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JMM 2022 Registrants:
Join us for member activities!

JMM 2022 Grand Opening Reception 
Wednesday, January 5  |  6:15–8:30 pm 
Exhibit Hall, Atrium Lobby, 4th Floor, Washington State Convention Center
Enjoy music, food stations, and a chance to socialize and connect with your
colleagues on this fi rst evening in Seattle.

Find the AMS booth and these special freebies:
6:15–8:30 pm 6:30–7:30 pm 7:30–8:30 pm
Photo booth— Craft beer tasting Wine tasting
take a memory home!

Join or renew your AMS membership and purchase a book during the reception and choose 
from two special gifts. (Offer good during opening reception, gifts are subject to availability—
make your purchase early!) 

Special JMM Offers on AMS Membership 
Members of ASA, AWM, NAM, or SIAM, who are not currently AMS members, are eligible for 
25% off a 2022 AMS membership.* Use the same email address you used to register for JMM 
2022 and apply for AMS membership no later than February 1, 2022.
*Offer not applicable to AMS Affi liate or AMS Unemployed memberships. Members from American Statistical Association (ASA), Association 
for Women in Mathematics (AWM), National Association of Mathematicians (NAM), and Society for Industrial and Applied Mathematics (SIAM) 
are eligible.

Join or renew your membership on Thursday–Friday at the exhibit booth and receive a
complimentary gift!  

Professional Portraits–back by popular demand for AMS members!
Thursday, January 6–Friday, January 7 
AMS members: Make your appointment to have your professional portrait taken for free. Make 
an appointment between 9:30 am–4:25 pm PST at the AMS membership booth. Your image will 
be emailed to you in just a few minutes!

Schedule appointments at: amermathsoc.simplybook.me  

Do your best mathematics with the help
of AMS membership. Serve the entire

mathematics community by joining.

www.ams.org/membership
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Shock Waves 
white -->

Tai-Ping Liu, Academia 
Sinica, Taipei, Taiwan, and 
Stanford University, CA
This book presents the fundamentals of 
the shock wave theory. The first part of 
the book, Chapters 1 through 5, covers 
the basic elements of the shock wave 
theory by analyzing the scalar conser-
vation laws. 

Graduate Studies in Mathematics, Volume 
215; 2021; 437 pages; Hardcover; ISBN: 978-
1-4704-6567-4; List US$125; AMS members 
US$100; MAA members US$112.50; Order 
code GSM/215

A Concise 
Introduction to 
Algebraic Varieties
Brian Osserman
A Concise Introduction to Algebraic 
Varieties is designed for a one-term 
introductory course on algebraic vari-
eties over an algebraically closed field, 
and it provides a solid basis for a 
course on schemes and cohomology 
or on specialized topics, such as toric 
varieties and moduli spaces of curves. 

Graduate Studies in Mathematics, Volume 
216; 2021; approximately 256 pages; 
Hardcover; ISBN: 978-1-4704-6013-6; List 
US$125; AMS members US$100; MAA mem-
bers US$112.50; Order code GSM/216

Lectures on 
Differential 
Topology 
Riccardo Benedetti, 
University of Pisa, Italy
This book gives a comprehensive intro-
duction to the theory of smooth mani-
folds, maps, and fundamental associ-
ated structures with an emphasis on 
“bare hands” approaches, combining 
differential-topological cut-and-paste 
procedures and applications of trans-
versality.

Graduate Studies in Mathematics, Volume 
218; 2021; 425 pages; Hardcover; ISBN: 978-
1-4704-6271-0; List US$125; AMS members 
US$100; MAA members US$112.50; Order 
code GSM/218
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Tai-Ping Liu
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A Concise 
Introduction to 
Algebraic Varieties

Brian Osserman
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Differential Topology
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= Textbook

in Graduate Studies in Mathematics

white -->

= Applied Mathematics

New



SUBSCRIPTION  INFORMATION
Subscription prices for Volume 68 (2021) are US$720 list; US$576 in-
stitutional member; US$432 individual member; US$648 corporate 
member. (The subscription price for members is included in the an-
nual dues.) A late charge of 10% of the subscription price will be im-
posed upon orders received from non-members after January 1 of the 
subscription year. Add for postage: Domestic—US$6; International—
US$25. Surface delivery outside the US and India—US$27; in India—
US$40; expedited delivery to destinations in North America—US$35; 
elsewhere—US$120. Subscriptions and orders for AMS publications should 
be addressed to the American Mathematical Society, PO Box 845904, Boston, 
MA 02284-5904 USA.  All orders must be prepaid.

ADVERTISING
Notices publishes situations wanted and classified advertising, and display 
advertising for publishers and academic or scientific organizations. Advertis-
ing requests, materials, and/or questions should be sent to: 

classads@ams.org (classified ads) 
notices-ads@ams.org (display ads)

PERMISSIONS
All requests to reprint Notices articles should be sent to:  

reprint-permission@ams.org.

SUBMISSIONS
The editor-in-chief should be contacted about articles 

for consideration after potential authors have reviewed 
the “For Authors” page at www.ams.org/noticesauthors.

The managing editor should be contacted for additions 
to our news sections and for any questions or corrections. 

Contact the managing editor at: notices@ams.org.

Letters to the editor should be sent to: notices-letters@ams.org

To make suggestions for additions to other sections, 
and for full contact information, see www.ams.org/noticescontact.

© Copyright 2021 by the American Mathematical Society. All rights reserved.

Printed in the United States of America. The paper used in this journal is acid-free and  
falls within the guidelines established to ensure permanence and durability.

Opinions expressed in signed Notices articles are those of the authors and do not necessarily  
reflect opinions of the editors or policies of the American Mathematical Society.

[Notices of the American Mathematical Society (ISSN 0002-9920) is published monthly except bimonthly in June/July by the American Mathematical Society 
at 201 Charles Street, Providence, RI 02904-2213 USA, GST No. 12189 2046 RT****. Periodicals postage paid at Providence, RI, and additional mailing offices. 
POSTMASTER: Send address change notices to Notices of the American Mathematical Society, PO Box 6248, Providence, RI 02904-6248 USA.] Publication 
here of the Society’s street address and the other bracketed information is a technical requirement of the US Postal Service.

EDITOR IN CHIEF

Erica Flapan

ASSOCIATE EDITORS

 Daniela De Silva Stephan Ramon Garcia 
 Angela Gibney Boris Hasselblatt, ex officio 
 Richard A. Levine Reza Malek-Madani 
 William McCallum Chikako Mese 
 Antonio Montalbán Asamoah Nkwanta 
 Emilie Purvine Steven Sam 
 Scott Sheffield Laura Turner

ASSISTANT TO THE EDITOR IN CHIEF
Masahiro Yamada

CONSULTANTS

  Hee Oh  Ken Ono                    

Kenneth A. Ribet         Francis Su         Abigail A. Thompson 

MANAGING EDITOR

Meaghan Healy

ADVERTISING COORDINATION
Marketing Department

REPRINT PERMISSIONS 
Erin M. Buck

CONTRIBUTING  WRITER 
Elaine Kehoe

COMPOSITION, DESIGN, and EDITING
 Brian Bartling John F. Brady Craig Dujon  
 Anna Hattoy Mary Letourneau  Lori Nero  
 Dan Normand John C. Paul Courtney Rose-Price 
   Mike Southern Peter Sykes

Supported by the AMS membership, most of this publication, including the 
opportunity to post comments, is freely available electronically through the 
AMS website, the Society’s resource for delivering electronic products and 
services. Use the URL www.ams.org/notices to access the Notices on the 
website. The online version of the Notices is the version of record, so it may 
occasionally differ slightly from the print version.

The print version is a privilege of Membership. Graduate students at member 
institutions can opt to receive the print magazine by updating their individual 
member profiles at www.ams.org/member-directory. For questions regard-
ing updating your profile, please call 800-321-4267.

For back issues see www.ams.org/backvols. Note: Single issues of the 
Notices are not available after one calendar year. 

Notices
of the American Mathematical Society

The American Mathematical Society is committed to promoting and facilitating equity, diversity and inclusion throughout the mathematical sciences. For 
its own long-term prosperity as well as that of the public at large, our discipline must connect with and appropriately incorporate all sectors of society. We 
reaffirm the pledge in the AMS Mission Statement to “advance the status of the profession of mathematics, encouraging and facilitating full participation of 
all individuals,” and urge all members to conduct their professional activities with this goal in mind. (as adopted by the April 2019 Council)



LETTERS TO THE EDITOR

*We invite readers to submit letters to the editor at notices-letters 
@ams.org.

1868    Notices of the AmericAN mAthemAticAl society Volume 68, Number 11

book Function Spaces and Potential Theory (1996), written 
jointly with Lars Inge Hedberg, is a treatise on the interplay 
of potential theory and function spaces, including Sobolev, 
Bessel potential, and Besov spaces. His interest in analysis 
and potential theory was again showcased in his book Mor-
rey Spaces (2015). He also wrote Lecture Notes on Lp Potential 
Theory at Umea University, Sweden (1981). His proof of the 
Moser-Trudinger inequalities with higher order derivatives, 
now known as Adams’ inequalities, has had broad impact, 
generating results in many other non-Euclidean settings 
such as Riemannian manifolds and Heisenberg groups. 

David Adams was an extremely talented and knowl-
edgeable mathematician, who enthusiastically shared 
his knowledge with students and colleagues. He commu-
nicated his ideas in clear and positive ways. He had an 
exceptional talent to combine analysis and PDEs for novel 
results. He was a generous mentor to many mathemati-
cians. In particular, many female mathematicians appreci-
ated his work, teaching, and mentoring, including Patricia 
Bauman, Lillie Crowley, Renee Fister, Ann Heard, Mary 
Ann Horn, Ritva Hurri-Syrjanen, Suzanne Lenhart, Helena 
Nussenzveig Lopes, and Jill Pipher. Despite his considerable 
achievements in research and influence on mathematics, 
he remained an open, friendly, and unpretentious person 
throughout his life.

—Suzanne Lenhart 
University of Tennessee, Knoxville

Into the Apple Store: The Birth of the 
Robert  T. Seeley Professorship
On a balmy June day I walked into the Apple Store with the 
intention to browse, and maybe talk, but not to buy. I came 
out with a brand new phone and a multimillion-dollar 
endowed professorship. But I’m getting ahead of myself.

Handwaving in office hours gave rise to a crack in my 
cell phone screen. I was about to visit my usual Apple Store 
in Chestnut Hill but the family was going shoe shopping 
in Dedham, so I joined them.

A friendly receptionist at the Dedham Apple Store di-
rected me to Rod. Based at another location, he was on 
special assignment in Dedham. Showing compassion for 
the injured appliance, he helped me navigate choices and 
options. Then came costs. Normally I’d ask about my wife’s 
employer, Boston Children’s Hospital, a source of past dis-
counts (and maybe she would get me the phone…). But 
she was getting shoes for our son. So I asked about UMass 

Letter to the Editor
For the sake of our children and grandchildren, the AMS 
should take the bold step of holding all of its future con-
ferences remotely. The large carbon footprint of in-person 
conferences can no longer be ethically justified. Let us take 
a leadership role in fighting climate change and make this 
sacrifice now for the future of our planet.

The views expressed in this letter are my own and are not 
those of the US Navy, the Dept. of Defense, or the US Naval 
Academy, and should not be considered an endorsement 
of this publication.

Sincerely,
Caroline Melles

Mathematics Department
US Naval Academy

Letter to the Editor
Dr. David R. Adams died on July 30, 2021, peacefully in 
his sleep after a long battle with kidney disease and related 
problems. He was born on January 23, 1941, in Buffalo, 
Wyoming, and is survived by his wife, Jeanie Adams, and 
two children, Jay Bertino and Sissy Meredith, PhD. He liked 
creating new mathematics, international travel, reading—
especially historical fiction, talking with friends, shooting 
pool, and stamp collecting. David developed a love of in-
ternational travel and the world’s people as an Army Brat, 
of which he was very proud. He spent his middle school 
years in Tokyo and completed his high school years in the 
Panama Canal Zone.

After obtaining his BS degree at South Dakota State 
University, David Adams received his PhD from the Univer-
sity of Minnesota in 1969 under the direction of Norman 
Myers, and he worked in the areas of partial differential 
equations, potential theory, and analysis. After postdocs 
at Consiglio Nazionale delle Ricerche in Rome, Italy (su-
pervised by Guido Stampacchia), Rice University, and the 
University of California, San Diego, he joined the faculty 
of the University of Kentucky in 1973, where he remained 
a professor until his retirement in 2015. He published 71 
research papers and two research monographs. He con-
tinued his work after his retirement, especially his many 
years of collaboration with Jie Xiao on Morrey spaces in 
harmonic analysis and partial differential equations. His 
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Wiles”!). She was familiar with and valued the visiting 
assistant professor model. Unhesitatingly, she found and 
added needed campus resources. The Board of Trustees 
affirmed the endowed position, named for Robert T. Seeley. 
Soon, a search was launched, selecting the inaugural Seeley 
Visiting Assistant Professor: Alexander Moll (MIT PhD, with 
Alexei Borodin, 2016). His first year took place under the 
Covid cloud, alas, but we anticipate the second year, with 
on-campus, face-to-face interactions. And we look forward 
to sustained Seeley Professorship appointments.

Paralleling the Gogol short story The Overcoat, we won’t 
end at this natural juncture, but rather reflect on how this 
happened, and how it might be replicated. Did we have 
a plan? Was this a Malcolm Gladwell Blink moment? The 
corridors of administration ring with “… you don’t have a 
plan….” We didn’t have a plan, but did have the Seeley Pro-
fessorship concept, which helped. And no plan could have 
included Rod, a warm, kind, generous, and unique human 
being. The Dedham location was a double coincidence, 
and the timing dodged Covid. Could this have happened 
remotely? It’s inconceivable.

Might Apple be interested in the Seeley Professorship? 
Approaching Rod wouldn’t be fair. I could offer the motto 
The Apple Store: Bringing People Together. The in-store expe-
rience goes beyond shopping for electronics. It brought 
something wonderful and unexpected, a product of local 
human dynamics. I know people who know people who 
work for Apple. Dare I ask?

An expanded version of this story is at https://osf.io 
/preprints/socarxiv/cevnw/.

Cordially,
Eric Grinberg

Professor, University of Massachusetts Boston

Boston (UMB) discounts. “Oh, you’re at UMB? What do 
you do there?” Mathematics. “Mathematics? Hmm, we were 
thinking CS… Mathematics… we could do Mathematics….” 
At this point the conversation took a twist, and the world 
changed.

Rod is a member of a donor group, alumni brothers of 
an MIT fraternity. Retired from a career in technology, he 
applied to the Apple Store. The acceptance rate for these 
prized jobs is lower than admission rates at top universi-
ties. But Rod made it, clearly enjoying the experience. He 
was also working with his donor group, aiming to support 
needs at institutions of higher learning. Somehow, I also 
sensed that honoring MIT people was of interest. (Rod re-
ported that I spotted his MIT school ring; I don’t remember 
that.) An idea surfaced.

For years we’d been talking at UMB about setting up a 
visiting professorship, something like Brown’s Tamarkin, 
Yale’s Gibbs, or Michigan’s Hildebrandt, each of which had 
benefited our departmental colleagues. Years back, MIT’s 
Pavel Etingof kindly gave me the book Recountings: Conver-
sations with MIT Mathematicians. Early in the book, Isadore 
Singer lauds the Moore instructorship, and its role in MIT’s 
meteoric rise. I lent the book with multiplicity, and cited 
his words in advocating the visiting professorship concept. 
Alas, cost was an obstacle. If only we had an external infu-
sion of funds, we’d work with that and make the visiting 
instructorship a reality. But where to look?

Structural ideas about the professorship developed. 
We could name it after Robert T. Seeley, perhaps the best-
known UMB mathematician. Recognized for his world-
class research, e.g., as manifested in the Atiyah-Singer 
Index Theorem, he was praised for his humanity. Bob left 
a tenured full-professorship at Brandeis to come to UMB, 
drawn to its mission as an affordable, accessible, urban 
public university. When Rod mentioned the donor group, 
the Seeley Visiting Professorship came to mind. I knew that 
Seeley did his PhD at MIT with Alberto Calderon (1959), 
so the Seeley Professorship would honor an MIT person, a 
plus. I proposed the idea to Rod, and he found merit in it. 
I gained clarity, dispensed with discounts, and purchased 
a new phone outright. We exchanged addresses, agreeing 
to talk again soon.

I wrote Rod next day, didn’t hear back, and thought, 
in jest, he’s a good salesman. Writing again, I heard back 
immediately. He’d been overseas, now back. We talked. 
Rod visited the UMB campus, and met Dennis Wortman 
(MIT PhD with Ken Homan, 1972), our most senior faculty 
member and longtime colleague of Bob. Our university 
Advancement office joined the effort, helping with matters 
financial and administrative. By chance, a Notices letter ap-
peared, extolling the virtues of Yale’s Gibbs Instructorship.

Fortuitously, UMB Chancellor Katherine Newman had 
already worked with mathematics departments at multiple 
institutions. At Princeton, she collaborated with the math 
department chair (“… Fermat’s Last Theorem … Andrew 

https://osf.io/preprints/socarxiv/cevnw/
https://osf.io/preprints/socarxiv/cevnw/


Organized by David Eisenbud, University of California, Berkeley

4:00 pm  Anup Rao
University of Washington

Sunflowers: From soil to oil
A beautiful way in which order appears out of randomness.

3:00 pm  Elena Giorgi
Columbia University

The stability of black holes with matter
The “ringing” and the “pictures” of black holes are exciting;
mathematics has the potential to unlock the secrets.

Current Events Bulletin Friday, January 7, 2022
2:00–6:00 pm

A M E R I C A N  M A T H E M A T I C A L  S O C I E T Y

2:00 pm  Tom Scanlon
University of California, Berkeley

Tame geometry for Hodge theory
How can it be that deep analytic questions can be attacked from 
model theory?
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5:00 pm  Elamin Elbasha
Merck & Co., Inc.

Mathematics and the quest for vaccination-
induced herd immunity threshold
Will this be the way we finally emerge from the pandemic?
This lecture is supported by a generous donation from Salilesh Mukhopadhay,
in honor of Satyendra Nath Bose, Mahadev Dutta, and Pranab K. Sarkar, to
bring appreciation for mathematics to a broader audience. Co
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A WORD FROM...
Catherine A. Roberts, AMS Executive Director
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By the time this is published, it is my sincere hope 
that several thousand of us are preparing to travel 
to Seattle, WA, for the Joint Mathematics Meetings 
from January 5–8, 2022. Although our virtual JMM 
2021 was successful, I’m looking forward to seeing 
mathematicians gather in person again. Given the 
size of the JMM and the excitement and energy that 
comes from thousands of mathematicians gathering 
to exchange ideas, we intend to hold this meeting in 
person whenever possible.

We spent over two years reimagining the Joint 
Mathematics Meetings. After considering your input from surveys, listening sessions, and 
town halls, along with hundreds of hours of planning sessions, we believe that the reimag-

ined JMM will offer our entire mathematics community an exciting new venue for scientific exchange, professional 
growth, and social engagement. This largest annual mathematics gathering in the world offers a broad range of 
presentations, panels, exhibits, and minicourses on research, pedagogy, inclusion, career opportunities, and more.

JMM Partners
Scientific exploration and discovery remain at the heart of JMM 2022. Please visit www.jointmathematics 
meetings.org to see the robust offerings that grew out of the collective energy poured into planning this gathering. 
A new partnership model is the kernel of the reimagined JMM. As of when this issue of the Notices went to press, 
the organizations leading and shaping events at our JMM are:

• American Mathematical Society (AMS)
• American Statistical Association (ASA)
• Association for Symbolic Logic (ASL)
• Association for Women in Mathematics (AWM)
• Consortium for Mathematics and its Applications (COMAP)
• International Linear Algebra Society (ILAS)
• Julia Robinson Mathematics Festival (JRMF)
• Mathematical Sciences Research Institute (MSRI)
• National Association of Mathematicians (NAM)
• Pi Mu Epsilon (PME)
• Society for Industrial and Applied Mathematics (SIAM)
• Association for LGBTQ+ Mathematicians (Spectra)
• Transforming Post-Secondary Education in Mathematics (TPSE)

These partner organizations have made extraordinary commitments to ensure the success of this and future 
meetings, and I am grateful to them for their energy and engagement. Many other professional societies, mathe-
matics institutes, publishers, and exhibitors will participate in the JMM, as well.

Catherine A. Roberts is the executive director of the American Mathematical Society. Her email address is croberts@ams.org.
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Registration
Registration rates for JMM 2022 match those from two years ago. New in 2022 is that anyone who is a member of the 
AMS, ASA, AWM, NAM, or SIAM qualifies for the reduced registration rate. The discount rate is available to members from 
these five organizations because they have taken a leadership role as “Level A” partners. In addition to providing their 
own programming content, these organizations launched the new minicourse-style Professional Enhancement Programs 
(PEP). Level A partners are involved with reviewing proposals for JMM panels and PEP sessions submitted by the wider 
mathematics community. The JMM partners strive to ensure the meeting will be inclusive and welcoming to all. 

We recognize that the availability of travel funds has been diminishing in recent years, and the AMS is pleased to offer 
expanded travel grant opportunities for undergraduate and graduate students. In addition, an AMS donor has made it 
possible for us to introduce new travel grants for faculty at predominantly undergraduate institutions.

New Program Elements
The JMM will feature all of our traditional events, as well as several new additions. With more than 37 invited addresses 
and special lectures, 147 special sessions, and hundreds of contributed talks and poster presentations, there’s something 
for everyone. Please take a look at the schedule at www.jointmathematicsmeetings.org to make sure you don’t miss 
anything!

Here are just a few examples:
Events for Students: The activities for students—such as the graduate school fair, the employment center, the BIG career 

booth, and the undergraduate student poster session (now run by Pi Mu Epsilon)—will continue in Seattle. In addition, 
we’re adding a new lecture for students called the Erdős Lecture.

Receptions: In addition to long-established social activities such as the AWM Reception, there are several new and 
free events open to all registrants. A new Welcoming Reception sponsored by all the JMM partners will be held on Day 
1. This event will feature hors d’oeuvres and entertainment with a cash bar and special offers from our exhibitors. Other 
free receptions include the Justice, Equity, Diversity, Inclusion Reception sponsored by the ASA and the Industrial Math 
Modeling Reception sponsored by SIAM, as well as other new receptions sponsored by a variety of organizations. 

Lectures: The ASA, along with the Committee of Presidents of Statistical Societies, is introducing a new annual invited 
address on mathematical statistics; the AMS is sponsoring an annual invited address on Education and the new Erdős 
Lecture for students; the Association for the Advancement of Science is offering a new joint invited address with the AMS 
featuring a mathematician who is an AAAS fellow; Spectra is launching the Lavender Lecture to feature the research of a 
member of our LGBTQ+ community. In addition, the MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay lecture has grown 
to become a featured invited address, as have the four lectures in the popular Current Events Bulletin series.

PEP Sessions & Panels: A wide variety of professional development opportunities are brought to you by the new JMM 
Program Committee, which includes volunteers from the AMS, ASA, AWM, NAM, and SIAM. JMM Program Committee 
chair Dr. William Y. Vélez says, “This year’s panels and JMM Professional Enhancement Programs (PEP) address the many 
responsibilities of a modern mathematical sciences department. They range from lessons learned from online teaching, 
the art and practice of effective classroom techniques, the content of the undergraduate courses and the major program 
of study, and ideas on how to attract and engage those communities who previously have been far removed from the 
mathematical sciences enterprise. The JMM Program Committee would welcome your comments and suggestions for 
JMM 2023.”

A Safe and Welcoming Environment
The JMM partners are committed to providing a safe, welcoming, and inclusive environment 
in Seattle. The convention center and conference hotels will be following all appropriate local, 
state, and federal safety protocols related to COVID. JMM wellness and safety protocols will align 

with them and will include proof of vaccinations or proof of a negative 72-hour PCR test, a mask mandate, a required 
wellness screening form, and more. Details will be posted on the JMM website. See the conference program for information 
about gender-neutral bathrooms, nursing stations, a quiet room, and other accommodations. We are introducing a new 
program called MathSafe at the JMM, where any conference goer can approach a volunteer wearing a MathSafe button 
to receive support and aid if they are concerned that the JMM’s Welcoming Environment Policy is not being upheld. If 
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you would like to volunteer for a future training to become a MathSafe volunteer, visit the JMM registration booth or go 
to https://mathsafe.org. 

In closing, you can expect to learn, network, and build relationships through invited addresses, special and contrib-
uted sessions, poster sessions, professional development panels and PEP sessions, social gatherings, and more. Prepare 
to come together to connect and collaborate. At JMM 2022, we will learn from each other. We will see old friends, and 
we will make new ones.

Stay tuned for JMM updates via social media and www.jointmathematicsmeetings.org. I look forward to seeing 
you January 5–8 in Seattle.
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Chip Firing and
Algebraic Curves

David Jensen
The chip firing game is played with poker chips on the ver-
tices of a graph. Though seemingly simple, this game has
deep connections to various fields of mathematics. In this
article, we discuss one of these connections, to the theory
of algebraic curves. We will see that the chip firing is a
combinatorial analogue of Brill-Noether theory, the study
of divisors on algebraic curves. This observation allows us
to prove theorems in algebraic geometry using graph the-
ory, and vice versa.
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1. Basics of Algebraic Curves
Algebraic geometers are interested in the solutions to sys-
tems of polynomial equations, which are called varieties.
Among the simplest varieties are the one-dimensional
ones, which are called algebraic curves. To 19th century al-
gebraic geometers, a curve was simply a one-dimensional
subset of some ambient projective space, determined by
polynomial equations. In the 20th century, however,
much of mathematics underwent a fundamental shift,
with objects defined in terms of their abstract properties,
without reference to an ambient space. To a modern al-
gebraic geometer, a given curve is not equipped with a
specific embedding. Instead, we think of the curve as ad-
mitting many different maps to projective spaces, and an
interesting question is to describe all maps from the given
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curve to projective space. The study of suchmaps is known
as Brill-Noether theory. Readers interested in learning more
about the geometry of algebraic curves are encouraged to
read the standard text [ACGH85].

Two important invariants of such a map are its degree
and its rank. Given a curve 𝐶 and a map 𝜑 ∶ 𝐶 → ℙ𝑟 to
projective space, the degree of 𝜑 is the number of points in
the preimage of a general hyperplane. The rank of 𝜑 is the
dimension of the projective space spanned by the image
𝜑(𝐶). For example, Figure 1 depicts an embedding of a
curve in ℙ2. Because a general line meets the curve in four
points,1 the degree of this embedding is 4, and because the
curve spans the whole plane (that is, it is not contained in
a line), the rank of this embedding is 2.

Figure 1. An embedding of degree 4 and rank 2.

Given a curve 𝐶, it is natural to ask the following ques-
tion.

Question 1.1. Does 𝐶 possess a map of degree 𝑑 and rank
𝑟? If so, how many?

It is standard to recast this discussion in the equivalent
language of divisors. A divisor on a curve 𝐶 is a formal sum
of points of 𝐶. The degree of a divisor 𝐷 = ∑𝑝∈𝐶 𝐷(𝑝) ⋅ 𝑝
is the integer deg𝐷 = ∑𝑝∈𝐶 𝐷(𝑝). A divisor 𝐷 is called ef-
fective if its coefficients 𝐷(𝑝) are nonnegative for all 𝑝 ∈ 𝐶.
The connection between maps and divisors comes from
hyperplane sections, like the linear section depicted in Fig-
ure 1. If 𝜑 ∶ 𝐶 → ℙ𝑟 is a map of degree 𝑑, then the preim-
age of a hyperplane (with appropriate multiplicities) is an
effective divisor of degree 𝑑. We say that two effective divi-
sors 𝐷1 and 𝐷2 are linearly equivalent if there exists a map
from 𝐶 to a projective space such that both 𝐷1 and 𝐷2 are
preimages of hyperplanes. Equivalently, 𝐷1 and 𝐷2 are lin-
early equivalent if there is a rational function on 𝐶 with
zeros equal to 𝐷1 and poles equal to 𝐷2. In this way, we
see that equivalence classes of divisors on a curve 𝐶 corre-
spond in a natural way to maps from 𝐶 to projective space.

The set of hyperplanes in ℙ𝑟 forms an 𝑟-dimensional
space, and each hyperplane corresponds to an effective di-
visor in a single linear equivalence class. Thus, one can

1The astute reader will note that many lines do not appear to meet the curve
at all, because Figure 1 depicts only the points with real coordinates. This is
among the reasons that algebraic geometers prefer to work over algebraically
closed fields, though we tend to draw pictures like Figure 1 anyway.

define the rank of a divisor 𝐷 to be the dimension of its
complete linear series, which is the set of effective divisors
linearly equivalent to 𝐷. We can reinterpret the rank in
the following way. If 𝜑(𝐶) spans a projective space of di-
mension 𝑟, then there is a hyperplane passing through any
𝑟 points of 𝜑(𝐶). In other words, if 𝐷 is the preimage of a
general hyperplane, 𝐸 is the sum of the 𝑟 points, and 𝐸′ is
the sum of the other 𝑑 − 𝑟 points of 𝐶 mapping into the
hyperplane, then 𝐷 is linearly equivalent to 𝐸 +𝐸′. In par-
ticular, 𝐷 − 𝐸 is linearly equivalent to an effective divisor.
Thus, a divisor 𝐷 has rank at least 𝑟 if, for every effective
divisor 𝐸 of degree 𝑟, 𝐷 − 𝐸 is equivalent to an effective
divisor. If 𝐷 is not equivalent to an effective divisor, we
say that it has rank −1. The set of divisor classes on 𝐶 is
called the Picard group of 𝐶, denoted Pic(𝐶), and the set of
divisor classes of degree 𝑑 is denoted Pic𝑑(𝐶). We define

𝑊𝑟
𝑑 (𝐶) ≔ {[𝐷] ∈ Pic𝑑(𝐶) | rank(𝐷) ≥ 𝑟}.

The Brill-Noether varieties𝑊𝑟
𝑑 (𝐶) are central to the study of

algebraic curves. For example, Question 1.1 above can be
rephrased as follows.

Question 1.2. For which values of 𝑟 and 𝑑 is 𝑊𝑟
𝑑 (𝐶)

nonempty? In these cases, how “big” is it?

An early and important development in this theory was
the Riemann-Roch Theorem. To understand the statement,
we first need to define a few more terms. Any meromor-
phic 1-form on 𝐶 determines a divisor class. This is called
the canonical class, and typically denoted 𝐾𝐶 . The genus of
𝐶 is one more than the rank of its canonical class 𝐾𝐶 .

Riemann-Roch Theorem. Let 𝐶 be a curve of genus 𝑔, and
let 𝐷 be a divisor on 𝐶. Then

rank(𝐷) − rank(𝐾𝐶 − 𝐷) = deg𝐷 − 𝑔 + 1.

The Riemann-Roch Theorem has many important con-
sequences. The degree of the canonical divisor 𝐾𝐶 is 2𝑔−2.
Since every effective divisor has nonnegative degree, a di-
visor of negative degree must have rank −1. By Riemann-
Roch, it follows that every divisor of degree 𝑑 > 2𝑔 − 2
has rank 𝑑 − 𝑔. On a fixed curve 𝐶, the rank of a divisor is
therefore completely determined by its degree for all but
finitely many possible degrees. Using Riemann-Roch, it
is a straightforward exercise to compute the rank of every
divisor on a curve of genus zero, one, or two. The first in-
teresting case occurs in genus three—some curves of genus
three or more possess a divisor of degree 2 and rank 1, and
some do not. Those that do are are known as hyperelliptic
curves. More generally, the gonality of a curve 𝐶 is the min-
imum degree of a divisor of positive rank on 𝐶. Hyperel-
liptic curves are precisely the curves of gonality 2. The go-
nality of a curve is an important invariant that determines
many interesting things about the geometry of the curve.
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2. The Chip Firing Game
The discussion above has an interesting combinatorial
analogue. While the chip firing game has been studied
for decades, the perspective of it as combinatorial Brill-
Noether theory is relatively new. Throughout, we choose
our terminology and notation to reflect the analogy with
algebraic curves. All graphs are assumed to be finite, con-
nected, and loopless, though possibly with multiedges.
For more information on the chip firing game, we recom-
mend the textbooks [CP18,Kli19].

Definition 2.1. A divisor 𝐷 on a graph 𝐺 is a formal ℤ-
linear combination of vertices of 𝐺,

𝐷 = ∑
𝑣∈𝑉(𝐺)

𝐷(𝑣) ⋅ 𝑣

with 𝐷(𝑣) ∈ ℤ.
For example, Figure 2 depicts a divisor on the wedge of

two triangles. In this and other examples, a vertex with
coefficient zero is pictured as an unlabeled vertex.

1

1

Figure 2. A divisor on a graph.

Divisors on graphs were studied in combinatorics, com-
puter science, and dynamics long before they attracted the
interest of algebraic geometers. In these disciplines it is
more common to refer to divisors on graphs as chip config-
urations or abelian sandpiles. One can think of a divisor as
a stack of poker chips on each vertex of the graph, hence
the term “chip configuration.” From this perspective, the
vertices with negative coefficients are “in debt.”

In the chip firing game, there is only one move. We
choose a vertex to “fire,” which results in that vertex giving
a chip to each of its neighbors. More concretely, we have
the following definition.

Definition 2.2. The chip-firing move at a vertex 𝑣 takes a
divisor 𝐷 to 𝐷′, where

𝐷′(𝑤)={ 𝐷(𝑣) − val(𝑣) if 𝑤 = 𝑣,
𝐷(𝑤) + # of edges between 𝑤 and 𝑣 if 𝑤 ≠ 𝑣,

where val(𝑣) denotes the valence of the vertex 𝑣.
In our example, if we fire the top left vertex, we get the

divisor pictured in Figure 3.
Two divisors 𝐷,𝐷′ are linearly equivalent if 𝐷′ can be ob-

tained from 𝐷 by a sequence of chip-firing moves. In anal-
ogy with divisors on curves, a divisor 𝐷 = ∑𝑣∈𝑉(𝐺) 𝐷(𝑣) ⋅ 𝑣

2

−1

1

Figure 3. The result of firing a vertex.

is called effective if𝐷(𝑣) ≥ 0 for all 𝑣 ∈ 𝑉(𝐺), and the degree
of 𝐷 is the integer 𝐷 = ∑𝑣∈𝑉(𝐺) 𝐷(𝑣). Note that the degree
of a divisor is invariant under chip firing. The set of divisor
classes on 𝐺 is called the Picard group of 𝐺, denoted Pic(𝐺),
and the set of divisor classes of degree 𝑑 is denoted Pic𝑑(𝐺).
The set Pic𝑑(𝐺) is finite. Indeed, it is a consequence of Kir-
choff’s Matrix Tree Theorem that |Pic𝑑(𝐺)| is equal to the
number of spanning trees in 𝐺.

Given a divisor 𝐷 on a graph, how should we define its
rank? Its complete linear series is a finite set, so we cannot
define the rank of 𝐷 to be the dimension of this linear se-
ries. Our alternate definition of rank is more appropriate
to the combinatorial setting. We say that a divisor 𝐷 has
rank at least 𝑟 if, for every effective divisor 𝐸 of degree 𝑟,
𝐷 − 𝐸 is equivalent to an effective divisor. We may think
of this as a sort of game—startingwith a chip configuration
𝐷 on a graph 𝐺, our opponent is allowed to “steal” 𝑟 chips,
and then our job is to perform a sequence of chip-firing
moves to eliminate any possible debt. If we can always win
the game no matter how our opponent plays, then the di-
visor 𝐷 has rank at least 𝑟. As an example, we encourage
the reader to check that the divisor pictured in Figure 2 has
rank 1.

In analogy with Question 1.1, given a graph 𝐺, we may
ask the following.

Question 2.3. Does 𝐺 possess a divisor of degree 𝑑 and
rank 𝑟? If so, how many?

As an approach to Question 2.3, we can modify the
game described above to search for low-degree divisors of
positive rank. We are given a number of chips to place on
the graph, and after we place them, our opponent is al-
lowed to steal a chip, creating a debt of 1 at some vertex
of the graph. If we can eliminate the debt via a sequence
of chip-firing moves, no matter how our opponent plays,
then we have found a divisor of positive rank. In analogy
with algebraic curves, the minimum number of chips re-
quired to win this game is called the gonality of the graph.
The wedge of two triangles pictured in Figure 2 has gonal-
ity 2—the pictured divisor has the smallest degree among
all divisors of positive rank. In fact, as we shall see shortly,
every graph with first Betti number 2 has gonality 2. In
general, however, computing the gonality of a graph is NP-
hard [GSvdW20].
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There has been significant work on the gonality of
graphs. There is a complete classification of hyperelliptic
graphs [Cha13] and a partial classification of graphs of go-
nality 3 [ADM+19]. The gonality of a graph is bounded
below by its treewidth [vDdBG20], an invariant that has
received a lot of attention in the combinatorics literature.

The genus of a graph 𝐺 is its first Betti number, 𝑔 =
|𝐸(𝐺)| − |𝑉(𝐺)| + 1. The canonical divisor of a graph 𝐺 is
the divisor

𝐾𝐺 ≔ ∑
𝑣∈𝑉(𝐺)

(val(𝑣) − 2) ⋅ 𝑣.

A simple double-counting argument shows that the degree
of 𝐾𝐺 is 2𝑔 − 2. Amazingly, the Riemann-Roch Theorem
also holds in this setting.

Riemann-Roch Theorem for graphs ([BN07]). Let 𝐺 be a
graph of genus 𝑔, and let 𝐷 be a divisor on 𝐺. Then

rank(𝐷) − rank(𝐾𝐺 − 𝐷) = deg𝐷 − 𝑔 + 1.
Neither the Riemann-Roch Theorem for curves nor the

Riemann-Roch Theorem for graphs is known to imply the
other. Nevertheless, in this setting the Riemann-Roch The-
orem has all the same consequences as it does for divisors
on curves. For example, Riemann-Roch implies that the
rank of the canonical divisor 𝐾𝐺 is 𝑔 − 1. Given a chip
configuration 𝐷 with some vertices in debt, we may ask
whether it is possible to perform a sequence of chip-firing
moves to eliminate the debt. This is equivalent to asking
whether the divisor 𝐷 has nonnegative rank. By Riemann-
Roch, if deg𝐷 ≥ 𝑔, then rank(𝐷) ≥ 0. In other words, if
the total number of chips is at least the genus of the graph,
then we can always eliminate the debt.

3. What’s the Connection?
The preceding discussion suggests that there is some deep
connection between the theory of divisors on graphs and
that of divisors on algebraic curves. The main idea behind
this connection is that of degeneration. While degeneration
arguments have been standard in algebraic geometry for
more than a century, many early-to-mid 20th century de-
velopments were required in order to give such arguments
a rigorous foundation. Given a curve, we perturb it in an
extreme and violent fashion, and then study this “degener-
ate curve.” It is often possible to discern geometric proper-
ties of the original curve from the degenerate one. Greater
detail on the results of this section can be found in [Bak08]
or the survey [BJ16].

For example, let 𝐹(𝑥, 𝑦, 𝑧) be a homogeneous polyno-
mial of degree 4, and consider the following family of
curves, parameterized by 𝑡:
𝐶𝑡 = {(𝑥, 𝑦, 𝑧) ∈ ℙ2 | 𝑡 ⋅ 𝐹(𝑥, 𝑦, 𝑧) + 𝑥𝑦𝑧(𝑥 + 𝑦 + 𝑧) = 0}.

For almost all values of 𝑡, the curve 𝐶𝑡 ⊂ ℙ2 is a smooth
plane quartic, such as the one illustrated in Figure 1. When

𝑡 = 0, however, the family of curves degenerates to a sin-
gular union of lines, pictured in Figure 4.

Figure 4. The curve 𝐶0 is a union of four lines.

The strength of this approach is that the degenerate
curve can be understood via combinatorics. The irre-
ducible components of 𝐶0 are just lines, and have no in-
teresting geometry. The geometry of 𝐶0 is completely de-
termined by the combinatorial data of which pairs of lines
meet. This information is recorded by the dual graph 𝐺 of
the curve 𝐶0. The vertices of the dual graph 𝐺 correspond
to components of𝐶0, and there is an edge between two ver-
tices for every point in the intersection of the correspond-
ing components. In this example, the dual graph has four
vertices, corresponding to the four lines, and each pair of
lines intersect in exactly one point, so the dual graph has
one edge between every pair of vertices. The dual graph is
therefore the complete graph 𝐾4, pictured in Figure 5.

Figure 5. The dual graph of 𝐶0 is the complete graph 𝐾4.

More generally, we may consider any one-parameter
family of curves 𝐶𝑡. If the special fiber 𝐶0 is a union of lines
(or more generally, rational curves), no three of which mu-
tually intersect and no two of which intersect nontransver-
sally, then one can construct the dual graph 𝐺 of 𝐶0 as
above. In order to discern properties of the curves 𝐶𝑡
from analogous properties of the graph 𝐺, the family must
satisfy certain technical hypotheses. For the technicality-
inclined reader, we let 𝐶 be a smooth curve over an arbi-
trary discretely valued field 𝐾, and we let 𝑅 be the corre-
sponding discrete valuation ring. (In our example above,
we have 𝐾 = ℂ((𝑡)) and 𝑅 = ℂ[[𝑡]].) A curve 𝒞 over 𝑅 is
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called a strongly semistable model for 𝐶 if 𝒞 is regular, it is
proper and flat over 𝑅, its general fiber is 𝐶, and its special
fiber 𝐶0 is reduced and has only ordinary double points
as singularities. The curve 𝐶 is the generic member of this
family—if certain properties hold for 𝐶, then they hold for
𝐶𝑡 for all 𝑡 in a dense open set.

By moving from the curve 𝐶 to the special fiber 𝐶0, and
then to the dual graph𝐺, we lose an extraordinary amount
of information. For example, the isomorphism class of a
plane quartic depends on several continuous parameters,
whereas a graph is determined by discrete data. It is re-
markable that we could learn anything about our original
curve by studying the graph. As we shall see, however, the
graph retains substantial information about divisors on 𝐶.

Now, consider a 1-parameter family of points on our 1-
parameter family of curves 𝐶𝑡. The family of points yields
a section as in Figure 6. Our technical hypotheses are re-
strictive enough to imply that any such section meets the
special fiber 𝐶0 in a smooth point. (More precisely, if 𝒞 is
a strongly semistable model for 𝐶, then every 𝐾-point on
𝐶 specializes to a smooth point of𝐶0.) Since every smooth
point of 𝐶0 lies on a unique component, and the compo-
nents of 𝐶0 correspond to vertices of the dual graph 𝐺, we
obtain a well-defined map from 𝐶(𝐾) to 𝑉(𝐺). Extending
linearly, we obtain a map from the group of 𝐾-divisors on
the curve 𝐶 to the group of divisors on the graph 𝐺. This
map preserves linear equivalence, so it descends to a map

Trop ∶ Pic𝐾(𝐶) → Pic(𝐺).
Note that this map preserves the degree. It is natural to ask
how our other invariant, the rank, behaves under this map.
This question has a simple answer.

Figure 6. A section of a 1-parameter family of curves.

Baker’s Specialization Lemma ([Bak08]). Let 𝐷 be a 𝐾-
divisor on 𝐶. Then

rank(𝐷) ≤ rank(Trop𝐷).

Returning to our example, consider the divisor 𝐷 pic-
tured in Figure 1, given by the intersection of the plane
quartic 𝐶 with a line. We saw above that this divisor has
degree 4 and rank 2. Assume that the line is in sufficiently
general position, so that it intersects each component of𝐶0
transversally. Fixing the line and letting𝐶 degenerate to𝐶0,
the intersection becomes a union of four points, one on
each of the four lines. The divisor 𝐷 therefore specializes
to the divisor on 𝐾4 with one chip on each of the four ver-
tices. By Baker’s Specialization Lemma, Trop𝐷 must have
rank at least 2. Indeed, Trop𝐷 is the canonical divisor on
𝐾4, and since 𝐾4 has genus 3, the canonical divisor has
rank 2 by Riemann-Roch.

In a different direction, we encourage the reader to
check that the complete graph 𝐾4 is not hyperelliptic. In
other words, no divisor of degree 2 on 𝐾4 has positive rank.
By Baker’s Specialization Lemma, if the curve 𝐶 is hyperel-
liptic, then so is the graph𝐾4, because the divisor of degree
2 and rank at least 1 on 𝐶 must specialize to a divisor of
degree 2 and rank at least 1 on the graph. It follows that
the curve 𝐶 is not hyperelliptic. In this way, we see that the
geometry of the curve is reflected by the combinatorics of
the graph, and vice versa.

A word of caution is in order here. The argument just
given shows only that there is no divisor of degree 2 and
rank 1 on 𝐶 that is defined over the field 𝐾. It is theoreti-
cally possible that such a divisor exists over some finite ex-
tension of 𝐾. This is an issue for algebraic geometers, who
often work over fields that are algebraically closed. One
way to handle this problem is via refinement. Given a graph
𝐺 and a positive integer 𝑒, define 1

𝑒
𝐺 to be the 𝑒th refinement

of 𝐺, obtained by subdividing each edge of 𝐺 into 𝑒 edges,
as pictured in Figure 7. If 𝐾′ is a valued field extension of
𝐾 of degree 𝑒, then there exists a strongly semistablemodel
for 𝐶𝐾′ such that the dual graph of the special fiber is the
𝑒th refinement of the original dual graph. To complete the
proof that 𝐶 is not hyperelliptic over any finite extension,
therefore, it suffices to show that the graph

1
𝑒
𝐾4 is not hy-

perelliptic for every positive integer 𝑒. We again leave this
to the reader.

Figure 7. The graph 1
4
𝐾4.
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A different approach to the problem is to use metric
graphs, also known as tropical curves. While this perspec-
tive is somewhat beyond the scope of the present article,
it is the one more commonly used in applications, such
as those discussed in the next section. A metric graph is
a metric space obtained from a graph by identifying each
edge with an interval of some positive length. Given a (dis-
crete) graph𝐺, consider the metric graph Γwhere all edges
have length 1. In Γ, the points of rational distance from the
vertices can be naturally identified with vertices of refine-
ments of 𝐺. In this way, metric graphs can be thought of
as the limits of discrete graphs under refinement.

4. Going Further
We now return to Questions 1.2 and 2.3: on a curve 𝐶
or graph 𝐺, for which values of 𝑟 and 𝑑 does there exist
a divisor of degree 𝑑 and rank 𝑟? In these cases, what is
the dimension of 𝑊𝑟

𝑑 (𝐶)? The answers to these questions
certainly depend on the curve or graph. As we have seen,
for example, some curves of genus 3 are hyperelliptic, and
some are not. In other words, there exists a curve 𝐶 of
genus 3 such that 𝑊1

2 (𝐶) is empty, and there also exists a
curve 𝐶′ of genus 3 such that 𝑊1

2 (𝐶′) is nonempty. One
might ask which situation is more typical—if one were
to select a genus 3 curve “at random,” is that curve more
likely to be hyperelliptic or nonhyperelliptic? More gener-
ally, what is the expected gonality of a curve of genus 𝑔?
Note that one can ask the same question about a graph:
what is the expected gonality of a random graph? (The an-
swer depends on what one means by a random graph; see
[DJKM16,DJ18].)

More precisely, there is a moduli space ℳ𝑔 parameteriz-
ing isomorphism classes of curves of genus 𝑔. Whenwe say
that a property is satisfied by a general curve of genus 𝑔, we
mean that the property is satisfied by all curves in a dense
open subset of the moduli space ℳ𝑔. In the particular ex-
ample above, the moduli space ℳ3 has dimension 6, and
the space of hyperelliptic curves is a subvariety of dimen-
sion 5. In this sense, almost all curves of genus 3 are non-
hyperelliptic. More generally, the answer to Question 1.2
for general curves is given by the celebrated Brill-Noether
Theorem of Griffiths and Harris.

Brill-Noether Theorem. Let 𝐶 be a general curve of genus 𝑔,
and define

𝜌(𝑔, 𝑟, 𝑑) ≔ 𝑔 − (𝑟 + 1)(𝑔 − 𝑑 + 𝑟).
1. If 𝜌(𝑔, 𝑟, 𝑑) < 0, then 𝑊𝑟

𝑑 (𝐶) is empty.
2. If 𝜌(𝑔, 𝑟, 𝑑) ≥ 0, then dim𝑊𝑟

𝑑 (𝐶) = 𝜌(𝑔, 𝑟, 𝑑).
Chip firing allows us to translate questions about the

geometry of general curves into combinatorial problems
about graphs. In [CDPR12], an alternate proof of the Brill-
Noether Theorem is given, using chip firing. To see how
this works, let us briefly return to the case of hyperelliptic

Figure 8. The chain of loops.

curves in ℳ3. The set of nonhyperelliptic curves is open
in ℳ3, and is therefore dense in ℳ3 if and only if it is
nonempty. To show that the general curve of genus 3
is nonhyperelliptic, it therefore suffices to find one non-
hyperelliptic curve of genus 3. By Baker’s Specialization
Lemma, it’s actually enough to find a nonhyperelliptic
graph of genus 3. Indeed, we found such a graph in the
previous section, and used it to show that the curve 𝐶 from
Figure 1 is itself nonhyperelliptic.

More generally, to prove the first statement above, fix in-
tegers 𝑔, 𝑟, and 𝑑 such that 𝜌(𝑔, 𝑟, 𝑑) is negative. By Baker’s
Specialization Lemma, it suffices to exhibit a family of
graphs of genus 𝑔, closed under refinement, that possess
no divisor of degree 𝑑 and rank at least 𝑟. This property
is satisfied by the chain of loops pictured in Figure 8, pro-
vided that the ratio of the number of edges on the top of
each loop to the number on the bottom is sufficiently large.
More precisely, [CDPR12] provides a complete answer to
Question 2.3 when the graph 𝐺 is a sufficiently general
chain of loops. It remains an open problem to find other
infinite families of graphs with no divisors of degree 𝑑 and
rank 𝑟, when 𝜌(𝑔, 𝑟, 𝑑) < 0.

With a little more work, one can also use this graph
to obtain the second part of the Brill-Noether Theorem.
Indeed, this graph has proven to be a remarkably useful
tool for studying the Brill-Noether theory of general curves.
It can also be used to study the tangent space to 𝑊𝑟

𝑑 (𝐶)
[JP14] and the Hilbert functions of divisor classes on gen-
eral curves [JP16]. If we relax the condition that the ra-
tio of the number of edges on the top of each loop to
the number on the bottom is sufficiently large, then we
can use the graph to study general curves in the Hurwitz
space ℋ𝑔,𝑘, parameterizing curves of genus 𝑔 and gonal-
ity 𝑘 [Pfl17, JR21,CJ20]. The chain of loops has also been
used in [LU21,CLRW21] to study the Brill-Noether theory
of general Prym curves.

These results demonstrate the potential for using graph
theory to establish results in algebraic geometry. But it is
also possible to go in the other direction, using algebraic
geometry to learn more about graphs. For example, in a
related (and historically earlier) direction, it was shown
independently by Kempf and Kleiman-Laksov that if 𝐶 is
any curve of genus 𝑔, then

dim𝑊𝑟
𝑑 (𝐶) ≥ 𝜌(𝑔, 𝑟, 𝑑).

This has the following, purely combinatorial, conse-
quence.

Theorem 4.1 ([Bak08]). Let 𝐺 be a graph of genus 𝑔, and fix
integers 𝑟 and 𝑑 such that 𝜌(𝑔, 𝑟, 𝑑) ≥ 0. Then there exists a
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positive integer 𝑒 such that the refinement
1
𝑒
𝐺 possesses a divisor

of degree 𝑑 and rank at least 𝑟.

Although Theorem 4.1 is a completely combinatorial
statement, there is currently no known proof of this theo-
rem that does not use algebraic geometry. A purely com-
binatorial proof has thus far remained elusive. It is also
unknown whether Theorem 4.1 holds without passing to
a refinement—that is, whether the integer 𝑒 can always be
taken to be 1. This is known as the Brill-Noether Existence
Problem, and it has been solved only in small genus cases.

Many open questions remain concerning the geometry
of general curves. Chip firing provides a promising ap-
proach to these problems using combinatorial tools. At
the same time, ideas from geometry can be applied to con-
jectures in graph theory. By developing connections be-
tween two diverse areas of mathematics, we heighten our
understanding of each.
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An Invitation to Stochastic
Mathematical Biology

George Constable, Yvonne Krumbeck, and Tim Rogers
Mathematical biology is unusual as a discipline in being
defined by its application area, rather than by the type of
mathematics involved. We are now in the era of mass data
gathering and cheap computation, revealing the messy
details of biological systems with unprecedented clarity.
Mathematical biologists are increasingly required to con-
front the essential randomness and uncertainty of the nat-
ural world; a challenge that brings with it the opportuni-
ties to ask and answer new questions, sometimes provid-
ing surprisingly simple explanations for complex natural
phenomena. In this article we survey the growing field of
stochastic mathematical biology, revealing the surprising
explanatory power of randomness in biology, and high-
lighting developments and challenges across a spectrum
of mathematical areas.
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Three Good Reasons
Modelling biological systems can be tricky. Feedback
loops operating across vastly disparate spatial and tempo-
ral scales give rise to the huge richness and complexity of
the living world. The process of abstracting from reality
to a model involves removing much of this intricate de-
tail. The more detail that has been discarded, the more the
model is said to be “simple.” The more simple a model is,
the better chance we have of analysing it withmathematics
to make predictions, gain deep understanding, and derive
general principles. Mathematical biologists face the chal-
lenge of constructing models that are simple enough to be
amenable to analysis, but that still retain the essential fea-
tures of the biological system under study.

There is one particularly powerful abstraction that is
performed routinely and often subconsciously: we replace
quantities with our expectation of those quantities, often
without regard for the error. This has entered the public
consciousness recently with attention on the basic repro-
ductive number of COVID-19. Any single transmission
of the coronavirus is governed by a sequence of events
across vastly different scales (subcellular to intercontinen-
tal) which is so complicated as to be completely unpre-
dictable. Yet these personal stories are aggregated at a pop-
ulation level to produce a single number quantifying the
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rate of new infections and thus the exponential growth of
the disease. When mathematical models are used to in-
form decision-making affecting lives and livelihoods, we
face a challenging task to publicly justify the chosen mod-
els and to explain the uncertainties in our predictions.

By relaxing the assumption of perfect predictability and
embracing stochastic thinking, mathematical biology can
better model biological systems, can expand the breadth
and sophistication of predictions made, and can expose
the counterintuitive ways that randomness brings emer-
gent order to the natural world. These are three good rea-
sons to study stochastic mathematical biology which we
explore here.

First, all biological systems are inherently stochastic.1

Plant and animal cells are complicated and crowded en-
vironments, with myriad competing and complementary
processes and events taking place, where precise measure-
ments are difficult to make. Births and deaths of organ-
isms, which ultimately drive the dynamics of whole popu-
lations and the evolution of species, are unpredictable in
their timing, causes, and consequences. Interactions be-
tween species determine the fate of entire ecosystems, but
they are both notoriously difficult to quantify and contin-
gent on unpredictable environmental factors. Empirical
scientists deal with these uncertainties using statistics. For
mathematical modellers, the correct proxy is the use of
random variables to replace unknowns. In this way un-
certainty can be carried forward through the model in a
quantifiable way.

Second, stochastic models offer the possibility of inter-
rogating a rich set of questions including: (i) what is the
distribution of possible outcomes or future states?; (ii) what is
the probability of transitioning between two distant states?; and
(iii) how long must we wait for a certain event to occur? In a
biological context, the answers can have particular signifi-
cance, such as: (i) how many species will be supported in an
ecosystem?; (ii) what is the probability that cancerous epithelial
cells become migratory?; or (iii) over what time frame do we ex-
pect a mutation to occur in a particular gene? A great deal of
the power of stochastic mathematical biology comes from
the ability to formulate and answer such questions.

Third, we note that the inclusion of stochastic effects in
simple models can often enhance their explanatory power.
In what follows, we showcase several examples from a
range of different biological applications. Wewill take care
to explore the different forms of stochasticity that may ap-
pear in a model. One important example is demographic
noise: randomness in the timing of individual events that
can play out at the population level to dramatically affect

1From the Greek stokhastikos meaning “guessable,” we use the word stochastic
to encompass randomness in parameter values, unknown initial data, the tim-
ing of and outcome of events, the predictions made by models, and any other el-
ement of uncertainty.

system behaviour. Another is randomness in model pa-
rameters, in which incomplete information about the en-
vironment or interactions within a system give rise to an
ensemble of potential realisations whose statistics must be
calculated.

Many different areas of mathematics have important
contributions to make in this growing field; the remain-
der of this paper is organised by mathematical discipline
to emphasise this point, and we pose open questions in
each. A few key recent references are highlighted through-
out; a more comprehensive reading list for interested re-
searchers is available online [KCR21]. We conclude by dis-
cussing further exciting directions for study, including de-
velopments that may come with the synthesis of different
forms of stochasticity within the same model.

Probability
The construction and analysis of probabilistic models of
populations was pioneered around the turn of the 20th
century by early proponents of theoretical population ge-
netics, who were keen to understand the factors driving
changes in gene-frequencies.2 It is perhaps no surprise that
many of these researchers were in fact statisticians, includ-
ing Ronald Fisher and SewallWright, although othermath-
ematicians such as the self-affirmed number theorist G. H.
Hardy were also influential [KCR21]. As a result, the im-
portance of demographic stochasticity (though not named
in these terms at the time) was appreciated in theoretical
population genetics from its inception. It took decidedly
longer for these ideas to filter out into the realms of ecol-
ogy and biochemistry.

The most simple probabilistic population models are
branching processes, which keep track of the family tree of a
growing population. In the famous Galton-Watson pro-
cess, the number of individuals in generation 𝑛 + 1 is
given by a sum of independent and identically distributed
random variables, one for each member of generation 𝑛.
Nearly 150 years from its inception, probabilists are still
finding interesting things to say about this model, which
is a cornerstone of applied probability theory. The analysis
of more complex branching processes (for example involv-
ing multiple types, or changing environments) gives im-
portant insights into the behaviour of biological growth of
various kinds, including the early development of disease
outbreaks [BD95], or metastatic cancer [YJB+10].

The main strategy in the analysis of branching pro-
cesses is to exploit the independence of different branches
of the tree. This is also the main limitation, as the

2Sadly, some of this early work is linked to the racist and ableist eugenics move-
ment. Institutions (arguably including mathematics as a whole) whose repu-
tations have long benefitted by association with the groundbreaking theoretical
contributions made at the time now face an awkward reckoning with the ugly
historical context.
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theories developed diverge from reality at the point that
interaction between branches becomes important. Pos-
sible examples of such interactions include competition
for limited resources in the growth of populations, or
self-reinforcement leading to choice-based swarming be-
haviour (e.g., foraging in ant colonies).

Challenge: Develop tools to compute the long-
time behaviour of locally and non-locally interacting
branching processes.

Statistical Mechanics
When populations are naturally limited to a known size, a
different probabilistic construction is preferred. Suppose
one is interested in a population of discrete “individuals”
of one or more types, represented by a “state vector” of
integers n, encoding the number of individuals of each
type at a given moment. These “types” could be species
abundances [ZGG+19] (e.g., the number of foxes and rab-
bits), genotypes [SST20] (i.e., the number of individuals
carrying a specific genetic variant), protein molecules in a
cell [JG20] (which can exist at very low numbers), or any
number of other biological populations of interest. We
could then consider the time-evolution of the probability
𝑃n(𝑡) of being in some state n at time 𝑡:

d𝑃n(𝑡)
d𝑡 = ∑

n′≠n
[𝑇(n|n′)𝑃n′(𝑡) − 𝑇(n′|n)𝑃n(𝑡)], (1)

where 𝑇(n′|n) are transition rates that govern the probabil-
ity per unit time of transitioning from a state n′ to a state n.
Although equation (1) (known as Kolmogorov’s forward
equation, or the master equation) describes a continuous
time process on a discrete state space, discrete time and
continuous state space descriptions can be set up analo-
gously. Models of this type are often referred to as Individ-
ual Based Models (IBMs) as they take account of the inter-
actions between discrete individuals. They are also called
stochastic compartmental models when considering pop-
ulations divided into compartments (e.g., representing the
stages of infection in an epidemic) with random move-
ments between them.

Solutions to the above problems often come down to
solving a large set of simultaneous equations across the
different values of n. For instance, the stationary proba-
bility distribution can be obtained from taking the limit
𝑡 → ∞ in (1), and tells us about the equilibrium distri-
bution that the system would reach at long times (e.g.,
the probability of observing a given number of species on
an island once migrations to and from a mainland have
been allowed to equilibrate). Analogous (although more
involved) expressions exist for hitting probabilities and hit-
ting times, which respectively tell us about the probabil-
ity of reaching some threshold state (e.g., passing a critical
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Figure 1. Top: Kimura’s neutral theory of evolution predicts
that neutral mutations (see equation (2)) should accumulate
at a fixed rate (see theoretical blue and orange dashed lines
and corresponding blue and orange markers from stochastic
simulations). This linear pattern has been observed across
scales from animal haemoglobin to influenza viruses. In red,
we show how this predictability can be used to construct a
“molecular clock”: if the number of substitutions for two
species (red disks) is known, along with the time since their
divergence (e.g., from the fossil record), then an inferred
substitution rate (red dashed line) can be used to estimate the
divergence time for a third related species with known
genetics (red circle). Such methods have recently been used
to estimate the divergence time of human coronavirus
SARS-CoV-2 from animal viruses. Bottom: Hubbell’s neutral
theory of biodiversity predicts the distribution of species
abundances (see theoretical green lines and corresponding
markers from stochastic simulations). Multiple studies have
used such models to understand the mechanisms underlying
ecological diversity, from marine phytoplankton to
Amazonian tree communities, to the human gut microbiome.

number of infections in an epidemic model) or the time
taken to get there (e.g., for a resistant strain of bacteria
to displace its ancestors). As a consequence, for general
systems the best that may be hoped for is a set of recur-
rence relations that can be evaluated numerically. How-
ever in one-dimensional systems (in which the vector n is
replaced by a single abundance 𝑛) closed-form solutions
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are often more forthcoming. This has led to a particular
focus on models consisting of two classes of individuals
(e.g., cooperators and defectors in a model of social con-
flict) within a population of fixed size, 𝑁 (i.e., where the
number of individuals of the two classes is given by 𝑛 and
𝑁 − 𝑛).

While closed-form solutions for these quantities of in-
terest are difficult to obtain for general multivariate sys-
tems, a particular class of these systems, neutral models,
are often more amenable to analysis. These neutral mod-
els assume that all the classes in the population behave
in an equivalent manner under exchange. For instance,
in a neutral model of population genetics, the probabil-
ity transition rate from a state n′ = (… , 𝑛𝑖, … , 𝑛𝑗 , …) to a
state n′ = (… , 𝑛𝑖 + 1, … , 𝑛𝑗 − 1, …) (i.e., the probability of a
birth-death event that increases the number of a gene vari-
ant 𝑖 and decreases that of variant 𝑗) is given simply by the
product of their frequencies:

𝑇(n|n′) = 𝑛𝑖
𝑁
𝑛𝑗
𝑁 , (2)

where 𝑁 = ∑𝑘 𝑛𝑘 is a constant. This enforced symmetry
increases the ease with which such multivariate problems
can be handled.

Far from being simply a concession to analytic tractabil-
ity, such neutral models have been instrumental in ad-
vancing our understanding of emergent biological patterns
in the natural world. In the late 1960s Motto Kimura,
building on the early work of Fisher and Wright, demon-
strated that just such a model as that illustrated in equa-
tion (2) was capable of explaining the “molecular clock”
in evolution, whereby mutational differences between dis-
tinct lineages accumulate linearly with time (see Figure 1).
Three decades later, Stephen Hubbell took a very similar
approach to explain the log-normal distribution of species
abundances recurrent in ecological data (see Figure 1).
While debate still rages about the appropriate messages
to take home from neutral models, whether they are in-
dicative of a true underlying absence of structure or sim-
ply serve as null hypotheses for more complex theories,
they have continued to provide insights in a broad range
of fields, including the evolution of language, ancestral
“sexes,” and even internet memes [KCR21].

Challenge: Stepping up significantly in complexity
from IBMs are so-called Agent-Based Models, com-
posed of interacting agents with complicated inter-
nal logic. Work on these models is almost entirely
simulation-driven, leaving open important questions
about underlying reasons for observed behaviour. To
what extent can statistical mechanics methods be ap-
plied here?

Stochastic Dynamical Systems
While probabilisticmodelling flourished in the early popu-
lation genetics community, contemporary ecological, epi-
demiological, and physiological theory is rooted in the
analysis of differential equations. Amongst some of the
most famous successes of this work involve the emer-
gence of patterns in time, as well as in space (see the sec-
tion, PDEs and Related Fields, below). Such results can
loosely be thought of asmodern stochastic analogues of re-
sults such as deterministic Lotka-Volterra predator-prey cy-
cling (which was thought to explain empirically observed
temporal oscillations in predator-prey abundances3). Re-
cently, researchers in a field broadly described as applied
stochastic analysis have been revisiting the foundational
assumptions of these models, and finding that a proper
treatment of demographic noise reveals surprising new be-
haviours.

From a Kolmogorov’s forward equation of the form of
equation (1), various techniques exist to extract a stochas-
tic differential equation (SDE) representative of the be-
haviour for large but finite population size. The typical
form is

d𝑥𝑖
d𝜏 = 𝑓𝑖(x) +

1
√𝑁

𝜂𝑖(𝜏), 𝑖 = 1, 2, … , 𝑆, (3)

where the vector field f (x) can be crudely understood
as controlling the “deterministic component” of the dy-
namics, and 𝜂(𝜏) is a series of multiplicative Gaussian
white noise terms with zero mean and with a correlator
⟨𝜂𝑖(𝜏)𝜂𝑗(𝜏′)⟩ = 𝐵𝑖𝑗(x)𝛿 (𝜏 − 𝜏′). The structure of both f and
𝐵 is derived from the set of possible events in the underly-
ing (so-called “microscopic”) probabilistic model.

Analysis of the deterministic system ̇x = f (x) provides
insight into the dynamics in the limit of infinite popula-
tion size. However, “infinite” is often not a good proxy
for “large,” and the behaviour (even on average) of an en-
semble of populations may be very different to the infinite
system limit due to demographic noise.

So how can we extract usable predictions from equa-
tion (3)? In the one-dimensional case, essentially all ques-
tions of interest can be answered by integration. Alterna-
tively, if f is linear and 𝐵 constant, then equation (3) de-
scribes an Ornstein-Ulhenbeck process, for which a com-
plete characterisation is known. In all other cases, the
main line of attack available is to somehow reduce the
multivariate non-linear stochastic dynamical system to an
effective system that is either univariate or linear.

We first address linearisation, with the aid of an illustra-
tive example: Lotka-Volterra predator-prey cycling. Simple

3These periodic fluctuations became apparent from data collected by fur trading
companies in North America during the 1800s. Despite the ecological devasta-
tion this industry caused, these detailed data sets have continued to find use in
modern ecological studies.
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Figure 2. Noise-induced selection for cooperation. Panel A: A
model in which cooperators (blue) and defectors (red)
compete for resources on a series of patches. Cooperators
reproduce more slowly, but can reach larger numbers on each
patch by efficiently sharing resources [CRMT16]. Panel B: A
discrepancy between deterministic and stochastic
formulations of the model arises; stochastic fluctuations (red
arrows) are equally probable in either direction from a
deterministic slow manifold (black solid line), yet “kick” the
stochastic system along fast manifolds (dashed lines) in a
different direction (blue arrows, here bias towards the right)
to that predicted deterministically [PR17]. Panel C: The
cumulative result of these “kicks” is that while a deterministic
model robustly predicts that cooperators should be driven to
extinction, an equivalent stochastic model shows that
cooperators can in fact fixate.

deterministic ODE models of the situation feature either
neutral cycling (which is unstable to pertubations and thus
leads to species extinction) or damped oscillations that die
out as the system approaches a stable fixed point of co-
existence between predators and prey (and thus does not
match empirically observed oscillations). More complex
models feature limit cycles that predict unreasonably low
species abundances at certain points in the cycle. This
difficulty in recapitulating periodic fluctuations in abun-
dances with simple ecological models persisted until 2005,
with the seminal work of McKane and Newman [MN05]
analysing stochastic fluctuations in an individual-based
Lotka-Volterra model.

For large but finite population sizes, demographic noise
repeatedly “kicks” the system away from equilibrium, re-
exciting the damped oscillations present in the determin-
istic limit. The essential features of these so-called quasi-
cycles are captured in the power spectrum of fluctuations
(the Fourier transform of the time-series autocorrelation
function). McKane and Newman showed how the power

spectrum can be computed from an analysis of the lin-
earised form of the SDE system. A short form of their result
is as follows: if x∗ solves f (x∗) = 0, then introducing fluc-
tuations 𝜉 = √𝑁(x − x∗), one may expand in large 𝑁 to
find ̇𝜉 = 𝐴𝜉 +𝜂(𝑡). Here 𝐴 is the Jacobian matrix of f at x∗,
and the noise has covariance matrix 𝐵 = 𝐵(x∗). Standard
computations then yield the power spectrum

𝑃(𝜔) = (𝐴 − 𝑖𝜔)−1𝐵(𝐴𝑇 + 𝑖𝜔)−1 . (4)

A peak in the power spectrum implies the presence of
quasi-cycles in the population dynamics with that fre-
quency. This approach has since seen application to a
wide range of situations in stochastic mathematical biol-
ogy, from the seasonality of measles to synchronised oscil-
lations in neural networks [KCR21].

Challenge: In models with many interacting types
(e.g., species in a complex ecosystem), the matrix func-
tion (4) is impossible to evaluate by hand. What other
theoretical approaches are possible in this regime?

A second approach to analysing stochastic dynamical
systems is to reduce their dimension. This is usually
achieved through a separation of time scales argument
using the theory of slow manifolds. If one can identify
quantities that are approximately conserved on short time
scales, it is possible to integrate out faster fluctuations.
This technique is well understood in deterministic dynam-
ical systems, but an important difference occurs when ap-
plied to stochastic systems: the second-order features of
the approach to the slow manifold contribute a biasing
term to the reduced dimension model that must be care-
fully computed. A systematic procedure for this is laid out
in [PR17], leveraging powerful results of Katzenburger.

A large class of important biological models exhibit
natural timescale separation between the fast response of
ecology and slow adaptation via evolution. Surprising
and sometimes counterintuitive results have been found
in models of the evolution of cooperation (see Figure 2),
viral strain evolution, sex chromosome evolution, and oth-
ers [KCR21].

Challenge: Away from ecological/evolutionary dy-
namics, most biological models do not have a clean
separation of time-scales that is known in advance.
Can we develop more widely applicable techniques to
reduce the dimension of complex models?

PDEs and Related Fields
In the 50s, Turing introduced the concept of spatial pat-
terns that are induced by a diffusion process of an acti-
vating and inhibiting component (e.g., prey and predator
species). At the time, this mechanism was hypothesized
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to explain the origin of animal coat patterns. While mod-
ern experimentation has revealed that animal coat patterns
in fact have a genetic basis, emergent Turing patterns have
helped explain many other phenomena, from vegetation
patterning to mussel distribution on the sea bed [KCR21].

Although it is a simple mathematical model that sug-
gests how certain natural patterns could emerge, the Tur-
ing model has been highly criticised for its restrictive as-
sumptions (e.g., the diffusive rate of the inhibitor is re-
quired to be much larger than of the activator, and of-
ten parameter choices are more sensitive than robust pat-
terns in nature would suggest). However, in the context
of individual-basedmodels, stochastic Turing patterns have
been reported to emerge in a far greater range of parame-
ters. With a proper treatment of noise, it appears the sim-
ple mechanism proposed by Turing is more robust than
previously thought.

Butler and Goldenfeld [BG09] introduced a spatial
predator-prey model, and investigated the stochastic ef-
fects of demographic noise. Besides the temporal oscil-
lations of species abundances, it was shown that persis-
tent perturbations, coming from intrinsic noise, can sus-
tain transient patterns that would otherwise decay in a de-
terministic model. This phenomenon has become known
as a stochastic Turing pattern. Beyond being merely a math-
ematical curiosity, recent studies have provided evidence
that stochastic Turing patterns could potentially explain
observed phenomena across many scales, from the coexis-
tence of trees and grass in the mesic savannah [MGCL13],
to spatial correlations in gene expression in synthetic bac-
terial populations [KML+18].

Interestingly, the rigorous mathematical treatment of
noise in spatial systems lags some way behind that of non-
spatial SDEs. The reason for this is the well-known diffi-
culty in the formal interpretation of stochastic PDEs. This
question has been the subject of intense recent work since
the breakthrough of regularity structures and paracon-
trolled calculus, although interest in the area is presently
almost completely confined to applications in physics.

Challenge: What do the new tools for rigorous analy-
sis of SPDEs have to say about applications in stochas-
tic mathematical biology?

Stochastic spatial models also occur naturally in the
study of biological motion, in particular when consider-
ing the collective behaviour of groups of animals. Here
the stochasticity and randomness can take many different
forms and often depend on the model itself, with noise of-
ten turning out to be a necessary ingredient to reproduce
complex observed behaviours. These models are mainly
investigated through computational simulations, a para-
digm dating back to Reynold’s “boids” program written
in 1968. In many models, noise is added to choice of

direction of the moving of individuals that make up the
swarm. Alternatively, something as simple as randomising
the order of update events when individuals adjust their
trajectories can introduce enough of a stochastic element
to achieve “realistic” behaviours.

Data from animal experiments support the modelling
of update events as themselves being random. Yates et
al. [YEE+09] used a coarse-grained model to estimate the
drift and diffusion coefficients in a 1D model of marching
locusts; their findings suggest that randomness in locust
decision-making is increased when the alignment is low.
This model included intrinsic noise in the form of ran-
dom diffusion, though Bode et al. [BFJW10] reproduced
the same behaviour using asynchronous updating rules
instead, from which the stochastic behaviour emerges.
Whatever the source, it is believed that noise is a crucial
mechanism that allowsmarching locusts to spontaneously
change direction.

Recently Biancalani et al. [BDM14] have shown that
noise not only drives a system to switch between sta-
ble states, but can create these states in the first place.
Their model investigated the foraging behaviour of an ant
colony that switched between food sources; similar effects
have recently been observed in experiments on the noise-
induced schooling of fish [JMAK+20].

Challenge: Swarming animals are often engaged in
decision-making processes (foraging, predators avoid-
ance, etc.) at both collective and individual levels.
How does the interplay of spatial motion and demo-
graphic noise affect the flow of information and emer-
gent behaviours?

Random Matrix Theory
The above examples all concern random effects that play
out over observable time scales. Some random and un-
predictable effects develop so slowly (for example through
evolution) that they should be treated as essentially static.
The most important example in this class is the heteroge-
neous characteristics of, and interactions between, species
in an ecosystem. The goal of research in this direction is
to make predictions about ecosystem stability with only
incomplete and uncertain data on its makeup.

In 1972, based on the work of Gardner and Ashby,
Robert May introduced the framework of Random Matrix
Theory to the world of theoretical ecology. The model
proposes that random coefficients in a community matrix
(which captures the interaction strength between differ-
ent species in an ecosystem) could replace parameters that
would otherwise be too difficult to estimate in practice.
Building on the insights developed by Wigner, May de-
rived a stability criterion for such random ecosystems:

𝜎√𝑁𝐶 < 𝑑, (5)
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where 𝑁 is the number of species within the ecosystem, 𝐶
is the probability that a pair of species interact with each
other, and 𝜎2 is the variance of interaction strength. The
parameter 𝑑 > 0 on the right-hand side is themagnitude of
the negative diagonal elements of the community matrix
(𝑑 = 1, in the model proposed by May). According to
this circular law, all eigenvalues of the community matrix
lie with high probability within a disk of radius 𝜎√𝑁𝐶,
centered at −𝑑 on the real axis of the complex plane. In
other words, if the inequality in (5) is met, all eigenvalues
have negative real part, and thus the community matrix is
considered locally stable.

The criterion derived by May implies that complexity
(i.e., a large number of species, high connectance, or di-
verse species interactions) decreases the stability of an
ecosystem. However, this result contradicted the com-
mon intuition that large and diverse ecosystems are con-
sidered more stable, where the removal of a single link
can easily be compensated. This discrepancy ignited a
complexity-stability debate that has raged ever since. How-
ever the model introduced by May clearly serves best as a
null model, rather than an accurate representation of real
ecosystems.

The simplistic assumptions that make up the random
community matrix are insufficient for characterising real
structured ecosystems. Instead, one seeks the missing
mechanisms that could be key for explaining the stabil-
ity of complex ecosystems we observe in nature. Such im-
provements to the random matrix model of ecosystems in-
clude accounting for topological structure and the effect of
intraspecies competition. Amongst the most influential re-
cent work has been that of Allesina and Tang [AT12], who
investigated how the structure of pairwise ecological inter-
actions within ecosystems could affect stability.

Instead of assigning fully random interaction coeffi-
cients, they allowed to vary the proportion of predator-
prey pairs, relative to mutualistic and competitive interac-
tions. With this new random matrix set up, the stability
criterion derived from the circular law in (5) is modified
to become an elliptic law for local stability. Given a larger
proportion of predator-prey interactions, the eigenvalue
distribution of the random matrix is stretched along the
imaginary axis, forming an ellipse. Therefore, the stabil-
ity criterion that requires the real part of all eigenvalues to
be negative relaxes. The opposite holds true for systems
with large proportions of symmetric interactions such as
mutualism and competition. This simple yet powerful ran-
dommatrix model explains mathematically how predator-
prey interactions promote stability of ecosystems, an in-
sight that has been supported by other theoretical stud-
ies [Gal18].

While the random matrix model of species interactions
is an abstraction of real ecosystems, interrogation of this

model has furthered our understanding of the basic princi-
ples behind ecosystem dynamics. Interestingly, it has been
shown that a large set of different ecosystemmodels can be
reduced to a single model based on just a few statistical pa-
rameters [BABL18]. Progress is also beginning to be made
in the challenging task of connecting to empirical studies
to shed light on the key features that set real ecosystems
apart from their model counterparts [JPR+15], and poten-
tially infer structural features of interaction matrices from
timeseries data [KYCR21].

Challenge: Can we robustly interrogate real data with
RMT models, and vice versa?

An Invitation
Stochasticity has been shown to operate across a huge
range of scales in mathematical biology, from intracellular
physiological processes and the transmission of genes gov-
erning evolution, to the species interactions that govern
ecosystem stability and the diversity of life on earth. In
this article we discussed examples of mathematical mod-
els that have been studied previously from a deterministic
point of view, and we showed how more recent studies
that incorporate stochasticity in these models open up a
new range of questions to interrogate about the biolog-
ical system at hand. Encouraged by this perspective on
mathematical biology, we have illustrated how interrogat-
ing the effect of this stochasticity requires drawing on a
range of mathematical subdisciplines, including probabil-
ity, statistical mechanics, stochastic and partial differential
equations, and random matrix theory.

Despite a rich history of the application of these tech-
niques in mathematical biology, the field of stochastic
mathematical biology remains remarkably fertile. Perhaps
due to the perceived technical difficulty of addressing these
probabilistic problems in biological modelling, there re-
main a number of open problems, some of which we have
sought to highlight in the course of this article. Interest-
ingly, many of these do not require an overly complicated
approach that covers all details of the underlying biolog-
ical processes. Instead, mechanistically minimal models
that are informed by key empirical insights from biologists
have been shown to hold surprising explanatory power.
Progress does however require knowledge of the compar-
atively sophisticated mechanics of stochastic processes. It
is in this spirit that we offer this invitation to mathemati-
cians across disciplines to join us in working in this excit-
ing field.
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Counting Geodesics,
Teichmüller Space, and
Random Hyperbolic Surfaces

Scott A. Wolpert
Introduction
The study of geodesics provides a theme for understand-
ing hyperbolic metrics on finite-area surfaces, as well as
the geometry of the moduli space of Riemann surfaces.
We begin with the fundamentals of the Teichmüller the-
ory of hyperbolic surfaces. We relate how formulas in hy-
perbolic geometry correspond to formulas for the Teich-
müller space and moduli space. Then we describe how
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Thurston’s random geodesic metric generalizes to the pres-
sure metric in higher Teichmüller theory and how Mirza-
khani’s recursive integration scheme is a tool for under-
standing random finite-area hyperbolic surfaces. Our in-
formal exposition does not attempt a summary of a his-
torical development of the subject. Too many important
results are not discussed and the development of ideas is
greatly simplified. Only limited references are provided.
For further resources the reader may explore McMullen’s
Expositions andCourse Notes at the bottomof his Publica-
tions. A general introduction to the presentmaterial is pro-
vided in “Riemann surfaces, dynamics and geometry”—
all available on people.math.harvard.edu/~ctm/.
The reader may also explore the author’s CBMS and PCMI
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Figure 1. Charts for a genus 3 surface.

lectures [11, 12]. And a valuable exercise is to use AMS
MATHSCINET to check the publications that refer to the
references here—a reverse search.

Hyperbolic Geometry and Riemann Surfaces
We start with the model for the hyperbolic plane ℍ pro-
vided by the upper half-plane {𝑧 ∣ ℑ𝑧 > 0} ⊂ ℂwith the Rie-
mannianmetric (|𝑑𝑧|/ℑ𝑧)2 [3,5]. The group of orientation-
preserving isometries is given by PSL(2; ℝ) acting by frac-
tional linear transformations on ℂ preserving the upper
half-plane. Themaximal geodesics are the semicircles with
centers on the real axis and the vertical half-lines. A Rie-
mann surface 𝑅 is prescribed by a covering of a topological
space by an atlas of charts {(𝑈𝛼, 𝑧𝛼)} with 𝑧𝛼 maps to the
complex plane ℂ such that the overlap maps 𝑧𝛽 ∘ 𝑧−1𝛼 are
biholomorphic. A Riemannian metric for a surface is pre-
scribed by specifying positive coefficients {(𝑈𝛼, 𝑔𝛼)} such

that 𝑔𝛼 = 𝑔𝛽|
𝑑𝑧𝛽
𝑑𝑧𝛼

|2. Alternately, a hyperbolic metric can be

specified by special charts—{(𝑈𝛼, 𝑤𝛼)}with𝑤𝛼 maps to the
hyperbolic plane ℍ with 𝑤𝛽 ∘ 𝑤−1

𝛼 local isometries. A sur-
face with metric is also described by gluing (attaching by
isometries) shapes from a model space. For example a flat
torus is given by identifying opposite sides of a Euclidean
parallelogram.

The classical modular surface is given by gluing the do-
main 𝒟 = {𝑧 ∣ |ℜ𝑧| ≤ 1

2
, |𝑧| ≥ 1}. The hyperbolic tri-

angle 𝒟 has vertices at 𝜌 and 𝜌2, 𝜌 = 𝑒𝑖𝜋/3, and an ideal
vertex with zero angle at infinity. The vertical sides are
glued by the translation 𝑇 ∶ 𝑧 → 𝑧 + 1. The semicircle
segment |𝑧| = 1,ℜ𝑧 ≤ 0 is glued to the semicircle segment
|𝑧| = 1,ℜ𝑧 ≥ 0 by the negative inversion 𝑆 ∶ 𝑧 → −1/𝑧.
A neighborhood of the image of 𝜌 in the quotient space
is alternately described by 𝒟 ∪ 𝑇𝒟 with 𝑆 identifying the
semicircles |𝑧| = 1 and |𝑧 − 1| = 1. The points 𝜌 and 𝜌2
correspond to a cone point in the quotient space. The to-
tal angle around the point is 2𝜋/3. A neighborhood of the
image of infinity in the quotient space is a cusp—the point
infinity is at infinite distance. The area of𝒟 is the angle de-
fect 𝜋/3. The matrices 𝑇 = ± ( 1 1

0 1 ) and 𝑆 = ± ( 0 −1
1 0 ) gener-

ate the classical modular group PSL(2; ℤ)—the quotient of
the group of 2 × 2 integer matrices with determinant 1 by
± ( 1 0

0 1 ). The domain 𝒟 is a fundamental domain for the

action of the modular group on the hyperbolic plane. The
translates of𝒟 exactly tileℍ, and the quotientℍ/PSL(2; ℤ)
is the identification space of 𝒟.

Convexity is a basic feature of hyperbolic geometry. Ac-
cordingly a closed loop on a hyperbolic surface can be
pulled taut to form a closed geodesic. Each nontrivial, non-
cuspidal, free homotopy class contains a unique closed ge-
odesic that is length minimizing. Similarly, each free ho-
motopy class of arcs (with sliding endpoints) between a
pair of closed geodesics contains a unique geodesic seg-
ment. The segment realizes the distance. Geodesics in
hyperbolic geometry exhibit very special behaviors. Fol-
lowing a result of Birman-Series, Sapir showed that on a
finite-area surface the collection of geodesics with bounds
on the number of self-intersections is contained in a closed
set of Hausdorff dimension one and Lebesgue measure
zero. Geodesics with less than maximal self-intersections
lie only in narrow channels on a surface. By total con-
trast, the collection of all closed possibly self-intersecting
geodesics is uniformly distributed. Given 𝜖 > 0 small, there
is an 𝐿 large such that given a tangent vector 𝑣, the total
length of segments of closed geodesics of length at most
𝐿 with tangents 𝜖-close to 𝑣 is positive and approximately
independent of 𝑣. In fact, after normalization the total
length of segments close to a given tangent vector tends
to the uniform distribution in 𝑣 as 𝐿 tends to infinity.
In effect closed geodesics almost uniformly almost pass
through each point with almost each tangent direction.
Consequently we can contemplate the behavior of the ran-
dom closed geodesic. A starter question is to count by length
the number of closed geodesics. In analogy to the prime
number theorem, Delsarte, Huber, and Selberg each intro-
duced a trace formula to perform a count. For a finite-area
hyperbolic surface the count is exponential. The number
of closed geodesics of length at most 𝐿 is asymptotic to
𝑒𝐿/𝐿. We will see that the count is polynomial when the
number of self-intersections is restricted.

By the Uniformization Theorem, a surface 𝑅 with com-
plete hyperbolic metric is described as a quotient ℍ/Γ,
where Γ is a subgroup of PSL(2; ℝ). The group Γ is iso-
morphic to the fundamental group of 𝑅 and acts on ℍ as
the group of deck transformations. The hyperbolic plane
is tiled by Γ-translates of a fundamental domain𝒟, a finite-
sided polygon. If 𝑅 has genus 𝑔 and 𝑛 cusps, the Euler char-
acteristic is negative and the area of 𝑅 is 2𝜋(2𝑔 − 2 + 𝑛).

Teichmüller Spaces
Fenchel-Nielsen introduced a synthetic geometric tailor-
ing construction for prescribing a hyperbolic surface 𝑅
[3, 5, 11]. The construction begins with the observation
that in the hyperbolic plane right-angled hexagons ℋ are
specified by giving the lengths of alternate sides as positive
real numbers. Side lengths can also have the ideal value
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zero and then the adjacent sides of the hexagon describe
a cusp as for the PSL(2; ℤ) fundamental domain. Given
a right hexagon ℋ with side lengths ℓ1/2, ℓ2/2, and ℓ3/2,
then double ℋ across the alternate sides to obtain a pair
of pants 𝒫—a surface with the topology of a sphere minus
three disjoint discs. The pants 𝒫 has geodesic boundaries
since the double across one boundary of a quarter-plane is
a half-plane. The𝒫 boundary lengths are ℓ1, ℓ2, and ℓ3 and
the area is 2𝜋. Also attaching half-planes is a local construc-
tion. Accordingly pants 𝒫1 and 𝒫2 with a common bound-
ary length ℓ can be attached across the common boundary
to form a hyperbolic surface with four geodesic boundaries
and the topology of a sphere minus four disjoint discs. Re-
maining boundaries of equal length can also be identified.
For example starting with two copies of a pair of pants 𝒫,
the boundaries of equal lengths can be identified in pairs
to form a compact surface of genus 2. In general a surface
of genus 𝑔with 𝑛 cusps is tailored by starting with 2𝑔−2+𝑛
pairs of pants and identifying in pairs boundaries of equal
lengths. The collection of seams, a collection of 3𝑔− 3+𝑛
disjoint simple (no self-intersections) closed geodesics, is
called a pants decomposition.

What are the parameters for constructing a surface by tai-
loring pants? First there are the 3𝑔−3+𝑛 seam lengths, val-
ues inℝ+. Second there is a twist parameter for each seam.
A pair of pants has an equator reflection given by inter-
changing hexagons. The fixed set of a reflection is the three
geodesic segments between boundary components. Since
boundaries are circles, pants can be assembled with an
arbitrary relative displacement between boundaries. The
displacement between the equators on the two sides of a
seam is a parameter. The Fenchel-Nielsen twist parameter
𝜏 is the displacement between equators measured in hy-
perbolic length units. The twist parameter similar to an-
gle measure takes values in ℝ. Tailoring includes labeling
pants and loops—the instructions also prescribe a basis
for the fundamental group of a surface. Teichmüller space
is the space of hyperbolic surfaces with a reference isomor-
phism for the fundamental groupsmodulo an equivalence
relation.

Fenchel-Nielsen Theorem. The length-twist parameters

3𝑔−3+𝑛
∏
𝑗=1

(ℓ𝑗 , 𝜏𝑗) ∈ (ℝ+ × ℝ)3𝑔−3+𝑛

are real-analytic coordinates for Teichmüller space.

Different pants decompositions provide differ-
ent global coordinates. In the next section we see that a
completion of Teichmüller space is prescribed by allowing
collections of pants lengths to vanish.

How many ways can an individual surface be tailored?
A simple redundancy is given by adding the seam length
to a twist parameter 𝜏 → 𝜏 + ℓ. This parameter alteration

Figure 2. Constructing a genus 3 surface from pants.

corresponds to applying a homeomorphism, a Dehn twist,
that is a full twist in a neighborhood of the seam curve and
the identity otherwise. More generally new pants decom-
positions for a fixed surface are given by applying homeo-
morphisms. Even more generally there are pants decom-
positions not related by homeomorphisms. For example
in genus two, modulo homeomorphisms, there are two
distinct decompositions: one with no separating curves
and one with a single separating curve. Bollobás found the
asymptotic count of distinct pants decompositions—the
leading term is (6𝑔−6)! /(3𝑔−3)! (2𝑔−2)!. By definition de-
compositions related by homeomorphisms are related by
the mapping class group 𝑀𝐶𝐺—the group of orientation-
preserving homeomorphisms of a surface modulo its sub-
group of homeomorphisms isotopic to the identity. The
group acts transitively on the reference isomorphisms for
the points of the Teichmüller space 𝒯. The action of𝑀𝐶𝐺
on 𝒯 is properly discontinuous. By a theorem of Dehn,
𝑀𝐶𝐺 is generated by Dehn twists. The quotient 𝒯/𝑀𝐶𝐺
is the moduli space ℳ of Riemann surfaces—the space of
distinct Riemann surfaces.

Moduli Spaces
A Fenchel-Nielsen tailoring description of ℳ is given by
a description of an 𝑀𝐶𝐺 fundamental domain in 𝒯. By
all indications a general description is expected to be in-
tractable. For simple applications an estimate of Buser
and Parlier suffices. Every closed hyperbolic surface has
a pants decomposition with all seams of length at most
4𝜋(𝑔 − 1) + 4 log(4𝑔 − 2) + arcsinh 1.

A basic deformation of hyperbolic surfaces is pinch-
ing collars—a taffy pulling deformation. Given a sim-
ple closed geodesic 𝛾 of length ℓ, the collar about 𝛾 is
the tubular neighborhood 𝒞 = {𝑝 ∣ 𝑑(𝑝, 𝛾) ≤ 𝑤} for
𝑤 = arcsinh(1/ sinh(ℓ/2)) with the hyperbolic metric on
𝒞 isometric to 𝑑𝜌2 + ℓ2 cosh2 𝜌𝑑𝑡2. The collar lemma
provides that simple geodesics have collars and disjoint
simple geodesics have disjoint collars. Since 𝑤 is large
for ℓ small, it follows that short simple geodesics are dis-
joint. From an additional observation it follows that short
geodesics are necessarily simple. The diameter of a con-
taining surface is at least the collar half-width 𝑤. Taffy
snaps into two pieces after extreme pulling. The limit of
collars with core lengths ℓ tending to zero is a pair of cusps.
What are the possible limits for a sequence of hyperbolic
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Figure 3. Pulling taffy.

surfaces? The first consideration is whether there is a posi-
tive lower bound for the lengths of closed geodesics.

Mumford Compactness Theorem. Given ℓ0 positive, the
subset of the moduli space ℳ of hyperbolic surfaces with all
closed geodesics of length at least ℓ0 is compact.

The result can be extended. If collars about short
geodesics are removed from hyperbolic surfaces, then the
collection of metric spaces is precompact in the Gromov-
Hausdorff topology. When pulling taffy, the ends deform
only a bounded amount. The complements in hyperbolic
surfaces of the collars about short geodesics only vary a
bounded amount.

The considerations indicate that ℳ is compactified by
simply permitting collars to limit to pairs of cusps. In par-
ticular given Fenchel-Nielsen coordinates (ℓ𝑗 , 𝜏𝑗), a bound-
ary space is added to Teichmüller space by permitting
length parameters to take the 0-value, describing cusps
for the corresponding pants and hexagons. The twist pa-
rameter is undefined for zero length. Paired cusps are
always included as elements of a pants decomposition.
A surface with paired cusps and a fundamental group
reference isomorphism is described by multiple pants
decompositions—giving rise to an equivalence relation for
boundary spaces.

Definition 1. The augmented Teichmüller space 𝒯 con-
sists of the Teichmüller space with all boundary spaces for
all pants decompositions modulo equivalence.

Figure 4. A Fenchel-Nielsen twist deformation.

The mapping class group acts on 𝒯, and the quotient
𝒯/𝑀𝐶𝐺 is compact and homeomorphic to the Deligne-
Mumford stable curve compactification of the moduli
spaceℳ. Fenchel-Nielsen coordinates (ℓ, 𝜏) are analogous
to polar coordinates (𝑟, 𝜃) for the universal cover ofℝ2∖{0};
accordingly 𝒯 is not locally compact. We will see that 𝒯
has a direct relationship to the Weil-Petersson (WP) met-
ric.

Weil-Petersson Geometry
How do we describe the geometry of Teichmüller space
𝒯? We start with the twist vector fields and length func-
tions coming from Fenchel-Nielsen coordinates [3, 5, 11].
Given the free homotopy class of a simple closed loop 𝛼,
the reference isomorphisms of fundamental groups deter-
mine loops and upon pulling taut geodesics for each point
of 𝒯. The twist vector field 𝑡𝛼, an infinitesimal deformation
for each point of𝒯, is defined as the infinitesimal variation
of the twist parameter for 𝛼. The geodesic-length function ℓ𝛼
is defined as the length of the geodesic 𝛼 on the surface rep-
resented by the point of𝒯. For simple closed geodesics on
each surface, multiples of the twist tangents, respectively,
multiples of the geodesic-length differentials, are dense in
the tangent space, respectively, cotangent space, of 𝒯. We
use twists and lengths to describe the geometry.

We begin with Riera’s formula for the pairing of
geodesic-length gradients—the formula can serve as a def-
inition for the pairing. Introduce the positive function
𝐺(ℓ) = cosh ℓ log((cosh ℓ + 1)/(cosh ℓ − 1)) − 2.

Theorem 2. For 𝛼, 𝛽 disjoint simple closed geodesics, the Weil-
Petersson pairing is given as

⟨grad ℓ𝛼, grad ℓ𝛽⟩ =
2
𝜋(ℓ𝛼𝛿𝛼𝛽 + ∑

𝛾
𝐺(ℓ𝛾))

for the Kronecker delta 𝛿∗ and the sum over the set of minimal
length geodesic arcs connecting 𝛼 to 𝛽.

An analysis involving the geometry of collars shows for
ℓ𝛼 small that 𝑑ℓ𝛼/𝑑𝑠 = ‖gradℓ𝛼‖ ≈ (2ℓ𝛼/𝜋)1/2; conse-
quently ∫𝑑𝑠 = ∫1

0 ‖gradℓ𝛼‖−1𝑑ℓ𝛼 is finite and collars can
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be pinched in finite WP time—the metric is incomplete.
In line with the moduli space being compactified by per-
mitting collars to limit to cusp pairs, Masur found that the
augmented Teichmüller space 𝒯 is the WP completion of
𝒯.

There is a rich symplectic geometry of twists and lengths
corresponding to the hyperbolic geometry of surfaces. The
WPmetric is Kähler with symplectic form𝜔—a closed non-
degenerate 2-form measuring area of 2-planes.
Theorem 3 ([11]). Let 𝛼, 𝛽 be simple closed geodesics. Twists
and lengths satisfy the duality relations

2𝑡𝛼 = 𝑖grad ℓ𝛼 and 2𝜔( , 𝑡𝛼) = 𝑑ℓ𝛼.
The twist derivatives of lengths are given as

𝑡𝛼ℓ𝛽 = 𝜔(𝑡𝛼, 𝑡𝛽) = ∑
𝑝∈𝛼#𝛽

cos 𝜃𝑝,

𝑡𝛼𝑡𝛼ℓ𝛽 = ∑
(𝑝,𝑞)∈𝛼#𝛽×𝛼#𝛽

𝑒ℓ1 + 𝑒ℓ2
2(𝑒ℓ𝛽 − 1)

sin 𝜃𝑝 sin 𝜃𝑞,

where angles are measured from the first to the second geodesic
and ℓ1, ℓ2 are the distances along 𝛽 between 𝑝 and 𝑞.

The cosine formula is valid even when the Teichmüller
space is a single point. In particular the sum of cosines
is zero for any two closed geodesics on the modular sur-
face ℍ/PSL(2; ℤ). The summands for the sine formula are
positive. A consequence is that geodesic lengths are con-
vex functions along twisting paths—an ingredient in Ker-
ckhoff’s proof of Nielsen Realization: every finite 𝑀𝐶𝐺
subgroup has a fixed point. A third consequence is that
𝜔 is invariant under each twist flow. Knowing that twists
are dense in each tangent space suggests that 𝜔 is highly
symmetric.

Theorem 4 ([11, 13]). For Fenchel-Nielsen coordinates, the
WP symplectic form is

𝜔 = 1
2 ∑𝑗

𝑑ℓ𝑗 ∧ 𝑑𝜏𝑗 .

This simple formula is an ingredient in Mirzakhani’s in-
tegration scheme.

Convexity is also a consideration for understanding WP
geodesics.

Theorem 5 ([11]). Geodesic-length functions are strictly con-
vex along WP geodesics.

Yamada combined geodesic convexity and an analysis
of the metric near boundary spaces to show that 𝒯 is
𝐶𝐴𝑇(0). A simply connected complete metric space is
𝐶𝐴𝑇(0) provided distance is realized by unique length-
minimizing paths and provided triangles have Euclidean
comparisons. Chords for triangles in 𝒯 are at most as
long as corresponding chords for Euclidean triangles with

the corresponding side lengths—a condition for a nonpos-
itively curved space. The intersection pattern of boundary
spaces can be combined with the 𝐶𝐴𝑇(0) geometry to es-
tablish the Masur-Wolf result: the 𝑀𝐶𝐺 is the full group
of WP isometries. Daskalopoulos-Wentworth applied the
𝐶𝐴𝑇(0) geometry to analyze the action of the elements of
𝑀𝐶𝐺.

The Random Geodesic Metric
The geodesic flow on the set of unit tangent vectors of aman-
ifold is defined by following a geodesic with a given initial
tangent. For negatively curved manifolds the flow is topo-
logically transitive—has a dense orbit. The flow is also
Anosov—the bundle of unit tangent vectors decomposes
into three invariant subspaces: one on which the flow is
expanding, one on which the negative time flow is expand-
ing, and the one-dimensional bundle of tangents to the
flow. The closed orbits of the flow are the closed geodesics
with their tangents. For hyperbolic surfaces Thurston ob-
served that the statistics of variations of geodesic lengths
define a metric on Teichmüller space. More recently from
the work of a collection of authors, we know the Thermo-
dynamic Formalism can be used to measure the difference
of Anosov-type flows and gives rise to a seminorm, the
pressure metric, on certain deformation spaces.

Thurston’s definition is based on the properties of uni-
formly distributed orbits and on properties of twist deriva-
tives.

Definition 6. Thurston’s random geodesic metric for
Teichmüller space is defined as

‖𝑡𝛼‖2𝑇 = lim
𝐿→∞

∑ℓ𝛽≤𝐿
𝑡2𝛼ℓ𝛽

∑ℓ𝛽≤𝐿
ℓ𝛽

.

Observations are needed. Uniform distribution pro-
vides that the number of intersections 𝛼# ⋃ℓ𝛽≤𝐿

𝛽 is pro-

portional to the length sum itself and the values 𝜃𝑝 are al-
most uniformly distributed in [0, 𝜋]. An analysis shows
the limit exists and is positive. By uniform distribution of
angle values, the limit of ∑ℓ𝛽≤𝐿

𝑡𝛼ℓ𝛽/∑ℓ𝛽≤𝐿
ℓ𝛽 is the inte-

gral ∫𝜋
0 cos 𝜃𝑑𝜃. The first twist derivative vanishes and con-

sequently the second twist derivative defines a quadratic
form on tangent vectors. Additional considerations show
that the quadratic form is positive definite. We applied an
analysis of the variation of the measures on the spaces of
geodesics to conclude the following.

Theorem 7 ([14]). Thurston’s random geodesic metric is a
multiple of the Weil-Petersson metric

⟨ , ⟩𝑊𝑃 = 3𝜋(𝑔 − 1)⟨ , ⟩𝑇 .
The trigonometric expressions for the second twist de-

rivative converge to the trigonometric expressions in Ri-
era’s formula.
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The Thermodynamic Formalism provides a general
framework for using the statistics of periods of closed or-
bits to define a seminorm [1, 2]. Let 𝜑𝑡 be a topologically
transitive Anosov-type flow on a space 𝑋 . For a 𝜑𝑡-orbit let
ℓ(𝑎) be its period and consider the count

𝑅𝐿 = {a closed orbit ∣ ℓ(𝑎) ≤ 𝐿}.
Bowen observed that the topological entropy is the exponen-
tial growth rate of the count:

ℎ(𝜑) = lim sup
𝐿→∞

log#𝑅𝐿
𝐿 .

If 𝑚 ∶ 𝑋 → ℝ is a Hölder function and 𝑎 is a closed orbit,
define the period relative to 𝑚 as

ℓ𝑚(𝑎) = ∫
ℓ(𝑎)

0
𝑚(𝜑𝑠(𝑥))𝑑𝑠.

Bowen-Ruelle and Sambarino consider the pressure of𝑚 as
given by

𝐏(𝑚) = lim sup
𝑙→∞

1
𝐿 log ( ∑

𝑎∈𝑅𝐿
𝑒ℓ𝑚(𝑎)).

The above period integral is the model for defining a mod-
ified time scale for the flow. Given a positive Hölder func-
tion 𝑓 on 𝑋 , there is a reparameterized flow with periods
ℓ𝑓(𝑎) and reparameterization of time

𝜅𝑓(𝑥, 𝑡) = ∫
𝑡

0
𝑓(𝜑𝑠(𝑥))𝑑𝑠.

The integral of 𝑓 along orbits is the modified elapsed time.
The flow with the new time scale 𝜑𝑓𝑡 is defined by

𝜑𝑓𝜅𝑓(𝑥,𝑡)(𝑥) = 𝜑𝑡(𝑥).

In this setting Ruelle showed that the pressure is a convex
function—in particular for Hölder functions 𝑓 and 𝑚,

𝜕2
𝜕𝑡2

|||𝑡=0
𝐏(𝑓 + 𝑡𝑚) ≥ 0.

Sambarino showed that the topological entropy is pre-
cisely the scale factor to give pressure zero—in particular
for 𝜑 a topologically transitive Anosov-type flow 𝐏(−ℎ𝑓) =
0 if and only if ℎ = ℎ(𝜑𝑓).

FollowingMcMullen a pressure seminorm is defined on
the space of pressure zero Hölder functions. In particular
for 𝑓 in 𝒫 and 𝑚 a tangent to 𝒫, define the pressure semi-
norm at 𝑓 as

‖𝑚‖2𝐏 = −
𝜕2

𝜕𝑡2
|𝑡=0 𝐏(𝑓 + 𝑡𝑚)

𝜕
𝜕𝑡
|𝑡=0 𝐏(𝑓 + 𝑡𝑓)

.

Ruelle and Parry-Pollicott showed that the pressure
seminorm characterizes the variations of orbit periods.

Theorem 8. Let 𝜑 be a topologically transitive Anosov-type flow
and 𝑚 a tangent vector to 𝒫. Then

‖𝑚‖𝐏 = 0 if and only if ℓ𝑚(𝑎) = 0
for every closed orbit.

Establishing the relation to Thurston’s random geo-
desic metric involves an intersection number introduced
by Bonahon. The renormalized intersection number for two
positive Hölder functions is

𝐉(𝑓1, 𝑓2) =
ℎ(𝑓2)
ℎ(𝑓1)

lim
𝐿→∞

1
#𝑅𝐿(𝑓1)

∑
𝑎∈𝑅𝐿(𝑓1)

ℓ𝑓2(𝑎)
ℓ𝑓1(𝑎)

.

Proposition 9 ([1, 2]). Let 𝜑 be a topologically transitive
Anosov-type flow and 𝑓𝑡 a smooth family of positive Hölder func-
tions with the pressure zero family Φ(𝑡) = −ℎ(𝜑𝑓𝑡)𝑓𝑡. Then

‖Φ̇0‖2𝐏 =
𝜕2
𝜕𝑡2

|||𝑡=0
𝐉(𝑓0, 𝑓𝑡).

The Thermodynamic Formalism is suited for consider-
ing representation spaces. Teichmüller space is alternately
described as the space of discrete faithful representations
of a compact surface fundamental group into PSL(2; ℝ)
modulo conjugation—Hom𝑑𝑓(𝜋1, PSL(2; ℝ))/ PSL(2; ℝ).
Geodesic lengths and traces are simply related by
2 cosh ℓ𝛼/2 = |tr𝐴|. The deck transformations of a hyper-
bolic surface describe a PSL(2; ℝ) representation. For hy-
perbolic surfaces the topological entropy is the constant
1. Theorem 8 corresponds to the classical fact that an in-
finitesimal variation is trivial exactly when all length vari-
ations vanish.

Bridgeman-Canary-Labourie-Sambarino showed that
there is an analytic mapping from 𝒯 to the space 𝒫 of
pressure zero reparameterizations for a hyperbolic surface
geodesic flow [1, 2]. Then Bonahon’s setting for geodesic
currents is used to show that the second derivative of the
renormalized intersection number is Thurston’s random
geodesic metric—the Weil-Petersson metric.

Bridgeman-Canary-Labourie-Sambarino developed the
Thermodynamic Formalism for Hitchin representations
into PSL(𝑑; ℝ), 𝑑 ≥ 3. The group SL(2; ℝ) acts on indeter-
minates 𝑥, 𝑦 by (𝑥, 𝑦) ( 𝑎 𝑏

𝑐 𝑑 ) = (𝑎𝑥+𝑐𝑦, 𝑏𝑥+𝑑𝑦).Accordingly
SL(2; ℝ) acts on 𝒮𝑑, the homogeneous polynomials of de-
gree 𝑑 in the variables 𝑥, 𝑦. The action is irreducible—an
SL(2; ℝ) invariant subspace of 𝒮𝑑 is either {0} or 𝒮𝑑. Rel-
ative to the basis {𝑥𝑑−1, 𝑥𝑑−2𝑦, … , 𝑥𝑦𝑑−2, 𝑦𝑑−1} the action
of 𝐴 ∈ SL(2; ℝ) defines an element 𝜏𝑑(𝐴) ∈ SL(𝑑; ℝ)—
the mapping 𝜏𝑑 is a group homomorphism. Accordingly
for a compact surface 𝑆 and representation 𝜌 ∶ 𝜋1(𝑆) →
PSL(2; ℝ) there is an associated representation 𝜏𝑑(𝜌) ∶
𝜋1(𝑆) → PSL(𝑑; ℝ).
Definition 10. A component of Hom(𝜋1(𝑆), PSL(𝑑; ℝ))/
PGL(𝑑;ℝ) is Hitchin provided it contains a representation
𝜏𝑑(𝜌) for 𝜌 ∈ Hom𝑑𝑓(𝜋1(𝑆), PSL(2; ℝ)).
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EachHitchin component contains an image of𝒯, called
the Fuchsian locus, induced by the mapping 𝜏𝑑.

Labourie developed an in-depth geometric description
of Hitchin representations by analyzing the group actions
on an appropriate limit set. Sambarino and then more
generally Bridgeman-Canary-Labourie-Sambarino defined
a topologically transitive Anosov-type flow with closed or-
bit periods given by logarithms of themaximal eigenvalues
of PSL(𝑑; ℝ) elements. The authors further established that
the mapping to 𝒫 is analytic and the essential fact that van-
ishing of all infinitesimal variations of maximal eigenval-
ues implies a trivial variation. Their results are combined
in the following.

Theorem 11 ([1, 2]). On a Hitchin component the pressure
metric is positive definite and 𝑀𝐶𝐺 invariant. On a Fuchsian
locus the pressure metric restricts to the Weil-Petersson metric.

The Mirzakhani Recursion
Mirzakhani answered how to integrate over the moduli
space [6]. The method begins with a generalization of Mc-
Shane’s length identity. Then start with the identity and re-
place the sums over topological types with sums over trans-
lates of an 𝑀𝐶𝐺 fundamental domain. The result is a re-
cursion based on summing and integrating over tailoring
data for attaching a pair of pants. The resulting integrals
are elementary.

We consider surfaces with geodesic boundaries. Intro-
duce the elementary functions

𝒟(𝑥, 𝑦, 𝑧) = 2 log ( 𝑒
𝑥
2 + 𝑒

𝑦+𝑧
2

𝑒
−𝑥
2 + 𝑒

𝑦+𝑧
2

)

and

ℛ(𝑥, 𝑦, 𝑧) = 𝑥 − log (
cosh 𝑦

2
+ cosh 𝑥+𝑧

2
cosh 𝑦

2
+ cosh 𝑥−𝑧

2

).

For a hyperbolic genus one surface 𝑆 with geodesic bound-
ary of length 𝐿, McShane found the identity for geodesic
lengths:

𝐿 = ∑
𝛼 simple

𝒟(𝐿, ℓ𝛼, ℓ𝛼).

The boundary length has an exact relation to the lengths of
all the simple closed geodesics. The identity comes from
an analysis of geodesics perpendicular to the boundary.
For the sake of exposition, we overlook the role of the el-
liptic involution in the following. The set of free homo-
topy classes of simple closed curves on a torus forms a sin-
gle 𝑀𝐶𝐺 orbit. The orbit is enumerated as {ℎ(𝛼) ∣ ℎ ∈
𝑀𝐶𝐺/𝑆𝑡𝑎𝑏(𝛼)}. The stabilizer 𝑆𝑡𝑎𝑏(𝛼) of 𝛼 is generated by
a Dehn twist about 𝛼. Mapping classes act on geodesic
lengths by permuting labels: for ℎ ∈ 𝑀𝐶𝐺, ℓ𝛼 ∘ ℎ−1 =
ℓℎ(𝛼). The key observation is that the sum in McShane’s
identity can be written as a sum over translates of an𝑀𝐶𝐺

fundamental domain to obtain the simpler fundamental
domain for 𝑆𝑡𝑎𝑏(𝛼).

So we write McShane’s identity as

𝐿 = ∑
ℎ∈𝑀𝐶𝐺/𝑆𝑡𝑎𝑏(𝛼)

𝒟(𝐿, ℓ𝛼 ∘ ℎ−1, ℓ𝛼 ∘ ℎ−1).

Writing 𝒯(𝐿) for Teichmüller space and 𝜔 for the area ele-
ment, we integrate over 𝒯(𝐿)/𝑀𝐶𝐺 to find

𝐿𝑉(𝐿)

= ∫
𝒯(𝐿)/𝑀𝐶𝐺

∑
ℎ∈𝑀𝐶𝐺/𝑆𝑡𝑎𝑏(𝛼)

𝒟(𝐿, ℓ𝛼 ∘ ℎ−1, ℓ𝛼 ∘ ℎ−1) 𝜔,

writing 𝑉(𝐿) for the volume. The change of variables 𝑝 =
ℎ(𝑞) and the formula 𝜔 = 1

2
𝑑ℓ ∧ 𝑑𝜏 gives

= 1
2 ∑
ℎ∈𝑀𝐶𝐺/𝑆𝑡𝑎𝑏(𝛼)

∫
ℎ(𝒯(𝐿)/𝑀𝐶𝐺)

𝒟(𝐿, ℓ𝛼, ℓ𝛼) 𝑑𝜏𝑑ℓ

= 1
2 ∫𝒯(𝐿)/𝑆𝑡𝑎𝑏(𝛼)

𝒟(𝐿, ℓ𝛼, ℓ𝛼) 𝑑𝜏𝑑ℓ

and use the 𝑆𝑡𝑎𝑏(𝛼) fundamental domain to obtain

1
2 ∫

∞

0
∫

ℓ

0
𝒟(𝐿, ℓ, ℓ) 𝑑𝜏𝑑ℓ.

To simplify the integral we form the 𝐿 partial derivative to
find

𝜕
𝜕𝐿𝐿𝑉(𝐿) = ∫

∞

0

1

1 + 𝑒ℓ+
𝐿
2

+ 1

1 + 𝑒ℓ−
𝐿
2

ℓ𝑑ℓ = 𝜋2
6 + 𝐿2

8 .

The volume formula 𝑉(𝐿) = 𝜋2

6
+ 𝐿2

24
results. We discuss the

general volume formula below. The general recursion is
based on a general length identity also proved by analyzing
geodesics perpendicular to the boundary.

The Mirzakhani-McShane Identity ([6]). For a hyperbolic
surface 𝑆 with 𝑛 boundaries 𝛽𝑗 with lengths 𝐿𝑗,

𝐿1 = ∑
𝛼1,𝛼2

𝒟(𝐿1, ℓ𝛼1 , ℓ𝛼2) +
𝑛
∑
𝑗=2

∑
𝛼
ℛ(𝐿1, 𝐿𝑗 , ℓ𝛼),

where the first sum is over all unordered pairs of simple closed
geodesics with 𝛽1, 𝛼1, 𝛼2 bounding an embedded pair of pants,
and the double sum is over simple closed geodesics with 𝛽1, 𝛽𝑗 , 𝛼
bounding an embedded pair of pants.

For each sum the topology of the complement of the
pair of pants determines the tailoring modulo homeomor-
phisms. The general recursion comes from summing and
integrating over the tailoring data for attaching a pair of
pants to surfaces of smaller topological type.
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Figure 5. The three basic cases for the Mirzakhani-McShane
Identity.

Volumes, Counting Geodesics,
and Random Surfaces
Mirzakhani applied her integration scheme to four appli-
cations. In the first, she developed WP volume formu-
las for the moduli spaces of hyperbolic surfaces with geo-
desic boundaries of prescribed lengths [6]. In the second,
she combined her formulas with symplectic reduction to
show that the tautological intersection numbers for the
moduli spaces satisfy the KdV recursion hierarchy—a solu-
tion of the Witten 2d-gravity conjecture [7]. Her solution
came after Kontsevich’s and Okounkov-Pandharipande’s
solutions. In the third, she obtained the asymptotic count
by length for simple closed geodesics [8]. In the fourth,
joint with Petri, the authors showed that on average the
frequencies for collections of lengths of geodesics lying in
prescribed disjoint intervals is approximated by indepen-
dent Poisson random variables [10]. Expositions of the
second and third applications are presented in our Park
City lectures [12] and CBMS lectures [11].

The Teichmüller and moduli spaces of hyperbolic sur-
faces with geodesic boundaries are parameterized by
Fenchel-Nielsen coordinates with symplectic forms given
by a counterpart of Theorem 4. The moduli space WP vol-
umes are polynomials in boundary lengths.

Theorem 12 (WP volume [6, 7]). The volume polynomi-
als are determined recursively from the volume polynomials of
smaller total degree. The volume 𝑉𝑔,𝑛(𝐿1, … , 𝐿𝑛) of the moduli
space of genus 𝑔, 𝑛 boundaries, hyperbolic surfaces with bound-
ary lengths 𝐿 = (𝐿1, … , 𝐿𝑛) is a polynomial

𝑉𝑔,𝑛(𝐿) = ∑
𝛼

|𝛼|≤3𝑔−3+𝑛

𝐶𝛼𝐿2𝛼

for multi-indices 𝛼 = (𝛼1, … , 𝛼𝑛) and where 𝐶𝛼 > 0 lies in
𝜋6𝑔−6+2𝑛−2|𝛼|ℚ. The coefficients are the intersection numbers
for the Chern classes of the 𝜅1 and 𝜓 line bundles.

The volume is the 𝜅1 self-intersection number. The poly-
nomial behavior was already a new result. Mirzakhani-
Zograf further analyzed the recursion to obtain a complete
asymptotic expansion for the volume, answering a long-
standing question. The volume, now for the moduli space
of genus 𝑔 surfaces with 𝑛 cusps, is given as

𝑉𝑔,𝑛 = 𝐶 (2𝑔 − 3 + 𝑛)! (4𝜋2)2𝑔−3+𝑛

√𝑔

(1 + 𝑐(1)𝑛
𝑔 +⋯+ 𝑐(𝑘)𝑛

𝑔𝑘 + 𝑂( 1
𝑔𝑘+1 ))

for a universal constant 𝐶 and effectively computable coef-
ficients.

Riven first observed that the count of simple geodesics
by length has polynomial magnitude. Mirzakhani applied
her recursion to obtain formulas with explicit constants
for the asymptotic count. She then extended the results to
include nonsimple geodesics. More recently Erlandsson-
Souto established the general result by synthetic geometry-
style arguments.

A multicurve is a finite formal sum 𝛾 = ∑𝑖 𝑎𝑖𝛾𝑖 of pair-
wise, nonnull homotopic, nonhomotopic, closed curves
with positive coefficients. The length ℓ𝛾(𝑆) for the hyper-
bolic structure 𝑆 is the weighted sum of geodesic lengths
for 𝑆. A multicurve is simple if all the component
geodesics are simple. Two multicurves 𝛾, 𝛾′ are of the
same type if they belong to the same mapping class group
orbit—so 𝛾′ = ℎ(𝛾) for ℎ ∈ 𝑀𝐶𝐺. The Mirzakhani and
Erlandsson-Souto result is as follows.

Theorem 13 ([4,8]). For any multicurve 𝛾 on 𝑆,

lim
𝐿→∞

#{𝛾′ of type 𝛾 and ℓ𝛾′(𝑆) ≤ 𝐿}
𝐿6𝑔−6+2𝑛 = 𝑐(𝛾)𝐵(𝑆)

𝑉𝑔,𝑛
,

where 𝑐(𝛾) is rational depending only on the topology of 𝛾 and
𝐵(𝑆) is the Thurston volume for 𝑆.

The Erlandsson-Souto analysis includes geodesics with
bounded self-intersections lying in narrow channels. They
combine with an analysis of the action of 𝑀𝐶𝐺 on the
space of measured geodesic laminations, including Ma-
sur’s ergodicity theorem. The latter is also an ingredient for
Mirzakhani. The polynomial growth for geodesics of fixed
type contrasts sharply with the exponential growth 𝑒𝐿/𝐿 for
all geodesics. Thismirrors the contrast between the narrow
channels for geodesics with bounds on the number of self-
intersections and the equidistribution for all geodesics.

What is a random hyperbolic surface? Brooks-Makover
used random 3-regular graphs with edges oriented around
vertices to describe triangulations on random hyperbolic
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surfaces. Mirzakhani considered random hyperbolic sur-
faces relative to WP volume. Invariants such as the systole
(length of shortest closed geodesic), radius of the largest
embedded ball, diameter of the surface, number of eigen-
values of the Laplace-Beltrami operator in a given finite in-
terval, or the number of primitive geodesic lengths in a
given finite interval are all examples of random variables on
the moduli space ℳ𝑔. What are the expected values and
distributions of these random variables?

Mirzakhani’s most specific result, joint with Petri, gives
the distribution of geodesic lengths in intervals. For an in-
terval [𝑎, 𝑏] ⊂ ℝ+ and 𝑆 ∈ ℳ𝑔, let𝑁𝑔,[𝑎,𝑏](𝑆) be the number
of closed geodesic lengths of 𝑆 in the interval [𝑎, 𝑏]. 𝑁𝑔,[𝑎,𝑏]
is a random variable with values in the natural numbers ℕ.
A random variable 𝑍 on a probability space is Poisson dis-
tributed with positive mean 𝜆, provided its probabilities
are given as ℙ[𝑍 = 𝑘] = 𝜆𝑘𝑒−𝜆/𝑘! for all 𝑘 ∈ ℕ. Mirzakhani-
Petri showed for large genera the length-counting random
variables 𝑁𝑔,[𝑎,𝑏] limit to independent Poisson distributed
random variables.

Theorem 14 ([10]). Let [𝑎1, 𝑏1], [𝑎2, 𝑏2], … , [𝑎𝑘, 𝑏𝑘] ⊂ ℝ+
be disjoint intervals. Then as 𝑔 tends to infinity, the vector of
random variables

(𝑁𝑔,[𝑎1,𝑏1], … , 𝑁𝑔,[𝑎𝑘,𝑏𝑘])
converges jointly in distribution to a vector of independent Pois-
son distributed variables with means

𝜆[𝑎𝑖,𝑏𝑖] = ∫
𝑏𝑖

𝑎𝑖

cosh 𝑡 − 1
𝑡 𝑑𝑡

for 𝑖 = 1, … , 𝑘.
The quantity 𝑒−𝜆[0,𝑅] is the probability that all lengths lie

in the interval [𝑅,∞). A first application is that the prob-
ablity of the systole being at most 𝜖 is computed from the
complement

lim
𝑔→∞

ℙ𝑔[𝑠𝑦𝑠(𝑆) ≤ 𝜖] = 1 − 𝑒−𝜆[0,𝜖] ∼ 1 − 𝑒−𝜖2/4 ∼ 𝜖2
4 .

Similarly 𝜖4/16 is the probability of at least two geodesic
lengths less than 𝜖. So in large genus there is a positive
probability of a hyperbolic surface having small lengths.
The authors also apply their result to evaluate the limiting
expected value (the average) of the systole

lim
𝑔→∞

𝔼𝑔[𝑠𝑦𝑠] = ∫
𝑅

0
𝑒−𝜆[0,𝑅]𝑑𝑅 = 1.61498… .

Mirzakhani studies expected values of various randomvari-
ables, showing that the separating systole (length of the
shortest separating geodesic) satisfies

𝔼𝑔[𝑠𝑒𝑝𝑠𝑦𝑠] ≍ log 𝑔,
the surface diameter satisfies

𝔼𝑔[√𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟] ≍ √log 𝑔,

and the injectivity radius (radius of the largest embedded
ball) satisfies

𝔼𝑔[𝑖𝑛𝑗] ≍ log 𝑔,
where ≍ connotes bounded above and below with con-
stants independent of genus.

Most recently teams of authors are revisiting bounds for
the first eigenvalue 𝜆1 of the Laplace-Beltrami operator for
large genus hyperbolic surfaces. Magee-Naud-Puder show
that asymptotically almost surely in the tower of coverings
of a given compact surface, 𝜆1 is at least 3/16. Lipnowski-
Wright and Wu-Xue separately show that

lim
𝑔→∞

ℙ𝑔[𝜆1(𝑆) ≥
3
16 − 𝜖] = 1.
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Graph Pebbling: A Blend of
Graph Theory, Number Theory,
and Optimization

Glenn Hurlbert and Franklin Kenter
1. Introduction
There are many graph-theoretic subjects that could go un-
der the umbrella of “Moving Things Around on Graphs.”
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For example, in network optimization, one moves pack-
ages from supplies at some vertices to demands at others,
with costs accrued per package across edges, attempting to
do so most cheaply. In network flow, one tries to maxi-
mize the amount of material that can move from a source
to a sink, subject to the capacities along edges and the con-
servation of flow at other vertices along the way. In vari-
ous versions of pursuit and evasion, cops and robbers take
turns moving along edges with the cops trying to capture
robbers by landing on them; one tries to minimize the
number of cops necessary to always capture the robbers.
Zero forcing, black pebbling, chip firing, black and white
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pebbling, graph pegging, and rigid pebbling are other
examples, all with different rules for moving, different
objectives, and different constraints and/or costs. While
some of these topics model real-world problems, others
model pure mathematical problems such as space-time
tradeoffs in computational complexity, efficient matrix
storage during Cholesky factorization, rigid structures in
computational geometry, andmatrix rank and nullity com-
putation. The graph pebbling model we discuss here is
used to translate a number-theoretic problem into graph
theory. It has also developed into a rich subject in its own
right.

In this article, we present a range of paradigms within
this field and, for each one, share some of themajor results,
conjectures, and open problems. Many of these problems
are accessible to those both at many levels, from under-
graduate (e.g., [7–9, 19]) to seasoned emeritus, and from
various backgrounds, from algebra and graph theory to
probability and discrete optimization. In fact, many well-
known professionals (e.g., Bukh, Elledge, Gibbons, Her-
scovici, Moews, Pachter, Pudwell, Tomova, Wierman, Xue,
Yerger, and others) have produced great graph pebbling re-
sults during their time as undergraduates. For interested
readers, the two resources [12, 13] contain references for
most of the results not cited below.

2. Number-Theoretic Origins
2.1. Zero-sum subsequences. The story of graph peb-
bling begins with Erdős and zero-sum problems. Zero-
sum problems are combinatorial problems in the context
of finite abelian groups that determine how large a set (or
sequence) of elements must be such that some subset (or
subsequence) with prescribed constraints has a zero sum.

Theorem 1 (Erdős-Ginzburg-Ziv, 1961). Let 𝑛 be a positive
integer. Any sequence of length 2𝑛−1 of elements from ℤ𝑛 has
a subsequence of length exactly 𝑛 that sums to 0 mod 𝑛.

This is best possible; consider the sequence of 𝑛−1 “0”s
and 𝑛 − 1 “1”s, which has no nonempty subsequence of
length 𝑛 that sums to 0 mod 𝑛.

More generally, one can ask all sorts of questions re-
garding the length of a sequence before the sum of some
(nonempty) subsequence has a specified property. For in-
stance, if 𝑆 is a sequence of |Γ| elements of a group Γ, then
the pigeonhole principle implies that there is a nonempty
zero-sum subsequence. The minimum such length for
which a zero-sum subsequence is guaranteed is called the
Davenport constant of Γ. For ℤ𝑛, 𝑛 is best possible (consider
a sequence of 𝑛−1 “1”s), so the Davenport constant of ℤ𝑛
is 𝑛.

Erdős and Lemke conjectured that there is a nonempty
zero-sum subsequence 𝑇 of 𝑆 = (𝑠1, … , 𝑠𝑛) with the ad-
ditional condition that ∑𝑡∈𝑇 𝑡 ≤ 𝗅𝖼𝗆(𝑠1, … , 𝑠𝑛, 𝑛). A
stronger condition is that∑𝑡∈𝑇 𝗀𝖼𝖽(𝑡, 𝑛) ≤ 𝑛, which can be

written as ∑𝑡∈𝑇
1
|𝑡|
≤ 1, where we write |𝑔| for the order of

an element 𝑔 in a group Γ (in this case ℤ𝑛). This sum is
often referred to as the cross number of the subsequence 𝑇,
which plays a vital role in factorization theory. Kleitman
and Lemke answered this stronger question in the affirma-
tive.

Theorem 2 (Lemke-Kleitman, 1989). Let 𝑛 be a positive in-
teger. Let 𝑆 be a sequence of ℤ𝑛 with length 𝑛. Then there is
some subsequence 𝑇 = (𝑡1, 𝑡2, … , 𝑡𝑞) of 𝑆 such that both

∑
𝑡∈𝑇

𝑡 ≡ 0 mod 𝑛 and ∑
𝑡∈𝑇

1
|𝑡| ≤ 1.

The natural extension of their work is to arbitrary
groups, which remains open for nonabelian Γ.

Conjecture 3 (Lemke-Kleitman, 1989). Let Γ be a finite
additive group. Let 𝑆 be a sequence of Γ with length |Γ|. Then
there is some subsequence 𝑇 = (𝑡1, 𝑡2, … , 𝑡𝑞) of 𝑆 such that both

∑
𝑡∈𝑇

𝑡 = 0Γ and ∑
𝑡∈𝑇

1
|𝑡| ≤ 1.

2.2. Chung’s proof of the Lemke-Kleitman Theorem.
The original proof of the Lemke-Kleitman Theorem relied
on an inductive argument based on a multitude of possi-
ble interactions between elements. Lagarias and Saks pro-
posed a simplified approach to the Erdős-Lemke problem,
and Chung was the first one to introduce it to the literature
[6]. The main concept is to combine elements with like
prime factorizations. Let 𝑛 = 𝑝𝑎11 𝑝

𝑎2
2 ⋯𝑝𝑎𝑞𝑞 be the prime

factorization of 𝑛. For each element 𝑠𝑖 in the sequence 𝑆,
write 𝑠𝑖 = 𝑝𝑎𝑖,11 𝑝𝑎𝑖,22 ⋯𝑝𝑎𝑖,𝑞𝑞 𝑅𝑖, where 𝑅𝑖 is relatively prime
to 𝑛.

Choose any exponents (𝑏1, … , 𝑏𝑞) and let 𝑇 be a
subsequence of 𝑆 containing elements of the form

𝑝𝑏11 𝑝
𝑏2
2 ⋯𝑝𝑏𝑞𝑞 𝑅 (where 𝑅 is not necessarily relatively prime

to 𝑛). If, for some 𝑗, |𝑇| ≥ 𝑝𝑗, then there is a sub-
sequence 𝑇 ′ of 𝑇, of size at most 𝑝𝑗, such that the
sum of the elements in 𝑇 ′ necessarily has the form

𝑝𝑏11 𝑝
𝑏2
2 ⋯𝑝𝑏𝑗+1𝑗 ⋯𝑝𝑏𝑞𝑞 𝑅. Furthermore, if each 𝑡 ∈ 𝑇 sat-

isfies

1/|𝑡| ≤ 𝑝𝑏1−𝑎11 𝑝𝑏2−𝑎22 ⋯𝑝𝑏𝑗−𝑎𝑗𝑗 ⋯𝑝𝑏𝑞−𝑎𝑞𝑞 ,
then

∑
𝑡∈𝑇′

1/|𝑡| ≤ 𝑝𝑏1−𝑎11 𝑝𝑏2−𝑎22 ⋯𝑝𝑏𝑗+1−𝑎𝑗𝑗 ⋯𝑝𝑏𝑞−𝑎𝑞𝑞 .

Thereafter, we will treat 𝑇 ′ as a single entity, where the
value of 𝑇 ′ is ∑𝑡∈𝑇′ 𝑡, and the notation 1/|𝑇 ′| is taken to
denote∑𝑡∈𝑇′ 1/|𝑡|. Note that these definitions are applied
recursively, as an element 𝑡 ∈ 𝑇 ′ may itself be a set, rather
than a number. By iteratively and strategically applying
such groupings, one can find a zero-sum subsequence of
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𝑆 that also obeys the cross number condition. This is ex-
actly how Chung’s proof of the Lemke-Kleitman Theorem
works. In this sense, her proof can be viewed as an abstract
puzzle game. That game is graph pebbling!

The translation of the Erdős-Lemke problem into graph
pebbling is not trivial. The essence of the proof is to (1)
build the divisor lattice 𝐿(𝑛), (2) view the given numbers
as pebbles, placed naturally in 𝐿(𝑛) according to common
factors with 𝑛, (3) observe that each pebble obeys local
versions of the two required conditions, (4) model certain
movements of the pebbles in the lattice by “pebbling steps”
(to be defined later), (5) show that those steps preserve
the two local conditions as illustrated above, (6) observe
that any pebble that reaches the bottom represents a solu-
tion to the Erdős-Lemke problem, and finally (7) prove
that it is always possible to move a pebble to the mini-
mal vertex via pebbling steps, given any configuration of
𝑛 pebbles. A detailed translation is given by Elledge and
Hurlbert, who gave a Chung-like pebbling proof of the
Lemke-Kleitman conjecture for abelian groups (originally
resolved by Geroldinger).

(3, 1, 2)

(0, 0, 0)

(2, 1, 0)

5

11 31

Figure 1. The upside-down divisor lattice of 𝑛 = 1, 321, 375 = 53
⋅111 ⋅ 312, with the number 𝑝 = 2, 984, 850 = 52 ⋅ 111 ⋅ 310 ⋅ 2 ⋅34 ⋅ 67
placed as a pebble at (2, 1, 0).

We now illustrate the pebbling movement of this ap-
proach with a specific example as seen in Figure 1. Con-
sider a sequence of five pebbles that are placed at (2, 1, 0),
such as 𝑇 = (550, 1925, 1100, 3300, 1100). Because these are
all multiples of 52 ⋅111 ⋅310 = 275, it is simpler to represent
them just as those multiples, and simpler still to reduce

themmodulo 5, becoming the sequence (2, 2, 4, 2, 4). Now
it is easier to spot a zero sum in ℤ5, such as the final three
numbers (4,2,4). Then we can move, as a pebbling step,
the corresponding subsequence 𝑇 ′ = (1100, 3300, 1100)
down the red edge to (3, 1, 0) as a single “superpebble,” la-
beled by the sequence 𝑇 ′. Notice that ∑𝑡∈𝑇′ 𝑡 = 5500 =
53 ⋅ 111 ⋅ 310 ⋅ 22, and that∑𝑡∈𝑇′ 1/|𝑡| = 3(5−1 ⋅ 110 ⋅ 31−2) ≤
5(5−1 ⋅ 110 ⋅ 31−2) = 50 ⋅ 110 ⋅ 31−2. This is the essence of
how pebbling models both sums. Any superpebble that
reaches the bottom will be a zero sum with cross number
at most 1.

𝑝2𝑝1
𝑝2𝑝1 𝑝2𝑝1

Figure 2. Embedding the divisor lattice 𝐿(𝑝21 ⋅ 𝑝22) into 𝑄4 as a
retract. The thick edges display 𝐿(𝑛). Then the thin edges can
be mapped to the thick ones (of the same color) in an
adjacency-preserving manner.

The final stage (7) above is handled by reducing to the
square-free case. That is, if 𝑛 = 𝑝𝑎11 𝑝

𝑎2
2 ⋯𝑝𝑎𝑞𝑞 , we reduce

the proof on 𝐿(𝑛) to that on 𝐿(𝑚), where𝑚 is any product
of 𝑑 distinct primes with 𝑑 = ∑𝑎𝑖, often referred to as
𝑄𝑑, the lattice subsets of {1, … , 𝑑}. One can see that 𝐿(𝑛) is
the product of 𝑞 paths, having lengths 𝑎1, … , 𝑎𝑞, while 𝑄𝑑

is the product of 𝑑 paths, each of length 1. Because 𝐿(𝑛)
is a sublattice of 𝑄𝑑 (see Figure 2)—in fact, it is a retract:
a homomorphic image of 𝑄𝑑—homomorphic images of
pebbling steps in 𝑄𝑑 are pebbling steps in 𝐿(𝑛). Chung
then uses the stronger recursive nature of 𝑄𝑑 to solve the
problem theremore easily. Wewill illustrate her technique
in Section 3.4.

3. Lagarias-Saks Pebbling
We will assume basic familiarity with graphs as sets of
vertices and edges (unordered pairs of vertices), and use
the notation 𝑛(𝐺) for the number of vertices of a graph
𝐺. All graphs we consider are connected. Common nota-
tion for graphs on 𝑛 vertices includes the complete graph
𝐾𝑛 in which every pair of vertices is adjacent, the path
𝑃𝑛 in which only consecutive vertices are adjacent, and
the cycle 𝐶𝑛 which adds an edge between the endpoints
of 𝑃𝑛. For two vertices 𝑢 and 𝑣, the distance function
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𝖽𝗂𝗌𝗍(𝑢, 𝑣) measures the fewest number of edges in a path
from 𝑢 to 𝑣. The eccentricity of a vertex 𝑣 of 𝐺 is defined
𝖾𝖼𝖼𝐺(𝑣) = maxᵆ 𝖽𝗂𝗌𝗍(𝑢, 𝑣), while the diameter of a graph 𝐺
is defined 𝖽𝗂𝖺𝗆(𝐺) = max𝑣 𝖾𝖼𝖼𝐺(𝑣). Sometimes we drop
the subscript 𝐺 when the context is clear. We write lg(⋅)
for the base 2 logarithm. Additionally, we write 𝑓 ∈ 𝑂(𝑔)
(resp., Ω(𝑔)) if |𝑓(𝑥)| < 𝐶𝑔(𝑥) (resp., > 𝐶) for some 𝐶 and
all large enough 𝑥; and Θ(𝑔) = Ω(𝑔) ∩ 𝑂(𝑔). We also use
𝑓 ≪ 𝑔 to mean that 𝑓(𝑥)/𝑔(𝑥) → 0 as 𝑥 → ∞.
3.1. Pebbling basics. A configuration 𝐶 of pebbles on the
vertices of a connected graph𝐺 is a function𝐶 ∶ 𝑉(𝐺) → ℕ
(the nonnegative integers), so that 𝐶(𝑣) counts the num-
ber of pebbles placed on the vertex 𝑣. We write |𝐶| for
the size ∑𝑣 𝐶(𝑣) of 𝐶; i.e., the number of pebbles in the
configuration. A pebbling step from a vertex 𝑢 to one of its
neighbors 𝑣 (denoted 𝑢 ↦ 𝑣) reduces 𝐶(𝑢) by two and in-
creases 𝐶(𝑣) by one. Given a specified target vertex 𝑟 we
say that 𝐶 is 𝑡-fold 𝑟-solvable if some sequence of pebbling
steps places 𝑡 pebbles on 𝑟. Conversely, if no such steps
exist, then 𝐶 is 𝑟-unsolvable. We are concerned with deter-
mining 𝜋𝑡(𝐺, 𝑟), theminimumpositive integer𝑚 such that
every configuration of size 𝑚 on the vertices of 𝐺 is 𝑡-fold
𝑟-solvable. The invariant is well defined since, for large
enough 𝑡, the pigeonhole principle guarantees that some
vertex will contain at least 2𝖾𝖼𝖼𝐺(𝑟) pebbles, which can by it-
self solve 𝑟. The 𝑡-fold pebbling number of 𝐺 is defined to be
𝜋𝑡(𝐺) = max𝑟∈𝑉(𝐺) 𝜋𝑡(𝐺, 𝑟). When 𝑡 = 1, we simply write
𝜋(𝐺), which is the pebbling number of 𝐺.

The configuration with a single pebble on every vertex
except the target shows that 𝜋(𝐺) ≥ 𝑛(𝐺), the number
of vertices of the graph 𝐺, while the configuration with
2𝖾𝖼𝖼𝐺(𝑟) − 1 pebbles on the farthest vertex from 𝑟, and no
pebbles elsewhere, shows that 𝜋(𝐺) ≥ 2𝖽𝗂𝖺𝗆(𝐺) when 𝑟 is
chosen to have 𝖾𝖼𝖼𝐺(𝑟) = 𝖽𝗂𝖺𝗆(𝐺).

One can also view𝑄𝑑 as the graph on all binary 𝑑-tuples,
pairs of which that differ in exactly one coordinate are
joined by an edge. In this guise, 𝑄𝑑 is often referred to
as the 𝑑-dimensional hypercube. As part of her work on the
Lemke-Kleitman Theorem, Chung proves the following.

Theorem 4 (Chung [6]). 𝜋(𝑄𝑑) = 2𝑑.

In particular, both of the previous bounds are simulta-
neously tight, as 𝑛(𝑄𝑑) = 2𝑑 = 2𝖽𝗂𝖺𝗆(𝐺).

To provide an alternative solution to the Erdős-Lemke
problem, Chung actually showed more. Given a posi-
tive integer 𝑛, let its factorization be 𝑝𝑎11 ⋯𝑝𝑎𝑞𝑞 and define
𝑑 = ∑𝑞

𝑖=1 𝑎𝑖. Alter the pebbling step rule so that, in 𝑎𝑖
of the dimensions of 𝑄𝑑, 𝑝𝑖 pebbles (instead of 2) must
be removed from a vertex to move one pebble in those di-
mensions. Chung showed in this case that the pebbling
number of 𝑄𝑑 with these generalized pebbling steps is 𝑛,
and so the Lemke-Kleitman Theorem holds.

𝑟 3

3

Figure 3. The pyramid graph, with 𝑟-unsolvable configuration
shown.

3.2. Class 0 graphs: When does 𝜋(𝐺) = 𝑛(𝐺)? Return-
ing to the two-to-one pebbling rule, graphs 𝐺 that, like
𝑄𝑑, have 𝜋(𝐺) = 𝑛(𝐺) have come to be known as Class 0.
The terminology comes from a lovely theorem of Pachter,
Snevily, and Voxman, which states that if 𝖽𝗂𝖺𝗆(𝐺) = 2,
then 𝜋(𝐺) ≤ 𝑛 + 1; thus there are two classes of diameter-
two graphs—Class 0 and Class 1. If 𝐺 − 𝑣 is disconnected
for some vertex 𝑣, then 𝜋(𝐺) > 𝑛. Let 𝐺1 and 𝐺2 be dif-
ferent connected components of 𝐺 − 𝑣 with 𝑢𝑖 ∈ 𝐺𝑖, and
define the configuration 𝐶 by 𝐶(𝑢1) = 𝐶(𝑣) = 0, 𝐶(𝑢2) = 3,
and 𝐶(𝑤) = 1 for all other vertices 𝑤. Then, 𝐶 is 𝑢1-
unsolvable of size 𝑛. The minimum number of vertices
whose removal disconnects a graph is called its connectiv-
ity. Thus, Class 0 graphs are 2-connected.

There are other properties that Class 0 graphsmust have.
For example, denote by 𝑁𝑎[𝑣] the set of vertices of distance
at most 𝑎 from vertex 𝑣. Cranston et al. [7] observe that if
𝐺 is Class 0 and 𝑢 and 𝑣 are vertices with 𝑁𝑎[𝑢] ∩ 𝑁𝑏[𝑣] =
∅ for some 𝑎 and 𝑏, then |𝑁𝑎[𝑢] ∪ 𝑁𝑏[𝑣]| ≥ 2𝑎+𝑏+1—
otherwise the configuration with 2𝑎+𝑏+1 − 1 pebbles on 𝑣,
no pebbles on other vertices of𝑁𝑎[𝑢]∪𝑁𝑏[𝑣], and 1 pebble
on each remaining vertex is 𝑢-unsolvable of size at least 𝑛.
They use thisNeighborhood Lemma to prove that every Class
0 graph with 𝑛 ≥ 4 vertices has at least (5𝑛 − 11)/3 edges.
At present, the Class 0 graph with the fewest edges known
is the wheel, a cycle with a central vertex adjacent to every
cycle vertex, having 2𝑛 − 2 edges. Are there Class 0 graphs
with fewer edges?

The family of 2-connected Class 1 diameter-2 graphs
were later characterized by Clarke, Hochberg, and Hurl-
bert, the main property of which is the induced contain-
ment of the (Class 1) pyramid shown in Figure 3. The other
important property is that every vertex not in the pyramid
lives geometrically inside one of its triangles, and vertices
from different triangle interiors are not adjacent. In a prob-
abilistic sense, almost all graphs have diameter two—think
of the probability that some two vertices don’t have a com-
mon neighbor. Now consider how unlikely it is to fit into
this restrictive pyramid structure: at best 𝑂((1/8)𝑛) of all
graphs are like this since, if there is a pyramid, each of the
𝑛−6 nonpyramid vertices have at least three nonneighbors.
Thus, almost all graphs are Class 0.
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One can say more. As shown by Postle et al. [20],
graphs of diameter three can have pebbling numbers as
high as 3𝑛/2 + 2, but no more, while graphs of diameter
four have pebbling numbers at most (3/2)𝑛 + Θ(1). The
techniques used to achieve these results include “discharg-
ing” which is the main technique used in the proof of
the celebrated Four-Color Theorem. A higher diameter
can push pebbling numbers to the exponential range (e.g.,
𝜋(𝑃𝑛) = 2𝑛−1). In general, Postle showed that a graph with
diameter 𝑑 has pebbling number at most

2⌈
𝑑
2 ⌉ − 1
⌈𝑑
2
⌉

𝑛 + 𝑂(√𝑛 ln 𝑛).

On the other hand, high connectivity (ensuring many
paths to the target) can keep pebbling numbers low. Czy-
grinow et al. [10] proved that for all 𝑑, there is a 𝑘(𝑑)
such that every graph with diameter 𝑑 and connectivity
at least 𝑘(𝑑) is Class 0. The Erdős-Renyi random graph
model places edges independently with probability 𝑝 be-
tween pairs of vertices (the counting above is for themodel
𝑝 = 1/2). The authors proved that 𝑘(𝑑) ≤ 22𝑑+3 (it was
shown by Clarke et al. to be at least 2𝑑/𝑑), and used the
result to prove that a random graph with edge probability
𝑝 ≫ (𝑛 lg 𝑛)1/𝑑/𝑛 is almost surely Class 0. The proof used
known theorems about the thresholds for having connec-
tivity at least 𝑘 and diameter atmost 𝑑. It is interesting how
close this value is to the connectivity threshold of lg 𝑛/𝑛,
yet there is plenty of room for improvement in the upper
and lower bounds for 𝑘(𝑑).

12

34

15 23

45
35

25

24 14

13

Figure 4. The Petersen graph 𝑃 = 𝐾(5, 2).

One nice application of the diameter-connectivity the-
orem is to Kneser graphs, known for their importance in
many subareas of graph theory and combinatorics, includ-
ing graph coloring, graph embedding, and extremal set the-
ory, among others. For 𝑚 ≥ 2ℎ + 1, the Kneser graph
𝐾(𝑚, ℎ) has all ℎ-subsets of [𝑚] = {1, … ,𝑚} for vertices,
with edges joining disjoint pairs. 𝐾(𝑚, 1) is the complete
graph 𝐾𝑚, and the famous Petersen graph 𝑃 = 𝐾(5, 2) in
Figure 4 is the smallest example for ℎ ≥ 2. Readers should

find it an enjoyable puzzle to prove that the Petersen graph
is Class 0. (There are at least five distinct proofs in the
literature, one of which follows from the diameter-two
classification above; two others appear below.) In fact, it
was shown in [12] that 𝐾(𝑚, 2) is Class 0 for all𝑚 ≥ 5. Fur-
thermore, with the diameter-connectivity result in hand,
they prove that, for any constant 𝑐 > 0, there is an integer
ℎ0 such that, for all ℎ > ℎ0 and 𝑠 ≥ 𝑐(ℎ/ lg ℎ)1/2, 𝐾(2ℎ+𝑠, ℎ)
is Class 0. With this evidence, one cannot help but believe
that 𝐾(𝑚, 𝑡) is Class 0 for all 𝑚 ≥ 2ℎ + 1, and that some
clever idea to prove it lies in wait. The subject could use
more Class 0 sufficiency conditions.

𝑟
1 0 2 2 0 6 3

Figure 5. A configuration of weight 127/128 on the path 𝑃8 with
target 𝑟.

3.3. Weight functions: An optimization approach.
Along these lines, there is an opportunity to use weight
functions. One can think of pebbles sitting on a target as
having weight 1, on a target’s neighbors as having weight
1/2, ..., and sitting on a vertex at distance 𝑑 from the tar-
get as having weight 1/2𝑑. The weight of a configuration is
then the sum of the weights of its pebbles (see Figure 5). It
is not difficult to prove, for example, that a configuration
on a path can solve the target at one of its endpoints if and
only if its weight is at least one. By rescaling to make all
the weights integral, we can rephrase the characterization
as: a configuration on a path cannot solve the target at one
of its endpoints if and only if its weight is less than 2𝑛−1;
i.e., at most 2𝑛−1 − 1. Interestingly, this bound equals the
sum of the weights.

This can be generalized at the cost of equivalence, and
the notion leads us to techniques involving linear and in-
teger optimization. Suppose that 𝑇 is a tree, with one of its
leaves 𝑟 as target, and that 𝖾𝖼𝖼𝑇(𝑟) = 𝑑. Define the weight
function 𝑤𝑇 by 𝑤𝑇(𝑣) = 2𝑑−𝑖, where 𝑖 = 𝖽𝗂𝗌𝗍𝑇(𝑣, 𝑟). The
pair (𝑇, 𝑤𝑇) is called a basic strategy. The Weight Function
Lemma [14] says that if 𝐶 is an 𝑟-unsolvable configuration
on 𝑇, then

∑
𝑣∈𝑇

𝑤𝑇(𝑣)𝐶(𝑣) ≤ ∑
𝑣∈𝑇

𝑤𝑇(𝑣). (1)

One can extend this to all graphs as follows. Given a target
𝑟 in a graph 𝐺, consider any tree 𝑇 in 𝐺 with 𝑟 as a leaf. Ex-
tend 𝑤𝑇 to all of 𝐺 by setting 𝑤𝑇(𝑣) = 0 when 𝑣 ∉ 𝑇; then
the Weight Function Lemma still holds. The collection of
all inequalities from basic strategies gives rise to an inte-
ger optimization problem by maximizing 𝑧𝑟 = ∑𝑣∈𝐺 𝐶(𝑣)
(the size of 𝐶) over these constraints. If 𝑧∗𝑟 is the optimum
value, then it shows that every 𝑟-unsolvable configuration
has size at most 𝑧∗𝑟 ; in other words, 𝜋(𝐺, 𝑟) ≤ 𝑧∗𝑟 + 1. This
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gives rise to the following integer program formulation of
this graph pebbling upper bound:

max 1 +∑
𝑣
𝐶(𝑣)

s.t. ∑
𝑣∈𝑇

𝑤𝑇(𝑣)𝐶(𝑣)

≤ ∑𝑣∈𝑇 𝑤𝑇(𝑣) ∀ basic strategies (𝑇, 𝑤𝑇).
There are some drawbacks to the approach, as you

might imagine. Of course, integer optimization is typically
exponential in the input size, but the input size (the num-
ber of such trees) is typically exponential (or worse!) in
the number of vertices. Furthermore, consider the unsolv-
ability polytope of an 𝑛-vertex graph 𝐺 with target 𝑟: the con-
vex hull of all 𝑟-unsolvable configurations on 𝐺 (viewing
configurations as nonnegative vectors in ℝ𝑛). The Weight
Function Lemma implies that the feasible polytope of the
linear optimization problem contains the unsolvability
polytope—but it can be a very slack containment. To
tighten that slack, Cranston et al. [7] developed additional
constraints based on certain nontree subgraphs called lol-
lipops (a path with a cycle attached to an endpoint). For
instance, the tree strategies only yield 𝜋(𝑄3) ≤ 9, while the
addition of lollipops proves 𝜋(𝑄3) = 8.

𝑟

1 1

4
1

2 2

1

Figure 6. A tree constraint in the Petersen graph 𝑃.

In practice, however, one can have surprisingly good
success by restricting the input to a random collection of
polynomially many breadth-first subtrees of depth at most
𝖾𝖼𝖼𝐺(𝑟)+1, for example, and then stop with just linear op-
timization and the inequality 𝜋(𝐺, 𝑟) ≤ ⌊𝑧∗𝑟⌋+1. The result-
ing approximation can be very close, even exact, especially
when the diameter of the graph is not large. We can illus-
trate this on the Petersen graph 𝑃 in Figure 6. The tree 𝑇35
shown in blue corresponds (using the labeling from Figure
4) to the inequality

4𝐶(𝑣35) + 2𝐶(𝑣14) + 2𝐶(𝑣24) + 𝐶(𝑣23)
+ 𝐶(𝑣25) + 𝐶(𝑣13) + 𝐶(𝑣15) ≤ 12.

Using the symmetries yields two other trees 𝑇34 and 𝑇45.
These produce similar constraints, and the sum of all three

constraints reveals that

4𝐶(𝑣34) + 4𝐶(𝑣35) + 4𝐶(𝑣45) + 4𝐶(𝑣14) + 4𝐶(𝑣24)
+ 4𝐶(𝑣23) + 4𝐶(𝑣25)+4𝐶(𝑣13) + 4𝐶(𝑣15) ≤ 36, (2)

so |𝐶| ≤ 9, and hence 𝜋(𝑃, 𝑣12) ≤ 10. Combined with the
lower bound from having 10 vertices, this shows (with the
symmetry that all vertices look the same) that the Petersen
graph is Class 0. This example also illustrates the following
lemma.

Lemma 5 (Uniform Covering Lemma [14]). Let 𝑟 be a tar-
get vertex in a graph 𝐺, and let 𝒯 be a set of 𝑟-strategies. If
there is some 𝑚 such that ∑𝑇∈𝒯 𝑇(𝑣) = 𝑚 for all 𝑣 ≠ 𝑟 in 𝐺,
then 𝐺 is Class 0 at 𝑟.

This holds because the right-hand side of inequality (1)
is the sum of the coefficients, so the same is true of any
sumof suchweight functions. Therefore, in a uniform sum
such as inequality (2), the right-hand side, after dividing
by 𝑚, equals 𝑛 − 1, the number of nontarget vertices. The
left-hand side, with uniform coefficients, always becomes
the size of 𝐶 after this division.

In some cases the method of weight functions offers the
simplest proof of a graph’s pebbling number (or the best
upper bound of it). The set of strategies used in such a
proof is called a certificate. Changing the weighting system
by reducing weights by more than half as we traverse the
edges of a tree, proceeding away from the target, yields non-
basic strategies—it turns out that these are conic (i.e., non-
negative linear) combinations of basic strategies, and so
satisfy the Weight Function Lemma as well. Thus, non-
basic strategies do not need to be included in the opti-
mization constraints, but they can be used in a certificate.
From the geometrical point of view of the unsolvability
polytope, certificates will involve at most 𝑛 − 1 strategies.
However, in practice, most certificates have size 𝖽𝖾𝗀𝐺(𝑟) be-
cause two strategies using the same neighbor of 𝑟 can often
be combined. Hence, finding certificates for a particular
graph can even be quicker to do by hand than by computer,
especially when symmetry is present, and finding them for
an infinite family of graphs is really a hands-only activity.

A good example of this is powers of cycles [14]. For
a graph 𝐺, define the 𝑘th power of 𝐺, denoted 𝐺(𝑘), by
adding the edge 𝑢𝑣 for every pair of vertices satisfying
𝖽𝗂𝗌𝗍𝐺(𝑢, 𝑣) ≤ 𝑘. The pebbling exponent of 𝐺, denoted 𝑒𝜋(𝐺),
is defined to be the minimum 𝑘 for which 𝐺(𝑘) is Class 0.
For instance, 𝐺(𝖽𝗂𝖺𝗆(𝐺)) = 𝐾𝑛 for every 𝐺 on 𝑛 vertices, and
so 𝑒𝜋(𝐺) ≤ 𝖽𝗂𝖺𝗆(𝐺). Because Class 0 graphs must have
2𝖽𝗂𝖺𝗆(𝐺) ≤ 𝑛(𝐺), we need that 𝖽𝗂𝖺𝗆(𝐺(𝑒𝜋(𝐺))) ≤ lg 𝑛(𝐺).
This provides the lower bound on the result for 𝑛-vertex
cycles that

𝑛/2
lg 𝑛 ≤ 𝑒𝜋(𝐶𝑛) ≤

𝑛/2
lg 𝑛 − lg lg 𝑛 ,
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where the upper bound comes from a certificate of care-
fully constructed strategies.

The following problem is an interesting question from
[14] regarding the approximability of graph pebbling with
weight functions. Let 𝒯 = 𝒯(𝐺, 𝑟) be the set of all tree
𝑟-strategies in a graph 𝐺. Is the resulting linear optimiza-
tion solution 𝑧∗𝑟(𝒯) a reasonable approximation to𝜋(𝐺, 𝑟)?
That is, does there exist some constant 𝑐 such that 𝑧∗𝑟(𝒯) ≤
𝑐𝜋(𝐺, 𝑟)? Is 𝑐 = 2?

Optimization perspectives of graph pebbling are an ac-
tive area of research. For instance, Kenter et al. [15]
presents optimization approaches specific to graph prod-
ucts. In general, describing the actual facets of the unsolv-
ability polytopes of these approaches also remains illusive.
3.4. Graham’s conjecture: Pebbling on graph products.
Chung’s proof that 𝜋(𝑄𝑑) = 2𝑑 is inductive, but for the
induction to work, it requires also proving that 𝑄𝑑 has the
2-Pebbling Property (2PP): two pebbles can be placed on
any target of 𝐺 from any configuration 𝐶 of size at least
2𝜋(𝐺)−𝑠(𝐶)+1, where 𝗌𝗎𝗉𝗉(𝐶) is the set of vertices having
at least one pebble (the support of 𝐶) and 𝑠(𝐶) = |𝗌𝗎𝗉𝗉(𝐶)|.

As a toy example of Chung’s proof technique, we prove
again that the Petersen graph 𝑃 is Class 0, mimicking her
three cases. Observe that 𝑃 splits into two 5-cycles 𝐴 and
𝐵 with a matching between them, suppose by symmetry
that 𝑟 ∈ 𝐴, and let 𝐶 be a configuration of size 10. If 𝐴
contains at least five pebbles, then we are done because
𝜋(𝐴) = 5, so assume not. Let 𝑟′ be the neighbor of 𝑟 in
𝐵. If 𝑟′ contains a pebble, then the other five pebbles in
𝐵 can place a second pebble on 𝑟′, subsequently solving
𝑟, so presume otherwise. If 𝐴 contains exactly four (resp.,
three) pebbles, then the six (resp., seven) pebbles in 𝐵 can
move at least one (resp., two) pebble(s) across to 𝐴, thus
solving 𝑟 from the resulting five. If 𝐴 contains at most two
pebbles, then 𝐵 has at least eight, from which we can place
two pebbles on 𝑟′, then one on 𝑟.

Because Chung needed to prove inductively that the
cube had both pebbling number 𝑛 and the 2PP, she
needed also to prove the 2PP in three similarly partitioned
cases.

As usual, one might look for a simpler or more direct
proof of Chung’s result. In this case we observe that 𝑄𝑑 is
a 𝑑-dimensional product of edges. The Cartesian product of
two graphs 𝐺 and 𝐻 is denoted 𝐺□𝐻. Its vertices are the
pairs (𝑢, 𝑣) with 𝑢 ∈ 𝑉(𝐺) and 𝑣 ∈ 𝑉(𝐻), and two vertices
(𝑢1, 𝑣1) and (𝑢2, 𝑣2) form an edge when 𝑢1 = 𝑢2 and 𝑣1𝑣2
is an edge of𝐻 and when 𝑣1 = 𝑣2 and 𝑢1𝑢2 is an edge of 𝐺.
(Observe the notation of the empty box, which represents
the equality 𝐾2□𝐾2 = 𝐶4.) For example, Figure 7 shows
the case when 𝐺 is a 4-vertex star and 𝐻 is a triangle. Now
one can see that 𝑄𝑑 = 𝑄2□𝑄𝑑−1. Thus, a simple proof
would follow inductively from the relation that 𝜋(𝑄𝑑) ≤
𝜋(𝑄2)𝜋(𝑄𝑑−1), since 𝜋(𝑄2) = 2. This led Graham to make

the following conjecture, which many consider the holy
grail of the subject.

Conjecture 6 (Graham’s conjecture [6]). For all graphs 𝐺
and 𝐻 we have 𝜋(𝐺□𝐻) ≤ 𝜋(𝐺)𝜋(𝐻).

There has been a significant amount of work verifying
Graham’s conjecture for a wide array of cases, including
when 𝐺 is a product of complete graphs and 𝐻 has the
2PP [6], when 𝐺 and 𝐻 are products of trees [19], when
𝐺 and 𝐻 are products of cycles (Herscovici), when 𝐺 and
𝐻 are complete bipartite graphs on at least 15 vertices per
part (Feng and Kim), when 𝐺 is a product of a tree and 𝐻
has the 2PP (Herscovici), and many more.

The proofs of these results (and by “products of” we
mean to include a graph by itself, as a trivial product) all
use that one of the graphs has the 2PP. This led to inves-
tigations about whether or not all graphs have the 2PP—
including products of complete graphs [6] and trees [6],
among others. Lemke ([6]) found a graph with the small-
est number of vertices not having the 2PP. It is not difficult
to show that the Lemke graph 𝐿 in Figure 8 is Class 0 (try it
with certificates if you like). However, the configuration 𝐶
shown has size 2𝜋(𝐿) − 𝑠(𝐶) + 1 = 12, and yet two pebbles
cannot be moved to the target 𝑟. Indeed, define the weight
𝑤(𝑣) = 2−𝖽𝗂𝗌𝗍(𝑣,𝑟) of a vertex 𝑣, and corresponding weight
𝑤(𝐶) = ∑𝑣∈𝐺 𝑤(𝑣)𝐶(𝑣) of a configuration 𝐶. Then, since
the weight of the configuration 𝐶 shown is 2, a 2-fold 𝑟-
solution 𝜎 cannot afford to lose any weight. Thus, every
pebble must be used in 𝜎, and 𝜎 must be greedy—every
pebbling step moves closer to the target. But this forces
three pebbles to 𝑏 and only one to 𝑎, thereby placing only
one pebble on 𝑟. Any graph without the 2PP has come
to be known as a Lemke graph (as opposed to the Lemke
graph), and these are studied in their own right (see, for in-
stance, [9]). Indeed, there are 22 Lemke graphs with the

𝑎

𝑏

𝑐 𝑑

𝑥

𝑦 𝑧

(𝑎, 𝑧)

(𝑑, 𝑦)

Figure 7. Graphs 𝐺 = 𝑆4 (top left), 𝐻 = 𝐾3 (top right), and
𝐺□𝐻 = 𝑆4□𝐾3 (bottom).

1906 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 11



𝑟

𝑎

𝑏

1

1

1

1

8

Figure 8. The Lemke graph 𝐿, with a 2-fold 𝑟-unsolvable
configuration 𝐶.

minimum of eight vertices; each is a subgraph of one hav-
ing 17 edges, and a unique one (not 𝐿!) has the mini-
mum of 12 edges. Additionally, several infinite families
of Lemke graphs are known.

One result that avoids the necessity of the 2PP is that of
Czygrinow and Hurlbert which states that if 𝐺 and 𝐻 are
graphs on at most 𝑛 vertices each, if the minimum degree
of a vertex in 𝐺 or 𝐻 is 𝛿, and if 𝛿 ≥ 2(12𝑛/𝛿)+15, then 𝐺□𝐻
is Class 0. From this it follows that 𝜋(𝐺□𝐻) = 𝑛(𝐺□𝐻) =
𝑛(𝐺)𝑛(𝐻) ≤ 𝜋(𝐺)𝜋(𝐻). Essentially, this says that Graham’s
conjecture holds for graphs of minimum degree at least
𝑐𝑛/ lg 𝑛 for some 𝑐. It’s the density of such graphs that
makes their product satisfy the diameter-connectivity theo-
rem. Repeated applications of this theorem die out eventu-
ally, however, since the degrees grow additively while the
number of vertices grows multiplicatively.

We see in this argument that the truth of Graham’s con-
jecture would imply that Class 0 graphs would be closed
under Cartesian products. Hence verifying the conjecture
for Class 0 graphs would be a very interesting result. Unfor-
tunately, little has been achieved in this direction, possibly
because of the lack of sufficient conditions for being Class
0.

Another way to avoid using the 2PP is given by Her-
scovici. Define a graph 𝐺 to have the path property if
𝜋(𝐺□𝑃𝑛) ≤ 𝜋(𝐺)𝜋(𝑃𝑛) for all 𝑛. Any graph without the
path property is a counterexample to Graham’s conjecture,
so this somewhat simple instance seems a good place to
start. Thus, once proven, one could then prove Graham’s
conjecture by proving that it holds for graphs with the path
property. This is a promising line of reasoning.

On the other hand, if you like to play devil’s advocate,
since most proofs do use the 2PP, it seems reasonable to
wonder if Graham’s conjecture might fail for 𝐿2 = 𝐿□𝐿.
Because 𝐿 is Class 0, we should have 𝜋(𝐿2) = 64; but is it?
In the tradition of Paul Erdős, the author of [14] offers $64
for the resolution of this question.1

Evidence in favor of Graham’s conjecture, in particular
that the 2PP should not be relevant, is given by Gao and

1This is not to be confused with the $64,000 question!

Yin. Snevily and Foster defined an infinite family of graphs
{𝐿𝑖}𝑖≥1, which Gao and Yin proved are all Lemke. Wang
produced another sequence {𝐿′𝑖}𝑖≥𝑖 of Lemke graphs. They
showed that, for every 𝐿𝑖 ⊆ 𝐺 ⊆ 𝐿′𝑖, if 𝐻 is a complete
graph or tree, then 𝜋(𝐺□𝐻) ≤ 𝜋(𝐺)𝜋(𝐻).

Additionally, Pleanmani has shown that, for any 𝐺 that
is not Class 0, if 𝑛 ≥ 2(𝜋(𝐺) − 1)/(𝜋(𝐺) − 𝑛(𝐺)), then
𝜋(𝐺□𝐾𝑛) ≤ 𝜋(𝐺)𝜋(𝐾𝑛). He proved an analogous result
for large enough complete bipartite graphs as well.

Work has begun on approximations to Graham’s con-
jecture, as Asplund et al. [2] proved that 𝜋(𝐺□𝐻) ≤
2𝜋(𝐺)𝜋(𝐻) always holds. They actually proved the
stronger result that 𝜋(𝐺□𝐻) ≤ (𝜋(𝐺) + 𝑛(𝐺))𝜋(𝐻). This
is no better a bound for Class 0 graphs, but means that

𝜋(𝐺□𝐻) ≤ (1 + 𝜖)𝜋(𝐺)𝜋(𝐻) whenever 𝑛(𝐺) ≤ 𝜖𝜋(𝐺),
such as for graphs having 𝖽𝗂𝖺𝗆(𝐺) ≥ lg(𝑛/𝜖). Can better
approximations than 2 be found for all graphs?

Another variation on the problem is to change the
graph product. The authors of [2] consider several, among
them the strong product 𝐺⊠𝐻, which adds to 𝐺□𝐻 edges
between (𝑢1, 𝑣1) and (𝑢2, 𝑣2) when 𝑢1𝑢2 is an edge of 𝐺
and 𝑣1𝑣2 is an edge of 𝐻. (Observe the notation of the full
box, which represents the equality 𝐾2 ⊠ 𝐾2 = 𝐾4.) Since
𝐺□𝐻 ⊆ 𝐺 ⊠𝐻, we have 𝜋(𝐺 ⊠ 𝐻) ≤ 𝑝(𝐺□𝐻). Regarding
a Graham-type inequality, they prove that every 𝐺 and 𝐻
satisfy 𝜋(𝐺 ⊠𝐻) ≤ 3

2
(𝜋(𝐺) + 1)(𝜋(𝐻) + 1).

3.5. Computational complexity: How hard is graph
pebbling? The problem of computing 𝜋(𝐿2), mentioned
above, begs the following questions:

1. How hard is it to decide if a particular configuration
𝐶 on 𝐺 solves a particular target 𝑟?

2. If we know that 𝐶 solves 𝑟, how hard is it to display an
actual solution 𝜎?

3. And, of course, how hard is it to compute 𝜋(𝐺)?
For a quick refresher in complexity theory, P is the set

of problems that can be solved in polynomial time (poly-
nomial as measured by the size of the input, in our case,
𝑛(𝐺)), NP is the class of problems that can be verified in
polynomial time, andEXPTIME is the set of problems that
can be solved in exponential time. The set NP-complete
(resp., EXPTIME-complete) is the class of problems for
which all other NP (resp., EXPTIME) problems can be re-
duced to.

For question 1, it was proved by both Hurlbert and Kier-
stead and by Milans and Clark [18] that the problem of de-
ciding if 𝐶 solves 𝑟 for a given instance of configuration 𝐶
on a graph 𝐺 with target vertex 𝑟 is NP-complete. The for-
mer pair reduced the well-known NP-complete problem
of deciding if a 4-uniform hypergraph (a collection of sub-
sets of vertices, each of size 4; e.g., a graph is a 2-uniform
hypergraph) has a perfect matching (a set of edges that par-
titions its vertices) to this problem of pebbling solvability.

DECEMBER 2021 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1907



𝑣1

𝑣𝑛

𝑟
𝑤1 𝑤𝑚

𝑢1

𝑒1

𝑢𝑖 𝑒𝑖

𝑢𝑘

𝑒𝑘

2

2
2
2
2
2
2

Figure 9. The pebbling graph 𝐺ℋ with configuration 𝐶ℋ .

The short proof illustrates another nice weight argument,
so it’s worth presenting here.

Letℋ be a 4-uniform hypergraph on 2𝑚+2 vertices, with
edges 𝐸(ℋ) = {𝑒1, … , 𝑒𝑘} (it is not difficult to show that pre-
scribing this number of vertices is not a loss of generality).
Define the pebbling graph𝐺 = 𝐺ℋ as follows. Its vertices are
given by 𝑉(𝐺) = 𝑉(𝐻) ∪ 𝐸(𝐻) ∪ {𝑢1, … , 𝑢𝑘} ∪ {𝑟, 𝑤1, … , 𝑤𝑚}.
The edges 𝐸(𝐺) include 𝑣𝑒𝑖 for every 𝑣 ∈ 𝑒𝑖, as well as the
paths 𝑤𝑚𝑢𝑖𝑒𝑖 for all 𝑖 ≤ 𝑘, and the path 𝑟𝑤1⋯𝑤𝑚 (see Fig-
ure 9). Now define the configuration 𝐶 = 𝐶ℋ by 𝐶(𝑣) = 2
for all 𝑣 ∈ 𝑉(ℋ) and 𝐶(𝑣) = 0 otherwise. We then argue
that 𝐶 solves 𝑟 if and only if ℋ has a perfect matching.

Define the weight of a configuration as above. Notice
that the weight of a configuration never increases via peb-
bling steps, and is preserved if and only if the pebbling
step is greedy. Therefore, since a configuration with a peb-
ble on the target 𝑟 has weight at least 1, any 𝑟-solvable con-
figuration must have weight at least 1. In particular, since
this configuration on 𝐺ℋ has weight 1, it can only solve 𝑟
through greedy steps, with all pebbles used up in the pro-
cess. In other words, all pebbling steps in Figure 9 would
need to move from right to left.

This means two things. First, each 𝑒𝑖 can receive at
most four pebbles, because 𝑒𝑖 has exactly four edges to
{𝑣1, … , 𝑣𝑛}. Second, each pebble that 𝑤𝑚 receives from
some 𝑒𝑖 comes from exactly four pebbles at 𝑒𝑖. Therefore,
the number of pebbles that reach 𝑒𝑖 from the right is either
0 or 4. In addition, no two 𝑒𝑖 and 𝑒𝑖′ that receive pebbles
share a common neighbor 𝑣𝑗, since 𝑣𝑗 can send a pebble
to only one of them; that is, as edges of ℋ, 𝑒𝑖 ∩ 𝑒𝑖′ = ∅.
Now, it takes 2𝑚 pebbles on 𝑤𝑚 to reach 𝑟, and so it must
receive them from a set of 2𝑚 distinct 𝑒𝑖’s—it is that set of
𝑒𝑖’s that forms a perfect matching in ℋ.

It is easier to see now that a perfect matching inℋ does
yield an 𝑟-solution, which completes the proof.

As is customary with 𝖭𝖯-complete problems, one typ-
ically searches for classes of graphs in which the prob-
lem is polynomial, and here we have some nice re-
sults. For example, the proof of NP-completeness by Mi-
lans and Clark uses reduction from 3SAT, a prototypical

NP-complete problem, and shows that the problem re-
mains NP-complete for bipartite graphs, even those hav-
ing maximum degree 3. Similarly, Cusack, Lewis, Simp-
son, and Taggart prove that it remains NP-complete for
diameter-two graphs , while Lewis, Cusack, and Dion
prove the same for planar graphs (graphs that can be
drawn in the plane without crossing edges) [17]. Remark-
ably, however, they also show that the problem is in P for
diameter-two planar graphs! This line of research begs for
more work.

𝑟 127

15

7

7

3

Figure 10. A maximum 𝑟-path partition 𝒫 = {𝑃1, 𝑃2, 𝑃3, 𝑃4, 𝑃5} of
a tree 𝑇, with corresponding 𝑡-fold 𝑟-unsolvable configuration
𝐶𝑇 shown.

For question 3, Milans and Clark [18] were able to show
that the decision problem “is 𝜋(𝐺) ≤ 𝑘?” isΠ𝖯

2-complete, a
classification that is part of the polynomial-time hierarchy
beyondNP. This makes graph pebbling an excellent exam-
ple of a problem that is beyondNP but short of EXPTIME-
complete. Along these lines, Mendes, Pulaj, Wiedenbeck,
and Yerger recently tied graph pebbling via bilevel inte-
ger programming to two-person Stackelberg games in eco-
nomics.

Nonetheless, we still see results for various classes of
graphs that the pebbling number can be calculated in poly-
nomial time. For example, Herscovici, Hester, and Hurl-
bert proved that the pebbling number of a diameter-two
graph can be calculated in 𝑂(𝑛4) time. But the first result
of this kind is the formula for trees, which depends on con-
structing a decomposition of its edges into paths: a path
partition. Suppose that 𝒫 = {𝑃1, … , 𝑃𝑚} is a path partition
of a tree 𝑇, with each 𝑃𝑖 having length ℓ𝑖 (i.e., 𝑃𝑖 ≅ 𝑃ℓ𝑖+1),
written in nonincreasing order. We say that 𝒫 is an 𝑟-path
partition if 𝑟 is an endpoint of 𝑃1 and any other 𝑃𝑖 that con-
tains it, and that 𝒫 majorizes another 𝑟-path partition 𝒫′ if
there is some 𝑗 such that ℓ𝑖 = ℓ′𝑖 for all 𝑖 < 𝑗 and ℓ𝑗 > ℓ′𝑗.
If 𝒫 majorizes every 𝑟-path partition, then it is maximum
(see Figure 10). Chung proved the following theorem.

Theorem 7 (Chung [6]). If ℓ1, … , ℓ𝑚 are the path lengths
of a maximum 𝑟-path partition of a tree 𝑇, then 𝜋𝑡(𝑇, 𝑟) =
𝑡2ℓ1 +∑𝑚

𝑖=2 2ℓ𝑖 −𝑚+ 1.
One can imagine that the largest 𝑡-fold 𝑟-unsolvable

configuration places all its pebbles on the non-𝑟 leaves of
𝑇; indeed, this is so. Define the configuration 𝐶𝑇 by plac-
ing 𝑡2ℓ1−1 pebbles on the leaf of 𝑃1, and 2ℓ𝑖−1 pebbles on
the leaf of each remaining 𝑃𝑖. Then no path 𝑃𝑖 (𝑖 > 1) has
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enough pebbles to reach its other endpoint, and 𝑃1 cannot
place 𝑡 pebbles on 𝑟 by itself. Chung’s proof used induc-
tion on 𝑛 and 𝑡, involving the subtrees formed by compo-
nents of 𝑇−𝑟; other proofs used alternative induction steps
(Moews), total weight [4], or the Weight Function Lemma
[14], and also generalized the formula to include individ-
ual pebbling costs on each edge (Curtis-Hines-Hurlbert-
Moyer). It is in Bunde et al. [4] where we find a linear
algorithm to construct a maximum path partition for any
tree.

This has led to results on other families of chordal graphs,
defined by having no induced cycle of length more than 3,
and are characterized by being a single vertex or having
a simplicial vertex—a vertex whose neighbors form a com-
plete subgraph—whose removal leaves a chordal graph. (A
tree having no cycles is trivially chordal.) Examples of
graphs in this class whose pebbling numbers can be calcu-
lated in polynomial time include split graphs, 2-paths, and
semi-2-trees (Alcón-Gutierrez-Hurlbert), the strong prod-
uct of a path and a complete graph (Sieben), and graph
powers of paths [1]. In some cases the graphs in a classmay
have more than one pebbling number formula to choose
from. The case of split graphs involves six different for-
mulas, depending on its structure. The algorithm runs in
𝑂(𝑛𝛽) steps, where 𝛽 = 2𝑤/(𝑤 + 1) ≅ 1.41 and 𝑤 ≅ 2.376
is the exponent of matrix multiplication. A commonality,
outside of split graphs, is that these graphs contain no in-
duced pyramid.

Conjecture 8 (Alcón et al. [1]). The pebbling numbers of
pyramid-free chordal graphs can be calculated in polynomial
time.

Interestingly, Bender, Richmond, and Wormald proved
that almost all chordal graphs are split graphs. Hence the
pebbling numbers of almost all chordal graphs can be cal-
culated in polynomial time.

For question 2, there is very little work done so far. To
state the questionmore precisely, suppose that𝐺 is a graph
and 𝐶 is a configuration of size 𝜋(𝐺, 𝑟) for some target ver-
tex 𝑟. By definition, we know that 𝐶 is 𝑟-solvable. Is it
always possible, then, to compute an 𝑟-solution in poly-
nomial time?

For trees the answer is trivially yes. For any set of peb-
bling steps 𝜎 one can define the transition digraph 𝐺𝜍, the
multigraph of directed edges representing each pebbling
step in 𝜎. The No-Cycle Lemma of Moews states that if 𝜎
is an 𝑟-solution, then there is some 𝑟-solution 𝜎′ for which
𝐺𝜍′ is acyclic. This is a natural piece of intuition: a pebble
traversing a cycle returns to its position, causing the loss of
other pebbles for no gain. Thus, we may restrict our atten-
tion to minimal 𝑟-solutions: those for which the removal
of any of its steps is no longer an 𝑟-solution. In the case
of trees, then, minimal 𝑟-solutions only take steps toward

𝑟, decreasing the distance to 𝑟 at each step—such solutions
are called greedy.

Greedy solutions play an important role in calculating
some pebbling numbers. For example, the cost of a solu-
tion is the number of pebbles used (equal to one more
than the number of its pebbling steps). It can be shown
that a minimal greedy solution costs at most 2𝑑, where 𝑑 is
the diameter of the graph—such solutions are called cheap.
For example, a 2-path is either a complete graph on at most
three vertices or a chordal graph with exactly two simpli-
cial vertices such that every maximal complete subgraph is
a triangle. As is shown by Alcón et al., if 𝐺 is a 2-path on 𝑛
vertices, with diameter 𝑑, then 𝜋𝑡(𝐺) = 𝑡2𝑑 + 𝑛 − 𝑑 + 1.
Part of their method shows that a configuration of size
at least 𝜋2(𝐺) has a greedy, hence cheap, solution. Thus,
(𝑡 − 1)2𝑑 +𝑛−𝑑 + 1 pebbles remain to produce 𝑡 − 1 addi-
tional solutions by induction. There are numerous oppor-
tunities to apply this technique.

Unfortunately, not all solutions in chordal graphs are
greedy (until the size of a configuration greatly exceeds the
graph’s pebbling number). However, a pebbling step is
called semigreedy if it moves a pebble from one vertex to a
neighbor that is not of greater distance to 𝑟. Alcón et al. [1]
prove that all chordal graphs are semigreedy: every configu-
ration of size𝜋(𝐺, 𝑟) on a chordal graph𝐺 has a semigreedy
𝑟-solution. In addition, they prove another theorem remi-
niscent of the situation on trees. A potential vertex 𝑣 is one
containing at least two pebbles of a configuration. They
prove that if 𝐺 is chordal and 𝐶 is an 𝑟-unsolvable con-
figuration of maximum size, then every potential vertex is
simplicial.

Chung’s proof that cubes are Class 0 implicitly also
proves that cubes are greedy. Her proof can easily be
converted to an explicit algorithm that makes only greedy
steps and that runs in 𝑛 lg 𝑛 time. This has direct applica-
tions to finding zero sums in abelian groups in polynomial
time. Algorithms for 𝑟-solving configurations of size 𝜋(𝐺)
on graphs 𝐺 in other graph classes would be useful.

4. Pebbling Variations
4.1. Target pebbling: Satisfying multiple demands.
Placing 𝑡 pebbles on the same target vertex is just one level
of generalization. We may instead be interested, for some
target distribution2 𝐷, in placing 𝐷(𝑣) on each vertex 𝑣—i.e.,
solving 𝐷—from any configuration on 𝐺 of sufficient size.
From a supply-demand perspective, this may be the more
natural optimization problem. The target pebbling number
𝜋(𝐺,𝐷) is the minimum number of pebbles so that every
configuration of this size is𝐷-solvable. The first instance of
this problem appeared inCrull et al. [8], inwhich𝐷(𝑣) = 1
for all 𝑣; in this guise 𝜋(𝐺,𝐷) was known as the cover

2Configurations and distributions are both functions 𝑉(𝐺) → ℕ. However, to
avoid confusion, we use configurations for pebbles and distributions for targets.
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pebbling number. A stacked configuration (or target distri-
bution) is one that places all its pebbles (or targets) on a
single vertex. A positive distribution 𝐷 has 𝐷(𝑣) > 0 for ev-
ery 𝑣. Sjöstrand generalized and proved the conjecture of
[8] that, for any graph 𝐺, if 𝐷 is a positive target distribu-
tion and 𝐶 is a 𝐷-unsolvable configuration of maximum
size, then 𝐶 is stacked. From this it is easy to calculate
𝜋(𝐺,𝐷) = max𝑣∑ᵆ 2𝖽𝗂𝗌𝗍(ᵆ,𝑣). Thus, the interesting case is
when 𝐷 is not positive.

Herscovici et al. conjecture for every graph 𝐺 that
𝜋(𝐺,𝐷) ≤ 𝜋𝑡(𝐺) for every 𝐷 of size 𝑡. The intuition is that,
if |𝐶| ≥ 𝜋𝑡(𝐺), then 𝐶 can place 𝑡 pebbles on any vertex of
𝐺—it seems reasonable, then, to believe that 𝐶 can place 𝑡
pebbles on any combination of 𝑡 vertices. It feels a little bit
like a convexity notion. The authors verify the conjecture
for any 𝐺 with 𝜋(𝐺) = 2𝖽𝗂𝖺𝗆(𝐺), such as complete graphs,
even cycles, and cubes, as well as for trees and odd cycles.
This has come to be known as the Weak Target Conjecture,
and was also verified recently by Hurlbert and Seddiq for
2-paths and Kneser graphs 𝐾(𝑚, 2).

Upon closer inspection of a graph like the com-
plete graph, for example, every maximum size 𝑡-fold 𝑟-
unsolvable configuration has potential 𝑡 − 1 and thus an
odd number of pebbles on each vertex except 𝑟; in partic-
ular, 𝐶(𝑟) = 0 and 𝐶(𝑣) > 0 for every 𝑣 ≠ 𝑟. For general 𝐷,
such extremal configurations must have 𝐶(𝑢) = 0 for every
𝑢 ∈ 𝐷, and so each extra target in 𝐷 drops 𝜋(𝐺,𝐷) by one.
As with configurations, define the support of a distribution,
𝗌𝗎𝗉𝗉(𝐷), to be the set of vertices 𝑢 with 𝐷(𝑢) > 0, with
𝑠(𝐷) = |𝗌𝗎𝗉𝗉(𝐷)|. Then the following conjecture, true for
complete graphs, seems natural.

Conjecture 9 (Strong Target Conjecture [1]). For every
graph 𝐺 and target distribution 𝐷 of size 𝑡 we have 𝜋(𝐺,𝐷) ≤
𝜋𝑡(𝐺) − 𝑠(𝐷) + 1.

The authors of [1] verify this conjecture for trees and
for powers of paths. It would be interesting to explore trees
further: for example, one could imagine that an alternative
partitioning of a tree 𝑇 might yield an explicit formula for
𝑝(𝑇, 𝐷). Even the case |𝐷| = 𝑠(𝐷) = 2 is unknown.

Finally, one also finds in [1] another motivation for
studying target distributions that relates to Graham’s
conjecture. There they posit the generalization that
𝜋(𝐺1□𝐺2, 𝐷1 × 𝐷2) ≤ 𝜋(𝐺1, 𝐷1)𝜋(𝐺2, 𝐷2), which also im-
plies conjectures of Herscovici and of Lourdusamy. As is
often the case, finding just the right generalization of a
problem can be the key to cracking it.
4.2. Optimal pebbling: Finding the best configuration.
Here we change the paradigm somewhat. So far we have
been considering the worst-case scenario: the largest con-
figuration that can’t solve some target. Now we consider
the best-case scenario: the smallest configuration that can
solve every target. The former is like a two-person game in

which your adversary places the pebbles; optimal pebbling
is a game of solitaire in which you get to place your own
pebbles. It’s quite similar to finding the best placement
of cops to capture any robber, or determining the smallest
distance-𝑑 dominating set. Pachter et al. were the first to
define the optimal pebbling number of a graph 𝐺, denoted
𝜋∗(𝐺), to be the smallest𝑚 for which there is some config-
uration 𝐶 of size 𝑚 that is 𝑟-solvable for every 𝑟. Deciding
if 𝜋∗(𝐺) ≤ 𝑘 is easier than the same question for 𝜋(𝐺), but
it is still NP-complete [18]. In this setting, however, Shiue
showed that the Cartesian product bound does hold:

𝜋∗(𝐺□𝐻) ≤ 𝜋∗(𝐺)𝜋∗(𝐻).

Pachter et al. showed that 𝜋∗(𝑃3𝑘+𝑟) = 2𝑘 + 𝑟 for all
𝑘 ≥ 0 and all 0 ≤ 𝑟 ≤ 2 (Friedman and Wyels showed that
the same result holds for cycles). Basically, you place two
pebbles on every third vertex on the path and add a pebble
on any remaining vertex, and then show by induction that
this is best possible. Bunde et al. [4] carefully generalized
the construction to any tree 𝑇, yielding 𝜋∗(𝑇) ≤ ⌈2𝑛/3⌉,
and thus 𝜋∗(𝐺) ≤ ⌈2𝑛/3⌉ for all 𝐺. Note that every vertex
without a pebble in this path configuration𝐶 is adjacent to
a vertex with a pebble—that is, 𝗌𝗎𝗉𝗉(𝐶) is a dominating set.
More generally, define 𝛾(𝐺) to be the minimum size of a
dominating set in 𝐺. Then we always have 𝜋∗(𝐺) ≤ 2𝛾(𝐺).
Thus, finding dominating sets of various types has been the
dominant (sorry, we couldn’t resist that) method in this
area, and Chellali et al. [5] connect variations of optimal
pebbling to several different domination parameters.

In particular, a distance-𝑘 dominating set 𝑆 is a set of ver-
tices of a graph 𝐺 such that every vertex of 𝐺 is within
distance-𝑘 from some vertex of 𝑆. The size of the smallest
such set is denoted 𝛾𝑘(𝐺), and this yields the more general
bound

𝜋∗(𝐺) ≤ 2𝑘𝛾𝑘(𝐺). (3)

An error-correcting code that corrects up to 𝑘 errors is
an example of a distance-𝑘 dominating set in the cube. In
fact, Moews used the result of Cohen that 𝛾(𝑄𝑑) ≤ 2𝑚,
where 𝑚 ≤ 𝑑(1 − 𝐻(𝑘/𝑑)) + 2 lg 𝑑 and 𝐻(𝑥) = −𝑥 lg 𝑥 −
(1 − 𝑥) lg(1 − 𝑥), to prove that 𝜋∗(𝑄𝑑)≤2𝑑2(4/3)𝑑. This has
since been improved by Fu, Huang, and Shiue to

𝜋∗(𝑄𝑑) = 𝑂 (𝑑3/2(4/3)𝑑) .

For the lower bound 𝜋∗(𝑄𝑑) ≥ ( 4
3
)𝑑, Moews introduces

a continuous optimal pebbling version, with real-valued
configurations and real-valued pebbling steps, still with
50% cost, and with corresponding parameter �̂�∗. For ex-
ample, �̂�∗(𝑄1) = 4/3: place 2/3 on each vertex—placing
any other values 𝑎 and 𝑏with smaller sumwill fail tomove
1 to the smaller of the two. Also, since integer configura-
tions are real configurations, we see that �̂�∗(𝐺) ≤ 𝜋∗(𝐺)
for all 𝐺. Moews then proves the corresponding stronger
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version of Graham’s conjecture:

�̂�∗(𝐺□𝐻) = �̂�∗(𝐺)�̂�∗(𝐻)

to obtain the result. Finally, he follows Cohen’s prob-
abilistic approach—showing that a randomly chosen set
of the right size will be a distance-𝑘 dominating set with
positive probability—to prove that every graph 𝐺 satisfies
𝜋∗(𝐺𝑑) = �̂�∗(𝐺)𝑑+𝑂(lg𝑑), where 𝐺𝑑 denotes the Cartesian
product of 𝐺 with itself 𝑑 times.

It is natural to study how 𝜋∗(𝐺) decreases as the mini-
mum degree of𝐺 increases. Let𝑁𝑘(𝑣) denote the set of ver-
tices within distance 𝑘 of 𝑣, having size 𝖽𝖾𝗀𝑘(𝑣), and define
𝛿𝑘(𝐺) = min𝑣 𝖽𝖾𝗀𝑘(𝑣). Write 𝑁𝑘(𝑈) = ⋃ᵆ∈𝑈 𝑁𝑘(𝑢). Typ-
ically, we avoid writing the subscript when 𝑘 = 1. In [4]
we find a clever argument of Czygrinow that every graph
𝐺 has 𝛾2𝑘(𝐺) ≤ 𝑛/𝛿𝑘(𝐺). Indeed, construct a distance-2𝑘
dominating set 𝑆 starting with any vertex 𝑣 ∈ 𝐺, and ini-
tialize 𝑇 = 𝑁𝑘(𝑣). If 𝑇 is not a distance-𝑘 dominating set,
then add any vertex 𝑢 ∉ 𝑁𝑘(𝑇) to 𝑆 and add 𝑁𝑘(𝑢) to 𝑇
(this is a disjoint union). By the time 𝑆 has size 𝑛/𝖽𝖾𝗀𝑘(𝐺),
𝑇 is a distance-𝑘 dominating set, making 𝑆 a distance-2𝑘
dominating set. For instance, he applies this bound to that
of (3) to obtain

𝜋∗(𝐺) ≤ 4𝛾2(𝐺) ≤ 4 ( 𝑛
𝛿 + 1) .

Czygrinow, Hurlbert, Katona, and Papp show that the ex-
act bound is not attainable, although it is sharp: for ev-
ery 𝜖 > 0 there is a diameter-two graph 𝐺 (specifically
𝐾√𝑛□𝐾√𝑛) with 𝜋∗(𝐺) > (4−𝜖)( 𝑛

𝛿+1
). However, they prove

that when 𝖽𝗂𝖺𝗆(𝐺) ≥ 3 the coefficient in the upper bound
can be improved to 3.75. They also display, for any 𝜖 > 0,
infinitely many graphs with coefficient at least

8
3
− 𝜖, leav-

ing a small gap for readers to close.
One interesting problem that surprisingly remains un-

resolved is the following. Györi et al. [11] proved that

(2/13)𝑚𝑛 ≤ 𝜋∗(𝑃𝑚□𝑃𝑛) ≤ (2/7)𝑚𝑛,

but the correct bound is unknown. A final pursuit that is
unexplored to date is investigating 𝜋∗(𝐺, 𝐷) for some tar-
get 𝐷—that is, maybe you don’t need to potentially reach
every vertex, and maybe you might need to reach some ver-
tices multiple times.
4.3. Threshold pebbling: The random case. Now that
we’ve discussed the worst- and best-case scenarios, let’s
think about the “typical” case, as initiated by Czygrinow,
Eaton, Hurlbert, and Kayll.

In this paradigm, neither the pebbler nor their adversary
controls the initial configuration 𝐶; instead it is chosen at
random. Naturally, large configurations will be solvable
with high probability, while small configurations will be
solvable with low probability. One might wonder if there

is some threshold, i.e., phase transition, at which the tran-
sition from low to high probability is sharp—indeed, there
is.

Before we dive into the details, let us informally illus-
trate that threshold pebbling is a generalization of an un-
labeled version of Feller’s well-known birthday problem!
Consider the complete graph 𝐾𝑛. We want to know, “if
pebbles are randomly placed on the vertices, how many
pebbles are needed (as a function of 𝑛) so that the prob-
ability of pebbling to any possible vertex tends to 1?” In-
deed, a configuration of size less than 𝑛 on 𝐾𝑛 is solvable
if and only if some vertex has at least two pebbles. Just
as with the birthday problem, this requiresΘ(√𝑛) pebbles,
and so a pebbling threshold function for the family of com-
plete graphs is Θ(√𝑛).

To make this formal, consider an infinite sequence of
graphs 𝒢 = (𝐺1, 𝐺2, …) with an increasing number of ver-
tices, and a sequence of positive integers (𝑚1, 𝑚2, …). De-
fine 𝐩(𝐺𝑖, 𝑚𝑖) to be the probability that 𝐶, a randomly cho-
sen configuration of 𝑚𝑖 pebbles, is solvable on 𝐺𝑖 (i.e., 𝑟-
solvable for all 𝑟). Note that, as opposed to randomly plac-
ing each pebble independently, according to some fixed
probability, we select 𝐶 uniformly at random from the set
of all configurations on 𝑉(𝐺) of a fixed size 𝑚. A pebbling
threshold function of 𝒢, 𝑡(𝑘), is a function on ℕ such that, as
𝑘 → ∞, 𝐩(𝐺𝑘, 𝑚𝑘) → 0 (resp., 1) whenever 𝑚𝑘/𝑡(𝑘) → ∞
(resp., 0). We denote by 𝜏(𝒢) the set of all thresholds for
𝒢.

Of course, there is no reason, a priori, that a pebbling
threshold even exists for any particular sequence of graphs!
However, we have the following theorem.

Theorem 10 (Bekmetjev et al. [3]). Every infinite sequence
of graphs has a pebbling threshold function.

The proof of this theorem utilizes beautiful results from
extremal set theory, so we sketch it below. For a graph
𝐺, define the family ℱ of all unsolvable configurations
on 𝐺, with ℱ𝑚 being those of size 𝑚. We may view each
configuration as a multiset of 𝑚 vertices, of which there
are ⟨𝑛

𝑚
⟩ = 𝑛(𝑛 + 1)⋯ (𝑛 + 𝑚 − 1)/𝑚!. Then, we see that

𝐩(𝐶) = |ℱ𝑚|/⟨𝑛𝑚⟩ when |𝐶| = 𝑚. For any family 𝒜 of mul-
tisets of 𝑉(𝐺), define the shadow 𝜕𝒜𝑚 = {𝐴 − 𝑣 ∣ 𝑣 ∈ 𝐴 ∈
𝒜𝑚}. Note that 𝜕ℱ𝑚 ⊆ ℱ𝑚−1, which is what we will mean
by monotone. In the lattice of subsets, the famed Kruskal-
Katona Theorem gives a precise formula for the minimum
shadow size of a family ℬ𝑚 of 𝑚-subsets of size 𝑀, based
on something called the “cascade representation” of |ℬ𝑚|,
which we won’t get into. The formula is beautiful but dif-
ficult to use in calculations. For this, we rely on the ex-
cellent approximation of Lovász, which states for any real
𝑥 that if |ℬ𝑚| = (𝑥

𝑚
) = 𝑥(𝑥 − 1)⋯ (𝑥 − 𝑚 + 1)/𝑚!, then

|𝜕ℬ𝑚| ≥ ( 𝑥
𝑚−1

). Then Bollobás and Thomason used this to
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show for monotone ℬ that if 𝑗 < 𝑘, then 𝐩(ℬ𝑗)𝑘 ≥ 𝐩(ℬ𝑘)𝑗,
where 𝐩(ℬ𝑚) = |ℬ𝑚|/(𝑛𝑚). From this it follows that, if we
apply these calculations to an infinite sequence of graphs
(𝐺1, 𝐺2, …), with increasing 𝑛(𝐺𝑖) and families ℬ𝑚(𝑖) de-
fined on 𝐺𝑖 with 𝑚 a function of 𝑛, then there is some
threshold 𝑡 = 𝑡(ℬ) for which, as 𝑖 → ∞, 𝐩(ℬ𝑚) → 1 when
𝑚/𝑡 → 0 and 𝐩(ℬ𝑚) → 0 when 𝑚/𝑡 → 1.

The Kruskal-Katona Theorem was successfully general-
ized to the (infinite) lattice of multisets by Clements and
Linström. Then Bekmetjev et al. [3] proved the analogue
of Lovász’s inequality—if 𝒜 is a family of multisets with
|𝒜𝑚| = ⟨𝑥

𝑚
⟩, then |𝜕𝒜𝑚| ≥ ⟨ 𝑥

𝑚−1
⟩—and used this to settle

the existence of a threshold 𝜏(𝒜) for any monotone fam-
ily 𝒜 of multisets. Theorem 10 states this in particular for
the monotone families of unsolvable configurations of a
sequence of graphs.

Regarding specific examples of graph sequences, recall
that 𝜏(𝐾𝑛) = Θ(√𝑛). At the other end of the spectrum
is the sequence of paths 𝒫. A series of papers resulted
in the lower (Czygrinow-Hurlbert) and upper [3] bounds
𝜏(𝒫)⊆Ω(𝑛2𝑐√lg𝑛) ∩ 𝑂(𝑛2𝐶√lg𝑛) for any 𝑐 < 1 < 𝐶, and fi-
nally Moews recently found the answer:

𝜏(𝒫) = Θ (𝑛2√lg𝑛/√lg 𝑛) .

It is not difficult to see that every graph threshold sits
between 𝜏(𝒦) and 𝜏(𝒫), and Moews proved that, for ev-
ery function 𝑔 in this range, there is a graph sequence 𝒢
with 𝜏(𝒢) = Θ(𝑔). Czygrinow, Eaton, Hurlbert, and Kayll
showed that if 𝒢 is a sequence of graphs having bounded
diameter, though, then 𝜏(𝒢) ∈ 𝑂(𝑛), while if the graphs
have minimum degree 𝛿 for √𝑛 ≪ 𝛿 < 𝑛, then 𝜏(𝒢) ∈
𝑂(𝑛3/2/𝛿) (which yields Θ(√𝑛) for 𝛿 ∈ Θ(𝑛)) (Czygrinow-
Hurlbert).

Interestingly, Björklund and Holmgren proved that 𝜋
and 𝜏 are not always positively correlated. A blow-up of a
vertex 𝑣 in a graph replaces 𝑣 by a complete graph, each ver-
tex of which is adjacent to each vertex in𝑁(𝑣). For example,
blowing up an endpoint of an appropriate length path will
realize the required graph sequence in Moews’ density re-
sult above. Here, Björklund and Holmgren define 𝐺𝑛 to be
the 𝑛-vertex graph blown up from an endpoint of a length
lg 𝑛 path,𝐻𝑛 to be the 𝑛-vertex graph blown up from amid-
point of a length lg 𝑛+𝑐 path for some large constant 𝑐, and
show that 𝜋(𝐺𝑛) ≤ 3𝑛 ≪ 𝜋(𝐻𝑛). Then, for 𝒢 = (𝐺𝑛)𝑛≥1
and ℋ = (𝐻𝑛)𝑛≥1, they prove that 𝜏(ℋ) ∈ 𝑂(𝑛0.8), while
𝜏(𝒢) ∈ Ω(𝑛0.99). They also give more complicated and ex-
treme examples of 𝒢 and ℋ with 𝜋(𝐺𝑛) ≪ 𝜋(𝐻𝑛), 𝜏(ℋ)
arbitrarily close to 𝜏(𝒦), and 𝜏(𝒢) arbitrarily close to 𝜏(𝒫).

Threshold arguments are typically local. For upper
bounds one usually shows that a random configuration
of many pebbles almost always places sufficiently many
pebbles in every small subgraph. For lower bounds one

typically shows that a random configuration of few peb-
bles almost always contains a large hole—some𝑁𝑘[𝑣]with
no pebbles in it—and cannot move enough pebbles to the
boundary of the hole sufficient to reach 𝑣. The details of
what small and large means and what probabilistic tech-
niques are used vary upon the instance.

Along the lines of Cartesian products, both Alon and
Czygrinow-Wagner produced bounds for the sequence
𝒬 = (𝑄𝑑)𝑑≥1 of cubes:

𝜏(𝒬) ∈ Ω(𝑛1−𝜖) ∩ 𝑂(𝑛/(lg lg 𝑛)1−𝜖) for all 𝜖 > 0.

This has room for tightening. For the sequence of products
of complete graphs𝒦2 = (𝐾2

𝑘)𝑘≥1, Bekmetjev andHurlbert
proved that 𝜏(𝒦2) = Θ(√𝑛). This satisfies the following
natural threshold version of Graham’s conjecture, which
needs to be stated carefully to account for the rescaling of
𝑛 (i.e., 𝑛(𝐺𝑘□𝐻𝑘) = 𝑛(𝐺𝑘)𝑛(𝐻𝑘)).

Conjecture 11 (Hurlbert [12]). Let ℱ = (𝐹𝑘)𝑘≥1, 𝒢 =
(𝐺𝑘)𝑘≥1, and ℋ = (𝐻𝑘)𝑘≥1, where 𝐹𝑘 = 𝐺𝑘□𝐻𝑘, and sup-
pose that 𝑓 ∈ 𝜏(ℱ), 𝑔 ∈ 𝜏(𝒢), and ℎ ∈ 𝜏(ℋ). Then

𝑓(𝑛(𝐹𝑘)) ∈ 𝑂(𝑔(𝑛(𝐺𝑘))ℎ(𝑛(𝐻𝑘))).

Two additional directions are worthy of exploration.
One is to change the model of generating a random config-
uration. Unlike in the random graph case, in which the hit-
ting time, static, and Erdős-Reyni models all concur, a dif-
ferent configuration model can change the threshold. For
example, Czygrinow and Hurlbert showed that if the peb-
bles are labeled and each pebble gets to choose its own
vertex, then the path threshold drops to Θ(𝑛 lg 𝑛/ lg lg 𝑛).
Finally, one can also consider the threshold for cover peb-
bling, as is done by Godbole, Watson, and Yerger, where
they prove the following sharp result. Let 𝜙 = (1 + √5)/2
and 𝜔 = 𝜔(𝑛) → ∞. Then a uniformly random config-
uration on 𝐾𝑛 is almost surely cover-solvable when |𝐶| ≥
𝜙𝑛+𝜔√𝑛 and almost surely not cover-solvable when |𝐶| ≤
𝜙𝑛 − 𝜔√𝑛.

5. Final Comments
The challenges involved in graph pebbling touch differ-
ent areas of mathematics beyond graph theory including
number theory, optimization, computation, extremal set
theory, and probability. The Lemke-Kleitman Conjecture
3 remains open in the general case. Pebbling has also
played a role in similar, combinatorial number-theoretic
problems as well. For example, Knapp [16] recently used
a pebbling technique to show the existence of 2-adic solu-
tions to certain homogeneous additive equations! From
a different perspective, the computational challenges are
daunting; any progress toward efficiently computing such
parameters would enable great progress in graph pebbling.
These are, of course, in addition to Graham’s conjecture.
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Regardless of your background, we invite you and your
students to pebble! Clever applications and connections
to other areas of mathematics await!
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The Mathematics Research Communities program helps early career mathematicians 
develop long-lasting cohorts for collaborative research projects in many areas 
of mathematics. The 2022 summer conferences of the Mathematics Research 
Communities will be held at Beaver Hollow Conference Center, Java Center, NY, 
where participants can enjoy the natural beauty and a collegial atmosphere. 

Women and underrepresented minorities are especially encouraged to apply.

The application deadline for summer 2022 is February 15, 2022. 

TOPICS FOR 2022
Week 1: May 29–June 4, 2022

Applied Category Theory
Organizers:  John Baez, University of California, Riverside
  Simon Cho, Two Six Technologies
  Daniel Cicala, University of New Haven
  Nina Otter, Queen Mary University of London
  Valeria de Paiva, Topos Institute

Data Science at the Crossroads of Analysis, Geometry, and Topology
Organizers:  Marina Meila, University of Washington
  Facundo Mémoli, The Ohio State University
  Jose Perea, Northeastern University
  Nicolas Garcia Trillos, University of Wisconsin-Madison
  Soledad Villar, Johns Hopkins University

Week 2: June 5 –11, 2022
Models and Methods for Sparse (Hyper)Network Science
Organizers:  Sinan G. Aksoy, Paci� c Northwest National Laboratory
  Aric Hagberg, Los Alamos National Laboratory
  Cliff Joslyn, Paci� c Northwest National Laboratory
  Bill Kay, Oak Ridge National Laboratory
  Emilie Purvine, Paci� c Northwest National Laboratory
  Stephen J. Young, Paci� c Northwest National Laboratory
  Jennifer Webster, Paci� c Northwest National Laboratory

Trees in Many Contexts
Organizers:  Miklós Bóna, University of Florida
  Éva Czabarka, University of South Carolina
  Heather Smith, Davidson College
  Stephan Wagner, Uppsala University
  Hua Wang, Georgia Southern University

This program is funded through a generous grant 
from the National Science Foundation, 
the AMS, and private donors.

Learn more at:
www.ams.org/programs/mrc-22

The American Mathematical Society welcomes applications for the 2022
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The Early Career Section offers information and suggestions for graduate students, job seekers, early career academics 
of all types, and those who mentor them. Angela Gibney serves as the editor of this section. Next month’s theme will 
be voices for the BIG network.

Good Ideas
Summer Research in 
Mathematics at MSRI

Kuei-Nuan Lin and Augustine O’Keefe

In the fall of 2018 our research quartet decided to apply 
to summer programs at research institutes in an effort to 
collaborate in person. Three of us are at undergraduate- 
focused institutions in small departments where we are 
siloed with respect to research area. We had been meeting 

weekly over Zoom (which was still somewhat novel back 
then), but being able to spend a week or more together 
would catalyze our progress. Given that two of us, the 
authors of this article, would have small children that 
following summer, it was important to us that whatever 
program we applied to would provide substantial family 
support. Among the programs we considered and applied 
to, MSRI’s Summer for Research in Mathematics program 
(SRiM)—formerly known as the Summer for Women in 
Mathematics—offered the most extensive family support. 
The following is from the program’s website:

MSRI has access to private sources of funding that 
makes it possible for women with children to fully 
participate in its scientific activities. This may be 
in the form of lodging and reimbursement of travel 
expenses for children who accompany the member 
to Berkeley, plus lodging and travel expenses for a 
caregiver. It may also take the form of reimburse-
ment of additional expenses incurred if the children 
stay home, thus allowing the member to attend the 
program.

For the authors of this article, being able to bring our 
families at little to no extra cost was the main reason we 
were able to participate in such a program. Because of our 
participation in this program in July 2019, our group made 
significant progress during our residency at MSRI. Making 
substantial headway on projects in the summer is particu-
larly important for those of us with at least a 3–2 teaching 
load. We were able to submit our article in October 2019 
for peer review despite being in the middle of the semester.

Our Experience at SRiM
We were awarded the SRiM grant which would support 
our group for a two-week residence. In the award email, 
we were provided a link where we could inform MSRI of 
whether or not we wanted to eat our dinners at a campus 
dining hall, or if we wanted to receive a $25 per diem for us 
and each of our accompanying family members. Breakfast 
would be provided at the dining hall, and lunches were 
provided up at MSRI. We were also encouraged to contact 
MSRI regarding what our childcare situation would be, if 
that applied. It was very easy to get the support we needed 
and the staff were incredibly prompt with responses. MSRI 
covered the airfare for all of us plus our family members, 
with a cap of $600 per round-trip ticket.

 Kuei-Nuan Lin is an associate professor of mathematics at Penn State Uni-
versity, Greater Allegheny. Her email address is linkn@psu.edu.

Augustine O’Keefe is an associate professor of mathematics at Connecticut 
College. Her email address is aokeefe@conncoll.edu.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2391
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for grocery shopping and the rental cost was covered by 
MSRI. I found this experience extremely positive for my 
family and me. I become stressed when I am away from 
home for conferences, so having my family with me and 
being able to see them at the end of the day reduces my 
anxiety and improves my productivity. Surprisingly, I had 
the energy to keep working after my children were sleeping.

Augustine O’Keefe. I was pregnant at the time we ap-
plied, and my baby was around 6 months old at the time 
of travel. I resolved to have him with me no matter the 
program we participated in. I had been on parental leave 
in the spring and so the idea of leaving the baby with my 
partner for 7–8 hours each day seemed hard enough. Being 
so supported by MSRI and the SRiM program was such a 
relief for so many reasons, not the least of which being 
that my child was breastfed. I would have otherwise had 
to spend a fortune to ship breastmilk home. In addition 
to having a key to my office at MSRI, I also had a key to 
the private nursing room. In it, there is a changing table, a 
comfortable rocking chair with a side table, and a folding 
divider for additional privacy. When being showed the 
room by staff I requested a small desk so I could more 
comfortably edit our paper while pumping. (I mean, is 
pumping ever comfortable?) The desk was there by the 
time of my first pumping session. MSRI also covered the 
cost of renting a crib, high chair, and other baby supplies 
that one might not want to travel with. We had begun our 
two-week stint with the dining hall option for meals but 
decided it was more convenient for dining with an infant 
to switch to the per diem.

I would advise that if you have a dietary restriction, bring 
snacks just in case. MSRI does their best to accommodate 
dietary restrictions, but the caterer ultimately decides what 
to serve. Ever accommodating, I was offered additional 
per diem to cover supplemental lunch costs. Worst case 
scenario, you can run down to the cafeteria in the Lawrence 
Hall of Science to pick something up.

Applying to SRiM
Here are some general guidelines to keep in mind if you 
are thinking about applying to the SRiM program and/or 
other programs of its kind.

• Go to the right conferences and be prepared. Con-
straints such as travel support or family obligations 
mean that picking the right conference(s) to attend 
is essential. Look up the main speakers and confer-
ence participants to decide if it is worth the effort 
of traveling. Read the abstracts and, if you can, 
some of the associated papers before attending 
the conference. While there, talk to people and 
ask questions; this is what leads to collaborations. 
Once you and your potential collaborators find a 
particular question to work on, start looking for 
funding opportunities for future meetings and 
collaborations. Some institutes only have summer 

Once at MSRI, our entire group was housed in the same 
wing on the same floor of a dormitory on campus. We 
were all in two-bedroom suites with a kitchen and private 
bathroom. Those of us with families had a suite to our-
selves, while those of us traveling alone had private rooms 
sharing the third suite. MSRI provided each suite with basic 
kitchen supplies such as pots and pans, dishes, utensils, 
paper towels, etc. Up the hill at MSRI we were provided 
with a temporary ID allowing us to use the bus for free, 
two offices each equipped with two computers, access to 
the extensive mathematics library at MSRI along with its 
journal subscriptions, and access to various workspaces 
throughout the building.

We expected to be surrounded by other researchers, 
those affiliated with the SRiM program and perhaps those 
who weren’t. In fact, the majority of those also in residence 
at MSRI identify as part of a group that has been historically 
excluded within the mathematics community. There were 
indeed three other groups supported by SRiM, along with 
another group supported by the then burgeoning MSRI 
ADJOINT program, and the undergraduate students and 
faculty involved in the MSRI-UP program. As a result, the 
environment was not only welcoming but also affirming. 
Through daily lunches together and a cocktail party spon-
sored by MSRI, there was ample opportunity for commu-
nity-building across the groups.

In the middle of our residence, we were invited to 
have breakfast with the Deputy Director of MSRI, Hélène 
Barcelo. It was a lovely spread and all dietary restrictions 
were accommodated. During this breakfast, we learned 
more about the donors who made our visit possible. We 
also talked about our personal experiences as women re-
searchers in mathematics, particularly from the viewpoint 
of being at undergraduate institutions, and what further 
support SRiM could provide in the future.

Throughout our stay, the staff at MSRI did an amazing 
job supporting us and responding to unforeseen needs as 
they arose. Additionally, because we were able to provide 
receipts early, we got our reimbursement checks before 
we left. It should be noted that family support is taxable 
income.

Below we provide details we think are pertinent and 
(hopefully) useful to those with children who are thinking 
of applying. Our children are of very different ages, and 
thus, so were our experiences.

Kuei-Nuan Lin. Chris Marshal, the program manager at 
MSRI, was helpful and offered quick replies to all questions 
and concerns that we asked. Her responses reduced a lot 
of stress during the planning process. We took the offer of 
$25 per diem since MSRI provided kitchen essentials at the 
apartment. From Monday through Friday, I arrived at MSRI 
around 9 a.m. and left my kids with my husband with the 
strict order that they cannot interrupt my work unless there 
is an emergency. We agreed to meet back at the apartment 
at 6 p.m. for dinner. During the weekends, we rented a car 
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Regardless, we have all learned how to live virtually (for 
better or worse). Take advantage of those new skills to 
keep working together, even if just a short weekly check-in 
to see how you all are doing; you can always apply again 
next year. Good luck!

Credits
Photo of Kuei-Nuan Lin is courtesy of Kuei-Nuan Lin.
Photo of Augustine O’Keefe is courtesy of Augustine O’Keefe.

IMA Math-to-Industry 
Boot Camp

Fadil Santosa and Daniel Spirn

The IMA Math-to-Industry Boot Camp is an intensive 
six-week summer training program that prepares mathe-
matics PhD students for internships and careers outside 
of academia. Though the program has its roots in indus-
trial modeling workshops, this program was specifically 
developed to help address two demographic challenges 
to the mathematics community: (1) an overabundance 
of mathematics PhDs in relation to the number of per-
manent academic positions and (2) the growing need for 
mathematically sophisticated scientists in industry and 
government workplaces. Since 2016, the Boot Camp has 
trained well over 200 math and statistics PhDs students 
with very promising results.

Over the past several decades there has been a large 
increase in the number of students pursuing degrees in 
mathematics at the graduate level. And while the number 
of mathematics students finishing with PhDs has been 
increasing, the percentage of traditional tenure-track and 
tenured positions has decreased precipitously nationwide. 
For example the percentage of tenured faculty in US higher 
education across all subjects has dropped 20% between 

programs, such as SRiM, while others offer collab-
orative opportunities throughout the year.

• Read the application guidelines carefully. Due to 
funding sources, many programs require someone 
in the research group to be a citizen or permanent 
resident of the home country. Read all the rules 
carefully and decide if your group meets the crite-
ria. Keep in mind the project requirements. Some 
programs require you to have partial results and 
some do not. The SRiM program is indeed one 
for which your group is expected to have made 
progress towards your project goals at the time of 
applying.

• Ask around. Often the program’s website will show 
recent recipients of the grant whom you might 
contact for any advice, or even to receive a copy 
of their successful application. It helps to know 
someone, but people are often friendly and want 
to help others succeed.

• Sell yourselves! Make sure to highlight your exper-
tise and your contributions to the field(s) germane 
to your proposal. As mentioned above, the SRiM 
program privileges project proposals for which the 
group has already made progress; be sure to high-
light any partial results your group has achieved.

• Keep working. While you are waiting, you need to 
keep working with your collaborators online as 
you never know if your group will get the grant or 
not. Even if you do get the grant, the proposed time 
of your visit may not work for your entire group, 
or the funding could be insufficient for those with 
little support from their institutions.

• Be communicative. If your group decides to turn 
down an offer, be sure to let the institute know 
early so they can give the opportunity to another 
group. In 2019, we were second-round awardees. 
Because those first-round recipients communi-
cated early to MSRI that they were passing on 
their offer, we were able to plan early (which is 
so important with small children). On the flip 
side, if you have not heard by the decision date 
listed on the program’s website, do not hesitate to 
contact that program to see what the status of your 
proposal is. Keep checking in, letting them know 
your group is still interested.

Again, to our knowledge, the SRiM program at MSRI 
offers the most support for researchers with children as 
compared to other institutes. The first author had also been 
a part of another research group that had been accepted to 
more than one institute’s collaboration program. Because 
of the excellent family support that SRiM offers, that group 
took MSRI’s offer.

If your group does not get a grant, do not be disap-
pointed as you never know what could happen. As men-
tioned above, our group was a second-round awardee. 

Kuei-Nuan Lin Augustine O’Keefe
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present to her/his team. These industry-sponsored projects 
provide the chance for the students to practice their new-
found technical and professional skills.

Projects are drawn from broad sectors of industry and 
government. For example, the 2018 projects were sponsored 
by National Securities Technologies (defense), D-Wave 
systems (quantum computing), 3M (industrial products), 
Schlumberger-Doll (geoscience), Whitebox Advisors (fi-
nance), and the Milwaukee Brewers (entertainment).

Outcomes
The benefits of the Math-to-Industry Boot Camp are 
manyfold. To students the program provides several spe-
cial opportunities that may not be experienced in a typical 
mathematics graduate program:

• The chance to interact with mathematicians work-
ing in industry and national labs.

• The opportunity to quickly develop comfort and 
skills with working with a team on open-ended 
applied research projects with short deadlines.

• An experience that will help them qualify for 
industry jobs where recruiters are looking for sci-
entists who have had experience working with a 
company-sponsored project.

Perhaps, more than anything, the program gave these 
students confidence that they can land a job and thrive in 
industry.

Likewise companies have also found value in mentoring 
a Boot Camp project, including as a way to explore new di-
rections of research, an opportunity to recruit from a diverse 
group of students, and as a chance for early-career industrial 
scientists to gain experience running a small team.

The pre- and post-assessments have demonstrated suc-
cessful outcomes for both participants and mentors. In 
particular, students and mentors reported that students had 
built valuable skills and learned what a career in industry 
might be like. This was seen as particularly valuable for the 
individual mentors as well as their companies. Mentors and 
students also talked about how this intensive experience 
with a cohort would help to build additional bridges of 
knowledge and personal relationships between industry 
and academic mathematicians, bridges that all saw as 
valuable and mutually beneficial for ongoing research and 
problem solving in both sectors.

The IMA has also documented individual success sto-
ries. Keith Rush is just such an example. While a graduate 
student at the University of Wisconsin Madison studying 
orthogonal polynomials, he participated in the 2016 Boot 
Camp. When he interviewed that fall, he described his Boot 
Camp experience and was offered a job with the Milwaukee 
Brewers as the first member of a new data science team 
charged with improving ticket sales. Buoyed by this success, 
the Brewers hired a second IMA Boot Camp participant, 
Michael Dairyko (Iowa State PhD in combinatorics, 2017 
Boot Camp). During the 2018 Boot Camp, Keith Rush 

1995 and 2019 [DBSZD21]. At the same time the Bureau 
of Labor Statistics has estimated that the number of jobs 
in the mathematical sciences will increase 33% between 
2019–2029 [BoLS21]. While some students are ready to 
pivot towards industry jobs, many do not know how, and 
their departments do not provide programs to lead the way.

Origins of the Program
The IMA Math-to-Industry Boot Camp, funded initially 
in 2016 by a three-year NSF Enhanced Doctoral Training 
grant (DMS-1551205), was pitched as a pathway for near 
terminal graduate students in pure mathematics to quickly 
retool for a job in industry. Though initially targeted 
towards mathematics students with little background in 
programming and modeling, the program is open to PhD 
students from US institutions in any subject in the mathe-
matical sciences and at any point prior to graduation. One 
key feature of the camp is the opportunity to participate in 
an industry-sponsored team project under the supervision 
of an industrial scientist. This team project is based on the 
format of the IMA Math Modeling workshops, which ran 
from 1996 until 2015. IMA Math Modeling workshops 
were developed for and targeted towards PhD students in 
applied and computational mathematics with two goals: 
providing students the chance to learn about mathematical 
challenges in industry and offering industrial scientists the 
opportunity to learn about cutting-edge methods being 
developed in academia. On the other hand, the goal of 
the IMA Math-to-Industry Boot Camp is to prepare any 
mathematics PhD student to potentially pivot away from 
an academic career.

Boot Camp Program
Roughly thirty math graduate students are selected from 
all facets of mathematics, including subjects quite far from 
the traditional view of industrial or applied math. These 
students spend the first three weeks immersed in mini-
courses on the basics of programming, data exploration 
and modeling, machine learning, stochastic modeling 
and optimization techniques. The aim of each of these 
programs is to quickly gain comfort with coding and 
prototyping in R, Python, and Gurobi. During these first 
few weeks, trained specialists lead sessions on developing 
professional skills including team dynamics, conflict reso-
lution, and presenting research to non-technical decision 
makers. Throughout the six-week program, students inter-
act with visiting industry professionals via presentations 
and informal discussions.

During the second three weeks of the Boot Camp, stu-
dents are challenged with team projects that originate from 
industrial research centers and national labs. Each team is 
mentored by a scientist (or scientists) from the sponsoring 
company. Projects are typically drawn from a core business, 
and these problems are brought to the camp as a potentially 
important direction of exploration that the mentor can 
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PhD degrees in the mathematical sciences. A program 
similar to the one offered at the IMA can be created either 
by a department, or better still, by a consortium of several 
geographically nearby departments. The consortium model 
allows for sharing of resources and having a critical mass 
of students. We hope such programs will provide PhD 
graduate students across the country the opportunity to 
prepare quickly for mathematics jobs outside of academia.
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Pset Partners

Andrew V. Sutherland
Introduction
The brutal murder of George Floyd last year and the protests 
that followed sparked some difficult discussions within 
our department, and some serious introspection. Some of 
the ways in which structural racism and inequity impact 
the mathematical community are obvious, most notably 
in the lack of diversity in our ranks. But some can be less 
obvious, especially to those not directly impacted by them.

One issue that has been particularly challenging for us 
at MIT is inclusivity. Reading over some of the discussions 
from last year I am still struck by the opening lines of “A 
Message to the MIT Math Community,” an anonymous post 
to our discussion forum for mathematics majors that was 

returned as a project mentor where his team worked on 
sequence-to-sequence modeling.

Alumni of the Boot Camp have taken positions through-
out all sectors of BIG (Business, Industry, and Government). 
In government, we have alumni in the Federal Reserve, the 
FDA, Pacific Northwest National Lab, and Sandia National 
Lab. In retail, our students have found jobs at Amazon, 
Sam’s Club, and Target. Several went to “big tech” such as 
Google, eBay, and Microsoft. Other companies employing 
our alumni include JP Morgan, Lockheed Martin, Astra 
Zeneca, among many, many others.

Pivoting to Online
Rather than cancelling the Boot Camp during the COVID-
19 crisis, the IMA decided to run the summer 2020 Boot 
Camp virtually, albeit with several modifications. As all 
instruction transitioned online, so too did the Boot Camp 
minicourses. However, the most critical part of the camp 
experience, working on an industry-sponsored team proj-
ect, was a cause of concern. We especially wanted students 
to experience the pitfalls and challenges as well as the 
exhilaration of quick discovery and prototyping. In order 
to encourage team building and collaborative communi-
cation, the IMA experimented with software platforms and 
arrived at a suitable framework:

• Instruction, skills development, and cohort meet-
ings worked exceptionally well on Zoom, which 
also allowed for archiving of lectures and course 
material.

• Frequent check-ins with the full cohort proved 
to be an excellent way to build rapport among 
students.

• Project teams messaged and provided running 
updates on Slack. Git repositories were used to 
collaborate on data manipulation and software 
development.

• Online team presentations, provided at several 
stages during the last three weeks, worked very 
well. Zoom allowed for seamless handoffs between 
team members with easy integration of slides.

The results proved so promising that six months later, 
the IMA held an inaugural two-week winter Boot Camp in 
January 2021. Instead of offering a three-week instruction 
period during the camp followed by team projects, students 
were asked to prep for the courses with recorded lectures 
and tutorials. Though the January 2021 cohort skewed 
more towards applied mathematics, many of the students 
started with little to no experience in programming and 
data science.

Conclusion
Programs like the IMA Math-to-Industry Boot Camp pro-
vide a framework for training a broad array of math PhD 
students for employment outside of academia. Many of the 
lessons learned could be applied in departments offering 

Fadil Santosa Daniel Spirn
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having never set foot on campus or meeting any of their 
classmates in person.

The Pset Partners Project
Several students involved in the discussion on diversity and 
inclusion suggested creating a website to help students find 
partners to work with on problem sets. There are many web 
services that provide platforms for online collaboration, but 
these tools do not solve the problem of finding collabora-
tors. Some of the courseware platforms we use do provide 
features intended to help students find teammates, but their 
functionality is quite limited. We held several brainstorm-
ing sessions in June and early July 2020 to flesh out the 
students’ ideas. These sessions were primarily student led, 
but also included a few faculty members and researchers 
who were formerly MIT students.

A summary of their ideas were presented to all math 
majors on our department forum for feedback, including 
the following list of explicit goals:

• Make it easier for students to find collaborators.
• Promote community within the department.
• Encourage inclusiveness and reduce isolation.
• Preserve students’ privacy and promote respectful 

interactions.
• Build a system that is lightweight and minimize 

the friction of using it.
With less than two months to go before the fall term, we 

set out to build a “Pset Partners” website to help students 
find collaborators. This time frame might seem wildly 
optimistic, but we were fortunately able to build on in-
frastructure that had been created for researchseminars 
.org, the online listing of lectures and conferences that I 
expect many readers have used. Even better, the creators 
of researchseminars.org, Edgar Costa and David Roe, 
were available for consultation, and their assistance proved 
to be invaluable. I should note that Costa and Roe created 
the initial version of researchseminars.org in an even 
shorter time frame by building on database infrastructure 
they had previously created for the L-functions and modular 
forms database (LMFDB)2 as part of their work with the 
Simons Collaboration in Arithmetic Geometry, Number 
Theory, and Computation.3

An Initial Design
To start using Pset Partners, students provide some in-
formation about themselves, such as the classes they are 
taking, the times they are available, and their preferences 
for collaboration, including

• size: 2, 3–4, 5–8, or more than 8 people;
• when: early (shortly after a pset is assigned), late (a 

day or two before it is due), or middle (somewhere 
in between);

2https://www.lmfdb.org/ 
3https://simonscollab.icerm.brown.edu/ 

the starting point for a long conversation about inclusion 
and diversity among students, faculty, and staff.

I find a community in the math department in the 
sense that we all like math, but I have never felt 
completely included.

The sense of community I feel with my fellow mathe-
maticians is what gives me the greatest sense of fulfillment 
in my work, but this post and the discussion that followed 
made it clear to me that many students never really find 
or feel this sense of community. Indeed, it took a while for 
me to find it myself.

One of the first things I learned as an undergraduate at 
MIT was a new term for what I had previously called “doing 
my homework.” At MIT this activity is affectionately known 
as “psetting” (the term “pset”1 is shorthand for “problem 
set,” a set of problems to be solved). But it took me a while 
to learn that psetting (and mathematics research in general) 
is more rewarding when done in the company of others.

Most classes at MIT have a policy of permitting and even 
encouraging collaboration on problem sets. Students are 
generally required to name their collaborators and to write 
up their own solutions, but they are welcome to discuss 
the problems and their ideas for solving them with others. 
Styles of collaboration vary widely. Some students work 
side-by-side and solve the problems as a team, while others 
prefer to tackle the problems on their own but may consult 
their collaborators when they find themselves stuck.

Student collaboration has many pedagogical and psy-
chological benefits. It allows students to develop intuition 
they might not easily glean from a lecture or textbook, 
it teaches them the value and pleasure of working with 
others, and it can help to build a sense of community and 
common purpose. But for those without collaborators, it 
can be very isolating.

Study groups often form naturally among students who 
are in the same living group or who have worked together 
before, and they may arise when students meet during office 
hours or recitation. But this does not always work. Many 
students who would welcome the opportunity to work with 
others can find it difficult to get a collaboration started. The 
process of forming partnerships tends to favor those who 
are already connected in some way, and these advantages 
accumulate over time. This can leave those who are not 
connected feeling ever more alone, and it puts them at an 
academic disadvantage. Finding the right partner can mean 
the difference between success and failure in a challenging 
class (just as finding the right collaborator can mean the 
difference between your latest research idea panning out 
or not).

The pandemic has exacerbated all of these issues. Stu-
dents working remotely have few opportunities to form 
partnerships, and in the fall of 2020 most of our incoming 
class had to begin their academic career at MIT online, 

1https://mitadmissions.org/help/faq/psets/

https://simonscollab.icerm.brown.edu/
http://researchseminars.org
http://researchseminars.org
http://researchseminars.org
https://mitadmissions.org/help/faq/psets/
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opportunity to join an existing group that is compatible 
with their schedule and preferences, if that group has been 
configured to accept new members whenever it is below its 
size limit. This is the default setting for groups that are cre-
ated by the system during the matching process (students 
can change this if they wish), and in large classes there 
will typically be several groups that can accommodate new 
members. This means that if a student is looking to join a 
group, perhaps because they just left a group that was not 
working for them, the system is often able to immediately 
suggest another group.

One of the more whimsical aspects of Pset Partners is 
the randomly generated group names. We initially planned 
to let students choose group names, but groups created by 
the system need to be given an initial name. The decision to 
name the website “Pset Partners” was made by the students 
in part because of its pleasant alliteration. We decided to 
lean into this by using random alliterative adjective-animal 
combinations like “Acrobatic Armadillos,” “Boisterous 
Beavers,” or “Charismatic Chipmunks” for group names. 
We then realized that it could be confusing to students and 
instructors if the group names were allowed to change over 
time, and decided to make the randomly generated names 
immutable.

I think this small bit of whimsy helped generate interest, 
not only from students, but also from faculty. One of the 
first emails I received from a faculty member regarding Pset 
Partners was a bemused query about the “Yodeling Yellow-
hammers” group that had formed in his class. I think we all 
welcomed something to smile about as we began what we 
knew would be a very challenging term of remote teaching.

The Matching Algorithm
You are probably familiar with the Gayle-Shapely algorithm 
[2], which efficiently solves the stable matching problem: 
given sets A and B of size n and bijections ρa : B → {1,…,n} 
and ρb : A → {1,…,n} for each a∈A and b∈B, find a bijec-
tion π :A → B that is stable in the sense that there is no pair 
(a,b)∈ A×B with π (a)≠ b such that ρa(b) < ρa(π (a)) and 
ρb(a) < ρb(π –1(b)). The elements a∈A and b∈B can be in-
terpreted as individuals with preference rankings ρa and ρb, 
respectively; a stable matching is one in which there is no 
pair (a,b) who would both prefer to be matched with each 
other rather than the person they have been matched with.

The Gayle-Shapely algorithm has many important ap-
plications to resource allocation, but it is not useful in our 
setting where we do not want to partition students into sets 
A and B. The problem of constructing a bipartite matching 
within a single set C of 2n people given preference rankings 
is known as the stable roommate problem. For this problem 
a stable matching need not exist. There are algorithms to 
efficiently find one when it does [3], but when it does 
not, even the problem of closely approximating the best 
matching possible is NP-hard [1]. This also applies to the 
more general problem in which each c∈C ranks all the 
subsets that contain them in order of preference and the 

• forum: text (including team chat tools like Dis-
cord/Slack/Zulip), video (typically Zoom), or 
inperson (disabled for fall 2020);

• style: solo (independent but check answers), col-
legial (discuss strategy, collaborate if stuck), or 
together (team problem-solving).

Students can also express affinity/diversity preferences 
related to their department, year, and gender identity (if 
specified), as well as class-specific information, such as 
how committed they are to a class and how familiar they 
are with the material, all of which can be customized by 
class and assigned a weighting to indicate the strength of 
the preference. Most students fill in just the preferences 
listed above.

From the perspective of the matching algorithm, the 
most crucial information provided by students is the times 
they are available for collaboration, which they set by fill-
ing in a 7×24 hour grid for the week. The system tries to 
ensure a minimum overlap of four hours of availability in 
each of the groups it forms, which can be challenging with 
students spread across dozens of time zones as they were 
last fall. Indeed, most cases where the system was unable 
to match students arose in small classes with students who 
had mutually incompatible schedules.

To encourage students to be as flexible as possible when 
filling in the hour grid, students are shown the average 
number of hours of overlap they have with other students 
in each of their classes. When setting preferences, students 
can also see the distribution of preferences set by other 
students in their class. This can help nudge them toward 
making compatible choices, or at least warn them when 
when they are about to make a highly incompatible choice.

The system provides four ways for students to find part-
ners. They can

• create or join a public group,
• create a private group and invite others to join,
• join a group open to new members that has been 

recommended to them by the system based on 
their schedule and preferences, or

• place themselves in a pool of students who will be 
automatically matched by the system.

A key design goal was to make it easy for students to 
find or change partners throughout the term. At MIT, class 
composition tends to be fairly fluid in the first several 
weeks, and students who might initially be happy working 
on their own may change their minds as the assignments 
get more difficult. Students are free to drop classes with-
out penalty up until the last five weeks of the term, so it is 
not uncommon to lose a partner, and there will always be 
groups impacted by changes in circumstances or that sim-
ply never quite work. There are also social and pedagogical 
advantages to having students work with multiple groups 
over the course of the term, so we wanted to make that as 
easy as possible.

In addition to matching students that have placed them-
selves in the match pool, the system may offer students the 
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We sent an end-of-term survey to all students and in-
structors who used the Pset Partners website in the fall of 
2020, and received about 200 responses. More than half 
the respondents said they found the site very or extremely 
useful, and over 75 percent found it at least somewhat 
useful. Over 95 percent said they hoped the system would 
be used again in the spring, and several respondents asked 
that it be made available to classes in other departments.

While most of the comments were positive, several stu-
dents noted difficulties connecting with the partners the 
system had found for them. The system sends an initial 
email to all members of a group when it is formed, but it 
is then up to the students to coordinate their activities from 
that point. In several cases this did not happen.

Based on student feedback and interest from other de-
partments we decided to make the site available to all MIT 
classes in the 2021 spring term, subject to an activation 
step that instructors need to take before their class becomes 
visible to students. This was done to ensure that we had the 
instructors’ approval, and in the hope of motivating them 
to encourage their students to use the site. It was clear from 
our experience in the fall that the level of an instructor’s 
enthusiasm for Pset Partners had a significant impact on 
the rate of student participation in their class. About 160 
instructors chose to use Pset Partners in the spring, in-
cluding most of the larger classes in mathematics, biology, 
chemistry, physics, economics, and computer science.

We made three changes to the system between the fall 
and spring terms in an effort to help students matched 
by the system to connect with each other. First, we added 
a Code of Conduct4 emphasizing that in addition to the 
standards that every MIT student is expected to uphold, 
students using Pset Partners are expected to actively reach 
out and include partners they have been matched with. 
Second, the initial email that is sent to students who have 
been matched now includes a suggested time for a first 
meeting, based on the schedules of the students. Third, the 
system sends a follow-up email three days after the initial 
matching to ask students how things are going, and gives 
them an option to immediately request a new match if they 
have not been able to connect with their partners.

Final Thoughts
We conducted another end-of-term survey after the spring 
term. The results were encouraging in that a majority of 
respondents said they found the system very or extremely 
useful, and over 90 percent of those not graduating said 
they planned to use the system again in the fall in classes 
where it is available. But comments included in the sur-
vey responses made it clear that we still have not solved 
the problem of ensuring that students who are matched 
actually connect with each other. We received multiple 
comments from students who expressed frustration with 
classmates who signed up for Pset Partners but did not  

4https://psetpartners.mit.edu/conduct 

system is asked to find an optimal partition of C relative 
to these preferences.

We took a different approach. Rather than trying to op-
timize each individual’s satisfaction, we seek to optimize 
the satisfaction of the pool as a whole by constructing a 
function ρ : 2C→ Z>0 that assigns a positive integer to each 
subset S⊆C that reflects the degree to which the set S sat-
isfies the preferences and scheduling constraints of the stu-
dents in S, with lower values indicating greater satisfaction. 
Given a partition π of C into subsets S1,… ,Sn, the weighted 
average ∑ρ(Si) /|Si| measures the average satisfaction of each 
student in the pool. One can then ask whether there is an 
incremental change to π, such as swapping two students or 
moving a student from one subset to another, that improves 
average satisfaction. If one starts with an arbitrary partition 
π and repeatedly applies incremental changes that improve 
average satisfaction until none exist, the resulting partition 
will be “stable” in the sense that there is no single exchange 
of students or migration of a student from one group to 
another that would improve the average satisfaction of the 
pool as a whole.

The fact that our satisfaction metric is discrete and 
bounded below guarantees that this process will terminate, 
and in practice it terminates quickly. Like all local search 
algorithms, it finds a local minimum that is not necessar-
ily a global minimum, and it is sensitive to the starting 
conditions, especially the shape of the initial partition. For 
this reason we give priority to size preferences and attempt 
to construct an initial partition that satisfies all expressed 
size preferences before applying any incremental changes.

The Launch of Pset Partners
The Pset Partners website went live on August 31, 2020, with 
about sixty mathematics classes, ranging from 18.01 (Cal-
culus) to 18.965 (Geometry of Manifolds); this included 
large service classes taken by hundreds of students as well 
as small upper level courses, including graduate seminars. 
We initially considered restricting the site to the larger 
classes, but we were encouraged by faculty to include all 
classes in the department. We made a conscious decision 
not to include classes outside the mathematics department. 
Given the short development time frame and the minimal 
amount of testing we were able to do, it seemed prudent 
to limit the scope of this experiment.

Several hundred students signed up in the first week, and 
the total was close to a thousand by the third week. Aside 
from a few minor hiccups that were corrected by manual 
intervention, the system worked more or less as designed. 
The participation rate varied widely by class: in some classes 
more than 3/4 of the students used Pset Partners, while a 
few classes had no participants. Overall, the average partic-
ipation rate was about 28 percent. Over the course of the 
fall term more than 300 pset groups were created, involving 
more than 900 students (some students were members of 
groups in multiple classes).

https://psetpartners.mit.edu/conduct
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How to Run a Math Group

Tom Gannon

Often, we meet students (and others!) who believe that 
mathematics is a series of rote memorization of formulae 
and algorithms. Even students more interested in mathe-
matics can still earn a high school diploma while believing 
that the only valid proofs are two-column proofs used in 
a geometry class. In 1993, the University of Texas at Aus-
tin created a program now known as the Sunday Morning 
Math Group to fight these stereotypes, and to help spread 
the fun that critical thinking in a mathematical context 
can really have. I had the privilege of running this group 
for two years, and in this article, I’ll give you tips on how 
to start your own!

What Is a Math Group?
A math group (also known as a math circle) is a tool invented 
by mathematicians to try to teach students the creativity 
and problem-solving skills that are often used in pure 
mathematics. All math groups are different—what works 
well for one group may not work as well for others. Most 
emphasize math that isn’t typically covered in school cur-
ricula, such as the basics of proofs (such as the pigeonhole 
principle, the basics of logic, or induction) and other topics 
such as combinatorics. Like good mathematicians, we will 
give an example.

An example
At the University of Texas at Austin, our Sunday Morning 
Math Group (SMMG) ran as follows. Every other Sunday 
during the fall and spring semesters, students would arrive 
at noon and receive a slip of paper containing their first 
“riddle.” The “riddle” is often a relatively easy question, to 
get any new students used to the flow of the riddle system. 
After receiving a riddle, students will think about the rid-
dle, and then raise a hand to chat with a math department 
volunteer, either to explain the answer to the riddle or 
ask a question about it. If the student gets the answer to a 
question right, they receive the next “riddle” which explores 
the concept a bit deeper.

For example, one of our sessions had riddles which were 
designed to teach the students binary. The first question 
they received was “You have a 1 pound weight, a 2 pound 
weight, and a 4 pound weight. Can you combine the 
weights to make something that weighs 5 pounds? Can 
you combine the weights to make something that weighs 
6 pounds?” Slowly, the riddles “build up” to introducing 
notation such as 10112, and later go on to explore other con-
cepts (for example, other number bases and the algorithms 

actually work with (or in some cases even contact) the 
group with whom they were matched. I am not sure that 
this is a problem technology can solve.

It is surely too soon to declare the project a success or 
failure. The system is still very new, and last year was excep-
tional in so many ways that I hesitate to draw any long-term 
conclusions. But I was heartened by the following survey 
comment:

I would not have been able to get through … 
if it wasn’t for the support and community that my 
pset group brought.

At least in this one case, the project achieved its goal.
If you would like to learn more about Pset Partners, 

I invite you to visit https://psetpartners.mit.edu 
/about, which gives a brief overview of the site and in-
cludes a link to our sandbox,5 where you can try out the 
system for yourself, both as a student and as an instructor. 
The software that runs the website can be found at our 
GitHub repository6 and is available to everyone under an 
open source AGPL license.
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coffee, and orange juice during our meetings, which makes 
students (and volunteers!) more excited to come.

Give nametags. Encourage students and volunteers to 
wear nametags. One disadvantage of the riddle system 
above is that it can often feel impersonal, both to the vol-
unteers and to the students. Nametags help eliminate this. 

Market to your department. People who work in math 
departments are very busy, and often need a reminder that 
they can volunteer at their math group. For example, we 
sent out one email every other week, reminding faculty 
and graduate students that they could volunteer. Even if 
you don’t receive email responses, people are likely reading 
your emails! I received many thank yous from people for 
reminding them that the event was happening.

Market to teachers and parents. The idea of a math 
group may sound unappealing to some students at first. 
However, teachers are often willing to offer extra credit to 
students who go to a math circle. In my experience, once 
students attend, most are sold on the value of a math circle. 
It helps to be outgoing—introduce yourself to new attend-
ees (both students and parents!) and continue maintaining 
relationships with old ones! I have also had some success 
posting listings on websites which list free activities for 
families.

Maintain an email list. Encourage participants to share 
their email addresses with you. This will allow you to an-
nounce the topic of the riddles and the activity in advance, 
and will allow you to spread news of other fun math activ-
ities over the internet!

Consider hosting the American Math Competition 
(AMC). Many nearby students are interested in taking the 
American Math Contest, but are unable to because their 
school does not purchase the exam. If your department is 
willing to purchase these exams, they can be used as a great 
marketing tool for your math group.

Plan ahead. Often, universities require special forms 
to be filled out and signed by higher ups to run an activ-
ity which hosts minors. Furthermore, depending on the 
room you want to use, other groups may want to reserve 
it. I recommend avoiding home football game days if you 
plan to host in your university. You may also want to check 
to make sure that you are avoiding special days which fall 
on Sunday, such as Easter or the “Spring Forward” day of 
daylight savings. 

Consider rewarding the department members who run 
the group. At the University of Texas at Austin, graduate 
students who run the SMMG are paid as a TA. As one might 
imagine, this leads to SMMG coordinators who are more 
focused on running every aspect of the program—from 
curriculum writing, to talk organizing, to marketing, and 
beyond. You may also consider hiring an undergraduate 
to work at the “front desk,” signing students in and taking 
care of some of the tasks volunteers like to do less.

Have a backup activity planned. Once in a while, an 
alarm doesn’t go off, or a mix up occurs. Having a backup 
talk prepared can help a day go seamlessly.

used for addition and multiplication, and, after that, some 
additional challenge problems).

One advantage of this riddle system as opposed to, 
say, worksheets, is that the students can work at their own 
pace. Some students (for example, those who have already 
worked with binary numbers a bit) can be quickly “pro-
moted” to harder riddles. Another consequence is that, 
depending on the size of the room, different students don’t 
know the exact progress of the other students, which can 
help combat feelings of imposter syndrome.

In this riddle system, idle volunteers can also try to spot 
discouraged students, which helps combat a feeling of 
mathematical hopelessness. Furthermore, often times, par-
ents also become interested in the riddles, and sometimes 
causing a parent to appreciate math more can sometimes 
help the student appreciate math more in the long run.

After roughly one hour, I would give a “five-minute 
warning” to the students, letting them know that they 
should wrap up whatever they are doing and return to 
their seats (students would often sit with their families 
during the sessions) for the second half of SMMG. In this 
second half, a faculty member or graduate student of UT 
(or a nearby math department!) would prepare an activity 
or talk for the students to think about, usually unrelated 
to the riddles. For example, one speaker (graduate student 
Cas Monroe) played the game Spot It! with students and, 
through the game, taught them the basics of projective ge-
ometry over a finite field. Another great talk involved the 
speaker (Dr. Jennifer Mann-Austin) using DNA to explain 
the basics of topology, and leading students through craft-
ing a Möbius strip.

Benefits
The benefits of running a math group are numerous. I can 
tell you from personal experience that it is a ton of fun to 
get kids to realize how, with just a few basic principles, 
they can answer complex logic puzzles or figure out the 
probability of getting a flush in poker. I can also anecdotally 
say that students who go through a math circle are more 
confident and engaged in the math courses they take at their 
schools. By constantly asking themselves why the statement 
in question is true, they can enrich their own educational 
experiences. Some students who believe they are “not good 
at math” can see math in a new light and gain confidence. 
Some may see that math is actually a fun thing.

Additionally, running a math group is a great way for a 
department to reach out to a community. It gives a math-
ematics department the opportunity to demonstrate the 
joy of mathematics and can give faculty and students a 
new opportunity to explain mathematical concepts in a 
low-pressure environment.

Some Tips for Running the Best Possible 
Math Group You Can
Make food available. Students are often motivated by the 
promise of some sweets. We often would provide bagels, 
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little about how harassment interacts with protected cat-
egories like gender or race, although there is a very strong 
interaction. These are important issues that are deserving 
of separate articles.

Advice Before You Report Harassment
If you are considering reporting harassment, a first step 
should be figuring out what harassment is. Harassment is 
broadly understood to be unwanted behavior against oth-
ers, but the formal definition differs in important ways from 
written policy to written policy. For example, under federal 
law, unwanted behavior only becomes unlawful when it 
is based on a protected category like sex. Similarly, under 
some universities’ policies, the behavior only becomes 
harassment if it is persistent and severe.

Regardless of what written policies say, you should con-
sider how the unwanted behavior is impacting you. If the 
behavior is having a significant negative impact, then you 
should take steps to remove yourself from the behavior 
regardless of what written policy says. The specific steps you 
should take depend a lot on your circumstances. For exam-
ple, it could be the case that you can do this by working 
with your Department Chair, for example by moving your 
office space. However, it could instead be the case that, if 
you ask for help, the Chair will retaliate against you in an 
effort to protect the harasser.

There are a lot of good resources for advice about how to 
remove yourself from the situation. Some articles I found 
especially useful are Aisha S. Ahmad’s articles “How to  
detect and dodge a predatory professor” and “Why is it so 
hard to fire a tenured sexual predator?” They were pub-
lished in the Chronicle of Higher Education, on September 
9, 2020, and October 14, 2020, respectively. Those articles 
focus on sexual harassment of students by tenured profes-
sors, but much of the advice applies more broadly.

If you have removed yourself from the harassment, and 
you are considering taking further action by filing a formal 
report, it is usually good to first try and informally stop the 
harassment, for example by asking a supervisor like the 
Chair to take action. While doing this, you should collect 
evidence of the harassment and your efforts to stop it.

It can be helpful to research how university officials 
respond to harassment reports. A good way to do this is 
to learn about past cases. Finding accounts can be difficult 
because some organizations are resistant to releasing this 
type of information. Local media like student newspapers 
can be a useful source as they often report high-profile 
harassment cases. However, their reporting does not always 
provide detailed information about what happened ad-
ministratively. I have found that lawsuits and similar legal 
documents can be more useful to read. These documents 
are sometimes posted online and can be found through 
an internet search.

Individuals who have filed reports in the past might 
also be willing to offer advice. However, if you are consid-
ering reaching out to somebody, make sure to respect their  

Start a website. The website 
doesn’t need to be too complicated, 
but attendees often check a website 
hosted by a university to ensure that 
the activities are actually happen-
ing. You can check our SMMG web-
page, https://web.ma.utexas.edu 
/users/smmg/.
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Some Advice on Filing a 
Harassment Complaint

Jesse Leo Kass

There have been major recent changes in how our pro-
fession deals with harassment. While federal laws have 
prohibited certain forms of harassment since the 1960s, in 
the past few years several new policies have been created 
by funding bodies and professional organizations. For ex-
ample, the National Science Foundation (NSF) started to 
require that universities report harassment findings in 2018. 
The commonality of these policies is that the stated purpose 
is to stop or prevent unwanted behavior against others.

With a view towards these new policies, I will offer 
advice about what to do before and after you report ha-
rassment. I will then offer advice about things you can 
do to help our community improve how it implements 
antiharassment policies.

I think it is helpful to divide the policies into (a) internal 
policies set by a university and (b) external policies set by, 
say, a funding agency. The internal policies typically create 
a process by which individuals can submit a complaint of 
harassment. The university is to respond to a complaint by 
making an investigation and, if the investigation produces 
a finding, taking corrective actions. In contrast, under ex-
ternal policies, a funding agency typically does not conduct 
investigations. Instead, it requires that universities report 
on investigations produced under internal policies, and it 
acts in response to those reports. However, when everything 
works, the two types of policies should form parts of one 
system: external policies providing oversight so that internal 
policies are carried out in a way that meets shared expec-
tations of the community, such as members of the AMS.

My article will focus on advice related to filing a com-
plaint under an internal procedure. I will say nothing 
about the issue of false complaints or more generally how 
organizations act in response to a finding. I will also say 
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remove yourself from the harassment by changing jobs. 
This should not be the case, and in the next section, I will 
offer suggestions on how to change this.

Advice for the Community
A basic barrier to stopping harassment is that there are 
currently few mechanisms for ensuring that universities 
implement internal antiharassment policies in a manner 
consistent with reasonable expectations. Well-implemented 
external policies could provide powerful tools for chang-
ing this. When a university violates its internal policies 
regarding harassment, simply having an external organi-
zation point this out is very helpful to the targets of the 
harassment. However, poorly implemented procedures are 
harmful as they can legitimize university officials’ failure 
to follow their own procedures.

A straightforward way to promote accountability would 
be to create more public information about how current 
policies are implemented. Right now basic information 
like, “how many reports of harassment has NSF (or the 
Simons Foundation or...) received to date?” is not publicly 
available. A basic step would be to collect information like 
this and make it easily accessible. This could be done by 
individuals, but it would be more powerful if done collec-
tively, for example through the AMS. Implementation could 

be as simple as submitting an FOIA 
request and archiving the response.

Creating transparency about exist-
ing reporting policies will not stop 
workplace harassment of mathema-
ticians. However, it will help create 
the conditions that allow our com-
munity to take action.

Credits
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Mathematics and Dance: 
Notes from an 
Emerging Interaction

Reggie Wilson and Jesse Wolfson

What can math do for dance? What can dance do for math? 
For almost 10 years, we—choreographer Reggie Wilson and 
mathematician Jesse Wolfson—have been exploring and 

privacy. The reporting process can be traumatic, and indi-
viduals might not want to discuss it. I would recommend 
only reaching out to someone if they’ve explicitly said that 
it’s okay to solicit their advice.

Advice After You Report Harassment
Even if you do your research and carefully file a harassment 
report, it could be the case that internal procedures don’t 
work or only work after tremendous effort on your part. 
I received useful advice on what to do next from a lawyer 
(Shannon Polvi at the South Carolina law firm of Cromer, 
Babb, Porter & Hicks).

One potential problem is how officials use language: 
they may confidently make assertions that are plainly false 
or illogical. This can be disorienting. The lawyer suggested 
that a good way to avoid this is to keep a detailed written 
record and check it against people’s statements. She advised 
maintaining a timeline of events and trying to communi-
cate via a medium like email that automatically creates a 
record. If it is necessary to have an in-person meeting, con-
sider recording it with a smartphone (making sure to check 
privacy laws and requesting permission). Then, after the 
meeting, write a short account of what happened. Writing 
things down is also a healthy outlet for what is likely to be 
a lot of stress and upsetting emotions.

You can also use the records you create when following 
formal procedures to stop harassment. However, with any 
documents that could be seen by others, write carefully and 
dispassionately. Before you show a document, reread it with 
an analytic eye and think about how it would be perceived 
by someone who knows nothing about the facts or the 
parties involved. While it can be emotionally satisfying to 
send a profanity-filled, all-caps email, the lawyer said doing 
so makes it harder for people like her to help you.

If you are considering taking legal action, keep in mind 
that not all harassment is illegal. The lawyer explained that 
most existing laws focus on protection from harassment 
based on a protected category like sex. When there is an  
applicable law, there is often a requirement that you ex-
haust administrative remedies prior to taking legal action, 
and there are often strict deadlines.

If you find yourself considering legal action, think about 
paying a lawyer for a consultation. This costs money, but 
not as much as you might think. In South Carolina, the 
state bar will arrange a 30-minute consultation for $50. 
Thirty minutes is enough time to learn about the relevant 
laws and their timelines.

You may have a right to see internal records, especially 
if you are at a public university. Consider learning about 
state and federal open records laws like the Freedom of In-
formation Act. If there is an applicable law, request records 
related to your complaint. You often do not need a lawyer 
to do this. Instead, you just need to submit a form letter 
that you should be able to find through an internet search.

Realistically, the tools available for stopping harassment 
are currently limited, and your best option may be to  
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winning entry in the 2017 “Dance your PhD” contest.8 
Mathematics can be a muse for generating new dance, as 
in the work of Merce Cunningham and John Cage. Or, 
math and dance can be sources of mutual analogies and 
resonances that inform how one perceives and creates work 
in each separately, as described in Sophia Merow’s 2019 
Notices article “Making dance, making math: Parallels.”9 
These are interesting, useful, and valid as answers to the 
questions we started with. They are also not what we want 
to focus on today. 

What we have in mind are encounters between math-
ematics and dance as bodies of knowledge and practice, 
where the knowledge and practice of each can be used to 
solve (and pose) problems of intrinsic interest for the other. 
Here are some examples drawn from our experience. This 
list is not exhaustive!

I. Fractals. In 2012, things got rolling as I (Wilson) and 
Fist and Heel were in the process of sourcing and devel-
oping movement for a new performance work. Many of 
the movements and performance practices I was engaging 
with exhibited Africanist formal features—rhythms, brief 
sequences of movement, striking variations in quality and 
force or tempo—that did not map easily onto the schema 
and formalisms that characterize traditional Western 
concert dance. Around this same time, I encountered Ron 
Eglash’s African Fractals [Egl99] which documents exten-
sive use of fractal symmetry in African material cultures. I 
hypothesized that fractals were also prevalent in the per-
formative cultures of Africa, and I invited Wolfson to help 
“translate” Eglash’s text and to give his perspective on a 
selection of Africanist forms of music and dance that had 
most piqued my curiosity to possible usage of things fractal. 
These consultations were foundational for the successful 
creation of my evening-length contemporary dance work, 
Moses(es), and they laid the groundwork for our ongoing 
conversations and thinking about the relationships of 
dance and math. These engagements were singularly fo-
cused on exploring what math can do for dance.

When Wilson first asked me (Wolfson) to the rehearsal 
studio, I focused on the concept of symmetry, i.e.,

1. a collection of transformations, and
2. a feature left unchanged by those transformations.

In fractals, the transformation takes the form of scaling 
(some parameter), and the symmetry is then manifested 
as repetition or similarity across different scales. While 
symmetry has been an organizing principle in math for 
centuries, it’s only in the last 50 years that mathematicians 
have seriously studied fractal symmetry. Many cultures, 
especially in Africa and the African diaspora, have devel-
oped rich knowledge of how to generate and use fractal 
symmetry to construct objects, rhythms, movement struc-
tures, and meaning. However, Africa is not where western 

8https://www.youtube.com/watch?v=MASNukczu5A
9https://www.ams.org/journals/notices/201902/rnoti-p247.pdf 

investigating these questions, both in the rehearsal studio, 
the theater, and on Zoom with my (Wilson’s) Fist and Heel 
Performance Group,7 and also in the classroom and uni-
versity research community with my (Wolfson’s) students 
and colleagues. We aim to share with you here some of the 
answers that are beginning to emerge from our exploration.

It can help to start with definitions. William Thurston 
[Thu94] gives a rough definition of math as “the theory 
of formal patterns.” In a different voice, we might say that 
math is a sustained exploration of our intuitions of space 
and number and of how we make sense of them. By dance, 
we mean the motions, actions, movements (and kinesthetic 
experience) of our own and other bodies in 3-dimensional 
space, organized intentionally over time, improvisational 
or predetermined (set).

Dance and mathematics represent two of the oldest 
practices through which humans access and engage with 
space and how bodies move through it. In our culture 
and the lineages we often trace for it, these two practices 
have remained almost entirely distinct, but a survey of 
contemporary activity reveals multiple collaborations and 
crosscurrents linking dance and math. We believe these 
interactions signify a potentially transformative shift. As 
in the early phases of any new technology, we don’t yet 
understand the full scope of how the interaction between 
dance and mathematical sciences can be valuable. How-
ever, we can make initial assumptions based on what has 
arisen, including applications to K–12 education, concert 
dance, robotics, mathematical disciplines such as dynamics, 
topology, and geometry, and to creating and strengthening 
linkages—across class, culture, and geography—building 
political and social agency. We hope this article can help 
bring awareness to these interactions and inspire others.

Examples and Non-Examples
Some examples and non-examples might help to illustrate 
what we mean. Let’s start with the latter. Dance can be a 
medium to communicate mathematical ideas, as in Nancy 
Sherich’s (Toronto, Dept. of Math, Postdoctoral Scholar) 

7http://www.fistandheelperformancegroup.org/
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in, the abstract spaces we are studying? While Thurston’s 
call has driven fundamental advances over the last forty 
years, it has largely been interpreted as an unembodied 
perspective, e.g., the motion of point particles or simple 
bodies like tinker toys. Can choreographic knowledge push 
(advance) this further?

One possible source for this further development 
might be around the concepts of choreographic time, cho-
reographic space, and choreographic movement. These provide 
a theoretical core around which I (Wilson) build dance 
compositions. I have come to work with choreographic 
time defined as how long it takes “something” to happen. 
Choreographic space is where “the thing” happens, which 
can include far (beyond the sphere of touch) and near (from 
the tips of your fingers to the inner layer of skin), as well 
as inner (one’s internal sense of the body). Choreographic 
movement is what the body does. In the studio, these act as 
tools to identify which element the maker/choreographer 
is trying to manipulate or draw the audience’s attention to 
(and away from).

I (Wolfson) want to understand how we might make 
mathematical sense of this embodied and perceptual 
geometry! I’m still working to understand how these cho-
reographic concepts function for dancemakers and what 
mathematical uses they might have. As Wilson explained 
to me, in his movement lineage-of-understanding, choreo-
graphic time/space/movement cannot be separated, just as 
we cannot reliably separate space and time in relativistic 
physics. Moreover, what matters to dancemakers is not that 
these choreographic concepts exist in a platonic sense, but 
rather that they serve as powerful compositional devices to 
generate dance. Yet, despite this, I wonder if these choreo-
graphic concepts do point to some underlying “absolute” 
phenomenon (akin to the fixed physical spacetime back-
ground). If so, then how such an absolute structure interacts 
with and recedes from people’s attention is very much part 
of the theoretical framework we’re trying to uncover.

Another vein to explore may be the tension between 
what is choreographically critical in the creation of a piece 
and what knowledge is actually available to an audience. 
As Wilson explained to me,

In the performing of the dance, we are altering 
people’s perception. What tends to happen, 
similar to [our first experiments] with fractals 
and dance: when I tried to create dance using 
fractal devices, the fractals seemed to be invis-
ible. Perception/attention seems counterintui-
tive. There is often a divide between how reality 
“is” structured, and how it feels and appears to 
the viewer.

Mathematically, how might we encompass and un-
derstand the multiple positions and relationships in this 
divide?

mathematics has historically looked for such knowledge 
and innovation.

It was surprising to me (Wolfson) to find such exam-
ples of fractal symmetry in the source materials I (Wilson) 
shared. With the dancers of Fist and Heel Performance 
Group, we explored how these were constructed, how they 
could be played with, and how they could be incorporated 
into and expand existing choreographic knowledge and 
possibilities. This appeared to be an exciting new applica-
tion of mathematics!

II. Braids. In 2018, I (Wilson) asked Wolfson back into 
the rehearsal studio to help decipher patterns and structures 
in reconstructed Shaker (a Utopian millenarian American 
religious sect) dances that the company was incorporating 
into a new performance. One specific movement sequence 
was giving the dancers difficulty, and when we tried to track 
the movements based on the paths of individual dancers, 
we kept getting confused and tangled up. Wolfson realized 
that if you tracked pairs of dancers, then each pair traced 
“elementary braids” and the movement of all four dancers 
could be represented as a “4-stranded braid.” This was par-
ticularly striking because Shaker iconography and theology 
was heavily imbued with braiding, both as fiber art and as 
emblem of communal meanings. Wolfson explained his 
experience to the dancers as follows:

Braids provide a key mathematical tool for 
describing how 2D and 3D spaces are put 
together. They arise in multiple mathematical 
contexts, from motion of particles on a surface 
(e.g., molecules in a solution, robots on a fac-
tory floor, satellites orbiting the earth), to the 
solutions of families of polynomial equations. 
In my research, I am trying to show that certain 
equations don’t admit simple solutions because 
the associated braids are too complicated. 
Any time you find a new context where braids 
arise, you want to understand it. I felt really 
excited to realize there were braids in Shaker 
dances, and pretty complicated ones at that. The 
braids were the defining structural element of 
the dance. Someone clearly had knowledge of 
braids here and they were using it in a context 
that for me was totally unexpected. What else 
did they know? Maybe there is knowledge there 
that you’ve missed, or structure you can use to 
understand another application.

III. Embodied geometries. Our collaboration has deep-
ened our ability to ask questions in our individual fields. 
Currently our thinking has shifted to what can dance do 
for math.

Thurston’s revolutionary work on 3-dimensional geom-
etry was one of the major developments of 20th century 
mathematics. Thurston advocated approaching geometry 
from the basic question, what is it like to live in, really live 
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interface of dance and math for a first-ever workshop to 
highlight, compare, and foment conversations and collabo-
rations across these disciplines. The pandemic has put these 
(and many other) plans on hold. We continue to engage 
and explore how math and dance can inform each other 
and drive mutual creation and discovery. We are excited 
to see new collaborations, experiments, and creations as 
they bubble up.
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Ongoing Collaborations
We now share ideas and talk with each other regularly in 
the course of our professional lives. Both of us have vested 
interests in discovering the many connections and poten-
tials for math and dance collaborations. For example, I 
(Wolfson) have collaborated with Alessandra Pantano (UC 
Irvine, Dept. of Math) and Tara Rodman (UC Irvine, Dept. 
of Drama) to design and implement lessons for middle 
school students on symmetry and dance10 through UCI’s 
MathCEO11 program. I (Wilson) am currently advocating 
for the value of what I call “a choreographic way of see-
ing”: sharing the “How” of training the eye to perceive 
what is actually there. Last winter, I cotaught a graduate 
seminar12 at the University of Pennsylvania with Deborah 
Thomas (UPenn, Dept. of Anthropology) on kinesthetic 
anthropology, focusing on my particular understanding 
of Choreographic Time, Space, and Movement. Working 
with scholars and scientists has clarified the value of this 
training and ability not only for choreographers, but also 
with potential application across many disciplines.

I (Wilson) continue to expand the use of math in my 
choreographic work. I have used my collaboration with 
Wolfson to build a case for dance-math exploration as an 
essential part of the Fist and Heel Institute, an “institute 
without walls” built to house, articulate, and spread the 
knowledge and movement practices I have researched, 
developed, and incorporated into live performance with 
Fist and Heel Performance Group.

Excitingly, our collaboration is not the only one we’re 
aware of between dancemakers/thinkers and mathematical 
scientists. Other examples include: Emily Coates’ (Yale 
University, Dept. of Drama) and Sarah Demers’ (Yale 
University, Dept. of Physics) collaboration exploring the 
intersection of physics and dance, including a book of 
the same name [CD19]; Raleigh, NC’s Black Box Dance 
Theater’s13 and Tye Lidman’s (NC State, Dept. of Math) 
collaboration has led to the concert dance performance 
Inspired Mathematics;14 and scientist/choreographer/
dancer Catie Cuan15 (Stanford, Mechanical Engineering 
PhD Candidate) researches and creates at the intersection 
of dance and robotics. All of these feature rich interaction 
between dancemakers/doers and the mathematical sci-
ences, and each has developed distinct strategies, practices, 
and outcomes.

Just before the pandemic, we were finishing a proposal 
to bring together researcher-practitioners operating at the 

10https://drive.google.com/file/d/1MS7GujCzuUVl9C3I1U 
Iyt8eYAITOs5Ni/view 
11https://sites.ps.uci.edu/mathceo/ 
12https://africana.sas.upenn.edu/node/7963 
13https://www.blackboxdancetheatre.org/
14https://www.blackboxdancetheatre.org/applied-dance-and 
-inspired-mathematics
15http://catiecuan.com/sgwdv7ufxk9lwgatwvwmell5ha6538
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Learn more and register:

www.ams.org/short-course

Organized by: 
Maria Trnkova, University of California, Davis, and Andrew Yarmola, Princeton University
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in conjunction with the Joint Mathematics Meetings in Seattle
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Access to 3D printing facilities is quickly becoming 
ubiquitous across college campuses. However, while 
equipment training is readily available, the process of 
taking a mathematical idea and making it into a printable 
model presents a  big hurdle for most mathematicians. 
Centered around the idea of additive manufacturing, 
as opposed to subtractive manufacturing, 3D printing 
allows for fast prototyping and design, rich interplay 
between materials, and very complex internal struc-
ture, opening up many new avenues in engineering, 
chemistry, and applied physics. 

This short course will focus on the role of 3D printing 
in mathematical art, education, and visualization 
of objects from geometry, topology, combinatorics, 
dynamical systems, and algebra, together with a thor-
ough discussion of the challenges and open questions 
in current approaches to the technology.

The American Mathematical Society’s Short Courses 
introduce mathematicians and students to emer-
gent areas of applied mathematics to fuel curiosity, 
discovery, and research. Led by experts, activities in 
each course address theoretical issues, numerical 
challenges, and practical applications.
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Ronald Lewis Graham, known to everyone as Ron, was
born onOctober 31, 1935, in Taft, California. After an itin-
erant childhood, his obvious academic talent in his early
teens led to admission to a special program at the Univer-
sity of Chicago at 15, where he finished his high school
education and started his college studies. After three years
at Chicago he transferred to the University of California at
Berkeley, where after one year he opted to enlist in the Air
Force. Much of his service was spent stationed in Alaska.
He could not be a pilot, because he was colorblind, so he
was assigned work staffing communication lines at night.
During the day he continued his education, receiving a de-
gree in physics from the University of Alaska Fairbanks be-
fore returning to Berkeley at the end of his Air Force stint.
He entered the graduate program in mathematics and re-
ceived a PhD in 1962 with a dissertation in combinatorial
number theory under the direction of Derrick H. Lehmer.

Ron was recruited to work at AT&T Research Labs in its
Mathematics Research Center. Over the years (and corpo-
rate breakups and restructurings), Ron occupied a number
of leadership positions, including “Chief Scientist.” While
managing the Labs he assembled an extraordinary group
of researchers that was at times the premier discrete math-
ematics research department in the world.

In 1999, Ron retired from Bell Labs and joined the De-
partment of Computer Science and Engineering at the Uni-
versity of California, San Diego. For a while he chaired the
department, and was also a key figure in the creation and
administration of Calit2 (California Institute for Telecom-
munications and Information Technology). He enjoyed
teaching immensely, and was voted “Teacher of the Year”
by the students in the department in 2015, when he was
79.

Ron was married to Nancy Young for 19 years, with
whom he had two children. In 1984 he married Fan
Chung, also a mathematician. Their joint research
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spanned 45 years and produced more than 100 papers,
making them one of the most productive pair of collab-
orators in discrete mathematics.1

The 1960s were something of an inflection point for (1)
the emergence of computer science as an important field,
going well beyond its origins in engineering and mathe-
matics, with vast potential applicability, and (2) the emer-
gence of combinatorics from being something of a math-
ematical backwater to a vibrant field with strong intercon-
nections to other areas of mathematics and deep underly-
ing theory. Ron had a hand in both of these developments.

Ron wrote a number of seminal papers in computer sci-
ence while he was at Bell Labs. For example, he wrote
a paper with Ed Coffman on job scheduling that used
an algorithm for usefully sequencing a partially ordered
set, two papers with Henry Pollak on partitioning graphs,
with applications to telephone switching, and a paper on
a fast algorithm for finding the convex hull of a set of 𝑛
points in the plane in time 𝑂(𝑛 log(𝑛)). (All three of these
topics have Wikipedia pages, under “Coffman-Graham,”
“Graham-Pollack,” and “Graham-Scan.”) However, one
of his most important contributions was surely his force-
ful “cheerleading” at Bell Labs and elsewhere for computer
science as an important field that deserved all sorts of re-
sources and recognition.

In combinatorics, Ron played a critical role in nurturing
its growing depth and breadth, and finding many applica-
tions. The two most frequent substantive words in the ti-
tles of his 400+ papers (spanning 60 years) are “Ramsey”
and “graph” (each occurring about 50 times!). These cer-
tainly indicate the core of hismathematical interests. How-
ever, the secondary words (occurring about 10 or more
times) encode the striking breadth of his interests, e.g.:
“Steiner,” “Scheduling,” “Codes,” “Juggling,” “Euclidean,”
“Packing,” “Universal,” “Appollonian,” and “Erdős.” Most
of these have strong connections to combinatorics or adja-
cent areas of mathematics and its applications.

Two of us have special fondness for his papers on jug-
gling and origami (full disclosure: most had one or the
other of us as a coauthor) and one of us is especially fond
of “The largest small hexagon” (describing the hexagon
of largest area with diameter 1—which is not the regular
hexagon!) because he built a sandbox in that shape.

The list of honors that Ron received includes (among
others) the Steele prize, the Pólya prize, and six hon-
orary doctorates. He played leadership roles in many na-
tional organizations, e.g., being the Treasurer of the Na-
tional Academy of Sciences for two terms, and President
of the AMS, MAA, and the International Juggling Associ-
ation. His hobbies were legion, including trampolining

1The research papers of Ron Graham are available at https://www
.rongraham.org/.

(professionally), table tennis (at one time he was the num-
ber one ranked player at Bell Labs), gymnastics (includ-
ing one-armed handstands until later in life), learning Chi-
nese (to near native fluency), throwing boomerangs, run-
ning, and, of course, magic and juggling.

The individual contributions below will capture many
more aspects of Ron. We would like to close with three
general themes.

First, many of the things for which Ron is known for
grew out of his extraordinary social skills. This striking
ability to interact pleasantly with almost anyone surely un-
derlies his teaching success, his ability to promote mathe-
matical ideas both within the field and to the general pub-
lic, his ability to discover and nurture talent, and his suc-
cess at the interface of mathematics and many other disci-
plines and pursuits. His social skills also allowed him to
provide sparks and inspiration to many young mathemati-
cians, support Paul Erdős’s itinerant lifestyle over many
years, and connect Martin Gardner with numerous mathe-
maticians.

Second, in addition to having fun with games and var-
ious diversions, Ron also approached some of them with
memorablemathematical intensity. His attachment to jug-
gling (“a physical form of mathematics” in his view) in-
cluded not only the skill itself, but also being one of the
originators of studying the mathematics of juggling pat-
terns. One of the most striking aspects of this connection
is that it is of deep interest to both parties: jugglers find
that this perspective organizes their perception of, and de-
velopment of, new juggling patterns, and mathematicians
find that the analysis of juggling patterns is interesting in
its own right and raises many fundamentally mathemat-
ical questions (“why are there 𝑏𝑛 site swaps with period
𝑛 and fewer than 𝑏 juggling balls?”). The same thing can
be said for Ron’s interest in magic; his bookMagical Mathe-
maticswrittenwith Persi Diaconis [DG12] tookmany years
to write (due to the demanding schedules of its authors
and the many tantalizing questions they faced and were
uncovering in their writing), and is a truly beautiful col-
lection of ideas with roots in disparate and vibrant disci-
plines.

Finally, Ron had a habit of pushing people (including
himself) out of their comfort zones. He would describe
what appeared to be an impossibly difficult question and,
with a twinkle in his eye, say “How hard could it really be?”
by which he meant that he obviously expected the listener
to think about it. His curiosity seemed to have no bounds.

Ron Graham was an incredible colleague, friend, and
mentor. He was amazingly generous with his time and
talents, and had a great sense of humor. When you had a
chance to talk with Ron, he would regale you with stories
and anecdotes or casually reach into his bag to pull out an
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Figure 2. Ron Graham, Persi Diaconis, and Ricky Jay working
on juggling.

amazing toy or contraption. We were all extraordinarily
lucky to have known him.

Phone Calls with Ron

Persi Diaconis
There is an old saw: “All integers are interesting; indeed,
suppose not: then there is a smallest uninteresting num-
ber, and that would be pretty interesting.” Of course,
this argument stinks. I was visiting Bell Labs in 1986
and had an office next door to the great Ed Gilbert (the
Gilbert bound for codes, coinventor of random graphs, the
Gilbert–Shannon–Reedsmodel for riffle shuffling, . . . ). Ed
had a file of 3×5 cards, one for each integer fromone to one
hundred with facts about each integer on their respective
card. Okay, one is interesting, two is the only even prime,
three is the first odd prime, four the first square, five is a
sum of two squares, . . . . The first uninteresting number
was 38.

This is good enough for dinner-table conversation and,
returning to Cambridge, I tried it out. The hostess burst
into tears: “I’m turning 38 tomorrow. I knew this was go-
ing to be a nothing year and now you’ve proved it!” The
search was on: beat the mathematical bushes for proper-
ties of 38. My way of solving such problems was to phone
Ron.

“Hey, is there anything interesting to say about 38?”
“Sure,” he says. “It’s whywe all have finite Einstein num-

bers.”

Persi Diaconis is a professor of statistics at Stanford University. His email ad-
dress is diaconis@math.stanford.edu.

Readers surely know about Erdős numbers: if you have
a joint paper with Erdős, your Erdős number is 1. A
joint paper with someone having an Erdős number of 1
gives you a 2, and so on. At the time, the largest (non-
infinite) Erdős number was 17. For many years, the Erdős
connectivity graph was maintained by Ron; it’s currently
the Erdős Number Project at Oakland University. Ernst
Straus, an all-around terrific mathematician, was a long-
time collaborator of Erdős and he was Einstein’s assistant
at Princeton. Einstein gave him a paper to check, and in
reading carefully, Straus found a 76 that should have been
a 38. Einstein put him on the paper; so thousands of us
have finite Einstein numbers. This seemed to assuage my
hostess at the next dinner.

Cut to a week before Ron died. He was mostly bed-
ridden and living with an oxygen machine. My job was
to help keep him distracted with phone calls. I collect
old books, and noticed a scientific bookseller offering a
reprint of the Einstein–Straus paper (unsigned) for $520.
This seemed a possible topic and I phoned Ron to kid him
about buying it.

“Hey, did you ever have a joint paper with Straus?”
“Sure,” he says, and proceeds with the following.
“Can you put three points in the plane and have all in-

terpoint distances be one?” Ron insisted I actually answer;
he didn’t want me to just “play the nod,” so let me ask you
to think for a second and actually answer before reading
on.

“Sure,” says I. “The vertices of an equilateral triangle will
work.”

“Good. Can you have four points?”
Turns out that the answer is no. Similarly, in three di-

mensions you can only find four points with distances one.
What if you relax the condition to all distances an odd inte-
ger? Nope, in the plane it’s still three; in three dimensions,
it’s still four, but in fourteen dimensions you can find six-
teen points with all distances odd (and that’s best possi-
ble). Amazingly, in 𝑛 dimensions, you can find 𝑛+2 points
with all distances odd if and only if 𝑛 ≡ 14 (mod16)
[GRS74].

“You know,” Ron said, “I told you this before.”
“No way—I’ll never forget 14 (mod 16).”
The day before he died he asked, “14?”
“Mod 16.”
I talked to Ron more or less every day for the past 47

years. Sure, some days we’d miss a call, but many days it
was two or three calls; so about once a day seems right. The
calls were gossipy, but usually mathematical. Even at the
end he never complained, but tried to help both of us get
through the day. For another report of Ron’s calls, see my
“Probabilizing Fibonacci numbers” in [BCH18].
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Ron Graham at Bell Labs

Henry Pollak with
Solomon A. Garfunkel
Ron’s efforts at Bell Labs was some of the best mathemati-
cal modeling that I have ever known and in the outpouring
of appreciations for Ron it is good to remember this part
of his talent and contributions.

The problems that people in the Labs worked on of-
ten didn’t come in the form of mathematical questions.
Rather, they were about how to minimize the cost of syn-
thesizing a network, how to efficiently get a signal from
point 𝐴 to point 𝐵, how to help the Bell system be more ef-
ficient and more profitable. But in Ron’s hands, modeling
these problems often led to new and exciting discoveries
in discrete mathematics, in three major areas in particular:
machine-scheduling, shortest networks, and loop switch-
ing.
Bomber detection. In the days before the breakup of
AT&T in 1982 (into regional telephone companies), work
at Bell Labs could be financed either directly by AT&T or
by Western Electric (the company that manufactured tele-
phones and associated equipment). If a branch of govern-
ment wished Bell Labs to work on something, it wrote a
contract with Western Electric.

In the late 1950s, Western Electric was given the con-
tract to plan the Ballistic Missile Early Warning System to
detect Soviet missiles that might come over the North Pole
toward the US. There would be precious little time to pre-
pare defenses once such missiles were detected by radar, so
determining their paths in the shortest time possible was
a priority. As time went on, the project tried several ap-
proaches, including the addition of more computers and
varying the order and times for the different tasks. But
they soon discovered anomalies: these approaches could
surprisingly lead to a longer time to determine a trajec-
tory. What was going on? They turned to Western Electric,
which turned to Bell Labs.

Ronworked on this problem soon after joining the Labs
in 1962. Much of this work was first published in the
Bell System Technical Journal in the mid-1960s, but in 1978
the main results were popularized in Scientific American, as
well as in Mathematics Today [Gra78]—both pieces being
remarkable examples of mathematical exposition.

Henry Pollak is the former head of Bell Labs.
Solomon A. Garfunkel is the executive director of Comap, Inc. His email ad-
dress is s.garfunkel@comap.com.
Adapted from “Ron Graham at Bell Labs: Stories related by Henry Pollak,” The
UMAP Journal 41 (2020), no. 3, 337–341.

The Dogpatch solution. In the early 1960s, Delta Airlines
had three main reservation centers, in New York, Chicago,
and Atlanta. Delta wanted a private-line network connect-
ing these centers at the lowest cost. Surprisingly, it turned
out that adding a fourth dummy center (which they called
“Dogpatch”) led to a more efficient and less costly sys-
tem! Since 1956, mathematics researchers at Bell Labs
have worked on variousmodels of shortest connecting net-
works, particularly:

• a minimal spanning tree among 𝑛 given vertices
that uses only the given vertices, and

• a Steiner minimal tree that uses the given vertices
plus 𝑘 additional junctions whose use shortens
the network.

Ron and collaborators made many contributions to un-
derstanding Steiner minimal trees. Ron and Fan Chung
studied when and how the largest possible 𝑘 would be
used. Ron, Mike Garey, and David Johnson showed in
the early 1970s that the Steiner minimal tree problem was
NP-complete, and Ron and Fan Chung found a series of
bounds on how much shorter a Steiner tree could be than
a minimal spanning tree.

It was typical of Ron Graham’s work that mathemati-
cal models led to excitingmathematical contributions that
went well beyond the original question. Ron was also a co-
author of several papers on the histories of both minimal
spanning trees and Steiner trees.
Messages broken up and reassembled. To describe the
third problem, we need to go back to a time that younger
readers may not remember, when the charge for a long-
distance phone call was based on the length of the call
(with a minimum charge, for three minutes) and the dis-
tance between the speakers. The logic was that it could
take up to three minutes to find an open route for the call
to go through.

While this cost basis seemed acceptable for person-to-
person calls, businesses felt it was an overcharge when
dealing with computer-to-computer communication that
might need only seconds. Although all of this became
moot once new technologies such as communication satel-
lites were introduced, in the mid-1960s it was a serious
concern.

One formulation of the problem was as a series of in-
tersecting loops—some local, some regional, and some
national—with messages broken up into numbered pieces
sent from one location to another along these loops and
then reconstructed at the final destination. It was Ronwho
recognized that these loops could be condensed into ver-
tices on a graph. We designed a system of labeling the ver-
tices with 𝑛-tuples made up of the symbols 0, 1, and 𝐷
(that stood for “Don’t care”), so that amessage couldmove
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Figure 3. Ron Graham with Nancy Young, with whom he was
married for 19 years, and their two children Cheryl (Ché) and
Marc in 1968.

along the graph as long as the Hamming distance between
labels was decreasing. This led to rich graph-theoretic
results [GP71], with the remaining open problems re-
solved by Peter Winkler.
Conclusion. Ron worked under me at Bell Labs from
1962 until the breakup of Bell Labs in 1983. I then went
on to become one of the heads of research at Bellcore
(Bell Communications Research) and Ron took over my
position as head of mathematics and statistics research at
Bell Labs. Throughout his time at the Labs, Ron was able
to attract some of the finest mathematicians in the world
to work with him. There is little doubt that throughout
the 1970s, Bell Labs had the best discrete mathematics re-
search department in the world.

Certainly, Ron will be remembered for his many contri-
butions to mathematical research. But Ron was also a pre-
mier mathematical modeler, expositor, and educator, and
his contributions to modeling and to education should be
recognized and lauded along with all of his other many
outstanding achievements.

Ron Graham and the Cultures
of Mathematics and Bell Labs

Andrew Odlyzko
Ron liked to say that he put people first, mathematics sec-
ond, and institutions third. And he did! He did it with in-
tegrity as well as great skill, to the benefit of all three. This

Andrew Odlyzko is a professor of mathematics at the University of Minnesota.
His email address is odlyzko@umn.edu.

brief note has a few remarks about how he did it, and how
that affected and reflected the culture of Bell Labs, and of
mathematics.

I will not discuss Ron’s many remarkable technical
achievements, which are covered by several other pieces in
this collection. Nor will I write about my personal interac-
tions with Ron. I firstmet himduring a summer internship
at Bell Labs in 1972. And I had the privilege and pleasure
of chatting with him over coffee in December 2019, half a
year before his unfortunate passing. He influenced my life
and career to a great extent over the intervening almost half
a century. But I will leave reminiscences of those interac-
tions aside, except to say that I gained much from them,
and only wish I had paid more attention to his sage advice
over the decades.

It is impossible to fully appreciate Ron’s life and career
without discussing his connection to Bell Labs. (In the in-
terests of brevity, when I say Bell Labs, I will also mean
AT&T Labs-Research). The AT&T trivestiture of 1995–96
led to about half of the researchers in the information,
computing, and mathematical sciences areas of Bell Labs
Research moving to the newly created AT&T Labs-Research.
Ron played a key role in establishing this new lab, which
maintained the culture, spirit, and operating procedures of
the old Bell Labs. Most of his career was spent there, and
he leveraged the opportunities he found there.

A key reason for Ron’s achievements and prominence
was his people skills. Many mathematicians are less so-
cially adept than other professionals, are less interested
in building collaborative efforts and in publicizing their
work, and are less proficient in figuring out how to select
research directions for maximal effectiveness. Ron, on the
other hand, excelled at all these activities. And he used
his skills to help themathematical profession, for example
in gaining press coverage for mathematical breakthroughs,
or gaining the attention of funding agencies. But most of
all, he was extremely effective at stimulating research, by
bringing people together, and by bringing interesting and
relevant problems to the attention of researchers whowere
positioned to attack them. As part of this activity, he men-
tored an impressive collection of young people, many of
them women and minorities.

What is difficult to determine (but might be possible,
by interviewing some of the old-timers while they are still
around) is the extent to which Ron’s people skills were de-
veloped through interaction with the culture of Bell Labs.
That culture encouraged collaboration. For example, after
I joined Bell Labs as a full-time researcher, I heard from
colleagues that in the annual performance reviews, each
participant in a joint project received 70% of the credit. Af-
ter I was promoted to department head and started taking
part in these reviews, I discovered that this was not far from
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Figure 4. Ron Graham greeting Jiang Zemin, the president of
China, during a visit to AT&T in October 1997.

the truth, and was a conscious policy choice. (And I got to
join in the amused chuckles whenwe saw howmuch credit
various individuals took for their collaborative efforts in
their reports. I also learned that there was no precise rule
on credit assignment, just a strong bias towards rewarding
joint work, especially when it involved other areas.) The
Bell Labs culture also tolerated, and even encouraged, ec-
centricities, and many researchers who would likely have
had difficulties dealing with the academic environment
found productive niches. But these people usually needed
to be nudged towards promising projects, which required
a deft touch by either their colleagues or their managers.
Ron excelled at these types of roles, which were not visible
to the outside.

One can easily argue that even at Bell Labs, Ron was a
primus inter pares in his ability to deal with the human ele-
ment of research. But that ability was almost surely honed
by practice in an environment that valued and rewarded
such skills. And that helped Ron himself, other people,
mathematics as a whole, and all the institutions he was
associated with.

Bell Labs Days

Jeffrey C. Lagarias
I am profoundly grateful to Ron Graham; to have had the
chance to know such a remarkable person and to be one
of his friends.

Ron was a student of Derrick Henry Lehmer at UC
Berkeley, finishing his PhD in 1962. His thesis was in

Jeffrey C. Lagarias is a professor of mathematics at the University of Michigan.
His email address is lagarias@umich.edu.

combinatorial number theory: “Finite sums of rational
numbers,” including problems on Egyptian fractions. Ron
went directly from graduate school to Bell Laboratories
in Murray Hill, New Jersey, joining the Mathematical
Sciences Research Center. The mathematics in the cen-
ter included coding theory, queueing theory, and informa-
tion and communication theory, all fields started at Bell
Labs. It also had discrete mathematics, statistics, optimiza-
tion, and later theoretical computer science, algorithms,
and complexity. Ron achieved success inmodeling various
practical problems, including bounding the magnitude of
multiprocessor scheduling anomalies, as described in the
contribution of Henry Pollak. He became a supervisor,
and later head of the Discrete Mathematics department.
The fields of discrete mathematics, graphs, and networks
assumed increasing prominence, as AT&T switched from
analog to digital transmission.

I was hired at Bell Labs at Murray Hill in 1974 in a de-
velopment area, the Business Analysis Systems Center. My
first day at work, the US government filed an antitrust suit
against AT&T. It was then a vertical monopoly, with manu-
facturing (Western Electric), local phone service (Bell Op-
erating Companies, serving 80 percent of the US popu-
lation), long-distance service (AT&T Long Lines), and re-
search and development (Bell Labs). It had one million
employees. I was told: “Someday that antitrust suit will
be a problem, but not for a while.”

I hoped to get into the math center. In 1975, Andrew
Odlyzko joined Ron Graham’s department in the Mathe-
matics and Statistics Research Center. In the period 1975–
1980, I wrote quite a few papers with Andrew in analytic
and computational number theory, while also doing inde-
pendent work. I internally reviewed a paper of Ron’s with
Paul Erdős; for external release, papers required indepen-
dent review by a separate area of Bell Laboratories.

I was very fortunate to be able to transfer to Ron Gra-
ham’s department in the Math Research Center in 1980. It
was the best thing that ever happened to me. It brought
opportunities to work on important problems, including
complexity problems in theoretical computer science, new
methods in mathematical programming and optimiza-
tion, and the development of Ingrid Daubechies’s wavelets
in signal analysis. For a problem solver, it was paradise.
In the Math Center, Henry Landau ran a math seminar
that brought in speakers from inside and outside Bell Labs
that had terrific math problems. Neil Sloane organized
a course on Lie Algebras, needed for his work with John
Conway. It had wonderful summer visitors: Ron recruited
talented graduate students from MIT, and outstanding un-
dergraduates as summer interns.

Ron was key to making this environment what it was.
He was able to be playful and light, in the middle of more
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serious things. Early on, I attended a party for a visiting
speaker at Ron’s house. The house, on the skyline of the
first Watchungmountain, had an incredible view for many
miles to the south. Ron had a large trampoline set up
in the backyard at the edge of a very steep hill, with ten
foot high string netting surrounding it. The house had an
Olympic-sized indoor swimming pool, put in by the pre-
vious owner. Ron had a large set of file cabinets organiz-
ing all the projects he was working on, the house was ex-
tremely neat. Like everything else about Ron, it had style.

Ron mentored me professionally. He gave me many
opportunities, and if I succeeded he gave me more oppor-
tunities. He got me appointed to serve on various AMS
committees and the MAA governing board as a represen-
tative from industry, and to help run part of an AMS Re-
search Conference. He asked me to mentor visiting grad-
uate students. In the 1980’s, these included Johan Hås-
tad and Günter Ziegler. Later, I mentored summer interns,
including Jim Propp, Eric Rains, Chris Skinner, Kannan
Soundarajan.

In 1982, the antitrust suit against AT&Twas settled, with
AT&T agreeing to be broken up. The long-distance and
manufacturing parts were split off from the Bell Operating
Companies. Themathematicians were split: many went to
the new operating companies version of Bell Labs, named
Bellcore, in Morristown, NJ, including Henry Pollak, who
moved to head up the new mathematics group there; Fan
Chung moved to Bellcore as a manager.

Ron Graham served as Director of the Mathematics and
Statistics Research Center from 1983 to1988. He then
moved to an adjunct director position which was created
for him. Under Ron’s direction, the Center was a happy
place where several major discoveries occurred, including
Narendra Karmarkar’s interior-point linear programming
algorithm and work of Shepp, Vardi, and Kaufmann on
the EM algorithm for Positron Emission Tomography.

Ron deftly used publicity. He had contacts with Martin
Gardner at Scientific American and with science reporters at
the L.A. Times and the New York Times. The appearance of
the Karmarkar Algorithm on the front page of theNew York
Times (below the fold) on November 19, 1984, drew the
attention of AT&T senior management. I went with Ron
to report on these developments to Arno Penzias, the vice
president for research, to evaluate their possible patentabil-
ity (patent attorneys were present). Patent law had recently
been broadened to include algorithms, applied to a spe-
cific technical purpose or process. I wrote some of the
patent applications, leading to three patents granted in the
period 1988–1990.

One of Ron’s achievements at Bell Labs was to create
an international community and a central location for dis-
crete mathematics. Part of it was based on his wide circle

of friends in computer science (Don Knuth), in combina-
torics (Richard Stanley), and in statistics (Persi Diaconis).
Part of it was based on the web of connections around
Paul Erdős. Ron did a great service to mathematics in
collecting Paul’s vast list of unsolved problems, adding
some of his own, recorded during Paul’s many visits. He
and Paul wrote the book Old and New Problems and Re-
sults in Combinatorial Number Theory in 1980. He and Fan
Chung wrote Erdős on Graphs: His Legacy of Unsolved Prob-
lems in 1998.

Ron arranged for Bell Laboratories to be a way station
where Paul Erdős was always welcome. Before 1971, Paul
traveled with his mother, staying in a boardinghouse near
the Labs during his visits. After Erdős’s mother died, Ron
supplied a supportive structure that helped Paul maintain
his extraordinary life during this difficult period. Ron kept
a collection of Paul’s papers and maintained a bank ac-
count for Paul to deposit honoraria, pay expenses, and give
out prizes to solvers of his problems. He also helped man-
age Paul’s large correspondence. He kept a room in his
home in Watchung for Paul to stay and do mathematics,
along with Fan Chung.

In 1995, AT&T made a second divestiture, exiting the
computer business, retaining the long-distance and wire-
less part as AT&T, and splitting off the manufacturing part
as Lucent Technologies. Lucent retained Bell Laborato-
ries as its research and development part, and the AT&T
part opened a small research facility named “AT&T Labs-
Research,” which initially rented space at Murray Hill, and
later moved to Florham Park, New Jersey, a few miles away.
Both sides wanted all of the mathematicians, and Ron
helped manage the division of groups.

Ron headed the group moving to AT&T Labs-Research,
taking many of the well-known people to establish an
initial reputation for the new research lab. Important
developments under Ron’s watch at AT&T Labs included

Figure 5. Ron Graham with Fan Chung in China.
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space-time codes for wireless developed by Vahid Tarokh,
Nambi Seshadri, and Rob Calderbank, and good error
correcting codes for quantum computation found by Rob
Calderbank, Eric Rains, Peter Shor, and Neil J. A. Sloane.

At the end of his time at AT&T Labs-Research, Ron be-
came Chief Scientist, and had more time for research. A
project on Apollonian circle packings which involved ge-
ometry and number theory was started by the statisticians
Colin Mallows and Allan Wilks. I joined them, Ron, and
his summer visitor Catherine Yan. This work eventually
expanded into four large joint papers.

Only after I left Bell Labs did I fully appreciate how ex-
ceptional and wonderful an environment it was. As a men-
tor, Ron had a coaxing style of talking which encouraged
people. He would tease me for lack of initiative, saying: “I
used to think I was indecisive, but now I am not so sure.”
He also told me “Life is juggling.” I watched Ron’s actions,
and he always seemed to do good things for others, and
for the profession of mathematics.

A Concrete Friendship

Donald E. Knuth
I first met Ron Graham at the SIAM 1967 fall meeting in
Santa Barbara, where he was one of the invited speakers.
We happened to be sitting next to each other during one
of the early talks. I was multitasking, not only listening to
the speaker but also starting to read some galley proofs that
I’d just received, because I guess I didn’t find the particu-
lar topic especially compelling. It turned out that Ron was
into multitasking too. Furthermore he was a much better
proofreader than I: looking over my shoulder, he caught
a big error that I had missed—my name had been mis-
spelled! We’ve been good friends ever since, seeing each
other dozens of times.

One particularly memorable occasion, early on, was in
the spring of 1972 when he visited Stanford. I was host-
ing a weekly combinatorial seminar at my home, and Ron
was the featured speaker on April 17. He spoke first about
his joint workwithHenry Pollak on address labels for loop
switching [GP71], now known as the Graham–Pollak theo-
rem, and then came a special treat: he had brought dozens
and dozens of lacrosse balls with him, and he gave every-
body a hands-on lesson about how to keep three balls in
the air! We captured some of this activity on film, and you
can watch it today, because our home movie has now been
permanently archived.2

Donald E. Knuth is a professor emeritus of computer science at Stanford Uni-
versity.
2https://archive.org/details/DK_1972-1974-Clip.

Ron came to Stanford for longer stays in 1979 and 1981,
in order to teach ConcreteMathematics, a course that I had
introduced in 1970. (His visit gaveme somemuch-needed
time off to get TEX up and running.) His lectures turned
out to be enormously popular—so much so that the
students decided to have annual reunions for several years
afterwards. Later, whenOren Patashnik’s lecture notes had
been made into a book (Concrete Mathematics [GKP94]),
Ron taught the material at Princeton and San Diego, and
everybody nowhas an opportunity to experience hismagic
touch by reading those notes.

Speaking of magic, I often saw him together with Persi
Diaconis; but I’ll let Persi write about that. We continued
to discuss beautiful mathematics with him right up until
he passed away.

Ron was a universal combinatorialist and a great com-
municator and networker. Since he worked for the tele-
phone company, he would often phone me to discuss
problems of mutual interest. In this way he must have
multiplied the productivity of hundreds of other mathe-
maticians.

It was indeed a special privilege to have known RonGra-
ham, and to have learned from him time and again how
to proceed when I was stuck on a problem.

Figure 6. The authors of Concrete Mathematics [GKP94],
Donald Knuth, Ron Graham, and Oren Patashnik, in 1999.
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Figure 7. Ron Graham with Paul Erdős, Fan Chung, and
Richard Kadison.

A Love for Numbers

Carl Pomerance
One of Ron Graham’s favorite topics concerned unit frac-
tions, popularly known as Egyptian fractions. These are
numbers of the form

1
𝑛
, where 𝑛 is a positive integer. The

game is to represent a given rational as the sum of distinct
unit fractions. It has been known since Fibonacci that the
greedy algorithm (of choosing the largest unit fraction not
already used keeping the running sum atmost equal to the
target) always terminates. It has been asked if the same
holds if we have a rational with an odd denominator and
one uses the greedy algorithm with unit fractions of odd
denominator. Ron proved that at least there is some repre-
sentation with odd denominators. Ron also gave a neces-
sary and sufficient condition for a representation to exist
with square denominators: any rational can be so repre-
sented provided it is in [0, 𝜋2/6 − 1) ∪ [1, 𝜋2/6). Elemen-
tary number theory has an ancient history including many
problems (and the topic of unit fractions may hold the
record for its antiquity) which have fallen askance from the
grand arbiters of mathematical taste. Ron used to gently
quote André Weil who dismissed unit fractions as some-
how being a wrong turn in the development of number
theory. Nevertheless, even without official blessings from
on high, the subject has flourished.

Carl Pomerance is a professor of mathematics at Dartmouth College. His email
address is carl.pomerance@dartmouth.edu.

Ron worked on many number-theoretic problems,
most with a combinatorial flavor. For example, Apol-
lonian circle packings [GLM+03], Beatty sequences, and
Ramsey-type problems (such as Szemerédi’s theorem), just
to drop a few names. His extensive 1980 monograph with
Paul Erdős Old and New Problems and Results in Combinato-
rial Number Theory [EG80] is both exalting and exhausting.
Open it to any page and attractive problems come to life
begging to be investigated. In this way it resembles Richard
Guy’s Unsolved Problems in Number Theory; Guy is another
wonderful mathematician that we lost in 2020.

In his career at AT&T Bell Labs, Ron built the finest dis-
crete math group in the country. Among the famous num-
ber theorists there were Jeff Lagarias, Andrew Odlyzko, Pe-
ter Shor, Neil Sloane, and many others. Ron provided
instrumental advice in getting the journal Integers off the
ground and was an original board member of the Number
Theory Foundation, active in this until his death. In the
preface for the festschrift for Ron’s 80th birthday [BCH18],
the editors quoted Ron on how he accomplishes so much:
“There are twenty-four hours in the day, and if that’s not
enough, there are also the nights.”

Ron Graham’s AMS Service

Carla Savage
Ronald L. Graham was the 52nd president of the Ameri-
can Mathematical Society, just after Michael Artin and just
before Cathleen Morawetz. He ran as a candidate in the
first contested AMS presidential election in 1991. (Stephen
Smale was the other candidate.) In his 1991 Notices nomi-
nation article, Gian-Carlo Rota wrote,

Graham’s characteristic quality is an indefatigable
activity, both in the cause of mathematics, and on
behalf of its applications. . . .Graham is one of the
few mathematicians whose influence and leader-
ship are acknowledged and appreciated in the sci-
entific community at large, as well as amongmath-
ematicians.

Graham’s involvement with the Society started well be-
fore he became president. He was elected to the AMS
Council in 1978, to its Executive Committee (EC) in 1980,
and to two terms on the Board of Trustees (BT), serving
1982–1991.

During Graham’s time as Trustee, one concern of AMS
leadership was to make the Notices more mathematically

Carla Savage is a professor emerita of computer science at North Carolina State
University. Her email address is savage@ncsu.edu.
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relevant. In Allyn Jackson’s 2005 article, “Ten Years of the
“New” Notices,” she wrote:

During the 1980s, the Notices initiated a series of
so-called “Special Articles,” with Ronald Graham
as editor; later on Jeffrey Lagarias took over. These
were expository mathematical articles, and the
series featured some real gems.

In 1984, the Long Range Planning Committee (LRPC)
was created as an advisory committee to the EC and BT.
One of its first charges was to “suggest a number of dif-
ferent management plans to improve the operation of the
Society.” Graham served on the original LRPC (chaired by
Melvin Hochster) and many of the recommendations in
their initial report were adopted immediately.

It was also during Graham’s time as Trustee that the Jour-
nal of the AMS was planned as the premiere research out-
let of the Society. It launched in 1988, the Centennial of
the AMS, with Michael Artin as Chief Editor and Graham
among the Associate Editors.

Later, the period 1992–1995 during which Graham
served as President Elect, President, and then Past Presi-
dent was a time of action and change for the Society. As
he wrote in his candidate’s statement in 1991,

In recent years the activities of the AMS have be-
gun to expand beyond their traditional bound-
aries, moving from an earlier, almost exclusive,
focus on considerations of mathematical scholar-
ship and research into a broad spectrum of current
issues.

During the years 1992–1995 the Council instituted the
policy committee structure to handle its expanding fo-
cus on Science Policy, Education, Publications, Meetings
and Conferences, and the Profession; the Notices was com-
pletely redesigned to include high-quality exposition of
frontiers of mathematical research; JMM 1995 was moved
from Denver in protest after Colorado’s passage of an anti-
gay rights amendment in 1991; the Council drafted and
adopted a set of ethical guidelines and endorsed a state-
ment against sexual harassment.

After his presidency, Graham continued serving on AMS
committees for prizes, speakers, and other activities. Re-
spected for his contributions by both the math research
and math education communities, Graham became presi-
dent of the Mathematical Association of America in 2003,
the same year he was awarded the Steele Prize for Lifetime
Achievement by the AMS.

I met Ron Graham in 1979 at the first conference I ever
attended and at many more over the years. It was certain
that if he and Fan were at a meeting, it was going to be in-
teresting. I finally got a chance to collaborate with Ron in
2019 when an email arrived during my summer vacation:

he thought he knew how to settle a question in a paper
Juan Auli and I had posted, related to work Ron had done
with Fan. Juan and I had the great pleasure of correspond-
ing with him about it over the next few months.

My favorite story is from JMM 2015 in San Antonio, in
the afternoon of the first day of the conference. The pres-
tigious Gibbs Lecture was scheduled for 8:00 p.m. that
night. But the speaker had suddenly taken ill. What
to do, cancel the lecture? David Vogan (president then)
noted that Ron Graham was at the meeting and he’d given
a Gibbs Lecture in 2001, so perhaps he’d do it again?
You can’t ask someone to give a Gibbs Lecture at the last
minute. But David asked and Ron agreed and, not surpris-
ingly, his second Gibbs Lecture, “Mathematics and com-
puters: problems and prospects,” was a hit.

Hungarian Connections

László Lovász
Remembering Ron, there are many things I could and per-
haps should talk about. We worked in almost the same
field, and so our paths crossed often, even intertwined a
few times. It would definitely be appropriate to talk about
our joint research (in particular, in the style of Paul Erdős
and RonGraham, about the problems and conjectures that
remained open); but I don’t want to go into mathemat-
ics. I could talk about our editorial work on the Hand-
book of Combinatorics [GGL95] (with Martin Grötschel as
a third member of the team), where his excellent taste, the
breadth of his mathematics, and his familiarity with virtu-
ally all persons in the mathematical community were an
invaluable basis of our work.

What I want to describe here is one commitment of his
life, which is perhaps less known; nevertheless, this may
be of math-historical significance. This is his support of
mathematical research behind the Iron Curtain, in partic-
ular in Hungary.

Hungarian mathematics and Ron Graham were con-
nected in the first line by Paul Erdős, who was often called
the “ambassador at large” of the Hungarian mathemati-
cal community. Ron handled Paul’s finances, correspon-
dence, and bureaucratic chores. Paul stayedwith Ron quite
often, producing many important joint papers.

But Ron was a great promoter of all Hungarian math-
ematicians working in combinatorics and related areas. I
have benefited from his help enormously. He arranged

László Lovász is a professor of mathematics at the Alfréd Rényi Institute of Math-
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research invitations for many of us, short term and long
term, and organized lecture tours. During my first stay
in the US as a postdoc at Vanderbilt University, he orga-
nized a car trip for me and my family to California and
back, stopping to give a talk at as many math departments
as was reasonable. Needless to say how important (even
overwhelming) it was tomeetmany of themathematicians
whom I have known by fame, and to see the famous cam-
puses of UCLA, Berkeley, and other universities (not to
speak about the beautiful landscapes).

He was very understanding and helpful in solving per-
sonal problems for several Hungarian mathematicians,
and often hosted us in his home during shorter visits at
Bell or at nearby universities. At one occasion I remember,
six Hungarians stayed under his roof (including me and
my family).

He was one of the founding editors of Combinator-
ica, a journal of the Bolyai Society (now jointly owned
with Springer), edited and printed in Hungary. This was
launched back in 1980, during the Cold War, and such a
journal provided a very important bridge between science
in the East and West. Ron’s role as an Advisory Editor was
instrumental in establishing the authenticity of Combina-
torica in the US and elsewhere in the West.

At one of his visits in Budapest, perhaps in 1977, he
brought programmable calculators as presents for some of
us. At that time, they were very new and amazing, and of
course not available in Hungary at all (I think even in the
US they were more than just ordinary presents). I am not
sure if I ever told him this, but it is true: half a year later this
little calculator did provide significant help in my research.

Ron’s influence on Hungarian mathematicians went
way beyond professional interactions. At a small party dur-
ing his first visit in Hungary, in 1969, he took out several
juggling balls from his bag and began to teach us to jug-
gle. I remember what an excellent teacher he was, break-
ing down the difficult movements into simple steps. My-
self, I never could learn to stably juggle more than three
balls (maybe because he left Budapest the next morning,
not offering more guidance), but some of the Hungarian
mathematicians became professional-level jugglers due to
a fashion started by Ron.

Let me conclude with a very personal memory. Ron vis-
ited me in Szeged, and he stayed in our small apartment
for a night. My second daughter, perhaps four years old at
the time, offered him a deal: if he shows a one-hand stand,
she shows a somersault in return. A fair deal, accepted and
performed.

Figure 8. Ron Graham demonstrating a one-armed
handstand.

Ron and Ramsey

Jaroslav Nešetřil
It was high summer of 1973 in Keszthely, Hungary. An un-
usually large meeting “Finite and Infinite Sets” was held
there in Hotel Helikon from June 25 till July 1, on the
occasion of Paul Erdős’s 60th birthday. It was an excel-
lent meeting by any standards then and today too. It
is instructive to page through its three-volume proceed-
ings [HRS75]: totaling 1550 pages, containing papers by
Rado, Tutte, de Bruijn, Straus, Berge, Galvin, Rudin, Guy,
Selfridge, Hilton, McKenzie, Kleitman, Kunen, Milner, and
Neumann-Lara, to name just a few. Twelve papers coau-
thored by Erdős (including a joint paper with Lovász
which inaugurated the Lovász Local Lemma), three papers
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by Shelah, four papers by Hajnal, and three papers by
Laver, to list just a few contributions. And also three pa-
pers by Ron Graham all related to Ramsey with a total of
more than twenty papers dealing with Ramsey-type prob-
lems.

This was themeeting which formany years set high stan-
dards for universal combinatorial conferences which were
held in the 70s and 80s in France, Czechoslovakia, Hun-
gary, Canada, and elsewhere. It was the event of the year.

One of my strong memories of the meeting is a tall
athletic man who excelled at everything. His name was
known to me as well as some of his work (even in that
pre-email and pre-internet age). But there he was: run-
ning, juggling, tossing frisbees, and showing tricks in ev-
erything from photography to magically handling an over-
head projector (as far as I remember there wasn’t a tram-
poline there). This was Ron Graham at his best, legendary
already at that time. There we met for the first time.

Mymemory is vivid even now years later, when inmany
meetings and collaborations I have seen that this youthful
engaged style was Ron Graham’s modus operandi. And
later we all learned that many of these activities were not
mere hobbies but professional-level acts. What seemed to
be easy and what Ron liked to display in his laid-back style
was in fact hard learned and hardcore. I believe this was
symptomatic of his mathematics too. Ron aimed for sub-
stantial and hard, yet concrete, problems. He was a prob-
lem killer with an easy style. I still hear his “take it easy
Jarik”—howhelpful this was! He surrounded himself with
very good people and aimed for depth and quality. In fact
he was a very concrete mathematician in the style of the fa-
mous textbook [GKP94].

I have been fortunate to work with Ron on papers and
books mostly related to Ramsey’s Theorem and its vari-
ations. Ramsey’s Theorem is a universal mathematical
principle often summarized by Ron as “complete disorder
is impossible.” This was perhaps Ron’s favourite, if not
key, area. In fact during his time, Ramsey theory emerged
as a “theory” from a mere particular collection of state-
ments of “Ramsey-type” (due to van den Waerden, Schur,
Hilbert, Rado, and others). In this development, the above
Keszthely meeting had an important crystallizing role and
Ron Graham’s influence was pivotal. This was particularly
true for structural Ramsey theory where the starting group
of researchers was small. See the preface and the selection
of topics covered by [GRS90], the book which became a
standard reference for this emerging field.

In this development a particular place was assumed
by the Hales–Jewett Theorem [HJ63] and the Graham–
Rothschild Theorem [GR71]. These are strong statements
which found many applications and serve as a tool for
proving many Ramsey-type statements. In particular, they

led to a solution of Rota’s conjecture (which is the analog
of Ramsey’s Theorem for finite vector spaces) by Graham,
Leeb, and Rothschild [GLR72]. All five people involved
in these early results received the inaugural Pólya Prize in
1971.

These results led to many papers since and blossomed
into a whole theory. Today we seem to be witnessing a
renaissance of the field in the context of topological dy-
namics, functional analysis, model theory, and, of course,
combinatorics. In 2016, there was even a meeting celebrat-
ing 50 years of the Hales–Jewett Theorem in Bellingham.

I cannot resist the temptation to try to outline the math-
ematical meaning of these results. Ramsey’s Theorem guar-
antees certain regularity in large structures. For graphs this
regularity is a complete graph or an empty graph. Ramsey’s
Theorem is in fact a general combinatorial principle which
is useful across mathematics and the theory of computing.
Some 50 years later Hales–Jewett and Graham–Rothschild
found another such principle, this time both combinato-
rial and geometrical. It is possible to sketch it as follows.

Think of a finite set 𝐴 as an alphabet, for example 𝐴 =
{1, 2, … , 𝑘}. The product set 𝐴𝑑 is then just a set of vectors
(𝑎1, … , 𝑎𝑑) with each 𝑎𝑖 ∈ 𝐴. Alternatively we may view
𝐴𝑑 as a geometric object: 𝐴𝑑 is the 𝑑-dimensional cube (or
rather 𝐴-cube) with sides indexed by 𝐴. Thus {1, 2, 3}3 is
like the popular Rubik’s cube, {1, 2, 3}2 is a square lattice
like in the game tic-tac-toe. In this way 𝐴𝑑 may be viewed
as a board for a 𝑑-dimensional version of this game. In
fact this was one of the motivations of the original paper
[HJ63]. As in tic-tac-toe, we are looking for lines, horizon-
tal, vertical, diagonal, and this may be defined for any 𝑑-
dimensional cube and more generally we can speak about
𝑑-dimensional subcubes of an 𝑁-dimensional cube. One
can express lines and 𝑑-dimensional subcubes concisely
as parameter words (a term coined by Graham–Rothschild)
where parameters indicate which coordinates are “mov-
ing.” (In a square grid the lines have the form (𝑎𝜆), (𝜆𝑏),
and (𝜆𝜆) for the diagonal.) The exact definition is a bit
technical but it confirms the above intuition. And this is
all that is needed in order to state the result of Graham and
Rothschild [GR71].

Theorem 1. For every choice of alphabet 𝐴 and positive inte-
gers 𝑑, 𝑛 there exists 𝑁 = 𝑁(𝐴, 𝑑, 𝑛) such that whenever the
set of all 𝑑-dimensional subcubes of 𝐴𝑁 is partitioned in two
parts then one of the parts has to contain an 𝑛-dimensional 𝐴-
subcube with all its 𝑑-dimensional 𝐴-subcubes belonging to one
of the classes of the partition.

(Recall that Ramsey’s Theorem speaks about subsets in-
stead of subcubes. TheHales–Jewett Theorem corresponds
to 𝑑 = 0, 𝑛 = 1.)
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Figure 9. Ron Graham juggling in his office in 1988.

It is perhaps surprising that such a seemingly techni-
cal result plays such an important role. But this is like
Ramsey’s Theorem itself: it is a combinatorial principle
which fits in diverse situations and assumptions. The
Graham–Rothschild Theorem is a far-reaching generaliza-
tion of Ramsey’s Theorem, providing a proper setting for
van der Waerden’s Theorem and, as was realized later, it
yields a “dual” form of Ramsey’s Theorem. This inspira-
tion lives on.

The mathematics of Ron Graham is important and it
spans many diverse areas. But still I think that Ramsey the-
ory was closest to his heart. It was also the topic of Ron’s
invited lecture at ICM 82 (held in Warsaw 1983) [Gra84].
Ramsey theory was also dear to Paul Erdős as witnessed by
the 2-volume set Mathematics of Paul Erdős where it occu-
pies a whole chapter ([GNB13]; see also [GN97]). In fact
these volumes, which were assembled under the guidance
of Paul Erdős himself, contain many pages written by the
editors reflecting a long experience of collaboration with
Erdős.

Ron was a public figure and a well-known mathemati-
cian, often representing mathematics as a whole. This
was nicely documented recently by an article in The New
Yorker.3 But I want to add yet another aspect of Ron’s per-
sonality. I believe Ron Graham was a patriot, in a very
good and decent sense. He liked Bell Labs very much; he
liked his country. Perhaps this was one of the factors in

3D. Rockmore, “Three mathematicians we lost in 2020,” TheNewYorker, Dec
31, 2020.

why he had such a keen interest in the development of
friendship on the other side of the Iron Curtain. This in-
terest was of course motivated by mathematics and it was
forged by P. Erdős and the excellence of Hungarian com-
binatorics. But there was much more on a personal and,
yes, human level—he really tried to be helpful. He encour-
aged us and served as a bridge to the world. And this was in
those times when there were not many bridges at all, and
it needed courage. It would take too long to illustrate this.
Let us just mention that he helped to establish DIMATIA
(as a “European DIMACS”), steadily invited people to Bell
Labs, communicated about chances and possibilities, and
simply spread information and books.

There were no obstacles or curtains for Ron. In this he
is a great role model, and this is the lasting legacy of his
personality. He is and will be remembered by many.

A $1000 Challenge

Tim Gowers
Ron Graham’s indirect influence on my mathematical life
has been enormous, since he had a profound influence on
the whole of combinatorics. But he had a more direct in-
fluence in at least three ways.

The first of these was through the book Ramsey The-
ory [GRS90], or as many combinatorialists think of it,
Graham-Rothschild-Spencer. Many results (and associ-
ated problems) that were to become lifelong interests,
such as van der Waerden’s Theorem, Szemerédi’s Theorem,
the Hales-Jewett Theorem, and Hindman’s Theorem, and
more importantly the techniques of proof that were asso-
ciated with them, which I first learned of from this book
as a PhD student. The book played an important role in
turning Ramsey theory from a collection of isolated pretty
results into a more coherent whole. There is a suggestion
in the book that it was with the Hales-Jewett Theorem that
Ramsey theory became Ramsey theory and not just a col-
lection of Ramseyian theorems, but a strong case could be
made for saying that it was this book that played that role.

The second direct influence was through his paper
“Quasi-random graphs,” written with Fan Chung and
Richard Wilson [CGW89], which defined several differ-
ent notions of quasirandomness for graphs (similar to
Andrew Thomason’s notion of “jumbled” graphs), and
proved that they were all equivalent. This was useful for all
sorts of reasons. Sometimes it was for the reason that any
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Figure 10. Ron Graham demonstrating a large Rubik’s cube to
C. K. Cheng, Joel Spencer, and Kevin Milans at the
Connections in Discrete Mathematics conference in 2015.

equivalence is useful: one may wish to use one property
but find that it is easier to verify a different, equivalent
property. Here, for example, one property is that all small
induced subgraphs have roughly the same density, which
on the face of it would take an exponential amount of time
to verify, but an equivalent condition is that the second
largest eigenvalue of the adjacency matrix is small, which
can be verified with an efficient algorithm. It was also use-
ful because graphs that arise in deterministic contexts are
often quasirandom, and the theory of quasirandomness
immediately gives us a great deal of information about any
such graph. Finally, there are now several proofs that use
a two-case argument: either a structure is quasirandom, in
which case we can analyse it as though it were random, or
it is not, in which case we can exploit some kind of “bias.”

As that last sentence suggests, the theory of quasiran-
domness has been extended to several other combinato-
rial structures, which brings me to the third influence that
Ron Graham had on me. One of my cherished memories
is of walking up to receive a cheque for $1000 from him
for obtaining a quintuply exponential bound for the van
der Waerden number 𝑊(𝑘) (the money had been offered
for a tower-type bound or better), which followed from
bounds I had recently obtained for Szemerédi’s Theorem.
The occasion was the Erdős memorial conference in 1999
in Budapest. I had understood that the etiquette was that
one did not cash such cheques, so to Ron’s surprise (as I
later learned) I never did. An essential part ofmy proof was
the formulation of a suitable notion of quasirandomness
for sets of integers. There was already such a notion, due to
Chung and Graham, suitable for the case of progressions
of length 3, so I did not need to start from scratch: rather,
my task was to find a suitable generalization that would al-
low me to deal with longer progressions. Ever since then,

the notion of quasirandomness, in one form or another,
has been central to my research.

I have talked here about Ron’s mathematical influence.
I did not meet him all that often, but he was always ex-
tremely friendly when I did, and always keen to talk math-
ematics and share the latest problems that interested him.
The last occasion that this happened was at the Joint Math-
ematics Meeting in Seattle in 2016. He was a towering
figure in combinatorics and will be greatly missed, both
mathematically and personally.

Ron and the Magic of Math

Tom Leighton
Most Americans have heard of the parlor game “Six De-
grees of Kevin Bacon,” which begins with the premise that
everyone who is anyone in Hollywood can be linked to
the actor Kevin Bacon in six or fewer personal connections.
But few are aware that the game grew out of a paper that
Ronwrote in 1979 [Odd79], popularizing “the Erdős num-
ber,” a concept attributed to the mathematician Casper
Goffman 10 years before.

Ron was a chief sponsor in the US of the world-
renowned, nomadic Hungarian mathematician Paul
Erdős, who died in 1996. Erdős effectively founded the
field of discrete mathematics, the underpinning of com-
puter science, and wrote at least 1,525 papers by one pub-
lished count. Ron observed that nearly 500 people had co-
authored papers with Erdős, making them one degree of
separation away (Erdős number 1). The number of math-
ematicians who in turn had written papers with number
1’s was 10× greater, making them Erdős number 2’s, and
so on. Within 15 years, the Erdős number had morphed
into Kevin Bacon. I’m sure Ron laughed about it for years,
for he could find humor in anything.

He heldmany professional honors, including being one
of the first awardees of the Pólya Prize, a recipient of the
Lester R. Ford Award from the Mathematical Association
of America, as well as president of the American Math-
ematical Society, and president of the International Jug-
glers Association. Ron could juggle half a dozen balls ef-
fortlessly while carrying on a conversation, but he seemed
to have trouble making bogey on a hole with a single
golf ball. “Golf is always a challenge,” he once confessed
to me on the links. Ron loved challenges. A tall, trim
man 6′2″ in height, he could do a triple somersault on a
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Figure 11. Ron Graham, Bruce Rothschild, Al Hales, and
Robert Jewett. Four of the inaugural recipients of the Pólya
prize reunited in 2015.

trampoline into his 60s. “The best way to crack a complex
problem, whether a triple somersault or a conundrum in
graph theory,” he told John Horgan for a March 1997 pro-
file in Scientific American, “is to break it down into compo-
nent parts, learn each of the parts and learn how the parts
go together.”

I got to know Ron as a mentor and teacher when I was
a summer graduate student at Bell Labs, where he worked
for 37 years leading one of the greatest teams of innovators
in US corporate history. We shared a childhood interest in
the Twin Prime Conjecture, stating that there are infinitely
many pairs of prime numbers separated by 2 (the numbers
11 and 13, for example), although neither of us was ever
successful in proving it. Later, at MIT, I taught students
from his book, Magical Mathematics [DG12]. Like Ron
himself, it made math accessible and exposed its magic
and beauty to a wide audience.

In awarding him the prestigious Steele Prize for Life-
time Achievement in 2003, the American Mathematical
Society called Ron “one of the principal architects of the
rapid development worldwide of discrete mathematics in
recent years. He has made many important research con-
tributions to this subject, including the development, with
Fan Chung, of the theory of quasirandom combinatorial
and graphical families, Ramsey theory, the theory of pack-
ing and covering, etc., as well as to the theory of numbers,
and seminal contributions to approximation algorithms
and computational geometry (the ‘Graham scan’). Fur-
thermore, his talks and his writings have done much to
shape the positive public image of mathematical research
in the USA, as well as to inspire young people to enter the
subject. He was chief scientist at Bell Labs for many years

and built it into a world-class center for research in discrete
mathematics and theoretical computer science.”

As an editor on the boards of 40 mathematics and com-
puter journals at the same time, Ron’s energy was indefati-
gable. He was a professor at the University of California
SanDiego, where he held theChair of Computer and Infor-
mation Science, and was Chief Scientist of the California
Institute for Telecommunications and Information Tech-
nology, created to fund research related to the next gen-
eration of internet technologies. He served for two years
on a National Research Council committee on cryptogra-
phy. He joined the Akamai board in 2001, just before the
tragedy of September 11 struck Akamai hard. Lending his
organizational and technical gravitas, Ron dug in with us
and helped to guide our three-year-old company through
our worst nightmare. He also worked with us to establish
the Akamai Foundation and its focus on supporting STEM
education in collaboration with the MAA. With shares in
Akamai that he earned as a director, he endowed the Aka-
mai Professor in Internet Mathematics at UC San Diego
(now the Paul Erdős Professor).

In TheManWho Loved Only Numbers [Hof98], PaulHoff-
man’s biography of Erdős, the legendary nomad, Fan said
of her husband, Ron: “Many mathematicians would hate
to marry someone in the profession. They fear their rela-
tionship would be too competitive. In our case, not only
are we both mathematicians, we both do work in the same
areas. So we can understand and appreciate what the other
is working on, and we can work on things together and
sometimes make good progress.”

Ron contributed to a lot of progress. The world of math-
ematics, the field of computer science, and Akamai, are in-
debted to him. And we will all miss him greatly.

My Celebrity

Peter Winkler
If it is true that everyone knows one celebrity, Ron Gra-
ham was mine. Handsome, athletic, talented, and ever en-
tertaining, he was irresistible. Ron could talk with equal
ease to politicians, actors, college presidents, and the likes
of Paul Erdős. Ron’s lectures were legendary: he regaled
packed roomswith everything fromdeep Ramsey theory to
the collaboration graph, laid out on a giant roll of transpar-
ent plastic. Sometimes he wheeled out a slide that seemed
to be backward, or maybe upside down, but couldn’t be
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righted; then he’d walk across the stage while the shadow
of his thumb remained on the slide. After one such talk
at Emory University, to which he had brought an attache
case that he never opened, he asked me and my colleagues
to bring him to a big field. When we did so, he finally
opened the case to reveal a stack of boomerangs, which he
taught us all how to throw.

I met Ron shortly after I was introduced to combina-
torics (my PhD thesis was in logic). I came with my Emory
colleagues to a Southeastern Combinatorial Conference in
Baton Rouge, Louisiana, and to my delight, found myself
in a conversation with famous people, namely Ron, Fan
Chung, Paul Erdős, and Brooks Reid, about embeddings
of graphs in metric spaces. At some point something they
said got me thinking, and when I resurfaced they seemed
to be talking about a mathematician named Ellen Finnity.
(In my defense, I once had a childhood friend named An-
nie Finnity.) I actually listened for a minute, but in the
grip of an idée fixe, eventually asked who Ellen Finnity was.
Ron managed, with some difficulty, to not crack up laugh-
ing, and never even teased me about it. My hero!

My first big break was solving a problem of Ron and
Henry Pollak’s (the “squashed cube conjecture”). That re-
sulted in a new winter coat for my wife (the problem car-
ried a $250 bounty) and eventually to jobs at Bellcore,
working for Fan, and at Bell Labs. Over the years Ron
taught me how to juggle three balls, bounce safely on
a trampoline, and ride on a side-by-side bicycle for two
(with Fan!). He introduced me and my wife to the acro-
bats after a Cirque du Soleil performance, and after he left
Bell Labs for academia, gaveme a fabulous art/history tour
of the UCSD campus.

Ron lived in a wider world than the rest of us. Once I
suggested sending a shortish joint paper to the Journal of
Graph Theory; said Ron, “I have another idea, let me handle
it.” I said “sure,” and the next thing I knew, it was in the
Proceedings of the National Academy of Science. This was long
before outreach became a “thing.” Ron instinctively under-
stood the value of bringing mathematics to the public. He
was a major figure in discrete mathematics, but became
much more than that: a representative of all of mathemat-
ics to the world. We mathematicians could hardly have
asked for a better emissary than Ron. He was larger than
life, and it’s hard to think about a world without him. For
sure, there’ll never be another like Ron Graham.

My Role Model

Catherine Yan
I first met Ron in 1998, when I was a Courant Instructor at
New York University and visited him at AT&T Labs during
the summer. Since then we have kept a good relationship,
met in many occasions, visited each other, and worked on
several projects. He has been my research mentor, career
advisor, long-term collaborator, and a good family friend.
With his unforgettable smile, affectionate personality, and
deep passion and appreciation formathematics, Ron is the
greatest mentor one can imagine and has had a lasting im-
pact on my life and career.

At AT&T Labs, Ron introduced me to the fascinating
world of Apollonian circle packings. He showed me a
beautiful picture of the Apollonian circle packingwith root
quadruple (−1, 2, 2, 3), which has mutually tangent circles
of radius

1
2
,
1
2
, and

1
3
inscribed inside a unit circle, and then

smaller circles are repeatedly inscribed into all the curvi-
linear triangles. Surprisingly, for each circle in the pack-
ing the reciprocal of its radius is an integer. Our initial
project was to investigate the number-theoretic properties
of the integers that occur in such packings. Working with
Ron was such an enjoyable experience. He had a creative
mind full of brilliant ideas, constantly asking questions
and probing new directions, and never afraid of unfamil-
iar territory. Before we knew it, the project evolved into
a comprehensive one intertwined with discrete geometry,
fractals, group theory, number theory, and higher dimen-
sion extensions. The depth and scope are far beyond my
graduate training in combinatorics. When I was frustrated,
it was Ron’s encouragement and guidance that helped me
through. He introduced me to many of his colleagues, dis-
cussing our progress, exchanging ideas, and seeking out
references. Soon the work became a major collaboration
with other experts at AT&T Labs, including Jeff Lagarias,
Colin Mallows, and Allan Wilks [GLM+03]. Later Ron and
I had several other projects. A basic thing I learned from
the very first experience with Ron is to keep one’s curiosity
and do not be afraid. Put in Ron’s words, “If you encounter
something new, just learn it.”

Working with Ron was full of fun, surprises, and laugh-
ter. With his broad interests and knowledge, he could put
seemingly unrelated things together. Everyday he would
suggest new connections or find new references, some-
times from literature, poems, or magazines. His mind
was jumping all over the place, finding the beauty of
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mathematics in every corner. Amid our discussions, he
would often pick up something randomly from a table—a
box of ballpoint pens, a deck of cards, or several rubber
balls—and the discussion would become a magic show or
juggling performance, which was, of course, always accom-
panied with a gentle revelation of the “insider’s secret.”

Ron was a natural leader who had the magic to con-
nect to other people. He was generous, warm-hearted, and
energetic, willing to share his time with people at all lev-
els. No matter who you are, being with Ron would make
you feel important and taken care of. Over the past years,
I have seen Ron in numerous conferences. During the
breaks he was always themost favorite person, surrounded
by students and junior faculty. He would ask their needs,
give valuable suggestions, and share with them anecdotes
about the math community. His generosity and wittiness
won him love and respect from generations of young re-
searchers.

Several years ago I visited him at UCSD and stayed in his
house, together with Steve Butler. At almost eighty years
old, Ron still worked assiduously. Every morning before I
got up, he was already out exercising and working in a Star-
bucks. His daily schedule was always full with meetings or
conference calls even in the late evening. But whenever
he had time, we three would be together and talk about
mathematics, discussing a newmodel of parking functions
and the properties of juggling sequences. On a table at his
house I saw a sign with the words “NEVER NEVER NEVER
GIVE UP.” This was Ron Graham, a mentor, a guide, a col-
league, and a friend of mine. But most importantly, he
was always my role model, someone I will look up to and
remember forever.

Figure 12. Ron Graham with four of his PhD students, Jake
Wildstrom (2007), Joshua Cooper (2003), Glenn Hurlbert
(1990), and Jay Cummings (2016).

My Research Mentor

Glenn Hurlbert
My connection to Ron begins with Joel Spencer who was
my Master’s advisor at Stony Brook. In my first year, 1985–
1986, János Pach and Vera Sós were both visitors, Paul
Erdős stopped by, and Béla Bollobás came up from LSU.
I guess that was my introduction to the Hungarian Mathia.
I think Joel ran the colloquium that year, because it was a
non-stop parade of combinatorics giants: Herb Wilf, Dan
Kleitman, Curtis Greene, Richard Stanley, . . . , and Ron
Graham. How could anyone resist such a lure? I remem-
ber that Ron gave his talk with a wry smile and a twinkle
in his eye, like he was hiding a secret. I would come to
appreciate that facial expression for years to come. That
summer I read Graham-Rothschild-Spencer [GRS90] on
the beach, attracting all sorts of comments from my fam-
ily (“he’s learning how to invite people to a party where
everyone knows each other”).

When Joel moved to NYU, he suggested that I consider
Rutgers, to work with Ron, who had just become affiliated
with Rutgers because of the birth of DIMACS. I first met
Ron in his new and completely barren office at Rutgers. He
opened the desk drawer and was surprised to see two small
balls, which he began to bounce on the desk. He said he
had heard about some balls that run out of bounces after a
while. Sure enough, one of them landed like a thud, with
no bounce. I immediately realized that I was in for some
fun, and I’d better stay on my toes.

Typically, Ron and I met about every two weeks at Bell
Labs rather than Rutgers, andmy 30–40-minute drive from
New Brunswick to Murray Hill was filled with anticipa-
tion, wondering what circus-like environment I would en-
counter next. Usually, “circus-like” is metaphorical but,
with Ron, it was sometimes literal. One time I walked into
his office and there were coins of every type scattered all
over the floor, desk, chairs, shelves, etc. I asked what hap-
pened and he said that Penn & Teller just left, and that
he was teaching them a new trick (which involved balanc-
ing a coin on the tip of a coat hanger and spinning the
hanger around your finger without the coin falling off).
For a long time, we tried to see how many times you could
bounce a pen off the wall in one throw. We could get three
hits pretty consistently, but never four. Once he came to
work very excited to tell me that one of the physicists at
the Labs proved that, with a perfect cylinder and friction-
less surface, four was impossible. I said, “okay, give me
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a perfect cylinder and frictionless surface”—then off we
went to look for imbalanced pens with some grip. One
of our more semidangerous adventures involved throwing
a lacrosse ball down three floors in the center of one of
their stairwells. Normal throwing spins the ball, forcing it
to bounce toward anyone walking up the stairs, while it is
difficult to throw a knuckle ball hard enough to return to
the third floor. Ron was just insatiably curious about ev-
erything all the time. This was the kind of stuff that used
to get me into so much trouble in high school.

But we did some math, too. With the breadth of inter-
ests and sheer numbers of people coming and going at Bell
Labs, Rutgers, and DIMACS, I felt lucky to be exposed to
every nook and cranny of discrete math. Of course, you
could ask Ron anything, and he’d likely know who has the
latest result and what the open questions were. Thus it was
difficult to think about which of all these wonderful direc-
tions to go in. I did have some success with a question of
Ed Scheinerman on the dimension of circle containment
orders that resulted in my first paper. But then Ron got
me hooked on universal cycles, which he and Fan Chung
and Persi Diaconis were just getting off the ground, and
which became my thesis topic. That was exciting to be a
part of, since it was new and everything was open. But it
was also challenging because it was new, and techniques
were few. Interestingly, that’s one topic Ron and I rarely
discussed, outside of me informing him of my progress,
or lack thereof. He wanted to make sure that people knew
that what I produced was mine, and not his. It certainly
made my results more self-satisfying, and probably did
help land my first job at Arizona State (although I think
Tom Trotter, who hired me, was likely more interested in
my poset result!).

I will mention that I did get good at the hanger trick,
and also learned the universal cycle card trick that Persi
invented, which one can read about in their book [DG12].
I felt that, in one’s thesis defense, one should exhibit what
they learned from their advisor that they might not have
been able to learn elsewhere, and so I performed both. I
guess that’s the one thing I could do better than Ron —
of all the crazy, impossible-looking things he could do, he
never really learned the perfect shuffle.

It was in those years that graph pebbling was born. I re-
member sitting with Fan, Dan Kleitman, and Dan Ullman,
having lunch in a little café near George Washington Uni-
versity during the 1989Capital City Conference onCombi-
natorics, while Fan described this fascinating little puzzle
on the 𝑛-cube. We went through lots of napkins that day,
to no avail. Of course, Fan solved it a few weeks later and
wrote the first paper on the topic. Contained in it was an

unassuming little gem: Graham’s Conjecture.4 Thirty years
later, we’re still plugging away at it.

I’m grateful for learning site-swap juggling from Ron.
It’s a great mental and physical diversion, of course, but
it’s also a sneaky way to introduce young people to some
very lovely mathematics, and to the notion that mathe-
matics is everywhere, if only you will look. I’m satisfied
to have discovered two universal cycle-related juggling pat-
terns, 631415241 and 531441335224512, and learned to per-
form them. It’s even more fulfilling, though, to have gone
into K–12 classrooms and shared these things with young,
eager minds. Juggling, card tricks, integer sequences, sort-
ing networks, secret codes, puzzles, combinatorial games,
tilings, Rubik’s cubes, etc. I’ve been doing this for over 20
years (we call itCrazyMath Day), inspired by Ron’s inviting,
infectious, and encouraging manner, his constant sharing
of interesting, curious, and surprising things, and his abil-
ity to present the simplest, irresistibly intriguing question
that hides within it a larger theory. So, there’s a sense in
which I’ve introduced Ron to thousands of kids, who hope-
fully now associate math with fun.

As so many can attest to, Ron’s concern for people went
well beyond mathematics. He was well known for putting
people first, ahead of professional and institutional con-
cerns. He certainly shared professional and administrative
advice with me throughout my career and, more impor-
tantly, touched the lives of my wife and family in mean-
ingful ways, including inviting my son to the Gathering
for Gardner conference because of his Rubik’s cube inter-
est. Since Ron’s passing they have learned to unicycle in
his honor.

I imagine that he and Uncle Paul are thumbing through
The BOOK these days, smiling about the beautiful proofs
the rest of us have yet to discover. Have fun, Ron. Know
that we miss you.

Farewell, My Favorite Coauthor

Fan Chung
I was surprised when I was told (by Steve Butler) that Ron
and I have 101 joint papers. That is far more than I ex-
pected. I was so delighted to gain an extra digit, and I know
exactly what Ron would say, “101 is a great number. It is a
prime.” His love for numbers was perpetual. He could find
interesting facts for any number that he came across. He
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Figure 13. Ron Graham with Fan Chung in 2019, married since
1984.

remembered mundane phone numbers and always found
funny facts in license plates. In fact, his car had the li-
cense plate “NUMBER.” The well-known “Graham’s num-
ber” is the largest number which, to that time, appeared
in a mathematical proof.

After Ron left, there are too many things that I miss
about him—his mischievous deeds, crazy new ideas, hilar-
ious jokes, and, most of all, his unwavering support even
under various stressful situations. Such scenarios included
losing my purse on the train (among other places), forget-
ting to bring my passport (multiple times), car accidents
(my fault), while he was particularly charming and calm.
Among the numerous things that are hard to part with, the
one I miss most is talking math with Ron. It was very hard
to say goodbye to my favorite coauthor.

When we worked together, our success rate was amaz-
ingly high. Come to think about it, we rarely failed in our
joint projects. The reasons were quite simple. We comple-
mented each other and the math got better. Some of the
problems that we previously worked on would never bear
fruit if only one of us was taking it on. It is the exceptional
case of “one plus one is more than two.” One of the main
reasons for success was tenacity. On the shelf beside our
big working table, there was a sign saying “Never, never,
never give up” that Ron acquired a long time ago. When
we struggled with a problem, usually one of us would not
let it die. Some of the equations or polynomials were so
monstrous, one person alone would surely have run out
of energy. Most of the time though, it was advantageous
that we had different views and approaches. Ron was ex-
tremely good at detecting patterns in chaos. It was his
job to check if the conjecture could be false or should be
modified either by examples or computation. It was my
job to pull together the strategies or methods to prove the

conjecture. It was his job to find those hard-to-find ref-
erences (in the days without Google Scholar). It was my
job to chew through the references. We shared the exhil-
arating moments of having new ideas, finding alternative
directions, using new methods, or solving problems, and
we also enjoyed the process of struggling for uncovering
the truth.

Now and then we had coauthors’ spats, mostly about
writing. We argued about what should be in the abstracts
since it was the most important part of the article. For our
joint papers, I usually wrote the first draft. Then Ron wrote
the second draft and then we alternated. In the early days
of our collaboration, that could mean total rewrites. For
our first paper, I rewrote it eight times. (Later on when
I told Henry Pollak the story of rewrites, he told me his
first paper was rewritten 24 times.) As years went by, in
some cases I would be so happy when Ron made very few
changes of my draft. I distinctly remember about the joint
paper by Ron, Martin Gardner, and myself on Steiner grids.
After I wrote up the whole paper, it was sent to Martin
for comments. Martin wrote back saying, “I couldn’t find
a single word to change.” That was one of my greatest
achievements. Later on the additional surprise was the Al-
lendoerfer Award given by MAA for this joint paper.

In remembrance of my favorite coauthor, I here relate
what is in a webpage I prepared about Ron5 which includes
many related links about Ron.

On the day before Ron left, he talked over the
phone with Steve Butler and Persi Diaconis about
their work in progress concerning certain random
walks on 𝑍𝑝. Ron pointed out that the behavior
was very different for 𝑝 ≡ 1 (mod 4) versus 𝑝 ≡ 3
(mod 4) and he suggested various ways to get com-
putational data.

Later in the day Ron exchanged email with Sam
Spiro about their joint paper (with Persi and oth-
ers on card guessing) which is near completion.
He wrote email to Judith Ng including the photo
of kayaks and a photo ofme in the kitchen looking
back at him through the Google Nest Cam.

On the wall in Ron’s office, he hung a poster of
squares arranged in 90 lines each consisting of 52
little squares. Later on hemodified it so it contains
100 lines. (He sometimes joked that his grandma
lived to 99 and then was hit by a truck.) The rule
is to fill one square each week. Thus, one can see
how many squares are left and how finite and pre-
cious life is. He only used 84 lines but every square
was gloriously filled.

5www.math.ucsd.edu/~fan/ron/kayak.html
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story of Paul Erdős and the search for mathematical truth, Hy-
perion Books, New York, 1998. MR1666054

[Odd79] Tom Odda, On properties of a well-known graph or
what is your Ramsey number?, Topics in graph theory (New
York, 1977), Ann. New York Acad. Sci., vol. 328, New York
Acad. Sci., New York, 1979, pp. 166–172. MR557896

Credits

Figures 1–4, 8, and 13 are courtesy of Ché Graham.
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C. S. Seshadri (1932–2020)
Vikraman Balaji, William Haboush,

Venkatramani Lakshmibai, Peter Littelmann,
and David Mumford

An Overview of the Life
and Work of C. S. Seshadri

Vikraman Balaji
1. Introduction
Conjeevaram Srirangachari Seshadri was born on February
29, 1932, in Kanchipuram, a small temple town west of
Chennai. Among the prominent temples in Kanchipuram
are the Varadharaja Perumal Temple for Vishnu as well as
the Ekambaranatha Temple which is the prithivi kshetra or
earth abode of Shiva. Seshadri was the eldest among twelve
children of his parents, Sri C. Srirangachari (a well-known
advocate in Chengleput, a town 60 kms south of Chen-
nai) and Srimati Chudamani. Seshadri’s entire schooling
was in Chengleput. He joined Loyola College, Chennai
in 1948. M. S. Narasimhan, his long-term friend and col-
laborator, also joined Loyola the very same year. Seshadri
graduated from there in 1953 with a BA (Hons) degree in
mathematics. Seshadrimarried Sundari in 1962. They had
two sons, Narasimhan (who lives in Zürich with his wife,
daughter, and son) and Giridhar (who lives in Chennai
with his wife and two sons).

During his years at college, S. Narayanan and Father
C. Racine played a decisive role in Seshadri’s taking up
mathematics as a profession. Fr. Racine was a Jesuit priest
who had worked under Élie Cartan in Paris. Seshadri
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joined the Tata Institute of Fundamental Research, Mum-
bai as a student in 1953. He received his PhD from the
Bombay University in 1958 for his thesis entitled “Gen-
eralised multiplicative meromorphic functions on a com-
plex manifold.” His thesis adviser was Professor K. Chan-
drasekaran who shaped the mathematical career of Se-
shadri as he did for many others. Seshadri spent the
years 1957–60 in Paris, where he came under the influence
of many great mathematicians of the French school, like
Chevalley, Cartan, Schwartz, Grothendieck, and Serre.

He was a member of the faculty of the School of Math-
ematics at the Tata Institute from 1960 until 1984, where
he was responsible for establishing an active school of al-
gebraic geometry. He moved to the Institute of Mathemat-
ical Sciences, Chennai in 1984. In 1989, Seshadri became
the director of the Chennai Mathematical Institute, which
was then called the SPIC Mathematical Institute, founded
by A. C. Muthiah.

Seshadri was a recipient of numerous distinctions. He
was an invited speaker at the Nice ICM in 1970. He re-
ceived the Bhatnagar Prize in 1972 and was elected a fel-
low of the Royal Society, London in 1988. He held dis-
tinguished positions in various centres of mathematics all
over the world. In 2006, Seshadri was awarded the TWAS
Science Prize along with Jacob Palis for his distinguished
contributions to science. He received the National Profes-
sorship, the H. K. Firodia Award for Excellence in Science
and Technology, Pune, 2008, the Rathindra Puraskar from
Shantiniketan’s Visva-Bharati University, Kolkata, 2008,
and the Padma Bhushan by the President of India, 2009.
He was elected a Foreign Associate of the US National
Academy of Sciences, 2010. In 2013, Seshadri was awarded
Docteur Honoris Causa of the Université Pierre et Marie
Curie in Paris.
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2. Seshadri’s Mathematics in Brief Outline
Seshadri’s work is extensive and I will limit myself to cer-
tain aspects of his contributions to moduli, GIT, and quo-
tients.

Seshadri’s doctoral thesis entitled “Generalised mul-
tiplicative meromorphic functions on a complex mani-
fold” gave an independent proof of the so-called Birkhoff-
Grothendieck theorem on vector bundles on the projec-
tive line. Grothendieck proved this for arbitrary princi-
pal bundles, while the result on vector bundles goes back
to Dedekind and R. and H. Weber (1882) (“Theorie der
algebraischen Functionen einer Veränderlichen,” J. Reine
Angew. Math. 92, 181–290; for a historical outline see
W. Scharlau, “Some remarks on Grothendieck’s theorem
‘Sur la classification de fibrès holomorphes sur la sphere
de Riemann’”).

Seshadri shot to fame early during his visit to
Paris. Serre had posed the following problem: Over n-
dimensional affine space, are there non-trivial vector bundles?
In other words, is the following statement true? Is any pro-
jective Noetherian module over 𝐾[𝑇1, … , 𝑇𝑛], where 𝐾 is a
field, free? For 𝑛 = 1, the ring 𝐾[𝑇] is an integral principal
ideal ring. Therefore, any Noetherian torsion-free 𝐾[𝑇]-
module (in particular, any projective Noetherian module)
is free (see for example Lang’s Algebra). For 𝑛 = 2, there are
no non-trivial bundles either and this theorem is due to Se-
shadri (“Triviality of vector bundles over the affine space
𝐾,” Proc. Natl. Aca. Sci. USA 44 (1958), 456–458).

The affirmative answer for all 𝑛 (i.e., any projective Noe-
therian 𝐾[𝑇1, … , 𝑇𝑛]-module is free) is due to A. Suslin
(“Projective modules over polynomial rings are free,” Dokl.
Akad. Nauk SSSR (in Russian), translated in Soviet Math.,
17 (1976), no. 4, 1160–1164) and independently due to
D. Quillen (“Projective modules over polynomial rings,”
Invent. Math. 36 (1976), no. 1, 167–171). Much work
arose inspired by Seshadri’s ideas, beginningwith the work
of PavamanMurthy (Seshadri’s first doctoral student; “Pro-
jective 𝐴[𝑥]–modules,” J. London Math. Soc. 41 (1966),
453–456) and one by Murthy-Towber (“Algebraic vector
bundles over 𝔸3

are trivial,” Invent. Math. 24 (1974), 173–
189). This subsequently led to a large body of very impres-
sive work from the Tata Institute.

Around the time that Seshadri finished his doctoral
work, algebraic geometry itself was undergoing a unique
revolution in the hands of Alexander Grothendieck. Se-
shadri went to Paris in 1957 and very quickly entered the
sanctum of this new temple of algebraic geometry. André
Weil had published striking conjectures linking number
theory to topology, and these were among the principal
driving forces behind the renaissance in algebraic geom-
etry in the hands of Chevalley, Serre, Grothendieck, and

several others. Seshadri gave three talks in the Chevalley
seminar on Picard varieties, two of which were on divisors
in algebraic geometry and the third on Cartier operations.

It is in this setting that we can view one of Seshadri’s
deepest contributions, which began in collaboration with
his friend and colleague M. S. Narasimhan. This work
had its roots in results of André Weil on “generalization
of Abelian functions” (1938). I quote from the paper of
Atiyah-Bott (1982):

The connection between holomorphic and uni-
tary structures was already apparent in Weil’s pa-
per, and in the classical case of line bundles it
is essentially equivalent to the identification be-
tween holomorphic and harmonic 1-forms, which
in turn was the starting point for Hodge’s general
theory of harmonic forms.

The Narasimhan-Seshadri theorem sets up a correspon-
dence between two basic classes of objects, namely “irre-
ducible unitary representations of fundamental groups of
Riemann surfaces” and “a class of geometric objects called
stable vector bundles on algebraic curves.” The first class
of objects was what could be termed “topological” and the
second “algebro-geometric.” Its foundations were subtley
linked to the approach of Poincaré and Klein to the “uni-
formization theorem” by the so-called “method of conti-
nuity.” Let me be a bit more precise.

The non-abelian version of the Jacobian needed to
tackle several basic obstructions. The first paper of
Narasimhan-Seshadri [NS64] handled the non-abelian
structure of the fundamental group of 𝑋 of genus bigger
than one. They showed that the space of irreducible uni-
tary representations of the fundamental group of a com-
pact Riemann surface 𝑋 was naturally a complex manifold.

On the side of bundles, the basic issue was that any de-
cent topology on the space of bundles of a given degree
and rank is necessarily non-separated. Moreover, such bun-
dles are not “bounded,” i.e., they cannot be parametrized
by a finite number of varieties. Thus to obtain a “projec-
tive moduli space,” one has to restrict oneself to a suitable
subclass of bundles which would give separatedness.

In the early 60s, DavidMumford had revived and newly
built the Geometric Invariant Theory (GIT) of Hilbert into
a superstructure, laying out strategies for construction of
“compactifications of moduli problems.” One of his ex-
amples where he applied GIT was in constructing mod-
uli spaces of bundles. His GIT naturally gave him the
precise subclass; he defined slope-stability of bundles and
constructed the moduli of stable vector bundles of degree
𝑑 and rank 𝑟 on curves as a quasi-projective variety. Re-
call that for every vector bundle 𝑉 on a smooth projective
curve, Mumford defines the slope 𝜇(𝑉) ∶= deg(𝑉)/rank(𝑉)
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and calls a bundle stable if the slope 𝜇 strictly decreases
when we restrict to a proper subbundle.

Narasimhan and Seshadri showed that irreducible uni-
tary representations of the fundamental group of 𝑋 corre-
spond precisely to stable bundles of degree 0 on 𝑋 [NS65].
These were two of the scripts of a trilingual inscription à
la the Rosetta stone, the third script came up in the work
of Donaldson in 1986. What followed was spectacular.
Many subtle and beautiful aspects of differential geome-
try, topology, mathematical physics, and number theory
got unravelled miraculously.

Narasimhan and Seshadri’s paper does a bit more. They
showed how this can be extended to the case when the
degree need not be zero. This case was a precursor to
“parabolic bundles” which Seshadri later developed firstly
in “Moduli of 𝜋-vector bundles over an algebraic curve,”
(Proc. C.I.M.E. Session, Varenna, 1969) and then later
along with Mehta [MS80]. Mehta and Seshadri prove the
analogue of the Narasimhan-Seshadri theorem for unitary
representations of more general Fuchsian groups by relat-
ing these to parabolic bundles on 𝑋 . Recently, in a paper
which appeared in 2015 [BS15], Seshadri and I completed
the picture by setting up the correspondence for homomor-
phisms of these Fuchsian groups to the maximal compact
subgroups of semisimple groups. Torsors under parahoric
Bruhat-Tits group schemes are the new objects which re-
place parabolic bundles.

In one of Seshadri’s not too well-known papers (“Desin-
gularization of moduli varieties of vector bundles on
curves,” Proceedings of the International Symposium on Alge-
braic Geometry, Kyoto University, 1977, M. Nagata (ed.),
Kinokuniya, Tokyo, 1978), we find a brilliant applica-
tion of parabolic bundles. Seshadri constructed a moduli-
theoretic desingularization of the moduli space of rank 2
and degree 0 bundles on curves of genus bigger than 1.
Narasimhan and Ramanan had constructed a desingular-
ization for the rank 2 case by an entirely different approach
around the same time.

Seshadri’s construction was sufficiently moduli theo-
retic since his space represented a nice moduli functor and
could be defined over any characteristic and for all ranks.
By an elegant formal smoothness argument, Seshadri re-
duced the smoothness question of his moduli space to
one for a certain canonically defined subscheme of the va-
riety of algebra structures on a vector space of dimension
𝑛2. The subscheme was the closure of all algebra structures
isomorphic to the matrix algebra of 𝑛×𝑛-matrices. In this
paper, one can perceive his uncanny insight into moduli
problems. His candidate for the desingularization was the
moduli space of “isomorphism classes” of semistable vec-
tor bundles of rank 𝑛2 whose endomorphisms lie in the
scheme of algebra structures which are the limits of the

matrix algebra. In a somewhat mysterious fashion, he real-
izes that objects in this moduli space can be given natural
parabolic structures and using this he proves the proper-
ness of his moduli functor. It seemed that parabolic struc-
tures revealed themselves to Seshadri almost mystically!

I now take up two papers of Seshadri, the first entitled
“Some results on the quotient space by an algebraic group
of automorphism” (Math. Ann. 149 (1963), 286–301,
and the second being “Quotient spaces module reductive
algebraic groups” (Ann. of Math. 95 (1972), no. 3, 511–
556), to which I will return later. The aspect that I high-
light here is somewhat general and does not really require
the group to be reductive or even affine.

If 𝑋 is a scheme on which a connected algebraic group acts
properly, then does the geometric quotient 𝑋/𝐺 exist as an alge-
braic space? It is known that the question as stated above
fails in general, but Seshadri gave some basic criteria under
which it holds. He proved the following theorem. Let 𝑋
be a normal scheme of finite type (or more generally a nor-
mal algebraic space of finite type over 𝑘) and𝐺 a connected
affine algebraic group acting properly on 𝑋 . Then the geo-
metric quotient 𝑋/𝐺 exists as a normal algebraic space of
finite type.

Recall that a𝐺-morphism 𝑓 ∶ 𝑋 → 𝑌 is called a good quo-
tient if (1) 𝑓 is a surjective affine𝐺-invariantmorphism, (2)
𝑓∗(𝒪𝑋 )

𝐺 = 𝒪𝑌 , and (3) 𝑓 sends closed 𝐺-stable subsets to
closed subsets and separates disjoint closed 𝐺-stable sub-
sets of 𝑋 . The quotient 𝑓 is called a geometric quotient if it is
a good quotient and moreover for each 𝑥 ∈ 𝑋 , the 𝐺-orbit
𝐺.𝑥 is closed in 𝑋 . Observe that when the action is proper,
a geometric quotient is simply a topological quotient with
the property 𝑓∗(𝒪𝑋 )

𝐺 = 𝒪𝑌 .
Seshadri developed the important technique of elimina-

tion of finite isotropies which goes as follows. Let 𝑋 be an
irreducible excellent scheme over 𝑘 and 𝐺 an affine alge-
braic group acting properly on 𝑋 . Then there is a diagram:

𝑌 𝑞−−−−−→ 𝑋
↑↑↓𝑝

𝑍
where 𝑌 is irreducible and 𝐺 acts properly on 𝑌 . Further,
𝑝 is a Zariski locally trivial principal 𝐺-bundle and 𝑞 a fi-
nite dominant 𝐺-morphism with 𝑌/𝑋 Galois with Galois
group Γ whose action on 𝑌 commutes with the 𝐺-action.
In a sense completing the square or constructing a push-
out is the goal. These ideas are central to the major devel-
opments by Kollar and Keel and Mori on “Quotients” in
the 90s.

I now come to Seshadri’s contributions to Geometric In-
variant Theory (GIT). In his paper “Space of unitary vector
bundles on a compact Riemann surface” (Ann. of Math.
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85 (1967), 303–335) Seshadri relates unitary bundles to
the natural compactification arising fromGIT construction
of the moduli space. This is important as much of the sub-
sequent work revolves around the study of compact mod-
uli spaces. Irreducible unitary bundles are the “simple” ob-
jects of this theory. Two bundles are 𝑆-equivalent if they
have the same Jordan-Hölder decomposition. The points
of the compact moduli space are then the 𝑆-equivalence
classes of bundles of degree zero and rank 𝑟. The beauti-
ful convergence of two lines of thought about these fun-
damental concepts of (semi)stable bundles was well ex-
pressed by Mumford on the occasion of Seshadri’s seventi-
eth birthday:

“But I guess what thrilled both of us—it certainly
thrilled me—was when our work on vector bun-
dles on curves arrived at the same idea from two
such different directions. What a strange thing it
was that three people (you, me, M.S.) on opposite
sides of the world (which, by the way, seemed a
lot bigger in those days) using totally different tech-
niques should construct the same compact moduli
space.”

I will very briefly touch on a few other papers of Se-
shadri in the subject of GIT. This will give a feeling for the
breadth and depth of his contributions. The first one was
Mumford’s conjecture for𝐺𝐿(2)which, apart fromproving
the conjecture, gave a restricted “valuative criterion” which
predates the famous Langton criterion.

He needed to show what he called the “covariant” from
𝑅𝑠𝑠 (the open subset of semistable bundles in the Quot
scheme) to a product of Grassmannians is an imbedding
and the central issue was the properness of the covari-
ant. Seshadri introduces a new amazing device, namely,
a multiple-valued mapping, to prove the properness.

This approach of Seshadri’s became the standard pro-
totype for all moduli constructions, the most general one
being the one by Simpson in the early 90s.

Let me define geometric reductivity of a group 𝐺. Let
𝐺 be a reductive algebraic group over an algebraically closed
field 𝑘. Then 𝐺 is geometrically reductive if, for every finite-
dimensional rational 𝐺-module 𝑉 and a 𝐺-invariant point 𝑣 ∈
𝑉 , 𝑣 ≠ 0, there is a 𝐺-invariant homogeneous polynomial 𝐹 on
𝑉 of positive degree such that 𝐹(𝑣) ≠ 0.

Mumford’s conjecture on reductive groups states the fol-
lowing: reductive algebraic groups are geometrically reductive.
This was first proved for the case of 𝑆𝐿(2) (hence 𝐺𝐿(2))
in characteristic 2 by Tadao Oda, and in all characteristics
by Seshadri (“Mumford’s conjecture for 𝐺𝐿(2) and appli-
cations,” Proc. Internat. Colloquium on Algebraic Geom-
etry, Bombay, 1968, 347–371). W. Haboush proved the
conjecture for a general reductive 𝐺 in 1974 (“Reductive

groups are geometrically reductive,” Ann. of Math. (2) 102
(1975), 67–83). Haboush’s proof uses the irreducibility of
the Steinberg representation in an essential way. A germ of
this idea can perhaps be traced back to the appendix to Se-
shadri’s paper by Raghunathan!

There is also a different approach to the problem due
to Formanek and Procesi (“Mumford’s conjecture for the
general linear group,” Adv. Math. 19 (1976)), which is à
priori for the full linear group, but the general reductive
case can be deduced from this. In the late 70s, Seshadri fi-
nally extended geometric reductivity over general excellent
rings, which is now a basic tool for constructing moduli in
mixed characteristics.

Seshadri’s paper on “Quotients modulo reductive
groups” which has already been referred to, has sev-
eral beautiful ideas. He introduces the notion of “𝐺-
properness” which under some simple conditions shows
that quotients, if they exist, are “proper and separated.”
One of the basic results in this paper is the following: Let 𝑋
be a projective variety on which there is given an action of a re-
ductive algebraic group𝐺 with respect to an ample line bundle 𝐿
on 𝑋. Let 𝑋𝑠𝑠 and 𝑋𝑠 denote, respectively, the semistable locus
and the stable locus of the action of𝐺 on (𝑋, 𝐿). Suppose that 𝑋
is normal, 𝑋𝑠𝑠 = 𝑋𝑠, and 𝐺 acts freely on 𝑋. Then the geomet-
ric quotient 𝑋𝑠/𝐺 exists as a normal projective variety. Loosely
put, this is Mumford’s conjecture when “semistable = sta-
ble.” Seshadri then gives a general technique to ensure
the condition 𝑋𝑠𝑠 = 𝑋𝑠 can be made to hold. These have
played a central role in several subsequent developments.

In the late 60s, Seshadri was keen to prove the general
Mumford conjecture using a geometric approach. Loosely
put, this amounted to showing that the set 𝑌 of equiva-
lence classes of semistable points for a linear action of 𝐺
on a projective scheme 𝑋 gets a canonical structure of a
projective scheme. The first difficulty is getting a natural
scheme-theoretic structure on 𝑌 . The second one, which
is more difficult, is to prove its projectivity. When “stable
= semistable” Seshadri showed that 𝑌 is a proper scheme
and the proof reduces to checking the Nakai-Moishezon
criterion for 𝐿 on 𝑌 . This process led to Seshadri’s ampleness
criterion and Seshadri constants.

Sometime around 2009, Seshadri and Pramath Sastry
completed Seshadri’s old argument [SS11]. The key new
ingredient (which was the work of Sean Keel) was to prove
that under some conditions, line bundles which are “nef”
and “big” are semiample. It was a recursive property for
“nef” line bundles to become semiample, in a sense a sort
of “Nakai-Moisezon” for semiampleness.

I will now very briefly touch on Seshadri’s important
contributions to the study of bundles on stable curves
and the problem of compactifications. In his long pa-
per with Tadao Oda, Seshadri studies the problem of
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compactifications of the Picard variety. The new insight
in this work was the surprising fact that for compactify-
ing the moduli space of line bundles on stable curves, one
needs to introduce “polarizations” on the stable curve and
this in turn compels the introduction of “semistability” of
rank 1 torsion-free sheaves ([D’S79] and [OS79]). The pa-
per of Oda-Seshadri has seen significant developments in
the hands of Caporaso and others in the recent past. Se-
shadri then goes on to construct the compactification of
vector bundles on singular curves in his Asterisque volume
96 of 1983. In collaboration with D. S. Nagaraj ([NS97],
[NS99]), Seshadri made significant progress in the general
problemof compactificationswith “normal crossing singu-
larities,” generalizing the work of Gieseker who had done
it earlier for the rank 2 case. This approach also paved the
way for solving the question of flat degenerations for 𝐺-
torsors for general groups 𝐺.

3. Seshadri’s Contribution to Mathematics
Education

The Chennai Mathematical Institute in its present form
was founded in 1998, but its roots go back to 1989 when
Seshadri founded a new institute, then called the School
of Mathematics, SPIC Science Foundation. The Chennai
Mathematical Institute (CMI) is a unique institution in In-
dia which attempts to integrate undergraduate education
with research; it grew out of Seshadri’s vision that higher
learning can be had only in an atmosphere of active re-
search amidst the presence of masters in the subject. It
was a brave venture in the face of extraordinary opposi-
tion and skepticism even from his very close friends and
well-wishers. It was his dream to build a center of learning
which could compare itself with the great centers such as
the École Normale in Paris, Oxford and Cambridge Uni-
versities in England, and Harvard University in the US. It
would open up opportunities for gifted students in India
to learn in this unique academic atmosphere and also en-
able active researchers to participate in this experiment,
which could have a lasting influence on the development
of mathematics in India.

It would not be an exaggeration to say that the Chen-
nai Mathematical Institute is now rated as one of the best
schools in the world for undergraduate studies in mathe-
matics. This is indeed a first big step, though much still
needs to be done to fulfill Seshadri’s dream.

4. Seshadri, the Person
I have known Seshadri since 1984, first as his doctoral stu-
dent, and later as his collaborator and colleague at the
Chennai Mathematical Institute. He had a routine of com-
ing to the office around noon, a habit coming from his
early TIFR days. The first meeting every day withme (or for

Figure 1. Foundation ceremony of CMI.

thatmatter anyone else) was a greeting smile and a custom-
ary one-word query “anything?,” uttered in a lilting south
Indian accent. Loaded with multiple connotations, it in-
variably acted as a catalyst and pressure on the listener to
come up with something meaningful. I have seen many
who religiously avoided meeting his smiling eye and that
dreaded one-worder.

I vividly remember his lectures. Notes were prepared
with utmost meticulousness and the talks were quite spar-
tan but always insightful. Every lecture had something as
a take-away for an aspiring researcher. Getting a word of
praise from him was something of a rarity. This used to
come only as an award for something which he consid-
ered insightful and this was hard to come by for most of
us. Many years later, when I was in my early forties, after
I felt I had done something really significant, he came up
to me and said in a rather matter of fact manner, “There is
meat in your work. Now I can say you are a mathematician!”

A charming simplicity was the most prominent charac-
teristic of his personality. As a mathematical personality, I
saw someone unique in his vision and insight, an uncanny
ability to consistently strike gold in a vast world of math-
ematics. He was extraordinarily generous with his ideas
and shared his insights with one and all and this extreme
generosity was his human side as well. His only caveat was
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Figure 2. In Madrid in 2008, after some spirits and jokes.

that the listeners go back and pursue the ideas to the best
of their abilities. There was a complete awareness of his
own stature while being modest and humble at the same
time. He had a unique sense of humour by which he un-
consciouslymanaged to “transform” even pedestrian jokes
into memorable anecdotes. His interests ranged widely
from mathematics and philosophy, to politics and music.
He was confident of his insights and this made him unper-
turbed during several moments of crisis that the institute
faced. I quote Professor K. Chandrasekharan, who in a let-
ter to Seshadri on February 10, 2013, wrote “I cherish the
values that inspired the creation of CMI and your unswerv-
ing commitment to those values.” Seshadri will be remem-
bered for these values.

Seshadri was also an accomplished exponent of the Car-
natic Music and till a few days before his passing, he con-
tinued to share his musical knowledge and insights with
a young musical student Maitreyi from CMI. Seshadri was
trained by his maternal grandmother who herself was a
student of the well-known Kanchipuram Nainapillai. Se-
shadri showed the same traits in his musical discipline as
in his mathematical ones. He meticulously did riyaaz, mu-
sical practice, and his repertoire ofMuthuswamyDikshitar’s
and Shyama Sastry’s kritis was noteworthy. On several oc-
casions I listened to his music, which could be described
as a royal gait profoundly suited to expressing Dikshitar’s kritis.
There were rare memorable occasions when he sang jugal-
bandi with his wife Sundari, who was a brilliant singer her-

self. When he was singing, a distinctly spiritual side would
come to the fore. By a spiritual side, I do not mean any-
thing religious, but a musical one which bore the stamp
of an immense sadhana, one-pointed pursuit, where every
nuance was expressed with a spiritual feeling which was
way beyond religious emotion.

Figure 3. Sundari and Seshadri singing in Chennai, 2007.

On the 15th of July in 2020, I had an hour ofmathemat-
ical discussion with him over the internet and he was very
receptive and happy. It was a discussion “as usual,” and at
the close I said we could continue the next day and he re-
sponded with a laugh that he cannot give me a guarantee
for that!

He passed away on the 17th July in his home in Man-
daveli, Chennai. Seshadri had been suffering from Parkin-
son’s for the past several months and after the passing of
his wife Sundari in October 2019, his condition had been
deteriorating.

I close with lines from W. H. Auden (“Hymn to the
United Nations”):

“Like music when
Begotten notes, New notes beget.

Making the flowing of time a growing.
T’is what it could be....

When even sadness, Is a form of gladness.”

Vikraman Balaji
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C. S. Seshadri

David Mumford
Seshadri, as I called him because this is his given name
in the Indian tradition, was not only my mathematical
colleague but one of my closest friends. Our connection
began in the early 60s when I received a letter with ex-
otic Indian stamps on it. The letter was from Seshadri,
whose work on Serre’s conjecture I knew, but India, little
more than a dozen years after independence, still felt to
me like an unknown and very distant place. The math-
ematical world was small in those days, largely concen-
trated in Cambridge, Princeton, Paris, and Moscow, and
jet plane travel was just starting. I was thrilled to learn
that he and M. S. Narasimhan, halfway around the world,
had found exactly the same class of vector bundles on an
algebraic curve as I had, a class for which a compact mod-
uli space could be constructed. This was amazing because
their method was totally different from mine, the sort of
unexpected link that demonstrates the mysterious unity of
math and confirms one’s love for its unpredictable muse.

Figure 4. In a restaurant during the ICM in Zurich, in 1994. Left
to right: Seshadri, D. Mumford, P. Murthy, S. Ramanan,
A. Neeman, and V. Lakshmibai.

We got together, first when he visited Harvard in 1966,
then in 1967 when I went with my family to Bombay, as
the city was called then. The Tata Institute had just been
built, standing like a mirage facing the Arabian Sea with
manicured lawns. It was so seriously air conditioned that
I had to keep a sweater in my office though it was 90∘

outside. The Institute had a world-class library, with vast

David Mumford is a professor emeritus of applied mathematics at Brown Uni-
versity. His email address is dbmumford@gmail.com.

stacks. At their far end, one day a year, an idol was set
up to Saraswati, the Hindu goddess of learning and music,
and I, like everyone there, professors and groundskeepers
alike, performed puja (Hindu worship). But best of all,
working at the Institute was a powerful group of algebraic
geometers whowere rapidly uncovering the secrets ofmod-
uli spaces. We would talk daily, at morning coffee, lunch,
or afternoon tea, often in the West Canteen. The brass fit-
tings in the elevator were “polished up so carefullee” just
as in the Gilbert and Sullivan song. Fresh flowers were
brought to my office every day from the abundant gar-
dens that Homi Bhabha, the Tata Institute’s founder, had
considered an essential part of a modern science institute.
Bhabha and the Institute were the 20th century version of
Kubla Khan and the “stately pleasure dome” in Coleridge’s
poem. Bhabha was similarly revered but sadly recently de-
ceased.

Curiously, Seshadri and I never wrote any joint papers
but instead, our research intertwined for many years. I re-
cently found a letter written in 1970where I wrote “Thanks
for your letter which is beautiful and very encouraging. I
was personally getting quite discouraged about extending
my result when your letter arrived. The blowing up trick
is marvellous.. . . ” This may be an odd thing to say but
the most wonderful thing Seshadri did, after many twists
and turns, was to make my book Geometric Invariant The-
ory largely irrelevant! He went deeper than I had and re-
alized that, because these moduli spaces clearly existed in
the bigger category of algebraic spaces, the key thing you
needed was a suitable criterion for ampleness that can be
applied to the naturally occurring line bundles; well, you
also needed a compactification if the space is not already
complete. This is a much more natural and powerful way
to show that moduli spaces are projective.

Seshadri’s work on moduli is well described in detail
in Balaji’s contribution to this issue, but I’d like to add
some words on the history as far as I know it. My ap-
proach had been based exclusively on representing the
moduli spaces as quotients of varieties by reductive groups
using invariant theory and then working out what “stabil-
ity” (as defined in this geometric invariant theory) means
in each case. Unfortunately, when extended from moduli
of curves to moduli of surfaces, the method encountered
baroque complexities, as shown in David Gieseker’s tour-
de-force computation of Hilbert scheme stability for sur-
faces of general type in his 1977 Inventiones Mathematicae
paper. Seshadri meanwhile had shown in his 1972 Annals
of Math. paper how geometric invariant theory could be
avoided for certain vector bundle moduli spaces. Among
many ingenious ideas, one was the “trick” (better called an
“ingenious, startling idea”) referred to in the quoted letter
above. I remember clearly my excitement when, walking
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Figure 5. Seshadri in Cambridge in 1983.

Figure 6. Seshadri in Chennai in 1992.

with him to get lunch one day, he explained how he could
circumvent “geometric reductivity” and still prove projec-
tivity in the bundle case (and, in fact, geometric reductiv-
ity turned out later to follow from his method). And, as
time went on, in the hands of János Kollár, using Mori’s
theories, and with Viehweg, Shepherd-Barron, and many
others, this approach led to the compactification and pro-
jectivity of almost all moduli spaces using their so-called
tautological bundles. János puts it simply in his 1990 Jour-
nal of Differential Geometry paper, after Lemma 3.9: “This
is the statement where we escape geometric invariant the-
ory.” I take this as having been a huge breakthrough.

Seshadri and his family also intertwined with me and
my family during all the decades since then. Our boys

played together, he became the godfather of my daugh-
ter Suchitra, and his family lived next door to us one year
when he was visiting Harvard and Northeastern. I was
truly honored when he came all the way from Chennai to
Cambridge for my 80th birthday—as well as for the more
significant Hindu milestone of my 1000th full moon. He
opened his doors to all my children as they grew older and
travelled on their own.

After retiring from the Tata Institute of Fundamental
Research, Seshadri undertook something even more chal-
lenging than doing maths: creating from scratch an en-
tirely new educational institution, its buildings, professors,
funding, and student body. That a seemingly unassuming,
intellectual, math & music loving, Tamil Brahmin could
dream of creating an entire college and then succeed, bog-
gles the mind. The Chennai Mathematical Institute is a
blend of traditional Indian guru-shishya transmission of
knowledge and ideas from American liberal arts colleges.
He needed to pull all the strings contacting his friends in
high places, allies in the exploding Chennai business com-
munity, his stature as “FRS” (Fellow of the Royal Society)
and still, so much sleep was lost when money ran out, so
many flights to Delhi were needed. All I can say is that it’s
a miracle and it reveals that a surprisingly practical man
was hidden inside an unassuming exterior. This is a good
place to acknowledge the immense assistance given him
by his Registrar S. Sripathy.

Figure 7. In 1967 in front of the Tata Institute. Left to right:
C. Musili, Seshadri, M. S. Narasimhan, M. S. Raghunathan,
and David Mumford.

But what I really want to describe, the thing that
made the most profound impression on me, was the way

1958 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 11



Seshadri integrated so fully and naturally his love of tra-
ditional Indian teachings and customs with his full aware-
ness of the energy and force of Western culture. Unlike
his fellow Tamilianmathematician S. Ramanujanwho sub-
sisted on boiled potatoes in Cambridge University, when
Seshadri came to the West, Paris in his case, he sampled
its food and drink and enjoyed the pleasures of French
culture. In all his visits to the West, he was comfortable
wearing Western garb at the office and relaxing in his lungi
when he got home. He lived in the most unpretentious
way, resisting the Western impulse for the latest gadgets
and for collecting expensive ornaments. Yet he could fly
to Delhi and argue effectively with high-up officials and
ministers for funding for mathematics. His great passion,
almost as strong as his love of mathematics, was singing
classical karnatic (South Indian) ragaswhich he performed
at a professional level. As the eldest son in his family, he
could haul out his sacred thread when rituals demanded
this symbol. Walking with me once in some quiet Maine
woods, uncut for a century with no houses or roads nearby,
he remarked that this experience helped him understand
the early Indian sages whose woods are now long gone, re-
placed by villages and fields. I will miss him, his laughter,
and his warmth for as long a time as is allotted to me.

David Mumford

Remembering Seshadri

William Haboush
What I noticed about Seshadri when I first met him was
his sheer joy at a very ingenious turn in a proof or an ap-
plication of something unexpected. He had a way of sort
of jumping back a bit and saying “so you see. . . ” as he
showed you this marvellous turn of events on the way to
proof. He would communicate a strong sense of the sur-
prise and amusement that comes with a very clever sudden
observation that changes things. The first time I experi-
enced it was in my first formal exchange with him. He was
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visiting Harvard as was J. P. Serre in 1976 when I cracked
the Mumford conjecture (“Reductive groups are geometri-
cally reductive,” Ann. of Math. (2) 102 (1975), 67–83).
I sent the proof to Armand Borel at the Institute and to
David Mumford at Harvard. David Mumford, Serre, and
Seshadri went through it carefully and then called me at
my home to tell me it was ok. Seshadri got on the phone
and enthusiastically explained how it came down to the or-
bit structure of the double product of the flag variety and
the invariant divisors on that scheme. That was the first
time I heard that “so you see!” chuckle of his. His en-
thusiasm caused me to rewrite my paper emphasizing that
observation. I heard it again when he explained Peter Lit-
telmann’s work to me and I saw it over and over in a series
of seminar and conference talks. That “so you see. . . ” mo-
ment is how I see him in my memory.

My first encounter with him a year or two before was
less fortunate. It was at the Arcata conference of 1974 be-
fore I’d done anything interesting. It was held at a school
that was quite distant from any grocery or liquor stores,
so some attendees took long walks to buy beer at a Seven
Eleven about a mile away. There were a couple of six-packs
laboriously obtained by Seshadri and Narasimhan in the
refrigerator of the common room of my dormitory. At
that conferenceDouady discovered dirty limericks andwas
badgering everyone as he compiled a collection which he
carefully recorded in a huge notebook. In the common
lounge one night he got one or two from me and then re-
warded me with a can of Heineken which I assumed was
his. As I was drinking it, Seshadri and Narasimhan ar-
rived and examined the now empty commons refrigerator.
They came out of the room where the refrigerator was lo-
cated and spotted my Heineken. With a certain tension in
his voice Seshadri asked “Is that my beer you’re drinking?”
That is how I met him.

Beyond mathematics, I saw this joy of discovery in his
experience of food, art, andmusic. He hadme spend some
months in Chennai (then it was Madras). He guided me
to experience the culinary riches of that city as well as the
pleasures of the music festival. I remember a particular
discussion of a sculpture of Shiva in the museum there. I
really got a lot more than mathematics from him.

I enjoyed his presence at many conferences and at my
visits to the Tata Institute and the SPIC institute in Chennai
where he invited me for extended stays. He also visited the
Institute for Advanced Study for one semester the year that
I visited. At the IAS, I got to know his family pretty well.
My wife and I had him to dinner a couple of times and he
also invited us to enjoy his wife Sundari’s cooking which
was phenomenal.

Although the theory of moduli would be how most
mathematicians would remember Seshadri, most of my
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interactions with him involved his work on the flag va-
riety and representation theory. He had been fascinated
by Kempf’s work on 𝑆𝐿(𝑛, 𝑘) (G. Kempf, Schubert Meth-
ods with an Application to Algebraic Curves, Stichtung Math-
ematisch Centrum, Amsterdam, 1978), that is, the early
preprints from Utrecht, and he decided to commit to stan-
dard monomial theory. Shortly after his paper with Lak-
shmibai and Musili in the Annals of the ENS (V. Laksh-
mibai, C. Musili, and C. S. Seshadri, “Cohomology of line
bundles on 𝐺/𝐵,” Ann. Sci. Ecole Norm. Sup. 7 (1974),
89–137), he began to pursue a structured program to find
new proofs of such things as arithmetical normality and
Cohen Macaulayness for ample line bundles on the flag
variety. By 1980, this program had expanded consider-
ably. Then Victor Kac noted an error in Demazure’s proof
[Dem74] that those line bundles were Cohen Macaulay.
Thus the program received fresh impetus. Several of his
goals in that program, including the vanishing theorem
for higher cohomology of ample line bundles on the flag
variety, were established independently. The program was
just about completed by Seshadri and Lakshmibai, but for
a last crucial step that was done by Peter Littelmann using
Lusztig-type quantised enveloping algebras, and their rep-
resentation theory, at a root of unity.

No remembrance of Seshadri would be complete with-
out some mention of his last most sustained project, the
establishment of the ChennaiMathematical Institute. This
began as a way of continuing his work after his retirement
from the Tata Institute in 1991, but it became clear that
he was really motivated to establish a major center for ad-
vanced mathematical research in his home province. He
somehow secured a grant for it and established it on a
shoestring in the early 90s. He really had to fight rather
substantial opposition on several occasions but against all
odds he persisted and saw it through to its current form.
The difficulty and uncertainty he faced can’t be overempha-
sised, but he managed it. In a career punctuated by major
accomplishments it is a stunning addition to his lifelong
mission to build and enhance the mathematical project.

William Haboush

A Tribute to C. S. Seshadri.
Standard Monomial Theory
and Applications

Venkatramani Lakshmibai
Professor C. S. Seshadri was a many-faceted mathemati-
cian. In the write-ups by me and P. Littelmann, we have
tried to portray his skills in the area of representation the-
ory of algebraic groups, especially of semisimple algebraic
groups, and its impact on the geometry of flag varieties
and their Schubert subvarieties. In the 1950s, Hodge gave
a basis for the homogeneous coordinate ring of the Grass-
mannian (as well as the Schubert subvarieties in the Grass-
mannian), for its canonical Plücker embedding, in terms
of certain monomials in the Plücker coordinates, the so-
called “standard monomials.” With his amazing insight,
Seshadri, along with his collaborators, was able to extend
the “Standard Monomial Theory” (abbreviated SMT), to
any “generalized” flag variety (and the Schubert varieties
therein), and even to the “affine” flag variety (arising from
an affine Kac-Moody algebra), and the Schubert varieties
therein. The origin and the completion of SMT ran over
roughly three decades, namely, from the 1970s through
the 1990s. This theory has led to verymany interesting geo-
metric and representation-theoretic consequences. We tell
the story of SMT, bringing out the reminiscence between
the respective authors and Seshadri.

My association with Prof. C. S. Seshadri extends over
five decades, first as my mentor, next as a collaborator, and
then as a friend. Below I will briefly dwell upon these three
phases!

Before taking this up, since the main discussion of the
write-ups by me and P. Littelmann is on the story of SMT,
I will tell the reader a bit about SMT for Schubert varieties
in the Grassmannian.

1. The Flag Variety
The base field 𝐾 is an algebraically closed field of arbitrary
characteristic. For simplicity, one may take 𝐾 to be ℂ.

Let us fix a positive integer, say, 𝑛, and let 𝑉 = 𝐾𝑛. A full
flag or just a flag is a chain or a sequence of subspaces 𝐹• =
(𝑉0 ⊂ ⋯ ⊂ 𝑉𝑖 ⊂ ⋯ ⊂ 𝑉𝑛 = 𝑉), 𝑑𝑖𝑚𝐾𝑉𝑖 = 𝑖. For example,
denoting the standard basis in 𝑉 by 𝑒𝑖, 1 ≤ 𝑖 ≤ 𝑛, and
taking 𝑉𝑖 to be the span of {𝑒1, … , 𝑒𝑖}, we get the standard
flag 𝐹0.
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Let 𝐹𝐿𝑛 = {𝑓𝑙𝑎𝑔𝑠}. We have a transitive action of 𝐺𝐿𝑛
on 𝐹𝐿𝑛. Clearly, the stabilizer in 𝐺𝐿𝑛 at 𝐹0 is 𝐻𝑛 ∶=
{upper triangular matrices}. Thus we get a bijection:

𝐹𝐿𝑛 → 𝐺𝐿𝑛/𝐻𝑛.
Thus 𝐹𝑙𝑛 acquires a projective variety structure; 𝐹𝑙𝑛, to-
gether with this projective variety structure, is called the
flag variety.
The Weyl group. Let

𝑇𝑛 = {diagonal matrices in 𝐺𝐿𝑛}.
We have

𝑁 ∶= 𝑁𝐺𝐿𝑛(𝑇𝑛) = {permutation matrices}.
Hence we obtain

𝑁/𝑇 = 𝑆𝑛, the symmetric group.
One refers to the group 𝑁/𝑇 as the Weyl group of 𝐺𝐿𝑛.
Identification of 𝐹𝑙𝑛 with 𝑆𝐿𝑛/𝐵. Let 𝐺 = 𝑆𝐿𝑛. Denoting
the set of upper triangular matrices in 𝑆𝐿𝑛 by 𝐵, we have

𝐺𝐿𝑛/𝐻𝑛 ≅ 𝑆𝐿𝑛/𝐵.
From the representation-theoretic viewpoint, it will be
more convenient to work with 𝑆𝐿𝑛. Hence, in the sequel,
we shall identify 𝐹𝑙𝑛 with 𝑆𝐿𝑛/𝐵(= 𝐺/𝐵).
Schubert varieties. Under the 𝑇-action on 𝐺/𝐵 (given by
left multiplication), it turns out that (𝐺/𝐵)𝑇 , the set of 𝑇-
fixed points, is finite, and in fact is given by {𝑤𝐵,𝑤 ∈ 𝑊}
(here, by 𝑤𝐵 we mean 𝑛𝑤𝐵 for some lift in 𝑁 of 𝑤).

It is easily checked that the coset 𝑤𝐵 is independent of
the coset representative 𝑛𝑤. Let us denote the coset 𝑤𝐵,
considered as a point in 𝐺/𝐵, by 𝑒𝑤.

For 𝑤 ∈ 𝑊,𝑋(𝑤) ∶= 𝐵𝑒𝑤, the Zariski closure (inside
𝐺/𝐵) of the 𝐵-orbit 𝐵𝑒𝑤 through the 𝑇-fixed point 𝑒𝑤, with
the canonical reduced scheme structure, is the Schubert va-
riety associated to 𝑤 ∈ 𝑊 .
Schubert varieties inside partial flag varieties. More gen-
erally, let us fix an 𝑟, 1 ≤ 𝑟 ≤ 𝑛 − 1, and fix an 𝑟-tuple, say,
𝑑 = (1 ≤ 𝑑1 < 𝑑2 < ⋯ < 𝑑𝑟 ≤ 𝑛 − 1). Denote

𝐹𝑙𝑛,𝑑 = {𝑉𝑑1 ⊂ 𝑉𝑑2 ⊂ ⋯ ⊂ 𝑉𝑑𝑟 },
chains of vector spaces one in each of dimension 𝑑1, … , 𝑑𝑟.

We shall refer to 𝐹𝑙𝑛,𝑑 as the set of partial flags of type 𝑑.
As abovewe get 𝐹𝑙𝑛,𝑑 ≅ 𝐺/𝑃𝑑, where 𝑃𝑑 is a closed subgroup
of 𝐺 containing 𝐵. One refers to a closed subgroup of 𝐺
containing 𝐵 as a parabolic subgroup.

Schubert varieties in 𝐺/𝑃𝑑 are defined as above, namely,
𝐵-orbit closures through 𝑇-fixed points. Schubert varieties
in 𝐺/𝑃𝑑 are indexed by 𝑊/𝑊𝑃𝑑 ,𝑊𝑃𝑑 being the Weyl group
of 𝑃𝑑. Note that 𝑊𝑃𝑑 gets identified with 𝑆𝑛/(𝑆𝑑1 × 𝑆𝑑2 ×
⋯ × 𝑆𝑑𝑟).

2. The Grassmannian
In the above discussion, as an extreme case, taking 𝑟 =
1, 𝑑 = 𝑑, we get the celebrated Grassmannian variety:

𝐺𝑑,𝑛 ∶= 𝐹𝑙𝑛,𝑑 = {𝑑-dimensional subspaces of 𝑉 = 𝐾𝑛}.
The set 𝐼𝑑,𝑛. The Schubert varieties in 𝐺𝑑,𝑛 are indexed by
𝑊/𝑊𝑃𝑑 , where

𝑃𝑑 = {[ ∗ ∗
0𝑁−𝑑×𝑑 ∗ ] ∈ 𝐺} ,

𝑊/𝑊𝑃𝑑 = 𝑆𝑛/𝑆𝑑 × 𝑆𝑛−𝑑.
Denoting 𝐼𝑑,𝑛 ∶= 𝑆𝑛/𝑆𝑑 ×𝑆𝑛−𝑑, we get an identification:

𝐼𝑑,𝑛 = {(𝑖1, … , 𝑖𝑑) | 1 ≤ 𝑖1 < 𝑖2 < ⋯ < 𝑖𝑑 ≤ 𝑛}.

3. The Grassmannian as a Projective Variety
Plücker embedding. We have a canonical projective em-
bedding, called the Plücker embedding:

𝐺𝑑,𝑛 ↪−−→ ℙ(⋀𝑑 𝐾𝑛)

𝑈 =
| |
𝑢1 ⋯ 𝑢𝑑
| |

⟼ [𝑢1 ∧⋯ ∧ 𝑢𝑑].

Plücker coordinates. Consider 𝐼𝑑,𝑛 ∶= {(𝑖1, ..., 𝑖𝑑) ∣ 1 ≤
𝑖1 < ⋯ < 𝑖𝑑 ≤ 𝑛}. For 𝜏 = (𝑖1, ..., 𝑖𝑑) ∈ 𝐼𝑑,𝑛 define

𝑒𝜏 ∶= 𝑒𝑖1 ∧⋯ ∧ 𝑒𝑖𝑑 .
Then {𝑒𝜏}𝜏∈𝐼𝑑,𝑛 is a basis for ⋀𝑑 𝐾𝑛.

Define {𝑝𝜏}𝜏∈𝐼𝑑,𝑛 to be the dual basis for (⋀𝑑 𝐾𝑛)
∗
.

These are the Plücker coordinates.
Projective variety structure for 𝐺𝑑,𝑛.
The zero set. The Grassmannian is the zero set of a certain
set of quadratic polynomials in the Plücker coordinates
called the Plücker relations.

Example. Consider the Grassmannian G2,4. We have

𝐼2,4 = {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)}
and

𝑝(1,2), 𝑝(1,3), 𝑝(1,4), 𝑝(2,3), 𝑝(2,4), 𝑝(3,4)
are the coordinates of ℙ(⋀2 𝐾4). Then G2,4 is defined by
the equation

𝑝(1,2)𝑝(3,4) − 𝑝(1,3)𝑝(2,4) + 𝑝(2,3)𝑝(1,4) = 0.
The Plücker relations. For 𝑖 ∈ 𝐼𝑑−1,𝑛 and 𝑗 ∈ 𝐼𝑑+1,𝑛, con-
sider the following quadratic polynomial in the Plücker
coordinates, called a Plücker polynomial:

𝑑+1
∑
ℎ=1

(−1)ℎ𝑝𝑖1,…,𝑖𝑑−1,𝑗ℎ𝑝𝑗1,…, ̂𝑗ℎ,…,𝑗𝑑+1 .

In the expression above, if 𝑎 has a repeated entry, 𝑝𝑎(𝐴) is
understood to be zero for any 𝑛 × 𝑑 matrix 𝐴. We shall
denote the above system of polynomials by 𝒫𝑑,𝑛.
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Theorem 3.1. The image of 𝐺𝑑,𝑛 in ℙ (⋀𝑑 𝐾𝑛) is precisely
the zero set of the system of polynomials 𝒫𝑑,𝑛.

Remark. We have, in fact, that as a subvariety of ℙ (⋀𝑑 𝐾𝑛),
the Grassmannian𝐺𝑑,𝑛 is defined, scheme-theoretically, by
the Plücker relations.

A presentation for 𝐾[𝐺𝑑,𝑛]. For the Plücker embedding

𝐺𝑑,𝑛 ↪ ℙ(⋀𝑑 𝐾𝑛), let 𝑅 denote the homogeneous co-
ordinate ring 𝐾[𝐺𝑑,𝑛] of 𝐺𝑑,𝑛, so that as a 𝐾-algebra, 𝑅 is
generated by Plücker coordinates. Let 𝐼 be the defining
ideal of 𝐺𝑑,𝑛. Then, by the above Remark, we have that
𝐼 is generated by the set of all (degree 2, homogeneous)
Plücker polynomials.

4. Standard Monomial Basis
Standard monomials. Let 𝜏1, … , 𝜏𝑚 ∈ 𝐼𝑑,𝑛. Then
𝑝𝜏1 ⋯𝑝𝜏𝑚 is a standard monomial if 𝜏1 ≥ ⋯ ≥ 𝜏𝑚. Such
a monomial is standard on the Schubert variety 𝑋(𝜏) if in ad-
dition 𝜏 ≥ 𝜏1.

For a Schubert variety 𝑋(𝜏) in 𝐺𝑑,𝑛, let us denote the
homogeneous coordinate ring of 𝑋(𝜏) for the Plücker em-
bedding by 𝑅(𝜏).
Main theorem. Monomials of degree 𝑚 standard on 𝑋(𝜏)
form a 𝐾-basis for 𝑅(𝜏)𝑚, the 𝑚th graded piece of 𝑅(𝜏).

5. Some Important Geometric Consequences

Let us denote the tautological bundle on ℙ (⋀𝑑 𝐾𝑛), as
well as its restriction to any Schubert variety 𝑋(𝜏), by 𝐿. Let
𝑅(𝜏) be as above.

1. The natural inclusion 𝑅(𝜏)𝑚 ⊂ 𝐻0(𝑋(𝜏), 𝐿𝑚) is an
equality for all 𝑚 ∈ ℤ+. In particular, we have that
𝐻0(𝑋(𝜏), 𝐿𝑚) has a 𝐾-basis consisting of monomials
of degree 𝑚 that are standard on 𝑋(𝜏) for all 𝑚 ∈ ℤ+.

2. We have that 𝐻𝑖(𝑋(𝜏), 𝐿𝑚) = 0, 𝑖 ≥ 1,𝑚 ∈ ℤ+.
3. Schubert varieties are arithmetically Cohen Macaulay

and arithmetically normal.
4. Determination of the singular locus of 𝑋(𝜏).
5. Relationship with CIT (Classical Invariant Theory).
6. A Gröbner basis for 𝐼(𝑋(𝜏)).
Remark. In view of consequence (1), we find that the SMT
consists in constructing explicit bases for𝐻0(𝑋(𝜏), 𝐿𝑚) con-
sisting of monomials of degree 𝑚, that are standard on
𝑋(𝜏), a Schubert variety, for all 𝑚 ∈ ℤ+.

I will now describe the three phases of my association
with Seshadri, highlighting the important events that took
place during each of the phases.

I. Seshadri as my mentor. I joined TIFR in the fall
of 1968, the iconic year which witnessed two impor-
tant activities at the Institute. The first one is the “cele-
brated” International Symposium on Algebraic Geometry

in January 1968, which was marked by the presence of al-
most all of the then leading algebraic geometers includ-
ing André Weil, Alexander Grothendieck, David Mumford,
Mike Artin, Phillip Griffiths, Shreeram Abhyankar, Jun-
Ichi Igusa, and Teruhisa Matsusaka, among others. The
second one is the “famous” year-long course on algebraic
geometry given by Seshadri. Unfortunately, I couldn’t par-
ticipate in either one of them for obvious reasons, namely,
I joined the Institute in August 1968, after the two events
were finished! After spending a couple of years learning
the rudiments of the three basic courses in Algebra, Analy-
sis, and Topology, during 1971, I formally started to work
on my PhD, under the guidance of Seshadri. In the fall
of 1972, Seshadri asked me and Musili to read the paper
by G. Kempf, Schubert Methods with an Application to Al-
gebraic Curves (Stichtung Mathematisch Centrum, Amster-
dam, 1978). In this paper, Kempf proves the Borel-Weil
theorem for the flag variety 𝑆𝐿(𝑛)/𝐵 in positive characteris-
tics (let us recall that the celebrated Borel-Weil theorem is
about the vanishing of higher cohomologies of ample line
bundles on the generalized flag variety 𝐺/𝐵, 𝐺 a semisim-
ple algebraic group and 𝐵 a Borel subgroup of 𝐺, in char-
acteristic 0). Musili and I concentrated for a whole month
on reading Kempf’s paper and, among other things, we
arrived at the Weyl group-theoretic description of a class
of smooth Schubert varieties in 𝑆𝐿(𝑛)/𝐵, constructed by
Kempf in that paper. We then reported to Seshadri about
our discoveries related to Kempf’s paper. Then the three
of us had a serious discussion of Kempf’s paper for about
three months, and we gave a proof of the Borel-Weil the-
orem for the generalized flag variety 𝐺/𝐵, 𝐺 being a group
of classical type or type 𝐺2 in all characteristics. This result
was published in Ann. Sci. Ecole Norm. Sup. (V. Laksh-
mibai, C. Musili, and C. S. Seshadri, “Cohomology of line
bundles on 𝐺/𝐵,” Ann. Sci. Ecole Norm. Sup. 7 (1974),
89–137). This was my first proud publication.

Kempf made use of a technical step in our paper, and
gave a type-free proof of the Borel-Weil theorem for 𝐺/𝐵,
𝐺 a simple algebraic group and 𝐵 a Borel subgroup in all
characteristics, in 1976, now known as “Kempf’s vanishing
theorem.”

II. Seshadri as my collaborator. My collaboration with
Seshadri runs over a little more than four decades, start-
ing from the mid 1970s through 2019. In the fall of
1976, when Seshadri had just returned from a two-year
visit to Harvard University, he was all excited about a re-
cent work of De Concini-Procesi: “A characteristic free
approach to invariant theory” (Advances in Math.), where
they present a characteristic-free approach to classical in-
variant theory. Their work essentially consists of a con-
struction of a characteristic-free basis for the rings of invari-
ants, appearing in Weyl’s Classical Groups. It’s more or less
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around this time that Seshadri had just finished his work
on “Geometry of 𝐺/𝑃-I” (cf. [Ses78]), wherein he extends
Hodge’s results—giving a natural basis (over ℂ) for the ho-
mogeneous coordinate ring of the Grassmannian (and its
Schubert varieties) for the Plücker embedding, in terms of
“standardmonomials” in the Plücker coordinates—to𝐺/𝑃,
where 𝐺 is a simple algebraic group and 𝑃 is a maximal,
minuscule, parabolic subgroup of 𝐺, in all characteristics.
Wemay describe Seshadri as the inventor of modern standard
monomial theory. This work of Seshadri may be considered
as the beginning of SMT! As soon as he got back to the
Institute, he asked me to read the above-mentioned paper
of De Concini-Procesi and at the same time he explained
his work “Geometry of𝐺/𝑃-I” tome. After spending count-
less hours onmathematical computations and discussions
with Seshadri, we figured out the relationship between the
two papers (over a period of three months), and along the
way, we also arrived at some important basic conjectures.
Thus we have the birth of “Geometry of 𝐺/𝑃-II” ([LS78]),
which is to be considered as the gateway to SMT.

The conjectures, arrived at in [LS78], describe a nice con-
jectural basis, in all characteristics, for all 𝐺/𝑃’s, where 𝐺
is a simple algebraic group and 𝑃 is a maximal parabolic
subgroup of classical type. In particular, noting that any
maximal parabolic subgroup of a classical group 𝐺 is of
classical type, this would take care of the problem of de-
veloping an SMT for all 𝐺/𝑃’s, 𝐺 being classical and 𝑃 any
maximal subgroup of 𝐺.

Musili and I started discussing proving the basic con-
jectures. As a first step, we were able to prove them for
the case of 𝐺/𝑃’s, where 𝐺 is simple and 𝑃 is a maximal
parabolic subgroup of quasi-minuscule type, in “Geometry
of 𝐺/𝑃-III,” in 1978. These are the parabolic subgroups
that are considered by Kempf, while proving his vanish-
ing thorems, in 1976. The point here is that the class of
the quasi-minuscule parabolic subgroups is wider than the
class of minuscule parabolic subgroups, in that every sim-
ple algebraic group admits at least one maximal parabolic
subgroup of quasi-minuscule type, while one may note
that there aren’t any minuscule parabolic subgroups if 𝐺
is of type 𝐸8, 𝐹4, or 𝐺2.

At this time M. Demazure was visiting TIFR, and gave
lectures on his “celebrated” paper “Désingularisation des
variétés de Schubert généralisées” [Dem74]. In this paper,
among other things, Demazure proves a character formula
for the space of sections of ample line bundles on 𝐺/𝐵
as well as their restrictions to the Schubert subvarieties in
𝐺/𝐵; this character formula is used in a crucial way in “Ge-
ometry of 𝐺/𝑃-III.” In addition, the normality of Schubert
varieties in all characteristics (a consequence of the results
in the paper of Demazurementioned above) was also used
in a crucial way in “Geometry of 𝐺/𝑃-III.”

The three of us—Musili, Seshadri, and I—continued
our investigations of the extension of the results for 𝐺/𝑃,
𝑃 being a maximal parabolic subgroup of classical type to
any 𝐺/𝑄, where 𝐺 is a simple algebraic group and 𝑄 is an
intersection of maximal parabolic subgroups of classical
type—such a parabolic subgroup is called a parabolic sub-
group of classical type. After an intense discussion by the
three of us for four months, we did arrive at a set of conjec-
tures for developing an SMT for the case of 𝐺/𝑄, where 𝑄
is a parabolic subgroup of classical type. Then after a six-
month period of intense/serious discussions by the three
of us, we wrote “Geometry of 𝐺/𝑃-IV” (cf. [LMS79]), in
which we gave the complete proof of the conjectures of
[LS78], we stated the conjectures for the case of 𝐺/𝑄, and
we outlined a proof of the same. I have very good reminis-
cences of our discussion: we used to meet around noon
and go on until 7:00 p.m., with a lunch break for an hour
and then a couple of tea breaks. It should be remarked that
most of the time, the crucial idea would strike us while we
were having our tea!

Procesi visited the Tata Institute in January and Febru-
ary of 1978. Upon his invitation, I was a visiting professor
at the University of Rome, for the academic year 1978–79.
Procesi, De Concini, and I had verymany interestingmath-
ematical discussions. The following two years, at the invi-
tation of Kempf, I was a visiting professor at Johns Hop-
kins. The following three years, I spent at the University
of Michigan, Ann Arbor. In the summer of 1982, on my
way to India, I made a stop in Germany to attend a week-
long conference on “Algebraic Groups” in Oberwolfach,
organized by Springer and Tits. During the conference,
Victor Kac pointed out a serious error in the paper of De-
mazure mentioned above. We got very worried, since, as
mentioned above, we had used the results of Demazure’s
paper in our papers “Geometry of 𝐺/𝑃-III, IV” in quite a
non-trivial way. Once again, we got into serious mathe-
matical discussions. Thankfully, Seshadri and I were able
to fix our proof by taking a totally different approach than
that found in [LMS79]. Thus, we wrote the paper “Geom-
etry of 𝐺/𝑃-V”([LS86]).

We were still thinking about the extension of SMT to
other exceptional groups. In the process, I arrived at a
set of conjectures (see [LS91] for a statement of these con-
jectures). Our goal was to extend the SMT to exceptional
groups, but to our surprise, the conjectures seem to include
the Kac-Moody groups also. As a first step towards prov-
ing the conjectures, Seshadri and I showed that the con-
jectures hold for 𝑆𝐿(2) (Standard Monomial Theory for 𝑆𝐿2,
Advanced Series in Mathematical Physics, vol. 7, 1989).

Thanks to his ingenuity, Littelmann completed the SMT
even for the Kac-Moody groups by proving the above-
mentioned conjectures (cf. [Lit98]). Littelmann’s proof
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makes a clever use of the representation theory of quan-
tum groups at a root of unity, as developed by Lusztig in
the1990s.

Once the SMT was complete, Seshadri and I were look-
ing at the problem of relating the cotangent bundle to 𝐺/𝐵
to some suitable Schubert variety in the affine flag variety.
To make this a little more precise: in his seminal paper
“Canonical bases arising from quantized enveloping alge-
bras” (JAMS), Lusztig relates certain orbit closures arising
from the type 𝐴 cyclic quiver 𝐴ℎ to certain affine Schu-
bert varieties. On the other hand, in the case ℎ = 2, in
her paper, “On the conormal bundle of the determinantal
variety” (J. Algebra), Strickland relates such orbit closures
to conormal varieties of determinantal varieties; further-
more, any determinantal variety can be canonically real-
ized as an open subset of a Schubert variety in the Grass-
mannian (cf. [LS78]). Inspired by these results, we were
interested in finding a relationship between affine Schu-
bert varieties and conormal varieties to Schubert varieties
in the Grassmannian. As a first step, I was able to show
in “Cotangent bundle to the Grassmannian variety” (Trans-
formation Groups) that the compactification of the cotan-
gent bundle to the Grassmannian is canonically isomor-
phic to a Schubert variety in a two-step affine partial flag va-
riety. This result was extended to cominuscule Grassman-
nians by me (together with V. Ravikumar and W. Slofstra)
in “Cotangent bundle to cominuscule Grassmannian vari-
eties” (Michigan Math. J.).

Then in 2017, together with Rahul Singh, we (Seshadri
and I) were able to extend these results to 𝑆𝐿(𝑛)/𝐵 in
“Cotangent bundle to the flag variety-I” (Transformation
Groups, 2017). This is my last publication together with
Seshadri, and his last publication also!

III. Seshadri as a friend. After spending nearly three
decades at TIFR, Seshadri moved to Chennai in the mid-
1980s, and joined IMSc, as the head of the Mathematics
Department. At more or less the same time, I moved to
Boston to join the math faculty at Northeastern University.

After spending a brief time at IMSc, Chennai, Seshadri
branched out and started an institution with the mission
of training undergraduates, besides undertaking research.
This new institution was formed, in October 1989, with
the help of Parthasarathy, who was then working at the
petrochemical company SPIC in Chennai, and the new in-
stitution was called the SPIC Mathematical Institute.

After going through some initial financial difficulties,
this institution eventually evolved into the Chennai Math-
ematical Institute. CMI has emerged internationally as one
of the most well-recognised Indian institutions for math-
ematics. The undergraduates from CMI are accepted into
PhD programs in such top-notch universities as Harvard,
MIT, Brandeis, Northeastern, Princeton, Emory, University

of Chicago, Caltech, and UCLA in the US, I.H.E.S., Ecole
Normale, and Université Paris 7 in France, and Max-Plank
Institute and Universität Hamburg in Germany.

Figure 8. Lakshmibai and Seshadri in Rome in 2001.

Since the birth of CMI, in 1989, I have been a regular vis-
itor during the winter months of every year, which enabled
our collaboration to continue! Having known Seshadri for
five decades, I would describe him as a very genteel person,
patient to the core, who brought nothing but joy & plea-
sure to the people around him.

I could say that just by observing him, I have learnt
so many things about life, which have polished my na-
ture/character unknowingly!

Another trait that cannot be missed by anyone who
might have had just an acquaintance with him is his mod-
esty. In spite of being the recipient of so many glori-
ous/prestigious awards, he remained so modest which
only added to his personality! I would like to end this ar-
ticle by quoting Seshadri’s general PHILOSOPHY OF LIFE:

“NOTHING IS THE END OF THE WORLD”!

Venkatramani
Lakshmibai

1964 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 11



Further Development of
Standard Monomial Theory
and Applications

Peter Littelmann
I remember very well the first time I met Seshadri in fall
1983. He was at Brandeis University as a visiting professor
for one year, and I had just arrived there as an exchange
PhD student, also for a year. Seshadri’s course Introduc-
tion to Standard Monomial Theory seemed to me a good op-
portunity to learn some algebraic geometry related to alge-
braic groups. Pradeep Shukla and I agreed to take notes
for the course. After being back in Europe, I used what I
just had learned about standardmonomial theory to prove
a combinatorial tensor product decomposition rule for all
groups for which standard monomial theory was available
at that time; this was part of my PhD thesis. This rule
generalizes the classical Littlewood-Richardson rule. Later,
I formulated an effective version of this rule in positive
characteristic, meaning standard monomial theory can be
used to construct a good filtration of the tensor product
𝐻0(𝐺/𝐵,ℒ𝜆) ⊗ 𝐻0(𝐺/𝐵,ℒ𝜈), and the multiplicities are cal-
culated by the same rules.

While writing up the notes for Seshadri’s course at Bran-
deis, I had many discussions with him. Seshadri was an
extremely good and very patient teacher. He was not only
explaining mathematics to me, I was also going with him
to listen to a lot of Indian music. Of course, there were
some concerts we went to in Boston, together with Laksh-
mibai, as well later in Chennai, when I visited him. But
also while thinking about a question, he suddenly started
to hum a raga, a very soothing habit.

There were two points coming up during these discus-
sions with Seshadri, which never left my mind: the role
of the extremal weight vectors in the theory, and the prob-
lem of finding a “useful” indexing system for a basis of a
representation.

When Kashiwara developed the theory of crystal bases,
one was looking for combinatorial models for this the-
ory. The tableaux defined by Lakshmibai, Musili, and Se-
shadri turned out to be perfectly adapted to form such a
model. Meanwhile, Lakshmibai had a conjectural version
of tableaux for integrable highest weight representations
of arbitrary Kac-Moody algebras. The tableaux consisted
of a linearly ordered sequence of Weyl group elements
and an increasing sequence of rational numbers satisfying

Peter Littelmann is a professor of mathematics at the University of Cologne. His
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certain conditions. To circumvent the intricate Weyl group
combinatorics and to add more flexibility to the combi-
natorics, I had the idea to view the tableaux as a special
class of piecewise linear paths, the weight of a path 𝜋 be-
ing the endpoint 𝜋(1). The crystal operators act in this
language as local affine reflection operators, leading to the
“path model” of a representation. In this language, Laksh-
mibai’s pairs of sequences provide an explicit parametriza-
tion of a special path model, now called the Lakshmibai-
Seshadri paths, or for short LS paths. This combinatorial
model provides character formulae forDemazuremodules
and Weyl modules. Other consequences are a Littlewood-
Richardson rule for tensor products of integrable highest
weight representations of arbitrary Kac-Moody algebras,
and a decomposition formula for restrictions of represen-
tations to Levi subalgebras.

The starting point of a standard monomial theory for
the ring of sections ⨁𝑛∈ℕ𝐻0(𝐺/𝐵,ℒ𝑛𝜆) is the construc-
tion of a basis for 𝐻0(𝐺/𝐵,ℒ𝜆), indexed by LS paths. Se-
shadri pointed out the importance of the role of the ex-
tremal weight vectors for the standard monomial theory,
and the path model is very suggestive in this direction. For
an LS path 𝜋 of shape 𝜆 and an appropriate 𝑚 > 0, the
stretched path 𝑚𝜋 is just a concatenation of straight lines
joining the origin with extremal weights. This suggests tak-
ing the product of the corresponding extremal weight vec-
tors, and defining the basis vector 𝑝𝜋 ∈ 𝐻0(𝐺/𝐵,ℒ𝜆) as
the “𝑚th root” of this product. The problem of finding
an 𝑚th root of a section could be solved with the help
of Lusztig’s Frobenius map for quantum groups at a root
of unity. This approach provides a type-independent con-
struction of a standard monomial basis. The basis is com-
patible with Schubert varieties, opposite Schubert varieties,
and Richardson varieties. The quadratic straightening rela-
tions generate the vanishing ideal of the embedded flag
variety. In fact, these relations provide a Groebner basis.
Other consequences: Schubert varieties 𝑋𝜏 ⊂ 𝐺/𝑄 are de-
fined linearly, the ring of sections ⨁𝑛≥0𝐻0(𝑋𝜏, ℒ𝑛𝜆) is a
Koszul ring, and one can construct a good filtration of
tensor products. Chirivì used this theory to construct a
flat deformation of an embedded Schubert variety into a
union of toric varieties, and he and Maffei lifted the stan-
dard monomial theory to complete symmetric varieties.

The explicit construction of the bases of fundamental
representations for the classical groupsmakes it possible to
use the Jacobian matrix to determine the dimension of the
tangent space of a Schubert variety at a 𝑇-fixed point. This
point of view was taken in a series of articles by Seshadri,
Lakshmibai, Sandhya, and others in order to establish ex-
plicit formulae for the dimension of tangent spaces, and
to derive smoothness criteria for Schubert varieties (see
for example the article by Lakshmibai and Seshadri on the
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“Singular locus of a Schubert variety”). Similar arguments
apply to varieties which can be realized as an open sub-
set of a Schubert variety. As an example, let me mention
the irreducible components of the variety of complexes dis-
cussed in “Schubert varieties and the variety of complexes”
by Musili and Seshadri.

When Seshadri was visitingme in Strasbourg, we started
to discuss an article by Pittie and Ram. Suppose 𝐺 is
a semisimple algebraic group. They consider in the 𝑇-
equivariant 𝐾-theory of a flag variety the product [𝒪𝑋𝜏]𝑇 ⋅
[ℒ𝜆]𝑇 of the class of the structure sheaf of a Schubert va-
riety with the class of a line bundle associated to a domi-
nant weight. The product is expressed as an explicit linear
combination of classes of structure sheaves [𝒪𝑋𝑒(𝜋)]𝑇 𝑒

𝜋(1),
where the sum is running over a certain subset of LS paths,
and the Schubert variety 𝑋𝑒(𝜋) is determined by the “final
direction” 𝑒(𝜋) of 𝜋. Pittie and Ram were mostly using the
combinatorial properties of the LS paths. Out of our dis-
cussion grew a joint article [LS03]. We use standard mono-
mial theory to construct an explicit filtration of the 𝒪𝐺/𝐵-
sheaf𝒪𝑋𝜏⊗ℒ𝜆, stable under the action of a Borel subgroup
𝐵, such that the associated graded sheaf is a direct sum of
structure sheaves of Schubert varieties, and the 𝐵-action is
twisted by a character as in the formula by Pittie and Ram.
In addition, we present indications that to have such an
effective version of a Pieri-Chevalley formula is roughly
equivalent to standard monomial theory. Indeed, similar
filtrations have been considered in [LMS79, LS86], where
they play a crucial role in developing a standardmonomial
theory for 𝐺/𝑄, where 𝑄 is a parabolic subgroup of classi-
cal type.

Another beautiful basis of representations is the one
given by the Mirković-Vilonen cycles. This approach uses
the realization of the representation of the group 𝐺 as the
intersection cohomology of an appropriate Schubert va-
riety in the affine Grassmannian 𝒢 of its Langlands dual
group 𝐺∨. The connection with LS paths, or rather LS gal-
leries in this case, was established in a joint work with
Gaussent. These galleries can be used to parametrize an
open and dense subset of a Mirković-Vilonen cycle, and
hence the LS-galleries form a natural indexing set for the
cycles. Another consequence of this geometric construc-
tion: these galleries can be used to count points (over a
finite field) in a certain intersection of orbits in the affine
Grassmannian, and thus provide beautiful formulas to cal-
culate Hall-Littlewood polynomials.

Despite all this, the LS paths remain somewhat myste-
rious. A new input came recently with the development
of the Newton-Okounkov theory. Many polytopes known
in representation theory, like Gelfand-Tsetlin polytopes
and the string polytopes, got a new algebraic-geometric
interpretation as Newton-Okounkov bodies. The integral

points in these polytopes index a basis of the represen-
tation. In a joint work with Chirivì and Fang, we get a
corresponding interpretation of the LS paths. A standard
way to get a ℤ𝑁+1-valued valuation (𝑁 = dim𝐺/𝐵) on the
ring of sections 𝑅𝜆 = ⨁𝑛∈ℕ𝐻0(𝐺/𝐵,ℒ𝑛𝜆) is to fix a max-
imal chain of Schubert varieties. Roughly speaking, the
valuation of a section is given by the degree and the suc-
cessive vanishing multiplicities. Instead of choosing one
fixed maximal chain, we take the minimum of the valua-
tions arising from all possible maximal chains of Schubert
varieties. This is just a quasi-valuation, but one can still as-
sociate to it a Newton-Okounkov body: it turns out to be
the generalized polytope with integral structure studied by
Dehy. The integral points are the LS paths. The standard
monomials in 𝑅𝜆 form a perfect section to the filtration of
the ring induced by the quasi-valuation. This provides an
explanation of the LS path indexing a standard monomial
𝑝𝜋: the linearly ordered sequence of Weyl group elements
corresponds to amaximal chain for which theminimal val-
uation is attained, the sequence of rational numbers corre-
sponds to successive renormalized vanishingmultiplicities
of 𝑝𝜋 with respect to this chain, and the sumof these renor-
malized vanishingmultiplicities is the degree of themono-
mial. This can be viewed as a first step towards Seshadri’s
conjectural interpretation of the LS paths, formulated by
him in Volume 2 of his Collected Papers, as follows:

I have felt that a good understanding of SMT would be via
a cellular Riemann-Roch formula as the definition of LS paths
could be formulated geometrically in terms of the canonical cel-
lular decomposition of 𝐺/𝐵.

We will miss the stimulating, humourous, and encour-
aging discussions with him.

Peter Littelmann
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with a focus on their human experience in the discipline. 
In particular, despite the challenges they each faced in 
their individual lives, they prospered through and within 
the contours of a career in mathematics. I intentionally 
chose the word “prosper” because it suggests abundance 
that propagates elsewhere. This paper grew out of that talk.

It is certainly true that this work could have featured 
many other members of the mathematics community. I 
focused on Lefschetz, Artin, Cox, and Horne, however, since 
they each arose in entirely different projects I pursued over 
the course of the last decade. In those seemingly disparate 
studies, I began to realize these colleagues shared a point of 
connection. They each achieved remarkable success in their 
mathematical careers and, yet, they each faced what could 
have been considered a deficit in a single moment—or 
collection of moments—where they felt “less than” others 
around them. They could have been defeated. Yet, they 
persisted. They found the courage to walk through those 
moments and complete the next task (and the one after 
that). In so doing, they advanced students and colleagues 
around them and helped shape a stronger American math-
ematical community. In particular, they show us that when 
colleagues visit the White House to accept the National 
Medal of Science or receive an endowed chair at Princeton 
or have a building named after them or work to help A-list 
movie stars see the beauty of mathematics, there are many 
other ordinary moments in their lives that came together 
to make that one possible. We have a tendency to focus 
on these more public moments when, in fact, the bulk of 
their careers and contributions occurred on ordinary days 
in ordinary offices with ordinary tasks. Just like us.

This look back at these members of the mathematical 
community can inform the way we move forward. We 
might, for example, identify with some aspect of the indi-
vidual lives of Lefschetz, Artin, Cox, or Horne and use it as 
inspiration for our own. Taken together, their experiences 
call attention to the broad population that participates in 
the discipline of mathematics. Their lives underscore the 
critical importance of the current historical moment’s em-
phasis on making space for others to belong. Using these 

Introduction: The “Human Interest”  
of Mathematics
In January 1919, the President of the Carnegie Institution, 
the mathematician R. S. Woodward, wrote to Leonard 
Dickson regarding the introduction to what would become 
Dickson’s celebrated History of the Theory of Numbers. In 
particular, Woodward encouraged Dickson to “add the 
human interest which many of our friends who are professed 
humanists deny to our favorite science.” From Woodward’s 
perspective, this approach would give the book “the kind of 
sendoff its rich mine of contents so admirably deserves.”1

Just think of it. Over a century ago, as members of the 
American mathematics community aimed to produce 
work and publications that would lend credibility to the 
discipline, Woodward encouraged a focus on the human 
aspect of mathematics as a prelude to Dickson’s 1600-page 
study of number theory. Even more, Woodward viewed that 
approach as an admirable sendoff for the 400-year study. 
Woodward was ahead of his time. The young community 
aimed to create institutions to award doctoral degrees, build 
societies to bring colleagues together to discuss ideas, and 
establish publication venues to disperse research more 
broadly. In this broader context, however, Woodward 
urged Dickson, a leader in every aspect of this work at the 
time, to remember and celebrate the human being actually 
doing the work.

I accepted Woodward’s call to focus on the humanity of 
mathematics in an invited plenary address I gave a century 
later (almost to the day) at the Joint Mathematics Meet-
ings in January 2019 in Denver, Colorado, on “Prospering 
Through Mathematics.” There, I explored the lives of Solo-
mon Lefschetz, Emil Artin, Gertrude Cox, and Rudy Horne 

Della Dumbaugh is a professor of mathematics at the University of Rich-
mond. Her email address is ddumbaugh@richmond.edu.
1Robert S. Woodward to Leonard Dickson, January 14, 1919, Carnegie 
Institution Archives, Washington, DC, Dickson Papers.
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Kansas. These 14 years in the west gave him the opportunity 
to work in “complete mathematical calm” [Lefschetz1, p. 
854]. “Scientifically speaking,” he would later describe 
them, “my ‘years in the West’ with total hermetic isolation 
played in my development the role of ‘a job in a lighthouse’ 
which Einstein would have every young scientist assume 
so that he may develop his own ideas in his own way” 
[Lefschetz2, p. iii]. He applied techniques from what was 
then known as analysis situs—topology today—to some 
of the main questions in algebraic geometry. His new 
approach revitalized algebraic geometry and bolstered the 
discipline that would become topology by showing its 
application to other fields in mathematics. As he famously 
described it, “it was my lot in life to plant the harpoon of 
algebraic topology into the body of the whale of algebraic 
geometry” [Lefschetz1, p. 854].3 Lefschetz published this 
work in a series of papers including a Mémoire in French 
and its slightly modified and translated version in the 
Transactions of the AMS in 1921 [Lefschetz3]. The Académie 
des Sciences, Paris, awarded him the Prix Bordin in 1919 
for the Mémoire and the AMS awarded him the Bôcher Me-
morial Prize for the translated version in 1924. This work 
became more widely available when he published it as a 
monograph in the Borel series and gained him recognition 
in the broader mathematical community.

In particular, in 1923, Henry B. Fine, Dean of the Faculty 
and Chair of the Department of Mathematics at Princeton, 
offered Lefschetz a visiting professorship in 1924–1925. 
That single year segued to a permanent position that 
extended throughout the rest of Lefschetz’s career as he 
progressed through the ranks and, in 1932, became the 
second Henry B. Fine Research Professor when Oswald 
Veblen moved to the newly formed Institute for Advanced 
Study. Lefschetz held the Fine Chair—which was the most 
distinguished chair in American mathematics at the time—
until age forced his retirement in 1953.

At the time of his initial move to Princeton, Lefschetz 
shifted his research interests from algebraic geometry to 
topology and, most notably, established the fixed-point 
theorem which bears his name. He delivered the 1930 
AMS Colloquium Lectures on the topic of topology and 
published the associated volume, Topology, establishing the 
name topology in place of analysis situs [Lefschetz5; Grif-
fiths, p. 275]. From 1925–1945, Lefschetz was considered 
the most outstanding American topologist and he helped 
build a strong research group at Princeton.4 Like many 
mathematicians, Lefschetz turned his attention to new 
areas of research during WWII. In particular, he began to 
oversee projects in differential equations supported by the 

3Of course he did some teaching during this time too. He described his 
teaching in the west as an experience that “generally absorbs too much 
energy” [Lefschetz4, p. 345].
4[Steenrod] and [Nasar, p. 64].

insights as a foundation, readers can connect this past to 
the present and explore their own ways to prosper in the 
discipline and encourage others to prosper too.

Solomon Lefschetz (1884–1972): Lost and Found 
In 1884, Solomon Lefschetz was born in Moscow to parents 
he would later describe as Russian Jews. His family moved 
to Paris a few weeks after his birth and he was subsequently 
educated in that vibrant city. Lefschetz spoke French at 
home and would learn Russian and many other languages 
throughout his life. Although his first love was mathe-
matics, he studied engineering at the École Centrale Paris 
from 1902–1905 since he could not envision a career in 
mathematics in France without French citizenship. Once he 
earned his engineering degree, he immigrated to the US to 
gain practical experience. He was particularly interested in 
electrical engineering, “a non-existing speciality at the École 
Centrale” [Lefschetz2, p. i]. After a job at the Baldwin Loco-
motive Works near Philadelphia, he became an apprentice 
at Westinghouse Electrical and Manufacturing Company 
in Pittsburgh in January 1907. Just eleven months later, 
however, at the age of 23, he lost his hands and forearms 
in a transformer testing accident. After some months of 
convalescence, he returned to Westinghouse where he was 
assigned to an engineering department focused on the de-
sign of alternating current generators. He grew increasingly 
dissatisfied with the “extremely routine” nature of the work 
[Lefschetz2, p. ii]. He also struggled with the day-to-day 
and emotional aspects of adjusting to life as a young man 
with wooden hands covered with black gloves. Lefschetz’s 
injury occurred before the long-term effects of trauma were 
understood fully.2 A colleague’s wife described him as “a 
poor downcast creature, with only rudimentary artificial 
hands” [Hodge, p. 434].

This confluence of events inspired him to resume his 
studies of mathematics. In 1910 he enrolled as a graduate 
student in mathematics at Clark University where, under 
W. E. Story’s guidance, he earned a PhD on the maximum 
number of cusps on a plane curve of specific degree. He 
earned his PhD in a year. While at Clark, he began his life-
long appreciation for—and use of—a strong mathematics 
library. But the Clark University library had a unique dis-
tinction he would not find elsewhere. It had exactly one 
other patron, a Miss Alice Berg Hayes, who “helped him to 
overcome his despair and face up to life” and would later 
become his wife and “a tower of strength to him for the 
rest of his life” [Hodge, p. 434].

After he completed his PhD, Lefschetz spent two years at 
the University of Nebraska and 12 years at the University of 

2More than 100 years later, Bessel van der Kolk published his ground-
breaking work on the long-term effects of trauma in his The Body Keeps 
the Score. In particular, van der Kolk identified the power of close human 
relationships for reclaiming lives. Although Lefschetz knew none of this at the 
time, he and his wife Alice figured it out together over the course of their lives.
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relinquished the editorship, the Annals was generally rec-
ognized as among the world’s best mathematics journals 
[Steenrod]. Lefschetz accomplished this transformation 
by soliciting high-quality papers and establishing a rep-
utation for rejecting second-class papers. He oversaw the 
publication of 1858 papers over his thirty year editorship. 
His assessment? It did not “overwhelm me with work” 
[Lefschetz4, p. 349].

He won many awards in his lifetime, including induc-
tion into the National Academy of Sciences and the US 
Presidential Medal of Science. He also won the highest 
awards offered by the countries of Italy and Mexico. The 
French government explored the idea of nominating him 
for the Nobel Prize.5 He lived a remarkable life. In 1970, 
at the age of 86, with nearly the full arc of his life in view, 
Lefschetz offered his “Reminiscences of a mathematical im-
migrant in the United States” on the pages of the American 
Mathematical Monthly. There, he concluded by acknowl-
edging a “budget of debts which I may never succeed in 
liquidating to the full” [Lefschetz4, p. 350]. In particular, 
he thanked his wife Alice “for her constant and unfailing 
encouragement” and he thanked the United States for its 
university structure which allowed him to follow his “deep 
bent” for mathematics.

It was a traumatic accident at the age of 23 that prompted 
Lefschetz to reorient his focus towards mathematics. That 
new professional path combined with his shared life with 
Alice changed him and, in turn, the course of our discipline.

One of Lefschetz’s last responsibilities as AMS President 
was to write to the President of Notre Dame in early 1937 
on behalf of a young European mathematician. As Lefschetz 
described the situation, “He is an Austrian Aryan, but his 
wife is one-half Jewish. They have a couple of small children 
and you know the rest….” (Lefschetz to O’Hara, January 
12, 1937; see footnote 7). That mathematician? Emil Artin.

Emil Artin (1898–1962): A New Homeland6

Born in 1898 in fin de siècle Vienna to an art dealer fa-
ther and opera singer mother, Emil Artin was influenced 
throughout his life by the rich cultural atmosphere of the 
late Hapsburg Empire. He was, as the algebraist Richard 
Brauer later described him, as much artist as mathemati-
cian. After his first semester at the University of Vienna in 

5Lefschetz’s Princeton colleagues convinced the French that his contributions 
in mathematics would not align with the prize guidelines. See M. Germot 
to J. Douglas Brown, January 6, 1960, Princeton University Archives, 
Princeton, New Jersey, Lefschetz papers.
6This section draws from D. D. Fenster, “Artin in America (1937–1958): A 
time of transition,” In Emil Artin (1898–1962) Beiträge zu Leben, Werk 
und Persönlichkeit (K. Reich and A. Kreuzer, eds., with the collaboration 
of Catrin Pieri), Algorismus 61, Dr. Erwin Rauner Verlag, Augsburg, 2007; 
Della Dumbaugh and Joachim Schwermer, Emil Artin and Beyond: Class 
Field Theory and L-Functions, European Mathematical Publishing House, 
Zürich, 2015; and “Creating a life: Emil Artin in America,” Bulletin of 
the American Mathematical Society 50 (2013), 321–330.

Office of Naval Research and the industry-funded Research 
Institute for Advanced Study. That Lefschetz began his work 
in DE when he was nearly 60 years old and devoted the 
next 25 years to it underscores his tremendous energy and 
his lifelong commitment to mathematics.

The move to Princeton brought more than new research 
interests for Lefschetz. His mathematical isolation came to 
an end as he surrounded himself with a wide circle of out-
standing mathematicians including Oswald Veblen, Henry 
B. Fine, James Alexander, and Joseph Wedderburn, among 
others. He wasted no time embracing the department’s 
commitment to growing a strong research program in the 
1920s. In particular, he assumed the role as the department 
representative to the Graduate School Committee. He pro-
tected and advanced the interests of the graduate program 
to “build a research program through the cultivation of 
young mathematical talent” [Aspray, p. 361]. He did more 
than welcome students. He advised 29 PhD students, many 
of whom went on to make significant contributions to the 
broader mathematical community.

The Canadian Albert Tucker, for example, earned his 
PhD under Lefschetz in 1932 and simplified many of his 
techniques. He worked alongside Lefschetz at Princeton, 
anchoring the department as chair for nearly two decades. 
Tucker would go on to oversee the thesis of Nobel Prize 
winner John Nash. John Tukey completed his 1939 disser-
tation on topology and later shifted his focus to statistics. 
He ultimately helped establish the Department of Statistics 
at Princeton and received the National Medal of Science in 
1973 from President Richard Nixon. Lefschetz’s 1940 PhD 
student Edward Begle also explored new research interests, 
directing the School Mathematics Study Group which, 
among other recommendations, proposed and developed 
what came to be known as “the new math.” John McCar-
thy received his PhD in 1951 and later moved to Stanford 
where he became a computer scientist and founded the 
field of artificial intelligence. In 1971 he was awarded the 
Turing Award, often recognized as the highest distinction 
in computer science. This quick snapshot of Lefschetz’s 
students points to his far-reaching influence in the broader 
mathematical community and beyond.

Lefschetz was also an effective administrator. He served 
as AMS president from 1935–1936 and chaired his depart-
ment from 1945–1953. From 1945–1965 he held a visiting 
professorship in mathematics at the University of Mexico 
and helped establish a strong mathematics program there. 
In 1957, after the launch of Sputnik, Lefshetz helped re-
think American engineering education. At the age of 80, he 
still actively lectured in two languages at three institutions.

He also edited the Annals of Mathematics for thirty years, 
from 1928–1958. These were not just any thirty years to 
edit a mathematics journal in America. These were thirty 
years of tremendous growth for American universities and 
colleges and mathematics in particular. By the time he  
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suggesting the addition of Artin would give Notre Dame 
“two such stars in your firmament” that would allow the 
institution to “outclass in this branch of learning all but 
a small number of the oldest universities.” And so it was 
done. The short-term position at Notre Dame provided a 
starting point, an opportunity for steady income in that 
critical first year in a foreign country. While there, he de-
livered a series of lectures on Galois Theory that became 
immortalized in the monograph by the same name and 
subsequently read by many aspiring mathematicians in 
his adopted country.8

Naturally, news of Artin’s arrival at Notre Dame spread 
quickly among mathematicians. In particular, the chair of 
the math department at Indiana University in Bloomington 
(some 174 miles south of Notre Dame) recognized the 
value Artin could bring to their program. In his letter to his 
Dean, the chair described Artin as “almost on our doorstep” 
and as “the leading man in algebra in the world and one of 
the outstanding mathematicians of all fields.”9 This close 
proximity and talent apparently convinced the Dean, and 
Artin was offered a permanent position the following year. 
Artin oversaw the work of two PhD students while at In-
diana, including his only woman American PhD student, 
Margaret Matchett. At Indiana, Artin taught three classes 
plus the graduate seminar each semester. He taught across 
the mathematics curriculum, including, for example, trig-
onometry, advanced calculus, and differential equations.

The structure of this teaching load combined with the 
security of a permanent position allowed Artin to resume 
his mathematical research. After a very active decade from 
1921–1931, the next 10 years of Artin’s life were relatively 
quiet in terms of publications. In fact, from 1933–1940, 
Artin did not publish any mathematics at all. The topics 
he suggested to his graduate students and young collabo-
rator, George Whaples, show that although he had taken 
something of a hiatus from publishing mathematics, he 
had remained keenly aware of developments in his fields 
of interest.10 The move to Indiana also allowed the Artin 
family to resume the active social life they had enjoyed in 
Hamburg, welcoming friends from many departments at 
the university. And music returned to the home.

He remained at Indiana until 1946 when he moved to 
Princeton. The Princeton opportunity seemed to revitalize 
Artin even more. His teaching style manifested itself in 
the form of 18 doctoral students, including John Tate and 
Serge Lang. He had indeed kept himself apprised of all the 

8Emil Artin, Galois Theory, Notre Dame Mathematical Lectures, No. 2, 
University of Notre Dame Press, Notre Dame, 1942.
9K. P. Williams to Fernandus Payne, April 6, 1938, Indiana University 
Archives, Indiana University, Bloomington, Indiana, Artin File.
10For more on Artin’s work with Whaples, see Della Dumbaugh and Joachim 
Schwermer, “The collaboration of Emil Artin and George Whaples: Artin’s 
mathematical circle extends to America,” Archive for History of Exact 
Sciences 66 (2012), 465–484.

1916, Artin was drafted into the Austrian Army, where he 
served until the end of World War I. In 1919 he enrolled at 
the University of Leipzig, and completed his doctorate in 
mathematics in only two years under the direction of Gus-
tav Herglotz. His dissertation focused “On the Arithmetic 
of Quadratic Function Fields over Finite Fields.” While at 
Leipzig, he also took courses in physics including mechan-
ics, atomic theory, and quantum theory.

Artin spent the 1921–1922 academic year at the math-
ematically vibrant University of Göttingen studying math-
ematics and mathematical physics with Richard Courant 
and David Hilbert. He also attended the chamber music 
sessions hosted by Courant. He played all of the keyboard 
instruments and was an especially accomplished flautist. 
The following year he moved to the recently opened Uni-
versity of Hamburg. He achieved the rank of full professor 
in 1926. While at Hamburg, Artin oversaw the work of 
eleven doctoral students and published a veritable canon of 
mathematics that most mathematicians would only dream 
of publishing in a lifetime. He made a major contribution 
to field theory, the theory of braids, and, around 1928, he 
worked on rings with the minimum condition on right 
ideals, now called Artinian rings. In 1927, at the age of 
29, he solved the 17th of the 23 problems posed by David 
Hilbert in 1900. In the same year, he also proved a general 
law of reciprocity that included all previously known laws 
of reciprocity which had been discovered from the time 
that Gauss produced his first law.

In 1929 Artin married one of his students, Natalie Jasny. 
Natalie’s Jewish background and Artin’s personal sense of 
justice prompted them to leave Germany in 1937. This 
was no easy task. While the political situation necessitated 
Artin’s departure from Germany, in terms of financial 
promise, he could hardly have arrived in America at a 
worse time. America was in the middle of a severe financial 
depression. Relative to mathematics, as early as 1932, a 
minimum of 200 members of the AMS were out of work. 
Some 240 institutions had dropped more than 2000 Amer-
icans from their faculties. With so many Americans out of 
work, Solomon Lefschetz and others who aided displaced 
German scholars had to work judiciously to contend with 
a nationalistic sentiment that raised concern over talented 
young American men so inadequately placed to accom-
modate displaced scholars. Even still, it was Lefschetz who 
appealed to Father John Francis O’Hara, then President 
of Notre Dame University, on Artin’s behalf.7 At the time, 
Notre Dame had recently made a commitment to invest in 
staff and facilities to establish doctoral programs in a few 
disciplines, including mathematics. They had hired Karl 
Menger to lead this initiative. Lefschetz appealed to O’Hara 

7Solomon Lefschetz to Father John O’Hara, January 12, 1937, Artin File 
(UDIS 101/43), University of Notre Dame Archives. For a full copy of this 
letter see “Creating a life: Emil Artin in America,” p. 322.
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She continued at Iowa State and earned the first Master’s 
in Statistics in 1931. At that time, the math department 
would not award an assistantship to a woman so Cox 
funded her graduate work with assistantships in psychology 
and art. After receiving her Master’s degree, she wanted to 
teach high school but could not find a position since she 
did not have the requisite courses in education. Her love 
of people and her desire to learn “what made them tick” 
inspired her to pursue a PhD in child psychology at the 
University of California at Berkeley [Anderson1, p. 119]. 
Two years later, however, in 1933, Snedecor wrote to her, 
“I…am rapidly being drawn into statistical responsibilities 
for a large part of the College. Would you like to be a part 
of this? I think the opportunity is great” [Lohr, p. 318]. 
With this invitation, Cox set aside her studies at Berkeley 
and returned to Iowa to assist Snedecor with the newly 
organized Statistical Laboratory.

Initially, she joined two other faculty members at the 
Iowa State Statistical Laboratory. She oversaw the (human) 
computers performing data analyses and visited labo-
ratories and fields to study the data collection process. 
This latter work aligned with her goal to use her math 
knowledge to help people and fostered collaborations with 
researchers to develop successful experimental designs and 
analyses. She took these insights into the classroom and 
attracted students from a broad range of disciplines to her 
“renowned” class on “Design of Experiments” [Anderson1, 
p. 119]. Working with Snedecor and others, including W. 
G. Cochran, Cox soon established herself as an expert in 
this field. Later, she and Cochran expanded and polished 
a collection of mimeographed notes which they published 
in 1950 as their classic Experimental Designs.12 Nearly three 
decades later, the statistician Frank Yates described this 
work as “the best practical book on the design and analysis 
of replicated experiments.”13

Cox and Cochran outlined three basic principles for 
designing an experiment [Lohr, p. 319]:
1. Involve statisticians from the beginning. Set experi-

ment objectives and analysis clearly at the outset.
2. “Randomize everything that can be randomized.” This 

was a novel idea at the time.
3. Use “blocking” when possible. Blocks are homoge-

nous groups of experimental units such as schools in 
the same city, identical twins, patients with the same 
demographics and disease stage, etc. 

Mathematicians who Helped Win the Space Race, William Morrow, 
New York, 2016.
12William G. Cochran and Gertrude M. Cox, Experimental Designs, 
John Wiley & Sons, Inc., New York, 1950.
13Frank Yates, “Gertrude Mary Cox, 1900–1978,” Journal of the Royal 
Statistical Society 142 (1979), 516–517, on p. 516.

important developments in mathematics and involved 
himself in a research program of algebra, number theory, 
and topology. Artin advanced at Princeton holding posi-
tions as Professor of Mathematics, Dod Professor of Math-
ematics, and, finally, the Henry B. Fine Professorship. That 
Artin was awarded the Fine Chair following Oswald Veblen 
and Solomon Lefschetz, two cornerstones of the Princeton 
mathematics department and American mathematics as a 
whole, testifies to the success he achieved in America. Artin 
remained at Princeton until 1959 when he returned to 
Germany. He died in 1962 at the age of 64 of a heart attack.

When it became a political necessity for Artin and his 
family to leave their homeland, it was the mathematical 
community who worked to ensure a successful beginning 
for them in a new country. In this environment, Artin grad-
ually regained his footing and went on to leave a strong 
imprint on American mathematics. 

While Artin faced the reality of a declining political 
situation in Germany, Gertude Cox faced a different sort 
of challenge in the middle of America.

Gertrude Cox (1900–1978):  
The Power of a Postscript
Gertrude Cox was born on a farm near Dayton, Iowa, in 
1900. She spent her childhood “roaming in the woods 
by the river and wandering over the hills” [Anderson1, 
p. 117]. Her family moved to the rural town of Perry, 
Iowa, where she attended public school. She had a close 
relationship with her mother Emma and it was from her 
that she learned the “value and joy of doing for other 
people” [Anderson1, p. 118]. Early on, she aspired to help 
others. After graduating from high school, she taught in a 
one-room schoolhouse in Iowa and studied at the Iowa 
National Bible Training School before she spent the next 
two years acquiring a real education when she served as a 
housemother for 16 orphan boys in Montana. To prepare 
for the role of superintendent of the orphanage, she en-
rolled at Iowa State College for training and appropriate 
credentials. She majored in math because she found it easy. 
To prepare for her chosen career, she also took courses 
in psychology, sociology, and crafts [Anderson1, p. 118; 
Lohr, p. 318]. She earned her degree in 1929. To help pay 
expenses as an undergraduate, she did computing work for 
her calculus professor, George Snedecor. He had asked her 
to work with the comptometers in his computing lab. Many 
years later, Cox speculated that, as the only woman in his 
class, he may have hoped she would have more patience 
for this type of detail work than the men [Anderson1, p. 
118]. Women in general were also hired for this kind of 
work since they could also be paid much less.11

11See David Alan Grier, When Computers Were Human, Princeton 
University Press, Princeton, 2005, and Margot Shetterly, Hidden Figures: 
The American Dream and the Untold Story of the Black Women 
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Hill. She led the Department of Experimental Statistics at 
NC State until 1949, when she moved to the Institute of 
Statistics full time. During and after the war, universities 
began to address research questions from government agen-
cies and associated industries. To continue this association 
after the war, in the late 1950s Cox actively planned what 
became the Research Triangle Institute (RTI), located in 
close proximity to NC State, UNC, and Duke. She retired 
from her position at NC State and led the Statistics Division 
at RTI from 1960–1965.

Her superb administrative style hinged on hiring out-
standing staff and then leaving them to do what they do 
best while she raised funding for them to continue their 
work. She inspired loyalty with this approach [Anderson2, 
p. 6]. She retired a second time and promoted statistics 
further afield in Thailand and Egypt, for example.14 All the 
while, she valued and spoke to PTAs and women’s clubs. 
She traveled extensively, grew orchids, and generously 
hosted colleagues and friends [Anderson1, p. 128; Cochran, 
p. 98]. In all of these diverse settings, Cox remained “in 
command of just about every situation she encountered” 
[Anderson2, p. 6].

Cox’s major contributions to mathematics and science 
came in the form of her ability to organize and administer 
programs. Cochran and other colleagues described her as a 
“builder” [Cochran, p. 98]. Her early accomplishments in 
psychological statistics and experimental design were also 
widely recognized. She became the first woman elected to 
the International Statistical Institute (1949), she served as 
president of the American Statistical Association (1956) 
and the International Biometric Society (1968), and she 
was founding editor of the journal Biometrics (1947–1955). 
Her influential co-authored book Experimental Designs 
remains in print today. NC State established a Graduate 
Fellowship and Distinguished Professorship in her honor. 
They also named a building after her. But the honor she 
cherished most was her election to the National Academy 
of Sciences in 1975 [Anderson1, p. 128].

In 1995, the celebrated historian Margaret Rossiter 
would publish the second of her groundbreaking works on 
the history of women in science, including mathematics, 
and note how rare it was for a woman to earn an appoint-
ment as a department chair at a coeducational institution 
in the forties, fifties, or sixties. Of those that did, Cox would 
be the most successful, not only for her accomplishments 
but also for the credit she received for her work. As Ros-
siter noted, “she not only managed to ride the wave of Big 
Science in the 1950s and 1960s but to be enough ahead of 

14Patti Hunter offers an extensive look at Cox’s work in Egypt in her “Ger-
trude Cox in Egypt: A case study in science patronage and international 
statistics education during the Cold War,” Science in Context 22 (2009), 
no. 1, 47–83. In particular, drawing from the comprehensive work of 
Margaret Rossiter, Hunter offers an analysis of Cox in the broader context 
of women in mathematics and science.

As educator and administrator, Cox emphasized the col-
laborative nature of statistics and the critical importance 
of sound statistical practice.

But then a funny thing happened. In 1940, the School 
of Agriculture at North Carolina State College (later Uni-
versity) asked Snedecor to recommend candidates to head 
their new Department of Experimental Statistics. Snedecor 
showed Cox his list of five male candidates. Imagine how 
Cox must have felt. Snedecor had hand selected her from 
his Calculus class back in 1925, she had published her first 
paper under his direction in 1930, she had earned the first 
Master’s degree in statistics from Iowa State in 1931, and he 
had personally invited her to return home from California 
to help him establish the Statistical Laboratory. In this latter 
role, she was out and about meeting with researchers to de-
velop the best experimental designs and analyses, gaining a 
strong reputation for the Lab and herself along the way. Yet, 
when it came time to offer his recommendations for a new 
Department of Experimental Statistics at NC State College, 
he did not include Cox’s name. How did she respond? She 
did not make a fuss. Instead, she simply asked, “why didn’t 
you put my name on the list?” In response, Snedecor added 
a postscript to the accompanying letter that read “[i]f you 
would consider a woman for this position, I would recom-
mend Gertrude Cox of my staff” [Anderson1, pp. 121–122]. 
That postscript changed the course of mathematics.

Although, “the south still retained something of the atti-
tude that women are rather frail and could not be expected 
to do a man’s job,” as her colleague Cochran described it, 
the Search Committee “knew their business” and Cox was 
hired [Cochran, p. 97].

In building the department at NC State, Cox focused on 
two principles: staffing the department with faculty special-
izing in areas important to the institution (agronomy, an-
imal nutrition, genetics, biology, etc.; Cox herself brought 
her own prowess in psychological applications) and, with 
the help of NC State President Frank Graham, extending 
the reach of the department to the entire university. For 
the former, she also aimed for her faculty to do “some 
missionary work on the importance of sound statistics” 
[Cochran, p. 97]. The latter ensured that her department 
would assume responsibility “for all teaching and consult-
ing in statistics as well as receiving financial support from 
the other departments” [Cochran, p. 98].

This grand vision, grounded in practicality, character-
ized her style more broadly. Graham also encouraged and 
helped her secure a grant from the General Education Board 
of the Rockefeller Foundation to establish and lead an In-
stitute of Statistics at NC State in 1944 and, two years later, 
expand it to the University of North Carolina at Chapel 
Hill with the founding of a Department of Mathematical 
Statistics there. Her administrative prowess allowed her 
to convince the celebrated statistician Harold Hotelling 
to leave Columbia to head the new department at Chapel 
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that explored the long-distance transmission of signals via 
fiber optics. His strong background in physics and classical 
mathematics made the topic a natural fit for him.

While a graduate student at Colorado, Horne contin-
ued to work with the SMART program, only this time as 
a graduate assistant. He also worked in a multicultural 
engineering summer bridge program based on the work 
of Uri Treisman. He helped scores of minority engineer-
ing students succeed in their gateway calculus and physics 
courses. Horne’s work with the Colorado SMART and 
Bridge programs served as a beginning for what would 
become a lifelong commitment to advancing underrepre-
sented students in mathematics. His decade at Colorado 
gave him the opportunity to do mathematics and make a 
difference in people’s lives, and earn a degree that would 
provide him with the credential he needed to continue this 
meaningful work throughout his career.

After a year in the California State University system, 
Horne joined the research team of Chris Jones, the Bill 
Guthridge Distinguished Professor at the University of 
North Carolina. From 2002–2005, Jones’ research focused 
on non-linear optics and Horne’s expertise in four-wave 
mixing brought a new approach to the team. His enthu-
siasm also buoyed the team. Jones celebrated Horne in a 
moving tribute in the form of a letter after Horne’s death 
in 2017. Jones emphasized that Horne found success by 
doing and sharing mathematics. He also admired Horne 
for the way he bounced back from doubt, a lack of support, 
and rejection. Jones would go on to deliver the inaugural 
Rudy Lee Horne Applied Mathematics Lecture at the annual 
Council for African American Researchers in the Mathemat-
ical Sciences (CAARMS) in 2018.

Following this postdoc at UNC and a short time as a fac-
ulty member at Florida State University, Horne accepted a 
position at Morehouse College, a Historically Black College 
and University, in 2010. At Morehouse, Horne served as a 
tremendous role model for students interested in STEM, 
particularly mathematics. To his students, his enthusiasm 
for the subject made it seem like he was never working. But 
Horne did not disguise the difficulties his students would 
face once they left Morehouse. Instead, he promoted a spirit 
of “you can, you will, you should” in them. Morehouse 
provided the perfect home for Horne to continue to make 
a difference in the lives of the next generation of mathe-
maticians. It also provided the unexpected opportunity for 
Horne to work with a Hollywood movie.

When Donna Gigliotti partnered with Theodore Melfi 
to shape Margot Shetterly’s Hidden Figures: The American 
Dream and the Untold Story of the Black Women Mathema-
ticians who Helped Win the Space Race into a movie, they 
were determined to capture the realities of a segregated 
workplace and the realistic home lives of middle-class Af-
rican Americans in the 1960s. They were also committed 
to the accuracy of on-screen calculations. For this part of 
their work, they turned to the affable Rudy Horne to tutor 

it” to contribute to the field with her work on experimental 
design and shape the broader contours of the discipline 
as it emerged in the 20th century [Rossiter, pp. 203–204].

Recently, the 2017 National Academies of Science work-
shop on “Refining the Concept of Scientific Inference when 
working with Big Data,” an entirely contemporary topic, 
reaffirmed the value of Cox’s contributions with their em-
phasis on collaboration with statisticians from the start, 
carefully designed experiments, and appropriate statistical 
inference [Lohr]. This ongoing presence of Cox’s ideas tes-
tifies to the long-term influence of her foundational work. 

As her beloved friend and NAS biographer Richard 
Anderson succinctly described her life, Cox “had that rare 
combination of administrative strength and love for her 
fellow man we so desperately need at the present time” 
[Anderson1, p. 117, my emphasis]. More than forty years 
have passed since Anderson noted the effectiveness of Cox’s 
style for the “present time.” Her combination of “admin-
istrative strength” and “love for her fellow man” is just as 
potent today.

Rudy Horne (1968–2017): 
Unexpectedly Reaching the Masses15

Rudy Horne shared a similar love for his fellow man, in 
particular for those from underrepresented groups with 
an interest in mathematics. Born in 1968, he grew up in 
the South Side of Chicago, not unlike another celebrated 
American by the name of Michelle Obama. In her memoir 
Becoming, Obama remembers that her mother, Marianne 
Robinson, observed that Michelle and her brother Craig 
were not the only two talented students in the South Side 
of Chicago, there were others too. As it turns out, Marianne 
Robinson was right. Rudy Horne was one of those talented 
students. He graduated in 1986, a year behind Obama, 
attending Crete-Monee High School in his neighborhood, 
just 37 miles from the Whitney M. Young Magnet school 
Obama attended. It was in high school that Horne dis-
covered he liked calculus. He set off for the University of 
Oklahoma to pursue a college degree.

He majored in math and physics at Oklahoma. In the 
summer of 1989, he participated in the inaugural year of 
the SMART program at the University of Colorado Boulder. 
This 10-week undergraduate research program was designed 
for students from underserved populations interested in 
pursuing graduate degrees in STEM fields. The summer 
SMART program had lasting implications for Horne. He 
would return to the University of Colorado Boulder for 
graduate school, earning a Master’s in Physics in 1994 and 
a Master’s in Applied Math in 1996. He would go on to 
become the first African American to earn a doctorate in 
Applied Math from Colorado in 2001 with a dissertation 

15This section draws from Della Dumbaugh, “The hidden figure of Hidden 
Figures: Rudy Horne,” Notices of the American Mathematical Society 
66 (2019), no. 2, 202–210.
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give anything to have 1/100 of the number of people that 
saw the movie to know about their work.”19

Throughout 2017, Horne delivered talks, gave radio in-
terviews, and appeared on NPR to discuss his work on the 
movie. In the fall of 2017, he missed a few days of class for 
a health-related issue. He returned and told his students 
everything was okay. But it wasn’t. Horne died at the age 
of 49 on December 11, 2017.

It’s difficult to consider Horne as an individual math-
ematician since he lived so fully engaged in the broader 
community. Chris Jones captured this aspect of Horne’s life 
in his epistolary tribute to him. “Keeping your love of life 
and your love of mathematics as stable rocks in this stormy 
sea wasn’t a tactic to survive, it was just the way you were,” 
Jones wrote. “This must have been what allowed you to still 
give so much to each of us, your community of friends and 
avid supporters.”20

Conclusion: Prospering Daily
If we examine the lives of these four members of our com-
munity by geography of birth (Moscow, Vienna, Dayton, 
and Chicago) or chronological time (1884, 1898, 1900, 
and 1968) or mathematical interest (Algebraic Geometry & 
Topology, Algebra & Number Theory, Statistics, and Applied 
Mathematics), they offer a diverse look at our community. 
If we view them collectively, however, by the spirit of their 
lives, they share a singular bond: they prospered within the 
discipline of mathematics. Mathematics formed a founda-
tion and offered a vision for their lives and they, in turn, 
used that platform to advance the subject and the people 
who pursued it. Their lives challenge us to fully invest the 
seemingly ordinary moments of our day.

This paper began more than a century ago with Robert 
S. Woodward urging Leonard Dickson to showcase the 
“human interest” of mathematics in the preface to his 
celebrated History of the Theory of Numbers. The rest of this 
paper reveals the rich possibilities of that “human inter-
est.” Taken together, the lives of Lefschetz, Artin, Cox, and 
Horne show us that mathematics as a discipline and the 
community that has grown around it combine to create 
the possibility for a prosperous life—even when faced 
with challenging circumstances. This blend of quiet focus 
on mathematics and participation in a larger group with 
shared interests fosters rich possibilities. It may not come 
easily or quickly, however. It may require you to intention-
ally look for opportunities or to recognize opportunities 
that come your way unexpectedly. It may require courage 
to advocate for others or for yourself. It may require you 
to hear a quieter voice. It may require unfathomable deter-
mination to overcome what initially seem like physical or 

19William Massey, phone interview, July 27, 2018.
20Chris Jones, “In Memoriam: Rudy L. Horne,” The Dynamical Systems 
Web, https://dsweb.siam.org/The-Magazine/Article/in-memoriam  
-rudy-l-horne.

the cast and crew on set. Fearing it would take too much 
time from his teaching and research, Horne initially turned 
down the offer to work as the mathematical consultant on 
the film. His colleagues, however, encouraged him to ac-
cept the position. Horne ultimately changed his mind and 
accepted the offer. He never regretted his decision.

Horne worked with the crew about a dozen times during 
the 43 days of filming in Atlanta. In her role as Katherine 
G. Johnson in the movie, Taraji P. Henson had to write 
and speak about mathematics. Horne was responsible for 
coaching Henson through this aspect of her work. When 
working with Henson, Horne encouraged her to think of 
the mathematics she had to write and speak as lines in a 
script. Henson broke out in hives as she anticipated these 
scenes. She wanted “to do right by Ms. Katherine Johnson…
and her family, and I want to do right by her legacy.”16 
Gigliotti later suggested that Henson deserved an academy 
award for her mastery of mathematics for the film.

Horne also ensured that any mathematics that appeared 
on paper or on blackboards in the film aligned with his-
torical conventions at NASA at the time. Sometimes these 
background scenes included Horne’s own handwriting, 
such as the factoring of the quadratic by the young Kath-
erine Johnson early in the movie.

Horne influenced the script by offering Euler’s method 
as a way to solve a problem related to the calculation of the 
trajectory to bring John Glenn back to earth. Melfi really 
liked the idea. Later, Horne’s students would recognize his 
presence in this scene. Horne “loved Euler’s method” his 
former student Zerotti Woods recalled, “he droned on and 
on about [it] in numerical analysis.”17 Horne’s colleague 
and friend, Professor William Massey at Princeton, has 
noted lightheartedly that the mathematics community 
owes Horne a great deal for his efforts to ensure Henson 
pronounced Euler as “Oiler” rather than “Youler.”

All of this was not lost on Henson. At the SAG awards in 
January 2017, it seems Horne and the spirit of the movie 
were everywhere present when she walked the red carpet. 
There, in that space that does not often feature mathemat-
ics, Henson encouraged, “I don’t want another young girl 
thinking that math and science is not for her.”18

Horne delivered the Blackwell-Wilkins Keynote Address 
at the 23rd annual CAARMS in July 2017. He spoke on 
“Hidden Figures: Bringing math, physics, history and race to 
Hollywood.” Massey noted that Horne “lived long enough 
to see, to feel something was coming back to him, that more 
people became aware of what he did. Any researcher would 

16Sarah Lewin, “On ‘Hidden Figures’ Set, NASA’s Early Years Take Center 
Stage,” Space.com, September 2, 2016, https://www.space.com/33886 
-hidden-figures-movie-set-visit.html.
17Zerotti Woods, phone interview, June 28, 2018.
18Sarah Lewin, “On ‘Hidden Figures’ Set, NASA’s Early Years Take 
Center Stage.”

https://www.space.com/33886-hidden-figures-movie-set-visit.html
https://www.space.com/33886-hidden-figures-movie-set-visit.html
https://dsweb.siam.org/The-Magazine/Article/in-memoriam-rudy-l-horne
https://dsweb.siam.org/The-Magazine/Article/in-memoriam-rudy-l-horne
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emotional setbacks. These mathematicians, however, show 
us how mathematics can form the foundation for a full and 
prosperous life. Chances are, you have already taken the 
first step by pursuing mathematics. The lives of Lefschetz, 
Artin, Cox, and Horne urge you to take the second.
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topics and translations of Greek mathematics [2], with a 
lively written tone as to draw the student into the subject, 
whatever their mathematical background. 

Barrow-Green, Gray, and Wilson have written a two- 
volume set on the history of mathematics that not only 
meets all of the above requirements for being a useful 
textbook, but goes one step further and provides well-re-
searched commentary on how historians approach their 
subjects as well as how they consider the voracity of their 
sources. This current two-volume set is, in a way, a more 
textbook version of the well-known, and well-used, The 
History of Mathematics: A Reader [1], by John Fauvel and 
one of the current authors Jeremy Gray. In this current set, 
students get to see how historians approach their subjects—
especially when the subject is mathematics. For example, in 
Chapter 3 of Volume 1, when discussing Proclus’s histori-
cal summary of the ancient Greek mathematics of Thales, 
Pythagoras, and Euclid, the authors point out that despite 
the authoritative tone of the “Proclus summary,” one must 
keep in mind that Proclus penned it some 750 years after 
these events. They clarify this point even further when they 
write “This is roughly our distance from the signing of the 
Magna Carta.” Arresting statements like this encourage the 
reader to carefully consider the difficult historical questions 
concerning the intentions of the writer, their sources, as well 
as their accuracy. This experience might be jarring for under-
graduate mathematics students who are used to learning a 
collection of well-established and seemingly noncontrover-
sial theorems. These books aim to give these theorems and 
their authors a proper backstory but leave open the debate 
that some of these sources could be unreliable and are open 
to further classroom and essay discussion. Mathematics is 
part of history and is subject to controversaries, biases, and 
inaccuracies, just like any other subject. 

The first volume covers a selection of topics ranging 
from the 20,000-year-old Ishango bone, possibly used as 

The History of Mathematics: 
A Source-Based Approach (Volumes 1 & 2) 
by June Barrow-Green, Jeremy Gray, 
and Robin Wilson 

In many mathematics depart-
ments, a history of mathematics 
course can be difficult to im-
plement. Most departments do 
not have an expert historian of 
mathematics and often rely on 
well-intentioned, but possibly 
untrained, faculty to offer this 
type of course. Such faculty 

might feel overwhelmed when choosing the topics, read-
ings, and assignments. What makes most standard under-
graduate mathematics courses run smoothly, especially 
for an instructor inexperienced with the topic, is a solid 
book that gives faculty sufficient guideposts and students 
a carefully written and engaging book they can lean on 
whenever explanations get past them during lectures. As 
a textbook on the history of mathematics, a good book 
should also refer to original sources, so as to not devolve 
into silly stories about eccentric mathematicians, as well as 
provide commentary to give the student some guidance on 
how to approach and interpret an original text. In addition, 
a good history of mathematics text should balance an eru-
dite seriousness, like T. L. Heath’s classic books on various 

The History of Mathematics:
A Source-Based Approach (Volumes 1 & 2)

Reviewed by William T. Ross
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The next several chapters cover European mathematics 
from medieval times to the early seventeenth century. The 
authors do an excellent job of discussing the nonmath-
ematical historical events of that time, the Black Death 
being of special importance, and the reasons and types of 
exchanges between the Islamic world and Christian Europe. 
They give a detailed presentation of the mathematics of 
that period (Fibonacci, Cardano, Viète, etc.) but also of the 
infrastructure that played an important role in supporting 
European mathematics, “the rise of the universities.” The 
authors cover these infrastructure discussions to illustrate 
that mathematics is not always done by the lonely genius 
working in isolation, but flourishes because of an infra-
structure that facilitates good communication within a 
community of adequately supported scholars. They end 
their European tour with the mathematics supporting 
the astronomy of Copernicus, Kepler, Galileo (interesting 
mathematics all by itself) and then come full circle to their 
earlier chapters on the Greeks when they cover Descartes’s 
“challenge” to Euclid. 

The second volume connects with the standard under-
graduate curriculum of calculus, linear algebra, real and 
complex analysis, number theory, and applied mathematics 
and would make a great textbook for a capstone course for 
mathematics majors. Compared to the first volume, where 
the emphasis was on ancient mathematics and attribution 
becomes difficult, this second volume tends to focus on 
the mathematicians themselves. Indeed, the material is 
more modern and modern scientists demand credit for 
their results!

The first two chapters of Volume 2 cover the types of 
research done by Descartes, Fermat, Cavalieri, and Wallis 
who struggled with the concepts of volume, area, tangents, 
and normals, all of which would be addressed with the 
development of the calculus by Newton and Leibniz. Here 
the authors emphasize that not only did the concepts of the 
calculus (derivatives, integrals, infinite series) need to be 
properly developed, but the notation as well. Newton and 
Leibniz are each given top billing and there are beautifully 
selected readings to get the reader into the minds of both. 
Since Newton was the giant, there is a greater emphasis 
on him as evidenced by the thorough treatment given of 
the Principia. 

As befitting the book’s philosophy of going beyond 
the development of mathematical ideas, Chapter 6 covers 
“The spread of the calculus” and the big names every un-
dergraduate student knows well such as Euler, L’ Hopital, 
Taylor, and the Bernoulli brothers. What is important here 
are the treatises that helped spread these ideas to a wider 
audience. The notation and language of calculus became 
standardized which helped spread the word as well. Of 
course, making calculus (real analysis) rigorous was taken 
up by Cauchy. Indeed, the arresting questions of Bolzano 
provided the need for rigorous definitions of continuity 
and convergence. 

a computational device by Paleolithic mathematicians, all 
the way to early seventeenth century European mathema-
ticians with sprightly, but serious, writing that does not 
get overly fussy about the technical details. Along with the 
above early counting methods, this volume begins with 
the mathematics of Egypt and Mesopotamia and provides 
examples of how these early mathematicians struggled with 
concepts, notation, and communication, as all mathemati-
cians do. They do an excellent job of showing the student 
how these ancients understood mathematics, how they 
communicated it, why they communicated it, and to whom 
they communicated it. 

The authors next move on to the Greeks and open their 
discussion with a wonderful reading from Plato’s Meno 
where Socrates takes a young student through the initial 
false starts, and ending with the correct solution of the 
doubling the square problem (given a square, construct 
another square with twice the area). This reading nicely 
sets up the development of the proof-based mathematics 
of the Greeks and how the Greek mathematics grew out of 
the earlier work of the Egyptians. The authors cover the big 
names of Thales, Pythagoras, Euclid, Apollonius, Archime-
des, along with readings from this period. Also included 
in these chapters are a treatment of Euclid’s Elements, the 
classical straightedge and compass problems, the conics, 
and the brilliant results of Archimedes. This is followed 
by a section on the Hellenistic mathematics of Ptolemy 
and Diophantus. 

The next two chapters cover the mathematics of India, 
China, and the Islamic world. At the beginning of this dis-
cussion, the authors spend a considerable amount of time 
pointing out the difficulties in covering the mathematics 
of this period and of these cultures. There is the obvious 
issue of what we mean by the very terms of Indian, Chinese, 
and Islamic mathematics. Each of these individual cultures 
were diverse, had moving borders, and did not always share 
a common language amongst their populations. Then of 
course there are the meaningless contests of who discovered 
what first and the potential biases of knowing that certain 
traditions used proof-based mathematics while others, 
prima facie, did not (not quite true) and are thus consid-
ered somehow, and falsely, deficient. Into these known 
complexities, the authors proceed to cover the origins of 
the Indian decimal system, the work of Aryabhata (astron-
omy, geometry, a Pythagorean theorem, estimates of pi), 
and the beginnings of trigonometry; the mathematics of 
the Chinese (The Nine Chapters on Mathematical Procedures 
—systems of linear equations, the Pythagorean theorem, 
approximations of pi, the Chinese remainder theorem); 
and the mathematics of the Islamic (Arab, Persian) world 
(the algebra of Muhammad ibn Musa al-Khwarizmi and 
Omar Khayyam and the geometry of al-Abbas ibn Said 
al-Jawhari and Thabit ibn Qurra which struggled to make 
sense of the parallel postulate). 
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Elements (VI.13) “To two given straight lines to find a mean 
proportional.” A good student will be asked to understand 
the proof, engage with these connections (the existence of 
two mean proportionals connects with the doubling the 
cube problem), and do a little background research to 
further explore the significance of all this. 

The second type of exercises relates to specific chapters 
where the student is asked to reexamine the readings and 
commentary in the book and support their argument. 
For example, there is the question: “Fermat is sometimes 
described as being simultaneously ‘ancient’ and ‘modern’. 
By making reference to examples of his work, describe how 
accurate you consider this opinion to be.” 

The final type of exercises are very broad and do not 
apply to any particular text but instead relate to a topic a 
student found particularly interesting. An example of this 
type is “Some mathematicians have worked in almost com-
plete isolation, others in large mathematical communities. 
By discussing at least three examples, consider how being 
part of a wider community helps or hinders a mathemati-
cian to lead a creative life.” 

The authors have written readable and well-researched 
texts, the first of which I’m currently using for a course that 
focuses on the Greeks. The writing is excellent. The tone is 
serious. The pedagogical thought that went into this will be 
much appreciated by both instructors and their students. As 
further evidence that these books are designed so students 
can thrive, they have been field tested in a year-long course 
at the Open University. Indeed, as the authors comment in 
their introduction “No-one should have left school with 
too little mathematics to follow this book. But for those 
who were cut off from mathematics because they could not 
appreciate why it was done, and who could not connect to 
its excitements, we hope that this historical account offers 
a rewarding way in.”

References
[1] John Fauvel and Jeremy Gray, The history of mathematics: A 

reader, Macmillan/Open University, 1992.
[2] T. L. Heath, A history of Greek mathematics, Oxford at the 

Clarendon Press, Oxford, 1921. 
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Intermediate chapters cover the players, and the devel-
opment of group theory, number theory, Fourier series, 
and applied mathematics. The two chapters that are worth 
emphasizing in this review are Chapters 13 and 17. Many 
students have the false idea that mathematicians work 
on great ideas, write them up, and they become famous. 
Part of this is true. However, there are cultural aspects of 
mathematics (certain societies devote more resources to it 
than others) and politics and institutions come into play. 
Chapter 13 covers the infrastructure of European math-
ematics with a survey on the institutes and journals that 
played a crucial role in the success of mathematics. In fact, 
one can probably make the case that the infrastructure of 
mathematics is as important as mathematics itself. Students 
need to know this and Chapter 13 covers it well. 

Though undergraduate students tend to focus on the 
tangible aspects of mathematics, it is important for them to 
see, in Chapter 17, that mathematicians are philosophers at 
times and grapple with foundational questions (What are 
properties of the real number line? How do we understand 
infinity? What is a set?). What makes this chapter more 
enlightening than a standard treatment of this subject is 
that the material is presented with the very words of the 
mathematicians such as Cantor, Dedekind, and Peano, who 
struggled with these ideas. 

To further make the case that these books would make 
excellent texts for a history of mathematics course, the 
authors include a final chapter in each volume containing 
various types of exercises. What is a mathematics textbook 
without plenty of exercises! This final exercise chapter be-
gins with some sage advice on writing a college-level essay, 
including proper use and citation of sources, along with a 
stern warning about plagiarism. 

The “Sample Exercises” give some thoughts on what a 
good student should be considering when given an open-
ended question. For example, a student is asked to write 
a survey on the range of Greek mathematics. Anticipating 
that a potential lazy student might merely parrot back the 
account from the text (or the internet!), the authors give the 
student some guidance, in the form of leading questions, to 
give some idea of what they might want to consider for their 
essay. For example, some of the questions are “Was there 
a core to Greek mathematics, built upon a recognition of 
the key importance of proof and the power of geometrical 
reasoning? Or is that an artefact, built partly on accidents 
of transmission and partly on our prejudices for theory 
over application and tidy sources over messy ones? So, your 
answer, and a very different one written by someone else 
with whom you disagree, may be equally valid and receive 
an equal mark. Disagreeing is part of being a historian.” 

There are three basic types of exercises in these books. 
The first type is one where students are presented with a his-
torical quote and are asked to extract and contextualize its 
historical and mathematical value. For example, a student 
is presented with the statement and proof from Euclid’s 

William T. Ross
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Asked and Answered: Dialogues  
on Advocating for Students  
of Color in Mathematics 

by Pamela E. Harris 
and Aris Winger

Asked and Answered is composed 
of five lively dialogues between 
the authors based upon questions 
they received during the Fall 2020 
AMS- and AIM-supported webinar 
series Advocating for Students of 
Color: There is More You Can Do. 

These dialogues address difficult questions ranging from 
“what does it mean to be an advocate for students of color?” 
and “why do you want to do this work?”, to “what to do 
when things do not go as planned?” Each dialogue begins 
with a brief introduction and challenging pre-dialogue re-
flection questions (space is provided for the reader to take 
notes) and concludes with a bullet-point list of takeaways 
and several post-dialogue reflection questions.

The presentation is rapid and informal. The preface tells 
us that “readers should expect to be challenged and unset-
tled.” As such, Asked and Answered is raw and unfiltered, 
and often deeply personal and emotional. For example, 
one of the authors recalls the anger and frustration when 
“another faculty thought that I was the janitor rather than 
a professor.” They also discuss mistakes they have made in 
the classroom and how self-reflection and analysis permit-
ted them to learn from them and improve.

The book is direct and to the point: “This work is not 
about people liking you or getting accolades. It’s about 
actually centering your students… this will require you 
to step away from that comfort of being the expert in the 
room, step away from the comfort of having power over 
your students.” For example, the reader is asked to identify 
how familiar and comfortable aspects of their teaching may 
render certain students invisible or invalidated.

Asked and Answered is self-published (available through 
Amazon.com). In a recent blog post, the authors proudly 
declared that “no organization gave a stamp of approval, 
no anonymous referees gave their review and approved of 
the content.” This book is a powerful read, worthwhile for 
anyone wishing to be a more effective instructor and ally 
for students from underrepresented groups in the mathe-
matical sciences.

Origametry: Mathematical 
Methods in Paper Folding 
by Thomas C. Hull

This remarkable book about the 
mathematics behind the ancient 
Japanese art of paper folding is, 
according to the publisher, the 
“first complete reference on the 
mathematics of origami.” The key 
word that distinguishes Origame-
try from lighter-weight works is 
“mathematics.” This is a serious 

mathematics book, full of theorems, proofs, and technical 
diagrams. We learn, for example, that angle trisection is 
possible with origami, as is the construction of the regular 
heptagon (both of these are impossible in the classical 
straightedge-and-compass setting). A bit later in the book, 
Galois theory enters the conversation since we can view the 
set of origami numbers (those numbers constructible with 
origami operations) as a subset of the complex field. In this 
context, an algebraic number is constructible in origami if 
and only if the index of the splitting field of its minimal 
polynomial over the rational numbers is of the form 2a3b.

Origametry is filled with fascinating theorems that 
connect origami to sophisticated mathematics. It features 
nearly 200 illustrations, most of which are line drawings or 
sharp, two-tone illustrations. Most of the book’s fourteen 
chapters conclude with sections devoted to open problems 
and historical remarks.

Fans of classical geometry, geometry or topology of a 
combinatorial flavor, and even algebra and analysis will 
find much to appreciate in this book. Students and instruc-
tors alike will discover open problems, elegant theorems, 
and historical digressions, along with fascinating applica-
tions of concepts from standard courses. Origametry could 
easily function as a sourcebook for further explorations, 
capstone projects, or original research. 
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Probability Tales 

by Charles M. Grinstead, 
William P. Peterson, and 
J. Laurie Snell

Probability Tales was conceived 
as a follow-up to Grinstead and 
Snell’s textbook, Introduction to 
Probability (AMS, 1997). It pro-
vides a deeper look into some 
selected applications, focusing 
on four areas that are familiar 
from everyday news and enter-

tainment: sports, the stock market, lotteries, and forensics.
The book starts with the notion of hot and cold streaks in 

sports. Suppose you notice a basketball player successfully 
shooting free throws 20 times in a row. Does the chance 
that she will make the next free throw increase or decrease 
compared to her usual percentage, or does it stay the same? 
One can compare with a Bernoulli trials model, where each 
free throw probability is the same and completely indepen-
dent from the others. It turns out that when such a model 
run is on a computer, it will still produce streaky outcomes. 
Further tools from linear algebra and Markov chains can 
model cases with added features such as when probabilities 
for success depend on conditions or vary over time.

In finance, traders are interested in how much the return 
value of a stock will be at the ends of specific time intervals 
and the overall variability of stock prices. For these ques-
tions the authors consider two standard models: one is 
based on a normal distribution (Bechélier) and the other is 
based on a power distribution (Mandelbrot). They discuss 
which model works for which situations, and how to use 
data to determine relevant constants for the models. Next 
come stories of improbable lottery coincidences that have 
appeared in the news. What are the chances of them hap-
pening, and are there strategies that increase your expected 
winnings? The book finishes with an analysis of the error 
rates of fingerprint matching.

This book is accessible to undergraduates who have com-
pleted (or are concurrently taking) an introductory course 
in probability theory, and have an interest in applications 
to economics, statistics, and data analysis.

Extremal Problems for Finite Sets  
by Peter Frankl and 
Norihide Tokushige

A priori, the elements of an 
abstract set have no individual 
character or relationship with 
each other. But once you desig-
nate groupings, then the intersec-
tions between the groups give a 
great deal of information. This 
kind of analysis is the topic of 
Frankl and Tokushige’s accessible 

and invitingly written book, Extremal Problems for Finite 
Sets. Starting from early work of Erdős in the late 1930s, 
the authors take the reader through classical results and 
conjectures, tools of analysis, and recent advances and 
questions that are still open today.

Let F be a family of subsets of a set with n elements. If 
we know that each pair of sets in F intersects in at least one 
element, it is possible to determine the maximum number 
of elements that F can have. To get an idea, imagine the 
case when there is an element x of [n] that is contained in 
all of the sets in F. Then it is easy to see that F can have at 
most 2n–1 elements. If we ask in addition that all elements 
of F have k elements where n > 2k, then we see that F can 
have at most n–1 choose k–1 elements. A famous result of 
Erdős-Ko-Rado (1939) shows that these inequalities hold 
even when the sets in F have no common intersection. This 
result is the starting point for a rich area of mathematics 
that continues to draw interest. 

The attraction of the subject is not only that the prob-
lems are simple to state and often have elegant solutions, 
but also the variety of relevant tools that can be brought to 
bear, including discrete geometry, random walks, and prob-
ability measures. The book is self-contained and requires 
only a basic background in linear algebra, advanced calcu-
lus, and elementary number theory, and is recommended 
for anyone with a penchant for elegant mathematical 
problem solving.
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Participants form self-sustaining cohorts centered on the mathematical research area chosen
by the organizers.

The AMS staff will take care of all the logistical matters; organizers are responsible for
the summer conference scienti� c program.

We welcome proposals in all areas of pure and applied mathematics, including
topics of relevance in business, industry, and government (BIG).

Details about the MRC program and guidelines for organizer proposal preparation
can be found at www.ams.org/mrc-proposals-23.

The 2023 MRC program is funded by the National Science Foundation, 
the AMS, and donors.

Send expressions of interest, proposals 
for 2023,and inquiries for future years to:
eMail:  mrc2023@ams.org

The target date for expressions 
of interest and initial proposals is
September 15, 2021. Full 
proposals received by November 
30, 2021, will receive full 
consideration.

WWW.AMS.ORG/MRC

Mathematics Research Communities (MRC) is a program featuring
a week-long, hands-on summer conference organized by a team of
experienced researchers who:

• Work with motivated, able, early career mathematicians;
• Mentor them in a relaxed and informal setting;
• Contribute to excellence and professionalism in the

mathematical realm.

2023Be an
Organizer

http://WWW.AMS.ORG/MRC
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In April 2021, the AMS published an online feature news 
story1 by Scott Hershberger about Uzbekistan’s participa-
tion in the MathSciNet for Developing Countries program. 
In that piece, Shavkat Ayupov, the director of Uzbekistan’s 
Institute of Mathematics, and Zair Ibragimov, a professor 
of mathematics at California State University, Fullerton, 
told of the importance that access to MathSciNet holds for 
mathematical researchers in Uzbekistan. For many readers, 
this was the first they had heard of this AMS program. Al-
though the program has only existed as currently named 
since 2013, MathSciNet for Developing2 Countries is just 
the latest incarnation of how the AMS has worked towards 
broad participation in mathematics since at least the 1980s. 

History
In the 1980s and into the early 1990s, the AMS ran pro-
grams to help mathematicians in countries described as 
“currency poor.” These were countries whose currencies 
were restricted and could not be exchanged for others. Most 

Edward Dunne is the Executive Editor of Mathematical Reviews at the 
American Mathematical Society. His email address is egd@ams.org.
1“MathSciNet catalyzes math research in Uzbekistan,” https://www.ams 
.org/news?news_id=6672, April 13, 2021.
2“Developing countries” is not a good name, since in fact all countries are 
developing. The term, however, is simple and widely understood. So, for the 
time being, we continue to use it.

For permission to reprint this article, please contact: reprint-permission 
@ams.org.

DOI: https://dx.doi.org/10.1090/noti2385

were communist countries, with prominent examples being 
China and the Soviet Union. One program from the early 
1980s was the foreign reviewer credit. Mathematicians from 
countries with currency restrictions who wrote reviews 
for Mathematical Reviews could choose to receive free AMS 
membership, free subscriptions to two Mathematical Reviews 
sections of their choice, or credit towards the purchase of 
AMS publications. The last option was of particular use be-
cause the currency restrictions made it hard for researchers 
in these countries to purchase books from the United States 
or Western Europe. A fourth option was for three reviewers 
to combine their credits to obtain one free subscription 
to (print) Mathematical Reviews. It was understood that in 
most instances the free subscription to Mathematical Re-
views would be used by the reviewers’ home institution. In 
November 1990, the countries eligible for foreign reviewer 
credits were: East Germany, Bulgaria, Poland, Romania, 
USSR, People’s Republic of China, Yugoslavia, North Korea, 
Czechoslovakia, Vietnam, Hungary.

By the early 1990s, Mathematical Reviews was available in 
multiple formats: the traditional print version; a database 
version, which had been available as MATHFILE since 1982, 
but required either going through a third-party service (BRS 
or Dialog) or having specialized software at the institution; 
and now a CD-ROM. The pricing for Mathematical Reviews 
reflected this variety. The major part of the subscription 
price was the “Data Access Fee” or “DAF,” which was 
meant to cover the cost of the content. Then a subscriber 
would pay a smaller amount depending on the form of 
the delivery of the content. After some interim proposals, 

MathSciNet for Developing 
Countries Program

Edward Dunne

https://www.ams.org/news?news_id=6672
https://www.ams.org/news?news_id=6672
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Current
In my blog post3 promoting Scott Hershberger’s story, I 
wrote that some of my most rewarding experiences as the 
Executive Editor of Mathematical Reviews have been meeting 
mathematicians whose institutions subscribe through the 
MDC program. There were many mathematicians from 
developing countries at the ICM in Rio de Janeiro, thanks 
to the Open Arms Program sponsored by IMPA and the 
Brazilian Mathematical Society, supplemented by 130 
grants from the International Mathematical Union. Quite 
a few mathematicians from MDC countries sought out the 
AMS booth just so they could come by to thank us for the 
program. Like Shavkat Ayupov and Zair Ibragimov from 
Uzbekistan, they spoke of the great value that MathSciNet 
had for them. MathSciNet helps them know what has al-
ready been done. They also pointed out the reciprocal fact: 
MathSciNet helps others find out what they have done. 
Most of those whom I have met have also been proud to 
be reviewers. They have told me that they appreciate con-
necting with global mathematics through writing reviews 
of papers by people from all over. Mathematicians in MDC 
countries are putting MathSciNet to good use. In 2020, 
there were over half a million MathSciNet searches from 
IP addresses in MDC countries. 

Counting authors of papers published in 2019 and 
indexed in MathSciNet, there were 282,464 authors world-
wide and 6,979 authors from MDC countries, which is 
about 2.5%. There are 23,970 active reviewers for Math-
SciNet, of whom 825 come from MDC countries (about 
3.4%). Globally, about 8% of authors in our database are 
also reviewers. For MDC countries, it’s 12% of authors who 
are reviewers. In other words, mathematicians from MDC 
countries are about 50% more likely to be reviewers than 
those from the rest of the world.

While the reviewer statistic is heartening, the statistics 
counting mathematicians from MDC countries are not. 
In particular, MDC countries are vastly underrepresented 
among authors. Using 2019 data, the 44 countries in the 
MDC program represent 18% of the world population, but 
they represent just 2.5% of the authors of papers published 
in 2019 that are in the Mathematical Reviews database. This 
is horribly skewed. Such unbalanced statistics are evidence 
of the disparities in mathematics that are the result of a 
long history of social, political, and economical inequities. 
Awareness of the imbalance can be a catalyst for address-
ing it. The MDC program plays a particular, but narrow 
role in achieving a more equitable discipline. A network 
of programs, both national and international, is what is 
really required. I work with the MathSciNet for Developing 
Countries program because it is a program where my tal-
ents and connections can be useful in reducing inequity in 
mathematics. I encourage you to find what works for you. 

3“MathSciNet, Uzbekistan, and the MDC Program,” https://blogs.ams 
.org/beyondreviews/2021/04/13/mathscinet-uzbekistan-and-the 

-mdc-program/, April 13, 2021.

in 1995 the AMS created the National MR Subscription 
Program (NMRSP). In this program, discounted access to 
Mathematical Reviews was achieved by lowering the Data 
Access Fee for institutions in countries whose reviewers 
were eligible for the foreign reviewer credit. The discounted 
DAF was also extended to African countries, except South 
Africa, which was the subject of a boycott at the time. In 
1996, this was changed by creating a National Data Access 
Fee (NDAF). Now, the DAF was for an entire country, not 
just a single institution. The criteria were based on the 
Gross National Income of the country, the per capita Gross 
National Income, and the number of papers from that 
country reviewed in Mathematical Reviews in the previous 
three years. The smallest possible National DAF was $200.

In 2005, the AMS Executive Council and Board of Trust-
ees approved a new pricing model for the NMRSP which 
was based on the same principles, but was simpler and 
easier to maintain. The pricing model was revised slightly 
in 2008 in order to update the economic qualifiers for 
participation in the NMRSP to be more in line with World 
Bank economic classifications. For 2021, the list of qualify-
ing countries was revised to align with the list of countries 
that qualify for discounts or complimentary access to the 
AMS core research journals.

The program was renamed the MathSciNet for Develop-
ing Countries (MDC) program in 2013. In its various forms, 
the program has been increasingly successful. In 1990, 11 
countries were able to receive discounted subscriptions 
to Mathematical Reviews. In 1998, there were 21 countries 
participating in the NMRSP. In 2021, there are over 100 
sites in 44 countries subscribing to MathSciNet under the 
MDC program. The potential is even greater; there are 
numerous eligible countries that have not yet signed onto 
the program.
Countries Currently Participating in the MDC program:
Albania

Armenia

Benin

Bosnia- 
    Herzegovina

Burkina Faso

Burundi

Cambodia

Cameroon

Democratic 
     Republic of  
     the Congo

Republic of 
     the Congo

Estonia

Ethiopia

Fiji

Gabon

Ghana

Ivory Coast

Jordan

Kenya

Laos

Macedonia

Madagascar

Malawi

Mali

Mauritania

Moldova

Mongolia

Montenegro

Mozambique

Myanmar

Namibia

Niger

Nigeria

Pakistan

Rwanda

Senegal

Serbia

Sudan

Tanzania

Tunisia

Uganda

Uzbekistan

Vietnam

Zambia

Zimbabwe

https://blogs.ams.org/beyondreviews/2021/04/13/mathscinet-uzbekistan-and-the-mdc-program/
https://blogs.ams.org/beyondreviews/2021/04/13/mathscinet-uzbekistan-and-the-mdc-program/
https://blogs.ams.org/beyondreviews/2021/04/13/mathscinet-uzbekistan-and-the-mdc-program/
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MathSciNet for Developing Countries is funded through 
a combination of AMS and donor support. The AMS 
offers extremely deep discounts on subscription rates 
to all qualifying institutions, and that discounted 
rate is offset by donor gifts that bring institutions’ 
cost in some cases to $0. Since 2013, more than 
200 donors have contributed to the fund that sup-
ports the program. There are three ways you may 
donate to the MDC Fund: on the AMS website at 
https://ebus.ams.org/ebus/Giving/MakeAGift 
.aspx?gift=NMRSUB, by sending a check to the AMS 
Development Department and instructing the AMS to 
direct the gift to the MDC Fund, or by calling the De-
velopment Office at +1 (401) 455-4126.

Edward Dunne

This book provides a compact but self-contained 
introduction to optimal transport and is intended as a 
starting point for any researcher who wants to enter 
into this beautiful subject. It is suitable for a course at 
the graduate level, and also includes an appendix with 
a series of exercises along with their solutions.
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Federico Glaudo

An Invitation to  Optimal 
 Transport, Wasserstein 
 Distances, and  Gradient 
Flows

isbn 978-3-98547-010-5 
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Hardcover, 144 pages 
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Applications

isbn 978-3-98547-012-9 
eisbn 978-3-98547-512-4

October 2021 
Hardcover, 360 pages 
$ 59.00, € 49.00

This book offers a friendly introduction to dynamic 
optimization by providing all essential notions needed 
by mathematics students and students or researchers 
in other disciplines. The presentation is self-contained 
and includes many applications as well as a large num-
ber of examples and exercises.
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The Gauss–Lucas Theorem
John C. Baez

The Gauss–Lucas theorem says that for any complex poly-
nomial 𝑃, the roots of the derivative 𝑃′ lie in the convex
hull of the roots of 𝑃. In other words, the roots of 𝑃′ lie
inside the smallest convex subset of the complex plane
containing all the roots of 𝑃. This theorem is not hard
to prove, but is there an intuitive explanation? In fact
there is, using physics—or more precisely, electrostatics in
2-dimensional space [2].

Here is the basic idea. For simplicity, suppose 𝑃 has
no repeated roots. Put a particle of charge 1 at each root.
These particles create a vector field called the electric field,
⃗𝐸. The roots of 𝑃′ are precisely the points where this elec-

tric field vanishes! In fact, each particle creates its own
electric field pointing radially outward, and we sum these
fields to get ⃗𝐸. Because of this, ⃗𝐸 can only vanish inside
the convex hull of the roots of 𝑃.

Figure 1, drawn by Greg Egan, shows an example. Here
we see five charged particles marked in red, located at the
roots of some quintic polynomial 𝑃. The curves are the
level curves of a function 𝜙, called the potential, such that
⃗𝐸 = −∇⃗𝜙. The potential has three critical points, marked

in blue. The electric field vanishes only at these points.
Note that in some sense these points lie “between” the
charged particles. This is in accord with the Gauss–Lucas
theorem, and also physical intuition: since each particle
creates its own electric field pointing radially outwards,
these fields can only cancel at locations between particles.

John C. Baez is a professor of mathematics at the University of California, River-
side. His email address is baez@math.ucr.edu.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2384

Figure 1.

Note also that our polynomial 𝑃 has five roots, but its de-
rivative has only three. But there is no paradox here: in this
example, the uppermost blue dot is a root of multiplicity
two for 𝑃′. Thus, 𝑃′ has degree four.

To prove theGauss–Lucas theoremusing these ideas, we
need some mathematics coming from physics. The equa-
tions of electrostatics make sense in any dimension. In ℝ𝑛

they say the potential 𝜙∶ ℝ𝑛 → ℝ obeys ∇2𝜙 = −𝜌, where
𝜌∶ ℝ𝑛 → ℝ is the charge density. The case 𝑛 = 2 is special
because we can identify ℝ2 with the complex plane. In

1988 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 11
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this case, when 𝜌 is a Dirac delta at the origin, there is a
solution

𝜙(𝑧) = − 1
2𝜋 ln |𝑧|.

This gives an electric field ⃗𝐸 pointing radially outward,
with magnitude 1/2𝜋|𝑧|. This is the electric field pro-
duced by a point particle of charge 1 at the origin. Since
the equations of electrostatics are linear and translation-
invariant, it is then easy to solve them for any collection of
charged particles. If we have particles of charge 1 at points
𝑎1, … , 𝑎𝑘 ∈ ℂ, the potential is

𝜙(𝑧) = − 1
2𝜋

𝑘
∑
𝑖=1

ln |𝑧 − 𝑎𝑖|.

Now suppose 𝑃 is a polynomial without repeated roots,
having roots at the points 𝑎1, … , 𝑎𝑘 ∈ ℂ. Putting particles
of charge 1 at these points, we get the above potential 𝜙.
Thus, |𝑃| is some nonzero constant times

𝑘
∏
𝑖=1

|𝑧 − 𝑎𝑖| = exp (
𝑘
∑
𝑖=1

ln |𝑧 − 𝑎𝑖|) = exp(−2𝜋𝜙).

The critical points of 𝑃 are the same as those of |𝑃|, except
for critical points where 𝑃 vanishes—but these are forbid-
den, since we are assuming 𝑃 has no repeated roots. So,
the critical points of 𝑃 are precisely the critical points of
exp(−2𝜋𝜙). These, in turn, are the same as the critical
points of 𝜙. But since 𝜙 = −∇ ⃗𝐸, these are the points where
the electric field vanishes. In short, 𝑃′ vanishes precisely
where ⃗𝐸 vanishes.

Now let us use this to prove the Gauss–Lucas theorem.
Say 𝑧 ∈ ℂ lies outside the convex hull of the roots 𝑎1, … , 𝑎𝑘.
Think of all these points as points ⃗𝑎𝑖 and ⃗𝑧 in ℝ2. By the
separating hyperplane theorem, we can draw a line with ⃗𝑧
on one side and all the points ⃗𝑎𝑖 on the other side. Let ⃗𝑣 be
a vector perpendicular to this line and pointing toward the
⃗𝑧 side. The electric field ⃗𝐸 at ⃗𝑧 is a sum of vectors pointing

from the charges ⃗𝑎𝑖 to ⃗𝑧, since

⃗𝐸( ⃗𝑧) = −∇⃗𝜙( ⃗𝑧) = 1
2𝜋

𝑘
∑
𝑖=1

⃗𝑧 − ⃗𝑎𝑖
| ⃗𝑧 − ⃗𝑎𝑖|2

.

But ( ⃗𝑧 − ⃗𝑎𝑖) ⋅ ⃗𝑣 > 0, so ⃗𝐸( ⃗𝑧) cannot vanish.
This proves the Gauss–Lucas theorem for polynomials

without repeated roots. But we only used the assumption
that all the 𝑎𝑖 were distinct at one place in the argument:
to avoid situations where both 𝑃 and 𝑃′ vanish at the same
point. These situations pose no problem: a root of 𝑃′ that
is also a root of 𝑃 is obviously in the convex hull of the roots
of 𝑃.

For more thoughts along these lines, we recommend
the book by Marden [2]. For example, in the late 1800s,
Siebeck, Lucas, and Bôcher independently showed that if 𝑃
is a cubic whose vertices form a triangle, the roots of 𝑃′ lie

at foci of an ellipse inscribed in this triangle—and in fact,
this ellipse touches the midpoints of the triangle’s sides!
It is called the Steiner inellipse, and it is also the ellipse
of largest area that fits inside the triangle. Bôcher asked if
this result could be generalized to polynomials of higher
degree. In 1919, Linfield showed that indeed it can, using
a general concept of “foci” of a real plane algebraic curve
[1]. It would be nice if there were a way to understand
some of these more advanced results using electrostatics.

References
[1] Ben-Zion Linfield, On the relation of the roots and poles of

a rational function to the roots of its derivative, Bull. Amer.
Math. Soc. 27 (1920), no. 1, 17–21, DOI 10.1090/S0002-
9904-1920-03350-1. MR1560349

[2] Morris Marden, Geometry of polynomials, 2nd ed., Math-
ematical Surveys, No. 3, American Mathematical Society,
Providence, R.I., 1966. MR0225972
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democratic processes; in the political arena itself, almost 
every public issue has a mathematical component (for ex-
ample, healthcare, economy, and tax laws) and to a large 
extent can be understood and scrutinized quantitatively.

Institute for Mathematics and Democracy
The Institute for Mathematics and Democracy (IMD)1 was 
created to help cast light on the important role that mathe-
matics plays in our political systems. Founded in 2019, it is 
housed at Wellesley College, a liberal arts institution with 
a strong interest in interdisciplinary work.

The mission of IMD is to promote a deeper understand-
ing of the mathematics that underlies many socioeconomic 
forces and political processes so that citizens can make 
informed political decisions and effect meaningful change. 
It supports research, teaching, and outreach in mathematics 
and democracy, and brings together educators and activists 
who recognize the importance of political quantitative 
literacy. It acts as a facilitator, a repository, and nexus to 
bring research and pedagogy of disparate individuals who 
synthesize mathematics and democracy in their research 
and teaching.

The timeliness of these efforts is apparent as IMD is 
finding a wide and growing audience among students, re-
searchers, educators, activists, and the public at large. Over 
thirty mathematicians now serve as scholars and affiliates 
for IMD, many of whom have pursued or supervised re-
search, run summer programs, or created curricula at the 
intersection of politics and mathematics. The institute has 
also supported over twenty student researchers, almost half 
of them from underrepresented groups.

The activities of IMD are rooted and motivated by math-
ematics, but they lie at the unique interdisciplinary inter-
face of mathematics, statistics, political science, economics, 
and history. Not only do they fill an evident educational 
and research gap, but they serve a social purpose: political 

1IMD’s webpage is https://mathematics-democracy-institute.org/.

Mathematics has a well-deserved reputation as a vital in-
strument for understanding and improving our everyday 
experience. Math imbues the physics that controls the mat-
ter around us, the economics that explains our commercial 
markets, the algorithms that dictate our flow through the 
digital world. Despite its ubiquitous presence, however, 
there is one aspect of our lives in which mathematics is 
largely forgotten: politics.

Consider, for example, the most conspicuous of politi-
cal events in the United States: presidential elections. The 
procedure for executing the election is multifaceted, with 
the Electoral College likely the best-known intermediary 
between vote-casting and the declaration of the winner.

But the Electoral College is not the linchpin of the elec-
toral process; it is a single link in the chain that connects 
voter preferences to election results. Many other compo-
nents of the presidential election process are just as import-
ant. What is the method by which the voters express their 
preferences? How is the winner in a given state determined? 
Why is each state granted its particular number of electoral 
votes? How does each state allocate those votes? How are 
voting districts determined?

Behind these questions lies the mathematics of voting, 
apportionment, and gerrymandering, subjects that are 
built upon combinatorics, probability, logic, statistics, 
geometry, dynamics, and many more fields. Addition-
ally, mathematics governs much more than these basic  

Institute for Mathematics 
and Democracy
Stanley Chang, Andy Schultz, and Ismar Volić

Stanley Chang is a cofounder of IMD and a professor of mathematics at 
Wellesley College. His email address is schang@wellesley.edu.

Andy Schultz is an IMD affiliate and an associate professor of mathematics 
at Wellesley College. His email address is aschult2@wellesley.edu.

Ismar Volić is a cofounder and director of IMD and a professor of mathe-
matics at Wellesley College. His email address is ivolic@wellesley.edu.
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then runs iteratively until someone gets the majority of the 
votes. (For simplicity, we will ignore the possibility of a tie.)

For the Borda count, placements on each ballot are given 
a point value: if there are n candidates, each first-place vote 
is worth n − 1 points, each second-place vote is assigned 
n − 2 points, and so on. Points are tallied and the candidate 
with the most points is the winner.

For the Condorcet method, ballots are used to determine 
winners of all possible head-to-head contests. If there is a 
candidate who beats all other candidates in these pairwise 
matchups, they are declared the winner.

A fascinating phenomenon is that these methods can 
produce different winners. For example, consider the 
ranked voting profile below, indicating that 36 voters listed 
the candidates as A, D, E, C, B in order of preference, 24 
voters made the preference list B, E, D, C, A, and so on:2

 36 24 20 18 8 4  
 A B C D E E
 D E B C B C
 E D E E D D
 C C D B C B
 B A A A A A
One can now decide the winner using any of the proce-

dures described above. It is clear that this election has no 
majority winner and that A is the plurality winner, but, as 
it turns out, C wins the instant runoff, D is the Borda count 
winner, and E is the Condorcet winner. (One can also use 
the rankings to find the winner of the usual runoff election 
where all but the top two scoring candidates are eliminated, 
and that happens to be B.)

These calculations require only rudimentary combina-
torics and can be performed by a high school student. For 
a more advanced audience, the discussion now naturally 
leads to the attempt to determine the “best” method and to 
the introduction of the formalisms of social choice theory. 
The crowning conclusion of this line of investigation is 
the celebrated Arrow Impossibility Theorem, which states 
that the only ranked-choice voting method that satisfies 
a particular set of natural desirable fairness criteria is 
dictatorship—the system by which a single voter decides 
the outcome. The proof of Arrow’s Theorem can easily be 
presented to undergraduates with a solid background in 
logic and combinatorics.

Other math and politics topics. A number of other 
topics lend themselves to such a layered instruction that can 
be adapted to various backgrounds. The basics of ranked 
and cardinal voting, the Electoral College, the efficiency gap 
and compactness scores in gerrymandering, power indices, 
and apportionment of legislative seats are all accessible to 
high school students. They can be contextualized at a higher 
level by introducing social choice theory and game theory, 

2This example was taken from The Mathematics of Elections and Voting 
by W. H. Wallis.

quantitative literacy is one of the key tools for combating 
the crusade against science and reason that has been raging 
in recent years.

At the risk of artificially drawing lines between activi-
ties that are inherently interwoven, the next sections will 
elaborate on some of IMD’s efforts in education, research, 
and outreach.

Mathematics and Politics in the Classroom
Quantitative literacy is one of the necessary ingredients 
for development and economic success. The educational 
system in the United States recognizes this need and in the 
last twenty or so years has generally adopted a significant 
quantitative literacy component, often embedded in STEM 
curricular initiatives.

However, political quantitative literacy has been largely 
neglected. The pedagogy of mathematics in the context of 
politics is largely missing from elementary, high school, and 
college curricula. Some problems with, say, plurality voting 
or the Electoral College might be studied through the prism 
of combinatorics in a civics or government class, or some 
misuses of statistics in politics might be given as examples 
in an introductory statistics course. This cross-disciplinary 
content, however, seems to be implemented exclusively by 
the initiative of individual teachers and professors.

The mathematics of politics is uniquely interdisciplinary 
and can be pitched at various levels, from middle school 
to advanced undergraduate or even graduate programs.

An example: Methods for tallying votes. Consider, 
for example, the task of gathering voter preferences and  
determining an election winner. When voters are express-
ing a preference between two candidates, the problem has 
a straightforward solution: a vote takes place, the ballots 
are tallied, and the winner is the candidate who receives 
the majority of votes. According to May’s Theorem, this 
is indeed the “best” method for declaring the winner of a 
two-candidate election.

When there are more than two candidates, however, 
there are many ways in which preferences can be expressed 
and tallied. The most straightforward generalization of the 
process above is plurality voting where voters again express 
their top preference, with the winner being the candidate 
who receives the most votes.

However, there are also systems in which voters are 
allowed to rank (linearly) their preferences between can-
didates and then the winner is declared in some fashion. 
Some examples of these ranked choice voting methods are 
instant runoff, Borda count, and the Condorcet method (but 
there are many others).

For the instant runoff, a candidate who has a majority 
of the first-place votes is declared the winner. Otherwise, 
the candidate with the least number of first-place votes 
is eliminated, and, for each ranked ballot, their vote is 
transferred to the next candidate on the list. The procedure 
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theory. But in general, the intersection of mathematics 
and politics is not on display as an apparent and available 
research direction in the mathematical community.

However, research in this area that is initiated by 
mathematicians has been increasing in visibility in recent 
years. More mathematicians are supervising undergraduate 
research and thesis projects in topics like voting theory 
and gerrymandering. Programs like the math and politics 
REU at Grand Valley State University, and organizations 
such as the Metric Geometry and Gerrymandering Group 
point to the possibilities of successfully employing abstract 
mathematics to obtain new and deep results, often in 
combination with cutting-edge techniques in data analysis. 
Journals that are friendly to mathematically inclined work 
in social sciences, such as Mathematical Social Sciences and 
Social Choice and Welfare, are becoming more familiar to 
mathematicians.

Indeed, the interdisciplinarity and the complexity of the 
subjects that reside in the intersection of mathematics and 
politics give rise to rich opportunities for research at the 
professional and undergraduate levels. Not only is this ob-
servation evident by the variety and the quality of the work 
of the IMD affiliates, but also by the research performed by 
students under the direction of IMD over the last two years.

Some of the IMD student research topics include rep-
resentation theory on tabloids and positional voting, a 
category-theoretic interpretation of the Balinski-Young 
Theorem, combinatorial topology models for political 
structures, Banzhaf and Shapley-Shubik power indices via 
simplicial complexes, and a graph-theoretic approach to 
liquid democracy. Several of these projects will or have 
already resulted in publications. The participation of under-
represented groups in this research was encouragingly high, 
again attesting to the interdisciplinary appeal of the kind of 
mathematics that is outside the traditional curricular path 
and is additionally timely and relevant.

In response to an ever-growing demand for research 
opportunities in mathematics and politics, IMD has taken 
on various roles in facilitating research interactions and 
supporting research projects. IMD’s faculty run a yearlong 
Undergraduate Fellows Program that has a significant re-
search component, and organize an eight-week REU-like 
intensive summer research program. IMD also acts as an 
intermediary between faculty who are already engaged 
in this work and interested students; in parallel with our 
webpage for educational resources, we are developing an 
online compendium of research topics and materials, along 
with contacts and descriptions of research backgrounds of 
faculty who are willing to work with students.

Outreach, Events, and Opportunities
Outreach. Because of its immediate real-world applicability 
and the increased visibility of topics like gerrymandering 
and ranked-choice voting, there is an appetite for the  

including the intricate impossibility theorems of Arrow, 
Gibbard-Satterthwaite, and Balinski-Young.

The Prisoner’s Dilemma and Nash Equilibrium are just 
the first steps of the game-theoretic point of view, and many 
advanced themes can be framed and understood within 
this field (competition, conflict, strategy, fair division, 
corruption, bureaucracy). Linear algebra, abstract algebra, 
and probability can be used at various junctures.

There are many opportunities to enrich the material 
by employing statistics and data analysis that use current 
real-life election, census, or other datasets. Occasions to 
support the mathematics with examples from history, 
economics, and politics—many of them current and rele-
vant—are also plentiful. These resources make the content 
especially attractive to students who are apprehensive about 
taking a “standard” math course.

Sample courseware. Although not ubiquitous in un-
dergraduate mathematics departments, there have been 
some college-level courses on mathematics and politics that 
have successfully run at various institutions. Such a course 
at Wellesley College,3 for instance, has quickly become 
remarkably popular, attracting one of the most diverse au-
diences the mathematics department has ever seen. There 
are also efforts by a number of middle school and high 
school teachers to bring this content into their classrooms.

IMD has created a webpage that serves as a repository 
of mathematics and politics teaching materials for anyone 
who wishes to use them.4 The page links to class websites 
and other resources used by a number of college faculty, as 
well as lesson plans used by several middle school teachers 
around the country. The links lead to lecture notes, work-
sheets, problem sets, videos, datasets, and other materials. 
Already used by some middle school, high school, and 
college faculty, these resources help to mitigate a growing 
demand for guidance among those who wish to incorpo-
rate mathematics and politics into their teaching.

Given the remarkable appetite for these resources, IMD 
is constantly working to synthesize and improve them, 
creating a roadmap with ready-made teaching modules 
that can be inserted selectively into existing curricula or 
used as the basis for the creation of entire courses aimed 
at audiences at various levels.

Research in Mathematics and Politics
Research in mathematics and politics has thus far been 
largely performed by mathematics-adjacent economists and 
political scientists. There are of course notable exceptions 
in which mathematicians make significant contributions to 
voting theory or the larger fields of social choice and game 

3See https://sites.google.com/wellesley.edu/mathematicsand 
politicsspring21.
4See https://mathematics-democracy-institute.org/education 
-resources/.

https://sites.google.com/wellesley.edu/mathematicsandpoliticssprin21
https://sites.google.com/wellesley.edu/mathematicsandpoliticssprin21
https://mathematics-democracy-institute.org/education-resources/
https://mathematics-democracy-institute.org/education-resources/
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into a “real-world” directed graph. Examples of mathemat-
ics and politics in other standard mathematics subjects can 
be found by reviewing the courseware at the IMD website.

For those readers who might be interested in partici-
pating in the emerging intersection between mathematics 
and politics, IMD wants to help. The institute welcomes all 
interested parties to collaborate on projects and participate 
in upcoming events.

The Urgency of Getting Involved
The practice of politics is contentious and messy. Having a 
solid understanding of the mathematics that lies beneath 
political processes will not necessarily resolve this; if any-
thing, regarding these processes through a mathematical 
lens confirms that complexity is fundamental to their 
nature.

On the other hand, by ignoring the mathematics behind 
politics, we leave our democratic institutions vulnerable. 
Democracies have always relied on a meaningfully edu-
cated electorate to operate most effectively, and political 
quantitative literacy is a skill that can no longer be allowed 
to languish.

We hope our mathematics community will recognize 
the necessity of playing an active role in advancing political 
quantitative literacy and the gravity of the repercussions if 
we fail to do so. The Institute of Mathematics and Democ-
racy is committed to making more mathematicians aware 
of this increasingly important application of our subject 
and helping them incorporate it into their professional 
lives.

Credits
Photo of Stanley Chang is courtesy of 

Stanley Chang.
Photo of Andy Schultz is courtesy of 

Andy Schultz.
Photo of Ismar Volić is courtesy of 

Franjo Šarčević.

discussion of the role of mathematics and politics beyond 
the traditional academic venues, namely classrooms and 
scholarly publications.

IMD affiliates have given talks to various groups, e.g., 
high schools and political activist organizations, to help 
increase awareness of these important topics. They have 
also disseminated this message more broadly through a 
variety of op-eds, and even supported ballot measures that 
promote mathematically sound voting practices.

Special events. IMD has organized a number of events, 
lectures, and conferences. Here are two representative ones:

On Election Night in 2020, IMD Fellows and faculty 
held a virtual event for the general public to explain the 
mathematical intricacies and flaws of the Electoral College, 
various voting methods, and the Congressional apportion-
ment process.

In May 2021, IMD organized a one-day virtual confer-
ence, Math and Politics: Numeracy at the Ballot Box. Lectures 
were presented by middle school, college, and university 
faculty and affiliates. The speakers recounted their ex-
periences teaching mathematics and politics, running a 
math and politics REU program, performing research in 
mathematics and politics with students, and being a math-
ematician in the world of politics. Several undergraduate 
students presented their research, and one high school 
student codelivered a lecture.

Both events were exceptionally well-attended. The re-
cordings of the presentations are accessible on the IMD 
website.5

Opportunities. There are many opportunities for 
mathematicians to foster political quantitative literacy. 
Fortunately, expertise in the subject is not a prerequisite 
for participation. IMD hopes to act as a facilitator in this 
area for interested educators and scholars.

Mathematicians who wish to become conversant with 
the field might want to review some educational resources 
listed on IMD’s website. Those resources also cater to those 
who are interested in a deeper investigation and wish to 
teach an introductory course on the subject at their school, 
reach out to adjacent disciplines (e.g., political science, 
economics, data science) to identify colleagues who might 
have room for a special lecture by a mathematician, or who 
might even want to collaborate on a course.

For those interested in a less intense debut in the subject, 
the perspective can be flipped: instead of teaching a course 
which examines the mathematics in political processes, one 
could instead bring political processes into the standard 
mathematics courses. For example, the Condorcet method 
discussed above allows one to convert the slate of ballots 

5For more details on the 2020 Election Night event, see https:// 
mathematics-democracy-institute.org/election-night-event 

-videos-and-presentations/, and on the May 2021 conference, 
see https://mathematics-democracy-institute.org/2021 
-conference/.

Stanley Chang Andy Schultz

Ismar Volić

https://mathematics-democracy-institute.org/election-night-event-videos-and-presentations/
https://mathematics-democracy-institute.org/election-night-event-videos-and-presentations/
https://mathematics-democracy-institute.org/2021-conference
https://mathematics-democracy-institute.org/2021-conference
https://mathematics-democracy-institute.org/election-night-event-videos-and-presentations/
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Hidden Figures3 fame). Dr. Claytor’s passion for research was 
diminished by racist attitudes and incidents. This history is 
recounted in an AMS report. Dr. Claytor spent the majority 
of his career at Howard University where he succeeded Dr. 
David Blackwell as department chair.

Gloria Ford Gilmer, PhD
Gloria Ford Gilmer, PhD (1928–
2021) was the first African American 
woman to have published mathemat-
ics research articles in peer-reviewed 
journals, with papers on differential 
equations in the Proceedings of the 
American Mathematical Society4 and 
the Pacific Journal of Mathematics.5 
Dr. Ford Gilmer earned her under-
graduate degree from Morgan State 
University and taught at six different 

HBCUs after earning a master’s degree in mathematics from 
the University of Pennsylvania. Later in life she earned a 
doctorate in curriculum and instruction from Marquette 
University. She was the first Black woman on the board 
of governors of the Mathematical Association of America 
(MAA) and also served as a research associate with the US 
Department of Education. Dr. Ford Gilmer was a leader in 
the field of ethnomathematics.6

Background
In 2020, the AMS took new steps towards addressing 
racism and promoting full and equitable participation 
in mathematics education, research, and employment. 
As part of national outrage about systemic racism, the 
AMS participated in #ShutDownSTEM day, adopting the 
AMS Message of Support for and Solidarity with the Black 

3https://www.ams.org/mm140-hidden-figures-podcast
4https://www.ams.org/journals/proc/1956-007-02/S0002-9939 
-1956-0077754-3/
5https://projecteuclid.org/journals/pacific-journal-of 
-mathematics/volume-6/issue-2/On-the-uniform-convergence 

-of-a-certain-eigenfunction-series/pjm/1103044127.full
6https://www.nottingham.ac.uk/csme/meas/papers/gilmer.html

AMS Fellowships
The AMS Claytor-Gilmer 
Fellowship
The AMS established the Claytor-Gilmer Fellowship to 
further excellence in mathematics research and to help 
generate wider and sustained participation by Black math-
ematicians. One fellowship in the amount of $50,000 will 
be awarded for the 2022–2023 academic year.

About this Fellowship
Awardees may use the fellowship in any way that most effec-
tively enables their research—for instance, for release time, 
participation in special research programs, travel support, 
childcare, etc. The award is issued through the recipient’s 
institution, and no part of it may be utilized for indirect 
costs. Given the aims of the fellowship, the most likely 
awardee will be a mid-career Black mathematician based 
at a US institution whose achievements demonstrate sig-
nificant potential for further contributions to mathematics.

William S. Claytor, PhD
William Shieffelin Claytor, PhD 
(1908–1967) was the first African 
American man to publish a research 
article in a peer-reviewed mathemat-
ics journal, with a paper on topology1 
in the Annals of Mathematics. He was 
the third African American to earn a 
PhD in mathematics (University of 
Pennsylvania, 1933). He earned his 
undergraduate and master’s degrees 
in mathematics at Howard Univer-

sity. After his PhD, he taught at West Virginia State College 
where one of his students was Katherine Johnson2 (of  

1https://doi.org/10.2307/1968496
2https://www.ams.org/journals/notices/201903/rnoti-p324.pdf

William S. 
Claytor, PhD

Gloria Ford 
Gilmer, PhD

https://doi.org/10.2307/1968496
https://www.ams.org/journals/proc/1956-007-02/S0002-9939-1956-0077754-3/
https://www.ams.org/journals/proc/1956-007-02/S0002-9939-1956-0077754-3/
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-6/issue-2/On-the-uniform-convergence-of-a-certain-eigenfunction-series/pjm/1103044127.full
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-6/issue-2/On-the-uniform-convergence-of-a-certain-eigenfunction-series/pjm/1103044127.full
https://projecteuclid.org/journals/pacific-journal-of-mathematics/volume-6/issue-2/On-the-uniform-convergence-of-a-certain-eigenfunction-series/pjm/1103044127.full
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development of their research careers. Candidates must 
have a carefully thought-through research plan for the fel-
lowship period. Special circumstances (such as time taken 
off for care of children or other family members) may be 
taken into consideration in making the award. The fellow-
ship can be used to provide additional time for research of 
the awardee, or opportunities to work with collaborators. 
This may include, but is not limited to, course buy-outs, 
travel money, childcare support, or support to attend spe-
cial research programs.

Application Period
Applications will be accepted on MathPrograms.org starting 
October 4, 2021, and the deadline is December 1, 2021. The 
award recipient will be announced in spring 2022.

Find more application information at https://www 
.ams.org/Birman-fellow. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189. 

The AMS Centennial 
Research Fellowship 
Program
The AMS Centennial Research Fellowship Program makes 
awards annually to outstanding mathematicians to help 
further their careers in research. One fellowship in the 
amount of $50,000 will be awarded for the 2022–2023 
academic year.

About this Fellowship
The eligibility rules are as follows: The primary selection 
criterion for the Centennial Fellowship is the excellence of 
the candidate’s research. Preference will be given to candi-
dates who have not had extensive fellowship support in the 
past. Recipients may not hold the Centennial Fellowship 
concurrently with another research fellowship such as a 
Sloan or NSF Postdoctoral fellowship. Under normal cir-
cumstances, the fellowship cannot be deferred. A recipient 
of the fellowship shall have held his or her doctoral degree 
for at least three years and not more than twelve years at the 
inception of the award (that is, must be received between 
September 1, 2010, and September 1, 2019). Applications 
will be accepted from those currently holding a tenured, 
tenure track, postdoctoral, or comparable (at the discretion 
of the selection committee) position at an institution in 
North America. Applications should include a cogent plan 
indicating how the fellowship will be used. The plan should 
include travel to at least one other institution and should 
demonstrate that the fellowship will be used for more than 

Community7 and an action plan. Three key elements of the 
action plan were to create the Task Force on Understanding 
and Documenting the Historical Role of the AMS in Racial 
Discrimination,8 to establish a new fellowship to support 
the research of mid-career Black mathematicians, and to 
launch a new endowed fund for the fellowship and other 
activities. In consultation with various other professional 
organizations and individuals in the wider community, 
the AMS Council established and then named the Clay-
tor-Gilmer Fellowship in early 2021.

Both Dr. William S. Claytor and Dr. Gloria Ford Gilmer 
are products of Historically Black Colleges and Universities 
(HBCUs). Dr. Claytor and Dr. Ford Gilmer have compelling 
stories that align with an important intention of the new 
fellowship: to redress the historical fact that Black men and 
women have not been adequately supported or recognized 
by the mathematics community.

Application Period
Applications will be accepted on MathPrograms.org starting 
October 4, 2021, and the deadline is December 1, 2021. The 
award recipient will be announced in spring 2022.

Find more application information at https://www 
.ams.org/claytor-gilmer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189.

The Joan and Joseph 
Birman Fellowship 
for Women Scholars
The Joan and Joseph Birman Fellowship for Women Schol-
ars is a mid-career research fellowship specially designed 
to fit the unique needs of women. The fellowship is open 
only to women and was established in 2017, made possi-
ble by a generous gift from Joan and Joseph Birman. One 
fellowship in the amount of $50,000 will be awarded for 
the 2022–2023 academic year.

About this Fellowship
The fellowship seeks to address the paucity of women at 
the highest levels of research in mathematics by giving 
exceptionally talented women extra research support 
during their mid-career years. The most likely awardee is 
a mid-career woman, based at a US academic institution, 
with a well-established research record in a core area of 
mathematics. The fellowship will be directed toward those 
for whom the award will make a real difference in the  

7https://www.ams.org/messageofsupport
8https://www.ams.org/understanding-ams-history

https://www.ams.org/claytor-gilmer
https://www.ams.org/claytor-gilmer
https://www.ams.org/Birman-fellow
https://www.ams.org/Birman-fellow
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reduction of teaching at the candidate’s home institution. 
The selection committee will consider the plan, in addition 
to the quality of the candidate’s research, and will try to 
award the fellowship to those for whom the award would 
make a real difference in the development of their research 
careers. Work in all areas of mathematics, including inter-
disciplinary work, is eligible.

Application Period
Applications will be accepted on MathPrograms.org starting 
October 4, 2021, and the deadline is December 1, 2021. The 
award recipient will be announced in spring 2022.

Find more application information at https://www 
.ams.org/emp-centflyer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189.

Credits
Photo of William S. Claytor is courtesy of Raymond Louis 

Wilder Papers, Archives of American Mathematics, e_
math_02076, The Dolph Briscoe Center for American His-
tory, The University of Texas at Austin.

Photo of Gloria Ford Gilmer is courtesy of the Gilmer family.
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Statistics on Women Mathematicians
Compiled by the AMS

To provide the mathematical community with information on the participation of women in its activities in the aca-
demic professional arena, the AMS collects data and aggregates it in annual reports detailing counts and percentages 
of women who are AMS members, Society leaders, speakers at AMS meetings, members of AMS editorial committees, 
and new PhD recipients. The AMS Secretary’s Office, Meetings Department, Membership Department, and Programs 
Department are the sources of this data, and the results for 2020 are listed in the tables below. This ingathering of in-
formation is part of AMS’s efforts to provide more comprehensive information about the demographic characteristics 
in the mathematical community and in AMS activities.

In 1985, the Council of the AMS initiated this reporting on women mathematicians in the categories of membership, 
invited hour addresses at AMS meetings, speakers at Special Sessions of AMS meetings, and editorial boards for AMS 
journals. The current report is the thirty-fifth annual installment to appear in Notices. In 2018, the Council broadened 
the mandate to include demographic characteristics, which include the categories gender, race, and ethnicity. Thus, 
information here is reported according to gender categories (men, women, nonbinary), and as AMS makes progress 
in collecting analogous data in the other demographic categories, this report will evolve to include those attributes of 
mathematicians and their participation in AMS activities.

Participation in the AMS (2016–2020)*

2020 2019 2018 2017 2016

Members of the AMS Residing in the US 23,464 25,671 24,238 23,959 22,513

Men 9,944 (42%) 7,183 (30%) 7,879 (33%) 8,591 (36%) 8,966 (40%)

Women 1,456 (6%) 1,346 (6%) 1,536 (6%) 1,694 (7%) 1,699 (8%)

Non-binary 3 (<1%) - - - -

Decline to answer 7 (<1%) - - - -

Unknown/not provided 12,054 (51%) 15,142 (46%) 14,823 (61%) 13,674 (57%) 11,848 (13%)

Trustees and Council Members 42 45 41 42 42

Men 22 (52%) 24 (53%) 24 (59%) 26 (62%) 26 (62%)

Women 19 (45%) 21 (47%) 17 (41%) 16 (38%) 16 (38%)

Decline to answer 1 (2%) - - - -

Members of AMS Editorial Committees 255 223 222 222 202

Men 157 (62%) 146 (66%) 160 (72%) 176 (76%) 161 (80%)

Women 77 (30%) 72 (32%) 62 (28%) 46 (21%) 41 (20%)

Unknown/not provided 21 (8%) 5 (2%) - - -

Invited Address Speakers at AMS Meetings 19 41 46 45 48

Men 9 (47%) 29 (71%) 27 (59%) 27 (60%) 32 (67%)

Women 10 (53%) 11 (27%) 19 (41%) 18 (40%) 16 (33%)

Non-binary - 1 (2%) - - -

*For reporting purposes, only demographics categories in which individuals have identified are visible in this table.
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Statistics on Women Mathematicians

2020 2019 2018 2017 2016

Speakers at Special Sessions 4,201 4,602 4,441 4,069 3,581

Men 2,429 (58%) 2,805 (61%) 2,757 (62%) 2,621 (64%) 2,388 (67%)

Women 1,097 (26%) 1,118 (24%) 1,034 (23%) 902 (22%) 754 (21%)

Decline to answer 1 (0%) - - - -

Unknown/not provided 674 (16%) 679 (15%) 650 (15%) 546 (13%) 439 (12%)

Comparison of Speaker Gender in AMS Special Sessions with 

and without Women Organizers (2020)

Special Sessions with at Least One Woman Organizer 1,547 1,608 1,770 1,887 1,631

Men 833 (54%) 920 (57%) 1,019 (58%) 1,150 (61%) 1,034 (63%)

Women 483 (31%) 489 (30%) 527 (30%) 509 (27%) 407 (25%)

Unknown/not provided 231 (15%) 199 (13%) 224 (13%) 228 (12%) 190 (12%)

Special Sessions with No Women Organizers 1,619 2,159 2,671 2,182 1,950

Men 1,003 (62%) 1,357 (63%) 1,738 (66%) 1,471 (67%) 1,354 (69%)

Women 358 (22%) 475 (22%) 507 (19%) 393 (18%) 347 (18%)

Decline to answer 1 (0%) - - - -

Unknown/not provided 257 (16%) 327 (15%) 426 (16%) 318 (15%) 249 (13%)

Doctorates in Mathematical and Statistical Sciences granted 

to US Citizens 789** 802 935 957 937

Men 520 (72%) 570 (71%) 699 (75%) 684 (71%) 684 (73%)

Women 221 (28%) 226 (29%) 236 (25%) 269 (28%) 251 (27%)

Non-binary 4 (<1%) 3 (<1%) - 4 (<1%) 2 (<1%)

Unknown/not provided 5 (<1%) 3 (<1%) - - -

**Counts as of June 30, 2021.
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Omar is heavily engaged in mathematics outreach and 
mathematics competition creation. He has served on or-
ganizing committees for the American Mathematics Com-
petitions and Canadian competitions through the Center 
for Education in Mathematics and Computing. Omar posts 
regularly to his YouTube channel ProfOmarMath, offering 
students insights on creative approaches to undergraduate 
mathematics.

“Though it may not sound like traditional outreach, one 
of the most enriching activities for me is direct contact with 
Black math faculty from across the United States,” Omar 
said. “We are few and far between; having a close network 
has had a tremendously positive impact on my well-being 
while in the career.”

Omar earned his PhD in mathematics from the Univer-
sity of California, Davis, in 2011. He completed a postdoc-
toral fellowship at the California Institute of Technology 
before joining the faculty of Harvey Mudd. In 2018, he 
won the Henry L. Alder Award from the Mathematical 
Association of America in recognition of his outstanding 
undergraduate teaching and dedication to inclusion in 
STEM education.

About the Fellowship
The AMS Claytor-Gilmer Fellowship aims to further excel-
lence in mathematics research and to help generate wider 
and sustained participation by Black mathematicians. 
Awardees may use the fellowship in any way that most 
effectively enables their research—for instance, for release 
time, participation in research programs, travel support, 
child care, and so forth. The most likely awardee is a mid- 
career Black mathematician based at a US institution whose 
achievements demonstrate significant potential for further 
contributions to mathematics. The fellowship is named 
for Dr. William Schieffelin Claytor, the first African Amer-
ican man to publish a research article in a peer-reviewed 
mathematics journal, and Dr. Gloria Ford Gilmer, the first 
African American woman to publish a research article in a 
peer-reviewed mathematics journal. Read more about the 
fellowship at https://www.ams.org/claytor-gilmer.

—AMS announcement

Mohamed Omar 
Awarded Inaugural 
Claytor-Gilmer Fellowship

Mohamed Omar, an associate pro-
fessor of mathematics and the Joseph 
B. Platt Chair in Effective Teaching 
at Harvey Mudd College, has been 
awarded the inaugural AMS Claytor- 
Gilmer Fellowship. The year-long 
fellowship was established to further 
excellence in mathematics research 
and to help generate wider and sus-
tained participation by Black math-
ematicians. Omar has an excellent 

track record in research and a notable research program, 
and he has displayed impressive leadership in mentoring 
and service to the mathematics community.

Omar’s research focuses on using algebra in areas of 
discrete mathematics such as combinatorics, graph the-
ory, and discrete/convex geometry. During the 2021–2022 
fellowship, Omar will pursue two main lines of inquiry. 
First, he will study applications of the recently developed 
Slice–Rank Polynomial Method, which harnesses linear 
algebra to solve problems in extremal combinatorics in-
volving restrictions on more than two sets from a family 
of sets. Second, he will explore graph propagation through 
an algebraic lens.

“I am outstandingly grateful for this fellowship, but I 
truly believe it is not about me, it’s about us,” Omar said. 
“It’s a recognition of the countless tolls that Black academ-
ics take to stay in the field. It’s a grievance for the countless 
opportunities lost because of the nuanced dances that 
Black academics have to tango day in and day out. It’s for 
the enthusiastic and hopeful Black student who holds on 
to hope despite countless efforts of the community to rob 
it. It’s for the Black faculty member whose unseen labor is 
rarely, if ever, recognized. It’s the beginning of a recognition 
of the many ways in which this profession is not inclusive 
to its Black members.”

Mohamed Omar
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Gross and Zagier Awarded 
2021 Fudan–Zhongzhi 
Science Award

Benedict Gross, professor emeritus 
of mathematics at Harvard University 
and the University of California, San 
Diego, and Don Zagier, professor at 
the Max Planck Institute for Mathe-
matics, are the recipients of the 2021 
Fudan–Zhongzhi Science Award.

They were honored for their for-
mulation and proof of the Gross–
Zagier formula, relating heights of 
Heegner points to the central de-
rivatives of the zeta function of the 
corresponding elliptic curve. This 
established striking cases of the Birch 
and Swinnerton-Dyer conjecture 
and, with it, many applications to 
long-standing problems, and it has 
deeply influenced the development 
of number theory in recent decades. 
Gross was also recognized for his 
foundational works in the modern 
theory of automorphic forms and 

their periods, specifically the Gan–Gross–Prasad conjec-
tures, which are at the center of many far-reaching recent 
advances. Zagier was also recognized for his profound 
works on modular forms and special functions, which 
resolve questions and problems in diverse areas ranging 
from topology and moduli spaces to geometry and math-
ematical physics.

Benedict Gross received his PhD in 1978 from Harvard 
University, advised by John Tate. He held positions at 
Princeton University and the Université de Paris VII, then 
joined Brown University as associate professor in 1982. 
He moved to Harvard in 1985 as a full professor. During 
his career at Harvard he served as Dean for Undergraduate 
Education (2002–2003) and the Dean of Harvard College 
(2003–2007). He retired from Harvard in 2015, then 
taught at the University of California, San Diego, until his 
retirement there in 2020. Gross has been the recipient of a 
Sloan Fellowship (1980–1983) and a MacArthur Fellow-
ship (1986–1991). He was awarded the AMS Frank Nelson 
Cole Prize in Number Theory (with Don Zagier and Dorian 
M. Goldfeld) in 1987. He served on AMS Committees on 
Postdoctoral Fellowships (1978–1982) and on Summer 
Research Conferences (1981–1984) and as an editor of 
the Journal of the American Mathematical Society, as well as 
several other journals. Most recently he served on the exec-
utive committee of the International Mathematical Union 

(2015–2019). He is a Fellow of the AMS, as well as of the 
American Academy of Arts and Sciences, and a member 
of the National Academy of Sciences and the American 
Philosophical Society.

Don Zagier was born in Heidelberg, West Germany, and 
received his PhD from the University of Oxford in 1971 and 
his Habilitation from the University of Bonn in 1975. He 
has held positions at the University of Maryland (1978–
1990), Kyushu University (1990–1991, 1992–1993), the 
University of Utrecht (1990–2001), the Collège de France 
(2001–2014), and the International Centre for Theoretical 
Physics. He has been a scientific member of the Max Planck 
Institute for Mathematics in Bonn since 1984 and became 
one of its directors in 1995. He was a recipient of the AMS 
Frank Nelson Cole Prize in Number Theory (with Bene-
dict Gross and Dorian M. Goldfeld) in 1987, the Prix Elie 
Cartan in 1996, the Chauvenet Prize in 2000, and the von 
Staudt Prize in 2001. He was elected to the US National 
Academy of Sciences in 2017.

The award was jointly founded in 2015 by Fudan Uni-
versity and Zhongzhi Enterprise Group in recognition of 
scientists who have made fundamental and groundbreak-
ing achievements in physics, mathematics, and biomed-
icine. The 2021 award is the second given in the field of 
mathematics; the first mathematician to be honored was 
Ingrid Daubechies (2018). The prizewinners will share a 
cash award of 3 million renminbi (RMB; approximately 
US$464,000) donated by Zhongzhi Enterprise Group.

—From a Fudan–Zhongzhi Prize announcement

AWM Prizes Awarded
The Association for Women in Mathematics (AWM) has 
announced several awards for 2022.

Jennifer Balakrishnan of Bos-
ton University received the 2022 
AWM-Microsoft Research Prize in 
Algebra and Number Theory in rec-
ognition of her “outstanding contri-
butions to explicit methods in num-
ber theory, particularly her advances 
in computing rational points on 
algebraic curves over number fields.”

The prize citation reads in part: 
“Balakrishnan is internationally rec-

ognized as a leader in computational number theory. Her 
doctoral dissertation presents the first general technique for 
computing iterated p-adic Coleman integrals on hyperellip-
tic curves. In the course of her collaboration with Minhyong 
Kim at Oxford, Balakrishnan helped realize the substantial 
practical potential of Kim’s non-abelian Chabauty method 
and, with her collaborators, turned it into a powerful tool 

Benedict Gross

Jennifer Balakrishnan
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for identifying integral and rational points on curves that 
are entirely beyond reach using the traditional Chabauty 
approach. In an impressive tour de force, Balakrishnan, 
Dogra, Müller, Tuitman, and Vonk used the quadratic 
Chabauty method for computing the rational points on the 
split Cartan modular curve of level 13. Facetiously known 
as the ‘cursed curve’ among number theorists because 13 is 
the only prime level that had stubbornly resisted all such 
prior attempts, this work represents a major breakthrough. 
It not only completes the proof of the split Cartan cases of 
Serre’s uniformity conjecture for Galois images of elliptic 
curves, but also opens an avenue for tackling nonsplit 
Cartan modular curves at higher level.” Her research has 
also included work on computing p-adic height pairings for 
hyperelliptic curves and on the distribution of ranks and 
Selmer groups of elliptic curves over the rational numbers. 
Balakrishnan received her PhD from the Massachusetts In-
stitute of Technology in 2011 and has  held appointments 
as an NSF Postdoctoral Fellow at Harvard University as 
well as a Junior Research Fellow and a Titchmarsh Fellow 
at the University of Oxford. The Microsoft Research Prize 
highlights outstanding contributions by women in the field 
of algebra and number theory.

Yaiza Canzani of the University 
of North Carolina, Chapel Hill, was 
awarded the 2022 AWM Sadosky Re-
search Prize in Analysis in recognition 
of her “outstanding contributions in 
spectral geometry and microlocal 
analysis.” The prize citation reads in 
part: “Canzani has established herself 
as a leading expert in spectral geom-
etry, producing breakthrough results 
on nodal sets, random waves, Weyl 

Laws, Lp-norms, and other problems on eigenfunctions 
and eigenvalues on Riemannian manifolds. Over the past 
three years, in collaboration with Galkowski, Canzani de-
veloped a framework to extract information on the structure 
of Laplace eigenfunctions from their concentration and 
propagation behavior in phase space. The outcome of this 
endeavor is a series of works that are the first to provide 
quantitative improvements over the standard bounds, 
under purely dynamical assumptions, for pointwise 
bounds, Lp-norms, integral averages, and the error term in 
the pointwise Weyl Law. Canzani’s work is groundbreaking 
and further development of her framework will continue 
to greatly advance the field. In collaboration with Hanin, 
she carried out a detailed study of scaling limits of the 
spectral function of the Laplacian, successfully answering 
Zelditch’s scaling asymptotics conjecture and applying it to 
prove local universality properties of nodal sets.” Canzani 
received her PhD from McGill University in 2013 and held 
postdoctoral positions at Harvard University and the Insti-
tute for Advanced Study. She joined the faculty at Chapel 

Hill in 2016 and has been the recipient of a Sloan Research 
Fellowship and an NSF Career Award. The AWM Sadosky 
Research Prize recognizes exceptional research in analysis 
by a woman early in her career.

Maria Helena Noronha of Cali-
fornia State University, Northridge, 
received the 2022 M. Gweneth Hum-
phreys Award “in recognition of her 
outstanding mentoring of undergrad-
uate women in mathematics and her 
creation of programs and pathways 
for those underrepresented in math-
ematics to excel and thrive in the pro-
fession.” CSU Northridge primarily 
serves Hispanic undergraduates, and 
during her career, Noronha “has set 

up structures that foster access to, and success in, the math-
ematics profession at all stages of the academic pipeline. 
These initiatives include CSUN’s Preparing Undergraduates 
through Mentoring for PhDs (PUMP), which prepares 
underrepresented minority students to enter doctoral 
programs in mathematics and which has now expanded 
throughout the Cal State network; Research Experiences 
in Community Colleges (RE-C2), providing mathematics 
research opportunities to community college students and 
faculty; and Fellows Engaged in Research in Mathematics 
to Assist Teachers (FERMAT), supporting master’s students 
in mathematics to serve as resources for K–12 teachers.”

Vilma Mesa of the University of 
Michigan received the Louise Hay 
Award for Contributions to Mathe-
matics Education. She was recognized 
“for her distinguished contributions 
to mathematics education research at 
the collegiate level, for her teaching 
and mentorship, and as an advocate 
for access to mathematics for women 
and members of underprivileged 
populations.” According to the prize 
citation, Mesa’s work involves both 

curriculum and college instruction. In the area of curricu-
lum, at the Universidad de los Andes, she “joined a group 
of instructors writing texts for precalculus and statistics. 
Her University of Georgia dissertation was an international 
comparison of eighth-grade presentations of the concept 
of function. She used her methods to then study college 
textbook presentations of trigonometry and calculus con-
cepts. More recently, she has explored instructors’ use of 
open-source and open-access electronic mathematics text-
books for calculus, abstract algebra, and linear algebra.” Her 
work focuses on calculus, inquiry-based learning (IBL), and 
community college mathematics instruction. In 2005, Mesa 
became an evaluator of IBL math courses at the University 
of Michigan. She has been an advocate for research and 
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improved instruction in community colleges. She has been 
an associate editor for several leading journals, an officer of 
the SIGMAA on Research in Undergraduate Mathematics 
Education, a leader in the national inquiry-based learning 
movement, and an advisor for projects in Chile, Colombia, 
and Spain.

—From AWM announcements

Ivan Corwin Awarded 
2021 Loève Prize

Ivan Corwin of Columbia University 
has been awarded the 2021 Line and 
Michel Loève International Prize in 
Probability. Corwin received his PhD 
in 2011 under Gerard Ben Arous at 
New York University. According to 
the prize citation, Corwin “is best 
known for his work on the KPZ 
(Kardar–Parisi–Zhang) model and 
variants, which arise from many dif-
ferent models from statistical physics. 

Over the last decade this has become one of the most ac-
tive and deep areas of mathematical probability. Starting 
with his influential 2012 survey ‘The Kardar-Parisi-Zhang 
equation and universality class’ (Random Matrices: Theory 
and Applications 1) and continuing with a long sequence 
of technical papers with numerous coauthors, Corwin has 
become the recognized leader in this area, making rigorous 
some predictions from physics, establishing numerous pre-
cise mathematical properties and formulas, and elucidating 
the connections with related process such as ASEP.”

The prize commemorates Michel Loève, professor at 
the University of California, Berkeley, from 1948 until his 
untimely death in 1979. The prize was established by his 
widow, Line, shortly before her death in 1992. Awarded 
every two years since 1993, it is intended to recognize out-
standing contributions by researchers in probability who 
are under forty-five years old. The prize carries a monetary 
award of US$30,000.

—David Aldous, University of California, Berkeley

Sanz-Alonso Awarded 
2020 Rubio de Francia Prize

Daniel Sanz-Alonso of the Univer-
sity of Chicago has been awarded 
the José Luis Rubio de Francia Prize 
for 2020 for his work in combining 
computational statistics, numeri-
cal and stochastic analysis, and re-
verse problems. This work involves 
problems at the intersection of data 
science and machine learning with 
partial differential equations and the 
calculus of variations. Sanz-Alonso 

received his PhD in 2016 from the University of Warwick 
and held a postdoctoral position at Brown University from 
2016 to 2018, when he joined the University of Chicago. 
His research interests are in graph-based learning, inverse 
problems, and data assimilation.

The Rubio de Francia prize is awarded by the Spanish 
Royal Society of Mathematics (RSME) to the best Span-
ish mathematician under the age of thirty-two across all 
disciplines. In addition to a cash award of 3,000 euros 
(approximately US$3,500), the prize includes a three-year 
start-up grant of 35,000 euros (approximately US$41,000).

—RSME announcement

Genest Receives 
Synge Award

Christian Genest of McGill Uni-
versity has been awarded the 2020 
John L. Synge Award of the Royal 
Society of Canada (RSC). Accord-
ing to the prize citation, he is “a 
world-renowned statistician whose 
seminal work in copula modeling, 
extreme-value theory, and collab-
orative decision making led to a 
transformative understanding of the 
impact of dependence in risk as-

sessment. He designed multivariate data analysis and 
nonparametric inference methods which improved risk 
management practices in insurance, finance, hydrology and 
other fields.” He has also made significant contributions 
to pairwise comparison methods used in multiple-criteria 
decision analysis. Genest was born in Chicoutimi, Quebec, 
Canada, and received his PhD in statistics at the Univer-
sity of British Columbia in 1983 under the supervision of 
James V. Ziden; he received the Pierre Robillard Award of 
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the Statistical Society of Canada (SSC) for his thesis. He 
had a postdoctoral position at Carnegie Mellon Univer-
sity (1983–1984), then held positions at the University of 
Waterloo (1984–1987) and Université Laval (1987–2010). 
He joined the McGill faculty in 2010. He was the first 
recipient of the CRM-SSC Prize in 1999 and received the 
SUMMA Research Award from Université Laval in the same 
year. He was awarded the SSC Gold Medal in 2011 for his 
contributions to multivariate analysis and nonparametric 
statistics. He received the Humboldt Research Prize from 
the Alexander von Humboldt Foundation in 2019. He is a 
Fellow of the American Statistical Association, the Institute 
of Mathematical Statistics, and the Royal Society of Canada. 
He tells the Notices: “There is considerable musical talent in 
my family: my mother was a piano teacher, and one of my 
sisters is a recording artist. I am a baseball fan and served as 
a volunteer coach and umpire in Little Leagues for over ten 
years. I enjoy walks, hiking, travel, and history, including 
history of science.”

—From an RSC announcement

Acemoglu Receives 
CME Group-MSRI Prize

Daron Acemoglu of the Massachu-
setts Institute of Technology was 
awarded the 2020 CME Group-MSRI 
Prize for his work, which covers a 
wide range of areas, including po-
litical economy, economic develop-
ment, economic growth, inequality, 
labor economics, and economics of 
networks. He is the author of five 
books, including Why Nations Fail: 
Power, Prosperity, and Poverty and The 
Narrow Corridor: States, Societies, and 

the Fate of Liberty (both coauthored with James A. Robin-
son). Acemoglu is a native of Istanbul, Turkey. He received 
his PhD in 1992 from the London School of Economics, 
where he spent the year 1992–1993 as a lecturer. He joined 
MIT as an assistant professor of economics in 1993 and 
is currently MIT Institute Professor. He is the recipient of 
many awards and honors, among them the John Bates 
Clark Medal of the American Economic Association (2005), 
the Inaugural Galasaray Prize for Contribution to Science, 
Technology and Culture (2012), the Nemmers Prize in 
Economics (2012), the George S. Eccles Award for Excel-
lence in Writing for Why Nations Fail (2013), a Carnegie 
Fellowship (2017), the BBVA Frontiers of Knowledge Award 
(2017), the Jean-Jacques Laffont Prize of the University of 
Toulouse (2018), and the Global Economy Prize in 2019. 

Acemoglu tells the Notices that, although he is frightfully 
overcommitted, in his spare time he enjoys spending time 
with his kids, movies, and hiking.

—CME Group/MSRI announcement

Carpentier Receives 
2020 von Kaven Award

Alexandra Carpentier of Otto- 
von-Guericke University Magdeburg 
has received the 2020 von Kaven 
Award of the German Research Foun-
dation (DFG). She was honored for 
her achievements at the interface of 
mathematics and computer science. 
Her research focuses on the combi-
nation of uncertainty quantification 
involving complex applications of 
artificial intelligence and aims to 
achieve mathematically validated 

risk assessment of sequential decision algorithms using 
methods of mathematical statistics and machine learning. 
Carpentier received her doctorate in 2012 from INRIA 
(Institut National de Recherche en Informatique et en 
Automatique) in Lille, France. She held a research posi-
tion at the University of Cambridge, then did research at 
the University of Potsdam before joining Magdeburg. She 
has also been a visiting professor at the University of Par-
is-Nanterre. The von Kaven Award is generally presented 
to early-career researchers in mathematics involved in the 
DFG’s Heisenberg and Emmy Noether programs to honor 
special achievements. It carries a cash award of 10,000 euros 
(approximately US$11,800).

—From a DFG announcement
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Slettnes of Castro Valley, California; and Kenta Suzuki of 
Bloomfield Hills, Michigan.

—From a Davidson Institute announcement

Mathematical Society 
of Japan Prizes

Martin Guest of Waseda University 
has been awarded the 2021 Autumn 
Prize of the Mathematical Society of 
Japan (MSJ) for his contributions to 
studies on tt* equations and quan-
tum cohomology. The Autumn and 
Spring Prizes are the most prestigious 
prizes awarded by MSJ to its mem-
bers. The Autumn Prize is awarded 
without age restriction to people who 
have made exceptional contributions 

in their fields of research.
The 2021 MSJ Analysis Prizes were awarded to Kengo 

Kato of Cornell University for work in Gaussian and boot-
strap approximations in high-dimensional statistics; to 
Makoto Katori of Chuo University for work in interacting 
particle systems related to statistical mechanics; and to 
Futoshi Takahashi of Osaka City University for work in 
sharp Hardy type inequalities and asymptotic analysis of 
nonlinear elliptic equations. 

The 2021 MSJ Geometry Prizes were awarded to Nariya 
Kawazumi of the University of Tokyo and Yusuke Kuno 
of Tsuda University for studies on mapping class groups 
of surfaces based on the Lie-theoretic method and to Jun 
Murakami of Waseda University for studies on quantum 
topological invariants for knots and three-manifolds.

The 2021 Takebe Katahiro Prizes were awarded to the 
following: Kento Fujita of Osaka University for study on 
the K-stability of Fano varieties; Jean-Stefan Koskivirta 
of Saitama University for study on geometry of Shimura 
varieties and mod p automorphic forms; Tatsuhiko Miura 
of Kyoto University for work on mathematical analysis 
on evolution equations in curved thin domains; and Yo-
shiki Oshima of Osaka University for work on analytic 
representation theory of semisimple Lie groups. The prize 
is awarded to young researchers who have obtained out-
standing results.

The 2021 MSJ Takebe Katahiro Prizes for Encouragement 
of Young Researchers were awarded to the following: Mas-
ayuki Hayashi of Kyoto University for studies on solitons of 
the derivative nonlinear Schrödinger equations; Kazuhiro 
Ito of Université Paris-Saclay, CNRS, for work on cohomol-
ogy and algebraic cycles of algebraic varieties over p-adic 
fields; Megumi Sano of Hiroshima University for work on 

Davidson Fellows 
Announced
The Davidson Institute has announced its Fellows for 2021. 
Two high school students whose work involves the mathe-
matical sciences were selected for the honor.

Apoorva Panidapu of San Jose, 
California, was awarded a US$50,000 
scholarship for her project, “Short- 
interval sector problems for CM ellip-
tic curves.” In this project, she studied 
prime distribution in short intervals, 
looking at their fine-tuned behavior 
in extremely zoomed-in settings, 
such as the distribution of primes 
represented by binary quadratic 
forms. Panidapu is home-schooled, 
which has allowed her to learn from 

such institutions as San Jose State University, Columbia 
University, and Johns Hopkins University. Panidapu has 
created a column, “Gems in STEM,” as a place to welcome 
all people to STEM in an accessible and light-hearted way. 
The column reaches more than 50,000 people and received 
the Steven H. Strogatz Prize for Math Communication in 
2021. In addition, she founded Apoorva Panidapu’s Art Gal-
lery (www.apoorvaartgallery.com), which raises money 
through sales of art for social reform causes. Through art 
and teaching, Panidapu has raised more than US$35,000 to 
support underserved communities throughout the world.

Sean Li of Danville, California, 
was awarded a US$10,000 schol-
arship for his project, “On group- 
theoretic extensions of Penney’s 
game.” His project showed new con-
nections between complex algebraic 
structures, such as group representa-
tions and semigroups, and Penney’s 
game and helps in the understanding 
of how patterns appear in randomly 
generated strings. Li graduated from 

Monte Vista High School and plans to attend the Massachu-
setts Institute of Technology. He tells the Notices: “I enjoy 
dancing (to pop and Korean pop) even though I'm pretty 
bad at it. During fall 2019, I learned one new dance a week! 
My favorite foods are steak and mashed potatoes, century 
egg congee, and Thai milk tea. I am mildly red–green col-
orblind—sometimes I mix up greens and reds for browns, 
and Ishihara tests are a nightmare.”

Honorable mentions were awarded to the following 
mathematics students: Zoe Lakkis of Pittsburgh, Pennsyl-
vania; Andrei Mandelshtam of Irvine, California; Espen 
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convex variational problems, such as asymmetric Newton's 
aerodynamic problem.”

Mathai Varghese of Adelaide University has been 
awarded the 2021 Hannan Medal for “highly influential 
contributions to the field of geometric analysis, which 
relates geometric, analytic and algebraic properties of (pos-
sibly infinite dimensional) manifolds. Among these are 
his co-inventions of fractional index theory and projective 
index theory that have received international recognition 
for explaining the mystery of the analytic counterpart of the 
A-hat genus. His recent joint work extending the fractional 
index theorem to infinite dimensional loop spaces is also 
of immense significance.”

Christopher Drovandi of Queensland University of 
Technology was named the recipient of the 2021 Moran 
Medal. His research involves contributions to intelligent 
data collection and efficient computation. He “has created 
new methods for optimal design of experiments that facil-
itate more cost-effective, data-substantiated decision mak-
ing. His innovative research into synthetic likelihood esti-
mation has freed traditional constraints of likelihood-based 
statistical modeling and computation.”

—From Australian Academy of Science announcements

Project NExT Fellows 
Chosen
Project NExT (New Experiences in Teaching) of the Mathe-
matical Association of America (MAA) offers new or recent 
PhDs in the mathematical sciences year-long fellowships to 
allow them to connect with master teachers and leaders in 
the mathematics community and address the three main as-
pects of an academic career: teaching, research, and service. 
The AMS sponsors a number of these fellowships each year. 
For 2020 the fellows sponsored by the AMS were: Jennifer 
Berg, Bucknell University; Rolando de Santiago, Purdue 
University; Caitlin S. Hult, Gettysburg College; Amanda N. 
Laubmeier, Texas Tech University; and Michelle Rabideau, 
University of Hartford.

—From an MAA announcement

NDSEG Graduate 
Fellowships
The National Defense Science and Engineering Graduate 
Fellowships program has awarded its fellowships for 2021. 
The fellows in the mathematical sciences are listed below, 
along with their planned graduate institutions and the 
agencies granting the fellowships.

variational problems associated with functional inequali-
ties and the discovery of new scale invariances; Yuta Suzuki 
of Rikkyo University for contributions to additive number 
theory; Teppei Takamatsu of the University of Tokyo for 
work on finiteness and reduction in arithmetic geometry; 
and Mayuko Yamashita of Kyoto University for work on 
the index theorem and noncommutative geometry. The 
Encouragement Prize is intended for young mathemati-
cians who are deemed to have begun promising careers in 
research by obtaining significant results.

—From MSJ announcements

Prizes of the Australian 
Academy of Science
Cheryl Praeger of the University of Australia has been 
named the recipient of the 2021 Inaugural Ruby Payne-Scott 
Medal and Lecture. According to the citation, her “work on 
the mathematics of symmetry has been in the vanguard of a 
mathematical revolution caused by the classification of the 
finite simple groups, the atoms of symmetry from which 
all finite groups are built. She has elucidated the internal 
structure of these simple groups, and driven research on 
applying their immensely powerful classification to study 
symmetric structures.” The award will be made annually 
to women researchers in Australia for research conducted 
mainly in Australia.

The recipients of the Christopher Heyde Medal are 
Kevin Coulembier of the University of Sydney and Vera 
Roshchina of the University of New South Wales, Sydney. 
Coulembier’s research is in representation theory, which 
studies how abstract algebraic structures are manifested as 
the solutions to concrete systems of linear equations. One 
of his “most important discoveries was of a way to detect 
the presence of the classical type of symmetry known as 
an affine group scheme in a more exotic setting known as 
a tensor category; this problem had defied the efforts of 
some of the world’s top mathematicians for almost thirty 
years. He has also solved several other important problems 
in infinite-dimensional representation theory, and has dis-
covered new unified proofs of major theorems concerning 
the invariants of groups and supergroups.” Roshchina “is 
an exceptional mathematician and emerging international 
leader in the field of nonsmooth optimization. Her main 
interest lies in finite-dimensional geometry, more spe-
cifically, open problems that originate from continuous 
optimization and related fields. Some significant problems 
of this kind are in the geometry of polytopes, for example 
the polynomial Hirsch and Durer conjectures, critical 
point problems (Fekete problem, Sendov’s conjecture) and 
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Mathematics
• Jack-William Barotta, Brown University, Army 

Research Office (ARO)
• Alejandro Diaz, Rice University, Air Force Research 

Laboratory (AFRL) 
• Andrew Graven, California Institute of Technol-

ogy, AFRL
• Jackson Kulik, Cornell University, AFRL
• Seth Temple, University of Washington, ARO
• Linden Yuan, University of Illinois, Urbana- 

Champaign, AFRL
Computer and Computational Sciences

• Andrea Boskovic, University of Washington, ARO
• Edward Chen, Stanford University, ARO
• Sudeep Dasari, Carnegie Mellon University, Office 

of Naval Research (ONR)
• Siddartha Devic, University of Southern Califor-

nia, ONR
• Theo Diamandis, Massachusetts Institute of Tech-

nology, ARO
• Ethan Fahnestock, Massachusetts Institute of 

Technology, ARO
• Donald Hejna, Stanford University, ARO
• Tyler LaBonte, Georgia Institute of Technology, 

ARO
• Belinda Li, Massachusetts Institute of Technology, 

ONR
• Sara McAllister, Carnegie Mellon University, AFRL
• Eshaan Nichani, Princeton University, ONR
• Aidan Perreault, Stanford University, ONR
• Aaron Ray, Massachusetts Institute of Technology, 

ONR
• Preston Robinette, Vanderbilt University, AFRL
• Dhruv Rohatgi, Massachusetts Institute of Tech-

nology, AFRL
• Nikhil Shinde, University of California, San 

Diego, ARO
• Ameesh Shah, University of California, Berkeley, 

ONR

—NSDEG announcement

Credits
Photo of Mohamed Omar is courtesy of Harvey Mudd Col-

lege Communications.
Photo of Ivan Corwin is courtesy of Timothy Lee Photogra-

phers.
Photo of Christian Genest is courtesy of Johanna Nešlehová.
Photo of Daron Acemoglu is courtesy of L. Barry Hether-

ington.
Photo of Alexandra Carpentier is courtesy of Fotoladen in 

Berlin Mitte.
Photo of Sean Li is courtesy of Jian Li.

NOW AVAILABLE FROM

Titles published by the Hindustan Book Agency (New Delhi, India) 
include studies in advanced mathematics, monographs, lecture notes, 

and/or conference proceedings on current topics of interest.

Discover more books at bookstore.ams.org/hin.
Publications of Hindustan Book Agency are distributed within the Americas by the

American Mathematical Society. Maximum discount of 20% for commercial channels.

Measure and Integration
S. Kesavan

This book deals with topics usually studied in a mas-
ter’s or graduate level course on the theory of measure 
and integration. It starts with the Riemann integral and 
points out some of its shortcomings which motivate 
the theory of measure and the Lebesgue integral.

Starting with abstract measures and outer-measures, 
the Lebesgue measure is constructed and its important 
properties are highlighted. Measurable functions, dif-
ferent notions of convergence, the Lebesgue integral, 
the fundamental theorem of calculus, product spaces, 
and signed measures are studied. There is a separate 
chapter on the change of variable formula and one on 
Lp-spaces.

Most of the material in this book can be covered in a 
one-semester course. The prerequisite for following 
this book is familiarity with basic real analysis and 
elementary topological notions, with special emphasis 
on the topology of the N-dimensional euclidean space. 
Each chapter is provided with a variety of exercises.

Hindustan Book Agency; 2019; 252 pages; Hardcover; 
ISBN: 978-93-86279-77-4; List US$45; AMS members 
US$36; Order code HIN/77

http://bookstore.ams.org/hin


MATH IN THE MEDIAMATH IN THE MEDIA
Classroom Concepts from Current EventsClassroom Concepts from Current Events

This free resource is great for 
teachers, students, and anyone 
curious about how math crops 
up in today’s headlines.

New posts each month include:
• Summaries of news stories

that involve mathematics
• Classroom activities

connected to the math
concepts in the news

• A deeper dive into
developments in the world
of mathematics

See the current Math in the Media
and subscribe to receive email updates at 

www.ams.org/mathmedia
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Deaths of AMS Members
Robert Dillon Brown, professor, University of Kansas, 

died on July 23, 2016. Born on November 26, 1933, he 
was a member of the Society for 53 years.

Donald S. Cohen, professor, California Institute of Tech-
nology, died on January 9, 2020. Born on November 30, 
1934, he was a member of the Society for 59 years.

Rosalind J Guaraldo, of East Elmhurst, New York, died 
on December 7, 2019. Born on November 13, 1946, she 
was a member of the Society for 48 years.

Nicholas Hanges, professor, Lehman College, died on 
July 20, 2019. Born on October 5, 1949, he was a member 
of the Society for 45 years.

Bernard W. Levinger, of Ft. Collins, Colorado, died on 
January 17, 2020. Born on September 3, 1928, he was a 
member of the Society for 69 years.

Peter L. Montgomery, of Redmond, Washington, died on 
February 18, 2020. Born on September 25, 1947, he was a 
member of the Society for 40 years.

Ben Harry Mulkey, of Lafayette, California, died on Feb-
ruary 8, 2019. Born on January 10, 1947, he was a member 
of the Society for 15 years.

Thomas Nevins, professor, University of Illinois, died on 
February 1, 2020. Born on June 14, 1971, he was a member 
of the Society for 28 years.

Louis Nirenberg, professor, New York University–Cou-
rant Institute, died on January 26, 2020. Born on February 
28, 1925, he was a member of the Society for 73 years.

Mario J. Poliferno, of Cheshire, Connecticut, died on  
January 24, 2020. Born on February 21, 1930, he was a 
member of the Society for 63 years.

William L. Stamey, of Manhattan, Kansas, died on Janu-
ary 1, 2020. Born on October 19, 1922, he was a member 
of the Society for 71 years.

Lalitha Swetharanyam, of Lake Charles, Louisiana, died 
on December 17, 2019. Born on July 11, 1932, she was a 
member of the Society for 49 years.

Henry C. Wente, professor, University of Toledo, died 
on January 20, 2020. Born on August 18, 1936, he was a 
member of the Society for 60 years.

BIG Career Center 
Provides Connections to 
Avenues Outside Academia

Run by the BIG Math Network, which is sponsored by the 
AMS and five other mathematics organizations, the BIG 
Career Center has featured various employers in business, 
industry, and government at each in-person Joint Math-
ematics Meeting (JMM) since 2018. The booth helps re-
cruiters raise their companies’ profiles in the mathematical 
community and find skilled candidates, while job seekers 
can expand their professional networks and learn about 
BIG careers.

“I definitely attribute letting my skills shine in the best 
way [on my resume] to the conversations I had at the 
BIG booth,” said Abby Miller, who visited the booth in 
2020. Read the feature story at https://www.ams.org 
/news?news_id=6709 to discover the fruitful connections 
created at the booth. And make plans to stop by the BIG 
Career Center at the 2022 JMM in Seattle!

—AMS Communications Department

Credits
Photo by Kate Awtrey, Atlanta Convention Photography.

https://www.ams.org/news?news_id=6709
https://www.ams.org/news?news_id=6709
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attendees include undergraduate and graduate students 
and college and university faculty. A short course targeted 
to individuals with a solid background in undergraduate 
mathematics is most likely to draw interest and satisfy 
participants.

Inquire
An expression of interest may be as short as one page. 
Members of the community are also encouraged to 
nominate organizer–topic pairs. More detailed guidance 
is available in the Short Course Manual. Expressions of 
interest, nominations, and proposals should be sent to 
programs@ams.org, tdl@ams.org, or ded@ams.org . For 
full consideration, proposals should be submitted by the 
extended deadline of December 19, 2021.

—AMS announcement

Early-Career Opportunity

Mathematics Research 
Communities 2022 
Call for Applications

The Mathematics Research Communities (MRC) program 
helps early-career mathematicians develop long-lasting 
cohorts for collaborative research projects in many areas 
of mathematics.

The program includes:
• Intensive one-week, hands-on research conference 

in the summer
• Special Sessions at the Joint Mathematics Meetings 

the following January
• Guidance in career building
• Follow-up small-group collaborations
• Longer-term opportunities for collaboration

Over time, the participants are expected to provide 
feedback about career development and the impact of the 
MRC program. The 2022 summer conferences will be held 
at Beaver Hollow Conference Center, Java Center, NY, where 

The 2023 AMS Short Course: 
Call for Proposals

The AMS invites expressions of interest and proposals to 
organize the Society’s Short Course to be offered January 
2–3, 2023, in coordination with the 2023 Joint Mathemat-
ics Meetings (JMM) in Boston, Massachusetts. The Short 
Course provides an unparalleled opportunity to introduce 
an exciting, current area of applied mathematics to a broad 
audience of students, faculty, researchers, and practitioners.

Typically incorporating a sequence of survey lectures, 
tutorials, panels, or other activities, the course’s theme may 
be cutting edge or more established. Its goal is to provide 
professional and in-training mathematicians with an in-
troduction that can:

• Satisfy the curiosity of those who are new to the 
topic

• Provide an entrée to a new research topic
• Inspire new methods of problem solving
• Be part of the participants’ professional develop-

ment and continuing education
The AMS Short Course Committee encourages proposals 

that will have wide appeal and might extend the traditional 
course in subject and/or methodology. Proposals may, 
for example, focus on applications in industry, business, 
economics and social sciences, health and medical care, 
entrepreneurship, public policy, and other areas. Proposals 
might also contain a training component on programming 
and coding, which coordinates well pedagogically with the 
rest of the course.

The AMS Short Course Committee is exploring flexible 
delivery methods for the course. This might include online 
presentations, recorded lectures available after the course, 
live-stream Q&A sessions, online breakout discussion 
groups, and other methods. Suggestions by the proposers 
are encouraged.
Audience and Topical Focus
The mathematical background, knowledge, and experience 
of the participants vary greatly; some will be novices, and 
others may be practitioners in the topic. Typically, the 
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This program is funded through a generous grant from 
the National Science Foundation, the AMS, and private 
donors.

—AMS Programs Department

Karen EDGE Fellowship

The EDGE Foundation has received an extraordinary gift 
from Abel Prize winner Karen Uhlenbeck. Her generous 
gift has been used to establish the Karen EDGE Fellowship 
Program to support and enhance the research programs 
and collaborations of mid-career mathematicians who are 
members of an underrepresented minority group. Appli-
cations will be evaluated by a review committee consisting 
of mathematicians appointed by the EDGE Foundation 
Board.
Eligibility
Fellowships are available to mid-career mathematicians 
employed in full-time positions in the United States. Ap-
plicants must be US citizens or permanent residents with a 
PhD or equivalent who are members of underrepresented 
minority groups. Mathematicians of any gender identity 
are eligible.
Funding
The award consists of US$8,000 per year for three years. 
Valid expenses include travel by the Fellow, the Fellow’s 
graduate students, or the Fellow’s collaborators for the 
purpose of advancing the proposed research project, sci-
entific computing, supplies, books, and professional mem-
berships. Teaching buyouts or salary supplements are not 
permitted. The $8,000 includes funds to support one trip 
per year to the Institute for Advanced Study in Princeton 
(travel only; the Institute will provide local expenses) to 
meet Karen Uhlenbeck and members of the IAS commu-
nity. IAS will coordinate with Karen EDGE Fellows to find 
a time for this group visit.
Reporting Requirements
An annual progress report and financial statement are 
expected annually within two months of the end of each 
academic year.

The application consists of the following:
• Personal statement (1 page)
• Research description (2 pages, not including ref-

erences)
• Curriculum vitae (2 pages)
• Three-year plan for use of the Fellowship (1 page)
• Budget outline (1 page; include travel to Prince-

ton, NJ)
• Current and pending funding support

participants can enjoy a private, distraction-free environ-
ment conducive to research. 

Applications are now being accepted on MathPrograms 
.org. The application deadline is February 15, 2022. This 
program is open to individuals within one to two years 
prior to the receipt of the PhD and up to five years after 
the receipt of the PhD. Women and underrepresented 
minorities are especially encouraged to apply. For more 
information, see https://www.ams.org/mrc-22.

Topics for 2022
Week 1: May 29–June 4, 2022
Applied Category Theory
Organizers:

• John Baez, University of California, Riverside
• Simon Cho, Two Six Technologies
• Daniel Cicala, University of New Haven
• Nina Otter, Queen Mary University of London
• Valeria de Paiva, Topos Institute

Data Science at the Crossroads of Analysis, Geometry, and 
Topology
Organizers:

• Marina Meila, University of Washington
• Facundo Mémoli, The Ohio State University
• Jose Perea, Northeastern University
• Nicolas Garcia Trillos, University of Wiscon-

sin-Madison
• Soledad Villar, Johns Hopkins University

Week 2: June 5–11, 2022
Models and Methods for Sparse (Hyper)Network Science
Organizers:

• Sinan G. Aksoy, Pacific Northwest National Lab-
oratory

• Aric Hagberg, Los Alamos National Laboratory
• Cliff Joslyn, Pacific Northwest National Labora-

tory
• Bill Kay, Oak Ridge National Laboratory
• Emilie Purvine, Pacific Northwest National Lab-

oratory
• Stephen J. Young, Pacific Northwest National 

Laboratory
• Jennifer Webster, Pacific Northwest National 

Laboratory
Trees in Many Contexts
Organizers:

• Miklós Bóna, University of Florida
• Éva Czabarka, University of South Carolina
• Heather Smith, Davidson College
• Stephan Wagner, Uppsala University
• Hua Wang, Georgia Southern University
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Call for Proposals for NSF Program 
in Computational Mathematics

The National Science Foundation (NSF) Program in Com-
putational Mathematics supports mathematical research in 
areas of science in which computation plays a central and 
essential role, emphasizing analysis, development and im-
plementation of numerical methods and algorithms, and 
symbolic methods. The deadline for proposals is December 
1, 2021. See https://www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=5390&org=NSF&sel_org=NSF&from 

=fund.

—NSF announcement

NSF Major Research 
Instrumentation Program

The Major Research Instrumentation (MRI) Program sup-
ports the acquisition or development of multi-user research 
instrumentation without which advances in fundamental 
science and engineering research may not otherwise occur. 
Additionally, MRI awards are expected to enhance research 
training of students who will become the next generation 
of instrument users, designers, and builders. The deadline 
for proposals is January 19, 2022. See https://www.nsf 
.gov/funding/pgm_summ.jsp?pims_id=5260.

—NSF announcement

NSF Research Training Groups 
in the Mathematical Sciences

The National Science Foundation (NSF) Research Training 
Groups in the Mathematical Sciences (RTG) program is 
intended to strengthen the nation’s scientific competitive-
ness by increasing the number of well-prepared US citizens, 
nationals, and permanent residents who pursue careers in 
the mathematical sciences, whether in academia, govern-
ment, or industry. The program supports efforts to improve 
research training by involving undergraduate students, 
graduate students, postdoctoral associates, and faculty 
members in structured research groups pursuing coherent 
research programs. The deadline for full proposals is June 
7, 2022. See https://www.nsf.gov/funding/pgm_summ 
.jsp?pims_id=5732.

—NSF announcement

Deadline
Applications should be submitted to https://www.math 
programs.org/db/programs/1159. The due date is Feb-
ruary 1, 2022.

One awardee will be announced by May 1, 2022. 
(For more information about the EDGE Foundation, 
see https://www.edgeforwomen.org/support-edge 
/the-edge-foundation/.)

—EDGE Foundation announcement

2022 Workshop for 
Department Chairs and Leaders

The American Mathematical Society hosts an annual 
workshop for department chairs and leaders. In this one-
day session, the objective is to provide opportunities for 
participants to share ideas and experiences and to foster the 
development of a community of peers who can continue 
to provide one another support and ideas in the vital role 
of department chair.

• Who: Chairpersons from all types of departments 
and institutions, chairs-to-be, directors of under-
graduate study, directors of graduate study, and 
nontitular leaders

• What: Workshop at the site of the 2022 Joint Math-
ematics Meetings

• When: Tuesday, January 4, 2022, 9:00 a.m.–2:00 
p.m. PST

• Where: Washington State Convention Center, Se-
attle, Washington

Registrants will be able to suggest topics for discussion at 
the workshop. Also, participants will have reserved seat-
ing at the opening JMM Gala, Wednesday, January 5. The 
workshop is sponsored by the AMS Division of Meetings 
and Professional Services. The organizers are:

• Luca Capogna, Smith College
• Anne Fernando, Norfolk State University
• Kevin Knudson, University of Florida
• Emille Davie Lawrence, University of San Fran-

cisco
For more information, see https://www.ams.org 

/chairsworkshop.

—AMS Programs Department

The most up-to-date listing of NSF funding opportunities from the Division 
of Mathematical Sciences can be found online at www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe 
to the DMSNEWS listserv by following the directions at www.nsf.gov 
/mps/dms/about.jsp. 
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the entire family, the participants are separated into groups 
depending on whether they are kids or adults and explore a 
fun math activity in an environment of collaboration and 
a lot of fun. Kids as young as 4 years old, as well as senior 
citizens, attend these weekly events. The activities are cre-
ated by FUNDAPROMAT’s team of puzzle designers who 
are experts in coming up with activities that are accessible 
and attractive to a general audience. Some of the activities 
that have been explored at the Math Jamborees include Tan-
gram, The Game of SET, Circle of Donuts, Space Invaders, 
Playful Frogs, and Suko and Sujiko. It is worth mentioning 
that these activities are in Spanish and can be downloaded 
at https://tinyurl.com/actividades-jolgorios. 

On August 16, 2021, FUNDAPROMAT launched a Vir-
tual Escape Room. The setup is as follows: we are trapped 
in an enchanted mansion. Each of the 10 rooms in the  
enchanted mansion has a hidden math puzzle for us to 
solve. Will you be able to figure out the solution to the 10 
puzzles and escape the enchanted mansion? You can attempt 
to solve the Virtual Escape Room individually or in teams. 
It is worth noting that the 10 challenges are in Spanish and 
are inspired by the activities that we have explored in our 
weekly Math Jamborees. Play it at https://tinyurl.com 
/escape-fundapromat. 

FUNDAPROMAT invites you to get involved. You can 
volunteer to be an invited speaker of one of our virtual 
events, which are free and open to the general public. You 
can donate funds to cover the expenses of running the 
Foundation. You can mail us math puzzles and games to 
use in our activities. Ideas on how to improve our mathe-
matical outreach events are always welcome. If you know 
of someone who might be interested in sponsoring our 
educational efforts and would benefit from having an in-
ternational presence, please do not hesitate to contact us.

You can follow us on social media: Instagram, Facebook, 
Twitter, and LinkedIn, all @fundapromat. You can also 
find out about our upcoming virtual events by visiting our 
Calendar of Events at https://www.fundapromat.org 
/en/events. For any additional questions, you may con-
tact us at info@fundapromat.org. 

—Jeanette Shakalli

Early-Career Opportunity

NDSEG Fellowships

The Department of Defense (DoD) Science and Engi-
neering Graduate (NDSEG) Fellowship Program awards 
up to 500 fellowships to promote education in science 
and engineering disciplines relevant to the mission of the 
DoD. The program is sponsored by the US Army, Navy, and 
Air Force. Fellowships are usually for three years. See the 
website https://ndseg.sysplus.com. For information 
about applying for the 2022 fellowships, email NDSEG 
@its-jv.com.

—From an NDSEG announcement

FUNDAPROMAT: Math Webinars 
in English and So Much More

Constantly improving to promote the study of mathematics 
in a fun and innovative way, the Panamanian Foundation 
for the Promotion of Mathematics (FUNDAPROMAT) has 
created new initiatives for its audience, which includes kids 
and adults of all ages and all nationalities. Since its creation 
on December 6, 2019, this private nonprofit Foundation 
has organized more than 350 virtual events with more 
than 35,000 participants. People from Panama, Argentina, 
Spain, Venezuela, Mexico, the United States, Brazil, Bolivia, 
Peru, Colombia, Chile, Costa Rica, El Salvador, Ecuador, 
and many other countries attend the Foundation’s weekly 
virtual events, which are free and open to the general 
public. These math outreach events include Virtual Ori-
gami Classes, Math Jamborees, Virtual Encounters with 
Outstanding Mathematicians, Webinars on Recreational 
Mathematics, Virtual MathsJams, and many more.

Most of the virtual events organized by FUNDAPROMAT 
are in Spanish. However, in early 2021 the Foundation 
began running Math Webinars in English. Some of the 
invited speakers of these events include Colin Wright, Jen-
nifer Quinn, Robert Vallin, Laura Taalman, James Tanton, 
Allison Henrich, and Robert Lang. The goal of these webi-
nars is to convince the general population that math is not 
only fun but it also has many interesting applications. We 
also want to inspire our youth to study math or to follow 
a career in STEM. Even though we had already created an 
international community of Spanish speakers interested in 
discovering the beauty and richness of mathematics, we felt 
the need to expand and reach English speakers as well. So 
far the Math Webinars in English have been so successful 
that the program will continue throughout the year 2022.

Even though the Foundation’s Virtual Origami Classes 
were its most popular events, the Math Jamborees have 
become a fan favorite. In these interactive virtual events for 

https://www.fundapromat.org/en/events
https://www.fundapromat.org/en/events
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US cannot be published unless they are accompanied by a statement that the institution does not discriminate on these grounds whether or not it is subject to 
US laws.
Submission: Send email to classads@ams.org.
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MAINE

Colby College – Tenure Track 
Assistant Professor of Mathematics

Tenure-track assistant professor position beginning July 1, 
2022. The department of mathematics seeks an exceptional 
teacher with a research program in applied dynamical 
systems or applied differential equations. The teaching 
responsibility is an average of 4.5 courses per year, often 
including upper-level courses in differential equations. 
Candidates must have a PhD in mathematics and at least 
one full year of full-time teaching and/or research experi-
ence distinct from the PhD program. Applications must 
include evidence of a strong continuing research program 
and exceptional teaching and mentoring of undergraduates 
with diverse backgrounds and demographics. All materials 
should be submitted online at www.mathjobs.org. Review 
of applications will begin on November 1, 2021, and will 
continue until the position is filled.

19

MASSACHUSETTS

Assistant Professor of Geometry (tenure-track)

The Department of Mathematics and Statistics at Boston 
University invites applications for a tenure-track Assistant 
Professor position in the field of Geometry, PhD required. 
Applications in all areas of geometry are encouraged, 
including quantum field theory and other fields at the 

interface of modern theoretical physics. Our Department 
is committed to building and sustaining a diverse and 
cohesive community of scholars. In addition to describ-
ing their commitment to research and teaching at both 
the undergraduate and graduate level, we particularly en-
courage applicants to indicate how they can meaningfully 
contribute to an equitable and inclusive community in 
our department.

Submit cover letter, CV, research statement, teaching 
statement, and four recommendation letters (one of which 
addresses teaching) on-line to mathjobs.org. Application 
deadline: December 1, 2021. The appointment start date 
is July 1, 2022. We welcome applications from all eligible 
candidates without regard to race, color, religion, sex, sex-
ual orientation, gender identity, national origin, disability 
status, protected veteran status, or any other characteristic 
protected by law. Boston University is an equal opportunity 
employer and a VEVRA Federal Contractor.

https://www.mathjobs.org/jobs/list/18069
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UMass, Amherst

The Department of Mathematics & Statistics at UMass, 
Amherst is inviting applications to its MSc and PhD pro-
gram. We have a vibrant academic environment, covering 
a wide range of areas in Pure and Applied Mathematics 
& Statistics and are keenly eager to recruit from a broad 
and diverse pool of worldwide applicants. PhD students 
are typically admitted with financial support. Learn more: 
https://www.math.umass.edu/graduate. Can’t join 
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excellence in research and a strong commitment to teaching. 
A doctoral degree is required at the time of appointment. 
Candidates for senior positions must have an established 
strong record of research and leadership in their research 
area. The language of instruction can be either Chinese or 
English. Salary and start-up fund are highly competitive and 
will be commensurate with experience and qualifications. 
Regular faculty members (tenured and on tenure track) will 
be provided with generous housing subsidy.

To apply, please send curriculum vitae, description of 
research interests and statement on teaching to mathjobs 
.org. The teaching statement should include evidences 
of effective teaching. Candidates should also arrange for 
at least three letters of recommendation sent directly to 
MathJobs. Complete applications received before Nov. 30, 
2021 will receive full consideration. Late applications will 
also be considered until the positions are filled.

Established in 2012, the Southern University of Science 
and Technology (SUSTech) is a public institution funded 
by the municipal government of Shenzhen, a special eco-
nomic zone in China. Shenzhen, a major city located in 
Southern China and situated immediately north of Hong 
Kong, is the high-tech and manufacturing hub of China. A 
picturesque coastal city, Shenzhen is also a popular tourist 
destination and was named one of the world’s 31 must-see 
tourist destinations in 2010 by The New York Times.

The Southern University of Science and Technology is a 
pioneer in higher education reform in China. The mission 
of the University is to become a globally recognized insti-
tution, emphasizing academic excellence, and promoting 
innovation, creativity and entrepreneurship. Set on five 
hundred acres of wooded landscape in the picturesque 
South Mountain area, the new campus offers an ideal 
environment for learning and research. The University 
currently has 800 faculty members in seven faculties: Fac-
ulty of Science, Faculty of Engineering, Faculty of Life and 
Health Science, Faculty of Business, Faculty of Medicine, 
Faculty of Humanities and Social Sciences, and Faculty of 
Innovation and Entrepreneurship.

The Department of Mathematics at SUSTech was founded 
in 2015 with the mission of conducting first-class research 
and mathematical education. The department offers bach-
elor, master and doctoral degrees. Current faculty members 
include two Chinese Academy of Sciences members, six 
National Talents Distinguished Scholars, and four Junior 
National Talents Distinguished Scholars. Almost all faculty 
members have had multiple years of teaching and research 
experience in top Universities outside of China, and a large 
percentage of them held tenured positions in the West 
before joining SUSTech. Research interests of the faculty 
members cover a broad array of Mathematics including 
Pure Mathematics, Computational and Applied Mathemat-
ics, Probability and Financial Mathematics.

More information about the department can be found 
at math.sustech.edu.cn.
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us in person? Browse https://www.math.umass.edu 
/online-and-continuing-education-courses for a 
wide span of 100-500-level classes from our online course 
selection.

17

CHINA

Tianjin University, China 
Tenured/Tenure-Track/Postdoctoral Positions at 

the Center for Applied Mathematics

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look  
forward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn 

or contact Mr. Albert Liu at mathjobs@tju.edu.cn, tele-
phone: 86-22-2740-6039.

01

Faculty Positions in the Department of Mathematics

The Department of Mathematics of Southern University of 
Science and Technology (SUSTech) invites applications and 
nominations for multiple tenured or tenure-track faculty 
positions (Assistant Professor, Associate Professor, Full Pro-
fessor and Chair Professor) in all areas of Pure Mathemat-
ics, Computational and Applied Mathematics, Probability 
and Financial Mathematics, with an anticipated starting 
date of August 2023. Candidates should have demonstrated  

https://www.math.umass.edu/online-and-continuing-education-courses
https://www.math.umass.edu/online-and-continuing-education-courses
http://cam.tju.edu.cn
http://math.sustech.edu.cn
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Essentials of Tropical 
Combinatorics
Michael Joswig, Technische 
Universität Berlin, Germany, and 
Technische Universität Berlin in 
den Naturwissenschaften, Leipzig, 
Germany

The goal of this book is to ex-
plain, at the graduate student 
level, connections between trop-
ical geometry and optimization. 
Building bridges between these 

two subject areas is fruitful in two ways. Through tropical 
geometry optimization algorithms become applicable to 
questions in algebraic geometry. Conversely, looking at 
topics in optimization through the tropical geometry lens 
adds an additional layer of structure. The author covers con-
temporary research topics that are relevant for applications 
such as phylogenetics, neural networks, combinatorial 
auctions, game theory, and computational complexity. 
This self-contained book grew out of several courses given 
at Technische Universität Berlin and elsewhere, and the 
main prerequisite for the reader is a basic knowledge in 
polytope theory. It contains a good number of exercises, 
many examples, beautiful figures, as well as explicit tools 
for computations using polymake.

Graduate Studies in Mathematics, Volume 219
January 2022, approximately 406 pages, Hardcover, ISBN: 
978-1-4704-6653-4, LC 2021023313, 2010 Mathematics 
Subject Classification: 14T15, 14T90, 52B55, 90C05, 90C24, 
List US$125, AMS members US$100, MAA members 
US$112.50, Order code GSM/219

bookstore.ams.org/gsm-219

Algebra and 
Algebraic Geometry

Discovering 
Abstract Algebra
John K. Osoinach, Jr, The Uni-
versity of Dallas, Irving, TX

Discovering Abstract Algebra takes 
an Inquiry-Based Learning ap-
proach to the subject, leading 
students to discover for them-
selves its main themes and tech-
niques. Concepts are introduced 
conversationally through exten-
sive examples and student in-

vestigation before being formally defined. Students will 
develop skills in carefully making statements and writing 
proofs, while they simultaneously build a sense of owner-
ship over the ideas and results. The book has been exten-
sively tested and reinforced at points of common student 
misunderstanding or confusion, and includes a wealth of 
exercises at a variety of levels.

The contents were deliberately organized to follow the 
recommendations of the MAA’s 2015 Curriculum Guide. 
The book is ideal for a one- or two-semester course in 
abstract algebra, and will prepare students well for gradu-
ate-level study in algebra.

AMS/MAA Textbooks, Volume 67
October 2021, 199 pages, Softcover, ISBN: 978-1-4704-
6442-4, LC 2021021481, 2010 Mathematics Subject Classifica-
tion: 00–01; 12–01, 13–01, 15–01, 20–01, List US$69, AMS 
Individual member US$51.75, AMS Institutional member 
US$55.20, MAA members US$51.75, Order code TEXT/67

bookstore.ams.org/text-67

GRADUATE STUDIES
IN MATHEMATICS 219

Essentials
of Tropical
Combinatorics

Michael Joswig

http://bookstore.ams.org/text-67
http://bookstore.ams.org/gsm-219
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economics, and other sciences. The book is ideally suited 
for undergraduate or beginning graduate students in math-
ematics, and will also be useful for students in the physical 
sciences and engineering who have already taken a three-
course calculus sequence.

This second edition incorporates much new material, 
including sections on the Laplace transform and the matrix 
Laplace transform, a section devoted to Bessel’s equation, 
and sections on applications of variational methods to 
geodesics and to rigid body motion. There is also a more 
complete treatment of the Runge-Kutta scheme, as well 
as numerous additions and improvements to the original 
text. Students finishing this book will be well prepared 
for advanced studies in dynamical systems, mathematical 
physics, and partial differential equations.

Pure and Applied Undergraduate Texts, Volume 52
January 2022, 388 pages, Softcover, ISBN: 978-1-4704-
6762-3, LC 2021028106, 2010 Mathematics Subject Classi-
fication: 34–01, 34A12, 34A30, 34A34, List US$89, AMS 
members US$71.20, MAA members US$80.10, Order code 
AMSTEXT/52

bookstore.ams.org/amstext-52

General Interest
Arithmetical, Geometrical 
and Combinatorial Puzzles 
from Japan
Tadao Kitazawa, Nagano, Japan
Edited by Andy Liu, Edmonton, 
Canada and George Sicherman, 
Red Bank, NJ

The vibrant recreational math-
ematics culture of Japan pres-
ents puzzles that are often quite 
different from the classics of 
western literature. This book is 

the first collection of original puzzles by Tadao Kitazawa, 
a prominent Japanese puzzle-maker. These puzzles, which 
feature arithmetic, geometry, and combinatorics, are novel, 
creative, and require almost no formal mathematical 
knowledge. Kitazawa is particularly skillful in subtly mod-
ifying existing ideas to explore their potential to the full. 
For one example, a Tower Square is a Sudoku-like grid, 
but each row and column contains one 1, two 2s, three 3s, 
etc. The resulting transformation of the familiar problem 
is magical, and it is one of a variety of gems in this book. 
The common denominator is fun!

Analysis
Complex Analysis
An Introduction to the 
Theory of  Analytic Functions 
of One Complex Variable, 
Third Edition
Lars Ahlfors

This book is a reprint of the third 
edition of the classic book on 
complex analysis. It is a rigorous 
introduction on an elementary 
level to the theory of analytic 
functions of one complex vari-

able and is intended to be used by first year graduate stu-
dents and advanced undergraduate students.

The book covers standard topics in an introductory 
complex analysis course. The presentation is slanted toward 
the geometric approach to complex analysis, with a lot of 
material on conformal mappings, the Riemann mapping 
theorem, Dirichlet’s problem (the existence of a harmonic 
function with given boundary values), the monodromy 
theorem, and consideration of the kinds of regions that 
the Cauchy integral theorem holds for. It also covers such 
analytic topics as power series, contour integrals, and in-
finite products. The coverage of special functions is concise 
but reasonably complete. The presentation is concise, clear, 
and thorough, and is still fresh today, more than thirty years 
after its last revision.

AMS Chelsea Publishing, Volume 385
November 2021, 331 pages, Softcover, ISBN: 978-1-4704-
6767-8, LC 2021033195, 2010 Mathematics Subject Classi-
fication: 30–01, List US$60, AMS members US$48, MAA 
members US$54, Order code CHEL/385

bookstore.ams.org/chel-385

Differential Equations
Introduction to Differential 
Equations
Second Edition
Michael E. Taylor, University of 
North Carolina, Chapel Hill, NC

This text introduces students to 
the theory and practice of dif-
ferential equations, which are 
fundamental to the mathemat-
ical formulation of problems 
in physics, chemistry, biology, 

AMS CHELSEA PUBLISHING

Complex AnalysisComplex Analysis
An Introduction to theAn Introduction to the

Theory of Analytic Functions Theory of Analytic Functions 
of One Complex Variable,of One Complex Variable,

Third EditionThird Edition

Lars AhlforsLars Ahlfors

http://bookstore.ams.org/chel-385
http://bookstore.ams.org/amstext-52
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with theorems of Helly, Carathéodory, and Radon that go 
back more than a hundred years. At the same time, it is a 
modern and active field of research with recent results like 
Tverberg’s theorem, the colourful versions of Helly and Car-
athéodory, and the (p,q) theorem of Alon and Kleitman. As 
the title indicates, the topic is convexity and geometry, and 
is close to discrete mathematics. The questions considered 
are frequently of a combinatorial nature, and the proofs use 
ideas from geometry and are often combined with graph 
and hypergraph theory.

The book is intended for students (graduate and under-
graduate alike), but postdocs and research mathematicians 
will also find it useful. It can be used as a textbook with 
short chapters, each suitable for a one- or two-hour lecture. 
Not much background is needed: basic linear algebra and 
elements of (hyper)graph theory as well as some mathe-
matical maturity should suffice.

February 2022, 148 pages, Softcover, ISBN: 978-1-4704-
6709-8, LC 2021026891, 2010 Mathematics Subject Classifi-
cation: 52A20, 52A30, 52A35, 05C65, 52C07, List US$55, 
AMS members US$44, MAA members US$49.50, Order 
code ULECT/77

bookstore.ams.org/ulect-77

Quantum Field Theory 
and Manifold Invariants
Daniel S. Freed, University of 
Texas, Austin, TX, Sergei Gukov, 
California Institute of Technology, 
Pasadena, CA, Ciprian Man-
olescu, Stanford University, CA, 
Constantin Teleman, University 
of California, Berkeley, CA, and 
Ulrike Tillmann, University of 
Oxford, UK, Editors

This volume contains lectures 
from the Graduate Summer 

School “Quantum Field Theory and Manifold Invariants” 
held at Park City Mathematics Institute 2019. The lectures 
span topics in topology, global analysis, and physics, and 
they range from introductory to cutting edge. Topics treated 
include mathematical gauge theory (anti-self-dual equa-
tions, Seiberg-Witten equations, Higgs bundles), classical 
and categorified knot invariants (Khovanov homology, 
Heegaard Floer homology), instanton Floer homology, 
invertible topological field theory, BPS states and spectral 
networks. This collection presents a rich blend of geom-
etry and topology, with some theoretical physics thrown 
in as well, and so provides a snapshot of a vibrant and 
fast-moving field.

Graduate students with basic preparation in topology 
and geometry can use this volume to learn advanced 

Spectrum, Volume 102
December 2021, 184 pages, Softcover, ISBN: 978-1-4704-
6736-4, LC 2021037681, 2010 Mathematics Subject Clas-
sification: 00A08, List US$35, AMS Individual member 
US$26.25, AMS Institutional member US$28, MAA 
members US$26.25, Order code SPEC/102

bookstore.ams.org/spec-102

Putting Two and Two 
Together
Selections from the 
Mathologer Files
Burkard Polster, Monash Uni-
versity, Melbourne, Australia and 
Marty Ross, Monash University, 
Melbourne, Australia

Putting Two and Two Together is a 
humorous and quirky collection 
of unusual, ingenious, and beau-
tiful morsels of mathematics. 

Authors Burkard Polster (YouTube’s Mathologer) and Marty 
Ross delve into mathematical puzzles and phenomena in 
engaging stories featuring current events, sports, and his-
tory, many flavored with a distinctive bit of Australiana. 
Each chapter ends with “puzzles to ponder” that will spur 
further reflection.

These stories were written for a general audience, and 
originally appeared in the Maths Masters column in The Age 
newspaper. The book offers mathematical entertainment 
for curious readers of all ages, and assumes a minimum of 
mathematical background.

January 2022, 270 pages, Softcover, ISBN: 978-1-4704-6011-
2, LC 2021036494, 2010 Mathematics Subject Classification: 
00A08, 00A09, 00A67, 97A80, List US$39, AMS members 
US$31.20, MAA members US$35.10, Order code MBK/141

bookstore.ams.org/mbk-141

Geometry and Topology
Combinatorial Convexity
Imre Bárány, Rényi Institute of 
Mathematics, Budapest, Hungary, 
and University College London, 
United Kingdom

This book is about the combina-
torial properties of convex sets, 
families of convex sets in finite 
dimensional Euclidean spaces, 
and finite points sets related to 
convexity. This area is classic, 

Volume 28

Quantum Field 
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Manifold Invariants
Daniel S. Freed

Sergei Gukov
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60G07, 60J27, 62–02, 62M15, List US$122, AMS mem-
bers US$97.60, MAA members US$109.80, Order code 
CONM/774

bookstore.ams.org/conm-774

New AMS-Distributed 
Publications
Calculus

Dynamic Optimization for 
Beginners
With Prerequisites and 
Applications
Piermarco Cannarsa, University 
of Rome Tor Vergata, Rome, Italy, 
and Filippo Gazzola, Polytechnic 
Institute of Milan, Milan, Italy

This book provides readers with 
a friendly introduction to dy-
namic optimization, providing 
them with the essential ideas 

needed to handle most of the concrete situations they will 
encounter. The main topics covered are calculus of varia-
tions, optimal control theory, and dynamic programming. 
It will be of interest to mathematics students and students 
or researchers in other disciplines such as economics and 
data science who wish to use dynamic optimization.

The contents are self-contained, and all the prerequisites 
may be found in the first chapters. Many applications are 
discussed, and a large number of examples and exercises, 
both proposed and solved, complements the theory.

This item will also be of interest to those working in applications.

A publication of the European Mathematical Society (EMS). Distributed 
within the Americas by the American Mathematical Society.

EMS Textbooks in Mathematics, Volume 24
October 2021, 360 pages, Hardcover, ISBN: 978-3-98547-
012-9, 2010 Mathematics Subject Classification: 49–01, 49L20, 
49N90, 90C39, List US$59, AMS members US$47.20, 
Order code EMSTEXT/24

bookstore.ams.org/emstext-24

background material before being brought to the frontiers 
of current developments. Seasoned researchers will also 
benefit from the systematic presentation of exciting new 
advances by leaders in their fields.

This item will also be of interest to those working in mathematical 
physics and analysis.

Titles in this series are co-published with the Institute for Advanced Study/
Park City Mathematics Institute.

IAS/Park City Mathematics Series, Volume 28
December 2021, 476 pages, Hardcover, ISBN: 978-1-4704-
6123-2, LC 2021021514, 2010 Mathematics Subject Classifi-
cation: 57K16, 57K18, 57K41, 57R56, 81Txx, List US$112, 
AMS members US$89.60, MAA members US$100.80, 
Order code PCMS/28

bookstore.ams.org/pcms-28

New in Contemporary 
Mathematics
Probability and Statistics

Stochastic Processes and 
Functional Analysis
New Perspectives
Randall J. Swift, California State 
Polytechnic University, Pomona, 
CA, Alan Krinik, California State 
Polytechnic University, Pomona, 
CA, Jennifer M. Switkes, Cali-
fornia State Polytechnic University, 
Pomona, CA, and Jason H. Park, 
University of Nevada, Las Vegas, 
NV, Editors

This volume contains the proceedings of the AMS Special 
Session on Celebrating M. M. Rao’s Many Mathematical 
Contributions as he Turns 90 Years Old, held from Novem-
ber 9–10, 2019, at the University of California, Riverside, 
California.

The articles show the effectiveness of abstract analysis 
for solving fundamental problems of stochastic theory, 
specifically the use of functional analytic methods for elu-
cidating stochastic processes and their applications. The 
volume also includes a biography of M. M. Rao and the 
list of his publications.

Contemporary Mathematics, Volume 774
January 2022, approximately 273 pages, Softcover, ISBN: 
978-1-4704-5982-6, LC 2021017497, 2010 Mathematics 
Subject Classification: 46–02, 46–06, 60–02, 60–06, 60C05, 
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Logic and Foundations

Handbook of Automata 
Theory: Volumes I 
(Theoretical Foundations) 
and II (Automata in 
Mathematics and Selected 
Applications)
Jean-Éric Pin, Université de Paris 
and CNRS, France, Editor

Automata theory is a subject of 
study at the crossroads of mathe-
matics, theoretical computer sci-
ence, and applications. In its core 

it deals with abstract models of systems whose behaviour 
is based on transitions between states, and it develops 
methods for the description, classification, analysis, and 
design of such systems.

The Handbook of Automata Theory gives a comprehensive 
overview of current research in automata theory and is 
aimed at a broad readership of researchers and graduate 
students in mathematics and computer science.

The two volumes comprise a total of 39 chapters, with 
extensive references and individual tables of contents for 
each one, as well as a detailed subject index.

September 2021, 1608 pages, Hardcover, ISBN: 978-3-
98547-006-8, 2010 Mathematics Subject Classification: 
68Q45, 03B50, 03D05, 08A70, 15A80, 16Y60, 20E18, 
20M05, 20M07, 28A05, 68Q32, 68Q42, 68Q70, 68R10, 
68T05, 08B20, 20M35, 03B25, 03B70, 03C13, 11A67, 
11B85, 11J81, 11U05, 20E05, 20E08, 20F10, 20F65, 20F67, 
37B10, 37B20, 68Q10, 68Q12, 68Q15, 68Q17, 68Q19, 
68Q60, 68Q85, 68R15, 68T50, 68U10, List US$199, AMS 
members US$159.20, Order code EMSHAT

bookstore.ams.org/emshat

http://bookstore.ams.org/emshat
http://icerm.brown.edu
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Meetings & Conferences of the AMS
December Table of Contents

Meetings in this Issue
  2021  

November 20–21 Fall Southeastern Virtual p. 2023

  2022  
January 5–8 Seattle (JMM 2022) p. 2025
March 11–13 Charlottesville, Virginia p. 2032
March 19–20 Medford, Massachusetts p. 2033
March 26–27 West Lafayette, Indiana p. 2035
May 14–15 Spring Western Virtual p. 2037
July 18–22 Grenoble, France 
 (AMS-SMF-EMS) p. 2037
September 17–18 El Paso, Texas p. 2039
October 1–2 Amherst, Massachusetts p. 2039
October 15–16 Chattanooga, Tennessee p. 2040
October 22–23 Salt Lake City, Utah p. 2041

  2023  
January 4–7 Boston (JMM 2023) p. 2042
March 18–19 Atlanta, Georgia p. 2042
April 1–2 Spring Eastern Virtual p. 2042
May 6–7 Fresno, California p. 2043
September 9–10 Buffalo, New York p. 2044
October 21–22 Albuquerque, NM p. 2044

  2024  
January 3–6 San Francisco, California 
 (JMM 2024) p. 2044
May 4–5 San Francisco, California p. 2044
October 12–13 Riverside, California p. 2044

The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Georgia Benkart, University of Wiscon-
sin–Madison, Department of Mathematics, 480 Lincoln 
Drive, Madison, WI 53706-1388; email: benkart@math 
.wisc.edu; telephone: 608-263-4283.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
610-758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: 706-542-2547.

Western Section: Michel L. Lapidus, Department of Math-
ematics, University of California, Surge Bldg., Riverside, CA 
92521-0135; email: lapidus@math.ucr.edu; telephone: 
951-827-5910.

https://www.ams.org/meetings/meetings-general
https://www.ams.org/meetings/meetings-general
http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy
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SUPPORT 
JMM CHILD CARE GRANTS

JMM Child Care Grants help early career scholars attend 
the Joint Mathematics Meetings at a critical time in their 

professional lives. These modest grants give mathematicians 
� exibility in arranging care for their children.

To learn more or give online: 
www.ams.org/child-care-grants
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Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
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you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.
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Fall Southeastern Virtual Sectional Meeting
Now meeting virtually, CST (hosted by the American Mathematical Society)

November 20–21, 2021
Saturday – Sunday

Meeting #1173
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: September 30, 2021
Issue of Abstracts: Volume 42, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sara Del Valle, Los Alamos National Laboratory, The Role of Epidemic Modeling in the Fight Against COVID-19.
Scott McKinley, Tulane University, Anomalous Diffusion in Biological Fluids.
Svetlana Roudenko, Florida International University, Solitary waves in fractional KdV-type equations.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebra, Combinatorics, and Topology in Biological Structures, Elena Dimitrova, California Polytechnic State University, 
and Svetlana Poznanovik, Clemson University.

Algebraic Combinatorics in the Southeast, Zachary Hamaker, University of Florida, and Thomas McConville and Andrew 
Wilson, Kennesaw State University.
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Calculus of Variation, Nonlinear Waves and their Numerical Realizations, Xinyang Lu, Lakehead University, Svetlana 
Roudenko, Florida International University, Chong Wang, Washington and Lee University, and Kai Yang, Florida Inter-
national University.

Cohomology, Representation Theory, and Lie Theory, Christopher Bendel, University of Wisconsin-Stout, Christopher 
Drupieski, DePaul University, Lauren Grimley, Spring Hill College, Paul Sobaje, Georgia Southern University, and Sean 
Taylor, Spring Hill College.

Combinatorial and Geometric Representation Theory, Mahir Bilen Can, Tulane University, and Joerg Feldvoss, University 
of South Alabama.

Current Trends in Combinatorial and Homological Commutative Algebra, Michael DiPasquale, University of South Alabama, 
and Selvi Kara, University of Utah.

Discrete Geometry and Geometric Optimization: CANCELED, Andras Bezdek, Auburn University, and Woden Kusner, 
University of Georgia.

Enumerative Combinatorics: CANCELED, Miklós Bóna and Vince Vatter, University of Florida.
Experimental Mathematics in Number Theory and Combinatorics, Luis Medina, University of Puerto Rico, Eric Rowland, 

Hofstra University, and Armin Straub, University of South Alabama.
General and Set-Theoretic Topology, Steven Clontz, University of South Alabama, and Ziqin Feng, Auburn University.
Geometric and Algebraic Aspects of Quantum Groups and Related Topics, Mee Seong Im, United States Naval Academy, 

Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.
Harmonic Analysis and Spectral Theory, Simon Bortz, The University of Alabama, and Selim Sukhtaiev, Auburn University.
Low Dimensional Symplectic and Contact Topology, Their Invariants and Interactions, Samuel Lisi, University of Mississippi, 

Bulent Tosun, University of Alabama, and Angela Wu, University College of London and Louisiana State University.
Mathematical Studies of Biological and Ecological Systems, Xiaoying Han and Jiaqi Cheng, Auburn University.
Models and Inference for Intracellular Transport, Keisha Cook, Clemson University, and Scott McKinley, Tulane University.
Recent Advances in Low-dimensional Topology, Christine Ruey Shan Lee and Scott Carter, University of South Alabama.
Recent Progress in Numerical Methods for PDEs: CANCELED, Muhammad Mohebujjaman, Texas A&M International 

University, and Leo Rebholz, Clemson University.
Research in Mathematics by Undergraduates, Lauren Grimley, Spring Hill College, Frank Patane, Samford University, 

and Kenneth Roblee, Troy University.
Spatial Graphs, Thomas Mattman, California State University, Chico, Ramin Naimi, Occidental College, Ryo Nikkuni, 

Tokyo Woman’s Christian University, and Andrei Pavelescu and Elena Pavelescu, University of South Alabama.
Stochastic Analysis and Applications, Le Chen, Auburn University, Ngartelbaye Guerngar, University of North Alabama, 

and Erkan Nane, Auburn University.
The Role of Mathematics in Computer Vision: CANCELED, Thomas Y. Chen, Academy for Mathematics, Science, and 

Engineering.
Topological Data Analysis and its Applications in Biological Systems, Veronica Ciocanel, Duke University, and Scott McKin-

ley, Tulane University.
Topological Dynamics and Its Applications, Lori Alvin, Furman University, and Joanna Furno, University of South Alabama.
Topological Methods in Discrete Mathematics, Abdul Basit and Shira Zerbib, Iowa State University.
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Seattle, Washington (JMM 2022)
Washington State Convention Center and the Sheraton Grand Seattle Hotel

January 5–8, 2022
Wednesday – Saturday

Meeting #1174
This meeting includes the annual meetings of the AMS, As-
sociation for Women in Mathematics (AWM), and National 
Association of Mathematicians (NAM), winter meeting of 
Association for Symbolic Logic (ASL), and sessions/events 
by them and Society for Industrial and Applied Mathematics 
(SIAM), American Statistical Association (ASA), Consortium 
for Mathematics and its Applications (COMAP), International 
Linear Algebra Society (ILAS), Julia Robinson Mathematics 

Festival (JRMF), Mathematical Sciences Research Institute 
(MSRI), Spectra, and Transforming Post-Secondary Education 
in Mathematics (TPSE).
Associate Secretary for the AMS: Georgia Benkart, Univer-
sity of Wisconsin-Madison
Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/national.html.

Joint Invited Addresses
Marianna Csörnyei, University of Chicago, The Kakeya Needle Problem for Rectifiable Sets (AWM-AMS Noether Lecture).
Dave Kung, Charles A. Dana Center, The University of Texas at Austin, Why the Math Community Struggles with Equity 

& Diversity - and Why There’s Reason for Hope (MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Lecture).
Kavita Ramanan, Brown University, Title to be announced (AAAS-AMS Invited Address).
Lauren K Williams, Harvard University, Title to be announced (MAA-AMS-SIAM Gerald and Judith Porter Public Lecture).

AMS Invited Addresses
Anna Gilbert, Yale University, Title to be announced (von Neumann Lecture).
Tyler J. Jarvis, Brigham Young University, Restoring confidence in the value of mathematics (AMS Lecture on Education).
Daniel Reuben Krashen, Rutgers University, Title to be announced.
Dan Margalit, Georgia Institute of Technology, Mixing surfaces, algebra, and geometry (AMS Maryam Mirzakhani Lecture).
Gaston Mandata N’Guerekata, Morgan State University, An invitation to periodicity.
Hee Oh, Yale University, Euclidean lines on hyperbolic manifolds (AMS Erdő s Memorial Lecture).
Jill Pipher, Brown University, Regularity of solutions to elliptic operators and elliptic systems (AMS Retiring Presidential 

Address).
Karen Smith, University of Michigan, Understanding and measuring singularities in algebraic geometry: Resolutions of Sin-

gularities and Rational Singularities (AMS Colloquium Lectures: Lecture I).
Karen Smith, University of Michigan, Understanding and measuring singularities in algebraic geometry: Measuring singu-

larities (AMS Colloquium Lectures: Lecture II).
Karen Smith, University of Michigan, Understanding and measuring singularities in algebraic geometry: Extremal singularities 

(AMS Colloquium Lectures: Lecture III).
Eitan Tadmor, University of Maryland, Emergent behavior in collective dynamics (AMS Josiah Willard Gibbs Lecture).

Invited Addresses of Other JMM Partners
Jeremy Avigad, Carnegie Mellon University, The promise of formal mathematics (ASL Invited Address).
Omer Ben-Neria, Einstein Institute of Mathematics, Jerusalem, Diamonds compactness and ultrafilters in set theory (ASL 

Invited Address).
Robert Q. Berry, III, University of Virginia, Interest Convergence: An analytical viewpoint for examining how power dictates 

policies and reforms in mathematics (NAM Cox-Talbot Address).
Peter Cholak, University of Notre Dame, Ramsey like theorems on the rationals (ASL Invited Address).
Pauline van den Driessche, University of Victoria, B.C., Canada, Sign Patterns Meet Dynamical Systems (ILAS Invited 

Address).
Qiang Du, Columbia University, Analysis and Applications of Nonlocal Models (SIAM Invited Address).
Monica Jackson, American University, Spatial data analysis for public health data (NAM Claytor-Woodard Lecture).
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Franziska Jahnke, University of Münster, Decidability and definability in unramified henselian valued fields (ASL Invited 
Address).

Autumn Kent, University of Wisconsin - Madison, Families (Spectra Lavender Lecture).
Xihong Lin, Harvard University, Broad Institute of MIT and Harvard, Learning from COVID-19 Data on Transmission, 

Health Outcomes, Interventions and Vaccination (ASA Committee of Presidents of Statistical Societies Lecture).
Sandra Müller, Technical University of Vienna, Lower Bounds in Set Theory (ASL Invited Address).
Lynn Scow, California State San Bernardino, Semi-retractions and the Ramsey Property (ASL Invited Address).
Erik Walsberg, University of California Irvine, Model theory of large fields (ASL Invited Address).

Invited Addresses of Other Organizations
Karl-Dieter Crisman, Gordon College, Mersenne Matters: Mathematics, Music, Monotheism, and More (ACMS Guest 

Speaker).
Nicolas Fillion, Simon Fraser University, Trust but Verify: What Can We Know About the Reliability of a Computer-Generated 

Result? (SIGMAA on the Philosophy of Mathematics (POM SIGMAA) Guest Lecture).
Edray Herber Goins, Pomona College, Addressing Anti-Black Racism in Our Departments (Project NExT Lecture on 

Teaching and Learning).
Heather Price, North Seattle College, Climate Justice Integrated Learning in STEM (SIGMAA Environmental Mathematics 

Guest Speaker).
Adrian Rice, Randolph-Macon College, Beyond the Strength of a Woman’s Physical Power: Mathematics, Machines, and the 

Mind of Ada Lovelace (SIGMAA on the History of Mathematics (HOM SIGMAA) Guest Speaker).

AMS Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.

Some sessions are cosponsored with other organizations. These are noted within the parenthesis at the end of 
each listing, where applicable.

Abraham Robinson’s Nonstandard Methods in Mathematics and Its Applications, Matt Insall, Missouri University of Science 
and Technology, Peter Loeb, University of Illinois at Urbana-Champaign, and Malgorzata Marciniak, City University 
of New York.

Advances in Coding Theory, Katie Haymaker, Villanova University, Hiram Lopez, Cleveland State University, and Beth 
Malmskog, Colorado College.

Advances in Operator Algebras, Rolando de Santiago, Purdue University, Adam Fuller, Ohio University, Lara Ismert, 
Embry-Riddle Aeronautical University, and Pieter Spaas, University of California, Los Angeles.

Advancing Data Privacy-Preserving Methodologies, Claire Bowen, Urban Institute.
Algebraic and Bijective Methods in Permutation Enumeration, Sergi Elizalde, Dartmouth College, Bridget Tenner, DePaul 

University, and Justin Troyka and Yan Zhuang, Davidson College.
A Match Made in the Stacks: Mathematician and Librarian Collaborations, Anya Bartekmann, Princeton University, and 

Samuel Hansen, University of Michigan.
AMS Special Session on Geometric Group Theory, I (Associated with AMS Maryam Mirzakhani Invited Address), Carolyn 

Abbott, Brandeis University, Mladen Bestvina, University of Utah, and Dan Margalit, Georgia Tech University.
Analysis and Applications of Fractional Stochastic and Dynamic Systems, John Graef, University of Tennessee at Chattanooga, 

Gangaram Ladde, University of South Florida, and Aghalaya Vatsala, University of Louisiana at Lafayette.
Analysis and Differential Equations at Undergraduate Institutions, John Ross, Southwestern University, Mihai Stoiciu, 

Williams College, and Scott Zimmerman, The Ohio State University at Marion.
Analysis in Metric Spaces (a Mathematics Research Communities Session), Chris Gartland, Texas A & M University, Silvia 

Ghinassi, University of Washington, Ilmari Kangasniemi, Syracuse University, and Ryan Alvarado, Amherst College.
Analysis of and Recent Advances in Difference, Differential and Dynamic Equations with Applications, Raegan Higgins and 

Ozkan Ozturk, Texas Tech University.
Applications of Mathematical Models and Dynamical Systems in Biology, Yang Li, University of Cincinnati, Hongying Shu, 

Shaanxi Normal University, and Xiang-Sheng Wang, University of Louisiana at Lafayette.
Applied Combinatorial Methods, Sinan Aksoy, Pacific Northwest National Laboratory, Bill Kay, Oak Ridge National 

Laboratory, and Stephen Young, Pacific Northwest National Laboratory.
A Showcase of Number Theory at Undergraduate Institutions, Ricardo Conceicao, Gettysburg College, Lindsay Dever, Bryn 

Mawr College, and Eva Goedhart, Williams College.
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Asymptotic Behavior of Evolution Equations, Jin Liang, Shanghai Jiao Tong University, Nguyen Minh, University of Ar-
kansas Little Rock, Gaston N’Guerekata, Morgan State University, and Ti-Jun Xiao, Fudan University.

Bifurcations of Difference Equations and Discrete-time Competitive and Cooperative Population Models, Arzu Bilgin, Recep 
Tayyip Erdogan University, and Toufik Khyat, Texas Tech University.

Collaborative Undergraduate Research: Experiences with CURM, Kathryn Leonard, Occidental College.
Combinatorial Applications of Computational Geometry and Algebraic Topology (a Mathematics Research Communities Session), 

Stephen Gillen, University of Pennsylvania, and Sam Simon, Simon Fraser University.
Combinatorial Approaches to Topological Structures and Applications, Emilie Purvine and Cliff Joslyn, Pacific Northwest 

National Laboratory.
Commutative Algebra, Eloisa Grifo, University of Nebraska-Lincoln, Keri Sather-Wagstaff, Clemson University, and 

Janet Vassilev, University of New Mexico.
Competing Foundations for Mathematics: How Do We Choose? (Sponsored by POMSIGMAA), Jeff Buechner, Rutgers Uni-

versity, Bonnie Gold, Monmouth University, and Kevin Iga, Pepperdine University.
Complex Adaptive Systems and Evolutionary Models in Biology and Psychology, Jun Chen, Yun Kang, M. Gabriela Navas-Zu-

loaga, and Lucero Rodriguez, Arizona State University.
Current Advances in Computational Biomedicine, Heiko Enderling, H. Lee Moffitt Cancer Center & Research Institute, 

Niels Halama, German Cancer Research Center, Viviana Risca, Rockefeller University, and Nek Valous, National Center 
for Tumor Diseases.

Distance Problems in Continuous Discrete and Finite Field Settings, Abdul Basit, Iowa State University, Steven Miller, 
Williams College, Eyvindur Palsson and Sean Sovine, Virginia Tech, and Charles Wolf, University of Rochester.

Dynamics of Infectious Diseases: Ecological Models Across Multiple Scales (a Mathematics Research Communities Session), 
George Lytle, University of Montevallo, and Zhuolin Qu, University of Texas, San Antonio.

Early Career Number Theory Research with Combinatorics, Modular Forms, and Basic Hypergeometric Series, Christopher 
Jennings-Shaffer, University of Denver, and Ali Uncu, University of Bath.

Engaging Students Through Modeling Hands-on Projects and Innovative Exploratory Approaches, Rachel Grotheer, Wofford 
College, Joel Kitty, Centre College, Alison Marr, Southwestern University, Alex McAllister, Centre College, and Stephen 
Walk, St. Cloud State University.

Evolution Equations and Their Asymptotic Behavior, Gisele Mophou, Universite des Antilles en Guadeloupe, Gaston 
N’Guerekata, Morgan State University, and Mahamadi Warma, George Mason University.

Explicit Methods for Modularity, I (Sponsored by Simons Collaboration on Arithmetic Geometry Number Theory and Computa-
tion), Eran Assaf, Dartmouth, Edgar Costa, Massachusetts Institute of Technology, Brendan Hassett, Brown University, 
and David Roe, Massachusetts Institute of Technology.

Finding Needles in Haystacks: Approaches to Inverse Problems Using Combinatorics and Linear Algebra (a Mathematics Research 
Communities Session), Shahla Nasserasr, Rochester Institute of Technology, Emily Olson, Millikin University, and Sam 
Spiro, University of California San Diego.

Fusion Categories and Their Applications in Physics, Colleen Delaney, Indiana University, and Corey Jones, North Car-
olina State University.

Geometric and Topological Combinatorics, Anton Dochtermann, Texas State University, Bennet Goeckner and Gaku Liu, 
University of Washington, and Steven Klee, Seattle University.

Geometric Measure Theory, Theodora Bourni and Vyron Vellis, University of Tennessee, Knoxville.
Geometry in the Mathematics of Data Science, Tim Doster, Tegan Emerson, and Henry Kvinge, Pacific Northwest Na-

tional Laboratory.
Heat Content Exit Time and Geometric Analysis, Patrick McDonald, New College of Florida, and Jeffrey Langford, 

Bucknell University.
History of Mathematics, Sloan Despeaux, Western Carolina University, Deborah Kent, University of St. Andrews, Jemma 

Lorenat, Pitzer College, and Daniel Otero, Xavier University.
Hopf Algebras and Tensor Categories, Siu-Hung Ng, Louisiana State University, Julia Plavnik, Indiana University, and 

Henry Tucker, University of California, Riverside.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical 

Sciences, David Goldberg, Purdue University, and Phil Kutzko, University of Iowa.
Innovative and Effective Ways to Teach Linear Algebra, Sepideh Stewart, University of Oklahoma, Gil Strang, Massachu-

setts Institute of Technology, David Strong, Pepperdine University, and Megan Wawro, Virginia Tech.
Inquiry-based Teaching and Learning, Volker Ecke, Westfield State University, Parker Glynn-Adey, University of Toronto 

at Scarborough, Mel Henriksen, Wentworth Institute of Technology, Nathaniel Miller, University of Northern Colorado, 
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Lee Roberson, University of Colorado-Boulder, Christine von Renesse, Westfield State University, Mami Wentworth, 
Wentworth Institute of Technology, and Nina White, University of Michigan.

Intersections of Geometric Analysis and Mathematical Physics, Xianzhe Dai and A’kos Nagy, University of California, Santa 
Barbara.

Knots, Links, 3-manifolds,... and 4-manifolds, Christopher Davis, University of Wisconsin, Shelly Harvey, Rice University, 
and Carolyn Otto, University of Wisconsin Eau Claire.

Knot Theory in Dimension Four, Jeffrey Meier, Western Washington University, Maggie Miller, Stanford University, and 
Patrick Naylor, Princeton University.

Latinxs in Combinatorics, Laura Escobar, Washington University in St. Louis, Pamela E. Harris, Williams College, and 
Andres R. Vindas Melendez, MSRI & UC Berkeley.

Little School Dynamics: Cool Research at Primarily Undergraduate Institutions, Kimberly Ayers, Carroll College, Han Li, 
Wesleyan University, David McClendon, Ferris State University, Andy Parrish, Eastern Illinois University, and Ami Ra-
dunskaya, Pomona College.

Low-dimensional Manifolds, Catherine Pfaff, Queen’s University, Rachel Roberts, Washington University in St Louis, 
and Jennifer Schultens, University of California, Davis.

Mathematical and Conceptual Foundations of Physics, David Weisbart, University of California Riverside, and Adam 
Yassine, Bowdoin College.

Mathematical Modeling of Biological Processes, Dawit Denu, Georgia Southern University, Sedar Ngoma, SUNY Geneseo, 
and Rachidi Salako, The Ohio State University.

Mathematical Modeling of Population Dynamics Across Scales: From Immuno-epidemiology to Multilevel Selection, Daniel 
Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.

Mathematical Models for Biomolecular and Cellular Interactions, Daniel Cruz, Georgia Institute of Technology, and Mar-
gherita Ferrari, University of South Florida.

Mathematical Models of Diseases: Analysis and Computation, Xuming Xie and Najat Ziyadi, Morgan State University.
Mathematical Tools for Computer Vision Problems, Anna Grim, Brown University, Patricia Medina, Yeshiva College, and 

Marilyn Vazquez, Ohio State University.
Mathematics and New Media, Mohamed Omar, Harvey Mudd College, and Michael Penn, Randolph College.
Mathematics and Sports, Russell Goodman, Central College, and Hope McIlwain, Mercer University.
Mathematics and the Arts, Karl Kattchee, University of Wisconsin-La Crosse, Doug Norton, Villanova University, and 

Anil Venkatesh, Adelphi University.
Mathematics Through the Informational Lens, Chid Apte, Rachel Bellamy, Charles Bennett, Kenneth Clarkson, John 

Cohn, Payel Das, Lior Horesh, Jon Lenchner, JR Rao, John Smolin, Mark Squillante, Yuhai Tu, and Chai Wah Wu, 
IBM Research.

Modular Forms and Combinatorics, Madeline Dawsey, University of Texas at Tyler, Larry Rolen, Vanderbilt University, 
Robert Schneider, University of Georgia, and Ian Wagner, Vanderbilt University.

New Problems in Several Complex Variables (a Mathematics Research Communities Session), Sean Curry, Oklahoma State 
University, Zhenghui Huo, Duke Kunshan University, Valentin Kunz, University of Manchester, and Kevin Palencia 
Infante, Northern Illinois University.

Noncommutative Algebra and Noncommutative Invariant Theory, Ellen Kirkman, Wake Forest University, and Robert Won 
and James Zhang, University of Washington.

Nonlinear Evolution Equations Stability and Long Time Behavior of Solutions, Ezzinbi Khalil, and Gaston N’Guerekata, 
Morgan State University.

Number Theory at Non-PhD Granting Institutions, Harris Daniels, Amherst College, Alia Hamieh, University of Northern 
British Columbia, Steven Miller, Williams College, Naomi Tanabe, Bowdoin College, and Enrique Trevino, Lake Forest 
College.

Numerical Methods and Deep Learning for PDEs, Wei Guo and Chunmei Wang, Texas Tech University.
Partial Differential Equations and Complex Variables, Hyunkyoung Kwon, University at Albany, and Bingyuan Liu, The 

University of Texas Rio Grande Valley.
Partition Theory and Related Topics, Dennis Eichhorn, University of California, Irvine, William Keith, Michigan Tech-

nological University, and Brandt Kronholm, University of Texas, Rio Grande Valley.
Perfectoid Spaces, Shanna Dobson, California State University, Los Angeles.
Polymath Jr: Mentoring and Learning, Kira Adaricheva, Hofstra University, Zhanar Berikkyzy, Fairfeld University, Johanna 

Franklin, Hofstra University, Seoyoung Kim, Queens University, Steven Miller, Williams College, Adam Sheffer, Baruch 
College, and Yunus Zeytuncu, University of Michigan-Dearborn.
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Presenting Research Mathematics Through Visual Storytelling: Slides Without Words and Equations, Henry Adams, Justin 
O’Connor, Kyle Salois, Brittany Story, and Ciera Street, Colorado State University.

Quadratic Forms, Theta Functions and Modularity, Allison Arnold-Roksandich, United States Department of Defense, 
Gene Kopp, Purdue University, and Kate Thompson, United States Naval Academy.

Quantitative Literacy and Society, Mark Branson, Stevenson University, Catherine Crockett, Point Loma Nazarene 
University, Gizem Karaali, Pomona College, Kathryn Knowles, Texas A&M-San Antonio, and Samuel Tunstall, Trinity 
University, San Antonio TX.

Quantum Categorical Structures in Mirror Symmetry, Nathaniel Bottman, Max Planck Institute for Mathematics, Sheel 
Ganatra, University of Southern California, Alexei Oblomkov, University of Massachusetts, Amherst, and Abigail Ward, 
Massachusetts Institute of Technology.

Quaternions, Terrence Blackman, Medgar Evers College - City University of New York, and Johannes Familton and 
Chris McCarthy, Borough of Manhattan Community College - City University of New York.

Random Matrix Theory and its Applications, Kyle Luh and Sean O’Rourke, University of Colorado Boulder, and Tom 
Trogdon, University of Washington.

Random Polynomials and Related Models, Sean O’Rourke, University of Colorado Boulder, and Noah Williams, Appa-
lachian State University.

Reaction Diffusion Models with Applications in Spatial Ecology, Jerome Goddard II, Auburn University Montgomery, and 
Ratnasingham Shivaji, University of North Carolina Greensboro.

Real World Applications of Mathematics, Vinodh Chellamuthu, Dixie State University, and Darren Narayan, Rochester 
Institute of Technology.

Recent Advances in Fluids and Related Models, Theodore Drivas, Stony Brook, and Hussain Ibdah and Huy Nguyen, 
University of Maryland.

Recent Advances in Mathematical Biology Ecology and Epidemiology, Lale Asik, University of the Incarnate Word, and 
Ummugul Bulut, Texas A&M University San Antonio.

Recent Advances in Packing, Joseph Iverson, Iowa State University, John Jasper, South Dakota State University, and 
Dustin Mixon, The Ohio State University.

Recent Developments in Nonlocal Modeling and Analysis, James Scott, University of Pittsburgh, Tadele Mengesha, Uni-
versity of Tennessee, and Xiaochuan Tian, University of California, San Diego.

Recent Progress in Function Theory and Operator Theory, Alberto Condori, Florida Gulf Coast University, Elodie Pozzi, 
St Louis University, William Ross, University of Richmond, and Alan Sola, Stockholm University.

Research in Mathematics by Undergraduates and Students in Post-baccalaureate Programs, Darren Narayan, Rochester In-
stitute of Technology, Christopher O’Neill, San Diego State University, Khang Tran, California State University, Fresno, 
Mark Daniel Ward, Purdue University, and John Wierman, Johns Hopkins University (AMS-SIAM).

Rethinking Number Theory, Heidi Goodson, Brooklyn College City University of New York, Allechar Serrano Lopez, 
Harvard University, Christelle Vincent, University of Vermont, and McKenzie West, University of Wisconsin-Eau Claire.

Scalar Curvature and Convergence, Brian Allen, University of Hartford, Lan-Hsuan Huang, University of Connecticut, 
and Raquel Perales, Universidad Nacional Autonoma de Mexico.

Several Complex Variables Geometric PDE and CR Geometry, Anne-Katrin Gallagher, Gallagher Tool & Instrument, Red-
mond, WA, and Bernhard Lamel and Nordine Mir, Texas A&M University at Qatar.

Skein Theory and Quantum Algebra, Rhea Bakshi, The George Washington University, Wade Bloomquist, Georgia In-
stitute of Technology, and Vijay Higgins, University of California Santa Barbara.

Statistics and Machine Learning Using Topology and Geometry, Austin Lawson and Vasileios Maroulas, University of Ten-
nessee Knoxville, Farzana Nasrin, University of Hawaii at Manoa, and Christopher Oballe, University of Notre Dame.

Stochastic Models in Studying Biological Systems, Shusen Pu, Vanderbilt University, and Alexander Strang, University of 
Chicago.

Structured Polynomial Systems In Mathematics and Its Applications, Taylor Brysiewicz, Max Planck Institute for Mathematics 
in the Sciences, and Frank Sottile, Texas A&M University.

The EDGE (Enhancing Diversity in Graduate Education) Program: Pure and Applied Talks by Women Math Warriors, Ziva 
Myer, Duke University, Laurel Ohm, Courant Institute, New York University, and Shanise Walker, University of Wiscon-
sin-Eau Claire.

The Many Lives of Lattice Theory with an Emphasis on Distributive & Semi-distributive Lattices and Combinatorics, Zeinab 
Bandpey, Northern Virginia Community College, and Jonathan Farley, Morgan State University.

The Mathematics of Decisions, Elections and Games, Michael Jones, American Mathematical Society - Mathematical Re-
views, David McCune, William Jewell College, and Jennifer Wilson, Eugene Lang College The New School.
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The Mathematics of RNA and DNA, Johannes Familton and Chris McCarthy, Borough of Manhattan Community 
College City University of New York.

The Teaching and Learning of Undergraduate Ordinary Differential Equations, Chris Goodrich, The University of New 
South Wales, Viktoria Savatorova, Central Connecticut State University, Itai Seggev, Wolfram Research, and Beverly 
West, Cornell University.

Topics and Generalizations in Geometric Group Theory, John Bergschneider, Bikash Das, and Opal Graham, University 
of North Georgia.

Topics in Extremal Combinatorics, Cory Palmer, University of Montana, and Amites Sarkar, Western Washington Uni-
versity.

Transient Probabilities of Random Processes, Duality Theory and Gambler’s Ruin Probabilities, Alan Krinik and Randall Swift, 
Cal Poly Pomona.

Undergraduate Research Activities in Mathematical and Computational Biology, Timothy Comar, Benedictine University, 
and Hannah Highlander, University of Portland.

Weave Reality into Your Differential Equations Course with Modeling, Vinodh Chellamuthu, Dixie State University, Rikki 
Wagstrom, Metropolitan State University, Tracy Weyand, Rose-Hulman Institute of Technology, and Brian Winkel, SI-
MIODE.

AAAS Special Sessions
Stochastic Processes on Networks, Oanh Nguyen, University of Illinois at Urbana-Champaign, and Kavita Ramanan, 

Brown University.

ASA Special Sessions
Statistical issues of COVID-19 Data, Xihong Lin, Harvard University and Broad Institute of MIT.

ASL Special Sessions
Model-theoretic Classification Program, Artem Chernikov and Nicholas Ramsey, University of California, Los Angeles.

AWM Special Sessions
Celebrating the Mathematical Contributions of the AWM, Donatella Danielli, Arizona State University, Kathryn Leonard, 

Occidental College, Michelle Manes, University of Hawaii at Manoa, and Ami Radunskaya, Pomona College.
Mathematics in the Literary Arts and Pedagogy in Creative Settings, Shanna Dobson, California State University, Los An-

geles, and Elizabeth Donovan, Murray State University.
Women and Gender Minorities in Symplectic and Contact Geometry and Topology, Orsola Capovilla-Searle, Duke University, 

Dahye Cho, Stony Brook University, and Angela Wu, University of College, London.
Women in Computational Topology, Brittany Fasy, Montana State University, and Lori Ziegelmeier, Macalester College.
Women in Geometry, Catherine Searle, Wichita State University, Elizabeth Stanhope, Lewis and Clark University, and 

Guofang Wei, University of California, Santa Barbara.
Women in Mathematical Biology, Christina Edholm, Scripps College, Maryann Hohn, Pomona College, Amanda 

Laubmeier, Texas Tech University, Carrie Manore, Los Alamos National Laboratory, and Heather Zinn-Brooks, Harvey 
Mudd College.

Women in Topology, Kristine Bauer, University of Calgary, Anna Marie Bohmann, Vanderbilt University, Angelica 
Osorno, Reed College, Carmen Rovi, MPIM and University of Heidelberg, and Sarah Yeakel, University of California, 
Riverside.

Women of Color in Combinatorics, Zhanar Berikkyzy, Fairfield University, and Shanise Walker, University of Wisconsin 
Eau Claire.

COMAP Special Sessions
COMAP’s Mathematical Modeling Contests: Sharing Experiences and Benefits, Amanda Beecher, Ramapo College of New 

Jersey, Steve Horton, US Military Academy (Emeritus), and Kathleen Snook, COMAP.

ILAS Special Sessions
Matrix Analysis and Applications I, Mohsen Aliabadi, Iowa State University, and Luyining Gan and Tin-Yau Tam, Uni-

versity of Nevada, Reno.
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The Interplay of Matrix Analysis and Operator Theory, Kelly Bickel, Bucknell University, Meredith Sargent, University of 
Arkansas, Ryan Tully-Doyle, California Polytechnic, San Luis Obispo, and Hugo Woerdeman, Drexel University.

The Inverse Eigenvalue Problem for a Graph, Zero Forcing, Throttling and Related Topics, Mary Flagg, University of St. Thomas, 
and Hein Van der Holst, Georgia State University.

MSRI Special Sessions
Combinatorial and Homological Methods in Commutative Algebra, Jennifer Biermann, Hobart and William Smith Colleges, 

and Selvi Kara, University of Utah.
Frame Theory and Applications, Roza Aceska, Ball State University, and Yeon Kim, Central Michigan University.
Lie Group Actions in Differential Geometry, Carolyn Gordon, Dartmouth College, Meera Mainkar, Central Michigan 

University, Tracy Payne, Idaho State University, and Cynthia Will, University of Cordoba (Argentina).
Metric Geometry and Topology, Christine Escher, Oregon State University, and Catherine Searle, Wichita State University.
Resistance Distance and Other Metrics on Graphs and Networks, Emily Evans, Brigham Young University, and Amanda 

Francis, Mathematical Reviews, American Mathematical Society.
Tensor Modeling and Optimization, Anna Ma, University of California, Irvine, Deanna Needell, University of California, 

Los Angeles, and Jing Qin, University of Kentucky.
The MSRI African Diaspora Joint Mathematics Workshop (ADJOINT), Caleb Ashley, Boston College, and Edray Goins, 

Pomona College.
The MSRI Undergraduate Program, Rebecca Garcia, Sam Houston State University, and Pamela E. Harris, Williams 

College.

NSF Special Sessions
Outcomes and Innovations from NSF Undergraduate Education Programs in the Mathematical Sciences, Part 1, Michael 

Ferrara, Sandra Richardson, John Haddock, Lee Zia, Mindy Capaldi, and Elise Lockwood, Division of Undergraduate 
Education, National Science Foundation.

SIAM Minisymposium
Advances in Mathematical Biology, Shilpa Khatri, Roummel Marcia, and Erica Rutter, University of California Merced.
Advancing Racial Equity in Applied Mathematics, Ron Buckmire, Occidental College, P. Seshaiyer, George Mason Uni-

versity, and Suzzane Sindi, University of California Merced.
Graduate Research in Industry and in National Laboratory Internships, Nicole Buczkowski and Hayley Olson, University 

of Nebraska-Lincoln.
Lessons Learned: The Future of Online and Hybrid Modalities in Education and the Workplace (A SIAM ED session), Manuchehr 

A. Aminian, Cal Poly Pomona, and Alvaro Ortiz, Georgia Gwinnett College.
Mathematics of Complex Systems, Heather Zinn Brooks, Harvey Mudd College, Alexander P. Hoover, University of 

Akron, Mason A. Porter, University of California Los Angeles, Alice Schwarze, University of Washington, and Alexandria 
Volkening, Purdue University.

Nonlocal and Fractional Problems in Analysis and PDEs, Marta Lewicka, University of Pittsburgh, and Petronela Radu, 
University of Nebraska-Lincoln.

Quantum Algorithms, Lin Lin, University of California, Berkeley, and Nathan Wiebe, University of Toronto.
Sensitivity Analysis and Uncertainty Quantification for Scientific and Biological Models, Ralph Smith, North Carolina State 

University.

SIGMAA Special Sessions
Lightning Talks in Environmental Mathematics, Russ deForest, Pennsylvania State University, Gordon Bower, Excelsior 

Statistics, Amanda Beecher, Ramapo College of New Jersey, Jacci White, Saint Leo University, and Eric Marland, Appa-
lachian State University.

Math Circle Outreach Activities that Engage Diverse Audiences, Lauren Rose, Bard College, and James Taylor, Math Circles 
Collaborative of New Mexico.

Mathematical Knowledge for Teaching High School and College Calculus Courses, I (Sponsored by SIGMAA on Mathematical 
Knowledge for Teaching), James Madden, Louisiana State University, Carl Olimb, Augustana University, and Jennifer 
Whitfield, Texas A&M University.

Programs that Support Student Research - SIGMAA on Undergraduate Research, Allison Henrich, Seattle University, Kate 
Kearney, Gonzaga University, and Nicolas Scoville, Ursinus College.
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Charlottesville, Virginia
University of Virginia

March 11–13, 2022
Friday – Sunday

Meeting #1175
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Moon Duchin, Tufts University, Title to be announced (Einstein Public Lecture in Mathematics).
Laura A Miller, University of North Carolina at Chapel Hill, Title to be announced.
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Yusu Wang, The Ohio State University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Difference, Differential, Fractional Differential and Dynamic Equations with Applications (Code: SS 6A), Mu-
hammad Islam and Youssef Raffoul, University of Dayton.

Advances in Infectious Disease Modeling: From Cells to Populations (Code: SS 5A), Lauren Childs, Stanca Ciupe, and 
Omar Saucedo, Virginia Tech.

Advances in Operator Algebras (Code: SS 11A), Ben Hayes and David Sherman, University of Virginia.
Algebraic Combinatorics and Category Theory in Topological Data Analysis (Code: SS 30A), Woojin Kim, Duke University, 

Alex McCleary, Ohio State University, Amit Patel, Colorado State University, and Facundo Mémoli, Ohio State University.
Algebraic Groups: Arithmetic and Geometry (Code: SS 1A), Raman Parimala, Emory University, Andrei Rapinchuk, Uni-

versity of Virginia, and Igor Rapinchuk, Michigan State University.
Categorical Structures in Hopf Algebras and Representation Theory (Code: SS 27A), Agustina Czenky, University of Oregon, 

Julia Plavnik, Indiana University, and Guillermo Sanmarco, Universidad Nacional de Córdoba / Iowa State University.
Celebrating Diversity in Mathematics (Code: SS 7A), Lauren Childs, Virginia Tech, Sara Maloni, University of Virginia, 

and Rebecca R.G., George Mason University.
Combinatorial Methods in Geometric Group Theory (Code: SS 19A), Tarik Aougab, Haverford College, Marrissa Loving, 

Georgia Institute of Technology, and Priyam Patel, University of Utah.
Commutative Algebra (Code: SS 2A), Eloísa Grifo, University of California, Riverside, and Sean Sather-Wagstaff, Clem-

son University.
Homotopy Theory (Code: SS 10A), Julie Bergner and Nick Kuhn, University of Virginia.
Integrable Probability (Code: SS 14A), Leonid Petrov, University of Virginia, and Axel Saenz, Tulane University.
Interactions Between Noncommutative Ring Theory and Algebraic Geometry (Code: SS 36A), Jason Gaddis, Miami University 

(Ohio), and Robert Won, George Wasington University.
Knots and Links in Low-Dimensional Topology (Code: SS 13A), Thomas Mark, University of Virginia, and Allison Moore, 

University of California Davis.
Knots, Skein Modules and Categorification (Code: SS 26A), Rhea Palak Bakshi and Józef H Przytycki, George Washing-

ton University, Radmila Sazdanovic, North Carolina State University, and Marithania Silvero, Universidad de Sevilla.
Knot Theory and its Applications (Code: SS 20A), Hugh Howards and Jason Parsley, Wake Forrest University, and Eric 

Rawdon, St Thomas University.
Large Cardinals and Forcing Axioms (Code: SS 35A), Brent Cody, Virginia Commonwealth University, and Victoria 

Gitman, City University of New York.
Mathematical Modeling of Problems in Biological Fluid Dynamics (Code: SS 28A), Laura Miller, University of North Car-

olina at Chapel Hill, and Nick Battista, The College of New Jersey.
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Mathematical String Theory (Code: SS 8A), Ilarion Melnikov, James Madison University, Eric Sharpe, Virginia Tech, 
and Diana Vaman, University of Virginia.

Multiparameter Persistence in Theory and Practice (Code: SS 32A), Håvard Bjerkevik, TU Graz, and Ezra Miller and 
Margaret Regan, Duke University.

Probabilistic Methods in Geometry and Analysis (Code: SS 12A), Fabrice Baudoin and Li Chen, University of Connecticut.
Recent Advances in Graph Theory and Combinatorics (Code: SS 17A), Neal Bushaw, Virginia Commonwealth University, 

and Martin Rolek and Gexin Yu, College of William and Mary.
Recent Advances in Harmonic Analysis (Code: SS 3A), Amalia Culiuc, Amherst College, Yen Do, University of Virginia, 

and Eyvindur Ari Palsson, Virginia Tech.
Recent Advances in Mathematical Biology (Code: SS 23A), Junping Shi, College of William & Mary, Xhisheng Shuai, 

University of Central Florida, and Yixiang Wu, Middle Tennessee State University.
Recent Advances in PDEs and Applications (Code: SS 31A), Khai Nguyen, North Carolina State University, and Loc Nguyen, 

University of North Carolina at Charlotte.
Recent Advances on Wave-based Imaging and Inverse Problems (Code: SS 29A), Yiran Wang, Emory University, and Yang 

Yang, Michigan State University.
Recent Progress on Singular and Oscillatory Integrals (Code: SS 4A), Betsy Stovall, University of Wisconsin-Madison, and 

Joris Roos, University of Massachusetts Lowell.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 18A), Chun-Ju Lai and Daniel K. Nakano, University of Georgia, and Weiqiang Wang, University of Virginia.
Representation Theory of Algebras and Related Combinatorics (Code: SS 24A), Markus Schmidmeier, Florida Atlantic 

University, and Khrystyna Serhiyenko, University of Kentucky.
Special Sets of Integers in Modern Number Theory (Code: SS 25A), Cristina Ballantine, College of the Holy Cross, and 

Hester Graves, Center for the Computing Sciences.
Spectral Theory of Ergodic Quantum Systems (Code: SS 34A), Rui Han, Louisiana State University, and Ilya Kachkovskiy, 

Michigan State University.
Structural and Extremal Graph Theory (Code: SS 33A), Guangming Jing, Augusta University, Zhiyu Wang, Georgia In-

stitute of Technology, and Xingxing Yu, Georgia Insitute of Technology.
Tensors and Complexity (Code: SS 16A), Visu Makam, Institute for Advanced Study, and Rafael Oliveira, University of 

Waterloo.
The Role of Mathematics in Computer Vision (Code: SS 37A), Thomas Y. Chen, Academy for Mathematics, Science, and 

Engineering.
Topics in Convexity and Probability (Code: SS 22A), Steven Hoehner, Longwood University, and Mark Meckes and Eliz-

abeth Werner, Case Western Reserve University.
Trends in Teichmüller Theory (Code: SS 21A), Thomas Koberda and Sara Maloni, University of Virginia, and Giuseppe 

Martone, University of Michigan.
Vertex Algebras and Geometry (Code: SS 9A), Marco Aldi, Virginia Commonwealth University, Michael Penn, Randolph 

College, and Nicola Tarasca and Juan Villarreal, Virginia Commonwealth University.
Youth and Enthusiasm in Arithmetic Geometry and Number Theory (Code: SS 15A), Evangelia Gazaki and Ken Ono, 

University of Virginia.

Medford, Massachusetts
Tufts University

March 19–20, 2022
Saturday – Sunday

Meeting #1176
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: January 18, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.
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Invited Addresses
Daniela De Silva, Barnard College, Columbia University, Title to be announced.
Enrique R. Pujals, Graduate Center, CUNY, Title to be announced.
Christopher T Woodward, Rutgers University, New Brunswick, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis on Homogeneous Spaces (Code: SS 7A), Jens Christensen, Colgate University, Matthew Dawson, CIMAT, Mérida, 
México, and Fulton Gonzalez, Tufts University.

Analytic Methods in Arithmetic Statistics (Code: SS 19A), Robert Hough, State University of New York at Stony Brook, 
and Robert J. Lemke Oliver, Tufts University.

Automorphisms of Riemann Surfaces, Subgroups of Mapping Class Groups and Related Topics (Code: SS 3A), S. Allen Brough-
ton, Rose-Hulman Institute of Technology, Jen Paulhus, Grinnell College, and Aaron Wootton, University of Portland.

Combinatorial Methods in Commutative Algebra (Code: SS 15A), Alessandra Costantini, Oklahoma State University, and 
Gabriel Sosa Castillo, Colgate University.

Crossroads: Ergodic Theory, Harmonic Analysis, and Combinatorics (Code: SS 20A), Daniel Glasscock, University of Mas-
sachusetts Lowell, Andreas Koutsogiannis, Aristotle University of Thessaloniki, Greece, and Joris Roos, University of 
Massachusetts Lowell.

Discrete and Convex Geometry (Code: SS 11A), Undine Leopold and Egon Schulte, Northeastern University, and Pablo 
Soberón, Baruch College, City University of New York.

Equivariant Cohomology (Code: SS 4A), Jeffrey D. Carlson, Imperial College London, and Loring Tu, Tufts University.
Gauge Theory, Geometric Analysis, and Low-Dimensional Topology (Code: SS 22A), Paul Feehan, Rutgers University, and 

Thomas G. Leness, Florida International University.
Geometric Dynamics and Billiards (Code: SS 10A), Boris Hasselblatt and Zbigniew Nitecki, Tufts University, and Kath-

ryn Lindsey, Boston College.
Homological Methods in Commutative Algebra (Code: SS 6A), Janet Striuli, Fairfield University and National Science 

Foundation, and Oana Veliche, Northeastern University.
Inverse Problems and Their Applications (Code: SS 1A), Youssef Qranfal, Wentworth Institute of Technology.
Linear Algebraic Groups: their Structure, Representations, and Geometry (Code: SS 12A), George McNinch, Tufts University, 

and Eric Sommers, University of Massachusetts.
Macdonald Theory and Beyond: Combinatorics, Geometry, and Integrable Systems (Code: SS 9A), Daniel Orr, Virginia Tech, 

and Joshua Jeishing Wen, Northeastern University.
Mathematical Methods for Ecology and Evolution in Structured Populations (Code: SS 8A), Olivia Chu, Princeton University, 

Daniel Cooney, University of Pennsylvania, and Chadi Saad-Roy, Princeton University.
Mathematical Modeling in Biology and Medicine (Code: SS 17A), Arkadz Kirshtein, Tufts University, and Navid Moham-

mad Mirzaei, University of Massachusetts.
Mathematics in Security and Defense (Code: SS 16A), Lubjana Beshaj and Paul Goethals, United States Military Academy.
Mathematics of Data Science (Code: SS 2A), Vasileios Maroulas, University of Tennessee Knoxville, and James M. Mur-

phy and Abiy Tasissa, Tufts University.
Moduli Spaces in Algebraic and Tropical Geometry (Code: SS 21A), Ignacio Barros Reyes, Université Paris-Saclay, France, 

Noah Giansiracusa, Bentley University, and Montserrat Teixidor i Bigas, Tufts University.
Quantum Probability, Orthogonal Polynomials, and Special Functions (Code: SS 13A), Maxim Derevyagin and Ambar 

Sengupta, University of Connecticut.
Ramsey Theory (Code: SS 14A), Louis DeBiasio, Miami University, and Gábor Sárközy, Worcester Polytechnic Institute 

and Alfréd Rényi Institute of Mathematics.
Subgroups in Nonpositive Curvature (Code: SS 18A), Carolyn Abbott, Brandeis University, and Ivan Levcovitz, Kim 

Ruane, Lorenzo Ruffoni, and Genevieve Walsh, Tufts University.
Symmetries of Polytopes, Maps, and Graphs (Code: SS 5A), Gabe Cunningham, University of Massachusetts Boston, and 

Mark Mixer, Wentworth Institute of Technology.
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West Lafayette, Indiana
Purdue University

March 26–27, 2022
Saturday – Sunday

Meeting #1177
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: January 25, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Christine Berkesch, University of Minnesota, Title to be announced.
Matthew Hedden, Michigan State University, Title to be announced.
Brian Street, University of Wisconsin, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Geometry (Code: SS 17A), Donu Arapura, Deepam Patel, and K.V. Shuddhodan, Purdue University.
Analysis and Probability in Sub-Riemannian Geometry (Code: SS 5A), Jeremy Tyson, University of Illinois at Urbana-Cham-

paign, and Jing Wang, Purdue University.
Analysis of Nonlinear Evolution Equations (Code: SS 13A), John Holmes, Wake Forest University, Ryan Thompson, The 

University of North Georgia, and Feride Tiğ lay, The Ohio State University.
Analytical, Computational, and Data-Driven Approaches in Fluid Dynamics (Code: SS 37A), Aseel Farhat, Florida State 

University, Vincent Martinez, CUNY Hunter College, and Ali Pakzad, Indiana University Bloomington.
A Women in Analysis Research Network Event (Code: SS 4A), Donatella Danielli, Arizona State University, and Irina 

Mitrea, Temple University.
Combinatorial Algebra and Geometry (Code: SS 6A), Christine Berkesch, University of Minnesota, and Laura Matusevich 

and Aleksandra Sobieska, Texas A&M University.
Combinatorial Techniques in Commutative Algebra (Code: SS 28A), Giulio Caviglia, Purdue University, and Jay Schweig, 

Oklahoma State University.
Combinatorics and Representations of Noncommutative Algebras (Code: SS 23A), Jason Gaddis, Miami University, and 

Daniele Rosso, Indiana University Northwest.
Commutative Algebra and Connections with Algebraic Geometry (Code: SS 19A), Claudia Polini, University of Notre Dame, 

and Bernd Ulrich, Purdue University.
Complex Geometry (Code: SS 18A), Laszlo Lempert, Purdue University, Chi Li, Rutgers University, Sai-Kee Yeung, 

Purdue University, and Yuan Yuan, Syracuse University.
Computational and Applied Algebraic Geometry (Code: SS 38A), Parker Edwards and Taylor Brysiewicz, University of 

Notre Dame.
Fully Nonlinear Partial Differential Equations (Code: SS 32A), Farhan Abedin, University of Utah, and Fernando Charro, 

Wayne State University.
Gaussian and non-Gaussian Stochastic Analysis (Code: SS 44A), Cheng Ouyang, University of Illinois at Chicago, Takashi 

Owada, Purdue University, and Samy Tindel, Purdue University.
Geometric Topology in the Middle Dimensions (Code: SS 29A), James F. Davis, Indiana University, and Mark Powell, 

Durham University.
Geometry of Measures and Metric Spaces (Code: SS 11A), Matthew Badger, University of Connecticut, Guy C. David, Ball 

State University, and Lisa Naples, Macalester College.
Group Theory and Logic (Code: SS 20A), Meng-Che “Turbo” Ho, California State University, Northridge, Julia F. Knight, 

University of Notre Dame, and D.B. McReynolds and Thomas Sinclair, Purdue University.
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Harmonic Analysis (Code: SS 2A), Shaoming Guo and Brian Street, University of Wisconsin-Madison.
Higher Structures in Topology, Geometry and Physics (Code: SS 24A), Ralph Kaufmann, Purdue University, Martin Markl, 

Czech Academy of Sciences, and Alexander Voronov, University of Minnesota.
Integrability, Symmetry and Physics (Code: SS 8A), E. Birgit Kaufmann and Oleksandr Tsymbaliuk, Purdue University.
Low-dimensional Topology (Code: SS 39A), Matthew Hedden, Michigan State University, Juanita Pinzón-Caicedo, Uni-

versity of Notre Dame, and Lev Tovstopyat-Nelip, Michigan State University.
Mathematical Foundation of Data Science in Scientific Computing (Code: SS 22A), Senwei Liang, Purdue University, Lizuo 

Liu, Southern Methodist University, and Haizhao Yang, Purdue University.
Mathematical Methods for Inverse Problems (Code: SS 10A), Isaac Harris and Peijun Li, Purdue University.
Mathematics of Complex Systems in Biology (Code: SS 43A), Alexandria Volkening and Ning Wei, Purdue University.
Modeling and Forecasting Complex Turbulent Systems (Code: SS 41A), Nan Chen, University of Wisconsin-Madison, and 

Di Qi, Purdue University.
Model Theory and its Applications (Code: SS 35A), Saugata Basu, Purdue University, Philipp Hieronymi, University of 

Bonn, and Margaret E. M. Thomas, Purdue University.
Multiplicative Ideal Theory in Honor of the Career of William Heinzer (Code: SS 26A), Evan Houston, University of North 

Carolina - Charlotte, and Alan Loper, Ohio State University.
Nonlinear Algebra with Applications to Statistics (Code: SS 27A), Aida Maraj, University of Michigan, and Sonja  

Petrović , Illinois Institute of Technology.
Nonlinear Partial Differential Equations From Variational Problems and Complex Fluids (Code: SS 15A), Tao Huang, Wayne 

State University, and Changyou Wang, Purdue University.
Numerical Linear Algebra (Code: SS 30A), Lothar Reichel, Kent State University, Jianlin Xia, Purdue University, and 

Qiang Ye, University of Kentucky.
Optimization, Complexity, and Real Algebraic Geometry (Code: SS 31A), Saugata Basu and Ali Mohammad Nezhad, 

Purdue University.
Quantum Algebra and Quantum Topology (Code: SS 1A), Shawn Cui, Purdue University, Julia Plavnik, Indiana University, 

and Tian Yang, Texas A&M University.
Random Growth Models (Code: SS 25A), Christopher Janjigian, Purdue University, Firas Rassoul-Agha, University of 

Utah, and Timo Seppalainen, University of Wisconsin - Madison.
Recent Developments in Automorphic Forms and Representations of p-adic Groups (Code: SS 9A), David Goldberg, Baiying 

Liu, and Freydoon Shahidi, Purdue University.
Recent Developments in Commutative Algebra (Code: SS 7A), Jennifer Kenkel, University of Michigan, and Linquan Ma 

and Uli Walther, Purdue University.
Recent Developments in High Order Numerical Methods for Partial Differential Equations (Code: SS 14A), Zheng Sun, The 

University of Alabama.
Recent Developments in Operator Algebras (Code: SS 42A), Roy Araiza, University of Illinois, and Rolando de Santiago, 

Thomas Sinclair, and Andrew Toms, Purdue University.
Recent Developments of Variational Methods in Deterministic and Stochastic Systems (Code: SS 16A), Yuan Gao, Purdue 

University, Tao Luo, Shanghai Jiao Tong University, and Nung Kwan Yip, Purdue University.
Recent Progress of Efficient and Robust Schemes for Compressible Navier-Stokes Equations (Code: SS 12A), Chen Liu and 

Xiangxiong Zhang, Purdue University.
Recent Trends in Graph Theory (Code: SS 40A), Adam Blumenthal, Westminster College, and Katherine Perry, Soka 

University of America.
Spectral Estimation and Optimization (Code: SS 21A), Mark Ashbaugh, University of Missouri, and Richard Laugesen, 

University of Illinois.
Stability in Topology, Arithmetic, and Representation Theory (Code: SS 33A), Jeremy Miller, Purdue University, Peter Patzt, 

University of Oklahoma, and Andrew Putman, University of Notre Dame.
The Interface Between Nonlinear PDEs, Harmonic Analysis, and Quantitative Geometric and Functional Inequalities (Code: 

SS 36A), Emanuel Indrei and Victor Lie, Purdue University.
The Interface of Harmonic Analysis and Analytic Number Theory (Code: SS 3A), Theresa Anderson, Purdue University, 

Robert Lemke Oliver, Tufts University, and Eyvindur Palsson, Virginia Tech University.
Topics in Algebraic and Geometric Topology (Code: SS 34A), David Ben McReynolds and Sam Nariman, Purdue University.
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Spring Western Virtual Sectional Meeting
Now meeting virtually, PDT (hosted by the American Mathematical Society)

May 14–15, 2022
Saturday – Sunday

Meeting #1178
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: November 9, 2021
For abstracts: March 15, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Commutative Algebra (Code: SS 6A), Tái Huy Há, Tulane University, and Selvi Kara, University of Utah.
Computational Topology and Applications (Code: SS 7A), Hitesh Gakhar and Miroslav Kramar, University of Oklahoma.
Factorization and Arithmetical Properties of Commutative Rings and Monoids (Code: SS 3A), Scott Chapman, Sam Houston 

State University, and Jim Coykendall, Clemson University.
Finite groups, their representations, and related structures (Code: SS 4A), Robert Boltje, University of California Santa Cruz, 

and Alexander Hulpke, Colorado State University.
Numerical Semigroups and Applications (Code: SS 1A), Elie Alhajjar, West Point Military Academy, and Christopher 

O’Neill, San Diego State University.
Recent Advances on the Langlands Program (Code: SS 2A), Kwangho Choiy, Southern Illinois University, Melissa Emory, 

University of Toronto, and Ralf Schmidt, University of North Texas.
Recent progress in numerical methods for PDEs (Code: SS 5A), Muhammad Mohebujjaman, Texas A&M International 

University, and Leo Rebholz, Clemson University.
Rethinking the Preparation of Mathematics GTAs for Future Faculty Positions (Code: SS 8A), Michael Jacobson, University 

of Colorado, Denver.

Grenoble, France
AMS-SMF-EMS Joint International Meeting

Université de Grenoble-Alpes

July 18–22, 2022
Monday – Friday

Meeting #1168
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: Expired
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/internmtgs.html.

Special Sessions
Advances in Functional Analysis and Operator Theory, Marat V. Markin, California State University, Fresno, USA, Igor 

Nikolaev, St. John’s University, USA, Jean Renault, Universite d’Orleans, France, and Carsten Trunk, Technische Univer-
sitat Ilmenau, Germany.
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Algebraic Geometry (Associated with Plenary Speaker Claire Voisin), Radu Laza, Stony Brook University, USA, Catriona 
Maclean, Grenoble, France, and Claire Voisin, Paris, France.

Automorphic Forms, Moduli Spaces, and Representation Theory (Associated with Plenary Speaker Vincent Lafforgue), Jean-
François Dat, Sorbonne Université, France, and Bao-Chau Ngo, University of Chicago, USA.

Classical and Quantum Fields on Lorentzian Manifolds, Dietrich Häfner, Université Grenoble Alpes, France, and Andras 
Vasy, Stanford University, USA.

Combinatorial and Computational Aspects in Topology, Eric Samperton, University of Illinois, USA, Saul Schleimer, Uni-
versity of Warwick, United Kingdom, and Greg McShane, Université Grenoble-Alpes, France.

Contact Geometry, David E. Blair, Michigan State University, USA, Gianluca Bande, Universita degli Studi di Cagliari, 
Italy, and Eric Loubeau, Université de Bretagne Occidentale, France.

Deformation of Artinian algebras and Jordan type, Anthony Iarrobino, Northeastern University, USA, Pedro Macias 
Marques, Universidade de Evora, Portugal, Maria Evelina Rossi, Universita degli Studi di Genova, Italy, and Jean Valles, 
Universite de Pau et des Pays de l’Adour, France.

Deformation Spaces of Geometric Structures, Sara Maloni, University of Virginia, USA, Andrea Seppi, Université Grenoble 
Alpes, France, and Nicolas Tholozan, Ecole Normale Superieure de Paris, France.

Derived Categories and Rationality, Matthew Ballard, University of South Carolina, USA, Emanuele Macrì, Université 
Paris-Saclay, France, and Patrick McFaddin, Fordham University, USA.

Differential Geometry in the Tradition of Élie Cartan (1869 - 1959), Vincent Borelli, Université Claude Bernard, Bogdan 
Suceavă, California State University, Fullerton, USA, Mihaela B. Vajiac, Chapman University, USA, Joeri Van der Veken, 
KU Leuven, Belgium, Marina Ville, Université de Tours, France, and Luc Vrancken, Université Polytechnique Hauts-de- 
France, Valenciennes, France.

Drinfeld Modules, Modular Varieties and Arithmetic Applications, Tuan Ngo Dac, CNRS Université Claude Bernard Lyon 
1, France, Matthew Papanikolas, Texas A&M University, USA, Mihran Papikian, Pennsylvania State University, USA, and 
Federico Pellarin, Université Jean Monnet, France.

Fractal Geometry in Pure and Applied Mathematics, Hafedh Herichi, Santa Monica College, USA, Maria Rosaria Lancia, 
Sapienza Universita di Roma, Italy, Therese-Marie Landry, University of California, Riverside, USA, Anna Rozanova-Pier-
rat, CentralSuplec, Universite Paris-Saclay, France, and Steffen Winter, Karlsruhe Institute of Technology, Germany.

Functional Equations and Their Interactions, Guy Casale, IRMAR, Université de Rennes 1, France, Thomas Dreyfus, 
IRMA, Université de Strasbourg, France, Charlotte Hardouin, IRMAR, Université de Toulouse 3, France, Joel Nagloo, 
CUNY, New York, USA, Julien Roques, Institut Camille Jordan, Université de Lyon 1, France, and Michael Singer, North 
Carolina State University, Raleigh, USA.

Graph and Matroid Polynomials: Towards a Comparative Theory, Emeric Gioan, LIRMM, France, Johann A. Makowsky, 
Israel Institute of Technology- IIT, Israel, and James Oxley, Louisiana State University, USA.

Groups and Topological Dynamics, Nicolas Matte Bon, University of Lyon, France, Constantine Medynets, United States 
Naval Academy, USA, Volodymyr Nekrashevych, Texas A&M University, USA, and Dmytro Savchuk, University of South 
Florida, USA.

Group Theory, Algorithms and Applications, Indira Chatterji, Université de Nice, France, Francois Dahmani and Martin 
Deraux, Institut Fourier, Université Grenoble, Alpes, France, and Delaram Kahrobaei, CUNY and NYU, USA.

History of Mathematics Beyond Case-Studies, Catherine Goldstein, CNRS, IMJ-PRG, France, and Jemma Lorenat, Pitzer 
College, USA.

Integrability, Geometry, and Mathematical Physics, Luen-Chau Li, Pennsylvania State University, USA, and Serge Parmen-
tier, Universite Claude Bernard Lyon 1, France.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory (LANL), USA, Robert Owczarek, University of New 
Mexico, Albuquerque and Los Alamos, USA, Tomasz Lipniacki, Polish Academy of Sciences, Poland, and Piotr Stachura, 
Warsaw University of Life Sciences-SGGW, Poland.

Low-Dimensional Topology, Paul Kirk, University Bloomington, USA, Christine Lescop, CNRS, Institut Fourier, Université 
Grenoble Alpes, France, and Jean-Baptiste Meilhan, Institut Fourier, Université Grenoble, Alpes, France.

Mathematical Challenges in Complex Quantum Systems (Associated with Plenary Speaker Simone Warzel), Alain Joye, Institut 
Fourier, Université Grenoble Alpes, France, Jeffrey Schenker, Michigan State University, USA, Nicolas Rougerie, Université 
Grenoble-Alpes and CNRS, France, and Simone Warzel, Zentrum Mathematik, TU München, Germany.

Mathematical Knowledge Management in the Digital Age of Science, Patrick Ion, University of Michigan, Ann Arbor, USA, 
Thierry Bouche, Université Grenoble-Alpes, France, and Stephen Watt, University of Waterloo, Canada.

Mathematical Physics of Gravity, Geometry, QFTs, Feynman and Stochastic Integrals, Quantum/Classical Number Theory, Al-
gebra, and Topology, Michael Maroun, AMS-MRC Boston, USA, and Pierre Vanhove, EMS/SMF CEA Paris Saclay, France.
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Modular Representation Theory, Pramod N. Achar, Louisiana State University, USA, Simon Riche, Universite Clermont 
Auvergne, France, and Britta Spath, Bergische Universitat Wuppertal, Germany.

Percolation and Loop Models (Associated with Plenary Speaker Hugo Duminil-Copin), Ioan Manolescu, University of Fri-
bourg, Switzerland.

Quantitative Geometry of Transportation Metrics, Florent Baudier, Texas A&M University, USA, Dario Cordero-Erausquin, 
Sorbonne Universite, France, Alexandros Eskenazis, University of Cambridge, United Kingdom, and Eva Pernecka, Czech 
Technical University in Prague, Czech Republic.

Recent Advances in Diffeology and their Applications, Jean-Pierre Magnot, Université d’Angers, France, and Jordan Watts, 
Central Michigan University, USA.

Rough Path and Malliavin Calculus, Fabrice Baudoin, University of Connecticut, USA, Antoine Lejay, University of 
Lorraine, France, and Cheng Ouyang, University of Illinois at Chicago, USA.

Spectral Optimization, Richard S. Laugesen, University of Illinois at Urbana Champaign, USA, Enea Parini, Aix Marseille 
University, France, and Emmanuel Russ, Grenoble Alpes University, France.

Statistical Learning (Associated with Plenary speaker Peter Bühlmann), Christophe Giraud, Paris Saclay University, France, 
Cun-Hui Zhang, Rutgers University, USA, and Peter Bühlmann, ETH Zürich, Switzerland.

Sub-Riemannian Geometry and Interactions, Luca Rizzi, CNRS, Institut Fourier, Grenoble, France, and Fabrice Baudoin, 
University of Connecticut, USA.

El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate Secretary for the AMS: Georgia Benkart

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: February 22, 2022
For abstracts: July 26, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, Title to be announced.
Brisa Sanchez, Drexel University, Title to be announced.
Alejandra Sorto, Texas State University, Title to be announced.

Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: March 1, 2022
For abstracts: August 16, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
sectional.html.
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Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven J. Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic and Analytic theory of Elliptic Curves (Code: SS 1A), Alina Cojocaru, University of Illinois, Chicago, Seoyung 
Kim, Grand Valley State University, Steven J. Miller, Williams College, and Jesse A Thorner, University of Florida.

Lagrangian and Legendrian Submanifolds (Code: SS 2A), Dani Alvarez-Gavela, Massachusetts Institute of Technology, 
and Mike Sullivan, University of Massachusetts.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: March 15, 2022
For abstracts: August 23, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Giulia SaccÃ, Columbia University, Title to be announced.
Chad Topaz, Williams College, Title to be announced.
Xingxing Yu, Georgia Institute of Technology, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics (Code: SS 6A), Hashim Saber, 
University of north Georgia.

Applied Knot Theory (Code: SS 1A), Jason Cantarella, University of Georgia, Eleni Panagiotou, University of Tennessee 
at Chattanooga, and Eric Rawdon, University of St Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations (Code: SS 9A), John R Graef and Lingju 
Kong, University of Tennessee at Chattanooga, and Min Wang, Kennesaw State University.

Enumerative Combinatorics (Code: SS 10A), Miklós Bóna and Vince Vatter, University of Florida.
Geometric and Topological Generalization of Groups (Code: SS 4A), Bikash C Das, University of North Georgia.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications (Code: SS 2A), Hongjie Dong, Brown University, 

and Tuoc Phan, University of Tennessee, Knoxville.
Probability and Statistical Models with Applications (Code: SS 5A), Sher Chhetri, University of South Carolina, Sumter, 

and Cory Ball, Florida Atlantic University.
Quantitative Approaches to Social Justice (Code: SS 7A), Chad Topaz, Williams College.
Special Session on Combinatorial Commutative Algebra (Code: SS 8A), Michael Cowen, Hugh Geller, Todd Morra, and 

Sean Sather-Wagstaff, Clemson University.
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Structural and Extremal Graph Theory (Code: SS 3A), Hao Huang, Emory University, and Xingxing Yu, Georgia Institute 
of Technology.

Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate Secretary for the AMS: Michel L. Lapidus

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: March 22, 2022
For abstracts: August 30, 2022

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic Combinatorics and Applications in Harmonic Analysis (Code: SS 3A), Joseph Iverson and Sung Y. Song, Iowa 
State University, and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis (Code: SS 2A), Vira Babenko, Drake University, and Akil Narayan, Uni-
versity of Utah.

Building Bridges Between Commutative Algebra and Nearby Areas (Code: SS 5A), Benjamin Briggs and Josh Pollitz, 
University of Utah.

Commutative Algebra (Code: SS 4A), Adam Boocher, University of San Diego, Eloísa Grifo, University of California, 
Riverside, and Jennifer Kenkel, University of Michigan.

Extremal Graph Theory (Code: SS 1A), Bernard Lidický , Iowa State University.
Fractal Geometry, Dimension Theory, and Recent Advances in Diophantine Approximation (Code: SS 9A), Alexander M. 

Henderson, University of California, Machiel van Frankenhuijsen, Utah Valley University, and Edward K. Voskanian, 
The College of New Jersey.

Free Boundary Problems Arising in Applications (Code: SS 14A), Mark Allen, Brigham Young University, Mariana Smit 
Vega Garcia, Western Washington University, and Braxton Osting, University of Utah.

Geometry and Representation Theory of Quantum Algebras and Related Topics (Code: SS 6A), Mee Seong Im, United States 
Military Academy, West Point, Bach Nguyen, Xavier University of Louisiana, and Arik Wilbert, University of Georgia.

Graphs and Matrices (Code: SS 11A), Mark Kempton, Emily Evans, and Ben Webb, Brigham Young University.
Higher Topological and Algebraic K-Theories (Code: SS 18A), Agnès Beaudry, University of Colorado Boulder, Jonathan 

Campbell, Duke University, and John Lind, California State University, Chico.
Inverse Problems (Code: SS 12A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 

of New Mexico.
Knotted Surfaces and Concordances (Code: SS 15A), Mark Hughes, Brigham Young University, Jeffrey Meier, Western 

Washington University, and Maggie Miller, Princeton University.
Mathematics of Collective Behavior (Code: SS 10A), Roman Shvydkoy and Daniel Lear, University of Illinois at Chicago.
PDEs, Data, and Inverse Problems (Code: SS 7A), Jared Whitehead, Brigham Young University.
Recent Advances in Algebraic Geometry and Commutative Algebra in or Near Characteristic p (Code: SS 8A), Bhargav Bhatt, 

University of Michigan, and Karl Schwede, University of Utah.
Recent Advances in the Theory of Fluid Dynamics (Code: SS 17A), Elaine Cozzi, Oregon State University, and Magdalena 

Czubak, University of Colorado Boulder.
Recent Advances of Numerical Methods for Partial Differential Equations with Applications (Code: SS 16A), Joe Koebbe, 

Utah State University, Yunrong Zhu, Idaho State University, and Jia Zhao, Utah State University.
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Several Complex Variables: Emerging Applications, Connections, And Synergies (Code: SS 13A), Jennifer Brooks, Brigham 
Young University, and Dusty Grundmeier, Harvard University.

Topics in Graphs, Hypergraphs and Set Systems (Code: SS 19A), David Galvin, University of Notre Dame, John Engbers, 
Marquette University, and Cliff Smyth, The University of North Carolina at Greensboro.

Boston, Massachusetts (JMM 2023)
John B. Hynes Veterans Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University, and Guang-
ming Jing, Augusta University.

Groups, Geometry, and Topology (Code: SS 4A), Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Recent Developments in Commutative Algebra (Code: SS 5A), Florian Enescu, Georgia State University, and Thomas 

Polstra, MSRI and University of Virginia.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Siddhi Krishna, Georgia Institute of Technology and Colum-

bia University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology.

Spring Eastern Virtual Sectional Meeting
April 1–2, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: October 4, 2022
For abstracts: March 7, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance (Code: SS 22A), Andrea Arauza Rivera, California State University, East 
Bay, Mario Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory (Code: SS 6A), Michel L. Lapidus, University of California, Riverside, 
Marat V. Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory (Code: SS 4A), Carmen Caprau, California State University, Fresno, and Sam Nelson, 
Claremont McKenna College.

Algorithms in the Study of Hyperbolic 3-manifolds (Code: SS 26A), Robert Haraway, III and Maria Trnkova, University 
of California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application (Code: SS 20A), Bhuvaneswari Samband-
ham, Dixie State University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.

Artin-Schelter Regular Algebras and Related Topics (Code: SS 27A), Ellen Kirkman, Wake Forest University, and James 
Zhang, University of Washington.

Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf) (Code: SS 16A), Sami Assaf, 
University of Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, 
University of Southern California.

Complexity in Low-Dimensional Topology (Code: SS 14A), Jennifer Schultens, University of California, Davis, and Eric 
Sedgwick, DePaul University.

Data Analysis and Predictive Modeling (Code: SS 8A), Earvin Balderama, California State University, Fresno, and Adriano 
Zambom, California State University, Northridge.

Inverse Problems (Code: SS 5A), Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University 
of New Mexico, Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics (Code: SS 13A), Maria Nogin and Agnes Tuska, California 
State University, Fresno.

Mathematical Biology: Confronting Models with Data (Code: SS 21A), Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova) (Code: SS 1A), 

Natalia Komarova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories (Code: SS 11A), Eric Friedlander, University of Southern California, 

Los Angeles, Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution (Code: SS 10A), Lale Asik, Texas Tech Uni-

versity, Khanh Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students (Code: SS 7A), Doreen De Leon, Marat Markin, and Khang 

Tran, California State University, Fresno.
Scientific Computing (Code: SS 19A), Changho Kim, University of California, Merced, and Roummel Marcia.
The Use of Computational Tools and New Augmented Methods in Networked Collective Problem Solving (Code: SS 18A), Mario 

Banuelos, California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and 
Agnes Tuska, California State University, Fresno.
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Women in Mathematics (Code: SS 12A), Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, 
Fresno.

Zero Distribution of Entire Functions (Code: SS 9A), Khang Tran and Tamás Forgács, California State University, Fresno.

Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Albuquerque, New Mexico
University of New Mexico

October 21–22, 2023
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California (JMM 2024)
Moscone West Convention Center

January 3–6, 2024
Wednesday – Saturday
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Riverside, California
University of California, Riverside

October 12–13, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michel L. Lapidus
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced 

Deadlines
For organizers: To be announced
For abstracts: To be announced
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American Mathematical Society 
Distribution Center

35 Monticello Place, 
Pawtucket, RI 02861 USA

facebook.com/amermathsoc
@amermathsoc

Differential Equations  

white -->

A Dynamical Systems Approach to Theory and Practice
Marcelo Viana, IMPA - Instituto de Matemática Pura e Aplicada, Rio de 
Janeiro, Brazil, and José M. Espinar, Universidad de Cádiz, Cadiz, Spain

In collaboration with Guilherme T. Goedert and Heber Mesa

This graduate-level introduction to ordinary differential equations 
combines both qualitative and numerical analysis of solutions, in 
line with Poincaré’s vision for the field over a century ago.
Graduate Studies in Mathematics, Volume 212; 2021; approximately 549 pages; 
Hardcover; ISBN: 978-1-4704-5114-1; List US$125; AMS members US$100; MAA 
members US$112.50; Order code GSM/212

Fractions: To Be Continued
Bowen Kerins, Education Development Center, Waltham, MA, Darryl 
Yong, Harvey Mudd College, Claremont, CA, Al Cuoco, Education 
Development Center, Waltham, MA, and Glenn Stevens, Boston University, 
MA

The topic for this book is the study of continued fractions, includ-
ing important results involving the Euclidean algorithm, the golden 
ratio, and approximations to rational and irrational numbers.
Titles in this series are co-published with the Institute for Advanced Study/Park 
City Mathematics Institute.

IAS/PCMI—The Teacher Program Series, Volume 8; 2021; 140 pages; Softcover; 
ISBN: 978-1-4704-6293-2; List US$50; AMS members US$40; MAA members 
US$45; Order code SSTP/8

Lectures on Poisson Geometry  
Marius Crainic, Utrecht University, The Netherlands, Rui Loja Fernandes, 
University of Illinois at Urbana-Champaign, IL, and Ioan Mărcut̨ , Radboud 
University, Nijmegen, The Netherlands

This well-written book is an excellent starting point for students and 
researchers who want to learn about the basics of Poisson geometry.

—Eckhard Meinrenken, University of Toronto
Graduate Studies in Mathematics, Volume 217; 2021; 479 pages; Hardcover; 
ISBN: 978-1-4704-6430-1; List US$125; AMS members US$100; MAA members 
US$112.50; Order code GSM/217

Mathematics via Problems
Part 2: Geometry
Alexey A. Zaslavsky, Central Economical and Mathematical Institute, 
Moscow, Russia, and Moscow Power Energetic Institute, Russia, and Mikhail 
B. Skopenkov, National Research University Higher School of Economics, 
Moscow, Russia, and Institute for Information Transmission Problems RAS, 
Moscow, Russia

The main goal of this book is to develop important parts of 
mathematics through problems to discover and recreate much 
of elementary and start edging into more sophisticated topics 
such as projective and affine geometry, solid geometry, and 
so on.
Titles in this series are co-published with the Mathematical Sciences 
Research Institute (MSRI).

MSRI Mathematical Circles Library, Volume 26; 2021; 177 pages; 
Softcover; ISBN: 978-1-4704-4879-0; List US$55; AMS members 
US$44; MAA members US$49.50; Order code MCL/26

NEW RELEASES
from the AMS

GRADUATE STUDIES
IN MATHEMATICS 212

Differential
Equations
A Dynamical Systems
Approach to Theory
and Practice

Marcelo Viana
José M. Espinar

GRADUATE STUDIES
IN MATHEMATICS 217

Lectures on 
Poisson Geometry

Marius Crainic
Rui Loja Fernandes
Ioan Mărcuţ

= Textbook
white -->

= Applied Mathematics

http://facebook.com/amermathsoc
http://www.twitter.com/amermathsoc
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