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The Tenfold Way
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Three Rings for the Elven-kings under the sky,

Seven for the Dwarf-lords in their halls of stone. . . .

J. R. R. Tolkien

1. Introduction
The tenfold way burst into prominence around 2010 when
it was applied to physics: in simple terms, it implies that
there are ten fundamentally different kinds of matter [5].
But the underlying mathematics is much older.

The three real division algebras—the real numbers ℝ,
the complex numbersℂ, and the quaternionsℍ—show up
naturally whenever groups act as linear transformations of
real or complex vector spaces. This fact is especially im-
portant in quantum mechanics, which describes physical
systems using linear algebra. One consequence is that par-
ticles can be classified into three kinds. The ramifications
also percolate throughoutmathematics. In 1962, Freeman
Dyson called this circle of ideas the “threefold way” [3].

The story becomes evenmore interesting whenwe study
ℤ/2-graded vector spaces, also known as “super vector
spaces.” A super vector space is simply a vector space
written as a direct sum of two parts, called its even and
odd parts. In physics, these parts can be used to describe
two fundamentally different classes of particles: bosons
and fermions, or alternatively, particles and antiparticles.
For the pure mathematician, super vector spaces are a
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fundamental part of the landscape of thought. For exam-
ple any chain complex, exterior algebra, or Clifford algebra
is automatically a super vector space.

In 1964, C. T. C. Wall [7] studied real “super division
algebras,” which we will explain in a moment. He found
that besides ℝ, ℂ, and ℍ, which give “purely even” super
division algebras, there are seven more! And thus the ten-
fold way was born.

But we should begin at the beginning. The story starts
with Hamilton, who in 1843 was the first to deliberately
create an algebra, namely the quaternions. This is a four-
dimensional real vector space

ℍ = {𝑎1 + 𝑏𝑖 + 𝑐𝑗 + 𝑑𝑘 ∶ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ}
with the associative bilinear product determined by these
relations:

𝑖2 = 𝑗2 = 𝑘2 = 𝑖𝑗𝑘 = −1
together with the requirement that 1 be the multiplicative
identity.

The quaternions are better than amere algebra: they are
a “division algebra,” meaning one where every nonzero el-
ement has a multiplicative inverse. As soon as Hamilton
announced the quaternions, others rushed in and created
more algebras, but in 1877 Frobenius proved that the only
finite-dimensional division algebras over the field of real
numbers are ℝ, ℂ, and ℍ. The octonions come close, but
they are not associative, and thus not part of today’s story:
we shall only consider associative algebras. Also, every vec-
tor space from now on will be finite dimensional.

Why are division algebras important? One reason
comes from group representation theory. Suppose you
have a “representation” 𝜌 of a group 𝐺 on a vector space 𝑉 ,
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that is, a homomorphism from𝐺 to the group of invertible
linear transformations of 𝑉 . The linear transformations of
𝑉 that commute with every map 𝜌(𝑔)∶ 𝑉 → 𝑉 form an
algebra with composition as multiplication, called End(𝜌).
Now suppose 𝜌 is “irreducible,” meaning that the only sub-
spaces preserved by all the maps 𝜌(𝑔)∶ 𝑉 → 𝑉 are {0} and
𝑉 itself. Then Schur’s lemma holds: any transformation
𝑇 ∈ End(𝜌) must have kernel and range equal to {0} or 𝑉 ,
so 𝑇 must be either invertible or zero. Thus, End(𝜌) is a
division algebra!

If 𝜌 is a real irreducible representation of a group, we
thus have three choices: ℝ, ℂ, and ℍ. In quantum physics,
states of a physical system are described by vectors in a
Hilbert space, and symmetries act as unitary operators
on this Hilbert space. Elementary particles—systems that
have no parts—are described by irreducible representa-
tions. Thus, if quantum physics used real Hilbert spaces,
elementary particles would come in three kinds.

In fact, quantum physicists use complex Hilbert spaces.
The only finite-dimensional division algebra over an al-
gebraically closed field is the field itself, and ℂ is alge-
braically closed. Thus, End(𝜌) must be ℂ for any irre-
ducible representation 𝜌 of a group on a complex vector
space. But remarkably, there is still a threefold classifica-
tion of irreducible representations of groups on complex
vector spaces, coming from the three real division algebras
[1]. So, elementary particles really do come in three kinds!

The whole story so far generalizes to super vector spaces.
As mentioned, a “super vector space” is simply a vector
space 𝑉 that is written as a direct sum of two subspaces:

𝑉 = 𝑉0 ⊕𝑉1.

We think of 0 and 1 as elements of ℤ/2. We say an element
of 𝑉 is “even” if it lies in 𝑉0, “odd” if it lies in 𝑉1, and “ho-
mogeneous” if it is either even or odd. A map of super
vector spaces 𝑓∶ 𝑉 → 𝑊 is a linear map that preserves the
grading: 𝑓(𝑉0) ⊆ 𝑊0 and 𝑓(𝑉1) ⊆ 𝑊1. The tensor product
of super vector spaces is defined by

(𝑉 ⊗𝑊)𝑖 = ⨁
𝑗+𝑘=𝑖

𝑉𝑗 ⊗𝑊𝑘.

A “super algebra” is an algebra 𝐴 that is equipped with the
structure of a super vector space and whose multiplication,
regarded as a map𝑚∶ 𝐴⊗𝐴 → 𝐴, is a map of super vector
spaces. So, a super algebra is just an algebra 𝐴 = 𝐴0 ⊕ 𝐴1
obeying these rules:

• The product of two even elements is even.
• The product of an even and an odd element is

odd.
• The product of two odd elements is even.

For example, take 𝐴 = ℝ[𝑥], let 𝐴0 consist of the polyno-
mials that are even functions, and let 𝐴1 consist of those
that are odd functions.

A “super division algebra” is a superalgebra such that
every nonzero homogeneous element has an inverse. Just
as division algebras arise naturally from irreducible repre-
sentations, super division algebras arise naturally from ir-
reducible representations in the super world. We can gen-
eralize everything about Schur’s lemma to this case. We
will not give the details here, but the upshot is that we can
define a representation 𝜌 of a “supergroup” 𝐺 on a super
vector space 𝑉 , and then there is a super algebra End(𝜌) of
linear maps 𝑇 ∶ 𝑉 → 𝑉 that “supercommute” with every
map 𝜌(𝑔)∶ 𝑉 → 𝑉 . When 𝜌 is irreducible in the appropri-
ate sense, End(𝜌) must be a super division algebra.

This makes it important to classify super division alge-
bras. It turns out that over the real numbers there are ten.
This is not hard to prove. Suppose𝐴 is a real super division
algebra. Then its even part 𝐴0 is closed under multiplica-
tion, and the inverse of an even element must be even, so
𝐴0 is a division algebra. If 𝐴1 = {0}, this gives three op-
tions:

• The super division algebra with 𝐴0 = ℝ, 𝐴1 = {0}.
• The super division algebra with 𝐴0 = ℂ, 𝐴1 = {0}.
• The super division algebra with 𝐴0 = ℍ, 𝐴1 = {0}.

In short, the three real division algebras can be seen as
“purely even” super division algebras.

What if 𝐴1 ≠ {0}? Then we can choose a nonzero ele-
ment 𝑒 ∈ 𝐴1. Since it is invertible, multiplication by this
element sets up an isomorphism of vector spaces 𝐴0 ≅ 𝐴1.
In the case 𝐴0 = ℝ, we can rescale 𝑒 by a real number to
obtain either 𝑒2 = 1 or 𝑒2 = −1. This gives two options:

• The super division algebra with 𝐴0 = 𝐴1 = ℝ and
an odd element 𝑒 with 𝑒2 = 1.

• The super division algebra with 𝐴0 = 𝐴1 = ℝ and
an odd element 𝑒 with 𝑒2 = −1.

In the case𝐴0 = ℂ, note that themap 𝑎 ↦ 𝑒𝑎𝑒−1 defines
an automorphism of 𝐴0, which must be either the identity
or complex conjugation. If 𝑒𝑎𝑒−1 = 𝑎, then 𝑒 commutes
with all complex numbers, so we can rescale it by a com-
plex number to obtain 𝑒2 = 1. If 𝑒𝑎𝑒−1 = 𝑎, then 𝑒𝑎 = 𝑎𝑒,
so 𝑒(𝑒2) = (𝑒2)𝑒 implies that 𝑒2 is real. Rescaling 𝑒 by a real
number, we can obtain either 𝑒2 = 1 or 𝑒2 = −1. So, we
have three options:

• The super division algebra with 𝐴0 = 𝐴1 = ℂ and
an odd element 𝑒 with 𝑒𝑖 = 𝑖𝑒 and 𝑒2 = 1.

• The super division algebra with 𝐴0 = 𝐴1 = ℂ and
an odd element 𝑒 with 𝑒𝑖 = −𝑖𝑒 and 𝑒2 = 1.

• The super division algebra with 𝐴0 = 𝐴1 = ℂ and
an odd element 𝑒 with 𝑒𝑖 = −𝑖𝑒 and 𝑒2 = −1.

Finally, in the case 𝐴0 = ℍ, the map 𝑎 ↦ 𝑒𝑎𝑒−1 defines
an automorphism of𝐴0—which, it turns out, must be con-
jugation by some invertible quaternion 𝑞: 𝑒𝑎𝑒−1 = 𝑞𝑎𝑞−1.
But this means 𝑞−1𝑒 commutes with all of 𝐴0, so replacing
𝑒 by 𝑞𝑒−1 we can assume our automorphism is the identity.
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In other words, now 𝑒 commutes with all of 𝐴0, so 𝑒2 does
as well. Thus 𝑒2 ∈ ℍ is actually real. Rescaling 𝑒 by a real
number we can obtain either 𝑒2 = 1 or 𝑒2 = −1. So, we
have two options:

• The super division algebra with 𝐴0 = 𝐴1 = ℍ and
an odd element 𝑒 that commutes with everything
in 𝐴0 and has 𝑒2 = 1.

• The super division algebra with 𝐴0 = 𝐴1 = ℍ and
an odd element 𝑒 that commutes with everything
in 𝐴0 and has 𝑒2 = −1.

These are the ten real super division algebras!
The real fun starts here. Wall showed that these ten alge-

bras are all real or complex Clifford algebras. The eight real
ones represent all eight Morita equivalence classes of real
Clifford algebras. The two complex ones do the same for
the complex Clifford algebras. The tenfold way thus unites
real and complex Bott periodicity. The ten real super divi-
sion algebras also correspond naturally to the ten infinite
families of compact symmetric spaces. For the mathemati-
cian, the best way to learn about all these things is Freed
and Moore’s paper “Twisted equivariant matter” [4]. The
classification of real super division algebras was also ex-
plained by Deligne and Morgan [2], and by Trimble [6].
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