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Challenges and Applications

AMS Short Course

Learn more and register:

www.ams.org/short-course

Organized by: 
Maria Trnkova, University of California, Davis, and Andrew Yarmola, Princeton University

January 3 – 4, 2022
in conjunction with the Joint Mathematics Meetings in Seattle

Speakers include Silviana Amethyst, University of Wisconsin-Eau Claire; David Bachman, Pitzer 
College; Gabriel Dorfsman-Hopkins, University of California, Berkeley; Elisabetta Matsumoto, 
Georgia Institute of Technology; Henry Segerman, Oklahoma State University; and Bethany 
Weeks, Boeing Additive Manufacturing.

Access to 3D printing facilities is quickly becoming 
ubiquitous across college campuses. However, while 
equipment training is readily available, the process of 
taking a mathematical idea and making it into a printable 
model presents a  big hurdle for most mathematicians. 
Centered around the idea of additive manufacturing, 
as opposed to subtractive manufacturing, 3D printing 
allows for fast prototyping and design, rich interplay 
between materials, and very complex internal struc-
ture, opening up many new avenues in engineering, 
chemistry, and applied physics. 

This short course will focus on the role of 3D printing 
in mathematical art, education, and visualization 
of objects from geometry, topology, combinatorics, 
dynamical systems, and algebra, together with a thor-
ough discussion of the challenges and open questions 
in current approaches to the technology.

The American Mathematical Society’s Short Courses 
introduce mathematicians and students to emer-
gent areas of applied mathematics to fuel curiosity, 
discovery, and research. Led by experts, activities in 
each course address theoretical issues, numerical 
challenges, and practical applications.
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Perelman’s Refusal:
A Novel
Philippe Zaouati, Mirova, Paris, France
November 11, 2002: Grigori Perelman, a famous mathematician, brilliantly 
establishes his proof of the Poincaré Conjecture. A few years later, he is 
widely acclaimed for his research. However, he declines the prestigious 
Fields Medal and persists in not wanting to leave his native city of Saint 
Petersburg to attend the International Congress of Mathematicians in 
Madrid in 2006 where the medal is supposed to be awarded. John Ball, the 
President of the International Mathematical Union, decided to visit Russia in 
an attempt to convince Perelman to accept the Fields Medal.

This book contains the story, part real, part fictional, of the exchanges 
between Ball and Perelman. We are immersed in the tormented mind of a per-
son who prefers the simple and secluded life to the prestige of his discoveries. 
We already know the final outcome of the story, Perelman’s perpetual refusal to 
be glorified by the public, and yet there is still much to learn from this character 
of astonishing complexity.

2021; 133 pages; Softcover; ISBN: 978-1-4704-6304-5; List US$29; AMS members US$23.20; 
MAA members US$26.10; Order code MBK/137
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Imagine the shock Ukrainian mathematicians expe-
rienced when in 2018 the IMU honored Russia to host 
the ICM. The Russian government invested considerable 
resources to win the bid against France. The fact is, im-
portant international events like ICM legitimize regimes 
with blood on their hands. They gloat at the fact that while 
we judge them morally, we have no qualms taking their 
money. Top Russian government official Dvorkovich was 
personally involved in fighting to bring the ICM to Russia. 
The Executive Organizing Committee of the ICM is chaired 
by the deputy Prime Minister Chernyshenko. A top FSB 
officer Derevyashkin is among the official organizers. It is 
not unlikely that the organization of ICM and drafting of 
war plans are carried out from neighboring offices. 

On February 26, 2021, the Executive Committee of the 
IMU issued a statement in which it declares its total indif-
ference to any moral consideration when making decisions: 
“The IMU ... oppose all boycotts of scientific events and all 
attempts to link scientific activities to political and societal 
issues, since boycotts are viewed to be harmful for all con-
cerned.” So many of us enjoy safety and relative prosperity, 
and can afford to consider the moral side of our everyday 
choices. Taking human rights into account cannot be just 
labelled as “politics” and dismissed simply because it is 
hard. We know that there are conflicts in the world about 
which our community is divided. Does it mean we should 
not pass moral judgement when it is obvious? Russia has 
annexed a part of an independent European country, some-
thing not seen since the first half of the previous century. 
Why is this ambiguous? What about Russia’s indiscriminate 
bombing of civilians in Syria, or the cruel persecution the 
LGBTQ community faces in Russia? 

The IMU likes to pretend that the Congress has to do 
only with mathematics, yet since around 2002 it has been 
quite willing to provide PR opportunities for political 
leaders of the host countries, many of whom consequently 
faced serious accusations of corruption. But never until 
2022 has IMU been so willing to shake hands dripping 
with fresh blood. If Putin wanted to award Fields Medals 
personally, would IMU have the nerve to say no? They 
didn’t even demand the Russian government release our 
unjustly imprisoned colleague Azat Miftakhov. 

Letter to the Editor
To the readers of the Notices: I have a substantial collection 
of mathematical books, collected during my membership 
of the AMS from 1954. I would like to have this collection 
serve mathematics and am thus asking if some Mathe-
matics Department would be interested in acquiring this 
collection by donation. If interested, please let me know 
and I shall then give a detailed description of the content 
of the collection.
 

—Sigurdur Helgason
Professor of Mathematics at MIT (emeritus)

Why many Ukrainian mathematicians  
will not attend the ICM in Russia 
In the US we have recently faced a staggering disinforma-
tion campaign, when absolutely unsubstantiated claims of 
election fraud led to political violence at the heart of our 
nation. Yet for those among us who are Ukrainian, this is 
the second large-scale disinformation campaign we have 
seen in recent years. In 2014 a revolution in Ukraine ignited 
in response to the actions of criminal president Yanukov-
ich. Russia responded by annexing Ukrainian territory, 
and starting a war in Eastern Ukraine. All of this was done 
while peddling lies both about the nature of the Ukrainian 
Revolution of Dignity and about the involvement of Rus-
sian military in the war. The world saw Russia’s actions for 
what they were: a violation of international law, and an 
attempt to prevent Ukrainians from choosing their own 
future as a nation. 

Russia’s war in Ukraine has already taken more than 
10,000 lives and made more than 2,000,000 people flee 
their homes. While this war has disappeared from the 
international news, the shelling continues. The war has 
wounded the Ukrainian academia. Our colleagues in 
Crimea are persecuted for their resistance to Putin’s regime. 

In recent years many of us felt awkward when rejecting 
an invitation for a scientific event in Russia. What do the 
organizers have to do with the war? Probably nothing. 
However, like millions of people from our home country, 
we simply cannot set our feet on the Russian land since 
2014.
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Further Reading
[1] A. Maxmen, Jordan stakes its future on science, Nature 548 

(2017), 14–15. https://doi.org/10.1038/548014a
[2] S. A. Khan, Current Science 118 (2020), no. 12, 1867; 114 

(2018), no. 2, 252; 110 (2016), no. 1, 15.

—Sameen Ahmed Khan
Dhofar University, Salalah, Sultanate of Oman 

rohelakhan@yahoo.com 
http://orcid.org/0000-0003-1264-2302

 

In writing this we feel a bit like David standing up against 
Goliath. We do not have the resources of an oil-rich coun-
try to give out. We stand for what we believe is right. The 
moral indifference of the IMU needs to end, and we invite 
those who agree with us to join our boycott of ICM 2022.

—Dmitri Finkelshtein
Associate Professor, Swansea University

Andrey Gogolev 
Associate Professor, The Ohio State University

Pavlo Pylyavskyy 
Professor, University of Minnesota

 
Lyudmila Turowska 

Professor, Chalmers University  
of Technology, University of Gothenburg

Masha Vlasenko 
Professor, IMPAN, Warsaw

Mathematician László Lovász 
and the  World Science Forum
As a regular reader of AMS Notices for decades, I read news 
of the Abel Prize being awarded to László Lovász and Avi 
Wigderson with a keen interest [Notices 68 (2021), no. 6, 
1034–1037]. Lovász has a multifaceted personality with 
immense contributions to diverse areas of mathematics and 
computer science. His contributions are part and parcel of 
standard textbooks in both fields. One of his contributions 
not as widely known is to do with the popularization of 
science and science policy. This note is to elaborate on 
these contributions.

In 2014, Lovász was elected President of the Hungarian 
Academy of Sciences (HAS). In 2003, HAS in partnership 
with UNESCO and ICSU (International Council for Sci-
ence) initiated a unique forum series on global science pol-
icies known as the World Science Forum (WSF, https:// 
worldscienceforum.org/), organized biannually in Bu-
dapest, Hungary. Since 2013 it is being held at locations 
between Budapest and partner countries (2013 in Brazil, 
2017 in Jordan, and in December 2021 it is scheduled to be 
held in South Africa). Under the leadership of Lovász, the 
WSF has transformed into a gigantic event. Now it attracts 
thousands of participants from over one hundred countries. 
The WSF also serves as a venue for the award ceremonies of 
two prestigious awards, namely the UNESCO Kalinga Prize 
for the Popularization of Science and the UNESCO Sultan 
Qaboos Prize for Environmental Conservation. 

http://ias.edu/math
http://ias.edu/math.summercollaborators


A WORD FROM...
Wendy L. Martinez, ASA President 2020

Donna LaLonde, ASA Director of Strategic Initiatives and Outreach

The opinions expressed here are not necessarily those of the Notices or the AMS.
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Mapping Our Future: Opportunities to Collaborate
Advancing research. Creating connections. Promoting the practice and profession of sta-
tistics and mathematics. These are the promises the American Statistical Association (ASA) 
and the American Mathematical Society (AMS) make to its members and the broader 
community. While we have faced challenges from the COVID-19 pandemic, financial 
crises at universities and colleges, systemic racism, and cultural conflicts, the ASA remains 
committed to keeping these promises. This is why it is more important than ever to reach 
out to our professional colleagues and sister societies to achieve our common goals.  We 
appreciate the opportunity to share some thoughts with you and to explore ways that the 
American Statistical Association and the American Mathematical Society communities 
can work together to meet our collective missions to foster inclusiveness in STEM fields.

As members of both the Joint Policy Board for Mathematics (JPBM) and the Conference 
Board of the Mathematical Sciences (CBMS), we have a long history of collaborating to 
support and advance statistics and the mathematical sciences. We take time each April 
to recognize the many contributions of our disciplines by celebrating Mathematics and 
Statistics Awareness Month. Beginning in 2022, the ASA joins the AMS as a partner in 
organizing the Joint Mathematics Meetings, and we are looking forward to showcasing 
how statistics, data science, and mathematics can work together to help create and sustain 
a world committed to antiracism and social justice. It’s important to include data science, 
which according to a 2018 report from the National Academies of Sciences, Engineering, 
and Medicine is “a broader array of activities that involve applying principles for data col-
lection, storage, integration, analysis, inference, communication, and ethics.” The discipline 
is evolving but it is clearly interdisciplinary and fits into the umbrella under which our 
communities may collaborate.

Unfortunately, the impact of racism continues to threaten the safety and quality of life 
for people of color in our country. We have much work to do to address Justice, Equity, 
Diversity, and Inclusion (JEDI). As a first step, both of our societies issued statements af-
firming our commitment to JEDI principles and condemning racist practices (https://www 
.ams.org/about-us/governance/policy-statements/sec-ams-policystatements, 
https://www.amstat.org/asa/files/pdfs/JEDI-Statement.pdf?v=1.0). These 
statements speak not to our unique expertise in statistics and mathematics, but rather to 

our responsibility as part of the STEM community. 
In late 2020, the ASA established an Anti-Racism Task Force, which has three main goals:

 • Develop recommendations for ASA infrastructure and policy that will help drive positive cultural change within 
the ASA and remove structural barriers to justice, equity, diversity, and inclusion.

 • Develop recommendations that ensure the communications and activities of the ASA align with its position on 
justice, equity, diversity, and inclusion.

 • Propose mechanisms for informing the public about how statistics and data science can contribute to identifying 
racial and ethnic bias in society and how we might address these issues.

Wendy L. Martinez is the ASA President 2020. Her email address is Martinez.Wendy@bls.gov.

Donna LaLonde is the ASA Director of Strategic Initiatives and Outreach. Her email address is donnal@amstat.org.
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The task force has been exploring each of these areas and will provide the ASA Board of Directors with a roadmap and 
recommendations on ways to achieve the JEDI principles outlined in our ASA statement. 

We do not yet have any specific initiatives arising from the task force, but there are some opportunities for us to col-
laborate with the AMS. The ASA has a new outreach group called JEDI (www.datascijedi.org/) that could work with 
the AMS Committee on Equity, Diversity, and Inclusion (COEDI) (www.ams.org/about-us/governance/committees 
/coedi-home) on common goals. What we find particularly exciting about COEDI is its charge to “provide advice about 
self-assessment tools” and “to identify and develop programs to build diversity within the profession.” The ASA has sev-
eral outreach efforts supporting historically underrepresented groups such as people of color and the LGBTQ+ commu-
nities, and it would be wonderful to collaborate with the AMS on similar initiatives. For over twenty years, the ASA has 
hosted a StatFest, which “is traditionally a one-day event aimed at encouraging undergraduate students from historically 
under-represented groups to consider graduate studies and careers in statistics and data science” (https://magazine 
.amstat.org/blog/2020/12/01/virtual-statfest/). The ASA recently started a Pride Scholarship “to raise aware-
ness for and support the success of LGBTQ+ statisticians and data scientists and allies” (https://www.amstat.org/ASA 
/Your-Career/Awards/ASA-Pride-Scholarship.aspx). 

The ASA shares the AMS’s commitment to education and has made education at all levels a strategic priority. Recently 
the ASA Board of Directors joined with the National Council of Teachers of Mathematics (NCTM) to endorse the Pre-
K–12 Guidelines for Assessment and Instruction in Statistics Education II: A Framework for Statistics and Data Science 
Education report (GAISE II). The framework presented in GAISE II recognizes the developmental process necessary to 
acquire statistical skills and knowledge. A single high school statistics course is not sufficient to prepare students for 21st 
century work and life. Statistics and data science education must begin in early childhood and continue throughout 
middle and high school. GAISE II highlights the need for Pre-K–12 Guidelines for the consideration of different data and 
variable types, the inclusion of multivariate thinking throughout all Pre-K–12 educational levels, the role of probabilistic 
thinking in quantifying randomness throughout all levels, the importance of incorporating technology as feasible, and 
the importance of clearly and accurately communicating statistical information. Ensuring that the mathematics and 
statistics standards that guide Pre-K–12 education prepare all students for productive work and life is another important 
area for collaboration. This commitment to Pre-K–12 education requires an equally substantial commitment to teacher 
education and professional development.

The ASA was admitted to the Computer Sciences Accreditation Board (CSAB) in 2021, along with the Association of 
Computing Machinery and the IEEE Computer Society. The CSAB is charged with accrediting data science programs under 
approved program criteria (https://abet.co1.qualtrics.com/jfe/form/SV_02pWHHMsKN46j9b). The primary goal 
of accreditation is to create pathways for program graduates to acquire the necessary knowledge, skills, and abilities to be 
successful. In a 2015 statement, the ASA recognized that the interdisciplinary nature of data science “required a substantial 
collaborative effort” for it to realize its full potential. Although the discipline of data science continues to evolve, there is 
no uncertainty that the need for a solid foundation in statistics and mathematics is essential for data scientists. Working 
together, our communities can ensure data science programs meet their potential by including coursework in statistics, 
mathematics, and computer science.

There is a sentence on the AMS Education webpage that begins, “Please visit regularly, watch us grow.” As we map our 
future, we hope that we can “grow” together. We have common goals to foster early education in STEM, to ensure our 
professions embrace JEDI principles, and to promote rigor in data science. This essay serves as a call to action—reach out 
to us with your ideas and commitment to work together and forge a brighter future.  



The Hamilton-Jacobi Equation,
Then and Now

Ryan Hynd
1. Introduction
The story of the Hamilton-Jacobi equation begins in clas-
sical mechanics as developed in the 19th century. A basic
problem within this theory is to describe the motion of a
particle with mass 𝑚 subject to a force 𝐹 depending on its
position. If this particle happens to be moving along the
𝑥-axis, Newton’s second law takes the form

𝑚 ̈𝛾(𝑠) = 𝐹(𝛾(𝑠)). (1)

Here 𝑠 denotes time, 𝑥 = 𝛾(𝑠) is the position of the parti-
cle at time 𝑠, and ⋅ is differentiation with respect to time.
Observe that in order to determine the trajectory of the par-
ticle, we are left to solve a differential equation for given
initial conditions 𝛾(0) and ̇𝛾(0).

An interesting thing happens when we select a potential
energy function 𝑉 for which

𝐹 = −𝑉 ′.

Ryan Hynd is an associate professor of mathematics at the University of Penn-
sylvania. His email address is rhynd@math.upenn.edu.

Communicated by Notices Associate Editor Daniela De Silva.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2352

x

s

m

F
x = γ(s)

t
Figure 1. The position 𝑥 = 𝛾(𝑠) of a point mass 𝑚 versus time
on the interval 𝑠 ∈ [0, 𝑡]. This particle moves along the 𝑥-axis
and is subject to a force 𝐹. We can find 𝛾 by solving the
differential equation (1).

This choice allows us to derive the differential equation (1)
through a least action principle. Indeed wemay consider the
action integral

𝒮𝑡(𝜁) ∶= ∫
𝑡

0

𝑚
2

̇𝜁(𝑠)2 − 𝑉(𝜁(𝑠))𝑑𝑠 (2)
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for a given path 𝜁 ∶ [0, 𝑡] → ℝ; here and throughout, all
paths are assumed to be absolutely continuous. If there is
a path 𝛾 such that

𝒮𝑡(𝛾) ≤ 𝒮𝑡(𝜁)
for each path 𝜁 with 𝜁(𝑡) = 𝛾(𝑡), then 𝛾 solves the Newton’s
second law differential equation

𝑚 ̈𝛾(𝑠) = −𝑉 ′(𝛾(𝑠))
for 𝑠 ∈ (0, 𝑡) along with

̇𝛾(0) = 0.
Therefore, action-minimizing paths are natural candidates
to describe the motion of a particle with mass𝑚 subject to
a force −𝑉 ′.

x = ζ(s)

s

x

t

x = γ(s)

Figure 2. Various trajectories 𝜁 ∶ [0, 𝑡] → ℝ with the same right
endpoint as 𝛾 indicated with the gray dot. All of these
trajectories are candidates to minimize the action 𝒮𝑡 subject to
this right endpoint constraint.

The action integral 𝒮𝑡 is also known to satisfy a partial
differential equation (PDE). Assume that for each 𝑥 ∈ ℝ
and 𝑡 > 0,

𝛾𝑥,𝑡 ∶ [0, 𝑡] → ℝ
is a path which minimizes 𝒮𝑡(𝜁) among all paths 𝜁 which
fulfill the right endpoint constraint 𝜁(𝑡) = 𝑥. Further sup-
pose that when the action integral is evaluated along 𝛾𝑥,𝑡,

𝑢(𝑥, 𝑡) = 𝒮𝑡(𝛾𝑥,𝑡),
it is a smooth function. Then direct computation (as ex-
plained in lecture 19 of [Jac84]) shows that 𝑢 solves what
is now known as a Hamilton-Jacobi equation

𝜕𝑡𝑢 +
1
2𝑚(𝜕𝑥𝑢)2 + 𝑉(𝑥) = 0. (3)

Here 𝜕𝑡𝑢 and 𝜕𝑥𝑢 denote partial differentiation with re-
spect to 𝑡 and 𝑥, respectively.

In this article, we will examine some of the mathemat-
ical developments concerning Hamilton-Jacobi equations
since the mid-20th century. This includes the advent of

viscosity solutions, which gives us a way to interpret how
functions like 𝑢 defined above generally solve Hamilton-
Jacobi equations. Another key idea we will discuss is the
dynamic programming principle from control theory. In
addition, we will present research directions involving in-
teracting systems of particles and noncooperative differen-
tial games which aim to further expand what we know
about Hamilton-Jacobi type equations.

2. Modeling Applications
Before studying the particular equation (3), wewill discuss
various optimization problems in which Hamilton-Jacobi
equations arise. We will not analyze each of the resulting
equations separately nor present a theory which encom-
passes them all. However, the ideas that we will subse-
quently introduce for equation (3) can be adapted to all of
these equations. The purpose of this section is to give some
perspective on the applicability of these concepts. We also
note that some of the PDEs in the examples below are typi-
cally called Hamilton-Jacobi-Bellman equations, as they can
be derived with Bellman’s dynamic programming method
which we will discuss later in this article.
2.1. Escape of a light ray. Let us first consider a two-
dimensional light ray passing through an inhomogeneous
medium. We will represent the medium by a bounded
open subset 𝑈 of the 𝑥𝑦-plane and the light ray by a path

𝛾 ∶ [0, 𝜏] → 𝑈; 𝑡 ↦ (𝛾𝑥(𝑡), 𝛾𝑦(𝑡)).

We will also assume that at each point (𝑥, 𝑦) in 𝑈, the in-
homogeneity of the medium constrains the speed of light
to be no more than 𝑐(𝑥, 𝑦) for a given positive function 𝑐.

Figure 3. A planar domain 𝑈 which represents an
inhomogeneous medium. The dashed curves display
possible light ray paths 𝜁 ∶ [0, 𝜏𝜁] → 𝑈 emanating from a
common point 𝜁(0) = (𝑥, 𝑦) in 𝑈. Fermat’s principle tells us
that light ray paths 𝛾 are among those which minimize their
exit time 𝜏𝛾 from 𝑈.
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For any path 𝜁 ∶ [0,∞) → ℝ2 with 𝜁(0) in 𝑈, we define

𝜏𝜁 ∶= min{𝑡 ≥ 0 ∶ 𝜁(𝑡) ∉ 𝑈}
as the first time that 𝜁 exits 𝑈 and 𝜏𝜁 = ∞ if no such time
exists. According to Fermat’s principle, a ray of light as-
sumes a path which takes the least amount of time to exit
this region. As a result we will try to find a path 𝜁 which
satisfies the speed constraint

| ̇𝜁(𝑡)| ∶= √( ̇𝜁𝑥(𝑡))2 + ( ̇𝜁𝑦(𝑡))2 ≤ 𝑐(𝜁(𝑡))
and minimizes 𝜏𝜁. To this end, we consider

𝑢(𝑥, 𝑦) = min {𝜏𝜁 ∶ 𝜁(0) = (𝑥, 𝑦), | ̇𝜁(𝑡)| ≤ 𝑐(𝜁(𝑡))}
for (𝑥, 𝑦) in 𝑈.

It turns out that 𝑢 can be interpreted as a solution of the
eikonal equation

𝑐(𝑥, 𝑦)√(𝜕𝑥𝑢)2 + (𝜕𝑦𝑢)2 = 1.

This PDE may be the first Hamilton-Jacobi equation ever
written down [Ham28]. An important example occurs
when

𝑐(𝑥, 𝑦) = 1 for all (𝑥, 𝑦) in 𝑈.
This corresponds to a homogeneousmedium. Here 𝑢(𝑥, 𝑦)
is simply the distance from (𝑥, 𝑦) to the boundary of 𝑈.
In particular, the distance to the boundary function is a
solution of the PDE

√(𝜕𝑥𝑢)2 + (𝜕𝑦𝑢)2 = 1.

We recommend [BCD97] and [Tra21] for more on the
eikonal and other Hamilton-Jacobi equations.

T

x

s

x = z(s)

Figure 4. A graph 𝑥 = 𝑧(𝑠) of the amount of a commodity
produced by a hypothetical factory. The boxes represent a
changing inventory over time.

2.2. Optimal production of a commodity. A basic prob-
lem in economics is to minimize the costs associated with

the production of a given commodity on fixed time hori-
zon [0, 𝑇]. Let us represent 𝑧(𝑠) as the amount of commod-
ity stored in inventory at time 𝑠, which is driven by a vari-
able production rate 𝜉 ≥ 0; for simplicity, we assume there
is a constant demand rate 𝑑. That is,

̇𝑧(𝑠) = 𝜉(𝑠) − 𝑑 (4)

for 𝑠 ∈ (0, 𝑇). We seek to choose 𝜉 in order to minimize
the total cost

∫
𝑇

0
𝑧(𝑠)+ + 1

2𝜉(𝑠)
2𝑑𝑠

modeling the sum of specific types of holding and oper-
ational costs. Here 𝑤+ ∶= max{𝑤, 0}, and we’ll also use
𝑤− ∶= max{−𝑤, 0} below.

Considering this optimization problem for a given level
of commodity 𝑥 ∈ ℝ at time 𝑡 ∈ [0, 𝑇], we are led to the
function

𝑢(𝑥, 𝑡) = min
𝜉≥0

{∫
𝑇

𝑡
𝑧(𝑠)+ + 1

2𝜉(𝑠)
2𝑑𝑠 ∶ 𝑧(𝑡) = 𝑥} .

Here the minimum is taken over paths 𝑧 ∶ [𝑡, 𝑇] → ℝ
satisfying (4) for a nonnegative production rate 𝜉. It turns
out that 𝑢 can be interpreted as a solution of the PDE

−𝜕𝑡𝑢 +
1
2(𝜕𝑥𝑢

−)2 + 𝑑𝜕𝑥𝑢 − 𝑥+ = 0.

It would be interesting to know if we can find 𝑢 explicitly
and if it will tell us something about optimal production
rates 𝜉. Finally, we note that this optimization problem is
a particular case of Example 2.1 in section I.2 of [FS06].
2.3. Eradicating an infectious disease. There are many
optimization problems of interest in epidemiology. We
encounter one when considering the following differential
equations in a compartmental model:

{
̇𝑆(𝑡) = −𝛽𝑆(𝑡)𝐼(𝑡) − 𝑟(𝑡)𝑆(𝑡),
̇𝐼(𝑡) = 𝛽𝑆(𝑡)𝐼(𝑡) − 𝛾𝐼(𝑡)

(5)

(𝑡 > 0). Here 𝑆(𝑡) and 𝐼(𝑡) represent the respective sus-
ceptible and infected components of a population at time
𝑡 which is subject to an infectious disease, 𝛽 is the trans-
mission rate, 𝛾 is the recovery rate, and 𝑟(𝑡) represents a
vaccination rate at time 𝑡. As we have seen in the present
COVID-19 epidemic, there may be logistical constraints
in administering vaccines. As a result, we will suppose for
simplicity that

0 ≤ 𝑟(𝑡) ≤ 1
for all 𝑡 ≥ 0.

Let us fix 𝜇 ∈ (0, 𝐼(0)). Our goal is to choose a vaccina-
tion rate 𝑟 so that the time

𝜏𝑟 = min{𝑡 ≥ 0 ∶ 𝐼𝑟(𝑡) = 𝜇}
it takes for the infected population 𝐼𝑟 to drop down to the
given threshold 𝜇 is as small as possible. Here and below,
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Figure 5. Solution of the differential equations (5) with
𝑆(0) = 2, 𝐼(0) = 1, 𝛽 = 2, and 𝛾 = 2. The graph of 𝑆 is shown in
blue, and the graph of 𝐼 is shown in red. Here the vaccination
rate is 𝑟(𝑡) = 0 for 𝑡 ∈ [0, 2.5] and 𝑟(𝑡) = 1 for 𝑡 ∈ (2.5,∞).

we’ll write 𝑆𝑟 and 𝐼𝑟 for the solution of (5) with vaccina-
tion rate 𝑟. The time 𝜏𝑟 corresponding to a minimizing 𝑟
is called an eradication time.

This problem was considered by a group of math biol-
ogists [BBSG17], who showed that a minimizing vaccina-
tion rate is always of the form

𝑟∗(𝑡) = {0, 𝑡 ∈ [0, 𝑇],
1, 𝑡 ∈ (𝑇,∞),

for a switching time 𝑇 ≥ 0. While it seems intuitive that
𝑇 = 0 for an optimal vaccination rate, there are initial
conditions 𝑆(0), 𝐼(0) which correspond to positive switch-
ing times (Figure 2a of [BBSG17]). However, it is not
well understood how the quadrant of initial conditions
(𝑆(0), 𝐼(0)) ∈ (0,∞) × (𝜇,∞) is divided between points as-
sociated with immediate or delayed switching.

In recent work, we studied

𝑢(𝑥, 𝑦) = min
0≤𝑟≤1

{𝜏𝑟 ∶ 𝑆𝑟(0) = 𝑥, 𝐼𝑟(0) = 𝑦}

and characterized 𝑢 as a solution of the Hamilton-Jacobi
equation

𝛽𝑥𝑦𝜕𝑥𝑢 + 𝑥(𝜕𝑥𝑢)+ + (𝛾 − 𝛽𝑥)𝑦𝜕𝑦𝑢 = 1
for (𝑥, 𝑦) ∈ (0,∞)×(𝜇,∞) [HIP20]. It also turns out that 𝑢
solves another PDE which allowed us to give a new inter-
pretation of optimal vaccination rates.
2.4. Turbulent flame fronts. In combustion science, the
so-called 𝐺-equation

𝜕𝑡𝑢 + 𝑣𝜕𝑥𝑢 + 𝑤𝜕𝑦𝑢 = 𝑠√(𝜕𝑥𝑢)2 + (𝜕𝑦𝑢)2 (6)

is used to describe an evolving flame propagation front
within a planar region [Pet00]. In particular, the level set

Γ𝑡 ∶= {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑢(𝑥, 𝑦, 𝑡) = 0}

u < 0

u > 0

n

Γt

Figure 6. Schematic of the flame front Γ𝑡 determined by the
zero level set 𝑢(𝑥, 𝑦, 𝑡) = 0; note that 𝑛 is the outward unit
normal to Γ𝑡. This level set is time-dependent and will evolve
according to the 𝐺-equation (6).

models the front for times 𝑡 ≥ 0. Here 𝑣 = 𝑣(𝑥, 𝑦) and
𝑤 = 𝑤(𝑥, 𝑦) represent the respective 𝑥 and 𝑦 coordinates of
the “turbulent” velocity field 𝑉 of the flame; the parameter
𝑠 > 0 is the “laminar” flame speed.

The primary assumption used in the derivation of the𝐺-
equation is that the level set Γ𝑡 moves in direction 𝑛 with
speed

𝑉 ⋅ 𝑛 + 𝑠.
Here 𝑛 is the outward unit normal to Γ𝑡, which points in
the negative direction of the spatial gradient of 𝑢 provided
the burnt region corresponds to points for which 𝑢 is pos-
itive. A central goal of this mathematical model is to de-
scribe

lim
𝑡→∞

𝑢(𝑥, 𝑦, 𝑡)/𝑡,

which is interpreted as the large time flame front speed.
To this end, it has been exploited that the 𝐺-equation is a
Hamilton-Jacobi equation [NXY09].

In particular, we may represent a solution 𝑢 of (6) as

𝑢(𝑥, 𝑦, 𝑡) = max
𝛼,𝛽

𝑢0(𝛾(𝑡), 𝜁(𝑡)).

Here 𝑢0 is the function whose zero level set describes the
front at time 0 and 𝛾, 𝜁 ∶ [0, 𝑡] → ℝ satisfy

⎧
⎨
⎩

̇𝛾(𝜏) = −𝑣(𝛾(𝜏), 𝜁(𝜏)) + 𝛼(𝜏),
̇𝜁(𝜏) = −𝑤(𝛾(𝜏), 𝜁(𝜏)) + 𝛽(𝜏),
𝛾(0) = 𝑥, 𝜁(0) = 𝑦.

The “controls” 𝛼, 𝛽 are required to observe the constraint

𝛼(𝜏)2 + 𝛽(𝜏)2 ≤ 𝑠2

for 𝜏 ∈ [0, 𝑡]. Consequently, the 𝐺-equation is indeed a
PDE which can be identified as a Hamilton-Jacobi equa-
tion.
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3. Dynamic Programming
Let us now return tominimizing the action associated with
Newton’s second law that we considered in the introduc-
tion. As before, 𝐹 = −𝑉 ′, where 𝑉 is the potential energy.
We will consider paths whose right endpoint is fixed and
also assume that 𝑚 = 1 for convenience. As a result, our
problem is to minimize

∫
𝑡

0

1
2

̇𝜁(𝑠)2 − 𝑉(𝜁(𝑠))𝑑𝑠

among paths 𝜁 ∶ [0, 𝑡] → ℝ which satisfy the constraint

𝜁(𝑡) = 𝑥

for a given 𝑥 ∈ ℝ and 𝑡 ≥ 0.
To this end, we’ll define the value function

𝑢(𝑥, 𝑡) = min { 𝑔(𝜁(0))

+∫
𝑡

0

1
2

̇𝜁(𝑠)2 − 𝑉(𝜁(𝑠))𝑑𝑠 ∶ 𝜁(𝑡) = 𝑥}. (7)

Notice that we’ve included a function 𝑔 ∶ ℝ → ℝ into our
minimization problem. This is donewith a bit of foresight,
and we hope the reader will come to appreciate this addi-
tion. We also note that this definition of 𝑢(𝑥, 𝑡) should be
made with an infimum rather than a minimum, since we
have not verified the existence of a minimizing path. We
won’t lose much by this omission as it is fairly routine to
find conditions on 𝑔 and 𝑉 so that the minimization prob-
lem associated with 𝑢(𝑥, 𝑡) has a solution.
3.1. Deriving the Hamilton-Jacobi equation. A key in-
sight made by Bellman is that the values of 𝑢(⋅, 𝑠) deter-
mine 𝑢(𝑥, 𝑡) for 𝑠 < 𝑡 [Bel54]. Specifically, there is a rela-
tionship between the prior optimal values 𝑢(⋅, 𝑠) and the
current one 𝑢(𝑥, 𝑡). In general, this is called the dynamic
programming principle. For our particular problem, it takes
the form

𝑢(𝑥, 𝑡) = min {𝑢(𝜁(𝑠), 𝑠)

+∫
𝑡

𝑠

1
2

̇𝜁(𝜏)2 − 𝑉(𝜁(𝜏))𝑑𝜏 ∶ 𝜁(𝑡) = 𝑥} (8)

for 0 ≤ 𝑠 < 𝑡.
Since 𝜁(𝑡) = 𝑥 for any admissible path in (8), we can

rewrite the dynamic programming principle above as

0 = min {−𝑢(𝜁(𝑡), 𝑡) − 𝑢(𝜁(𝑠), 𝑠)
𝑡 − 𝑠

+ 1
𝑡 − 𝑠 ∫

𝑡

𝑠

1
2

̇𝜁(𝜏)2 − 𝑉(𝜁(𝜏))𝑑𝜏 ∶ 𝜁(𝑡) = 𝑥} .
(9)

Assuming that 𝑢 is differentiable at (𝑥, 𝑡) and that 𝑣 = ̇𝜁(𝑡)
exists, we also find

lim
𝑠→𝑡−

{−𝑢(𝜁(𝑡), 𝑡) − 𝑢(𝜁(𝑠), 𝑠)
𝑡 − 𝑠

+ 1
𝑡 − 𝑠 ∫

𝑡

𝑠

1
2

̇𝜁(𝜏)2 − 𝑉(𝜁(𝜏))𝑑𝜏}

= −𝜕𝑡𝑢(𝑥, 𝑡) − 𝑣𝜕𝑥𝑢(𝑥, 𝑡) +
1
2𝑣

2 − 𝑉(𝑥).

If we are allowed to interchange this limit and taking the
minimum in (9), then

0 = lim
𝑠→𝑡−

min {−𝑢(𝜁(𝑡), 𝑡) − 𝑢(𝜁(𝑠), 𝑠)
𝑡 − 𝑠

+ 1
𝑡 − 𝑠 ∫

𝑡

𝑠

1
2

̇𝜁(𝜏)2 − 𝑉(𝜁(𝜏))𝑑𝜏 ∶ 𝜁(𝑡) = 𝑥}

= min
𝑣∈ℝ

{−𝜕𝑡𝑢(𝑥, 𝑡) − 𝑣𝜕𝑥𝑢(𝑥, 𝑡) +
1
2𝑣

2 − 𝑉(𝑥)}

= −𝜕𝑡𝑢(𝑥, 𝑡) −
1
2(𝜕𝑥𝑢(𝑥, 𝑡))

2 − 𝑉(𝑥).

As a result, dynamic programming heuristically implies
the Hamilton-Jacobi equation (3).
3.2. Action-minimizing paths. It is also not hard to
check that if 𝜁 is an action-minimizing path in (7), 𝜁|[𝑠,𝑡]
is also a minimizer in (8) for any 0 ≤ 𝑠 < 𝑡. Making use
of this fact, we can apply the technique used to derive the
least action principle to (8) and show

̇𝛾(𝑠) = 𝜕𝑥𝑢(𝛾(𝑠), 𝑠), 𝑠 ∈ (0, 𝑡), (10)

for any action-minimizing path 𝛾. This conclusion as-
sumes differentiability of the value function along mini-
mizing trajectories. We also note that the necessary condi-
tion (10) is a part of a more general set of conditions due
to Pontryagin (as detailed in Chapter 1 of [FS06]).

In view of (7), we see that 𝑢(𝑥, 0) = 𝑔(𝑥). Therefore, 𝑢
is a candidate for a solution of the initial value problem

{
𝜕𝑡𝑢 +

1
2
(𝜕𝑥𝑢)2 + 𝑉(𝑥) = 0 in ℝ × (0,∞),

𝑢(𝑥, 0) = 𝑔(𝑥).
(11)

Alternatively, if 𝑤 is a continuously differentiable solution
of this initial value problem and 𝜁 ∶ [0, 𝑡] → ℝ is a path
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with 𝜁(𝑡) = 𝑥, then
𝑤(𝑥, 𝑡)
= 𝑤(𝜁(𝑡), 𝑡)

= 𝑤(𝜁(0), 0) +∫
𝑡

0

𝑑
𝑑𝑠𝑤(𝜁(𝑠), 𝑠)𝑑𝑠

= 𝑔(𝜁(0))

+∫
𝑡

0
(𝜕𝑡𝑤(𝜁(𝑠), 𝑠) + 𝜕𝑥𝑤(𝜁(𝑠), 𝑠) ̇𝜁(𝑠))𝑑𝑠

≤ 𝑔(𝜁(0))

+∫
𝑡

0
(𝜕𝑡𝑤(𝜁(𝑠), 𝑠) +

1
2𝜕𝑥𝑤(𝜁(𝑠), 𝑠)

2 + 1
2

̇𝜁(𝑠)2) 𝑑𝑠

= 𝑔(𝜁(0)) +∫
𝑡

0
(12

̇𝜁(𝑠)2 − 𝑉(𝜁(𝑠))) 𝑑𝑠.

Here we used the elementary inequality 𝑎𝑏 ≤ 1
2
(𝑎2 + 𝑏2).

As 𝜁 was arbitrary,

𝑤(𝑥, 𝑡) ≤ 𝑢(𝑥, 𝑡).
The computation above also shows that if an admissible
path 𝛾 satisfies ̇𝛾(𝑠) = 𝜕𝑥𝑤(𝛾(𝑠), 𝑠) for 𝑠 ∈ (0, 𝑡), then
𝑤(𝑥, 𝑡) = 𝑢(𝑥, 𝑡). It follows that (10) is a necessary and suf-
ficient condition for optimality when 𝑢 is a continuously
differentiable solution of the initial value problem (11). In
particular, if we know the value function, we can attempt
to design an action-minimizing path in (7) by solving (10)
subject to the endpoint constraint 𝛾(𝑡) = 𝑥.
3.3. Viscosity solutions. A question we have not ad-
dressed is: does 𝑢 actually solve the initial value problem
(11)? It turns out that the value function may not be every-
where differentiable even when 𝑔 and 𝑉 are continuously
differentiable. For example, if 𝑉 ≡ 0 and

𝑔(𝑥) = {
− 1
2
𝑥2, |𝑥| < 1,

1
2
− |𝑥|, |𝑥| ≥ 1,

(12)

then the corresponding value function

𝑢(𝑥, 𝑡) = {
− 1
2(1−𝑡)

𝑥2, |𝑥| < 1 − 𝑡,
1−𝑡
2
− |𝑥|, |𝑥| ≥ 1 − 𝑡,

is not differentiable at any point of the form (0, 𝑡) for 𝑡 ≥ 1.
Therefore, we cannot completely rely on our previous com-
putations. However, it was noted by Crandall and Lions
[CL83] that

𝜕𝑡𝜑(𝑥0, 𝑡0) +
1
2(𝜕𝑥𝜑(𝑥0, 𝑡0))

2 + 𝑉(𝑥0) ≤ 0, (13)

whenever 𝜑 ∶ ℝ × (0,∞) → ℝ is smooth and 𝑢 − 𝜑 has a
local maximum at (𝑥0, 𝑡0) in ℝ × (0,∞) and that

𝜕𝑡𝜑(𝑥0, 𝑡0) +
1
2(𝜕𝑥𝜑(𝑥0, 𝑡0))

2 + 𝑉(𝑥0) ≥ 0,
if instead 𝑢 − 𝜑 has a local minimum at (𝑥0, 𝑡0).

y

y = u(x, 1/2)

y = u(x, 1)y = u(x, 3/2)

y = u(x, 0)

Figure 7. Profiles 𝑦 = 𝑢(𝑥, 𝑡) of the value function
corresponding to 𝑉 ≡ 0 and 𝑔 defined in (12) for 𝑡 = 0, 1/2, 1,
and 3/2. For this example, the graph 𝑦 = 𝑢(𝑥, 𝑡) is continuously
differentiable for each 0 ≤ 𝑡 < 1 but not differentiable at 𝑥 = 0
for 𝑡 ≥ 1. This example illustrates that the value function may
not be differentiable even if 𝑔 and 𝑉 are.

(x0, t0)

u

ϕ

Figure 8. The value function 𝑢 being touched by a smooth
function 𝜑 from above at a point (𝑥0, 𝑡0). Note in particular,
that 𝑢 may not be differentiable at (𝑥0, 𝑡0). Nevertheless, the
inequality 𝜕𝑡𝜑(𝑥0, 𝑡0) +

1
2
(𝜕𝑥𝜑(𝑥0, 𝑡0))2 + 𝑉(𝑥0) ≤ 0 holds.

That is to say, if 𝑢 can be touched from above or be-
low by a smooth function 𝜑 at the point (𝑥0, 𝑡0), then an
inequality related to the Hamilton-Jacobi equation must
hold. It is also the case that if 𝑢 happens to be differen-
tiable at (𝑥0, 𝑡0), then it satisfies the Hamilton-Jacobi equa-
tion at (𝑥0, 𝑡0). Consequently, this notion of solution ex-
tends the “classical” notion of what it means for a func-
tion to be a solution. Any function satisfying both of these
touching conditions is called a viscosity solution for reasons
we’ll get to shortly.

We also mention that viscosity solutions as defined by
Crandall and Lions was preceded by virtually the same no-
tion Evans used to show existence of solutions to various
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(x0, t0)

u

ϕ

Figure 9. The value function 𝑢 being touched by a smooth
function 𝜑 from below at a point (𝑥0, 𝑡0). As 𝑢 is a viscosity
solution of the Hamilton-Jacobi equation (3) (with 𝑚 = 1), the
inequality 𝜕𝑡𝜑(𝑥0, 𝑡0) +

1
2
(𝜕𝑥𝜑(𝑥0, 𝑡0))2 + 𝑉(𝑥0) ≥ 0 must hold.

equations including Hamilton-Jacobi equations [Eva80].
The major contribution of Crandall and Lions was that
they verified this notion yields uniqueness of solutions
which are given by the very formula used to derive the
Hamilton-Jacobi equation. Moreover, viscosity solutions
have been used to properly interpret solutions of many
other nonlinear PDEs which admit some sort of “compar-
ison principle” [CIL92].

Both Crandall and Lions [CL83] and Evans [Eva80] cite
the vanishing viscosity method as the reason why they ar-
rived at viscosity solutions. This amounts to considering
the initial value problem

{𝜕𝑡𝑢
𝜖 + 1

2(𝜕𝑥𝑢
𝜖)2 + 𝑉(𝑥) = 𝜖𝜕2𝑥𝑢𝜖 in ℝ × (0,∞),

𝑢𝜖(𝑥, 0) = 𝑔(𝑥)
(14)

for an “artificial viscosity” 𝜖 > 0. The expectation is that 𝑢𝜖
is smooth in ℝ × (0,∞) and that

𝑢𝜖 → 𝑢
uniformly on bounded subsets of ℝ × [0,∞). In this case,
if 𝑢−𝜑 has a strict local maximum at (𝑥0, 𝑡0) ∈ ℝ× (0,∞),
then a simple analysis can be used to show that there is a
sequence of 𝜖 tending to 0 and local maximization points
(𝑥𝜖, 𝑡𝜖) for 𝑢𝜖−𝜑 such that (𝑥𝜖, 𝑡𝜖) → (𝑥0, 𝑡0). Consequently,

⎧⎪⎪
⎨
⎪⎪
⎩

𝜕𝑡𝑢𝜖(𝑥𝜖, 𝑡𝜖) = 𝜕𝑡𝜑(𝑥𝜖, 𝑡𝜖),

𝜕𝑥𝑢𝜖(𝑥𝜖, 𝑡𝜖) = 𝜕𝑥𝜑(𝑥𝜖, 𝑡𝜖),

𝜕2𝑥𝑢𝜖(𝑥𝜖, 𝑡𝜖) ≤ 𝜕2𝑥𝜑(𝑥𝜖, 𝑡𝜖),
and in view of (14),

𝜕𝑡𝜑(𝑥𝜖, 𝑡𝜖) +
1
2(𝜕𝑥𝜑(𝑥𝜖, 𝑡𝜖))

2 + 𝑉(𝑥𝜖) ≤ 𝜖𝜕2𝑥𝜑(𝑥𝜖, 𝑡𝜖).
Sending 𝜖 → 0 leads to (13).

m1

τ

Figure 10. Sticky particle trajectories 𝛾1, … , 𝛾6 determined by
(15) when there are no collisions and by the physics of
perfectly inelastic collisions otherwise. Right after the
collision between particles 3, 4, and 5 at time 𝜏, the slope of 𝛾5
satisfies (𝑚3+𝑚4+𝑚5) ̇𝛾5(𝜏+) = 𝑚3 ̇𝛾3(𝜏−)+𝑚4 ̇𝛾4(𝜏−)+𝑚5 ̇𝛾5(𝜏−).

4. Interacting Particles
Hamilton-Jacobi equations also arise in the study of in-
teracting particles. We will explore one such connection
by considering 𝑁 particles labeled 1, … , 𝑁 with respective
masses𝑚1, … ,𝑚𝑁 which move along the real line. We will
assume that these point masses interact pairwise and un-
dergo perfectly inelastic collisions when they collide. As
the particles will stick together upon collision, we will call
them a collection of sticky particles.

Let us denote 𝛾1, … , 𝛾𝑁 as the coordinates of the respec-
tive particles and suppose that the pairwise interaction is
governed by a symmetric potential function Φ. Specifi-
cally, we will presume that the force exerted on particle
𝑖 by particle 𝑗 is equal to

−𝑚𝑖𝑚𝑗Φ′(𝛾𝑖 − 𝛾𝑗).

As a result, the trajectories satisfy the Newton system

𝑚𝑖 ̈𝛾𝑖(𝑠) = −∑
𝑗≠𝑖

𝑚𝑖𝑚𝑗Φ′(𝛾𝑖(𝑠) − 𝛾𝑗(𝑠)) (15)

(𝑖 = 1, … , 𝑁) for times 𝑠 in between collisions.
Upon collision, particles stick together, so their corre-

sponding paths coincide thereafter. The slopes of these
trajectories are also determined by the physics of perfectly
inelastic collisions. For example, suppose that the parti-
cles with respective masses𝑚1, … ,𝑚𝑘 collide at time 𝜏. The
resulting particle has mass 𝑚1 +⋯+𝑚𝑘, and its instanta-
neous velocity 𝑣 satisfies

𝑚1 ̇𝛾1(𝜏−) +⋯+𝑚𝑘 ̇𝛾𝑘(𝜏−) = (𝑚1 +⋯+𝑚𝑘)𝑣.

That is, 𝑣 is the mass average of the colliding particles’ ve-
locities just prior to the collision. Observe that mass and
momentum are conserved through the collision.
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4.1. Pressureless-Euler equations. The sticky particle tra-
jectories described above can be used to design a solution
of the pressureless-Euler equations

{ 𝜕𝑠𝜌 + 𝜕𝑥(𝜌𝑣) = 0,
𝜕𝑠(𝜌𝑣) + 𝜕𝑥(𝜌𝑣2) = −𝜌(Φ′ ∗ 𝜌)

(16)

inℝ×(0,∞) [Hyn20,BGSW13]. Here 𝜌 represents themass
density of the particles and 𝑣 is the corresponding local ve-
locity function. In general, this PDE system describes an
evolving mass distribution in which particles interact pair-
wise according to potentialΦ and undergo perfectly inelas-
tic collisions when they collide. It reduces to sticky parti-
cle dynamics in the special case of finitely many evolving
point masses.

As the pressureless-Euler equations (16) are related to
the Newton system (15), it is natural to seek a least action
principle as discussed in the introduction. To this end, we
will restrict attention to solutions which have finite mass.
Since we expect that the total mass is conserved along the
flow, we may normalize it to unity. This basic observation
leads us to consider the space 𝒫2(ℝ) of Borel probability
measures 𝜇 on ℝ with finite second moment

∫
ℝ
𝑥2𝑑𝜇(𝑥) < ∞.

We recall that 𝒫2(ℝ) is a complete metric space when
endowed with the Wasserstein distance

𝑊2(𝜇, 𝜈) = min
𝜋

(∬
ℝ2
(𝑥 − 𝑦)2𝑑𝜋(𝑥, 𝑦))

1/2
.

Here the minimum is taken over Borel probability mea-
sures 𝜋 on ℝ2 whose first and second marginals are 𝜇 and
𝜈, respectively. At each 𝜇, 𝒫2(ℝ) also has a tangent space
Tan𝜇𝒫2(ℝ) consisting of all 𝑣 ∈ 𝐿2(𝜇) such that

∫
ℝ
𝑣(𝑥)2𝑑𝜇(𝑥) ≤ ∫

ℝ
𝑤(𝑥)2𝑑𝜇(𝑥)

whenever 𝑤 ∈ 𝐿2(𝜇) and

∫
ℝ
𝜙′(𝑥)𝑣(𝑥)𝑑𝜇(𝑥) = ∫

ℝ
𝜙′(𝑥)𝑤(𝑥)𝑑𝜇(𝑥)

for each smooth 𝜙 ∶ ℝ → ℝ which vanishes outside of a
bounded interval. We will see below why it makes sense
to identify this tangent space.

The action integral associated with the pressureless-
Euler equations is

𝒜𝑡(𝜎) ∶= ∫
𝑡

0
{∫

ℝ

1
2𝑤(𝑥, 𝑠)

2𝑑𝜎𝑠(𝑥)

−12∬ℝ2
Φ(𝑥 − 𝑦)𝑑𝜎𝑠(𝑥)𝑑𝜎𝑠(𝑦)} 𝑑𝑠.

Here 𝜎 ∶ [0, 𝑡] → 𝒫2(ℝ); 𝑠 ↦ 𝜎𝑠 is a path and 𝑤 ∶
ℝ × [0, 𝑡] → ℝ is a Borel function such that the continu-
ity equation

𝜕𝑠𝜎 + 𝜕𝑥(𝜎𝑤) = 0
holds onℝ×(0, 𝑡). For a given 𝜎, there can be many𝑤 such
that the above continuity equation holds. Among these,
there is a unique “tangent” velocity function 𝑤 with

𝑤(⋅, 𝑠) ∈ Tan𝜍𝑠𝒫2(ℝ)
and that has the smallest kinetic energy

1
2 ∫ℝ

𝑤(𝑥, 𝑠)2𝑑𝜎𝑠(𝑥)

for almost every 𝑠 ∈ [0, 𝑡] (section 8.3 of [AGS05]). As a
result, we always will associate this 𝑤 to 𝜎 in the definition
of 𝒜𝑡(𝜎).

It can be shown that if 𝜌 ∶ [0, 𝑡] → 𝒫2(ℝ) is a path such
that

𝒜𝑡(𝜌) ≤ 𝒜𝑡(𝜎)
for all paths 𝜎 ∶ [0, 𝑡] → 𝒫2(ℝ) with 𝜎𝑡 = 𝜇, then 𝜌
and its tangent velocity function 𝑣 form a solution pair
of the pressureless-Euler equations in ℝ × (0, 𝑡) (Theorem
3.9 of [GNT08]). That is, a least action principle for the
pressureless-Euler equations does indeed hold.
4.2. Hamilton-Jacobi equation in the space of proba-
bility measures. It is also natural to study the associated
value function

𝒰(𝜇, 𝑡) ∶= min{𝒢(𝜎0) + 𝒜𝑡(𝜎) ∶ 𝜎𝑡 = 𝜇}
for a given 𝜇 ∈ 𝒫2(ℝ), time 𝑡 ≥ 0, and function 𝒢 ∶
𝒫2(ℝ) → ℝ. Under reasonable assumptions on 𝒢 and Φ,
𝒰 satisfies a dynamic programming principle and is a type
of viscosity solution of the abstract Hamilton-Jacobi equa-
tion

0 = 𝜕𝑡𝒰(𝜇, 𝑡) +
1
2 ∫ℝ

𝜕𝜇𝒰(𝜇, 𝑡)2𝑑𝜇

+ 1
2∬ℝ2

Φ(𝑥 − 𝑦)𝑑𝜇(𝑥)𝑑𝜇(𝑦)
(17)

for (𝜇, 𝑡) ∈ 𝒫2(ℝ) × (0,∞) [GNT08, HK15]. Moreover, 𝒰
satisfies the initial condition

𝒰(𝜇, 0) = 𝒢(𝜇).
We say that 𝒱 is differentiable at 𝜇 if there is 𝜉 ∈

Tan𝜇𝒫2(ℝ) with the property that for each 𝜖 there is 𝛿 such
that if 𝑊2(𝜇, 𝜈) < 𝛿, then

|||𝒱(𝜈) − 𝒱(𝜇) −∬
ℝ2
𝜉(𝑥)(𝑦 − 𝑥)𝑑𝜋(𝑥, 𝑦)|||

𝑊2(𝜇, 𝜈)
< 𝜖

for all optimal 𝜋 for𝑊2(𝜇, 𝜈). In this case, it is not hard to
check that

𝜉 = 𝜕𝜇𝑉(𝜇)
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is uniquely determined as an 𝐿2(𝜇) function. The value
function 𝒰 is a type of viscosity solution of (17) which is
based on this notion of differentiability. And if𝒰 happens
to be differentiable, we can attempt to build an action-
minimizing trajectory 𝜌 for 𝒰(𝜇, 𝑡) by solving

𝜕𝑠𝜌 + 𝜕𝑥(𝜌𝑣) = 0

on ℝ×(0, 𝑡) subject to the endpoint constraint 𝜌𝑡 = 𝜇with

𝑣(⋅, 𝑠) = 𝜕𝜇𝒰(𝜌𝑠, 𝑠)

for 0 ≤ 𝑠 ≤ 𝑡. This would be the analog of condition (10).
Understanding solutions of the Hamilton-Jacobi equa-

tion (17) and its variants from an intrinsic point of view
is currently an active area of research with much room for
growth.

5. Game Theory
PDEs also play an important role in the theory of differen-
tial games [Isa65]. In this section, we will focus on nonco-
operative, differential games as they involve an interesting
system of Hamilton-Jacobi equations. To this end, we con-
sider𝑁 players labeled 𝑖 = 1, … , 𝑁, and for themoment, we
fix a time 𝑡 ∈ [0, 𝑇] and an 𝑁-tuple 𝑥 = (𝑥1, … , 𝑥𝑁) ∈ ℝ𝑁 .

We will assume that player 𝑖 has the cost functional

𝒥𝑖𝑡(𝜁) ∶= ∫
𝑇

𝑡

1
2

̇𝜁𝑖(𝑠)2𝑑𝑠 + 𝑔𝑖(𝜁(𝑇))

for 𝑖 = 1, … , 𝑁. Here
1
2
̇𝜁𝑖(𝑠)2 is player 𝑖’s running cost per

unit time and 𝑔𝑖 ∶ ℝ𝑁 → ℝ is player 𝑖’s terminal cost func-
tion. This player’s goal is to select a strategy 𝜁𝑖 ∶ [𝑡, 𝑇] → ℝ
with 𝜁𝑖(𝑡) = 𝑥𝑖 to make her cost as small as possible. We
have also written

𝜁 ∶= (𝜁1, … , 𝜁𝑁)

as the 𝑁-tuple of strategies of all 𝑁 players.
Notice that the 𝑖th player’s cost functional depends on

her own strategy 𝜁𝑖 and the strategies

𝜁1, … , 𝜁𝑖−1, 𝜁𝑖+1, … , 𝜁𝑁

of the other players. As in the theory pioneered by Nash,
we can try to find an 𝑁-tuple of paths 𝛾 = (𝛾1, … , 𝛾𝑁) such
that

𝒥𝑖𝑡(𝛾) ≤ 𝒥𝑖𝑡(𝜁𝑖; 𝛾−𝑖)
for 𝑖 = 1, … , 𝑁. Here

(𝜁𝑖; 𝛾−𝑖) ∶= (𝛾1, … , 𝛾𝑖−1, 𝜁𝑖, 𝛾𝑖+1, … , 𝛾𝑁).

Such an𝑁-tuple is called aNash equilibrium. Note in partic-
ular, that if the 𝑖th player unilaterally changes her strategy
from 𝛾𝑖, her cost can only increase.

T

x1

x2

x3

x4

x5 ζ5

ζ3
ζ4

ζ2

ζ1

Figure 11. A collection of strategies 𝜁 = (𝜁1, … , 𝜁5) for a 5-player,
noncooperative differential game on the horizon [𝑡, 𝑇]. The 𝑖th
player assumes a strategy 𝜁𝑖 ∶ [𝑡, 𝑇] → ℝ with 𝜁𝑖(𝑡) = 𝑥𝑖 in an
attempt to reduce her individual cost 𝒥𝑖(𝜁).

5.1. Nash system. It turns out that a closely related equi-
librium concept is associated with a system of PDEs much
in the same way that minimizing the action 𝒮𝑡 (2) is con-
nected to the Hamilton-Jacobi equation (3). The Nash sys-
tem is given by

−𝜕𝑡𝑢𝑖 +
1
2(𝜕𝑥𝑖𝑢𝑖)

2 +∑
𝑗≠𝑖

𝜕𝑥𝑗𝑢𝑗𝜕𝑥𝑗𝑢𝑖 = 0

for 𝑖 = 1, … , 𝑁, and it holds in ℝ𝑁 × (0, 𝑇). The unknowns
are 𝑁 functions

𝑢1, … , 𝑢𝑁 ∶ ℝ𝑁 × (0, 𝑇] → ℝ.
It is of interest to deduce whether or not a solution exists
for given terminal conditions. Of course, a resolution will
depend on what type of solution is being discussed.

Let us again fix a time 𝑡 ∈ [0, 𝑇] and 𝑥 ∈ ℝ𝑁 and for
the moment suppose that there is a continuously differen-
tiable solution set 𝑢1, … , 𝑢𝑁 which satisfies

𝑢𝑖(𝑦, 𝑇) = 𝑔𝑖(𝑦)
for 𝑖 = 1, … , 𝑁 and 𝑦 ∈ ℝ𝑁 . If in addition we can solve the
differential equations

{ ̇𝛾𝑖(𝑠) = −𝜕𝑥𝑖𝑢𝑖(𝛾(𝑠), 𝑠), 𝑠 ∈ (𝑡, 𝑇),
𝛾𝑖(𝑡) = 𝑥𝑖

(18)

for 𝑖 = 1, … , 𝑁, then 𝛾 = (𝛾1, … , 𝛾𝑁) is what is known as a
feedback Nash equilibrium. That is, it satisfies

𝒥𝑖𝑡(𝛾) ≤ 𝒥𝑖𝑡(𝜁𝑖; ̂𝛾−𝑖) (19)

for 𝑖 = 1, … , 𝑁 and any 𝑁-tuple 𝜁 = (𝜁1, … , 𝜁𝑁) with 𝜁(𝑡) =
𝑥. In this case,

𝑢𝑖(𝑥, 𝑡) = 𝒥𝑖𝑡(𝛾)
for 𝑖 = 1, … , 𝑁.
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Of course, we need to specify ̂𝛾−𝑖 in (19). For a given
𝑖 ∈ {1, … , 𝑁} and 𝜁𝑖 ∶ [𝑡, 𝑇] → ℝ,

̂𝛾−𝑖 ∶ [𝑡, 𝑇] → ℝ𝑁−1

is a path such that

{
̇̂𝛾𝑗(𝑠) = −𝜕𝑥𝑗𝑢𝑗(𝜁𝑖(𝑠); ̂𝛾−𝑖(𝑠), 𝑠), 𝑠 ∈ (𝑡, 𝑇),
̂𝛾𝑗(𝑡) = 𝑥𝑗

for all 𝑗 ≠ 𝑖. Consequently, we can interpret a feedback
Nash equilibrium 𝛾 as an 𝑁-tuple of strategies with the
property that if the 𝑖th coordinate function of the map

(𝑥, 𝑡) ↦ (−𝜕𝑥1𝑢1(𝑥, 𝑡), … , −𝜕𝑥𝑁𝑢𝑁(𝑥, 𝑡))

which drives the system of differential equations (18) is
changed, the cost of the 𝑖th player cannot decrease.

We acknowledge that this discussion is purely heuristic.
The existence of solutions to the Nash system for given ter-
minal values has yet to be established; unfortunately, we
do not know of an analog of viscosity solutions for this
system of equations. In particular, there is no known way
to interpret the cost functionals 𝒥1𝑡 , … , 𝒥𝑁𝑡 , evaluated along
appropriate feedback Nash equilibria, as a solution of the
Nash system.
5.2. The master equation. Something interesting occurs
if our noncooperative differential game has many players
and a certain symmetry. For illustrative purposes, we’ll as-
sume there is 𝒢 ∶ ℝ × 𝒫2(ℝ) → ℝ such that

𝑔𝑖(𝑥) = 𝒢(𝑥𝑖, 𝜌𝑖𝑁)

for 𝑖 = 1, … , 𝑁. We have written

𝜌𝑖𝑁 = 1
𝑁 − 1 ∑𝑗≠𝑖

𝛿𝑥𝑗

for the empirical distribution of all players except player 𝑖.
As 𝑁 → ∞, Lions established the approximation

𝑢𝑖(𝑥, 𝑡) ≈ 𝒰(𝑥𝑖, 𝜌𝑖𝑁 , 𝑡)

when various assumptions aremade (section 7 of [Car12]).
Here 𝒰 solves the master equation

0 = −𝜕𝑡𝒰(𝑥, 𝜇, 𝑡) +
1
2(𝜕𝑥𝒰(𝑥, 𝜇, 𝑡))

2

+∫
ℝ
𝜕𝑥𝒰(𝑦, 𝜇, 𝑡) [𝜕𝜇𝒰(𝑥, 𝜇, 𝑡)] (𝑦)𝑑𝜇(𝑦)

(20)

in ℝ × 𝒫2(ℝ) × (0, 𝑇) and satisfies the terminal condition

𝒰(𝑥, 𝜇, 𝑇) = 𝒢(𝑥, 𝜇). (21)

This formal computation has been made rigorous for re-
lated models in a multidimensional setting [CDLL19]
(with appropriate second derivative terms and with a com-
pact underlying space). The theory for these limits is called
mean field games [LL07].

The connection between the master equation and game
theory is as follows. Fix 𝑥 ∈ ℝ, 𝑡 ≥ 0, and 𝜇 ∈ 𝒫2(ℝ) and
set

ℐ𝑡(𝜉, 𝜎) ∶= ∫
𝑇

𝑡

1
2

̇𝜉(𝑠)2𝑑𝑠 + 𝒢(𝜉(𝑇), 𝜎𝑇).

Here 𝜉 ∶ [𝑡, 𝑇] → ℝ is a path with 𝜉(𝑡) = 𝑥, and 𝜎 ∶
[𝑡, 𝑇] → 𝒫2(ℝ) is a path with 𝜎𝑡 = 𝜇. The functional ℐ𝑡
represents the cost of a single, representative player assum-
ing a strategy 𝜉 on the interval [𝑡, 𝑇] while observing the
distribution 𝜎 of all other players.

Let us suppose that 𝒰 is a differentiable solution of the
master equation (20) which satisfies the terminal condi-
tion (21). If (𝛾, 𝜌) is a pair such that

⎧⎪⎪
⎨
⎪⎪
⎩

𝜕𝑠𝜌 − 𝜕𝑥(𝜌𝜕𝑥𝒰(⋅, 𝜌, 𝑠)) = 0 in ℝ × (𝑡, 𝑇),

̇𝛾(𝑠) = −𝜕𝑥𝒰(𝛾(𝑠), 𝜌𝑠, 𝑠), 𝑠 ∈ (𝑡, 𝑇),

𝛾(𝑡) = 𝑥, 𝜌𝑡 = 𝜇,

then

ℐ𝑡(𝛾, 𝜌) ≤ ℐ𝑡(𝜉, 𝜌)
for any path 𝜉 ∶ [𝑡, 𝑇] → ℝ with 𝜉(𝑡) = 𝑥. Moreover,

𝒰(𝑥, 𝜇, 𝑡) = ℐ𝑡(𝛾, 𝜌).

We call such a pair (𝛾, 𝜌) a mean field game equilibrium. In
particular, solutions of the master equation give us an ap-
proach to designing these equilibria.

Mean field games is presently a topic of great interest.
We also emphasize that we have only discussed one type
of mean field game problem. Optimistically, we anticipate
that there is still a lot to be done in terms of understanding
master equations in the various game-theoretic settings in
which they arise.

6. A Closing Remark
What we’ve discussed about Hamilton-Jacobi equations
is just a glimpse. We didn’t discuss Hamilton-Jacobi-
Bellman equations in stochastic optimal control, the the-
ory of scalar conservation laws, homogenization, weak
KAM theory, nonconvex Hamilton-Jacobi equations, nu-
merical methods, nor applications to machine learning.
Nevertheless, our wish is that this note illustrates some of
the breadth and beauty of this subject. In particular, we
hope that the ideas we have discussed continue to develop
and bring new understanding to the research frontiers
we mentioned and the many others involving Hamilton-
Jacobi equations.
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Data Acumen in Action

Sallie Ann Keller and Stephanie Shipp
1. The Need for Data Acumen
Advances in information technology, computation, ap-
plied mathematics, and statistics make it possible to ac-
cess, integrate, and analyze massive amounts of data to
support a wide range of applications. Open source soft-
ware platforms, tools, and libraries have democratized ac-
cess to many different types of data making the repurpos-
ing of data frommultiple sources common practice. While
these advances help solve numerous complex problems,
they also greatly increase the need for data acumen and
sensitivity to ethical challenges in using and integrating
data.

This article discusses the necessity for data acumen and
data science ethics and describes the fundamentals neces-
sary to apply these skills to real-world problems. Whereas
the examples and case study used to demonstrate the con-
cepts are public-good problems at the intersection of data
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science and the social and behavioral sciences, they are
generalizable to other disciplines, including engineering
and physical and life sciences.

The desire to apply data to solving societal problems
is not new, though modern technology has brought new
challenges. As data have becomemore available and preva-
lent in the general public, many terms have evolved to de-
scribe a broad understanding of the role for data, analyses,
and statistics in a modern democratic society. One popu-
lar term, data literacy, moved from a focus on the ability
to collect, store, retrieve, and view data to a concern about
the ability to comprehend and apply data in the required
context. Additional terms have come into use including
quantitative literacy, statistical literacy, statistical thinking,
and numeracy [Sch03,PR11].

Historically, these literacy terms have focused on the
ability to do and understand statistics, with an empha-
sis on basic quantitative reasoning. In the 1990s to early
2000s, data literacy (and related terms) meant knowledge
and understanding sufficient to lead, use, and inform
decision-making. These early insights foreshadow data
acumen, noting that quantitative literacy “empowers peo-
ple by giving them tools to think for themselves, to ask
intelligent questions of experts, and to confront authority
confidently” [Ste99, p. 2] and that “statistical thinking is
essential for anyone who wants to be an informed citizen,
intelligent consumer, or skilled worker” [Sch03, p. 146].
We subsume all of these terms under the rubric of data
science. As data science took hold over the next decades,
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the definition and terminology has matured to mean the
collection of abilities to do data science and the central
role of data science ethics.

The need for additional thinking around data liter-
acy stems for the emergence of data science. Borrowing
from statistics, operations research, and computer science
[Ros16], we describe data science as learning from data
in the context of problems. Bringing data to bear on real
problems is the genius of this new transdisciplinary field—
without the presence of a problem, there is no need for the
application of data, hence no data science. Problem solu-
tions require carefully framed questions, and a rigorous,
replicable, and repeatable process to scientifically address
the problems. This must include clear dissemination of re-
sults, the choices made in the development of the data sci-
ence methods applied, ethical reviews, and an assessment
of how well the solution works in real life. This is the data
science life-cycle process [Win19,KSSK20].

This rich-problem focus of data science lends itself to a
modern expression of literacy called data acumen [oS18].
Data acumen is the “ability to make good judgements about
the use of data to support problem solutions” [KSSK20].
Data acumen focuses on the need for understanding the
data, tools, and problem solutions tomake good decisions
using data. Data acumen ranges from basic data literacy to
acquiring quantitative and computational skills for doing
data science. Three types of data acumen are subsumed un-
der the concept, although data acumen is, in fact, a contin-
uum of understanding ranging from sufficient knowledge
to ask the right questions and understand the answers to
deep knowledge and experience addressing data science
problems [Gar19]. In fact, a person might be a subject
matter expert, a data scientist, or at times a consumer. Dif-
ferent levels of data acumen span the type of expertise and
use of data science, whichmay vary depending on the ques-
tion being asked. These roles include:

• Subject matter or domain experts trained in a spe-
cific field, e.g., public health, engineering, or polit-
ical science, who also have a range of training in
data analytics capabilities. These individuals are
able to advise on the subject area nuances of the
problems, placing them in the proper context.

• Data scientists trained in quantitative sciences to
include statistics, computer science, quantitative
social sciences, operations research, and applied
mathematics. These individuals have acquired the
collection of skills giving them the abilities to do
data science, often each with their own specialties.

• Consumers, stakeholders, or the recipients of the
data science applications to support decisions, in-
clude people such as policymakers, community
leaders, company managers, organizational ad-
ministrators, and ordinary citizens. These people
need to translate the results into actions.

Across all levels, applying data acumen involves asking
a series of questions about the situation and process. These
questions include:

• What is the problem? What are the questions?
• What kinds of decisions need to be made?
• What data are available or may need to be col-

lected? Why should the data be trusted?
• What types of analyses are needed to inform the

decisions?
• What are the ethical considerations?
• What part of the data science life-cycle process is

being discussed?

Rarely will one person be able to provide the best an-
swers to each of these questions. This is consistent with the
notion that data science is a team activity. Most situations
of significant impact require some cooperation and collab-
oration among individuals with differing types of exper-
tise and levels of data acumen. That cooperation is likely
to work most efficiently and effectively if all parties have
some fundamental knowledge of data acumen—some un-
derstanding of what data are, the kinds of decisions neces-
sary to be made, and the analytical frameworks to reach
some set of reasonable solutions. Examples and a case
study below help to explain these ideas.
1.1. Fundamentals of data acumen. To accomplish the
goals of data acumen some fundamental elements must
be present. Data acumen requires an understanding of (1)
data, (2) the kinds of decisions to be made, and (3) the
analytical methods to inform the different kinds of deci-
sions.

1.1.1. Data. To apply data acumen, one must have a
clear understanding of what constitutes data andwhat data
are relevant. “Data are any facts assumed to be a matter of
direct observation” [Dat95]. Thus, data derive from three
components—observations, problems and questions, and
measurement. Humans have been making observations
since they came into existence. When we desire to use ob-
servations to support problem solutions, we observe with
intent. To use these observations in a meaningful way re-
quires that the problems are translated into concrete re-
search questions and observations sought that relate to the
questions. Measurement is needed to create facts from ob-
servation and thus create data [KSSK20].

Over time, the tools to ask questions, observe, measure,
and record to create data have become increasingly sophis-
ticated.

With all the information that can be observed today and
translated into data, the question of relevance becomes
critical. More data makes the solution more effective only
if the data are relevant. The primary determinant of rele-
vance is whether the data address the decision situation
and decision requirements. Determination of relevance
can be achieved by answering the data acumen questions

OCTOBER 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1469



Figure 1. Information flow for Arlington County, Virginia, Fire Department.

above. Relevance is a key part of our data science life-
cycle process (described below). Our data discovery pro-
cess identifies and screens for relevance all possible data
sources (i.e., survey, designed experiments, opportunity
(e.g., social media), and procedural data) that might be
used to address the problem being addressed [KSSK20].
Only after such screening can data gaps be identified and
new data collection developed, if needed.

Example (Creating data for Arlington County, Virginia,
Fire Department). The Fire Chief in Arlington, Virginia,
wanted to gain better situational awareness on how well
the Fire/Emergency Management Service (EMS) was serv-
ing the residents, particularly the vulnerable populations.
The county had silos of fire/EMS operational systems
where information flowed during the course of an incident
to manage the deployment of resources and respond to
state and national reporting as shown in Figure 1. The sys-
tems were not designed with unique identifiers to connect
the information across the systems for the incidents.

To turn this information into data required statistically
linking across these systems and recreating the incidents
over time and geographic locations. To make these data
useful for addressing issues associated with vulnerable
populations, more information was needed. We linked
the data by matching on time, date, and location of in-
cident and integrated American Community Survey so-
cioeconomic data to describe Arlington neighborhoods
and social media data to provide context (see Figure 1)
[KLS17,KSK+18]. By linking these data, the Fire Chief had
a corpus of data to answer these questions as well as oth-
ers about types of incidents by season, when special events
occurred, and by neighborhood.

1.1.2. Decision requirements. The next fundamental of
data acumen is an understanding of the decision(s) that
must be made. To develop good and relevant data, we
must understand the context of the situation and the kinds
of decisions. Decision-making involves three kinds of
decisions [oNI19]:

• Strategic decision-making informs and enriches
understanding of problems and issues to plan for
future operations. It involves developing an un-
derstanding of the context, knowledge, and in-
telligence to support planning. The steps to de-
velop a strategic plan include identifying future ca-
pabilities, activities, and expectations for change
and evaluating it against the current capabilities
to identity gaps.

• Anticipatory decision-making is used to detect,
identify, and plan for emerging issues and dis-
continuities. It involves collecting and analyzing
information to identify emerging trends, chang-
ing conditions, and unexpected consequences of
these trends and changes. The process is to ques-
tion assumptions and advance new perspectives
from many disciplines, as well as identify new op-
portunities and risks.

• Tactical decision-making supports ongoing ac-
tions and current operations.

Underlying these kinds of decision-making is cultivat-
ing the acumen to ask questions to gain clarity and at the
same time accept uncertainty as the norm.

Example (Decision-making for Arlington County, Vir-
ginia, Fire Department). Continuing with the above exam-
ple, the Fire Chief in Arlington, Virginia, also wanted to
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use Fire/Emergency Management Service (EMS) data for
both strategic and anticipatory decision-making concern-
ing resource utilization. As shown in Figure 1, and col-
laborating with the Fire Chief and his staff, we identified
a corpus of information that could be used to strategically
support future force and resource development and at the
same time better anticipate to plan the weekly allocation
of resources across the county. Once linked, the data pro-
vided valuable insights for unit utilization as shown in Fig-
ure 2. The Fire Chief’s focus was to ensure that the limited
number of medical units were in the right place at the right
time [KLS17].

Figure 2. Time on call. The chart illustrates the linked data
from Figure 1 for the distributions of minutes on call (in log
base 10 scale) for fire (gold), medical (blue), and other (green).
Medical units are out longer on call and require increased
anticipatory planning to ensure they are located where
needed.

1.1.3. Taxonomy of analyses. Data acumen requires un-
derstanding the types of analyses being applied to support
the different kinds of decisions described above. We find
it useful to think about five types of analysis—descriptive;
explanatory; predictive; modeling, simulation, and anal-
ysis (MS&A); and prescriptive analysis. These definitions
are described below and the relationship among each of
them is presented in Figure 3 [oS17].

Descriptive analytics refers to the various ways to ex-
plore data. It is a set of processes and technologies that
summarize data to infer what is happening now or what
has happened in the past. This type of analytics is used
to identify patterns, outliers, and other factors. Query-
ing, frequencies, distributions, tabulations, visualizations,
and geospatial maps are areas of descriptive analytics. Ex-
planatory analytics move beyond describing the data or

underlying population and develop statistical models for
inference and testing causal hypotheses such as the like-
lihood of events or outcomes occurring.

In contrast to descriptive analytics that investigate the
present or past, predictive analytics provide a forward-
looking perspective. Predictive analytics rely on statistical
and mathematical models to predict new or future out-
comes. Modeling and Simulation is a popular form of
prediction useful for exploring what-if questions to study
current and future scenarios. It is one type of predictive
analysis that can be used to develop and analyze well pa-
rameterized plans, options, or possible actions. The ap-
proach relies on descriptive analysis of the population to
understand the current situation being studied and the spe-
cific future scenario being proposed. Modeling and Simu-
lation methods do not automatically identify the best out-
comes from the perspective of optimization and do not
mathematically evaluate the quality or implications of fu-
ture actions.

Prescriptive analytics are less mature than the other
forms of analytics, but extremely exciting [LBAM20]. They
combine prediction and scenario options to identify the
best, mathematically optimal, solutions. Sometimes
called optimization under uncertainty, prescriptive analyt-
ics methods use stochastic modeling and mathematical
optimization to understand why a particular future could
happen and what actions should be taken.

Example (Analytics support for Arlington County, Vir-
ginia, Fire Department). Building on the example in Fig-
ures 1 and 2, the Arlington County, Virginia, Fire Chief
wanted to identify potential differences in response time
by fire stations and unit dispatches. National policy stan-
dards state that the first fire engine should reach an inci-
dent within four minutes and other apparatus units (e.g.,
medical units such as basic or advanced life support trans-
port units and rescue units) within eight minutes.

A descriptive analysis did not find statistically signifi-
cant differences across fire stations. This is because when
the data were pooled across types of incidents the variabil-
ity in the data masked potential differences due to the ap-
paratus types that were deployed. An explanatory analy-
sis was developed by fitting a spatial regression model pat-
terned after [GH18] to control for apparatus type and sta-
tion [AGK+21]. It was this statistical controlling for appa-
ratus type and station that surfaced significant differences
in response times across several stations (see Figure 4). The
Fire Chief used this information to inform his strategic
plans for locations of new fire stations and anticipatory
planning about changes in procedures to decrease time to
incidents [AGK+21].

1.2. Data acumen in the data science life-cycle process.
To facilitate the rigorous application of data science to
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Figure 3. Five types of data analytics and their relationships across the types of analyses.

societal problems, we have developed a data science frame-
work to guide the process (see Figure 5). Our data sci-
ence framework provides a comprehensive, rigorous, and
disciplined foundation for doing data science utilizing
a scaffold for transparent communication and ethical
considerations at every step of the data science process
[KSSK20]. Learning at each step informs other prior and
subsequent steps in the process. Here we briefly describe
the data science framework and then follow that with a
more detailed discussion of data science ethics.

1.2.1. The data science framework. As depicted in Fig-
ure 5, the data science framework starts with the research
question, or problem identification, and continues
through the project life cycle: data discovery (inventory,
screening, and acquisition); data ingestion and gover-
nance; data wrangling (data profiling, data preparation
and linkage, and data exploration); fitness-for-use assess-
ment; statistical modeling and analyses; communication
and dissemination of results; and ethics reviews through-
out the entire process.

There are three main components of the data science
framework: communications on the left, analytics in the
middle, and data science ethics on the right. All three are
essential to achieving data acumen and are intertwined.
The analytics component emphasizes working in collabo-
ration with the consumers to identify the problem(s) and
develop a shared understanding of the context. Defining
clear, focused unbiased research questions is the first step
for the research to progress. This is achieved through con-
versations with stakeholders, experts, and a review of aca-
demic and gray literature. The same is true for implement-
ing methods and developing findings and results.

Throughout the process, communication across the
team (e.g., subject matter experts, data scientists, and con-
sumers) and external dissemination provides opportuni-
ties for feedback and vetting about the analytical steps. In
parallel, discussions about the ethical dimensions of the
research are ongoing underlying the thinking at each stage
of the data science process and through the ongoing com-
munications and dissemination.
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Figure 4. Travel time. The fitted mean surface for travel times
of first fire engines to structure fires in Arlington. The
national policy recommendation for travel time is 240
seconds. Reprinted with permission from [AGK+21].

Figure 5. The data science framework provides a repeatable
and iterative process for addressing a data science issue,
from identifying the research question through to the
statistical modeling and analysis. Communication and
addressing the ethical dimensions is critical at each step of
the life cycle. Adapted from [KSSK20].

1.2.2. The criticality of data science ethics. The prob-
lems that are addressed by data science are often some of
the most fundamental and critically important, affecting
broad swaths of our society, especially vulnerable popula-
tions. To address these problems, data science teams are as-
sembled that bring together researchers and stakeholders
across many areas of expertise, each with their own set of
research integrity norms and data acumen. Consequently,
ethics must be woven into every aspect of doing data

science to ensure effective, equitable, and efficient solu-
tions. The data science framework reinforces this as data
science ethics touches every component and step in the
data science project life cycle.

Data acumen requires an understanding of data science
ethics and its application to real problems. This is critically
important if we want the public to trust the results and to
convey research and findings in clear and transparent ways.
It is not simply about using a particular statistical or AI
method but rather understanding where it fits. There are a
variety of challenges to address, for example:

• Are data being used to manipulate people against
their best interest?

• Are there implicit biases in the research question,
the data chosen, methods used, and the analysis
and findings?

Data science ethics often focus on examples of bias
in algorithms that might have been avoided had there
been dialogue throughout the research. For example, in
2016, Amazon algorithmically determined which neigh-
borhoods would get Prime Same Day delivery using cus-
tomer data. They did not consider race, yet the data
mapped almost perfectly by race. Areas designated for
same day delivery were primarily white neighborhoods
and those not designated were primarily minority neigh-
borhoods [IS16].

In another example, hospitals and insurance compa-
nies used algorithms to assign risk scores to their patients.
The scores were derived from bills and insurance payouts
that track illnesses, hospitalizations, and other variables.
Independent health researchers found that black patients
are assigned low risk scores, even when they have poor
health. By tweaking the algorithm to predict the num-
ber of chronic illnesses that a patient will likely experience
each year, rather than the cost of treating those illnesses,
the researchers were able to eliminate most of the dispari-
ties [Pri19].

These examples demonstrate the need for active conver-
sations about ethics and vetting results throughout the en-
tire process. These mistakes might have been avoided if
there had been earlier conversations within the team and
with experts. Changes in ethical guidelines are occurring as
data science becomesmore pervasive in our lives, requiring
creativity and data acumen by all involved in the research.

1.2.3. Evolving ethical guidelines to support the data revo-
lution. Ethical principles continue to evolve as research is
changing to not only include research directly conducted
on “human subjects” to observing subjects through the
massive repurposing of existing data without consent or
awareness by those providing the data [Sal19]. These prin-
ciples are often established in response to ethical failures
in research. For example, the Nuremberg Code was created
in 1947 following the notoriousWorldWar II experiments.
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This written document established ten ethical principles
for protecting human subjects. Principles 1, 2, and 10 are
presented below to demonstrate this clarity

• Voluntary consent is essential.
• The results of any experiment must be for the

greater good of society
• ...
• The scientist in charge must be prepared to ter-

minate the experiment when injury, disability, or
death is likely to occur.

These clearly written and thought-out principles lay the
foundation for the Belmont principles, although it is un-
clear why it took 30 years.

As a result of medical studies on vulnerable popula-
tions, the Belmont Commission formed in 1979. They
issued three principles for the conduct of ethical research.
These principles are

• Respect for persons—(1) treating people as au-
tonomous and honoring their wishes, and (2) pro-
tecting people with diminished autonomy, e.g.,
prisoners.

• Beneficence—understanding the risks and bene-
fits of the study andweighing the balance between
(1) do no harm and (2) maximize possible bene-
fits and minimize possible harms.

• Justice—ensuring that the risks and benefits of re-
search are distributed fairly. There are many ways
to define “fair”—equal shares, individual need,
individual effort, societal contribution, or merit.
The last four are subjective criteria.

The principles were codified into US federal law and are
now referred to as the Common Rule that governs all feder-
ally funded research. The Belmont principles provide the
foundation for the Institutional Review Board’s guidelines
and focus on “research involving human subjects.”

In 2012, the Department of Homeland Security created
the Menlo Commission to bring the Belmont principles
to the Information Technology (IT) world. Their rationale
for doing this was to acknowledge the scale of data avail-
able and the speed and interconnectedness of IT systems
and data via networks. They were also concerned about
mitigating actual harm because the data are decentralized,
widely distributed, and are opaque in that data users are
not privy to the inner workings of applications, devices,
and networks.

The Menlo Report expanded the Belmont principles
in two important ways. They added a fourth principle—
Respect for Law and Public Interest—that extends the prin-
ciple of beneficence to include all relevant stakeholders
and they expanded the focus to include “research with
human-harming potential,” not just a focus on “research
on human subjects.” This change focuses on society in

a digital age where the use of technologies and repurpos-
ing of data can expose people to risks [Sal19]. Although
foundational to data science ethics, oddly this report has
gained little traction. This is surprising given its applicabil-
ity to data science methods and integration of many types
of data.

Today, federally-funded research is officially guided by
the Belmont principles. However, the Menlo Report pro-
vides broader criteria for the conduct of ethical data sci-
ence. Including the Menlo criteria in the project’s ethical
review allows researchers to make decisions and commu-
nicate their decision process for cases where official rules
do not yet exist [Sal19]. The Belmont and Menlo princi-
ples together provide the foundation for ethical practice
of data science research. There are other laws, definitions,
and best practices that must also be followed such as IRB
processes [KKO+17,KSS16].

2. Data Acumen in Practice
This section provides an end-to-end example of posing and
answering the data acumen questions as the data science
process unfolds.

What is the problem? What are the questions? This ex-
ample is a community-based research partnershipwith our
research division and the Roanoke Valley-Alleghany Re-
gional Commission (RVARC) in Virginia. RVARC is one of
21 Planning District Commissions in Virginia composed
of five counties and three cities in western Virginia, much
of it rural. Despite being located near many universities,
few graduates remain in the region. The Commission
would like to build a strong manufacturing industry in
the area and therefore wants to attract experienced work-
ers from other areas and retain graduating students and
current workers. We worked with the Commission to iden-
tify attributes that could attract workers and then created
social, economic, health, and well-being indicators at the
subcity and subcounty (neighborhood) levels to define po-
tential regional attractiveness attributes. Discussion about
implicit biases in the indicators ensued.

The following research questions were formed by the
team through discussions with RVARC and assembling
and disseminating early exploratory socioeconomic de-
scriptive analyses about the region:

• What are the factors that make the Roanoke
Valley-Alleghany Regional Commission attractive
to workers, singles and families, and industry?

• What challenges does the region face?

What kinds of decisions need to be made? The Com-
mission was interested in improving their understanding
of the strengths (attractiveness) and challenges (unattrac-
tiveness) of the region to inform and understand problems
and issues. They planned to use this to develop a strategic
plan. This plan was to include indicators that could be
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Figure 6. The data map identifies the data sources to characterize attractiveness and the units of analysis, i.e., labor force,
households, cities and counties, and the region. The data map sets the stage for data discovery.

monitored to measure yearly progress and anticipate pro-
ductive changes to the plan.

What data are available? Why should the data be
trusted? Working with the Commission, factors were iden-
tified they deemed important to make an area attractive
or not and the challenges the region faces. Through this
process, the team created a data map to identify the kind
of data we would ideally like to find to characterize attrac-
tiveness (see Figure 6). The map was developed based on
local knowledge of the region and review of related litera-
ture.

The data map includes four categories—workforce chal-
lenges, workforce training, community metrics, and trans-
portation. For example, to support a growing workforce
requires availability of affordable childcare, reasonable
commute times, and programs that support drug reha-
bilitation and prisoner re-entry into the workforce and
community. An attractive region has a strong educational
and training infrastructure. These include support to en-
courage high school completion, ability to participate in
additional training and certifications, availability of com-
munity college, and on-the-job training, as well as com-
pany engagement with schools at all levels. Community
metrics include factors that make a place desirable to live,
including access to parks, affordable and up-to-date hous-
ing, cultural events, and good schools. In a largely rural
area, transportation options and alternatives are needed.
The Commission was interested in learning about attrac-
tiveness at the neighborhood level in the region. They pro-
posed using the voting district level of geography to ap-
proximate neighborhoods. Finally, the data map clearly

highlighted the different units of analysis across the kinds
of data needed to support this problem. This integration
required statistical andmathematical methods to build rel-
evant indicators.

The identification of these attractiveness factors set the
stage for data discovery—seeking out all possible sources
of data to use in the analysis through a structured data dis-
covery process [KSSK20]. We discovered, screened, and ac-
quired a mix of data sources:

• Designed data—American Community Survey;
• Administrative data—local property records;
• Opportunity data—place-based data to identify

childcare, education and training locations, and
other services, voting district shapefiles); and

• Procedural data—regional strategic plans and an-
nual reports.

At each stage, we discussed whether our research ques-
tions, data map, data discovery, and choice of data sources
had implicit biases or might produce biased results. These
are not easy questions to answer but important to discuss
to keep ethical thinking integrated into the data science
process.

What types of analyses are needed to inform the de-
cision? To support the development of the data map
and subsequent data discovery, we characterized the re-
gion across a collection of socioeconomic variables using
descriptive analyses. For example, geospatial descriptive
analysis was used to map the location of childcare facili-
ties, public transportation, drug rehabilitation, and work-
force development training facilities to identify access (or
lack of access) to services.
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To support the research questions and commission’s
strategic planning, we developed attractiveness indicators.
These needed to combine relevant data represented in the
data map. The analyses would also need to account for
the varying units of analyses and to provide indicators at
the subcounty and subcity levels to compare the attractive-
ness across the 48 voting districts to approximate neigh-
borhoods.

Modeling and simulation was used to develop synthetic
data at the level of housing units across the region. This
was done using the American Community Survey (ACS)
and local property records to impute microdata for each
housing unit controlling for ACS age, income, race, and
poverty. We used a Bayesian model to capture the mul-
tivariate distributions of these variables. Synthetic data
over multiple sets of imputations were used to create sum-
maries and estimate margins of error for the variables of
interest over the 48 voting districts.

Descriptive analyses were applied to examine the indi-
vidual synthetic variables by voting districts. Composite
indicators were created by statistically combining and then
ranking the aggregate synthetic data across each voting dis-
trict for transportation, housing, and community variables
and for two groups—singles and families. These indicators
were then displayed geographically to visually present the
attractiveness indexes across the region (see Figure 7). On
the left-hand map, the urban areas are more attractive to
singles (the lighter colors), and on the right-handmap, the
more rural areas are more attractive to families.

Figure 7. Attractiveness composite indicators are presented
for singles and families using synthetic data created from
American Community Survey and local property data. The
indicator has three categories of data (1) Transportation
(commute time, vehicle ownership, and access to public
transportation), (2) Housing (size, type, and age of home); and
(3) Community (renter or owner, singles or families, diversity
(based on race), percent employed or in school).

What are the ethical considerations? At each stage of
the research, we addressed whether our research questions,
variable and data sources, methods, and findings had im-
plicit biases. We had conversations with the Commission
members, county and city planners, those providing ser-
vices, and discussions with people in different parts of the
region. There was sensitivity around issues related to drug
rehabilitation and prisoner re-entry into the community
and workforce. After discussion, the Commission felt that
these issues were too important to ignore and that policies
are needed to support these populations, with the moti-
vation that they can be part of the growing workforce to
make the region attractive. The Commission is now using
this information in their planning. They are identifying
transportation alternatives to transport workers to training
and to jobs, providing incentives for more childcare, and
planning new amenities to attract and retain workers in
the region. This collaborative process increased the data
acumen of all involved.

3. Conclusions
Data science is increasingly becoming a foundational part
of our economy and lives. This requires that everyone
obtain a level of data acumen that allows them to make
good judgements about the use of data to solve problems.
Understanding the three components of the data acumen
(data, kinds of decisions, and types of analyses) along
with the data science process will equip everyone involved
in data science problem solving to take advantage of the
data revolution and build capacity to embrace data-driven
decision-making.
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Unique Continuation for
First Order Systems of PDEs

Shiferaw Berhanu
1. Introduction
This article is a survey of some of the results on weak and
strong unique continuation for systems of linear and non-
linear first order partial differential equations. The linear
PDEs arise as sections of a vector subbundle 𝒱 of the com-
plexified tangent bundle ℂ𝑇𝑀 of a connected manifold𝑀.
The bundle 𝒱 satisfies the involutivity condition

[𝒱, 𝒱] ⊆ 𝒱, (1.1)

which means that for any 𝐶1 sections 𝑋, 𝑌 of 𝒱, the Lie
bracket [𝑋, 𝑌] is also a section of𝒱. We will always assume
that𝒱 is locally integrable, that is, the orthogonal of𝒱 in the
complexified cotangent bundle ℂ𝑇∗𝑀 is locally generated
by exact forms. In this case, if the fiber dimension of 𝒱
over ℂ is 𝑛, each point in 𝑀 has a neighborhood 𝑈 such
that if {𝐿1, … , 𝐿𝑛} is a basis of 𝒱 over 𝑈, then there exist
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𝑚 = dim𝑀 − 𝑛 𝐶1 sections 𝑍1, … , 𝑍𝑚 which are solutions
of

𝐿𝑗ℎ = 0, 1 ≤ 𝑗 ≤ 𝑛, in 𝑈, (1.2)

and the differentials 𝑑𝑍1, … , 𝑑𝑍𝑚 are linearly independent
overℂ at each point of𝑈. Wewill call {𝑍1, … , 𝑍𝑚} a complete
set of first integrals on 𝑈.

When the bundle𝒱 is locally integrable, then it satisfies
the involutivity condition (1.1) and we will refer to the
pair (𝑀,𝒱) as a locally integrable structure.

In such a structure, given any point 𝑝 ∈ 𝑀, there are lo-
cal coordinates 𝑥1, … , 𝑥𝑚, 𝑡1, … , 𝑡𝑛 vanishing at 𝑝 such that
𝒱 is generated locally by a basis of the form (𝑚 and 𝑛 are
as before)

𝐿𝑗 =
𝜕
𝜕𝑡𝑗

+
𝑚
∑
𝑘=1

𝑎𝑗𝑘(𝑥, 𝑡)
𝜕
𝜕𝑥𝑘

, 1 ≤ 𝑗 ≤ 𝑛. (1.3)

For the nonlinear systems

𝐹𝑗(𝑥, 𝑢, 𝑢𝑥) = 0, 1 ≤ 𝑗 ≤ 𝑛, 𝑥 = (𝑥1, … , 𝑥𝑁),
that we consider, local coordinates (𝑥, 𝑡) ∈ ℝ𝑚 × ℝ𝑛 (𝑚 +
𝑛 = 𝑁) can be found in which the equations take the form

𝑢𝑡𝑗 = 𝑓𝑗(𝑥, 𝑡, 𝑢, 𝑢𝑥), 1 ≤ 𝑗 ≤ 𝑛. (1.4)
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2. The Weak and Strong Unique
Continuation Properties

It will be instructive to consider some examples of locally
integrable structures.

Example 2.1. Let 𝐿1, … , 𝐿𝑛 be smooth, linearly indepen-
dent real vector fields on a domain Ω ⊆ ℝ𝑁 such that the
Lie bracket [𝐿𝑖, 𝐿𝑗] is in the linear span of 𝐿1, … , 𝐿𝑛. Let
𝒱 denote the subbundle of ℂ𝑇Ω generated by 𝐿1, … , 𝐿𝑛.
By the Frobenius theorem, each 𝑝 ∈ Ω is a center of lo-
cal coordinates 𝑥1, … , 𝑥𝑁 in which the bundle 𝒱 is locally

generated by
𝜕
𝜕𝑥𝑗

, 1 ≤ 𝑗 ≤ 𝑛. Hence 𝒱 is locally inte-

grable and, in these coordinates, any solution 𝑢 has the
form 𝑢(𝑥1, … , 𝑥𝑁) = 𝑢(𝑥𝑛+1, … , 𝑥𝑁).
Example 2.2. Let Ω ⊆ ℂ𝑛 be a domain, and let 𝒱 be the
bundle generated by

𝜕
𝜕 ̄𝑧𝑗

= 1
2(

𝜕
𝜕𝑥𝑗

+√−1 𝜕
𝜕𝑦𝑗

), 1 ≤ 𝑗 ≤ 𝑛.

The coordinate functions 𝑧𝑗 = 𝑥𝑗 + √−1𝑦𝑗 , 1 ≤ 𝑗 ≤ 𝑛,
are a complete set of first integrals and so (Ω,𝒱) is locally
integrable. The solutions are holomorphic functions.

Example 2.3. Let 𝐿1, … , 𝐿𝑛 be linearly independent vector
fields with real analytic, complex-valued coefficients on a
domain Ω ⊆ ℂ𝑁 . Assume that the brackets [𝐿𝑖, 𝐿𝑗] are in
the linear span of 𝐿1, … , 𝐿𝑛, and let 𝒱 denote the subbun-
dle generated by the 𝐿𝑗. By the holomorphic version of the
Frobenius theorem, 𝒱 is locally integrable (see [9]).

Example 2.4 (Embedded CR submanifolds). Let 𝑀 ⊆ ℂ𝑛

be a smooth real submanifold of dimension 2𝑛 − 𝑑. 𝑀
is called a CR manifold if for each 𝑝 ∈ 𝑀 there are real-
valued, smooth defining functions 𝜌1, … , 𝜌𝑑 defined on a
neighborhood 𝑈 of 𝑝 such that the one-forms

̄𝜕𝜌1, … , ̄𝜕𝜌𝑑
are linearly independent on 𝑀 ∩ 𝑈. Here, ̄𝜕𝜌𝑗 =
∑𝑛

𝑘=1
𝜕𝜌𝑗
𝜕 ̄𝑧𝑘

𝑑 ̄𝑧𝑘. Let 𝒱′ be the subbundle of ℂ𝑇ℂ𝑛 generated

by
𝜕
𝜕 ̄𝑧𝑗

, 1 ≤ 𝑗 ≤ 𝑛, and set

𝒱 = ⋃
𝑝∈𝑀

𝒱𝑝(𝑀), 𝒱𝑝(𝑀) = 𝒱′
𝑝 ∩ ℂ𝑇𝑝𝑀.

Since the forms ̄𝜕𝜌𝑗 are linearly independent, 𝒱 is a sub-
bundle of ℂ𝑇𝑀 of fiber dimension 𝑛 − 𝑑. The restrictions
of the coordinates 𝑧𝑗 = 𝑥𝑗 +√−1𝑦𝑗 (1 ≤ 𝑗 ≤ 𝑛) to 𝑀 form
a complete set of first integrals and so (𝑀,𝒱) is locally in-
tegrable.

In general, the forms ̄𝜕𝜌𝑗 of locally defining functions
may not be linearly independent and so 𝒱 may not be a
bundle. However, when 𝑀 is a hypersurface, it is a bun-
dle. When (𝑀,𝒱) is a CR pair, the solutions are called CR
functions or CR distributions. Examples of CR functions

are provided by the restrictions to𝑀 of holomorphic func-
tions. However, CR functionsmay not even be continuous.
For example, if 𝑀 is the graph

𝑀 = {(𝑧′, 𝑠 + √−1𝜑(𝑧′, 𝑠)) ∶ 𝑧′ ∈ ℂ𝑛−1, 𝑠 ∈ ℝ},

where 𝜑 ≥ 0, and smooth, then the function 𝑢(𝑧′, 𝑠) =
(𝑠 + √−1𝜑(𝑧′, 𝑠))

1/2
(with the principal branch of the

square root) is a continuous CR function which is not dif-
ferentiable at the point (𝑧′, 0), where 𝜑(𝑧′, 0) = 0. If 𝜑 ≡ 0,
then any function of 𝑠 is a CR function.

Example 2.5 (Tube structures). Let 𝑥 = (𝑥1, … , 𝑥𝑚) and
𝑡 = (𝑡1, … , 𝑡𝑛) denote the coordinates in ℝ𝑚 and ℝ𝑛, re-
spectively. Let 𝜑𝑗(𝑡), 1 ≤ 𝑗 ≤ 𝑚, be smooth functions on
an open set 𝑈 and define on 𝑀 = ℝ𝑚 × 𝑈

𝑍𝑗(𝑥, 𝑡) = 𝑥𝑗 +√−1𝜑𝑗(𝑡), 1 ≤ 𝑗 ≤ 𝑚.

The differentials 𝑑𝑍1, … , 𝑑𝑍𝑚 are linearly independent ev-
erywhere on𝑀 and their orthogonal in ℂ𝑇(𝑀) is a bundle
𝒱 which has the basis

𝐿𝑘 =
𝜕
𝜕𝑡𝑘

−√−1
𝑚
∑
𝑗=1

𝜕𝜑𝑗
𝜕𝑡𝑘

(𝑡) 𝜕
𝜕𝑥𝑗

, 1 ≤ 𝑘 ≤ 𝑛.

Thus (𝑀,𝒱) is locally integrable, and it generalizes Exam-
ple 2.2. Note that when the map 𝜑 = (𝜑1, … , 𝜑𝑚) ∶ 𝑈 →
ℝ𝑚 is an immersion, then (𝑀,𝒱) can be identified with a
CR submanifold.

A particular case with 𝑚 = 𝑛 = 1 and 𝜑(𝑡) = 𝑡2

2
leads to

the planar vector field

𝐿 = 𝜕
𝜕𝑡 − √−1𝑡 𝜕𝜕𝑥 ,

which is called theMizohata vector field and is the simplest
nonsolvable partial differential operator in the sense that
there exist smooth functions 𝑓 in a neighborhood of the
origin for which the equation 𝐿𝑢 = 𝑓 has no solution (not
even a distribution solution) in any neighborhood of the
origin.

Remark 2.1. There are involutive bundles 𝒱 which are not
locally integrable. For example, in [19] Nirenberg con-
structed a vector field in the plane of the form

𝐿 = 𝜕
𝜕𝑡 − √−1(𝑡 + 𝑔(𝑥, 𝑡)) 𝜕𝜕𝑥

with 𝑔 smooth vanishing to infinite order at the origin with
the property that for any 𝐶1 solution 𝑢 of 𝐿𝑢 = 0 near the
origin, 𝑑𝑢(0, 0) = 0.

Remark 2.2. In the opening graphic which is taken from
[18], 𝐿 defines a vector field in the plane with first integral
𝑍 and the picture illustrates the domain of extendability of
any solution of 𝐿𝑢 = 0 in the unit disc.
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Definition 2.1. The locally integrable structure (𝑀,𝒱) is
said to satisfy the weak unique continuation property if
any solution that vanishes on a nonempty open subset van-
ishes on 𝑀.

Definition 2.2. The locally integrable structure (𝑀,𝒱) sat-
isfies the strong unique continuation property if any solu-
tion that is flat at a point vanishes on 𝑀.

The validity of the weak unique continuation property
both for linear and nonlinear systems is connected with
the notion of Sussmann’s orbits ([20]) which are very use-
ful geometric objects associated with a given family of real
vector fields. To describe them briefly, let 𝑋 be a set of lo-
cally defined smooth vector fields on a manifold 𝑀. Each
element of 𝑋 is defined on some open subset of𝑀 and we
assume that the union of the domains of the members of
𝑋 is 𝑀. We will say two points 𝑝 and 𝑞 in 𝑀 are related if
there is a curve Γ ∶ [0, 𝑇] → 𝑀 with the properties:

(i) Γ(0) = 𝑝, Γ(𝑇) = 𝑞;
(ii) there exist 𝑡0 = 0 < 𝑡1 < ⋯ < 𝑡𝑘 = 𝑇 and 𝑋𝑖 ∈

𝑋 (1 ≤ 𝑖 ≤ 𝑘) such that for each 𝑖, Γ ∶ [𝑡𝑖−1, 𝑡𝑖] → 𝑀 is an
integral curve of 𝑋𝑖 or −𝑋𝑖.

The equivalence classes of this relation are called the
Sussmann orbits of 𝑋 . In [20], it was shown that these
orbits can be equipped with a topological and differential
structure that makes them submanifolds of 𝑀.

For a simple example, consider the classical Frobenius
foliation which arises from a manifold 𝑀 and a smooth
real subbundle 𝒱 of 𝑇𝑀 which is closed under brackets.
In this case,𝑀 is a disjoint union of submanifolds each of
dimension 𝑘 (𝑘 = the fiber dimension of 𝒱) and they are
integral manifolds of 𝒱. These submanifolds are the Suss-
mann orbits of the family 𝑋 that consists of the smooth
sections of 𝒱. In general, even locally, the dimension of
Sussmann’s orbits may not be constant. Moreover, the tan-
gent space of an orbit may contain vectors that are not in
the Lie algebra generated by the elements of 𝑋 (see [20],
[9]). Thus the concept of Sussmann’s orbits is a substan-
tial generalization of the Frobenius foliation.

We can now state a result on the weak unique continu-
ation property for linear systems. The theorem is due to
F. Treves ([21]). We will present a proof that appeared in
[12].

Theorem 2.1. Let (𝑀,𝒱) be a locally integrable structure, and
set

𝑋 = ℜ(𝒱) = {𝑆 ∶ 𝑆 = ℜ 𝐿, 𝐿 a smooth section of 𝒱}.
If a solution 𝑢 on 𝑀 vanishes in a neighborhood of 𝑝, then it
vanishes in a neighborhood of the Sussmann orbit of 𝑋 through
𝑝. Thus the support of 𝑢 is a union of orbits of 𝑋. In partic-
ular, if 𝑀 is an orbit, then (𝑀,𝒱) satisfies the weak unique
continuation property.

Example 2.6. Let (𝑀,𝒱) be locally integrable and 𝑋 =
ℜ(𝒱). Suppose at each 𝑝 ∈ 𝑀, the linear span of all of
the repeated brackets of sections of 𝑋 equals 𝑇𝑝𝑀. Then
𝑀 is the only orbit of 𝑋 and so by Theorem 2.1, the weak
unique continuation property holds for (𝑀,𝒱).
Remark 2.3. There are examples of locally integrable struc-
tures where 𝑀 is the only orbit of 𝑋 = ℜ(𝒱) although the
hypothesis in Example 2.6 is not satisfied.

Example 2.7. In the work [14] P. Cohen gave an example
of a smooth vector field

𝐿 = 𝜕
𝜕𝑦 + 𝑎(𝑥, 𝑦) 𝜕𝜕𝑥

in the plane with a smooth solution 𝑢 on ℝ2 of 𝐿𝑢 = 0
whose support = {(𝑥, 𝑦) ∶ 𝑦 ≥ 0}. The support of such a
solution is not a union of the orbits of 𝑋 = {ℜ 𝐿, ℑ 𝐿}.
This example shows that Theorem 2.1 may not hold for
involutive structures that are not locally integrable.

3. Proof of Theorem 2.1
The proof of Theorem 2.1 will use the uniqueness in the
noncharacteristic Cauchy problem for locally integrable
structures which in turn is a consequence of the cele-
brated approximation theorem of Baouendi and Treves
([5]). Given a locally integrable structure (𝑀,𝒱) and a
complete set of first integrals 𝑍 = (𝑍1, … , 𝑍𝑚) on an open
subset 𝑈, if 𝐹(𝑧1, … , 𝑧𝑚) is a holomorphic function on a
neighborhood of 𝑍(𝑈), then the function 𝐹(𝑍1, … , 𝑍𝑚) is a
solution on 𝑈. In general, even locally, solutions may not
have such a form. The approximation theorem states that
any solution in a locally integrable structure (𝑀,𝒱) can
be locally approximated by solutions 𝐹(𝑍1, … , 𝑍𝑚) of the
above form. Moreover, the theorem shows that a solution
is determined by its restriction to certain 𝑚-dimensional
(dimℂ 𝒱 = 𝑛, 𝑚 = dim𝑀 − 𝑛) submanifolds called maxi-
mally real submanifolds. These submanifolds are general-
izations of the totally real submanifolds of ℂ𝑛 with maxi-
mal dimension.

Definition 3.1. Let (𝑀,𝒱) be a locally integrable structure,
dimℂ 𝒱 = 𝑛, 𝑚 = dim𝑀 − 𝑛. A submanifold 𝑆 ⊂ 𝑀 is
called maximally real if for each 𝑝 ∈ 𝑆,

ℂ𝑇𝑝𝑆 ⊕ 𝒱𝑝 = ℂ𝑇𝑝𝑀.
Locally, there is a good and useful description of such

submanifolds. Observe first that a submanifold 𝑆 is max-
imally real if and only if for any complete set of first inte-
grals 𝑍1, … , 𝑍𝑚 on a neighborhood 𝑈 of 𝑝 in 𝑆, the restric-
tions of the 𝑍𝑗 to 𝑈 ∩𝑆 have linearly independent differen-
tials. If 𝑈 is small enough, we can find local coordinates
𝑥1, … , 𝑥𝑚, 𝑡1, … , 𝑡𝑛 that vanish at 𝑝 and a complete set of
first integrals 𝑍1, … , 𝑍𝑚 such that

𝑍𝑗(𝑥, 𝑡) = 𝑥𝑗 +√−1𝜑𝑗(𝑥, 𝑡), 𝜑𝑗(0, 0) = 0,
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𝑑𝑥𝜑𝑗(0, 0) = 0, 1 ≤ 𝑗 ≤ 𝑚,
and

𝑈 ∩ 𝑆 = {(𝑥, 𝑡) ∈ 𝑈 ∶ 𝑡 = 0}.
The approximation theorem of Baouendi and Treves can
be stated as follows.

Theorem 3.1 ([5]). Let (Ω,𝒱) be a locally integrable structure
where Ω ⊂ ℝ𝑚+𝑛 is open, and let 𝑍1, … , 𝑍𝑚 be a complete
set of first integrals near a point 𝑝 ∈ Ω. Then there exists a
neighborhood 𝑈 of 𝑝 such that if 𝑢 is any continuous solution,
there exists a sequence of entire functions 𝐻𝑘(𝑧1, … , 𝑧𝑚) that
satisfy

𝑢(𝑥) = lim
𝑘→∞

𝐻𝑘(𝑍(𝑥)) uniformly on 𝑈.

Remark 3.1. The convergence in the theorem also holds for
functions or distributions in various function spaces (see
[9]).

The entire functions 𝐻𝑘 in the theorem have an explicit
form. Given 𝑝 ∈ Ω, let 𝑆 be a maximally real submanifold
through 𝑝. Choose local coordinates 𝑥1, … , 𝑥𝑚, 𝑡1, … , 𝑡𝑛
vanishing at 𝑝 on a neighborhood of 𝑝 such that

𝑈 ∩ 𝑆 = {(𝑥, 𝑡) ∈ 𝑈 ∶ 𝑡 = 0},

and 𝑍𝑗(𝑥, 𝑡) = 𝑥𝑗 +√−1𝜑𝑗(𝑥, 𝑡), 1 ≤ 𝑗 ≤ 𝑚,
is a complete set of first integrals on𝑈, with 𝜑𝑗 real-valued,
𝜑𝑗(0, 0) = 0, 𝑑𝑥𝜑𝑗(0, 0) = 0.

We may assume that 𝑈 = {(𝑥, 𝑡) ∶ |𝑥| ≤ 𝑟
4
, |𝑡| ≤ 𝑑}. Let

𝑔(𝑥) ∈ 𝐶∞
0 (ℝ𝑚) with 𝑔(𝑥) ≡ 1 for |𝑥| ≤ 3𝑟

4
and 𝑔(𝑥) ≡ 0 for

|𝑥| ≥ 𝑟.
For 𝑘 = 1, 2, … , define

𝐻𝑘(𝑧) = ( 𝑘𝜋)
𝑚
2
∫
ℝ𝑚

𝑒−𝑘∑
𝑚
𝑗=1 (𝑧𝑗−𝑍𝑗(𝑥′,0))

2

𝑔(𝑥′)𝑢(𝑥′, 0)𝑑𝑥′𝑍,

where 𝑑𝑥′𝑍 = det𝑍𝑥′(𝑥′, 0) 𝑑𝑥′. Theorem 3.1 is proved by
showing that 𝐻𝑘(𝑍(𝑥, 𝑡)) converges uniformly to 𝑢(𝑥, 𝑡) on
𝑈 for 𝑟, 𝑑 small enough, but independent of 𝑢.

Theorem 3.1 has the following immediate conse-
quences.

Corollary 3.1. Let (𝑀,𝒱) be a locally integrable structure and
𝑆 ⊆ 𝑀 a maximally real submanifold. If 𝑢 is a continuous solu-
tion on𝑀 and vanishes on 𝑆, then it vanishes on a neighborhood
of 𝑆.
Corollary 3.2. Let (𝑀,𝒱) be a locally integrable structure and
𝑌 ⊆ 𝑀 a noncharacteristic hypersurface in the sense that at
each point 𝑝 ∈ 𝑌,𝒱𝑝 ⊊ ℂ𝑇𝑝𝑌 . If 𝑢 is a continuous solution on
𝑀 and it vanishes on 𝑌 , then it vanishes on a neighborhood of
𝑌 .

Corollary 3.2 is proved using Corollary 3.1 and the fact
that a noncharacteristic hypersurface contains amaximally
real submanifold through each of its points.

We are now ready to present a proof of Theorem 2.1
from [12]. We will use some concepts and a result of Bony
([13]).

Definition 3.2. Let Ω ⊆ ℝ𝑛 be an open set and 𝐹 ⊆ Ω a
closed subset. A vector 𝑣 is said to be normal to 𝐹 at 𝑥0 in
𝐹 if there is an open ball 𝐵 ⊆ Ω⧵𝐹 centered at 𝑥 such that
𝑥0 ∈ 𝜕𝐵 and 𝑣 = 𝜆(𝑥 − 𝑥0) for some 𝜆 > 0.

Definition 3.3. Suppose Ω and 𝐹 are as in Definition 3.2.
A vector field 𝑋(𝑥) is said to be tangent to 𝐹 if whenever 𝑣
is normal to 𝐹 at 𝑥0 ∈ 𝐹, the vector 𝑋(𝑥0) is orthogonal to
𝑣.

Bony proved the following.

Theorem 3.2 ([13]). Suppose Ω ⊆ ℝ𝑛 is an open set and
𝐹 ⊆ Ω a closed subset. Let 𝑋(𝑥) be a Lipschitz vector field in
Ω which is tangent to 𝐹. If an integral curve of 𝑋 intersects 𝐹
at a point, then it is entirely contained in 𝐹.

Let (𝑀,𝒱), 𝑋 be as in the statement of Theorem 2.1.
Suppose 𝑢 is a solution on 𝑀 and 𝐹 = the support of
𝑢. Let Ω = 𝑀 ⧵ 𝐹. Define 𝑁(𝐹) to be the set of 𝑣 ∈
𝑇∗𝑀 ⧵ 0 over points in 𝐹 such that there exists a real-
valued, smooth function 𝑓 defined near𝑝 = 𝜋(𝑣) satisfying
𝑓(𝑝) = 0, 𝑑𝑓(𝑝) = 𝑣, and 𝑓 ≤ 0 on 𝐹 near 𝑝. Fix 𝑝 ∈ 𝐹
and suppose 𝑣 ∈ 𝑁(𝐹) with 𝜋(𝑣) = 𝑝. Let 𝑓 be as above
with 𝑑𝑓(𝑝) = 𝑣. Since 𝑣 ≠ 0, the zero set of 𝑓 is a smooth
hypersurface near 𝑝. Observe that 𝑢 = 0 on a side of this
hypersurface. Since 𝑝 ∈ 𝐹, by Corollary 3.2, {𝑓 = 0} has to
be characteristic to𝒱 at 𝑝. Thus for any Lipschitz section 𝑌
of ℜ(𝒱), ⟨𝑣, 𝑌(𝑝)⟩ = 0. By Theorem 3.2, the integral curve
of 𝑌 through 𝑝 has to lie in 𝐹.

4. The Strong Unique Continuation Property
There are some classes of locally integrable structures
where the validity of the strong unique continuation is well
understood. If (𝑀,𝒱) is a smooth locally integrable struc-
ture where the dimension of𝑀 is two and 𝒱 is one dimen-
sional, then the strong unique continuation holds if and
only if every local first integral 𝑍 is an open mapping into
the complex plane. If (𝑀,𝒱) is a tube structure as in Exam-
ple 2.5, and the map 𝜑(𝑡) is real analytic, then the strong
unique continuation property holds if and only if for ev-
ery 𝜉 ∈ ℝ𝑚, 𝜉 ≠ 0, the function 𝑡 ↦ 𝜑(𝑡) ⋅ 𝜉 does not have
a local extremum. This is a consequence of the fact that
this latter condition is equivalent to the analyticity of all
solutions (see [6]).

In the rest of this section we focus on CR vector fields
and present some of the known results on the strong
unique continuation property for CR functions.

If 𝑓 is a continuous function on the closure of a domain
Ω ⊆ ℝ𝑛, we will say it is flat at 𝑝 ∈ 𝜕Ω if

𝑓(𝑥) = 𝑜(|𝑥 − 𝑝|𝑁) for all 𝑁 = 1, 2, … .
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We begin with the case of holomorphic functions of one
variable since boundary unique continuation results for
such functions have important applications to the unique
continuation problem for CR functions.

LetΔ+ = {𝑧 ∈ ℂ ∶ |𝑧| < 1, ℑ 𝑧 > 0} be the half ball in the
plane. The following result provides a sufficient condition
for the boundary unique continuation property to hold for
holomorphic functions on Δ+.

Theorem 4.1 ([16]). Let 𝑓 be a holomorphic function on Δ+,
continuous up to (−1, 1) ⊆ 𝜕Δ+. Assume that the real part of
𝑓 is nonnegative on (−1, 1). If 𝑓 is flat at 0, then 𝑓 ≡ 0.

In [1] H. Alexander proved a significant generalization
of the preceding theorem: if 𝑓 is holomorphic on Δ+, con-
tinuous up to (−1, 1), and 𝑓(−1, 1) is a nonspiraling set,
then 𝑓 ≡ 0 whenever it is flat at 0. A good example of a
nonspiraling set is the complement inℂ of a curve emanat-
ing from the origin. For other results along this line, see
[10].

Many well-known results on unique continuation for
CR mappings follow from the one variable results de-
scribed above. We will present next some of these results
and indicate how they can be proved.

Let 𝑀 ⊆ ℂ𝑛 be a totally real submanifold of class
𝐶1,𝛼 (0 < 𝛼 < 1) of dimension 𝑛, 0 ∈ 𝑀. We may
assume that in a neighborhood 𝑈 of the origin in ℂ𝑛,
𝑀 = {𝑧 ∈ ℂ𝑛 ∶ ℑ 𝑧 = 𝜑(ℜ𝑧)}, 𝜑 ∈ 𝐶1,𝛼(𝑈), 𝜑 real-valued,
𝜑(0) = 0, 𝜑′(0) = 0.

A wedge 𝒲 with edge 𝑀 is a set of the form

𝒲 = {𝑤 ∈ 𝑈 ∶ ℑ 𝑤 − 𝜑(ℜ 𝑤) ∈ Γ},
where Γ ⊆ ℝ𝑛 is a convex open cone.

Theorem 4.2 ([2]). Let 𝑀 and 𝒲 be as above, with 𝑀 of
class 𝐶2 and ℎ ∶ 𝒲 → ℂ𝑘 continuous, holomorphic on 𝒲
satisfying:

(1) ℎ is flat at 0, and
(2) ℎ(𝑀) ⊆ 𝑀′ with 𝑀′ a totally real submanifold of class

𝐶2.
Then ℎ ≡ 0 in the connected component of 0 in 𝒲.

Observe that if𝑀 and𝑀′ are real analytic, Theorem 4.2
follows from the classical edge of the wedge theorem.

In [16] the authors defined a hypersurface 𝑀 ⊆ ℂ𝑛 to
be positive at a point 𝑝 ∈ 𝑀 if there is a holomorphic
change of coordinates mapping 𝑝 to 0 and in the new co-
ordinates (𝑧′, 𝑧𝑛) = (𝑧′, 𝑥𝑛 + √−1𝑦𝑛) ∈ ℂ𝑛−1 × ℂ,𝑀 is
given by {𝑦𝑛 = 𝜌(𝑧′, 𝑥𝑛, 𝑦𝑛)} with 𝜌(0) = 0, 𝑑𝜌(0) = 0, and
𝜌(𝑧′, 𝑥𝑛 +√−1𝑦𝑛) > 0 when 𝑧′ ≠ 0. When𝑀 is positive at
𝑝, there is a complex hypersurface through 𝑝 that intersects
𝑀 locally only at 𝑝. They proved a version of the following
theorem under such assumption.

Theorem 4.3 ([10]). Let 𝑀1 ⊆ ℂ𝑛+𝑑 be a smooth CR mani-
fold of CR dimension 𝑛 and 𝑀2 ⊆ ℂ𝑚 a hypersurface. Suppose

𝑓 ∶ 𝑀1 → 𝑀2 is a continuous CR mapping which extends
to a holomorphic mapping into a wedge 𝒲 with edge 𝑀1 at
0 ∈ 𝑀1. Suppose there is a complex hypersurface that locally
intersects 𝑀2 only at 0. If 𝑓 is flat at 0, then 𝑓 ≡ 0.

Theorems 4.2 and 4.3 can be proved using the one vari-
able result of Theorem 4.1 and a result on the existence of
partially attached analytic discs (Theorem 7.4.12 in [3]).

Theorem 4.1 may be considered as a boundary unique
continuation result for harmonic functions on a half-disc
in the plane. It has been extended to harmonic functions
in higher dimensions in [4], and to solutions of more gen-
eral equations in [11], [7], and [8].

5. Nonlinear Systems
Let 𝐹1(𝑥, 𝜁0, 𝜁), … , 𝐹𝑛(𝑥, 𝜁0, 𝜁) be smooth functions of
(𝑥, 𝜁0, 𝜁) ∈ 𝑈 × ℂ × ℂ𝑁 , where 𝑈 ⊆ ℝ𝑁 is open, 𝑥 =
(𝑥1, … , 𝑥𝑁), 𝜁0 ∈ ℂ, 𝜁 = (𝜁1, … , 𝜁𝑁) ∈ ℂ𝑁 . We assume that
the 𝐹𝑗 are holomorphic in (𝜁0, 𝜁). We will be considering
nonlinear systems of first order PDEs of the form

𝐹𝑗(𝑥, 𝑢(𝑥), 𝑢𝑥(𝑥)) = 0, 1 ≤ 𝑗 ≤ 𝑛, (5.1)

that generalize the linear systems (1.2).
The linear independence of system (1.2) is generalized

by assuming that the wedge product

𝑑𝜁𝐹1 ∧⋯ ∧ 𝑑𝜁𝐹𝑛 ≠ 0. (5.2)

Here 𝑑𝜁 is the exterior derivative in 𝜁 = (𝜁1, … , 𝜁𝑁). It fol-
lows that 𝑛 ≤ 𝑁. Condition (5.2) implies that if

Σ = {(𝑥, 𝜁0, 𝜁) ∶ 𝐹𝑗(𝑥, 𝜁0, 𝜁) = 0, 1 ≤ 𝑗 ≤ 𝑛} (5.3)

is nonempty, then it is a smooth manifold.
The involutivity of the linear system (1.2) is generalized

as follows: given 𝐹 = 𝐹(𝑥, 𝜁0, 𝜁) smooth, holomorphic in
(𝜁0, 𝜁), define the holomorphic Hamiltonian of 𝐹 by

𝐻𝐹 =
𝑁
∑
𝑖=1

𝜕𝐹
𝜕𝜁𝑖

𝜕
𝜕𝑥𝑖

−
𝑁
∑
𝑖=1

( 𝜕𝐹𝜕𝑥𝑖
+ 𝜁𝑖

𝜕𝐹
𝜕𝜁0

) 𝜕
𝜕𝜁𝑖

+ (
𝑁
∑
𝑖=1

𝜁𝑖
𝜕𝐹
𝜕𝜁𝑖

− 𝐹) 𝜕
𝜕𝜁0

+ 𝜕𝐹
𝜕𝜁0

.
(5.4)

If 𝐺 = 𝐺(𝑥, 𝜁0, 𝜁) is also a similar function, we define the
Poisson bracket {𝐹, 𝐺} by

{𝐹, 𝐺} = 𝐻𝐹𝐺. (5.5)

We will assume that the system (5.1) satisfies the involu-
tivity condition

{𝐹𝑗 , 𝐹𝑘} = 0 on Σ for 𝑗, 𝑘 = 1, … , 𝑛. (5.6)

Condition (5.6) is a formal integrability condition for sys-
tem (5.1). Indeed, if 𝑢 is a 𝐶2 solution of the system, it
can be shown that {𝐹𝑗 , 𝐹𝑘} = 0 on {(𝑥, 𝑢(𝑥), 𝑢𝑥(𝑥))} for all
1 ≤ 𝑗, 𝑘 ≤ 𝑛.
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With a solution 𝑢 of (5.1), we associate the linear vector
fields

𝐿ᵆ𝑗 =
𝑁
∑
𝑘=1

𝜕𝐹𝑗
𝜕𝜁𝑘

(𝑥, 𝑢(𝑥), 𝑢𝑥(𝑥))
𝜕
𝜕𝑥𝑘

, 1 ≤ 𝑗 ≤ 𝑛. (5.7)

These vector fields are called the linearized operators of
system (5.1) at the solution 𝑢. If for 𝑣 ∈ 𝐶1(𝑈) we define
𝐹𝑣𝑗 by

𝐹𝑣𝑗 (𝑥) = 𝐹𝑗(𝑥, 𝑣(𝑥), 𝑣𝑥(𝑥)),
then 𝐿ᵆ𝑗 (𝑣) is the principal part of the Fréchet derivative of
the map

𝑣 ↦ 𝐹𝑣𝑗
at 𝑢. Condition (5.2) guarantees that 𝐿ᵆ1 , … , 𝐿ᵆ𝑛 are linearly
independent and span a bundle over 𝑈 which will be de-
noted by 𝒱ᵆ. The bundle 𝒱ᵆ is involutive. In [21], the
following result on unique continuation is proved.

Theorem 5.1. Let 𝑢 and 𝑣 be two 𝐶2 functions on an open set
Ω ⊆ ℝ𝑁 that are solutions of the system of equations

𝐹𝑗(𝑥, 𝑤(𝑥), 𝑤𝑥(𝑥)) = 0, 1 ≤ 𝑗 ≤ 𝑛,
where the 𝐹𝑗(𝑥, 𝜁0, 𝜁) are real analytic, holomorphic in (𝜁0, 𝜁).

Let

𝑋 = ℜ(𝒱ᵆ) = {𝑆 ∶ 𝑆 = ℜ 𝐿, 𝐿 a 𝐶1 section of 𝒱ᵆ}.
Assume that the 𝐹𝑗 satisfy (5.2) and (5.6).

If 𝑢 = 𝑣 in a neighborhood of a point 𝑝 ∈ Ω, then 𝑢 = 𝑣 in
a neighborhood of the Sussmann orbit of 𝑋 through 𝑝.

We mention that a proof can be given using Bony’s re-
sult as in the linear case together with the uniqueness the-
orem of Métivier ([17]) in the Cauchy problem for real
analytic, noncharacteristic hypersurfaces.

6. Concluding Remarks
Compared with the weak unique continuation property,
the question of when the strong unique continuation prop-
erty is valid for systems of complex vector fields is much
less understood. We mention here the following well-
known conjecture due to Baouendi-Rothschild andHuang
([15]) which remains open.

Conjecture 6.1. Let 𝑀1 and 𝑀2 be connected real hypersur-
faces in ℂ𝑛 with 𝑛 ≥ 2. Let 𝑓 be a smooth map from 𝑀1 to
𝑀2 that extends to a holomorphic map on a side of𝑀1. Assume
that both𝑀1 and𝑀2 are of finite D’Angelo type and 𝑓 is flat at
𝑝0 ∈ 𝑀1 in the sense that |𝑓(𝑝) − 𝑓(𝑝0)| ≤ 𝐶𝑁 |𝑝 − 𝑝0|𝑁 for
each 𝑁, where 𝐶𝑁 is a constant depending on 𝑁. Then 𝑓 is a
constant map.

Let 𝑀 be a smooth real hypersurface of ℂ𝑛, 𝑝 ∈ 𝑀, and
𝑟 a defining function for 𝑀. The D’Angelo type of 𝑀 at 𝑝
is defined by Δ(𝑀, 𝑝) = sup𝛾∈𝒞

𝜈(𝑟∘𝛾)
𝜈∘𝛾

, where 𝒞 is the set of

nonconstant holomorphic germs 𝛾 at 0 ∈ ℂ with 𝛾(0) = 𝑝
and 𝜈(𝑟 ∘ 𝛾) denotes the order of vanishing of the function

𝑟 ∘ 𝛾 at 0. A point 𝑝 is said to be of finite D’Angelo type if
Δ(𝑀, 𝑝) is finite.
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[20] Héctor J. Sussmann, Orbits of families of vector fields and
integrability of distributions, Trans. Amer. Math. Soc. 180
(1973), 171–188, DOI 10.2307/1996660. MR321133

[21] François Trèves, Hypo-analytic structures: Local theory,
Princeton Mathematical Series, vol. 40, Princeton Univer-
sity Press, Princeton, NJ, 1992. MR1200459

Shiferaw Berhanu

Credits

Opening graphic is courtesy of A. Meziani.
Author photo is courtesy of the author.

Join us on Monday, November 29th

as we honor our AMS members  
via “AMS Day,” a day of specials
on AMS publications, member-
ship, and much more! Stay tuned
on social media and membership
communications for details about 
this exciting day.

Spread the word
about #AMSDay today!

Our annual
celebration

of AMS members!

OCTOBER 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1485

http://www.ams.org/mathscinet-getitem?mr=262881
http://www.ams.org/mathscinet-getitem?mr=1830195
http://www.ams.org/mathscinet-getitem?mr=1211733
http://www.ams.org/mathscinet-getitem?mr=809715
http://www.ams.org/mathscinet-getitem?mr=492752
http://www.ams.org/mathscinet-getitem?mr=321133
http://www.ams.org/mathscinet-getitem?mr=1200459
http://dx.doi.org/10.1080/03605309308820929
http://dx.doi.org/10.1007/BF01388803
http://dx.doi.org/10.1080/17476933.2017.1279611
http://dx.doi.org/10.2307/1996660
http://www.ams.org/mathscinet-getitem?mr=3677947


Recent Developments
in Ricci Flows

Richard H. Bamler
1. Introduction
The beginning of the new millennium marked an impor-
tant point in the history of geometric analysis. In a se-
ries of three very condensed papers [Per02,Per03b,Per03a],
Perelman presented a solution of the Poincaré and Ge-
ometrization Conjectures. These conjectures—the for-
mer of which was 100 years old and a Millennium
Problem—were fundamental problems concerning the
topology of 3-manifolds, yet their solution employed Ricci
flow, a technique introduced by Hamilton in 1982, that
combinesmethods of PDE and Riemannian geometry (see
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below for more details). These spectacular applications
were far from coincidental as they provided a new perspec-
tive on 3-manifold topology using the geometric-analytic
language of Ricci flows.

It took several years for the scientific community to di-
gest Perelman’s arguments and verify his proof. This was
an exciting time for geometric analysts, since the new tech-
niques generated a large number of interesting questions
and potential applications. Amongst these, perhaps the
most intriguing goal was to find further applications of
Ricci flow to problems in topology.

This goal will form the central theme of this article. We
will first summarize the important results pertaining to
Perelman’s work. Next, we will discuss more recent re-
search that stands in the same spirit; first in dimension 3,
leading, amongst others, to the resolution of the General-
ized Smale Conjecture, and, second, work in higher dimen-
sions, where topological applicationsmay be forthcoming.
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There are also many other interesting recent applications
of Ricci flows, which aremore of a geometric or analytic na-
ture, and which we won’t have space to cover here, unfortu-
nately. Among these are, for example, work on manifolds
with positive isotropic curvature, smoothing constructions
for limit spaces of lower curvature bounds, lower scalar cur-
vature bounds for 𝐶0-metrics, as well as work on Kähler-
Ricci flow.1

2. Riemannian Geometry and Ricci Flow
A Riemannian metric 𝑔 on a smooth manifold 𝑀 is
given by a family of inner products on its tangent spaces
𝑇𝑝𝑀, 𝑝 ∈ 𝑀, that can be expressed in local coordinates
(𝑥1, … , 𝑥𝑛) as

𝑔 = ∑
𝑖,𝑗
𝑔𝑖𝑗 𝑑𝑥𝑖 𝑑𝑥𝑗 ,

where 𝑔𝑖𝑗 = 𝑔𝑗𝑖 are smooth coefficient functions. A metric
allows us to define notions such as angles, lengths, and
distances on 𝑀. One can show that the metric 𝑔 near any
point 𝑝 ∈ 𝑀 looks Euclidean up to order 2; that is, we can
find suitable local coordinates around 𝑝 such that

𝑔𝑖𝑗 = 𝛿𝑖𝑗 + 𝑂(𝑟2).
The second-order terms can be described by an invariant
called the Riemann curvature tensor Rm𝑖𝑘𝑙𝑗, which is inde-
pendent of the choice of coordinates up to a simple trans-
formation rule. Various components of this tensor have
local geometric interpretations. A particularly interesting
component is called the Ricci tensor Ric𝑖𝑗, which arises
from tracing the 𝑘, 𝑙 indices of Rm𝑖𝑘𝑙𝑗. This tensor roughly
describes the second variation of areas of hypersurfaces un-
der normal deformations.

A Ricci flow on a manifold𝑀 is given by a smooth fam-
ily 𝑔(𝑡), 𝑡 ∈ [0, 𝑇), of Riemannian metrics satisfying the
evolution equation

𝜕𝑡𝑔(𝑡) = −2Ric𝑔(𝑡) . (2.1)

Expressed in suitable local coordinates, this equation
roughly takes the form of a non-linear heat equation in
the metric coefficients:

𝜕𝑡𝑔𝑖𝑗 =△𝑔𝑖𝑗⋯. (2.2)

In addition, if we compute the time derivative of the Rie-
mannian curvature tensor Rm𝑔(𝑡), we obtain

𝜕𝑡 Rm𝑔(𝑡) =△Rm𝑔(𝑡) +𝑄(Rm𝑔(𝑡)), (2.3)

where the last term denotes a quadratic term; its exact
form will not be important in the discussion below. Equa-
tions (2.2), (2.3) suggest that the metric 𝑔(𝑡) becomes
smoother or more homogeneous as time moves on, simi-
lar to the evolution of a heat equation, under which heat
is distributed more evenly across its domain. On the

1For a slightly expanded version of this text with more than 20 references see
https://arxiv.org/abs/2102.12615.

other hand, the last term in (2.3) seems to indicate that—
possibly at larger scales or in regions of large curvature—
this diffusion property may be outweighed by some other
non-linear effects, which could lead to singularities.

But we are getting ahead of ourselves. Let us first state
the following existence and uniqueness theorem, which
was established by Hamilton [Ham82] in the same paper
in which he introduced the Ricci flow equation.

Theorem 2.1. Suppose that 𝑀 is compact and let 𝑔0 be an
arbitrary Riemannianmetric on𝑀 (called the initial condition).
Then:

1. The evolution equation (2.1) combined with the initial
condition 𝑔(0) = 𝑔0 has a unique solution (𝑔(𝑡))𝑡∈[0,𝑇) for
some maximal 𝑇 ∈ (0,∞].

2. If 𝑇 < ∞, then we say that the flow develops
a singularity at time 𝑇 and the curvature blows up:
max𝑀 |Rm𝑔(𝑡)| −−−→𝑡↗𝑇

∞.

The most basic examples of Ricci flows are those in
which 𝑔0 is Einstein, i.e., Ric𝑔0 = 𝜆𝑔0. In this case the flow
simply evolves by rescaling:

𝑔(𝑡) = (1 − 2𝜆𝑡)𝑔0. (2.4)

So for example, a round sphere (𝜆 > 0) shrinks under the
flow and develops a singularity in finite time, when the
diameter goes to 0. On the other hand, if we start with
a hyperbolic metric (𝜆 < 0), then the flow is immortal,
meaning that it exists for all times, and the metric expands
linearly. In the following we will consider more general
initial metrics 𝑔0 and hope that—at least in some cases—
the flow is asymptotic to a solution of the form (2.4). This
will then allow us to understand the topology of the un-
derlying manifold in terms of the limiting geometry.

3. Dimension 2
In dimension 2, Ricci flows are very well behaved.

Theorem 3.1. Any Ricci flow on a compact 2-dimensional
manifold converges, modulo rescaling, to a metric of constant
curvature.

In addition, one can show that the flow in dimension 2
preserves the conformal class; i.e., for all times 𝑡 we have
𝑔(𝑡) = 𝑓(𝑡)𝑔0 for some smooth positive function 𝑓(𝑡) on
𝑀. This observation, combined with Theorem 3.1, can in
fact be used to prove the Uniformization Theorem.2

Theorem 3.2. Each compact surface𝑀 admits a metric of con-
stant curvature in each conformal class.

This is our first topological consequence of Ricci flow.
Of course, the Uniformization Theorem has already been

2The proof of Theorem 3.1, which was established by Chow and Hamilton
[Cho91, Ham88], relied on the Uniformization Theorem. This dependence
was later removed by Chen, Lu, and Tian [CLT06].
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Figure 1. Different singularity formations in the rotationally symmetric case, depending on the choice of the radii 𝑟1, 𝑟2, 𝑟3. The
flows depicted on the top are the corresponding singularity models. These turn out to be the only singularity models, even in
the non-rotationally symmetric case (see Subsection 4.3).

known for about 100 years. So in order to obtain any new
topological results, we will need to study the flow in higher
dimensions.

4. Dimension 3
In dimension 3, the behavior of the flow—and its singu-
larity formation—becomes far more complicated. In this
section, we will first discuss an example and briefly review
Perelman’s analysis of singularity formation and the con-
struction of Ricci flows with surgery. We will keep this part
short and only focus on aspects that will become impor-
tant later; for a more in-depth discussion and a more com-
plete list of references see the earlierNotices article [And04].
Next, we will focus on more recent work by Kleiner, Lott,
and the author on singular Ricci flows and their unique-
ness and continuous dependence, which led to the resolu-
tion of several longstanding topological conjectures.
4.1. Singularity formation—an example. To get an idea
of possible singularity formation of 3-dimensional Ricci
flows, it is useful to consider the famous dumbbell ex-
ample (see Figure 1). In this example, the initial mani-
fold (𝑀, 𝑔0) is the result of connecting two round spheres
of radii 𝑟1, 𝑟3 by a certain type of rotationally symmetric
neck of radius 𝑟2 (see Figure 1). So 𝑀 ≈ 𝑆3 and 𝑔0 =
𝑓2(𝑠)𝑔𝑆2 +𝑑𝑠2 is a warped product away from the two end-
points.

It can be shown that any flow starting from a metric of
this form must develop a singularity in finite time. The sin-
gularity type, however, depends on the choice of the radii

𝑟1, 𝑟2, 𝑟3. More specifically, if the radii 𝑟1, 𝑟2, 𝑟3 are compara-
ble (Figure 1, left), then the diameter of the manifold con-
verges to zero and, after rescaling, the flowbecomes asymp-
totically round—just as in Theorem 3.1. This case is called
extinction. On the other hand, if 𝑟2 ≪ 𝑟1, 𝑟3 (Figure 1, right),
then the flow develops a neck singularity, which looks like
a round cylinder (𝑆2 ×ℝ) at small scales. Note that in this
case the singularity only occurs in a certain region of the
manifold, while the metric converges to a smooth metric
everywhere else. Lastly, there is also an intermediate case
(Figure 1, center), in which the flow develops a singular-
ity that is modeled on the Bryant soliton—a one-ended
paraboloid-like model.

Figure 2. A Ricci flow 𝑀 × [0, 𝑇) that develops a singularity at
time 𝑇 and a sequence of points (𝑥𝑖, 𝑡𝑖) that “run into a
singularity.” The geometry in the parabolic neighborhoods
around (𝑥𝑖, 𝑡𝑖) (rectangles) is close to the singularity model
modulo rescaling if 𝑖 ≫ 1.
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4.2. Blow-up analysis. Perelman’s work implied that the
previous example is in fact prototypical for the singularity
formation of 3-dimensional Ricci flows starting from gen-
eral, not necessarily rotationally symmetric, initial data. In
order tomake this statement more precise, let us first recall
a method called blow-up analysis, which is used frequently
to study singularities in geometric analysis.

Suppose that (𝑀, (𝑔(𝑡))𝑡∈[0,𝑇)) is a Ricci flow that devel-
ops a singularity at time 𝑇 < ∞ (see Figure 2). Then we
can find a sequence of spacetime points (𝑥𝑖, 𝑡𝑖) ∈ 𝑀×[0, 𝑇)
such that 𝜆𝑖 ≔ |Rm|(𝑥𝑖, 𝑡𝑖) → ∞ and 𝑡𝑖 ↗ 𝑇; we will say
that the points (𝑥𝑖, 𝑡𝑖) “run into a singularity.” Our goal
will be to understand the local geometry at small scales
near (𝑥𝑖, 𝑡𝑖) for large 𝑖. For this purpose, we consider the
sequence of pointed, parabolically rescaled flows

(𝑀, (𝑔′𝑖(𝑡) ≔ 𝜆𝑖𝑔(𝜆−1𝑖 𝑡 + 𝑡𝑖))𝑡∈[−𝜆𝑖𝑡𝑖,0], (𝑥𝑖, 0)).
Geometrically, the flow (𝑔′𝑖(𝑡)) is the result of rescaling dis-
tances by 𝜆1/2𝑖 , times by 𝜆𝑖 and an application of a time-
shift such that the point (𝑥𝑖, 0) in the new flow corresponds
to the point (𝑥𝑖, 𝑡𝑖) in the old flow. The new flow (𝑔′𝑖(𝑡))
still satisfies the Ricci flow equation and it is defined on
larger and larger backwards time-intervals of size 𝜆𝑖𝑡𝑖 →∞.
Moreover, we have |Rm|(𝑥𝑖, 0) = 1 on this new flow. Ob-
serve also that the geometry of the original flow near (𝑥𝑖, 𝑡𝑖)
at scale 𝜆−1/2𝑖 ≪ 1 is a rescaling of the geometry of (𝑔′𝑖(𝑡))
near (𝑥𝑖, 0) at scale 1.

The hope is now to apply a compactness theorem (à la
Arzela-Ascoli) such that, after passing to a subsequence, we
have convergence

(𝑀, (𝑔′𝑖(𝑡))𝑡∈[−𝜆2𝑖 𝑡𝑖,0], (𝑥𝑖, 0))
−−−→
𝑖→∞

(𝑀∞, (𝑔∞(𝑡))𝑡≤0, (𝑥∞, 0)). (4.1)

The limit is called a blow-up or singularity model, as it gives
valuable information on the singularity near the points
(𝑥𝑖, 𝑡𝑖). This model is a Ricci flow that is defined for all
times 𝑡 ≤ 0; it is therefore called ancient. So in summary, a
blow-up analysis reduces the study of singularity formation
to the classification of ancient singularity models.

The notion of convergence in (4.1) is a generalization of
Cheeger-Gromov convergence to Ricci flows, due toHamil-
ton. Instead of demanding global convergence of the met-
ric tensors, as in Theorem 3.1, we only require convergence
up to diffeomorphisms here. We roughly require that we
have convergence

𝜙∗𝑖 𝑔′𝑖(𝑡)
𝐶∞
loc−−−→

𝑖→∞
𝑔∞ (4.2)

on 𝑀∞ × (−∞, 0] of the pullbacks of 𝑔′𝑖(𝑡) via (time-
independent) diffeomorphisms 𝜙𝑖 ∶ 𝑈 𝑖 → 𝑉 𝑖 ⊂ 𝑀 that
are defined over larger and larger subsets𝑈 𝑖 ⊂ 𝑀∞ and sat-
isfy 𝜙𝑖(𝑥∞) = 𝑥𝑖. We will see later (in Section 5) that this
notion of convergence is too strong to capture the more

subtle singularity formation of higher-dimensional Ricci
flows and we will discuss necessary refinements. Luckily,
in dimension 3 the current notion is still sufficient for our
purposes, though.
4.3. Singularity models and canonical neighborhoods.
Arguably one of the most groundbreaking discoveries
of Perelman’s work was the classification of singularity
models of 3-dimensional Ricci flows and the resulting
structural description of the flow near a singularity. The
following theorem3 summarizes this classification.

Theorem 4.1. Any singularity model (𝑀∞, (𝑔∞(𝑡))𝑡≤0) ob-
tained as in (4.1) is isometric, modulo rescaling, to one of the
following:

1. A quotient of the round shrinking sphere (𝑆3,
(1 − 4𝑡)𝑔𝑆3).

2. The round shrinking cylinder (𝑆2×ℝ, (1−2𝑡)𝑔𝑆2 +𝑔ℝ)
or its quotient (𝑆2 × ℝ)/ℤ2.

3. The Bryant soliton (𝑀Bry, (𝑔Bry(𝑡))).

Note that these three models correspond to the three
cases in the rotationally symmetric dumbbell example
from Subsection 4.1 (see Figure 1). The Bryant soliton in
3. is a rotationally symmetric solution to the Ricci flow on
ℝ3 with the property that all its time-slices are isometric to
a metric of the form

𝑔Bry = 𝑓2(𝑟)𝑔𝑆2 + 𝑑𝑟2, 𝑓(𝑟) ∼ √𝑟.

The name soliton refers to the fact that all time-slices of
the flow are isometric, so the flow merely evolves by pull-
backs of a family of diffeomorphisms (we will encounter
this soliton again at the end of this article).

It turns out that we can do even better than Theorem4.1:
we can describe the structure of the flow near any point
of the flow that is close to a singularity—not just near the
points used to construct the blow-ups. In order to state the
next result efficiently, we will need to consider the class of
𝜅-solutions. This class simply consists of all solutions listed
in Theorem 4.1, plus an additional compact, ellipsoidal
solution (the details of this solution won’t be important
here4). Then we have the following theorem.

Theorem 4.2 (Canonical Neighborhood Theorem). If
(𝑀, (𝑔(𝑡))𝑡∈[0,𝑇)), 𝑇 < ∞, is a 3-dimensional Ricci flow and
𝜀 > 0, then there is a constant 𝑟can(𝑔(0), 𝑇, 𝜀) > 0 such that
for any (𝑥, 𝑡) ∈ 𝑀 × [0, 𝑇) with the property that

𝑟 ≔ |Rm|−1/2(𝑥, 𝑡) ≤ 𝑟can

3Perelman proved a version of Theorem 4.1 that contained a more qualitative
characterization in case 3., which was sufficient for most applications. Later,
Brendle [Bre20] showed that the only possibility in case 3. is the Bryant soliton.
4This solution does not occur as a singularity of a single flow, but can be ob-
served as some kind of transitional model in families of flows that interpolate be-
tween two different singularity models.
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Figure 3. A schematic depiction of a Ricci flow with surgery.
The almost-singular parts 𝑀almost-sing, i.e., the parts that are
discarded under each surgery construction, are hatched.

the geometry of the metric 𝑔(𝑡) restricted to the ball
𝐵𝑔(𝑡)(𝑥, 𝜀−1𝑟) is 𝜀-close5 to a time-slice of a 𝜅-solution.

Let us digest the content of this theorem. Recall that the
norm of the curvature tensor |Rm|, which can be viewed as
a measure of “how singular the flow is near a point,” has
the dimension of length−2, so 𝑟 = |Rm|−1/2 can be viewed
as a “curvature scale.” So, in other words, Theorem 4.2
states that regions of high curvature locally look verymuch
like cylinders, Bryant solitons, round spheres, etc.
4.4. Ricci flow with surgery. Our understanding of the
structure of the flow near a singularity now allows us to
carry out a so-called surgery construction. Under this con-
struction (almost) singularities of the flow are removed, re-
sulting in a “less singular” geometry, from which the flow
can be restarted. This will lead to a new type of flow that
is defined beyond its singularities and which will provide
important information on the underlying manifold.

Let us be more precise. A (3-dimensional) Ricci flow with
surgery (see Figure 3) consists of a sequence of Ricci flows

(𝑀1, (𝑔1(𝑡))𝑡∈[0,𝑇1]), (𝑀2, (𝑔2(𝑡))𝑡∈[𝑇1,𝑇2]),
(𝑀3, (𝑔3(𝑡))𝑡∈[𝑇2,𝑇3]), … ,

which live on manifolds 𝑀1,𝑀2, … of possibly differ-
ent topology and are parameterized by consecutive time-
intervals of the form [0, 𝑇1], [𝑇1, 𝑇2], … whose union equals
[0,∞). The time-slices (𝑀𝑖, 𝑔𝑖(𝑇𝑖)) and (𝑀𝑖+1, 𝑔𝑖+1(𝑇𝑖)) are
related by a surgery process, which can be roughly summa-
rized as follows. Consider the set 𝑀almost-sing ⊂ 𝑀𝑖 of
all points of high enough curvature, such that they have

5Similar to (4.2), this roughly means that there is a diffeomorphism between an
𝜀−1-ball in a 𝜅-solution and this ball such that the pullback of 𝑟−2𝑔(𝑡) is 𝜀-close
in the 𝐶[𝜀−1]-sense to the metric on the 𝜅-solution.

a canonical neighborhood as in Theorem 4.2. Cut 𝑀𝑖
open along approximate cross-sectional 2-spheres of diam-
eter 𝑟surg(𝑇𝑖) ≪ 1 near the cylindrical ends of 𝑀almost-sing,
discard most of the high-curvature components (includ-
ing the closed, spherical components of𝑀almost-sing), and
glue in cap-shaped 3-disks to the cutting surfaces. In doing
so we have constructed a new, “less singular,” Riemannian
manifold (𝑀𝑖+1, 𝑔𝑖+1(𝑇𝑖)), from which we can restart the
flow. Stop at some time 𝑇𝑖+1 > 𝑇𝑖, shortly before another
singularity occurs and repeat the process.

The precise surgery construction is quite technical and
more delicate than presented here. The main difficulty in
this construction is to ensure that the surgery times 𝑇𝑖 do
not accumulate, i.e., that the flow can be extended for all
times. It was shown by Perelman that this and other diffi-
culties can indeed be overcome.

Theorem 4.3. Let (𝑀, 𝑔) be a closed, 3-dimensional Riemann-
ian manifold. If the surgery scales 𝑟surg(𝑇𝑖) > 0 are chosen suf-
ficiently small (depending on (𝑀, 𝑔) and 𝑇𝑖), then a Ricci flow
with surgery with initial condition (𝑀1, 𝑔1(0)) = (𝑀, 𝑔) can be
constructed.

Note that the topology of the underlying manifold 𝑀𝑖
may change in the course of a surgery, but only in a con-
trolled way. In particular, it is possible to show that for any
𝑖 the initial manifold 𝑀1 is diffeomorphic to a connected
sum of components of 𝑀𝑖 and copies of spherical space
forms 𝑆3/Γ and 𝑆2 × 𝑆1. So if the flow goes extinct in finite
time, meaning that 𝑀𝑖 = ∅ for some large 𝑖, then

𝑀1 ≈ #𝑘
𝑗=1(𝑆3/Γ𝑗)#𝑚(𝑆2 × 𝑆1). (4.3)

Perelmanmoreover showed that if𝑀1 is simply connected,
then the flow has to go extinct and therefore 𝑀1 must be
of the form (4.3). This immediately implies the Poincaré
Conjecture—our first true topological application of Ricci
flow.

Theorem 4.4 (Poincaré Conjecture). Any simply connected,
closed 3-manifold is diffeomorphic to 𝑆3.

On the other hand, Perelman showed that if the Ricci
flow with surgery does not go extinct, meaning if it exists
for all times, then for large times 𝑡 ≫ 1 the flow decom-
poses the manifold (at time 𝑡) into a thick and a thin part:

𝑀thick(𝑡) ⊍ 𝑀thin(𝑡), (4.4)

such that the metric on 𝑀thick(𝑡) is asymptotic to a hyper-
bolic metric and the metric on 𝑀thin(𝑡) is collapsed along
fibers6 of type 𝑆1, 𝑆2, or 𝑇2. A further topological analy-
sis of these induced fibrations implied the Geometrization

6The precise description of these fibrations is a bit more complex and omitted
here. In addition, 𝑀thick(𝑡) and 𝑀thin(𝑡) are separated by embedded 2-tori
that are incompressible, meaning that the inclusion into the ambient manifold
is an injection on 𝜋1.
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Figure 4. Illustration of a singular Ricci flow given by a Ricci
flow spacetime. The arrows indicate the time-vector field 𝜕𝔱.

Conjecture—our second topological application of Ricci
flow.

Theorem 4.5 (Geometrization Conjecture). Every closed 3-
manifold is a connected sum of manifolds that can be cut along
embedded, incompressible copies of 𝑇2 into pieces which each
admit a locally homogeneous geometry.

4.5. Ricci flows through singularities. Despite their spec-
tacular applications, Ricci flows with surgery have one ma-
jor drawback: their construction is not canonical. In other
words, each surgery step depends on a number of auxiliary
parameters, for which there does not seem to be a canoni-
cal choice, such as:

• The surgery scales 𝑟surg(𝑇𝑖), i.e., the diameters of
the cross-sectional spheres along which the mani-
fold is cut open. These scales need to be positive
and small.

• The precise locations of these surgery spheres.

Different choices of these parameters may influence the fu-
ture development of the flow significantly (as well as the
space of future surgery parameters). Hence a Ricci flow
with surgery is not uniquely determined by its initial met-
ric.

This disadvantage was already recognized in Perelman’s
work, where he conjectured that there should be another
flow, in which surgeries are effectively carried out automat-
ically at an infinitesimal scale (think “𝑟surg = 0”), or which,
in other words, “flows through singularities.”

Perelman’s conjecture was recently resolved by Kleiner,
Lott, and the author [BK17b,KL17].7

7The “existence” part is due to Kleiner and Lott and the “uniqueness” part is

Theorem 4.6. There is a notion of singular Ricci flow (through
singularities) such that:

1. For any compact, 3-dimensional Riemannian manifold
(𝑀, 𝑔) there is a unique singular Ricci flowℳ whose initial
time-slice (ℳ0, 𝑔0) is (𝑀, 𝑔).

2. Any Ricci flow with surgery starting from (𝑀, 𝑔) can
be viewed as an approximation of ℳ. More specifically, if
we consider a sequence of Ricci flows with surgery starting
from (𝑀, 𝑔) with surgery scales max𝑡 𝑟surg(𝑡) → 0, then
these flows converge to ℳ in the local 𝐶∞-sense.8

In addition, the concept of a singular Ricci flow is far
less technical than that of a Ricci flowwith surgery—in fact,
we will be able to state its full definition here. To do this,
we will first define the concept of a Ricci flow spacetime. In
short, this is a smooth 4-manifold that locally looks like a
Ricci flow, but which may have non-trivial global topology
(see Figure 4).

Definition 4.7. A Ricci flow spacetime consists of:

1. A smooth 4-dimensional manifoldℳ with bound-
ary, called spacetime.

2. A time-function 𝔱 ∶ ℳ → [0,∞). Its level sets ℳ𝑡 ≔
𝔱−1(𝑡) are called time-slices and we require that ℳ0 =
𝜕ℳ.

3. A time-vector field 𝜕𝔱 onℳ with 𝜕𝔱⋅𝔱 ≡ 1. Trajectories
of 𝜕𝔱 are called worldlines.

4. A family 𝑔 of inner products on ker 𝑑𝔱 ⊂ 𝑇ℳ,
which induce a Riemannian metric 𝑔𝑡 on each time-
slice ℳ𝑡. We require that the Ricci flow equation
holds:

ℒ𝜕𝔱𝑔𝑡 = −2Ric𝑔𝑡 .
By abuse of notation, we will often write ℳ instead of
(ℳ, 𝔱, 𝜕𝔱, 𝑔).

A classical, 3-dimensional Ricci flow (𝑀, (𝑔(𝑡))𝑡∈[0,𝑇))
can be converted into a Ricci flow spacetime by setting
ℳ ≔ 𝑀 × [0, 𝑇), letting 𝔱, 𝜕𝔱 be the projection onto the
second factor and the pullback of the unit vector field on
the second factor, respectively, and letting 𝑔𝑡 be the metric
corresponding to 𝑔(𝑡) on 𝑀 × {𝑡} ≈ 𝑀. Hence worldlines
correspond to curves of the form 𝑡 ↦ (𝑥, 𝑡).

Likewise, a Ricci flow with surgery, given by
flows (𝑀1, (𝑔1(𝑡))𝑡∈[0,𝑇1]), (𝑀2, (𝑔2(𝑡))𝑡∈[𝑇1,𝑇2]), … can be
converted into a Ricci flow spacetime as follows. Consider
first the Ricci flow spacetimes 𝑀1 × [0, 𝑇1],𝑀2 × [𝑇1, 𝑇2], …
arising from each single flow. We can now glue these flows
together by identifying the set of points𝑈−

𝑖 ⊂ 𝑀𝑖×{𝑇𝑖} and
𝑈+
𝑖 ⊂ 𝑀𝑖+1 × {𝑇𝑖} that survive each surgery step via maps

𝜙𝑖 ∶ 𝑈−
𝑖 → 𝑈+

𝑖 . The resulting space has a boundary that

due to Kleiner and the author. Part 2. of Theorem 4.6 follows from a combi-
nation of both papers.
8More details on this convergence will be given in the end of this subsection.
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consists of the time-0-slice 𝑀1 × {0} and the points

𝒮𝑖 = (𝑀𝑖 × {𝑇𝑖} ⧵ 𝑈−
𝑖 ) ∪ (𝑀𝑖+1 × {𝑇𝑖} ⧵ 𝑈+

𝑖 ),
which were removed and added during each surgery step.
After removing these points, we obtain a Ricci flow space-
time of the form:

ℳ = (𝑀1 × [0, 𝑇1] ∪𝜙1 𝑀2 × [𝑇1, 𝑇2] ∪𝜙2 ⋯)
⧵ (𝒮1 ∪ 𝒮2 ∪⋯). (4.5)

Note that for any regular time 𝑡 ∈ (𝑇𝑖−1, 𝑇𝑖) the time-slice
ℳ𝑡 is isometric to (𝑀𝑖, 𝑔𝑖(𝑡)). On the other hand, the time-
slices ℳ𝑇𝑖 corresponding to surgery times are incomplete;
they have cylindrical open ends of scale ≈ 𝑟surg(𝑇𝑖).

The following definition captures this incompleteness.

Definition 4.8. A Ricci flow spacetime is 𝑟-complete for
some 𝑟 ≥ 0 if the following holds. Consider a smooth
path 𝛾 ∶ [0, 𝑠0) → ℳ with the property that

inf
𝑠∈[0,𝑠0)

|Rm|−1/2(𝛾(𝑠)) > 𝑟

and:

1. 𝛾([0, 𝑙)) ⊂ ℳ𝑡 is contained in a single time-slice
and its length measured with respect to the metric 𝑔𝑡
is finite, or

2. 𝛾 is a worldline; i.e., a trajectory of ±𝜕𝔱.
Then the limit lim𝑠↗𝑠0 𝛾(𝑠) exists.

So ℳ being 𝑟-complete roughly means that it has only
“holes” of scale ≲ 𝑟. For example, the flow from (4.5) is
𝐶max𝑡 𝑟𝑠ᵆ𝑟𝑔(𝑡)-complete for some universal 𝐶 < ∞.

In addition, Theorem 4.2 motivates the following defi-
nition.

Definition 4.9. A Ricci flow spacetime is said to satisfy the
𝜖-canonical neighborhood assumption at scales (𝑟1, 𝑟2) if for any
point 𝑥 ∈ ℳ𝑡 with 𝑟 ≔ |Rm|−1/2(𝑥) ∈ (𝑟1, 𝑟2) the metric 𝑔𝑡
restricted to the ball 𝐵𝑔𝑡(𝑥, 𝜀−1𝑟) is 𝜀-close, after rescaling
by 𝑟−2, to a time-slice of a 𝜅-solution.

We can finally define singular Ricci flows (through sin-
gularities), as used in Theorem 4.6.

Definition 4.10. A singular Ricci flow is a Ricci flow space-
time ℳ with the following two properties:

1. It is 0-complete.
2. For any 𝜀 > 0 and 𝑇 < ∞ there is an 𝑟(𝜀, 𝑇) > 0
such that the flow ℳ restricted to [0, 𝑇) satisfies the
𝜀-canonical neighborhood assumption at scales (0, 𝑟).

See again Figure 4 for a depiction of a singular Ricci
flow. The time-slicesℳ𝑡 for 𝑡 < 𝑇sing develop a cylindrical
region, which collapses to some sort of topological dou-
ble cone singularity in ℳ𝑇sing at time 𝑇sing. This singular-
ity is immediately resolved and the flow is smooth for all
𝑡 > 𝑇sing.

Let us digest the definition of a singular Ricci flow a bit
more. It is tempting to think of the time function 𝔱 as a
Morse function and compare critical points with infinites-
imal surgeries. However, this comparison is flawed. First,
by definition 𝔱 cannot have critical points since 𝜕𝔱 𝔱 = 1.
In fact, a singular Ricci flow is a completely smooth object.
The “singular points” of the flow are not part ofℳ, but can
be obtained after metrically completing each time-slice by
adding a discrete set of points. Second, it is currently un-
known whether the set of singular times, i.e., the set of
times whose time-slices are incomplete, is discrete.

Similar notions of singular flows have been developed
for the mean curvature flow (a close cousin of the Ricci
flow). These are called level set flows and Brakke flows.
However, their definitions differ from singular Ricci flows
in that they characterize the flow equation at singular
points via barrier and weak integral conditions, respec-
tively. This is possible, in part, because a mean curvature
flow is an embedded object and its singular set has an an-
alytic meaning. By contrast, the definition of a singular
Ricci flow only characterizes the flow on its regular part. In
lieu of a weak formulation of the Ricci flow equation on
the singular set, we have to impose the canonical neigh-
borhood assumption, which serves as an asymptotic char-
acterization near the incomplete ends.

Finally, we will briefly explain how singular Ricci flows
are constructed and convey the meaning of part 2. of The-
orem 4.6. Fix an initial time-slice (𝑀, 𝑔) and consider a
sequence of Ricci flow spacetimes ℳ𝑗 that correspond to
Ricci flows with surgery starting from (𝑀, 𝑔), with surgery
scale max𝑡 𝑟surg,𝑗(𝑡) → 0. It can be shown that these flows
are 𝐶max𝑡 𝑟surg,𝑗(𝑡)-complete and satisfy the 𝜀-canonical
neighborhood assumption at scales (𝐶𝜀max𝑡 𝑟surg,𝑗(𝑡), 𝑟𝜀),
where 𝐶, 𝐶𝜀, 𝑟𝜀 do not depend on 𝑗. A compactness the-
orem implies that a subsequence of the spacetimes ℳ𝑗

converges to a spacetimeℳ, which is a singular Ricci flow.
This implies the existence of ℳ; the proof of uniqueness
uses other techniques, which are outside the scope of this
article.
4.6. Continuous dependence. The proof of the unique-
ness property in Theorem 4.6, due to Kleiner and the au-
thor, implies an important continuity property [BK19],
which will lead to further topological applications. To
state this property, let𝑀 be a compact 3-manifold and for
every Riemannian metric 𝑔 on 𝑀 let ℳ𝑔 be the singular
Ricci flow with initial condition (ℳ𝑔

0 , 𝑔) = (𝑀, 𝑔).

Theorem 4.11. The flow ℳ𝑔 depends continuously on 𝑔.

Note that the topology of the flow ℳ𝑔 may change as
we vary 𝑔 and the continuity holds for the entire flows—
past potential singularities. We therefore have to choose
an appropriate sense of continuity in Theorem 4.11 that
allows such a topological change. This is roughly done via
a topology and lamination structure on the disjoint union
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Figure 5. A family of singular Ricci flows starting from a continuous family of initial conditions.

⨆𝑔ℳ𝑔, transverse to which the variation of the flow can
be studied locally.

Instead of diving into these technicalities, let us dis-
cuss the example illustrated in Figure 5. In this exam-
ple (𝑔𝑠)𝑠∈[0,1] denotes a continuous family of metrics on
𝑆3 such that the corresponding flows ℳ𝑠 ≔ ℳ𝑔𝑠 inter-
polate between a round and a cylindrical singularity. For
𝑠 ∈ [0, 1

2
) the flow ℳ𝑠 can be described in terms of a con-

ventional, non-singular Ricci flow (𝑔𝑠𝑡) on 𝑀 and the con-
tinuity statement in Theorem 4.11 is equivalent to contin-
uous dependence of this flow on 𝑠. Likewise, the flowsℳ𝑠

restricted to [0, 𝑇sing) can again be described by a contin-
uous family of conventional Ricci flows. The question is
now what happens at the critical parameter 𝑠 = 1

2
, where

the type of singularity changes. The uniqueness property
guarantees that the flows ℳ𝑠 for 𝑠 ↗ 1

2
and 𝑠 ↘ 1

2
must

limit to the same flow ℳ
1
2 . The convergence is locally

smooth, but the topology of the spacetime manifold ℳ𝑠

may still change.
4.7. Topological applications. Theorem 4.11 provides us
a tool to deduce the first topological applications of Ricci
flow since Perelman’s work.

The first example of such an application concerns the
space of metrics of positive scalar curvature MetPSC(𝑀) ⊂
Met(𝑀) on a manifold𝑀, which is a subset of the space of
all Riemannian metrics on 𝑀 (both spaces are equipped
with the 𝐶∞-topology). Since the positive scalar curva-
ture condition is preserved by Ricci flow, Theorem 4.11
roughly implies that—modulo singularities and the associ-
ated topological changes—Ricci flow is a “continuous de-
formation retraction” of MetPSC(𝑀) to the space of round
metrics on𝑀. This heuristic was made rigorous by Kleiner
and the author [BK19] and implied the following theorem.

Theorem 4.12. For any closed 3-manifold 𝑀 the space
MetPSC(𝑀) is either contractible or empty.

The study of the spaces MetPSC(𝑀) was initiated by
Hitchin in the 70s and has led tomany interesting results—
based on index theory—which show that these spaces have
non-trivial topology when 𝑀 is high dimensional. Theo-
rem 4.12 provides the first examples of manifolds of di-
mension ≥ 3 for which the homotopy type of MetPSC(𝑀)
is completely understood; see also prior work by Marques
[Mar12].

A second topological application concerns the diffeo-
morphism group Diff(𝑀) of a manifold 𝑀, i.e., the space
of all diffeomorphisms 𝜙 ∶ 𝑀 → 𝑀 (again equipped with
the 𝐶∞-topology). The study of these spaces was initiated
by Smale, who showed that Diff(𝑆2) is homotopy equiva-
lent to the orthogonal group 𝑂(3), i.e., the set of isome-
tries of 𝑆2. More generally, we can fix an arbitrary closed
manifold𝑀, pick a Riemannian metric 𝑔, and consider the
natural injection of the isometry group

Isom(𝑀, 𝑔)⟶ Diff(𝑀). (4.6)

The following conjecture allows us to understand the ho-
motopy type of Diff(𝑀) for many important 3-manifolds.

Conjecture 4.13 (Generalized Smale Conjecture). Suppose
that (𝑀3, 𝑔) is closed and has constant curvature 𝐾 ≡ ±1. Then
(4.6) is a homotopy equivalence.

This conjecture has had a long history and many in-
teresting special cases were established using topological
methods, including the case 𝑀 = 𝑆3 by Hatcher and the
hyperbolic case by Gabai. For more background see the
first chapter of [HKMR12].

An equivalent version of Conjecture 4.13 is that The-
orem 4.12 remains true if we replace MetPSC(𝑀) by the
spaceMet𝐾≡±1(𝑀) of constant curvature metrics. This was
verified by Kleiner and the author [BK17a, BK19], which
led to the following.

Theorem 4.14. The Generalized Smale Conjecture is true.
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The proof of Theorem 4.14 provides a unified treatment
of all possible topological cases and it can also be extended
to other manifolds 𝑀. In addition it is independent of
Hatcher’s proof, so it gives an alternative proof in the 𝑆3-
case.

5. Dimensions 𝑛 ≥ 4
For a long time, most of the known results of Ricci flows in
higher dimensions concerned special cases, such as Kähler-
Ricci flows or flows that satisfy certain preserved curvature
conditions. General flows, on the other hand, were rel-
atively poorly understood. Recently, however, there has
been some movement on this topic—in part, thanks to
a slightly different geometric perspective on Ricci flows
[Bam20b,Bam20a,Bam20c]. The goal of this section is to
convey some of these new ideas and to provide an outlook
on possible geometric and topological applications.
5.1. Gradient shrinking solitons. Let us start with the
following basic question: what would be reasonable sin-
gularity models in higher dimensions? One important
class of such models are gradient shrinking solitons (GSS).
The GSS equation concerns Riemannian manifolds (𝑀, 𝑔)
equipped with a potential function 𝑓 ∈ 𝐶∞(𝑀) and reads:

Ric+∇2𝑓 − 1
2𝑔 = 0.

This generalization of the Einstein equation is interesting,
because it gives rise to an associated self-similar Ricci flow:

𝑔(𝑡) ≔ |𝑡|𝜙∗𝑡𝑔, 𝑡 < 0,

where (𝜙𝑡 ∶ 𝑀 → 𝑀)𝑡<0 is the flow of the vector field |𝑡|∇𝑓.
A basic example of a GSS is an Einstein metric (Ric =

1
2
𝑔), for example a round sphere. In this case 𝑔(𝑡) just

evolves by rescaling and becomes singular at time 0. A
more interesting class of examples are round cylinders
𝑆𝑘≥2 × ℝ𝑛−𝑘, where

𝑔 = 2(𝑘 − 1)𝑔𝑆𝑘 + 𝑔ℝ𝑛−𝑘 , 𝑓 = 1
4

𝑛
∑

𝑖=𝑘+1
𝑥2𝑖 .

In this case |𝑡|∇𝑓 generates a family of dilations on the
ℝ𝑛−𝑘 factor and

𝑔(𝑡) = 2(𝑘 − 1)|𝑡|𝑔𝑆𝑘 + 𝑔ℝ𝑛−𝑘 ,

which is isometric to |𝑡|𝑔. In dimensions 𝑛 ≤ 3, all (non-
trivial9) GSS are quotients of round spheres or cylinders.
However, more complicated GSS exist in dimensions 𝑛 ≥
4.

By construction, GSS (or their associated flows, to be
precise) are invariant under parabolic rescaling. So the
blow-up singularity model of the singularity at time 0

9Euclidean space ℝ𝑛 equipped with 𝑓 = 1
4
𝑟2 is called a trivial GSS.

(taken along an appropriately chosen sequence of base-
points) is equal to the flow itself. Therefore every GSS does
indeed occur as a singularity model, at least of its own flow.

Vice versa, the following conjecture, which we will keep
vague for now, predicts that the converse should also be
true in a certain sense.

Conjecture 5.1. For any Ricci flow “most” singularity models
are gradient shrinking solitons.

This conjecture has been implicit in Hamilton’s work
from the 90s and a similar result is known to be true for
mean curvature flow. In the remainder of this section we
will present a resolution of a version of this conjecture.
5.2. Examples of singularity formation. Let us first dis-
cuss an example in order to adjust our expectations in re-
gards to Conjecture 5.1. In [App19], Appleton constructs
a class of 4-dimensional Ricci flows10 that develop a sin-
gularity in finite time, which can be studied via the blow-
up technique from Subsection 4.2—this time we even al-
low the rescaling factors to be any sequence of numbers
𝜆𝑖 →∞, not just 𝜆𝑖 = |Rm|1/2(𝑥𝑖, 𝑡𝑖). Appleton obtains the
following classification of all non-trivial blow-up singular-
ity models:

1. The Eguchi-Hanson metric, which is Ricci flat and as-
ymptotic to the flat cone ℝ4/ℤ2.

2. The flat cone ℝ4/ℤ2, which has an isolated orbifold
singularity at the origin.

3. The quotient 𝑀Bry/ℤ2 of the Bryant soliton, which
also has an isolated orbifold singularity at its tip.

4. The cylinder ℝ𝑃3 × ℝ.

Here the models 1. and 2. have to occur as singularity
models, and it is unknown whether the models 3. and 4.
actually do show up. The only gradient shrinking solitons
in this list are 2. and 4. Note that the flow on ℝ4/ℤ2 is
constant, but each time-slice is ametric cone, and therefore
invariant under rescaling. So we may also view this model
as a (degenerate) gradient shrinking soliton (in this case
𝑓 = 1

4
𝑟2).

It is conceivable that there are Ricci flow singularities
whose only blow-up models are of type 1. or type 2.
In addition, there are further examples in higher dimen-
sions [Sto19] whose only blow-up models that are gradi-
ent shrinking solitons must be singular and possibly de-
generate. This motivates the following revision of Conjec-
ture 5.1.

Conjecture 5.2. For any Ricci flow “most” singularity models
are gradient shrinking solitons that may be degenerate and may
have a singular set of codimension ≥ 4.

10The flows are defined on non-compact manifolds, but the geometry at infinity
is well controlled.

1494 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 9



5.3. A compactness and partial regularity theory. The
previous example taught us that in higher dimensions it
becomes necessary to consider non-smooth blow-up lim-
its. The usual convergence and compactness theory of
Ricci flows due to Hamilton from Subsection 4.2, which
relies on curvature bounds and only produces smooth lim-
its, becomes too restrictive for such purposes. Instead,
we need a fundamentally new compactness and partial regu-
larity theory for Ricci flows, which will enable us to take
limits of arbitrary Ricci flows and study their structural
properties. This theory was recently found by the author
[Bam20b, Bam20a, Bam20c] and will lie at the heart of a
resolution of Conjecture 5.2.

Compactness and partial regularity theories are an im-
portant feature in many subfields of geometric analysis.
To gain a better sense for such theories, let us first review
the compactness and partial regularity theory for Einstein
metrics11—an important special case, since every Einstein
metric corresponds to a Ricci flow. Consider a sequence
(𝑀𝑖, 𝑔𝑖, 𝑥𝑖) of pointed, complete 𝑛-dimensional Einstein
manifolds, Ric𝑔𝑖 = 𝜆𝑖𝑔𝑖, |𝜆𝑖| ≤ 1. Then, after passing
to a subsequence, these manifolds (or their metric length
spaces, to be precise) converge in the Gromov-Hausdorff
sense to a pointed metric space

(𝑀𝑖, 𝑑𝑔𝑖 , 𝑥𝑖)
𝐺𝐻−−−→
𝑖→∞

(𝑋, 𝑑, 𝑥∞).

If we now impose the non-collapsing condition

vol 𝐵(𝑥, 𝑟) ≥ 𝑣 > 0 (5.1)

for some uniform 𝑟, 𝑣 > 0, then the limit admits a regular-
singular decomposition

𝑋 = ℛ ⊍ 𝒮
such that the following hold:

1. ℛ can be equipped with the structure of a Riemann-
ian Einstein manifold (ℛ, 𝑔∞) in such a way that the
restriction 𝑑|ℛ equals the length metric 𝑑𝑔∞ . In other
words, (𝑋, 𝑑) is isometric to the metric completion of
(ℛ, 𝑑𝑔∞).

2. We have the following estimate on the Minkowski di-
mension of the singular set:

dimℳ 𝒮 ≤ 𝑛 − 4.
3. Every tangent cone (i.e., blow-up of (𝑋, 𝑑) pointed at

the same point) is in fact a metric cone.
4. We have a filtration of the singular set

𝒮0 ⊂ 𝒮1 ⊂ ⋯ ⊂ 𝒮𝑛−4 = 𝒮
such that dimℋ 𝒮𝑘 ≤ 𝑘 and such that every 𝑥 ∈ 𝒮𝑘 ⧵
𝒮𝑘−1 has a tangent cone that splits off an ℝ𝑘-factor.

11This theory is due to Cheeger, Colding, Gromov, Naber, and Tian.

Interestingly, compactness and partial regularity theo-
ries for other geometric equations (e.g., minimal surfaces,
harmonic maps, mean curvature flow, . . . ) take a simi-
lar form. The reason for this is that these theories rely
on only a few basic ingredients (e.g., a monotonicity for-
mula, an almost cone rigidity theorem, and an 𝜀-regularity
theorem), which can be verified in each setting. A the-
ory for Ricci flows, however, did not exist for a long time,
because these basic ingredients are—at least a priori—not
available for Ricci flows. So this setting required a different
approach.

Let us now discuss the new compactness and partial reg-
ularity theory for Ricci flows. Before we begin, note that
there is an additional complication: parabolic versions of
notions like “metric space,” “Gromov-Hausdorff conver-
gence,” etc. didn’t exist until recently, so they—and a the-
ory surrounding them—first had to be developed. We will
discuss these new notions inmore detail in Subsection 5.5.
For now, let us try to get by with some more vague expla-
nations.

The first result is a compactness theorem. Consider a
sequence of pointed, 𝑛-dimensional Ricci flows

(𝑀𝑖, (𝑔𝑖(𝑡))𝑡∈(−𝑇𝑖,0], (𝑥𝑖, 0)),
where we imagine the basepoints (𝑥𝑖, 0) to live in the final
time-slices, and suppose that 𝑇∞ ≔ lim𝑖→∞ 𝑇𝑖 > 0. Then
we have the following.

Theorem 5.3. After passing to a subsequence, these flows 𝔽-
converge to a pointed metric flow:

(𝑀𝑖, (𝑔𝑖(𝑡)), (𝑥𝑖, 0))
𝔽−−−→

𝑖→∞
(𝒳, (𝜈𝑥∞;𝑡)).

Here a “metric flow” can be thought of as a parabolic
version of a “metric space.” It is some sort of Ricci flow
spacetime (as in Definition 4.7) that is allowed to have sin-
gular points; think, for example, of isolated orbifold sin-
gularities in every time-slice as in Appleton’s example (see
Subsection 5.2), or a singular point where a round shrink-
ing sphere goes extinct. The term “𝔽-convergence” can be
thought of as a parabolic version of “Gromov-Hausdorff
convergence.”

The next theorem concerns the partial regularity of the
limit in the non-collapsed case, whichwe define as the case
in which

𝒩𝑥𝑖,0(𝑟2∗ ) ≥ −𝑌∗ (5.2)

for some uniform constants 𝑟∗ > 0 and 𝑌∗ < ∞. This
condition is the parabolic analogue to (5.1). The quan-
tity 𝒩𝑥,𝑡(𝑟2) is the pointed Nash-entropy, which is related
to Perelman’s 𝒲-functional; it was rediscovered by work
of Hein and Naber. Assuming (5.2), we now have the fol-
lowing theorem.

Theorem 5.4. There is a regular-singular decomposition

𝒳 = ℛ ⊍ 𝒮
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such that:

1. The flow on ℛ can be described by a smooth Ricci
flow spacetime structure. Moreover, the entire flow 𝒳 is
uniquely determined by this structure.

2. We have the dimensional estimate

dimℳ∗ 𝒮 ≤ (𝑛 + 2) − 4.
3. Tangent flows (i.e., blow-ups based at a fixed point of
𝒳) are (possibly singular) gradient shrinking solitons.

4. There is a filtration 𝒮0 ⊂ ⋯ ⊂ 𝒮𝑛−2 = 𝒮 with similar
properties as in the Einstein case.

A few comments are in order here. First, note that the
fact that 𝒳 is uniquely determined by the smooth Ricci
flow spacetime structure on ℛ is comparable to what we
have observed in dimension 3 (see Subsection 4.5), where
we didn’t even consider the entire flow 𝒳. Second, prop-
erty 2. involves a parabolic version of the Minkowski di-
mension that is natural for Ricci flows; a precise definition
would be beyond the scope of this article. Note that the
time direction accounts for 2 dimensions, which is natural.
An interesting case is dimension 𝑛 = 3, in which we obtain
that the set of singular times has dimension ≤ 1

2
; this is in

line with what is known in this dimension. Lastly, in prop-
erty 3. the role of metric cones is now taken by gradient
shrinking solitons; these are analogues of metric cones, as
both are invariant under rescaling.

The dimensional bounds in Theorem 5.4 are optimal.
In Appleton’s example, the singular set 𝒮may consist of an
isolated orbifold point in every time-slice; so its parabolic
dimension is 2 = (4+2)−4. On the other hand, a flow on
𝑆2×𝑇2 develops a singularity at a single time and collapses
to the 2-torus 𝑇2, which again has parabolic dimension 2.
5.4. Applications. Theorems 5.3 and 5.4 finally enable
us to study the finite-time singularity formation and long-
time behavior of Ricci flows in higher dimensions.

Regarding Conjecture 5.2, we roughly obtain the follow-
ing theorem.

Theorem 5.5. Suppose that (𝑀, (𝑔(𝑡))𝑡∈[0,𝑇)) develops a sin-
gularity at time 𝑇 < ∞. Then we can extend this flow by a
“singular time-𝑇-slice” (𝑀𝑇 , 𝑑𝑇) such that the tangent flows at
any (𝑥, 𝑇) ∈ 𝑀𝑇 are (possibly singular) gradient shrinking soli-
tons.

Regarding the long-time asymptotics, we obtain the fol-
lowing picture, which closely resembles that in dimen-
sion 3; compare with (4.4) in Subsection 4.4.

Theorem 5.6. Suppose that (𝑀, (𝑔(𝑡))𝑡≥0) is immortal. Then
for 𝑡 ≫ 1 we have a thick-thin decomposition

𝑀 = 𝑀thick(𝑡) ⊍ 𝑀thin(𝑡)
such that the flow on 𝑀thick(𝑡) converges, after rescaling, to
a singular Einstein metric (Ric𝑔∞ = −𝑔∞) and the flow on
𝑀thin(𝑡) is collapsed in the opposite sense of (5.2).

Theorems 5.5 and 5.6 essentially generalize Perelman’s
results to higher dimensions.
5.5. Metric flows. So what precisely is a metric flow? To
answer this question, wewill imitate the process of passing
from a (smooth) Riemannianmanifold (𝑀, 𝑔) to its metric
length space (𝑀, 𝑑𝑔). Here a new perspective on the geom-
etry of Ricci flows will be key.

Our goal will be to turn a Ricci flow (𝑀, (𝑔(𝑡))𝑡∈𝐼) into
a synthetic object, which we call “metric flow.” To do this,
let us first consider the spacetime 𝒳 ≔ 𝑋 × 𝐼 and the
time-slices 𝒳𝑡 ≔ 𝑋 × {𝑡} equipped with the length met-
rics 𝑑𝑡 ≔ 𝑑𝑔(𝑡). It may be tempting to retain the product
structure 𝑋 × 𝐼 on 𝒳, i.e., to record the set of worldlines
𝑡 ↦ (𝑥, 𝑡). However, this turns out to be unnatural. In-
stead, we will view the time-slices (𝒳𝑡, 𝑑𝑡) as separate, met-
ric spaces, whose points may not even be in 1-1 correspon-
dence to some given space 𝑋 .

It remains to record some other relation between these
metric spaces (𝒳𝑡, 𝑑𝑡). This will be done via the conjugate
heat kernel 𝐾(𝑥, 𝑡; 𝑦, 𝑠)—an important object in the study
of Ricci flows. For fixed (𝑥, 𝑡) ∈ 𝑀 × 𝐼 and 𝑠 < 𝑡 this ker-
nel satisfies the backwards conjugate12 heat equation on a
Ricci flow background:

(−𝜕𝑠 −△𝑔(𝑠) + 𝑅𝑔(𝑠))𝐾(𝑥, 𝑡; ⋅, 𝑠) = 0, (5.3)

centered at (𝑥, 𝑡). This kernel has the property that for any
(𝑥, 𝑡) and 𝑠 < 𝑡 ˆ

𝑀
𝐾(𝑥, 𝑡; ⋅, 𝑠)𝑑𝑔(𝑠) = 1,

which motivates the definition of the following probabil-
ity measures:

𝑑𝜈(𝑥,𝑡);𝑠 ≔ 𝐾(𝑥, 𝑡; ⋅, 𝑠)𝑑𝑔(𝑠), 𝜈(𝑥,𝑡);𝑡 = 𝛿𝑥.
This is the additional information that we will record. So
we can now define metric flow.

Definition 5.7. A metric flow is (essentially13) given by a
pair

((𝒳𝑡, 𝑑𝑡)𝑡∈𝐼 , (𝜈𝑥;𝑠)𝑥∈𝒳𝑡,𝑠<𝑡,𝑠∈𝐼)
consisting of a family of metric spaces (𝒳𝑡, 𝑑𝑡) and proba-
bility measures 𝜈𝑥;𝑠 on 𝒳𝑠, which satisfy certain basic com-
patibility relations.

So given points 𝑥 ∈ 𝒳𝑡, 𝑦 ∈ 𝒳𝑠 at two times 𝑠 < 𝑡, it is
not possible to say whether “𝑦 corresponds to 𝑥.” Instead,
we only know that “𝑦 belongs to the past of 𝑥 with a prob-
ability density of 𝑑𝜈𝑥;𝑠(𝑦).” This definition is surprisingly
fruitful. For example, it is possible to use the measures 𝜈𝑥;𝑠
to define a natural topology on𝒳 and to understand when
and in what sense the geometry of time-slices 𝒳𝑡 depends
continuously on 𝑡.
12(5.3) is the 𝐿2-conjugate of the standard (forward) heat equation and
𝐾(⋅, ⋅; 𝑦, 𝑡) is a heat kernel placed at (𝑦, 𝑡).
13This is a simplified definition.
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Figure 6. The Bryant soliton (green) and a conjugate
(backward) heat kernel (orange) starting at the point 𝑥Bry at
time 0.

The concept of metric flows also allows the defini-
tion of a natural notion of geometric convergence—𝔽-
convergence—which is similar to Gromov-Hausdorff con-
vergence. Even better, this notion can be phrased in terms
of a certain 𝑑𝔽-distance, which is similar to the Gromov-
Hausdorff distance, and the Compactness Theorem 5.3
can be expressed as a statement on the compactness of a
certain subset of metric flow (pairs),14 just as in the case of
Gromov-Hausdorff compactness.

Lastly, we will sketch an example that illustrates why
it was so important that we have divorced ourselves from
the concept of worldlines. Consider the Bryant soliton
(𝑀Bry, (𝑔Bry(𝑡))𝑡≤0) (see Figure 6). Recall that every time-
slice (𝑀Bry, 𝑔Bry(𝑡)) is isometric to the same rotationally
symmetric model with center 𝑥Bry. By Theorems 5.3 and
5.4 any pointed sequence of blow-downs (𝜆𝑖 → 0),

(𝑀Bry, (𝜆2𝑖 𝑔Bry(𝜆−2𝑖 𝑡))𝑡≤0, (𝑥Bry, 0)),
𝔽-converges to a pointed metric flow 𝒳 that is regular on
a large set. What is this 𝔽-limit 𝒳? For any fixed time
𝑡 < 0, the sequence of pointed Riemannian manifolds
(𝑀Bry, 𝜆2𝑖 𝑔Bry(𝜆−2𝑖 𝑡), 𝑥Bry) converges to a pointed ray of the
form ([0,∞), 0). This seems to contradict Theorem 5.4.
However, here we have implicitly used the concept of
worldlines, because we have used the point (𝑥Bry, 𝑡) corre-
sponding to the “official” basepoint (𝑥Bry, 0) at time 𝑡. In-
stead, we have to focus on the “past” of (𝑥Bry, 0), i.e., the re-
gion of (𝑀Bry, 𝜆2𝑖 𝑔Bry(𝜆−2𝑖 𝑡)) where the conjugate heat ker-
nel 𝜈(𝑥Bry,0);𝜆−2𝑖 𝑡 is concentrated. This region is cylindrical

of scale ∼ √|𝑡|, because the conjugate heat kernel “drifts
away from the tip” at an approximate linear rate. In fact,
one can show that the blow-down limit 𝒳 is isometric to
a round shrinking cylinder that develops a singularity at

14Strictly speaking, 𝔽-convergence and 𝑑𝔽-distance concern metric flow pairs,
(𝒳, (𝜈𝑥;𝑡)), where the second entry serves as some kind of substitute of a
basedpoint.

time 0. While this may seem slightly less intuitive at first,
it turns out to be a much more natural way of looking at
it.
5.6. What’s next? This new theory demonstrates that, at
least on an analytical level, Ricci flows behave similarly
in higher dimension as they do in dimension 3. How-
ever, while there are only a handful of possible singularity
models in dimension 3, gaining a full understanding of
all such models in higher dimensions (e.g., classifying gra-
dient shrinking solitons) seems like an intimidating task.
Some past work in dimension 4 (e.g., by Munteanu and
Wang) has demonstrated that most non-compact gradient
shrinking solitons have ends that are either cylindrical or
conical. This motivates the following conjecture.

Conjecture 5.8. Given a closed Riemannian 4-manifold
(𝑀, 𝑔) there is a certain kind of “Ricci flow through singulari-
ties” in which topological change occurs along cylinders or cones
and in which time-slices are allowed to have isolated orbifold
singularities.

Showing the existence of such a flow would be an ana-
lytical challenge, given that the construction in dimension
3 already filled several hundred pages. However, we cur-
rently don’t see a reason why such a flow should not exist.

Even more exciting would be the question of what such
a flow (or an analogue in higher dimensions) would ac-
complish on a topological level. It is unlikely that it would
allow us to prove the smooth Poincaré Conjecture in di-
mension 4, because even in the best possible case, such a
flow seems to provide insufficient topological information.
A more feasible application would be the

11
8
-Conjecture,

which claims the following inequality between second
Betti number and signature of closed, spin 4-manifolds:

𝑏2(𝑀) ≥ 11
8
|𝜎(𝑀)|. (5.4)

This conjecture is the missing piece in the classification
of closed, simply connected, smooth 4-manifolds up to
homeomorphy (due to Donaldson, Freedman, and Kirby).
At least on a heuristic level, it would be suited for a Ricci
flow approach since (closed) Einstein manifolds and spin
gradient shrinking solitons automatically satisfy (5.4)—
due to the Hitchin-Thorpe inequality in the Einstein case
or the fact that gradient shrinking solitons have positive
scalar curvature. Other potential applications would be
questions concerning the topology of 4-manifolds that ad-
mit metrics of positive scalar curvature. Lastly, there also
seems to be potential in Kähler geometry, for example to-
wards the Minimal Model Program and the Abundance
Conjecture.

Time will tell how far Ricci flow methods will take us
precisely. Almost 20 years ago, geometric analysts and
topologists were busy digesting Perelman’s work on the
Poincaré and Geometrization Conjectures, thus closing an
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important chapter in the field. Today, we have good rea-
sons to be optimistic that further topological applications
are on the horizon. The field certainly still has an exciting
future ahead and hopefully encourages further research
and collaboration between geometers, analysts, topolo-
gists, and complex geometers.
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Transmission Eigenvalues

Fioralba Cakoni, David Colton,
and Houssem Haddar

Introduction
The study of eigenvalue problems for partial differen-
tial equations has a long history during which a variety
of themes has emerged. Although historically such ef-
forts have focused on eigenvalue problems defined on
bounded domains, the importance of scattering theory
in modern mathematical physics has led to an inten-
sive study of eigenvalue problems in unbounded do-
mains connected with the Schrödinger equation and the
wave equation for propagation in an inhomogeneous
medium. A particularly noteworthy development in this
latter direction has been the theory of scattering reso-
nances which now play a central role in mathematical
scattering theory. For a magisterial presentation of this
theory we refer the reader to the monograph by Dyatlov
and Zworski [DZ19]. More recently, a new eigenvalue
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problem in scattering theory has attracted increased at-
tention both inside and outside the scattering commu-
nity. This new problem is called the transmission eigen-
value problem and in a certain sense exhibits a duality re-
lation to the theory of scattering resonances. The pur-
pose of this short survey is to introduce this class of
nonselfadjoint eigenvalue problems to the wider math-
ematical community. For further information on trans-
mission eigenvalues, including applications to inverse
scattering theory, we refer the reader to the monograph
[CCH16] and Chapter 10 of [CK19].

The transmission eigenvalue problem arises in the
study of wave propagation in an inhomogeneous medium.
Hence, for the benefit of the reader who is not an ex-
pert in scattering theory, we begin by describing the ba-
sic elements of acoustic scattering theory (see [CK19]).
Broadly speaking, acoustic scattering theory is concerned
with the effect an inhomogeneous medium has on an inci-
dent wave. In particular, if the total field 𝑢 is viewed as the
sum of an incident field 𝑢𝑖 and a scattered field 𝑢𝑠, then the
scattering problem is to determine 𝑢𝑠 from a knowledge
of 𝑢𝑖 and the differential equation governing the wave mo-
tion. More specifically, assume that the incident field is
given by the time-harmonic acoustic plane wave

𝑢𝑖(𝑥, 𝑡) = 𝑒𝑖(𝑘𝑥⋅ ̂𝑦−𝜔𝑡),
where 𝑥 ∈ ℝ3, 𝑡 denotes time, 𝑘 = 𝜔/𝑐0 is the wave number,
𝜔 is the frequency, 𝑐0 is the speed of sound, and the unit
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vector ̂𝑦 is the direction of propagation. Then factoring out
the term 𝑒−𝑖𝜔𝑡, the simplest acoustic scattering problem for
the case of an inhomogeneous medium is to find the total
field 𝑢 such that

Δ𝑢 + 𝑘2𝑛(𝑥)𝑢 = 0 in ℝ3, (1)

𝑢(𝑥) = 𝑢𝑖(𝑥) + 𝑢𝑠(𝑥), (2)

lim𝑟→∞ 𝑟 (𝜕ᵆ
𝑠

𝜕𝑟
− 𝑖𝑘𝑢𝑠) = 0, (3)

where 𝑢𝑖(𝑥) = 𝑒𝑖𝑘𝑥⋅ ̂𝑦, 𝑟 = |𝑥|, 𝑛 = 𝑐20/𝑐2 is the refractive
index where 𝑐 = 𝑐(𝑥) is the speed of sound in the inho-
mogeneous medium, and (3) is the Sommerfeld radiation
condition which holds uniformly with respect to ̂𝑥 ≔ 𝑥/|𝑥|
and guarantees that the scattered field is outgoing. It is as-
sumed that 1−𝑛 has compact support in a bounded region
𝐷 having piecewise smooth boundary 𝜕𝐷 such that ℝ3 ⧵𝐷
is connected and that 𝑛 ∈ 𝐿∞(𝐷) is such that 𝑛(𝑥) > 0 for
𝑥 ∈ 𝐷. It can be shown that there is a unique solution
𝑢𝑠 ∈ 𝐻2

𝑙𝑜𝑐(ℝ3) to the scattering problem (1)–(3) and that
𝑢𝑠(𝑥) ≔ 𝑢𝑠(𝑥, ̂𝑦, 𝑘) (for fixed ̂𝑦 and 𝑘) has the asymptotic
behavior

𝑢𝑠(𝑥) = 𝑒𝑖𝑘𝑟
𝑟 𝑢∞( ̂𝑥) + 𝑂 ( 1𝑟2 ) , 𝑟 → ∞, (4)

where the function 𝑢∞( ̂𝑥) ≔ 𝑢∞( ̂𝑥, ̂𝑦, 𝑘) is called the far
field pattern and is an infinitely differentiable function of ̂𝑥
on the unit sphere 𝑆2. Rellich’s lemma says that 𝑢∞( ̂𝑥) for
̂𝑥 ∈ 𝑆2 determines 𝑢𝑠(𝑥) for 𝑥 ∈ ℝ3⧵𝐷. Note that if we vary

the incident direction ̂𝑦 ∈ 𝑆2, 𝑢∞( ̂𝑥, ̂𝑦, 𝑘) is also infinitely
differentiable with respect to ̂𝑦, and in fact it can be shown
that 𝑢∞( ̂𝑥, ̂𝑦, 𝑘) = 𝑢∞(− ̂𝑦, − ̂𝑥, 𝑘).
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Figure 1. Sketch of the scattering problem.

Associated with the scattering problem (1)–(3) are two
basic nonselfadjoint eigenvalue problems. The first of
these, and by far the most studied, is the theory of scat-
tering resonances which seeks values of the wave number
𝑘 such that for 𝑢𝑖 = 0 there exists a nontrivial solution 𝑢 of
(1)–(2) with an appropriate modification of the radiation
condition (3) accounting for ℑ(𝑘) < 0. Such values of 𝑘
are called scattering resonances and can be shown to form a
discrete set lying in the lower half of the complex 𝑘-plane.

The second class of eigenvalue problems associated with
the scattering problem (1)–(3), and one of more recent
origin, is the theory of transmission eigenvalues and this
is the topic of our survey article. Now, instead of asking
for a nontrivial solution 𝑢 of (1)–(3) for which 𝑢𝑖 = 0, we
ask if there is a nontrivial solution 𝑢 of (1)–(3) for which
𝑢𝑠 = 0. In other words, we ask the question of whether
we are able to construct an incident field which does not
scatter. Values of 𝑘 for which this is possible will lead to
the theory of transmission eigenvalues. Of particular interest
to us in the sequel will be incident fields 𝑢𝑖 = 𝑣𝑔, where 𝑣𝑔
is defined by

𝑣𝑔(𝑥) = ∫
𝑆2
𝑔( ̂𝑦)𝑒𝑖𝑘𝑥⋅ ̂𝑦 𝑑𝑠 (5)

and 𝑔 ∈ 𝐿2(𝑆2) is referred to as the kernel of 𝑣𝑔. So-
lutions of the Helmholtz equation of the form (5) are
called Herglotz wave functions and are extensively discussed
in [CK19].

We now proceed to outline the basic theory of transmis-
sion eigenvalues and in particular their dual relationship
to scattering resonances. We begin by noting that a solu-
tion 𝑣 of the Helmholtz equation

Δ𝑣 + 𝑘2𝑣 = 0 in ℝ3 (6)

is of the form 𝑣𝑔 in (5) if and only if

sup
𝑅>0

1
√𝑅

‖𝑣‖𝐿2(𝐵𝑅) < ∞,

where 𝐵𝑅 is the ball of radius 𝑅 centered at the origin.
Every 𝑣𝑔 in the space of Herglotz wave functions can be
uniquely decomposed as 𝑣𝑔 ≔ 𝑢𝑔 − 𝑢𝑠𝑔, where the to-
tal field 𝑢𝑔 and the scattered field 𝑢𝑠𝑔 satisfy (1)–(3) with
𝑢𝑖 ≔ 𝑣𝑔. The scattering operator (matrix) as defined by Lax
and Phillips in [LP89] maps 𝑣𝑔 ↦ 𝑢𝑔 and for 𝑘 such that
ℑ(𝑘) ≥ 0 is an isomorphism in appropriate Banach spaces.
A heuristic argument for the latter can be given using the
Lipmann-Schwinger equation for the solution of (1)–(3)
with 𝑢𝑖 ≔ 𝑣𝑔 in terms of the compact 𝑘-analytic integral
operator 𝑇(𝑘) ∶ 𝐿2(𝐵𝑅) → 𝐿2(𝐵𝑅),

(𝐼 − 𝑇(𝑘))𝑢 = 𝑣𝑔, (7)

where 𝐷 ⊂ 𝐵𝑅 and

𝑇(𝑘)𝑢 ≔ 𝑘2∫
ℝ3

𝑒𝑖𝑘|𝑥−𝑦|
4𝜋|𝑥 − 𝑦| (1 − 𝑛(𝑦))𝑢(𝑦) 𝑑𝑦.

A fixed point argument implies that for |𝑘| small enough
𝐼 − 𝑇(𝑘) is invertible, and hence by the Analytic Fredholm
Theoremwe have that 𝑢𝑔 ≔ (𝐼−𝑇(𝑘))−1𝑣𝑔 is meromorphic
for 𝑘 ∈ ℂ. Furthermore, for 𝑘 such that ℑ(𝑘) ≥ 0, unique-
ness of the scattering problem implies that 𝑢𝑔 is analytic
and thus its poles are in the lower-half complex plane.

Of particular interest to us in the sequel will be the
“incoming-to-outgoing” mapping 𝑣𝑔 ↦ 𝑢𝑠𝑔 ≔ 𝑢𝑔 − 𝑣𝑔. We
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to scattering resonances. We begin by noting that a solu-
tion 𝑣 of the Helmholtz equation

Δ𝑣 + 𝑘2𝑣 = 0 in ℝ3 (6)

is of the form 𝑣𝑔 in (5) if and only if

sup
𝑅>0

1
√𝑅

‖𝑣‖𝐿2(𝐵𝑅) < ∞,

where 𝐵𝑅 is the ball of radius 𝑅 centered at the origin.
Every 𝑣𝑔 in the space of Herglotz wave functions can be
uniquely decomposed as 𝑣𝑔 ≔ 𝑢𝑔 − 𝑢𝑠𝑔, where the to-
tal field 𝑢𝑔 and the scattered field 𝑢𝑠𝑔 satisfy (1)–(3) with
𝑢𝑖 ≔ 𝑣𝑔. The scattering operator (matrix) as defined by Lax
and Phillips in [LP89] maps 𝑣𝑔 ↦ 𝑢𝑔 and for 𝑘 such that
ℑ(𝑘) ≥ 0 is an isomorphism in appropriate Banach spaces.
A heuristic argument for the latter can be given using the
Lipmann-Schwinger equation for the solution of (1)–(3)
with 𝑢𝑖 ≔ 𝑣𝑔 in terms of the compact 𝑘-analytic integral
operator 𝑇(𝑘) ∶ 𝐿2(𝐵𝑅) → 𝐿2(𝐵𝑅),

(𝐼 − 𝑇(𝑘))𝑢 = 𝑣𝑔, (7)

where 𝐷 ⊂ 𝐵𝑅 and

𝑇(𝑘)𝑢 ≔ 𝑘2∫
ℝ3

𝑒𝑖𝑘|𝑥−𝑦|
4𝜋|𝑥 − 𝑦| (1 − 𝑛(𝑦))𝑢(𝑦) 𝑑𝑦.

A fixed point argument implies that for |𝑘| small enough
𝐼 − 𝑇(𝑘) is invertible, and hence by the Analytic Fredholm
Theoremwe have that 𝑢𝑔 ≔ (𝐼−𝑇(𝑘))−1𝑣𝑔 is meromorphic
for 𝑘 ∈ ℂ. Furthermore, for 𝑘 such that ℑ(𝑘) ≥ 0, unique-
ness of the scattering problem implies that 𝑢𝑔 is analytic
and thus its poles are in the lower-half complex plane.

Of particular interest to us in the sequel will be the
“incoming-to-outgoing” mapping 𝑣𝑔 ↦ 𝑢𝑠𝑔 ≔ 𝑢𝑔 − 𝑣𝑔. We
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shall characterize this in terms of the far field pattern de-
fined in (4). To this end let 𝑢∞𝑔 denote the far field pattern
of the scattered field 𝑢𝑠𝑔 corresponding to the incident field
𝑣𝑔. The compact linear operator 𝐹(𝑘) ∶ 𝐿2(𝑆2) → 𝐿2(𝑆2) de-
fined by

𝐹(𝑘) ∶ 𝑔 ↦ 𝑢∞𝑔 (8)

is called the far field operator (otherwise referred to as the
relative scattering operator). Clearly from (5) and by linear-
ity

𝑢∞𝑔 ( ̂𝑥) = (𝐹(𝑘)𝑔)( ̂𝑥) = ∫
𝑆2
𝑢∞( ̂𝑥, ̂𝑦, 𝑘)𝑔( ̂𝑦) 𝑑𝑠,

where 𝑢∞( ̂𝑥, ̂𝑦, 𝑘) is the far field pattern of the scattered
field due to an incident plane wave 𝑒𝑖𝑘𝑥⋅ ̂𝑦 (4). The scatter-
ing operator 𝒮(𝑘) ∶ 𝐿2(𝑆2) → 𝐿2(𝑆2) can then be expressed
as [LP89]

𝒮(𝑘) ≔ 𝐼 + 𝑖𝑘
2𝜋𝐹(𝑘).

If ℑ(𝑛) = 0, then 𝐹(𝑘) is normal and 𝒮(𝑘) is unitary for real
𝑘 > 0, which is not the case if ℑ(𝑛) > 0 on a subset of 𝐷 of
nonzero measure. Both are analytic operator-valued func-
tions of 𝑘 in the upper-half complex plane. The scattering
poles are the poles of the meromorphic extension of 𝒮(𝑘)
in the lower-half complex plane.

Now we are ready to formally introduce the trans-
mission eigenvalue problem. An application of Rel-
lich’s lemma implies that the incident field 𝑣𝑔 with 𝑔 ∈
Kern 𝐹(𝑘) does not scatter. Straightforward calculation re-
veals that the kernel of 𝐹(𝑘) consists of all 𝑔 ∈ 𝐿2(𝑆2) such
that, if 𝑣𝑔 is the corresponding Herglotz wave function,
𝑣 ≔ 𝑣𝑔|𝐷 and 𝑢 satisfy the transmission eigenvalue problem

⎧⎪
⎨⎪
⎩

Δ𝑢 + 𝑘2𝑛(𝑥)𝑢 = 0 in 𝐷,
Δ𝑣 + 𝑘2𝑣 = 0 in 𝐷,

𝑢 = 𝑣 on 𝜕𝐷,
𝜕ᵆ
𝜕𝜈

= 𝜕𝑣
𝜕𝜈

on 𝜕𝐷.
(9)

A value of 𝑘 ∈ ℂ is said to be a transmission eigenvalue if (9)
has nontrivial solutions 𝑢 ∈ 𝐿2(𝐷), 𝑣 ∈ 𝐿2(𝐷), such that
𝑢 − 𝑣 ∈ 𝐻2

0(𝐷). We call the pair (𝑢, 𝑣) the corresponding
eigenfunction. In general, at a transmission eigenvalue the
part 𝑣 of the corresponding eigenfunction does not take
the form of a Herglotz wave function and hence the kernel
of the far field operator is in general empty. Thus the set
of nonscattering wave numbers 𝑘 for which Kern 𝐹(𝑘) ≠ {0}
is a subset (possibly empty) of the transmission eigenval-
ues. There is a special configuration for which transmis-
sion eigenvalues and nonscattering frequencies coincide,
namely the case of spherically stratifiedmedia which is dis-
cussed in the next section. Allowing 𝑢𝑖 to be any function
𝑣 ∈ 𝐻𝑖𝑛𝑐(𝐷) with

𝑣 ∈ 𝐻𝑖𝑛𝑐(𝐷) ∶= {𝑣 ∈ 𝐿2(𝐷) ∶ Δ𝑣 + 𝑘2𝑣 = 0},

Figure 2. Illustration of a transmission eigenvalue for a
dielectric medium formed by two concentric circles with outer
radius = 1 and inner radius = 0.3. The refractive index 𝑛 = 2 in
the annulus and 𝑛 = 3 in the inner circle. The wave number is
𝑘 = 7.223. Left: Incident field; a Herglotz wave function with
kernel 𝑔(𝜃) = 𝑒𝑥𝑝(−2𝑖𝜃). Middle: Total field. Right: Scattered
field (=0 outside the circle of radius 1).

the scattered field 𝑢𝑠 corresponding to 𝑣 can be defined as
𝑢𝑠 ∈ 𝐻2

𝑙𝑜𝑐(ℝ3) satisfying
Δ𝑢𝑠 + 𝑘2𝑛𝑢𝑠 = 𝑘2(1 − 𝑛)𝑣 in ℝ3 (10)

together with the Sommerfeld radiation condition (3).
Note that 𝐻𝑖𝑛𝑐(𝐷) is a Hilbert space which densely con-
tains the Herglotz wave functions 𝑣𝑔. Defining the opera-
tor 𝒢(𝑘) ∶ 𝐻𝑖𝑛𝑐(𝐷) → 𝐿2(𝑆2) mapping 𝑣 ↦ 𝑢∞, where 𝑢∞
is the far field associated with the solution of (10), which
is a compact linear operator, then we can equivalently de-
fine transmission eigenvalues as the values of 𝑘 for which
Kern 𝒢(𝑘) is nontrivial (in fact the part 𝑣 of the correspond-
ing eigenfunction belongs to Kern 𝒢). In addition, the re-
lation

𝐹(𝑘)𝑔 = 𝒢(𝑘)ℋ(𝑘)𝑔
holds, where

ℋ(𝑘) ∶ 𝑔 ↦ 𝑣𝑔|𝐷 (11)

and we already observed thatℋ(𝐿2(𝑆2)) = 𝐻𝑖𝑛𝑐(𝐷). Hence,
in general, at a transmission eigenvalue one can construct
a Herglotz wave function 𝑣𝑔 of unit 𝐿2(𝐷)-norm, that pro-
duces an arbitrarily small scattered field 𝑢𝑠𝑔 (see Figures 2
and 3).

Spherically Stratified Media
Asmentioned above, the scattering problem for spherically
symmetric media is of great importance since it provides
an example where the set of nonscattering frequencies and
transmission eigenvalues are the same. More precisely,
when 𝐷 is a ball of radius 𝑎 centered at the origin and 𝑛 ≔
𝑛(𝑟), 𝑟 = |𝑥|, is a radial real-valued function, the part 𝑣 of a
transmission eigenfunction is indeed aHerglotz wave func-
tion and hence transmission eigenvalues coincide with the
values of 𝑘 ∈ ℂ for which Kern 𝐹(𝑘) ≠ {0}. Figure 2 gives
an example in two dimensions. To see explicitly what the
transmission eigenvalues are in this case, we use as inci-
dent field the Herglotz wave function 𝑣 = 𝑗ℓ(𝑘|𝑥|)𝑌𝑚

ℓ ( ̂𝑥),
where 𝑗ℓ is a spherical Bessel function and 𝑌𝑚

ℓ is a spher-
ical harmonic of order ℓ ∈ ℕ0, 𝑚 = −ℓ⋯ℓ. Straight-
forward calculations by separation of variables lead to the
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Figure 3. We represent the scattered fields for the same
scattering experiment as in Figure 2 with an incident field
being a Herglotz wave function with kernel 𝑔(𝜃) = 𝑒𝑥𝑝(−2𝑖𝜃)
but for different wave numbers. From top to bottom and left
to right 𝑘 = 6, 𝑘 = 6.5, 𝑘 = 7, 𝑘 = 7.223 (a transmission
eigenvalue).

following expression for the scattered field for 𝑟 > 𝑎 and
the corresponding far field, respectively,

𝑢𝑠(𝑥) ≔ 𝐶ℓ(𝑘; 𝑛)
𝑊ℓ(𝑘; 𝑛)

ℎ(1)ℓ (𝑘|𝑥|)𝑌𝑚
ℓ ( ̂𝑥),

𝑢∞( ̂𝑥) ≔ 𝐶ℓ(𝑘; 𝑛)
𝑊ℓ(𝑘; 𝑛)

1
𝑘𝑌

𝑚
ℓ ( ̂𝑥),

where ℎ(1)ℓ (𝑟) is the Hankel function of the first kind of or-
der ℓ and

𝐶ℓ(𝑘; 𝑛) = det ( 𝑦ℓ(𝑎) −𝑗ℓ(𝑘𝑎)
𝑦′ℓ(𝑎) −𝑘𝑗′ℓ(𝑘𝑎)

) ,

𝑊ℓ(𝑘; 𝑛) = det ( 𝑦ℓ(𝑎) −ℎ(1)ℓ (𝑘𝑎)
𝑦′ℓ(𝑎) −𝑘ℎ(1)

′
ℓ (𝑘𝑎)

)

with 𝑦ℓ the solution to

𝑦″ + 2
𝑟 + (𝑘2𝑛(𝑟) − ℓ(ℓ + 1)

𝑟2 ) 𝑦 = 0

which as 𝑟 → 0 behaves like 𝑗ℓ(𝑘𝑟), i.e., lim𝑟→0 𝑟−ℓ𝑦ℓ(𝑟) =
√𝜋𝑘ℓ

2ℓ+1Γ(ℓ+3/2)
. Thus transmission eigenvalues are those val-

ues of 𝑘 ∈ ℂ such that 𝐶ℓ(𝑘; 𝑛) = 0, whereas the scattering
poles are 𝑘 ∈ ℂ for which𝑊ℓ(𝑘; 𝑛) = 0. The latter set lies in
the lower half of the complex plane. If 𝑘 is a zero of𝐶ℓ(𝑘; 𝑛)
(i.e., a transmission eigenvalue), then the part 𝑣 of the cor-
responding eigenfunction is 𝑣 = 𝑗ℓ(𝑘|𝑥|)𝑌𝑚

ℓ ( ̂𝑥)which is an
entire solution of the Helmholtz equation in ℝ3. All trans-
mission eigenvalues for a spherically stratifiedmedium are
obtained in this way by choosing ℓ ∈ ℕ. Hence in this case,
at any real transmission eigenvalue, there is at least one in-
cident wave 𝑣 = 𝑗ℓ(𝑘|𝑥|)𝑌ℓ( ̂𝑥) for some ℓ ∈ ℕ that does not
scatter (in fact there are at least 2ℓ+1 linearly independent
nonscattering incident waves).

It is possible to give more details on the structure of
transmission eigenvalues for spherically stratified media

if we focus on the case of spherically symmetric incident
fields (ℓ = 0 in the above discussion), in other words
when the transmission eigenfunction is radially symmet-
ric. Hence in the rest of this section we consider only trans-
mission eigenvalues with spherically symmetric eigenfunc-
tions. These are the zeros of 𝐶0(𝑘; 𝑛), and at such a zero
𝑣 ≔ 𝑗0(𝑘𝑟) and 𝑢 ≔ 𝑦0(𝑟) satisfy the transmission eigen-
value problem:

{
Δ𝑢 + 𝑘2𝑛(𝑟)𝑢 = 0 for |𝑟| < 𝑎,
Δ𝑣 + 𝑘2𝑣 = 0 for |𝑟| < 𝑎,
𝑣(𝑎) − 𝑢(𝑎) = 0 and 𝑣′(𝑎) − 𝑢′(𝑎) = 0.

Letting 𝑦0(𝑟) ≔ 𝑦(𝑟)/𝑟, where now 𝑦(𝑟) satisfies 𝑦′′ +
𝑘2𝑛(𝑟)𝑦 = 0, and noting that 𝑗0(𝑘𝑟) = sin(𝑘𝑟)/𝑘𝑟, we ob-
tain that 𝑘 is a transmission eigenvalue, i.e., 𝐶0(𝑘; 𝑛) = 0,
if and only if

𝑑(𝑘) ≔ det ( 𝑦(𝑎) − sin(𝑘𝑎)/𝑘
𝑦′(𝑎) − cos 𝑘𝑎 ) = 0.

We now note that 𝑑(𝑘) is an entire function of 𝑘 that is
real for real 𝑘 and is bounded on the real axis. Hence,
by Hadamard’s factorization theorem, if 𝑑(𝑘) is not identi-
cally zero, then there exists a countable set of transmission
eigenvalues (cf. [CCH20] for this conclusion in a similar
case). It can be shown that if 𝑑(𝑘) is identically equal to
zero, then 𝑛(𝑟) is identically equal to one [CCH16], Sec-
tion 5.1. From now on we assume that

𝛿 ≔ ∫
𝑎

0
√𝑛(𝜌) 𝑑𝜌 ≠ 𝑎. (12)

An asymptotic analysis shows that

𝑑(𝑘) = 1
𝑘𝑎2 [

1
[𝑛(0)𝑛(𝑎)]1/4 sin(𝑘𝛿) cos(𝑘𝑎)

− [𝑛(𝑎)𝑛(0) ]
1/4

cos(𝑘𝛿) sin(𝑘𝑎)] + 𝑂 ( 1𝑘2 )

as 𝑘 → ∞ and hence there exist an infinite number of pos-
itive transmission eigenvalues.

Example. Let 𝑛(𝑟) = 𝑛20 with 𝑛0 a positive constant. When
𝑛0 = 1/2 we have that

𝑑(𝑘) = 2
𝑘 sin

3 (𝑘𝑎2 )

and hence 𝑑(𝑘) has a set of real zeros and no complex zeros.
When 𝑛0 = 2/3 we have that

𝑑(𝑘) = 1
𝑘 sin

3 (𝑘𝑎3 ) [3 + 2 cos (2𝑘𝑎3 )]

and hence 𝑑(𝑘) has an infinite set of real and complex ze-
ros.

This example demonstrates the perplexing structure of
transmission eigenvalues and in particular their depen-
dence on the properties of the contrast of the medium.
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Now let 𝑛 ∈ 𝐶2[0, 𝑎] and assume (12) holds. Then one
can prove the following results [CK19].

Theorem 1. Assume that either 1 < √𝑛(𝑟) < 𝛿/𝑎 or 𝛿/𝑎 <
√𝑛(𝑟) < 1 for 0 ≤ 𝑟 ≤ 𝑎. Then there exist infinitely many real
and infinitely many complex transmission eigenvalues.

Theorem 2. Assume that 𝑛(𝑎) ≠ 1. Then, if complex eigen-
values exist, they all lie in a strip parallel to the real axis.

The above theorems are quite different if we relax the
assumption that 𝑛(𝑎) ≠ 1. In particular if 𝑛(𝑎) = 1 and
𝑛′(𝑎) = 0, then there exist infinitely many real and in-
finitely many complex transmission eigenvalues only un-
der extra assumptions, e.g., 𝑛″(𝑎) ≠ 0. Furthermore, if
𝑛(𝑎) = 1 and either 𝑛′(𝑎) or 𝑛″(𝑎) is nonzero, then the set
of transmission eigenvalues does not lie inside any fixed
strip parallel to the real axis. The extension of these results
to the general media case will be discussed later in this pa-
per.

Given the existence of both real and complex transmis-
sion eigenvalues for a spherically stratified medium with
spherically symmetric eigenfunctions, it is a natural ques-
tion to ask if whether or not a knowledge of all eigenvalues,
both real and complex including multiplicity, uniquely de-
termine 𝑛(𝑟). Recent progress in this direction has been
obtained by Aktosun, Gintides, and Papanicolaou and by
Colton and Leung (see [CCH16], Section 5.1 and refer-
ences therein). Both of these papers assumed that 0 <
𝑛(𝑟) ≤ 1 for 𝑟 < 𝑎 as well as the fact that 𝑛(𝑎) = 1 and
𝑛′(𝑎) = 0. The case when 𝑛(𝑟) > 1 is still open. However it
can be shown that all transmission eigenvalues (not only
those with spherically symmetric eigenfunctions), real and
complex including multiplicity, uniquely determine 𝑛(𝑟)
in both the cases when 0 < 𝑛(𝑟) ≤ 1 and 𝑛(𝑟) ≥ 1 for 𝑟 ≤ 𝑎
provided that such information is known along with the
value of 𝑛(0) [CCH16], Section 5.2.

Note that a similar asymptotic analysis used above for
𝐶0(𝑘; 𝑛) can be employed to prove that 𝑊0(𝑘; 𝑛) has infin-
itely many complex zeros, thus proving the existence of
an infinite set of scattering poles for spherically symmetric
media (see [CCH20] for more details).

Nonscattering Frequencies
and Transmission Eigenvalues
The basic question that led to the transmission eigenvalue
problem is the injectivity of the far field operator 𝐹(𝑘). In
particular, if the far field operator 𝐹(𝑘) is not injective, then
there is a Herglotz wave function 𝑣𝑔 which is not scattered
by the homogeneity. We can more generally define non-
scattering wave numbers as the values of 𝑘 ∈ ℝ for which
there exists an incident wave 𝑣, a solution of theHelmholtz
equation Δ𝑣 + 𝑘2𝑣 = 0 in ℝ3, which doesn’t scatter by
the inhomogeneity. A necessary condition for 𝑘 to be
a nonscattering wave number is that 𝑘 is a transmission

eigenvalue with 𝑢 ≔ (𝑢𝑠+𝑣)|𝐷 and 𝑣 ≔ 𝑣|𝐷 as correspond-
ing eigenfunction. On the other hand, a real transmission
eigenvalue 𝑘 is a nonscattering wave number if the part
𝑣 of the corresponding transmission eigenfunction is also
defined as a solution of the Helmholtz equation outside𝐷.
Whether at a transmission eigenvalue such an extension is
possible remains largely open. In the case of a spherically
stratified media, we already saw that there exist infinitely
many nonscattering wave numbers and furthermore the
set of nonscatteringwave numbers coincideswith the set of
real transmission eigenvalues. The spherically symmetric
configuration is unstable with respect to nonscattering. Re-
cently in [VX] it is shown in ℝ2 and for constant refractive
index 𝑛 ≠ 1 that if the disk is perturbed even slightly to an
ellipse with arbitrarily small eccentricity, then there exist at
most finitely many positive wave numbers for which a Her-
glotz wave functionwith a fixed, smooth nontrivial density
can be nonscattering. When the boundary of the inhomo-
geneity 𝐷 contains a corner, at a transmission eigenvalue
it is impossible to extend the part 𝑣 of the transmission
eigenfunction as a solution to the Helmholtz equation in
the vicinity of the corner outside 𝐷. Thus, for such in-
homogeneities, nonscattering wave numbers do not exist.
This result was first proved in [BPS14] for 𝐷 having a right
angle and nonvanishing 𝑛 − 1 at the corner, followed by
[EH18] for inhomogeneities containing arbitrary corners
and edges. The recent paper [CV21] contributes to filling
the gap between spherically symmetric media and inho-
mogeneities containing a corner in relation to nonscatter-
ing waves (with the exception of a few earlier partial results
for analytic boundaries; cf. references in [CV21]). Roughly
speaking, employing techniques on free boundary regular-
ity, the authors show that if there is a point 𝑥0 ∈ 𝜕𝐷, such
that 𝑛 is analytic in a neighborhood of 𝑥0, but the bound-
ary is not analytic in any neighborhood of 𝑥0, then every
incident field 𝑣 is scattered, provided (𝑛(𝑥0) − 1)𝑣(𝑥0) ≠ 0.
A similar result is proven for 𝑛 that are less regular locally
near 𝑥0, in which case it is proven that if the boundary
is not sufficiently smooth locally (related to the order of
smoothness of 𝑛), then every incident wave is scattered,
again provided (𝑛(𝑥0) − 1)𝑣(𝑥0) ≠ 0. The study of the
behavior of transmission eigenfunctions, in particular of
the part 𝑣 satisfying the Helmholtz equation, is important
since one can obtain information about 𝑣 from scattering
data and this information can be used in inverse scattering
theory. The results in [CV21] also shed light into boundary
regularity of transmission eigenfunctions.

Inside-outside Duality
The fact that the injectivity of the far field operator
can be related to eigenvalues of an interior problem
is referred to in the literature as inside-outside duality
[KL13]. It leads in particular to a numerical algorithm for
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determining real transmission eigenvalues from the far
field operator. The algorithm described in [CCH16], Sec-
tion 4.4, is based on a study of the phase of the eigenvalues
of the far field operator. For media with real-valued index
of refraction 𝑛, the compact far field operator 𝐹(𝑘) is nor-
mal and therefore admits a sequence of eigenvalues 𝜆𝑗(𝑘)
that accumulates at the origin. One then can prove the fol-
lowing theorem, where we have set ̂𝜆𝑗(𝑘) ≔ 𝜆𝑗(𝑘)/|𝜆𝑗(𝑘)|
and 𝑣𝑗(𝑘) ≔ ℋ(𝑘)𝑔𝑗/‖ℋ(𝑘)𝑔𝑗‖𝐿2(𝐷), where 𝑔𝑗 is an eigen-
function associated with 𝜆𝑗(𝑘) andℋ(𝑘) is defined by (11).
This theorem states how to determine real transmission
eigenvalues along with an approximation of the 𝑣 part of
the corresponding eigenfunction from the far field opera-
tor. We refer the reader to [ACH18] for details.

Theorem 3. Assume that 𝑛 − 1 ≥ 𝛼 > 0 (respectively, 1 −
𝑛 ≥ 𝛼 > 0) in 𝐷 for some constant 𝛼. Let 𝑘0 > 0, and
let {𝑘ℓ} be a sequence of positive numbers converging to 𝑘0 as
ℓ → ∞. If there exists a sequence { ̂𝜆ℓ} such that ̂𝜆ℓ = ̂𝜆𝑗ℓ (𝑘ℓ)
for some 𝑗ℓ and ̂𝜆ℓ → −1 (respectively, ̂𝜆ℓ → +1) as ℓ → ∞,
then 𝑘0 is a transmission eigenvalue. Moreover, the sequence
{𝑣𝑗ℓ (𝑘ℓ)} admits a subsequence that converges strongly in 𝐿2(𝐷)
to a nontrivial 𝑣 solving (9) with 𝑘 = 𝑘0.

The converse of the statement in this theorem has been
proved only for cases where 𝑛 is a sufficiently small pertur-
bation of a constant [KL13].

The inside-outside duality also leads to a duality be-
tween the set of transmission eigenvalues and the set of
scattering poles. In particular, these two sets are inter-
changeable if instead of the relative scattering operator for
the scattering problem (1)–(3) we consider the relative
scattering operator for an appropriate interior scattering
problem. Such a duality was first established in [CCH20]
and we sketch the approach given there for the special case
when the interior relative scattering operator is defined on
a sphere inside 𝐷 centered at the origin. This allows us
to give an equivalent definition of the involved operators
in terms of Fourier series representation which better re-
veals the duality between the exterior and interior opera-
tors (since there is no natural dual definition of the far field
for the interior problem). To explain this, we first represent
the far field operator defined by (8) as a Fourier series in
terms of spherical harmonics {𝑌𝑚

ℓ ( ̂𝑥)}. For 𝑔 ∈ 𝐿2(𝑆2) we
set

𝑔( ̂𝑥) =
∞
∑
ℓ=0

ℓ
∑

𝑚=−ℓ
𝑔ℓ,𝑚𝑌𝑚

ℓ ( ̂𝑥)

and define an isometry ℐ between 𝐿2(𝑆2) and 𝑙2(ℤ) by the
mapping 𝑔 ↦ ̃𝑔 ≔ {𝑔ℓ,𝑚}. Thus we now have a new rep-
resentation of the far field operator, denoted by ̃𝐹(𝑘) ∶
𝑙2(ℤ) ↦ 𝑙2(ℤ):

̃𝐹(𝑘) = ℐ−1∗𝐹(𝑘) ℐ−1,
where ℐ−1∗ denotes the 𝐿2-adjoint of ℐ−1. The discussion

on transmission eigenvalues in connection to the kernel
of the operator 𝐹(𝑘) can now be carried over in exactly the
sameway as before if we replace 𝐹(𝑘) by ̃𝐹(𝑘). To introduce
the duality, we first observe that the operator ̃𝐹(𝑘) can be
equivalently defined using scattered waves associated with
incident spherical waves. More precisely, let 𝑢𝑠ℓ,𝑚(𝑥) be the
scattered field corresponding to the incident wave (which
is a Herglotz wave function)

𝑣(𝑥) ≔ 𝑗ℓ(𝑘|𝑥|)𝑌𝑚
ℓ ( ̂𝑥).

Outside a ball 𝐵𝑅 of radius 𝑅 containing 𝐷, the scattered
field can be expanded as

𝑢𝑠ℓ,𝑚(𝑥) =
∞
∑
𝑝=0

𝑝
∑

𝑞=−𝑝
𝑎𝑝,𝑞ℓ,𝑚ℎ

(1)
𝑝 (𝑘|𝑥|)𝑌𝑞

𝑝 ( ̂𝑥)

(note 𝑌𝑞
𝑝 = 𝑌−𝑞

𝑝 ). Then, up to a multiplicative constant
the Fourier coefficients of ̃𝐹(𝑘) ̃𝑔 are

( ̃𝐹(𝑘) ̃𝑔)𝑝,𝑞 =
∞
∑
ℓ=0

ℓ
∑

𝑚=−ℓ
𝑔ℓ,𝑚𝑎𝑝,𝑞ℓ,𝑚. (13)

Now reversing the role of the incident and scattered waves,
we can define similarly to (13) an interior far field operator
to characterize the scattering poles where in the following
we assume that 𝑘 is complex with ℑ(𝑘) < 0. To this end, let
𝐵𝛿 ⊂ 𝐷 be a ball centered at the origin, and for an outgoing
solution to the Helmholtz equation

𝑤ℓ,𝑚(𝑥) = 𝑗ℓ(𝑘𝛿)ℎ(1)ℓ (𝑘|𝑥|)𝑌𝑚
ℓ ( ̂𝑥)

we denote by (𝑢ℓ,𝑚, 𝑣ℓ,𝑚) ∈ 𝐿2(𝐷) × 𝐿2(𝐷) the solution of
the interior transmission problem

⎧⎪
⎨⎪
⎩

Δ𝑢ℓ,𝑚 + 𝑘2𝑛(𝑥)𝑢ℓ,𝑚 = 0 in 𝐷,
Δ𝑣ℓ,𝑚 + 𝑘2𝑣ℓ,𝑚 = 0 in 𝐷,
𝑢ℓ,𝑚 − 𝑣ℓ,𝑚 = 𝑤ℓ,𝑚 on 𝜕𝐷,
𝜕ᵆℓ,𝑚
𝜕𝜈

− 𝜕𝑣ℓ,𝑚
𝜕𝜈

= 𝜕𝑤ℓ,𝑚
𝜕𝜈

on 𝜕𝐷.

Inside 𝐵𝛿, the field 𝑣ℓ,𝑚 can be expanded as

𝑣ℓ,𝑚(𝑥) =
∞
∑
𝑝=0

𝑝
∑

𝑞=−𝑝
𝑏𝑝,𝑞ℓ,𝑚

𝑗𝑝(𝑘|𝑥|)
𝑗𝑝(𝑘𝛿)

𝑌𝑞
𝑝 ( ̂𝑥).

Thus, we can define the interior far field operator ̃𝐹𝑖𝑛𝑡 ∶
𝑙2(ℤ) ↦ 𝑙2(ℤ) by its Fourier coefficients

( ̃𝐹𝑖𝑛𝑡(𝑘) ̃𝑔)𝑝,𝑞 =
∞
∑
ℓ=0

ℓ
∑

𝑚=−ℓ
𝑔ℓ,𝑚𝑏𝑝,𝑞ℓ,𝑚. (14)

Observe that this operator can be defined for any 𝑘 ∈ ℂ
with ℑ(𝑘) < 0 that does not coincide with a transmission
eigenvalue. Now, let 𝑘 be such that there exists a ̃𝑔 ≠ 0
with ̃𝐹𝑖𝑛𝑡(𝑘) ̃𝑔 = 0. Then by unique continuation we have
that

𝑣�̃� ∶=
∞
∑
𝑛=0

𝑛
∑

𝑚=−𝑛
𝑔𝑛,𝑚𝑣𝑛,𝑚 = 0 in 𝐷,
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and consequently one can show that𝑤 ∈ 𝐻2
𝑙𝑜𝑐(ℝ3) defined

by

𝑤 =
∞
∑
ℓ=0

ℓ
∑

𝑚=−ℓ
𝑔ℓ,𝑚𝑢ℓ,𝑚 in 𝐷

and

𝑤 =
∞
∑
ℓ=0

ℓ
∑

𝑚=−ℓ
𝑔ℓ,𝑚𝑤ℓ,𝑚 in ℝ3 ⧵ 𝐷

is a nontrivial solution of

Δ𝑤 + 𝑘2𝑛𝑤 = 0 in ℝ3

and

𝑤 = ∫
𝜕𝐷

Φ(⋅, 𝑦)𝜕𝑤(𝑦)𝜕𝜈 − 𝑤(𝑦)𝜕Φ(⋅, 𝑦)𝜕𝜈 𝑑𝑦 in ℝ3 ⧵ 𝐷.

This means that such a value of 𝑘 is a scattering pole. For
the given inhomogeneity (𝐷, 𝑛), there is a duality between
̃𝐹(𝑘) whose kernel is related to the transmission eigen-

values and ̃𝐹𝑖𝑛𝑡(𝑘) whose kernel is related to the scatter-
ing poles. Both are defined by similar expressions, but
̃𝐹(𝑘) corresponds to the exterior scattering problem due to

an incident Herglotz wave function, whereas ̃𝐹𝑖𝑛𝑡(𝑘) cor-
responds to the interior scattering problem due to an in-
cident outgoing spherical wave. In [CCH20] this duality
is expressed in terms of a near field operator for the ex-
terior scattering problem and an interior operator associ-
ated with 𝑤 being a single layer potential associated with
a boundary strictly included in 𝐷. The interior operator
̃𝐹𝑖𝑛𝑡(𝑘) coincides (up to an isometry) with the interior op-

erator considered in [CCH20] when the single layer poten-
tial is supported by 𝜕𝐵𝛿.

Transmission Eigenvalues for General Media
We now turn our attention to the study of the spectral
properties of the transmission eigenvalue problem for gen-
eral media. Despite its inherent connection with scatter-
ing theory, the transmission eigenvalue problem is a new
spectral problem leading tomany interesting and challeng-
ing mathematical questions. The transmission eigenvalue
problem has a deceptively simple formulation, namely
two elliptic PDEs in a bounded domain that share the
same Cauchy data on the boundary, but presents a per-
plexing mathematical structure. In particular, it is a non-
selfadjoint eigenvalue problem for a nonstrongly elliptic
operator, and hence the investigation of its spectral prop-
erties becomes challenging. Roughly speaking, the spec-
tral properties depend on the assumptions on the contrast
𝑛 − 1 of the media. Questions central to the inverse scat-
tering theory include: the discreteness of the spectrum, the
location of transmission eigenvalues in the complex plane,
the existence of transmission eigenvalues, and the deter-
mination of real transmission eigenvalues from scattering
data, which is important since real transmission eigenval-
ues can be used to obtain information about the material

properties of the scattering media. For a more compre-
hensive and detailed discussion on the transmission eigen-
value problem and its application in inverse scattering we
refer the reader to the monograph [CCH16].

Setting 𝑘2 ≔ 𝜏, the transmission eigenvalue problem
(9) written in terms of 𝑤 = 𝑢 − 𝑣 and replacing 𝑘2𝑣 by 𝑣
becomes: find 𝑤 ∈ 𝐻2

0(𝐷) and 𝑣 ∈ 𝐿2(𝐷) such that

{ Δ𝑤 + 𝜏𝑛𝑤 = (1 − 𝑛)𝑣 in 𝐷,
Δ𝑣 + 𝜏𝑣 = 0 in 𝐷. (15)

We have already noticed in the spherically stratified case
that this eigenvalue problem is not selfadjoint (since com-
plex eigenvalues can exist). Obviously this is a nonstan-
dard system of two elliptic partial differential equations
since one unknown has two boundary conditions while
the other has none. A first natural idea is to eliminate 𝑣
from the system which obviously can be done if 1/(𝑛 − 1)
is in 𝐿∞(𝐷). Under this assumption, 𝑤 ∈ 𝐻2

0(𝐷) satisfies

(Δ + 𝜏) 1
𝑛 − 1(Δ + 𝜏𝑛)𝑤 = 0 in 𝐷. (16)

We therefore obtain a quadratic eigenvalue problem. Note
that although the transmission eigenvalue problem (16)
has the structure of a quadratic pencil of operators, it ap-
pears that available results on these types of operators are
not applicable to our problem due to the incorrect signs
of the involved operators. This formulation can be used
however to prove discreteness of transmission eigenvalues
provided that the contrast function 𝑛 − 1 keeps a definite
sign in the whole domain 𝐷. Since Δ 1

(𝑛−1)
Δ𝑤 is an equiva-

lent norm in 𝐻2
0(𝐷), from an application of the Analytic

Fredholm Theorem one easily sees that the set of trans-
mission eigenvalues is at most discrete with infinity as the
only accumulation point and that all transmission eigen-
values have finite multiplicity. Furthermore, by rewriting
(16) one can also prove the existence of an infinite set of
real transmission eigenvalues. For instance, if the contrast
𝑛 − 1 is positive definite in 𝐷, then the main idea is to
consider for fixed 𝜏 the generalized selfadjoint eigenvalue
problem

(Δ + 𝜏) 1
𝑛 − 1(Δ + 𝜏)𝑤 + 𝜏2𝑤 = −𝜆(𝜏)Δ𝑤 in 𝐷 (17)

and notice that transmission eigenvalues of (16) are solu-
tions to 𝜆(𝜏) = 𝜏. Proving existence of zeros to this equa-
tion exploits amin-max principle for 𝜆(𝜏) and the construc-
tion of special subspaces using known results on trans-
mission eigenvalues for spherically symmetric problems.
This reasoning leads to the following theorem, where 𝑛 ∈
𝐿∞(𝐷) and we set

0 < 𝑛∗ = inf
𝐷
(𝑛) and 𝑛∗ ≔ sup

𝐷
(𝑛) < +∞.
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Theorem 4. If either 1 < 𝑛∗ or 𝑛∗ < 1, then there exists an
infinite sequence of real transmission eigenvalues 𝜏𝑗 > 0 for
𝑗 ∈ ℕ accumulating only at +∞.

The proof of the above theorem also provides mono-
tonicity results for real transmission eigenvalues with re-
spect to 𝑛. More specifically, let 𝜏𝑗 ≔ 𝜏𝑗(𝑛, 𝐷) > 0 for 𝑗 ∈ ℕ
be the increasing sequence of the transmission eigenval-
ues for the media with support 𝐷 and refractive index 𝑛(𝑥)
such that 𝜏𝑗 is the smallest zero of 𝜆𝑗(𝜏) = 𝜏 for some eigen-
value 𝜆𝑗 of (17). More specifically, let 𝐷1 and 𝐷2 be two
domains such that 𝐷1 ⊂ 𝐷 ⊂ 𝐷2. Then for 1 < 𝑛∗ the
monotonicity property

𝜏𝑗(𝑛∗, 𝐷2) ≤ 𝜏𝑗(𝑛∗, 𝐷) ≤ 𝜏𝑗(𝑛, 𝐷)
≤ 𝜏𝑗(𝑛∗, 𝐷) ≤ 𝜏𝑗(𝑛∗, 𝐷1)

holds, whereas for 𝑛∗ < 1
𝜏𝑗(𝑛∗, 𝐷2) ≤ 𝜏𝑗(𝑛∗, 𝐷) ≤ 𝜏𝑗(𝑛, 𝐷)

≤ 𝜏𝑗(𝑛∗, 𝐷) ≤ 𝜏𝑗(𝑛∗, 𝐷1).
In particular, the above inequalities are valid for the small-
est real transmission eigenvalue 𝜏1(𝑛, 𝐷) > 0. This fact can
be used to show that a constant refractive index 𝑛 ≠ 1
is uniquely determined from 𝜏1(𝑛, 𝐷). Furthermore, the
smallest real transmission eigenvalue satisfies 𝜏1(𝑛, 𝐷) >
𝜆(𝐷)
𝑛∗

if 1 < 𝑛∗ and 𝜏1(𝑛, 𝐷) > 𝜆(𝐷) if 𝑛∗ < 1, where 𝜆(𝐷)
is the first Dirichlet eigenvalue of −Δ in 𝐷.

In the cases when 𝑛 does not keep the same sign in 𝐷,
the approach described above does not work anymore. In
particular, the existence of real transmission eigenvalues is
still an open problem for this case and all the known spec-
tral results are obtained under the standard assumption
that the contrast 𝑛 − 1 has a definite sign in a boundary
neighborhood 𝐷𝛿 ≔ {𝑥 ∈ 𝐷; dist(𝑥, 𝜕𝐷) < 𝛿}. Then, if we
assume that either 1 < inf𝐷𝛿 (𝑛) or sup𝐷𝛿

(𝑛) < 1, under the
same 𝐿∞-regularity assumption on 𝑛 as above it is proven
that the set of transmission eigenvalues is at most discrete
with infinity as the only possible accumulation point (see
[CCH16], Section 3.1, and references therein). The proof
of discreteness is based on first showing that the resolvent
of (15) is Fredholm of index zero. The uniqueness of
the solution is then proved for 𝜏 = 𝑖𝜆 with 𝜆 sufficiently
large, exploiting the exponential decay inside 𝐷 of solu-
tions to the Helmholtz equation for such wave numbers.
The proof is now completed by appealing to the Analytic
Fredholm Theorem. However, the real interest related to
the discreteness of transmission eigenvalues is in the case
when the contrast 𝑛 − 1 is allowed to change sign in 𝐷,
and this case is still not understood. The discreteness of
transmission eigenvalues in this case, if it holds, would im-
ply the uniqueness of the sound speed for the wave equa-
tion with arbitrary source which is a question that arises in
thermo-acoustic imaging.

In the case when both the domain𝐷 and the real-valued
refractive index 𝑛 are 𝐶∞-smooth, with the additional as-
sumption that 𝑛 ≠ 1 on 𝜕𝐷, a complete characterization
of the spectrum of the transmission eigenvalue problem is
presented in [Rob13]. This study is done in the framework
of semiclassical analysis, relating the transmission eigen-
value problem to the spectrum of a Hilbert-Schmidt oper-
ator whose resolvent exhibits the desired growth proper-
ties following the approach of Agmon in [Agm10]. This
reasoning leads to the following spectral theorem.

Theorem 5. Assume that 𝑛 ∈ 𝐶∞(𝐷), 𝜕𝐷 is of class 𝐶∞,
𝑛(𝑥) ≥ 𝑛0 > 0 for 𝑥 ∈ 𝐷, and 𝑛 ≠ 1 on 𝜕𝐷. Then there
exist an infinite number of transmission eigenvalues 𝑘 ∈ ℂ and
the space spanned by the generalized eigenfunctions (𝑤, 𝑣) is
dense in 𝐻2

0(𝐷) × {𝐿2(𝐷), Δ𝑢 ∈ 𝐿2(𝐷)}.

Another important question is the location of the
transmission eigenvalues in the complex plane ℂ. In
particular, it is desirable to know if there exists a half
plane in ℂ free of transmission eigenvalues. This is an
important question for analyzing the time-domain in-
terior transmission problem which is the main build-
ing block for the time-domain linear sampling method
for inhomogeneous media [CMS21]. It was the pa-
per by Vodev [Vod18] which shed light onto this
issue. To explain the result in this paper, we first remark
that the transmission eigenvalue problem (9) can be recast
in terms of the difference of twoDirichlet-to-Neumann op-
erators. More precisely, let us define 𝒩𝑞(𝑘) ∶ 𝜑 ↦ 𝜕ᵆ

𝜕𝜈
,

where 𝑢 solves

{ Δ𝑢 + 𝑘2𝑞𝑢 = 0 in 𝐷,
𝑢 = 𝜑 on 𝜕𝐷

(provided 𝑘2 is not a Dirichlet eigenvalue). Then, the
transmission eigenvalue problem can be viewed as finding
𝑘 ∈ ℂ for which there exists a nontrivial 𝑢 such that

𝒯(𝑘)𝑢 ≔ 𝒩𝑛(𝑘)𝑢 −𝒩1(𝑘)𝑢 = 0.

The operator 𝒯(𝑘) ∶ 𝐻−1/2+𝑠(𝜕𝐷) → 𝐻1/2+𝑠(𝜕𝐷), 0 ≤ 𝑠 ≤ 1,
is one order smoothing and is Fredholm with index zero.
The eigenvalue free zone in ℂ corresponds to 𝑘 ∈ ℂ for
which 𝒯(𝑘)−1 exists. In [Vod18] it is proven that all trans-
mission eigenvalues 𝑘 lie in a horizontal strip about the
real axis. In addition this paper provides 𝑘-explicit bounds
for the norm of the inverse of𝒯(𝑘) as well as Weyl’s asymp-
totic estimates for the transmission eigenvalues. The main
tool in obtaining these results is the derivation of refined
high frequency estimates for the Dirichlet-to-Neumann
operator in the framework of semiclassical analysis. There-
fore these results require 𝐶∞ regularity for both 𝐷 and 𝑛
and are summarized in the following theorem.
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Theorem 6. Assume that 𝑛 ∈ 𝐶∞(𝐷), 𝜕𝐷 is of class 𝐶∞,
𝑛(𝑥) ≥ 𝑛0 > 0 for 𝑥 ∈ 𝐷, and 𝑛 ≠ 1 on 𝜕𝐷. The follow-
ing hold:

i) There are no transmission eigenvalues in the region
{𝑘 ∈ ℂ ∶ |ℑ(𝑘)| > 𝛾} for some constant 𝛾 > 0. In
this region, 𝒯(𝑘)−1 ∶ 𝐻1(𝜕𝐷) → 𝐿2(𝜕𝐷) is bounded,
and if in addition ℜ(𝑘) > 1,

‖𝒯(𝑘)−1‖ ≤ 𝑐|𝑘|−1 for some 𝑐 > 0.
ii) Let 𝑁(𝑟) ≔ # {𝑘 trans. eigen. |𝑘| ≤ 𝑟}. Then

𝑁(𝑟) = 𝑟3
6𝜋2 ∫𝐷

(1 + 𝑛(𝑥)3/2) 𝑑𝑥 + 𝑂𝜖 (𝑟2+𝜖)

for all 0 < 𝜖 << 1, where the order term depends on
𝜖.

We conclude this section by listing a few important
open questions. Although for the spherically symmetric
media it is proven that complex transmission eigenvalues
exist, for general media (𝐷, 𝑛) it is not known if this is the
case. Also in the case when the contrast 𝑛 − 1 is of one
sign in a neighborhood of 𝜕𝐷 but otherwise it changes sign
inside 𝐷, it is not known if real transmission eigenvalues
exist, a question which is important in the use of transmis-
sion eigenvalues to obtain information on the refractive
index 𝑛. Nothing is known about the spectral properties
of the transmission eigenvalue problem in the case when
there is a point 𝑃 on the boundary 𝜕𝐷 for which 𝑛 − 1
changes sign in every neighborhood of 𝑃 inside 𝐷. Finally
the case of absorbing media, i.e., media with refractive in-
dex 𝑛(𝑥) ≔ 𝑛1(𝑥)+

𝑖
𝑘
𝑛2(𝑥) with 𝑛1 and 𝑛2 positive definite

real-valued functions, is not fully understood. Although
the discreteness of transmission eigenvalues is proven un-
der some assumptions on 𝑛1 − 1, nothing is known about
the existence of the eigenvalues and their location in the
complex plane.

Generalizations
Transmission eigenvalues in scattering by anisotropic
media. Of great interest in many applications is the scat-
tering problem for anisotropic media having support 𝐷
where the wave propagation of the total field 𝑢 inside 𝐷
is governed by

∇ ⋅ 𝐴(𝑥)∇𝑢 + 𝑘2𝑛(𝑥)𝑢 = 0,
where𝐴 is a positive definite 3×3 symmetric matrix-valued
function. The same analysis of the injectivity of the far
field operator as previously discussed leads to the follow-
ing transmission eigenvalue problem: find 𝑢 ∈ 𝐻1(𝐷) and
𝑣 ∈ 𝐻1(𝐷) such that

⎧⎪
⎨⎪
⎩

∇ ⋅ 𝐴∇𝑢 + 𝑘2𝑛𝑢 = 0 in 𝐷,
Δ𝑣 + 𝑘2𝑣 = 0 in 𝐷,

𝑢 = 𝑣 on 𝜕𝐷,
𝜈 ⋅ 𝐴∇𝑢 = 𝜈 ⋅ ∇𝑣 on 𝜕𝐷.

(18)

Results on discreteness, existence of real transmission
eigenvalues, and their monotonicity properties in terms
of 𝐴 and 𝑛 can be found in [CCH16], Sections 3.2 and
4.3, under the assumptions that 𝐴 − 𝐼 and 𝑛 − 1 have one
sign in 𝐷. In the same way as for the case of 𝐴 = 𝐼 one can
show that real transmission eigenvalues can be determined
from the scattering data. In inverse scattering theory, it
is known that in general matrix-valued coefficients cannot
be uniquely determined from the scattering data. Hence,
using real transmission eigenvalues to detect changes in
anisotropicmedia becomes quite important (see [CCH16]
and the references therein). More generally, complete-
ness results on transmission eigenfunctions and Weyl’s es-
timates on the counting function are obtained in [NN21]
for𝐴 and 𝑛 continuous in a neighborhood of 𝜕𝐷 satisfying
the following two conditions:

⟨𝐴(𝑥)𝜈, 𝜈⟩ ⟨𝐴(𝑥)𝜉, 𝜉⟩ − ⟨𝐴(𝑥)𝜈, 𝜉⟩ ≠ 1 ∀ 𝑥 ∈ 𝜕𝐷
and for every 𝜉 ∈ ℝ3 ⧵ {0} orthogonal to the outward nor-
mal vector 𝜈 at any 𝑥 ∈ 𝜕𝐷, and

⟨𝐴(𝑥)𝜈, 𝜈⟩ 𝑛(𝑥) ≠ 1 for all 𝑥 ∈ 𝜕𝐷
(the first condition is known as the complementing con-
dition due to Agmon, Douglis, and Nirenberg). Under
𝐶∞ regularity for both the boundary and the coefficients
and assuming that 𝐴(𝑥) = 𝑎(𝑥)𝐼, where 𝑎 is a scalar func-
tion, the location in the complex plane of the transmission
eigenvalues is studied in [Vod18]. Unfortunately, in this
case (as opposed to themedia with𝐴 = 𝐼) it is not possible
to prove that there is a half plane of ℂ free of transmission
eigenvalues. For example, if

(𝑎(𝑥) − 1)(𝑎(𝑥)𝑛(𝑥) − 1) < 1 for all 𝑥 ∈ 𝜕𝐷
it is proven that there are infinitely many transmission
eigenvalues arbitrarily close to the imaginary axis.
Transmission eigenvalues in hyperbolic geometry and
the Riemann zeta function. The concept of nonscatter-
ing modes and transmission eigenvalues appears in other
scattering configurations. As an example, [BBDCP18] dis-
cusses such a concept for the scattering by objects inside
an infinite waveguide, i.e., an infinite tube with one direc-
tion of propagation. In this section we describe it in con-
nection with scattering theory for automorphic solutions
to the wave equation in the hyperbolic plane with isome-
tries corresponding to a specific group. We refer the reader
to the monograph by Lax and Phillips [LP76] for a discus-
sion on themathematical foundation of wave propagation
in this framework and scattering theory for hyperbolic sur-
faces. Limited to automorphic forms with respect to Fuch-
sian groups of the first kind that has only cusps at infin-
ity, scattering theory has a profound connection to funda-
mental results from analytic number theory. In scattering
theory of automorphic forms the concern has always been
with the poles of the scattering matrix. In [CC19] the first
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effort is made to understand the counterpart of transmis-
sion eigenvalues in this framework, and in the following
we sketch some of its results.

To explain the main ideas we start by recalling some ba-
sic concepts of the hyperbolic surface generated by specific
groups. The hyperbolic plane

ℍ = {𝑧 = 𝑥 + 𝑖𝑦 ∶ 𝑥 ∈ ℝ, 𝑦 ∈ ℝ+}
is a Riemannian manifold with the complete metric

𝑑𝑠2 = 𝑦−2(𝑑𝑥2 + 𝑑𝑦2)
with geodesics the Euclidean semicircles and lines perpen-
dicular to the 𝑥-axis. This differential form on ℍ is in-
variant with respect to the group of Möbius transforma-
tions acting on the whole compactified complex plane

ℂ̂, which are fractional linear transformations
𝑎𝑧+𝑏
𝑐𝑧+𝑑

with

𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ such that 𝑎𝑑 − 𝑏𝑐 = 1. This group is isomor-
phic with 𝑆𝐿2(ℝ) ⧵ ±𝐼. Derived for the hyperbolic theory
of wave propagation in the hyperbolic plane [LP76], the
Helmholtz equation in the case of ℝ3 is now replaced by

𝑦2Δ𝑢 + 𝑠(1 − 𝑠)𝑢 = 0. (19)

Given a large isometry group of ℍ, a natural way to ob-
tain a hyperbolic surface is by a quotient Γ ⧵ ℍ (the sets
of orbits) for some subgroup Γ of 𝑆𝐿2(ℝ). The fundamen-
tal domain 𝐹 ≔ Γ ⧵ ℍ corresponding to such a subgroup
is a region in ℍ whose distinct points are not equivalent
(different modulo Γ) and such that any orbit of Γ contains
points in the closure of 𝐹 in the ℂ̂ topology. There are var-
ious ways to visualize a fundamental domain (see Figure
5), and we refer the reader to the monograph by Iwaniec
[Iwa02] for details and references on this matter. A func-
tion 𝑓 ∶ ℍ → ℂ is called automorphic with respect to Γ
if

𝑓(𝛾𝑧) = 𝑓(𝑧) for all 𝛾 ∈ Γ, (20)

i.e., 𝑓 lives on 𝐹 ≔ Γ⧵ℍ. Because of (20), an automorphic
function is completely determined by its values on 𝐹. Now
we are ready to formulate the scattering by a hyperbolic sur-
face Γ⧵ℍ. Let 𝑢𝑖 be a solution of (19). The nonidentically
zero total field 𝑢 ≔ 𝑢𝑖 + 𝑢𝑠 satisfies the equation

𝑦2Δ𝑢 + 𝑠(1 − 𝑠)𝑢 = 0, 𝑧 = (𝑥, 𝑦) ∈ 𝐹.
On the boundary of 𝐹 periodic boundary conditions are
imposed:

𝑢(𝛾𝑧) = 𝑢(𝑧), 𝑧 ∈ 𝜕𝐹, 𝛾 ∈ Γ,
𝜕𝑢
𝜕𝜈 (𝛾𝑧) =

𝜕𝑢
𝜕𝜈 (𝑧), 𝑧 ∈ 𝜕𝐹, 𝛾 ∈ Γ.

Scattering happens because the incoming free wave 𝑢𝑖
needs to be periodified on 𝐹. In connection with this
scattering problem, we consider the concept of transmis-
sion eigenvalues for fundamental domains generated by
some particular discrete groups, more specifically Fuch-
sian groups of the first kind. A Fuchsian group Γ of the first

kind is a discrete subgroup of 𝑆𝐿2(ℝ) that has a finite num-
ber of generators and a fundamental domain of finite vol-
ume. We further consider Fuchsian groups of the first kind
that are noncocompact, which means that the closure in ℂ̂
of the fundamental domain is not compact. Such groups
have only cusps (see Figure 4). The cusps are formed by
the two sides of 𝐹 meeting orthogonally at a vertex in 𝜕ℍ.

Figure 4. Sketch of a hyperbolic surface with two cusps (left)
and part of a hyperbolic cusp (right) isometrically embedded
into ℝ3.

Now, let 𝑦𝑠 and 𝑦1−𝑠 be solutions to (19) which are in-
variant under 𝑧 ↦ 𝑧 + 1. Similarly to the Sommerfeld ra-
diation condition in the Euclidean case (3) we have that
𝑢 ≔ 𝑦𝑠 satisfies

𝜕𝑢
𝜕𝜈
|||ℍ
− 𝑠𝑢 = 𝑦𝜕𝑢𝜕𝑦 − 𝑠𝑢 = 0.

So if ℑ(𝑠) > 0, ℑ(1 − 𝑠) < 0, then 𝑦𝑠 is incoming away
from the cusp (traveling toward the scatteringmedium like
𝑒𝑖𝑘𝑥⋅𝑑 in ℝ3) and 𝑦1−𝑠 is outgoing toward the cusp (travel-
ing away from the scattering medium like 𝑒−𝑖𝑘𝑥⋅𝑑 in ℝ3).
For ℜ(𝑠) > 1 and incident field 𝑢𝑖 ≔ 𝑦𝑠 the solution 𝑢(𝑧)
of the above scattering problem is given by an Eisenstein
series (which roughly plays the same role as Fourier series
in the Euclidean case) which as 𝑦 → ∞ within cusps be-
haves as

𝛿𝐚𝐛𝑦𝑠 + 𝜑𝐚𝐛(𝑠)𝑦1−𝑠 + 𝑂((1 + 𝑦−ℜ(𝑠))𝑒−2𝜋𝑦)
uniformly in 𝑧 ∈ ℍ, where 𝛿𝐚𝐛 is the Kronecker delta van-
ishing when 𝐚, 𝐛 are inequivalent cusps. The correspond-
ing scattering matrix is

Φ(𝑠) ≔ (𝜑𝐚𝐛(𝑠)) , where 𝐚 and 𝐛 run over all cusps,
and it describes “incoming-to-outgoing” far field behavior
in a similar manner as the far field operator in ℝ3 intro-
duced earlier. The scattering matrix has a meromorphic
continuation to 𝑠 ∈ ℂ, and the corresponding scatter-
ing poles are the poles of this meromorphic extension of
𝜑𝐚𝐛(𝑠). In [CC19] a transmission eigenvalue associated with
a cusp 𝐚 is defined as the value 𝜆 ≔ 𝑠(1 − 𝑠) that corre-
sponds to 𝑠 being a zero of the entry 𝜑𝐚𝐚(𝑠) of the scatter-
ing matrix Φ(𝑠). In particular, if 𝑠 is a zero of 𝜑𝐚𝐚(𝑠), then
the incident wave 𝑦𝑠 propagates through without seeing
any boundaries of the fundamental domain. In this sense,
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transmission eigenvalues correspond to nonscattering en-
ergies. One could also consider the zeros of off-diagonal
entries 𝜑𝐚𝐛(𝑠) for two inequivalent cusps 𝐚 and 𝐛. This case
wouldmean that an observer sitting at the cusp 𝐛 sees no ef-
fects of an incident field 𝑦𝑠 coming into themedia from the
cusp 𝐚, which corresponds to nontransmitted energies in
the language of waveguides [BBDCP18]. It is known that
the poles of main diagonal terms of the scattering matrix
are also poles for the off-diagonal terms [Iwa02]; however,
such a connection between the zeros of the main diagonal
and off-diagonal terms remains open. Note that in the scat-
tering by hyperbolic surfaces generated by Fuchsian groups
of the first kind a Rellich’s type lemma does not hold and
thus nonscattering is meant in an asymptotic sense.

We conclude this section by giving an explicit expres-
sion for the scattering matrix for two particular examples
of Fuchsian groups of the first kind. In these examples the
transmission eigenvalues (nonscattering energies) are re-
lated to the zeros of the Riemann zeta function, whereas
nontransmitted energies are absent.

Themodular group 𝑆𝐿2(ℤ) is the subgroup of 𝑆𝐿2(ℝ) con-
taining 2 × 2 matrices with integer entries. The fundamen-
tal domain of 𝑆𝐿2(ℤ) contains only one inequivalent cusp
(see Figure 5). For themodular group the scatteringmatrix
contains only one element and is given by

𝜑∞∞ = 𝜋1/2
Γ(𝑠 − 1

2
)

Γ(𝑠)
𝜁(2𝑠 − 1)
𝜁(2𝑠) , (21)

where 𝜁(𝑠) is the Riemann zeta function.

𝐹cusp ∞
only one

1
2

− 1
2

1−1

𝐹1 = 𝛾1𝐹

1
2

− 1
2

1−1

cusp at (0, 0)
Figure 5. Left: Shaded region depicts the Ford fundamental
domain 𝐹 for Γ = 𝑆𝐿2(ℤ). Right: Shaded region depicts an
equivalent fundamental domain 𝐹1 = 𝛾1𝐹, where 𝛾1 ∶ 𝑧 → −1/𝑧.
The image of 𝐹 under Γ tesselates ℍ.

The Hecke congruence subgroup Γ0(𝑁) of level 𝑁 for 𝑁 an
integer is defined as

Γ0(𝑁) = {𝛾 ∈ 𝑆𝐿2(ℤ), 𝛾 ≡ ( ∗ ∗
0 ∗ ) (mod 𝑁)} .

When 𝑁 ≔ 𝑝 is prime the fundamental domain Γ0(𝑝) ⧵ ℍ
contains only two inequivalent cusps, namely at zero and

infinity, and the scattering matrix is given by

Φ(𝑠) = ( 𝜑∞∞ 𝜑∞0
𝜑0∞ 𝜑00

) = 𝜓(𝑠)𝑁𝑝(𝑠),

where

𝜓(𝑠) = 𝜋1/2
Γ(𝑠 − 1

2
)

Γ(𝑠)
𝜁(2𝑠 − 1)
𝜁(2𝑠)

and 𝑁𝑝(𝑠) is a 2 × 2 matrix with nonvanishing entries.
In these two examples we see that, except for 𝜆 = 1 and

𝜆 = 1/4 corresponding to trivial zeros 𝑠 = 0 and 𝑠 = 1/2,
i.e., the poles of 𝜁(2𝑠), all the transmission eigenvalues 𝜆 =
𝑠(1−𝑠) correspond to 𝑠 being the zeros of 𝜁(2𝑠−1) such that
ℑ(2𝑠−1) ≠ 0. Thus, the Riemann hypothesis is equivalent to
the statement that all transmission eigenvalues lie on the
parabola 𝑥 = 3

16
+ 4𝑦2 except for finitely many trivial ones

(see Figure 6).

𝑥

𝑦 𝑥 = − 3
4
+ 𝑦2

4

𝑥 = 3
16
+ 4𝑦2

by the Riemann Hypothesis

Figure 6. Black dots indicate possible location of transmission
eigenvalues. There are infinitely many transmission
eigenvalues on the inner parabola and all eigenvalues lie
inside the outer parabola. If the Riemann hypothesis is true,
all transmission eigenvalues lie on the inner parabola. There
are no real transmission eigenvalues except for the trivial
ones, at 0 and 1/4.

In [CC19] the reader can find a few more explicit exam-
ples. However in general for discrete Fuchsian subgroups
it is not possible to derive an explicit expression for the
scattering matrix. We also mention that [CC19] provides
estimates for the counting function of transmission eigen-
values. As this paper remarks, the density of transmission
eigenvalues appears to be related to the work of Phillips
and Sarnack on the existence of cusp forms.
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The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics 
of all types, and those who mentor them. Angela Gibney serves as the editor of this section. Next month’s theme will 
be advice from our advisor and publishing.

Online Resources

How to Tutorial-a-thon 

Henry Adams, Hana Dal Poz 
Kouřimská, Teresa Heiss, Sarah 
Percival, and Lori Ziegelmeier

The opportunity. Each and every person in your research 
community has a mathematical topic that they explain 
well. Imagine if many such people each contributed a short 
tutorial video, describing a topic of their choosing, to a 
common YouTube channel. Could this make your research 
area more attractive to newcomers?

The challenge. Your challenge is to solicit, compile, 
moderate, and share high-quality videos that are contrib-
uted from members of your research community, in a man-
ner that is time-efficient (for both you as the organizer and 
for the participants)! You want to encourage many people 
to contribute, including early-career researchers, instead 
of inviting only a handful of trusted content creators. Can 
you organize such an event in a way that doesn’t require 
hundreds of emails or take over your semester?

Our response. Our response to this opportunity and 
challenge is the tutorial-a-thon. We organized our first tu-
torial-a-thon, for the applied topology community, during 
the month of March 2021. We ran a sequence of Zoom 
meetings (one per week), in which we (Week 1) explained 
the event and divided attendees into groups of size three; 
(Week 2) had attendees meet in their small groups in which 
each individual recorded their own trial-run tutorial of 
length ≤10 minutes and received real-time feedback from 
their peers; and (Week 3) had attendees record their final 
tutorial, one video per person! This organization had the 

Henry Adams is a professor of mathematics at Colorado State University. 
His email address is henry.adams@colostate.edu.

Hana Dal Poz Kouřimská is a postdoctoral researcher in the Edelsbrunner 
research group at the Institute of Science and Technology Austria. Her email 
address is hana.kourimska@ist.ac.at.

Teresa Heiss is a PhD student in the Edelsbrunner research group at the 
Institute of Science and Technology Austria. Her email address is teresa 
.heiss@ist.ac.at.

Sarah Percival is a postdoc at Michigan State University. Her email address 
is sarah.b.percival@gmail.com.

Lori Ziegelmeier is a professor of mathematics at Macalester College. Her 
email address is lziegel1@macalester.edu.
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@ams.org.
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 • Soft deadlines and social reminders are in place—
so videos get submitted in a timely fashion!

 • Videos are moderated by each small group, and 
thus, the organizers do not need to peer review 
hours of videos themselves.

 • Organizers provide tips and hints prior to the 
event. This streamlines the process, particularly 
with regard to technology. The organizers also run 
online office hours during a common meeting 
time in case there are questions.

 • Meeting other participants creates social and net-
working opportunities, enhancing connections 
and a sense of belonging within the community.

 • Early-career voices get shared.
 • All of the videos get posted to a common com-

munity YouTube channel, which improves each 
video’s visibility.

2. Frequently Asked Questions from Participants
What follows are frequently asked questions from partici-
pants, and responses that you might give as an organizer!

I’m confused—does my group make a single video, or does 
each participant make their own video? Each participant makes 
their own short video, which need not be thematically 
related to their group members’ videos.

Is a 15-minute video okay? Yes. We tell folks their video 
should be at most 10 minutes, expecting to receive videos 
in the range of 5–15 minutes.

Should the videos be ordered? Should the topics be organized? 
This is not how we’ve done things so far. Each person has 
a story to tell—but their mathematical tidbit may not fit 
well in an ordered list. It is possible to provide a link to a 
related tutorial in the description of a YouTube video. We 
recommend an unordered set of videos for your first tuto-
rial-a-thon, but we may experiment with more organized 
(or even ordered) video topics in follow-up events.

What if my topic is the same as somebody else’s? That’s okay! 
We have found that different viewpoints on the same topic 
are useful for folks learning a new area.

What if I want to record my video off-line (not during a group 
meeting)? That’s fine! We still encourage you to meet with 
your small group, if possible, to give and receive feedback 
on your group’s trial runs.

The final two questions are infrequently asked, but still 
worth considering beforehand.

What if I’m concerned that one of my group member’s tutorial 
videos is not appropriate? Please let us know, and thank you 
for the heads up. If they submit a tutorial video that is not 
appropriate for the channel, then we will contact them (and 
perhaps work with them to address the problem).

I gave you permission to post the video, but I’ve now changed 
my mind and would like the video taken down. Is that possible? 
Yes, we’re happy to remove your video at your request at 
any time.

benefit of reducing 
emails and allow-
ing participants to 
network. The vid-
eos we received 
were lightly mod-
erated (by each 
small group of size 
three), and vastly 
exceeded our ex-
pectations in terms 
of their quality.

In this article, 
we describe tu-
torial-a-thons in 
more detail, with 
the hope that we 
will inspire you to 
consider running 
similar events in 
your research com-
munity, home de-

partment, or outreach group. See the webpage https://
sites.google.com/view/aatrn-tutorial-a-thon for 
our first tutorial-a-thon, which contains links to the con-
tributed YouTube videos, and which also contains all of 
our organizational materials.

1. What Does a Tutorial-a-thon Look Like  
for Participants?
During the first week of the tutorial-a-thon, participants 
meet on Zoom to hear about the logistics of the process 
from the organizers. Then, using a sticky-note application 
called Padlet, each participant proposes a topic they would 
like to explain. Participants’ proposals then get shuffled 
around, matching topics that are similar in some sense, 
until groups of size three are formed. Afterwards, partici-
pants split into breakout rooms to connect with their group 
and exchange contact information.

Each group has the freedom to choose a time, approx-
imately one week later, to give trial-run tutorials and to 
receive constructive feedback from each other. Recording 
the trial run is necessary to test the technology, and to force 
participants to give an honest trial run! In most instances, 
groups meet one more time a week later on Zoom to incor-
porate feedback given by group members and to record the 
final videos. After this meeting, each participant submits 
their video to the organizers who then post it to YouTube.

In sum, the time commitment for each tutorial-a-thon 
participant is less than three hours (not counting the time 
to develop the materials to present a tutorial).

There are many benefits to this format, both for the 
participants and for the organizers:

Figure 1. Poster to attract attention 
to the tutorial-a-thon, sent out as an 
advertisement to various mailing lists 
and forums.
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where the members of each group exchanged contact infor-
mation and discussed the internal organization.

This chaotic matching process was a lot of fun, and a 
great success! However, if you decide to do this approach, 
we recommend you involve at least two people in the 
management of the matching process—one person mod-
erates, one person does the actual matching and direction 
of participants, and keeps an eye on the chat.

With the participants matched most of your work is 
done! We kept in touch with our participants by emailing 
out weekly updates and holding office hours. To collect 
the tutorials, together with their titles, short descriptions, 
and the names of the authors, we used Google forms and 
the website We-Transfer. We uploaded all of the tutorials 
to the AATRN YouTube channel https://www.youtube 
.com/c/AppliedAlgebraicTopologyNetwork, to a tuto-
rial-a-thon playlist.

One last tip—make sure you delete all personal infor-
mation you collected about the participants after finishing 
the project.

If you are interested in running a tutorial-a-thon of your 
own (and we hope you are), please feel free to email the 
authors with any questions, or to arrange a time to chat.

4. How Did Our First Tutorial-a-thon Go?
Our first tutorial-a-thon in March 2021 was such a success 
that we decided to organize our second tutorial-a-thon six 
months after the first—and possibly many more in the 
future.

During our first tutorial-a-thon, we received 38 tutorials, 
from a very diverse pool of participants! Approximately 
half of them were done by PhD students, and the rest from 
postdocs, professors, and people outside of academia. We 
had participants from North America, South America, 
Europe, Africa, and Asia. The impressively high quality 
of all 38 videos shows that everyone—even a young PhD 
student—has topics they can explain exceptionally well. 
See Figures 2, 3, and 4 for example screenshots of three of 
these excellent tutorials.

In the first two months after posting, the videos already 
have received a lot of attention, and the number of views 

3. How Do You Run a Tutorial-a-thon?
Below we describe some tips that we have learned from 
running our first tutorial-a-thon, which was cohosted by 
the Applied Algebraic Topology Research Network (AATRN) 
and Women in Computational Topology (WinCompTop) 
communities.

Like with any other successful project, it is essential to 
start planning well ahead of time and to have a good team. 
Our team profited in large part from having graduate stu-
dent, postdoctoral, and faculty organizers. This not only 
drew in diverse ideas, but also participants from a wide 
range of career levels.

Once your team has agreed on a rough structure for your 
tutorial-a-thon, we recommend that you prepare some 
advertising material—marketing is what draws people in! 
Think about how and where to advertise. We advertised 
with a poster and a website, via relevant mailing lists and 
forums; see Figure 1.

Our next tip is to do a trial run with your organizational 
team—i.e., have each member of your organizational team 
prepare a short tutorial. This not only gives you a first-hand 
impression of the outcome of the project and the technol-
ogy tools you may recommend that participants use, but 
also provides you with sample videos that you can share 
to help participants better grasp the idea of the project.

Now it’s time to kick off the project! After an introduc-
tory presentation and a Q&A session, you need to sort the 
participants into small groups. You could do this off-line 
before your second meeting—for example, creating groups 
of size three at random, or based on self-reported experi-
ence levels, or based on the topics of their tutorials.

We instead chose the chaotic route of a live organic 
sorting procedure, using Zoom and an online sticky-note 
application called Padlet. Having had a rough estimate of 
how many participants to expect, we asked each participant 
to write their tutorial topic on a digital sticky note and 
move their sticky note around until everybody was matched 
in a group of three. At the same time, we brainstormed 
with those who were not yet sure about their topics, and 
helped out with the matching process. After the groups 
were formed, we sent these groups off into breakout rooms 

Figure 2. Screenshot from the tutorial How to Create Mosaics 
from Images by Robin Belton.

Figure 3. Screenshot from the tutorial The Shape of Data by 
Péguy Kem-Meka.

https://www.youtube.com/c/AppliedAlgebraicTopologyNetwork
https://www.youtube.com/c/AppliedAlgebraicTopologyNetwork
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underresourced areas, as well as for undergraduate and 
graduate students. Additionally, because most conferences 
are held in English, future tutorial-a-thons could reach new 
audiences by soliciting videos in other languages.

The tutorial-a-thon format provides a platform for 
mathematicians from across the globe to meet and discuss 
mathematics in a low-pressure environment. Because par-
ticipants at different career stages are encouraged to group 
together, we hope that our tutorial-a-thon provides a sense 
of belonging in the greater mathematical community, 
particularly for early-career researchers. Stay tuned for our 
second applied topology tutorial-a-thon in October and 
November 2021!

Credits
Figure 1 is courtesy of Hana Dal Poz Kouřimská.
Figures 2–4 are courtesy of the authors.
Photo of Henry Adams is courtesy of Ewo Harrell Adams.
Photo of Hana Dal Poz Kouřimská is courtesy of Simone Dal 

Poz.
Photo of Teresa Heiss is courtesy of Michael Heiss.
Photo of Sarah Percival is courtesy of Rebecca Lank.
Photo of Lori Ziegelmeier is courtesy of Michael Neuberg.

is rising every day. By the time of the writing of this article, 
each tutorial has been viewed 372 times on average, and 
the median number of views per tutorial is 266. Given 
the size of the applied topology community, this is truly 
remarkable. One of the tutorials has been viewed over 2400 
times already.

The tutorials received very positive feedback from the 
community, both via email and via public (moderated) 
YouTube comments on the videos. Some of the YouTube 
viewers shared in their comments that with the help of this 
video, they finally understood something they had strug-
gled with for a while. One enthusiastic viewer even asked if 
they could translate a video into Korean. The participants 
shared with us that making the videos was fun and a nice 
way to meet other researchers in applied topology. They 
also enjoyed watching the number of views of their own 
videos rise.

5. Conclusion
Before the advent of the internet, excellent oral explana-
tions of mathematical topics could only reach the handful 
of people who were able to be in the same room as the 
presenter. With the prevalence of YouTube, not only are 
we able to reach anyone around the globe, but we are able 
to reach future mathematicians as well. Furthermore, by 
soliciting contributions from early-career researchers who 
may not yet have had the opportunity to teach, we are able 
to tap into a wealth of knowledge that may not otherwise 
be shared.

We hope online activities such as the tutorial-a-thon can 
help make mathematics more geographically and linguis-
tically diverse. Because each group sets their own meeting 
time, participation in the tutorial-a-thon is not limited to 
researchers from any particular time zone. Furthermore, 
unlike traditional conferences, participation in the tuto-
rial-a-thon does not require travel funding, which can be 
prohibitive, especially for researchers from geographically 

Figure 4. Screenshot from the tutorial Voronoi diagram, 
Delaunay and Alpha complexes: A Visual Intro by Ondřej 
Draganov.

Henry Adams

Teresa Heiss

Lori Ziegelmeier
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 • How fast does it grow? The “graph” button in every 
entry is helpful here.

 • Is there a formula or generating function?
 • Or you may see a conjecture or question that you 

think you can answer.
 • How would you write a computer program to gen-

erate more terms?
Studying the “drafts” stack is an endless source of fun (and 
sleepless nights).

3. The OEIS as a Reference Work
Even when you know what the sequence is, you may still 
look it up, to find out what is presently known about it. 
We try to make sure the sequences are well supplied with 
references, especially any recent articles. The coverage is 
broad: besides the obvious fields like combinatorics, graph 
theory, group theory, number theory, computer science, 
and recreational mathematics, there are large numbers of 
sequences from physics and chemistry.

This makes the OEIS extremely useful as a reference work. 
Earlier this year a senior group theorist told us he had been 
working on a problem for 20 years, but when he looked it up 
in the OEIS he found a reference that he was not aware of.

Another great resource are the computer programs in-
cluded in the OEIS entries. An important sequence will 
have programs to generate it in C, Java, MAGMA, Maple, 
Mathematica, PARI, Python, Sage, etc. This is very helpful 
for numerical investigations.

4. Submitting Your Sequence or Comment
If you have an interesting number sequence that is not in the 
OEIS, you should definitely submit it. Having a sequence 
in the OEIS is something you can be proud of. You will be 
joining an enterprise that has been running for almost 60 
years, and to which over 12,000 people have already con-
tributed. Contributions come from almost every country, 
and we have been called one of the most successful inter-
national collaborations.

You must register before you can contribute, using 
your real name, the name you would use in a scientific 
publication (see https://oeis.org/wiki/Special 
:RequestAccount). The OEIS is not a “social media.” One 
of the reasons for the success of the database is that we have 
high standards, all contributions are refereed by the editors, 
and accuracy is of primary importance. See https://oeis 
.org/wiki/Overview_of_the_contribution_process 
for more about the submission process. The OEIS Wiki 
also has a page showing examples of what not to submit 
(https://oeis.org/wiki/Examples_of_what_not 
_to_submit)!

5. The OEIS Wiki
The OEIS Wiki (https://oeis.org/wiki) has a great deal 
of useful information for users, especially in the “Informa-
tion” section. There is a general index to the sequences, a 

N. J. A. Sloane is the Chairman of the Board of The OEIS Foundation, 
Inc., and is a visiting scholar at the mathematics department at Rutgers 
University. His email address is njasloane@gmail.com.

DOI: https://dx.doi.org/10.1090/noti2346

The OEIS: A Fingerprint File 
for Mathematics

N. J. A. Sloane
1. The OEIS
The On-Line Encyclopedia of Integer Sequences or OEIS is a 
free website (https://oeis.org) containing information 
about 350,000 number sequences. You will probably first 
encounter it when trying to identify a sequence that has 
come up in your work. If your sequence is recognized, the 
response will tell you the first 100 or sometimes 10,000 
terms, give a definition, properties, formulas, references, 
links, computer programs, etc., as appropriate. If it is not 
recognized, the system will invite you to submit it if you 
think it is of general interest, so that the next person who 
looks it up will find it—and be grateful to you.

Ron Graham called the OEIS a “fingerprint file for math-
ematics.” It has also been described as, “pound for pound, 
one of the most useful mathematics sites on the web.” If 
you have been struggling with a sequence, and the OEIS 
tells you what it is, you will understand why it is so popu-
lar. Of course, if it tells you that your problem was solved 
forty years ago, you may be unhappy, but it is better to find 
out now rather than later. The database has been around, 
in one form or another, for 57 years, so if your sequence is 
not yet included, there is a moderate chance it is new (of 
course this is not a proof).

2. The OEIS as a Source of Problems
The entries are constantly being updated. Every day we get a 
hundred or so submissions of new sequences, and another 
hundred comments on existing entries (new formulas, 
references, additional terms, etc.).

The new sequences are often sent in by nonmathemati-
cians, and are a great source of problems to work on. You 
can see the current submissions at https://oeis.org 
/draft. Often enough you will see a sequence that is so 
interesting you want to drop everything else and work on it. 
Well, go ahead! Many research papers have been born in this 
way. The “Yellowstone Permutation” A098550 (http://
oeis.org/A098550) is one of my favorite examples: it was 
quite a challenge to prove that it is a permutation of the 
positive integers, and the entry has a link to a paper that a 
group of us wrote analysing it.

Some of the things you might work on after seeing an 
interesting sequence on the drafts stack are:

 • Is the sequence well-defined?
 • Does it contain infinitely many terms?

https://oeis.org/draft
https://oeis.org/draft
https://oeis.org/wiki/Overview_of_the_contribution_process
https://oeis.org/wiki/Overview_of_the_contribution_process
https://oeis.org/wiki/Special:RequestAccount
https://oeis.org/wiki/Special:RequestAccount
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and hope to be around for a long time. Almost everyone we 
have asked has agreed. But it is a time-consuming business, 
and you could help.

8. Other Topics
“Superseeker.” This is a program that runs on our server, 
and tries very hard to identify a sequence. It runs several 
programs that try to guess a formula or recurrence (includ-
ing the powerful Salvy-Zimmermann program gfun). It also 
transforms the sequence in a hundred ways and looks up 
the results in the OEIS, hoping for a match. To use it, send 
an email to superseeker@oeis.org with a blank subject, 
containing a single line of the form

lookup 0 1 3 7 11 15 23 35 43 47
(with no commas). Since this uses many resources on our 
server, please use it sparingly.

One of my current goals is to strengthen Superseeker. If 
you are interested in helping, please contact me.

The Sequence Fans Mailing List. Any registered user of 
the OEIS can join, and messages go out to a few hundred 
fellow sequence-lovers. This can be even more powerful 
than Superseeker if you are really desperate to identify a 
sequence. There is a link on the OEIS Wiki.

Triangles and arrays of numbers. The OEIS also includes 
triangles and arrays of numbers. Triangles are read by rows. 
Pascal’s triangle becomes A007318 (http://oeis.org 
/A007318): 1, 1,1, 1,2,1, 1,3,3,1, 1,4,6,4,1, 1,5,10,10,5,1,.... 
Arrays are read by antidiagonals. The table of Nim-sums 
m ⊕n,

0   1   2   3   4   5   … 
1   0   3   2   5   4   … 
2   3   0   1   6   7   … 
3   2   1   0   7   6   … 
4   5   6   7   0   1   … 
.   .   .   .   .   .   …

becomes A003987 (http://oeis.org/A003987): 0, 1,1, 
2,0,2, 3,3,3,3, 4,2,0,2,4,....

The OEIS aims for a broad coverage of integer sequences 
arising in science, especially in mathematics (of course 
including several versions of the famous subway stops se-
quence, since they have been published on tests; but not the 
number of pages in the nth issue of these Notices since 1954, 
because no one has mentioned it before). Our motto is ac-
curacy and completeness, combined with good judgment. 

We have a great many contributors, a 
great many entries, and we hope you 
will join us at https:oeis.org. 

Credits
Photo of N. J. A. Sloane is courtesy of 

John Smock. 

style sheet, a Q&A page, an FAQ page, pages called “How 
to add a comment, more terms, or a b-file” (https://oeis 
.org/wiki/How_to_add_a_comment,_more_terms, 
_or_a_b-file_(short_version)), ..., “Instructions for 
general users” (https://oeis.org/wiki/Instructions 
_For_General_Users), “The multi-faceted reach of the 
OEIS” (https://oeis.org/wiki/The_multi-faceted 
_reach_of_the_OEIS), and so on.

6. Citations of the OEIS
An especially important part of the OEIS Wiki is the section 
(see https://oeis.org/wiki/Works_Citing_OEIS) that 
lists citations of the OEIS in the literature or on the web. 
There are now about 10,000 citations, which often say things 
like “This theorem would not have been discovered without 
the help of the OEIS.”

You can help keep these pages up-to-date. If you come 
across a paper that mentions a number sequence, check 
if the sequence is in the OEIS, add it if it isn’t, and make 
sure the entry has a reference to the paper. If the context 
seems new, consider adding a comment saying “Arises in 
the spectral analysis of cobweb singularities, see A. Spider 
et al. (2021).” If you come across an article that references 
the OEIS, make sure the paper is listed in the “Works Citing 
the OEIS” pages on the Wiki. And if you happen to see a 
comment that “This sequence is not in the OEIS,” then add 
it at once.

When you write a paper yourself, using information from 
the OEIS, don’t forget to mention us in your references list, 
typically by saying

The OEIS Foundation Inc., Entry A123456. 
Published electronically at https://oeis 
.org, 2021.

and also mention it in any relevant OEIS entries. Many 
authors “forget” to do this, but it will help your career by 
drawing attention to your paper.

7. “Link Rot”
Don’t get me started! The OEIS serves as a guide to the liter-
ature on a huge number of subjects, and we have hundreds 
of thousands of links. And every day many of these links 
break. System administrators feel they are not doing their 
job if they don’t change all their URLs every couple of years. 
Or, as happened last year, a major university will decide to 
delete all the faculty home pages, with no warning. That 
broke several hundred of our links. Pages on individual’s 
websites are the most fragile of all.

If you are a frequent user of the OEIS you will often run 
into this problem. You can help by locating a replacement 
URL if the site has simply moved, or by adding a new link 
to a copy of the missing page on the wonderful Wayback 
Machine, run by the Internet Archive. A better solution is to 
ask the author of the page for permission to put a local copy 
of the page on the OEIS server. We have a strong reputation, 

N. J. A. Sloane

https://oeis.org/wiki/How_to_add_a_comment,_more_terms,_or_a_b-file_(short_version)
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on the left and right sidebars; I’ll let you click on them and 
learn what they do.

The essential operation of MathOverflow is the follow-
ing. A mathematician becomes interested in a question 
about a point of mathematics. After some thought and re-
search, they are unable to resolve it. They post the question 
to MathOverflow. Other mathematicians read the question 
and, with luck, answer it. Many mathematicians read the 
questions and answers and benefit. Registered users vote on 
questions and answers, and high vote counts can be used 
to find questions which many people find of interest, and 
answers which many people believe to be correct.

The next few sections of this article address these ac-
tions in the reverse order: How can you benefit by reading 
MathOverflow questions and answers? How and when 
should you answer questions? How and when should you 
ask questions, and what thinking and research should you 
do before asking?

You do not need to join MathOverflow to use it! If you 
spend much time on MathOverflow, you should consider 
becoming a member, which will allow you to vote and 
comment on questions and answers and to participate in 
improving the operation of the site. But anyone on the in-
ternet is completely welcome to read and write questions 
and answers in complete anonymity.

One note: the place to ask questions about how to use 
MathOverflow is https://meta.mathoverflow.net/, 
known as meta, not on MathOverflow itself.

Browsing
I want to start by discussing how you can benefit from 
reading MathOverflow, even if you do not want to ever 
show yourself. I am not trying to encourage you to stay 
hidden—quite the reverse—but spending a while reading 
MathOverflow will do a lot to get you used to the oper-
ation of the site. Also, we shouldn’t forget how much of 
the benefit of MathOverflow accrues to the nonposters: a 
typical question has one asker, one or two answerers, and 
200–300 readers [5].

Heading to the main page of MathOverflow will show 
you the currently active questions, from all areas of math-
ematics. If you want to look for a specific question and see 
if it has been asked before, you can search MathOverflow 
either using the built-in search tool, or using any search 
engine; I usually get the best results with a Google search 
for “mathematical topic site:mathoverflow.net.”

If you more generally want to read about an area of 
mathematics, you can filter MathOverflow by tags; head to 
https://mathoverflow.net/tags for a list. I came out 
of graduate school with no idea of what one would actu-
ally study in differential geometry or functional analysis; 
browsing questions with those tags helped me learn what 
such mathematicians do.

You can also learn a lot by reading the questions or an-
swers of a user whose style appeals to you. If you click on 

Welcome to MathOverflow!

David E Speyer

Back in 2009, I was one of several bloggers running a 
mathematics blog called the Secret Blogging Seminar. We 
often had open threads where our readers would pose 
questions for each other, about whatever mathematical 
topic they were considering. In early October 2009, several 
of our readers mentioned that they had obtained answers 
to their questions on a website called “MathOverflow.” I 
googled “Math Overflow” and discovered a website with a 
long list of questions in every field of mathematics. I was 
immediately sucked in and began asking and answering 
questions, and have enjoyed the website ever since.

At the time, going to MathOverflow felt like walking 
down the hall to tea, where I might find my friends dis-
cussing an interesting question of algebraic geometry 
or topology—except that it was a tea that never ended, 
featuring mathematicians from around the world! Today, 
MathOverflow feels more formal. MathOverflow gets about 
300 questions and 250 answers every week [4], and many of 
the world’s top mathematicians ask and answer questions 
regularly. I find many graduate students are intimidated by 
MathOverflow, and are unsure whether they are welcome 
there. I think they should feel welcome, and I hope this 
article will help to invite them in.

There are two ways to address this concern. The first is to 
give a detailed list of best practices, which I hope will give 
you the best chance to enjoy and benefit from the website. 
The second is to say “Come on over and have fun! We’re 
friendly!” I think each type of advice is right for some peo-
ple, so I’ll give advice of both types, and I hope that you 
will be able to pick the right balance for yourself.

While I have been on MathOverflow since near its start, I 
have never had an official position operating or moderating 
the site; I speak only for myself.

You can find information about the nuts and bolts of 
MathOverflow at [1] and about the governance structure of 
MathOverflow at [2] and [3]. I will concentrate on the social 
aspects of how to interact with MathOverflow in this article.

How Does MathOverflow Work?
If you head to https://mathoverflow.net, the main 
thing you will see is a column of questions down the center 
of the screen. Each question shows a title, a list of “tags” 
for relevant mathematical areas, and the numbers of users 
who have viewed the question, who have upvoted it, and 
who have answered it. You’ll also see lots of other things 
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connections that other, older, mathematicians don’t. And 
when you do, please share your insights with us!

Asking
We now come to the topic of when, whether, and how 
to ask a question on MathOverflow. This is a contentious 
question, and not all MathOverflow users agree; see [6], 
[7], and [8] for thoughtful past discussions of this topic.

I want to balance two messages in this section: you 
should take care to ask questions well, but you should not 
be so worried about this that you don’t ask!

In my view, a question belongs on MathOverflow if 
it is something that a mathematician would not be able 
to easily track down the answer to themselves by either a 
little thought or a little googling. A further criterion is that 
a question should be capable of having a definite answer, 
and receiving that answer in a reasonable amount of space 
(say 1–2 screens). If you are doing mathematical research, 
I think you should assume that your questions belong on 
MathOverflow.

MathOverflow users often use the phrase “research level” 
when describing what sort of questions are welcome on 
MathOverflow. What does this mean? It definitely excludes 
standard questions from undergraduate and beginning 
graduate classes. It definitely includes minor lemmas, defi-
nitions, or questions that come up in working on research.

In my opinion, it should also include the “standard 
background” of a mathematical field, assuming that back-
ground is beyond the standard graduate course curriculum. 
I don’t know the things that every group theorist knows, 
and I want to be allowed to ask! But I will warn you that 
some users seem to feel that you shouldn’t ask questions 
about a field of math until you know the background that 
people in that field know. All I can say is that many Math-
Overflow users think that is silly, and will defend your 
questions.

Before asking a question on MathOverflow, you should 
put a serious effort into thinking about it yourself. You 
should also ask your advisor (if you are a graduate student), 
and do some basic internet searches. As you start typing 
your question into MathOverflow, the website will try to 
suggest related questions; click through that list to see if 
your question is already there. More than half the time 
when I start to ask a question, I find the answer before 
I finish asking. As far as I am concerned, this is a Math-
Overflow success story!

After that, you should ask the question! Explain the con-
text of your question and attempt to make it self-contained, 
while still getting to the point in a paragraph or two.

I’ll add some quotations from a conversation on meta 
entitled “Should graduate students be encouraged to par-
ticipate in MO? If so, at what stage?” [6]. Experienced users 
suggest answers such as “As soon as the student is ready for 
a mathematical discussion, he or she is welcome to enter” 
and “I encourage my graduate students to ask questions on 

the name of any user, you can see a list of all their questions 
and answers, sortable in various ways. When I see a user 
asking an unusually interesting question or giving a strik-
ingly clear answer, I click over to see what else they have 
done. If their strengths are in areas different from mine, I’ll 
read their work and try to learn how they think.

Answering
So, you see a question and you know the answer! Great! 
You should answer it!1

You don’t need to put the level of care into writing a 
MathOverflow answer that you would put into writing a 
research paper; that is one of the reasons MathOverflow 
is more fun! In particular, partial answers are completely 
acceptable, and it is fine to write things you know without 
doing a literature search to see who knew them first.

With that said, it is worth editing your answer to see if 
you have written your ideas clearly and put them into the 
best order you can. Take time to fill in details, and to add 
useful links and images. As in all mathematical writing, 
please remember to use words, not just a sequence of 
equations! I would normally spend 5–10 minutes on a 
quick answer.

You have two audiences: the original asker of the ques-
tion, and those mathematicians who will read the answer 
in future years. I think you should try to write  an answer 
which will help both of them. If you know the question 
asker is an expert in the area of the question, it is still 
worthwhile to include basic background material—and 
experts often don’t remember as much of the basics as you 
might expect!

MathOverflow supports a subset of LaTeX known as 
MathJax. If you write equations as you normally would, 
enclosed in dollars signs or double dollar signs, they will 
likely appear as you expect. If you want to define macros, 
you can put the definitions at the start of your answer (using 
\newcommand or \def as usual) inside dollar signs; these 
definitions will then apply within your answer. You can 
also include lists, HTML links, tables, and other basic for-
matting using a formatting language known as Markdown. 
MathOverflow provides a graphical toolbar at the top of 
your edit window to select these options or you can write 
Markdown code directly.

I want to add a psychological note. I think many grad-
uate students think of themselves as passive, absorbing 
material from others. But by the time you have started 
working on research you have learned a great deal in your 
area, and you have also learned the foundations of math-
ematics much more recently than the rest of us have. You 
should expect that you will sometimes know facts or see 

1This applies to almost all readers. If you are someone who is on Math-
Overflow near daily and answers questions frequently, I would say something 
more nuanced.
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reflect well on you is to your advantage. That said, there is 
no requirement to publicly identify yourself in any way if 
you don’t want to.

Enjoy!
Finally, have fun! Learning math is fun, and MathOverflow 
is a wonderful place to do it!
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MO when they’ve asked me and I didn’t know the answer 
quickly and it seemed like a good question for MO.”

After Asking
Answers will most likely show up somewhere between ten 
minutes and two days after asking. If you are a registered 
user, MathOverflow will show you a notification on the 
“inbox” icon when answers have come in. You should 
upvote all answers which are helpful and, if you get a full 
answer, you should mark it as accepted with the “check 
mark icon.”

I’ll turn now to two negative issues which can occur after 
asking a question, but the first paragraph of this section is, 
most often, all you need to know. First, if your question 
is duplicative of one of the others in MathOverflow’s elev-
en-year history, it will likely be marked as a duplicate and 
closed, with a link redirecting to the previous question. 
Many people find this frustrating but, quite often, the an-
swers at the previous question really are good ones which 
address what you want to know. If they do not, you should 
feel free to comment and explain why.

Many people feel that MathOverflow users nitpick 
language too often and don’t do a good job focusing on 
what the asker meant. What can I say to people who are 
concerned about this? Some time browsing, and some time 
reading research papers in your area, will help you to select 
your language. You should also consider whether correc-
tions are valid. But, if you have made a reasonable effort 
to do these things, you shouldn’t beat yourself up because 
some jerk thinks you haven’t done enough.

Don’t Worry About “Reputation”
MathOverflow assigns a numeric score called “reputation” 
to each user. You gain reputation when other users upvote 
your questions and answers, and when you have more 
reputation you will be able to use additional features of 
the site. My advice is to simply not think about reputation 
at all. If you find that you enjoy MathOverflow and start 
posting regularly, your reputation will naturally grow; if 
you only post on MathOverflow rarely, you won’t get much 
reputation, and both outcomes are fine.

I’ll also add my opinion that the reputation system un-
fairly rewards users who have been on the website a long 
time (like me!). For example, Matt Emerton hasn’t partici-
pated on MathOverflow in years, but he continues to gain 
reputation on the many excellent things he has written, so 
his reputation is very high. If you look only at reputation, 
there are a lot of younger users that you are undervaluing.

Consider Using Your Own Name,  
But You Don’t Have to
Most MathOverflow posts are written by people using their 
real names. I think it is usually to your benefit to use your 
real name. Almost all users on MathOverflow post things 
which reflect well on them, and having things online which 

David E Speyer
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and is generally organized so that the most well-known and 
commonly used information is at the top of the page, with 
more technical details appearing below. Terms that merit 
further explanation have a dotted underline. This signals 
that the word is a knowl,1 and clicking on the word opens 
a box on the page with a short explanation or definition. 
When no longer needed, the knowl can be closed by clicking 
on the term again. This makes explanations of unfamiliar 
terms immediately available to those who want them, with-
out getting in the way of an expert looking at the same page.

On the other hand, an expert can use the site to search 
for objects based on a selection of invariants and properties 
relevant to their research. Once found, data is displayed on 
the homepage of the object and can be downloaded using 
a link in the right sidebar of the page. In many cases, there 
are buttons one can click to get a version of the information 
which can be directly copied and pasted into a computer 
algebra system such as Magma [Magma], SageMath [Sage], 
or PARI/GP [Pari].

Searching the LMFDB can assist the researcher by pro-
ducing a large variety of examples. One can then use these 
examples to test conjectures, to look for patterns that may 
lead to new conjectures, or to learn how objects are con-
nected by conjectures (and theorems) in the Langlands 
program. Searches can also be used to show that the set 
of objects satisfying the hypotheses of a theorem you just 
proved is actually nonempty—or to check “corner cases.”

In some situations, theoretical considerations may show 
that an object of interest satisfies enough properties that 
there are only finitely many possibilities, in which case hav-
ing a complete list moves the proof forward. To aid this sort 
of application, the homepage of every object in the LMFDB 
has links in the right sidebar with information on the source 
of the data including links to relevant papers, the level of 
rigor used to compute the data (are conjectures or heuristics 
being used?), and the extent to which the data is complete.

1The term knowl was coined by the LMFDB to represent a “little bit of 
knowledge.”

The L-Functions and 
Modular Forms Database

John E. Cremona, John W. Jones, 
Andrew V. Sutherland, and John Voight

Calculation, tabulation, and experiment have always played 
a significant role in number theory. Here we describe the 
L-functions and modular forms database (LMFDB) [LMFDB], 
https://lmfdb.org, a resource for researchers in number 
theory and related areas.

1. What is the LMFDB?
The LMFDB is a database of mathematical objects and the 
connections between them. A web interface allows visitors 
to browse and query the database in a flexible and powerful 
way. At the core of the LMFDB is the Langlands program (see 
Figure 1), a set of conjectures relating objects from arithme-
tic algebraic geometry (such as number fields, elliptic curves, 
and abelian varieties) with modular and automorphic forms 
via Galois representations and L-functions (the most basic 
of which is the Riemann zeta function). The LMFDB catalogs 
these objects and the ways in which they link to one another, 
as well as other closely related objects like permutation 
groups and p-adic fields. Currently, the LMFDB includes tens 
of millions of objects totalling over 4.8 terabytes of data. 
Hosted on Google Cloud Platform, in 2020 it was used by 
more than 30,000 users in 146 different countries and all 
50 states. For further information about the LMFDB (both 
mathematical and technical), see [CR21],[Cre21].

2. What is the LMFDB for?
The LMFDB is designed to be useful to a wide range of 
mathematicians, from novice to expert.

A novice can easily browse the site by just “clicking 
around.” Even if you have no idea what parameters one 
might want to use when searching for, say, Hilbert modu-
lar forms, the site offers several options for browsing, a list 
of interesting examples, and a link to produce a random 
example. 

Every object in the LMFDB (whether a number field, an 
elliptic curve over ℚ, or a Dirichlet L-function) has a home-
page. This summarizes all of the data available for the object, 
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Figure 1. The LMFDB universe.
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provides links to pages with more information about how 
the data was computed, its level of precision and rigor, and 
credits including citations to the literature and those who 
contributed to this page.

4. Conclusion
The LMFDB is undergoing continual development: its 
databases are being expanded and new search features are 
being added. In the near future, we hope to add sections 
on hypergeometric motives, lattices, and finite groups. 
Changes large and small are overseen by an editorial board 
which functions similarly to that of a journal, to ensure the 
correctness and consistency of its contents.

We would like to thank all who have contributed to the 
LMFDB. Current funding comes through a grant from the 
Simons Foundation; previous grants have come from the 
NSF and EPSRC. Just as importantly, there are several insti-
tutions and over 100 mathematicians who have contributed 
their time and effort. A full list is available at https://
lmfdb.org/acknowledgment. The LMFDB has already 
been cited by almost 400 papers: for information on how to 
cite the LMFDB, see https://www.lmfdb.org/citation.

We hope the LMFDB will be a useful resource for you. 
We invite everyone to contribute by providing data, writing 
code (https://github.com/lmfdb), or just by giving 
feedback!

3. Example
As mentioned above, every object in the LMFDB has a 
homepage. The object has a unique label assigned to it 
that provides a permanent URL for its homepage. This 
label can be used in papers as a shorthand for referring 
to specific objects. For example, the first elliptic curve 
over ℚ of rank 3 (when ordered by conductor) has label  
5077.a1 and URL https://www.lmfdb.org/Elliptic 
Curve/Q/5077/a/1. Those reading this article online may 
wish to try clicking on the label 5077.a1. You can include 
such links in your papers. The homepage of each object 
contains many invariants and data related to the object 
that has been computed. For the elliptic curve 5077.a1, you 
would see that its Mordell–Weil group of rational points is 
isomorphic to ℤ3, with explicit generators. There is a wealth 
of additional information that we will not try to describe 
here, but it ranges from basics like the j-invariant to terms 
appearing in the Birch and Swinnerton-Dyer conjecture or 
arising from Iwasawa theory.

The homepage of every object includes four boxes that 
appear on the right of the page. The Properties box pro-
vides a succinct recap of key invariants of the object. Next, 
a box containing a list of links to Related Objects appears: 
for example, an elliptic curve’s homepage includes links 
to the homepages of the associated modular form and the 
curve’s L-function. The Downloads box provides links for 
downloading data (which may include information too 
large to display on the page). Finally, the Learn more box 

Figure 2. The homepage of the elliptic curve 5077.a1.

https://www.lmfdb.org/EllipticCurve/Q/5077/a/1
https://www.lmfdb.org/EllipticCurve/Q/5077/a/1
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Collaborative Calculation  
in Your Web Browser

William Stein

I greatly appreciate the opportunity to write about online 
resources for mathematics in this theme of the Early Career 
Section, since such resources are something that I have long 
enjoyed sharing with the community. I first started creating 
websites for number theorists in the late 1990s when I was a 
graduate student at UC Berkeley. I started by creating tables 
of modular forms, inspired by a question from Ken Ribet, 
then encouraged by other people who told me that my data 
inspired their research (e.g., [2b]). I later became involved 
with the L-functions and modular forms database (LMFDB) 
project [3b], which organized dozens of mathematicians to 
make amazing tables of number-theoretic data.

I also created interactive online calculators, in which you 
could input the parameters of some mathematical object 
(e.g., an elliptic curve) into a web page, and the web server 
would compute and display extensive information. Later, 
when teaching undergraduate number theory courses at 
Harvard, I made similar online calculators that enabled my 
students to run calculations using PARI and Magma (see 
[4b]), so that they could explore nontrivial computations 
in algebraic number theory. I wanted something similar 
to Magma that was free and open source, so I started the 
Python-based software SageMath in 2004 (see [5b]).

SageMath was difficult to install and only had a com-
mand line interface, so I started working to make it possible 
to use in a web browser. At the University of Washington 
(UW) in 2006, some students and I undertook the cre-
ation of a web-based interactive notebook interface called 
the Sage Notebook, which was inspired by Mathematica’s 
desktop notebook. The Sage Notebook was the first serious 
web-based computational notebook, and it was challenging 
for us to implement because of the primitive Javascript and 
HTML technology of the day, and the dangers arising from 
running arbitrary user code on my server. I hosted the note-
book publicly for anybody to use starting in 2007, and my 
students and others frequently used it in courses, summer 
student research programs, and SageMath development 
workshops. A few years later the IPython project created a 
new notebook called Jupyter that looked and felt similar, 
but with a more modern underlying architecture that was 
built to work with a wide range of programming environ-
ments. The arrival of the Jupyter notebook was fantastic 
news, because by that time the Sage Notebook’s design 
began to feel antiquated; moreover, Jupyter benefited from 
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the students would regularly create massive plots, so we 
had to come up with better ways of dealing with huge 
output, especially in the context of simultaneous multiuser 
editing. Over a period of several years, we reimplemented 
the Jupyter stack for our purposes, while attempting to 
preserve the functionality, look, and feel of the official 
Jupyter notebook.

We also found that instructors needed access to a broad 
software stack, and we accumulated hundreds of gigabytes 
of installed software, along with automated scripts to in-
stall and test it. It was a major technical challenge for us 
to make this software quickly available for use across the 
cluster, periodically upgrade it with automated testing, and 
provide stable images over time. Along the way, some of our 
solutions to these problems failed at scale, which resulted 
in lost data, difficult weeks of hard work, and many sleep-
less nights. Fortunately, we eventually engineered robust 
solutions to these problems, which have been working for 
several years.

In 2019, I officially resigned my Full Professor position 
at UW to work full time on CoCalc as a business. Today this 
business is reasonably stable, with a manageable number 
of issues, and enough paying customers so that our team 
can proactively improve CoCalc, rather than reacting to 
crises. The company’s daily operations are funded entirely 
by customers. Much of our current development effort on 
CoCalc is driven by the following question, which can be 
asked about every relevant piece of software: “What would 
X look like if one were to focus hard for 10 years on per-
fecting it?” This principle guides our development efforts, 
and we strive to make CoCalc faster to load and navigate, 
and to improve its efficiency, stability, and usability. As 
an example, we are currently working to provide begin-
ner-friendly graphical user interfaces for editing Jupyter 
notebooks and other documents. Most CoCalc users are 
beginners at scientific computation, so a graphical editor, 
with an easily browsable library of code snippets, makes 
CoCalc significantly more accessible to them.

During the last 20 years, over one thousand people have 
contributed to the online tools I have described here. Today 
these tools are relatively mature and powerful. I hope you 
find them as useful as I do, and that maybe you will help 
improve them over the coming decade.
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a multimillion dollar grant that resulted in substantial open 
source software development and publicity.

To address more general needs related to my teaching, I 
started dreaming about creating another web application 
called CoCalc in 2012 (see [1b]). CoCalc is an abbrevia-
tion for “Collaborative Calculation,” and I hoped it could 
provide a unified home for everything I was using for my 
teaching and research. My favorite undergraduate course 
to teach at UW was called “Mathematical Computation”; 
it covered LaTeX, R, Python, and computational statistics, 
abstract algebra, graph theory, symbolic calculus, and cryp-
tography using SageMath, and today it would significantly 
overlap with an introductory data science course. I wanted a 
web application that would be ideal for hosting this course.

Prior to launching CoCalc in 2013, I taught Mathemat-
ical Computation many times using the Sage Notebook. 
However, the Sage Notebook did not adequately support 
important topics that I wanted to teach, including “How to 
create LaTeX documents,” “How to use a Linux terminal,” 
and “How to develop code in files instead of a notebook.” 
Furthermore, it did not possess the crucial ability to do 
simultaneous multiuser editing, which is a key feature of 
popular web applications today. Over the years I noticed 
two things about my students: (1) they appreciated working 
collaboratively with others, especially on final projects, and 
(2) they wanted to work collaboratively with themselves via 
a “time machine,” in the sense that they wanted easy access 
to exactly what they were doing 15 minutes ago before they 
messed everything up. Having mulled over these issues, I 
decided I wanted to create a single web application that 
would support collaborative editing of Jupyter notebooks 
and LaTeX documents, multiuser Linux terminals, inte-
grated chat, and a detailed browsable time travel history 
of editing documents. The first release incorporated some 
of these things, but with stripped down functionality, and 
it was hosted on a single desktop in my office.

That being said, I made CoCalc public and free just 
like the Sage Notebook, and a few other professors were 
interested in trying it out. Several students in my course 
were skilled at programming and began helping with its 
development. However, the instructors who first tried the 
application reported being annoyed with the tedium in-
volved with uploading and downloading assignments. To 
combat this, we implemented a basic course management 
system, which automated distribution and collection of 
assignments.

With this course management system in place, we re-
ceived much more usage. Initially, I bought a few dozen 
servers using a grant, and hosted them in data centers on 
the UW campus. As usage grew, I received free credits on 
Google Cloud, and moved hosting to Google, which made 
dynamic scaling in response to variations in load much 
more efficient. We ended up facing a number of challenges 
due to the nature of our users, who were mainly people in 
courses making heavy use of Python and R. In one course, 
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As a “book” it is a hefty tome of more than 7200 pages at 
the time of writing, and it regularly is extended. It deals 
with the foundations of algebraic geometry and the (rather 
technical) theory of algebraic stacks, a short introduction to 
which can be read in the Notices “What is...?” series [Edi03]. 
As a website it can be accessed at https://stacks.math 
.columbia.edu and this is the recommended way of read-
ing it. But how did we get to this point?
The Germ of an Idea
Inspired by open source programming projects, and the 
Linux kernel in particular, Aise Johan de Jong sent an email 
to a group of colleagues on June 20, 2005, proposing a 
mathematical collaboration. He wanted to collectively write 
a book that could serve as an introduction to the theory of 
algebraic stacks. But his proposal came with an important 
caveat, making it different from the usual process of writing 
such a text:

 • established researchers would make an effort on 
an initial manuscript,

 • this would then be published online,
 • everyone (colleagues, but also students) would 

submit corrections and new contributions
and all of this would be coordinated through an email list.

It would also be essential that everything is published 
using an open source license. This is common for program-
ming projects, making the source code public and inviting 
everyone to contribute. Yet for mathematical texts this was 
unheard of. Wikipedia, which started in 2001 and became 
the most popular online reference in 2005, was the closest 
parallel. But Wikipedia excels in its breadth, not its depth, 
and only gives information already available elsewhere; 
Johan’s suggestion would focus on a single topic within a 
single area of mathematics, and discuss a topic for which 
not many textbooks existed at the time.

People responded with enthusiasm, but there was also 
a pessimistic voice [Buza]:

“Hi Johan et al. Here’s why I think this project 
won’t work *yet*, and feel free to prove me 
wrong!”—Kevin Buzzard, 2005

We can summarise his arguments from the email as follows:
 • the Linux kernel wasn’t started by a team of pro-

grammers; Linus Torvalds single-handedly wrote 
the first version of the kernel, and only when 
that turned out to be viable did other people get 
involved;

 • there are as many opinions about content, the 
approach to take or notation to use, as there will 
be mathematicians involved, leading to conflicting 
opinions and lots of communication overhead.

He also suggested a solution:

“I also conjecture that essentially the *only* 
way that my pessimistic prediction above 
will fail is that Johan himself stops doing his  

Curating Online 
Mathematical Resources

Pieter Belmans 

There have been contributions in the Early Career Section 
discussing your online presence as a mathematician [Kri19], 
and how to use social media [Ric20]. And we’ve been told 
we need to tell our own stories as mathematicians, and 
make mathematics outward facing, by writing about math-
ematics for general audiences [Ell19].

In this article I want to discuss another form of science 
communication, that of making mathematical results in-
teractively accessible on the web. Two ways of doing this I 
personally know well are:
1. making large-scale mathematical texts available in an 

online-first way,
2. turning mathematical classification results into inter-

active websites.
To illustrate the first point I will give a brief history of the 
Stacks project. This is nowadays a household name in al-
gebraic geometry. But also if you are not already familiar 
with it, it provides an interesting case study appealing to 
all mathematicians. To illustrate the second point I will 
showcase some examples of how such interactive websites 
can be used as both a communication device and a research 
tool, with a plea to not forget the communication aspect.

I hope this article acts as an invitation to discover and use 
online mathematical resources. There are likely websites in 
your research area that you don’t know about yet, or which 
have ways of being used that you haven’t thought about yet! 
But it is also an invitation to the more tech-savvy mathema-
ticians to create new online mathematical resources. One 
can find great pleasure (at least, I do) in this particular form 
of science communication. By showcasing some examples 
I hope to pique your interest.

The Stacks Project
This is an online reference work in algebraic geometry, 
whose history I would like to briefly discuss, as it can teach 
us hopefully something about how (not) to approach col-
laborative mathematics on the internet.2

For those outside algebraic geometry circles, the Stacks 
project describes itself as:

an open source textbook and reference work on 
algebraic geometry

Pieter Belmans is an assistant professor of mathematics at the University of 
Luxembourg. His email address is pieter.belmans@uni.lu.
2A longer version of this (in Dutch) was published earlier by de Jong and 
the author [BdJ20], parts of which are reproduced here with permission.
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want Theorem 21.4.2 to become Theorem 21.5.2 when 
you’ve added a new Subsection 21.4.

The solution, suggested by Cathy O’Neil, was the tags 
system. A tag is a unique and stable identification of a re-
sult in the Stacks project, consisting of four numbers and 
letters. For example, the definition of an algebraic stack 
can be found as tag 026N. Tags are regularly assigned to 
new statements in the Stacks project, and follow a roughly 
chronological order, instead of the order in which they 
appear in the text.

This system was introduced on May 15, 2009, when the 
Stacks project already contained 3026 tags. At the time of 
writing there are 20536 tags. So there’s plenty of room to 
go, with 10 digits and 25 letters (as it is too easy to confuse 
the numeral 0 with the letter O) giving 354 = 1500625 
possible tags.

But it is of course still possible (and for many readers 
desirable) to read the Stacks project using the more familiar 
a.b.c numbering format, as this gives an important sense of 
orientation in the text which the tags system cannot provide.
Going Online
In the beginning the only way to read the Stacks project 
was through a collection of pdfs. After the tags system was 
introduced a rudimentary lookup system was in place, 
where through a basic form you could look up the TeX code 
for a tag. To make this experience better, Johan proposed a 
“summer project” on May 6, 2012, to improve the lookup 
system and make commenting possible. The only volunteer 
was the author of this article, and after some procrastination 
during his exams, the first version of the website appeared 
on July 19, 2012, with a “feature complete” version going 
live on July 30, 2013.

In 2017 it was decided to overhaul the entire infra-
structure running the website. It was very ad hoc and only 
worked for the Stacks project, but it was clear that other 
projects could benefit from a similar infrastructure. This 
led to the creation of Gerby, a somewhat flexible system to 
run the Stacks project and other websites using a tags sys-
tem. Together with an overhaul of the layout, making the 
website accessible on mobile devices, the second version 
came live on May 21, 2018. Exactly 10 years after the birth 
of the Stacks project.
The Deligne–Mumford Promise
Another interesting date in the history of the Stacks project 
is August 14, 2017. This is the day that tag 0E9C was added. 
It corresponds to the following theorem (which you are not 
necessarily supposed to understand).

Theorem 1 (Deligne–Mumford). Let g ≥2. The 
algebraic stack ―ℳg is a Deligne–Mumford stack, 
proper and smooth over Spec ℤ. Moreover, the locus 
ℳg parametrizing smooth curves is a dense open 
substack.

This theorem of Deligne and Mumford was proven in 
1969, and appears as Theorem 5.2 in [DM69]. This is the 

research and spends 6 months writing version 
0 of the *entire book*. I don’t know whether 
he is prepared to do this. But I feel that this is 
absolutely key because it is the unique way to 
give concrete direction to the project.

[...] but if he just sits down and writes several 
hundred pages by himself then whenever any-
one asks a question like this, he can just point 
to the book and say ‘that’s what I think it should 
be, you go ahead and add some more stuff if you 
think differently’.”—Kevin Buzzard, 2005

This proposed solution actually nicely parallels Kevin’s role 
in formalisation of mathematics: starting in 2017 he has 
become an important figure in this large-scale open source 
project. He writes [Buzb]

“So I have decided to stop attempting to gener-
ate new mathematics, and concentrate instead 
on carefully checking ‘known’ mathematics on 
a computer.”—Kevin Buzzard, 2020

But that is the topic for a different article.
A False Start, and Then the Real Start
After a lengthy discussion of the idea in July 2005, no writ-
ing happened. A preliminary structure was built by Johan 
in September and October of that year, with mostly place-
holder sections to make the intended structure visible. The 
next few weeks saw some “patches” by contributors of the 
mailing list, mostly PhD students of Johan. By early 2006 
a 70 page document existed, and that’s where it stopped.

The real starting date for the Stacks project is May 21, 
2008. That is the date when Johan did the “Initial commit” 
in Git,3 starting with the text from 2006. Some important 
decisions were made:

 • Johan would do most of the writing and editorial 
work,

 • the goal would be less on writing an introductory 
textbook, and more on writing an exhaustive ref-
erence work.

This latter point follows the tradition of the famous refer-
ence works Éléments de Géométrie Algébrique (EGA), written 
in the 1960s by Grothendieck with the help of Dieudonné, 
developing the theory of schemes. These span four books 
(with 13 planned in total) published in eight volumes, but 
the theory of algebraic stacks did not exist at that time. The 
Stacks project was to become an EGA of the 21st century, 
encompassing both the theory of schemes and stacks.
Robust Referencing: The Tags System
For a slowly evolving mathematical reference work it is 
important to have a robust referencing system. You don’t 

3See https://github.com/stacks/stacks-project/commit 
/3d32323ff9f1166afb3ee0ecaa10093dc764a50d.
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information can be accessed much more conveniently via 
http://brauer.maths.qmul.ac.uk/Atlas/v3/.
Large-scale Mathematical Websites
There exist other large-scale efforts to make lots of math-
ematical data readily accessible on the internet. Two im-
portant instances that are discussed in this Early Career 
section are:

 • The L-Functions and Modular Forms Database, 
https://www.lmfdb.org,

 • The Online Encyclopedia of Integer Sequences, 
https://oeis.org. 

A very incomplete and biased continuation of this list 
would be:

 • GroupNames, http://groupnames.org,
 • The Complexity Zoo, https://complexityzoo 
.net,

 • Digital Library of Mathematical Functions, 
https://dlmf.nist.gov.

These are efforts by many people, and they are more re-
search tools than communication devices. If a layperson 
sees them for the first time, there is not much for them to 
latch on to. For that reason I would like to switch gears a 
bit and highlight a different kind of online mathematical 
resource.
Outward-facing Mathematical Websites
It is in some cases possible to make a research tool that is 
also a communication device. We all know the trope of a 
mathematician’s website looking like it was made in 1994. 
Or maybe you are unaware of this, and are such a mathe-
matician yourself. But in 2021 the availability of excellent 
open-source tools for web development makes it possible 
for more and more mathematicians (with the appropriate 
background) to experiment with making their area of math-
ematics visible on the internet.

So now we come to the part of this article in which I 
make three suggestions:

 • If you maintain a mathematical database, make it 
useable by nonexperts, and make it aesthetically 
pleasing to make a good first (and hopefully sec-
ond, and so on) impression on anyone seeing it.

 • If you do not (yet) maintain a mathematical data-
base, consider using an interactive website as both 
a research tool and a communication device. There 
is likely a classification result in your area of math-
ematics which would make for a good website!4

 • If the first two suggestions do not apply to you, 
look up and use existing online mathematical re-
sources. There are already more out there than 
you’d imagine!

4As an added benefit, you’ll learn a lot about the topic and you’ll come up 
with new research questions. You’ll understand what is already known, what 
should be known but isn’t explicitly available, and what is wide open. It’s 
like writing a survey article, but more fun!

article that introduced algebraic stacks. But here is an im-
portant quote from that article:

“Full details on the basic properties and the-
orems for algebraic stacks will be given else-
where.”—Pierre Deligne and David Mumford, in 
[DM69], 1969

The foundations of algebraic stacks did not exist at that 
time, and whilst no one doubted the correctness of the 
many technical details that go into the development of 
the theory (and in the meantime many of those details 
appeared in various other works), the first time the full 
theory of algebraic stacks was written down was in the 
Stacks project, almost 60 years later.

The proof of the Deligne–Mumford theorem in the 
Stacks project takes 6610 tags, almost a third of all tags, 
making it the most complex theorem in the Stacks project, 
requiring lots of foundational work.
Other Examples, and a Conclusion
As mentioned before, the current infrastructure running the 
Stacks project can be used for other similar projects. The 
main example is Jacob Lurie’s Kerodon, whose tagline is:

an online resource for homotopy-coherent 
mathematics

Jacob has several thousands of pages of mathematics avail-
able as pdfs on his website, and he is currently reworking 
things to make them much more accessible using a tags-
based system. The current version can be read at https://
kerodon.net and it stands at more than 3000 tags, on more 
than 1000 pages.

These are of course far from the only large-scale mathe-
matical texts out there. It is exciting to see that for perma-
nently evolving works an online-first format really is the 
best choice, and that web technology is in a sufficiently 
mature state to make this feasible!

Online Interactive Classifications
Chemistry has the periodic table. Biology has the taxonomy 
of species in domains, kingdoms, phyla, etc. Geography 
has atlases. These are all well-known classifications and 
descriptions of the real world, in a very visual way. At least 
for me these were responsible for a significant part of the 
appeal of these sciences.

In mathematics, starting from just axioms, sometimes 
a classifiable type of objects emerges. One of the most 
famous instances is the classification of finite simple groups, a 
decades-spanning work that shows that every finite simple 
group is isomorphic to either a group from one of three 
infinite lists (cyclic groups of prime order, alternating 
groups of degree at least 5, or groups of Lie type) or one 
of 26 sporadic groups. This classification led to the ATLAS 
of Finite Groups, a large (420mm by 300mm, or 1.4 square 
foot) cherry red tome, giving information about finite sim-
ple groups, first published in 1985. In the year 2021 this 

https://complexityzoo.net
https://complexityzoo.net
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Let me list my own attempts at outward-facing math-
ematical websites, which hopefully supports the point 
I’m trying to make about how one could approach online 
mathematical resources:

 • Grassmannian.info, https://grassmannian 
.info, on the geometry of generalised Grassman-
nians,

 • le superficie algebriche, https://superficie 
.info, on the classification of smooth projective 
surfaces (joint with Johan Commelin),

 • Fanography, https://fanography.info, on the 
classification of Fano 3-folds.

These all try to make information which is scattered over 
many books and references accessible in a convenient way, 
in a (hopefully) aesthetically pleasing way, that (hopefully) 
speaks to nonexperts. Of course, the layperson is not nec-
essarily able to fully interact with these, lacking the math-
ematical background. Going back to chemistry’s periodic 
table: if it weren’t part of the high school curriculum, it 
would also need the guidance of an expert to make this 
visually appealing classification understandable.5

So repeating Ellenberg’s appeal from [Ell19]: we need 
more outward-facing math, and initiatives like online in-
teractive classifications are a great tool for this as they use 
a format already familiar from other sciences. And then I 
haven’t even talked about the tools currently available to 
make mathematical visualisations!
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AMS Chapter at
University of Texas-Arlington
On a Friday in February, after 2 years of 
planning and discussions, the AMS Chapter 
at UTA welcomed Dr. Talitha Washington 
of Howard University to their campus for a 
day filled with presentations, a lively Q&A 
and refreshments (sponsored by the student 
chapter of the Society for Industrial and 
Applied Mathematics and the College of 
Science Black Graduate Student Association). 
Dr. Washington first spoke to an audience 
primarily comprising graduate students about 
her own journey from childhood to her time 
at the National Science Foundation, including 
challenges related to her identity and where 
she found opportunities. We invited the 
undergrads to join us for the colloquium 
on the life and work of Dr. Elbert Frank Cox, 
famously known as the first Black PhD in 
mathematics. Dr. Washington tied landmarks 
of cultural, societal, and mathematical 
significance to the development of Dr. Cox as 
a pioneering mathematician.

Dr. Washington has been an inspiration 
for many. During the meet and greet, an 
undergraduate Calculus III student shared 
with Dr. Washington her interest in 
engineering and her excitement at being able 
to meet her; a professional mathematician 
who looks more like her than the majority of 
working mathematicians. A special moment 
indeed and a very inspiring afternoon. The 
2 year wait for this event was so worth it for 
all involved!

UTA Grad Students “Mav Up” 
During COVID
We graduate students are doing pretty well 
within UTA’s math program considering the 
predicaments many are facing. Thankfully, 
we entered 2020 already having a very active 
communication line via GroupMe.

The memes do us good!

Certainly, we have faced many challenges 
with classes, candidacy exams, dissertations, 
along with teaching activities. Having each 
other, with our various backgrounds and 
graduate experiences, has proved to be 
one of the best guides in a confusing time. 
Sometimes the appropriate assist has been 
the willingness to both vent and welcome 
venting sessions. An important feature of 
our community is spreading accurate and 
pertinent information in a timely manner 
that may turn a venting session into a 
mathematical or administrative problem-
solving journey!

Fortunately, COVID has not stopped us 
from celebrating each other—I’m especially 
appreciative of being a 2020 PhD graduate 
with major support from my peers!

Looking ahead, there are already summer 
study sessions in the works. A Zoom Pro 
license is in the pipeline, too, and maybe we 
will host other graduate chapters in order to 
unite, to collaborate, and, as we do at UTA, 
to Mav Up!

AMS Chapter at
Stony Brook University, New York
Despite the shutdown last spring because of 
COVID-19, Stony Brook’s AMS Chapter had 
a full year of activities. The events provided 
a friendly atmosphere for graduate students 
to get together and interact with each other. 
The chapter invited postdocs as well so that 
more people interacted and shared their lives 
at Stony Brook, experiences, research, and 
career tips, building-up friendships.

The annual and traditional events, Fall Get-
Together, Pi-Day, End of Year (canceled), 
help us keep communicated, related, and 
connected. Secondly, we wanted to provide 
graduate students something refreshed 
both in math and in life. The location of 
Stony Brook is quite isolated and the life 
of a graduate students is busy and focused 
on research during the semester, so we 
planned a new event this year, a trip to the 
National Museum of Mathematics in NYC. 
The members who went really enjoyed the 
museum. We look forward to more day trips 
off campus as a group. It is beneficial and 
helpful for graduate students to refresh, to 
broaden their perspective, and to have social 
interaction. We look forward to that and to 
developing new activities and our traditional 
ones throughout the year.

This past June, the graduate students in the 
math department at Stony Brook had a forum 
for diversity and racial equity on the 10th of 
June: #ShutDownMath Day. It’s not an AMS 
Student Chapter event, but we think that 
it is a quite important activity of graduate 
students willing to support and build up a 
healthy and respectful environment in the 
future.

How do AMS Graduate Student Chapters support
the mathematical community and beyond?

How do AMS Graduate Student Chapters support
the mathematical community and beyond?



AMS Chapter at
Southern Illinois
University Carbondale
The AMS Graduate Student Chapter at 
Southern Illinois University Carbondale 
completed several outreach activities directed 
at undergraduate and younger students in 
the 2019-2020 academic year before the 
shutdown (due to COVID) of in-person 
group activities in late Spring.

Hands-on mathematical activities were 
a feature of many of the events of the 
chapter, including game nights, their annual 
integration bee, and demonstrations for 
younger groups. The chapter members were 
entirely responsible for the development and 
presentation of these activities.

The largest project undertaken by the 
chapter was the 3rd Annual Integration Bee. 
Participants included high school students 
and undergrads. Planning and preparing by 
the chapter included: developing advertising 
and outreach, preparing the integration 
questions and answer keys, and marking 
the qualifying papers of participants. They 
saw a group of highly enthusiastic students 
come on a chilly Saturday morning to tackle 
day-long integration problems. The highlight 
of the event was when one of the semi-final 
rounds went on so long! The judges had 

a difficult time deciding who should go to 
the finals among the highly competitive 
semi-finalists! After the competition, the 
participants stayed back to discuss math 
problems encountered during the day, play 
a game of set, handle cool mathematical 
objects, origami, and more. Most of the 
chapter was involved in some activity on 
the day of the event itself. The Integration 
Bee has grown in participation and the 
competition was keener than in previous 
years. Pizza and snacks provided a fun social 
environment that led to interaction among 
the contestants and chapter members.

The chapter hosted a guest lecture, “Math 
Colloquium: 3D - Design and Printing for 
Mathematic Education.” In the context 
of mathematics education, the speaker 
reflected on his experience with 3D design 
and printing, using design examples, and 
discussing pedagogical possibilities. The 
event was well appreciated by faculty, as well 
as students, of the Math Department. 

In the Fall 2019, 12 middle school girls came 
with their abundant energy and enthusiasm 
to a workshop entitled: “Expanding 
Your Horizons: Mathematics of Origami” 
conducted by AMS Secretary William Holt, 
who was assisted by other AMS Chapter 
members. The girls were taught construction 
of various model and geometric objects. 
The event was as enjoyable to the chapter 
members as it was to the middle schoolers.

AMS Chapter at
Central Michigan University
The AMS Chapter’s Integration Bee was a 
huge success again this year. It was the most 
enthusiastic and cheerful mathematics event 
of the year.

We had about 60 people attend the 
event. About 35 undergraduate students 
and 14 graduate students took part in the 
competition. In the undergraduate bracket, 
the grand integrator was Austin Konkel and 
the runner up was Shashwat Maharjan. In 
the graduate bracket, the grand integrator 
was Mohyedden Sweidan and the runner up 
was Arkabrata Ghosh.

Photos courtesy of their respective universities.

For information about starting an AMS Graduate Student Chapter, please visit:
www.ams.org/studentchapters



Memorial for Robert Hermann
Peter E. Caines, Phillip Griffiths, Gabrielle Hermann,
P. Robert Kotiuga, Arthur J. Krener, Emma Previato,
Alan Weinstein, and Peter Woit

Introduction

P. Robert Kotiuga
Robert Hermann was born in Brooklyn, New York, on
April 28, 1931, and died in Belmont, Massachusetts, on
February 10, 2020. He earned a BA from Brown in 1952
and a PhD from Princeton in 1955 under the direction of
Donald Spencer [15] with a thesis entitled “The differen-
tial geometry of symmetric spaces.” He was a Pierce in-
structor at Harvard (1956–57), researcher at Lincoln Labs
(1959–61), Lecturer at UC Berkeley (1961–62), Associate
and Full Professor at Northwestern (1962–67), Professor
at UC Santa Cruz (1967–69), and Professor at Rutgers
(1970–77).

Robert Hermann wrote or coordinated over 30 books
and over 100 journal articles, dealing primarily with Lie
groups, differential geometry, mathematical physics, con-
trol theory, integrable systems, and associated historical
aspects. He had a propensity for trailblazing both in the
great outdoors and in mathematics by finding significant
new applications of what most would consider pure math-
ematics. In order to reissue books published by promi-
nent publishers and develop some of his more specula-
tive explorations, he started Math Sci Press whose green
and blue volumes are well known; the green series was
called Interdisciplinary Mathematics, while the blue series
was called Lie Groups: History, Frontiers and Applications.
Along the way, he had visiting appointments at UC Berke-
ley (1963–64), UC Santa Cruz (1966–67), CRM Montreal
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Figure 1. Bob and his sister Lila at a family reunion in August
2003.

Figure 2. Bob with wife Lana and son Chris, circa 1973.
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(1972), Boston University (Physics) (1973–74), Harvard
(Physics and control) (1975–79), and MIT LIDS (1979–
85). He was also a Member of the IAS (1969–70), an
NRC Research Associate at the NASA Ames Research Cen-
ter (1975–76 and 1984–86), a Research Associate in the
Center for the History and Philosophy of Science, Boston
University (1985–91), and Research Professor, BostonUni-
versity (ECS Eng.) (1991–94). In 1980, he formed the as-
sociation for Physical and Systems Mathematics.

Themost informative personal remembrances of Robert
Hermann come from people who enjoyed his company
30–70 years ago. However, the subset of these people who
can write about his multifaceted trailblazing are fewer and
fewer. For this memorial we have a disparate group of con-
tributors who can testify to the scope of Robert Hermann’s
activities.

P. Robert Kotiuga

Remembering Robert Hermann

Phillip Griffiths
Bob Hermann was a singular figure in the mathematics
community. In addition to his own work, he thought
about and forcefully advocated what mathematics should
be done. Aside from Weyl, Bob was as early as any mathe-
matician I know of in recognizing and bringing attention
to the connection between geometry, especially differen-
tial geometry, and physics. And not only did he push these
connections, he acted on them. His books on Lie groups
and differential geometry are written with the expressed
intent to be accessible and useful to a wide audience in-
cluding physicists.

Bob argued against the then prevalent division of math-
ematics into pure and applied. And again he practiced
what he preached. He was one of the first to bring
differential geometry, especially that in the style of Élie

Phillip Griffiths is Professor Emeritus of Mathematics at the Institute for Ad-
vanced Study and Arts and Sciences Distinguished Scholar at the University of
Miami. His email address is pg@math.ias.edu.

Cartan, into control theory. Both through his own work
and through those who he interacted with, Bob’s influence
in this field was of substantial significance.

Finally Bob was, to use an inadequate cliché, a big
thinker. His interest lay more in the major ideas of his
many areas of interest and in their interactions than in the
necessary but to him less compelling technical aspects of
a subject. Not shy and, from my experience, never bashful
about expressing a point of view, Bob played a special and
unique role in the mathematic community.

Phillip Griffiths

Reflections on My Dad

Gabrielle Hermann
I used to think I was nothing like my father. I wasn’t par-
ticularly gifted in math, wasn’t an avid reader, and am not
an introvert. However, typical of most adult children, with
every passing year, I’ve noticed that I’mmore like him than
I realized. For instance, living amongst socially restrained
Germans has nudged me to appreciate, even embrace, the
benefits of an introverted existence. Since moving away
from the US, reading has become a significant way for me
to engage with my world and, as a consequence, with my
dad. After all, I had a father whowas thoroughly immersed
in books and his own intellect. He loved his family very
much, but there was never any doubt that math was his
life’s passion. He had a lot of knowledge to impart, the
trick was getting him to talk about it. Eventually, I figured
out that the only way to get him engaged was to talk about
math/physics, politics, or history.

Bob was born in Brooklyn, NY, in 1931 to Jewish par-
ents. His father, Boris, was the 10th and last child of
an immigrant Ukrainian family. His mother, Alice, was
born in South Africa to an Austrian Jewish family, but she
grew up in New York. Boris worked with his brothers as
a traveling salesman for dental equipment. Bob’s parents
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Figure 3. Bob with his daughter, Gabrielle, at her graduation
in 2005 from the Fletcher School, Tufts University.

divorced when he was four years old, leaving him and
his older sister, Lila Freedman, to fend mostly for them-
selves. With his mother in and out ofmental hospitals and
his father consumed with the shame and resentment of a
failed marriage, instability came to rule their life. He and
Lila were moved around from California to New York, de-
pending on the parent who had custody. During his early
teen years he lived with his married sister in Wisconsin.
Intellectual pursuits came to define both Bob and Lila’s
lives. Lila got her PhD in English, eventually becoming
the long-time Director of Publications at Yale. After skip-
ping several grades, Bob graduated high school at age 16,
and then hiked across the country.

Bob became a father when he was in his mid-40s, so
I never knew him as an adventurer, just as an avid day-
hiker. But that image of him as a teenager fearlessly set-
ting out across the United States inspired the kind of par-
ent I wanted to be. In my 30s, after marrying an outdoorsy
German who could ensure I couldn’t get myself hopelessly
lost in the woods, we started taking our children on long-
distance hikes. On one of those trips, I realized that my
father had silently modeled how to live and work while
maintaining a close connection to nature. Almost every
day he would go for a long walk in the woods or a swim in
a lake. He would go for extended periods to our cabin in
New Hampshire, where he would spend his days writing
and hiking. It took me until my mid-20s to figure out that
I wanted nature to be a part of my life in a similar way to
my father.

Around 15 years ago, my dad marveled to me that he
had lost his interest in reading fiction or watching movies.
I couldn’t relate since watching movies and reading nov-
els were how I often spent my free time and reading non-
fiction gave me little pleasure. These days, however, I find

myself reading the same type of books as my father. How
can aspects of our parents come to define us, when we
stopped living with them decades ago? Especially when
that parent wasmostly amystery to us as a child. Of course,
there are some passions I have always shared with my fa-
ther. A love of good food and learning foreign languages
come to mind. My Dad spoke French, Dutch, and Ger-
man.

During the last seven years, Bob was confined to a
wheelchair. Nevertheless, wherever he went he would al-
ways have a book tucked into his chair with him. Books
about math, physics, politics, history, or Jewish studies
were his constant companion. Up until the last years of his
life he kept himself occupied with thoughts about math
and writing math books, despite his having advanced de-
mentia. I hired a retired engineer to help him put these
dementia-corrupted fragments of thoughts down on paper.
For many years, my weekly calls with him revolved around
how his “book” was going and how he was going to get his
ideas “funded.” Even in his old age, he never lost his boy-
ish enthusiasm for math and physics. What a gift he was
to us all.

Gabrielle Hermann

Bob Hermann:
Pioneer and Friend

Peter E. Caines
I met Bob Hermann in the late seventies, when I was a
faculty member in the Decision and Control group of the
Division of Applied Sciences at Harvard. Bob was visiting
from somewhere at the time (a typical state for Bob) and it
was the golden era of differential geometric control theory
of which Bob was a pioneer. Bob and Arthur Krener had
published their classic paper on the topic in 1977 andwere
key players in the research vortex which had developed at
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Harvard. My collaborators and I were then working on sto-
chastic control systems, and the climate was such that Bob
and I and others organized an after-hours informal semi-
nar series on systems, control, and mathematical physics.

As the other contributions to this memorial demon-
strate, Bob was a seminal thinker. His combination of en-
ergetic creativity, independent scholarship, and a disinter-
est in conforming, permitted him to make fundamental
contributions to differential geometry, systems and con-
trol, and thermodynamics, all of which supplied topics
for our hikes in locations such as Yellow Stone National
Park and New Hampshire. As an illustration of their im-
pact, Bob’s results in differential geometry were used in
non-linear filtering theory for partially observed stochas-
tic systems in Riemannian manifolds. And I would like to
add that my ownwork on thermodynamic control systems
was formulated within Bob’s contact geometrical setting
for the subject.

In Montreal, my wife, Anne, and I, and later our chil-
dren, Hanako and Kiyoshi, became close family friends of
Bob, his wife, Lana, and their children, Chris andGabrielle.
Their hospitality at home in Brookline and on vacations in
New Hampshire was wonderful for its generosity, flow of
ideas, and plain family fun.

Bob was a real original; he was a feisty, warm, and bril-
liant man, and a true friend whom I shall greatly miss.

Peter E. Caines

Robert Hermann, Geometry,
and Mechanics

Alan Weinstein
Looking back over my own work in differential geome-
try and mathematical physics, I am reminded of the enor-
mous influence of Bob Hermann’s work in these areas.
Among the topics and works which I have cited, covering
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a wide variety of subjects, are:

• His book, Differential Geometry and the Calculus
of Variations, 1968 [5], for a clear presentation of
the Lie derivative formula on differential forms,
among many other things.

• His theorem that, for any proper Riemannian sub-
mersion with totally geodesic fibres, the holo-
nomy group is contained in the isometry group
of the fibres [6].

• Fundamental results in Poisson geometry, includ-
ing the singular foliation by symplectic leaves, and
references to work of Lie which anticipated the ba-
sics of the modern theory [7], [8], [9].

• A proof of the formal linearizability of actions of
semisimple Lie algebras around any fixed point
[10].

Bob’s many books were basic references to me. Paul
Chernoff and Jerry Marsden wrote a very thorough review
of some of his books [11]. Although critical in many
ways, Chernoff and Marsden also express a real apprecia-
tion, shared by many colleagues and students, of the great
value of Bob’s books for introducing mathematicians and
physicists to each other’s language and concepts in the area
where the subjects overlap.

I also enjoyed meeting with Bob from time to time,
and I still enjoy looking back over our personal correspon-
dence. He was certainly a unique figure in our world!

Alan Weinstein

Remembering Bob Hermann

Arthur J. Krener
I first met Bob Hermann in the spring of 1968, when I was
a fourth-year graduate student at Berkeley, two years before
I had started working on my dissertation with R. Sherman
Lehman. He had been a postdoc with Richard Bellman
at Rand Corporation in the fifties and they had worked
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Figure 4. Bob with his first grandson, Alex, aged 2, who was
visiting from Germany in 2008.

on continuous linear programming, linear programming
in function spaces. At any frozen time, a continuous lin-
ear program is a standard linear program. Bellman and
Lehman found through examples that the solution to a
continuous linear program tended to stay on the extreme
of the frozen time linear programs, jumping from one ex-
treme point to another as the feasible sets evolve. My thesis
topic was to confirm this phenomenon.

I thought that this was a problem in functional analy-
sis and I took advanced courses in this area. But Lehman
had a serious auto accident, followed months later by a
stroke, so I was on my own. There were plenty of distrac-
tions in Berkeley in the sixties, and I was easily distracted.
But I continued to work on the problem, and I came to
realize that it was not a functional analytic problem but
a differential geometric one. A graduate school colleague
told me that I was trying to prove a bang-bang theorem
in optimal control, a field that I knew nothing about. In
my second year, I had taken a course in differential geom-
etry from S. S. Chern. He was a wonderful teacher; I still
have my notes from that course. I learned about the Lie
bracket and the Frobenius Theorem from Chern and I was
sure they had something to do with my problem. I went
to Chern with a vague idea about a theorem that might
exist and asked him about it. He told me that he did not
know but I should talk to Bob Hermann who was visiting
the Berkeley Physics Department.

I went to Bob’s smoke-filled office with my faithful dog
Hogan. (It was a different time then.) When I posed my
vague question to Bob he knew what I was looking for. He
pulled out the galley proofs of his soon to be published

book, Differential Geometry and Calculus of Variations [5],
and showedme Chow’s Theorem. It was very close to what
I needed. Bob gave me great encouragement and a few
years later I proved my bang-bang theorem using an exten-
sion of Chow’s Theorem. I don’t think that I would have
been able to do it without that encounter with Bob Her-
mann.

A few years later, I was a postdoc with Roger Brockett
at Harvard and Bob came around regularly. One day Bob
suggested that we write a paper on nonlinear controllabil-
ity and observability. We did and it was chosen by the IEEE
as one of the Twenty-Five Seminal Papers in Control in the
Twentieth Century.

Bob Hermann saw connections between different
branches of mathematics and physics better than anyone
I know. He was a very generous person who greatly in-
fluenced my career and that of many others. He will be
greatly missed.

Arthur J. Krener

Robert Hermann
and the Geometry
of Complete Integrability

Emma Previato
Robert Hermann became interested in the interface of inte-
grable systems and PDEs in the mid-seventies. His review
of G. L. Lamb, Jr.’s, Elements of Soliton Theory [4] exhibits his
typical talent for identifying the main ideas, in such a di-
verse field (which progressively became broader and more
diverse, as Hermann continued to devote both pedagogi-
cal and original work to it). I read Lamb’s book around the
same time, at the beginning of my work on a PhD thesis,
on the recommendation by my advisor, David Mumford.
I never had the privilege of meeting Hermann, despite us
both attending the Santa Barbara conference “Solitons and
Coherent Structures” in 1985.
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I found several features of integrability in Hermann’s
review of Lamb’s book that I had not grasped so deeply.
He, as an expert on Lie groups, views two properties as the
pillars of integrability: the “Lax-pair representation,” and
H. D. Wahlquist and F. B. Estabrook’s theory of prolon-
gation structures of non-linear evolution equations, the
latter put in a context of connections that allow for the
construction of a hierarchy of potentials and pseudopoten-
tials. The Lax pair in turn brings about a spectral curve, of
finite or infinite genus, and its Jacobian (roughly speak-
ing, the angle variables of the fiber of a completely inte-
grable system). Hermann then wrote an expository book
on the theory, in two parts, The Geometry of Non-linear Dif-
ferential Equations, Bäcklund Transformations, and Solitons, in
the series Interdisciplinary Mathematics, which he created
and produced via the Math Sci Press, Brookline, Mass. In
turn, K. K. Lee’s enthusiastic reviews of the two volumes
in MathSciNet (see [2]) is an overview of what Hermann
brought to the field in terms of expertise and insight; Lee’s
chapter-by-chapter summary is a very helpful guide to the
necessary background.

As for original research in integrable systems/PDE, Her-
mann’s main contribution appears to be in the area of con-
trol systems; unfortunately I am not an expert, and again
I refer readers to a MathSciNet review by Chris Byrnes,
which is both beautiful and informative [1].

Putting it all together, what is the algebraic geometry
of integrability? Let’s start with the question, “what is in-
tegrability?” In a classical Hamiltonian system, the mo-
tion of a particle is described by a Hamiltonian function
𝐻(𝑝, 𝑞) depending on position and momentum. Separa-
tion of variables allows for a fibration by tori, swept by the
angle variables, over the space of action variables. Integra-
bility means that the motion is linear (at least locally) in
the angle variables. For a non-linear evolution differential
equation, such as Korteweg-de Vries,

𝑢(𝑥, 𝑡) = 𝑢𝑥𝑥𝑥 + 𝑢𝑢𝑥
(working as I do in complex algebraic geometry, the con-
stant coefficients that appear in the traditional formula are
irrelevant), the Hamiltonians are functions of 𝑢 and its
𝑥-derivatives, they commute with respect to the symplec-
tic structure and define the tori swept by the angle vari-
ables. What is a soliton? It is a wave-like solution that
retains its shape (the peaks superimpose linearly) as time
approaches infinity, aside from perturbations at infinity,
and a phase shift. For me, what ties it all together is the
theta function. For a hyperelliptic spectral curve, as is the
case for KdV, the second and higher logarithmic derivatives
(along one of the translation-invariant vector fields) of the
theta function on its Jacobian generate the function field
of the whole Jacobian. Integrability as I understand it are

the addition formulas satisfied by this function, classical
in genus one, where it is the Weierstrass ℘-function. As
Mumford says in [13, IIIa.10], “at the risk of precipitating
some confusion in notation,” let’s call this function ℘ in
any genus. It is in fact called “Klein’s sigma function,” and
the vector field that corresponds to the 𝑥 variable in KdV
conjecturally is the derivative that plays the role described
above. Integrability then could be defined as “effectiviza-
tion,” or explicit solution, to a non-linear PDE. The growth
of the theory set in motion a search for criteria of non-
integrability, which yielded powerful results by the use of
another tool dear to Hermann’s heart, Galois theory. But
this is a story for another day.

When it was time forwriting upmy thesis in this area fer-
tile with unexpected connections, I asked—timidly—my
advisor, “maybe I should refrain from being philosophi-
cal?” and he replied emphatically (joking, but not quite)
“Absolutely! Do not be philosophical.” Robert Hermann’s
opus, if it didn’t tell us anything else about him and his
legacy, shows that he, with his dream of bringing all of
mathematics and physics (and engineering, according to
Byrnes, loc. cit.) together in a huge, buzzing network, ab-
solutely was philosophical. This may not be the cleanest
attitude for a scientist (cf. Marsden’s MathSciNet review of
[12]), and personally, I am grateful to my advisor for mod-
eling the purity of a cut crystal, but it holds great beauty
and inspiration.

Emma Previato

Robert Hermann and
Elementary Particle Physics

Peter Woit
As a young student trying to learn about mathematics and
physics during the mid to late 1970s, much of my time
was spent in library stacks trying to figure out what might
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be worth reading that I had some hope of understanding.
This soon led to my noticing that many of the most in-
teresting looking books were by the same author: Robert
Hermann. My initial plan when asked to write about him
for this memorial article was to begin by going back to the
library stacks and happily re-immersing myself in those
books, a plan that has been ruined by the current pan-
demic. Instead, an account concentrating on the books
available (the ones in my office, since unfortunately few
of Hermann’s books are available online) will have to suf-
fice.

Hermann’s period ofmost intense engagement with the
high-profile field of theoretical particle physics spanned
the decade from the early 1960s to the early 1970s.
Wigner’s 1939 classification of the representations of the
Poincaré group of space-time symmetries had shown that
defining an elementary particle as an irreducible represen-
tation of this group was a powerful point of view. In 1961,
the field of elementary particle physics was revolutionized
by Gell-Mann and Ne’eman’s discovery of a new “internal”
𝑆𝑈(3) symmetry. This symmetry commuted with space-
time symmetry, and known particles could be organized
into irreducible 𝑆𝑈(3) representations. This immediately
raised a question that got a lot of attention: could one
find a larger symmetry group that included both 𝑆𝑈(3) and
Poincaré?

Hermann’s first book, Lie Groups for Physicists [17], was
written in 1965, and one of its goals was to provide physi-
cists working in elementary particle theory with a sophisti-
cated account of whatmathematicians knew about the the-
ory of Lie groups, Lie algebras, and their representations.
One can even now get a lot out of reading this book, but
the title of the review in Physics Today [14] was appropriate:
“Not for pedestrians.” In 1967, interest among physicists
in this material came to a halt. The Coleman-Mandula no-
go theorem [16] showed that a larger symmetry group of
the kind being studied would force the theory to be triv-
ial. The problem of how to combine internal and space-
time symmetries remains fundamental and unsolved, with
Hermann’s book perhaps some day in the future providing
someone with an idea for a solution.

Another book of Hermann’s that I’ve often consulted
is his Vector Bundles in Mathematical Physics [18], which
appeared in 1970. While post-1967, most particle theo-
rists had shifted attention from symmetry to analyticity,
Hermann had turned to writing about the geometric un-
derpinnings of Yang-Mills theory, a generalization of elec-
trodynamics based on non-abelian gauge symmetry. At
the time, this was not at all a popular topic among physi-
cists, and those working on the topic took a very non-
geometric point of view. The discovery in 1973 that Yang-
Mills theory could provide a consistent theory of the strong

interaction opened the floodgates and by 1975 most parti-
cle theorists were working on the subject, joined by many
mathematicians who started to see the deep connections
to geometry.

It’s quite remarkable that several years earlier Hermann
had, based purely on a feel for good mathematical physics,
seen much of this coming and set down a detailed account
of the mathematical context for the theory, one that re-
mains useful to this day. Seeing the future of gauge the-
ory too far in advance though meant being largely ignored
when it arrived. By that time he had moved onto other
things, with a wealth of books about newer ideas which
will continue to inspire.

Peter Woit

Reminiscences

P. Robert Kotiuga
Those who knew Bob from the 1950s through the 1990s
readily attest to his wit, charm, and insights; they have
something to treasure. Robert Hermann spent most of the
last 25 years in assisted living and many colleagues found
it depressing to visit him more than a handful of times.
About fifteen years ago, when he entered assisted living per-
manently, many of his colleagues lost track of him. Deal-
ing with his lack of short-term memory was something
that many friends and family had great difficulty relating
to. I made an effort to talk to him about whatever I could,
and it was Armand Borel’s work on Lie groups and other
gems from his long-term memory that came up; the IAS
and the Princeton Math department of the 1950s always
had a magical appeal to him.

Peter Caines first introduced me to Bob 38 years ago,
while I was working on my PhD in the field of computa-
tional electromagnetics at McGill University. I was read-
ing the Duff and Spencer work on Hodge theory on man-
ifolds with boundary from the late 1940s, reformulations
by Matthew Gaffney and Pierre Conner in the early 1950s,
and later generalizations by J. J. Kohn. Little did I know
that Bob and these mathematicians were all students or
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Figure 5. Bob as a young adult with his father Boris and sister
Lila (year unknown).

associates of Donald Spencer [15]; Bob graduated in 1955
having spent time with all of them. So, in our first conver-
sationwe finished each other’s sentences on topics that few
people still cared about! For the record, the first rigorous
proof of the Hodge decomposition was given in 1948 by
deRham, Kodaira, and Spencer in informal lecture notes
prepared as a response to a request from Hermann Weyl;
Weyl certainly knew the “right stuff” when he saw it.

Bob took a great interest in engineering and as the con-
tribution of Arthur Krener shows, Bob created a geomet-
ric understanding of non-linear multivariable control the-
ory. He was at Lincoln Labs not long after the launch of
Sputnik. There he became interested in the application of
dynamical systems to guidance systems and he could tes-
tify to the impetus for translating Poincaré’s Mechanique
Celeste into English at that time. We were both inspired
by brilliant eccentric engineers, like Gabriel Kron, who
connected disciplines in the most unexpected ways. Mav-
erick engineers like Oliver Heaviside and Gabriel Kron got
recognition in high places, but their unconventional use
of mathematics left them misunderstood by their peers;
Heaviside was awarded an honorary doctorate from Got-
tingen and Banesh Hoffman made Kron’s understanding
of the non-holonomic dynamics of electric machines ac-
cessible to experts in general relativity. However, the en-
gineers that Kron inspired to talk about networks, homo-
logical algebra, and spectral sequences in one breath were
primarily in Japan. They formed the “Research Association
for Applied Geometry,” which published the RAAG Mem-
oirs, . . . think of this as “Bourbaki for electrical engineers.”
It was such a pleasure to continually reexamine these trail-
blazing eccentrics in my conversations with Bob!

Bob’s PhD thesis concerned the differential geometry
of homogeneous spaces; this frames his work in mathe-
matical physics. He had an extensive correspondence with
Murray Gell-Mann which is archived at CalTech, and in
the late 1950s published several key papers on current al-
gebras. He was also a pioneer in introducing vector bun-
dles intomathematical physics. Perhaps hismost polished
works which are appreciated by a wide group of physicists
are more the expository books with titles like Lie Groups for
Physicists [17]; my favorite is Differential Geometry and the
Calculus of Variations [5]. At heart, Bob was a geometer in
the sense of Poincaré; any need for intricate proofs indi-
cated that one needed a better definition or perspective! It
was because Bob cultivated such a powerful geometric per-
spective that he could reach out to engineers and physicists
so effectively.

In May of 1984, I wanted to explore postdoc possibili-
ties in Boston. Bob and his former wife, Lana, graciously
had me as a house guest, provided I didn’t mind sleeping
in the basement of their wonderful Brookline home. Not
only did I get to meet their children, Chris and Gabrielle,
and Pepper the dog during my stay, but I slept in the heart
of Math Sci Press! In this basement, I could see a cen-
tury of French and German mathematics material that in-
formed Bob’s historical research, as well as the stock of
Math Sci Press’ green and blue volumes. Some would have
sensed more than a hint of chaos in this basement, but I
felt the elation of being in the well-organized wine cellar
of a grand old castle!

As a postdoc at MIT, I met with Bob periodically, both
socially and on campus, and it was in these contexts that
I developed a sense of Bob’s passion for history in more
than mathematical contexts. When I joined the faculty at
BU, Bob quickly introduced me to the historian of mathe-
matics, Thomas Hawkins, and John Stachel, who brought
the Einstein Papers Project to BU from Princeton, and
decades later transferred it to CalTech. In the process, I
obtained an enriched perspective on BU’s then president,
John Silber, and historian Howard Zinn. It was through
John Stachel that I became a fan of the Boston Colloquium
for the History and Philosophy of Science, and I acquired
an appreciation of other older gentlemen like Dirk Struik;
the only person I have ever heard start a talk with “Back
in 1919, when I was a postdoc of David Hilbert, . . . .” In
the college of engineering, I met Harry Moses; volume 12
of Math Sci Press’ blue series was a reprint volume of the
inverse scattering papers Irwin Kay and Harry Moses wrote
[3]. In the 1950s, Harry was an associate of K. O. Friedrichs
at the Courant Institute and he had impeccable taste when
it came to bringingmathematical elegance to applied prob-
lems where the conventional wisdom was quite uninspir-
ing. Harry had the good sense of not considering inverse
scattering in terms of increasing dimension, but to only
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consider the inverse scattering problem in odd spatial di-
mensions. Later, I understood this in the context of the
work of Atiyah, Bott, andGarding on lacunas of hyperbolic
operators. Any approach of making the underlying ideas
transparent lands one in the realm of algebraic geometry
and higher dimensional residue theorems, but for one or
three spatial dimensions, Harry effectively exploited the
harmonic analysis on Lie groups; topics dear to Bob’s heart.
Through my association with Bob and Harry I was able to
secure AFOSR funding to time domain antenna synthesis,
and I am grateful to this day to have worked on a project
that exploited such an interesting interplay of mathemati-
cal ideas. Harry and I secured a research professorship for
Bob at BU which he held for a few years.

As I mentioned, Bob’s passion for history reflected his
reverence for the time he spent at Princeton; not only did
our discussions feature prominentmathematicians such as
S. S. Chern, Hermann Weyl, Donald Spencer, and John
Nash, but bigger meditations on academic work environ-
ments. Most histories of the IAS feature Oswald Veblen
early on. People who dwell on social norms might focus
onOswald’s wife, nee Elizabeth Richardson, in the context
of more liberal German refugee academics. Bob, however,
would frame discussions of the development of American
universities in terms of Oswald’s uncle, Thorstein Veblen,
and his book The Higher Learning in America. As usual,
Bob could reach back into history to frame what are now
current debates about the corporatization of higher educa-
tion.

Mathematicians live in a world where having a key def-
inition is like Archimedes having a place to stand and be-
ing able to move the earth with a lever, or Riemann for-
going Euclid’s axioms about lines and points, and having
the properties of points and geodesics follow from a defi-
nition of space. Although such conceptual clarity eludes
us in natural language, for the sake of argument it can
be fun to assume that it doesn’t. Such games can enable
one to sidestep contemporary socially taboo topics in or-
der to understand the actions of a historical character who
poked at the taboos of their own time. Bob had a knack
for unearthing truths this way while giving historical ex-
amples. Some might call this “unrestrained candor,” but
it was oxygen for Bob; the undeniable therapeutic value
of playing such a game was what let his grandparents deal
with pogroms.

For example, Bob talked about the impact E. T. Bell’s
Men of Mathematics had on him as a preteen in the 1940s.
Although this book is often dismissed by historians on
account of its cover and Bell’s interpretation of histori-
cal facts, Bob was quick to point out how he grew to
have a deeper appreciation of the accurate treatment of
women in this book over the decades. Reopening this
book as I reminisce, I now quickly verify that Emmy

Noether and two other prominent women made it into a
book that is supposedly about male mathematicians from
Zeno to Poincaré; Sonja Kowalewska shares a chapter with
Weierstrauss, and Sophie Germain comes up as the cross-
dressing Mr. LeBlanc. Although many later historians dis-
miss this 1937 book by the text on its cover, and Bell’s
penchants for embellishing history, when it comes to Mr.
LeBlanc, Bell anticipates and avoids being accused of writ-
ing a less than wholesome book by quoting directly from
Gauss’ diary. A key lesson for a preteen to learn!

This anecdote keeps on giving. Mavericks in the math
community marvel that E. T. Bell wrote over a dozen tech-
nical books and over a dozen science fiction books un-
der the pseudonym John Tane. Both Bob and Bell have
been criticized for being prolific and charismatic while sac-
rificing rigor. However, their fans admire their forward-
looking choice of topics. It is interesting that Bell’s 1937
book was written when the proportion of women earning
PhDs in math in the USA was at a peak. This proportion
was squelched in the 1950s, as a result of several factors,
most notably the GI Bill and Roy Cohn’s Lavender Scare.
The proportion of women getting PhDs in math did not
match the level of the 1930s until the 1980s. In this way,
Bob used Bell’s book to contrast and compare the attitudes
that pushed accomplished American women out ofmathe-
matics in the 1950s with Gauss’ more enlightened actions
that ultimately led to a posthumous honorary doctorate
degree for Sophie Germain. This juxtaposition of attitudes
from different times makes me want to revisit the corre-
spondence between Gauss and other prominent 19th cen-
tury female scientists like the American astronomer, Maria
Mitchell.

In summary, Bob graduated from Princeton into the
male chauvinism that characterized the 1950s and the as-
sociated cold war politics of the McCarthy era, but his life-
long fascination with international affairs was rooted in
the type of European history that brought his grandpar-
ents to America and informed his research into the his-
tory of mathematical ideas. The expression of this inter-
est was always tied to academia, pointing younger peo-
ple to the academic contexts in which Thorstein Veblen,
E. T. Bell, and other eccentrics wrote. Along the way, there
were anecdotes surrounding loyalty oaths, the Berkeley
Free Speech movement, Howard Zinn’s activism, and con-
text for John Stachel’s work on the Einstein papers. These
are things we now cherish in an academic world where,
for decades, math departments in the USA can no longer
raise their stature through hiring, as they did with Ger-
man mathematicians in the 1930s or ex-Soviet mathemati-
cians in the 1990s, or by the funding levels enjoyed at the
height of the Apollo space program of the 1960s. In a
time of “echo chambers” and the corporatization of higher
education, where departments live and die by the ratings
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Figure 6. Bob as a toddler with his parents Alice and Boris,
and sister Lila (circa 1933).

administrators secure in US News and World Report, I feel
blessed to have been exposed to the “unrestrained candor”
that Bob applied to his choice of research agenda and anal-
ysis of historical fact.
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Memories of Vaughan Jones
Dietmar Bisch, David E. Evans, Robion Kirby,
and Sorin Popa

Introduction
Sir Vaughan Frederick Randal Jones, who died at age 67
on September 6, 2020, was one of the most influential and
inspirational mathematicians of the last four decades. His
original and penetrating analysis of inclusions of von Neu-
mann algebras led to the creation of new fields of research,
while reinvigorating old ones, thereby setting off an extra-
ordinary interplay between disparate areas of mathemat-
ics, from analysis of operator algebras, to low-dimensional
topology, statistical mechanics, quantum computing, and
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quantum field theory. Vaughan’s work had a major im-
pact with unexpected, stunning applications, even outside
of mathematics, for example to the study of knotted DNA
strands and protein folding in biology. A crucial idea lead-
ing to these striking connections was his groundbreaking
discovery in the early 1980s that the symmetries of a factor
(a von Neumann algebra with trivial center), as encoded
by its subfactors, are quantized. They generate “quantized
groups,” a completely new type of structure, endowedwith
a dimension function given by a trace and an index that can
be nonintegral.

This article gives a panoramic view of the scientific im-
pact and enduring legacy of Vaughan’s work, as well as his
personality and style of working through the contributions
of colleagues and friends across mathematics and physics.
Over the years, Vaughan’s countless mathematical interac-
tions forged numerous lifelong friendships, and he will be
sorely missed by all.

Vaughan was born on December 31, 1952, in Gisborne
on the North Island of New Zealand to parents Jim Jones
and Joan Jones (née Collins) and grew up in Auckland.
Between the ages of eight and twelve he was educated at
the boarding school St Peter’s School in Cambridge in ru-
ral North Island. Vaughan attended Auckland Grammar
School until the age of sixteen and then studied Mathe-
matics at Auckland University from 1969 to 1973. He
left New Zealand in 1974 for graduate study at the Uni-
versity of Geneva with the intention of writing a thesis in
Physics, but gradually moved in 1974–76 to work under
the supervision of André Haefliger in Mathematics. It was
in Switzerland where Vaughan met Martha (Wendy), who
held a scholarship to study at the University of Fribourg
and subsequently worked at the United Nations in Geneva.
They married in 1979 and raised three children together,
Bethany, Ian, and Alice.

Vaughan had several appointments in the USA until
his death. However, the friendships he made during
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these formative years in New Zealand remained with him
throughout his life. His love and loyalty to New Zealand
would bring him back later, at least annually from 1994
on, to invigorate mathematics in his native land, often
with summer schools, using his network of colleagues and
friends worldwide and his scientific standing to attract
other world-renowned stars to New Zealand.

In the fall of 1975, when Vaughan was switching from
physics to mathematics, he met Alain Connes at a confer-
ence in Strasbourg and was very impressed. Connes had
just finished his seminal work on II1 factors, a class of von
Neumann factors that have a trace with range [0, 1] on the
lattice of their projections. In one of his papers, Connes
gave a classification of periodic automorphisms of the hy-
perfinite factor 𝑅, an important II1 factor that can be seen as
the quantized version of the unit interval. Vaughan was
struck by the beauty of these mathematical objects and
the continuous dimension phenomenon, which has the re-
markable feature that one can take the 𝑡 × 𝑡 matrix alge-
bra 𝑀𝑡 ∶= 𝕄𝑡(𝑀) over a II1 factor 𝑀 for any real num-
ber 𝑡 > 0. He avidly studied all of the papers in this
subject, from the pioneering 1936–1943 work of Murray
and von Neumann, who discovered these objects, all the
way to Connes’s recent preprints. He gathered a list of
ten possible thesis topics and travelled to Paris to show
them to Connes, who went rapidly down the list, “No, no,
no, maybe, no,..., good,...,” and the “good” one became
Vaughan’s thesis. That topic was to generalize Connes’s re-
sult on periodic automorphisms to arbitrary finite groups,
which Vaughan did in [1]. Vaughan continued to visit
Connes in Paris and then at the Institute for Advanced
Study where Connes was a member in 1978–1979, with
Haefliger as his formal adviser. Vaughan received his Doc-
teur ès Sciences from the University of Geneva in 1979,
and his thesis was awarded the Vacheron Constantin Prize.

Masamichi Takesaki was impressed by Vaughan’s thesis
and brought him to UCLA on a Hedrick assistant profes-
sorship in 1980. But after one year at UCLA, Vaughan
returned to the East Coast to join his wife Wendy who
was studying at Princeton. UPenn seized the opportunity
and made him an offer. So during 1981–1985, Vaughan
was at UPenn, first as a junior faculty member then as
an associate professor, with 1984–1985 actually spent at
MSRI. In 1985, he was appointed full professor at UC,
Berkeley, where he remained until he retired in 2013 with
the title Professor Emeritus. From 2011 on he held the
Stevenson Distinguished Chair at Vanderbilt University.
Vaughan was also a Distinguished Alumni Professor at the
University of Auckland and Founding Director of the New
ZealandMathematics Research Institute from 1994 on. He
kept in contact with Europe including spending one-year
sabbaticals at the IHES during 1986–1987 and 1989–1990

Figure 1. Auckland Grammar University Entrance Scholar
1969.

and at the University of Geneva in 1993–1994 and 1998–
99.

In his thesis, Vaughan developed a novel algebraic ap-
proach to the classification of actions of finite groups on II1
factors, in which the action of the finite groupwas encoded
by the isomorphism class of an inclusion of II1 factors,
via a crossed product construction. Soon after his thesis,
this led him to consider abstract inclusions of II1 factors,
𝑁 ⊂ 𝑀, or what he later called subfactors, together with a
natural notion of dimension of 𝑀 as an 𝑁-module, that
he called the index and denoted [𝑀 ∶ 𝑁]. He noticed right
away that the hyperfinite II1 factor 𝑅 contains subfactors of
any index ≥ 4. This follows from the fact that 𝑅𝑡 ≃ 𝑅 for
any 𝑡 > 0, a result that is due to Murray and von Neumann.
He also noted that for subfactors 𝑁 ⊂ 𝑀 arising from in-
clusions of groups 𝐻 ⊂ 𝐺, the subfactor index was equal
to the index [𝐺 ∶ 𝐻] of the subgroup. By early 1980, he
was able to prove that the index of a subfactor 𝑁 ⊂ 𝑀 can
only take the values 1 and 2 when [𝑀 ∶ 𝑁] < 1 + √2. He
circulated a preprint and gave talks at conferences about
these findings. The general reaction of colleagues in the
field was that most certainly only the values 1, 2, 3 could
occur under 4.

But by November 1981, Vaughanmade the amazing dis-
covery that the index of a subfactor can take exactly the
values {4 cos2(𝜋/𝑛) ∣ 𝑛 ≥ 3}= {1, 2, (3 + √5)/2, 3, … }, when
less than 4. Most importantly, he showed that all these
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Figure 2. Vaughan playing the violin and Wendy the flute at
their wedding in 1979 in Westfield, New Jersey.

values can occur as indices of subfactors of the hyperfinite
factor 𝑅 ([2]). The proof of the restrictions on the index,
which is of stunning beauty, involves the construction of
an increasing sequence of factors (a tower), obtained by
“adding” iteratively projections (i.e., idempotents) satisfy-
ing a set of axioms which, together with the existence of
the trace and its properties, provide the restrictions.

In the summer of 1982, Vaughan realized that, because
of the algebraic relations they satisfy, the projections in the
tower of factors provide an unexpected family of semisim-
ple quotients of the Hecke algebras of type 𝐴𝑛 and com-
pletely new representations of Artin’s braid groups, in-
dexed by a parameter 𝜆 ∈ ℝ, which are unitary exactly at
values corresponding to the indices in the discrete range.
During the following two years, Vaughan gradually learned
of the importance of braid groups to the theory of knots,
due to Alexander’s theorem that any knot is a closed braid
and Markov’s theorem showing when two braids give rise
to the same knot via “two moves.” While he realized
that one of the Markov moves was automatically invariant
when applying the trace to the braid element in this repre-
sentation in the tower of factors, it was in May 1984 that
he dealt with the second Markov move, through a stroke
of genius renormalization idea, that altogether gave rise to
a polynomial invariant for knots and links—the Jones poly-
nomial, 𝑉𝐾(𝑞) for an oriented link 𝐾 ([4], [3]).

Once Vaughan had defined his polynomial, it was easy
to see that it was not the classical Alexander polynomial,
and that it could distinguish a knot from its mirror im-
age, and then, with more work, that it solved three Tait
Conjectures, century-old conjectures that concerned pro-
jections of a knot on the plane and their simplifications.
Next, 𝑉𝐾 was quickly generalized to a 2-variable polyno-
mial, the HOMFLYPT polynomial, named after the initials
of five groups who independently discovered it. Biologists

immediately used the Jones polynomial to analyze knots
appearing in strands of DNA.

The invariant 𝑉𝐾 was remarkable in generating new di-
rections for research. Most interesting for topologists was
Khovanov homology, a categorification of 𝑉𝐾 using the
Kauffman bracket (itself a way of describing 𝑉𝐾). Kho-
vanov homology, whose Euler characteristic is 𝑉𝐾 , deter-
mines the unknot which 𝑉𝐾 is not known to do and is re-
lated by a spectral sequence to knot Floer homology.

In 1988, Witten gave a physical interpretation for 𝑉𝐾
for links (Wilson loops) in terms of Chern-Simons theory
at level 𝑙 that corresponds not just to 𝑉𝐾 , but also to the
HOMFLYPT polynomial. This point of view led to numer-
ous 3-manifold quantum invariants at roots of unity using
the colored 𝑉𝐾 . Vaughan originated these spectacular de-
velopments which now form a new branch ofmathematics
called Quantum Topology.

In a parallel development which started in 1983, a con-
nectionwasmadewith calculations by Temperley and Lieb
in solvable statisticalmechanics. This triggered yet another
series of interactions with physics, via statistical mechanics
and conformal quantum field theory. In the latter, a simi-
lar dichotomy of discrete and continuous parts occurs for
the central charge in the representations of the Virasoro
algebra which describes certain projective representations
of the diffeomorphism group of the circle. Subfactors pro-
vide a natural framework for studying two-dimensional
conformal quantum field theories. Indeed the discrete se-
ries of the central charge in the representation theory of the
Virasoro algebra can be understood via conformal nets of
factors, as cosets of 𝑆𝑈(2) theories. However, the power of
the quantum symmetry subfactor formulation is that it per-
mits the wondrous possibility of constructing new exotic
conformal field theories beyond the known well-studied
ones arising from loop groups, doubles of finite groups, or
natural constructions such as cosets, with intense ongoing
work.

Perhaps the deepest and most enduring of Vaughan’s
revolutionary work is within the theory of II1 factors
and more generally in algebras of operators on Hilbert
space. II1 factors arise naturally from groups, their actions
on spaces, and unitary representations of groups. Until
Vaughan’s work, symmetries of a II1 factor𝑀 were thought
to be its algebra automorphisms, which under multiplica-
tion generate a group of automorphisms of 𝑀, with pos-
sible torsion, like in the case of symmetries of classical
spaces. But Vaughan’s work showed that symmetries of a
factor 𝑀 may be “quantized.” Moreover, it also showed
that the proper way to view a symmetry in this framework
is to encode it as a subfactor 𝑁 ⊂ 𝑀, or equivalently as
the Hilbert 𝑁−𝑀 bimodule 𝑁𝐿2(𝑀)𝑀 and the Jones index
[𝑀 ∶ 𝑁] as the codimension of 𝑁 in 𝑀. Such quantized
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symmetries generate a quantized group (tensor category)
𝒢𝑁⊂𝑀 under taking adjoints and multiplication (fusion
under relative tensor product), called the standard invari-
ant of 𝑁 ⊂ 𝑀, with a Cayley type bipartite graph Γ𝑁⊂𝑀 .
When the number of irreducible elements of 𝒢𝑁⊂𝑀 is fi-
nite, something that Vaughan proved to be automatic if
[𝑀 ∶ 𝑁] < 4, then the square norm of the graph equals
the index, ‖Γ𝑁⊂𝑀‖2 = [𝑀 ∶ 𝑁]. The 𝐴𝐷𝐸 classification of
graphs of norm less than 2 as {2 cos(𝜋/𝑛) ∣ 𝑛 ≥ 3} offers yet
another way of deriving the restrictions on the index < 4.

One can hardly overstate the importance and depth of
these discoveries. This led right away to a huge number of
beautiful and exciting problems, such as the classification
of subfactor inclusions 𝑁 ⊂ 𝑀 when 𝑀 is hyperfinite, the
problem of axiomatizing the objects 𝒢𝑁⊂𝑀 and character-
izing the bipartite graphs Γ𝑁⊂𝑀 that can occur as graphs
of subfactors, and the problem of investigating what kind
of quantum symmetries can “act” on a specific factor and
what values of the index can occur, etc.

Many outstanding results by a large number of people
have followed. Vaughan wasmuch involved in these devel-
opments, notably finding the best way to characterize the
objects 𝒢𝑁⊂𝑀 arising as standard invariants of subfactors
as a two-dimensional diagrammatic structure of tangles
called a planar algebra (1999). Vaughan developed planar
algebras as a tool to efficiently carry out intricate computa-
tions with the standard invariant of a subfactor. It allowed
for topological arguments in the analysis of subfactors and
led to remarkable results in the classification programme
of subfactors, including the construction of stunning “ex-
otic” quantized symmetries, captured as planar algebras.
These powerful tools were successfully used by Vaughan
and some of his former students to classify all such sym-
metries up to index 5 (1995–2014) ([5]), which was then
pushed further up to 5.25. While traditional classification
attempts focused on subfactors with small indices, the pla-
nar algebra approach shifted the point of view to a gener-
ators and relations approach. Thus, singly generated pla-
nar algebras and then Yang-Baxter relation planar algebras
played a key role, through which important colored vari-
ants of the Temperley-Lieb algebras were discovered as the
fundamental quantized symmetries associated to interme-
diate subfactors.

Planar algebras, together with a quest to produce a con-
formal theory from subfactors, led Vaughan to a study of
the Thompson groups as discrete approximations to the
diffeomorphism group of the circle, and again to unex-
pected spin-offs for the theory of knots and links (2015–
2020).

More details of all these mathematical developments
will be found in a forthcoming issue of the Bulletin of the
AMS which is dedicated to Vaughan.

Figure 3. Vaughan receiving the Fields Medal from Ludvig
Faddeev at ICM-90 in Kyoto.

Vaughan was awarded the Fields Medal in Kyoto in
1990, and was elected Fellow of the Royal Society in the
same year, Honorary Fellow of the Royal Society of New
Zealand Te Apārangi in 1991, member of the American
Academy of Arts and Sciences in 1993 and of the US Na-
tional Academy of Sciences in 1999, and foreign mem-
ber of national learned academies in Australia, Denmark,
Norway, and Wales. He received the Onsager Medal in
2000 from the Norwegian University of Science and Tech-
nology. In 2002, he was made a Distinguished Compan-
ion of the NZ Order of Merit DCNZM, later redesignated
Knight Companion KNZM. The same year, he became an
honorary member of the London Mathematical Society.
The Jones Medal of the Royal Society of New Zealand Te
Apārangi is named in his honor.

Vaughan had a strong commitment of service to the
community. In 1994, he was the principal founder and Di-
rector of theNewZealandMathematical Research Institute,
leading summer schools and workshops in New Zealand
each January. He was Vice President of the AmericanMath-
ematical Society in 2004–2006, and Vice President of the
International Mathematical Union in 2014–2018.

Vaughan had an unusual and very personal style of do-
ing research. He would freely share ideas about a project
and discuss initial speculations and possible applications
and concrete steps for how one might obtain the final
result. Vaughan was a warm and gregarious individual
whose humor and humility led to the generosity and open-
ness from which the mathematical community drew sub-
stantial benefit. Vaughan had over 30 graduate students
and was a sought-after doctoral advisor. His presence at
mathematical events was stimulating for all who came in
contact with him. He will be dearly missed by his family
and his many friends all over the world.

The following contributions are roughly in the order in
which the authors met and interacted with Vaughan.
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Thomas Schücker
Vaughan has left us. I have no words to express our sorrow.
Rather let me talk about joys, of which Vaughan had many,
and he shared them with generosity. To choose from this
plenitude, I use a leitmotiv that was dear to him: find har-
mony between distant persons or ideas or phenomena.

The physical distance between two persons can hardly
be larger than the one between Auckland and Geneva.
But Vaughan was not lost in translation in 1974. He
quickly picked up French and made lifetime friends in
Geneva. Also this is where he got to know Wendy and
where Bethany was born.

Vaughan was exceptionally gifted in bringing together
friends from different worlds and sparking harmony
among them. The harmony betweenmusic andmathemat-
ics is not well understood, but it is broadly appreciated.
In 1974 or 75, I was doing my homework as an under-
graduate in the library of the Ecole de Physique in Geneva.
Vaughan’s office was at the extreme opposite side of the
Ecole, some 70m away. Suddenly I heard him singing a
passage of Berlioz’ Te Deum and I went to see him. He had
just finished the proof of a theorem in axiomatic quantum
mechanics.

After one year Vaughan lost his office at the Ecole de
Physique and was appointed assistant and PhD student of
André Haefliger at the Section de Mathématiques at the
other side of the Arve river. We followed André’s lectures
with enthusiasm, Vaughan gave the exercises and was co-
examinator, I was among the students being examined.
Frequently I dropped by his office and was always bewil-
dered by the disorder on his desk. For me, it was clear that
with this sense of order, Vaughan would never be a good
mathematician. André kept his office in a somewhat bet-
ter order, but his desk was overloaded with piles of papers.
Once when Vaughan and I came to his office, we found
it tidied up and Vaughan complimented André on his or-
der. Andŕe replied with a smile: “Yes, but now I don’t find
anything anymore.”

It is impossible to agree on a distance between von Neu-
mann algebras and knot theory and this made his dis-
covery of a harmony between them only more amazing.
Others of Vaughan’s longlasting passions came from more
hands-on links: between knot theory and knot tying; be-
tween the depicted hydrodynamic paradox combinedwith
vector addition and a far more time-consuming activity,
sailing.

The harmony between physics and mathematics is
well understood. It consists of local isomorphisms, for

Thomas Schücker is an emeritus professor of physics at Aix-Marseille Université.
His email address is thomas.schucker@gmail.com.

Figure 4. Vaughan and Thomas Schücker at Bodega Head,
Bodega Bay, CA, in 2006.

blow
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Figure 5. Illustration of the hydrodynamic paradox.

example between the trajectories of planets, satellites,
comets, apples, ... and solutions of a second order ordi-
nary differential equation due to Newton. We both cher-
ish some of the above local isomorphisms and I owe my
career to Vaughan.

It was sheer pleasure to witness Vaughan sharing joy
with Wendy, to see his joys spill over to Bethany, Ian, and
Alice, to their grandchildren, to my sons, to his students
and colleagues, and to so many of his friends. We all miss
him dearly.

Pierre de la Harpe
Vaughan Jones was a PhD student in Geneva from 1974
to 1980. He arrived in the Physics Department to work
with Josef-Maria Jauch, on the mathematical foundations
of quantum mechanics, but Jauch died suddenly one week
after their first meeting; Jones worked in close contact with

Pierre de la Harpe is an emeritus professor of mathematics at the Université de
Genève. His email address is Pierre.DeLaHarpe@unige.ch.
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two colleagues of Jauch, Constantin Piron and Jean-Pierre
Eckmann. He was also interested in mathematics and fol-
lowed lecture courses by André Haefliger, on foliations and
on de Rham theory. In the beginning of 1976, he moved
to the Mathematics Department, and became a PhD stu-
dent of Haefliger. He completed a thesis which provides a
classification of the actions of finite groups on the hyperfi-
nite factor of type II1 (the case of finite cyclic groups is due
to Connes). Alain Connes was an unofficial and decisive
codirector. This is exemplary in several respects. Haefliger
had a strong influence on Jones, but he is certainly not a
specialist of von Neumann algebras; this shows the origi-
nality of the student and the open mind of the advisor.

During the first three months of his stay in Switzerland,
Jones spent all of his time on a language course to learn
French. “It was the coolest three months in my life” (les
mois les plus sympa de ma vie), he said. He became al-
most bilingual. A good lesson for all students and col-
leagues who believe that English is enough to settle down
anywhere in the academic world, forgetting that thinking
together with other people and in another language is both
possible and worthwhile.

Though he was a very hard worker and a first-classmath-
ematician, Vaughan was a marvelous companion in every
way. His informal style of working was encouraging ex-
changes of all kinds, and he was always ready to share his
ideas. He was singing for many years as an excellent bari-
tone in the University Choir. He would practice chamber
music with his advisor and theChoir’s director Chen Liang-
Sheng. He would practice his favourite sports with many
friends. He was behaving with modesty, humor, and re-
spect for everybody, but he could also look glorious: dur-
ing his thesis defense, he was dressed in a superb smoking
jacket, as a king addressing his people and four modest
jury members, who were André Haefliger, Alain Connes,
Michel Kervaire, and me.

Colleagues and friends had the chance to see him back
in Geneva on many occasions, for sabbatical periods, for
shorter visits, and for memorable talks. After one on sub-
factors, he went to the café downstairs and talked with a
PhD student who told him about braid groups, of which
Artin presentations have something in common with re-
lations written by Jones for algebras associated to subfac-
tors; this would be an important ingredient of his work on
the Jones polynomial. By an incredible coincidence, a few
days after his discovery of the polynomial link invariant
in June 1984, Vaughan was travelling from New York to
Bucharest and stayed over in Geneva for a couple of days.
So his first talk on this amazing discovery was again at the
University of Geneva.

His last visit in Geneva was in May 2019, and the next
one was planned for November 2020. Each meeting with
him was a gift.

Figure 6. Vaughan at the Newton Institute, Cambridge 1993,
program on Low Dimensional Topology and Quantum Field
Theory with 11-crossing Conway knot which has trivial
Alexander polynomial and non-trivial Jones polynomial.

Alain Connes
I met Vaughan Jones while he was working on his thesis
under André Haefliger. Vaughan was fascinated by the fact
that all infinite-dimensional subfactors 𝑁 of the hyperfi-
nite factor 𝑅 are isomorphic to 𝑅 itself and he undertook
the study of their relative position inside 𝑅. After defin-
ing the index [𝑅 ∶ 𝑁] of 𝑁 as the Murray-von Neumann
dimension of 𝑅 as an 𝑁-module, his first breakthrough
result was that while the index can take any value larger
than 4, the smaller values form the sequence 4 cos2(𝜋/𝑛)
for integers 𝑛 ≥ 3. In his proof, he used a “basic construc-
tion” adapting to subfactors the technique of iteration of
crossed products (which was pivotal in understanding the
periodic automorphisms of 𝑅) and discovered a profound
link with the growing sequence of Hecke algebras associ-
ated with Coxeter systems of symmetric groups. This led
him to discover new traces on the colimit of these Hecke al-
gebras. His amazing breakthrough in the early 80s was to
use these new traces together with the braid group descrip-
tion of the knots in three space to obtain a newpolynomial
invariant of knots! His discovery has triggered remarkable
developments in both domains of knot theory, solving old
open questions, as well as in operator algebras where the
general theory of subfactors of finite index has become a
central topic of research as a generalization of the concept
of a finite group action. Vaughan Jones was a truly original
thinker and his work will remain forever as a testimony of
his genius.

Alain Connes is an emeritus professor of mathematics at Collège de France and
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Masamichi Takesaki
These are some of my personal memories of Sir Vaughan
F. R. Jones, following the devastating news of his death. He
was too young to be taken from us.

I first became aware of Vaughan as a rising young su-
perstar in the fall of 1979 when I was asked to referee his
thesis, “Actions of finite groups on the hyperfinite type II1
factor,” for the Memoirs of the AMS. His extraordinary tal-
ent became apparent as soon as I started to examine his
thesis; of course there was no question that it should be
accepted for publication. With the permission of the edi-
tor, I contacted Vaughan and suggested that he apply for
a UCLA Hedrick Assistant Professorship, a prestigious ju-
nior position. His application was successful, and he took
up the position in the fall of 1980.

After having studied his thesis, I was impatient to begin
working with him and so I invited him to visit UCLA for a
few weeks in the spring of 1980. When I went to the Los
Angeles International Airport to pick him up, he came out
of the restricted area at the airport with a huge smile on his
face. As soon as we started to drive toward his accommo-
dation, he began to talk about his ideas about subfactors
and said that there was a forbidden zone below index 2
and a continuous zone above index 4, but that the interval
between 2 and 4 was unknown and looked mysterious. I
was deeply shocked by his claim and thought that he was
on the verge of a huge discovery of an entirely new field
within operator algebras. I couldn’t find the words to ex-
press my surprise and stopped my car on the road side to
calm myself. I told him “You are on the edge of an entirely
new field of mathematics. You shouldn’t miss this wonder-
ful discovery even though it could be a tiny fact after your
completion of the new theory.”

I kept encouraging him to pursue his investigation of
the allowed values of the indices. Unfortunately, there
wasn’t much progress during his stay at UCLA for the aca-
demic year of 1980/81. Vaughan moved to a junior aca-
demic position at the University of Pennsylvania for the
1981/82 academic year, allowing him to rejoin his wife,
Wendy (who had been studying at Princeton while he was
at UCLA), and to benefit from the strong operator algebra
culture at Penn. Shortly after he moved to Penn, he deter-
mined the possible values of indices, 4cos2(𝜋/𝑛), 𝑛 ≥ 3 or
in the continuous half line [4,∞], the now-famous range
of Jones indices.

I invited him again to UCLA for a week in the spring
of 1982, at which time he showed us an early version
of his famous theory of the Jones index. His discov-
ery attracted the attention of the algebraists and number
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theorists at UCLA, so his talk was packed with algebraists
and functional analysts, a rare occurrence. When he ex-
plained about the Jones tower and the relations among
the Jones projections, Bob Steinberg pointed out to him
that these relations were similar to those for Hecke alge-
bras. His talk left a huge impression on everybody in the
Mathematics Department, UCLA.

Soon after Vaughan realized that his family of projec-
tions in the tower gave rise to new representations of the
braid group. The appearance of the braid relations in sub-
factor theory already suggested a close relationship with
knot theory, and Vaughan continued to work on this rela-
tionship. Then in the spring of 1984, he realized that he
had discovered a new knot invariant, known today as the
Jones polynomial.

Fortuitously, the Mathematical Sciences Research In-
stitute (MSRI) had scheduled a year-long focus on low-
dimensional topology and operator algebras for the aca-
demic year 1984/85. The choice had been deliberate; both
areas had been very active in the preceding years and the
newly-established MSRI wanted the program to cover as
wide a range of mathematics as possible. On hearing of
Vaughan’s breakthrough, I passed the news on to the MSRI
Deputy Director, Professor Calvin Moore; the news left
him almost speechless. Vaughan’s work had provided a
bridge between these seemingly unrelated areas. Conse-
quently a major focus of the 1984/85 program was for the
operator algebraists and the low-dimensional topologists
to become at least familiar with each other’s work. The
program was a huge success which, as a member of the
program committee, I was extremely pleased to see.

This interaction has continued over the subsequent 35
years, becoming both broader and deeper. The lesson to
be learned from this is that the truly exciting advances
in mathematics, and probably also in many areas of sci-
ence, are not predictable in advance, and are very of-
ten brought about by talented and committed young re-
searchers. Vaughan and his work exemplify this lesson in
the best possible way.

In addition to his mathematical prowess, Vaughan had
many other interests at which he excelled, includingmusic
and sport. He brought a wonderful “joie de vivre” to every-
thing that he did; I am very sad to have to say “Goodbye,
Vaughan” and pray for the peaceful rest of his soul.

Colin Sutherland
The news of Vaughan’s death came as a huge shock to
me. The world of mathematics, and in particular New
Zealand mathematics, has lost one of its most outstanding
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Figure 7. Vaughan and Sorin Popa at NZMRI Summer
Workshop on Operator Algebras, Nelson, NZ, 2001.

practitioners and communicators, and I and my wife have
lost an exceptional friend.

Vaughanwill bemost remembered for his seminal work
on index theory for subfactors and the subsequent inter-
actions with knot theory. However, my first contact with
him, in the late 1970s, was in relation to classifying ac-
tions of finite groups on the hyperfinite II1 factor up to
cocycle conjugacy. He recognized the correct cohomolog-
ical framework for invariants used earlier by Connes (for
cyclic groups), and succeeded in showing that the result-
ing characteristic invariant was in fact a complete invari-
ant. This work already marked him as an outstanding tal-
ent, and provided the basis for subsequent developments
by many people (including Vaughan himself), leading to
the analogous result for discrete amenable groups acting
on injective factors.

Throughout this work, Vaughan was an unstinting
source of encouragement and inspiration. He was ex-
tremely generous with his time and always willing to con-
tribute ideas and constructive appraisal; this generosity ex-
tended to all of the many fields to which he made critical
contributions.

It also extended to his support for mathematics in New
Zealand. From 1994 on, Vaughan codirected an annual
Summer School designed for researchers and postgradu-
ate students in New Zealand. A different topic and venue
would be chosen each year, and Vaughan would use his
influence to attract leading international researchers to
deliver a series of expository lectures culminating in a

discussion of at least some current problems. The main
requirements were that the lectures be (mostly) accessible
to nonspecialists, and that the venue have sufficient wind
and water for Vaughan to be able to indulge his passion for
kitesurfing. The Summer Schools have been very success-
ful, in no small part because of Vaughan’s guiding hand.

Vaughan was highly accomplished in many areas out-
side mathematics and kitesurfing. He was an avid sports-
man, passionately supporting the All Blacks, and relishing
golf and squash; the sight of him in full cry on a squash
court was more than a little intimidating. He was a skilled
musician, a qualified barista, and cooked wonderful pota-
toes au gratin; and in his younger days, he had an almost
legendary capacity for beer. He could be, and often was,
the “life of the party,” but he also had a quiet contempla-
tive side as I saw during a long road trip we took in 2014
fromLake Te Anau toNelson. Butmost of all, Vaughanwas
somebody who enjoyed life, and who stimulated those in
contact with him to greater enjoyment and achievement in
their own lives. I shall miss his mathematical energy and
inspiration, his zest for living, and his wonderful company
as a dinner companion. Vale, Vaughan.

Klaus Schmidt
I first met Vaughan Jones at a workshop on Ergodic Theory
in March 1980 at Les Plans-sur-Bex near Geneva. At the
time, Vaughan had only just completed his PhD, but it was
obvious to everyone that he was an exceptionally gifted
mathematician with a wonderfully open and friendly per-
sonality to match. When I organized a symposium on
vonNeumannAlgebras and Ergodic Theory at theWarwick
Mathematics Institute in 1980/81 with leading experts
from both fields, I also invited Vaughan. He gave a lecture
on the indices of subfactors and mentioned that there was
a gap in the range of possible indices—an early glimpse of
his remarkable Index Theory. In 1986/87 David Evans or-
ganized another symposium at Warwick, this time focused
on Operator Algebras, at which Vaughan presented his re-
markable discoveries on subfactors, the Jones polynomial,
and spectacular applications in the theory of operator al-
gebras and low-dimensional topology.

At Warwick, Vaughan and I returned to conversations
started in 1980 at Les Plans about asymptotically invari-
ant sequences of Borel sets for type II1 ergodic equivalence
relations (Alain Connes and BenjaminWeiss subsequently
coined the term strongly ergodic for such relations without
asymptotically invariant sequences). Around 1986, I re-
alized that such a relation 𝑅 fails to be strongly ergodic
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if and only if it has a hyperfinite equivalence relation 𝑆
as a “quotient.” When I told Vaughan about this he im-
mediately asked when one could split off this quotient 𝑆
as a direct summand of 𝑅 or, equivalently, when 𝑅 is or-
bit equivalent to a product relation 𝑅 × 𝑆 with 𝑆 hyperfi-
nite. This is the case if and only if the full group of 𝑅 con-
tains nontrivial asymptotically central sequences. The anal-
ogous problem for factors, which had been solved by Dusa
McDuff in 1970 in the type II1 case and by Alain Connes
in 1976 in the general case, leads to formally quite similar
answers, but neither version of this problem implies the
other one.

In 1994, I returned to Austria—to the Erwin Schröding-
er Institute (ESI) in Vienna. In 1996 Vaughan agreed to
become a member of the Scientific Advisory Board for five
years, and he remained a friend, supporter, and regular vis-
itor to the Institute for many years. He gave a keynote lec-
ture on the occasion of the 10th anniversary of the ESI in
2003, and a prestigious Kurt Gödel Lecture at the Austrian
Academy of Science, followed by an informal, amusing,
and somewhat subversive lecture to interested school kids
on the challenges and rewards of being a mathematician.
In appreciation of his lectures, the Academy presented him
with a ticket to a performance of Der Rosenkavalier at the
Vienna State Opera which Vaughan, as a passionate music
lover, enjoyed very much.

When the ESI was unexpectedly threatened with im-
minent closure in 2010, Vaughan unhesitatingly joined
the protests of the international scientific community and
wrote a strong letter of support which certainly helped to
convince the Austrian authorities to agree to a rescue of the
Institute.

The news of Vaughan’s death came as a deep shock to
me. In addition to my admiration for his mathematical
creativity, I will always remember his warm and generous
personality, his (and, of course, Wendy’s) hospitality and
kindness on numerous occasions, and the boundless and
infectious enthusiasm with which he pursued his wide
range of interests. In many ways he was larger than life,
but at the same time he was very modest and unassuming.
Like his many friends all over the world, I miss him very
much.

Roberto Longo
In my eyes, Vaughan Jones was primarily an artist, a vision-
ary mathematician who produced theorems like a great
painter can paint a picture. Capable of incredible connec-
tions with the simplicity of the greats.

Roberto Longo is a professor of mathematics at the University of Rome Tor Ver-
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I cannot but immediately say that Vaughan was a great
friend to those who had the fortune to know him, a person
of humanity and extraordinary understanding.

A few years ago, in my talk at a conference in China on
the occasion of his 60th birthday, I said that I was prob-
ably the person in that room who had known Vaughan
first. Vaughan intervened to confirm and said: “even be-
fore my wife!” I clearly remember how we met, fresh from
graduation at a conference in Marseille: I was looking for
a restaurant at the port and Vaughan approached me with
empathy asking for a preprint!

The famous Jones index and Jones polynomial came only a
few years after. In the mid-80s I received an envelope from
Vaughan with his articles and greetings. I immediately had
the feeling that there was some relationship tomywork on
split inclusions of von Neumann algebras, although the
contexts were disjoint. I put Vaughan’s index paper in my
briefcase and used to read it while traveling.

Meanwhile, there was a growing interest in low-
dimensional quantum phenomena and Vaughan envis-
aged the relevance of the subject. In particular, J. Fröh-
lich was looking for a conceptual understanding of the ex-
otic, anyon statistics of low-dimensional quantum fields.
In January ‘88, as a final comment of a seminar talk in
Rome, J. Roberts said that, in low dimension, the Do-
plicher, Haag, and Roberts (DHR) statistics was given by
a braid group representation and no analysis existed on
that.

I well remember the day in April ‘88 that I was reading
the basic DHR paper on superselection sectors and a light
bulb came on: the DHR statistical dimension is the square
root of the Jones index! Jones’s index so intrinsically entered
into crucial interplay with Quantum Field Theory. Such
an exciting and absorbing period for me, taking also into
account that my first son was to be born in a couple of
weeks!

Concerning conformal QFT nets of von Neumann alge-
bras, the Jones index is quite a powerful tool and allowed
a first classification, a lucky adventure that I experienced
together with Y. Kawahigashi, with contributions by F. Xu,
D. Evans, and S. Carpi among others.

In 2016, the University of Rome Tor Vergata awarded
Vaughan Jones the Laurea Honoris Causa in Mathematics.
Vaughan gave, with his usual empathy, a simple and effec-
tive speech1 to give non-mathematicians an idea of what
mathematics is.

Last year we were co-organisers of the Operator Alge-
bras and Applications program at the Simons Center in
Stony Brook. The discussions with Vaughan there are a
great memory for me, and I think for all the participants.

1His speech was later published by Italian newspaper Sole 24 Ore and can be
found on my web page http://www.mat.uniroma2.it/longo/.
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Figure 8. Vaughan during his plenary address at ICM Kyoto
1990.

Georges Skandalis
For more than 40 years, I enjoyed meeting Vaughan at a
variety of occasions. I had a great time with him, both in
math discussions and at a more personal level. It feels so
painful to recall these happy moments knowing that they
will not happen again.

We met in many places under various circumstances. I
especially remember two very fortunate ones. I was in-
credibly lucky to be in Geneva on June 14, 1984, when
Vaughan gave his first-ever talk on his polynomial for
knots. I remember very precisely when unexpected objects
like Hecke algebras, braid groups, Markov conditions, and
knots appeared in the world of subfactors. I also recall the
excitement of the audience with many questions and a vig-
orous discussion. Vaughan was jet-lagged, and obviously
exhausted, but also so proud and happy. I am sure that
we all shared the same feelings, and were so excited to be
there and to see such deep and beautiful mathematics be-
ing revealed by our friend.

Later Vaughan happened to be in Paris when I defended
my thèse d’Etat in 1986. A rugby scrum developed during
the party with five or six people against Vaughan—who, as
a true New Zealander and All Black, pushed us all the way
to the other end of the room.

Georges Skandalis is a professor of mathematics at the University of Paris. His
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We frequently met over the years. Recently, we could
not drink as many beers as before, but it was always a great
pleasure to be with Vaughan. He has always been for me,
even more than a great mathematician, a great guy, very
positive and lively, very much sensitive of others. I miss
you, Vaughan.

Fred Goodman
One of the privileges of being a mathematician is that one
gets to know some truly extraordinary people. After my
PhD, I was able to spend several years as a postdoc at the
University of Pennsylvania. My colleagues—in operator al-
gebras and associated areas alone—included Richard Kadi-
son, Robert Powers, Michael Fell, David Shale, Jonathan
Rosenberg, and Joachim Cuntz, as well as Antony Wasser-
mann and Hans Wenzl, who were graduate students at the
time. But for me, the great bit of luck was that Vaughan
Jones joined the faculty during 1982–1984, and these were
exactly his anni mirabiles in which he created the subject of
(von Neumann) subfactors with his first remarkable paper
on the subject, and then started the subject of quantum
invariants in topology with his discovery of the Jones link
invariant. A particular bit of luck for me was that Vaughan
was living in Princeton and commuting to Philadelphia,
so to reduce his commuting time, it was often convenient
for him to stay overnight with me. Two consequences
were that Vaughan became a lifelong friend and Leffe is
still my favorite beer. Vaughan’s technique for produc-
ing his first theorem on discrete values of index for sub-
factors, as well as his link invariant, involved producing
from a given subfactor 𝑁0 ⊆ 𝑁1 a whole tower of subfac-
tors 𝑁𝑖 ⊆ 𝑁𝑖+1, 𝑖 ≥ 0, and an associated sequence of projec-
tions 𝑒𝑖 ∶ 𝐿2(𝑁𝑖+1) → 𝐿2(𝑁𝑖). At some point, Vaughan and
I discussed doing the same thing in a finite-dimensional
setting and connecting this with an old theorem of Kro-
necker about integer matrices of small norm. We intended
to write a small expository article about this. A year passed
before we did anything about this, and in the meanwhile
Pierre de la Harpe joined the project, and the article ex-
panded into a book-length exposition. This was the first
book on the subject of subfactors, and it seems quite a
few people have found it useful, even though the subject
quickly developed far beyond what was treated in the text.
Vaughan had a great spirit and was a generous friend. His
sudden death is a huge loss for mathematics and for his
many friends.

Fred Goodman is a professor emeritus of mathematics at the University of Iowa.
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Arthur Jaffe
It came as an unbelievable shock to learn that Vaughan had
died at the young age of 67 this past September [2020].
Not only was Vaughan a mathematical visionary, a pow-
erful analyst, the spiritual leader of a large group of re-
searchers who followed in hismathematical footsteps, and
an extraordinary gentleman, but he was also a good per-
sonal friend. I find it incomprehensible that he will not
renew the familiar Kiwi twang resonating in my brain. As
far as I know, Vaughan’s last public seminar was a beauti-
ful talk on July 21, 2020, on Applied von Neumann Algebras
that one can view on YouTube.

I first met Vaughan in the 1980s, when I recall our talk-
ing about his interest in knot theory and the structure of
proteins. Vaughan was always interested in reaching out in
new directions in an interesting and unusual way, includ-
ing his recent interest in the Thompson group, as a possi-
ble road to an interesting quantum field theory. Vaughan
often asked me, “What is . . . ” and two familiar themes
were “reflection positivity” and “a Quon.” While they are
both closely related to Vaughan’s ideas in planar algebra,
we never got to the end of those discussions.

In 2015, Vaughan’s student Zhengwei Liu came to Har-
vard, and afterward Vaughan became a more frequent
visitor. Occasionally, Vaughan stayed at the Mary Pren-
tiss Inn, close to where I live, and on those occasions,
we would often meet in the morning for coffee at Si-
mon’s across the street. There Vaughan would joke with
the barista that he could draw a better swan—and once
Vaughan was challenged, only to demonstrate his supe-
rior skill with steamed milk. Vaughan’s love of coffee also
led to an interesting birthday present: two coffee cups
from New Zealand. Coffee was not Vaughan’s only non-
mathematical interest; he had many, including a love for
surfing that led last year to an ear infection.

Images from our most recent meeting when we were
both visiting Tsinghua University, as well as other interac-
tions, invoke happy thoughts that help transcend our loss.

John Ratcliffe
I first met Vaughan Jones in June of 1982, in Geneva,
Switzerland, when I was visitingMichel Kervaire at theUni-
versity of Geneva. I spent four wonderful weeks in Geneva
with my wife, Susan, and our four-year old daughter Kim.
During our visit, Kervaire and Vaughan asked me to serve
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Figure 9. Vaughan at the Subfactors in Sydney 2019 workshop
wearing Bodega Bay Institute of Mathematics shirt.

on the PhD committee of Oscar Pino Ortiz, who was their
joint student and Vaughan’s first PhD student. Oscar’s the-
sis was on relative cohomology of groups, which was a
topic in Vaughan’s PhD thesis, and also in my PhD thesis.

Duringmy visit, Vaughan gave a pair of remarkable talks
that left a lasting impression on me. The first was on his
celebrated index theorem for a subfactor of a type II fac-
tor. I remember being struck by the beauty of the theorem.
The second was on representations of Artin’s braid group
in the algebras arising from his tower of factors construc-
tion. That the braid group should have such a representa-
tion was surprising to me, and I felt that Vaughan had dis-
covered something important. I remember having lunch
with Vaughan and Nathan Habegger, a fellow student of
Haefliger, after the talk. It was a beautiful sunny day, and
we were eating al fresco. Vaughan was in good spirits, as
usual, and I remember telling him that his braid group rep-
resentation was very interesting and important.

I was delighted when Vaughan joined our department
at Vanderbilt in 2011. Vaughan became not only a valued
colleague, but also a good friend to many members of our
department.

When I found out that Vaughan played tennis, I invited
him to join my doubles group. Occasionally, Wendy, who
played tennis in college, also played in our game. Vaughan
liked to team up with me to play the first set. Most of our
sets were close, but we won more often than not. Some-
time towards the end of our last tennis season, we were
feeling our ages, and wewere down 0-5 in games. Vaughan
turned to me and said, “John, I think we can play better
than this,” and I said, “I think we can too.” We proceeded
to win six games straight. Vaughan was serving the next
game, and I turned to him and said, “We have to win this;
otherwise, we will not be able to brag about our come-
back.” All Vaughan did was give me a big grin, and then
he served out the set. I will always remember Vaughan as
kind and generous, and a winner.
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Gus Lehrer
I first met Vaughan in Sydney in about 1983. Being a
representation theorist, with primary interests in algebra
and topology, I initially did not think that we had much
in common mathematically. This turned out to be com-
pletely wrong, and from our first meeting until his tragic
early death, we had an ongoing mathematical dialogue,
which centred around Hecke algebras of various sorts, as
well as invariant theoretic themes. In the early days we
played squash, and after taking numerous beatings at my
hands, Vaughan, ever resourceful, persuaded me to play
racquetball instead. Hitting the ball to the roof of a court,
or at the junction of the front wall with the floor, were
techniques unknown in squash, and the result was that
the odds were very much evened up.

In later years, when Vaughan took up golf quite seri-
ously, he extracted more than adequate revenge for his
early beatings on the squash court. His always smiling and
humorous demeanour did nothing to conceal his pleasure
at showing me what a frustrating game golf can be. My
most recent game with him was in Cambridge in 2018, at
a very small course, during the INI conference there. I re-
member it fondly.

I made numerous visits to see Vaughan in Berkeley, and
have very fond memories of drinking his expertly made
cappucinos, particularly at his beach house in Bodega Bay.
Although I did not share his passion for windsurfing and
kiteboarding, I often went surfing while he was doing
those activities. Vaughan also visited me and my wife
Nanna in Sydney several times, sometimes with Wendy.
I recall a recent Thanksgiving, where Vaughan roasted an
enormous turkey at our home, which fed a huge party.

Vaughan loved our beach house at Werri, south of Syd-
ney, because there was a very reliable wind which sprang
up every afternoon. I recall one occasion when Vaughan
went kiteboarding at Werri. I took a walk towards Kiama
on the headland, and could see him very well when he
started. However the wind was good and he was swept
eastwards at great speed. He soon disappeared over the
horizon towards San Francisco, and I could only hope for
his safe return, as we had a workshop in Canberra the fol-
lowing week.

It is arguable that in the long run, Vaughan Jones’s most
significant contribution to mathematics may turn out to
be the formalism of planar algebras. Their recursive nature,
and their alreadywell-documented links tomany branches
of geometry, algebra, number theory, and topology, as well
as the growing literature concerning them, augur well for
their future.

Gus Lehrer is a professor of mathematics at Sydney University. His email ad-
dress is gustav.lehrer@sydney.edu.au.

My own work with John Graham on the affine
Temperley-Lieb category interacted with that of Vaughan
through his work on the annular Temperley-Lieb algebra.
When I first met Vaughan in the early 1980s he was very
dismissive of nonsemisimple modules and algebras, be-
cause in the world of operator algebras, one always has
nondegenerate traces, which imply semisimplicity. How-
ever, when I explained the above results to him (in a se-
ries of talks that he organised), and said that admission of
nonsemisimplicity is an intrinsic part of cellular theory, I
believe that he changed his mind, and realised that ventur-
ing into the nonsemisimple world can reveal new things
about the semisimple one.

Vaughan’s passing was a great shock for all who knew
him. He was a larger than life figure, full of goodness. He
was always a pleasure to be with. He will be greatly missed.

Joan Birman
I want to remember here personalmoments that we shared
after Vaughan’s discovery of his polynomial. One of them
occurred two years later, as Vaughan was writing his 1986
paper for theAnnals of Mathematics. Wewere talking on the
telephone, Vaughan was in Berkeley and I was at home in
my office in New Rochelle, New York, three hours ahead
of him in time. He was telling me about calculations he
had done to determine the braid index of the prime knots
up to 10 crossings, using the then-standard knot tables in
Dale Rolfsen’s book. He did them because he wondered
whether his polynomial detected braid index. I asked him
how he found the time and patience to do so many cal-
culations, and do them so carefully. He told me that his
infant son Ian suffered from colic, and that he, Vaughan,
would be up at night doing his best to comfort Ian. So
Vaughan would walk with Ian on his shoulders, back and
forth across the room, in the middle of the night, manip-
ulating pictures of the knots in Dale’s tables and jotting
down his results as he did so. Those tables are in his 1986
Annals paper, for posterity.

In a different direction, after the discovery of the poly-
nomial, Vaughan and I both attended a number of con-
ferences and gatherings of mathematicians: possibly dur-
ing the academic year 1984–5, when (by a lucky accident)
there just happened to be “special years” in both Opera-
tor Algebras and Low Dimensional Topology at MSRI. But
it could also have been when we were both at the sympo-
sium on “BRAIDS” that was held in 1986 at Santa Cruz,
CA, where the grass was not cut until students had tram-
pled it down to show (by usage) where they wanted the
paths to be, an act that was in progress whenwewere there;
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Figure 10. Sir John Meurig Thomas, David Evans, and
Vaughan with portrait of Peter Guthrie Tait, Peterhouse,
Cambridge, 2017 during the Newton Institute program on
Operator Algebras: Subfactors and Applications.

or maybe it was at Luminy, in the wind-eroded mountains
overlooking the Mediterranean. In each of those places,
at around 9:30 or 10:00 p.m., after a long day of intense
mathematics, Vaughan was very likely to be found at the
center of an admiring group of friends whowere alsomath
colleagues. He was relaxed, gay and happy, enjoying a beer
with hismanymath friends, holding forth in fine form. He
was happy. After a while the conversation became quieter,
wewere all tired and knew there would bemoremathemat-
ics to come tomorrow. So, one or two at a time, we drifted
off, to get a night’s sleep and get ready for another intense
day of mathematics. That’s the way I want to remember
my old and very dear friend Vaughan Jones.

Edward Witten
In his work on knot theory, Vaughan Jones gave an inspir-
ing example of openness to unexpected opportunities in
research. His starting point was a rather surprising theo-
rem about subfactors of von Neumann algebras of small

Edward Witten is the Charles Simonyi Professor in the School of Natural Sci-
ences at the Institute for Advanced Study at Princeton University. His email
address is witten@ias.edu.

index, a subject that sounds miles away from braids, links,
and knots. But the rich algebraic structure that arose in
Jones’s analysis of the subfactors turned out to be closely
related to the Artin relations of the braid group and the
Temperley-Lieb algebra of two-dimensional statistical me-
chanics. Those relationships led Jones to a remarkable
series of discoveries about knots and links and their rela-
tionships to other areas of mathematics and mathematical
physics, including von Neumann algebras, Hecke algebras,
and statistical mechanics, leading ultimately to new in-
sights about quantum groups, quantum field theory, and
more.

From the beginning, Jones’s work was related to physics
in a variety of ways. At a basic level, operator algebras are
important in quantum mechanics and quantum field the-
ory; this relationship was part of von Neumann’s motiva-
tion for studying the algebras that bear his name. More
specifically, from the beginning, Jones’s work had a variety
of relationships to statistical mechanics. This began with
the appearance of the Temperley-Lieb algebra in Jones’s
work. An additional step was taken by Louis Kauffman,
who discovered a state summation model for the Jones
polynomial, relating it directly to the Potts model on any
finite planar graph. Jones made a number of important
further discoveries relating knot theory to statistical me-
chanics, using the Yang-Baxter equation and constructing
vertex models in which the Jones polynomial and many of
its generalizations are directly computed as statistical sums
on finite lattices associated with knot diagrams.

Up to a certain point, there was a simple explanation for
why integrable statistical mechanics could be connected
to knot theory: the Yang-Baxter equation, which underlies
the important models of integrable statistical mechanics,
has a striking analogy to the Reidemeister moves of knot
theory. The similarity between the two is obvious from
Figure 11, but so are the differences; the Yang-Baxter rela-
tion is purely two-dimensional, with no notion of whether
one line is crossing “over” or “under” another, while the
analogous Reidemeister move is essentially three dimen-
sional. Moreover, in knot theory there are other Reidemeis-
termoves, though the one depicted in the figure is arguably
the main one. I do not know whether anyone before the
discovery of the Jones polynomial took seriously the anal-
ogy between the Yang-Baxter equation and the correspond-
ing Reidemeister move of knot theory, but even if one did
take this analogy seriously, it would have been far from
obvious how or why the structures that appear in solving
the Yang-Baxter equation would be useful in constructing
knot invariants.

Somewhat analogously, although knots have an obvi-
ous similarity to braids, there are also important differ-
ences. A knot can be constructed by taking the “trace” of
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Figure 11. a) The Yang-Baxter relation, which appears in
two-dimensional mathematical physics in several different
ways. In one interpretation, the lines are trajectories of
particles in a two-dimensional spacetime and the equation
says that it does not matter in which order the particles
collide. b) The corresponding Reidemeister move of knot
theory. Note that here the lines pass “over” or “under” each
other in three dimensions, while in the Yang-Baxter case, the
particles actually collide in two dimensions.

a braid, but because the same knot can arise from many
different braids, it was difficult to exploit the relation be-
tween knots and braids. Jones, however, discovered some
novel representations of the braid group from which knot
invariants could be constructed. The defining property of
the Jones representations of the braid group is that each
of the usual braid group generators has only two distinct
eigenvalues in each of the Jones representations. From a
suitable linear combination of the traces in these represen-
tations, Jones constructed his knot polynomial.

An essentially new relation of the Jones representations
of the braid group with theoretical physics was discovered
in 1988 by Akihiro Tsuchiya and Yukihiro Kanie. They
showed that the Jones representations can be defined as
themonodromy representations of the “conformal blocks”
of a certain two-dimensional conformal field theory (the
WZW model). Related to this, the Jones representations
can be interpreted in terms of the nonabelian statistics
of “anyons” in two-dimensional materials (that is, in thin
films), with possible applications to quantum computing.
For the Jones polynomial of a knot or link, the analogous
statement is that it can be defined via a quantum gauge the-
ory in three dimensions. In that theory, the classical action
is the Chern-Simons invariant of a connection. Because of
its multiple connections to physics, the Jones polynomial
is probablymuch better known among physicists than any-
thing in knot theory other than the Gauss linking number.

Michael Freedman
My earliest memory of Vaughan Jones is of a bear of a man
thrashing a bike up Strawberry Canyon in the heat to lec-
ture at MSRI. I would end up spending 30 years of my
own life in one way or another woven around the Jones
polynomial; for me it became a way of understanding
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Figure 12. Dietmar Bisch, Mike Freedman, and Vaughan at
Vanderbilt, NCGOA Spring Institute 2019 & 34th Shanks
Lecture.

quantum computation. But in the early years I did not
know I needed to know about it. For Vaughan, the Jones
polynomial was obviously a manifestation of physics, he
knew it was related to integrable models of statistical me-
chanics. I also think he had no doubt of its quantum me-
chanical significance since it arose from the study of the
trace on von Neumann algebras which he understood in
terms of expectation values of observables, having been
trained in a tradition that valued the perspective of physics.

By the late 80s, there was almost an embarrassment of
riches as far as connections between the Jones polynomial
and physics was concerned. It is now a famous story that in
1988 Michael Atiyah exercised his “administrative talent”
in realizing: A) the Jones polynomial must in some way
be organizing the expectation values of a quantum field
theory, B) he, himself, did not have the knowledge at his
finger tips to assemble the picture, and C) his colleague
Ed Witten did, and was the person for the job. Witten’s
explanation of the Jones polynomial put it near the center
of my life for the next 30 years.

In the fall of ‘88, I was visiting Cliff Taubes at Har-
vard and Cliff asked me to join the seminar he and Raoul
Bott were running on Witten’s mimeographed notes deriv-
ing the Jones polynomial from SU(2)-Chern-Simons (CS)
gauge theory. Up to then, I had had no contact with
physics and was highly suspicious. I had not heard of Wit-
ten and his notes immediately looked wrong to me. He
was saying that to compute an evaluation of the V (the
Jones polynomial) you should compute the trace of a ho-
lonomy integral. To my mind this appeared to be utter
nonsense since holonomy varies smoothly as one varies
the knot, and appeared perfectly well defined if a crossing
change occurred, so it looked to me that if Witten’s inte-
gral was well defined at all, it would be a homotopy, not
an isotopy invariant, not a knot invariant. I wrote a letter
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to Witten complaining about this and other points that
were obvious to him and opaque to me. He answered that
the integration measure was not on functions but on dis-
tributions and I should not try to sample the distribution
at the same point twice (as at an intersection point), and
that the innocent trick of completing the square in the ex-
ponent (and thus introducing the Green’s function) made
the risky divergence near a crossing point manifest. I was
converted; a physicist, by understanding what completing
the square means, could see farther into topology than I.
Vaughan of course was already there; for himWitten’s work
was a new and rich connection, but to him not unexpected.

From then on I was in Vaughan’s circle, and I liked it.
I wanted to use his polynomial to build a quantum com-
puter, and Vaughan foundmy enthusiasm for cryogenic en-
gineering amusing. With the enthusiasm of the converted
I wanted to manipulate topological phases (manifesting
the Jones polynomial via the CS connection) not just study
them mathematically. Vaughan was always fun to talk to
about these things (and everything else). I remember early
on, before I had absorbed the concept of a “low energy ef-
fective field theory,” the only place I knew of in physics
where an SU(2) gauge group came up was the SU(2) asso-
ciated with the weak force connected to nuclear decay. It
was 1990 and the Cold War seemed to be ending, Vaughan
and I had a great time over a beer wondering if we could
procure a few nuclear weapons, maybe the whole arsenal,
to carry out quantum computation. We didn’t see exactly
how to extract the Jones polynomial from a nuclear explo-
sion, but we were young, and nothing seemed impossible.
Of course, the thinking now is to work at 20 millikelvin,
but in 1990 our thoughts ran toward the other end of the
spectrum.

Being in Vaughan’s circle was not all about math, sci-
ence, and wild plans for the future. Vaughan led a group
of vigorous young colleagues and graduate students. He
was soon to happen upon his greatest invention—the per-
fect scientific conference: a gathering of friends (that re-
quirement excluded no one as Vaughan’s openness and
generosity made him a friend to all) willing to work in-
tensely from 8:15 to 12:30, play hard all afternoon, and
start in again 6:30–9:00 p.m. The venues varied: Maui,
Maui, New Zealand, Maui, New Zealand, even Bodega Bay.
Vaughan was very coordinated and made first windsurfing
and then kiteboarding look easy (though the latter always
looked and was quite dangerous). Vaughan would always
have mountains of gear on hand and the time and gen-
erosity to teach anyone, the slightest bit willing, how to
do these things. I was able to learn (barely) to windsurf
from him. Kiting was another matter. It is mathematically
impossible to start. If you are going along it seems just pos-
sible to keep going (for a short while) but all planets must

align in perfect syzygy to launch. I do not know how he
did it. Vaughan liked the wind strong; 30 knots was worth
canceling a lecture for. I’ve seen him on a broad reach in
those conditions, his large, helmeted body flicked airward
by some additional gust and then gracefully, or brutally,
returned to the water. I’ve seen both. Vaughan was of-
ten hurt a bit but usually seemed more amused than con-
cerned. I recall in July 2019 some strap or guy cut his right
eye (ball), and it affected his vision to the extent that he
lectured with that eye closed. Some sequence of arm in-
juries had reduced the range of motion in his elbows to a
number of degrees < 90. I enjoy similar minor debilities
from a lifetime of rock climbing so Vaughan and I would
compare. His elbows were slightly worse. I think our un-
spoken conclusion was that this was a mark of a life well
spent.

Vaughan had notebooks full of his kiting adventures.
As he would travel alone around New Zealand (mostly
the North Island I believe) in his van packed with kite
gear, he would note the wind direction and strength, cur-
rents, time of day, surf state, and other relevant factors.
The map at the front was annotated with a blizzard of
pencil and ink markings documenting days of shear brave
fun and narrow escapes. He would show up for his talks
sun burned and caked in salt still wearing beach shorts—a
dress code he would describe as the “classic tradition.” He
had an admirable air of fatalismwhich I had known before
only among fine rock climbers, who knew they could and
would execute competently no matter the circumstance
and that, not the outcome, was the point. He certainly
could have been blown to Fiji, but was not.

Last December (2019) I was at a conference with
Vaughan in Auckland. There was a formalmoment, a prize,
I think, being awarded, likely to Witten, for he was in at-
tendance. I don’t recall the prize, but Witten gave a superb
lecture on the LIGOproject, a remarkable 10 orders ofmag-
nitude in energy below his own specialty. Vaughan intro-
duced him and wore black pants. I was concerned, but on
closer inspection they turned out to be only sweatpants.

Hugh Woodin
Anyone who knew Vaughan also knew of his passion for
windsurfing and later for kitesurfing. In his office was a
large map of the world covered with pins, marking loca-
tions where he had windsurfed or kitesurfed (with pins
color coded for the two activities).

Vaughan was very methodical. The transition from
windsurfing to kitesurfing involved a trainer kite with
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Figure 13. Hugh Woodin and Vaughan in Chile, March 2010.

which he had many sessions over several months. Finally
the day camewhen he felt ready to attempt the real thing. I
was his duly appointed second and off wewent to Alameda
beach. The wind was too light when we arrived even for
kitesurfing, but after a few hours it strengthened. I in the
role of second, helped launch the kite and off Vaughan
went. Afterwards, Vaughan was absolutely euphoric. He
rarely windsurfed again having been completely ensnared.
Watching him fly across the water, always so graceful, was
an enduring pleasure for me over the years.

Vaughan and I each travelled extensively and we would
conspire to meet whenever possible. This led to climb-
ing Etna in Sicily, seeing an eclipse in Aruba, dog sled-
ding in Switzerland, and exploring the Atacama Desert in
Chile. Among my fondest memories is driving all over
New Zealand scouting locations for the regular January
meetings of NZMRI.

When I was growing up, we would use the phrase as far
away as Timbuktu to indicate an impossibly remote place.
InNewZealandwhenVaughanwas growing up, the phrase
was as far away as the Chatham (Rekohu) Islands. And so
it came to pass that Vaughan decided we have to go there.
This was our last exotic trip together. Vaughan, Dietmar,
and I boarded a plane in Wellington in January of 2017.
The first indication of the remoteness of our destination
was that the interior of the plane was full of cargo. Most
of the seats had been removed to make room.

The Rekohu Islands lie some 500 miles east of
Christchurch. The longitude is actually 176W even though
the time zone in Rekohu is 45 minutes ahead of the
rest of New Zealand, instead of just over 23 hours be-
hind. Vaughan earned pins on several exceedingly remote
beaches, and the trip was a remarkable adventure. Just last
fall we were in the process of choosing our next destina-
tion.

I have been spending the COVID-19 pandemic in Ari-
zona. My brothers and I have a ranch now in the middle
of Ironwood Forest National Monument. The monument
surrounds Ragged Top Mountain, a spectacular volcanic
core with cliffs of several hundred feet. When I turned 50
(some years ago) I decided to keep count of my ascents
and Vaughan was with me on hike number one. In the
days since he so suddenly passed away, I continue my iso-
lation taking comfort in my regular ascents.

This summer has been unusually hot. Even delaying
my hike until late afternoon, I would frequently be head-
ing out when it was 110F. But there is usually a comforting
wind and now when hiking up the mountain, I can hear
Vaughan’s voice as if lofted by that wind, and as clearly as
if he was standing beside me; “All this wind and no water,
what a waste!” I smile.

Nicolai Reshetikhin
This article is more personal than professional. It is a per-
sonal tribute to a good friend and a fantastic, inspiring
mathematician.

Here I will not attempt to give an overview of all his
work and how it influenced the research in subfactors, op-
erator algebras, invariants of knots, and in mathematical
physics. I will mostly focus on events of 1987–1989 when
he played a very important role in the direction my life
took after 1989.

The first time I heard the name Vaughan Jones was back
in 1986 when I was still in Leningrad, USSR. There was
no email, and the latest developments were delivered by
mail or in person. Vladimir Turaev visited Geneva and re-
turned in December 1986 inspired by conversations with
Vaughan Jones; so Turaev gave a talk and that is how I
learned about the Jones polynomial.

Soon after came Vladimir’s and my work on knot poly-
nomials and 𝑅-matrices, and my work with Kirillov, on
q-6j symbols, world of shadows, etc. All this was deeply
inspired by Vaughan’s paper from 1985 and from unpub-
lished notes from his talk at Atiyah’s seminar about how
to use solutions to the Yang-Baxter equations to produce
invariants of knots. In these notes, Vaughan explained that
one can construct an invariant of knots from an 𝑅-matrix
that satisfies the Yang-Baxter equation and an extra prop-
erty that gives the Markov trace for the braid group repre-
sentation obtained from 𝑅.

Turaev and I started to work together and came up
with a comprehensive construction of invariants of knots
from quasitriangular Hopf algebras and in particular from
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quantized universal enveloping algebras for simple Lie al-
gebras. At this time, the preprint “Quantum field theory
and the Jones polynomial” by EdWitten came bymail and
Turaev immediately asked me if I knew a solution of the
Yang-Baxter equation that would satisfy Kirby moves and
thus would not only be an invariant of links, but also an
invariant of 3-manifolds. We did find such a solution, and
thus a 3-manifold invariant. Later Vaughan encouraged us
to construct a full TQFT, that is, invariants of 3-manifolds
with boundary.

I finally met Vaughan in March 1989 and conversations
with him were very inspiring and informal. My personal
memories from that time include a spectacular walk at
point Pinole, a dinner at Vaughan’s house where his fam-
ily patiently dealt with my rudimentary English and many
other small cheerful events. Vaughan was a generous per-
son. Later, when I just came to Berkeley as a faculty mem-
ber, and I did not know how to drive, he offered to let me
use his stick-shift Honda Civic, and I was driving it for a
whole year. Miraculously, the car and I survived.

Many deep developments involving algebraic structures
related to invariants of knots and 3-manifolds happened
during that time. One of themwas the result byMoore and
Seiberg connecting conformal field theory and tensor cat-
egories. Another important development was the connec-
tion to operator algebras, axiomatic quantum field theory,
and conformal field theory. In our papers with Turaev and
in many later developments, representation theory rooted
in works of Drinfeld on quantum groups played an impor-
tant role. Looking back, one can see how a large portion of
these developments was inspired by Vaughan’s paper from
1985 and by his other works.

Perhaps one of the most remarkable developments af-
ter Jones polynomials and after an explosion of results that
followedwas Khovanov’s construction of a two-variable ex-
tension of the Jones polynomial of knots. The key idea
in this construction is the discovery of a homology theory
(Khovanov homology) which can be regarded as a categori-
fication of the skein algebra related to the Jones polyno-
mial. This new polynomial is a weighted Euler characteris-
tic of it. This direction became one of the most active and
important areas of research at the interface of topology and
mathematical physics.

As it was mentioned at the beginning, these notes are
personal and very brief. It takes more than two columns
to describe in detail the areas of mathematics that were in-
fluenced by Vaughan’s work. Looking back, I can certainly
say that reading Vaughan’s paper from 1985 and getting
to know him personally were among the few important
events that changed my life.

Figure 14. Ed Frenkel and Vaughan at Tarifa, Spain, in 2003.

Berkeley Students
Arnaud Brothier, Pinhas Grossman, Michael Hartglass, Zeph
Landau, David Penneys, Emily Peters, Stephen Sawin, Noah
Snyder, James Tener, and Dylan Thurston

Vaughan advised more than 30 PhD students over the
course of his career, including more than 20 at Berkeley.
He cared about the progress and development of all of
his students, and had a flexible approach to advising that
he adapted to meet the needs of each individual student.
He formed lasting relationships with many of his students,
and his guidance and friendship continued throughout
our careers. The community of students that he built and
cultivated provided a supporting foundation and sense of
belonging as we began our own academic journeys.

For many of us, starting a PhD with one of the
world’s great mathematicians was an intimidating experi-
ence. Vaughan would typically start us off by posing a rel-
atively straightforward, doable problem as a confidence-
builder. Afterwards, we would move on to more open-
ended projects. He was always extremely generous with
his time and ideas, listening patiently as we discussed
our thoughts and obstacles, and giving valuable feedback
(which sometimes took years to truly appreciate). As we
progressed in our research, he would take an increasingly
hands-off approach, encouraging us to explore indepen-
dently. There were two complementary sides to Vaughan
as an advisor: the mentor/friend with whom you could
have a casual conversation about mathematics (or any
topic), and the professor looking at you very seriously
when you were at the blackboard, asking you to justify ev-
ery detail.

We learned a lot from what Vaughan taught us, and per-
haps even more from the example he set. Vaughan ap-
proached mathematics the way he approached many of
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his other passions, such as kitesurfing and golf, with play-
ful and unreserved joy. He chose research topics which he
found fun and exciting, and had the ability to find an in-
teresting seed of an idea and nurture it (for years!) and see
what it would grow into.

He had a contagious optimism which carried us
through the tougher stretches of our PhD years. He re-
assured us that being stuck or confused is a normal part
of the mathematical process, and that arriving at mutu-
ally contradictory conclusions is exciting because it means
you’re about to learn something!

Vaughan built a wonderfulmathematical community at
Berkeley. The focal point of this community was the Friday
afternoon Subfactor Seminar, followed by Beer and Pizza.
The weekly seminar typically featured talks by Vaughan’s
students, postdocs, and visitors. Vaughan believed that a
seminar where no one asked questions was a disaster; he
led the way by asking persistent, probing questions, which
often resulted in two-hour talks. This led to a lively envi-
ronment where students could ask questions and admit to
being confused, since Vaughan also did those things. At
the same time, speaking in Vaughan’s seminar could be a
mildly terrifying experience, since we never knew ahead of
time which particular detail of our talk Vaughan would be
grilling us about.

Afterwards, we would meet for food and drink, and
more informal mathematical discussions. In later years,
the venue shifted from La Val’s Pizza on the North side to
Raleigh’s Pub on Telegraph Avenue, but Vaughan still liked
to call it Beer and Pizza, despite the absence of pizza. Every
week Vaughan would pick up the check and stare at it as if
he was doing a complicated calculation, before inevitably
saying we each owed $5. Vaughan’s subfactor seminar was
also very welcoming to people coming from neighboring
fields, many of whom had no background in operator al-
gebras, but learned about them because it was such a won-
derful seminar and community.

Another critical component of Vaughan’s community
was the retreats he organized, usually to Maui, Lake Tahoe,
or his home in Bodega Bay. These retreats featured
Vaughan’s kitesurf hard, do math hard attitude, where half
the day would consist of kitesurfing, windsurfing, or ski-
ing, while the other half consisted of math talks. One
of Vaughan’s favorite ways to keep the quality of the talks
high, even when people were physically tired, was to des-
ignate an official question asker to make sure that the au-
dience stayed engaged. Many important collaborations
started at these retreats.

Vaughan was tremendously generous as a host, and
would often open his house to his students even if he
couldn’t make it there himself.

Figure 15. Vaughan kiteboarding, Maui, 2009 and 2018.

At these retreats, and at many conferences and research
programs around the world, Vaughan was a dynamic pres-
ence. He took an interest in catching up with the lives and
careers of his students and colleagues. Many people were
eager to talk to him about their research questions and
goals, and he often took the opportunity of introducing
people whom he thought might share similar or comple-
mentary interests, which led to numerous collaborations.

The community that Vaughan built continues to thrive,
but it will not be the same without him.

Rodney Baxter
In the 1980s, Vaughan had realised that the Temperley-
Lieb algebra, which arises in the Potts model in equilib-
rium statistical mechanics, is related to the problem of
evaluating the Jones polynomial of a knot. I was working
on various lattice models in statistical mechanics, includ-
ing the Potts model, so we had an interest in common. We
were also both antipodeans (he by origin, myself by adop-
tion).

Our paths probably first crossed when Vaughan talked
on this work during a conference in the Maths School
at the Australian National University in Canberra in July
1989. Then in 1990 I was invited (with Barry McCoy—a
fellow statistical mechanic) to the International Congress
of Mathematicians in Kyoto, Japan, where Vaughan was
given the Fields Medal for his work.

Our paths have crossed a number of times since: in
particular he invited me to speak at one of the summer
schools he organised in New Zealand, this one being at the
village of Tologa Bay in the North Island in January 1996.
The village was small, with a population which was largely
Maori. It was a memorable meeting and I was impressed
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Figure 16. Topics in von Neumann algebras workshop, Banff,
2006. 1 Jesse Peterson, 2 Alin Ciuperca, 3 Zhuang Niu, 4
Dima Shlyakhtenko, 5 Ken Dykema, 6 Narutaka Ozawa, 7 Luis
Santiago Moreno, 8 Uffe Haagerup, 9 Juliana Erlijman, 10 Eric
Rowell, 11 Imre Tuba, 12 David Evans, 13 Adrian Ioana, 14
Masaki Izumi, 15 Yasuyuki Kawahigashi, 16 Vaughan Jones,
17 Terry Gannon, 18 George Elliott, 19 Hans Wenzl, 20 Dietmar
Bisch, 21 Magdalena Musat, 22 Roman Sasyk, 23 Maria Grazia
Viola, 24 Roberto Longo, 25 Martin Argerami, 26 Nicolas
Monod, 27 Kenley Jung, 28 Shamindra Ghosh, 29 Holly
Hauschild Mosley, 30 Stefaan Vaes, 31 Sorin Popa, 32 Fred
Goodman, 33 V.S. Sunder, 34 Pinhas Grossman, 35 Pedro
Massey.

by Vaughan’s organization: many of the attendees were ac-
commodated in tents in the campground, while I shared
a two-bedroom unit in the motel with Peter Goddard and
his wife from Cambridge, England. Ruth Lawrence was an-
other participant. Meals were prepared and served in the
community hall, and in the evening we would congregate
in the hotel.

We enjoyed one another’s company, and he supported
my application for a visiting Miller Professorship in 1999
in the Math Department at Berkley. One day I was sitting
in Vaughan’s office while he was away on sabbatical when
a friend of his delivered a case of Belgian beer. I was a little
apprehensive, as I knew that many American universities
had a strict ban on the presence of alcohol on campus—
certainly in an academic’s office. I had visions of suddenly
being surrounded by armed police and dragged off to a
campus dungeon. I had the sense not to advertise the pres-
ence of the beer and was pleased when Vaughan returned
and assumed responsibility.

He would sometimes visit the ANU when he was south
of the equator. In January 2016 he gave a seminar in the
Maths School, and we had an enjoyable dinner with him
afterwards. It came as a shock when I learnt that he had
died. He, with his unconventionality and exuberant hu-
mour, will be greatly missed.

M. Izumi and Y. Kawahigashi
We both met Vaughan as graduate students, and this early
experience motivated us to study subfactors and stay at
Berkeley as Miller Fellows. Later we both invited him to
Japan.

Though I, Yasu, had met Vaughan several times during
my PhD study at UCLA, it was during his visit to Japan for
ICM-90 at Kyoto when I first had real mathematical inter-
actions with him. He gave a colloquium talk in Tokyo just
before ICM-90 and everyone in Japan treated him as the
next Fields medalist. It was during this short stay in Tokyo,
that I decided to start working on his subfactor theory. We
met on the morning of the opening ceremony of ICM-90
at Kyoto and I was amazed by his clothes, since I had never
seen him dress formally before. He had a formal tie, but
immediately after the ceremony, he said “I don’t need this
anymore,” and took it off. He showedme his Fields medal,
and it is my only experience of physically touching a Fields
medal. A few days later at a party for him at Kyoto, he
played with the medal by throwing it up in the air. I ap-
plied for a Miller Research Fellowship because of this inter-
action with him and with his work. He kindly supported
my application, and I stayed at Berkeley from1991 to 1992.
It was my most fruitful year both mathematically and so-
cially. I was supposed to meet him at Berkeley again in
March 2020, but I was forced to cancel my flight on the
day of the departure after checking in, due to the coron-
avirus closing MSRI. I missed this last chance to see him.
His legacy will be remembered eternally by all of us.

I, Masaki, was a second year graduate student at RIMS
when my advisor Araki invited Vaughan to Kyoto just be-
fore ICM-90. I remember I got excited when I attended
Vaughan’s seminar talk because I had just learned the back-
ground material of his talk. Fortunately, after ICM-90, I
obtained a result on subfactors and wrote my master the-
sis on it, which led to my stay at Berkeley in 1994–1996
as a Miller Fellow. Like Yasu, I had a wonderful time in
Berkeley, and learnt so many things, which became the
basis of my career. Vaughan was always so generous to
me—giving an encouraging comment every time, literally
every time, I gave a talk, which never changed until the end.
Vaughan visited Kyoto in 2015 and in 2016. When I asked
him to give a talk for undergraduate students, I again wit-
nessed his generosity: he was really enjoying the interac-
tion despite the students’ insufficient language skills. It is
well known that Vaughan was a good rugby player back in

Masaki Izumi is a professor of mathematics at Kyoto University. His email ad-
dress is izumi@math.kyoto-u.ac.jp.
Yasuyuki Kawahigashi is a professor of mathematics at the University of Tokyo.
His email address is yasuyuki@ms.u-tokyo.ac.jp.
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Figure 17. Wendy, Vaughan, mother Joan, and sister Tessa
when receiving his knighthood in 2002 at Government House,
Auckland.

New Zealand. I used to play rugby too, and we sometimes
talked about rugby, but not very much until 2015 when
Japan beat South Africa in the Rugby World Cup in Eng-
land. Right after thematch, I received email from Vaughan
“CongratulationsMasaki!!!!” Since then it became our cus-
tom to exchange email after the match whenever either
New Zealand or Japan played in the RWC. It continued
until last year when the RWC took place in Japan. My
wife and I took pictures of the quarterfinal between New
Zealand and Ireland, and sent them to Vaughan from the
Tokyo stadium, never expecting that it would be our last
email exchange.

Marston Conder and Gaven Martin
Vaughan Jones was a quintessential ‘Kiwi’—the colloquial
(and much loved) term for a New Zealander since the first
world war. Attributes that Kiwis most identify with are a
can-do attitude, down-to-earth and easy-going character,
fairness, and a love of the outdoors. Those who knew
Vaughan will recognise each of these traits. Kiwis usually
don’t consider themselves as sophisticated, risk-takers, or
worldly! Vaughan wearing a rugby jersey for his Fields
Medal lecture 1990 in Kyoto is typical. There are not too
many images of Vaughan in anything other than informal
attire—a Hawaiian shirt, shorts, and ‘jandals’ (of which he
was a connoisseur).

Vaughan enjoyed the outdoors, adventure and sports,
playing rugby in his youth, and squash and tennis for

Marston Conder is a distinguished professor of mathematics at Auckland Uni-
versity. His email address is m.conder@auckland.ac.nz.
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many years. Visitors to Berkeley would often be regaled
at Caffe Strada with his many “near” victories at squash
against the likes of Hugh Woodin and Steve Evans. He
was also a committed golfer and a passionate sailor; first
windsurfing, and more recently kiteboarding. It was no co-
incidence that our annual NZMRI conference was always
held near water.

He was adventurous in other ways too. A friend recalls
that when Vaughan moved from Los Angeles to the east
coast of the US, in his 20s, he bought a large motorcycle (a
Kawasaki 1000) and rode it across the country. He’d never
owned a motorbike before, but he decided he wanted to
learn how to ride one so, as is the Kiwi way, you get on
and go. Vaughan was also committed to coffee-making
and took a course in barista skills at the local community
college. (The CEOwas an old high school mate—Vaughan
had friends and relatives everywhere.) His qualification
from the City and Guilds of London as a trained barista
was framed and hung on his kitchen wall—the only certifi-
cate hung in his house!

Vaughan spent most of his career in the United States,
but he gave time generously to the University of Auckland
(Distinguished Alumni Professor) and to New Zealand
mathematics, offering courses and lectures to encourage
and mentor younger mathematicians. And so we come to
theNewZealandMathematics Research Institute (NZMRI).
His New Zealand connection was important and he used
his Auckland appointment to fulfill his dream of develop-
ing New Zealand’s mathematical talent by organising an-
nual mathematical workshops. The original philosophy,
which remains in place, was that high-quality mathemati-
cians from all over the world who were also excellent ex-
positors would present a series of lectures, giving students
and local mathematicians the opportunity to learn of de-
velopments. It was also important that the workshops
were held near a beach, with ample time for informal dis-
cussions ... and windsurfing. Over time these workshops
have indeed attracted many of the world’s top researchers.

The first workshop took place at Huia in December
1994, on a shoestring budget, and others proceeded
from there in January (mid-summer), at various locations
around the country. The more remote and undeveloped
the venue, the more it appealed to Vaughan. One meet-
ing in 1997 at Tolaga Bay was held in an old wool shed
with corrugated iron walls, which was cold and draughty,
even before the biggest cyclone in recent memory came
through. Plenty of wind though! At these workshops he
taught many participants the rudiments of windsurfing,
which sometimes resulted in visits to the local hospital by
slow learners. He was often caught looking out a window
to gauge the wind and its likely direction, and looking sad
on an otherwise beautiful summer day when there was no
wind.
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Figure 18. Vaughan’s Latte art.

At our fourth workshop it was decided to establish a
more formal and long-term structure, and the NZMRI was
created and became a charitable trust. We were the found-
ing codirectors, together with Rod Downey and David
Gauld, and with Vaughan as our chairperson. Our main
role is to arrange themes and organisers for the workshops,
but in the early days we also had the challenge of rais-
ing the money. With support from the Marsden Fund
and nine years of “Centres of Research Excellence” funding
for the associated New Zealand Institute of Mathematics
and its Applications, and also with generous support from
Vaughan himself, the NZMRI has reached a position where
it now seems financially secure. Typically we have 50 par-
ticipants with many students. Some invited speakers have
developed strong ties with local mathematicians, resulting
in exchanges of research visits, and others have even taken
up permanent positions in New Zealand. Some of our stu-
dents have their PhDs supervised by researchers they met
at these workshops.

Vaughan’s impact on mathematics in New Zealand has
been immeasurable, significantly raising the standard and
connections of mathematicians here, and it will continue
to be so.

The loss of Vaughan to our community is a tragedy, but
his valuable legacy remains and will thrive.

Dimitri Shlyakhtenko
I first met Vaughan (or more precisely saw him from a
distance) when I arrived as a graduate student in Berke-
ley in 1993. Vaughan was radiating mathematics and was
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surrounded by a large crowd of graduate students and vis-
itors. I was primarily interested in Voiculescu’s free prob-
ability theory and was concentrating on coursework and
passing exams, so despitemy interest in subfactors any real
meeting with Vaughan would have to wait another year or
so.

After passing my qual in fall 1994 (and turning 19) it
was time for me to select my PhD committee. My advi-
sor Dan Voiculescu suggested I ask Vaughan to be on it. It
was almost the end of the semester and Vaughan was be-
sieged by undergraduate students from his calculus class.
They really loved him (one said that he understands now
why Vaughan got his Fields Medal—he really knows calcu-
lus) so his office hours were always full. I had a form for
him to sign and after a few unsuccessful attempts at catch-
ing him, I learned that he was about to hold extra office
hours on some day. I came there to find the door closed.
I knocked and a somewhat irritated Vaughan opened the
door, looked me over (determining that I am from his cal-
culus class) and told me that, as he explained in class, his
extra office hours were cancelled. I mumbled something
about a very quick question, and he said it was all right
to ask. I handed him the PhD committee form and ex-
plained what I wanted. Vaughan changed completely and
we ended up having a half-hour conversation about what
I am thinking of working on. Vaughan was very encourag-
ing and nice, which is how I always remember him.

Around that time I started regularly attending his sub-
factor seminar, and the famous beer and pizza that fol-
lowed it in the evening. Both were incredible. I learned a
lot about subfactors, as well as how much beer can some-
one drink and still be able to derive the formula for the
cubic equation on the back of a napkin. It was fascinating
to see Vaughan at work during these seminars. He had an
amazing mind and wonderful ways of looking at things.
At around that time, he was developing a “pictorial” ap-
proach to subfactor theory, later to be known as planar
algebras. It was unbelievably elegant and beautiful.

I remained in contact with Vaughan after I finished my
PhD and moved to UCLA in 1998. Vaughan got interested
in connections between his “subfactor pictures” and ran-
dom matrix theory and free probability. We talked about
it once in a while, but without making any real headway.
It was not until Alice Guionnet spent a year at Berkeley
in 2006–7 as a Miller Professor that the three of us man-
aged to make some real progress. After many conversa-
tions with Alice, Vaughan came up with a way of interpret-
ing the semicircle law pictorially as a trace on an algebra
of diagrams; and all together we were able to show that
the pictorial picture holds true for any planar algebra. As
a consequence, we were able to reprove a foundational re-
sult of Popa showing that every planar algebra (satisfying
some positivity axioms) arises from a subfactor.
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Vaughan was an amazing mathematician and an amaz-
ing person. He was one of those rare people that would
find something nice to say in a difficult situation, and one
whose advice you could always trust. His personality was
able to gracefully combine so many seemingly irreconcil-
able talents, from mathematics to music, to windsurfing
and kiteboarding, to barista art. He left a tremendous
legacy, both in terms of his mathematical work, and a gen-
eration of mathematicians he helped to raise. He will be
terribly missed.

Alice Guionnet
I heard about Vaughan long before I met him. His excep-
tional work preceded him as well as the rumor that he
gave his talks dressed as Indiana Jones. While this was not
entirely true, Vaughan did wear a beautiful New Zealand
hat at the first talk I attended at Luminy in 2004, and his
knowledge in knots certainly surpassed Indiana’s. It was
only the following year that I got to know Vaughan bet-
ter, when I went to Berkeley with my family. Over the
following nine months, not only did he offer to embark
in a mathematical project, but he introduced my family
to his wife Wendy and their kids. They invited us to their
beautiful summer house in Bodega Bay, and we enjoyed
our first American Thanksgiving in their company. Later, I
participated in conferences in Maui and New Zealand that
Vaughan initiated. There, I saw that working hard in par-
adise is possible. Meeting Vaughan was not only discover-
ing a new field of mathematics but sharing a way of life.

When I met Vaughan I was working on the relation
between random matrices and the enumeration of maps.
Vaughan boldly suggested to use this relation in subfactors
theory. With the help of Dima Shlyakhtenko, not only did
we use random matrices to construct towers of factors for
any possible index but, somewhat reciprocally, we used
subfactor theory, more precisely Vaughan’s construction of
a planar algebra of a graph, to construct matrix models for
the Potts models on random graphs, a construction which
had not been foreseen in physics. Working with Vaughan
was an amazing and unique experience. We would meet
once or twice a week in one of his favorite coffee shops.
To be honest, at the beginning I could hardly understand a
word of what Vaughanwas saying. But very kindly, week af-
ter week, he explained to me the basics of subfactor theory,
drawingmany planar algebras on the shop’s paper napkins.
I think my main contribution to the project was to keep re-
peating that probability theory would be quite boring if
it was restricted to Dirac measures, and similarly Vaughan
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Figure 19. Vaughan teaching at Vanderbilt in 2012.

should consider more fancy states, like those in random
matrix theory. One day, Vaughan could incorporate this
little brick into his theory and the big picture emerged.

When I think about Vaughan, I remember him prepar-
ing the ropes of his kitesurf, explaining in the wind some
beautiful mathematics and looking at us with his incredi-
bly kind smile. I’ll miss him badly.

Vanderbilt Students
Sayan Das, Bin Gui, Corey Jones, Zhengwei Liu, and Yunxiang
Ren

Every trip to a wonderland requires a wizard and our
journey started with Vaughan. Entering his office for ei-
ther weekly meetings or private conversations always was
a magical experience, and shall remain a great source of
inspiration and intellectual stimulation for years to come.
His electrifying presence made subfactors come to life.
Vaughan had a great style of advising. Vaughan would not
let any statement pass without being proved, no matter
how easy or difficult the proof was.

He would always ask us about our own motivations for
a problem or a proposed solution, till it felt “natural” for
us. “Do your own problem” was his refrain; so that we
remained motivated. Vaughan had an amazing capacity
for distilling out the essence of a problem by considering
the easiest nontrivial example. He would lead us by asking
seemingly trivial but natural questions, which turned out
to reveal deeper concepts and connections the more we
kept thinking about them.

Vaughan’s taste in mathematics was wide-ranging, and
he had an eye for beautiful mathematical ideas. A smile
on Vaughan’s face would definitely mean that the result
and the proof were to his taste, while the dreaded frown
would be the prelude for more hard work. To help us
cultivate our taste in mathematics, Vaughan generously
funded our trips to conferences around the world, includ-
ing his favorite conference venue—Maui. Vaughan’s thirst
for knowledge was insatiable, and the greatest demonstra-
tions of this were during the Subfactor Seminar. These
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Figure 20. Ian, Wendy, Alice, Bethany, and Vaughan.
Christmas 2004 at Squaw Valley Ski Resort, CA.

90-minute Friday seminars were the most intellectually
stimulating and beautiful seminars that we have been a
part of. Vaughan would continually question the speakers,
nomatter what the topic was. His questions elucidated the
heart of the problem, and the speakers’ solution. Vaughan
would then buy us dinner. The friendly banter in wide-
ranging topics was in sharp contrast to the earlier intellec-
tual debate in almost all respects, save one. Vaughan was
still at center stage.

Occasionally Vaughan himself would speak at the Sub-
factor Seminar. He would start with a simple yet beauti-
ful idea, share memorable anecdotes, and then create a
masterpiece at the end of his talk, keeping the audience
mesmerized. This was also his style of teaching. “If you
are interested in group actions and group representations
(which you should be, no matter which field of mathe-
matics you study), then you must be interested in von
Neumann algebras.” Vaughan’s memorable introduction
at the start of his von Neumann algebras course had us
hooked, and forever since have we traversed these glades in
Vaughan’s footsteps. Besides mathematics, Vaughan also
encouraged us to enjoy life. Under his influence, we be-
came interested in golf and often played with him. He told
us that you should always say, “this is my average shot”
when you get a good hit. This reflects that he always en-
couraged us to seize the day and enjoy the beauty of it.

Dear Vaughan, thank you for memories of what has
been, and never more will be.

Ian Jones
My older sister Bethany once told our father he was our
Gandalf, or our Aslan. It moved him deeply. Like Tolkien’s
wizard or Lewis’s lion, both of whom he introduced us to
as children, Dad was not always physically present in our
lives, since his career took him all over, but there was a
sense of magic whenever he was around, and a mystique
to his work. Wehave lost a father, a grandfather, a husband,
a real prop and stay, and a force of nature in our family.

To say nothing of his presence in the wider world. Ev-
erywhere he went, it seemed, the doors of friends’ and col-
leagues’ homes opened for him and for us. He was our
guide and our teacher through countless trips and adven-
tures, who knew everyone everywhere and always had that
opaque and inexplicable work to do at every stop.

He even looked the part. With a dark, curly-haired
lion’s mane of his own, set atop a strong, resilient body
and framing a bold face with a ready grin and a twinkle in
his eye, Dad projected confidence and character fit to be an
adventure tale’s mentor, source of energy, and occasional
savior.

Our parents have always set an example for us on how
to live life: 100% on their own terms, always ready to learn
and give something new a try, undeterred by initial set-
backs. An idiosyncrasy of Dad’s was a steadfast refusal
to read instructions for any new gadget or take lessons
in any new endeavor. The memory as viewed from the
shore of the Berkeley Marina of his first attempt at wind-
surfing, alone, getting up on his new board, pulling up a
sail and falling repeatedly back into the water, still makes
me chuckle. He might have learned more quickly by ap-
pealing to an expert, but figuring it out on his own was
a big part of the fun—he didn’t want to learn, he wanted
to discover. A peculiar trait for a professional teacher to
have, maybe, but a valuable lesson for me at least about
being oneself and owning one’s failures. The only time I
can think of him capitulating and taking lessons was for
golf but then, golf is really hard.

More than anything, Dad was simply a lot of fun. From
family card games (he was never allowed to keep score,
since he always tried to fudge the math in his favor)
to camping and ski trips, his wind/kitesurfing obsession,
making gourmet espresso drinks, and a slew of other ac-
tivities and interests, he was so often the cynosure of the
family or of any room he was in. Which explains his great
gift for storytelling. Bedtime stories, whether a classic like
Tolkien or Lewis, or one of a variety he came upwith on his
own, were a masterful performance. As the middle child,
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I often got two experiences: a wondrous first-time hearing
with my older sister listening in; and my turn as observer,
sometimes chiding him for telling it differently as he de-
lighted my younger sister, Alice. We were all delighted,
and lucky, to see him joyously bring back the same magic
a generation later for his young grandsons.

For all his interests, though, what will remain with me
most is when he was doing math. I will always remember
him sitting on our front patio, puffing on a pipe or cigar, in
silent thought or in serious conversation with a colleague
he’d invited over, pad of paper and pen in his hands. His
collaborative spirit touched so many, and his boundless
enthusiasm for life taught us so much, that though his life
has ended, his story has not.
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MATHCOUNTS national championships;1 in high school 
he earned a silver medal as part of the US contingent at the 
1999 International Mathematical Olympiad (IMO). 

Loh credits these competitions with exposing him to 
math categorically different from the rote procedures typi-
cally taught in school. “If I looked at a question,” Loh says 
of his youthful experience of mathematics, “I would actually 
have the expectation not to immediately know how to do it.” 
He sat for each contest prepared to muster his conceptual 
resources and, through clever combination of these, reason 
his way to solutions.

Besides sharpening his problem-solving skills, math con-
tests afforded Loh an early—if modest—opportunity to act 
upon his inborn impulse to help. As a high school student, 
he helped coach a middle school math team; while an un-
dergrad at Caltech, he helped train the USA IMO team as a 
student assistant. Loh relished the challenge of explaining 
concepts to the next generation of mathletes and saw coach-
ing as a way to give back to a system from which he had 
benefitted. He recognized in the up-and-comers the same 
motivation and mathematical curiosity that drove him.

Then, in 2013, the Mathematical Association of America 
named Loh (who had served as Deputy Team Leader for 
three years) National Coach of the USA IMO team,2 and he 
began to dream bigger. With the new title, Loh reckoned, 
came if not power exactly, at least influence, and with that, re-
sponsibility. He could, as National Coach, focus on helping 
the top math students in the country do as well as possible 
on the annual international contests,3 but Loh interpreted 
his charge more broadly. He decided to mount a year-round 
effort to turn more people on to mathematics.

1In 2019, Loh’s daughter Vivian, the first girl ever to win the Pennsylva-
nia MATHCOUNTS competition, represented that state in the national 
championships. 
2The MAA selects the students and coaches who participate in the IMO, 
registers with the IMO organization, and financially supports Team USA’s 
travel.
3The country’s top math students have in fact done remarkably well during 
Loh’s tenure as National Coach. Team USA took back-to-back IMO victo-
ries in 2015 and 2016 (having not won since 1994), again beat out the 
competition in 2018, and in 2019 tied with China for top honors.

The Hertz Foundation has never defined national emergency 
for Po-Shen Loh. Nor can the nonprofit that funded the 
Carnegie Mellon mathematician’s doctoral study compel 
him to take action in the event of war or natural disaster. 
But when Loh accepted the prestigious Hertz Fellowship 
in 2004, he signed a “nonbinding moral commitment” to 
make his skills available to the United States “in times of 
national emergency.” And he has not forgotten.

Which is not to say that Loh has always had a clear vision 
of how he might pitch in during a crisis. Far from it. 

To land the Hertz Fellowship, Loh underwent a rigorous 
application and interview process that involved convincing 
astrophysicist and prolific inventor Lowell Wood of the 
real-world usefulness of his prospective research. (Hertz Fel-
lows are PhD students in the applied physical, biological, and 
engineering sciences; of the more than 1200 fellows named 
since 1963, fewer than 100 studied mathematics.) More 
than 15 years later, Loh still remembers the case he made 
to Lowell when pressed about the potential applicability 
of his work. He spoke about error-correcting codes—how 
they enable reliable delivery of digital data over unreliable 
communication channels—and expected his interviewer 
to nod approvingly and move on to the next question. No 
such luck. 

Wood rattled off a list of requirements and asked Loh to 
produce a code that satisfied them. Fazed at first, and less 
conversant in error-correcting codes than his glib reference 
to them implied, Loh was nonetheless able, over the next 
five or ten minutes, to construct a suitable code.

Loh had honed this ability to think on his feet over 
years of involvement in competition math. As a middle 
school student, he twice represented Wisconsin in the 
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flaws, Loh realized, because conflict fuels storylines. Watch 
a commercial, in contrast, and it’s all strengths. For math to 
be as fetching as Coca-Cola or basketball, Loh concluded, 
it needs advertising.

“And that’s when I really started trying to hit the main-
stream,” he says. 

In light of insights provided by a public relations firm 
the Overdeck Family Foundation engaged on his behalf, 
Loh revised his understanding of what constitutes math 
outreach. He took improvisational comedy classes for a 
year to prepare for co-appearances with social media influ-
encers. Search his name on YouTube and, in addition to the 
anticipated lecture footage, there’s video of Loh airborne in 
a cheer squad’s basket toss, of him talking chords with an 
America’s Got Talent alum. To reach people, Loh has learned, 
it helps to meet them where they are, to start the conversa-
tion by finding the mathematical, the analytical, the thinking 
in whatever it is that already interests them. 

Driving all of Loh’s educational initiatives—Expii and the 
video collabs, the public lectures he gives around the world, 
and Daily Challenge, the paid series of online middle school 
math courses the proceeds of which fund his other proj-
ects—is his conviction that mathematics is “a sandbox for 
logic,” an ideal context in which to develop more broadly 
applicable ingenuity. 

“If people learn how to approach any task by thinking 
and using intellectual creativity to come up with ap-
proaches, then they are able to solve a lot of different kinds 
of questions,” he says. 

And Loh can, if pressed, articulate a very specific—and 
lofty—goal for global mathematical attainment. It involves 

One inspiration to Loh as he zeroed in on his mission to 
bring math to the masses was John Mackey, his colleague 
in the Carnegie Mellon math department. Loh remembers 
being struck by Mackey’s stated aim in teaching a calculus 
course for non-majors. “He said his goal was to convert as 
many of them to math majors as possible by the end of the 
semester,” Loh recalls. “He was going to evangelize.” Talking 
to Mackey—and watching Mackey perform (“watching him 
teach was like watching him perform,” Loh clarifies)—
prompted Loh to not only ponder the value of inviting 
the uninitiated into mathematics but also start devising 
strategies for doing so.

Loh has split the problem of getting more people engaged 
in mathematics into two. People must be motivated to learn 
mathematics—that’s one. And then there must be effective 
and accessible ways for them to learn it once they want to. 
Loh’s solution-in-progress for the second subproblem is the 
free individualized learning website Expii. 

When Loh and a handful of Carnegie Mellon students 
began developing Expii in 2013, they envisioned a website 
populated by crowdsourced math and science lessons 
valuated by users’ up- and down-votes and catering to a 
diversity of learning styles. (A “written word person” with 
an affinity for diagrams, Loh recognizes that others might 
gravitate more toward, say, video explanations.) Although 
Loh imagined it would be easy to build an online resource as 
popular as Wikipedia—“We’ll be done in like a month,” he 
remembers thinking—the project did not take off overnight. 
Crowdsourcing produced material at a slower pace than 
expected, for one thing, and a mismatch emerged between 
the interests of those contributing to the site and the needs 
of the average seeker of online STEM support. 

And even when the Expii team brought the creation of 
lessons in-house, they didn’t get it right right away. They 
reconceived high school algebra to incorporate theoretical 
ideas typically not encountered until a college introduction 
to modern algebra, only to discover that, as Loh puts it, “not 
everyone cares about that.” So the team regrouped, polled 
some high schoolers, and tailored Expii’s offerings to what 
students actually want: digestible multimedia presentations 
of content covered in school. Taking development cues from 
the web’s most searched math and science questions (and 
sticking with the original plan to provide multiple explana-
tions of any one concept), Expii found its audience—those 
struggling with pre-algebra and Algebra I—at last. 

“I guess the attitude that we’ve taken with this is if it 
doesn’t work, make it work, somehow,” says Loh. “And work 
might mean change the idea. Maybe someday we’ll teach 
everyone abstract algebra, but not now.”

Proceeding in parallel to Expii’s evolution and expansion, 
Loh’s effort to address the other subproblem he had iden-
tified—that of motivation to learn—is what he calls a “PR 
campaign for math.” Write a mathematician into a sitcom 
or a blockbuster film, and he or she will necessarily have 

Figure 1. In public math talks, Loh aims to entertain as well as 
educate.
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uninfected people with advance alerts of approaching 
threat. His mind was racing. 

An hour later, having researched the capabilities of cur-
rent smartphones, Loh emerged from his home office for an 
additional reality check. “If somebody made an app that let 
you see if COVID was coming,” he asked his wife, Debbie 
Lee, “would you actually download an app like this?”

A spousal affirmative in hand—and buoyed by confi-
dence born of six years working with user experience design-
ers and software engineers to build Expii—Loh resolved to 
make the app a reality. 

“We’ll be done in a week,” he told his team. 
“Now a week later we weren’t done,” Loh admits. “But 

my personality is, once I decide to do something, I like to 
solve the problem.”

Loh has a researcher’s disinterest in retracing paths al-
ready trodden, so he forged ahead on the nascent NOVID 
(an elision of no and COVID) project only because he didn’t 
see anyone else implementing anything like what he had in 
mind. Standard contact tracing relies on our willingness to 
make personal sacrifice for the public good: an individual is 
notified only after interaction with an infected person and 
is at that point requested to quarantine—to protect others. 
The network-enabled app Loh envisioned would “flip the 
incentive structure.” Allow users to monitor infection rates 
among contacts of contacts of contacts, and you enable 
them to gauge their risk of infection and take precautions 
to mitigate it. Loh hypothesized that by facilitating strategic, 
self-interested behavior modification—more scrupulous 
masking, perhaps, or fewer trips to the grocery store—a 
system like NOVID could dampen the spread of the virus 
without the collateral damage associated with more drastic 
measures such as lockdowns. 

Loh and a crack team of engineers, designers, and algo-
rithmists had a beta version of NOVID up and running in 
April 2020, and they’ve been fine-tuning it ever since. Using 
a combination of ultrasound, Bluetooth, and Wi-Fi technol-
ogies, the app builds an anonymous network of users based 

the American Invitational Mathematics Examination 
(AIME)—the three-hour, 15-question exam given to high 
schoolers who excel in the first round of the Mathematical 
Association of America’s American Mathematics Competi-
tions—and Problem 1 thereon.4 

“If at least half of all people could do that first question 
in 24 hours, I would consider that to be a great outcome,” 
Loh says. You needn’t know calculus to solve Problem 1, 
he explains, but you must deeply understand concepts, 
leverage connections between them, conduct a systematic 
inquiry. “So that’s actually what I care about when I say I 
want people to learn math.”

Much as educators and op-ed authors bemoan innumer-
acy and the dearth of critical thinking skills in the public 
at large, these deficits have not achieved the undisputed 
emergency status of the pandemic that swept the globe in 
the early weeks and months of 2020. 

On March 14—he remembers the date, because, Pi 
Day—Loh and a number of other Hertz Fellows received 
an email from a senior member of the community. The 
message emphasized the gravity of the COVID-19 threat and 
reminded recipients of their moral commitment. “Now is as 
appropriate a time as ever to engage in this because it’s not 
only a national emergency, it’s an international emergency,” 
Loh paraphrased when we spoke in October. “So if you have 
anything that you can do to help, jump in.”

Loh wasn’t sure at first how he could help. Online educa-
tion was one possibility, given his Expii and Daily Challenge 
work and the increased need for remote learning resources 
as schools shuttered. Every weekday from March 16 through 
July 3, he held hour-plus “Ask Math Anything” live streams 
during which he improvised (remember those improv 
classes?) mini-lessons around questions posed by partic-
ipants in the YouTube Live interactive chat. He addressed 
such queries as “How do you generate true randomness?” 
and “What is the most famous triangle you know?” 

Loh found his real COVID calling, however, while 
reading the draft thesis of his PhD student, Debsoumya 
Chakraborti, on March 15. As he parsed the first sentence 
of the introduction—“In extremal graph theory, there are 
many recent works in the literature involving maximizing 
the number of complete subgraphs under certain natural 
conditions...”—it hit him like a flash: COVID-19 and graph 
theory are deeply related. If you could anonymously col-
lect information about who spends time with whom and 
which people have tested positive for the novel coronavirus, 
Loh reasoned, you could use that network to provide yet  

4Problem 1 on 2020 AIME I: In △ABC with AB = AC, point D lies strictly 
between A and C on side AC

—-
, and point E lies strictly between A and B on 

side AB
—-

 such that AE = ED = DB = BC. The degree measure of ∠ABC is m—n ,  
where m and n are relatively prime positive integers. Find m + n.

Problem 1 on 2020 AIME II: Find the number of ordered pairs of positive 
integers (m, n) such that m2n = 2020. 

Figure 2. NOVID bills itself as “your personal COVID-19 radar.”
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has systematically mastered and made significant contribu-
tions to one mathematical subfield after another. 

“This shows that it’s possible to keep picking up differ-
ent things,” Loh says, observing that, as his extracurricular 
activities have diversified, he has had to sequentially get up 
to speed in new disciplines. One can get a PhD in about five 
years, Loh muses. “Maybe that means it takes five years to 
become a pretty good expert in an area, and if you just do 
another five years and another five years and another five 
years you start picking up more and more and more areas. 
If I look at my life, basically every five years I’m picking up 
from some other domain.” 

To what domain will Loh apply himself next? What 
high-profile problem will he next help solve? Stay tuned. 

Credits
Figures 1 and 2 are courtesy of Expii, Inc.
Author photo is by Igor Tolkov.

on interactions between devices and provides “pre-exposure 
awareness” via a bar-graph display of COVID positives up 
to twelve degrees of separation away. 

For all its uniqueness and promise, NOVID did not catch 
on immediately upon release. Many assumed it was like 
every other contact-tracing app, a privacy-imperiling dis-
penser of stay-at-home directives. In articulating NOVID’s in 
fact paradigm-shifting approach, Loh leans on the language 
of flipping, inversion, commutativity. “If I can reverse the 
order of two words in a fundamental way,” he says, “then 
we’ve contributed something.” NOVID doesn’t track you, it 
helps you track COVID. “Once people understand this then 
suddenly it’s easy to get adoption.”

Loh is concerned less with adoption of NOVID specifi-
cally than with the widespread deployment of systems like 
it. To speed global uptake of NOVID-style pre-exposure 
notification, Loh exploits networks of the social variety, 
seeking out receptive audiences incrementally closer to deci-
sion makers in city, state, and national governments. “Right 
now the aspiration is to try to help give all of humanity a 
different type of tool to fight all pandemics forever,” he told 
me in October. “Let all of humanity make their own version 
of this different approach.” 

Even as he works to equip the world to better respond to 
pandemics present and future—while not dropping the ball 
on his math education efforts—Loh contests any suggestion 
that he does “so much.” “Everyone is doing a lot,” he says, 
proposing that the projects he has undertaken are simply 
more visible.

Nor does Loh attribute his successes to superior intellect 
or his unflappably upbeat demeanor to some mindfulness 
practice or exercise regimen. He is not better at math, he 
stresses, than the students he has coached to victory in 
the International Math Olympiad. His Expii and NOVID 
hires, mission-driven and ethically grounded, really know 
their stuff. Loh credits his PhD advisor, Benny Sudakov, 
with teaching him to speak more slowly and with more 
forethought, to build on past results rather than trying to 
reinvent the wheel over and over, to move beyond flawless 
completion of assignments—Loh graduated first in his class 
at Caltech, with a 4.3 GPA—and begin framing his own 
challenges. Working with Sudakov, Loh says, “taught me to 
figure out what to do.” 

And that buoyant disposition? Loh says he has his wife to 
thank for that. He and Lee met during freshman orientation 
at Caltech and married the day before their graduation. 
“She’s been my partner through everything.” 

Loh expresses admiration for the breadth of his sometime 
interviewer Lowell Woods’ knowledge and achievements, 
and for the audacity of Elon Musk and Bill Gates, such 
visionaries’ willingness to go after stretch goals despite the 
very real risk of failure. He marvels too at how Terence Tao 

Sophia D. Merow 

Yes, And 
Loh balks at advising fellow mathematicians to pursue 
any particular extracurricular endeavor—who is he to 
second-guess colleagues’ allocation of scant time and 
energy?—but he does, under duress, humbly submit one 
recommendation: take improv classes. Internalizing im-
prov’s yes, and principle of interpersonal interaction, he 
says, has been “immensely useful.” Show up, stipulates 
yes, and, and no matter what the other person says, find 
value in it, find some way to affirm it, and only then 
try to put your own spin on things. The yes, and habit 
makes for more effective math proselytizing, and there’s 
a tangible benefit within academe as well: “After doing 
the improv comedy classes, my class prep time for teach-
ing dropped like a stone,” Loh reports. Improv taught 
him to ad-lib, to produce in a beat a suitable response 
to anything an undergrad might utter in, say, a first 
course in discrete math. And Loh no longer experiences 
any pre-presentation nerves, whether he’s addressing a 
lecture hall of first-years or a head-of-state’s right hand: 
“You just know if anything goes wrong you’ve gotten 
the experience of how to get back up and almost even 
make it look like it was intentional.” 
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features amusing characters in a Problem Solving camp 
led by Professor Mortimer Ignatius Blakeley, and takes the 
reader through the many days of the camp. The book is 
intended mostly for an undergraduate audience in the lens 
of challenging problem solving, akin to what one would 
encounter when participating in university-level math 
competitions (such as the Putnam Competition, Virginia 
Tech Regional Mathematics Competition, International 
Mathematics Competition, or the like). However, the book 
is also accessible to high school students who have exten-
sive mathematical exposure and experience. Indeed, the 
content for most of the book was inspired by a course on 
mathematical problem solving taught by the author while 
at MIT. The book is written in a conversational tone where 
the viewpoint of the reader is as a student in the classroom 
sitting in the back corner observing the interactions be-
tween students and Professor Blakeley. A great excerpt that 
sets the tone is the following quote from page 37:

Most of the students had seen this puzzle, but 
a few had not. After giving them a little time to 
think about it, Professor Blakeley said, “Here is 
a hint—the sequence is constant.”

This hint seemed only to deepen the mystery 
for the students not already familiar with the 
problem, but then Fumei saw the light. “I got 
it!” she said.

The reader is led through the discovery process with 
Prof. Blakeley’s class. Because of this, the manner in which 
the book is written quite naturally gives the reader the 
opportunity to pause and freely investigate. I think this is 
extremely important for students engaging with mathe-
matical problem solving material. In this way, students not 
only learn interesting and new problem solving techniques, 
they actually experience the problem solving practice 

Conversational Problem Solving 
by Richard P. Stanley

In the middle of high school I 
developed a deep love for math-
ematical problem solving. It was 
the late 90s, the internet was 
young, and there weren't many 
problem solving resources out 
there; nothing akin to what’s 
now available through YouTube 
or the countless other problem 
solving resources online. But 

printed copies of past math competitions and the odd book 
at the library or bookstore kept me captivated for hours. I 
even remember bringing George E. Andrews’ book Number 
Theory to my math classes, sitting in the back corner, and 
intensely reading the book in admitted confusion, trying 
to figure out how things would unfold before reading 
about them. Many books like this had exposition at a level 
I couldn’t understand. They made me yearn for the feeling 
of being in a classroom discovering fun and interesting 
theorems or math facts with a group of similarly excited 
students, rather than struggling through the drudgery of 
lonesome reading. Now two decades later, Conversational 
Problem Solving by Richard P. Stanley, in many but not all 
respects, is that book I was seeking.

Conversational Problem Solving is a fun journey through 
mathematical problem solving and discovery. The book 

Conversational 
Problem Solving
Reviewed by Mohamed Omar
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results in general. It guides students in the class through 
exploring possible solutions to these generalizations, 
ending with a nice exposition on what is known and not 
known about general cake cutting problems. This is a beau-
tiful bridge from experimentation on a seemingly simple 
problem, to the uncovering of very interesting and current 
mathematics. I personally love this type of exposition as 
it is something I do often in my classes, especially when 
teaching a standalone course on combinatorics.

The mathematics starts to ramp up in the second chapter, 
dedicated to many interesting properties of polynomials. 
It focuses quite a bit on matrix techniques for determining 
real-rootedness and log concavity, both of which are ubiq-
uitously sought after in combinatorics. With the possible 
caveat of needing to introduce determinants, I think this 
chapter is particularly amenable to a high school student 
who is deeply interested in mathematics. Much of the 
material is a nice extension of familiar ideas from the high 
school curriculum but ramped up quite heavily, so these 
students would appreciate the results.

Chapter 3 titled “Base Mathematics” is filled with many 
quick enjoyable gems. A particular one that seems very 
surprising to the naked eye until one processes it is the 
relationship between the decimal expansion of the frac-
tion 100/9899 and Fibonacci numbers. Here is a truncated 
expansion:

100/9899 = 0.01010203050813213455....

Up until the 20th digit after the decimal place, the digits 
taken a pair at a time are the first several numbers in the 
Fibonacci sequence. This seems startling at first until one 
processes that the generating series F(x) for the Fibonacci 
sequence satisfies (1–x–x2)F(x)=1, so the decimal expan-
sion can be seen as evaluating xF(x) at x=1/100. Moreover, 
we see that we can develop such a decimal, containing ar-
bitrarily long prefixes of the Fibonacci sequence, by substi-
tuting arbitrarily high powers of 10 in for x. The beginning 
of this chapter focuses on interesting evaluations like this 
involving the Catalan numbers as well. These curiosities, 
in conjunction with the conversational nature of the book, 
reinforce its enjoyable and fun tone.

The remainder of the book touches on many topics, so 
I’d like to highlight things I especially appreciated. As a 
problem solving enthusiast and instructor of the Putnam 
training sessions at my own institution, some of these are 
the gems that I hope to share with my students.

A gem I particularly appreciated was the geometric 
probability problems at the end of the 7th chapter. These 
problems are typically framed as having n points uniformly 
distributed over some geometric object and asking what 
the probability that some geometric phenomenon among 
them occurs. For example, one problem asks for the prob-
ability that n points on the circumference of a circle lie on 
the same arc subtended by a fixed angle. These problems, 

themselves. A lovely added bonus is that the book’s layout 
lets students easily investigate whatever style of problem 
they desire. Each chapter has, at the forefront, a list of the 
problems that are discussed in the chapter, with the page 
number that each problem’s discussion appears on. When 
I was a student, I knew I had a taste for a specific class of 
problems, so this would have made things very intriguing; 
not having to read the book linearly in order to engage fully.

Another aspect of this book I sincerely appreciated was 
how akin the experience of reading it actually was to expe-
riences at an actual mathematics camp. In the summers of 
2011 and 2012, I worked as a graduate student mentor and 
academic coordinator at the Canada/USA Mathcamp. This 
camp is attended annually by 120 extremely enthusiastic 
students who engage deeply with their mathematical cu-
riosities during the entire 5-week period of the camp. I re-
member the conversations that would transpire at the camp 
and they are truly reflected in this book. A mathematical 
pattern emerges and it sparks deep curiosity. That curiosity 
leads to investigation, bouts of euphoria and bewilderment, 
conjectures that fail or come true, and illumination that 
bridges campers to other problems and mathematical gems. 
The book exemplifies this experience extremely accurately. 
Reading it, I felt myself being transported to the Mathcamp 
classrooms in a way I haven’t felt in a very long time.

Finally, as to my overall impression, I think this book 
actually can serve as a fantastic source for professors inter-
ested in engaging ways to introduce combinatorics topics to 
students. Many of the examples and problems in the book 
are combinatorial in flavor (which makes sense given who 
the author is). The book is packed with combinatorial gems 
found in Enumerative Combinatorics: Volume I, written by 
the same author, but introduced in this book from a more 
playful perspective. I could see this being a great source for 
a course on combinatorics with a small class size, especially 
if the class was flipped.

Now to the content. The first chapter provides a gentle 
introduction to the tone of the book without getting into 
too much mathematics that is technically heavy. It starts off 
by asking for the minimum number of planar cuts required 
to cut a 3×3×3 cube into 27 1×1×1 cubes. A particular stu-
dent then presents a solution that takes into consideration 
analysis after the first slice. The student is then followed up 
by another student who presents an elegant solution that 
considers the center cube and how it requires 6 separate cuts 
to remove it since it has 6 faces, then establishes a decom-
position with 6 cuts. The problem and solution here are 
not what’s inspiring, but rather the tone that is set by them. 
It gives the reader the hint, an accurate hint, that the book 
explores problems but asks for more than solutions. It asks 
for perspectives, especially ones that illuminate the heart 
of what the problem aims to convey. And this is definitely 
a running theme throughout the exposition.

The first chapter goes on to look at generalizations of 
this problem to more complicated shapes, and cake cutting 
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combinatorics memory lane in a way I truly didn’t expect 
and truly appreciated.

Credits
Author photo is courtesy of Mohamed Omar.

as they get more complicated, tend to evade students. The 
book gives an example of such a problem from the 1992 
Putnam, where only sixteen contestants successfully earned 
8 or more out of 10 points, nobody earning between 2–7 
inclusive (out of thousands of contestants). After reading 
the discussion of this problem, a solution reveals itself 
quite nicely.

On top of the gems I am eager to share with my students, 
as a combinatorics researcher, I sincerely appreciated the 
nostalgia I experienced reading the book. So much of the 
content covers combinatorics I learned as an undergraduate 
and graduate student. In light of this, I highly recommend 
the book as a fun introduction to topics in combinatorics 
without the formalism of standard combinatorics books. 
This is especially true if one is teaching a combinatorics 
course that has a generating function emphasis. There are 
enough problems and curiosities in the book to make it a 
great supplement for such a course.

Finally, the one thing I found less appealing about 
this book was the overall tone. I think back to myself as a 
younger student and the impressions that tone made on me 
in feeling accepted in the mathematics community. Despite 
me having a strong background and doing reasonably well, 
the culture and language used by aspiring and active math-
ematicians tended to be condescending and diminutive. 
That made me uncomfortable to share my progress while 
solving problems. If I picked up Conversational Problem 
Solving late in high school or early in my undergraduate 
years, I think it might have deterred me from engaging 
in extracurricular mathematics altogether. In particular, 
as enthusiastic as Professor Blakeley is, there is an under-
lying condescending tone laced with declaring problems 
as “easy,” “trivial,” or “obvious.” Especially unnerving is 
declaring that students in the class should be able to solve 
particular problems. I think this tone misses the mark on 
possibly attracting many students who would want to 
happily engage with the material. I found this to especially 
be the case in Chapter 9, titled “Amanda.” In this chapter, 
an enthusiastic ten or eleven-year-old enters the class and 
is able to have deep insight to the heart of a problem that 
other students in the class don’t see. She proceeds with the 
quote “It seems so easy that I might have made a mistake” 
when solving another problem. I think the intention here 
is to highlight that there are nice, simple perspectives that 
illuminate the heart of a problem and avoid the drudgery of 
long computations and analyses. But I think the tone here 
again is not encouraging for an aspiring problem solver.

Overall, Conversational Problem Solving is a delightful 
book packed with many interesting problem solving strat-
egies, beautiful combinatorial theorems and perspectives, 
fun quirks, and lessons that would complement an under-
graduate math education quite nicely. Reading it filled me 
with inspiration and ideas for my own problem solving 
practice, leading to a list of interesting problems and ideas 
to share with students in the future. It also took me down 
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probabilistic flavor, although excursions into information 
theory and even algebraic topology arise. The games and 
their solutions can often be presented in an undergradu-
ate seminar or math club activity. Moreover, instructors 
of probability, game theory, or combinatorics might find 
some material here to spice up their courses with in-class 
activities.

Supermath: The Power of Numbers 
for Good and Evil  
by Anna Weltman 

Supermath is the perfect book for 
that annoying relative who con-
stantly asks, “what is the point 
of math?” It could also broaden 
the perspective of the jaded high 
school student who wonders what 
mathematics is all about. Accord-
ing to the dust jacket, Supermath 
“showcases the incredible power 

of mathematics when people apply it outside of the world 
of pure numbers, introducing it into the realms of science, 
politics, history, education, and art.” 

Supermath is an inviting read for the layperson who 
might be open to being persuaded that mathematics is 
about more than tedious computations. The book discusses 
five fundamental questions about mathematics and its 
human component: “Is math the universal language?”, 
“Can math predict the next move [an introduction to game 
theory]?”, “Can math eliminate bias?”, “Can math open 
doors?”, and “What is genuine beauty?” The answers to 
these questions will be enlightening, entertaining, and sur-
prising for the curious layperson. Topics discussed include 
old favorites such as Nash equilibria, Hardy’s Apology, and 
the Pythagorean theorem, along with timely topics such as 
algorithmic bias, gerrymandering, and diversity in STEM.   

The reviewer feels that Supermath could have used more 
images. Its single photograph and fifteen line drawings feel 
somewhat low for a book aimed at a general audience. 
Nevertheless, Supermath provides a low barrier of entry for 
those open to learning more about mathematics and its 
applications.

The Raven’s Hat: Fallen Pictures, 
Rising Sequences, and Other 
Mathematical Games  
by Jonas Peters and  
Nicolai Meinshausen

This entertaining book analyzes 
eight elementary games suitable 
for general audiences. For exam-
ple, a team of players in the first 
game wear hats, each either red or 
blue, selected at random without 
their knowledge. They can see 

each other, but not themselves, and they are not permitted 
to communicate. After a few moments, they must each an-
swer “What is the color of your hat?”, with the allowable 
answers being “red”, “blue”, or “?”. The team wins if at least 
one player gives a correct answer, and none give an incor-
rect answer (question marks are not considered incorrect). 
What is the best strategy for the players? How likely are 
they to win the game, and how does this depend upon the 
number of players? These sorts of problems appear diffi-
cult at first, but a mathematical approach reveals solutions 
that are both enlightening and elegant. For example, the 
colored-hat game leads to a discussion of Hamming codes. 
Cartoon ravens appear frequently throughout the book, 
playing games or adorning graphs and figures.

Each chapter of The Raven’s Hat begins with a text box 
listing the number of players and requirements for the 
game. The authors discuss occasional variations on the 
games and provide extensive historical background. Once 
the “real world” game is discussed, the mathematical 
analysis begins. A background in high school mathematics 
should be sufficient to get started, although the book in-
vites investigations into higher topics. A generous appendix 
covers a few topics (matrices, series, complex numbers, 
and so forth) that those with only a background in high 
school mathematics may not be familiar with. Predictably, 
most of the mathematics involved is of a combinatorial or 
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addition to research, members of the Lvov School put their 
energy and time into popularizing mathematics (while also 
supplementing their income) teaching at the middle and 
high school levels and writing dozens of textbooks.  

Essential to the success of the Lvov School was the leader-
ship and vision of J. Puzyna, Chair of Mathematics at Lvov 
University from 1892 until his death in 1919. Disappointed 
by the dull state of mathematics at Lvov when he arrived 
back from his studies and research abroad, Puzyna took 
action by inviting W. Sierpiński to the school in 1908, and 
together they strategically built a research program that 
centered around a single topic that touched on other im-
portant fields. To this end Sierpiński ran a regular seminar 
devoted to set theory and its applications in topology and 
analysis and attracted many students and researchers to 
Lvov including O. Nikodym and Z. Janiszewski.   

After World War I, Puzyna recruited H. Steinhaus who in 
turn recognized the talent and potential of S. Banach. Stein-
haus and Banach established the journal Studia Matematica, 
publishing nine volumes between 1929–1940. Under their 
leadership, the Lvov School became known internationally 
for its ground-breaking work in the field of functional 
analysis, for its elegant axiomatic frameworks, existence 
proofs, and probabilistic constructions, and for developing 
the fields of measure theory, operator theory, probability 
theory, and the beginnings of game theory. B. Ulam and 
K. Kuratowski were among the many mathematicians who 
gathered in Lvov during this “golden age.” 

While the active days of the Lvov School were short-
lived, brought to an end by the German occupation, the 
accomplishments of its members still have substantial in-
fluence and resonance today. The legacy of the Lvov School 
rests not only on its members’ important contributions to 
mathematics and to mathematical thinking, but also the 
vision of its leaders and the vibrant mathematical culture 
that they were able to establish. Taken as a whole, Duda’s 
book describes an enviable mathematical environment 
that has wisdom to offer for mathematics departments and 
institutes of any era and in any nation.

Pearls from a Lost City  
The Lvov School of Mathematics 

by Roman Duda,  
translated by Daniel Davies

Many readers may not be famil-
iar with Lvov, once an import-
ant city in Poland, and perhaps 
fewer know that it was once the 
center of an important school 
of mathematics. Roman Duda’s 
book, Pearls from a Lost City, 
published in the AMS History of 
Mathematics series, describes the 

rise and flourishing of the Lvov School of Mathematics 
during the two-decade interlude between the 150-year-long 
occupation by the Austrian Empire that ended after World 
War I and the invasions by the Soviet Union and Germany 
at the beginning of World War II. The story of how leaders 
like Puzyna, Sierpiński, Steinhaus, and Banach were able to 
draw immense talent to the school during the interbellum 
years and create an enormously productive environment 
for research and learning comes alive in Duda’s book and 
makes for a gripping read.

What was the secret behind the rapid growth of the Lvov 
School seemingly out of nowhere in the 1920s and 30s and 
how do the school’s achievements still influence mathemat-
ics today? Duda describes three important characteristics 
of the School. The first is the groundbreaking work of 
the founding members, which formalized and drove for-
ward the mathematical revolution that followed Cantor’s 
controversial new discoveries in set theory and played an 
important role in building the foundations for Bourbaki 
and other mathematical movements in the latter half of 
the 20th century. The second is the convivial and produc-
tive social culture established by the school’s leaders—in 
addition to long seminars, there were regular gatherings 
centered around Banach at Lvov’s Scottish Café where 
mathematical conversations were recorded in what became 
known as the Scottish Book. The third is the importance that 
the members of the Lvov school placed on pedagogy. In 

http://bookstore.ams.org


FALL CENTRAL SECTIONAL SAMPLER
Cancer Evolution in
Spatially Structured
Tissues

Jasmine Foo
Evolution can be defined as the process of cumulative
change in characteristics of populations over many gener-
ations [6]. At the heart of any evolutionary process lies
a reproducing population whose dynamics generate the
biological diversity and selection forces that drive change.
These processes are strongly shaped by the spatial structure
of the population, which can influence both the tempo-
ral dynamics and overall direction of evolutionary progres-
sion. Cancer initiation, driven by the stochastic accumula-
tion of oncogenic mutations and their subsequent clonal
expansion, is an evolutionary process that often occurs
within the regulated spatial structure of an epithelial tissue.
Since tissue spatial structure (i.e., geometry and reproduc-
tion/death dynamics) can vary between sites in the body
and cancer types, some interesting and important ques-
tions arise: how does the spatial population structure of a
tissue influence the process of carcinogenesis? Specifically,
how does spatial structure affect the timing, survival, and
spread of advantageous oncogenic mutations, and how do
these variations materialize into clinically-relevant differ-
ences in incidence, recurrence rates, and resection guide-
lines?

The majority of human cancers originate from struc-
tured epithelial tissue, which covers the outer and inner
surfaces of organs and blood vessels. In typical stratified
epithelial tissue, stem cells proliferate along the bottom
(basal) layers and continually replenish the upper layers
with differentiated cells that lose their ability to proliferate
(Figure 1(a)) [3, 10]. Since the accumulation and spread
of mutations is driven by the proliferating basal cells, the
spatial structure of the basal zone (which may be of vary-
ing cellular thickness) is the appropriate setting to study
the process of carcinogenesis in the epithelial tissue. In
1977 Williams and Bjerknes proposed a two-dimensional
model of clonal expansion of advantageous mutants, in
which normal and faster-proliferating mutant cells re-
side on a regular lattice. Upon cell division, a daughter
cell replaces a neighboring cell chosen uniformly at ran-
dom. The same model also arose independently in the
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interacting particle systems community and is widely
known as the biased voter model. Bramson and Griffeath
[1, 2] showed in 1980–1981 that under the biased voter
model, an advantageous mutant clone conditioned upon
survival eventually assumes a convex, symmetric shape
whose diameter grows linearly in time. More recently, us-
ing a one-dimensional lattice model, Komarova [11] an-
alyzed the timing of cancer initiation, assuming that only
two oncogenicmutations are required for cancer initiation.
Durrett and Moseley [4] extended Komarova’s work to two
and three dimensions assuming a selectively neutral first
step.

A key component of understanding the impact of spa-
tial structure on carcinogenesis is characterizing the sur-
vival and expansion dynamics of a single advantageous
mutant in a structured population. Although this problem
is motivated by the study of cancer initiation, the theoret-
ical results are more generally applicable to understand-
ing invasion dynamics in spatially structured populations.
In recent work with Einar Gunnarsson, Kevin Leder, and
Kathleen Storey, we examined the effect of the basal zone
geometry, in addition to proliferation and selection char-
acteristics of the tissue and mutants, on the speed of ad-
vantageous mutation expansion in epithelial basal zones
[7]. In particular the propagation speed of a premalignant
mutant clone was determined as a function of a small mu-
tant selective advantage and the number of layers in the
basal zone, which enables comparison of cancer evolution
between different types of epithelial cancer. These results
were obtained using a spatially explicit model of cell divi-
sion and replacement, where cells live on a set of stacked
two-dimensional integer lattices representing a multilay-
ered basal zone, and cellular birth and death dynamics fol-
low biased voter rules (see Figure 1).

In particular, let ℤ𝑤 ∶= ℤ mod 𝑤 denote the additive
group of integers modulo 𝑤 ≥ 1. The epithelial basal
zone is represented as the set ℤ2 × ℤ𝑤 of 𝑤 layers of two-
dimensional integer lattices, with a periodic boundary con-
dition along the third dimension. For each site 𝑥 ∈ ℤ2×ℤ𝑤,
we define its neighborhood as 𝒩(𝑥) ∶= {𝑥 ± 𝑒𝑖 ∶ 𝑖 = 1, 2, 3},
where 𝑒𝑖 is the 𝑖th unit vector, and addition along the third
dimension is carried out modulo 𝑤. To model the spread
of premalignant fields, we define the biased voter model
on ℤ2 ×ℤ𝑤 as follows. Each site in ℤ2 ×ℤ𝑤 is occupied by
either a type-0 cell, representing a normal cell, or a type-1
cell, representing a premalignant mutant cell. Type-1 cells
have fitness advantage 𝛽 > 0 over type-0 cells, meaning
that type-1 cells divide at exponential rate 1 + 𝛽, while
type-0 cells divide at rate 1. Upon cell division at site
𝑥 ∈ ℤ2 × ℤ𝑤, one daughter cell stays at site 𝑥, while the
other daughter cell replaces a neighboring cell at a site
𝑦 ∈ 𝒩(𝑥) chosen uniformly at random (Figure 1(b)).

Let 𝜉𝐴𝑡 denote the set of sites inℤ2×ℤ𝑤 occupied by type-
1 cells at time 𝑡, given the initial condition 𝜉𝐴0 = 𝐴 with
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Figure 1. (a) Cross-section of the stratified squamous epithelium of the esophagus. A basal zone, which consists of several layers
of stem and stem-like cells, continually replenishes the upper layers with more differentiated cells. Figure adapted from [7].
(b) Model dynamics for the 𝑤 = 3 case (basal zone consists of three layers). When the black cell in the middle divides, one
daughter cell remains at the site and the other replaces one of six neighboring cells chosen uniformly at random.

𝐴 ⊆ ℤ2 × ℤ𝑤. Suppose the system starts out with a single
type-1 cell at the origin, i.e., 𝐴 = {0}. If the mutant does
not die out, it can be shown that the shape theorem [1,2]
extends to ℤ2×ℤ𝑤, i.e., 𝜉0𝑡 asymptotically assumes a shape
𝐷(𝛽). 𝐷(𝛽) is a stack of convex and symmetric sets defined
in [1] as a unit ball under a norm induced by 𝜉0𝑡 , and it
expands linearly in time along the first two dimensions.
To determine the rate of expansion of the mutant clone 𝜉0𝑡 ,
we denote the radius of 𝐷 = 𝐷(𝛽) by 𝑐𝑤(𝛽), and define it
in terms of the projection of 𝐷 onto the 𝑥-axis as

{𝑥 ∈ ℝ ∶ (𝑥, 𝑦, 𝑧) ∈ 𝐷} =∶ [−𝑐𝑤(𝛽), 𝑐𝑤(𝛽)] 𝑒1, (1)

where 𝑒1 = (1, 0, 0). We determine 𝑐𝑤(𝛽) as a function of a
small selective advantage 𝛽 > 0 and tissue thickness 𝑤 ≥ 1.
In particular, let 𝑝𝑤 be the probability that a cell giving
birth on ℤ2 × ℤ𝑤 replaces a cell occupying the same layer.
Then, as 𝛽 → 0,

𝑐𝑤(𝛽) ∼ 𝑝𝑤√𝜋𝑤𝛽/√log(1/𝛽).
This core result can be leveraged to characterize the im-

pact of tissue structure, geometry, and maintenance dy-
namics on cancer initiation and recurrence risks. To do
this we append to the model the stochastic accumulation
of oncogenic mutations following a spatial Poisson pro-
cess. We utilize a model approximation in which mutant
expansion, conditioned on nonextinction, proceeds deter-
ministically based on the speed results obtained from the
biased voter dynamics. This approximate model is ana-
lytically tractable enough to obtain results on the timing
of cancer initiation, geometry and heterogeneity of prema-
lignant fields, and recurrence risk after surgery [5,8,9,12].
These analyses can also be extended to study the variations
in tissue maintenance dynamics and their impact on the
cancer initiation process.
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FALL CENTRAL SECTIONAL SAMPLER
Dark Matter May Be
a Bose-Einstein
Condensate of Axions

Kay L. Kirkpatrick

“Dark matter” is a misnomer. This inferred but unob-
served substance is clear and transparent, rather than dark,
and makes up about 25% of the universe. (This exposi-
tion owes a lot to The Disordered Cosmos: A Journey into
Dark Matter, Spacetime, and Dreams Deferred, by Chanda
Prescod-Weinstein. Dark energy probably makes up an-
other 70% of the universe; and atomic matter, which is
what we can observe easily, about 5%.) Dark matter does
not reflect or absorb light but can influence light and
atomic matter primarily through gravity.

Dark matter has been hypothesized since the 1930s
when Fritz Zwicky observed that galaxies did not seem to
have enough visible mass to hold them together and in-
ferred its existence. A couple of decades later, Vera Rubin
did clever spectroscopy showing that the outer stars of the
Milky Way are moving faster than they should be moving,
based on the gravity of visible matter in our galaxy. There
has been another hypothesis too, that our model of gravity
requires another correction in addition to general relativ-
ity. While gravity might indeed require another correction,
physicists remain almost sure that dark matter exists and
cannot be explained away by modifying gravity.

More evidence that dark matter exists began with obser-
vations about the Bullet Cluster of galaxies, which has a
lens in its midst that bends light coming from the other
side. Called gravitational lensing, myriad effects like the
Bullet Cluster have been observed all over the sky, includ-
ing subtle examples called microlensing as well as dra-
matic examples such as the sixfold magnification of a dis-
tant galaxy. Something massive and transparent almost
surely exists in the midst of these galaxy clusters, some-
thing that distorts light passing through it.

Recently we have observed galaxies that seem to have no
dark matter, but there are very few of those in light of the
many billions of galaxies that we can observe, which sug-
gests again that darkmatter is common and that it ismatter
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Figure 1. Small box: VLA radio image of the distant galaxy
VLAHFF-J071736.66 + 374506.4, which is more than 8 billion
light-years away and is 0.3% the mass of the Milky Way. Main
box: Hubble image of the foreground galaxy group
MACSJ0717.5 + 3745, including its orange-red radio shock
wave remnants, which is more than 5 billion light-years away
and likely has a dark matter lens in its midst that magnifies
the distant galaxy sixfold.

rather than just a modification to gravity. The cosmic mi-
crowave background also provides evidence of dark mat-
ter.

What kind of substance might dark matter be? There
are many models of dark matter that theorists have cre-
ated and used to make predictions for astronomical obser-
vations or experimental particle sensors and accelerators.
Dark matter particles might be like neutrinos, but cold
and slow, compared to the near-light-speed neutrinos that
have been observed. Dark matter might be made of black
holes that formed in the primordial universe and have not
yet evaporated. Dark matter might convert to or from dark
energy as in the Lambda Cold Dark Matter model. But per-
haps the most intriguing model for dark matter is the ax-
ion, with its connections to patching the Standard Model
and to ultra-low-temperature physics where quantum ef-
fects can be seen with the naked eye.

Axions are hypothetical pseudoscalar particles pro-
posed in the 1970s by Roberto Peccei and Helen Quinn
to solve the strong Charge+Parity problem: Why does
quantum chromodynamics appear to preserve Charge-
conjugation Parity symmetry? Peccei and Quinn took a
previously constant parameter in QCD and turned it into a
function, known occasionally as the Higglet and now usu-
ally called the axion. Coincidentally, this patch for QCD
also provides candidates for dark matter particles.

Axions are quantum particles, so they can be thought
of in terms of waves or smeared particles, and macroscop-
ically they are described mathematically by a non-linear
Schrödinger (NLS) equation and a second equation that
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includes gravity, together called variously NLS-
Poisson, NLS-Newton, or Gross-Pitaevskii-Poisson equa-
tions. Modulo many details that need to be sorted out by
more research, axions in the early universe likely formed
clusters with gravitationally bound cores that can be de-
scribed by the solitons of the NLS-Poisson equations, and
these soliton cores involve axions condensed into a phase
called a Bose-Einstein condensate (BEC).

A BEC is an ultra-cold phase of matter in which quan-
tum particles called bosons condense into the same state
and behave as if they are one big quantum particle. BECs
were predicted in the 1920s, experimentally produced
in the 1990s, and heuristically described by Gross and
Pitaevskii in the 1960s as having a one-particle macro-
scopic state that evolves according to the NLS:

𝑖𝜕𝑡𝜓 = −Δ𝜓 + 𝜆 |𝜓|2 𝜓. (1)

Here 𝜆 is the self-interaction strength and can have any
sign, because laboratory BECs can be tuned for attractive
or repulsive self-interactions. There are now rigorous con-
nections between the physics of the interacting quantum
particles and the mathematics of the NLS. For instance, we
can show that quantum many-body systems justify mean-
field descriptions such as the NLS, and we can analyze fluc-
tuations and large deviations around that mean (e.g., “A
large deviation principle in many-body quantum dynam-
ics,” arXiv:2010.13754, and related references).

Formodels of laboratory BECs, wemay not need to con-
sider gravity, but when we think about BECs the size of a
star (called a Bose star) or a galaxy, we need to include
gravity in some way. One way is the NLS-Poisson model:

𝑖𝜕𝑡𝜓 = −Δ𝜓/2𝑚 + 𝑈𝜓 + 𝜆 |𝜓|2 𝜓, (2)

Δ𝑈 = 4𝜋𝐺𝑚2(|𝜓|2 − 𝑛). (3)

Here𝑚 is the mass of the axions, 𝑈 is the Newtonian grav-
itational potential, 𝐺 is the gravitational constant, and 𝑛 is
the mean density of the field. For models of axion BECs,
the coefficient 𝜆 is believed to be positive for attractive self-
interactions.

One thing a theory needs is plausibility for observations
within our lifetimes. In work with Anthony Mirasola and
Chanda Prescod-Weinstein, we have figured out that the
condensation of axions into a Bose star is driven by grav-
ity and should be able to happen within the lifetime of
the universe (“Relaxation times for Bose-Einstein conden-
sation in axion miniclusters,” MR4186382). Research like
this will aid the direct observation of star- or galaxy-sized
clusters of dark matter.

Coincidentally, certain laboratory BECs undergo a col-
lapse similar to a supernova in an event called a Bosenova.
This may foreshadow research on how dark matter could
influence the explosion of an actual supernova. Dark
matter may also interact with semiconductors, including

organic semiconductors. Many of the mysteries about this
substance should become clear over the next few decades.

Kay L. Kirkpatrick
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Conversation with Dr. Steve
Smale and Dr. Lee Hartwell
Indika Rajapakse

Dr. Steve Smale

Dr. Lee Hartwell

It has been a privilege to interact
with Dr. Steve Smale and Dr. Lee
Hartwell both scientifically and per-
sonally. Dr. Smale received the
Fields Medal in 1966 for proving a
generalized version of the Poincaré
conjecture. Dr. Hartwell won a No-
bel prize in 2001 for discovering
key regulators of the cell cycle. Un-
questionably, their contributions to
mathematics and biology indepen-
dently advanced their fields. These
seemingly disparate fields may also
have a role to play together. I fore-
see solutions in human medicine
by unifying beautiful biological
questions with solid mathematical
foundations and imagination. By
sharing this interview I conducted
with Dr. Smale and Dr. Hartwell to-
gether, I hope to encourage think-

ing about this unification, bring to light some possibilities
for science, and especially to inspire young scientists and
all of us to cultivate imagination.

Rajapakse: Do you have any advice on approaching a problem
in science?
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Smale: I think a lot of science has to do with formulating
problems rather than answering them. Sometimes answer-
ing problems can be revolutionary but it’s more important
to understand what the problems are in a subject. It’s my
feeling that formulation of problems is pretty key.

Hartwell: I agree entirely with Dr. Smale, in fact what I am
trying to emphasize in science education is the questions
rather than the answers. I think the formulation of the
question really defines the problem, it puts boundaries on
what we’re trying to figure out.

Rajapakse: In 1998, Dr. Smale formulated 18 problems for
this century [Sma98]. Some have been solved and some are
still open. He in fact wrote a paper in 1991 about the great
problems and the attempts that failed. Dr. Hartwell, is there
anything like this in biology?

Hartwell: Science magazine used to do this yearly survey
of scientists to ask them what would be the great discov-
eries they could imagine in the next decade. I was always
surprised by how pedestrian the answers were: they were
simple extensions of what everybody was doing right now.
I think there is a lack of imagination in biology, and it’s be-
cause the reductionist approach to science is so successful.
I don’t see anybody formulating the big questions.

Rajapakse: Dr. Smale, you previously told me that biology is
not like physics. Would you elaborate on this thought?

Smale: My view is that a goal for scientists in biology
would be to make biology be inspired by physics. Mathe-
matics has helped physics establish very firm foundations,
dating back to Newton and even before. A role mathemat-
ics can play in biology is to give it a more clear picture
of the foundations and eventually it can evolve as well.
I worked in physics and a little biology but physics is so
much more amenable to analysis than biology because of
its foundations in math. Math can give biology a more
sound foundation.
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Rajapakse: Dr. Hartwell has said that you can predict the fu-
ture if you know something well. So perhaps that’s where mathe-
matics can come into play in biology. Dynamical systems (what
Dr. Smale has done so much work in) is all about predicting
the future. What do you think about this, Dr. Hartwell?

Hartwell: I think in science education, we spend toomuch
time teaching students what’s known, and not enough
time teaching students what’s unknown. In thinking
about how you clarify the known and the unknown, how
do you define what’s known and unknown? Qualitative
predictions are meaningless. If we take the definition, “to
know something” means to quantitatively predict its fu-
ture behavior, then of course that’s mathematics.

Rajapakse: The paper “From molecular to modular cell biology”
[HHLM99] is a beautiful paper with ideas that I believe interest
people in many different fields. Nearly 20 years after writing
this paper, what are your thoughts about how these ideas can
connect fields, Dr. Hartwell?

Hartwell: [laughing] For me this paper was an attempt
to communicate to physicists what interesting questions
there were in biology. And so it was a collaboration be-
tween Stan Leibler whowas a physicist and AndrewMurray
who was a biologist like me, and they met for several days
in Santa Fe and talked this through. John Hopfield, who is
also a physicist, later added his comments through Stan. I
think what makes this perhaps interesting and meaningful
to you is the fact that it actually is fairly vague. It speaks
about problems with a vagueness that allows and encour-
ages a lot of imagination. And so I think maybe it chal-
lenges your imagination and you enjoy that. I don’t see it
as coming to profound conclusions but perhaps it is use-
ful in the context that we’re talking about, which is raising
questions.

Rajapakse: Dr. Hartwell, what is simple advice you can give to
young scientists?

Hartwell: My advice is to follow your own interests and
your own instincts. That’s very difficult advice to follow,
because of all the restraints on theway people judge people
for careers and grants and publications and things like that.
So I think that people tend to follow the herd and do the
things which are popular at the moment rather than bring-
ing their own creativity to the problems because they are
likely to see things and be interested in things in a differ-
ent way than everyone else. But this takes a lot of courage
and persistence, and it may be costly to actually allow your
originality to express itself.

Rajapakse: Dr. Smale, could you tell me what problems you
solved to get the Fields Medal in 1966?

Smale: I got the Fields Medal for what is called the
Poincaré conjecture. I answered the Poincaré conjecture
for dimensional manifolds bigger than four, which has to

do with the structure of manifolds. It’s an idea in topol-
ogy. What is the structure of spaces or a space that we
live in? Mathematical versions have lots to do with things
like homology and advances in what is called topology. At
the same time I got the Fields Medal partly for my begin-
ning work in dynamical systems, which for me is a bigger
question for biologists than topology. Ordinary differen-
tial equations play a big role in science, but there’s been
a revolution in mathematics for 50 years or more, which
makes it into a global subject. It’s not just solving an equa-
tion or looking at numerical trajectories, but it has to do
with looking at the global picture of dynamics. It’s a huge
revolution in mathematics. It has changed from ordinary
differential equations to dynamical systems. This has not
made an entrance into biological thinking, even for biolo-
gists who use mathematics. They do not seem to be aware
of the great things one can do for global studies in science
coming from ordinary differential equations through dy-
namical systems. Or, just ordinary differential equations
from a global point of view.

Rajapakse: Dr. Hartwell, there is also your amazing discovery
on cell cycle checkpoints which won a Nobel Prize in 2001. Can
you briefly mention your contribution?

Hartwell: It was for identifying certain genes that were im-
portant in cell division. I think the more important contri-
bution to biology was actually introducing cell biologists
to yeast because yeast had been an organism that had only
been studied by geneticists. Cell biology was studied pri-
marily by visual means and biochemical means but not by
genetics. So by introducing cell biologists to yeast as an or-
ganism in which to study cell biological problems, I think
that’s turned out to be very fruitful.

Hartwell: I have a question for Dr. Smale. Biological sys-
tems accumulate enormous amounts of variation by muta-
tion. Unless themutation is detrimental to the point of be-
ing lethal, or inhibiting or reducing reproduction, it stays
in the population. So we have this huge variation in all
populations, and every individual is different from every
other individual, except for identical twins, and even there,
there are epigenetic phenomena that change. My question
is, how is biology organized so that it can tolerate all this
variation? How is it organized in such a way that variation
is constrained to always make the same thing?

Smale: I don’t think I have any good answer for that. I
believe that biology can use a lot more modern dynamics
that’s modeled on how things move in time or how they
evolve eventually.

Rajapakse: Dr. Smale, I think Dr. Hartwell is thinking about
some aspect of the basins. There is variability but still there is a
stable system.
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Smale: When I say dynamical systems, a huge aspect of
that is stability and some local dynamical senses, or sta-
bility of the whole system. Dynamical systems study what
properties of systems are stable under perturbations. This
is part of what I mean when I say that biologists can
use more modern versions of ordinary differential equa-
tions which emphasize things like stability questions, no-
ble questions, topological questions if you want.

Rajapakse: Dr. Smale, you apply math to economics too, right?

Smale: Yeah, well I am an economist. I was in the econom-
ics department at Berkeley so I spent a decade working in
economics. My whole goal in economics is to understand
dynamics in economics: how do prices adjust? I wrote
many papers towards that end and failed to find the main
answers. What I came off of was a very clever question
which I think is perhaps the main question of theoretical
economics: how do prices adjust? You can write down
several models for one commodity, and you can have one
clean model of how supply complies with demand. For
several commodities, it’s an unsolved problem. In eco-
nomics, that’s a question of dynamics within economics, a
question of global dynamics. How do prices achieve equi-
librium? It’s a fundamental question for theoretical eco-
nomics.

Rajapakse: Is there an analogy in biology for that,
Dr. Hartwell?

Hartwell: Well it sounds like a similar kind of problem
where you have a lot of diversity in the economy and things
coalesce to some stable state. That sounds a lot like the
problem that we have in biology of creating the same thing
with a lot of variation.

Rajapakse: Dr. Hartwell, do you think public interest or support
for science has changed in the last decade? Under the circum-
stances can you see the public becoming more engaged in science
and evidence-based policy?

Hartwell: Well at the present time I see this huge divi-
sion in the US, and I think in the world, in that there are
those who respect science and evidence to use in policy
and those who disparage it and think we’re best off with-
out science and without information. It’s amazing to me
but these two trends are very prominent in the US and it’s
not a minor position to disparage science.

Rajapakse: What do you think, Dr. Smale?

Smale: I agree [with Dr. Hartwell], though I don’t always
know the truth of what’s happening in other areas of sci-
ence and the public.

Rajapakse: How do you identify a good problem in your field?

Smale: I think for me it’s probably just a question of un-
derstanding the field of mathematics or some other field,
like economics. Trying to understand what is important

and what’s the logic for developing the theory of that field
is what matters most. I tend to see that the basic prob-
lem for theoretical economics is to understand how supply
eventually equates to demand. That’s something we see all
around us and it’s the stability of our economic system.

Rajapakse: So this applies to biology where there is a certain
degree of uncertainty and error in measurements and control of
variables, but is there value in replicating the work of others?
Can you comment on the emphasis scientific journals place on
novelty, Dr. Hartwell?

Hartwell: I think it’s the opposite. I think they don’t place
that much emphasis on novelty. For example, the value of
epidemiology is that it can reveal unexpected, unknown
relationships and find things that are correlated. But epi-
demiologists tell me it’s very hard to get published with
just a correlation. There needs to be a rational, biological
rationale for the correlation in order to get published. But
this is exactly backward. The whole value of epidemiology
is to reveal the correlation and then let people try and find
the biological reasons for this.

Rajapakse: Dr. Hartwell, what is the most meaningful thing
you do in your day?

Hartwell: What I’m finding most rewarding now is work-
ing with students. In the laboratory, the most fun part was
always talking with the graduate students and postdocs
and thinking together about problems. I do the same thing
now with undergraduates in a course environment where
they are trying to think of questions and experiments in a
research environment. In a way, it has not really changed.

Rajapakse: Do you want to comment on your interactions with
students, Dr. Smale?

Smale: I’ve had about 50 students write a PhD thesis. But
in the last decade I’ve had almost no contact with students.

Rajapakse: I like to think I am (one of your students),
Dr. Smale. I want to go back to when you were advising stu-
dents, you were very relaxed, right?

Smale: Correct, I was very relaxed and if they had any ques-
tions and so on I would give them advice on what they can
work on with some idea about it. I would leave them on
their own initiative to do work and it worked okay because
50 of them got their PhD.

Rajapakse: Did you meet with them each week?

Smale: No, sometimes they came and asked me things.
But there were no scheduled meetings.

Rajapakse: Isn’t this a bit different in biology, Dr. Hartwell?

Hartwell: One thing was the same. I always encouraged
my students to be independent. They came up with their
own research ideas and problems, but we would talk al-
most daily.
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Rajapakse: Do you think it is a good thing, Dr. Hartwell, now,
for people who are in this interdisciplinary world to communi-
cate often?

Hartwell: I think it’s more important to communicate
broadly. Students do tend to be isolated in laboratory
groups. Once a group gets as big as 10 people, there is al-
most no outside communication. I really like the way the
biochemistry department was. Theywould set up laborato-
ries where students work together from different advisors.
The ability for students to interact broadly with people is
missing in biology.

Rajapakse: Scientific research is becoming more and more inter-
disciplinary. In your opinion, is the current curriculum relevant
enough to meet this challenge?

Hartwell: I don’t think I have any answers, but what I do
feel is that disciplines often can fill up their training with
a lot of courses and information and material that’s very
narrow. Disciplines have only a few broad principles that
you need for thinking about the discipline, and that we
should find ways of training students much more broadly
to understand the fundamental assumptions and princi-
ples within a field, or how a field solved problems rather
than all the problems it has solved.

Smale: One thing I have often thought is students (and
myself too) working on mathematical problems early
means a lot less technical training. A lot of universities’
advice is to have the students learn so many techniques
and that’s a mistake. Students can start doing interesting
and important research at a much younger stage of their
career than what usually happens. I would give problems
or ideas to students for them to work on. These are things
that are not demanding or require a large technical back-
ground.

Rajapakse: This is very close to the “Science of Me,” right,
Dr. Hartwell?

Hartwell: I want naive students to be able to think about
original research problems and that’s not always easy be-
cause many research areas require a lot of prior knowledge
and a lot of expensive equipment.

Smale: I think one thing to take into account is mod-
ern communications, especially Google, which allows stu-
dents to learn many things and they can browse through
research and they can latch on to the techniques that they
need to develop. It’s the same thing inmany fields of math
and science.

Hartwell: I agree entirely. The advent of information on-
line has eliminated the need for a lot of courses that stu-
dents take.

Smale: When I was a student I would go to the library and
check out as many books as I could carry and take them
home for a few days. Now I never go to a library.

Rajapakse: But Dr. Smale, you still print papers, right?

Smale: Oh yeah, I cannot remember so well, so I print out
some pages of the paper.

Rajapakse: Dr. Hartwell, do you print?

Hartwell: Not very much. I’m not really reading the re-
search literature in any field. I’m much more involved
in student education from a sort of design point of view
rather than an information point of view.

Rajapakse: What do you think about the future, Dr. Hartwell?
To me, this new [COVID-19] vaccine is amazing within a year.
An RNA-based vaccine is amazing. What do you see in the
future in the next 10 years?

Hartwell: I think the main thing that impresses me about
how things are changing is from the perspective of sensory
perception. I realize now how very limited our sensory
perception is, and how complicated the world is that we
have to function in. I think the augmentation of human
cognitive and sensory capability with technology is really
what’s going to change.

Rajapakse: Dr. Smale, do you use technology in medicine?

Smale: I spend a fair amount of time on the internet brows-
ing rather than reading articles. I find a little bit of infor-
mation about things that are important for my health. I
learned to reject most medical authorities that way.

Rajapakse: Dr. Smale, what do you think of the role of math
in the future?

Smale: Oh, I don’t know. Oftentimes I’m not exactly en-
thusiastic about work. Much of mathematics is becoming
too technical. I would like to see math and research be-
come less technical, but I don’t know if that will change.

Rajapakse: Dr. Smale, you also worked on the mathematics of
vision, correct? How did you get interested in this?

Smale: I think it’s because I paid attention to what peo-
ple were doing around me and I had friends like Tommy
Poggio back 20 years ago. Eventually we started working
on processing vision, artificial vision, and human vision.
The different levels of the brain that correspond to people
seeing something, it goes through different levels and it is
not too much different from artificial vision.

Rajapakse: Your 18th problem is on the limits of intelligence,
right? What did you mean there?

Smale: Learning and intelligence, understanding them
both in the machine and human side and the interchange
between the two is what this is about. I lost my reasons
to defend it or explain it today because so many people
are doing it. Some are coming from computer science and
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they are trying to understand the consciousness of a ma-
chine. Can a machine feel pain? They don’t have the an-
swer but it’s an interesting question.

Rajapakse: You have said that you believe math will be helpful
in biology. Do you still think working together with mathemati-
cians in biology and other fields can contribute to our under-
standing?

Hartwell: Absolutely, I wish that I could understand math
better. As I mentioned earlier, I think the definition of
knowing something is being able to quantitatively predict
it. So mathematics is really the foundation of science. It’s
a language of science.

Rajapakse: Dr. Hartwell, you know that for more than two
years, Dr. Smale, myself, and Charles Pugh have been working
on a problem related to synchronization. I am learning so much
fromDr. Smale and how he thinks about synchronization from a
geometric point of view. It’s a simple problem but it’s so beautiful.
Maybe someday we three can meet again.

Hartwell: Okay thank you for getting us together. It’s been
fun.

Smale: Good to see you again.

Rajapakse: Thank you so much, bye.
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discipline, but how? The teen fires off a series of questions 
as she applies concealer. “How would you, like, start on the 
concept of algebra?” Dab, dab. “Like what did you need it 
for?” Blend. “You know?” 

Unlikely on its face to attract eyeballs in a medium better 
known for dance moves than inquiries into the origins of 
mathematics, Cunningham’s video started racking up views 
when the since-suspended Twitter account @aleturner 
shared it, with a pretty damning assessment: “this is the 
dumbest video ive ever seen.” Curiosity piqued by this 
promise of superlative inanity, social media users watched 
the video, commented on it, and pushed it out to their own 
networks. A cascade ensued, and by the time Vice reported 
on Cunningham’s unwitting rise to online prominence on 
September 10 (see https://bit.ly/2Qog7v4), the video 
had garnered 1.3 million views.

By then Cunningham had posted a follow-up (see 
https://bit.ly/3cZVQUn). “I would like to be smart this 
time,” she begins the August 26 re-do, laughing, “because 
I didn’t know that was going to go viral.” 

She enumerates her questions this go-around: “My first 
question is, how did people know what they were looking 
for when they started theorizing about formulas? Because 
I wouldn’t know what to look for if I’m making up math.” 
And then, “Question number two: Once they did find 

“How would you, like, start on 
the concept of algebra?”

Sophia D. Merow

If you haven’t heard of Gracie Cunningham, a.k.a. “Math 
Isn’t Real” Girl, rest assured: the relation between the two 
of you is symmetric. Before August 2020, when she (in the 
words of her Twitter bio) “went viral accidentally for trying 
to ask...[her] friends about how math came to be,” then 
16-year-old Cunningham was aware of two mathemati-
cians, total: Pythagoras, thanks to her relative enjoyment 
of and engagement in Ms. Smith’s geometry class freshman 
year, and Eugenia Cheng.

Cunningham didn’t know it as she recorded and posted 
a 60-second TikTok1 video on August 23, but her face would 
soon be paired with Cheng’s atop think pieces and news 
briefs across the internet. 

In the video in question (see https://bit.ly 
/3lFss9Y), Cunningham muses about mathematics while 
doing her makeup ahead of a shift at Wegmans. “I just 
wanted to tell you guys about how I don’t think math is 
real,” she says. It exists as a school subject, Cunningham 
concedes, and Pythagoras is among those who launched the 

Sophia D. Merow is a freelance writer and editor. Her email address is 
sdmerow@gmail.com.
1TikTok is an app that allows users to create and share short videos.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2357

https://bit.ly/3lFss9Y
https://bit.ly/3lFss9Y


Math Outside the Bubble

1584    NOtices Of the AmericAN mAthemAticAl sOciety VOlume 68, Number 9

ones who are dumb and the physicists and mathematicians 
are agreeing with me?”

Why indeed?
One mathematician who responded favorably to Cun-

ningham’s TikToks was Eugenia Cheng, Cambridge PhD, 
scientist-in-residence at the School of the Art Institute of 
Chicago, and author of such books as How to Bake π and 
The Art of Logic.3 Cheng tackled each of Cunningham’s 
questions in turn in a two pager she posted online (see 
https://bit.ly/3tNf7iK). She touches on the ability 
of formulas to capture an infinity of instances, logic as a 
framework for deciding whether something is right or not, 
the multitude of non-Euclidean geometries, Twitter trolls’ 
zeal for belittling young women, the failure of typical math 
education to address questions like Cunningham’s, the 
relationship between math and self-esteem... Cheng was 
motivated to craft her response because she thinks many 
are put off math when their questions about it—its utility, 
its origins, its purpose—are dismissed.

“The questions that children and teenagers can ask 
about math may sound naive, but they’re really deep and 
extremely difficult to answer,” Cheng told Carol Off, the 
host of the Canadian interview show As It Happens (see 
https://bit.ly/3d43gG4). “And I think that we need 
to encourage people to respect questions that can’t be 
answered rather than making people feel stupid for being 
unable to answer those questions.”

This past fall, Colorado Academy math teachers Neethi 
Venkateswaran and Pete Horsch asked their trigonome-
try classes to watch Cunningham’s videos and then read 
Cheng’s response and that of Harvey Mudd mathematician 
and Mathematics for Human Flourishing author Francis Su 
(see https://bit.ly/3lLxAt6). Venkateswaran was 
“floored” by the reactions her students articulated on an 
online discussion board as they completed the homework 
assignment and in an all-class conversation the following 
day.  

“So many ideas resonated with them,” she wrote on 
a forum for social justice mathematics educators (see 
https://bit.ly/2Ps1O8c). “Particularly, they felt relief 
at seeing someone...voicing questions that they had been 
too nervous to ever ask themselves.” Students expressed 
yearning for a richer experience of mathematics, one that 
integrated the subject with the humanities, considered 
multiple approaches to problems, acknowledged that even 
the austere queen of the sciences is itself subjective.

Venkateswaran plans to repeat the exercise at the start 
of each school year.

Cheng’s activities, too, have been influenced by the 
“Math Isn’t Real” episode. “I received so many appreciative 
messages from adults who said that this is the first time 

3Gracie Cunningham was aware of Cheng because of YouTuber Drew 
Gooden’s testy 10-minute response (see https://bit.ly/31bQOPa) to the 
Tech Insider video Cheng did arguing that the best way to cut a bagel is 
along a Möbius strip (see https://bit.ly/2OS0zzB).

these formulas, how did they know that they were right? 
Because, how?”

The rest of Cunningham’s questions express not curiosity 
about the genesis of math but perplexity at the reaction—
unexpectedly extensive, alternately derisive and encourag-
ing—to her first video. For it wasn’t just @aleturner who 
had harsh words and didn’t hesitate to broadcast them. 
Hence, “Number three: Why is everybody being really 
mean to me on Twitter?” Nor was everybody piling on with 
insults. Jordan Ellenberg came to Cunningham’s defense, 
as did Steven Strogatz (see Figure 2). Cue “number seven: 
Why are the only people who are disagreeing with me the

Figure 2. Cornell University mathematician Steven Strogatz 
weighs in on Cunningham’s query.2

2“Probably we are reading too much into her question,” Strogatz wrote of 
the Cunningham episode in a March 2021 email, “but I still think it was 
a question that came from genuine curiosity.” 

Figure 1. Artist @glosstial’s homage to Cunningham’s 
follow-up video. (“THIS IS SO GOOD OMG I LOVE THIS,” 
tweeted Cunningham in response.)
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anyone had helped them feel like they’re not just stupid for 
asking questions like that,” Cheng told me in an email. And 
all such interactions inform her ongoing outreach work. “I 
am working on a new project in that direction,” she wrote, 
“but can’t announce it yet.”

And Gracie Cunningham? “Has your view of/appre-
ciation for math changed at all as a result of the whole 
viral-math-related-TikTok experience?” I asked her via 
Twitter direct message.4 

“i mean i definitely think about it more,” the teen re-
plied.

Credits
Figure 1 is by Sam (@glosstial).
Figure 2 is used with permission from Steven Strogatz.
Author photo is by Igor Tolkov.

4Despite a first contact in October 2020, it wasn’t until January 2021, 
when the initial shock of virality had worn off, that Cunningham agreed 
to answer a handful of questions to inform this column. She saw the piece 
before it went to press. 
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represents an 8.64% increase over the prior year and a 50% 
total increase over the past five years.

The largest driver of net asset growth has come from the 
Society’s long-term investments portfolio. Indeed, the Soci-
ety’s net assets and the value of the long-term investments 
are closely correlated.

2020 was remarkable not only for COVID-19 but also for 
the striking effect the pandemic had on the equities mar-
kets. Between February and May, global stocks suffered one 
of the steepest drops on record. US stocks declined more 
than 20% between February and March. Subsequently, the 
American Mathematical Society re-evaluated its long-term 
investment asset allocation policy and reset its asset alloca-
tion policies to be more in line with those at comparably 
sized nonprofit organizations. Positions in foreign equities 
and in real estate holdings were reduced or eliminated and 
investments in fixed income were increased. The S&P 500 
gained 16.26% in value during 2020, but saw continued 
turbulence and a V shaped market correction and recovery. 
At year end, the AMS saw an increase in investments from 
$190.5 million to $206 million.

Operating Revenues
Unsurprisingly, COVID-19 negatively impacted AMS op-
erating revenue in 2020. Gross revenues fell from $35.3 
million in 2019 to $32.5 million in 2020. AMS operating 
departments were not equally affected by the drop in 
revenues.

Publications saw a decrease in revenues of 5.27% driven 
in large part by a $972,000 drop in Print Book Sales. 
During the early stages of the pandemic, the print shop and  

Introduction
This report, my first as AMS Treasurer, covers calendar 
year 2020. During that period, my predecessor Jane Haw-
kins and Chief Financial Officer (CFO) Emily Riley deftly 
steered AMS finances through the turbulence associated 
with the pandemic, capping off a decade of skillful and 
dedicated service to the AMS. Current CFO Lucy Maddock 
joined the AMS in October 2020, and I started my term as 
Treasurer in February 2021. We are both grateful for the 
excellent work of Jane and Emily and for the healthy state 
in which they left AMS finances.

The Report of the Treasurer is presented in the Notices 
annually. Its purpose is to discuss the financial condition of 
the Society as of the immediately preceding fiscal year-end 
and the results of its operations for that year.  One of the key 
responsibilities of the Treasurer is to lead the Board of Trust-
ees in the oversight of financial activities of the Society. This 
is done through close contact with the executive staff of the 
Society, review of internal financial management reports, 
review of audited financial statements, and twice-yearly 
meetings with the Society’s independent auditors. Through 
these and other means, the Trustees gain an understanding 
of the finances and financial reporting of the Society.

Standard financial metrics indicate that the AMS is in 
good financial health: its current ratio (ratio of current 
assets to liabilities) is 1.41, its ratio of debt-like obligations 
to assets is a very low 0.12%, and it has 208 days of cash 
on hand. Most importantly, the AMS spends about 87% of 
its revenue on programs and only 13% on administration 
and fundraising. All of these indicators compare favorably 
to nonprofit averages.

The rest of this report discusses in more detail the assets 
and long-term investments of the Society as well as its op-
erating revenues and expenses.

Net Assets & Long-Term Investments
The single greatest factor affecting 2020 financial results 
was the COVID-19 pandemic. As of December 31, 2020, 
the American Mathematical Society balance sheets show 
total assets of $232.4 million and total liabilities of 
$21.4 million for a net asset balance of $211 million. This  

2020 2019 2018 2017 2016
Total Assets 232,387,981 219,211,612 181,214,563 189,250,626 165,736,071
Total Liabilities 21,388,124 24,994,434 26,152,520 26,267,029 25,500,186

Net Assets 210,999,857 194,217,178 155,062,043 162,983,597 140,235,885

2020 2019 2018 2017 2016
Net Assets 210,999,857 194,217,178 155,062,043 162,983,597 140,235,885
Long Term Investment 206,032,737 190,533,413 151,655,012 162,999,715 140,116,402



FROM THE AMS SECRETARY

1588    NOtices Of the AmericAN mAthemAticAl sOciety VOlume 68, Number 9

now benefit equally from pension contributions of 9.5% 
of annual wages. Previously, contributions ran as high as 
14.5%. The savings from the elimination of pension tiers 
were reinvested in salaries at the lower and middle ranges 
of the pay scales to bring these wages into alignment with 
the current labor market.

Other cost containment measures included a Voluntary 
Separation Package. This was offered to a number of se-
nior AMS employees, many of whom opted to accept the 
package. The real savings from the VSP will be realized in 
2021. As of May 31, 2021, wages and benefits are currently 
$530K lower than the same period in 2020.

Significant savings in 2020 were also achieved in areas 
such as travel, postage, outside printing and binding costs, 
and paper. In total, operating expenses were $2.26 million 
or 6.8% under budget in 2020.

Summary Financial Information
The following Statement of Financial Position, Statement 
of Activities, and Statement of Functional Expenses are 
from the audited financial statements of the AMS, and the 
Statements of Invested Funds are from the internal financial 
records of the AMS. Any member may contact the AMS to 
request the full audited statements of the Society. As Trea-
surer I will gladly answer any questions members may have 
regarding the financial affairs of the Society.

Respectfully submitted,
Douglas Ulmer

Treasurer of the AMS

distribution center were closed for several weeks. Moreover, 
many client institutions like university libraries remained 
closed and unable to either purchase or receive new books 
for many months.

The Meetings Department, as expected during a pan-
demic, saw revenues fall by nearly 11%. This would have 
been significantly larger but for the fact that the pandemic 
began after a very successful 2020 JMM. Subsequently, 
the Spring and Fall Sectionals and Short Course Meetings 
were held virtually. This impacted registration fee revenues 
which saw a decline of 14%.

The largest variance in revenues was in an accounting 
category referred to as Miscellaneous. Adjusted for a nonre-
curring sale of excess IP addresses, Miscellaneous Revenues 
were down by 21% driven in large part by a 19% drop in 
MathJobs and a 21% drop in Sale of Service contracts.

In spite of the overall drop in revenues, there were never-
theless some noteworthy bright spots in 2021. Membership 
Dues saw a modest 0.18% increase. In the Publications 
Department, the Book program produced a surplus of 
$216,000 in direct revenues over expenses. Last but not 
least, MathSciNet subscriptions, which are renewed at the 
start of the fiscal year, held steady in 2020 closely matching 
the 2019 revenues.

Net income for 2020 exceeded the budget by $560,000, 
ending the year at $1.88 million in revenues over expenses. 
Investment returns were the single largest contributor to 
this positive variance. While appropriated spendable in-
come from the endowments constitutes roughly 15% of 
AMS operating income, those revenues increased by only 
1.5% in 2020. This is a result of AMS’s conservative policy 
of using a 4-year moving average of investment returns and 
fund balances and a set spending rate of 4%. Using a 4-year 
moving average and a conservative spending rate allows the 
Society to smooth the effects of periodic market volatility 
on the amount available to spend each year.

Operating Expenses
In May 2020, Catherine Roberts, Executive Director of the 
AMS, together with the Executive Staff and Board of Trustees 
developed a comprehensive plan to reduce AMS expenses, 
improve salaries for many employees, and align the AMS 
benefits structure with the goals of equity, diversity, and 
inclusion. With the support of the Board, Dr. Roberts 
eliminated the tiered pension contribution system which 
favored higher earning employees. All eligible employees 

AMS Division 2020 2019 Variance
Publications 21,609,228 22,811,661 -5.3%
Appropriated Spendable 
Income 5,403,746 5,322,978 1.5%
Membership 2,507,330 2,502,825 0.2%
Miscellaneous 1,672,479 3,107,481 -46.2%
Meetings 1,412,422 1,585,990 -10.9%

Total Revenues 32,605,205 35,330,935 -7.7%
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Hidden Figures3 fame). Dr. Claytor’s passion for research was 
diminished by racist attitudes and incidents. This history is 
recounted in an AMS report. Dr. Claytor spent the majority 
of his career at Howard University where he succeeded Dr. 
David Blackwell as department chair.

Gloria Ford Gilmer, PhD
Gloria Ford Gilmer, PhD (1928– ) is 
the first African American woman to 
have published mathematics research 
articles in peer-reviewed journals, 
with papers on differential equations 
in the Proceedings of the American 
Mathematical Society4 and the Pa-
cific Journal of Mathematics.5 Dr. Ford 
Gilmer earned her undergraduate 
degree from Morgan State University 
and taught at six different HBCUs 

after earning a master’s degree in mathematics from the 
University of Pennsylvania. Later in life she earned a 
doctorate in curriculum and instruction from Marquette 
University. She was the first Black woman on the board 
of governors of the Mathematical Association of America 
(MAA) and also served as a research associate with the US 
Department of Education. Dr. Ford Gilmer is a leader in 
the field of ethnomathematics.6

Background
In 2020, the AMS took new steps towards addressing 
racism and promoting full and equitable participation 
in mathematics education, research, and employment. 
As part of national outrage about systemic racism, the 
AMS participated in #ShutDownSTEM day, adopting the 
AMS Message of Support for and Solidarity with the Black 

3https://www.ams.org/mm140-hidden-figures-podcast
4https://www.ams.org/journals/proc/1956-007-02/S0002-9939 
-1956-0077754-3/
5https://projecteuclid.org/journals/pacific-journal-of 
-mathematics/volume-6/issue-2/On-the-uniform-convergence 

-of-a-certain-eigenfunction-series/pjm/1103044127.full
6https://www.nottingham.ac.uk/csme/meas/papers/gilmer.html

AMS Fellowships
The AMS Claytor-Gilmer 
Fellowship
The AMS established the Claytor-Gilmer Fellowship to 
further excellence in mathematics research and to help 
generate wider and sustained participation by Black math-
ematicians. One fellowship in the amount of $50,000 will 
be awarded for the 2022–2023 academic year.

About this Fellowship
Awardees may use the fellowship in any way that most effec-
tively enables their research—for instance, for release time, 
participation in special research programs, travel support, 
childcare, etc. The award is issued through the recipient’s 
institution, and no part of it may be utilized for indirect 
costs. Given the aims of the fellowship, the most likely 
awardee will be a mid-career Black mathematician based 
at a US institution whose achievements demonstrate sig-
nificant potential for further contributions to mathematics.

William S. Claytor, PhD
William Shieffelin Claytor, PhD 
(1908–1967) was the first African 
American man to publish a research 
article in a peer-reviewed mathemat-
ics journal, with a paper on topology1 
in the Annals of Mathematics. He was 
the third African American to earn a 
PhD in mathematics (University of 
Pennsylvania, 1933). He earned his 
undergraduate and master’s degrees 
in mathematics at Howard Univer-

sity. After his PhD, he taught at West Virginia State College 
where one of his students was Katherine Johnson2 (of  

1https://doi.org/10.2307/1968496
2https://www.ams.org/journals/notices/201903/rnoti-p324.pdf

William S. 
Claytor, PhD

Gloria Ford 
Gilmer, PhD

https://doi.org/10.2307/1968496
https://www.ams.org/journals/proc/1956-007-02/S0002-9939-1956-0077754-3/
https://www.ams.org/journals/proc/1956-007-02/S0002-9939-1956-0077754-3/
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-6/issue-2/On-the-uniform-convergence-of-a-certain-eigenfunction-series/pjm/1103044127.full
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-6/issue-2/On-the-uniform-convergence-of-a-certain-eigenfunction-series/pjm/1103044127.full
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-6/issue-2/On-the-uniform-convergence-of-a-certain-eigenfunction-series/pjm/1103044127.full
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development of their research careers. Candidates must 
have a carefully thought-through research plan for the fel-
lowship period. Special circumstances (such as time taken 
off for care of children or other family members) may be 
taken into consideration in making the award. The fellow-
ship can be used to provide additional time for research of 
the awardee, or opportunities to work with collaborators. 
This may include, but is not limited to, course buy-outs, 
travel money, childcare support, or support to attend spe-
cial research programs.

Application Period
Applications will be accepted on MathPrograms.org starting 
October 4, 2021, and the deadline is December 1, 2021. 
The award recipient will be announced in February 2022.

Find more application information at https://www 
.ams.org/Birman-fellow. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189. 

The AMS Centennial 
Research Fellowship 
Program
The AMS Centennial Research Fellowship Program makes 
awards annually to outstanding mathematicians to help 
further their careers in research. One fellowship in the 
amount of $50,000 will be awarded for the 2022–2023 
academic year.

About this Fellowship
The eligibility rules are as follows: The primary selection 
criterion for the Centennial Fellowship is the excellence of 
the candidate’s research. Preference will be given to candi-
dates who have not had extensive fellowship support in the 
past. Recipients may not hold the Centennial Fellowship 
concurrently with another research fellowship such as a 
Sloan or NSF Postdoctoral fellowship. Under normal cir-
cumstances, the fellowship cannot be deferred. A recipient 
of the fellowship shall have held his or her doctoral degree 
for at least three years and not more than twelve years at the 
inception of the award (that is, must be received between 
September 1, 2010, and September 1, 2019). Applications 
will be accepted from those currently holding a tenured, 
tenure track, postdoctoral, or comparable (at the discretion 
of the selection committee) position at an institution in 
North America. Applications should include a cogent plan 
indicating how the fellowship will be used. The plan should 
include travel to at least one other institution and should 
demonstrate that the fellowship will be used for more than 

Community7 and an action plan. Three key elements of the 
action plan were to create the Task Force on Understanding 
and Documenting the Historical Role of the AMS in Racial 
Discrimination,8 to establish a new fellowship to support 
the research of mid-career Black mathematicians, and to 
launch a new endowed fund for the fellowship and other 
activities. In consultation with various other professional 
organizations and individuals in the wider community, 
the AMS Council established and then named the Clay-
tor-Gilmer Fellowship in early 2021.

Both Dr. William S. Claytor and Dr. Gloria Ford Gilmer 
are products of Historically Black Colleges and Universities 
(HBCUs). Dr. Claytor and Dr. Ford Gilmer have compelling 
stories that align with an important intention of the new 
fellowship: to redress the historical fact that Black men and 
women have not been adequately supported or recognized 
by the mathematics community.

Application Period
Applications will be accepted on MathPrograms.org starting 
October 4, 2021, and the deadline is December 1, 2021. 
The award recipient will be announced in February 2022.

Find more application information at https://www 
.ams.org/claytor-gilmer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189.

The Joan and Joseph 
Birman Fellowship 
for Women Scholars
The Joan and Joseph Birman Fellowship for Women Schol-
ars is a mid-career research fellowship specially designed 
to fit the unique needs of women. The fellowship is open 
only to women and was established in 2017, made possi-
ble by a generous gift from Joan and Joseph Birman. One 
fellowship in the amount of $50,000 will be awarded for 
the 2022–2023 academic year.

About this Fellowship
The fellowship seeks to address the paucity of women at 
the highest levels of research in mathematics by giving 
exceptionally talented women extra research support 
during their mid-career years. The most likely awardee is 
a mid-career woman, based at a US academic institution, 
with a well-established research record in a core area of 
mathematics. The fellowship will be directed toward those 
for whom the award will make a real difference in the  

7https://www.ams.org/messageofsupport
8https://www.ams.org/understanding-ams-history

https://www.ams.org/claytor-gilmer
https://www.ams.org/claytor-gilmer
https://www.ams.org/Birman-fellow
https://www.ams.org/Birman-fellow
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reduction of teaching at the candidate’s home institution. 
The selection committee will consider the plan, in addition 
to the quality of the candidate’s research, and will try to 
award the fellowship to those for whom the award would 
make a real difference in the development of their research 
careers. Work in all areas of mathematics, including inter-
disciplinary work, is eligible.

Application Period
Applications will be accepted on MathPrograms.org starting 
October 4, 2021, and the deadline is December 1, 2021. 
The award recipient will be announced in February 2022.

Find more application information at https://www 
.ams.org/emp-centflyer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189.

MemberGetAMember Program
When your friend joins or renews their AMS membership,*

you each receive 25 AMS points!
Start now: www.ams.org/member-get-a-member

* Affi liate, Emeritus, and Nominee members 
are not eligible for this benefi t.

Recommend a friend

Earn Points! 

Credits
Photo of William S. Claytor is courtesy of Raymond Louis 

Wilder Papers, Archives of American Mathematics, e_
math_02076, The Dolph Briscoe Center for American His-
tory, The University of Texas at Austin.

Photo of Gloria Ford Gilmer is courtesy of the Gilmer family.

https://www.ams.org/emp-centflyer
https://www.ams.org/emp-centflyer


Applications Open for

AMS CONGRESSIONAL 
FELLOWSHIP 2022–2023

“In my fellowship year I gained 
fi rst-hand experience of Congress as well 

as new connections across the government 
through social activities, networking and 

professional development.  As a mid-career Fellow, 
I was able to apply expertise from many areas of my 

professional life to behind-the-scenes work supporting 
Senate politics and policy. I wish more people could 

experience how the government works, which 
doesn’t always resemble what you learn from 

the news.” 

—Rachel Levy, AMS Congressional 
Fellow 2020–2021

Learn more at the JMM 2022 
session on AMS DC-based 

Policy and Communications 
Opportunities to be held 
Friday, January 7, 2022 

at 4:30 pm.

Apply your mathematics knowledge toward solutions to 
societal problems.

The American Mathematical Society will sponsor a Congressional Fellow from 
September 2022 through August 2023.

The Fellow will spend the year working on the staff of either a member of 
Congress or a congressional committee, working in legislative and policy 
areas requiring scienti� c and technical input. 

The Fellow brings his/her/their technical background and external perspective 
to the decision-making process in Congress. Prospective Fellows must 
be cognizant of and demonstrate sensitivity toward political and social issues 
and have a strong interest in applying personal knowledge toward solutions 
to societal problems.

Now in its 17th year, the AMS Congressional Fellowship provides a unique 
public policy learning experience, and demonstrates the value of science–gov-
ernment interaction. The program includes an orientation on congressional 
and executive branch operations, and a year-long seminar series on issues 
involving science, technology, and public policy.

Applicants must have a PhD or an equivalent doctoral-level degree in the mathematical sciences by the application deadline (Feb-
ruary 1, 2022). Applicants must be U.S. citizens. Federal employees are not eligible.

The Fellowship stipend is US$93,013 for the Fellowship period, with additional allowances for relocation and professional travel, 
as well as a contribution toward health insurance.

Applicants must submit a statement expressing interest and quali� cations for the AMS Congressional Fellowship as well as a cur-
rent curriculum vitae. Candidates should have three letters of recommendation sent to the AMS by the February 1, 2022 deadline.  

For more information and to apply, please go to www.ams.org/ams-congressional-fellowship.

Deadline for receipt of applications:  February 1, 2022
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colleges. With eight different categories of seats to appor-
tion, “there was really a lot of going back and forth with 
people about how they felt about the balance of power 
shifting,” he says. 

Ultimately, the Assembly settled on a version of the 
Huntington–Hill method—the same technique used to 

Each year, the AMS sponsors a Congressional Fellow, a PhD mathematician who spends a year immersed in public 
policy in Washington, DC. Fellows work on the staff of a member of Congress or a congressional committee, assisting 
in legislative and policy areas that require scientific and technical input. The 2021–2022 AMS Congressional Fellow is 
AJ Stewart, who began his fellowship in September. AMS writer Scott Hershberger spoke with him in April 2021 about 
his journey in mathematics and his goals for his year as a Congressional staffer.

AMS Congressional Fellow  
AJ Stewart: From Baking  

Bread to Using Mathematics  
for Social Justice

Scott Hershberger

Revising bylaws related to the governance of a university 
may seem far removed from a mathematician’s wheelhouse. 
But serving on Seattle University’s Academic Assembly—an 
elected body of faculty that makes decisions on academic 
matters as well as issues that affect student learning—pre-
sented AJ Stewart with an unexpected opportunity to put 
his expertise to use.

Before Stewart, an instructor of mathematics, joined the 
Academic Assembly to fill in for a colleague on sabbatical, 
the body generally tallied votes using the Borda count. In 
that election method, voters rank all the candidates. But 
the Borda count was ill-suited to some situations faced by 
the Assembly, like choosing two committee members out 
of four candidates. Stewart proposed that the Assembly 
switch to a method in which voters compare two candi-
dates at a time.

Once he explained the mathematical benefits of the pair-
wise system, getting buy-in from colleagues was easy. Less 
straightforward was the process of revising the Assembly’s 
method of apportionment for members from different 

Scott Hershberger is the communications and outreach content specialist at 
the AMS. His email address is slh@ams.org.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2340

AJ Stewart, the 2021–2022 AMS Congressional Fellow.



AMS COMMUNICATION

1598    NOtices Of the AmericAN mAthemAticAl sOciety VOlume 68, Number 9

2008 financial crisis, he immersed himself in documenta-
ries and books on the topic. That investigation led him to 
teach a financial mathematics course.

In the classroom, Stewart continues to connect math-
ematical concepts to contemporary—and local—social 
issues. In consumer mathematics, he asks students to 
investigate laws about lending licenses and calculate how 
much it would cost to take out a payday loan from a lender 
near the university. When teaching business calculus, he 
uses the Gini index not just as an example of integration, 
but also as an opportunity to discuss income inequality in 
the Seattle area. And in introductory statistics, he explains 
the Poisson distribution using data from Seattle police 
reports. By breaking the data down by districts, Stewart 
challenges students to scrutinize patterns of policing across 
the city and identify communities that may be subject to 
over-policing.

As Stewart began to incorporate more real-life exam-
ples in his teaching, his burgeoning passion for using 
mathematics for social good took him to Zambia on three 
weeklong trips in 2016 and 2017. There, he served as a 
project manager for Kilowatts for Humanity, a nonprofit 
that brings sustainable electricity to areas that lack access. 
On one trip, his team of mostly Seattle University students 
visited agricultural companies, farms, and schools to dis-
cuss a potential partnership for solar-powered irrigation. 
On another, his team set up a solar energy kiosk in an 
isolated community, working with local partners to devise 
a business model for the long-term upkeep of the kiosk.

“It definitely takes a different outlook. […] It’s a very 
difficult problem to solve,” he says. But “I like difficult 
problems because I know there has to be a better way.”

During his year as a Congressional Fellow, Stewart will 
face no shortage of difficult problems as a multitude of 
policy issues compete for priority. And as a mathematician, 
he wants to show policymakers the “cold, hard facts” with 
a compassionate approach. That empathy, he says, will be 
key to advancing equity throughout the policy process.

“I really would like there to be a lot more warmth and 
kindness across the board, but especially in mathematics,” 
he says. “I think that we can focus on numbers, we can 
address harsh truths, we can be realistic—and at the same 
time, we can be kind.”

Applications are open until Febru-
ary 1, 2022, for the 2022–2023 AMS 
Congressional Fellowship. To learn more 
about eligibility and how to apply, visit 
bit.ly/2X5Yi3D. 

Credits
Photo of AJ Stewart is courtesy of Jay 

Shepherd.
Author photo is courtesy of Jiyoon 

Kang.

apportion seats to states in the US House of Representa-
tives. Now, each faculty member on the Academic Assembly 
represents approximately the same number of students as 
well as roughly the same number of faculty.

Stewart relishes policy negotiations. “I like coming to 
a compromise,” he says. “I think it’s a good feeling when 
people in a room […] think that there’s no way that the 
minds could meet, and then after a couple of weeks, people 
realize, ‘No, there’s something.’”

Now Stewart, who earned his PhD in mathematics in 
2014 and has taught at Seattle University since then, will 
harness his mathematical expertise and negotiation skills 
to help shape national policy. In September, he moved to 
Washington, DC, as the 2021–2022 AMS Congressional 
Fellow. As a Congressional staffer, he will learn “how the 
sausage is made,” hoping to work on issues of data privacy, 
tax structure, and other issues of fairness and equality.

Stewart believes that mathematicians should play an 
important role in creating and evaluating policies. Not only 
are mathematicians part of society, but they “have a specific 
set of skills that lend themselves to [the] policy process,” he 
says. “There’s a basis in logic, there’s a basis in optimizing 
outcomes, there’s a basis in problem-solving.”

Though his desire to use mathematics for social good is 
clear, his path through academia to the halls of Congress 
was far from direct.

Stewart had a “chaotic” childhood in central Florida, 
moving multiple times and barely graduating high school. 
After a year baking bread at a steakhouse, he suddenly re-
alized that he wanted to do something more. So he signed 
up for community college, where a course about proofs 
got him excited about mathematics. He finished his un-
dergraduate math major at Humboldt State University and 
enrolled in the PhD program at the University of Oregon. 
Stewart seemed well on his way to a research career in pure 
mathematics.

But “my graduate school experience was exhausting,” 
Stewart says. By the time he finished his dissertation on 
algebraic geometry, he knew that he wanted his future work 
to be less abstract. He took the first teaching job he could 
find, as an instructor at Seattle University, with the hope 
of encountering an area of mathematics that resonated 
more with him.

The turning point came at an AMS Mathematics Research 
Community in summer 2016. During the weeklong retreat 
in Snowbird, Utah, Stewart got his first taste of algebraic 
statistics and resolved to continue exploring the field.

“The community was really great and supportive, and it 
was a much better feeling than what I had had doing my 
pure research,” he says. “From there it was like following 
my nose” to learn more computational tools like Julia, 
Python, and R.

Soon, he began teaching statistics and data science, pro-
pelled by his curiosity. For instance, when students in his 
consumer mathematics class expressed an interest in the Scott Hershberger

http://bit.ly/2X5Yi3D
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and scalable algorithms in Kohn–Sham density functional 
theory, localization theory, many-body perturbation theory, 
and quantum embedding theory. Several new methods 
have been adopted by electronic structure software pack-
ages widely used in quantum chemistry, quantum physics, 
and materials science. Recently, Lin has contributed to 
neural network-based methods for accelerating molecular 
simulations, as well as quantum algorithms for solving 
high-dimensional linear algebra problems with applica-
tions to electronic structure calculations. When he is not 
doing mathematics, Lin enjoys biking.

Assaf Naor of Princeton Univer-
sity focuses his research on analysis 
and geometry in high dimensions, 
with emphasis on understanding the 
structure of metric spaces, including 
the extent to which they can be real-
ized in “nicer” geometries. He har-
nesses such insights for a variety of 
applications in several areas of pure 
mathematics (analysis, geometry, 
probability, combinatorics, group 
theory) and also in order to chart the 

possibilities and limitations of algorithms. Much of Naor’s 
work makes progress on the long-standing Ribe program, 
which is a web of conjectures and analogies between linear 
and nonlinear geometries that is inspired by a classical 
rigidity theorem of Ribe.

Theoretical Computer Science
Maria Florina Balcan of Carnegie Mellon University con-
ducts research that spans machine learning, algorithms, 
and algorithmic game theory. She introduced general 
techniques that helped put modern machine-learning 
paradigms on solid theoretical foundations, including 
learning from limited labeled data, distributed learning, 
noise-tolerant learning, and lifelong learning. She also 
provided fundamental contributions to the area of analysis 
of algorithms beyond the worst case by providing both new 
models of realistic (non-worst case) instances and general 
techniques for designing and analyzing algorithms derived 
in a data-driven fashion.

Amit Sahai of the University of California, Los Angeles, 
proposes fundamental new concepts in cryptography and 

2021 Simons Investigators 
Announced
The Simons Foundation has named the Simons Foundation 
Investigators for 2021. Following are the new investigators 
whose work involves the mathematical sciences.

Mathematics
Guido De Philippis of New York University works in geo-
metric measure theory, calculus of variations, and partial 
differential equations. His main interest is the understand-
ing of regularity (or lack thereof) of solutions of geometric 
variational problems, ranging from minimal surfaces to free 
boundary problems. Recently, in collaboration with Filip 
Rindler, he obtained a fine description of the structure of 
the singular part of measures satisfying a linear partial dif-
ferential equation (PDE) constraint. By suitably choosing 
the PDE constriction, the result allowed a number of open 
questions to be solved: extension of Alberti’s rank-one 
theorem to the space of bounded deformation (BD) func-
tions, converse of the Rademacher theorem, and structure 
of Lipschitz differentiability spaces.  

June Huh of Princeton University 
studies discrete objects using geomet-
ric methods. An unexpected relation 
between combinatorics and algebraic 
geometry found by Huh was used 
in his proof of Read’s conjecture in 
graph theory. In recent works, he 
and his collaborators proposed a 
more general framework that tight-
ens the connection between the two 
seemingly disparate fields. This led to 
proofs of several other long-standing 
problems in combinatorics, such as 
the ultra-log-concavity conjecture of 
Mason and the top-heavy conjecture 
of Dowling–Wilson.

Lin Lin of the University of Cali-
fornia, Berkeley, is an applied mathe-
matician working in electronic struc-
ture theory. With collaborators, he 
has developed efficient, accurate, 

June Huh

Assaf Naor

Lin Lin
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establishes new feasibility results. He is best known for his 
works proposing the notions of indistinguishability obfus-
cation and functional encryption and for his recent work 
establishing the feasibility of indistinguishability obfusca-
tion and functional encryption for general computations 
based on well-studied hardness conjectures.

Thomas Vidick of the California Institute of Technology 
conducts research at the interface of theoretical computer 
science, quantum information, and cryptography. He is 
known for his work in the theory of quantum interactive 
proofs, including results on device-independent cryptogra-
phy, certified randomness, and the complexity of quantum 
multiprover interactive proof systems. The study of quan-
tum entanglement provides a unifying goal behind all these 
areas and a focal point for his current research.

The Simons Investigators Program provides a stable 
base of support for outstanding scientists, enabling them 
to undertake long-term study of fundamental questions.

—From a Simons Foundation announcement

Prizes of the Canadian 
Mathematical Society
The Canadian Mathematical Society (CMS) has announced 
several awards for 2021.

Anita Layton of the University 
of Waterloo has been awarded the 
2021 Krieger–Nelson Prize, which 
recognizes outstanding research by 
a female mathematician, “for her 
exceptional contributions to math-
ematical research with applications 
ranging from fluid dynamics to bi-
ology and medicine.” She received 
her PhD in computer science from 
the University of Toronto. She was 
a professor of mathematics at Duke 

University before joining the faculty of Waterloo as a 
Canada 159 Research Chair in mathematical biology 
and medicine. According to the prize citation, she “has 
been recognized as a distinguished figure in the applied 
mathematics research at the interface of mathematical 
computation and biomedical sciences with direct impact in 
clinical health care.” Her work involves computational fluid 
dynamics as well as mathematical biology. Anita met this 
cute llama during her trip to Ecuador a year and half ago; 
she looks forward to traveling again when the pandemic is 
over. Besides making friends with adorable animals on fun 
trips, Anita also enjoys EvenQuads with the playing cards 
created by the Association for Women in Mathematics, 

which feature sixty-three notable women in mathematics, 
as well as Anita.

Kseniya Garaschuk of the Uni-
versity of the Fraser Valley was hon-
ored with the 2021 Graham Wright 
Award for Distinguished Service. The 
award recognizes individuals who 
have made sustained and significant 
contributions to the Canadian math-
ematical community and, in particu-
lar, to the CMS. Garaschuk received 
her PhD from the University of Victo-
ria in 2014, and her contributions to 

the Canadian mathematical community and to CMS cover 
her student and postdoctoral years. She has been associate 
editor on the A-Taste-Of-Mathematics Editorial Board (2016–
2020) and has been on the CMS Notes Editorial Board since 
2018 and on the CMS Education Committee since 2014, 
participating in many award selection committees. She is 
the editor in chief of the journal Crux Mathematicorum. 
As a graduate student she organized and ran annual CMS 
Math Camps and founded several student initiatives. She 
was a lead organizer of a community-building event that 
explores Indigenous ways of learning and knowing with 
connections to mathematics and also of the CMS COVID-
19 Research and Education Meeting in 2020. She tells the 
Notices: “I have a five-year old daughter; we love painting 
and gardening together. I thoroughly enjoy morning walks 
by the water with my Airedale. I read many historical books. 
I indulge in sewing, knitting and embroidery to honor the 
handcrafts and carry forward the traditions of my Belaru-
sian grandmothers.”

Christopher Liaw of the Univer-
sity of Toronto was awarded the 2021 
Blair Spearman Doctoral Prize. His 
dissertation addresses two important 
problems in theoretical machine 
learning. He completed his PhD at 
the University of British Columbia 
in 2020 under the supervision of 
Nicholas Harvey. He is currently a 
postdoctoral fellow at Toronto. The 
prize recognizes outstanding perfor-

mance by a doctoral student.

—From CMS announcements
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SIAM Prizes Awarded
The Society for Industrial and Applied Mathematics (SIAM) 
and its Activity Groups have awarded a number of prizes 
for 2021.

Nicholas Higham of the Univer-
sity of Manchester was awarded the 
George Pólya Prize for Mathematical 
Exposition for outstanding exposi-
tion in the mathematical sciences. 
He received his PhD in 1985 from 
the University of Manchester under 
the supervision of George Hall. He 
became an appointed lecturer at 
Manchester in 1985 and has been 
Richardson Professor of Applied 

Mathematics since 1998. He was a visiting professor at 
Cornell University in 1988–1989.  He is a Fellow of the 
Royal Society and of the Association for Computing Ma-
chinery, and he blogs about mathematics at https://
nhigham.com/blog/. The Pólya Prize carries a cash award 
of US$10,000.

Jonathan Mattingly of Duke Uni-
versity was named the I. E. Block 
Community Lecturer. The lecture is 
intended to encourage public appre-
ciation of the excitement and vitality 
of science. Mattingly received his 
PhD in applied and computational 
mathematics from Princeton Uni-
versity in 1998. He served on the fac-
ulty of Stanford University and as a 
member of the Institute for Advanced 

Study before joining Duke in 2003. His research involves 
the longtime behavior of stochastic systems including 
randomly forced fluid dynamics, turbulence, stochastic 
algorithms used in molecular dynamics and Bayesian 
sampling, and stochasticity in biochemical networks. He 
has been the recipient of a PECASE CAREER Award and is 
a Fellow of the AMS. He tells the Notices: “I enjoy cooking 
and playing soccer. When I was three years old, I spoke 
Turkish better than English.” 

Stefan Güttel of the University of 
Manchester received the 2021 James 
H. Wilkinson Prize for Numerical 
Analysis and Scientific Computing 
“for his contributions to the analysis, 
implementation, and application of 
rational and block Krylov methods.” 
He received his PhD in 2010 from the 
Technical University of Bergakademie 
Freiberg. He has held postdoctoral 
positions at the University of Geneva 

and the University of Oxford and is a Fellow of the Turing 
Institute. He is an associate editor of the SIAM Journal on 
Scientific Computing and of the Electronic Transactions on 
Numerical Analysis. He is professor of applied mathemat-
ics at Manchester. He enjoys traveling with his family and 
playing the bass guitar in a rock band. The Wilkinson Prize 
is awarded every four years to early-career researchers for 
research in or other contributions to numerical analysis 
and scientific computing during the six years preceding the 
award year and carries a cash award of US$2,000.

Thomas J. R. Hughes of the Uni-
versity of Texas at Austin was awarded 
the Ralph E. Kleinman Prize for his 
research and contributions in the 
areas of computational mechanics, 
isogeometric analysis, stabilized 
and variational multiscale methods, 
phase-field modeling, cardiovascular 
bioengineering, complex fluids, and 
turbulence. He received his PhD 
from the University of California, 
Berkeley, and held faculty positions 

at Berkeley, the California Institute of Technology, and 
Stanford University before joining the faculty at Austin in 
2002. He currently holds the Peter O’Donnell Jr. Chair in 
Computational and Applied Mathematics and is leader of 
the ICES Computational Mechanics Group. He tells the 
Notices: “My life is dominated by family activities. I have a 
great wife, three wonderful adult children, all married, and 
six fantastic grandchildren, and many nice friends, within 
and without mathematics. I like great food and wine, travel, 
exercise, primarily in my home gym (Texas is hot!), and I 
am a sports fan. I like all sports but have a soft spot in my 
heart for the beautiful game [soccer]. My sense of humor 
is legendary. Everyone thinks I am very funny ... well, al-
most everyone. According to my wife, the jury is still out.” 
The Kleinman Prize carries a cash award of approximately 
US$5,000.

Karl Kunisch of the University 
of Graz, Austria, received the W. T. 
and Idalia Reid Prize for Research 
for work in differential equations 
and control theory. He received his 
PhD and Habilitation degrees in 
1978 and 1980, respectively, from the 
Technical University of Graz. He has 
held numerous positions, including 
as visiting assistant, associate, and 
full professor at Brown University 
between the years 1979 and 1989 

and as visiting associate professor at the University of 
Oklahoma (1982–1983). He was also a consultant at 
the Institute for Computer Applications in Science and 
Engineering at NASA Langley, Virginia (1985–1987), and 
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held visiting positions at INRIA Rocquencourt and the  
Université Paris Dauphine. He became professor of math-
ematics at the Technical University of Graz in 1986. He 
spent the years 1993 to 1996 at the Technical University 
of Berlin before returning to Graz as full professor of 
mathematics. He was elected a Fellow of SIAM in 2017. 
He is an editor of the SIAM Journal on Numerical Analysis, 
the SIAM Journal on Control and Optimization, the Journal of 
the European Mathematical Society, and Computational and 
Applied Mathematics, among others. The Reid Prize carries 
a cash award of US$10,000.

Assefaw H. Gebremedhin of Washington State Univer-
sity, Fredrik Manne of the University of Bergen, Norway, 
and Alex Pothen, Purdue University, were awarded the 
Pólya Prize in Applied Combinatorics for their work on 
“efficient graph coloring algorithms and codes with ap-
plications to Jacobian and Hessian matrix computations.” 
The Pólya Prize is awarded every four years for a notable 
application of combinatorial theory. It carries a cash award 
of US$10,000. 

Deborah Lockhart of the National Science Foundation 
was honored for Distinguished Service to the Profession for 
her contributions to the furtherance of applied mathemat-
ics on the national or international level. She received her 
PhD in continuum mechanics from Rensselaer Polytech-
nic Institute. She held positions at the State University of 
New York Geneseo and Michigan Technological University 
before joining the NSF in 1988. She held positions in 
three NSF directorates: Mathematics and Physical Sciences 
(MPS), Computer and Information Sciences and Engineer-
ing (CISE), and Education and Human Resources (EHR). 
She was both program director and deputy division director 
in the Division of Mathematical Sciences (DMS/MPS) and 
deputy division director in the Division of Information 
and Intelligent Systems  (CISE). She was appointed deputy 
assistant director of MPS in 2016. She was elected to the 
inaugural class of Fellows of the AMS in 2013. 

George Karniadakis of Brown 
University was awarded the 2021 
SIAM/ACM Prize in Computer Sci-
ence and Engineering “for advanc-
ing spectral elements, reduced-order 
modeling, uncertainty quantifica-
tion, dissipative particle dynamics, 
fractional PDEs, and scientific ma-
chine learning, while pushing ap-
plications to extreme computational 
scales and mentoring many leaders.” 
The prize is awarded every two years 

for outstanding contributions to the development and use 
of mathematical and computational tools and methods in 
science and engineering problems. Karniadakis received his 
PhD in 1987 from the Massachusetts Institute of Technol-
ogy. He subsequently held positions at the Massachusetts 

Institute of Technology, Stanford University, and Princeton 
University before joining the faculty at Brown in 1994. 
He was visiting professor at the California Institute of 
Technology (1993) and has been a visiting professor and 
senior lecturer in ocean/mechanical engineering at MIT 
since 2000. He has twice been visiting professor at Peking 
University (2007, 2013). He was the recipient of the SIAM 
Ralph E. Kleinman Prize in 2015. He is a Fellow of the 
American Society of Mechanical Engineers, the American 
Physical Society, and SIAM. 

Paris Perdikaris of the University 
of Pennsylvania was awarded the 
SIAM Activity Group on Computa-
tional Science and Engineering Early 
Career Prize for his work on machine 
learning using Gaussian processes 
and neural networks, “which has set 
the foundation for a new paradigm 
in data-driven and physics-informed 
scientific computing.” He received 
his PhD in applied mathematics 
from Brown University in 2015 and 

was a postdoctoral research associate at the Massachusetts 
Institute of Technology from 2015 to 2017, when he joined 
the faculty at Penn. He tells the Notices: “Growing up in 
Greece, I'm a big fan of the ocean and water sports (mostly 
swimming and sailing). In fact, my undergraduate degree 
is not in mathematics, but in ocean engineering! More re-
cently, I've been torturing my tennis racquet as an attempt 
to stay active during the pandemic.” The prize is given 
every two years to an early-career researcher in the field of 
computational science and engineering for outstanding, 
influential, and potentially long-lasting contributions to 
the field.

Ventakaramanan Balakrishnan of Case Western Re-
serve University, James Vogel of Systems and Technology 
Research, Boston, Jianlin Xia of Purdue University, and  
Stephen Cauley of Harvard Medical School and the Mas-
sachusetts General Hospital are the recipients of the 2021 
SIAM Activity Group on Computational Science and Engi-
neering Best Paper Prize for “Superfast divide-and-conquer 
method and perturbation analysis for structured eigenvalue 
solutions,” SIAM Journal on Scientific Computing 38 (2016),  
no. 3. According to the prize citation, they were honored 
“for their impressive work which reduces the compu-
tational complexity of a whole eigendecomposition of 
Hermitian matrices from cubic to loglinear by utilizing the 
hierarchical semi-separable structure.” 

—From SIAM announcements
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ACM Awards Announced
The Association for Computing Machinery (ACM) has 
announced several awards for 2020.

Alfred V. Aho of Columbia Uni-
versity and Jeffrey D. Ullman of 
Stanford University are the recipients 
of the 2020 A. M. Turing Award, 
given for major contributions of 
lasting importance to computing. 
They were honored for “fundamental 
algorithms and theory underlying 
programming language implemen-
tation and for synthesizing these 
results and those of others in their 
highly influential books, which edu-

cated generations of computer scientists.”  Aho earned his 
PhD in electrical engineering and computer science from 
Princeton University. He held positions at Bell Laboratories 
and Bellcore (now Telcordia) before joining the Columbia 
faculty. He is a past recipient of the IEEE John von Neu-
mann Medal. He is a Fellow of the Royal Society of Canada 
and of the American Association for the Advancement of 
Science and the ACM. He enjoys bridge and golf and plays 
the violin in a string quartet. Ullman received his PhD in 
1966 from Princeton University. He was a member of the 
technical staff at Bell Laboratories from 1966 to 1969, when 
he joined the Stanford faculty. Since 2003 he has been chief 
executive officer of Gradiance Corporation in Stanford, 
California. His honors include the Knuth Prize (2000) 
and the von Neumann Medal of the IEEE (2010). He was 
elected to the American Academy of Arts and Sciences in 
2012 and to the National Academy of Sciences in 2020. The 
prize recipients will split the cash award of US$1 million.

Scott Aaronson of the University 
of Texas at Austin was awarded the 
2020 ACM Prize in Computing “for 
groundbreaking contributions to 
quantum computing.” He “showed 
how results from computational 
complexity theory can provide new 
insights into the laws of quantum 
physics, and brought clarity to what 
quantum computers will, and will 
not, be able to do.” With Avi Wig-
derson, he invented the technique of 

“algebrization” to understand the limits of algebraic tech-
niques for separating and collapsing complexity classes. 
Aaronson received his PhD from the University of Cali-
fornia, Berkeley, in 2004. He held postdoctoral positions 
at the Institute for Advanced Study and the University of 
Waterloo and served on the faculty at the Massachusetts 
Institute of Technology from 2007 to 2016, when he joined 

the faculty at Texas. He was a corecipient of the Alan T. 
Waterman Award in 2012. He was named a Simons Inves-
tigator in 2017 and elected a Fellow of the ACM in 2019. 
Aaronson tells the Notices: “Ping-Pong is the only sport that 
I’m not terrible at. I get much more nervous and flustered 
ordering at a drive-thru than giving a lecture to a packed 
auditorium.” The prize carries a cash award of US$250,000.

Hector Levesque of the Univer-
sity of Toronto and Moshe Vardi of 
Rice University are the recipients of 
the ACM-AAAI Allen Newell Award. 
Levesque was recognized for “funda-
mental contributions to knowledge 
representation and reasoning, and 
their broader influence within theo-
retical computer science, databases, 
robotics, and the study of Boolean 
satisfiability.” Vardi was honored for 
“contributions to the development 
of logic as a unifying foundational 
framework and a tool for modeling 
computational systems.” Levesque 
received his PhD in 1981 from the 
University of Toronto. He held a 
position at the Fairchild Laboratory 
for Artificial Intelligence Research in 
Palo Alto, California, before joining 
the University of Toronto in 1984, 
from which he retired in 2014. He 
is a founding Fellow of the Amer-

ican Association of Artificial Intelligence (AAAI) and is 
the recipient of several of its best-paper awards. He was 
elected to the Royal Society of Canada in 2006 and to the 
American Association for the Advancement of Science in 
2011. He received the Lifetime Achievement Award of the 
Canadian Artificial Intelligence Association in 2012. He 
serves on editorial boards of several journals. Vardi received 
his PhD from Hebrew University of Jerusalem in 1981. He 
held a position at the IBM Almaden Research Center before 
joining the faculty at Rice in 1993. His honors include the 
2000 Gödel Prize, the 2005 ACM Kanellakis Award for 
Theory and Practice, the 2021 Knuth Prize, and the ACM 
Presidential Award in both 2008 and 2017. He is a Fellow 
of the AMS, the American Association for the Advancement 
of Science, the Association for Computing Machinery, the 
Institute for Electrical and Electronic Engineers, and the 
Society for Industrial and Applied Mathematics, among 
others. He is a member of the National Academy of Science 
and the American Academy of Arts and Sciences. The New-
ell Award is presented by the ACM and the Association for 
the Advancement of Artificial Intelligence (AAAI) for career 
contributions that have breadth within computer science 
or that bridge computer science and other disciplines. It 
carries a cash award of US$10,000.
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problems. In particular, Dr. Pass has worked on multi-mar-
ginal optimal transport problems, Wasserstein barycenters, 
and optimal transportation between unequal dimensions. 
These problems have many applications, including in eco-
nomics, physics, and quantum chemistry.” Pass received his 
PhD from the University of Toronto in 2011.

David Earn of McMaster University received the 2021 
Research Prize “in recognition of his outstanding contri-
butions to the mathematical epidemiology of infectious 
diseases. His work and digitization efforts have had and 
will continue to have incredible impact in epidemiology, 
applied mathematics, and beyond.” Earn received his PhD 
in 1993 from the University of Cambridge Institute of As-
tronomy. He held postdoctoral fellowships at the Hebrew 
University of Jerusalem, the University of Cambridge, and 
Princeton University before joining the McMaster faculty. 

—From CAIMS announcements
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The 2020 Paris Kanellakis Theory and Practice Award was 
given to Yossi Azar of Tel Aviv University, Andrei Broder 
of Google Research, Anna Karlin of the University of  
Washington, Michael Mitzenmacher of Harvard University, 
and Eli Upfal of Brown University. They were honored 
“for the discovery and analysis of balanced allocations, 
known as the power of two choices, and their extensive 
applications to practice.” The prize carries a cash award of 
US$10,000 and honors specific theoretical accomplish-
ments that have had a significant and demonstrable effect 
on the practice of computing.

—From ACM announcements

CAIMS Prizes 2021
The Canadian Applied and Industrial Mathematics Society 
(CAIMS) has awarded the following prizes for 2021.

Nilima Nigam of Simon Fraser University received 
the 2021 CAIMS-Fields Industrial Mathematics Prize “in 
recognition of her many broad-ranging contributions to 
the discipline of industrial mathematics. Her recent inter-
disciplinary research is groundbreaking and demonstrates 
how theoretical results can have a major impact on the 
development of new mathematical models. Dr. Nigam has 
also provided outstanding national leadership as a vocal, 
effective and selfless advocate for the industrial mathemat-
ics community.” Nigam received her PhD in 1999 from the 
University of Delaware. She held a postdoctoral position 
at the University of Minnesota and a faculty position at 
McGill University before joining Simon Fraser University.

James Colliander of the University of British Columbia 
was recognized with the Arthur Beaumont Distinguished 
Service Award for his “outstanding service to applied and 
industrial mathematics at many levels in Canada.” He 
has  been director of the Pacific Institute for Mathematical 
Sciences (PIMS) since 2016. He developed Syzygy, a cloud-
hosted platform used by universities in Canada and the 
United States. Based on this, Callysto was developed for 
school grades five through twelve and is now widely used 
in classrooms, as well as Jupyter, which is used by faculty 
and students to share research work. The prize citation 
states: “His efforts have resulted in a better computational 
infrastructure for applied and industrial mathematicians 
in Canada, as well as increased access to computational 
resources for educators at all levels, from K–12 to post-
secondary.” Colliander received his PhD in 1997 from the 
University of Illinois. He has also served as a postdoctoral 
scholar at the University of California, Berkeley, and on the 
faculty of the University of Toronto. 

Brendan Pass of the University of Alberta was awarded 
the 2021 CAIMS/PIMS Early Career Award “in recognition 
of his contributions to the study of optimal transport  
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Senator Reed Visits AMS Print Shop

Almost every book and journal the AMS publishes is printed, 
bound, packaged, and shipped at its printing and distribution 
facility in Pawtucket, Rhode Island. On June 28, 2021, Senator 
Jack Reed (D-RI) stopped by to see the facility in action. 

“Now I have an idea how books and other material are 
produced, and it’s an amazing transformation from even ten 
or twenty years ago,” Reed said at the end of his visit. “I think 
the sophistication of the machinery and the skill of the work-
ers combine to dramatically underscore how advanced and 
sophisticated this operation is.”

Read the full story and see highlights from Senator Reed’s 
visit at http://www.ams.org/news?news_id=6735.

—AMS Communications Department

Grad Students Reimagine Integration 
Bee as Two-Week “Digital Bee”

Trig substitutions, partial fractions, special symmetries—inte-
gration bees are one of the modern traditions of undergraduate 
and graduate mathematics. Each year at universities across the 
country, students race to evaluate mind-bending integrals, 
often in a bracket-style competition. But the structure of these 
events depends on having participants gather in one room, 
with no access to outside resources—so how could an inte-
gration bee happen online?

Most groups of students planning to hold integration bees 
after March 2020 simply canceled them. The AMS Graduate 
Student Chapter at the University of Connecticut, on the 
other hand, decided to forge ahead. For three years before the 
pandemic, the chapter had held integration bees open to all 
undergraduate math enthusiasts. In spring 2021, they reimag-
ined the event as a “digital bee.”

To find out how they did it, read the full story at http://
www.ams.org/news?news_id=6714.

—AMS Communications Department

Credits
Photo courtesy of Scott Hershberger.

From the AMS  
Membership Department

 • Continuing for 2022: Current or new members looking 
for work but not yet employed may choose a reduced dues 
rate of $0, $20, or $51 to fit their budgets. Please log in to 
update your dues rate at: www.ams.org/account.

 • AMS Day 2021 will be held on Monday, November 29. Be 
sure to watch Headlines & Deadlines, Notices of the AMS, and 
social media for announcements.

 • The AMS recognizes the breadth of people, thought, and ex-
perience that contribute to mathematics. Consider sharing 
important demographic information with us through your 
private online member profile to support the AMS’s work 
to offer the entire mathematics community professional 
development opportunities that amplify the voices of all 
mathematicians: www.ams.org/account.

 • Consider surprising your favorite mathematician with a 
gift of community—AMS Membership. AMS membership 
benefits teaching, research, service, community build-
ing, and job searches: www.ams.org/membership/give 
membership.

—Megan E. Turcotte
AMS Membership Department

Senator Reed and Scott Hafner examining the cover sheets for 
a volume of Contemporary Mathematics.

http://www.ams.org/membership/givemembership
http://www.ams.org/membership/givemembership
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program receives generous support from the National Sci-
ence Foundation, the AMS, and donors.

—AMS Programs Department

The 2023 AMS Short Course:  
Call for Proposals

The AMS invites expressions of interest and proposals to 
organize the Society’s Short Course to be offered January 
2–3, 2023, in coordination with the 2023 Joint Mathemat-
ics Meetings (JMM) in Boston, Massachusetts. The Short 
Course provides an unparalleled opportunity to introduce 
an exciting, current area of applied mathematics to a broad 
audience of students, faculty, researchers, and practitioners. 

Typically incorporating a sequence of survey lectures, 
tutorials, panels, or other activities, the course’s theme 
may be cutting-edge or more established. Its goal is to 
provide professional and in-training mathematicians an 
introduction that can:

 • Satisfy the curiosity of those who are new to the 
topic

 • Provide an entrée to a new research topic
 • Inspire new methods of problem solving
 • Be part of the participants’ professional develop-

ment and continuing education
The AMS Short Course Committee encourages proposals 

that will have wide appeal and might extend the traditional 
course in subject and/or methodology. Proposals may, 
for example, focus on applications in industry, business, 
economics and social sciences, health and medical care, 
entrepreneurship, public policy, and other areas. Proposals 
might also contain a training component on programming 
and coding, which coordinates well pedagogically with the 
rest of the course.

The AMS Short Course Committee is exploring flexible 
delivery methods for the course. This might include online 
presentations, recorded lectures available after the course, 
live stream Q&A sessions, online breakout discussion 

2023 Mathematics  
Research Communities 

Call for Proposals from Organizers
The American Mathematical Society (AMS) seeks proposals 
from organizer teams for the 2023 Mathematics Research 
Communities (MRC) summer research workshops, the 
centerpiece of the MRC program. Proposals from all areas 
of pure and applied mathematics—including topics of rel-
evance in business, industry, and government (BIG)—are 
welcome. 

The MRC program features week-long, intensive, 
hands-on summer workshops that are organized by teams 
of experienced researchers and practitioners in BIG and 
that provide early-career mathematicians with opportuni-
ties to engage in collaborative research and professional/
career development. These workshops are typically held in 
a retreat-like setting in the month of June. For 2023, AMS 
expects to host four to six workshops, each with up to forty 
early-career participants. 

Since the first summer workshops in 2008, the MRC 
program has provided over 1,500 mathematicians in  
forty-eight different topically focused cohorts with a sum-
mer research experience and supported many of these 
individuals’ participation in subsequent conferences, 
collaborations, and mentoring relationships. The AMS 
welcomes everyone interested in mathematics as we work 
to build a community that is diverse, respectful, accessible, 
and inclusive. As the largest mathematical organization 
in North America, the AMS is committed to using our re-
sources to generate equitable opportunities while fostering 
and strengthening professional advancement. 

Details about the MRC program and guidelines for 
organizer proposal preparation can be found at www.ams 
.org/mrc-proposals-23. Send expressions of interest 
and all inquiries to mrc2023@ams.org by September 15, 
2021. Complete proposals received by November 30, 2021, 
will receive full consideration. The program directors and 
the MRC Advisory Board aim for the development of a 
complete conference program by mid-January 2022. This 

http://www.ams.org/mrc-proposals-23
http://www.ams.org/mrc-proposals-23
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Early-Career Opportunity

NSF Mathematical Sciences 
Postdoctoral Research Fellowships

The purpose of the Mathematical Sciences Postdoctoral 
Research Fellowships (MSPRF) is to support future leaders 
in mathematics and statistics by facilitating their participa-
tion in postdoctoral research environments that will have 
maximal impact on their future scientific development. 
Proposals are due October 20, 2021. For further informa-
tion, refer to the program solicitation available at https://
www.nsf.gov/funding/pgm_summ.jsp?pims_id=5301.

—NSF announcement

NSF Conferences and Workshops  
in the Mathematical Sciences

The National Science Foundation (NSF) supports confer-
ences, workshops, and related events (including seasonal 
schools and international travel by groups). Proposals for 
such activities may request funding of any amount and 
for durations of up to three years. Proposals may be sub-
mitted only by universities and colleges or by nonprofit 
nonacademic institutions and must be submitted to the 
appropriate disciplinary program in accordance with the 
lead-time requirements specified on the program web 
page. For more information, see https://www.nsf.gov 
/funding/pgm_summ.jsp?pims_id=11701&org=DMS.

—NSF announcement

2021 Blackwell–Tapia Conference

The 2021 Blackwell–Tapia Conference, rescheduled from 
2020, will be held November 19 and 20, 2021, simulta-
neously at the following four locations throughout the 
United States:

 • Mathematical Sciences Research Institute 
(MSRI): Berkeley, California

 • Institute for Pure and Applied Mathematics 
(IPAM): Los Angeles, California

 • Institute for Mathematical and Statistical Inno-
vation (IMSI): Chicago, Illinois

 • Institute for Advanced Study (IAS): Princeton, 
New Jersey

For those not able to attend in person, there will be a live 
broadcast of most conference sessions; some networking 
events are limited to in-person participation.

The conference organizers are David Banks (Duke Uni-
versity), Hélène Barcelo (MSRI), Lloyd Douglas, Robert 

groups, and other methods. Suggestions by the proposers 
are encouraged. 
Audience and Topical Focus
The mathematical background, knowledge, and experience 
of the participants vary greatly; some will be novices and 
others may be practitioners in the topic. Typically, the 
attendees include undergraduate and graduate students, 
and college and university faculty. A Short Course targeted 
to individuals with a solid background in undergraduate 
mathematics is most likely to draw interest and satisfy 
participants. 
Inquire
An expression of interest may be as short as one page. Mem-
bers of the community are also encouraged to nominate 
organizer-topic pairs. More detailed guidance is available 
in the Short Course Manual (https://www.ams.org 
/meetings/shortcourse/2022_short_course 
_manual.pdf). Expressions of interest, nominations, and 
proposals should be sent to the AMS Director of Programs 
(programs@ams.org; tdl@ams.org; ded@ams.org). For 
full consideration, proposals should be submitted by No-
vember 19, 2021. 

—AMS announcement

AMS Department Chairs Workshop

Save the Date: The AMS is hosting the 2022 Department 
Chairs Workshop for chairs and leaders of departments of 
mathematical sciences on Tuesday, January 5, 2022. The 
workshop will start at 9:00 am PDT at the Washington State 
Convention Center, Seattle, Washington. This annual work-
shop will provide an opportunity to share experiences and 
reflect on what math department chairs, math departments, 
and colleges and universities are doing. The registration 
fee for the workshop is US$200 and registration will be 
available through the JMM registration portal.

Registered participants will receive a short questionnaire 
in December about the demographics of their departments 
and about potential topics for discussion at the workshop. 
Stay tuned for more information on the department chairs 
workshop webpage (http://www.ams.org/profession 
/leaders/workshops/chairsworkshop) or contact us by 
email (chairsworkshop@ams.org).

—AMS Programs Department

The most up-to-date listing of NSF funding opportunities from the 
Division of Mathematical Sciences can be found online at: 
www.nsf.gov/dms  and for the Directorate of Education and 
Human Resources at www.nsf.gov/dir/index.jsp?org=ehr.   
To receive periodic updates, subscribe to the DMSNEWS listserv by 
following the directions at www.nsf.gov/mps/dms/about.jsp. 

https://www.ams.org//meetings/shortcourse/2022_short_course_manual.pdf
https://www.ams.org//meetings/shortcourse/2022_short_course_manual.pdf
https://www.ams.org//meetings/shortcourse/2022_short_course_manual.pdf
http://www.ams.org/profession/leaders/workshops/chairsworkshop
http://www.ams.org/profession/leaders/workshops/chairsworkshop
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=11701&org=DMS
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=11701&org=DMS
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March 28–April 1, 2022: The Analysis and Geometry 
of Random Spaces. https://www.msri.org/workshops 
/1019. 

May 2–6, 2022: Adventurous Berkeley Complex Dynam-
ics. https://www.msri.org/workshops/1018.

It is the policy of MSRI to actively seek to achieve diver-
sity in its programs and workshops. Thus a strong effort is 
made to remove barriers that hinder equal opportunity, 
particularly for those groups that have been historically 
underrepresented in the mathematical sciences. 
Call for Program Proposals
MSRI invites the submission of proposals for full- or half-
year programs to be held at MSRI. Planning of such pro-
grams is generally done about three years ahead. Except in 
extraordinary cases, a subject is the focus of a program not 
more than once in ten years. 

A scientific program at MSRI generally consists of up to 
nine months of concentrated activity in a specific area of 
current research interest in the mathematical sciences. MSRI 
usually runs two programs simultaneously, each with about 
forty mathematicians in residence at any given time. The 
most common program length is four months (typically 
in the form of a fall or spring semester program). Each 
program begins with a Connections for Women workshop 
and an Introductory workshop, the purpose of which is to 
introduce the subject to the broader mathematical com-
munity. The programs receive administrative and financial 
support from the Institute, allowing organizers to focus on 
the scientific aspects of the activities.

The Scientific Advisory Committee (SAC) of the Institute 
meets in January, May, and November each year to consider 
proposals for programs. The deadlines to submit proposals 
of any kind for review by the SAC are March 1, October 
1, and December 1.

MSRI also invites the submission of proposals for Hot 
Topics workshops and Summer Graduate Schools. 

For specific proposal requirements and further informa-
tion, see the website www.msri.org/proposal. 
ADJOINT Workshop
MSRI invites applications for its 2022 African Diaspora 
Joint Mathematics Workshop (ADJOINT), taking place 
June 20–July 1, 2022, in Berkeley, California. ADJOINT is 
a two-week summer activity designed for researchers with 
PhD degrees in the mathematical and statistical sciences 
who are interested in conducting research in a collegial 
environment. The main objective of ADJOINT is to pro-
vide opportunities for in-person research collaboration to 
US mathematical and statistical scientists, especially those 
from the African Diaspora, who will work in small groups 
with research leaders on various research projects. 

The ADJOINT workshops are designed to catalyze re-
search collaborations, to provide support for conferences 
to increase the visibility of the researchers, and to develop 

Megginson (University of Michigan), Mariel Vazquez (Uni-
versity of California, Davis), and Ulrica Wilson (Morehouse 
College; Institute for Computational and Experimental 
Research in Mathematics).

For more information and to register, see the website 
https://www.msri.org/workshops/1022. 

—From an MSRI announcement

Early-Career Opportunity

News from MSRI 

2021–2022 Workshops
The Mathematical Sciences Research Institute (MSRI) will 
hold the following workshops in 2021–2022. Established 
researchers, postdoctoral fellows, and graduate students 
are invited to apply for funding. It is the policy of MSRI to 
actively seek to achieve diversity in its workshops. Thus a 
strong effort is made to remove barriers that hinder equal 
opportunity, particularly for those groups that have been 
historically underrepresented in the mathematical sciences. 
Pending ongoing COVID-19 disruptions, some workshops 
may be held online or workshop dates may be adjusted.

MSRI is pleased to be able to offer a private room for 
nursing mothers. MSRI also has a resource to assist visitors 
with finding child care in Berkeley. For more information, 
please contact Sanjani Varkey at sanjani@msri.org. 

The workshops are as follows:
October 18–22, 2021: Integrable Structures in Random 

Matrix Theory and Beyond. https://www.msri.org 
/workshops/953. 

November 19–20, 2021: Blackwell–Tapia Conference 
2021. https://www.msri.org/workshops/1022. 

January 20–21, 2022: Connections Workshop: The Anal-
ysis and Geometry of Random Spaces. https://www.msri 
.org/workshops/968. 

January 24–28, 2022: Introductory Workshop: The Anal-
ysis and Geometry of Random Spaces. https://www.msri 
.org/workshops/969. 

February 3–4, 2022: Connections Workshop: Complex 
Dynamics: From Special Families to Natural Generaliza-
tions in One and Several Variables. https://www.msri 
.org/workshops/970. 

February 7–11, 2022: Introductory Workshop: Complex 
Dynamics: From Special Families to Natural Generaliza-
tions in One and Several Variables. https://www.msri 
.org/workshops/971. 

March 7–11, 2022: Hot Topics: Foundations of Sta-
ble, Generalizable and Transferable Statistical Learning. 
https://www.msri.org/workshops/1020. 

March 21–25, 2022: Hot Topics: Regularity Theory for 
Minimal Surfaces and Mean Curvature Flow. https://
www.msri.org/workshops/983. 

https://www.msri.org/workshops/953
https://www.msri.org/workshops/953
https://www.msri.org/workshops/969
https://www.msri.org/workshops/969
https://www.msri.org/workshops/968
https://www.msri.org/workshops/968
https://www.msri.org/workshops/970
https://www.msri.org/workshops/970
https://www.msri.org/workshops/971
https://www.msri.org/workshops/971
https://www.msri.org/workshops/1020
https://www.msri.org/workshops/983
https://www.msri.org/workshops/983
https://www.msri.org/workshops/1019
https://www.msri.org/workshops/1019
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a sense of community among the mathematical scientists 
who attend. This program will enhance the mathematical 
and statistical sciences and its community by positively 
affecting the research and careers of African American 
mathematical and statistical scientists and supporting their 
efforts to achieve full access and engagement in the broader 
research community.

Program Activity and Support: During the workshop, each 
participant will conduct research at MSRI within a group 
of four to five mathematical and statistical scientists under 
the direction of one of the research leaders. Professional 
enhancement activities will be provided by the onsite 
ADJOINT director. All participants will receive funding 
for two weeks of lodging, meals, and incidentals and one 
round-trip travel ticket to Berkeley, California. For details of 
2022 research topics and leaders, visit msri.org/adjoint.

After the two-week workshop, each participant will 
have the opportunity to further his or her research project 
with the team members, including the research leader; will 
have access to funding to attend conference(s) or to meet 
with other team members to pursue the research project 
or to present results; and will become part of a network of 
research and career mentors.

Program Eligibility: Applicants must be US citizens or 
permanent residents, possess a PhD in the mathematical 
or statistical sciences, and be employed at a US institution.

Selection Process: The guiding principle in selecting 
participants and establishing the groups is the creation of 
diverse teams whose members come from a variety of in-
stitutional types and career stages. The degree of potential 
positive impact on the careers of African Americans in the 
mathematical and statistical sciences will be an important 
factor in the final decisions.

How to Apply: For a list of application materials and the 
link to apply via MathPrograms, visit msri.org/adjoint. 
Applications received by December 1, 2021, will receive 
full consideration. We expect to begin making offers for 
participation in mid-February 2022.

MSRI has been supported from its origins by the Na-
tional Science Foundation, now joined by the National 
Security Agency, over 100 Academic Sponsor departments, 
by a range of private foundations, and by generous and 
farsighted individuals. ADJOINT 2022 receives additional 
support from the Alfred P. Sloan Foundation.

—MSRI announcements

Call for Proposals 

AIM, the American Institute of Mathematics, sponsors 
week-long activities in all areas of the mathematical sciences 

with an emphasis on focused collaborative research.

Workshop Program
AIM invites proposals for its focused workshop 
program, both in-person and online.   AIM workshops 
are distinguished by their specific mathematical goals.  
This may involve making progress on a significant 
unsolved problem or examining the convergence of two 
distinct areas of mathematics.  Workshops are small in 
size, up to 28 people, to allow for close collaboration 
among the participants.

AIM seeks to promote diversity in the mathematics research 
community.  We encourage proposals which include significant 
participation of women, underrepresented minorities,  junior 
scientists, and researchers from primarily undergraduate institutions.

SQuaREs Program
AIM also invites proposals for the SQuaREs program: 
Structured Quartet Research Ensembles.  More long-
term in nature, this in-person program brings together 
groups of four to six researchers for a week of focused 
work on a specific research problem in consecutive years.  

More details are available at:
http://www.aimath.org/research/

deadline: November 1

Research Communities Program
AIM is excited to invite proposals for its new 
Research Communities program.  Intended for larger 
collaborative efforts of 40+ researchers in a virtual 
setting, these communities receive access to a dedicated 
online platform with integrated tools to support long-
term research collaboration.

http://www.aimath.org/research/
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MASSACHUSETTS

Massachusetts Institute of Technology (MIT) 
Cambridge, MA 

Department of Mathematics

The Mathematics Department at MIT is seeking to fill po-
sitions in Pure and Applied Mathematics, and Statistics 
at the level of Instructor beginning July 1, 2022 (for the 
2022–2023 academic year, or as soon thereafter as pos-
sible). Appointments are based primarily on exceptional 
research qualifications. Appointees will be expected to 
fulfill teaching duties and pursue their own research pro-
gram. PhD in Mathematics or related field required by 
employment start date.

The Department of Mathematics offers supportive 
mentorship to junior faculty and instructors, an excep-
tional environment for mathematical inquiry, and a strong 
commitment to an inclusive, welcoming culture. MIT is an 
equal employment opportunity employer. All qualified ap-
plicants will receive consideration for employment and will 
not be discriminated against on the basis of race, color, sex, 
sexual orientation, gender identity, religion, disability, age, 
genetic information, veteran status, ancestry, or national 
or ethnic origin. MIT’s full policy on nondiscrimination 
can be found at https://policies.mit.edu/policies 
-procedures/90-relations-and-responsibilities 
-within-mit-community/92-nondiscrimination.

For more information and to apply, please visit www 
.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2021.
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Massachusetts Institute of Technology (MIT) 
Cambridge, MA 

Department of Mathematics

The Mathematics Department at MIT is seeking to fill po-
sitions in Pure and Applied Mathematics at the level of 
tenure-track Assistant Professor or higher beginning July 
1, 2022 (for the 2022–2023 academic year, or as soon 
thereafter as possible). Appointments are based primarily 
on exceptional research qualifications. Appointees will be 
required to fulfill teaching duties and pursue their own 
research program. PhD in Mathematics or related field 
required by employment start date.

The Department of Mathematics offers supportive 
mentorship to junior faculty and instructors, an excep-
tional environment for mathematical inquiry, and a strong 
commitment to an inclusive, welcoming culture. MIT is an 
equal employment opportunity employer. All qualified ap-
plicants will receive consideration for employment and will 
not be discriminated against on the basis of race, color, sex, 
sexual orientation, gender identity, religion, disability, age, 
genetic information, veteran status, ancestry, or national 
or ethnic origin. MIT’s full policy on nondiscrimination 
can be found at https://policies.mit.edu/policies 
-procedures/90-relations-and-responsibilities 

-within-mit-community/92-nondiscrimination.
For more information and to apply, please visit www 

.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2021.
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Review of applications begins November 1, 2021; appli-
cations after that date may be considered if the positions 
have not been filled.

Hill and Other Assistant Professorships
The Hill Assistant Professorship is a three-year nonten-
ure-track, nonrenewable, Post-Doctoral appointment. 
These positions carry a reduced teaching load of 2–1 for re-
search. Subject to funding, we will be offering one or more 
of these positions. Other postdoctoral positions of varying 
duration and teaching loads may also be available. Candi-
dates should have received a PhD and show outstanding 
promise of research ability in pure or applied mathematics 
as well as a capacity for effective teaching.

Review of applications begins December 1, 2021; appli-
cations after that date may be considered if the positions 
have not been filled.

Teaching Faculty
Teaching Instructor or Assistant/Associate Teaching Profes-
sor in Mathematics. Subject to availability of funding the 
Department of Mathematics at Rutgers University–New 
Brunswick may have one or more renewable non-tenure-
track teaching positions at the level of Teaching Instructor 
with the possibility of appointment at a higher level (As-
sistant or Associate Teaching Professor) for exceptionally 
well-qualified candidates.

This position has a teaching load of 4–4 (four under-
graduate courses in each of the fall and spring semesters), 
with possible teaching reductions for administrative, 
advising or other departmental duties. Applicants should 
normally have received a PhD and show outstanding evi-
dence of teaching at the undergraduate level.

Review of candidates for these positions will begin 
December 1, 2021; applications after that date may be 
considered if the positions have not been filled.

Application Procedure
The three positions will be posted at mathjobs.org (prob-
ably by mid-September) under Rutgers–New Brunswick 
with the codes TT22, PD22, and TF22. An applicant should 
complete the application at mathjobs.org. In addition to 
the mathjobs application, for each position for which you 
apply, you must complete a basic employment application 
on the Rutgers employment website. The mathjobs listing 
for each position includes a link to this basic application.

Rutgers, the State University of New Jersey, is an Equal 
Opportunity / Affirmative Action Employer. Qualified ap-
plicants will be considered for employment without regard 
to race, creed, color, religion, sex, sexual orientation, gender 
identity or expression, national origin, disability status, 
genetic information, protected veteran status, military 
service or any other category protected by law. As an insti-
tution, we value diversity of background and opinion, and 
prohibit discrimination or harassment on the basis of any 

NEW JERSEY

Program in Applied and Computational Mathematics 
Princeton University 

Postdoctoral Research Associate

The Program in Applied and Computational Mathematics 
invites applications for Postdoctoral Research Associate or 
more senior positions, to join in research efforts of interest 
to its faculty. Domains of interest include nonlinear par-
tial differential equations, computational fluid dynamics, 
material science, dynamical systems, numerical analysis, 
stochastic analysis, graph theory and applications, mathe-
matical biology, financial mathematics, mathematical ap-
proaches to signal analysis, information theory, structural 
biology and image processing.

Appointments are made for one year, renewable yearly 
for up to three years, if funding is available and perfor-
mance is satisfactory. For details on specific faculty mem-
bers and their research interests, please go to https:// 
www.pacm.princeton.edu/sites/default/files 
/faculty_interests2018-19apc_0.pdf.

Applicants must submit a cover letter, CV, bibliography/
publications list, statement of research and three letters 
of recommendation online at https://www.mathjobs 
.org/jobs. PhD is required. This position is subject to the 
University background check policy.

Princeton University is an Equal Opportunity/Affirma-
tive Action Employer and all qualified applicants will re-
ceive consideration for employment without regard to age, 
race, color, religion, sex, sexual orientation, gender identity 
or expression, national origin, disability status, protected 
veteran status, or any other characteristic protected by law.
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Rutgers University 
New Brunswick 

Mathematics Department

The Mathematics Department of Rutgers University–New 
Brunswick invites applications for the following positions 
which may be available September 2022.

Tenure Stream Faculty
Subject to availability of funding, the Department expects 
one opening for a tenure stream faculty member. This ap-
pointment will most likely be at the level of tenure-track 
Assistant Professor level, but exceptional candidates at 
higher levels will be considered. Candidates must have a 
PhD and have a strong record of research accomplishments 
in mathematics as well as effective teaching. More details 
on the search, including priority areas, can be found in the 
Rutgers University–New Brunswick ad listing of mathjobs 
.org. The normal teaching load for research-active faculty 
is 2–1.

https://www.pacm.princeton.edu/sites/default/files/faculty_interests2018-19apc_0.pdf
https://www.pacm.princeton.edu/sites/default/files/faculty_interests2018-19apc_0.pdf
https://www.pacm.princeton.edu/sites/default/files/faculty_interests2018-19apc_0.pdf
http:..www.mathjobs.org/jobs
http:..www.mathjobs.org/jobs
http://mathjobs.org
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of mathematics will be considered. PhD in mathematics 
or related field is required prior to start of appointment. 
Faculty members are expected to contribute to the re-
search, teaching, and service missions of the department. 
Appointment with tenure requires evidence of excellence 
in scholarly research, teaching, and service. Candidates 
for a tenure-track position should exhibit evidence of 
outstanding research potential, normally including signif-
icant contributions beyond the doctoral dissertation. The 
teaching responsibility is three courses per academic year, 
including both undergraduate- and graduate-level courses, 
and a strong commitment to excellence in instruction is 
also expected. An application packet should include a 
completed AMS Standard Cover Sheet, a curriculum vitae 
that includes a publication list, and brief descriptions 
of research and teaching. Application packets should 
be submitted electronically to https://www.mathjobs 
.org/jobs/list/17905. We require three to four letters 
of recommendation, at least one of which must discuss the 
applicant’s teaching experiences, capabilities, and poten-
tial, sent to the above URL. To ensure full consideration, 
application packets must be received by November 1, 2021. 
Applications will be accepted until the position is filled. The 
University of Wisconsin-Madison is an Affirmative Action, 
Equal Opportunity Employer and encourages applications 
from women and minorities. Unless confidentiality is re-
quested in writing, information regarding the applicants 
must be released upon request. Finalists cannot be guaran-
teed confidentiality. A background check will be required 
prior to employment.
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AUSTRIA

Assistant Professor (tenure-track) 
and Professor positions in mathematics

IST Austria (www.ist.ac.at) invites applications in all 
areas of mathematics for several open positions.

We offer:
 • A highly international and interdisciplinary re-

search environment with English as working 
language on campus

 • Substantial start-up package and attractive salary
 • Guaranteed annual base funding including fund-

ing for PhD students and postdocs
 • An international Graduate School with high ad-

missions criteria and a rigorous training program
 • Support for acquiring third-party funds
 • Light teaching load, entirely at the level of graduate 

students
 • Leadership program
 • Employee Assistance Program
 • Dual Career support packages 

legally protected class in the areas of hiring, recruitment, 
promotion, transfer, demotion, training, compensation, 
pay, fringe benefits, layoff, termination or any other terms 
and conditions of employment.

13

RHODE ISLAND

Brown University – Mathematics Department

J. D. Tamarkin Assistant Professorship: One or more three-
year non-tenured non-renewable appointments, beginning 
July 1, 2022. The teaching load is one course one semester, 
and two courses the other semester and consists of courses 
of more than routine interest. Candidates are required to 
have received a PhD degree or equivalent by the start of 
their appointment, and they may have up to three years of 
prior academic and/or postdoctoral research experience.

Applicants should have strong research potential and 
a commitment to teaching. Field of research should be 
consonant with the current research interests of the de-
partment.

For full consideration, applicants must submit a curric-
ulum vitae, an AMS Standard Cover Sheet, at least three 
letters of recommendation primarily focused on research, 
and one letter addressing teaching (possibly as part of a 
research letter), by November 19, 2021. Applicants should 
address their commitment to diversity in terms of teaching, 
research and activities in the math community in their cover 
letter, OR they may attach a diversity statement if desired. 
(Later applications will be reviewed to the extent possible.)

In addition, applicants are required to identify a Brown 
faculty member with similar research interests. Please 
submit all application materials online at http://www 
.mathjobs.org. Email inquiries should be addressed to 
juniorsearch@math.brown.edu.

Brown University is committed to fostering a diverse 
and inclusive academic global community; as an EEO/AA 
employer, Brown considers applicants for employment 
without regard to, and does not discriminate on the basis 
of, gender, race, protected veteran status, disability, or any 
other legally protected status.

12

WISCONSIN

University of Wisconsin-Madison 
Department of Mathematics

The Department of Mathematics at UW-Madison is accept-
ing applications for faculty positions beginning August 
22, 2022, subject to budgetary approval. Rank will be as 
assistant professor (tenure-track), associate professor (ten-
ured), or in exceptional cases, professor (tenured). All areas 

http://www.mathjobs.org
http://www.mathjobs.org
https://www.mathjobs.org/jobs/list/17905
https://www.mathjobs.org/jobs/list/17905
http://www.ist.ac.at
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by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look  
forward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn 

or contact Mr. Albert Liu at mathjobs@tju.edu.cn, tele-
phone: 86-22-2740-6039.

01

SOUTH KOREA

Korea Institute for Advanced Study (KIAS) 
Call for Applications: 

Positions in Pure and Applied Mathematics

Founded in 1996, KIAS is committed to the excellence of 
research in basic sciences, namely mathematics, theoretical 
physics, and computational sciences, through high-quality 
research programs and a strong faculty body consisting of 
distinguished scientists and visiting scholars.

The School of Mathematics and the Center for Math-
ematical Challenges boast of internationally-renowned 
faculty members whose research bring prestigious visitors 
from diverse research areas, nurturing a research environ-
ment that encourages interaction and collaboration not 
only on-campus but beyond.

Qualified, outstanding candidates in the field are en-
couraged to frequently check Mathjobs.org and KIAS Jobs 
website (https://jobs.kias.re.kr), where detailed 
information is updated when faculty and postdoctoral re-
search fellow positions become available. Please note that 
our postdoctoral research fellow selections generally take 
place in June and December each year.

10

 • Child-care facilities on campus (for children aged 
3 months till school age)

IST Austria is an international institute dedicated to basic 
research and graduate education in the natural, mathemat-
ical, and computational sciences. The Institute fosters an 
interactive, collegial, and supportive atmosphere, sharing 
space and resources between research groups whenever pos-
sible, and facilitating cross-disciplinary collaborations. Our 
PhD program involves a multi-disciplinary course schedule 
and rotations in research groups, and we hire scholars from 
diverse international backgrounds. The campus of IST 
Austria is located close to Vienna, one of the most livable 
cities in the world.

Assistant professors receive independent group leader 
positions with an initial contract of six years, at the end 
of which they are reviewed by international peers. If the 
evaluation is positive, an assistant professor is promoted 
to a tenured professor.

Candidates for tenured positions are distinguished sci-
entists in their respective research fields and typically have 
at least six years of experience in leading a research group.

Please apply online at: www.ist.ac.at/jobs/faculty/.  
The closing date for applications is October 29, 2021.
For enquiries, please contact faculty.recruiting@ist 
.ac.at.

IST Austria values diversity and is committed to equal 
opportunity. We strive to increase the number of women, 
particularly in fields where they are underrepresented, 
and therefore we strongly encourage female researchers 
to apply.

09

CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 

http://cam.tju.edu.cn


THE JOAN AND JOSEPH BIRMAN
FELLOWSHIP FOR WOMEN SCHOLARS

The new Joan and Joseph Birman Fellowship for Women Scholars is a mid-career 
research fellowship specially designed to fit the unique needs of women. This fellow-
ship program, established in 2017, is made possible by a generous gift from Joan and 
Joseph Birman.

The most likely awardee is a mid-career woman, based at a US academic institution, 
with a well-established research record in a core area of mathematics. 

Further information and instructions for submitting an application can be found at 
the fellowship website: www.ams.org/Birman-fellow.

For questions contact the AMS Programs Specialist Kayla Roach
at prof-serv@ams.org. 

Application period: October 4–December 1
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Differential Equations

Differential Equations
A Dynamical Systems 
Approach to Theory and 
Practice
Marcelo Viana, IMPA - Instituto 
de Matemática Pura e Aplicada, 
Rio de Janeiro, Brazil and José M. 
Espinar, Universidad de Cádiz, 
Cadiz, Spain

In collaboration with Guilherme 
T. Goedert and Heber Mesa

This graduate-level introduction to ordinary differential 
equations combines both qualitative and numerical anal-
ysis of solutions, in line with Poincaré’s vision for the field 
over a century ago. Taking into account the remarkable 
development of dynamical systems since then, the authors 
present the core topics that every young mathematician 
of our time—pure and applied alike—ought to learn. The 
book features a dynamical perspective that drives the moti-
vating questions, the style of exposition, and the arguments 
and proof techniques.

The text is organized in six cycles. The first cycle deals 
with the foundational questions of existence and unique-
ness of solutions. The second introduces the basic tools, 
both theoretical and practical, for treating concrete prob-
lems. The third cycle presents autonomous and non-au-
tonomous linear theory. Lyapunov stability theory forms 
the fourth cycle. The fifth one deals with the local theory, 
including the Grobman–Hartman theorem and the stable 
manifold theorem. The last cycle discusses global issues in 
the broader setting of differential equations on manifolds, 
culminating in the Poincaré–Hopf index theorem.

The book is appropriate for use in a course or for self-
study. The reader is assumed to have a basic knowledge 
of general topology, linear algebra, and analysis at the 
undergraduate level. Each chapter ends with a computa-
tional experiment, a diverse list of exercises, and detailed 
historical, biographical, and bibliographic notes seeking 

Analysis

Maximal Function 
Methods for 
Sobolev Spaces
Juha Kinnunen, Aalto University, 
Finland, Juha Lehrbäck, Uni-
versity of Jyväskylä, Finland, and 
Antti Vähäkangas, University of 
Jyväskylä, Finland

This book discusses advances 
in maximal function methods 
related to Poincaré and Sobolev 
inequalities, pointwise estimates 

and approximation for Sobolev functions, Hardy’s in-
equalities, and partial differential equations. Capacities 
are needed for fine properties of Sobolev functions and 
characterization of Sobolev spaces with zero boundary 
values. The authors consider several uniform quantitative 
conditions that are self-improving, such as Hardy’s in-
equalities, capacity density conditions, and reverse Hölder 
inequalities. They also study Muckenhoupt weight proper-
ties of distance functions and combine these with weighted 
norm inequalities; notions of dimension are then used to 
characterize density conditions and to give sufficient and 
necessary conditions for Hardy’s inequalities. At the end 
of the book, the theory of weak solutions to the p -Laplace 
equation and the use of maximal function techniques is 
this context are discussed.

The book is directed to researchers and graduate students 
interested in applications of geometric and harmonic anal-
ysis in Sobolev spaces and partial differential equations.

Mathematical Surveys and Monographs, Volume 257
October 2021, 354 pages, Softcover, ISBN: 978-1-4704-
6575-9, LC 2021013318, 2010 Mathematics Subject Clas-
sification: 42B25, 46E35; 26D10, 28A12, 31B15, 35A23, 
35J92, 42B37, List US$125, AMS members US$100, MAA 
members US$112.50, Order code SURV/257

bookstore.ams.org/surv-257

 Mathematical
Surveys

and 
Monographs

Volume 257

Maximal Function
Methods for
Sobolev Spaces

Juha Kinnunen 
Juha Lehrbäck
Antti Vähäkangas

GRADUATE STUDIES
IN MATHEMATICS 212

Differential
Equations
A Dynamical Systems
Approach to Theory
and Practice

Marcelo Viana
José M. Espinar

http://bookstore.ams.org/surv-257
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In the interest of fostering a greater awareness and ap-
preciation of mathematics and its connections to other 
disciplines and everyday life, MSRI and the AMS are pub-
lishing books in the Mathematical Circles Library series as 
a service to young people, their parents and teachers, and 
the mathematics profession.

Titles in this series are co-published with the Mathematical Sciences 
Research Institute (MSRI).

MSRI Mathematical Circles Library, Volume 26
October 2021, 177 pages, Softcover, ISBN: 978-1-4704-
4879-0, LC 2020057238, 2010 Mathematics Subject Clas-
sification: 00–01, 00A07, 51–01, 52–01, 14–01, 97G10, 
97–01, List US$55, AMS members US$44, MAA members 
US$49.50, Order code MCL/26

bookstore.ams.org/mcl-26

Testimonios
Stories of Latinx and 
Hispanic Mathematicians
Pamela E. Harris, Williams Col-
lege, Williamstown, MA, Alicia 
Prieto-Langarica, Youngstown 
State University, OH, Vanessa 
Rivera Quiñones, Equilo and 
Universidad Sagrado Corazón, San 
Juan, Puerto Rico, Luis Sordo Vie-
ira, University of Florida, Gains-
ville, FL, Rosaura Uscanga, Mercy 
College, Dobbs Ferry, NY, and An-

drés R. Vindas Meléndez, MSRI, Berkeley, CA, and University 
of California, Berkeley, CA, Editors

Testimonios brings together first-person narratives from 
the vibrant, diverse, and complex Latinx and Hispanic 
mathematical community. Starting with childhood and 
family, the authors recount their own individual stories, 
highlighting their upbringing, education, and career paths. 
Their particular stories, told in their own voices, from their 
own perspectives, give visibility to some of the experiences 
of Latinx/Hispanic mathematicians.

Testimonios seeks to inspire the next generation of Latinx 
and Hispanic mathematicians by featuring the stories of 
people like them, holding a mirror up to our own commu-
nity. It also aims to provide a window for mathematicians 
(and aspiring mathematicians) from all ethnicities, with the 
hope of inspiring a better understanding of the diversity of 
the mathematical community.

Classroom Resource Materials, Volume 67
October 2021, 286 pages, Softcover, ISBN: 978-1-4704-
6657-2, LC 2021016982, 2010 Mathematics Subject  

to help the reader form a clearer view of how the ideas in 
this field unfolded over time.

Graduate Studies in Mathematics, Volume 212
November 2021, approximately 549 pages, Hardcover, 
ISBN: 978-1-4704-5114-1, LC 2021000336, 2010 Mathemat-
ics Subject Classification: 34–XX; 34A26, 49K15, 65L20, 
List US$125, AMS members US$100, MAA members 
US$112.50, Order code GSM/212

bookstore.ams.org/gsm-212

General Interest

Mathematics via Problems
Part 2: Geometry
Alexey A. Zaslavsky, Central Eco-
nomical and Mathematical Insti-
tute, Moscow, Russia, and Moscow 
Power Energetic Institute, Russia 
and Mikhail B. Skopenkov, Na-
tional Research University Higher 
School of Economics, Moscow, Rus-
sia, and Institute for Information 
Transmission Problems RAS, Mos-
cow, Russia

This book is a translation from Russian of Part II of the 
book Mathematics Through Problems: From Olympiads and 
Math Circles to Profession. Part I, Algebra, was recently pub-
lished in the same series. Part III, Combinatorics, will be 
published soon.

The main goal of this book is to develop important parts 
of mathematics through problems. The authors tried to 
put together sequences of problems that allow high school 
students (and some undergraduates) with strong interest in 
mathematics to discover and recreate much of elementary 
mathematics and start edging into more sophisticated top-
ics such as projective and affine geometry, solid geometry, 
and so on, thus building a bridge between standard high 
school exercises and more intricate notions in geometry.

Definitions and/or references for material that is not 
standard in the school curriculum are included. To help 
students that might be unfamiliar with new material, prob-
lems are carefully arranged to provide gradual introduction 
into each subject. Problems are often accompanied by hints 
and/or complete solutions.

The book is based on classes taught by the authors at 
different times at the Independent University of Moscow, 
at a number of Moscow schools and math circles, and at 
various summer schools. It can be used by high school 
students and undergraduates, their teachers, and organizers 
of summer camps and math circles.

http://bookstore.ams.org/gsm-212
http://bookstore.ams.org/mcl-26
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Math Education

Fractions: To Be Continued
Bowen Kerins, Education De-
velopment Center, Waltham, MA, 
Darryl Yong, Harvey Mudd Col-
lege, Claremont, CA, Al Cuoco, 
Education Development Center, 
Waltham, MA, and Glenn Ste-
vens, Boston University, MA

This is the eighth book in the 
Teacher Program Series. Each 
book includes a full course in a 
mathematical focus topic. The 

topic for this book is the study of continued fractions, 
including important results involving the Euclidean algo-
rithm, the golden ratio, and approximations to rational 
and irrational numbers. The course includes 14 problem 
sets designed for low-threshold, high-ceiling access to the 
topic, building on one another as the concepts are explored. 
The book also includes solutions for all the main problems 
and detailed facilitator notes for those wanting to use this 
book with students at any level. The course is based on one 
delivered at the Park City Math Institute in Summer 2018.

Titles in this series are co-published with the Institute for Advanced Study/
Park City Mathematics Institute.

IAS/PCMI—The Teacher Program Series, Volume 8
November 2021, 140 pages, Softcover, ISBN: 978-1-4704-
6293-2, LC 2015022685, 2010 Mathematics Subject Classi-
fication: 11–XX, 41–XX, 97–XX, List US$50, AMS members 
US$40, MAA members US$45, Order code SSTP/8

bookstore.ams.org/sstp-8

Classification: 00–XX, 01–XX, 01A70, 97–XX, List US$25, 
AMS Individual member US$18.75, AMS Institutional 
member US$20, MAA members US$18.75, Order code 
CLRM/67

bookstore.ams.org/clrm-67

Geometry and Topology

Lectures on 
Poisson Geometry
Marius Crainic, Utrecht Univer-
sity, The Netherlands, Rui Loja 
Fernandes, University of Illinois 
at Urbana-Champaign, IL, and 
Ioan Mărcut̨, Radboud University, 
Nijmegen, The Netherlands

This excellent book will be very 
useful for students and researchers 
wishing to learn the basics of Pois-
son geometry, as well as for those 

who know something about the subject but wish to update and 
deepen their knowledge. The authors’ philosophy that Poisson 
geometry is an amalgam of foliation theory, symplectic geome-
try, and Lie theory enables them to organize the book in a very 
coherent way.

—Alan Weinstein, University of California at Berkeley

This well-written book is an excellent starting point for students 
and researchers who want to learn about the basics of Poisson 
geometry. The topics covered are fundamental to the theory and 
avoid any drift into specialized questions; they are illustrated 
through a large collection of instructive and interesting exercises. 
The book is ideal as a graduate textbook on the subject, but also 
for self-study.

—Eckhard Meinrenken, University of Toronto

Graduate Studies in Mathematics, Volume 217
November 2021, 479 pages, Hardcover, ISBN: 978-1-
4704-6430-1, LC 2021012882, 2010 Mathematics Subject 
Classification: 53Dxx, 53Cxx, 58Hxx, 22Exx; 53D17, 
53D20, 58H05, 53C12, 37J39, List US$125, AMS members 
US$100, MAA members US$112.50, Order code GSM/217

bookstore.ams.org/gsm-217

GRADUATE STUDIES
IN MATHEMATICS 217

Lectures on 
Poisson Geometry

Marius Crainic
Rui Loja Fernandes
Ioan Mărcuţ

http://bookstore.ams.org/clrm-67
http://bookstore.ams.org/gsm-217
http://bookstore.ams.org/sstp-8
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New AMS-Distributed 
Publications
Algebra and 
Algebraic Geometry

Norms in Motivic 
Homotopy Theory
Tom Bachmann, Mathematisches 
Institut, Universität München, Ger-
many and Marc Hoyois, Fakultät 
für Mathematik, Universität Re-
gensburg, Germany

If f : Sʹ→S is a finite locally 
free morphism of schemes, the 
authors construct a symmet-
ric monoidal “norm” functor 
f⊗ : H•(Sʹ)→H•(S), where H•(S) 

is the pointed unstable motivic homotopy category over 
S. If f is finite étale, the authors show that it stabilizes to a 
functor f⊗ : SH(Sʹ) → SH(S), where SH(S) is the ℙ1-stable 
motivic homotopy category over S.

Using these norm functors, the authors define the notion 
of a normed motivic spectrum, which is an enhancement 
of a motivic E∞-ring spectrum. The main content of this 
text is a detailed study of the norm functors and of normed 
motivic spectra, and the construction of examples. In partic-
ular: the authors investigate the interaction of norms with 
Grothendieck’s Galois theory, with Betti realization, and 
with Voevodsky’s slice filtration; they prove that the norm 
functors categorify Rost’s multiplicative transfers on Gro-
thendieck-Witt rings; and they construct normed spectrum 
structures on the motivic cohomology spectrum Hℤ, the 
homotopy K-theory spectrum KGL, and the algebraic cob-
ordism spectrum MGL. The normed spectrum structure on 
Hℤ is a common refinement of Fulton and MacPherson’s 
multiplicative transfers on Chow groups and of Voevodsky’s 
power operations in motivic cohomology.

This item will also be of interest to those working in number 
theory.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

New in Contemporary 
Mathematics
Geometry and Topology

Topology, Geometry, 
and Dynamics
V. A. Rokhlin-Memorial
Anatoly M. Vershik, Steklov 
Mathematical Institute, St. Peters-
burg branch, Russia, Victor M. 
Buchstaber, Steklov Mathematical 
Institute, Moscow, Russia, and An-
drey V. Malyutin, Steklov Math-
ematical Institute, St. Petersburg 
branch, Russia, Editors

Vladimir Abramovich Rokhlin 
(8/23/1919–12/03/1984) was one of the leading Russian 
mathematicians of the second part of the twentieth century. 
His main achievements were in algebraic topology, real 
algebraic geometry, and ergodic theory.

The volume contains the proceedings of the Conference 
on Topology, Geometry, and Dynamics: V. A. Rokhlin-Me-
morial, held from August 19–23, 2019, at The Euler Inter-
national Mathematics Institute and the Steklov Institute of 
Mathematics, St. Petersburg, Russia.

The articles deal with topology of manifolds, theory 
of cobordisms, knot theory, geometry of real algebraic 
manifolds and dynamical systems and related topics. The 
book also contains Rokhlin’s biography supplemented with 
copies of actual very interesting documents.

This item will also be of interest to those working in analysis.

Contemporary Mathematics, Volume 772
November 2021, approximately 347 pages, Softcover, ISBN: 
978-1-4704-5664-1, 2010 Mathematics Subject Classifica-
tion: 14A20, 28D05, 52A22, 55N15, 55N22, 57K10, 57K41, 
List US$122, AMS members US$97.60, MAA members 
US$109.80, Order code CONM/772

bookstore.ams.org/conm-772

ONTEMPORARY
ATHEMATICS

C
M

772

Anatoly M. Vershik
Victor M. Buchstaber
Andrey V. Malyutin

Editors

Topology, Geometry, 
and Dynamics

V. A. Rokhlin-Memorial 

http://bookstore.ams.org/conm-772
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Analysis

Orthogonal Polynomials 
and Linear Functionals
An Algebraic Approach and 
Applications
Juan Carlos García-Ardila, Uni-
versidad Politécnica de Madrid, 
Spain, Francisco Marcellán, 
Universidad Carlos III de Madrid, 
Spain, and Misael E. Marriaga, 
Universidad Rey Juan Carlos, Ma-
drid, Spain

This book presents an introduc-
tion to orthogonal polynomials, with an algebraic flavor, 
based on linear functionals defining the orthogonality and 
the Jacobi matrices associated with them. Basic properties 
of their zeros, as well as quadrature rules, are discussed. 
A key point is the analysis of those functionals satisfying 
Pearson equations (semiclassical case) and the hierarchy 
based on their class.

The book’s structure reflects the fact that its content is 
based on a set of lectures delivered by one of the authors 
at the first Orthonet Summer School in Seville, Spain in 
2016. The presentation of the material is self contained and 
will be valuable to students and researchers interested in 
a novel approach to the study of orthogonal polynomials, 
focusing on their analytic properties.

This item will also be of interest to those working in differential 
equations.

A publication of the European Mathematical Society (EMS). Distributed 
within the Americas by the American Mathematical Society.

EMS Series of Lectures in Mathematics, Volume 33
August 2021, 128 pages, Softcover, ISBN: 978-3-98547-008-
2, 2010 Mathematics Subject Classification: 33–01, 33C45, 
42C05, 15A23, 33C47, 34B24, 65D30, List US$45, AMS 
members US$36, Order code EMSSERLEC/33

bookstore.ams.org/emsserlec-33

Astérisque, Number 425
June 2021, 208 pages, Softcover, ISBN: 978-2-85629-939-5, 
2010 Mathematics Subject Classification: 14F42, 19E15, 
List US$68, AMS members US$54.40, Order code AST/425

bookstore.ams.org/ast-425

Revisiting the 
De Rham-Witt Complex
Bhargav Bhatt, University of 
Michigan, Ann Arbor, Jacob 
Lurie, Institute for Advanced 
Study, Princeton, NJ, and Akhil 
Mathew, University of Chicago, IL

The goal of this volume is to 
offer a new construction of the 
de Rham-Witt complex of a 
smooth variety over a perfect 
field of characteristic p > 0. The 

authors introduce a category of cochain complexes which 
are equipped with an endomorphism F of underlying 
graded abelian groups satisfying dF = pFd, whose homolog-
ical algebra the authors study in detail. To any such object 
satisfying an abstract analog of the Cartier isomorphism, 
an elementary homological process associates a general-
ization of the de Rham-Witt construction. Abstractly, the 
homological algebra can be viewed as a calculation of the 
fixed points of the Berthelot-Ogus operator Lηp on the 
p-complete derived category.

The authors give various applications of this approach, 
including a simplification of the crystalline comparison for 
the AΩ-cohomology theory introduced in an article by B. 
Bhatt, M. Morrow and P. Scholze.

This item will also be of interest to those working in number 
theory.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Astérisque, Number 424
June 2021, 162 pages, Softcover, ISBN: 978-2-85629-937-
1, 2010 Mathematics Subject Classification: 14F30, 14F40, 
14G17, 11G25, List US$60, AMS members US$48, Order 
code AST/424

bookstore.ams.org/ast-424

http://bookstore.ams.org/ast-425
http://bookstore.ams.org/ast-424
http://bookstore.ams.org/emsserlec-33
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General Interest

Topology and Geometry
A Collection of 
Essays Dedicated to 
Vladimir G. Turaev
Athanase Papadopoulos, Uni-
versité de Strasbourg and CNRS, 
France, Editor

This volume consists of a collec-
tion of essays dedicated to Vlad-
imir Turaev. The essays cover the 
large spectrum of topics in which 
Turaev has been interested, in-

cluding knot and link invariants, quantum representations, 
TQFTs, state sum constructions, geometric structures on 
knot complements, Kleinian groups, geometric group the-
ory and its relationship with 3-manifolds, mapping class 
groups, operads, mathematical physics, Grothendieck’s 
program, the philosophy of mathematics, and several 
other topics.

At the same time, this volume will give an overview of 
topics that are at the forefront of current research in topol-
ogy and geometry. Some of the essays are research articles 
and contain new results, sometimes answering questions 
that were raised by Turaev. The rest of the essays are surveys 
that will introduce the reader to some key ideas in the field.

This item will also be of interest to those working in geometry 
and topology.

A publication of the European Mathematical Society. Distributed within 
the Americas by the American Mathematical Society.

IRMA Lectures in Mathematics and Theoretical Physics, 
Volume 33
July 2021, 698 pages, Hardcover, ISBN: 978-3-98547-001-
3, 2010 Mathematics Subject Classification: 01–02, 05E15, 
16T05, 17B37, 17B63, 18M05, 18D10, 20D60, 53D17, 
57K31, 55N33, 57M27, 57N05, 68R15, 57R19, 57R56, 
58D19, List US$99, AMS members US$79.20, Order code 
EMSILMTP/33

bookstore.ams.org/emsilmtp-33

Differential Equations

An Invitation to Optimal 
Transport, Wasserstein 
Distances, and Gradient 
Flows
Alessio Figalli, ETH Zürich , Swit-
zerland and Federico Glaudo, 
ETH Zürich, Switzerland

This book provides a self-con-
tained introduction to optimal 
transport, and it is intended as a 
starting point for any researcher 
who wants to enter into this 
beautiful subject.

The presentation focuses on the essential topics of the 
theory: Kantorovich duality, existence and uniqueness of 
optimal transport maps, Wasserstein distances, the JKO 
scheme, Otto’s calculus, and Wasserstein gradient flows. 
At the end, a presentation of some selected applications of 
optimal transport is given. The book is suitable for a course 
at the graduate level and also includes an appendix with a 
series of exercises along with their solutions.

This item will also be of interest to those working in probability 
and statistics.

A publication of the European Mathematical Society (EMS). Distributed 
within the Americas by the American Mathematical Society.

EMS Textbooks in Mathematics, Volume 23
August 2021, 144 pages, Hardcover, ISBN: 978-3-98547-
010-5, 2010 Mathematics Subject Classification: 49Q22, 
60B05, 28A33, 35A15, 35Q35, 49N15, 28A50, List US$45, 
AMS members US$36, Order code EMSTEXT/23

bookstore.ams.org/emstext-23

http://bookstore.ams.org/emstext-23
http://bookstore.ams.org/emsilmtp-33
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Probability and Statistics

Hydrodynamic Limit for an 
Active Exclusion Process
C. Erignoux, Équipe PARADYSE, 
Villeneuve d’Ascq, France

Collective dynamics can be ob-
served among many animal spe-
cies and has given rise in the 
last decades to an active and 
interdisciplinary field of study. 
Such behaviors are often mod-
eled by active matter, in which 
each individual is self-driven 

and tends to update its velocity depending on the velocity 
of its neighbors.

In a classical model introduced by Vicsek and others, as 
well as in numerous related active matter models, a phase 
transition between chaotic behavior at high temperature 
and global order at low temperature can be observed. Even 
though ample evidence of these phase transitions has been 
obtained for collective dynamics, from a mathematical 
standpoint, such active systems are not fully understood 
yet. Significant progress has been achieved in the recent 
years under an assumption of mean-field interactions. 
However to this day, few rigorous results have been ob-
tained for models involving purely local interactions.

In this book, as a first step towards the mathematical 
understanding of active microscopic dynamics, the authors 
describe a lattice active particle system, in which particles 
interact locally to align their velocities. They obtain rigor-
ously, using the formalism developed for hydrodynamic 
limits of lattice gases, the scaling limit of this out-of-equi-
librium system.

This book builds on the multi-type exclusion model 
introduced by Quastel by detailing his proof and incorpo-
rating several generalizations, adding significant technical 
and phenomenological difficulties.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Mémoires de la Société Mathématique de France, Num-
ber 169
June 2021, 108 pages, Softcover, ISBN: 978-2-85629-933-3, 
2010 Mathematics Subject Classification: 60K35, 82C22, 
List US$68, AMS members US$54.40, Order code SMF-
MEM/169

bookstore.ams.org/smfmem-169

JOIN THE AMS...
or renew your membership today

MEMBER BENEFITS:

• Individual AMS members receive 
free standard shipping on orders 
delivered to addresses in the 
United States (including Puerto 
Rico) and Canada

• Discounts on AMS publications 
including MAA Press books

• Subscriptions to Notices 
and Bulletin 

• Discounted registration 
for world-class meetings 
and conferences

• Access to online AMS 
Member Directory

Learn more and join online at 
www.ams.org/membership.

Photos by Kate Aw
trey, Atlanta Convention Photography.

http://bookstore.ams.org/smfmem-169
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  2022  
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March 19–20 Medford, Massachusetts p. 1628
March 26–27 West Lafayette, Indiana p. 1629
May 14–15 Denver, Colorado p. 1630
July 18–22 Grenoble, France 
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September 17–18 El Paso, Texas p. 1632
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October 15–16 Chattanooga, Tennessee p. 1633
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May 6–7 Fresno, California p. 1636
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  2024  
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October 12–13 Riverside, California p. 1637
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The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
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Meetings & Conferences 
of the AMS

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.
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Fall Central Virtual Sectional Meeting
Now meeting virtually, CDT (hosted by the American Mathematical Society)

October 9–10, 2021
Saturday – Sunday

Meeting #1171
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: August 19, 2021
Issue of Abstracts: Volume 42, Issue 3

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniel Erman, University of Wisconsin, Multigradings in algebra and geometry.
Jasmine Foo, University of Minnesota-Twin Cities, Spatial evolution and phenotypic switching in cancer.
Kay L. Kirkpatrick, University of Illinois at Urbana-Champaign, Dark Matter may be a Bose-Einstein condensate of axions.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis and Differential Equations at Undergraduate Institutions, Nathan Pennington, Creighton University.
Building Institutional Structures for Student Success, Patrick Rault, University of Nebraska Omaha, and Rebecca Gasper, 

Creighton University.
Coding, Storage, and Related Applications, Swanand Kadhe, University of California Berkeley, Christine Kelley, University 

of Nebraska-Lincoln, and Gretchen Matthews, Virginia Tech.

https://www.ams.org/amsmtgs/sectional.html
https://www.ams.org/amsmtgs/sectional.html
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Commutative Algebra, Jason McCullough, Iowa State University, and Alexandra Seceleanu, University of Nebraska.
Developments in Knot Theory and Low-dimensional Topology, Mark Brittenham, University of Nebraska-Lincoln, Margaret 

Doig, Creighton University, Ying Hu, University of Nebraska Omaha, and Thomas Kindred, University of Nebraska-Lin-
coln.

Geometric and Topological Combinatorics and Their Applications, Rob Davis, Colgate University, and Bennet Goeckner, 
University of Washington.

Geometric Topology, David Auckly, Kansas State University, Aliakbar Daemi, Washington University in St. Louis, Rustam 
Sadykov, Kansas State University, and Alexander Zupan, University of Nebraska-Lincoln.

Homological Methods in Commutative Algebra, Daniel Erman, University of Wisconsin-Madison, and Claudiu Raicu, 
Notre Dame University.

Mathematical Models for Understanding Cancer and Inferring its Evolutionary History, Jasmine Foo and Einar Gunnarsson, 
University of Minnesota.

Mathematics in Computer Vision, Thomas Chen, The Academy for Math, Science and Engineering.
New Trends in Combinatorics, Steve Butler and Bernard Lidický , Iowa State University.
Progress in Nonlinear Waves, David Ambrose, Drexel University.
Quiver Representations: Bridging Theory and Application, Yariana Diaz, Cody Gilbert, Ryan Kinser, and Amrei Oswald, 

University of Iowa.
Recent Advances in Numerical Methods for Partial Differential Equations, Mahboub Baccouch, University of Nebraska at 

Omaha, and Slimane Adjerid, Virginia Tech.
Theoretical and Applied Aspects of Nonlocal Equations, Animesh Biswas and Petronela Radu, University of Nebraska-Lin-

coln, and Mary Vaughan, The University of Texas at Austin.

Fall Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)

October 23–24, 2021
Saturday – Sunday

Meeting #1172
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: September 2, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Functional Analysis and Operator Theory, Michel L. Lapidus, University of California, Riverside, Marat V. 
Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Arithmetic Geometry, Taylor Dupuy, University of Vermont.
A Special Session in Combinatorics and Applications to Optimization, Statistics and Machine Learning: In memory of Roger C. 

Entringer and Reuben Hersh., Joseph R. Barr, Acronis SCS, Peter Shaw, Nanjing University of Info Science and Technology, 
and Faisal Abu-Khzam, American Lebanese University.

Commutative Ring Theory, Louiza Fouli, New Mexico State University, and Janet Vassilev, University of New Mexico.
Complex Analysis and Potential Theory, Alex Solynin, Stamatis Pouliasis, Iason Efraimidis, and Brock Williams, Texas 

Tech University.
Dissipative Systems and Their Applications, Mingji Zhang and Bixiang Wang, New Mexico Institute of Mining and Tech-

nology.
Elliptic and Parabolic Equations on Topics Arising from Models in Materials Science, Guanying Peng, Worcester Polytechnic 

Institute, and Xiang Xu, Old Dominion University.
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Equivariant and Motivic Homotopy Theory, Christy Hazel and Michael Hill, UCLA.
Extremal Polynomials, Maxim Zinchenko, University of New Mexico.
Fractal Geometry and Dynamical Systems, Sangita Jha, National Institute of Technology Rourkela, India, Mrinal Kanti 

Roychowdhury, University of Texas Rio Grande Valley, and Saurabh Verma, Indian Institute of Technology Mandi, India.
Geometry and Geometric Analysis, Charles Boyer, Hongnian Huang, and Junqing Qian, University of New Mexico.
Harmonic Analysis, David Beltran, University of Wisconsin-Madison, and José Madrid, University of California, Los 

Angeles.
Harmonic Analysis and Applications, Irina Homes, Texas A & M, and Maria Cristina Pereyra, University of New Mexico.
Harmonic Analysis: Geometry, Frames and Sampling, Stephen Casey, American University, Jens Christensen, Colgate 

University, and Joseph Lakey, New Mexico State University.
Hyperplane Arrangements in Connection with Commutative Algebra, Kuei-Nuan Lin, Penn State University, and Federico 

Galetto, Cleveland State University.
Inverse Problems: In Memory of Professor Zbigniew Oziewicz, Hanna Makaruk, Los Alamos National Laboratory, and 

Robert Owczarek, University of New Mexico.
Mathematics and Modeling of Phylogenetic Networks, James Degnan and Gleb Zhelezov, University of New Mexico.
Recent Advances in Inverse Problems for PDEs, Dinh-Liem Nguyen, Kansas State University, Loc Nguyen, University of 

North Carolina at Charlotte, and Thi-Phong Nguyen, Purdue University.
Recent Advances in Studies of Electrodiffusion Phenomena, Weishi Liu, University of Kansas, Hamid Mofidi, University of 

Iowa, and Mingji Zhang, New Mexico Institute of Mining and Technology.
Recent Development on Statistical Modeling and Designs, Guoyi Zhang, University of New Mexico.
Research in Mathematics by Graduate Students, Marat V. Markin, California State University, Fresno.
Tensor Categories and Applications, Cain Edie-Michell, Vanderbilt University, and Julia Plavnik and Sean Sanford, 

Indiana University.
Theoretical and Applied perspectives in Machine Learning, Jehanzeb Hameed Chaudhary, University of New Mexico, Adam 

Thomas Rupe, Los Alamos National Laboratory, Simon Tavener, Colorado State University, Dimiter Vassilev, University 
of New Mexico, and Velimir Vesselinov, Los Alamos National Laboratory.

The Role of Mathematics in Computer Vision, Thomas Y. Chen, Academy for Mathematics, Science, and Engineering.
Turbulence, Singularities, and Nonlinear Waves in Fluid Dynamics, Optics, and Plasmas, Alexander Korotkevich and Pavel 

Lushnikov, University of New Mexico, Albuquerque.

Mobile, Alabama
University of South Alabama

November 20–21, 2021
Saturday – Sunday

Meeting #1173
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: September 30, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: Expired
For abstracts: September 21, 2021

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sara Del Valle, Los Alamos National Laboratory, The Role of Epidemic Modeling in the Fight Against COVID-19.
Scott McKinley, Tulane University, Title to be announced.
Svetlana Roudenko, Florida International University, Title to be announced.
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Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebra, Combinatorics, and Topology in Biological Structures (Code: SS 10A), Elena Dimitrova, California Polytechnic 
State University, and Svetlana Poznanovik, Clemson University.

Algebraic Combinatorics in the Southeast (Code: SS 20A), Zachary Hanmaker, University of Florida, and Thomas Mc-
Conville and Andrew Wilson, Kennesaw State University.

Calculus of Variation, Nonlinear Waves and their Numerical Realizations (Code: SS 22A), Xinyang Lu, Lakehead Univer-
sity, Svetlana Roudenko, Florida International University, Chong Wang, Washington and Lee University, and Kai Yang, 
Florida International University.

Cohomology, Representation Theory, and Lie Theory (Code: SS 16A), Christopher Bendel, University of Wisconsin-Stout, 
Christopher Drupieski, DePaul University, Lauren Grimley, Spring Hill College, Paul Sobaje, Georgia Southern Uni-
versity, and Sean Taylor, Spring Hill College.

Combinatorial and Geometric Representation Theory (Code: SS 2A), Mahir Bilen Can, Tulane University, and Joerg Feld-
voss, University of South Alabama.

Current Trends in Combinatorial and Homological Commutative Algebra (Code: SS 6A), Michael DiPasquale and Selvi 
Kara, University of South Alabama.

Discrete Geometry and Geometric Optimization (Code: SS 15A), Andras Bezdek, Auburn University, and Woden Kusner, 
University of Georgia.

Enumerative Combinatorics (Code: SS 17A), Miklós Bóna and Vince Vatter, University of Florida.
Experimental Mathematics in Number Theory and Combinatorics (Code: SS 4A), Luis Medina, University of Puerto Rico, 

Eric Rowland, Hofstra University, and Armin Straub, University of South Alabama.
General and Set-Theoretic Topology (Code: SS 9A), Steven Clontz, University of South Alabama, and Ziqin Feng, Auburn 

University.
Geometric and Algebraic Aspects of Quantum Groups and Related Topics (Code: SS 8A), Mee Seong Im, United States Naval 

Academy, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.
Harmonic Analysis and Spectral Theory (Code: SS 13A), Simon Bortz, The University of Alabama, and Selim Sukhtaiev, 

Auburn University.
Low Dimensional Symplectic and Contact Topology, Their Invariants and Interactions (Code: SS 11A), Samuel Lisi, Univer-

sity of Mississippi, Bulent Tosun, University of Alabama, and Angela Wu, University College of London and Louisiana 
State University.

Mathematical Studies of Biological and Ecological Systems (Code: SS 14A), Xiaoying Han and Jiaqi Cheng, Auburn Uni-
versity.

Models and Inference for Intracellular Transport (Code: SS 23A), Keisha Cook, Clemson University, and Scott McKinley, 
Tulane University.

Recent Advances in Low-dimensional Topology (Code: SS 3A), Christine Ruey Shan Lee and Scott Carter, University of 
South Alabama.

Recent Progress in Numerical Methods for PDEs (Code: SS 1A), Muhammad Mohebujjaman, Texas A&M International 
University, and Leo Rebholz, Clemson University.

Research in Mathematics by Undergraduates (Code: SS 12A), Lauren Grimley, Spring Hill College, Frank Patane, Samford 
University, and Kenneth Roblee, Troy University.

Spatial Graphs (Code: SS 19A), Thomas Mattman, California State University, Chico, Ramin Naimi, Occidental Col-
lege, Ryo Nikkuni, Tokyo Woman’s Christian University, and Andrei Pavelescu and Elena Pavelescu, University of South 
Alabama.

Stochastic Analysis and Applications (Code: SS 7A), Le Chen, Auburn University, Ngartelbaye Guerngar, University of 
North Alabama, and Erkan Nane, Auburn University.

The Role of Mathematics in Computer Vision (Code: SS 21A), Thomas Y. Chen, Academy for Mathematics, Science, and 
Engineering.

Topological Data Analysis and its Applications in Biological Systems (Code: SS 24A), Veronica Ciocanel, Duke University, 
and Scott McKinley, Tulane University.

Topological Dynamics and Its Applications (Code: SS 18A), Lori Alvin, Furman University, and Joanna Furno, University 
of South Alabama.

Topological Methods in Discrete Mathematics (Code: SS 5A), Abdul Basit and Shira Zerbib, Iowa State University.
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Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, Uni-

versity of Virginia, and Igor Rapinchuk, Michigan State University.
Categorical Structures in Hopf Algebras and Representation Theory (Code: SS 27A), Agustina Czenky, University of Oregon, 

Julia Plavnik, Indiana University, and Guillermo Sanmarco, Universidad Nacional de Córdoba / Iowa State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-

son University.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis.
Knots, Skein Modules and Categorification (Code: SS 26A), Rhea Palak Bakshi and Józef H Przytycki, George Washing-

ton University, Radmila Sazdanovic, North Carolina State University, and Marithania Silvero, Universidad de Sevilla.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forrest University, and Eric 

Rawdon, St Thomas University.
Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 

and Diana Vaman, University of Virginia.
Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
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Recent Advances in Mathematical Biology (Code: SS 23A), Junping Shi, College of William & Mary, Xhisheng Shuai, 
University of Central Florida, and Yixiang Wu, Middle Tennessee State University.

Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall and Joris Roos, University of Wiscon-
sin-Madison.

Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 
(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.

Representation Theory of Algebras and Related Combinatorics (Code: SS 24A), Markus Schmidmeier, Florida Atlantic 
University, and Khrystyna Serhiyenko, University of Kentucky.

Special Sets of Integers in Modern Number Theory (Code: SS 25A), Cristina Ballantine, College of the Holy Cross, and 
Hester Graves, Center for the Computing Sciences.

Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 
Waterloo.

Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner, Longwood University, and Mark Meckes and Eliz-
abeth Werner, Case Western Reserve University.

Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 
Martone, University of Michigan.

Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 
College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.

Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono, 
University of Virginia.

Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Combinatorial Methods in Commutative Algebra (Code: SS 15A), Alessandra Costantini, Oklahoma State University, and 
Gabriel Sosa Castillo, Colgate University.

Discrete and Convex Geometry (Code: SS 11A), Undine Leopold and Egon Schulte, Northeastern University, and Pablo 
Soberón, Baruch College, City University of New York.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, Imperial College, London, and Loring Tu, Tufts University.
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Geometric Dynamics and Billiards (Code: SS 10A), Boris Hasselblatt and Zbigniew Nitecki, Tufts University, and Kath-
ryn Lindsey, Boston College.

Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science 
Foundation, and Oana Veliche, Northeastern University.

Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Linear Algebraic Groups: their Structure, Representations, and Geometry. (Code: SS 12A), George McNinch, Tufts University, 

and Eric Sommers, University of Massachusetts.
Macdonald Theory and Beyond: Combinatorics, Geometry, and Integrable Systems (Code: SS 9A), Daniel Orr, Virginia Tech, 

and Joshua Jeishing Wen, Northeastern University.
Mathematical Methods for Ecology and Evolution in Structured Populations (Code: SS 8A), Olivia Chu, Princeton University, 

Daniel Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.
Mathematical Modeling in Biology and Medicine (Code: SS 17A), Arkadz Kirshtein, Tufts University, and Navid Moham-

mad Mirzaei, University of Massachusetts.
Mathematics in security and defense (Code: SS 16A), Lubjana Beshaj and Paul Goethals, United States Military Academy.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. 

Murphy, Tufts University.
Quantum Probability, Orthogonal Polynomials, and Special Functions (Code: SS 13A), Maxim Derevyagin and Ambar 

Sengupta, University of Connecticut.
Ramsey Theory (Code: SS 14A), Louis DeBiasio, Miami University, and Gábor Sárközy, Worcester Polytechnic Institute 

and Alfréd Rényi Institute of Mathematics.
Subgroups in Nonpositive Curvature (Code: SS 18A), Carolyn Abbott, Brandeis University, Ivan Levcovitz, Tufts University, 

Kim Ruane, Tufts University, Lorenzo Ruffoni, Tufts University, and Genevieve Walsh, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 

Mark Mixer, Wentworth Institute of Technology.

West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Geometry (Code: SS 17A), Donu Arapura, Deepam Patel, and K.V. Shuddhodan, Purdue University.
Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Cham-

paign, and Jing Wang, Purdue University.
Analysis of Nonlinear Evolution Equations (Code: SS 13A), John Holmes, Wake Forest University, Ryan Thompson, The 

University of North Georgia, and Feride Tiğlay, The Ohio State University.
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A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli, Arizona State University, and Irina 
Mitrea, Temple University.

Combinatorial Algebra and Geometry (Code: SS 6A), Christine Berkesch, University of Minnesota, and Laura Matusevich 
and Aleksandra Sobieska, Texas A&M University.

Geometry of Measures and Metric Spaces (Code: SS 11A), Matthew Badger, University of Connecticut, Guy C. David, Ball 
State University, and Lisa Naples, Macalester College.

Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Integrability, Symmetry and Physics (Code: SS 8A), E. Birgit Kaufmann and Oleksandr Tsymbaliuk, Purdue University.
Mathematical Methods for Inverse Problems (Code: SS 10A), Isaac Harris and Peijun Li, Purdue University.
Nonlinear Partial Differential Equations From Variational Problems and Complex Fluids (Code: SS 15A), Tao Huang, Wayne 

State University, and Changyou Wang, Purdue University.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University, 

and Tian Yang, Texas A&M University.
Recent Developments in Automorphic Forms and Representations of p-adic Groups (Code: SS 9A), David Goldberg, Baiying 

Liu, and Freydoon Shahidi, Purdue University.
Recent Developments in Commutative Algebra (Code: SS 7A), Jennifer Kenkel, University of Michigan, and Linquan Ma 

and Uli Walther, Purdue University.
Recent Developments in High Order Numerical Methods for Partial Differential Equations (Code: SS 14A), Zheng Sun, The 

University of Alabama.
Recent Developments of Variational Methods in Deterministic and Stochastic Systems (Code: SS 16A), Yuan Gao, Purdue 

University, Tao Luo, Shanghai Jiao Tong University, and Nung Kwan Yip, Purdue University.
Recent Progress of Efficient and Robust Schemes for Compressible Navier-Stokes Equations (Code: SS 12A), Chen Liu and 

Xiangxiong Zhang, Purdue University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University, 

Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.

Denver, Colorado
University of Denver

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 12, 2021

For abstracts: March 15, 2022

Grenoble, France
AMS-SMF-EMS Joint International Meeting

Université de Grenoble-Alpes

July 18–22, 2022

Monday – Friday

Meeting #1168

Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/internmtgs.html.
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Special Sessions
Advances in Functional Analysis and Operator Theory, Marat V. Markin, California State University, Fresno, USA, Igor 

Nikolaev, St. John’s University, USA, Jean Renault, Universite d’Orleans, France, and Carsten Trunk, Technische Univer-
sitat Ilmenau, Germany.

Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 
Maclean, Grenoble, France, and Claire Voisin, Paris, France.

Automorphic Forms, Moduli Spaces, and Representation Theory (Associated with Plenary Speaker Vincent Lafforgue), Jean-
François Dat, Sorbonne Université, France, and Bao-Chau Ngo, University of Chicago, USA.

Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 
Vasy, Stanford University, USA.

Combinatorial and Computational Aspects in Topology, Eric Samperton, University of Illinois, USA, Saul Schleimer, Uni-
versity of Warwick, United Kingdom, and Greg McShane, Université Grenoble-Alpes, France.

Contact Geometry, David E. Blair, Michigan State University, USA, Gianluca Bande, Universita degli Studi di Cagliari, 
Italy, and Eric Loubeau, Université de Bretagne Occidentale, France.

Deformation of Artinian algebras and Jordan type, Anthony Iarrobino, Northeastern University, USA, Pedro Macias 
Marques, Universidade de Evora, Portugal, Maria Evelina Rossi, Universita degli Studi di Genova, Italy, and Jean Valles, 
Universite de Pau et des Pays de l’Adour, France.

Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris, France.

Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.

Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan 
Suceavă , California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Fractal Geometry in Pure and Applied Mathematics, Hafedh Herichi, Santa Monica College, USA, Maria Rosaria Lancia, 
Sapienza Universita di Roma, Italy, Therese-Marie Landry, University of California, Riverside, USA, Anna Rozanova-Pier-
rat, CentralSuplec, Universite Paris- Saclay, France, and Steffen Winter, Karlsruhe Institute of Technology, Germany.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Graph and Matroid Polynomials: Towards a Comparative Theory, Emeric Gioan, LIRMM, France, Johann A. Makowsky, 
Israel Institute of Technology- IIT, Israel, and James Oxley, Louisiana State University, USA.

Groups and Topological Dynamics, Nicolas Matte Bon, University of Lyon, France, Constantine Medynets, United States 
Naval Academy, USA, Volodymyr Nekrashevych, Texas A&M University, USA, and Dmytro Savchuk, University of South 
Florida, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

History of Mathematics Beyond Case-Studies, Catherine Goldstein, CNRS, IMJ-PRG, France, and Jemma Lorenat, Pitzer 
College, USA.

Integrability, Geometry, and Mathematical Physics, Luen-Chau Li, Pennsylvania State University, USA, and Serge Parmen-
tier, Universite Claude Bernard Lyon 1, France.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory (LANL), USA, Robert Owczarek, University of New 
Mexico, Albuquerque and Los Alamos, USA, Tomasz Lipniacki, Polish Academy of Sciences, Poland, and Piotr Stachura, 
Warsaw University of Life Sciences-SGGW, Poland.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université 
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.
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Mathematical Knowledge Management in the Digital Age of Science, Patrick Ion, University of Michigan, Ann Arbor, USA, 
Thierry Bouche, Université Grenoble-Alpes, France, and Stephen Watt, University of Waterloo, Canada.

Mathematical Physics of Gravity, Geometry, QFTs, Feynman and Stochastic Integrals, Quantum/Classical Number Theory, Al-
gebra, and Topology, Michael Maroun, AMS-MRC Boston, USA, and Pierre Vanhove, EMS/SMF CEA Paris Saclay, France.

Modular Representation Theory, Pramod N. Achar, Louisiana State University, USA, Simon Riche, Universite Clermont 
Auvergne, France, and Britta Spath, Bergische Universitat Wuppertal, Germany.

Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.

Quantitative Geometry of Transportation Metrics, Florent Baudier, Texas A&M University, USA, Dario Cordero-Erausquin, 
Sorbonne Universite, France, Alexandros Eskenazis, University of Cambridge, United Kingdom, and Eva Pernecka, Czech 
Technical University in Prague, Czech Republic.

Recent Advances in Diffeology and their Applications, Jean-Pierre Magnot, Université d’Angers, France, and Jordan Watts, 
Central Michigan University, USA.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.

Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.

Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.

El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.

Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia Saccà, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of north Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Sean Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.
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Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Combinatorics and Applications in Harmonic Analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa 
State University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building Bridges Between Commutative Algebra and Nearby Areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, 
University of Utah.

Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), Bernard Lidický, Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 

Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.

Free Boundary Problems Arising in Applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted Surfaces and Concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Roman Shvydkoy and Daniel Lear, University of Illinois at Chicago.
PDEs, Data, and Inverse Problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent Advances in Algebraic Geometry and Commutative Algebra in or Near Characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent Advances in the Theory of Fluid Dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe, 

Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in Graphs, Hypergraphs and Set Systems (Code: SS 19A), David Galvin, University of Notre Dame, John Engbers, 

Marquette University, and Cliff Smyth, The University of North Carolina at Greensboro.
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Boston, Massachusetts (JMM 2023)
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday
Associate secretaries: Steven H. Weintraub and Hortensia 
Soto
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University, and Guang-
ming Jing, Augusta University.

Groups, Geometry, and Topology (Code: SS 4A), Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Recent Developments in Commutative Algebra (Code: SS 5A), Florian Enescu, Georgia State University, and Thomas 

Polstra, MSRI and University of Virginia.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Siddhi Krishna, Georgia Institute of Technology and Colum-

bia University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology.

Spring Eastern Virtual Sectional Meeting
April 1–2, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the Study of Hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University 
of California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter Regular Algebras and Related Topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 

Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 

Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-

versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 

Tran, California State University, Fresno.
Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The Use of Computational Tools and New Augmented Methods in Networked Collective Problem Solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.
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Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.

Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Albuquerque, New Mexico
University of New Mexico

October 21–22, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California (JMM 2024)
Moscone West Convention Center

January 3–6, 2024
Wednesday – Saturday
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Riverside, California
University of California, Riverside

October 12–13, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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THANK YOU
AMS staff will be happy to work with you 
to help you achieve your charitable goals.

100 years from now you can 
still be advancing mathematics.

When it’s time to think about your estate plans, consider making 
a provision for the American Mathematical Society. With a gift 
through your will, trust, or life insurance policy, you can extend 
your dedication to mathematics into the future.
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Want to learn more? Visit:
 www.ams.org/giving

Or contact development @ams.org  
401.455.4111
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Seattle, Washington
Washington State Convention Center and the Sheraton Grand Seattle Hotel

January 5–8, 2022
Wednesday – Saturday

Meeting #1174
This meeting includes the annual meetings of the AMS, As-
sociation for Women in Mathematics (AWM), and National 
Association of Mathematicians (NAM), winter meeting of 
Association for Symbolic Logic (ASL), and sessions/events 
by them and Society for Industrial and Applied Mathematics 
(SIAM), American Statistical Association (ASA), Consortium 
for Mathematics and its Applications (COMAP), International 

Linear Algebra Society (ILAS), Julia Robinson Mathematics 
Festival (JRMF), Mathematical Sciences Research Institute 
(MSRI), Spectra, and Transforming Post-Secondary Education 
in Mathematics (TPSE).
Associate Secretary for the AMS Scientific Program: Georgia 
Benkart, University of Wisconsin-Madison
Program first available on AMS website: November 2021 

Deadlines
For organizers: Expired
For abstracts: September 21, 2021

The scientific information listed below may be dated. For the latest information, see https://www.jointmathematics 
meetings.org/meetings/national/jmm2022/2268_program.html.

Joint Invited Addresses
Marianna Csőrnyei, University of Chicago, The Kakeya needle problem for rectifiable sets (AWM-AMS Noether Lecture).
Dave Kung, Charles A. Dana Center, The University of Texas at Austin, Title to be announced (MAA-SIAM-AMS Hrabows-

ki-Gates-Tapia-McBay Lecture).

Welcome to JMM 2022. Reimagined by 13 (and counting!) partners, this largest annual mathematics gathering in the 
world offers you a broad range of presentations, panels, exhibits, and minicourses on research, pedagogy, inclusion, 
career opportunities, and more. 

JMM 2022 features new organizations, disciplines, participants, and programming. Expect to learn, network, and 
build relationships through sessions, posters, professional development, social gatherings, and other opportunities. 

Scientific exploration and discovery remain at the heart of JMM 2022. Leaf through the robust offerings on the follow-
ing pages to find how JMM partners (listed below) have poured their collective energy into this reimagined gathering.

Prepare to come together to connect and collaborate. At JMM 2022, we will learn from each other. We will see old 
friends, and we will make new ones. 

Stay tuned for JMM updates via social media and https://jointmathematicsmeetings.org. We can’t wait to 
see you January 5–8 in Seattle.

Best regards,

Boris Hasselblatt, Secretary of the AMS

As of press time, these are the 13 organizations that have joined forces to organize the JMM:
 • American Mathematical Society
 • American Statistical Association
 • Association for Symbolic Logic
 • Association for Women in Mathematics
 • Consortium for Mathematics and 

its Applications
 • International Linear Algebra Society
 • Julia Robinson Mathematics Festival

 • Mathematical Sciences Research Institute
 • National Association of Mathematicians
 • Pi Mu Epsilon
 • Society for Industrial and 

Applied Mathematics
 • Spectra: Association for LGBT Mathematicians
 • Transforming Post-Secondary Education 

in Mathematics

https://www.jointmathematicsmeetings.org/meetings/national/jmm2022/2268_program.html
https://www.jointmathematicsmeetings.org/meetings/national/jmm2022/2268_program.html
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Kavita Ramanan, Brown University, Title to be announced (AAAS-AMS Invited Address).
Lauren K Williams, Harvard University, Title to be announced (MAA-AMS-SIAM Gerald and Judith Porter Public Lecture).
Talithia Williams, Harvey Mudd College, Title to be announced (JPBM Communications Award Lecture).

AMS Invited Addresses
Anna Gilbert, Yale University, Title to be announced (von Neumann Lecture).
Tyler J. Jarvis, Brigham Young University, Title to be announced (AMS Lecture on Education).
Daniel Reuben Krashen, Rutgers University, Title to be announced.
Dan Margalit, Georgia Institute of Technology, Mixing surfaces, algebra, and geometry (AMS Maryam Mirzakhani Lecture).
Gaston Mandata N’Guerekata, Morgan State University, An invitation to periodicity.
Hee Oh, Yale University, Euclidean lines on hyperbolic manifolds (AMS Erdős Memorial Lecture).
Jill Pipher, Brown University, Title to be announced (AMS Retiring Presidential Address).
Karen Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture I).
Karen Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture II).
Karen Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture III).
Eitan Tadmor, University of Maryland, Emergent behavior in collective dynamics (AMS Josiah Willard Gibbs Lecture).

Invited Addresses of Other JMM Partners
Jeremy Avigad, Carnegie Mellon University, The Promise of Formal Mathematics (ASL Invited Address).
Omer Ben-Neria, Einstein Institute of Mathematics, Jerusalem, Diamonds compactness and ultrafilters in set theory (ASL 

Invited Address).
Robert Q. Berry, III, University of Virginia, Interest Convergence: An analytical viewpoint for examining how power dictates 

policies and reforms in mathematics (NAM Cox-Talbot Address).
Peter Cholak, University of Notre Dame, Ramsey like Theorems on the Rationals (ASL Invited Address).
Pauline van den Driessche, University of Victoria, B.C., Canada, Sign Patterns Meet Dynamical Systems (ILAS Invited 

Address).
Qiang Du, Columbia University, Analysis and Applications of Nonlocal Models (SIAM Invited Address).
Monica Jackson, American University, Spatial Data Analysis for Public Health Data (NAM Claytor-Woodard Lecture).
Franziska Jahnke, University of Münster, Decidability and definability in unramified henselian valued fields (ASL Invited 

Address).
Xihong Lin, Harvard University, Broad Institute of MIT and Harvard, Learning from COVID-19 Data on Transmission, 

Health Outcomes, Interventions and Vaccination (ASA Committee of Presidents of Statistical Societies Lecture).
Sandra Müller, Technical University of Vienna, Lower Bounds in Set Theory (ASL Invited Address).
Lynn Scow, California State San Bernardino, Semi-retractions and the Ramsey Property (ASL Invited Address).
Erik Walsberg, University of California Irvine, Model theory of large fields (ASL Invited Address).

Invited Addresses of Other Organizations
Nicolas Fillion, Simon Fraser University, Trust but Verify: What can we know about the reliability of a computer-generated 

result? (SIGMAA Guest Speaker).
Edray Herber Goins, Pomona College, Addressing Anti-Black Racism in Our Departments (Project NExT Lecture on 

Teaching and Learning).
Heather Price, North Seattle College, Climate Justice Integrated Learning in STEM (SIGMAA Guest Speaker).
Adrian Rice, Randolph-Macon College, Beyond the strength of a woman’s physical power: Mathematics, machines, and the 

mind of Ada Lovelace (SIGMAA Guest Speaker).

Joint Prize Session 
Join the JMM 2022 Partners in celebrating the achievements of a selection of their prize and award winners at 4:25 pm 
on Wednesday. All participants are invited and encouraged to attend.



JMM 2022

1642    NOtices Of the AmericAN mAthemAticAl sOciety VOlume 68, Number 9

Special Sessions of the JMM
If you are volunteering to speak in a Special Session, you should submit your abstract as early as possible via the abstract submission 
form found at https://jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.

AMS Special Sessions
Abraham Robinson’s Nonstandard Methods in Mathematics and Its Applications (Code: SS 59A), Matt Insall, Missouri Uni-

versity of Science and Technology, Peter Loeb, University of Illinois at Urbana-Champaign, and Malgorzata Marciniak, 
City University of New York.

Advances in Coding Theory (Code: SS 123A), Katie Haymaker, Villanova University, Hiram Lopez, Cleveland State 
University, and Beth Malmskog, Colorado College.

Advances in Operator Algebras (Code: SS 104A), Rolando de Santiago, Purdue University, Adam Fuller, Ohio University, 
Lara Ismert, Embry-Riddle Aeronautical University, and Pieter Spaas, University of California, Los Angeles.

Advancing Data Privacy-Preserving Methodologies (Code: SS 43A), Claire Bowen, Urban Institute.
Algebraic and Bijective Methods in Permutation Enumeration (Code: SS 58A), Sergi Elizalde, Dartmouth College, Bridget 

Tenner, DePaul University, and Justin Troyka and Yan Zhuang, Davidson College.
A Match Made in the Stacks: Mathematician and Librarian Collaborations (Code: SS 52A), Anya Bartekmann, Princeton 

University, and Samuel Hansen, University of Michigan.
Analysis and Applications of Fractional Stochastic and Dynamic Systems (Code: SS 7A), John Graef, University of Tennessee 

at Chattanooga, Gangaram Ladde, University of South Florida, and Aghalaya Vatsala, University of Louisiana at Lafayette.
Analysis and Differential Equations at Undergraduate Institutions (Code: SS 71A), John Ross, Southwestern University, 

Mihai Stoiciu, Williams College, and Scott Zimmerman, The Ohio State University at Marion.
Analysis in Metric Spaces (a Mathematics Research Communities Session) (Code: SS 137A), Chris Gartland, Texas A & M 

University, Silvia Ghinassi, University of Washington, Ilmari Kangasniemi, Syracuse University, and Ryan Alvarado, 
Amherst College.

Analysis of and Recent Advances in Difference, Differential and Dynamic Equations with Applications (Code: SS 98A), Raegan 
Higgins and Ozkan Ozturk, Texas Tech University.

Applications of Mathematical Models and Dynamical Systems in Biology (Code: SS 39A), Yang Li, University of Cincinnati, 
Hongying Shu, Shaanxi Normal University, and Xiang-Sheng Wang, University of Louisiana at Lafayette.

Applied Combinatorial Methods (Code: SS 87A), Sinan Aksoy, Pacific Northwest National Laboratory, Bill Kay, Oak 
Ridge National Laboratory, and Stephen Young, Pacific Northwest National Laboratory.

A Showcase of Number Theory at Undergraduate Institutions (Code: SS 26A), Ricardo Conceicao, Gettysburg College, 
Lindsay Dever, Bryn Mawr College, and Eva Goedhart, Williams College.

Asymptotic Behavior of Evolution Equations (Code: SS 76A), Jin Liang, Shanghai Jiao Tong University, Nguyen Minh, 
University of Arkansas Little Rock, Gaston N’Guerekata, Morgan State University, and Ti-Jun Xiao, Fudan University.

Bifurcations of Difference Equations and Discrete-time Competitive and Cooperative Population Models (Code: SS 14A), Arzu 
Bilgin, Recep Tayyip Erdogan University, and Toufik Khyat, Texas Tech University.

Collaborative Undergraduate Research: Experiences with CURM (Code: SS 64A), Kathryn Leonard, Occidental College.
Combinatorial Applications of Computational Geometry and Algebraic Topology (a Mathematics Research Communities Session) 

(Code: SS 135A), Stephen Gillen, University of Pennsylvania, and Sam Simon, Simon Fraser University.
Combinatorial Approaches to Topological Structures and Applications (Code: SS 113A), Emilie Purvine and Cliff Joslyn, 

Pacific Northwest National Laboratory.
Commutative Algebra (Code: SS 28A), Eloisa Grifo, University of Nebraska-Lincoln, Keri Sather-Wagstaff, Clemson 

University, and Janet Vassilev, University of New Mexico.
Competing Foundations for Mathematics: How Do We Choose? (Code: SS 6A), Bonnie Gold, Monmouth University.
Complex Adaptive Systems and Evolutionary Models in Biology and Psychology (Code: SS 121A), Jun Chen, Yun Kang, M. 

Gabriela Navas-Zuloaga, and Lucero Rodriguez, Arizona State University.
Creative Teaching Methods That Can Lead to Student Learning (Code: SS 4A), Ellina Grigorieva, Texas Woman’s University, 

and Michael Radin, Rochester Institute of Technology.
Current Advances in Computational Biomedicine (Code: SS 3A), Heiko Enderling, H. Lee Moffitt Cancer Center & Re-

search Institute, Niels Halama, German Cancer Research Center, Viviana Risca, Rockefeller University, and Nek Valous, 
National Center for Tumor Diseases.

Distance Problems in Continuous Discrete and Finite Field Settings (Code: SS 54A), Abdul Basit, Iowa State University, Steven 
Miller, Williams College, Eyvindur Palsson and Sean Sovine, Virginia Tech, and Charles Wolf, University of Rochester.
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Dynamics of Infectious Diseases: Ecological Models Across Multiple Scales (a Mathematics Research Communities Session) 
(Code: SS 134A), George Lytle, University of Montevallo, and Zhuolin Qu, University of Texas, San Antonio.

Early Career Number Theory Research with Combinatorics, Modular Forms, and Basic Hypergeometric Series (Code: SS 38A), 
Christopher Jennings-Shaffer, University of Denver, and Ali Uncu, University of Bath.

Engaging Students Through Modeling Hands-on Projects and Innovative Exploratory Approaches (Code: SS 122A), Rachel 
Grotheer, Wofford College, Joel Kitty, Centre College, Alison Marr, Southwestern University, Alex McAllister, Centre 
College, and Stephen Walk, St. Cloud State University.

Evolution Equations and Their Asymptotic Behavior (Code: SS 105A), Gisele Mophou, Universite des Antilles en Guade-
loupe, Gaston N’Guerekata, Morgan State University, and Mahamadi Warma, George Mason University.

Explicit Methods for Modularity (Code: SS 117A), Eran Assaf, Dartmouth, Edgar Costa, Massachusetts Institute of Tech-
nology, Brendan Hassett, Brown University, and David Roe, Massachusetts Institute of Technology (Sponsored by Simons 
Collaboration on Arithmetic Geometry, Number Theory, and Computation).

Finding Needles in Haystacks: Approaches to Inverse Problems Using Combinatorics and Linear Algebra (a Mathematics Re-
search Communities Session) (Code: SS 136A), Shahla Nasserasr, Rochester Institute of Technology, Emily Olson, Millikin 
University, and Sam Spiro, University of California San Diego.

Fusion Categories and Their Applications in Physics (Code: SS 41A), Colleen Delaney, Indiana University, and Corey 
Jones, North Carolina State University.

Geometric and Topological Combinatorics (Code: SS 102A), Anton Dochtermann, Texas State University, Bennet Goeckner 
and Gaku Liu, University of Washington, and Steven Klee, Seattle University.

Geometric Group Theory-AMS Mirzakhani (Code: SS 133A), Carolyn Abbott, Brandeis University, Mladen Bestvina, 
University of Utah, and Dan Margalit, Georgia Tech University.

Geometric Measure Theory (Code: SS 44A), Theodora Bourni and Vyron Vellis, University of Tennessee, Knoxville.
Geometry in the Mathematics of Data Science (Code: SS 127A), Tim Doster, Tegan Emerson, and Henry Kvinge, Pacific 

Northwest National Laboratory.
Heat Content Exit Time and Geometric Analysis (Code: SS 89A), Patrick McDonald, New College of Florida, and Jeffrey 

Langford, Bucknell University.
History of Mathematics (Code: SS 86A), Sloan Despeaux, Western Carolina University, Deborah Kent, University of St. 

Andrews, Jemma Lorenat, Pitzer College, and Daniel Otero, Xavier University.
Hopf Algebras and Tensor Categories (Code: SS 55A), Siu-Hung Ng, Louisiana State University, Julia Plavnik, Indiana 

University, and Henry Tucker, University of California, Riverside.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical 

Sciences (Code: SS 57A), David Goldberg, Purdue University, and Phil Kutzko, University of Iowa.
Innovative and Elective Ways to Teach Linear Algebra (Code: SS 1A), Sepideh Stewart, University of Oklahoma, Gil Strang, 

Massachusetts Institute of Technology, David Strong, Pepperdine University, and Megan Wawro, Virginia Tech.
Inquiry-based Teaching and Learning (Code: SS 82A), Volker Ecke, Westfield State University, Parker Glynn-Adey, Uni-

versity of Toronto at Scarborough, Mel Henriksen, Wentworth Institute of Technology, Nathaniel Miller, University of 
Northern Colorado, Lee Roberson, University of Colorado-Boulder, Christine von Renesse, Westfield State University, 
Mami Wentworth, Wentworth Institute of Technology, and Nina White, University of Michigan.

Intersections of Geometric Analysis and Mathematical Physics (Code: SS 106A), Xianzhe Dai and A’kos Nagy, University 
of California, Santa Barbara.

Knots, Links, 3-manifolds,... and 4-manifolds (Code: SS 114A), Christopher Davis, University of Wisconsin, Shelly Harvey, 
Rice University, and Carolyn Otto, University of Wisconsin Eau Claire.

Knot Theory in Dimension Four (Code: SS 19A), Jeffrey Meier, Western Washington University, Maggie Miller, Stanford 
University, and Patrick Naylor, Princeton University.

Latinxs in Combinatorics (Code: SS 47A), Laura Escobar, Washington University in St. Louis, Pamela E. Harris, Williams 
College, and Andres R. Vindas Melendez, MSRI & UC Berkeley.

Little School Dynamics: Cool Research at Primarily Undergraduate Institutions (Code: SS 85A), Kimberly Ayers, Carroll 
College, Han Li, Wesleyan University, David McClendon, Ferris State University, Andy Parrish, Eastern Illinois University, 
and Ami Radunskaya, Pomona College.

Low-dimensional Manifolds (Code: SS 66A), Catherine Pfaff, Queen’s University, Rachel Roberts, Washington University 
in St Louis, and Jennifer Schultens, University of California, Davis.

Math Circle Outreach Activities that Engage Diverse Audiences (Code: SS 12A), Lauren Rose, Bard College, and James 
Taylor, Math Circles Collaborative of New Mexico.
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Mathematical and Conceptual Foundations of Physics (Code: SS 103A), David Weisbart, University of California Riverside, 
and Adam Yassine, The American University in Cairo.

Mathematical Knowledge for Teaching High School and College Calculus Courses (Code: SS 118A), James Madden, Loui-
siana State University, Carl Olimb, Augustana University, and Jennifer Whitfield, Texas A&M University (Sponsored by 
SIGMAA on Mathematical Knowledge for Teaching).

Mathematical Modeling of Biological Processes (Code: SS 126A), Dawit Denu, Georgia Southern University, Sedar Ngoma, 
SUNY Geneseo, and Rachidi Salako, The Ohio State University.

Mathematical Modeling of Population Dynamics Across Scales: From Immuno-epidemiology to Multilevel Selection (Code: SS 
91A), Daniel Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.

Mathematical Models for Biomolecular and Cellular Interactions (Code: SS 75A), Daniel Cruz, Georgia Institute of Tech-
nology, and Margherita Ferrari, University of South Florida.

Mathematical Models of Diseases: Analysis and Computation (Code: SS 35A), Xuming Xie and Najat Ziyadi, Morgan State 
University.

Mathematical Tools for Computer Vision Problems (Code: SS 116A), Anna Grim, Brown University, Patricia Medina, Ye-
shiva College, and Marilyn Vazquez, Ohio State University.

Mathematics and New Media (Code: SS 99A), Mohamed Omar, Harvey Mudd College, and Michael Penn, Randolph 
College.

Mathematics and Sports (Code: SS 112A), Russell Goodman, Central College, and Hope McIlwain, Mercer University.
Mathematics and the Arts (Code: SS 100A), Karl Kattchee, University of Wisconsin-La Crosse, Doug Norton, Villanova 

University, and Anil Venkatesh, Adelphi University.
Mathematics of Algorithms in Industry (Code: SS 83A), Tyler Jarvis, Brigham Young University, and Jeffrey Humphreys, 

University of Utah.
Mathematics Through the Informational Lens (Code: SS 109A), Chid Apte, Rachel Bellamy, Charles Bennett, Kenneth 

Clarkson, John Cohn, Payel Das, Lior Horesh, Jon Lenchner, JR Rao, John Smolin, Mark Squillante, Yuhai Tu, and 
Chai Wu, IBM Research.

Modular Forms and Combinatorics (Code: SS 107A), Madeline Dawsey, University of Texas at Tyler, Larry Rolen, Van-
derbilt University, Robert Schneider, University of Georgia, and Ian Wagner, Vanderbilt University.

New Problems in Several Complex Variables (a Mathematics Research Communities Session) (Code: SS 138A), Sean Curry, 
Oklahoma State University, Zhenghui Huo, University of Toledo, Valentin Kunz, University of Manchester, and Palencia 
Infante, Northern Illinois University.

Noncommutative Algebra and Noncommutative Invariant Theory (Code: SS 29A), Ellen Kirkman, Wake Forest University, 
and Robert Won and James Zhang, University of Washington.

Nonlinear Evolution Equations Stability and Long Time Behavior of Solutions (Code: SS 42A), Ezzinbi Khalil, and Gaston 
N’Guerekata, Morgan State University.

Number Theory at Non-PhD Granting Institutions (Code: SS 62A), Harris Daniels, Amherst College, Alia Hamieh, Uni-
versity of Northern British Columbia, Steven Miller, Williams College, Naomi Tanabe, Bowdoin College, and Enrique 
Trevino, Lake Forest College.

Numerical Methods and Deep Learning for PDEs (Code: SS 34A), Wei Guo and Chunmei Wang, Texas Tech University.
Partial Differential Equations and Complex Variables (Code: SS 108A), Hyunkyoung Kwon, University at Albany, and 

Bingyuan Liu, The University of Texas Rio Grande Valley.
Partition Theory and Related Topics (Code: SS 46A), Dennis Eichhorn, University of California, Irvine, William Keith, 

Michigan Technological University, and Brandt Kronholm, University of Texas, Rio Grande Valley.
Perfectoid Spaces (Code: SS 40A), Shanna Dobson, California State University, Los Angeles.
Piecewise & Discontinuous Difference Equations & Applications (Code: SS 9A), Vlajko Kocic, Xavier University in Louisiana, 

and Michael Radin, Rochester Institute of Technology.
Polymath Jr: Mentoring and Learning (Code: SS 30A), Kira Adaricheva, Hofstra University, Zhanar Berikkyzy, Fairfeld 

University, Johanna Franklin, Hofstra University, Seoyoung Kim, Queens University, Steven Miller, Williams College, 
Adam Sheffer, Baruch College, and Yunus Zeytuncu, University of Michigan-Dearborn.

Presenting Research Mathematics Through Visual Storytelling: Slides Without Words and Equations (Code: SS 36A), Henry 
Adams, Justin O’Connor, Kyle Salois, Brittany Story, and Ciera Street, Colorado State University.

Programs that Support Student Research - SIGMAA on Undergraduate Research (Code: SS 51A), Allison Henrich, Seattle 
University, Kate Kearney, Gonzaga University, and Nicolas Scoville, Ursinus College.

Quadratic Forms, Theta Functions and Modularity (Code: SS 81A), Allison Arnold-Roksandich, United States Department 
of Defense, Gene Kopp, Purdue University, and Kate Thompson, United States Naval Academy.
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Quantitative Literacy and Society (Code: SS 79A), Mark Branson, Stevenson University, Catherine Crockett, Point Loma 
Nazarene University, Gizem Karaali, Pomona College, Kathryn Knowles, Texas A&M-San Antonio, and Samuel Tunstall, 
Trinity University, San Antonio TX.

Quantization for Probability Distributions and Dynamical Systems (Code: SS 56A), Sangita Jha, National Institute of 
Technology, Mrinal Roychowdhury, University of Texas Rio Grande Valley, and Saurabh Verma, Indian Institute of In-
formation Technology.

Quantum Categorical Structures in Mirror Symmetry (Code: SS 110A), Nathaniel Bottman, Max Planck Institute for Math-
ematics, Sheel Ganatra, University of Southern California, Alexei Oblomkov, University of Massachusetts, Amherst, and 
Abigail Ward, Massachusetts Institute of Technology.

Quaternions (Code: SS 67A), Terrence Blackman, Medgar Evers College - City University of New York, and Johannes 
Familton and Chris McCarthy, Borough of Manhattan Community College - City University of New York.

Random Matrix Theory and its Applications (Code: SS 22A), Kyle Luh and Sean O’Rourke, University of Colorado Boul-
der, and Tom Trogdon, University of Washington.

Random Polynomials and Related Models (Code: SS 130A), Sean O’Rourke, University of Colorado Boulder, and Noah 
Williams, Appalachian State University.

Reaction Diffusion Models with Applications in Spatial Ecology (Code: SS 92A), Jerome Goddard III, Auburn University 
Montgomery, and Ratnasingham Shivaji, University of North Carolina Greensboro.

Real World Applications of Mathematics (Code: SS 94A), Vinodh Chellamuthu, Dixie State University, and Darren 
Narayan, Rochester Institute of Technology.

Recent Advances in Fluids and Related Models (Code: SS 24A), Theodore Drivas, Stony Brook, Hussain Ibdah, Texas 
A&M, and Huy Nguyen, University of Maryland.

Recent Advances in Mathematical Biology Ecology and Epidemiology (Code: SS 65A), Lale Asik, University of the Incarnate 
Word, and Ummugul Bulut, Texas A&M University San Antonio.

Recent Advances in Packing (Code: SS 50A), Joseph Iverson, Iowa State University, John Jasper, South Dakota State 
University, and Dustin Mixon, The Ohio State University.

Recent Developments in Nonlocal Modeling and Analysis (Code: SS 78A), James Scott, University of Pittsburgh, Tadele 
Mengesha, University of Tennessee, and Xiaochuan Tian, University of California, San Diego.

Recent Progress in Function Theory and Operator Theory (Code: SS 17A), Alberto Condori, Florida Gulf Coast University, 
Elodie Pozzi, St Louis University, William Ross, University of Richmond, and Alan Sola, Stockholm University.

Research in Mathematics by Undergraduates and Students in Post-baccalaureate Programs (Code: SS 18A), Darren Narayan, 
Rochester Institute of Technology (AMS-SIAM).

Rethinking Number Theory (Code: SS 97A), Heidi Goodson, Brooklyn College City University of New York, Allechar 
Serrano Lopez, Harvard University, Christelle Vincent, University of Vermont, and McKenzie West, University of Wis-
consin-Eau Claire.

Scalar Curvature and Convergence (Code: SS 10A), Brian Allen, University of Hartford, Lan-Hsuan Huang, University 
of Connecticut, and Raquel Perales, Universidad Nacional Autonoma de Mexico.

Scholarship of Teaching and Learning: Past, Present and Future (Code: SS 53A), Thomas Banchoff, Brown University, Curtis 
Bennett, California State University, Long Beach, Jacqueline Dewar, Loyola Marymount University, Brian Katz, California 
State University, Long Beach, Lew Ludwig, Denison University, and Larissa Schroeder, University of Nebraska, Omaha.

Several Complex Variables Geometric PDE and CR Geometry (Code: SS 73A), Anne-Katrin Gallagher, Gallagher Tool & 
Instrument, Redmond, WA, and Bernhard Lamel and Nordine Mir, Texas A&M University at Qatar.

Skein Theory and Quantum Algebra (Code: SS 77A), Rhea Bakshi, The George Washington University, Wade Bloomquist, 
Georgia Institute of Technology, and Vijay Higgins, University of California Santa Barbara.

Statistics and Machine Learning Using Topology and Geometry (Code: SS 63A), Austin Lawson and Vasileios Maroulas, 
University of Tennessee Knoxville, Farzana Nasrin, University of Hawaii at Manoa, and Christopher Oballe, University 
of Notre Dame.

Stochastic Models in Studying Biological Systems (Code: SS 120A), Shusen Pu, Vanderbilt University, and Alexander 
Strang, University of Chicago.

Structured Polynomial Systems In Mathematics and Its Applications (Code: SS 69A), Taylor Brysiewicz, Max Planck Institute 
for Mathematics in the Sciences, and Frank Sottile, Texas A&M University.

The EDGE (Enhancing Diversity in Graduate Education) Program: Pure and Applied Talks by Women Math Warriors (Code: 
SS 8A), Ziva Myer, Duke University, Laurel Ohm, Courant Institute, New York University, and Shanise Walker, University 
of Wisconsin-Eau Claire.
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The Many Lives of Lattice Theory with an Emphasis on Distributive & Semi-distributive Lattices and Combinatorics (Code: SS 
5A), Zeinab Bandpey and Jonathan Farley, Morgan State University.

The Mathematics of Decisions, Elections and Games (Code: SS 13A), Michael Jones, American Mathematical Society - Math-
ematical Reviews, David McCune, William Jewell College, and Jennifer Wilson, Eugene Lang College The New School.

The Mathematics of RNA and DNA (Code: SS 68A), Johannes Familton and Chris McCarthy, Borough of Manhattan 
Community College City University of New York.

The Teaching and Learning of Undergraduate Ordinary Differential Equations (Code: SS 84A), Chris Goodrich, The Uni-
versity of New South Wales, Viktoria Savatorova, Central Connecticut State University, Itai Seggev, Wolfram Research, 
and Beverly West, Cornell University.

Topics and Generalizations in Geometric Group Theory (Code: SS 95A), John Bergschneider, Bikash Das, and Opal Gra-
ham, University of North Georgia.

Topics in Extremal Combinatorics (Code: SS 115A), Cory Palmer, University of Montana, and Amites Sarkar, Western 
Washington University.

Transient Probabilities of Random Processes, Duality Theory and Gambler’s Ruin Probabilities (Code: SS 90A), Alan Krinik 
and Randall Swift, Cal Poly Pomona.

Undergraduate Research Activities in Mathematical and Computational Biology (Code: SS 93A), Timothy Comar, Benedictine 
University, and Hannah Highlander, University of Portland.

Weave Reality into Your Differential Equations Course with Modeling (Code: SS 21A), Vinodh Chellamuthu, Dixie State 
University, Rikki Wagstrom, Metropolitan State University, Tracy Weyand, Rose-Hulman Institute of Technology, and 
Brian Winkel, SIMIODE.

American Association for the Advancement of Science Special Sessions
Stochastic Processes on Networks (Code: SS 132A), Oanh Nguyen, University of Illinois at Urbana-Champaign, and 

Kavita Ramanan, Brown University.

American Statistical Association Special Sessions
Statistical issues of COVID-19 Data (Code: SS 141A), Xihong Lin, Harvard University and Broad Institute of MIT.

Association for Symbolic Logic Special Sessions
Model-theoretic Classification Program (Code: SS 131A), Artem Chernikov and Nicholas Ramsey, University of Califor-

nia, Los Angeles.

Association for Women in Mathematics Special Sessions
Celebrating the Mathematical Contributions of the AWM (Code: SS 33A), Donatella Danielli, Arizona State University, 

Kathryn Leonard, Occidental College, Michelle Manes, University of Hawaii at Manoa, and Ami Radunskaya, Pomona 
College.

Mathematics in the Literary Arts and Pedagogy in Creative Settings (Code: SS 20A), Shanna Dobson, California State 
University, Los Angeles, and Elizabeth Donovan, Elizabeth Donovan.

Women and Gender Minorities in Symplectic and Contact Geometry and Topology (Code: SS 49A), Orsola Capovilla-Searle, 
Duke University, Dahye Cho, Stony Brook University, and Angela Wu, University of College, London.

Women in Computational Topology (Code: SS 96A), Brittany Fasy, Montana State University, and Lori Ziegelmeier, 
Macalester College.

Women in Geometry (Code: SS 37A), Catherine Searle, Wichita State University, Elizabeth Stanhope, Lewis and Clark 
University, and Guofang Wei, University of California, Santa Barbara.

Women in Mathematical Biology (Code: SS 111A), Christina Edholm, Scripps College, Maryann Hohn, Pomona College, 
Amanda Laubmeier, Texas Tech University, Carrie Manore, Los Alamos National Laboratory, and Heather Zinn-Brooks, 
Harvey Mudd College.

Women in Topology (Code: SS 80A), Kristine Bauer, University of Calgary, Anna Marie Bohmann, Vanderbilt Univer-
sity, Angelica Osorno, Reed College, Carmen Rovi, MPIM and University of Heidelberg, and Sarah Yeakel, University 
of California, Riverside.

Women of Color in Combinatorics (Code: SS 25A), Zhanar Berikkyzy, Fairfield University, and Shanise Walker, Univer-
sity of Wisconsin Eau Claire.
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Consortium for Mathematics and its Applications Special Sessions
COMAP’s Mathematical Modeling Contests: Sharing Experiences and Benefits (Code: SS 88A), Amanda Beecher, Ramapo 

College of New Jersey, Steve Horton, US Military Academy (Emeritus), and Kathleen Snook, COMAP.

International Linear Algebra Society Special Sessions
Matrix Analysis and Applications (Code: SS 16A), Mohsen Aliabadi, Iowa State University, and Luyining Gan and Tin-

Yau Tam, University of Nevada, Reno.
Matrix Analysis and Applications I (Code: SS 15A), Mohsen Aliabadi, Iowa State University, and Luyining Gan and Tin-

Yan Tam, University of Nevada, Reno.
The Interplay of Matrix Analysis and Operator Theory (Code: SS 23A), Kelly Bickel, Bucknell University, Meredith Sar-

gent, University of Arkansas, Ryan Tully-Doyle, California Polytechnic, San Luis Obispo, and Hugo Woerdeman, Drexel 
University.

The Inverse Eigenvalue Problem for a Graph, Zero Forcing, Throttling and Related Topics (Code: SS 70A), Mary Flagg, Uni-
versity of St. Thomas, and Hein Van der Holst, Georgia State University.

Mathematical Sciences Research Institute Special Sessions
Combinatorial and Homological Methods in Commutative Algebra (Code: SS 32A), Jennifer Biermann, Hobart and William 

Smith Colleges, and Selvi Kara, University of Utah.
Frame Theory and Applications (Code: SS 31A), Roza Aceska, Ball State University, and Yeon Kim, Central Michigan 

University.
Lie Group Actions in Differential Geometry (Code: SS 61A), Carolyn Gordon, Dartmouth College, Meera Mainkar, Central 

Michigan University, Tracy Payne, Idaho State University, and Cynthia Will, University of Cordoba (Argentina).
Metric Geometry and Topology (Code: SS 60A), Christine Escher, Oregon State University, and Catherine Searle, Wichita 

State University.
Resistance Distance and Other Metrics on Graphs and Networks (Code: SS 48A), Emily Evans, Brigham Young University, 

and Amanda Francis, Mathematical Reviews, American Mathematical Society.
Tensor Modeling and Optimization (Code: SS 27A), Anna Ma, University of California, Irvine, Deanna Needell, University 

of California, Los Angeles, and Jing Qin, University of Kentucky.
The MSRI African Diaspora Joint Mathematics Workshop (ADJOINT) (Code: SS 139A), Caleb Ashley, Boston College, 

and Edray Goins, Pomona College.
The MSRI Undergraduate Program (Code: SS 140A), Rebecca Garcia, Sam Houston State University, and Pamela E. 

Harris, Williams College.

Society for Industrial and Applied Mathematics Minisymposium
Advances in Mathematical Biology (Code: SIAMMINI3A), Shilpa Khatri, Roummel Marcia, and Erica Rutter, University 

of California Merced.
Advancing Racial Equity in Applied Mathematics (Code: SIAMMINI7A), Ron Buckmire, Occidental College, and P. Se-

shaiyer, George Mason University.
Graduate Research in Industry and in National Laboratory Internships (Code: SIAMMINI5A), Nicole Buczkowski and 

Hayley Olson, University of Nebraska-Lincoln.
Lessons Learned: The Future of Online and Hybrid Modalities in Education and the Workplace (A SIAM ED session) (Code: 

SIAMMINI1A), Manuchehr A. Aminian, Cal Poly Pomona, and Alvaro Ortiz, Georgia Gwinnett College.
Mathematics of Complex Systems (Code: SIAMMINI6A), Heather Zinn Brooks, Harvey Mudd College, Alexander P. 

Hoover, University of Akron, Mason A. Porter, University of California Los Angeles, Alice Schwarze, University of Wash-
ington, and Alexandria Volkening, Northwestern University.

Nonlocal and Fractional Problems in Analysis and PDEs (Code: SIAMMINI8A), Petronela Radu, University of Nebras-
ka-Lincoln.

Quantum Algorithms (Code: SIAMMINI4A), Lin Lin, University of California, Berkeley.
Sensitivity Analysis and Uncertainty Quantification for Scientific and Biological Models (Code: SIAMMINI2A), Ralph Smith, 

North Carolina State University.
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AMS Sessions for Contributed Papers
There will be sessions of ten-minute contributed talks. Although an individual may present only one contributed paper at 
a meeting, any combination of joint authorship may be accepted, provided no individual speaks more than once on the 
contributed paper program. Contributed papers will be grouped together by related subject classifications into sessions.

Submission of  Abstracts for JMM Sessions
Authors must submit abstracts of talks through the JMM abstract submission site.1 Simply follow the step-by-step in-
structions through to completion, until you receive a confirmation of your successful submission. Detailed instructions 
are also posted on https://jointmathematicsmeetings.org. No submission is complete until you receive this con-
firmation. The deadline for all submissions is September 21, 2021. Late papers cannot be accommodated. Please email 
abs-coord@ams.org if you have questions.

Programs of JMM Partners
Please see complete descriptions of these sessions on the JMM website.

American Mathematical Society
AMS Poster Session

AMS - PME Student Poster Session, organized by Chad Awtrey, Samford University, Paul Fishback, Grand Valley State 
University, and Eric Ruggieri, College of the Holy Cross; Friday, 10:30 am–12:00 pm and 3:30–5:00 pm. These sessions 
feature research done by undergraduate students. First-year graduate students are eligible to present if their research was 
completed while they were still undergraduates. Research by high school students can be accepted if the research was 
conducted under the supervision of a faculty member at a post-secondary institution.

Appropriate content for a poster includes, but is not limited to, a new result, a new proof of a known result, a new 
mathematical model, an innovative solution to a Putnam problem, or a method of solution to an applied problem. Purely 
expository material is not appropriate for this session.

Participants should submit an abstract through the JMM abstract submission portal by September 21; notification of 
acceptance or rejection will be sent by approximately October 12. Questions regarding this session should be directed 
to Chad Awtrey, cawtrey@samford.edu, Paul Fishback, fishbacp@mail.gvsu.edu, or Eric Ruggieri, eruggier 
@holycross.edu.
AMS Panels
Please see complete descriptions of these sessions on the JMM website.

AMS Panel on Journal Publishing: Ethics and Best Practices, organized by Lauren Foster, American Mathematical So-
ciety, and Nicola Poser, American Mathematical Society; Wednesday, 9:30–10:30 am.

AMS Committee on Equity, Diversity, and Inclusion Panel: Transforming Higher Education to Achieve Equity, organized 
by Sarah Greenwald and Jim Lewis, AMS Committee on Equity, Diversity, and Inclusion; Wednesday, 10:30 am–12:00 
pm. Please join this conversation, moderated by Dr. Ron Buckmire, the chair of the AMS Committee on Equity, Diversity, 
and Inclusion. Panelists are Shirley Malcom, Association for the Advancement of Science and SEA Change, and Abbe 
Herzig, American Mathematical Society.

AMS Advocacy Panel: Advocacy for Mathematics and Science Policy, organized by Karen Saxe, American Mathematical 
Society; Thursday, 9:30–11:00 am. Moderator and panelists to be announced.

AMS Panel on Open Access and Mathematics: Open publishing models, licensing and copyright, and equity, organized by 
Robert Harington, American Mathematical Society, and Nicola Poser, American Mathematical Society; Thursday, 11:00 
am–12:00 pm.

AMS Committee on Education Panel Discussion: Forming institutional collaborations to broaden student access, orga-
nized by Michael Dorff, Brigham Young University, Doug Ensley, Shippensburg University, and Katherine Stevenson, 
California State University, Northridge; Thursday, 1:00–2:30 pm. The moderator and panelists are to be announced. This 
panel is sponsored by the AMS Committee on Education.

AMS Committee on the Profession Panel Discussion: Impact of the Pandemic on the Profession, organized by Ruth Char-
ney, Brandeis University, Peter Ebenfelt, University of California, San Diego, Ellen Eischen, University of Oregon, Gail 
Letzter, NSA, and Hee Oh, Yale University; Thursday, 2:00–3:30 pm. The moderator for this panel is Peter Ebenfelt, 

1https://jointmathematicsmeetings.org/abstract.pl?type=jmm.%20

https://jointmathematicsmeetings.org/abstract.pl?type=jmm.%20
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University of California, San Diego. Panelists are Allison Henrich, Seattle University, Andrew Kobin, Emory University, 
Jill Pipher, Brown University, and Talitha Washington, Clark Atlanta University & Atlanta University Center. This panel 
is sponsored by the AMS Committee on the Profession.

AMS Task Force on Understanding and Documenting the Historical Role of the AMS in Racial Discrimination: A year 
after, organized by Kasso Okoudjou, Tufts University, and Francis Su, Harvey Mudd College; Friday, 10:40 am–12:00 
pm. Panelists are Jim Lewis, University of Nebraska-Lincoln, Kasso Okoudjou, Tufts University, Adriana Salerno, Bates 
College, and Francis Su, Harvey Mudd College.

AMS Committee on Science Policy Panel Discussion: What’s after science policy? – How getting involved in science policy 
enhances careers, organized by Duane Cooper, Morehouse College, Rachel Levy, 2020–21 AMS/AAAS Congressional 
Policy Fellow, and Natalie Shiels, OptumLabs at UnitedHealth Group; Friday, 2:30–4:00 pm. The moderator is Natalie 
Shiels, OptumLabs at UnitedHealth Group. Panelists are Carla Cotwright-Williams, US Department of Defense, Lloyd 
Douglas, independent consultant, Catherine Paolucci, University of Florida, Karoline Pershell, Service Robotics and 
Technologies, and James Ricci, Schmidt Futures. This panel is sponsored by the Committee on Science Policy.

AMS DC-Based Policy & Communications Opportunities, organized by Karen Saxe, American Mathematical Society; 
Friday, 4:30–6:30 pm. Speakers for this session are A.J. Stewart, AMS Congressional Fellow 2021–22, and Tamar Lichter 
Blanks, AMS-AAAS Mass Media Fellow 2021.

AMS Committee on Meetings and Conferences Panel: Holding AMS Meetings and Conferences in Localities with Discrim-
inatory Practices, organized by Emma Previato, Boston University; Saturday, 8:00–9:30 am. The moderator is Lourdes 
Juan, Texas Tech University. Panelists are Juliette Bruce, University of California, Berkeley, Edray Goins, Pomona College, 
and Kasso Okoudjou, Tufts University. This panel is sponsored by the AMS Committee on Meetings and Conferences.

AMS Panel: The Future of Books for Graduate Students and Research Mathematicians, organized by Sergei Gelfand, 
American Mathematical Society, and Eriko Hironaka, AMS Book Program; Saturday, 10:30 am–12:00 pm. 
AMS Workshops
Please see complete descriptions of these sessions on the JMM website.

2022 AMS Department Chairs  Workshop. This annual one-day workshop for department chairs, leaders, and prospec-
tive leaders is held on Tuesday, January 4, 2022, 9:00 am–2:00 pm, the day before the JMM begins, and is led by Luca 
Capogna, Smith College, Anne Fernando, Norfolk State University, Kevin Knudson, University of Florida, and Emille 
Davie Lawrence, University of San Francisco.

The Workshop will provide an opportunity to share experiences about issues and trends that have an impact on math 
department chairs, math departments, and colleges and universities. Topics could include resources, handling stress 
(students, staff, and faculty), curriculum, and instructional delivery; participants who register by December 8 will have 
the opportunity to suggest additional topics. The organizers expect the Workshop to help build a community of leaders 
who can continue to exchange ideas and offer support and advice.

The registration fee is US$200 (includes lunch and reserved seating for the JMM opening reception on January 5 at 
6:15 pm). Please register online by December 31.2 For more details, see the Workshop webpage.3 Please send questions 
to Kim Kuda (kak@ams.org) in the AMS Programs Department.

AMS Workshop: Teaching and Managing Large Undergraduate Mathematics Courses in a Changing World, organized by 
P. Gavin LaRose, University of Michigan, and Bryan Mosher, University of Minnesota; Part I, Thursday, 1:00–3:00 pm, 
and Part II, Friday, 10:00 am–12:00 pm.
Other AMS Events
Please see complete descriptions of these sessions on the JMM website.

Council, Tuesday, 1:30 pm.
Business Meeting, Saturday, 11:45 am.
MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Session, organized by Carrie Diaz Eaton, Bates College; Friday, 9:00–

10:30 am. This year the session will consist of a lecture from 9:00–9:50 am given by Dave Kung, Charles A. Dana Center, 
University of Texas at Austin, Title to be announced, and a short panel discussion, Title to be announced, from 9:50–10:30 
am. Panelists to be announced. 

Career Fair, Thursday, 8:30–10:30 am. Here’s a new opportunity for mathematically trained job seekers at various 
phases of education and experience—graduate students, undergraduates, postdoctoral, and others—to interact in-person 
with employers in business, industry, and government (BIG). This event is your chance to network and learn what it takes 
to do a BIG job. If your company is interested in participating, for US$200, a table will be provided for your posters and 

2https://ebus.ams.org/ebus/Default.aspx?TabID=1531&productId=1181840025
3https://www.ams.org/chairsworkshop

https://ebus.ams.org/ebus/Default.aspx?TabID=1531&productId=1181840025
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printed materials, and you are welcome to speak to interested students personally. Complimentary coffee will be served, 
sponsored by the AMS.

Grad School Fair, Friday, 8:30–10:30 am. Here is the opportunity for undergrads to meet representatives from math-
ematical sciences graduate programs from universities all over the country. January is a great time for juniors to learn 
more, and college seniors may still be able to refine their search. This is your chance for one-stop shopping in the grad-
uate school market. At JMM 2020, over 300 students met with representatives from more than 70 graduate programs. If 
your school has a graduate program and you are interested in participating, for US$130, a table will be provided for your 
posters and printed materials, and you are welcome to personally speak to interested students. Complimentary coffee 
will be served, sponsored by the AMS.

Current Events Bulletin, organized by David Eisenbud, Mathematical Sciences Research Institute; Friday, 2:00–6:00 pm. 
Mathematically Bent Theater, featuring Colin Adams and the Mobiusbandaid Players; Friday, 6:00–7:00 pm.

AMS Short Course on 3D Printing: Challenges and Applications
Monday–Tuesday, January 3–4, 2022

This Short Course has been organized by Maria Trnkova, University of California, Davis, and Andrew Yarmola, 
Princeton University, and combines seven introductory lectures and tutorials with two workshops that offer a hands-on 
experience with 3D printing and model design. Speakers include Silviana Amethyst, University of Wisconsin-Eau Claire, 
David Bachman, Pitzer College, Gabriel Dorfsman-Hopkins, University of California, Berkeley, Elisabetta Matsumoto, 
Georgia Institute of Technology, Henry Segerman, Oklahoma State University, and Bethany Weeks, Boeing Additive 
Manufacturing.

There are separate registration fees to participate in this course. Please see the complete Short Course announcement 
on page 1682 of this issue, or go to https://www.ams.org/short-course.

AMS Travel Grants
PUI Faculty Travel Grants. The AMS is excited to announce a new opportunity for faculty at primarily-undergraduate 

institutions (PUI) to receive funding to support participation in JMM. Grant funds can be used to offset expenses for 
travel, registration, lodging, and meals. One advantage of this funding is that it can be used to support participation in the 
Short Course or the Chairs Workshop. Additional information will be available soon on the AMS Travel Grants webpage.4

Graduate Student Travel Grants. The AMS, with funding from a private gift, will be accepting applications for partial 
travel support for graduate students attending the Joint Mathematics Meetings in Seattle, Washington, January 5–8, 2022. 
The awards, not to exceed US$500, will ideally be matched by travel funds from the student’s institution, but this is not 
a strict requirement.

Applications will be accepted ONLY from doctoral students in mathematics who are in their last year of study; i.e., 
applicants must not have received their doctoral degrees before the travel takes place but must expect to receive them 
within twelve months of the JMM. No student shall receive a grant more than once. Information can be found on the 
AMS Graduate Student Travel Grants webpage.5

Undergraduate Student Travel Grants. With support from the National Science Foundation, the AMS is offering travel 
support to a limited number of undergraduate students who are presenting in the following JMM sessions: Pi Mu Epsilon 
Undergraduate Poster Session, AMS-SIAM Special Session on Research in Mathematics by Undergraduates and Students 
in Post-baccalaureate Programs, and Other Special or Contributed Sessions at the Joint Mathematics Meetings in Seattle, 
Washington, January 5–8, 2022.

The award amounts are anticipated to be up to US$1,080 to defray travel, housing, and subsistence. Applications are 
especially encouraged from students from groups that have been underrepresented in the mathematical sciences and 
from those with a need for travel support. Information can be found on the AMS Undergraduate Travel Grants webpage.6 

Please also see the section on Child Care Grants.

American Association for the Advancement of Science 
The AAAS-AMS Invited Address will be given by Kavita Ramanan, Brown University, Title to be announced; Friday, 11:10 am.
AAAS will also host an AAAS Special Session; more information on this session can be found under the heading Amer-

ican Association for the Advancement of Science Special Sessions above.

4https://www.ams.org/travel-grants
5https://www.ams.org/student-travel
6https://www.ams.org/undergrad-tg
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American Statistical Association
The ASA Committee of Presidents of Statistical Societies (COPSS) Lecture will be given by Xihong Lin, Harvard Uni-

versity, Broad Institute of MIT and Harvard, Learning from COVID-19 Data on Transmission, Health Outcomes, Interventions 
and Vaccination.

ASA will also host an ASA Special Session, affiliated with the COPSS Lecture; more information on this session can be 
found under the heading American Statistical Association Special Sessions above.

ASA will host a reception Thursday. Please see the listing in the Social Events section of the announcement.

Association for Symbolic Logic
Please see complete descriptions of these sessions on the JMM website.

Association for Symbolic Logic Tutorial: From noncommutative algebra to model theory - via Poisson algebras, Parts I 
& II, organized by Reed Solomon, ASL; Wednesday, 9:00–10:00 am and 2:00–3:00 pm. The speaker for these tutorial 
sessions is Omar Leon Sanchez, University of Manchester. 

The ASL Invited Address program will take place on Friday and Saturday. The program will include invited addresses 
by Jeremy Avigad, Carnegie Mellon University, The promise of formal mathematics; Omer Ben-Nuria, Einstein Institute of 
Mathematics, Jerusalem, Diamonds compactness and ultrafilters in set theory; Peter Cholak, University of Notre Dame, Ramsey 
like Theorems on the Rationals; Franziska Jahnke, University of Münster, Decidability and definability in unramified henselian 
valued fields; Sandra Müller, Technical University of Vienna, Lower bounds in Set Theory; Lynn Scow, California State San 
Bernardino, Semi-retractions and the Ramsey Property; and Erik Walsberg, Vassar College, Model theory of large fields.

ASL will also host an ASL Contributed Paper Session on Friday afternoon and an ASL Special Session on Thursday; more 
information on this session can be found under the heading Association for Symbolic Logic Special Sessions above.

Association for Women in Mathematics
Please see complete descriptions of these sessions on the JMM website.

AWM Panel: Non-Traditional Careers in Mathematics, organized by Alice Mark, Vanderbilt University; Wednesday, 
2:15–3:40 pm. Panel moderator is Alice Mark, Vanderbilt University. Panelists are to be announced.

Business Meeting, Wednesday, 3:45–4:15 pm. Chair, Kathryn Leonard, AWM President.
AWM Panel: AWM 101 for Men, What You Need to Know about Women in Math, organized by Rhonda Olson, Arizona 

State University; Thursday, 8:00–9:30 am. Panelists are to be announced.
The AWM-AMS Noether Lecture will be delivered on Thursday at 10:05 am by Marianna Csőrnyei, University of Chi-

cago, on The Kakeya needle problem for rectifiable sets.
AWM Workshop Poster Presentations and Reception, Friday, 4:00–5:30 pm. AWM will conduct its workshop poster pre-

sentations by women graduate students. This session is open to all JMM attendees. Organizers for these presentations are 
Irina Mitrea, Temple University, Julie Rana, Lawrence University, Radmila Sazdanovic, North Carolina State University, 
Janet Striuli, Fairfield University, and Isabel Vogt, University of Washington. The Poster Judging Coordinator is Matthew 
Krauel, California State University, Sacramento. AWM seeks volunteers to serve as mentors for workshop participants. If 
you are interested, please contact the AWM office at awm@awm-math.org.

Association for Women in Mathematics Reception and Awards Presentation, Friday, 5:00–6:30 pm. The AWM Reception is 
open to all JMM participants and will begin at 5:00 pm, during the poster presentations. At 6:00 pm, the AWM President 
will recognize all of the honorees of the AWM Alice T. Schafer Prize for Excellence in Mathematics by an Undergraduate 
Woman, the recipients of the AWM Dissertation Prize, the AWM Service Awards, and the AWM Fellows. Please see the 
listing in the Social Events section of the announcement.

AWM Workshop: Women in Algebraic Geometry (WiAG), organized by Julie Rana, Lawrence University, and Isabel 
Vogt, University of Washington; Saturday, 8:00 am–12:00 pm and 1:00–5:00 pm. In 2022, the AWM Workshop will be 
hosted by the Research Network Women in Algebraic Geometry (WiAG). This workshop will showcase the research of 
women and nonbinary mathematicians working in algebraic geometry and related fields. In particular, this special session 
will feature several talks reporting on the results of collaborations formed at the WiAG conference held at ICERM in the 
summer of 2020. A Poster Session for graduate students and recent PhDs will be held in conjunction with the workshop 
on Friday. Updated information about the workshop is available at www.awm-math.org.

AWM also has a number of AWM Special Sessions. A full list of these sessions can be found under the heading Association 
for Women in Mathematics Special Sessions above.
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Consortium for Mathematics and its Applications
Please see complete descriptions of these sessions on the JMM website.

COMAP Workshop: An Introduction to COMAP’s Certificate in Modeling (CiM) Program for Educators, organized by 
Michelle Isenhour and Kathi Snook, Consortium for Mathematics and Its Applications; Wednesday, 1:00–4:00 pm. 

COMAP Professional Development Workshop: Leveraging Math Modeling Contests to Bring More Interdisciplinarity to 
You, Your Students, and Your Colleagues, organized by Amanda Beecher, Ramapo College of New Jersey, and Kathi Snook, 
Consortium for Mathematics and Its Applications; Friday, 9:00 am–12:00 pm.

COMAP also has a COMAP Special Session. More information on this session can be found under the heading Con-
sortium for Mathematics and its Applications Special Sessions above.

International Linear Algebra Society
The ILAS Invited Address will be given on Wednesday at 9:00 am by Pauline van den Driessche, University of Victoria, 

BC, Canada, on Sign Patterns Meet Dynamical Systems.
ILAS also has a number of ILAS Special Sessions. A full list of these sessions can be found under the heading International 

Linear Algebra Society Special Sessions above.

Julia Robinson Mathematics Festival
Please see complete descriptions of these sessions on the JMM website.

JRMF Workshop, organized by Daniel Kline, Julia Robinson Mathematics Festival; Friday, 2:00–3:30 pm. 
The Julia Robinson Mathematics Festival will also provide engaging activities during the JMM Grand Opening Reception 

on Wednesday evening and in the JMM Exhibits on Saturday.

Mathematical Sciences Research Institute 
MSRI has a number of MSRI Special Sessions. A full list of these sessions can be found under the heading Mathematical 

Sciences Research Institute Special Sessions.
MSRI will also host a reception on Friday; please see the listing in the Social Events section of the announcement.

National Association of Mathematicians
Please see complete descriptions of these sessions on the JMM website.

The Haynes-Granville-Browne Session of Presentations by Recent Doctoral Recipients in the Mathematical Sciences will 
take place on Friday, 1:00–5:00 pm.

The Cox-Talbot Address will be given by Robert Q. Berry, III, University of Virginia, Interest Convergence: An analytical 
viewpoint for examining how power dictates policies and reforms in mathematics, Friday after the banquet. See details about the 
banquet on Friday in the Social Events section.

NAM Panel Discussion, Saturday, 10:30–11:30 am. Title and panelists are to be announced. 
The NAM Business Meeting will take place on Saturday, 9:00–10:00 am.
The Claytor-Woodard Lecture will be given by Monica Jackson, American University, Spatial Data Analysis for Public 

Health Data on Saturday at 1:00 pm.

Pi Mu Epsilon
Please see complete descriptions of these sessions on the JMM website.

Pi Mu Epsilon (PME) Council Meeting, Thursday, 8:00–11:30 am.
AMS - PME Student Poster Session, organized by Chad Awtrey, Samford University, Paul Fishback, Grand Valley State 

University, and Eric Ruggieri, College of the Holy Cross; Friday, 10:30 am–12:00 pm and 3:30–5:00 pm. These sessions 
feature research done by undergraduate students. First-year graduate students are eligible to present if their research was 
completed while they were still undergraduates. Research by high school students can be accepted if the research was 
conducted under the supervision of a faculty member at a post-secondary institution.

Appropriate content for a poster includes, but is not limited to, a new result, a new proof of a known result, a new 
mathematical model, an innovative solution to a Putnam problem, or a method of solution to an applied problem. Purely 
expository material is not appropriate for this session.

Participants should submit an abstract through the JMM abstract submission portal by September 21; notification of 
acceptance or rejection will be sent by approximately October 12. Questions regarding this session should be directed 
to Chad Awtrey, cawtrey@samford.edu, Paul Fishback, fishbacp@mail.gvsu.edu, or Eric Ruggieri, eruggier 
@holycross.edu.
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PME Panel: What Every Student Should Know about the JMM, organized by Jennifer Beineke, Western New England 
University, and Tom Wakefield, Youngstown State University; Wednesday, 9:00–10:20 am. Panelists are Jennifer Beineke, 
Western New England University, and Tom Wakefield, Youngstown State University. This panel is sponsored by Pi Mu 
Epsilon.

Society for Industrial and Applied Mathematics
Please see complete descriptions of these sessions on the JMM website.

SIAM Minisymposia for JMM 2022 will take place Wednesday–Saturday. There are 8 Minisymposia. A full list of these 
sessions can be found under the heading Society for Industrial and Applied Mathematics Minisymposia above.

See also the session cosponsored by SIAM in the American Mathematical Society Special Sessions listing, AMS-SIAM Special 
Session on Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, organized by Darren A. 
Narayan, Rochester Institute of Technology.

The SIAM Invited Address will be delivered by Qiang Du, Columbia University, Analysis and Applications of Nonlocal 
Models, on Thursday at 11:10 am.

SIAM Panel on a BIG world view: Business-Industry-Government Careers for Mathematicians, organized by Sharon 
Arroyo, The Boeing Company; Thursday, 8:00–9:30 am. Panelists to be announced.

MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Session, organized by Carrie Diaz Eaton, Bates College; Friday, 9:00–
10:30 am. This year the session will consist of a lecture from 9:00–9:50 am given by Dave Kung, Charles A. Dana Center, 
University of Texas at Austin, Title to be announced, and a short panel discussion, Title to be announced, from 9:50–10:30 
am. Panelists to be announced.

The MAA-AMS-SIAM Gerald and Judith Porter Public Lecture will be given by Lauren K Williams, Harvard University, 
Title to be announced; Saturday, 3:00 pm.

SIAM will also host a reception; please see the listing in the Social Events section of the announcement.

Spectra: Association for LGBT Mathematicians
Please see complete descriptions of these sessions on the JMM website.

Wikipedia Edit-a-Thon, organized by Keri Sather-Wagstaff, Clemson University, Marie Vitulli, University of Oregon, 
and Ursula Whitcher, Mathematical Reviews (AMS); day and time to be announced.

This will be a hands-on event. Participants will use laptops and/or tablets and will be immediately guided into editing 
on Wikipedia. Collaboration amongst the participants will be encouraged. Additional resources will be provided online 
to allow participants to continue to learn about editing after the event. The organizing team is made up of women and 
nonbinary members of the LGBTQIA+ community. This event is jointly sponsored by the AMS and Spectra.

Spectra Workshop: Identifying Best Practices Fostering Inclusion and Retention of LGBTQ Mathematicians, organized by 
Ron Buckmire, Occidental College, Chris Goff, University of the Pacific, and Alexander Hoover, University of Akron; 
Wednesday, 4:30–6:00 pm.

Spectra Lavender Lecture, organized by Juliette Bruce, University of California, Berkeley, and Alexander Hoover, Uni-
versity of Akron; Thursday, 11:00 am. The Spectra Lavender Lecture honors LGBTQ+ mathematicians who have made 
significant contributions to the mathematical sciences, mathematical education, or the mathematical community at large. 
Speaker to be announced.

Spectra Panel: Navigating the Job Market as an LGBTQ Mathematician, organized by David Crombecque, University 
of Southern California, and Lily Khadjavi, Loyola Marymount University, Los Angeles; Friday, 1:00–2:20 pm.

Spectra Business Meeting, organized by Juliette Bruce, University of California, Berkeley; Friday, 3:00–4:00 pm.
Spectra will also host a reception; please see the listing in the Social Events section of the announcement.

Transforming Post-Secondary Education in Mathematics
Please see complete descriptions of these sessions on the JMM website.

TPSE Math Panel: Exploring the Future of Mathematics Education – what should we be teaching?, organized by Scott 
Wolpert, University of Maryland and TPSE Math, and Michael Dorff, Brigham Young University and TPSE Math; Wednes-
day, 9:00–10:30 am. At JMM 2022, TPSE will showcase a panel of innovators in undergraduate data science curricula: 
Professor Johanna Hardin, Pomona College, MAA Hogg Award for Excellence in Teaching Introductory Statistics; Pro-
fessor Deanna Needell, UCLA, Dunn Family Endowed Chair in Data Theory; and Professor Talitha Washington, Atlanta 
University Center Consortium, Director Data Science Initiative. The panel will be moderated by Sylvester James Gates, 
Jr., Brown Theoretical Physics Center Director, Ford Foundation Professor of Physics, Affiliate Mathematics Professor, and 
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Faculty Fellow, Watson Institute for International Studies and Public Affairs at Brown University. Gates served on the 2016 
US President’s Council of Advisors on Science and Technology (PCAST) and the National Commission on Forensic Science.

TPSE Math Panel: Developing Innovative Upper Division Pathways in Mathematics: Strategies for Enrollment and Inclu-
sion, organized by Rick Cleary, Babson College, and William Yslas Velez, University of Arizona; Friday, 1:00–2:30 pm. 
Panelists to be announced.

JMM Sessions and Events

Professional Enhancement Programs (PEP)
Professional Enhancement Programs (PEP) are open only to persons who register for the Joint Meetings and pay the Joint 
Meetings registration fee in addition to the appropriate Professional Enhancement Program (PEP) fee. The AMS reserves 
the right to cancel any PEP that is undersubscribed. Participants should read the descriptions of each PEP thoroughly as 
some require participants to bring their own laptops and special software; laptops will not be provided in any PEP. The 
enrollment in each PEP is limited to 50; the cost is US$100. 

Please see complete descriptions of these JMM Professional Enhancement Programs (PEP) on the JMM website.
Professional Enhancement Program (PEP) #1. A Complex Transition to Advanced Undergraduate Mathematics, presented 

by Bob Sachs, George Mason University, Hortensia Soto, Colorado State University, and Paul Zorn, St. Olaf College; 
Part A, Wednesday, 9:00–11:00 am, and Part B, Friday, 9:00–11:00 am.

Professional Enhancement Program (PEP) #2. Breaking the Cycle of Mechanisms of Inequality in Mathematics Teaching and 
Learning, presented by Nicole M. Joseph, Vanderbilt University, and William Yslas Velez, University of Arizona; Part A, 
Wednesday, 1:00–3:00 pm, and Part B, Thursday, 1:00–3:00 pm.

Professional Enhancement Program (PEP) #3. Developing Mathematics Programs for Workforce Preparation in Data Science 
and Other Applications, presented by Rick Cleary, Babson College, and Chris Malone, Winona State University; Part A, 
Wednesday, 1:00–3:00 pm, and Part B, Saturday, 1:00–3:00 pm.

Professional Enhancement Program (PEP) #4. Evidence-based Practices for More Effective Mentoring Relationships, presented 
by Pamela E. Harris, Williams College, and Abbe Herzig, American Mathematical Society; Part A, Friday, 1:00–3:00 pm, 
and Part B, Saturday, 1:00–3:00 pm. Cosponsored by the American Mathematical Society, The Center for Minorities in 
the Mathematical Sciences, and Lathisms.

Professional Enhancement Program (PEP) #5. From LaTeX to RMarkdown: Communication and Collaboration Tools for the 
Mathematical Sciences, presented by Omar De La Cruz Cabrera, Kent State University; Part A, Wednesday, 4:00–6:00 pm, 
and Part B, Friday, 4:00–6:00 pm.

Professional Enhancement Program (PEP) #6. Glimpses of mathematics from robotics: simple kinematic problems for the planar 
robot arms, presented by Lydia Novozhilova, Western Connecticut State University, Hasib Rahmiyar, Stony Brook Univer-
sity, and Hieu Nguyen, University of Connecticut; Part A, Thursday, 9:00–11:00 am, and Part B, Thursday, 1:00–3:00 pm.

Professional Enhancement Program (PEP) #7. Inclusive Active Learning in Undergraduate Mathematics, presented by 
Nancy Kress, University of Colorado at Boulder, Rebecca Machen, University of Colorado at Boulder, Wendy Smith, 
University of Nebraska-Lincoln, and Matt Voigt, Clemson University; Part A, Wednesday, 9:00–11:00 am, and Part B, 
Friday, 9:00–11:00 am.

Professional Enhancement Program (PEP) #8. Mathematical Modelling Of Real-World Infectious Disease Epidemics – An R 
Based Hands-On Professional Enhancement Program, presented by Ashok Krishnamurthy, Mount Royal University; Part A, 
Wednesday, 4:00–6:00 pm, and Part B, Friday, 4:00–6:00 pm.

Professional Enhancement Program (PEP) #9. Recruiting and Mentoring Majors in the Mathematical Sciences, presented 
by Jason Aubrey and William Y. Velez, University of Arizona; Part A, Thursday, 8:00–10:00 am, and Part B, Saturday, 
9:00–11:00 am.

Professional Enhancement Program (PEP) #10. Teaching a Tiling Theory Course, presented by Colin Adams, Williams 
College; Part A, Wednesday, 1:00–3:00 pm, and Part B, Thursday, 1:00–3:00 pm. 

Professional Enhancement Program (PEP) #11. Using Your Voice for Influence and Impact: Incorporating Mathematics into 
Public Discourse, presented by Kira Hamman, Penn State Mont Alto, Scott Hershberger, American Mathematical Society, 
Karen Saxe, American Mathematical Society, Francis Su, Harvey Mudd College, and Scott Turner, American Mathematical 
Society; Part A, Wednesday, 8:00–10:00 am, and Part B, Friday, 8:00–10:00 am. 

Professional Enhancement Program (PEP) #12. Visualizing Projective Geometry Through Photographs and Perspective Draw-
ings, presented by Annalisa Crannell, Franklin and Marshall College, and Fumiko Futamura, Southwestern University; 
Part A, Wednesday, 4:00–6:00 pm, and Part B, Friday, 1:00–3:00 pm. 
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JMM Sessions
JPBM Communications Award Lecture. Talithia Williams, Harvey Mudd College, will be presented with the JPBM 

Communications Award at the Joint Mathematics Meetings (JMM) in Seattle, Washington. Her public lecture will take 
place Saturday, 1:30–2:30 pm. 

JMM Panels
Please see complete descriptions of these sessions on the JMM website.

JMM Panel: Effective DEI Efforts in Math Departments, organized by Christine Kelley, University of Nebraska-Lincoln, 
Agnes Beaudry, University of Colorado, Boulder, Ben Braun, University of Kentucky, and Jim Lewis, University of Ne-
braska-Lincoln; Thursday, 8:00–10:00 am. We strongly encourage mathematicians at all career stages, from undergraduate 
and graduate students through senior faculty, to attend and participate. Panelists to be announced.

JMM Panel: International Engagement in Mathematical Sciences Research During the COVID-19 Pandemic, organized 
by Overtoun Jenda, Auburn University, Paul Horn, University of Denver, and Suzanne Lenhart, University of Tennessee; 
Thursday, 11:00 am–12:00 pm. The moderator for this panel is Overtoun Jenda, Auburn University. Panelists are Paul 
Horn, University of Denver, Suzanne Lenhart, University of Tennessee, and Fred Roberts, Rutgers University.

Joint Committee on Women Panel, Thursday, 1:00–2:30 pm.

JMM Workshops
Please see complete descriptions of these sessions on the JMM website.

JMM Workshop: Black Mathematicians Edit-A-Thon, Thursday, 8:00 am–1:00 pm. 
JMM Workshop: How to Create Data Science Summer Training for Faculty and Students, organized by Eric Mintz, Clark 

Atlanta University, Torina Lewis, American Mathematical Society, and Talithia Washington, Atlanta University Center 
Consortium; Thursday, 9:00 am–12:00 pm. 

JMM Professional Development Workshop: Mathematicians Navigating Parenthood, organized by Katharine Gurski, 
Howard University, Angela Peace, Texas Tech University, Olivia Prosper, University of Tennessee, Tracy Stepien, Univer-
sity of Florida, and Miranda Teboh-Ewungkem, Lehigh University; Friday, 1:00–4:00 pm. 

Programs of Other Organizations
This section includes scientific sessions. Several organizations or special groups are having receptions or other social 
events. Please see the Social Events section of this announcement for those details.

Please see complete descriptions of these sessions on the JMM website.
Aquincum Institute of Technology-Budapest Semesters-Math in Moscow-Mathematical Sciences Semesters in Guanajuato 

Panel Discussion: New Horizons, Exploring the Possibilities and Benefits of Study Abroad Programs Post-Pandemic, orga-
nized by Kate Clancy, Mathematical Sciences Semesters in Guanajuato; Friday, 6:00–7:00 pm. Panelists include Ran 
Libeskind-Hadas, Aquincum Institute of Technology, Tina Garrett, Budapest Semesters in Mathematics, Ryota Matsuura, 
Budapest Semesters in Mathematics Education, and William Velez, Mathematical Sciences Semesters in Guanajuato.

Association of Christians in the Mathematical Sciences (ACMS) Reception and Lecture, Thursday, 6:00–8:00 pm. The 
reception will take place between 6:00–7:00 pm, followed by a short program and 20-minute talk by Karl-Dieter Cris-
man of Gordon College, Title to be announced. Students are encouraged to attend, and the opportunity will be provided 
afterwards for delegates to go to dinner at local restaurants.

Conference Board of the Mathematical Sciences Panel Discussion: Action Responses for Social Justice, Equity, Diversity, 
and Inclusion from CBMS Member Societies, organized by David Bressoud, Macalester College, and C. David Levermore, 
University of Maryland; Wednesday, 1:00–2:30 pm. Panelists include Michael Steele, University of Wisconsin, Milwaukee, 
Omayra Ortega, Sonoma State University, Ron Buckmire, Occidental College, Francis Su, Harvey Mudd College, and 
Michael Pearson, Mathematical Association of America. 

Journal of Humanistic Mathematics: Mathematical Poetry Reading, organized by Gizem Karaali, Pomona College, Larry 
Lesser, University of Texas El Paso, and Douglas Norton, Villanova University; Thursday, 7:00–8:00 pm. This event is 
sponsored by the Journal of Humanistic Mathematics. 

Lathisms Panel Discussion: Testimonios, Stories of Latinx and Hispanic Mathematicians, organized by Pamela E. Har-
ris, Williams College, Andrés R. Vindas Meléndez, University of California Berkeley & MSRI, Rosaura Uscanga, Mercy 
College, Vanessa Rivera Quiñones, BeCode, Alicia Prieto-Langarica, Youngstown State University, and Luis Sordo Vie-
ira, University of Florida; Friday, 7:30–8:30 pm. Panelists include James Álvarez, The University of Texas at Arlington, 
Federico Ardilla, San Francisco State University, Selenne Bañuelos, California State University Channel Islands, Erika 
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Tatiana Camacho, Arizona State University, and Anastasia Chavez, University of California, Davis. Moderated by Pamela 
E. Harris, Williams College, and Andrés R. Vindas Meléndez, University of California Berkeley & MSRI. 

The Math Alliance Panel Discussion: Fifteen Years of Building a New American Community in the Mathematical and 
Statistical Sciences, organized by David Goldberg, Purdue University, Philip Kutzko, University of Iowa, and William 
Vélez, University of Arizona; Thursday, 10:30 am–12:00 pm. Panelists and moderators include Rodrigo Bañuelos, Purdue 
University, Jaqueline Hughes Oliver, North Carolina State University, Leslie McClure, Drexel University, William Vélez, 
University of Arizona, Philip Kutzko, University of Iowa, David Goldberg, Purdue University, Ranthony Edmonds, Ohio 
State University, Isaac Harris, Purdue University, Danielle Middlebrooks, NIST, and other panelists to be announced. 

Mathematics of Doing, Understanding, Learning, and Educating for Secondary Schools (MODULE(S2)) Workshop: 
Strengthening Mathematics Content Instruction in Mathematics Courses That Secondary Mathematics Education Majors 
Take, organized by Stephanie Casey, Eastern Michigan University, Brynja Kohler, Utah State University, Alyson Lischka, 
Middle Tennessee State University, and Jeremey Strayer, Middle Tennessee University; Friday, 9:00 am–12:00 pm. 

MathHappens Foundation Panel Discussion: Making Math more Accessible, Venturing into Public Arenas, organized by 
Lauren Siegel, MathHappens Foundation; Wednesday, 9:00–10:30 am. Panelists to include Josephine Sheng, MathHap-
pens Foundation, Paola Garcia, MathHappens Foundation, Lina Germann, STEM Santa Fe, and Amy Shell-Gellasch, 
Eastern Michigan University. Lauren Siegel, MathHappens Foundation, is the moderator for this panel discussion. 

National Association of Math Circles Demo: Mind Reading with Math, organized by Javier Haro, American Institute of 
Mathematics, and James Taylor, MathAmigos and Math Circles Collaborative of New Mexico; Saturday, 10:00–11:30 am. 

National Science Foundation (NSF)
Please see complete descriptions of these sessions on the JMM website.

The NSF will be represented at a booth in the exhibit area. NSF staff members will be available to provide counsel and 
information on NSF programs of interest to mathematicians. The booth is open the same days as the exhibits. Times that 
staff will be available will be posted at the booth.

Poster Session: NSF Education Programs in the Mathematical Sciences, organized by Michael Ferrara, Sandra Richardson, 
John Haddock, and Lee Zia, Division of Undergraduate Education, National Science Foundation; Thursday, 2:00–4:00 pm. 

Session on Outcomes and Innovations from NSF Undergraduate Education Programs in the Mathematical Sciences, or-
ganized by Michael Ferrara, Sandra Richardson, John Haddock, and Lee Zia, Division of Undergraduate Education, 
National Science Foundation; Saturday, 9:00 am–12:00 pm and 1:00–4:00 pm.

Information Session on NSF Programs in the Directorate for Education and Human Resources, organized by Michael 
Ferrara, Sandra Richardson, John Haddock, and Lee Zia, Division of Undergraduate Education, National Science Foun-
dation, and Margret Hjalmarson, Division of Research on Learning in Formal and Informal Settings, National Science 
Foundation; Friday, 9:00–11:00 am.

NSF Division of Mathematical Sciences (DMS) Panel, day and time to be announced. Organized by Henry Warshall. 

Project NExT
Project NExT Workshop, Wednesday–Saturday, 8:00 am–6:00 pm.
Project NExT Lecture on Teaching, Edray Goins, Pomona College, Addressing Anti-Black Racism in Our Departments; 

Thursday, 11:10 am–12:00 pm.
Project NExT Reception, organized by Alissa Crans, Loyola Marymount University, Trish Hammer, Virginia Tech Uni-

versity, David Kung, St Mary’s College of Maryland, and Stephanie Salomone, University of Portland; Friday, 8:00–10:00 
pm. All Project NExT Fellows, consultants, and other friends of MAA Project NExT are invited.

Relatively Prime Live: Around the Campfire, Thursday, 6:00–7:00 pm.

Special Interest Groups of the MAA (SIGMAA)
Please see complete descriptions of these sessions on the JMM website.

SIGMAA on Environmental Mathematics (SIGMAA EM)
Lightning Talks in Environmental Mathematics, Thursday, 6:00–7:00 pm. Moderators are Russ deForest, Pennsylvania 

State University, and Amanda Beecher, Ramapo College of New Jersey.
SIGMAA on Environmental Mathematics Business Meeting, Thursday, 7:00–7:30 pm. 
SIGMAA on Environmental Mathematics Guest Lecture, Thursday, 7:30–8:30 pm. Heather Price, Professor of Chemistry, 

North Seattle College, Climate Justice Integrated Learning in STEM.
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SIGMAA on the History of Mathematics (HOMSIGMAA)
SIGMAA on the History of Mathematics Guest Lecture, Wednesday, 5:00–6:00 pm. Adrian Rice, Randolph-Macon Col-

lege, Beyond the Strength of a Woman’s Physical Power: Mathematics, Machines, and the Mind of Ada Lovelace. 
SIGMAA on Mathematical Knowledge for Teaching (SIGMAA MKT)

See AMS Special Session on Mathematical knowledge for teaching high school and college calculus courses (sponsored by 
SIGMAA MKT).
SIGMAA on the Philosophy of Mathematics

SIGMAA on the Philosophy of Mathematics Guest Lecture, Friday, 5:30–6:30 pm. Nicolas Fillion, Simon Fraser Univer-
sity, Trust but Verify: What Can We Know About the Reliability of a Computer-Generated Result? 
SIGMAA on Undergraduate Research

SIGMAA on Undergraduate Research Panel Discussion: What did you do? What will you keep? Reflections on mentoring 
undergraduate researchers during and post-pandemic, organized by Allison Henrich, Seattle University, Lara Pudwell, Val-
paraiso University, and Yunus Zeytuncu, University of Michigan-Dearborn; Thursday, 10:00–11:30 am. Panelists include 
Andrea Bertozzi, UCLA, Lazaros Gallos, DIMACS, Rutgers University, and Pamela Harris, Williams College.

See also AMS Special Session on Programs That Support Student Research - SIGMAA on Undergraduate Research.
Summer Program for Women in Mathematics (SPWM) Reunion, organized by Murli M. Gupta, George Washington 

University; Thursday, 1:00–3:00 pm. See www.gwu.edu/~spwm.
Systemic Initiative for Modeling Investigations and Opportunities with Differential Equations (SIMIODE) Workshop: 

Differential Equations: A Toolbox for Modeling the World in Your Classroom with Your Students, organized by Brian Winkel 
and Kurt Bryan, SIMIODE; Thursday, 1:00–3:00 pm, and Saturday, 1:00–3:00 pm.

Sessions for Students
Please see complete descriptions of these sessions on the JMM website.

PME Panel: What Every Student Should Know about the JMM, organized by Jennifer Beineke, Western New England 
University, and Tom Wakefield, Youngstown State University; Wednesday, 9:00–10:20 am. Panelists are Jennifer Beineke, 
Western New England University, and Tom Wakefield, Youngstown State University. This panel is sponsored by Pi Mu 
Epsilon.

Grad School Fair, Friday, 8:30–10:30 am. Sponsored by the AMS.
AMS - PME Student Poster Session, organized by Chad Awtrey, Samford University, Paul Fishback, Grand Valley State 

University, and Eric Ruggieri, College of the Holy Cross; Friday, 10:30 am–12:00 pm and 3:30–5:00 pm. These sessions 
feature research done by undergraduate students. First-year graduate students are eligible to present if their research was 
completed while they were still undergraduates. Research by high school students can be accepted if the research was 
conducted under the supervision of a faculty member at a post-secondary institution.

Appropriate content for a poster includes, but is not limited to, a new result, a new proof of a known result, a new 
mathematical model, an innovative solution to a Putnam problem, or a method of solution to an applied problem. Purely 
expository material is not appropriate for this session.

Participants should submit an abstract through the JMM abstract submission portal by September 21; notification of 
acceptance or rejection will be sent by approximately October 12. Questions regarding this session should be directed 
to Chad Awtrey, cawtrey@samford.edu, Paul Fishback, fishbacp@mail.gvsu.edu, or Eric Ruggieri, eruggier 
@holycross.edu.

Other Events
Mathematical Art Exhibition, organized by Robert Fathauer, Tessellations Company, and Nathan Selikoff, Digital 

Awakening Studios, and supported by the Bridges Organization. A popular feature at the Joint Mathematics Meetings, this 
exhibition provides a break in your day. On display are works in various media by artists who are inspired by mathematics 
and by mathematicians who use visual art to express their findings. Topology, fractals, polyhedra, and tiling are some of 
the ideas at play here. Do not miss this unique opportunity for a different perspective on mathematics. The exhibition 
will be located inside the Joint Mathematics Meetings Exhibits and open during the same exhibit hours.

Exhibits
The Joint Mathematics Meetings Exhibits include the country’s leading scientific publishers, professional organizations, 
companies that offer mathematics-enrichment products and services, computer hardware and software companies, and 
the Mathematical Art Exhibition. It will be open to all registered participants on Wednesday (starting with the Grand 
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Opening Reception), 6:15–8:30 pm, on Thursday and Friday, 9:00 am–5:00 pm, and on Saturday, 9:00 am–12:00 pm. 
See more details on the JMM website. 

Welcoming Environment Policy
The AMS strives to ensure that participants in the JMM, including exhibitors, enjoy a welcoming environment. In all its 
activities, the AMS seeks to foster an atmosphere that encourages the free expression and exchange of ideas. The AMS 
supports equality of opportunity and treatment for all participants, regardless of gender, gender identity or expression, 
race, color, national or ethnic origin, religion or religious belief, age, marital status, sexual orientation, disabilities, veteran 
status, or immigration status.

Harassment is a form of misconduct that undermines the integrity of AMS activities and mission.
The AMS will make every effort to maintain an environment that is free of harassment, even though it does not control 

the behavior of third parties. A commitment to a welcoming environment is expected of all participants of JMM activities, 
including mathematicians, students, guests, staff, contractors and exhibitors, and participants in scientific sessions and 
social events. To this end, the AMS will include a statement concerning its expectations towards maintaining a welcoming 
environment in registration materials for the JMM, and has put in place a mechanism for reporting violations. Violations 
may be reported confidentially and anonymously to 855-282-5703 or at www.mathsociety.ethicspoint.com. The 
reporting mechanism ensures the respect of privacy while alerting the AMS to the situation.

Assistance may also be sought from any staff or volunteer member wearing a MathSafe badge. Learn more about the 
MathSafe program on the JMM website.7 Violations may also be brought to the attention of the AMS Director of Meetings 
& Conferences at the registration desk during the meeting.

How to Reserve Hotel Rooms 
See details about hotels and how to reserve a room on the JMM website.

Importance of Staying in an Official JMM Hotel
The importance of reserving a room at one of the official JMM hotels cannot be stressed enough. The AMS makes every 
effort to keep participants’ expenses at the meeting as low as possible and a lot of work and effort goes into negotiating 
the most affordable hotel rates. When a participant registers for the meeting and reserves a room at an official JMM hotel, 
they are helping to support not only JMM 2022, but future JMMs as well.

Reserving a Room
Participants are encouraged to register for the JMM in order to reserve hotel rooms at the JMM rates. If a participant needs 
to reserve a hotel room before they are registered for the JMM, they should contact the Mathematics Meetings Services 
Bureau (MMSB) at mmsb@ams.org or 1-800-321-4267 (ext. 4137 or ext. 4144) for further instructions.

Special rates have been negotiated exclusively for this meeting at the following hotels: Sheraton Grand Seattle, Grand 
Hyatt Seattle, Hyatt at Olive 8 Seattle, Inn at the Washington Athletic Club, Hilton Garden Inn Seattle Downtown, and 
Crowne Plaza Seattle Downtown. See details on these hotels and more details on the JMM website.8

Reservations must be made through the MMSB. The hotels will not be able to accept reservations directly until after 
December 13, 2021. At that time, rooms and rates will be based on availability. Any rooms reserved directly with the 
hotels after December 13, 2021 will be subject to higher rates.

A link to the JMM 2022 hotel reservation portal will be included in the confirmations of registrations sent by email. 
If a participant needs the link sent directly to them, they should send a request to mmsb@ams.org. If any participant has 
difficulty reserving a hotel room, they should send email to mmsb@ams.org for assistance.

Any participant who needs to reserve a hotel room and does not have a credit card to guarantee it should send email 
to mmsb@ams.org for further instructions. If a check is being used to guarantee a room, the reservation and check must 
be received by the MMSB no later than December 1, 2021.

7https://www.jointmathematicsmeetings.org/jmm-mathsafe
8https://www.jointmathematicsmeetings.org/2268_hotelpage
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Miscellaneous
Please see details about audio-visual equipment; email services; information distribution; local information; the JMM 
Broadcasting, Photographing, and Videotaping Policy; and telephone messages on the JMM website.

Child Care Grants
Please see details about how to apply for child care grants on the JMM website.

Registration Information
Everyone is welcome at the JMM. The American Mathematical Society (AMS) encourages all participants to register for 
the JMM. The importance of registering for the meeting cannot be overemphasized. Paying a registration fee helps to 
support a wide range of activities associated with planning, organizing, and executing the meetings.

All participants who wish to attend sessions are expected to register for the JMM and should be prepared to show their 
badges, if so requested. Badges are required to enter the Exhibits and the Employment Center. The Mathematics Meetings 
Service Bureau (MMSB) is the official registration and housing bureau for the meeting and will be available to assist you 
with your registration and housing arrangements.

Cancellation Policy
To cancel a registration for the JMM, PEP, Short Course, or banquet tickets and be eligible to receive 50% of fees paid, 
please do so by January 3, 2022. No refunds will be issued after this date.

Deadlines
Register by December 20, 2021, midnight EST to be eligible for discounted registration fees. After this date, registration 
will continue through the end of the meeting but increased fees will apply.

Updates and corrections received too late to be included in the program books will be included in the online program 
on the JMM website and in the JMM Mobile App.

Register for the Meeting
Registration can only be done online. Paper registration forms are no longer available. To register for the meeting, go to 
the online registration form9 and choose “Register.” You will be asked to enter your email address and to sign in with your 
personal AMS web account. If you do not have an AMS web account, you will need to create one. After you have signed 
in, proceed with completing the registration form.

VISA, MasterCard, Discover, and American Express are the only methods of payment accepted for online registrations, 
and charges to credit cards will be made in US funds. Registration acknowledgments will be sent to the email addresses 
provided. Once you complete your registration and pay for it, you will see a link to the hotel portal, in which you will 
be able to reserve a hotel room.

Special Registration Codes
To allow for easy tracking of registrations for participants that belong to certain groups, some participants will need a 
registration code to register. Some of these groups are Commercial Exhibitors, Art Exhibitors, Career Fair Exhibitors, and 
Grad School Fair Exhibitors. Participants who are attending the JMM solely to participate as part of one of these groups 
should contact the MMSB at mmsb@ams.org to receive a code. Employers in the Employment Center should contact 
Programs at emp-info@ams.org to receive a code. Participants in other groups will be notified directly by the MMSB.

See more details about how to register for the meeting at https://www.jointmathematicsmeetings.org/2268_reg.

9https://ebus.ams.org/ebus/Meetings/MeetingDetails.aspx?productId=1167524890

https://ebus.ams.org/ebus/Meetings/MeetingDetails.aspx?productId=1167524890
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Joint Mathematics Meetings Registration Fees
 By Dec. 20 After Dec. 20
Member of AMS, AWM, ASA, NAM, or SIAM ................................................... US$360..................................... US$473
Nonmember .............................................................................................................. 570............................................ 727
Graduate Student ........................................................................................................ 80.............................................. 94
Undergraduate Student ............................................................................................... 80.............................................. 94
High School Student ................................................................................................... 80.............................................. 94
Unemployed ................................................................................................................ 80.............................................. 94
Retired .......................................................................................................................... 80.............................................. 94
Developing Country Participant ................................................................................ 80.............................................. 94
High School Teacher ................................................................................................... 80.............................................. 94
Librarian ...................................................................................................................... 80.............................................. 94
One-day Only–Member (AMS, AWM, ASA, NAM, or SIAM) .................................N/A............................................ 257
One-day Only–Nonmember ....................................................................................N/A............................................ 400
Non-mathematician Guest ......................................................................................... 25.............................................. 25
Commercial Exhibitor .................................................................................................. 0................................................ 0
Art Exhibitor .................................................................................................................. 0................................................ 0

Professional Enhancement Program (PEP) ............................................................. 100............................................ 100
Grad School Fair Table .............................................................................................. 130............................................ 130
Department Chairs Workshop ................................................................................. 200............................................ 200
Career Fair Table ........................................................................................................ 200............................................ 200

AMS Short Course:
Member.......................................................................................................................151............................................ 185
Nonmember .............................................................................................................. 232............................................ 275
Student/Unemployed/Emeritus ................................................................................. 84............................................ 105

Registration Category Definitions
Full-time Students
Any person who is currently working toward a degree or diploma is eligible for this category. Students are asked to de-
termine whether their status can be described as a graduate (working toward a degree beyond the bachelor’s), an under-
graduate (working toward a bachelor’s degree), or high school (working toward a high school diploma) and to mark the 
registration form accordingly. 
Retired
Any person who has been a member of the AMS for twenty years or more and who retired because of age or long-term 
disability from his or her latest position is eligible for this category.
Emeritus (for Short Course)
Any person who has been a member of the AMS for twenty years or more and who retired because of age or long-term 
disability from his or her latest position is eligible for this category.
Librarian
Any librarian who is not a professional mathematician is eligible for this category.
Unemployed
Any person who is currently unemployed, is actively seeking employment, and is not a student is eligible for this category. 
This category is not intended to include any person who has voluntarily resigned or retired from his or her latest position.
Developing Country Participant
Any person who is employed in a developing country, where salary levels are radically not commensurate with those in 
the US, is eligible for this category. See the most recent list of developing countries on the ISI website.10

10https://www.isi-web.org/capacity-building/developing-countries
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Non-mathematician Guest
Any family member, friend, or associate who is not a mathematician and who is accompanied by a participant in the meet-
ing is eligible for this category. Guests will receive a badge and may attend any session, talk, or other event at the meeting.
Commercial Exhibitor
Any person who is exhibiting in the Joint Mathematics Meetings Exhibits is eligible for this category. This does not in-
clude anyone participating in a poster session. Any exhibitor who is a mathematician and is participating in the scientific 
program and/or wants to attend sessions, talks, etc. is expected to register separately for the meeting.
Art Exhibitor
Any person who is exhibiting in the Mathematical Art Exhibition is eligible for this category. This does not include anyone 
participating in a poster session. Any exhibitor who is a mathematician and is participating in the scientific program and/
or wants to attend sessions, talks, etc. is expected to register separately for the meeting.

Social Events
All events listed are open to all registered participants. It is strongly recommended that for any event requiring a ticket, 
tickets be purchased through advanced registration. Only a very limited number of tickets, if any, will be available for 
sale on site. If you must cancel your participation in a ticketed event, you may request a 50% refund by returning your 
tickets to the Mathematics Meetings Service Bureau (MMSB) by January 1, 2022. After that date, no refunds can be made. 
Special meals are available at banquets upon advance request, but this must be indicated on the Advanced Registration/
Housing Form.

Please see complete descriptions of these events on the JMM website.
American Statistical Association’s Justice, Equity, Diversity, Inclusion Reception, Thursday, 6:00–7:00 pm.
Association of Christians in the Mathematical Sciences (ACMS) Reception and Lecture, Thursday, 6:00–8:00 pm. The 

reception will take place between 6:00 and 7:00 pm, followed by a short program and 20-minute talk by Karl-Dieter 
Crisman of Gordon College. 

Association for Women in Mathematics Reception and Awards Presentation, Friday, 5:00–6:30 pm. The AWM Reception is 
open to all JMM participants and will begin at 5:00 pm, during the poster presentations. At 6:00 pm, the AWM President 
will recognize all of the honorees of the AWM Alice T. Schafer Prize for Excellence in Mathematics by an Undergraduate 
Woman, the recipients of the AWM Dissertation Prize, the AWM Service Awards, and the AWM Fellows.

Budapest Semesters in Mathematics Annual Alumni Reunion, Thursday, 6:00–7:00 pm.
Canada/USA Mathcamp, Thursday, 6:00–8:00 pm. Visit https://www.mathcamp.org/alumni/ for more details.
University of Chicago Mathematics Alumni Reception, Thursday, 6:00–7:00 pm.
Grand Opening Reception, Wednesday, 6:15–8:30 pm.
ICERM Mixer, Friday, 6:00–7:30 pm.
University of Illinois at Urbana-Champaign, Friday, 5:30–7:30 pm.
Johns Hopkins University Department of Mathematics and the Department of Applied Mathematics & Statistics Reception, 

Thursday, 6:00–7:30 pm.
Knitting Circle, Thursday, 8:15–9:45 pm. Bring a project (knitting/crochet/tatting/beading/etc.) and chat with other 

mathematical crafters!
University of Maryland Reception for Alumni and Friends, Friday, 5:30–7:30 pm.
Mathematical Reviews Reception, Friday, 6:00–7:00 pm. 
Mathematical Institutes Open House, Thursday, 6:00–8:30 pm. 
The Mathematical Sciences Research Institute (MSRI) Reception for Current and Future Donors, Friday, 5:00–6:30 pm. 

For more information about the event or becoming an MSRI supporter, please contact development@msri.org.
MEET and SHARE: A Mathematicians’ Storytelling Event, presented by The Coalition for the Amplification of Histor-

ically Excluded Mathematicians (The Coalition). Day and time to be announced. 
University of Michigan Alumni and Friends Reception, day and time to be announced.
National Association of Mathematicians Banquet, Friday, 6:00–8:40 pm. A cash bar reception will be held at 6:00 pm, 

and dinner will be served at 6:30 pm. Tickets are US$65 each, including tax and gratuity. The Cox-Talbot Invited Address, 
Interest Convergence: An analytical viewpoint for examining how power dictates policies and reforms in mathematics, will be given 
by Robert Q. Berry, III, University of Virginia, after the dinner.

Nebraska Conference for Undergraduate Women in Mathematics Reunion, Thursday, 7:00–8:00 pm. go.unl.edu/ncuwm
Penn State’s Eberly College of Science and Department of Mathematics Reception, Thursday, 6:00–8:00 pm. Attendance 

is free, but registration is required by visiting https://engage.tassl.com/event/9049.
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Project NExT Reception, Friday, 8:00–10:00 pm. All Project NExT Fellows, consultants, and other friends of MAA Project 
NExT are invited. Organizers are Alissa Crans, Loyola Marymount University, Trish Hammer, Virginia Tech University, 
David Kung, St Mary’s College of Maryland, and Stephanie Salomone, University of Portland.

PROMYS and Ross Reception for Alumni and Friends, day and time to be announced.
SCUDEM Gathering and Information Session, Friday, 7:00–8:30 pm.
SIMIODE NSF Workshops Gathering Meeting, Thursday, 7:00–8:30 pm.
Society for Industrial and Applied Mathematics (SIAM) Reception on Industrial Math Modeling, Thursday, 7:00–9:00 pm. 
Society for Advancement of Chicanos/Hispanics and Native Americans in Science (SACNAS) Reception, Thursday, 

12:00–1:00 pm. 
Spectra Reception for LGBT Mathematicians, day and time to be announced.
Texas A&M University Mathematics Department Reception for Alumni, Students, and Faculty, Friday, 6:00–7:30 pm.
University of Washington Department of Mathematics, Thursday, 7:00–9:00 pm.
Yearly Gather: Collaborative Puzzle Time!, Thursday, 6:30–8:00 pm. Organized by sarah-marie belcastro, MathILy, 

Alice Mark, MathILy-Er and Vanderbilt University, and Max Engelstein, MathILy-EST and U Minnesota.

Travel/Transportation
Please see details about travel and transportation options on the JMM website.11 

11https://www.jointmathematicsmeetings.org/meetings/national/jmm2022/2268_travel 
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Monday, January 3
 9:00 am–6:00 pm AMS SHORT COURSE ON 3D PRINTING: CHALLENGES AND APPLICATIONS

Tuesday, January 4
 9:00 am–6:00 pm AMS SHORT COURSE ON 3D PRINTING: CHALLENGES AND APPLICATIONS

 1:30–8:00 pm AMS COUNCIL

 3:00–7:00 pm EMAIL CENTER

 3:00–7:00 pm JOINT MEETINGS REGISTRATION

Wednesday, January 5
 7:00 am–3:00 pm JOINT MEETINGS REGISTRATION (advanced registration pick-up only 3:00–7:00 pm)

 7:00 am–8:30 pm EMAIL CENTER

 8:00 am–3:00 pm AMS EMPLOYMENT CENTER

  AMS SPECIAL SESSIONS

 8:00–11:50 am Geometric and Topological Combinatorics, I

 8:00–11:50 am Quantum Categorical Structures in Mirror Symmetry, I

 8:00–11:50 am Mathematics and Sports, I

 8:00–11:50 am Mathematical Tools for Computer Vision Problems, I

 8:00–11:50 am Stochastic Models in Studying Biological Systems, I

 8:00–11:50 am Complex Adaptive Systems and Evolutionary Models in Biology and Psychology, I

 8:00–11:50 am Advances in Coding Theory, I

 8:00–11:50 am Mathematical Modeling of Biological Processes, I

 8:00–11:50 am Geometry in the Mathematics of Data Science, I

 8:00–11:50 am Recent Progress in Function Theory and Operator Theory, I

 8:00–11:50 am Knot Theory in Dimension Four, I

 8:00–11:50 am Recent Advances in Fluids and Related Models, I

 8:00–11:50 am A Showcase of Number Theory at Undergraduate Institutions, I
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 8:00–11:50 am Numerical Methods and Deep Learning for PDEs, I

 8:00–11:50 am Fusion Categories and Their Applications in Physics, I

 8:00–11:50 am Advancing Data Privacy-Preserving Methodologies, I

 8:00–11:50 am Latinxs in Combinatorics, I

 8:00–11:50 am Programs that Support Student Research - SIGMAA on Undergraduate Research, I

 8:00–11:50 am Scholarship of Teaching and Learning: Past, Present and Future, I

 8:00–11:50 am Quantization for Probability Distributions and Dynamical Systems, I

 8:00–11:50 am Abraham Robinson’s Nonstandard Methods in Mathematics and Its Applications, I

 8:00–11:50 am The Many Lives of Lattice Theory with an Emphasis on Distributive & Semi-distributive Lattices and 
Combinatorics, I

 8:00–11:50 am Quaternions

 8:00–11:50 am Structured Polynomial Systems In Mathematics and Its Applications, I

 8:00–11:50 am Competing Foundations for Mathematics: How Do We Choose?, I

 8:00–11:50 am Quadratic Forms, Theta Functions and Modularity, I

 8:00–11:50 am The EDGE (Enhancing Diversity in Graduate Education) Program: Pure and Applied Talks by 
Women Math Warriors, I

 8:00–11:50 am Real World Applications of Mathematics, I

 8:00–11:50 am Topics and Generalizations in Geometric Group Theory, I

 8:00–11:50 am Analysis of and Recent Advances in Difference, Differential and Dynamic Equations with 
Applications, I

 8:00–10:00 am PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #11: PART A Using Your Voice for 
Influence and Impact: Incorporating Mathematics into Public Discourse

 8:00–11:55 am AMS CONTRIBUTED PAPER SESSION

 8:00 am–6:00 pm PROJECT NEXT WORKSHOP

 8:00 am–12:00 pm WIKIPEDIA EDIT-A-THON

 8:00–11:50 am ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women in Geometry, I

 8:00 am–12:00 pm SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS SPECIAL SESSION Lessons 
Learned: The Future of Online and Hybrid Modalities in Education and the Workplace (A SIAM 
ED Session)

 9:00–9:50 am ILAS INVITED ADDRESS Sign Patterns Meet Dynamical Systems. Pauline van den Driessche

 9:00–11:00 am PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #7: PART A Inclusive Active Learning in 
Undergraduate Mathematics

 9:00–10:00 am ASSOCIATION FOR SYMBOLIC LOGIC TUTORIAL From noncommutative algebra to model 
theory - via Poisson algebras, I

 9:00–10:30 am MAKING MATH MORE ACCESSIBLE: VENTURING INTO PUBLIC ARENAS

 9:00–11:00 am PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #1: PART A A Complex Transition to 
Advanced Undergraduate Mathematics

 9:00–10:30 am TRANSFORMING POST-SECONDARY EDUCATION (TPSE) PANEL Exploring the Future of 
Mathematics Education - what should we be teaching?

 9:00–11:50 am MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION The MSRI African 
Diaspora Joint Mathematics Workshop (ADJOINT)
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 9:30–10:30 am AMS PANEL ON JOURNAL PUBLISHING Ethics and Best Practices (sponsored by AMS 
Publishing)

 10:05–10:55 am AMS INVITED ADDRESS Title to be announced. Daniel Reuben Krashen

 10:30 am–12:00 pm AMS COMMITTEE ON EQUITY, DIVERSITY, AND INCLUSION PANEL Transforming Higher 
Education to Achieve Equity

 11:10 am–12:00 pm AMS ERDŐS MEMORIAL LECTURE Euclidean lines on hyperbolic manifolds. Hee Oh

 1:00–1:50 pm AMS COLLOQUIUM LECTURES: LECTURE I Title to be announced. Karen Smith

  AMS SPECIAL SESSIONS

 1:00–5:50 pm Geometric and Topological Combinatorics, II

 1:00–5:50 pm Quantum Categorical Structures in Mirror Symmetry, II

 1:00–5:50 pm Mathematics and Sports, II

 1:00–5:50 pm Mathematical Tools for Computer Vision Problems, II

 1:00–5:50 pm Stochastic Models in Studying Biological Systems, II

 1:00–5:50 pm Complex Adaptive Systems and Evolutionary Models in Biology and Psychology, II

 1:00–5:50 pm Advances in Coding Theory, II

 1:00–5:50 pm Mathematical Modeling of Biological Processes, II

 1:00–5:50 pm Geometry in the Mathematics of Data Science, II

 1:00–5:50 pm Recent Progress in Function Theory and Operator Theory, II

 1:00–5:50 pm Knot Theory in Dimension Four, II

 1:00–5:50 pm Recent Advances in Fluids and Related Models, II

 1:00–5:50 pm A Showcase of Number Theory at Undergraduate Institutions, II

 1:00–5:50 pm Numerical Methods and Deep Learning for PDEs, II

 1:00–5:50 pm Fusion Categories and Their Applications in Physics, II

 1:00–5:50 pm Advancing Data Privacy-Preserving Methodologies, II

 1:00–5:50 pm Latinxs in Combinatorics, II

 1:00–5:50 pm Programs that Support Student Research - SIGMAA on Undergraduate Research, II

 1:00–5:50 pm Scholarship of Teaching and Learning: Past, Present and Future, II

 1:00–5:50 pm Quantization for Probability Distributions and Dynamical Systems, II

 1:00–5:50 pm Abraham Robinson’s Nonstandard Methods in Mathematics and Its Applications, II

 1:00–5:50 pm The Many Lives of Lattice Theory with an Emphasis on Distributive & Semi-distributive Lattices and 
Combinatorics, II

 1:00–5:50 pm Recent Advances in Mathematical Biology Ecology and Epidemiology

 1:00–5:50 pm Low-dimensional Manifolds, I

 1:00–5:50 pm Quaternions, II

 1:00–5:50 pm Structured Polynomial Systems In Mathematics and Its Applications, II

 1:00–5:50 pm Competing Foundations for Mathematics: How Do We Choose?, II

 1:00–5:50 pm Skein Theory and Quantum Algebra, I

 1:00–5:50 pm Heat Content Exit Time and Geometric Analysis, I
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 1:00–5:50 pm The EDGE (Enhancing Diversity in Graduate Education) Program: Pure and Applied Talks by 
Women Math Warriors, II

 1:00–5:50 pm Topics and Generalizations in Geometric Group Theory, II

 1:00–5:50 pm Analysis of and Recent Advances in Difference, Differential and Dynamic Equations with 
Applications, II

 1:00–3:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #10: PART A Teaching a Tiling Theory 
Course

 1:00–3:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #2: PART A Breaking the Cycle of 
Mechanisms of Inequality in Mathematics Teaching and Learning

 1:00–3:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #3: PART A Developing Mathematics 
Programs for Workforce Preparation in Data Science and Other Applications

 1:00–5:55 pm AMS CONTRIBUTED PAPER SESSION

 1:00–2:30 pm PANEL ON ACTION RESPONSES FOR SOCIAL JUSTICE, EQUITY, DIVERSITY, AND 
INCLUSION FROM CBMS MEMBER SOCIETIES

 1:00–2:30 pm PI MU EPSILON PANEL What Every Student Should Know about the JMM

 1:00–4:00 pm COMAP WORKSHOP An Introduction to COMAP’s Certificate in Modeling (CiM) Program for 
Educators

 1:00–5:50 pm ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Mathematics in the 
Literary Arts and Pedagogy in Creative Settings 

 1:00–5:50 pm INTERNATIONAL LINEAR ALGEBRA SOCIETY SPECIAL SESSION The Inverse Eigenvalue 
Problem for a Graph, Zero Forcing, Throttling, and Related Topics, I

 1:00–6:00 pm SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS SPECIAL SESSION Sensitivity 
Analysis and Uncertainty Quantification for Scientific and Biological Models

 2:00–3:00 pm ASSOCIATION FOR SYMBOLIC LOGIC TUTORIAL From noncommutative algebra to model 
theory - via Poisson algebras, II

 2:00–3:30 pm JMM WORKSHOP An Introduction to Team-Based Inquiry Learning

 2:15–3:05 pm AMS INVITED ADDRESS Title to be announced. Gaston Mandata N’Guerekata

 2:15–3:40 pm ASSOCIATION FOR WOMEN IN MATHEMATICS PANEL DISCUSSION Non-Traditional 
Careers in Mathematics

 2:15–5:05 pm MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION The MSRI African 
Diaspora Joint Mathematics Workshop (ADJOINT), II

 3:20–4:10 pm AMS RETIRING PRESIDENTIAL ADDRESS Title to be announced. Jill Pipher

 3:45–4:15 pm AWM BUSINESS MEETING

 4:00–6:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #12: PART A Visualizing Projective 
Geometry Through Photographs and Perspective Drawings

 4:00–6:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #5: PART A From LaTeX to 
RMarkdown: Communication and Collaboration Tools for the Mathematical Sciences

 4:00–6:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #8: PART A Mathematical Modelling 
Of Real-World Infectious Disease Epidemics: An R Based Hands-On Professional Enhancement 
Program

 4:25–5:25 pm JOINT PRIZE SESSION

 4:30–6:00 pm SPECTRA WORKSHOP Identifying Best Practices Fostering Inclusion and Retention of LGBTQ 
Mathematicians
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 5:00–5:50 pm SIGMAA GUEST SPEAKER Beyond the Strength of a Woman’s Physical Power: Mathematics, 
Machines, and the Mind of Ada Lovelace. Adrian Rice

 6:15–8:30 pm EXHIBITS AND BOOK SALES

 6:15–8:30 pm GRAND OPENING RECEPTION

Thursday, January 6
 7:30 am–8:00 pm EMAIL CENTER

 7:30 am–4:00 pm JOINT MEETINGS REGISTRATION

 8:00 am–5:30 pm AMS EMPLOYMENT CENTER

  AMS SPECIAL SESSIONS

 8:00–11:50 am Quantum Categorical Structures in Mirror Symmetry, III

 8:00–11:50 am Mathematical Tools for Computer Vision Problems, III

 8:00–11:50 am Dynamics of Infectious Diseases: Ecological Models Across Multiple Scales (a Mathematics Research 
Communities Session), I

 8:00–11:50 am Combinatorial Applications of Computational Geometry and Algebraic Topology (a Mathematics 
Research Communities Session), I

 8:00–11:50 am Finding Needles in Haystacks: Approaches to Inverse Problems Using Combinatorics and Linear 
Algebra (a Mathematics Research Communities Session), I

 8:00–11:50 am Analysis in Metric Spaces (a Mathematics Research Communities Session), I

 8:00–11:50 am New Problems in Several Complex Variables (a Mathematics Research Communities Session), I

 8:00–11:50 am Knot Theory in Dimension Four, III

 8:00–11:50 am Weave Reality into Your Differential Equations Course with Modeling, I

 8:00–11:50 am Commutative Algebra, I

 8:00–11:50 am Applications of Mathematical Models and Dynamical Systems in Biology, I

 8:00–11:50 am Partition Theory and Related Topics, I

 8:00–11:50 am Latinxs in Combinatorics, III

 8:00–11:50 am Recent Advances in Packing, I

 8:00–11:50 am Distance Problems in Continuous Discrete and Finite Field Settings

 8:00–11:50 am Hopf Algebras and Tensor Categories, I

 8:00–11:50 am Algebraic and Bijective Methods in Permutation Enumeration, I

 8:00–11:50 am The Many Lives of Lattice Theory with an Emphasis on Distributive & Semi-distributive Lattices and 
Combinatorics, III

 8:00–11:50 am The Mathematics of RNA and DNA, I

 8:00–11:50 am Competing Foundations for Mathematics: How Do We Choose?, III

 8:00–11:50 am The Inverse Eigenvalue Problem for a Graph, Zero Forcing, Throttling and Related Topics, II

 8:00–11:50 am Analysis and Differential Equations at Undergraduate Institutions, I

 8:00–11:50 am Asymptotic Behavior of Evolution Equations, I

 8:00–11:50 am Skein Theory and Quantum Algebra, II

 8:00–11:50 am Quantitative Literacy and Society, I
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 8:00–11:50 am Quadratic Forms, Theta Functions and Modularity, II

 8:00–11:50 am History of Mathematics, I

 8:00–11:50 am The EDGE (Enhancing Diversity in Graduate Education) Program: Pure and Applied Talks by 
Women Math Warriors, III

 8:00–11:50 am Transient Probabilities of Random Processes, Duality Theory and Gambler’s Ruin Probabilities, I

 8:00–11:50 am Reaction Diffusion Models with Applications in Spatial Ecology, I

 8:00–11:50 am Real World Applications of Mathematics, II

 8:00–10:00 am PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #9: PART A Recruiting and Mentoring 
Majors in the Mathematical Sciences

 8:00–11:30 am PI MU EPSILON COUNCIL MEETING

 8:00 am–6:00 pm PROJECT NEXT WORKSHOP

 8:00–9:30 am AWM PANEL AWM 101 for Men, What You Need to Know about Women in Math

 8:00–11:55 am AMS CONTRIBUTED PAPER SESSION

 8:00 am–1:00 pm JMM WORKSHOP: BLACK MATHEMATICIANS EDIT-A-THON

 8:00–10:00 am JMM PANEL Effective DEI Efforts in Math Departments

 8:00–9:30 am SIAM PANEL ON A BIG WORLD VIEW Business-Industry-Government Careers for 
Mathematicians

 8:00–11:50 am ASSOCIATION FOR SYMBOLIC LOGIC SPECIAL SESSION Model-theoretic Classification 
Program, I

 8:00–11:50 am ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women in 
Mathematical Biology, I

 8:00–11:50 am ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Celebrating the 
Mathematical Contributions of the AWM, I

 8:00–11:50 am ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women in Geometry, II

 8:00–11:50 am CONSORTIUM FOR MATHEMATICS AND ITS APPLICATIONS SPECIAL SESSION 
COMAP’s Mathematical Modeling Contests: Sharing Experiences and Benefits, I

 8:00–11:50 am INTERNATIONAL LINEAR ALGEBRA SOCIETY SPECIAL SESSION Matrix Analysis and 
Applications, I

 8:00–11:00 am SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS SPECIAL SESSION Advances 
in Mathematical Biology

 8:30–10:30 am CAREER FAIR

 9:00 am–5:00 pm EXHIBITS AND BOOK SALES

 9:00–9:50 am AMS MARYAM MIRZAKHANI LECTURE Mixing surfaces, algebra, and geometry. Dan Margalit

 9:00–11:00 am PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #6: PART A Glimpses of Mathematics 
from Robotics: Simple Kinematic Problems for the Planar Robot Arms

 9:00–10:30 am JMM PANEL DISCUSSION ON NEW HORIZONS: EXPLORING THE POSSIBILITIES AND 
BENEFITS OF STUDY ABROAD PROGRAMS POST-PANDEMIC

 9:00 am–12:00 pm JMM WORKSHOP How to Create Data Science Summer Training for Faculty and Students

 9:30–11:00 am AMS PANEL Advocacy for Mathematics & Science Policy
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 10:00–11:30 am JMM PANEL DISCUSSION: WHAT DID YOU DO? WHAT WILL YOU KEEP? 
REFLECTIONS ON MENTORING UNDERGRADUATE RESEARCHERS DURING AND 
POST-PANDEMIC

 10:00–10:55 am AWM-AMS NOETHER LECTURE The Kakeya Needle Problem for Rectifiable Sets. Marianna 
Csőrnyei

 10:30–11:00 am THE MATH ALLIANCE: 15 YEARS OF BUILDING A NEW AMERICAN COMMUNITY IN 
THE MATHEMATICAL AND STATISTICAL SCIENCES

 11:00 am–12:00 pm AMS PANEL ON OPEN ACCESS AND MATHEMATICS Open publishing models, licensing and 
copyright, and equity (sponsored by AMS Publishing)

 11:00 am–12:00 pm JMM PANEL International Engagement in Mathematical Sciences Research During the COVID-19 
Pandemic

 11:05–11:55 am SPECTRA LAVENDER LECTURE  

 11:10 am–12:00 pm SIAM INVITED ADDRESS Analysis and Applications of Nonlocal Models. Qiang Du

 11:10 am–12:00 pm PROJECT NEXT LECTURE ON TEACHING AND LEARNING Addressing Anti-Black Racism in 
Our Departments. Edray Herber Goins

 12:00–1:00 pm SOCIETY FOR ADVANCEMENT OF CHICANOS/HISPANICS AND NATIVE AMERICANS 
IN SCIENCE RECEPTION

 1:00–1:50 pm AMS COLLOQUIUM LECTURES: LECTURE II Title to be announced. Karen Smith

  AMS SPECIAL SESSIONS

 1:00–4:50 pm Mathematics and the Arts, I

 1:00–4:50 pm Mathematical Knowledge for Teaching High School and College Calculus Courses, I (Sponsored by 
SIGMAA on Mathematical Knowledge for Teaching)

 1:00–4:50 pm Geometric Group Theory-AMS Mirzakhani

 1:00–4:50 pm Dynamics of Infectious Diseases: Ecological Models Across Multiple Scales (a Mathematics Research 
Communities Session), II

 1:00–4:50 pm Combinatorial Applications of Computational Geometry and Algebraic Topology (a Mathematics 
Research Communities Session), II

 1:00–4:50 pm Finding Needles in Haystacks: Approaches to Inverse Problems Using Combinatorics and Linear 
Algebra (a Mathematics Research Communities Session), II

 1:00–4:50 pm Analysis in Metric Spaces (a Mathematics Research Communities Session), II

 1:00–4:50 pm New Problems in Several Complex Variables (a Mathematics Research Communities Session), II

 1:00–4:50 pm Weave Reality into Your Differential Equations Course with Modeling, II

 1:00–4:50 pm Commutative Algebra, II

 1:00–4:50 pm Applications of Mathematical Models and Dynamical Systems in Biology, II

 1:00–4:50 pm Partition Theory and Related Topics, II

 1:00–4:50 pm Latinxs in Combinatorics, IV

 1:00–4:50 pm Recent Advances in Packing, II

 1:00–4:50 pm Scholarship of Teaching and Learning: Past, Present and Future, III

 1:00–4:50 pm Distance Problems in Continuous Discrete and Finite Field Settings, II

 1:00–4:50 pm Hopf Algebras and Tensor Categories, II

 1:00–4:50 pm Algebraic and Bijective Methods in Permutation Enumeration, II
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 1:00–4:50 pm Low-dimensional Manifolds, II

 1:00–4:50 pm The Mathematics of RNA and DNA, II

 1:00–4:50 pm Analysis and Differential Equations at Undergraduate Institutions, II

 1:00–4:50 pm Several Complex Variables Geometric PDE and CR Geometry

 1:00–4:50 pm Asymptotic Behavior of Evolution Equations, II

 1:00–4:50 pm Skein Theory and Quantum Algebra, III

 1:00–4:50 pm Recent Developments in Nonlocal Modeling and Analysis, I

 1:00–4:50 pm Quantitative Literacy and Society, II

 1:00–4:50 pm History of Mathematics, II

 1:00–4:50 pm Heat Content Exit Time and Geometric Analysis, II

 1:00–4:50 pm Transient Probabilities of Random Processes, Duality Theory and Gambler’s Ruin Probabilities, II

 1:00–4:50 pm Reaction Diffusion Models with Applications in Spatial Ecology, II

 1:00–4:50 pm Rethinking Number Theory, I

 1:00–3:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #10: PART B Teaching a Tiling Theory 
Course

 1:00–3:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #2: PART B Breaking the Cycle of 
Mechanisms of Inequality in Mathematics Teaching and Learning

 1:00–3:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #6: PART B Glimpses of Mathematics 
from Robotics: Simple Kinematic Problems for the Planar Robot Arms

 1:00–2:30 pm AMS COMMITTEE ON EDUCATION PANEL Forming Institutional Collaborations to Broaden 
Student Access

 1:00–4:55 pm AMS CONTRIBUTED PAPER SESSION

 1:00–2:30 pm JOINT COMMITTEE ON WOMEN PANEL DISCUSSION

 1:00–3:00 pm SIMIODE WORKSHOP ON DIFFERENTIAL EQUATIONS: A TOOLBOX FOR MODELING 
THE WORLD IN YOUR CLASSROOM WITH YOUR STUDENTS, PART 1

 1:00–3:00 pm SUMMER PROGRAM FOR WOMEN IN MATHEMATICS (SPWM) REUNION

 1:00–3:00 pm AMS WORKSHOP Teaching and Managing Large Undergraduate Mathematics Courses in a 
Changing World, Part I

 1:00–4:50 pm ASSOCIATION FOR SYMBOLIC LOGIC SPECIAL SESSION Model-theoretic Classification 
Program, II

 1:00–4:50 pm ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women in 
Mathematical Biology, II

 1:00–4:50 pm ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Celebrating the 
Mathematical Contributions of the AWM, II

 1:00–4:50 pm CONSORTIUM FOR MATHEMATICS AND ITS APPLICATIONS SPECIAL SESSION 
COMAP’s Mathematical Modeling Contests: Sharing Experiences and Benefits, II

 1:00–4:50 pm INTERNATIONAL LINEAR ALGEBRA SOCIETY SPECIAL SESSION Matrix Analysis and 
Applications, II

 1:00–4:50 pm MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION Frame Theory and 
Applications, I
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 1:00–5:00 pm SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS SPECIAL SESSION Quantum 
Algorithms

 2:00–4:00 pm POSTER SESSION: NSF EDUCATION PROGRAMS IN THE MATHEMATICAL SCIENCES

 2:40–3:30 pm NAM CLAYTOR-WOODARD LECTURE Spatial data analysis for public health data. Monica 
Jackson

 3:30–4:30 pm PI MU EPSILON PANEL What Every Student Should Know about the JMM

 3:50–4:40 pm ASA COMMITTEE OF PRESIDENTS OF STATISTICAL SOCIETIES LECTURE Learning from 
COVID-19 Data on Transmission, Health Outcomes, Interventions and Vaccination. Xihong Lin

 5:00–6:00 pm AMS JOSIAH WILLARD GIBBS LECTURE Emergent behavior in collective dynamics. Eitan 
Tadmor

 6:00–7:00 pm LIGHTNING TALKS IN ENVIRONMENTAL MATHEMATICS

 6:00–8:00 pm ASSOCIATION OF CHRISTIANS IN THE MATHEMATICAL SCIENCES RECEPTION AND 
LECTURE The lecture will be given by Karl-Dieter Crisman of Gordon College.

 6:00–7:00 pm RELATIVELY PRIME LIVE: AROUND THE CAMPFIRE

 6:00–8:30 pm MATHEMATICAL INSTITUTES OPEN HOUSE

 6:00–7:00 pm JUSTICE, EQUITY, DIVERSITY, INCLUSION RECEPTION

 6:30–8:00 pm {MATHILY, MATHILY-ER, MATHILY-EST} YEARLY GATHER: COLLABORATIVE PUZZLE 
TIME!

 7:00–8:00 pm MATHEMATICAL POETRY READING

 7:00–7:30 pm SIGMAA ENVIRONMENTAL MATHEMATICS BUSINESS MEETING

 7:00–8:00 pm NEBRASKA CONFERENCE FOR UNDERGRADUATE WOMEN IN MATHEMATICS 
REUNION

 7:00–7:20 pm ACMS GUEST SPEAKER Title to be announced. Karl-Dieter Crisman

 7:30–8:20 pm SIGMAA GUEST SPEAKER Climate Justice Integrated Learning in STEM. Heather Price

 8:15–9:45 pm KNITTING CIRCLE Bring a project (knitting/crochet/tatting/beading/etc.) and chat with other 
mathematical crafters!

Friday, January 7
 7:30 am–8:30 pm EMAIL CENTER

 7:30 am–4:00 pm JOINT MEETINGS REGISTRATION

 8:00 am–5:30 pm AMS EMPLOYMENT CENTER

  AMS SPECIAL SESSIONS

 8:00–11:50 am Research in Mathematics by Undergraduates and Students in Post-baccalaureate Programs, I (AMS-
SIAM)

 8:00–11:50 am Mathematics and the Arts, II

 8:00–11:50 am Knots, Links, 3-manifolds,... and 4-manifolds

 8:00–11:50 am Math Circle Outreach Activities that Engage Diverse Audiences, I

 8:00–11:50 am Geometric Group Theory-AMS Mirzakhani, II

 8:00–11:50 am The Mathematics of Decisions, Elections and Games, I

 8:00–11:50 am Commutative Algebra, III
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 8:00–11:50 am Noncommutative Algebra and Noncommutative Invariant Theory

 8:00–11:50 am Presenting Research Mathematics Through Visual Storytelling: Slides Without Words and Equations, 
I

 8:00–11:50 am Nonlinear Evolution Equations Stability and Long Time Behavior of Solutions, I

 8:00–11:50 am Partition Theory and Related Topics, III

 8:00–11:50 am Creative Teaching Methods That Can Lead to Student Learning, I

 8:00–11:50 am Scholarship of Teaching and Learning: Past, Present and Future, IV

 8:00–11:50 am Hopf Algebras and Tensor Categories, III

 8:00–11:50 am If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral 
Studies in the Mathematical Sciences, I

 8:00–11:50 am Algebraic and Bijective Methods in Permutation Enumeration, III

 8:00–11:50 am Number Theory at Non-PhD Granting Institutions, I

 8:00–11:50 am Statistics and Machine Learning Using Topology and Geometry, I

 8:00–11:50 am Several Complex Variables Geometric PDE and CR Geometry, II

 8:00–11:50 am Mathematical Models for Biomolecular and Cellular Interactions, I

 8:00–11:50 am Recent Developments in Nonlocal Modeling and Analysis, II

 8:00–11:50 am Quantitative Literacy and Society, III

 8:00–11:50 am Quadratic Forms, Theta Functions and Modularity, III

 8:00–11:50 am Inquiry-based Teaching and Learning, I

 8:00–11:50 am History of Mathematics, III

 8:00–11:50 am Transient Probabilities of Random Processes, Duality Theory and Gambler’s Ruin Probabilities, III

 8:00–11:50 am Undergraduate Research Activities in Mathematical and Computational Biology, I

 8:00–10:00 am PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #11: PART B Using Your Voice for 
Influence and Impact: Incorporating Mathematics into Public Discourse

 8:00 am–6:00 pm PROJECT NEXT WORKSHOP

 8:00–11:55 am AMS CONTRIBUTED PAPER SESSION

 8:00–11:50 am AMERICAN STATISTICAL ASSOCIATION SPECIAL SESSION Statistical issues of COVID-19 
Data

 8:00–11:50 am ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women in 
Mathematical Biology, III

 8:00–11:50 am ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women and Gender 
Minorities in Symplectic and Contact Geometry and Topology, I

 8:00–11:50 am INTERNATIONAL LINEAR ALGEBRA SOCIETY SPECIAL SESSION The Interplay of Matrix 
Analysis and Operator Theory, I

 8:00–11:50 am MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION Frame Theory and 
Applications, II

 8:00 am–12:00 pm SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS SPECIAL SESSION Graduate 
Research in Industry and in National Laboratory Internships

 8:30–10:30 am AMS GRAD SCHOOL FAIR

 9:00 am–5:00 pm EXHIBITS AND BOOK SALES
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 9:00–9:50 am MAA-SIAM-AMS HRABOWSKI-GATES-TAPIA-MCBAY LECTURE Title to be announced. Dave 
Kung

 9:00–9:50 am ASL INVITED ADDRESS Semi-retractions and the Ramsey Property. Lynn Scow

 9:00–11:00 am PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #7: PART B Inclusive Active Learning in 
Undergraduate Mathematics

 9:00–11:00 am PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #1: PART B A Complex Transition to 
Advanced Undergraduate Mathematics

 9:00 am–12:00 pm MATHEMATICS OF DOING, UNDERSTANDING, LEARNING, AND EDUCATING FOR 
SECONDARY SCHOOLS (MODULE(S2)) WORKSHOP Strengthening mathematics content 
instruction in mathematics courses that secondary mathematics education majors take

 9:00–11:00 am INFORMATION SESSION ON NSF PROGRAMS IN THE DIRECTORATE FOR 
EDUCATION AND HUMAN RESOURCES

 9:00 am–12:00 pm COMAP PROFESSIONAL DEVELOPMENT WORKSHOP AND COLLABORATION 
DISCUSSION Leveraging Math Modeling Contests to Bring More Interdisciplinarity to You, Your 
Students, and Your Colleagues

 9:00–11:50 am MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION The MSRI 
Undergraduate Program

 9:50–10:30 am MAA-SIAM-AMS HRABOWSKI-GATES-TAPIA-MCBAY PANEL

 10:00–10:50 am ASL INVITED ADDRESS The Promise of Formal Mathematics. Jeremy Avigad

 10:00 am–12:00 pm AMS WORKSHOP Teaching and Managing Large Undergraduate Mathematics Courses in a 
Changing World, Part II

 10:30 am–12:00 pm AMS-PME UNDERGRADUATE STUDENT POSTER SESSION

 11:10 am–12:00 pm AAAS-AMS INVITED ADDRESS Title to be announced. Kavita Ramanan

 1:00–1:50 pm AMS COLLOQUIUM LECTURES: LECTURE III Title to be announced. Karen Smith

 1:00–1:50 pm ASL INVITED ADDRESS Decidability and definability in unramified henselian valued fields. 
Franziska Jahnke

  AMS SPECIAL SESSIONS

 1:00–5:50 pm Research in Mathematics by Undergraduates and Students in Post-baccalaureate Programs, II 
(AMS-SIAM)

 1:00–5:50 pm Mathematical and Conceptual Foundations of Physics

 1:00–5:50 pm Advances in Operator Algebras, I

 1:00–5:50 pm Evolution Equations and Their Asymptotic Behavior

 1:00–5:50 pm Knots, Links, 3-manifolds,... and 4-manifolds, II

 1:00–5:50 pm Topics in Extremal Combinatorics

 1:00–5:50 pm Explicit Methods for Modularity, I (Sponsored by Simons Collaboration on Arithmetic Geometry, 
Number Theory, and Computation)

 1:00–5:50 pm Mathematical Knowledge for Teaching High School and College Calculus Courses, II (Sponsored by 
SIGMAA on Mathematical Knowledge for Teaching)

 1:00–5:50 pm Math Circle Outreach Activities that Engage Diverse Audiences, II

 1:00–5:50 pm Geometric Group Theory-AMS Mirzakhani, III

 1:00–5:50 pm The Mathematics of Decisions, Elections and Games, II

 1:00–5:50 pm Noncommutative Algebra and Noncommutative Invariant Theory, II
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 1:00–5:50 pm Polymath Jr: Mentoring and Learning, I

 1:00–5:50 pm Mathematical Models of Diseases: Analysis and Computation, I

 1:00–5:50 pm Creative Teaching Methods That Can Lead to Student Learning, II

 1:00–5:50 pm A Match Made in the Stacks: Mathematician and Librarian Collaborations

 1:00–5:50 pm If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral 
Studies in the Mathematical Sciences, II

 1:00–5:50 pm Number Theory at Non-PhD Granting Institutions, II

 1:00–5:50 pm Statistics and Machine Learning Using Topology and Geometry, II

 1:00–5:50 pm Collaborative Undergraduate Research: Experiences with CURM

 1:00–5:50 pm Several Complex Variables Geometric PDE and CR Geometry, III

 1:00–5:50 pm Mathematical Models for Biomolecular and Cellular Interactions, II

 1:00–5:50 pm Recent Developments in Nonlocal Modeling and Analysis, III

 1:00–5:50 pm Analysis and Applications of Fractional Stochastic and Dynamic Systems

 1:00–5:50 pm Mathematics of Algorithms in Industry, I

 1:00–5:50 pm The Teaching and Learning of Undergraduate Ordinary Differential Equations

 1:00–5:50 pm History of Mathematics, IV

 1:00–5:50 pm Applied Combinatorial Methods

 1:00–5:50 pm Rethinking Number Theory, II

 1:00–3:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #12: PART B Visualizing Projective 
Geometry Through Photographs and Perspective Drawings

 1:00–3:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #4: PART A Evidence-based Practices for 
More Effective Mentoring Relationships

 1:00–5:00 pm NAM HAYNES-GRANVILLE-BROWNE SESSION OF PRESENTATIONS BY RECENT 
DOCTORAL RECIPIENTS

 1:00–5:55 pm AMS CONTRIBUTED PAPER SESSION

 1:00–4:00 pm JMM WORKSHOP Mathematicians Navigating Parenthood

 1:00–2:20 pm SPECTRA PANEL Navigating the Job Market as an LGBTQ+ Mathematician

 1:00–2:30 pm TRANSFORMING POST-SECONDARY EDUCATION (TPSE) PANEL Developing Innovative 
Upper Division Pathways in Mathematics: Strategies for Enrollment and Inclusion

 1:00–5:50 pm AMERICAN ASSOCIATION FOR THE ADVANCEMENT OF SCIENCE SPECIAL SESSION 
Stochastic Processes on Networks, I

 1:00–5:50 pm ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women of Color in 
Combinatorics, I

 1:00–5:50 pm ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women and Gender 
Minorities in Symplectic and Contact Geometry and Topology, II

 1:00–5:50 pm ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women in Topology

 1:00–5:50 pm INTERNATIONAL LINEAR ALGEBRA SOCIETY SPECIAL SESSION The Interplay of Matrix 
Analysis and Operator Theory, II

 1:00–5:50 pm MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION Metric Geometry 
and Topology, I
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 1:00–6:00 pm SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS SPECIAL SESSION 
Mathematics of Complex Systems

 2:00–2:50 pm ASL INVITED ADDRESS Diamonds compactness and ultrafilters in set theory. Omer Ben-Neria

 2:00–6:00 pm CURRENT EVENTS BULLETIN

 2:00–3:30 pm JULIA ROBINSON MATHEMATICS FESTIVAL WORKSHOP

 3:00–5:50 pm ASL CONTRIBUTED PAPER SESSION

 3:00–4:00 pm SPECTRA BUSINESS MEETING

 3:30–5:00 pm AMS-PME UNDERGRADUATE STUDENT POSTER SESSION

 4:00–6:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #5: PART B From LaTeX to 
RMarkdown: Communication and Collaboration Tools for the Mathematical Sciences

 4:00–6:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #8: PART B Mathematical Modelling 
Of Real-World Infectious Disease Epidemics: An R Based Hands-On Professional Enhancement 
Program

 4:00–6:30 pm AWM WORKSHOP: POSTER PRESENTATIONS BY WOMEN GRADUATE STUDENTS AND 
RECEPTION

 5:00–6:30 pm ASSOCIATION FOR WOMEN IN MATHEMATICS RECEPTION AND AWARDS 
PRESENTATION

 5:00–6:30 pm MSRI RECEPTION FOR CURRENT AND FUTURE DONORS

 5:30–7:30 pm UNIVERSITY OF MARYLAND RECEPTION FOR ALUMNI AND FRIENDS

 5:30–6:30 pm SIGMAA GUEST SPEAKER Trust but Verify: What Can We Know About the Reliability of a 
Computer-Generated Result? Nicolas Fillion

 6:00–7:00 pm MATHEMATICALLY BENT THEATER Performed by Colin Adams and the Mobiusbandaid Players.

 6:00–8:40 pm NAM RECEPTION AND BANQUET

 7:30–8:30 pm PANEL DISCUSSION - TESTIMONIOS: STORIES OF LATINX AND HISPANIC 
MATHEMATICIANS

 7:45–8:35 pm NAM COX-TALBOT ADDRESS Interest Convergence: An analytical viewpoint for examining how 
power dictates policies and reforms in mathematics. Robert Q. Berry, III

 8:00–10:00 pm PROJECT NEXT RECEPTION All Project NExT Fellows, consultants, and other friends of Project 
NExT are invited.

Saturday, January 8
 7:30 am–1:00 pm EMAIL CENTER

 7:30 am–1:00 pm JOINT MEETINGS REGISTRATION

  AMS SPECIAL SESSIONS

 8:00–11:50 am Research in Mathematics by Undergraduates and Students in Post-baccalaureate Programs, III 
(AMS-SIAM)

 8:00–11:50 am Mathematics and the Arts, III

 8:00–11:50 am Advances in Operator Algebras, II

 8:00–11:50 am Intersections of Geometric Analysis and Mathematical Physics, I

 8:00–11:50 am Modular Forms and Combinatorics, I
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 8:00–11:50 am Mathematics Through the Informational Lens, I

 8:00–11:50 am Scalar Curvature and Convergence, I

 8:00–11:50 am Combinatorial Approaches to Topological Structures and Applications, I

 8:00–11:50 am Knots, Links, 3-manifolds,... and 4-manifolds, III

 8:00–11:50 am Geometric Group Theory-AMS Mirzakhani, IV

 8:00–11:50 am Innovative and Elective Ways to Teach Linear Algebra, I

 8:00–11:50 am Random Matrix Theory and its Applications

 8:00–11:50 am Noncommutative Algebra and Noncommutative Invariant Theory, III

 8:00–11:50 am Polymath Jr: Mentoring and Learning, II

 8:00–11:50 am Presenting Research Mathematics Through Visual Storytelling: Slides Without Words and Equations, 
II

 8:00–11:50 am Early Career Number Theory Research with Combinatorics, Modular Forms, and Basic 
Hypergeometric Series, I

 8:00–11:50 am Current Advances in Computational Biomedicine, I

 8:00–11:50 am Nonlinear Evolution Equations Stability and Long Time Behavior of Solutions, II

 8:00–11:50 am Geometric Measure Theory, I

 8:00–11:50 am Inquiry-based Teaching and Learning, II

 8:00–11:50 am Little School Dynamics: Cool Research at Primarily Undergraduate Institutions, I

 8:00–11:50 am Mathematical Modeling of Population Dynamics Across Scales: From Immuno-epidemiology to 
Multilevel Selection, I

 8:00–11:50 am Undergraduate Research Activities in Mathematical and Computational Biology, II

 8:00–11:50 am Piecewise & Discontinuous Difference Equations & Applications, I

 8:00 am–12:00 pm AWM WORKSHOP: WOMEN IN ALGEBRAIC GEOMETRY (WIAG), I

 8:00 am–6:00 pm PROJECT NEXT WORKSHOP

 8:00–11:55 am AMS CONTRIBUTED PAPER SESSION

 8:00–11:50 am AMERICAN ASSOCIATION FOR THE ADVANCEMENT OF SCIENCE SPECIAL SESSION 
Stochastic Processes on Networks, II

 8:00–11:50 am ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women and Gender 
Minorities in Symplectic and Contact Geometry and Topology, III

 8:00–11:50 am ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women in 
Computational Topology

 8:00–11:50 am INTERNATIONAL LINEAR ALGEBRA SOCIETY SPECIAL SESSION The Interplay of Matrix 
Analysis and Operator Theory, III

 8:00–11:50 am MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION Combinatorial and 
Homological Methods in Commutative Algebra, I

 8:00–11:50 am MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION Resistance Distance 
and Other Metrics on Graphs and Networks, I

 8:00–11:50 am MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION Metric Geometry 
and Topology, II

 8:00 am–12:00 pm SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS SPECIAL SESSION Advancing 
Racial Equity in Applied Mathematics
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 8:00–9:30 am AMS COMMITTEE ON MEETINGS AND CONFERENCES PANEL Holding AMS Meetings 
and Conferences in Localities with Discriminatory Practices

 9:00 am–12:00 pm EXHIBITS AND BOOK SALES

 9:00–9:50 am ASL INVITED ADDRESS Model theory of large fields. Erik Walsberg

 9:00–11:00 am PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #9: PART B Recruiting and Mentoring 
Majors in the Mathematical Sciences

 9:00–10:00 am NAM BUSINESS MEETING

 9:00 am–12:00 pm NSF SESSION: OUTCOMES AND INNOVATIONS FROM NSF UNDERGRADUATE 
EDUCATION PROGRAMS IN THE MATHEMATICAL SCIENCES, PART 1

 9:00–9:50 am VON NEUMANN LECTURE Title to be announced. Anna Gilbert

 9:00–11:50 am MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION The MSRI 
Undergraduate Program

 10:00–10:50 am ASL INVITED ADDRESS Ramsey like Theorems on the Rationals. Peter Cholak

 10:00–11:30 am MATH CIRCLE DEMO: MIND READING WITH MATH

 10:30 am–12:00 pm AMS PANEL The Future of Books for Graduate Students and Research Mathematicians

 10:30–11:30 am NAM PANEL DISCUSSION

 11:10 am–12:00 pm AMS LECTURE ON EDUCATION Title to be announced. Tyler J. Jarvis

 1:00–1:50 pm ASL INVITED ADDRESS Lower Bounds in Set Theory. Sandra Müller

  AMS SPECIAL SESSIONS

 1:00–5:50 pm Research in Mathematics by Undergraduates and Students in Post-baccalaureate Programs, IV 
(AMS-SIAM)

 1:00–5:50 pm Mathematics and the Arts, IV

 1:00–5:50 pm Intersections of Geometric Analysis and Mathematical Physics, II

 1:00–5:50 pm Modular Forms and Combinatorics, II

 1:00–5:50 pm Partial Differential Equations and Complex Variables

 1:00–5:50 pm Mathematics Through the Informational Lens, II

 1:00–5:50 pm Scalar Curvature and Convergence, II

 1:00–5:50 pm Combinatorial Approaches to Topological Structures and Applications, II

 1:00–5:50 pm Topics in Extremal Combinatorics

 1:00–5:50 pm Explicit Methods for Modularity, II (Sponsored by Simons Collaboration on Arithmetic Geometry, 
Number Theory, and Computation)

 1:00–5:50 pm Engaging Students Through Modeling Hands-on Projects and Innovative Exploratory Approaches

 1:00–5:50 pm The Mathematics of Computational and Data-enabled Science

 1:00–5:50 pm Random Polynomials and Related Models

 1:00–5:50 pm Bifurcations of Difference Equations and Discrete-time Competitive and Cooperative Population 
Models

 1:00–5:50 pm Innovative and Elective Ways to Teach Linear Algebra-cps, II

 1:00–5:50 pm Mathematical Models of Diseases: Analysis and Computation, II

 1:00–5:50 pm Early Career Number Theory Research with Combinatorics, Modular Forms, and Basic 
Hypergeometric Series, II
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 1:00–5:50 pm Current Advances in Computational Biomedicine, II

 1:00–5:50 pm Perfectoid Spaces

 1:00–5:50 pm Geometric Measure Theory, II

 1:00–5:50 pm Inquiry-based Teaching and Learning, III

 1:00–5:50 pm Mathematics of Algorithms in Industry, II

 1:00–5:50 pm Little School Dynamics: Cool Research at Primarily Undergraduate Institutions, II

 1:00–5:50 pm Mathematical Modeling of Population Dynamics Across Scales: From Immuno-epidemiology to 
Multilevel Selection, II

 1:00–5:50 pm Women in Computational Topology, II

 1:00–5:50 pm Mathematics and New Media

 1:00–5:50 pm Piecewise & Discontinuous Difference Equations & Applications, II

 1:00–3:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #3: PART B Developing Mathematics 
Programs for Workforce Preparation in Data Science and Other Applications

 1:00–3:00 pm PROFESSIONAL ENHANCEMENT PROGRAM (PEP) #4: PART B Evidence-based Practices for 
More Effective Mentoring Relationships

 1:00–6:00 pm AWM WORKSHOP: WOMEN IN ALGEBRAIC GEOMETRY (WIAG), II

 1:00–5:55 pm AMS CONTRIBUTED PAPER SESSION

 1:00–4:00 pm NSF SESSION: OUTCOMES AND INNOVATIONS FROM NSF UNDERGRADUATE 
EDUCATION PROGRAMS IN THE MATHEMATICAL SCIENCES, PART 2

 1:00–3:00 pm SIMIODE WORKSHOP ON DIFFERENTIAL EQUATIONS: A TOOLBOX FOR MODELING 
THE WORLD IN YOUR CLASSROOM WITH YOUR STUDENTS, PART 2

 1:00–5:50 pm ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women of Color in 
Combinatorics, II

 1:00–5:50 pm ASSOCIATION FOR WOMEN IN MATHEMATICS SPECIAL SESSION Women and Gender 
Minorities in Symplectic and Contact Geometry and Topology, IV

 1:00–5:50 pm INTERNATIONAL LINEAR ALGEBRA SOCIETY SPECIAL SESSION Inverse Eigenvalue 
Problems for Nonnegative Matrices

 1:00–5:50 pm MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION Tensor Modeling 
and Optimization

 1:00–5:50 pm MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION Combinatorial and 
Homological Methods in Commutative Algebra, II

 1:00–5:50 pm MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION Resistance Distance 
and Other Metrics on Graphs and Networks, II

 1:00–5:50 pm MATHEMATICAL SCIENCES RESEARCH INSTITUTE SPECIAL SESSION Lie Group Actions 
in Differential Geometry

 1:00–6:00 pm SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS SPECIAL SESSION Nonlocal 
and Fractional Problems in Analysis and PDEs

 1:30–2:30 pm JPBM COMMUNICATIONS AWARD LECTURE Title to be announced. Talithia Williams

 3:00–4:00 pm MAA-AMS-SIAM GERALD AND JUDITH PORTER PUBLIC LECTURE Title to be announced. 
Lauren K Williams
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Employment Center Web Services
Employment Center registration information should be 
accessed through the Mathjobs.org system. The website and 
all information is available beginning in early September 
2021, and will remain accessible through January 7, 2022 
(the last day of the Employment Center). While some 
schools may delay appointment setting until late December 
2021, virtually all scheduling will be done before any Joint 
Mathematics Meetings (JMM) travel takes place, so appli-
cants should expect few or no additional appointments to 
be available after arrival. Registering on site, for applicants, 
serves no real purpose.

No Admittance Without a JMM Badge
All applicants and employers planning to enter the Employ-
ment Center—even just for one interview—must present a 
2022 Joint Meetings Registration badge. Meeting badges are 
obtained by registering for the JMM and paying a meeting 
registration fee. The advanced registration deadline is De-
cember 20, 2021 (midnight EST). See the JMM website at 

AMS Employment Center
Washington State Convention Center, Seattle, WA

January 5–7, 2022

The Employment Center offers a convenient, safe, and practical meeting place for employers and jobseekers attending 
the Joint Meetings. The focus of the Employment Center is on PhD-level mathematical scientists and those that seek 
to hire them from academia, business, and government.

2022 Employment Center Schedule
December 20, 2021 is the deadline for table registration. After this date, only “One Day Tables” will be available for pur-
chase. This is also the deadline to register for the JMM badge, required for admittance, at advanced registration prices. 

Hours of Operation (Please note there is no access to the EC prior to the opening times listed):
Wednesday, January 5, 2022—8:00 am–3:00 pm
Thursday, January 6, 2022—8:00 am–5:30 pm

Friday, January 7, 2022—8:00 am–5:30 pm

Location: Exhibit Hall 4B, Fourth Level, Washington State Convention Center, Seattle, Washington.

Do not schedule an interview to begin until 15 minutes after opening.
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Employers: How to Register
 • Registration runs from early September 2021 through 

December 20, 2021, at the following website: www 
.mathjobs.org. After December 20, only “One Day 
Tables” will be available. They should be reserved and 
paid for through Mathjobs.org.

 • Use your existing Mathjobs.org account or create a new 
Employer account at www.mathjobs.org. Once a table 
is reserved, the ad can be placed at any time and will 
run until late January.

 • For new users of Mathjobs.org, click the NEW EM-
PLOYER link on the main page of www.mathjobs.org. 
Choose your table type and fill out the New Employer 
Form.

 • For existing users of Mathjobs.org, go to www.mathjobs 
.org and log into your existing account. Purchase a 
table by clicking the “EmpCent” logo in the menus 
along the top toolbar. Use the “buy tables” link. Then 
post a job using the NewJob link or attach an existing 
job to your table.

 • Each person who will need to enter the Employment 
Center area must have a meeting badge (obtained by 
registering for the JMM and paying a meeting registra-
tion fee).
To display an ad on site, and use no Employment Cen-

ter services at all, submit your one-page paper ad on site 
in Seattle to the Employment Center staff. There is no fee 
for this service.

For complete information, visit www.ams.org/emp-reg/.

Applicants: Making the Decision to Attend
 • Past attendees have pointed out that all interviews are 

arranged in advance, and there is no opportunity to 
make connections on site.

 • The Employment Center offers no guarantees of inter-
views or jobs. Hiring decisions are not made during or 
immediately following interviews.

 • There will ordinarily be no research-oriented postdoc-
toral positions listed or discussed at the Employment 
Center.

 • Interviews will go to applicants who applied to jobs 
during the fall and are now being sought out by the 
institutions for in-person meetings during the JMM.

 • There will be no opportunity to speak to employers 
without a prearranged interview, and no walk-up job 
information tables. Scheduling of interviews will be 
complete prior to the JMM.
The majority of Employment Center employers are ac-

ademic departments of mathematical sciences seeking to 
meet a short list of applicants who applied for their open 
positions during the fall. Each year, a few government or 
industry employers are present. Often, they are seeking US 
citizens only due to existing contracts.

www.jointmathematicsmeetings.org/jmm for registra-
tion instructions and rates.

Employers: Choose a Table
There are three table types available for employers, based 
on the number of interviewers who will be present at any 
given time:

 • One or two interviewers per table in the “Quiet Area” 
(US$360/$270 AMS Institutional Member), each addi-
tional table (US$205/$154 AMS Institutional Member). 
Table purchase includes up to two JMM 2022 registra-
tions for interviewers.

 • Three to six interviewers per table in the “Committee 
Table” area (US$450/$338 AMS Institutional Member), 
each additional table (US$225/$169 AMS Institutional 
Member). Table purchase includes up to six JMM 2022 
registrations for interviewers.

 • Free electricity is supplied to every table with purchase 
of the table.

 • “One Day Tables” allow for on-site interviewing for one 
day without placing an ad. These tables, which can ac-
commodate up to three interviewers, may be purchased 
through January 7, 2022. The fee is (US$200/$270 AMS 
Institutional Member). Please register online at www 
.mathjobs.org and choose the “EC-One Day Table 
purchase.” Table purchase includes up to two JMM 2022 
registrations for interviewers.
New—All Employment Center table purchases include 

JMM registration for the individuals who will be conduct-
ing interviews. Once your table purchase has been com-
pleted, AMS Programs Department staff will contact you 
providing detailed instructions on how to proceed with 
registering your interviewers.

All Employment Center data and registration must 
be entered on the Mathjobs.org site. An existing account 
can be used for accessing Employment Center services 
and for paying applicable fees. If no account exists, par-
ticipants can start an account solely for Employment 
Center use. Once your registration has been processed in  
Mathjobs.org, AMS Programs Department staff will contact 
you with instructions on how to register your interviewers 
for JMM.

Employers are expected to create their own interview 
schedules as far in advance as possible by using the assist-
ed-email system in Mathjobs.org, or by using other means 
of communication. Please do not schedule an interview to 
begin until 15 minutes after the Employment Center opens.

Please mark appointments as confirmed in your Math-
jobs.org account, as this will allow the appointments to dis-
play in the applicants’ schedules. At the time of interview, 
meet the applicant in the on-site waiting area and escort 
the applicant to your table.
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There are no Employment Center fees for applicants; 
however, admission to the Employment Center room re-
quires a 2022 JMM badge, obtainable by registering (and 
paying a fee) for the JMM. To register for the meeting, go to 
the website: www.jointmathematicsmeetings.org/jmm.

It is possible to attend one or more privately arranged 
interviews without an official Employment Center regis-
tration; however, a meeting badge is required to access the 
interview room.

Applicants should keep track of their interview sched-
ules. If invited for an interview at a conflicting time, please 
ask the employer to offer a new time or suggest one.

For complete information, visit www.ams.org/emp-reg/.
Questions about the Employment Center registration and 

participation can be directed to Pamela Morin, AMS Programs 
Department, at 800-321-4267, ext. 4060, or by email to emp 
-info@ams.org.

Credits
Photo is courtesy of Kate Awtrey, Atlanta Convention Pho-

tography.

All job postings are available on the website in advance, 
and now that this electronic service is in place, there is no 
other messaging conducted on paper.  

Please visit the Employment Center website for further 
advice, information, and program updates at www.ams.org 
/emp-reg/.

Applicants: How to Register
 • Early registration is vital since most employers finalize 

their schedules before arriving in Seattle.
 • To register, applicants should log into their Mathjobs.org 

accounts or create a new account, look for the EmpCent 
icon across the top toolbar, and mark that they will be 
attending by clicking the link, “click here if you are at-
tending the Employment Center.” You can then upload 
documents and peruse the list of employers attending 
and the positions available. You do not have the option 
to request an interview with an employer. However, if 
you are interested in any position, you can apply to the 
job. The employer will be aware that you are also attend-
ing the event and will contact you directly if interested 
in setting up an interview.
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and guides on the software will be available prior to the 
Short Course. Participants are also encouraged to bring 
their model ideas and visualizations including objects from 
geometry, topology, combinatorics, dynamical systems, 
algebra, and any other area of mathematics.

Topics and Lectures
The primary goal for the first day will be to introduce par-
ticipants to 3D printing concepts and to provide a hands-on 
experience with printing their first model. The first two 
lectures, “Visualization of Mathematics with 3D Printing” 
and “Introduction to 3D Printing,” will showcase existing 
works and give a detailed dive into printing technology. 
The afternoon of day one will be devoted to a tutorial of 
printing software aimed at learning slicing, infill, supports, 
and model clean-up techniques, followed by a workshop 
where participants will collaborate to prepare a model for 
printing. Each group will be able to pick up their printed 
model at the end of the course. Day one will conclude with 
an Art Exhibition of works by the speakers, participants, and 
local artists. Participants should contact the organizers if 
they would like to exhibit their work.

Day two will begin with a discussion of the speakers’ 
experiences with “3D Printing and the Classroom” as well 
as an overview of projects and efforts at other institutions. 
This will be followed by a lecture on the “Mathematics 
and Challenges behind 3D Printing,” which will discuss 
the geometric and algorithmic aspects and constraints of 
current 3D printing technologies. The afternoon will begin 
with a lecture on “Designing a Model with Mathematics” 
to illustrate the process of going from a mathematical con-
cept, to a visualization, and finally to a printable model. 
The tutorial for that day will focus on using different 
software tools and techniques for building and editing 
mathematically inspired models. During the workshop, 
participants will get help and guidance while designing a 
model themselves or in groups. Several guided examples 
will be provided, but participants are always encouraged 
to be creative and work on their own ideas.

Organizers: Andrew Yarmola, Prince- 
ton University, and Maria Trnkova, 
University of California, Davis.

This two-day course combines 
seven introductory lectures and tuto-
rials with two workshops that offer a 
hands-on experience with 3D print-
ing and model design. These will be 
complemented by an exhibition of 
3D printed art and visualizations and 
a concluding panel discussion. Our 
speakers comprise a diverse team of 
multidisciplinary experts including 
members of underrepresented groups 
and early career researchers.

Introduction
Centered around the idea of additive 
manufacturing, as opposed to sub-
tractive methods, 3D printing has 
quickly become a powerful tool for 
prototyping, design, and visualiza-

tion and has opened up many new avenues in art, educa-
tion, engineering, and applied sciences. Even as access to 
3D printing facilities is quickly becoming ubiquitous across 
college campuses, the process of taking a mathematical idea 
and making it into a printable model presents a big hurdle 
for most mathematicians. Alongside two hands-on work-
shops which tackle this task, the Short Course will focus 
on the role of 3D printing in mathematical art, education, 
and visualization together with a thorough discussion of 
the challenges in current approaches to the technology. 
The main objectives of the course are to build skills and 
confidence with 3D modeling and to provide a springboard 
for future engagement with 3D printing.

The course is oriented towards a broad audience and 
requires an elementary background in undergraduate 
mathematics. Participants will be able to use their own 
computers and tablets for several stages of the training 
sessions through easily accessible software. Instructions 

AMS Short Course
3D Printing: Challenges and Applications
January 3–4, 2022

Andrew Yarmola

Maria Trnkova
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PhD from the University of Washington in 2019, with a 
dissertation exploring foundations of perfectoid geometry, 
and while at UW, they managed the digital fabrication lab 
space in the Washington Experimental Math Lab.

Elisabetta Matsumoto
Elisabetta Matsumoto is an assistant 
professor in the School of Physics at 
Georgia Institute of Technology. Her 
physics research centers around the 
relationship between geometry and 
material properties in soft systems, 
including liquid crystals, 3D printing, 
and textiles. Her lab studies knitted 
textiles from the point of view of 
knot theory and as an additive man-
ufacturing technique. She is also 

interested in using sewing, 3D printing, and virtual reality 
in mathematical art and education.

Henry Segerman
Henry Segerman received his master’s 
in mathematics from the University 
of Oxford, and his PhD in math-
ematics from Stanford University. 
He is an associate professor in the 
Department of Mathematics at Okla-
homa State University. His research 
interests are in three-dimensional 
geometry and topology, and in math-
ematical art and visualization. In 

visualization, he works in 3D printing, spherical video, 
virtual reality, and augmented reality. He is the author of 
the book Visualizing Mathematics with 3D Printing.

Bethany Weeks
Bethany Weeks has been passionate 
about the additive manufacturing 
(AM) industry for almost a decade. 
She was a founding member of the 
University of Washington’s 3D print-
ing student group and helped create 
the world’s first 3D printed full-sized 
boat using 100% post-consumer 
plastic as material. She is currently 
an engineer performing research in 

AM at Boeing Additive Manufacturing (BAM), identifying 
the capabilities of the technology and releasing design 
guidance for how to incorporate AM into production. Prior 
to Boeing, she was a R&D engineer at Stratasys, tasked with 
optimizing the printing parameters for new materials and 
FFF systems.

The course will conclude with a Panel Discussion with 
speakers and outside experts. The panelists will speak on 
their motivations, successes, and failures in working with 
printing technologies and mathematical visualizations 
from artistic, research, and pedagogical perspectives. They 
will also discuss available resources, training, and objects 
that desperately need to be printed. The panel will include 
a Q&A and discussion with participants.

Speakers
Silviana Amethyst
Dr. Silviana Amethyst is a visualizing 
mathematician at the University of 
Wisconsin-Eau Claire. Her favorite 
subjects are singular algebraic sur-
faces. Lately, she’s been getting into 
hybrid printed and electronic proj-
ects. Silviana’s love of the Barth Sextic 
knows no bounds. She rejects white 
supremacy in all forms.
David Bachman
David Bachman is a professor of 
mathematics at Pitzer College in 
Claremont, CA. He received a PhD 
in 1999 from the University of Texas 
at Austin, and has since published 
over 20 research articles and three 
books, and received two grants from 
the National Science Foundation. 
Eleven years ago, David’s background 
in mathematics and his affinity for 

working with his hands converged when he began to 
experiment with 3D printing. Since then he has created 
unique two- and three-dimensional pieces by using several 
CAD modeling packages (most notably, Rhino 3D and 
Grasshopper), a variety of laser cutters, pen plotters, and 
3D printers, and a garage full of tools. David is a certified 
Rhino specialist (Levels 1 and 2) and has written a book 
on Grasshopper, the visual scripting plug-in for Rhino.

Gabriel Dorfsman-Hopkins
Gabriel Dorfsman-Hopkins (he/
they) is an RTG Postdoctoral Scholar 
at the University of California, Berke-
ley, specializing in arithmetic and 
p-adic analytic geometry. They also 
have research interests along the in-
tersection of art and math, working 
with 3D printing, fiber arts, and elec-
tronics, with an interest in interac-
tive models and installations. Before 
arriving in Berkeley, Gabriel was a 

postdoc in residence at ICERM for the semester program 
titled “Illustrating Mathematics.” Gabriel received their 

Silviana Amethyst

David Bachman

Gabriel 
Dorfsman-Hopkins

Henry Segerman

Bethany Weeks

Elisabetta 
Matsumoto
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Registration
This Short Course will take place on January 3–4, 2022, 
the Monday and Tuesday before the Joint Mathematics 
Meetings (JMM). The registration fees are US$151 for 
AMS members; US$232 for nonmembers; and US$84 for 
students/unemployed or emeritus members. These fees are 
in effect until December 20, 2021. After this date, the fees 
will be US$185 for AMS members; US$275 for nonmem-
bers; and US$105 for students/unemployed or emeritus 
members. Online registration is expected to open by mid- 
August. Please see the Short Course webpage at www.ams 
.org/short-course for more information and course 
updates. In-person registration will take place on Monday, 
January 3, 2022, exact location to be determined. 

Credits
Photograph of Silviana Amethyst is courtesy of Shane Opatz.
Photograph of Gabriel Dorfsman-Hopkins was taken by 

Meghan Maynard.
Photograph of Sabetta Matsumoto is courtesy of Lucy Price.
Photograph of Henry Segerman is by Sabetta Matsumoto.
Photograph of Bethany Weeks is courtesy of Bethany Weeks.
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A fellowship created to further excellence in mathematical research and to help 
generate wider and sustained participation by Black mathematicians. The fellowship 
was established in 2021. 

The most likely awardee will be a mid-career Black mathematician based at a 
U.S. institution whose achievements demonstrate signifi cant potential for further 
contributions to mathematics.

Application period: October 4 – December 1

Further information and instructions for submitting an application can be found at the 
fellowship website: www.ams.org/claytor-gilmer

AMS
FELLOWSHIP
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The Life of Primes in 37 Episodes
Jean-Marie De Koninck, Université Laval, Québec City, QC, 
Canada, and Nicolas Doyon, Université Laval, Québec City, QC, 
Canada

This book is about the life of primes. Indeed, once they are 
defined, primes take on a life of their own and the mysteries 
surrounding them begin multiplying, just like living cells 
reproduce themselves, and there seems to be no end to it. 
This monograph takes the reader on a journey through time, 
providing an accessible overview of the numerous prime 
number theory problems that mathematicians have been 
working on since Euclid. 
2021; 329 pages; Softcover; ISBN: 978-1-4704-6489-9; List US$65; AMS 
members US$52; MAA members US$58.50; Order code MBK/139

Teaching Mathematics Through Games
Mindy Capaldi, Valparaiso University, IN, Editor

Active engagement is the key to learning. You want your 
students doing something that stimulates them to ask 
questions and creates a need to know. Teaching Mathematics 
Through Games presents a variety of classroom-tested exer-
cises and activities that provoke the active learning and 
curiosity that you hope to promote. These games run the 
gamut from well-known favorites like SET and Settlers of 
Catan to original games involving simulating structural 
inequality in New York or playing Battleship with functions.

Classroom Resource Materials, Volume 65; 2021; 160 pages; 
Softcover; ISBN: 978-1-4704-6284-0; List US$60; AMS members 
US$48; MAA members US$54; Order code CLRM/65

http://facebook.com/amermathsoc
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