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RESPONSIBILITIES:
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directly to this position).
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• Demonstrated commitment to diversity and inclusion in the workplace and to advancing these values in professional 
practice.

• Significant leadership and administrative experience.
• Familiarity with careers and PhD programs in the mathematical sciences.
• Experience and familiarity with programs that help women and other historically excluded groups succeed.
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offices in either Ann Arbor, Michigan or Washington DC, although we are willing to consider creative alternative approaches 
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As the years passed, I thought that maybe I should tell 
Steve about the impact of T3. A couple of years ago I tried 
to track his recent mathematical activity, without much 
success. Concerns came, and led me to write at last. No 
reply came, but I hoped that he saw the letter. Two days ago, 
on July 16, 2021, I read the Notices article “Remembering 
Steve Zucker.” I looked up my letter to Steve. It was dated 
July 16, 2018. 

As I continue to promulgate T 3, I’ll think of Steve Zucker, 
and his legacy.

—Eric Grinberg 
Professor of Mathematics 

UMass Boston

Letter to the Editor, Notices of the AMS
My year at I.H.E.S., 1985–86, brought wonderful benefits, 
including the opportunity to meet and get to know Steve 
Zucker. We had contrasting mathematical interests, inter-
secting in Grassmannians. Steve’s friendly, warm, unas-
suming personality, combined with his vast experience and 
perspective, led me to many discussions with him. Famous 
for his Conjecture, I once showed him a paper draft with 
the phrase “I conjecture” included. With his usual kindness, 
he politely suggested that I revise it to “I suspect.” 

Seemingly not long after that year, but in fact in 2003, 
the Notices carried Steve’s Opinion piece “Telling The 
Truth,”1 later abbreviated as T3, about students transitioning 
from high school to college mathematics. I shared it with 
my students and included a link in the syllabus. I shared 
T3 with colleagues, and some shared it with their students. 
In time, new students brought it up, of their own accord, 
some stating that they took this approach in making their 
own transition. 

*We invite readers to submit letters to the editor at notices-letters 
@ams.org. 
1Commentary, Volume 50, Number 3, p. 326, 2003.



A WORD FROM...
Ruth Haas, Past-President of AWM

The opinions expressed here are not necessarily those of the Notices or the AMS.
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There are many good things to notice about the status of women in mathematics these 
days. In 2014, Maryam Mirzakhani won a Fields medal; Karen Uhlenbeck was awarded the 
Abel prize in 2019; earlier this year Melanie Matchett Wood received the National Science 
Foundation’s Alan T. Waterman Award; Joan Birman and Gigliola Staffilani were elected 
to the National Academy of Sciences this past April; and the profession has elected two 
women, Jill Pipher and Ruth Charney, back to back to be the presidents of its most presti-
gious society, the American Mathematical Society. And yet overall the number of women 
in our field has stagnated.

According to the most recent NSF National Center for Sciences and Engineering Statis-
tics report “Women, Minorities, and Persons with Disabilities in Science and Engineering” 
(2021),1 “Over the past 2 decades, the share of women receiving bachelor’s degrees in 
mathematics and statistics declined and the share of women receiving master’s degrees 
was stagnant. At the doctoral level, women’s share increased between 1998 and 2008, 
from 25.7% to 31.1%. The share then declined to 28.0% in 2018, even though there was 
an increase in the number of women receiving doctoral degrees.” A closer look at the data 
shows that there is much higher representation of women in statistics (39% in 2019), and 

while we applaud the gains made there, without statistics in the rest of mathematics only 26.8% of 2019 PhD 
recipients were female. On the scale of elite academic activity, the trend remains that women drop down or drop 
out of mathematics at a much higher rate than men. Women earn about 42% of undergraduate degrees, only 27% 
of PhDs (Figure 12 of report). Female PhD mathematicians make up 33% of Assistant Professors and only 18% of 
Full Professors. More telling is that 41% of non-tenure track (or equivalent) PhD mathematics faculty are women 
(Table 9-28 of report). 

There have been many great programs to help women get into and through graduate school in mathematics: 
EDGE, the Summer Math Program at Carleton College, the George Washington University Summer program for 
women, The Nebraska undergraduate conference, the Postbac Program for women at Smith College, the IAS Pro-
gram for Women in Mathematics. Many women have thrived in mathematics because of these programs. Most 
of these are no longer funded. NSF tells us that though we’ve made strides, these programs have not “moved the 
needle” in solving the women in math “problem.” Most of these programs set out to prepare women for the rigors 
of graduate school. A support system is established among the women in the program and women are warned and 
readied for the challenges that lay ahead. We prepare them to go off to battle! Each of these programs, and others, 
works to “change the woman” which is an expensive proposition. Indeed, what we need to do is change the culture. 

Fifteen years ago my colleague Jim Henle and I wrote an opinion piece for the Notices called “What does a math-
ematician look like.” The point was not only that the majority of mathematicians look like (white) men. The point 
was also that the paths they took, the decisions they made early on were similar. It is normal to think that the way 
we do or did something is the best way to do it; or that traits that showed we were good at math are key indicators 
of research potential. But these things are not true. Moreover, it is not just the entry ticket that keeps many women 
away. It is the system we have in place at every stage. Graduate school in math is often a competitive culture with 
high stakes exams. A review process that is pervasive in mathematics pretends to be objective, but unconscious 
bias comes creeping in when we see a female name. Women still face unwelcome interaction and disproportionate  

Ruth Haas is a professor of mathematics at the University of Hawaii, Mānoa. Her email address is rhaas@hawaii.edu.
1https://ncses.nsf.gov/pubs/nsf21321
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service expectations which make academia a less satisfying place for them. On top of this, the social and economic costs 
of a top-track academic career are high. Before landing the R1 tenure track job, most newly minted mathematicians must 
now take multiple short-term positions. The best of these will be a reasonably paid, low teaching-load postdoc. But al-
most all of these will be very limited term, requiring a new mathematician to move multiple times before settling into a 
permanent position. This requires the financial and family support to put career above all else. The job must be fulfilling 
enough to make the sacrifices worthwhile.

A couple of years ago the Washington Post ran an article entitled “Women who are elite mathematicians are less likely 
than men to believe they are elite mathematicians.”2 The article discusses how the underrepresentation of women in 
STEM may in part be due to women underestimating their abilities. Similarly, most of us have heard that men apply 
for a job/promotion when they meet just 60% of the qualifications, but women apply only if they meet fully 100% of 
them.3 There are many studies that show that competition does not motivate women as much as it motivates men.4 Men 
are often more eager to compete, and their performance improves with competition. But this is not necessarily so for 
women. In mathematics, this means women often do not do the self-promotion needed to really get ahead. They are less 
likely to apply for promotions, or to submit their papers to the highest level journals. And, they may simply tire of an 
environment where competition is the norm.

Any statement about what’s good or bad for women (or for any group) is necessarily too simplistic. Some women do 
thrive in our current culture. Generalizations about women are often based on cisgender individuals only. And women 
hold identities beyond their gender. Intersectionality theory teaches us that the problems are not just additive, they may 
be subtly or wholly different. We must work to include everyone in mathematics. I think most mathematicians believe that 
the potential to do great mathematics is not limited to people who look a certain way or fit a narrow profile. The next step 
is to recognize that it is the current culture of our discipline that is discouraging so many from realizing their potential. 

The call for transformational change has grown louder and I am hopeful about some current initiatives. The SEA 
change (Stem Equity Achievement) program of the American Association for the Advancement of Science (AAAS)5 en-
deavors to advance institutional transformation in support of diversity, equity, and inclusion in STEM disciplines. TPSE 
Math6 is leading the SEA change effort in the mathematical sciences and I am happy to be a part of the initial group that 
will produce a set of guidelines to help mathematics departments understand how their policies and practices relate to 
equity and inclusion and develop plans for change. The Association for Women in Mathematics was recently awarded 
an NSF grant which features several initiatives to improve the mathematics culture. These include the expansion of the 
successful “women in” research networks which have enabled women to create great mathematics together; workshops 
that bring an intersectional view of unconscious bias and unwelcome interaction to help mathematicians understand 
and drive change at their institutions; and professional development opportunities to help women move into leadership 
roles in our profession.

As we emerge from the crisis of a global pandemic there is an urgency for change. Women have experienced a dispro-
portionate number of job losses since the start of the pandemic. The Bureau of Labor Statistics figures for September 2020 
showed four times the number of women dropping out of the labor market as men. While that was perhaps the worst 
month, women have been harder hit overall. This is different than most previous economic downturns, where men lost 
more jobs than women. According to Econofact,7 “The fact that this recession is impacting men and women differently 
from past recessions could also have broader consequences for families and the trajectory of the economic recovery.” A 
report by the American Progress Institute entitled “How COVID-19 Sent Women’s Workforce Progress Backward,” states 
“The collapse of the child care sector and drastic reductions in school supervision hours as a result of COVID-19 could 

2https://www.washingtonpost.com/news/wonk/wp/2017/08/08/women-who-are-elite-mathematicians-are-less-likely-than-men-to 
-believe-theyre-elite-mathematicians/?noredirect=on&utm_term=.1c68c53bbfe9
3https://www.forbes.com/sites/womensmedia/2014/04/28/act-now-to-shrink-the-confidence-gap/#6558af915c41
4See for example “Gender and competition,” Niederle and Verterlund in Annu. Rev. Econ. 3 (2011), 601–630 (DOI 10.1146/annurev-economics 
-111809-125122).
5https://seachange.aaas.org
6https://www.tpsemath.org/projects
7https://econofact.org/impact-of-the-covid-19-crisis-on-womens-employment

https://seachange.aaas.org
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drive millions of mothers out of the paid workforce. Inaction could cost billions, undermine family economic security, 
and set gender equity back a generation.”8 Women in math and science have also been disproportionately affected. An 
article in Nature reports9 “female researchers, particularly those at early-career stages, are the hardest hit. Submissions to 
preprint servers, such as arXiv, rose more quickly for male authors than for female authors….” The Nature article continues 
with some initial suggestions for how to support and encourage women in research including alter evaluation criteria, 
set quotas, and destigmatize caregiving. The National Academies of Sciences, Engineering, and Medicine is undertaking a 
fast-track study focused on early indicators of the potential impact of the COVID-19 pandemic on the careers of women 
in academic science, engineering, and medicine. Some of their findings are already available on their website.10

The pandemic intensified challenges for all underrepresented groups in STEM. The title of another article in Nature 
sums it up: “It’s like we’re going back 30 years’: how the coronavirus is gutting diversity in science.” An article in the 
Chronicle of Higher Education11 predicts that “whatever form the university takes post-pandemic, it will be more white, 
more male, more straight, more monied, and less accessible to people with disabilities than it was before the pandemic.” 
Let mathematics defy this prophesy. Let us become a profession that is not just welcoming, but is supportive and truly 
values diversity. As we emerge from the pandemic it is a great time to examine our existing culture and practices. It is a 
time to embrace difference and embrace change.

8https://www.americanprogress.org/issues/women/reports/2020/10/30/492582/covid-19-sent-womens-workforce-progress-backward/
9“The career cost of COVID-19 to female researchers, and how science should respond,” https://www.nature.com/articles/d41586-020-02183-x
10https://www.nationalacademies.org/our-work/investigating-the-potential-impact-of-covid-19-on-the-careers-of-women-in 
-academic-science-engineering-and-medicine
11https://www.chronicle.com/article/the-university-were-losing

https://www.nationalacademies.org/our-work/investigating-the-potential-impact-of-covid-19-on-the-careers-of-women-in-academic-science-engineering-and-medicine
https://www.nationalacademies.org/our-work/investigating-the-potential-impact-of-covid-19-on-the-careers-of-women-in-academic-science-engineering-and-medicine


Applications Open for

AMS CONGRESSIONAL 
FELLOWSHIP 2022–2023

“In my fellowship year I gained 
fi rst-hand experience of Congress as well 

as new connections across the government 
through social activities, networking and 

professional development.  As a mid-career Fellow, 
I was able to apply expertise from many areas of my 

professional life to behind-the-scenes work supporting 
Senate politics and policy. I wish more people could 

experience how the government works, which 
doesn’t always resemble what you learn from 

the news.” 

—Rachel Levy, AMS Congressional 
Fellow 2020–2021

Learn more at the JMM 2022 
session on AMS DC-based 

Policy and Communications 
Opportunities to be held 
Friday, January 7, 2022 

at 4:30 pm.

Apply your mathematics knowledge toward solutions to 
societal problems.

The American Mathematical Society will sponsor a Congressional Fellow from 
September 2022 through August 2023.

The Fellow will spend the year working on the staff of either a member of 
Congress or a congressional committee, working in legislative and policy 
areas requiring scienti� c and technical input. 

The Fellow brings his/her/their technical background and external perspective 
to the decision-making process in Congress. Prospective Fellows must 
be cognizant of and demonstrate sensitivity toward political and social issues 
and have a strong interest in applying personal knowledge toward solutions 
to societal problems.

Now in its 17th year, the AMS Congressional Fellowship provides a unique 
public policy learning experience, and demonstrates the value of science–gov-
ernment interaction. The program includes an orientation on congressional 
and executive branch operations, and a year-long seminar series on issues 
involving science, technology, and public policy.

Applicants must have a PhD or an equivalent doctoral-level degree in the mathematical sciences by the application deadline (Feb-
ruary 1, 2022). Applicants must be U.S. citizens. Federal employees are not eligible.

The Fellowship stipend is US$93,013 for the Fellowship period, with additional allowances for relocation and professional travel, 
as well as a contribution toward health insurance.

Applicants must submit a statement expressing interest and quali� cations for the AMS Congressional Fellowship as well as a cur-
rent curriculum vitae. Candidates should have three letters of recommendation sent to the AMS by the February 1, 2022 deadline.  

For more information and to apply, please go to www.ams.org/ams-congressional-fellowship.

Deadline for receipt of applications:  February 1, 2022



A Hypermatrix Analog
of the General Linear Group

Edinah K. Gnang
Matrices are so ubiquitous and so deeply ingrained into
our mathematical lexicon that one naturally asks: “Are
there higher-dimensional analogs of matrices; more im-
portantly why bother with them at all?” In short, hyper-
matrices are higher-dimensional matrices. Hypermatrices
are important because they broaden the scope of matrix
concepts such as spectra and group actions. Hypermatrix
algebras also illuminate subtle aspects of matrix algebra.
In this article we describe an instance where the transition
from matrices to hypermatrices shines a light on subtle de-
tails of invariant theory and leads to new insights.

1. What are Hypermatrices?
Hypermatrices are multidimensional matrices. More for-
mally a hypermatrix 𝐇 is a function which maps a Carte-
sian product of finite subsets of consecutive integers to

Edinah K. Gnang is an assistant professor of applied mathematics and statistics
in the Whiting School of Engineering at Johns Hopkins University. His email
address is egnang1@jhu.edu.

Communicated by Notices Associate Editor Emilie Purvine.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2366

members of a field or a skew field 𝕂:

𝐇 ∶ {0, … , 𝑛0 − 1} ×⋯ × {0, … , 𝑛𝑚−1 − 1} → 𝕂.

Such a hypermatrix is of order𝑚 and of size 𝑛0×⋯×𝑛𝑚−1.
Investigations on hypermatrices were initiated during
the 19th century in Cayley’s work on hyperdeterminants
[Cay45]. To some extent, the history of hypermatrix in-
vestigations resembles the history of matrix investigations.
The study of matrix and hypermatrix invariants preceded
independent investigations of their algebras. The present
note focuses on an invariant theory perspective on the tran-
sition from matrices to hypermatrices. There are numer-
ous other approaches to generalize matrix results to hy-
permatrices. For instance, other approaches focus instead
on discriminants, determinants, resultants, and spectra.
[GKZ94,GF17,Qi05,DLDMV00,Tuc66,Lim05,Lim21]

2. Are Tensors Hypermatrices?
The distinction between tensors and hypermatrices closely
mirrors the distinction between abstract linear transfor-
mations and their matrix representations. Recall that
an abstract linear transformation specified over finite-
dimensional 𝕂-vector spaces has an orbit of possible ma-
trix representations. For instance if 𝐌 ∈ 𝕂𝑚×𝑛 represents
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an abstract linear transformation 𝑇 ∶ 𝑉 → 𝑊 with respect
to bases ℬ𝑉 = {𝐯0, … , 𝐯𝑛−1} and ℬ𝑊 = {𝐰0, … ,𝐰𝑚−1},
then 𝐗𝐌𝐘−1 ∈ 𝕂𝑚×𝑛 represents the same linear transfor-
mation 𝑇 with respect to new bases ℬ′

𝑉 = {𝐘𝐯0, … , 𝐘𝐯𝑛−1}
and ℬ′

𝑊 = {𝐗𝐰0, … , 𝐗𝐰𝑚−1} for arbitrary invertible matri-
ces 𝐗 and 𝐘. Recall that the matrix product of 𝐀 ∈ 𝕂𝑚×𝑛

with 𝐁 ∈ 𝕂𝑛×𝑝 satisfies the equality

(𝐗𝐀𝐘−1) (𝐘𝐁𝐙−1) = 𝐗 (𝐀𝐁)𝐙−1,
meaning that the matrix product is equivariant under the
action of the general linear group. In other words, the ma-
trix product is a well-defined operation on tensor products
of pairs of vector spaces 𝑆 ∈ 𝑈 ⊗ 𝑉∗ and 𝑇 ∈ 𝑉 ⊗ 𝑊 ∗

such that 𝑆𝑇 ∈ 𝑈 ⊗ 𝑊 ∗, where 𝑉∗ and 𝑊 ∗ denote dual
spaces to 𝑉 and 𝑊 , respectively. The First Fundamental
Theorem of Invariant Theory [Pro07, LY13] asserts that it
is impossible to specify a binary product whose operands
are taken from tensor products of triplets of vector spaces
𝑇1 ∈ 𝑈1 ⊗ 𝑉1 ⊗ 𝑊1 and 𝑇2 ∈ 𝑈2 ⊗ 𝑉2 ⊗ 𝑊2 and outputs
a member of a tensor product of a triplet of vector spaces.
Later we describe a ternary product whose operands are
taken from tensor products of triplets of vector spaces.

The tensorial orbit of an abstract linear transformation
represented by 𝐌 ∈ 𝕂𝑚×𝑛 (relative to arbitrarily chosen
bases) is the subset of all matrices of the same size which
account for all possible changes of bases and described by

{𝐀𝐌𝐁 ∶ 𝐀,𝐁 are respectively
𝑚×𝑚 and 𝑛 × 𝑛 invertible matrices over 𝕂 } .

For instance, the tensorial orbit of ( 1 1
0 1 ) whose entries are

taken from the finite field with two elements denoted 𝔽2
is

{( 1 1
0 1 ) , ( 1 1

1 0 ) , ( 1 0
1 1 ) ,

( 0 1
1 1 ) , ( 1 0

0 1 ) , ( 0 1
1 0 )} .

In particular, the tensorial orbit of a zero matrix is always a
singleton, whose unique member is the zero matrix itself.
Zero matrices are the only matrices whose tensorial orbits
are singletons. Members of the tensorial orbit of the 𝑛 × 𝑛
identity matrix are all the elements of the general linear
group over 𝕂 denoted GL𝑛 (𝕂). It is comprised of all 𝑛 × 𝑛
invertible matrices whose entries are taken from the field
or skew field 𝕂. When investigating abstract linear trans-
formations via their matrix representations, it is crucial to
distinguish matrix properties which depend on the choice
of coordinate system from properties which are indepen-
dent of this choice.

A property common to all members of a tensorial orbit
is called a tensorial invariant. Properties common to some
specified suborbit of the tensorial orbit are also called ten-
sorial invariants relative to the specified suborbit. For

instance, the size of the tensorial orbit (i.e., the cardinal-
ity) of an abstract linear transformation prescribed over a
finite field is a tensorial invariant. It is well known that
there are 𝑛 + 1 distinct tensorial orbits over ℂ𝑛×𝑛. Each or-
bit collects 𝑛 × 𝑛 matrices having the same rank. In partic-
ular over (𝔽𝑚)

𝑛×𝑛 (where 𝔽𝑚 denotes the finite field with
𝑚 elements), the largest orbit is GL𝑛 (𝔽𝑚) and its size is
∏0≤𝑘<𝑛 (𝑚𝑛 −𝑚𝑘). Two other well-known matrix tenso-
rial invariants include the rank and the nullity.

3. Hypermatrix Tensorial Invariant
Classical invariant theory is the study of properties of poly-
nomials which are unaffected by a linear change of vari-
ables. Such properties are not tied to any specific basis for
the dual space generating their coordinate ring [Olv99].
Classically, third-order hypermatrices admit tensorial or-
bits very similar to their matrix counterparts. Tensorial
orbits of third-order hypermatrices are also devised via a
change of basis. In other words, a member of the tensorial
orbit of𝐀 ∈ 𝕂𝑚×𝑛×𝑝 is obtained by applying three separate
invertible linear transformations to columns, rows, and
depth vectors of 𝐀, respectively. Each column, row, and
depth vector of 𝐀 lies in the three 𝕂-vector spaces 𝕂𝑚×1×1,
𝕂1×𝑛×1, and 𝕂1×1×𝑝, respectively. For instance, there are
eight distinct tensorial orbits over (𝔽2)

2×2×2 of sizes listed
in increasing order:

1, 12, 18, 18, 18, 27, 54, 108.

Incidentally, hypermatrix tensorial invariants like the ten-
sor rank are defined by analogy to their matrix counter-
parts. Technically, a tensor does not refer to any particu-
lar hypermatrix along its tensorial orbit but instead refers
to the orbit as a whole. Unfortunately, in the majority of
references which discuss applications of tensor decompo-
sitions, the word “tensor” is widely used to mean hyper-
matrix.

Around the early 1990s, D. M. Mesner and P. Bhat-
tacharya [MB90, MB94] generalized association schemes
to higher-order combinatorial structures. In the process,
they pioneered a ternary hypermatrix product operation
which generalizes the matrix product. The Bhattacharya–
Mesner product opened up a path to investigations of new
kinds of tensorial orbits defined over skew fields, which
we call non-classical tensorial orbits. The main motivation
for investigating non-classical tensorial orbits was to char-
acterize invariants of linear actions prescribed over skew
fields [GER11, GF17, GF20]. By contrast, the main moti-
vation for investigating classical tensorial orbits is to de-
termine invariants of linear actions prescribed over fields.
Recall that an ordered matrix pair is conformable if the
number of columns of the first matrix in the pair matches
the number of rows in the second matrix of the pair. In
other words, conformable pairs are matrix pairs for which
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the matrix product is meaningful in the specified order.
The Bhattacharya–Mesner product naturally generalizes
the matrix product to a ternary product operation defined
for a conformable triplet of third-order hypermatrices

𝐀 ∈ 𝕂𝑚×ℓ×𝑝, 𝐁 ∈ 𝕂𝑚×𝑛×ℓ, and 𝐂 ∈ 𝕂ℓ×𝑛×𝑝,
denoted Prod(𝐀, 𝐁, 𝐂) ∈ 𝕂𝑚×𝑛×𝑝 with entries given by

Prod(𝐀, 𝐁, 𝐂) [𝑖, 𝑗, 𝑘] = ∑
0≤𝑡<ℓ

𝐀 [𝑖, 𝑡, 𝑘] 𝐁 [𝑖, 𝑗, 𝑡] 𝐂 [𝑡, 𝑗, 𝑘]

for all
⎧
⎨
⎩

0 ≤ 𝑖 < 𝑚,
0 ≤ 𝑗 < 𝑛,
0 ≤ 𝑘 < 𝑝.

Accordingly, the transpose of𝐀 ∈ 𝕂𝑚×𝑛×𝑝 is denoted𝐀⊤ ∈
𝕂𝑛×𝑝×𝑚, and permutes the entries of 𝐀 by affecting a cyclic
permutation of indices,

𝐀⊤ [𝑖, 𝑗, 𝑘] = 𝐀 [𝑘, 𝑖, 𝑗] for all
⎧
⎨
⎩

0 ≤ 𝑖 < 𝑚,
0 ≤ 𝑗 < 𝑛,
0 ≤ 𝑘 < 𝑝.

For notational convenience we adopt the notation conven-
tion

𝐀⊤2 ∶= (𝐀⊤)⊤ , 𝐀⊤3 ∶= (𝐀⊤2)
⊤
= 𝐀.

When𝕂 is a field, the following transpose identity reminis-
cent of the matrix counterpart holds:

Prod(𝐀, 𝐁, 𝐂)⊤ = Prod(𝐁⊤, 𝐂⊤, 𝐀⊤).
When 𝑚 = 𝑛 = 𝑝 = 1, Prod(𝐀, 𝐁, 𝐂) corresponds to
a third-order analog of an inner product. Its operands
form a conformable triplet made of a row vector, a depth
vector, and a column vector. In the case where 𝑝 = 1,
Prod(𝐀, 𝐁, 𝐂) expresses the natural action of 𝐁 ∈ 𝕂𝑚×𝑛×ℓ

on a pair of matrix depth slices (also called frontal slices)
(𝐀, 𝐂) ∈ 𝕂𝑚×ℓ×1 × 𝕂ℓ×𝑛×1. More precisely, in this case
Prod(𝐀, 𝐁, 𝐂) yields a matrix whose (𝑖, 𝑗) entry is the 3-
way inner product of the 𝑖th row of 𝐀 (as a matrix), 𝑗th
column of 𝐂 (as a matrix), and the (𝑖, 𝑗) line of 𝐁 (a vec-
tor). Finally, when ℓ = 1, Prod(𝐀, 𝐁, 𝐂) corresponds to
a third-order analog of an outer product. Its operands
form a conformable triplet made of a column slice (i.e.,
an element of 𝕂𝑚×1×𝑝 ), a depth slice (i.e., an element
of 𝕂𝑚×𝑛×1), and a row slice (i.e., an element of 𝕂1×𝑛×𝑝

). The Bhattacharya–Mesner algebra is therefore a non-
associative algebra with a ternary composition rule. Note
that the Bhattacharya–Mesner outer product corresponds
to the trilinear form associated with the well-known ma-
trix multiplication tensor whose fundamental importance
was discovered by Strassen [Str69]. More precisely, recall
from Strassen’s investigations of the arithmetic complexity
of matrix multiplication over 𝔽2 [Str69] the trilinear form

∑
𝑖,𝑗,𝑘

𝐀 [𝑖, 𝑘] 𝐁 [𝑘, 𝑗] 𝐂 [𝑖, 𝑗] .

We see that the hypermatrix which underlies the said trilin-
ear form expresses an instance of the Bhattacharya–Mesner
outer product. Naturally, the Bhattacharya–Mesner rank
of 𝐀 ∈ 𝕂𝑚×𝑛×𝑝 is the smallest number of Bhattacharya–
Mesner outer-product summands which add up to 𝐀. Re-
call that every outer product is a Bhattacharya–Mesner
product instance where ℓ = 1. More importantly, the
Bhattacharya–Mesner rank of a third-order hypermatrix
gives a lower bound on the number of ordinary matrix
products required to simultaneously express its entries. In
short, the Bhattacharya–Mesner rank gives a lower bound
on the matrix multiplication complexity, a third-order hy-
permatrix. Hereafter unless otherwise specified, hyperma-
trix outer products will refer to the Bhattacharya–Mesner
outer product (i.e., a product instance where ℓ = 1).

In hindsight, the Bhattacharya–Mesner product com-
pactly describes general systems of linear equations over
skew fields such as the field of quaternions. For instance,
if we wanted to express a general linear system of 𝑝 equa-
tions with ℓ unknowns, for ℓ = 2 and 𝑝 = 3 we would
have

⎧⎪⎪
⎨
⎪⎪
⎩

𝑎000 𝑥000 𝑏000 + 𝑎010 𝑥001 𝑏100 = 𝑐000,

𝑎001 𝑥000 𝑏001 + 𝑎011 𝑥001 𝑏101 = 𝑐001,

𝑎002 𝑥000 𝑏002 + 𝑎012 𝑥001 𝑏102 = 𝑐002.

(1)

Hence we could do so with hypermatrices

𝐀 ∈ 𝕂1×2×3, 𝐁 ∈ 𝕂2×1×3, and 𝐜 ∈ 𝕂1×1×3,

via a single constraint in the entries of the 1×1×2 unknown
𝐱 as

Prod(𝐀, 𝐱, 𝐁) = 𝐜. (2)

When 𝕂 is a skew field the system described in (1) is not
expressible as a system of equations of either form

𝐌𝐱 = 𝐫 or 𝐱𝐌 = 𝐫,

where the matrix 𝐌 collects all coefficients occurring in
the system of equations. There are variants of the Gauss–
Jordan elimination procedure which enables us to solve
such general systems over skew fields [GF20,GR97,GR91,
GR92].

We explain here how non-classical invariants depart
from their classical counterparts. For this purpose, we
draw attention to the simplest non-trivial illustration.
Namely the determination of fundamental invariants of
quadratic binary forms. Classically, a quadratic binary
form is a homogeneous polynomial of degree 2 in com-
muting variables 𝑥0 and 𝑥1 of the form

𝑝 (𝑥0, 𝑥1) = 𝑎0𝑥20 + 𝑎1𝑥0𝑥1 + 𝑎2𝑥21,
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where 𝑎0, 𝑎1, 𝑎2 ∈ ℂ. Consider the natural action of ele-
ments of the special linear group

SL2 (ℂ) ∶= {( 𝑞00 𝑞01
𝑞10 𝑞11

) ∶ 𝑞00𝑞11 − 𝑞10𝑞01 = 1}

on the polynomial 𝑝 (𝑥0, 𝑥1) prescribed by the linear map

(
𝑥0

𝑥1
) ↦ (

𝑞00 𝑥0 + 𝑞01 𝑥1

𝑞10 𝑥0 + 𝑞11 𝑥1
) .

This action maps 𝑝 (𝑥0, 𝑥1) to the new polynomial

𝑏0𝑥20 + 𝑏1𝑥0𝑥1 + 𝑏2𝑥21,
where

⎧⎪⎪
⎨
⎪⎪
⎩

𝑏0 = 𝑎0𝑞200 + 𝑎1𝑞00𝑞10 + 𝑎2𝑞210,

𝑏1 = 2𝑎0𝑞00𝑞01 + 𝑎1𝑞01𝑞10 + 𝑎1𝑞00𝑞11 + 2𝑎2𝑞10𝑞11,

𝑏2 = 𝑎0𝑞201 + 𝑎1𝑞01𝑞11 + 𝑎2𝑞211.
It is well known and easy to see that

𝑎21 − 4𝑎0𝑎2 = 𝑏21 − 4𝑏0𝑏2
expresses an invariant of 𝑝 (𝑥0, 𝑥1) to the action of SL2 (ℂ).
Perhaps less obvious is the fact that this invariant is the
unique fundamental invariant of a quadratic binary form
[Olv99]. Meaning that it generates all other invariants of
𝑝 (𝑥0, 𝑥1) under the action of SL2 (ℂ), much in the same
way that the set of elementary symmetric polynomials in
𝑛 variables generates the ring of symmetric polynomials in
𝑛 variables.

In contrast with the classical setting, in non-classical set-
tings the simplest quadratic binary forms are polynomials
in non-commuting variables 𝑥0, 𝑥1 of the form

𝑃 (𝑥0, 𝑥1)
= 𝑎0𝑥0𝑏0𝑥0𝑐0 + 𝑎1𝑥0𝑏1𝑥1𝑐1 + 𝑎2𝑥1𝑏2𝑥0𝑐2 + 𝑎3𝑥1𝑏3𝑥1𝑐3,

where 𝑎𝑖, 𝑏𝑖, 𝑐𝑖 are members of a skew field. In the non-
classical setting, we seek invariants with respect to the gen-
eral linear action prescribed by the map

(
𝑥0

𝑥1
) ↦ (

𝑢000 𝑥0 𝑣000 + 𝑢010 𝑥1 𝑣100

𝑢001 𝑥0 𝑣001 + 𝑢011 𝑥1 𝑣101
) .

One recognizes at once from such amap the Bhattacharya–
Mesner product of a conformable triplet made up of hyper-
matrices of sizes 1× 2× 2, 1× 1× 2, and 2× 1× 2. The map
is compactly described as

𝐱 ↦ Prod(𝐔, 𝐱, 𝐕). (3)

Unfortunately, very little is known about invariants of
polynomials in non-commutative variables. As an initial
step in the study of non-classical invariants, we investigate

non-commutative invariants of linear forms. Such inves-
tigations suggest distinctive third-order analogues of gen-
eral linear groups. But first we briefly mention an alter-
native formulation of the eigenvalue/eigenvector problem
over skew fields suggested by (3). In this context, the eigen-
value/eigenvector problem is specified via a pair of matrix
slices

𝐀 ∈ 𝕂1×ℓ×𝑝 and 𝐁 ∈ 𝕂ℓ×1×𝑝,
by an equation of the form

Prod(𝐀, 𝐯, 𝐁) = 𝜆L 𝐯 𝜆R.
The vector 𝐯 of size 1×1×ℓ is the eigenvector, while scalars
from the skew fields 𝜆L and 𝜆R denote the left and right
eigenvalues, respectively.

4. Third-Order Analog of the
General Linear Group

We now describe a third-order analog of invertible matri-
ces. Recall that the general linear group over an arbitrary
field 𝕂 (possibly a skew field) is defined as follows:

GL𝑚 (𝕂) ∶= {
𝐀 ∈ 𝕂𝑚×𝑚 ∶ ∃ 𝐁 ∈ 𝕂𝑚×𝑚

subject to
𝐁𝐀𝐗 = 𝐗 for all 𝐗 ∈ 𝕂𝑚×𝑛

} . (4)

We preface our description of a third-order analog of
GL𝑚 (𝕂) by emphasizing that when 𝕂 is a skew field, gen-
eral linear maps such as the one described in (3) are spec-
ified via a pair of matrix slices

𝐀 ∈ 𝕂1×ℓ×𝑝 and 𝐁 ∈ 𝕂ℓ×1×𝑝

by a map of the form

𝐱 ↦ Prod(𝐀, 𝐱, 𝐁).
Since entries of 𝐀 exclusively left-multiply entries of 𝐱,
while entries of 𝐁 exclusively right-multiply entries of 𝐱,
one anticipates that the inverse map is also specified via
a similar pair of matrix slices. Bearing in mind this sub-
tle detail and taking into account the ternary nature of the
Bhattacharya–Mesner product, we define a third-order ana-
log of the general linear group by analogy to (4) as follows:

GL𝑚×𝑛×𝑝 (𝑚 × 𝑝 × 𝑝, 𝑝 × 𝑛 × 𝑝, 𝕂) ∶=

{
(𝐀, 𝐁) ∈ 𝕂𝑚×𝑝×𝑝 × 𝕂𝑝×𝑛×𝑝 ∶ ∃ (𝐂,𝐃)

∈ 𝕂𝑚×𝑝×𝑝 × 𝕂𝑝×𝑛×𝑝 subject to
Prod(𝐂,Prod(𝐀, 𝐗, 𝐁), 𝐃) = 𝐗 for all 𝐗 ∈ 𝕂𝑚×𝑛×𝑝

} .

(5)
In short, third-order analogues of GL𝑛 (𝕂) are defined in
terms of invertible hypermatrix pairs. Two pairs of hyper-
matrices are said to be hypermatrix inverse pairs (𝐀, 𝐁) ∈
𝕂𝑚×𝑝×𝑝 × 𝕂𝑝×𝑛×𝑝 and (𝐂,𝐃) ∈ 𝕂𝑚×𝑝×𝑝 × 𝕂𝑝×𝑛×𝑝 if

Prod(𝐂,Prod(𝐀, 𝐗, 𝐁), 𝐃) = 𝐗 for all 𝐗 ∈ 𝕂𝑚×𝑛×𝑝. (6)

A computer search reveals that there are 6666 distinct such
inverse pairs (𝐀, 𝐁) , (𝐂,𝐃) ∈ (𝔽2)

2×2×2 × (𝔽2)
2×2×2 subject

to (6). Whereas, conformability constraints in the matrix
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setting restrict invertibility to square matrices, conforma-
bility constraints for third-order hypermatrices afford us
more flexibility in the sizes of invertible pairs of hyperma-
trices as seen in (5). Note that over any field or skew field,
there are subsets of invertible pairs of hypermatrices which
form a group defined in terms of the Bhattacharya–Mesner
product. In other words, for members of such subsets, we
have

(𝐂,𝐃) , (𝐀, 𝐁) ∈ 𝕂𝑚×𝑝×𝑝 × 𝕂𝑝×𝑛×𝑝

and (𝐔,𝐕) ∈ 𝕂𝑚×𝑝×𝑝 × 𝕂𝑝×𝑛×𝑝.

We define a group composition law as follows:

(𝐂,𝐃) ∘ (𝐀, 𝐁) = (𝐔,𝐕) ⇔
Prod(𝐂,Prod(𝐀, 𝐗, 𝐁), 𝐃) = Prod(𝐔,𝐗, 𝐕)

for all 𝐗 ∈ 𝕂𝑚×𝑛×𝑝.

The pair (𝐔,𝐕) is always uniquely determined by the pairs
(𝐀, 𝐁) and (𝐂,𝐃). The simplest illustration of such a group
is given by a third-order analog of the group of invert-
ible diagonal matrices, called scaling hypermatrices. A pair
(𝐀, 𝐁) ∈ 𝕂𝑚×𝑝×𝑝 × 𝕂𝑝×𝑛×𝑝 is an invertible pair of scaling
hypermatrices if their entries are such that

𝐀 [𝑖, 𝑡, 𝑘] = {𝛼𝑖𝑡 ∈ 𝕂\ {0} if 0 ≤ 𝑡 = 𝑘 < 𝑝,
0 otherwise

for all
⎧
⎨
⎩

0 ≤ 𝑖 < 𝑚,
0 ≤ 𝑡 < 𝑝,
0 ≤ 𝑘 < 𝑝,

𝐁 [𝑡, 𝑗, 𝑘] = {𝛽𝑡𝑗 ∈ 𝕂\ {0} if 0 ≤ 𝑡 = 𝑘 < 𝑝,
0 otherwise

for all
⎧
⎨
⎩

0 ≤ 𝑡 < 𝑝,
0 ≤ 𝑗 < 𝑛,
0 ≤ 𝑘 < 𝑝.

If (𝐀, 𝐁) ∈ 𝕂𝑚×𝑝×𝑝 × 𝕂𝑝×𝑛×𝑝 is a scaling hypermatrix pair,
then

∀𝐗 ∈ 𝕂𝑚×𝑛×𝑝, Prod(𝐀, 𝐗, 𝐁) [𝑖, 𝑗, 𝑘] = 𝛼𝑖𝑘 𝐗 [𝑖, 𝑗, 𝑘] 𝛽𝑘𝑗

for all
⎧
⎨
⎩

0 ≤ 𝑖 < 𝑚,
0 ≤ 𝑗 < 𝑛,
0 ≤ 𝑘 < 𝑝.

The entry constraints for the pair (𝐀, 𝐁) ∈ 𝕂𝑚×𝑝×𝑝×𝕂𝑝×𝑛×𝑝

described above are similar to requiring in the matrix case
that all diagonal entries be the only non-vanishing en-
tries. Let (𝐂,𝐃) ∈ 𝕂𝑚×𝑝×𝑝 × 𝕂𝑝×𝑛×𝑝 denote the inverse
pair of some given pair of scaling hypermatrices (𝐀, 𝐁) ∈
𝕂𝑚×𝑝×𝑝×𝕂𝑝×𝑛×𝑝. Then the entries of (𝐂,𝐃) are obtained by
simply inverting all non-zero entries of (𝐀, 𝐁) respectively

as follows:

𝐂 [𝑖, 𝑡, 𝑘] = {𝛼
−1
𝑖𝑡 if 0 ≤ 𝑡 = 𝑘 < 𝑝,
0 otherwise

for all
⎧
⎨
⎩

0 ≤ 𝑖 < 𝑚,
0 ≤ 𝑡 < 𝑝,
0 ≤ 𝑘 < 𝑝,

𝐃 [𝑡, 𝑗, 𝑘] = {𝛽
−1
𝑡𝑗 if 0 ≤ 𝑡 = 𝑘 < 𝑝,
0 otherwise

for all
⎧
⎨
⎩

0 ≤ 𝑡 < 𝑝,
0 ≤ 𝑗 < 𝑛,
0 ≤ 𝑘 < 𝑝.

More generally,

∀ (𝐔,𝐕) ∈ GL𝑚×𝑛×𝑝 (𝑚 × 𝑝 × 𝑝, 𝑝 × 𝑛 × 𝑝, 𝕂)
Prod(𝐔,𝐇,𝐕) expresses the hypermatrix action of (𝐔,𝐕)
onto 𝐇, and the inverse of (𝐔,𝐕) simply undoes this ac-
tion. Moreover, such actions are akin to a change of ba-
sis of sort. Since the Bhattacharya–Mesner product is non-
associative (in reference here to ternary composition trees
of products), there are six distinct non-classical tensorial
orbits for a given 𝐇 ∈ 𝕂𝑚×𝑛×𝑝. One of which is given by

⎧⎪
⎨⎪
⎩

Prod(𝐐⊤2 , 𝐏⊤2 ,Prod(Prod(𝐔,𝐇,𝐕), 𝐅⊤, 𝐄⊤))
such that

(𝐔,𝐕) , (𝐄, 𝐅) , (𝐏,𝐐)
∈ GL𝑚×𝑛×𝑝 (𝑚 × 𝑝 × 𝑝, 𝑝 × 𝑛 × 𝑝, 𝕂)

⎫⎪
⎬⎪
⎭

.

A hypermatrix property shared by all members of a non-
classical tensorial orbit is called a non-classical tensorial in-
variant. A simple illustration of a non-classical tensorial
invariant is the orbit size over a finite field. For instance,
over (𝔽2)

2×2×2, every non-zero hypermatrix lies within the
same non-classical tensorial orbit of size (28 − 1).

5. Third-Order Analog of the Fundamental
Theorem of Linear Algebra

The conventional tensor rank (classically defined as the
smallest number of vector outer-product summands re-
quired to add up to a given hypermatrix) is a well-known
classical invariant. Unfortunately, relative to this notion of
rank, the Fundamental Theorem of Linear Algebra (FTLA)
(also known as the rank-nullity theorem) is known not
to hold for hypermatrices of order greater than 2 [Lan17].
The Bhattacharya–Mesner rank [GF20] is a non-classical
invariant to the action of invertible hypermatrix pairs. In
many respects, the Bhattacharya–Mesner rank is similar to
the matrix rank. For instance, for all 𝐀 ∈ 𝕂𝑚×𝑛×𝑝

(Bhattacharya–Mesner rank of 𝐀) ≤ min (𝑚, 𝑛, 𝑝) .
The Bhattacharya–Mesner rank also yields a generaliza-
tion of FTLA. We recall from [GF20] that the nullity of
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𝐀 ∈ ℂ𝑚×𝑛×𝑝 is defined to be the maximum number of
all zero frontal slices (i.e., a frontal slice consisting solely
of zero entries) appearing in Prod(𝐔,𝐀,𝐕), where

(𝐔,𝐕) ∈ GL𝑚×𝑛×𝑝 (𝑚 × 𝑝 × 𝑝, 𝑝 × 𝑛 × 𝑛, 𝕂) .
This definition is a third-order analog of the matrix nullity
of 𝐌 ∈ 𝕂𝑛×𝑛 defined as the maximum number of zero
columns appearing in 𝐌𝐐, where 𝐐 ∈ GL𝑛 (𝕂). Inciden-
tally, the third-order analog of the FTLA [GF20] relates the
nullity to the Bhattacharya–Mesner rank.

Theorem. Given any 𝐀 ∈ ℂ𝑚×𝑛×𝑝, where 𝑝 = min(𝑚, 𝑛, 𝑝),
then 𝐀 has nullity (𝑝 − 𝑟) if and only if the Bhattacharya–
Mesner rank of 𝐀 is 𝑟 ≤ 𝑝.

The Bhattacharya–Mesner rank also suggests a general-
ization of the notion of linear independence. Fortunately,
this generalization is easily described using ordinarymatri-
ces. A matrix subset {𝐌𝑡 ∶ 0 ≤ 𝑡 < 𝑝} is left-right diagonally
dependent if we can solve for diagonal matrix sets

{𝐃𝑡 ∶ 0 ≤ 𝑡 ≠ 𝜏 < 𝑝} ⊂ 𝕂𝑚×𝑚

and {𝐃′
𝑡 ∶ 0 ≤ 𝑡 ≠ 𝜏 < 𝑝} ⊂ 𝕂𝑛×𝑛

such that
𝐌𝜏 = ∑

0≤𝑡≠𝜏<𝑝
𝐃𝑡𝐌𝑡𝐃′

𝑡. (7)

Over any field, if each diagonal matrix in the sets
{𝐃𝑡 ∶ 0 ≤ 𝑡 < 𝑝} and {𝐃′

𝑡 ∶ 0 ≤ 𝑡 < 𝑝} is of the form

𝐃𝑡 = 𝛼𝑡𝐈𝑚 and 𝐃′
𝑡 = 𝛽𝑡𝐈𝑛, where 𝛼𝑡, 𝛽𝑡 ∈ 𝕂

∀ 𝑡 ∈ {0, 1, … , 𝑝 − 1} ,
then the condition described by (7) is equivalent to the
usual notion of linear dependence. The condition de-
scribed by (7) reduces to the usual notion of linear depen-
dence when each matrix in the set {𝐌𝑡 ∶ 0 ≤ 𝑡 < 𝑝} has at
most one non-zero entry. In the latter setting the sharp
upper bound on the maximum number of left-right diag-
onally independent matrices is 𝑚 ⋅ 𝑛. Alternatively, when
every column of each matrix in the set {𝐌𝑡 ∶ 0 ≤ 𝑡 < 𝑝} is
non-zero, the trivial upper bound on the maximum num-
ber of left-right diagonally independent matrices reduces
to min(𝑚, 𝑛) by dimension arguments applied to the col-
umn spaces of the matrices. More generally, for an arbi-
trary matrix subset {𝐌𝑡 ∶ 0 ≤ 𝑡 < 𝑝}, the maximum num-
ber of diagonally independent matrices when 𝑛 = 𝑚 = 2
is equal to 2. Surprisingly, when 𝑚 = 𝑛 > 2, the max-
imum number of left-right diagonally independent ma-
trices is equal to (𝑛 − 1) [GF20] which is less than the
min(𝑚, 𝑛) upper bound. Moreover, a third-order hyper-
matrix 𝐀 ∈ ℂ𝑚×𝑛×𝑝 (where 𝑟 ≤ 𝑝 = min(𝑚, 𝑛, 𝑝)) is full
rank if and only if its matrix frontal slices are left-right di-
agonally independent [GF20]. Over skew fields, determin-
ing themaximumnumber of left-right diagonally indepen-
dent matrices is an important open problem because it is a

crucial first step towards the characterization of invariants
of polynomials of degree 1 in non-commutative variables.

6. Concluding Remarks
We have tried to make the case that hypermatrices of-
fer a natural extension to the general linear group. The
Bhattacharya–Mesner ternary algebra is close enough to
the algebra ofmatrices to offer amagnifying glass for inves-
tigating subtle details of invariant theory. In particular, the
Bhattacharya–Mesner algebra suggests a natural and fruit-
ful generalization of the Fundamental Theorem of Linear
Algebra [GF20] as well as a generalization of the Spectral
Theorem [GF17, GER11]. Subsequent insights stemming
from a deeper understanding of hypermatrix algebras are
likely to suggest new techniques in invariant theory and
closely related fields, such as harmonic analysis and com-
binatorics.
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Moduli Spaces of Curves:
Classical and Tropical

Melody Chan
In this article, I’ll try to do two things. First, I’ll give
an informal and elementary introduction to the idea of
a moduli space, and then to moduli spaces of Riemann
surfaces and their Deligne-Mumford-Knudsen compactifi-
cations. There is nothing new in this first section of the
article, but I hope some people will enjoy it anyway.

Second, I’ll discuss some tropical geometry, assuming
no prior knowledge of the subject, and build up to some
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recent results on moduli spaces that were obtained us-
ing tropical techniques. We’ll encounter tropical curves,
weight filtrations, graph complexes, and more on the way.
Those who know the usual story of moduli spaces can start
at page 1706 for the second part of the article. The discus-
sion of new results begins on page 1710.

In case you are interested, I put some exercises, ranging
from elementary to not so elementary, at the end of the
article.

What is a Moduli Space?
Amoduli space is a parameter space—usually, a parameter
space for classes of geometric objects of interest. Think of
a moduli space like a mail-order catalog. Pointing to the
catalog conjures up a geometric object, off in a warehouse
somewhere.
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Figure 1. The (𝑚, 𝑏)-plane of nonvertical lines in ℝ2.

Furthermore, the catalog should be nicely organized.
Nearby points of the catalog specify “nearby” geometric
objects. Instead of a precise definition, let’s start with a
toy example to get some intuition. We ask:

(1) What is a moduli space of lines in ℝ2?

Actually, let’s back up even further, and start with a warm-
up question:

(0) What is a moduli space of nonvertical lines in
ℝ2?

An answer to question (0) is provided by the usual “𝑦 =
𝑚𝑥+𝑏” from high school—or “𝑦 = 𝑚𝑥+𝑐” if you’re from
theUK, or probably yet other conventions. A separate copy
of ℝ2, with coordinates called 𝑚 and 𝑏, will do to answer
question (0). In other words, by associating a point (𝑚, 𝑏)
with the line

{(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑦 = 𝑚𝑥 + 𝑏},
we regard this (𝑚, 𝑏)-plane as a “mail-order catalog” for
nonvertical lines. Look at Figure 1.

Next, how about question (1): how can we “glue in” a
space that parametrizes all vertical lines in the plane?

Elementary projective geometry provides an answer. Re-
gard the original ℝ2 as sitting at height 𝑧 = 1 inside ℝ3.
Then a line inℝ2 sweeps out a plane inℝ3 through 𝟎. Con-
versely, any plane inℝ3 through 𝟎, except for the plane 𝑧 = 0,
uniquely determines a line in ℝ2.

Next, the space of planes inℝ3 through 𝟎may be identi-
fied with the space of lines in (a dual copy of) ℝ3 through
𝟎, by associating to a plane 𝑎𝑥+𝑏𝑦+𝑐𝑧 = 0 the line through
(𝑎, 𝑏, 𝑐) and 𝟎.

Finally, the space of lines in ℝ3 through 𝟎 is exactly the
real projective plane ℝℙ2, obtained as 𝑆2/∼, where ∼ is an-
tipodal identification on the 2-sphere. One way to picture
ℝℙ2 is as a closed Northern hemisphere of the unit sphere
in ℝ3, with each antipodal pair of equatorial points iden-
tified. Just picture a line through 𝟎 in ℝ3 piercing the unit
sphere 𝑥2+𝑦2+𝑧2 = 1: it does so in two antipodal points.
Either exactly one of the two is in the open Northern hemi-
sphere, or both of them are equatorial.

Working backwards, we conclude that the moduli space
of lines in ℝ2 is ℝℙ2 minus a point—which is an (open)
Möbius strip. The (𝑚, 𝑏)-plane of nonvertical lines inside
it is then obtained by deleting a “line’s worth of lines,” cut-
ting the Möbius strip.

Onwards to a second toy example:

(2) What is a moduli space of triangles, i.e., for
isomorphism classes of Euclidean triangles?

Here we mean the familiar notion of triangles in the Eu-
clidean plane, with isomorphisms being isometries. This
is an excellent example to soak up at this point, as was
apparently suggested by M. Artin. It is an opportunity to
probe what we really mean by a moduli space, and shows
some of the limitations of moduli spaces and the necessity
of moduli stacks in certain situations. Here, the added sub-
tlety is that triangles can have automorphisms, unlike our
example above of lines together with embedding inℝ2, which
don’t.

I haven’t given myself enough space here to take up
moduli of triangles very much, but there is a really nice
article by K. Behrend [Beh14] introducing algebraic stacks
through this lens, and which is written to be accessible, at
least in part, to undergraduates. I’ll follow that article in
this section.

What do we really mean by a moduli space of triangles? The
most desirable situation would be to have a topological
space ℳ which is a moduli space of triangles in the fol-
lowing strong sense. Not only do

the points of ℳ correspond bijectively to isomor-
phism classes of triangles,

but also, for an arbitrary topological space 𝑆,
families of triangles over 𝑆, up to isomorphism,
should correspond bijectively to continuousmaps
𝑆 → ℳ,

where the bijection is required to take a family of triangles
over 𝑆 to the natural continuous map 𝑆 → ℳ sending 𝑠 ∈
𝑆 to the point of ℳ corresponding to the triangle over 𝑠.

Here, one has to have a robust notion of what a family
of triangles over 𝑆 is, and what an isomorphism between
two such is. You are invited to come up with your own pre-
cise definition of a family of triangles over 𝑆! Intuitively,
it should be a triangle sitting above each point of 𝑆, with
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Figure 2. There are six isomorphism classes of families of
(equilateral, side-length-1) triangles over a circle.

a coherent notion of how edge lengths vary continuously
as one walks around 𝑆.

No suchℳ can exist! Suppose instead it did exist. Look
at the family of triangles, over a line segment, drawn in
Figure 2. (Let’s just say all the triangles involved are equi-
lateral of equal side length 1.) No contradiction so far…
but now imagine all the ways of gluing the family over the
endpoints of the segment to produce a family of triangles
over 𝑆1. There are six ways to do this, corresponding to
the 3! bijections {𝑎, 𝑏, 𝑐} → {𝑎′, 𝑏′, 𝑐′}. Yet all six families of
triangles over 𝑆1 yield the same constant map 𝑆1 →ℳ.

At this point, rather than throwing up our hands and
giving up, there are two ways to proceed. Option 1: work
with the coarse moduli space, which is a space that, in a way
that can be made precise, comes closest among all spaces
to satisfying our two desired conditions. Option 2: pass to
an appropriate category of stacks, living with, and eventu-
ally embracing, the fact that one is no longer working with
an actual space.

A word on Option 2: a stack is a category ℳ together
with a functor from ℳ to the category 𝖳𝗈𝗉 of topologi-
cal spaces—or to 𝖲𝖼𝗁𝖾𝗆𝖾𝗌 or whatever kind of geometry
you’re interested in—satisfying some precise extra condi-
tionswewon’t get into. (One of them is called being fibered
in groupoids.)

For example, continuing to work over 𝖳𝗈𝗉, just as an ex-
ample, there is a category ℳ whose objects are families of
triangles 𝑇 → 𝑆, whose morphisms are pullback squares,
and whose functor to 𝖳𝗈𝗉 sends 𝑇 → 𝑆 to 𝑆.

This truly enlarges the category 𝖳𝗈𝗉 in the following
sense: given a fixed topological space 𝑀, one can soup it
up into a category (fibered in groupoids) over 𝖳𝗈𝗉. The
objects of the category are continuous maps 𝑆 → 𝑀, and
themorphisms are commuting triangles 𝑆′ → 𝑆 → 𝑀. The
functor to 𝖳𝗈𝗉 sends 𝑆 → 𝑀 to 𝑆.

This discussion is painfully brief, but I mention it in
case it is helpful. It used to bug me to no end to hear
people in graduate school say confidently, and cryptically,
“Okay, so this isn’t really a space, but let’s just pretend it is
a space” and I was like, “Pretend what is a space?” What is
it? Well, it’s a certain category, which generalizes the notion
of topological space, or scheme, or whatever, essentially by
a Yoneda embedding.

In any case, we shall be primarily interested in this arti-
cle inmoduli spaces, and their rational cohomology in par-
ticular, that are Deligne-Mumford stacks—very roughly, lo-
cally admitting a scheme covering space. In this situation,
the rational cohomology of the Deligne-Mumford stack
coincides with that of the coarse moduli space. So, hav-
ing made my excuses, I will now do the thing that bugged
me in graduate school, which is to refer to the coarse mod-
uli spaces and the stacks interchangeably and ambiguously
whenever it suits us to do so.

Again, I refer enthusiastically to [Beh14] for further
reading, as well as to Fantechi’s short article [Fan01].
Why moduli spaces? Many spaces of classical interest in
algebraic geometry may naturally be regarded as moduli
spaces: Grassmannians and flag varieties, Hilbert schemes,
moduli spaces of vector bundles, moduli spaces of abelian
varieties…Moduli spaces are interesting! Things thatmight
be simple when studied individually, such as a line in ℝ2,
are richer when studied in continuous families. (See Exer-
cise 1.)

In fact, sometimes one is forced to study families even
if one is solely interested only in the behavior of single
objects: the geometry of the moduli space itself can tell you
about the individual objects being parametrized.

Moduli spaces are also a natural setting in which inter-
section theory is useful. This is one of the reasons that
compact moduli spaces are paramount. Otherwise, inter-
sections can “escape to infinity.” Therefore, if our moduli
space is not compact, then we seek a compactification, ide-
ally a modular compactification. By this we mean an embed-
ding of the original space into a compact space which is it-
self a moduli space, for some geometrically natural class of
objects that enlarges the original. For example, ℝℙ2 com-
pactifies the moduli space of lines in ℝ2 by adding a single
point: the “line at infinity.” Technically, of course, every
space is tautologically a moduli space—for its own (func-
tor of) points.
What’s in this article. We will now put lines and trian-
gles aside, and turn to the main characters of this arti-
cle: the moduli spaces ℳ𝑔 and ℳ𝑔,𝑛 of Riemann sur-
faces, and their Deligne-Mumford-Knudsen compactifica-
tionsℳ𝑔 andℳ𝑔,𝑛. I will describe these spaces, as well as
some recent work, joint with S. Galatius and S. Payne. In
doing so, I shall attempt to illustrate another reason that
compactifications are useful: suitable compactifications can
provide insight into the topology of the space being compacti-
fied. The chain of reasoning we shall illustrate has many
main characters: Riemann surfaces and their moduli, trop-
ical curves and theirmoduli, dual complexes, mixedHodge
structures, graph complexes… These will all be introduced
in turn.

To close this section, let me also recommend D. Ben-
Zvi’s 2008 survey on moduli spaces [BZ08], which I
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discovered after drafting this article. That article takes a
very similar expository at the outset, including a similar
warm-up example of ℝℙ1. But it also discusses a range of
interesting but still accessible examples of moduli spaces.

Riemann Surfaces
The first main character of this article is the moduli space
ℳ𝑔,𝑛 of 𝑛-marked Riemann surfaces of genus 𝑔.

A Riemann surface is a compact, connected com-
plex manifold of complex dimension 1.

(In this article, we build “compact” and “connected” into
the definition of Riemann surface.) An 𝑛-marking of a Rie-
mann surface is simply a choice of an ordered 𝑛-tuple of
distinct points on it.

The most basic invariant of a Riemann surface is its
genus. That is, a Riemann surface is a compact, con-
nected oriented 2-manifold; the orientation comes from
its complex structure. Therefore it is homeomorphic to a
“𝑔-handled torus”—that is, the connect sum of 𝑔 tori—for
some integer 𝑔 ≥ 0. This number 𝑔 is its genus.

Here are just a few examples. First, we assert that there
is, up to isomorphism, just one Riemann surface of genus
0: the Riemann sphere, also known as the (complex) pro-
jective line ℙ1. Note that ℙ1 itself has a natural description
as a moduli space: it is the space of lines in ℂ2 through the
origin. (See Exercise 2.)

How about Riemann surfaces of genus 1? One may ob-
tain examples of the form ℂ/Λ, where Λ is a lattice—that
is, Λ is a discrete, finitely generated additive subgroup of
ℂ of rank 2. So ℂ/Λ is homeomorphic to a parallelogram
that has its two pairs of opposite sides glued appropriately.
Thus ℂ/Λ is a topological torus, of genus 1, with its com-
plex structure inherited from that on ℂ itself. Moreover,
these are all possible examples in genus 1: a Riemann sur-
face of genus 1 is, after choice of a basepoint, identified
isomorphically with its Jacobian variety via the Abel-Jacobi
map. So after choosing the basepoint, it is an abelian vari-
ety of dimension 1, and hence of the form ℂ/Λ.

How about Riemann surfaces of arbitrary genera? At
least in principle, one way to access them all is to exhibit
them as branched covers of ℙ1. Indeed, this approach plays
a prominent role historically. More specifically, suppose
you fix the following data arbitrarily:

• a number 𝑑 ≥ 1,
• distinct points 𝑝1, … , 𝑝𝑏 on ℙ1, and
• permutations 𝜎1, … , 𝜎𝑏 ∈ 𝑆𝑑 such that

⟨𝜎1, … , 𝜎𝑏⟩ is transitive and 𝜎1 ⋅ ⋯ ⋅ 𝜎𝑏 = id.
Now pick a basepoint on your ℙ1 distinct from the 𝑝𝑖’s,
together with based loops 𝛾𝑖 around the points 𝑝𝑖 whose
concatenation 𝛾1 ⋅ ⋯ ⋅ 𝛾𝑏 is topologically trivial. Then the
Riemann existence theorem implies that there is a unique
Riemann surface with a degree 𝑑 branched cover to ℙ1,

branched at the 𝑝𝑖 with monodromy around 𝛾𝑖 as speci-
fied by the permutations 𝜎𝑖.

The case 𝑑 = 2 is already nice to consider. Given an
even number, say 2𝑔+2, of points on ℙ1, there is a unique
branched cover of ℙ1 of degree 2, branched exactly over
these points: here each 𝜎𝑖 = (12) ∈ 𝑆2 for each 𝑖. A
Riemann surface obtained in this way is called hyperellip-
tic, and an Euler characteristic check—more precisely, the
Riemann-Hurwitz formula—shows that it has genus 𝑔.

We have now seen the definition of a Riemann surface.
However, an algebraic geometer might offer the following
definition instead:

A Riemann surface is a smooth, projective, con-
nected algebraic curve over ℂ.

Here, we have to live with an unfortunate terminology
clash: algebraic geometers call them curves, since they
have dimension 1 over ℂ; but topologically they are sur-
faces, of dimension 2 over ℝ. Sorry about that! I will tend
to stick to the terminology of curves as we go further.

The equivalence of the two definitions of Riemann sur-
face offered in this section—algebraic vs. analytic—is not
at all obvious. The proof relies on finding enough noncon-
stant meromorphic functions on a Riemann surface, via
the Riemann-Roch theorem.

There is much more to say about Riemann surfaces, but
I will forge ahead to a discussion of their moduli spaces.

The Moduli Spaces ℳ𝑔,𝑛
Fix numbers 𝑔, 𝑛 ≥ 0 with 2𝑔 − 2 + 𝑛 > 0. We now give a
rough definition:

ℳ𝑔,𝑛 denotes the moduli space of genus 𝑔, 𝑛-
marked Riemann surfaces.

We write ℳ𝑔 = ℳ𝑔,0. This definition is really a theo-
rem, which says that there exists a complex variety—more
precisely, a Deligne-Mumford stack—that can rightly be
called a moduli space, as discussed in the introduction.
First and foremost is the fact that the complex points ofℳ𝑔,𝑛
correspond to isomorphism classes of genus 𝑔, 𝑛-marked Rie-
mann surfaces. For a detailed history of the construction of
ℳ𝑔, you can see the interesting survey [Ji15].

Example (ℳ0,3). Let us begin with some examples, start-
ing with ℳ0,3. First, we have asserted that every Riemann
surface of genus 0 is isomorphic to ℙ1. Furthermore, Ex-
ercise 2, which appears at the end of the article, implies
that for any genus 0 Riemann surface 𝑋 and distinct points
𝑝1, 𝑝2, and 𝑝3 on 𝑋 , there is a unique isomorphism 𝑋 →
ℙ1 taking 𝑝1, 𝑝2, 𝑝3 to any fixed ordered triple of distinct
points of ℙ1. In other words, ℳ0,3 is a single point. And
the uniqueness mentioned above implies that ℳ0,3 really
is a point as a stack, with no automorphisms in its stack
structure.
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By the way, the discussion above hints at why we started
with 𝑛 = 3 when 𝑔 = 0, and more generally why we re-
quired 2𝑔 − 2 + 𝑛 > 0. Namely, this numerical condition
ensures that an 𝑛-marked Riemann surface of genus 𝑔 has
finitely many automorphisms. That finiteness condition
is necessary for the requirement that Deligne-Mumford
stacks admit what I roughly called a “scheme covering
space”: an étale, surjective morphism from a scheme.

Example (ℳ0,4). Next: what are the points of ℳ0,4? We
are really asking: what are all configurations of four dis-
tinct points 𝑝1, 𝑝2, 𝑝3, 𝑝4 on the projective line ℙ1, up to
isomorphism? This is a very good example to understand
completely.

Let us say the same answer in two ways. First, by Exer-
cise 2, we may assume that (𝑝1, 𝑝2, 𝑝3) = (0, 1,∞). Then
𝑝4 may vary freely. Thus ℳ0,4 is isomorphic to

ℙ1 − {0, 1,∞}.
Here is another way of saying the same thing. There

is a classical algebraic invariant of ordered quadruples of
points on ℙ1 called the cross ratio, which, by rewriting the
points of ℙ1 for short as 𝑎 = (𝑎 ∶ 1) and ∞ = (1 ∶ 0), is
expressed

cr(𝑎, 𝑏, 𝑐, 𝑑) = (𝑎 − 𝑑)(𝑏 − 𝑐)
(𝑎 − 𝑏)(𝑑 − 𝑐) .

The formula above should be interpreted as the appropri-
ate limit if one of 𝑎, 𝑏, 𝑐, 𝑑 is ∞. There are varying conven-
tions for the exact expression; I chose one which has the
property that

cr(0, 1,∞, 𝑑) = 𝑑.
Moreover, the cross ratio is a coordinate forℳ0,4, as you may
show in Exercise 3. The general case ofℳ0,𝑛 is in a similar
vein; see Exercise 4.

Example (ℳ1,1). What about a moduli space of elliptic
curves? When do two lattices Λ and Λ′ produce isomor-
phic Riemann surfaces ℂ/Λ ≅ ℂ/Λ′ of genus 1?

It is necessary and sufficient that there is a biholomor-
phism, i.e., complex-linear map, of ℂ to itself taking Λ to
Λ′. Using such a biholomorphism we may first assume
that Λ = ⟨1, 𝜏⟩ and Λ′ = ⟨1, 𝜏′⟩ for 𝜏, 𝜏′ in the complex
upper half-plane. Then a computation, which I omit but
can be found in standard sources, shows that ℂ/Λ ≅ ℂ/Λ′
if and only if 𝜏 and 𝜏′ are in the same SL2(ℤ)-orbit. Here,
SL2(ℤ) acts on the upper half-plane by Möbius transforma-
tions.

Soℳ1,1 is a quotient of the upper half-plane by SL2(ℤ).
(There is an oft-drawn picture of a fundamental domain
of this quotient; see, e.g., [Har77, Figure 16].) But al-
gebraically, a coarse moduli space for ℳ1,1 is given by
an affine line, parametrizing the 𝑗-invariant of the ellip-
tic curve. The precise relationship between these two de-
scriptions is not at all obvious. In particular, it is not

elementary, and is quite beautiful, to describe how 𝑗 may
be calculated from 𝜏. But this is beyond the scope of this
article.

Example (ℳ2). Just one more example. It is a standard
fact that every genus 2 Riemann surface is hyperelliptic, a
property that we previously discussed. Such curves admit
a unique degree 2 morphism to ℙ1 ramified at 2𝑔 + 2 = 6
points, called Weierstrass points. Thus ℳ2, at least as a vari-
ety, is a quotientℳ0,6/𝑆6: the moduli space of six distinct,
unlabelled, points on ℙ1.

Okay—these pleasant explicit descriptions ofℳ𝑔,𝑛 can’t
go on forever. For one thing, for larger 𝑔,ℳ𝑔,𝑛 is not even a
rational variety; for even larger 𝑔, it is not even unirational.
So, eventually, no nice descriptions (as rational varieties)
like what we have seen can possibly exist!

A Brief, Biased Survey of the Cohomology ofℳ𝑔
The spaceℳ𝑔 was already known to Riemann, who coined
the term “moduli” in his 1857 paper. The construction of
ℳ𝑔, as a stack over ℤ having the appropriate moduli func-
tor, was obtained a century later, thanks to Deligne and
Mumford. Yet the topology of moduli spaces of curves re-
mains largely a mystery, despite the fact thatℳ𝑔 is so well-
studied, and inhabits several different flavors of geometry,
topology, and physics.

In this article, we shall not focus on the constructions
of ℳ𝑔 and ℳ𝑔,𝑛—one can’t do everything! Very briefly,
though, there are a few ways of going about it. One of
them is constructing it as a quotient of a Hilbert scheme.
Basically, one finds all genus 𝑔 curves as embedded in a
projective space ℙ𝑁 by a suitable power of the canonical
bundle. All such embedded curves have the same Hilbert
polynomial; then ℳ𝑔 is obtained as the quotient of a sub-
variety of the relevant Hilbert scheme. The quotient is sim-
ply by automorphisms of ℙ𝑁 .

Another (nonalgebraic) perspective that we are giving
no time to, sadly, is the Teichmüller approach to ℳ𝑔,
namely realizing ℳ𝑔 as the quotient of Teichmüller space
by a properly discontinuous action of the mapping class
group Modg. From this, though, it follows that the ratio-
nal cohomology of ℳ𝑔 is the same thing as the rational
cohomology of Modg.

A few things we do know: ℳ𝑔 is a connected, indeed ir-
reducible, variety of complex dimension 3𝑔−3. This num-
ber 3𝑔 − 3 was already known to Riemann. Another thing
we know: Harer-Zagier proved that the orbifold Euler char-
acteristic of ℳ𝑔 is

𝜒orb(ℳ𝑔) =
𝐵𝑔

4𝑔(𝑔 − 1) , (1)

where 𝐵𝑔 denotes the 𝑔th Bernoulli number. They also
show that the (ordinary) Euler characteristic of ℳ𝑔 is
asymptotically the same.
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This tantalizing result suggests yet-to-be-uncovered
structure. It also shows that there is, asymptotically, lots
of cohomology! Indeed, asymptotically as 𝑔 → ∞, it fol-
lows from (1) that

(−1)𝑔+1𝜒(ℳ𝑔) ∼ 𝑔2𝑔

grows superexponentially.
On the other hand, the rational cohomology of ℳ𝑔 is

largely a mystery. It is entirely known only for 𝑔 ≤ 4.
Geometers have (rightly) devoted lots of attention to

the stable rational cohomology of ℳ𝑔. Harer, in 1985,
proved that 𝐻𝑖(ℳ𝑔; ℚ) is in fact independent of 𝑔 for 𝑔
sufficiently large. Subsequently, Mumford conjectured,
and Madsen-Weiss eventually proved, that the cohomol-
ogy ring 𝐻∗(ℳ𝑔; ℚ), regarded as a graded ℚ-algebra, is iso-

morphic in degrees up to
2
3
(𝑔−1) to the graded polynomial

algebra
ℚ[𝜅1, 𝜅2, …].

Here, 𝜅𝑖 ∈ 𝐻2𝑖(ℳ𝑔; ℚ) denotes the 𝑖th Miller-Morita-
Mumford kappa class. This polynomial algebra had already
been shown to be contained in the stable cohomology of
ℳ𝑔 by Miller and Morita at the time of Mumford’s conjec-
ture.

Here is a humbling realization. As you may check, the
stable cohomology ofℳ𝑔 grows only like (constant)√𝑔. (A
little more precisely, we are asserting that the vector space
dimension of the degree atmost

2
3
(𝑔−1) part ofℚ[𝜅1, 𝜅2, …],

with 𝜅𝑖 in degree 2𝑖, is bounded by constant⋅(constant)√𝑔+
constant.)

Therefore, the stable cohomology in fact occupies a van-
ishingly small proportion of the rational cohomology of
ℳ𝑔. By the end of this article we shall get our hands on
a newly discovered source of exponentially many of these
unstable cohomology classes.

Here is another humbling realization. Consider again
Harer-Zagier’s Euler characteristic ofℳ𝑔. Notice that when
𝑔 is even, 𝜒(ℳ𝑔) is a negative number with magnitude
growing superexponentially in 𝑔. That is to say: when 𝑔
is even and very large,ℳ𝑔 must have lots of rational coho-
mology in odd degree.

On the other hand, almost no explicit nonzero groups
𝐻𝑖(ℳ𝑔; ℚ) for 𝑖 odd are known to this day. In fact, as re-
marked by Harer-Zagier, at the time of their paper, none
were known. In 2005, O. Tommasi found one, show-
ing, en route to her calculation of the cohomology of
ℳ4 in the category of rational Hodge structures, that
dim𝐻5(ℳ4; ℚ) = 1 [Tom05].

By the end of this article we shall get our hands on a few
more nonzero, odd-degree rational cohomology groups of
ℳ𝑔. But we are definitely far from the end of the road here.

B. Farb refers to the problem of explicit unstable coho-
mology classes ofℳ𝑔 as the “darkmatter” problem forℳ𝑔:

we know there is a lot of it, but we don’t know explicitly
where. (Cohomology classes in odd degree are all exam-
ples of unstable classes: the stable cohomology ofℳ𝑔, be-
ing generated by 𝜅-classes, is entirely in even degree.) The
dark matter problem for ℳ𝑔 is yet another manifestation
of the usual difficulty in mathematics in overcoming the
gap between existence and construction.

The Deligne-Mumford-Knudsen
Compactification ℳ𝑔,𝑛
Other thanℳ0,3, the spacesℳ𝑔,𝑛 are not compact. A beau-
tiful modular compactification of ℳ𝑔 and ℳ𝑔,𝑛 was ob-
tained by Deligne-Mumford in 1969 and by Knudsen (in
the case of marked points), called the compactification by
stable curves, which we now discuss.

The insight of Deligne and Mumford was to en-
large the notion of a smooth, proper curve, to allow
nodal singularities—the mildest possible singularities—
with only finitely many automorphisms. Such curves are
called stable. To peek ahead at some pictures, see Figure 3.

Definition 1. A nodal curve of genus 𝑔 is a proper, con-
nected algebraic curve 𝑋 over ℂ with arithmetic genus
ℎ1(𝑋,𝒪𝑋) = 𝑔 whose only singularities, if any, are nodes.
A node is a complex point 𝑥 ∈ 𝑋 with analytic-local equa-
tion 𝑢𝑣 = 0: two branches meeting transversely.

Definition 2 (Marked points and stability). A nodal, 𝑛-
marked curve is a nodal curve 𝑋 as above with 𝑝1, … , 𝑝𝑛 ∈ 𝑋
distinct smooth complex points of 𝑋 . Simply put, you are
forbidden from marking a node.

Say (𝑋, 𝑝1, … , 𝑝𝑛) is stable if its automorphism group is
finite. That is, only finitely many automorphisms of 𝑋 fix
the 𝑝𝑖 pointwise. (Exercise 5.)

Definition 3. Fix 𝑔, 𝑛 ≥ 0 with 2𝑔 − 2 + 𝑛 > 0. Then
ℳ𝑔,𝑛 denotes the moduli space of 𝑛-marked stable curves
of genus 𝑔.

Again, this definition is really a remarkable theorem,
that a space (or Deligne-Mumford stack) that deserves to
be called a moduli space for stable curves really exists.

In fact, the boundaryℳ𝑔,𝑛⧵ℳ𝑔,𝑛 admits a stratification
in which the strata are assembled in a combinatorial way
from smaller moduli spaces ℳ𝑔′,𝑛′ . To describe the strati-
fication in a way that highlights its combinatorial nature,
we shall define the marked, vertex-weighted dual graph of a
stable curve. If (𝑋, 𝑝1, … , 𝑝𝑛) is a stable curve, its dual graph
is a triple

𝐆 = (𝐺,𝑚,𝑤)
as follows:

1. 𝐺 is a (multi)graph, with a vertex 𝑣 corresponding to
each irreducible component𝐶𝑣 of 𝑋 , and with an edge
between 𝑣 and 𝑤 for every node of 𝑋 on 𝐶𝑣 ∩ 𝐶𝑤.
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Figure 3. Above, the five strata of ℳ1,2. Below, the five stable
graphs of type (𝑔, 𝑛) = (1, 2), corresponding to the strata
depicted above. Marked points are drawn as labelled
“half-edges.”
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2. The marking function 𝑚∶ {1, … , 𝑛} → 𝑉(𝐺) sends
𝑚(𝑖) = 𝑣 when 𝑝𝑖 lies on 𝐶𝑣.

3. Theweight function𝑤∶ 𝑉(𝐺) → ℤ≥0 is given by setting
𝑤(𝑣) to be the genus of 𝐶𝜈

𝑣 , the normalization of 𝐶𝑣.
Let’s call a triple 𝐆 = (𝐺,𝑚,𝑤) arising in this way a sta-
ble graph. See Figure 3 for an example of the topological
types that arise when (𝑔, 𝑛) = (1, 2), together with the cor-
responding stable graphs. (Exercise 6.) Incidentally, sta-
bility amounts to the following purely combinatorial con-
dition on (𝐺,𝑚,𝑤): for every vertex 𝑣,

2𝑤(𝑣) − 2 + 𝑛𝑣 > 0,
where 𝑛𝑣 is the number of half-edges and marked points
at 𝑣.

Now fix a stable graph 𝐆, and ask: what is a moduli
space of stable curves with dual graph 𝐆? Our reference
here is [ACG11], by the way.

Informally speaking, a curve with dual graph 𝐆may be
specified by naming, for each 𝑣 ∈ 𝑉(𝐺), an 𝑛𝑣-marked,
genus 𝑤(𝑣) curve; in other words, a point ofℳ𝑤(𝑣),𝑛𝑣 . But
this is an overspecification, exactly by the action of the au-
tomorphisms of the combinatorial datum 𝐆 in its action
on ∏𝑣ℳ𝑤(𝑣),𝑛𝑣 .

0 0

Figure 4. A stable graph 𝐆 on the left, and the corresponding
stable curve in ℳ3.

Thus the claim is as follows. Let

ℳ̃𝐆 = ∏
𝑣∈𝑉(𝐺)

ℳ𝑤(𝑣),𝑛𝑣 .

Then
ℳ𝐆 = [ℳ̃𝐆/Aut(𝐆)]

is a moduli space of stable curves of dual graph 𝐆. To be
precise, the brackets here denote the quotient stack, which
is again a Deligne-Mumford stack. See [Beh14] for an ele-
mentary explanation of quotient stacks.

For example, let𝐆 be a graph with two vertices and four
parallel edges between them, with no markings or weights.
Then

ℳ𝐆 = [(ℳ0,4 ×ℳ0,4)/(𝑆2 × 𝑆4)].
A curve with dual graph 𝐆may be specified by four points
on each of twoℙ1’s, that is, choosing two cross ratios (𝛼, 𝛽),
and gluing. See Figure 4. Note thatℳ𝐆 has orbifold points,
e.g., along the diagonal 𝛼 = 𝛽. Indeed, such a curve is in
the closure of the hyperelliptic locus: it admits a nontrivial
automorphism exchanging the two ℙ1’s.

The previous example demonstrates, by the way, that
considering moduli spaces of marked curves ℳ𝑔,𝑛 is essen-
tial even just to describe the boundary strata of moduli
spaces of unmarked curves ℳ𝑔.

There are many nice surveys of ℳ𝑔,𝑛 from various
perspectives, including in previous issues of the Notices
[Vak03].

Tropical Curves
I want to (seemingly) switch gears and discuss the tropical
moduli space of curves, assuming no background in trop-
ical geometry.

But first: what is tropical geometry? Well, it depends
on whom you ask. Tropical geometry has connections
to many areas of mathematics: nonarchimedean geome-
try, mirror symmetry, combinatorics, optimization, even
economics. But I shall center our discussion primarily on
its connection with algebraic geometry, and in particular
its historical antecedents in the form of degeneration tech-
niques in algebraic geometry.

What do we mean by degeneration? The basic idea is
to get information on the generic behavior of a smooth
algebraic curve, say, by studying a one-parameter family of
curves, which degenerates in the limit to a singular curve,
instead. In general, the singular curve could have many
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Figure 5. The special fiber of the family of curves defined in
equation (2), consisting of four ℙ1’s, on the left; and the
associated tropical curve, on the right.

irreducible components, giving rise to a rich combinatorial
structure. The idea is then that properties of the smooth
fibers may be deduced from properties of the singular fiber.

For example, consider the family of projective plane
quartics 𝐶𝑡, parametrized by 𝑡 ∈ ℂ, defined by the equa-
tion

𝑡(𝑥4 + 𝑦4 + 𝑧4) + 𝑥𝑦𝑧(𝑥 + 𝑦 + 𝑧) = 0. (2)

When 𝑡 is nonzero but close to 0, the plane curve is
smooth. When 𝑡 = 0, the curve degenerates to the zero
locus of

𝑥𝑦𝑧(𝑥 + 𝑦 + 𝑧) = 0.
Thus the curve 𝐶0 over 𝑡 = 0 is the union of four projective
lines, with each pair meeting transversely at a point.

What, then, is tropical geometry? The following is a
slogan:

Tropical geometry is a very drastic degeneration
technique in algebraic geometry in which the
limiting object is entirely combinatorial.

To glimpse this principle, let us follow the example
above all the way into the tropical realm. One may as-
sociate a tropical curve to the family of curves in (2). It
is 𝐾4, the complete graph on four vertices, equipped with
edge lengths of 1. The edge lengths will not be justified
here. (But, roughly speaking, the edge lengths measure
the “speed of formation,” relative to 𝑡, of the six nodes in
the fiber over 𝑡 = 0.) The reason that the tropicalization
of the family (2) is a 𝐾4 is that there are four irreducible
components in the fiber over 𝑡 = 0, with each pair of them
meeting transversely once.

Now observe, for example, that the arithmetic genus, 3,
of the smooth curves 𝐶𝑡 is still visible in 𝐾4, which is a
tropical curve of genus 3. By the genus of a graph we mean
the number

𝑔(𝐺) = dim𝐻1(𝐺,ℚ)
= |𝐸(𝐺)| − |𝑉(𝐺)| + #{connected components of 𝐺}.

In summary, we have seen a small example of an invariant
of a smooth curve that can be detected by its tropicaliza-
tion. Of course, there are more novel applications of the
tropical point of view than rederiving the degree-genus for-
mula for plane curves. For further reading, see the survey
[BJ16] on degenerations of linear series, and the references
therein.

abstract embedded

algebraic

tropical

Table 1. Cartoons of abstract/embedded algebraic/tropical
curves of genus 3.

We now give the precise definition of a tropical curve.

A tropical curve is a pair (𝐆, ℓ), where
• 𝐆 is a stable graph, in the precise sense of the

previous section, and
• ℓ∶ 𝐸(𝐆) → ℝ>0 is a function on the edge set

of 𝐆.

A tropical curve is, more or less, a metric graph: think
of it as a combinatorial, or nonarchimedean, analogue of
a Riemann surface.

Given a one-parameter family of smooth curves over a
neighborhood of 𝑡 = 0, there is a precise way to associate a
tropical curve. It goes roughly as in the above example. But
see, e.g., [Cha17] and the references therein for the details,
especially regarding edge lengths.

Let me pause to explain something that might be mysti-
fying if you have seen talks on tropical geometry in which
tropical curves are drawn very differently, perhaps more
like the pictures in the bottom right of Table 1. If you have
seen no such talks, then skip to the next section.

Morally, the two different definitions of tropical curves,
on display in the bottom row of Table 1, arise in parallel to
the two different ways to think of algebraic curves in clas-
sical algebraic geometry, on display in the top row of the
figure. Algebraic curves can arise as subvarieties of projec-
tive spaces, given as the vanishing locus of homogeneous
polynomials. Or, they can be given as Riemann surfaces,
equipped with complex structure by specifying an appro-
priate sheaf of functions. (The original sin of drawing Rie-
mann surfaces as complex 1-dimensional manifolds, but
embedded curves as if they were real 1-dimensional mani-
folds, is on full display in the top row of Table 1.)

It is interesting to study all four squares in Table 1 and
their relationships with each other. For example, going
from the top left picture to top right “is” Brill-Noether the-
ory: the theory of embedding curves into projective space.
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And the corresponding theory of tropical linear series, go-
ing from the bottom left box to the bottom right, is very
interesting too; see [BJ16].

Going from the top right to the bottom right box is
the theory of “embedded” tropicalization of subvarieties
of toric varieties. This is the usual setting of introductions
to tropical geometry, e.g., [MS15].

But the focus of this article is about “abstract” tropical-
ization, i.e., getting from the top left box in Table 1 to the
bottom left box. I hope this helps explain the bigger pic-
ture.

Moduli Spaces of Tropical Curves
The tropical moduli space 𝑀trop

𝑔,𝑛 parametrizes isomor-
phism classes of 𝑛-marked tropical curves of genus 𝑔.
Roughly speaking, it is a combinatorial space, glued from
polyhedral cones, each cone parametrizing all possible
ways to “metrize” a stable graph. To peek ahead at a pic-
ture, see Figure 6.

Tropical moduli spaces of curves were constructed in
this form by Brannetti-Melo-Viviani, building on work of
Caporaso and Mikhalkin, and with antecedents in related
constructions of Gathmann-Markwig. Actually, many of
the ideas can be traced back even further to the work of
Culler-Vogtmann on Outer Space 𝑋𝑔, a space of marked
metric graphs of genus 𝑔 on which the outer automor-
phism group Out(𝐹𝑔) acts. There have been some results
on the precise connection between Outer Space and tropi-
cal moduli space and in bringing techniques from geomet-
ric group theory to play, but more attention is certainly
needed.

To define 𝑀trop
𝑔,𝑛 precisely, fix a stable graph 𝐆. (For ex-

ample, if (𝑔, 𝑛) = (1, 2), then pick one of the five stable
graphs in Figure 3.) What is a parameter space for all iso-
morphism classes of tropical curves of this combinatorial
type?

Our first guess might beℝ𝐸(𝐺)
>0 : that is, we specify a trop-

ical curve of type𝐆 by assigning a positive real number, in-
terpreted as a length, to each edge. But this overcounts be-
cause of automorphisms of𝐆. For example, for𝐆 as in the
top left of Figure 6, the two tropical curves given by edge
lengths (𝛼, 𝛽) and (𝛽, 𝛼) are isomorphic for any 𝛼, 𝛽 ∈ ℝ>0.
Thus a better parameter space would be

𝑀trop
𝐆 = ℝ𝐸(𝐺)

>0 /Aut(𝐆),

where the automorphism group Aut(𝐆) acts by permuting
coordinates.

Now we need to glue these spaces together. With fore-
sight, let us allow edge lengths to go to zero, with the un-
derstanding that such a point in the moduli space shall be
identified with the tropical curve obtained by contracting—
shrinking away—edges of length zero. (The weight of the
vertex resulting from contracting an edge is the sum of the

0 01 2
0 0

1

2

0
1

2

1 0
1

2

1
1

2

Figure 6. The tropical moduli space 𝑀trop
1,2 . Compare with

Figure 3.

weights of the endpoints—or𝑤(𝑣)+1 if the contracted edge
was a loop based at 𝑣.) Note, then, that contraction defines
a partial ordering on the stable graphs of type (𝑔, 𝑛); when
(𝑔, 𝑛) = (1, 2), the Hasse diagram of the resulting poset is
shown in Figure 3.

In other words, define

𝑀trop
𝑔,𝑛 = (∐

𝐆
ℝ𝐸(𝐺)
≥0 /Aut(𝐆)) / ∼,

where the equivalence relation is generated by contracting
zero-length edges, as described above. A picture of 𝑀trop

1,2
is shown in Figure 6.

To end this section, notice that 𝑀trop
𝑔,𝑛 is always con-

tractible. Indeed, it is an instance of a generalized cone
complex, i.e., glued from polyhedral cones via face mor-
phisms. And all connected generalized cone complexes,
being glued from cones, deformation retract to the cone
point.

On the other hand, the link of𝑀trop
𝑔,𝑛 at its cone point is

extremely interesting. Denote this link Δ𝑔,𝑛. The link is a

“cross-section” of𝑀trop
𝑔,𝑛 . Concretely,Δ𝑔,𝑛 may be identified

with the subspace of 𝑀trop
𝑔,𝑛 parametrizing tropical curves

having total edge length 1.
The spaceΔ𝑔,𝑛 plays a starring role in this article. To ade-

quately explain our interest in Δ𝑔,𝑛, we will stop to discuss
mixed Hodge structures on cohomology groups of com-
plex varieties.

The Weight Filtration
One of Deligne’s many significant contributions was the
theory ofmixed Hodge structures developed in the 1970s. At
its most basic level, this is some extra structure on the ratio-
nal cohomology of any complex variety, not just smooth
projective ones, where classical Hodge theory applies. It
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is something that can really depend on the complex struc-
ture of a variety, and not just on the homeomorphism type
of its underlying topological space.

First, recall the definition of a pure Hodge structure. A
pureHodge structure of weight 𝑛 ∈ ℤ is a finitely generated
free abelian group 𝐻ℤ together with a decomposition of

𝐻ℂ = 𝐻ℤ ⊗ℂ = ⨁
𝑝+𝑞=𝑛

𝐻𝑝,𝑞

such that 𝐻𝑞,𝑝 = 𝐻𝑝,𝑞.
Now suppose 𝑋 is a complex variety. No other require-

ments on 𝑋 are yet imposed; in particular we don’t require
that it be smooth or compact. A reasonable first example
to keep in mind is 𝑋 = (ℂ∗)𝑛, the algebraic torus, which is
smooth but isn’t compact.

Deligne defines a weight filtration on the rational singu-
lar cohomology of 𝑋

𝑊0 ⊂ ⋯ ⊂ 𝑊2𝑖 = 𝐻𝑖(𝑋;ℚ)
in such a way that the weight 𝑗 graded piece, namely

Gr𝑊𝑗 𝐻𝑖 ∶= 𝑊𝑗/𝑊𝑗−1,
is equipped with a pure Hodge structure of weight 𝑗. (In
fact, this pure Hodge structure is induced by a singleHodge
filtration on 𝐻𝑖(𝑋; ℂ) simultaneously for all the graded
pieces.) Thus it becomes interesting to study the weight fil-
tration on the rational cohomology of 𝑋 , as a finer invari-
ant than singular cohomology. For example, when 𝑋 =
ℳ𝑔,𝑛, in which weights is the superexponential growth of
Euler characteristic hiding? We really don’t know.

Though there are many things to say regarding mixed
Hodge theory, I shall specifically seek to promote the fol-
lowing “combinatorialist’s view” of the (associated graded
pieces of the) weight filtration—which was already present
in Deligne’s original work—as follows.

Suppose 𝑋 is smooth and 𝑋 ⊂ 𝑋 is a simple normal cross-
ings compactification of 𝑋 . What this means is:

1. 𝑋 is a smooth variety that is complete, i.e., it is com-
pact.

2. The irreducible components of the boundary 𝐷 = 𝑋 ⧵
𝑋 are smooth and intersect transversely.

Transverse means that analytically-locally at any point of 𝑋 ,
the boundary looks like the transverse intersection of some
number of hyperplanes inside an affine space. A good
example is the compactification of (ℂ∗)𝑛 ⊂ ℙ𝑛, whose
boundary is 𝑛+1 hyperplanes meeting transversely.

Say 𝐷1, … , 𝐷𝑡 are the irreducible components of the
boundary, and let 𝑑 denote the complex dimension of 𝑋 .
Then the weight 2𝑑−𝑗 graded piece Gr𝑊2𝑑−𝑗𝐻∗(𝑋;ℚ) can be
completely understood from the following data:

1. The rational cohomology groups

𝐻𝑗(𝐷𝑖0 ∩⋯ ∩ 𝐷𝑖𝑟 ; ℚ)

for all 𝑟; that is, the rational cohomology of all possi-
ble intersections of irreducible components. (I allow
the empty intersection 𝑟 = −1 and interpret it to be 𝑋
itself.)

2. The natural maps between these cohomology groups

𝐻𝑗(𝐷𝑖0 ∩⋯ ∩ 𝐷𝑖𝑗 ∩⋯ ∩ 𝐷𝑖𝑟 ; ℚ) → 𝐻𝑗(𝐷𝑖0 ∩⋯ ∩ 𝐷𝑖𝑟 ; ℚ)
obtained from dropping a term in the intersection in
all possible ways.

Here is the precise formulation of what I just said: con-
sider the chain complex

0 → 𝐻𝑗(𝑋;ℚ) 𝛿0−→⨁
𝑖0

𝐻𝑗(𝐷𝑖0 ; ℚ)

𝛿1−→ ⨁
𝑖0<𝑖1

𝐻𝑗(𝐷𝑖0∩𝐷𝑖1 ; ℚ)
𝛿2−→ ⋯ −→ 0.

(3)

Here, themaps 𝛿𝑖 are the sumof the restrictionmaps on co-
homology obtained by dropping one term in all possible
ways; these are summedwith signs based on the placement
of the term you are dropping. Then I assert that

Gr𝑊𝑗 𝐻𝑗+𝑖
𝑐 (𝑋;ℚ) ≅ ker 𝛿𝑖

im 𝛿𝑖−1
,

where the “𝑐” subscript denotes compactly supported co-
homology. A justification for this assertion is summarized
in [CGP21, §5]; see the references therein.

Finally, to get from compactly supported to singular
cohomology, use Poincaré duality, which respects mixed
Hodge structures, on the smooth manifold 𝑋 . We get

Gr𝑊2𝑑−𝑗𝐻2𝑑−𝑗−𝑖(𝑋;ℚ) ≅ (Gr𝑊𝑗 𝐻𝑗+𝑖
𝑐 (𝑋;ℚ))∗,

where 𝑑 is the (complex) dimension of 𝑋 . (Exercises 7, 8,
9.)

Before going further, let’s remark that the prominence
of normal crossings compactifications in the presenta-
tion above is reflective of Deligne’s original treatment.
Deligne originally defined the weight filtration on the co-
homology groups of a smooth variety in terms of a fil-
tration on the logarithmic de Rham cohomology of the
variety, defined with respect to a smooth normal cross-
ings compactification—very roughly, allowing differential
forms to have prescribed simple poles along the compact-
ification. It has to be proven that this construction is inde-
pendent of choice of compactification, but that is not the
hardest part.
Just the combinatorics, please. Returning to the main
storyline, consider the chain complex (3) above in the case
𝑗 = 0. It becomes entirely combinatorial! What I mean is
that each 𝐻0(𝑌;ℚ), where 𝑌 is anything, just counts the
number of connected components in 𝑌 .

To drive home the point, let’s pause for an important
definition: the dual complex of 𝐷, also known as the bound-
ary complex of the pair 𝑋 ⊂ 𝑋 . What we mean is the
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combinatorial space obtained by taking a vertex for every
irreducible component 𝐷𝑖0 , an edge for every irreducible
component of a pairwise intersection 𝐷𝑖0 ∩ 𝐷𝑖1 , a triangle
for every irreducible component of a triple intersection,
and so on. Denote the boundary complex by Δ(𝑋 ⊂ 𝑋).
For example, the boundary complex of (ℂ∗)𝑛 ⊂ ℙ𝑛 is the
boundary of an 𝑛-simplex.

Assume here that 𝑋 is connected, purely for expository
ease, and look at (3) when 𝑗 = 0 again. When 𝑗 = 0, the
chain complex (3) is the reduced cochain complex of the bound-
ary complex Δ(𝑋 ⊂ 𝑋). Do you agree?

Dualizing, we have a canonical identification

Gr𝑊2𝑑𝐻2𝑑−𝑖(𝑋;ℚ) ≅ 𝐻𝑖−1(Δ(𝑋 ⊂𝑋);ℚ). (4)

We call the cohomology in the 2𝑑-graded piece of
𝐻∗(𝑋;ℚ), as in the left-hand side of (4), the top-weight-
cohomology of 𝑋 . (It is a fact that cohomology never ap-
pears in weight > 2𝑑. Indeed, Poincaré duality tells us that
the weight (2𝑑 − 𝑖) cohomology pairs with compactly sup-
ported cohomology in weight 𝑖.)

If you haven’t been following closely, here is the main
point distilled down, and without mentioning weight
filtrations. The left-hand side of (4) is a quotient of
𝐻2𝑑−𝑖(𝑋;ℚ), since after all it is the top associated graded
piece of a filtration thereon. Therefore we have established
a canonical surjection

𝐻2𝑑−𝑖(𝑋;ℚ) ↠ 𝐻𝑖−1(Δ(𝑋 ⊂𝑋);ℚ), (5)

from the cohomology of the algebraic variety 𝑋 , with an
appropriate degree shift, to the homology of the combina-
torial space Δ(𝑋 ⊂ 𝑋).

Distilling (5) into a mnemonic device: if you want to
produce lots of cohomology on the algebraic side, it’s enough to
produce lots of homology on the combinatorial side.

To close this section, here are two technical remarks.
First, for applications, it is important to be able to handle
the more general case of a normal crossings compactifica-
tion, which means that the boundary components are no
longer required to be smooth. Second, one needs to work
in the generality of smooth, separated Deligne-Mumford
stacks.

The first technical remark is actually heftier than the sec-
ond. Both generalizations are needed for our intended ap-
plication to the case 𝑋 = ℳ𝑔,𝑛 of moduli spaces of curves.

The Top-Weight Cohomology of ℳ𝑔,𝑛
The discussion in the previous section onweight filtrations,
applied to 𝑋 = ℳ𝑔,𝑛, says roughly that to produce rational
cohomology on ℳ𝑔,𝑛 in top weight, it is sufficient to pro-
duce homology in the dual complex of the boundary of
ℳ𝑔,𝑛.

Let’s get right to the point of this section: an im-
portant theorem of Abramovich-Caporaso-Payne gives an
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Figure 7. The graph complex 𝐺(1,3).

identification

Δ𝑔,𝑛 ≅ Δ(ℳ𝑔,𝑛 ⊂ ℳ𝑔,𝑛)
of (the link of) the tropical moduli space of curves with
the dual complex of the boundary of ℳ𝑔,𝑛 [ACP15]. In
other words:

The boundary complex ofℳ𝑔,𝑛 ⊂ ℳ𝑔,𝑛 can itself
be interpreted as a combinatorial moduli space:
the moduli space of tropical curves.

This shift in perspective has been quite useful for coming
up with applications such as the ones I will discuss next,
and are a source of new applications to moduli spaces
other than ℳ𝑔,𝑛.

To summarize, we have a canonical surjection

𝐻6𝑔−6+2𝑛−𝑖(ℳ𝑔,𝑛; ℚ) ↠ 𝐻𝑖−1(Δ𝑔,𝑛; ℚ).
This pushes our interest to a space Δ𝑔,𝑛 that appears to

be almost asmysterious asℳ𝑔,𝑛. Indeed,Δ𝑔,𝑛 is largely still
mysterious. But a recent theorem, obtained in collabora-
tion with S. Galatius and S. Payne, relates the homology of
Δ𝑔,𝑛 to a certain graph complex à la Kontsevich. This pushes
the mystery yet further into the territory of graph complexes,
which we discuss next.

Graph Complexes
A graph complex is an umbrella term for a chain (or cochain)
complex of vector spaces that is generated by graphs with
certain labels or decorations, and often with boundary (or
coboundary) map defined by 1-edge-contraction. There
are many different flavors of graph complexes, and they
have myriad connections to geometry. The most directly
relevant one here is a graph complex denoted 𝐺(𝑔,𝑛). It
is a marked version of a graph complex 𝐺(𝑔) first studied
by Kontsevich, related to invariants of even-dimensional
manifolds and deformations of the operad 𝑒𝑛 of little 𝑛-
disks, due to Boardman-Vogt and May, for even 𝑛.

To give you a feel for graph complexes, let me actually
define 𝐺(𝑔,𝑛). You can follow along using the example in
Figure 7, which is the case (𝑔, 𝑛) = (1, 3).
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For integers 𝑔, 𝑛 ≥ 0with 2𝑔−2+𝑛 > 0, the generators of
𝐺(𝑔,𝑛) as a rational vector space are triples (𝐺,𝑚, 𝜔), where
𝐺 is a connected (multi)graph of first Betti number 𝑔, 𝜔 is
a total order on the edge set of𝐺, and𝑚∶ {1, … , 𝑛} → 𝑉(𝐺)
is a marking function, such that every vertex has valence at
least 3. (To calculate valence, loops count twice at their
base vertex, and each marking counts once.) We impose a
relation (𝐺,𝑚, 𝜔) = ±(𝐺′, 𝑚′, 𝜔′) whenever there is an iso-
morphism of marked graphs (𝐺,𝑚) → (𝐺′, 𝑚′); the sign
depends on whether 𝜔 and 𝜔′ are related by an even or
odd permutation under that isomorphism. In particular,
if (𝐺,𝑚) has an automorphism that acts as an odd permu-
tation on the edge set, then (𝐺,𝑚, 𝜔) = 0, and it never
appears in our graph complex. For example, graphs with
parallel edges are always zero in𝐺(𝑔,𝑛), since interchanging
two parallel edges is an odd permutation on the edge set.
𝐺(𝑔,𝑛) is graded by number of edges; to be very precise,

a graph with 𝑒 edges shall have homological degree 𝑒 −
2𝑔. The boundary map 𝜕 is a certain signed sum of 1-edge-
contractions. The signs ensure that 𝜕2 = 0. For details, you
can see [CGP]; or you can probably even decipher them
directly from the example in Figure 7.

Galatius, Payne, and I proved that

𝐻𝑘+2𝑔−1(Δ𝑔,𝑛; ℚ) ≅ 𝐻𝑘(𝐺(𝑔,𝑛)) (6)

for each 𝑘. (You should ignore the degree shift by 2𝑔 − 1;
it’s purely a matter of the grading convention.) This the-
orem is not obvious, but its format is not implausible,
at least after the fact. Indeed, the left-hand side features
a space of metric graphs, while the right-hand side fea-
tures a finite chain complex generated by graphs, suggest-
ing cellular homology. Indeed, we formulate our proof
by introducing the formalism of a cellular homology the-
ory for symmetric Δ-complexes: roughly like CW complexes,
but with self-identifications of simplices along automor-
phisms allowed.

For example, the graph complex𝐺(1,3) shown in Figure 7
has reduced homologyℚ in degree 1. Indeed, the “triangle
of marked points” is a nonzero cycle, since every 1-edge-
contraction of it has parallel edges and is therefore zero in
𝐺(1,3). This calculation is then consistent with the fact, not
too hard to check, that Δ1,3 ≃ 𝑆2.

At this point in the article, we have now established a
chain of identifications under which homology classes in
𝐺(𝑔,𝑛) produce classes of cohomology (in top weight) in
ℳ𝑔,𝑛. But how, explicitly? I’ll have to refer you to [CGP21]
for the details on how to construct explicitly a homology
class in ℳ𝑔,𝑛 from a cocycle on the tropical moduli space.

In the next section, we will deduce some notable conse-
quences of (6) as far as the cohomology of ℳ𝑔 and ℳ𝑔,𝑛
is concerned. But here is an aside to close this section.
It’s worth mentioning that historically, a different type
of graph complex, the complex of ribbon graphs (graphs

decorated with cyclic orderings of edges at each vertex),
was used to study the cohomology of ℳ𝑔,𝑛 for 𝑛 > 0:
ℳ𝑔,𝑛×ℝ𝑛

>0 has a well-known orbifold cell decomposition,
due to Strebel, Penner, and others, with cells indexed by
ribbon graphs of genus 𝑔 with 𝑛 punctures. The connec-
tion we make here, via degenerations and top-weight co-
homology, is different. (Note, however, that a framework
relating these two ways of associating graph complexes
to ℳ𝑔,𝑛 has been proposed by Andersson-Willwacher-
Živković [AWŽ20], and Kalugin has made progress in a re-
cent preprint.)

It is greatly fascinating that graph complexes of vari-
ous flavors arise quite so often in geometry, topology, and
physics.

The Grothendieck-Teichmüller Lie Algebra
Graph complexes have been studied intensively in recent
years, including in remarkable work of T. Willwacher
[Wil15], who finds a copy of the Grothendieck-
Teichmüller Lie algebra 𝔤𝔯𝔱1 in the cohomology of (un-
marked) graph complexes. More precisely, the dual graph
complex

𝖦𝖢 =∏
𝑔≥2

Hom(𝐺(𝑔), ℚ)

has a Lie algebra structure (the differential of this cochain
complex becomes “bracket with an edge”). Willwacher
proves that there is an isomorphism of Lie algebras

𝐻0(𝖦𝖢) ≅ 𝔤𝔯𝔱1.
This theorem is crucial to our story. Brown proved in

2012 [Bro12] that there is an injection

�̂�Lie(𝜎3, 𝜎5, 𝜎7, …) ↪ 𝔤𝔯𝔱1. (7)

The left-hand side is (the degree completion of) the
graded Lie algebra freely generated in degrees 3, 5, 7, … . The
Deligne-Drinfeld-Ihara conjecture states that this is an iso-
morphism. But in any case, the fact of the injection (7)
means, of course, that the dimensions of the graded pieces
of the right-hand side grow at least as fast as those of
the left-hand side. In fact, one deduces that the degree 𝑔
graded piece grows faster than 𝛽𝑔 for any 𝛽 < 𝛽0, where
𝛽0 ≈ 1.3247…. (This constant 𝛽0 appears mysterious when
presented out of the blue. It is the real root of 𝑡3−𝑡−1 = 0,
which is a cubic polynomial related in an appropriate way
to the Poincaré series 𝑡3/(1 − 𝑡2) of the graded vector space
⟨𝜎3, 𝜎5, 𝜎7, …⟩. See [CGP21] if you really want the details of
this calculation.)

The Grothendieck-Teichmüller Lie algebra was intro-
duced by Drinfeld in 1990, and explicitly described via
generators and relations by Furusho in 2010. It is related
to other parts of mathematics: multiple zeta values, little
2-disk operads, …. But the connection to 𝐻∗(ℳ𝑔; ℚ) that
we’re in the process of describing seems to be new. I think
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it’s fair to say that we as a community do not fully under-
stand what 𝔤𝔯𝔱1 is doing in the cohomology ofℳ𝑔, though
we would hope to be able to say something more soon.

Back to the Cohomology of ℳ𝑔
From the connections from moduli spaces of curves to
boundary complexes to tropical moduli spaces to Kontse-
vich graph complexes to the Grothendieck-Teichmüller Lie
algebra, all described throughout this article, we finally de-
duce the following theorem.

Theorem 4 ([CGP21]). We have

dim𝐻4𝑔−6(ℳ𝑔; ℚ) > 𝛽𝑔 + constant

for any 𝛽 < 𝛽0, where 𝛽0 ≈ 1.3247… is the real root of 𝑡3−𝑡−
1 = 0.

This is a previously unknown source of cohomology,
growing at least exponentially, and in fact it appears in top
weight. A few remarks are in order. First of all, this theo-
rem was not expected. Rather, a conjecture of Kontsevich
from about 25 years ago, along with a more recent conjec-
ture of Church-Farb-Putman, predicted eventual vanishing
of these cohomology groups. Both of these conjectures are
refuted by the theorem above.

The degree 4𝑔−6 in the theorem is also worth a remark.
Harer proved in 1986 that the virtual cohomological dimen-
sion (vcd) of ℳ𝑔 is 4𝑔 − 5. In case the definition is unfa-
miliar, you can use the following as a placeholder: “ℳ𝑔
successfully masquerades as a space of dimension 4𝑔 − 5,
from the point of view of cohomology with coefficients
in any local system of ℚ-vector spaces.” In particular, the
rational cohomology of ℳ𝑔 must vanish in degree above
4𝑔 − 5.

Moreover, it is known from theorems of Harer,
Church-Farb-Putman, and Morita-Sakasai-Suzuki that
𝐻4𝑔−5(ℳ𝑔; ℚ) = 0. This is no contradiction to the
vcd, since the statement pertains only to constant ℚ-
coefficients. (Indeed, Harer proves that 𝐻4𝑔−5(ℳ𝑔; St𝑔 ⊗
ℚ) ≠ 0, where St𝑔 = 𝐻2𝑔−2(𝐶𝑔; ℤ) is the Steinberg module.
Here, 𝐶𝑔 denotes the curve complex.) This is all to say that
the theorem above finds exponential growth in the next
highest degree: just one degree below the vcd.

There are yet more surprising consequences for the co-
homology of ℳ𝑔. An unpublished 2001 manuscript of
Bar-Natan–McKay undertakes computations of homology
of several graph complexes, including 𝐺(𝑔). Bar-Natan–
McKay’s computations, translated back through tropical
moduli spaces and boundary complexes over to the top-
weight cohomology of ℳ𝑔, imply that

𝐻15(ℳ6; ℚ), 𝐻23(ℳ8; ℚ), and 𝐻27(ℳ10; ℚ) are nonzero.
These mark the next progress, since Tommasi’s 2005 arti-
cle, on the problem that I mentioned earlier in this article:

of finding elusive, yet abundant, odd-degree cohomology
groups of ℳ𝑔.

By the way, it is fun to remark that Bar-Natan-McKay call
𝐺(𝑔) “the basic example”—it is 𝑏𝐻 in their notation—and
note that

“While simplest to define, Basic Graph Cohomol-
ogy does not appear in nature… 𝑏𝐻 is simpler than
its twist 𝐻, defined below. Why is it that 𝐻 is
related to so many things while 𝑏𝐻 is related to
none? What is 𝑏𝐻?”

By this point in the present article, the geometric signifi-
cance of 𝑏𝐻 as it relates to ℳ𝑔 is now evident.

Moreover, the computations of Bar-Natan–McKay
have more recently been extended by computations of
Willwacher, as reported in [KWŽ17]. These computations
would imply that

𝐻37(ℳ9; ℚ) and 𝐻31(ℳ10; ℚ) are nonzero—

except for the fact that the calculations there are only car-
ried out in floating point arithmetic, due to their size. So
they cannot be considered completely rigorous! So for
now, these two instances of nonzero cohomology groups
in odd degree are, officially, no more than strong suspi-
cions.

There are interesting consequences and computations
for the spacesℳ𝑔,𝑛 which I haven’t yet mentioned, includ-
ing a proof of a formula for the 𝑆𝑛-equivariant top-weight
Euler characteristic of ℳ𝑔,𝑛, in joint work of mine with
Faber, Galatius, and Payne. This intricate formula—which
is lovely to stare at, but too long to print here—was con-
jectured by Zagier in 2009, who arrived at it by looking at
the output of remarkable computer calculations that Faber
initially achieved up to 𝑔 = 8. (On the other hand, Za-
gier claims no memory of the conjecture now, as I under-
stand.) Actually, another formula for what turns out to
be the same data was previously obtained by Tsopméné-
Turchin [STT18], in the context of studying the topology
of spaces of string links. However, it is still a mystery as to
how to derive either formula from the other!

These topics would take us too far past the space limit,
so I refer to [CFGP,CGP] and the discussions therein.

Exercises
1. The tangent lines to the unit circle 𝑥2 + 𝑦2 = 1 form

a loop inside the moduli space of lines in ℝ2. Is this
loop nullhomotopic? What about when considered
inside ℝℙ2?

2. Recall that the automorphism group of ℙ1 is PGL2(ℂ),
acting on ℙ1 by multiplication. Verify that for any
three distinct points 𝑎, 𝑏, and 𝑐 of ℙ1, and any three
distinct points 𝑎′, 𝑏′, and 𝑐′, there is a unique auto-
morphism of ℙ1 taking 𝑎, 𝑏, 𝑐 to 𝑎′, 𝑏′, 𝑐′ in that order.
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3. Show that the cross ratio defines an (algebraic) map

{quadruples of distinct points in ℙ1}⟶ (ℙ1 − {0, 1,∞});

and the cross ratio is preserved under the action of an
automorphism of ℙ1.

4. For each 𝑛 > 3, construct ℳ0,𝑛 as a complement of
(𝑛−1
2
) hyperplanes in ℙ𝑛−3.

5. Argue that (ℙ1, 𝑝1, … , 𝑝𝑛) is stable if and only if 𝑛 ≥ 3.
6. Draw the analogues to Figure 3 for (𝑔, 𝑛) = (1, 3).
7. As a sanity check, recover the fact that 𝐻𝑘(𝑋;ℚ) is sup-

ported in weights 𝑘, … , 2𝑘 for a smooth variety 𝑋 .
8. Compute each Gr𝑊𝑗 𝐻𝑘((ℂ∗)𝑛; ℚ).
9. Argue that𝐻𝑘(𝑋;ℚ) is concentrated in weight 2𝑘 if 𝑋 is a

hyperplane arrangement complement in ℙ𝑛. Concen-
trated in weight 2𝑘means exactly thatGr𝑊𝑗 𝐻𝑘(𝑋;ℚ) ≠
0 only if 𝑗 = 2𝑘. Start with the case of transverse
arrangements, in which each subcollection of hyper-
planes intersects in expected dimension.
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Norm. Supér. (4) 48 (2015), no. 4, 765–809. MR3377065
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Ruminations on Cosmology
and Time

David Mumford
Like many people, I have been riveted for decades by the
breathless bulletins from cosmologists describing the lat-
est twist to their model of space and time at the largest
possible scale. Recently, I have been reading a lot of their
papers and finding how far cosmology has advanced since
I was a grad student. This article is partly to share the
beauty of this theorywithmy colleagues but also to express
how thoroughly relativity shakes up our deep psycholog-
ical conviction of the reality of an external physical time.
This Newtonian perspective, “Time, in and of itself ... with-
out reference to anything external, flows uniformly,”1 is

David Mumford is an emeritus professor of applied mathematics at Brown Uni-
versity. His email address is dbmumford@gmail.com. This article is a heavily
revised version of the author’s post www.dam.brown.edu/people/mumford
/blog/2021/Cosmos.html.
1Principia, Scholium in Definitions.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2364

perpetuated in the “standard model” of cosmologists and
I want to critique its basis (see §4).

1. A Trip by Space Ship
I began, a fewmonths ago, wondering how far a space ship,
capable of 1g acceleration for decades, could take a human
being.2 I have no idea what its power source might be but
1g means life on the space ship would feel exactly like life
on earth if their floor was perpendicular to the accelera-
tion and, when it needed to decelerate, it would simply
turn around so the astronauts would still be standing nor-
mally on the “floor.” To my astonishment, I found that
I could travel to the black hole in the center of the Milky
Way galaxy, known as Sagittarius A*, and back, all in less
than forty years. Meanwhile, tens of thousands of years
will have elapsed on earth when it returns, so forget the

2A referee pointed out to me that this has often been used as an exercise in many
relativity courses and can be found at https://www.mathpages.com/rr/s2
-09/2-09.htm. Though simple, I think it is very helpful to shake our ingrained
habit of thinking of time in the Newtonian way.
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greeting committee. That’s the magic of relativity. Here
are the details.

Let ⃗𝑥, 𝑡 be space-time coordinates, and let 𝑑𝑠2 = 𝑑𝑡2 −
‖𝑑 ⃗𝑥‖2/𝑐2 be its special relativistic metric with 𝑠 measuring
“proper” time along any time-like trajectory (e.g., the sub-
jective time that would be experienced by a human follow-
ing this trajectory) and 𝑐 the speed of light. We assume the
trip takes place in the plane 𝑦 = 𝑧 = 0. The Lorentz group
acts transitively on any hyperbola whose asymptotes are
light rays (i.e., a curve given by 𝑐2(𝑡−𝐴)2−(𝑥−𝐵)2 = −𝑅2),
hence thesemust be the curves of constant acceleration. Al-
ternatively, the relativistic acceleration of a body whose tra-
jectory is 𝑥 = 𝑓(𝑡) is readily seen to be 𝑓″/(1 − (𝑓′/𝑐)2)3/2
and one can check that this is constant on all such hyper-
bolas. A hyperbola through the origin and tangent there to
the time axis represents the trajectory of an initially station-
ary space ship with constant acceleration and its trajectory
is conveniently expressed as:

⃗𝑥 = ⃗𝑎. cosh(𝑠/𝜆), 𝑡 = 𝜆. sinh(𝑠/𝜆).

Here ‖ ⃗𝑎‖ = 𝑐2/𝑔, 𝜆 = 𝑐/𝑔, where 𝑔 is the acceleration of
gravity on earth, i.e., 32.174 feet/sec2, and 𝑠 is proper time
in the space ship. If we use years and light-years for units,
then 𝑐 = 1 and, remarkably, 𝑔 ≈ 1! More precisely, there
are exactly 31,557,600 seconds in a year (the Julian year,
as used by the IAU) and about 3.104 × 1016 feet make a
light-year, making 𝑔 ≈ 1.03 in light-year and year units.

The latest measurements show that SagA* is about
26,000 light-years away from us. Then if you set 𝑐 = 1, 𝑔 =
1.03, 𝑠 = 9.87, you find that in less than 10 subjective years,
the space ship has gone 13,000 light-years, is half way
to the black hole and needs to start decelerating. How-
ever, note that 𝑡 is also 13,000, i.e., on earth 13 millen-
nia have passed. At that point, your speed is 𝑐. tanh(10.16)
or 99.99999985% of the speed of light. In twenty years,
you’ll be at rest at Sag A* but, of course, prudently not too
close. In less than forty years, you are back on an earth
where more than 52,000 years have elapsed.

A few caveats: firstly, space-time is not flat, meaning
you need some extra power to get out of the sun’s grav-
itational field and you will be accelerated/decelerated by
the galaxies gravitation on the way in, resp., way back. I
think these are minor. When your own space ship hits
its maximum speed midway, everything is normal inside
your space ship but outside, stars and interstellar gas are
rushing by extremely close to the speed of light. The usual
formula shows that their masses increase by the factor

(1 − ‖𝑑 ⃗𝑥/𝑑𝑡‖2/𝑐2)−1/2 = cosh(𝑔𝑠/𝑐) ≈ 13000. You’ll need
good shielding. Finally, if you use a photon drive, acceler-
ating by emitting high energy photons, and take the mass
of the space ship to be the same as that of the space shut-
tle (2 million kg), my calculations show that the needed
energy for this trip is roughly 1018 kilowatt-hours, roughly

10,000 years worth of the total energy being generated to-
day on earth—seems to need some breakthroughs, but
don’t forget that the history of mankind shows a succes-
sion of inventions that enable us to wield ever more power.
Incidentally, paths that accelerate fast enough, such as
𝑥 = 𝑐𝑡 + 𝑡−2, get to 𝑡 = ∞ in finite proper time 𝑠, although
requiring infinite energy. But see“Black Holes” below for
another option to live “forever.” Finally, I want to men-
tion a totally exotic approach to this sort of travel: warp
drives. A recent study appeared in arXiv:2102.06824. The
idea is to form a traveling bubble by warping space-time
so that, within the bubble, both space and time can be
scaled differently from their values outside the bubble. In
the preprint referenced above, the authors claim this to be
possible “in principle.”

The key thing for me is that when high relative veloci-
ties occur, one should not expect any, even roughly, con-
sistent time coordinate to be possible. Fellow humans in
the future or members of an alien civilization are likely to
be marching to different drummers. But it is also true that
measured stellar and galactic velocities all cluster tightly
compared to the speed of light. Individual stars, both
in their rotation around the Milky Way and in their ad-
ditional so-called “peculiar” motion (this is standard as-
tronomer’s lingo for all apparently random components
of motion), have speeds with order of magnitude 100
km/sec, <0.1% of 𝑐 (≈ 300, 000 km/sec). Even so-called
high-velocity stars have speeds <1%, e.g., a record neutron
star “S5-HVS1” was found moving at 1755 km/sec. Galax-
ies have peculiar velocities in that range too. In the Virgo
cluster, for example, measured by their redshifts, their re-
cessional velocities vary by plus or minus 1000 km/sec.
Our local group of galaxies is believed to have a peculiar
velocity of about 600 km/sec. So if other intelligent forms
of life exist in our universe, one good sign might be the
occasional object moving at extremely large velocities. Sci-
ence fiction movies have it all wrong: if you want to go far,
there is no need to subject yourself to suspended anima-
tion, you simply need a huge supply of energy.

2. The Standard Model
The so-called standard model of modern cosmology
is, more precisely, the FLRW or Friedman-Lemaitre-
Robertson-Walker model of 4-dimensional space-time.
We will use coordinates (𝑡, ⃗𝑥) with the metric negative defi-
nite along t = constant slices and positive definite along the
time-like lines ⃗𝑥 = constant (n.b.: sometimes the opposite
signs are used but I will follow this convention). From this
truly vast set of possibilities, the FLRWmodel comes about
by requiring isotropy (invariant under spatial rotations) and
spatial homogeneity (invariant under a 3D group of transla-
tions), together known as the cosmological principle. This
has the drastic effect that the only possible metrics are of
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the form:

𝑑𝑠2 = 𝑑𝑡2 − 𝑎(𝑡)2
𝑐2 .𝑑Ω2,

where 𝑑Ω2 is either the metric of the 3-sphere, flat ℝ3, or
the hyperbolic 3-space. It is true that astronomy strongly
supports isotropy and mankind’s bad experience with
Ptolemaic earth-centered planetary models supports the
idea that the position of the earth is in no way special.
But for spatial homogeneity to even make sense, one must
choose a distinguished set of spatial translations with re-
spect to which it is homogeneous. And this means tak-
ing our local universe and extrapolating it “sideways” into
parts of space-time which are totally unobservable from
our space-time location. We can only observe things on our
past light cone, the locus of points in space-time from which a
light ray might reach us now. In other words, we are trying to
make inferences about a 4-dimensional cosmos from data
on this 3-dimensional backwards oriented cone. A global
space vs. time splitting, as in the FLRW model, is already a
huge extrapolation of our limited human observations to
a model of the entire universe. I see this model as making
a similar error to that of Ptolemy. It would have beenmore
natural to update the idea that we are not in a special point
in the cosmos by asking that space-time is homogeneous,
so we are not in a special space-time location. This is what
Einstein initially did. But the redshift and its explanation
by an expanding universe (instead of it being a Doppler
effect) contradicts this: apparently no reasonable metric
for our universe can be invariant under time translation.
It is an easy exercise to show that with the above model,
light emitted by atoms at time 𝑡emit and observed by co-
moving observers of time 𝑡obs has its frequency divided by
𝑎(𝑡obs)/𝑎(𝑡emit). This ratio minus one is the standard mea-
sure 𝑧 of redshift whose measurements then connect data
with the function 𝑎(𝑡) in the model.

Accepting the validity of the standard model, what does this
backwards light cone look like? 𝑎(𝑡) is given by integrat-
ing Einstein’s and Friedman’s equations. Fitting the best
current data, e.g., the Hubble constant, observational data
on galaxies, and the small but significant anisotropies of
the cosmic microwave background (CMB), the standard
model has been made completely specific: in one version
anyway, the universe looks flat in spatial directions and
the stress-energy tensor, the source term in Einstein’s equa-
tions, ismade specific with 31.5% energy frommassive par-
ticles (including “dark matter”), roughly 0.00006% from
radiation, and 68.5% from “dark energy” (a positive cos-
mological constant). In recent times, dark energy controls
𝑎, for most of the past matter did and at the time of the
CMB, radiation was the dominant term. With all these as-
sumptions, Friedman’s equations allow one to integrate
for 𝑎(𝑡).

Figure 1. The light cone of everything visible from earth. We
are perched at the cones apex at the top, the vertical axis is
time in billions of years, the horizontal axes are distances in
billions of light-years. The visible CMB is a circle at the
bottom so tiny it is only a point in the figure. The light cone is
colored to suggest (not accurately) the increasing redshift as
you go out in space and back in time.

The result is shown in Figure 1: a depiction of every-
thing visible by telescopes, simplified by making space 2-
dimensional, not 3. The light cone starts off, looking out
in space and back in time, like a cone whose slope is 𝑐, one
light-year out, one year back. But as you go further out and
further back in time, to say around eight billion years back,
to where the Hubble expansion of the universe means
space was then smaller, this begins to seriously counteract
the expanding sphere of ancient light sources so the cone
expands less than linearly. What you’re seeing through the
telescope when you look 10 billion light-years out or more
begins to come from smaller and smaller 2-spheres asmea-
sured in the metric at those long-past times. At 13.8 bil-
lion years back, you hit the source of the cosmic microwave
background (or CMB), the radiation from a densely packed
world where photons get absorbed as quickly as they are
emitted. You see this like a blinding flash (redshifted to
microwave frequencies) and you can see no farther back
in time or out in space. Possibly, going beyond photon-
based astronomy, gravitational waves may give us data on
even earlier states of the universe but this has not been
done so far. Remarkably, the diameter of the sphere that
produced the CMB that you see on the earth today was
then not 13.8 billion light-years across but merely 80 mil-
lion light-years (according to the standard model).
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3. An Aside on Space-Time Curvature
Before going further, I want to clarify the meaning of
curved space-time. As a mathematician used to Riemann-
ian geometry, I realized after a while that I was confused
about the meaning of positive and negative curvature for
space-time, also because the metric is assumed to have sig-
nature (+,-,-,-) by some authors and (-,+,+,+) by others.
Both conventions are widespread in the literature. The co-
efficients of the curvature tensor itself depend on the coor-
dinates and it is not clear how to interpret their sign. In
Riemannian geometry, what makes geometric sense are (i)
the convergence and divergence of nearby geodesics and
(ii) the rate of increase of areas/volumes as their radius in-
creases. The simplest coordinate-free scalar curvature vari-
ables, ones that depend only the geometry, are the sectional
curvatures. These are scalar measures attached to 2-planes
in some tangent space by evaluating the Riemann curva-
ture on an orthonormal basis of this plane, or in any basis,
dividing by the appropriate 2×2minor of themetric. I was
surprised, however, that the immense tome Gravitation of
Misner, Thorpe, and Wheeler never mentions these (with-
out an online version, I may have missed this).

In general relativity, time-like geodesics are the paths of
freely falling bodies and their convergence/divergence is
highly relevant and can be read off a sectional curvature for
a 2-plane with indefinite metric containing their two ini-
tial trajectories. However, in such a 2-plane, time-like and
space-like geodesics behave in opposite ways: if time-like
ones diverge, space-like ones will converge and vice versa!
I suggest that we would like curvature to reflect the more
significant behavior of time-like geodesics in this case. As
for totally spatial 2-planes in general relativity, geodesics
here have no physical significance but growth or shrinkage
of areas/volumes does. Wewant spatial sectional curvature
to be positive (resp., negative) if areas grow less fast (resp.,
faster) than 𝜋𝑟2. BUT beware: sectional curvatures also
depend on the sign of 𝑑𝑠2. Sectional curvatures flip signs
when the metric flips signs. To be clear, I’ll call geometric
sectional curvatures the sectional curvatures whose sign re-
flects the behavior of time-like geodesics for 2-planesmeet-
ing the light cone and the behavior of areas for purely spa-
tial 2-planes. A further issue to be careful about is that the
curvature of a time slice 𝑡 = 0 in the induced metric is not the
same as the sectional curvatures in its tangent plane: the
second fundamental form of the time slice must be added.

On the other hand, if you consider the Ricci tensor 𝑅 as
a quadratic function on the tangent space, then one way to
evaluate𝑅(𝑣, 𝑣) on a unit vector 𝑣 is to take an orthonormal
basis including the vector 𝑣. Then the sum of the sectional
curvatures for all the sections formed from 𝑣 and one of
the others is 𝑅(𝑣, 𝑣). This is true in the Riemannian case
and still holds for indefinite metrics so long as you don’t
flip signs to make the sectional curvatures geometric.

An important example are the curvatures in the stan-
dard model given above, including the case where space
has constant non-zero curvature. The only variables are
the unknown function 𝑎(𝑡) and the curvature 𝑘 of space.
The sectional curvatures in the six coordinate planes are:

2-Plane Geometric sectional curvature
⟨𝑡, 𝑥⟩, ⟨𝑡, 𝑦⟩, ⟨𝑡, 𝑧⟩ − ̈𝑎/𝑎
⟨𝑥, 𝑦⟩, ⟨𝑥, 𝑧⟩, ⟨𝑦, 𝑧⟩ + ( ̇𝑎/𝑎)

2 + 𝑘

The signs may be confirmed geometrically by considering
pairs of geodesics for which 𝑥, 𝑦, 𝑧 = cnst., whose distance
apart has the factor 𝑎(𝑡), as well as geodesics that start in a
hyperplane 𝑡 = cnst. but then bend towards the side where
𝑎(𝑡) is smaller.

4. An Alternative Approach to the
Cosmological Principle

The cosmological principle that we shouldn’t be in a spe-
cial place in space-time is surely a legitimate way to con-
strain our models. Thus interpreting the nearly isotropic
redshift as a Doppler effect in a fixed spatialℝ3 would have
meant that we are at the center of an expansion and con-
tradict this principle. But are there other ways to enforce
some sort of homogeneity, short of assuming a group of
isometric translations transitive on a spatial slice? I think
the essential clue comes from the measurements that have
been made of the relative velocities of earth, sun, plan-
ets, stars, and galaxies. It is very striking that no such mea-
surement is more than 1% of the speed of light. As we de-
scribed in §1, so far no suchmeasurements are greater than
1800 km/sec and light travels at about 300,000 km/sec.
If we think of every object as tracing out a trajectory in
space-time, it is common to represent their motion by a
unit 4-vector called its 4-velocity and this means that the
4-velocities of all nearby stars and galaxies are very close
to each other, that their “worldlines” are essentially par-
allel. Moreover, at least at present, matter is clustered
within a near vacuum and interacts almost entirely by grav-
ity, hence the worldlines are assumed to be very nearly
geodesics. This description of the distribution of matter
(dark or not) is what cosmologists call “dust.” My pro-
posal is that the cosmological principle should be used to
say in a very large portion, call it Ω, of space-time near us,
there is a time-like unit vector field �⃗� whose value at each
point 𝑃 ∈ Ω represents the commonmean 4-velocity of all
the matter near that point. Moreover, the integral curves
of this vector field are geodesics, forming what is called a
geodesic congruence. At every such point, �⃗�(𝑃) defines the
time-axis with respect to which this matter is nearly sta-
tionary and its perpendicular 3-place is the natural choice
for defining locally simultaneous events. Going back to our
space traveler who went to Sag A*, this is why it is reason-
able to say that when he gets to the center of the Milky
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Way and his clock says he has travelled for 20 years, then
at the same time clocks on the earth show that 26,000 years
have elapsed. Everything in the Milky Way has small rel-
ative motions so we can propagate the time of our clocks
consistently throughout the galaxy and define rough simul-
taneity without getting into much trouble.

Globally, these local spatial slices define a 3-dimen-
sional distribution on Ω. But the cosmological principle does
not imply that this distribution is integrable! A good way to
think of this is to take the dual one-form 𝜔 = 𝑢♭ (i.e., lower
its indices). The integrability of the spatial distribution is
equivalent to asserting𝜔∧𝑑𝜔 = 0 or that𝜔 = 𝑓.𝑑𝑡 for some
𝑓, 𝑡. But because the congruence is geodesic, 𝜔 is “half-
closed.” In fact, using ∇ ⃗ᴂ(�⃗�) = 0 and ‖𝜔‖2 = 1, for any
vector field ⃗𝑣, we get ⟨𝑖 ⃗ᴂ(𝑑𝜔), ⃗𝑣⟩ = 𝑑𝜔(�⃗�, ⃗𝑣) = ⟨∇ ⃗ᴂ𝜔, ⃗𝑣⟩ −
⟨∇�⃗�𝜔, �⃗�⟩ = 𝑔(∇ ⃗ᴂ(�⃗�), ⃗𝑣) − 𝑔(∇�⃗�𝜔,𝜔) = − 1

2
⟨𝑑(‖𝜔‖2, ⃗𝑣⟩ = 0.

But 𝜔 still has a spatial curl, namely ∗(𝜔∧𝑑𝜔), whose van-
ishing now implies 𝑑𝜔 = 0, hence 𝜔 = 𝑑𝑡 for some time
𝑡.3

In the standard approach, Hubble’s law says that the red-
shift 𝑧 is the fundamental measure of distance for objects
lying outside our local cluster. This comes from a long his-
tory of identifying “standard candles,” objects and events
in deep space whose intrinsic luminosity is predictable
and then measuring both observed luminosity and red-
shift. Hubble found a rough linearicty here and the slope
is called the Hubble constant. His observations have been
extended with every new, ever more powerful telescope
and a fair number of standard candles (e.g., Cepheid vari-
ables and type 1a supernovae). An exhaustive 2013 survey
can be found in Tully et al., arXiv:1307.7213, that culmi-
nated in Figure 2.

The thing to note is the immense variability of the es-
timates of the Hubble constant. Combining the Hubble
constant with local data where parallax is available to get
accurate distances and using the standard model, the red-
shift becomes the universal measure for both the distance
from earth and the past time of all telescopic observations
of deep space galaxies. But if we question the standard
model, what can we say about the relationship of redshift
and luminosity? Starting from scratch, light rays follow
null geodesics so there is no physically meaningful way to
assign either a distance from us or a time in the past to an
observed galaxy. But one can develop formulas for both
the attenuation of luminosity and the redshift of light re-
ceived at earth using the curvature of space-time along the path
that the light has travelled between the emitter and earth. These
show that both are highly sensitive to variations of curva-
ture along the photon’s path. I want to thank Piotr Chru-
sciel for helping me with the summary of this effect below.

3Added in proof: I just read an article in 2021 Nature Astronomy by P. Wang
et al. giving evidence that there is coherent rotational motion of galactic fila-
ments at a 100 million light-year scale.

Figure 2. From R. Brent Tully et al., The Astronomical Journal
146 (2013), no. 4, reproduced by permission of the AAS. This
shows Hubble constant values implied by many
redshift-luminosity pairs of observations for objects with
varying redshifts. “Velocity” on the horizontal axis refers to
the Doppler interpretation of the redshift.

Let 𝛾(𝑠) be the null geodesic of the photon, joining the
emitter at 𝑠𝑒 and earth at 𝑠𝑜 (𝑜 for observer, 𝑠𝑒 < 𝑠𝑜), where
𝑠 is an affine parametrization. The redshift along 𝛾 is the
product of a geometric component and a Doppler compo-
nent. Let �⃗�𝑜 be the parallel translation of earth’s 4-velocity
along 𝛾. Then the inner product 𝑔(�⃗�(𝛾(𝑠𝑒)), �⃗�𝑜(𝑠𝑒)) mea-
sures the rate of recession/approach as a multiple of 𝑐,
the Doppler component of redshift. The geometric com-
ponent is given by comparing 𝛾 to the nearby geodesic
𝛾′ one period of the light’s oscillation later. The separa-
tion 𝛿(𝑠) = 𝛾′(𝑠) − 𝛾(𝑠) is described by Jacobi’s formula
̈𝛿 = −𝑅(𝑠).𝛿, where 𝑅(𝑠) is the sectional curvature of the

2-plane ⟨ ̇𝛾(𝑠), �⃗�𝑜(𝑠)⟩. ‖𝛿(𝑠𝑜)‖/‖𝛿(𝑠𝑒)‖ is the geometric com-
ponent of the redshift.

The formula for the diminution of luminosity along 𝛾
was worked out by R. Sachs in 1961 and involves the or-
thogonal split of the tangent space to space-time along the
light ray:

𝑇𝛾(𝑠)(Ω) = (ℝ. ̇𝛾(𝑠) + ℝ.�⃗�𝑜(𝑠)) ⊕𝒩.
Think of the 𝒩 as the wave front of a beam of light from
the emitter in which the beam evolves as an ellipse stretch-
ing/shrinking in varying directions at varying rates. The
curvature tensor contracted with ̇𝛾(𝑠) defines a quadratic
form 𝑅𝒩 on 𝒩 for which we get the Jacobi equation
�̈� = −𝑅𝒩.𝒟 for the matrix 𝒟 of relative distances be-
tween the light rays in the beam. Then, if we ignore po-

larization, the attenuation is 𝑒−∫𝑠𝑜𝑠𝑒 tr(�̇�.𝒟−1)𝑑𝑠. (Note that
tr(�̇�.𝒟−1) = log(det𝒟)⋅, the proportional rate of change
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in the area of the light beam.) For details I refer to Fleury’s
thesis, arXiv:1511.03702, Chapter 2.

5. Which Model is Better?
To assess whether the standard model is a reasonable ap-
proximation comes down to how inhomogeneous is the
observed part of our past light cone so that, in particular,
will its curvature vary substantially enough to invalidate
the use of Hubble’s linear law to measure deep space and
time. Well, galaxies cluster and these clusters fall into su-
perclusters; the Milky Way sits inside the “local group” of
galaxies (roughly 10 million light-years across) which is,
in turn, part of the Virgo supercluster (roughly 100 mil-
lion light-years across). But at the 100 million light-year
scale, these superclusters form walls and filaments, e.g.,
the Sloan Great Wall that is more than a billion light-
years long. These structures are separated by voids with ex-
tremely few galaxies whose size averages around 150 mil-
lion light-years and which seem to fill about 60–70% of
the volume of space today. The whole structure now looks
very fractal-like. There may even be larger structures that
one detects from gamma ray bursts and clustered groups of
quasars (the radiation frommatter furiously accelerated by
really big black holes) whose redshift places them at 5–10
billion years old, the equivalent of 5–10 billion light-years
away in today’s expanded universe. But this may be the
limit because the CMB is very nearly homogeneous and
(according to the standard model) is 13.8 billion years in
the past.

The most likely place to find variations in curvature is
in the voids versus the walls/filaments. This has been in-
vestigated by David Wiltshire at the University of Canter-
bury, New Zealand. He has proposed an alternative to
the standard model that he calls a Timescape Model (see
his lecture notes on the arXiv: 1311.3787). In this he al-
lows the voids and walls to evolve quite differently. His
conclusion is these two did indeed evolve very differently,
both in spatial curvature and in their proper time. The
wall/filament structures in his model maintain near zero
curvature while the voids develop strongly negative curva-
ture. It is the voids that drive the expansion of the uni-
verse while gravitational attraction is stabilizing thematter-
filled walls/filaments. In his model, by wall/filament clock
time, the universe is 14.2 billion years old while clocks in
voids would show an age of 17.5 billion years. As soon as
you abandon the standard model, there is no reason to as-
sign one number to the age of the universe: it depends
on the variations of curvature along each null geodesic
from the CMB to the present. Working with his model,
one might well explain the wildly diverging estimates of
Hubble’s constant seen in Figure 2, but to thoroughly im-
plement Wiltshire’s approach needs considerable further
effort.

Another major critic of the standard model is Thomas
Buchert at the CNRS Center CRAL in the University of
Lyons, France. His basic criticism is that one cannot sim-
ply average out the inhomogeneity because the equations
are highly non-linear so that averaging and time evolution
do not commute. In fact, it is not even obvious how one
ought to average a key tensor like curvature to appropri-
ately summarize its effects. This problem is called “back-
reaction,” curved space affecting matter that then affects
curved space. To be clear, this criticism is a minority view
right now. Especially controversial is the contention that
back-reaction may eliminate the need to introduce dark
energy. Evidence for this point of view is laid out in detail
in Buchert et al.’s Classical and Quantum Gravity article “Is
there proof that back-reaction of inhomogeneities is irrel-
evant in cosmology?”, arXiv:1505.07800 (see also Buchert
et al., arXiv:0906.0134 and arXiv:gr-qc/0506106). I want
to thank Prof. Buchert for his patience in explaining this
line of research to me and for providing many arXiv links
in this section. He has developed extensive machinery for
attacking these issues: for a review on fundamentals see
arXiv:0707.2153, and for a recent paper on averaging in
general space-time foliations see arXiv:1912.04213. In the
former paper, a key point in his theory appears in equa-
tions (10) and (11). Letting Θ be the local rate of expan-
sion for a universe filled with irrotational “dust,” he finds
that first averaging over a spatial domain he calls 𝒟 and
then taking its time derivative, you get a positive contribu-
tion from the spatial variance of Θ, i.e., inhomogeneities
are causing accelerated average expansion.

How can we formulate models of the cosmos that incor-
porate inhomogeneities and the back-reaction? The most
research has gone into perturbing the standard model,
adding a power series to its metric, to force the Ricci cur-
vature to match the inhomogeneous stress-energy tensor.
But this work is mostly restricted to first and second or-
der perturbation, throwing away vast numbers of higher
order terms presumed small. Back-reaction only starts at
second order. A review of this work can be found in
arXiv:0804.3276. A more reasonable approach than low
order perturbations might be to evolve the metric tensor
as in Hamilton and Perelman’s work on 3-manifolds but
now driven by the error in the stress-energy tensor.

A basic problem in computing an accurate model of
our space-time neighborhood is the lack of data. We have
telescopic data only for events on our past light cone but
not on its interior. We also have data on a 2-sphere in
the CMB event where it intersects our light cone. One
could integrate forwards in time from the CMB extrapo-
lating its inhomogeneities from the visible 2-sphere to its
interior. Or one might integrate backwards in time from
data on the light cone. The latter may sound strange but
see Courant and Hilbert, vol. 2, §16.4, where this is done
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for the classical wave equation. Or one might be content
with stochastic simulations that reproduce the statistics
of the data, e.g., the look and feel of the fractal distribu-
tion of galaxies. Integrating forwards in time, Macpherson,
Price, and Lasky just published simulations of the full Ein-
stein’s equations with initial data at the CMB on a 2563
lattice of physical size up to 1 gigaparsec (∼ 3 billion light-
years). They use the Einstein toolkit in the software
package Cactus. These show the formation of walls and
voids. Many other simulations, e.g., the 2011 “Bolshoi”
runs (arXiv:1109.0003) and the 2021 “NewHorizon” runs
(arXiv:2009.10578), are based on solving a Newtonian N-
body problem in the space-time of the standard model.
This approach totally ignores all back-reaction.

This very active field of inhomogeneous relativistic cos-
mology seeks to replace the standard cosmological model,
as a naive guess of the average evolution of the universe, by
exploiting the richness inherent in general relativity and
to provide more general models that may also provide an
explanation of dark energy and dark matter through phys-
ical properties like inhomogeneous spatial curvature, an
element that is simply neglected in the standard model of
cosmology.

6. Black Holes
Black holes have gone from an awkward part of the
Schwarzschild model that nobody was sure existed in real
space-time to a now ubiquitous andmuch observed reality
in which general relativity gets really wild and wooly. In
particular, we are now sure that stars, if they retain suffi-
cient mass after the possibly explosive collapse when their
fuel runs out, are fated to collapse further leaving behind
a black hole. And we have excellent evidence that almost
all galaxies harbor a really huge black hole in their cen-
ter, like Sag A* in our own galaxy. In fact, one theory for
the origin of the “dark matter” that binds galaxies together
is that it consists of black holes of various sizes formed
in the Big Bang and forming a halo around each galaxy.
This idea, originally proposed by Hawking and Carr, has
never been mainstream but refuses to die: see the 2020 ar-
ticle “Primordial black holes as dark matter: Recent devel-
opments,” https://www.annualreviews.org/doi/abs
/10.1146/annurev-nucl-050520-125911. There is also
a cluster of 73 quasar black holes known as the “Huge
LQG,” 9 billion light-years away that stretches over billions
of light-years. To top it off, recently (arXiv:1909.11090)
the theory has arisen that our solar system might have a
ninth planet that is really a primordial black hole (one cre-
ated soon after the “Big Bang”), possibly 5 cm in size with
mass 5× that of the whole earth! All this is not surprising
since the theoretical results of Hawking and Penrose show
that singularities of the black hole type are pretty much
inevitable in general relativity.

But the popular conception of black holes as a sort of
whirlpool that is sucking people in to their doom is radi-
cally wrong, due again to the fact that people cling to the
idea that there is one time, valid for all of us. The widely
accepted model claims to show what is going on inside a
black hole. But, from our perspective at a distance, who-
ever tries to enter the black hole apparently gets paralyzed,
their on-board clocks slow to nearly stopping, and their TV
transmissions get redder and redder. The passengersmean-
while have no idea anything special is happening and keep
shining their flashlights to show they are fine as they mer-
rily cross the hole’s so-called horizon. But they can only
send a finite number of photons before crossing the hori-
zon so from the outside the signal actually stops as the
passenger gets near the horizon. The traveller’s time has
stopped for all intents and purposes while your’s moves
on. The only way for us to interpret their lives after enter-
ing the black hole is to say that time there is infinitely far in
our time’s future. Crazily enough, looking back out the port
holes even from inside the horizon, he/she can still watch
what is now an infinitely long-ago universe to which they
can never go back.

The usual model for a black hole starts with the
Schwarzschild model:

𝑑𝑠2 = 𝑟 − 𝑟𝑠
𝑟 .𝑑𝑡2 − 𝑟

𝑟 − 𝑟𝑠
𝑑𝑟2 − 𝑟2(𝑑𝜃2 + sin2(𝜃)𝑑𝜙2).

We have set 𝑐 = 𝐺 = 1 (𝐺 the gravitational constant), 𝑟𝑠
is the radius of the black hole horizon, equal to twice the
mass𝑚 of the hole, and we assume 𝑟 > 𝑟𝑠 in this equation.
If 𝑟 is large, the metric becomes indistinguishable from flat
space-time, so we may identify both its time and space co-
ordinates with our usual (𝑡, 𝑥, 𝑦, 𝑧). In fact, it was devised
to model planetary motion with a central mass because its
geodesics act as if they are being pulled towards (0,0,0), 𝑟𝑠
being a simple multiple of the mass. The fact that the met-
ric apparently explodes when 𝑟 decreases to 𝑟𝑠, the bound-
ary we now call the horizon, was initially a puzzle. Is the
metric really going crazy at the horizon? Its Riemann cur-
vature tensor turns out to be “diagonal,” i.e., it only has six
non-zero entries all of the form 𝑅𝑗𝑘𝑗𝑘, 1 ≤ 𝑗 < 𝑘 ≤ 4 (tak-
ing its symmetries into account). The corresponding sec-
tional curvatures are −𝑟𝑠/𝑟3, resp., +𝑟𝑠/(2𝑟3), for the planes
⟨𝑡, 𝑟⟩, ⟨𝜃, 𝜙⟩, resp., ⟨𝑡, 𝜃⟩, ⟨𝑡, 𝜙⟩, ⟨𝑟, 𝜃⟩, and ⟨𝑟, 𝜙⟩, with singu-
larities only at 𝑟 = 0, nothing special at 𝑟 = 𝑟𝑠. Other
sectional curvatures are interpolations of these. This is an
example of a curvature tensor of the simple “type D” in
Petrov’s classification (see, e.g., the Wikipedia article on
this). These are not the geometric curvatures, so we can use
them to check that the Ricci curvature is zero and most im-
portantly, there is no singularity when 𝑟 = 𝑟𝑠. Note also that
the positive curvature in the ⟨𝑡, 𝜃⟩ plane is geometric and
is the main driver of planetary motion. The near period-
icity of planetary motion is an immediate consequence of
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this positive curvature. The negative curvature in the ⟨𝑡, 𝑟⟩
plane allows errant bodies to be thrown out of the solar
system or to fall into the sun.

Curvature is one thing, but to study the horizon, let’s
look at how geodesics behave there, taking 𝜃 and 𝜙 to be
constant for simplicity (i.e., look at geodesics going di-
rectly towards the center (0,0,0)). The simplest ones are
the light rays whose trajectories are easy to check: they are
given by

𝑡 = −(𝑟 + 𝑟𝑠 log(𝑟 − 𝑟𝑠)), (𝑟 > 𝑟𝑠).
The log-term blows up as 𝑟 decreases to 𝑟𝑠, i.e., showing
that an infinite amount of “our” clock time is needed for
light to reach the black hole horizon. The trajectories of
material bodies are given by a messier formula but tell a
similar story with the added feature that we can track their
proper clock time 𝑠 as the body approaches the horizon. If
we eliminate the external time 𝑡, the formula for 𝑟 = 𝑓(𝑠)
for the position as a function of proper time shows that
radial geodesics cross the horizon smoothly and continue
to the true singularity 𝑟 = 0 (where you really do get torn
apart). On the other hand, 𝑡must blow up logarithmically
when this path crosses the horizon, as it does on light rays,
hence the fact that when the body crosses the horizon, out-
side time is infinitely far in the future.

The seeming conundrum of the geodesic continuing in
this way is clarified, following Eddington and Finkelstein,
by changing the time coordinate in the Schwarzschild metric.
Define a new “time” by

𝑡𝐸𝐹 = 𝑡 + 𝑟 + log((𝑟/𝑟𝑠) − 1).
Using these coordinates, we find that we can enlarge our
usual space-time, adding a curious universe inside the
black hole whose time is infinitely far in the future:

ℝ(𝑡) × (ℝ3(𝑟, 𝜃, 𝜙) − {𝑟 ≤ 𝑟𝑠})
⊂ ℝ(𝑡𝐸𝐹) × (ℝ3(𝑟, 𝜃, 𝜙) − (0, 0, 0))

for which the new metric has singularities only at 𝑟 = 0:

𝑑𝑠2 = 𝑟 − 𝑟𝑠
𝑟 𝑑𝑡2𝐸𝐹 − 2𝑑𝑡𝐸𝐹 .𝑑𝑟 − 𝑟2(𝑑𝜃2 + sin2(𝜃)𝑑𝜙2).

In these coordinates, space is the same but time has been
“corrected” to make the hole’s interior continuous with
its exterior. Both light rays and material objects mov-
ing towards the black hole easily enter this new universe,
though, from our standpoint on the outside, they merely
slow down, seemingly stuck just outside the hole’s hori-
zon. This interior universe is not very friendly because its
curvature indeed grows without limit as 𝑟 goes to zero and
all time-like trajectories lead there.

Arguably, a more principled way of changing the time
coordinate is to introduce the flow lines of the geodesics
that start out as stationary objects far from the black hole
but then get sucked in. This idea was called “rain coordi-
nates” by Taylor and Wheeler who introduced it in their

text Exploring Black Holes. These flow lines define a global
time-invariant vector field on black hole space-time, like
the nearly parallel flow lines of stars onwhichwe proposed
to base global cosmology. In this case, their common
perpendicular defines an integrable distribution 𝑑𝑇 for a
time coordinate 𝑇. Like Eddington and Finkelstein’s time,
it equals the observer’s time 𝑡 plus a logarithmic infinity
blowing up at the horizon and leading to the same model
of the interior. Unfortunately, the formula for it brings in
elliptic functions so we won’t reproduce it. A geodesically
complete analysis of Schwarzschild’s model must add an
infinitely distant past as well as such a future, using either
a modification of Eddington-Finkelstein or the beautiful
Kruskal-Szekeres model.

Note finally, the similarity of a trip inside a black hole
with the trip we started with, going to Sag A*: in both cases
the travelers time and the stay-at-home time diverge wildly.
My point is that once again we need to forget Newton’s
idea that time is a universal physical thing. It is rather a
thing with distinct existence for each person and there are
real possibilities of time-travel into the future, maybe even
infinitely far into the future.

7. Truly Wild and Wooly Models
This trick of changing coordinates by a logarithmically infi-
nite term so that key geodesics become complete has now
been used again and again, and it sometimes leads to crazy
science-fiction scenarios. I’ll sketch two: the extended Kerr
model and the Taub-NUT model.

The Kerr model is both the apparently unique model
for black holes that incorporates their rotation but also
one whose geodesic completion allows time travel into the
past! It is also an algebraic nightmare, using oblate spher-
oidal coordinates and requiringmultiple off-diagonalmet-
ric terms. It has two forms: (i) the Boyer-Lindquist model,
describing the hole from the outside perspective, general-
izing the Schwarzschild model, and (ii) the Kerr-Schild
model that remains valid across the horizon, generaliz-
ing Eddington-Finkelstein. Both incorporate a normalized
measure 𝑎 of the angularmomentum, generally (and here)
assumed less than 𝑚. An excellent introduction is Matt
Visser’s exposition, arXiv:0706.0622v3.

Here are (i) oblate spheroidal coordinates for space
modified by adding arctan(𝑎/𝑟) to 𝜙, that we write
̃𝑟, ̃𝜃, ̃𝜙, (ii) some useful abbreviations, and (iii) the Boyer-

Lindquist model:

𝑥 + 𝑖𝑦 = ( ̃𝑟 − 𝑖𝑎).𝑒𝑖 ̃𝜙. sin( ̃𝜃), 𝑧 = ̃𝑟 cos( ̃𝜃),
Σ = ̃𝑟2 + 𝑎2. cos2( ̃𝜃), Δ = ̃𝑟2 − 𝑟𝑠 ̃𝑟 + 𝑎2,
𝑃 = 𝑟𝑠 ̃𝑟 sin2( ̃𝜃)/Σ,
𝑑𝑠2𝐵𝐿 = (1 − (𝑟𝑠 ̃𝑟/Σ))𝑑𝑡2 − (Σ/Δ)𝑑 ̃𝑟2 − Σ𝑑 ̃𝜃2

− ( ̃𝑟2 + 𝑎2 + 𝑎2𝑃) sin2( ̃𝜃)𝑑𝜙2 + 2𝑎𝑃𝑑𝑡𝑑 ̃𝜙.
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Now we descend into the black hole in stages: first define

𝑟±𝐸 = 1
2
(𝑟𝑠 ±√𝑟2𝑠 + 𝑎2 cos2( ̃𝜃)), 𝑟±𝐻 = 1

2
(𝑟𝑠 ±√𝑟2𝑠 + 𝑎2) so

𝑟+𝐸 ≥ 𝑟+𝐻 > 𝑟𝑠 > 𝑟−𝐻 ≥ 𝑟−𝐸 . The 𝑟𝐸 ’s define the inner and
outer ergospheres, the 𝑟𝐻 ’s the inner and outer horizons. At
𝑟 = 𝑟+𝐸 , the coefficient of 𝑑𝑡2 goes negative so 𝑡 ceases to
measure time and ̃𝜙 must increase on all future oriented
time-like paths. At 𝑟 = 𝑟+𝐻 the metric appears to blow
up, but, as in the 𝑎 = 0 case, the proper time along time-
oriented geodesics is nonetheless bounded all the way up
to the horizon. We must call in an infinite change of coor-
dinates, now in both 𝑡 and ̃𝜙:

𝑡Kerr= 𝑡 + 𝑟𝑠∫ ̃𝑟𝑑 ̃𝑟/Δ, ̃𝜙Kerr=− ̃𝜙 − 𝑎∫𝑑 ̃𝑟/Δ.

The result is now the original metric proposed by Roy Kerr,
shown here in both Cartesian and modified oblate coordi-
nates (dropping the subscript “Kerr”):

𝑑𝑠2Kerr = 𝑑𝑡2 − 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2

−𝑃.(𝑑𝑡 + ̃𝑟(𝑥𝑑𝑥 + 𝑦𝑑𝑦)
̃𝑟2 + 𝑎2 + 𝑎(𝑦𝑑𝑥 − 𝑥𝑑𝑦)

̃𝑟2 + 𝑎2 + 𝑧
̃𝑟 𝑑𝑧)

2

= (𝑑𝑡2−𝑑 ̃𝑟2−2𝑎 sin2( ̃𝜃)𝑑 ̃𝑟𝑑 ̃𝜙−Σ𝑑 ̃𝜃2−( ̃𝑟2+𝑎2)𝑑 ̃𝜙2)

−(𝑟𝑠 ̃𝑟/Σ).(𝑑𝑡 + 𝑑 ̃𝑟 + 𝑎 sin2( ̃𝜃)𝑑 ̃𝜙)
2
.

In both cases, each first line is the same flat Minkowski
metric and each second line is the same square of a time-
invariant null 1-form, null for both the flat metric and the
resulting Kerr metric. Don’t try verifying this unless you
have plenty of both paper and patience. Imposing time
and (𝑥, 𝑦) rotational invariance and requiring the Ricci cur-
vature to vanish was how Kerr was led to the above defini-
tion. Each form is useful for showing the behavior in differ-
ent ways. The determinant of the metric is −1, so we have
a bona fide metric wherever Σ ≠ 0, i.e., outside the ring
𝑧 = 0, 𝑥2 + 𝑦2 = 𝑎2 where curvatures do explode. What
happens to a voyager braving this black hole? Between 𝑟+𝐸
and 𝑟+𝐻 , we saw he must begin to turn around the hole in
the ̃𝜙 direction. In fact, a logarithmic infinity needed to be
added to ̃𝜙 to get a regular metric so in the original coor-
dinates (those of the external observer), he must spin in-
finitely often around the hole before crossing the horizon
(though not feeling dizzy in his local inertial frame). After
crossing the outer horizon, ̃𝑟 and 𝑡Kerr switch roles, and ̃𝑟 is
monotonically decreasing on all future directed time-like
paths, roughly tracking the explorer’s proper time back-
wards. The inner horizon is called aCauchy horizon because
everything inside it is in the future light cone of the singu-
larity, hence Einstein’s equations are no longer well posed.
It gets worse: you can even go through the singular ring
by allowing ̃𝑟 to become negative and there you can spiral
back in “time,” i.e., there are closed future oriented time-
like trajectories. At this point, physicists throw up their

hands and say enough is enough. But mathematicians do
not and, in fact, there is an infinite chain of new universes
connected by similar coordinate changes with which you
can make a geodesically complete model. This is spelled
out in O’Neill’s book, The Geometry of Kerr Black Holes, a
few of whose conclusions are diagrammed in Figure 3 us-
ing Kruskal-Szekeres-type coordinates. The opening image
of a black hole is a simulation of the Kerr model modified
to include radiating matter swirling inwards towards the
horizon and distorted by the hole’s curvature.

Figure 3. Each square duplicates part of the extended Kerr
model, I for 𝑟 > 𝑟+, II for 𝑟+ > 𝑟 > 𝑟−, III for 𝑟− > 𝑟, II′ is II with
time reversed (dropping the tilde and H). The red angles show
the future oriented light cones. The wavy black line is a
time-like geodesic in the extended Kerr model, following
O’Neill. The original Kerr model is the bottom row. They are
all separated by horizons across which the metric extends,
through a black hole where the geodesic exits, a white hole
where it enters. In the full picture, this keeps repeating so the
traveller returns again and again to a “normal” world I, but
always new ones! The red/green dots are the max/min of 𝑟 on
the geodesic.

The Taub-NUT space-time is such a truly bizarre exam-
ple that I can’t resist describing this. Its relatively tame
part was discovered by E. H. Taub in 1951. The suffix NUT
is not a suggestion of its weirdness but an abbreviation
of the three authors Newman, Unti, and Tamburino who
(metaphorically) crossed its horizon in 1963. It starts, let’s
say, at time 𝑡 = 0 with space being a constant curvature 3-
sphere but with a treacherous second fundamental form
in 4D space-time reflecting the Hopf fibration 𝑆3 → 𝑆2. It
is only a matter of time before “all hell breaks loose,” the
fibers of the fibration having lengths going to zero and all
time-like geodesics veering wildly away in one of two di-
rections. Here’s the scoop.
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Figure 4. The Taub model on the left; its NUT extension on the right, tracking the same blue geodesic. See text.

If we take the 3-sphere as the unit sphere in com-
plex 2-space 𝑧, 𝑤, the Hopf map is given by (𝑧, 𝑤) ↦
𝑤/𝑧 ∈ ℂ ∪ {∞}. If we take coordinates 𝑡, 𝜃, 𝜓, 𝜙 with
𝑧 = 𝑒𝑡/2. sin(𝜃/2).𝑒𝑖(𝜓−𝜙)/2 and 𝑤 = 𝑒𝑡/2. cos(𝜃/2).𝑒𝑖(𝜓+𝜙)/2,
then 𝜃, 𝜙 are the usual angle coordinates on the quotient
2-sphere and 𝑑𝜓+cos(𝜃)𝑑𝜙 is easily checked to be the unit
1-form perpendicular to 𝑑𝜃 and 𝑑𝜙. The idea is to put a
metric on the 3-sphere with time-varying different weights
on the fibers and on the quotient of the Hopf map. We
now define the Taub metric on (−ℓ, +ℓ) × 𝑆3 as follows:

𝑑𝑠2 = ℓ2 + 𝑡2
ℓ2 − 𝑡2 𝑑𝑡

2 − 4ℓ2(ℓ2 − 𝑡2)
ℓ2 + 𝑡2 .(𝑑𝜓 + cos(𝜃)𝑑𝜙)2

− (ℓ2 + 𝑡2).(𝑑𝜃2 + sin2(𝜃)𝑑𝜙2).

Remarkably, this choice of coefficients satisfies Einstein’s
vacuum equations. As 𝑡 approaches ℓ, distance along
the Hopf fibers shrinks and space collapses to a 2-sphere.
Geodesics, however, do a strange thing: except in sym-
metric situations, they loop around the Hopf fibers infin-
itely often while still having finite length! Figure 4 left, is
a picture in the 𝑡, 𝜓 plane, where the blue geodesic (with
𝜃 = 𝜙 = 0 is shown looping around twice (dotted when it
comes around).

But this isn’t the craziest thing about this model. What
the NUT authors showed was that, just like the black hole
case with the Eddington-Finkelstein substitution, one can
change coordinates and then cross the horizon 𝑡 = ℓ with
no problem. Misner called the resulting space a “Coun-
terexample to Almost Anything.” Some of its properties
are shown on the right in Figure 4. Everything above the
horizon is a new space infinitely far to the right in the Taub

model. The blue geodesic is the same one shown on the
left but now crossing the horizon, making an excursion
and curving back to the horizon in a striking way. The
thick red lines in the figure are all null geodesics, light
rays. The horizon itself becomes a circular null geodesic.
The red zones show the sectors of future oriented time-like
geodesics: space and time get seriously confused as time-
like geodesics above the horizon can curve back towards
the horizon. To be more careful we need some formulas.

The shift of 𝜓 giving the NUT-space and the resulting
NUT metric are these:

𝜓∗ = 𝜓 ± (− 𝑡
2ℓ +

1
2 . log(

ℓ + 𝑡
ℓ − 𝑡 )) ,

𝑑𝜓∗ = 𝑑𝜓 ± ℓ2 + 𝑡2
2ℓ(ℓ2 − 𝑡2) ,

𝑑𝑠2 = ±4ℓ(𝑑𝜓∗+ cos(𝜃)𝑑𝜙).𝑑𝑡

− 4ℓ2(ℓ2− 𝑡2)
ℓ2 + 𝑡2 (𝑑𝜓∗+cos(𝜃)𝑑𝜙)2

− (ℓ2 + 𝑡2)(𝑑𝜃2+ sin2(𝜃)𝑑𝜙2).

This is now a perfectly fine metric on the entire space
ℝ(𝑡) × 𝑆3. Moreover, note that ambiguous sign in the met-
ric. There are actually two possible ways to enlarge Taub
space beyond the horizon, one extending the geodesics
that spin left and the other extending those that spin right.
But if you try to patch both of them onto Taub space, it be-
comes non-Hausdorff! For example, the vertical geodesic
in the figure crosses every geodesic, whether it’s spinning
left or right. So in its closure, you get two distinct limits,
one in each extension. The blue geodesic shows the fate
of all time-like voyagers who cross the horizon: after an
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excursion into NUT space, they continue to the right, loop-
ing around the 𝜓∗ circle infinitely often while slowly com-
ing back to the horizon. In fact, the picture is even wilder.
The whole blue geodesic to infinity has finite length again
and, if you take the following coordinate change, it contin-
ues into yet another world: 𝜉 = (𝑡 − ℓ).𝑒−(𝜓∗+𝜙), 𝜂 = 𝑒𝜓∗+𝜙.
More carefully, one should first remove the circle 𝜃 = 𝜋
from the 3-sphere and then unwind it, allowing the angle
𝜓∗ to be a real number. These ideas were the subject of
quite a few papers in the Journal of Mathematical Physics in
the 60s and 70s and I have taken this from the 1973 pa-
per by J. G. Miller that appeared there. He showed how
the patching continues forever; see his Figure 1, p. 490. If
I’m not mistaken, this gives an exact and physically possi-
ble version of Bill Murray’s experiences in the film Ground-
hog Day where, coming to Punxsutawney to report on the
groundhog, he gets trapped in a world with circular time
and ultimately escapes after his circular time spirals side-
ways long enough for him to find love. Well, except for
the saccharine ending, I think the blue geodesic follows
the movie closely.

8. Final Ruminations
From a theory standpoint, there must be huge numbers
of possible vacuum or matter filled space-times, with or
without dark energy, and with complex global structure.
Most of these have no tendency to prefer (or even allow)
a global splitting of space and time. In this vast array of
possibilities, scientists and mathematicians have only ex-
plored a handful. The book, Exact Solutions of Einstein’s
Field Equations, another very heavy tome with five authors,
H. Stephani, D. Kramer, M. Maccallum, C. Hoenselaers,
and E. Herlt, is a pretty exhaustive survey. What it covers,
however, are all metrics with some simplifying properties:
symmetries, restricted curvature tensors, hypersurfaces in
5-space, metrics 𝑔𝑖𝑗 of special forms like Kerr’s. In this pot
pourri, however, we have only touched on a couple.

For me, the biggest takeaway is the fact that time itself is
such a tenuous thing, that hitching your body to light rays
or visiting any place where space-time is seriously warped,
you break free of the constraints of its normal passage. Like
Miranda in The Tempest, we find wonders when our small
isolated world is opened to the larger universe. But re-
turning to real life now, any speculation about where cos-
mology is going must take into account that we are in the
midst of an explosion of data from deep space and all sorts
of new situations are coming to light. There are indica-
tions that galaxy clusters can have coherent motion like
galaxies themselves, that huge black holes are not always
tucked safely in galaxy cores but can be ejected, reminis-
cent of Newtonian 3-body solutions in which one body is
ejected after a near triple collision. Perhaps the rotations of
black holes are not merely a local distortion of space-time

and maybe dark matter consists of black holes. Gravita-
tional waves are opening up brand new avenues for prob-
ing space-time. However, unless causality itself is violated,
our ability to observe and measure the universe will still
be limited to observations on or near our past light cone.
We can never observe all that much about the interior of
our past light cone, unless some sort of cosmic “mirror” is
invented or discovered whereby we see the past of our own
neighborhood. And we need to wait for eons to pass be-
fore we’ll see what our cosmic “neighbors” are doing now
or before the explorer of Sag A* that I started with returns.
I submit that it is likely that we will never be able to satisfy
the human drive to know the “big picture,” the beginning
and end of “all there is.” The confidence of many cosmol-
ogy popularizers todaymaywind up sounding asmistaken
as the firm conclusions of so many former generations.

David Mumford
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The Philosophy of
Differential Privacy

Claire McKay Bowen and Simson Garfinkel
1. Differential Privacy at 15
Differential privacy is under attack.

In 2006, a group of computer scientists invented
differential privacy as an approach to provide mathe-
matically provable privacy guarantees for statistical data
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publications based on confidential data. Systems that im-
plement differential privacy inject privacy-protecting noise
into statistics that are computed on the confidential data.
To date, differential privacy is the only data privacy system
for which the privacy guarantee does not depend on as-
sumptions about attackers who seek to undo the privacy
guarantee—assumptions such as how much auxiliary data
the attacker might have, how much computer power is at
their disposal, or how today’s data publications might be
combined with future data releases.

But differential privacy has its critics. They say that dif-
ferential privacy injects too much noise into published sta-
tistics, making them unusable for any practical purpose
[RFMS19]. As a result, academic journals and the US
courts are debating and questioning whether data practi-
tioners should use differential privacy for official and com-
mercial statistics.

Differential privacy emerged from the computer science
community as a rigorous definition for the privacy loss, or
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amount of disclosure risk, associated with data publishing.
The community refers to these rigorous and quantifiable
definitions as formal privacy loss measures. Since then,
many data privacy experts have come to regard differential
privacy as the “gold standard” for privacy protection. It’s
called a formally private method because statisticians can
mathematically prove the worst-case, or maximum, pri-
vacy loss that will result from a data publication that uses
differentially private methods.

Differential privacy was transformative. For the first
time, the scientific community had a quantifiable defi-
nition of privacy—or more specifically, a mathematical
definition for the incremental privacy loss from a publi-
cation based on confidential data. Previous techniques
for privacy-preserving data publishing, such as k-anonymity
[Swe02], were based on operational, empiric definitions:
these methods described how a dataset would be protected,
but they made no claims as to whether the resulting pub-
lished data actually achieved the goal of protecting the
data subjects’ privacy. As a result, mathematicians using
those techniques could notmake assertions about the data
protection without making sweeping assumptions as to
how an attacker might exploit the published data, harness
computational capabilities, and leverage available auxil-
iary datasets.

A secondmajor breakthrough of differential privacywas
that it did away with the (incorrect) belief that published
data were either privacy protecting or privacy eroding. In-
stead, the definition of differential privacy recognizes that
the privacy loss associated with each data publication or
statistic is incremental and cumulative. Differential pri-
vacy then gives data practitioners an adjustable knob that
can be tuned to control themaximum amount of potential
privacy loss in any specific statistic or data publication.

Wewill walk through an example to understand the fun-
damental difference between differential privacy and tradi-
tional methods for statistical disclosure limitation or control.
Imagine an organization that is required to publish aggre-
gate statistics regarding the ages of people who live on a
block, but is simultaneously prohibited from publishing
any person’s individual age. In one publication, the or-
ganization notes that there are three people who live on
the block, and that their median age is 30. Of course, this
immediately reveals that one person on the block is 30.
Oh well! In another publication, the organization states
that the average age is 44. At this point, there are only 30
possible combinations of integer ages that produce those
official statistics. Hmm...

Now suppose that a local newspaper publishes an arti-
cle the following month with a photo of the oldest person
in the city, who just happens to live on that block and just
celebrated their 80th birthday. Suddenly the cat is out of
the bag: the ages of the block’s inhabitants are 22, 30, and
80 [GAM19].

With differential privacy, the organization is prohibited
from publishing exact statistics about the block. Instead
of stating that 𝑛 = 3, ̄𝑥 = 44, and ̂𝑥 = 30, the organization
might publish that 𝑛 = 3.5, ̄𝑥 = 42.4, ̂𝑥 = 39 (𝜖 = 2.0),
where 𝜖 is the so-called privacy loss budget.

With this improved publication strategy, the newspaper
article no longer undoes the privacy protection. Revealing
the age of the oldest person doesn’t compromise the ages
of the other two, because the statistics organization pub-
lished noisy measurements. Even better, because noise was
intentionally added to the organization’s official statistics,
there is no way to validate the newspaper’s article: perhaps
the person really is 80, but perhaps the person is 79 or 83.
This simple example shows why adding intentional inac-
curacy to published statistics is a powerful approach for
protecting privacy.

Differential privacy acknowledges that every data release
based on confidential data fundamentally achieves two
competing results: it benefits the public by making avail-
able new statistics, and it causes privacy loss to the individ-
uals on whose data the publication is based. The inventors
of differential privacy realized this balance between public
benefit and private cost is inherently a public policy deci-
sion that is best left to policymakers and not something
that can be reasoned about and decided by mathemati-
cians. The privacy loss budget, 𝜖, is the knob that differ-
ential privacy gives policymakers to negotiate this trade-
off. Differential privacy allows privacy researchers to exper-
iment with a wide range of 𝜖 values, but only the practition-
ers who use differential privacy to publish statistics need
to be concerned with the final value that policymakers dic-
tate.

Balancing the privacy loss against the social good in a
data publication is not new: the US government has made
this trade-off since 1840 when it first started protecting in-
formation collected about establishments and businesses
for the decennial census. Statistical protection was ex-
tended to data about individuals in 1930.1 The US Census
Bureau has traditionally protected this information using
suppression or generalization. However, such techniques
do not compose, making them brittle when there are mul-
tiple data releases based on the same dataset, or when the
attacker has auxiliary information.

Differential privacy does compose: the math makes
it possible to compute the total potential privacy loss
frommultiple individual releases. Differential privacy also
gives policymakers fine-grain control over that trade-off be-
tween accuracy and privacy loss because 𝜖 can enjoy any
value between 0 and ∞. Furthermore, policymakers can
split a single 𝜖 into many individual parameters, 𝜖0, … , 𝜖𝑘,
giving many knobs for the statistics an organization pub-
lishes.

1See https://www.census.gov/history for a history of privacy-preserving
techniques used by the US Census Bureau.
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Differential privacy is a definition of the maximum pri-
vacy loss that can result from a data publication or statis-
tic. As such, there is no single differentially private mecha-
nism, algorithm, method, or technique (we will use these
terms interchangeably). Instead, privacy researchers have
created variousmathematicalmechanisms that can produce
a wide range of data products—including statistical tables,
public use microdata (or individual level data), and statis-
tical machine learning classifiers. Somewhat confusingly,
researchers have also created variants of differential privacy
itself, each with definitions that are typically relaxed from
the original.

The version of differential privacy created in 2006 is
known as 𝜖-differential privacy (or sometimes “pure” dif-
ferential privacy). When 𝜖 = 0, the data published have
no relationship to the confidential data that are being pro-
tected. Although covered under the definition, this is not
useful in practice. When 𝜖 = ∞, no noise is added to
the published data products. This is not privacy protect-
ing. But it is acceptable under differential privacy to pub-
lish the confidential data when 𝜖 = ∞ and should lay to
rest themisconception that differential privacy cannot pro-
duce data with sufficient accuracy. If 𝜖 = ∞ has insufficient
accuracy, then the underlying data have insufficient accu-
racy or the differentially private mechanism is poorly con-
structed! Typically 0 < 𝜖 < ∞, and policymakers have the
tough job of deciding the value.

Since 2006, members of the formal privacy research
community have developed a variety of differential privacy
variants, each with a different definition, some with ad-
ditional parameters. The most common definitions are
(𝜖, 𝛿)-differential privacy, concentrated differential privacy,
and Rényi differential privacy. Most of these mechanisms
use Laplace or Gaussian noise, while some use less known
distributions, such as Wishart. Each have different composi-
tion properties and different error distributions that result
from their application.

In the following sections, we continue to explain the
philosophy of differential privacy, provide the basic ter-
minology associated with differential privacy, and show
how mechanisms can be applied to protect simple statis-
tical products. We discuss the two fundamental models
of using differential privacy: the trusted curator model and
the local model. We also review some of the challenges,
both technical and political, that organizations have en-
countered when applying differential privacy. However,
this article will refrain from a detailed presentation of dif-
ferentially private algorithms and proofs of their correct-
ness. For that information, we refer interested readers to
our references.

We also refer to various groups within the formal pri-
vacy community. This community consists of researchers
(e.g., privacy experts), practitioners, data curators, data

users, and public policymakers. Researchers are individ-
uals who specialize in developing data privacy methods.
Practitioners are those who implement differentially pri-
vate methods on real systems and release data, often to the
public. Data curators are individuals or institutions that
are responsible for the collection and storage of the confi-
dential data. Data users are analysts and other researchers
(e.g., economists) of the publicly released data.

2. It’s About the Uncertainty
The existential reason that Dwork, McSherry, Nissim, and
Smith created differential privacy was to provide privacy
for individuals whose data were incorporated into statis-
tical databases. “Intuitively, if the database is a represen-
tative sample of an underlying population, the goal of
a privacy-preserving statistical database is to enable the
user to learn properties of the population as a whole
while protecting the privacy of the individual contributors”
[DMNS06].

With this intuition, the authors first imagined that the
data would be held by a “trusted server,” and processed
with an arbitrary “query function” (𝑓) to produce a “true
answer.” Today we call the server a trusted curator. Previ-
ously Nissim and Dinur had shown that if the server an-
swers too many questions with sufficient accuracy, then
all of the private data in the database can be compromised
[DN03].

But what if some specific individual’s data weren’t part
of that collection? In that case, that person’s privacy
couldn’t be impacted by the published statistical product.

To understand this intuition, let’s go back to our city
block example with three people on it. Imagine that Alice
is an elderly woman who lives across town. When the sta-
tistical agency publishes that the average age of the block’s
residents is 44, clearly Alice’s age cannot be compromised,
because her age was not included in the statistic! But if
Alice moves to the block and the city publishes that the
average age is now 55.5, an attacker trying to determine
Alice’s age could reasonably infer that she is 90.

The literature of statistical disclosure limitation uses the
term “data intruder” to describe an attacker who takes a
data publication and attempts to learn something about
one ormore of the respondents that the trusted curator has
pledged to keep confidential. The statistical agency applies
a query function to its confidential database to produce the
published statistics, while the data intruder tries to infer
the preimage of the query function—the underlying confi-
dential data—that produced the statistical publication.

Differential privacy uses noise to produce uncertainty
about the preimage. With differential privacy, a statisti-
cal agency might start consulting with data users to learn
what they wanted to do with the published statistics and
the level of accuracy they required. The agencymight learn
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Figure 1. Differential privacy constructs a noise wall around
the confidential database. Any query crossing the noise wall
is changed unpredictably, creating uncertainty in the mind of
the attacker regarding function 𝑓’s preimage, the confidential
database.

that data users want the count of people under and over a
specific age instead of the count of people and the aver-
age and median ages. For the previous year, the agency
might then publish that there were two people living on
the block under the age of 65 and two people over the age
of 65 (𝜖 = 2). In the current year, the agency might publish
that there are three people under 65 and two people over
65 (𝜖 = 2).

In other words, differential privacy creates a wall of
noise that surrounds and protects the confidential data:
any query results that cross the noise wall must be mod-
ified in a manner that is unpredictable to the attacker (Fig-
ure 1).

Earlier we stated that differentially private methods
are fundamentally different from another popular privacy
mechanism, k-anonymity [Swe02]. Differentially private
methods are based on the relationship between the confi-
dential database and the public data publication, whereas
k-anonymity is based on the mechanism applied to the
confidential database itself. Here k-anonymity relies on
the assumption that a data intruder cannot reliably single
out a person’s data if there are at least 𝑘 individuals in a par-
ticular group who share the same identifying characteris-
tics. k-anonymity had the aspirational hope that applying
the k-anonymity mechanism produces a dataset that pro-
tects privacy. Researchers soon discovered that it did not,
because any characteristic is potentially identifying when
linked with an appropriate external database [Gar15].

Another difference between differentially private meth-
ods and k-anonymity mechanisms is that differential pri-
vacy does not provide absolute private guarantees. Differ-
ential privacy does not say that certain values of 𝜖 are “safe”
and others are not. It also does not say that a single dataset
benefits all attackers equally. Attackers with auxiliary

information will learn more about the confidential data-
base than attackers without such information: differential
privacymakes it possible to compute how much better those
attackers will be able to do so.

3. Differential Privacy’s Math
Although this article refrains from covering the proofs, we
present the basic differential privacy terminology. We pro-
vide both a high-level explanation and the mathematical
definitions.
3.1. Differential privacy. From the previous section, we
understand that differential privacy protects a data publi-
cation or statistic with noise to create uncertainty, but how
does it determine the amount of noise to add? At a high
level, differential privacy links the potential for privacy loss
to how much the estimate for a unique statistic (or query)
from the underlying confidential data changes with the ab-
sence or presence of any individual record that could possibly
be in the database.

More specifically, differential privacy quantifies the pri-
vacy loss for each statistic by the parameter 𝜖. When adding
or removing a single user from the data, a differentially pri-
vate algorithm’s output distribution changes by an amount
limited by 𝜖. This framework allows for a formal guarantee
of the amount of information released about a confiden-
tial database over an arbitrary number of analyses, and it
does not require assumptions concerning how a data in-
truder would attack the data or the amount of information
they possess compared to other privacy loss measures.

However, the definition we present assumes the records
are disjoint from one another. Records are often not
in practice, requiring privacy researchers to make adjust-
ments when developing their differentially private meth-
ods.

Mathematically, we define differential privacy as fol-
lows. Let 𝑋 ∈ ℝ represent the original database with di-
mension 𝑛×𝑞. We define 𝑛 as the number of records in the
original database and a statistical query as 𝑓 ∶ ℝ𝑛×𝑞 → ℝ𝑘,
where the 𝑓 maps the possible datasets of 𝑋 to 𝑘 real num-
bers.

Differential privacy ([DMNS06]). A sanitization algo-
rithm, ℳ, satisfies 𝜖-differential privacy if for all subsets
𝑆 ⊆ 𝑅𝑎𝑛𝑔𝑒(ℳ) and for all 𝑋, 𝑋 ′ such that 𝑑(𝑋, 𝑋 ′) = 1,

Pr(ℳ(𝑋) ∈ 𝑆)
Pr(ℳ(𝑋 ′) ∈ 𝑆) ≤ exp(𝜖), (1)

where 𝜖 > 0 is the privacy loss budget and 𝑑(𝑋, 𝑋 ′) = 1
represents the possible ways that 𝑋 ′ differs from 𝑋 by one
record.

This distance can be alternatively interpreted as the pres-
ence or absence of a record, or as a change in a record,
where 𝑋 and 𝑋 ′ have the same dimensions. Both are valid
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interpretations, but have different impacts mathematically
on how the differentially private methods compose.

When adding Laplace noise, one of the most popular 𝜖-
differential privacy mechanisms, many data users find the
extremes of Laplace noise to be inconvenient in some ap-
plications. A popular variant of differential privacy known
as (𝜖, 𝛿)-differential privacy offers similar theoretical levels
of privacy protectionwith less noise, but with a small prob-
ability that, in some cases, the privacy definition bound
does not hold.

(𝜖, 𝛿)-Differential privacy ([DKM+06]). A sanitization al-
gorithm, ℳ, satisfies (𝜖, 𝛿)-differential privacy if for all
𝑋, 𝑋 ′ that are 𝑑(𝑋, 𝑋 ′) = 1,

Pr(ℳ(𝑋) ∈ 𝑆) ≤ exp(𝜖) Pr(ℳ(𝑋 ′) ∈ 𝑆) + 𝛿, (2)

where 𝛿 ∈ [0, 1]. 𝜖-differential privacy is a special case of
(𝜖, 𝛿)-differential privacy when 𝛿 = 0.

Most recent applications have used 10−7 ≤ 𝛿 ≤ 10−10.
This additional privacy parameter can produce significant
improvements in query accuracy with very little real-world
impact on privacy lossmost of the time. As with 𝜖, the value
for 𝛿 is a policy decision and more research is needed to
gain a better sense of what an appropriate 𝛿 should be.
3.2. Composition theorems. An advantage of differen-
tial privacy over other attempts to createmathematical defi-
nitions for privacy is that anymethod or algorithm that sat-
isfies differential privacy will compose. This composition
allows differential privacy practitioners to adjust an overall
𝜖 (sometimes referred to as the global privacy loss budget)
for any use of the confidential data, and then divvy out
smaller values of 𝜖 (i.e., 𝜖 = 𝜖1 + 𝜖2 + 𝜖3 +⋯) for each data
publication or statistic that makes use of the confidential
data.

Mathematically, we define this distinction through two
composition theorems.

Composition theorems ([DR13]). Suppose a mechanism,
ℳ, provides (𝜖𝑗, 𝛿𝑗)-differential privacy for 𝑗 = 1, … , 𝑘.

(a) Sequential composition. The sequence of ℳ𝑗(𝑋)
applied on the same 𝑋 provides (∑𝑗 𝜖𝑗 ,∑𝑗 𝛿𝑗)-
differential privacy.
(b) Parallel composition. Let 𝐷𝑗 be disjoint subsets
of the input domain 𝐷. The sequence of ℳ𝑗(𝑋 ∩ 𝐷𝑗)
provides (max(𝜖𝑗),max(𝛿𝑗))-differential privacy.

For 𝑘-many statistical queries on 𝑋 , the composition
theorems state that the practitioner may allocate a portion
of the overall desired level of 𝜖 to each statistic by sequen-
tial composition. As an example, a common practice is
splitting 𝜖 equally by 𝑘, such as a practitioner wanting to re-
lease 𝑘-many summary statistics and allocating 𝜖/𝑘 to each
statistic.

Unlike sequential composition, parallel composition
does not require the privacy loss budget to be divided be-
cause the differentially private noise is applied to disjoint
subsets of the input domain. A popular example is inject-
ing noise to a histogram, where the bins are disjoint sub-
sets of the data. This means a differentially private mech-
anism can add noise to each bin independently, without
needing to split 𝜖. Most differentially private methods try
to leverage parallel composition instead of sequential to
avoid splitting the privacy loss budget, because smaller 𝜖
means less accuracy. As we noted, this assumes that each
person can only occupy a single bin, which may not be the
case for some histograms.
3.3. Post-processing. Another important theorem with-
in the differential privacy framework is the post-processing
theorem, which states that any function applied to a differ-
entially private output produces a new output that is also
differentially private.

Post-processing theorem ([DMNS06]). Let ℳ be a mech-
anism that satisfies 𝜖-differential privacy, and let 𝑔 be any func-
tion. Then 𝑔 (ℳ(𝑋)) also satisfies 𝜖-differential privacy.

In practice, most applications of differential privacy
use the post-processing theorem to enforce physical or
structural data constraints, to avoid splitting the privacy
loss budget further, and/or to generate synthetic data (i.e.,
pseudo records that are statistical representative of original
data based on an underlying model). For instance, some
differentially private methods sanitize the underlying dis-
tribution of the confidential data and sample from that
noisy distribution to create synthetic data.
3.4. Sensitivity. Up to this point, we have focused on how
the privacy loss parameter 𝜖may be allocated to adjust the
amount of noise being injected to an output. However,
the query function’s sensitivity to a single person’s data
contribution also determines how much noise should be
added. Broadly, this sensitivity encodes how robust or re-
sistant the differentially private mechanism is to the pres-
ence of outliers. Differential privacy quantifies this sensi-
tivity by measuring how much the output changes in the
confidential data given the absence or presence of themost
extreme possible record that could exist in the population,
but might not be observed in the data. The reasoning be-
hind this measure is that if we do not know how the data
intruder will attack the data or what external information
they may have to help them, then we should protect for ev-
ery possible version of the data that could exist. If the output
crossing the noise barrier is very sensitive to the presence
of a single outlier, thenmore noise is added to decrease the
chance that an attacker will determine whether the outlier
is present or absent.

To help understand this concept better, imagine the
data we want to protect contains demographic and
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financial information. The query we want answered is,
“what is the median net worth of people on this block?”
According to differential privacy, we must consider the
change of the most extreme possible record that could ex-
ist or be in any given data that has socioeconomic infor-
mation. For our example, that person is Jeff Bezos.2 As it
turns out, the median function is not very sensitive to the
addition or removal of a single outlier in a population. If
Bezos is altered or removed in the data, the median net
worth will not change very much. This means we can pro-
vide a more accurate answer by adding less noise to the
median net worth result, because the median net worth
query is less sensitive to outliers like Bezos. Not all func-
tions have this property! Consider the query, “what is the
average net worth of people living on this block?” Unlike
the previous query, the answer would significantly change
if Bezos is or is not living on the block. In order to protect
Bezos, a differentially private algorithm would then need
to provide a significantly less accurate answer by adding
more noise for the same privacy loss parameter.

We mathematically define this sensitivity as follows:

𝑙1-Global sensitivity ([DMNS06]). The global sensitivity
of a function 𝑓 is

Δ1𝑓 = sup
𝑑(𝑋,𝑋′)=1

‖𝑓(𝑋) − 𝑓(𝑋 ′)‖1. (3)

Some differentially private mechanisms calculate the
sensitivity under different norms, such as 𝑙2 distance, re-
ferred to as 𝑙2-global sensitivity. Choosing a norm depends
on the specific differential privacy definition and the noise
distribution being used.

While the definition is straightforward, calculating the
global sensitivity can be difficult. For instance, we cannot
directly calculate the global sensitivity of one of the most
common statistical analyses, regression analysis, if the co-
efficients are unbounded. To address this issue, privacy
researchers creatively figured out ways to add noise within
the regression analyses, such as adding noise on the objec-
tive function.
3.5. Fundamental mechanisms. Most differentially pri-
vate algorithms build from the basic or fundamental differ-
entially private mechanisms that add noise from various
probability distributions. The Laplace Mechanism is the
most basic mechanism that satisfies 𝜖-differential privacy.
This mechanism adds noise drawn from a Laplace distribu-
tion with a mean of zero and a scale parameter based on
the sensitivity of the output and the privacy loss parame-
ter.

Laplace Mechanism. The Laplace Mechanism satisfies 𝜖-
differential privacy by adding noise to 𝑓 that are drawn

2According to Forbes, Jeff Bezos is the richest person in the world by net worth
for 2020.

from a Laplace distribution with the location parameter at
0 and scale parameter of Δ1𝑓𝜖−1 such that:

𝑓∗(𝑋) = 𝑓(𝑋) + 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 (0, Δ1𝑓𝜖−1) . (4)

Another popular mechanism is the Gaussian Mecha-
nism that satisfies (𝜖, 𝛿)-differential privacy that relies on
𝑙2-global sensitivity.
Gaussian Mechanism. The Gaussian Mechanism satisfies
(𝜖, 𝛿)-differential privacy by adding Gaussian noise with
zero mean and variance, 𝜎2, such that:

𝑓∗(𝑋) = 𝑓(𝑋) + 𝑁 (0, 𝜎2𝐼) , (5)

where 𝜎 = Δ2𝑓𝜖−1√2 log(1.25/𝛿).
Both of these fundamental mechanisms are easy to ap-

ply in practice, but can only be readily applied to numeri-
cal outputs. A more general mechanism is the Exponential
Mechanism, that satisfies 𝜖-differential privacy and sam-
ples from the possible outputs rather than adding noise di-
rectly. In practice, the Exponential Mechanism can be com-
putationally expensive without adjustments to the code or
limiting the possible outputs for the target statistic.

Exponential Mechanism. The Exponential Mechanism re-
leases values with a probability proportional to

exp (𝜖𝑓(𝑋, 𝜃)2Δ1𝑓
) (6)

and satisfies 𝜖-differential privacy, where 𝑓(𝑋, 𝜃) is the
score or quality function that determines the values for
each possible output, 𝜃, on 𝑋 .

Although there are many other differentially private
mechanisms that use different noise distributions, the
Laplace Mechanism and Gaussian Mechanism are the
most common. The advantages and disadvantages of
each varies based on the data and the use case. For in-
stance, the Laplace Mechanism has smaller variation than
the Gaussian Mechanism. However, the Gaussian Mecha-
nism performs better over multiple queries, because multi-
ple Gaussian distributions are still Gaussian. The Laplace
Mechanism has only one tuning parameter, 𝜖, whereas
users of the Gaussian Mechanism must balance 𝜖 and 𝛿.
3.6. Setting epsilon. Setting the value of 𝜖 is up to the pol-
icymakers, who will ultimately shoulder the responsibility
for selecting the budget. Yet, the decision should also be
informed by the privacy researcher, who can explain to pol-
icymakers how to interpret the privacy and utility trade-off,
and the participants in the data, who will have their own
sense of personal privacy versus the common good. Con-
sidering all these perspectives still leaves the important de-
cision of selecting a privacy loss budget open to debate.

Early in the development of differential privacy, re-
searchers said that setting 𝜖 was a policy decision. At the
same time, they stated that an 𝜖 less than or equal to one
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was ideal, whereas an epsilon of two or three would re-
lease too much information. The researchers also noted
that 𝜖 < 1.0 allowed for certain algorithmic simplifications.
Today we can look back at these statements and explain
them as reflecting both the immaturity of the field and the
fact that early research was almost entirely theoretical. Re-
searchers had little to no experience balancing privacy loss
against the societal benefit of a data release.

In contrast, many practitioners who have used differ-
ential privacy for actual data releases have required larger
values of 𝜖 to achieve query results that are statistically
“fit for purpose.” In 2008, for example, researchers ap-
plied the (𝜖, 𝛿)-differential privacy method with values
at (8.6, 10−5) to release a synthetic version of the On-
TheMap data, a dataset based on individual US commuters
[MKA+08]. More recently, Google’s 2020 COVID-19 Mo-
bility Reports provided movement trends over time by ge-
ography (e.g., county level in the United States) for dif-
ferent categories, such as transit stations and workplaces;
Google used 𝜖 = 2.64-differential privacy for the daily re-
ports. Of course, the total privacy loss steadily increases
as these daily reports are combined. In the same year,
LinkedIn revealed their LinkedIn’s Audience Engagement
API that protected LinkedIn members’ content engage-
ment data, which used (𝜖, 𝛿)-differential privacy with daily
values of (0.15, 10−10) [ABC+20,RSP+20].

As for how data participants perceive an appropriate
value of 𝜖, there is little published research on that topic.
To date, very few federal agencies have adopted differen-
tial privacy for their data products. For the initial data re-
leases of the 2020 Census, the Census Bureau decided on
𝜖 = 17.14 for the persons file and 𝜖 = 2.47 for the housing
unit data, with 𝛿 = 10−10 for each.3

These examples (and the lack thereof) suggest there are
many factors that affect the choice of 𝜖 and 𝛿, including the
type of information released to the public, social percep-
tion of privacy protection, statistical accuracy of the release
data, among others. Essentially, more research is necessary
to address the open question of how to select 𝜖. More on
this later.
3.7. Models of operation. Over the years, differential pri-
vacy has evolved into two distinct approaches, or mod-
els: the “trusted curator” model and “local differential pri-
vacy.”

3.7.1. Trusted curator model. Also called the central
model, the trusted curator model is what we have been dis-
cussing for most of this article. A trusted curator receives
confidential data, performs the queries and applies the dif-
ferentially private noise, and releases the results. If the

3See https://www2.census.gov/programs-surveys/decennial
/2020/program-management/data-product-planning/2010
-demonstration-data-products/ppmf20210428/2021-04-28-PPMF
-rho-allocation-tables.xlsx.

trusted curator is asked two similar queries, then noise
must be applied twice. This results in expending more of
the total privacy loss budget. If the privacy loss is capped,
at some point the trusted curator must stop answering
queries. If the privacy loss budget is not capped, then every
time a query is answered, an attacker will be able to make
more precise inferences about the nature of the confiden-
tial data.

3.7.2. Local differential privacy. Local differential pri-
vacy does not have a trusted curator. It instead focuses on
how individual data are collected, where each respondent
applies differential privacy locally, to their own data, before
submitting the protected data to the curator. As a result,
the curator no longer needs to be trusted. Local differen-
tial privacy is conceptually similar to the survey technique
known as randomized response [War65]. In fact, the two ap-
proaches are mathematically equivalent under many con-
ditions [WZFY20].

When employing randomized response, each individ-
ual receives a privacy budget (𝜖) where the log-difference in
the probability of generating the same noisy response from
two different individual responses is bounded by (−𝜖, 𝜖).
This framework contrasts from the other differential pri-
vacy definitions, where 𝜖 is applied to the entire confiden-
tial data.

Local differential privacy can be modeled as a single
complex query on a dataset, where the query asks for the
value of every row. Alternatively, it can be modeled as 𝑛
queries on a database of 𝑛 rows, in which the first query
asks for the first row, the second query asks for the sec-
ond row, and so on. Local differential privacy thus enjoys
parallel composition, because each row (or each of the 𝑛
queries) is not related to any other row (or query).

At first, local differential privacy seems quite attrac-
tive to data curators considering approaches for privacy-
preserving data analysis. After all, the resulting dataset is
differentially private, and the data are microdata, allowing
repeated reanalysis without additional privacy loss. The
problemwith this approach, as Kifer andMachanavajjhala
eloquently phrased it, is that there is “no free lunch in
data privacy” [KM11]. In the case of local differential pri-
vacy, substantially more noise is added to queries com-
puted with locally noised microdata than on queries that
are computed over true data by a trusted curator.

3.7.3. Hybrid models. Google’s experience with inte-
grating differential privacy into the Chrome web browser
shows both the promise and real-world limitations of
local differential privacy. In 2014, Google integrated
Randomized Aggregatable Privacy-Preserving Ordinal Re-
sponse (RAPPOR) into the Chrome web browser to collect
sensitive statistics from users without jeopardizing their
privacy [EPK14]. The system implemented local differen-
tial privacy, adding noise to microdata about a browser’s
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home page, visited sites, and the processes running on end-
user machines. One of the purposes of RAPPOR was to
assist in the collection of security metrics. The idea was
that even with the added noise, if Google detected that
malware running on a user’s machine was correlated with
having visited a particular URL, Google would have addi-
tional data that could be used to improve its malware fil-
tering systems. Unfortunately, Google no longer uses RAP-
POR in practice. “There’s just toomuch noise, even though
the epsilon was pretty high.”4

Following the release and use of RAPPOR, Google de-
veloped a hybrid approach that used secure aggregation to
first combine statistics frommultiple users, after which the
differentially private noise is applied. “Thus, secure aggre-
gation over just 1024-user subgroups holds the promise
of 32× improvement in differentially private estimate pre-
cision,” reported researchers from Google and Cornell
[BIK+17]. Google noted that this extra precision is criti-
cal for machine learning applications.

4. Challenges for Adoption
Differential privacy was invented in 2006, so it is only 15
years old as of this writing. To put this into context, it’s
instructive to look at another breakthrough mathematical
privacy-protecting technique, public key cryptography.

The basics of public key cryptography were researched
in 1976 (the Diffie-Helman key exchange), 1977 (the RSA
algorithm), and 1978 (certificates). But it wasn’t until 17
years later that the ssh and SSL protocols were invented for
sending information securely over the Internet. Bugs in
these algorithms and their implementations were still be-
ing worked out as recently as the past decade. And today,
despite billions of users deploying end-to-end encryption
through various messaging platforms (e.g., Signal), a sig-
nificant part of the global internet traffic still occurs over
unencrypted HTTP.

Likewise, the invention of differential privacy inspired
an explosion of new data privacy research, applying differ-
ential privacy to Bayesian inference, deep learning, facial
recognition, generative adversarial network, genome-wide
association studies, location privacy, multiparty compu-
tation, principal component analysis, recommender sys-
tems, social network analysis, and SQL queries, to name
a few.

But while the number of publications grow, deep chal-
lenges persist in transitioning these mathematics from re-
search to production. We group these challenges into sci-
entific challenges owing to the immaturity of the field, tran-
sition challenges of moving theory to practice, and social

4Comment by Ulfar Erlingsson at the 2018 Theory and Practice of Dif-
ferential Privacy. https://twitter.com/TedOnPrivacy/status
/1051848416416976896?s=19. Mentions of the deprecation are also
evident in the Chromium source code at https://bit.ly/370fr45.

challenges due to the radical differences between differ-
ential privacy and the previous techniques for privacy-
preserving data analysis and publication.
4.1. Scientific challenges. One of the major persisting
problems is that much of the differential privacy research
is highly theoretical. Some proposed algorithms can only
be used with data that meet specific conditions not typi-
cally met in real-world data, or have unrealistic assump-
tions on what information is publicly available to inform
or improve the method’s results. Although the science is
correct, it doesn’t apply to real-world applications.

As an example, Google’s first release of RAPPOR only
worked well for the small number of cases in the origi-
nal paper. More importantly, the privacy researchers ini-
tially did not track the cumulative privacy loss resulting
from repeated use of the system to make measurements
on the same individuals. Later, privacy researchers who
did not work for Google showed that RAPPOR with a 30-
minute reporting period would result with a privacy loss
budget of 𝜖 = 25.63 per day or 𝜖 = 769 over the course of a
month [RSP+20].

Another example is Uber’s differentially private SQL
queries system [JNS18]. In 2018, Johnson et al. developed
a differentially private approach for 8.1 million queries for
data gathered on rider and driver information, trip logs,
and customer support from March 2013 to August 2016.
While their method was a great step towards creating prac-
tical differentially private applications, at least one of dif-
ferential privacy’s creators argued that themethod suffered
from errors that led to the unintentional overreporting of
the quality of their results.5

With any new methodology or technology, testing and
experimenting is a necessary part of the process. Re-
searchers are learning from their mistakes and continue
to improve their methods. For instance, Google’s previ-
ous research into differential privacy allowed the company
to quickly develop “mobility reports” to provide access
to invaluable data during the COVID-19 global pandemic
[ABC+20].

4.1.1. Evaluating mechanisms. Another concern fac-
ing researchers is the correctness of approaches for evalu-
ating differential privacy mechanisms.

From November 2018 to May 2019, the National Insti-
tute of Standards and Technology Public Safety Commu-
nications Research (NIST PSCR) Division hosted the first
“Differential Privacy Synthetic Data Challenge.” The data
challenge called for researchers to develop practical and vi-
able differentially private data synthesismethods that were
scored based on specific metrics that were given ahead of
time. Three “Marathon Matches” provided participants

5See footnote 2 on page 4 of https://arxiv.org/pdf/1909.01917.pdf,
where the authors found that the open-source software version of Flex released
the full list of all user identifiers with simple queries.
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with training data that were identical in structure and vari-
ables to the real-world test data used for final scoring. Al-
though the challenge inspired new differentially private
synthetic generation methods, many of the top scoring
methods heavily relied on the training data to improve the
method’s results for the scoringmetrics. This consequently
caused some of these methods to perform worse on other
utility metrics not used in the competition [BS21].

4.1.2. Applications to non-tabular data. One of the
largest scientific challenges facing the differential privacy
research community is applying the framework to non-
tabular data, such as blocks of text longer than a fewwords,
qualitative information, images, and video. To date, most
of these efforts are experimental and not ready to be ap-
plied in practice. This is why many differentially private
applications to date have been applied to tabular data.

Both Google’s RAPPOR and COVID-19 Mobility Re-
ports added noise to the counts of bits or counts of peo-
ple within certain location categories, respectively. The
OnTheMap and 2020 Census data products are counts of
the United States population within specific geographic re-
gions. The NIST PSCR Data Challenge used the San Fran-
cisco Fire Department’s Call for Service data and the state
Public Use Microdata Sample, where many of the competi-
tors considered the data as tabular to apply their methods
and then later post-processed the synthetic data to resem-
ble the confidential data structure.

The few non-tabular differentially private applications
tend to oversimplify the problem or significantly sacri-
fice privacy to improve utility. One such data type is
social network data that represents a relational network
among individuals or groups. In social network analysis,
researchers define the people or entities in the network as
nodes with various attributes (e.g., demographic informa-
tion) and edges that represent a paired interaction between
two nodes. Facebook data could be considered social net-
work data, where the individuals are the nodes with at-
tributes like gender and age while the edges are if the indi-
viduals are “Facebook friends” or not.

This structure is why social network data are very chal-
lenging to protect with differential privacy, because dif-
ferential privacy must protect the worst-case scenario be-
tween two neighboring networks. An example scenario
is comparing an empty network (i.e., all isolated or non-
connecting nodes) and a star network (i.e., all nodes are
only connected to one node). If the confidential data is
a star network, then the worst-case scenario is to remove
the central node, which makes the network into an empty
network.

Given this difficulty, privacy researchers initially fo-
cused on protecting the privacy of the edges rather than
the node and edges together to increase the statistical in-
ference. This form of differential privacy is known as edge

differential privacy, which examines the absence or pres-
ence of a particular edge, instead of node differential privacy,
which examines the absence or presence of a node and all
the adjacent edges. However, under the edge differential
privacy framework, the privacy research assumes that node
attributes are known or not private, which is not always the
case in real life.

Researchers have developed models to generate differ-
entially private synthetic data that satisfy node differential
privacy. Modeling certain features in the data is how some
researchers are trying to tackle text and image data, but
there are still both technical and philosophical challenges
to overcome.

For example, consider a photo of a person in a subur-
ban neighborhood. If we want to protect the image using
differential privacy, simply applying noise to every pixel
produces unusable gibberish for any amount of noise that
is privacy protecting. Instead, we could extract a model
that contains the person’s hair color, their facial features,
and so on. We could then computationally remove the
person from the image and insert a new, synthetic person,
with noise added to each of the image parameters.

While this approach might obscure a person’s face, an
attacker might infer the person’s identity from other infor-
mation in the image. If a house address is clearly visible in
the picture background, a data intruder might use that to
learn the person’s identity. If we continue down this path,
we might end up trying to synthesize the entire image, pos-
sibly protecting more information than really needs to be
protected. To date, efforts along these lines are starting to
appear in research venues, but they do not appear to be
ready for use in production.

4.1.3. Making use of public data. Although the differ-
ential privacy model assumes that an attacker might have
all of the information in the world, few differentially pri-
vate mechanisms make use of publicly available data to
improve their accuracy without causing additional privacy
loss. This is somewhat frustrating, given that the amount
of noise being addedmay be substantial to achieve specific
levels of privacy protection. Approaches for making use of
public data are thus a largely unrealized opportunity for re-
searchers to develop newmechanisms that would improve
accuracy and corresponding impact on privacy.
4.2. Transition challenges. As our previous example of
public key cryptography demonstrates, the time to transi-
tion new mathematics technology from the academic to
practice can be quite lengthy. Often this is because the
clean, idealized conditions of the lab do not map well to
the messy realities of the world.

4.2.1. Human resource limitations. Probably the
largest barrier to the deployment of differential privacy is
the lack of practitioners who are simultaneously knowl-
edgeable of the math and skilled in building production
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systems. Although there are a growing number of
production-ready differential privacy libraries, such as
Google’s Privacy on Beam,6 the process of designing, build-
ing, deploying, and maintaining a working differential pri-
vacy system requires far more than a vetted differentially
private algorithms library. On the technical side, the prac-
titioner must identify which algorithms to use and where
to insert them into the statistical pipeline. Frequently, the
practitioner must rework statistical computations to allow
the 𝜖 to be used more efficiently.

Knowledgeable data practitioners must also defend the
very decision to use differential privacy in the first place.
This includes explaining why the release of exact aggregate
statistics inherently compromises the privacy of individu-
als, and defending the decision to intentionally add error
(e.g., noise) to data products after a substantial amount of
funds have been spent to make the data products as accu-
rate as possible.

4.2.2. Setting the privacy loss budget. One of the dif-
ferential privacy’s characteristics is that the protection is
tunable, allowing the tuning for any given data release to be
set by a policymaker, rather than a technician or dictated
by the privacy mechanism. This approach is advantageous
for differential privacy researchers, because it frees them
from the need to make a policy choice. The mathematics
are clear: someone’s ox is going to get gored. For any set-
ting of 𝜖, it is always the case that the data could be more
accurate by sacrificing just a little more privacy, and the re-
lease could be a little more privacy preserving by making
the data a little less accurate. So how should this choice be
made?

While setting the value of 𝜖 is clearly a policy decision,
it is a policy decision for which little has been researched
or otherwise written to aid policymakers. This lack of guid-
ance results inmany differentially private applications that
have privacy loss budgets that seem unjustifiably high or
low.

As an example of too high, Apple announced in 2016
that they would deploy a local differentially private ap-
proach on their iPhone to gain information about sug-
gested emojis based on keyboard strokes (in iOS 10 and
11). Apple did not divulge many details, so external pri-
vacy researchers conducted experiments to better under-
stand the methodology [TKB+17]. They discovered the
privacy loss budget used to collect users’ data on mobile
devices to be a daily value of 4 and thus a monthly value
of 120. The scientific community viewed these values as
unreasonably high. For differential private systems that
use high values of 𝜖, a concern is data intruders could re-
construct the entire confidential data, especially when the
number of queries are unbounded.

6To learn more about Privacy on Beam, check out their website at https://
github.com/google/differential-privacy/tree/main/privacy
-on-beam.

Conversely, many data practitioners criticize differen-
tially private applications that set 𝜖 too low. For example,
in 2018, the US Census Bureau announced their new Dis-
closure Avoidance System, a differentially private method
called the TopDown Algorithm, for the 2020 Census. In
preparation, they applied the TopDown Algorithm on the
1940 and 2010 Census data to allow data users to com-
pare against the unaltered 1940 Census data7 and the orig-
inal 2010 Census data release. For these demonstration
datasets, the Census Bureau set the privacy loss budget at
0.25, 0.5, 0.75, 1, 2, 4, 6, and 8. For another data demon-
stration release, the Census Bureau set the privacy loss bud-
get to 4.5.

After analyzing the data, many census data users and re-
searchers expressed concerns over the accuracy and useful-
ness of the altered data [RFMS19]. These concerns resulted
in the National Academies of Science, Engineering, and
Medicine hosting a workshop in December 2019, where
many of the speakers presented specific data quality is-
sues.8 Based on feedback from the scientific community,
the US Census Bureau set the privacy loss budget for the
next 2020 Decennial Census demonstration data to 10.3
for the persons file and 1.9 for the housing units data, with
𝛿 = 10−10 .9 On June 9, 2021, the Census Bureau commit-
ted to 17.14 for the persons file and 2.47 for the housing
units data.10

Although there are a growing number of differentially
private applications to provide further context on setting
an appropriate 𝜖, the scientific community needs more use
cases and participation from public policymakers to de-
cide what the right balance between privacy and utility is.

4.2.3. Machine resource limitations. Another prob-
lem is that many data practitioners or users have difficul-
ties implementing differentially private methods, because
of the insufficient computational resources. These limita-
tions hinder the accessibility for the average data user who
might not have the proper computing equipment to run
the methods or the background to hand-code them.

In the comparative study of the NIST PSCR Data Chal-
lenge, for instance, Bowen and Snoke evaluated the imple-
mentation ease and the computational feasibility of the

7The 1940 Census data are publicly available due to Title 44, where census
records that contained information about individuals could be released for pub-
lic use after 72 years.
8Details for the “Workshop on 2020 Census Data Products: Data
Needs and Privacy Considerations” can be found at https://
www.nationalacademies.org/event/12-11-2019/workshop
-on-2020-census-data-products-data-needs-and-privacy
-considerations.
9The US Census Bureau announced this privacy loss budget in their newslet-
ter on April 19, 2021. https://content.govdelivery.com/accounts
/USCENSUS/bulletins/2cdb999.
10The US Census Bureau set the privacy loss budget on June 9, 2021. https://
www.census.gov/newsroom/press-releases/2021/2020-census-key
-parameters.html.
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top competitors’ methods [BS21]. All but one competi-
tor provided open-source code via GitHub to earn addi-
tional prize money, lessening the burden on users to cre-
ate their own code. As for computational demand, some
of the differentially private synthetic data methods were
computationally complex, such as one approach that re-
quired significantmemory and high-performance graphics
processing units (GPUs) to run in a reasonable amount of
time. The other methods that were less computationally
demanding instead need additional hand-coding to prop-
erly pre-process the confidential data based on public data
(if available).

Realizing the lack of accessible differential privacy
code, a research group out of Harvard University started
OpenDP11 in 2019. OpenDP aims “...to build trustworthy,
open-source software tools for statistical analysis of sensi-
tive private data...[that] will offer the rigorous protections
of differential privacy for the individuals who may be rep-
resented in confidential data and statistically valid meth-
ods of analysis for researchers who study the data.” As of
the publication of this article, OpenDP has partnered with
Microsoft to create SmartNoise,12 but the platform is still
under development.

4.2.4. Accessing the confidential data. From expe-
rience and the privacy literature, we know that synthetic
data, including both traditional synthetic data and new
synthetic data created using differentially private methods,
often do not provide sufficient accuracy to create accu-
rate complex statistical models. To address this concern,
the US government created the Federal Statistical Research
Data Centers that allow appropriately vetted researchers to
access the confidential data and release results after those
results undergo an appropriate disclosure review process
at a federal statistical agency. This process is often slow,
laborious, and underutilized.

In an effort to alleviate some of the burdens on re-
searchers, the US Census Bureau provides researchers with
access to two experimental synthetic databases (which are
not differentially private) via the Synthetic Data Server
(SDS) at Cornell University: the Synthetic Longitudinal
Business Database and the SIPP Synthetic Beta Data Prod-
uct. The SDS provides a validation server that allows re-
searchers to submit their statistical programs to run on the
underlying administrative data after testing it on the syn-
thetic data. However, the SDS has two disadvantages. First,
because it is not automated, the process consumes limited
staff time. Also, the demand often exceeds available staff
time, causing long delays for approval. Second, reviews
may be inconsistent since they are manually evaluated by
humans, and they do not adhere to formal notions of pri-
vacy that constrain the allowable output.

11OpenDP’s website can be found at https://opendp.org/.
12To learn more about SmartNoise, check out their website at https://
smartnoise.org/.

To automate the process, the Urban Institute in collab-
oration with the Internal Revenue Service Statistics of In-
come Division is now developing an automated prototype
validation server using differentially private methods. The
proposed server will allow data users to submit queries
to gain differentially private summary statistics and regres-
sion models. This validation server will expand access to
administrative tax data, which is currently limited to those
with Internal Revenue Service clearance. However, the ef-
fort will take many years to perfect given many of the chal-
lenges we already discussed.
4.3. Social challenges. The adoption of differential pri-
vacy has encountered considerable resistance from various
groups. The pushback mostly stems from the lack of com-
munication and data users already having access to data
that is now being restricted.

4.3.1. Communicating privacy realities. One of the
greatest challenges in deploying differential privacy is com-
municating to policymakers and the public the underlying
mathematics of privacy itself from what we have learned
over the past two decades. Such communications are diffi-
cult because the protection of private facts behaves differ-
ently than our intuition has been trained to think. This
is perhaps similar to how the underlying physics of mass
and energy at the quantum level does not match the in-
tuitive understanding for most of us living in the macro-
scopic world.

Modern conceptions of privacy are overwhelmingly le-
gal and philosophical, rather than mathematical. For
much of the twentieth century, Western legal traditions
typically viewed information as either private or public.
Since the 1960s, there has been an increasing recognition
by policymakers that this is not the case. There is steady
effort to impose a variety of use-based controls to limit the
impact on individuals from various kinds of information.

In the US today, privacy is frequently viewed in terms of
the confidentiality of communications, transactions, med-
ical information, and other kinds of facts. Separately, an-
other branch of privacy law deals with intrusion into a
person’s seclusion.13 These conceptions drive the policy
discussion and the actions of consumers and businesses.
However, they are not rooted in mathematics. In other
words, these conceptions are based on how we imagine
and want personal information to behave and not how it
actually behaves. Just as a spendthrift might actually wish
to live on credit and never actually pay the bills when they
come due, so might organizations wish to make use of per-
sonal information while not paying the price of the inher-
ent privacy loss. The math of differential privacy tells us
there is a real cost to every data release. There is a running
bill, even if we do not choose to acknowledge it.

13Daniel Solove’s “A taxonomy of privacy” summarizes the range of privacy con-
cerns in the United States. https://www.jstor.org/stable/40041279.
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4.3.2. Changing data access. Many of those who
oppose differential privacy come from organizations that
have either enjoyed unfettered access to high-quality data
for decades or believed that past public data releases were
largely unaltered (but somehow protected). Data users
will have to adjust how they conduct their analyses when
given access to new source data that are intentionally noisy,
as a result of being protected.

Currently many data users do not know how to account
for the differentially private changes due to resource limita-
tions or because they have not yet engaged in the conversa-
tion. This problem comes hand in hand with the need for
better communication among the various groups to best
convey user needs to continue their analyses.

For example, while some data users need access to finer-
grained ethnic groups, such as Japanese American versus
Asian American, others might only need the general East
Asian American grouping. The former group could use the
SDS validation server to query the specific counts, whereas
the latter could use the official statistical tables.

While some users perceive differential privacy as remov-
ing access to data, differential privacy offers the opposite.
Several federal statistical agencies, such as the Internal Rev-
enue Service, the Bureau of Labor Statistics, and the Bureau
of Economic Analysis, are exploring differentially private
algorithms to release data that were previously not avail-
able due to privacy concerns.

In order to efficiently use the privacy loss budget to
expand data access, data custodians and data users must
cooperate and coordinate deploying differentially private
methods. No longer is it sufficient for data custodians to
perform some kind of “light touch” and provide “safe data”
to well-meaning academics or marketers, with the hope
that the data will be used for safe projects, by safe peo-
ple, in safe settings, and with safe outputs. That is, the
so-called “five safes” framework is fundamentally flawed
because mathematically there is no such thing as safe data
[Rit17]. This mathematical truth is the core justification
for the cost and difficulty associated with the adoption of
differential privacy.

5. Differential Privacy’s Future
Fifteen years of differential privacy have brought a genera-
tion of mathematicians difficult truths about the nature of
privacy. For businesses and statisticians, one of the most
troubling truths is that it is not possible to use personal in-
formation in a data product without leaking some of that
information. For policymakers, it means that there is no
magic set of data attributes or level of aggregation that al-
lows for data releases that have no privacy impact. In prac-
tice, this means that policymakers can no longer pass off
to technologists the requirement to balance the benefit of
public data with the cost to individual privacy.

What does thismean for the future? Similar to the emer-
gence of ssh and SSL to ensure a secure internet, we must
keep testing and using differential privacy to better under-
stand and tackle all the challenges and limitations we dis-
cussed earlier. If we do not, we risk losing access to invalu-
able data, asmore organizations realize that traditional sta-
tistical disclosure limitation methods do not address mod-
ern data privacy concerns.

However, the bulk of differential privacy research is still
theoretical. We need to encourage and value more usable
applications paired with educational materials on how to
explain and implement differentially private methods. By
doing so, we will have a more constructive conversation
with data users on adopting differential privacy for prac-
tical applications. We also need continuing education of
policymakers and journalists, who to date have portrayed
the fight between traditional disclosure avoidance systems
and differential privacy as a battle between old and new
systems, rather than as a battle between systems that use
ad hoc methods and have no formal proof of their validity,
and those based on principled mathematical proof.

As we have discussed throughout this article, differen-
tial privacy is not a “silver bullet” that makes data releases
safe, nor is it a one-size-fits-all method. Differential pri-
vacy instead accounts for the privacy loss that individuals
suffer when their private data are used in computations
that are later released to the public. Differential privacy
provides policymakers, data custodians, and data users a
powerful tool for balancing the competing concerns of
public benefit with individual privacy.
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Blockchain Viewed
from Mathematics

Yan X Zhang
Much of human activity involves assets, objects that hold
value that can be transferred between users, such as gold,
cash, or stocks. In the modern era, we want some assets
to be digital, or stored entirely as computer data. Since
there are no physical items (like gold bars) to represent
such an asset, its existence is equivalent to having a com-
puterized ledger (or state) of the asset, which keeps track
of how much of the asset each user owns, and a protocol, a
set of rules that define how the ledger changes and govern
user actions involving the asset.
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Formost currencies such as the USD (USDollar), banks
already accomplish digital assets by storing the ledger (say,
how many USD each user owns) as numbers in some data-
base; people can withdraw/transfer funds by running soft-
ware that interacts with the database according to protocol.
However, we might want digital assets to have additional
“democratic” properties:
1. The asset should be decentralized: there is no single

central authority that could render the protocol unus-
able by failing and/or purposefully denying service to
its users.

2. The asset should be permissionless: anyone should be
able to become a user of the asset if they follow the
protocol.

Banks fail these objectives. For example, if a bank is shut
down (via computer failure, government coercion, etc.),
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the users lose access to their assets immediately. We call a
digital asset that fulfills these additional properties a cryp-
tocurrency. The word blockchain refers to an instantiation
of a cryptocurrency-inspired protocol; it has also become
the name of the field of research for these protocols.

Even as a mathematician with little interest in finan-
cial speculation, I enjoyed the mathematical content lying
underneath the digital gold rush of cryptocurrencies and
blockchain. I wrote this specific paper to answer the ques-
tion, “what aspects of blockchain might be interesting
for a mathematical audience?” What I mean by “mathe-
matical” also includes fields adjacent to mathematics (ba-
sically, fields where practitioners prove theorems):
1. Since a blockchain saves some state across different

users, it is natural to study it with distributed systems
theory, especially consensus, which studies: “how do
we get 𝑛 nodes to agree on something, where the net-
work and/or some of the nodes can be faulty?”

2. Game theory and mechanism design are very relevant
as blockchain participants are usually dealing with
money. These fields predict user behavior and align
the incentives of the users with those of the protocol
designer.

3. Many primitives in blockchain depend on understand-
ing what is “easy” or “hard.” In particular, blockchain
tries to serve large numbers of users while keeping cer-
tain actions difficult to prevent attacks on the system.
These are the fundamental problems of cryptography.

4. Cryptocurrencies (or currencies built on top of cryp-
tocurrencies!) are financial assets. Mathematical fi-
nance studies these objects and associated phenom-
ena.

To start, let us try to create a cryptocurrency from scratch,
leading to the main ideas of Bitcoin. After that section, I
will introduce case studies of specific topics. As they are
mostly independent, I invite the reader to skip around
guided by their own interests and background; for exam-
ple, “Consensus Meets Blockchain” would be more inter-
esting for a reader who is already familiar with and/or in-
terested in theoretical computer science.

We Build a Cryptocurrency
First, we need to identify and authenticate users. We
do this with a digital signature protocol, which provides
pairs of public and private keys. The public key acts as an
“account” (a user can have many public keys) that owns
some amount of the asset, and the private key is kept by
the owner and can be used to sign messages. Digital sig-
natures allow anyone to verify (with the help of the asso-
ciated public key) that it is extremely unlikely for anyone
other than the owner of the matching private key to have
signed the message. Messages are to be broadcast (sent to
all users).

𝐵𝐺 𝐵1 𝐵2

𝐵3

𝐵′3

𝐵4

Figure 1. A representative visualization of many blockchains
inspired by Bitcoin.

Second, users need to be able to send assets. We al-
low users to create transactions, which are messages of the
form “𝑥 sends amount 𝑧 to 𝑦” (signed by 𝑥), where 𝑥 and
𝑦 are public keys representing their owners. A block is a
collection of transactions. It is dangerous for blocks to be
“taken out of context” since they can be mutually exclusive
(for example, maybe the transaction “𝑥 sends 𝑧 Bitcoin to
𝑦” was put in two blocks 𝐵 and 𝐵′, so we do not want to
double-count that as part of the same history). This mo-
tivates having each block refer to a particular state of the
blockchain from which the block dictates the next steps to
take; in other words, a block is a “state transition function”
from a specific state to the next. Putting it together, each
block should contain:
1. a reference to a parent block (if 𝐵1 is 𝐵2’s parent, we say

that 𝐵2 is 𝐵1’s child);
2. a set of transactions;
3. a digital signature of the block publisher.
Complementing this design, at the beginning of our

protocol, we can define a genesis block 𝐵𝐺, a block encod-
ing an empty state with no parent. Then, we can visualize
blocks as the nodes of a graph where each block has a di-
rected edge towards its parent, which is a tree where each
block 𝐵 identifies a unique chain 𝐵 → 𝐵𝑘 → 𝐵𝑘−1 →⋯𝐵𝐺.
Thus, each block 𝐵 corresponds to a unique state defined
by the empty state iteratively updated by the transactions
chain in the reverse order 𝐵𝐺 , … , 𝐵𝑘, 𝐵.

Note that our blockchain can fork, which happens when
we have two different child blocks with the same parent.
We say that a block 𝐵′ is a descendant of another block 𝐵 if
there is a directed path from 𝐵′ to 𝐵 (resp., from 𝐵 to 𝐵′) in
this graph. We say that two blocks conflict if neither are de-
scendants of the other (equivalently, when the two blocks
appear in different paths in a fork). Two conflicting blocks
correspond to different and possibly incompatible states;
in particular, the leaf blocks (blocks with no children) are
the candidates for “latest” states of the blockchain. We
now have a problem: “how do we resolve forking?”

To resolve forking, we need a rule that tells a user which
block to consider as the “true state.” We need to consider
users having potentially different views (the set of blocks
they have seen), which can happen because of network la-
tency, attackers, etc. Abstractly, we need a fork-choice rule
that takes as input (𝑉, 𝐵), where 𝑉 is a user’s view and 𝐵 is
a block in the view with at least one child, that outputs a
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unique child block of 𝐵. If we repeat the fork-choice rule
starting at the genesis block, we are guaranteed to end up
at a leaf block in𝑉 , whichwe call the head of the chain of the
view. The protocol-following user is to consider the head
of the chain as storing the “true history” of their view.

Forks are hard to avoid because they can be created non-
maliciously. For example, in Figure 1, the fork between 𝐵3
and 𝐵′3 may have occurred because an honest miner pub-
lished block 𝐵′3 off 𝐵2 before seeing 𝐵3 in his view. On the
other hand, malicious forking can be very damaging. The
typical example of this is a double-spending attack, where
the attacker 𝑥 gets the other users to accept a block 𝐵 that
includes a transaction 𝑇 where 𝑥 paid some money, ob-
tains some (real-life) service in return for 𝑇, and then gets
the other users to accept a forked chain starting from the
parent of 𝐵. If successful, then 𝑇 is effectively forgotten
and the attacker can spend the money again in the future.

With these considerations, it is very important to have
a fork-choice rule that is “robust” to forking. We now list a
few intuitive approaches to fork-choice rules and why they
fail:
1. Favor the “earliest” created child block when we see a

fork: timestamps are easy to fake.
2. Take an arbitrary function of the child blocks (repre-

sented as integers/strings), and pick the block with
the smallest function value: an attacker can eventually
fork via a block with an even smaller value.

3. Pick the child block that would eventually lead to the
longest chain of blocks: an attacker can just create a
very long chain.

4. Have some sort of “vote” on the child blocks: an
attacker can create many different accounts to get a
higher number of votes.

Many of these attacks can be implemented as Sybil attacks,
a generic term for when an attacker creates many users to
deceive other users about the true state of the chain, includ-
ing (but not limited to) creating frequent forking. Sybil re-
sistance is especially important for blockchain because we
want cryptocurrencies to be permissionless. The protocol
designer needs to balance two forces:
1. The easier it is to publish blocks, the more susceptible

the blockchain is to forking and Sybil attacks.
2. The harder it is to publish blocks, the slower the rate

of transaction processing becomes.
Finally, we have not yet addressed the “leader selection”
problemof “who publishes the blocks?” Each blockchain
addresses all of these issues differently, starting with Bit-
coin.

Bitcoin; Proof-of-Work
Bitcoin [Nak19] is the first and still-dominant cryptocur-
rency and blockchain. Its approach to Sybil resistance is
making block publication difficult, with the idea that if

we make it costly to do a useful action, then it is costly
to abuse/fake that action. This approach also addresses
the leader selection problem: the user who performs the
difficult action fastest gets to publish blocks.

First, if wemake block publication “difficult,” then only
certain users with access to computational resources would
attempt to publish blocks; these users are called miners,
though there is no “official” protocol labeling of miners
and any user can theoretically be a miner. To incentivize
miners to include their transactions and also to perform
the “difficult” block publication, users are to include a fee
in each transaction they create, which goes to the miner
who includes the transaction.

Now, our goal is for block publishing to be “difficult”
but for verification of a valid block to be “easy” (for the
sake of other users). The clever idea that Bitcoin uses is
to use a (cryptographic) hash function, which is a function
which is fast to compute but whose outputs look “essen-
tially random,” so that it is hard to find an input that en-
forces some property on the output. Specifically, if we
have the output of such a function ℎ be represented as bi-
nary strings, then if we ask a miner to some input 𝑥 to the
function that has an output starting with 𝑘 0’s for some
“difficulty parameter” 𝑘, the best thing the miner can do
is to repeatedly try random inputs and then getting a sat-
isfactory output roughly 1/2𝑘 of the time, which requires
an expected time of 2𝑘 rounds. This design is called proof-
of-work because whenever a miner finds a successful 𝑥, it
“proves” that the set of all miners did some (random) to-
tal amount of work (with expected total computation of
2𝑘 rounds). This repetitive process feels like and is thus
referred to as mining, which is also why the block publish-
ers are called miners. Under this design, the next user to
mine a block will essentially be randomly chosen, with
eachminer having the probability of being selected to pub-
lish a block proportional to their computational power.

Proof-of-work1 leads to the narrative that Bitcoin uses a
lot of electricity—people are incentivized to buy machines
optimized for computing these hash functions. In ex-
change, this “wasteful” plan is an elegant response against
Sybil attacks: if making a block were free, then the network
would be flooded with valid blocks, and the users would
be hard-pressed to find consensus.

Specifically, miners follow the following protocol:
1. We define the following fork-choice rule: each user

(in their view) is to consider the leaf block with the
highest total difficulty in its chain to be the head
of the chain. This rule is often called the (mislead-
ing) longest chain rule (it should really be renamed

1We academics are well aware of the “academic proof-of-work”: research pa-
pers are like blocks where we cite previous papers as (multiple)“parents,” where
we pay the “work” of peer-review to have papers published, else the archive of
academia would be flooded with (more) useless papers.
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“heaviest chain rule”). The miner uses the longest
chain rule to obtain their head of the chain 𝐵𝑃 .

2. The miner then computes a difficulty 𝑘, a value dy-
namically set by the protocol that changes with time
to target a specific rate of block generation for the
blockchain.

3. The miner collects the transactions they want into a
block (usually, the miner just picks a maximum num-
ber of transactions in the “pool” of outstanding trans-
actions, sorted by the highest fees). We represent this
set of transactions by some string2 𝑇.

4. The miner looks for a string (typically called a nonce,
something to be used just once) 𝑆 such that the con-
catenation 𝑆||𝑇 satisfies

ℎ(𝑆||𝑇) = 00⋯0⏟⎵⏟⎵⏟
𝑘 0’s

𝑏1𝑏2𝑏3⋯⏟⎵⎵⏟⎵⎵⏟
any bits

,

so that the first 𝑘 bits of the hash result are equal to
0. Here, ℎ is a protocol-agreed hash function and 𝑘 is
the aforementioned difficulty.

5. Theminer publishes a block 𝐵 with content (𝑆||𝑇) and
parent 𝐵𝑃 .

6. The miner receives a block reward (new Bitcoin gener-
ated and given to the miner directly from the proto-
col) and the fees from the transactions included in the
block.

This protocol aligns the incentives for the blockchain: the
users are incentivized to tip theminers with fees to include
their own transactions and the miners are incentivized to
do the computational work in order to receive the block
award and the fees.

Most cryptocurrencies take on the same basic skeleton
of Bitcoin. I mention two more (and only two, to not ex-
ceed the Notices bibliography item limit):
• Ethereum [W+14], the second largest blockchain, also

implements a ledger for its cryptocurrency, Ether.
However, the blockchain also stores smart contracts
(executable source code), making it more of a “vir-
tual computer.” Thus, the state of Ethereum also con-
tains statements such as “𝑥 has smart contract 𝑦” on
top of statements such as “𝑥 has 𝑦 Ether.” Transac-
tions can also be of the form “associate the smart con-
tract 𝑦 to 𝑥” or “run the smart contract associated with
𝑥.” As a consequence, many types of “software” have
been written on Ethereum, including games, decen-
tralized autonomous organizations (where users can
put in stake to get voting rights), and decentralized ex-
changes (where users can trade assets built on top of
Ethereum).

2For the big picture it is sufficient to assume that 𝑇 is just a concatenation of
strings encoding individual transactions; the technical implementation involv-
ing Merkle trees is slightly different.

• Zcash, based on [SCG+14], is one of the leading
blockchains for private transfers. Despite the name,
“cryptocurrencies” usually do not offer privacy past the
pseudonymity of public keys. In the vast majority of
designs (including Bitcoin), anyone can, in principle,
keep track of the balances of all addresses. The proto-
col in [SCG+14] provides one transparent and one pri-
vate chain. In the private chain, zk-SNARKs (a crypto-
graphic tool that we will introduce later) provide argu-
ments that valid transactions have occurred, without
leaking information about the sender, the receiver, or
the amount, while being able to detect, e.g., invalid
transactions.

Consensus Meets Blockchain
A traditional consensus protocol, as found in distributed sys-
tems theory, is a set of rules to be followed by a set of repli-
cas (users) sending messages to each other and changing
internal states in order to agree on some value. Faulty repli-
cas might crash and malicious replicas might attack the
system (in cryptocurrencies, this is especially relevant as
greed attracts malicious users). The usual approach in the
field is to assume that no more than some fraction (usu-
ally 1/3) of the replicas are byzantine (having completely
unpredictable behavior) and then try to have the other hon-
est (protocol-following) replicas agree. Specifically, during
the execution of the protocol, a replica can be instructed to
(irreversibly) commit to a value, and the goal is for all hon-
est replicas to commit to the same value. Different consen-
sus protocols optimize for different properties, such as:
• safety: it is impossible to commit two conflicting3 val-

ues;
• liveness: it is always plausible to eventually have every-

one commit values;
• low complexity: not too many (and/or too long) mes-

sages are sent over the network.
There are a few differences between the usual assumptions
of consensus and blockchain, such as:
• The typical use case of a distributed system is a data-

base with a small number of replicas (such as 4). The
permissionless nature of blockchain (in particular, a
byzantine user can pretend to bemany users) operates
under higher scale.

• The non-byzantine replicas in distributed systems are
typically “obedient” nodes; the non-byzantine users
in blockchain are typically “rational” human actors
who must be incentivized (such as by fees) to perform
costly actions.

3This word depends on context. If the value is, e.g., a number, “conflicting” sim-
ply means “different.” In more involved contexts, such as when the values repre-
sent the state of some machine, “conflicting” would mean representing incom-
patible states, analogous to conflicting blocks in different forks in blockchain.
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In most consensus protocols, there is a leader replica
proposing values and “phases” of replicas acknowledging
these values; the phases need to be carefully designed to
avoid well-coordinated attacks by byzantine actors. Practi-
cal Byzantine Fault Tolerance (PBFT) [CL99] is representa-
tive of this school, guaranteeing safety when less than 1/3
of replicas are byzantine. It mainly4 operates as follows:
1. Pre-prepare phase: a leader proposes a value and

broadcasts it as a message.
2. Prepare phase: if a replica receives a value, it broad-

casts a prepare message.
3. Commit phase: if a replica receives matching prepare

messages from 2/3 of all replicas, it broadcasts a com-
mit message; it internally commits the value if it re-
ceivesmatching commitmessages from 2/3 of all repli-
cas.

It is interesting (and exciting) that Bitcoin, in particular
proof-of-work, provides a new approach to consensus that
basically avoids the concepts of leaders or phases. This is
why Bitcoin’s proof-of-work design is also calledNakamoto
Consensus, despite itsmotivation as a Sybil resistancemech-
anism.

Nakamoto Consensus does not have safety in the tra-
ditional consensus sense, though it is natural to interpret
it as having “probabilistic safety”: blocks on the longest
chain are likely to be “safe,” but it is plausible for any
block to be “undone” if a chain with higher difficulty ap-
pears. As a case in point, [ES14] analyzes selfish mining
attacks. The main idea is that if the attackers have a “se-
cret chain” consisting of a valid chain of unpublished but
successfully “mined” (that is, with the correct nonces com-
puted) blocks, they can delay the publication of the chain
until the rest of the miners catch up. This wastes the other
miners’ progress, so the attackers end upwithmore relative
revenue. The tradeoff is that this delay may cause them to
waste their own publication if the rest of the miners pub-
lish a competing block quickly.

We now give some details. In [ES14]’s setup, the attack-
ers have total computation power (interpreted as a fraction
of total computational power of all users) 𝛼 ∈ [0, 1/2).
With Bitcoin’s design, this means that at any moment, the
next block is mined (but not necessarily published) by the
attackers with probability 𝛼 and is mined (and immedi-
ately published) by a non-attacker miner with probability
(1 − 𝛼), with the attackers being a minority. The authors
then model the attacker’s strategy as a Markov chain with
states:
1. 0′: the chain is forked, with one leaf block published

by the attackers and one not (the authors assume that

4I am omitting some details, such as the“view change” operation for when a
leader takes too long and the other replicas select a new leader. This is not just
a matter of convenience; the protocol needs to protect against potentially byzan-
tine leaders.

1

0′

0

2 3 4 ⋯

Figure 2. The Markov chain for selfish-mining.

a non-attacker wouldmine on one of these two blocks
randomly via some fixed Bernoulli distribution, while
the attackers would mine on the attacker-published
block);

2. 0: there is a unique public head of the chain 𝐵; the
attackers have no mined-but-unpublished chains that
would be longer than 𝐵 if published.

3. 𝑖 ∈ ℕ: there is a unique public head of the chain 𝐵;
the attackers have amined-but-unpublished chain (ex-
tending 𝐵 or forking one of its ancestors) such that, if
published, would be 𝑖 blocks ahead of 𝐵.

State transitions happen when a block is mined, with nu-
ances depending on the state and whether the attackers
or non-attackers mine the block. For example, if a non-
attacker publishes a block at state 𝑖 ≥ 3, the state moves to
𝑖 − 1 since the attackers’ unpublished chain’s lead over the
public chain has decreased by 1 block. However, if a non-
attacker publishes a block at state 2, the proposed strategy
is having the attackers publish their two blocks immedi-
ately, skipping past5 state 1 to state 0. See Figure 2 (essen-
tially [ES14, Figure 1]) for a visualization.

By computing the transition probabilities and keeping
track of the probabilistic block rewards, the authors of
[ES14] quantify the attack in terms of additional revenue
to the attackers. This work is one of the first mathematical
approaches to Bitcoin’s safety. In a similar vein, [SZ15] an-
alyzes Bitcoin’s susceptibility to double-spending attacks
and proposes GHOST, a replacement for the longest chain
rule with nicer properties.

Themain idea of proof-of-stake, an alternative design par-
adigm to proof-of-work, is to disincentivize bad behavior
by threatening to slash (take away) a user’s stake (money
that they commit to the protocol). In effect, proof-of-stake
tries to obtain the benefits of proof-of-work through
game theory, replacing “do work to earn the right to an ac-
tion” with “do an action for free, but be susceptible to los-
ing money.” This is analogous to allowing a tenant to live
in an apartment but seizing their deposit if they commit
bad behavior. Proof-of-stake protocols are highly desired

5The authors do not explicitly justify why the attackers do not stay at state 1. My
interpretation is that if they do, they have two block rewards at risk if the non-
attackers catch up (which advances the state to 0′, from which the attackers are
likely to lose the rewards). In contrast, if the attackers arrive at state 1 from
state 0 instead of 2, only a single block reward is at risk if the attackers stay at
1, so the cost-benefit analyses differ. It may be helpful to envision an additional
state to disambiguate the two state 1’s.
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because they avoid “useless” work, similar to the pursuit
of “clean energy.”

Proof-of-stake protocols tend to be similar to tradi-
tional consensus protocols.6 They also have their own
weaknesses; in particular, [BCNPW19] shows that after
making some assumptions, every “longest-chain variant”
proof-of-stake protocol contains one of two properties, ei-
ther of which makes the protocol vulnerable to a different
attack. This result has an “impossibility theorem” flavor
reminiscent of Arrow’s Theorem [Arr50] from voting the-
ory.7

With proof-of-work inspiring, e.g., Nakamoto Consen-
sus and proof-of-stake inspiring, e.g., HotStuff8 [YMR+19],
it is natural to ask the following question.

Question 1. Using concepts blockchain popular-
izes such as proof-of-work and proof-of-stake (and
also VDFs, SNARKs, etc. which we will see later),
can we innovate designs in consensus and other
subfields (for example, self-stabilization studies how
replicas in a potentially corrupted state can guaran-
tee returning to a “good” state) of distributed sys-
tems?

We end with a final voting analogy—when we do not
have a central authority, the users need to have some
sort of “voting.” Standard consensus protocols such as
PBFT use acknowledgment messages as votes to ensure
safety, where voting power is proportional to the number
of users (assuming there are not enough byzantine repli-
cas to break protocol by, e.g., voting twice). Sybil attacks
in a permissionless blockchain make such systems ineffec-
tive, so wemust find an alternative to “voting with number
of users.” Indeed, proof-of-work is “voting with compu-
tational work” and proof-of-stake is “voting with staked
money”!

Mechanism Design; Gas Markets
Mechanism design and game theory are everywhere in
blockchain since we must always consider the incentives
of the various parties. For example, game theorists study
auctions where participants bid money to win one or more
rewards. Most proof-of-work blockchains involve trans-
action creators bidding fees to win the service of being

6A heuristic reason for this similarity is that if we incentivize (via rewards and
punishment) “rational” validators to act as “obedient” honest nodes in the tradi-
tional protocol, we reduce to a similar setup as a traditional consensus protocol.
7Tangent: one interpretation of Arrow’s Theorem is “if we do not want a dic-
tatorship, then our voting system will have some inadequacies (which dictator-
ships avoid).” Analogously, if we do not want a central authority, then our
blockchain will have inadequacies (which central authorities avoid)!
8HotStuff [YMR+19] is a consensus protocol modelled after proof-of-stake
blockchain protocols; the paper also presents an abstract framework that gener-
alizes several existing protocols.

included in a block, so they can naturally be modelled as
auctions.

An Ethereum transaction includes a gas limit (in abstract
units of gas), which estimates how complex the operation
is for the Ethereum “computer,” and a gas price, which is
the amount the user is willing to pay per unit of gas. For
example, a simple Ether transfer has a gas limit of 21000.
If the user bids a gas price of 2 × 10−7 Ether for such a
transaction, then the user would pay the product 0.0042
Ether to a miner including the transaction in a block.

From the miner’s perspective, the miner is incentivized
to just take the maximum number of transactions they can
fit, sorted by the highest gas prices. This means the high-
est gas price bidders “win” and then pay exactly what they
bid, a design called a first-price auction. Finding optimal
strategies is difficult in a first-price auction, especially with
limited information. In practice for Ethereum (everything
discussed so far also applies to Bitcoin and similar proof-
of-work designs), participants often overbid, causing sharp
spikes in gas prices.

In auction theory, such situations can often be im-
proved by second-price auctions which enjoy better theoreti-
cal properties. In our case, “second-price” actually means
that each transaction included in a block would pay the
miner the lowest bid among them. However, blockchain
miners can do things traditional auctioneers cannot; they
can include fewer transactions or create “fake” transac-
tions themselves. For example, the blockchain might want
a miner to include the maximum of three transactions
in each block, but the top three gas prices have values
{10, 2, 1}, which would offer value 3 to the miner includ-
ing all of them. Then the miner is incentivized to include
just the first transaction or make two fake transactions
at 10 each (e.g., to pretend they are processing the maxi-
mum number of three transactions), both with a profit of
10. In summary, auction theory works differently under
blockchain, so we need new ideas.

EIP-1559 is a proposal for revising the Ethereum gas
market. Its main idea is to incentivize transaction creators
to bid close to a default value known as a “base fee,” so
the user experience is closer to, e.g., Amazon where a buyer
simply pays a posted price. Counterintuitively, it also asks
the base fee portion to be destroyed permanently instead
of being given to the miner (otherwise, the miner could
collude with users to simulate a first-price auction).
1. From a state of the protocol, one can deterministically

compute a base fee. The idea is that the base increases
under high trading activity and decreases under low
trading activity.

2. A transaction replaces the concept of the single gas
price by a tip and fee cap. If a transaction has a tip
𝑡, fee cap 𝑓, and gas limit 𝑔 is included in a block
with base fee 𝑟, then the creator of the transaction pays
𝑔 × min(𝑟 + 𝑡, 𝑓).
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3. The miner receives 𝑔 × min(𝑡, 𝑓 − 𝑟); note this corre-
sponds to the base fee being destroyed.

The report [Rou20] contrasts this design with the status
quo. The positive predictions are that there would be vari-
ance reduction, easier user discovery of optimal fees, resis-
tance against fake transactions, and (beneficial) deflation.
However, [Rou20] argues that the average transaction fee
will not change significantly and in periods of high de-
mand the situation can revert to that of a first-price auction,
where users might start inflating their tips.

Question 2. [Rou20] mostly analyzes single
blocks. What can we say about EIP-1559 dynam-
ics (base fee changes, collusion, etc.) over longer
time periods?

Verifiable Delay Functions
With all this talk of proof-of-work and proof-of-stake, a
fun mathematical tangent happens with “proof-of-time,”
which would be a way to prove that a certain amount of
time9 has elapsed. This is almost what happens in proof-
of-work, though a miner running 10 mining machines
would on average use 1/10 the time to mine a block.10

Thus, what we want is a family of functions such that:
1. given a parameter 𝑇, we can generate a specific func-

tion 𝐹 such that it takes around 𝑇 time to compute,
and this cannot be easily parallelized;

2. after computing 𝐹, we obtain a short proof that allows
others to verify the computation very quickly.

If both conditions are satisfied, we call such a function a
verifiable delay function (VDF).

Why would we want such a function? It is actually
not to replace proof-of-work.11 The primary application
of VDFs to blockchain is generating randomness on the
blockchain, a problem much trickier than it appears to
be. As an example, suppose we want to generate a ran-
dom number, but the result may benefit some users and
hurt others (such as a lottery, settling some bet on the
blockchain, or choosing the block proposer in proof-of-
stake). One naive way to generate the randomness would
be to, e.g., hash the data of a block and look at its first bits.
However, a miner who mines 𝐵 will immediately know
whether the result benefits her. This means she might de-
cide to censor (not publish) the block, spoiling our goal.

9Yes, there are also terms such as proof-of-space, proof-of-authority, and
even proof-of-useful-work floating around.
10As in high school physics, work is (hashing) power multiplied by time.
11In proof-of-work, if Alice has 60% of the resources in the world and Bob has
the other 40%, then Alice publishes 60% of the blocks. However, if we naively
replace the proof-of-work by computing a VDF, then Alice would publish near
100% of the blocks, because her VDF-machine is simply faster than Bob’s. This
promotes a monopoly, which is against the decentralizing goal of blockchain.

If we instead feed the data in the block to a VDF before
hashing, then the miner cannot figure out the answer in
advance. If the miner still wants to publish the block (e.g.,
for the block reward), the miner would mine the block. In
summary, we have incentivized fair randomness by mak-
ing sure that the last actor cannot peek ahead at the an-
swer. It is also important for the function to be efficiently
verifiable so that the other users of the chain can be con-
vinced that the function was computed correctly.

Two of the earliest VDFs by Wesolowski [Wes20] and
Pietrzak [Pie19] use the following idea: if we have a group
element 𝑔 of some finite group 𝐺 of unknown order (a
concept we discuss more in the next section), then we do
not know of a better way of computing 𝑔2𝑇 than doing 𝑇
repeated squarings starting from 𝑔. Specifically:
1. To set up the VDF (with domain 𝑋), find an abelian

group 𝐺 of unknown order and a hash function
𝐻∶ 𝑋 → 𝐺. Then save the parameters (𝐺,𝐻, 𝑇).

2. To evaluate the VDF on 𝑥 ∈ 𝑋 , output 𝑦 = [𝐻(𝑥)]2𝑇
and a proof 𝑃.

To give a specific example on how 𝑃 is generated, we
show Wesolowski’s [Wes20] method. Instead of showing
𝑃 directly, first we outline how a prover and a verifier can
engage in an interactive proof (we will discuss interactive
proofs in more detail soon) protocol as follows:
1. First pick a 𝑇. As an example, assuming 109 operations

a second, a 5-minute VDF might have 𝑇 around 240.
2. The prover and verifier compute 𝑔 = 𝐻(𝑥) ∈ 𝐺. The

prover then computes 𝑦 = 𝑔2𝑇 in 𝑂(𝑇) time.
3. The verifier gives the prover a random prime 𝑞 (say,

sampled uniformly around a certain size such as 2512).
4. The prover computes 𝑠, 𝑟 ∈ 𝐙, where 2𝑇 = 𝑠𝑞 + 𝑟 with

0 ≤ 𝑟 < 𝑞, and sends 𝑃 = 𝑔𝑠 to the verifier. As 𝑠 is
approximately 2𝑇/𝑞, computing 𝑔𝑠 takes 𝑂(𝑇) opera-
tions, a linear overhead to computing the VDF itself.

5. The verifier computes 2𝑇 (mod 𝑞) (which should
equal 𝑟) and checks that 𝑃𝑞𝑔𝑟 = 𝑦. Computing 2𝑇
(mod 𝑞), 𝑃𝑞, 𝑔𝑟 takes 𝑂(log(𝑇)), 𝑂(log(𝑞)), 𝑂(log(𝑟))
operations, respectively, all of which are fast.

Finally, we can remove the interactions required with
the well-known Fiat-Shamir heuristic (using randomness to
simulate verifier choices). Instead of asking the verifier for
𝑞, the prover and verifier can both generate 𝑞 by using some
(public) hash function that takes (𝐺, 𝑥, 𝑦, 𝑇) as input and
returns a random prime 𝑞. Then the prover can just give 𝑃
to the verifier as if she received 𝑞 from the verifier in the
interactive proof, and the verifier performs an identical
verification with the same 𝑞.
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Question 3. What are other ways to use VDFs cre-
atively? For example, VDFs can be used to, e.g., cre-
ate an unbiased “random beacon” that broadcasts
randomness at set time intervals, which can be use-
ful for situations beyond blockchain.

Cryptography and Number Theory
Most of the cryptography blockchain research is concen-
trated in the fairly specialized “program” of interactive
proofs and SNARKs (which I cover in the next sections),
but there are occasional ad-hoc problems that may be in-
teresting to non-specialists, especially number theorists. I
now give a couple of examples.

First, constructing groups of unknown order is useful
for several applications; we already saw it in VDFs, and it
also comes up in SNARKs (in particular DARKs). One nat-
ural idea is an RSA group, where a trusted authority multi-
plies two big primes to obtain 𝑁 = 𝑝𝑞 and then “throws
away” 𝑝 and 𝑞. Given 𝑁, we can do computations in the
multiplicative group (ℤ/𝑁ℤ)∗, but we do not know the or-
der of this group without the factorization of 𝑝𝑞. In the de-
centralized context of blockchain, however, such construc-
tions involving a central authority are usually undesirable.

The more popular constructions of groups of unknown
order involve ideal class groups of imaginary quadratic
fields, which I now present (omitting some technical de-
tails). In short, an imaginary quadratic field is an algebraic
extension

ℚ(√𝑑) = {𝑥 + 𝑦√𝑑|𝑥, 𝑦 ∈ ℚ},
where 𝑑 is a negative square-free integer. We define the
discriminant Δ to be 𝑑 if 𝑑 ≡ 1 (mod 4) and 4𝑑 otherwise.
Each such field𝐾 creates a ring of integers𝒪𝐾 . The ideal class
group ℎ(Δ) is the quotient group of the group of non-zero
fractional ideals of 𝒪𝐾 modded out by the principal frac-
tional ideals. The order of ℎ(Δ), also called the class number
of 𝐾, is a number that is believed to be difficult to compute
for sufficiently large Δ (assuming Δ ≡ 1 (mod 4)), which
means we can generate an ideal class group randomly and
be fairly sure that the group order is hard to compute. For
additional information, see [Wes20] for the proposal of
using ideal class groups for VDFs, [BFS20] for the appli-
cation to DARKs, or [DGS20] for a mathematical review
of these constructions and a proposal of using Jacobians
of hyperelliptic curves ([Lee20] gives counterpoints to the
proposal).

Question 4. How easy is it to get “partial informa-
tion” from an ideal class group? For example (a
specific question from Dan Boneh), given 𝑑 (equiv-
alently Δ), how hard is it to determine if |ℎ(Δ)| is
divisible by 3 or some other small prime?

Second, in blockchains (and more generally) it is often
desired to have efficient and secure multiparty computation
(MPC) where several users can collectively perform a com-
putation requiring no trust in each other. For example,
a blockchain may require a user to provide randomness.
When several users want to act as a single user, they can
use an MPC to jointly compute the randomness.

MPCs usually rely on some deterministic functions that
simulate randomness (like hash functions, but with more
requirements). One promising proposal uses the Legendre
symbol (𝑥

𝑝
), which equals 1 if 𝑥 ∈ (ℤ/𝑝ℤ)∗ is a quadratic

residue (equal to the square of some element) modulo the
prime 𝑝 and −1 otherwise; it obeys many nice properties
and is easy to compute. Given a secret key 𝑘 ∈ ℤ/𝑝ℤ, de-
fine

𝐿𝑝,𝑘(𝑥) = (𝑥 + 𝑘
𝑝 ).

See https://legendreprf.org/bounties for references
and bounties (for both theoretical and computational re-
sults) related to this construction.

Question 5. Given a small, say 𝑂(log(𝑝)), number
of different evaluations of 𝐿𝑝,𝑘(𝑥), is it possible to
recover 𝑘 with high probability?

Interactive Proofs; SNARKs
Interactive proofs is a subfield of cryptography that is evolv-
ing rapidly due to blockchain. Informally, an interactive
proof is a protocol for a prover to convince a verifier (we can
think of both as people armed with computers) of some
fact by sending messages over potentially many rounds. A
nice example of an interactive proof relevant to blockchain
is the “sumcheck” protocol from [LFKN92]. In this proto-
col, the prover tries to convince the verifier that the prover
performed the computation ∑𝛼∈{0,1}𝑛 𝑃(𝛼) = 𝛽, where 𝑃
is a known 𝑛-variate polynomial of low degree over some
finite field 𝐹.
1. The protocol has 𝑛 rounds. In round 𝑖 ∈ {1, 2, … , 𝑛},

the prover sends the polynomial

𝑝𝑖(𝑋𝑖) = ∑
𝛼∈{0,1}𝑛−𝑖

𝑃(𝑐1, … , 𝑐𝑖−1, 𝑋𝑖, 𝛼),

where the 𝑐𝑖 are field elements to be received from the
verifier. At the beginning of round 𝑖, the prover knows
𝑐1 through 𝑐𝑖−1. In particular, at the beginning of the
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first round the prover does not have any 𝑐𝑖 and the
expression also involves no 𝑐𝑖.

2. After receiving the polynomial in round 𝑖, the verifier
computes 𝑆 𝑖 = ∑𝑋𝑖∈{0,1} 𝑝𝑖(𝑋𝑖); then:
(a) if 𝑖 = 1, the verifier checks 𝑆1 = 𝛽;
(b) if 𝑖 > 1, the verifier checks 𝑆 𝑖 = 𝑝𝑖−1(𝑐𝑖−1).
Afterwards, the verifier gives a random 𝑐𝑖 ∈ 𝐹 to the
prover.

3. After all 𝑛 rounds, the verifier checks if 𝑃(𝑐1, … , 𝑐𝑛) =
𝑝𝑛(𝑐1, … , 𝑐𝑛).

This algorithm is essentially a commitment to the compu-
tation which is narrowed down via the challenges 𝑐𝑖 given
by the verifier one variable at a time. Its correctness is
based on the fact that it is extremely unlikely (assuming
𝑃 is of low degree) that the prover can “keep up the act” if
the prover did not in fact have such a computation. This
idea is revisited frequently in deeper parts of blockchain
research.

In blockchain, the main interactive proof systems peo-
ple study are (zk)-SNARKs, or (zero-knowledge) succinct non-
interactive arguments of knowledge. Informally, the impor-
tant terms are:
• Zero-knowledge: the proof is done in a way that the veri-

fier is convinced that the prover knows some informa-
tion 𝑠, but the verifier does not gain any knowledge
about 𝑠. For example, it is possible to create a proof
that two graphs are isomorphic without giving away
any information about the actual isomorphism. Note
that a digital signature is exactly a zero-knowledge
proof that the signer knows the secret key.

• Succinct: the proof generation time is fast (usually lin-
ear in computation length) and the verification time is
fast (usually sublinear in computation length). Note
that the latter requirement implies sublinear proof
size (since it takes time for the verifier to read the
proof).

• Non-interactive: the total communication is one mes-
sage sent by the prover. The name is unfortunate as
most interactive proofs we see in practice are techni-
cally “non-interactive interactive proofs” thanks to the
Fiat-Shamir heuristic (recall our VDF presentation).

SNARKs were introduced into blockchain via [SCG+14]
to introduce private transactions via the zero-knowledge
property. However, the more important12 goal of SNARKs
is providing succinct verified computation. A blockchain
fundamentally tries to save a shared state, which is the re-
sult of a sequence of state transition computations (such
as blocks). Specifically, we may want to prove statements
of the form “when the user 𝑥 (the prover) performed

12Case in point: one of the most important proposals for scaling Ethereum is
called “zk-Rollup” because of the usage of SNARKs in combining transactions
and saving space; what is important here is entirely the succinctness of the
SNARK and the “zk” part is actually irrelevant.

some computation 𝐶 from state 𝑆, using her own secret
information 𝑤 (say 𝑥’s secret key), the new state is 𝑆′ =
𝐹((𝑆, 𝐶), 𝑤),” where 𝐹 is a function encoding state transi-
tion. If we can provide easily verifiable (succinct) proofs
of such computations, then a blockchain can just put the
proofs of the computations “on-chain” (as transactions)
and have much of the computation be done “off-chain”
instead.

Given an arbitrary computation, a SNARK typically con-
verts the computation from “circuit” form (composed of
logic gates) into polynomial equations via a process called
“arithmetization.” Since we can combine many linear
equations into a single polynomial equation, polynomi-
als13 are very important in scaling blockchains. SNARKs ig-
nited a period of rapid cryptography research that resulted
in many variations. I will just name a couple:
• STARKs [BSBHR19], which are transparent, meaning

they do not require a trusted setup like the [SCG+14]
SNARKs. As a bonus, STARKs are believed to be post-
quantum secure. However, STARKs have much larger
proofs than SNARKs due to the lack of preprocessing.

• DARKs [BFS20], which use groups of unknown order
to achieve transparency with better asymptotic proof
size and similar verification time compared to STARKs,
but loses some “in-practice” efficiency and loses post-
quantum security. As a theoretical contribution, the
paper [BFS20] also gives a framework which can be
used to express the other proposed SNARKs, including
STARKs.

Question 6. Can we design other post-quantum
SNARKs besides STARKs? In general, there is much
interest in designing SNARKs which push any met-
rics (proof size, verification speed, post-quantum
resistance, etc.) farther.

Recursive SNARKs and Pairs of Elliptic Curves
While it is old news by now, I have always found it pleasant
that something as “pure” as elliptic curves have found their
way into cryptography. In blockchain, a particularly cute
extension of this story is the appearance of amicable pairs
of elliptic curves in the study of recursive SNARKs.

In standard blockchains, a new usermust download the
entire history to be completely sure that what they have is
valid. A recursive SNARK design uses SNARKs recursively
to prove statements of the form

𝐹(𝐹(…𝐹(𝐹(𝑆0, 𝑤0), 𝑤1, …))) = 𝑆,
which says “the initial state 𝑆0, which was correctly iter-
atively updated until it now equals 𝑆.” Such guarantees

13The choice of polynomials is what makes ideas such as the aforementioned
sumcheck algorithm important.
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would greatly reduce the total amount of data that users
would need to hold. The key step of a recursive SNARK is
to create a different SNARK that verifies the computation
of verifying the first SNARK.

The construction of SNARKs in [SCG+14] is associated
with a triple (𝐸, 𝑞, 𝑟), where 𝐸 is an elliptic curve over the
finite field 𝔽𝑞, 𝑟 is the prime order of some subgroup in 𝐸,
and (𝐸, 𝑞, 𝑟) is ordinary and pairing-friendly. Sketching the
essential details:
1. An elliptic curve 𝐸 over 𝔽 is a group of solutions to a

particular family of polynomial equations over some
field 𝔽. For us, we always have 𝔽 = 𝔽𝑞 for some prime
𝑞. For cryptographic operations, typically we focus our
attention on some subgroup of prime order 𝑟 within
𝐸, so we always specify (𝐸, 𝑞, 𝑟) in conjunction.

2. The embedding degree of (𝐸, 𝑞, 𝑟) is the minimal natural
number 𝑘 such that 𝑟|(𝑞𝑘 − 1). It only depends on 𝑟
and 𝑞, though those are always in context of 𝐸.

3. We call (𝐸, 𝑞, 𝑟) pairing friendly if 𝑟 > √𝑞 and the em-
bedding degree of (𝐸, 𝑞, 𝑟) is not too big.14

4. We call (𝐸, 𝑞, 𝑟) ordinary if gcd(𝑞 + 1 − |𝐸|, 𝑞) = 1, a
technical condition (again, this depends only on 𝐸
and 𝑞, but we always consider the triple in our appli-
cations) which guarantees that the embedding degree
of (𝐸, 𝑞, 𝑟) is not too small.15

With these assumptions, we can create a SNARK which
proves that the prover performed some computation in 𝔽𝑟
arithmetic, while the SNARK itself involves 𝔽𝑞 arithmetic.
Thus, if we have an elliptic curve 𝐸 over 𝔽𝑞 encoding com-
putations in 𝔽𝑟, to perform the key recursive SNARK step,
we want to verify computations done in 𝔽𝑞, meaning we
want a different elliptic curve 𝐸′ over some 𝔽𝑞′ which has
an order 𝑞 subgroup.

Thus, to perform this operation ad infinitum, we want
an infinite walk in the pairing friendly graph of elliptic
curves:16

• Each vertex of the graph is a pairing friendly and ordi-
nary (𝐸, 𝑞, 𝑟).

• We have an edge (𝐸, 𝑞, 𝑟) → (𝐸′, 𝑞′, 𝑟′) if 𝑞 = 𝑟′.
The easiest way to create an infinite walk is via a self-
loop/1-cycle, but this is impossible since we cannot have
𝑞|(𝑞𝑘 − 1). It is then natural to ask the following question.

14Depending on source, I have seen this to mean bounded above by some con-
stant times log(𝑟) or a straight constant such as 50. The main idea here is that if
it is too small, we cannot compute pairings efficiently on them, which is needed
for the underlying cryptography.
15Small embedding degree leads the discrete logarithm problem to be more eas-
ily broken, so it is also not desirable. A non-ordinary or supersingular curve
can only have embedding degree at most 2 over a prime field 𝔽𝑞.
16As defined in https://coinlist.co/build/coda/pages/theory.

Question 7. Can we find/classify pairs (or longer
cycles) of ordinary pairing-friendly elliptic curves
𝐸1 over 𝔽𝑞 and 𝐸2 over 𝔽𝑟 such that |𝐸1| = 𝑟 and
|𝐸2| = 𝑞, ideally with larger embedding degrees
than 6?

As of now, the only known family for 2-cycles is a fam-
ily of pairs of MNT cycles of (lower than desired for us)
embedding degrees (6, 4). [CCW19] proves that cycles of
MNT curves must be of lengths 2 or 4, with embedding
degrees (6, 4) or (6, 4, 6, 4), so this direction is a dead end.
They also show that 2-cycles for certain pairs of small em-
bedding degrees are not possible, though slightly bigger
degrees remain open.

Decentralized Finance; CFMMs
Broadly speaking, finance happens when there are (finan-
cial) assets. Assets include money, gold, stocks, or more
complicated instruments, such as derivatives, contracts con-
taining logic depending on other assets. Assets generate
markets, mechanisms/protocols where they can be traded.
The amount of assets available on a market to trade is
called liquidity. Classical mathematical finance studies
these financial objects. Decentralized finance (DeFi) does
the same, except with financial objects that exist on a
blockchain.

Many of these concepts are fairly close to traditional fi-
nancial concepts, and can be studied similarly. For exam-
ple, many tokens (currencies built on top of a blockchain,
usually Ethereum) are analogous to pachinko balls (assets
bought with money that can be used to perform specific
tasks) or stocks (assets that can pay money later or be used
as governance). Also, stablecoins are tokens that are de-
signed to stay at a fixed value “in the real world,” like how
Hong Kong pegs its currency to a constant multiple of the
USD. However, some concepts are truly unique to DeFi. I
introduce one now.

Traditionally, a market maker is a person working for
a stock exchange who adjusts (based on market condi-
tions) assets available for market participants. The mar-
ket maker “balances” the exchange (by creating positions
where other participants can both buy and sell) andmakes
money “from the spread” (by buying the same assets at
slightly lower prices and selling at slightly higher prices).
Blockchain allows automated market makers, which are
smart contracts that provide this type of service with no
(or optional) human oversight.

Uniswap (https://uniswap.org/) is such an auto-
mated market maker. Uniswap is a smart contract that
holds an amount 𝑋 of one asset and 𝑌 of another, which
allows people to trade between the two assets as long as
they keep 𝑋𝑌 to be some “constant” (not accounting for a
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trading fee). Uniswap is extremely successful: it provides
more than 2 billion dollars of liquidity, completely auto-
mated.

Formally, [AC20] generalizes Uniswap (and other
similar protococols) to constant function market makers
(CFMMs). These are defined by a trading function 𝜙∶ ℝ𝑛

+ ×
ℝ𝑛
+ × ℝ𝑛

+ → ℝ and a set of reserves 𝑅 ∈ ℝ𝑛
+. 𝑅 encodes

the amounts of 𝑛 types of coins a smart contract holds.
Besides 𝑅, the trading function takes as input Δ ∈ ℝ𝑛

+ (a
trader’s offer to the contract) and Γ ∈ ℝ𝑛

+ (what the trader
wants in return). The CFMM then accepts the trade (Δ, Γ)
if and only if 𝜙(𝑅, Δ, Γ) = 𝜙(𝑅, 0, 0); alternatively, it accepts
a trade if and only if the trading function is kept constant,
hence the name. Afterwards, the coins are exchanged, and
𝑅 now equals 𝑅 + Δ − Γ.

In this framework, Uniswap is an 𝑛 = 2 CFMM with

𝜙(𝑅, Δ, Γ) = (𝑅1 + 𝛾Δ1 − Γ1)(𝑅2 + 𝛾Δ2 − Γ2),
where (1 − 𝛾) is the percentage fee of a trade. Balancer
(https://balancer.finance/) and Cycle (https://
www.curve.fi/) are two more automated market makers
which can be expressed as CFMMs. CFMMs are a great
starting point for DeFi research due to their balance be-
tween mathematical clarity, simplicity, and actual usage.

The work [TW] is an example of traditional mathemati-
cal finance applied to (a slight variation of) Uniswap. The
work takes the perspective of the liquidity provider (LP),
which we can think of as the17 person who owns the two
assets held by Uniswap. If 𝑋𝑡 and 𝑌𝑡 are the amounts of
the two assets held by the smart contract at time 𝑡, then
the wealth of the LP is defined by 𝑋𝑡 +𝑌𝑡𝑆𝑡, where 𝑆𝑡 is the
external price, or how much a unit of the second asset is
worth in terms of the first. For example, the LP could be
holding 𝑋𝑡 USD and 𝑌𝑡 Ether in Uniswap, while 𝑆𝑡 is the
(current) price of Ether in USD. Then the wealth is a mea-
sure of how much the LP’s assets are valued in USD. The
authors make a few assumptions:
1. 𝑆𝑡 follows a discrete simple random walk with (multi-

plicative) steps 𝑒±𝛿 for some constant 𝛿;
2. the “outside world” is modeled by a single trader

(whom we call OT for “outside trader”) with unlim-
ited assets who trades with Uniswap if and only if
the trade makes them money; e.g., if they can trade
𝑥 of the first asset for 𝑦 of the second asset such that
𝑦𝑆𝑡 > 𝑥, they do.

The authors’ goal is to find

lim
𝑡→∞

𝔼[log(𝑋𝑡 + 𝑌𝑡𝑆𝑡)]
𝑡 ,

the asymptotic geometric return of the LP’s wealth. Their
main idea is defining 𝑆∗𝑡 = 𝑋𝑡/𝑌𝑡, the implicit price; one way
to motivate this quantity is to consider the feeless 𝛾 = 1
17In reality, there would be potentially many LPs all contributing different
amounts of liquidity.

limit, where the OT’s strategy essentially becomes keeping
the ratio of 𝑋𝑡/𝑌𝑡 equal to 𝑆𝑡. Then, the authors note that
𝑀𝑡 = log(𝑆𝑡/𝑆∗𝑡 ) follows a random walk where:
1. the state space has (2𝑘+1) states (𝑘 ∈ ℕ being a derived

quantity from 𝛾 and 𝛿) labeled {𝑠𝑖| − 𝑘 ≤ 𝑖 ≤ 𝑘};
2. at each step we go from 𝑠𝑗 “up” to 𝑠𝑗+1 with probability

𝑝 or “down” to 𝑠𝑗−1 with probability (1 − 𝑝) for some
constant 𝑝;

3. if we attempt to go “up” at 𝑠𝑘, then a trade happens:

the LP changes 𝑋𝑡 to 𝑋𝑡(𝑒
𝛿

𝛾+1 ) and 𝑌𝑡 to 𝑌𝑡(𝑒
−𝛾𝛿
𝛾+1 ) and𝑀𝑡

stays at 𝑠𝑘. A similar result happens if we go “down”
at 𝑠−𝑘.

We “hit the boundary” exactly when the OT can make
money by trading with the LP; the changes to 𝑋𝑡 and 𝑌𝑡 are
obtained by solving for the optimal trade amount from the
OT’s perspective. The random walk has the very nice prop-
erty that after resolving each trade, the resulting 𝑆𝑡 and 𝑆∗𝑡
make it so that 𝑀𝑡 is unchanged, which has no obvious
reason of being true! Using this and other properties of
the random walk, [TW] derives a closed formula for the
desired asymptotic return.

Question 8. Can we generalize this type of analy-
sis (wealth growth, liquidity growth, expected trade
volume, etc.) to other CFMMs? Do we always get
a random walk with nice properties, or did we just
get “lucky” with a particularly nice 𝑀𝑡?
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The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics 
of all types, and those who mentor them. Angela Gibney serves as the editor of this section. Next month’s theme will 
be good ideas.

Advice from  
Our Advisor  
and Publishing

Advice from Our  
Advisor: Benson Farb

Bena Tshishiku, Coordinating Editor

Benson Farb has advised 38 PhD students and mentored 
over 23 postdocs over the last 25 years. As a mentor, he has a 
reputation as a tireless advocate for his students, illustrated 
by the countless hours he devotes to giving advice on topics 
like conducting research, communicating mathematics, 
and navigating academia.

Benson has a knack for helping his students reach their 
potential. This is embodied by the following quote that 
Benson shared with me and his other students in 2014. The 
quote, from the book Decoded by Jia Mai, contains a mes-
sage given by a professor of mathematics to his students:

“I am a wild animal, not an animal trainer. I 
am going to chase you deep into the mountains 
and forests and you are going to have to do your 
damnedest to run ahead of me. The faster you 
run, the faster I will chase you. If you run slowly, 
I will chase you slowly. Whatever happens, you 
must run, you must never stop, whatever diffi-
culties you face. The day that you stop running, 
our relationship is over. The day that you run 
deep into the woods and disappear from sight, 
our relationship is also over. In the first instance, 
I have given up on you; in the second, you have 
set yourself free.”

This article contains advice given by Benson over the 
years, as told by some of his students and postdocs. I hope 
that readers will benefit both from hearing the different 
pieces of advice and from witnessing Benson’s unique 
advising style.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

Bena Tshishiku is an assistant professor of mathematics at Brown University. 
His email address is bena_tshishiku@brown.edu.

DOI: https://dx.doi.org/10.1090/noti2371
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Kathryn Mann
One of Benson’s go-to phrases was “keep pushing.” He 
didn’t use it in the obvious way, as a word of encourage-
ment when I was stuck on a problem, as a means of saying 
“keep trying, you’ll get it!” Rather, Benson’s version of “keep 
pushing” meant keep pushing yourself. Don’t take on a 
project that you know you could comfortably do. Push 
yourself to ask what the interesting problems are, what the 
rich and mysterious objects are, what the unexplored areas 
are, and set your sights there.

This was not particularly comforting advice to hear as 
a grad student. What I really wanted was to be handed a 
problem on a little metaphorical silver platter and be told 
“you definitely know enough to solve this and write it up, 
have fun!” Instead, I got “keep pushing” and “have you 
ever looked at these half dozen papers of Sullivan, there’s 
some great stuff in there.” In retrospect, “keep pushing” 
was a huge vote of confidence, and learning how to find 
my own problems was the most valuable skill I got from 
graduate school.

Towards the end of my time as Benson’s student, he 
became very enthusiastic about the proverb “behind the 
mountains, more mountains,” quoting it in every imagin-
able situation. To his credit, that image really does capture 
the richness and the infinite depth, beauty, and challenge 
of mathematics. From time to time, I still hear a voice (Ben-
son’s voice actually) in the back of my head reminding me 
to keep pushing. Don’t stop here, it says, go look for the 
mountains that are just behind these ones.

Weiyan Chen
To me, Benson was not only an advisor on mathematics, 
but also a mentor on how to do mathematics. He devoted 
a lot of attention to urging me to develop good habits 
no matter how small they are, from having color pens to 
using the blackboard more effectively. Small habits matter 
because, as he often said, “Math is hard, so do everything 
to make it easier.”

I still remember the very first lesson that I learned from 
Benson, when he saw me coming to his office bare-handed 
in my first student-advisor meeting, was to always bring a 
notebook to every mathematical conversation. I listened. 
This piece of advice seems trivial, but does have nontrivial 
impacts on me even years after I graduated. In my third 
year as a postdoc, when I was randomly browsing my 
tablet before a talk, I came across the note I took in a brief 
meeting with a visitor years ago, which contained the right 
information I needed to fill in a gap for a problem that I 
had been stuck on. That problem could have been much 
harder if I didn’t keep the note.

Dan Margalit
“Proof or counterexample!”

Some time prior, Benson had given me the following 
thesis problem: Compute the automorphism group of the pants 
complex. Is it the mapping class group? I had dutifully read Iva-
nov’s paper on automorphisms of the curve complex to the 
best of my abilities. And by this point, I had come up with 
plausibility arguments for why the automorphism group of 
the pants complex might or might not be the mapping class 
group. After some time with no tangible progress, I came to 
my weekly meeting with Benson with another plausibility 
argument. He replied with “proof or counterexample!”

He did not say this in an argumentative way. But more of 
an assurance that one or the other existed, and I just needed 
to find it. Sort of a mathematician’s version of “Do … or do 
not. There is no try.”

Not long after Benson started peppering me with “proof 
or counterexample” at our meetings, I had a proof. As Benson 
loves to recall, I went from coming in with half-baked ideas 
to coming in with reams of calculations. I think that a part 
of me just needed someone to tell me that I could do it. That 
I had to do it. That was enough to get me to lock myself in 
the Regenstein Library and produce the reams, and the proof.

That was two decades ago. Still, when I am stuck on a 
problem, or when one of my students is stuck, I often find 
myself saying “proof or counterexample!” It works much 
more often than it should. Not just the phrase, but the knowl-
edge that someone believes that you can and will succeed.

Sebastian Hensel
Benson Farb was my mentor when I was a Dickson Instruc-
tor at Chicago, as my first postdoc. Probably the first thing 
anyone notices when interacting with Benson for even a few 
minutes is: his enthusiasm and fascination for mathematics 
is infectious! No matter how bleak the outlook on any proj-
ect seemed before going to meet with him (be it in his office 
or a coffee shop), after talking to him I was sure again that 
the project was worth focusing on, and absolutely doable. 
This kind of resilience may not seem like much—but in fact 
is absolutely crucial to get anywhere in math.

But what influenced me most, and what may be most in-
dicative of his approach to mathematics, was something else. 
One time, when we were discussing that we couldn’t prove 
everything we wanted in one of our papers, he told me that 
he would much rather write the first paper on some topic, 
rather than the last. This focus on new ideas and, most of 
all, new connections between different mathematical ideas 
is always at the core of his work, and is a wonderful guiding 
principle when approaching one’s own work.

Dan Margalit is a professor of mathematics at the Georgia Institute of 
Technology. His email address is margalit@math.gatech.edu.

Sebastian Hensel is a professor of mathematics at the Ludwig Maximilian 
University of Munich. His email address is hensel@math.lmu.de.

Kathryn Mann is an assistant professor of mathematics at Cornell University. 
Her email address is k.mann@cornell.edu.

Weiyan Chen is an assistant professor at the Yau Mathematical Sciences 
Center of Tsinghua University. His email address is chwy@tsinghua.edu.cn.



Early Career

1754    Notices of the AmericAN mAthemAticAl society Volume 68, Number 10

can tell you about some beautiful mathematics that’s not 
at all due to me, and which should be much more widely 
appreciated….” Another time, when we were totally stuck 
on some computation that “should be” known to experts, I 
was trying to push through on my own and Benson stopped 
us and said, “Let’s go ask [world-leading expert],” adding 
in response to my expression, “Who cares how stupid we 
look? We’ll learn more, and more quickly than anything 
we’ll do on our own right now.” Math is hard, and espe-
cially as a young person, it’s easy to get caught up in a need 
to look or act “smart.” Benson worked hard to dispel this 
urge, and not by pretending that insecurities can just be 
willed away or don’t matter, but by generously modeling 
not taking them too seriously and emphasizing some of the 
main things that draw people into math—like its depth and 
beauty, or the joys of sharing knowledge (which requires 
people being willing to ask!). This is far from the only (or 
even the main) reason that doing math with and around 
Benson is so much fun, but from the perspective of men-
toring, it’s one I keep coming back to both for myself and 
for young people I’m now mentoring.

Jenny Wilson
As long as I have known Benson, he has supervised on the 
order of 8 to 10 PhD students at a time. Somehow, he always 
had time to give me feedback: on my papers, my talks, my 
grant and job applications.

Shortly before the first time I gave a seminar on one of 
my results, Benson sat down with me to critique my talk 
notes. His advice is still my model for preparing talks today: 
Cut a third of the material, and make the whole talk less 
technical. Follow this statement with some special cases. 
Illustrate that definition with a picture. Give a slogan first, 
then a precise theorem. Showcase this result in the easiest 
example. Make this comment explicitly, even if you think 
it is obvious. Lead with the most accessible applications. 
Decide what you want the audience’s big takeaways to be. 
Keep it simple.

Throughout my time at Chicago, Benson taught me 
mathematics, but also the “soft skills” of a career in re-
search. When I started he advised me on making a webpage, 
and how to get the most from a seminar talk (first order 
of advice: take good notes, even on the parts of the talk I 
didn’t understand yet). Later, he advised me on how to 
choose which journal to submit to, and how to network 
at conferences. He shared his own experiences about how 
to keep motivated with research through the inevitable 
ups and downs. If I’m stuck on my problem, he suggested, 
I should find the easiest, most concrete case I don’t under-
stand yet, and tackle it. Or, if I am too discouraged to do 
that, I should go find some other more elementary, more 

This was just one among the hundreds of lessons I 
learned from Benson on trying to make math easier. 
Clearly, he remembered what it was like to be a graduate 
student and had the patience to pass on his experience in 
detail. From Benson, I truly feel the resemblance between 
parents and mathematical parent—they are the people in 
my (mathematical) life that care about my growth so much 
that they would give me advice so trivial that I would not 
hear from anyone else—although it might be years until I 
realize the benefits of their influences on me.

Khalid Bou-Rabee
Transforming from a graduate student into a researcher is 
a treacherous climb. I remember getting to the top of my 
first mountain during the start of my third year, after having 
found my first original mathematics theorem. It took me 
months to prove, and another few months to write up. As 
soon as I was ready to publicly post my results, I found 
another person’s fresh flag at the summit. A distinguished 
professor from another university had just published a 
paper with all my results.

I was devastated. A year of work had seemingly gone to 
waste. And maybe I was just lucky? Will I ever prove another 
theorem? I started contemplating other careers.

“I understand that this is not a happy situation. But the 
options now are to stay bummed about it, or to use it as in-
spiration to show what you can do.” This is Benson’s views 
on setbacks, he converts them into opportunities, and he 
bleeds this ideology. He loves the challenge of the climb, 
believes in doing what’s right, avoids being vindictive, and 
channels failures into growth. This is why I think Benson 
Farb is an advisor without equal. To me he is the embod-
iment of the proverb: “Fall seven times. Stand up eight.”

Jesse Wolfson
Early in my postdoc at UChicago, I co-taught a course with 
Benson Farb and have been collaborating with him since. 
Around this time, I heard about a talk Benson gave where 
he began by asking the audience, “Can we all agree that 
I’ve proven some good theorems? Just one? Great! Now I 

Khalid Bou-Rabee is an associate professor of mathematics at the City 
College of City University of New York. His email address is kbourabee 
@ccny.cuny.edu.

Jesse Wolfson is an assistant professor of mathematics at the University of 
California, Irvine. His email address is wolfson@uci.edu.

Jenny Wilson is an assistant professor of mathematics at the University of 
Michigan. Her email address is jchw@umich.edu.

Figure 1. Benson with some of his students and grandstudents 
at his birthday conference in 2017.
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Abstracts of the papers printed in the Philosophical Transactions), 
which allowed for quicker dissemination of the latest sci-
entific advances than the full publication of manuscripts; 
see [5, p. 877] and [2, p. 4]. For more on the history of 
abstracts, especially in the context of the Royal Society, 
see [3]. As the number of scientific journals increased, 
scholarly indexing and abstracting services continued the 
practice of publishing article abstracts to help researchers 
keep up with the literature in their field. In mathematics, 
the first such service was Jahrbuchüber die Fortschritte der 
Mathematik, established in 1868, which sought to publish 
a complete index, with abstracts (or reviews) written by the 
editors, for every work of mathematics published in Europe 
during a given year; see [1, p. 10]. In the 1930s, Zentralblatt 
für Mathematik und ihre Grenzgebiete, now zbMATH, aimed 
for a broader reach and quicker turnaround in publishing 
its indexes and reviews. When the Nazis pressured the 
Zentralblatt founder and chief editor Otto Neugebauer, 
who was Jewish, to resign, he eventually fled to the US and 
founded Mathematical Reviews, now MathSciNet, in 1940; 
see [1, p. 14]. The current practice of authors writing their 
own abstracts printed atop articles did not seem to take 
hold until later in the 20th century; it provided authors 
with much more control in crafting how their work was 
perceived by others.

Common advice for writing an article abstract these days 
include: don’t make it too long (e.g., multiple paragraphs) 
or too short (e.g., one or two sentences), try to use a mini-
mum of technical language, don’t include formal references 
or displayed equations (and generally try to avoid typeset 
symbols when possible), and don’t mention special pro-
grams or REUs or your PhD advisor. Most importantly, 
make it self-contained: don’t assume that the reader has 
already read the paper, internalized the motivation, and 
kept track of the notation. As for the purpose of an article 
abstract, the traditional wisdom breaks into two camps: 
selling your work versus helpfully summarizing it.

In light of this contrast, no discussion of contemporary 
abstracts would be complete without considering the arXiv, 
whose open access research-sharing platform has become 
an indispensable venue for mathematicians to quickly learn 
about each others’ work. Each day, thousands of people 
check the daily postings; they scan each posting’s title and 
list of authors, and if interested, read the abstract; if further 
interested, they open the full text and scan the introduc-
tion. I would advocate for thinking of your arXiv posting’s 
abstract more akin to a talk abstract than an article abstract. 
Since one of the primary goals of the arXiv abstract is to 
entice people to open your full text, you may want to make 
it more zippy, more broadly understandable, and more 
concise, leaving the reader with a feeling that they want to 
find out more. This is your article’s elevator pitch moment! 
Later on, when your article is accepted in a journal, you can 
retool your abstract a bit with a view toward the permanent 
public record: consider making it slightly more informative 

fun math exercises to work on instead. I can come back to 
the research problem once I feel engaged again.

I graduated almost seven years ago, but I still reach out 
to Benson when I need career advice. Last week Benson 
wrote to me to make sure I was applying for a particular 
scholarship (in an email he signed “Your nagging granny”). 
Benson is an advisor just as he is a mathematician: fiercely 
dedicated, and always accessible.

Credits
Figure 1 is courtesy of Benson Farb.

Thinking About Abstracts

Asher Auel

Whether for an article, talk, or grant application, abstracts 
are an important part of the way we communicate our 
work. As with any form of writing, the most important 
issue to consider is your audience: who will be reading 
this abstract and what purpose should it serve? If it’s for a 
conference talk, it might be the only piece of information, 
besides the title and your name, to help a participant de-
cide to attend, so you might consider focusing on selling 
your talk as broadly as possible. If it’s for a research sem-
inar talk, including more detail and background might 
help local participants get excited about your work and 
maybe organize a pretalk for graduate students. If it’s for 
a grant application, the abstract might be the only part 
of the proposal that is publically viewable, so you’ll want 
to make it broadly accessible to a general scientifically 
literate audience. While seemingly everything you write or 
present needs an abstract these days, a quick historical tour 
through abstracts in scientific publishing, and how they 
have changed, may provide some context to help you get 
the most out of your abstracts.

While the notion of an abstract—a small piece of text 
summarizing a larger work—has been around since the 
beginning of writing and record keeping, its use in scientific 
publishing arose in the 18th century in conjunction with 
the editorial process. For example, a paper’s consideration 
for publication in the Royal Society of London’s journal 
Philosophical Transactions was based on an abstract prepared 
by the Society’s secretaries after notes taken for the minute 
book during a reading of the paper at one of the Fellows’ 
weekly meetings; see [5, p. 871], [4, p. 13], [2, p. 13]. In 
particular, these abstracts were far from being written by 
the paper’s author. They would later (starting in 1830) be 
bound together and published in the journal Proceedings 
of the Royal Society (whose early volumes were entitled  
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(given the publication venue), include more details about 
your specific results and your main techniques, and include 
many searchable keywords and phrases. This can help 
ensure the robustness of the search, retrieval, and citation 
afterlife of your article; you can even update the abstract of 
your article’s final arXiv revision.

Asking around, you will get lots of opinions about ab-
stracts. Since writing an abstract is an art form, critically 
reading many of them—both within and outside of your 
specialty—can help you to discover your own style.
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What Happens to Your 
Paper, After It Is Submitted?

Chuck Weibel

If you are early in your career, and are just submitting a 
paper, you might find the process unnecessarily slow. For 
example, you may want to update your CV as soon as pos-
sible with the magical adjective “Accepted.” This is especially 
true if you are applying for jobs, or up for promotion, when 
you want your CV to be as strong as posssible.

Once you’ve submitted your paper, the process may seem 
mysterious. I would like to draw back the curtain a bit and 
explain the steps your paper will likely go through.

The corresponding editor. The first step is matching 
your submission with an editor; this step varies from jour-
nal to journal. It is automatic if you have submitted your 
paper directly to an editor; other websites will ask for your 
preference of editor, defaulting to having an Editor-in-Chief 
select the editor. Either way, all your correspondence should 
be with that editor.

Most journals now use an editorial system such as Edito-
rial Manager (e.g., most Elsevier and Springer journals) or 
Editflow (e.g., journals operated by societies like the AMS, 
CMS, and European societies). If possible, your commu-
nication with the editor should go through such a system. 
Avoid using a publisher’s “send-a-message” website to 
contact editors if possible, as it usually delays your getting 
a useful response.

Quick decisions. The first thing your editor does is make 
a “quick” decision as to whether your paper is appropriate 
for their journal. This can happen immediately if the editor 
is enough of an expert in your field that they can decide 
quickly and directly. (Your choice of editor matters here!)

If not, the editor usually asks an expert for their quick 
opinion. In this case, the quickness of the opinion depends 
on the expert and their free time. The “quick opinion” can 
take two weeks or so, but during the pandemic this has 
sometimes taken slightly longer.

If the quick opinion is negative, most journals will send 
you a rejection within a couple of weeks. Again, this varies 
with the journal; some journals require a consensus deci-
sion by the entire Board, which happens once a month, 
and other journals require a two-week reflection period, 
when all editors can voice their opinions, before rejection.

If your paper survives this first obstacle, it is ready to be 
technically evaluated, i.e., sent to a referee. Some journals 
use two or even three referees.

Chuck Weibel is a distinguished professor at Rutgers University. His email 
address is weibel@math.rutgers.edu.
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As often as not, the referee’s second report (on your 
revised version) will ask for further clarification, often of 
things you added to the revised version. Stay calm! This 
process converges quite rapidly, and a paper reaching this 
stage is almost always accepted in the end.

Post acceptance logistics. Once your paper is accepted, 
you may add the magical word “Accepted” to your CV.

Now the publisher’s production team takes over from 
the editor. In most cases you will be asked to upload your 
source files to a website, and sign a Consent to Publish form 
(for some publishers, it is a Copyright transfer agreement). 
Shortly after that, you’ll receive “galley proofs” of your 
paper; they probably contain minor changes due to layout, 
macros or style. Check carefully! Thankfully, the wide-
spread use of latex has reduced the occurrence of garbled 
math to a rare occurrence, but you should still check the 
math. Here you are in control; return the galleys as soon 
as you can to prevent delays.

Online publication. The time between acceptance and 
publication, called the journal’s “backlog,” is published 
annually in the November issue of the Notices of the AMS. 
There are actually two publication dates tracked by the 
AMS: posting online (which usually happens within three 
months of Acceptance), and publication in print (which 
can be over a year from Acceptance). When your article is 
posted online, it receives a “doi” (Digital Object Identifier). 
This can be added to your CV while you await the formal 
published information such as volume and page numbers.

Credits
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Referee(s). Often, the editor gets suggestions of referees 
from their quick opinion experts; if they know the field well 
enough, they pick a referee (or referees) directly. They then 
ask if the person is willing to referee the paper. Hopefully 
the answer is yes, and the refereeing can commence right 
away. This is the usual scenario. But often a chosen referee 
has already agreed to many other refereeing jobs and 
declines; the editor has to ask someone else. Sometimes 
a referee will agree to begin refereeing, but not start until 
finishing another refereeing job. In rare cases, the person 
asked to referee is incommunicado, due to changes in 
email or personal factors. In this case, it is normal for the 
editor to ask another expert to referee (and sometimes the 
editor receives two or more reports on the same paper). 
It is the editor’s job to navigate this and get your paper 
refereed. In my experience, the first scenario occurs about 
2/3 of the time, a delay in starting to referee occurs about 
1/3 of the time, and the nightmare scenario occurs about 
1% of the time.

Pinging for news: do not panic. The amount of time 
a referee needs to write a report about your paper varies 
enormously. One factor is the length of your paper; another 
is the amount of checking that you have “left to the reader.” 
A third major factor is the amount of free time the referee 
has, especially during the academic year when classes ab-
sorb a lot of free time (especially online classes). During the 
present pandemic, another factor is the distraction of caring 
for children and other family members. It isn’t helpful to 
demand updates before six months have passed.

It is OK, and a good idea, to ask the corresponding editor 
at about the six-month point if there is any news about 
your paper. This might serve as a reminder to the referee 
to finish their report, especially if they are stuck on a point 
you didn’t explain clearly enough.

When I submitted my first paper, I had a woefully bad 
understanding of the process and didn’t ask about the status 
of my paper for 12 months. When I finally did, the editor 
discovered that the referee was not doing math any more. 
The editor quickly chose another referee, a referee who 
had read my paper, and my paper was accepted within a 
month of my inquiry. Can you imagine what would have 
happened if I hadn’t asked?

Revisions. It is rare these days for a referee to not find any 
problems with the submitted version of a paper. Problems 
range from typos to unclear passages, substantial errors, and 
even missing attributions you may not be aware of. Let’s 
assume the referee report calls for revisions. When revising 
your paper, please remember that the referee is trying to 
help your paper. It is easy (and human) to think the referee 
is ignorant about a point they want clarified, but if the ex-
pert referee has problems with it then so will many readers. 
Please try hard to clarify these points so the referee will be 
satisfied, explaining why you don’t follow a suggestion of 
the referee if that is the case. This can significantly cut down 
the time needed to evaluate your revisions.

Chuck Weibel



Early Career

1758    Notices of the AmericAN mAthemAticAl society Volume 68, Number 10

you might consider using this period of time to revise a 
paper or write a referee report. In short, despite the fact 
that keeping your research going may be a very challenging 
task when you are essentially a walking zombie, there are 
many other steps in the pipeline of publishing that are still 
relatively baby friendly. 

That being said, it is not impossible to keep pushing your 
ongoing research projects while on leave. I personally am 
very grateful to have a group of wonderful collaborators 
who have helped me tremendously during this period of 
time. For any collaboration to run smoothly, it’s always 
good to be frank about your level of commitment, espe-
cially when you are planning for or have been on parental 
leave. This way, you can collaboratively figure out a strate-
gic plan so that you will have a chance to take a backseat 
during your leave and let others take the lead. There might 
be some suitable small tasks that you can take on such as 
solving a very concrete subproblem, or proofreading an 
argument. You will have the chance to “pay them back” 
by contributing more to the project after your childcare re-
sponsibilities are not as overwhelming. Having an ongoing 
collaboration (or multiple collaborations) while you are 
on leave will also help better structure your time and give 
you a sense of community. 

Moreover, parental leave may actually be one of the best 
times to seriously plan for your future publishing. After all, 
people understand your struggles and wouldn’t usually 
expect you to publish as much (or any, to be frank). It is 
hence a great time to slow down and plan for your future 
research directions. Contradictory as it may sound, I would 
say it’s actually a golden time to write grant proposals 
(I’ve done two), even though you feel that your schedule 
is already crazily packed. This would give you a chance to 
step away from highly intense research activities to take a 
breath, while at the same time gathering good ideas and 
getting prepared for future projects. Again, compared to 
core research activities, idea gathering and grant writing are 
much more friendly to busy new parents. I’ve developed 
a habit of listening to online talks (one of the few good 
things the pandemic has contributed to mathematicians) 
while rocking my son to sleep or even changing his diaper, 
which helps me keep up with the evolving terrain of the 
field and find good potential research projects. Thanks 
to modern technology, my son seems not to have been 
bothered (wireless headphones are a godsend!). In the 
end, it doesn’t even matter that much whether your grant 
proposal is successful or not (I know, it stinks). After your 
pause is over and the “play” button is hit, there will be a 
clear roadmap of future projects that you can follow to 
work towards new publications.

I know that all these are easier said than done, and being 
a new parent is such an overwhelming experience. It is okay 
to slow down, okay to be gentle on yourself. And you abso-
lutely should. It is such a special and precious time for you, 
your baby, and your family, and you should by all means 

Keep the Momentum Going: 
Planning for Publishing 
While on Parental Leave

Yumeng Ou

Welcoming a new life into the world is arguably the most 
exciting and challenging moment one could ever expe-
rience. Although universities and institutions have been 
adopting generous parental leave policies these days, being 
an early-career researcher, while holding your newborn 
baby in your arms, you might still worry that putting your 
career on pause would make you lose the momentum and 
eventually your place in the field. I’ve been there, and I’m 
still working hard to dilute the impact the pause has made 
to my career. After all, there is no universal box that one 
can simply check to indicate such a career interruption. 
While you are on pause, other people are not. Luckily, I’ve 
got a circle of friends and mentors who have been in the 
same situation and have shared with me tons of insightful 
advice on how to stay productive and keep publishing 
during such a special period of time. The short answer is: 
yes, it is doable, and wise planning is the key. Here I would 
like to share some advice and experiences that I’ve found 
particularly helpful. Before going into detail, I would like 
to say that you should by no means feel guilty or anxious 
about not being able to publish as much as in your prime 
days. A new addition to the family is one of the most pre-
cious things in life that you should definitely celebrate and 
enjoy. Piece of Advice No.1: Don’t be too hard on yourself! 

My next piece of advice is to plan ahead well before the 
bomb goes off. One thing you will notice after the baby 
arrives is that your time is now chopped into tiny pieces 
(my husband and I call them “baby napping breaks”) and 
any long work blocks become a true luxury. So, how do 
you make the best of these tiny slots? Compared to the core 
step of brainstorming for a proof that requires an extremely 
high level of concentration and continuity, I find it a lot 
easier to use those slots to actually write a paper: adding 
in details, carrying out routine calculations, writing the 
introduction, polishing the arguments. These activities can 
be done while you are running on low battery (think about 
those sleep deprived first couple of months) and are much 
easier to slide back into after you need to step away to warm 
a bottle of milk. If you plan ahead wisely and assign these 
tasks specifically for your parental leave, you may be able 
to actually turn the leave into a productive writing retreat. 
In addition, even though it may be harder to plan ahead, 
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series have rigid style formats and will not allow that. 
I decided to hide some Joycean puzzles in the book 
(allusions, secret codes, mythologies) to keep me sane 
while dealing with writer’s block. Explanations and 
permissions were not needed.

4. Amazon takes care of payments, returns, tax forms, 
currencies, analytics, etc. It works in many (though by 
no means all) countries.

5. The quality is very good. They do not print hardbound 
books, but their softcover books appear to me to be 
of the same quality as other softcover math texts by 
leading publishers. I chose to make the book black-
and-white, but color printing is available for a (much) 
larger price. The cover is always full-color.

6. Besides Amazon’s already large distribution network, 
the book can be made available to physical bookstores 
and for purchase by academic libraries (albeit with 
smaller royalties).

7. Publication turnaround time is quick. Upload the text 
and the cover, order a proof copy, then publish it with 
a click.

I have been and remain very happy with my decision 
and am convinced that academics—even pretenure aca-
demics—should use this (or a similar) platform for the 
self-publication of scholarly books. 

The objections that I can think of are these:
1. “It’s not refereed.” It can be, but you have to ask friends 

to do it, and you need honest friends. Your readers also 
become your editors ex post facto. Because one can up-
date the text at any time (simply upload a replacement 
pdf and run checks), it’s reasonable to wait for readers 
to contribute error reports. (Full disclosure: EAT is full 
of errors, and I still have not issued a correction, alas.)

2. “Publishing with XXXX signifies quality.” This is not quite 
true. Books on quantum knots and consciousness, the 
mystical golden ratio in nature, fractals and markets, 
and all manner of pseudomathematical claptrap are 
published by major presses (and those books will sell 
more than yours or mine). Publishers of higher math-
ematics are desperate for new books—the only way to 
make money on texts with low sales is to make a lot 
of books—and this situation is only getting worse. If 
you think to yourself, “But all the books by XXXX Press 
that I own are high quality,” then you are forgetting how 
natural selection works. Go to a catalogue of “New & 
Upcoming” to get the picture of quality at the margin, 
before evolution thins the herd.

3. “But how will my book get noticed if I’m not already fa-
mous?” Yes, you will not get any free marketing, though 
Amazon may promote its own books more highly—I 
suspect, but do not know. If you aspire to fame, there 
is good news: many books in mathematics are poorly 
written and very poorly illustrated. Assuming that we 
are all smart and doing good mathematics (a very good 

enjoy it to its fullest. I hope this advice can help ease a bit 
your anxiety for not being able to publish as you would’ve 
normally done, so that you can step into this exciting new 
page of life a bit more confidently.

Credits
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Self-Publishing  
& Mathematics

Robert Ghrist

Academics tend to be leery of self-publication of scholarly 
works, given their desire for signaling quality and avoiding 
the appearance of being a crank. I have been experimenting 
with self-publishing since 2014. What follows is a survey of 
my reasons and processes, along with advice.

Print texts. In Fall 2014, I published a book, Elementary 
Applied Topology (“EAT” below), aimed at graduate students 
and researchers in the mathematical sciences. The book 
is dear to me and represents the synthesis of a significant 
portion of my professional career. It is an idiosyncratic text, 
but not unpublishable by a top venue. I chose to publish 
my book using Amazon’s print-on-demand service (at the 
time called CreateSpace, now rebranded under Kindle Direct 
Publishing) for the following reasons.
1. I retain the copyright and am completely unrestricted 

with regards to the publication of the text. I choose to 
keep pdf copies of EAT on my website, available for free. 
There are a few publishers who will do that (Cambridge 
is quite good about it), but not enough.

2. I set the price of the book. Subtracting Amazon’s costs 
yields the royalty payment. One can set differential 
pricing by country. 

3. Nonconformity is tolerated. I wanted to put figures on 
the front and back cover of my text. Most monograph 
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Amazon will give you a downloadable template, but it is up 
to you to make the cover right. You need front, spine, and 
back on a single-page pdf. The artwork (please let there be 
artwork on the cover of your book) demands profession-
al-grade drawing software: not LaTeX. I use Adobe Illustra-
tor. Do not use a generic font on your cover. I wound up 
having to make my own for the title of EAT. You do not need 
to descend to that infernal ring, but, please, do not slap 
down a title with SliTeX. Make sure the cover is beautiful 
and uses color well, since the cover is what sells the book.

When you upload everything and it passes inspection, 
then the hardest part begins—waiting for Amazon to send 
you a proof copy. Once you approve and press the PUB-
LISH button, Amazon will have you listed and available 
for purchase within hours. Sales reports and rankings are 
compiled on an hourly basis, from what I can tell. Amazon 
gives global rankings of their books and breaks it down 
along a subject tree. I can track how well my book sells 
as compared to the other topology books out there. Sales 
data is available for the entire lifetime of the product. Tax 
forms are sent automatically, with all international royalties 
automatically compiled into one USD number. 

The above covers printed books. Amazon also offers 
the ability to publish electronic books (e-texts) through 
the Kindle app, readable on phones, laptops, and Kindle 
devices. Most mathematics texts cannot easily, if at all, be 
published in a Kindle format. Flowable text (that reformats 
as you change font size) is not compatible with LaTeX. 

E-texts. There is, however, an intriguing approach to 
publishing fixed-format mathematical e-texts. In 2015, I 
began working to write a new type of calculus “text” that 
would: (1) update the curriculum for modern applications, 
especially to data and deep learning; (2) be graphics-based 
but with text-based search features; (3) be fully electronic 
and look good on a cell phone or tablet. This was to be 
integrated with an animated video-text version available 
for free on YouTube (next section). 

The result of this was the Calculus BLUE series, covering 
a full semester (and then some) of multivariable calculus. 
The course text is broken into four volumes: each of the four 
e-texts is a 400+ page electronic “comic book” of graphical 
content, specifically designed to look good when read on 
a phone. 

Publishing this on Amazon’s Kindle platform is much 
easier than print publishing. After generating the pdf of the 
e-text, including a cover image, one uses the free Kindle 
Textbook Creator (KTC) to process and package for up-
loading to the Kindle store. This is the right way to go for 
fixed-layout, structured content, and the resulting text will 
not reflow like most Kindle books: the formatting is fixed. 
The KTC software is, at present, retrograde in appearance. 
Do not be discouraged: it is very easy to use.

Amazon lets one set the price of these e-texts, with dif-
ferential price based on country: my books costs much less 
in Brazil and India than in the USA and UK. As with print 

assumption overall), it’s not hard to beat the competi-
tion as far as making beautiful, readable books. Quality 
(and a good website and social media feed) matters.

That’s the good news—you get a reconfigurable, ful-
ly-owned, pays-a-decent-royalty book with an excellent 
distribution network. What’s the bad news? You must learn 
a few things about book production. It is not enough to 
be good at LaTeX—you also need to invest in the design 
process.

To publish via Kindle Direct Publishing as a paperback, 
upload the interior of your book as a single pdf. If using 
LaTeX, you will want a style file that is more customized 
than the usual “book.sty.” It takes a lot of tweaking to get 
something that looks good but not generic. Most LaTeX 
fonts are not aesthetically pleasing (to my taste). It is very 
difficult to insert figures cleanly in LaTeX if you have many 
of them.

Amazon lets you specify the dimensions of your book 
among many industry-standard choices (please examine 
and measure the books in your library to decide what feels 
best). The margins of your pdf file must be exact, includ-
ing the gutter (do not ignore this!), and you will need to 
alternate between even/odd pages. Amazon will provide 
you with a (free) ISBN and barcode, should you choose to 
have them assign one. 

I use Adobe Acrobat Pro to finish the pdf formatting. 
This is nearly essential for the following.
1. You must embed all fonts: Acrobat will help with that.
2. Acrobat can crop the pdf to make the margins perfect. 

It can manage gutters and even/odd alternation.
3. You need to make sure the pdf is PDF/X-1a compliant 

(X-3 should be ok as well). The usual pdflatex or dvipdf 
commands may not suffice, unless you have set your 
flags properly (which I never got right). My solution 
was to use dvips and then feed this to Adobe Distiller. 
That program does a great job in setting up the pdf to 
be nearly 100% /X-1 compliant.

4. Great is not perfect, and you need perfect to pass 
Amazon’s auditors. When you upload the pdf to the 
Kindle Direct Publishing bookshelf, it will run auto-
matic checks for you. You may be disappointed to find 
hundreds of errors: do not panic. Most of them concern 
too-low resolutions on LaTeX’d formulae. These are 
ignorable and will not impact the print quality: their 
setup is unsurprisingly not optimized for LaTeX users. 

5. If you get any errors on margins or figures, then you 
have more work to do. The best method I found for fix-
ing these was to use Acrobat’s Preflight (CTR+SHFT+X) 
tool. Under PDF/X compliance tools, select Convert to 
PDF/X-1a (COATED FOGRA39). Clicking Analyze and 
Fix did the job for me.

Such is my process for the interior of the book. This is 
not the end. You need to make a cover. With EAT, I thought 
this would take me a day or so of work, as I have some 
artistic leanings. I was wrong. Consider hiring a designer. 
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take personal ownership of your creation and distribution 
of beauty. Expanding your skillset to include the graphic 
design and mathematical illustration/animation aspects of 
publishing will grant you long-term dividends in how you 
teach, write proposals, interview, and exposit. 

I have not been a vocal participant in the anti-Elsevier 
or open-journal debates of the past decade. I have no an-
imosity toward any individual publisher: my ire is for the 
collective industry, for which I predict well-earned hard 
times. I use and recommend Amazon’s and YouTube’s 
distribution services for their convenience. There are other 
self-publishing venues of which I have no experience. These 
remarks are less about the negative aspects of current aca-
demic publishing and more about the positive potential of 
using newer methods to disseminate mathematics broadly.

Credits
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texts, they automatically handle returns, royalties, currency 
conversions, and tax collection. Given that there are at least 
two dozen countries involved, that is helpful.

The royalty plan is 70% to the author if you publish 
exclusively with Amazon; otherwise it is 35% to the author. 
Danger: read the fine print. The 70% royalty plan comes 
with delivery fees on a per-megabyte basis. These fees are 
ridiculously high. With graphical content, one must settle 
for a 35% royalty; half of what Apple pays. Am I tempted 
to work with Apple? No: their distribution network is 
miniscule and their publishing tools are difficult to work 
with unless you generate all your content from within their 
system. If you are already in their system, you may wish to 
investigate their publication tools.

The difficult part of e-text production is getting some-
thing that looks good. Graphic design is hard and there are 
good reasons why you should find a designer to work with 
you. I do my own art and design with Microsoft PowerPoint 
as a base (it is faster than working with Adobe software, 
though less expressive). For the Calculus BLUE project, I 
had to learn font design, color theory, layouts, and, most 
difficult of all, how to graph surfaces, vector fields, and 
other 3-d objects (which required learning and fusing sev-
eral software packages). Unless you want to wrangle with 
copyright issues for others’ images, you may need some 
help with artwork.

V-texts. Since 2017, I have worked on producing several 
long series of short videos of mathematics content, in a 
format I call video-texts (or v-texts). I chose YouTube for 
distribution: there are few other viable options. This is less 
publishing and more outreach. All video is free and unlim-
ited (though not available in all countries), and one must 
sign over nearly all rights to Google. Penn’s mathematics 
department has been using these v-texts for teaching cal-
culus during the pandemic and is continuing to use them. 

I cannot recommend that early-career mathematicians 
follow this exact route. The process I’ve invented for ani-
mating and producing videos is byzantine, and those whom 
the gods wish to destroy they first inflame with a desire to 
rewrite the calculus. However, learning to produce videos 
to encapsulate and promote your research is a skill to be 
mastered as soon as possible. YouTube is ubiquitous, but 
good video production (as many more have learned during 
the pandemic) is not. YouTube itself is an excellent source 
for learning how to master the basics of audio production, 
illustration, animation, and compositing. If your university 
has a subscription to LinkedIn Learning, that is an even 
better resource for acquiring practical skills. I predict that 
maintaining your own YouTube channel will soon be as 
essential to an academic as maintaining your own website. 
Learn to do it well. 

Remarks. This sounds like a lot of work. It is a lot of 
work, and publishers do provide a service in allowing one 
to focus only on the mathematics and not the publishing. 
My advice—especially to early-career colleagues—is to 

Robert Ghrist
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Lucien Szpiro (1941–2020)
Renée Elkik, Dorian Goldfeld,

Mireille Martin-Deschamps, Christian Peskine,
Thomas Tucker, and Shou-Wu Zhang

Lucien Szpiro was born in France, in 1941, during the Sec-
ond World War. He was one of France’s “hidden children,”
protected during the Nazi occupation by being sent to live
with a French non-Jewish family in the countryside. His
father was in the French resistance, and was captured and
killed in Auschwitz. After the war, Lucien was reunited
with his mother. She remarried and had two more sons.
The family lived in the small village of Livry Gargan, out-
side of Paris, before moving to Paris in the 1950s.

When Lucien was in high school, he often got into trou-
ble at school. He was not a big fan of following rules. He
preferred making the class laugh at his jokes to being quiet
and obedient. He didn’t do his homework. He regularly
confronted right-wing youth gangs waiting for a fight at
the exit of the high school. Outside the classroom he had
many interests: cinema, chess, music, politics. He often
visited the famous Cinémathéque Française, which French
New Wave directors Truffaut and Goddard had frequented
only a few years earlier. But in school, mathematics was
the one subject that strongly interested him. His mathe-
matics teachers took an interest in him and became his
mentors and supporters, and he was designated to par-
ticipate in the highly competitive, countrywide Concours
Géneral in math.

After high school, Lucien attended Université Paris-Sud,
where he earned a PhD under Pierre Samuel. From 1965
to 1969, he was an assistant professor at Sorbonne Uni-
versité. For the next 30 years, Lucien held positions in
CNRS, beginning as an attaché at Paris Université Paris
Diderot and ultimately becoming Distinguished Professor
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reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2361

Figure 1. Lucien Szpiro, 1960s.

(Directeur de Recherche de Classe Exceptionnelle) at Uni-
versité Paris-Sud. In 1999, he took a position as Distin-
guished Professor at City University of New York Graduate
Center, where he lived with his wife Beth Pessen.

What follows are the remembrances, both mathemat-
ical and personal, of some of the mathematicians who
knew him best.

Christian Peskine
I met Lucien Szpiro in Paris during the academic year
1964/65. Pierre Samuel, our future advisor, had recently

Christian Peskine is a professor emeritus at Sorbonne University, Paris. His
email address is christian.peskine@imj-prg.fr.

NOVEMBER 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1763



Figure 2. Lucien Szpiro, February 2012.

arrived in Paris and his newmaster’s level course (the name
was DEA at that time) attracted a lot of young students of
all backgrounds, not only as a consequence of Samuel’s
recent results concerning multiplicities of intersection and
Hilbert polynomials, but also because his years near Oscar
Zariski influenced his personality and the way he taught.
Compared to many other courses at this level, all taking
place in the “Institut Henri Poincaré” (IHP), the atmo-
sphere was pleasant and open. Furthermore, the course
had a very new homological flavour, an exciting attraction
for some of us (a bizarre abstraction for others). Pierre
Samuel was a popular, generous, and nice person. Conse-
quently he found himself very soon with (too) many PhD
students.

It is difficult to describe the working conditions for PhD
students in Paris at the time. There was no research library
open to students, except for students at the École Normale
Supérieure. For the rest of us, themathematical life in Paris
took place inside IHP. We had to apply in advance to the
IHP library to consult a book. The consultationwould take
place in the early morning on Saturday (to prove that we
were serious… ). In order to work without constraints, the
best option was to buy several Bourbaki and all EGA vol-
umes. If I remember well, Samuel had half an office there
for half a day every other week or something equivalent.
In fact, many doctoral students would meet their advisor
for an hour once or twice a year.

Lucien understood early and very clearly the need to be
strategic and efficient to adapt to this very difficult envi-
ronment. He contacted a few of us (in particular, Mar-
guerite Mangeny, Daniel Ferrand, and myself) to orga-
nize a working group, a learning seminar, which would
meet every week to discuss and study a subject. The main
sources were Bourbaki, EGA, SGA, Cartan-Eilenberg, and

Zariski-Samuel. Each of us would use as many hours as
necessary to explain a theme to the others.

Wemet a new difficulty: finding a work space in the IHP
for our meetings. I remember following Lucien from one
office to another to apply for a room, for a book, for every-
thing. I liked him immediately for being such a fighter.
He understood the rules better than I did and I under-
stood that he was used to fighting for his rights. Amusingly
enough, he knew that after having used a seminar room
two weeks in a row at the same day and same time, we ac-
quired a sort of “priority” to use this room at the same time
the following weeks. There was no such thing as a “gradu-
ate school”; the administration served the faculty and the
whole thing seemed to be a private club to me. What a
closed world and how lucky I was to discover it with this
new “fighting” friend.

For the academic year 1965/66, I think that Lucien had
obtained a job of assistant at the University of Paris. We
were both working on our master’s project (called “thèse
de 3ème cycle”). Lucien was working on “valuations et
fonctions d’ordre.” Sometime during the year 1966 we
began to collaborate. At some point we made a bizarre
and naive agreement: we would have a common research
project for the years to come. We did not realize the
amount of trust carried by this agreement, for both of us,
but time proved it to be a smart approach. During the ap-
proximately seven following years of common mathemat-
ical work, we may have had some disagreements now and
then, but we always trusted each other.

A stroke of luck came for our project, hence for us, at the
beginning of 1967. Samuel had invitedMaurice Auslander
to Paris for the spring semester. He gave a series of four
lectures early in the semester. They attracted many young
foreign mathematicians (Dan Laksov, Armand Brumer,… ).
With the help of Marguerite Mangeney we started writing
detailed notes of the talks that we presented at some point
to Maurice, who was very generous with his time and with
his delicious sense of humor. There were many exciting
questions related to these talks and the recent papers they
referred to (in particular “On the ubiquity of Gorenstein
rings” by Hyman Bass). Lucien and I understood quickly
that meeting Maurice and discussing math regularly with
him was a unique piece of luck. Interacting with him, ex-
changing mathematical ideas, and joking at the same time
with him was not only possible but marvelously easy. At
the end of the semester, it was decided that Maurice would
try to find a way to invite us for the academic year 1968/69
at Brandeis University. Once back in Brandeis, he made
the necessary arrangements shortly thereafter.

The year 1967/68 was special. Lucien and I were on
the one hand constructing our project on intersection the-
ory through weekly discussions, and on the other hand
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participating actively in our learning group. We began
attending the IHES algebraic geometry seminar. The ex-
traordinary stature of A. Grothendieck was very impres-
sive. During one of the rare personal discussions we had
with him, in his office if I remember well, he gave us an
enormous pile of notes (several hundred pages… ) and sug-
gested that we should put all this in clear form as a se-
rious start in our mathematical life. A magnificent and
generous offer which left us rather excited. While we be-
gan thinking about this new possibility, the turmoil of the
spring of ’68 started. My impression is that Lucien really
took pleasure in this excitement and participated in many
ways. Did he believe that this was the beginning of some-
thing really important? It is impossible for me to say for
sure. He wore the uniform (long hair,… ) but I think that
he was too much of an individualist to be fully in. We
did go on working together thoroughly and regularly, and
he was as serious about it as before. At the same time the
fun and the noise in the streets of Paris would keep every-
body busy for a good part of the day. Furthermore, since
Lucien was teaching, he had to participate in hours of dis-
cussions about courses and exams and in important deci-
sions about how to maintain some sort of academic life
during this incredible period. All this came to an end, and
we started organizing the American project which would
deeply change Lucien’s life (and mine).

In August 1968, the discovery of Brandeis’ Math de-
partment was a transformative experience for Lucien and
I. Our colleagues, both junior and senior, were there full
time, open to answer to any (possibly stupid) mathemati-
cal question. All of them were very nice to the two young
Frenchmen. The common room discussions were always
fun. All offices were alike (something new for us), with
many open doors. Without delay we went to work in the
best possible conditions. Lucien taught a master’s level
course during the first semester and calculus during the sec-
ond. He did adapt very fast and enjoyed everything about
life in Boston (he would take the train to Waltham almost
every day). Among our many junior colleagues, Lucien
developed a special relationship with Mike Shub. They
would often be together. They had the same taste for de-
rision, and the same way of showing that they were differ-
ent. I remember Charles Pugh as another member of this
friendly academic group.

We attended the algebraic geometry seminar at Harvard;
we had our own seminar at Brandeis, where Pierre Dol-
beaut participated now and then; and we went on with
our project. By the end of the year we began appreciating
the power of Frobenius and changed ourmain intersection
conjecture to an intersection theorem in positive charac-
teristic. We gave up on the Grothendieck project (this was
a difficult choice). Shortly thereafter we transported our

intersection theorem to characteristic 0 (not in full general-
ity but for geometric rings) by a natural reduction method.
The second semester was partly used to write “Notes sur un
air de Bass” (“Notes on a Bass tune”), a Brandeis preprint
and our first written version of this work. Throughout the
year Maurice Auslander supported us with his comments
and advice. His influence was both mathematical and per-
sonal. He was very generous with his time, particularly
considering the fact that his mathematical interests were
moving in a completely different direction. Lucien and I
agreed that this year with Maurice profoundly influenced
the rest of our lives, and particularly the years to come,
back in Paris.

The two next years in Paris were used to finish our com-
mon thesis. We had to producemoremathematical results.
The recent paper of Robin Hartshorne about cohomologi-
cal dimension was full of interesting questions and results.
Answers and comments concerning some of these ques-
tions became a chapter in our thesis.

The learning seminar developed with new members.
J. L. Colliot Thélène appeared and later Mireille Martin-
Deschamps and Renée Elkik. Lucien was absolutely gifted
for bringing people together in a commonworking project.
The atmosphere was as nice and open as ever. Each sem-
inar was followed by a lunch at an especially inexpensive
restaurant, the Volcan, near Place de la Contrescarpe in the
latin quarter. We learned a lot, unofficially and with great
pleasure.

Lucien moved from the university to the Centre Na-
tional de la Recherche Scientifique (CNRS), changing his
working conditions for the better. We even got a very large
office (sharedwith our friendMargueriteMangeney) in the
new building in Jussieu, with a view on Place Jussieu. At
the same time, Pierre Samuel moved to the new University
of Orsay where we registered as doctoral students. Rather
soon it became clear to Samuel and to his colleagues that
Lucien and I intended to write a common thesis. To begin
with, the answer from the “administration” was negative.
It was suggested that since there was enough mathematics
for two, an easy solution was to cut the text into two sep-
arate theses. Our proposition became odd pages for one
and even for the other, to be chosen by drawing lots. Once
more we were saved by Maurice Auslander who made it
clear—from far away—that this was a common work and
that it was pure nonsense to attribute any part of it to just
one of us. At the same time, our text was accepted for pub-
lication in the “cahiers bleus de l’IHES” and everything set-
tled down nicely. We presented our thesis, first and second
thesis for each of us, the same day, in front of two distinct
juries. Maurice Auslander and Pierre Samuel, who were
participating in both, had a long working day.
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The following academic year, 1971/72, was our last year
of complete collaboration. After an exchange with Michel
Raynaud we got interested in “liaison” (linkage). Homo-
logical methods in classical projective geometry were blos-
soming at this time. After revisiting the linkage theorem
of Gaeta we wrote what we believed to be a complete de-
scription of this question. The paper was quickly written
and accepted for publication in Inventiones. The same year,
Lucien gave a remarkable Bourbaki talk (June ’72) on “spe-
cial divisors,” based on the works of Kempf, Kleiman, and
Laksov.

We began to understand that our tastes were diverging.
Lucien was more and more attracted by arithmetic. He
would regularly describe (with a smile) a project to prove
Fermat’s theorem (often by using Frobenius). I had de-
cided to classify space curves. He wanted to be in Paris, I
wanted to leave Paris. This was the end of a collaboration
that both of us had enjoyed deeply, the end of our years
of training. I left Paris for many years. As a friendly sign,
Lucien gave a series of lectures on space curves at the Tata
Institute. Later, he would visit me in Strasbourg and Oslo
and I would participate several times in his Oberwolfach
workshops.

During the eighties, I heard a lot about the working
group which slowly became “le séminaire Szpiro,” and
particularly about the positive influence it had on several
younger mathematicians. In 1985, Lucien had an indirect,
but very friendly, role in bringing me back to Paris. For
a few years, he moved from Orsay to the same lab as me
in Paris but then went back to Orsay, where he belonged
mathematically.

From our discussions I understood very early in the
nineties that he really loved working in New York where
he was a frequent visitor at Columbia. He felt at home
in New York where he decided to settle with Beth as soon
as possible. Not surprisingly he became much more re-
laxed after he did so. Sometime near the end of the twen-
tieth century we began to call each other by our Christian
names. Our friendly regular dinners in Paris, when he was
visiting, were a great pleasure for our two couples. What
fun! I liked him.

Christian Peskine

Figure 3. Szpiro with his motorcycle, 1970s.

Mireille Martin-Deschamps
I first met Lucien Szpiro in 1969.

In 1969–70, theOrsaymathematics department offered
a special program in algebraic geometry. A small group of
researchers who were former students of Grothendieck—
Michel Demazure, Jean Giraud, Michel Raynaud, and Jean-
Louis Verdier—offered courses to introduce students to
this new vision of algebraic geometry. I followed this high-
level program, which was difficult and demanding. The
courses were supplemented by an impressive seminar, in
which I generally did not understand much. The atmo-
sphere was a bit rough for beginners.

Lucien Szpiro, whom I met at the seminar, was some-
what atypical with his libertarian and sixty-eight’ish look.
In addition to being an excellent mathematician, he was a
person with a great sense of humor, he regarded the world
in a curious and very critical way, but with great kindness.

Mireille Martin-Deschamps is an honorary professor of mathematics at
Versailles-Saint-Quentin University (UVSQ), France. Her email address is
mireille.r.martin@gmail.com.
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Figure 4. Hiking in the Alps with his son, circa 2000.

He invited me to participate in a very informal and confi-
dential working group that met at the IHP (Institut Henri
Poincaré). In this group, there were mathematicians of
his generation—already established, yet only a few years
our elders—and beginners like me, to whom he extended
his hand. I found that this group had a stimulating at-
mosphere, which was at the same time warm and friendly.
For years, we met on Friday mornings at the bistro rue des
Feuillantines, before going to the IHP for a work session
followed by lunch in a small Greek restaurant, Le Volcan.
We took turns giving lectures on a theme chosen for the
year. The rule was that everyone should understand every-
thing. Hence a lot of discussion and criticism, often fierce,
but in a benevolent and very egalitarian atmosphere. It
was a place where you did not feel judged, a welcoming
place.

Welcoming in particular for the femalemathematicians,
as the research environment in algebraic geometry was—
and has undoubtedly remained—very masculine. Szpiro
had surely understood the discomfort experienced by the
young women researchers. He never remarked on it, but
the fact that our working group was gender balanced was
no accident. I found the scientific and psychological sup-
port that allowed me to build myself as a mathemati-
cian. Jean-François Boutot, Renée Elkik, Marguerite Flexor,
Daniel Ferrand, Natacha Ménégaux were the other regu-
lar participants. Others came less regularly, such as Yves
Colombé, Laurent Gruson, Christian Peskine, and Ragni
Piene (when she was in Paris). Jean-Louis Colliot-Thélène
and Laurent Moret-Bailly joined us a few years later. From
1975 on, every other year our group moved to Oberwol-
fach for a week of commutative algebra.

Over the years we gained self-confidence and the work-
ing group became a more official seminar. In the early
1980s Lucien Szpiro was called to the mathematics depart-
ment of the ENS (École Normale Supérieure, rue d’Ulm)

and offered me an office there. At the same time the semi-
nar moved to the ENS and its proceedings were published
(Astérisque, no. 86 in 1981 and no. 127 in 1985).

Then our mathematical interests diverged. However,
the bonds created at that time never broke, even if some
slackened a little. We met again in New York for Lucien’s
70th birthday party and conference, to which he had in-
vited us.

Many times in my professional life I needed his help,
and I could always count on him. He was a generous per-
son and a faithful friend. We shared very good mathemat-
ical moments, but also festive, convivial, and warm mo-
ments. These are precious memories.

Mireille
Martin-Deschamps

Renée Elkik
I met Lucien Szpiro first in the fall of 1972 at Orsay when
he gave a course on his thesis with Christian Peskine. It has
always been very pleasant and interesting to talk with him,
about any subject, including of course, mathematics; Lu-
cien Szpiro himself liked the informal character of these
easy-going conversations. Some people feel at ease only
with a final mathematical product. In contrast, Lucien
Szpiro rejoiced in explaining his thought process, some-
times repeatedly, until a final product coalesced. From the
mid-seventies and for about fifteen years he organized a
seminar at the ENS, rue d’Ulm. In the beginning, we were
about ten young mathematicians. In order to reserve time
to learn, to think, to understand, and to ask naive ques-
tions, Lucien Szpiro wished to stay away from the Parisian
pressure. In the first years, no advertising was done, so one
might have called it a secret seminar, albeit a very open se-
cret, indeed. The seminar gradually became well known,
formally announced, and more people attended.

Although his early work focused on commutative al-
gebra, he turned towards geometry, with a special fo-
cus on characteristic 𝑝, and towards arithmetic geometry.
Today, he is especially known for his work in Arakelov

Renée Elkik is a professor emeritus of mathematics at Université Paris-Sud. Her
email address is renelkik@yahoo.fr.
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geometry and his influence on the wide growth of this sub-
ject through the school he created about it. There is a clear
path with Lucien Szpiro’s imprint from the beginnings of
its development in the early eighties.

During the winter of 1975–76, he gave a course in Bom-
bay entitled “Lectures on equations defining space curves,”
which was written up by an audience member, Muhan Ku-
mar. The second chapter reflects Szpiro’s concerns at this
period and is extended by the report on his lecture at the
International Symposium in Tokyo (1977): “Le théorème
de la régularité de l’adjointe de Gorenstein à Kodaira.”

I will say two words on this.
Let 𝑋 be a smooth projective surface over a field 𝑘, 𝐶 ↪

𝑋 an integral divisor, 𝑓 ∶ ̃𝑋 → 𝑋 a birational transform
such that the proper transform of 𝐶, say ̃𝐶, is smooth, and
ℐ the annihilator of 𝑓∗𝑂 ̃𝐶/𝑂𝐶 in 𝑂𝑋 .

The adjoint curves are sections of 𝜔𝑋(𝐶) lying in
𝐻0(𝑋, ℐ𝜔𝑋(𝐶)) and their regularity is governed by the di-
mension of the image of this vector space in𝐻0(𝐶, 𝜔𝐶). In
his Kyoto article, Szpiro shows that the regularity is equiv-
alent to 𝐻1( ̃𝑋, 𝑂�̃�(− ̃𝐶)) = 0.

Recall that Kodaira’s Vanishing Theorem was strength-
ened by Ramanujan in 1972, but both statements are only
valid in characteristic 0. What about characteristic 𝑝? The
first counterexample in characteristic 𝑝 had only recently
been discovered by Raynaud in 1977. More counterexam-
ples would be found by Szpiro and Raynaud later.

At the end of his Kyoto article, Szpiro outlines the fol-
lowing vanishing lemma.

Lemma 1. Let 𝑋 be a normal projective surface over a field
of characteristic 𝑝 > 0, let 𝐸 be a locally free module of fi-
nite rank over 𝑋, and let 𝐹 denote the Frobenius morphism. If
𝐻0(𝑋, 𝐹∗𝐸 ⊗Ω1

𝑋) = 𝐻1(𝑋, 𝐹∗𝐸) = 0, then 𝐻1(𝑋, 𝐸) = 0.

As everybody knows, Szpiro was especially fond of ar-
guments toggling between characteristic 0 and characteris-
tic 𝑝, and especially the passage from characteristic 𝑝 to
characteristic 0. From the lemma, he deduces a proof of
Kodaira’s vanishing in characteristic 0! This is the kind of
proof he was fond of.

A detailed proof of the lemma was announced in an
article entitled “L’annulation du Achun par la face Nord”;
the title was a joke, but the article will never be written.
There is a good reason for this: shortly thereafter, Szpiro
found a fertile application of it; this is the next story.

During the summer of 1978, “Les journées de
Géométrie Algébrique” took place in Rennes, and Szpiro
gave a lecture entitled “Sur le théorème de rigidité de Parsin
et Arakelov.” In it, he first gave a complete proof of the pre-
vious lemma and used it to establish the following rigidity
statement.

Theorem 2. Let 𝑋 be a smooth projective surface, and let 𝐶 be
a smooth projective curve, both defined over a field of character-
istic 𝑝 > 0. Let 𝑋 → 𝐶 be a semistable nonisotrivial fibration
with fibers of genus 𝑔 ≥ 2. Then, 𝐻1(𝑋, 𝜔−1𝑋/𝐶) = 0.

This result, plus an upper bound on ⟨𝜔𝑋/𝐶 , 𝜔𝑋/𝐶⟩, al-
lowed him to answer, for a function field of characteristic
𝑝, the following question asked by Shafarevich in 1962
(for a number field); the case of a function field of charac-
teristic 0 had been answered by Parsin and Arakelov.

Question 3. Let 𝐶 be a smooth projective curve of genus
𝑔 ≥ 2, over a number field 𝑘, 𝑆 ⊂ 𝐶(𝑘) a finite set. Is the set
of semistable nonisotrivial fibrations over 𝐶, with fibers of
genus 𝑔 and smooth outside 𝑆, finite?

Thanks to Szpiro’s result, one can obtain a new proof
of Mordell’s conjecture in characteristic 𝑝, following a
method already used by Parsin in characteristic 0.

An overview of these questions and complete proofs
was given in the seminar which took place at the ENS
in 1979–80 and is published in Astérisque (number 86),
“Seminaire sur les pinceaux de courbes de genre au moins
2.”

At this point, it became clear that a natural continuation
of research concerns the situation over number fields. In
1980, J. P. Serre gave a course at the College de France en-
titled “Autour du théorème de Mordell Weil.” Lucien told
me “this means that Serre believes Mordell’s conjecture is
ripe.”

In 1982, Lucien stated a conjecture, now known as
Szpiro’s conjecture, relating the conductor and the discrim-
inant of an elliptic curve over a number field.

I don’t know when he read Arakelov’s paper on the in-
tersection theory of arithmetic surfaces, which had been
published in 1974; but in the early eighties, he was one of
the first (with Parsin) to be convinced that this subject was
promising and must be deepened. The first game he liked
to play was to translate geometry statements on the inte-
gers of a number field and their proofs into the language
of Arakelov; next, he would try to compute on a fibration
over 𝑂𝐾 as if over a projective curve. It would, of course,
be audacious to assert that he already predicted around
1982–83 the outstanding development of Arakelov’s ge-
ometry, but he was enthusiastic and spread this approach
in Paris and Columbia. In 1983, Faltings proved Tate’s
conjecture and consequently Mordell’s conjecture. Even
if this original proof did not use Arakelov’ theory, Szpiro
was an interlocutor for Faltings and the seminar held at
rue d’Ulm in 1983–84 entitled “Séminaire sur les pinceaux
arithmétiques : la conjecture de Mordell” makes a large
place for it, provides enrichment to Faltings’ proof, and
marks the beginning of the wide interest Arakelov’s theory
generated. In the following years and until recently, Lucien
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Szpiro attracted young researchers and supervised a conse-
quently large number of theses. Several of his students are
well-known mathematicians today.

Today we are sad because he was so unique, but it was
a beautiful adventure.

Renée Elkik

Dorian Goldfeld
I first met Lucien Szpiro when he gave a colloquium talk
at Harvard in the early 1980s. He was dressed in a black
leather jacket and was tentatively slowly pacing the stage,
carefully eyeing the audience. After a while he started
his lecture, which I found mind-blowing because of the
way he presented an approach for possibly proving Fer-
mat’s last theorem and other diophantine conjectures that
seemed completely out of reach at the time. After his
lecture I introduced myself and we went for a very long
walk where I asked a lot of questions and got a lot of an-
swers, which I only vaguely understood at the time. Lucien
opened my eyes to a whole new mathematical world for
which I am forever grateful.

My own deep interest and delvings into Lucien’s math-
ematical program really began in the mid 1980s when the
English mathematician David Masser [4] (University of
Basel, Switzerland) and the French mathematician Joseph
Oesterlé [5] (University of Paris VI), inspired by work of
Szpiro, introduced the 𝑎𝑏𝑐 conjecture. For every positive
integer 𝑛 ∈ ℤ let Rad(𝑛) denote the radical (square-free
part) of 𝑛 which is just the product of the distinct primes
dividing 𝑛. Here is the original 𝑎𝑏𝑐 conjecture of Oesterlé
and Masser.

Conjecture 4. For every 𝜀 > 0 there are only finitely many
pairwise coprime triples 𝑎, 𝑏, 𝑐 of positive integers satisfying

• 𝑎 + 𝑏 = 𝑐 with 𝑎 < 𝑏,
• 𝑐 > Rad(𝑎𝑏𝑐)1+𝜀.
We now quote from a public lecture of Brian Conrad

given at Stony Brook University in September 2013.

Dorian Goldfeld is a professor of mathematics at Columbia University. His
email address is goldfeld@columbia.edu.

Figure 5. Hiking in the Alps with a donkey, 1985.

“Masser and Oesterlé were led to the 𝑎𝑏𝑐 conjecture because
Oesterlé was interested in a new conjecture of Szpiro about ellip-
tic curves (smooth cubic curves, such as 𝑦2 = 𝑥3+8) which has
applications to number-theoretic properties of elliptic curves.

Masser heard Oesterlé’s lecture on Szpiro’s conjecture and
wanted to formulate it without using elliptic curves. Eventually
it turned out that the 𝑎𝑏𝑐 Conjecture and Szpiro’s Conjecture
are equivalent.”

In my expository article [2] on the 𝑎𝑏𝑐 conjecture, it is
shown via an elementary argument that the 𝑎𝑏𝑐 conjecture
implies that there are only finitely many solutions in inte-
gers (𝑥, 𝑦, 𝑧, 𝑛) with gcd(𝑥, 𝑦, 𝑧) = 1 and 𝑛 > 5 to the equa-
tion

𝑥𝑛 + 𝑦𝑛 = 𝑧𝑛. (1)

It is of course possible to introduce stronger versions
of the 𝑎𝑏𝑐 conjecture that imply Fermat’s last theorem
which states that (1) has no solutions with 𝑛 > 2. The
𝑎𝑏𝑐 conjecture has received a huge amount of interna-
tional publicity in the last eight years due to Shinichi
Mochizuki’s surprising release of four preprints in 2012 on
his web page (www.kurims.kyoto-u.ac.jp/~motizuki
/top-english.html) which claim a proof of the 𝑎𝑏𝑐 con-
jecture.

J. Oesterlé and A. Nitaj proved that the 𝑎𝑏𝑐 conjecture
implies the famous Szpiro’s conjecture [9] which was first
stated in 1981.

Conjecture 5 (Szpiro’s conjecture). Let 𝐸 be an elliptic curve
over ℚ with minimal discriminant Δ and conductor 𝑁. Then
for every 𝜀 > 0 there exists a constant 𝑐(𝜀) > 0 such that

|Δ| < 𝑐(𝜀) 𝑁6+𝜀.
Thinking of a nonzero integer 𝐷 as the discriminant of

an elliptic curve overℚ, it can be shown that the following
conjecture is equivalent to the 𝑎𝑏𝑐 conjecture.

Conjecture 6 (Generalized Szpiro’s conjecture). Let 𝜀 > 0
and 𝑀 > 0. Then there exists a constant 𝑐(𝜀,𝑀) > 0 such that
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Number Field Function Field

Discriminant 𝐷 = 𝑎3 − 27𝑏2 𝐷 = ∑
𝑃=zero of 𝑎3−27𝑏2
𝑛𝑃=multiplicity of 𝑃

𝑛𝑃

Conductor 𝑁 = ∏
𝑝|𝐷

𝑝 𝑁 = 𝑞#{𝑃 | 𝑛𝑃≠0}

One Cycles Mordell-Weil group Néron-Severi group

Two Cycles Tate-Shafarevich group Brauer group

Intersections
Néron Tate height

and Arakelov intersection
Intersection Theory

on the Surface

Model Minimal Model over 𝑂𝐾
Relative Minimal Elliptic
Surface over a curve 𝐶

Table 1.

for all

{(𝑥, 𝑦) ∈ ℤ2 || 𝐷 = 4𝑥3 − 27𝑥2 with 𝐷 ≠ 0},
where the greatest prime factor of 𝑥 and 𝑦 is bounded by𝑀, we
have

max (|𝑥|3, 𝑦2, |𝐷|) < 𝑐(𝜀,𝑀) ⋅ Rad(𝐷)6+𝜀.
I moved to Columbia University in 1985. Lucien had

a visiting position at Columbia at that time, so we were
able to meet regularly both socially and mathematically
in the following years. During this period, I attended all
of his courses at Columbia, which were extremely popu-
lar with the graduate students. He also attended some of
my graduate courses. We became quite close and my wife,
older daughter, and I visited him in Paris at his beautiful
flat near the Luxembourg Gardens, where Lucien and I oc-
casionally played tennis on the public clay courts. He was
a superb chef with a remarkable wine cellar and he intro-
duced me to the best (lower cost) restaurants in both Paris
and New York.

During this period we continued our discussions on
possible approaches to the 𝑎𝑏𝑐 conjecture and thanks to
his influence and inspiration, I obtained some new equiv-
alences between the 𝑎𝑏𝑐 conjecture and periods of ellip-
tic curves. Finally, in the early 1990s Lucien and I started
working on a joint project which I shall now describe.

We became interested in the problem of determining
whether Szpiro’s conjecture could in any way be related to
the famous conjecture that the Tate-Shafarevich group of
an elliptic curve over ℚ is finite. Lucien had proved earlier
in [9] that his Conjecture 5 holds in the case of a function
field 𝑘 of one variable over a finite field. Let X denote the
Tate-Shafarevich group of an elliptic curve 𝐸 of conductor
𝑁 over the function field 𝑘. We were able to show (see [3])

that if the Birch–Swinnerton-Dyer conjecture holds for 𝐸
over 𝑘, then for every 𝜀 > 0 and 𝑁 → ∞ we have

|X | = 𝒪𝜀 (𝑁
1
2+𝜀) , (2)

where the constant implied by the 𝒪𝜀-symbol depends at
most on 𝜀.

In [3] we considered a semistable elliptic curve 𝐸 ∶
𝑦2 = 4𝑥3 − 𝑎𝑥 − 𝑏 defined over a global field 𝐾 which
is either an algebraic number field or a function field of
one variable defined over a finite field of 𝑞 elements. Set
𝑓(𝑥, 𝑦) = 𝑦2−4𝑥3−𝑎𝑥−𝑏with 𝑎, 𝑏 ∈ 𝑂𝐾 , where𝑂𝐾 denotes
the ring of integers of 𝐾. Then 𝑂𝐾[𝑥, 𝑦]/𝑓 has Krull dimen-
sion two, so 𝐸may be viewed as a surface of Spec (𝑂𝐾). We
introduced the dictionary in Table 1 relating invariants of
𝐸 for a number field or function field.

This leads us to the following conjecture.

Conjecture 7. Let 𝐸 be an elliptic curve over a fixed algebraic
number field of discriminant 𝐷 and conductor 𝑁 → ∞. Let
X denote the Tate-Shafarevich group of 𝐸. Then for every fixed
𝜀 > 0

|X | = 𝒪𝜀 (𝑁
1
2+𝜀) .

In [3] we were able to prove the equivalence of Con-
jecture 7 and Conjecture 5 of Szpiro for elliptic curves
𝐸 of fixed rank over ℚ assuming the Birch–Swinnerton-
Dyer conjecture. Actually, the assumption of the Birch–
Swinnerton-Dyer conjecture is not needed in showing that

Conjecture 7 ⟹ Szpiro’s conjecture,

since we may pass (by quadratic base change) to the case
of rank zero where the Birch–Swinnerton-Dyer conjecture
is proved by Kolyvagin.
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Returning to the function field case, it is still not known
that the Tate-Shafarevich group is finite. However, in our
joint paper [3] we prove (in the function field case) that
X is finite if and only if

|X
ℓ
| = 1

(whereXℓ denotes the ℓ torsion inX for a suitable prime
ℓ). This provides an effective algorithm for determining if
X is finite in the case of function fields. As is well known,
such an algorithm is not presently available for elliptic
curves over number fields.

In 1999, Lucien became a Distinguished Professor at
the Graduate Center of the City University of New York
(CUNY). He built up the number theory group there by
bringing in Victor Kolyvagin in 2002 as Mina Rees Chair
in Mathematics, and Alex Gamburd as Presidential Pro-
fessor in 2011, establishing the CUNY Grad Center as a
leading international center for number theory. In 2003
Victor Kolyvagin, Peter Sarnak (who was at the Courant
Institute at the time), Lucien, and I established the joint
Columbia-CUNY-NYU number theory seminar which ro-
tates weekly among the three universities. In the last 17
years, this seminar has had a weekly attendance of 30–60
participants from all over the greater New York-New Jersey
metropolitan region. As part of the joint seminar Lucien
and I, together with several other mathematicians, orga-
nized three mini-conferences: Algebraic Dynamics in 2004,
Workshop on 𝑝-adic methods in automorphic forms in 2005,
Ergodic theory and Diophantine problems in 2006.

Lucien was very devoted to the joint seminar and at-
tended every talk and seminar dinner until the last two
years when his health declined and he couldn’t make it
100%of the time. He helped transformNew York City into
a vibrant number theory center making students, postdocs,
and professors at the various universities and colleges feel
as if they were part of an extended family. At the end of ev-
ery academic year he and his wife Beth hosted a big party
at their condo near Central Park with superb food, wine,
live music, and sometimes mathemagic.

Lucien Szpirowas awonderfulman, inspiring colleague,
and close personal friend. I learned a lot of mathematics
from him and relished his joy of life. He will be dearly
missed.

Dorian Goldfeld

Shou-Wu Zhang
I first met Lucien Szpiro when he visited Columbia in the
spring of 1987. When I walked into the classroom on
the first day of his class, I was a first-year graduate student
whose dream was to work in arithmetic geometry. On that
day, I had no idea that Lucien would be the master arith-
metic geometer who would make my dream a reality.

After so many years, I still remember my very first im-
pression of him: a special blend of fun and rigor. Lu-
cien’s lecture was remarkably fun: he wrote on the black-
board very slowly, always missing the letter “h” in words
like “what,” “which,” and “where”; a satisfied verbal “bon”
here and a “bien” there; and a wonderful joie de vivre that
emanated through excited hand gestures after he had writ-
ten a pleasing result on the board. His lecture was also
technically inspiring: he began his first lecture with a proof
of his Riemann–Roch theorem for “arithmetic curves,” and
then proceeded to use it to reprove all of the classical re-
sults in algebraic number theory, such as the finiteness of
class numbers, the Dirichlet unit theorem, and the simply
connectedness of Specℤ. Lucien had a chef-like ability to
bring out all of the flavors of algebraic number theory, alge-
braic curves, and arithmetic geometry in one lecture with
so much passion.

After Lucien’s semester at Columbia ended, I wrote a
short letter to him in the fall of 1987 asking him for a prob-
lem towork on. He replied tomewith just half a page with
the prompt:

Show the “separateness” of sections of powers of canon-
ical bundle on arithmetic surfaces.

With this half-page letter, I jumped at the opportunity and
privilege to become his first remote student, across the At-
lantic at Columbia while he was at the CNRS in Paris. Be-
fore I explain the thesis problem in the letter, I will explain
two of Lucien’s programs about small points and 𝜔2.
Effective Mordell conjecture. The first program is related
to the “effective Mordell conjecture.” The original Mordell
conjecture proved by Faltings in 1983 says that for a
smooth and proper curve 𝐶 over number field 𝐾 of genus
𝑔 ≥ 2, the set of rational points 𝐶(𝐾) is finite. The proof of
Faltings is not effective in the sense that it does not offer an
effective bound for the heights of these solutions. This is
clearly a fundamental question in Diophantine geometry
left after Faltings’ work and thus a big topic inmathematics.
To understand Lucien’s program on the effective Mordell
conjecture, let us review his work on the Shafarevich
and Mordell conjectures over function fields in positive

Shou-Wu Zhang is a professor of mathematics at Princeton University. His
email address is shouwu@princeton.edu.
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characteristic in his papers [10], extending previous work
of Parshin and Arakelov in characteristic 0. Let 𝑓 ∶ 𝑋⟶𝐵
be a proper and flat morphism from a smooth surface to
a curve over an algebraically closed field 𝑘. Assume each
fiber is semistable, connected, and is of genus 𝑔. We also
assume that the induced morphism 𝐵⟶𝑀𝑔 to the coarse
moduli space of genus 𝑔 curves is separable when 𝑘 has
positive characteristic. The main discovery in this paper is
the existence of a small point 𝑃 ∶ 𝐶⟶𝑋 finite over 𝐵 in
the sense that

deg 𝑃∗𝜔𝑋/𝐵
[𝐶 ∶ 𝐵] ≤ 2𝑔(𝐵) − 2 + |𝑆|,

where 𝑆 is the subset of points of 𝐵 over which 𝑓 is singular.
The key to proving such an inequality is to combine his (at
the time) recently proved vanishing theorem 𝐻1(𝑋, 𝐿−1) =
0 for an ample line bundle 𝐿 and the nonvanishing 𝜅 ≠ 0
of the Kodaira–Spencer class

𝜅 ∈ Hom(𝑓∗(𝜔⊗2𝑋/𝐵), 𝜔𝐵(𝑆)).
One consequence of this inequality is the following bound
on the self-intersection of 𝜔𝑋/𝐵:

𝜔2𝑋/𝐵 ≤ 8𝑔(𝑔 − 1) ⋅ (2𝑔(𝐵) − 2 + |𝑆|).
To apply this inequality to get an effective Mordell conjec-
ture, one uses Parshin’s construction: for any curve 𝐶 over
the function field 𝐾 = 𝑘(𝐵), there is a family 𝑌⟶𝐶 of
curves. Now for each point 𝑃 ∈ 𝐶(𝐾), we get a curve 𝑌𝑃
over 𝐾. Then we can apply the inequality to the integral
model of 𝑌𝑃 to get a bound for the height of 𝑃 in terms
of 𝐵 and 𝑆. Notice that when 𝑔 = 1, the same Kodaira–
Spencer class gives the so-called Szpiro inequality:

degΔ𝐸/𝐵 ≤ 6(2𝑔(𝐵) + 2 + |𝑆|)
for an elliptic curve over 𝐾 with semistable reduction.

As a general principle in Diophantine geometry, if a
statement is true over function fields, then some varia-
tion of it should be true over number fields. This was cer-
tainly a main motivation for Lucien to promote Arakelov
theory for the proof of the effective Mordell and Shafare-
vich conjectures. Now we start with a smooth and ge-
ometrically connected curve 𝑋𝐾 of genus 𝑔 ≥ 2 over a
number field 𝐾. Assume that 𝑋𝐾 has a regular semistable
model 𝑋⟶𝐵 = Spec𝒪𝐾 over the ring of integers of 𝒪𝐾
and let 𝑆 be the set of places of bad reduction, including
archimedean places. Arakelov developed an intersection
theory on 𝑋 . Some properties, such as the Hodge index
theorem and the semipositivity of the relative dualizing
sheaf 𝜔𝑋/𝐵, have been proved by Faltings. The analogue of
the above theorem is the following conjecture of Lucien’s:
for each 𝑔, there is a constant 𝐴(𝑔) such that for any curve 𝑋/𝐾
as above, there is a point 𝑃 ∈ 𝑋( ̄𝐾) such that

ℎ𝜔𝑋/𝐵 (𝑃) ≤ 𝐴(𝑔) ⋅ (log𝐷𝐾 + log𝑁𝑆),

where 𝐷𝐾 is the absolute discriminant of 𝐾, and 𝑁𝑆 is the norm
of 𝑆. By the Hodge index theorem, this bound will give
an upper bound for 𝜔2 and thus an effective Shafarevich
and Mordell conjecture. Despite its massive importance
in Diophantine geometry, we still have no clue on how to
prove this conjecture as there is no Kodaira–Spencer class
available in the number field case.
Bogomolov conjecture. The second of Lucien’s pro-
grams is related to the Bogomolov conjecture about the
topology on 𝑋( ̄𝐾) with 𝑔(𝑋) ≥ 2 and the norm ‖𝑥‖2 ∶=
ℎNT(𝑥 −

𝜔
2𝑔−2

) defined as the Néron–Tate height on the Ja-

cobian: There is an 𝜖 > 0 such that the set of points 𝑥 ∈ 𝑋( ̄𝐾)
with ‖𝑥‖2 < 𝜖 is finite. Using the Hodge index theorem, Lu-
cien had shown that when 𝑋/𝐾 has good reduction every-
where and 𝜔2𝑋/𝐵 > 0, then the above conjecture holds. He
also mentioned how to prove the converse: if 𝜔2𝑋/𝐵 = 0,
then one can construct points with small heights by sec-
tions of powers 𝜔(𝜖𝐹) provided these sections have no
fixed horizontal part. Lucien proposed two conjectures
about 𝜔𝑋/𝐵: the positivity 𝜔2𝑋/𝐵 > 0 for all 𝑋/𝐵 and the
separateness of sections of ⋃𝑛≥1 Γ(𝜔

⊗𝑛
𝑋/𝐵).

Our story on Lucien’s second program. The problem
that he wrote in his 1987 half-page letter gave the follow-
ing even more general notion of separateness:

Given a Hermitian line bundle 𝐿 on 𝑋 which is nu-
merically positive, show that the set of small sections of
positive powers of 𝐿 has no fixed horizontal part.

This was a tantalizing problem, but I had no idea of how
to start. This problem was too difficult for me to attack.

In the spring of 1988, Lucien returned to Columbia and
immediately asked me to meet with him in his office for
one hour per week. At our first meeting, I was a bit nervous
and I told him that I had no progress on the problem that
he had assigned to me. Then he gave me a lesson about
his recent work on the formula for the arithmetic degree
of the dualizing sheaf on a regular and semistable elliptic
curve over a ring of integers 𝑂𝐾 over a number field:

12 deg𝑂 𝜔𝐸/𝒪𝐾 = logN(Δ𝐸/𝒪𝐾 ).
Thus logN(Δ𝐸/𝒪𝐾 ), the finite part of Faltings height ℎ𝐹(𝐸),
has a separate global arithmetic meaning. He proves this
formula by using a projection formula for computing the
self-intersection 𝑂2

𝐸 of the unit section via isogeny [2] ∶
𝐸⟶𝐸:

([2]∗𝑂𝐸)2 = 4𝑂2
𝐸 .

The proof is short and elegant; it reflected his deep un-
derstanding of Green’s functions at archimedean places as
analogues on the polygons associated to bad reductions
of 𝐸/𝑂𝐾 . He raised a question about the maximal val-
ues of these Green’s functions. Fortunately, I was able to
solve this problem by applying a Fourier transform to the
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Faltings formula for Green’s functions. Lucien was very
pleased with my minor result and even mentioned it in
his article for the Grothendieck Festschrift; his enthusiasm
and happiness with this gaveme a boost of confidence that
would help me throughout graduate school.

During the remainder of the semester, I would excitedly
show Lucien several “proofs” of the effective Mordell con-
jecture on one day, only to have to point out the gaps and
mistakes in those “proofs” the next. He was always very pa-
tient when listening to all of my nonsense and never once
complained. Lucien always knew how to let his students
make and learn from their own mistakes with immense
patience. I could not be more grateful for his mentorship.

At the end of the semester, he made arrangements for
me to visit him in Paris in the coming year. Given my
already-poor English and nonexistent French, this was
something that had the potential to really test his patience.

In February 1989, my wife Min and I arrived at Charles
de Gaulle Airport, where Lucien personally received us. Lu-
cien not only brought us to the IHES at Bures-sur-Yvette
and our accommodations at the Résidence de l’Ormaille,
which was alreadymore than we could have expected from
him, but also helped us with paperwork at the office build-
ing, helped us register for meals at the IHES, and immedi-
ately introduced me to R. Elkik at Paris 11 in Orsay who
helped me enter their graduate system for library and cafe-
teria usage. Lucien went so far out of his way to make us
feel at home in this country that was so foreign to us.

After a few days of settling in, I took a trip to the Institut
de Henri Poincaré in Paris where Lucien was working as a
CNRS fellow. After he arranged for our living stipend at
the CNRS office, I showed him two of my new results. One
was about 𝜔2 for a modular curve 𝑋(𝑁), and another was a
small improvement of a new result of Silverman–Hindry.

Lucien was very happy with these results, saying that
they were enough for a PhD thesis. No longer concerned
with being able to graduate, I became free to focus on the
problem from Lucien’s 1987 letter that I had been hope-
lessly stuck on.

I started working on my original thesis problem in a
more systematic way. I had some idea of how to prove
the arithmetic Nakai–Moishezon just for ℙ1 for some easy
cases. In the general case for an arithmetic surface, I man-
aged to translate “ampleness” for line bundles on varieties
over a discrete valuation ring into a statement in Kähler
geometry. After talking to several differential geometers
visiting IHES, I realized that it was not known whether my
desired statement was true in Kähler geometry.

After my wonderful stay in Paris with Lucien, I used a
Sloan Research Fellowship to become a visiting student
at Princeton under the supervision of G. Faltings. At
Princeton, I wrote to Professor S. T. Yau asking about my

statement in Kähler geometry. He answered my letter with
the PhD thesis of G. Tian, which contained a proof of my
desired statement. So by the end of 1989, I completely
solved the original thesis problem raised by Lucien with
some applications including the Bogomolov conjecture
for curves in multiplicative groups. Lucien accepted it as
my PhD thesis after R. Elkik checked the details.

Lucien could not visit the US in 1990, so I spent another
year at Columbia before having my PhD defense in May
1991. Lucien held a big party at his apartment after the de-
fense, with more than a dozen bottles of French wine and
Chinese food prepared by my wife—a wonderful combi-
nation, as Lucien knew how to match French wine with
Chinese food! Soon after my thesis defense, I discovered a
new intersection theory on curves called admissible pairings
giving the inequality

𝜔2𝑋/𝐵 ≥ 𝜔2𝑎 ≥ 0,

where the first equality holds exactly when 𝑋/𝐵 has good
reduction everywhere and the second equality holds ex-
actly when the Bogomolov conjecture fails.

This is precisely a generalization of Szpiro’s theorem
and conjecture in the smooth case, developed following
Lucien’s earlier insights.

When I was a postdoc at the IAS and then a junior fac-
ulty member at Princeton from 1992–1995, I kept visiting
Lucien in New York, Paris, and Bures-sur-Yvette, where I
continued to learn newmathematics from him and his stu-
dents. For example, motivated by his lecture at Columbia
about dynamical systems on projective spaces, I proposed
an intersection theory for adelically metrized line bundles
and used it to prove some special cases of the Bogomolov
conjecture. Together with Lucien and E. Ullmo, we discov-
ered a new tool in Arakelov theory: the equidistribution of
small points. This equidistribution and adelic intersection
theory eventually led E. Ullmo and I to prove the full Bo-
gomolov conjecture with great generality in the summer of
1996. This brought a satisfying conclusion to Lucien’s pro-
gram about small points and the Bogomolov conjecture.

In the summer of 1996, I moved back to Columbia
as a faculty member; Lucien moved to CUNY just a few
years later. We met regularly at our joint number the-
ory seminar and with occasional dinners at each other’s
homes. I started to work more on the Gross–Zagier for-
mula rather than Arakelov theory, but Lucien’s work still
regularly inspired me. As Lucien moved into algebraic dy-
namics, I supervised three doctoral students who worked
on algebraic dynamics: Xinyi Yuan, Xander Faber, and
Alon Levy. Later, I wrote a paper relating𝜔2𝑎 with heights of
Gross–Schoen cycles. This led Z. Cinkir to prove an effec-
tive version of the Bogomolov conjecture for curves over
function fields in characteristic 0. More recently, the full
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Bogomolov conjecture over function fields in characteris-
tic 0, where equidistributions are not available, was proved
by S. Cantat, Z. Gao, P. Habegger, and J. Xie using a new
tool: Betti foliations.

All of these results were exciting developments that ex-
tended Lucien’s original program on the Bogomolov con-
jecture and his more recent work on dynamical systems.

Throughout my interactions with Lucien, he taught me
a lot of mathematics; he taught me how to learn math-
ematics on my own; and he taught me a bit of his joie
de vivre. In between the mathematics, Lucien taught this
young graduate student from the Chinese countryside a
bit about tennis, wine, and the finer things in life. Tennis
was not actually so difficult to pick up given its similari-
ties to badminton, a popular sport in China. On the other
hand, Lucien had to exercise real patience to introduce me
to wine. Wine is very different from Chinese liquor, so Lu-
cien gave me a thorough education progressing from light
white wines to bold red wines.

At one point, I spent two weeks in Paris living in the
attic of Lucien’s apartment which he called “only suitable
for people under 35.” This small attic room had a bed, a
bathroom, and dozens of French novels on the wall. Lu-
cien had wanted to teach me about cinema and literature,
but we unfortunately never got around to that. Perhaps I
picked up an integral part of my French mathematics ed-
ucation here though, as he invited me to have breakfast
with him every day and taught me to use a French press,
and coffee has since become a necessity in my life.

Looking back onmy timewith Lucien, I realize I learned
so much from him, both from his mathematical programs
and from his personal mentorship. I am very fortunate
to have contributed to Lucien’s programs on the one hand
and to have learned techniques from himwhich have been
so useful in other areas on the other. I am grateful to him
for his generosity in sharing his insights withme and for all
that he has done to help me as a person. In mathematics
as well as in life, tennis, wine, food, and humor, Lucien’s
influence will live on—but I will dearly miss him.

Shou-Wu Zhang

Thomas Tucker
During Lucien’s time at the Graduate Center, he focused
a great deal of his energy on creating a warm, welcom-
ing research environment for graduate students and post-
docs. He cofounded the joint Columbia-CUNY-NYUnum-
ber theory seminar, which became an important meeting
place and social activity for everyone in number theory at
the Graduate Center. He made sure that his postdocs and
graduate students were heavily involved with the seminar;
the seminars even included a special pretalk aimed exclu-
sively at graduate students. It wasn’t unusual to see 50 or
60 people at some of the talks, and it became a great way
for younger mathematicians in the area to network and
make new friends and potential coauthors. Every spring,
Lucien and his wife Beth held a party at his home for ev-
eryone in the CUNY number theory community. These be-
came beloved, well-attended affairs that often featuredmu-
sical entertainment and, on at least one occasion, a magic
show. Lucien also made a point of introducing his stu-
dents and postdocs to many of the great cultural and culi-
nary things that New York has to offer. He took me and
others to jazz shows, movies, and restaurants (his French
background always came through in his judicious choices
here). Lucien loved New York: the cultural melting pot;
the energy; the music. Lucien had seven graduate students
and five postdocs during his time at the Graduate Center,
and he invested an enormous amount of time, both math-
ematically and personally, in every one of them.
Dynamical Mahler measures. Lucien’s research came to
focus on the new emerging field of arithmetic dynam-
ics. His equidistribution result with Ullmo and Zhang for
points of small height on abelian varieties helped lead to
Ullmo’s and Zhang’s proof of the Bogomolov conjecture.
In this case, the underlying measure was simply the Haar
measure, and Lucien wondered if it was possible to do
similar things with the Mané-Lyubich measure for ratio-
nal functions (a measure associated to a rational function
that can in some sense be thought of as a general dynam-
ical analog of the Haar measure on a topological group).
When one takes the rational function 𝑓(𝑥) = 𝑥2, the Mané-
Lyubich measure is simply the Haar measure on the unit
circle. In the 1930s, Mahler defined the Mahler measure
𝑀(𝐹) of a polynomial 𝐹 to be the integral of log |𝐹| against
this measure, i.e., as 𝑀(𝐹) = ∫1

0 log |𝐹(𝑒2𝜋𝑖𝜃)| 𝑑𝜃. The
Weil height of an algebraic number, which is usually de-
fined using absolute values on number fields, may also be
defined by ℎ(𝑧) = 1

[ℚ(𝑧)∶ℚ]
𝑀(𝐹𝑧), where 𝐹𝑧 is the monic

Thomas Tucker is a professor of mathematics at the University of Rochester. His
email address is thomas.tucker@rochester.edu.

1774 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 10



polynomial of minimal degree with coefficients in ℚ hav-
ing 𝑧 as a root (for example, if 𝑧 = 𝑎/𝑏 ∈ ℚ, then 𝐹𝑧 =
𝑥 − 𝑎/𝑏 and ℎ(𝑧) = logmax(|𝑎|, |𝑏|)). Lucien asked if there
was a dynamical version of Mahler’s formula. To describe
this, we will need a little bit of notation. For a rational
function 𝜑 of degree 𝑑 > 1, Call and Silverman, following
ideas of Tate, introduced a canonical height function for

𝜑 defined as ℎ𝜑(𝑧) = lim𝑛→∞
ℎ(𝜑𝑛(𝑧))

𝑑𝑛
for 𝑧 ∈ ℚ̄. This has

many of the same properties as the Néron-Tate heights on
abelian varieties; for example, ℎ𝜑(𝜑(𝑧)) = 𝑑ℎ𝜑(𝑧) for all
𝑧 ∈ ℚ̄ and ℎ𝜑(𝑧) = 0 if and only if 𝑧 is preperiodic for
𝜑. Lucien asked if one could obtain ℎ𝜑(𝑧) from the “dy-

namical Mahler measure”
1

[ℚ(𝑧)∶ℚ]
∫ log |𝐹𝑧| 𝑑𝜇𝜑, where 𝐹𝑧

is the minimal monic for 𝑧 over ℚ and 𝑑𝜇𝜑 is the Mané-
Lyubichmeasure associated to 𝜑. Hewas able to prove that
indeed ℎ𝜑(𝑧) is equal to the “dynamical Mahler measure”

1
[ℚ(𝑧)∶ℚ]

∫ log |𝐹𝑧| 𝑑𝜇𝜑 plus some additional terms coming

from places of bad reduction. Later these terms at the
places of bad reduction were interpreted as integrals at the
places of bad reduction on Berkovich spaces by Favre and
Rivera-Letelier.

The Mané-Lyubich measure can be calculated by averag-
ing over preperiodic points. More precisely, if 𝜑 is a ratio-
nal function over ℂ of degree greater than 1, 𝑓 is a contin-
uous function on the Riemann sphere, and 𝒮𝑚,𝑛 denotes
the set of points of 𝜑 having preperiodic 𝑚 and period 𝑛,
then

lim
𝑚+𝑛→∞

1
#𝒮𝑚,𝑛

∑
𝑧∈𝒮𝑚,𝑛

𝑓(𝑧) = ∫𝑓𝑑𝜇𝜑.

Note however that this works only for continuous func-
tions 𝑓 and not necessarily for functions like log |𝐹|, for 𝐹
a polynomial, which have poles. Lucien and his coauthors
were able to show that when 𝜑 and 𝐹 have coefficients in ℚ̄,
then one can indeed calculate the dynamical Mahler mea-
sure of 𝐹 by averaging over preperiodic points [6]. This is
very useful for many applications because it is often much
easier to calculate a limit of sums of values of log |𝐹| than to
attempt to integrate log |𝐹| against a complicated measure.
In particular, this result has found use in the computation
of Lyapunov exponents.
A symmetric relation between rational maps. Many of
Lucien’s insights came from very simple, easy-to-state
ideas. For example, Lucien wondered if it was possible to
find a symmetric relation between points of small canon-
ical height for two different rational functions 𝜑 and 𝜓;
more specifically, he asked if there was a symmetry be-
tween the values of ℎ𝜑 on preperiodic points of 𝜓 and
ℎ𝜓 on preperiodic points of 𝜑. In its most naïve form,
where one asks for some sort of equality at the level of in-
dividual points, there is not much of a pattern, but Lucien

persisted in pursuing some kind of symmetric relation. Ul-
timately, he and his coauthors were able to show that
when one passes to a limit, a relation of the exact form that
he proposed does indeed exist [8]. The result is most easily
expressed using a pairing between rational functions first
introduced by Arakelov and later refined by Zhang and oth-
ers. Crucially, this pairing is symmetric so ⟨𝜑, 𝜓⟩ = ⟨𝜓, 𝜑⟩
for any rational functions 𝜑, 𝜓.

Theorem 8. Let {𝑥𝑛} be a sequence of distinct points in ℙ1(ℚ̄)
such that ℎ𝜓(𝑥𝑛) → 0, and let {𝑦𝑛} be a sequence of distinct
points in ℙ1(ℚ̄) such that ℎ𝜑(𝑦𝑛) → 0. Then ℎ𝜑(𝑥𝑛) → ⟨𝜑, 𝜓⟩
and ℎ𝜓(𝑦𝑛) → ⟨𝜑, 𝜓⟩.

The proof is essentially an application of equidistribu-
tion results of Baker, Chambert-Loir, Favre, Rivera-Letelier,
and Rumely, along with results of Arakelov and Zhang es-
tablishing basic properties of the pairing. Lucien’s great
insight here was that there should be some kind of under-
lying symmetry. Theorem 8 has found wide usage recently
in arithmetic dynamics, most notably perhaps in recent
groundbreaking work of DeMarco, Krieger, and Ye prov-
ing a conjecture of Bogomolov, Fu, and Tschinkel on uni-
form bounds on the number of common torsion points
between two elliptic curves.
Dynamical heights over function fields. Another simple
question of Lucien’s is as follows. Suppose that we take a
rational function 𝜑 of degree greater than 1 defined over a
function field 𝐿. One can still define a Weil height ℎ(⋅) and
create a canonical height ℎ𝜑(𝑧) = lim𝑛→∞

ℎ(𝜑𝑛(𝑧))
𝑑𝑛

. How-
ever, since one no longer has the Northcott property for
the Weil height (which says that there are finitely many
points of bounded height and bounded degree), it is no
longer clear that ℎ𝜑(𝑧) = 0 means that 𝑧 must be preperi-
odic. Indeed, when 𝜑 is defined over the base field of 𝐿 this
will not be the case in characteristic 0. Lucien proposed
that if 𝜑 is not isotrivial (that is, cannot be defined over
the base field of 𝐿), then ℎ𝜑(𝑧) = 0 means that 𝑧 must in-
deed be preperiodic. This led to a great deal of interesting
activity in the area, with Benedetto soon proving that this
is true for polynomials and Baker shortly after proving it
for rational functions. Later, Chatzidakis and Hrushovski
translated an idea of Lucien’s about bounded families into
the language of model theory and produced a remarkable
result about points with canonical height zero in higher
dimensions. One of Lucien’s crucial insights here was the
idea that isotriviality should be equivalent to having good
reduction at all primes; Benedetto and Baker proved this
for morphisms of the projective line, and Lucien and his
coauthors later proved it formorphisms of projective space
of any dimension [7].
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Extending polarized maps. Another result of Lucien’s
came from an interesting question arising in work of
Fakhruddin, having to do with polarized morphisms. If
𝑋 is a projective variety and 𝜑 ∶ 𝑋 ⟶ 𝑋 is a morphism,
𝜑 is said to be polarized if there is an ample line bundle 𝐿
on 𝑋 such that 𝜑∗𝐿 ≅ 𝐿⨂𝑑 for some 𝑑 > 1. The idea is
that 𝑑 is the analog of the degree of self-map on projective
space. Polarized maps have many good properties, such as
the existence of well-behaved canonical height functions.
Fakhruddin proved that if 𝜑 ∶ 𝑋 ⟶ 𝑋 is a polarized
map, then there is an embedding 𝑖 ∶ 𝑋 ⟶ ℙ𝑚 (for some
𝑚) along with a map 𝜓 ∶ ℙ𝑚 ⟶ ℙ𝑚 extending 𝜑, i.e.,
𝜓 ∘ 𝑖 = 𝑖 ∘ 𝜑. There is no particular association between
the line bundle 𝐿 and the embedding 𝑖, however. When 𝐿
is very ample it gives rise to an embedding 𝑗 ∶ 𝑋 ⟶ ℙ𝑛
(where 𝑛 + 1 is the dimension of the space of global sec-
tions of 𝐿). Lucien wondered if it was true that there was
some 𝜓 ∶ ℙ𝑛 ⟶ ℙ𝑛 such that 𝜓 ∘ 𝑗 = 𝑗 ∘ 𝜑. It turns
out that there may not be, but Lucien and his coauthor [1]
were able to show that for some iterate 𝜑ℓ of 𝜑, there is
some 𝜓 ∶ ℙ𝑛 ⟶ℙ𝑛 with the property 𝜓 ∘ 𝑗 = 𝑗 ∘ 𝜑ℓ. The
proof is quite short and elegant.
Dynamical Shafarevich-Faltings. The dynamical work
that Lucien was perhaps most proud of was his work on
a dynamical analog of the Shafarevich-Faltings theorem,
which states that for a finite set of places 𝑆 of a number
field 𝐾, there are at most finitely many abelian varieties of
bounded dimension having good reduction at all places
outside of 𝑆. Shafarevich proved this for elliptic curves, us-
ing a relatively simple diophantine argument, while Falt-
ings’ proof in higher dimensions is much more difficult
and played a crucial role in Faltings’ celebrated proof of
theMordell conjecture. On an abelian variety, a prime 𝔭 of
good reduction is one at which the variety remains nonsin-
gular when one reducesmodulo 𝔭. For example, an elliptic
curve 𝑦2 = 𝑓(𝑥) has good reduction at all primes 𝔭where 𝑓
does not have multiple roots modulo 𝔭. Good reduction
can also be interpreted in terms of multiplication maps on
abelian varieties—namely, are they still well-behavedmod-
ulo 𝔭—and it was this notion that Lucien sought to gener-
alize to a dynamical context. The usual notion of good
reduction for a rational function 𝜑 over a number field 𝐾
is that 𝜑 has good reduction at 𝔭 if 𝜑 descends to a well-
defined map on ℙ1 modulo 𝔭. But for this notion there
is clearly no analogue of the Shafarevich-Faltings theorem;
for example 𝑥2+𝑚 has good reduction at all primes when
𝑚 is an integer, so no reasonable finiteness statement is
possible. Lucien concocted the clever idea of an alternate
notion of good reduction, what he called “critically good
reduction.” A rational function 𝜑 is said to have critically
good reduction at a prime 𝔭 if none of the critical points
(that is, the points 𝑧 such that 𝜑′(𝑧) = 0) meet at 𝔭 and also

none of the critical values (the image of the critical points
under 𝜑) meet at 𝔭. This is related to the notion of good
reduction on an elliptic curve 𝑦2 = 𝑓(𝑥), because when
one considers projection onto the 𝑥-coordinate, the rami-
fication points are simply the roots of 𝑓 (plus the point at
infinity) so one has good reduction for the elliptic curve at
𝔭 exactly when the ramification points of this projection
map do not meet at 𝔭. Using this notion one does indeed
obtain a finiteness theorem with a notion of equivalence
that is slightly different than conjugacy. We will say that
two rational functions 𝜑1, 𝜑2 ∶ ℙ1𝐾 ⟶ ℙ1𝐾 are equivalent
if there are automorphisms 𝜎, 𝜏 defined over 𝐾 such that
𝜎𝜑1𝜏 = 𝜑2. With this terminology, Lucien and his coau-
thor proved the following [14].

Theorem 9. Let 𝑆 be a finite set of places of a number field 𝐾,
and let 𝑑 be an integer greater than 1. Then there are at most
finitely many equivalence classes of rational functions on ℙ1𝐾 of
degree 𝑑 having at least three critical points that have critically
good reduction outside of 𝑆.

(The exact statement of the theorem is slightly more
technical since it involves fixing a model for the projec-
tive line over the ring of integers over the number field.)
Later, Lucien realized that with a slightly different notion
of good reduction, what he called “critically excellent re-
duction,” one could prove the same finiteness result up to
conjugacy rather than equivalence. This work has yet to be
published.

Lucien’s greatest ambition was to prove the Szpiro con-
jecture (equivalent to the Masser-Oesterlé 𝑎𝑏𝑐 conjecture),
which states that the discriminant of an elliptic curve can
be bounded in terms of its conductor. With his work on dy-
namical analogs of the Shafarevich-Faltings theorem, what
he hoped to do was come up with different but related no-
tions of conductors and discriminants where one might
hope to more easily prove something along those lines.
In particular, Lucien hoped to be able to relate the “crit-
ical conductor” of a rational function, the primes at which
the critical values or critical points meet, with some kind
of critical discriminant, which would take into account
some kind of intersection multiplicities between the criti-
cal values or critical points at these primes. This, he hoped,
would lead to a proof of his original conjecture. It is a
very ambitious idea and typical of Lucien’s approach to
mathematics. Lucien was always focused on the biggest
problems in number theory and was more than willing to
take approaches which others might see as longshots if he
thought there was any chance that they might work.
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4, 165–186 (1989). Séminaire Bourbaki, Vol. 1987/88.
MR992208

[6] Jorge Pineiro, Lucien Szpiro, and Thomas J. Tucker,
Mahler measure for dynamical systems on ℙ1 and intersec-
tion theory on a singular arithmetic surface, Geometric meth-
ods in algebra and number theory, Progr. Math., vol. 235,
Birkhäuser Boston, Boston, MA, 2005, pp. 219–250, DOI
10.1007/0-8176-4417-2_10. MR2166086

[7] Clayton Petsche, Lucien Szpiro, and Michael Tepper,
Isotriviality is equivalent to potential good reduction for endo-
morphisms of ℙ𝑁 over function fields, J. Algebra 322 (2009),
no. 9, 3345–3365, DOI 10.1016/j.jalgebra.2008.11.027.
MR2567424

[8] Clayton Petsche, Lucien Szpiro, and Thomas J. Tucker,
A dynamical pairing between two rational maps, Trans.
Amer. Math. Soc. 364 (2012), no. 4, 1687–1710, DOI
10.1090/S0002-9947-2011-05350-X. MR2869188

[9] Lucien Szpiro, Seminaire us les pinceaux des courbes de genre
au moins deux, Astérisque 86 (1981), no. 3, 44–78.

[10] Lucien Szpiro, Propriétés numériques du faisceau dualisant
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Northwestern’s Eric Zaslow quantifies the lag: the per-
centage of PhDs granted to underrepresented minority 
(URM) Americans—those who identify as Native Amer-
ican, African American, Hispanic, or Pacific Islander—at 
top-50 institutions hovers at around five percent, while 
these minorities comprise roughly 30 percent of the general 
population. “So,” Zaslow concludes, “graduate programs 
should be awarding PhDs to URM students at SIX TIMES 
their current rate.”

Program organizers see their efforts as both an initial 
step toward addressing the lack of diversity at all levels of 
mathematics and a contribution to the country’s broader 
strivings toward increased equity. But they know that the 
road will be long and their work only a fraction of what 
is needed. 

“This is a long-term problem,” asserts the project de-
scription in the grant proposal for Northwestern’s Cause-
way program, “and it requires a long-term solution.” 

Variations on a Theme
Though broadly in agreement about supporting under-
served students, increasing diversity, expanding opportu-
nity, and fostering a sense of belonging among those who 
might not resemble the stereotypical mathematician, post-
baccalaureate bridge programs in mathematics nonetheless 
vary along a number of dimensions.

Target demographic. Programs largely share the goal of 
increasing the number of PhDs awarded in the mathemat-
ical sciences to members of groups that are traditionally 
underrepresented. Within this demographic they cater to 
those who, whether because of life hurdles or financial 
barriers, limited course offerings or a late-blooming passion 
for mathematics, are insufficiently prepared for standard 
doctoral programs. Some—Smith College’s Center for 

Let us first define our terms.1 An academic bridge program 
typically aims to improve preparation for or ease transition 
to postsecondary education. A postbaccalaureate program is 
one completed after receipt of an undergraduate degree. 

In recent years, postbaccalaureate bridge programs that 
provide pathways from a bachelor’s to a PhD in the math-
ematical sciences have multiplied. The Joint Post-Bacca-
laureate Program in Mathematics, Physics, and Earth and 
Planetary Sciences at Washington University in St. Louis 
welcomed its first class to campus in the fall of 2015. The 
NSF Bridge-to-Math-Doctorate program at the University 
of Texas at Arlington was launched a year later. The Univer-
sity of Pennsylvania’s math department admitted the first 
cohort to its Bridge to PhD in 2017, and Iowa State began 
offering a Postbaccalaureate Certificate in Mathematics in 
2018. Both the California-based Bolstering the Advance-
ment of Masters in Mathematics (BAMM!) program and the 
University of Virginia’s Bridge to the Doctorate got under 
way during the pandemic-disordered 2020–21 academic 
year, and at the time of this writing (June 2021), North-
western University’s Causeway Postbaccalaureate Program 
is poised to kick off its opening summer.

So what’s behind this proliferation? Recognition that, 
as BAMM!’s Oscar Vega (Fresno State)2 puts it, “the math-
ematical sciences are lagging—badly—in terms of equity 
and representation, especially in the United States.” 

Sophia D. Merow is a freelance writer and editor. Her email address is 
sdmerow@gmail.com. 
1Well, sort of. 
2While Vega was the director of BAMM! as this article was in progress, Cal 
Poly Pomona’s John Rock has since assumed the role.
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University of Texas at Arlington’s bridge program have the 
option to proceed to UTA’s doctoral program, but they are 
encouraged to consider other universities’ offerings as well. 
Aktosun reports that 94 percent of UTA’s bridge students 
have smoothly transitioned to regular doctoral programs 
or first to a master’s and then to a doctoral program in the 
mathematical sciences; 60 percent of these continued their 
studies at UTA.

Funding sources. Funding comes from some combi-
nation of grants, institutional support, and private and 
corporate donations. Funding sources for the University 
of Pennsylvania’s bridge program include the mathemat-
ics department, the School of Arts and Sciences, and the 
National Science Foundation. Initially funded by an NSF 
grant, Michigan’s program is now possible thanks to fi-
nancial backing from the university’s Rackham Graduate 
School and the College of Literature, Science, and the Arts. 
Iowa State is able to admit and fund students who are not 
US citizens or permanent residents because the program 
receives no federal dollars; it relies on support from the 
math department, the College of Liberal Arts and Sciences, 
and donations (including from equipment manufacturer 
John Deere).

Program components. Program organizers agree that 
mentoring is critical, but implementations vary. Students 
in UVA’s and University of Michigan’s bridge programs 
have both faculty and graduate student mentors. In Wash-
ington University’s program, each student has one mentor 
monitoring academic progress and another attentive to 
nonacademic issues. Causeway’s two-way mentoring system 
situates participants not only as mentees of Northwestern 
graduate students and faculty but also as mentors to local 
high school students. BAMM! supplements existing mas-
ter’s programs with two years of mentoring and commu-
nity-building activities. “That mentoring is at the center of 
the whole program makes BAMM! unique,” says Fresno 
State’s Vega.

Research experience is another key component of many 
programs. It is difficult to increase diversity among mathe-
matical sciences PhDs as long as research becomes a focus 
of graduate education only at the doctoral level, University 
of Michigan’s Jackson explains, since there is evidence that 
underrepresented minorities are more likely than other stu-
dents to pursue master’s degrees before committing to doc-
toral education. “Having more options to engage students 
in research master’s programs that provide full funding and 
strong preparation for doctoral programs can have impact 
where other efforts to diversify doctoral programs have 
been relatively unsuccessful,” she says. Students in Michi-
gan’s bridge program receive a research fellowship for one 

Women in Mathematics Postbaccalaureate Program, for 
instance—target one specific segment of this population, 
while others have regional restrictions or a particular dis-
ciplinary slant. Due to the tuition structure of participating 
universities Fresno State, San Francisco State, and Cal Poly 
Pomona, BAMM! is unlikely to make financial sense for 
students who are not already California residents, reports 
Oscar Vega. Renato Feres notes that a student whose goal 
is to pursue graduate studies in one of the more strictly 
applied subfields of mathematics would likely not find 
Washington University’s program a good fit. Programs with 
National Science Foundation funding are open only to US 
citizens or permanent residents. 

Program length. Given target populations with nontriv-
ial gaps in their preparation for PhD-level mathematics, the 
programs under consideration here are more than week- or 
summer-long “boot camps.” On the shorter side, Smith 
College’s program offers one or two semesters of intensive 
study at the advanced undergraduate level. At the other 
extreme, University of Michigan’s Marjorie Lee Browne 
Master’s Program in Applied and Interdisciplinary Math 
pairs two years (four academic terms) of course work with 
two summers of research.

Cohort size. These resource-intensive programs tend 
to be relatively small. Cohorts range from two to three 
students per year (e.g., Penn) to six to 10 (e.g., Iowa State). 
At the University of Texas at Arlington, about 10 percent 
of the department’s graduate students are bridge program 
participants. “The students in the program should not feel 
isolated from the remaining doctoral students in the PhD 
program,” says UTA’s Tuncay Aktosun. “Yet, there should 
be enough students in the program so that they can interact 
as a cohort.” 

Credential? Nonstandard by nature, postbaccalaureate 
bridge programs chart different paths through existing ed-
ucational structures. Penn’s bridge offers a master’s, Iowa 
State’s a certificate. While Michigan’s Trachette Jackson 
describes her university’s program as a reimagination of 
the master’s (intended “to provide protected time to focus 
on strengthening foundational mathematical skills and 
exploring research options”), Northwestern’s literature 
emphasizes that the Causeway program is not a master’s. 
“We do not want to require that students take graduate-level 
courses before they are properly prepared,” explains the 
Causeway project description. “Our concern is that a mas-
ter’s program would not be able to focus on foundations 
and that students can be ill-served by leapfrogging essential 
steps.” 

Feeder? Programs differ in the extent to which they feed 
into specific doctoral programs. While Causeway explicitly 
aims to serve a national need rather than to increase diver-
sity at one particular school, Penn’s bridge program was 
designed to prepare admitted students for the department’s 
own PhD program. Students who successfully complete the 



EDUCATION

1780    Notices of the AmericAN mAthemAticAl society Volume 68, Number 10

on networks of affiliated institutions, rely on colleagues 
to keep their eyes open for students who might be a good 
fit. “Advertise to organizations and faculty, rather than 
students, when first starting out,” advises Iowa State’s Mi-
chael Young. University of Texas at Arlington’s years-long 
relationship with members of the Gulf States Math Alliance 
has so effectively facilitated its recruitment of candidates 
from HBCUs and other minority-serving institutions that 
no nationwide awareness-raising campaign is necessary. 
“We seem to be getting enough applications,” reports UTA’s 
Aktosun. “Our own goal is not to recruit the strongest 
candidates to our program,” he adds, “but to recruit those 
who would benefit the most.” Causeway hopes to enlist 
its students as ambassadors eventually; by participating in 
meet-and-greets, hosting prospective students, and helping 
to curate the program’s social media presence, the thinking 
goes, students will develop a sense of ownership. 

Challenges remain, of course, even once a program has 
been established and a cohort of students admitted. Fos-
tering community has proven tricky, for example, given the 
small cohort size. “We make an effort to integrate the post-
bac students socially with our first-year graduate students,” 
says Washington University’s Feres. “However, this is not an 
ideal solution.” “Strong communities require a critical mass 
of people and getting things off the ground can be particu-
larly challenging,” says Penn’s Philip Gressman. Organizers 
must also be able and willing to adjust expectations and 
tweak requirements as programs evolve and reality asserts 
itself. “The adjustment to a rigorous academic environ-
ment like ours is not always easy,” explains Feres. Bridge 
program participants may not, UVA’s Sherman points out, 
slot smoothly alongside their advanced undergraduate or 
beginning graduate classmates. 

What You Can Do
As indicated above, program organizers welcome referrals 
from colleagues. If you know a promising candidate for a 
postbaccalaureate bridge-to-PhD program, encourage them 
to apply to one. Offer to write a letter of recommendation.4 
With permission, give your student’s contact information 
to a program representative so they can reach out. “We are 
happy to set up a Zoom or phone call with the interested 
student to discuss their plans and whether our program is 
a good fit for them,” says Washington University’s Feres.

Recruitment challenges aside, program organizers be-
lieve that suitable students are out there—and that there 
are more than enough of them to go around. The need for 
bridges, in other words, outstrips the supply. “The more 
programs like BAMM! or other post-bac programs we can 

4“Lay out both sides of the match,” University of Pennsylvania’s Gressman 
advises. “What specific skills, strengths, or experience will this student bring 
with them to the program, and how does the recommender anticipate that 
the program will meet that student’s unique needs?”

term plus two summers of additional research support.3 
Causeway students begin the 12-month program with a 
summer research experience and have the opportunity to 
present their findings at subsequent research seminars. As 
the Causeway project description notes, “It is important for 
students to experience the rigors and travails of research 
before committing years of their lives to the effort.” 

Challenges
Postbaccalaureate bridge programs neither finance nor run 
themselves, and funding and administration top the list of 
challenges would-be program organizers face. 

“Funding is a chicken-and-egg kind of thing,” observes 
Northwestern’s Zaslow. “Having institutional buy-in may 
be attractive in securing a grant, but securing a grant may 
be necessary for institutional buy-in.” Causeway’s solution 
to the thorny problem of financial sustainability involves 
a consortium structure intended to both build a base of 
stakeholders and create a model for funding beyond the 
initial period of NSF support. Partner institutions and or-
ganizations will provide both key program resources (by 
becoming recruiting partners, for example) and financial 
support (in the form of membership fees).

Even after funding is secured, organizers can expect lots 
of questions from deans and provosts, presidents and trust-
ees—especially if a proposed postbaccalaureate program is 
a university’s first. Programs like Michigan’s and UVA’s have 
benefitted from being one among an assortment of post-
baccalaureate programs on campus. Michigan’s Marjorie 
Lee Browne Master’s Program in Applied and Interdisciplin-
ary Math was one of three bridge programs introduced in 
2011; the university now has seven, in disciplines from en-
gineering to business to classics. The UVA math department 
had toyed with the idea of a bridge program, but it wasn’t 
until the Graduate School of Arts & Sciences launched a 
broader Bridge to the Doctorate initiative that they got 
one off the ground. “I’m not sure we could have done it 
ourselves,” admits UVA’s David Sherman. And even with 
strong institutional support, the workload associated with 
these by nature hands-on programs is high, delegation and 
division of labor a necessity. “It would be overwhelming for 
two or three people to try to do something like this,” says 
Sherman. “It really needs to be a larger group than that.” 

After funding and administration, the next most-cited 
challenge is recruitment. “Almost by definition our stu-
dents are ones who are not in well-connected places,” says 
UVA’s Sherman. Organizers have implemented a variety 
of strategies to identify and attract promising candidates. 
They design websites and mount outreach efforts at con-
ferences such as Field of Dreams and SACNAS; they draw 

3Marjorie Lee Browne Scholars are fully funded for the duration of the 
program; for three of the four academic terms, this funding takes the form 
of graduate student instructorships.
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get, the better,” says Fresno State’s Vega. “The more variety, 
the better.”

To facilitate proliferation, the architects of existing 
programs are beginning to compare notes, pool resources, 
and strategize about how to scale their efforts. BAMM! or-
ganizers plan to leverage lessons learned to expand the pro-
gram to other similar institutions, perhaps via a program 
template colleagues could modify to meet their unique 
needs. In October 2020, Iowa State’s Bernard Lidický and 
Michael Young and Northwestern’s Eric Zaslow organized 
an American Institute of Mathematics workshop with 
the “dual goals of creating/sharing best practices among 
postbaccalaureate and bridge programs, and connecting 
stakeholders of such programs to one another so that 
conversation and coordination could continue beyond the 
timeframe of the meeting.” Among the plans for increased 
interaction and cross-pollination discussed: bringing stu-
dents from across programs together as a way of creating a 
“super-cohort.” Though workshop participants hope that 
such gatherings can be repeated periodically, there are as 
yet no formal mechanisms for connecting those interested 
in postbaccalaureate bridge programs in the mathematical 
sciences; for now, the best way to join the conversation is 
to contact a program organizer.

Funding any individual’s pursuit of a PhD is a calculated 
risk. By improving candidates’ preparation, postbaccalaure-
ate path-to-doctorate bridge programs hope to make it eas-
ier for graduate admissions committees to take chances on 
a more diverse cohort of could-be PhDs. If you participate 
in the evaluation of doctoral applicants in your department, 
advocate for an appropriately broad understanding of what 
preparedness and potential look like. “It is important for 
the long-term success of the post-bac/bridge concept,” 
says Penn’s Philip Gressman, “to normalize the idea that 
there are many different and equally valid ways to arrive 
at the PhD.”
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the Dirac Equation?
M. Burak Erdoğan, William R. Green,

and Ebru Toprak

In the early part of the 20th century huge advances were
made in theoretical physics that have led to vast mathe-
matical developments and exciting open problems. Ein-
stein’s development of relativistic theory in the first decade
was followed by Schrödinger’s quantum mechanical the-
ory in 1925. Einstein’s theory could be used to describe
bodies moving at great speeds, while Schrödinger’s theory
described the evolution of very small particles. Both mod-
els break down when attempting to describe the evolution
of small particles moving at great speeds. In 1927, Paul
Dirac sought to reconcile these theories and introduced
the Dirac equation to describe relativistic quantum me-
chanics.

Dirac’s formulation of a hyperbolic system of partial
differential equations has provided fundamental models
and insights in a variety of fields from particle physics and
quantum field theory to more recent applications to nano-
technology, specifically the study of graphene.
Dirac equation. To formulate the Dirac equation consis-
tent with a quantum mechanical interpretation, the wave
function at time 𝑡 = 0 should determine the wave func-
tion at all times, and hence the model needs to be first
order in time [Tha92]. In addition, it should conserve
the 𝐿2 norm of solutions. Dirac combined the quantum
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mechanical notions of energy and momentum operators
𝐸 = 𝑖ℏ𝜕𝑡, 𝑝 = −𝑖ℏ∇𝑥 with the relativistic Pythagorean en-
ergy relation 𝐸2 = (𝑐𝑝)2+(𝐸0)2, where 𝐸0 = 𝑚𝑐2 is the rest
energy.

Inserting the energy and momentum operators into the
energy relation leads to a Klein–Gordon equation

−ℏ2𝜓𝑡𝑡 = (−ℏ2Δ𝑥 +𝑚2𝑐4)𝜓.
The Klein–Gordon equation is second order, and does not
have an 𝐿2-conservation law. To remedy these shortcom-
ings, Dirac sought to develop an operator1

𝐷𝑚 = −𝑖𝑐ℏ𝛼1𝜕𝑥1 − 𝑖𝑐ℏ𝛼2𝜕𝑥2 − 𝑖𝑐ℏ𝛼3𝜕𝑥3 +𝑚𝑐2𝛽
which could formally act as a square root of the Klein–
Gordon operator, that is, satisfy𝐷2

𝑚 = −𝑐2ℏ2Δ+𝑚2𝑐4. This
is possible if the coefficients 𝛼𝑗 , 𝛽 are 4 × 4 matrices satis-
fying 𝛼2𝑗 = 𝛽2 = 𝐼 and the anticommutation relationship
(for 𝑗 ≠ 𝑘)

𝛼𝑗𝛼𝑘 = −𝛼𝑘𝛼𝑗 , 𝛼𝑗𝛽 = −𝛽𝛼𝑗 .
Typically the Pauli matrices,

𝜎1 = [ 0 −𝑖
𝑖 0 ] , 𝜎2 = [ 0 1

1 0 ] , 𝜎3 = [ 1 0
0 −1 ] ,

are used to formulate the Dirac system

𝑖ℏ𝜓𝑡(𝑥, 𝑡) = ( − 𝑖𝑐ℏ
3
∑
𝑘=1

𝛼𝑘𝜕𝑥𝑘 +𝑚𝑐2𝛽)𝜓(𝑥, 𝑡), (1)

where

𝛽 = [ 𝐼ℂ2 0
0 −𝐼ℂ2

] , 𝛼𝑖 = [ 0 𝜎𝑖
𝜎𝑖 0 ] .

1For concreteness, we only consider the case of three spatial dimensions, that is,
when 𝑥 ∈ ℝ3.
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For notational convenience we choose physical units
𝑐 = ℏ = 1, and denote ∑3

𝑘=1 𝛼𝑘𝜕𝑥𝑘 = 𝛼 ⋅ ∇, to write the
equation as

𝑖𝜓𝑡(𝑥, 𝑡) = (−𝑖𝛼 ⋅ ∇ + 𝑚𝛽)𝜓(𝑥, 𝑡). (2)

By the representation (2), it is clear that the Dirac op-
erator does not act on a complex-valued wave function as
the Schrödinger operator does, but rather acts on spinor
fields. That is, the solution to (2) is a ℂ4-valued function.

In contrast to the Schrödinger model, in which the free
operator 𝐻0 = −Δ is nonnegative, the free Dirac operator
𝐷𝑚 = −𝑖𝛼 ⋅ ∇ + 𝑚𝛽 is unbounded both above and below.
In particular, the spectrum is 𝜎(𝐷𝑚) = (−∞,−𝑚] ∪ [𝑚,∞).

These peculiarities lead to an ambiguity in the physical
interpretation of the solution 𝜓. One interpretation is that
the solution couples the evolution of a quantum particle
with its antiparticle, namely coupling the evolution of elec-
trons and positrons [Tha92]. This interpretation predicted
the existence of the positron before its discovery in 1932.

The unboundedness in both directions creates chal-
lenges in the analysis of perturbations. For nonlinear per-
turbations, the concentration-compactness method fails
for Dirac as it relies on the operator being bounded below.
Moreover, one cannot define the Friedrichs extension for
symmetric perturbations of Dirac operators since they are
not bounded below [RS79].
The Dirac equation as a dispersive PDE. The Dirac equa-
tion is an example of a dispersive partial differential equa-
tion. By dispersive, we mean equations for which different
frequency components of the initial data (wave) propagate
with different velocities. We can envision the solution as
being made up of wave packets, where the frequency of vi-
bration is directly related to the speed at which the wave
packet moves.

A model dispersive PDE is the free Schrödinger equa-
tion:

𝑖𝜓𝑡 = −Δ𝜓. (3)

A plane wave of the form 𝜓(𝑥, 𝑡) = exp(𝑖𝑘 ⋅ 𝑥 − 𝑖𝜔𝑡) for-
mally solves the equation provided that the “dispersion
relation,” 𝜔 = |𝑘|2, holds. Writing exp(𝑖𝑘 ⋅ 𝑥 − 𝑖𝜔𝑡) =
exp(𝑖𝑘 ⋅ (𝑥 − 𝑘𝑡)), this relationship may be interpreted as
saying the speed of the wave is equal to the frequency of
vibration.

Using Fourier transform techniques, we can represent
the initial data 𝜓(𝑥, 0) = 𝑓(𝑥) as a superposition of plane
waves exp(𝑖𝑘 ⋅ 𝑥) for a broad class of initial data. Now,
the dispersion relation dictates that higher frequency (|𝑘|
large) portions of the solution move more quickly than
lower frequency portions of the solution. A by-product is
that a concentrated initial profile 𝑓(𝑥) will spread out, be-
coming smaller and smoother in some sense. The smooth-
ing effect is more subtle compared to parabolic equations

such as the heat equation since the linear evolution pre-
serves the 𝐿2-based Sobolev norms. Various quantifica-
tions of this decay and smoothing for linear equations are
useful in the study of nonlinear counterparts. Heuristi-
cally, for equations with power nonlinearities the nonlin-
ear terms become smaller compared to the linear terms
due to the decay.

The best way to measure this spread is to use the Fourier
transform techniques to represent the solution of (3) as a
convolution integral. For 𝑥 ∈ ℝ𝑛,

𝜓(𝑥, 𝑡) = (−4𝜋𝑖𝑡)−
𝑛
2 ∫

ℝ𝑛
𝑒𝑖|𝑥−𝑦|2/4𝑡𝑓(𝑦) 𝑑𝑦. (4)

Using (4), one can see the global dispersive estimate

‖𝑒𝑖𝑡∆𝑓‖𝐿∞𝑥 ≤ 𝐶𝑛|𝑡|−
𝑛
2 ‖𝑓‖𝐿1𝑥 .

This 𝐿1 → 𝐿∞ bound reflects the dispersion present in the
Schrödinger equation, since the sup norm decays in time
as the waves of varying frequencies spread out in space.
These estimates can be used to obtain Strichartz estimates
of the form

‖𝑒𝑖𝑡∆𝑓‖𝐿𝑞𝑡 𝐿𝑟𝑥 ≤ 𝐶‖𝑓‖𝐿2𝑥
for admissible exponents 𝑞, 𝑟 ≥ 2, (𝑞, 𝑟, 𝑛) ≠ (2,∞, 2), with
2
𝑞
= 𝑛( 1

2
− 1

𝑟
).

Strichartz estimates were first obtained by Strichartz via
Fourier restriction theory of Stein. Later, it was established
that they can be obtained using 𝐿1 → 𝐿∞ estimates. These
mixed space-time estimates provide another way to quan-
tify the dispersive nature of the equation, and are ubiqui-
tous in the study of nonlinear equations.

One can also measure the dispersion via smoothing es-
timates. Since a wave packet with frequency 𝑘 moves with
speed∼ |𝑘| it spends at most∼ |𝑘|−1 units of time on a ball
of radius one. Averaging in time implies the Kato smooth-
ing estimate

‖⟨𝑥⟩−
1
2−𝜖(−Δ)

1
4 𝑒𝑖𝑡∆𝑓‖𝐿2𝑡,𝑥 ≤ 𝐶‖𝑓‖𝐿2𝑥 .

This estimate can be interpreted to say that on average the
solution is half a derivative smoother than the initial data.

The dispersion in the Dirac equation is weaker than
that in the Schrödinger due to the hyperbolic nature of
the equation. Since the square of the free Dirac operator
𝐷2
𝑚 = −Δ + 𝑚2 is a diagonal system of Klein–Gordon op-

erators, there is finite speed of propagation and the large
frequency behavior of solutions does not travel arbitrarily
fast as in the Schrödinger evolution. This leads to weaker
time decay and loss of derivatives in dispersive estimates.
Linear perturbations. To account for particle interactions
or external electromagnetic fields in three dimensions, one
perturbs (1) with a 4 × 4 matrix-valued potential, i.e.,

𝑖𝜓𝑡 = (𝐷𝑚 + 𝑉)𝜓. (5)
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For simplicity, we will assume that 𝑉 is Hermitian. Un-
der mild decay and local singularity assumptions on 𝑉
the perturbed Dirac operator 𝐻 ∶= 𝐷𝑚 + 𝑉 is essentially
self-adjoint, and 𝜎𝑒𝑠𝑠(𝐻) = 𝜎(𝐷𝑚) by Weyl’s Theorem. In
contrast to other dispersive equations, such perturbations
can produce infinitely many eigenvalues in the spectral
gap (−𝑚,𝑚) [Tha92]. Faster decay of the potential en-
sures there are only finitelymany eigenvalues [EGT19]. See
[GM01] for a more thorough discussion of further spectral
issues.

Dispersive estimates discussed in the previous section
for (5) do not hold in general if the operator 𝐻 has eigen-
values. One can project onto the continuous spectrum to
recover dispersive estimates, though threshold eigenvalues
or resonances (at energies 𝜆 = ±𝑚) are known to affect the
time decay [EGT19].

One can study the perturbed evolution through a gener-
alized eigenfunction expansion, or through the resolvent
operators and functional calculus techniques. The free re-
solvent operators are defined by ℛ0(𝑧) = (𝐷𝑚 − 𝑧)−1 for
𝑧 ∈ ℂ ⧵ 𝜎(𝐷𝑚). Recalling that 𝐷𝑚 = −𝑖𝛼 ⋅ ∇ +𝑚𝛽, and the
the anticommutation relations of the Pauli matrices, we
see that 𝐷2

𝑚 = −Δ +𝑚2, and

(𝐷𝑚 − 𝜆)(𝐷𝑚 + 𝜆) = −Δ +𝑚2 − 𝜆2.
Formally, this leads us to the relationship

ℛ0(𝜆) = (𝐷𝑚 + 𝜆)𝑅0(𝜆2 −𝑚2), (6)

where 𝑅0(𝑧) = (−Δ − 𝑧)−1 is the Schrödinger resolvent.
By Agmon’s limiting absorption principle for Schrödinger
operators, we can define the limiting operators as 𝑧 ap-
proaches the essential spectrum from the upper and lower
half plane.

In the massive case, when 𝑚 > 0 for |𝜆| close to 𝑚, the
dominant contribution of the Dirac resolvent behaves like
the Schrödinger resolvent. This leads to a generic time-

decay rate of size |𝑡|−
3
2 in three spatial dimensions. When 𝜆

is away from the threshold energies ±𝑚, solutions behave
like solutions to a Klein–Gordon equation; hence smooth-
ness of the initial data is required to obtain a time-decay.
In the massless case, 𝑚 = 0, the equation behaves like the
wave equation which has decay rate |𝑡|−1 in ℝ3.

Although the relationship between the resolvents, (6),
leads one to expect that there should be analogous results
for the dynamics of solutions to the Dirac equation to
those known about the Schrödinger equation, at least at
the linear level, the analysis of the Dirac equation presents
many nontrivial technical challenges.

Perturbations of linear differential operators with the
Coulomb potential appear naturally in many areas of
physics. For the Dirac operator in ℝ3 the Coulomb po-
tential takes the form 𝑉(𝑥) = 𝛾

|𝑥|
𝐼4 models electric and/or

gravitational interaction between the electron and proton

in hydrogenic atoms. The gradient scales like
1
|𝑥|

, so the

Coloumb potential is critical for the Dirac operator. The
coupling constant 𝛾 determines whether the correspond-
ing operator is well-defined or not. In fact, 𝐷𝑚 + 𝛾

|𝑥|
𝐼4 is

essentially self-adjoint if and only if |𝛾| ≤ √3
2

[Tha92].
A similar situation occurs for the Schrödinger opera-

tor with inverse square potential, −Δ + 𝛽
|𝑥|2

. This opera-

tor is essentially self-adjoint in ℝ3 if 𝛽 ≥ 3
4

[RS79]. For

− 1
4
≤ 𝛽 < 3

4
, one can define Friedrichs extension since

−Δ + 𝛽
|𝑥|2

remains a positive operator. Since the Dirac op-

erator is unbounded below, the Friedrichs extension can
not be defined. There are infinitely many self-adjoint ex-

tensions if |𝛾| > √3
2
. However, when

√3
2
< |𝛾| < 1, there

is a unique distinguished self-adjoint extension analogous
to the Friedrichs extension; see, e.g., [Gal17].
Nonlinear models. Often a nonlinear Schrödinger equa-
tion is formed by adding a nonlinear term:

𝑖𝑢𝑡 = −Δ𝑢 ± 𝑓(𝑢)𝑢,
typically of the form 𝑓(𝜏) = |𝜏|𝛾. There are more choices
for how to create the nonlinearity out of the ℂ4-valued
spinor. The Soler model from quantum field theory is

𝑖𝜓𝑡 = 𝐷𝑚𝜓 − 𝑓(𝜓∗𝛽𝜓)𝜓, (7)

with 𝑓 real-valued satisfying 𝑓(0) = 0, 𝜓∗ = 𝜓𝑇 , and 𝛽
is the matrix used in defining the Dirac operator. One-
dimensional analogues of this model include the Gross–
Neveu and massive Thirring equations for scalar and vec-
tor self-interaction, respectively. The Soler model is well-
posed provided the initial data has enough Sobolev regu-
larity, 𝜓(𝑥, 0) ∈ 𝐻𝑠(ℝ𝑛) for 𝑠 > 𝑛

2
[BC19]. The Thirring

and Soler (with 𝑓(𝜏) = 𝜏) nonlinearities are Lorentz co-
variant and exhibit a null-structure, comparable to other
geometric nonlinear wave equations.

Scattering results, that is, the series of conclusions that
large-time behavior of solutions approaches that of a free
wave, are known for (7) with 𝑓(𝜏) = 𝜏 in low dimensions
provided the initial data is small in an appropriate Sobolev
norm [BH15].

A solitary wave is a solution of (7) of the form

𝜓(𝑥, 𝑡) = 𝜙(𝑥)𝑒−𝑖𝜔𝑡,
where𝜔 is a real-valued parameter and 𝜙 solves a stationary
nonlinear Dirac equation. Such solitary waves are known
to exist for broad classes of nonlinearities, but the stabil-
ity results are less developed. Linearizing about such sta-
tionary solutions leads to linear equations of the form con-
sidered in (5). Spectral stability is known for classes of
nonlinearity 𝑓 that are polynomial-like [BC19]. Stronger
stability results, such as orbital and asymptotic stability of
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these solutions for general 𝑓 is thus far incomplete and less
developed than other dispersive equations [Dod19]. One
cannot use the concentration-compactness arguments that
are standard for other dispersive equations [NS11], among
other challenges. Although, somehow unexpectedly, there
seems to be a lack of blow-up phenomenon in nonlinear
Dirac equations which commonly occurs in other disper-
sive nonlinear models [BC19].
Honeycomb potentials. Finally, we briefly note the ap-
pearance of a two-dimensional Dirac equation in the study
of waves in periodic structures inspired by the study of
graphene, a material with layers of hexagonal lattices of
carbon atoms. The evolution of waves in graphene is mod-
eled by a two-dimensional Schrödinger equation −Δ + 𝑉
with a periodic “honeycomb” potential, i.e., 𝑉 is periodic,
even, and invariant under 2𝜋/3 rotations. In contrast to
the previous discussion, 𝑉 does not decay as |𝑥| → ∞.

When decomposing the solution of the Schrödinger
equation into Floquet-Bloch states there are Dirac points
of the honeycomb structure, where the dispersion sur-
faces intersect. This leads to an intersection of succes-
sive spectral energy bands at some energy 𝜇 and the time-
independent operator −Δ + 𝑉 − 𝜇 has a two-dimensional
nullspace spanned by Φ1(𝑥), Φ2(𝑥). A wave-packet spec-
trally localized at this energy is of the form (with 𝛿 a small
parameter)

𝜓(𝑥, 𝑡) ≈ 𝑒𝑖𝜇𝑡
2
∑
𝑗=1

𝛿𝛼𝑗(𝛿𝑥, 𝛿𝑡)Φ𝑗(𝑥),

where 𝛼𝑗 are the amplitudes. Writing 𝛼 = (𝛼1, 𝛼2) ∈ ℂ2,
the evolution of 𝛼 is governed by a two-dimensional Dirac
equation with zeromass. The dynamics of such wave pack-
ets is believed to be responsible for the remarkable prop-
erties of graphene [FW14].
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Photo of William R. Green is courtesy of Maggie Green.
Photo of Ebru Toprak is courtesy of Ebru Toprak.

NOVEMBER 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1785

http://www.ams.org/mathscinet-getitem?mr=3971006
http://www.ams.org/mathscinet-getitem?mr=3314499
http://www.ams.org/mathscinet-getitem?mr=3930589
http://www.ams.org/mathscinet-getitem?mr=1219537
http://www.ams.org/mathscinet-getitem?mr=529429
http://www.ams.org/mathscinet-getitem?mr=2847755
http://www.ams.org/mathscinet-getitem?mr=1870409
http://www.ams.org/mathscinet-getitem?mr=3588049
http://www.ams.org/mathscinet-getitem?mr=3162492
http://www.ams.org/mathscinet-getitem?mr=4011799
http://dx.doi.org/10.1007/s00220-014-2164-0
http://dx.doi.org/10.1007/s00220-014-2164-0
http://dx.doi.org/10.1017/9781108590518
http://dx.doi.org/10.4171/095
http://dx.doi.org/10.1007/s00220-013-1847-2
http://dx.doi.org/10.1353/ajm.2019.0031


BOOK REVIEW

1786    Notices of the AmericAN mAthemAticAl society Volume 68, Number 10

are nearly biographies in fictional form. Even fantastical 
works like Paul Nahin’s short story “Newton’s Gift,” in 
which a time traveler brings Isaac Newton a digital electric 
calculator, generally avoid directly contradicting history, as 
if they are only telling us parts of the biography that had 
been forgotten but still fit in with what is known. Other 
works of fiction create entirely imaginary mathematicians, 
intended to be distinct from any real people. Examples 
of this include the former judo wrestler and Fields Med-
al-winning knot theorist from Peter Buwalda’s novel Bonita 
Avenue or the world-famous African mathematical physicist 
in Greg Egan’s science fiction novel Distress whose theory 
of quantum gravity makes her the subject of death threats. 
It is therefore notable that these two literary novels pub-
lished in the same year both include alternate histories of 
recognizable mathematicians.

Machines Like Me presents an alternative history not only 
of the life of one mathematician but of the whole world. 
The universe in which it takes place appears to be nearly 
identical to ours up until the 1950s, but the pace of tech-
nological innovation after that was so much more rapid 
there that laptops, smart phones, and the internet were all 
in wide use by the 1980s. In addition, lifelike androids (like 
Adam, the artificially intelligent android jointly “adopted” 
by neighbors Charlie and Miranda at the start of the novel) 
were just becoming available for purchase in that decade. 
Other notable differences between that universe and our 
own include that Britain suffered a humiliating defeat in 
the Falklands Islands War and that the Beatles reunited.

The reader can trace most of these differences back to a 
decision made by the famous mathematician Alan Turing 
during his sentencing hearing on the charges of “homo-
sexual activity.” Unlike our universe where Turing chose 
chemical castration as a punishment, the Turing in Mc- 
Ewan’s alternative history chooses imprisonment. While in 

Machines Like Me  
by Ian McEwan  
A Universe of Sufficient Size  
by Miriam Sved

The two books being reviewed together here may at first 
not appear to have anything in common. The first is Ian 
McEwan’s Machines Like Me [McE], a science-fiction novel 
about two neighbors in a London apartment building who 
together purchase an artificially intelligent android. The 
other, A Universe of Sufficient Size by Miriam Sved [Sve], 
is an entirely realistic novel about the Holocaust and its 
effects on some Hungarian survivors and their descendants.

It turns out that these two seemingly very different nov-
els have a commonality that is mathematical. Both books 
contain characters whose life stories start out identical to 
the biographies of some famous mathematicians before 
eventually deviating from the true stories in fundamental 
and dramatic ways. One can read and enjoy these novels 
without knowing about the lives of the real mathematicians 
on whom the characters are based, but a deeper apprecia-
tion is available to readers familiar with the historical facts.

Significantly modifying the histories of recognizable 
mathematicians is rare in fiction. Usually, works of fic-
tion which include famous mathematicians as characters 
attempt to remain consistent with the known facts of the 
individual’s life. For example, novels like Beyond the Limit: 
The Dream of Sofya Kovalevskaya by Joan Spicci and D’Alem-
bert’s Principle: A Novel in Three Panels by Andrew Crumey 
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of instantly predicting the best routes to an an-
swer. It was liberation. The floodgates opened. 
Self-awareness and every emotion came within 
our technical reach....”

By the 1980s, Alan Turing has become a public figure 
like Elon Musk and Mark Zuckerberg. He is rich, powerful, 
and famous, but unusually for a tech company CEO, he is 
also a proponent of the open-source movement. The au-
thor shows us that this benevolence has some unexpected 
consequences. Science and Nature both cease publication 
as a result of competition from the open-source journals 
that Turing promotes. The book also explains that the 
reason Argentina was able to massacre the British navy in 
the Falklands Islands War is that they used Turing’s freely 
available algorithms in their missiles.

Obviously, it is heartwarming to see Alan Turing avoid 
the punishment and tragic death that he suffered in reality. 
There are other interesting comparisons that can be made 
between our universe and this alternative, some of which 
are hidden like “Easter eggs” for people who know enough 
about Turing. Since he is often given a lot of credit for the 
Allied victory in World War II (although his role has been 
diminished as the contributions of others have come to 
light in recent years), it is ironic that in the book Alan 
Turing takes the blame for the casualties suffered by the 
British navy in the Falklands. Also, although the alternate 
Turing does not take his own life, the artificially intelligent 
androids that he helped to develop do begin to commit 
suicide at an alarming rate. (Indeed, once Turing becomes 
a character in the book, this is the topic he mainly discusses 
with Charlie.) And, there is a funny scene in which Miranda 
introduces Charlie (now her fiancé) and their android 
Adam to her father who becomes confused about which 
of them is the human. Charlie eventually realizes that he 
has been mistaken for a robot and has some fun playing 
along with the error in a clever reversal of the standard 
“Turing test.”

There certainly is more to Machines Like Me than the 
part about Alan Turing. For the first half of the book, he is 
only in the background of the story. And, even after Turing 
begins appearing as a character, he is still a relatively minor 
character. The book mostly concerns the bizarre relation-
ship between Miranda, Charlie, and Adam. Another major 
focal point is the quest for justice in a rape that occurred 
many years earlier, a subplot somewhat reminiscent of 
McEwan’s more famous novel, Atonement.

Mathematics also appears in Machines Like Me in a 
few ways that are not directly connected to Turing. Char-
lie, a slacker who seemingly does little other than some 
unsuccessful day trading, expresses interest in studying 
mathematics formally. At one point he uses mathematical 
metaphors to describe his feelings about Miranda, saying 
she is like a “counter-intuitive Euclidean proof.” And, 
Adam refers to Bayesian Probability and his selection of 

prison he is motivated to work on math research and does 
not take his own life. The future seems to arrive earlier as 
a consequence of the fact that Turing lives beyond 1954, 
especially at the intersection of computational biology, 
computer science, and mathematics where he frequently 
worked. For example, the fictional Turing first comes 
to the attention of the general populace in 1968 after a 
computer program that he wrote with a colleague named 
Demis Hassabis beats a champion at the Japanese game 
“Go” using deep learning techniques. In contrast, the real 
Demis Hassabis and his company were not making news 
for similar achievements until 2017 (see [Hass]).

The most significant mathematical result attributed 
to Turing in Machines Like Me is something that nobody 
has done in reality, at least not yet. Between working with 
Francis Crick on protein structure and helping to develop 
the first protocols for the internet, Turing resolved the P 
vs. NP question. In brief, this famous open question (cur-
rently one of seven Millennium Prize Problems carrying a 
million dollar prize from the Clay Mathematics Institute) 
is about whether two classes of computational problems 
are the same, or whether solving problems in one of 
the classes is so much more time consuming as to make 
them practically unsolvable. Long after he began thinking 
about this problem while in prison, fictional Turing and 
“two King’s College Cambridge friends” publish a proof 
that the two classes are the same. This theorem did more 
than simply show that P is equal to NP; it also provided 
an effective way to solve computational problems that we 
cannot currently answer in a reasonable amount of time. 
This breakthrough was a prerequisite for the development 
of the artificial intelligence utilized by androids like Adam. 
As Turing explains to Charlie:

“Simple statements need external information 
to be understood because language is as open a 
system as life. I hunted the bear with my knife. 
I hunted the bear with my wife. Without think-
ing about it, you know that you can’t use your 
wife to kill a bear. The second sentence is easy 
to understand, even though it doesn’t contain 
all of the necessary information. A machine 
would struggle.

“And for some years so did we. At last we 
broke through by finding the positive solu-
tion to P versus NP—I don’t have time now 
to explain it. You can look it up for yourself. 
In a nutshell, some solutions to problems can 
be easily verified once you’ve been given the 
right answer. Does that mean therefore that 
it’s possible to solve them in advance? At last 
the mathematics was saying yes, it’s possible, 
and here’s how. Our computers no longer had 
to sample the world on a trial-and-error basis 
and correct for best solutions. We had a means 
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in Budapest. Erdős called it “The Happy Ending Problem” 
because its resolution led to the marriage between Esther 
and George Szekeres.

A 1935 paper by Erdős and Szekeres shows more gen-
erally that there exists a finite m for each n, but the precise 
values remain unknown. This is one of the open questions 
of the field now known as Ramsey Theory, and it is pre-
sumably what the novel calls “The Upper-Limit Problem.” 
One can only presume because the mathematics is only 
described in vague terms throughout the book. The lack of 
mathematical detail is not surprising since the mathematics 
is not really the main point of the novel. The characters may 
happen to be mathematicians, but the book is about life 
and death and dysfunctional family dynamics. The author 
tries to connect the big philosophical questions to the 
math by hinting at an analogy between finding meaning 
in a chaotic universe and finding convex polygons among 
randomly distributed vertices.

Miriam Sved could have written a work of fiction around 
that analogy which was consistent with the facts we know 
about the lives of these five individuals. Among the sources 
of factual information on this topic is her own grand-
mother’s memoir entitled Two Lives and a Bonus. However, 
Sved chose otherwise. Like Turing’s in Machines Like Me, the 
life stories of these characters which are initially identical 
to the ones we know from history become dramatically 
different. Unfortunately, I cannot really convey to you 
how dramatically they deviate without spoiling the biggest 
surprise of the novel. So, for the most part, you will either 
have to trust me or read the novel yourself.

But, there is one particular difference between the true 
biographies and those of the characters in the novel that I 
feel I can safely discuss. Although Paul Erdős died in 1996, 
his fictional doppelgänger Pali Kalmar was alive in 2007 
speaking about mathematics at an Australian university. 
In the audience is a student who is interested in mathe-
matically modeling information exchange on the internet, 
another topic like the Happy Ending Problem involving the 
combinatorics of discrete graphs. The student is surprised to 
learn that his grandmother was one of the group of friends 
who first studied those problems in a park in Budapest. In 
an entirely fictional “happy ending,” he ends up collaborat-
ing with Pali Kalmar himself on the Upper-Limit Problem. 

As in reality, the prolific, itinerant mathematician met 
the grandchild of one of his old friends from Hungary in 
Australia. However, in other ways the story is very different 
than reality. Miriam Sved met Paul Erdős when she was 
a young child and is not particularly interested in math, 
while the character in the book is a college student who 
works with Pali Kalmar after developing an interest in the 
mathematics of computer networks.

This last point raises another intriguing similarity be-
tween the two novels being reviewed here. In reality, digital 
computers were rare items and computer networks were in 
their infancy during the lifetimes of both Alan Turing and 

priors when explaining his thought processes to his human 
owners. Someone reading this novel who was not already 
interested in mathematics could easily ignore those brief 
digressions. However, the character of Alan Turing, who is 
given an opportunity to revisit some of the book’s main 
philosophical themes in a monologue near the end, will 
certainly leave an impression on any reader. His prescience 
and wisdom along with the tremendous consequences of 
his mathematical research could leave a reader with a better 
opinion of the whole field of mathematics. 

Now, let us turn our attention to Miriam Sved’s novel A 
Universe of Sufficient Size. I could describe its plot as follows:

Five Jewish friends do mathematics together in Budapest as 
Hitler comes to power in nearby Germany. They must meet in a 
public park to do their work because anti-Semitic laws ban the 
three male members from the university campus. The two women 
enroll as students, although quotas designed to reduce the num-
ber of Jews in academia force one to study physics rather than 
mathematics. Many years later, in Australia, the grandchild of 
one of the women meets the most famous member of the group, 
a prolific mathematician famous for having no permanent home 
but instead staying with his collaborators as he travels around 
the world.

That paragraph both accurately describes the events in 
A Universe of Sufficient Size and completely matches the 
well-known true story of mathematicians George Szekeres, 
Esther Klein, Marta Sved, Pál Turán, and Paul Erdős. It 
is a story that the author knows well since Miriam Sved 
is the Australian grandchild of Marta Sved and she very 
briefly describes her own real meeting with Paul Erdős in 
the book’s acknowledgments. Yet, as we will soon see, the 
famous mathematician and grandchild of his old friend 
from Budapest who meet in her novel are definitely not 
Paul Erdős and Miriam Sved.

In contrast with McEwan’s alternate history, the rest of 
the world in this novel seems to be essentially the same as 
the one we live in. No technologies were developed sooner; 
no wars had different outcomes. However, the trajectory 
of the lives of the five Hungarian mathematicians is very 
different than those of the real people who inspired them. 
Moreover, in A Universe of Sufficient Size, their names have 
also been changed. For instance, the Erdős-like character 
is named “Pali Kalmar.”

Whereas mathematics is only in the background of 
Machines Like Me, it often drives the plot in A Universe 
of Sufficient Size. Most prominently, much of the book 
revolves around a question involving polygons drawn 
among random assortments of points in the plane. The 
novel alone does not provide enough information to fig-
ure out precisely what the question is, but those familiar 
with the history of combinatorics will guess that it is the 
question of finding the smallest number m guaranteeing 
the existence of a convex n-gon among m vertices in general 
position. The special case m = 5 and n = 4 is the problem 
that Esther Klein first raised with her friends in that park 
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Paul Erdős. Coincidentally, both of the books extend the 
lives of the fictional mathematicians beyond those of the 
historical figures, altering history so that they survive to 
see the ubiquity of digital computers and the importance 
of the internet in the lives of ordinary people today. More-
over, both books suggest that the research done by these 
mathematicians laid the theoretical foundation for those 
technologies. The extent to which that is true is debatable, 
but it is surely good for the field of mathematics that readers 
of these novels will encounter this evidence for the value 
of mathematical research, even if it is in fictional form.

That is still not all that these books have in common. 
Many works of “mathematical fiction” portray mathema-
ticians in ways that concern me. Often, mathematicians 
are portrayed as being extremely antisocial and “quirky.” 
(See, for example, the portrayal of Alan Turing in the film 
The Imitation Game.) In other works of fiction, mathema-
ticians are emotionally cold or even evil. I am therefore 
pleased to say that neither of these novels stoops to using 
such mathematical stereotypes. Like the other characters in 
the books, the mathematicians are well-rounded “normal 
people” with complex relationships and positive attributes 
as well as flaws and quirks.

Both works also arguably exaggerate the importance of 
the mathematicians they describe. We will never know for 
certain what the world would be like had Alan Turing lived 
into the 1980s, but I think it is safe to say that it is unlikely 
that he would have proved “P=NP” and used that as a way 
to create powerful AIs. A stronger argument can be made 
that A Universe of Sufficient Size could leave the reader with 
an exaggerated impression of the importance of Paul Erdős 
to mathematics. Certainly, he was a very colorful individ-
ual as well as a prolific researcher. Many mathematicians 
know their Erdős number. But, Pali Kalmar seems to be the 
most important mathematician of the 20th century with 
an unmatched influence on every subdiscipline of math. 
One example of this occurs when one of the female math-
ematicians from the group of Hungarian friends goes back 
to earn a PhD many years later in Australia. She chooses 
the field of “abstract geometry” hoping that this field is 
sufficiently far from combinatorics that she will not have 
to hear anything about her old friend, but her advisor’s first 
bit of advice to his new student is to read Kalmar’s writings 
because he “defined the limits of what was interesting.” 
Perhaps the need for exaggerations such as these is taken 
for granted in fiction.

Despite those minor complaints, I strongly recommend 
both books, not only for the mathematician characters 
whose life stories may sound familiar to you, but also 
because they are well written and thought provoking. (For 
more recommendations and reviews, please also visit my 
website [Kas] where I am attempting to catalog all works 
of “mathematical fiction.”)

Alex Kasman
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Math Makers: The Lives 
and Works of 50 Famous 
Mathematicians  
by Alfred S. Posamentier  
and Christian Spreitzer

As its name suggests, Math Makers 
provides profiles of fifty influ-
ential mathematicians (in fact, 
there is a slight bonus since the 
Bernoullis are bundled together 
in the same chapter). The profiles 
range from around five to fifteen 
pages, varying in the relative scar-

city of sources and the number of illustrations provided. 
The pace is brisk and the profiles are well-written and en-
gaging. There are occasional opening “teasers” that make 
the reader eager to understand the connection. For example, 
the profile of Leibniz begins with a few paragraphs about 
the development of the computer. We then learn that 
Leibniz appears to have been among the first to develop 
binary arithmetic and to think about how it could be used 
to construct computing machines. An instructor wishing 
for a few quick remarks about a particular mathematician 
might find this volume valuable for adding historical flavor 
to a class. 

Math Makers is aimed at a general audience and requires 
only a modest background in high-school geometry and 
algebra. Because of these low prerequisites, there is a 
large emphasis on classical geometry, particularly in the 
earlier chapters, and more technical subjects are handled 
informally. For example, the treatments of Galois, Hardy, 
and Mandelbrot are less precise than those of Pythagoras, 
Euclid, and Archimedes. With the exception of Maryam 
Mirzakhani, all of the mathematicians covered were born 
prior to 1925. This necessarily limits the gender balance, 
although the authors do include profiles of Agnesi, Ger-
main, Lovelace, Kovalevskaya, Noether, and Mirzakhani.  

However, the lack of East Asian and Middle Eastern math-
ematicians is somewhat surprising for a book with a long 
historical perspective. Aside from Brahmagupta, Ramanu-
jan, and Mirzakhani, the remaining mathematicians are 
all of European descent (broadly construed, for we do not 
fully know the ancestry of some of the Greek-speaking 
mathematicians of the ancient world).

That’s Maths II: A Ton of Wonders 
by Peter Lynch

That’s Maths II is a collection 
of sixty-four short essays, each 
around three to five pages long, 
that cover a wide array of mathe-
matical topics from random har-
monic series and variations on 
the Cantor set, to the singular 
value decomposition and sur-
real numbers. Some of the essays 
focus on humanistic aspects of 
mathematics, such as the work of 

mathematically inspired satirist Tom Lehrer, mentions of 
circle squaring in Joyce’s cryptic Ulysses, and a discussion of 
the classical quadrivium. Most of the essays are illustrated 
with black-and-white photographs, diagrams, or tables. A 
previous volume by the same author entitled That’s Maths: 
The Mathematical Magic in Everyday Life appeared in 2016.

About half of the articles in That’s Maths II appeared in 
the author’s column in The Irish Times, and some of the 
others came from his long-running blog thatsmaths.com. 
Judging from their online counterparts in The Irish Times, 
the mathematical level of these short essays has been sig-
nificantly increased for the book. Although some entries 
can be understood by the layperson, others rely upon a 
fair number of equations, infinite series, integrals, and so 
forth. A short bibliography accompanies each article, so 
the interested reader might use the book as a convenient 
jumping-off point for further mathematical explorations.  
Consequently, That’s Maths II is ideal for a precocious 
calculus student or an undergraduate mathematics major 
seeking a book full of interesting mathematical curiosities.  
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The AMS Book Program serves the mathematical community by publishing books that further mathematical research, awareness, 
education, and the profession while generating resources that support other Society programs and activities. As a professional society of 
mathematicians and one of the world’s leading publishers of mathematical literature, we publish books that meet the highest standards 
for their content and production. Visit bookstore.ams.org to explore the entire collection of AMS titles. 

The AMS Bookshelf is prepared bimonthly by AMS Acquisitions Specialist 
for MAA Press titles Stephen Kennedy. His email address is skennedy 
@amsbooks.org.
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Analysis and Linear Algebra:  
The Singular Value Decomposition 
and Applications 
by James Bisgard

We probably don’t teach enough 
linear algebra to undergradu-
ates. There is so much beautiful 
mathematics and so many rich 
applications that it is unfortunate 
most undergraduates see only one 
semester’s worth. It is arguably 
especially unfortunate that in that 
one semester it’s pretty much im-

possible to get to the SVD. Analysis and Linear Algebra: The 
Singular Value Decomposition and Applications provides an 
opportunity to remedy this gap. Bisgard poses four inter-
esting problems in the first chapter which the SVD can be 
deployed to solve: determine the best approximating sub-
space to a given collection of points in Rn; find low-rank 
approximating matrices to help with image compression; 
find the Moore-Penrose generalized inverse; and find the 
orthogonal transformation that transforms a given con-
figuration of points as closely as possible to a reference 
configuration. 

The author provides all the necessary background in 
order to rigorously construct the SVD and ultimately prove 
that it can be used to solve his four sample problems.  
Because we are approximating and minimizing distances, 
it becomes necessary to invoke techniques from analysis.  
This leads to a very rich intermingling of linear algebra 
and analysis. The emphasis is on existence and proof. The 
deep and interesting computational questions associated 
with efficiently finding an SVD are left to the side. Instead 
the author proves that it exists and that it solves some very 
interesting and useful problems. The reader is assumed to 
have experienced both a first course in linear algebra and 
in basic real analysis. For a reader with that background, a 
course out of this book would provide a compelling and 
deep answer to the question of what linear algebra can be 
used for.

The Life of Primes in 37 Episodes  
by Jean-Marie De Koninck  
and Nicolas Doyon

This is a thoroughly charming, 
and wonderfully engaging, en-
counter with the prime numbers 
and (mostly) analytic number the-
ory. The authors organize their 37 
brief chapters roughly around five 
themes: counting the primes cul-
minating in a proof of the prime 
number theorem; regularities and 

irregularities in the distribution of the primes; primality 
testing; factoring algorithms; and what we might learn in 
the near future. The organization is also approximately 
chronological so the sophistication of the ideas and 
techniques slowly increases. The actual Episode topics 
range from the very well known—Fermat numbers and 
constructability, the zeta function, Dirichlet’s theorem—to 
the more esoteric—sieve methods, gaps between primes, 
elliptic curve methods of factoring.

The book is not a textbook on analytic number theory; it 
is more of a brief introduction to some of the field’s high-
lights and techniques. In most cases results are not proved 
in full detail, but the main ideas of the proofs are described, 
illustrative examples are provided, and references are given 
for the diligent reader to follow up. To give you some ideas 
of the level of detail: Kraitchik’s algorithm is explained in 
two and one-half pages; the result that the sum of the recip-
rocals of twin primes converges (a very cool fact) is proven 
in three. An undergraduate, or beginning graduate student, 
with just a single introductory number theory course under 
their belt could get a very good big-picture view of the 
number-theoretic landscape by working through this book.  
Anyone teaching a course in number theory would discover 
lots of lovely material and examples to enrich their lectures. 

http://bookstore.ams.org
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An auction is the practice of selling items by collecting bids 
and assigning the items to the highest bidders.1 Nowadays, 
auctions are a ubiquitous transactional method in many 
industries used by governments, companies, and individ-
uals. Governments use auctions to sell financial securities, 
and many rights such as timber, oil, gas, minerals, and 
electromagnetic spectrum. Companies use auctions to sell 
commodities such as fish, flowers, diamonds, and milk, 
and digital goods such as keyword positions and adver-
tisement—every time anyone interacts with the internet an 
auction is run to serve the best content and best advertise-
ment. Individuals participate in auctions, too. Houses are 
commonly sold to the highest bidder—a fact that may be 
notoriously salient to anyone buying or selling this year.

An auction’s main job is to allocate items to the bid-
ders who value them the most. For example, in the most 
common auction format, the open ascending auction, an 
auctioneer sells a single item by collecting bids from an au-
dience, increasing the price until only one bidder remains 
interested. This auction allocates the item to the bidder who 
values it the most because the bidder with the greatest value 
can outbid all other bidders. However, in theory and in 

Hector Lopez is an associate director at NERA Economic Consulting. His 
email address is hector.lopez@nera.com.

Communicated by Notices Associate Editor Emilie Purvine. 
1Auctions are also used to buy from the lowest bidders.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.
DOI: https://dx.doi.org/10.1090/noti2374

practice, achieving this goal is (extremely) hard when there 
are multiple items to be sold because it involves solving 
many complex challenges; for example, solving computa-
tionally complex combinatorial problems, incentivizing 
bidders to bid sincerely, exchanging information, fostering 
participation, preventing collusion, facilitating fairness, 
among others. In this paper, I highlight only some elements 
considered in the theory and practice of auctions regarding 
computations, behavior, and information. 

To appreciate these challenges, consider an auction for 
a set M of items and a group N of bidders. Each bidder i 
has a valuation vi(s) for every subset s of M. An efficient 
auction’s job is to find pairwise disjoint sets si such that the 
bidders’ total value ∑i∈N vi(si) is maximized.2

The first challenge is computational. Assuming that the 
auctioneer already has values for all subsets for all bidders, 
solving the winner determination problem is very hard—NP-
hard in general. 

The second challenge is behavioral. The auctioneer 
does not know the bidders’ values vi(s). The auctioneer 
can request bids bi(s), and bidders can send whatever bids 
they want (or none for a given s). The auctioneer must in-
centivize bidders to provide bids such that the set of si that 
maximizes ∑i∈N bi(si) also maximizes ∑i∈N vi(si). Incentives 
are usually provided by specifying a payment function 
that determines what each bidder must pay as a function 
of the whole set of received bids. At this level of generality, 

2In this paper I focus on “efficient auctions.” Auctions can also be used to 
maximize revenues or other objectives.

Mathematics in the Theory  
and Practice of Auctions
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its true valuation is reached. This independence between 
bid and payment does not always hold in the SMRA [6]. 
It is possible that some bidders may have an opportunity 
to influence their payment by misrepresenting its values. 
However, not all misrepresentations will produce a mis-
allocation of items, and these opportunities vanish as the 
number of bidders increases [7].

The informational challenge is solved by conducting 
the auction using many rounds and by requesting bids for 
individual items. Each round, bidders can use the tentative 
winning bids as prices to figure out the relevant valuations. 
Each round, bids are at most M numbers.

The SMRA is efficient when the bidders consider the 
items to be substitutes and bidders bid their valuations [5].4 
This theoretical result has had great influence on practice. 
Bidders and auctioneers debate the substitutability of the 
items every auction, and on the merits of the SMRA versus 
other formats given the likelihood of misrepresentation 
opportunities. If the consensus is that items are reasonable 
substitutes and the misrepresentation opportunities are 
limited, then the SMRA or one of its variants is adopted.

The influence of theory in the practice of auctions is not 
limited to one result for one format. Theory is a core tool 
in the practice of auctions. It is common for bidders, auc-
tioneers, and their consultants to argue about the set of the-
oretical results in auction theory (optimization, computer 
science, game theory) that favor one format over another 
in a given situation, and even the particular mathematical 
formulations describing a given rule [9], [10].

Analogously, practice is an essential inspiration for 
theory. Every new practical problem spurs new research 
to obtain a tractable and efficient auction format for the 
problem at hand. 

I believe that the virtuous cycle between theory and 
practice will continue for years to come, opening the door 
to academics and practitioners in many fields to continue 
making significant contributions to the theory and practice 
of auctions. 
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thy; and indeed a Nobel was awarded to William Vickrey 
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The third challenge is informational. In many instances, 
bidders themselves do not know their own valuation func-
tions. For example, the set of items could be a collection of 
spectrum licenses and the set of bidders could be telecom-
munications companies. Bidders must spend resources to 
discover how much value would be added to the company 
by a given set of licenses [3]. In addition, even if the bidder 
knows its valuation for all subsets, and is willing to provide 
bids for all subsets, how can the bids be transmitted to the 
auctioneer if there are many items? – 2M gets impractically 
large very quickly. 

Given these challenges, how is it possible that auctions 
are frequently and successfully run? The answer: very de-
tailed theoretical, computational, experimental, and prac-
tical analysis of the very items and valuations structures at 
hand. Every situation demands a particular auction format: a 
detailed set of rules that describes what bids are valid, how 
the bids are transmitted, how the winners are selected, how 
the payments are calculated, etc. 

One of the most common and celebrated auction 
formats today is the simultaneous multiple round auction 
(SMRA). The SMRA format was created by Paul Milgrom 
and Robert Wilson—the 2020 winners of the Nobel prize 
in Economics “for improvements to auction theory and 
inventions of new auction formats.” The Federal Commu-
nications Commission (FCC) has run over one hundred 
auctions since 1994 using the SMRA (and closely related 
formats). A typical FCC auction involves thousands of items 
and billions of dollars [4].

In a nutshell, the SMRA works as follows. Bidders can 
submit bids bi(m) for each item m in a sequence of rounds. 
All items are offered in all rounds. Each round, the highest 
bid for each item is provisionally selected as winner. Bid-
ders can bid for a nonincreasing number of items as rounds 
progress.3 The auction concludes on the first round with 
no new bids. Provisionally winning bids become winners, 
and bidders pay their winning bids.

How does the SMRA solve the three challenges?
The computational challenge is solved by the gradual 

approximation of the solution round by round. Akin to 
a greedy algorithm, the SMRA maximizes the total value 
of the bids by tentatively assigning winners each round 
until there is a round with no value improvement—with 
no new bids.

The behavioral challenge is (mostly) solved by requiring 
the lowest possible payments. Since the SMRA ends when 
there is no new bid, a winning bidder only needs to pay 
a price equal to the value of the highest losing bid. When 
the price that a bidder effectively pays does not depend on 
its bid, it is in its best interest to continue bidding until 

3This is a gross simplification of the so-called activity rule. See [5].
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Every two years, the Notices, as the Society’s journal of record, pub-

lishes an overview of AMS honors. In this section, we list the special 

lectures, prizes, awards, and fellowships; give brief descriptions of 

each; and provide links for further information, including past re-

cipients and lecturers.

The Society governance consists of the officers (president, three vice 

presidents, secretary, four associate secretaries, treasurer, and asso-

ciate treasurer), the Council, Executive Committee of the Council, 

and Board of Trustees. You may find information about Society 

governance at www.ams.org/governance, which includes links to 

books that chronicle the history of the AMS: A Semicentennial History 

of the American Mathematical Society, 1888–1938, by Raymond Clare 

Archibald, and History of the Second Fifty Years, American Mathematical 

Society, 1939–1988, by Everett Pitcher.

We begin with a list of past presidents, treasurers, and secretaries.

Boris Hasselblatt, AMS Secretary
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Presidents
2021–2022 Ruth Charney
2019–2020 Jill C. Pipher
2017–2018 Kenneth A. Ribet
2015–2016 Robert L. Bryant
2013–2014 David A. Vogan, Jr.
2011–2012 Eric M. Friedlander
2009–2010 George E. Andrews
2007–2008  James G. Glimm
2005–2006 James G. Arthur
2003–2004 David Eisenbud
2001–2002 Hyman Bass
1999–2000 Felix E. Browder
1997–1998  Arthur M. Jaffe
1995–1996 Cathleen Synge Morawetz
1993–1994 Ronald L. Graham
1991–1992 Michael Artin
1989–1990 William Browder
1987–1988 George Daniel Mostow
1985–1986 Irving Kaplansky
1983–1984 Julia Bowman Robinson
1981–1982 Andrew Mattel Gleason
1979–1980 Peter David Lax
1977–1978 R H Bing
1975–1976 Lipman Bers
1973–1974 Saunders Mac Lane
1971–1972 Nathan Jacobson
1969–1970 Oscar Zariski
1967–1968 Charles Bradfield
 Morrey, Jr.
1965–1966 Abraham Adrian Albert
1963–1964 Joseph Leo Doob
1961–1962 Deane Montgomery
1959–1960 Edward James McShane
1957–1958 Richard Dagobert Brauer
1955–1956 Raymond Louis Wilder
1953–1954 Gordon Thomas
 Whyburn

1951–1952 John von Neumann
1949–1950 Joseph Leonard Walsh
1947–1948 Einar Hille
1945–1946 Theophil Henry
 Hildebrandt
1943–1944 Marshall Harvey Stone
1941–1942 Harold Calvin
 Marston Morse
1939–1940 Griffith Conrad Evans
1937–1938 Robert Lee Moore
1935–1936 Solomon Lefschetz
1933–1934 Arthur Byron Coble
1931–1932 Luther Pfahler Eisenhart
1929–1930 Earle Raymond Hendrick
1927–1928 Virgil Snyder
1925–1926 George David Birkhoff
1923–1924 Oswald Veblen
1921–1922 Gilbert Ames Bliss
1919–1920 Frank Morley
1917–1918 Leonard Eugene Dickson 
1915–1916 Ernest William Brown
1913–1914 Edward Burr Van Vleck 
1911–1912 Henry Burchard Fine 
1909–1910 Maxime Bôcher 
1907–1908 Henry Seely White 
1905–1906 William Fogg Osgood 
1903–1904 Thomas Scott Fiske 
1901–1902 Eliakim Hastings Moore 
1899–1900 Robert Simpson
 Woodward
1897–1898 Simon Newcomb
1895–1896 George William Hill
1891–1894 John Emory McClintock 
1888–1890 John Howard Van 
 Amringe

Treasurers
2021–2022 Douglas Ulmer
2011–2021 Jane M. Hawkins
1999–2010 John M. Franks
1974–1998 Franklin P. Peterson
1965–1973 W. T. Martin
1949–1964 A. E. Meder, Jr.
1938–1948 B. P. Gill
1937 P. A. Smith
1930–1936 G. W. Mullins
1921–1929 W. B. Fite
1908–1920 J. H. Tanner
1900–1907 W. S. Dennett
1897–1899 Harold Jacoby
1895, 1896 R. S. Woodward
1892–1894 Harold Jacoby
1890, 1891 T. S. Fiske

Secretaries
2021–2022 Boris Hasselblatt
2013–2021 Carla D. Savage
1999–2012 Robert J. Daverman
1989–1998 Robert M. Fossum
1967–1988 Everett Pitcher
1957–1966 J. W. Green
1951–1956 E. G. Begle
1941–1950 J. R. Kline
1921–1940 R. G. D. Richardson
1896–1920 F. N. Cole
1888–1895 T. S. Fiske

AMS Presidents: A Timeline
AMS presidents play a key role in leading the Society and representing the profession. 
Browse through the timeline to see each AMS president’s page, which includes the in-
stitution and date of his/her doctoral degree, a brief note about his/her academic career 
and honors, and links to more extensive biographical information.

www.ams.org/presidents
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sets of Lectures in 1896. They continue today as a highlight 
of the Joint Mathematics Meetings.
Josiah Willard Gibbs Lectures
www.ams.org/meet-gibbs-lect
These invited Lectures are of popular nature, directed at 
those who are not professional mathematicians. The Soci-
ety established the Gibbs Lectures in 1923. 
The Maryam Mirzakhani Lectures
www.ams.org/meet-mirzakhani-lect
The AMS Council established this Lecture in 2018 to honor 
Maryam Mirzakhani (1977–2017), the first woman and the 
first Iranian to win a Fields Medal. 
Arnold Ross Lectures
www.ams.org/ross-lectures
Created by the AMS at the encouragement of Paul Sally, 
these annual Lectures are aimed at talented high school 
mathematics students to stimulate their interest in mathe-
matics beyond the traditional classroom.

Joint Lectures
MAA-SIAM-AMS Hrabowski-Gates-Tapia-

McBay Lecture and Panel at the JMM
www.ams.org/hgtm-lect
Through multiple mechanisms, these sessions expect to 
facilitate and accelerate the participation of scientists in the 
building of sustainable communities of mathematicians 
and mathematical scientists.
AMS–MAA–SIAM Gerald and Judith Porter Lectures
www.ams.org/porter-lect
The Porter Lecture on a mathematical topic accessible 
to the broader community is given each year at the Joint 
Mathematics Meetings.

AMS Special Lectures
John von Neumann Lecture

www.ams.org/von-neumann-lect
The AMS Council established this Lecture in 2021 to honor 
John von Neumann (1903–1957). The inaugural Lecture 
will be delivered by Anna Gilbert, Yale University, at the 
2022 Joint Mathematics Meetings. This is supported in part 
by the C. V. Newsom Fund.

AMS Erdős Lecture for Students
www.ams.org/meet-erdos-lect
This Lecture is named for the prolific mathematician 
Paul Erdős (1913–1996) and has been given at Sectional 
Meetings annually since 1999. From 2022 onward, the 
Erdős Lecture for Students is an invited address at the Joint 
Mathematics Meetings.

AMS Education Lecture
www.ams.org/education-lect 
The AMS Council established this Lecture in 2020. Its goal is 
to inform our mathematics community on evidence-based 
practices, developing trends, research, and scholarship in 
all educational settings that are of particular relevance to 
mathematicians and mathematics departments. The in-
augural Lecture will be delivered by Tyler Jarvis, Brigham 
Young University, at the 2022 Joint Mathematics Meetings 
in Seattle, Washington. 
Einstein Public Lectures in Mathematics
www.ams.org/meet-einstein-lect
The Einstein Lectures, created by the AMS in 2005 to cel-
ebrate the one-hundredth anniversary of Einstein’s annus 
mirabilis, are given at AMS Sectional Meetings.
Colloquium Lectures
www.ams.org/meet-colloquium-lect
The Colloquium Lectures have a long and prestigious his-
tory. Maxime Bôcher and James Pierpont delivered the first 

In addition to the Invited Addresses at the Joint Mathematics Meetings and at the eight Sectional Meetings each year, 
the Society sponsors or co-sponsors several special lectures. In 2022, there will be several inaugural lectures at the Joint 
Mathematics Meetings: the John von Neumann Lecture, the Erdős Lecture for Students, and the AMS Education Lecture. 

NEW!

NEW!

NEW!

NEW!
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The AMS–NZMS Maclaurin Lectureship 
www.ams.org/maclaurin-lectures
This lectureship was a six-year reciprocal exchange between 
the New Zealand Mathematical Society and the American 
Mathematical Society. 
The Current Events Bulletin
www.ams.org/current-events-bulletin
Organized by David Eisenbud, this JMM event features 
speakers surveying some of the most interesting current 
developments in mathematics, pure and applied.

AWM–AMS Noether Lectures
www.awm-math.org/noether-lectures
The Noether Lecture, given each year at the Joint Mathemat-
ics Meetings, honors women who have made fundamental 
and sustained contributions to the mathematical sciences.
AMS–MAA Joint Lectures at MathFests
www.ams.org/ams-mathfest
These joint addresses, delivered annually at MathFest, are 
historical or expository in character.
AMS-Sponsored Lectures at SIAM Meetings
www.ams.org/ams-siam-lect
AMS selects a lecturer to deliver an address at the SIAM 
Annual Meeting.

AMS Prizes
AMS Prizes recognize outstanding achievement in mathematics, exceptional public service in support of research and 
education in the mathematical sciences, and significant contributions to the public understanding of mathematics. The 
Society added new prizes starting in 2022: the Ciprian Foias Prize in Operator Theory and the AMS–EMS Mikhail Gordin 
Prize. The prizes below are awarded at the Prize Ceremony at the Joint Mathematics Meetings.

Ciprian Foias Prize in Operator Theory
www.ams.org/foias-prize
For notable work in operator theory published during the 
preceding six years in a recognized, peer-reviewed venue.
Leroy P. Steele Prizes
www.ams.org/steele-prize
• Lifetime Achievement
• Mathematical Exposition
• Seminal Contribution to Research

Bôcher Memorial Prize
www.ams.org/bocher-prize
For a notable paper in analysis.
Frank Nelson Cole Prize in Algebra
www.ams.org/cole-prize-algebra
For a notable paper in algebra.
Levi L. Conant Prize
www.ams.org/conant-prize
For an expository paper published in either the Notices of 
the AMS or the Bulletin of the AMS.

The AMS Mary P. Dolciani Prize 
for Excellence in Research
www.ams.org/dolciani-prize
Recognizes a mathematician from a department that does 
not grant a PhD who has an active research program in 
mathematics and a distinguished record of scholarship.
Ruth Lyttle Satter Prize in Mathematics
www.ams.org/satter-prize
For an outstanding contribution to mathematics research 
by a woman.
Leonard Eisenbud Prize for Mathematics and Physics
www.ams.org/eisenbud-prize
For work that brings mathematics and physics closer to-
gether.
E. H. Moore Research Article Prize
www.ams.org/moore-prize
For a research article appearing in one of the AMS primary 
research journals.
David P. Robbins Prize
www.ams.org/robbins-prize
For a paper on novel research in algebra, combinatorics, or 
discrete mathematics.

NEW!
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AMS Congressional Fellowship
www.ams.org/ams-aaas-congressional-fellowship
Selected Fellows spend a year working for a member of 
Congress or a congressional committee as a special leg-
islative assistant in policy areas requiring scientific and 
technical input.

AMS Mass Media Fellowship
www.ams.org/massmediafellow
In affiliation with the American Association for the Ad-
vancement of Science (AAAS), the AMS sponsors ten-week 
fellowships for graduate students in mathematics to work 
full time over the summer as reporters, researchers, and pro-
duction assistants in US mass media organizations—radio 
and TV stations, newspapers, and magazines.

Waldemar J. Trjitzinsky Memorial Awards
www.ams.org/trjitzinsky-award
Provides assistance to students who have declared a major 
in mathematics at a college or university that is an institu-
tional AMS member.

Award for Impact on the Teaching 
and Learning of Mathematics
www.ams.org/impact
For mathematicians who have made significant contribu-
tions of lasting value to mathematics education.

Karl Menger Memorial Award
www.ams.org/menger-award
For mathematically oriented projects presented at the In-
ternational Science and Engineering Fair.

Mathematics Programs that Make a Difference Award
www.ams.org/make-a-diff-award
Aims to bring more persons from underrepresented back-
grounds into some portion of the pipeline beginning at 
the undergraduate level and leading to advanced degrees 
in mathematics and professional success, or retain them 
once in the pipeline.

Exemplary Program or Achievement 
in a Mathematics Department Award
www.ams.org/department-award
For a department which has distinguished itself by under-
taking an unusual or particularly effective program of value 
to the mathematics community.

Epsilon Awards for Young Scholars Programs
www.ams.org/epsilon-award
Supports existing summer programs for mathematically 
talented high school students.

Fellows of the American Mathematical Society
www.ams.org/ams-fellows
Recognizes members who have made outstanding con-
tributions to the creation, exposition, advancement, and 
utilization of mathematics.

Bertrand Russell Prize of the AMS
www.ams.org/russell-prize
For research or service contributions of mathematicians 
or related professionals to promoting good in the world, 
recognizing the various ways that mathematics furthers 
human values.

Chevalley Prize in Lie Theory
www.ams.org/chevalley-prize
For notable work in Lie theory.

Frank Nelson Cole Prize in Number Theory
www.ams.org/cole-prize-number-theory
For a notable paper in number theory.

Joseph L. Doob Prize
www.ams.org/doob-prize
For a single, relatively recent, outstanding research book.

Ulf Grenander Prize in Stochastic Theory  
and Modeling
www.ams.org/grenander-prize
For theoretical and applied contributions in stochastic 
theory and modeling.

Albert Leon Whiteman Memorial Prize
www.ams.org/whiteman-prize
For notable exposition and exceptional scholarship in the 
history of mathematics.

Oswald Veblen Prize in Geometry
www.ams.org/veblen-prize
For a notable research memoir in geometry or topology.

Award for Distinguished Public Service 
www.ams.org/public-service-award
For a research mathematician who has made a distin-
guished contribution to the mathematics profession.

AMS Awards and Fellowships
AMS Claytor-Gilmer Fellowship

www.ams.org/claytor-gilmer
Established to further excellence in mathematics research 
and to help generate wider and sustained participation by 
Black mathematicians.

The Joan and Joseph Birman Fellowship 
for Women Scholars
www.ams.org/Birman-fellow
Seeks to address the paucity of women at the highest levels 
of research in mathematics by giving exceptionally talented 
women extra research support during their mid-career 
years.

Centennial Fellowship
www.ams.org/centennial-fellow
For outstanding mathematicians to help further their ca-
reers in research, with a focus on candidates who have not 
had extensive fellowship support in the past.
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Joint Prizes and Awards
AMS–EMS Mikhail Gordin Prize

www.ams.org/gordin-prize
Awarded to a mathematician working in probability or 
dynamical systems, with preference given to early career 
mathematicians from or professionally connected to an 
Eastern European country.
George David Birkhoff Prize in Applied Mathematics
www.ams.org/birkhoff-prize
Given jointly with the Society for Industrial and Applied 
Mathematics for an outstanding contribution to applied 
mathematics in the highest and broadest sense.
Norbert Wiener Prize in Applied Mathematics
www.ams.org/wiener-prize
Given jointly with the Society for Industrial and Applied 
Mathematics for an outstanding contribution to applied 
mathematics in the highest and broadest sense.
Frank and Brennie Morgan Prize  
for Outstanding Research in Mathematics  
by an Undergraduate Student
www.ams.org/morgan-prize
Given jointly with the Mathematical Association of America 
and the Society for Industrial and Applied Mathematics for 
outstanding research in mathematics.
Delbert Ray Fulkerson Prize
www.ams.org/fulkerson-prize
Given jointly with the Mathematical Optimization Society 
for outstanding papers in the area of discrete mathematics.
AMS/ASA/ACM/IMS/MAA/SIAM 
Joint Science & Technology Fellowships
With support from the Alfred P. Sloan Foundation, this 
joint fellowship places PhD mathematicians and other 
data scientists in a federal agency, on the staff of a Congress 
member, or on a congressional committee for one year.
JPBM Communications Award
www.ams.org/jpbm-comm-award
Given jointly with the Mathematical Association of Amer-
ica, the Society for Industrial and Applied Mathematics, 
and the American Statistical Association to reward and 
encourage communicators who, on a sustained basis, bring 
mathematical ideas and information to non-mathematical 
audiences.
Mathematical Art Exhibition Award
www.ams.org/art-exhibit-prize
Given jointly with the Mathematical Association of America 
for aesthetically pleasing works that combine mathematics 
and art.

Other Prizes and Awards
Maryam Mirzakhani Prize in Mathematics 
www.ams.org/nas-award
Formerly The National Academy of Sciences Award in Math-
ematics, this Prize is awarded biennially for exceptional 
contributions to the mathematical sciences by a mid-career 
mathematician.
Award for Outstanding Pi Mu Epsilon  
Student Paper Presentation 
www.ams.org/pme-award
Made by the National Honorary Mathematics Society.
Beal Prize 
www.ams.org/beal-prize 
This Prize, funded by D. Andrew Beal, is awarded for either 
a proof or a counterexample of the Beal Conjecture which is 
published in a refereed and respected mathematics journal.
Stefan Bergman Prize 
www.ams.org/bergman-prize
Awarded by the Bergman Trust in honor of his research in 
several complex variables, as well as the Bergman projection 
and the Bergman kernel function.
Fredkin Foundation Prizes  
in Automatic Theorem Proving 
www.ams.org/atp-prizes
The Fredkin Foundation asked the AMS to take over ad-
ministration of these Prizes in the mid-1980s. This Prize 
is no longer awarded.
Leonard M. and Eleanor B. Blumenthal Award for the 
Advancement of Research in Pure Mathematics
www.ams.org/blumenthal-award
This prize was discontinued by the trust.

These two awards have not been given in recent years:
Public Policy Award 
www.ams.org/profession/prizes-awards/ams-awards 
/public-policy-award 
Established in 2007 by the AMS to recognize a public fig-
ure for sustained and exceptional contributions to public 
policies that foster support for research, education, and 
innovation. 
Public Service Citation 
www.ams.org/public-service-citation
Created to provide encouragement and recognition for 
contributions to public service activities in support of 
mathematics. 
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The Backlog of Research Journals is reported each year in 
the November issue of the Notices. The journals covered in 
this report are representative of mathematics and are from 
publishers who have agreed to participate and who con-
tinue to provide backlog information. Publishers whose 
journals are not currently included can request that their 
journals be added. Such requests should be made in e-mail 
to Carin Algava, backlogreport@ams.org. To be consid-
ered for inclusion in the backlog report, a journal must be 

on the list of journals receiving cover-to-cover treatment 
in Mathematical Reviews (mathscinet.ams.org/msnhtml 
/serials.pdf).

Once a publisher’s journals are accepted for inclusion, 
the publisher must designate a contact person or persons to 
supply data about the journals to the AMS. While the AMS 
makes every effort to obtain the data from the designated 
contacts, if data about a journal is not supplied, then that 
journal will not appear in the backlog report.

Acta Inform. 6 840 11.4 7.4 1.8 18.8 13.2
Acta Math. 4 800 19.5 4.1 4.1 18.2 18.2

Adv. in Appl. Math. 24 1727 7.7 0.4 0.5 8.2 8.4

Adv. Math. 18 816 NA 0.7 0.6 NA NA

Algebr. Geom. Topol. 7 3700 10 12 10 22 20

Algebr. Stat. 4 400 10 8 6 18 16

Algebra Number Theory 10 2800 11 8 6 19 17

Algebras Groups Geom. 4 500 1 3 4 3 4
Algorithmica 12 3960 17 5 1 22 18
Amer. J. Math. 6 2016 NA NA 16 NA NA
Anal. PDE 8 2600 10 16 14 26 24
Ann. Appl. Probab. 6 3000 12 9.5 9.5 21 21
Ann. Global Anal. Geom. 8 800 5 7.2 5.6 7.2 5.6
Ann. Inst. H. Poincare Anal. Non Lineaire 6 1244 12 5.2 0.4 16.5 12.7
Ann. K-Theory 4 900 9 8 6 16 14
Ann. Mat. Pura Appl. (4) 6 2500 7 8.5 1 15.5 8
Ann. of Math. (2) 6 2100 19 3 3 18 17
Ann. Polon. Math. 6 600 6 6 4 12 10
Ann. Probab. 6 3200 10.5 10 10 19 19
Ann. Pure Appl. Logic 10 2309 3.6 1.2 0.4 5.3 4.4
Ann. Statist. 6 3700 11.5 13.5 13.5 21.5 21.5
Appl. Anal. 18 3960 5 21 0.3 26 7
Appl. Comput. Harmon. Anal. 6 2246 12 14.8 0.2 27.2 14.1
Appl. Math. Comput. 24 10347 5.2 0.7 0.7 6.2 6.1
Arch. Hist. Exact. Sci. 6 640 1.1 5.7 1.2 6.8 2.3
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Arch. Math. Logic 8 1050 19.8 7.7 1.2 27.5 21
Arch. Ration. Mech. Anal. 12 7200 12.3 2.6 0.9 14.9 13.2
Ark. Mat. 2 400 8.6 6.3 6.3 14.9 14.9
Automatica J. IFAC 12 4595 NA 1.3 1.2 NA NA
Balkan J. Geom. Appl. 2 240 5 5 3 8 6
Beitr. Algebra Geom. 4 800 5.7 9.4 0.9 15.1 6.6
Bernoulli 4 3200 9.5 5.5 5.5 13.5 13.5
Bull. Aust. Math. Soc. 6 1056 0.7 9.5 2 11 3
Bull. Lond. Math. Soc. 6 1920 7.4 4 1.3 NA 8.7
Bull. Sci. Math. 8 1282 6.3 0.4 0.2 6.9 6
Calc. Var. Partial Differential Equations 6 5800 9.2 2.5 2.1 11.7 11.3
Canad. J. Math. 6 1780 9.8 16 2.6 25.8 12.4
Canad. Math. Bull. 4 1076 4.2 12 2 16.2 6.2
Combinatorica 6 900 10 10 7 16 10
Comm. Math. Phys. 24 15000 10.6 4.6 2.4 15.2 13
Complex Var. Elliptic Equ. 12 2136 7 9 0.6 16 7
Commun. Appl. Math. Comput. Sci. 2 250 10 6 4 15 13
Commun. Pure Appl. Anal. 12 4000 5 2 1 7 6
Compos. Math. 12 2688 11.8 7.1 5.4 18.9 17.2
Comput. Aided Geom. Design 8 1392 6.2 0.5 0.4 6.9 6.7
Comput. Geom. 8 1348 10.8 0.7 0.3 12.9 11
Comput. Math. Appl. 24 6372 7.1 3.4 0.7 10.9 7.7
Comput. Methods Funct. Theory 4 720 6.1 7.8 3.2 13.9 9.3
Computing 12 2600 7.8 5.1 0.8 12.9 8.6
Constr. Approx. 6 1200 9 13 2 13 8
Des. Codes Cryptogr. 12 2700 8 3.5 0.8 11 9
Differential Geom. Appl. 6 1921 6.4 0.5 0.5 7.3 7.3
Discrete Appl. Math 18 4758 10.4 3.7 0.6 15.7 11.1
Discrete Comput. Geom. 8 2300 11 12 2 13 10
Discrete Contin. Dyn. Syst. 12 7000 6 2 1 8 7
Discrete Contin. Dyn. Syst. Ser. B 12 5000 6 2 1 NA 7
Discrete Math. 12 3959 9.1 0.6 0.6 10.2 9.5
Discrete Optim. 4 425 12.2 0.8 0.8 15.5 13
Duke Math. J. 18 3600 16 7 5 30 28
Dyn. Syst. 4 728 10 7 1 17 10
ESAIM Math. Model. Numer. Anal. 6 1837 6 4.5 4 10.5 10
Eur. J. Math. 4 1500 9 10 1 12 9
European J. Combin. 8 2081 10.7 1.3 0.7 11.2 11.2
Expo. Math. 4 560 8.5 16.8 1.3 22.9 10.5
Finite Fields Appl. 8 2491 8.5 0.5 0.5 9 9
Found. Comput. Math. 6 1500 13 9 1 22 14
Fund. Math. 12 1276 11.6 6.9 4.5 19 16
Geom. Topol. 7 3700 10 14 12 26 24
Homology Homotopy Appl. 2 800 5.8 10.8 3.1 14 8
Historia Math. 4 504 6.7 6 1.4 12 7.4
Illinois J. Math. 4 650 5.7 5 4 8 7
Indag. Math. (N.S.) 6 738 4.7 1.9 0.2 8.5 5.3
Indiana Univ. Math. J. 6 350 10 20 1 30 10
Infor. Process. Lett. 8 530 9 1.3 0.2 10 8.9
Inform. and Comput. 6 1112 3 6.6 1.1 6 3
Innov. Incidence Geom. 4 400 13 6 4 18 16
Invent. Math. 12 4300 18.5 6 1.1 24.5 19.6
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Involve 5 900 7 5 3 12 10
Israel J. Math. 6 4500 8 11 10 17 15
J. Algebra 24 12809 8.5 0.5 0.2 10 8.7
J. Algebraic Geom. 4 800 14 12 2 12 9
J. Amer. Math. Soc. 4 1200 20.2 8.6 7.8 28.8 28
J. Anal. Math. 3 2400 9 22 22 15 14
J. Approx. Theory 12 1181 8.9 0.6 0.3 9.5 9.4
J. Aust. Math. Soc. 6 864 11 18 3 31 15
J. Combin. Theory Ser. A 6 3625 11 0.4 0.4 12.3 12.3
J. Combin. Theory Ser. B 6 2252 14.6 1 0.4 19.9 15.5
J. Commut. Algebra 4 600 6 22 20 18 16
J. Complexity 6 652 NA 3.9 0.3 NA NA
J. Comput. Appl. Math. 18 7924 8.3 0.6 0.3 9.8 8.8
J. Comput. System Sci. 8 1001 14.4 1.0 0.5 15.8 14.5
J. Convex Anal. 4 1300 7 8 3 11 7
J. Difference Equ. Appl. 12 1800 6 2 0.7 9 7
J. Differential Equations 36 11740 6.8 1.8 0.4 9.2 7.6
J. Differential Geom. 9 195 17 24 24 20 20
J. Eur. Math. Soc. (JEMS) 12 4000 10 15 13 24 12
J. Funct. Anal. 24 9870 8.1 0.5 0.2 9.4 8.6
J. Geom. Phys. 12 3533 4.6 0.6 0.2 5.3 5
J. Integral Equations Appl. 4 600 6 12 10 10 8
J. Lie Theory 4 1200 5 7 1 6 8
J. Log. Algebr. Program. 6 1161 10.3 0.5 0.2 11.1 11.3
J. Lond. Math. Soc. (2) 6 3464 11.7 7.1 1.6 NA 13.3
J. Math. Anal. Appl. 24 16566 5.2 0.4 0.2 5.8 5.5
J. Math. Biol. 14 4000 11.4 1.7 0.8 13.1 12.2
J. Math. Econom. 6 844 7 0.7 0.4 8.9 8.2
J. Math. Pures Appl. (9) 12 4390 NA 2.6 0.1 NA NA
J. Math. Soc. Japan 4 1320 9 11 6 16 11
J. Multivariate Anal. 6 3848 8.5 0.7 0.4 9.2 8.9
J. Number Theory 12 5542 6.2 3.6 0.3 10.4 6.9
J. Operator Theory 4 1000 7 11 10 14 13
J. Pseudo-Differ. Oper. Appl. 4 2000 3.9 3.5 0.6 7.4 4.5
J. Pure Appl. Algebra 12 1418 NA 0.7 0.2 NA NA
J. Statist. Plann. Inference 6 1624 10.1 1.2 0.4 12.1 10.6
J. Symbolic Comput. 6 1110 NA 9.8 0.8 NA NA
J. Symbolic Logic 4 1744 12 10 9 19 18
J. Théor. Nombres Bordeaux 3 950 8 6 5 14 13
J. Topol. 4 1440 12.8 6 2.2 NA 15
Kodai Math. J. 3 600 6 8 8 14 14
Kyoto J. Math. 4 900 10 29 26 25 22
Linear Algebra Appl. 24 7660 5.6 0.4 0.2 6.3 5.8
Linear Multilinear Algebra 18 3600 7 19 0.3 26 7
Manuscripta Math. 12 1700 9.9 12.2 0.8 22.1 10.7
Math. Ann. 12 5300 11.5 5.2 1.2 16.7 12.7
Math. Comp. 6 3000 10.2 6.3 2.9 16.5 13.1
Math. Mech. Complex Syst. 4 400 5 5 3 10 8
Math. Oper. Res. 4 1632 10.3 19.1 6.4 12.7 16.7
Math. Program. 12 3200 14.4 10.8 0.9 25.2 15.3
Math. Res. Lett. 6 1300 8 8 8 16 16
Math. Scand. 3 630 7 15 12 22 20
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Math. Social Sci. 6 576 8.1 1.1 0.3 12.3 8.8
Math. Z. 12 5400 11.3 10.3 2.2 21.6 13.5
Mathematika 4 1104 6.4 4.1 1.9 NA 8.3
Mem. Amer. Math. Soc. 6 4600 16.5 36.4 36.4 52.9 52.9
Methods Appl. Anal. 4 400 6 6 8 8 8
Michigan Math. J. 4 896 8 17 10 20 12
Monatsh. Math. 12 2800 8.5 3.5 0.6 12 9.1
Mosc. J. Comb. Number Theory 4 400 5 5 3 13 11
Multiscale Model. Simul. 4 1700 12.7 4.1 2.6 16.8 15.3
Nagoya Math. J. 4 1104 6.1 22 1.7 29.4 9.1
Nonlinear Anal. 12 5544 3.4 0.5 0.5 5 3.8
Nonlinear Anal. Hybrid Syst. 4 1990 12 0.5 0.5 11.9 11.9
Nonlinear Anal. Real World Appl. 6 3792 5.2 0.5 0.5 5.7 5.7
Notre Dame J. Formal Logic 4 700 7 8 6 6 6
Numer. Math. 12 2900 16.8 2.6 1.3 19.4 18.1
Osaka J. Math. 4 1000 5.6 16.8 16.3 22.4 21.9
Pacific J. Math. 12 3000 10 8 6 18 16
Probab. Theory  Related Fields 12 4000 12 4.1 1.1 16.1 13.1
Proc. Amer. Math. Soc. 12 5240 5.2 5.7 3.6 10.9 8.8
Proc. Lond. Math. Soc. (3) 12 1580 15.1 7.2 1.7 NA 16.8
Publ. Math. de l'IHES 2 730 16.7 4.7 0.7 21.4 17.4
Pure Appl. Anal. 4 800 6 8 6 13 11
Quantum Topol. 4 800 9 4 2 12 10
Quart. Appl. Math. 4 800 2.9 8.6 1.5 11.5 4.4
Rad Hrvat. Akad. Znan. Umjet. Mat. Znan. 1 150 5 4 3 9 8
Real Anal. Exchange 2 500 5.4 8.1 2.5 9 5
Rocky Mountain J. Math. 6 2400 4 9 8 13 12
Semigroup Forum 6 1700 6.1 7.2 1.1 15 8
SIAM J. Appl. Math. 6 2500 8.3 4.2 2.7 12.5 11
SIAM J. Comput. 6 2200 16.3 4.7 3.2 21 19.5
SIAM J. Control Optim. 6 2325 11.1 4.2 2.7 15.3 13.8
SIAM J. Discrete Math. 4 2500 11.1 4.2 2.7 15.3 13.8
SIAM J. Math. Anal. 6 6500 8.9 3.8 2.8 12.7 11.7
SIAM J. Matrix Anal. Appl. 4 1900 9.8 4.4 2.9 14.2 12.7
SIAM J. Numer. Anal. 6 3500 9.9 3.6 2.6 13.5 12.5
SIAM J. Optim. 4 3250 12 4.4 2.9 16.4 14.9
SIAM J. Sci. Comput. 6 7000 9.4 3.8 2.8 13.2 12.2
SIAM Rev. 4 1000 7.4 9.7 9.2 17.1 16.6
Stochastic Process. Appl. 12 7574 11.7 4 0.3 17.8 12.3
Theoret. Comput. Sci. 48 8624 8.4 2 0.2 13.1 8.6
Theory Comput. Syst.  8  1400 11 2  1 13  1
Topol. Methods Nonlinear Anal. 4 1400 8.5 7.5 5.5 12 10
Topology Appl. 24 5343 6.2 0.7 0.3 7.1 6.6
Trans. Amer. Math. Soc. 12 8880 9.5 5.9 4.6 15.4 14.1
Tunis. J. Math. 4 400 5 9 7 16 14
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Adv. Difference Equ.  
advancesindifferenceequations.springeropen.com

690 122 16 html, pdf

Adv. Math. Commun.  
www.aimsciences.org/journal/1930-5346

50 160 20 html, pdf

Adv. Nonlinear Anal.  
www.degruyter.com/anona

81 140 54 html, pdf

Anal. Geom. Metr. Spaces  
www.degruyter.com/agms

18 137 52 pdf

Appl. Math. E-Notes  
www.math.nthu.edu.tgw/~amen/

54 102 260 pdf

Appl. Sci.  
www.mathem.pub.ro/apps

18 100 180 pdf

Bound. Value Probl.  
boundaryvalueproblems.springeropen.com

165 125 13 html, pdf

Complex Manifolds  
www.degruyter.com/coma

14 108 25 pdf

Concr. Oper.  
www.degruyter.com/conop

13 152 51 pdf

Conform. Geom. Dyn.  
www.ams.org/ecgd

10 9 1 pdf

Differ. Uravn. Protsessy Upr.  
diffjournal/EN/about.html

29 60 30 pdf, tex, docx

Differ. Geom. Dyn. Syst.  
www.mathem.pub.ro/dgds

20 100 180 pdf

Discrete Math. Theor. Comput. Sci.  
dmtcs.episciences.org/

37 331 24 pdf

Electron. Commun. Probab.  
projecteuclid.org/euclid.ecp

88 148 23 pdf

Electron. J. Combin.  
www.combinatorics.org

244 274 27 pdf

Electron. J. Differential Equations  
ejde.math.txstate.edu

132 231 8 pdf, tex

Electron. J. Probab.  
projecteuclid.org/euclid.ejp

161 316 29 pdf, tex

Electron. J. Qual. Theory Differ. Equ.  
www.math.u-szeged.hu/ejqtde/

91 160 15 pdf

Electron J. Stat.  
projecteuclid.org/euclid.ejs

126 281 29 pdf

Electron. Res. Arch.  
www.aimsciences.org/journal/A0000-0004

82 150 23 html, pdf

Electron. Trans. Numer. Anal.  
etna.ricam.oeaw.ac.at/submissions/

37 197 62 pdf

ESAIM Control Optim. Calc. Var.  
www.esaim-cocv.org/

114 181 117 pdf, ps, tex, xml

ESAIM Probab. Stat.  
www.esaim-ps.org/

41 257 114 pdf, ps, tex, xml

Fixed Point Theory Appl.  
fixedpointtheoryandapplications.springeropen.com

18 195 16 html, pdf

Integers  
www.integers-ejcnt.org

129 334 13 pdf

Inverse Probl. Imaging  
www.aimsciences.org/journal/1930-8337

50 158 20 html, pdf

J. Ind. Manag. Optim.  
www.aimsciences.org/journal/1547-5816

150 180 25 html, pdf

J. Inequal. Appl.  
journalofinequalitiesandapplications.springeropen.com

257 159 14 html, pdf
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J. Integer Seq.  
cs.uwaterloo.ca/journals/JIS/

88 148 14 html, pdf, ps, dvi, tex

J. Math. Cryptol.  
www.degruyter.com/jmc

30 152 120 html, pdf

J. Mod. Dyn.  
www.aimsciences.org/journal/1930-5311

15 190 18 html, pdf

Math. Biosci. Eng.  
www.aimspress.com/journal/MBE

450 59 15 html, pdf

Netw. Heterog. Media  
www.aimsciences.org/journal/1556-1801

58 100 20 pdf

New York J. Math.  
nyjm.albany.edu

35 195 22 html, pdf

Open Math.  
www.degruyter.com/math

147 219 69 html, pdf

Proc. Amer. Math. Soc. Ser. B  
www.ams.org/bproc

17 7 2 html, pdf

Reliab. Comput.  
www.cs.utep.edu/interval-comp/rc.html

6 512 1 pdf, tex

Represent. Theory  
www.ams.org/ert

20 11 2 pdf

Sém. Lothar. Combin.  
www.mat.univie.ac.at/~slc/

117 92 61 pdf, ps, dvi, tex

SIAM J. Appl. Algebra Geom.  
epubs.siam.org/journal/siaga

20 249 76 pdf

SIAM J. Appl. Dyn. Syst.  
epubs.siam.org/journal/siads

92 204 76 pdf

SIAM J. Financial Math.  
epubs.siam.org/journal/sifin

41 300 78 pdf

SIAM J. Imaging Sci.  
epubs.siam.org/journal/siims

75 188 78 pdf

SIAM J. Math. Data Sci.  
epubs.siam.org/journal/simods

45 238 81 pdf

SIAM/ASA J. Uncertain. Quantif.  
epubs.siam.org/journal/juq

52 322 78 pdf

Theory Appl. Categ.  
www.tac.mta.ca/tac/

52 305 4 pdf 

Theory Comput.  
www.theoryofcomputing.org

20 691 139 html, pdf, ps, tex

Trans. Amer. Math. Soc. Ser. B  
www.ams.org/btran

8 6 5 html, pdf

Trans. London Math. Soc. 
londmathsoc.onlinelibrary.wiley.com/journal/20524986

3 244 83 html, pdf

NA means not available or not applicable.
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Hidden Figures3 fame). Dr. Claytor’s passion for research was 
diminished by racist attitudes and incidents. This history is 
recounted in an AMS report. Dr. Claytor spent the majority 
of his career at Howard University where he succeeded Dr. 
David Blackwell as department chair.

Gloria Ford Gilmer, PhD
Gloria Ford Gilmer, PhD (1928– ) is 
the first African American woman to 
have published mathematics research 
articles in peer-reviewed journals, 
with papers on differential equations 
in the Proceedings of the American 
Mathematical Society4 and the Pa-
cific Journal of Mathematics.5 Dr. Ford 
Gilmer earned her undergraduate 
degree from Morgan State University 
and taught at six different HBCUs 

after earning a master’s degree in mathematics from the 
University of Pennsylvania. Later in life she earned a 
doctorate in curriculum and instruction from Marquette 
University. She was the first Black woman on the board 
of governors of the Mathematical Association of America 
(MAA) and also served as a research associate with the US 
Department of Education. Dr. Ford Gilmer is a leader in 
the field of ethnomathematics.6

Background
In 2020, the AMS took new steps towards addressing 
racism and promoting full and equitable participation 
in mathematics education, research, and employment. 
As part of national outrage about systemic racism, the 
AMS participated in #ShutDownSTEM day, adopting the 
AMS Message of Support for and Solidarity with the Black 

3https://www.ams.org/mm140-hidden-figures-podcast
4https://www.ams.org/journals/proc/1956-007-02/S0002-9939 
-1956-0077754-3/
5https://projecteuclid.org/journals/pacific-journal-of 
-mathematics/volume-6/issue-2/On-the-uniform-convergence 

-of-a-certain-eigenfunction-series/pjm/1103044127.full
6https://www.nottingham.ac.uk/csme/meas/papers/gilmer.html

AMS Fellowships
The AMS Claytor-Gilmer 
Fellowship
The AMS established the Claytor-Gilmer Fellowship to 
further excellence in mathematics research and to help 
generate wider and sustained participation by Black math-
ematicians. One fellowship in the amount of $50,000 will 
be awarded for the 2022–2023 academic year.

About this Fellowship
Awardees may use the fellowship in any way that most effec-
tively enables their research—for instance, for release time, 
participation in special research programs, travel support, 
childcare, etc. The award is issued through the recipient’s 
institution, and no part of it may be utilized for indirect 
costs. Given the aims of the fellowship, the most likely 
awardee will be a mid-career Black mathematician based 
at a US institution whose achievements demonstrate sig-
nificant potential for further contributions to mathematics.

William S. Claytor, PhD
William Shieffelin Claytor, PhD 
(1908–1967) was the first African 
American man to publish a research 
article in a peer-reviewed mathemat-
ics journal, with a paper on topology1 
in the Annals of Mathematics. He was 
the third African American to earn a 
PhD in mathematics (University of 
Pennsylvania, 1933). He earned his 
undergraduate and master’s degrees 
in mathematics at Howard Univer-

sity. After his PhD, he taught at West Virginia State College 
where one of his students was Katherine Johnson2 (of  

1https://doi.org/10.2307/1968496
2https://www.ams.org/journals/notices/201903/rnoti-p324.pdf

William S. 
Claytor, PhD

Gloria Ford 
Gilmer, PhD

https://doi.org/10.2307/1968496
https://www.ams.org/journals/proc/1956-007-02/S0002-9939-1956-0077754-3
https://www.ams.org/journals/proc/1956-007-02/S0002-9939-1956-0077754-3
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-6/issue-2/On-the-uniform-convergence-of-a-certain-eigenfunction-series/pjm/1103044127.full
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-6/issue-2/On-the-uniform-convergence-of-a-certain-eigenfunction-series/pjm/1103044127.full
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-6/issue-2/On-the-uniform-convergence-of-a-certain-eigenfunction-series/pjm/1103044127.full
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development of their research careers. Candidates must 
have a carefully thought-through research plan for the fel-
lowship period. Special circumstances (such as time taken 
off for care of children or other family members) may be 
taken into consideration in making the award. The fellow-
ship can be used to provide additional time for research of 
the awardee, or opportunities to work with collaborators. 
This may include, but is not limited to, course buy-outs, 
travel money, childcare support, or support to attend spe-
cial research programs.

Application Period
Applications will be accepted on MathPrograms.org starting 
October 4, 2021, and the deadline is December 1, 2021. The 
award recipient will be announced in spring 2022.

Find more application information at https://www 
.ams.org/Birman-fellow. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189. 

The AMS Centennial 
Research Fellowship 
Program
The AMS Centennial Research Fellowship Program makes 
awards annually to outstanding mathematicians to help 
further their careers in research. One fellowship in the 
amount of $50,000 will be awarded for the 2022–2023 
academic year.

About this Fellowship
The eligibility rules are as follows: The primary selection 
criterion for the Centennial Fellowship is the excellence of 
the candidate’s research. Preference will be given to candi-
dates who have not had extensive fellowship support in the 
past. Recipients may not hold the Centennial Fellowship 
concurrently with another research fellowship such as a 
Sloan or NSF Postdoctoral fellowship. Under normal cir-
cumstances, the fellowship cannot be deferred. A recipient 
of the fellowship shall have held his or her doctoral degree 
for at least three years and not more than twelve years at the 
inception of the award (that is, must be received between 
September 1, 2010, and September 1, 2019). Applications 
will be accepted from those currently holding a tenured, 
tenure track, postdoctoral, or comparable (at the discretion 
of the selection committee) position at an institution in 
North America. Applications should include a cogent plan 
indicating how the fellowship will be used. The plan should 
include travel to at least one other institution and should 
demonstrate that the fellowship will be used for more than 

Community7 and an action plan. Three key elements of the 
action plan were to create the Task Force on Understanding 
and Documenting the Historical Role of the AMS in Racial 
Discrimination,8 to establish a new fellowship to support 
the research of mid-career Black mathematicians, and to 
launch a new endowed fund for the fellowship and other 
activities. In consultation with various other professional 
organizations and individuals in the wider community, 
the AMS Council established and then named the Clay-
tor-Gilmer Fellowship in early 2021.

Both Dr. William S. Claytor and Dr. Gloria Ford Gilmer 
are products of Historically Black Colleges and Universities 
(HBCUs). Dr. Claytor and Dr. Ford Gilmer have compelling 
stories that align with an important intention of the new 
fellowship: to redress the historical fact that Black men and 
women have not been adequately supported or recognized 
by the mathematics community.

Application Period
Applications will be accepted on MathPrograms.org starting 
October 4, 2021, and the deadline is December 1, 2021. The 
award recipient will be announced in spring 2022.

Find more application information at https://www 
.ams.org/claytor-gilmer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189.

The Joan and Joseph 
Birman Fellowship 
for Women Scholars
The Joan and Joseph Birman Fellowship for Women Schol-
ars is a mid-career research fellowship specially designed 
to fit the unique needs of women. The fellowship is open 
only to women and was established in 2017, made possi-
ble by a generous gift from Joan and Joseph Birman. One 
fellowship in the amount of $50,000 will be awarded for 
the 2022–2023 academic year.

About this Fellowship
The fellowship seeks to address the paucity of women at 
the highest levels of research in mathematics by giving 
exceptionally talented women extra research support 
during their mid-career years. The most likely awardee is 
a mid-career woman, based at a US academic institution, 
with a well-established research record in a core area of 
mathematics. The fellowship will be directed toward those 
for whom the award will make a real difference in the  

7https://www.ams.org/messageofsupport
8https://www.ams.org/understanding-ams-history

https://www.ams.org/Birman-fellow
https://www.ams.org/Birman-fellow
https://www.ams.org/claytor-gilmer
https://www.ams.org/claytor-gilmer
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reduction of teaching at the candidate’s home institution. 
The selection committee will consider the plan, in addition 
to the quality of the candidate’s research, and will try to 
award the fellowship to those for whom the award would 
make a real difference in the development of their research 
careers. Work in all areas of mathematics, including inter-
disciplinary work, is eligible.

Application Period
Applications will be accepted on MathPrograms.org starting 
October 4, 2021, and the deadline is December 1, 2021. The 
award recipient will be announced in spring 2022.

Find more application information at https://www 
.ams.org/emp-centflyer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189.

Credits
Photo of William S. Claytor is courtesy of Raymond Louis 

Wilder Papers, Archives of American Mathematics, e_
math_02076, The Dolph Briscoe Center for American His-
tory, The University of Texas at Austin.

Photo of Gloria Ford Gilmer is courtesy of the Gilmer family.

American Mathematical Society 
Policy on a Welcoming 
Environment
(as adopted by the January 2015 AMS Council  
and modified by the January 2019 AMS Council)

The AMS strives to ensure that participants in its 
activities enjoy a welcoming environment. In all 
its activities, the AMS seeks to foster an atmo-
sphere that encourages the free expression and 
exchange of ideas. The AMS supports equality 
of opportunity and treatment for all partici-
pants, regardless of gender, gender identity or 
expression, race, color, national or ethnic origin, 
religion or religious belief, age, marital status, 
sexual orientation, disabilities, veteran status, or 
immigration status.

Harassment is a form of misconduct that 
undermines the integrity of AMS activities and 
mission.

The AMS will make every effort to maintain an 
environment that is free of harassment, even 
though it does not control the behavior of third 
parties. A commitment to a welcoming envi-
ronment is expected of all attendees at AMS 
activities, including mathematicians, students, 
guests, staff, contractors and exhibitors, and par-
ticipants in scientific sessions and social events. 
To this end, the AMS will include a statement 
concerning its expectations towards maintain-
ing a welcoming environment in registration 
materials for all its meetings, and has put in 
place a mechanism for reporting violations. 
Violations may be reported confidentially  
and anonymously to 855.282.5703 or at  
www.mathsociety.ethicspoint.com. The report-
ing mechanism ensures the respect of privacy 
while alerting the AMS to the situation.

For AMS policy statements concerning  
discrimination and harassment, see the  
AMS Anti-Harassment Policy.

Questions about this welcoming environment 
policy should be directed to the AMS Secretary.

https://www.ams.org/emp-centflyer
https://www.ams.org/emp-centflyer
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AMS Reciprocity Agreements

The American Mathematical Society (AMS) has reciprocity agreements with a number of mathematical organizations  
around the world. A current list of the reciprocating societies appears here; for full details of the agreements, see  
www.ams.org/membership/individual/mem-reciprocity.

Ramanujan Mathematical Society
Romanian Mathematical Society
Romanian Society of Mathematicians
Royal Spanish Mathematical Society
Saudi Association for 

Mathematical Sciences
Singapore Mathematical Society
Sociedad Matemática de la 

Republica Dominicana
Sociedad Uruguaya de Matemática 

y Estadística
Société Mathématiques Appliquées 

et Industrielles
Society of Mathematicians, Physicists, 

and Astronomers of Slovenia
South African Mathematical Society
Southeast Asian Mathematical Society
Spanish Mathematical Society
Swedish Mathematical Society 
Swiss Mathematical Society
Tunisian Mathematical Society
Turkish Mathematical Society
Ukrainian Mathematical Society
Union of Bulgarian Mathematicians
Union of Czech Mathematicians 

and Physicists
Union of Slovak Mathematicians 

and Physicists
Vietnam Mathematical Society
Vijnana Parishad of India

Allahabad Mathematical Society
Argentina Mathematical Society
Australian Mathematical Society
Austrian Mathematical Society
Azerbaijan Mathematical Society
Balkan Society of Geometers
Bangladesh Mathematical Society
Belgian Mathematical Society
Berliner Mathematische Gessellschaft
Bharata Ganita Parisad
Brazilian Mathematical Society
Brazilian Society of Computational 

and Applied Mathematics
Calcutta Mathematical Society
Canadian Mathematical Society
Catalan Society of Mathematicians
Chilian Mathematical Society
Colombian Mathematical Society
Croatian Mathematical Society
Cyprus Mathematical Society
Danish Mathematical Society
Dutch Mathematical Society
Edinburgh Mathematical Society
Egyptian Mathematical Society
European Mathematical Society
Finnish Mathematical Society
German Mathematical Society
German Society for 

Applied Maths & Mechanics
Glasgow Mathematical Association
Hellenic Mathematical Society
Icelandic Mathematical Society

Indian Mathematical Society
Indonesian Mathematical Society
Iranian Mathematical Society
Irish Mathematical Society
Israel Mathematical Union
Italian Mathematical Union
János Bolyai Mathematical Society
Korean Mathematical Society
London Mathematical Society
Luxembourg Mathematical Society
Macedonian Society Association 

Mathematics/Computer Science
Malaysian Mathematical Society
Mathematical Society of France
Mathematical Society of Japan
Mathematical Society of 

the Philippines
Mathematical Society of 

the Republic of China
Mathematical Society of Serbia
Mexican Mathematical Society
Mongolian Mathematical Society
Nepal Mathematical Society
New Zealand Mathematical Society
Nigerian Mathematical Society
Norwegian Mathematical Society
Palestine Society for 

Mathematical Sciences
Parana’s Mathematical Society
Polish Mathematical Society
Portuguese Mathematical Society
Punjab Mathematical Society
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In 2021, the American Mathematical Society is launching a 
major new electronic-only, diamond open access journal: 
Communications of the AMS (CAMS). CAMS is designed as 
a research journal that sits at the interface of theoretical 
and applied mathematics, embracing the highest quality 
mathematical research with a holistic sense of the future 
of mathematics.

The two of us are the Managing Editors of CAMS. When 
we first heard that the AMS was considering launching a 
new journal, both of our initial reactions were, “Why is 
there a need for a new journal?” We knew that the goal was 
for it to be a top-level journal, which we thought was great. 
But on the other hand, there are many high-quality journals 
in which top-level research can be published. After many 
conversations with many mathematicians, we came away 
with the view that there are at least two compelling reasons 
for the AMS to establish and support this new journal.

One reason is the need for high-quality open-access 
publications. CAMS will be open access done the way it 
should be done: as a diamond open access journal, CAMS 
will be free to both the authors and the readers. CAMS will 
be a first-rate journal that is freely and readily available to 
the entire mathematical community. This is something the 
AMS can and should be proud of producing, and some-
thing the entire mathematical community can be proud 
to support.

The other reason is mathematical. CAMS will be a jour-
nal publishing mathematics of the highest level across the 
full spectrum of mathematics. It will publish papers in 
“pure mathematics” that prove theorems, solve problems, 
resolve conjectures, or develop new theories or techniques. 
It will also publish papers in “applied mathematics” that 
motivate new mathematical problems and stimulate new 
mathematical concepts, or use mathematics to address 
questions arising from a multitude of disciplines of science 
and technology. It is so important for the AMS to publish a 
journal that represents this breadth now because in recent 
years, the boundary between pure and applied mathematics 
has been blurred to the point of being obliterated.

Some of the most theoretical areas of mathematics are 
now finding unexpected applications. For example, tech-
niques from algebraic topology are now being used in data 
analysis, with applications to such diverse areas as cancer 
research, imaging, and neuroscience. Number theory and 
algebraic geometry continue to be used in coding theory 
as well as other applications to cybersecurity. Conversely, 
tremendous growth in many mathematical disciplines 
has been fueled by technological advances and challenges 
rooted not only in traditional subjects like physics but also 
biology, materials science, and computer and information 
sciences, with signal processing, social networks, and ma-
chine learning as good recent examples. New conjectures 
in mathematics are being motivated from applications and 
are being generated with the help of new algorithms and 
computational experiments, and resulting theorems are 
being proved.

There has never been a time when mathematics was at 
once so broad, both in its theory and in its applications, and 
also so connected. As a society that represents the interests 
of the global mathematical community, it is highly appro-
priate for the AMS to publish this new, top-level, diamond 
open access journal that promotes equal free access with 

A New AMS Journal 
Launching in 2021
Ralph L. Cohen and Qiang Du

Ralph L. Cohen is the Barbara Kimball Browning Professor Emeritus in the 
School of Humanities and Sciences and professor of mathematics at Stanford 
University. His email address is rlc@stanford.edu.

Qiang Du is the Fu Foundation Professor of Applied Mathematics in the 
Department of Applied Physics and Applied Mathematics, Fu Foundation 
School of Engineering and Applied Science, at Columbia University. His 
email address is qd2125@columbia.edu.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2376
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broad and diverse representation, benefiting the entirety 
of the mathematics profession.

Joining us in realizing the vision of CAMS are a stellar 
group of senior editors:

 • Douglas Arnold (University of Minnesota)
 • Ingrid Daubechies (Duke University)
 • Bjorn Engquist (University of Texas)
 • Irene Fonseca (Carnegie Mellon University)
 • Daniel Freed (University of Texas, Austin)
 • Martin Hairer (Imperial College)
 • Robert Lazarsfeld (Stony Brook University)
 • Andras Vasy (Stanford University)
 • Gigliola Staffilani (Massachusetts Institute of 

Technology)
 • Amie Wilkinson (University of Chicago)

and 20 other leading mathematicians representing all 
fields, acting as associate editors:

 • Ian Agol (University of California, Berkeley)
 • Bhargav Bhatt (University of Michigan)
 • Liliana Borcea (University of Michigan)
 • Romain Dujardin (Université Pierre et Marie 

Curie)
 • Marco Gualtieri (University of Toronto)
 • C. Sinan Gunturk (New York University)
 • Martin J. Gander (University of Geneva)
 • Ben Green (University of Oxford)
 • Kathryn P. Hess (École polytechnique fédérale de 

Lausanne) 
 • Inwon Kim (University of California, Los Angeles)
 • Jianfeng Lu (Duke University)
 • Kathryn Mann (Cornell University)
 • Siddhartha Mishra (ETH Zurich)
 • Kavita Ramanan (Brown University)
 • Nick Sheridan (University of Edinburgh)
 • Joel A. Tropp (California Institute of Technology)
 • Chelsea Walton (Rice University)
 • Lauren Williams (Harvard University)
 • Juncheng Wei (University of British Columbia)
 • Wei Zhang (Massachusetts Institute of Technology)

This is just the beginning of the story for Communications 
of the AMS, and we encourage you to submit to the journal 
and read papers as they appear.

Learn more about CAMS, including how to submit arti-
cles for review, at https://www.ams.org/cams.

Embracing Openness in Research 
and Publishing
As the global research ecosystem inexorably moves 
towards openness, how should the AMS respond in a 
way that suits mathematicians across the world? In the 
development of Communications of the American Mathe-
matical Society, we sought to create an open model for a 
new journal that had no fees to publish and was free to 
read, yet still had a source of funds to do so in a sustain-
able way. In addition, to be truly open access required 
appropriate reuse terms. 

The first piece of the puzzle came from a generous 
anonymous donor to the AMS. The donor is funding 
the launch of CAMS and will create an endowed fund to 
ensure its continued publication of in perpetuity.

Secondly, the journal will allow the author to re-
tain copyright, offering two Creative Commons reuse 
licenses. Under a CC BY license, an article is free to 
reuse in any setting with appropriate author attribution. 
Under a CC BY NC license, an article is free to reuse in a 
non-commercial setting with appropriate author attribu-
tion. The choice of reuse license will sit with the author.

We are thrilled to launch Communications of the AMS: 
the first broad-based, diamond open access journal 
that reaches across pure and applied mathematics. The 
leadership of Communications of the AMS reflects the 
broad appeal of the journal to authors and readers and 
clearly sets a standard for the quality of articles that will 
be published.

—Robert Harington, AMS Associate Executive Director 
and Head of Publishing Division
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Notices: Let’s start with your educational journey in math. What 
drew you to policy and advocacy work?

Kloefkorn: I went to a small liberal arts school, Whittier 
College in California, for my undergrad degree. I got an 
excellent mathematics education and was also exposed to 
some of the broader connections that we make with math-
ematics in the sciences, in engineering, and in policy. That 
stuck through the rest of my education. I went on to the 
University of Oregon and got my PhD there in noncom-
mutative and homological algebra. Throughout my time 
in Oregon, I was very active in policy at the university level 
and at the department level, advocating for mathematicians 
both to the university and to the broader community in 
Eugene. I always had a good appetite for policy work in the 
mathematical sciences, and that’s what led me later on in 
my career to take the AAAS Science and Technology Policy 
Fellowship here in DC. That solidified my enjoyment and 
desire to work on behalf of the mathematics community.

Notices: What have you learned from interacting with public 
funding mechanisms as both a sponsor and an awardee?

Kloefkorn: On the side of the mathematics community 
seeking funding, I like the thrill of coming up with a novel 
idea. It’s super fun and intellectually interesting to work 
in that space and do something that no one else is doing. 

An Interview with 
Tyler Kloefkorn
Scott Hershberger

Scott Hershberger is the communications and outreach content specialist at 
the AMS. His email address is slh@ams.org.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2375

In September, Tyler Kloefkorn joined the AMS staff as Associate Director of Government Relations. In this role, Kloefkorn 
oversees the AMS education policy portfolio, with a focus on undergraduate and graduate education in the mathe-
matical sciences. Before coming to the AMS, he was a senior program officer for the Board on Mathematical Sciences 
and Analytics and the director for the Committee on Applied and Theoretical Statistics at the National Academies of 
Sciences, Engineering, and Medicine. Previously, Kloefkorn spent a year and a half as a Science and Technology Policy 
Fellow through the American Association for the Advancement of Science, working on data science at the National 
Science Foundation’s Directorate for Computer and Information Science and Engineering. AMS writer Scott Hersh-
berger spoke with Kloefkorn in July 2021. An edited version of that interview follows.

Tyler Kloefkorn, AMS Associate Director of 
Government Relations
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reach out to Karen’s office and say, “Hey, Karen, help us. 
Do you know a mathematician who does this?” and she’s 
like, “Got it,” and sends us 10 names. The AMS has been 
such a good resource for us at the Board on Mathematical 
Sciences and Analytics.

Notices: What are you looking forward to most in your new role?

Kloefkorn: I’m exceptionally humbled to be representing 
the members and working on their behalf. I’m looking 
forward to hearing what the community needs and wants 
with regard to policy, in the context of research and educa-
tion trends, and then advocating for it. I want to work for 
the members and do the best I can in representing them 
here in DC.

I’m very much looking forward to continuing to work 
with other societies, building a network of people here in 
DC, and getting to know people who are also helping to 
advance the mathematical sciences, both in research and 
education. And I’m excited to be reaching out to members 
themselves, especially with regard to education.

I’ll also be the staff liaison to the AMS Committee on 
Education. I know many of the current members and have 
worked with them in the past. I’m excited to work with 
those members again in this capacity and meet some of the 
other members who I haven’t worked with. This is a policy 
committee that has a lot of sway with the AMS and with 
the community. If they have something to say with regard 
to what we should be doing in education, it’s going to be 
heard loudly. I’m very much looking forward to shepherd-
ing those voices and helping them, frankly, be as loud as 
possible. They have this megaphone, and they need to use 
it. It’s my job to broadcast what they want to do. 

Notices: What are the key issues and trends that you’re looking 
to address in your new role?

Kloefkorn: I am really interested in diversity, equity, and 
inclusiveness in our graduate programs in the mathematical 
sciences. It’s an incredibly important issue that I hope to 
advance, and I know the AMS does too. Diversity, equity, 
and inclusiveness in our graduate programs are paramount 
for our success moving education in the mathematical 
sciences forward, and we need to improve in these areas.

Also, I am intrigued by what’s going on with funding 
for basic research in the sciences—NSF funding, what the 
new proposed Directorate1 will look like, what new money 
flows into research, and thinking about how mathemat-
ics can play a role. A lot of the proposed new funding is 
going to go towards technology and data science. There’s a  

1The “Directorate for Technology, Innovation, and Partnerships” was in-
cluded in President Biden’s budget proposal for fiscal year 2022 and has 
also been proposed in legislation in both chambers of Congress.

When I was at the National Science Foundation on the 
sponsor side of things, I got a taste for the big picture. I 
especially got to see what other communities were doing 
that was relevant to the mathematical sciences. For exam-
ple, I got deeply exposed to the world of data science. That 
was really important for understanding STEM community 
trends and where mathematics can play a role. Seeing both 
sides of that—representing the mathematics community, 
and then being aware of what the mathematics community 
needs to think about that they may not be thinking about—
is incredibly important for having a broad perspective on 
research and education.

Notices: What has your biggest takeaway been from your time 
at the National Academies that you will bring to the AMS?

Kloefkorn: I have taken from it that the mathematics com-
munity should be a little more involved in reaching out and 
making connections to other areas. Research and education 
in the mathematical sciences are embedded in so many 
things. I’m not saying that mathematics is everything and 
everything boils down to mathematics—but I think there’s 
connections that we can make as mathematicians that will 
help advance research and education across STEM fields. 

Notices: What are some highlights from your professional career 
so far, things that you’ve especially enjoyed doing?

Kloefkorn: Highlight number one would be working on 
a project that I’m doing right now at the National Acade-
mies called “Illustrating the Impacts of the Mathematical 
Sciences.” This project is unique because we’re coming 
up with one-page graphics that show how mathematics 
has impacted a particular sector or a particular science or 
technology. Coming up with those stories where math has 
been impactful has been both fun and challenging, and I’ve 
thoroughly enjoyed that work. 

Highlight number two: It’s not one specific thing, but 
I have immensely enjoyed the mathematical sciences 
network, getting the opportunity not only to work with 
AMS, but also MAA, SIAM, and ASA. Seeing that broader 
ecosystem has been super fun.

Notices: Can you talk about your involvement and interactions 
with the AMS over the years?

Kloefkorn: I grew up with AMS. I went to section meetings, 
I went to JMM, I was actively reading Notices. Once I got into 
policy work, I started working more with [AMS Director of 
Government Relations] Karen Saxe and her office in DC. 
I mentioned how, in my work at the National Academies, 
we often look to see how math plays a role in a particular 
topic area. Sometimes we just needed some assistance 
in understanding how math played that role. We would 
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plethora of things that are on the table, but I think it’ll be 
cool to work on behalf of the mathematics community 
in that space and say, “Hey, this is something that the 
mathematics community can contribute to and will have 
tremendous impact.”

Notices: What has stood out to you with regard to the impact of 
the pandemic on mathematics education?

Kloefkorn: I have been quite impressed with the work of 
Abbe Herzig, who’s been working in this space.2 I think 
she’s done a great job of hearing the community and what 
it needs in terms of education during the pandemic. I think 
there are a lot of opportunities to take what she’s done and 
build upon it, both advocating for educators and advocat-
ing for students in this new world—what should mathe-
matics education look like? I know for educators there’s so 
much that’s changed in terms of assessments, in terms of 
curriculum, whether it’s hybrid or fully in-person or fully 
virtual. And then, in terms of students, I think there’s a lot 
to be done in evaluating what we want to keep from our 
old model of educating and what we might want to change. 
What’s best online, and what’s best done in person? I think 
we have a lot to learn.

Notices: Is there anything you wish policymakers understood 
better about mathematics or mathematics education?

Kloefkorn: I often wish policymakers had a better under-
standing of the timeline for the impact of mathematics 
research. I wish that there was a bit more appreciation for 
how mathematics done 100 years ago impacts us today, 
and why we should continue doing basic research in the 
mathematical sciences, even if it’s not going to be strictly 
applied today. That’s not just pure mathematics—that’s 
applied mathematics, that’s statistics, I’m talking about 
mathematical research of all kinds. I wish there was a better 
understanding that maybe we won’t see the impact of this 
math research today, maybe we won’t see it in five years, 
but we’ll probably start seeing it tens of years later.

For education, I would like policymakers to have a 
deeper understanding of why math education matters 
and be a little bit more in tune with how exceptionally 
talented and smart the people who receive math degrees 
are. Sometimes it’s difficult for mathematicians to market 
themselves to potential employers because they don’t have 
specific, let’s say, coding training, or they don’t have specific 
training in a lab science. I think policymakers often don’t 
appreciate just how versatile a mathematician is and how 
many sectors they could contribute to, even if they don’t 
have specialized training.

2Prior to Kloefkorn’s hiring, Abbe Herzig was AMS Director of Education. 

Notices: What do you enjoy doing outside of mathematics and 
work?

Kloefkorn: I really like cycling. I just love the independence 
of biking. I thoroughly enjoy being able to go for an escape 
and go for a longer ride, and the ability to get on my bike 
and go get groceries or get food somewhere. And I like ex-
ercising in general, whether it’s running or anything active.

I also do pottery, though I stopped for a little while with 
the pandemic. There’s a studio here in Virginia where I 
learned how to use a pottery wheel and make things like 
mugs and bowls. When you get good, then you can build 
bigger and more complicated things like vases or pitchers. 
To me it’s very mathy—it’s all about surfaces of revolution.

Credits
Photo of Tyler Kloefkorn is courtesy of Tyler Kloefkorn.
Author photo is courtesy of Jiyoon Kang.

Scott Hershberger
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2014. He founded the Solomon Lefschetz International 
Laboratory of Mathematics in Cuernavaca, Mexico, which 
is associated with the CNRS of France, and he is currently 
scientific coordinator of that laboratory. He has been 
awarded the Ferran Sunyer i Balaguer Prize twice (2005, 
2012). He is a member of the executive committee of the 
Latin American and Caribbean Union of Mathematicians 
(UMALCA) and an elected Fellow of the World Academy of 
Sciences (TWAS). His research interests are in singularities 
theory and complex geometry.

MCA Prizes were awarded to the following mathematical 
scientists.

John Pardon of Princeton Univer-
sity received his PhD from Stanford 
University in 2015, advised by Yakov 
Eliashberg. He has been a research 
fellow of the Clay Mathematics In-
stitute (2015–2020) and held an as-
sistant professorship at Stanford Uni-
versity before joining the Princeton 
faculty as full professor in 2016. His 
honors include the Frank and Bren-
nie Morgan Prize (2012), the NSF 

Alan T. Waterman Award (2017), and a Packard Fellowship 
(2017). He gave an invited address at the International Con-
gress of Mathematicians (2018). He was elected a Fellow of 
the AMS in 2018. His work explores problems in geometric 
topology and related fields, including symplectic geometry, 
differential geometry, and low-dimensional topology.

Jacob Tsimerman of the Univer-
sity of Toronto was born in Kazan, 
Russia. He received his PhD from 
Princeton University in 2011 under 
the direction of Peter Sarnak, sup-
ported by an AMS Centennial Fellow-
ship. He held a postdoctoral position 
at Harvard University as a junior fel-
low of the Harvard Society of Fellows. 
He was awarded a Sloan Fellowship 
in 2014 and moved to the University 

of Toronto. He received the SASTRA Ramanujan Prize in 
2015 for work on the André–Oort conjecture and in analytic 
number theory and algebraic topology. His other honors 
include the Ribenboim Prize for distinguished research 

Prizes of the Mathematical 
Congress of the Americas
The Mathematical Congress of the Americas (MCA) 
awarded a number of prizes at the third MCA, held virtually 
July 9–23, 2021, hosted by the University of Buenos Aires, 
Argentina. The goal of the MCA is to internationally high-
light the excellence of mathematical achievements in the 
Americas and to foster collaborations among researchers, 
students, institutions, and mathematical societies in the 
Americas.

The Americas Prize was awarded to the IMPA Dynamical 
Systems Group, Brazil.

The Solomon Lefschetz Medals 
were awarded to Carlos Kenig of 
the University of Chicago and José 
Seade of the National University of 
Mexico (UNAM). Kenig was born in 
Buenos Aires, Argentina, and received 
his PhD at the University of Chicago 
in 1978 under the supervision of 
Alberto Calderón. He held positions 
at Princeton University and the Uni-
versity of Minnesota prior to his 

appointment to the Chicago faculty. He was awarded the 
Salem Prize in 1984 and the AMS Bôcher Memorial Prize 
in 2008. He was an invited speaker at the 1986 and 2002 
International Congresses of Mathematicians (ICM) and a 
plenary speaker at the 2010 ICM. He also gave a plenary 
talk at the 2021 MCA. He is current president of the Inter-
national Mathematical Union. He is a Fellow of the AMS 
and of the American Academy of Arts and Sciences and 
a member of the National Academy of Sciences, and he 
served as a vice president of the AMS in 2015–2016. His 
research interests are in harmonic analysis and partial dif-
ferential equations. Kenig tells the Notices: “I love animals, 
[my wife and I] have two cats and a dog, and one of our 
daughters has two rabbits. I enjoy going to the opera, and 
I enjoy riding my tricycle (not at the same time!). I like 
watching sports (one of my daughters is a distance runner 
and the other one a soccer player).” Seade received his 
PhD from the University of Oxford in 1980. He has been 
director of the Institute of Mathematics at UNAM since 

Carlos Kenig
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in number theory (2016), the André Aisenstadt Prize of 
the Centre de Recherches Mathématiques (2017), and the 
Coxeter–James Prize of the Canadian Mathematical Society 
(2019).

Alex Wright of the University of 
Michigan received his PhD in 2014 
from the University of Chicago under 
the direction of Alex Eskin. From 
2014 to 2015 he was a visiting fel-
low at Stanford University. He was 
appointed a Clay Research Fellow in 
2014. In 2015 he was a postdoctoral 
fellow at the Mathematical Sciences 
Research Institute and a member of 
the Institute for Advanced Study. He 

held the position of acting assistant professor at Stanford 
from 2016–2018 and joined the University of Michigan in 
2018, first as visiting assistant professor,  then becoming 
assistant professor. His honors include the G. de B. Rob-
inson Award of the Canadian Mathematical Society (with 
Kenneth Davidson) (2013), the Michael Brin Dynamical 
Systems Prize for Young Mathematicians (2018), and the 
AMS Levi L. Conant Prize (2019). He currently holds a 
Sloan Research Fellowship (2020–2022) and an NSF grant 
(2019–2022). His research interests include dynamics, 
geometry, and ergodic theory on homogeneous spaces 
and Teichmüller theory. Wright tells the Notices: “I enjoy 
canoeing, and I have a 1.5-year-old daughter.”

Emmy Murphy of Northwestern University works in 
symplectic topology, contact geometry, geometric to-
pology, and h-principles. She received her PhD in 2012 
from Stanford University under the supervision of Yakov 
Eliashberg. She held a Sloan Research Fellowship in  2015. 
She served on the faculty of the Massachusetts Institute of 
Technology before joining Northwestern in 2016. She was 
awarded the Joan and Joseph Birman Prize in Topology and 
Geometry of the Association for Women in Mathematics 
(AWM) in 2017 and was an invited speaker at the 2018 
International Congress of Mathematicians. She was a von 
Neumann Fellow at the Institute for Advanced Study from 
2019 to 2020. In 2020 she was awarded a New Horizons 
in Mathematics Prize.

Daniel Remenik of the Univer-
sidade de Chile received his PhD 
from Cornell University in 2009. 
He was a visiting assistant professor 
at Cornell (2009–2010) and a post-
doctoral fellow at the University of 
Toronto (2010–2012) before joining 
the Universidade de Chile as assis-
tant professor; he has been associate 
professor since 2016. He was awarded 
the Rollo Davidson Prize in 2021 for 

his work on the KPZ fixed point. His major research interest 

is probability theory, particularly problems related to the 
KPZ universality class. 

The awardees of the MCA Prizes were invited to give 
virtual lectures at the Congress.

—Elaine Kehoe from MCA announcements

AMS–MOS Fulkerson 
Prize Awarded
The AMS and the Mathematical Optimization Society 
(MOS) have awarded the 2021 Delbert Ray Fulkerson Prizes 
for outstanding papers in the area of discrete mathematics. 
The awardees are:

Béla Csaba of the University of Szeged and Daniela 
Kühn, Allan Lo, Deryk Osthus, and Andrew Treglown, all 
of the University of Birmingham, for “Proof of the 1-factor-
ization and Hamilton decomposition conjectures,” Memoirs 
of the American Mathematical Society, 244 (2016), no. 1154.

Jin-Yi Cai of the University of Wisconsin–Madison 
and Xi Chen of Columbia University for “Complexity of 
counting CSP with complex weights,” Journal of the ACM, 
64 (2017), no. 3.

Ken-Ichi Kawarabayashi of the National Institute of 
Informatics and Mikkel Thorup of the University of Copen-
hagen for “Deterministic edge connectivity in near-linear 
time,” Journal of the ACM, 66 (2018), no. 1.

The prize may be awarded in the areas of graph theory, 
networks, mathematical programming, applied combi-
natorics, applications of discrete mathematics to com-
puter science, and related subjects. Up to three awards of 
US$1,500 are made every three years.

—AMS–MOS announcement

Glück Receives 
Zemánek Prize

Jochen Glück of the University of 
Passau, Germany, has been selected 
the 2021 recipient of the Jaroslav and 
Barbara Zemánek Prize in functional 
analysis with emphasis on operator 
theory for his work on one-parameter 
operator semigroups and their vari-
ous applications, along with several 
outstanding contributions to general 
operator theory. The prize citation 
highlights his “deep and elegant re-

sults regarding the existence of dilations of Banach space 
contractions and on the existence of spectral gaps for  

Alex Wright

Daniel Remenik
Jochen Glück
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hyperbounded operators on Lp-spaces.” He received his 
PhD from the University of Ulm in 2016, and he was an 
instructor and research associate there from 2016–2018. In 
2018, he left academia to work in the auto industry for a 
year and a half before returning to a faculty position.

The annual Zemánek Prize aims to encourage research in 
functional analysis, operator theory, and related topics. The 
prize honors mathematicians under the age of thirty-five 
who  have made important contributions to the field.

—Institute of Mathematics, Polish Academy of Sciences

Prizes of the Canadian 
Mathematical Society
The Canadian Mathematical Society (CMS) has announced 
several prizes for 2021.

Joseph Khoury of the University 
of Ottawa has been awarded the 2021 
Adrien Pouliot Award “in recognition 
of his outstanding contributions to 
mathematics education.” Khoury re-
ceived his PhD from the University of 
Ottawa in 2001. Since that year he has 
been Coordinator of the Math Help 
Center at the University. The citation 
reads in part: “His efforts to help stu-
dents learn transcend the discipline. 

In fact, his 2011 student guide to success in mathematics, 
which tackled both social and academic aspects of success, 
has become widely viewed across the University of Ottawa’s 
campus as a ‘passport’ to success in math courses.” He was 
cofounder of the Math Horizons Day that aims to educate 
young students about the importance of mathematics. For 
more than twenty years, Khoury has organized a CMS math 
camp at the University of Ottawa, as well as serving as na-
tional coordinator for CMS math camps. He has served as 
the chair of the CMS Education Committee and of its bilin-
gualism committee and was associate executive director of 
CMS from 2008–2009. He has been the recipient of CMS’s 
Graham Wright Award for Distinguished Service (2017) and 
Excellence in Teaching Award (2020). His mathematical 
research is in commutative algebra and algebraic geometry 
with a special interest in Ga-actions on affine spaces. Khoury 
tells the Notices: “Beside mathematics, I am very interested 
in world politics and history. As a hobby, I do a lot of wood 
work (carpentry). Two of my kids are in the medical field … 
and my youngest is starting her university studies this fall. 
So far in the Khoury household we have two real doctors 
and one ‘fake’ one (myself).”

Catalin Badea of the University of Lille, Vincent 
Devinck of Artois University, and Sophie Grivaux of CNRS 
are the recipients of the 2021 G. de B. Robinson Award for 
their paper, “Escaping a neighborhood along a prescribed 
sequence in Lie groups and Banach algebras,” Canadian 
Mathematical Bulletin, 63 (2020), no. 3. According to the 
prize citation, “The paper makes significant connections 
between many fields of analysis and algebra. It concerns a 
class of sequences of integers with remarkable properties, 
the so-called Jamison sequences, and provides various 
equivalent characterizations of Jamison sequences in 
terms of Lie groups, normed algebras, and Hilbert space 
operators. This work is a great example of ‘hard analysis.’ 
The authors exploit all the above-mentioned theories to 
provide a thorough description of Jamison sequences, a 
topic important by itself, and some of their applications.” 
Badea received his PhD in 1995 from Université Paris-Sud. 
Devinck received his doctorate from the University of Lille 
in 2012. Grivaux completed her PhD in 2004 from the In-
stitut de Mathématiques de Jussieu. The award recognizes 
outstanding contributions to the Canadian Journal of Math-
ematics or the Canadian Mathematical Bulletin.

—From CMS announcements

2021 SIAM Prizes
The Society for Industrial and Applied Mathematics (SIAM) 
awarded several prizes at its annual meeting, held virtually 
July 19–23, 2021.

Hédy Attouch of the Université de Montpellier and Mi-
chel Goemans of the Massachusetts Institute of Technology 
were awarded the 2021 George B. Dantzig Prize. Attouch 
was recognized “for his fundamental contributions to 
modern variational analysis and nonsmooth optimization, 
including new notions of variational convergence, the in-
troduction of novel topologies for the study of quantitative 
stability of variational systems, and their application in al-
gorithm design and analysis, dynamical systems, and partial 
differential equations.” Attouch received his PhD in 1976 
from the Université Paris VI. He taught at the University of 
Perpignan before moving to Montpellier in 1988, where he 
is now professor emeritus. He is a member of the editorial 
board of the SIAM Journal on Optimization, among others. 
Goemans was honored “for his outstanding contributions 
to the field of combinatorial optimization; most notably, 
the initiation of new research directions, introduction of 
novel and deep techniques, and ingenious use of sampling, 
rounding, and geometric ideas to significantly advance 
several fields, including the pioneering use of semi-definite 
programming for the design of approximation algorithms.” 
Goemans received his PhD in 1990 from MIT, where he is 
currently head of the Department of Mathematics, and he 

Joseph Khoury
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has taught at various institutions, including the University 
of Waterloo, Université Catholique de Louvain, and Kyoto 
University. He is a Fellow of the AMS, as well as of the As-
sociation for Computing Machinery and the Guggenheim 
and Sloan Foundations. He received the Fulkerson Prize 
in 2000, the Farkas Prize of the INFORMS Optimization 
Society in 2012, and the SIAM Activity Group on Optimi-
zation Prize (1996, 1999). He was selected a Guggenheim 
Fellow in 2007. He is a Fellow of the AMS, SIAM, and the 
Association for Computing Machinery (ACM).

The Lagrange Prize in Continuous 
Optimization was awarded to Léon 
Bottou of Facebook AI Research, 
Frank E. Curtis of Lehigh University, 
and Jorge Nocedal of Northwestern 
University for their paper, “Opti-
mization methods for large-scale 
machine learning,” SIAM Review, 
60 (2018), no. 2, “which provides a 
foundational and insightful review 
of optimization methods for large-
scale machine learning, including a 
new perspective for the simultaneous 
consideration of noise reduction and 
ill-conditioning and the founda-
tions and analysis of second-order 
stochastic optimization methods 
for machine-learning.” Bottou was 
born in France and received his PhD 
from Université Paris-Sud in 1991. 
He has worked at Bell and AT&T 
Laboratories, at NEC Laboratories, 
and Microsoft Research in the fields 
of machine learning and data com-
pression. In 2007 he received the 
Blavatnik Award for Young Scientists 
from the Blavatnik Family Founda-
tion and the New York Academy of 
Sciences. Curtis received his PhD in 
2007 from Northwestern University. 
He was a postdoctoral researcher at 
the Courant Institute of Mathemat-
ical Sciences (2007–2009) before 

joining Lehigh University. He was a corecipient of the 2018 
INFORMS Computing Society Prize. He is on the editorial 
boards of a number of journals, including the SIAM Jour-
nal on Optimization, and is a member of INFORMS, the 
Mathematics Optimization Society, and the SIAM Activity 
Group on Optimization. Curtis tells the Notices: “I have 
always gone by ‘Frank’ professionally, but my family has 
always called me ‘Eddie’ due to my middle name, Edward.  
I didn't actually know my real first name until I was about 
eight years old. As a result, I always include my middle 
initial when writing my full name. Unrelated, I've run 

four marathons (so far).” Nocedal was born and raised 
in Mexico. He obtained his PhD from Rice University in 
1978 under the supervision of Richard A. Tapia. Before 
joining Northwestern University, he held positions at the 
National University of Mexico and at the Courant Institute 
of Mathematical Sciences. In 2001, Nocedal cofounded 
Ziena Optimization, Inc., and codeveloped the KNITRO 
software package. He received the George B. Dantzig Prize 
in 2012 and the INFORMS John von Neumann Theory 
Prize in 2017. He was named a SIAM Fellow in 2010 and 
elected to the National Academy of Engineering in 2020.

SIAM Student Paper Prize
Several Student Paper Prizes were awarded for 2021. Yuan- 
zhao Zhang of Cornell University was honored for his 
SIAM Review article, “Symmetry-independent stability 
analysis of synchronization patterns.” Zhang’s research in-
terest lies at the interface between networks and nonlinear 
dynamics, mostly inspired by a fascination with collective 
behaviors that emerge from decentralized interactions. 
Yingjie Bi of the University of California, Berkeley, was rec-
ognized for his SIAM Journal of Optimization paper, “Duality 
gap estimation via a refined Shapley–Folkman lemma.” His 
work focuses on nonconvex optimization problems with 
separable objectives and constraints. Michelle Feng of the 
California Institute of Technology received the award for 
her SIAM Review article, “Persistent homology of geospatial 
data: A case study with voting.” Her research lies at the in-
tersection of applied algebraic topology and computational 
social science. The SIAM Student Paper Prize is awarded 
annually to the student author(s) of the most outstanding 
paper(s) accepted by SIAM journals within the three years 
preceding the nomination deadline.

—From SIAM announcements
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Hadžić and Galkowski 
Receive Adams Prize

Mahir Hadžić and Jeffrey Galkowski, 
both of University College London, 
have been awarded the 2020–2021 
John Couch Adams Prize. This year’s 
topic was “Evolution Equations.” The 
prize announcement reads: “Hadžić 
works on the rigorous analysis of 
nonlinear partial differential equa-
tions focusing mainly on inviscid 
compressible fluid dynamics. He has 
been instrumental with his collabo-
rators (e.g., Jang) in the development 
and application of new tools to study 
the existence of global-in-time solu-
tions (such as existence theory of 
expanding compressible flows) and 
the formation of finite-time singular-
ities (such as finite-time gravitational 
collapse of stars). Galkowski applies 
semiclassical and microlocal analysis 
methods to partial differential equa-
tions in mathematical physics and 
has made substantial contributions 

to scattering theory. He has also recently introduced with 
Canzani the idea of ‘geodesic beams’ and used these to 
produce new spectral results in the study of the spectrum 
of the Laplace operator on compact Riemannian mani-
folds.” Hadžić received his PhD from Brown University 
in 2010 under the direction of Yan Guo. He spent the year 
2010–2011 in a postdoctoral position at the University of 
Zurich working with Camillo De Lellis. He then served as 
C. L. E. Moore instructor at the Massachusetts Institute of 
Technology (2011–2013) and was affiliated with King’s 
College London from 2013 to 2017 before joining Univer-
sity College London. He currently holds an EPSRC Early 
Career Fellowship (2019–2024). Hadžić tells the Notices: 
“I originally come from Bosnia and Herzegovina. My love 
for maths and sciences started at the age of ten when I was 
a war refugee. I currently live in the UK with my wife and 
two kids.” Galkowski received his PhD in 2015 from the 
University of California, Berkeley, under the supervision of 
Maciej Zworski. He spent the years 2015–2017 as a CRM–
ISM Postdoctoral Fellow at McGill University, then held an 
NSF Postdoctoral Fellowship at Stanford University and a 
position at Northeastern University before joining Uni-
versity College London. He received the Faculty Education 
Award from University College London in 2021. Galkowski 
enjoys going hiking and exploring the world of food, both 
by cooking and traveling. The Adams Prize is awarded by 

the University of Cambridge and St. John’s College to UK-
based researchers under the age of forty doing first-class 
international research in the mathematical sciences.

—From a University of Cambridge announcement

Safronov and Xu 
Awarded 2020–2021 
Lichnerowicz Prizes

Pavel Safronov of the University 
of Edinburgh and Xu Xiaomeng 
of Peking University have been 
awarded André Lichnerowicz Prizes 
for Poisson Geometry for 2020–
2021. Safronov was honored “for 
his fundamental contributions in 
shifted Poisson geometry and in de-
formation quantization theory. He 
advanced the understanding of clas-
sical notions of symplectic reduction 
and of Poisson–Lie groups within 
the framework of shifted Poisson 
geometry. His results on deforma-
tion quantization led to applications 
to the Bonahon–Wong conjecture 
on Azumaya locus of the Kauffman 
bracket and to Witten’s conjecture 
on finiteness of skein modules in 
quantum topology.” He received his 
PhD from the University of Texas at 
Austin in 2014 under the supervi-
sion of David Ben-Zvi. He has held 

postdoctoral positions at the Universities of Oxford, Bonn, 
and Geneva and a lectureship at the University of Zurich. 
Outside of mathematics, Safronov enjoys playing piano 
and hiking in the mountains.

Xu was honored for work involving constructing “ex-
plicit Ginzburg–Weinstein linearizations of Poisson–Lie 
groups and their quantization. His results on the relation-
ships between Stokes phenomena, Yang–Baxter equations, 
and Frobenius manifolds uncovered deep connections 
between the theory of meromorphic ODEs with higher 
order poles and the theory of quantum groups. Xu also 
used classical integrable systems on Lie–Poisson spaces to 
study the structure of Stokes matrices, which advanced the 
understanding of Stokes phenomena and isomonodromy 
deformations. In earlier work, Xu has contributed to the 
theory of Courant algebroids, string principal bundles, and 
homotopy Poisson manifolds as objects in higher structure 
aspects of Poisson geometry.” Xu was born in Kaifeng, 
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United States finished fourth, with four gold medals and 
two silver medals. The US teams consisted of:

 • Luke Robitaille, gold medal
 • Zifan Wang, gold medal
 • Maxim Li, gold medal
 • Noah Walsh, gold medal
 • Quanlin Chen, silver medal
 • Ankit Bisain, silver medal

The IMO is held each year in a different country. The 
2022 IMO will be held in Oslo, Norway.

—From IMO announcements

2021 CAV Award
The Computer-Aided Verification (CAV) Award for 2021 
has been given for “pioneering contributions to the foun-
dations of the theory and practice of satisfiability modulo 
theories (SMT)” to the following researchers:

 • Gilles Audemard, Université d’Artois
 • Clark Barrett, Stanford University
 • Piergiorgio Bertoli, Fondazione Bruno Kessler
 • Nikolaj Bjørner, Microsoft Research
 • Randal E. Bryant, Carnegie Mellon University
 • Alessandro Cimatti, Fondazione Bruno Kessler
 • David Dill, Stanford University
 • Bruno Dutertre, SRI International
 • Harald Ganzinger, Max-Planck-Institut für Infor-

matik (posthumous)
 • George Hagen, NASA Langley Research Center
 • Artur Korniłowicz, University of Bialystok
 • Shuvendu Lahiri, Microsoft Research
 • Leonardo de Moura, Microsoft Research
 • Robert Nieuwenhuis, Technical University of 

Catalonia
 • Albert Oliveras, Technical University of Catalonia
 • Harald Ruess, fortiss GmbH, the State Research 

Institute of the Free State of Bavaria
 • Roberto Sebastiani, Università di Trento
 • Sanjit A. Seshia, University of California, Berkeley
 • Ofer Strichman, Technion
 • Aaron Stump, University of Iowa
 • Cesare Tinelli, University of Iowa

The CAV award is given annually at the CAV conference 
for fundamental contributions to the field of comput-
er-aided verification. The award carries a cash prize of 
US$10,000, shared equally among recipients.

—CAV Award announcement

China, and received his PhD from the University of Geneva 
in 2016 under the supervision of Anton Alekseev. He held 
a postdoctoral position at the Massachusetts Institute of 
Technology before joining Peking University. He tells the 
Notices: “Among all the sports, I like basketball most, and 
my favorite player is Kevin Durant. Besides, I like to play 
Xiangqi, also called Chinese chess, which is one of the most 
popular strategy board games in China.”

—From a Lichnerowicz Prize announcement

2021 Caratheodory 
Prize Awarded
The 2021 Constantin Caratheodory Prize has been awarded 
to Le Thi Hoai An of the University of Lorraine, France, and 
Paul I. Barton of the Massachusetts Institute of Technology. 
Le Thi Hoai An earned her PhD in 1994 and her Habilita-
tion in 1997, both from the University of Rouen. She served 
on the faculty of the National Institute for Applied Sciences, 
Rouen, from 1998 to 2003. She is currently University Pro-
fessor Exceptional Class at Lorraine. She is the cofounder 
(with Pham Dinh Tao) of DC programming and DCA, 
an innovative approach in nonconvex programming and 
global optimization. She was a corecipient of the Howard 
Rosenbrock Prize for the best paper published in the jour-
nal Optimization and Engineering (2017). Barton received 
his PhD from Imperial College, University of London, in 
1992. His research interests include dynamic modeling, 
simulation and optimization, hybrid and embedded sys-
tems, mixed-integer and global optimization theory and 
algorithms, design and operation of micro-scale chemical 
processes, systems biology, and energy systems engineer-
ing. He received a Best Paper Award from the Journal of 
Global Optimization in 2012. The Caratheodory Prize of the 
International Society of Global Optimization is awarded 
biannually to an individual or a group for fundamental 
contributions to theory, algorithms, and applications of 
global optimization.

—From an International Society of 
Global Optimization announcement

International Mathematical 
Olympiad 2021
The 2021 International Mathematical Olympiad (IMO) 
was held remotely in July 2021. The team from the People’s 
Republic of China finished in first place, the team from the 
Russian Federation finished second, and the team from 
the Republic of Korea took third place. The team from the 
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Prizes of the London 
Mathematical Society
The London Mathematical Society (LMS) has awarded a 
number of prizes for 2021.

Ehud Hrushovski of the University of Oxford was 
awarded a Pólya Prize for his profound insights that trans-
formed very abstract model-theoretic ideas into powerful 
methods in well-established classical areas of geometry 
and algebra.

Tara Brendle of the University of Glasgow was awarded 
a Senior Whitehead Prize for her fundamental work in 
geometric group theory, concentrating on the study of 
groups arising in low-dimensional topology, and for her 
exemplary record of work in support of mathematics and 
mathematicians. 

Endre Süli of the University of Oxford was awarded the 
Naylor Prize and Lectureship for his wide-ranging contri-
butions to the study of applied mathematics. 

Ailsa Keating of the University of Cambridge was 
awarded a Berwick Prize for the paper “Dehn twists and free 
subgroups of symplectic mapping class groups,” published 
in the Journal of Topology. Keating’s work sheds light on the 
global symmetries of symplectic manifolds by showing that 
arbitrary products of Dehn twists along two Lagrangian 
spheres that intersect at least twice never simplify to the 
identity map.

Viveka Erlandsson of the University of Bristol was 
awarded an Anne Bennett Prize for her outstanding achieve-
ments in geometry and topology and her inspirational 
active role in promoting women mathematicians. 

Whitehead Prizes were awarded to the following math-
ematical scientists:

Jonathan Evans of the University of Lancaster for his 
contributions to symplectic topology and its relation to 
algebraic geometry. Among his achievements is an inno-
vative study (with Smith and Urzua) of Wahl singularities 
from the symplectic viewpoint.

Patrick Farrell of the University of Oxford in recognition 
of his broad, creative, and impactful work as a computa-
tional mathematical scientist. Farrell’s contributions to the 
general area of the numerical solution of partial differential 
equations span algorithm development, rigorous analysis, 
high-performance software implementation, and applica-
tions in scientific computation.

Agelos Georgakopoulos of the University of Warwick 
for his contributions to long-standing problems in proba-
bility and graph theory, using methods from combinatorics 
as well as probability, topology, and geometry.

Michael Magee of the University of Durham for his deep 
contributions to a wide range of questions at the interface 
between number theory and mathematical physics and in 
particular to random matrices and to the spectral theory 
of hyperbolic surfaces.

Aretha Teckentrup of the University of Edinburgh for 
her incisive research contributions to the foundations of 
research in uncertainty quantification at the interface of 
numerical analysis and probability.

Stuart White of the University of Oxford in recognition 
of his contributions to the structure and classification 
theory of nuclear C*-algebras and their interplay with von 
Neumann algebras.

—London Mathematical Society announcement
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on-duty. Anyone who feels threatened or unwelcome may 
approach a MathSafe volunteer, who will help address the 
situation. If an individual wants to file a formal complaint 
about an incident, a volunteer can assist with that process. 
MathSafe volunteers may also serve as active bystanders if 
they witness harassment or discrimination.

MathSafe was initiated by leaders from the Joint Policy 
Board for Mathematics—the AMS, the Society for Industrial 
and Applied Mathematics, the Mathematical Association of 
America, and the American Statistical Association. Math-
Safe will debut at the 2022 Joint Mathematics Meetings 
(JMM) in January and will also be in place at 2022 AMS sec-
tional meetings. Visit the website https://mathsafe.org 
to learn more about the program and how to volunteer. 

—AMS Communications Department

Revamped Math in  
the Media Program  
Now Includes  
Classroom Activities

Long shots in soccer, student 
loan repayments, COVID-19 
modeling—current events 
engage students’ curiosity 
and help them understand 
the mathematics that sur-
rounds us. Teachers can now 
find ideas for classroom 
activities through the re-
vamped Math in the Media 
program from the AMS.

Math in the Media will keep you and your students up 
to date on math in the news. Each month, we’ll publish a 
set of digests of Math in the Media consisting of summaries 
of news articles paired with related classroom activities. For 
example, an article from The Atlantic titled “Why are gamers 
so much better than scientists at catching fraud?” provides a 
lead-in to activities on probability, p-values, and Benford’s 
Law. The digests are tagged by topic so that you can easily 
search for specific mathematics concepts.

Undergrad Researchers  
Hit It Out of the Park  
at JMM Poster Sessions
When it comes to current batters in Major League Baseball 
(MLB), the gold standard has been Mike Trout, the peren-
nial All-Star center fielder for the Los Angeles Angels. At the 
2020 Joint Mathematics Meetings (JMM), Danielle Sebring, 
then an undergraduate at California State University, Ful-
lerton, presented her statistics research project “Catching 
Trout: Classifying MLB Players” at the undergraduate poster 
session. Sebring was one of many undergraduates to receive 
a travel grant from the AMS to present research at the JMM.

For JMM 2022, the AMS will again be offering under-
graduate travel grants. Pi Mu Epsilon, the US national 
mathematics honor society, will spearhead the undergrad-
uate poster sessions this year, offering students the oppor-
tunity to give and receive feedback on their presentations. 
Read more about Sebring’s research at https://www.ams 
.org/news?news_id=6748, and learn how to apply for 
an undergraduate travel grant at https://www.ams.org 
/undergrad-tg.

—AMS Communications Department

New MathSafe Program  
to Promote Safe,  
Welcoming Conferences

At conferences we 
must work together 
to create a safe and 
welcoming environ-
ment. With that goal, 

the new MathSafe program will train volunteers to respond 
to incidents of aggression, bullying, and other behaviors 
that violate the principles of a welcoming environment. 
At meetings and other gatherings, trained MathSafe volun-
teers—both AMS staff and members of the broader mathe-
matical community—will wear buttons identifying them as 

https://www.ams.org/news?news_id=6748
https://www.ams.org/news?news_id=6748
https://www.ams.org/undergrad-tg
https://www.ams.org/undergrad-tg
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Norberto L. Kerzman, of Chapel Hill, North Carolina, 
died on June 5, 2019. Born on February 1, 1943, he was a 
member of the Society for 51 years.

Mark K. Kidwell, of Annapolis, Maryland, died on De-
cember 22, 2019. Born on May 1, 1948, he was a member 
of the Society for 44 years.

Karen D. King, professor, National Science Foundation,  
died on December 24, 2019. Born on July 6, 1971, she was 
a member of the Society for 27 years.

Jane Kister, of Ann Arbor, Michigan, died on December 
1, 2019. Born on October 18, 1944, she was a member of 
the Society for 40 years.

Noel G. Lloyd, of the United Kingdom, died on June 7, 
2019. Born on December 26, 1946, he was a member of 
the Society for 44 years.

Bruce Peter McNeill, of New Zealand, died on July 15, 
2019. Born on September 25, 1946, he was a member of 
the Society for 14 years.

Peter C. Morris, of Winchester, Virginia, died on July 30, 
2019. Born on September 5, 1937, he was a member of the 
Society for 55 years.

M. E. Muldoon, professor, York University, died on Au-
gust 1, 2019. Born on February 28, 1939, he was a member 
of the Society for 53 years.

I. Namioka, professor, University of Washington, died 
on September 25, 2019. Born on April 25, 1928, he was a 
member of the Society for 66 years.

A. Nduka, of Nigeria, died on December 26, 2019. Born 
on October 12, 1942, he was a member of the Society for  
47 years.

Howard Osborn, of Champaign, Illinois, died on August 
21, 2019. Born on May 16, 1928, he was a member of the 
Society for 69 years.

Murray Rosenblatt, professor, University of California 
San Diego, died on October 9, 2019. Born on September 
7, 1926, he was a member of the Society for 70 years.

John J. Saccoman, of Manchester, New Jersey, died on 
November 1, 2019. Born on September 10, 1939, he was a 
member of the Society for 56 years.

Thomas Eliot Stolper, of Chicago, Illinois, died on June 
8, 2019. Born on January 8, 1941, he was a member of the 
Society for 16 years.

John T. Tate, of Lexington, Massachusetts, died on Octo-
ber 16, 2019. Born on March 13, 1925, he was a member 
of the Society for 69 years.

John Weissman, of Orange, California, died on May 
26, 2019. Born on June 13, 1929, he was a member of the 
Society for 62 years.

Sergei G. Zhuravlev, professor, Moscow Auto & Road 
State Technical University, died on December 9, 2019. Born 
on November 30, 1936, he was a member of the Society 
for 19 years.

Hyman J. Zimmerberg, of Highland Park, New Jersey, 
died on December 10, 2019. Born on September 7, 1921,  
was a member of the Society for 77 years.

For more advanced students, Professor Tony Phillips’ 
column “Tony’s Take” gives a deeper dive into new develop-
ments in the world of mathematics. Recent topics include 
quasi-crystalline tilings and the fractal geometry of cities.

Sign up to receive emails each month when new con-
tent is released. Just visit Math in the Media and enter your 
email address under the heading “Subscribe to Math in the 
Media via email” on the right-hand side: https://www 
.ams.org/mathmedia.

—AMS Programs Department

Deaths of AMS Members
Roger C. Alperin, of Carlsbad, California, died on 

November 21, 2019. Born on January 8, 1947, he was a 
member of the Society for 43 years.

John V. Armitage, of the United Kingdom, died on De-
cember 12, 2019. Born on May 21, 1932, he was a member 
of the Society for 87 years.

R. A. Askey, of Madison, Wisconsin, died on October 
9, 2019. Born on June 4, 1933, he was a member of the 
Society for 64 years.

Betty Jane Barr, of Houston, Texas, died on November 
1, 2019. Born on September 10, 1945, she was a member 
of the Society for 49 years.

Richard L. Bishop, professor, University of Illinois, died 
on December 18, 2019. Born on August 12, 1931, he was a 
member of the Society for 60 years.

William E. Boyce, of Watervliet, New York, died on 
November 4, 2019. Born on December 19, 1930, he was a 
member of the Society for 64 years.

R. Rao Chivukula, of San Diego, died on August 13, 
2019. Born on June 20, 1933, he was a member of the 
Society for 58 years.

Ben Lewis Cox, of Charleston, South Carolina, died on 
September 28, 2019. Born on January 6, 1962, he was a 
member of the Society for 34 years.

Hans E. Debrunner, of Switzerland, died on September 
12, 2019. Born on August 24, 1926, he was a member of 
the Society for 60 years.

Edward G. Effros, of Pacific Palisades, California, died 
on December 21, 2019. Born on December 10, 1935, he 
was a member of the Society for 40 years.

John J. Hirschfelder, of Seattle, Washington, died on 
August 13, 2019. Born on September 12, 1943, he was a 
member of the Society for 53 years.

Laurence G. Hoye, of Canada, died on June 29, 2019. 
Born on June 9, 1932, he was a member of the Society for  
58 years.

Andrew K. Jobbings, of the United Kingdom, died on 
July 11, 2019. Born on July 22, 1951, he was a member of 
the Society for 31 years.

https://www.ams.org/mathmedia
https://www.ams.org/mathmedia
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others may be practitioners in the topic. Typically, the 
attendees include undergraduate and graduate students 
and college and university faculty. A short course targeted 
to individuals with a solid background in undergraduate 
mathematics is most likely to draw interest and satisfy 
participants. 

Inquire
An expression of interest may be as short as one page. Mem-
bers of the community are also encouraged to nominate 
organizer-topic pairs. More detailed guidance is available 
in the Short Course Manual (https://www.ams.org 
/meetings/shortcourse/2022_short_course 
_manual.pdf). Expressions of interest, nominations, and 
proposals should be sent to the AMS Director of Programs 
(programs@ams.org; tdl@ams.org; ded@ams.org). For 
full consideration, proposals should be submitted by No-
vember 19, 2021.

—AMS announcement

Call for Applications for 
AMS Congressional Fellowship 
2022–2023

The American Mathematical Society (AMS) will sponsor 
a Congressional Fellow from September 2022 through 
August 2023. The Fellow will spend the year working on 
the staff of either a member of Congress or a congressional 
committee, working in legislative and policy areas requiring 
scientific and technical input.

The Fellow brings both technical background and exter-
nal perspective to the decision-making process in Congress. 
Prospective Fellows must be cognizant of and demonstrate 
sensitivity toward political and social issues and have a 
strong interest in applying personal knowledge toward 
solutions to societal problems.

Now in its seventeenth year, the AMS Congressional 
Fellowship provides a unique public policy learning expe-
rience and demonstrates the value of science–government 

The 2023 AMS Short Course: 
Call for Proposals

The AMS invites expressions of interest and proposals to 
organize the Society’s Short Course to be offered January 
2–3, 2023, in coordination with the 2023 Joint Mathemat-
ics Meetings (JMM) in Boston, Massachusetts. The Short 
Course provides an unparalleled opportunity to introduce 
an exciting, current area of applied mathematics to a broad 
audience of students, faculty, researchers, and practitioners.

Typically incorporating a sequence of survey lectures, 
tutorials, panels, or other activities, the course’s theme may 
be cutting edge or more established. Its goal is to provide 
professional and in-training mathematicians with an in-
troduction that can:

 • Satisfy the curiosity of those who are new to the 
topic

 • Provide an entrée to a new research topic
 • Inspire new methods of problem solving
 • Be part of the participants’ professional develop-

ment and continuing education
The AMS Short Course Committee encourages proposals 

that will have wide appeal and might extend the traditional 
course in subject and/or methodology. Proposals may, 
for example, focus on applications in industry, business, 
economics and social sciences, health and medical care, 
entrepreneurship, public policy, and other areas. Proposals 
might also contain a training component on programming 
and coding, which coordinates well pedagogically with the 
rest of the course.

The AMS Short Course Committee is exploring flexible 
delivery methods for the course. This might include online 
presentations, recorded lectures available after the course, 
live-stream Q&A sessions, online breakout discussion 
groups, and other methods. Suggestions by the proposers 
are encouraged. 

Audience and Topical Focus
The mathematical background, knowledge, and experience 
of the participants vary greatly; some will be novices, and 

https://www.ams.org/meetings/shortcourse/2022_short_course_manual.pdf
https://www.ams.org/meetings/shortcourse/2022_short_course_manual.pdf
https://www.ams.org/meetings/shortcourse/2022_short_course_manual.pdf
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be in the life, physical, health, engineering, computer, 
or social sciences or mathematics and related fields with 
outstanding written and oral communication skills and 
a strong interest in learning about the media. We urge 
mathematical sciences faculty to make their students and 
postdocs aware of this program.

For more information about the AMS Mass Media Fel-
lowship, please visit https://www.ams.org/massmedia 
fellow. Apply at https://www.aaas.org/programs 
/mass-media-fellowship.

The deadline for applications is January 1, 2022.

—AMS Office of Government Relations

2022 Workshop for Department 
Chairs and Leaders

The American Mathematical Society hosts an annual 
workshop for department chairs and leaders. In this one-
day session, the objective is to provide opportunities for 
participants to share ideas and experiences and to foster the 
development of a community of peers who can continue 
to provide one another support and ideas in the vital role 
of department chair.

 • Who: Chairpersons from all types of departments 
and institutions, chairs-to-be, directors of under-
graduate study, directors of graduate study, and 
non-titular leaders

 • What: Workshop at the site of the 2022 Joint Math-
ematics Meetings

 • When: Tuesday, January 4, 2022, 9:00 am–2:00 
pm PST

 • Where: Washington State Convention Center, Se-
attle, Washington

Registrants will be able to suggest topics for discussion 
at the workshop. Also, participants will have reserved seat-
ing at the opening JMM Gala, Wednesday, January 5. The 
workshop is sponsored by the AMS Division of Meetings 
and Professional Services. The organizers are:

 • Luca Capogna, Smith College
 • Anne Fernando, Norfolk State University
 • Kevin Knudson, University of Florida
 • Emille Davie Lawrence, University of San Fran-

cisco
For more information, see www.ams.org/chairs 

workshop.

—AMS Programs Department

interaction. The program includes an orientation on con-
gressional and executive branch operations and a year-long 
seminar series on issues involving science, technology, and 
public policy.

Applicants must have a PhD or an equivalent doctoral- 
level degree in the mathematical sciences by the applica-
tion deadline (February 1, 2022). Applicants must be US 
citizens. Federal employees are not eligible.

The Fellowship stipend is US$93,013 for the fellowship 
period, with additional allowances for relocation and 
professional travel, as well as a contribution toward health 
insurance.

Applicants must submit a statement expressing interest 
and qualifications for the AMS Congressional Fellowship, 
as well as a current curriculum vitae. Candidates should 
have three letters of recommendation sent to the AMS by 
the February 1, 2022, deadline.

For information and to apply, go to www.ams.org 
/ams-congressional-fellowship. The deadline for 
receipt of applications is February 1, 2022.

Learn more about this and other Washington, DC, 
fellowship opportunities at the JMM2022 session on AMS 
DC-based Policy and Communications Opportunities, to 
be held Friday, January 7, 2022, at 4:30 pm.

—AMS Office of Government Relations

Call for Applications for 
AMS Mass Media Fellowship

Each summer, the American Mathematical Society (AMS) 
sponsors a Mass Media Fellow through the Mass Media 
Science and Engineering Fellowship program organized by 
the American Association for the Advancement of Science 
(AAAS). The 10-week program is designed to improve 
public understanding of science and technology by placing 
advanced science, engineering, and mathematics students 
at media organizations nationwide.

Mass Media Fellows use their academic training in the 
sciences to research, write, and report on today’s headlines. 
Fellows are embedded in national or local media outlets 
where they learn how to clearly communicate scientific 
topics to a general audience and gain insight into news 
writing and editorial decision making.

Fellows receive a stipend of US$7,000, plus travel ex-
penses to and from AAAS in Washington, DC, and the 
media outlets where they will work as reporters, researchers, 
and production assistants.

Applicants for the 2022 Mass Media Fellowship must 
(1) be enrolled as students (upper-level undergraduate or 
graduate), (2) be postdoctoral trainees, or (3) apply within 
one year of the completion of (1) or (2). Applicants must 

http://www.ams.org/ams-congressional-fellowship
http://www.ams.org/ams-congressional-fellowship
https://www.aaas.org/programs/mass-media-fellowship
https://www.aaas.org/programs/mass-media-fellowship
http://www.ams.org/chairsworkshop
http://www.ams.org/chairsworkshop
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AWM Essay Contest

The Association for Women in Mathematics (AWM) and 
Math for America cosponsor an annual essay contest for 
biographies of contemporary women mathematicians 
and statisticians in academic, industrial, and government 
careers. This contest is open to students in Grades 6–8, 
Grades 9–12, and college undergraduates. The deadline 
for entries is February 1, 2022. AWM is also currently 
seeking women mathematicians to volunteer as the subjects 
of these essays. For more information, see https://awm 
-math.org/awards/student-essay-contest/.

—AWM announcement

AWM Workshop at the  
2022 SIAM Annual Meeting

An AWM Workshop, focused on graph theory and applica-
tions, is being organized by Katherine Benson and Daniela 
Ferrero to be held in conjunction with the 2022 SIAM 
Annual Meeting, July 11–15, 2022, at the David Lawrence 
Convention Center in Pittsburgh, Pennsylvania.

The poster session is open to all areas of research; grad-
uate students working in areas related to graph theory are 
especially encouraged to apply. With funding from NSF, 
AWM will offer partial support for travel and hotel accom-
modations for the selected graduate students. 

Applications must be completed electronically by 
November 15, 2021. See https://awm-math.org 
/meetings/awm-siam/ for details.

—AWM announcement

Early-Career Opportunity

NSF Graduate Research Fellowships

The National Science Foundation’s Graduate Research Fel-
lowship Program supports outstanding graduate students 
in NSF-supported science, technology, engineering, and 
mathematics disciplines who are pursuing research-based 
master’s and doctoral degrees at US institutions. The NSF 
welcomes applications from all qualified students and 
strongly encourages underrepresented populations, includ-
ing women, underrepresented racial and ethnic minorities, 
and persons with disabilities, to apply. Fellows receive a 
three-year annual stipend of US$34,000 and opportunities 
for international research and professional development. 
Fellowships may be used to support graduate research at 
any accredited US institution. The deadline for the math-
ematical sciences is October 22, 2021. For further infor-
mation, visit http://www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=6201.

—From NSF announcements

Early-Career Opportunity

AAUW Educational Foundation 
Fellowships and Grants

The American Association of University Women (AAUW) 
has programs supporting women students and scholars at 
various stages of their careers. American Fellowships sup-
port women in full-time study to complete dissertations, 
conduct postdoctoral research, or prepare research for pub-
lication. International Fellowships support women pursu-
ing graduate or postdoctoral study in the United States who 
are not US citizens or permanent residents. Selected Pro-
fessions Fellowships support women students in areas in 
which women’s participation has traditionally been low, in-
cluding computer/information sciences and mathematics/ 
statistics. For deadline dates and more information, 
visit the website https://www.aauw.org/resources 
/programs/fellowships-grants/.

—From AAUW website

The most up-to-date listing of NSF funding opportunities from the 
Division of Mathematical Sciences can be found online at: 
www.nsf.gov/dms  and for the Directorate of Education and 
Human Resources at www.nsf.gov/dir/index.jsp?org=ehr.   
To receive periodic updates, subscribe to the DMSNEWS listserv by following 
the directions at www.nsf.gov/mps/dms/about.jsp. 

http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=6201
http://www.nsf.gov/funding/pgm_summ.jsp?pims_id=6201
https://www.aauw.org/resources/programs/fellowships-grants/
https://www.aauw.org/resources/programs/fellowships-grants/
https://awm-math.org/meetings/awm-siam/
https://awm-math.org/meetings/awm-siam/
https://awm-math.org/awards/student-essay-contest/
https://awm-math.org/awards/student-essay-contest/
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ILLINOIS

University of Chicago - Assistant Professor

Position Description
The University of Chicago Department of Mathematics 
invites applications for the position of Assistant Professor. 
Successful candidates are typically two to four years past 
the PhD. These positions are intended for mathemati-
cians whose work has been of outstandingly high caliber. 
Appointees are expected to have the potential to become 
leading figures in their fields. The appointment is generally 
for three years, with the possibility for renewal. The teach-
ing obligation is up to three one-quarter courses per year.

Applicants are strongly encouraged to include additional 
information related to their teaching experience, such as 
evaluations from courses previously taught, as well as an 
AMS cover sheet. If you have applied for an NSF Mathe-
matical Sciences Postdoctoral Fellowship, please include 
that information in your application, and let us know how 
you plan to use it if awarded. Questions may be directed 
to matwimberly@uchicago.edu. We will begin screening 
applications on November 1, 2021. Screening will continue 
until all available positions are filled.
Qualifications
Completion of a PhD in mathematics or a closely related 
field is required at the time of appointment.
Application Instructions
Required materials are: (a) a cover letter, (b) a curriculum 
vitae, (c) three or more letters of reference, at least one 
of which addresses teaching ability, (d) a description of  

previous research and plans for future mathematical re-
search and (e) a teaching statement.

Applications must be submitted online through 
https://www.mathjobs.org/jobs/list/17871.

We seek a diverse pool of applicants who wish to join an 
academic community that places the highest value on rigorous 
inquiry and encourages diverse perspectives, experiences, groups 
of individuals, and ideas to inform and stimulate intellectual 
challenge, engagement, and exchange. The University’s State-
ments on Diversity are at https://provost.uchicago 
.edu/statements-diversity.

The University of Chicago is an Affirmative Action/Equal Op-
portunity/Disabled/Veterans Employer and does not discriminate 
on the basis of race, color, religion, sex, sexual orientation, gender 
identity, national or ethnic origin, age, status as an individual with 
a disability, protected veteran status, genetic information, or other 
protected classes under the law. For additional information please 
see the University’s Notice of Nondiscrimination https:// 
www.uchicago.edu/about/non_discrimination 
_statement/.

Job seekers in need of a reasonable accommodation to com-
plete the application process should call 773-702-1032 or email 
equalopportunity@uchicago.edu with their request.

14
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MASSACHUSETTS

Massachusetts Institute of Technology (MIT) 
Cambridge, MA 

Department of Mathematics

The Mathematics Department at MIT is seeking to fill po-
sitions in Pure and Applied Mathematics, and Statistics 
at the level of Instructor beginning July 1, 2022 (for the 
2022–2023 academic year, or as soon thereafter as pos-
sible). Appointments are based primarily on exceptional 
research qualifications. Appointees will be expected to 
fulfill teaching duties and pursue their own research pro-
gram. PhD in Mathematics or related field required by 
employment start date.

The Department of Mathematics offers supportive 
mentorship to junior faculty and instructors, an excep-
tional environment for mathematical inquiry, and a strong 
commitment to an inclusive, welcoming culture. MIT is an 
equal employment opportunity employer. All qualified ap-
plicants will receive consideration for employment and will 
not be discriminated against on the basis of race, color, sex, 
sexual orientation, gender identity, religion, disability, age, 
genetic information, veteran status, ancestry, or national 
or ethnic origin. MIT’s full policy on nondiscrimination 
can be found at https://policies.mit.edu/policies 
-procedures/90-relations-and-responsibilities 
-within-mit-community/92-nondiscrimination.

For more information and to apply, please visit www 
.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2021.
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Massachusetts Institute of Technology (MIT) 
Cambridge, MA 

Department of Mathematics

The Mathematics Department at MIT is seeking to fill po-
sitions in Pure and Applied Mathematics at the level of 
tenure-track Assistant Professor or higher beginning July 
1, 2022 (for the 2022–2023 academic year, or as soon 
thereafter as possible). Appointments are based primarily 
on exceptional research qualifications. Appointees will be 
required to fulfill teaching duties and pursue their own 
research program. PhD in Mathematics or related field 
required by employment start date.

The Department of Mathematics offers supportive 
mentorship to junior faculty and instructors, an excep-
tional environment for mathematical inquiry, and a strong 
commitment to an inclusive, welcoming culture. MIT is an 
equal employment opportunity employer. All qualified ap-
plicants will receive consideration for employment and will 
not be discriminated against on the basis of race, color, sex, 
sexual orientation, gender identity, religion, disability, age, 
genetic information, veteran status, ancestry, or national 
or ethnic origin. MIT’s full policy on nondiscrimination 

University of Chicago - L.E. Dickson Instructor

Position Description
The University of Chicago Department of Mathematics 
invites applications for the position of L.E. Dickson Instruc-
tor. This is open to mathematicians who have recently com-
pleted or will soon complete a doctorate in mathematics or 
a closely related field, and whose work shows remarkable 
promise in mathematical research. The initial appointment 
is for a term of up to three years. The teaching obligation is 
generally four one-quarter courses per year. If you are two 
or more years post PhD, we encourage you to apply for 
our Assistant Professor position as well at https://www 
.mathjobs.org/jobs/list/17871.

Applicants are strongly encouraged to include additional 
information related to their teaching experience, such as 
evaluations from courses previously taught, as well as an 
AMS cover sheet. If you have applied for an NSF Mathe-
matical Sciences Postdoctoral Fellowship, please include 
that information in your application, and let us know how 
you plan to use it if awarded. Questions may be directed 
to matwimberly@uchicago.edu. We will begin screening 
applications on November 1, 2021. Screening will continue 
until all available positions are filled.
Qualifications
Completion of all requirements for a PhD in mathematics 
or a closely related field is required at the time of appoint-
ment.
Application Instructions
Required materials are: (a) a cover letter, (b) a curriculum 
vitae, (c) three or more letters of reference, at least one of 
which addresses teaching ability, (d) a description of pre-
vious research and plans for future mathematical research 
and (e) a teaching statement.

Applications must be submitted online through 
https://www.mathjobs.org/jobs/list/17870.

We seek a diverse pool of applicants who wish to join an 
academic community that places the highest value on rigorous 
inquiry and encourages diverse perspectives, experiences, groups 
of individuals, and ideas to inform and stimulate intellectual 
challenge, engagement, and exchange. The University’s State-
ments on Diversity are at https://provost.uchicago 
.edu/statements-diversity.

The University of Chicago is an Affirmative Action/Equal Op-
portunity/Disabled/Veterans Employer and does not discriminate 
on the basis of race, color, religion, sex, sexual orientation, gender 
identity, national or ethnic origin, age, status as an individual with 
a disability, protected veteran status, genetic information, or other 
protected classes under the law. For additional information please 
see the University’s Notice of Nondiscrimination https:// 
www.uchicago.edu/about/non_discrimination 
_statement/.

Job seekers in need of a reasonable accommodation to com-
plete the application process should call 773-702-1032 or email 
equalopportunity@uchicago.edu with their request.
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can be found at https://policies.mit.edu/policies 
-procedures/90-relations-and-responsibilities 
-within-mit-community/92-nondiscrimination.

For more information and to apply, please visit www 
.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2021. 
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CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Please make sure that Notices
and Bulletin � nd their new home.

Update your address at
www.ams.org/member-directory.

You can also send address changes
to amsmem@ams.org or:

Sales and Member Services
 American Mathematical Society
 201 Charles Street
 Providence, RI 02904-2213 USA

MEMBERS,A
M

S

RELOCATINGARE
YOU ?

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look  
forward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn 

or contact Mr. Albert Liu at mathjobs@tju.edu.cn, tele-
phone: 86-22-2740-6039.
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A Concise Introduction 
to Algebraic  Varieties
Brian Osserman

A Concise Introduction to Alge-
braic Varieties is designed for a 
one-term introductory course on 
algebraic varieties over an alge-
braically closed field, and it pro-
vides a solid basis for a course on 
schemes and cohomology or on 
specialized topics, such as toric 
varieties and moduli spaces of 

curves. The book balances generality and accessibility by 
presenting local and global concepts, such as nonsingu-
larity, normality, and completeness using the language of 
atlases, an approach that is most commonly associated with 
differential topology. The book concludes with a discussion 
of the Riemann-Roch theorem, the Brill-Noether theorem, 
and applications.

The prerequisites for the book are a strong undergrad-
uate algebra course and a working familiarity with basic 
point-set topology. A course in graduate algebra is helpful 
but not required. The book includes appendices present-
ing useful background in complex analytic topology and 
commutative algebra and provides plentiful examples and 
exercises that help build intuition and familiarity with 
algebraic varieties.

Graduate Studies in Mathematics, Volume 216
December 2021, approximately 256 pages, Hardcover, 
ISBN: 978-1-4704-6013-6, LC 2021012880, 2010 Mathemat-
ics Subject Classification: 14–01, 14A10, 14B05, List US$125, 
AMS members US$100, MAA members US$112.50, Order 
code GSM/216

bookstore.ams.org/gsm-216

Algebra and 
Algebraic Geometry

Integral Domains 
Inside Noetherian 
Power Series Rings
Constructions and Examples
William Heinzer, Purdue Univer-
sity, West Lafayette, IN, Christel 
Rotthaus, Michigan State Univer-
sity, East Lansing, MI, and Sylvia 
Wiegand, University of Nebraska, 
Lincoln, NE

Power series provide a technique 
for constructing examples of 

commutative rings. In this book, the authors describe this 
technique and use it to analyse properties of commutative 
rings and their spectra. This book presents results obtained 
using this approach. The authors put these results in per-
spective; often the proofs of properties of classical examples 
are simplified. The book will serve as a helpful resource for 
researchers working in commutative algebra.

Mathematical Surveys and Monographs, Volume 259
December 2021, approximately 418 pages, Softcover, ISBN: 
978-1-4704-6642-8, LC 2021021513, 2010 Mathematics 
Subject Classification: 13–00, 13–01, 13–02, 13A05, 13B21, 
13B22, 13B25, 13B30, 13B35, 13B40, List US$125, AMS 
members US$100, MAA members US$112.50, Order code 
SURV/259

bookstore.ams.org/surv-259
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General Interest

Nine Mathematical 
Challenges
An Elucidation
A. Kechris, California Institute 
of Technology, Pasadena, CA, N. 
Makarov, California Institute of 
Technology, Pasadena, CA, D. Ra-
makrishnan, California Institute 
of Technology, Pasadena, CA, and 
X. Zhu, California Institute of 
Technology, Pasadena, CA, Editors

This volume stems from the 
Linde Hall Inaugural Math Symposium, held from Feb-
ruary 22–24, 2019, at California Institute of Technology, 
Pasadena, California.

The content isolates and discusses nine mathematical 
problems, or sets of problems, in a deep way, but starting 
from scratch. Included among them are the well-known 
problems of the classification of finite groups, the Na-
vier-Stokes equations, the Birch and Swinnerton-Dyer 
conjecture, and the continuum hypothesis. The other five 
problems, also of substantial importance, concern the 
Lieb–Thirring inequalities, the equidistribution problems 
in number theory, surface bundles, ramification in covers 
and curves, and the gap and type problems in Fourier 
analysis. The problems are explained succinctly, with a 
discussion of what is known and an elucidation of the 
outstanding issues. An attempt is made to appeal to a wide 
audience, both in terms of the field of expertise and the 
level of the reader.

Proceedings of Symposia in Pure Mathematics, Volume 
104
October 2021, 221 pages, Softcover, ISBN: 978-1-4704-
5490-6, LC 2021023568, 2010 Mathematics Subject Classifi-
cation: 03Exx, 14Fxx, 11G05, 20D05, 30A99, 35P15, 35Q35, 
37A17, 57R22, List US$137, AMS members US$109.60, 
MAA members US$123.30, Order code PSPUM/104

bookstore.ams.org/pspum-104

Differential Equations

Shock Waves
Tai-Ping Liu, Academia Sinica, 
Taipei, Taiwan, and Stanford Uni-
versity, CA

This book presents the funda-
mentals of the shock wave the-
ory. The first part of the book, 
Chapters 1 through 5, covers the 
basic elements of the shock wave 
theory by analyzing the scalar 
conservation laws.

The main focus of the analysis 
is on the explicit solution behavior. This first part of the 
book requires only a course in multi-variable calculus, and 
can be used as a text for an undergraduate topics course. 
In the second part of the book, Chapters 6 through 9, this 
general theory is used to study systems of hyperbolic con-
servation laws. This is a most significant well-posedness the-
ory for weak solutions of quasilinear evolutionary partial 
differential equations. The final part of the book, Chapters 
10 through 14, returns to the original subject of the shock 
wave theory by focusing on specific physical models. Po-
tentially interesting questions and research directions are 
also raised in these chapters.

The book can serve as an introductory text for advanced 
undergraduate students and for graduate students in math-
ematics, engineering, and physical sciences. Each chapter 
ends with suggestions for further reading and exercises for 
students.

This item will also be of interest to those working in mathemat-
ical physics.

Graduate Studies in Mathematics, Volume 215
November 2021, 437 pages, Hardcover, ISBN: 978-1-4704-
6567-4, LC 2021009618, 2010 Mathematics Subject Classifi-
cation: 35L65, 35L67, 35L40, 76L05, 76N10, List US$125, 
AMS members US$100, MAA members US$112.50, Order 
code GSM/215

bookstore.ams.org/gsm-215

GRADUATE STUDIES
IN MATHEMATICS 215

Shock Waves

Tai-Ping Liu

Volume 104

Proceedings of Symposia inProceedings of Symposia in
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Geometry and Topology

Perverse Sheaves and 
Applications to 
Representation Theory
Pramod N. Achar, Louisiana 
State University, Baton Rouge, LA

Since its inception around 1980, 
the theory of perverse sheaves 
has been a vital tool of funda-
mental importance in geomet-
ric representation theory. This 
book, which aims to make this 
theory accessible to students and 

researchers, is divided into two parts. The first six chapters 
give a comprehensive account of constructible and perverse 
sheaves on complex algebraic varieties, including such 
topics as Artin’s vanishing theorem, smooth descent, and 
the nearby cycles functor. This part of the book also has 
a chapter on the equivariant derived category, and brief 
surveys of side topics including étale and ℓ-adic sheaves, 
-modules, and algebraic stacks.

The last four chapters of the book show how to put 
this machinery to work in the context of selected topics in 
geometric representation theory: Kazhdan-Lusztig theory; 
Springer theory; the geometric Satake equivalence; and 
canonical bases for quantum groups. Recent developments 
such as the p-canonical basis are also discussed.

The book has more than 250 exercises, many of which 
focus on explicit calculations with concrete examples. It 
also features a 4-page “Quick Reference” that summarizes 
the most commonly used facts for computations, similar 
to a table of integrals in a calculus textbook.

Mathematical Surveys and Monographs, Volume 258
December 2021, 562 pages, Softcover, ISBN: 978-1-4704-
5597-2, LC 2021015561, 2010 Mathematics Subject Clas-
sification: 32S60, 14F08, 20G05, 14M15, 17B08, 17B37, 
List US$125, AMS members US$100, MAA members 
US$112.50, Order code SURV/258

bookstore.ams.org/surv-258

A Conversation on 
Professional Norms 
in Mathematics
Mathilde Gerbelli-Gauthier, 
Institute for Advanced Study, 
Princeton, NJ, Pamela E. Harris, 
Williams College, Williamstown, 
MA, Michael A. Hill, University 
of California, Los Angeles, CA, 
Dagan Karp, Harvey Mudd Col-
lege, Claremont, CA, and Emily 
Riehl, Johns Hopkins University, 
Baltimore, MD, Editors

The articles in this volume grew out of a 2019 workshop, 
held at Johns Hopkins University, that was inspired by a 
belief that when mathematicians take time to reflect on the 
social forces involved in the production of mathematics, 
actionable insights result. Topics range from mechanisms 
that lead to an inclusion-exclusion dichotomy within 
mathematics to common pitfalls and better alternatives to 
how mathematicians approach teaching, mentoring and 
communicating mathematical ideas.

This collection will be of interest to students, faculty and 
administrators wishing to gain a snapshot of the current 
state of professional norms within mathematics and pos-
sible steps toward improvements.

December 2021, approximately 157 pages, Softcover, ISBN: 
978-1-4704-6713-5, LC 2021034949, 2010 Mathematics Sub-
ject Classification: 00B20, 01A80, List US$60, AMS members 
US$48, MAA members US$54, Order code MBK/140

bookstore.ams.org/mbk-140
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Math Education

Math Out Loud
An Oral Olympiad Handbook
Steven Klee, Seattle University, 
WA, Kolya Malkin, Yale Univer-
sity, New Haven, CT, and Julia 
Pevtsova, University of Washing-
ton, Seattle, WA

Math Hour Olympiads is a 
non-standard method of train-
ing middle- and high-school stu-
dents interested in mathematics 
where students spend several 

hours thinking about a few difficult and unusual problems. 
When a student solves a problem, the solution is presented 
orally to a pair of friendly judges. Discussing the solutions 
with the judges creates a personal and engaging mathemat-
ical experience for the students and introduces them to the 
true nature of mathematical proof and problem solving.

This book recounts the authors’ experiences from the 
first ten years of running a Math Hour Olympiad at the 
University of Washington in Seattle. The major part of the 
book is devoted to problem sets and detailed solutions, 
complemented by a practical guide for anyone who would 
like to organize an oral olympiad for students in their 
community.

In the interest of fostering a greater awareness and ap-
preciation of mathematics and its connections to other 
disciplines and everyday life, MSRI and the AMS are pub-
lishing books in the Mathematical Circles Library series as 
a service to young people, their parents and teachers, and 
the mathematics profession.

Titles in this series are co-published with the Mathematical Sciences 
Research Institute (MSRI).

MSRI Mathematical Circles Library, Volume 27
December 2021, 243 pages, Softcover, ISBN: 978-1-4704-
6693-0, LC 2021022758, 2010 Mathematics Subject Classifi-
cation: 00A07, 00A08, 00A09, 97D50, 97U40, List US$45, 
AMS members US$36, MAA members US$40.50, Order 
code MCL/27

bookstore.ams.org/mcl-27

Lectures on 
Differential Topology
Riccardo Benedetti, University 
of Pisa, Italy

This book gives a comprehensive 
introduction to the theory of 
smooth manifolds, maps, and 
fundamental associated struc-
tures with an emphasis on “bare 
hands” approaches, combining 
differential-topological cut-and-
paste procedures and applica-

tions of transversality. In particular, the smooth cobordism 
cup-product is defined from scratch and used as the main 
tool in a variety of settings. After establishing the fun-
damentals, the book proceeds to a broad range of more 
advanced topics in differential topology, including degree 
theory, the Poincaré-Hopf index theorem, bordism-charac-
teristic numbers, and the Pontryagin-Thom construction. 
Cobordism intersection forms are used to classify compact 
surfaces; their quadratic enhancements are developed and 
applied to studying the homotopy groups of spheres, the 
bordism group of immersed surfaces in a 3-manifold, and 
congruences mod 16 for the signature of intersection forms 
of 4-manifolds. Other topics include the high-dimensional 
h-cobordism theorem stressing the role of the “Whitney 
trick,” a determination of the singleton bordism modules 
in low dimensions, and proofs of parallelizability of ori-
entable 3-manifolds and the Lickorish-Wallace theorem. 
Nash manifolds and Nash’s questions on the existence of 
real algebraic models are also discussed.

This book will be useful as a textbook for beginning 
masters and doctoral students interested in differential 
topology, who have finished a standard undergraduate 
mathematics curriculum. It emphasizes an active learning 
approach, and exercises are included within the text as 
part of the flow of ideas. Experienced readers may use this 
book as a source of alternative, constructive approaches to 
results commonly presented in more advanced contexts 
with specialized techniques.

Graduate Studies in Mathematics, Volume 218
December 2021, 425 pages, Hardcover, ISBN: 978-1-4704-
6271-0, LC 2021014113, 2010 Mathematics Subject Classi-
fication: 58A05, 55N22, 57R65, 57R42, 57K30, 57K40, 
55Q45, 58A07, List US$125, AMS members US$100, MAA 
members US$112.50, Order code GSM/218

bookstore.ams.org/gsm-218

GRADUATE STUDIES
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Lectures on 
Differential Topology

Riccardo Benedetti
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Classroom Resource Materials, Volume 66
January 2022, approximately 286 pages, Softcover, ISBN: 
978-1-4704-4927-8, LC 2021006205, 2010 Mathematics 
Subject Classification: 00–XX, 97–XX, List US$60, AMS 
Individual member US$45, AMS Institutional member 
US$48, MAA members US$45, Order code CLRM/66

bookstore.ams.org/clrm-66

New in Contemporary 
Mathematics
Algebra and 
Algebraic Geometry

Commutative Algebra
150 Years with 
Roger and Sylvia Wiegand
Nicholas R. Baeth, Franklin & 
Marshall College, Lancaster, PA, 
Thiago H. Freitas, Universidade 
Tecnológica Federal do Paraná, 
Brazil, Graham J. Leuschke, Syr-
acuse University, NY, and Victor 
H. Jorge Pérez, Universidade de 
São Paulo, São Carlos, Brazil, Ed-
itors

This volume contains the combined Proceedings of the 
Second International Meeting on Commutative Algebra 
and Related Areas (SIMCARA) held from July 22–26, 2019, 
at the Universidade de São Paulo, São Carlos, Brazil, and 
the AMS Special Session on Commutative Algebra, held 
from September 14–15, 2019, at the University of Madison, 
Madison, Wisconsin.

These two meetings celebrated the combined 150th 
birthday of Roger and Sylvia Wiegand. The Wiegands have 
been a fixture in the commutative algebra community, as 
well as the wider mathematical community, for over 40 
years.

Articles in this volume cover various areas of factoriza-
tion theory, homological algebra, ideal theory, represen-
tation theory, homological rigidity, maximal Cohen-Ma-
caulay modules, and the behavior of prime spectra under 
completion, as well as some topics in related fields. The 
volume itself bears evidence that the area of commutative 
algebra is a vibrant one and highlights the influence of the 
Wiegands on generations of researchers. It will be useful to 
researchers and graduate students.

Mathematics for Social 
Justice
Focusing on Quantitative 
Reasoning and Statistics
Gizem Karaali, Pomona College, 
Claremont, CA and Lily S. Khad-
javi, Loyola Marymount University, 
Los Angeles, CA, Editors

Mathematics for Social Justice: Fo-
cusing on Quantitative Reasoning 
and Statistics offers a collection 
of resources for mathematics 

faculty interested in incorporating questions of social jus-
tice into their classrooms. The book comprises seventeen 
classroom-tested modules featuring ready-to-use activities 
and investigations for college mathematics and statistics 
courses. The modules empower students to study issues 
of social justice and to see the power and limitations of 
mathematics in real-world contexts of deep concern. The 
primary focus is on classroom activities where students can 
ask their own questions, find and analyze real data, apply 
mathematical ideas themselves, and draw their own conclu-
sions. Module topics in the book focus on technical content 
that could support courses in quantitative reasoning or 
introductory statistics. Social themes include electoral is-
sues, environmental justice, equity/inequity, human rights, 
and racial justice, including topics such as gentrification, 
partisan gerrymandering, policing, and more.

The volume editors are leaders of the national move-
ment to include social justice material in mathematics 
teaching and jointly edited the earlier AMS-MAA volume, 
Mathematics for Social Justice: Resources for the College Class-
room. Gizem Karaali is Professor of Mathematics at Pomona 
College. She is a past chair of the Special Interest Group 
of the MAA on Quantitative Literacy (SIGMAA-QL). She 
is one of the founding editors of The Journal of Humanistic 
Mathematics, senior editor of Numeracy, and an associate 
editor for The Mathematical Intelligencer; she also serves 
on the editorial board of the MAA’s Classroom Resource 
Materials series. Lily Khadjavi is Professor and Chair of 
Mathematics at Loyola Marymount University and is a past 
co-chair of the Infinite Possibilities Conference. In 2020 she 
was appointed by the California State Attorney General to 
the Racial and Identity Profiling Act Board, which works 
with the California Department of Justice. She currently 
serves on the editorial board of the MAA’s Spectrum series 
and the Human Resources Advisory Committee for the 
Mathematical Sciences Research Institute in Berkeley.
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Strichartz Estimates for Wave Equations 
with Charge  Transfer Hamiltonians
Gong Chen, University of Chicago, IL

Memoirs of the American Mathematical Society, Volume 
273, Number 1339
November 2021, Softcover, ISBN: 978-1-4704-4974-2, List 
US$85, AMS members US$68, MAA members US$76.50, 
Order code MEMO/273/1339

bookstore.ams.org/memo-273-1339

Geometry and Topology

Naturality and Mapping Class Groups 
in Heegard Floer Homology
András Juhász, University of Oxford, United Kingdom, Dylan 
P. Thurston, Indiana University, Bloomington, IN, and Ian 
Zemke, Princeton University, NJ

Memoirs of the American Mathematical Society, Volume 
273, Number 1338
November 2021, Softcover, ISBN: 978-1-4704-4972-8, 2010 
Mathematics Subject Classification: 57M27, 57R58; 57R25, 
57R65, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/273/1338

bookstore.ams.org/memo-273-1338

Probability and Statistics

Ergodicity of Markov Processes 
via Nonstandard Analysis
Haosui Duanmu, University of Toronto, ON, Canada, Jeffrey 
S. Rosenthal, University of Toronto, ON, Canada, and Wil-
liam Weiss, University of Toronto, ON, Canada

Memoirs of the American Mathematical Society, Volume 
273, Number 1342
November 2021, Softcover, ISBN: 978-1-4704-5002-1, 2010 
Mathematics Subject Classification: 03H05, 28E05, 60J05, 
60J25, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/273/1342

bookstore.ams.org/memo-273-1342

Contemporary Mathematics, Volume 773
October 2021, approximately 230 pages, Softcover, ISBN: 
978-1-4704-5601-6, 2010 Mathematics Subject Classification: 
13D02, 13D07, 13H10, 13J10, 13C05, 13D05, 13D45, 
13B02, 13D40, List US$122, AMS members US$97.60, 
MAA members US$109.80, Order code CONM/773

bookstore.ams.org/conm-773

New in Memoirs 
of the AMS
Algebra and 
Algebraic Geometry

Intense Automorphisms of Finite Groups
Mima Stanojkovski, Max Planck Institute, Leipzig, Germany

Memoirs of the American Mathematical Society, Volume 
273, Number 1341
November 2021, Softcover, ISBN: 978-1-4704-5003-8, 2010 
Mathematics Subject Classification: 20D15, 20D45, 20F28; 
20E18, 20E36, List US$85, AMS members US$68, MAA 
members US$76.50, Order code MEMO/273/1341

bookstore.ams.org/memo-273-1341

Differential Equations

Regularity and Strict Positivity of Densities for 
the Nonlinear Stochastic Heat Equations
Le Chen, Emory University, Atlanta, GA, Yaozhong Hu, Uni-
versity of Alberta at Edmonton, Canada, and David Nualart, 
University of Kansas, Lawrence, KS

Memoirs of the American Mathematical Society, Volume 
273, Number 1340
November 2021, Softcover, ISBN: 978-1-4704-5000-7, 
2010 Mathematics Subject Classification: 60H15; 60G60, 
35R60, List US$85, AMS members US$68, MAA members 
US$76.50, Order code MEMO/273/1340

bookstore.ams.org/memo-273-1340

http://bookstore.ams.org/conm-773
http://bookstore.ams.org/memo-273-1341
http://bookstore.ams.org/memo-273-1340
http://bookstore.ams.org/memo-273-1342
http://bookstore.ams.org/memo-273-1338
http://bookstore.ams.org/memo-273-1339


NEW BOOKS

November 2021  Notices of the AmericAN mAthemAticAl society   1839

New AMS-Distributed 
Publications
Algebra and 
Algebraic Geometry

Derived 
Algebraic Geometry
David Ben-Zvi, University of 
Texas, Austin, TX , Damien 
Calaque, Université Montpellier, 
France, Julien Grivaux, Sorbonne 
Université, Paris, France, Étienne 
Mann, Université d’Angers, France, 
David Nadler, University of Cali-
fornia, Berkeley, CA, Tony Pantev, 
University of Pennsylvania, Phila-
delphia, PA, Marco Robalo, Sor-
bonne Université, Paris, France, 

Pavel Safronov, University of Edinburgh, United Kingdom, 
and Gabriele Vezzosi, Università degli Studi di Firenze, Italy

The authors give a quick introduction to derived alge-
braic geometry (DAG) sampling basic constructions and 
techniques. They discuss affine derived schemes, derived 
algebraic stacks, and the Artin-Lurie representability the-
orem. Through the example of deformations of smooth 
and proper schemes, they explain how DAG sheds light 
on classical deformation theory. In the last two sections, 
the authors introduce differential forms on derived stacks, 
and then specialize to shifted symplectic forms, giving the 
main existence theorems proved in PTVV.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Panoramas et Synthèses, Number 55
July 2021, 268 pages, Softcover, ISBN: 978-2-85629-938-8, 
2010 Mathematics Subject Classification: 14D23, 14F05, List 
US$68, AMS members US$54.40, Order code PASY/55

bookstore.ams.org/pasy-55

Read about the mathematical research,
inspiring stories, and advice of these

AMS members and more women researchers 
and role models at

www.ams.org/
women-18
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Topology and 
its applications 
in other areas 
of mathematics 

Fern Y. Hunt
Discrete 
approximation 
of dynamical 
systems and 
applications of 
Markov chains

Éva Tardos
Algorithms and 
algorithmic 
game theory

Amie
Wilkinson
Dynamical 
systems

Emily Riehl
Category theo-
ry, particularly 
as related to
homotopy 
theory

Melody
Chan

Tropical
geometry, 

combinatorial 
algebraic 

geometry and 
combinatorics

Tara S.
Holm

Symplectic 
geometry and 

its applications 
in other areas of 

mathematics

Gigliola
Staffi lan

Partial
differential
equations 

that model 
nonlinear wave 

phenomena

Chelsea
Walton

Noncommutative
algebra and 

noncommutative 
algebraic geometry

Andrea 
Nahmod

Nonlinear
Fourier and 

harmonic analy-
sis and partial 

differential 
equations
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Meetings & Conferences of the AMS
November Table of Contents

Meetings in this Issue
  2021  

October 23–24 Fall Western Virtual p. 1842
November 20–21 Fall Southeastern Virtual p. 1843

  2022  
January 5–8 Seattle (JMM 2022) p. 1845
March 11–13 Charlottesville, Virginia p. 1852
March 19–20 Medford, Massachusetts p. 1854
March 26–27 West Lafayette, Indiana p. 1855
May 14–15 Denver, Colorado p. 1857
July 18–22 Grenoble, France 
 (AMS-SMF-EMS) p. 1857
September 17–18 El Paso, Texas p. 1859
October 1–2 Amherst, Massachusetts p. 1859
October 15–16 Chattanooga, Tennessee p. 1860
October 22–23 Salt Lake City, Utah p. 1861

  2023  
January 4–7 Boston (JMM 2023) p. 1862
March 18–19 Atlanta, Georgia p. 1862
April 1–2 Spring Eastern Virtual p. 1862
May 6–7 Fresno, California p. 1863
September 9–10 Buffalo, New York p. 1864
October 21–22 Albuquerque, NM p. 1864

  2024  
January 3–6 San Francisco, California 
 (JMM 2024) p. 1864
May 4–5 San Francisco, California p. 1864
October 12–13 Riverside, California p. 1864

The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

http://www.ams.org/cgi-bin/abstracts/abstract.pl.
http://www.ams.org/cgi-bin/abstracts/abstract.pl.
https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy


Meetings & Conferences 
of the AMS

MEETINGS & CONFERENCES

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.
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Fall Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)

October 23–24, 2021
Saturday – Sunday

Meeting #1172
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: September 2, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Functional Analysis and Operator Theory, Michel L. Lapidus, University of California, Riverside, Marat V. 
Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Arithmetic Geometry, Taylor Dupuy, University of Vermont, and Alexandru Buium, University of New Mexico.
Commutative Ring Theory, Louiza Fouli, New Mexico State University, and Janet Vassilev, University of New Mexico.
Complex Analysis and Potential Theory, Alex Solynin, Stamatis Pouliasis, Iason Efraimidis, and Brock Williams, Texas 

Tech University.
Dissipative Systems and Their Applications, Mingji Zhang and Bixiang Wang, New Mexico Institute of Mining and Tech-

nology.
Elliptic and Parabolic Equations on Topics Arising from Models in Materials Science, Guanying Peng, Worcester Polytechnic 

Institute, and Xiang Xu, Old Dominion University.

https://www.ams.org/amsmtgs/sectional.html
https://www.ams.org/amsmtgs/sectional.html
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Equivariant and Motivic Homotopy Theory, Christy Hazel and Michael Hill, UCLA.
Extremal Polynomials, Maxim Zinchenko, University of New Mexico.
Fractal Geometry and Dynamical Systems, Sangita Jha, National Institute of Technology Rourkela, India, Mrinal Kanti 

Roychowdhury, University of Texas Rio Grande Valley, and Saurabh Verma, Indian Institute of Technology Mandi, India.
Geometry and Geometric Analysis, Charles Boyer, Hongnian Huang, and Junqing Qian, University of New Mexico.
Harmonic Analysis, David Beltran, University of Wisconsin-Madison, and José Madrid, University of California, Los 

Angeles.
Harmonic Analysis and Applications, Irina Holmes, Texas A & M, and Maria Cristina Pereyra, University of New Mexico.
Harmonic Analysis: Geometry, Frames and Sampling, Stephen Casey, American University, Jens Christensen, Colgate 

University, and Joseph Lakey, New Mexico State University.
Hyperplane Arrangements in Connection with Commutative Algebra, Kuei-Nuan Lin, Penn State University, and Federico 

Galetto, Cleveland State University.
Inverse Problems: In Memory of Professor Zbigniew Oziewicz, Hanna Makaruk, Los Alamos National Laboratory, and 

Robert Owczarek, University of New Mexico.
Mathematics and Modeling of Phylogenetic Networks, James Degnan and Gleb Zhelezov, University of New Mexico.
Recent Advances in Inverse Problems for PDEs, Dinh-Liem Nguyen, Kansas State University, Loc Nguyen, University of 

North Carolina at Charlotte, and Thi-Phong Nguyen, Purdue University.
Recent Advances in Studies of Electrodiffusion Phenomena, Weishi Liu, University of Kansas, Hamid Mofidi, University of 

Iowa, and Mingji Zhang, New Mexico Institute of Mining and Technology.
Recent Development on Statistical Modeling and Designs, Guoyi Zhang, University of New Mexico.
Research in Mathematics by Graduate Students, Marat V. Markin and Khang Tran, California State University, Fresno.
Tensor Categories and Applications, Cain Edie-Michell, Vanderbilt University, and Julia Plavnik and Sean Sanford, 

Indiana University.
Theoretical and Applied perspectives in Machine Learning, Jehanzeb Hameed Chaudhary, University of New Mexico, Adam 

Thomas Rupe, Los Alamos National Laboratory, Simon Tavener, Colorado State University, Dimiter Vassilev, University 
of New Mexico, and Velimir Vesselinov, Los Alamos National Laboratory.

Turbulence, Singularities, and Nonlinear Waves in Fluid Dynamics, Optics, and Plasmas, Alexander Korotkevich and Pavel 
Lushnikov, University of New Mexico, Albuquerque.

Fall Southeastern Virtual Sectional Meeting
Now meeting virtually, CST (hosted by the American Mathematical Society)

November 20–21, 2021
Saturday – Sunday

Meeting #1173
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: September 30, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sara Del Valle, Los Alamos National Laboratory, The Role of Epidemic Modeling in the Fight Against COVID-19.
Scott McKinley, Tulane University, Anomalous Diffusion in Biological Fluids.
Svetlana Roudenko, Florida International University, Solitary waves in fractional KdV-type equations.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebra, Combinatorics, and Topology in Biological Structures, Elena Dimitrova, California Polytechnic State University, 
and Svetlana Poznanovik, Clemson University.
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Algebraic Combinatorics in the Southeast, Zachary Hanmaker, University of Florida, and Thomas McConville and Andrew 
Wilson, Kennesaw State University.

Calculus of Variation, Nonlinear Waves and their Numerical Realizations, Xinyang Lu, Lakehead University, Svetlana 
Roudenko, Florida International University, Chong Wang, Washington and Lee University, and Kai Yang, Florida Inter-
national University.

Cohomology, Representation Theory, and Lie Theory, Christopher Bendel, University of Wisconsin-Stout, Christopher 
Drupieski, DePaul University, Lauren Grimley, Spring Hill College, Paul Sobaje, Georgia Southern University, and Sean 
Taylor, Spring Hill College.

Combinatorial and Geometric Representation Theory, Mahir Bilen Can, Tulane University, and Joerg Feldvoss, University 
of South Alabama.

Current Trends in Combinatorial and Homological Commutative Algebra, Michael DiPasquale and Selvi Kara, University 
of South Alabama.

Discrete Geometry and Geometric Optimization: CANCELED, Andras Bezdek, Auburn University, and Woden Kusner, 
University of Georgia.

Enumerative Combinatorics: CANCELED, Miklós Bóna and Vince Vatter, University of Florida.
Experimental Mathematics in Number Theory and Combinatorics, Luis Medina, University of Puerto Rico, Eric Rowland, 

Hofstra University, and Armin Straub, University of South Alabama.
General and Set-Theoretic Topology, Steven Clontz, University of South Alabama, and Ziqin Feng, Auburn University.
Geometric and Algebraic Aspects of Quantum Groups and Related Topics, Mee Seong Im, United States Naval Academy, 

Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.
Harmonic Analysis and Spectral Theory, Simon Bortz, The University of Alabama, and Selim Sukhtaiev, Auburn University.
Low Dimensional Symplectic and Contact Topology, Their Invariants and Interactions, Samuel Lisi, University of Mississippi, 

Bulent Tosun, University of Alabama, and Angela Wu, University College of London and Louisiana State University.
Mathematical Studies of Biological and Ecological Systems, Xiaoying Han and Jiaqi Cheng, Auburn University.
Models and Inference for Intracellular Transport, Keisha Cook, Clemson University, and Scott McKinley, Tulane University.
Recent Advances in Low-dimensional Topology, Christine Ruey Shan Lee and Scott Carter, University of South Alabama.
Recent Progress in Numerical Methods for PDEs: CANCELED, Muhammad Mohebujjaman, Texas A&M International 

University, and Leo Rebholz, Clemson University.
Research in Mathematics by Undergraduates, Lauren Grimley, Spring Hill College, Frank Patane, Samford University, 

and Kenneth Roblee, Troy University.
Spatial Graphs, Thomas Mattman, California State University, Chico, Ramin Naimi, Occidental College, Ryo Nikkuni, 

Tokyo Woman’s Christian University, and Andrei Pavelescu and Elena Pavelescu, University of South Alabama.
Stochastic Analysis and Applications, Le Chen, Auburn University, Ngartelbaye Guerngar, University of North Alabama, 

and Erkan Nane, Auburn University.
The Role of Mathematics in Computer Vision, Thomas Y. Chen, Academy for Mathematics, Science, and Engineering.
Topological Data Analysis and its Applications in Biological Systems, Veronica Ciocanel, Duke University, and Scott McKin-

ley, Tulane University.
Topological Dynamics and Its Applications, Lori Alvin, Furman University, and Joanna Furno, University of South Alabama.
Topological Methods in Discrete Mathematics, Abdul Basit and Shira Zerbib, Iowa State University.
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Seattle, Washington (JMM 2022)
Washington State Convention Center and the Sheraton Grand Seattle Hotel

January 5–8, 2022
Wednesday – Saturday

Meeting #1174
This meeting includes the annual meetings of the AMS, As-
sociation for Women in Mathematics (AWM), and National 
Association of Mathematicians (NAM), winter meeting of 
Association for Symbolic Logic (ASL), and sessions/events 
by them and Society for Industrial and Applied Mathematics 
(SIAM), American Statistical Association (ASA), Consortium 
for Mathematics and its Applications (COMAP), International 
Linear Algebra Society (ILAS), Julia Robinson Mathematics 

Festival (JRMF), Mathematical Sciences Research Institute 
(MSRI), Spectra, and Transforming Post-Secondary Education 
in Mathematics (TPSE).
Associate Secretary for the AMS: Georgia Benkart, Univer-
sity of Wisconsin-Madison
Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/national.html.

Joint Invited Addresses
Marianna Csoőnyei, University of Chicago, The Kakeya Needle Problem for Rectifiable Sets (AWM-AMS Noether Lecture).
Dave Kung, Charles A. Dana Center, The University of Texas at Austin, Why the Math Community Struggles with Equity 

& Diversity - and Why There’s Reason for Hope (MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Lecture).
Kavita Ramanan, Brown University, Title to be announced (AAAS-AMS Invited Address).
Lauren K Williams, Harvard University, Title to be announced (MAA-AMS-SIAM Gerald and Judith Porter Public Lecture).

AMS Invited Addresses
Anna Gilbert, Yale University, Title to be announced (von Neumann Lecture).
Tyler J. Jarvis, Brigham Young University, Title to be announced (AMS Lecture on Education).
Daniel Reuben Krashen, Rutgers University, Title to be announced.
Dan Margalit, Georgia Institute of Technology, Mixing surfaces, algebra, and geometry (AMS Maryam Mirzakhani Lecture).
Gaston Mandata N’Guerekata, Morgan State University, An invitation to periodicity.
Hee Oh, Yale University, Euclidean lines on hyperbolic manifolds (AMS Erdős Memorial Lecture).
Jill Pipher, Brown University, Title to be announced (AMS Retiring Presidential Address).
Karen Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture I).
Karen Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture II).
Karen Smith, University of Michigan, Title to be announced (AMS Colloquium Lectures: Lecture III).
Eitan Tadmor, University of Maryland, Emergent behavior in collective dynamics (AMS Josiah Willard Gibbs Lecture).

Invited Addresses of Other JMM Partners
Jeremy Avigad, Carnegie Mellon University, The Promise of Formal Mathematics (ASL Invited Address).
Omer Ben-Neria, Einstein Institute of Mathematics, Jerusalem, Diamonds compactness and ultrafilters in set theory (ASL 

Invited Address).
Robert Q. Berry, III, University of Virginia, Interest Convergence: An analytical viewpoint for examining how power dictates 

policies and reforms in mathematics (NAM Cox-Talbot Address).
Peter Cholak, University of Notre Dame, Ramsey like Theorems on the Rationals (ASL Invited Address).
Pauline van den Driessche, University of Victoria, B.C., Canada, Sign Patterns Meet Dynamical Systems (ILAS Invited 

Address).
Qiang Du, Columbia University, Analysis and Applications of Nonlocal Models (SIAM Invited Address).
Monica Jackson, American University, Spatial data analysis for public health data (NAM Claytor-Woodard Lecture).
Franziska Jahnke, University of Münster, Decidability and definability in unramified henselian valued fields (ASL Invited 

Address).
Autumn Kent, University of Wisconsin-Madison, Title to be announced (Spectra Lavender Lecture).
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Xihong Lin, Harvard University, Broad Institute of MIT and Harvard, Learning from COVID-19 Data on Transmission, 
Health Outcomes, Interventions and Vaccination (ASA Committee of Presidents of Statistical Societies Lecture).

Sandra Müller, Technical University of Vienna, Lower Bounds in Set Theory (ASL Invited Address).
Lynn Scow, California State San Bernardino, Semi-retractions and the Ramsey Property (ASL Invited Address).
Erik Walsberg, University of California Irvine, Model theory of large fields (ASL Invited Address).

Invited Addresses of Other Organizations
Karl-Dieter Crisman, Gordon College, Title to be announced (ACMS Guest Speaker).
Nicolas Fillion, Simon Fraser University, Trust but Verify: What Can We Know About the Reliability of a Computer-Generated 

Result? (SIGMAA on the Philosophy of Mathematics (POM SIGMAA) Guest Lecture).
Edray Herber Goins, Pomona College, Addressing Anti-Black Racism in Our Departments (Project NExT Lecture on 

Teaching and Learning).
Heather Price, North Seattle College, Climate Justice Integrated Learning in STEM (SIGMAA Environmental Mathematics 

Guest Speaker).
Adrian Rice, Randolph-Macon College, Beyond the Strength of a Woman’s Physical Power: Mathematics, Machines, and the 

Mind of Ada Lovelace (SIGMAA on the History of Mathematics (HOM SIGMAA) Guest Speaker).

AMS Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.

Some sessions are cosponsored with other organizations. These are noted within the parenthesis at the end of 
each listing, where applicable.

Abraham Robinson’s Nonstandard Methods in Mathematics and Its Applications, Matt Insall, Missouri University of Science 
and Technology, Peter Loeb, University of Illinois at Urbana-Champaign, and Malgorzata Marciniak, City University 
of New York.

Advances in Coding Theory, Katie Haymaker, Villanova University, Hiram Lopez, Cleveland State University, and Beth 
Malmskog, Colorado College.

Advances in Operator Algebras, Rolando de Santiago, Purdue University, Adam Fuller, Ohio University, Lara Ismert, 
Embry-Riddle Aeronautical University, and Pieter Spaas, University of California, Los Angeles.

Advancing Data Privacy-Preserving Methodologies, Claire Bowen, Urban Institute.
Algebraic and Bijective Methods in Permutation Enumeration, Sergi Elizalde, Dartmouth College, Bridget Tenner, DePaul 

University, and Justin Troyka and Yan Zhuang, Davidson College.
A Match Made in the Stacks: Mathematician and Librarian Collaborations, Anya Bartekmann, Princeton University, and 

Samuel Hansen, University of Michigan.
AMS Special Session on Geometric Group Theory, I (Associated with AMS Maryam Mirzakhani Invited Address), Carolyn 

Abbott, Brandeis University, Mladen Bestvina, University of Utah, and Dan Margalit, Georgia Tech University.
Analysis and Applications of Fractional Stochastic and Dynamic Systems, John Graef, University of Tennessee at Chattanooga, 

Gangaram Ladde, University of South Florida, and Aghalaya Vatsala, University of Louisiana at Lafayette.
Analysis and Differential Equations at Undergraduate Institutions, John Ross, Southwestern University, Mihai Stoiciu, 

Williams College, and Scott Zimmerman, The Ohio State University at Marion.
Analysis in Metric Spaces (a Mathematics Research Communities Session), Chris Gartland, Texas A & M University, Silvia 

Ghinassi, University of Washington, Ilmari Kangasniemi, Syracuse University, and Ryan Alvarado, Amherst College.
Analysis of and Recent Advances in Difference, Differential and Dynamic Equations with Applications, Raegan Higgins and 

Ozkan Ozturk, Texas Tech University.
Applications of Mathematical Models and Dynamical Systems in Biology, Yang Li, University of Cincinnati, Hongying Shu, 

Shaanxi Normal University, and Xiang-Sheng Wang, University of Louisiana at Lafayette.
Applied Combinatorial Methods, Sinan Aksoy, Pacific Northwest National Laboratory, Bill Kay, Oak Ridge National 

Laboratory, and Stephen Young, Pacific Northwest National Laboratory.
A Showcase of Number Theory at Undergraduate Institutions, Ricardo Conceicao, Gettysburg College, Lindsay Dever, Bryn 

Mawr College, and Eva Goedhart, Williams College.
Asymptotic Behavior of Evolution Equations, Jin Liang, Shanghai Jiao Tong University, Nguyen Minh, University of Ar-

kansas Little Rock, Gaston N’Guerekata, Morgan State University, and Ti-Jun Xiao, Fudan University.
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Bifurcations of Difference Equations and Discrete-time Competitive and Cooperative Population Models, Arzu Bilgin, Recep 
Tayyip Erdogan University, and Toufik Khyat, Texas Tech University.

Collaborative Undergraduate Research: Experiences with CURM, Kathryn Leonard, Occidental College.
Combinatorial Applications of Computational Geometry and Algebraic Topology (a Mathematics Research Communities Session), 

Stephen Gillen, University of Pennsylvania, and Sam Simon, Simon Fraser University.
Combinatorial Approaches to Topological Structures and Applications, Emilie Purvine and Cliff Joslyn, Pacific Northwest 

National Laboratory.
Commutative Algebra, Eloisa Grifo, University of Nebraska-Lincoln, Keri Sather-Wagstaff, Clemson University, and 

Janet Vassilev, University of New Mexico.
Competing Foundations for Mathematics: How Do We Choose? (Sponsored by POMSIGMAA), Bonnie Gold, Monmouth 

University.
Complex Adaptive Systems and Evolutionary Models in Biology and Psychology, Jun Chen, Yun Kang, M. Gabriela Navas-Zu-

loaga, and Lucero Rodriguez, Arizona State University.
Current Advances in Computational Biomedicine, Heiko Enderling, H. Lee Moffitt Cancer Center & Research Institute, 

Niels Halama, German Cancer Research Center, Viviana Risca, Rockefeller University, and Nek Valous, National Center 
for Tumor Diseases.

Distance Problems in Continuous Discrete and Finite Field Settings, Abdul Basit, Iowa State University, Steven Miller, 
Williams College, Eyvindur Palsson and Sean Sovine, Virginia Tech, and Charles Wolf, University of Rochester.

Dynamics of Infectious Diseases: Ecological Models Across Multiple Scales (a Mathematics Research Communities Session), 
George Lytle, University of Montevallo, and Zhuolin Qu, University of Texas, San Antonio.

Early Career Number Theory Research with Combinatorics, Modular Forms, and Basic Hypergeometric Series, Christopher 
Jennings-Shaffer, University of Denver, and Ali Uncu, University of Bath.

Engaging Students Through Modeling Hands-on Projects and Innovative Exploratory Approaches, Rachel Grotheer, Wofford 
College, Joel Kitty, Centre College, Alison Marr, Southwestern University, Alex McAllister, Centre College, and Stephen 
Walk, St. Cloud State University.

Evolution Equations and Their Asymptotic Behavior, Gisele Mophou, Universite des Antilles en Guadeloupe, Gaston 
N’Guerekata, Morgan State University, and Mahamadi Warma, George Mason University.

Explicit Methods for Modularity, I (Sponsored by Simons Collaboration on Arithmetic Geometry Number Theory and Computa-
tion), Eran Assaf, Dartmouth, Edgar Costa, Massachusetts Institute of Technology, Brendan Hassett, Brown University, 
and David Roe, Massachusetts Institute of Technology.

Finding Needles in Haystacks: Approaches to Inverse Problems Using Combinatorics and Linear Algebra (a Mathematics Research 
Communities Session), Shahla Nasserasr, Rochester Institute of Technology, Emily Olson, Millikin University, and Sam 
Spiro, University of California San Diego.

Fusion Categories and Their Applications in Physics, Colleen Delaney, Indiana University, and Corey Jones, North Car-
olina State University.

Geometric and Topological Combinatorics, Anton Dochtermann, Texas State University, Bennet Goeckner and Gaku Liu, 
University of Washington, and Steven Klee, Seattle University.

Geometric Measure Theory, Theodora Bourni and Vyron Vellis, University of Tennessee, Knoxville.
Geometry in the Mathematics of Data Science, Tim Doster, Tegan Emerson, and Henry Kvinge, Pacific Northwest Na-

tional Laboratory.
Heat Content Exit Time and Geometric Analysis, Patrick McDonald, New College of Florida, and Jeffrey Langford, 

Bucknell University.
History of Mathematics, Sloan Despeaux, Western Carolina University, Deborah Kent, University of St. Andrews, Jemma 

Lorenat, Pitzer College, and Daniel Otero, Xavier University.
Hopf Algebras and Tensor Categories, Siu-Hung Ng, Louisiana State University, Julia Plavnik, Indiana University, and 

Henry Tucker, University of California, Riverside.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical 

Sciences, David Goldberg, Purdue University, and Phil Kutzko, University of Iowa.
Innovative and Elective Ways to Teach Linear Algebra, Sepideh Stewart, University of Oklahoma, Gil Strang, Massachusetts 

Institute of Technology, David Strong, Pepperdine University, and Megan Wawro, Virginia Tech.
Inquiry-based Teaching and Learning, Volker Ecke, Westfield State University, Parker Glynn-Adey, University of Toronto 

at Scarborough, Mel Henriksen, Wentworth Institute of Technology, Nathaniel Miller, University of Northern Colorado, 
Lee Roberson, University of Colorado-Boulder, Christine von Renesse, Westfield State University, Mami Wentworth, 
Wentworth Institute of Technology, and Nina White, University of Michigan.



MEETINGS & CONFERENCES

1848    Notices of the AmericAN mAthemAticAl society Volume 68, Number 10

Intersections of Geometric Analysis and Mathematical Physics, Xianzhe Dai and A’kos Nagy, University of California, Santa 
Barbara.

Knots, Links, 3-manifolds,... and 4-manifolds, Christopher Davis, University of Wisconsin, Shelly Harvey, Rice University, 
and Carolyn Otto, University of Wisconsin Eau Claire.

Knot Theory in Dimension Four, Jeffrey Meier, Western Washington University, Maggie Miller, Stanford University, and 
Patrick Naylor, Princeton University.

Latinxs in Combinatorics, Laura Escobar, Washington University in St. Louis, Pamela E. Harris, Williams College, and 
Andres R. Vindas Melendez, MSRI & UC Berkeley.

Little School Dynamics: Cool Research at Primarily Undergraduate Institutions, Kimberly Ayers, Carroll College, Han Li, 
Wesleyan University, David McClendon, Ferris State University, Andy Parrish, Eastern Illinois University, and Ami Ra-
dunskaya, Pomona College.

Low-dimensional Manifolds, Catherine Pfaff, Queen’s University, Rachel Roberts, Washington University in St Louis, 
and Jennifer Schultens, University of California, Davis.

Mathematical and Conceptual Foundations of Physics, David Weisbart, University of California Riverside, and Adam 
Yassine, Bowdoin College.

Mathematical Modeling of Biological Processes, Dawit Denu, Georgia Southern University, Sedar Ngoma, SUNY Geneseo, 
and Rachidi Salako, The Ohio State University.

Mathematical Modeling of Population Dynamics Across Scales: From Immuno-epidemiology to Multilevel Selection, Daniel 
Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.

Mathematical Models for Biomolecular and Cellular Interactions, Daniel Cruz, Georgia Institute of Technology, and Mar-
gherita Ferrari, University of South Florida.

Mathematical Models of Diseases: Analysis and Computation, Xuming Xie and Najat Ziyadi, Morgan State University.
Mathematical Tools for Computer Vision Problems, Anna Grim, Brown University, Patricia Medina, Yeshiva College, and 

Marilyn Vazquez, Ohio State University.
Mathematics and New Media, Mohamed Omar, Harvey Mudd College, and Michael Penn, Randolph College.
Mathematics and Sports, Russell Goodman, Central College, and Hope McIlwain, Mercer University.
Mathematics and the Arts, Karl Kattchee, University of Wisconsin-La Crosse, Doug Norton, Villanova University, and 

Anil Venkatesh, Adelphi University.
Mathematics of Algorithms in Industry, Tyler Jarvis, Brigham Young University, and Jeffrey Humphreys, University of Utah.
Mathematics Through the Informational Lens, Chid Apte, Rachel Bellamy, Charles Bennett, Kenneth Clarkson, John 

Cohn, Payel Das, Lior Horesh, Jon Lenchner, JR Rao, John Smolin, Mark Squillante, Yuhai Tu, and Chai Wu, IBM 
Research.

Modular Forms and Combinatorics, Madeline Dawsey, University of Texas at Tyler, Larry Rolen, Vanderbilt University, 
Robert Schneider, University of Georgia, and Ian Wagner, Vanderbilt University.

New Problems in Several Complex Variables (a Mathematics Research Communities Session), Sean Curry, Oklahoma State 
University, Zhenghui Huo, University of Toledo, Valentin Kunz, University of Manchester, and Palencia Infante, North-
ern Illinois University.

Noncommutative Algebra and Noncommutative Invariant Theory, Ellen Kirkman, Wake Forest University, and Robert Won 
and James Zhang, University of Washington.

Nonlinear Evolution Equations Stability and Long Time Behavior of Solutions, Ezzinbi Khalil, and Gaston N’Guerekata, 
Morgan State University.

Number Theory at Non-PhD Granting Institutions, Harris Daniels, Amherst College, Alia Hamieh, University of Northern 
British Columbia, Steven Miller, Williams College, Naomi Tanabe, Bowdoin College, and Enrique Trevino, Lake Forest 
College.

Numerical Methods and Deep Learning for PDEs, Wei Guo and Chunmei Wang, Texas Tech University.
Partial Differential Equations and Complex Variables, Hyunkyoung Kwon, University at Albany, and Bingyuan Liu, The 

University of Texas Rio Grande Valley.
Partition Theory and Related Topics, Dennis Eichhorn, University of California, Irvine, William Keith, Michigan Tech-

nological University, and Brandt Kronholm, University of Texas, Rio Grande Valley.
Perfectoid Spaces, Shanna Dobson, California State University, Los Angeles.
Polymath Jr: Mentoring and Learning, Kira Adaricheva, Hofstra University, Zhanar Berikkyzy, Fairfeld University, Johanna 

Franklin, Hofstra University, Seoyoung Kim, Queens University, Steven Miller, Williams College, Adam Sheffer, Baruch 
College, and Yunus Zeytuncu, University of Michigan-Dearborn.
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Presenting Research Mathematics Through Visual Storytelling: Slides Without Words and Equations, Henry Adams, Justin 
O’Connor, Kyle Salois, Brittany Story, and Ciera Street, Colorado State University.

Quadratic Forms, Theta Functions and Modularity, Allison Arnold-Roksandich, United States Department of Defense, 
Gene Kopp, Purdue University, and Kate Thompson, United States Naval Academy.

Quantitative Literacy and Society, Mark Branson, Stevenson University, Catherine Crockett, Point Loma Nazarene 
University, Gizem Karaali, Pomona College, Kathryn Knowles, Texas A&M-San Antonio, and Samuel Tunstall, Trinity 
University, San Antonio TX.

Quantization for Probability Distributions and Dynamical Systems, Sangita Jha, National Institute of Technology, Mrinal 
Roychowdhury, University of Texas Rio Grande Valley, and Saurabh Verma, Indian Institute of Information Technology.

Quantum Categorical Structures in Mirror Symmetry, Nathaniel Bottman, Max Planck Institute for Mathematics, Sheel 
Ganatra, University of Southern California, Alexei Oblomkov, University of Massachusetts, Amherst, and Abigail Ward, 
Massachusetts Institute of Technology.

Quaternions, Terrence Blackman, Medgar Evers College - City University of New York, and Johannes Familton and 
Chris McCarthy, Borough of Manhattan Community College - City University of New York.

Random Matrix Theory and its Applications, Kyle Luh and Sean O’Rourke, University of Colorado Boulder, and Tom 
Trogdon, University of Washington.

Random Polynomials and Related Models, Sean O’Rourke, University of Colorado Boulder, and Noah Williams, Appa-
lachian State University.

Reaction Diffusion Models with Applications in Spatial Ecology, Jerome Goddard III, Auburn University Montgomery, and 
Ratnasingham Shivaji, University of North Carolina Greensboro.

Real World Applications of Mathematics, Vinodh Chellamuthu, Dixie State University, and Darren Narayan, Rochester 
Institute of Technology.

Recent Advances in Fluids and Related Models, Theodore Drivas, Stony Brook, Hussain Ibdah, Texas A&M, and Huy 
Nguyen, University of Maryland.

Recent Advances in Mathematical Biology Ecology and Epidemiology, Lale Asik, University of the Incarnate Word, and 
Ummugul Bulut, Texas A&M University San Antonio.

Recent Advances in Packing, Joseph Iverson, Iowa State University, John Jasper, South Dakota State University, and 
Dustin Mixon, The Ohio State University.

Recent Developments in Nonlocal Modeling and Analysis, James Scott, University of Pittsburgh, Tadele Mengesha, Uni-
versity of Tennessee, and Xiaochuan Tian, University of California, San Diego.

Recent Progress in Function Theory and Operator Theory, Alberto Condori, Florida Gulf Coast University, Elodie Pozzi, 
St Louis University, William Ross, University of Richmond, and Alan Sola, Stockholm University.

Research in Mathematics by Undergraduates and Students in Post-baccalaureate Programs, Darren Narayan, Rochester In-
stitute of Technology (AMS-SIAM).

Rethinking Number Theory, Heidi Goodson, Brooklyn College City University of New York, Allechar Serrano Lopez, 
Harvard University, Christelle Vincent, University of Vermont, and McKenzie West, University of Wisconsin-Eau Claire.

Scalar Curvature and Convergence, Brian Allen, University of Hartford, Lan-Hsuan Huang, University of Connecticut, 
and Raquel Perales, Universidad Nacional Autonoma de Mexico.

Scholarship of Teaching and Learning: Past, Present and Future, Thomas Banchoff, Brown University, Curtis Bennett, 
California State University, Long Beach, Jacqueline Dewar, Loyola Marymount University, Brian Katz, California State 
University, Long Beach, Lew Ludwig, Denison University, and Larissa Schroeder, University of Nebraska, Omaha.

Several Complex Variables Geometric PDE and CR Geometry, Anne-Katrin Gallagher, Gallagher Tool & Instrument, Red-
mond, WA, and Bernhard Lamel and Nordine Mir, Texas A&M University at Qatar.

Skein Theory and Quantum Algebra, Rhea Bakshi, The George Washington University, Wade Bloomquist, Georgia In-
stitute of Technology, and Vijay Higgins, University of California Santa Barbara.

Statistics and Machine Learning Using Topology and Geometry, Austin Lawson and Vasileios Maroulas, University of Ten-
nessee Knoxville, Farzana Nasrin, University of Hawaii at Manoa, and Christopher Oballe, University of Notre Dame.

Stochastic Models in Studying Biological Systems, Shusen Pu, Vanderbilt University, and Alexander Strang, University of 
Chicago.

Structured Polynomial Systems In Mathematics and Its Applications, Taylor Brysiewicz, Max Planck Institute for Mathematics 
in the Sciences, and Frank Sottile, Texas A&M University.

The EDGE (Enhancing Diversity in Graduate Education) Program: Pure and Applied Talks by Women Math Warriors, Ziva 
Myer, Duke University, Laurel Ohm, Courant Institute, New York University, and Shanise Walker, University of Wiscon-
sin-Eau Claire.
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The Many Lives of Lattice Theory with an Emphasis on Distributive & Semi-distributive Lattices and Combinatorics, Zeinab 
Bandpey and Jonathan Farley, Morgan State University.

The Mathematics of Decisions, Elections and Games, Michael Jones, American Mathematical Society - Mathematical Re-
views, David McCune, William Jewell College, and Jennifer Wilson, Eugene Lang College The New School.

The Mathematics of RNA and DNA, Johannes Familton and Chris McCarthy, Borough of Manhattan Community 
College City University of New York.

The Teaching and Learning of Undergraduate Ordinary Differential Equations, Chris Goodrich, The University of New 
South Wales, Viktoria Savatorova, Central Connecticut State University, Itai Seggev, Wolfram Research, and Beverly 
West, Cornell University.

Topics and Generalizations in Geometric Group Theory, John Bergschneider, Bikash Das, and Opal Graham, University 
of North Georgia.

Topics in Extremal Combinatorics, Cory Palmer, University of Montana, and Amites Sarkar, Western Washington Uni-
versity.

Transient Probabilities of Random Processes, Duality Theory and Gambler’s Ruin Probabilities, Alan Krinik and Randall Swift, 
Cal Poly Pomona.

Undergraduate Research Activities in Mathematical and Computational Biology, Timothy Comar, Benedictine University, 
and Hannah Highlander, University of Portland.

Weave Reality into Your Differential Equations Course with Modeling, Vinodh Chellamuthu, Dixie State University, Rikki 
Wagstrom, Metropolitan State University, Tracy Weyand, Rose-Hulman Institute of Technology, and Brian Winkel, SI-
MIODE.

AAAS Special Sessions
Stochastic Processes on Networks, Oanh Nguyen, University of Illinois at Urbana-Champaign, and Kavita Ramanan, 

Brown University.

ASA Special Sessions
Statistical issues of COVID-19 Data, Xihong Lin, Harvard University and Broad Institute of MIT.

ASL Special Sessions
Model-theoretic Classification Program, Artem Chernikov and Nicholas Ramsey, University of California, Los Angeles.

AWM Special Sessions
Celebrating the Mathematical Contributions of the AWM, Donatella Danielli, Arizona State University, Kathryn Leonard, 

Occidental College, Michelle Manes, University of Hawaii at Manoa, and Ami Radunskaya, Pomona College.
Mathematics in the Literary Arts and Pedagogy in Creative Settings, Shanna Dobson, California State University, Los An-

geles, and Elizabeth Donovan, Murray State University.
Women and Gender Minorities in Symplectic and Contact Geometry and Topology, Orsola Capovilla-Searle, Duke University, 

Dahye Cho, Stony Brook University, and Angela Wu, University of College, London.
Women in Computational Topology, Brittany Fasy, Montana State University, and Lori Ziegelmeier, Macalester College.
Women in Geometry, Catherine Searle, Wichita State University, Elizabeth Stanhope, Lewis and Clark University, and 

Guofang Wei, University of California, Santa Barbara.
Women in Mathematical Biology, Christina Edholm, Scripps College, Maryann Hohn, Pomona College, Amanda 

Laubmeier, Texas Tech University, Carrie Manore, Los Alamos National Laboratory, and Heather Zinn-Brooks, Harvey 
Mudd College.

Women in Topology, Kristine Bauer, University of Calgary, Anna Marie Bohmann, Vanderbilt University, Angelica 
Osorno, Reed College, Carmen Rovi, MPIM and University of Heidelberg, and Sarah Yeakel, University of California, 
Riverside.

Women of Color in Combinatorics, Zhanar Berikkyzy, Fairfield University, and Shanise Walker, University of Wisconsin 
Eau Claire.

COMAP Special Sessions
COMAP’s Mathematical Modeling Contests: Sharing Experiences and Benefits, Amanda Beecher, Ramapo College of New 

Jersey, Steve Horton, US Military Academy (Emeritus), and Kathleen Snook, COMAP.
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ILAS Special Sessions
Matrix Analysis and Applications I, Mohsen Aliabadi, Iowa State University, and Luyining Gan and Tin-Yan Tam, Uni-

versity of Nevada, Reno.
The Interplay of Matrix Analysis and Operator Theory, Kelly Bickel, Bucknell University, Meredith Sargent, University of 

Arkansas, Ryan Tully-Doyle, California Polytechnic, San Luis Obispo, and Hugo Woerdeman, Drexel University.
The Inverse Eigenvalue Problem for a Graph, Zero Forcing, Throttling and Related Topics, Mary Flagg, University of St. Thomas, 

and Hein Van der Holst, Georgia State University.

MSRI Special Sessions
Combinatorial and Homological Methods in Commutative Algebra, Jennifer Biermann, Hobart and William Smith Colleges, 

and Selvi Kara, University of Utah.
Frame Theory and Applications, Roza Aceska, Ball State University, and Yeon Kim, Central Michigan University.
Lie Group Actions in Differential Geometry, Carolyn Gordon, Dartmouth College, Meera Mainkar, Central Michigan 

University, Tracy Payne, Idaho State University, and Cynthia Will, University of Cordoba (Argentina).
Metric Geometry and Topology, Christine Escher, Oregon State University, and Catherine Searle, Wichita State University.
Resistance Distance and Other Metrics on Graphs and Networks, Emily Evans, Brigham Young University, and Amanda 

Francis, Mathematical Reviews, American Mathematical Society.
Tensor Modeling and Optimization, Anna Ma, University of California, Irvine, Deanna Needell, University of California, 

Los Angeles, and Jing Qin, University of Kentucky.
The MSRI African Diaspora Joint Mathematics Workshop (ADJOINT), Caleb Ashley, Boston College, and Edray Goins, 

Pomona College.
The MSRI Undergraduate Program, Rebecca Garcia, Sam Houston State University, and Pamela E. Harris, Williams 

College.

NSF Special Sessions
Outcomes and Innovations from NSF Undergraduate Education Programs in the Mathematical Sciences, Part 1, Michael 

Ferrara, Sandra Richardson, John Haddock, Lee Zia, Mindy Capaldi, and Elise Lockwood, Division of Undergraduate 
Education, National Science Foundation.

SIAM Minisymposium
Advances in Mathematical Biology, Shilpa Khatri, Roummel Marcia, and Erica Rutter, University of California Merced.
Advancing Racial Equity in Applied Mathematics, Ron Buckmire, Occidental College, P. Seshaiyer, George Mason Uni-

versity, and Suzzane Sindi, University of California Merced.
Graduate Research in Industry and in National Laboratory Internships, Nicole Buczkowski and Hayley Olson, University 

of Nebraska-Lincoln.
Lessons Learned: The Future of Online and Hybrid Modalities in Education and the Workplace (A SIAM ED session), Manuchehr 

A. Aminian, Cal Poly Pomona, and Alvaro Ortiz, Georgia Gwinnett College.
Mathematics of Complex Systems, Heather Zinn Brooks, Harvey Mudd College, Alexander P. Hoover, University of 

Akron, Mason A. Porter, University of California Los Angeles, Alice Schwarze, University of Washington, and Alexandria 
Volkening, Northwestern University.

Nonlocal and Fractional Problems in Analysis and PDEs, Petronela Radu, University of Nebraska-Lincoln, and Marta 
Lewicka, University of Pittsburgh.

Quantum Algorithms, Lin Lin, University of California, Berkeley, and Nathan Wiebe, University of Toronto.
Sensitivity Analysis and Uncertainty Quantification for Scientific and Biological Models, Ralph Smith, North Carolina State 

University.

SIGMAA Special Sessions
Lightning Talks in Environmental Mathematics, Russ deForest, Pennsylvania State University, Gordon Bower, Excelsior 

Statistics, Amanda Beecher, Ramapo College of New Jersey, Jacci White, Saint Leo University, and Eric Marland, Appa-
lachian State University.

Math Circle Outreach Activities that Engage Diverse Audiences, Lauren Rose, Bard College, and James Taylor, Math Circles 
Collaborative of New Mexico.



MEETINGS & CONFERENCES

1852    Notices of the AmericAN mAthemAticAl society Volume 68, Number 10

Mathematical Knowledge for Teaching High School and College Calculus Courses, I (Sponsored by SIGMAA on Mathematical 
Knowledge for Teaching), James Madden, Louisiana State University, Carl Olimb, Augustana University, and Jennifer 
Whitfield, Texas A&M University.

Programs that Support Student Research - SIGMAA on Undergraduate Research, Allison Henrich, Seattle University, Kate 
Kearney, Gonzaga University, and Nicolas Scoville, Ursinus College.

Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Combinatorics and Category Theory in Topological Data Analysis (Code: SS 30A), Woojin Kim, Duke University, 

Alex McCleary, Ohio State University, Amit Patel, Colorado State University, and Facundo Mémoli, Ohio State University.
Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, Uni-

versity of Virginia, and Igor Rapinchuk, Michigan State University.
Categorical Structures in Hopf Algebras and Representation Theory (Code: SS 27A), Agustina Czenky, University of Oregon, 

Julia Plavnik, Indiana University, and Guillermo Sanmarco, Universidad Nacional de Córdoba / Iowa State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-

son University.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Interactions Between Noncommutative Ring Theory and Algebraic Geometry (Code: SS 36A), Jason Gaddis, Miami University 

(Ohio), and Robert Won, George Washington University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis.



MEETINGS & CONFERENCES

NoVember 2021  Notices of the AmericAN mAthemAticAl society   1853

Knots, Skein Modules and Categorification (Code: SS 26A), Rhea Palak Bakshi and Józef H Przytycki, George Washing-
ton University, Radmila Sazdanovic, North Carolina State University, and Marithania Silvero, Universidad de Sevilla.

Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forrest University, and Eric 
Rawdon, St Thomas University.

Large Cardinals and Forcing Axioms (Code: SS 35A), Brent Cody, Virginia Commonwealth University, and Victoria 
Gitman, City University of New York.

Mathematical Modeling of Problems in Biological Fluid Dynamics (Code: SS 28A), Laura Miller, University of North Car-
olina at Chapel Hill, and Nick Battista, The College of New Jersey.

Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 
and Diana Vaman, University of Virginia.

Multiparameter Persistence in Theory and Practice (Code: SS 32A), Håvard Bjerkevik, TU Graz, and Ezra Miller and 
Margaret Regan, Duke University.

Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Advances in Mathematical Biology (Code: SS 23A), Junping Shi, College of William & Mary, Xhisheng Shuai, 

University of Central Florida, and Yixiang Wu, Middle Tennessee State University.
Recent Advances in PDEs and Applications (Code: SS 31A), Khai Nguyen, North Carolina State University, and Loc Nguyen, 

University of North Carolina at Charlotte.
Recent Advances on Wave-based Imaging and Inverse Problems (Code: SS 29A), Yiran Wang, Emory University, and Yang 

Yang, Michigan State University.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall and Joris Roos, University of Wiscon-

sin-Madison.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.
Representation Theory of Algebras and Related Combinatorics (Code: SS 24A), Markus Schmidmeier, Florida Atlantic 

University, and Khrystyna Serhiyenko, University of Kentucky.
Special Sets of Integers in Modern Number Theory (Code: SS 25A), Cristina Ballantine, College of the Holy Cross, and 

Hester Graves, Center for the Computing Sciences.
Spectral Theory of Ergodic Quantum Systems (Code: SS 34A), Rui Han, Louisiana State University, and Ilya Kachkovskiy, 

Michigan State University.
Structural and Extremal Graph Theory (Code: SS 33A), Guangming Jing, Augusta University, Zhiyu Wang, Georgia In-

stitute of Technology, and Xingxing Yu, Georgia Insitute of Technology.
Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 

Waterloo.
The Role of Mathematics in Computer Vision (Code: SS 37A), Thomas Y. Chen, Academy for Mathematics, Science, and 

Engineering.
Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner, Longwood University, and Mark Meckes and Eliz-

abeth Werner, Case Western Reserve University.
Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 

Martone, University of Michigan.
Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 

College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.
Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono, 

University of Virginia.
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Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Analytic Methods in Arithmetic Statistics (Code: SS 19A), Robert Hough, State University of New York at Stony Brook, 
and Robert J. Lemke Oliver, Tufts University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Combinatorial Methods in Commutative Algebra (Code: SS 15A), Alessandra Costantini, Oklahoma State University, and 
Gabriel Sosa Castillo, Colgate University.

Crossroads: Ergodic Theory, Harmonic Analysis, and Combinatorics (Code: SS 20A), Daniel Glasscock, University of Mas-
sachusetts Lowell, Andreas Koutsogiannis, Aristotle University of Thessaloniki, Greece, and Joris Roos, University of 
Massachusetts Lowell.

Discrete and Convex Geometry (Code: SS 11A), Undine Leopold and Egon Schulte, Northeastern University, and Pablo 
Soberón, Baruch College, City University of New York.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, Imperial College London, and Loring Tu, Tufts University.
Gauge Theory, Geometric Analysis, and Low-Dimensional Topology (Code: SS 22A), Paul Feehan, Rutgers University, and 

Thomas G. Leness, Florida International University.
Geometric Dynamics and Billiards (Code: SS 10A), Boris Hasselblatt and Zbigniew Nitecki, Tufts University, and Kath-

ryn Lindsey, Boston College.
Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science 

Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Linear Algebraic Groups: their Structure, Representations, and Geometry (Code: SS 12A), George McNinch, Tufts University, 

and Eric Sommers, University of Massachusetts.
Macdonald Theory and Beyond: Combinatorics, Geometry, and Integrable Systems (Code: SS 9A), Daniel Orr, Virginia Tech, 

and Joshua Jeishing Wen, Northeastern University.
Mathematical Methods for Ecology and Evolution in Structured Populations (Code: SS 8A), Olivia Chu, Princeton University, 

Daniel Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.
Mathematical Modeling in Biology and Medicine (Code: SS 17A), Arkadz Kirshtein, Tufts University, and Navid Moham-

mad Mirzaei, University of Massachusetts.
Mathematics in Security and Defense (Code: SS 16A), Lubjana Beshaj and Paul Goethals, United States Military Academy.
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Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. Mur-
phy and Abiy Tasissa, Tufts University.

Moduli Spaces in Algebraic and Tropical Geometry (Code: SS 21A), Ignacio Barros Reyes, Université Paris-Saclay, France, 
Noah Giansiracusa, Bentley University, and Montserrat Teixidor i Bigas, Tufts University.

Quantum Probability, Orthogonal Polynomials, and Special Functions (Code: SS 13A), Maxim Derevyagin and Ambar 
Sengupta, University of Connecticut.

Ramsey Theory (Code: SS 14A), Louis DeBiasio, Miami University, and Gábor Sárközy, Worcester Polytechnic Institute 
and Alfréd Rényi Institute of Mathematics.

Subgroups in Nonpositive Curvature (Code: SS 18A), Carolyn Abbott, Brandeis University, and Ivan Levcovitz, Kim 
Ruane, Lorenzo Ruffoni, and Genevieve Walsh, Tufts University.

Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 
Mark Mixer, Wentworth Institute of Technology.

West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Geometry (Code: SS 17A), Donu Arapura, Deepam Patel, and K.V. Shuddhodan, Purdue University.
Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Cham-

paign, and Jing Wang, Purdue University.
Analysis of Nonlinear Evolution Equations (Code: SS 13A), John Holmes, Wake Forest University, Ryan Thompson, The 

University of North Georgia, and Feride Tiğ lay, The Ohio State University.
Analytical, Computational, and Data-Driven Approaches in Fluid Dynamics (Code: SS 37A), Aseel Farhat, Florida State 

University, Vincent Martinez, CUNY Hunter College, and Ali Pakzad, Indiana University Bloomington.
A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli, Arizona State University, and Irina 

Mitrea, Temple University.
Combinatorial Algebra and Geometry (Code: SS 6A), Christine Berkesch, University of Minnesota, and Laura Matusevich 

and Aleksandra Sobieska, Texas A&M University.
Combinatorial Techniques in Commutative Algebra (Code: SS 28A), Giulio Caviglia, Purdue University, and Jay Schweig, 

Oklahoma State University.
Combinatorics and Representations of Noncommutative Algebras (Code: SS 23A), Jason Gaddis, Miami University, and 

Daniele Rosso, Indiana University Northwest.
Commutative Algebra and Connections with Algebraic Geometry (Code: SS 19A), Claudia Polini, University of Notre Dame, 

and Bernd Ulrich, Purdue University.
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Complex Geometry (Code: SS 18A), Laszlo Lempert, Purdue University, Chi Li, Rutgers University, Sai-Kee Yeung, 
Purdue University, and Yuan Yuan, Syracuse University.

Computational and Applied Algebraic Geometry (Code: SS 38A), Parker Edwards and Taylor Brysiewicz, University of 
Notre Dame.

Fully Nonlinear Partial Differential Equations (Code: SS 32A), Farhan Abedin, University of Utah, and Fernando Charro, 
Wayne State University.

Geometric Topology in the Middle Dimensions (Code: SS 29A), James F. Davis, Indiana University, and Mark Powell, 
Durham University.

Geometry of Measures and Metric Spaces (Code: SS 11A), Matthew Badger, University of Connecticut, Guy C. David, Ball 
State University, and Lisa Naples, Macalester College.

Group Theory and Logic (Code: SS 20A), Meng-Che “Turbo” Ho, California State University, Northridge, Julia F. Knight, 
University of Notre Dame, and D.B. McReynolds and Thomas Sinclair, Purdue University.

Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Higher Structures in Topology, Geometry and Physics (Code: SS 24A), Ralph Kaufmann, Purdue University, Martin Markl, 

Czech Academy of Sciences, and Alexander Voronov, University of Minnesota.
Integrability, Symmetry and Physics (Code: SS 8A), E. Birgit Kaufmann and Oleksandr Tsymbaliuk, Purdue University.
Low-dimensional Topology (Code: SS 39A), Matthew Hedden, Michigan State University, Juanita Pinzón-Caicedo, Uni-

versity of Notre Dame, and Lev Tovstopyat-Nelip, Michigan State University.
Mathematical Foundation of Data Science in Scientific Computing (Code: SS 22A), Senwei Liang, Purdue University, Lizuo 

Liu, Southern Methodist University, and Haizhao Yang, Purdue University.
Mathematical Methods for Inverse Problems (Code: SS 10A), Isaac Harris and Peijun Li, Purdue University.
Mathematics of Complex Systems in Biology (Code SS 43A), Alexandria Volkening and Ning Wei, Purdue University.
Model Theory and its Applications (Code: SS 35A), Saugata Basu, Purdue University, Philipp Hieronymi, University of 

Bonn, and Margaret E. M. Thomas, Purdue University.
Modeling and Forecasting Complex Turbulent Systems (Code: SS 41A), Nan Chen, University of Wisconsin-Madison, and 

Di Qi, Purdue University.
Multiplicative Ideal Theory in Honor of the Career of William Heinzer (Code: SS 26A), Evan Houston, University of North 

Carolina - Charlotte, and Alan Loper, Ohio State University.
Nonlinear Algebra with Applications to Statistics (Code: SS 27A), Aida Maraj, University of Michigan, and Sonja Petrović ,  

Illinois Institute of Technology.
Nonlinear Partial Differential Equations From Variational Problems and Complex Fluids (Code: SS 15A), Tao Huang, Wayne 

State University, and Changyou Wang, Purdue University.
Numerical Linear Algebra (Code: SS 30A), Lothar Reichel, Kent State University, Jianlin Xia, Purdue University, and 

Qiang Ye, University of Kentucky.
Optimization, Complexity, and Real Algebraic Geometry (Code: SS 31A), Saugata Basu and Ali Mohammad Nezhad, 

Purdue University.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University, 

and Tian Yang, Texas A&M University.
Random Growth Models (Code: SS 25A), Christopher Janjigian, Purdue University, Firas Rassoul-Agha, University of 

Utah, and Timo Seppalainen, University of Wisconsin-Madison.
Recent Developments in Automorphic Forms and Representations of p-adic Groups (Code: SS 9A), David Goldberg, Baiying 

Liu, and Freydoon Shahidi, Purdue University.
Recent Developments in Commutative Algebra (Code: SS 7A), Jennifer Kenkel, University of Michigan, and Linquan Ma 

and Uli Walther, Purdue University.
Recent Developments in High Order Numerical Methods for Partial Differential Equations (Code: SS 14A), Zheng Sun, The 

University of Alabama.
Recent Developments in Operator Algebras (Code: SS 42A), Roy Araiza, University of Illinois, Rolando de Santiago, 

Purdue University, Thomas Sinclair, Purdue University, and Andrew Toms, Purdue University.
Recent Developments of Variational Methods in Deterministic and Stochastic Systems (Code: SS 16A), Yuan Gao, Purdue 

University, Tao Luo, Shanghai Jiao Tong University, and Nung Kwan Yip, Purdue University.
Recent Progress of Efficient and Robust Schemes for Compressible Navier-Stokes Equations (Code: SS 12A), Chen Liu and 

Xiangxiong Zhang, Purdue University.
Recent Trends in Graph Theory (Code: SS 40A), Adam Blumenthal, Westminster College, and Katherine Perry, Soka 

University of America.
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Spectral Estimation and Optimization (Code: SS 21A), Mark Ashbaugh, University of Missouri, and Richard Laugesen, 
University of Illinois.

Stability in Topology, Arithmetic, and Representation Theory (Code: SS 33A), Jeremy Miller, Purdue University, Peter Patzt, 
University of Oklahoma, and Andrew Putman, University of Notre Dame.

The Interface Between Nonlinear PDEs, Harmonic Analysis, and Quantitative Geometric and Functional Inequalities (Code: 
SS 36A), Emanuel Indrei and Victor Lie, Purdue University.

The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University, 
Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.

Topics in Algebraic and Geometric Topology (Code: SS 34A), David Ben McReynolds and Sam Nariman, Purdue University.

Denver, Colorado
University of Denver

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: October 12, 2021
For abstracts: March 15, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Factorization and Arithmetical Properties of Commutative Rings and Monoids (Code: SS 3A), Scott Chapman, Sam Houston 
State University, and Jim Coykendall, Clemson University.

Finite groups, their representations, and related structures (Code SS 4A), Robert Boltje, University of California Santa Cruz, 
and Alexander Hulpke, Colorado State University.

Numerical Semigroups and Applications (Code: SS 1A), Elie Alhajjar, West Point Military Academy, and Christopher 
O’Neill, San Diego State University.

Recent Advances on the Langlands Program (Code: SS 2A), Kwangho Choiy, Southern Illinois University, Melissa Emory, 
University of Toronto, and Ralf Schmidt, University of North Texas.

Recent progress in numerical methods for PDEs (Code SS 5A), Muhammad Mohebujjaman, Texas A&M International 
University, and Leo Rebholz, Clemson University.

Grenoble, France
AMS-SMF-EMS Joint International Meeting

Université de Grenoble-Alpes

July 18–22, 2022
Monday – Friday

Meeting #1168
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: Not applicable
Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/internmtgs.html.
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Special Sessions
Advances in Functional Analysis and Operator Theory, Marat V. Markin, California State University, Fresno, USA, Igor 

Nikolaev, St. John’s University, USA, Jean Renault, Universite d’Orleans, France, and Carsten Trunk, Technische Univer-
sitat Ilmenau, Germany.

Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 
Maclean, Grenoble, France, and Claire Voisin, Paris, France.

Automorphic Forms, Moduli Spaces, and Representation Theory (Associated with Plenary Speaker Vincent Lafforgue), Jean-
François Dat, Sorbonne Université, France, and Bao-Chau Ngo, University of Chicago, USA.

Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 
Vasy, Stanford University, USA.

Combinatorial and Computational Aspects in Topology, Eric Samperton, University of Illinois, USA, Saul Schleimer, Uni-
versity of Warwick, United Kingdom, and Greg McShane, Université Grenoble-Alpes, France.

Contact Geometry, David E. Blair, Michigan State University, USA, Gianluca Bande, Universita degli Studi di Cagliari, 
Italy, and Eric Loubeau, Université de Bretagne Occidentale, France.

Deformation of Artinian algebras and Jordan type, Anthony Iarrobino, Northeastern University, USA, Pedro Macias 
Marques, Universidade de Evora, Portugal, Maria Evelina Rossi, Universita degli Studi di Genova, Italy, and Jean Valles, 
Universite de Pau et des Pays de l’Adour, France.

Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris, France.

Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.

Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan 
Suceavă, California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Fractal Geometry in Pure and Applied Mathematics, Hafedh Herichi, Santa Monica College, USA, Maria Rosaria Lancia, 
Sapienza Universita di Roma, Italy, Therese-Marie Landry, University of California, Riverside, USA, Anna Rozanova-Pier-
rat, CentralSuplec, Universite Paris-Saclay, France, and Steffen Winter, Karlsruhe Institute of Technology, Germany.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Graph and Matroid Polynomials: Towards a Comparative Theory, Emeric Gioan, LIRMM, France, Johann A. Makowsky, 
Israel Institute of Technology-IIT, Israel, and James Oxley, Louisiana State University, USA.

Groups and Topological Dynamics, Nicolas Matte Bon, University of Lyon, France, Constantine Medynets, United States 
Naval Academy, USA, Volodymyr Nekrashevych, Texas A&M University, USA, and Dmytro Savchuk, University of South 
Florida, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

History of Mathematics Beyond Case-Studies, Catherine Goldstein, CNRS, IMJ-PRG, France, and Jemma Lorenat, Pitzer 
College, USA.

Integrability, Geometry, and Mathematical Physics, Luen-Chau Li, Pennsylvania State University, USA, and Serge Parmen-
tier, Universite Claude Bernard Lyon 1, France.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory (LANL), USA, Robert Owczarek, University of New 
Mexico, Albuquerque and Los Alamos, USA, Tomasz Lipniacki, Polish Academy of Sciences, Poland, and Piotr Stachura, 
Warsaw University of Life Sciences-SGGW, Poland.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université 
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.
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Mathematical Knowledge Management in the Digital Age of Science, Patrick Ion, University of Michigan, Ann Arbor, USA, 
Thierry Bouche, Université Grenoble-Alpes, France, and Stephen Watt, University of Waterloo, Canada.

Mathematical Physics of Gravity, Geometry, QFTs, Feynman and Stochastic Integrals, Quantum/Classical Number Theory, Al-
gebra, and Topology, Michael Maroun, AMS-MRC Boston, USA, and Pierre Vanhove, EMS/SMF CEA Paris Saclay, France.

Modular Representation Theory, Pramod N. Achar, Louisiana State University, USA, Simon Riche, Universite Clermont 
Auvergne, France, and Britta Spath, Bergische Universitat Wuppertal, Germany.

Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.

Quantitative Geometry of Transportation Metrics, Florent Baudier, Texas A&M University, USA, Dario Cordero-Erausquin, 
Sorbonne Universite, France, Alexandros Eskenazis, University of Cambridge, United Kingdom, and Eva Pernecka, Czech 
Technical University in Prague, Czech Republic.

Recent Advances in Diffeology and their Applications, Jean-Pierre Magnot, Université d’Angers, France, and Jordan Watts, 
Central Michigan University, USA.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.

Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.

Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.

El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.

Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia SaccÃ, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of north Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Enumerative Combinatorics (Code: SS 10A), Miklós Bóna and Vince Vatter, University of Florida.
Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Sean Sather-Wagstaff, Clemson University.
Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 

of Technology.
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Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Combinatorics and Applications in Harmonic Analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa 
State University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building Bridges Between Commutative Algebra and Nearby Areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, 
University of Utah.

Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), Bernard Lidický, Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 

Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.

Free Boundary Problems Arising in Applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted Surfaces and Concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Roman Shvydkoy and Daniel Lear, University of Illinois at Chicago.
PDEs, Data, and Inverse Problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent Advances in Algebraic Geometry and Commutative Algebra in or Near Characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent Advances in the Theory of Fluid Dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe, 

Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.
Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 

Young University, and Dusty Grundmeier, Harvard University.
Topics in Graphs, Hypergraphs and Set Systems (Code: SS 19A), David Galvin, University of Notre Dame, John Engbers, 

Marquette University, and Cliff Smyth, The University of North Carolina at Greensboro.
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Boston, Massachusetts (JMM 2023)
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday
Associate secretaries: Steven H. Weintraub and Hortensia 
Soto
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University, and Guang-
ming Jing, Augusta University.

Groups, Geometry, and Topology (Code: SS 4A), Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Recent Developments in Commutative Algebra (Code: SS 5A), Florian Enescu, Georgia State University, and Thomas 

Polstra, MSRI and University of Virginia.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Siddhi Krishna, Georgia Institute of Technology and Colum-

bia University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology.

Spring Eastern Virtual Sectional Meeting
April 1–2, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the Study of Hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University 
of California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter Regular Algebras and Related Topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 

Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 

Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-

versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 

Tran, California State University, Fresno.
Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The Use of Computational Tools and New Augmented Methods in Networked Collective Problem Solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.



MEETINGS & CONFERENCES

1864    Notices of the AmericAN mAthemAticAl society Volume 68, Number 10

Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.

Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Albuquerque, New Mexico
University of New Mexico

October 21–22, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California (JMM 2024)
Moscone West Convention Center

January 3–6, 2024
Wednesday – Saturday
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Riverside, California
University of California, Riverside

October 12–13, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced



The Mathematical Moments program promotes  
appreciation and understanding of the role mathematics  
plays in science, nature, technology, and human culture.

www.ams.org/mathmoments

MM/158

Securing Data in  
the Quantum Era

Whenever you log in to a website, send an 
email, or make an online purchase, you're 
counting on your data being sent securely, 
without hackers being able to crack the code. 
Our standard cryptographic systems hinge on 
mathematical problems that stump present-
day computers, like finding the prime factors 
of a very large number. But in the coming 
decades, powerful quantum computers are 
expected to be able to rapidly solve some 
such problems, threatening the security of 
our online communications. To develop new 
methods that can withstand even the most 
sophisticated quantum computer, cryptogra-
phers are using a wide range of mathematical 
tools—many of which were originally devel-
oped without any real-life applications in 
mind.

The National Institute of Standards and 
Technology is leading an effort to standardize algorithms, or step-by-step 
processes, for protecting our data in the quantum future. NIST researchers are 
testing the security, speed, and cost of dozens of proposed algorithms. The math-
ematics involved includes high-dimensional lattices, linear error-correcting codes, 
isogenies between elliptic curves, and more. NIST’s goal is to identify the best 
quantum-resistant algorithms for digital signatures (which verify the authenticity of 
a document), public-key encryption (which allows anyone to send a message, but 
only the intended recipient to read it), and the generation of cryptographic keys 
(which are used for encryption and decryption). Then, cryptographers will develop 
standardized versions of these algorithms. In the coming years, the new, quantum-
safe methods will gradually replace today’s security systems everywhere from 
government computers to the phone in your pocket. 

For More Information: “How the United States Is Developing Post-Quantum 
Cryptography” by Jeremy Hsu, IEEE Spectrum, September 6, 2019.

©Getty

Watch an interview 
with an expert!
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Hamilton–Jacobi Equations
Theory and Applications
Hung Vinh Tran, University of Wisconsin, Madison, WI

This book gives an extensive survey of many important topics in the 
theory of Hamilton–Jacobi equations with particular emphasis on 
modern approaches and viewpoints. 

The book is self-contained and is useful for a course or for referenc-
es. It can also serve as a gentle introductory reference to the homog-
enization theory.
Graduate Studies in Mathematics, Volume 213; 2021; 322 pages; Hardcover; ISBN: 
978-1-4704-6511-7; List US$125; AMS members US$100; MAA members US$112.50; 
Order code GSM/213

AMS / MAA Press 
The Finite Field Distance Problem
David J. Covert, University of Missouri, St. Louis, MO

Erdős asked how many distinct distances must there be in a set of 
n points in the plane. Falconer asked a continuous analogue, essen-
tially asking what is the minimal Hausdorff dimension required of 
a compact set in order to guarantee that the set of distinct distances 
has positive Lebesgue measure in R. The finite field distance prob-
lem poses the analogous question in a vector space over a finite 
field. The problem is relatively new but remains tantalizingly out 
of reach. This book provides an accessible, exciting summary of 
known results. 
Carus Mathematical Monographs, Volume 37; 2021; 181 pages; Softcover; ISBN: 
978-1-4704-6031-0; List US$65; Individual member US$48.75; MAA members 
US$48.75; Order code CAR/37

Portfolio Theory and Arbitrage
A Course in Mathematical Finance
Ioannis Karatzas, Columbia University, New York, NY, and Constantinos 
Kardaras, London School of Economics and Political Science, UK

This book develops a mathematical theory for finance, based on a 
simple and intuitive absence-of-arbitrage principle. This posits that 
it should not be possible to fund a non-trivial liability, starting with 
initial capital arbitrarily near zero. 

The book contains a considerable amount of new research and 
results, as well as a significant number of exercises. It can be used 
as a basic text for graduate courses in Probability and Stochastic 
Analysis, and in Mathematical Finance. 
Graduate Studies in Mathematics, Volume 214; 2021; 309 pages; Hardcover; 
ISBN: 978-1-4704-6014-3; List US$125; AMS members US$100; MAA members 
US$112.50; Order code GSM/214

NEW RELEASES
from the AMS

GRADUATE STUDIES
IN MATHEMATICS 213

Hamilton– Jacobi 
Equations
Theory and Applications

Hung Vinh Tran

GRADUATE STUDIES
IN MATHEMATICS 214

Portfolio Theory 
and Arbitrage 
A Course in 
Mathematical Finance

Ioannis Karatzas
Constantinos Kardaras

http://facebook.com/amermathsoc
http://www.twitter.com/amermathsoc
http://bookstore.ams.org
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