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Introduction
The study of geodesics provides a theme for understand-
ing hyperbolic metrics on finite-area surfaces, as well as
the geometry of the moduli space of Riemann surfaces.
We begin with the fundamentals of the Teichmüller the-
ory of hyperbolic surfaces. We relate how formulas in hy-
perbolic geometry correspond to formulas for the Teich-
müller space and moduli space. Then we describe how
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Thurston’s random geodesic metric generalizes to the pres-
sure metric in higher Teichmüller theory and how Mirza-
khani’s recursive integration scheme is a tool for under-
standing random finite-area hyperbolic surfaces. Our in-
formal exposition does not attempt a summary of a his-
torical development of the subject. Too many important
results are not discussed and the development of ideas is
greatly simplified. Only limited references are provided.
For further resources the reader may explore McMullen’s
Expositions andCourse Notes at the bottomof his Publica-
tions. A general introduction to the presentmaterial is pro-
vided in “Riemann surfaces, dynamics and geometry”—
all available on people.math.harvard.edu/~ctm/.
The reader may also explore the author’s CBMS and PCMI

1890 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 11



Figure 1. Charts for a genus 3 surface.

lectures [11, 12]. And a valuable exercise is to use AMS
MATHSCINET to check the publications that refer to the
references here—a reverse search.

Hyperbolic Geometry and Riemann Surfaces
We start with the model for the hyperbolic plane ℍ pro-
vided by the upper half-plane {𝑧 ∣ ℑ𝑧 > 0} ⊂ ℂwith the Rie-
mannianmetric (|𝑑𝑧|/ℑ𝑧)2 [3,5]. The group of orientation-
preserving isometries is given by PSL(2; ℝ) acting by frac-
tional linear transformations on ℂ preserving the upper
half-plane. Themaximal geodesics are the semicircles with
centers on the real axis and the vertical half-lines. A Rie-
mann surface 𝑅 is prescribed by a covering of a topological
space by an atlas of charts {(𝑈𝛼, 𝑧𝛼)} with 𝑧𝛼 maps to the
complex plane ℂ such that the overlap maps 𝑧𝛽 ∘ 𝑧−1𝛼 are
biholomorphic. A Riemannian metric for a surface is pre-
scribed by specifying positive coefficients {(𝑈𝛼, 𝑔𝛼)} such

that 𝑔𝛼 = 𝑔𝛽|
𝑑𝑧𝛽
𝑑𝑧𝛼

|2. Alternately, a hyperbolic metric can be

specified by special charts—{(𝑈𝛼, 𝑤𝛼)}with𝑤𝛼 maps to the
hyperbolic plane ℍ with 𝑤𝛽 ∘ 𝑤−1

𝛼 local isometries. A sur-
face with metric is also described by gluing (attaching by
isometries) shapes from a model space. For example a flat
torus is given by identifying opposite sides of a Euclidean
parallelogram.

The classical modular surface is given by gluing the do-
main 𝒟 = {𝑧 ∣ |ℜ𝑧| ≤ 1

2
, |𝑧| ≥ 1}. The hyperbolic tri-

angle 𝒟 has vertices at 𝜌 and 𝜌2, 𝜌 = 𝑒𝑖𝜋/3, and an ideal
vertex with zero angle at infinity. The vertical sides are
glued by the translation 𝑇 ∶ 𝑧 → 𝑧 + 1. The semicircle
segment |𝑧| = 1,ℜ𝑧 ≤ 0 is glued to the semicircle segment
|𝑧| = 1,ℜ𝑧 ≥ 0 by the negative inversion 𝑆 ∶ 𝑧 → −1/𝑧.
A neighborhood of the image of 𝜌 in the quotient space
is alternately described by 𝒟 ∪ 𝑇𝒟 with 𝑆 identifying the
semicircles |𝑧| = 1 and |𝑧 − 1| = 1. The points 𝜌 and 𝜌2
correspond to a cone point in the quotient space. The to-
tal angle around the point is 2𝜋/3. A neighborhood of the
image of infinity in the quotient space is a cusp—the point
infinity is at infinite distance. The area of𝒟 is the angle de-
fect 𝜋/3. The matrices 𝑇 = ± ( 1 1

0 1 ) and 𝑆 = ± ( 0 −1
1 0 ) gener-

ate the classical modular group PSL(2; ℤ)—the quotient of
the group of 2 × 2 integer matrices with determinant 1 by
± ( 1 0

0 1 ). The domain 𝒟 is a fundamental domain for the

action of the modular group on the hyperbolic plane. The
translates of𝒟 exactly tileℍ, and the quotientℍ/PSL(2; ℤ)
is the identification space of 𝒟.

Convexity is a basic feature of hyperbolic geometry. Ac-
cordingly a closed loop on a hyperbolic surface can be
pulled taut to form a closed geodesic. Each nontrivial, non-
cuspidal, free homotopy class contains a unique closed ge-
odesic that is length minimizing. Similarly, each free ho-
motopy class of arcs (with sliding endpoints) between a
pair of closed geodesics contains a unique geodesic seg-
ment. The segment realizes the distance. Geodesics in
hyperbolic geometry exhibit very special behaviors. Fol-
lowing a result of Birman-Series, Sapir showed that on a
finite-area surface the collection of geodesics with bounds
on the number of self-intersections is contained in a closed
set of Hausdorff dimension one and Lebesgue measure
zero. Geodesics with less than maximal self-intersections
lie only in narrow channels on a surface. By total con-
trast, the collection of all closed possibly self-intersecting
geodesics is uniformly distributed. Given 𝜖 > 0 small, there
is an 𝐿 large such that given a tangent vector 𝑣, the total
length of segments of closed geodesics of length at most
𝐿 with tangents 𝜖-close to 𝑣 is positive and approximately
independent of 𝑣. In fact, after normalization the total
length of segments close to a given tangent vector tends
to the uniform distribution in 𝑣 as 𝐿 tends to infinity.
In effect closed geodesics almost uniformly almost pass
through each point with almost each tangent direction.
Consequently we can contemplate the behavior of the ran-
dom closed geodesic. A starter question is to count by length
the number of closed geodesics. In analogy to the prime
number theorem, Delsarte, Huber, and Selberg each intro-
duced a trace formula to perform a count. For a finite-area
hyperbolic surface the count is exponential. The number
of closed geodesics of length at most 𝐿 is asymptotic to
𝑒𝐿/𝐿. We will see that the count is polynomial when the
number of self-intersections is restricted.

By the Uniformization Theorem, a surface 𝑅 with com-
plete hyperbolic metric is described as a quotient ℍ/Γ,
where Γ is a subgroup of PSL(2; ℝ). The group Γ is iso-
morphic to the fundamental group of 𝑅 and acts on ℍ as
the group of deck transformations. The hyperbolic plane
is tiled by Γ-translates of a fundamental domain𝒟, a finite-
sided polygon. If 𝑅 has genus 𝑔 and 𝑛 cusps, the Euler char-
acteristic is negative and the area of 𝑅 is 2𝜋(2𝑔 − 2 + 𝑛).

Teichmüller Spaces
Fenchel-Nielsen introduced a synthetic geometric tailor-
ing construction for prescribing a hyperbolic surface 𝑅
[3, 5, 11]. The construction begins with the observation
that in the hyperbolic plane right-angled hexagons ℋ are
specified by giving the lengths of alternate sides as positive
real numbers. Side lengths can also have the ideal value
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zero and then the adjacent sides of the hexagon describe
a cusp as for the PSL(2; ℤ) fundamental domain. Given
a right hexagon ℋ with side lengths ℓ1/2, ℓ2/2, and ℓ3/2,
then double ℋ across the alternate sides to obtain a pair
of pants 𝒫—a surface with the topology of a sphere minus
three disjoint discs. The pants 𝒫 has geodesic boundaries
since the double across one boundary of a quarter-plane is
a half-plane. The𝒫 boundary lengths are ℓ1, ℓ2, and ℓ3 and
the area is 2𝜋. Also attaching half-planes is a local construc-
tion. Accordingly pants 𝒫1 and 𝒫2 with a common bound-
ary length ℓ can be attached across the common boundary
to form a hyperbolic surface with four geodesic boundaries
and the topology of a sphere minus four disjoint discs. Re-
maining boundaries of equal length can also be identified.
For example starting with two copies of a pair of pants 𝒫,
the boundaries of equal lengths can be identified in pairs
to form a compact surface of genus 2. In general a surface
of genus 𝑔with 𝑛 cusps is tailored by starting with 2𝑔−2+𝑛
pairs of pants and identifying in pairs boundaries of equal
lengths. The collection of seams, a collection of 3𝑔− 3+𝑛
disjoint simple (no self-intersections) closed geodesics, is
called a pants decomposition.

What are the parameters for constructing a surface by tai-
loring pants? First there are the 3𝑔−3+𝑛 seam lengths, val-
ues inℝ+. Second there is a twist parameter for each seam.
A pair of pants has an equator reflection given by inter-
changing hexagons. The fixed set of a reflection is the three
geodesic segments between boundary components. Since
boundaries are circles, pants can be assembled with an
arbitrary relative displacement between boundaries. The
displacement between the equators on the two sides of a
seam is a parameter. The Fenchel-Nielsen twist parameter
𝜏 is the displacement between equators measured in hy-
perbolic length units. The twist parameter similar to an-
gle measure takes values in ℝ. Tailoring includes labeling
pants and loops—the instructions also prescribe a basis
for the fundamental group of a surface. Teichmüller space
is the space of hyperbolic surfaces with a reference isomor-
phism for the fundamental groupsmodulo an equivalence
relation.

Fenchel-Nielsen Theorem. The length-twist parameters

3𝑔−3+𝑛
∏
𝑗=1

(ℓ𝑗 , 𝜏𝑗) ∈ (ℝ+ × ℝ)3𝑔−3+𝑛

are real-analytic coordinates for Teichmüller space.

Different pants decompositions provide differ-
ent global coordinates. In the next section we see that a
completion of Teichmüller space is prescribed by allowing
collections of pants lengths to vanish.

How many ways can an individual surface be tailored?
A simple redundancy is given by adding the seam length
to a twist parameter 𝜏 → 𝜏 + ℓ. This parameter alteration

Figure 2. Constructing a genus 3 surface from pants.

corresponds to applying a homeomorphism, a Dehn twist,
that is a full twist in a neighborhood of the seam curve and
the identity otherwise. More generally new pants decom-
positions for a fixed surface are given by applying homeo-
morphisms. Even more generally there are pants decom-
positions not related by homeomorphisms. For example
in genus two, modulo homeomorphisms, there are two
distinct decompositions: one with no separating curves
and one with a single separating curve. Bollobás found the
asymptotic count of distinct pants decompositions—the
leading term is (6𝑔−6)! /(3𝑔−3)! (2𝑔−2)!. By definition de-
compositions related by homeomorphisms are related by
the mapping class group 𝑀𝐶𝐺—the group of orientation-
preserving homeomorphisms of a surface modulo its sub-
group of homeomorphisms isotopic to the identity. The
group acts transitively on the reference isomorphisms for
the points of the Teichmüller space 𝒯. The action of𝑀𝐶𝐺
on 𝒯 is properly discontinuous. By a theorem of Dehn,
𝑀𝐶𝐺 is generated by Dehn twists. The quotient 𝒯/𝑀𝐶𝐺
is the moduli space ℳ of Riemann surfaces—the space of
distinct Riemann surfaces.

Moduli Spaces
A Fenchel-Nielsen tailoring description of ℳ is given by
a description of an 𝑀𝐶𝐺 fundamental domain in 𝒯. By
all indications a general description is expected to be in-
tractable. For simple applications an estimate of Buser
and Parlier suffices. Every closed hyperbolic surface has
a pants decomposition with all seams of length at most
4𝜋(𝑔 − 1) + 4 log(4𝑔 − 2) + arcsinh 1.

A basic deformation of hyperbolic surfaces is pinch-
ing collars—a taffy pulling deformation. Given a sim-
ple closed geodesic 𝛾 of length ℓ, the collar about 𝛾 is
the tubular neighborhood 𝒞 = {𝑝 ∣ 𝑑(𝑝, 𝛾) ≤ 𝑤} for
𝑤 = arcsinh(1/ sinh(ℓ/2)) with the hyperbolic metric on
𝒞 isometric to 𝑑𝜌2 + ℓ2 cosh2 𝜌𝑑𝑡2. The collar lemma
provides that simple geodesics have collars and disjoint
simple geodesics have disjoint collars. Since 𝑤 is large
for ℓ small, it follows that short simple geodesics are dis-
joint. From an additional observation it follows that short
geodesics are necessarily simple. The diameter of a con-
taining surface is at least the collar half-width 𝑤. Taffy
snaps into two pieces after extreme pulling. The limit of
collars with core lengths ℓ tending to zero is a pair of cusps.
What are the possible limits for a sequence of hyperbolic
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Figure 3. Pulling taffy.

surfaces? The first consideration is whether there is a posi-
tive lower bound for the lengths of closed geodesics.

Mumford Compactness Theorem. Given ℓ0 positive, the
subset of the moduli space ℳ of hyperbolic surfaces with all
closed geodesics of length at least ℓ0 is compact.

The result can be extended. If collars about short
geodesics are removed from hyperbolic surfaces, then the
collection of metric spaces is precompact in the Gromov-
Hausdorff topology. When pulling taffy, the ends deform
only a bounded amount. The complements in hyperbolic
surfaces of the collars about short geodesics only vary a
bounded amount.

The considerations indicate that ℳ is compactified by
simply permitting collars to limit to pairs of cusps. In par-
ticular given Fenchel-Nielsen coordinates (ℓ𝑗 , 𝜏𝑗), a bound-
ary space is added to Teichmüller space by permitting
length parameters to take the 0-value, describing cusps
for the corresponding pants and hexagons. The twist pa-
rameter is undefined for zero length. Paired cusps are
always included as elements of a pants decomposition.
A surface with paired cusps and a fundamental group
reference isomorphism is described by multiple pants
decompositions—giving rise to an equivalence relation for
boundary spaces.

Definition 1. The augmented Teichmüller space 𝒯 con-
sists of the Teichmüller space with all boundary spaces for
all pants decompositions modulo equivalence.

Figure 4. A Fenchel-Nielsen twist deformation.

The mapping class group acts on 𝒯, and the quotient
𝒯/𝑀𝐶𝐺 is compact and homeomorphic to the Deligne-
Mumford stable curve compactification of the moduli
spaceℳ. Fenchel-Nielsen coordinates (ℓ, 𝜏) are analogous
to polar coordinates (𝑟, 𝜃) for the universal cover ofℝ2∖{0};
accordingly 𝒯 is not locally compact. We will see that 𝒯
has a direct relationship to the Weil-Petersson (WP) met-
ric.

Weil-Petersson Geometry
How do we describe the geometry of Teichmüller space
𝒯? We start with the twist vector fields and length func-
tions coming from Fenchel-Nielsen coordinates [3, 5, 11].
Given the free homotopy class of a simple closed loop 𝛼,
the reference isomorphisms of fundamental groups deter-
mine loops and upon pulling taut geodesics for each point
of 𝒯. The twist vector field 𝑡𝛼, an infinitesimal deformation
for each point of𝒯, is defined as the infinitesimal variation
of the twist parameter for 𝛼. The geodesic-length function ℓ𝛼
is defined as the length of the geodesic 𝛼 on the surface rep-
resented by the point of𝒯. For simple closed geodesics on
each surface, multiples of the twist tangents, respectively,
multiples of the geodesic-length differentials, are dense in
the tangent space, respectively, cotangent space, of 𝒯. We
use twists and lengths to describe the geometry.

We begin with Riera’s formula for the pairing of
geodesic-length gradients—the formula can serve as a def-
inition for the pairing. Introduce the positive function
𝐺(ℓ) = cosh ℓ log((cosh ℓ + 1)/(cosh ℓ − 1)) − 2.

Theorem 2. For 𝛼, 𝛽 disjoint simple closed geodesics, the Weil-
Petersson pairing is given as

⟨grad ℓ𝛼, grad ℓ𝛽⟩ =
2
𝜋(ℓ𝛼𝛿𝛼𝛽 + ∑

𝛾
𝐺(ℓ𝛾))

for the Kronecker delta 𝛿∗ and the sum over the set of minimal
length geodesic arcs connecting 𝛼 to 𝛽.

An analysis involving the geometry of collars shows for
ℓ𝛼 small that 𝑑ℓ𝛼/𝑑𝑠 = ‖gradℓ𝛼‖ ≈ (2ℓ𝛼/𝜋)1/2; conse-
quently ∫𝑑𝑠 = ∫1

0 ‖gradℓ𝛼‖−1𝑑ℓ𝛼 is finite and collars can
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be pinched in finite WP time—the metric is incomplete.
In line with the moduli space being compactified by per-
mitting collars to limit to cusp pairs, Masur found that the
augmented Teichmüller space 𝒯 is the WP completion of
𝒯.

There is a rich symplectic geometry of twists and lengths
corresponding to the hyperbolic geometry of surfaces. The
WPmetric is Kähler with symplectic form𝜔—a closed non-
degenerate 2-form measuring area of 2-planes.
Theorem 3 ([11]). Let 𝛼, 𝛽 be simple closed geodesics. Twists
and lengths satisfy the duality relations

2𝑡𝛼 = 𝑖grad ℓ𝛼 and 2𝜔( , 𝑡𝛼) = 𝑑ℓ𝛼.
The twist derivatives of lengths are given as

𝑡𝛼ℓ𝛽 = 𝜔(𝑡𝛼, 𝑡𝛽) = ∑
𝑝∈𝛼#𝛽

cos 𝜃𝑝,

𝑡𝛼𝑡𝛼ℓ𝛽 = ∑
(𝑝,𝑞)∈𝛼#𝛽×𝛼#𝛽

𝑒ℓ1 + 𝑒ℓ2
2(𝑒ℓ𝛽 − 1)

sin 𝜃𝑝 sin 𝜃𝑞,

where angles are measured from the first to the second geodesic
and ℓ1, ℓ2 are the distances along 𝛽 between 𝑝 and 𝑞.

The cosine formula is valid even when the Teichmüller
space is a single point. In particular the sum of cosines
is zero for any two closed geodesics on the modular sur-
face ℍ/PSL(2; ℤ). The summands for the sine formula are
positive. A consequence is that geodesic lengths are con-
vex functions along twisting paths—an ingredient in Ker-
ckhoff’s proof of Nielsen Realization: every finite 𝑀𝐶𝐺
subgroup has a fixed point. A third consequence is that
𝜔 is invariant under each twist flow. Knowing that twists
are dense in each tangent space suggests that 𝜔 is highly
symmetric.

Theorem 4 ([11, 13]). For Fenchel-Nielsen coordinates, the
WP symplectic form is

𝜔 = 1
2 ∑𝑗

𝑑ℓ𝑗 ∧ 𝑑𝜏𝑗 .

This simple formula is an ingredient in Mirzakhani’s in-
tegration scheme.

Convexity is also a consideration for understanding WP
geodesics.

Theorem 5 ([11]). Geodesic-length functions are strictly con-
vex along WP geodesics.

Yamada combined geodesic convexity and an analysis
of the metric near boundary spaces to show that 𝒯 is
𝐶𝐴𝑇(0). A simply connected complete metric space is
𝐶𝐴𝑇(0) provided distance is realized by unique length-
minimizing paths and provided triangles have Euclidean
comparisons. Chords for triangles in 𝒯 are at most as
long as corresponding chords for Euclidean triangles with

the corresponding side lengths—a condition for a nonpos-
itively curved space. The intersection pattern of boundary
spaces can be combined with the 𝐶𝐴𝑇(0) geometry to es-
tablish the Masur-Wolf result: the 𝑀𝐶𝐺 is the full group
of WP isometries. Daskalopoulos-Wentworth applied the
𝐶𝐴𝑇(0) geometry to analyze the action of the elements of
𝑀𝐶𝐺.

The Random Geodesic Metric
The geodesic flow on the set of unit tangent vectors of aman-
ifold is defined by following a geodesic with a given initial
tangent. For negatively curved manifolds the flow is topo-
logically transitive—has a dense orbit. The flow is also
Anosov—the bundle of unit tangent vectors decomposes
into three invariant subspaces: one on which the flow is
expanding, one on which the negative time flow is expand-
ing, and the one-dimensional bundle of tangents to the
flow. The closed orbits of the flow are the closed geodesics
with their tangents. For hyperbolic surfaces Thurston ob-
served that the statistics of variations of geodesic lengths
define a metric on Teichmüller space. More recently from
the work of a collection of authors, we know the Thermo-
dynamic Formalism can be used to measure the difference
of Anosov-type flows and gives rise to a seminorm, the
pressure metric, on certain deformation spaces.

Thurston’s definition is based on the properties of uni-
formly distributed orbits and on properties of twist deriva-
tives.

Definition 6. Thurston’s random geodesic metric for
Teichmüller space is defined as

‖𝑡𝛼‖2𝑇 = lim
𝐿→∞

∑ℓ𝛽≤𝐿
𝑡2𝛼ℓ𝛽

∑ℓ𝛽≤𝐿
ℓ𝛽

.

Observations are needed. Uniform distribution pro-
vides that the number of intersections 𝛼# ⋃ℓ𝛽≤𝐿

𝛽 is pro-

portional to the length sum itself and the values 𝜃𝑝 are al-
most uniformly distributed in [0, 𝜋]. An analysis shows
the limit exists and is positive. By uniform distribution of
angle values, the limit of ∑ℓ𝛽≤𝐿

𝑡𝛼ℓ𝛽/∑ℓ𝛽≤𝐿
ℓ𝛽 is the inte-

gral ∫𝜋
0 cos 𝜃𝑑𝜃. The first twist derivative vanishes and con-

sequently the second twist derivative defines a quadratic
form on tangent vectors. Additional considerations show
that the quadratic form is positive definite. We applied an
analysis of the variation of the measures on the spaces of
geodesics to conclude the following.

Theorem 7 ([14]). Thurston’s random geodesic metric is a
multiple of the Weil-Petersson metric

⟨ , ⟩𝑊𝑃 = 3𝜋(𝑔 − 1)⟨ , ⟩𝑇 .
The trigonometric expressions for the second twist de-

rivative converge to the trigonometric expressions in Ri-
era’s formula.
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The Thermodynamic Formalism provides a general
framework for using the statistics of periods of closed or-
bits to define a seminorm [1, 2]. Let 𝜑𝑡 be a topologically
transitive Anosov-type flow on a space 𝑋 . For a 𝜑𝑡-orbit let
ℓ(𝑎) be its period and consider the count

𝑅𝐿 = {a closed orbit ∣ ℓ(𝑎) ≤ 𝐿}.
Bowen observed that the topological entropy is the exponen-
tial growth rate of the count:

ℎ(𝜑) = lim sup
𝐿→∞

log#𝑅𝐿
𝐿 .

If 𝑚 ∶ 𝑋 → ℝ is a Hölder function and 𝑎 is a closed orbit,
define the period relative to 𝑚 as

ℓ𝑚(𝑎) = ∫
ℓ(𝑎)

0
𝑚(𝜑𝑠(𝑥))𝑑𝑠.

Bowen-Ruelle and Sambarino consider the pressure of𝑚 as
given by

𝐏(𝑚) = lim sup
𝑙→∞

1
𝐿 log ( ∑

𝑎∈𝑅𝐿
𝑒ℓ𝑚(𝑎)).

The above period integral is the model for defining a mod-
ified time scale for the flow. Given a positive Hölder func-
tion 𝑓 on 𝑋 , there is a reparameterized flow with periods
ℓ𝑓(𝑎) and reparameterization of time

𝜅𝑓(𝑥, 𝑡) = ∫
𝑡

0
𝑓(𝜑𝑠(𝑥))𝑑𝑠.

The integral of 𝑓 along orbits is the modified elapsed time.
The flow with the new time scale 𝜑𝑓𝑡 is defined by

𝜑𝑓𝜅𝑓(𝑥,𝑡)(𝑥) = 𝜑𝑡(𝑥).

In this setting Ruelle showed that the pressure is a convex
function—in particular for Hölder functions 𝑓 and 𝑚,

𝜕2
𝜕𝑡2

|||𝑡=0
𝐏(𝑓 + 𝑡𝑚) ≥ 0.

Sambarino showed that the topological entropy is pre-
cisely the scale factor to give pressure zero—in particular
for 𝜑 a topologically transitive Anosov-type flow 𝐏(−ℎ𝑓) =
0 if and only if ℎ = ℎ(𝜑𝑓).

FollowingMcMullen a pressure seminorm is defined on
the space of pressure zero Hölder functions. In particular
for 𝑓 in 𝒫 and 𝑚 a tangent to 𝒫, define the pressure semi-
norm at 𝑓 as

‖𝑚‖2𝐏 = −
𝜕2

𝜕𝑡2
|𝑡=0 𝐏(𝑓 + 𝑡𝑚)

𝜕
𝜕𝑡
|𝑡=0 𝐏(𝑓 + 𝑡𝑓)

.

Ruelle and Parry-Pollicott showed that the pressure
seminorm characterizes the variations of orbit periods.

Theorem 8. Let 𝜑 be a topologically transitive Anosov-type flow
and 𝑚 a tangent vector to 𝒫. Then

‖𝑚‖𝐏 = 0 if and only if ℓ𝑚(𝑎) = 0
for every closed orbit.

Establishing the relation to Thurston’s random geo-
desic metric involves an intersection number introduced
by Bonahon. The renormalized intersection number for two
positive Hölder functions is

𝐉(𝑓1, 𝑓2) =
ℎ(𝑓2)
ℎ(𝑓1)

lim
𝐿→∞

1
#𝑅𝐿(𝑓1)

∑
𝑎∈𝑅𝐿(𝑓1)

ℓ𝑓2(𝑎)
ℓ𝑓1(𝑎)

.

Proposition 9 ([1, 2]). Let 𝜑 be a topologically transitive
Anosov-type flow and 𝑓𝑡 a smooth family of positive Hölder func-
tions with the pressure zero family Φ(𝑡) = −ℎ(𝜑𝑓𝑡)𝑓𝑡. Then

‖Φ̇0‖2𝐏 =
𝜕2
𝜕𝑡2

|||𝑡=0
𝐉(𝑓0, 𝑓𝑡).

The Thermodynamic Formalism is suited for consider-
ing representation spaces. Teichmüller space is alternately
described as the space of discrete faithful representations
of a compact surface fundamental group into PSL(2; ℝ)
modulo conjugation—Hom𝑑𝑓(𝜋1, PSL(2; ℝ))/ PSL(2; ℝ).
Geodesic lengths and traces are simply related by
2 cosh ℓ𝛼/2 = |tr𝐴|. The deck transformations of a hyper-
bolic surface describe a PSL(2; ℝ) representation. For hy-
perbolic surfaces the topological entropy is the constant
1. Theorem 8 corresponds to the classical fact that an in-
finitesimal variation is trivial exactly when all length vari-
ations vanish.

Bridgeman-Canary-Labourie-Sambarino showed that
there is an analytic mapping from 𝒯 to the space 𝒫 of
pressure zero reparameterizations for a hyperbolic surface
geodesic flow [1, 2]. Then Bonahon’s setting for geodesic
currents is used to show that the second derivative of the
renormalized intersection number is Thurston’s random
geodesic metric—the Weil-Petersson metric.

Bridgeman-Canary-Labourie-Sambarino developed the
Thermodynamic Formalism for Hitchin representations
into PSL(𝑑; ℝ), 𝑑 ≥ 3. The group SL(2; ℝ) acts on indeter-
minates 𝑥, 𝑦 by (𝑥, 𝑦) ( 𝑎 𝑏

𝑐 𝑑 ) = (𝑎𝑥+𝑐𝑦, 𝑏𝑥+𝑑𝑦).Accordingly
SL(2; ℝ) acts on 𝒮𝑑, the homogeneous polynomials of de-
gree 𝑑 in the variables 𝑥, 𝑦. The action is irreducible—an
SL(2; ℝ) invariant subspace of 𝒮𝑑 is either {0} or 𝒮𝑑. Rel-
ative to the basis {𝑥𝑑−1, 𝑥𝑑−2𝑦, … , 𝑥𝑦𝑑−2, 𝑦𝑑−1} the action
of 𝐴 ∈ SL(2; ℝ) defines an element 𝜏𝑑(𝐴) ∈ SL(𝑑; ℝ)—
the mapping 𝜏𝑑 is a group homomorphism. Accordingly
for a compact surface 𝑆 and representation 𝜌 ∶ 𝜋1(𝑆) →
PSL(2; ℝ) there is an associated representation 𝜏𝑑(𝜌) ∶
𝜋1(𝑆) → PSL(𝑑; ℝ).
Definition 10. A component of Hom(𝜋1(𝑆), PSL(𝑑; ℝ))/
PGL(𝑑;ℝ) is Hitchin provided it contains a representation
𝜏𝑑(𝜌) for 𝜌 ∈ Hom𝑑𝑓(𝜋1(𝑆), PSL(2; ℝ)).
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EachHitchin component contains an image of𝒯, called
the Fuchsian locus, induced by the mapping 𝜏𝑑.

Labourie developed an in-depth geometric description
of Hitchin representations by analyzing the group actions
on an appropriate limit set. Sambarino and then more
generally Bridgeman-Canary-Labourie-Sambarino defined
a topologically transitive Anosov-type flow with closed or-
bit periods given by logarithms of themaximal eigenvalues
of PSL(𝑑; ℝ) elements. The authors further established that
the mapping to 𝒫 is analytic and the essential fact that van-
ishing of all infinitesimal variations of maximal eigenval-
ues implies a trivial variation. Their results are combined
in the following.

Theorem 11 ([1, 2]). On a Hitchin component the pressure
metric is positive definite and 𝑀𝐶𝐺 invariant. On a Fuchsian
locus the pressure metric restricts to the Weil-Petersson metric.

The Mirzakhani Recursion
Mirzakhani answered how to integrate over the moduli
space [6]. The method begins with a generalization of Mc-
Shane’s length identity. Then start with the identity and re-
place the sums over topological types with sums over trans-
lates of an 𝑀𝐶𝐺 fundamental domain. The result is a re-
cursion based on summing and integrating over tailoring
data for attaching a pair of pants. The resulting integrals
are elementary.

We consider surfaces with geodesic boundaries. Intro-
duce the elementary functions

𝒟(𝑥, 𝑦, 𝑧) = 2 log ( 𝑒
𝑥
2 + 𝑒

𝑦+𝑧
2

𝑒
−𝑥
2 + 𝑒

𝑦+𝑧
2

)

and

ℛ(𝑥, 𝑦, 𝑧) = 𝑥 − log (
cosh 𝑦

2
+ cosh 𝑥+𝑧

2
cosh 𝑦

2
+ cosh 𝑥−𝑧

2

).

For a hyperbolic genus one surface 𝑆 with geodesic bound-
ary of length 𝐿, McShane found the identity for geodesic
lengths:

𝐿 = ∑
𝛼 simple

𝒟(𝐿, ℓ𝛼, ℓ𝛼).

The boundary length has an exact relation to the lengths of
all the simple closed geodesics. The identity comes from
an analysis of geodesics perpendicular to the boundary.
For the sake of exposition, we overlook the role of the el-
liptic involution in the following. The set of free homo-
topy classes of simple closed curves on a torus forms a sin-
gle 𝑀𝐶𝐺 orbit. The orbit is enumerated as {ℎ(𝛼) ∣ ℎ ∈
𝑀𝐶𝐺/𝑆𝑡𝑎𝑏(𝛼)}. The stabilizer 𝑆𝑡𝑎𝑏(𝛼) of 𝛼 is generated by
a Dehn twist about 𝛼. Mapping classes act on geodesic
lengths by permuting labels: for ℎ ∈ 𝑀𝐶𝐺, ℓ𝛼 ∘ ℎ−1 =
ℓℎ(𝛼). The key observation is that the sum in McShane’s
identity can be written as a sum over translates of an𝑀𝐶𝐺

fundamental domain to obtain the simpler fundamental
domain for 𝑆𝑡𝑎𝑏(𝛼).

So we write McShane’s identity as

𝐿 = ∑
ℎ∈𝑀𝐶𝐺/𝑆𝑡𝑎𝑏(𝛼)

𝒟(𝐿, ℓ𝛼 ∘ ℎ−1, ℓ𝛼 ∘ ℎ−1).

Writing 𝒯(𝐿) for Teichmüller space and 𝜔 for the area ele-
ment, we integrate over 𝒯(𝐿)/𝑀𝐶𝐺 to find

𝐿𝑉(𝐿)

= ∫
𝒯(𝐿)/𝑀𝐶𝐺

∑
ℎ∈𝑀𝐶𝐺/𝑆𝑡𝑎𝑏(𝛼)

𝒟(𝐿, ℓ𝛼 ∘ ℎ−1, ℓ𝛼 ∘ ℎ−1) 𝜔,

writing 𝑉(𝐿) for the volume. The change of variables 𝑝 =
ℎ(𝑞) and the formula 𝜔 = 1

2
𝑑ℓ ∧ 𝑑𝜏 gives

= 1
2 ∑
ℎ∈𝑀𝐶𝐺/𝑆𝑡𝑎𝑏(𝛼)

∫
ℎ(𝒯(𝐿)/𝑀𝐶𝐺)

𝒟(𝐿, ℓ𝛼, ℓ𝛼) 𝑑𝜏𝑑ℓ

= 1
2 ∫𝒯(𝐿)/𝑆𝑡𝑎𝑏(𝛼)

𝒟(𝐿, ℓ𝛼, ℓ𝛼) 𝑑𝜏𝑑ℓ

and use the 𝑆𝑡𝑎𝑏(𝛼) fundamental domain to obtain

1
2 ∫

∞

0
∫

ℓ

0
𝒟(𝐿, ℓ, ℓ) 𝑑𝜏𝑑ℓ.

To simplify the integral we form the 𝐿 partial derivative to
find

𝜕
𝜕𝐿𝐿𝑉(𝐿) = ∫

∞

0

1

1 + 𝑒ℓ+
𝐿
2

+ 1

1 + 𝑒ℓ−
𝐿
2

ℓ𝑑ℓ = 𝜋2
6 + 𝐿2

8 .

The volume formula 𝑉(𝐿) = 𝜋2

6
+ 𝐿2

24
results. We discuss the

general volume formula below. The general recursion is
based on a general length identity also proved by analyzing
geodesics perpendicular to the boundary.

The Mirzakhani-McShane Identity ([6]). For a hyperbolic
surface 𝑆 with 𝑛 boundaries 𝛽𝑗 with lengths 𝐿𝑗,

𝐿1 = ∑
𝛼1,𝛼2

𝒟(𝐿1, ℓ𝛼1 , ℓ𝛼2) +
𝑛
∑
𝑗=2

∑
𝛼
ℛ(𝐿1, 𝐿𝑗 , ℓ𝛼),

where the first sum is over all unordered pairs of simple closed
geodesics with 𝛽1, 𝛼1, 𝛼2 bounding an embedded pair of pants,
and the double sum is over simple closed geodesics with 𝛽1, 𝛽𝑗 , 𝛼
bounding an embedded pair of pants.

For each sum the topology of the complement of the
pair of pants determines the tailoring modulo homeomor-
phisms. The general recursion comes from summing and
integrating over the tailoring data for attaching a pair of
pants to surfaces of smaller topological type.
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Figure 5. The three basic cases for the Mirzakhani-McShane
Identity.

Volumes, Counting Geodesics,
and Random Surfaces
Mirzakhani applied her integration scheme to four appli-
cations. In the first, she developed WP volume formu-
las for the moduli spaces of hyperbolic surfaces with geo-
desic boundaries of prescribed lengths [6]. In the second,
she combined her formulas with symplectic reduction to
show that the tautological intersection numbers for the
moduli spaces satisfy the KdV recursion hierarchy—a solu-
tion of the Witten 2d-gravity conjecture [7]. Her solution
came after Kontsevich’s and Okounkov-Pandharipande’s
solutions. In the third, she obtained the asymptotic count
by length for simple closed geodesics [8]. In the fourth,
joint with Petri, the authors showed that on average the
frequencies for collections of lengths of geodesics lying in
prescribed disjoint intervals is approximated by indepen-
dent Poisson random variables [10]. Expositions of the
second and third applications are presented in our Park
City lectures [12] and CBMS lectures [11].

The Teichmüller and moduli spaces of hyperbolic sur-
faces with geodesic boundaries are parameterized by
Fenchel-Nielsen coordinates with symplectic forms given
by a counterpart of Theorem 4. The moduli space WP vol-
umes are polynomials in boundary lengths.

Theorem 12 (WP volume [6, 7]). The volume polynomi-
als are determined recursively from the volume polynomials of
smaller total degree. The volume 𝑉𝑔,𝑛(𝐿1, … , 𝐿𝑛) of the moduli
space of genus 𝑔, 𝑛 boundaries, hyperbolic surfaces with bound-
ary lengths 𝐿 = (𝐿1, … , 𝐿𝑛) is a polynomial

𝑉𝑔,𝑛(𝐿) = ∑
𝛼

|𝛼|≤3𝑔−3+𝑛

𝐶𝛼𝐿2𝛼

for multi-indices 𝛼 = (𝛼1, … , 𝛼𝑛) and where 𝐶𝛼 > 0 lies in
𝜋6𝑔−6+2𝑛−2|𝛼|ℚ. The coefficients are the intersection numbers
for the Chern classes of the 𝜅1 and 𝜓 line bundles.

The volume is the 𝜅1 self-intersection number. The poly-
nomial behavior was already a new result. Mirzakhani-
Zograf further analyzed the recursion to obtain a complete
asymptotic expansion for the volume, answering a long-
standing question. The volume, now for the moduli space
of genus 𝑔 surfaces with 𝑛 cusps, is given as

𝑉𝑔,𝑛 = 𝐶 (2𝑔 − 3 + 𝑛)! (4𝜋2)2𝑔−3+𝑛

√𝑔

(1 + 𝑐(1)𝑛
𝑔 +⋯+ 𝑐(𝑘)𝑛

𝑔𝑘 + 𝑂( 1
𝑔𝑘+1 ))

for a universal constant 𝐶 and effectively computable coef-
ficients.

Riven first observed that the count of simple geodesics
by length has polynomial magnitude. Mirzakhani applied
her recursion to obtain formulas with explicit constants
for the asymptotic count. She then extended the results to
include nonsimple geodesics. More recently Erlandsson-
Souto established the general result by synthetic geometry-
style arguments.

A multicurve is a finite formal sum 𝛾 = ∑𝑖 𝑎𝑖𝛾𝑖 of pair-
wise, nonnull homotopic, nonhomotopic, closed curves
with positive coefficients. The length ℓ𝛾(𝑆) for the hyper-
bolic structure 𝑆 is the weighted sum of geodesic lengths
for 𝑆. A multicurve is simple if all the component
geodesics are simple. Two multicurves 𝛾, 𝛾′ are of the
same type if they belong to the same mapping class group
orbit—so 𝛾′ = ℎ(𝛾) for ℎ ∈ 𝑀𝐶𝐺. The Mirzakhani and
Erlandsson-Souto result is as follows.

Theorem 13 ([4,8]). For any multicurve 𝛾 on 𝑆,

lim
𝐿→∞

#{𝛾′ of type 𝛾 and ℓ𝛾′(𝑆) ≤ 𝐿}
𝐿6𝑔−6+2𝑛 = 𝑐(𝛾)𝐵(𝑆)

𝑉𝑔,𝑛
,

where 𝑐(𝛾) is rational depending only on the topology of 𝛾 and
𝐵(𝑆) is the Thurston volume for 𝑆.

The Erlandsson-Souto analysis includes geodesics with
bounded self-intersections lying in narrow channels. They
combine with an analysis of the action of 𝑀𝐶𝐺 on the
space of measured geodesic laminations, including Ma-
sur’s ergodicity theorem. The latter is also an ingredient for
Mirzakhani. The polynomial growth for geodesics of fixed
type contrasts sharply with the exponential growth 𝑒𝐿/𝐿 for
all geodesics. Thismirrors the contrast between the narrow
channels for geodesics with bounds on the number of self-
intersections and the equidistribution for all geodesics.

What is a random hyperbolic surface? Brooks-Makover
used random 3-regular graphs with edges oriented around
vertices to describe triangulations on random hyperbolic
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surfaces. Mirzakhani considered random hyperbolic sur-
faces relative to WP volume. Invariants such as the systole
(length of shortest closed geodesic), radius of the largest
embedded ball, diameter of the surface, number of eigen-
values of the Laplace-Beltrami operator in a given finite in-
terval, or the number of primitive geodesic lengths in a
given finite interval are all examples of random variables on
the moduli space ℳ𝑔. What are the expected values and
distributions of these random variables?

Mirzakhani’s most specific result, joint with Petri, gives
the distribution of geodesic lengths in intervals. For an in-
terval [𝑎, 𝑏] ⊂ ℝ+ and 𝑆 ∈ ℳ𝑔, let𝑁𝑔,[𝑎,𝑏](𝑆) be the number
of closed geodesic lengths of 𝑆 in the interval [𝑎, 𝑏]. 𝑁𝑔,[𝑎,𝑏]
is a random variable with values in the natural numbers ℕ.
A random variable 𝑍 on a probability space is Poisson dis-
tributed with positive mean 𝜆, provided its probabilities
are given as ℙ[𝑍 = 𝑘] = 𝜆𝑘𝑒−𝜆/𝑘! for all 𝑘 ∈ ℕ. Mirzakhani-
Petri showed for large genera the length-counting random
variables 𝑁𝑔,[𝑎,𝑏] limit to independent Poisson distributed
random variables.

Theorem 14 ([10]). Let [𝑎1, 𝑏1], [𝑎2, 𝑏2], … , [𝑎𝑘, 𝑏𝑘] ⊂ ℝ+
be disjoint intervals. Then as 𝑔 tends to infinity, the vector of
random variables

(𝑁𝑔,[𝑎1,𝑏1], … , 𝑁𝑔,[𝑎𝑘,𝑏𝑘])
converges jointly in distribution to a vector of independent Pois-
son distributed variables with means

𝜆[𝑎𝑖,𝑏𝑖] = ∫
𝑏𝑖

𝑎𝑖

cosh 𝑡 − 1
𝑡 𝑑𝑡

for 𝑖 = 1, … , 𝑘.
The quantity 𝑒−𝜆[0,𝑅] is the probability that all lengths lie

in the interval [𝑅,∞). A first application is that the prob-
ablity of the systole being at most 𝜖 is computed from the
complement

lim
𝑔→∞

ℙ𝑔[𝑠𝑦𝑠(𝑆) ≤ 𝜖] = 1 − 𝑒−𝜆[0,𝜖] ∼ 1 − 𝑒−𝜖2/4 ∼ 𝜖2
4 .

Similarly 𝜖4/16 is the probability of at least two geodesic
lengths less than 𝜖. So in large genus there is a positive
probability of a hyperbolic surface having small lengths.
The authors also apply their result to evaluate the limiting
expected value (the average) of the systole

lim
𝑔→∞

𝔼𝑔[𝑠𝑦𝑠] = ∫
𝑅

0
𝑒−𝜆[0,𝑅]𝑑𝑅 = 1.61498… .

Mirzakhani studies expected values of various randomvari-
ables, showing that the separating systole (length of the
shortest separating geodesic) satisfies

𝔼𝑔[𝑠𝑒𝑝𝑠𝑦𝑠] ≍ log 𝑔,
the surface diameter satisfies

𝔼𝑔[√𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟] ≍ √log 𝑔,

and the injectivity radius (radius of the largest embedded
ball) satisfies

𝔼𝑔[𝑖𝑛𝑗] ≍ log 𝑔,
where ≍ connotes bounded above and below with con-
stants independent of genus.

Most recently teams of authors are revisiting bounds for
the first eigenvalue 𝜆1 of the Laplace-Beltrami operator for
large genus hyperbolic surfaces. Magee-Naud-Puder show
that asymptotically almost surely in the tower of coverings
of a given compact surface, 𝜆1 is at least 3/16. Lipnowski-
Wright and Wu-Xue separately show that

lim
𝑔→∞

ℙ𝑔[𝜆1(𝑆) ≥
3
16 − 𝜖] = 1.
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recipient. 

 Mail the completed application with  
payment. Include a simple letter that  
indicates the membership is a gift.

 Mail to: 
American Mathematical Society 
Sales and Member Services Department 
201 Charles Street 
Providence, RI 02904-2213 USA

If you have questions, please contact the  
Sales and Member Services Department at:  
cust-serv@ams.org or 800.321.4267.
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