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A WORD FROM...
Karen Saxe, Associate Executive Director of the AMS1

I started working as the director of the DC-based AMS Government Relations team on Jan-
uary 2, 2017. President Trump was inaugurated on January 20, 2017. I have only worked 
with his administration. During the intervening years, we have had a (partial) government 
shutdown and a global pandemic. Both have affected the scientific enterprise and higher 
education in seriously detrimental ways, and the latter will certainly have long-term con-
sequences for mathematics and mathematicians. 

The pandemic is affecting the ways that mathematics is being done. Summer plans for 
conferences and other research collaborations have vanished or, at best, gone virtual. While 
virtual meetings have certainly had some upsides (e.g., broader participation at seminars), 
they do not easily facilitate casual conversation where creativity can flourish. For our stu-
dents, these effects may be especially deleterious—it is one thing to have a Zoom meeting 
with a colleague with whom you have worked for decades, but how do graduate students 
and other early-career mathematicians begin and establish relationships now? It is more 

of a challenge for many. Institutions of higher education, still the primary employer of most mathematicians, 
are undergoing a very rough time. Some effects are felt on all campuses, and some are very particular to a given 
school. Consequently, there cannot be a “one size fits all” path forward. In all cases, however, these challenges 
necessitate careful thinking about the future in mathematics for our students, our own career flexibility, and our 
approach to teaching.

During the COVID-19 pandemic, I have been proud of the AMS. Internally, we are taking care of staff on the 
human resources level, and of the fiscal health of the Society. Looking outward, the staff is focused on what we 
can do to best help our community; a broad list of information and resources is found at https://www.ams 
.org/home/covid-19.

For my own work, the pandemic has meant relying even more heavily than usual on established relationships 
to support the mathematics community in legislative and other policy decisions. Here are three examples:

 • The AMS was one of many science societies that the House Science, Space, and Technology Committee 
staff reached out to for ideas on how Congress could best address and mitigate impacts of the crisis on 
the higher education and scientific research communities. Our request, which I wrote together with the 
chair of the AMS Committee on Science Policy and submitted in April, suggests targeted funding for the 
National Science Foundation (NSF) to enable them to enhance programs focused on students and ear-
ly-career mathematicians. We request extra funding for the Research Experiences for Undergraduates and 
Graduate Research Fellowship programs, as well as supplements to the Mathematical Sciences Research 
Institute program for additional support of postdoctoral visitors to the institutes. We also urge increased 
funding for the Advanced Technological Education and the Robert Noyce Teacher Scholarship programs.

 • On April 22, President Trump issued a proclamation limiting the number of foreign workers in the 
US (https://www.whitehouse.gov/presidential-actions/proclamation-suspending-entry 
-immigrants-present-risk-u-s-labor-market-economic-recovery-following-covid-19 
-outbreak/). The AMS acted immediately, working to ensure that international student and scholar 
programs, including Optional Practical Training for F-1 students, not be included in future immigration 
bans. The AMS and the Society for Industrial and Applied Mathematics (SIAM) led a statement from 
the math community focusing on our concerns about the broad nature of the directive outlined in 
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Karen Saxe is associate executive director of the AMS and head of the Government Relations Division. Her email address is kxs@ams.org.
1The opinions expressed here are not necessarily those of the Notices or the AMS.
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Section 6 of the proclamation and the implications it carries for nonimmigrant visa programs and our interna-
tional students (https://bit.ly/2XhgYgT). The AMS and thirty-five other scientific groups signed a similar 
letter (https://www.aip.org/news/2020/scientific-groups-seek-change-cooperation-response 
-immigration-executive-order). Both were delivered directly to the White House. Hundreds of you helped 
this effort by responding to my call to “Take Action” (https://blogs.ams.org/capitalcurrents/2020/05/13 
/support-our-international-students-and-faculty-colleagues/).

 • On May 7, Representatives Balderson and Cox led a bipartisan effort to improve infrastructure for distance 
learning so that all students—including low-income and rural students—can truly engage with online learning, 
as they have been required to do during the pandemic. I was quoted in the press release (https://cox.house 
.gov/media/press-releases/representative-tj-cox-leads-letter-urging-congressional 
-leadership-invest-rural).

These three examples show the range of topics and people I work with regularly and underscore the value of ongoing 
relationships. The AMS DC office began teleworking in late March. Immediately, meetings with congressional staff stopped. 
However, as I write this in mid-May, (virtual) meetings are picking up again.2 Meetings are with House and Senate staff, 
with Republicans and Democrats. When I meet them, I aim to fulfill AMS’s mission to 

 ○ promote mathematical research, its communication and uses; 
 ○ encourage and promote the transmission of mathematical understanding and skills; 
 ○ support mathematical education at all levels; 
 ○ advance the status of the profession of mathematics, encouraging and facilitating full participation of all indi-

viduals; 
 ○ foster an awareness and appreciation of mathematics and its connections to other disciplines and everyday life. 

In addition to responding to issues as they arise, each year my office hosts biannual congressional briefings. These are 
organized and hosted together with the Mathematical Sciences Research Institute with the goal of “fostering awareness 
and appreciation of mathematics” and to “communicate its uses.” Each briefing is a bit different in the goals it helps 
achieve; their successes are sometimes apparent only much later. Our 2019 briefings illustrate this:

 • In June, Jon Kleinberg (Cornell University) talked about “Addressing Threats and Vulnerabilities in Critical 
Interconnected Systems: Common Principles in Disease Outbreaks, Internet Malware, and Bank Failures.” This 
briefing turned out to be quite timely and helped establish mathematicians as a resource for modeling the spread 
of COVID-19.

 • In December, AMS President Jill Pipher (Brown University) spoke about how—as the study of quantum comput-
ing has advanced—current systems that support national and economic security have become more vulnerable 
and thus necessitate new cryptographic protocols. Both senators and one of the two Rhode Island representatives 
attended, and this briefing really helped to solidify the AMS’s relationship to its home congressional delegation. 

Every one of our briefings brings mathematics directly to Capitol Hill decision-makers and affirms how federal invest-
ment in basic research (primarily via the NSF) pays rich dividends for American taxpayers and helps the nation remain 
a world leader in innovation.

Your membership fees, together with the subscription rates paid by libraries for AMS journals and MathSciNet®, support 
AMS activities. In addition to the benefits that you, personally, might take advantage of—discounts for attending national 

2By the time you read this, I expect much will have happened since I wrote this in mid-May. I expect, for example, further proclamations from the White 
House on immigration, and further legislation on COVID relief and stimulus, including extra support for scientific research. In addition, regular appro-
priations may have moved forward for fiscal year 2021 (https://www.ams.org/government/dc-budgetprimer).

https://www.aip.org/news/2020/scientific-groups-seek-change-cooperation-response-immigraton-executive-order
https://www.aip.org/news/2020/scientific-groups-seek-change-cooperation-response-immigraton-executive-order
https://blogs.ams.org/capitalcurrents/2020/05/13/support-our-international-students-and-faculty-colleagues/
https://blogs.ams.org/capitalcurrents/2020/05/13/support-our-international-students-and-faculty-colleagues/
https://cox.house.gov/media/press-releases/representative-tj-cox-leads-letter-urging-congressional-leadership-invest-rural
https://cox.house.gov/media/press-releases/representative-tj-cox-leads-letter-urging-congressional-leadership-invest-rural
https://cox.house.gov/media/press-releases/representative-tj-cox-leads-letter-urging-congressional-leadership-invest-rural
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and sectional meetings, the Education mini-conference, or the Chairs Workshop; discounts on books—your membership 
helps support graduate students, early-career mathematicians, and the larger mathematics community. 

The AMS is not only the primary home society for many mathematicians working in academia, but is also the orga-
nizational channel that gives collective voice to the interests of our community. Your membership contributes to and 
ensures the presence of our collective voice in Washington, DC. You make it possible for the DC-based AMS Government 
Relations team to connect mathematicians and students to elected officials and other policy-makers. 

I think it helps me in my work to be an eternal optimist. I am hopeful that one outcome of this devastating pandemic 
will be that the American public will have more trust in science, more curiosity about it, and more desire to understand 
it. Public interest will translate into congressional support. That tangible support will further mathematical research and 
provide the best education of the next generation of scientists.

I’m proud to work for an organization that supports all mathematicians and the discipline itself through research 
and teaching. That said, we cannot do our work without sufficient funds. Thank you, members, for your commitment to 
supporting the work that we all do. 



An Invitation to Apply for the 

AMS CONGRESSIONAL 
FELLOWSHIP

“As a theoretical 
mathematician interested in 

working on climate change initiatives, 
I was unsure how to navigate from 

academia to policy. The AMS Congressional 
Fellowship offers a bridge between these two 

worlds, providing a unique opportunity to experience 
fi rsthand the critical role that scientists can play 

in government. This fellowship year has not only 
been an invaluable learning experience about the 
legislative process, but it has also enabled me to 
better understand and appreciate the utility of a 

mathematician’s transferable skills.” 

—Lucia Simonelli, AMS 
Congressional Fellow 

2019 –2020

Learn more at the
JMM session on AMS

DC-based Fellowships to
be held Friday, January 8,

2021 at 4:30 pm

The American Mathematical Society will sponsor a 
Congressional Fellow from September 2021 through August 2022.

The Fellow will spend the year working on the staff of a member of Congress or 
a congressional committee, working as a legislative assistant in legislative 
and policy areas requiring scienti� c and technical input. The program includes 
an orientation on congressional and executive branch operations and a year-
long seminar series on issues involving science, technology, and public policy.

The Fellowship is designed to provide a unique public policy learning
experience, to demonstrate the value of science–government interaction 
and to bring a technical background and external perspective to the decision-
making process in Congress.

Prospective Fellows must be cognizant of and demonstrate sensitivity toward 
political and social issues and have a strong interest in applying personal 
knowledge toward the solution of societal problems.

Applications are invited from individuals in the mathematical sciences. 
Applicants must have a PhD or an equivalent doctoral-level degree by the 
application deadline (February 1, 2021). Applicants must be US citizens. 
Federal employees are not eligible.

An AMS Fellowship Selection Committee will select the AMS Congressional Fellow. The Fellowship stipend is US$86,335 for 
the Fellowship period, with allowances for relocation and professional travel and a contribution toward health insurance.

Applicants must submit a statement expressing interest and quali� cations for the AMS Congressional Fellowship as well as a
current curriculum vitae. Candidates should also arrange for three letters of recommendation to be sent to the AMS by the
February 1, 2021 deadline.

For more information and to apply, please go to https://bit.ly/2X5Yi3D.

Deadline for receipt of applications:  February 1, 2021

https://bit.ly/2X5Yi3D
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MATEMAX
ENGLISH + SPANISH EDITION  
Alicia Dickenstein, Universidad de Buenos Aires, Argentina, and 
Instituto de Investigaciones Matemáticas Luis A. Santaló (UBA-
CONICET), Argentina, and Juan Sabia, Universidad de Buenos 
Aires, Argentina, and Instituto de Investigaciones Matemáticas 
Luis A. Santaló (UBA-CONICET), Argentina

MATEMAX is a bilingual schoolbook of mathematical prob-
lems written with the premise that one of the fundamental 
ways of learning mathematics, in addition to being one of 
the goals of the subject, is to solve problems. The book is 
designed for children and young teens and aims to teach 
mathematics in an entertaining way. Problems are based on 
familiar everyday situations, and helpful hints guide students 
to develop strategies before diving into calculations, leading 
to practice in abstract thinking, an essential feature of mathe-
matics. Presented in both English and Spanish it also provides 
equal access to students, parents and teachers with facility in 
either or both languages.

MATEMAX es un libro escolar bilingüe de problemas matemáti-
cos escrito bajo la premisa de que una de las formas funda-
mentales de aprender matemática, además de ser uno de los 
objetivos de la asignatura, es resolver problemas. El libro está 
diseñado para niños y adolescentes y tiene como objetivo 
enseñar matemática de una manera entretenida. Los problemas 
se basan en situaciones cotidianas familiares, y sugerencias 
útiles guían a los estudiantes para desarrollar estrategias antes 
de sumergirse en los cálculos, lo que lleva a la práctica del pens-
amiento abstracto, una característica esencial de la matemática. 
Presentado tanto en inglés como en español, también propor-
ciona un acceso igual a estudiantes, padres y maestros con 
facilidad en uno o ambos idiomas.

2020; 189 pages; Softcover; ISBN: 978-1-4704-5500-2; List US$30; 
AMS members US$24; MAA members US$27; Order code MBK/136

= Textbook

MATEMAX es un libro escolar bilingüe de problemas matemáti-
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LETTERS TO THE EDITOR

*We invite readers to submit letters to the editor at notices-letters 
@ams.org.

I was the local organizer of the Sectional Meeting of the 
AMS at Tufts University scheduled for March 21–22, 2020. 
The impetus for this meeting, at least for my department, 
was to showcase the university and the Department of 
Mathematics, for although we have made great strides in 
the last thirty years, Tufts is still not widely known. I must 
have put in at least one hundred hours over the past two 
years into organizing this meeting.

Meanwhile, in early 2020, the coronavirus was raging 
in China and Italy, but there were only a few cases in the 
United States, mostly concentrated in Washington and 
California. Throughout January and February, President 
Trump was assuring the country that there was nothing to 
worry about; it was no worse than the flu; the virus would 
weaken when the weather turned warm; it was going to 
disappear; we had all the tests needed. No one was wearing 
masks. In fact, the Centers for Disease Control and Preven-
tion was recommending that other than medical personnel, 
people should not wear masks because “they do not offer 
protection if not properly worn.” On March 2, there were 
only two confirmed cases in Massachusetts, both infected 
from traveling abroad, and no deaths. Later it emerged that 
a number of people who had attended a Biogen leadership 
conference in Boston on February 27 had tested positive, 
but the extent of the infection was still not known.

Of course, we knew to take the pronouncements of Pres-
ident Trump with a grain of salt, but back then even leading 
government officials and scientists in Massachusetts were 
minimizing the risk. On March 4, Governor Charles Baker 
reiterated that the risk posed by the virus was low, a stance 
he would maintain for several more days. All indications 
were that the AMS meeting would go on as scheduled. 
On March 6, I placed an order for a lavish spread for the 
reception on the Saturday of the meeting. The American 
Mathematical Society was about to mail seventy boxes of 
books to Tufts for its book display during the meeting and 
we at Tufts made arrangements to receive and store them. 
By Monday, March 9, all preparations for the meeting 
were in place. A total of 415 participants had preregistered. 
Counting those who would register on site, we expected 
five hundred participants. However, since the coronavirus 
situation was fast developing, there was always a hint of 
uncertainty.

On March 10, when everyday life still felt normal, the 
Tufts administration, ever cautious, cancelled the meeting. 
This was even before the AMS had cancelled anything, 

Letter to the Editor
On July 3, 2020, Dr. Paul Yiu, the Editor-in-Chief and 
founder of the online journal Forum Geometricorum  
(forumgeom.fau.edu/), sent out a public message to the 
editors and authors of articles published in this journal. He 
mentioned that due to a health challenge he retired from 
his position with Florida Atlantic University in December 
2019 and that the publication of new papers in Forum 
Geometricorum ceased with the 2019 volume. With its two 
decades of existence, Forum Geometricorum (2000–2019) 
represents a highly successful and interesting editorial and 
academic experience of major importance for the heritage 
of advanced Euclidean geometry. This journal addressed 
the need for high quality information in an area closely 
related to high-school geometry. Dr. Paul Yiu is a highly 
knowledgeable scholar, whose work is of the highest quality 
in terms of academic standards, editorial vision and highest 
care for the published mathematical content. He is a man 
of superb generosity, who never hesitated to work tirelessly 
on behalf of the mathematical community. Forum Geomet-
ricorum is his gift to us all.

—Bogdan D. Suceavă
Professor of Mathematics

California State University, Fullerton

To the Editors
I am writing a biography of the Austro-American mathe-
matician Olga Taussky-Todd (1906–1995) and would be 
glad to hear from any of her former students, colleagues, 
or friends, or anyone with reminiscences or with whom 
she corresponded.

Thank you for your consideration.

—Judith Goodstein
jrg@caltech.edu

Dodging a Bullet
In this letter I give an inside look at a cancelled meeting of 
the AMS. Someday, when one looks back at mathematics 
in this unusual period in history, it may be useful to have 
a few contemporaneous first-hand accounts.

http://forumgeom.fau.edu/
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including the Virginia meeting scheduled for the coming 
weekend, and way before the lockdown ordered by the 
state. Initially, I felt a rush of disappointment—two years 
of work down the drain. The cancellation caused massive 
inconvenience for hundreds of participants, most of whom 
had by then bought plane tickets and booked hotels. Later 
that day, because the number of cases in Massachusetts 
had spiked from forty-one a day before to ninety-two, Gov. 
Baker declared a state of emergency. Of the ninety-two, a 
whopping seventy-seven were from the Biogen conference.

As time went on, the number of cases in Massachusetts 
exploded, from 2 on March 2 to 10,000 a month later and 
100,000 two months later with 6,700 deaths. It was then I 
realized that Tufts had dodged a bullet. If the meeting had 
been scheduled for two weeks earlier, on March 7–8, it 
would certainly have taken place. With five hundred peo-
ple from the four corners of the earth converging at Tufts, 
the meeting would certainly have become a superspreader 
event, worse than the Biogen meeting, which had only 
175 participants. Many people would have become ill, and 
instead of being showcased, Tufts would live in infamy. 

We were lucky that the meeting was scheduled for when it 
was, with just enough warning of a disaster to come for it 
to get cancelled.

—Loring W. Tu
Professor of Mathematics

Tufts University

BC vs. BCE
In “A Word From…” (in the August 2020 Notices), why did 
the editors allow dating Euclid’s Elements to 300 BC (Before 
Christ) rather than to 300 BCE (Before the Common Era), 
given that BC promotes Christianity and thus discriminates 
against the roughly 30% of U.S. Citizens and 70% of the 
world’s population that are not Christian? 

—Charles H. Jones
3790 Onyx St.

Eugene, OR 97405
chjones.bus@gmail.com
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An Overview of
the Obstacle Problem

Donatella Danielli
1. Introduction
Free Boundary Problems naturally occur in physics and en-
gineering when a conserved quantity or relation changes
discontinuously across some value of the variables under
consideration. Inmathematical terms, they consist in solv-
ing partial differential equations (PDEs) in a domain, a
part of whose boundary is a priori unknown, and which
has to be determined as part of the problem. Said portion
of the boundary is called the free boundary, and in models
it appears, for instance, as the interface between a fluid and

Donatella Danielli is a professor of mathematics at Purdue University. Her
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For permission to reprint this article, please contact:
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air, or water and ice. In addition to the usually prescribed
initial and boundary values, other conditions, arising from
the physical laws governing the model, are imposed at the
free boundary. Since in general, with few exceptions, it is
impossible to explicitly determine the solution and the un-
derlying domain, the ultimate goal consists in establishing
analytic and geometric properties for both. In the past few
decades this area of research has seen deep and broad ad-
vancements, due to the assimilation of problems coming
fromother applied sciences, such as finance, mathematical
biology, and population dynamics, just to name a few. Its
development has been intrinsically intertwined with the
theory of Variational Inequalities, born in Italy in the early
1960s. Its founding fathers were Guido Stampacchia, who
was motivated by questions in potential theory, and Gae-
tano Fichera, who instead was interested in problems in
elasticity with unilateral constraints (more on this later...).
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Figure 1. Example of an obstacle problem.

Over the years, Variational Inequalities have become an
essential tool in various sectors of applied mathematics.
Fromamore theoretical standpoint, they appear in theCal-
culus of Variations when a function isminimized over a set
of constraints, giving rise to a set of differential inequal-
ities which replace the classical Euler-Lagrange equation.
Free Boundary Problems and Variational Inequalities have
generated new and exciting ideas based on the interplay of
methods from PDEs, the Calculus of Variations, Geomet-
ric Measure Theory, and Mathematical Modeling. One of
the main driving forces behind the development of their
theory has been the study of the obstacle problem.

2. The Classical Theory
In its classical formulation, the obstacle problem consists
in finding the equilibrium configuration of an elasticmem-
brane whose boundary is held fixed, and which is con-
strained to lie above a given obstacle. Mathematically, we
seek to minimize the Dirichlet energy

𝐽(𝑣) = ∫
Ω
|∇𝑣|2

in a domainΩ ⊂ ℝ𝑛, among all configurations 𝑣(𝑥) (repre-
senting the vertical displacement of the membrane) with
prescribed boundary values 𝑣|𝜕Ω = 𝑓(𝑥), and constrained
to remain above the obstacle 𝜑(𝑥), that is, in the class

𝒦 = {𝑣 ∈ 𝑊 1,2(Ω) | 𝑣|𝜕Ω = 𝑓(𝑥), 𝑣 ≥ 𝜑},
given the compatibility condition 𝜑 ≤ 𝑓 on 𝜕Ω. We will
denote by 𝑢 the solution of this minimization problem.
The domain Ω then breaks down into a region where 𝑢
coincides with the obstacle function, known as the contact
set, and a region where the solution is above the obstacle.
The free boundary is defined as the topological boundary of
the contact set, that is,

ℱ(𝑢) = 𝜕{𝑥 ∈ Ω | 𝑢(𝑥) = 𝜑(𝑥)}.
We explicitly observe that, as it often happens in the Calcu-
lus of Variations, searching for solutions in an apparently
natural but too narrow family of admissible functionsmay
produce no results. This justifies the choice of the class of
competitors as the Sobolev space 𝑊 1,2(Ω), endowed with
the inner product ⟨𝑢, 𝑣⟩ = ∫Ω (𝑢𝑣 + ∇𝑢 ⋅ ∇𝑣) 𝑑𝑥. Since the

functional 𝐽(𝑣) is continuous and strictly convex on the
convex set𝒦, the existence and uniqueness of minimizers
are guaranteed.

The obstacle problem can be reformulated as a Varia-
tional Inequality on 𝑊 1,2(Ω). In fact, solving the obstacle
problem is equivalent to determining a function 𝑢 ∈ 𝒦
such that

∫
Ω
∇𝑢 ⋅ ∇(𝑣 − 𝑢) 𝑑𝑥 ≥ 0 for all 𝑣 ∈ 𝒦.

Standard variational arguments show that the solution is
harmonic away from the contact set, or

Δ𝑢 = 0 in {𝑢 > 𝜙},

and superharmonic on the contact set, i.e.,

Δ𝑢 ≤ 0 in {𝑢 = 𝜙}.

Hence, the solution is a superharmonic function in Ω, in
the sense of distributions. Based on these considerations,
we can rewrite the obstacle problem in yet another way,
namely as

min{−Δ𝑢, 𝑢 − 𝜑} = 0, (1)

subject to the boundary condition 𝑢|𝜕Ω = 𝑓(𝑥).
Two natural questions arise at this point:

1. How regular is the function 𝑢?
2. What are the geometric properties of the contact

set? Is the free boundary a smooth surface?

Concerning the first question, it was shown in [Fre72] that
the solution is in 𝐶1,1(Ω) (assuming that 𝜑 is at least in
the same class), i.e., it has bounded second derivatives. It
is readily verified that such regularity is optimal. Heuristi-
cally, Δ𝑢 jumps from 0 on the set where 𝑢 is detached from
𝜑, toΔ𝜑 on the contact set, and therefore it is unreasonable
to expect continuity of the second derivatives.

The second question is significantly more delicate and
complex. Before we begin to outline the key steps in its an-
swer, let us mention that from the point of view of appli-
cations, smoothness properties of the interface are crucial
to develop, for instance, robust numerical methods. The
first fundamental accomplishment in this direction is due
to D. Kinderlehrer and L. Nirenberg [KN77], who showed
that 𝐶1 free boundaries are, in fact, analytic. Applicabil-
ity of this result, however, rests on the initial knowledge
of a certain degree of smoothness, whereas a priori the in-
terface could be a very irregular object. The breakthrough
came from the seminal paper [Caf77], where L. Caffarelli,
inspired by De Giorgi’s approach for the regularity of area-
minimizing surfaces, introduced one of the most trans-
formative ideas in the theory of free boundary problems,
namely the use of blow-up arguments. In layman’s terms,
they consist in zooming in on a fixed free boundary point,
as if using amagnifying glass, and observing the properties
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of the free boundary at a very large scale. The mathemati-
cal tool corresponding to the magnifying glass is the rescal-
ing (see Figure 2). To illustrate its workings, we follow here

Figure 2. The effect of rescaling.

the approach in [Caf98]. First of all, we reduce the prob-
lem to a zero-obstacle one by replacing 𝑢 with 𝑤 = 𝑢 − 𝜑.
Then, in the region {𝑤 > 0}, one has

Δ𝑤 = Δ(𝑢 − 𝜑) = −Δ𝜑 ∶= 𝑔(𝑥).
For the sake of simplicity wewill assume 𝑔(𝑥) ≡ 1, and con-
tinue to denote the solution to this normalized problem
by 𝑢. The starting point is the observation that 𝑢 exhibits
quadratic growth near a free boundary point 𝑥0 ∈ ℱ(𝑢).
More precisely, there exist two constants 𝑐, 𝐶 > 0 such that

𝑐𝑟2 ≤ sup
𝐵𝑟(𝑥0)

𝑢 ≤ 𝐶𝑟2, (2)

where 𝐵𝑟(𝑥0) = {𝑥 ∈ ℝ𝑛 | |𝑥 − 𝑥0| < 𝑟}. This estimate
suggests the following family of rescaled functions:

𝑢𝑟(𝑥) =
1
𝑟2 𝑢(𝑥0 + 𝑟𝑥) (3)

for 𝑟 > 0. The boundedness of the second derivatives
of 𝑢 allows one to apply the classical compactness result
of Ascoli-Arzelà. We thus infer that, possibly passing to
a subsequence 𝑟𝑗 → 0+, 𝑢𝑟(𝑥) converges to a function
𝑢∗(𝑥), called a blow-up limit (or simply blow-up) relative to
𝑥0 ∈ ℱ(𝑢). The following classification of blow-ups holds:

(i) either 𝑢∗ is a half-space solution to the obstacle
problem of the form

𝑢∗(𝑥) = 1
2 max{𝑥 ⋅ 𝑒, 0}

2

for some 𝑒 unit vector in ℝ𝑛,
(ii) or 𝑢∗ is a parabola solution of the form

𝑢∗(𝑥) = 1
2𝑥 ⋅ 𝐴𝑥 (4)

for some matrix 𝐴, with 𝐴 nonnegative definite
and trace(𝐴) = 1.

This alternative leads to a corresponding characterization
of the free boundary point 𝑥0. If (i) holds, we say that 𝑥0
is a regular free boundary point, and otherwise we say that
𝑥0 is singular; see Figure 3.

As one may surmise from the nomenclature, the objec-
tive is now to show that the free boundary can be expressed
as a smooth hypersurface in a neighborhood of a regular
point, whereas smoothness is not expected around a sin-
gular one. Cusp-like or pinched bottleneck singularities,
in fact, may occur even when the obstacle is smooth. The
main difficulty in the study of the free boundary at this
point lies in transferring the information acquired on the
shape of the blow-ups back to the original configuration.
In principle, in fact, a point 𝑥0 ∈ ℱ(𝑢) could be regular
and singular at the same time, depending on the choice of
the subsequence 𝑟𝑗 taken to pass to the limit. Geometric
considerations, however, prove that this is not possible.

In case (i), to fix ideas assume 𝑢∗(𝑥) = 1
2
(𝑥+𝑛 )2. The new

contact set {𝑢∗ = 0} is the half-space {𝑥𝑛 ≤ 0} and there-
fore, undoing the rescaling, one can see that the original
contact set {𝑢 = 0} has positive Lebesgue density at 𝑥0, that
is,

lim sup
𝑟→0+

|𝐵𝑟(𝑥0) ∩ {𝑢 = 0}|
𝑟𝑛 > 0.

This is a very stable situation, in the sense that the flatness
of the free boundary for 𝑢∗ (namely the hyperplane {𝑥𝑛 =
0}) translates into “almost-flatness” of the free boundary
of the rescaled functions 𝑢𝑟 for 𝑟 sufficiently small, and
thus for 𝑢 at a small scale. More precisely, for 𝜎 > 0 and
0 < 𝑟 < 𝑟𝜍 it holds that

ℱ(𝑢𝑟) ∩ 𝐵1/2(𝑥0) ⊂ {|𝑥𝑛| < 𝜎}. (5)

The first step in establishing the smoothness of the free
boundary is to prove its Lipschitz regularity. This easily
follows from the fact that the directional derivatives 𝜕𝑒𝑢
are nonnegative near a regular point for 𝑒 in a cone of di-
rections

𝐶𝛿 = {𝑥 ∈ ℝ𝑛 | 𝑥𝑛 > 𝛿|𝑥′|},
with 𝑥′ = (𝑥1, … , 𝑥𝑛−1) and 0 < 𝛿 < 1; see Fig-
ure 4. Without going into the technical details, the guiding
principle here is that this monotonicity property, which
clearly holds true for 𝑢∗, can be transferred to 𝑢𝑟 (for 𝑟

Figure 3. Blow-up limits at regular (left) and singular (right)
free boundary points.
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small enough) combining the convergence in 𝐶1 with (5),
and then, “undoing” the rescaling, back to 𝑢 itself.

Figure 4. The cone of monotonicity.

Another relatively simple application of the directional
monotonicity property yields that ℱ(𝑢) is locally a 𝐶1-
graph and this, combined with the result in [KN77], al-
lows one to conclude that the free boundary is an analytic
hypersurface in a neighborhood of a regular point.

We now turn our attention to the case

lim sup
𝑟→0+

|𝐵𝑟(𝑥0) ∩ {𝑢 = 0}|
𝑟𝑛 = 0.

Then it can be shown that 𝑥0 is singular, and it holds that
for any 𝑟 > 0 there exists a unit vector 𝑒 such that

ℱ(𝑢) ∩ 𝐵𝑟(𝑥0) ⊂ {𝑥 ∈ ℝ𝑛 | |𝑒 ⋅ (𝑥 − 𝑥0)| ≤ 𝑜(𝑟)}.

What we have just described is the essence of the dichotomy
theorem in [Caf77]. While the first part, relative to case
(i), is definitive, the second one is not. In principle, in
fact, the vector 𝑒 could depend, once more, on the subse-
quence chosen in the limiting process. In order to describe
the structure of the free boundary near singular points, it
is then pivotal to establish the uniqueness of the blow-
ups. This is where monotonicity formulas enter the scene. In
[Caf98], the uniqueness in the limiting process is accom-
plished by applying the celebrated Alt-Caffarelli-Friedman
monotonicity formula to the first derivatives of the solu-
tion. A few years later, R. Monneau devised in [Mon03] an
alternative approach (which does not require to differen-
tiate the solution), based on a monotonicity formula that
nowadays bears his name: if 𝑥0 is a singular point, and
𝑢∗ = 𝑢∗𝑥0 is as in (4), then the functional

ℳ(𝑟; 𝑢, 𝑢∗) = ∫
𝜕𝐵𝑟(𝑥0)

(𝑢 − 𝑢∗)2

is nondecreasing in 𝑟 > 0. This important property is de-
duced, in turn, from the nondecreasing character of the

Figure 5. The different nature of singular points.

functional

𝒲(𝑟; 𝑢) = 1
𝑟𝑛+2 ∫𝐵𝑟(𝑥0)

(|∇𝑢|2 + 2𝑢)

− 1
𝑟𝑛+3 ∫𝜕𝐵𝑟(𝑥0)

2𝑢2,

discovered by G. Weiss in [Wei99]. From Monneau’s result
one infers, in fact, not only uniqueness of the blow-up, but
also the continuous dependence from the singular point:
if we denote by Σ(𝑢) the collection of singular points, the
map Σ(𝑢) ∋ 𝑥0 ↦ 𝑢∗𝑥0 is locally uniformly continuous.
With this information at our disposal, it is finally possible
to describe the set Σ(𝑢). We begin by observing that the
nature of the free boundary can vary at different singular
points, depending on the dimension 𝑑𝑥0 of the set {𝑢∗𝑥0 =
0}. For instance, in the case 𝑛 = 3, if 𝑢∗𝑥0 =

1
2
𝑥21, then the

contact set is asymptotically close to a plane, whereas it is
asymptotically close to a line if 𝑢∗𝑥0 =

1
2
(𝑥21+𝑥22); see Figure

5. It is thus natural to consider a classification of points in
Σ(𝑢) based on 𝑑𝑥0 . More precisely, for 𝑑 = 1, … , 𝑛 − 1, we
introduce the set

Σ𝑑 = {𝑥0 ∈ Σ(𝑢) | 𝑑𝑥0 = 𝑑}.

Caffarelli established in [Caf98] the first decisive result
concerning the structure of the singular set. Namely, he
proved that Σ𝑑 is locally contained in a 𝑑-dimensional
manifold of class 𝐶1. We illustrate here the main ideas of
the proof. Note that, since 𝑢 ≥ 0 in Ω and 𝑢 = 0 on ℱ(𝑢),
necessarily ∇𝑢 = 0 on ℱ(𝑢). In particular, 𝑢 = ∇𝑢 = 0 in
Σ𝑑 and thus, keeping inmind (3) and (4), we infer that 𝑢∗𝑥0
corresponds, at least in principle, to the second-order term
in the Taylor expansion of 𝑢 at 𝑥0. Thanks to the continuity
of the map Σ(𝑢) ∋ 𝑥0 ↦ 𝑢∗𝑥0 , it is possible to apply Whit-
ney’s extension theorem to find a function 𝐹 ∶ ℝ𝑛 → ℝ𝑛

of class 𝐶1 such that

𝐹(𝑥0) = ∇𝑢∗𝑥0 = 0 and ∇𝐹(𝑥0) = 𝐷2𝑢∗𝑥0
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for all 𝑥0 ∈ Σ𝑑. Invoking the definition of Σ𝑑, we have

dimker∇𝐹(𝑥0) = dimker𝐷2𝑢∗𝑥0 = 𝑑
in Σ𝑑. Applying the Implicit Function Theorem we can
finally conclude that

Σ𝑑 = {𝐹 = 0} ∩ Σ𝑑
is locally contained in a 𝐶1 𝑑-dimensional manifold.
When 𝑛 = 2, Weiss showed in [Wei99] that 𝐶1-regularity
can be improved to𝐶1,𝛼 bymeans of an epiperimetric-type
approach, thus recovering an earlier result of L. Caffarelli
and N. Rivière. Very recently, A. Figalli and J. Serra ob-
tained in [FS19] an exhaustive characterization of the sin-
gular set: in two dimensions, Σ(𝑢) is locally contained in
a 𝐶2 curve, whereas in dimensions 𝑛 ≥ 3 singular points
(except anomalous ones) can be covered by 𝐶1,1—and in
some cases 𝐶2—manifolds. Additionally, they showed
that the highest order stratum Σ𝑛−1 is always contained
in a 𝐶1,𝛼 manifold, thus generalizing Weiss’s results. It
should be noted that O. Savin and H. Yu have established
in [SY19] essentially the same result for the obstacle prob-
lem associated to a convex fully nonlinear elliptic operator.
They developed a novel method, based not on monotonic-
ity formulas but on an iterative scheme, which provides an
insightful alternative also for the classical problem.

3. Thin Obstacles
A problem in linear elasticity, first proposed by A. Sig-
norini [Sig59] and now bearing his name, has been one
of the mainsprings of the study of Variational Inequalities.
In its simplest formulation, it consists of determining the
displacements in a heavy, linearly elastic body resting on
a rigid, frictionless horizontal plane (see Figure 6).

Figure 6. The classical Signorini problem.

The quintessential difficulty is the fact that the region
of contact between the body and the plane is not known
a priori, and it is thus part of the problem itself. The same
mathematical model finds applications, e.g., in the study
of semipermeable media, in problems of temperature

control, and in financial mathematics. Since the first in-
stance is the simplest to describe, we will derive the math-
ematical formulation of the problem from it. Semiperme-
able membranes allow the passage of fluid freely in one di-
rection, but prevent all outflow of fluid in the other. They
are used, for instance, in the process of hyperfiltration, or
reverse osmosis. This is a pressure-driven mechanism to
remove low molecular weight solutes, e.g., microorganic
salts or small organic molecules (glucose, for example)
from a solvent. In the natural process of osmosis, a mem-
brane is used to separate two chambers of equal volume,
for instance one filled with water and the other one with
a dilute salt solution. Water is transferred from the sol-
vent side of the membrane to the other chamber, until an
osmotic equilibrium is reached. The hydrostatic pressure
which has built up in the salt solution side of the mem-
brane is known as osmotic pressure.

As the name implies, reverse osmosis is the reversal
of this process. The application of a pressure, exceeding
the osmotic one, on the salt solution in contact with the
membrane forces water to flow from the chamber contain-
ing the salt solution to the other side (see Figure 7). The
semipermeable nature of the membrane prevents the wa-
ter from flowing back in, as would occur by natural osmo-
sis. The water flux is proportional to the concentration dif-
ference across the membrane. This proportionality is ex-
pressed in terms of the permeability constant of the mem-
brane, which in turn is inversely proportional to the mem-
brane thickness.

Following [DL76], we now formulate the correspond-
ing mathematical model. We let Ω be a region in ℝ𝑛 occu-
pied by a viscous fluid which is only slightly compressible,
with its pressure field denoted by 𝑢(𝑥). We assume that a
smooth portion Γ of 𝜕Ω, with exterior unit normal 𝜈, con-
sists of a semipermeable membrane of finite thickness. In
correlation with the process of reverse osmosis, Ω repre-
sents the chamber containing the solvent (water), with Γ
separating Ω from another chamber filled with the dilute
salt solution. Combining the law of conservation of mass

Figure 7. The process of reverse osmosis.
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Figure 8. The thin obstacle problem.

with Darcy’s law, one finds that the equilibrium configura-
tion for 𝑢 satisfies the equation

Δ𝑢 = 0 in Ω.
When a fluid pressure 𝜑(𝑥) for 𝑥 ∈ Γ is applied on the out-
side of Ω, one of two cases holds: 𝜑(𝑥) < 𝑢(𝑥), or 𝜑(𝑥) ≥
𝑢(𝑥). In the former, the semipermeable wall prevents the
fluid from leaving Ω, so that the flux is null, or 𝜕𝜈𝑢 = 0. In
the latter case, instead, the fluid enters Ω. Since the flow is
proportional to the pressure differential, 𝜕𝜈𝑢 = −𝜆(𝑢 − ℎ),
where 𝜆 > 0 is the permeability constant of the mem-
brane. Combining the two instances at once, we obtain
the boundary condition 𝜕𝜈𝑢 = 𝜆(𝑢 − ℎ)−. Given that the
typicalmembrane thickness in the process of reverse osmo-
sis is of the order of 100 𝜇m, and is thus negligible, we are
interested in the infinite permeability case 𝜆 → ∞, which
leads to the conditions

𝑢 ≥ 𝜑, 𝜕𝜈𝑢 ≥ 0, (𝑢 − 𝜑)𝜕𝜈𝑢 = 0 on Γ.
Signorini called them ambiguous boundary conditions, but
they are now known as Signorini boundary conditions. Since
the solution 𝑢 is constrained to lie above𝜑 on Γ (and not in
the whole domainΩ, as in the classical obstacle problem),
𝜑 is referred to as the thin obstacle, and the problem is also
called the thin obstacle problem (see Figure 8).

Fichera [Fic63] was the first one to establish existence
and uniqueness in Signorini’s problem by framing it in
the setting of a Variational Inequality. With Ω, Γ, and 𝜑 as
above, for a given function 𝑔 ∶ 𝜕Ω → ℝ satisfying the com-
patibility condition 𝑔 > 𝜑 on Γ, the thin obstacle problem
consists of solving the Variational Inequality

∫
Ω
∇𝑢 ⋅ ∇(𝑣 − 𝑢) ≥ 0 for every 𝑣 ∈ 𝒦,

where

𝒦 = {𝑢 ∈ 𝑊 1,2(Ω) ∶ 𝑢 = 𝑔 on 𝜕Ω ⧵ Γ, 𝑢 ≥ 𝜑 on Γ}.
As in the classical obstacle problem, this is equivalent to
minimizing the Dirichlet integral 𝐽(𝑣) = ∫Ω |∇𝑣|2 over 𝒦.

Figure 9. The Dirichlet-to-Neumann map.

An alternative interpretation of the thin obstacle prob-
lem is given as a “standard” obstacle problem as in (1), but
with −Δ replaced by the fractional Laplacian

(−Δ)𝑠𝑢(𝑥) = 𝐶(𝑛, 𝑠) lim
𝜀→0

∫
ℝ𝑛⧵𝐵𝜀(𝑥)

𝑢(𝑥) − 𝑢(𝑦)
|𝑥 − 𝑦|𝑛+2𝑠 𝑑𝑦,

where 0 < 𝑠 < 1 and 𝐶(𝑛, 𝑠) is a constant. The connec-
tion in the case 𝑠 = 1/2 comes through the Dirichlet-to-
Neumann map; see Figure 9. More precisely, let 𝑢 ∶ ℝ𝑛 →
ℝ be a smooth function, and consider the extension prob-
lem

Δ�̃� = 0 in ℝ𝑛 × {𝑥𝑛+1 > 0},
�̃�(𝑥, 0) = 𝑢(𝑥) for 𝑥 ∈ ℝ𝑛,

which yields a smooth bounded solution �̃�(𝑥, 𝑥𝑛+1). Now
replace 𝑢 with −𝜕𝑛+1�̃�(𝑥, 0) in the Dirichlet condition, to
obtain −𝜕𝑛+1�̃�(𝑥, 𝑥𝑛+1) as the solution to the problem, in-
stead of �̃�. If we let

𝑇 ∶ 𝑢 ↦ −𝜕𝑛+1�̃�(𝑥, 0),
we thus have

𝑇(𝑇(𝑢))(𝑥) = 𝑇(−𝜕𝑛+1�̃�(𝑥, 0))(𝑥)
= 𝜕𝑛+1,𝑛+1�̃�(𝑥, 0) = −Δ𝑢(𝑥).

It is easy to check that 𝑇 is a positive operator by an integra-
tion by parts argument. Therefore, we can conclude that
𝑇 = (−Δ)1/2 and

(−Δ)1/2𝑢(𝑥) = −𝜕𝑛+1�̃�(𝑥, 0).
Hence, if 𝑢 is a solution of the obstacle problem for (−Δ)1/2
inℝ𝑛 with smooth obstacle 𝜑, then its harmonic extension
�̃� to ℝ𝑛×(0, +∞) solves the corresponding Signorini prob-
lem

Δ�̃� = 0 in ℝ𝑛 × (0, +∞),
�̃�(𝑥, 0) ≥ 𝜑, 𝜕𝑛+1�̃�(𝑥, 0) ≤ 0 in ℝ𝑛,
(�̃� − 𝜑)𝜕𝑛+1�̃�(𝑥, 0) = 0 in ℝ𝑛,

and vice versa. With the two problems being equivalent,
any regularity result for one of them can be carried over to
the other one. There is a clear advantage, however, in using
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the Signorini type formulation, since it avoids the direct
use of the nonlocal pseudodifferential operator (−Δ)1/2 by
localizing the problem. This allows the use of purely local
PDE methods, such as monotonicity formulas and classi-
fication of blow-up profiles, as we will discuss below.

One of the main reasons behind the resurgence of inter-
est in nonlocal operators, for which the fractional Lapla-
cian serves as a prototype, is that they are the infinitesimal
generators of Markov processes relevant in financial math-
ematics. The infinitesimal generator of a discontinuous
Markov process in ℝ𝑛 is no longer a differential operator,
but rather an integro-differential, and therefore nonlocal, op-
erator. It has been known for a long time that the infin-
itesimal generator of an isotropic 𝛼-stable Lévy process is
the fractional Laplacian operator of order 𝛼/2 (0 < 𝛼 < 2).
More precisely, if 𝑋(𝑡) is such a process starting at zero and
𝑥 ∈ ℝ𝑛, then

(−Δ)𝛼/2 𝑓(𝑥) = lim
ℎ→0+

1
ℎ𝔼[𝑓(𝑥) − 𝑓(𝑥 + 𝑋(ℎ))].

Here, for a probability space (𝑆, Σ, 𝑃), 𝑓 a bounded contin-
uous function, and 𝑋 a random variable, 𝔼[𝑓(𝑋)] denotes
the expected value of 𝑓(𝑋), that is,

𝔼[𝑓(𝑋)] = ∫
𝑆
𝑓(𝑋(𝜔)) 𝑑𝑃(𝜔).

If we assume that 𝑋(𝑡) models the logarithm of an asset
price and 𝜑 ∶ ℝ𝑛 → ℝ is the payoff function (i.e., a profit
of 𝜑(𝑠) is generated when trading the stock at 𝑋(𝑡) = 𝑠),
then one wants to maximize the expected profit

𝑢(𝑥) = sup 𝔼[𝜑(𝑋(𝜃))],

where the supremum is taken over all 0 < 𝜃 < ∞, 𝜃 stop-
ping time. The obstacle problem associated to nonlocal
operators, such as the fractional Laplacian, arises inmathe-
matical finance in the valuation of the so-called American
option on multiple assets. An American option gives its
holder the right to buy or sell a stock at a fixed price at any
time prior to the set expiration time 𝑇. For instance, the
S&P 100 index option is an American option on a value-
weighted index of 100 stocks. In the perpetual American
option (that is, when 𝑇 → ∞), the value function 𝑢 is a
solution to the obstacle-type problem

min{𝐿𝑢, 𝑢 − 𝜑} = 0 in ℝ𝑛,

where 𝐿 is the infinitesimal generator of 𝑋(𝑡). When the
option has a finite expiration 𝑇, we note that the relevant
operator 𝐿 is instead of parabolic type. If the stochastic pro-
cess is Brownian motion, then 𝐿 = −Δ and 𝑢 will satisfy the
classical obstacle problem (1). However, modeling the
behavior of stocks with possible discontinuities requires
the use of jump processes, which have as infinitesimal

generators integro-differential operators of the form

𝐿𝑢(𝑥) = lim
𝜀→0+

∫
ℝ𝑛⧵𝐵𝜀(𝑥)

(𝑢(𝑦) − 𝑢(𝑥)) 𝐾(𝑥 − 𝑦) 𝑑𝑦.

Such operators were introduced in finance by the Nobel
Prize winner R. Merton.

In this context, the most important unknowns are the
exercise region {𝑢 = 𝜑}, in which one should exercise the
option, and the continuation region {𝑢 > 𝜑}, in which one
instead should wait; see Figure 10. The free boundary is
the interface separating the two. In the case of American
put options, as in the case of American call options paying
continuous dividends, it is always optimal to exercise early,
and therefore the exercise region is nonempty. In general,
solutions in this type of processes do not have closed form
expressions, and thus it becomes important to determine
the regularity of the boundary of this region, which in turn
is closely related to the behavior of the value function for
points on the free boundary.

Similarly to the classical obstacle problem, the main
theoretical issues are the optimal regularity of the solution
and the geometric analysis of the free boundary

ℱ(𝑢) = 𝜕{𝑥 ∈ Γ | 𝑢(𝑥) = 𝜑(𝑥)}.
The first result concerning the regularity of the solution

in the Signorini problem is due to L. Caffarelli [Caf79],
who proved that 𝑢 is 𝐶1,𝛼 up to Γ for some 0 < 𝛼 ≤ 1/2,
provided 𝜑 ∈ 𝐶1,1. By analogy with the classical obsta-
cle problem, however, one expects the regularity to be pre-
cisely 𝐶1,1/2. This important fact was established in [AC04]
for flat Γ and vanishing obstacle 𝜑. To get some intuition
behind this result, we recall the observation (first made by
H. Lewy) that in dimension 𝑛 = 2 the function

𝑢0(𝑥) = 𝜌3/2 cos (32𝜃) (6)

Figure 10. The free boundary separates the exercise region
from the continuation region.
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is a homogeneous global solution to the Signorini prob-
lem. The main ingredients in the proof in [AC04] are a
quasi-convexity property of the solution and a monotonic-
ity formula for an appropriately weighted average of the
local energy of the normal derivative of the solution.

This result opened the way to study regularity properties
of the free boundary using geometric PDEs techniques. In
[ACS08], I. Athanasopoulos, L. Caffarelli, and S. Salsa, un-
der the same assumptions of flat boundary and zero obsta-
cle, proved the existence of a basic global nondegenerate
blow-up profile. Additionally, at points attaining such pro-
file, they showed that the free boundary is a 𝐶1,𝛼-“curve,”
or, more precisely, a 𝐶1,𝛼 (𝑛 − 2)-dimensional graph on
the (𝑛 − 1)-dimensional boundary. The groundbreaking
idea in [ACS08] consists in the novel use of a classical re-
sult, Almgren’s monotonicity formula, to control a fam-
ily of rescalings tailor-made for the Signorini problem. In
its original formulation [Alm79], Almgren’s result reads as
follows. For a function 𝑢 harmonic in 𝐵1(0) and 0 < 𝑟 < 1,
define the quantities

𝐷(𝑟; 𝑢) = ∫
𝐵𝑟(0)

|∇𝑢|2 𝑑𝑥

and

𝐻(𝑟; 𝑢) = ∫
𝜕𝐵𝑟(0)

𝑢2 𝑑𝐻𝑛−1,

where 𝑑𝐻𝑛−1 denotes the Hausdorff measure on 𝜕𝐵𝑟(0).
Then the frequency functional

𝑁(𝑟; 𝑢) = 𝑟𝐷(𝑟; 𝑢)
𝐻(𝑟; 𝑢)

is nondecreasing in 𝑟. The reason for the name is that,
given the function 𝑢𝑘(𝜌, 𝜃) = 𝑎𝑘𝜌𝑘 sin(𝑘𝜃) in ℝ2, it is read-
ily checked that 𝑁(𝑟) = 𝑘. Remarkably, it was shown in
[ACS08] that the same monotonicity property continues
to hold when the function 𝑢 is a solution to the Signorini
problem in

Ω = 𝐵+1 ∶= 𝐵1(0) ∩ {𝑥𝑛 > 0},

with Γ = 𝐵′1 ∶= 𝐵1(0) ∩ {𝑥𝑛 = 0} and 𝜑 ≡ 0 (assuming
that 𝑢 is extended to the whole of 𝐵1(0) by even symmetry
in 𝑥𝑛). An important—albeit immediate—consequence of
this fact is that there exists

𝑁(0+; 𝑢) ∶= lim
𝑟→0+

𝑁(𝑟; 𝑢).

Another corollary, to keep in mind for future purposes, is
a growth estimate of the solution at free boundary points:
if 0 ∈ ℱ(𝑢) and 𝜇 ≤ 𝑁(0+; 𝑢), then there exists a positive
constant 𝐶 such that

sup
𝐵𝑟

|𝑢| ≤ 𝐶𝑟𝜇 for 0 < 𝑟 < 1
2 . (7)

Figure 11. The graphs of 𝑢0(𝑥) = 𝜌3/2 cos ( 3
2
𝜃) (left) and

𝑢0(𝑥) = 𝜌2 cos (2𝜃) (right).

The next step in the program, following the roadmap
provided by the classical obstacle problem, is the classi-
fication of free boundary points by analyzing the corre-
sponding blow-ups. We introduce the family of Almgren-
rescalings

𝑢𝑟(𝑥) =
𝑢(𝑟𝑥)

(𝑟1−𝑛𝐻(𝑟; 𝑢))1/2
. (8)

In order to apply compactness arguments to extract a con-
vergent subsequence, it is necessary to control the 𝐿2-norm
of ∇𝑢𝑟, uniformly in 𝑟 > 0. To this end, we observe that

∫
𝐵1(0)

|∇𝑢𝑟|2 = 𝑁(1, 𝑢𝑟) = 𝑁(𝑟, 𝑢) ≤ 𝑁(1, 𝑢),

where we have used, in order, the definition of 𝑁(𝑟; 𝑢), a
simple change of variable, and the monotonicity of 𝑁(𝑟; 𝑢)
for 0 < 𝑟 ≤ 1. This inequality gives the desired control, and
allows one to pass to the limit on a subsequence 𝑟𝑗 → 0
to obtain a blow-up profile 𝑢0 ∈ 𝑊 1,2(𝐵+1 ). Thanks to
the 𝐶1,𝛼 regularity of solutions, the convergence is actually
in 𝐶1

𝑙𝑜𝑐(𝐵+1 ∪ 𝐵′1). This fact, in turn, coupled with the ob-
servation that ‖𝑢𝑟‖𝐿2(𝜕𝐵1) = 1, allows one to prove that
𝑢0 is a nonzero global solution of the Signorini problem
(i.e., in 𝐵+𝑅 for all 𝑅 > 0). In addition, even if the blow-up
may not be unique, depending on the choice of the subse-
quence chosen in the limiting process, it is characterized
by the fact that it is homogeneous of degree 𝜇 ∶= 𝑁(0+; 𝑢).
This process can be repeated at any free boundary point
𝑥0 ∈ ℱ(𝑢) by simply translating the point to the origin,
that is, centering the balls in the definition of 𝑁(𝑟; 𝑢) in
𝑥0 instead of 0. We will denote by 𝑁(0+; 𝑢, 𝑥0) the corre-
sponding value.

The precise value of𝑁(0+; 𝑢, 𝑥0) plays a preeminent role
in the study of the structure of the free boundary. As a pre-
liminary observation, from the optimal 𝐶1,1/2-regularity of
global solutions, one deduces that necessarily 𝜇 ≥ 3/2. In
addition, it can be shown that if 3/2 ≤ 𝜇 < 2, then nec-
essarily 𝜇 = 3/2 and up to a multiplicative constant and
in a suitable system of coordinates, 𝑢0 is in the form given
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in (6), with 𝜌 = 𝑥2𝑛−1 + 𝑥2𝑛 and tan 𝜃 = 𝑥𝑛/𝑥𝑛−1 (see Fig-
ure 11). We will soon see that points of minimal frequency
𝜇 = 3/2 share many similarities with the regular points in
the classical obstacle problem, and therefore we introduce
the regular set as

ℛ(𝑢) = {𝑥0 ∈ ℱ(𝑢) | 𝑁(0+; 𝑢, 𝑥0) = 3/2}.

To begin with, we note that the free boundary is locally
Lipschitz continuous around regular points, i.e. (after pos-
sibly a rotation in ℝ𝑛−1),

ℛ(𝑢) ∩ 𝐵′𝜌 = {𝑥𝑛−1 = 𝑔(𝑥″) | 𝑥 ∈ 𝐵″𝜌 }, (9)

with 𝑔 ∈ 𝐶0,1(𝐵″𝜌). Here 𝑥″ = (𝑥1, … , 𝑥𝑛−2), and 𝐵″𝜌 is the
ball in ℝ𝑛−2 centered at the origin and of radius 𝜌. The
idea of the proof is analogous to the one for the classical
obstacle problem, and it relies on the explicit knowledge
of the blow-up limit and the existence of a thin cone of
directions

𝐶′
𝛿 = {𝑥 = (𝑥″, 𝑥𝑛−1) ∈ ℝ𝑛−1 | 𝑥𝑛−1 > 𝛿|𝑥″|}

along which the solution is monotone.
To establish further regularity properties, the following

result, known as the Boundary Harnack Principle, is crucial.
It states that the quotient of two positive harmonic func-
tions 𝑢1 and 𝑢2 in a Lipschitz domain Ω, both vanishing
on 𝜕Ω, satisfies the following Harnack-type inequality:

sup
𝐵𝑅∩Ω

𝑢1
𝑢2

≤ 𝐶 inf
𝐵𝑅∩Ω

𝑢1
𝑢2
.

From this follows, in a rather standard fashion, the Hölder
continuity of the quotient itself:

osc
𝐵𝜌∩Ω

𝑢1
𝑢2

≤ 𝐶 (𝜌𝑟 )
𝛼
osc
𝐵𝑟∩Ω

𝑢1
𝑢2

for 0 < 𝜌 < 𝑟. We now note that 𝜕𝑒𝑢 is nonnegative in
a small ball 𝐵𝑟𝛿 (0) for any unit vector 𝑒 ∈ 𝐶′

𝛿, and it is
harmonic in 𝐵𝑟𝛿 (0) ⧵ {𝑢 = 0}. One would like to apply the
Boundary Harnack Principle to the ratio 𝜕𝑒𝑢/𝜕𝑒𝑛−1𝑢 to infer
that it is of class 𝐶𝛼 in a small ball 𝐵𝜌(0). However, this is
not immediately possible since the domain 𝐵𝑟𝛿 (0)⧵{𝑢 = 0}
is not quite Lipschitz, being lower-dimensional. It is pos-
sible, though, to transform it into one by means of a bi-
Lipschitz transformation 𝑇 that maps 𝐵𝑟𝛿 (0)⧵{𝑢 = 0} onto,
say, the upper half-ball {|𝑧| < 1, 𝑧𝑛−1 > 0}. This mapping
will transform the Laplacian into a uniformly elliptic oper-
ator in divergence form. Applying an appropriate version
of the Boundary Harnack Principle for this class of equa-
tions first, and the inverse transformation 𝑇−1 afterwards,
gives the desired Hölder continuity of 𝜕𝑒𝑢/𝜕𝑒𝑛−1𝑢. From
this it is easy to deduce that

𝜕𝑒𝑖𝑢
𝜕𝑒𝑛−1𝑢

∈ 𝐶𝛼(𝐵𝜌(0)), 𝑖 = 1, … , 𝑛 − 2.

At this point it suffices to observe that if 𝑔 is as in (9), then
(at least heuristically)

𝜕𝑒𝑖𝑔 =
𝜕𝑒𝑖𝑢
𝜕𝑒𝑛−1𝑢

, 𝑖 = 1, … , 𝑛 − 2.

Hence, we have shown that the regular part of the free
boundary ℛ(𝑢) is a locally 𝐶1,𝛼 (𝑛−2)-dimensional graph,
as stated above. It is important to note that this result
(together with the optimal regularity of solutions) has
been generalized to nonzero obstacles 𝜑 ∈ 𝐶2,1 and to
all fractional Laplacians (−Δ)𝑠 for 0 < 𝑠 < 1 by L. Caf-
farelli, S. Salsa, and L. Silvestre in [CSS08]. Their ap-
proach is based on a PDE realization of (−Δ)𝑠 developed
by Caffarelli and Silvestre in [CS07], which generalizes the
Dirichlet-to-Neumann map for the case 𝑠 = 1/2. Indeed,
in a weak sense it holds that

(−Δ)𝑠𝑢(𝑥) = −𝜅𝑎 lim
𝑥𝑛+1→0+

𝑥𝑎𝑛+1𝜕𝑛+1�̃�(𝑥, 𝑥𝑛+1)

for a suitable constant 𝜅𝑎, 𝑎 = 1−2𝑠, and �̃� solution to the
problem

ℒ𝑎�̃� = div(𝑥𝑎𝑛+1∇�̃�) = 0 in ℝ𝑛 × (0, +∞),
�̃�(𝑥, 0) = 𝑢(𝑥) in ℝ𝑛.

This extension procedure allows one to transform the ob-
stacle problem for (−Δ)𝑠 into a Signorini-type problem for
the degenerate operator ℒ𝑎, which can be studied with
proper generalizations of the techniques we have just de-
scribed.

More recently, higher regularity properties of ℛ(𝑢) have
been proved in [KPS15] and [DSS16]. Specifically, in the
former paper H. Koch, A. Petrosyan, and W. Shi show that
the regular part of the free boundary is real analytic by us-
ing a partial hodograph-Legendre transformation, whereas
in the latter D. De Silva andO. Savin obtain the𝐶∞ regular-
ity of ℛ(𝑢) by means of a higher-order boundary Harnack
inequality.

This shows that regular points are aptly named, as it so
happens in the classical obstacle problem. A substantial
difference from the latter, however, rests in the fact that
there is no dichotomy in the subclassification of ℱ(𝑢). Al-
ready in the 2-dimensional case, in fact, one observes that
the Signorini problem admits global homogeneous solu-
tions of the form 𝜌𝜅 cos(𝜅𝜃) for 𝜅 = 2𝑚 or 𝜅 = 2𝑚 + 1/2,
with 𝑚 ∈ ℕ (see Figure 11). Proceeding by analogy with
the classical theory, we now focus our attention on the free
boundary points at which the contact set has vanishing
density. We define the singular set Σ(𝑢) as the collection
of points 𝑥0 ∈ ℱ(𝑢) such that

lim sup
𝑟→0+

ℋ𝑛−1(𝐵′𝑟(𝑥0) ∩ {𝑢 = 0})
𝑟𝑛−1 = 0.

Following the ideas introduced by N. Garofalo and A. Pet-
rosyan in [GP09], we shall see that Σ(𝑢) is contained in the
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union of 𝐶1-manifolds of suitable dimension. Before do-
ing so, though, we observe that there are situations where
the entire free boundary could be composed by singular
points, as the example

𝑝(𝑥1, 𝑥2, 𝑥3) = 𝑥21𝑥22 − (𝑥21 + 𝑥22)𝑥23 +
1
3𝑥

4
3

shows. This is, in fact, a solution of the zero-obstacle Sig-
norini problem in 𝐵+1 , with ℱ(𝑢) = {𝑝 = 0} given by the
union of the lines

𝑥1 = 𝑥3 = 0 and 𝑥2 = 𝑥3 = 0.
The starting point is a fundamental characterization of

singular points, given by the three following equivalent
properties:

(i) 𝑥0 ∈ Σ(𝑢).
(ii) Any blow-up limit of 𝑢 at 𝑥0 is a nonnegative, non-

identically zero polynomial, homogeneous of de-
gree 𝜇, harmonic, and even in 𝑥𝑛. We will denote
by 𝒫𝜇 the class of such polynomials.

(iii) 𝜇 = 2𝑚, 𝑚 ∈ ℕ.

Given the prominent role occupied by the homogeneity of
the blow-ups in describing the structure of the free bound-
ary, it becomes natural to classify points in Σ(𝑢) accord-
ingly. We thus let

Σ𝜇(𝑢) = {𝑥 ∈ ℱ(𝑢) | 𝑁(0+; 𝑢, 𝑥0) = 𝜇}.
Next, following the blueprint provided by the classical ob-
stacle problem, we introduce two one-parameter families
of monotonicity formulas. The first result is for function-
als of Weiss-type, and it consists in the nondecreasing char-
acter, for 0 < 𝑟 < 1, of the functional

𝒲𝜇(𝑟; 𝑢) =
1

𝑟𝑛−2+2𝜇 ∫𝐵𝑟
|∇𝑢|2

− 𝜇
𝑟𝑛−1+2𝜇 ∫𝜕𝐵𝑟

𝑢2.

It should be noted that Weiss’s functional is closely related
to Almgren’s frequency function, as they are both con-
structed with the same building blocks 𝐷(𝑢) = ∫𝐵𝑟 |∇𝑢|

2

and 𝐻(𝑟) = ∫𝜕𝐵𝑟 𝑢
2. The second family of functionals is of

Monneau-type, given by

ℳ𝜇(𝑟; 𝑢, 𝑝) =
𝜇

𝑟𝑛 − 1 + 2𝜇 ∫𝜕𝐵𝑟
(𝑢 − 𝑝)2.

If 0 ∈ Σ𝜇 and 𝑝 ∈ 𝒫𝜇 (𝜇 = 2𝑚 for some 𝑚 ∈ ℕ), then
ℳ𝜇(𝑟; 𝑢, 𝑝) is nondecreasing for 0 < 𝑟 < 1. A first conse-
quence of this monotonicity formula is a nondegeneracy
property for solutions at singular points 𝑥0 ∈ Σ𝜇, i.e.,

sup
𝜕𝐵𝑟(𝑥0)

|𝑢(𝑥)| ≥ 𝑟𝜇. (10)

In order to proceed, we should recall that the power of
monotonicity formulas lies in the fact that they allow one

to control a suitable family of rescaled functions. For regu-
lar points, we have seen that Almgren’s frequency function
works in pair with the namesake family of rescalings de-
fined in (8). Said family, however, is not well suited to de-
scribe the behavior of the free boundary at singular points,
nor is it fitting to be paired with Monneau’s monotonic-
ity property. We turn, once more, to the classical obstacle
problem for inspiration, in particular to (2) and (3). Ob-
serving that, if 𝑥0 ∈ Σ𝜇, it follows from (7) and (10) that
𝑢(𝑥) ≃ 𝑟𝜇 in 𝐵𝑟(𝑥0), the logical choice of rescalings is given
by

𝑢(𝜇)𝑟 (𝑥) = 𝑢(𝑥0 + 𝑟𝑥)
𝑟𝜇 .

With this notion at hand, it is possible to proceed as illus-
trated in the previous section to prove a structural theorem
for Σ𝜇(𝑢). Namely, for 𝑥0 ∈ Σ𝜇 and 𝑝 ∈ 𝒫𝜇 as in (ii) above,
define the dimension of Σ𝜇 at 𝑥0 as

𝑑𝜇𝑥0 = dim{𝜉 ∈ ℝ𝑛−1 | 𝜉 ⋅ ∇𝑥′𝑝(𝑥′, 0) = 0 for all 𝑥′ ∈ ℝ𝑛−1}.

Next, for 𝑑 = 0, 1, … , 𝑛 − 2, let

Σ𝑑𝜇 = {𝑥0 ∈ Σ𝜇 | 𝑑𝜇𝑥0 = 𝑑}.

Then, every set Σ𝑑𝜇, with 𝜇 = 2𝑚 (𝑚 ∈ ℕ) and 𝑑 = 0, … , 𝑛−
2, is contained in a countable union of 𝑑-dimensional 𝐶1-
manifolds. This result has been very recently improved
upon in [CSV20], where M. Colombo, L. Spolaor, and
B. Velichkov prove an explicit logarithmic modulus of con-
tinuity.

4. Concluding Remarks
The presentation in this article focused only on two basic
models of obstacle problems. Its purpose is only to give a
bird’s-eye view of the topic, and of the new mathematical
tools and ideas whose developments it has fostered. Many
generalizations to other classes of operators (quasi-linear
and fully nonlinear, with variable coefficients, integro-
differential, and time-dependent, just to name a few) have
been extensively studied over the years, and continue to
be developed. Due to the restriction on the number of
references, the author could not acknowledge several im-
portant contributions, both old and new. For instance, a
more refined analysis of the structure and regularity of the
free boundary in the Signorini problem, correlated with
the study of admissible frequencies, has been the object of
active investigation as of late. This has been made possible
by the introduction of delicate epiperimetric inequalities,
modeled on the one for the classical obstacle problem es-
tablished by Weiss [Wei99]. For a more comprehensive
treatment of some of these aspects, the author refers to the
monograph [PSU12] and to the survey article [DS18], and
to the references therein.
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Dimensionality Reduction
in Euclidean Space

Jelani Nelson
I begin with a description of what this article is not about.
It is not about Principal Component Analysis (PCA), Ker-
nel PCA, Multidimensional Scaling, ISOMAP, Hessian
Eigenmaps, or other methods of dimensionality reduction
primarily created to help understand high-dimensional
datasets. Rather, this article focuses on high dimension-
ality as a barrier to algorithmic efficiency (i.e., low run-
ning time and/or memory consumption), and explores
how dimension reduction can be used as an algorithmic
tool to overcome this barrier. In fact, as we discuss more in
length in Section 5.2, this view is not only different than
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but complementary to the above-mentioned approaches,
as the form of dimension reduction we focus on here for
example can be used to obtain faster algorithms for approx-
imate PCA.

Moving back a few steps from dimension reduction,
more generally an effective technique in the design of al-
gorithms processing geometric data is to employ a metric
embedding to transform the input in one givenmetric space
to another that is computationally friendlier, and then to
work over the latter space (see the survey [Ind01]). To mea-
sure the quality of such an embedding, we use the follow-
ing terminology: given a host metric space 𝒳 = (𝑋, 𝑑𝑋) and
a target space 𝒴 = (𝑌, 𝑑𝑌 ), 𝑓 ∶ 𝑋 → 𝑌 is said to be a bi-
Lipschitz embedding with distortion 𝐷 if there exists a (scal-
ing) constant 𝑐 such that for all 𝑥, 𝑦 ∈ 𝑋 ,

𝑐 ⋅ 𝑑𝑋(𝑥, 𝑦) ≤ 𝑑𝑌 (𝑓(𝑥), 𝑓(𝑦)) ≤ 𝑐𝐷 ⋅ 𝑑𝑋(𝑥, 𝑦). (1)

To illustrate the embedding paradigm in action, con-
sider the k-median problem. The input is a finite metric
space 𝒳 = (𝑋, 𝑑𝑋), |𝑋| = 𝑛, together with an integer
1 ≤ 𝑘 ≤ 𝑛. The goal is to compute

𝑆∗ = 𝑎𝑟𝑔𝑚𝑖𝑛
𝑆⊂𝑋
|𝑆|=𝑘

∑
𝑥∈𝑋

min
𝑐∈𝑆

𝑑𝑋(𝑥, 𝑐). (2)
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That is, we would like to partition 𝑋 into 𝑘 clusters, to-
gether with identifying a cluster center 𝑐 in each cluster, so
as to minimize the sum of distances from every 𝑥 ∈ 𝑋
to its closest cluster center. If 𝒳 can be an arbitrary 𝑛-
point metric space, then this problem is known to be NP-
hard. Meanwhile when 𝒳 is the shortest path metric on
a tree, the problem can be solved exactly in time 𝑂(𝑘𝑛2)
via the Kariv-Hakimi dynamic programming algorithm.1

Tree shortest path metrics are thus an example of what we
would call a computationally friendly metric space for the
𝑘-median problem. Thus if 𝒳 admits an algorithmically
efficient embedding into a tree metric with some small dis-
tortion𝐷, we can obtain a fast𝐷-approximation algorithm
for 𝑘-median on 𝒳 (i.e., achieving a clustering cost that
is at most a factor 𝐷 larger than optimal) by first embed-
ding our original metric into some tree 𝑇 and then solv-
ing 𝑘-median exactly in 𝑇. In fact it has been shown by
Fakcharoenphol et al., following previous work of Bartal,
that any 𝑛-point metric space embeds into a distribution
over tree metrics with distortion 𝑂(log 𝑛). We will not dis-
cuss here what distortion means for probabilistic embed-
dings into a distribution over target spaces, but to make our
case for the embedding paradigm it suffices to point out
that these results implied the first ever polynomial time
algorithms for 𝑘-median computation in arbitrary metric
spaces with approximation factor at most polylogarithmic
in 𝑛.

In this article we focus on embeddings in which both
the host and target spaces are normed spaces, in which case
we can drop the scaling factor 𝑐 in equation (1). We even
more specifically focus on the case when 𝒳,𝒴 are finite-
dimensional subspaces of the same normed space 𝒵, and
where 𝑑𝑖𝑚(𝒴) ≤ 𝑑𝑖𝑚(𝒳) so that 𝑓 provides us with the al-
gorithmic advantage of dimension reduction. As one might
imagine, several algorithms for high-dimensional compu-
tational geometry problems have running times or mem-
ory requirements which grow (sometimes poorly) with the
dimension of the input. An example is the nearest neigh-
bor search data structural problem, in which one wants
to preprocess a set of input points 𝑥1, … , 𝑥𝑛 ∈ ℝ𝑑 to cre-
ate a low-memory data structure𝒟 such that later one can
quickly identify the closest 𝑥𝑖 to some query point 𝑞 ∈ ℝ𝑑

by querying 𝒟.2 The best known algorithms for this prob-
lem with fast query time (in terms of 𝑛) either have run-
ning time or memory usage exponential in 𝑑 (see the dis-
cussion in [HPIM12]).

1We use standard asymptotic notation. For functions 𝑓, 𝑔: 𝑓 = 𝑂(𝑔) if
lim sup𝑥→∞ |𝑓(𝑥)/𝑔(𝑥)| < ∞. 𝑓 = Ω(𝑔) if 𝑔 = 𝑂(𝑓); 𝑓 = Θ(𝑔) if both
𝑓 = 𝑂(𝑔) and 𝑓 = Ω(𝑔); 𝑓 = 𝑜(𝑔) if lim𝑥→∞ 𝑓(𝑥)/𝑔(𝑥) = 0; and 𝑓 = 𝜔(𝑔) if
𝑔 = 𝑜(𝑓).
2Though specifically for the nearest neighbor problem, an embedding satisfying
a weaker guarantee suffices for applications.

A natural question is then: for which normed spaces
do there exist such dimensionality-reducing maps with
low distortion? An early and seminal result in this direc-
tion was given by Johnson and Lindenstrauss [JL84], who
showed that near-isometric embeddings exist when 𝒳,𝒴
are Euclidean.

Lemma 1 (JL lemma [JL84]). Let 𝜀 ∈ (0, 1) and 𝑋 ⊂ ℝ𝑑

be arbitrary with |𝑋| having size 𝑛 > 1. Then there exists 𝑓 ∶
𝑋 → ℝ𝑚 with 𝑚 = 𝑂(𝜀−2 log 𝑛) such that for all 𝑥, 𝑦 ∈ 𝑋,

‖𝑥 − 𝑦‖2 ≤ ‖𝑓(𝑥) − 𝑓(𝑦)‖2 ≤ (1 + 𝜀)‖𝑥 − 𝑦‖2. (3)

In fact, all proofs of the JL lemma show that 𝑓 can be
taken as a linear map. The various known proofs of the JL
lemma all identify a distribution Γ over ℝ𝑚×𝑑 such that if
one draws a random Π ∼ Γ, then 𝑓(𝑥) = Π𝑥 satisfies equa-
tion (3) with high probability. In the original proof [JL84],
Γ was taken as a scaled orthogonal projection onto a ran-
dom𝑚-dimensional subspace ofℝ𝑑 (and hence their tech-
nique is often called the random projection method), though
since then several other distributions have been shown to
provide a similar guarantee.

Hearing of such a result naturally inspires certain
follow-up questions. Is low-distortion dimension reduc-
tion possible in other normed spaces, e.g., ℓ𝑝 for 𝑝 ≠ 2?
Is the 𝑚 = 𝑂(𝜀−2 log 𝑛) bound in the JL lemma the best
possible? Is it possible to obtain a distribution Γ provid-
ing the JL lemma as mentioned above such that Π ∼ Γ can
be sampled using few random bits? Given that the stated
primarymotivation of dimension reduction is algorithmic
efficiency, just how fast can the mapping 𝑥 ↦ Π𝑥 be per-
formed?

1. Dimension Reduction in Other Spaces
Given the dimension reduction possible in Euclidean
space, one might wonder in what other spaces such a re-
sult is possible. A negative result was proven by Johnson
and Naor, who showed that at least for linear embeddings,
spaces that enjoy dimension reduction as good as in the
Euclidean case must themselves be nearly Euclidean.

Theorem 1 ([JN10]). Suppose 𝑍 is normed space satisfying
the property that for every 𝑋 ⊂ 𝑍, |𝑋| = 𝑛, there exists a linear
mapping 𝑓 ∶ 𝑍 → 𝐸 for an 𝑂(log 𝑛)-dimensional subspace
𝐸 ⊂ 𝑍 such that 𝑓 has 𝑂(1)-distortion when restricted to 𝑋.
Then, every 𝑘-dimensional linear subspace of 𝑍 embeds into

Euclidean space with distortion 22𝑂(log∗ 𝑘)
.

In the above, log∗𝑚 is the number of times one must
take the iterated logarithm of 𝑚, base two, to obtain a

number which is at most 1. For example, log∗(222
2
) = 4.

The key takeaway here is that log∗𝑚 is a very slow-growing
function, so that the distance to being Euclidean is small.

The theorem though does not preclude the existence of
some form of dimension reduction in spaces that are not
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nearly Euclidean. In particular, one can still shoot for di-
mension reduction bounds that are𝜔(log 𝑛), or potentially
achieve 𝑂(log 𝑛) target dimension with 𝑂(1) distortion via
nonlinear embeddings. Several results exist showing that
some nontrivial dimension reduction in ℓ𝑝-spaces, for ex-
ample, is possible. On the negative side, Brinkman and
Charikar have shown that for an 𝑛-point set endowed with
the ℓ1 metric, which is known to always be embeddable
isometrically into dimension (𝑛

2
), any embedding into ℓ1

with constant distortion 𝐷 must have embedding dimen-
sion 𝑚 = 𝑛Ω(1/𝐷2). For near isometries (𝐷 = 1 + 𝜀), An-
doni et al. showed 𝑚 = 𝑛1−𝑂(1/ log(1/𝜀)) is required. Mean-
while, the best known upper bound is 𝑚 = 𝑂(𝑛/𝜀2) by
Newman, building upon the sparsification technique of
Batson, Spielman, and Srivastava. For ℓ𝑝 for even integer
𝑝, Schechtman obtained the bound 𝑚 = 𝐶𝑝𝑛𝑝/2/𝜀2 with
𝐶𝑝 = 𝑂(𝑝−𝑝/2). For the Schatten-1 norm, also known as
the nuclear norm, Naor, Pisier, and Schechtman showed
that constant distortion into 𝑚 = 𝑛𝑜(1) is impossible.

2. Sharpness of the Johnson-Lindenstrauss
Lemma

The original paper of Johnson and Lindenstrauss [JL84]
proving the JL lemma showed a lower bound on the op-
timal target dimension 𝑚 to achieve equation (3) via a
volume argument. The argument is succinct enough that
we will repeat it here. Consider the set 𝑋 of 𝑛 + 1 points
0, 𝑒1, … , 𝑒𝑛 ∈ ℝ𝑛, where 𝑒𝑖 is the 𝑖th standard basis vec-
tor. Let 𝑓 be a (1 + 𝜀)-distortion embedding of 𝑋 into ℝ𝑚

for 𝜀 < 1/2, where we may assume 𝑓(0) = 0 by transla-
tion. Then since 𝑓 preserves distances to 0, we must have
‖𝑓(𝑒𝑖)‖2 ≤ (1 + 𝜀)‖𝑒𝑖‖2 < 3/2 for all 𝑖, so that a radius-1/2
ball about 𝑓(𝑒𝑖) lies entirely within the radius-2 ball about
the origin in ℝ𝑚. We must also have ‖𝑓(𝑒𝑖) − 𝑓(𝑒𝑗)‖2 >
(1 − 𝜀)√2 > 1/2, so that the radius-1/4 balls 𝐵𝑖 about the
𝑓(𝑒𝑖) are disjoint. Thus we have 𝑛 radius-1/4 balls 𝐵1, … , 𝐵𝑛
that all lie entirely within a radius-2 ball but are disjoint.
Letting 𝐵ℓ𝑚2 (𝑟) denote the radius-𝑟 ball about the origin in
ℝ𝑚,

𝑣𝑜𝑙(𝐵ℓ𝑚2 (2)) ≥ 𝑣𝑜𝑙(⋃
𝑖
𝐵𝑖)

=
𝑛
∑
𝑖=1

𝑣𝑜𝑙(𝐵𝑖)

= 𝑛 ⋅ 𝑣𝑜𝑙(𝐵ℓ𝑚2 (1/4)).

Thus

𝑛 ≤
𝑣𝑜𝑙(𝐵ℓ𝑚2 (2))
𝑣𝑜𝑙(𝐵ℓ𝑚2 (1/4))

= 8𝑚,

so that 𝑚 ≥ log8 𝑛 = Ω(log 𝑛).

Unfortunately, the above approach does not extend to
show that 𝑚 must grow by more than a constant factor
beyond log8 𝑛 as 𝜀 → 0. Subsequently, Alon showed the
lower bound Ω(𝜀−2 log 𝑛/ log(1/𝜀)) for 𝜀 > 1/√𝑛. Roughly,
the approach was to let 𝑋 be as above (0, together with
the simplex), and to again let 𝑓 be a low-distortion em-
bedding as above with 𝑓(0) = 0. Then Alon defined a ma-
trix 𝐵 ∈ ℝ𝑚×𝑛 whose 𝑖th column is 𝑏𝑖 = 𝑓(𝑒𝑖)/‖𝑓(𝑒𝑖)‖2.
Thus, the column norms of 𝐵 are 1, and one can show
that ‖𝑏𝑖 − 𝑏𝑗‖2 = (1 + 𝑂(𝜀))√2 implies that the pairwise
dot products between the 𝑏𝑖 are each 𝑂(𝜀). Therefore,
𝐴 = 𝐵⊤𝐵 is a “near-identity” matrix: its diagonal entries
are all 1, and off the diagonal all entries are 𝑂(𝜀). Alon
showed that if such a matrix has off-diagonal entries at
most 1/√𝑛, then 𝑟𝑎𝑛𝑘(𝐴) = Ω(𝑛), implying 𝑚 = Ω(𝑛)
since 𝑚 ≥ 𝑟𝑎𝑛𝑘(𝐵) = 𝑟𝑎𝑛𝑘(𝐴). Of course though our 𝐴
does not necessarily have 𝜀 < 1/√𝑛; 𝜀 is whatever it is! But
if one defines 𝐴⊗𝑟 to be the matrix with (𝐴⊗𝑟)𝑖,𝑗 = (𝐴𝑖,𝑗)𝑟,
then𝐴⊗𝑟 does have this property for 𝑟 = ⌈log(√𝑛)/ log(1/𝜀)⌉.
One then applies the rank lower bound to this matrix to
say 𝑟𝑎𝑛𝑘(𝐴⊗𝑟) = Ω(𝑛), combined with an inequality upper
bounding 𝑟𝑎𝑛𝑘(𝐴⊗𝑟) in terms of 𝑚, 𝑟.

Progress halted after Alon’s lower bound for some time,
and in particular there was not even a known candidate for
a set 𝑋 for which the JL bound was sharp (for the simplex,
it was known even to Alon that better 𝑚 was achievable
when 𝜀 < exp(−𝑐√log 𝑛)). Some progress came eventually
via a result of Jayram and Woodruff, with a later alternate
proof by Kane, Meka, and Nelson, that the distributional JL
lemma is optimal.

Definition 1. A distribution Γ overℝ𝑚×𝑑 is an (𝜀, 𝛿)-JL dis-
tribution if

∀𝑥 ∈ ℝ𝑑, ℙ
Π∼Γ

(|‖Π𝑥‖22 − ‖𝑥‖22| > 𝜀‖𝑥‖22) < 𝛿.

Lemma 2 (Distributional JL lemma [JL84]). For all 𝜀, 𝛿 ∈
(0, 1) and integer 𝑑 > 1, there exists an (𝜀, 𝛿)-JL distribution
with 𝑚 = 𝑂(𝜀−2 log(1/𝛿)).

All proofs of the JL lemma are via the distributional JL
lemma, taking 𝛿 < 1/(𝑛

2
) and then union bounding to ar-

gue that for Π ∼ Γ, ‖Π𝑧‖2 ≈ ‖𝑧‖2 for all 𝑧 ∈ 𝑋 −𝑋 simulta-
neously, and it has been shown that any (𝜀, 𝛿)-distribution
must have 𝑚 = Ω(min{𝑑, 𝜀−2 log(1/𝛿)}), which is sharp
since for 𝜀−2 log(1/𝛿) > 𝑑 one can instead take Γ sup-
ported only on the identity map. The proof of Jayram and
Woodruff was via a communication complexity argument,
whereas the proof of Kane et al. was via Yao’sminimax prin-
ciple. Specifically for the latter, if 𝒟 is an arbitrary distri-
bution over points in ℝ𝑑 and Γ is an (𝜀, 𝛿)-JL distribution,
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we have

∀𝑥 ∈ ℝ𝑑, ℙ
Π∼Γ

(|‖Π𝑥‖22 − ‖𝑥‖22| > 𝜀‖𝑥‖22) < 𝛿

⟹ ℙ
𝑥∼𝒟

ℙ
Π∼Γ

(|‖Π𝑥‖22 − ‖𝑥‖22| > 𝜀‖𝑥‖22) < 𝛿

⟹ ℙ
Π∼Γ

ℙ
𝑥∼𝒟

(|‖Π𝑥‖22 − ‖𝑥‖22| > 𝜀‖𝑥‖22) < 𝛿

⟹∃Π ∈ ℝ𝑚×𝑑 ℙ
𝑥∼𝒟

(|‖Π𝑥‖22 − ‖𝑥‖22| > 𝜀‖𝑥‖22) < 𝛿.

One can then show the final statement is impossible un-
less 𝑚 = Ω(min{𝑑, 𝜀−2 log(1/𝛿)}) for 𝒟 being the uniform
distribution on the sphere.

Of course a sharp lower bound on JL distributions does
not imply a sharp lower bound for Euclidean dimension-
ality reduction, since in principle there could be a way of
constructing optimal embeddings that does not use JL dis-
tributions at all (and in fact could use nonlinear embed-
dings!). While the later work of Larsen and Nelson did
not rule out the latter possibility of better nonlinear em-
beddings, it did show that the JL lemma is sharp for Eu-
clidean dimension reduction if one is only allowed to use
linear embeddings. The basic idea was simple: let 𝑋 be the
union of {0, 𝑒1, … , 𝑒𝑑} and 𝑛 − 𝑑 − 1 independent gaussian
vectors 𝑔𝑗, and let Π ∈ ℝ𝑚×𝑑 be arbitrary. Then we need
‖Π𝑒𝑖‖2 ≈ 1 for all 𝑖, so the Frobenius norm of Π should be
𝑂(√𝑑). We also must have ‖Π𝑔𝑗‖2 ≈ ‖𝑔𝑗‖2 for all 𝑗. But
for fixed 𝑗, this fails to hold with some probability just due
to random fluctuation, and thus if 𝑛 is large enough this
will fail to hold for some 𝑗 with high probability. If we
then union bound over all Π in some fine enough finite
covering of the set of all Π ∈ ℝ𝑚×𝑑 with 𝑂(√𝑑) bounded
Frobenius norm, we can argue that with positive proba-
bility 𝑋 is a hard set for all such Π simultaneously, and a
standard approach can then pass the hardness of 𝑋 onto
allΠ of bounded Frobenius norm and not just those in the
covering.

Finally, in a later work of Larsen and Nelson [LN17],
the optimality of the JL lemma was shown even amongst
nonlinear embeddings. Specifically, it was shown that for
any 𝜀 > 1/min{𝑛, 𝑑}0.499, there exists a point set 𝑋 ⊂ ℝ𝑑,
|𝑋| = 𝑛, such that any (1 + 𝜀)-distortion embedding into
ℓ𝑚2 requires 𝑚 = Ω(𝜀−2 log 𝑛). This lower bound restric-
tion on 𝜀 is close to necessary, since it amounts to requiring
1/𝜀2 < min{𝑛, 𝑑}0.998. Note that one must require at least
1/𝜀2 < min{𝑛, 𝑑} for JL to be optimal, since there is an iso-
metric embedding of 𝑋 into dimensionmin{𝑑, 𝑛−1}. One
can embed into dimension 𝑑 using the identity map, and
into distortion 𝑛 − 1 by noticing that 𝑋 spans an at most
(𝑛−1)-dimensional subspace (once we translate one of the
points to the origin, which does not affect distances). A
subsequent work of Alon and Klartag gave sharper bounds
for 𝜀 approaching this boundary, and in particular gave a
lower bound of 𝑚 = Ω(min{𝑛, 𝑑, 𝜀−2 log(𝜀2𝑛)}).

The method of proof in [LN17] was via a counting ar-
gument. A collection 𝒳 of point sets in ℝ𝑑, each of size 𝑛,
is defined with the following property: if for every 𝑋 ∈ 𝒳
there is a (1 + 𝜀)-distortion embedding of 𝑋 into ℝ𝑚, then
there is an injection from𝒳 to {0, 1}𝐶𝑛𝑚 for some universal
constant 𝐶. Thus, we obtain the lower bound that some
𝑋 ∈ 𝒳 must require 𝑚 ≥ 𝐶−1(log |𝒳|)/𝑛. The construc-
tion of this injection uses that if 𝑓 preserves the norms of
𝑥, 𝑦, 𝑥 − 𝑦 up to 1 − 𝜀 and 𝑥, 𝑦 are in the unit Euclidean
ball, then ⟨𝑥, 𝑦⟩ and ⟨𝑓(𝑥), 𝑓(𝑦)⟩ must differ by only an ad-
ditive 𝑂(𝜀). The injection is defined via an encoding based
on the (rounded) dot products of embeddings of certain
pairs of vectors in 𝑋 , and ultimately the encoding scheme
can be viewed as providing a lower bound on the so-called
packing number of the set of all rank-𝑚 𝑛 × 𝑛 Gram matri-
ces obtained from sets of unit vectors. The packing num-
berℳ(𝑇, 𝑑, 𝜖) is themaximumnumber of disjoint radius-𝜖
balls under metric 𝑑 that can be obtained with centers in 𝑇,
which is related to the covering number 𝒩(𝑇, 𝑑, 𝜖), which
is the minimum number of radius-𝜖 balls in metric 𝑑 cen-
tered at points in 𝑇 required such that every 𝑡 ∈ 𝑇 is con-
tained in (or “covered” by) at least one ball. This connec-
tion between the argument of [LN17] and lower bounding
such packing numbers was made explicit later by Alon and
Klartag, in which an alternate covering upper bound proof
was also given (and which could recover tighter bounds as
𝜀 → 1/√𝑛). The work of Alon and Klartag also gives a
memory-efficient data structure for querying approximate
dot products of pairs of vectors in an input database of vec-
tors (see also the work of Indyk and Wagner, for approxi-
mate distance query data structures using low memory).

3. Randomness-Efficiency: Sampling
the Embedding

Just as time and memory are computational resources
whose consumption a computer scientist aims to mini-
mize in the development of algorithms, randomness is
also a similar such resource, as preparing a source of ran-
dom bits to feed into an algorithm requires effort. In-
deed, the computational field of pseudorandomness focuses
exactly on this resource, by studying the question: how can
we design algorithms to stretch 𝑠 truly random bits into
𝑁 ≫ 𝑠 pseudorandom bits that look “random enough” to
some class of algorithms that they perform nearly just as
well as if the 𝑁 bits had been uniform independent ran-
dom bits? See for example the book on this subject by
Vadhan [Vad11].

Coming back to the JL lemma, recall the distributional
JL lemma, Lemma 2. A natural question then is: what is
the fewest number of random bits 𝑏 such that one can
design an (𝜀, 𝛿)-JL distribution Γ and an algorithm 𝒜 ∶
{0, 1}𝑏 → ℝ𝑚×𝑑 such that 𝒜(𝒰𝑏) is distributed as Γ? Here
𝒰𝑏 is the uniform distribution on {0, 1}𝑏.
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reference # random bits description of Π
[Ach03] 𝑚𝑑 i.i.d. Rademacher entries
[CW09] 𝑂(log(1/𝛿) log 𝑑) 𝑘-wise independent Rademacher entries
[KMN11] 𝑂(log 𝑑 + log(1/𝛿)(log log(1/𝛿) + log(1/𝜀))) geometrically increasing independence

Figure 1. Methods to sample from JL distributions using few random bits.

Before delving into the state-of-the-art results address-
ing this question, we take a digression to introduce 𝑘-wise
independent sample spaces.

Definition 2. For a finite set 𝑆, consider a distribution 𝒟
generating (𝑠1, … , 𝑠𝑛) ∈ 𝑆𝑛. Let ℰ𝑖,𝑡 be the event 𝑠𝑖 = 𝑡.
Then, we say 𝒟 is a 𝑘-wise independent sample space if for
any 1 ≤ 𝑖1 < 𝑖2 < ⋯ < 𝑖𝑘 ≤ 𝑛 and any 𝑡1, … , 𝑡𝑘 ∈ 𝑆,

ℙ
𝑠∼𝒟

(
𝑘

⋀
𝑗=1

ℰ𝑖𝑗 ,𝑡𝑗) =
1
|𝑆|𝑘 .

In other words,𝒟 is a 𝑘-wise independent sample space
if when we look at any 𝑘 coordinates of 𝑠 at a time, themar-
ginal distribution of just those 𝑘 coordinates is uniform in
𝑆𝑘.

In the language of computer science, one often devises
such sample spaces by constructing a family ℋ of func-
tions mapping [𝑛] to 𝑆 (a so-called “hash family”), se-
lecting ℎ ∈ ℋ uniformly at random, and then setting
𝑠𝑖 ∶= ℎ(𝑖). The function ℎ is typically called a hash function.
The case that𝒟 samples uniformly in 𝑆𝑛 corresponds toℋ
being the set of all |𝑆|𝑛 functions mapping [𝑛] to 𝑆, which
is certainly 𝑘-wise independent for any 𝑘. When 𝑆 = [𝑛]
and 𝑛 = 2ℓ, it was shown by Carter and Wegman that the
following hash family is also 𝑘-wise independent:

ℋpoly = {ℎ(𝑥) =
𝑘−1
∑
𝑖=0

𝑎𝑖𝑥𝑖 ∶ 𝑎0, … , 𝑎𝑘−1 ∈ 𝔽𝑛} ,

where all arithmetic in the definition of ℎ(𝑥) is over the
field 𝔽𝑛. Note a sample from this sample space can be
generated using only 𝑂(𝑘 log 𝑛) random bits, as opposed
to 𝑂(𝑛 log 𝑛) needed for a uniformly random element of
𝑆𝑛. Note also that if 𝑆 = {0, 1}, we can use the same con-
struction but where now we set 𝑠𝑖 = ℎ(𝑖)|0, i.e., put 𝔽𝑛
in bijective correspondence with binary strings of length
log2 𝑛 and then project ℎ(𝑖) to its least significant bit (its
“0th bit”) in binary.

The key reason we introduced 𝑘-wise independent sam-
ple spaces is that if 𝑠 = (𝑠1, … , 𝑠𝑛) is drawn from such a
distribution, then for any degree at most 𝑘 polynomial 𝑝,
𝔼𝑠 𝑝(𝑠) is equal to the case of 𝑠 being a uniform sample in
𝑆𝑛 (seen by expanding 𝑝(𝑥) into a sum of monomials and
observing that each monomial’s expectation is preserved
by 𝑘-wise independence). Next, the typical way a distribu-
tion is shown to satisfy the distributional JL lemma is by
bounding the moments of 𝑍 ∶= |‖Π𝑥‖22 − ‖𝑥‖22|, either

directly or indirectly, via bounding its moment generat-
ing function 𝔼 𝑒𝑡𝑍 and then applying Markov’s inequality.
Now observe that for 𝑘 an even integer, 𝑍𝑘 is a degree-2𝑘
polynomial in the entries of Π, and thus if Π has i.i.d. en-
tries, this 𝑘th moment is determined by 2𝑘-wise indepen-
dence.
The results. Achlioptas showed that Π having i.i.d. en-
tries in {−1/√𝑚, 1/√𝑚} for 𝑚 = 𝑂(𝜀−2 log(1/𝛿)) pro-
vides an (𝜀, 𝛿)-JL distribution, via bounding the moment-
generating function (and hence moments), and in fact
the JL distribution property holds by analyzing the 𝑘th
moment for 𝑘 = 𝑂(log(1/𝛿)) (shown by Clarkson and
Woodruff). Thus, Π from a JL distribution can be sam-
pled using only 𝑂(log(1/𝛿) log(𝑚𝑑)) = 𝑂(log(1/𝛿) log 𝑑)
bits. Alternatively, one can use i.i.d. entries and sample
Π using 𝑚𝑑 = 𝑂(𝜀−2𝑑 log(1/𝛿)) bits. Kane, Meka, and Nel-
son showed that the following approach can yield better
results for 1/𝜀 ≤ 𝑝𝑜𝑙𝑦(𝑑): let Π = Π𝑟 × Π𝑟−1 × ⋯ × Π1,
where Π𝑗 has 𝑘𝑗-wise independent entries and maps to di-
mension𝑚𝑗, for the 𝑘𝑗 gradually increasing with 𝑗 and the
the 𝑚𝑗 gradually decreasing (see the paper for detailed pa-
rameter settings); here 𝑟 = 𝑂(log log(1/𝛿)) is some param-
eter chosen to optimize the analysis. See Figure 1 for the
final bound obtained via such an approach. It is an open
problem whether 𝑂(log(𝑑/𝛿)) bits is achievable.

Another related but slightly different question is that
of making the JL lemma fully deterministic: given a set
𝑋 of 𝑛 points and a target distortion 1 + 𝜀, how quickly
can one deterministically find a map 𝑓 ∶ 𝑋 → ℝ𝑚 for 𝑚 =
𝑂(𝜀−2 log 𝑛) such that 𝑓 has distortion at most 1 + 𝜀? It
was shown by Engebretsen, Indyk, and O’Donnell that in
fact this task can be solved in polynomial time (other later
works also showed this, e.g., by Sivakumar and by Dadush
et al.).

4. Fast Embeddings
As already mentioned, the primary motivation of the di-
mension reduction studied in this article is to improve
efficiency of algorithms. The paradigm follows a two-
step recipe: (1) reduce some high-dimensional input 𝑋
to some lower-dimensional representation 𝑋 ′, and then
(2) run an algorithm to solve the problem on 𝑋 ′. Achiev-
ing smaller target dimension 𝑚 tends to make step (2)
more efficient, but also of importance is the time it takes
to perform step (1). In particular, we want embeddings
𝑓(𝑥) = Π𝑥 that can be computed quickly.
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The original JL distribution obtained in [JL84], as well
as those studied in several subsequent works, took Π to be
a dense random matrix, e.g., orthogonal projection onto
a random𝑚-dimensional subspace, or Π having i.i.d. sub-
gaussian entries. One downside of such constructions is
that mapping 𝑥 ↦ Π𝑥 amounts to unstructured dense
matrix-vector multiplication. This means computing Π𝑥
given 𝑥 naively takes 𝑂(𝑚 ⋅ ‖𝑥‖0) time, where ‖𝑥‖0 refers
to the support size |{𝑖 ∶ 𝑥𝑖 ≠ 0}| of 𝑥. In the worst case,
this can be as bad as Ω(𝑚𝑑) time. A natural question then
is: does there exist a JL distribution allowing 𝑥 ↦ Π𝑥 to
be computed more quickly?

The first progress on a faster JL embedding was obtained
by Achlioptas, who showed that if one samples Π ∈ ℝ𝑚×𝑑

to have i.i.d. (scaled) Rademacher entries, then indepen-
dently zeros out each entry with probability 2/3, this is
still an (𝜀, 𝛿)-JL distribution for 𝑚 = 𝑂(𝜀−2 log(1/𝛿)), and
furthermore the hidden constant in the big-Oh for𝑚 is un-
changed from what is achieved by the best known analysis
for𝑚 in the case thatΠ is completely dense. The advantage
of this construction is speed: if Π𝑖 denotes the 𝑖th column
of Π, then for any fixed 𝑥, the time to compute Π𝑥 is pro-
portional to ∑𝑖∈𝑠ᵆ𝑝𝑝𝑜𝑟𝑡(𝑥) ‖Π𝑖‖0. In Achlioptas’ construc-
tion, the expectation of this sum is only 𝑚/3, obtaining a
factor-3 expected speedup.

The first asymptotic speedup, i.e., by more than a con-
stant factor, was achieved by Ailon and Chazelle [AC09].
Their idea was the following: consider Π being a (scaled)
sampling matrix 𝑆, i.e., its 𝑖th row is 𝑒⊤𝑗 for a uniformly
random 𝑗 ∈ [𝑑]:

𝑆 =
⎡⎢⎢⎢
⎣

0 0 … 0 1 0 … 0
1 0 … 0 0 0 … 0
⋮ ⋱ ⋱ ⋱ ⋱ ⋱ ⋱ ⋮
0 … 0 1 0 … 0 0

⎤⎥⎥⎥
⎦

.

Then for any fixed 𝑥, 𝔼 ‖(1/√𝑚)𝑆𝑥‖22 = ‖𝑥‖22. The ad-
vantage here is that Π = 𝑆/√𝑚 is sparse, so that Π𝑥 can
be computed quickly. The problem though with obtain-
ing a JL distribution via this construction is variance. If
𝑥 for example were 𝑒1 = (1, 0, … , 0)⊤, having Π preserve
the norm of 𝑥 up to 1 + 𝜀 with probability 1 − 𝛿 would
require 𝑚 = Ω(𝑑/(𝜀2𝛿)). Certainly, one can easily see that
achieving any nontrivial guarantee would require 𝑚 ≥ 𝑑,
to be expected to sample even a single nonzero entry of 𝑥.
The next idea of Ailon and Chazelle was then to leverage
so-called uncertainty principles from quantum mechan-
ics: if 𝐹 is the normalized Discrete Fourier Transform (so
that 𝐹∗𝐹 = 𝐼), it is known that 𝐹𝑥 and 𝑥 cannot both
be concentrated in few coordinates (concentration here is
measured as ‖𝑥‖∞/‖𝑥‖2, which ranges between “perfectly
spread” at 1/√𝑑 and “fully concentrated” on a single co-
ordinate at 1). For example, whereas 𝑒1 has all its mass
concentrated in one coordinate, 𝐹𝑒1 has its mass perfectly

spread over all 𝑑 coordinates. One might then be tempted
to set Π = 𝑆𝐹/√𝑚 since applying 𝐹 is an isometric change
of basis that spreads out concentrated vectors, though of
course the problem is that one might run into the oppo-
site problem: 𝑥 might be well spread, but then 𝐹𝑥 is con-
centrated on a few coordinates so that sampling has poor
concentration! The final observation then is that if one
performs a random “phase shift,” then for any fixed 𝑥, 𝐹
applied to its random phase shift is likely to be well spread.
In particular, Ailon and Chazelle finish their construction
by selecting uniformly random 𝜎 ∈ {−1, 1}𝑑 and then set-
ting 𝐷 = 𝑑𝑖𝑎𝑔(𝜎) ∈ ℝ𝑑×𝑑. Their final sampled mapping is
then

Π = 1
√𝑚

𝑆𝐹𝐷.

They show that the resulting sample satisfies (𝜀, 𝛿)-
distributional JL for𝑚 = 𝑂(𝜀−2 log(1/𝛿) log(𝑑/𝛿)). One can
then improve this to the optimal bound by setting the fi-
nal matrix to be Π′Π, where Π is a dense random matrix.3

They dubbed the final embedding matrix the Fast Johnson-
Lindenstrauss Transform (FJLT). The overall runtime to em-
bed 𝑥 is then bounded by 𝑂(𝑑 log 𝑑 + 𝑚3), since 𝐹 can be
applied to any vector in 𝑂(𝑑 log 𝑑) time via the Fast Fourier
Transform. It is worth noting that the DFT was not special
in their analysis of correctness, and in fact any bounded or-
thogonal system could be used (i.e., an orthogonal matrix

𝑄 whose entries are all 𝑂(1/√𝑑) in magnitude). For algo-
rithmic efficiency, one also wants that 𝑄 can be applied to
any fixed vector quickly; for example, one could replace
𝐹 with the Hadamard-Walsh Transform. A slew of work
followed, which reduced the additive 𝑂(𝑚3) bound.

Though the FJLT improved the runtime bound over
dense constructions from 𝑂(𝑚𝑑) to 𝑂(𝑑 log 𝑑) (as long as
1/𝜀, log 𝑛 are not too large) it has the downside that it does
not speed up embedding time for sparse vectors, which is
important in many applications. For example, in machine
learning high-dimensional data is often obtained by fea-
turizing nongeometric data, e.g., transforming an email
into a histogram indexed by some dictionary, where the
𝑖th entry is the (weighted) number of occurrences of word
𝑖 in the email. One can then for example train a spam
classifer on the collection of high-dimensional vectors re-
sulting from some corpus of emails. In such a case, most
vectors have very small supports, since most emails do not
contain every word in the dictionary! One way to em-
bed sparse vectors faster is to make Π sparser, since if Π
has at most 𝑠 nonzero entries per column, then Π𝑥 can
be computed naively in time 𝑂(𝑠 ⋅ ‖𝑥‖0). Following work
ofWeinberger et al., Dasgupta, Kumar, and Sarlós [DKS10]
showed that indeed sparseΠ is possible. In particular, one

3The actual paper describes a slightly better approach, in which 𝑆 is replaced by
a sparse random matrix, so that the use of Π′ can be eliminated. This leads to
runtime bounds that are improved by 𝑝𝑜𝑙𝑦(1/𝜀) factors.
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can achieve the same 𝑚 = 𝑂(𝜀−2 log 𝑛) as in the JL lemma
but with 𝑠 = �̃�(𝜀−1 log3 𝑛) (the �̃� hides log(𝜀−1 log 𝑛) fac-
tors). Thus 𝑠 < 𝑚 as long as log2 𝑛 is not too large com-
pared to 1/𝜀. After a series of works, two different con-
structions of Kane and Nelson [KN14], both referred to as
Sparse Johnson-Lindenstrauss Transforms (SJLT), showed that
in fact 𝑠 = 𝑂(𝜀−1 log 𝑛) is achievable, which is an asymp-
totic improvement over dense randommatrices for the full
range of parameters. One construction is very simple to
describe: let Π have i.i.d. (scaled) Rademacher entries and
then afterward zero out all but exactly 𝑠 nonzero entries per
column. The distinction between this construction and
that of Achlioptas is subtle but necessary to achieve im-
proved bounds (recall that Achlioptas’ construction sets
the entries of Π to be zero independently, whereas here
we enforce that number set to zero per column is fixed).
The second SJLT construction is a matrix that had already
been used in the streaming literature, to solve the so-called
heavy hitters problem of finding frequent items in a data
stream. In particular, it is the CountSketch matrix of
Charikar, Chen, Farach-Colton. In this construction, one
partitions the rows into 𝑠 blocks each of equal size 𝑚/𝑠.
Then for each block of 𝑚/𝑠 rows of each column indepen-
dently, we set one entry of that block, chosen uniformly
at random, to be a (scaled) Rademacher. The rest of the
block is set to all zero. It has also since been shown that
for 𝑚 = 𝑂(𝜀−2 log 𝑛), there are point sets which require
columnwise sparsity 𝑠 to be Ω((𝜀−1/ log(1/𝜀)) log 𝑛) for any
construction Π so that the SJLT achieves nearly optimal
sparsity.

5. A Few Applications
In this section we highlight a few applications in which
one can either use the JL lemma black box, or use more
properties of random projections, to achieve good results
for various applications.
5.1. Compressed sensing. In compressed sensing
[CRT06, Don06], there is a high-dimensional signal 𝑥 ∈
ℝ𝑛 which is “compressible,” i.e., approximately sparse in
some known basis 𝐷. That is, there is a sparse vector 𝑤
such that ‖𝑥 − 𝐷𝑤‖ is small for some norm ‖ ⋅ ‖. The goal
is to approximately recover 𝑤 (and hence 𝑥) given few lin-
ear measurements. Organizing these linear measurements
as rows of a matrix 𝐴 ∈ ℝ𝑚×𝑛, we can thus rephrase by say-
ing we would like to design an algorithm such that, given
𝑦 = 𝐴𝑥, we can recover ̃𝑥 such that ‖𝑤− �̃�‖𝑍 is small (pos-
sibly for some other norm ‖ ⋅ ‖𝑍 different from ‖ ⋅ ‖).

Candès and Tao introduced the concept of the restricted
isometry property (RIP), and a matrix 𝐴 ∈ ℝ𝑚×𝑛 is said to
satisfy the (𝑘, 𝜀)-RIP if for all 𝑘-sparse signals 𝑤,

(1 − 𝜀)‖𝑤‖22 ≤ ‖𝐴𝑤‖22 ≤ (1 + 𝜀)‖𝑤‖22.

Quantitatively improving upon previous bounds, Candès

showed that if 𝐴 = Π𝐷 satisfies the (2𝑘,√2 − 1)-RIP, then
an optimal solution �̃� to the basis pursuit linear program

min ‖Π𝐷𝑧‖1
such that Π𝐷𝑧 = Π𝐷𝑤

is guaranteed to satisfy

‖𝑤 − �̃�‖1 ≤
1
√𝑘

‖𝑤𝑡𝑎𝑖𝑙(𝑘)‖2,

where 𝑤𝑡𝑎𝑖𝑙(𝑘) is 𝑤 but with top 𝑘 entries in magnitude ze-
roed out (and hence 𝑤𝑡𝑎𝑖𝑙(𝑘) = 0 if 𝑤 is actually 𝑘-sparse).
It is also known that for Π𝐷 to satisfy the (𝑘, 𝜀)-RIP, it is
enough for the map 𝑥 ↦ Π𝐷𝑥 to have distortion 1 + 𝑂(𝜀)
on a set of size (𝑛

𝑘
) ⋅ exp(𝑂(𝑘)) [BDDW08,FR13], and thus

such a matrix can have 𝑂(𝜀−2𝑘 log(𝑛/𝑘)) rows. Also, just as
the JL lemma can be so-used to obtain an RIPmatrix, the re-
verse is also true: Krahmer and Ward [KW11] showed that
any (𝑂(log(1/𝛿)), 𝑂(𝜀))-RIP matrix Π gives rise to an (𝜀, 𝛿)-
JL distribution defined by picking independent Rademach-
ers 𝜎1, … , 𝜎𝑛 and then producing thematrixΠ⋅𝑑𝑖𝑎𝑔(𝜎). The
best known improvements of the FJLT combine this result
with analyses of RIP for Π that support fast matrix-vector
multiplication, such as sampling rows from the Discrete
Fourier Transform [HR17].
5.2. Randomized linear algebra. Random projections
have found a number of uses in approximation algorithms
for various computational linear algebra problems as well,
such as least squares regression, low-rank approximation,
approximating leverage scores, distributed principle com-
ponent analysis, 𝑘-means clustering, canonical correlation
analysis, ℓ𝑝 regression, ridge regression, CURmatrix factor-
ization, and streaming approximation of eigenvalues, to
name a few; see the book [Woo14].

The first work to show the connection between the JL
lemma and fast approximate algorithms for linear algebra
tasks is that of Papadimitriou et al., which proposed an
approach to compute a low-rank (say rank 𝑘) approxima-
tion for amatrix𝐴 by computing 𝐵 = Π𝐴, then computing
the singular value decomposition of 𝐵, and then project-
ing the columns of 𝐴 onto the the subspace spanned by
the top 2𝑘 right singular vectors of 𝐵. Later, Sarlós gave
random projection-based methods for approximate least
squares regression and low-rank approximation with bet-
ter error guarantees. A method of Sarlós that is simple
to describe is the “Sketch-and-Solve” paradigm for least
squares regression: given a tall, skinny matrix 𝑋 ∈ ℝ𝑛×𝑑

and vector 𝑦 ∈ ℝ𝑛, to compute

𝛽𝐿𝑆 = 𝑎𝑟𝑔𝑚𝑖𝑛
𝛽∈ℝ𝑑

‖𝑋𝛽 − 𝑦‖22,

we pick a random matrix Π ∈ ℝ𝑚×𝑛, 𝑚 ≪ 𝑛, from an
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appropriate distribution and then compute

̃𝛽𝐿𝑆 = 𝑎𝑟𝑔𝑚𝑖𝑛
𝛽∈ℝ𝑑

‖Π𝑋𝛽 − Π𝑦‖22.

An exact solution to 𝛽𝐿𝑆 is given by 𝛽𝐿𝑆 = (𝑋⊤𝑋)†𝑋𝑇𝑦,
where (⋅)† denotes the Moore-Penrose pseudoinverse. The
bottleneck here is computing 𝑋⊤𝑋 , which straightfor-
wardly can be done in Θ(𝑛𝑑2) floating point operations
(flops). Meanwhile, ̃𝛽𝐿𝑆 = ((Π𝑋)⊤Π𝑋)†(Π𝑋)⊤𝑦 takes time
equal to the sum of two terms: (1) the time to compute
Π𝑋 and Π𝑦, given Π,𝑋, 𝑦, and (2) the time to compute
̃𝛽𝐿𝑆 given Π𝑋,Π𝑦. The latter requires only Θ(𝑚𝑑2) flops,

which is much less than 𝑛𝑑2 since 𝑚 ≪ 𝑛. Note that if
Π were a dense, unstructured matrix, then computing Π𝑋
would take𝑚𝑛𝑑 time; we will eventually achieve𝑚 ≈ 𝑑/𝜀2
so that this is slower than just solving for 𝛽𝐿𝑆 directly to be-
gin with! We thus speed up (1) by usingΠwhich supports
fast multiplication, such as a structured or sparse matrix.
The key property of Π Sarlós needs in his analysis is that
Π is an 𝜀-subspace embedding for the subspace spanned by
𝑦 and the columns of 𝑋 .

For a linear subspace 𝐸 ⊂ ℝ𝑛 and 𝜀 ∈ (0, 1), we say a
matrix Π ∈ ℝ𝑚×𝑛 is an 𝜀-subspace embedding for 𝐸 if

∀𝑥 ∈ 𝐸, (1 − 𝜀)‖𝑥‖22 ≤ ‖Π𝑥‖22 ≤ (1 + 𝜀)‖𝑥‖22.

In other words,Π provides a JL guarantee for an infinite set:
the entire subspace 𝐸. It can be shown via a net argument
that if 𝑑𝑖𝑚(𝐸) = 𝑑, then there is a finite set 𝐸′ with |𝐸′| ≤
𝐶𝑑 for a universal constant 𝐶 > 1 such that ifΠ satisfies the
JL guarantee for 𝐸′ with error parameter 𝜀/4, then Π is an
𝜀-subspace embedding for 𝐸 (see [Woo14]). Then, since
̃𝛽𝐿𝑆 is the minimizer for ‖Π𝑋𝛽 − Π𝑦‖22, we have

(1 − 𝜀)‖𝑋 ̃𝛽𝐿𝑆 − 𝑦‖22 ≤ ‖Π𝑋 ̃𝛽𝐿𝑆 − Π𝑦‖22
≤ ‖Π𝑋𝛽𝐿𝑆 − Π𝑦‖22
≤ (1 + 𝜀)‖𝑋𝛽𝐿𝑆 − 𝑦‖22.

The first and last inequalities hold using the subspace em-
bedding guarantee, since Π𝑋𝛽−Π𝑦 = Π(𝑋𝛽−𝑦) and thus
𝑋𝛽 − 𝑦 is in the subspace spanned by 𝑦 and the columns
of 𝑋 . Rearranging gives

‖𝑋 ̃𝛽𝐿𝑆 − 𝑦‖22 ≤
1 + 𝜀
1 − 𝜀 ⋅ ‖𝑋𝛽

𝐿𝑆 − 𝑦‖22,

so that ̃𝛽𝐿𝑆 is a near-minimizer for the regression prob-
lem. It can be shown that the FJLT (see Section 4) with
𝑂(𝜀−2𝑑 log𝑐(𝑑/𝜀)) rows provides the 𝜀-subspace embedding
guarantee with good probability. One can also take Π to
be a sparse random matrix, having 𝑚 = 𝑂(𝑑2/𝜀2) rows
with 𝑠 = 1 nonzero per column or 𝑚 = 𝑂(𝜀−2𝑑 log 𝑑) with
𝑠 = 𝑂(𝜀−1 log 𝑑).

5.3. 𝑘-means clustering. For integer 𝑘 ≥ 1, in 𝑘-means
clustering the input is 𝑥1, … , 𝑥𝑛 ∈ ℝ𝑑, and the goal is to
find 𝑘 “cluster centers” 𝑦1, … , 𝑦𝑘 so as to minimize

𝑛
∑
𝑖=1

min
1≤𝑗≤𝑘

‖𝑥𝑖 − 𝑦𝑗‖22.

Any choice of 𝑦1, … , 𝑦𝑘 induces a Voronoi partition on the
set of input points, i.e., 𝑃1, … , 𝑃𝑘, where 𝑃𝑗 ∶= {𝑖 ∶ 𝑗 =
𝑎𝑟𝑔𝑚𝑖𝑛𝑡 ‖𝑥𝑖−𝑦𝑡‖22}. One can then rephrase the problem as
finding an optimal partition of the 𝑛 points 𝒫 = (𝑃1, … , 𝑃𝑘)
so as to minimize

𝑘
∑
𝑗=1

min
𝑦𝑗∈ℝ𝑑

(∑
𝑖∈𝑃𝑗

‖𝑥𝑖 − 𝑦𝑗‖22) . (4)

It can be shown that for a fixed 𝒫, the optimal choice of
the 𝑦𝑗 to minimize equation (4) is to pick centroids 𝑦𝑗 =
(1/|𝑃𝑗|)∑𝑖∈𝑃𝑗 𝑥𝑖. We can thus define

𝑐𝑜𝑠𝑡(𝒫) =
𝑘
∑
𝑗=1

∑
𝑖∈𝑃𝑗

‖𝑥𝑖 −
1
|𝑃𝑗|

∑
𝑖′∈𝑃𝑗

𝑥𝑖′‖22

and rephrase the problem as finding the 𝑘-partition 𝒫 of
minimum cost. By expanding the square (i.e., ‖𝑎 − 𝑏‖22 =
‖𝑎‖22 + ‖𝑏‖22 − 2⟨𝑎, 𝑏⟩) and rearranging terms, one has the
equivalent definition

𝑐𝑜𝑠𝑡(𝒫) =
𝑘
∑
𝑗=1

∑
𝑖<𝑖′∈𝑃𝑗

‖𝑥𝑖 − 𝑥𝑖′‖22. (5)

It was first observed by Boutsidis et al. that, based on equa-
tion (5), 𝑘-means clustering can be rephrased as a con-
strained low-rank approximation problem. Specifically,
for a 𝑘-partition 𝒫 = (𝑃1, … , 𝑃𝑘) of {1, … , 𝑛}, define an 𝑛 × 𝑘
matrix 𝑋𝒫 in which (𝑋𝒫)𝑖,𝑗 is 1/√|𝑃𝑗| if 𝑖 ∈ 𝑃𝑗 and is 0 oth-

erwise. Then 𝑋𝒫𝑋⊤
𝒫 is a rank-𝑘 orthogonal projection, and

furthermore the 𝑖th row of 𝑋𝒫𝑋⊤
𝒫𝐴 is the centroid of the

partition that the 𝑖th row of 𝐴 belongs to in 𝒫. Thus one
can rewrite 𝑐𝑜𝑠𝑡(𝒫) as ‖(𝐼−𝑋𝒫𝑋⊤

𝒫 )𝐴‖2𝐹 for ‖⋅‖𝐹 denoting the
Frobenius (or Hilbert-Schmidt) norm. Then the 𝑘-means
problem can be rewritten as solving the constrained low-
rank approximation problem of computing

𝑄 = 𝑎𝑟𝑔𝑚𝑖𝑛
𝑄∈𝒬𝑘

‖(𝐼 − 𝑄)𝐴‖2𝐹 ,

where𝒬𝑘 is the set of all rank-𝑘 projections that can bewrit-
ten as 𝑋𝒫𝑋⊤

𝒫 for some 𝑘-partion 𝒫. Boutsidis et al. were
then able to use this observation, coupled with random-
ized linear algebra techniques based on subspace embed-
dings (see Section 5.2) to show that if one uses a random-
ized linear embedding into dimension 𝑂(𝑘), the cost of
𝑘-means clustering can be preserved up to a constant fac-
tor arbitrarily close to 2. This was improved by Cohen et al.
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to show that embedding into dimension 𝑚 = 𝑂(𝑘/𝜀2) suf-
fices to preserve the 𝑘-means optimization problem up to
1 + 𝜀. Most recently, Makarychev, Makarychev, and Razen-
shteyn in fact showed that 𝑚 = 𝑂(log(𝑘/𝜀)/𝜀2) is sufficient
(see also work by Becchetti et al.).

6. Static Data Structures
for High-Dimensional Problems

In static data structural problems, one has an input set𝐷 of
data items that are given up front to be preprocessed, and a
set 𝒬 of possible later queries that may come about 𝐷. The
goal is to (1) preprocess𝐷 quickly into a data structure that
(2) uses little space, such that (3) later queries about 𝐷 can
be answered quickly. Consider the case that 𝐷 is a set of
high-dimensional vectors 𝑋 = {𝑥1, … , 𝑥𝑛} and queries are
geometric, such as the problem of nearest neighbor search
(given a query vector 𝑞, find the closest input vector 𝑥𝑖 to
𝑞 under some prescribed metric).

The downside of low-distortion embeddings such as
the JL lemma is that, though such an embedding 𝑓 can
be found which has low distortion on 𝑋 , there are no
promises that it preserves distances from 𝑋 to later query
vectors 𝑞. The fact that the actual proof of the JL lemma
is via oblivious randomized linear embeddings is actually
helpful in this regard, since with high probability the dis-
tance from 𝑞 to all points in 𝑋 is preserved with high
probability even though 𝑓 was selected without knowing
𝑞. However, even so, there is a disadvantage that this dis-
tance preservation property is only probabilistically guar-
anteed, and furthermore even that probabilistic guarantee
is void if a query vector 𝑞 is selected based on adaptive in-
teraction with the data structure (i.e., in exploratory data
analysis, in which one might choose future queries based
on the answers to previous queries, so that future queries
are thus random and not independent of the randomness
used by the data structure). A fix to this issue is to have a
so-called terminal embedding 𝑓 [EFN17], which guarantees
that ∀𝑥 ∈ 𝑋 ∀𝑦 ∈ ℝ𝑑,

(1 − 𝜀)‖𝑥 − 𝑦‖22 ≤ ‖𝑓(𝑥) − 𝑓(𝑦)‖22 ≤ (1 + 𝜀)‖𝑥 − 𝑦‖22.

The main difference between this guarantee and that of
the JL lemma is that 𝑦 can be an arbitrary point in space
(e.g., the query point 𝑞) and need not be in 𝑋 . Following
works by Elkin et al. and Mahabadi et al., it was shown
by Narayanan and Nelson that such a terminal guarantee
can still be achieved with 𝑚 = 𝑂(𝜀−2 log 𝑛), i.e., the same
asymptotic bound as in the JL lemma.
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Conformal geometry has deep roots in pure mathematics
fields, such as Riemann surface theory, complex analysis,
differential geometry, algebraic topology, partial differen-
tial equations and others. Historically, conformal geom-
etry has been broadly used in many engineering applica-
tions [1], such as electro-magnetics, vibrating membranes,
acoustics, elasticity, heat transfer and fluid flow. Most
of these applications depend on conformal mappings be-
tween planar domains.

Recently, with the rapid development of 3D scanning
and medical imaging technologies, 3D geometric data has
become ubiquitous. Figure 2 shows a human facial surface
acquired using a scanning system based on structured light.
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Figure 1. Surface uniformization, computed using harmonic
mapping (left), Hodge decomposition (middle) and discrete
surface Ricci flow (right) algorithms, respectively.

Figure 2. 3D human facial surface data scanned using
structured light technology.

The system can capture dynamic geometric data with very
high spacial resolution and scanning speed. It is challeng-
ing to process the huge amount of this geometric data with
high accuracy and efficiency. The challenge can be tack-
led using various geometric theories. Compared to topol-
ogy or Riemannian geometry, conformal geometry better
fits this purpose because conformal structure has much
richer information than topological structure and confor-
mal mappings are much more flexible than isometries.

With the increase of computational power and further
advances in mathematical theories, computational confor-
mal geometry emerges as an interdisciplinary field, bridg-
ing mathematics and computer science. Computational
conformal geometric theories and algorithms have been
generalized from planar domains to surfaces with arbitrary
topologies and have been applied to many engineering
and medical fields. This paper is not intended to be an

overview of the field and will mainly focus on our contri-
butions to the field. Many important works have not been
touched upon and many references are missing due to the
page limit imposed by the Notices. More details can be
found, for instance, in [12]. A more complete list of refer-
ences can be found at the authors’ web pages.

1. Fundamental Concepts
Riemann surfaces. The underlying spaces for 2-dimen-
sional conformal geometry are Riemann surfaces. Roughly
speaking, a Riemann surface is a topological surface on
which the notation of angle can be defined. More pre-
cisely, given a surface 𝑆, a complex structure on 𝑆 is a special
collection of coordinate charts {(𝑈 𝑖, 𝜑𝑖)|𝑖 ∈ 𝐼} such that
𝑆 = ⋃𝑖 𝑈 𝑖 and the transition functions 𝜑𝑖 ∘𝜑−1𝑗 are biholo-
morphic maps for all choices of indices 𝑖, 𝑗. (Similarly, if
all transition functions 𝜑𝑖 ∘ 𝜑−1𝑗 are smooth, then the col-
lection of coordinate charts is called a smooth structure.)
A Riemann surface is a topological surface together with
a complex structure. Since biholomorphic maps are ori-
entation preserving and angle preserving, each Riemann
surface is oriented and one can naturally measure the an-
gle between two intersecting curves on a Riemann surface.
Furthermore, since the composition of a harmonic func-
tion and a holomorphic function is again harmonic, the
notions of harmonic functions and, more generally, har-
monic and holomorphic differentials are well defined on
a Riemann surface.

Uj Ui

ϕj ϕi

ϕi ϕ−1
j◦

Figure 3. Coordinate charts.

Almost every surface we encounter is a Riemann sur-
face. For instance, every open set in the plane is a Riemann
surface. In fact, complex analysis that we learn in under-
graduate and graduate courses is the Riemann surface the-
ory on open sets in the plane ℂ. Futhermore, every ori-
ented smooth surface 𝑆 with a Riemannian metric 𝐠 is nat-
urally a Riemann surface—the complex structure on 𝑆 is in-
duced by the Riemannian metric 𝐠 and the notion of angle
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Figure 4. Top row: conformal mapping transforms
infinitesimal circles to infinitesimal circles; bottom row:
general diffeomorphism maps infinitesimal ellipses to
infinitesimal circles.

defined by 𝐠 and by the complex structure coincide. This
was first observed by C. F. Gauss for the case of real ana-
lytic Riemannian metrics. He showed that at each point
𝑝 ∈ 𝑆, one can find a coordinate chart (𝑈, 𝜙) such that
𝜙 ∶ (𝑈, 𝐠) → (ℝ2, 𝑑𝑥2+𝑑𝑦2) is an angle-preserving smooth
embedding. These coordinate charts (𝑈, 𝜙) are called the
isothermal coordinates. In particular, all smooth orientable
surfaces in 3-space are naturally Riemann surfaces. An-
other class of Riemann surfaces comes from algebraic ge-
ometry. Namely, an algebraic curve in ℂ2, i.e., a surface de-
fined by a polynomial equation 𝑝(𝑧, 𝑤) = 0, is naturally a
Riemann surface where coordinate charts are derived from
the implicit function theorem.
Conformal maps. The natural correspondences between
Riemann surfaces are those bijections that preserve angles.
We call them conformal maps. From complex analysis, we
know that holomorphic maps are angle preserving (away
from singularities). Thus, conformal maps can be con-
sidered as generalizations of injective holomorphic maps.

Figure 5. Conformal mapping preserves local shapes.

A prominent example of a conformal map is the stereo-
graphic map from the unit sphere to the plane.

Conformal maps can also be characterized as those
smooth maps which preserve infinitesimal circles. In Fig-
ure 4, two diffeomorphisms map a female facial surface to
the planar unit disk. The top row shows a conformal map-
ping, which infinitesimally maps circles on the face to the
infinitesimal circles on the disk. In contrast, the bottom
illustrates a general diffeomorphism which maps infinites-
imally ellipses to circles and not vice versa. If the eccentric-
ities of the ellipses (the ratio between the major axis and
the minor axis) are uniformly bounded, then the mapping
is called a quasi-conformal map.

Equivalently, a conformal map preserves local shapes,
namely locally it is a scaling transformation followed by
a rotation, where the scaling factor varies from point to
point. This is illustrated in Figure 5. The head surface
of Michelangelo’s David sculpture is conformally flattened
onto a planar rectangle. The complicated curved surface
becomes a planar sheet under this conformal map. From
the shading, one can see that the complicated local geo-
metric shapes, such as the eyes, ears and curly hair, are
well recognizable on the plane.

Figure 6. Comparison between an angle-preserving mapping
(left) and an area-preserving mapping (right) from a Buddha
surface onto a planar disk.
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In engineering applications, the distortions of map-
pings are classified into two categories, angle distortion
and area distortion. It is always desirable to find the op-
timal mappings that minimize distortions. A conformal
mapping preserves angles, but distorts areas. The area dis-
tortion is called the conformal factor induced by the map-
ping. Depending on the topology and the geometry of the
surface, the distortion of area by a conformalmap could be
drastic. Figure 6 compares a conformalmapping (left) and
an area-preserving mapping (right) from a Buddha surface
to the planar unit disk. It can be seen that the conformal
mapping induces large area deformations in the head re-
gion, whereas the area-preserving mapping induces large
angle deformations along the boundary of the Buddha sur-
face. If a mapping preserves both angle and area, then it
is isometric and preserves the Gaussian curvature. Hence,
there does not exist a mapping from the Buddha surface to
the planar disk that preserves both angle and area.
Uniformization. The famous Riemann mapping theorem
classifies simply connected planar domains up to confor-
mal diffeomorphism. Can one classify all Riemann sur-
faces up to conformal diffeomorphisms? This classifica-
tion is achieved by the remarkable uniformization theorem
of Poincaré and Koebe proved in 1907. It states that every
simply connected Riemann surface is conformally diffeo-
morphic to the 2-sphere 𝕊2, the plane 𝔼2 or the open unit
disc ℍ2, as shown in Figure 1. Using covering space the-
ory, the uniformization theorem implies that every con-
nected oriented surface with a Riemannian metric (𝑆, 𝐠) is
conformally diffeomorphic to one of three canonical mod-
els of surfaces: (i) the unit sphere 𝕊2, (ii) a flat torus, or
𝔼2, or 𝔼2 − {0} or (iii) a hyperbolic surface ℍ2/Γ, where Γ
is a discrete torsion-free subgroup of isometries of the hy-
perbolic plane ℍ2. Equivalently, the uniformization theo-
rem states that for any connected Riemannian surface (𝑆, 𝐠)
there exists a real-valued function 𝜆 ∶ 𝑆 → ℝ such that
the conformal Riemannian metric 𝑒2𝜆𝐠 is a complete Rie-
mannian metric of constant Gaussian curvature 1, 0 or −1.
The three curvatures correspond to the three cases (i), (ii)
and (iii) above. The uniformization theorem also holds
for compact surfaces with boundaries. As shown in Fig-
ure 7, Riemannian metric surfaces with boundaries can be
conformally mapped to the canonical surfaces with con-
stant curvatures with a finite number of geodesic disks re-
moved. We remark that there is still a famous open prob-
lem on conformal classification of planar domains. In
1910, P. Koebe conjectured that every connected open set
in the plane is conformally diffeomorphic to a new do-
main whose boundary components are either round cir-
cles or points.

The uniformization theorem plays a fundamental role
for applications in engineering and medical imaging. It
sorts all kinds of shapes in the real physical world to only

Figure 7. Uniformization for surfaces with boundaries.

three canonical types. If one can develop an algorithm that
can handle the canonical type surfaces, then the algorithm
can process all shapes via uniformization. This greatly sim-
plifies the algorithmic design task for engineers.

2. Computational Methods
With the advances of modern technologies, surfaces are
produced digitally at an alarming rate these days. There
is an urgent need to process and categorize them. A
useful form of these digital surfaces is polyhedral sur-
faces. In Figure 8 Michelangelo’s David sculpture sur-
face is approximated by a polyhedral surface. Classi-
cal differential geometric theories are inadequate to deal
with polyhedral and digital surfaces. It is a major chal-
lenge to develop computable theories for conformal, har-
monic, quasi-conformal, isometric, area-preserving and
other mappings for polyhedral surfaces. We will present
our approaches to this challenge below. There are several
guiding principles one tries to follow in discretizing clas-
sical concepts. Firstly, the discrete counterparts should
have their own intrinsic geometric structures. Secondly,
there should be a finite-dimensional variational princi-
ple whose critical points would correspond to the dis-
crete entities. As usual, a finite-dimensional variational
characterization will then lead to practical computational

Figure 8. Discrete representation of Michelangelo’s David
sculpture surface.
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algorithms with efficiency, accuracy and robustness. Fi-
nally, the discrete entities should converge to their smooth
counterparts when the triangular meshes are suitably cho-
sen.

There are three categories of computational algorithms,
as illustrated in the computation of surface uniformiza-
tion Figure 1: the harmonic maps method in the left
frame, the Hodge decomposition andmeromorphic differ-
ential method in the middle frame and the discrete surface
Ricci/Yamabe flow method in the right frame. Different
methods have different advantages and disadvantages, and
are able to solve different problems. None of them can be
replaced by others. For example, in order to find the con-
formal hyperbolic metric, discrete curvature flow should
be used; in order to compute holomorphic differentials,
the Hodge decomposition method should be applied and
so on.
Concepts in discrete setting. Let us begin by recalling
what triangulations and polyhedral surfaces are. Take
a collection of Euclidean triangles and identify pairs of
edges by homeomorphisms. The quotient space is a topo-
logical surface Σ together with a triangulation 𝒯. Trian-
gles in 𝒯 come from the quotients of the Euclidean tri-
angles. If we identify pairs of edges by isometries (i.e.,
length-preserving homeomorphisms), we obtain a polyhe-
dral metric, or piecewise linear (PL) metric, on the triangu-
lated surface (Σ,𝒯). A polyhedral surface is a surface with a
PL metric. For instance, the boundary of a 3-dimensional
polytope in the 3-space carries a natural PL metric. Clearly
a PLmetric 𝑑 on (Σ,𝒯) can be determined by the edge length
function ℓ ∶ 𝐸(𝒯) → ℝ>0 which records the length of an
edge 𝑒 in the set 𝐸(𝒯) of all edges in 𝒯. The function ℓ
must only satisfy the triangle inequality, that is, if 𝑒𝑖, 𝑒𝑗 , 𝑒𝑘
form the edges of a triangle, then ℓ(𝑒𝑖) + ℓ(𝑒𝑗) > ℓ(𝑒𝑘).
Therefore, a PL metric can be coded by a computer easily.
We consider a PL metric 𝑑 ∶ Σ×Σ → ℝ≥0 as a metric in the
sense of point set topology. The distance 𝑑(𝑥, 𝑦) between
two points 𝑥, 𝑦 ∈ Σ is the infimum of the lengths of all
paths on Σ joining 𝑥 and 𝑦. Here the length of a path in-
side each triangle is computed using the Euclidean metric
induced by the edge lengths of the triangle. It follows that
the PL metric 𝑑 is flat away from the vertices of𝒯. Let 𝑉(𝒯)
be the set of all vertices in the triangulation 𝒯. At each ver-
tex 𝑣 ∈ 𝑉(𝒯), the discrete curvature 𝐾𝑑(𝑣) of 𝑑 is 2𝜋 less the
sum of all angles at vertex 𝑣. See Figure 10. There may be
many different triangulations𝒯′ and the associated length
functions 𝑙′ ∶ 𝐸(𝒯′) → ℝ>0 describing the same PL metric
𝑑. One of the goals is to develop a computable discrete
counterpart of conformal geometry which is independent
of the choice of triangulations.

There are now several ways to define the discrete confor-
mal equivalence of PL metrics on a surface. In this paper,
wewill focus on two such definitions. Amore general form

Figure 9. Geometric approximation using Riemann mapping
and normal cycle.

of discrete conformal equivalences, which includes these
two as special cases, was proposed by D. Glickenstein [6].
Both of these definitions were motivated by the seminal
work of R. Hamilton on Ricci flows. On a Riemannian sur-
face, the Ricci flow is defined as

𝜕𝐠(𝑡)
𝜕𝑡

= −2𝐾𝐠(𝑡)𝐠(𝑡), where
𝐾𝑔 is the Gaussian curvature. The flow preserves the con-
formal class of a Riemannian surface.

Smooth category Discrete category

smooth surfaces 𝑆 triangulated surf. (Σ,𝒯)
functions on 𝑆 functions on 𝑉(𝒯)
Riemannian metric 𝐠 PL metric 𝐝 on (Σ,𝒯)
Gaussian curvature of 𝐠 disc. curv. 𝐾𝑑 on 𝑉(𝒯)
conformal class {𝑒ᵆ𝐠} disc. conformal class of 𝐝

Table 1. Corresponding concepts on smooth surfaces and
polyhedral surfaces.
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Figure 10. Discrete curvature and circle packing.

Table 1 summarizes common smooth notions and their
discrete counterparts.
Discrete conformal geometry and discrete Yamabe flow.
Given two PL metrics on a triangulated surface (Σ,𝒯)
whose edge length functions are ℓ and ̂ℓ, we say ℓ and
̂ℓ are related by a vertex scaling [15] and [18], written as
̂ℓ = 𝑢∗ℓ, if there exists a function 𝑢 ∶ 𝑉(𝒯) → ℝ such that

for each edge 𝑒 with endpoints 𝑣1, 𝑣2,
̂ℓ(𝑒) = 𝑒ᵆ(𝑣1)+ᵆ(𝑣2)ℓ(𝑒). (1)

Equation (1) represents a discretization of the conformal
Riemannian metric 𝑒2ᵆ𝐠. It is proved in [9] that if 𝐠 is a
Riemannian metric on a compact manifold 𝑀 and 𝑢 ∶
𝑀 → ℝ is a smooth function, then there exists a con-
stant 𝐶 > 0 such that for any pairs of points 𝑥, 𝑦 ∈ 𝑀,
|𝑑𝑒4𝑢𝐠(𝑥, 𝑦)−𝑒ᵆ(𝑥)+ᵆ(𝑦)𝑑𝐠(𝑥, 𝑦)| ≤ 𝐶𝑑𝐠(𝑥, 𝑦)3.Here 𝑑𝐠 is the
Riemannian distance associated to the Riemannian metric
𝐠, i.e., 𝑑𝐠(𝑥, 𝑦) is the infimum of the lengths of all paths
joining 𝑥 to 𝑦. The above estimate holds the key for show-
ing that discrete conformal maps defined using (1) con-
verge to the smooth case.

The definition (1) carries a natural variational princi-
ple relating a PL metric to its discrete curvature [15]. Fix
a Euclidean triangle whose 𝑖th edge joins the 𝑗th and 𝑘th
vertices and has length 𝑙𝑖, {𝑖, 𝑗, 𝑘} = {1, 2, 3}. Let Δ be the
new triangle whose 𝑖th edge length is 𝑒ᵆ𝑗+ᵆ𝑘 𝑙𝑖, and let 𝑎𝑖
be the angle of Δ at the 𝑖th vertex. Then the Jacobian

matrix [ 𝜕𝑎𝑖
𝜕ᵆ𝑗

]3×3 is symmetric and negative semidefinite.

In particular, the locally concave function 𝐹(𝑢1, 𝑢2, 𝑢3) =
∫ᵆ
0 ∑3

𝑖=1 𝑎𝑖𝑑𝑢𝑖 is well defined and satisfies
𝜕𝐹
𝜕ᵆ𝑖

= 𝑎𝑖. Note

that discrete curvature is built from the inner angles 𝑎𝑖’s.
The above formula thus relates a PL metric 𝑢 ∗ ℓ and its
discrete curvature. The explicit form of the function 𝐹
was found in the work of Bobenko-Pinkall-Springborn [1].
They showed that 𝐹 can be extended to a concave function
on ℝ3 and is related to the 3-dimensional hyperbolic vol-
ume of ideal tetrahedra.

A basic goal in geometry is to find the relationship be-
tween the metric and its curvature. In the discrete set-
ting, it translates into the following questions. Given a

polyhedral metric with edge-length function ℓ on a closed
triangulated surface (Σ,𝒯) and a function ̂𝐾 ∶ 𝑉(𝒯) →
(−∞, 2𝜋), can one find 𝑢 ∶ 𝑉(𝒯) → ℝ such that 𝑢 ∗ ℓ is
still an edge-length function on𝒯 and its curvature 𝐾ᵆ∗ℓ is
the given function ̂𝐾? Obviously the function ̂𝐾 must sat-
isfy the Gauss-Bonnet condition ∑𝑣∈𝑉(𝒯)

̂𝐾(𝑣) = 2𝜋𝜒(Σ).
If such a function 𝑢 exists, then any other function that
differs from 𝑢 by a constant is also a solution of the prob-
lem. The next question is: is the function 𝑢 unique up
to the addition of a constant? Suppose one can solve the
prescribing curvature equation 𝐾ᵆ∗ℓ = ̂𝐾, how to find 𝑢
effectively?

These questions, together with Hamilton’s Ricci flow,
led to the introduction of the discrete Yamabe flow [15]:

𝑑𝑢(𝑡)
𝑑𝑡 (𝑣) = ̂𝐾(𝑣) − 𝐾ᵆ∗ℓ(𝑣).

The variational principle associated to (1) shows that the
flow is the gradient flow of the locally concave discrete en-
ergy

𝐸(𝑢) = ∫
ᵆ

0
∑

𝑣∈𝑉(𝒯)
( ̂𝐾(𝑣) − 𝐾ᵆ∗ℓ(𝑣))𝑑𝑢(𝑣).

It is proved in [1] that the solution to the equation 𝐾ᵆ∗ℓ =
̂𝐾 is unique in 𝑢 up to the addition of a constant function.

However, the existence of 𝑢, even if one assumes the Gauss-
Bonnet condition on ̂𝐾, is false and the discrete Yamabe
flow develops singularities in finite time.

The drawback of (1) is that it depends on the choices of
the triangulation 𝒯. Recall that a marked surface is a pair
(𝑆, 𝑉), where 𝑉 is a finite set in 𝑆. A PL metric on (𝑆, 𝑉)
is a PL metric on 𝑆 such that its conical singularities are
contained in 𝑉 . By a triangulation 𝒯 of (𝑆, 𝑉), we mean a
triangulation of 𝑆 such that 𝑉(𝒯) = 𝑉 . Suppose 𝑑1 and 𝑑2
are two PLmetrics on amarked surface (Σ,𝑉) and𝒯 and𝒯′

are two triangulations of (Σ, 𝑉). Let ℓ𝑖 and ℓ′𝑖 be the associ-
ated edge length functions of 𝑑𝑖 for𝒯 and𝒯′. If ℓ1 = 𝑢∗ℓ2,
does it follow that ℓ′1 = 𝑤 ∗ ℓ′2 for some 𝑤 ∈ ℝ𝑉 ? An af-
firmative answer would imply that (1) is independent of
the choice of triangulations. Unfortunately, the answer is
negative. However, the condition ℓ′1 = 𝑤 ∗ ℓ′2 does hold
for some 𝑤 if we assume that all triangulations 𝒯 and 𝒯′

are Delaunay in 𝑑𝑖 [8]. Recall that a Delaunay triangula-
tion of a polyhedral surface is a geometric triangulation
such that for each edge the sum of two angles facing the
edge is at most 𝜋. Given a PL metric 𝑑 on a marked surface
(𝑆, 𝑉), there is always a Delaunay triangulation of (Σ, 𝑉, 𝑑)
whose vertex set is 𝑉 . Generically, Delaunay triangulation
on (Σ, 𝑉, 𝑑) is unique. However, nonuniqueness occurs
when the sum of the two angles facing an edge 𝑒 equals
𝜋. In this case, consider the quadrilateral 𝑄 formed by the
two triangles adjacent to 𝑒 and replace the diagonal 𝑒 in 𝑄
by the other diagonal. The resulting triangulation is still
Delaunay and the operation is called an edge flip. Note
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that edge flip does not change the underlying PL metric,
but only the combinatorics.

A triangulation-independent definition of discrete con-
formal equivalence of PL metrics on a marked surface
(Σ, 𝑉) was introduced in [8] by modifying (1) and adding
the Delaunay condition on triangulations. Two PL metrics
𝑑1 and 𝑑2 on (Σ, 𝑉) are said to be related by a move if one
can find Delaunay triangulations 𝒯𝑖 of 𝑑𝑖 such that either
𝒯1 = 𝒯2 and their associated edge-length functions 𝑙𝑑1 and
𝑙𝑑2 differ by (1) on 𝒯1, or 𝑑1 = 𝑑2 and 𝒯1 differs from 𝒯2 by
an edge flip. Two PL metrics on (Σ, 𝑉) are discrete conformal
if they are related by a finite sequence of moves. It turns
out this is the correct notion to solve both the existence
and uniqueness questions.

Theorem 1 ([8]). Suppose 𝑑 is a PL metric on a compact con-
nected surface (Σ, 𝑉) and ̂𝐾 ∶ 𝑉 → (−∞, 2𝜋) is any function
such that∑𝑣∈𝑉

̂𝐾(𝑣) = 2𝜋𝜒(Σ). Then there exists a PL metric
𝑑∗, unique up to scaling, on (Σ, 𝑉) such that 𝑑∗ is discrete con-
formal to 𝑑 and its discrete curvature satisfies 𝐾𝑑∗ = ̂𝐾. Fur-
thermore, 𝑑∗ can be found using a finite-dimensional convex
variational principle.

Take the function ̂𝐾 to be the constant
2𝜋𝜒(Σ)
|𝑉|

. Then the

theorem implies each PL metric 𝑑 is discrete conformal to
a unique (up to scaling) PL metric 𝑑∗ of constant discrete
curvature. This can be considered as a discrete version of
the uniformization theorem. The above theorem for the
case of the torus was first proved by F. Fillastre [5] in a dif-
ferent context.

There is a hyperbolic geometric interpretation of the
above discrete conformal equivalence which makes the
geometric picture clear. For more details, see [8], [7]
and [1].

The convergence of discrete conformal metrics to the
Poincaré metric on the torus was established in [9] and on
high genus surfaces by T. Wu and X. Zhu recently.
Discrete conformal geometry and discrete Ricci flow.
The edge flip operation used in the above discrete confor-
mal equivalence relation has created computational com-
plications. There is a more robust, triangulation depen-
dent discrete curvature flow which one can use to find PL
metrics with the targeted curvatures. The basic idea comes
from W. Thurston’s work on circle packing and Hamilton’s
work on Ricci flow. See [19] for details on circle packing.
This new discretization focuses on the circle-preserving
property of the conformal maps. The associated finite-
dimensional variational principle was first established by
Colin de Verdiere [4] in the tangential case and in the gen-
eral case in [3]. Based on the variational principle, the
work [3] introduced discrete Ricci flow (see (3)) on sur-
faces and established its basic properties. Algorithmic de-
tails can be found in [16] and [22].

Here are some mathematical details. Given a trian-
gulated surface (𝑆, 𝒯) and an assignment of edge weight
Θ ∶ 𝐸(𝒯) → [0, 𝜋) (measuring the intersection angles of
circles), a circle packing metric is a function, called radius
assignment, 𝑟 ∶ 𝑉(𝒯) → ℝ>0 such that the associated
length function

𝑙(𝑣1𝑣2) = √𝑟(𝑣1)2 + 𝑟(𝑣2)2 + 2𝑟(𝑣1)𝑟(𝑣2) cos(Θ(𝑣1𝑣2))
(2)

produces a PL metric on (𝑆, 𝒯), i.e., satisfies the triangu-
lar inequality 𝑙(𝑒𝑖) + 𝑙(𝑒𝑗) > 𝑙(𝑒𝑘) for every trip of edges
{𝑒𝑖, 𝑒𝑗 , 𝑒𝑘} belonging to a triangle in 𝒯. Thurston proved
that if Θ(𝐸(𝒯)) ⊂ [0, 𝜋/2] (see Figure 10(b)), then the tri-
angle inequality always holds for all choices of 𝑟 ∈ ℝ𝑉(𝒯)

>0
(see [20]). The discrete curvature𝐾𝑟 of 𝑟 is defined to be the
discrete curvature of the PL metric induced by 𝑙. In this set-
ting, a discrete conformal class is defined as the set of all PL
metrics induced by different choices of 𝑟 ∶ 𝑉(𝒯) → ℝ>0 for
a fixed edge weight Θ. Since different choices of 𝑟 amount
to different sizes of circles at vertices, this discretization
captures the circle-preserving properties of the conformal
maps.

The basic questions are for a fixed prescribedΘ to find a
radius assignment 𝑟 ∈ ℝ𝑉(𝒯) such that its curvature 𝐾𝑟 is a
prescribed function ̂𝐾 and to determine if 𝑟 is unique up to
scaling. For Θ(𝐸(𝒯)) ⊂ [0, 𝜋/2], both of them were solved
by W. Thurston in his famous notes [20]. He proved that
𝑟 is unique up to scaling and found the necessary and suf-
ficient conditions on ̂𝐾 to be solvable by 𝑟. Most remark-
ably the conditions discovered by Thurston on ̂𝐾 are the
Gauss-Bonnet (linear) equation and a finite set of linear
inequalities.

The variational principle associated to the circle packing
takes the following form. Fix Φ1, Φ2, Φ3 ∈ [0, 𝜋). Suppose
a triangle Δ has edge lengths 𝑙1, 𝑙2, 𝑙3 of the form given by
𝑙2𝑖 = 𝑟2𝑗 + 𝑟2𝑘 + 2𝑟𝑗𝑟𝑘 cos(Θ𝑖) and 𝑟𝑖 = 𝑒ᵆ𝑖 . If one denotes

the angles of Δ by 𝑎𝑖, then the Jacobian matrix [ 𝜕𝑎𝑖
𝜕ᵆ𝑗

]3×3 is

symmetric. If furthermore Θ(𝐸(𝒯)) ⊂ [0, 𝜋/2], then the
matrix is negative semidefinite of rank 2. In particular,
there is a concave function 𝑊(𝑢) defined on ℝ𝑉(𝒯) such
that

𝜕𝑊
𝜕ᵆ𝑖

= 𝑎𝑖. This implies that the discrete Ricci flow de-

fined as

𝑑𝑟(𝑡)
𝑑𝑡 (𝑣) = −2(𝐾𝑟(𝑣) − ̂𝐾(𝑣))𝑟(𝑡)(𝑣) (3)

is the gradient flow of a concave function (namely 𝑊).
From this fact, many of the basic properties, including
long-time existence, of discrete Ricci flow follow. The
flow is robust and alogrithmically effective if Θ(𝐸(𝒯)) ⊂
[0, 𝜋/2].

Discrete Ricci flow does not work well if one Θ(𝑒)
lies outside of the interval [0, 𝜋/2]. This is one of the
drawbacks of the flow for real-world applications. Many
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Figure 11. The extremal length of a topological quadrilateral.

polyhedral surfaces produced by digital media cannot be
expressed as circle packing metrics such that Θ(𝐸(𝒯)) ⊂
[0, 𝜋/2]. Modifications of the triangularmeshes are needed
to achieve this condition Θ(𝐸(𝒯)) ⊂ [0, 𝜋/2].

The convergence of circle packing metrics on bounded
simply connected domains to the Riemann mapping was
first conjectured by Thurston in 1985 and proved in a
celebrated paper by Rodin-Sullivan in 1987 [17]. How-
ever, convergence questions for nonplanar surfaces remain
open.

Below are some examples of discrete Ricci flows. Fig-
ure 11 shows one example of computing the extremal
length of a topological quadrilateral using discrete Ricci
flow. Basically, we set the target curvature to be zero for
all interior and boundary vertices, except the four corners,
and set the target curvatures for the corners to be𝜋/2. Then
we run Ricci flow to get the target metric, and isometrically
embed the surface using the target metric to obtain the pla-
nar rectangle. Here the discrete curvature at a boundary
vertex is defined to be 𝜋 less the sum of all angles at 𝑣.

Figure 12. Square tiling of a 3-connected graph; each node is
replaced by a square with the same label and color. Two
nodes are connected in the graph if and only if their
corresponding squares are tangent.

Figure 12 shows a generalization of circle packing by re-
placing circles by squares to compute the extremal length
of a combinatorial quadrilateral. The left frame shows a 3-
connected graph, with four corner nodes. The right frame
shows the extremal length, where each node is replaced

Figure 13. Uniformization for high genus surfaces.

by a square with the same label and color. Two nodes are
connected in the graph if and only if their corresponding
squares are tangent. In theory, squares can be replaced by
more general convex shapes. Figure 13 shows an exam-
ple for computing the hyperbolic metric on a high genus
surface. As shown in the left frame, the input surface is tri-
angulated, and each face is a hyperbolic triangle instead of
a Euclidean triangle. The theoretic formulation and the al-
gorithmic details are very similar. After obtaining the uni-
formization metric, we isometrically embed a finite por-
tion of the universal covering space of the surface onto the
Poincaré model of ℍ2. Each color represents a fundamen-
tal polygon, and the boundaries of the fundamental poly-
gons are hyperbolic geodesics.
Harmonicmap. Another useful algorithm is based on sur-
face harmonic maps for a genus zero closed surface [10].
Figure 14 shows the computational method for a genus
zero closed surface: harmonic mapping. Intuitively, the
harmonic energy measures the elastic deformation energy
induced by amapping between surfaces. It depends on the
Riemannianmetric of the target surface and the conformal
structure of the source surface. Harmonicmaps are the crit-
ical points of the harmonic energy within the homotopy
class. If the target surface has negative Gaussian curvature,

Figure 14. A spherical harmonic mapping from the Stanford
bunny surface onto the unit sphere.

1516 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 67, NUMBER 10



and the mapping degree is one, then the harmonic map-
ping is diffeomorphic. A mapping between two surfaces
induces the so-called Hopf differential on the source sur-
face. If themapping is harmonic, then its Hopf differential
is a holomorphic quadratic differential on the source sur-
face. Furthermore, if the Hopf differential is zero, then the
mapping is conformal. Since holomorphic quadratic dif-
ferentials on a genus zero surface must be zero, harmonic
maps between genus zero closed surfaces must be confor-
mal.

In practice, we first construct the Gauss map from the
Stanford bunny surface to the unit sphere, then use the
nonlinear heat diffusion method to reduce the harmonic
energy to reach a harmonic. More specifically, we com-
pute the Laplacian of the map and update the image of
each point along the tangential direction of the Laplacian.
Different harmonic maps differ by a Möbius transforma-
tion of the unit sphere, therefore we need to add an extra
normalization constraint to ensure the uniqueness of the
mapping. During the heat diffusion, we ensure that the
mass center of the image of the surface on the unit sphere
stays at the origin.

Figure 15. Two conjugate harmonic one-forms, in the left and
middle frames, combine to form a holomorphic one-form in
the right frame. The loops in the left (middle) frame show the
vertical (horizontal) trajectories of the holomorphic form.

Hodge decomposition. Another algorithm is based on
the Hodge decomposition theorem [11]. Hodge decom-
position says that any differential form 𝜔 on a closed Rie-
mannian manifold can be uniquely written as the sum of
three parts: 𝜔 = 𝑑𝛼 + 𝛿𝛽 + 𝛾, where 𝛾 is harmonic, that
is, Δ𝛾 = 0 with Δ = 𝑑𝛿 + 𝛿𝑑. Intuitively, this can be
interpreted as follows. Any vector field on a surface can
be decomposed into three components: a curl-free part,
divergence-free part and harmonic part. A vector field is
harmonic if and only if it has zero curl and zero divergence,
as shown in Figure 15.

In practice, we first compute the homology group basis
of the surface 𝐻1(𝑆, ℤ), then the cohomology group basis
of 𝐻1(𝑆, ℝ). For each closed one-form 𝜔 representing a
basis in 𝐻1(𝑆, ℝ), we find a function 𝑓 ∶ 𝑆 → ℝ, such
that 𝛿(𝜔 + 𝑑𝑓) is zero. This is a linear elliptic geometric
partial differential equation, and can be solved using the
Finite Element Method generalized to the Riemannian sur-
face setting. Then 𝜔+ 𝑑𝑓 is a harmonic one-form. Finally,

the harmonic one-form paired with its conjugate form a
holomorphic one-form. As shown in Figure 15, the left
frame shows a harmonic one-form 𝜔, the middle frame
shows the conjugate harmonic one-form ∗𝜔, and the right
frame shows a holomorphic one-form 𝜔 + √−1∗𝜔. Using
this method, we can construct the basis of the group of
holomorphic one-forms of the Riemann surface. By lin-
ear combination, we can then construct any holomorphic
one-form.

Figure 16. Topological annulus.

Suppose 𝑆 is a topological annulus with a Riemannian
metric 𝐠 and the boundary of 𝑆 are two loops 𝜕𝑆 = 𝛾1 −
𝛾2. We compute a holomorphic one-form 𝜔, such that the
imaginary component of the integration of 𝜔 along 𝛾1 is
2𝜋. Upon fixing a point 𝑞, the conformal mapping 𝜑(𝑝) =
exp(∫𝑝

𝑞 𝜔) maps the surface onto a canonical annulus, as
shown in Figure 16.

Figure 17. Circular slit mapping.

Suppose 𝑆 is a surface of genus zero with multiple
boundaries, 𝜕𝑆 = 𝛾0 − 𝛾1 − 𝛾2 − ⋯ − 𝛾𝑛; then 𝑆 is called
a multiply connected annulus. We can construct a unique
holomorphic one-form 𝜔, such that the imaginary part of
the integration of 𝜔 along 𝛾0 is 2𝜋, −2𝜋 along 𝛾1, and 0
along other boundary components. Then, upon fixing a
base point 𝑞, the conformal mapping 𝜑(𝑝) = exp(∫𝑝

𝑞 𝜔)
maps the surface onto a canonical annulus with concen-
tric circular slits, as shown in Figure 17. The algorithm
was introduced in [21].
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Figure 18. Koebe’s iteration algorithm.

Figure 18 demonstrates Koebe’s iteration algorithm
[23] that conformally maps a multiply connected annu-
lus onto a circle domain, namely the complement of the
union of a finite number of disks. On the top row, we fill
all the inner holes of the surface except one, then confor-
mally map the topological annulus onto a canonical an-
nulus; in the middle row, we fill the center circular hole
and open another hole, then map the topological annu-
lus onto a canonical annulus; at the bottom row, we fill
the center circular hole and open the 3rd hole, and map
the topological annulus onto a canonical annulus. We re-
peat this procedure, opening different holes in order and
filling other holes, then map the topological annulus to
the canonical annulus. The boundaries become rounder
and rounder, and the image converges to a circle domain
exponentially fast.

Figure 19. Discrete Riemann mapping using circle packing.

3. Applications
Computational conformal geometry has been broadly ap-
plied in many engineering fields. In the following, we
briefly introduce some of our recent projects, which are
the most direct applications of computational conformal
geometry in the computer science field.
3.1. Graphics. Conformal geometric methods have
broad applications in computer graphics. In computer-
generated movies and games, shapes are modeled as trian-
gular polyhedral surfaces, and the skins and clothes are rep-
resented as planar images, which are called texture images.
Surface parameterization technique refers to the process of
mapping a surface onto a planar domain. Once the sur-
faces are parameterized onto planar domains, the texture
images are pulled back onto the surface to achieve a pho-
torealistic visual effect, and this technique is called texture
mapping. Texture mapping is one of the most fundamental
techniques in the computer graphics field. Isothermal co-
ordinates are natural for global surface parameterization
purposes. Because conformal mapping doesn’t distort the
local shapes, it is desirable for texture mapping. Figure 20
shows an example of texture mapping constructed using
holomorphic differentials.

Figure 20. Global conformal surface parameterization for
texture mapping.
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Figure 21. Normal map based on Riemann mapping and
optimal transportation map.

In computer games, to improve the interaction speed,
geometric representation of surfaces has to be simplified,
namely, the number of faces is reduced. On the other
hand, rough geometry jeopardizes the rendering quality.
The commonly applied technique to solve this conflict is
the normal map technique. This technique uses a texture im-
age to represent the normal field of the surface. As shown
in Figure 21, each pixel of the texture image in the right
frame is mapped to a point on the surface, the red, blue
and green values of the pixel represent the values of the
𝑥-, 𝑦- and 𝑧-coordinates of the corresponding normal. The
geometry of the gargoyle model is coarse, but its normal
field is much refined. The rendering effect heavily depends
on the resolution of the normal field. Hence the normal
map technique offers a high-resolution normal field with
a low-resolution geometry and achieves both good render-
ing quality and interaction speed. Again, the normal map
of the gargoyle model is achieved by a Riemann mapping
composed with an optimal transportation map, such that
the parameterization is area preserving.

Figure 22. Vector field design using flat metrics.

For nonphotorealistic rendering and special art form de-
sign, people want to use computers to mimic artists to gen-
erate a pencil sketch or an oil painting. Generating an
artificial sketch is equivalent to designing smooth vector
fields. In practice, a user predefines the singularities, and

then we can compute a flat metric with the prescribed sin-
gularities using Ricci flow. The smooth vector field can be
generated by parallel transport of a tangent vector at the
starting point, and using harmonic one-forms to compen-
sate the holonomy of the metric. Figure 22 shows exam-
ples for vector field design on surfaces using the curvature
flow method [22].

Figure 23. Facial surface matching by a Teichmüller map; all
ellipses have the same eccentricity.

3.2. Vision. Surface matching is a fundamental problem
in computer vision, which aims at finding a diffeomor-
phism between two surfaces with landmark constraints
and least distortion. Figure 23 illustrates one example of
matching two human facial surfaces. The surfaces are con-
formally mapped onto the planar unit disks by Riemann
mappings. The major feature points are located based on
the geometry and the texture information using either a
geometric method or statistical learning method, which
are shown as red dots. The problem of finding a diffeo-
morphism between facial surfaces is converted to finding
one between the planar disks, and the latter one is much
simpler and more efficient to compute.

Suppose 𝑓 ∶ 𝔻2 → 𝔻2 is an automorphism of the disk
on the complex plane; then it satisfies the Beltrami equa-
tion

𝜕𝑓
𝜕 ̄𝑧 = 𝜇𝜕𝑓𝜕𝑧 ,
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where 𝜇 is called the Beltrami coefficient of the mapping 𝑓.
Geometrically, the mapping maps infinitesimal circles to
infinitesimal ellipses. At each point 𝑧 ∈ 𝔻2, the eccentric-
ity of the ellipse is given by

1+|𝜇|
1−|𝜇|

, and the orientation of

the ellipse is
1
2
arg 𝜇. Therefore, the Beltrami coefficient

describes the shape and the orientation of the ellipses, but
not their size. If the eccentricity is bounded, then the map-
ping is called a quasi-conformal mapping. Amazingly, the
generalized Riemannmapping theorem claims that we can
recover the quasi-conformal mapping from its Beltrami co-
efficient uniquely up to a Möbius transformation by solv-
ing the Beltrami equation. Intuitively, if we change the
Riemannian metric on the source from |𝑑𝑧|2 to |𝑑𝑧+𝜇𝑑 ̄𝑧|2,
then the quasi-conformal mapping 𝑓 becomes conformal,
and we can use conformal mapping algorithms to com-
pute it. This algorithm is called the auxiliary metric method.

Assume 𝜇1 and 𝜇2 are two Beltrami coefficients, and
𝑓𝜇1 and 𝑓𝜇2 are their corresponding automorphisms of the
disk. If 𝑓𝜇1 and 𝑓𝜇2 map the corresponding feature points
to the same positions, then we say the two mappings are
Teichmüller equivalent. The Teichmüller equivalence classes
form the Teichmüller space; the geodesic connecting two
classes in this space is given by the Teichmüller map be-
tween them. The distortion of a mapping 𝑓 is measured
by the maximal eccentricity of the infinitesimal ellipses,
which is equivalent to the 𝐿∞ norm of its Beltrami coef-
ficient ‖𝜇𝑓‖∞. Within each Teichmüller equivalence class,
the mapping 𝑓 that minimizes ‖𝜇𝑓‖∞ is called the extremal
quasi-conformal map. Under mild conditions, the extremal
quasi-conformal map is a Teichmüller map, whose Beltrami
coefficient has a special form, 𝜇 = 𝑘 �̄�

|𝜑|
, where 𝜑 is a holo-

morphic quadratic differential of the surface with feature
points removed and 0 ≤ 𝑘 < 1 is a constant. All the infin-
itesimal ellipses induced by a Teichmüller map have the
same eccentricity. The Teichmüller map can be achieved
by optimization in the space of Beltrami coefficients [14].
Figure 23 shows a Teichmüller map between the two hu-
man facial surfaces. The mapping maps each feature point
on the male face to the corresponding feature point on
the female face. The Teichmüller map gives a diffeomor-
phismwith the least angle distortion, and it can be applied
for 3D facial recognition for surveillance purposes and for
melanoma detection in dermatology.

Given a sequence of facial surfaces with dynamic ex-
pression change, the Teichmüller map can be used to find
natural diffeomorphisms among them. The trajectories of
the feature points give the facial expression, which can be
transferred to other models for animation purposes. Fig-
ure 24 demonstrates an expression tracking result; the blue
quadrilateral mesh is attached to the facial surface and
moves along with it. The trajectories of the vertices of
the blue mesh represent the expression [22]. The facial

Figure 24. Facial expression tracking.

expression tracking technique plays an important role in
the movie industry.
3.3. Wireless sensor network. Conformal geometry can
also be used for networking applications. Figure 25 shows
geometric routing for a wireless sensor network. The left
frame shows a wireless sensor network, and each green dot
represents a sensor, which can communicate with other
sensors within a small neighborhood. Suppose every sen-
sor has only local information, such as GPS coordinates of
all the neighbors; there is no central sensor with global in-
formation. All sensors follow the same protocol to deliver
messages distributively. One commonly used protocol is
greedy routing: the sensor sends the packet to its direct
neighbor, which is the closest one to the destination. If
the network has concave holes, as shown in the left frame
in Figure 25, the routing may get stuck at the nodes along
the inner boundaries.

We can design a protocol to make the whole network
compute a conformal map in a collaborative and distribu-
tive manner, such that the network is mapped onto a circle
domain, as shown in the middle frame of the figure. Then
the image of each sensor is used as the virtual coordinates,
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Figure 25. Conformal geometry for greedy routing and load
balancing in a wireless sensor network.

on which the greedy routing is performed. Since all the
boundaries become circles, greedy routing will guarantee
the packet delivery [12].

Under greedy routing, all the routing paths are the short-
est paths connecting the source and the target. Many short-
est paths overlap with the inner boundaries. Therefore, the
sensors on the inner boundaries will be overloaded, and
their batteries will be exhausted much faster than others.
In this scenario, we can reflect the whole network with re-
spect to its inner circular boundaries, as shown in the right
frame. The red layer is the image of the first reflection. The
green, blue and yellow layers correspond to the second,
third and fourth reflections. We can show that the num-
ber of inner circles increases exponentially fast with respect
to the number of reflections, but the total area of the in-
ner holes decreases exponentially fast. After several reflec-
tions, we obtain a covering space of the original network
and perform the routing on the covering space using the
virtual coordinates. This will balance the computational
load among all the sensors.

Figure 26. Graph embedding using circle packing.

For wireless sensor networks under water, since the GPS
signal cannot penetrate the water, we can only get the con-
nectivity information among the sensors, namely a graph
representation of the network. For the purpose of routing,
we need to embed the graph on some canonical spaces to
obtain virtual coordinates for sensors. This graph embed-
ding problem can be efficiently solved using conformal ge-
ometry as well. As shown in Figure 26, we compute the em-
bedding of 3-connected planar graphs onto the unit sphere
using the circle packing method. Basically, each node and

Figure 27. Quadrilateral mesh generation for a high genus
surface.

face is associated with a circle; for each edge, the two circles
associated with its end nodes are tangent to each other, the
two circles associated with the faces sharing the edge are
tangent to each other. Furthermore, for each face, the cir-
cle associated with the face is orthogonal to all the circles
associated with its vertices. All such types of circle pack-
ings differ by a Möbius transformation of the unit sphere.
Conventional methods, such as Tutte graph embedding,
cannot handle nonplanar graphs. The conformal geomet-
ric method can embed them on the hyperbolic plane using
circle packing similarly to that of the Euclidean case. This
can be treated as a combinatorial version of uniformiza-
tion. The sensor network can perform the routing based
on this type of graph embedding [12].
3.4. Geometric modeling. In the conventional manufac-
turing industry, the representation of shapes needs to have
higher-order continuity. The embedding of triangular
meshes is only continuous but not differentiable. There-
fore, the meshes need to be converted to piecewise poly-
nomial representations with 𝐶2 continuity almost every-
where, such as NURBS or T-Splines. The NURBS represen-
tation has local tensor product structure. In order to con-
struct NURBS, we need to compute a quadrilateral tessel-
lation of the input surface with high quality. This is called
quadrilateral mesh generation.

Figure 28 shows different quadrilateral tessellations of
a multiply connected planar domain. The vertices with
topological valences other than 4 are called singularities.
Figure 27 illustrates two quadrilateral meshes of a genus
two surface. If we treat each face of a quad-mesh as the
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Figure 28. Different quadrilateral tessellations of a planar
domain.

unit planar square, then the quad-mesh induces a flat met-
ric with cone singularities. If this induced metric is confor-
mal to the original surface metric, namely the two met-
rics differ by a scalar function at the normal (nonsingular)
points, then the quad-mesh is conformal to the original
shape, and it looks visually aesthetic. To construct con-
formal quad-meshes, the configuration of the singularities,
including both the positions and indices (topological va-
lences), is crucial. In fact, each conformal quad-mesh is
associated with a meromorphic quartic differential of the
input Riemann surface. The singularity configuration of
the quad-mesh can be treated as the divisor of the mero-
morphic differential. The ratio between two such mero-
morphic quartic differentials is a globally defined mero-
morphic function on the original surface. The difference
between the divisors of the differentials is the divisor of the
function, which satisfies the so-called Abel condition. In
practice, we can first find a divisor satisfying the Abel condi-
tion, then use Ricci flow to compute a flat metric with cone
singularities. From the flat metric, we can construct the
meromorphic differential. The horizontal and vertical tra-
jectories of the differential generate the desired quad-mesh.
The quad-meshes in Figure 28 and Figure 27 are produced
this way. Once the conformal quad-mesh is obtained, we
can build NURBS on it, as shown in Figure 29. In general,
the continuity at the singularities will be reduced, and it
is highly desirable to allow the users to prescribe the posi-
tions of singularities. This can be achieved using the above
method based on Abel’s condition and Ricci flow, as ex-
plained in [2].
3.5. Computer-aided manufacture. Conformal geome-
try also plays a fundamental role in the modern manu-
facturing industry. A foliation is a decomposition of a sur-
face into a family of curves, such that locally it has tensor
product structure. Figure 30 shows foliations on cat sur-
faces with boundaries and punctures. The cat surface is
decomposed into a family of closed loops, and each loop
is called a leaf of the foliation. Locally, the leaves are paral-
lel to each other, and the bifurcations of the leaves are the
singularities. Roughly speaking, two foliations are equiva-
lent if a surface diffeomorphism homotopic to the identity

Spline surface Knot structure Control net

Figure 29. A spline surface with prescribed singularities (the
centers of the yellow regions). The control net controls the
shape, the knot structure describes the local chart of the atlas.

deforms one to the other. The horizontal trajectories of a
holomorphic quadratic differential form a foliation. In-
versely, for any foliation, there is a holomorphic quadratic
differential whose horizontal trajectory foliation is equiv-
alent to it. Based on this fact, we can construct all the foli-
ations on a surface as in [13].

Figure 31 shows one way to compute a foliation on a
high genus 𝑔 surface. First, we find 3𝑔 − 3 disjoint simple
loops. The loops divide the surface into 2𝑔 − 2 segments,
and each segment is a genus 0 surface with three bound-
ary components, namely a pair of pants. This process is
called a pants decomposition, as shown in the left frame
on the top row. Then we construct a pants decomposition
graph, such that each node corresponds to a pair of pants
and each edge connecting two nodes represents a cutting
loop shared by the corresponding two pairs of pants. Then
we assign a length for each edge and compute a harmonic
map from the surface to the pants decomposition graph.
The preimage of each point on the graph is a leaf of the
foliation, as shown in the right frame on the top row. The
preimage of a node of the graph is a critical leaf of the folia-
tion. All the critical leaves partition the surface into 3𝑔− 3
cylinders, as shown in the left frame in the bottom row.
The Hopf differential of the harmonic map is a holomor-
phic quadratic differential whose horizontal and vertical
trajectories give two conjugate foliations, as shown in the
right frame in the bottom row. Using this method, we can
compute conjugate foliations. Figure 32 shows the fabri-
cation process of a human hand surface. Two conjugate
foliations are computed. The leaves of one foliation are

Figure 30. Foliations on a cat surface with punctures.
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Figure 31. Computing holomorphic quadratic differentials and
foliations via graph-valued harmonic maps.

Figure 32. Fabricating shapes by weaving leaves of conjugate
foliations.

white, and those of the other foliation are black. By weav-
ing these two families of leaves, we can construct the hand
shape. This gives a flexiblemeans to fabricate surfaces with
complicated geometries and topologies.

Figure 33 shows a meta-material design process on sur-
faces. Meta-materials don’t exist in nature but are made of
natural materials with specially designed micro geometric
structures, such that they have desired mechanical, ther-
mal or electro-magnetic properties. For example, a piece
of rectangular rubber has a positive Poisson ratio. If we
pinch it from the top and bottom sides, then the left and
right sides will expand. If the left and right sides also
shrink, then we say the material has a negative Poisson
ratio. Most natural materials have positive Poisson ratio
values, but we can design a meta-material with a nega-
tive Poisson ratio, as shown in the figure. We first tes-
sellate the surface into quadrilaterals, then replace each
quad-face by a blue cell shown in the circle; adjacent cells
are with orthogonal orientations. The surface with a thin
cell structure has a negative Poisson ratio, and when a bul-
let hits it, the mass will concentrate on the hitting point.

Figure 33. Meta-material design with negative Poisson ratio.

Figure 34. Brain spherical conformal mapping.

Therefore, by choosing the appropriate material, the facial
mask can be printed out using 3D printing technology to
get a bullet-proof mask.
3.6. Medical imaging. Conformal geometry has been ap-
plied to many fields in medical imaging. For example, in
the field of brain imaging, it is crucial to register different
brain cortex surfaces reconstructed from MRI or CT im-
ages. Cortex surfaces are topological spheres and can be
uniformized onto the unit sphere conformally. Figure 34
illustrates this solution [12] by mapping brains to the unit
sphere in a canonical way. Then, by finding an automor-
phism of the sphere, the registration between cortical sur-
faces can be easily established.

Another method is shown in Figure 35. The major land-
mark curves (succi and gyri) on the cortical surfaces are
located, then the surface is sliced open along these land-
marks and conformallymapped onto a circle domain. The
centers and radii of the inner circles give the conformal
module of the surface, which can be treated as the fin-
gerprint of the cortical surface and used for classification
and comparison. These methods have been applied for

NOVEMBER 2020 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1523



Figure 35. Brain morphology study using conformal module.

Figure 36. Colon conformal flattening.

neurological disease diagnosis, such as Alzheimer’s dis-
ease, autism, Williams syndrome and so on.

Colon cancer is the thirdmost common cause of cancer-
related death in the United States. The most effective way
to prevent colon cancer is the colonoscopy. Conventional
colonoscopy is invasive and may cause complications. Vir-
tual colonoscopy is less invasive and with fewer compli-
cations. In virtual colonoscopy [22], the colon surface is
reconstructed from CT images and analyzed using the geo-
metric method. As shown in Figure 36 left frame, a colon
surface has many haustral folds in anatomy, and when the
polyps are hidden in these folds, they are hard to be lo-
cated and recognized. By using conformal geometricmeth-
ods, one can flatten the whole colon surface onto a planar
rectangle, as shown in the right frame. Then all the haus-
tral folds are expanded, all polyps are exposed, and abnor-
malities can be found efficiently on the planar image. Fur-
thermore, in practice, the colon surface will be scanned
twice with supine and prone positions. Because the colon
surface is highly elastic, there will be large deformations
between the two scans. Conformal colon flattening can be
applied to find a good registration between the supine and
prone colon surfaces [22]. Today, the conformal colon flat-
tening technique has already been widely used in clinical
practice.

4. Conclusion
Conformal geometry has many merits, which make it
suitable for engineering and medical applications. Con-
formal mapping can reduce dimensionality and convert
3D geometric processing problems to 2D ones. The uni-
formization theorem unifies all kinds of shapes in real-
ity and greatly simplifies the task of algorithm design.

Quasi-conformal mapping is capable of modeling all dif-
feomorphisms among compact surfaces and Teichmüller
space models general shape space and give the metric
to measure shape differences. The harmonic mapping
matches surfaces with the least deformation. So far, sur-
face discrete curvature flows are the only way to construct
Riemannian metrics with prescribed curvatures. All these
methods have achieved great successes in real applications,
and some of them are used in daily life.

Despite the successes, there are still many fundamen-
tal open problems in computational conformal geome-
try, which will require deeper insights and more sophisti-
cated and accurate computational methodologies. So far,
most computational algorithms are based on the geomet-
ric analysis method and few of them are from algebraic ge-
ometry. We expect to see greater theoretic breakthroughs
and broader applications in computational conformal ge-
ometry in the near future.
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material where double refraction occurs: a ray of light
splits into two, traveling at the same speed along different
paths. The speed of light may depend on the coordinates
𝑥 = (𝑥1, 𝑥2, 𝑥3) of a point and the unit direction vector
𝜉 = (𝜉1, 𝜉2, 𝜉3). The propagation of light is described by
the speed 𝑣(𝑥, 𝜉) at 𝑥 in the direction 𝜉. We say that the
matter is homogeneous if 𝑣 does not depend on 𝑥 and we
say that it is isotropic if it does not depend on 𝜉. For exam-
ple, while a student, James Maxwell described a lens that
reminded him of the eyes of a fish. Through his fish eye,
he found that light is inhomogeneous but isotropic, bend-
ing in arcs whose shape depends on where they start and
converging to a single point.
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Figure 1. Augustin-Jean Fresnel.

A biaxial crystal gives an example of homogeneous but
anisotropic propagation. Fresnel found the equation of
the propagation of light in such a crystal to be of the form:

𝜉21
𝑎−21 − 𝑣−2

+ 𝜉22
𝑎−22 − 𝑣−2

+ 𝜉23
𝑎−23 − 𝑣−2

= 0, (1)

where 𝑎1, 𝑎2, 𝑎3 are constants describing the property of
the crystal (principal refraction indices). By substituting
(𝑧1, 𝑧2, 𝑧3) = 𝑣(𝜉1, 𝜉2, 𝜉3), one can rewrite the previous
equation as

𝑎21𝑧21
𝑧21 + 𝑧22 + 𝑧23 − 𝑎21

+ 𝑎2𝑧22
𝑧21 + 𝑧22 + 𝑧2 − 𝑎22

+ 𝑎3𝑧23
𝑧21 + 𝑧22 + 𝑧23 − 𝑎23

= 0.

After clearing the denominators and homogenizing, we
find an equation of a quartic surface in ℙ3. In 1833 Sir
William Hamilton discovered that the surface has four real
singular points

(±𝑎3√
𝑎21 − 𝑎22
𝑎21 − 𝑎23

, 0, ±𝑎1√
𝑎22 − 𝑎23
𝑎21 − 𝑎23

, 1)

and also four real planes 𝛼𝑥+𝛽𝑦+𝛾𝑧+𝑤 = 0 that cut out
the surface along a conic (trope-conics), where

(𝛼, 𝛽, 𝛾, 1) = (±𝑎3
𝑎22√

𝑎21 − 𝑎22
𝑎21 − 𝑎23

, 0, ±𝑎1
𝑎22√

𝑎22 − 𝑎23
𝑎21 − 𝑎23

, 1)

[Ham37, p. 134]. In fact, as we shall see later, over ℂ, it
has additionally 12 nodes and 12 trope-conics.

In 1849 Arthur Cayley proved that Fresnel’s wave surface
is a special kind of a tetraedroid quartic surface. The latter
is characterized by the following property. There are four

Figure 2. Sir William Hamilton.

planes forming a tetrahedron such that each plane cuts out
the surface along a pair of conics. The three vertices of the
tetrahedron are conjugate with respect to the two conics
lying in the face of the tetrahedron they span. Moreover
16 intersection points of four pairs of conics are singular
points of the surface. Cayley also discovered an important
property of tetraedroid quartic surfaces: they are projec-
tively self-dual (or reciprocal). Wave surfaces were the sub-
ject of study for many famous mathematicians of the 19th
century.

Among them were A. Cauchy, J. Darboux, J. MacCul-
lagh, J. Sylvester, and W. Hamilton (see [Lor96, pp. 114–
115]). A nice modern exposition of the theory of Fresnel’s
wave surfaces can be found in [Knö86].

Projective equivalence classes of Fresnel’s wave surfaces
depend on two parameters and as we shall see momen-
tarily, these are examples of Kummer surfaces which are
determined by three parameters.

In 1847Adolph Göpel, using the transcendental theory of
theta functions, had found a relation of order four between
theta functions of second order in two variables that ex-
presses an equation of a general Kummer surface [Göp47].
To give Göpel’s equation, we next briefly discuss theta func-
tions.

Let 𝑇 = ℂ𝑔/Λ be a compact 𝑔-dimensional torus, the
quotient of ℂ𝑔 by the group of translations Λ isomor-
phic to ℤ2𝑔. There are no nonconstant holomorphic func-
tions on 𝑇 because it is a compact complex manifold; in-
stead one considers nonzero holomorphic sections of a
holomorphic line bundle 𝐿 on 𝑇. For general Λ no line

1528 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 67, NUMBER 10



Figure 3. Arthur Cayley.

bundle has enough sections to embed 𝑇 into a projective
space, i.e., 𝑇 does not admit a structure of a projective alge-
braic variety. However, in 1857 Bernard Riemann found
a condition on Λ such that 𝑇 admits a line bundle 𝐿 with
dimΓ(𝑇, 𝐿𝑛) = 𝑛𝑔 and whose sections embed 𝑇 onto a pro-
jective space. Such complex tori are now called principally
polarized abelian varieties. They depend on

1
2
𝑔(𝑔 + 1) com-

plex parameters. Holomorphic sections of 𝐿𝑛 can be lifted
to holomorphic functions on ℂ𝑔 that are Λ-invariant up
to some multiplicative factor. They are called theta func-
tions of order 𝑛. For 𝑛 = 1, such a holomorphic func-
tion is the famous Riemann theta function Θ(𝑧, Λ). One
can modify Riemann’s expression for Θ(𝑧, Λ) to include
some parameters which are elements (𝑚,𝑚′) of the group
(ℤ/𝑛ℤ)𝑔 ⊕ (ℤ/𝑛ℤ)𝑔, called theta characteristics. They gen-
erate the linear space Γ(𝑇, 𝐿𝑛).

An example of a principally polarized abelian variety is
the Jacobian variety Jac(𝐶) of a Riemann surface 𝐶 of genus
𝑔. Here Λ is spanned by vectors 𝑣𝑖 = (∫𝛾𝑖 𝜔1, … , ∫𝛾𝑖 𝜔𝑔) ∈
ℂ𝑔, 𝑖 = 1, … , 2𝑔, where (𝜔1, … , 𝜔𝑔) is a basis of the linear
space of holomorphic differential 1-forms and (𝛾1, … , 𝛾2𝑔)
is a basis of 𝐻1(𝑇, ℤ).

Göpel was able to find a special basis (𝜃0, 𝜃1, 𝜃2, 𝜃3) in
the space Γ(Jac(𝐶), 𝐿2) ≅ ℂ4 such that the map

Φ ∶ 𝑇 → ℙ3, (𝑧1, 𝑧2) ↦ (𝜃0(𝑧) ∶ 𝜃1(𝑧) ∶ 𝜃2(𝑧) ∶ 𝜃3(𝑧))

satisfies Φ(−𝑧1, −𝑧2) = Φ(𝑧1, 𝑧2) and its image 𝑋 is the set

Figure 4. Ernst Kummer.

of zeros in ℙ3 of a quartic polynomial

𝐹 = 𝐴(𝑥4 + 𝑦4 + 𝑧4 + 𝑤4) + 2𝐵(𝑥2𝑦2 + 𝑧2𝑤2)
+ 2𝐶(𝑥2𝑧2 + 𝑦2𝑤2) + 2𝐷(𝑥2𝑤2 + 𝑦2𝑧2) + 4𝐸𝑥𝑦𝑧𝑤,

where the coefficients (𝐴, 𝐵, 𝐶, 𝐷, 𝐸) satisfy a certain ex-
plicit equation in terms of theta constants, the values of
theta functions at 0. The images of 16 two-torsion points
𝜖 ∈ 1

2
Λ/Λ ∈ ℂ2/Λ are singular points of𝑋 . The Abel-Jacobi

map 𝐶 → Jac(𝐶), 𝑥 ↦ (∫𝑥
𝑥0 𝜔1, ∫

𝑥
𝑥0 𝜔2) mod Λ embeds 𝐶

into Jac(𝐶) and the images of the curves𝐶+𝜖 = {𝑐+𝜖, 𝑐 ∈ 𝐶}
are the 16 trope-conics of 𝑋 .

In 1864 Ernst Kummer had shown that 16-nodal quar-
tic surfaces depend on three complex parameters and Fres-
nel’s wave surface represents only a special case of these
quartic surfaces. Kummer proved that such surfaces con-
tain 16 trope-conics which together with 16 nodes form
an abstract incidence configuration (166) (this means that
each node lies on six trope-conics and each trope-conic
contains six nodes) [Kum64]. Kummer shows that any 16-
nodal quartic surface has a tetrahedron with conic-tropes
in the faces intersecting at two points on the edges. More-
over, he proved that no vertex can be a node. From this he
deduced that there exists a quadric surface that contains
the four trope-conics. Using this observation, he found an
equation of a general Kummer surface of the form

(𝑥2 + 𝑦2 + 𝑧2 + 𝑤2 + 𝑎(𝑥𝑦 + 𝑧𝑤) + 𝑏(𝑥𝑧 + 𝑦𝑤)

+𝑐(𝑥𝑤 + 𝑦𝑧))2 + 𝐾𝑥𝑦𝑧𝑤 = 0,
where 𝑥𝑦𝑧𝑤 = 0 is the equation of a chosen tetrahedron
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Figure 5. Carl Borchardt.

and 𝐾 = 𝑎2 + 𝑏2 + 𝑐2 − 2𝑎𝑏𝑐 − 1. Since then any 16-nodal
quartic surface became known as a Kummer quartic surface.

It took almost 30 years since Göpel’s discovery to real-
ize that the Göpel equation, after a linear change of vari-
ables, can be reduced to a Kummer equation. This was
done by Carl Borchardt in 1877 [Bor77]. In fact, Göpel’s
discovery leads to a modern definition of the Kummer sur-
face and its higher-dimensional version, the Kummer va-
riety. One considers any 𝑔-dimensional complex torus 𝑇
and divides it by the involution 𝑧 ↦ −𝑧; the orbit space is
called the Kummer variety of 𝑇 and is denoted by Kum(𝑇).
It was shown by Andre Weil that 𝑇 has always a structure of
a Kähler manifold. If 𝑇 admits an embedding into a pro-
jective space, then Kum(𝑇) is a projective algebraic variety
with 22𝑔 singular points. Moreover, if 𝑇 is a principally
polarized abelian variety, for example the Jacobian variety
of a genus 𝑔 algebraic curve, one can embed Kum(𝑇) into
the projective space ℙ2𝑔−1 to obtain a self-dual subvariety
of degree 2𝑔−1𝑔! with 22𝑔 singular points and 22𝑔 trope hy-
perplanes. If 𝑔 ≥ 3, each intersects it with multiplicity 2
along a subvariety isomorphic to the Kummer variety of a
(𝑔 − 1)-dimensional principally polarized abelian variety.

There is also a generalized Kummer variety of complex di-
mension 2𝑟 introduced by Arnaud Beauville in 1983. It is
a nonsingular compact holomorphic symplectic manifold
birationally isomorphic to the kernel of the addition map
𝐴(𝑟+1) → 𝐴, where 𝐴 is an abelian variety of dimension 2
and 𝐴(𝑟+1) = 𝐴𝑟/𝔖𝑟+1 is its symmetric product. The family
of such surfaces is one of a few known examples of com-
plete families of compact holomorphic symplectic mani-
folds of dimension 2𝑟.

Figure 6. Felix Klein.

The first book entirely devoted to Kummer surfaces
that combines geometric, algebraic, and transcendental ap-
proaches to their study was published by Ronald Hudson in
1905 [Hud05].

As I understand, Kummer’s interest in 16-nodal quar-
tic surfaces arose from his pioneering study of two-
dimensional families (congruences) of lines in ℙ3. They
are naturally parameterized by irreducible surfaces in the
Grassmann variety𝐺1(ℙ3) of lines in ℙ3. In [Kum66] Kum-
mer gives a classification of quadratic line congruences
(i.e., congruences of lines such that through a general point
𝑥 ∈ ℙ3 passes exactly two lines from the congruence). Let
𝑛 be the class of the congruence, i.e., the number of lines
of the congruence that lie in a general plane. Kummer had
shown that 2 ≤ 𝑛 ≤ 7 and when 𝑛 = 2 all the lines are
tangent to a Kummer quartic surface at two points. There
are six congruences like that whose lines are tangent to the
same Kummer surface.

In 1870, Felix Klein in his dissertation develops a beau-
tiful relationship between the Kummer surfaces and qua-
dratic line complexes [Kle70]. A quadratic line complex
is the intersection 𝑋 = 𝐺 ∩ 𝑄 of the Grassmann quadric
𝐺 = 𝐺1(ℙ3) in the Plücker space ℙ5 with another quadric
hypersurface. For any point 𝑥 ∈ ℙ3 the set of lines pass-
ing through 𝑥 is a plane 𝜎𝑥 contained in 𝐺. Its intersection
with 𝑋 is a conic. The locus of points 𝑥 such that this conic
becomes reducible is the singular surface of the complex,
and Klein had shown that it is a Kummer surface if the in-
tersection 𝐺 ∩ 𝑄 is transversal. Its 16 nodes correspond to
points where 𝜎𝑥 ∩ 𝑋 is a double line. In fact, Klein shows
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that the set of lines in 𝑋 is parameterized by the Jacobian
of 𝐶, Jac(𝐶), where 𝐶 is the Riemann surface of genus 2,
the double cover of ℙ1 realized as the pencil of quadrics
spanned by 𝐺 and 𝑄 ramified along six points correspond-
ing to six singular quadrics in the pencil. The Kummer
surface is isomorphic to Kum(Jac(𝐶)). By a simultaneous
diagonalization of quadrics 𝐺 and 𝑄, Klein shows that the
Kummer surface admits a birational nonsingular model as
a complete intersection of three quadrics

6
∑
𝑖=1

𝑥2𝑖 =
6
∑
𝑖=1

𝑎𝑖𝑥2𝑖 =
6
∑
𝑖=1

𝑎2𝑖 𝑥2𝑖 = 0,

where 𝑦2 = (𝑥−𝑎1)⋯ (𝑥−𝑎6) is the genus 2 Riemann sur-
face𝐶 from above. Instead of 16 nodes and 16 trope-conics
we now have two sets of 16 skew lines that form an abstract
incidence configuration (166) isomorphic to the Kummer
configuration of 16 nodes and 16 trope-conics. Klein also
shows that Fresnel’s wave surface is characterized by the
condition that 𝐶 is bielliptic, i.e., it admits an involution
with quotient an elliptic curve. By degenerating the qua-
dratic complex to a tetrahedral quadratic complex one ob-
tains Cayley’s tetraedroid quartic surface. In Göpel’s equa-
tion of a Kummer surface from above this corresponds to
vanishing of the coefficient 𝐸. Jessop’s book [Jes03] gives
an exposition of the works of Kummer and Klein on the re-
lationship between line geometry and Kummer surfaces.

Klein’s equations of a Kummer surface exhibit obvi-
ous symmetry defined by changing signs of the variables.
These symmetries generate an elementary abelian 2-group
25, the direct sum of five copies of the cyclic group of or-
der 2. The quartic model also admits 16 involutions 𝑡𝑖 de-
fined by the projection from the nodes 𝑝𝑖 (take a general
point 𝑥, join it with the node 𝑝𝑖, and then define 𝑡𝑖(𝑥) to be
the residual intersection point). They are birational trans-
formations, i.e., defined by an invertible rational change
of variables which may be not defined on some locus of
zeros of a finite set of polynomials. In 1886 Klein asked
whether the group of birational automorphisms Bir(𝑋) of
a (general) Kummer surface is generated by the group 25
and the projection involutions [Kle86]. In the remainder,
we will discuss the progress on this problem.

In 1901 John Hutchinson, using the theory of theta func-
tions, showed that a choice of one of 60 Göpel tetrad of
nodes (means the tetrahedronwith the tetrad as its vertices
has no trope-conics on its faces ) leads to an equation of
the Kummer surface of the form

𝑞(𝑥1𝑥2 + 𝑥3𝑥4, 𝑥1𝑥3 + 𝑥2𝑥4, 𝑥1𝑥4 + 𝑥2𝑥3) + 𝑐𝑥1𝑥2𝑥3𝑥4 = 0,

where 𝑞 is a quadratic form in three variables [Hut01]. He
observed that the transformation 𝑥𝑖 ↦ 1/𝑥𝑖 leaves this
equation invariant, and hence defines a birational involu-
tion of the Kummer surface.

Figure 7. John Hutchinson.

He proves that these 60 transformations generate an in-
finite discontinuous group. However, Hutchinson did not
address the question of whether adding these new trans-
formations to Klein transformations would generate the
whole group Bir(𝑋).

In 1850 Thomas Weddle, correcting a mistake of Michel
Chasles, noticed that the locus of singular points of
quadric surfaces passing through a fixed set of six general
points in ℙ3 is a quartic surface with singular points at the
six points [Wed50]. It contains 15 lines joining pairs of
the points and the unique twisted cubic curve through the
six nodes (it seems that Chasles asserted that there is noth-
ing else except the twisted cubic). Different equations of
the Weddle surface were given by Arthur Cayley in 1861,
Carl Hierholzer in 1871, and Eugen Hunuady in 1882. The
simplest equation was given later by F. Caspari [Cas91]:

det
⎛
⎜
⎜
⎝

𝑎𝑎′𝑦𝑧𝑤 𝑥 𝑎 𝑎′
𝑏𝑏′𝑥𝑧𝑤 𝑦 𝑏 𝑏′
𝑐𝑐′𝑥𝑦𝑤 𝑧 𝑐 𝑐′
𝑑𝑑′𝑥𝑦𝑧 𝑤 𝑑 𝑑′

⎞
⎟
⎟
⎠

= 0.

Here the six points are the points (1 ∶ 0 ∶ 0 ∶ 0), (0 ∶
1 ∶ 0 ∶ 0), (0 ∶ 0 ∶ 1 ∶ 0), (0 ∶ 0 ∶ 0 ∶ 1) and two
points with coordinates given in the last two columns of
the matrix. It is immediate to see that, after change of vari-
ables 𝑥 = 𝑎𝑎′𝑥′, 𝑦 = 𝑏𝑏′𝑦′, 𝑧 = 𝑐𝑐′𝑧, 𝑤 = 𝑑𝑑′𝑤′, the same
inversion transformation used by Hutchinson leaves the
Weddle surface invariant.

In 1889 Friedrich Schottky, using the theory of theta func-
tions, proved that a Weddle surface is birationally isomor-
phic to a Kummer surface [Sch89].
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Figure 8. Friedrich Schottky.

This implies that the groups of birational automor-
phisms of a Weddle surface and a Kummer surface are
isomorphic. For example, in 1911 Virgil Snyder gave many
geometric constructions of involutions of the Weddle sur-
face that give corresponding involutions of the Kummer
surface.1 In a paper of 1914, Francis Sharpe and Clide Craig
pioneered the new approach to study birational automor-
phisms of algebraic surfaces based on Francesco Severi’s
Theory of the Base. It consists of representing an automor-
phism of an algebraic surface as a transformation of the
group of algebraic cycles on the surface. This gave an easy
proof of Hutchinson’s result that 60 Göpel-Hutchinson in-
volutions generate an infinite group.

The Hutchinson involutions act freely on a nonsingular
model of the Kummer surface and the quotient by these
involutions are special Enriques surfaces. Enriques surfaces
were discovered by Federigo Enriques in 1894 and, together
with K3 surfaces, now occupy an important role in the
theory of algebraic surfaces. In their paper of 2013 un-
der the title “Enriques surfaces of Hutchinson-Göpel type
and Mathieu automorphisms” Shigeru Mukai and Hasinori
Ohashi study some finite groups of automorphisms of En-
riques surfaces.

John Hutchinson also discovered the following amaz-
ing fact. A tetrad of nodes is called a Rosenhain tetrad if
any three nodes in the tetrad lie on a trope-conic. A We-
ber hexad is the symmetric sum of a Göpel tetrad and a
Rosenhain tetrad. Hutchinson proves that the linear sys-
tem of quadric surfaces through a Weber hexad of nodes on
a Kummer surface defines a birational isomorphism to the

1John Hutchinson, Virgil Snyder, Francis Sharpe, and Clide Craig were on the
faculty of the Cornell Mathematics Department.

Hessian surface of a nonsingular cubic surface
𝐹3(𝑥, 𝑦, 𝑧, 𝑤) = 0 (the Hessian surface defined by the Hes-
sian matrix of 𝐹3(𝑥, 𝑦, 𝑧, 𝑤)) [Hut00]. The Hessian surface
can also be defined as the locus of singular polar quadrics
of the surface (quadrics given by linear combinations of
partial derivatives of 𝐹3). The rational map that assigns to
a singular quadric its singular point defines a fixed-point-
free involution on a nonsingular model of the Hessian
surface with quotient isomorphic to an Enriques surface.
There are 192 Weber hexads, each defines a birational in-
volution of a Kummer surface, called theHutchinson-Weber
involution. The automorphism groups as well as complex
dynamics of the Hessian quartic surfaces are the subjects
of study of several recent papers.

It is not surprising that none of the classical geometers
could decide whether a given finite set of birational trans-
formations generates the group Bir(𝑋) of birational auto-
morphisms of 𝑋 . It had to wait until the end of the century
for new technical tools to arrive.

A nonsingular birational model of a Kummer surface is
an example of a K3 surface. By definition, a K3 surface 𝑌
is a compact analytic simply connected surface with trivial
first Chern class 𝑐1(𝑌). Its second Betti number is equal
to 22. By a theorem of John Milnor, its homotopy type is
uniquely determined by the quadratic form expressing the
cup-product on𝐻2(𝑌, ℤ) ≅ ℤ22. It is a unique unimodular
even quadratic lattice of signature (3, 19) isomorphic to the
orthogonal sum of two copies of the even rank 8 negative
definite unimodular lattice 𝐸8(−1) and three copies of the
integral hyperbolic plane 𝑈. All K3 surfaces are diffeomor-
phic and realize the homotopy type defined by this lattice.
Any complex K3 surface admits a Kähler metric and, by
Yau’s theorem, it also admits a Ricci-flat metric. It is not
known how to write it explicitly (a problem of great im-
portance for physicists). The Kummer surface is flat in this
metric outside the singular points, but still one does not
know how to extend this flat metric to a Ricci-flat metric
on 𝑌 .

The quadratic lattice of cohomology𝐻2(𝑌, ℤ) of an alge-
braic K3 surface contains a sublattice 𝑆𝑌 = 𝐻2(𝑌, ℤ)𝑎𝑙𝑔 ≅
ℤ𝜌 of algebraic 2-cycles. It contains 𝑐1(𝐿), where 𝐿 is an am-
ple line bundle. The signature of 𝑆𝑌 is equal to (1, 𝜌 − 1)
and, in general, it is not a unimodular lattice. The group
Bir(𝑋) is isomorphic to the group Aut(𝑌) of biregular au-
tomorphisms of 𝑌 and it admits a natural representation
𝜌 ∶ Aut(𝑌) → O(𝐻2(𝑌, ℤ)) in the orthogonal group of
𝐻2(𝑌, ℤ) that leaves 𝑆𝑌 invariant.

The fundamental Global Torelli Theorem for K3 sur-
faces of Ilya I. Pyatetsky-Shapiro and Igor R. Shafarevich (its
original proof relies heavily on the theory of Kummer sur-
faces) allows one to describe the image of homomorphism
𝜌 as the set of all isometries of 𝐻2(𝑌, ℤ) that leave (af-
ter complexification) 𝐻2,0(𝑌, ℂ) invariant and also leave
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invariant the semi-group of cohomology classes of holo-
morphic curves on𝑌 . The group of automorphisms Aut(𝑌)
acts naturally on the lattice 𝑆𝑌 and on the hyperbolic space
ℍ𝜌−1 associated with the linear space 𝑆𝑌 ⊗ℝ of signature
(1, 𝜌 − 1). In this way it is realized as a discrete group of
motions of a hyperbolic space. By using an isometric em-
bedding of 𝑆𝑌 into the unimodular even lattice 𝐼𝐼1,25 of
signature (1, 25) isomorphic to the orthogonal sum of the
Leech lattice and the hyperbolic plane 𝑈, Richard Borcherds
introduced a method that in several cases allows one to
compute the automorphism group of a K3 surface using
the isometries of 𝐼𝐼1,25 defined by the reflections into Leech
roots. In 1998, based on Borcherds’ ideas, Shigeyuki Kondo
proved that the group of birational automorphisms of a
general Kummer surface (i.e., the Jacobian surface of a gen-
eral curve of genus 2) is generated by the group 25, 16
projection involutions, 60 Hutchinson-Göpel involutions,
and 192 Hutchinson-Weber involutions.2 The group of bi-
rational automorphisms of an arbitrary Kummer surface is
still unknown.

For a modern exposition of the classical theory of Kum-
mer surfaces, we refer the reader to [Dol12]. I apologize
for omitting, because of the brevity of the article, many
important contributions to the study of Kummer surfaces
by various mathematicians in the past and in the present.
Note that a search of the title “Kummer surface” in the data
base ofMathSciNet gives 132 items (72 of them in this cen-
tury).
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1. Introduction
Overview. Over the past two decades, Arctic sea ice has
experienced precipitous declines in extent and thickness,
ushering in a new narrative for the polar marine environ-
ment. This loss of sea ice is perhaps one of themost visible
large-scale changes on Earth’s surface connected to plane-
tary warming, with significant implications for the Arctic
region and beyond. The response of Antarctic sea ice to
climate change has been more complicated and less well
understood. Advancing our ability to analyze, model, and
predict the behavior of sea ice is critical to improving pro-
jections of climate change and the response of polar ecosys-
tems, and in meeting the challenges of increased human
activities in the Arctic. Over the past decade or so, research
on modeling sea ice and its role in Earth’s climate sys-
tem has blossomed, with fundamental contributions from
many areas of applied and computational mathematics.

Here we report on significant recent advances in sea ice
modeling. We give a fast-paced account of a broad range
of mathematical ideas, and key theoretical issues in the
physics of sea ice, on scales from millimeters to thousands
of kilometers. Modeling sea ice—a complex multiscale
medium—presents formidable challenges. Themathemat-
ics discussed here, while developed for sea ice, often has
broader applicability and provides insights into the anal-
ysis and modeling of other multiscale materials and sys-
tems.
Earth’s sea ice packs in a changing climate. The sea ice
covers of the polar oceans are a critical component of the
global climate system. They are vast in areal extent, cover-
ing millions of square kilometers, but are only a thin ve-
neer of ice a couple of meters thick. Sea ice serves as both
an indicator of change and as an amplifier of change. Con-
sider the Arctic sea ice cover. The amplification of global
warming long predicted by models has come to pass. Ob-
servations show that the Arctic is warming at twice the
rate of the rest of the planet. Satellite observations from
the past four decades show decreasing ice extent in every
month of the year, with the greatest losses occurring in
September, at the end of the melt season. Indeed, there
has been interest in predictions of when we might first see
substantially ice-free summers. The sea ice cover has also
undergone a fundamental shift from older, thicker, more
resilient perennial ice to primarily younger, thinner, less
resilient seasonal ice. This is clear evidence of a warming
climate.

Sea ice can also act as an amplifier of climate change
through ice-albedo feedback. Snow covered sea ice is an ex-
cellent reflector of sunlight. As the ice retreats, it uncovers
the highly absorbing ocean. More solar radiation is then
absorbed, resulting in more loss of ice and more absorbed
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sunlight creating a positive feedback loop. The end result
is less sea ice and more planetary heating. Sea ice loss also
influences the exchange of heat and moisture between the
atmosphere and ocean, further impacting the climate.

As we look toward the Southern Ocean and the Antarc-
tic sea ice pack, we find a different geographical context
withinwhich to consider amore complex response to plan-
etary warming. The Arctic is comprised of an ocean en-
circled by warming landmasses with declining spring and
summer snow covers and reduced albedo. The Antarctic is
a continent surrounded by ocean, geographically isolated
from the rest of the world but connected through atmo-
spheric and oceanic pathways. With sea ice growth uncon-
strained by surrounding continents, we see high variabil-
ity in year to year ice extent, with strong influence from
changes in wind and current patterns.

Much of the Arctic sea ice pack still persists during sum-
mer. However, relatively little Antarctic sea ice, which
forms at lower, warmer latitudes and is thinner, survives
the melt season. While Arctic sea ice has seen sustained
declines, Antarctic sea ice experienced over three decades
of gradual increases in yearly extent, peaking in 2014, yet
with some regions still registering notable declines. This
period was followed by an overall decline so precipitous
that three years later a record low for average coverage dur-
ing the 40-year satellite era was reached [S72]. Neverthe-
less, the long-term trend is nearly flat. In short, the plan-
etary warming signal has come through loud and clear in
the Arctic, but has so far been more difficult to discern in
the response of Antarctic sea ice [S89].
From microscale to macroscale. Viewed on almost any
length scale, sea ice displays composite structure (Figure
1). By holding a small piece of sea ice, careful inspection
reveals the brine and air inclusion microstructure on the
millimeter scale as well as the centimeter scale polycrys-
talline microstructure. Snow on top of sea ice is a highly
variable granular material with grains on the millimeter to
centimeter scale. From a helicopter the ice pack can be
viewed as a composite of ice floes in a sea water host, with
the frozen “inclusions” ranging in size from centimeters to
tens of kilometers. Systems of leads or openings in the ice
are fracture patterns that can extend hundreds of kilome-
ters. In late spring the Arctic sea ice surface is a composite
of ice and small ponds which grow and coalesce to form
kilometer scale, connected labyrinths of melt water.

In modeling and predicting the behavior of the polar
sea ice covers, one must keep in mind the overall scale of
the system under study. In winter, the maximum areal ex-
tent of sea ice in the Arctic is about 15 million km2, and
about 18million km2 in the Antarctic, or roughly 4000 km
in linear extent. With grid spacings in large-scale models
on the order of kilometers, or more likely, tens of kilome-
ters, it is not realistic to account for every brine inclusion,
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Figure 1. Multiscale structure of sea ice. From left to right: X-ray tomography of submillimeter scale brine inclusions; centimeter
scale polycrystalline structure of sea ice; centimeter to meter scale pieces of newly forming Arctic sea ice; meter to kilometer
scale melt ponds on the surface of summer Arctic sea ice; the Arctic sea ice pack can be viewed from space as a two-phase
granular composite. For perspective, rough image sizes from left to right are 1 cm, 5 cm, 5 m, 100 m, 100 km.

crystal grain, or floe in the model. The scales of interest for
climate studies are far greater than these “microstructural”
scales. Nevertheless, these features play an outsized role in
sea ice dynamic and thermodynamic behavior. One of the
fundamental challenges in modeling sea ice—and a cen-
tral theme in what follows—is how to rigorously account
for the impact of the microscale on macroscale behavior.

Most of the modeling ideas and techniques in the fol-
lowing apply to sea ice around both poles. However,
there are certain topics that are traditionally more rele-
vant to either the Arctic or the Antarctic. For example,
melt ponds are generally not observed on Antarctic sea
ice. Grainy polycrystalline microstructures, often associ-
ated with growth under more turbulent conditions or the
formation of “snow-ice” on top of flooded sea ice, have
typically been of more interest in studies of Antarctic sea
ice. Likewise, studies involving wave-ice interactions and
pancake ice, which forms in wavy conditions, have been
more focused in the Southern Ocean. However with Arc-
tic sea ice receding, wave activity has increased, along with
similar types of studies in the Arctic.

The paper is organized as follows. We begin with an
introduction to the basic physics of sea ice—its dynamics
and thermodynamics—that has historically served as the
foundation for early modeling efforts, and still serves in
this role today. Then we roughly follow the outline sug-
gested in Figure 1, where we move up in scale, starting
from the material properties of sea ice and how they de-
pend on the brine and polycrystalline microstructures. We
then consider mesoscale processes such as the formation
of leads and ridges, the evolution of melt ponds and floe
sizes, and wave-ice interactions. Finally we look at the
macroscale—the rheology of the sea ice pack, large-scale
numerical sea ice models which are key components of
global climate models, the assimilation of data into these
models, and low-order approximations of large-scale sea
ice behavior. Along the way we will touch upon a num-
ber of areas ofmathematics and theoretical physics, includ-
ing homogenization of partial differential equations, the-
ory of porous media, mechanics of materials, numerical
analysis, percolation theory, stochastic processes, complex

analysis, statistical mechanics, dynamical systems, and
even random matrix theory.

2. Sea Ice Dynamics and Thermodynamics
Physical processes acting on sea ice can be divided into
two categories: thermodynamic processes, which involve
the transfer of heat or radiation, and dynamic processes,
which move and deform the ice. Regions of the sea ice
cover often include mixtures of open water, thin first-year
ice, thicker multiyear ice, and thick ridges formed from ice
floes breaking or colliding under convergent forcing.

A fundamental goal in sea ice modeling is to predict the
evolution of the ice thickness distribution (ITD) in time
and space [TRMC75, S112]. The ITD is influenced by hor-
izontal transport, ridging and other mechanical processes,
and thickness changes due to thermodynamic growth and
melting. An essential aspect of sea ice thermodynamics is
the variation of growth and melting rates for different ice
thicknesses. Because heat conduction is proportional to
the vertical temperature gradient, thin ice grows and melts
more quickly than thicker ice, and is more likely to un-
dergo mechanical deformation.

The ice thickness distribution 𝑔(ℎ, 𝐱, 𝑡) gives the proba-
bility 𝑔(ℎ)𝑑ℎ of finding ice in the thickness range (ℎ, ℎ+𝑑ℎ)
at a given time 𝑡 and location x ∈ ℝ2, or the area fraction
covered by ice of this thickness, with ∫∞

0 𝑔(ℎ, 𝐱, 𝑡)𝑑ℎ = 1.
The ITD equation is fundamental to any sea ice model, be-
cause it integrates all of the physical processes that affect
ice volume:

𝜕𝑔
𝜕𝑡 = −∇ ⋅ (𝑔𝐮) + Ψ − 𝜕

𝜕ℎ (𝑓𝑔) + 𝐿, (1)

with 𝐮 the horizontal ice velocity, ∇ = ( 𝜕
𝜕𝑥
, 𝜕
𝜕𝑦
), 𝑓 the rate

of thermodynamic ice growth, Ψ a mechanical redistribu-
tion function, and 𝐿 representing lateral melting. The four
terms on the right describe: (1) horizontal transport in x,
(2) transport of mass of 𝑔 in ℎ due to ridging and other
mechanical processes, (3) transport of mass of 𝑔 due to
thermodynamic growth and melting, and (4) replacing ice
with open water by lateral melt. Solving the horizontal
transport and ridging equations requires 𝐮.

Although the ITD 𝑔(ℎ) is a function of a continuous
variable ℎ, in practice only a few thickness categories are
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tracked, typically between 5 and 20, with more categories
assigned to thinner ice to better resolve growth rates. Ther-
modynamic transport of the mass of 𝑔(ℎ) needs the ice
growth rate 𝑓 in each thickness category. The ITD equa-
tion is being generalized to include distributions of thick-
ness and floe size. In a significant recent advance, the ITD
was treated as a Fokker-Planck equation for the probability
density of a thickness diffusion process ℎ𝑡, with Ψ similar
to a Boltzmann collision term [S103].
Dynamics. In order to simulate icemotion 𝐮, sea icemod-
els generally include equations for the momentum, a con-
stitutive law that describes the material properties of the
ice, transport, and mechanical deformation. These equa-
tions strive to represent the basic properties of ice motion:
as a rigid material it resists convergent forcing, but it tends
to be highly fractured and therefore diverges easily. If con-
vergent forcing is strong enough, the ice will break and
form ridges and keels, often referred to as “ridging.” The
deformation or rates of strain, which are spatial derivatives
of the velocity components, control the amount of ridging
and fracture, which in turn determines the amount of open
water that is exposed to the atmosphere.

The force balance per unit area in the ice pack is given
by a two-dimensional momentum equation, obtained by
integrating the three-dimensional equation with respect to
the thickness of the ice in the vertical direction:

𝑚𝜕𝐮
𝜕𝑡 = ∇ ⋅ 𝝈 + 𝝉𝑎 + 𝝉𝑤 − 𝐶𝑚𝐤 × 𝐮 −𝑚𝑔∇𝐻, (2)

where 𝑚 is the combined mass of ice and snow per unit
area and 𝝉𝑎 and 𝝉𝑤 are wind and ocean forces, respectively.
The internal stress 𝝈 is given by a constitutive equation de-
scribing sea ice strength and rheology. The last two terms
represent Coriolis effects and sea surface slope 𝐻, where
here 𝑔 is gravitational acceleration.

Ice area fraction, volume, energy, and snow volume and
energy are advected horizontally. In addition, coupled to
equation (2) are equations governing the transport of trac-
ers such as melt water and biogeochemical inclusions.
Thermodynamics. Thermodynamic components of sea
ice models treat the ice as a slab with energy fluxes at both
surfaces,

𝑞𝑑ℎ𝑑𝑡 = 𝐹𝑠 + 𝐹 𝑙 + 𝐹𝐿↓ + 𝐹𝐿↑ + (1 − 𝛼)𝐼0𝐹𝑠𝑤, (3)

where 𝑞 is the energy per unit volume required to melt the
top surface material (either snow or ice), ℎ is thickness, 𝐹𝑠
is the sensible heat flux, 𝐹 𝑙 is the latent heat flux, 𝐹𝐿↓ is
the incoming longwave flux, 𝐹𝐿↑ is the outgoing longwave
flux, 𝐹𝑠𝑤 is the incoming shortwave flux, 𝛼 is the shortwave
albedo, and 𝐼0 is the fraction of absorbed shortwave flux
that penetrates into the ice. A similar relation holds at
the bottom of the ice. The heat equation in the vertical

direction for the interior temperature 𝑇𝑖 inside the ice is

𝜌𝑖𝑐𝑖
𝜕𝑇𝑖
𝜕𝑡 = 𝜕

𝜕𝑧 (𝑘𝑖
𝜕𝑇𝑖
𝜕𝑧 ) −

𝜕
𝜕𝑧[𝐼𝑝𝑒𝑛(𝑧)], (4)

where 𝜌𝑖 is sea ice density, 𝑐𝑖 its specific heat, 𝑘𝑖 its (effec-
tive) thermal conductivity, and 𝐼𝑝𝑒𝑛 is the flux of solar radi-
ation penetrating to depth 𝑧 (downward positive). Heat ca-
pacity and conductivity depend on both salinity and tem-
perature.

Some thermodynamic models treat sea ice as a mushy
layer [S122,S24], a mixture of brine and ice, with enthalpy
(or temperature) and salinity as prognostic variables. The
enthalpy 𝑞 is related to the temperature 𝑇 and brine vol-
ume 𝜙 by

𝑞 = 𝜙𝑞𝑏𝑟 + (1 − 𝜙)𝑞𝑖
= 𝜙𝜌𝑤𝑐𝑤𝑇 + (1 − 𝜙)(𝜌𝑖𝑐𝑖𝑇 − 𝜌𝑖𝐿0), (5)

where 𝑞𝑏𝑟 is brine enthalpy, 𝑞𝑖 is ice enthalpy, 𝜌𝑖 and 𝑐𝑖 are
density and heat capacity of ice, 𝜌𝑤 and 𝑐𝑤 are density and
heat capacity of brine, and 𝐿0 is the latent heat of melting
pure ice.

Many processes affect sea ice thermodynamics, includ-
ing interactions of long- and shortwave radiation with ice
surface characteristics (snow, bare ice, melt water) and in-
terior layers, turbulent fluxes (evaporation, latent and sen-
sible heat fluxes, wind stress), heat fluxes and stresses from
the ocean, and algal growth, which can darken the ice, de-
creasing the albedo.

3. Sea Ice as a Material
As sea ice grows from the freezing of sea water at −1.8∘C
and a typical salinity of 35 parts per thousand (ppt), brine
is entrained in the ice. The volume fraction of brine in sea
ice depends on the ice temperature and salinity, as well as
the age and initial growth rate of the ice. The presence of
this brine is a distinctive feature of sea ice. The amount and
distribution of the brine affects all aspects of sea ice includ-
ing its electromagnetic, mechanical, and thermal proper-
ties [S116,S74].

The influence of the brine phase on the bulk material
properties of sea ice depends strongly on temperature. In
particular, in sea ice colder than, say, −15∘C, the brine mi-
crostructure typically occupies less than 2% volume frac-
tion, and is segregated into submillimeter scale inclusions
or pores which are largely disconnected and well sepa-
rated, with diminished overall influence. However, as the
temperature warms toward around −5∘C and above, long-
range order develops as the inclusions coalesce to form
centimeter to meter scale connected structures, or brine
channels, through which fluid can flow.

The conditions under which sea ice forms determine
its crystallographic structure. The centimeter scale crys-
tals are columnar in shape for ice grown under quiescent
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conditions, and more granular when grown in wavy or tur-
bulent seas, which affects the material properties of sea ice.
Remote sensing and sea ice properties. One reason the
material properties of sea ice are so important and why
there is significant interest in understanding and model-
ing them, particularly sea ice electromagnetic properties, is
that they largely determine what is “seen” by remote sens-
ing platforms focused on the sea ice pack. Observations
from satellite-based remote sensing provide large-scale in-
formation on the spatial variability and temporal evolu-
tion of the polar sea ice covers. The relationships between
the observed electromagnetic signatures and the physical
state of the ice provide large-scale information on ice con-
ditions. At the heart of these relationships is the mathe-
matics and physics of electromagnetic wave interactions
with a complex multiscale composite material that has
rough surfaces and significant internal variability [S33].

There is an array of satellite instrumentation including
passive microwave, radar, visible and near-infrared, ther-
mal infrared sensors, high resolution photography, and
radar and lidar altimeters. The electromagnetic signatures
are converted by algorithms into information on sea ice
concentration and extent, ice age, ice motion, ice surface
conditions, and ice thickness [S52]. Underlying these algo-
rithms are various electromagnetic inverse problems and
inverse scattering theories [S32]. The resulting data sets
are a critical contribution to observing and understanding
the changing polar sea ice cover.

Homogenization refers broadly to a circle of ideas in
applied mathematics and the physics and engineering of
materials, where the goal is to find the effective, bulk, or
homogenized properties of a composite or inhomogeneous
medium. Sea ice is a polycrystalline composite of pure ice
with brine, air, and solid salt inclusions. We first consider
homogenization for two-phase composites and then for
polycrystalline media.

We briefly describe the analytic continuation method
(ACM) in homogenization theory. This approach was orig-
inally developed to study the effective properties of two-
phase composite materials, such as electrical and thermal
conductivity, complex permittivity, magnetic permeabil-
ity, diffusivity, and elasticity, which can all be similarly for-
mulated [S9,S62,S29,S63]. The method has been used to
obtain forward bounds on the homogenized coefficients
given partial information on the microstructure, such as
the volume fractions of the constituents, and extended
to multiphase media using techniques of several complex
variables [S30,S28]. This approach has also been success-
ful in addressing the inverse homogenization problem of
obtaining information on the microstructural parameters
from bulk property measurements [S58,S16,S13,S63].

Motivated by sea ice remote sensing and the physics
of electromagnetic waves interacting with sea ice, there

were numerous developments in the 1990s in the ACM
and its application to sea ice [Gol09]. Most of this work
was focused on the brine microstructure. More recently,
again motivated by sea ice processes, there have been sev-
eral advances in extending the ACM to larger-scale prob-
lems. These include homogenization for polycrystalline
materials [GLCG15], advection diffusion processes involv-
ing incompressible velocity fields [S4,S66], such as ther-
mal transport through sea ice enhanced by brine convec-
tion [S51], and ocean surface wave propagation through
the sea ice pack treated as a two-phase composite of ice
floes and sea water [S84].

To describe the ACM and the principal features that
carry over to other systems, we formulate the method in
the electromagnetic case for the complex permittivity, al-
though equivalent formulations could be given for the
other properties mentioned above. We consider a two-
phase locally isotropic composite, 𝜖(x) = 𝜖1𝜒1(x)+𝜖2𝜒2(x),
where 𝜖𝑗 is the complex permittivity of brine or ice for
𝑗 = 1, 2, respectively, and 𝜒𝑗 is the characteristic func-
tion equaling 1 for medium 𝑗 at x, and 0 otherwise, with
𝜒2 = 1 − 𝜒1. The local parameter 𝜖(x) is a stationary ran-
dom field with Ω the set of realizations of the random
medium and underlying probability measure 𝑃 compati-
ble with stationarity [Gol09, S29].

When the wavelength is much larger than the mi-
crostructural scale, the problem can be formulated with
the quasistatic Maxwell equations, ∇ × E = 0,∇ ⋅ D = 0,
where E(x) and D(x) are stationary electric and displace-
ment fields with D(x) = 𝜖(x)E(x). We assume ⟨E⟩ = e𝑘,
where ⟨⋅⟩ denotes ensemble averaging over Ω or spatial av-
eraging over all of ℝ𝑑, and e𝑘 is a unit vector in the 𝑘th
direction. The effective complex permittivity tensor 𝝐∗ is
defined by ⟨D⟩ = 𝝐∗⟨E⟩. Let 𝜖∗ = 𝜖∗𝑘𝑘 = ⟨𝜖E ⋅ e𝑘⟩. Due
to homogeneity, 𝜖∗(𝑎𝜖1, 𝑎𝜖2) = 𝑎𝜖∗(𝜖1, 𝜖2), 𝜖∗ depends on
ℎ = 𝜖1/𝜖2 and we define 𝑚(ℎ) = 𝜖∗/𝜖2, which is a Herglotz
function thatmaps the upper half ℎ-plane to the upper half
𝑚-plane, and is analytic off (−∞, 0]. The key is to obtain
the resolvent representation

E = 𝑠(𝑠I + 𝚪𝜒1)−1e𝑘. (6)

Here 𝚪 = ∇(−Δ−1)∇⋅ is a projection from 𝐿2(Ω, 𝑃) onto the
Hilbert space of curl-free random fields, and Δ−1 is convo-
lution with the free space Green’s function for the Lapla-
cian Δ = ∇2.

Consider 𝐹(𝑠) = 1−𝑚(ℎ), 𝑠 = 1/(1−ℎ), which is analytic
off [0, 1] in the 𝑠-plane. Then (6) yields a Stieltjes integral
representation for 𝜖∗,

𝐹(𝑠) = ∫
1

0

𝑑𝜇(𝑧)
𝑠 − 𝑧 , (7)

where 𝜇(𝑑𝑧) = ⟨𝜒1𝑄(𝑑𝑧)e𝑘 ⋅ e𝑘⟩ is a positive spectral mea-
sure on [0, 1] and 𝑄(𝑑𝑧) is the (unique) projection-valued
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measure associated with the bounded, self-adjoint opera-
tor 𝚪𝜒1.

Equation (7) is based on the spectral theorem for the
resolvent of 𝚪𝜒1. This representation separates the com-
ponent parameters in 𝑠 from the geometrical informa-
tion in 𝜇. The geometry enters via the moments 𝜇𝑛 =
∫1
0 𝑧𝑛𝑑𝜇(𝑧) = ⟨𝜒1[(𝚪𝜒1)𝑛e𝑘]⋅e𝑘⟩, 𝑛 = 0, 1, 2, …. Themass 𝜇0

is ⟨𝜒1e𝑘 ⋅ e𝑘⟩ = ⟨𝜒1⟩ = 𝜙, where 𝜙 is the brine volume frac-
tion. The (𝑛+1)-point correlation function of themedium
determines 𝜇𝑛.

The integral representation (7) yields forward bounds on
the effective parameters of composites, given partial infor-
mation on the microgeometry via the 𝜇𝑛 [S63], and on
𝜖∗ for sea ice in particular [Gol09]. The integral represen-
tation can also be used to obtain inverse bounds, allowing
one to use data about the electromagnetic response of a
composite, for example, to bound its structural parame-
ters, such as the volume fraction of each of the compo-
nents [S58,S16,S13,S63,S38,S69].

Computing the spectral measure 𝜇 directly for a com-
posite microstructure involves discretizing an image of the
composite into a square lattice filled with 1’s and 0’s cor-
responding to the two phases, as in Figure 2. Then 𝚪𝜒1,
which depends on the geometry via 𝜒1, becomes a matrix.
The spectral measure may be calculated from the eigenval-
ues and eigenvectors [S65].

Figure 2. The two-dimensional square lattice below its
percolation threshold of 𝑝𝑐 = 1/2 in (a) and above it in (b). A
schematic graph of the effective conductivity is shown in (c).

Percolation. The connectivity of the brine phase in sea
ice is a principal determinant of its electromagnetic and
fluid transport properties. For example, fluid convection
in sea ice, which can occur when the brine phase is suf-
ficiently connected to form channels, plays an important
role in thermal transport in sea ice as well as in nutrient re-
plenishment processes for microbial communities living
inside the brine inclusions. On larger scales, the connec-
tivity ofmelt ponds on the surface of Arctic sea ice helps de-
termine drainage patterns which can impact sea ice albedo.
In ocean surface wave propagation through the two-phase
composite of ice floes in a sea water host, the connectiv-
ity of the water phase significantly influences the homog-
enized mechanical properties and wave propagation char-
acteristics of the ice pack.

The percolation model has been widely used to formu-
late and address questions involving connectivity in com-
plex systems such as porous media and composite mate-
rials [Gol09]. In its simplest form, one considers the 𝑑-
dimensional integer lattice ℤ𝑑, and the square or cubic net-
work of bonds joining nearest neighbor lattice sites. We as-
sign to each bond a conductivity 𝜎0 > 0with probability 𝑝,
meaning it is open (black), or a conductivity 0 with prob-
ability 1 − 𝑝, meaning it is closed. Two examples of bond
configurations are shown in Figure 2, with 𝑝 = 1/3 in (a)
and 𝑝 = 2/3 in (b). Groups of connected open bonds are
called open clusters. In this model there is a critical proba-
bility 𝑝𝑐, 0 < 𝑝𝑐 < 1, called the percolation threshold, which
is the smallest 𝑝 for which an infinite open cluster exists.
For the two-dimensional bond lattice 𝑝𝑐 = 1/2.

The effective conductivity 𝜎∗(𝑝) of the lattice, or ran-
dom resistor network (RRN) defined via Kirchoff’s laws,
vanishes for 𝑝 < 𝑝𝑐 as shown in Figure 2(c), since there
are no conducting pathways. For 𝑝 > 𝑝𝑐, 𝜎∗(𝑝) > 0, and
near 𝑝𝑐, 𝜎∗(𝑝) ∼ 𝜎0(𝑝 − 𝑝𝑐)𝑡, 𝑝 → 𝑝+𝑐 , where 𝑡 is the con-
ductivity critical exponent, with 1 ≤ 𝑡 ≤ 2 in 𝑑 = 2, 3, and
numerical values 𝑡 ≈ 1.3 in 𝑑 = 2 and 𝑡 ≈ 2.0 in 𝑑 = 3.
Now consider a random pipe network with effective fluid
permeabilityΠ(𝑝) and critical behaviorΠ(𝑝) ∼ Π0(𝑝−𝑝𝑐)𝑒,
whereΠ0 depends on pipe radius and 𝑒 is the permeability
exponent, with 𝑒 = 𝑡 for lattices. Both 𝑡 and 𝑒 are believed
to be universal—depending only on dimension and not
on the lattice. Continuum models, like the Swiss cheese
model, can exhibit nonuniversal behavior with exponents
different from the lattice case and 𝑒 ≠ 𝑡.

Columnar sea ice, which forms under quiescent condi-
tions, has a percolation threshold of 𝜙𝑐 ≈ 5% brine vol-
ume fraction. For a typical bulk salinity of 5 ppt, this cor-
responds to a critical temperature of 𝑇𝑐 ≈ −5∘C, known
as the rule of fives [GAL98]. In modeling brine geometry
to predict the low value of 𝜙𝑐, we observe an excluded vol-
ume effect: the inclusions lie on the boundaries of pure
ice platelets, not randomly distributed throughout their
host. Sea ice is similar to compressed powders of polymer
spheres with smaller conducting particles in the interstices,
used in radar absorbing, stealthy aircraft coatings. Connec-
tivity of the conducting phase in compressed powders can
be achieved with low volume fractions of the particles. A
continuum theory of compressed powders adapted to sea
ice predicts the 5% threshold—the on–off switch for fluid
flow in sea ice [GAL98]. Brine inclusion sizes are lognor-
mally distributed, so that lattice theory holds. Universal
critical exponents 𝑒 = 𝑡 = 2 give predictions for Π(𝜙) and
𝜎∗(𝜙) that agree closely with measurements [S34].

The spectral measure 𝜇 depends on the microstructure
of the composite, and phase connectedness in particular.
For the RRN with the microgeometry determined by inde-
pendent weighted coin flips, 𝚪𝜒1 becomes a matrix with
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random coefficients via 𝜒1, which equals 1 on open bonds.
The statistics of the eigenvalues and eigenvectors of 𝚪𝜒1
for discretizations of sea ice structures and the RRN were
studied. It was found that as long-range order and con-
nectivity develop with 𝑝⟶ 𝑝−𝑐 , the spectral and localiza-
tion statistics undergo a percolation-driven Anderson tran-
sition [S64]. This behavior directly parallels the quantum
theory of the metal/insulator transition and other local-
ization phenomena in wave physics [S37], and connects
sea ice modeling to random matrix theory [S21]. The
eigenvalue spacing distribution, for example, transitions
from an uncorrelated Poissonian to a repulsive, universal
Wigner–Dyson distribution for the Gaussian Orthogonal
Ensemble [S64].
Polycrystalline structure. Sea ice is a polycrystalline
composite—a conglomeration of centimeter scale individ-
ual crystals, whose structure depends on how the ice was
grown [S116,S74]. For congelation ice frozen under calm
conditions, the crystals are vertically elongated columns,
and each crystal itself is a composite of pure ice platelets
separating “layers” of brine inclusions. The orientation of
each crystal is determined by the direction that the 𝑐-axis
points, which is perpendicular to the platelets. Horizon-
tal thin sections of columnar sea ice viewed under cross-
polarized light are shown in Figures 1 and 3. Shown on
the right in Figure 3 is a thin section of granular ice, likely
grown under turbulent conditions, or perhaps formed as
snow-ice from flooding of the surface snow layer and sub-
sequent freezing.

The 𝑐-axes of columnar ice typically lie within the hori-
zontal plane, yet are randomly oriented within the plane,
unless there is a prevalent ocean current direction during
growth. In this case the 𝑐-axes tend to align with the cur-
rent [S117,S54], as shown in Figure 3. The orientations of
the crystals in granular ice tend to be statistically isotropic,
as shown on the right in Figure 3, where different colors
indicate different crystal orientations. The columnar ice
on the left, on the other hand, has 𝑐-axes that are closely
correlated.

The polycrystalline structure of sea ice can impact its
electromagnetic and mechanical properties, as well as how

Figure 3. Cross-polarized images of columnar sea ice from the
Ross Sea on the left, and granular ice from the
Bellingshausen Sea on the right.

Figure 4. Polycrystalline bounds [GLCG15] on the complex
permittivity of sea ice (left) together with measurements [S2].
Comparison of a polycrystalline bound (blue) with the two
component bounds (right) shows a dramatic improvement
over the classical results as the new bounds include
additional information about single crystal orientations
(notice different scales on the axes).

fluids and nutrients flow through the ice. Recent work, for
example, shows that granular ice has a higher percolation
threshold for fluid flow than columnar ice, with 𝜙𝑐 ≈ 10%,
which has implications for modeling microbial communi-
ties and physical processes [S35]. Determining ice type us-
ing remote sensing techniques is thus of particular interest.
Early studies show that aligned columnar ice gives differ-
ent radar returns and observed permittivities, depending
on the electric field polarization, affecting measurements
of ice thickness [S31].

In extending the analytic continuation approach be-
yond two-phase composites, a Stieltjes integral represen-
tation and bounds were obtained for 𝝐∗ of polycrystalline
composites in general, and sea ice in particular, consid-
ered as a three-dimensional, transversely isotropic or uni-
axial polycrystalline composite material [GLCG15]. The
forward bounds on the components of 𝝐∗ use information
about the complex permittivity tensor 𝜺 of the individual
crystals and the mean crystal orientation. In Figure 4 (left)
they are in good agreement with measurements [S2], and
(right) they are compared with the classic two-component
bounds. The inverse bounds [GLCG15, S16] for the mean
orientation are obtained from measurements of 𝝐∗, and
lay the groundwork for determining ice type using remote
sensing techniques.

The mathematical framework for analysis of the elec-
tromagnetic transport properties of random, uniaxial poly-
crystalline media [GLCG15] is analogous to that for two-
phase random media. In a polycrystalline material, crys-
tals of varying size, shape, and orientation have the same
complex permittivity tensor 𝜺 with different values along
different crystal axes. Crystal orientation is given by a rota-
tion matrix B.

For transversely isotropic or uniaxial polycrystallineme-
dia, the permittivity along one of the crystal axes has the
value 𝜖1, while the permittivities along all the other crystal
axes have the value 𝜖2, so that 𝜺 = diag(𝜖1, 𝜖2, 𝜖2). The local
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permittivity tensor of such media is given by

𝝐(x, 𝜔) = B𝑇(x, 𝜔) 𝜺B(x, 𝜔), (8)

where B(x, 𝜔) is a random rotation matrix. The effective
complex permittivity tensor 𝝐∗ is defined as above, and has
components 𝜖∗𝑗𝑘 = e𝑗 ⋅ 𝝐∗e𝑘 = ⟨e𝑗 ⋅ B−1𝜺BE⟩, where ⟨E⟩ =
e𝑘. Introducing ℎ = 𝜖1/𝜖2, 𝑠 = 1/(1 − ℎ), and matrices
C = e1(e1)𝑇 and R = B𝑇CB, we can write components of a
tensor function 𝐹𝑗𝑘(𝑠) as 𝐹𝑗𝑘(𝑠) = 1 − 𝜖∗𝑗𝑘/𝜖2 = ⟨𝑠−1e𝑗 ⋅ RE⟩.
In analogy with the two-component case, we derive the
resolvent representation

E = 𝑠(𝑠I + 𝚪R)−1e𝑘, (9)

which leads to an integral representation for 𝐹𝑗𝑘(𝑠) similar
to (7) where the positive-definite measure {𝜇𝑗𝑘} is the spec-
tral measure of the self-adjoint operator 𝚪R = ∇(−Δ)−1∇⋅
R.

The inverse bounds estimate the mean crystal orienta-
tion from 𝝐∗ data, and show a significant difference in the
reconstructed mean orientations for columnar and gran-
ular ice. This provides a foundation for distinguishing
ice types using electromagnetic measurements. The Stielt-
jes integral representation can be generalized to elastic
[S48,S71] and viscoelastic composites [S10,S15,S70], and
to viscoelastic polycrystalline materials [S14].

The polycrystalline structure of sea ice also strongly in-
fluences its rheological behavior. Although there can be
significant variations depending on the age and depth of
the ice, at microscopic scales, sea ice floes can be consid-
ered to be made of solid polycrystalline ice with brine in-
clusions embedded in the hexagonal closed packed (HCP)
ice grains. The dominant structure at this scale consists of
columnar grains that exhibit a pronounced texture with
𝑐-axes of the HCP single crystals in the horizontal plane
and with random orientations in this plane. As the HCP
ice crystals exhibit highly anisotropic viscoplastic behavior,
with “easy” glide on basal planes and “hard” slip on non-
basal systems, this specific texture strongly influences the
macroscopic response at these length scales. Similarly, the
elongated intragrain brine inclusions also strongly affect
the rheological response of sea ice.

In [DC19] and [S76,S92] a homogenization model
has been developed that accounts for the viscoplastic
anisotropy of the crystal grains in sea ice, the average shape,
volume fraction 𝜙, and orientation of the brine inclusions,
as well as the crystallographic texture and average grain
shape and orientation. One crucial finding from these
models is that the viscoplastic response of intact sea ice
exhibits a nonlinear dilatational response, which is due
to the accommodation of overall volumetric strain by con-
comitant changes in the porosity. In addition, the hydro-
static nonlinear viscosity of sea ice depends strongly on

the porosity and average pore shape—tending to decrease
with increasing porosity and aspect ratio.
Mushy layer theory and brine channels. As thinner first-
year ice becomes more prevalent in the Arctic Ocean, re-
placing thicker, fresher, multiyear ice, we are led to con-
sider sea ice with higher porosity and greater susceptibil-
ity to interstitial fluid flow. We then focus on brine trans-
port over the scale of the ice thickness (i.e., from centime-
ter to meter scales) which is effectively characterized using
continuum models of flow in reactive porous media [S47].
The resulting fluid dynamics drives convective brine rejec-
tion duringwinter ice growth, which controls surface buoy-
ancy fluxes across the polar oceans. Such flows also pro-
vide chemical and nutrient transport for biogeochemical
systems [S111]. Because the porous sea ice is reactive, salt
transport induces porosity variations that impact material
properties, such as the permeability variations that impact
formation of surface melt ponds [S75]. These dynamics
are also of intrinsic mathematical interest, featuring free-
boundary evolution, nonlinear dynamics, and pattern for-
mation in amultiscale continuum system that undergoes a
transient evolution through the relevant dynamical phase
space. We refer the reader to [WHP19] and [S47,S123] for
further details and references.

A widely applied continuum modeling approach treats
sea ice as a mushy layer: a two-phase, two-component re-
active porous material [S122,S24]. We consider phase-
weighted dynamics over representative volume elements
containing many ice crystals and liquid brine pores, with
porosity 𝜙, temperature 𝑇, and phase-weighted salinity
𝑆 = 𝑆 𝑙𝜙 + 𝑆𝑠(1 − 𝜙) for liquid salinity 𝑆 𝑙 and solid salinity
𝑆𝑠 ≈ 0. The pore scale microstructure is assumed to ad-
just sufficiently rapidly to maintain local thermodynamic
equilibrium, with local phase changes modifying the liq-
uid salinity so that the mixture lies at the freezing tempera-
ture 𝑇 = 𝑇𝑓(𝑆 𝑙). Conservation of energy, salt, momentum,
and mass result in the following system of coupled PDEs:

𝜌𝑐𝑝
𝜕𝑇
𝜕𝑡 +𝜌𝑙𝑐𝑙𝐮 ⋅∇𝑇 = ∇⋅(𝑘∗∇𝑇)−𝜌𝑠𝐿

𝜕𝜙
𝜕𝑡 , (10)

𝜕
𝜕𝑡 [𝑆 𝑙𝜙] + 𝐮 ⋅ ∇𝑆 𝑙 = ∇ ⋅ (𝐷∗∇𝑆 𝑙) , (11)

𝜕
𝜕𝑡 [𝜌𝑙𝜙 + 𝜌𝑠(1 − 𝜙)] + ∇ ⋅ (𝜌𝑙𝐮) = 0, (12)

𝜈
Π𝐮 = −∇𝑝 + 𝜌𝐠, (13)

where 𝜌𝑐𝑝 is the homogenized heat capacity (at constant
pressure), 𝜌𝑙𝑐𝑙 is the heat capacity of the liquid, 𝑘∗ is the
effective thermal conductivity, 𝜌𝑠 and 𝜌𝑙 are the solid and
liquid densities, 𝐿 is the latent heat, 𝐷∗(𝜙) is the homog-
enized salt diffusivity, 𝜈 is the dynamic viscosity, and 𝐠 is
gravitational acceleration. The momentum equation (13)
uses Darcy’s law for flow in a porous medium, where the
averaged velocity field 𝐮 depends on the fluid permeability
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Π(𝜙), the pressure gradient, and buoyancy forces depend-
ing on fluid density 𝜌 ≈ 𝜌𝑙 (1 − 𝛽𝑆 𝑙)with haline coefficient
𝛽.

For 𝐮 = 0, (10)–(11) can be used with appropriate
boundary conditions to solve a Stefan problem for a diffu-
sively growing ice layer with vertical variation of the poros-
ity 𝜙. However, for natural sea ice growth an unstable den-
sity gradient arises in the pore fluid, and a convective in-
stability can break the horizontal symmetry giving rise to
brine channels [S122]. The convective cells are modified
by a flow-focusing feedback, where downwelling brine dis-
solves the ice matrix, increasing porosity and permeability.
The nonlinear development focuses downflow into narrow
high porosity brine channels that eventually become solid
free, with wider regions of upwelling and lower porosity
in between [S122]. The resulting brine channels evolve in
space and time as the ice grows, as shown in experiments
reviewed in [WHP19], and in numerical solutions of the
nonlinear system (10)–(13) illustrated in Figure 5. The
question then arises as to what controls the wavelength of
this pattern, and the resulting brine channel spacing.

Linear stability analyses predict convective onset when
the mushy-layer Rayleigh number 𝑅 = 𝜌𝑙𝑔𝛽Δ𝑆Π0ℎ/𝜅𝜈 ex-
ceeds a critical value [S122], which occurs for large enough
mushy-layer thickness ℎ. Here Δ𝑆 is a characteristic salin-
ity difference, Π0 a representative, permeability value, and
𝜅 the thermal diffusivity. Weakly nonlinear analyses elu-
cidate the pattern formation, and potential for oscilla-
tory modes of instability [S1,S122]. However, the chan-
nel spacing coarsens over time, and fully developed brine
channels are solid free, which represents a significant de-
parture from the background state. This requires a differ-
ent approach that accounts for the nonlinearity. One such
approach uses enthalpy method simulations, where the
narrow brine channel widths promote the effectiveness of
Adaptive Mesh Refinement [PMWK20]. Asymptotic mod-
els have also been developed to describe brine channel
flow [S87], exploiting the slenderness of channel width 𝑎
versus the mushy-layer thickness (𝑎/ℎ ≪ 1). The asymp-
totically reduced channel description has been coupled to
numerical models of the remaining mush [S120] and used
in semianalytic models [S79].

For steady growthwith a periodic array of channels with
imposedwavelength 𝜆, the salt fluxes from themushy layer
vary with the channel spacing. The competition between
neighboring channels results in a saddle-node bifurcation
with flow shutting down as 𝜆 is decreased [S79,S118]. This
is consistent with experiments of mushy-layer growth with
lateral confinement [S126]. For unrestricted growth in
wider domains, it has been posed [S118] that the emergent
wavelength in this nonlinear dissipative system evolves to
optimize the salt flux (and corresponding flux of poten-
tial energy). This predicts that the channel spacing scales

Figure 5. Evolution of a convecting mushy layer with porosity
𝜙 and dimensionless liquid-region salinity
𝑆1 = (𝑆 𝑙 − 𝑆𝑜)/(𝑆𝐸 − 𝑆𝑜), where 𝑆𝑜 is ocean salinity and 𝑆𝐸
eutectic salinity. Simulations use the enthalpy method in
[PMWK20] for sea ice growth in a 2-D Hele-Shaw cell of depth
𝐻.

proportionally to the depth of convective cells, and yields
a solute flux consistent with transient ice growth in lab ex-
periments [S119]. More detailed tests of the transient evo-
lution are awaited, but this approach hasmotivated param-
eterizations of fluid transport for brine fluxes and biogeo-
chemical systems [S123].

4. Mesoscale Processes
Formation of leads and ridges. The Arctic Ocean is sur-
rounded by land and each fall sea water freezes up to the
land boundaries and fills the Arctic basin with ice that lasts
through the winter. Near-shore ice melts in the spring
and summer but (currently) ice remains in the high Arctic
year round. Motion of the ice is driven primarily by wind
and ocean currents, with wind being the dominant force.
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As ice forms from frozen sea water, it insulates the rela-
tively warmer ocean (−2∘C) from the colder atmosphere
(−20∘C). When the atmosphere is cold, water initially
freezes rapidly, but as the insulating layer of ice grows, the
freezing rate slows, as a basic Stefan model shows. At ther-
modynamic equilibrium, the ice would be about 1.5 m
thick; however ice motion and deformation alter ice thick-
ness. Leads are areas of open water formed when currents
or winds pull or shear ice apart, and in winter form long,
narrow openings, meters to hundreds of meters wide that
can stretch hundreds of kilometers ormore in length [S22].
Leads occupy 1–2% of the ice area but account for 70% of
the ocean-air heat flux [S56]. (Heat flux through ice is 2–
5 Wm−2 compared with 300–500 Wm−2 through leads.)
Leads are of fundamental importance to Earth’s heat bud-
get, ice production, and navigation.

Figure 6. Left: Ridged Antarctic sea ice. Right: A wide lead in
Antarctic sea ice.

Within a lead, rapid refreezing of the open water creates
thin ice. The crushing of the thinner lead ice during con-
vergent or shear flow piles blocks of ice onto the surface
to form ridge sails or forces the blocks under the surface
to form ridge keels. These prominent features of the Arctic
ice pack can reach roughly 30 m high. It is estimated that
half of the total Arctic ice volume is in ridged ice [S112].
Bonds formed between the ice blocks due to freezing, and
refreezing of the part under the water surface, turn sea ice
ridges into robust ice features. Ridge formation is a mech-
anism that increases the volume of ice per unit area. Both
leads and pressure ridges are usually narrow, long, local-
ized features, often referred to as linear kinematic features
[S53].

Ridges have variable properties and shapes [S102,S97]
which change throughout the season [S55], but data has
been difficult to obtain. Data on block dimensions, keel
and sail width and area, mechanical properties, and inter-
nal structure such as degree of consolidation or porosity—
and the relationships between these properties—are lack-
ing. To fill the gaps, individual ridge formation has been
studied analytically using beam theory [S73,S19], numer-
ically using DEM, in ice tank tests [S109], and through
remote sensing via satellites and upward-looking sonar
mounted on submarines.

A realistic representation of leads and ridges in sea ice
models could drastically increase the fidelity in large-scale
general circulation models. The opening and closing of
open water areas in leads affects ice production and ice
mass balance, vertical heat fluxes between the ocean and at-
mosphere, and upper ocean salinity since brine is rejected
as sea water freezes. Leads have an albedo significantly
lower than sea ice and thus increase the local absorption of
solar energy. Ridge sails and keels change the atmosphere-
ice and the ice-ocean drag forces. Modeling correspond-
ing effective drag coefficients involves complex homoge-
nization problems. Ridges appear not only in high Arc-
tic regions, but also in areas where human activities are
more prevalent. On the floe scale, leads are areas where
land- and ice-dwelling animals feed, and where sea life or
submarines can surface. The design of off-shore structures
and ice-going vessels needs to account for possible loads
imparted by ridging ice.
Floe size distribution. Viewed from a helicopter or satel-
lite, the sea ice cover is a composite material—a mosaic
of individual pieces, known as floes. Each individual floe
may be identified with two geometric parameters: its thick-
ness and its “size,” where size is a metric related to its hor-
izontal extent. Whereas ice thicknesses vary from centime-
ters to meters, floe sizes vary from pancakes centimeters
across to swaths of connected ice in winter, reaching over
hundreds of kilometers, on the scale of the entire Arctic
basin.

Figure 7. Segmentation of a video image via thresholding
gives floe boundaries (red) in the Antarctic marginal ice zone
[S104].

The significance of the shape and scale of sea ice floes
was recognized in a modeling context in [S83], where a va-
riety of different approaches to compiling statistical infor-
mation about floe sizes was described. The “mean caliper
diameter” 2𝑟𝐶 was defined as the average distance between
two parallel lines that touch a floe’s boundary but do not
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intersect it. Though floes have irregular shapes, the rela-
tion𝐴 = 𝜋𝑟2𝐶 , where𝐴 is floe area, was found to be accurate
within 10%, and therefore recent modeling efforts define a
floe’s size through the effective radius of an equivalent-area
circular disc [HT15], 𝑟 ≡ √𝐴/𝜋.

Consider an area 𝒜 containing 𝒩 floes with areas 𝐴𝑖
and radii 𝑟𝑖. An area-based floe size distribution (FSD) 𝑓(𝑟)
is defined analogously to the ice thickness distribution 𝑔(ℎ)
as

𝑓(𝑟)𝑑𝑟 = 1
𝒜 ∑

𝑖∈𝑅𝑖
𝐴𝑖, (14)

where 𝑅𝑖 = {𝑖 ∶ 𝑟𝑖 ∈ [𝑟, 𝑟 + 𝑑𝑟)}. The FSD is therefore an
area-weighted probability distribution function of floe size
defined at any scale.

The FSD encodes information about the number of
floes per unit area at each size 𝑁(𝑟) = 𝑓(𝑟)/𝜋𝑟2, and the
perimeter of floes per unit area at each size 𝑃(𝑟) = 2𝑓(𝑟)/𝑟.
Upon visual inspection, ice pack geometry exhibits self-
similar scale-invariant behavior. In [S83] and nearly all
subsequent observational studies, power law behavior for
these distributions was adopted, such as 𝑁(𝑟) ∝ 𝑟−𝛼 for
𝑟 ∈ [𝑟0,∞). The power-law exponent 𝛼 is directly anal-
ogous to a fractal dimension under the assumption that
some scale-invariant process generates the FSD, for exam-
ple sequential fragmentation [S104]. Note, however, that
observed power law coefficients can be produced by many
different scale-dependent processes [S45], and the analogy
is not necessarily appropriate in all cases. Constraints on
𝛼 are imposed by physical constraints: finite floe area and
finite or infinite floe perimeter.

The “power law hypothesis” has been supported in
some observational studies, with different 𝛼 observed in
different size regimes [S106,S104], though the general va-
lidity of this hypothesis has seldom been tested. Stud-
ies of 𝑓(𝑟) without straight lines in log-log space are of-
ten interpreted as “double power law distributions” [S106].
The first Arctic-wide assessment of the FSD using satellite
altimetry showed limited support for power-law tail be-
havior [S44]. Recent meta-analyses of FSD observations
[S39,S94] also reveal a wide range of reported values of
𝛼 ( ∼ between 0 and 4) and a lack of consistent scale-
invariant behavior. Still, there is clear utility in parametric
descriptions of the FSD.

Viewing the sea ice pack as a granular composite ma-
terial, floe size is analogous to grain size in traditional
continuum mechanics [S107]. Sea ice models that use a
continuum viscous-plastic rheology inherit a latent sub-
grid scale floe size distribution [Hib79, S105]. A critical
influence on the FSD is coupling to ocean surface waves.
Waves directly alter the FSD, but can then also indirectly in-
fluence ice thickness or concentration, with fractured floes
melting more rapidly than larger ones. In 2009 an expedi-
tion left a region of compact multiyear ice before a storm

[S3]. Returning three days later, the ice was heavily frag-
mented, and hadmostlymelted. The impact of floe size on
melting has been codified [S125,S46,S80,S6], finding that
wave-induced fracture changes synoptic sea ice patterns by
increasing susceptibility to melting.

Most theoretical works have posited models for power-
law FSD behavior [S23,S104,S121,S124]. In analogy to
the fragmentation of brittle media, power law distribu-
tions were hypothesized using a “renormalization group”
method [S104]. The fragmentation process assumes a
floe of perimeter 𝒫 fractures into 𝑚 equally-sized floes of
perimeter 𝒫/𝑚 with probability 𝑝. The sequential appli-
cation of this process yields closed-form expressions for
the number-size distribution and exponent 𝛼, which re-
quire 0 < 𝛼 < 2. However in many observational stud-
ies, 𝛼 does not lie within that range [S39,S94,S44]. Such
scale-invariant fragmentation may exist in the interior Arc-
tic, where sea ice is brittle, solid, and strongly constrained
by geometry—but in marginal seas and in summer, sea ice
is closer to free drift and it fragments either because of ther-
mal processes or waves. A meta-analysis [S39] explored
whether the wide range of observed FSDs was better fit by
a Pareto distribution,

𝑁(𝑥) ∼ 𝑥−1−𝛼𝑒𝑐(1−𝛼)/𝑥, (15)

where 𝑥 = 𝑟/𝑟 is floe size scaled by the mean observed
size 𝑟, and 𝑐 and 𝛼 are unknown. Such a functional form
is the solution to a discrete-time Langevin equation, with
a prediction for 𝛼 [S39] as the representation of the dual
processes of floe breakup and growth.

A prognostic theory of FSD evolution built from floe-
floe interactions was developed in [HT15]. The FSD 𝑓
evolves in time according to a partial differential equation
with stochastic terms,

𝐷𝑓
𝐷𝑡 = ℒ𝑇 + ℒ𝑀 + ℒ𝑊 , (16)

where ℒ𝑇 includes thermodynamic effects, like floe melt-
ing, growth, and welding; ℒ𝑀 includes mechanical effects
such as rafting and ridge formation; ℒ𝑊 includes wave-ice
interactions. Each pair of individual processes and their
relationship to observations was evaluated in [S46]. Ob-
served multiscale distributions are produced as an emer-
gent feature [S80], implemented in climate models, and
compare favorably to floe statistics from altimetry in the
marginal ice zone [S44].

Becausemodern large scale climatemodels can’t resolve
floes, further refinements in coupled model grids may ne-
cessitate new approaches to simulating sea ice. One is hy-
brid continuum-discrete-element models that parameter-
ize the FSD where floes are small relative to the grid scale,
and resolve floes when they are large.
Surface wave propagation through the sea ice pack.
Ocean surface waves carry huge stores of energy across the
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ocean, and can propagate hundreds of kilometers into the
sea ice pack. They create a highly dynamic region known
as the marginal ice zone (MIZ), in which they break up
large floes into smaller floes, and promote formation of
pancake ice (see opening graphic). Thus, waves influence
𝑓(𝑟) in the MIZ, giving the ice cover dynamic and thermo-
dynamic properties distinct from the inner pack.

With sea ice weakening and retreating in response to
rising temperatures, new regions of the ocean surface are
opening for wave generation [S101], waves are propagating
farther into the pack, the ice is becoming more susceptible
to wave impacts [S3], and waves are reaching Antarctic ice
shelves with potentially catastrophic consequences [S57].
This is driving integration of wave-ice processes into the
next generation of global sea ice models. Accurate predic-
tions of wave propagation through the ice pack are essen-
tial to empower predictions of the extent and properties
of the MIZ, where the primary quantity of interest is the
attenuation coefficient 𝛾(𝜔), which is the rate of exponen-
tial decay of wave energy with distance travelled through
the MIZ, and depends on wave frequency 𝜔 as well as the
properties of the ice cover. In general, 𝛾 increases with in-
creasing 𝜔, so that short waves are filtered out close to the
ice edge, and longer waves propagate farther into the pack.

The first standard approach to model wave propagation
through the ice pack is based on multiple scattering the-
ory, analogous to light scattering in the sky. It is used
in the regime where wavelengths are comparable to floe
sizes. The scattering model was initially developed in the
1970s and 80s, alongside pioneering Arctic field experi-
ments [S113]. A wave is scattered by each floe it encoun-
ters, due to the impedance mismatch between open wa-
ter and ice covered water, with floes modeled as floating
elastic plates, so they flex in response to waves. The scat-
tered wave field interacts with surrounding floes, which re-
scatter it, and so on, to create a multiple scattering wave
field, which, under some simplifying assumptions, can be
written as

𝜂 = 𝜂inc + ∑
𝑝,𝑚

𝑏𝑚,𝑝 H𝑚(𝑘 𝑟𝑝) ei𝑚𝜃𝑝 , (17)

where 𝜂 is the ocean surface elevation, 𝜂inc is the incident
wave elevation, 𝑝 ∈ ℱ is the set of floes,H𝑚 is the first-kind
Hankel function of order 𝑚 ∈ ℤ, 𝑘(𝜔) is the open-water
wave number, (𝑟𝑝, 𝜃𝑝) is the polar coordinate of a point
on the ocean surface from floe 𝑝, 𝑏𝑚,𝑝 are the scattered-
wave amplitudes to be calculated, and harmonic time de-
pendence is implicitly assumed. Each individual floe has
to be resolved in the model, making direct computations
extremely expensive over the hundreds of kilometers that
waves propagate, and extracting the attenuation coefficient
from (17) is challenging. The original model was 2D (one
depth dimension and one propagation dimension), and

used crude approximations for scattering by an individual
floe and multiple scattering by many floes.

Mathematicians have given considerable attention to
the scattering model since the 1990s, developing new
methods for efficient computation of attenuation rates.
Some 30–40 years after the model was initially proposed,
we are at the point where efficient techniques are available
to solve the scattering problem for an elastic floe of arbi-
trary shape in three dimensions [S59,S7], and solve the
3D multiple scattering problem for a full sea of floes. The
work in [MSB16] is a milestone in this field. It was the first
to predict propagation of directional wave spectra into an
ice pack consisting of order 10,000 floes with a realistic
FSD. The final breakthrough was development of a slab-
clusteringmethod, where the ice cover is divided into com-
putationally manageable groups (slabs), and a recursive
algorithm combines the groups.

The second standard approach is to model the ice pack
as a continuum with effective properties, based on homog-
enization theory for composite media, including an effec-
tive viscous dissipation. It is valid in the long-wavelength
regime, where wavelengths are much greater than floe
sizes—for example, in pancake ice conditions. The contin-
uum model leads to a dispersion relation in wave number
𝜅 and frequency 𝜔,

(1 + 𝑄(𝜅, 𝜔)) 𝑔 𝜅 = 𝜔2 (18)

in which 𝑄 encodes the effective properties, and from
which the attenuation coefficient is extracted as 𝛾 =
2 Im(𝜅). An early model of this type [S115] treated the
ice pack as a viscous fluid floating on the ocean surface.
The full dispersion relation is derived in [S50] along with
asymptotics for the wave number in certain limits.

Over the past decade, there has been a resurgence in
continuum models, motivated by substantially improved
measurements of waves in theMIZ [S60,S100], which have
predominantly been in the long-wavelength regime. A
viscous-elastic continuum model [S114], which extends
the viscous layer models, has received considerable atten-
tion. Effective parameters in these models have gener-
ally been fitted to experimental data, with varying success
[S61]. However, in [S84] a resolvent for the strain field like
equation (6) was used to obtain a Stieltjes integral and
bounds for the effective complex viscoelasticity of a two-
phase composite of ice floes and sea water. Given the vis-
coelasticities of the constituents, the floe area fraction and
geometry, the theory predicts effective behavior that agrees
with observations.

Laboratory experiments have revealed nonlinear pro-
cesses that affect propagation characteristics [S8]. Most at-
tention has been on overwash phenomena, where waves
break over the surface of floes, generating turbulent bores
that propagate across the floe [S67]. A hyperbolic PDE
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system for floe overwash has been proposed, using linear
theory for water around the floe, and the nonlinear shal-
lowwater equations for the overwash [S91], which gives ex-
cellent agreement with laboratory experiments. See [S93]
for a recent review of progress in wave-ice interactions.
Melt ponds on Arctic sea ice. A distinctive, significant
feature of the summer Arctic sea ice cover is the extensive
ponding, as shown in Figure 8. The water produced by
melting snow and ice collects on the surface forming melt
ponds. Ponds play a critical role in the evolution of the
sea ice cover. As surface reservoirs for freshwater, they can
affect the thermohaline stratification of the upper ocean.
The greatest impact of melt ponds is on the albedo of the
sea ice cover. Melt ponds are darker than bare ice, with
albedos that can range from 0.1 to 0.4 compared to 0.6
to 0.9 for bare and snow-covered ice. The spatial cover-
age and albedo of ponds are highly variable in space and
time. The area covered by ponds follows a seasonal cycle
and also fluctuates from day to day. Melt ponds are the
most intractable component of determining the summer
albedo of Arctic sea ice. To understand the evolution of
summer ice albedo, you must understand the evolution of
melt ponds.

Figure 8. Melting Arctic sea ice.

The first model of melt ponds derived from physi-
cal principles was introduced in [S99]. This was a one-
dimensionalmodel that treated the sea ice as amushy layer
[S24] with or without a snow cover, subject to a surface en-
ergy balance and ocean boundary conditions. The energy
balance equation in the sea ice takes the form of nonlin-
ear reactive diffusion equations in heat and salinity with a
body source term of absorbed radiation. As the internal
liquid fraction changes, latent heat is released/absorbed
and the brine salinity alters. Radiation fluxes are calcu-
lated to account for reflection, absorption, and scattering.
Surface melting generates a pond on top of the ice, which
reduces the albedo. Vertical drainage of meltwater into the

ocean is calculated using Darcy’s law for flow in a porous
medium.

While the melt pond model in [S99] describes the verti-
cal evolution ofmelt ponds, the quantity of greater general
interest to climatemodellers is themelt pond area fraction,
since this largely determines the albedo of the sea ice sur-
face. A cellular automata model was introduced in [S88]
that split a sea ice floe into a checkerboard, with each cell
of the grid comprising a column of snow, ice, and melt
pond of varying heights. The one-dimensional model in
[S99] was applied in each cell, with melt water moving
to adjacent cells by flowing downhill at a rate calculated
from Darcy’s law. The model simulates pond evolution,
both vertically and horizontally, over various types of sea
ice surfaces, with results in agreement with observations.

The above models helped provide a physical under-
standing and predictive capability for melt pond evolution
on the scale of individual ponds and sea ice floes, how-
ever, they were (and are) too complex to be directly incor-
porated into climate models. To this aim, parameteriza-
tions of melt ponds were developed in [S25,S26] which
have subsequently been incorporated into climate sea ice
models. Climate models do not represent the topography
of the sea ice surface, which is a significant limitation for
modeling melt ponds since their evolution is to a large ex-
tent determined by meltwater flowing downhill. Climate
sea ice models do, however, contain a sea ice thickness dis-
tribution function 𝑔(ℎ, 𝐱, 𝑡). At each time step, the melt
water in a grid cell is calculated and “poured” over the
ice surface, with 𝑔(ℎ) serving as an adequate proxy for sur-
face height. The water covers the lowest ice first and then
higher/thicker categories. This procedure determines the
area fraction of the melt ponds and their depth on each
ice thickness category.

The surface meltwater distribution model was com-
bined with models accounting for flushing of meltwa-
ter through the ice (as in [S99]), conservative advection
of meltwater between grid cells, and run-off of meltwa-
ter through cracks, to create the melt pond parameteriza-
tion [S25,S26]. Despite its simplicity, atmosphere-forced
simulations of sea ice using this parameterization pro-
duce pond fractions in accordance with observations, and
demonstrate how important it is to account formelt ponds
in long-term sea ice predictions [FSFH12]. The impact
of melt ponds on sea ice mass balance is significant and
mostly driven by their impact on surface albedo. More-
over, it was found that knowing pond area fraction enables
skillful predictions of the summer minimum sea ice extent
up to three months in advance [SFFT14].

In another line of inquiry, melt pond geometry has re-
cently been investigated. It was found from area-perimeter
data that (see the photos in Figures 8 and 9) as the ponds
grow and coalesce, they display a transition in fractal
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geometry, evolving from simple shapes into complex, self-
similar regions whose boundaries behave like space-filling
curves [S42]. The fractal dimension of the boundary curves
transitions from 1 to about 2 around a critical area of 100
m2. These findings constrain the geometry of melt pond
evolution, provide a check on numerical simulations, and
help quantify the mechanisms of pond growth impacted
by the area-perimeter relationship, such as lateral heat
transfer.

Figure 9. Ising model simulation on the left; melt pond photo
on the right.

Continuumpercolationmodels ofmelt pond evolution
that display the observed fractal transition have been de-
veloped. In the random surface model [S11], a melt pond
boundary is the intersection of a surface representing the
snow topography with a horizontal plane representing the
water level. As the plane rises the ponds grow and coa-
lesce. Snow topography data are used to generate random
Fourier surfaces with realistic ponds, and a framework to
analyze how pond geometry depends on topography. In
the void model [S77], disks of varying size which repre-
sent ice are placed randomly on the plane, with the voids
between them representing the ponds. Data on pond sizes
and correlations are incorporated into the model, yielding
observed behavior.

Finally, the Ising model, originally developed 100 years
ago to explain ferromagnetism, has been adapted to pre-
dict melt pond geometry [MSSG19, S36]. We envision a
square lattice of surface patches or pixels of melt water or
ice that interact only with their nearest neighbors. The lat-
tice spacing, as determined by snow topography data, is
the only measured parameter input into the model. Mini-
mization of the melt pond Ising Hamiltonian via Glauber
spin flip dynamics drives the system from an initially ran-
dom state toward realistic pond configurations (see Figure
9), which are local energy minima, or metastable states.
The model captures the essential mechanism of pattern
formation of melt ponds, with predictions that agree very
closely with observed pond size scaling and fractal transi-
tion.

5. Large Scale Sea Ice Models
Sea ice rheology. A given sea ice floe may be a relatively
uniform ice sheet, as might be typical for relatively young
ice, but is more often a refrozen patchwork of smaller
pieces formed at various times which has undergone in-
plane and out-of-plane failure. In-plane failure results in
cracks, along which ice floes grind in lateral motion. Out-
of-plane failure results first in break up of the ice into
blocks under bending failure, followed by the pile up of
blocks into the air and ocean to form pressure ridges and
keels, respectively. Given this spatial and temporal hetero-
geneity, formulation of an effective relationship between
the sea ice stress tensor 𝜎𝑖𝑗 and the large-scale deformation
of the ice cover, i.e., the sea ice rheology, is a challenging
problem that remains an active research topic.

While early models of sea ice rheology made assump-
tions such as treating sea ice as a viscous fluid, the study
of rheology was transformed during the Arctic Ice Dynam-
ics Joint Experiment (AIDJEX) of the 1970s, which led to
the AIDJEX sea ice model [S18]. The chief advance of the
AIDJEX model—rheologically—was to treat sea ice as an
elastic-plastic material. The strongest argument for a plas-
tic model is that local events such as ridging and lead for-
mation occur sporadically and irreversibly, as though a crit-
ical stress state in the ice had been reached.

The case for an elastic (subcritical) response can be
argued physically in a dense pack, where thick floes are
wedged together so that as subyield stresses are applied
there can be only elastic deformations. In [Hib79], the
plastic approach was adopted but the elastic subyield be-
havior was replaced with viscous behavior, which avoids
tracking an evolving unload configuration from which
to measure strain. Hibler’s version of this rheology, the
Viscous-Plastic (VP) rheology, continues to be in wide-
spread use today.

In [S18] and [Hib79], and most subsequent large-scale
modeling efforts, sea ice is considered to be isotropic.
While sea ice can exhibit rheological anisotropy in the
horizontal plane under various conditions, the assump-
tion of isotropy, on average, over sufficiently large scales
was deemed reasonable [Hib79]. In recent years this as-
sumption has been questioned with observations of large-
scale oriented lead patterns in Arctic sea ice and associ-
ated anisotropic models [Fel08]. However, isotropy was
and remains a useful simplifying feature for modeling.
Under this assumption, the plastic yield surface reduces
to a yield curve in the plane of the principal stresses 𝜎1
and 𝜎2 or, equivalently, through the stress invariants 𝜎𝐼 ≡
1
2
(𝜎1 + 𝜎2) = negative pressure and 𝜎𝐼𝐼 ≡

1
2
(−𝜎1 + 𝜎2) =

maximum shear stress. The yield criterion is written as

ℱ(𝜎𝐼 , 𝜎𝐼𝐼 ; scalars) = 0, (19)

where ℱ is the yield function, defining a family of yield
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curves in the (𝜎𝐼 , 𝜎𝐼𝐼)-plane as the scalar properties of the
ice vary. For isotropic materials, ℱ is symmetric about
𝜎𝐼𝐼 = 0.

When the stress state lies on the yield curve, irreversible
plastic deformation occurs. The yield potential is identi-
fied with the plastic potential and an associated normal
flow law is adopted,

̇𝜀𝑝𝑘 = 𝜆 𝜕ℱ𝜕𝜎𝑘
|ℱ=0 , 𝑘 = 𝐼, 𝐼𝐼, (20)

where ̇𝜀𝑝𝑘 is the plastic strain rate and 𝜆 is a positive scalar
which is determined as part of the solution of the equa-
tions. This flow rule has been used in almost all models
of sea ice dynamics. It has been successfully applied to
granular materials such as soils, and gives satisfactory per-
formance (within the limits of experimental error and pa-
rameter tuning) in sea ice simulations.

The viscous and rigid/plastic behavior can be repre-
sented using a nonlinearly viscous (or viscoplastic) model
for an isotropic material,

𝜎𝑖𝑗 = 2𝜂 ̇𝜀𝑖𝑗 + [𝜁 − 𝜂] ̇𝜀𝑘𝑘𝛿𝑖𝑗 − 𝑃𝛿𝑖𝑗/2, (21)

where 𝑃 is a pressure term, characteristic of the ice strength.
The functions 𝜁( ̇𝜀𝑖𝑗 ; 𝑃) and 𝜂( ̇𝜀𝑖𝑗 ; 𝑃) (traditionally referred
to as bulk and shear viscosities in fluid dynamics) depend
upon the strain rate (symmetric part of the velocity defor-
mation tensor) ̇𝜀𝑖𝑗 and 𝑃 so as to ensure that for typical
strain rates the normal plastic flow law applies and the
stress state lies on the yield curve. The shape of the yield
curve is chosen to agree with the expected behavior of sea
ice—that it should be weak in tension, strong in shear, and
strongest in compression.

For almost 30 years since the VP rheology was intro-
duced, work has focused on constraining the shape of the
yield curve or creating numerically efficient algorithms for
practical use. Most notable is the Elastic-Viscous-Plastic
(EVP) rheology [HD97], which introduced an artificial
elasticity that permits explicit numerical methods to be
employed. The EVP rheology is used inmany climatemod-
els today.

Work on constraining the shape of the yield curve and
flow rule has followed twomain approaches: homogeniza-
tion or scale invariance. The homogenization approach
attempts to calculate what would be the rheology of a ho-
mogenous material with the same aggregate properties as
the unresolved (subgrid scale, ≈ 50km × 50km) region of
heterogenous ice types and open water [S82]. Scale invari-
ance asserts that the material rheology measured in the lab
is fundamentally the same as the rheology of a grid-scale
region and is of a Mohr-Coulombic character, e.g., [S107].
More details may be found in [Fel08].

Aside from the huge theoretical convenience of the as-
sumption of isotropy, themost compelling argument cited
in its favor is that on length scales of 100 km and greater,

the distribution of leads appears to be nearly isotropic so
that a mean-field rheology is isotropic. However, increas-
ing evidence has shown that lead orientation, at least in the
central pack, has amarked bimodality with the leads defin-
ing diamond-shaped floe aggregates, e.g., [S41,S86,S17].
While a number of approaches have been taken to simu-
late or parameterize the impact of the observed anisotropy
of leads on sea ice rheology, there are currently three main
strands of modeling. (i) The Elastic Decohesive model in-
troduced to sea ice in [S85] explicitly simulates the forma-
tion of a crack or lead. (ii) The Elastic Brittle rheology,
e.g., [S20], assumes an elastic subfailure response and a
Coulombic failure criterion, with a new scalar damage pa-
rameter. When a grid cell fails, the elastic modulus is re-
duced, leading to local strain softening. Because of the
long-range interactions within the elastic medium, local
drops in the elastic modulus redistribute stress that can in
turn induce damage. By this process, avalanches of damage
events can occur, simulating the propagation of leads. (iii)
The Elastic Anisotropic Plastic rheology also introduces a
damage parameter, the anisotropic structure tensor, that
gives the orientation of existing cracks within an element,
and the mean stress is calculated as a function of crack ori-
entation. In its most recent formulation [S108], the cracks
are assumed to delineate diamond shaped floes/floe aggre-
gates, motivated from observations.

As numerical resolution in sea ice models has increased,
and as better observations of sea ice thickness and de-
formation become available from satellite imagery, e.g.,
CryoSat-2 and IceSat-2, interest in fine scale simulation,
e.g., ≈ 10 km, of sea ice deformation has increased. This is
helping motivate further work on developing realistic, and
verifiable, models of sea ice rheology.
Large-scale numerical models. Most large-scale sea ice
physical processes are reasonably well understood and rep-
resented in numerical climate models. For example, the
first detailed thermodynamic description appeared almost
50 years ago [MU71]. Likewise, a relatively simple ap-
proach for sea ice dynamics is 40 years old [Hib79]. They
were too computationally expensive to be incorporated in
numerical models at the time, but have now been imple-
mented in most GCMs. These thermodynamic and dy-
namic models capture the first-order behavior of sea ice
in the climate system. Model development now follows
two paths, both addressing higher-order effects: (1) more
precise descriptions of key processes and characteristics
such as microstructure evolution, anisotropy, and rheol-
ogy, and (2) model extensions for “Earth system” simula-
tions, e.g., by including biological and chemical species.

Modern sea ice models still use one-dimensional ther-
modynamic parameterizations, because the thermody-
namic processes are still primarily vertical in nature. Most
early sea ice models neglected thickness variations within
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a grid cell, but many models now include ice thickness dis-
tributions. As mentioned above, a floe size distribution is
now being added to large-scale sea ice models, driven by
thermodynamic growth and melting along with wave in-
teractions.

In addition to the basic equations presented above for
momentum, internal stress, and thermodynamics, numer-
ical sea ice models also include detailed representations
of radiative balance, surface characteristics and evolution
(snow, snow-ice, melt ponds, albedo), ice strength, hor-
izontal transport, and ridging. Some models now incor-
porate detailed descriptions of key players in the sea ice
ecosystem, such as algae. These models must also interact
with the other components of the Earth system, namely
the atmosphere, ocean, and their ecosystems. These in-
teractions are often tightly coupled. For instance, down-
welling longwave radiation from clouds is a primary driver
of sea ice surface temperature, which in turn determines
upwelling longwave radiation, heating the overlying atmo-
sphere and changing the cloud cover. Sea ice model devel-
opment is best performed in a coupled modeling environ-
ment that includes such feedbacks.

Wind stress is arguably the primary forcing mechanism
for the ice motion, although the ice-ocean stress, Coriolis
force, and slope of the ocean surface are also important.
Coupling between sea ice models and atmospheric mod-
els or data generally employs a quadratic form for the wind
stress and for the ice-ocean stress term at the bottom of the
ice. For ridging, modern models use an energy based de-
scription of mechanical redistribution that converts thin-
ner ice to thicker ice under convergence and shear.

Sea ice albedo is critical for the global heat balance, and
can be an effective “tuning knob” to produce a realistic
simulation of sea ice extent. Simple, easily tunable albedo
parameterizations specify four albedo values: cold snow;
warm, melting snow; cold, bare ice; and warm, melting
ice, while others use more complex formulations that take
into account the ice and snow thickness, spectral band,
and other parameters. Solar radiation may be distributed
within the ice column assuming exponential decay (Beer’s
Law) or via multiple-scattering radiative transfer, in which
absorptive effects of melt ponds and inclusions such as
dust and algae can be simulated.

Sea ice is quite heterogeneous, mostly because of its salt
content. In many coupled models, a fixed value of sea ice
salinity is used at the ice-ocean interface, but internally
the value can vary in time, or the model assumes a vari-
able salinity profile that is constant in time. Newer ther-
modynamic approaches treat sea ice as a “mushy” layer
of brine and ice [S24], parameterizing its desalination as
it first grows and then transitions from first-year to multi-
year ice. Prognostic representation of sea ice salinity and
microstructure is critical for detailed sea ice ecosystem

models, which depend on the permeability of the ice to
allow flushing of the brine network by seawater, which car-
ries nutrients into the ice and in turn seeds algal blooms
in the ocean.

Melt water collects in depressions on the surface of the
ice and can drain through brine channels when the ice be-
comes warm and permeable. By cleaning the ice of salt, nu-
trients, and other inclusions, this flushing mechanism can
affect the albedo, conductivity, and biogeochemical pro-
cesses and thereby play a role in climate change. The sim-
plest pond scheme doesn’t track melt water, but rather de-
creases ice surface albedo under warm, melting conditions.
As discussed above, other methods track pond area and
volume for each ice thickness category, to capture the ra-
diative effect ofmelt ponds. More advanced pond schemes
that simulate their hydrological influence, such as the de-
lay of internal ice cooling as ponds refreeze in the fall, are
under development.
Data assimilation. Sea icemodels have developed to a de-
gree that key features of the sea ice cover such as leads,
ridges, and melt ponds, can be registered in the model
output. As this model capacity evolves, we can hope to
be able to predict with some accuracy where and when
such features may occur. Nevertheless, the best numeri-
cal models may go astray after even possibly short periods
of time. This model drift is mitigated by the incorporation
of data from observations into the modeling process. This
is typically done in two ways: (1) update the state of the
system in model runs as observational data becomes avail-
able, and (2) learn parameter values from observational
data. The first is known as state estimation and is carried
out in real time, while the second process, called param-
eter estimation, is often achieved offline with the use of
high resolution or more detailed models; both fit under
the banner of Data Assimilation (DA) [BBC+17].

There are three main perspectives on DA, each hav-
ing historical origin in one of: optimization, statistics, or
control theory. The variational method balances obser-
vational data and model output through optimizing an
appropriate cost function. In its time-dependent form,
known as 4D Var, it is the basis of most schemes used
in weather forecasting today. Nevertheless, most recent
developments in DA methods have employed a statistical
(Bayesian), a control theoretic (Kalman Filter based) ap-
proach, or a mixture of both. The key in these approaches
is generating an ensemble of possible realizations of the
process by considering slightly different initial conditions,
parameters, or both. This ensemble of outputs is then used
as a basis for a covariance in the Kalman Filter approach,
or a prior probability distribution in a Bayesian method.
Sea ice presents a number of interestingmathematical chal-
lenges to DA, with more complex models than those of
the atmosphere and ocean because they account for ice
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Figure 10. Simple model of how the ice-albedo feedback affects Arctic climate. (a) The main energy fluxes in the Arctic. (b) 𝐸𝑖𝑛
(yellow) and 𝐸𝑜𝑢𝑡 (red) in the energy balance as a function of 𝑇. Where both curves meet represent stable and unstable fixed
points, which are indicated by filled and open circles, respectively. (c) Bifurcation diagram for the temperature as a function of
the effective emissivity 𝜖. Increasing concentrations of atmospheric greenhouse gases cause a reduction in 𝜖.

material properties. The available data are both more var-
ied and less direct. Synthetic-aperture radar data could po-
tentially increase a model’s fidelity to the location of fea-
tures such as ridges and ponds.

Next generation models, such as neXtSIM [S78] and
MPM-Ice [S98] have two novel features: they use rheolo-
gies not present in models currently incorporated into
larger climate models, and more complicated computa-
tional solvers that include a Lagrangian aspect which af-
fords a better accounting for the ice movement and the
formation of localized features, and, at least in the case of
neXtSIM, adaptive remeshing. Recent progress has been
made on the development of a scheme tailored to adap-
tive remeshing [S5]. For any computational scheme, the
formation of ridges and leads poses a challenge as current
DA technology can break down in the presence of sharp
transitions in space or time.

6. Low-Order Models
While large-scale numerical sea ice models have increased
in complexity over time as more physical processes are ac-
counted for, an alternative approach to studying sea ice
and climate takes another path. This approach consid-
ers relatively simple mathematical models of key phenom-
ena based on low-order dynamical systems and differen-
tial equations, that capture essential physics and provide
insight into complex behavior, yet are more tractable than
large numerical models.
Ice-albedo feedback. We consider a simple picture of the
influence of the ice-albedo feedback, which can give rise to
instability, and approximate themean surface temperature
𝑇 of the Arctic region using a balance between incoming
and outgoing energy fluxes, illustrated in Figure 10a. En-

ergy balance can be written as 𝑐 𝑑𝑇
𝑑𝑡

= 𝐸𝑖𝑛−𝐸𝑜ᵆ𝑡, where 𝑐 is
the effective heat capacity [S49]. Then

𝑐 𝑑𝑇𝑑𝑡 = (1 − 𝛼) 𝑆 + 𝐻 − 𝜖𝜎𝑇4, (22)

where 𝑆 = 180 W/m2 is the annual mean incident so-
lar radiation in the Arctic region; 𝛼(𝑇) is the albedo,

modeled to have high reflectivity (0.6) for cold tempera-
tures 𝑇 ≤ −10∘C and a lower value (0.3) for warmer tem-
peratures 𝑇 ≥ 10∘C, with linear interpolation in between;
and 𝐻 = 90 W/m2 is the heat which enters the Arctic
through poleward heat transport in the atmosphere. The
Earth emits electromagnetic radiation to space with a radi-
ant flux given by the Stefan-Boltzmann law, 𝜖 𝜎 𝑇4, with 𝜎
the Stefan-Boltzmann constant. Due to the greenhouse at-
mosphere of the Earth, the effective emissivity is 𝜖 = 0.61.
𝐸𝑖𝑛 and 𝐸𝑜ᵆ𝑡 in equation (22) are plotted in Figure 10b,
showing three possible steady-state solutions. One has a
cold ice-covered Arctic, another has a warm ice-free Arc-
tic. These two stable solutions are separated by an unstable
one.

An increase in atmospheric greenhouse gas concentra-
tions can be represented in this framework by reducing the
effective emissivity 𝜖. Varying this causes the red line in Fig-
ure 10b to be scaled vertically, leading to two saddle-node
bifurcations which are shown in Figure 10c.

Variations of this simple idea have deep roots in climate
science, going back more than a century [WE15, S68,S49],
and there has been renewed interest in recent years due to
the rapid Arctic sea ice retreat. However, a range of factors
complicate the picture. First, there are spatial variations
in the climate system, and the heat transport (𝐻) into the
Arctic depends interactively on the spatial gradient in tem-
perature. Energy balancemodels (EBMs) were developed a
half century ago [S12,S90] to explore such questions. They
represent the annual zonal-mean surface temperature as
a function of latitude under solar forcing, the ice-albedo
feedback, and horizontal atmospheric heat transport via
surface temperature diffusion. These models have multi-
ple steady states, similar to Figure 10c (see [S68]).

Second, seasonal variations can be represented by vary-
ing 𝑆 in equation (22) over the course of the year. In
this case the thermodynamics of sea ice growth and melt
become relevant. Recent work used bifurcation theory
to show that in a seasonally varying model that includes
an idealized representation of the ice-albedo feedback, an
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unstable solution bracketed by saddle-node bifurcations
occurs, similar to Figure 10c [EW09].

Recently, the effect of including both spatial variations
and the seasonal cycle was explored using an idealized
model that simulates the surface temperature and thick-
ness of sea ice as a function of latitude and time [WE15].
The strength of the seasonal cycle and the horizontal heat
transport are varied, and both factors have strong stabi-
lizing effects. Including both causes the ice to always be
stable in climates with the ice edge in midlatitudes or far-
ther poleward, removing the bifurcations and instabilities
previously encountered. Hence for Arctic sea ice covers re-
semblingmodern conditions and future sea ice reductions,
this study found that no bifurcation should be expected to
occur due to the ice-albedo feedback.
Sea ice concentration field. Low-order models can pro-
vide idealized sea ice concentration fields 𝜓 useful in data
analysis applications. For a region 𝐺, the simplest model
is perhaps Laplace’s equation, Δ𝜓 = 0, using observations
on 𝜕𝐺 as Dirichlet boundary conditions. The idealized 𝜓
solves a steady-state heat equation, so is smoother than
the actual field subjected to dynamic and thermodynamic
forcing.

Figure 11. (a) Laplace equation solution in the MIZ for 29
August 2010 [S95]. (b,c) Filling the polar data gap with an
idealized concentration field for 20 June 2013 [SG16].

As an example application, 𝜓 provides an idealized sea
ice concentration field within the MIZ, which is the tran-
sition region between dense polar pack ice and the open
ocean at lower latitudes (Figure 11a). The width of this
highly dynamic zone is a fundamental length scale for po-
lar physical and biological processes, and has increased
39% in the Arctic melt season over the past several decades
[S96,S95]. The MIZ is in general not geodesically convex,
but its width can be objectively defined as the arclength
of streamlines through 𝜓 (black curves, Figure 11a). This
arclength-based width is objective, unique at each point,
and invariant with respect to rotation, translation, and co-
ordinate system.

The idealized field 𝜓 has also been applied to fill in re-
gions where satellite observations are missing or systemat-
ically unavailable, such as the polar data gap (Figure 11b).
The fill is written

𝑓(𝜃, 𝜙) = 𝜓(𝜃, 𝜙) + 𝑤(𝜃, 𝜙), (23)

where 𝜃 is longitude and 𝜙 is latitude, and 𝑤 is a stochastic
term providing realistic spatial heterogeneity (Figure 11c).
Boundary conditions for 𝜓 are sea ice concentrations ob-
served on the boundary of the region being filled. The sta-
tistical properties of 𝑤 are determined from variations in
the actual 𝜓 around the missing data region.
Conclusions and future challenges. The sea ice covers
of the polar oceans are in transition and transitions pro-
vide challenges to modeling. A few decades ago the Arc-
tic Ocean was predominantly ice covered throughout the
summer. At present it is partially ice covered with large
year to year variability in the amount, and the location, of
summer ice. Model projections indicate that a few decades
from now the Arctic Ocean will likely be predominantly
ice free in summer. The receding ice cover has generated
increased human activity that requires improvements in
forecasts and modeling capabilities.

The complex multiscale nature of the sea ice system
presents fundamental challenges in applied mathemat-
ics and computation. Homogenization theory and tech-
niques of statistical physics for computingmacroscopic be-
havior have been central to advancing mathematical mod-
eling of sea ice. Given the stochastic nature of the sea
ice system, sea ice models are often cast in a probabilis-
tic framework, which also provides a robust set of tools
to assimilate the vast amounts of data available from air-
and space-borne platforms, as well as large polar expedi-
tions such as MOSAiC. Methods of dynamical systems and
bifurcation theory have been successful in framing and an-
alyzing qualitative questions about transitional behavior
and pattern formation. Finally, substantial effort over the
past 50 years has gone into, and continues to go into, devel-
oping large-scale numerical models that can predict sea ice
behavior well into the future. Further development of the
components of global climate models will need advances
in high performance computing and learning from data,
numerical techniques for solving large systems of coupled
PDE, and mathematical methods to account for the mi-
croscale in macroscale behavior.
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THE

NEXT GENERATION 
OF MATHEMATICS
Early Career AMS Members Take a Moment to Share a Little about Themselves:

Pablo Sanchez Ocal
What was/is your favorite course in 
graduate school?

Introduction to Commutative and 
Homological Algebra by Dr. Sarah 
Witherspoon

What is the best piece of advice you 
received that helped you get through 
graduate school?

Do the mathematics that you like, and 
then convince everyone else why they 
need them.

Credit: P. Sanchez Ocal

Samantha Fairchild
What is the best piece of advice you 
received that helped you get through 
graduate school?

Graduate school is a job, not your 
whole life. Pursue other interests too.

It is 25 years from now: describe 
your professional position and 
accomplishments.

I’m the professor who helps students 
fi nd appreciation and sometimes 
even interest in math.

Credit: S. Fairchild

Maria-Veronica Ciocanel
What is the one mathematics book 
you could not give up?

Nonlinear Dynamics and Chaos by 
Steven Strogatz

What do you or will you miss most 
about graduate school?

I miss the community of fellow 
graduate school students who 
became life-long friends.

Credit: AMS JMM Photog 2019

Dwight Anderson 
Williams II
What is the one mathematics 
book you could not give up?

Beyond Banneker: Black 
Mathematicians and the Paths to 
Excellence by Erica N. Walker

What is the best piece of advice 
you received that helped you get 
through graduate school?

When doubting oneself, be quiet. 
Then listen with expectation of 
guiding goodness.

Credit: D. Anderson Williams II



The AMS is dedicated to advancing research and connecting the diverse global mathematical 
community through our publications, meetings and conferences, MathSciNet®, professional 
services, advocacy, and awareness programs. Early career members have many valuable benefi ts 
and services available to them as they progress in the profession. Visit www.ams.org/membership 
today for more information about benefi ts and services.

Mike Pierce
What is the one mathematics book 
you could not give up?

Kaplansky’s Set Theory and Metric 
Spaces 

What do you or will you miss most 
about graduate school?

After graduate school I’ll miss the 
ability to work on my own schedule.

Credit: M. Pierce

Edna Jones
What is the one mathematics book 
you could not give up?

Contemporary Abstract Algebra by 
Joseph Gallian

It is 25 years from now: describe 
your professional position and 
accomplishments.

I have helped K–12 mathematics 
teachers incorporate problem 
solving activities into their 
classrooms.

Credit: E. Jones

Chad Robert Mangum
What is the best piece of advice 
you received that helped you get 
through graduate school?

Your self-worth must be found 
outside of professional identity; 
for me, it’s in my faith.

What do you or will you miss 
most about graduate school?

Impromptu mathematical 
discussions with good friends.

Credit: Amanda Mangum

Anthony Sanchez
What do you or will you miss 
most about graduate school?

The working group I had at UW 
and the amount of free food 
graduate students get.

It is 25 years from now: describe 
your professional position and 
accomplishments.

The accomplishment I look 
forward to the most as a tenured 
professor will be advising Latino 
students during their PhD.

Credit: Leticia Salvador Vieira Photography

Andres Vindas Melendez
What do you or will you miss 
most about graduate school?

I’ll miss the accessibility of 
attending different classes and 
learning new material in the 
classroom.

It is 25 years from now: describe 
your professional position and 
accomplishments.

I’ll be successfully mentoring 
a diverse group of graduate 
and undergraduate student 
researchers as a professor.

Credit: Hive (Technical & 
Services), College of Arts & 
Sciences, University of Kentucky

Juliette Bruce  
What is the one mathematics 
book you could not give up?

Commutative Algebra with a View 
Towards Algebraic Geometry by 
David Eisenbud  

What is the best piece of advice 
you received that helped you get 
through graduate school?

Be kind to yourself and know that 
you deserve to be here.

Credit: Özde Bayer



EARLY CAREER
The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics 
of all types, and those who mentor them. Angela Gibney serves as the editor of this section. Next month’s theme will 
be good ideas.
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Actionable Advice for Early 
Career Mathematicians on 
the Academic Job Market

Kristin DeVleming

Before January 2020, I was planning on participating in 
the search for a tenure track job this fall. With the onset of 
Covid-19, that plan became uncertain. I reached out for 
advice on what to do during the Fall 2020 job search and 
was met with words intended to comfort and appease my 
own anxieties, but not much actionable advice for what 
steps I should take. Therefore, stemming from my own 
personal worries, I’ve compiled a list of things that *you* 
personally could do, as a young mathematician soon to 
enter an uncertain job market.

To put some disclaimers on this, the honest reality of 
the situation is that a big part of our futures will be in the 
hands of senior, established mathematicians. We have to 
hope that they adopt fair hiring practices and advocate for 
us in the coming years, keeping in mind the impact of the 
global pandemic. However, if you want to take action on 
your own, I’ve compiled this list based on conversations 
with many helpful people, particularly Vance Blankers, 
Sarah Frei, Andrew Kobin, and Bianca Viray.

Not all of this advice will be applicable to everyone. 
Please, read from the lens of what could help you, take what 
works, and leave what doesn’t.

Conversations with your Mentors
Your PhD advisor, postdoc mentor, or unofficial mentors 
likely have a better idea of what the job market will look 
like than you do. If you have a relationship with a more 
senior mathematician where you feel comfortable doing so, 
have an honest conversation with them about your con-
cerns in the current situation. They may have insight into 
the possibility of extending your current position for an 
additional year or applying for postdocs/special positions 
at your current institution. If you are a postdoc, depending 
on what the job market looks like in the fall, they may 
have advice for you on applying for second postdocs versus 
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For permission to reprint this article, please contact: reprint-permission 
@ams.org.

 Kristin DeVleming is a postdoc at the University of California San Diego. 
Her email address is kdevleming@ucsd.edu.
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Use the online platforms to reach out to others working 
on similar projects to kick-start new collaborations.

Miscellaneous
Especially if you are having trouble with progress in your 
research, take the time to do miscellaneous things that may 
help you be successful in the future. Some suggestions:

 • Update your CV, and include any talks, conferences, or 
workshops that you were planning to participate in but 
were canceled due to COVID-19.

 • Update your website.
 • Summarize your thoughts on remote instruction if you 

taught a virtual class during spring or summer (or even 
if you took one). Think about what went well or what 
you would change next time. You probably made extra 
materials for your online class, so take the time to create 
a teaching portfolio with what you made. Think about 
what aspects of in-person teaching you might change 
based off of these experiences. (Bonus: all of this will help 
you when you need to write a teaching statement.)

 • Consider ways that you can have small, tangible impacts 
on those around you. This may be by strengthening men-
tor/mentee relationships, organizing a seminar for the 
younger graduate students in your area (not necessarily 
on research; it could be something like “How to Give 
a Good Talk”), hosting brown-bag lunches on topics 
like diversity or outreach, hosting virtual community 
building meetings for your department, etc. For exam-
ple, Andrew Kobin and I started “Lunch in the Time of 
Covid”: an informal Zoom lunch series where we bring 
panelists and early career mathematicians together to 
discuss topics like doing research, allyship, mentorship, 
the job market, and more.

 • If possible, take what you’re struggling with and think 
of it from the lens of what you would do to improve 
it, given the chance. Especially consider specific ways 
that you could contribute to a department as a faculty 
member. For example: are you struggling with the lack of 
in-person connection from your mentors? Think about 
what you would ideally get from a mentor, write it down, 
and be prepared to be that person when you are given 
the chance. Are you worried about apathy from senior 
members in the field when you apply for jobs? Think 
about what you would do in their position in the current 
situation and write it down. These are actionable items 
that you could write about in a cover letter.

 • Use this time to think about what you like about this 
profession. If you are having a hard time coming up 
with any answers, know that there are so many other 
great options out there! The unfortunate reality (even 
in the absence of Covid-19) is that the number of peo-
ple wanting academic jobs is strictly larger than the 
number of academic jobs. No matter how abstract your 
work, it could be beneficial to use this time to develop 
marketable skills, like: coding/programming, technical 

tenure track jobs. In general, they may have ideas (beyond 
what is contained in this document!) of what you can do 
to help be successful in the future.

Research
Speaking to my own peers, I can say that some of us have 
been struggling to be a productive researcher during the 
Covid-19 outbreak. Here are some ideas on how to main-
tain mathematical productivity.

 • Stay involved in the community by reading the new 
papers on the arXiv or attending seminars. There are 
so many seminars happening now and new ones may 
spark your interest, jumpstart a new collaboration, or 
highlight a new question. See mathseminars.org for 
a list. (Caveat: it can be overwhelming to look at the 
list, and some have said that this makes them feel less 
productive.) If you have outstanding referee reports, 
finish them.

 • Organize or participate in a learning seminar with your 
peers. For example, choose a topic that you’d like to 
learn about and ask around for a good reference. Find 
interested people (perhaps your classmates or fellow 
postdocs) and assign weekly talks on different sections of 
the reference. Or, have a weekly seminar where members 
present older, short papers in the field that they find 
interesting. Or, have a weekly seminar where members 
present their current research ideas or problems that 
they’re currently thinking about. (When I was a gradu-
ate student, we had a version of this where each person 
presented three examples relevant to their problem: (1) 
a simple introduction that everyone could understand, 
(2) an example that highlights some of the subtlety or 
difficulty of the problem, and (3) a more difficult ex-
ample indicating what you’re thinking about and why 
it’s important.) Such examples may be useful when you 
give a job talk! Furthermore, the online platform means 
that these seminars do not have to be limited to those 
at your current institution.

 • Work on expository aspects of your current research. 
Think about how to motivate your results, write an 
introduction to a paper or a job talk, or summarize the 
problems that you’ve already done or you’re currently 
thinking about and their relationships to other prob-
lems. (Bonus: if you do this well, you’ll have a research 
statement mostly written.)

 • Leverage the unique, online situation for opportunities 
that you may not have otherwise: consider having or 
participating in Zoom office hours or Discord1 channels 
to bounce around ideas, ask questions, or get to know 
others thinking about similar things. These can be infor-
mal, low-pressure ways to develop ideas for new projects. 

1Discord is an online chat forum where members can join different chan-
nels (think “chatrooms”), have conversations on particular subjects, share 
articles, and even type in !

http://mathseminars.org
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developing and keeping an interest in the subject leads to a 
desire to know more, and is probably the only practical way 
to get started. Gradually one comes to realise that teaching 
and doing research in mathematics is a very worthwhile 
activity, and this gives one enough confidence to pursue it 
as a career. On the other hand, academic jobs are not easy 
to find, and combining teaching and research is a seven 
days a week commitment, with relatively low financial 
rewards by nonacademic standards. To be successful one 
needs more than interest and confidence. To be successful 
far away from the traditional support networks of family, 
friends, and academic mentors, needs still more. I feel that 
a crucial quality for any young academic, not just someone 
heading for a job in Asia, is first and foremost to have an 
absolutely uncompromising desire to understand some 
part of mathematics really well. This desire may be driven 
purely by feelings of competitiveness, or just from being 
unsatisfied with the way other people explain things and 
the desire to do it better, or any other number of reasons. 
If you acquire this quality, you will be able to enjoy math-
ematics and keep your balance, no matter where you are 
or what direction you follow.

If you already have a reason to work in Asia, such as a cul-
tural or linguistic interest, this article is not for you, as you 
undoubtedly already have your own criteria. It is intended 
more for people who (as was my case, initially) may not 
think of Asia as a practical choice. My experience has been 
mainly in Japan, which is only one of the many countries 
in this part of the world, but some of what I have to say 
is likely to apply to any country where Chinese characters 
are (or were) used for communication. I have worked in 
Tokyo for more than 20 years, following about 15 years in 
the USA, and after spending the first 25 years of my life in 
the UK. I came to Japan for mathematical reasons, after 
making many visits and realising that I liked being here. 
I have been lucky to have supportive colleagues, and this 
brings me to my first piece of practical advice.

Personal contact is by far the best way to get started. Al-
though it is true that English-speaking faculty members are 
increasingly sought after (for Japan, the internet JREC-IN 
Portal has some academic positions listed in English), some 
positions are advertised only as a formality (a candidate 
having been more-or-less selected in advance), and many 
jobs are advertised (in Japanese) only on posters pinned 
to bulletin boards. Without personal contacts, it can be 
difficult to find out what is available. Applying for jobs at 
random is most likely to yield nothing. On the other hand 
some academic positions are controlled by individuals with 
large research grants, and some positions are filled with 
almost reckless haste because of bureaucratic requirements, 
and this means you may have a much better chance of being 
selected than you imagined. Thus, it is very worthwhile 
to talk to visiting foreign researchers at seminars in your 
university, and keep in touch with them. In addition, it is 
not a waste of time to send a (very polite) letter or e-mail 

writing, teaching skills, or even incorporating art into 
your work. This is not a suggestion to develop these skills 
at the expense of your research, particularly if you want 
to pursue an academic career, but it may be reassuring 
to have other options.

Closing Thoughts
The academic job market will likely look different in Fall 
2020, and these changes may persist for many years in the 
future as universities worldwide are facing budget short-
ages. I hope that these ideas give you a starting point if you 
are struggling right now, and I hope that you feel able to 
take the first steps in your job search.

Many early-career mathematicians are facing unique 
personal and professional struggles right now and I want to 
emphasize: you are not alone. Please know that in the midst 
of a global pandemic, it is okay to be struggling. It is okay 
to get less work done than you would otherwise. It is okay 
for your priorities to shift in new directions. Be gentle on 
yourself, and good luck on the job market!

Credits
Author photo is courtesy of Mike Fiechtner.

Looking Further Afield

Martin Guest

As a potential academic job applicant, you already know 
that it is necessary to consider moving to some faraway 
place, possibly to a foreign country. This article is for people 
who are curious about working in Asia, which is about as 
far away from the US as possible—at least, if one adds to 
the actual distance the substantial cultural and linguistic 
separation.

Before giving some practical tips, I should make some 
general motivational remarks. Many mathematics students 
(myself included) just drift into having a mathematical 
career. This is nothing to be ashamed of: few undergrad-
uate students can know what research is really like, but  

Kristin DeVleming
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this puts you in a strong position. In particular you will 
have your own ideas about what constitutes good teach-
ing. On the other hand you should not expect colleagues 
to listen to your ideas, at least, initially. Just regard your 
teaching assignment here as an adventure, and keep your 
counsel for the right time and place, when it will be valued 
and appreciated.

What kind of people do well here? Prima donnas are 
frowned on. Exhibiting selfishness is a cardinal sin. People 
who cannot separate their work life from their personal 
life are regarded as eccentric; people who question every 
rule and regulation are not admired. Acting like an adult 
is important. Communal effort is important, in the sense 
of being willing to help with departmental tasks—and this 
tends to create a positive atmosphere. You will be praised 
often, and never criticized, but this should not be taken at 
face value: you may have to work a little to find out what 
people really think. Some ability to “read the air” is needed. 
Needless to say, this way of life is not for everyone—you 
will have to make your own assessment! But, with an 
open mind (and, remember, your inner mathematical 
balance), working in Asia could be extremely rewarding. 
In Japan there are still very few non-Japanese faculty in 
mathematics departments, so you may even end up as a 
minor celebrity…

Credits
Author photo is courtesy of the author.

Applying for Jobs 
Outside the US

Daniel J. Thompson

Are you an early career math job seeker? If so, have you 
considered applying for positions beyond the US job mar-
ket? This article gives a starting point to understand some 
of the differences between job seeking in the US, and in 

describing your work to a researcher at a foreign university. 
Needless to say, you must have at least some mathematical 
intersection with that person, and to discover this you must 
look at his/her published work.

It is best not to be too ambitious or demanding: if you 
insist on a tenure-track position right away, or salary match-
ing, then you will not get very far. Respect for seniority is 
important, and the younger you are, the more respectful 
you are expected to be. If this does not appeal to you, then 
Asia is not for you. But respect works both ways—if you 
are polite and hard-working, then you will be treated well, 
and, yes, respected.

Fortunately mathematics is a very culturally-neutral sub-
ject, so you will have virtually no problems in daily math-
ematical life. You may find a position where everything 
(administrative work, not just teaching) can be carried out 
in English, but this is very much the exception. Even if your 
immediate colleagues can speak some English, support staff 
rarely do, and your life will be immeasurably smoother if 
you learn at least a little of the language (even for a one-year 
position this is worthwhile—and can be fun).

Regarding Japan specifically, academic life is different 
in a number of ways. Salaries are basically fixed on an 
age-related scale (within a given rank). This system has 
pros and cons, but it does remove a source of potential 
stress and conflict. Current salaries are not over-generous 
in my opinion, but are adequate, as inflation has been very 
low in Japan for many years. On the other hand research 
funds tend to be distributed quite democratically, and are 
designated primarily for travel and computer equipment, 
which can be advantageous to mathematicians. There is a 
very active domestic conference scene, and you will have 
many opportunities to give talks and make contacts. Safe 
and inexpensive business hotels, and excellent public 
transport by road, rail, and air, make travel in Japan very 
easy and convenient.

Teaching loads vary quite considerably. These are 
generously low at national (i.e., public) universities, but 
higher (sometimes much higher) at private universities. It 
is important to ask about this before accepting a position. 
Whether you will be able to teach in English at a Japanese 
university is very much a case-by-case matter. Of course, 
in a position which specifically solicits an English speaker, 
you will teach in English. But you may end up teaching 
very low-level courses to a small fraction of the university 
population, which will limit your activities. On the other 
hand, even in a position which is intended for Japanese 
speakers, you may be allowed to teach in English initially. 
In general, I would say there is little prospect of wholesale 
adoption of English as the language of instruction at Japa-
nese universities, even at graduate school level.

Teaching (even in English) will probably not be exactly 
what you expect, even if the mathematics is the same. As a 
graduate from a US university, even with a brand new PhD, 
you will probably already have teaching experience, and 

Martin Guest
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asking someone in your area for some inside information 
is probably a good way to keep in the loop.

2. Postdocs are Typically  
Research-only Positions
In the UK, postdoctoral positions are often entirely funded 
by a grant held by a more senior Professor. These are pri-
marily research positions with minimal (if any) teaching 
duties, and are designed for someone who will be working 
in the same specialty as the grant holder. It is totally unpre-
dictable when positions of this type will appear. However, 
they are worth looking out for—if the stars align, and the 
right position appears at the right time, it could be the most 
perfect postdoc position for you in the world! Another 
advantage is that, because of the high specificity of these 
positions, the applicant pool is restricted to candidates in 
your area rather than all of mathematics.

3. Application Processes Vary Substantially
Each university will have its own application process man-
aged through its HR department, and will likely require a 
fair amount of customization. Thus, sending an application 
in the UK can be time consuming. The positive aspect of 
this is that typically only serious candidates apply. The pool 
of applications received is thus typically small enough that 
all applications will be read (which sadly is not always 
true in the US). In your application, it might improve 
your chances if you can show that you have a good sense 
of expectations in the UK system. Showing that you are 
aware of, and can meet, research expectations is particularly 
important. For permanent positions in the UK, it is a good 
idea to demonstrate some awareness of the “REF,”3 which 
is a national attempt to measure the research quality of 
all UK academic departments and takes place every four 
or five years.

If the position requires a teaching statement, you should 
write it with UK expectations in mind. In the UK system, 
mathematics undergraduates focus on proof-based courses 
from day one, since their studies of calculation-based 
calculus are largely completed in high school. Thus, a 
long teaching statement about your passion for teaching 
Calculus I to Freshmen, which might be perfect for US pur-
poses, could need some adaptation for the UK. Incidentally, 
there are some differences between US and UK English in 
terminology related to university teaching. For example, 
I had never heard of a “Recitation class” until I moved to 
Pennsylvania. In the UK, I used to teach “Support classes.” 
It is probably best to seek advice from someone who can 
help you make these translations.

other countries. In particular, it is important to recognize 
that each country will have its own way of doing things 
(timeline, methods of advertising positions, application 
process, interviews, etc.). In this article, I discuss how things 
work in the United Kingdom, which is where I lived until I 
completed my PhD. I don’t mean to suggest that conditions 
for academic job seekers will be particularly favorable in the 
UK (or any other specific country) in the current environ-
ment. My purpose is more to give a sense of the differences 
you might encounter, and how one country does things 
differently. The specifics will differ from country to coun-
try. I advise seeking out some local knowledge and being 
prepared to make a few adjustments (relative to a US-only 
search) to find these opportunities and maximize your 
chance of success. For seeking jobs in the United Kingdom, 
here are some of the basic differences.

1. There is No Annual Job Cycle
In the US, the vast majority of positions appear on math 
jobs.org. The annual job cycle customarily takes on a 
fairly standardized set of deadlines through the year, with 
job adverts appearing in August and September, deadlines 
later in the Fall, and interviews in Winter, for positions 
starting the next academic year. Jobs are applied for with a 
click of a button, so most people apply for most positions. 
Often, the universities then compete with each other to 
recruit the same candidates. None of this is true in the UK. 
There is no job market as we know it in the US, there are 
just jobs. Positions are advertised at unpredictable times, 
and they almost always require a customized application 
through the university’s own website. A few of the more in-
ternationally-minded universities (such as my alma mater 
University of Warwick) are able to adopt the US timeline 
for some types of position, and advertise on MathJobs, but 
this is the exception rather than the rule. It is also quite 
typical that a permanent position might be advertised in 
late Spring or early Summer for a September start date, 
with the timeline dictated by the needs of the individual 
university rather than any attempt to align with other in-
stitutions. You should be aware that job titles are different 
in the UK—“Lecturer” is roughly equivalent to Assistant 
Professor in the US, while “Reader” is roughly equivalent 
to Associate Professor. Job seekers need to keep their ears to 
the ground for opportunities. The website jobs.ac.uk is a 
good starting point, listing most available positions, but it 
is designed for all academic jobs in the UK, so it is rather 
unwieldy. Informal advertising also plays an important role 
for jobs in the UK. I tend to hear about UK post-doc op-
portunities, etc., in my field from a mail list that I subscribe 
to from the London Mathematical Society Ergodic Theory 
Network. There might be similar mail lists in your field,2 so 

3See https://en.wikipedia.org/wiki/Research_Excellence 
_Framework.

2Many other LMS research networks maintain mail lists, see https://www 
.lms.ac.uk/grants/joint-research-groups-uk-scheme-3/current.

https://www.lms.ac.uk/grants/joint-research-groups-uk-scheme-3/current
https://www.lms.ac.uk/grants/joint-research-groups-uk-scheme-3/current
https://en.wikipedia.org/wiki/Research_Excellence_Framework
https://en.wikipedia.org/wiki/Research_Excellence_Framework
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Postdocs at European 
Universities. A Brief Guide

Federico Binda and Chiara Damiolini

For graduate students at American universities who want 
to pursue an academic career, it might be instinctual to 
restrict one’s job search to postdoctoral positions in the 
US. It is less common to apply for postdocs elsewhere, 
and so it is not always clear how to apply for positions in 
other countries, what the timeline is to do so, and which 
aspects of the process are different from the American 
counterpart. In this article, we will focus on the European 
job market which seems to be less affected by the Covid-
19 pandemic, in contrast to the American situation where 
in the next years we may see a reduction in the number 
of available positions. In particular we will delineate the 
main differences in the application process, and give some 
guidelines that will help you navigate the job search, which 
can be very stressful especially in these uncertain times. We 
will also highlight some of the difficulties that you might 
encounter during the application process as well as some of 
the challenges and advantages that you might come across 
if you decide to move to a European institution for your 
postdoctoral position.

Before the Application
The main thing to remember when one applies for a job 
in academia is that the process starts early. Especially when 
you apply to a position in a far-away location, it is im-
portant to build a network which goes beyond your local 
circle. It is needless to say that the main step is to first prove 
interesting theorems and then let the experts in the field 
know about your new results. Do not hesitate to directly 

4. All Candidates are Usually Interviewed  
on the Same Day
In the UK, it is typical that all the candidates selected for 
interview visit the department on the same day, with the 
date chosen by the university. This can pose logistical 
difficulties if you suddenly find you need to get to the UK 
on short notice with no flexibility on the date! Remote 
interviews may be possible, but I have heard of cases when 
the interview panel were only available in the morning UK-
time, making for a very early start in the US! Exact details 
of the visit vary widely—you might be asked to give a 20 
minute presentation on the “big picture” of your research, 
or a more traditional hour-long research talk. There could 
also be a teaching presentation. An interview by a panel 
is typical. It is possible that the panel will include a Dean 
and a faculty member from another science department. 
The interview might contain questions that get you to think 
on your feet, so be prepared! An American friend of mine 
who interviewed in the UK years ago was taken by surprise 
by the question “What do you find attractive about the UK 
system?” You might need to prove that you know what you 
are getting yourself into!

Another difference is that, unlike in the US where the 
process of filling a position may continue for weeks after the 
interviews, in the UK the job offer is often made at the end 
of the day of the interview, with a tight acceptance deadline. 
This is certainly ideal if it is the only application you have 
in process, but can also potentially be problematic if you 
have some other irons in the fire. This does mean that if you 
go for a position in the UK, you should be serious about 
taking it if it works out.

Summary
There is a whole world out there, and there could be great 
opportunities for you beyond the US job market. There are 
certainly some challenges in seeking jobs outside of the 
US, notably how to find out about them in the first place. 
If you find a job that looks right for you, there will then 
be a learning curve in adapting your application to local 
customs. The best advice I can give is to talk to people in 
your professional network who can give you the inside in-
formation that will help you. There are many examples of 
US-trained mathematicians who have spent time overseas 
as postdocs, or even made their careers in other countries. 
The experience of being immersed in a different mathemat-
ical culture can be really wonderful and stimulating. It cer-
tainly has its challenges too, but having made the transition 
myself from the UK to the US, I can certainly recommend it. 
If you are an early career job seeker, expanding your search 
to other countries could be well worth your consideration.

Daniel J. Thompson
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We mentioned earlier that the second important differ-
ence between American and European postdocs is when to 
start the actual application. Unfortunately, just as there is 
no common platform for the positions, the deadlines to 
apply for postdocs can vary a lot. Although some positions 
are advertised as early as nine months before the hiring 
date, many positions won’t be posted online or made 
public more than five months before, and some of them 
might show up in the late Spring for positions from Sep-
tember of the same year. Of course, as with their American 
counterparts, it is always better to apply in advance and not 
wait for the last moment. This means that you should not 
wait to apply for positions or to ask a professor whether 
there are positions available at their university until the last 
minute. The sooner you know of a position being open, 
and the earlier you apply, the more chances that your appli-
cation will be considered. If you are already in touch with 
professors at an institution you would like to work at, it 
might be a good idea to ask in advance whether there will 
be available positions in the next six months.

Postdocs at Research Centers
Similarly to the positions available at the Institute for Ad-
vanced Studies in Princeton, the Fields Institute in Toronto, 
or at RIMS in Kyoto, there are also postdoctoral positions 
at European research institutes which are not necessarily 
affiliated with a university. Usually applications for these 
positions are more standardized, with annual or biannual 
deadlines, depending on the program you want to apply to. 
Some of these institutes, such as the Max Planck Institutes 
(Germany), SISSA (Italy), IHES (France), Mittag-Leffler 
Institute (Sweden), offer postdoctoral positions which are 
comparable to postdoc positions at universities. Research 
positions at other institutes, for example at MFO or at 
CIRM, are instead associated with predetermined research 
topics and are meant to gather together experts and young 
researchers who work on a specific theme for a short period 
of time, from a few weeks to up to a couple of months.

Challenges and Advantages
We conclude with describing what might be the advantages 
and also some of the challenges that you could encounter 
moving from an American institution to a European one.

First of all, you might have to deal with more bureau-
cracy than you expect. You may be asked to produce many 
more documents for the application, or in order to sign 
the contract, than the ones required in the US. Although 
this sounds discouraging, this should not prevent you from 
applying to these positions. Just carefully read what they 
need when you start the application. If you get the position 
and there is a lot of paperwork to do, remember that you 
won’t be the first one dealing with the situation and you 
can always ask other members of the new institution how 
to deal with this challenge.

contact professors or postdocs who might be interested 
in them—maybe because you have answered one of their 
conjectures, or because you were inspired by their prior 
works—even if they do not know you. If you don’t feel 
comfortable doing this, or you are not sure that the receiver 
will appreciate your efforts, you can always talk with your 
advisor or mentor to seek advice or to see if they can act as 
a mediator between you and the other researcher.

Now that many seminars and conferences are virtual, it 
is possible for you to participate in events which take place 
on the other side of the world and to significantly expand 
your network. Use these occasions, as well as in-person 
conferences, schools, or other research activities, to interact 
not only with your peers, but also with more senior math-
ematicians. Do not hide the fact that you will soon be on 
the job market: there is a chance that you are the person 
that they were looking for.

When and How to Apply
If one had to choose two main differences between ap-
plications in Europe and in the US, they would certainly 
be where to find the advertised positions and when the 
applications are due.

Starting with the former, although some universities post 
their available positions on mathjobs.org as well, there 
are other platforms—for example euro-math-soc.eu 
/jobs or euraxess.ec.europa.eu/jobs just to mention 
two of them—where positions at European institutions are 
advertised. But they are often not an exhaustive source of 
information. If you plan to work with some specific pro-
fessor or at a certain university, the best thing to do would 
be to get in touch directly with whom you want to work 
with and ask whether there are any open positions. Be sure 
to have all your application materials ready, because if a 
position is indeed available you might be required to send 
the materials for your application in a short period of time.

Another way to receive updates on job openings is to 
subscribe to mailing lists in your research field. Although 
these are often and mainly used to advertise conferences 
and PhD positions, they are also used to publicize se-
nior-level academic positions. 

Also keep in mind that even when these positions are 
advertised on international or national platforms, most of 
the time each university has its own rules for the submis-
sion of the application. This can range from sending all the 
documents by email to the hiring committee, to creating 
an account and uploading all the material on a secondary 
website, or sometimes directly contacting the professor 
who is sponsoring the position to send them your material 
after a preliminary chat. One consequence of this, which 
is not to be underestimated, is that the people who write 
your recommendation letters have to upload or send their 
letters following rules which are different than the ones 
they might be used to. Be sure to inform them about this 
well in advance.

http://mathjobs.org
http://euraxess.ec.europa.eu/jobs
http://euro-math-soc.eu/jobs
http://euro-math-soc.eu/jobs
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Giving a Job Talk

Brian Lehmann

Congratulations on being invited to interview! The last 
major piece of your application is the job talk. Math de-
partments take these talks seriously: a good job talk will 
generate excitement about your candidacy but a bad job 
talk can derail your application. This is your final oppor-
tunity to make your case for the job and you should make 
the most of it!

The goal of this article is to describe how to prepare for 
your job talk. I will assume that you have been asked to 
present on your own research (either for a teaching or a 
research position).

While preparing this article I have drawn from several 
resources on how to give a compelling talk. There are 
many other good references out there—including some in 
previous issues of this journal—and I will provide a short 
list in the bibliography.

Overview of the Talk
If you have been invited to interview for a job, there is a 
subset of the department—perhaps the professors in your 
discipline or on the hiring committee—which believes that 
you are a strong candidate. They are already convinced! 
However, the entire department will have a say in the se-
lection process. Thus:

The main goal of your job talk is to convince the 
entire department to support your application.

Expectations for your talk
The professors attending your job talk may not have a 
chance to interact with you during the rest of your visit. 
This is your main opportunity to convince them of your 
qualifications for the job. Here are some questions these 
professors will have in mind while they listen to your talk:

1. Does this candidate do first-rate research (if applying 
for a research position)? If you are applying for research 
jobs, there is no substitute for outstanding research.

2. Is this candidate a good teacher? It is difficult to assess 
the quality of a candidate’s teaching from their applications 
and letters. However, many departments do not require 
candidates to give a teaching presentation. Thus the job talk 
is often used as a proxy. This is not wholly unreasonable—a 
candidate who can explain one topic clearly can probably 
explain other topics clearly.

3. Would I be able to talk math with this candidate? 
Successful mathematicians often need to communicate 
their ideas to nonexperts—during colloquiums, while 

Related to the bureaucracy, keep in mind that you 
might need a visa to work in Europe and, depending on 
your citizenship, this could take some nontrivial effort. 
Depending on the type of visa you will be issued and 
whether your institution belongs to the Schengen-area or 
not, this might allow you to easily travel to other European 
countries without asking for other visas. If this is the case, 
then you will be able to travel freely within the Schen-
gen-area—which encompasses most EU States, except for 
Bulgaria, Croatia, Cyprus, Ireland, and Romania—in order 
to attend conferences or visit your collaborators at other 
universities. Europe is large and diverse, and it can provide 
an excellent opportunity for you to meet and get to know 
different cultures.

Another aspect that might be scary is the language. Un-
less you are considering only positions in the UK or Ireland, 
you might end up living in a country where English is not 
the first spoken language. Depending on the country where 
the university is located and on the size of its international 
community, this might be a marginal problem or a very 
serious issue to consider. In any case, it is important to 
remember that most postdoctoral positions in Europe do 
not involve mandatory teaching, and you are usually not 
required to learn the local language to do your job. It can 
however happen that in some universities some research 
seminars or advanced graduate classes you might be inter-
ested in attending are offered in the local language. But it 
can be an excellent opportunity to improve your French, 
or German, or Spanish, or Italian, or…

In conclusion: do not hesitate to broaden your horizons. 
Maybe the job you are looking for is on the other side of 
the Atlantic.

Credits
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and evolved over time? Which examples/pictures will grab 
the attention of the audience and motivate further inqui-
ries? What new perspective leads to/follows from your 
work? How is your work connected to other fields? The key 
is to construct a narrative—conceptual, historical, or exam-
ple-based—which naturally culminates with your work.

The introduction should be understandable to everyone 
in the audience. In terms of mathematical background, you 
can assume material that could be covered in an undergrad-
uate course or, perhaps, a first-year graduate course—ho-
mology, abstract algebra, basic real and complex analysis, 
etc. (The appropriate level will depend on the audience, the 
institution, and the job you are interviewing for, but this 
is a good guideline.) If you need an additional definition 
that you think most people will know, it is appropriate 
to briefly remind everyone of its definition (e.g., “Recall 
that an algebraic variety is…”). Clarity is more important 
than precision—if technical details will be distracting, 
work in a simpler setting that captures the essence of your 
construction.

It can be difficult to strike the right balance. On the one 
hand, your talk should be accessible and grounded in the 
familiar. Mathematicians are happy to have a brief review 
of material they have seen before. On the other hand, you 
should never bore your audience—this portion of your 
talk should be exciting and new. Don’t assume that your 
listeners are familiar with your area, but also do not under-
estimate the collective expertise represented by the depart-
ment. One way to keep things fresh is to communicate a 
new perspective. Which innovative viewpoints have shaped 
your field? Which viewpoints feature prominently in your 
work? If you can trace these ideas from simple beginnings, 
your narrative will feel profound and dramatic.
Part 2: Setting the stage (15–20 minutes)
Part 2 should clarify, “What question does my work solve?” 
This does not mean that you rephrase your main theorem 
as a question. Rather, you should describe some of the 
definitions, earlier conjectures, partial results, and examples 
that have shaped your field and led to your specific line 
of inquiry. The audience should see how your motivating 
question is a natural and interesting continuation of the 
background material covered previously.

You should work hard not to lose anyone during the 
second portion of your talk. Take your time with new 
material! While it is appropriate to slowly increase the 
difficulty level, it is neither reasonable nor desirable to 
spend too much time on the technical subtleties of your 
field (unless of course these difficulties are part of your 
narrative). Rather, you should only present the ideas and 
definitions that are essential background for your work. 
Remember that an intuitive explanation may serve better 
than a technical one—for example, a definition that takes 
10 minutes to state precisely will confuse those who have 
not seen it before and will bore those who know it already. 

writing grants, and even in casual conversations around the 
department. There will also be times when a professor in 
your department will require your expertise. The strongest 
candidates will demonstrate the ability to communicate 
effectively and flexibly to diverse audiences.

4. Would this candidate be a good colleague? Each hire 
is a significant decision that is not easily reversed. A new 
hire might stay in the department for 40 years. Thus de-
partments would like to hire someone who is responsible 
and professional.
Goals of your talk
For each expectation, you should have a corresponding 
goal:

1. Make your talk compelling. Your talk should present 
your research in the most compelling way possible. Remem-
ber, this means impressing the entire department, not just 
the mathematicians in your field. Frame your work so that 
nonexperts will understand why it is important.

2. Make your talk clear. Construct a cohesive narrative 
that gives a sense of what you do and why it matters. Think 
carefully about the essential points you want to communi-
cate and remove all the material that does not serve these 
goals. Watch for terminology or leaps of logic that will be 
familiar to mathematicians in your area but may confuse 
others.

3. Make your talk broad. Your talk should be designed 
for mathematicians who are not experts in your field. Make 
sure to highlight any connections your work has with other 
mathematical and scientific disciplines.

4. Demonstrate good talk practices. Your talk should be 
pleasant and respectful in every way possible. Make sure 
to thank the hosts. Give generous attributions (and don’t 
forget your coauthors). Dress well. Be respectful with ques-
tions. Finish on time. Tell everyone how great your work is 
but do it in a humble way.

Structure of the Talk
There is not one right way to give a job talk. This is not 
going to stop me from suggesting one. Even if you choose 
not to follow the model below, my hope is that it leads 
you to think through how the various elements could be 
incorporated in your presentation.

You will often hear the advice, “Give the audience some-
thing to take home,” and this is doubly important for your 
job talk. By the end of your talk, everyone in the audience 
should be able to clearly answer the following three ques-
tions: What is your research question? What did you do? 
Why is it interesting? The outline below is centered around 
answering these three questions.
Part 1: Introduction (15–20 minutes)
Your introduction should answer the question, “Why is my 
research area interesting?” You should start by providing 
background or context that will pique the curiosity of your 
listeners. There are many approaches that could work well: 
How have the major conjectures in your field developed 
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constructive advice.) Then you should incorporate this 
feedback and practice again.
Timing the end 
At this point in your career you know that you should ab-
solutely never ever go over time. (Surely you are not one of 
those presenters who routinely go late. Surely.)

The interviewing department will tell you a number 
which is purportedly the amount of time you have for 
your talk. You should take it with a grain of salt. It is quite 
common to start a couple minutes late. Also, you should 
anticipate receiving some questions which will slow down 
your pace—job talks elicit more questions than seminars. 
This means:
1. Your presentation should be tight—focus on a single 

narrative and do not deviate from it.
2. You cannot leave your own results to the last minute. 

Make sure your key results are communicated before 
the talk is scheduled to end!

3. Resist the temptation to speed up the end of your 
talk. No one benefits from a five minute discussion 
condensed into two minutes. Just end early!

Alternatively, you could consider scheduling a “time 
flexible” activity at the end. This could be presenting ad-
ditional results, or computing an example, or discussing 
an interesting feature of the proof—something that adds 
to the presentation but can safely be skipped if need be.
Broader connections 
Here are several ways you can highlight connections with 
other areas of mathematics. First, you can take a historical 
perspective. Most fields of modern mathematics share sim-
ilar roots. Which problems first sparked the development 
of your field? How has it diverged from neighboring fields?

Second, you can look for loose analogues of your results 
in other fields. Certain foundational objects and examples 
are shared between many different fields. How does your 
research area interact with other ways of looking at these 
objects? How could your motivating question be inter-
preted in a different framework?

Third, if your work has interesting implications for other 
disciplines you should be sure to mention them. However, 
be careful not to oversell—mathematicians abhor duplicity.
Boardwork
The best piece of advice on talks that I ever received was 
to prepare the board layout beforehand. When you give a 
talk using a chalkboard or whiteboard what you write is 
more important than what you say. If an audience member 
spaces out for five minutes, they should be able to recover 
the thread of the narrative simply by what is written on 
the board. By sketching out each board beforehand, you 
can ensure that the layout is clear, that important ideas get 
emphasized, and that extraneous details are omitted.

If you give a slide talk, similar principles apply. Think 
carefully about how to best support the narrative using 
what you write on your slides. Only essential information 

Well-chosen examples can go a long way toward providing 
this intuition.
Part 3: Presenting your results (20–30 minutes)
Part 3 should answer the question, “What results have I 
proved?” Usually it is best to focus on one or two of your 
most important theorems rather than giving an overview 
of your work. Whenever possible use examples to illustrate 
your results.

Resist the temptation to include too many details. Re-
member that your audience will not share your excitement 
about minor obstacles you had to overcome. It may be 
appropriate to share one or two key ideas from the proof, 
but you should avoid getting bogged down in a lengthy 
technical discussion. If you feel that you absolutely must 
spend some time speaking only to the experts, you may do 
so but you should alert your audience beforehand and you 
should keep it brief.

If possible, end the talk by giving a sense of your future 
research plans. If your mathematical narrative has not yet 
reached its conclusion, what are the next steps? Do you 
have a plan of attack? This is a great opportunity to generate 
excitement over your future research potential.

Other Advice
In this section I will expand upon some earlier comments.
Logistics 
You should find out all the details about your talk before-
hand. This includes: the location and time of the talk, 
(exactly) how long you have to give the talk, how much 
time is set aside for questions at the end, and what for-
mats are available (i.e., chalk vs. whiteboard vs. computer 
presentation).
Know your audience 
It is a good idea to familiarize yourself with the department 
that invited you. Will your audience include both applied 
and pure mathematicians? Will most of the department 
attend the talk? Will there be any students at the talk? 
Will you be speaking to 10 people or to 50? Also, are there 
special qualifications for the job that should be addressed 
by your talk? If the department is looking for a number 
theorist your talk should involve some number theory.
Practice 
Regardless of your typical routine, you should practice the 
job talk beforehand. Practice on your own with a timer—
no matter how meticulous your preparation, there will be 
some aspects of a talk (e.g., “this part is slow and boring”) 
that can only be discovered while at the board. Make sure 
you do not rush through, but give the talk as if you were 
actually in front of an audience. Record the time required 
to finish each portion of your talk and think carefully about 
whether you are happy with this allotment.

After practicing on your own, you should ask a mentor 
in your department to listen to your talk and give feedback. 
(Make sure this is someone you trust to give honest and 
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Ana C. R. Gomez, Mark Juhn, S. Kandlikar Gaurav, Ju-
lie S. Miller, Jazlyn Mooney, Riley O. Mummah, Kirk E. 
Lohmueller, and James O. Lloyd-Smith, Ten simple rules for 
giving an effective academic job talk, PLoS Computational 
Biology 15 (2019), no. 7.

Mentoring for 
Tenure-Track Interviews

Anthony Várilly-Alvarado

Job interviews for academic positions really matter, and 
interviewing poorly is easy. Ask anyone who has served 
in a department’s Appointments Committee. For better or 
worse, our profession is full of informal interactions and 
inadequately planned talks. Most of us learn by example, 
and every-day life in a mathematics department can leave 
a student or postdoc woefully unprepared for tackling the 
intensity and formality of a job interview. As a mentor 
to a graduate student or postdoc, it is part of your job to 
make sure a mentee is ready to tow the fine line between 
behaving professionally in a formal setting, and letting their 
personality shine through.

Questions 
Most interviews have a similar structure: individual or 
small group meetings with faculty members, a discussion 
with the department chair, a meeting with a dean, a talk, 
and usually one or two meals with department members 
(typically lunch and dinner). As a mentor, it is important 
to prepare your mentees to have questions for all occasions, 
and to encourage them to ask the same questions to different 
people in the same department. It is surprising how inconsis-
tent answers can be! These differences are useful: the inter-
view cuts both ways, and it is important for your student 
or postdoc to understand if they’d like to join a particular 
department. Differences in the answers to questions can 
simply reflect the personal style of the people answering 
questions, or they can be symptomatic of a certain amount 
of dysfunction. Your mentee will have to decide how much 
dysfunction they can live with.

Some questions I have either asked or have suggested 
to a mentee are: are assistant professors expected to advise 
bachelor/masters theses? How about doctoral students? 
Do you have regular seminars? How do you fund them? 
Are there opportunities to teach specialized courses in your 
field with some regularity? What is your current teaching 
load for research-active faculty? For administrators: How 
do you see the Math Department developing/growing over 
the next five years? Do you fund student/postdoc/faculty 

should be included, but nothing essential should be left 
out. Also, make sure that you do not overload a slide with 
too much information. Remember that the audience can 
only view one slide at a time; you need to think carefully 
about the flow of information to ensure that our archetyp-
ical spaced-out audience member can follow. Finally, try 
your hardest to make your slides look nice.
Questions from the audience 
Receiving a question from the audience can be very stress-
ful, particularly if someone is challenging a statement you 
made. It is easy to get defensive or nervous. Make sure to 
relax and try to put yourself and others at ease. If you need 
to take half a minute to gather your thoughts, then do it! It 
might help if you prepare the answers for some likely ques-
tions in advance, but you should also expect some surprises.

The correct mindset while receiving questions is re-
spect—respect for the question and respect for the ques-
tioner. The first step is to listen carefully to the question. It 
can be useful to repeat the question to ensure that you are 
understanding it correctly—this will also give you a chance 
to formulate an answer. If you don’t understand it, then ask 
a clarifying question. Make sure that your answer addresses 
the question. (Occasionally it might be appropriate to go 
off on a tangent, but make sure you answer the question 
first!) If you don’t know the answer, it is usually best to be 
honest about it. On the other hand, you will sometimes 
receive nonsensical questions, in which case you should do 
your best to respectfully explain the confusion.

It is not appropriate to get into a lengthy discussion 
with the person asking the question. If your talk is getting 
sidetracked, offer to continue the discussion after your talk 
is finished. And of course, if someone does catch you out 
in a mistake, be gracious and thankful. It shows they were 
paying attention!

Final Thoughts
Job talks are stressful experiences. Nevertheless, I would 
encourage you to view your talk as an opportunity rather 
than a pitfall. Remember that the audience is on your 
side—everyone likes to hear a good talk and to be informed 
about exciting research. And with practice and careful 
preparation you can put yourself in an excellent position 
to succeed. Good luck!
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It is therefore imperative to have your mentee practice 
the talk in front of you. More than once. I find it helpful to 
invite graduate students, other postdocs, and mathemati-
cians in your department well outside your field as audience 
members. After a practice talk, the post-mortem takes place 
in two phases. I first invite audience members, but not the 
speaker, to tell me their frank assessment of the talk in my 
office. In the second phase, I talk to the speaker alone, and 
I try to channel the feedback from the first phase, as well as 
my own, in a constructive way. Without wanting to, I have 
brought people to tears. Whether this happens or not, it is 
paramount to explain to a mentee that they have not let you 
down, that the point of the conversation is improvement. 
Mentees spend substantial amounts of time preparing a 
talk, even a practice talk. They are terrified of letting you 
down. Recognize this effort, and help a mentee channel 
their energy in future efforts, in a way that respects their 
mathematical personality.

To beamer or not to beamer? There is no cookie-cutter 
answer. You know your mentee; play to their strengths. 
Some mentees can turn a board into a stunning tapestry, 
sweeping up the audience with their story-telling. Some do 
much better with carefully crafted slides. Importantly: slides 
do not have to stand alone. They are a prop, meant to help 
the audience follow the thread of the story our heroine is 
telling. The center of the talk should be the speaker, not the 
slides. To orient this center, there should be very few words 
or symbols in a slide, and each slide should be available for 
a long time. As a rule of thumb, there should be at most 
one slide for every two minutes of the talk.

Your own department likely hires in some regular way. 
Encourage your students and postdocs to attend job talks! 
Every year, when I send out an announcement for a job talk, 
I include the following paragraph in my email: “Graduate 
students: please remember that attendance to these lectures 
is expected. Please observe them carefully, and engage in 
discussions of them with fellow students and faculty mem-
bers (including postdocs!) when they are over. These are 
real life examples of a situation you may find yourselves in 
one day. Learning early on what works and what doesn’t 
in these talks is a crucial part of your career development.”

Social Aspects
Dinner. Interviews are very tiring: each one lasts 11–14 
hours. A candidate is in the spotlight the whole time. Even 
at dinner. Especially at dinner. I encourage students and 
postdocs to be themselves, and let people see them for who 
they are, defects and all. A department wants to know what 
they are getting into if they hire them. That being said, I 
encourage mentees to be polite and not bad-mouth people 
or other departments.

Prepare to be shocked. Perhaps due to the informality of 
our profession, it is not uncommon for a candidate to be 
asked questions that are not OK, and can border on illegal, 
e.g., are you married? Do you have kids? What does your 

travel if necessary? Are there dedicated funds to broadly 
support intellectual activity in the department? What steps 
towards developing an inclusive faculty have you and the 
department taken in the last decade? How do you expect 
to help the department sustain its current undergraduate/
graduate program?

Questions go both ways. Your mentee will be expected 
to answer some as well. Encourage your mentee to look up 
the work of people who are natural points of mathemat-
ical contact in the department where the person is going 
to interview, and be prepared to engage in mathematical 
discussions with these people. It’s surprising how often 
there are at least tenuous connections with what your 
mentee does. This can help both your mentee and the in-
terviewing department assess mathematical fit. Fit can go 
in many directions: large departments look to have clusters 
of mathematicians with vibrant intellectual atmospheres. 
Small departments often prize span. The same candidate 
can be a great fit at two different departments for opposite 
reasons. Help your mentee figure out what kind of atmo-
sphere would be best for them.

Doing a practice “meeting with a faculty member” with 
a mentee can help, because sometimes these meetings are 
very intense. A candidate might be grilled at the board. Not 
in a qualifying-exam kind of way, but in a way that probes 
a candidate’s vision for the future of their field, and how 
their research fits into said field and moves said future 
forward. These meetings are more fun than they sound, as 
a candidate is really in the driver’s seat most of the time. 
A practice session with your mentee, while likely stressful 
for both of you, can help them cope later with the natural 
initial anxiety these meetings bring.

The Talk 
A job interview talk is neither a seminar talk nor a confer-
ence talk. And although it is usually scheduled during a 
department colloquium slot, a job talk is not a colloquium 
talk. A job talk is a story, your mentee is the heroine, their 
main theorem is the central plot. In general, mathemati-
cians err on the side of modesty in talks, spending a lot of 
time describing past work on a subject, often at the expense 
of explaining their own work due to poor time manage-
ment. Your mentee has a Herculean task that doesn’t match 
the average template of many talks they have been to or 
given before: they must keep much of the talk truly acces-
sible to an audience with wildly different backgrounds, 
explain the landscape their work fits into (wherein all due 
deference to the historical record can be detailed), and 
convince the audience that their work represents a signif-
icant contribution to knowledge, worthy enough for an 
appointment that could turn into a 40-year connection to 
a department. At many institutions, the talk is also a way 
for the faculty to get an idea of how your mentee might 
be as a teacher. Bad teaching sinks all but the strongest of 
researchers at a faculty meeting to pick out an offer.
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significant other do? I encourage students and postdocs to 
be ready with an answer for these questions (I don’t mean 
they should answer the questions: I mean they should have 
a response ready to go, e.g., “It is not appropriate to ask 
that question during a job interview.”) It is hard to muster 
the courage on the spot to say something like this; prac-
ticing the answer beforehand can help deliver it when the 
time comes. These situations are unpleasant and they will 
happen. In my case, when they did, I politely informed the 
chair of the situation before leaving campus.

Rolling With It 
Interviewing is stressful. All the preparation in the world 
won’t eliminate the anxiety a candidate feels the night 
before or the morning of. But once an interview starts, 
there is little time to think. Preparing your students and 
postdocs for the experience will help them successfully 
navigate the day.

Credits
Author photo is by Joe Rabinoff.

Keeping Perspective 
While on the Job Search

Rafe Jones
Applying for jobs is disconcerting—and occasionally ex-
hilarating—even in a normal job cycle. Randomness plays 
a large role at several junctures in the process, including 
which positions are open, what kind of candidate each 
hiring committee seeks, and which applications (often out 
of hundreds) make it through the early cuts where they fre-
quently are read by only one or two people. Euphoria can 
accompany an invitation to visit a campus for a job near 
the top of your list, perhaps followed by despair if the offer 
goes to another candidate. These tendencies grow more 
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pronounced in a cycle with a smaller than usual number of 
jobs, where each open position feels particularly precious.

My goal is to help you push back the tide of stress. First, 
take the long view. You’re playing an elaborate game of 
chance, and it’s only natural that it takes a few spins—and 
thus a few annual job cycles—for you to get a result that 
you really want. The path from receiving your doctoral 
hood to settling into a job you’re content to do for the 
foreseeable future is rarely linear. When the poet Joseph 
Brodsky wrote, “What should I say about my life? That it’s 
long and abhors transparence,” he could have been writing 
about academic career arcs.

So don’t let it get you down when one job cycle doesn’t 
lead to the tenure-track position you’d been dreaming 
about. This is common, and when it happens you typically 
have two options. First, you can figure out a way to stay at 
your current institution for another year; second, you can 
take a temporary (often one-year) appointment at another 
institution.

If you’re finishing graduate school and there’s a graceful 
way to remain there and get your degree one year later, 
there are many benefits to doing so. In my experience it 
is an unspoken convention that t=0 in your career occurs 
when you receive your doctorate. Spending an extra year as 
a graduate student should only help your future career, as 
you get another year to beef up your scholarship and teach-
ing. Financial considerations might make this option less 
attractive, however. If you’re no longer a graduate student, 
it might be harder to stay on at your current position, but 
sometimes a need for someone to cover additional courses 
emerges in late spring or summer.

Taking a temporary appointment at another institution 
has many benefits as well, though it comes with some risks. 
Benefits include forming new professional relationships 
and gaining broader experience that can strengthen your 
application in future job cycles. If your temporary appoint-
ment is the kind of position you would like long-term, a 
letter of recommendation from a new colleague can be 
quite useful—especially if your colleague is well connected 
in the math community or well known for excellent teach-
ing. A letter with detailed first-hand comments carries the 
most weight, so make sure to arrange for your letter-writer 
to observe your teaching, preferably more than once. If 
you’re teaching online, you might consider inviting your 
letter-writer to sit in on a virtual class meeting, or providing 
sample course materials.

On the other hand, temporary appointments often come 
with heavy teaching loads that can make it a challenge to 
maintain research momentum. It’s also natural to want to 
pour yourself into your new institution: to not only teach 
brilliantly but also be a departmental hero who organizes 
extra events, takes on independent studies, and has the 
evening office hours students love. These activities will 
be massively—and sincerely—appreciated by the faculty 
and students at your new institution. But you should be 
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choosy about your time commitments: make sure that the 
activities you take on are aimed at your long-term career 
goals. If your dream job involves doing lots of research with 
undergraduates, or mentoring students of color, then jump 
at a chance to do those (and both have the added benefit 
of being a top priority at some departments, especially lib-
eral arts colleges). It can be hard to say no to other service 
requests, but empower yourself to do so. In the wider job 
market, being a generally outstanding departmental citizen 
may help you less than, say, submitting a paper for publica-
tion. The latter aids in establishing your research program 
as a sustainable entity, something many hiring committees 
look for. So: devote as much of your energy as possible to 
activities that are going to best help you in the future, even 
if it means being less of a hero to your new department.

However your next job search turns out, it probably 
won’t be your last one. Keep working on becoming the 
educator and mathematician you want to be, and keep in 
mind that finding a good-fit position usually takes time. 
You might try asking a colleague or two about their career 
trajectories; the stories you get most likely will have plenty 
of twists and turns. 

Credits
Author photo is courtesy of Laura Chihara.
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Remembrances of
Edward G. Effros

Edited by Palle Jorgensen
”Life can only be understood backwards; but it must be lived forwards”

—Søren Kierkegaard—translated from Danish by Palle Jorgensen

Edward George Effros (1935–2019), Distinguished Profes-
sor of Mathematics at UCLA, died on December 21, 2019.
His degrees are from MIT and Harvard (PhD with a thesis
directed by Professor George Mackey). He joined UCLA
in 1980, after nearly 20 years as a Professor at the Uni-
versity of Pennsylvania. He was famous internationally
for his profound and pioneering research in operator alge-
bras and representation theory. Of special note is his deep
work in what now goes by the name “Operator Spaces,”
the quantized theory of Banach spaces. His most recent
and penetrating work is in Quantum Information. His
academic honors include a Guggenheim Fellowship and
being an invited speaker at the International Congress of
Mathematicians. E. G. Effros was an AMS member since
1963, AMS Fellow since 2014.

Introduction

Claude (Chaim) Schochet
I got to know Ed Effros in 1979–80 at UCLA during a Spe-
cial Year in Operator Algebras. That was its official billing,
but I think that the UCLA faculty looked upon it as “Re-
cruit Effros” year, for the following year he officially left
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Figure 1. Ed Effros (LA, 2006).

Penn and joined the UCLA Math Department, where he
stayed for the rest of his career.

The Special Year was run by Ed and Masamichi Take-
saki. Fred Greenleaf, Richard Herman, Li Bingren, and I
were there for the year, and various visitors stopped by, in-
cluding Vaughan Jones in the spring. [He had just finished
his PhD and had a first result on the index of subfactors,
and he started his work with Herman on finite group ac-
tions on UHF algebras.] I was definitely the junior one
of the group. [Speaking of young, I remember Effros com-
menting one day that when he went to a conference he was
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always especially glad to see Dick Kadison in attendance,
for then he knew that he wasn’t the oldest one there!]

Ed and Masamichi ran a seminar for the whole year on
A. Connes’ brilliant paper “Sur la théorie noncommutative
de l’intégration” which culminated in his proof of the In-
dex Theorem for foliations. The result is one of four cited
in Connes’ Fields Medal (1982) citation. The paper is very
difficult. I remember that at the beginning of the year the
goal of the seminar was to understand the proof of the theo-
rem. By the end of the year, the goal had shifted to trying to
understand the statement of the theorem. Various visitors
gave talks (for instance Vaughan gave a talk on foliations,
a subject he had learned from Haefliger and Connes), but
the regulars gave most of the talks. I don’t think I realized
it at the time, but running this seminar was extraordinar-
ily difficult. I credit Ed andMasamichi withmaking it look
easy.

It turned out that Cal Moore was leading a seminar at
Berkeley on the same paper and also having difficulty. Cal
and I eventually teamed up and wrote a book-long exposé
of the result. Along the way we generalized Connes’ result
to foliated spaces. That generalization has proved very use-
ful, most recently in our current work on tilings. So what
I learned from Ed, Masamichi, and the others in the UCLA
seminar turned out to be critical in my career. I owe Ed
and Masamichi a big thanks for including me.

Figure 2. Vaughan Jones needs a tie (1992).

Ed was invariably warm, gentle, and helpful. I came to
UCLA with a haphazard background in 𝐶∗-algebras and
virtually no background in von Neumann algebras. Ed
took all that into account, helping me repeatedly with my
many many questions. I remember him sitting me down
one day and explaining to me just why the fact that the as-
sociated von Neumann algebra of the foliation was Type
II was central to the story. That was the fundamental fact

that brought this Index Theorem into really new territory,
very different from the classical Atiyah-Singer theorem or
its generalization to families.

Figure 3. Ed, Karen Kadison, Dick Kadison (Norway, 1997).

Ed’s andMasamichi’s relationship with Li Bingrenmust
have been fascinating. In 1979 there were very few main-
landChinese visitingUS universities. Bingrenwould come
to the seminars, work on his own, and nod politely when
you spoke to him. I thought that his English was so lim-
ited that he wasn’t understanding the lectures, and I had
no idea about his French, the language of the paper. Sev-
eral months into the year, Bingren was listed as a speaker
in the seminar. I went and was astonished. Bingren gave a
clear talk in English and, more amazingly, gave every indi-
cation that he understood the paper as well or better than
anyone in the room.

After the Special Year I would run into Ed at confer-
ences (starting with the Kingston conference that summer)
or when stopping by UCLA. I remember being there once
when his identical twin brother came walking down the
hall. It was the first time that I had ever seen an identical
twin of someone that I knew well, and it was very discon-
certing. He had many of Ed’s mannerisms—the way he
stood, the way he cocked his head while listening,. . . it was
spooky! But there really was only one Ed!

Ed continued to do research for most of his life. I was
particularly influenced by his work with Kaminker on ho-
motopy and shape theory. He also wrote various exposi-
tory works, which I especially valued. His CBMS lectures
onDimensions and𝐶∗-algebras opened the door formany
people to the world of AF algebras and their dimension
groups [Eff81]. In Math. Intelligencer (1989) he wrote a
paper entitled “Why the circle is connected: an introduc-
tion to quantized topology” [Eff89]. Here’s what I said in
Math Reviews:

1574 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 67, NUMBER 10



“The author takes the reader on a brief tour of a frag-
ment of the theory of 𝐶∗-algebras, starting from general
philosophical comments [”Now when Heisenberg noted that,
he was really scared.” P. A. M. Dirac] and culminating with
a more-or-less self-contained proof that the reduced 𝐶∗-
algebra of the free group on two generators is connected:
it has no nontrivial projections. The focus of the article
is on the strength that one obtains by quantizing classical
(read commutative) functional analysis and generalizing
it to the noncommutative setting. This is a lovely article,
exactly the sort of article one would hope to find in the In-
telligencer. Compliments to the author and to the editor.”

Ed was a wonderful person and a brilliant mathemati-
cian. We will all miss him.

Claude Schochet

Obituary for Professor
Edward G. Effros

Masamichi Takesaki
I was deeply saddened by the news of Ed’s passing and nat-
urally I started to think about his work and my own inter-
actions with him.

I first became aware of Ed as a rising young operator
algebraist in 1963 through his work on the conjugate space
of a 𝐶∗-algebra, a topic which I had also worked on. I was
very pleased to find his work because at that time there
were rather few papers in the field of operator algebras and
I was heartened to know that there was someone far away
from me but working in a closely related field.

I first met him in person at the famous Baton Rouge in-
ternational conference on operator algebras and applica-
tions in the spring of 1967. He was the first speaker of the
conference and delivered a beautiful talk which impressed
me very much despite my limited understanding of Eng-
lish. Ed’s exceptional expository skills meant that he was

Masamichi Takesaki is professor emeritus of mathematics at UCLA. His email
address is mt@math.ucla.edu.

often chosen to deliver the first talk and hence set the tone
at many conferences.

Figure 4. Richard Herman, Masamichi Takesaki, Ed (Japan,
1983).

Ed was a very innovative mathematician who worked in
and created a very broad range of new areas in the field of
operator algebras. He was a mathematical explorer in the
true sense: he never hesitated to plunge deep into some
unknown field whenever he felt there was something new
waiting to be explored. His independence of mind was
evident as a graduate student when he chose against the
advice of his supervisor at Harvard, George Mackey, to
write his thesis in operator algebras. Although our early
academic works are closely related, our interests diverged
somewhat in later years, with Ed driving crucial develop-
ments in an extraordinary range of topics within operator
algebras. I was deeply impressed by his creativity and have
been strongly and positively influenced by him through-
out my career.

He was not only a beautiful lecturer, but also an excel-
lent author of mathematical research articles: he had a dis-
tinguished style of creative, elegant, and joyful writing. It
is simply a joy to read his papers.

Although I feel that I amnotwell-equipped to comment
on the full range of Ed’smathematical output, I think that I
should at least attempt a summary from my own perspec-
tive. Probably one can divide his mathematical achieve-
ments into the following areas:

1. His contribution, from the mid 1960s to the mid
1970s, to consolidating and expanding the “Mackey
philosophy” through his work on (for example) the
Effros Borel Space of von Neumann algebras on a
separable Hilbert space, the Direct Disintegration
of von Neumann algebras and/or representations of
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Figure 5. Uffe Haagerup, Ed (Odense, 1992).

𝐶∗-algebras, and the Operator Algebraic Structure
Analysis of Compact Convex Sets (a significant con-
tribution to the Choquet School) [Eff65,Eff08].

2. Nuclear 𝐶∗-algebras and related topics in the mid
1970s. Among many important contributions by Ed
in this area, he and his collaborator, Man-Duen Choi,
proved the equivalence of the nuclearity and the ap-
proximation of the identity map by completely posi-
tive finite rank maps for a 𝐶∗-algebra [CE76a,Eff81].

3. Dimension Groups in the early 1980s, where Ed
and his coauthors David E. Handelman and Chao
Liang Shen gave a beautiful characterization of the
dimension groups of AF 𝐶∗-algebras as Riesz groups
[EHS80].

4. Operator spaces and quantized functional analysis,
from the mid 1980s onwards. It is my impression that
Ed viewed this work as his most important contribu-
tion to mathematics, regarding it as the quantization
of analysis [Eff89,Eff09,ER94].

Ed was not only very creative and talented, but also very
generous in sharing his ideas with others, resulting in
many joint works as well as distinguished visitors to UCLA.
This generosity had a critical influence on my own mathe-
matical development. In 1968, I visited the University of
Pennsylvania where Ed and his colleagues (including Er-
ling Størmer, a fellow visitor) were evaluating a set of far-
reaching claims beingmade by Tomita; they were skeptical
of the claims, and Ed suggested to me that I work through
them and write up my own account. The resulting theory
is now known as the Tomita-Takesaki Theory of von Neu-
mann algebras. I deeply appreciate my Philadelphia col-
leagues’ flat but friendly rejection of Tomita’s claim and
Ed’s suggestion of writing up my own account.

Ed lived his whole life according to the principles
of humanity and warm thoughtful help to others when

Figure 6. Masamichi and Kyoko Takesaki (2004).

necessary. For instance, when I arrived at Philadelphia In-
ternational Airport with my family in the summer of 1968,
Ed was kindly waiting there for us to provide any help
which may have been needed upon landing. This was my
first trip abroad with my family, and I didn’t know any-
thing about Philadelphia at that time, so it was a great re-
lief to be met by someone whom I knew. I felt Ed’s warm
personality and was deeply touched.

Ed’s mathematics is also guided by the same principle
of humanity and generosity. I admired him very much
and felt that we were privileged to have him at UCLA. I am
deeply thankful to have been his colleague. We all miss
him badly now.

I pray here for the peaceful rest of his soul.

Masamichi Takesaki
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A Brief Bio of Ed

Rita Brickman Effros
My husband, Ed, was born in Queens, and grew up in
Great Neck, NY. One of his earliest memories was in the
5th grade, when the teacher taught an old trick for check-
ing a long column of addition called “casting out nines.”
Ed was mesmerized by this apparent “magic” and from
that moment on, his ambition was to become a mathe-
matician.

As many of you know, Ed was a twin. He was born 10
minutes ahead of Dick, and he used that seniority to tease
his brother on many occasions. They were truly identical,
which led to confusion on the part of all family members.
Actually, their mother had put little bracelets on them
when they were infants to help her keep them straight, but
alas, she removed them at bath-time, so who knows which
is the real Ed!

Ed managed to finish MIT in three years, and then
earned his PhD at Harvard. After a postdoc at Columbia,
he moved to the University of Pennsylvania. In May, 1967,
we met on a blind date, and married four months later.
We were married for 52 years, but it could have been 53
years: Ed, the typical absent-minded professor, had gotten
my phone number a year earlier from another friend. But
he put it into the dark recesses of his briefcase and forgot
about it, until he got my number again, this time from a
friend of his brother’s wife.

Our two children, Rachel and Steve, were born in
Philadelphia, where we lived for 14 years. During that
time, Ed met an Immunologist at one of his Penn commit-
tee meetings. He came home all excited about the fairly
new field of immunology, so much so, that I decided to
focus in that field when entering graduate school at Penn.

In 1979, our family relocated to LA, where Ed had
been recruited by the UCLA mathematics department, and
I eventually joined the faculty of the Geffen School of
Medicine. Even though I am a scientist, I have never been
able to understand the complicated areas of mathematics
that so inspired Ed. Years ago, he told me he was work-
ing on something called 𝐶∗ algebra, and for many years,
I assumed he was saying SEA-STAR algebra. Until I actu-
ally saw one of his papers, I thought he was interested in
oceanography!

Ed was extremely supportive of my own work, but try
as he might, he could not stay awake during my “dress

Rita B. Effros is professor emerita of pathology & laboratory medicine at
the David Geffen School of Medicine at UCLA. Her email address is rita
.effros67@gmail.com.

Figure 7. Ed/Dick or Dick/Ed? (Queens, NY, 1940).

rehearsal” for my thesis defense. Nevertheless, he stayed
awake during his many hours of childcare while I was com-
pleting my graduate work, and beyond, when I had to be
away on business.

Over the years, Ed and his twin, Dick, have playedmany
jokes on family and friends. But one incident truly high-
lighted how similar they were. Ed was walking up a large
staircase of a hotel, and he saw Dick and waved to him. At
that moment, he realized that he was waving to himself in
a full-lengthmirror! Even he could not tell the twins apart!
One memorable twin story occurred when Ed was spend-
ing some time at MSRI in Berkeley. His brother came to
meet him after one of the lectures. As he was waiting, one
of the mathematicians, who did not know that Ed was a
twin, came over to greet Dick, thinking he was Ed. This

Figure 8. Ed and Rita (soon after marriage) and a very young
Dick Kadison (Philadelphia, 1967).
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person did not quite believe that it was not really Ed. So,
a colleague asked Dick to explain what an Operator Space
was—this would prove that this could not possibly be Ed.
Dick, being a physician, said, without missing a beat, “An
operator space is where a surgeon does his work.” So both
twins shared a sharp mind and a great sense of humor!
Looking at the book that Edwrote onOperator Spaceswith
Zhong-Jin Ruan, I now realize how important this area of
mathematics is.

One of the joys about beingmarried to amathematician
was experiencing the amazingly close international com-
munity of colleagues. We have made so many dear friends
both in the US and abroad—all through the math connec-
tion. As part of this community, we have visited/lived in so
many places. It has been a pleasure to joinmath colleagues
at conferences all over the world, including Berkeley, Paris,
Oslo, Istanbul, Beijing, Hong Kong, Copenhagen, Stock-
holm, New Zealand, Warwick, Japan, Sicily, Montenegro,
Croatia, Italy, Wales, and Israel.

In June 2019, we decided to relocate to Portland, Ore-
gon, where our children and grandchildren live. We had
spent several summers here, and began to really love the
city, which is on the Willamette River and features numer-
ous beautiful bridges. Unfortunately, Ed only lived to en-
joy this place for six months, but being so close to our
family was a real joy for him. Besides me, Ed is survived
by our daughter, Dr. Rachel Effros; son, Stephen Effros
(wife, Suzanne); granddaughters, Lila and Eva; brothers,
Dr. Richard Effros (wife, Gail) and Robert Effros; numer-
ous nieces, nephews and cousins; and many dear friends.

Rita Brickman
Effros

Ed Effros: From His Colleagues
at UCLA

Dimitri Shlyakhtenko and Sorin Popa
Edward Effros (December 10, 1935–December 21, 2019)
was a professor at the UCLA Department of Mathemat-
ics and a world-renowned mathematician. He is known
for his pioneering work in functional analysis with his re-
search touching many mathematical subjects, including
𝐶∗-algebra theory and operator algebras, descriptive set
theory, Banach space theory, and quantum information.

Figure 9. Ed’s sixtieth birthday party: Bill Arveson, Jerry
Kaminker, Pat Kaminker, Ed, Zhong-Jin Ruan, Rita, Cathy
Olsen, Marc Rieffel (Canada, 1996).

Early in his career, Ed used descriptive set theory no-
tions to show that one cannot classify factors explic-
itly, due to a nonsmoothness obstruction in the spirit
of Mackey’s similar results for representations of infinite
groups. More importantly, he suggested that one could ap-
ply the same methods in other areas of mathematics. This
triggeredmany subsequent developments, and indeed, ow-
ing to the work of Kechris and his colleagues, Borel classi-
fication theory is now a very active area in logic.

Effros’s work with Hahn in the 1960s, on transforma-
tion groups and the primitive ideal space of group 𝐶∗-
algebras, was very influential. In particular, Effros and
Hahn made a deep conjecture that triggered a lot of work,

Dimitri Shlyakhtenko is a professor of mathematics at UCLA. His email address
is shlyakht@math.ucla.edu.
Sorin Popa is a professor of mathematics at UCLA. His email address is popa
@math.ucla.edu.
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by many people, culminating with a complete solution, in
1979, by Gootman and Rosenberg.

The 1970s were marked by two extraordinary develop-
ments in operator algebras: the classification of amenable
von Neumann algebras and the birth of noncommutative
topology, with the introduction of algebraic topology-like
invariants, such as Ext, K-theory, and later KK-theory. Ed
made major contributions to both directions. On the
von Neumann algebra side, he introduced the notion of
semidiscreteness proving it equivalent to amenability, a
characterization that was key in Alain Connes final clas-
sification of amenable von Neumann algebras. On the
𝐶∗-algebra side, he did ground-breaking work, with Lance
and separately Choi, on nuclear 𝐶∗-algebras (a 𝐶∗-version
of amenability). In particular, they proved that nuclearity
is equivalent to matrix approximability. This was followed
by another breakthrough: the proof of the completely pos-
itive lifting theorem for nuclear 𝐶∗-algebras, an essential
ingredient in the Brown-Douglas-Fillmore Ext-theory and
later the KK-theory of Kasparov. From that same period,
his idea of a 𝐶∗-algebraic shape theory was one of themost
influential in the theory of 𝐶∗-algebras over the last three
decades.

Effros is perhaps most famous for his work on what he
called a “quantized” theory of Banach spaces. In that he
was very much influenced by Takesaki’s discoveries and
the subsequent meteoric career of Alain Connes. Quan-
tized versions of algebraic topology and probability theory
would soon appear. But for Effros, the most influential
person was perhaps Arveson, who took the first step in the
quantization of functional analysis.

Just as any Banach space can be realized as a linear space
of bounded functions (a “concrete Banach space”), one
can define a quantized Banach space to be a linear space of
norm-bounded Hilbert space operators. For this purpose
one must consider the norms of matrices over the space.
This is due to the fact that a matrix of operators has a nat-
ural norm which cannot be calculated from the norms of
its matrix entries. The appropriate morphisms in this the-
ory are the linear mappings that are completely bounded,
i.e., they induce uniformly bounded mappings on the ma-
trix spaces. Arveson was perhaps the first to recognize the
importance of these notions. In his study of noncommu-
tative function algebras, he succeeded in proving the non-
commutative analogue of the Hahn-Banach theorem.

As is well known, there is a more elementary ordered
version of the Hahn-Banach theorem which is concerned
with positive linear mappings of ordered Banach spaces.
There is a corresponding theory of completely positive
mappings, in which one recognizes the ordering on ma-
trices of operators. Effros and Choi characterized the oper-
ator systems (the quantized versions of Kadison’s function

Figure 10. The Popa family (UCLA, 1990).

spaces, the ”duals” of compact convex sets). This frame-
work was essential to Effros’s groundbreaking work with
Lance and Choi on the classification of 𝐶∗-algebras. In
particular, they introduced the von Neumann analogue
of semidiscreteness. As acknowledged by Connes, the lat-
ter provided an important key to his characterization of
the injective von Neumann algebras. This was followed
by the proof of the completely positive lifting theorem for
nuclear 𝐶∗-algebras, an essential ingredient of Kasparov-
Voiculescu’s KK-theory.

The category of operator systems is the appropriate con-
text for studying matrix convexity. In particular, Effros and
his student Winkler proved an operator analogue of the
Hahn-Banach Separation Theorem. This played a key role
in the Helton-McCullough theory of free semialgebraic
sets. Paulsen and his collaborators have recently turned
to the category of operator systems, in which they study
such notions as quotients and dual spaces.

Although Arveson proved the “first theorem of quan-
tized Banach space theory,” he did not complete the the-
ory. What was missing was the analogue of axiomatizing
Banach spaces as abstract vector spaces with norms. One
need only realize how awkward it would be if one only
handled concrete Banach spaces. Thus it is not obvious
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that the dual of 𝐶 (𝑋) can be thought of as a subspace of
𝐶 (𝑌) for some space 𝑌 , where it is immediate that it is an
abstract Banach space.

Effros assigned his student Zhong-Jin Ruan the task of
axiomatizing such matrix normed spaces. The relevant
morphisms are linear mappings which induce uniformly
(“completely bounded”) mappings of these matrix spaces.
This characterization result is essential to proving that the
dual and various tensor products of operator spaces are op-
erator spaces. The related completely positive mappings
determine the channels in quantum information theory.

A wide range of mathematicians, including Pisier,
Haagerup, Ruan, and Junge, have taken up operator space
theory. It would seem that virtually all of Banach space
theory is amenable to quantization. In particular, Effros
and Ruan have shown that Grothendieck’s tensor prod-
uct program has quantum analogues for studying map-
ping spaces. The classical and quantum versions of the
Grothendieck inequality are equivalent to various forms
of Bell’s famous inequality in entanglement theory (see
the work of Tsirelson). Specialists in quantum informa-
tion theory now maintain that operator spaces provide an
essential tool in their discipline. The Effros-Ruan bookOp-
erator Spaces is regarded as the fundamental text in this sub-
ject. Since then other major monographs have appeared,
including several by Pisier, and a major work by Brown
and Ozawa. In this context, Effros’s work with Haagerup,
Ruan, and Junge on local reflexivity has proved to be par-
ticularly important.

Effros’s last work concentrated on Quantum Informa-
tion theory. One of his notable achievements was a greatly
simplified proof of several of Lieb’s famous inequalities re-
lated to this subject.

Dimitri
Shlyakhtenko

Sorin Popa

Jonathan Rosenberg
Though I haven’t been in much contact with him for many
years now, Ed Effros had a big influence on my career and

Jonathan Rosenberg is the Ruth M. Davis Professor of Mathematics at the Uni-
versity of Maryland. His email address is jmr@math.umd.edu.

I miss him as a friend and mentor. I first met him when I
was in grad school at Berkeley as a student of Marc Rieffel
in the years 1973–76, and when I finished my PhD, I took
a position at Penn largely because of Ed’s being there. We
talked quite a bit about many things, mathematical and
otherwise, but we only wrote one paper together [ER78].
This paper was, to be honest, not among the greatest work
of either of us, but we enjoyed working on it together, and
it’s gratifying to note that it has since led to some impor-
tant developments in the Elliott program for classification
of simple 𝐶∗-algebras.

However, the paper [ER78] gives me a chance to men-
tion one of the things I most remember and cherish about
Ed, which was his sense of humor. I remember that I was
scheduled to give a seminar talk about this paper, and the
announcement was supposed to read
𝐶∗-algebras with approximately inner flip
time: 3:00

However, this was garbled in transcription and came out as
“𝐶∗-algebras with approximately inner flip time, 3:00.” We
both had a good chuckle about this. Ed also once told me
that someone, who having heard about the “Effros Borel
structure,” assumed that he was a collaborator of Émile
Borel (who was born in 1871), and on seeing him in per-
son was amazed to discover that he didn’t look at all as if
he was 100 years old!

As regards Ed’s mathematics, the work of his that proba-
bly had the deepest impact onmy own career was hismem-
oir with Hahn [EH67]. In retrospect, this was the start of a
very large body of work on the structure of𝐶∗-crossed prod-
ucts, a subject now well documented in the book [Wil07].
It was through listening to Ed lecture and chatting with
him that I came to appreciate the significance of the Effros-
Hahn work. And it was Ed’s being at Penn that motivated
Elliot Gootman to come to Penn for a sabbatical, where
with Ed’s encouragement we worked on trying to prove the
conjecture in the Effros-Hahn memoir [GR79]. So I owe
Ed a deep debt of gratitude. All of those in the operator
algebra community will miss him.

Jonathan
Rosenberg
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Figure 11. Ed with Zhong-Jin Ruan and Ruan’s son at Lake
Michigan, Chicago, Illinois, 1994.

Zhong-Jin Ruan
I feel very sad to lose Ed.

I was a PhD student of Ed Effros at the University of
California at Los Angeles (UCLA) when I first met him
in fall 1984. He was a great mathematician, extremely
bright. He was a great teacher as well, very patient and
kind to his students. He was always smiling and encour-
aging. His devotion to mathematics inspired me. He was
also fun to be around. I came from China and received a
BA degree in mathematics from Nankai University in Tain-
jin in 1982. That same year, I studied functional analy-
sis and operator algebras from Professors Joel Anderson
and Richard Herman at the Department of Mathematics
at the Pennsylvania State University. I became interested
in this field. Professor Herman recommended me to study
with Ed at UCLA. In the first year at UCLA, among other
things, Ed asked me to read his papers while I was gradu-
ally building up knowledge. After I passed my second lan-
guage test, in fall 1985, Ed gave me a question: “How to
recognize characterization of operator spaces?” In spring
1986, under Ed’s guidance, I discovered a matricial norm
characterization for operator spaces (i.e., subspaces of 𝐶∗-
algebras). This turned out to be a fundamental result in
operator spaces which helped me complete my PhD thesis
in 1987. Special thanks go to Ed who carefully mentored
and coached me for my doctoral studies. His impact was
far-reaching on me. Special thanks also go to Rita who
always warmly welcomed me with wonderful meals.

As a well-known mathematician, Ed’s research style was
unique. He loved talking. His humorous conversations

Zhong-Jin Ruan is a professor of mathematics at the University of Illinois. His
email address is z-ruan@illinois.edu.

came with math ideas. He would provide careful proofs,
offer pioneering ideas with great vision. He was always en-
ergetic. After discovering the characterization of operator
spaces, Ed and I started to collaborate for more than 15
years. Among these years, we incorporated some impor-
tant topics and applications into a book, entitled Opera-
tor Spaces, published by Oxford University Press in 2000
[ER00].

In the book, Ed and Iwere concernedwith amore recent
innovation, the quantization of Banach space theory. Our
goal has been to explain the deep analogy between linear
spaces of bounded functions and linear spaces of bounded
operators. Fact: every operator space may be realized as a
subspace of some 𝐶∗-algebra. The question is which kind
of and under what conditions can operator spaces be iden-
tifiedwith a subspace of𝐶∗-algebras? It turned out that our
operator spaces have important applications to the study
of harmonic analysis on quantum groups. The book is a
summary of our long-time collaboration. Our work along
with the work of Vern Paulsen and David Blecher estab-
lished the foundation for operator spaces.

Ed visited Illinois in the summer of 1994 while we were
writing the book. The photo (Figure 11) brings back mem-
ories of wonderful stories Ed used to tell. On one day, I
had to go out. I asked Ed to help watch over the turkey that
was roasting in the oven. He happily responded, “Sure. I
would stop the turkey walking out of the oven if it stepped
out.” Ed and Rita taught me how to cook turkey for the
Thanksgiving holiday and their recipe became our family
tradition. To me, Ed was my advisor and research collabo-
rator. More importantly, he was a father-like dear friend.

Zhong-Jin Ruan

Marius Dadarlat
Ed Effros’s life’s work is truly remarkable and will no
doubt continue to have a profound impact. He obtained
fundamental results in a wide array of areas. But since
his extraordinary mathematical achievements have been

Marius Dadarlat is a professor of mathematics at Purdue University. His email
address is mdd@purdue.edu.
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Figure 12. Maria Dadarlat, Steve Effros, Rachel Effros,
Zhong-Jin Ruan, Ed, Marius Dadarlat and Iunia Dadarlat
(Berkeley, 2000).

summarized earlier in this article, I will confine myself to
adding some personal recollections.

In the Fall of 1990, following the collapse of the total-
itarian regimes in Eastern Europe, I had the good fortune
and honor of becoming one of Ed’s graduate students. He,
along with Sorin Popa, was instrumental in opening the
doors of the UCLA Math Department for three aspiring
students from Romania. I met Ed for the first time when
two of us, myself and Florin Radulescu, arrived at LAX.
The third, Florin Boca, joined us a couple of weeks later.
With his infinite generosity, Ed arranged for affordable ho-
tel reservations, picked us up from the airport, and in the
days that followed, assisted us in finding long-term accom-
modation. Do I need to add that he even called a couple
of utility service companies once it became apparent that
our command of English was probably insufficient to se-
cure a contract? I will let you guess who provided us with
glasses and cookware.

Ed was liberal with his time and he offered me invalu-
able guidance and support. And his wit and humor were
splendid. To my request for a good problem, he replied
that if he knew one he would work on it himself. He used
this as a pretext to introduce me to his vision of mathemat-
ical development. In truth, Ed was driven by a boundless
curiosity as he was always in search of new insights and
problems that he would wholeheartedly share with others.
He encouraged me to continue to explore ideas from alge-
braic topology in the realm of operator algebras. When
graduation time came, I proposed a 30-page thesis. Ed
thought it was perhaps too short. After many more hours
spent in the library, I had news that Ed found satisfactory:
a recent dissertation supervised by a distinguished UCLA
math professor was just 14 pages long.

Ed was also a brilliant conversationalist. With a mind
that was perpetually young, he would fascinate the peo-
ple around him with his views and insights into notable
current events in mathematics, politics, or society at large.
During a dinner occasioned by a colloquium talk at Pur-
due, Ed’s charming and inspiring personality even suc-
ceeded in enchanting my mother—who does not speak or
understand English.

I owe Ed and Rita deep gratitude for the generous friend-
ship they showedme andmy family over the years. Wewill
all miss Ed dearly.

Marius Dadarlat

Research, Edward Effros
and Man-Duen Choi:
Completely Positive Maps

Man-Duen Choi
Originally, the notion of completely positive linear maps
was introduced by W.F. Stinespring (1955), and promoted
by W.B. Arveson (1969). Then Effros in collaboration with
Man-Duen Choi, took up the further tasks (as a series of
six papers [CE76b,CE76a,CE77a,CE77c,CE77b,CE78] in
1974–1978) to show that completely positive linear maps
are natural morphisms in the category of 𝐶∗-algebras.

Indeed, many intrinsic 𝐶∗-algebraic constructions,
such as tensor products (extended to crossed-products),
finite-dimensional approximations (covering nuclear 𝐶∗-
algebras), and various algebraic topological features (in-
cluding injectivity and liftings, as fully explored in the
Brown-Douglas-Fillmore extension theory) have been fea-
sible in the setup of completely positive linear maps.
Henceforth, more substantial results and generalizations
of completely positive linear maps were established by
mathematicians like A. Connes, K. Davidson, U.Haagerup,
V. Paulsen, G. Pisier, Z.J. Ruan, G. Witsttock, and others.

Man-Duen Choi is a professor of mathematics at the University of Toronto. His
email address is choi@math.toronto.edu.
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On the other hand, as initiated by K. Kraus in the early
1970s, theoretical physicists have become interested in
completely positive linear maps in connection with quan-
tum mechanics. Consequently, the mathematical research
has beenwidely recognized in the pioneering papers of the
structure of quantum information. Surprisingly, in the be-
ginning of this 21st century, the study of quantum infor-
mation has grown to a very hot field in physics, because
of the sudden building of quantum computers. Notably,
the recent progress of quantum information, in terms of
quantum channels (alias, trace-preserving completely pos-
itive linear maps) on matrix algebras, has provided the
most natural setting for noncommutative geometry and
noncommutative probability, as well as noncommutative
harmonic analysis in all kinds of real practices.

Man-Duen Choi

Dan Voiculescu
Myfirst contact with Ed Effros was in the late 1970s around
the time I got my doctoral degree from the University of
Bucharest. At the time, I received a short handwritten note
from Ed, who was a professor at Penn. The work of Ed and
Man-DuenChoi on completely positive liftings for nuclear
𝐶∗-algebras and my work about a noncommutative Weyl-
von Neumann type theorem, when put together, had an
important consequence. By an observation of Bill Arveson,
these were the two results needed to prove for a 𝐶∗-algebra
that the Brown-Douglas-Fillmore Ext semigroup of a 𝐶∗-
algebra was a group. The Ext of Brown-Douglas-Fillmore
was constructed from unitary equivalence classes of injec-
tive homomorphisms of the 𝐶∗-algebra into the Calkin
algebra under orthogonal sums and had been shown by
them to be a group in the case of commutative 𝐶∗-algebras.
My result dealt roughly with the unity element in the semi-
groupwhile the Choi-Effros result was needed to get the ex-
istence of inverses. It was the beginning of extending the
Brown-Douglas-Fillmore theory beyond the commutative,
to noncommutative 𝐶∗-algebras.

Dan Voiculescu is a professor of mathematics at UC Berkeley. His email address
is dvv@math.berkeley.edu.

Figure 13. Ioana Voiculescu, Ed, Gilles Pisier, Cecile Delesalle,
Dan Voiculescu (Paris, 1999).

In addition to the pleasure of receiving the sample of
Ed’s fine handwriting I also enjoyed that my work had con-
nected with work which was quite different in style. My
paper, though an operator algebra paper, had some of the
flavor of my background in single operator theory (it also
solved one of Halmos’ ten problems). On the other hand
the completely positive lifting Annals paper of Choi and Ef-
fros in its style pointed to a background in Grothendieck’s
functional analysis work.

Soon I also got acquainted with the Effros-Handelman-
Shen paper and another Choi-Effros paper. The first pa-
per was about the structure of dimension groups of induc-
tive limits of finite-dimensional 𝐶∗-algebras (AF-algebras).
This was a major early step in the classification of 𝐶∗-
algebras. The second paper was a key contribution to
the theme of amenability in 𝐶∗-algebras. It was also in
the form which subsequently played an important role
in the development of K-theory in 𝐶∗-algebras, in partic-
ular the extension of the Brown-Douglas-Fillmore theory
which culminated with the bivariant K-theory of Gennadi
Kasparov. Not long after that I also met Ed in person. I
greatly enjoyed both his elegant mathematical ideas and
his humor. It was always a pleasure to see him.

Years later, Ed had relocated to UCLA and I was at UC
Berkeley. In the Fall of 1991, Ed spent his sabbatical in
Berkeley. What Ed had not foreseen when planning the
sabbatical was the devastating East Bay Hills Fire at the
end of October. The house he rented was close to the his-
toric Claremont Resort hotel, which we watched on TV for
a few days as the fire came closer and closer to the land-
mark building, but fortunately at the very last moment
stopped. The disaster also reached the operator algebra
group in Berkeley as Bill Arveson’s house burned. Ed and
Rita, after staying at Marc Rieffel’s house during the fire,
were fortunate to be able to return to the house near the
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Claremont. It was there, a month later, that my wife Ioana
and I had one of the warmest Thanksgiving dinners with
a large part of the extended Effros family. Smiling, Ed had
toldme in advance that I wouldmeet his twin brother who
is a medical doctor and that they were indistinguishable
when they dressed the same way. I could not verify the
claim completely, the last condition for indistinguishabil-
ity not being met.

Ed was a wonderful mathematician and a wonderful
person. We greatly miss him.

Dan Voiculescu

Jerry Kaminker
I was able to spend a quarter at UCLA in the fall of 1982
and got to know Ed and Rita. Ed had come up with the
idea of adapting Borsuk’s shape theory to a noncommuta-
tive setting with the goal of extending Elliott’s K-theoretic
classication of AF-algebras tomore general direct limits. In
the course of this he introduced noncommutative versions
of notions such as projectivity and semiprojectivity. Ed
thought that these ideas could be applied to developing
the relation between 𝐶∗-algebras and topological dynami-
cal systems in a way parallel to that between vonNeumann
algebras and ergodic theory. This was developed by Ian
Putnam and many others over the years. Ed and I worked
out some computations and he taught me a lot. Actually, I
felt he was trying to brainwash me into having the correct
view of mathematics and I often wish he had been more
successful.

It is worth mentioning that Ed would have been very
pleased to see that Alain Connes has recently been led to
use operator space theory in his work relating noncommu-
tative geometry to physics.

Ed had very high standards, bothmathematically and in
life. However, it was also his sense of humor which brings
back memories of him. There were many instances, but
one that lingers was when my wife Pat and I were having
dinner with Ed and Rita. We were talking about food and
diets. Pat said that her mother told her to “always leave the

Jerry Kaminker is a visiting professor of mathematics at UC Davis. His email
address is kaminker@math.ucdavis.edu.

table hungry.” Ed responded “my mother told my brother
and me to eat until it hurts.” This was typical of words of
wisdom which have helped guide us over the years.

It was really a pleasure to know Ed and Rita and their
children. His insights and opinions, both mathematical
and otherwise, were great to hear and we will really miss
him.

Jerry Kaminker

Effros and Convexity Theory

Fred Shultz
Kadison in his AMS Memoir showed that if 𝒜 is a unital
𝐶∗-algebra, and 𝐾 its compact convex set of states, then
the space𝐴 of self-adjoint operators in𝒜 (as an ordered Ba-
nach space) is isomorphic to the space 𝐴(𝐾) of continuous
affine functions on 𝐾. Surprisingly, much of the algebraic
structure of𝒜 is also determined by 𝐾. For example, affine
homeomorphisms of 𝐾 induce Jordan isomorphisms.

Effros in the years immediately following his 1962 PhD
hadmany papers that explored a similar duality of ordered
linear spaces and their state spaces in various contexts. I
first became familiar with Ed’s work from his paper “Or-
der ideals in a 𝐶∗-algebra and its dual” [Eff63]. Erik Alf-
sen and I read this thoroughly at the start of our investi-
gation of compact convex sets that are state spaces of 𝐶∗-
algebras. Among other results, that paper (and a related
paper of Prosser) established a correspondence of norm
closed one-sided ideals of 𝒜, norm closed order ideals of
𝐴, and the 𝑤∗-closed faces of 𝐾. Ed then wrote a series
of papers on simplexes. The state space of a 𝐶∗-algebra 𝒜
is a simplex iff the algebra is abelian, or equivalently, iff
𝐴 = 𝒜𝑠𝑎 is a vector lattice (and then also 𝐴∗). The Cho-
quet simplexes that occur in this way are precisely those
with closed extreme boundary. If 𝐾 is a Choquet simplex,
then Ed shows many of the results from the 𝐶∗ duality pa-
per discussed above carry over. For example, there is a 1-1

Fred Shultz is professor emeritus at Wellesley College. His email address is
fshultz@wellesley.edu.
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correspondence of closed order ideals in 𝐴 = 𝐴(𝐾) with
closed faces of 𝐾 (and maximal closed order ideals of 𝐴
with extreme points of 𝐾). He defines closed sets of a
“structure topology” or “facial topology” on the set 𝐸(𝐾)
of extreme points of 𝐾 as the intersections of closed faces
with 𝐸(𝐾). If this topology is carried over to the set of max-
imal closed order ideals, this is the Jacobson hull-kernel
topology. In the second paper of this series, Ed shows
this topology has the Dirichlet property: structurally con-
tinuous functions on 𝐸(𝐾) admit a unique extension to
an element of 𝐴(𝐾). In the first of those simplex papers,
Ed thanks Erik Alfsen (and Robert Phelps) for introducing
him to the theory of simplexes. Then in the early 1970s Ed
and Erik exploited similar themes in their paper “Structure
in real Banach spaces.” Here the duality of a real Banach
space and its dual is exploited in geometric terms. The key
notion is that of an M-ideal, which generalizes the two-
sided ideals of a 𝐶∗-algebra. There is also a connection
with the theory of Banach lattices (L-spaces and M-spaces)
that played an important role in Ed’s papers on simplex
spaces. But the heart of this paper is a beautiful geometric
characterization of M-ideals in terms of the “3-ball prop-
erty” which describes how intersections of triples of balls
meet the ideal.

I met Erik Alfsen shortly after he and Ed finished their
paper “Structure in real Banach spaces” [EG69], and I be-
gan a long collaboration with Erik. I got to know Ed ini-
tially vicariously via Erik’s recounting of their collabora-
tion. Later I met Ed in person, and heard his many beauti-
ful talks at conferences (often the keynote talk). His talks
were always informative, often creative, and very enjoyable.
Ed always went out of his way to be friendly, and conveyed
a sense that he had read your papers and enjoyed your
work. Erik Alfsen would have found a way to say more
elegantly how much we will all miss Ed.

Fred Shultz

Gilles Pisier
I first met Ed in Houston, probably in the Fall 1990. I
drove from Texas A&M in College Station to attend a series
of named lectures that he was scheduled to give at the Uni-
versity of Houston, over a week. This had been initiated
by Vern Paulsen and David Blecher who had been inde-
pendently developing their own ideas on operator spaces.
This was going to be my introduction to operator spaces
of which I knew next to nothing at the time. Of course
I was attracted by the name Effros. His huge reputation
was already all around functional analysis when I started
doing research for my thesis in 1972. Convexity was a ma-
jor theme of research around Choquet at Paris VI and Ed’s
work on that topic was highly regarded there. Also there
was the celebrated “Effros-Borel theory” that was quite im-
pressive and intimidating to the French student that I was
back then. While I was no longer a beginner in 1990, my
perception was still that I was going to meet a great man
of science, a great father figure from the past, so it was a
big surprise to find how warm, lively, and totally unpreten-
tious he was. He was witty and could be very funny. We
became friends almost instantly and he behaved in such a
way that I immediately forgot his seniority. In retrospect, it
is amusing to remember that although I instantly liked Ed,
I was very reluctant to accept operator spaces which he was
promoting like a great preacher in his lectures. I remem-
ber he was very enthusiastic and excited. There was a rather
small audience, and I felt he was trying to convertmewhile
I was secretly being very skeptical. I had no problem ac-
cepting completely bounded maps, to which I had been
previously exposed, but the duality of operator spaces and
their new projective tensor product were giving me trou-
ble. All this did not seem “natural” to me. It was only a
few months later that I suddenly saw the light! I owe that
to Christian LeMerdywhowasmy PhD student at the time.
Stimulated by his interest and feeling the need to catch up
with him, I invested the necessary amount of time and en-
ergy to understand how operator space duality works, and
all of a sudden all the things that Ed had preached about
fell into place. With delay his lectures made perfect sense
and I was converted. I have worked on the subject ever
since. I was coming from a different field (Banach spaces)
but I immediately felt comfortable and very welcome by
all the people I met in the operator algebra community af-
ter this initial meeting with Ed. I invited him to visit Paris
VI University for a month in the 1990s. There, it was amus-
ing for me to watch the reaction of some people for whom
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Figure 14. Bob Powers, Ed, Teo Banica (Monastery conference
in Italy, 1996).

he had been a major figure some 30 years earlier when he
was working on convex sets and Choquet simplexes. They
were a bit surprised to see him brought back by the lat-
est generation of Paris VI recruit, as the shining star of a
completely different subject. This was the beginning of
a 25-year period of fruitful exchanges, with mutual invi-
tations, each one of us giving special lecture series in the
other’s department, organizing jointly several conferences,
and cultivating all sort of links. After meeting Rita, we all
(with my companion Cécile by my side) became intimate
way beyond our professional activity. We both miss him
dearly.

Gilles Pisier

Robert Powers
Ed Effros was a great researcher and a scholar. When I ar-
rived at Penn in 1967 he was here. Soon I learned that I
did not have to spend long hours in the library looking
stuff up. I would simply ask Ed. He was a fountain of
knowledge. I remember after he left Penn I submitted a
paper to a journal for publication and then I had to retract

Robert Powers is a professor of mathematics at the University of Pennsylvania.
His email address is rpowers@sas.upenn.edu.

it when Man-Duen Choi told me that a much better re-
sult had been published by a Russian years ago. If Ed had
been at Penn that never would have happened. When it
comes to letters of recommendation most people put their
money on the letters from the top leaders but I always paid
my most careful attention to Ed’s letters. Ed took these
evaluations seriously and I found his to be the most use-
ful. I remember when a prominent mathematician retired
Ed said, ”Now we all move up a notch.” As all who knew
him knew he had a great sense of humor. His work with
Choi on completely positive idempotent maps and how
they define a multiplication has had an enormous effect
on my own research. Ed Effros was always a great friend to
graduate students in analysis.

Robert Powers

Former PhD Students of Ed
Effros (in chronological order):
Robert Busby; Maurice Dupre; William Green; Patricia
Kenschaft; Dong Chi; C.-L. Shen; Y.-T. Poon; Z.-J. Ruan;
Marius Dadarlat; Kevin McClanahan; Soren Winkler; Ed-
uard Vaysleb; Corran Webster; Ping Ng; Dmitri Nikshych;
Vrej Zarikian.
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BOOK REVIEW

Modernism, Fiction
and Mathematics
Reviewed by Johann A. Makowsky

Modernism, Fiction and Mathematics
Edinburgh Critical Studies in Modernist Culture

Nina Engelhardt

1. The Book Under Review
Nina Engelhardt’s book is a study of four novels by three
authors: Hermann Broch’s trilogy The Sleepwalkers [1],
Robert Musil’s The Man without Qualities [8], and Thomas
Pynchon’s Gravity’s Rainbow and Against the Day [12,13].

Her choice of authors and their novels is motivated by
the impact the mathematics of the interwar period had on
their writing fiction. It is customary in the humanities to
describe the cultural ambiance of the interwar period be-
tween World War I and World War II as modernism. Hence
the title of Engelhardt’s book: Modernism, Fiction andMath-
ematics. Broch andMusil are indeedmodernist authors par
excellence. Pynchon is a contemporary American author,
usually classified by the literary experts as postmodern.

Engelhardt’s book is interesting for the literary minded
mathematician for two reasons. First of all it draws at-
tention to three authors who spent a lot of time and
thought in studying the mathematics of the interwar pe-
riod and used this experience in the shaping of their respec-
tive novels. Broch (1886–1951) and Musil (1880–1942)
were Austro-Hungarians and wrote in German. They were
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translated into English2 immediately after World War II
and are recognized by connoisseurs and experts as the Ger-
man language counterpart of Joyce and Proust. However,
even in the German language world they are not widely
read, both because of the length of their novels and the
demanding complex narrative. Pynchon is also known for
his lengthy novels and vast erudition and is read mostly
by his literary enthusiasts. All three authors deserve the
attention of a wider audience among mathematicians and
scientists, as I will expound below.

The true merit of Engelhardt’s book lies in its perspec-
tive. Without falling into the trap of over-interpretation,
she discusses the interplay between modern mathematics
and its foundational crisis and the development of the
fictional characters described in the novels. She uses the
modernist perspective cautiously to put the novels into the
wider cultural context of the prewar and interwar period in
central Europe, and she successfully avoids making wrong
statements about the mathematics of this period.

To understand Engelhardt’s goal I will have to explain
how the notion of modernism can be understood so that
it applies to both mathematics and literature. I then will
explain why Engelhardt’s choice of these four novels is jus-
tified by examining the mathematical background of the
three authors Broch, Musil, and Pynchon. I will also indi-
cate that, in a further study along the same lines, a close
examination of Hesse’s Glass Bead Game should be a valu-
able addition.

Engelhardt’s view of the “modernist transformation” of
mathematics is close to what Quinn describes in the No-
tices [14], although slightly less precise. In Engelhardt’s
words the impact of this “modernist transformation” on

2The first translation of The Man Without Qualities in English was published
by Ernst Kaiser and Eithne Wilkins in 1953, 1954, and 1960.
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H. Broch in 1909 R. Musil in 1900 T. Pynchon ca. 1957.

fiction consists in the development of autonomy and in-
dependence from the natural world, almost a kind of es-
capism into possible worlds. Musil’s man without qualities
is a man of all possibilities.

Engelhardt’s monograph offers the readers a new frame-
work of textual and cultural analysis in which one can un-
derstand the modernist and postmodern interplay of liter-
ature and mathematics. In her own words:

“In the revaluation of mathematics during its founda-
tional crisis, the certainty and rationality of this most
certain science is challenged, and the novels accord-
ingly employ mathematics as an example for the dra-
matic transformation of the modern West, the wider
loss of absolute truth, and the increasing skepticism
towards Enlightenment values. Crisis, however, also
implied some freedoms and opportunities for literature
and criticism. When the developing modern notion of
mathematics is defined by autonomy and independence
from the natural world, it bears traits more commonly
associated with literary fiction, and the novels examine
the possible convergence of mathematics and literature
in the freedom of imaginary existence. The novels thus
highlight the unique position of the structural science
mathematics in the relation of the (natural) sciences
and the humanities and suggest it to escape or straddle
the perceived divide between the disciplines.”

Engelhardt’s goal in this study is to put the interplay be-
tween fiction and mathematical conceptualizations of the
world into its historical context. She sees her work as a be-
ginning for further studies on the role of mathematics, not
only modern, in fiction in the wider field of literature and
science.

It is fair to say that in her book Nina Engelhardt does
succeed in giving us an inspiring tour d’horizon of this in-
terplay. If some readers of this review pick up only one of
these novels and start reading it (possibly but not neces-
sarily together with the relevant chapters of Engelhardt’s
book) they will be amply rewarded. Hopefully, these

readers will then look for the necessary leisure time to go
on reading more.

2. Modernism
What is modernism? Modernism as a phenomenon in
European culture is traditionally associated with the eman-
cipation of art and science from their exclusive role in rep-
resenting the true view of the world based on the notion
of immediate perception. Kantian epistemology was ques-
tioned throughout the 19th century, a cultural pessimism
blossomed and the church’s monopoly on the sovereignty
of interpretation of the true world was shattered. Its breed-
ing ground was the social changes in the period of intense
industrialization before and after WWI.

I do not think that there is a causal connection between
the various manifestations of modernism. It is more nat-
ural and convenient to see it as a confluence of various
developments of social, technological, and even political
character.

Certainly, some of these developments are intercon-
nected, but not always in an obvious way. The discovery of
non-Euclidean geometry definitely was not a result of so-
cial or political changes, neither was the emergence of rel-
ativity theory in physics, nor the discovery of the periodic
table in chemistry, nor the discovery of theMendelian laws
in biology. On the other hand, discoveries in the natural
sciences and technological progress are interrelated, and
there is no doubt that social and political developments
were partially accelerated by technological advances. Nina
Engelhardt’s book deals with the interplay of modernism
in literature and modernism in mathematics. The former
can indeed be seen as a general socio-cultural phenome-
non. However, the latter is the result of exclusively internal
developments within mathematics.
Modernism in art, music, and literature. In painting,
the advent of photography, the rise of the industrial
bourgeoisie, the changing socio-economic conditions for
painters, the confrontation with and the influence of
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non-European art brought about by colonialism, and the
discovery of non-Euclidean geometry, all may have played
a role in the development of abstract painting. Painting
stopped being the “true picture” of the world.

In music, the advent of acoustic recording played the
same role as photography in painting, and the new dis-
coveries of Helmholtz and others in acoustics played a
similar role to the discovery of non-Euclidean geometry.
The encounter with non-European music together with
the changing social standing of professional musicians
opened the way for experimentation. Twelve-tone music
was not only developed by Arnold Schoenberg and his fol-
lowers in Vienna but also by Nikolai Roslavets in Russia.

In literature the modern and modernist trends are more
varied, and it is difficult to bring them into a coherent pic-
ture. Trends in poetry, drama, and prose are diverse. In-
fluences of philosophy are divergent. Schopenhauer, Niet-
zsche, Bergson, and Kierkegaard were among the influen-
tial cultural pessimists. Ernst Mach, Carl Stumpf, Edmund
Husserl, Ernst Cassirer, the Neo-Kantians, and the philoso-
phers of the Vienna Circle (re)examined the nature of per-
ception and the scientific method, and altered our episte-
mological outlook.

For our discussion here, it is noteworthy that among the
German language authors of novels Hermann Broch, Her-
mann Hesse, Thomas Mann, and Robert Musil (in alpha-
betical order) are considered paradigmatic for modernist
prose in German. The same holds for James Joyce in Eng-
lish and Marcel Proust and Paul Valéry in French.
Modernism in mathematics. Modern mathematics is
largely the result of two internal developments in math-
ematics: the discovery of non-Euclidean geometry and the
emergence of set theory. In the years between 1874 and
1897 Georg Cantor created set theory single-handed, fol-
lowed by Felix Hausdorff’sGrundzüge der Mengenlehre from
1914 and in 1899 Hilbert published his Foundations of Ge-
ometry [6] and started emphasizing the use of axiomatic
methods. To the readers of the Notices, “modernism in
mathematics” may sound familiar from Yuri Manin’s re-
view [7] of Jeremy Gray’s Plato’s Ghost: The Modernist Trans-
formation of Mathematics [4], and from Frank Quinn’s A rev-
olution in mathematics? What really happened a century ago
and why it matters today [14]. In his review of [4] Solomon
Feferman [3] describes “modern mathematics” as follows:

“Modern mathematics–in the sense the term is used
by working mathematicians these days–took shape in
the period from 1890 to 1930, mainly in Germany
and France. Strikingly new concepts were introduced,
new methods were employed, and whole new areas of
specialization emerged, while other themes were rel-
egated to the dusty shelves of history. At the same
time, the nature of mathematical truth and even the
consistency of mathematics were put into question, as

mathematicians, logicians and philosophers grappled
with the subject’s very foundations. [...] modernism is
defined as an autonomous body of ideas, having little
or no outward reference, placing considerable empha-
sis on formal aspects of the work and maintaining a
complicated–indeed, anxious–rather than naive rela-
tionship with the day-to-day world.”

Books reflecting the spirit of modern mathematics are
sometimes called “Modern Algebra” (van der Waerden),
“Modern Analysis” (Dieudonné, Rudin), and the mod-
ern approach culminates in Bourbaki’s unfinished multi-
volume enterprise.

In order to appreciate Nina Engelhardt’s book we can
summarize the modernist aspect of (modern) mathemat-
ics as follows: the intuitive notion of mathematical truth
(facts) is replaced by the axiomatic description of relation-
ships where the only concern is consistency. Mathematics
passes from describing the true world to describing mere
possibilities.
Formalists vs intuitionists. One of the first modern(ist)
mathematicians who was also a successful philosopher,
playwright, and essayist was Felix Hausdorff. He started
his career as a successful writer under the name of Paul
Mongré, and his writings could easily be classified as mod-
ernist. In 1903/04, in his lecture course Time and Space
he remarked3 about mathematics in general, reflecting on
Hilbert’s view on the axiomatic method:

“Mathematics stands completely apart not only from
the actual meaning that one attributes to its concepts
but also from the actual validity one ascribes to its
propositions. Its undefinable concepts are arbitrarily
chosen objects of thought, its axioms are also arbi-
trary, though chosen so as to be free from contradic-
tion. Mathematics is the science of pure thought, just
as formal logic.”

His literary works were mostly published between 1897
and 1904 and consisted of a volume of poems, a play, a
book on epistemology, and a volume of aphorisms. He
wrote no novels, and as a philosopher he was mostly in-
fluenced by the younger Friedrich Nietzsche. However, he
was in correspondence with Moritz Schlick, the founder of
the Vienna Circle, and seemingly influenced Schlick’s early
views on time and space.

The modern(ist) view of mathematics led to heated de-
bates in continental Europe between Formalists and Intu-
itionists, with heavy political overtones. In philosophi-
cal circles such as the Vienna Circle around Hans Hahn
and Moritz Schlick, and its Berlin version around Hans
Reichenbach, this view led to a new and very strict def-
inition of what constitutes the scientific method. The
two philosophical circles were also influenced by Ludwig

3Quoted from [10].
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Wittgenstein and the emergence of mathematical logic.
Both Kurt Gödel and Karl Menger were students of Hans
Hahn. Among the eminent mathematicians Karl Menger
was an active member of the Vienna Circle and David
Hilbert became a member of the Berlin Circle.

3. Modernist Writers and Mathematics
While I studied mathematics in the late 1960s I was pre-
occupied with the question of the nature of mathematical
thought. I read a lot of material pertaining to this ques-
tion: philosophy, psychology, neurology, and also literary
works. Among the latter I came across five authors who
struck me as significantly influenced by modern mathe-
matical and/or musical thought: Paul Valéry, Robert Musil,
Hermann Broch, Hermann Hesse, and to a lesser extent
Thomas Mann. All of them are Europeans who wrote
mostly before WWII. Broch and Musil are among the sub-
jects of Engelhardt’s book. Valéry, Mann, and Hesse are
not. That Valéry and Mann are excluded may be justified.
However, I will argue below that Hesse could (or even
should) have been included. Thomas Pynchon is Ameri-
can and contemporary and writes in English. Engelhardt’s
book originated as a PhD thesis from 2012 in the depart-
ment of English Literature at the University of Edinburgh,
Mathematics in literature: modernist interrelations in novels
by Thomas Pynchon, Hermann Broch, and Robert Musil. Pyn-
chon’s two novels both deal withmathematics and science,
and are set partially in continental Europe of the period of
Broch and Musil. I will also briefly discuss why Pynchon,
besides fitting a thesis in the department of English Litera-
ture, is a major author discussed in Engelhardt’s book.
Hermann Broch and the Vienna Circle. Hermann Broch
was born in 1886 in Vienna to a prosperous Jewish family
and worked for some time in his family’s factory. As the
oldest son, he was expected to take over his father’s tex-
tile factory, therefore, he attended a technical college for
textile manufacture and a spinning and weaving college.
Although he had from early on philosophical, mathemat-
ical, and literary interests, he pursued them only privately,
mostly at night, while managing the textile factury during
the day. In the years 1904–1905 he attended seminars and
public lectures in mathematics and philosophy at Vienna
University, especially those given by Ludwig Boltzmann.

After an unsuccessful marriage which led to divorce in
1923, he sold the textile factory in 1927 to devote himself
full time to his intellectual interests. He studiedmathemat-
ics, philosophy, physics, and also psychology and cultural
history at theUniversity of Vienna. Philosophically hewas,
like Hausdorff, first under the influence of Schopenhauer,
Nietzsche, and Weininger, but later turned to neo-Kantian
philosophy and logicism and got involved with the Vienna
Circle, siding with Wittgenstein and Menger rather than

being a strict positivist. From 1913 on he started to pub-
lish philosophical essays.

Broch studied at Vienna University until 1930 having
among his teachersM. Schlick, R. Carnap, HansHahn, and
Karl Menger.

Originally he was more interested in a scientific career
and wanted to write a PhD, but he became discouraged,
due to his lack of knowledge of Latin, which was at that
time a compulsory subject for getting a PhD. The goal of
writing a thesis in mathematics was delayed indefinitely
and finally abandoned also because of his disenchantment
with science due to its increased specialization. It is during
this period that he wrote his trilogy The Sleepwalkers pub-
lished in 1931 which marked the beginning of his career
as a novelist, and which became known as a modernist
novel par excellence. He also wrote a novel, Die Unbekan-
nte Grösse [2] inspired by the events around Einstein’s the-
ory and its experimental verification during an eclipse vis-
ible only in the southern hemisphere. Among the writ-
ers whom Engelhardt discusses, H. Broch is definitely the
most mathematically educated.
Robert Musil and the Berlin Circle. Robert Musil was
born in 1880 in Klagenfurt (Austria) into a middle class
family. His father was a professor of mechanical engineer-
ing at the German Technical University in Brünn (now
Brno, Czech Republic), and, later, rose to hereditary no-
bility in the Austro-Hungarian Empire. Musil held two
doctorates, one in mechanical engineering from his fa-
ther’s university (1901), and one, obtained in 1908, in
psychology and philosophy from the University of Berlin
under the renowned Professor Carl Stumpf. Carl Stumpf
wrote his Habilitationsschrift in 1870 in Göttingen on the
foundations of mathematics. Between 1900 and 1904 M.
Schlick, one of the founders of the Vienna Circle, studied
physics in Berlin. Musil studied under Stumpf from 1903–
1908. It is very likely that Musil and Schlick met during or
after some of the lectures or seminars given by Stumpf.

M. Schlick’s early philosophy shows both appreciation
and criticism of Stumpf’s epistemology. Among Stumpf’s
students we also find Edmund Husserl, who established
the school of phenomenology, and who had studiedmath-
ematics with Kronecker and Weierstrass. Musil’s majors in
Berlin were “logics and experimental psychology,” and he
was examined in 1908 in philosophy, natural science, and
mathematics. A. Schwarz of the renowned “Schwarz’ in-
equality” was among his doctoral examiners. The title of
Musil’s thesis was Beiträge zur Beurteilung der Lehren Machs,
and dealt with the evaluation of the teachings of Ernst
Mach. As a philosopher of science, Mach was a major in-
fluence on logical positivism and American pragmatism.
Musil’s thesis and other technical writings, covering the
period 1904–1922, were republished in 1980 as [9]. In
1906 his first novel was published and at the same time
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he was developing an apparatus to research how people
experience color. From then on he dedicated his time ex-
clusively to his literary career, interrupted only by his mil-
itary service during WWI. From 1918 till 1931 Musil lived
in Vienna. We do not know whether Musil had direct con-
tact with the Vienna Circle during these years in Vienna. In
1931–33Musil lived in Berlin andwas an active participant
in the Berlin Circle aroundHans Reichenbach and Richard
von Mises. However, the first two volumes of The Man
Without Qualities were already published in 1930. Musil’s
awareness of modern mathematics and the foundations of
geometrymust have been acquired while he studied for his
doctorate in Berlin. Musil’s background in engineering,
psychology, and mathematics most definitely influenced
his writing not only of The Man without Qualities. In his
1906 novel The Confusions of Young Törless the confusions
are manifold, ranging from the sexual to the foundations
of geometry.
Thomas Pynchon. Thomas Pynchon is famously reclu-
sive. About hismathematical and philosophical education
we know rather little. As a writer he belongs more to post-
modernism than to modernism.

I gather from the Wikipedia article about him the fol-
lowing. He was born in 1937 and holds a degree in Eng-
lish from Cornell. Starting in 1953 he studied engineering
physics at Cornell University, but left at the end of his sec-
ond year to serve in the U.S. Navy. Engineering physics is
a unique branch of engineering which combines physics,
mathematics, electrical engineering, and other advanced
technology subjects. In 1957, he returned to Cornell to
pursue a degree in English. From February 1960 to Sep-
tember 1962, he was employed as a technical writer at
Boeing in Seattle. In 1964, his application to study math-
ematics as a graduate student at the University of Califor-
nia, Berkeley was turned down. The two novels discussed
in Engelhardt’s book are Gravity’s Rainbow, published in
1963, and Against the Day, published in 2006. The for-
mer draws from his experience at Boeing, the latter con-
tains a lot of mathematical material pertaining to Sofia
Kovalevskaya and to Hilbert’s school in Göttingen. Pyn-
chon seemingly researched this material with the help of
Michael Naumann, the German secretary of culture from

1998 until 2001. The only other good source of Pynchon’s
biographical material is his lengthy autobiographical in-
troduction to the collection of short stories Slow Learner
[11], published in 1984.

The novels by Pynchon are considered difficult to read.
Nevertheless, he has his fans who created a Wikipedia-
like website (https://pynchonwiki.com/), which
should help potential readers to enter Pynchon’s world.
Literary critics celebrate him as one of the most important
American novelists of the second half of the 20th century.
Gravity’s Rainbow and, even more so, Against the Day are
novels fitting the topic of Engelhardt’s study. Contrasting
him to Broch and Musil, comparing modernist to post-
modernist writing, makes Engelhardt’s book a gem among
the few studies linking mathematics and literature.
Hermann Hesse. There is one German modernist novel
dealing with formal aspects of mathematics and music
which should be mentioned: Hermann Hesse’s Magister
Ludi (aka The Glass Bead Game) [5]. One of the cen-
tral themes of the novel is the Glass Bead Game and the
way it is performed in public by its masters. The details
of the game itself are only vaguely described in the novel
as an amalgam of mathematics, music, and the Chinese I
Ching. But it says that playing the game well requires years
of hard study of music, mathematics, and cultural history.
The game is essentially an abstract synthesis of all arts and
sciences. It proceeds by players making deep, and some-
times unexpected, connections between seemingly unre-
lated topics. The novel is a dystopia in a post-historic set-
ting. The mathematics is not specified in detail, but the
sources used by Hesse concerning music, history, and In-
dian and Chinese cultures are well documented and iden-
tified.

Carl Jacob Burckhardt, the Swiss historian and diplo-
mat, of the same family as the eminent historian and
scholar of Renaissance culture Jacob Burckhardt, was a
close friend of Hesse and can be recognized as one of the
novel’s protagonists. His career alternated between peri-
ods of academic historical research and diplomatic post-
ings; the most prominent of the latter were League of
Nations High Commissioner for the Free City of Danzig
(1937–39) and President of the International Committee
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H. Hesse (left), 1905 portrait by Ernst Würtenberger (1868–1934), C. J. Burckhardt (middle), former President of the International
Committee of the Red Cross (ICRC) from 1944 to 1948 (copyright ICRC), H. Weyl (right), copyright ETH-Bibliothek Zürich,
Bildarchiv.

of the Red Cross (1945–48). He was teaching contempo-
rary history at the University of Zurich from 1927 until
1932.4

In the Hesse archive there is no written evidence
of Hesse’s inspiration concerning modern mathematics.
However, in a talk given by Hermann Weyl [15] we learn
that Hermann Weyl, Hermann Hesse, and Carl Jacob Bur-
ckhardt were close friends.

Commenting on his decision to leave Zurich to succeed
Hilbert in Göttingen in 1930, Weyl writes:

“[...] it could have possibly been right to stay in Zurich,
where my position was specially favorable to a vita con-
templativa, paired with, relatively speaking, modest ex-
ternal impact. It was not easy for me to come to a
clear decision. I have pondered the question in my
mind together with two men, with Jacob Burckhardt
and Hermann Hesse. The fate of the latter is particu-
larly close to me. He went “South”, not only geograph-
ically. His example is tempting, but also a warning.
For he achieved only a deeper loneliness and a mild
desperation, which strangely permeated the happiness
of his senses, his eyes and his writing, which was at the
same time exhilarating and loosening up. Burckhardt
on the other hand rejected the offer to succeed Ranke
in Berlin with self-evident determination.”

Hermann Weyl was known for his inspiring lectures, cele-
brating mathematics as a performing art. It is then likely
that he was both the model for the magister ludi cele-
brating the Glass Bead Game, and the source of Hesse’s
awareness of modern mathematics as the art of the pos-
sible, rather than the science of true nature. The impact
of Hermann Weyl on Hesse’s Magister Ludi has not been
explored in depth, but many mathematicians reading the
novel conjecture modern formalist mathematics to be a
major source of Hesse’s concept of the Glass Bead Game.
Few know that the source of Hesse’s knowledge seems to
be Hermann Weyl.

4Paraphrased from the wikipedia https://en.wikipedia.org/wiki/Carl
_Jacob_Burckhardt

Hesse’s Glass Bead Game can be viewed as the ultimate
form of modernist and even postmodernist mathematics.
The final disenchantment of the central character, Joseph
Knecht, with the game possibly reflects Weyl’s intuitionist
sympathies and the reservation he had during the time of
his friendship with Hesse towards Hilbert’s strict formalist
view of mathematics. It is only in later years that Weyl
emphasized mathematics as ”symbolic construction” and
moved to a position closer not only to Hilbert but also to
that of Ernst Cassirer. Seen like this, Hesse’s novel would
fit well into Engelhardt’s programof studying the influence
of modernist mathematics on modernist fiction.
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This is the second (revised and enlarged) 
edition of the book originally published 
in 2003. It introduces the first concepts of 
algebraic topology such as general simpli-
cial complexes, simplicial homology the-
ory, fundamental groups, covering spaces 

and singular homology theory in detail. The text has been designed 
for undergraduate and beginning graduate students of mathemat-
ics. It assumes a minimal background of linear algebra, group 
theory and topological spaces.

The author deals with the basic concepts and ideas in a very 
lucid manner, giving suitable motivations and illustrations. As an 
application of the tools developed in this book, some classical the-
orems such as Brouwer’s fixed point theorem, the Lefschetz fixed 
point theorem, the Borsuk-Ulam theorem, Brouwer’s separation 
theorem, and the theorem on invariance of domain are proved 
and illustrated. Most of the exercises are elementary, but some are 
more challenging and will help readers with their understanding 
of the subject.
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makes a compelling case for a careful reevaluation of the 
standard syllabus, Bressoud admits that “the current curric-
ulum is so ingrained that I hold little hope that this book 
will cause everyone to reorder their syllabi.” Nevertheless, 
Calculus Reordered is a thought-provoking read for those 
who regularly teach calculus.

The Cartoon Introduction  
to Calculus  
by Grady Klein and Yoram Bauman

As its name suggests, the Car-
toon Introduction to Calculus is a 
whirlwind introduction, in car-
toon form, to calculus and its 
applications. It bills itself as “an 
essential primer for students or 
for anyone who is curious about 
math.” Indeed, this book could 
serve as a clever gift for the math-
ematically apt, a companion for a 

current calculus student, or even as a soft introduction to 
the subject for a precocious young person.

Bauman, an economist who describes himself as “the 
world’s first and only stand-up economist,” teamed up with 
Klein, a cartoonist and animator, to produce this engaging 
book (they previously produced similar works on micro- 
and macroeconomics). Their illustrations and dialogue 
are witty and presented with flair. Lively caricatures of 
important figures, such as Newton, Leibniz, Archimedes, 
Euclid, and even Ramanujan, abound. Naturally, important 
formulas and numerical examples appear as well. However, 
these are fewer in number and are presented with more 
panache than they would appear in a traditional textbook.

One drawback to the Cartoon Introduction to Calculus is 
that the images, apart from the front cover, are presented 
in grayscale format. One hopes that a full-color version 
might be in the works.

Calculus Reordered: A History  
of the Big Ideas  
by David M. Bressoud

Calculus Reordered is a narrative 
treatment of the historical de-
velopment of calculus from its 
origins in the Hellenistic world of 
the Eastern Mediterranean to the 
era of Analysis in the 19th century. 

While this book, which is filled 
with formulas and diagrams, 
might interest the scientifically-lit-
erate layperson, its primary audi-

ence seems to be the thoughtful calculus instructor. Indeed, 
pedagogy is never far from Bressoud’s mind. He explicitly 
aims to change the dominant pedagogical paradigm: first 
limits, then derivatives, then integrals, and finally, infinite 
series. To this end, Calculus Reordered consists of five 
chapters corresponding to the historical development of 
calculus. The first chapter, “Accumulation,” treats Archime-
des’ computation of the volume of the sphere, Cavalieri’s 
principle, celestial motion, and other related topics. The 
next chapter, “Ratios of Change,” discusses interpolation, 
logarithms, and the vibrating string, along with the seminal 
work of Newton, Leibniz, and the Bernoullis. “Sequences 
of Partial Sums,” the third chapter, studies Taylor series and 
Fourier series, and pioneering results of Euler, D’Alembert, 
and Lagrange. The fourth chapter, “The Algebra of Inequal-
ities,” concerns continuity, completeness, and the devel-
opment of the ɛ-δ language. The final chapter, “Analysis,” 
delves into the Riemann integral and more advanced topics, 
such as elliptic functions, before finishing with a brief twen-
tieth-century postscript touching upon Gödel’s theorems 
and the Banach-Tarski Paradox, among other topics.

Bressoud concludes Calculus Reordered with his candid 
opinions on calculus pedagogy in an appendix entitled 
“Reflections on the Teaching of Calculus.” Although he 
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game winnable? As the book explains, these questions can 
be studied via discrete algebraic geometry, by translating 
winnability to properties of the complete linear system of 
the divisor defined by the initial state and by applying the 
Riemann-Roch theorem. 

The second model puts piles of sand at each vertex of a 
finite graph and assigns one designated vertex the property 
that sand can never accumulate there…making it a sort of 
sinkhole. If at some vertex, the sandpile becomes too high, 
for example it has more grains of sand than the degree of 
the vertex, then the sandpile topples sending a grain of sand 
onto each of the piles of neighboring vertices. If the graph 
is connected, then because of the sinkhole, the sandpiles 
eventually reach a stable state, and one can show that this 
state is uniquely determined by the initial one. Amongst 
stable states, there are two types: recurrent, which are the 
most likely to occur, and non-recurrent or transient states.  
A natural question to ask is which stable states are recurrent 
for a given graph. As with the dollar game scenario, the 
answer is elegant, involving an underlying abelian group 
structure on the space of stable recurrent states.

The book is written in an engaging way and only requires 
a minimal background in linear algebra, group theory 
and probability theory. At the same time the techniques 
described in the book have the potential to be useful in a 
broad range of research areas. Because of the far-reaching 
applications of its subject, it would be of interest to both 
undergraduate and graduate students and could be used as 
a textbook for a senior capstone course, or for self-study.

Divisors and Sandpiles: An 
Introduction to Chip-Firing 
by Scott Corry and David Perkinson

This book introduces the theory 
of chip-firing on finite graphs and 
its analogs in the theory of divi-
sors on Riemann surfaces and 
fixed-energy sandpile Markov 
chains. The authors develop the 
theory around two concrete and 
intuitively appealing toy models 
(the dollar game and sandpiles) 
which are real-life relatable in-

terpretations of the combinatorics and dynamics of the 
chip-firing process. After explaining the setups of the two 
models, the authors reinterpret them first in terms of a La-
placian operator, and then in the context of the geometry 
of Riemann surfaces in algebraic geometry and Markov 
processes in probability theory, in this way highlighting 
unexpected relationships between these two seemingly 
disparate fields The discussion leads naturally to other 
topics and generalizations, such as harmonic morphisms 
between graphs, M-matrices, matroids and the Tutte poly-
nomial, and higher-dimensional chip-firing on simplicial 
complexes.

The two toy models used in the book can be understood 
at a variety of levels, both for education and for enter-
tainment: the essential rules are accessible to someone 
with a middle school math background, and the myriad 
possibilities make for intriguing exploration, computer 
simulations and patterns. The dollar game can be thought 
of as a solitaire game, where you imagine people arranged 
(figuratively) on vertices of a graph with some integer 
amount of money (a negative value meaning that amount 
is owed). At each move (or chip-firing) you choose a vertex 
and the person on the vertex either gives a dollar to each 
adjacent player or takes one dollar from each adjacent 
player. You win the game if you can remove everyone’s debt 
in a finite set of moves. Under what initial conditions is the 
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SHORT STORIES

The Tenfold Way
John C. Baez

Three Rings for the Elven-kings under the sky,

Seven for the Dwarf-lords in their halls of stone. . . .

J. R. R. Tolkien

1. Introduction
The tenfold way burst into prominence around 2010 when
it was applied to physics: in simple terms, it implies that
there are ten fundamentally different kinds of matter [5].
But the underlying mathematics is much older.

The three real division algebras—the real numbers ℝ,
the complex numbersℂ, and the quaternionsℍ—show up
naturally whenever groups act as linear transformations of
real or complex vector spaces. This fact is especially im-
portant in quantum mechanics, which describes physical
systems using linear algebra. One consequence is that par-
ticles can be classified into three kinds. The ramifications
also percolate throughoutmathematics. In 1962, Freeman
Dyson called this circle of ideas the “threefold way” [3].

The story becomes evenmore interesting whenwe study
ℤ/2-graded vector spaces, also known as “super vector
spaces.” A super vector space is simply a vector space
written as a direct sum of two parts, called its even and
odd parts. In physics, these parts can be used to describe
two fundamentally different classes of particles: bosons
and fermions, or alternatively, particles and antiparticles.
For the pure mathematician, super vector spaces are a

John C. Baez is a professor of mathematics at the University of California, River-
side. His email address is baez@math.ucr.edu.

For permission to reprint this article, please contact:
reprint-permission@ams.org.
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fundamental part of the landscape of thought. For exam-
ple any chain complex, exterior algebra, or Clifford algebra
is automatically a super vector space.

In 1964, C. T. C. Wall [7] studied real “super division
algebras,” which we will explain in a moment. He found
that besides ℝ, ℂ, and ℍ, which give “purely even” super
division algebras, there are seven more! And thus the ten-
fold way was born.

But we should begin at the beginning. The story starts
with Hamilton, who in 1843 was the first to deliberately
create an algebra, namely the quaternions. This is a four-
dimensional real vector space

ℍ = {𝑎1 + 𝑏𝑖 + 𝑐𝑗 + 𝑑𝑘 ∶ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ}
with the associative bilinear product determined by these
relations:

𝑖2 = 𝑗2 = 𝑘2 = 𝑖𝑗𝑘 = −1
together with the requirement that 1 be the multiplicative
identity.

The quaternions are better than amere algebra: they are
a “division algebra,” meaning one where every nonzero el-
ement has a multiplicative inverse. As soon as Hamilton
announced the quaternions, others rushed in and created
more algebras, but in 1877 Frobenius proved that the only
finite-dimensional division algebras over the field of real
numbers are ℝ, ℂ, and ℍ. The octonions come close, but
they are not associative, and thus not part of today’s story:
we shall only consider associative algebras. Also, every vec-
tor space from now on will be finite dimensional.

Why are division algebras important? One reason
comes from group representation theory. Suppose you
have a “representation” 𝜌 of a group 𝐺 on a vector space 𝑉 ,
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that is, a homomorphism from𝐺 to the group of invertible
linear transformations of 𝑉 . The linear transformations of
𝑉 that commute with every map 𝜌(𝑔)∶ 𝑉 → 𝑉 form an
algebra with composition as multiplication, called End(𝜌).
Now suppose 𝜌 is “irreducible,” meaning that the only sub-
spaces preserved by all the maps 𝜌(𝑔)∶ 𝑉 → 𝑉 are {0} and
𝑉 itself. Then Schur’s lemma holds: any transformation
𝑇 ∈ End(𝜌) must have kernel and range equal to {0} or 𝑉 ,
so 𝑇 must be either invertible or zero. Thus, End(𝜌) is a
division algebra!

If 𝜌 is a real irreducible representation of a group, we
thus have three choices: ℝ, ℂ, and ℍ. In quantum physics,
states of a physical system are described by vectors in a
Hilbert space, and symmetries act as unitary operators
on this Hilbert space. Elementary particles—systems that
have no parts—are described by irreducible representa-
tions. Thus, if quantum physics used real Hilbert spaces,
elementary particles would come in three kinds.

In fact, quantum physicists use complex Hilbert spaces.
The only finite-dimensional division algebra over an al-
gebraically closed field is the field itself, and ℂ is alge-
braically closed. Thus, End(𝜌) must be ℂ for any irre-
ducible representation 𝜌 of a group on a complex vector
space. But remarkably, there is still a threefold classifica-
tion of irreducible representations of groups on complex
vector spaces, coming from the three real division algebras
[1]. So, elementary particles really do come in three kinds!

The whole story so far generalizes to super vector spaces.
As mentioned, a “super vector space” is simply a vector
space 𝑉 that is written as a direct sum of two subspaces:

𝑉 = 𝑉0 ⊕𝑉1.

We think of 0 and 1 as elements of ℤ/2. We say an element
of 𝑉 is “even” if it lies in 𝑉0, “odd” if it lies in 𝑉1, and “ho-
mogeneous” if it is either even or odd. A map of super
vector spaces 𝑓∶ 𝑉 → 𝑊 is a linear map that preserves the
grading: 𝑓(𝑉0) ⊆ 𝑊0 and 𝑓(𝑉1) ⊆ 𝑊1. The tensor product
of super vector spaces is defined by

(𝑉 ⊗𝑊)𝑖 = ⨁
𝑗+𝑘=𝑖

𝑉𝑗 ⊗𝑊𝑘.

A “super algebra” is an algebra 𝐴 that is equipped with the
structure of a super vector space and whose multiplication,
regarded as a map𝑚∶ 𝐴⊗𝐴 → 𝐴, is a map of super vector
spaces. So, a super algebra is just an algebra 𝐴 = 𝐴0 ⊕ 𝐴1
obeying these rules:

• The product of two even elements is even.
• The product of an even and an odd element is

odd.
• The product of two odd elements is even.

For example, take 𝐴 = ℝ[𝑥], let 𝐴0 consist of the polyno-
mials that are even functions, and let 𝐴1 consist of those
that are odd functions.

A “super division algebra” is a superalgebra such that
every nonzero homogeneous element has an inverse. Just
as division algebras arise naturally from irreducible repre-
sentations, super division algebras arise naturally from ir-
reducible representations in the super world. We can gen-
eralize everything about Schur’s lemma to this case. We
will not give the details here, but the upshot is that we can
define a representation 𝜌 of a “supergroup” 𝐺 on a super
vector space 𝑉 , and then there is a super algebra End(𝜌) of
linear maps 𝑇 ∶ 𝑉 → 𝑉 that “supercommute” with every
map 𝜌(𝑔)∶ 𝑉 → 𝑉 . When 𝜌 is irreducible in the appropri-
ate sense, End(𝜌) must be a super division algebra.

This makes it important to classify super division alge-
bras. It turns out that over the real numbers there are ten.
This is not hard to prove. Suppose𝐴 is a real super division
algebra. Then its even part 𝐴0 is closed under multiplica-
tion, and the inverse of an even element must be even, so
𝐴0 is a division algebra. If 𝐴1 = {0}, this gives three op-
tions:

• The super division algebra with 𝐴0 = ℝ, 𝐴1 = {0}.
• The super division algebra with 𝐴0 = ℂ, 𝐴1 = {0}.
• The super division algebra with 𝐴0 = ℍ, 𝐴1 = {0}.

In short, the three real division algebras can be seen as
“purely even” super division algebras.

What if 𝐴1 ≠ {0}? Then we can choose a nonzero ele-
ment 𝑒 ∈ 𝐴1. Since it is invertible, multiplication by this
element sets up an isomorphism of vector spaces 𝐴0 ≅ 𝐴1.
In the case 𝐴0 = ℝ, we can rescale 𝑒 by a real number to
obtain either 𝑒2 = 1 or 𝑒2 = −1. This gives two options:

• The super division algebra with 𝐴0 = 𝐴1 = ℝ and
an odd element 𝑒 with 𝑒2 = 1.

• The super division algebra with 𝐴0 = 𝐴1 = ℝ and
an odd element 𝑒 with 𝑒2 = −1.

In the case𝐴0 = ℂ, note that themap 𝑎 ↦ 𝑒𝑎𝑒−1 defines
an automorphism of 𝐴0, which must be either the identity
or complex conjugation. If 𝑒𝑎𝑒−1 = 𝑎, then 𝑒 commutes
with all complex numbers, so we can rescale it by a com-
plex number to obtain 𝑒2 = 1. If 𝑒𝑎𝑒−1 = 𝑎, then 𝑒𝑎 = 𝑎𝑒,
so 𝑒(𝑒2) = (𝑒2)𝑒 implies that 𝑒2 is real. Rescaling 𝑒 by a real
number, we can obtain either 𝑒2 = 1 or 𝑒2 = −1. So, we
have three options:

• The super division algebra with 𝐴0 = 𝐴1 = ℂ and
an odd element 𝑒 with 𝑒𝑖 = 𝑖𝑒 and 𝑒2 = 1.

• The super division algebra with 𝐴0 = 𝐴1 = ℂ and
an odd element 𝑒 with 𝑒𝑖 = −𝑖𝑒 and 𝑒2 = 1.

• The super division algebra with 𝐴0 = 𝐴1 = ℂ and
an odd element 𝑒 with 𝑒𝑖 = −𝑖𝑒 and 𝑒2 = −1.

Finally, in the case 𝐴0 = ℍ, the map 𝑎 ↦ 𝑒𝑎𝑒−1 defines
an automorphism of𝐴0—which, it turns out, must be con-
jugation by some invertible quaternion 𝑞: 𝑒𝑎𝑒−1 = 𝑞𝑎𝑞−1.
But this means 𝑞−1𝑒 commutes with all of 𝐴0, so replacing
𝑒 by 𝑞𝑒−1 we can assume our automorphism is the identity.
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In other words, now 𝑒 commutes with all of 𝐴0, so 𝑒2 does
as well. Thus 𝑒2 ∈ ℍ is actually real. Rescaling 𝑒 by a real
number we can obtain either 𝑒2 = 1 or 𝑒2 = −1. So, we
have two options:

• The super division algebra with 𝐴0 = 𝐴1 = ℍ and
an odd element 𝑒 that commutes with everything
in 𝐴0 and has 𝑒2 = 1.

• The super division algebra with 𝐴0 = 𝐴1 = ℍ and
an odd element 𝑒 that commutes with everything
in 𝐴0 and has 𝑒2 = −1.

These are the ten real super division algebras!
The real fun starts here. Wall showed that these ten alge-

bras are all real or complex Clifford algebras. The eight real
ones represent all eight Morita equivalence classes of real
Clifford algebras. The two complex ones do the same for
the complex Clifford algebras. The tenfold way thus unites
real and complex Bott periodicity. The ten real super divi-
sion algebras also correspond naturally to the ten infinite
families of compact symmetric spaces. For the mathemati-
cian, the best way to learn about all these things is Freed
and Moore’s paper “Twisted equivariant matter” [4]. The
classification of real super division algebras was also ex-
plained by Deligne and Morgan [2], and by Trimble [6].
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FROM THE AMS SECRETARY

An Expanded 
Classification System 
for Sessions and 
Talks at Future JMMs
A Letter to the Mathematical Community

Steven H. Weintraub

Currently, the Joint Mathematics Meet-
ings (JMM) are jointly managed by 
the AMS and MAA, but, as you are 
undoubtedly aware, this is about to 
change. Beginning in 2022, the AMS 
will solely manage the JMM. The AMS 
is committed to the principle that JMM 
will strive to represent the full spec-
trum of interests of the mathematical 
community, and we hope that future 
JMMs will be as broad, and potentially 
even broader, than they are now. I am 
writing this to make you aware of an 
important technical point that will af-
fect future JMMs. We are expanding the 
classification system for sessions and 
talks at the JMM so that organizers of 
sessions, and individual speakers, can 
find classifications that well represent 
their interests.

But before I explain the changes we are making, I want to 
point out that the JMM is organized in a ”bottom-up,” not 
a ”top-down” way—sessions and talks occur at JMMs not 
because some AMS high mucky-mucks decide they should 
be there, but rather because individual mathematicians, 
and small groups of mathematicians, take the initiative on 

their own to have them. So, I would 
like to encourage you to do so—all 
we can do at the AMS is to make this 
as easy as possible for you, and that is 
what we are trying to do.

While the exact deadlines for JMM 
2022 have not yet been established, 
we expect that the call for proposals 
for special sessions will go out in early 
2021, with a deadline on or about April 
1, and that the abstract submission 
deadline will be some time in Septem-
ber. I am writing you now, so that you 
will be aware of this new classification 
system when it comes time for you to 
use it.

A bit of background: Currently, 
at the JMM, there are AMS ”special 
sessions” and ”contributed paper ses-
sions,” and there are MAA ”themed 

paper sessions,” ”invited paper sessions,” and ”general 
contributed paper sessions.” Beginning in 2022, the three 
types of MAA sessions will be folded into AMS special ses-
sions and contributed paper sessions. (A number of other 
organizations participate in the JMM, and will continue to 
do so, but they handle their own parts of the program, and 
that will not change.)

Also, currently, when individuals submit abstracts to or 
organize AMS sessions at the JMM, they choose a top-level 
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(2-digit) MSC code to classify their contribution. In fact, 
we will be switching to having submitters choose the full 
(5-character) MSC code for their contributions, in order 
to enable us to better sort and group related items. MAA 
sessions currently run differently. But since, beginning in 
2022, there will only be one model of sessions, we need to 
be able to handle them uniformly (and this is in any case 
desirable on a number of grounds). Here we are faced with 
a problem: MSC codes are fine for research mathematics, 
but were never intended to deal with other sorts of contri-
butions. The Joint Meetings Planning Committee (JMPC) 
set up a subcommittee to consider this issue. This sub-
committee consisted of three people: Brian D. Boe (AMS 
Associate Secretary for the Southeastern Section), Gerard 
Venema (former MAA Associate Secretary), and myself 
(AMS Associate Secretary for the Eastern Section), as Chair. 
I am reporting here on the proposal of our subcommittee, 
which has been adopted by the JMPC and which will go 
into effect beginning with JMM 2022.

Our proposal is to establish new top-level categories:
101: Teaching and learning
102: Recreational mathematics
103: Professional development and professional 

              concerns
104: Wider issues

with appropriate subcategories. The full proposal, with the 
full set of subcategories, is to be found below. Note that 
this is just for the purposes of the JMM. This will not affect 
MathSciNet or the MSC system at all.

As I wrote above, we hope that this new classification 
system will make it easier for you to find a classification 
that well represents your interests. But we also expect that 
it will make it easier for us to group and schedule closely 
related items together and help us to minimize conflicts, so 
that we can make your JMM experience as rewarding and 
productive as possible.

Finally, we have put a lot of thought into this classifica-
tion, and have consulted with other people about it. But it 
is unlikely that we got everything exactly right on the first 
try, and in any event, things change with time. Thus, we 
expect that these codes will be revisited periodically and 
modified as necessary.

New Subject Codes for Sessions 
and Talks at AMS Meetings
101: Teaching and learning
101A: Teaching and learning advanced topics

00: General
01: History and biography
03: Mathematical logic and foundations
05: Combinatorics
.
. (One entry for each top-level MSC code)
.

97: Mathematics education
99: None of the above, but in this section

101B: Teaching and learning other topics
00: General
04: Calculus
08: Elementary statistics
12: Problem solving
16: Developmental mathematics
20: Advanced high school mathematics
24: Preparation for calculus
28: First year seminar
32: Introduction to proof
36: Capstone experience
40: Quantitative literacy
44: General education mathematics
48: Mathematical preparation of teachers
99: None of the above, but in this section

101C: Approaches to teaching and learning
00: General
04: Scholarship of teaching and learning
08: Critical thinking
12: Active learning
16: Fostering creativity
20: Writing in mathematics and statistics courses
24: Modeling in mathematics and statistics courses
28: Projects in mathematics and statistics courses
32: Big data in mathematics and statistics courses
36: Finding realistic applications of undergraduate  

           mathematics and statistics
40: Integrating student research into undergraduate  

           courses
44: Inquiry-based learning—research on inquiry meth- 

           ods
48: Inquiry-based learning—classroom implementation
52: Inquiry-based learning—resources
56: Flipped classrooms
60: Online courses
99: None of the above, but in this section

101D: Teaching and learning outside the classroom
00: General
04: Math circles for students and teachers—organization
08: Math circles for students and teachers—activities 

           and problems
12: Math clubs—organization
16: Math clubs—activities
20: Math camps
24: Mathematics competitions
28: Research experiences for undergraduates
32: Research experiences for teachers
36: Research experiences for K–12 students
40: Undergraduate research—activities and problems
44: Graduate research—activities and problems
48: Service learning
52: Internships
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20: Professional development for undergraduates
24: Professional development for graduate students
28: Professional development for faculty
32: Professional development for non tenure-track 

           faculty
36: Professional development for pre-tenure faculty
40: Professional development for tenured faculty
44: Professional development for teaching faculty
48: Professional development for research faculty
52: Professional development for department chairs
56: Professional development for university adminis- 

           trators
60: Professional development for mathematical scien- 

           tists in business and industry
64: Professional development for mathematical scien- 

           tists in government
99: None of the above, but in this section

103C: Professional concerns by target audience
00: General
20: Concerns of undergraduates
24: Concerns of graduate students
28: Concerns of faculty
32: Concerns of non tenure-track faculty
36: Concerns of junior faculty
40: Concerns of senior faculty
44: Concerns of teaching faculty
48: Concerns of research faculty
52: Concerns of department chairs
56: Concerns of university administrators
60: Concerns of mathematical scientists in business 

           and industry
64: Concerns of mathematical scientists in government
68: Concerns of the entire mathematical community
99: None of the above, but in this section

104: Wider issues
104A: Mathematics and other fields

00: General
04: Mathematics and the arts
08: Mathematics and music and dance
12: Mathematics and theater, film, video, and the per- 

           forming arts
16: Mathematics and computer and video games
20: Mathematics and fiction, literature, and poetry
24: Mathematics and history and biography
28: Mathematics and philosophy
32: Mathematics and the humanities/humanistic math- 

           ematics
36: Mathematics and economics
40: Mathematics and the social sciences
41: Psychology of individual mathematicians
42: Sociology of the mathematical community
46: Mathematics and ecology, earth, and environmental 

           sciences

99: None of the above, but in this section
101E: Course and curriculum design and administration

00: General
04: Grading
08: Assessment
12: The mathematics major
16: The statistics major
20: The data science major
24: The operations research major
28: The mathematics education major
32: Minors in the mathematical sciences
36: Corequisite courses
99: None of the above, but in this section

102: Recreational mathematics
102A: Topics in recreational mathematics

00: General
04: Puzzles
08: Magic tricks
12: Games
16: Gambling
20: Sports
24: Origami
28: Tilings
99: None of the above, but in this section

103: Professional development and professional 
concerns
103A: Professional development by function

00: General
04: Administrative skills (managing people, running 

           meetings, conducting reviews,...)
08: Assessment, feedback, and metrics
12: Case studies
16: Classroom practices
20: Communities of practice
24: Data-centered methods
28: Design practices
32: Diversity, equity, and inclusion
36: Interdisciplinary courses
40: Interdisciplinary research
44: Mentoring
48: Online initiatives
52: Professional skills (program management, time 

           management, ...)
56: Technology
99: None of the above, but in this section

103B: Professional development by target audience
00: General
04: Preparation for graduate school
08: Preparation for careers in academia
12: Preparation for careers in business and industry
16: Preparation for careers in government
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50: Mathematics and the health sciences
54: Mathematics and the biological/life sciences
58: Mathematics and the physical sciences
62: Mathematics, computer science, and data science
66: Mathematics and engineering and technology
70: Mathematics and business
74: Mathematics and architecture
78: Mathematics and humor
82: Mathematics and sports
86: Mathematics and interdisciplinary perspectives and 

           concerns
99: None of the above, but in this section

104B: Broader concerns
00: General
04: Inclusion and diversity in the mathematical com- 

           munity
08: Mathematics and diversity in society at large
12: Public awareness of mathematics/communication 

           with non-mathematicians
16: Outreach
20: Quantitative literacy
24: Communicating mathematics
28: Mathematics/mathematicians and the internet
32: Mathematics/mathematicians and human culture
36: Mathematics/mathematicians and academia
40: Mathematics/mathematicians and business and 

           industry
44: Mathematics/mathematicians and government
48: Mathematics/mathematicians and the national  

           laboratories
50: Mathematics/mathematicians and civilian govern- 

           ment agencies
52: Mathematics/mathematicians and the military,  

          defense, and intelligence agencies
56: Mathematics/mathematicians and public policy
60: Mathematics/mathematicians and social justice
64: Mathematics/mathematicians and sustainability
68: Ethical questions in mathematical teaching, practice 

           and research
72: Issues facing mathematicians and the mathematical 

           community
99: None of the above, but in this section

MathSciNet® is the authoritative gateway 
to the scholarly literature of mathemat-
ics. Containing information on more than 
3 million articles and books, with direct 
links to over 2 million articles in more than 
1,800 journals. MathSciNet includes expert 
reviews, customizable author profiles, and 
citation information on articles, books, 
journals, and authors.

MathSciNet’s extensive resources can help 
you throughout your entire math career. 
Use it to:
•  Quickly get up to speed on a new topic
•  Look up a researcher’s body of work
•  Find an article or book and track its  
    reference list
•  Research a math department to prepare  
    for a job interview or when applying to  
    graduate school

mathscinet.ams.org

How to Subscribe

Go to www.ams.org/mathsciprice to 
learn more about MathSciNet, 
including information about 
subscription rates, joining a 

consortium, and a 30-day free trial.

© Marijn Heule

http://mathscinet.ams.org


Call for A
pplication

s

THE JOAN AND JOSEPH BIRMAN 
FELLOWSHIP FOR WOMEN SCHOLARS

The Joan and Joseph Birman Fellowship for Women Scholars is a mid-career research fellowship 
specially designed to fit the unique needs of women. The fellowships are open only to women. This 
fellowship program, established in 2017, is made possible by a generous gift from Joan and Joseph 
Birman. 

The fellowship seeks to address the paucity of women at the highest levels of research in mathematics 
by giving exceptionally talented women extra research support during their mid-career years. 

The most likely awardee is a mid-career woman, based at a US academic institution, with a well-estab-
lished research record in a core area of mathematics. The fellowship will be directed toward those for 
whom the award will make a real difference in the development of their research career. Candidates 
must have a carefully thought-through research plan for the fellowship period. Special circumstances 
(such as time taken off for care of children or other family members) may be taken into consideration 
in making the award. 

The fellowship can be used to provide additional time for research of the awardee or opportunities 
to work with collaborators. This may include, but is not limited to, course buyouts, travel money, 
childcare support, or support to attend special research programs. 

Further information and instructions for submitting an application can be found at the fellowship 
website: www.ams.org/Birman-fellow.

For questions, contact the AMS Senior Program Coordinator Kim Kuda at prof-serv@ams.org. 

Application period: September 1–December 1 
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FROM THE AMS SECRETARY

Research Journals Backlog

Backlog of Mathematics
Research Journals

The Backlog of Research Journals is reported each year in 
the November issue of the Notices. The journals covered in 
this report are representative of mathematics and are from 
publishers who have agreed to participate and who con-
tinue to provide backlog information. Publishers whose 
journals are not currently included can request that their 
journals be added. Such requests should be made in e-mail 
to Carin Algava, backlogreport@ams.org. To be consid-
ered for inclusion in the backlog report, a journal must be 

on the list of journals receiving cover-to-cover treatment 
in Mathematical Reviews (mathscinet.ams.org/msnhtml/
serials.pdf).

Once a publisher’s journals are accepted for inclusion, 
the publisher must designate a contact person or persons to 
supply data about the journals to the AMS. While the AMS 
makes every effort to obtain the data from the designated 
contacts, if data about a journal is not supplied, then that 
journal will not appear in the backlog report.

Acta Math. 4 800 18 2 2 12 12
Adv. in Appl. Math. 10 1750 6.6 0.5 0.5 7.6 7.6

Adv. Math. 18 16949 NA NA NA NA NA
Algebr. Geom. Topol. 7 3750 10 9 8 19 18
Algebra Number Theory 10 2500 10 6 5 16 15
Algebras Groups Geom. 4 500 1 1 1.2 1 1
Algorithmica 12 4292 350 4 21 14 12

Amer. J. Math. 6 2016 NA 13.7 7.7 18 12
Anal. PDE 8 2100 11 9 8 20 19
Ann. Appl. Probab. 6 3000 9 7.5 7.5 21 21
Ann. Global Anal. Geom. 8 800 5 NA 0.5 NA 178.7
Ann. Inst. H. Poincare Anal. Non 
Lineaire

7 2107 9.9 6.9 0.6 16.3 12.3

Ann. K-Theory 4 800 9 8 7 17 16
Ann. of Math. (2) 6 2100 13.5 4 3 4 3
Ann. Polon. Math. 3 300-600 6 7 4 7 6
Ann. Probab. 6 3200 14 10 10 22 22
Ann. Pure Appl. Logic 12 1661 NA NA NA NA NA
Ann. Statist. 6 3700 10.5 11 11 28 28
Appl. Comput. Harmon. Anal. 6 1789 10.6 19.6 0.2 27.2 13.2
Appl. Math. Comput. 23 11893 5.8 0.6 0.6 6.2 6.2
Arch. Ration. Mech. Anal. 12 132 380 530 16 500 380
Ark. Mat. 2 400 12 12 12 12 12
Automatica J. IFAC 12 4674 NA NA NA NA NA
Balkan J. Geom. Appl. 2 240 5 5 3 8 6
Bernoulli 4 3200 9.5 14 14 17 17
Bull. Aust. Math. Soc. 6 1056 0.8 8 2.3 9 3
Bull. Lond. Math. Soc. 6 1205 7.8 3.1 1 14.8 9.5

Journal (Print  
and Electronic)

Number 
issues  

per  Year

Approximate 
Number  
Pages  

per  Year

Current Estimate of  
Waiting Time between  

Submission and Publication  
(in Months)

2019 Median Time 
(in Months) from:

Submission  
to Final 

Acceptance

Acceptance 
to 

 Print

Acceptance 
to Electronic

Posting ElectronicPrint 

http://mathscinet.ams.org/msnhtml/serials.pdf
http://mathscinet.ams.org/msnhtml/serials.pdf
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Journal (Print  
and Electronic)

Number 
issues  

per  Year

Approximate 
Number  
Pages  

per  Year

Current Estimate of  
Waiting Time between  

Submission and Publication  
(in Months)

2019 Median Time 
(in Months) from:

Submission  
to Final 

Acceptance

Acceptance 
to 

 Print

Acceptance 
to Electronic

Posting ElectronicPrint 

Bull. Sci. Math. 10 1102 4.2 0.8 0.1 5.3 5.2
Canad. J. Math. 6 1664 6.5 5 5.5 5.5 5.5
Canad. Math. Bull. 4 1016 4 5 4 5 4
Combinatorica 6 900 13 12 8 16 10
Commun. Appl. Math. Comput. Sci. 2 250 10 6 2 16 12
Commun. Pure Appl. Anal. 6 3500 4 2 1 6 5
Compos. Math. 12 2696 11.6 4.6 4.1 19.5 18.2
Comput. Aided Geom. Design 8 1040 6.6 0.5 0.2 6.4 6.2
Comput. Geom. 10 674 8.9 2.6 0.9 12.2 10.8
Comput. Math. Appl. 25 7392 6.1 4.8 0.7 11.2 7.8
Constr. Approx. 6 1250 8 11 2 9 15
Differential Geom. Appl. 6 1491 7.2 0.5 0.5 6.4 6.4
Discrete Appl. Math 20 5172 10.7 4.9 0.8 23.1 14.2
Discrete Comput. Geom. 8 1970 12 4 1 13 9
Discrete Contin. Dyn. Syst. 12 7500 5 2 1 7 6
Discrete Contin. Dyn. Syst. Ser. B 12 7000 4 2 1 6 5
Discrete Math. 13 3662 8.7 1.0 0.7 10.8 10.1
Discrete Optim. 5 567 12.2 5.4 0.7 15.3 12.5
Duke Math. J. 18 3600 14 5 4 19 18
ESAIM Math. Model. Numer. Anal. 6 2450 6 6 4 4 3.5
Eur. J. Math. 4 1500 6 7 1 10 7
European J. Combin. 8 2067 9.5 0.8 0.7 10.3 10.3
Expo. Math. 4 532 2.7 16.4 0.3 18.7 8.2
Finite Fields Appl. 6 1804 7.1 0.4 0.4 8.5 8.5
Found. Comput. Math. 6 1500 12 24 2 18 10
Fund. Math. 12 1260 9.5 8 6.5 16.5 14.5
Geom. Dedicata 6 1200 10.5 3.5 0.25 8 3
Geom. Topol. 7 3750 12 9 8 21 20
Historia Math. 4 567 5.2 4.4 1.3 13.3 8.2
Illinois J. Math. 4 650 6.4 4.9 4 10 9
Indag. Math. (N.S.) 6 1145 5.8 3.0 0.2 8.0 6.3
Indiana Univ. Math. J. 6 350 7 18 18 30 7
Infor. Process. Lett. 12 686 8 0.6 0.2 7.7 7.6
Inform. and Comput. 6 1112 0 3.9 0.7 0 0
Innov. Incidence Geom. 4 400 11 6 5 17 16
Involve 5 900 6 6 5 12 11
Israel J. Math. 6 4500 7.4 9 7.4 17.5 15.5
J. Algebra 24 11047 8.3 0.4 0.2 10 8.8
J. Algebraic Geom. 4 800 14 13 2 12 12
J. Amer. Math. Soc. 4 1200 21.7 4.9 2.1 26.6 23.8
J. Anal. Math. 3 2400 5.5 32 31 21 19
J. Approx. Theory 13 1574 9.8 0.7 0.3 9.7 9.2
J. Aust. Math. Soc. 6 864 10 14 4 22 14
J. Combin. Theory Ser. A 8 3237 11.8 0.4 0.4 13.3 13.3
J. Combin. Theory Ser. B 6 2164 18.0 5.1 0.4 21.9 19.6
J. Commut. Algebra 4 600 7 28 26 26 24
J. Complexity 6 863 NA NA NA NA NA
J. Comput. Appl. Math. 19 8332 7.9 0.8 0.3 10.1 8.7
J. Comput. System Sci. 8 1318 17.0 2.7 0.4 17.9 16.7
J. Convex Anal. 4 1350 7 8 2 12 7
J. Difference Equ. Appl. 12 2110 7 3 0.6 10 8
J. Differential Equations 24 16569 6.3 2.7 0.3 10.2 7.8



November 2020  Notices of the AmericAN mAthemAticAl society   1609

FROM THE AMS SECRETARY

Research Journals Backlog

Journal (Print  
and Electronic)
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issues  
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Approximate 
Number  
Pages  

per  Year
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Submission and Publication  
(in Months)

2019 Median Time 
(in Months) from:

Submission  
to Final 

Acceptance

Acceptance 
to 

 Print

Acceptance 
to Electronic

Posting ElectronicPrint 

J. Differential Geom. 9 1670 9 18 18 18 18
J. Eur. Math. Soc. (JEMS) 12 3600 12 28 20 36 24
J. Funct. Anal. 24 8773 7.1 2.8 0.2 9.7 8.5
J. Geom. Phys. 13 3533 5.4 0.7 0.3 5.6 5.3
J. Integral Equations Appl. 4 600 6 8 6 12 10
J. Lie Theory 4 1200 7.5 5 1 8 5
J. Log. Algebr. Program. 8 1659 10.7 0.7 0.2 11.5 11.2
J. Math. Anal. Appl. 23 17783 5.7 0.8 0.2 5.4 5.3
J. Math. Econom. 6 1010 9 0.9 0.5 8.3 8.1
J. Math. Phys. 12 8000 5 1 0.7 8 7
J. Math. Soc. Japan 4 1320 8 13 10 16 12
J. Multivariate Anal. 8 2524 8.7 0.8 0.3 8.7 8.5
J. Number Theory 13 5522 6.6 2.4 0.2 10.6 7.6
J. Operator Theory 4 1000 6 10 9 14 12
J. Pure Appl. Algebra 15 5602 NA NA NA NA NA
J. Statist. Plann. Inference 6 1286 10.5 2.2 0.3 11.7 10.2
J. Symbolic Comput. 6 1458 NA NA NA NA NA
J. Symbolic Logic 4 1744 11 6 5 16 15
J. Théor. Nombres Bordeaux 3 1000 7 10 9 18 17
J. Theoret. Probab. 4 2200 NA NA NA 24 9
J. Topol. 4 1777 12.8 5.6 1.2 19.8 17.4
Kodai Math. J. 3 700 4 8 8 12 12
Kyoto J. Math. 4 900 5 26 24 26 23
Linear Algebra Appl. 24 8147 5.6 0.4 0.2 5.7 5.5
Math. Comp. 6 3000 9.3 9.8 3.1 19.1 12.4
Math. Mech. Complex Syst. 4 400 4 7 3 11 7
Math. Oper. Res. 4 1525 NA NA NA NA NA
Math. Res. Lett. 6 1800 7 10 10 10 10
Math. Scand. 4 630 7 18 16 22 20
Math. Social Sci. 6 504 9.8 0.7 0.3 10.7 10.3
Mathematika 4 1152 6.6 6.1 2.9 9 8.5
Mem. Amer. Math. Soc. 6 4600 11.3 33 33 44.3 44.3
Methods Appl. Anal. 4 400 6 6 5 8 8
Michigan Math. J. 4 896 8 17 12 18 12
Mosc. J. Comb. Number Theory 4 400 4 5 4 9 8
Multiscale Model. Simul. 4 1500 9.1 3.7 2.2 1.2.8 11.3
Nagoya Math. J. 4 864 6.5 18 1 24 1
Nonlinear Anal. 13 4902 3.7 0.6 0.6 4.5 3.3
Nonlinear Anal. Hybrid Syst. 5 1386 10 0.7 0.7 12.1 12.1
Nonlinear Anal. Real World Appl. 8 3743 4.9 0.6 0.6 5.6 5.6
Osaka J. Math. 4 1000 7 22 22 23 23
Pacific J. Math. 12 3000 10 11 10 21 20
Proc. Amer. Math. Soc. 12 5240 5.1 7.5 4.6 12.6 9.7
Proc. Lond. Math. Soc. (3) 12 3000 12.2 6.4 1.1 18.9 10.4
Quantum Topol. 4 800 12 10 10 20 20
Quart. Appl. Math. 4 800 5.4 6.4 1.7 NA NA
Real Anal. Exchange 2 500 3.8 7.7 2 11 4
Rocky Mountain J. Math. 8 2800 6 15 13 18 16
Semigroup Forum 6 1600 8.2 9 0.6 17 15
SIAM J. Appl. Math. 6 2,700 7.9 3.9 2.4 11.8 10.3
SIAM J. Comput. 6 1800 16.3 4.1 2.6 20.4 18.9
SIAM J. Control Optim. 6 4200 12.1 3.8 2.3 15.9 14.4



1610    Notices of the AmericAN mAthemAticAl society volume 67, Number 10

FROM THE AMS SECRETARY

Research Journals Backlog

Adv. Difference Equ.  
www.springer.com/13662

532 130 17 html, pdf

Adv. Math. Commun.  
www.aimsciences.org/journal/1930-5346

58 65 30 html, pdf

Appl. Math. E-Notes  
www.math.nthu.edu.tgw/~amen/

61 141 113 pdf

Appl. Sci.  
www.mathem.pub.ro/apps

21 100 100 pdf

Bound. Value Probl.  
www.springer.com/13661

192 120 10 html, pdf

Conform. Geom. Dyn.  
www.ams.org/publications/journals/journalsframework/ecgd

16 15 1 pdf

Differ. Uravn. Protsessy Upr.  
diffjournal/EN/about.html

17 100 100 pdf

Differ. Geom. Dyn. Syst.  
www.mathem.pub.ro/dgds

29 45 15 html, pdf, dvi, tex, doc, 
docx

Discrete Math. Theor. Comput. Sci.  
dmtcs.episciences.org/

78 233 15 pdf

Electron. Commun. Probab.  
projecteuclid.org/euclid.ecp

138 294 38 pdf

Electron. J. Combin.  
www.combinatorics.org

78 149 41 pdf

Electron. J. Differential Equations  
ejde.math.txstate.edu

216 265 27 pdf

Electron. J. Probab.  
projecteuclid.org/euclid.ejp

131 311 10 pdf, tex

Electron. J. Qual. Theory Differ. Equ.  
www.math.u-szeged.hu/ejqtde/

147 268 33 pdf

Electron J. Stat.  
projecteuclid.org/euclid.ejs

99 150 22 pdf

Electron. Res. Arch.  
www.aimsciences.org/journal/A0000-0004

9 90 14 html, pdf

Electron. Trans. Numer. Anal.  
etna.ricam.oeaw.ac.at/submissions/

25 281 48 pdf

Journal (Print  
and Electronic)

Number 
issues  

per  Year

Approximate 
Number  
Pages  

per  Year

Current Estimate of  
Waiting Time between  

Submission and Publication  
(in Months)

2019 Median Time 
(in Months) from:

Submission  
to Final 

Acceptance

Acceptance 
to 

 Print

Acceptance 
to Electronic

Posting ElectronicPrint 

2019 Median Time  
(in days) from:

Submission  
to Final 

Acceptance

Acceptance 
to

PostingJournal (Electronic)

Number 
of Articles 
Posted in 

2019 Format(s)

SIAM J. Discrete Math. 4 3000 13.4 3.9 2.4 17.3 15.8
SIAM J. Math. Anal. 6 6000 8.8 3.6 2.6 12.4 11.4
SIAM J. Matrix Anal. Appl. 4 1600 9.7 4.1 2.6 13.8 12.3
SIAM J. Numer. Anal. 6 3000 9.7 3.3 2.3 13 12
SIAM J. Optim. 4 3100 12.2 4.5 3 15.4 13.9
SIAM J. Sci. Comput. 6 6000 9.4 3.6 2.6 13 12
SIAM Rev. 4 1000 10 10.2 9.7 20.2 19.7
Stochastic Process. Appl. 13 5557 12.1 10 0.4 19.7 13.0
Theoret. Comput. Sci. 49 7138 8.4 4.5 0.2 14.2 8.9
Topol. Methods Nonlinear Anal. 4 1955 7.5 7 5.6 8.6 7
Topology Appl. 18 4737 5.3 0.5 0.2 7.1 6.9
Trans. Amer. Math. Soc. 12 8880 8.9 12.3 7.8 21.2 16.7
Tunis. J. Math. 4 400 5 5 4 10 9
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ESAIM Control Optim. Calc. Var.  
www.esaim-cocv.org/

223 182 334 pdf, tex

ESAIM Probab. Stat.  
www.esaim-ps.org/

95 243 213 pdf, tex

Fixed Point Theory Appl.  
www.springer.com/13663

17 225 11 html, pdf

Integers  
integers-ejcnt.org

71 329 24 pdf

Inverse Probl. Imaging  
www.aimsciences.org/journal/1930-8337

49 130 30 html, pdf

J. Ind. Manag. Optim.  
www.aimsciences.org/journal/1547-5816

95 140 30 html, pdf

J. Inequal. Appl.  
www.springer.com/13660

318 130 11 html, pdf

J. Integer Seq.  
cs.uwaterloo.ca/journals/JIS/

64 174 9 pdf, ps, dvi, tex

J. Mod. Dyn.  
www.aimsciences.org/journal/1930-5311

16 150 25 html, pdf

Math. Biosci. Eng.  
www.aimspress.com/journal/MBE

298 30 14 html, pdf

Netw. Heterog. Media  
www.aimsciences.org/journal/1556-1801

36 130 30 html, pdf

Open Math.  
degruyter.com/view/j/math

138 208 70 html, pdf

Proc. Amer. Math. Soc. Ser. B  
www.ams.org/publications/journals/journalsframework/bproc

3 2 3 html, pdf

Reliab. Comput. interval. 
louisiana.edu/reliable-computing-journal/

0 NA NA pdf

Represent. Theory  
www.ams.org/publications/journals/journalsframework/ert

14 11 1 pdf

Sém. Lothar. Combin.  
www.mat.univie.ac.at/~slc/

112 93 145 pdf, ps, dvi, tex

SIAM J. Appl. Algebra Geom.  
epubs.siam.org/journal/siaga

30 255 78 pdf

SIAM J. Appl. Dyn. Syst.  
epubs.siam.org/journal/siads

74 228 69 pdf

SIAM J. Financial Math.  
epubs.siam.org/journal/sifin

32 300 75 pdf

SIAM J. Imaging Sci.  
epubs.siam.org/journal/siims

71 205 73 pdf

SIAM J. Math. Data Sci.  
epubs.siam.org/journal/simods

33 200 78 pdf

SIAM/ASA J. Uncertain. Quantif.  
epubs.siam.org/journal/juq

50 375 78 pdf

Theory Appl. Categ.  
www.tac.mta.ca/tac/

46 266 3 pdf

Theory Comput.  
www.theoryofcomputing.org

19 420 137 html, pdf, ps, dvi, tex

Trans. Amer. Math. Soc. Ser. B  
www.ams.org/publications/journals/journalsframework/btran

11 8 6 html, pdf

Trans. London Math. Soc. londmathsoc.onlinelibrary.wiley.com/
toc/20524986/2019/6/1

3 149 28 html, pdf

2019 Median Time  
(in days) from:

Submission  
to Final 

Acceptance

Acceptance 
to

PostingJournal (Electronic)

Number 
of Articles 
Posted in 

2019 Format(s)

NA means not available or not applicable.
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AMS Centennial 
Research Fellowship

About this Fellowship
The AMS Centennial Research Fellowship Program makes 
an award annually to an outstanding mathematician to 
help further their career in research. The primary selection 
criterion for the Centennial Fellowship is the excellence of 
the candidate’s research.

Next Award: The fellowship to be awarded for 2021–2022 
will be in the amount of $50,000. The award is to be used 
for course release, research-related travel, and research-re-
lated expenses. Applications should include a cogent plan 
indicating how the fellowship will be used. The selection 
committee will consider the plan in addition to the quality 
of the candidate’s research and will award the fellowship 
to those for whom the award would make a real difference 
in the development of their research careers. Work in all 
areas of mathematics, including interdisciplinary work, is 
eligible.

Application Deadline: The application period is September 
1, 2020, through December 1, 2020.

Application Procedure: Learn more about the applica-
tion process and requirements at https://www.ams.org 
/emp-centflyer.

AMS Prizes & Awards
Joan and Joseph Birman 
Fellowship for 
Women Scholars

About this Fellowship
The Joan and Joseph Birman Fellowship for Women Schol-
ars is a mid-career research fellowship specially designed to 
fit the unique needs of women. The fellowship seeks to ad-
dress the paucity of women at the highest levels of research 
in mathematics by giving exceptionally talented women 
extra research support during their mid-career years. The 
most likely awardee is a mid-career woman, based at a 
US academic institution, with a well-established research 
record in a core area of mathematics. The fellowship will 
be directed toward those for whom the award will make a 
real difference in the development of their research career.

Next Award: The award for the 2021–2022 academic year 
will be in the amount of $50,000.

Application Deadline: The application period is September 
1, 2020, through December 1, 2020.

Application Procedure: Learn more about the applica-
tion process and requirements at https://www.ams.org 
/Birman-fellow.

https://www.ams.org/Birman-fellow
https://www.ams.org/Birman-fellow
https://www.ams.org/emp-centflyer
https://www.ams.org/emp-centflyer
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Joint Prizes & Awards
2021 MOS–AMS 
Fulkerson Prize
The Fulkerson Prize Committee invites nominations for 
the Delbert Ray Fulkerson Prize, sponsored jointly by the 
Mathematical Optimization Society (MOS) and the Amer-
ican Mathematical Society (AMS). Up to three awards of 
US$1,500 each are presented at each (triennial) Interna-
tional Symposium of the MOS. The Fulkerson Prize is for 
outstanding papers in the area of discrete mathematics. The 
prize will be awarded at the 24th International Symposium 
on Mathematical Programming to be held in Beijing, China 
on August 15–20, 2021.

Eligible papers should represent the final publication 
of the main result(s) and should have been published 
in a recognized journal or in a comparable, well-refereed 
volume intended to publish final publications only, during 
the six calendar years preceding the year of the Symposium 
(thus, from January 2015 through December 2020). The 
prizes will be given for single papers, not series of papers 
or books, and in the event of joint authorship the prize 
will be divided.

The term “discrete mathematics” is interpreted broadly 
and is intended to include graph theory, networks, mathe-
matical programming, applied combinatorics, applications 
of discrete mathematics to computer science, and related 
subjects. While research work in these areas is usually not 
far removed from practical applications, the judging of 
papers will be based only on their mathematical quality 
and significance.

Previous winners of the Fulkerson Prize are listed here: 
www.mathopt.org/?nav=fulkerson#winners. Further 
information about the Fulkerson Prize can be found at 
www.mathopt.org/?nav=fulkerson and https://www 
.ams.org/prizes-awards/paview.cgi?parent_id=17.

The Fulkerson Prize Committee consists of
 • Gerard Cornuejols (Carnegie Mellon University)  
 • Eva Czabarka (University of South Carolina)
 • Daniel Spielman (Yale University)

Please send your nominations (including reference 
to the nominated article and an evaluation of the work) 
by February 15th, 2021 to the chair of the committee. 
Electronic submissions to gc0v@andrew.cmu.edu are 
preferred.

Gerard Cornuejols
Tepper School of Business
Carnegie Mellon University
5000 Forbes Avenue
Pittsburgh, PA 15213, USA
e-mail: gc0v@andrew.cmu.edu
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AMS Reciprocity Agreements

The American Mathematical Society (AMS) has reciprocity agreements with a number of mathematical organizations  
around the world. A current list of the reciprocating societies appears here; for full details of the agreements, see  
www.ams.org/membership/individual/mem-reciprocity.

Ramanujan Mathematical Society
Romanian Mathematical Society
Romanian Society of Mathematicians
Royal Spanish Mathematical Society
Saudi Association for 

Mathematical Sciences
Singapore Mathematical Society
Sociedad Matemática de la 

Republica Dominicana
Sociedad Uruguaya de Matemática 

y Estadística
Société Mathématiques Appliquées 

et Industrielles
Society of Mathematicians, Physicists, 

and Astronomers of Slovenia
South African Mathematical Society
Southeast Asian Mathematical Society
Spanish Mathematical Society
Swedish Mathematical Society 
Swiss Mathematical Society
Tunisian Mathematical Society
Turkish Mathematical Society
Ukrainian Mathematical Society
Union of Bulgarian Mathematicians
Union of Czech Mathematicians 

and Physicists
Union of Slovak Mathematicians 

and Physicists
Vietnam Mathematical Society
Vijnana Parishad of India

Allahabad Mathematical Society
Argentina Mathematical Society
Australian Mathematical Society
Austrian Mathematical Society
Azerbaijan Mathematical Society
Balkan Society of Geometers
Bangladesh Mathematical Society
Belgian Mathematical Society
Berliner Mathematische Gessellschaft
Bharata Ganita Parisad
Brazilian Mathematical Society
Brazilian Society of Computational 

and Applied Mathematics
Calcutta Mathematical Society
Canadian Mathematical Society
Catalan Society of Mathematicians
Chilian Mathematical Society
Colombian Mathematical Society
Croatian Mathematical Society
Cyprus Mathematical Society
Danish Mathematical Society
Dutch Mathematical Society
Edinburgh Mathematical Society
Egyptian Mathematical Society
European Mathematical Society
Finnish Mathematical Society
German Mathematical Society
German Society for 

Applied Maths & Mechanics
Glasgow Mathematical Association
Hellenic Mathematical Society
Icelandic Mathematical Society

Indian Mathematical Society
Indonesian Mathematical Society
Iranian Mathematical Society
Irish Mathematical Society
Israel Mathematical Union
Italian Mathematical Union
János Bolyai Mathematical Society
Korean Mathematical Society
London Mathematical Society
Luxembourg Mathematical Society
Macedonian Society Association 

Mathematics/Computer Science
Malaysian Mathematical Society
Mathematical Society of France
Mathematical Society of Japan
Mathematical Society of 

the Philippines
Mathematical Society of 

the Republic of China
Mathematical Society of Serbia
Mexican Mathematical Society
Mongolian Mathematical Society
Nepal Mathematical Society
New Zealand Mathematical Society
Nigerian Mathematical Society
Norwegian Mathematical Society
Palestine Society for 

Mathematical Sciences
Parana’s Mathematical Society
Polish Mathematical Society
Portuguese Mathematical Society
Punjab Mathematical Society
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tenure-eligible, and 940 non-tenure-track appointments. 
The non-tenure-track estimate breaks down into 1,607 
postdocs, 5,826 renewable, 1,062 fixed-term, and 196 
other appointments.

• The estimated number of full-time doctoral faculty in 
MSS is 22,265 (SE = 94), of whom 19,774 are in Math 
and 2,491 in Stats. These values are up, respectively, 
by 2% and 11% from the fall 2017 estimates. In a 
breakdown of this overall count by tenure status and 
eligibility, there are an estimated 13,118 tenured, 3,718 
tenure-eligible, and 5,429 non-tenure-eligible faculty. 
Figure F.2 gives further breakdowns by department 
groupings in these categories.

• There are an estimated 3,610 full-time non-doctoral 
faculty, of whom 3,450 are in Math and 160 in Stats. 
Figure F.3 shows the distribution of these faculty among 
the department groups. This count is about 5% lower 
than that for fall 2017, and the estimated number of 

This report presents a digest of information about mathe-
matical and statistical sciences (MSS) departments at four-
year colleges and universities in the United States, as of fall 
2018. Obtained through a census of these departments, 
the information presented includes the numbers of faculty 
in various categories, undergraduate and graduate course 
enrollments, numbers of bachelor's and master's degrees 
awarded during the preceding year, and the numbers of 
graduate students. Definitions of categorized terms such 
as “Mathematical and Statistical Sciences,” “Math,” and 
“Stats,” along with a description of the faculty categories are 
provided at the end of this report. Throughout this report 
we cite tables in [1] as a resource for much more detail 
than is provided here.

Faculty
The estimated number of full-time faculty in MSS for fall 
2018 is 25,875 (SE = 236). Figure F.1 gives a breakdown by 
department grouping. Of these, 90%, 23,224 (SE =195), 
were in Math and 10%, 2,651 (SE = 55), were in Stats. 
Approximately 22,265 of full-time faculty hold a doctor-
ate (doctoral faculty, in this report). As a percentage, this 
group’s size has varied only by one or two percentage points 
from the 86% for the fall 2018 survey. In Math, there were 
an estimated 8,290 part-time faculty, and in Stats, about 
289. These figures are broken down in a variety of ways in 
Table F.1 of [1]. 

In the five years following 2013, the full-time faculty 
count estimate has increased slightly by an average of 
about 1% per year, with Math and Stats growing on average, 
respectively, by roughly 1% and 2% annually.
Employment Status, Credentials, and Gender
• The full-time faculty hold 13,371 tenured, 3,813 tenure-

eligible, and 8,691 non-tenure-track appointments; of 
these counts, Stats faculty account for 1,176 tenured, 535 

Fall 2018 Departmental
Profile Report

Amanda L. Golbeck, Thomas H. Barr, and Colleen A. Rose

Amanda L. Golbeck is associate dean for academic affairs and professor of biostatistics in the Fay W. Boozman College of Public Health at University of 
Arkansas for Medical Sciences. Thomas H. Barr is AMS special projects officer. Colleen A. Rose is AMS survey analyst.

Total: 25,875

Figure F.1. Full-time Faculty by Department Grouping 
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tenured faculty in this category is 253, which extends a 
declining trend.

• In addition to full-time faculty, there are an estimated 
8,579 faculty who have part-time appointments, 2,302 
of whom hold a PhD and 6,277 of whom do not. These 
figures include those who are hired term-by-term and 
paid by the course. Overwhelmingly, these faculty are 
in Math departments. The fall 2018 count is the highest 
among the years 2014 to 2018, where it has fluctuated 
from a low of 7,889 in 2017. See Table F.1 in [1] for more 
details on counts.

• Women account for 32% of all full-time faculty (8,348) 
in MSS. Among faculty in Doctoral Math departments, 
women account for 24%, in Masters and Bachelors 
departments, they account for 37%, and in Stats 
departments they account for 36%. Table F.2 in [1] 
provides detailed breakdowns of these numbers and 
percentages. Figure F.4 gives the distributions of full-time 
doctoral women faculty in the department groupings. 

Figure F.3. Full-time Non-doctoral Faculty by Department 
Grouping

Total: 3,610

Math Pub Large, 128, 4%

Math Pub Medium, 203, 6%

Math Pub Small, 385, 11%

Math Priv Large, 1, <.5%

Math Priv Small, 44, 1%

Applied Math, 35, 1%

Statistics, 85, 2%

Biostatistics, 75, 2%

Masters, 1007, 28%

Bachelors, 1647, 46%

* Includes postdocs.

Figure F.2: Full-time Doctoral Faculty, Fall 2018 by Department Grouping
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Figure F.2. Full-time Doctoral Faculty, Fall 2018 by Department Grouping and Faculty Category

Figure F.4. Full-time Doctoral Women Faculty by Department Grouping and Faculty Category

* Includes postdocs.

Figure F.4: Full-time Women Faculty, Fall 2018
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This figure is based on Tables FF.1, FF.2, FF.3, and FF.4 
in [1]. 

• Forty-two percent of part-time faculty are women; Table 
F.3 in [1] gives a breakdown by gender among part-time 
faculty.

• Of the chairpersons in the 1,504 MSS departments 
covered by this survey, approximately 27% are women. 
Figure F.6 shows the gender distribution of chairperson 
counts by department groupings. Seventy-two percent of 
all women chairs are in bachelors-granting departments. 

Undergraduate Course Enrollments and Degrees
• The 2018 estimate of total undergraduate enrollments 

in MSS courses is 2,558,000 (SE = 32,000). Figure UE.1 
gives a sorted breakdown of this number by department 
grouping. A 90% confidence interval based on these data 
is approximately [2506000, 2610000]. In the years 2013 
to 2018, the enrollment estimate has varied from a low 
of 2,460,000 in 2013, and the corresponding confidence 

Figure F.5.  Gender of Full-time Faculty
Figure F.5: Gender of Full-time Faculty, Fall 2018 by Department Grouping
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Figure UE.1. Undergraduate Course Enrollments (thousands) 
by Department Grouping, Fall 2018

Figure UE.2. Undergraduate Course Enrollment per Full-time 
Faculty Member, by Department Grouping, Fall 2018
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interval for that year is non-overlapping with the one for 
2018, suggesting that the slight increasing trend in these 
values over five years is real. 

• For the period 2017–18, an estimated 36,427 (SE = 689) 
bachelors degrees were awarded in MSS departments, 
up about 2% from 2016–17. Of these, 14,883 (41%) 
were earned by women, a percentage that continues 
a trend of increases shown in Figure UD.2. Thirty-six 
majors were non-binary identifying. Figure UD.1 gives 
a breakdown for 2018 by conferring department group 
of the particular majors associated with these degrees. 
Tables UD.1 and UD.2 in [1] provide further details.

Graduate Course Enrollment
The estimated total number of graduate course enrollments 
for 2018 is 111,000 (SE = 5,000). In 2012, these enrollments 
were 106,000 (SE = 3,000), and in the intervening years 
the estimates have trended upward, suggesting overall 
average annual growth of about 2%. Figure GE.1 gives 

Figure UD.1. Undergraduate Degrees Awarded by Major and Department Grouping (Degrees awarded between July 1, 2017
and June 30, 2018)
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Fall 2018
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Highlights of Masters Degrees:
• 39% (2,878) of masters degrees were in statistics.
• 22% (1,648) of masters degrees were awarded by Masters 

departments, 29% (2,161) by Statistics, and 3% (207) 
by Math Priv Small.

• 46% (3,375) of masters degrees represented were 
awarded in mathematics.

○ 33% (1,101) of these were awarded by Masters 
departments.

○ 40% (442) of degrees awarded by Masters 
departments were to women.

• 5% (375) of masters degrees were in mathematics 
education.

○ 67% (253) of these were awarded by Masters 
departments.

○ Women earned 65% (165) of all mathematics 
education degrees in master's departments.

a breakdown for this total among the departments with 
graduate programs, and Figure GE.2 shows estimates for 
graduate enrollments per full-time tenured and tenure-
eligible faculty. 

Masters Degrees Awarded
For the period 2017–2018, the estimated number of masters 
degrees awarded in MS departments is 7,336 (SE = 240), a 
slight increase from the 2016–2017 estimate of 7,246. Of 
these, 3,150 or 48% were earned by women, a 7% increase 
from the 2016–2017 estimate consisting of 2,944. In Math  
departments, the estimated number of masters degrees 
awarded is 4,731, a count estimate consisting of 3,278 Math 
degrees, 375 Math Ed degrees, 623 Statistics-only degrees, 
175 Computer Science-only degrees, and 280 other degrees. 
Approximately 1,894 of these are earned by women. 

Figure MD.1 shows the distribution by major, department 
grouping, and gender. Figure MD.2 gives a longitudinal 
view of degree counts and percentages of women recipients.

Figure MD.1. Masters Degrees Awarded by Major and Department Grouping (Degrees awarded between July 1, 2017
and June 30, 2018)
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Figure GS.1. Graduate Students by Department Grouping,
Fall 2018
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an opportunity to continue training or to further research 
experience).

Non-tenure-track faculty includes full-time faculty 
eligible for benefits and with an appointment that lasts at 
least one academic year. These faculty hold appointments 
that are renewable (potentially unlimited), fixed-term 
but not renewable, or temporary.  Typical titles for these 
positions are Lecturer, Senior Lecturer, Instructor, Senior 
Instructor, Associate/Assistant/Full Teaching Professor, 
Professor of the Practice, or Clinical Professor, and similar 
titles for research-only faculty.

Part-time faculty includes those individuals who are 
hired term-by-term, paid by the course, and/or those in 
phased retirement.

Remarks on Statistical Procedures
The questionnaire on which this report is based, 
“Departmental Profile,” is sent to all Doctoral, Masters, 
and Bachelors departments in the US.

Response rates vary substantially across the different 
department groups. For most of the data collected on the 
Departmental Profile form, the year-to-year changes in a 
given department’s data are small when compared to the 
variations among the departments within a given group. 
As a result of this, the most recent prior year’s response is 
used (imputed) if deemed suitable. After the inclusion of 
prior responses, standard adjustments for the remaining 
nonresponses are then made to arrive at the estimates 
reported for the entire grouping. 

Standard errors were calculated for some of the key 
estimates for the Doctoral Math Group (Math Public, 
Math Private, and Applied Math), and for the Masters, 
Bachelors, Statistics, and Biostatistics Groups. Standard 
errors are calculated using the variability in the data and 
can be used to measure how close our estimate is to the 
true value for the population. As an example, the number 
of full-time faculty in the Masters Group is estimated at 
4,121 with a standard error of 94. This means the actual 
number of full-time faculty in the Masters Group is most 
likely between 4,121 plus or minus two standard errors, or 

Graduate Students
In fall 2018, the total number of full-time graduate students 
is estimated at 24,246, with 16,181 in Math (essentially 
unchanged from 16,285 in fall 2017) and 8,065 in Stats. 
Figure GS.1 gives a breakdown by department grouping. 
The total number of full-time graduate students in Doctoral 
Math departments is 14,179 (from 13,896). Table GS.2 
provides insight into longer-term trends in characteristics 
of graduate student in doctorate-granting departments. 

Features of full-time graduate student data:
 • Women account for 36% of full-time graduate students  

and 40% of full-time first-year graduate students.
 • US citizen and permanent resident graduate students 

is essentially unchanged at 11,517 (from 11,587 in fall 
2017).

 • Underrepresented minorities accounted for 13% of US 
citizen and permanent resident graduate students and 
12% of first-year graduate students. Women compose 
34% and 33%, respectively, of these categories.

Features of part-time graduate student data:
 • The overall count increased slightly to 4,758. 
 • Underrepresented minorities account for 9% of these 

students, down from 13% in fall 2017.

Faculty Categories 
The faculty categories used in this report are described 
below. Departments were asked to report any faculty 
member who was considered to be full-time in the 
institution for the academic year and at least half-time 
in the department. Each faculty member was reported in 
exactly one of these categories.

Tenure-track faculty includes full-time faculty who 
hold tenured/tenure-eligible positions (i.e., only those 
individuals who are tenured full professors, other tenured 
and tenure-eligible faculty).

Postdoctoral faculty includes full-time faculty who have 
teaching and/or research responsibilities, but for a strictly 
limited term of employment (i.e., those individuals who 
hold a temporary position primarily intended to provide 

Mathematical and Statistical Sciences Annual Survey
www.ams.org/annual-survey

Table GS.2: Full-Time Graduate Students in All Doctoral Mathematics Departments Combined by Gender and Citizenship, Fall 2009-2018

2009 2010 2011 2012 2013 2014 2015 2016 2017 2018

Total full-t ime graduate students 11286 13048 12514 12684 12961 13023 13431 13702 13896 14179

Women 3248 3839 3773 3771 3969 3925 4039 4146 4233 4201

% Women 29% 29% 30% 30% 31% 30% 30% 30% 30% 30%

% US Citizen & Permanent Residents1 56% 57% 56% 54% 53% 55% 53% 52% 52% 51%

% Underrepresented minorities2 9% 11% 8% 8% 9% 11% 15% 13% 13% 14%

Total full-t ime f irst -year graduate students 3040 3313 3288 3394 3623 3551 3646 3704 3701 3698

Women 904 1019 1077 1036 1205 1193 1188 1200 1279 1237

% Women 30% 31% 33% 31% 33% 34% 33% 32% 35% 33%

% US Citizen & Permanent Residents1 55% 51% 50% 54% 53% 55% 53% 52% 52% 51%

% Underrepresented minorities2 9% 9% 9% 7% 10% 13% 14% 12% 14% 14%
 1 Starting with 2014 departments were asked to report US citizen and permanent resident counts together. All percentages prior to 2014 have been updated to allow for comparison with 
previous years data.

 2 Prior to 2014 these counts only included US Citizens.  Underrepresented minorities includes any person having origins within the categories American Indian or Alaska Native, Black or African 
American, Hispanic or Latino, and Native Hawaiian or Other Pacific Islander.

Table GS.2. Full-time Graduate Students in All Doctoral Math Groups Combined by Gender and Citizenship, Fall 2009–2018
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between 3,933 and 4,309. This is much more informative 
than simply giving the estimate of 4,121.

Estimates are also given for parameters that are totals 
from all groups, such as the total number of full-time 
faculty. For example, an estimate of the total number of full-
time faculty in all groups except Statistics and Biostatistics 
combined is 23,224, with a standard error of 195.

The careful reader will note that a row or column total 
may differ slightly from the sum of the individual entries. 
All table entries are the rounded values of the individual 
projections associated with each entry, and the differences 
are the result of this rounding (as the sum of rounded 
numbers is not always the same as the rounded sum).

References
[1] A. Golbeck, T. Barr, and C. Rose, Fall 2018 Departmental 
Profile Report, with Tables, www.ams.org/annual-survey/
2018Survey-DepartmentalProfile-Report.pdf. 

Department Groupings
In this report, Mathematical and Statistical Sciences 
departments are those in four-year institutions in the US 
that refer to themselves with a name that incorporates 
(with a few exceptions) “Mathematics” or “Statistics” in 
some form.  For instance, the term includes, but is not 
limited to, departments of “Mathematics,” “Mathematical 
Sciences,” “Mathematics and Statistics,” “Mathematics and 
Computer Science,” “Applied Mathematics,” “Statistics,” 
and “Biostatistics.” Also, Mathematics (Math) refers to 
departments that (with exceptions) have “Mathematics” 
in the name; Stats refers to departments that incorporate 
(again, with exceptions) “Statistics” or “Biostatistics” in the 
name but do not use “Mathematics.” 

Listings of the actual departments that comprise 
these groups are available on the AMS website at  
www.ams.org/annual-survey/groupings.

Survey Response Rates by Grouping

Group Number Percent Imputed
1

Math Public Large 26 of 26 100%     4

Math Public Medium 37 of 40     93%     6

Math Public Small 65 of 70     93%    12

Math Private Large 21 of 24     88%     4

Math Private Small 25 of 28     89%    7

Applied Math 24 of 26
2

    92%     4

Statistics 47 of 60     78%    10

Biostatistics 33 of 45
2

    73%     5

Masters 98 of 171     57%    26

Bachelors 571 of 1,014     56% 233

Total 947 of 1,504     63% 301
1See paragraph two under ‘Remarks on Statistical Procedures.’

2The populations for Applied Math and Biostatistics are slightly less than 
for the Doctorates Granted Survey because some programs do not formally 
“house” faculty, teach undergraduate courses, or award undergraduate 
degrees.

A department is in 
Group...

...when its subject area, 
highest degree offered, and 

PhD production rate is p

Math Public Large Math PhD, 7.0 ≤ p

Math Public Medium Math PhD, 3.9 ≤ p < 7.0

Math Public Small Math PhD, p < 3.9

Math Private Large Math PhD, 3.9 ≤ p

Math Private Small Math PhD, p < 3.9

Applied Math Applied mathematics, PhD

Statistics Statistics, PhD

Biostatistics Biostatistics, PhD

Masters Math, masters

Bachelors Math, bachelors

Doctoral Math
Math Public, Math Private, & 
Applied Math

Stats or Stat/Biostat Statistics & Biostatistics

Math All groups except Statistics & 
Biostatistics
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While the 2021 Employment Center cannot be held,
we look forward to welcoming employers and job
applicants at a JMM in the future.

Visit our web page www.ams.org/employment-center
for updates on future events. For job information,
MathJobs.org provides current ads and application
opportunities.



MathJax: The Present
and the Future

Davide Cervone and Volker Sorge

At the Joint Mathematics Meetings in January of 2010, we
announced version 1.0 of theMathJax Javascript library for
displaying typeset mathematics in web pages. Almost im-
mediately, MathJax became the de facto standard for in-
cluding mathematics on the web. MathJax is used in a
wide range of on-line journals, including the AMS’s own
MathSciNet [14] website; it enables on-line blogs, wikis,
and question-and-answer sites like StackExchange [17]
and Wikipedia [22] to include mathematical expressions;
it provides themathematics for on-line homework systems
like WeBWorK [21] and learning management systems like
Moodle [15]; and it has been incorporated into e-book
readers, screen readers, and similar products [7].

In the ten years since its introduction, MathJax has ex-
panded to include LATEX, MathML, and AsciiMath input for-
mats [8], and several output formats [10], includingHTML-
with-CSS, SVG (scalable vector graphics), and MathML.
The introduction of sophisticated semantic enrichment
and speech-generation functionality in June 2016 [6] has
made MathJax a crucial component in generating web
pages and e-books that are accessible to readers with visual
impairments who use assistive technology like screen read-
ers or Braille output devices. MathJax can make on-line
course materials or published research accessible, which is
of growing importance in this age of distance learning.

Much has changed in web technology since MathJax
was first introduced. Newweb libraries and improvements
to the Javascript language itself have changed the way web-
page designers want to use MathJax, and some of the

Davide Cervone is a full professor at Union College. His email address is dpvc
@mathjax.org.
Volker Sorge is a professor at the University of Birmingham. His email address
is v.sorge@mathjax.org.

For permission to reprint this article, please contact:
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DOI: https://doi.org/10.1090/noti2163

approaches built into MathJax in its early days made it
hard to include MathJax in modern web-page workflows.
For the past three years, MathJax has been undergoing
a complete rewrite from the ground up with the goal of
modernizing MathJax’s internal infrastructure, bringing it
more flexibility for use with contemporary web technolo-
gies, making it easier to use for pre-processing and server-
side support, andmaking the production of typeset mathe-
matics faster. The release of MathJax version 3.0 in August
2019 brought these hopes to fruition [5].

In order to make MathJax easier to maintain, version
3 is written in the Typescript language [19], a version of
Javascript that allows types to be added to variables and
functions that can be checked by a compiler for correct-
ness. This enables errors to be found earlier, which leads
to more reliable code that is easier to understand, conse-
quently making it easier for others to contribute to Math-
Jax. It also lets us use new features of Javascript that are
part of the latest ES6 standard [1], while still supporting
older browsers that do not implement them. So, for exam-
ple we now use ES6’s modern class structure [2] and take
advantage of asynchronous features like promises [3]. As
these were not available ten years ago, v2 implemented its
own object system and provided custom signals, queues,
and callbacks for asynchronous operation.

Version 3’smodern ES6 features, which can be exploited
by today’s Javascript interpreters for run-time optimiza-
tion, together with its new internal structure, remove per-
formance issues that were inherent in the design of v2, im-
proving the rendering speed of MathJax. Because the two
versions operate so differently, it is difficult to make pre-
cise comparisons, but in tests that render a complete page
with several hundred expressions, we see a reduction in
rendering time of between 60 and 80 percent, depending
on the browser and operating system.
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MathJax v2 used its own loading mechanism for ac-
cessing its components, which did not work well with
modern Javascript packaging systems like webpack [20] or
Rollup [16]. Version 3 resolves that problem, so it can
interoperate better with modern web workflows: one can
make custom single-file builds of MathJax, for example, or
include it as one component of a larger asset file.

New in v3 is the ability to run MathJax synchronously.
In particular, v3 provides functions that can translate an
input string (say a TeX expression) into an output DOM
tree (say an SVG image) [12], and these can be applied to
individual expressions or entire documents. This is partic-
ularly important for the preparation of rendered pages for
off-line consumption, but was not easy in version 2 since
its operation was inherently asynchronous.

MathJax was designed originally for use in a web
browser, but this left the desire to pre-process mathemat-
ics on a server unaddressed. MathJax v3 was redesigned
to make this possible, as it can be used within node appli-
cations in essentially the same way as in a browser [13,9].
That is, you can loadMathJax components, configure them
through the MathJax global variable, and call the same
functions for typesetting and conversion as you do within
a browser. This makes parallel development for both the
browser and server much easier. Moreover, node appli-
cations can access MathJax modules directly (without the
packaging needed for MathJax’s use in a browser). This
gives the most direct access to MathJax’s features, and the
most flexibility in controlling MathJax’s actions.

Making mathematics accessible to readers with disabili-
ties has been an important feature that distinguishes Math-
Jax from other math-rendering solutions. While originally
aimed to work with third-party assistive-technology soft-
ware of the time, since version 2.7MathJax also has offered
its own accessibility solution that is meant to operate inde-
pendently of the browser, operating system, and assistive
technology solutions (e.g., screen readers) that a user em-
ploys. The extension offers support for readers with special
needs, in particular those with visual impairments (e.g.,
blindness or low vision) or cognitive impairments (e.g.,
dyslexia or dyscalculia).

The accessibilty extension uses the speech rule engine
library [18] for translating mathematical expressions into
speech strings. Its core features comprise the automatic
voicing of formulas together with their interactive navi-
gation and synchronised highlighting, and an abstraction
feature that allows for visual simplification and summary
speech description of formulas.

Not only have these features been ported to MathJax
v3, but they have been greatly extended, making use of
its new modular setup to allow for a flexible pick-and-mix
style personalization of accessibility tools. In particular,

MathJax now offers a number of different rule sets for voic-
ing mathematics that can be pre-selected or switched on
the fly. That is, during interactive exploration of an expres-
sion, a reader can choose another rule set, resulting in the
expression being spoken in a different way, thus providing
a new view of it. Low-vision support has been improved by
enablingmagnification not only for an entire formula, but
also for sub-expressions during interaction. A further em-
phasis is to provide better accessibility to advanced math-
ematical material by exploiting information gained from
the original LATEX code to generatemore appropriate speech
for different areas of mathematics, as well as for subjects
like physics, chemistry, and logic.

AlthoughMathJax originally was intended as a stop-gap
measure until browsers implemented native math render-
ing (through MathML), after more than ten years, browser
support for MathML is not universal, and MathJax con-
tinues to bring quality math typesetting to all modern
browsers. Our work has been supported by grants from the
Sloan Foundation and the Simons Foundation, as well as
generous contributions from our sponsors, including the
AMS, SIAM, Elsevier, IEEE, and a variety of professional so-
cieties, publishers, and websites [11], without whose ongo-
ing financial support, MathJax would not have been possi-
ble. The version 3 rewrite putsMathJax in a strong position
to continue to make beautiful and accessible mathematics
available on the web for years to come.
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program at Auburn that offered free tutoring sessions and 
a STEM Summer Bridge Program to prepare underrepre-
sented students for college, and he has been active in STEM 
education programs. His research focuses on homological 
algebra and ring theory. Outside of mathematics, Jenda 
enjoys traveling across the country to watch his daughter 
perform in hit Broadway musicals, and he loves to travel 
to different continents and appreciate multiculturalism.

Lemma received his bachelor of arts from Addis Ababa 
University in Ethiopia and his PhD from Kent State Univer-
sity in 1994. He joined Savannah State University that same 
year. He was named Distinguished Professor at Savannah 
State University in 2010. In 2012, he received the University 
System of Georgia Board of Regents’ Teaching Excellence 
Award for Faculty in Regional and State Universities and 
was named Georgia Professor of the Year in 2013. His 
research is in sequence and series, as well as summability 
theory. The Mulatu numbers (comparable to Fibonacci 
and Lucas numbers) are named after him. He is dedicated 
to increasing the numbers of minority students in STEM 
fields through mentoring. 

An institutional award in mathematics was given to the 
Mathematical Sciences Research Institute, directed by 
David Eisenbud. In addition, a number of K–12 teachers 
were honored with Presidential Awards for Excellence in 
Mathematics and Science Teaching. Awardees are selected 
from schools in all fifty states, the District of Columbia, 
the Department of Defense Education Activity schools, 
the Commonwealth of Puerto Rico, and the United States 
territories.

—Elaine Kehoe

2020 Presidential 
Awards Announced

The 2020 Presidential Awards for Ex-
cellence in Science, Mathematics, and 
Engineering Mentoring have been 
announced. The individual mathe-
matical scientists honored are Maria 
Cristina Villalobos of the University 
of Texas Rio Grande Valley, Overtoun 
Jenda of Auburn University, and 
Mulatu Lemma of Savannah State 
University.

Villalobos received her PhD from 
Rice University and is currently Pro-
fessor in the School of Mathematical 
and Statistical Sciences and Found-
ing Director of the Center of Excel-
lence in STEM Education at Texas Rio 
Grande Valley. Through the Center 
she works to increase the number 
of students from underrepresented 
groups who enter STEM fields. In 
2019 she received the Richard A. 
Tapia Achievement Award for Scien-
tific Scholarship, Civic Sciences, and 

Diversifying Computing. She has served on the board of 
directors of the Society for Advancement of Chicanos/His-
panics and Native Americans in Science. She has received 
several awards for teaching and mentoring. Her research 
interests include optimization and optimal control, and 
she has recently worked on modeling optimal control 
drug treatment therapies for retinitis pigmentosa and on 
modeling antenna design.

Jenda is currently Assistant Provost for Special Projects 
and Initiatives and Professor of Mathematics at Auburn 
University. He was born in Malawi, where his father was a 
mathematics teacher. He received his PhD from the Univer-
sity of Kentucky. He taught at the University of Malawi and 
the University of Botswana until his return to the United 
States, where he was working with Edgar Enochs. He was 
named the head of the Louis Stokes Alliance for Minority 
Participation at Auburn in 1993. He began a drop-in 

Maria Cristina 
Villalobos

Overtoun Jenda
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over the rationals to the behavior of the L-function of E 
near its critical point. (The conjecture is one of the Clay 
Millennium Problems.)

“Bryan’s rediscovery of Heegner points has enabled 
others to (nearly) prove the conjecture when the Mor-
dell–Weil rank is 0 or 1, although it has not yet been fully 
solved. The conjecture has encouraged major advances in 
the theory, which has surprisingly important applications 
to information security.”

Birch is a Fellow of the AMS. He was elected a Fellow of 
the Royal Society in 1972 and is a recipient of the Senior 
Whitehead Prize and the De Morgan Medal of the London 
Mathematical Society.

The Sylvester Medal is awarded annually for an outstand-
ing researcher in the field of mathematics and carries a cash 
award of £2,000 (approximately US$2,400).

—From a Royal Society announcement

Hartz Awarded 
Zemánek Prize

Michael Hartz of Universität des  
Saarlandes, Germany, has been 
awarded the 2020 Zemánek Prize 
for his work on operator-oriented 
function theory of several variables, 
particularly his recent breakthrough 
result showing that every complete 
Nevanlinna–Pick space has the col-
umn-row property with constant 
one, as well as several deep results 
on multipliers and functional calculi 
for tuples of commuting operators on 

spaces of holomorphic functions. Hartz received his PhD 
from the University of Waterloo in 2016 under the direction 
of Kenneth Davidson. He held a postdoctoral fellowship 
at Washington University in St. Louis and a position at  
FernUniversität in Hagen, Germany, before joining Saar-
landes. He was a co-organizer of a special session at the 
AMS Fall Eastern Sectional Meeting in 2018, organized the 
mathematical colloquium at FernUniversität, and co-orga-
nized an online conference on operator theory. In his spare 
time, Hartz enjoys cycling and canoeing.

The Zemánek Prize was founded by the Institute of 
Mathematics of the Polish Academy of Sciences (IMPAN) to 
encourage research in functional analysis, operator theory, 
and related topics. The prize recognizes the work of math-
ematicians under thirty-five years of age who have made 
important contributions to the field. The monetary amount 
of the prize is 13,000 PLN (approximately US$3,300).

—From an IMPAN announcement

Horbez Receives 
Duszenko Award

Camille Horbez of CNRS Orsay has 
been chosen the recipient of the 
2020 Kamil Duszenko Award for his 
“spectacular” thesis introducing ran-
dom walk methods to prove the Tits 
alternative and the Handel–Mosher 
alternative for outer automorphism 
groups Out(Fn) of free groups, and 
generalizations. He has also “made 
further significant contributions to 
the study of boundaries of hyperbolic 

spaces on which Out(Fn) acts and its applications, such as 
rigidity results and boundary amenability.” Horbez received 
his PhD from Université Rennes in 2014 under the guidance 
of Vincent Guirardel. He has held visiting positions at the 
University of Utah, the Mathematical Sciences Research 
Institute (MSRI), and the Fields Institute. He has given 
talks at a number of international conferences, colloquia, 
and seminars. Horbez plays the  baroque flute and enjoys 
reading in his spare time.

The Duszenko Award is given by the Wrocław Math-
ematicians Foundation (WMF) for outstanding work or 
research that has significantly contributed to the deepening 
of knowledge and further progress in the field of mathemat-
ics. It was founded in honor of Kamil Duszenko, a young 
mathematician who died of acute lymphoblastic leukemia 
at the age of twenty-eight. It is given at least every two years 
in the fields of mathematics and hematology.

—From a WMF announcement

Birch Awarded 
Sylvester Medal
Bryan Birch, professor emeritus of the University of Ox-
ford, has been awarded the Sylvester Medal of the Royal 
Society for work that “has played a major role in driving 
the theory of elliptic curves, through the Birch–Swinnerton- 
Dyer conjecture and the theory of Heegner points.” The ci-
tation reads: “After writing his thesis under the supervision 
of Ian Cassels, Bryan Birch followed Harold Davenport in 
applying analytic methods to prove results about the zeros 
of rational polynomials in many variables. For instance, if 
such a polynomial of odd degree has enough variables, it 
will certainly have a rational zero.

“He is best known for his share in formulating the Birch 
and Swinnerton-Dyer conjecture. This relates the Mordell–
Weil group of rational points of an elliptic curve, E, defined 

Camille Horbez

Michael Hartz
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Prizes of the Canadian 
Mathematical Society
The Canadian Mathematical Society (CMS) has announced 
a number of prizes for 2020.

Veselin Jungic of Simon Fraser 
University is the recipient of the 2020 
Adrien Pouliot Award in recognition 
of his outstanding contributions to 
mathematics education. Jungic is a 
3M National Teaching Fellow and a 
recipient of several teaching awards, 
including the Canadian Mathemati-
cal Society Teaching Award and the 
Pacific Institute for Mathematical Sci-
ences Educational Award. Most of his 

research is in Ramsey theory and the field of mathematics 
education and outreach. He has authored and coauthored 
papers with numerous educational themes, mostly based 
on his own teaching practices. The citation states, “One of 
his most remarkable accomplishments is the creation of 
the Math Catcher program. The program aims to promote 
mathematics and scholarship in general by encouraging 
elementary and high school students to recognize how 
math is used in everyday life and how it forms the basis for 
many of our daily decisions and lifelong choices.” Outside 
of his mathematical work, Jungic has completed eighteen 
full marathons, including the 2007 Los Angeles Marathon.

Claude Levesque of the University 
of Laval has been named the recipient 
of the 2020 Graham Wright Award 
for Distinguished Service. He helped 
build community at many levels in 
Canada by sharing his love of math-
ematics with others. He organized 
three influential CMS conferences at 
the University of Laval and is a co-
founder of the Maine-Quebec Con-
ferences. He has organized a number 

of AMS Special Sessions. He was a creator of and served for 
many years as editor and editor in chief of Annales Mathéma-
tiques du Québec, and he participated in the creation of 
the Canadian Number Theory Association. He has been 
a co-organizer of number theory conferences in several 
countries. He is a fellow of the CMS and of the Papua New 
Guinea Mathematical Society. He tells the Notices that, in 
forty-five years of jogging, he has completed 110,000 kilo-
meters and forty-one marathons: “My best time was two 
hours and forty-six minutes, which is the same time as the 
best marathon of Turing.”

Duncan Dauvergne of Princeton 
University was awarded the 2020 
Doctoral Prize. He received his PhD 
at the University of Toronto under 
the supervision of Bálint Virág in 
2019. According to the prize citation, 
his PhD thesis “solved, or signifi-
cantly contributed to solving, three 
open problems in probability ex-
plaining, among other things, a phe-
nomenon that tantalized researchers 

in probability, combinatorics and statistical physics. This 
phenomenon is, in essence, that random systems behave 
in surprisingly non-random ways. In 2007, examples and 
empirical results for such a phenomenon that appears in 
random sorting networks led to a number of conjectures. 
Among them, there was a strong conjecture that Duncan 
Dauvergne solved implying the validity of all the others. 
Further work of Dauvergne, joint with Janosch Ortmann 
and Bálint Virág, on constructing the scaling limit of last 
passage percolation and understanding the geometry of the 
Robinson–Schensted–Knuth (RSK) bijection was deemed 
central to the Kardar–Parisi–Zhang (KPZ) universality class 
and will likely lead to more important results in this area 
of probability.”

—From CMS announcements

MAA Awards Presented
The Mathematical Association of America (MAA) has 
presented awards in mathematics writing, teaching, and 
service for 2020.

The Carl L. Allendoerfer Awards for excellent mathe-
matical writing in Mathematics Magazine were presented 
to Beth Malmskog (Colorado College) and Kathryn Hay-
maker (Villanova University) for “What (Quilting) Circles 
Can Be Squared?” 92 (2019), no. 3, and to Juan Arias de 
Reyna (University of Seville), David Clark (Randolph- 
Macon College), and Noam D. Elkies (Harvard University) 
for “A Modern Solution to the Gion Shrine Problem,” 92 
(2019), no. 2.

The Trevor Evans Award for excellent writing for an 
undergraduate audience published in Math Horizons was 
awarded to Sanaz Aliari, Bruce Golden, and Eric Oden, 
all of the University of Maryland, for “Experimental Graph 
Theory,” Math Horizons 27 (2019), no. 2.

The Paul R. Halmos–Lester R. Ford Award recognizes 
exceptional writing published in the American Mathematical 
Monthly. The recipients are Daniel Ullman (George Wash-
ington University) and Daniel Velleman (Amherst College 
and University of Vermont) for “Differences of Bijections,” 
126 (2019), no. 3; Colin Adams (Williams College),  
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 • Dallas Albritton (University of Minnesota), Cou-
rant Institute, New York University

 • Levent Alpoge (Princeton University), Columbia 
University

 • Martin Bobb (University of Texas at Austin), Uni-
versity of Michigan

 • Madeline Brandt (University of California, Berke-
ley), Brown University

 • Juliette Bruce (University of Wisconsin-Madison), 
University of California, Berkeley

 • Hunter Chase (University of Illinois at Chicago), 
University of Maryland

 • Robert Chatham (Massachusetts Institute of 
Technology), University of California, Los Angeles

 • Pui Tung Choi (Harvard University), Massachu-
setts Institute of Technology

 • Austin Conner (Texas A&M University), Harvard 
University

 • Colleen Delaney (Indiana University), Indiana 
University

 • Hannah Director (University of Washington), 
Colorado School of Mines

 • Alexander Dunlap (Stanford University), Courant 
Institute, New York University

 • Melissa Emory (University of Toronto), University 
of Toronto

 • Christopher Eur (University of California, Berke-
ley), Stanford University

 • Benjamin Gammage (University of Miami), Har-
vard University

 • Jorge Gonzalez (Florida Atlantic University), 
Georgia Institute of Technology

 • McFeely Goodman (University of Pennsylvania), 
University of California, Berkeley

 • Trevor Hyde (University of Chicago), University 
of Chicago

 • David Jekel (University of California, Los Ange-
les), University of California, San Diego

 • Justin Lanier (Georgia Institute of Technology), 
University of Chicago

 • Robert Laudone (University of Wisconsin-Madi-
son), University of Michigan

 • Carl Lian (Columbia University), Humboldt 
University

 • Kimberly Logan (Kansas State University), Rutgers 
University

 • Maggie Miller (Princeton University), Massachu-
setts Institute of Technology

 • Katrina Morgan (Mathematical Sciences Research 
Institute), Northwestern University

 • Laurel Ohm (University of Minnesota), Courant 
Institute, New York University

 • Elizabeth O’Reilly (California Institute of Tech-
nology), California Institute of Technology

Allison Henrich (Seattle University), Kate Kearney (Gon-
zaga University), and Nicholas Scoville (Ursinus College) 
for “Knots Related by Knotoids,” 126 (2019), no. 6; John 
B. Little (College of the Holy Cross) for “The Many Lives 
of the Twisted Cubic,” 126 (2019), no. 7; and Balázs Ge-
rencsér (Rényi Institute and ELTE Eötvös University) and 
Viktor Harangi (Rényi Institute) for “Too Acute to Be True: 
The Story of Acute Sets,” 126 (2019), no. 10.

The George Pólya Awards recognize exceptional papers 
published in the College Mathematics Journal. The recipients 
are Christopher J. Catone (Albright College) for “Bringing 
Calculus into Discrete Math via the Discrete Derivative,” 50 
(2019), no. 1; and Adam Glesser, Matt Rathbun, Isabel M. 
Serrano, and Bogdan D. Suceavă, all of California State 
University, Fullerton, for “Eclectic Illuminism: Applications 
of Affine Geometry,” 50 (2019), no. 2.

Two awards were given for excellence in teaching. The 
Henry L. Alder Awards honor beginning college or uni-
versity faculty members whose teaching has been highly 
effective and successful in undergraduate mathematics. The 
awardees for 2020 are Selenne Bañuelos, California State 
University, Channel Islands; Kenneth M. Monks, Front 
Range Community College; and Brandy Wiegers, Central 
Washington University. The Mary P. Dolciani Award hon-
ors the combination of excellence in both mathematical 
research and mathematics education. The awardee for 2020 
is Henry Pollak of Columbia University. 

The Certificate of Meritorious Service is presented for 
service at the national level or for service to a section of 
the Association. The honorees for 2020 are Tamara Lakins, 
Allegheny College; Ezra (Bud) Brown, Virginia Institute 
of Technology; Thomas Hagedorn, College of New Jersey; 
Lisa Mantini, Oklahoma State University; and Shawnee 
McMurran, California State University, San Bernardino.

—From MAA announcements

NSF Postdoctoral Research 
Fellowships Awarded
The Mathematical Sciences Postdoctoral Research Fel-
lowship Program of the Division of Mathematical Sci-
ences (DMS) of the National Science Foundation (NSF) 
awards fellowships each year for postdoctoral research in 
pure mathematics, applied mathematics and operations 
research, and statistics. Following are the names of the 
fellowship recipients for 2020, together with their PhD 
institutions (in parentheses) and the institutions at which 
they will use their fellowships.

 • Leonardo Abbrescia (Michigan State University), 
Vanderbilt University
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 • Joshua Pfeffer (Massachusetts Institute of Tech-
nology), Columbia University

 • Joshua Pollitz (University of Nebraska), Univer-
sity of Utah

 • Yair Shenfeld (Princeton University), Massachu-
setts Institute of Technology

 • Alexander Smith (Harvard University), Massachu-
setts Institute of Technology

 • Avery St. Dizier (Cornell University), University 
of Illinois Urbana-Champaign

 • Daniel Stern (University of Toronto), Princeton 
University

 • Minh-Tam Trinh (University of Chicago), Massa-
chusetts Institute of Technology

 • Dennis Tseng (Harvard University), Massachusetts 
Institute of Technology

 • Franco Vargas Pallete (Yale University), Yale 
University

 • Erik Waingarten (Columbia University), Stanford 
University

 • Abigail Ward (Stanford University), Massachusetts 
Institute of Technology

 • Rachel Webb (University of Michigan), University 
of California, Berkeley

 • Allen Yuan (Massachusetts Institute of Technol-
ogy), Columbia University

—NSF announcement
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The AMS Short Course Committee is exploring flexible 
delivery methods for the course. This might include online 
presentations, recorded lectures available after the course, 
live stream Q&A sessions, online breakout discussion 
groups, and other methods. Suggestions by the proposers 
are encouraged.

An expression of interest may be as short as one page. 
Members of the community are also encouraged to 
nominate organizer–topic pairs. More detailed guidance 
is available in the Short Course Manual at the website 
https://www.ams.org/2020_Short_Course_Manual 
.pdf. Expressions of interest, nominations, and proposals 
should be sent to the AMS Associate Executive Director 
(aed-mps@ams.org). For full consideration, proposals 
should be submitted by December 18, 2020.

Audience and Topical Focus. The mathematical back-
ground, knowledge, and experience of the participants vary 
greatly: from novice to specialist, from graduate student 
(or even undergraduate or high school student) to senior 
professor, from college (two-year or four-year) teacher 
to researcher or industrial practitioner. That said, a short 
course targeted to individuals with a solid background in 
undergraduate mathematics is most likely to draw interest 
and satisfy participants. Lectures overall should be coherent 
in terms of theme, terminology, and notation; the speak-
ers need to keep in mind that their audience consists of 
nonspecialists, and each talk should begin with ideas that 
are readily accessible to everyone. Ideally, lectures lead to 
an indication of the “state of the art,” but in a way that 
acknowledges challenging aspects without placing too 
many technical or conceptual roadblocks in the way of 
the participants.

—AMS announcement

Early Career Opportunity

AMS Congressional Fellowship

The AMS will sponsor a Congressional Fellow from Sep-
tember 2021 through August 2022. The fellowship includes 
an orientation on congressional and executive branch op-
erations and a year-long seminar series involving science, 

Call for Proposals

Organizing the 2022 Short Course

The AMS Short Course Subcommittee (SHORTCOURS) 
invites expressions of interest and proposals to organize 
the Society’s Short Course to be offered January 3–4, 2022, 
in coordination with the 2022 Joint Mathematics Meetings 
(JMM) in Seattle, Washington.

The Short Course provides an unparalleled opportunity 
to introduce an exciting, current area of applied mathemat-
ics to a broad audience of students, faculty, researchers, 
and other practitioners. It is also anticipated that the pro-
ceedings of the Short Course will be published in the AMS 
series Proceedings of Symposia in Applied Mathematics.

Typically incorporating a sequence of survey lectures 
and other activities focused on a single theme of applied 
mathematics, the course takes place during the two days 
immediately preceding JMM. The course’s theme may be 
cutting-edge or more established, and its goal is to provide 
professional and in-training mathematicians an introduc-
tion that can:

 • Satisfy the curiosity of those who are new to the topic
 • Provide an entrée to a new research topic
 • Inspire new methods of problem solving
 • Be part of the participants’ professional development 

and continuing education
The venue presents the organizers with a time frame long 

enough for newcomers to a topic in applied mathematics 
to reach insights about the state of the art, but at the same 
time short enough to fit the typical participant’s schedule 
and attention.

The AMS Short Course Committee encourages proposals 
that may extend the traditional course in subject and/or 
methodology. Proposals may, for example, focus on topics 
related to applications in industry, business, economics and 
social sciences, health and medical care, entrepreneurship, 
public policy, and other areas. Proposals may also contain 
a training component on programming and coding (e.g., 
R or Python), which coordinates well pedagogically with 
the rest of the course. Overall, the Committee welcomes 
expressions of interest and creative proposals that will have 
wide appeal.

https://www.ams.org/2020_Short_Course_Manual.pdf
https://www.ams.org/2020_Short_Course_Manual.pdf
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decision making and of how information is effectively 
disseminated. 

Mathematical sciences faculty are urged to make their 
graduate students aware of this program. For more infor-
mation about the fellowship program, see https://www 
.ams.org/massmediafellow or https://www.aaas 
.org/programs/mass-media-fellowship, or email 
amsdc@ams.org with any questions.

The deadline for applications is January 1, 2021.

—AMS Office of Government Relations

Early Career Opportunity

NSF Graduate Research Fellowships

The National Science Foundation’s Graduate Research Fel-
lowship Program supports outstanding graduate students 
in NSF-supported science, technology, engineering, and 
mathematics disciplines who are pursuing research-based 
master’s and doctoral degrees at US institutions. The 
NSF welcomes applications from all qualified students 
and strongly encourages underrepresented populations, 
including women, underrepresented racial and ethnic 
minorities, and persons with disabilities, to apply. Fellows 
receive a three-year annual stipend of US$34,000 and 
opportunities for international research and professional 
development. Fellowships may be used to support graduate 
research at any accredited US institution. The deadline for 
the mathematical sciences is October 22, 2020. For fur-
ther information, visit www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=6201.

—From an NSF announcement

Early Career Opportunity

AAUW Educational Foundation 
Fellowships and Grants

The American Association of University Women (AAUW) 
has programs supporting women students and scholars 
at various stages of their careers. American Fellowships 
support women in full-time study to complete disserta-
tions, conduct postdoctoral research, or prepare research 
for publication. Selected Professions Fellowships support 
women students in areas in which women’s participation 
has traditionally been low, including computer/informa-
tion sciences and mathematics/statistics. The deadline for 

technology, and public policy. The AMS Congressional 
Fellow will spend the year working on the staff of a member 
of Congress or a congressional committee as a legislative 
assistant in legislative and policy areas requiring scientific 
and technical input.

The AMS Congressional Fellowship is part of the AAAS 
Science and Technology Policy Fellowship (STPF) program. 
It is designed to provide a unique public policy learning ex-
perience, to demonstrate the value of science–government 
interaction, and to bring a technical background and exter-
nal perspective to the decision-making process in Congress.  

An AMS Fellowship Committee will select the AMS 
Congressional Fellow. The fellowship stipend is US$86,335 
for the fellowship period, with allowances for relocation 
and professional travel and a contribution toward health 
insurance. Applications are invited from individuals in the 
mathematical sciences. Applicants must be US citizens and 
must have a PhD or an equivalent doctoral-level degree by 
the application deadline. For information and to apply, go 
to https://bit.ly/2X5Yi3D. The deadline for applica-
tions is February 1, 2021.

—AMS Office of Government Relations

Early Career Opportunity

AMS Mass Media 
Fellowship Program

The AMS sponsors a Mass Media Fellow each summer 
through the Mass Media Science and Engineering Fel-
lowship program organized by the American Association 
for the Advancement of Science (AAAS). The program is 
designed to improve public understanding of science and 
technology by placing advanced science, mathematics, and 
engineering students in newsrooms nationwide.

Applicants must be either upper-level undergraduate or 
graduate students or postdoctoral trainees, or they must 
apply within one year of the completion of either of the for-
mer levels. Applicants must be in the life, physical, health, 
engineering, computer or social sciences, or mathematics 
and related fields and must have outstanding written and 
oral communication skills and a strong interest in learning 
about the media. In its forty-five-year history, the program 
has supported over 700 fellows.

Fellows receive a stipend of US$6,000, plus travel ex-
penses to and from AAAS and media outlets, to work for 
ten weeks during the summer as reporters, researchers, and 
production assistants in media organizations. They observe 
and participate in the process by which events and ideas 
become news, improve their ability to communicate about 
complex technical subjects in a manner understandable to 
the public, and increase their understanding of editorial 

The most up-to-date listing of NSF funding opportunities from the Division 
of Mathematical Sciences can be found online at www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe 
to the DMSNEWS listserv by following the directions at www.nsf.gov 
/mps/dms/about.jsp. 

https://www.ams.org/massmediafellow
https://www.aaas.org/programs/mass-media-fellowship
https://www.ams.org/massmediafellow
https://www.aaas.org/programs/mass-media-fellowship
www.nsf.gov/funding/pgm_summ.jsp?pims_id=6201
www.nsf.gov/funding/pgm_summ.jsp?pims_id=6201
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/dir/index.jsp?org=ehr
http://www.nsf.gov/mps/dms/about.jsp
http://www.nsf.gov/mps/dms/about.jsp
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applications is November 1, 2020. For further information, 
visit the website www.aauw.org/resources/programs 
/fellowships-grants/.

—From AAUW website

AWM Essay Contest

The Association for Women in Mathematics (AWM) and 
Math for America cosponsor an annual essay contest for 
biographies of contemporary women mathematicians and 
statisticians in academic, industrial, and government ca-
reers. This contest is open to students in Grades 6–8, Grades 
9–12, and college undergraduates. The deadline for the 2020 
AWM Essay Contest is February 1, 2021. AWM is also cur-
rently seeking women mathematicians to volunteer as the 
subjects of these essays. For more information, see https://
awm-math.org/awards/student-essay-contest. 

—AWM announcement

The Karen EDGE Fellowship

The EDGE Foundation has received an extraordinary gift 
from Abel Prize winner Karen Uhlenbeck. Her generous 
gift has been used to establish The Karen EDGE Fellowship 
Program to support and enhance the research programs 
and collaborations of mid-career mathematicians who are 
members of an underrepresented minority group. Appli-
cations will be evaluated by a review committee consisting 
of mathematicians appointed by the EDGE Foundation 
Board.

Eligibility: Fellowships are available to mid-career 
mathematicians employed in full-time positions in the US. 
Applicants must be US citizens or permanent residents with 
a PhD or equivalent who are underrepresented minorities. 
Mathematicians of any gender identity are eligible.

Funding: The award consists of $8,000 per year for 
three years including funds to support one trip per year to 
the Institute for Advanced Study in Princeton (travel only; 
the Institute will provide local expenses) to meet Karen 
and members of the community. Valid expenses include 
travel by the Fellow, the Fellow’s graduate students, or the 
Fellow’s collaborators for the purpose of advancing the 
proposed research project, scientific computing, supplies, 
books, and professional memberships. Teaching buyouts 
or salary supplements are not permitted.

Reporting Requirements: An annual progress report 
and financial statement are expected annually within two 
months of the end of each academic year.

The application consists of the following:
 • Personal Statement (1 page)
 • Research Description (2 pages, not including references)

 • Curriculum vitae (2 pages)
 • Three-year plan for use of the Fellowship (1 page)
 • Budget Outline (1 page; include travel to Princeton, NJ)
 • Current and pending funding support

Deadline: Applications should be submitted to 
https://www.mathprograms.org/db/EDGE/980/ and 
are due by February 1, 2021.

One awardee will be announced by May 1, 2021. 
(For more information about the EDGE Foundation, 
see https://www.edgeforwomen.org/support-edge 
/the-edge-foundation/.)

—Rhonda Hughes

Call for Applications for the 2021 
CIRM Conferences

The CIRM (Centro Internazionale per la Ricerca Matemat-
ica, see cirm.fbk.eu) located in Trento, Italy, supported 
and co-funded by Fondazione Bruno Kessler (FBK), by the 
Istituto Nazionale di Alta Matematica (INdAM), and by the 
University of Trento (UNITN), wants to organize in 2021 
a series of international conferences and meetings in the 
fields of Mathematics.

The Center has a long tradition in organizing mathemat-
ical events starting in 1979 and has recorded more than 300 
events (cirm.fbk.eu/conferences). 

Due to the coronavirus pandemic, most of the planned 
events in the year 2020 have been cancelled. The Advisory 
Board of CIRM, following the requests of various scientific 
organizers, decided to reschedule many of the planned 
events in 2020 to next year, 2021.

This decision engages most of the activities for the year 
2021. However, CIRM opens a call for new applications of 
conferences. A limited number of them will be accepted.

Proposals of a conference must be submitted before 
October 31, 2020:

 • by ordinary mail to the address: Fondazione Bruno Kes-
sler, Centro Internazionale per la Ricerca Matematica, 
Via Alla Cascata n. 56C – Povo, 38123 Trento, Italy, or

 • via electronic mail to the address micheletti@fbk.eu.
An application must contain:
1. a scientific proposal, with names of possible speakers,
2. a rather detailed financial budget, which CIRM will be 

asked to finance partially (up to 50%),
3. specification of the other available or planned financial 

resources.
The Advisory Board of CIRM will evaluate all sub-

mitted proposals and applications (cirm.fbk.eu 
/organisation).

—The Director of CIRM
Prof. Marco Andreatta

http://www.aauw.org/resources/programs/fellowships-grants/
http://www.aauw.org/resources/programs/fellowships-grants/
http://cirm.fbk.eu/organisation
http://cirm.fbk.eu/organisation
http://cirm.fbk.eu/conferences
http://cirm.fbk.eu
https://www.edgeforwomen.org/support-edge/the-edge-foundation/
https://www.edgeforwomen.org/support-edge/the-edge-foundation/
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and faculty member, network with students and colleagues 
in your field, and be part of a forward-thinking, innovative 
academic community.

Instructors will be expected to familiarize themselves 
with existing course materials, grade assessments, monitor 
and contribute to discussion boards, hold regular office 
hours, answer student questions, and coordinate with 
other instructors of the same course. Instructors may also 
be asked to develop online course materials with support 
from the Whiting School’s instructional design and instruc-
tional technology staff. Orientation to EP-based course 
instruction will be provided.

REQUIREMENTS: A doctoral degree and experience as 
a lead instructor or teaching assistant is required. Indus-
trial and/or research experience in applied mathematics, 
including academic publications, is preferred. Interest in 
supervising master’s theses is a plus. Experience in an online 
classroom is preferred, as is familiarity with the Blackboard 
Learning Management System. Compensation is highly 
competitive.

APPLICATION PROCESS FOR PART-TIME POSITIONS: 
Candidates may apply for a part-time position using 
the form found at https://ep.jhu.edu/about-us 
/teach-for-us. Applications should include a Statement 
of Interest, a CV, references, and course evaluations from 
two to four classes taught by the applicant (if available). 
All applications will be evaluated on a rolling basis.

14

MARYLAND

Johns Hopkins University

The Engineering for Professionals division of the Whiting 
School of Engineering at Johns Hopkins University seeks 
applicants for part-time teaching positions housed in the 
Applied & Computational Mathematics (ACM) graduate 
program. All lecturers are responsible for the delivery of 
online courses to part-time professional master’s degree 
candidates. Grading support is provided to all instructors 
of large courses.

The ACM program seeks instructors with capabilities 
in the areas of analysis, computational algorithms, oper-
ations research, probability and statistics, and simulation 
and modeling. All graduate-level courses are taught with 
mathematical rigor and, at a minimum, have a student pre-
requisite of multivariate calculus (calculus III). Prospective 
applicants are strongly encouraged to review the list of ACM 
courses and identify those courses in the list that they feel 
most qualified to teach.

The highly-ranked online programs at Johns Hopkins 
Engineering for Professionals combine the rigor of tradi-
tional Johns Hopkins programs with practical application 
in the fields of engineering, applied sciences, business, and 
government. Instructors impart cutting-edge knowledge and 
real-world skills in collaborative, interactive learning envi-
ronments, providing students with a unique opportunity to 
forge lasting professional connections as they work, study, 
and maintain a manageable work-life balance. Expand 
your skills and experience as an applied mathematician  

https://ep.jhu.edu/about-us/teach-for-us
https://ep.jhu.edu/about-us/teach-for-us
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MASSACHUSETTS

Massachusetts Institute of Technology 
Cambridge, MA

The Mathematics Department at MIT is seeking to fill 
positions in Pure and Applied Mathematics at the level 
of tenure-track Assistant Professor or higher beginning 
July 2021 (for the 2021–2022 academic year, or as soon 
thereafter as possible). Appointments are based primarily 
on exceptional research qualifications. Appointees will be 
required to fulfill teaching duties and pursue their own 
research program. PhD in Mathematics or related field 
required by employment start date.

For more information and to apply, please visit www
.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2020. MIT is an Equal Op-
portunity, Affirmative Action Employer.

16

Massachusetts Institute of Technology 
Cambridge, MA

The Mathematics Department at MIT is seeking to fill posi-
tions in Pure and Applied Mathematics, and Statistics at the 
level of Instructor beginning July 2021 (for the 2021–2022 
academic year). Appointments are based primarily on 
exceptional research qualifications. Appointees will be 
expected to fulfill teaching duties and pursue their own 
research program. PhD in Mathematics or related field 
required by employment start date.

For more information and to apply, please visit www
.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2020. MIT is an Equal Op-
portunity, Affirmative Action Employer.

17

CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spa-
cious office environment and strong research support. 
We are prepared to make quick and competitive offers to  

self-motivated hard workers, and to potential stars, rising 
stars, as well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn or 

contact Ms. Erica Liu at mathjobs@tju.edu.cn, telephone: 
86-22-2740-6039.

01
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AMS/MAA Textbooks, Volume 61
October 2020, 724 pages, Softcover, ISBN: 978-1-4704-
4382-5, LC 2018034323, 2010 Mathematics Subject Classi-
fication: 01–01, 01A05; 01A45, 01A50, 01A55, List US$89, 
AMS Individual member US$66.75, AMS Institutional 
member US$71.20, MAA members US$66.75, Order code 
TEXT/61

bookstore.ams.org/text-61

Geometry and Topology

An Excursion Through 
Discrete Differential 
Geometry
Keenan Crane, Carnegie Mellon 
University, Pittsburgh, PA, Editor

Discrete Differential Geometry 
(DDG) is an emerging discipline 
at the boundary between mathe-
matics and computer science. It 
aims to translate concepts from 
classical differential geometry 
into a language that is purely 

finite and discrete, and can hence be used by algorithms 
to reason about geometric data. In contrast to standard 
numerical approximation, the central philosophy of DDG 
is to faithfully and exactly preserve key invariants of geo-
metric objects at the discrete level. This process of transla-
tion from smooth to discrete helps to both illuminate the 
fundamental meaning behind geometric ideas and provide 
useful algorithmic guarantees.

This volume is based on lectures delivered at the 2018 
AMS Short Course “Discrete Differential Geometry,” held 
January 8–9, 2018, in San Diego, California.

The papers in this volume illustrate the principles of 
DDG via several recent topics: discrete nets, discrete dif-
ferential operators, discrete mappings, discrete conformal 
geometry, and discrete optimal transport.

This item will also be of interest to those working in applications.

General Interest

The History of 
Mathematics: A 
Source-Based Approach, 
Volume 2
June Barrow-Green, The Open 
University, Milton Keynes, United 
Kingdom, Jeremy Gray, The Open 
University, Milton Keynes, United 
Kindgom, and Robin Wilson, The 
Open University, Milton Keynes, 
United Kingdom

The History of Mathematics: A 
Source-Based Approach is a comprehensive history of the 
development of mathematics. This, the second volume of a 
two-volume set, takes the reader from the invention of the 
calculus to the beginning of the twentieth century. The ini-
tial discoverers of calculus are given thorough investigation, 
and special attention is also paid to Newton’s Principia. 
The eighteenth century is presented as primarily a period 
of the development of calculus, particularly in differential 
equations and applications of mathematics. Mathematics 
blossomed in the nineteenth century and the book explores 
progress in geometry, analysis, foundations, algebra, and 
applied mathematics, especially celestial mechanics. The 
approach throughout is markedly historiographic: How 
do we know what we know? How do we read the original 
documents? What are the institutions supporting mathe-
matics? Who are the people of mathematics? The reader 
learns not only the history of mathematics, but also how 
to think like a historian.

The two-volume set was designed as a textbook for the 
authors’ acclaimed year-long course at the Open University. 
It is, in addition to being an innovative and insightful text-
book, an invaluable resource for students and scholars of 
the history of mathematics. The authors, each among the 
most distinguished mathematical historians in the world, 
have produced over fifty books and earned scholarly and 
expository prizes from the major mathematical societies of 
the English-speaking world.

http://bookstore.ams.org/text-61
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Mathematical Physics

Amplitudes, Hodge Theory 
and Ramification
From Periods and Motives 
to Feynman Amplitudes
K. Ebrahimi-Fard, Norwegian 
University of Science and Tech-
nology, Trondheim, Norway, J. I. 
Burgos Gil, Institute of Math-
ematical Sciences, Spanish Na-
tional Research Council, Madrid, 
Spain, and D. Manchon, CNRS 
et Université Clermont-Auvergne, 
Aubière, France, Editors

This is the first volume of the lectures presented at the Clay 
Mathematics Institute 2014 Summer School, “Periods and 
Motives: Feynman amplitudes in the 21st century”, which 
took place at the Instituto de Ciencias Matemáticas–ICMAT 
(Institute of Mathematical Sciences) in Madrid, Spain. It 
covers the presentations by S. Bloch, by M. Marcolli and 
by L. Kindler and K. Rülling.

The main topics of these lectures are Feynman integrals 
and ramification theory. On the Feynman integrals side, 
their relation with Hodge structures and heights as well 
as their monodromy are explained in Bloch’s lectures. 
Two constructions of Feynman integrals on configuration 
spaces are presented in Ceyhan and Marcolli’s notes. On 
the ramification theory side an introduction to the theory 
of l -adic sheaves with emphasis on their ramification 
theory is given. These notes will equip the reader with the 
necessary background knowledge to read current literature 
on these subjects.

This item will also be of interest to those working in algebra and 
algebraic geometry.

Titles in this series are co-published with the Clay Mathematics Institute 
(Cambridge, MA).

Clay Mathematics Proceedings, Volume 21
October 2020, 240 pages, Softcover, ISBN: 978-1-4704-
4329-0, 2010 Mathematics Subject Classification: 81Q30, 
14C15, 11S15, List US$120, AMS members US$96, MAA 
members US$108, Order code CMIP/21

bookstore.ams.org/cmip-21

Proceedings of Symposia in Applied Mathematics, Vol-
ume 76
October 2020, 152 pages, Softcover, ISBN: 978-1-4704-
4662-8, LC 2020014948, 2010 Mathematics Subject Classi-
fication: 53–XX, 52Cxx, 65–XX, List US$118, AMS mem-
bers US$94.40, MAA members US$106.20, Order code 
PSAPM/76

bookstore.ams.org/psapm-76

Hyperbolic Knot Theory
Jessica S. Purcell, Monash Uni-
versity, Clayton, Victoria, Australia

This book provides an introduc-
tion to hyperbolic geometry in 
dimension three, with motiva-
tion and applications arising 
from knot theory. Hyperbolic 
geometry was first used as a 
tool to study knots by Riley and 
then Thurston in the 1970s. By 
the 1980s, combining work of  

Mostow and Prasad with Gordon and Luecke, it was known 
that a hyperbolic structure on a knot complement in the 
3-sphere gives a complete knot invariant. However, it re-
mains a difficult problem to relate the hyperbolic geometry 
of a knot to other invariants arising from knot theory. In 
particular, it is difficult to determine hyperbolic geometric 
information from a knot diagram, which is classically used 
to describe a knot. This textbook provides background on 
these problems, and tools to determine hyperbolic infor-
mation on knots. It also includes results and state-of-the art 
techniques on hyperbolic geometry and knot theory to date.

The book was written to be interactive, with many exam-
ples and exercises. Some important results are left to guided 
exercises. The level is appropriate for graduate students 
with a basic background in algebraic topology, particularly 
fundamental groups and covering spaces. Some experience 
with some differential topology and Riemannian geometry 
will also be helpful.

Graduate Studies in Mathematics, Volume 209
November 2020, 392 pages, Softcover, ISBN: 978-1-4704-
5499-9, LC 2020023845, 2010 Mathematics Subject Classi-
fication: 57M25, 57M27, 57M50; 30F40, 57M10, 57Q15, 
List US$98, AMS members US$78.40, MAA members 
US$88.20, Order code GSM/209

bookstore.ams.org/gsm-209

http://bookstore.ams.org/psapm-76
http://bookstore.ams.org/gsm-209
http://bookstore.ams.org/cmip-21
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Number  Theory
Róbert Freud, University Eötvös 
Loránd, Budapest, Hungary and 
Edit Gyarmati

Number Theory is a newly trans-
lated and revised edition of the 
most popular introductory text-
book on the subject in Hungary. 
The book covers the usual topics 
of introductory number theory: 
divisibility, primes, Diophantine 
equations, arithmetic functions, 

and so on. It also introduces several more advanced topics 
including congruences of higher degree, algebraic number 
theory, combinatorial number theory, primality testing, 
and cryptography. The development is carefully laid out 
with ample illustrative examples and a treasure trove of 
beautiful and challenging problems. The exposition is both 
clear and precise.

The book is suitable for both graduate and undergradu-
ate courses with enough material to fill two or more semes-
ters and could be used as a source for independent study 
and capstone projects. Freud and Gyarmati are well-known 
mathematicians and mathematical educators in Hungary, 
and the Hungarian version of this book is legendary there. 
The authors’ personal pedagogical style as a facet of the rich 
Hungarian tradition shines clearly through. It will inspire 
and exhilarate readers.

Pure and Applied Undergraduate Texts, Volume 48
October 2020, 552 pages, Softcover, ISBN: 978-1-4704-
5275-9, LC 2020014015, 2010 Mathematics Subject Clas-
sification: 11–00, 11–01, 11A05, 11A07, 11A25, 11A41, 
List US$99, AMS members US$79.20, MAA members 
US$89.10, Order code AMSTEXT/48

bookstore.ams.org/amstext-48

Number Theory

The Great Prime 
Number Race
Roger Plymen, Manchester Uni-
versity, United Kingdom

Have you ever wondered about 
the explicit formulas in analytic 
number theory? This short book 
provides a streamlined and rig-
orous approach to the explicit 
formulas of Riemann and von 
Mangoldt. The race between the 
prime counting function and the 

logarithmic integral forms a motivating thread through 
the narrative, which emphasizes the interplay between the 
oscillatory terms in the Riemann formula and the Skewes 
number, the least number for which the prime number the-
orem undercounts the number of primes. Throughout the 
book, there are scholarly references to the pioneering work 
of Euler. The book includes a proof of the prime number 
theorem and outlines a proof of Littlewood’s oscillation 
theorem before finishing with the current best numerical 
upper bounds on the Skewes number.

This book is a unique text that provides all the mathe-
matical background for understanding the Skewes number. 
Many exercises are included, with hints for solutions. This 
book is suitable for anyone with a first course in complex 
analysis. Its engaging style and invigorating point of view 
will make refreshing reading for advanced undergraduates 
through research mathematicians.

Student Mathematical Library, Volume 92
November 2020, 152 pages, Softcover, ISBN: 978-1-4704-
6257-4, LC 2020025241, 2010 Mathematics Subject Classi-
fication: 11–03, 11A41, 11M06, 11N05, List US$59, AMS 
members US$47.20, MAA members US$47.20, Order 
code STML/92

bookstore.ams.org/stml-92

http://bookstore.ams.org/stml-92
http://bookstore.ams.org/amstext-48
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New AMS-Distributed 
Publications
Algebra and Algebraic 
Geometry

Unitary Representations 
of Real Reductive Groups
Jeffrey D. Adams, Department of 
Mathematics, University of Mary-
land, Marc A. A. van Leeuwen, 
Laboratoire de Mathématiques et 
Applications, Université de Poitiers, 
Peter E. Trapa, Department of 
Mathematics, University of Utah, 
and David A. Vogan, Jr., De-
partment of Mathematics, Mas-
sachusetts Institute of Technology, 
Editors

The authors present an algorithm for the computation of 
irreducible unit representations of a real reductive Lie group 
G. The Langlands classification, as formulated by Knapp 
and Zuckerman, presents any Hermitian representation 
as being the deformation of a unitary representation oc-
curring in the Plancherel formula. The behavior of these 
deformations is partly determined by the Kazhdan-Lusztig 
analysis of the irreducible characters; more complete infor-
mation comes from Beilinson-Bernstein proof of Jantzen’s 
conjectures.

The authors’ algorithm traces through this deformation 
the changes in the signature of the shape that can occur at 
the points of reducibility. An important tool is a variant of 
Weyl’s unitary trick: we replace the classic Hermitian form 
(for which Lie (G) acts by antisymmetric operators) by a 
new Hermitian form (for which it is a compact form of Lie 
(G) which acts by antisymmetric operators).

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Astérisque, Number 417
July 2020, 177 pages, Softcover, ISBN: 978-2-85629-918-
0, 2010 Mathematics Subject Classification: 22E46, 20G05, 
17B15, List US$60, AMS members US$48, Order code 
AST/417

bookstore.ams.org/ast-417

New in Contemporary 
Mathematics
Logic and Foundations

Centenary of the 
Borel Conjecture
Marion Scheepers, Boise State 
University, OH, and Ondřej Zin-
dulka, Czech Technical University, 
Prague, Czech Republic, Editors

Borel’s Conjecture entered the 
mathematics arena in 1919 as 
an innocuous remark about sets 
of real numbers in the context 
of a new covering property in-
troduced by Émile Borel. In the 

100 years since, this conjecture has led to a remarkably 
rich adventure of discovery in mathematics, producing in-
dependent results and the discovery of countable support 
iterated forcing, developments in infinitary game theory, 
deep connections with infinitary Ramsey Theory, and 
significant impact on the study of topological groups and 
topological covering properties.

The papers in this volume present a broad introduc-
tion to the frontiers of research that has been spurred 
on by Borel’s 1919 conjecture and identify fundamental 
unanswered research problems in the field. Philosophers 
of science and historians of mathematics can glean from 
this collection some of the typical trends in the discovery, 
innovation, and development of mathematical theories.

Contemporary Mathematics, Volume 755
October 2020, 252 pages, Softcover, ISBN: 978-1-4704-
5099-1, 2010 Mathematics Subject Classification: 03E17, 
03E35, 03E65, 22A10, 22B05, 22C05, 54C50, 54D20, 
54H11, 91A44, List US$120, AMS members US$96, MAA 
members US$108, Order code CONM/755

bookstore.ams.org/conm-755

ONTEMPORARY
ATHEMATICS

C
M

755

Marion Scheepers
Ondřej Zindulka

Editors

Centenary of the 
Borel Conjecture

http://bookstore.ams.org/conm-755
http://bookstore.ams.org/ast-417


NEW BOOKS

1640    Notices of the AmericAN mAthemAticAl society Volume 67, Number 10

These lecture notes are intended to help a new researcher 
understand various aspects of dynamical systems. Each 
chapter of this book specializes in one aspect of dynamical 
systems; and, thus, begins at an elementary level and goes 
on to cover fairly advanced material. The editors hope the 
book will help researchers get familiar with, and navigate 
through, different parts of ergodic theory and dynamical 
systems.

A publication of Hindustan Book Agency; distributed within the Americas 
by the American Mathematical Society. Maximum discount of 20% for 
all commercial channels.

Hindustan Book Agency
July 2020, 214 pages, Hardcover, ISBN: 978-93-86279-83-
5, 2010 Mathematics Subject Classification: 37–01, 37A05, 
37A15, 37A30, 37A45, 37B05, 37B10, 37B20, 37B50, 
37D40, 37E05, 37F10, 37F45, 37P55, List US$56, AMS 
members US$44.80, Order code HIN/79

bookstore.ams.org/hin-79

General Interest

Elements of 
Dynamical Systems
Anima Nagar, Indian Institute 
of Technology, New Delhi, India, 
Riddhi Shah, Jawaharlal Nehru 
University, New Delhi, India, and 
Shrihari Sridharan, Indian In-
stitute of Science Education and 
Research, Thiruvananthapuram, 
India, Editors

This book stems from lectures 
that were given at a three-week 
Advanced Instructional School 

on Ergodic Theory and Dynamical Systems held at the 
Indian Institute of Technology, Delhi, during December 
2017, organized by the National Centre for Mathematics 
(NCM) with support from the National Board for Higher 
Mathematics (NBHM), Department of Atomic Energy 
(DAE), Government of India. 

L E A R N  A B O U T

A
M

S eBOOKS

Did you know that most
of our titles are now

available in eBook form?

Browse both our print and electronic 
titles at bookstore.ams.org.

http://bookstore.ams.org/hin-79
http://bookstore.ams.org
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Meetings in this Issue
  2020  

October 10–11 Fall Southeastern Virtual p. 1642
October 24–25 Fall Western Virtual p. 1643

  2021  
January 6–9 Virtual JMM p. 1644
March 13–14 Atlanta, Georgia p. 1648
March 20–21 Providence, Rhode Island p. 1649
April 17–18 Cincinnati, Ohio p. 1650
May 1–2 San Francisco, California p. 1650
July 5–9 Grenoble, France p. 1651
July 19–23 Buenos Aires, Argentina p. 1652
September 18–19 Buffalo, New York p. 1652
October 9–10 Omaha, Nebraska p. 1652
October 23–24 Albuquerque, NM p. 1653
November 20–21 Mobile, Alabama p. 1653

  2022  
January 5–8 Seattle, Washington p. 1653
March 11–13 Charlottesville, Virginia p. 1654
March 19–20 Medford, Massachusetts p. 1655
March 26–27 West Lafayette, Indiana p. 1656
May 14–15 Denver, Colorado p. 1656
September 17–18 El Paso, Texas p. 1657
October 15–16 Chattanooga, Tennessee p. 1657
October 22–23 Salt Lake City, Utah p. 1658

  2023  
January 4–7 Boston, Massachusetts p. 1659
May 6–7 Fresno, California p. 1659

See www.ams.org/meetings for the most up-to-date  
information on the meetings and conferences that we offer.

The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Poten-
tial organizers, speakers, and hosts should refer to page 
110 in the January 2020 issue of the Notices for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy
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Meetings & Conferences 
of the AMS

MEETINGS & CONFERENCES

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.

Fall Southeastern Virtual Sectional Meeting
Now meeting virtually, EDT (hosted by the American Mathematical Society)

October 10–11, 2020
Saturday – Sunday

Meeting #1161
Southeastern Section
Associate secretary: Brian D. Boe
Announcement issue of Notices: August 2020

Program first available on AMS website: September 1, 2020
Issue of Abstracts: Volume 41, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Graph Theory, Xiaofeng Gu, University of West Georgia, and Dong Ye, Middle Tennessee State University.
Advances in Image Reconstruction Algorithms for Inverse Tomography Problems, Sanwar Uddin Ahmad, Colorado State 

University, and Taufiquar R Khan, University of North Carolina at Charlotte.
Advances in the Modeling and Computation of Fluid Flows and Fluid-Structure Interactions, Jin Wang and Eleni Panagiotou, 

University of Tennessee at Chattanooga.
Applicable Analysis of PDE Systems which Govern Fluid Flows and Flow-Structure Interactions, Pelin Guven Geredeli, Iowa 

State University, and George Avalos, University of Nebraska-Lincoln.
Applied Knot Theory, Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee at Chattanooga, 

and Eric Rawdon, University of St Thomas.
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Boundary Value Problems for Differential, Difference, and Fractional Equations, John R Graef and Lingju Kong, University 
of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Coding Theory, Cryptography, and Number Theory, Ryann Cartor, Shuhong Gao, Kevin James, and Felice Manganiello, 
Clemson University.

Commutative Algebra, Simplice Tchamna, Georgia College, and Lokendra Paudel, University of South Carolina, Salke-
hatchie.

Convexity and Probability in High Dimensions, Steven Hoehner, Longwood University, and Stanislaw Szarek and Elis-
abeth Werner, Case Western Reserve University.

Geometric and Topological Generalization of Groups, Bikash C Das, University of North Georgia.
Geometry and Arithmetic of Hyperkähler Manifolds, Giulia Saccà, Columbia University, and Laure Flapan, Massachusetts 

Institute of Technology.
Homological Commutative Algebra, Hugh Geller, James Gossell, and Sean Sather-Wagstaff, Clemson University.
Interactions Between Algebra, Geometry and Topology in Low Dimensions, Alex Casella and Lorenzo Ruffoni, Florida State 

University at Tallahassee, and Michelle Chu, University of Illinois at Chicago.
Modern Applied Analysis, Boris Belinskiy, University of Tennessee at Chattanooga.
Polynomials, Approximation Theory, and Potential Theory, Aaron Yeager, College of Coastal Georgia, and Erik Lundberg, 

Florida Atlantic University.
Probability and Statistical Models with Applications, Sher Chhetri, University of South Carolina, Sumter, and Cory Ball, 

Florida Atlantic University.
Random Discrete Structures, Lutz Warnke, Georgia Institute of Technology, and Xavier Perez Gimenez, University of 

Nebraska-Lincoln.
Structural and Extremal Graph Theory, Hao Huang, Emory University, and Xingxing Yu, Georgia Institute of Technology.

Fall Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)

October 24–25, 2020
Saturday – Sunday

Meeting #1162
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: August 2020

Program first available on AMS website: September 17, 2020

Issue of Abstracts: Volume 41, Issue 4

Deadlines

For organizers: Expired

For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Andrei Okounkov, Columbia University, Lie theory without groups (Erdős Memorial Lecture).

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Approximation Theory and Numerical Analysis, Vira Babenko, Drake University, and Akil Narayan, University of Utah.
Free Boundary Problems Arising in Applications, Mark Allen, Brigham Young University, Mariana Smit Vega Garcia, 

Western Washington University, and Braxton Osting, The University of Utah.
Geometry and Representation Theory of Quantum Algebras and Related Topics, Mee Seong Im, United States Military Acad-

emy, West Point, Bach Nguyen, Temple University, and Arik Wilbert, University of Georgia.
Graphs and Matrices, Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
How to Solve It? Heuristics and Inquiry Based Learning, Mario Banuelos, California State University, Fresno, Andrew G. 

Benedek, Research Centre for the Humanities, Eötvös Loránd Research Network, Hungary, and Agnes Tuska, California 
State University, Fresno.
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Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, Los Alamos, NM, and Robert Owczarek, University 
of New Mexico, Albuquerque, NM, and University of New Mexico, Los Alamos, NM.

Knotted Surfaces and Concordances, Mark Hughes, Brigham Young University, Jeffrey Meier, Western Washington Uni-
versity, and Maggie Miller, Princeton University.

Monoidal Categories in Representation Theory, Jonathan Brundan, Ben Elias, and Victor Ostrik, University of Oregon.
PDEs, Data, and Inverse Problems, Jared Whitehead, Brigham Young University.
Recent Advances in the Theory of Fluid Dynamics, Elaine Cozzi, Oregon State University, and Magdalena Czubak, Uni-

versity of Colorado Boulder.
Several Complex Variables: Emerging Applications, Connections, and Synergies, Jennifer Brooks, Brigham Young University, 

and Dusty Grundmeier, Harvard University.
Topics in Graphs, Hypergraphs and Set Systems, John Engbers, Marquette University, David Galvin, University of Notre 

Dame, and Cliff Smyth, University of North Carolina Greensboro.

2021 Virtual Joint Mathematics Meetings
January 6–9, 2021
Wednesday – Saturday

Meeting #1163
Joint Mathematics Meetings, including the 127th Annual 
Meeting of the AMS, 104th Annual Meeting of the Mathe-
matical Association of America (MAA), annual meetings of 
the Association for Women in Mathematics (AWM) and the 
National Association of Mathematicians (NAM), and the win-
ter meeting of the Association of Symbolic Logic (ASL), with 
sessions contributed by the Society for Industrial and Applied 
Mathematics (SIAM).

Associate secretary: Brian D. Boe

Announcement issue of Notices: October 2020

Program first available on AMS website: November 1, 2020

Issue of Abstracts: Volume 42, Issue 1

Deadlines

For organizers: Expired

For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/national.html.

Joint Invited Addresses
Linda J. S. Allen, Texas Tech University, Modeling of Viral Zoonotic Infectious Diseases from Wildlife to Humans (AMS-MAA 

Invited Address).
Trachette Jackson, University of Michigan, Turning cancer discoveries into effective treatments with the aid of mathematical 

modeling (MAA-AMS-SIAM Gerald and Judith Porter Public Lecture).
Amie Wilkinson, University of Chicago, Title to be announced (AMS-MAA Invited Address).

AMS Invited Addresses
Douglas N. Arnold, University of Minnesota, Title to be announced.
Ryan Hynd, University of Pennsylvania, The Hamilton-Jacobi equation, past and present.
Ciprian Manolescu, Stanford University, Khovanov homology and surfaces in four-manifolds (AMS Maryam Mirzakhani 

Lecture).
Andrea Nahmod, University of Massachusetts Amherst, Propagation of randomness under the flow of nonlinear dispersive 

equations.
Karen E. Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture I).
Karen E. Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture II).
Karen E. Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture III).
Lenka Zdeborova, Institut de Physique Theorique, Title to be announced (AMS Josiah Willard Gibbs Lecture).
Xinwen Zhu, California Institute of Technology, Title to be announced.
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AMS Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.

Some sessions are cosponsored with other organizations. These are noted within the parenthesis at the end of 
each listing, where applicable.

ADJOINT (African Diaspora Joint Mathematics Workshop) Research Showcase., Edray Goins, Pomona College, and Helene 
Barcelo, MSRI.

Adopt, Adapt, Assign Modeling Activities in Differential Equations, Brian Winkel, US Military Academy, West Point, Janet 
Fierson, LaSalle University, Jennifer Garbett, Lenoir Rhyne University, and Therese Shelton, Southwestern University.

Advances and Applications in Integral and Differential Equations, Min Wang, Kennesaw State University, Jeffrey W. Lyons, 
Trinity University, and Jeffrey T. Neugebauer, Eastern Kentucky University.

Advances in Computational Biomedicine, Nek Valous and Niels Halama, German Cancer Research Center, and Paul 
Macklin, Indiana University.

Advances in Mathematical Biology, Zhisheng Shuai, University of Central Florida, and Yixiang Wu, Middle Tennessee 
State University.

Advances in Modeling the Ecology of Infectious Diseases, Lauren M. Childs, Virginia Tech, Julie C. Blackwood, Williams 
College, and Suzanne Lenhart and Olivia Prosper, University of Tennessee Knoxville.

Advances in Multivariable Operator and Function Theory in Both Commutative and Non-commutative Settings, Kelly Bickel, 
Bucknell University, Paul Muhly, University of Iowa, Rachael Norton, Fitchberg State University, and Ryan Tully-Doyl, 
University of New Haven.

Advances in Operator Algebras, Rolando de Santiago, UCLA, Adam Fuller, Ohio University, Lara Ismert, Embry-Riddle 
Aeronautical University, and Pieter Spaas, UCLA.

Advances in the Applications of Nonstandard Finite Difference Methods, Talitha M. Washington, Clark Atlanta University, 
Ron Buckmire, Occidental College, Abba Gumel, Arizona State University, and Jean Lubuma, University of Pretoria.

Agent-Based Dynamics and Self-Organization in Biology., Alexandria Volkening, Northwestern University, and Andrew 
Bernoff and Jasper Weinburd, Harvey Mudd College.

Algebraic and Arithmetic Geometry, Tony Shaska, Oakland University, and Marc Hindry, Institut de mathématiques 
Jussieu - Paris Rive Gauche Universiteé Paris Diderot.

Algebraic and Geometric Perspectives on Low-Dimensional Topology, Christine Ruey Shan Lee, University of South Alabama, 
and Melissa Zhang, University of Georgia.

Algebraic Structures Related to Knot Theory, Sujoy Mukherjee, Ohio State University, Thang Le, Georgia Tech, and Jozef 
H. Przytycki, George Washington University.

Analysis and Differential Equations at Undergraduate Institutions, Katharine Ott, Bates College, and William Green, Rose 
Hulman Institute of Technology.

Analysis of Fractional, and Stochastic Dynamic Systems with Applications, Aghalaya S. Vatsala, University of Louisiana at 
Lafayette, Gangaram S. Ladde, University of South Florida, Tampa, and John R. Graef, University of Tennessee at Chat-
tanooga.

Applied Combinatorial Methods, Stephen J. Young and Sinan G. Aksoy, Pacific Northwest National Lab.
Applied Topology, Alvin Jin, KTH Royal Institute of Technology, and Mikael Vejdemo-Johansson, CUNY College of 

Staten Island.
A Showcase of Number Theory at Undergraduate Institutions, Ricardo Conceicao and Darren Glass, Gettysburg College, 

and Holley Friedlander, Dickinson College.
Branching Out: Ramification Invariants in Algebra and Geometry, Andrew Kobin, University of Virginia, and Vaidehee 

Thatte, Binghamton University.
Celebrating the Mathematical Legacy of Dr. James A. Donaldson, Naiomi Cameron, Spelman College, Talitha Washington, 

Clark Atlanta University, Caleb Ashley, University of Michigan, and Bourama Toni, Howard University (AMS-NAM).
COMAP’s Mathematical Modeling Contests: Become An Advisor and Prepare Your Team, Kathleen Snook, COMAP, and 

Amanda Beecher, Ramapo College of New Jersey.
Combinatorial Approaches to Topological Structures and Applications, Cliff Joslyn and Emilie Purvine, Pacific Northwest 

National Laboratory.
Commutative Algebra, Rebecca RG, George Mason University, and Sean Sather-Wagstaff, Clemson University.
Commutative Algebra in Positive Characteristic, I (Associated with AMS Colloquium Lecture), Janet Page, University of 

Michigan, and Emily Witt, University of Kansas.
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Commutative Algebra Meets Representation Theory, Alessandra Costantini, University of California Riverside, Francesca 
Gandini, Kalamazoo College, and Ela Celikbas, West Virginia University.

Commutative Rings: Ideals, Modules, and Factorizations, Bruce Olberding, New Mexico State University, and Alfred Ger-
oldinger, University of Graz, Austria.

Computability Theory and Effective Mathematics, Mariya I. Soskova, Joseph S. Miller, and Jun Le Goh, University of 
Wisconsin Madison (AMS-ASL).

Continued Fractions, James McLaughlin, West Chester University, Geremías Polanco Encarnación, Hampshire College, 
Barry Smith, Lebanon Valley College, and Nancy J. Wyshinski, Trinity College.

Creative Teaching Methods That Lead to Student Learning, Michael A. Radin, Rochester Institute of Technology, Natali 
Hritonenko, Prairie View A & M University, and Ellina Grigorieva, Texas Woman’s University.

Current Trends in Arithmetic Dynamics, Trevor Hyde, University of Chicago, John R. Doyle, Oklahoma State University, 
and Michelle Mane, University of Hawaii and NSF.

Developments in Spatial Graphs, Kenneth Baker, University of Miami, Allison Moore, Virginia Commonwealth Univer-
sity, and Danielle O’Donnol, Marymount University.

Driving Transformation Through Advanced Analytics., Arnie Greenland, Smith School of Business, and Jack Levis, UPS.
Eigenvalues, Nonnegative Matrices and Applications, Alan Krinik and Randall J. Swift, California State Polytechnic Uni-

versity, Pomona.
Foundations of Data Science: Mathematical Representation, Computational Modeling, and Statistical Inference, Ivo Dinov, 

University of Michigan.
Galois Cohomology in Arithmetic Geometry, Charlotte Ure and Evangelia Gazaki, University of Virginia.
Geometry and Topology in Dimensions 3 and 4, Christian Millichap, Furman University, Neil R. Hoffman, Oklahoma 

State University, Matt Stover, Temple University, and Genevieve Walsh, Tufts University.
Geometry in the Mathematics of Data Science, Henry Kvinge, Tegan Emerson, Carlos Ortiz Marrero, and Tim Doster, 

Pacific Northwest National Laboratory.
Geophysical Fluid Dynamics, Turbulence, and Data Assimilation: A Rigorous and Computational Study, Jing Tian, Towson 

University, and Animikh Biswas, University of Maryland Baltimore.
History of Mathematics, Adrian Rice, Randolph Macon College, Deborah Kent, Drake University, Jemma Lorenat, Pitzer 

College, and Daniel Otero, Xavier University.
Homological Aspects of Quantum Symmetries and Related Topics, James Zhang, University of Washington, Chelsea Walton, 

University of Illinois at Urbana Champaign, and Ellen Kirkman, Wake Forest University.
Hopf Algebras and Tensor Categories, Julia Plavnik, Indiana University, Siu-Hung Ng, Louisiana State University, and 

Henry Tucker, University of California Riverside.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical 

Sciences, David Goldberg, Purdue University, and Phil Kutzko, University of Iowa.
Interactions Between Noncommutative Algebra and Noncommutative Algebraic Geometry, Van C. Nguyen, US Naval Academy, 

Xingting Wang, Howard University, and Sarah Witherspoon, Texas A & M University.
Interactions of Inverse Problems, Computational Harmonic Analysis, and Imaging, M. Zuhair Nashed, University of Central 

Florida, Willi Freeden, University of Kaiserslautern, and Otmar Scherzer, University of Vienna.
Invariants of Knots and Links, Patricia Cahn, Smith College, Moshe Cohen, State University of New York at New Paltz, 

Adam Lowrance, Vassar College, and Casey Necheles, Syracuse University.
Knotty Problems in Geometry: Special Session in Memory of Mark E. Kidwell, Will Traves, U.S. Naval Academy, and Kerry 

Luse, Trinity Washington University.
Low Dimensional Topology, I (Associated with AMS Invited Maryam Mirzakhani Lecture), Jennifer Hom, Georgia Tech, 

Ciprian Manolescu, Stanford University, and Juanita Pinzon-Caicedo, University of Notre Dame.
Mathematical Outreach: Engagement Opportunities and Best Practices, Irina Mitrea and Maria Lorenz, Temple University, 

and Katharine Ott, Bates College.
Mathematics Courses Designed to Develop Mathematical Knowledge for Teaching High School, James J. Madden, Louisiana 

State University, Yvonne Lai, University of Nebraska Lincoln, James A.M. Alvarez, University of Texas Arlington, and 
Jennifer Whitfield, Texas A&M University.

Mathematics in Security & Defense, Paul Goethals, US Military Academy, Lubjana Beshaj, Army Cyber Institute, and 
Cheyne Homberger, Department of Defense.

Mathematics of Cryptography, Angela Robinson, NIST, Gretchen L. Matthews, Virginia Tech, and Travis Morrison, 
University of Waterloo.
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Mathematics to the Rescue-Addressing Deficiencies in the Analysis of Overhead Imagery Products, Tim Doster, Adam Attarian, 
Tegan Emerson, and Henry Kvinge, Pacific Northwest National Laboratory.

Modeling and Data Analytic Techniques for Biological Systems., Erica Rutter, University of California, and Maria-Veronica 
Ciocanel, Ohio State University.

Multiobjective Semiinfinite Fractional Programs, Ram Verma, International Publications USA, and Alexander Zaslavski, 
Israel Institute of Technology.

Nonlinear Reaction Diffusion Models with Applications in Spatial Ecology, Jerome Goddard II, Auburn University, Mont-
gomery AL, and Ratnasingham Shivaji, University of North Carolina.

NSF S-STEM Programs with Mathematical Connections, Oscar Vega, California State University Fresno, Rebekah Dupont, 
Augsburg University, Yu-Ju Kuo, Indiana University of Pennsylvania, Perla Myers, University of San Diego, and Susan 
Pustejovsky, Alverno College.

Numerical Methods for Solving Polynomial Systems, Dan Bates, US Naval Academy, and Michael Burr, Clemson University.
Operator Theory and Approximation in Spaces of Analytic Functions, William Ross, University of Richmond, Alberto 

Condori, Florida Gulf Coast University, Elodie Pozzi, St Louis University, and Alan Sola, Stockholm University, Sweden.
Optimal Methods in Applicable Analysis Approximation & Optimization, Cyber Security & Geometric Function Theory, Ram 

Mohapatra, University of Central Florida, Surajit Borkotokey, Dibrugarh University, and Balendu Bhooshan Upadhyay, 
Indian Institute of Technology Patna.

Optimization and Algebraic Geometry, Ali Mohammad Nezhad and Saugata Basu, Purdue University.
Partial Differential Equations and Spaces of Holomorphic Functions, Marius Beceanu and Hyun-Kyoung Kwon, University 

of Albany SUNY.
PDEs in Optimization, Control, and Games, I (Associated with AMS Invited Address Ryan Hynd), Henok Mawi, Howard 

University, and Ryan Hynd, University of Pennsylvania.
Piecewise & Discontinuous Difference Equations & Applications, Vlajko Kocic, Xavier University of Louisiana, and Michael 

A. Radin, Rochester Institute of Technology.
Probabilistic Methods in Partial Differential Equations, I (Associated with AMS Invited Address Andrea Nahmod), Yu Deng, 

University of Southern California, Andrea Nahmod, University of Massachusetts, and Haitian Yue, University of South-
ern California.

Quadratic Forms and Theta Functions, Gene S. Kopp, University of Bristol, and Edna Jones, Rutgers University.
Quantization for Probability Distributions and Dynamical Systems, Mrinal Kanti Roychowdhury, University of Texas Rio 

Grande Valley.
Quantum Algebra and Geometry, Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph College, 

and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.
Quaternions, Johannes Familton, Borough of Manhattan Community College, Terrence Blackman, Medgar Evers 

College, and Chris McCarthy, Borough of Manhattan Community College.
Recent Advances in Ecological Modeling, Punit Gandhi and David Chan, Virginia Commonwealth University.
Recent Trends in Discrete-Time Ecological and Epidemiological Models, M.R.S. Kulenovic, University of Rhode Island, and 

Abdul Aziz Yakubu, Howard University.
Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, Darren A. Narayan, Rochester 

Institute of Technology, Christopher O’Neil, San Diego State University, Khang Tran, California State University Fresno, 
Mark David Ward, Purdue University, and John Wierman, The Johns Hopkins University (AMS-MAA-SIAM).

Stochastic Analysis and Applications in Finance, Actuarial Science and Related Fields, Julius N. Esunge, University of Mary 
Washington, See Keong Lee, University of Sciences, Peneng, Malaysia, and Isabelle Kemajou-Brown, Morgan State 
University.

The Inverse Eigenvalue Problem for Graphs, Zero Forcing, and Related Topics, I (a Mathematics Research Communities Session), 
Bryan L. Shader, University of Wyoming, and Leslie Hogben, Iowa State University/AIM.

The Legacy of Dick Askey, Howard S. Cohl, National Institute of Standards & Tech, Mourad E.H. Ismail, University of 
Central Florida, and George E. Andrews, Penn State University, State College.

The Mathematics of RNA and DNA, Chris McCarthy and Johannes Familton, Borough of Manhattan Community College.
Topology, Structure and Symmetry in Graph Theory, Lowell Abrams, George Washington University, and Mark Ellingham, 

Vanderbilt University.
Understanding COVID-19: Mathematical Models to Address the Global Pandemic, Hwayeon Ryu, Elon University, and 

Kamila Larripa, Humboldt State University.
Variational Analysis and Optimization, Hung M. Phan and Sedi Bartz, University of Massachusetts Lowell, and Mau 

Nam Nguyen, Portland State University.
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Women Advancing Mathematical Biology Through Computational and Analytical Techniques (Associated with MAA-AMS-SIAM 
Gerald and Judith Porter Public Lecture Trachette Jackson), Katie Storey and Trachette Jackson, University of Michigan.

Women of Color in Applied Math and Analysis, Mirjeta Pasha, Arizona State University, Nancy Rodriquez, University of 
Colorado Boulder, Caprice Stanley, The Johns Hopkins University Applied Physics Lab, and Omayra Ortega, Sonoma 
State University (AMS-AWM).

Women of Color in Topology and Algebra, Emille Davie Lawrence, University of San Francisco, Candice Price, Smith 
College, and Carmen Wright, Jackson State University (AMS-AWM).

Atlanta, Georgia
Georgia Institute of Technology

March 13–14, 2021
Saturday – Sunday

Meeting #1164
Southeastern Section
Associate secretary: Brian D. Boe
Announcement issue of Notices: December 2020

Program first available on AMS website: January 28, 2021

Issue of Abstracts: Volume 42, Issue 2

Deadlines

For organizers: October 1, 2020

For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Yaiza Canzani, University of North Carolina–Chapel Hill, Title to be announced.
Blair Sullivan, University of Utah, Title to be announced.
Jiongmin Yong, University of Central Florida, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 2A), Songling Shan, Illinois State University.
Advances in Computational Dynamics (Code: SS 6A), Jorge L Gonzalez, Georgia Institute of Technology, Andrey Shil-

nikov, Georgia State University, and J.D. Mireles James, Florida Atlantic University.
Celestial Mechanics and Applied Astrodynamics (Code: SS 10A), Bhanu Kumar and Molei Tao, Georgia Institute of Tech-

nology.
Commutative Algebra and its Interaction with Algebraic Geometry and Combinatorics (Code: SS 11A), Justin Chen, Georgia 

Institute of Technology, and Youngsu Kim, California State University, San Bernardino.
Differential Graded Methods in Commutative Algebra (Code: SS 1A), Saeed Nasseh, Georgia Southern University, and 

Adela Vraciu, University of South Carolina, Columbia.
Functional Differential Equations, Theory and Applications (Code: SS 8A), Joan Gimeno, University of Rome Tor Vergata, 

and Rachel Kuske and Jiaqi Yang, Georgia Institute of Technology.
Graphs in Data Science (Code: SS 9A), Nicolas Fraiman, University of North Carolina, Chapel Hill, and Soledad Villar, 

Johns Hopkins University.
Mapping Class Groups (Code: SS 4A), Dan Margalit, Georgia Institute of Technology.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 3A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Stochastic Control and Related Topics (Code: SS 7A), Andrzej Swiech, Georgia Institute of Technology, and Jiongmin 

Yong, University of Central Florida.
Topology and Geometry of 3- and 4-Manifolds (Code: SS 5A), Siddhi Krishna, Georgia Institute of Technology and Co-

lumbia University, Miriam Kuzbary, Georgia Institute of Technology, Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology, and JungHwan Park, Georgia Institute of Technology.
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Providence, Rhode Island
Brown University

March 20–21, 2021
Saturday – Sunday

Meeting #1165
Eastern Section
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: December 2020

Program first available on AMS website: January 28, 2021

Issue of Abstracts: Volume 42, Issue 2

Deadlines

For organizers: Expired

For abstracts: January 19, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Jennifer Balakrishnan, Boston University, Title to be announced.
Sigal Gottlieb, University of Massachusetts at Dartmouth, Title to be announced.
Sam Payne, University of Texas, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Geometry in Dynamics (Code: SS 9A), Nguyen-Bac Dang, Stony Brook University, and Nicole Looper, Rohini 
Ramadas, and Joseph H. Silverman, Brown University.

Applied Combinatorics (Code: SS 3A), Carina Curto, Pennsylvania State University, and Pedro Felzenszwalb and Car-
oline Klivans, Brown University.

Commutative Algebra (Code: SS 1A), Laura Ghezzi, Department of Mathematics, New York City College of Technolo-
gy-CUNY, Saeed Nasseh, Georgia Southern University, and Oana Veliche, Northeastern University.

Current Trends in Combinatorial Commutative Algebra (Code: SS 5A), Kuei-Nuan Lin, Pennsylvania State University, 
Greater Allegheny, and Augustine O’Keefe, Connecticut College.

Hopf Algebras, Tensor Categories, and Related Homological Methods (Code: SS 13A), Pablo S. Ocal, Texas A&M University, 
and Julia Plavnik, Indiana University Bloomington.

Metric techniques in Analysis (Code: SS 7A), Vasileios Chousionis and Sean Li, University of Connecticut.
Mirror Symmetry and Enumerative Geometry (Code: SS 4A), Mandy Cheung, Harvard University, and Siu-Cheong Lau 

and Yu-Shen Lin, Boston University.
Moduli of Curves, Hilbert Schemes, and Tropical Geometry (Code: SS 10A), Ignacio Barros, Northeastern University, Noah 

Giansiracusa, Bentley University, and Rob Silversmith, Northeastern University.
New Applications and Methods in Financial Mathematics (Code: SS 14A), Gu Wang, Worcester Polytechnic Institute, and 

Bin Zou, University of Connecticut.
Nonlinear Wave Equations, General Relativity, and Connections to Fluid Dynamics (Code: SS 12A), Stefanos Aretakis, Uni-

versity of Toronto, Aynur Bulut, Louisiana State University, and Sung-Jin Oh, University of California, Berkeley.
Recent Advances in Schubert Calculus and Related Topics (Code: SS 2A), Cristian Lenart and Changlong Zhong, State 

University of New York at Albany.
Recent Developments in Automorphic Representations (Code: SS 8A), Spencer Leslie, Duke University, and Tian An Wong, 

University of Michigan-Dearborn.
Recent Developments in Differential Geometry (Code: SS 11A), Megan Kerr, Wellesley College, and Catherine Searle, 

Wichita State University.
Stochastic Analysis (Code: SS 6A), Parisa Fatheddin and Aurel Stan, Ohio State University, Marion.
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Cincinnati, Ohio
University of Cincinnati

April 17–18, 2021
Saturday – Sunday

Meeting #1166
Central Section
Associate secretary: Georgia Benkart
Announcement issue of Notices: January 2021

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: Expired
For abstracts: February 16, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Fabrice Baudoin, University of Connecticut, Title to be announced.
Malabika Pramanik, University of British Columbia and BIRS, Title to be announced.
Maksym Radziwill, Caltech, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Interactions between Representation Theory, Poisson Geometry, and Noncommutative Algebra (Code: SS 5A), Jason Gaddis, 
Miami University, Padmini Veerapen, Tennessee Technological University, and Xingting Wang, Howard University.

Legendrian Knots and Surfaces (Code: SS 3A), Honghao Gao, Michigan State University, and Dan Rutherford, Ball State 
University.

Nonsmooth Analysis and Geometry (Code: SS 1A), Luca Capogna, Worcester Polytechnic Institute, and Gareth Speight 
and Nageswari Shanmugalingam, University of Cincinnati.

Probabilistic and Diffusion Methods in Analysis and Geometry (Code: SS 4A), Rodrigo Bañuelos and Jing Wang, Purdue 
University, and Ju-Yi Yen, University of Cincinnati.

Set Theory (Code: SS 2A), Paul Larson, Miami University, and Justin Tatch Moore, Cornell University.

San Francisco, California
San Francisco State University

May 1–2, 2021
Saturday – Sunday

Meeting #1167
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: February 2021

Program first available on AMS website: February 25, 2021
Issue of Abstracts: Volume 42, Issue 2

Deadlines
For organizers: November 1, 2020
For abstracts: February 16, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Differential Geometry and Geometric PDE (Code: SS 1A), Alfonso Agnew, Nicholas Brubaker, Thomas Murphy, Shoo 
Seto, and Bogdan Suceayă, California State University, Fullerton.
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Localization and delocalization in ergodic quantum systems (Code: SS 2A), Ilya Kachkovskiy, Michigan State University, 
and Wencai Liu and Rodrigo Matos, Texas A&M University.

Topological Perspectives in Graph Theory, Classical and Recent (Code: SS 3A), Jonathan L. Gross, Columbia University, 
Timothy Sun, San Francisco State University, and Thomas W. Tucker, Colgate University.

Grenoble, France
Université de Grenoble-Alpes

July 5–9, 2021
Monday – Friday

Meeting #1168
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: May 2021
Program first available on AMS website: Not applicable

Program issue of electronic Notices: Not applicable
Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/internmtgs.html.

Special Sessions
Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 

Maclean, Grenoble, France, and Claire Voisin, Paris, France.
Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 

Vasy, Stanford University, USA.
Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 

Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris.
Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 

Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.
Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan 

Suceava ˘, California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Financial Mathematics, Beatrice Acciaio, London School of Economics, UK, Carole Bernard, Grenoble Ecole de Man-
agement, Grenoble, France, and Stephan Strum, Worcester Polytechnic Institute, USA.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université 
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.

Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.
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Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.

Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.

Buenos Aires, Argentina
The University of Buenos Aires

July 19–23, 2021
Monday – Friday

Meeting #1169
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: May 2021

Program first available on AMS website: To be announced
Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

Buffalo, New York
University at Buffalo (SUNY)

September 18–19, 2021
Saturday – Sunday

Meeting #1170
Eastern Section
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: June 2021

Program first available on AMS website: August 5, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: February 18, 2021
For abstracts: July 27, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Kirstin Eisentraeger, Pennsylvania State University, Title to be announced.
Jason Manning, Cornell University, Title to be announced.
Jennifer Mueller, Colorado State University, Title to be announced.

Omaha, Nebraska
Creighton University

October 9–10, 2021
Saturday – Sunday

Meeting #1171
Central Section
Associate secretary: Georgia Benkart

Announcement issue of Notices: August 2021
Program first available on AMS website: August 19, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: March 9, 2021
For abstracts: August 10, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.
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Invited Addresses
Daniel Erman, University of Wisconsin-Madison, Title to be announced.
Jasmine Foo, University of Minnesota-Twin Cities, Title to be announced.
Kay Kirkpatrick, University of Illinois Urbana-Champaign, Title to be announced.

Albuquerque, New Mexico
University of New Mexico

October 23–24, 2021
Saturday – Sunday

Meeting #1172
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: August 2021

Program first available on AMS website: September 2, 2021

Issue of Abstracts: Volume 42, Issue 4

Deadlines

For organizers: March 23, 2021

For abstracts: August 24, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Dissipative Systems and Their Applications (Code: SS 3A), Mingji Zhang and Bixiang Wang, New Mexico Institute of 
Mining and Technology.

Inverse Problems (Code: SS 1A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico.

Recent Advances in Studies of Electrodiffusion Phenomena (Code: SS 2A), Weishi Liu, University of Kansas, Hamid Mofidi, 
University of Iowa, and Mingji Zhang, New Mexico Institute of Mining and Technology.

Mobile, Alabama
University of South Alabama

November 20–21, 2021
Saturday – Sunday

Meeting #1173
Southeastern Section
Associate secretary: Brian D. Boe
Announcement issue of Notices: September 2021

Program first available on AMS website: September 30, 2021

Issue of Abstracts: Volume 42, Issue 4

Deadlines

For organizers: April 20, 2021

For abstracts: September 21, 2021

Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel

January 5–8, 2022
Wednesday – Saturday

Meeting #1174
Associate secretary: Georgia Benkart
Announcement issue of Notices: October 2021

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate secretary: Brian D. Boe
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 12, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, Uni-

versity of Virginia, and Igor Rapinchuk, Michigan State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-

son University.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forrest University, and Eric 

Rawdon, St Thomas University.
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 

and Diana Vaman, University of Virginia.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall and Joris Roos, University of Wiscon-

sin-Madison.
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Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 
(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.

Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 
Waterloo.

Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner Hoehner, Longwood University, and Mark Meckes 
and Elizabeth Werner, Case Western Reserve University.

Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 
Martone, University of Michigan.

Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 
College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.

Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono, 
University of Virginia.

Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 24, 2021
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, The Fields Institute, and Loring Tu, Tufts University.
Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science 

Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. 

Murphy, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 

Mark Mixer, Wentworth Institute of Technology.
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West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate secretary: Georgia Benkart
Announcement issue of Notices: To be announced

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: August 31, 2021
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Cham-
paign, and Jing Wang, Purdue University.

A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli-Garafalo, Purdue University, and Irina 
Mitrea, Temple University.

Combinatorial Algebra and Geometry (Code: SS 6A), Christine Berkesch, University of Minnesota, and Laura Matusevich 
and Aleksandra Sobieska, Texas A&M University.

Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University, 

and Tian Yang, Texas A&M University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University, 

Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.

Denver, Colorado
University of Denver

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 12, 2021
For abstracts: March 15, 2022
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El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday
Central Section
Associate secretary: Georgia Benkart
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday
Southeastern Section
Associate secretary: Brian D. Boe
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia Saccà, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of north Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Sean Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.
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Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic combinatorics and applications in harmonic analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa State 
University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building bridges between commutative algebra and nearby areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, Uni-
versity of Utah.

Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), Bernard Lidický , Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 

Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.

Free boundary problems arising in applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted surfaces and concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Roman Shvydkoy and Daniel Lear, University of Illinois at Chicago.
PDEs, data, and inverse problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent advances in algebraic geometry and commutative algebra in or near characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent advances in the theory of fluid dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe, 

Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in graphs, hypergraphs and set systems (Code: SS 19A), David Galvin, University of Notre Dame, John Engbers, 

Marquette University, and Cliff Smyth, The University of North Carolina at Greensboro.
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Boston, Massachusetts
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday
Associate secretary: Steven H. Weintraub
Announcement issue of Notices: October 2022
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate secretary: Michel L. Lapidus
Announcement issue of Notices: To be announced
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the study of hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University of 
California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter regular algebras and related topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
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Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 
Natalia Komarova and Jesse Kreger, University of California, Irvine.

Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 
Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.

Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-
versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.

Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 
Tran, California State University, Fresno.

Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The use of computational tools and new augmented methods in networked collective problem solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.

Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.

DOCTORAL RECIPIENTS
New PhD graduates, their employment plans, demographics,
and starting salaries 

DOCTORAL DEGREES & THESIS TITLES
PhD graduates, their thesis titles, and where they earned their degrees

FACULTY SALARIES
By rank and employment status 

RECRUITMENT & HIRING
The academic job market

DEPARTMENTAL PROFILE
The number of—faculty, their employment statuses and demographics;
course enrollments; graduate students; masters and bachelors degrees awarded

Sponsored by:  
AMS  |  ASA  |  IMS  |  MAA  |  SIAM

www.ams.org/annual-survey

DATA ON THE
COMMUNITY



AMS Department
Chairs Workshop

   Virtual Workshop   

Date: January 14, 2021

Please join us for this annual workshop for department chairs and leaders to 
be held in a virtual format on Thursday, January 14, 2021.

Like almost every aspect of society, higher education has been in a state of 
turmoil since the COVID-19 pandemic hit. The 2021 Department Chairs Work-
shop will provide an opportunity to share experiences and refl ect on what 
math department chairs, math departments, and colleges and universities are 
doing to react to the emergency. Some of the emerging issues have to do with 
resources, handling stress (students, staff, and faculty), and how to deliver our 
curriculum under new paradigms. In an effort to best respond to the changing 
landscape due to the COVID pandemic, topics for the workshop will be fi nal-
ized in the weeks before the workshop. Registered participants will receive a 
short questionnaire in December about the demographics of their departments 
and about potential topics for discussion at the workshop. 

Registration fee:
  $50 discounted  $100 non-member rate
  AMS member
  rate – Half Price

If you are interested in attending, please register online 
by December 18th at  https://bit.ly/3l8aRGL.

Workshop leaders: 
 Luca Capogna, Worcester Polytechnic Institute
 Kevin Knudson, University of Florida
 Jennifer Zhao, University of Michigan-Dearborn

For more information go to
www.ams.org/chairsworkshop2021.

https://bit.ly/3l8aRGL
http://www.ams.org/chairsworkshop2021


American Mathematical Society  
Distribution Center

35 Monticello Place,  
Pawtucket, RI 02861 USA

facebook.com/amermathsoc
@amermathsoc

Bicycle or Unicycle?
A Collection of Intriguing Mathematical Puzzles
Daniel J. Velleman, Amherst College, MA, and University of 
Vermont, Burlington, VT, and Stan Wagon, Macalester College, St. 
Paul, MN

Bicycle or Unicycle? is a collection of 105 mathematical 
puzzles whose defining characteristic is the surprise encoun-
tered in their solutions. 
Problem Books, Volume 36; 2020; 286 pages; Softcover; ISBN: 978-1-
4704-4759-5; List US$55; Individual member US$41.25; MAA members 
US$41.25; Order code PRB/36

Pre-Calculus, Calculus, and Beyond
Hung-Hsi Wu, University of California, Berkeley, CA

This volume distinguishes itself from others of the same 
genre in getting the mathematics right. 
2020; 454 pages; Softcover; ISBN: 978-1-4704-5677-1; List US$50; AMS 
members US$40; MAA members US$45; Order code MBK/133

Introduction to Analysis in One Variable  
Michael E. Taylor, University of North Carolina, Chapel Hill, NC

This is a text for students who have had a three-course 
calculus sequence and who are ready to explore the logical 
structure of analysis as the backbone of calculus.
Pure and Applied Undergraduate Texts, Volume 47; 2020; 247 pages; 
Softcover; ISBN: 978-1-4704-5668-9; List US$85; AMS members US$68; 
MAA members US$76.50; Order code AMSTEXT/47

Matemax
English + Spanish Edition  
Alicia Dickenstein, Universidad de Buenos Aires, Argentina, and 
Instituto de Investigaciones Matemáticas Luis A. Santaló (UBA-
CONICET), Argentina, and Juan Sabia, Universidad de Buenos 
Aires, Argentina, and Instituto de Investigaciones Matemáticas Luis 
A. Santaló (UBA-CONICET), Argentina

MATEMAX is a bilingual schoolbook of mathematical prob-
lems written with the premise that one of the fundamental 
ways of learning mathematics, in addition to being one of 
the goals of the subject, is to solve problems.
2020; 189 pages; Softcover; ISBN: 978-1-4704-5500-2; List US$30; AMS 
members US$24; MAA members US$27; Order code MBK/136

Geometry and Topology of Manifolds
Surfaces and Beyond  
Vicente Muñoz, Universidad de Málaga, Spain, Ángel González-
Preito, Universidad Politécnica de Madrid, Spain, and Juan Ángel 
Rojo, Universidad Politécnica de Madrid, Spain

The book is primarily addressed to graduate students 
who did take standard introductory courses on algebraic 
topology, differential and Riemannian geometry, or 
algebraic geometry, but have not seen their deep inter-
connections, which permeate a modern approach to 
geometry and topology of manifolds.
Graduate Studies in Mathematics, Volume 208; 2020; 
approximately 481 pages; Softcover; ISBN: 978-1-4704-
6132-4; List US$89; AMS members US$71.20; MAA 
members US$80.10; Order code GSM/208

NOW AVAILABLE 
from the AMS

= Textbook

Discover more titles at bookstore.ams.org

GRADUATE STUDIES
IN MATHEMATICS 208

Geometry 
and Topology 
of Manifolds
Surfaces and Beyond

Vicente Muñoz
Ángel González-Preito
Juan Ángel Rojo

http://facebook.com/amermathsoc
http://www.twitter.com/amermathsoc
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