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Consider the following initial value problem of an ordi-
nary differential equation:

{
̇𝑋(𝑠) = 𝑓(𝑠, 𝑋(𝑠), 𝑢(𝑠)), 𝑠 ∈ [𝑡, 𝑇],

𝑋(𝑡) = 𝑥.
(1)

In this differential equation, 𝑢(⋅), the control, is selected
from some class 𝒰[𝑡, 𝑇] of measurable functions with val-
ues in a metric space 𝑈, and the solution 𝑋(⋅) of (1) is
called the state process. In applications, 𝑋(𝑠) could be the
total wealth from some stocks, tonnes of fish in a large
lake, or the location of a moving object at time 𝑠, and 𝑢(⋅)
could be a trading strategy, a harvest rate, or a driving force.
Different selections of controls 𝑢(⋅) lead to different state
processes 𝑋(⋅). To measure the performance of the control
toward a goal, one may introduce the following cost func-
tional:

𝐽(𝑡, 𝑥; 𝑢(⋅)) = ∫
𝑇

𝑡
𝑒−𝛿(𝑠−𝑡)𝑔(𝑋(𝑠), 𝑢(𝑠))𝑑𝑠. (2)

In this integral, 𝑔 is the running cost rate and 𝑒−𝛿(𝑠−𝑡) is the
exponential discounting (with discount rate 𝛿 > 0). To find a
control that minimizes the cost functional, a classical op-
timal control problem can be stated as follows.

Problem (C). For a given initial pair (𝑡, 𝑥) ∈ [0, 𝑇] × ℝ𝑛,
find �̄�(⋅) ∈ 𝒰[𝑡, 𝑇] such that

𝐽(𝑡, 𝑥; �̄�(⋅)) = inf
ᵆ(⋅)∈𝒰[𝑡,𝑇]

𝐽(𝑡, 𝑥; 𝑢(⋅)) ≡ 𝑉(𝑡, 𝑥).

In the above, �̄�(⋅) is an optimal control and 𝑉(⋅ , ⋅) is de-
fined as the value function. Bellman’s principle of optimality
can be stated as: for any (𝑡, 𝑥) ∈ [0, 𝑇) × ℝ𝑛 and 𝜏 ∈ (𝑡, 𝑇],

𝑉(𝑡, 𝑥) = inf
ᵆ(⋅)∈𝒰[𝑡,𝜏]

{∫
𝜏

𝑡
𝑒−𝛿(𝑠−𝑡)𝑔(𝑋(𝑠), 𝑢(𝑠))𝑑𝑠

+ 𝑒−𝛿(𝜏−𝑡)𝑉(𝜏, 𝑋(𝜏))}.

This principle gives: if �̄�(⋅) is an optimal control at (𝑡, 𝑥)
with ̄𝑋(⋅) being the corresponding optimal state process,
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then for any 𝜏 ∈ (𝑡, 𝑇],
𝑉(𝑡, 𝑥) = 𝐽(𝑡, 𝑥; �̄�(⋅))

= ∫
𝜏

𝑡
𝑒−𝛿(𝑠−𝑡)𝑔( ̄𝑋(𝑠), �̄�(𝑠))𝑑𝑠 + 𝑒−𝛿(𝜏−𝑡)𝐽(𝜏, ̄𝑋(𝜏); �̄�(⋅))

⩾ ∫
𝜏

𝑡
𝑒−𝛿(𝑠−𝑡)𝑔( ̄𝑋(𝑠), �̄�(𝑠))𝑑𝑠 + 𝑒−𝛿(𝜏−𝑡)𝑉(𝜏, ̄𝑋(𝜏))

⩾ 𝑉(𝑡, 𝑥).
This implies

𝑉(𝜏, ̄𝑋(𝜏)) = 𝐽(𝜏, ̄𝑋(𝜏); �̄�(⋅)||[𝜏,𝑇]),

which means the restriction �̄�(⋅)||[𝜏,𝑇] of an optimal control
�̄�(⋅) selected for the initial pair (𝑡, 𝑥) on [𝑡, 𝑇] is an opti-
mal control for the initial pair (𝜏, ̄𝑋(𝜏)) on [𝜏, 𝑇]. In other
words, an optimal control �̄�(⋅) determined at time 𝑡 will
stay optimal thereafter. Such a phenomenon is called the
time-consistency of the control problem or the optimal con-
trol.

People frequently regret the decision they made earlier,
meaning an optimal decisionmade today will hardly seem
optimal forever. We call such a phenomenon the time-
inconsistency of the problem under consideration. There
are two major reasons causing time-inconsistency: time-
preferences and risk-preferences. To elaborate a bit more, nor-
mal people usually are not 100% rational and they often
over-weigh the immediate satisfaction level (the utility) or
regard the immediate time period more precious. Here is
an example: if you are invited to referee a paper, would you
review the paper immediately or would you wait until the
associate editor sends you a reminder? Time-preferences
play a role here. Different people could have different
opinions on upcoming uncertain events. An easy exam-
ple to illustrate risk-preferences is the opinion on whether
to buy a risky stock.

Mathematically, time-preferences can be described by
discounting, and risk-preferences can be described by subjec-
tive probability. It is possible to present such problems in a
stochastic setting. But for simplicity, let us continue with
the deterministic case. Problem (C) (with exponential dis-
counting) is time-consistent, which represents a situation
in which the controller (the person who is controlling the
system) is rational. Now if the controller is not 100% ra-
tional, then the discounting might not be exponential. A
typical nonexponential discounting is hyperbolic discount-
ing, which is illustrated as

𝐽(𝑡, 𝑥; 𝑢(⋅)) = ∫
𝑇

𝑡

1
1 + 𝑎(𝑠 − 𝑡)𝑔(𝑋(𝑠), 𝑢(𝑠))𝑑𝑠 (3)

for some 𝑎 > 0. With such a cost functional, the
corresponding optimal control problem will be time-
inconsistent, i.e., if �̄�(⋅) is an optimal control for (𝑡, 𝑥) de-
fined on [𝑡, 𝑇] with optimal state process ̄𝑋(⋅), then there
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will be a later time 𝜏 ∈ (𝑡, 𝑇] such that the optimal con-
trol �̂�(⋅) for (𝜏, ̄𝑋(𝜏)) defined on [𝜏, 𝑇] does not satisfy the
following:

�̂�(𝑠) = �̄�(𝑠), a.e. 𝑠 ∈ [𝜏, 𝑇].
For time-inconsistent optimal control problems, it is

not wise to find optimal controls. Instead, one should
look for equilibrium strategies. The idea is to regard the
problem as a multiperson differential game in which to-
day’s self plays with future selves. To make the future rea-
sonably satisfactory, today’s self should be willing to sacri-
fice some immediate satisfaction. Saving for retirement is
such an example. Under proper conditions, such equilib-
rium strategies can be constructed.
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