), Katie Storey and Trachette Jackson, University 
of Michigan.

Women of Color in Applied Math and Analysis (Code: SS 54A), Mirjeta Pasha, Arizona State University, Nancy Rodriquez, 
University of Colorado Boulder, Caprice Stanley, The Johns Hopkins University Applied Physics Lab, and Omayra Ortega, 
Sonoma State University (AMS-AWM).

Atlanta, Georgia
Georgia Institute of Technology

March 13–14, 2021
Saturday – Sunday

Meeting #1164
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: December 2020
Program first available on AMS website: January 28, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: August 13, 2020
For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Differential Graded Methods in Commutative Algebra, Saeed Nasseh, Georgia Southern University, and Adela Vraciu, 
University of South Carolina, Columbia.

Providence, Rhode Island
Brown University

March 20–21, 2021
Saturday – Sunday

Meeting #1165
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: December 2020
Program first available on AMS website: January 28, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: August 20, 2020
For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Jennifer Balakrishnan, Boston University, Title to be announced.
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Sigal Gottlieb, University of Massachusetts at Dartmouth, Title to be announced.
Sam Payne, University of Texas, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Applied Combinatorics, Carina Curto, Pennsylvania State University, and Pedro Felzenszwalb and Caroline Klivans, 
Brown University.

Commutative Algebra, Laura Ghezzi, Department of Mathematics, New York City College of Technology-CUNY, Saeed 
Nasseh, Georgia Southern University, and Oana Veliche, Northeastern University.

Current Trends in Combinatorial Commutative Algebra, Kuei-Nuan Lin, Pennsylvania State University, Greater Allegheny, 
and Augustine O'Keefe, Connecticut College.

Mirror Symmetry and Enumerative Geometry, Mandy Cheung, Harvard University, and Siu-Cheong Lau and Yu-Shen 
Lin, Boston University.

Recent Advances in Schubert Calculus and Related Topics, Cristian Lenart and Changlong Zhong, State University of New 
York at Albany.

Cincinnati, Ohio
University of Cincinnati

April 17–18, 2021

Saturday – Sunday

Meeting #1166

Central Section

Associate secretary: Georgia Benkart

Announcement issue of Notices: January 2021
Program first available on AMS website: Not applicable
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: February 25, 2021
For abstracts: February 16, 2021

San Francisco, California
San Francisco State University

May 1–2, 2021

Saturday – Sunday

Meeting #1167

Western Section

Associate secretary: Michel L. Lapidus

Announcement issue of Notices: February 2021
Program first available on AMS website: February 25, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: October 1, 2020
For abstracts: February 16, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Differential Geometry and Geometric PDE, Alfonso Agnew, Nicholas Brubaker, Thomas Murphy, Shoo Seto, and Bog-
dan Suceavă, California State University, Fullerton.
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Grenoble, France
Université de Grenoble-Alpes

July 5–9, 2021
Monday – Friday

Meeting #1168
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: May 2021

Program first available on AMS website: To be announced
Issue of Abstracts: Not applicable

Deadlines
For organizers: September 15, 2020
For abstracts: To be announced

Buenos Aires, Argentina
The University of Buenos Aires

July 19–23, 2021
Monday – Friday

Meeting #1169
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: May 2021

Program first available on AMS website: To be announced
Issue of Abstracts: Not applicable

Deadlines
For organizers: July 31, 2020
For abstracts: To be announced

Buffalo, New York
University at Buffalo (SUNY)

September 18–19, 2021
Saturday – Sunday

Meeting #1170
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: June 2021
Program first available on AMS website: August 5, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: February 18, 2021
For abstracts: July 27, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Kirstin Eisentraeger, Pennsylvania State University, Title to be announced.
Jason Manning, Cornell University, Title to be announced.
Jennifer Mueller, Colorado State University, Title to be announced.

Omaha, Nebraska
Creighton University

October 9–10, 2021
Saturday – Sunday

Meeting #1171
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: August 2021
Program first available on AMS website: August 19, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: March 9, 2021
For abstracts: August 10, 2021
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Albuquerque, New Mexico
University of New Mexico

October 23–24, 2021
Saturday – Sunday

Meeting #1172
Western Section
Associate secretary: Michel L. Lapidus

Announcement issue of Notices: August 2021
Program first available on AMS website: September 2, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: March 23, 2021
For abstracts: August 24, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University of New Mexico.

Mobile, Alabama
University of South Alabama

November 20–21, 2021
Saturday – Sunday

Meeting #1173
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: September 2021
Program first available on AMS website: September 30, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: April 20, 2021
For abstracts: September 21, 2021

Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel

January 5–8, 2022
Wednesday – Saturday

Meeting #1174
Associate secretary: Georgia Benkart
Announcement issue of Notices: October 2021

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate secretary: Brian D. Boe

Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 12, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced. (Einstein Public Lecture in Mathematics)
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, Uni-

versity of Virginia, and Igor Rapinchuk, Michigan State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-

son University.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards, Wake Forrest University, Jason Parsley, Wake Forrest 

University, and Eric Rawdon, St. Thomas University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis.
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 

and Diana Vaman, University of Virginia.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall and Joris Roos, University of Wiscon-

sin-Madison.
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Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 
(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.

Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 
Waterloo.

Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 
College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.

Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono, 
University of Virginia.

Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate secretary: Steven H. Weintraub

Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 24, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science 

Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. 

Murphy, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 

Mark Mixer, Wentworth Institute of Technology.
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West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 31, 2021
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Cham-
paign, and Jing Wang, Purdue University.

A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli-Garafalo, Purdue University, and Irina 
Mitrea, Temple University.

Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University, 

and Tian Yang, Texas A&M University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University, 

Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.

Denver, Colorado
University of Denver

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate secretary: Michel L. Lapidus

Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: October 12, 2021
For abstracts: March 15, 2022
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Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: October 2022
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus. 

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the study of hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III, University of California, Davis, 
and Maria Trnkova, University of California, Davis. 

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter regular algebras and related topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California. 

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 

Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 

Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro. 
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-

versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
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Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, California State University, 
Fresno, Marat Markin, California State University, Fresno, and Khang Tran, California State University, Fresno.

Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The use of computational tools and new augmented methods in networked collective problem solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno. 

Women in Mathematics (Code: SS 12A), Doreen De Leon, California State University, Fresno, Katherine Kelm, California 
State University, Fresno, and Oscar Vega, California State University, Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran, California State University, Fresno, and Tamás Forgács, 
California State University, Fresno.

Graduation: an intersection of who 
you are and who you will become.

Graduate Student Members: Is this your big year? If 
you are graduating this year, take advantage of your 
discounted AMS Introductory Membership rate next 
year! This rate is available for five continuous years 
as you transition through your early career. For more 
information, watch for your 2021 membership renewal 
coming this August and receive 25 AMS “points”* 
when you renew as an Intro member!

* Apply points toward the purchase of AMS products, including book 
purchases, and even as a partial payment toward your next membership.purchases, and even as a partial payment toward your next membership.

The AMS will continue to 
support you on your journey!



You are valued in 
our math community.

www.ams.org/membership

*Excludes affiliate members and non-dues paying members. Join other members today.

AMS members: Renew your 2021 membership between August 1st 
and October 1st, 2020 and receive 13 AMS Points.* Become a Life 
member and receive 26 AMS Points!

Not a member yet? Join between August 1st 
and October 1st, 2020 and you also receive 
13 AMS Points.*



American Mathematical Society  
Distribution Center

35 Monticello Place,  
Pawtucket, RI 02861 USA

facebook.com/amermathsoc
@amermathsoc

Conversational Problem Solving
Richard P. Stanley, University of Miami, Coral Gables, FL

This book features mathematical problems and results 
that would be of interest to all mathematicians, but espe-
cially undergraduates (and even high school students) 
who participate in mathematical competitions such as the 
International Math Olympiads and Putnam Competition. 
The format is a dialogue between a professor and eight 
students in a summer problem solving camp and allows 
for a conversational approach to the problems.

Miscellaneous Books,  130; 2020; 274 pages; Hardcover; ISBN: 978-1-
4704-5635-1; List US$50; AMS members US$40; MAA members US$45; 
Order code MBK/130

Explorations in Analysis, Topology, and 
Dynamics  
Explorations in Analysis, Topology, and 

An Introduction to Abstract Mathematics
Alejandro Uribe A., University of Michigan, Ann Arbor, MI, and 
Daniel A. Visscher, Ithaca College, NY

This book is an introduction to the theory of calculus in 
the style of inquiry-based learning. The text guides students 
through the process of making mathematical ideas rigorous, 
from investigations and problems to definitions and proofs. 
Pure and Applied Undergraduate Texts, Volume 44; 2020; 182 pages; 
Hardcover; ISBN: 978-1-4704-5270-4; List US$85; AMS members US$68; 
MAA members US$76.50; Order code AMSTEXT/44

Invitation to Partial Differential Equations
Maxim Braverman, Northeastern University, Boston, MA, Robert 
McOwen, Northeastern University, Boston, MA, and Peter 
Topalov, Northeastern University, Boston, MA, Editors, Mikhail 
Shubin, Northeastern University, Boston, MA

This book is based on notes from a beginning graduate 
course on partial differential equations. Prerequisites for 
using the book are a solid undergraduate course in real 
analysis. There are more than 100 exercises in the book. 
Some of them are just exercises, whereas others, even 
though they do require new ideas to solve them, provide 
additional important information about the subject.
Graduate Studies in Mathematics, Volume 205; 2020; 319 pages; 
Hardcover; ISBN: 978-0-8218-3640-8; List US$89; AMS members 
US$71.20; MAA members US$80.10; Order code GSM/205

NOW AVAILABLE 
from the AMS

Discover more titles at
bookstore.ams.org

= Textbook

GRADUATE STUDIES
IN MATHEMATICS 205

Invitation to 
Partial Differential 
Equations

Mikhail Shubin

EDITED BY 
Maxim Braverman
Robert McOwen
Peter Topalov

http://bookstore.ams.org
http://facebook.com/amermathsoc
http://www.twitter.com/amermathsoc

	August 2020 Front Cover
	Conference on Education
	COVID-19 Resources
	A Word From...Sergei Gelfand
	Table of Contents
	Masthead
	Letters to the Editor
	Seeing the Monodromy Group of a Blaschke Product by Elias Wegert
	AMS Support
	CAT(0) Geometry, Robots, and Society by Federico Ardila-Mantilla
	Assessing Procedures vs. Assessing Evidence and the Principles of Sufficiency, Conditionality, and Likelihood by  Michael Lavine
	From Permutation Patterns to the Periodic Table by Lara Pudwell
	Mathematics Research Communities
	Early Career
	Jean-Marc Fontaine (1944-2019) by Pierre Berthelot, Luc Illusie, Nicholas M. Katz, William Messing, and Peter Scholze
	Feature Column
	A Richer Picture of Mathematics--The Gottingen Tradition and Beyond, a Review by Jemma Lorenat
	Bookshelf
	AMS Bookshelf
	Publication of the Mathematical Works of Rene Thom in the Collection Documents Mathematiques of the French Mathematical Society by Marc Chaperon and Francois Laudenbach
	On the Kinematic Formula in the Lives of the Saints by Danny Calegari
	AMS Member Voting
	AMS Governance
	Calls for Nominations
	Chris Castillo
	Mathematics People
	Community Updates
	Mathematics Opportunities
	Position Available
	Classified Advertising
	New Books Offered by the AMS
	Meetings & Conferences of the AMS August Table of Contents
	Meetings & Conferences of the AMS
	Members are Valued
	Now Availablel from the AMS



