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Spread the word about #AMSDay today!

Join us on Monday, November 28, 2022 as 
we honor members via “AMS Day,” a day of 
special offers on AMS publications, member-
ship, and much more! Stay tuned on social 
media and membership communications for 
details about this exciting day. 
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The number field sieve, the fastest known factoring method 
for general numbers, stemmed from the quadratic sieve.

John was one of the members of the Cunningham Proj-
ect, which factors Mersenne, Fermat, and related numbers. 
With D. H. Lehmer, J. L. Selfridge, Bryant Tuckerman, and 
S. S. Wagstaff, Jr., he was a coauthor of the book Factoriza-
tions of bn ± 1, b = 2, 3, 5, 6, 7, 10, 11, 12 up to high powers 
(Contemporary Mathematics series, v. 22, American Math-
ematical Society, 1983 and 1988), which collected these 
factorizations in one place. John also wrote a book with J. 
S. Lomont, Elliptic Polynomials.

John was one of the founding members, as well as a 
financial contributor, of the Number Theory Foundation, 
started by J. L. Selfridge, which encourages research and 
collaboration by helping to sponsor conferences and work-
ing to foster a spirit of cooperation and goodwill among 
number theorists. John was also proud to be a participant 
in the first West Coast Number Theory (WCNT) meeting 
and attended the conference annually, health providing.

John was a great teacher, with a unique and infectious 
sense of humor, and boundless curiosity and enthusiasm 
for mathematical exploration. He enjoyed keeping an 
open office atmosphere for discussing mathematics with 
students. John had two PhD students: Richard Blecksmith 
and Christian Ballot. He also mentored one undergraduate 
at the University of San Francisco and two at the University 
of Arizona, helping them begin their mathematical careers: 
Michael Morrison, Patrick Morton, and Michael Filaseta.

John loved music, especially classical music and opera. 
He was a gifted amateur pianist, proud member of the UC 
Glee Club, and played in theater groups in the Bay Area into 
his mid 30’s. He had strong political opinions and fought 
actively for what he believed was right.

—Christian Ballot, Richard Blecksmith, 
Michael Filaseta, Michael Morrison, 

Patrick Morton, and Samuel S.Wagstaff, Jr.

John Brillhart (1930–2022)
John David Brillhart was born in Berkeley, California, on 
November 13, 1930. He received his bachelor’s degree in 
1953, his master’s degree in 1966, and his doctorate one 
year later in 1967, all from UC Berkeley. His dissertation on 
Euler and Bernoulli polynomials was supervised by D. H. 
Lehmer with assistance from L. Carlitz. John showed that 
E5(x) is the only Euler polynomial with a multiple root and 
that the odd degree Bernoulli polynomials have no multi-
ple roots. In 1967 John joined the faculty at the University 
of Arizona and retired from there in 2001. During his ca-
reer he authored/coauthored about 50 papers and articles, 
along with two books. He spoke often at conferences and 
meetings and continued his mathematical interests long 
after he retired. John left this world on May 21, 2022. He 
was cared for by his longtime friend, Tom Struck.

When John was in the Army, his drill sergeant asked 
why he was scribbling numbers next to his rifle. John 
explained that he was factoring the serial number of his 
gun—branding himself as a potential trouble maker in the 
eyes of the surprised sergeant. This fascination with factor-
ing stayed with John for the rest of his life. Besides integer 
factorization and primality testing, he had broad interests 
ranging over the following topics: elliptic polynomials, 
modular identities involving infinite products, polynomial 
identities and irreducibility, class numbers and algebraic 
number theory.

John’s most influential paper was “A method of factoring 
and the factorization of F7” with M. A. Morrison (Math. 
Comp. 29 (1975), 183–205), which describes how to im-
plement the continued fraction factoring method (CFRAC), 
a subexponential running time algorithm first introduced 
by D. H. Lehmer and R. E. Powers in 1931, but thought too 
tedious for hand calculation at the time. In their paper, John 
Brillhart and Michael Morrison show how to combine the 
relations in this algorithm by using Gaussian elimination 
on vectors of exponents over the field with 2 elements, an 
easy task for a computer. They introduce the factor base, 
a fixed set of primes used for trial division of auxiliary 
numbers. They also describe their 1970 implementation of 
CFRAC to give the first factorization of the Fermat number 
F7 = 227 + 1. Their factor base and new method of combin-
ing relations led C.Pomerance to invent the quadratic sieve, 
some of whose ideas went back to M. Kraitchik in 1929. 



A WORD FROM...
Volker Mehrmann, President of the European Mathematical Society
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The opinions expressed here are not necessarily those of the Notices or the AMS.

The European Mathematical Society 
The European Mathematical Society (EMS) is a learned society representing mathematicians 
throughout Europe. Its mission is to further the development of all aspects of mathematics 
in the countries of Europe, where Europe is understood in a very broad sense. (The EMS 
has individual members, member societies, and institutional members from all over Eu-
rope including all parts of the former Soviet Union as well as Israel.) The EMS promotes 
research in mathematics and its applications and it advises on problems of mathematical 
education. Created by and for the European mathematical community, the EMS is an 
effective intermediary between mathematicians and those in charge of politics and funds 
in the European Union.

At the end of March 2022 the EMS celebrated its 30th anniversary (with a one and a half 
year delay due to the pandemic) at the International Centre for Mathematical Sciences in 
Edinburgh. At this occasion a brochure about the EMS was produced which is describing 
the past, the present, and the future of the society.1

Let me summarize several points from this brochure: The idea of a European mathematical society developed 
as a result of the Cold War, which strongly restricted scientific cooperation between mathematicians on both sides 
of the Iron Curtain. When the Curtain fell, a window of opportunity opened in 1989 and the EMS was founded 
in 1990 at a meeting in Madralin (Poland). There was a major discussion about whether the EMS should be a so-
ciety of individual members or an umbrella organization of European mathematical societies. This dilemma was 
resolved by a typical European compromise; the EMS is both, and it was established as a non-profit association 
under Finnish law.

As one of its first agenda items the EMS Exeutive Committee created the high-level Journal of the EMS (JEMS), 
first published by Springer-Verlag, then by EMS Publishing House (EMSPH) in Zürich, and finally today by the 
new EMS publishing house EMS Press as a subscribe-to-open journal. Also a European Congress of Mathematics 
(ECM), organized every four years was established in 1992. The EMS joined the Heidelberger Akademie der Wis-
senschaften, the Fachinformationszentrum based in Karlsruhe, and Springer-Verlag as a partner of Zentralblatt 
Mathematik. Thanks to a grant from the German government, Zentralblatt has turned 2021 into the open database 
zbMATH open and EMS Press has replaced Springer-Verlag.

The EMS is supporting many other activities mainly organized via standing committees. The organization and 
sponsoring of summer schools and conferences, a “Code of Practice,” support for developing countries and math-
ematicians from less-favored regions in Europe, the development of mathematical eduction in Europe, support for 
the many European mathematical research institutes organized in ERCOM, and the popularization of mathematics 
in society as well as the drive for a better gender balance and diversity in all activities of the EMS.

Another major activity of the EMS is related to interdisciplinary cooperation with other sciences and especially 
with mathematics in industry. Together with the European Consortium Mathematics for Industry (ECMI) the  

Volker Mehrmann is a professor of mathematics at Technische Universität Berlin and president of the European Mathematical Society (EMS). 
His email address is mehrmann@math.tu-berlin.de.
1https://directus.backend.euromathsoc.org/assets/dfc94c97-e006-4fa3-abc4-72b142a34223
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platform EU-MATHS-IN2 was founded and several important reports measuring the impact of mathematics in the econ-
omy of the different European countries were prepared.

Despite the many and partly radical developments in the years since the founding of the EMS, there are several major 
challenges ahead of us right now.

A first major aspect is the move to Open Science following the FAIR (findable, accessible, interoperable, reusable) 
principles. The EMS and EMS Press, several national mathematical societies and the European Open Science Cloud are 
moving forward in this direction very fast. Let me mention as an example the move of EMS Press to publish eighteen of 
its journals under the subscribe-to-open model.3 We see this also as a potential model for other society publishers.

A major challenge has emerged due to the pandemic, which has shown that mathematical modeling, simulation, and 
prediction of pandemics on a world scale needs to become a major effort of the mathematics and statistics community. 
In particular, we need to be involved in the generation and handling of data, the improvement of the models, and the 
analysis of uncertainties. In addition, our community has a duty to support decision makers in the best possible way.

Other issues that the EMS is addressing are the integration of the younger generation of mathematicians into the soci-
ety, decisions about future directions of research, and the development of the society. To do this, at our council meeting 
in June 2022, the EMS decided to form an EMS young academy and integrate a member of the group into the executive 
committee.

We are also very concerned about the future of large congresses (like the ECM or ICM) in times of pandemics, climate 
change, and military conflicts. We have had many virtual and hybrid meetings in the last two years, but the success of 
these is rather limited. What is the future of such events and how can we make use of the experience of two years of virtual 
meetings? Should we abandon large conferences altogether? Should we move important lectures purely to the virtual 
world? These points should be discussed in the world mathematical community and the EMS is happy to contribute to 
this discussion.

Finally I would like to mention the quality evaluation of publications and research projects and in faculty recruitment. 
We all have our biases and prejudices and with the increasing number of reviews we have to do we become more and more 
superficial in our evaluations. At the same time, the growing use of biblio-metric data is becoming a quality measure that 
we are very critical of, and predatory journals and conferences take advantage of the use of this data by offering ways to 
increase one’s measures. The EMS has taken action in this direction by signing the Declaration of Research Assessment 
(DORA)4 very early on, and the IMU has now signed as well. But this is not enough, we as a community have to design 
our own standards.

2https://eu-maths-in.eu/ 
3https://ems.press/subscribe-to-open
4https://sfdora.org/

https://eu-maths-in.eu/
https://ems.press/subscribe-to-open
https://sfdora.org/


Supercentenarian Paradox

Vladimir Gurvich and Mariya Naumova
1. To Bet or Not to Bet: That is the Question
Consider the following statement:

𝐵(𝑡, Δ𝑡) ∶ a 𝑡-year-old person NN will

survive another Δ𝑡 years,

where 𝑡, Δ𝑡 ∈ ℝ+ are nonnegative real numbers.

Vladimir Gurvich is a professor at the Rutgers Center for Operations Research
(RUTCOR), Rutgers University. His email address is vladimir.gurvich
@gmail.com.
Mariya Naumova is an assistant professor of professional practice in the Finance
& Economics Department at Rutgers Business School, Rutgers University. Her
email address is mnaumova@math.rutgers.edu.

Communicated by Notices Associate Editor Richard Levine.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2542

We only know that NN is 𝑡 years old and nothing else,
in particular, gender, origin, health conditions, etc. are not
known. Should we bet that 𝐵(𝑡, Δ𝑡) will hold? It seems
that our odds are very good for any 𝑡 provided Δ𝑡 is small
enough, say, 1/365 (that is, one day). However, this is not
that obvious, and it depends on the lifetime probability
distribution.

Let 𝐹(𝑡) be the cumulative distribution function of the
lifetime of a person, where 𝑡 is in years, and define Φ(𝑡) =
1 − 𝐹(𝑡).

The following cases are possible:

1. Φ(𝑡) = 0 whenever 𝑡 ≥ 𝑡0 for some 𝑡0 ∈ ℝ+. In this
scenario, if 𝑡 ∈ [𝑡0 − Δ𝑡, 𝑡0], the bet is lost with proba-
bility 1. As a well-known joke says, ”What should you
wish for the 120th birthday? Have a nice day!”

2. Φ(𝑡) → 0 faster than an exponential distribution.
Then, for each fixed Δ𝑡 > 0, the bet is lost with proba-
bility as close to 1 as desired if 𝑡 is large enough.
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3. Φ(𝑡) → 0 as fast as an exponential distribution. Then
for large 𝑡 the chances to win the bet depend only on
Δ𝑡 and not on 𝑡.

4. Φ(𝑡) → 0 slower than an exponential distribution. In
this scenario, for any fixed Δ𝑡, the chances to win the
bet tend to 1 as 𝑡 → ∞, which is also against the intu-
ition if Δ𝑡 is large.

Anyway, the last two cases are not realistic as statistical
literature suggests; see below.

For example, 𝑛𝑜𝑟𝑚𝑎𝑙(𝜇, 𝜎2) distribution corresponds to
case 2, as

lim
𝑡→∞

Φ(𝑡 + Δ𝑡)
Φ(𝑡)

= lim
𝑡→∞

1 −∫
𝑡+∆𝑡

−∞

1
√2𝜋𝜎

𝑒−
(𝑥−𝜇)2
2𝜍2 𝑑𝑥

1 − ∫𝑡
−∞

1
√2𝜋𝜍

𝑒−
(𝑥−𝜇)2
2𝜍2 𝑑𝑥

= lim
𝑡→∞

𝑒−
(𝑡+∆𝑡−𝜇)2

2𝜍2

𝑒−
(𝑡−𝜇)2
2𝜍2

= lim
𝑡→∞

𝑒−
2𝑡∆𝑡+(∆𝑡)2−2𝜇∆𝑡

2𝜍2

= 0 for any fixed Δ𝑡 > 0.

Clearly, all distributions with negative excess kurtosis
(platykurtic distributions), that is, the distributions with
thinner tails compared to the normal distribution, satisfy
this property.

In demography and actuarial sciences, the Gompertz
distribution [7] is often applied to describe the distribu-
tion of adult lifespans [14], [16], [6], [8], [9]; see Section
2 for more details.

The probability density function of the Gompertz distri-
bution is given by

𝑓 (𝑥; 𝜂, 𝑏) = 𝑏𝜂 exp (𝜂 + 𝑏𝑥 − 𝜂𝑒𝑏𝑥) for 𝑥 ≥ 0,

where 𝑏 > 0 is the scale parameter and 𝜂 > 0 is the shape
parameter.

The cumulative distribution function is

𝐹 (𝑥; 𝜂, 𝑏) = 1 − exp (−𝜂 (𝑒𝑏𝑥 − 1)) .

We find that

𝑝 = Φ(𝑡 + Δ𝑡)
Φ(𝑡)

= 𝑒−𝜂(𝑒𝑏(𝑡+∆𝑡)−1)
𝑒−𝜂(𝑒𝑏𝑡−1)

= 𝑒−𝜂𝑒𝑏𝑡(𝑒𝑏∆𝑡−1).

The minimal time 𝑡 such that the probability to win the
bet is at least 𝑝 is

𝑡 = 1
𝑏 ln (

− ln 𝑝
𝜂(𝑒𝑏∆𝑡 − 1)) ,

and the combination of parameters 𝜂 and 𝑏 that yields the
distribution mode of 751 is 𝑏 = − 1

75
ln 𝜂, 𝜂 ∈ (0, 1). Statis-

ticians fit the parameters 𝑏 and 𝜂 of the distribution to a
series of data based on various factors (population average
age, geographic location, etc); see Figure 1 for some pos-
sible combinations of the parameters. The values of 𝑡 for
various Δ𝑡 with 50% chance of winning the bet are shown
in Table 1.

η = e−75, b = 1
η = e−75/2, b = 1/2
η = e−75/5, b = 1/5

x

f(x)

x = 75

Figure 1. Probability density function of the Gompertz
distribution with various parameters, mode 75.

∆𝑡
𝜂 𝑒−75/3 𝑒−75/4 𝑒−75/5 𝑒−75/6 𝑒−75/7 𝑒−75/8

1 year 76.68 78.57 80.71 83.04 85.55 88.20
1 month 84.61 88.98 93.60 98.42 103.41 108.54
1 day 94.89 102.68 110.71 118.95 127.35 135.90
1 hour 104.43 115.39 126.60 138.02 149.60 161.33
1 minute 116.71 131.77 147.08 162.59 178.26 194.08
1 second 129.00 148.15 167.55 187.15 206.92 226.84

Table 1. The values of 𝑡 for various Δ𝑡 with 50% chance of
winning the bet in case of several Gompertz distributions with
mode 75.

Figure 2 demonstrates how high 𝑡 values are for small
values of Δ𝑡 (one month or less). For example, if 𝑏 = 1/3,
𝜂 = 𝑒−75/3, then Δ𝑡 = 1/(365 ⋅ 24 ⋅ 60 ⋅ 60) (one second)
requires 𝑡 ≈ 129 (years), but on Earth there is no person of
such age [3].

2. Actuary Mortality Models
Life actuaries in the US use the mortality tables pub-
lished by the Society of Actuaries (SOA; see Mort.soa.org),
which are based on the collected data. The Continuous
Mortality Investigation (CMI) in the UK provides projec-
tions for the expected changes to those tables. Most in-
surance companies use these tables, adjusting them to
their needs, while others use their own historical data
to cover probabilities down to a personal level, includ-
ing variables such as location, income, and health condi-
tions; see https://www.actuaries.org.uk/learn-and
-develop/continuous-mortality-investigation.

Meanwhile, life contingencies textbooks often have hy-
pothetical life tables based on Gompertz and Gompertz-
Makeham models [14], [12]. Despite their age, the mod-
els, also known as the law of mortality, are still widely

1For this example, we choose the mode of the distribution to be 75 years. Note
that the life expectancy at birth in the US depending on state for 2019 was in
statistical range of 74.4–80.9 years; see https://www.cdc.gov/nchs/data
-visualization/state-life-expectancy/index_2019.htm.
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Figure 2. Relation between Δ𝑡 and 𝑡, for Δ𝑡 < 1/12 (1 month),
with 50% chance of winning the bet in case of several
Gompertz distributions with mode 75.

used in the fields of demographics, biology, actuarial sci-
ence and even financial engineering [11], [9]. Modern
actuaries incorporate the Gompertz distribution to repre-
sent important actuarial expressions in closed form via the
Gamma function, which makes representation especially
convenient and popular in the annuity literature [11].

The more advanced Gompertz-Makeham model as-
sumes that the human death rate is the sum of two com-
ponents: an age-dependent term (the Gompertz function
[7]), which increases exponentially with age, and an age-
independent term (the Makeham function [10]). For low
mortality countries the latter term is often negligible and
the formula simplifies to theGompertzmodel discussed in
Section 1. While, based on the world data, the Makeham
term has been in decline since the 1950s, the Gompertz
component is surprisingly stable.

One can verify that for the above-mentioned distribu-
tions, 𝑃𝑟(𝐵(𝑡, Δ𝑡)) → 0 as 𝑡 → ∞, for any fixed Δ𝑡 > 0.
Hence, for arbitrarily small positive Δ𝑡 and 𝜖 there exists a
sufficiently large 𝑡 such that 𝑃𝑟(𝐵(𝑡, Δ𝑡)) < 𝜖, which means
that we should not bet. . . in theory. However, in prac-
tice we can bet safely, because for any fixed positive Δ𝑡
and 𝜖, a very large 𝑡 is required to satisfy the inequality
𝑃𝑟(𝐵(𝑡, Δ𝑡)) < 𝜖.

For example, Δ𝑡 = 1/365 and 𝜖 = 1/2 may require
𝑡 > 125 years for some typical distributions 𝐹 considered
in the literature. Yet, on Earth there is no person of such
age. Thus, our odds are good because the chosen testee
NN is not old enough, or the bet cannot be made for tech-
nical (or, more precisely, statistical) reasons—absence of
a testee.

However, there is not much statistical data about super-
centenarians due to their scarceness.2 Therefore, the tail
distribution of the human lifetime can be fitted based on
an extrapolation only. Yet, it is well-known that extrapola-
tion is not reliable.

The Supercentenarian Paradox is similar to the famous
St.Petersburg Paradox, which we briefly review in Section
3.

3. Analogy with St. Petersburg’s Paradox
The St. Petersburg paradox was named after one of the
leading scientific journals of the eighteenth century Com-
mentarii Academiae Scientiarum Imperialis Petropolitanae (Pa-
pers of the Imperial Academy of Sciences in Petersburg), in
which Daniel Bernoulli published a paper entitled “Speci-
men Theoriae Novae de Mensura Sortis” (“Exposition of a
New Theory on the Measurement of Risk”) in 1738 [1].
The problem was introduced by Nicolas Bernoulli [15]
who stated it in a letter to Pierre Raymond de Montmort
on September 9, 1713 [13], [5].

The paradox appears from the game that is played as
follows:

A fair coin is flipped until it comes up heads the first time. Let
𝑡 = 0, 1, 2, … denote the number of preceding tails. Then, the
gambler wins 2𝑡+1 dollars. What would be a fair compensation
to pay the casino for entering the game?

Assuming that the casino has unlimited resources, the
expected gain of the gambler is

𝐺𝑎𝑖𝑛 =
∞
∑
𝑡=0

2𝑡+1(1/2)𝑡+1

= 1
2 ⋅ 2 +

1
4 ⋅ 4 +

1
8 ⋅ 8 +

1
16 ⋅ 16 +⋯

= 1 + 1 + 1 + 1 +⋯
= ∞.

Thus, in theory it is rational for the gambler to pay the
casino an arbitrary large amount for a single opportunity
to play the St. Petersburg game. Yet, almost certainly the
gambler will win a modest amount. Even $20 compen-
sation looks too generous. Nicolas Bernoulli conjectured
that people will neglect unlikely events [13].

Similarly, in the Supercentenarian paradox, statement
𝐵(𝑡, Δ𝑡) holds for arbitrarily small Δ𝑡 with arbitrary small
probability, provided the age 𝑡 is sufficiently large. In both
cases the contribution of the very large values of 𝑡 (that is,
very long sequences of tails and very old people) is deci-
sive, but only in theory. In practice such values of 𝑡 are too
unlikely.

2According to Guinness World Records, the oldest person currently living is
Kane Tanaka (Japan, b. 2 January 1903) aged 119 years and 18 days, as ver-
ified on 20 January 2022; the only person verified to have lived beyond the age
of 120 is Jeanne Louise Calment (France, 1875–1997).
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Interestingly, already in 1777, Buffon [2] mentioned
certain connections between the St. Petersburg Paradox
and 𝐵(𝑡, Δ𝑡). As cited in [4],

[Buffon] notes that a fifty-six year old man, believing his
health to be good, would disregard the probability that he would
die within twenty-four hours, although mortality tables indicate
that the odds against his dying in this period are only 10189
to 1. Buffon thus takes a probability of 1/10,000 or less for an
event as a probability which may be disregarded.
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Algebraic and Analytic
Compactifications of
Moduli Spaces

Patricio Gallardo and Matt Kerr
The Tour Ahead
The basic objects of algebraic geometry, such as subvari-
eties of a projective space, are defined by polynomial equa-
tions. The seemingly innocuous observation that one can
vary the coefficients of these equations leads at once to un-
expectedly deep questions:

• When are objects with distinct coefficients equivalent?
• What types of geometric objects appear if those coeffi-

cients move “towards infinity”?
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• Can we make sense of “equivalence classes at infinity”?

Searching for answers leads to the discovery of moduli
spaces and their compactifications, parametrizing equiva-
lence classes of said objects.

The construction of compact moduli spaces and the
study of their geometry amounts nowadays to a busy and
central neighborhood of algebraic geometry. Any vibrant
district in an old city, of course, has toomany landmarks to
visit, and the first job of a tour guide is to curate a selection
of sites and routes— includingmultiple routes to the same
site for the different perspectives they afford. Our tour to-
day has three main stops: elliptic curves, Picard curves (to-
gether with “points on a line,” their alter ego), and a brief
panoramic glimpse of the general theory.

As for the routes, we first approach the elliptic curve
example along the unswerving path that compactifies
algebro-geometric moduli spaces with “limiting” algebro-
geometric invariants. The way is straight, but entails scal-
ing a brick wall to discover what is meant by “limits.” Our
subsequent turn down 19th-century vennels will unveil a
connection as old as algebraic geometry itself: associated
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to our algebraic varieties are analytic periods, producing a
period map from our moduli space to a classifying space for
periods. While lacking the ideological consistency of the
former route, the “limits” of this one are more conceptu-
ally straightforward — with Calculus providing a door in
the wall.

For the Picard curve example, we reverse the order of
these two approaches; this example is important because
it is the simplest one where there are multiple natural com-
pactifications of both sorts. Both examples have two very
nice features, besides involving objects one can draw on
paper. First, the period map is close to being an isomor-
phism and is inverted by modular forms, an observation go-
ing back in the elliptic case to work of Weierstraß. Second,
the period map extends to isomorphisms of the various
algebraic and analytic compactifications.

These examples will illustrate techniques and methods
in moduli theory, preparing the stage for our last stop,
high above the city. From there we shall be able to see a
vague outline of the modern definition of moduli spaces,
as well as various algebro-geometric (GIT, KSBA, K-stable)
and Hodge-theoretic (Baily-Borel, toroidal, etc.) compact-
ifications of the same moduli space. The aim of our brief
journey is to travel towards understanding their differences
— and especially their spectacular coincidences.

1. Elliptic Curves
With a rich history going back to Abel, Jacobi, and Weier-
straß in their guise as complex 1-tori (think of the surface
of a donut), elliptic curves are central objects inmany areas
of mathematics, from cryptography to complex analysis.
At this first stop on our tour, we’ll use their moduli space
to illustrate constructions such as geometric quotients and
the period map (and its inversion).
1.1. Algebraic perspective. Our starting point is the fact,
first hinted at by Jacobi in 1834, that any complex 1-torus
can be realized as a smooth plane cubic — that is, an alge-
braic curve defined as the zero-locus in (ℂ)ℙ2 of a homo-
geneous polynomial of degree three in 3 variables

𝐹(𝑥0, 𝑥1, 𝑥2) = 𝑎300𝑥30 +⋯+ 𝑎012𝑥1𝑥22 + 𝑎003𝑥32,

with certain conditions on the coefficients to guarantee the
smoothness of {𝐹(𝑥0, 𝑥1, 𝑥2) = 0}. Conversely, for an alge-
braic geometer, it is natural to approach the set of elliptic
curves via a suitable quotient of the set of all such cubics.

Without the smoothness requirement, the coefficients of
such equations comprise all ordered 10-tuples of complex
numbers [𝑎300∶𝑎210∶⋯∶𝑎012∶𝑎003], not all zero, defined
up to scaling (by ℂ×). Since an equation 𝐹(𝑥0, 𝑥1, 𝑥2) = 0
is determined uniquely by its coefficients up to scaling, we
conclude that the set of all plane cubics can be identified
with the set of complex points of the projective space ℙ9.
(Outside the open set parametrizing smooth cubics, there

Figure 1. Classification of plane cubics.

are 8 different flavors of singular cubics as displayed in Fig-
ure 1.)

The fact that the set of all plane cubics is itself a com-
plex algebraic variety is not a coincidence! Instead, it is
our first encounter with one of the most important objects
in moduli theory: the Hilbert scheme. Indeed, to keep track
of the complex solutions of polynomial equations within
projective space, we need to fix an invariant known as the
Hilbert polynomial. This polynomial records geometric
information about our solutions such as their dimension
and degree. It was shown in 1961 by Grothendieck that
there exists an algebro-geometric space (that is, a projective

scheme) Hilb𝑝(𝑚)
𝑟 which parametrizes all the closed com-

plex solutions of polynomial equations in ℙ𝑟 with Hilbert
polynomial 𝑝(𝑚). In our particular example, all plane cu-
bics have Hilbert polynomial equal to 𝑝(𝑚) = 3𝑚, and the
associated Hilbert scheme is ℙ9. Every point in ℙ9 corre-
sponds to a curve with this Hilbert polynomial and vice
versa.

At this juncture the reader will point out that ℙ9 is cer-
tainly not the sought-for “moduli space of elliptic curves,”
because it includes singular cubics. But the open subset
parametrizing smooth cubics is not the solution either.
The reason is that given an elliptic curve defined by the
equation {𝐹(𝑥0, 𝑥1, 𝑥2) = 0}, we can use an invertible lin-
ear change of coordinates 𝑥𝑖 ↦ 𝑎𝑖0𝑥0 + 𝑎𝑖1𝑥1 + 𝑎𝑖2𝑥2 with
𝑎𝑖𝑗 ∈ ℂ, to obtain another equation {𝐺(𝑥0, 𝑥1, 𝑥2) = 0}.
The elliptic curve defined by this second equation is iso-
morphic as a complex variety to the first one, and yet the
Hilbert scheme tells us that they are different objects.
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The critical observation here is that if we are parametriz-
ing varieties 𝑋 ⊂ ℙ𝑛 with a fixed Hilbert polynomial,
then we want to account for the automorphisms of the
ambient projective space. In our example the ambient
space of elliptic curves {𝐹(𝑥0, 𝑥1, 𝑥2) = 0} is ℙ2 and the
group SL3(ℂ) associated to linear automorphisms 𝑥𝑖 ↦
𝑎𝑖0𝑥0 + 𝑎𝑖1𝑥1 + 𝑎𝑖2𝑥2 has dimension 8. Therefore, of the 9
degrees of freedom associated with the coefficients of the
equation 𝐹(𝑥0, 𝑥1, 𝑥2), only one is intrinsic to the geome-
try of the elliptic curve, while the other eight are related to
linear changes of coordinates in the ambient space.

The relation between elliptic curves and SL3(ℂ)-orbits
is tight; two plane cubics {𝐹(𝑥0, 𝑥1, 𝑥2) = 0} and
{𝐺(𝑥0, 𝑥1, 𝑥2) = 0} represent isomorphic elliptic curves
(algebraically or complex analytically) if and only if 𝑔 ⋅
𝐹(𝑥0, 𝑥1, 𝑥2) = 𝐺(𝑥0, 𝑥1, 𝑥2) for some 𝑔 ∈ SL3(ℂ). There-
fore, the set of elliptic curves up to isomorphism can be
identified with SL3(ℂ)-orbits of smooth plane cubics. Al-
though the set of such orbits exists as a topological space,
it is not at all obvious that this space is itself a complex vari-
ety. We arrive at one of the most delicate problems in alge-
braic geometry: Given the action of a linear group 𝐺 on a vari-
ety 𝑋, does there exist an algebro-geometric space parametrizing
the 𝐺-orbits in 𝑋?

The correct framework for constructing quotients
within algebraic geometry is given by Geometric Invariant
Theory (GIT), initiated by Mumford in 1969 [17]. One of
the key results from GIT is the existence of an open locus
𝒰𝑠 ⊂ 𝑋 called the stable locus and a well-defined geomet-
ric quotient, which in our case is

𝐌1,1 ≔ 𝒰𝑠/ SL3(ℂ) ≅ ℂ.
One of the first exercises in GIT is to show that 𝒰𝑠 is the
locus parametrizing smooth plane cubics, see [17, Example
7.12]. The fact that the quotient is geometric means that
every point of 𝐌1,1 corresponds to a unique SL3(ℂ)-orbit
of a smooth cubic. Therefore, we arrive at our first (and
almost correct!) example of a moduli space: 𝐌1,1 is the
“moduli space” of elliptic curves up to isomorphism.

We also arrive at the crux of our problem: 𝐌1,1 is a non-
compact variety. Is there a natural compact (projective) va-
riety that contains it and that parametrizes a larger class of
algebraic varieties? It will be tempting to consider a naive
quotient of ℙ9 by SL3(ℂ) for constructing a compactifica-
tion of 𝐌1,1. However, these naive quotients are usually
either of the wrong dimension or yield a non-Hausdorff
topological space. Here we use a second key result from
GIT: There exists a (usually larger) open set 𝒰𝑠𝑠, called
the semistable locus, containing 𝒰𝑠 and admitting a well-
defined “categorical quotient.” In our case this is

𝐌
GIT
1,1 ≔ 𝒰𝑠𝑠// SL3(ℂ) ≅ ℙ1,

a complex projective variety compactifying 𝐌1,1.

To understand the geometry of the above compactifica-
tion, we recall that ℙ9 parametrizes all possible plane cu-
bics. This includes our large open set 𝒰𝑠 parametrizing
the smooth plane cubics and smaller loci parametrizing
degenerations such as nodal cubics, the union of a conic
and a line, etc. It is a non trivial fact that our semistable lo-
cus 𝒰𝑠𝑠 parametrizes all curves with at worst a singularity
locally of the form {𝑥𝑦 = 0}; these curves are represented
at the top left section of Figure 1.

The categorical quotient is not the naive one: the points

of 𝐌
GIT
1,1 are not in bijection with the SL3(ℂ)-orbits of

curves parametrized by the semistable locus 𝒰𝑠𝑠. Indeed,
all of the orbits within the eight-dimensional locus𝒰𝑠𝑠⧵𝒰𝑠

are identified with a single point in 𝐌
GIT
1,1 even though

they represent non-isomorphic curves. However, there is
a unique “minimal closed” SL3(ℂ)-orbit associated to the

point𝐌
GIT
1,1 ⧵𝐌1,1: namely, the orbit of the “triangle” cubic

{𝑥0𝑥1𝑥2 = 0}.
1.2. Analytic perspective. Turning to a complex-analytic
perspective, we recall that an elliptic curve 𝐶 can be viewed
as the cartesian product of two circles 𝑆1 × 𝑆1 with a com-
plex structure. By considering these two circles we obtain a
homology basis 𝛼, 𝛽 ∈ 𝐻1(𝐶, ℤ) (oriented so that 𝛼⋅𝛽 = 1).

Up to scale, there is a unique holomorphic form 𝜔 ∈
Ω1(𝐶), with period ratio 𝜏 ≔ ∫𝛽 𝜔/∫𝛼 𝜔 in the upper-half
plane ℌ. This 𝜏 is well-defined modulo the action of
𝛾 = ( 𝑎 𝑏

𝑐 𝑑 ) ∈ Γ = SL2(ℤ) through fractional-linear trans-

formations 𝛾(𝜏) = 𝑎𝜏+𝑏
𝑐𝜏+𝑑

induced by changing the homol-

ogy basis. We claim that the resulting (analytic) invariant
[𝜏] ∈ ℌ/Γ captures the (algebraic) isomorphism class of 𝐶.

This is closely related to the classical theory of modular
forms. Here “modular” refers to the moduli of complex 1-
tori ℂ/Λ, or equivalently of the lattice Λ; and the “forms”
are essentially functions on this moduli space (i.e., of the
lattice Λ) with certain transformation properties depend-
ing on a weight 𝑘 ∈ ℕ. The (biperiodic) Weierstraß ℘-
function associated to the lattice Λ = ℤ⟨1, 𝜏⟩,

℘(𝑢) ≔ 𝑢−2 + ∑
𝜆∈Λ⧵0

[(𝑢 + 𝜆)−2 − 𝜆−2],

satisfies (℘′)2 = 4℘3 − 𝑔2(𝜏)℘ − 𝑔3(𝜏), where 𝑔2(𝜏) ≔
60∑𝜆∈Λ⧵0 𝜆−4 and 𝑔3(𝜏) ≔ 140∑𝜆∈Λ⧵0 𝜆−6 are modular
forms 𝑀𝑘(Γ) of weights 𝑘 = 4 resp. 6. That is, they trans-
form by the automorphy factor (𝑐𝜏 + 𝑑)𝑘 under pullback

by 𝛾 ∈ Γ, which makes 𝚥𝚥𝚥 ≔ 𝑔32
𝑔32−27𝑔23

∶ ℌ/Γ → ℂ into a

well-defined function. Evidently, the image 𝐸𝜏 of the map
𝑊∶ ℂ/Λ ↪ ℙ2 sending 𝑢 ↦ [1 ∶ ℘(𝑢) ∶ ℘′(𝑢)] is a Weier-
straß cubic

𝑋2
2𝑋0 = 4𝑋3

1 − 𝑔2𝑋1𝑋2
0 − 𝑔3𝑋3

0 = 4
3
∏
𝑖=1

(𝑋1 − 𝑒𝑖𝑋0), (1)

with period ratio 𝜏.
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The key point is that any𝐶 can be brought into this form
(without changing [𝜏]) through the action of SL3(ℂ) on
coordinates. Fix a flex point 𝑜 ∈ 𝐶 (i.e., (𝐶⋅𝑇𝑜𝐶) = 3); since
the dual curve ̌𝐶 has degree 6, there are 3 more tangent
lines {𝑇𝑝𝑖𝐶}

3
𝑖=1 passing through 𝑜. The {𝑝𝑖} are collinear,

since otherwise one could construct a degree-1 map 𝐶 →
ℙ1. So we may choose coordinates to have 𝑜 = [0∶0∶1],
𝑇𝑜𝐶 = {𝑋0 = 0}, {𝑋2 = 0} ⋅ 𝐶 = ∑3

𝑖=1 𝑝𝑖, and∑
3
𝑖=1

𝑋1
𝑋0
(𝑝𝑖) =

0, which puts us in the above form (1). In fact, if 𝚥 ≔
𝚥𝚥𝚥(𝜏) ∉ {0, 1,∞} ≕ Σ, then rescaling yields a member of the
family

𝑦2 = 4𝑥3 − 27𝑗
𝑗−1

𝑥 − 27𝑗
𝑗−1

(2)

over ℙ1 ⧵ Σ, whose period map [𝜏]∶ ℙ1 ⧵ Σ → ℌ/Γ com-
posed with 𝚥𝚥𝚥 extends to the identity ℂ → ℂ. Hence
𝐶 ≅

SL3
𝐶′ ⟹ [𝜏] = [𝜏′] ⟹ 𝚥 = 𝚥′ ⟹ 𝐶 ≅

SL3
𝐶′

yields the claimed equivalence of analytic and algebraic
“moduli,” and 𝚥𝚥𝚥 is an isomorphism.

While the choice of 𝑜 does not refine the moduli prob-
lem, keeping track of the ordered 2-torsion subgroup
{𝑜, 𝑝1, 𝑝2, 𝑝3} does. In (1), this preserves the ordering of
the {𝑒𝑖}, which are parametrized by the weight-2 mod-
ular forms ℘( 1

2
),℘( 𝜏

2
),℘( 𝜏+1

2
) with respect to Γ(2) ≔

ker{Γ → SL2(ℤ/2ℤ)}. The roles of 𝚥𝚥𝚥 and (2) are played

by ℓℓℓ ≔ 𝑒3−𝑒2
𝑒1−𝑒2

∶ ℌ/Γ(2) ≅→ ℙ1 ⧵ Σ and the Legendre family

𝑦2 = 𝑥(𝑥 − 1)(𝑥 − ℓ), with 𝚥𝚥𝚥 = 4
27

(1−ℓℓℓ−ℓℓℓ2)3

ℓℓℓ2(1−ℓℓℓ)2
describing the

6:1 coveringℌ/Γ(2) ↠ ℌ/Γ. Notice that ℓ parametrizes the
cross-ratio of 4 (ordered) points on ℙ1.

For any 𝑁 ≥ 3 we can let Γ(𝑁) ⋉ ℤ2 act on ℌ × ℂ by

(𝛾, 𝜆).(𝜏, 𝑧) ≔ (𝛾(𝜏), 𝑧+𝜆
𝑐𝜏+𝑑

) and take the quotient to pro-

duce the universal elliptic curve ℰ(𝑁) with level-𝑁 struc-
ture (marked 𝑁-torsion) over the modular curve 𝑌(𝑁) ≔
ℌ/Γ(𝑁). To produce an algebraic realization, we can use
Jacobi resp. modular forms 𝑀𝑘(Γ(𝑁)) to embed then in
a suitable projective space. (Indeed, [𝑔32∶𝑔23] ∈ ℙ1 and
[𝑒1∶𝑒2∶𝑒3] ∈ ℙ2 already did this for 𝑁 = 1 and 2.)
The “modular compactification” 𝑌(𝑁) of 𝑌(𝑁) so obtained

adds
𝑁2

2
∏𝑝 prime

𝑝∣𝑁 (1 − 1
𝑝2
) points called cusps, over which

the elliptic fiber degenerates to a cycle of 𝑁 ℙ1’s; in fact,
we have 𝑌(𝑁) ⧵ 𝑌(𝑁) = ℙ1(ℚ)/Γ(𝑁). Going around a cusp
subjects a basis of integral homology to a transformation
conjugate to ( 1 𝑁

0 1 ).
Now consider an algebraic realization 𝒞 → 𝐌 of

ℰ(𝑁) → 𝑌(𝑁); e.g., for 𝑁 = 3, the Hesse pencil 𝑡𝑋0𝑋1𝑋2 =
𝑋3
0 + 𝑋3

1 + 𝑋3
2 over (𝑡 ∈)ℂ ⧵ {1, 𝜁3, ̄𝜁3} has a marked (ℤ/3ℤ)2

subgroup as base-locus (where the curves meet the coordi-
nate axes). The monodromy group generated by all loops in
𝐌 (acting on 𝐻1 of some fiber) is tautologically Γ(𝑁). So
the period ratio 𝜏 yields a well-defined period map 𝐌 →
𝑌(𝑁) inverted by modular forms (as for 𝑁 = 1 and 2),

exchanging algebraic and analytic moduli of smooth ob-
jects. The other moral here is that refining the mod-
uli problem (e.g., level structure) produces smaller mon-
odromy group, hencemore boundary components (in this
case, cusps) in the compactification.
1.3. First spectacular coincidence. In Section 1.1, we
used plane cubics and GIT techniques to construct a com-

pactification 𝐌
GIT
1,1 of the moduli space of smooth ellip-

tic curves 𝐌1,1. On the other hand, by using periods and
modular forms 𝑀𝑘(Γ(𝑁)) in Section 1.2 we constructed
the moduli space 𝑌(𝑁) of elliptic curves with a level 𝑁-
structure as well as their compactifications 𝑌(𝑁) ⊃ 𝑌(𝑁)
with 𝑁 ≥ 1. We recall that a level structure on an elliptic
curve is the additional finite information arising from the
choice of Γ(𝑁) ≤ SL2(ℤ).

We arrive then to a natural question: Are any of the Hodge

theoretic compactifications 𝑌(𝑁) isomorphic to𝐌
GIT
1,1 ? The an-

swer turns out to be yes! From our previous discussion
about the invariant 𝜏 it is possible to conclude that

𝑌(1) ≅ 𝐌
GIT
1,1 .

Moreover, isomorphisms of this kind (that is, between
Hodge theoretic and geometric compactifications) also
exist among other geometric realizations of the elliptic
curves. For instance, by keeping track of the ordered 2-
torsion subgroup and the Legendre family, one can show
that 𝑌(2) is isomorphic to a GIT compactification of the
space of 4-tuples of points in ℙ1. And with that remark,
we turn the corner en route to the next stop on our tour.

2. Picard Curves and Points in a Line
As we begin to dig into this second example (did we men-
tion that the tour includes amateur archaeological activi-
ties?), we shall unearth several ideas that are central for
constructing compact moduli spaces. They include the use
of finite covers to associate periods to varieties without pe-
riods, the use of limits of periods to refine compactifica-
tions, and the first example of “stable pairs.”
2.1. Analytic perspective. We begin this time with the
complex-analytic point of view. Though ordered collec-
tions of 𝑛 points in ℙ1 do not themselves have periods,
we can consider covers 𝐶 ↠ ℙ1 branched over such col-
lections, generalizing the 𝑛 = 4 case of Legendre elliptic
curves.

Let 𝜁3 denote 𝑒
2𝜋𝑖
3 . For 𝑛 = 5, compactifying

𝑦3 = 𝑥4 + 𝐺2𝑥2 + 𝐺3𝑥 + 𝐺4 =
4
∏
𝑖=1

(𝑥 − 𝑡𝑖) (3)

to 𝐶 ⊂ ℙ2 yields a genus-3 curve with cubic automor-
phism 𝜇∶ 𝑦 ↦ 𝜁3𝑦 and (up to scale) unique holomorphic
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differential 𝜔 = 𝑑𝑥
𝑦

with 𝜇∗𝜔 = ̄𝜁3𝜔. The moduli spaces

𝐌ord ≔ ℙ(∑𝑡𝑖 = 0) ⧵ ∪𝑖<𝑗{𝑡𝑖 = 𝑡𝑗} ≅ ℙ2 ⧵ {6 lines}
and 𝐌 ≔ 𝐌ord/𝔖4 parametrize ordered 5-tuples in ℙ1
(namely {𝑡𝑖} and ∞) resp. unordered 4-tuples in ℂ (as
roots of the polynomial determined by {𝐺𝑗}).

Fix 𝗆 ∈ 𝐌. To define period maps, we first describe
the monodromy group Γ through which 𝜋1(𝐌,𝗆) acts on
𝐻1(𝐶𝗆, ℤ). As it sends symplectic bases to symplectic bases
andmust be compatible with 𝜇, it should be plausible that
this takes the form1

Γ = Sp6(ℤ)[𝜇∗] ≅ 𝑈((2, 1); 𝒪), 𝒪 = ℤ⟨1, 𝜁3⟩;
and that for 𝐌ord this is replaced by the subgroup
Γ(√−3) ≔ ker{Γ → 𝑈((2, 1); 𝒪/√−3𝒪)}. Now given a ba-
sis 𝛼, 𝛽1, 𝛽2 ∈ 𝐻1(𝐶, ℤ)𝜇∗= ̄𝜁3 , the period vector 𝜏 ≔ (𝜏1, 𝜏2)
(𝜏𝑖 = ∫𝛽𝑖 𝜔/∫𝛼 𝜔) lies in a 2-ball 𝔹2 (by Riemann’s 2nd bi-

linear relation), on which 𝛾 = (𝛾𝑖𝑗)2𝑖,𝑗=0 ∈ Γ acts via 𝛾(𝜏) ≔
𝚥𝛾(𝜏)−1. (𝛾10 + 𝛾11𝜏1 + 𝛾12𝜏2, 𝛾20 + 𝛾21𝜏1 + 𝛾22𝜏2)

with 𝚥𝛾(𝜏) ≔ 𝛾00 + 𝛾01𝜏1 + 𝛾02𝜏2. So we get period maps

𝜙∶ 𝐌 → 𝔹2/Γ and ̃𝜙∶ 𝐌ord → 𝔹2/Γ(√−3), whose images
omit 1 resp. 6 disk-quotients. Writing 𝐌′

ord resp. 𝐌′ for

ℙ(∑𝑡𝑖 = 0) ⧵ ∪𝑖<𝑗<𝑘{𝑡𝑖 = 𝑡𝑗 = 𝑡𝑘} ≅ ℙ2 ⧵ {4 pts.}
and its 𝔖4-quotient, these maps extend to isomorphisms

𝐌′
ord

≅→ 𝔹2/Γ(√−3) and 𝐌′ ≅→ 𝔹2/Γ.
The Picard modular forms2 describing their inverses are

none other than the 𝑡𝑖 ∈ 𝑀3(𝔹2, SΓ(√−3)) and 𝐺𝑗 ∈
𝑀3𝑗(𝔹2, SΓ) in (3). Indeed, the resulting “modular com-
pactifications” of the ball quotients add only (4 resp. 1)

points, extending (say) ̃𝜙 to ̃𝜙∗ ∶ ℙ2 ≅→ (𝔹2/Γ(√−3))∗.
To understand the meaning of ̃𝜙∗, notice that colliding
two 𝑡𝑖 in (3) and normalizing yields a genus 2 curve
with cubic automorphism, whose (single) period ratio is
parametrized by one of the disk-quotients previously omit-
ted. When 3 𝑡𝑖 collide in (3), the normalization has genus
0 and thus no moduli, which explains the 4 boundary
points in (𝔹2/Γ(√−3))∗. The unnormalized scenarios are
depicted in the left and middle degenerations in Fig. 2.

But this is not the only way to approach the collision of
3 𝑡𝑖. After a linear change in coordinates, the (2-parameter)
degeneration takes the form

𝑦3 = (𝑥 − 𝑠1)(𝑥 − 𝑠2)(𝑥 + 𝑠1 + 𝑠2)(𝑥 − 1)
in a neighborhood of (𝑠1, 𝑠2) = (0, 0). Restricting to 𝑠𝑖 = 𝑎𝑖𝑡
(|𝑡| < 𝜖, 𝑎𝑖 ∈ ℂ fixed) yields a 1-parameter family 𝒳 → Δ

1𝑈((2, 1); 𝒪) is a lattice in a unitary group of signature (2, 1), whose elements
can be represented by matrices with entries in the Eisenstein integers.
2Here𝑀𝑘(𝔹2, Γ0) comprises holomorphic functions on 𝔹2 satisfying 𝑓(𝛾(𝜏)) =
𝚥𝛾(𝜏)𝑘𝑓(𝜏) for all 𝛾 ∈ Γ0; and 𝑆Γ0 ≔ ker(det) ∩ Γ0.

𝑡𝑖 = 𝑡𝑗 𝑡𝑖 = 𝑡𝑗 = 𝑡𝑘 𝑡𝑖 = 𝑡𝑗 = 𝑡𝑘
with blowup

𝑞1
𝑞2

𝑞3
𝐸

Figure 2. Degenerating a Picard curve.

over a disk. Blowing 𝒳 up at (𝑥, 𝑦, 𝑡) = 0 produces the
exceptional divisor

𝐸∶ 𝑌3 = (𝑋 − 𝑎1𝑍)(𝑋 − 𝑎2𝑍)(𝑋 + (𝑎1 + 𝑎2)𝑍),
which is an elliptic curve with period ratio 𝜁3. The singular
fiber of the blowup is the union of 𝐸 with the normaliza-
tion (≅ ℙ1) of 𝑦3 = 𝑥3(𝑥 − 1), glued along 𝐸 ∩ {𝑍 = 0} =
{𝑞1, 𝑞2, 𝑞3} (see the rightmost degeneration in Fig. 2), with
𝜇 acting on the lot (and cyclically permuting the 𝑞𝑖). While
the modulus of 𝐸 is just [𝜁3], the ratios 𝜂𝑖 of the semiperi-
ods ∫𝑞𝑖+1

𝑞𝑖 𝜔𝐸 to a period of 𝐸 vary in [𝑎1∶𝑎2] ∈ ℙ1, and are
related by complex multiplication by 𝜁3 (i.e., 𝜇|𝐸). In fact,
as 𝑡 → 0 it turns out that (for some choice of {𝛼, 𝛽1, 𝛽2})
𝜏1 ∼

log(𝑡)
2𝜋√−1

blows up, while 𝜏2 limits to (say) 𝜂1(𝑎), a limit

which becomes well-defined in 𝐸/⟨𝜇⟩ ≅ ℙ1.
The upshot is that if we replace the 4 boundary points of

(𝔹2/Γ(√−3))∗ by copies of 𝐸/⟨𝜇⟩, then these semiperiod ra-
tios extend ̃𝜙 to an isomorphism fromBl{4 pts.}(ℙ2) to the re-

sulting (𝔹2/Γ(√−3))∗∗. (We have to blow up at the 4 triple-
intersection points to make 𝑎2/𝑎1 well-defined.) This is
a first example of using limiting mixed Hodge structures
(here given by the semi-period ratios) to extend period
maps to a toroidal compactification “∗∗” (usually written

𝔹𝑛−3/Γ𝐰
tor

) refining the Baily-Borel “∗” compactification.
2.2. Algebraic perspective. Going back to ordered 𝑛-
tuples of points in ℙ1, and adopting a geometric view-
point, we should phrase the moduli problem in terms of
objects up to an equivalence relation. An “object” here
is an 𝑛-pointed curve (ℙ1, (𝑝1, … , 𝑝𝑛)), which is equivalent
to (ℙ1, (𝑞1, … , 𝑞𝑛)) if 𝑔(𝑝𝑖) = 𝑞𝑖 (1 ≤ 𝑖 ≤ 𝑛) for some
𝑔 ∈ Aut(ℙ1). By considering the open set associated to
𝑛 distinct points, we obtain the quotient

𝐌0,𝑛 = ((ℙ1)𝑛 ⧵⋃
𝑖<𝑘

Δ(𝑖𝑘)) / SL2(ℂ)

Δ(𝑖𝑘) ≔ {(𝑥1, … , 𝑥𝑛) ∈ (ℙ1)𝑛 | 𝑥𝑖=𝑥𝑘}, 1 ≤ 𝑖,𝑘 ≤ 𝑛.
This moduli space 𝐌0,𝑛 is an (𝑛 − 3)-dimensional non-
compact variety, and every point of it parametrizes a
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unique configuration of 𝑛 distinct labelled points in ℙ1 up
to isomorphism. For 𝑛 = 5, it is the same as 𝐌ord above.

Now we describe a new approach to compactify 𝐌0,𝑛:
we expand the set of objects in consideration, so it contains more
than just 𝑛-pointed curves (ℙ1, (𝑝1, … , 𝑝𝑛)). Indeed, it was
discovered in the late 1960s by Grothendieck and later by
Knudsen that we can define pairs of a more general sort,
called stable 𝑛-pointed curves of genus 0. The set of all such
stable pairs corresponds to the points of a smooth, com-
pact algebraic variety known as 𝐌0,𝑛. Moreover, it is the
first example of a so-called “fine moduli space” which will
be described in §3.1.

This new type of “stable pair,” parametrized by the
boundary 𝐌0,𝑛 ⧵ 𝐌0,𝑛 of this compactification, is a con-
nected but possibly reducible complex curve 𝐶 together
with 𝑛 smooth distinct labelled points 𝑝1, . . . , 𝑝𝑛 in 𝐶, sat-
isfying the following conditions:

• 𝐶 has only ordinary double points and every irre-
ducible component of𝐶 is isomorphic to the projective
line ℙ1.

• 𝐶 has arithmetic genus 0, or equivalently 𝐻1(𝐶, ℤ) =
{0}. (Think of a “tree” of ℙ1’s.)

• On each component of 𝐶 there are at least three points
which are either one of the marked points 𝑝𝑖 or a dou-
ble point, i.e., the intersection of two components of
𝐶.

𝐌0,𝑛 is a well-behaved compactification. For example, the
boundary is a normal crossing divisor with smooth irre-
ducible components.

Let’s consider the case of 𝑛 = 5 closely. The mod-
uli space 𝐌0,5 is two-dimensional and isomorphic to the
blow-up of ℙ2 at four points in general position. The
boundary𝐌0,5⧵𝐌0,5 is equal to the union of 10 irreducible
divisors 𝐷𝐼 and they are labelled by subsets 𝐼 ⊂ {1, 2, … , 5}
with |𝐼| = 2. We can explicitly identify these divisors from
our blow up construction. Indeed, they correspond to the
four exceptional divisors obtained from the points we are
blowing up, and the (strict transform of the) lines passing
through pairs of such points. Each divisor parametrizes
a different type of stable curve; e.g., the divisor 𝐷12 gener-
ically parametrizes the union of two ℙ1s with the points
distributed as in Fig. 3.

13

24
5

13

24
5

Figure 3. Generic limit parametrized by 𝐷12.

By now our tourists must all be ready to shout: “But
we already have (from §1.1) a technique for compactiying
moduli spaces! Couldn’t we compactify these𝐌0,𝑛 spaces
by going down the same route as for elliptic curves?” The

answer is yes — there are indeed GIT compactifications —
but with a new twist. We determined already that𝐌0,𝑛 is a
quotient of an open locus within (ℙ1)𝑛 by SL2(ℂ). We also
mentioned that Geometric Invariant Theory and subse-
quent developments imply that there is a semistable open
locus whose quotient yields a projective variety. How-
ever, this semistable locus is not unique! In our particu-
lar case, there are finitely many open loci 𝒰𝑠𝑠

𝐰 , depending
on a collection of rational numbers 𝐰 = (𝑤1, … , 𝑤𝑛) with
0 < 𝑤𝑖 ≤ 1 and 𝑤1 +⋯+𝑤𝑛 = 2, such that

(ℙ1)𝑛 ⧵⋃
𝑖≤𝑘

Δ(𝑖𝑘) ⊂ 𝒰𝑠𝑠
𝐰 ⊂ (ℙ1)𝑛.

Furthermore, the categorical quotient

(ℙ1)𝑛//𝐰 SL2(ℂ) ≔ 𝒰𝑠𝑠
𝐰 // SL2 (ℂ)

is a projective variety compactifying 𝐌0,𝑛. The choice of
the numbers 𝐰 reflects a more general fact: GIT uses line
bundles on the space, here (ℙ1)𝑛, and characters of the
group to construct different semistable loci. A framework
known as “variation of GIT” (VGIT), developed by Dol-
gachev, Hu, and Thaddeus, shows that there is only a finite
number of non-isomorphic GIT quotients, and that chang-
ing the values of 𝐰 induces birational transformations
among them. For example, for each 𝑛 there are choices of
𝐰 that yield ℙ𝑛−3 and (ℙ1)𝑛−3 as quotients. In general, it
is difficult to determine all possible GIT compactifications.
In our particular example (of 𝑛 = 5), depending on the
choice of “weights” 𝐰, the quotients (ℙ1)5//𝐰 SL2(ℂ) can
be either ℙ2, ℙ1×ℙ1, or a blow-up of ℙ2 at 𝑘 points in gen-
eral position with 1 ≤ 𝑘 ≤ 4. Two of these cases, of course,
match the compactifications of §2.1.

This plethora of distinct geometric compactifications is
a feature of moduli theory. Moreover, the above GIT quo-
tients are philosophically different from𝐌0,𝑛. Remember
that 𝐌0,𝑛 allows ℙ1 itself to degenerate, so as to keep the
points distinct (as in the figure 3). On the other hand, any
of the GIT quotients (ℙ1)5//𝐰 SL2(ℂ) enables the points to
collide amongst themselves in a controlled manner, and
ℙ1 does not degenerate. This scenario is depicted in Fig. 4.

13

24
5

3
1 = 24

5

Figure 4. GIT limit when 𝑤1 + 𝑤2 < 1.

And so we arrive at one of the main questions within
moduli theory: How are a priori different compactifications
of a moduli space related to each other? In our case, it is a
theorem of Kapranov that for every 𝐰 as above there is a
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morphism

𝐌0,𝑛 → (ℙ1)𝑛//𝐰 SL2(ℂ).
whose restriction to 𝐌0,𝑛 is an isomorphism.
2.3. More spectacular coincidences. Let’s stop and look
at the road traveled thus far. We learned that given a collec-
tion of five ordered points in ℙ1, it is possible to construct
a genus three curve 𝐶 (known as a Picard curve) associ-
ated with them. By using a certain eigenspace of its homol-
ogy𝐻1(𝐶, ℤ)𝜇∗= ̄𝜁3 we can define a periodmap that embeds

𝐌0,5 as a dense open subset of 𝔹2/Γ(√−3). Moreover, this
embedding extends to isomorphisms of algebraic and an-
alytic compactifications in two different ways. It would be
remarkable if such phenomena persist for other moduli of
points 𝐌0,𝑛.

It turns out that they do. [insert gasp here] Deligne and
Mostow showed in 1986, with additional contributions by
Doran in 2004, that for 𝐌0,𝑛 with 𝑛 ≤ 12, there exist cer-
tain ball quotients such that

𝐌0,𝑛/𝑆𝑚 ↪ 𝔹𝑛−3/Γ𝐰 (4)

where 𝑆𝑚 is a certain 𝑚th symmetric group, and Γ𝐰 is a
well-chosen arithmetic group depending on some weights
𝐰 ∈ ℚ𝑛

>0.
Furthermore, the same weights 𝐰 induce GIT compact-

ifications of𝐌0,𝑛/𝑆𝑚 which are isomorphic to Baily-Borel
compactifications of (𝑛 − 3)-dimensional ball quotients:
that is,

(ℙ1)𝑛//𝐰(SL2 ×𝑆𝑚) ≅ (𝔹𝑛−3/Γ𝐰)∗, (5)

where the “∗” adds finitely many points. The isomor-
phisms (5) compactify periodmaps (4) associated to cyclic
covers of ℙ1 branched in a manner dictated by the config-
uration of weighted points. In each case, the cyclic auto-
morphism of the covering curve has an eigenspace in 𝐻1

with Hodge numbers (1, 𝑛 − 3).
Moreover, it is possible to enrich the above picture. In-

deed, by using a slight generalization of the stable pairs de-
scribed before, we obtain the Hassett moduli space𝐌0,𝐰+𝝐
of 𝑛-pointed rational curves with weights𝐰+𝜖. This com-
pactification of 𝐌0,𝑛 is a smooth projective variety, and it
admits morphisms

𝐌0,𝑛 ⟶𝐌0,𝐰+𝝐 ⟶(ℙ1)𝑛//𝐰 SL2(ℂ).

The Hassett compactifications 𝐌0,𝐰+𝝐 allow both colli-
sions of points and degenerations of ℙ1 but in a controlled
manner depending on the weight 𝐰.

From the analytic perspective, we also have a unique

“toroidal” compactification 𝔹𝑛−3/Γ𝐰
tor

, discussed at the
end of §2.1, that refines the Baily-Borel compactification.
(Instead of points, the boundary components are (𝑛 − 4)-
dimensional, meaning that more information about as-
ymptotic behavior of periods is retained.) Recent work of

the authors with L. Schaffler [7] found that there is an iso-
morphism between 𝐌0,𝐰+𝝐/𝑆𝑚 and the toroidal compact-
ification. Thus we arrive at the following commutative di-
agram for 𝑛 ≤ 12:

𝐌0,𝑛 // 𝐌0,𝐰+𝝐/𝑆𝑚

��

≅ // 𝔹𝑛−3/Γ𝐰
tor

��
(ℙ1)𝑛//𝐰 SL2 ×𝑆𝑚

≅ // (𝔹𝑛−3/Γ𝐰)∗

For a list of these cases see Tables 2 and 3 in [7].

3. A Panoramic View of the Theory
Our tour has arrived at the base of the funicular, on which
we now ascend for a theoretical overview.
3.1. What is a moduli space? If there was really a Tem-
ple of Moduli off in the distance, emblazoned on its fa-
cade would be some version of: We desire more than a space
parametrizing objects, such as smooth elliptic curves up to iso-
morphism. We seek to understand all well-behaved families of
them. A delicate question arises from this ideal. What is
meant by adjectives such as “all” and “well-behaved” for a
family of algebraic objects? To answer it, we need to refor-
mulate the moduli problem.

Let’s start with a family 𝒳 → 𝐵 where 𝐵 is an algebraic
variety such as 𝐵 = ℂ. As a first guess, we might ask that
key invariants such as the dimension and the degree — or
more precisely, the Hilbert polynomial alluded to in §1.1
— be the same for all fibers 𝒳|𝑏 over (geometric) points
𝑏 ∈ 𝐵. This intuition turns out to be correct, but does not
yield a complete answer. For one thing, we need to con-
sider families over a base 𝐵 which is not an algebraic vari-
ety but rather a scheme (which is a more general object).
The right well-behavedness condition for families is due
to Serre, and it is called flatness. We won’t define it here,
but only say that if 𝐵 is an algebraic variety, then flatness
is equivalent to the fibers 𝒳|𝑏 having constant Hilbert poly-
nomial. Part of the reformulated moduli problem, then,
is to understand all flat families 𝒳 → 𝐵 where 𝐵 is any
scheme.

With the above remarks inmind, letΩ be a “reasonable”
class of objects — for example, either the stable 𝑛-pointed
curves of genus 0 described in §2 or the smooth elliptic
curves of §1. Let 𝔖𝔠𝔥𝔢𝔪𝔢𝔰 be the category of schemes, and
let 𝔖𝔢𝔱𝔰 be the category of sets. For every scheme 𝐵, we
consider the set of all flat families 𝒳 → 𝐵. This yields the
moduli functor

ℳ ∶ 𝔖𝔠𝔥𝔢𝔪𝔢𝔰 → 𝔖𝔢𝔱𝔰

defined as

ℳ(𝐵) = {flat families 𝒳 → 𝐵 with fibers 𝑋𝑏 ∈ Ω}.
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Well, that escalated quickly, didn’t it? We started with 𝑛
points in ℙ1 and now we have a functor from the cate-
gory of all schemes. Here another insight is required: to
any variety or scheme 𝐌, we can associate a functor from
𝔖𝔠𝔥𝔢𝔪𝔢𝔰 to 𝔖𝔢𝔱𝔰 by defining

ℎ𝐌 ∶ 𝔖𝔠𝔥𝔢𝔪𝔢𝔰 → 𝔖𝔢𝔱𝔰, ℎ𝐌(𝐵) ≔ Mor(𝐵,𝐌).

The functor ℎ𝐌 determines 𝐌 completely. This result
(based on Yoneda’s lemma) tells us roughly that to deter-
mine a variety or scheme, we just need to understand all
maps from other objects to it.

With such ideas in mind, we can return to our moduli
problem. We say that a moduli functorℳ is represented by
a scheme 𝐌 if there is a natural isomorphism from ℳ to
ℎ𝐌. In that event,𝐌 is called a fine moduli space for𝐌, and
constructing a family of objects over a base 𝐵 is equivalent
to defining a morphism 𝐵 → 𝐌.

We already have seen two examples of a fine moduli
space. The smooth algebraic variety 𝐌0,𝑛 presented in
§2 represents the moduli functor associated to stable 𝑛-
pointed curves of genus 0 up to isomorphism. Our second

example is the Hilbert scheme Hilb𝑝(𝑚)
𝑟 , which represents

the functor

ℌ𝔦𝔩𝔟𝑝(𝑚)
𝑟 (𝐵) = {flat families 𝒳 → 𝐵 where 𝑋𝑏 ⊂ ℙ𝑟

has Hilbert polynomial 𝑝(𝑚)}.

The fact that the Hilbert scheme represents a moduli
functor has profound applications in algebraic geometry:
Many moduli spaces are constructed by taking GIT quo-
tients of an appropriate Hilbert scheme, as in §1.1.
3.2. A Faustian bargain. Unfortunately, most moduli
functors are not represented by a variety or even a scheme.
For example, the moduli functor associated with isomor-
phism classes of smooth elliptic curves fails to be repre-
sented by 𝐌1,1. So we are left with two options.

Our first option is to weaken our expectations. In this
case, we look for a scheme 𝐌 that best approximates our
moduli functor. 𝐌 still parametrizes all our objects, but
maps into it will not parametrize all of their families. This
scheme is known as a coarse moduli space. If a moduli func-
tor has a coarse moduli space, the latter is unique (up to
canonical isomorphism). For example, the GIT quotient
𝐌1,1 is the coarse moduli space for smooth elliptic curves
up to isomorphism.

Our second choice is the Faustian one. We greatly gener-
alize the idea of “geometric space” via categorical tools. In-
deed, to keep track of all the families, we need new geomet-
ric objects known as stacks. Introduced by Deligne, Mum-
ford, and Artin in the 1970s, they are (loosely speaking) en-
richments of schemes obtained by attaching an automor-
phism group to every point. In our particular context, the
stack of objects Ω is a category whose objects are families

{𝒳 → 𝑇} of our “reasonable” objects, and the morphisms
are maps among such families, for details see [18].

Both choices, coarse moduli spaces and stacks are avail-
able for a well-behaved moduli problem. For example,
when automorphisms of all parametrized objects are fi-
nite and the stack is “Hausdorff,” Keel and Mori showed
in 1997 that besides the stack ℳ representing our mod-
uli functor there is also a coarse moduli space 𝐌. Re-
cent results by Alper, Halpern-Leistner, and Heinloth have
generalized this result to a larger class of stacks, whose
parametrized objects can have positive-dimensional auto-
morphism groups.
3.3. Algebraic compactifications. Suppose we are given
a moduli problemℳ for which the corresponding (coarse
or fine) moduli space𝐌 is noncompact. To go further, we
are faced with another delicate question: Can we define a
moduli problemℳ with a larger “reasonable” set of objects such
that its associated (coarse or fine) moduli space 𝐌 is compact
and contains 𝐌? The answer depends on the types of vari-
eties we are parametrizing.

If the varieties 𝑋 parametrized by ℳ are “positive”
enough (that is, their canonical bundles 𝐾𝑋 are ample),
then we add degenerations of 𝑋 which have ample canon-
ical bundles and “well-behaved” singularities known as
semi-log-canonical (slc) singularities, see [1, Def 1.3.1].
Unfortunately, this case does not include many varieties
of interest, such as plane cubics.

As a result, it is common to “enrich” our objects to pairs
(𝑋, 𝐷) where 𝐷 is a codimension one subvariety (that is, a
divisor) such that𝐾𝑋+𝐷 is ample. Examples of pairs (𝑋, 𝐷)
include 𝑛-pointed curves (ℙ1, (𝑝1, … , 𝑝𝑛)) with 𝑛 > 2. In
the presence of 𝐷, the “correct” new objects for compacti-
fying our moduli problem are called stable pairs: They are
degenerations of (𝑋, 𝐷) such that 𝐾𝑋 +𝐷 is ample and cer-
tain invariants are the same, but we allow for singularities
that are at worst slc.

In fact, this approach is already familiar from §2. We be-
gan with a moduli problemℳ0,𝑛 parametrizing 𝑛-pointed
curves (ℙ1, (𝑝1, … , 𝑝𝑛)), which was represented by a (non-
compact, fine) moduli space 𝐌0,𝑛. Then, we allowed for
more general curves as in Figure 3. The resulting moduli
functor ℳ0,𝑛 was then represented by a compact variety.

The above theory fails when 𝐾𝑋 + 𝐷 is not ample, so
a new perspective is necessary. Here, the concept of 𝐾-
(semi)stability is central. Introduced in 1997 by Tian, it
became a leading conjecture — now theorem — that the
existence of a (Kähler-Einstein) KE metric on a smooth
Fano variety 𝑋 is equivalent to satisfying a K-stability con-
dition defined via the so-called Donaldson-Futaki invari-
ant. There is a local-to-global interplay that restricts the
geometry of 𝐾-semistable varieties. For example, by work
of Odaka, a reasonable 𝐾-semistable Fano surface is ir-
reducible. The construction and explicit description of
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the moduli space of 𝐾-semistable varieties constitutes the
ongoing work of many people, including Alper, Blum,
Halpern-Leistner, Li, Liu, Wang, Xu, and Zhuang, among
others. A particular case involving pairs is described by the
first author’s work with Martinez-Garcia and Spotti [8].

The reader who wants to go beyond mathematical
tourism is referred (in the ample case) to [4] and [10] for
curves, [1] and [15] for higher-dimensional cases, and [13]
(and references therein) for technical details. For more de-
tails about K-stability see [20].
3.4. Analytic compactifications. Our tour has reached
the crenellations in the walls above our city — no one said
getting into (or out of) Algebraic Geometry was easy! —
from which distant vantage §§1.2–2.1 suggest the outline
of a completely different idea for compactifying 𝐌.

Suppose (i) we have a period map 𝜙∶ 𝐌 → 𝐷/Γ where
𝐷 is a “period domain” like ℌ or 𝔹2 and Γ a monodromy
group. Next, say that (ii) 𝜙 is injective (which is called a
“Torelli theorem”), and (iii) 𝜙(𝐌) is a dense open subset
of 𝐷/Γ, as in the examples we saw. Finally, we need that
(iv) 𝐷/Γ has a “natural” compactification 𝐷/Γ by “asymp-
totic period data” — which can mean different things as
in §2.1. Then taking the closure of 𝜙(𝐌) in 𝐷/Γ gives a
compactification of 𝐌; and if we are lucky and make the
right choices then (v) 𝜙 extends to amap from an algebraic
compactification 𝐌 to 𝐷/Γ (as in §2.3).

Here we briefly address (i) and (iv). Given a family
{𝑋𝗆}𝗆∈𝐌 of smooth projective varieties, we can identify
the cohomologies 𝐻𝑛(𝑋𝗆, ℚ) with a fixed ℚ-vector space
𝑉 up to the action of monodromy. By the Hodge the-
orem, each 𝐻𝑛(𝑋𝗆, ℂ) decomposes into a direct sum of
subspaces 𝐻𝑝,𝑞(𝑋𝗆, ℂ) represented by differential forms of
type (𝑝, 𝑞) with 𝑝 + 𝑞 = 𝑛. This amounts to a decomposi-
tion 𝑉 ⊗ ℂ = ⊕𝑉𝑝,𝑞

𝗆 which varies over 𝐌. More precisely,
the flag 𝐹•𝗆 ≔ ⊕𝑝≥•𝑉𝑝,𝑛−𝑝

𝗆 varies holomorphically over 𝐌,
satisfying the differential condition 𝑑𝐹• ⊂ 𝐹•−1, and yields
what is called a variation of Hodge structure, as first defined
by Griffiths.

It also yields a holomorphic map — this is our 𝜙 —
into a Hodge domain 𝐷, modulo the action of monodromy.
This domain is an analytic open subset of a generalized
flag variety which depends on the Hodge numbers ℎ𝑝,𝑞 ≔
dimℂ(𝑉𝑝,𝑞), the (orthogonal or symplectic) intersection
form on 𝑉 , and possible additional “symmetries” of the
variation. In §1.2 𝐷 was ℌ, while in §2.1 it was 𝔹2. These
are both instances of what Hodge theorists call the classical
case, where the above differential condition is vacuous and
𝐷/Γ is an algebraic variety.

In the classical case, we can use generalizations of
the modular forms encountered above to embed 𝐷/Γ
in a projective space. The resulting compactification
(𝐷/Γ)∗ is called the Baily-Borel compactification. Given a

normal-crossing compactification 𝐌 ⊃ 𝐌, there is an ex-
tension 𝜙∗ ∶ 𝐌 → (𝐷/Γ)∗ recording the limits of the flag
as 𝑋𝗆 degenerates. More refined limiting invariants for
Hodge flags (limiting mixed Hodge structures), together

with a choice of fan, lead to toroidal compactifications𝐷/Γ
tor

,
which are typically resolutions of singularities of (𝐷/Γ)∗.

When 𝐷/Γ is not algebraic, the obvious question is
“what about the image of the period map?” Using
algebraization results in 𝑜-minimal geometry, Bakker,
Brunebarbe, and Tsimerman proved in 2018 that a projec-
tive compactification of 𝜙(𝐌) always exists [3]. The con-
struction of Hodge-theoretic completions of 𝜙, or partial
compactifications of 𝐷/Γ that complete 𝜙(𝐌), remain ar-
eas of active research; cf. the book by Kato and Usui [11]
and ongoing work of Green, Griffiths, Laza, and Robles.
3.5. Some final spectacular coincidences. Cubic hyper-
surfaces in ℙ3 have captivated the imaginations of alge-
braic geometers since the discovery by Cayley and Salmon
(circa 1850) that each smooth one contains exactly 27
lines. They provide another case in which the entire pro-
gramme (i)–(v) from §3.4 can be worked out.3 Since the
Hodge decomposition on 𝐻2 of a smooth cubic surface 𝑋
is trivial, we pass to 3-to-1 cyclic covers of ℙ3 branched
along 𝑋 . The associated period map 𝜙 sends the moduli
space 𝐌 of cubic surfaces to a four-dimensional ball quo-
tient 𝔹4/Γ.

Figure 5. A cubic surface with three 𝐴2 singularities. (Image
created by Oliver Labs.)

In 2000, Allcock, Toledo, and Carlson showed that 𝜙
extends to an isomorphism between the GIT compactifi-
cation of 𝐌 and the Baily-Borel compactification of 𝔹4/Γ,
which adds only one point. The associated cubic surface,

3An expanded version of this article at arXiv:2107.08316 provides several
additional examples and further technical details of the general theory.

1484 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 9

http://www.arxiv.org/abs/2107.08316


defined by {𝑥0𝑥1𝑥2 + 𝑥33 = 0}, is depicted in Figure 5. A
related isomorphism, involving stable pairs and a toroidal
compactification, was recently discovered by L. Schaffler
and the authors [7].
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Algebraic Theory
of Phase Retrieval

Tamir Bendory and Dan Edidin
The phase retrieval problem first arose in the early 20th
century fromwork on X-ray crystallography. In the last cen-
tury, X-ray crystallography has developed into the leading
method for elucidating the atomic structure of molecules,
leading to enormous scientific breakthroughs: at least 25
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Nobel Prizes have been awarded for work directly or indi-
rectly involving crystallography. The phase retrieval prob-
lem also occurs in numerous other scientific and engineer-
ing applications, such as diffraction imaging, ptychogra-
phy, ultra-short pulse characterization, speech processing,
radar, and astronomy.

In its most general form, the phase retrieval problem
can be written as:

find 𝑥 ∈ Ω subject to 𝑦 = |𝐴𝑥|2, (1)

where 𝑦 ∈ ℝ𝑀
≥0 is the measurement vector, 𝐴 ∈ ℂ𝑀×𝑁 is

a “sensing matrix,” Ω defines the space of signals of inter-
est, and the absolute value is taken entry-wise. Typically,
the phaseless measurements are invariant under symme-
try groups which depend on 𝐴 andΩ. Thus, only the orbit
of 𝑥 under this intrinsic symmetry group can be recovered.
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Without model error or noise, namely, when the mea-
surement model (1) is accurate, phase retrieval is a prob-
lem of solving real quadratic equations. As such, it is natu-
rally amenable to algebraic techniques, including commu-
tative algebra, algebraic geometry, and invariant theory. In
particular, algebraic methods are powerful techniques for
proving that phase retrieval is theoretically possible; i.e.,
that a particular phase retrieval problem has a unique so-
lution up to the action of its intrinsic symmetry group. Al-
though these methods are typically not algorithmic, they
can be used to provide theoretical validations of existing
algorithms, and to unveil the fundamental limitations of
different methods. The purpose of this article is to discuss
recent advances in this growing field of research, and to
publicize open problems that we believe will be of interest
to mathematicians in general, and algebraists in particular.

In the rest of the article, we succinctly introduce five spe-
cific phase retrieval setups that we find important and in-
triguing, present known results, and delineate open math-
ematical questions. We conclude by discussing the limita-
tions of the algebraic point of view, and how other mathe-
matical fields, such as information theory, statistics, com-
binatorics, and optimization, can provide indispensable
insights into the phase retrieval problem.
Phase retrieval with general linear measurements. The
revival of interest in the mathematics of the phase re-
trieval problem in the last 15 years emerged from the study
of phase retrieval models with a general sensing matrix.
Specifically, in this setup 𝐴 ∈ ℂ𝑀×𝑁 or 𝐴 ∈ ℝ𝑀×𝑁 is
a “generic” matrix (usually assumed to be random), or a
frame,1 with𝑀 > 𝑁, andΩ is either all ofℝ𝑁 orℂ𝑁 . While
measurements in practice are not random, and thus this
line of work is of theoretical rather than applicable inter-
est, it attracted the attention of the mathematical commu-
nity and led to fascinating results inmathematics, statistics,
and optimization; see for example [CESV15].

For a general real matrix 𝐴 ∈ ℝ𝑀×𝑁 , we can only ex-
pect to recover 𝑥 ∈ ℝ𝑁 up to a global sign from the phase-
less measurements |𝐴𝑥|. Namely, the intrinsic symmetric
group is ±1. Likewise, for a general complex matrix, we
can recover 𝑥 ∈ ℂ𝑁 only up to multiplication by a scalar
𝑒𝑖𝜃 ∈ 𝑆1, where 𝑆1 is the circle group.

For real matrices, there is a remarkably elegant charac-
terization of when every vector 𝑥 ∈ ℝ𝑁 can be recovered
(up to a global sign) from the phaseless measurements
|𝐴𝑥|. To state the result, we introduce Definition 1.

Definition 1. A matrix 𝐴 ∈ ℝ𝑀×𝑁 with row vectors
𝐴1, … , 𝐴𝑀 ∈ ℂ𝑁 satisfies the complement property if, for ev-
ery subset 𝑆 ⊂ [1,𝑀], the vectors {𝐴𝑖}𝑖∈𝑆 or the vectors
{𝐴𝑗}𝑗∈𝑆𝐶 span ℝ𝑁 .

1For the purpose of this article, a frame is a collection of 𝑀 vectors which span
ℝ𝑁 or ℂ𝑁 .

Theorem 1. [BCE06] Every signal 𝑥 ∈ ℝ𝑁 can be recovered,
up to a sign, from 𝑦 = |𝐴𝑥| if and only if 𝐴 satisfies the comple-
ment property.

Note that a necessary condition for an 𝑀 × 𝑁 matrix
to satisfy the complement property is 𝑀 ≥ 2𝑁 − 1. This
immediately implies that if𝑀 < 2𝑁−1, then for anymatrix
𝐴 t exist a pair of vectors 𝑥, 𝑦 ∈ ℝ𝑁 with 𝑦 ≠ ±𝑥 such that
|𝐴𝑥| = |𝐴𝑦|.
Example 1. The 5 × 3 matrix

𝐴 =
⎡
⎢
⎢
⎢
⎢
⎣

1 2 3
1 −1 1
2 1 4
1 2 1
2 −1 1

⎤
⎥
⎥
⎥
⎥
⎦

,

has full rank but does not satisfy the complement property
because the third row is the sum of the first two rows. In
particular, if 𝑆 = {1, 2, 3} then neither 𝐴1, 𝐴2, 𝐴3 nor 𝐴4, 𝐴5
span ℝ3. Therefore, we know that not all vectors 𝑥 can be
recovered up to a sign from the phaseless measurements
|𝐴𝑥|. Indeed, if 𝑥 = (1, 1, 9)𝑇 and 𝑦 = (19, 7, −21)𝑇 , then
𝐴𝑥 = (30, 9, 39, 12, 10)𝑇 and 𝐴𝑦 = (−30, −9, −39, 12, 10)𝑇
so |𝐴𝑥| = |𝐴𝑦|, although 𝑦 ≠ ±𝑥.

For complex matrices, the situation is more nuanced.

Theorem 2. [CEHV15] For a generic complex matrix 𝐴 ∈
ℂ𝑀×𝑁 with𝑀 ≥ 4𝑁−4, every signal 𝑥 ∈ ℂ𝑁 can be recovered,
up to multiplication by a scalar 𝑒𝑖𝜃 ∈ 𝑆1, from the phaseless
measurements |𝐴𝑥|.

Here, we view the space of𝑀×𝑁 complex matrices as a
real algebraic variety of dimension 2𝑀𝑁. The generic asser-
tion in Theorem 2 means that the set of matrices for which
the conclusion of the theoremholds contains a non-empty
open set in the Zariski topology on (ℝ𝑀𝑁)2. However, un-
like the case for real matrices, the locus of complex matri-

ces𝐴 for whichℂ𝑁/𝑆1 |𝐴𝑥|→ ℝ𝑀
≥0 is injective is not itself open

in the Zariski topology on (ℝ𝑀𝑁)2 because its complement
is a semi-algebraic rather than algebraic subset.

Problem 1. Is there any characterization of an 𝑀 × 𝑁
complex matrix which guarantees that the map ℂ𝑁/𝑆1 →
ℝ𝑀
≥0, 𝑥 ↦ |𝐴𝑥| is injective?

Due to the lack of characterization, there are relatively
few explicit examples of complex 𝑀 × 𝑁 matrices 𝐴 that
guarantee unique recovery of all vectors, up to a global
phase. When 𝑀 = 4𝑁 − 4, a family of examples was
constructed by Bodmann and Hammen in [BH15]. If
𝑁 = 2𝑘 + 1 for an integer 𝑘, a necessary condition for
unique recovery is 𝑀 ≥ 4𝑁 − 4. However, for other val-
ues of 𝑁, the optimal bound on 𝑀 is unknown. To the
authors’ knowledge, if 𝑀 < 4𝑁 − 4, the only examples of
𝑀×𝑁 complex matrices which guarantee unique recovery
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Figure 1. An illustration of an X-ray crystallography
experiment. The crystalline structure causes an X-ray beam
to diffract into many specific directions. The crystallographic
phase retrieval problem is to recover a signal (e.g., a
molecular structure) from its diffraction pattern.

of every signal 𝑥 (up to an 𝑆1 symmetry) are when𝑀 = 11
and 𝑁 = 4; the first examples were constructed by Vinzant
[Vin15].

Problem 2. Determine the optimal bound on 𝑀(𝑁) such
that, if 𝑀 ≤ 𝑀(𝑁), then no signal can be uniquely recov-
ered (up to an 𝑆1 symmetry) from |𝐴𝑥|.

One step towards solving this problem was made by
Heinosaari, Mazarella and Wolf [HMW13], who used re-
sults from topology on minimal embeddings of projective
spaces to prove that 𝑀(𝑁) ≥ 4𝑁 − 4 − 2𝑠2(𝑁 − 1), where
𝑠2(𝑁 −1) is the number of ones in the binary expansion of
𝑁 − 1. When 𝑁 = 4, this implies 𝑀(𝑁) ≥ 8, leaving open
the possibility that Vinzant’s construction does not yield
the lowest possible bound.
X-ray crystallography. X-ray crystallography—a prevalent
technology for determining the three-dimensional atomic
structure of molecules—is by far the largest phase retrieval
application. In X-ray crystallography, the signal is the elec-
tron density function of the crystal — a periodic arrange-
ment of a repeating, compactly supported unit

𝑥𝑐(𝑡) = ∑
𝑠∈𝑆

𝑥(𝑡 − 𝑠), (2)

where 𝑥 is the repeated motif and 𝑆 is a large, but finite,
subset of a lattice Λ ⊂ ℝ𝐷; the dimension 𝐷 is usually two
or three. The crystal is illuminated with a beam of X-rays
producing a diffraction pattern, which is equal to

| ̂𝑥𝑐(𝑘)|2 = | ̂𝑠(𝑘)|2| ̂𝑥(𝑘)|2, (3)

where ̂𝑥 and ̂𝑠 are, respectively, the Fourier transforms of
the signal 𝑥 and a Dirac ensemble defined on 𝑆. Figure 1
presents an illustration of an X-ray crystallography experi-
ment.2

2https://www.nobelprize.org/prizes/chemistry/2009/press
-release/.

As the size of the set 𝑆 grows (the size of the crystal), the
support of the function ̂𝑠 is more concentrated in the dual
lattice Λ∗. Thus, the diffraction pattern is approximately
equal to a discrete set of samples of | ̂𝑥| on Λ∗. This implies
that the acquired data are the Fourier magnitudes of a Λ-
periodic signal on ℝ𝐷 (or, equivalently, a signal on ℝ𝐷/Λ),
defined by its Fourier series

𝑥(𝑡) = 1
vol(Λ) ∑

𝑘∈Λ∗
̂𝑥(𝑘)𝑒𝑖⟨𝑡,𝑘⟩. (4)

This signal is supported only at the sparsely spread posi-
tions of atoms. Thus, the crystallographic phase retrieval
entails finding a 𝐾-sparse signal 𝑥 ∈ ℝ𝑁 satisfying 𝑦 =
|𝐹𝑥|2, where 𝐹 ∈ ℂ𝑁×𝑁 is the discrete Fourier transform
(DFT) matrix and 𝐾 ≪ 𝑁. The problem can be equiva-
lently formulated as recovering a 𝐾-sparse signal from its
periodic auto-correlation function:

𝑎𝑥[ℓ] =
𝑁−1
∑
𝑛=0

𝑥[𝑛]𝑥[(𝑛 + ℓ) mod 𝑁]. (5)

While this article does not focus on algorithmic questions,
we mention that a set of benchmark problems for evalu-
ating crystallographic phase retrieval algorithms was de-
signed in [ELB18].

In most models, the signal is assumed to be real, so the
auto-correlation function is a real quadratic function. In
this case, 𝑎𝑥[ℓ] = 𝑎𝑥[𝑁 − ℓ], so we typically only consider
the ⌊𝑁/2⌋ + 1 entries 𝑎𝑥[0], … , 𝑎𝑥[⌊𝑁/2⌋] of 𝑎𝑥. Besides a
global sign change, the periodic auto-correlation is also in-
variant under cyclic shifts 𝑥[𝑖] ↦ 𝑥[(𝑖 + ℓ) mod 𝑁], ℓ ∈ ℤ,
and reflection 𝑥[𝑖] ↦ 𝑥[𝑁 − 𝑖]. Hence, signal recovery is
possible only up to the action of the group {±1} × 𝐷2𝑁 ,
where 𝐷2𝑁 is the dihedral group. In particular, for any ele-
ment 𝜎 ∈ 𝐷2𝑁 and any signal 𝑥with support 𝑆 ⊂ [0, 𝑁−1],
the signals ±𝜎𝑥 have support 𝜎𝑆 and the same periodic
auto-correlation as 𝑥.

We say that two subsets 𝑆, 𝑆′ ⊂ [0, 𝑁 − 1] are equiva-
lent if they lie in the same orbit of the dihedral group 𝐷2𝑁 .
For a binary signal (all entries are zeros or ones), the auto-
correlation is determined by the cyclic difference multi-set

𝑆 − 𝑆 = {min (𝑏 − 𝑎,𝑁 − (𝑏 − 𝑎)) |𝑎 ≤ 𝑏 ∈ 𝑆}

where each difference is counted with multiplicity. For
example, if 𝑆 = {0, 1, 2, 4} ⊂ [0, 7], then 𝑆 − 𝑆 =
{04, 12, 22, 31, 41} and the binary auto-correlation vector is
(4, 2, 2, 1, 1) ∈ ℝ5.

The phase retrieval problem for binary sets is equivalent
to the combinatorial question of whether two subsets with
the same cyclic difference multi-sets are dihedrally equiv-
alent. This question does not have an affirmative answer.
For example, the subsets of [0, 7], {0, 1, 3, 4} and {0, 1, 2, 5}
both have cyclic difference multi-sets {04, 12, 21, 32, 41} but
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are not equivalent. However, simple numerical experi-
ments indicate that this phenomenon is quite rare.

Problem 3. For a fixed ratio |𝑆|/𝑁, prove that the propor-
tion of non-equivalent sets with the same difference set is
asymptotic to 0 as 𝑁 → ∞.

At the other extreme, we can consider a model where
the non-zero entries of the sparse vector are assumed to
be arbitrary. In this case, the goal is to prove that a suit-
ably generic sparse vector is determined up to the action of
{±1} × 𝐷2𝑁 from its periodic auto-correlation function.

In [BE20], we conjectured that if |𝑆 − 𝑆| > |𝑆|, then a
generic vector 𝑥 with support in 𝑆 is uniquely determined
by its periodic auto-correlation up to the action of the
group {±1} × 𝐷2𝑁 . (Here |𝑆 − 𝑆| denotes the number of
distinct differences in the multi-set 𝑆 − 𝑆 defined above.)
Verifying this conjecture for a given value of𝑁 can be done
computationally, although not efficiently, in two steps.

The first step is support recovery; that is, verifying that
the auto-correlation determines the support of a generic
signal up to dihedral equivalence. Note that for a generic
signal 𝑥 with support 𝑆 the support of 𝑎𝑥 is the set of dis-
tinct differences in the cyclic difference set 𝑆−𝑆. With this
observation in hand, support recovery can be verified from
the following conjecture.

Conjecture 1. Let 𝑆, 𝑆′ be two subsets of [0, 𝑁 − 1] of size 𝐾,
and let 𝐿𝑆 and 𝐿𝑆′ be the subspaces of vectors with support in
𝑆 and 𝑆′, respectively. If 𝑆, 𝑆′ are non-equivalent subsets with
|𝑆 − 𝑆| = |𝑆′ − 𝑆′| ≥ 𝐾, then the incidence variety 𝐼𝑆,𝑆′ =
{(𝑥, 𝑥′) ∣ 𝑎𝑥 = 𝑎𝑥′ } ⊂ 𝐿𝑆 × 𝐿𝑆′ has dimension strictly less than
𝐾, where 𝑎𝑥 is defined in (5).

The reason that Conjecture 1 implies support recovery
follows from the fact that the image of 𝐼𝑆,𝑆′ under the pro-

jection onto the first factor 𝜋𝑆 ∶ 𝐼𝑆,𝑆′
𝜋𝑆→ 𝐿𝑆 is the set of

𝑥 ∈ 𝐿𝑆 such that there exists a vector 𝑥′ ∈ 𝐿𝑆′ with 𝑎𝑥 = 𝑎𝑥′ .
If dim 𝐼𝑆,𝑆′ < 𝐾 = dim𝐿𝑆, thenwe know that there is a non-
empty Zariski open set of vectors 𝑥 ∈ 𝐿𝑆 for which there is
no vector 𝑥′ ∈ 𝐿𝑆′ with the same auto-correlation function.
Since the number of possible subsets 𝑆′ is finite, affirming
Conjecture 1 implies that for a generic vector 𝑥 ∈ 𝐿𝑆 any
vector with the same auto-correlation must have an equiv-
alent support set.

The second step is signal recovery for a signal with
known support. Let 𝐷𝑆 be the subgroup of 𝐷2𝑁 that pre-
serves a subset 𝑆 ⊂ [0, 𝑁 −1]. Signal recovery follows from
the Conjecture 2.

Conjecture 2. If |𝑆 −𝑆| > |𝑆| then the incidence variety 𝐼𝑆 =
{(𝑥, 𝑥′)|𝑎𝑥 = 𝑎𝑥′ } ⊂ 𝐿𝑆 × 𝐿𝑆′ has dimension |𝑆| and degree
2|𝐷𝑆|.

To see that Conjecture 2 implies signal recovery, note
that 𝐼𝑆 always contains 2|𝐷𝑆| linear subspaces of dimen-
sion |𝑆| consisting of pairs {(𝑥, ±𝜎𝑥)|𝜎 ∈ 𝐷𝑆}. Thus, if

dim 𝐼𝑆 = |𝑆| then these linear subspaces must necessarily
be irreducible components of 𝐼𝑆 of maximal dimension 𝑆.
If in addition deg 𝐼𝑆 = 2|𝐷𝑆|, then these are the only irre-
ducible components of dimension |𝑆|. It follows that for a
generic vector 𝑥 ∈ 𝐿𝑆, the only vectors with the same auto-
correlation as 𝑥 are the 2|𝐷𝑆| vectors of the form ±𝜎𝑥 for
𝜎 ∈ 𝐷𝑆. This is illustrated further in Example 3.

Conjectures 1 and 2 are similar to questions about the
dimensions and degrees of secant varieties that arise in the
literature on tensor decompositions. Indeed, if 𝑇 denotes
the cyclic translation operator on ℝ𝑁 , the symmetric two-

tensor∑𝑁−1
𝑛=0 (𝑇𝑛𝑥)⊗2 encodes the same information as the

auto-correlation vector 𝑎𝑥. Thus, the phase retrieval prob-
lem can also be viewed as a tensor decomposition prob-
lem.

Although we do not yet know how to prove either Con-
jecture 1 or Conjecture 2, they can be easily verified for
small values of 𝑁 using a computer algebra system [BE20].
Despite the fact that solving∼ (𝑁×𝑁) systems of quadratic
equations is known to be NP hard, the run time for the
examples below was less than one second using a simple
Macaulay2 script.

Example 2. The following example verifies a single case
of Conjecture 1. Let 𝑆 = {0, 1, 2, 4} and 𝑆′ = {0, 1, 2, 5} be
subsets of [0, 7]. Let

𝑥 = (𝑥0, 𝑥1, 𝑥2, 0, 𝑥4, 0, 0, 0) ∈ 𝐿𝑆 ,
𝑦 = (𝑦0, 𝑦1, 𝑦2, 0, 0, 𝑦5, 0, 0) ∈ 𝐿𝑆′ .

By computing the auto-correlations 𝑎𝑥 and 𝑎𝑦 explicitly, it
can be shown that 𝑎𝑥 = 𝑎𝑦 if and only if the following five
equations are satisfied:

𝑥20 + 𝑥21 + 𝑥22 + 𝑥24 − 𝑦20 − 𝑦21 − 𝑦22 − 𝑦25 = 0,
𝑥0𝑥1 + 𝑥1𝑥2 − 𝑦0𝑦1 − 𝑦1𝑦2 = 0,
𝑥0𝑥2 + 𝑥2𝑥4 − 𝑦0𝑦2 = 0,
𝑥1𝑥4 − 𝑦2𝑦5 − 𝑦5𝑦0 = 0,
𝑥0𝑥4 − 𝑦1𝑦5 = 0.

(6)

Thus, the incidence

𝐼𝑆,𝑆′ = {(𝑥, 𝑦) | 𝑎𝑥 = 𝑎𝑦} ⊂ 𝐿𝑆 × 𝐿𝑆′ ,

is the algebraic subset ofℝ4×ℝ4 defined by the set of equa-
tions (6). Therefore, the generators of the ideal of 𝐼𝑆,𝑆′ are
the five polynomials in the left-hand side of (6) included
in ℝ[𝑥0, 𝑥1, 𝑥2, 𝑥4, 𝑦0, 𝑦1, 𝑦2, 𝑦5]. The Hilbert polynomial
of this ideal is 32𝑃2 − 80𝑃1 + 80𝑃0, where 𝑃𝑛 denotes the
Hilbert polynomial of a polynomial ring in 𝑛+1 variables.
This means that 𝐼𝑆,𝑆′ is a 3-dimensional affine algebraic
subset of ℝ4 × ℝ4 and therefore its image under 𝜋𝑆 to ℝ4

has dimension atmost 3. It follows that for a generic vector
𝑥 in the 4-dimensional vector space 𝐿𝑆, there is no corre-
sponding vector 𝑥′ ∈ 𝐿𝑆′ with the same auto-correlation
as 𝑥.
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Example 3. We give an example which verifies a case of
Conjecture 2. Let 𝑆 = {0, 1, 2, 5} ⊂ [0, 7] and let 𝐿𝑆 be sub-
space of ℝ8 with support in 𝑆. The set 𝑆 is preserved by the
element 𝜎 ∈ 𝐷16 of order two, which is a reflection com-
posed with a shift by two. Thus, |𝐷𝑆| = 2 for this subset. If
𝑥 = (𝑥0, 𝑥1, 𝑥2, 0, 0, 𝑥5, 0, 0) and 𝑦 = (𝑦0, 𝑦1, 𝑦2, 0, 0, 𝑦5, 0, 0),
then 𝑎𝑥 = 𝑎𝑦 if and only if the following equations are
satisfied:

𝑥20 + 𝑥21 + 𝑥22 + 𝑥25 − 𝑦20 − 𝑦21 − 𝑦22 − 𝑦25 = 0,
𝑥0𝑥1 + 𝑥1𝑥2 − 𝑦0𝑦1 − 𝑦1𝑦2 = 0,
𝑥0𝑥2 − 𝑦0𝑦2 = 0,
𝑥2𝑥5 + 𝑥5𝑥0 − 𝑦2𝑦5 − 𝑦5𝑦0 = 0,
𝑥1𝑥5 − 𝑦1𝑦5 = 0.

(7)

Let 𝐼 be the ideal inℝ[𝑥0, 𝑥1, 𝑥2, 𝑥5, 𝑦0, 𝑦1, 𝑦2, 𝑦5] generated
by the five polynomials in the left-hand side of (7). The
equations (7) are clearly satisfied if 𝑥 = 𝑦 or 𝑥 = −𝑦. Thus,
the 4-dimensional linear subspaces 𝐿1 = {(𝑥, 𝑥) | 𝑥 ∈ 𝐿𝑆}
and 𝐿−1 = {(𝑥, −𝑥) | 𝑥 ∈ 𝐿𝑆} are in 𝑍(𝐼), where 𝑍(𝐼) de-
notes the algebraic subset of 𝐿𝑆 × 𝐿𝑆 defined by the ideal
𝐼. In addition, 𝑦 = ±(𝑥2, 𝑥1, 𝑥0, 0, 0, 𝑥5, 0, 0) are also so-
lutions to equations (7), so there are two additional 4-
dimensional linear subspaces 𝐿𝜍 = {(𝑥, 𝜎𝑥) | 𝑥 ∈ 𝐿𝑆} and
𝐿−𝜍 = {(𝑥, −𝜎𝑥) | 𝑥 ∈ 𝐿𝑆} in 𝑍(𝐼).

We calculated theHilbert polynomial of the ideal 𝐼 to be
𝑃𝐼 = 4𝑃3+10𝑃2−30𝑃1+20𝑃0. Since 𝑍(𝐼) contains four linear
subspaces 𝐿1, 𝐿−1, 𝐿𝜍, 𝐿−𝜍, then 𝑍(𝐼)⧵(𝐿0∪𝐿−1∪𝐿𝜍∪𝐿−𝜍),
namely,

{(𝑥, 𝑥′) | 𝑎𝑥 = 𝑎𝑥′ and 𝑥′ ≠ 𝑔 ⋅ 𝑥 for some 𝑔 ∈ {±1} × 𝐷𝑆},
(8)

has dimension at most 3. Hence, for generic 𝑥 ∈ 𝐿𝑆, if
𝑎𝑥 = 𝑎𝑥′ then 𝑥′ = 𝑔 ⋅ 𝑥 for some 𝑔 ∈ {±1} × 𝐷𝑆.

Interestingly, using tools from harmonic analysis and
information theory, it was recently proven that 𝐾-sparse,
symmetric signals are determined uniquely from their pe-
riodic auto-correlation for 𝐾 = 𝑂(𝑁/ log5(𝑁)) for large
enough 𝑁 [GR21].

Future directions. Thus far we have discussed binary
and generic models for X-ray crystallography. In prac-
tice, however, the model should account for sparse signals
whose non-zero entries are taken from a finite (small) al-
phabet; this alphabet models the relevant type of atoms,
such as hydrogen, oxygen, carbon, nitrogen, and so on.
Any analysis of this model would be probabilistic, but
we expect that in the case of fixed finite alphabet, the
probability that a sparse signal can be recovered from its
auto-correlation is asymptotic to one as the signal length
𝑁 → ∞.
Fourier phase retrieval. In this section, we consider
the problem of recovering a signal from its aperiodic

auto-correlation:

̃𝑎𝑥[ℓ] =
𝑁−1−ℓ
∑
𝑛=0

𝑥[𝑛]𝑥[𝑛 + ℓ], (9)

where 𝑥[𝑛] = 0 if 𝑛 ∉ [0, 𝑁 − 1] and 𝑥[0] and 𝑥[𝑁 − 1]
are non-zero. This problem arises in an important imag-
ing technique called coherent diffractive imaging (CDI);
see [SEC+15] and references therein. The aperiodic auto-
correlation of a complex signal is invariant under the ac-
tion of the group 𝑂(2) = 𝑆1 ⋉ {±1}, where 𝑆1 acts by
multiplication by a global constant 𝑒𝑖𝜃 and −1 ∈ {±1}
acts by conjugation and reflection; these symmetries are
typically referred to as trivial ambiguities. Thus, we aim
to recover the orbit of 𝑥 from ̃𝑎𝑥. However, for generic
𝑥, there are 2𝑁−2 orbits with the same aperiodic auto-
correlation [BP15], referred to as non-trivial ambiguities.

To understand the non-trivial ambiguities of recover-
ing a signal from its aperiodic auto-correlation, we can
rephrase the problem from the point of view of the Fourier
transform. If we view a signal 𝑥 ∈ ℂ𝑁 as a function
[0, 𝑁 − 1] → ℂ, then its Fourier transform

̂𝑥(𝜔) =
𝑁−1
∑
𝑛=0

𝑥[𝑛]𝜔𝑛, (10)

is a polynomial of degree 𝑁 − 1 on the unit circle 𝜔 ∈ 𝑆1.
In the literature, the problem of recovering a signal from
the Fourier intensity function

𝐴𝑥(𝜔) = | ̂𝑥(𝜔)|2, (11)

is called the Fourier phase retrieval problem. Note that
𝐴𝑥(𝜔) is a real valued trigonometric polynomial of degree

2𝑁−1, which can be expanded as𝐴𝑥(𝜔) = ∑𝑁
ℓ=−𝑁 ̃𝑎𝑥[ℓ]𝜔ℓ.

Thus, the function 𝐴𝑥(𝜔) encodes equivalent information
as the aperiodic auto-correlation.

The absolute value of the discrete Fourier transform and
the corresponding periodic auto-correlation can be recov-
ered by evaluating 𝐴𝑥(𝜔) at the 𝑁-th roots of unity. In
particular, 𝐴𝑥(𝜔) is equivalent to the information of |𝐹𝑧|,
where 𝑧 ∈ ℂ2𝑁 so that 𝑧[𝑛] = 𝑥[𝑛] for 𝑛 = 0, … , 𝑁 − 1, and
zero otherwise (this is referred to as the support constraint
in the phase retrieval literature). In this sense, the Fourier
phase retrieval is also a special case of (1).

If we extend the function ̂𝑥(𝜔) to a polynomial of degree
𝑁 − 1 on the entire complex plane, then it has 𝑁 − 1 roots,
𝛾1, … , 𝛾𝑁−1, and we can then write

̂𝑥(𝜔) = 𝑥𝑁−1

𝑁−1
∏
𝑖=1

(𝜔 − 𝛾𝑖). (12)

The following result gives a complete description of the
set of vectors with the same aperiodic auto-correlation as
a given vector 𝑥 and therefore characterizes both the trivial
and non-trivial ambiguities in Fourier phase retrieval.
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Theorem 3. [BP15] A vector 𝑥′ has the same Fourier intensity
function 𝐴(𝜔) as 𝑥 if and only if there is a subset 𝑆 ⊂ [1, 𝑁−1]
and angle 𝜃 such that

̂𝑥′(𝜔) = 𝑒𝑖𝜃∏
𝑖∈𝑆

𝛾𝑖(𝜔 − 𝛾−1𝑖 )∏
𝑗∉𝑆

(𝜔 − 𝛾𝑗). (13)

In this formulation, if 𝑆 = ∅ then 𝑥′ = 𝑒𝑖𝜃𝑥 for some
𝑒𝑖𝜃 ∈ 𝑆1, and if 𝑆 = [1, 𝑁 − 1] then 𝑥′ is a scalar multi-
ple of the vector obtained from 𝑥 by reflection and con-
jugation. It follows that if the roots 𝛾1, … , 𝛾𝑁−1 are dis-

tinct and {𝛾1, … , 𝛾𝑁−1} ∩ {𝛾1
−1, … , 𝛾𝑁−1

−1} = ∅ then, mod-
ulo the group 𝑆1 ⋉ {±1}, there are 2𝑁−2 vectors with same
Fourier intensity function as 𝑥. For more detail on the
ambiguities in one-dimensional Fourier phase retrieval,
see [BP15,Edi19].

Example 4. The following vectors all have the same
Fourier intensity function

𝐴(𝜔) = 9/2 cos(3𝜃) + 45/4 cos(2𝜃) + 91/2 cos 𝜃 + 205/2,
where 𝜔 = 𝑒−𝑖𝜃 is the coordinate on 𝑆1, but are unrelated
by a trivial ambiguity:

𝑥1 = (9/2, 9, 1/2, 1),
𝑥2 = (3/2, 3 + 4𝑖, 3/2 + 8𝑖, 3),
𝑥3 = (3/2, 3 − 4𝑖, 3/2 − 8𝑖, 3),
𝑥4 = (9, 9/2, 1, 1/2).

In Example 4, the roots of ̂𝑥1(𝜔) are {3𝑖, −3𝑖, −1/2}, the
roots of ̂𝑥2(𝜔) are {𝑖/3, −3𝑖, −1/2}, the roots of ̂𝑥3(𝜔) are
{3𝑖, −𝑖/3, −1/2}, and the roots of ̂𝑥4(𝜔) are {3𝑖, −3𝑖, −2}.

Although the Fourier phase retrieval problem is not
well-posed, a small amount of additional information is
sufficient to recover a signal from its Fourier intensity func-
tion 𝐴𝑥(𝜔). For example, a generic signal 𝑥 can be recov-
ered, up to rotation 𝑒𝑖𝜃 ∈ 𝑆1, from 𝐴(𝜔) and |𝑥[ℓ]| for any
ℓ ≠ (𝑁 − 1)/2 and up to rotation and conjugate reflection
from |𝑥[(𝑁−1)/2]| [BP18]. This and related results play an
important role in proving phase retrieval results for short-
time Fourier transform (STFT) measurements discussed
in the next section. One information-theoretic question
about the Fourier intensity function which arises in this
context is the following.

Problem 4. Suppose that a subset 𝑆 of the entries of a
generic vector 𝑥 ∈ ℂ𝑁 are known. What is the fewest num-
ber 𝑟 of values of 𝐴(𝜔1), … , 𝐴(𝜔𝑟) needed to determine 𝑥?

Note that if 𝑆 ≠ ∅ then 𝑟 ≤ 2𝑁 − 1 since 𝐴𝑥(𝜔) is deter-
mined by its values at 2𝑁 − 1 distinct angles and at least
one entry of 𝑥 is known. In [BEE20a], a bound was given
as a function of |𝑆 − 𝑆|. However, it is unknown if this
bound is optimal.

Higher dimensions. To consider the Fourier phase
retrieval problem for multi-dimensional signals (say,
images), we view a signal in (ℂ𝑁)𝑑 as a function

[0, 𝑁 − 1]𝑑 → ℂ, and its 𝑑-dimensional Fourier transform
is the polynomial on the torus (𝑆1)𝑑:

∑
(𝑛1,…,𝑛𝑑)∈[0,𝑁−1]𝑑

𝑥[𝑛1, … , 𝑛𝑑]𝜔𝑛11 …𝜔𝑛𝑑𝑑 . (14)

It is well known that if 𝑑 > 1 then almost all signals in
(ℂ𝑁)𝑑 can be recovered from the absolute value of the
𝑑-dimensional Fourier transform or, equivalently, their
corresponding aperiodic auto-correlations; this is a direct
corollary of the fact that almost all polynomials of degree
greater than one, in dimension greater than one, are irre-
ducible over the complex numbers [HM82]. Nevertheless,
it was recently shown, using tools from differential geom-
etry and linear algebra, that the problem is, in general, ill-
conditioned without additional information about the sig-
nal [BEGM20].
Periodic short-time Fourier transform and ptychogra-
phy. Ptychography is a computational method of micro-
scopic imaging, in which the specimen is scanned by a lo-
calized beam and Fourier magnitudes of overlapping win-
dows are recorded. Mathematically, these are the mag-
nitudes of short-time Fourier transform (STFT) measure-
ments. The STFT of a signal 𝑥 ∈ ℂ𝑁 can be interpreted as
the Fourier transform of the signal multiplied by a sliding
window 𝑤 ∈ ℂ𝑊 with 𝑊 ≤ 𝑁. Therefore, the phaseless
measurements are given by

𝑦[𝑘, 𝑟] =
||||

𝑁−1
∑
𝑛=0

𝑥[𝑛]𝑤[𝑟𝐿 − 𝑛]𝑒−2𝜋𝑖𝑛𝑘/𝑁
||||
, (15)

for 0 ≤ 𝑘 ≤ 𝑁 − 1 and 0 ≤ 𝑟 ≤ 𝑅 − 1, where 𝐿 is the sep-
aration between sections, 𝑅 = 𝑁/ gcd(𝑁, 𝐿) is the number
of short time sections, and 𝑤[𝑛] = 0 for 𝑊 ≤ 𝑛 ≤ 𝑁 − 1.
In this model, the signal and window are assumed to be
𝑁-periodic so all indices are taken modulo 𝑁.

Equivalently, the phaseless STFT measurements are the
non-negative real vectors |𝐹𝐷0𝑥|, … , |𝐹𝐷𝑅−1𝑥|, where 𝐹 is
the DFT matrix, and 𝐷0, … , 𝐷𝑅−1 are diagonal matrices
whose non-zero entries are cyclic shifts by 𝑟𝐿 of the re-
flection of 𝑤. The STFT phase retrieval problem (15) also
appears in speech processing.

If the window is known, then the STFT measurements
𝑦[𝑘, 𝑟] are unchanged when 𝑥 ∈ ℂ𝑁 is replaced by 𝑒𝑖𝜃𝑥, so
our goal is to recover a signal up to a global phase 𝑒𝑖𝜃 ∈ 𝑆1
from the phaseless STFT measurements.

Since the number of the phaseless STFT measurements
is 𝑁𝑅, an important information-theoretic question is
to determine the fewest number of STFT measurements
needed to ensure generic signal recovery. In [BCE21], it is
proved that a generic 𝑥 can be recovered from ∼ 4𝑁 struc-
tured STFT measurements. This information-theoretic
bound is close to optimal since the number of real param-
eters to be recovered is 2𝑁.
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The phaseless STFTmodel is closely related to the coded
diffractionmodel, where a deterministic sliding window is
replaced by a set of random masks [GKK17]. In this case,
it is proved that ∼ 𝑁 log𝑁 measurements are sufficient to
recover a generic signal; it is still unknown if a signal can
be recovered from ∼ 𝑁 coded diffraction measurements.

STFT measurements have a close mathematical relation-
ship to Gabor frames. Given a vector 𝑤 ∈ ℂ𝑁 , a Gabor
frame generated by 𝑤 is the collection of 𝑁2 vectors of the
form 𝑤ℓ,𝑝[𝑛] = 𝑤[𝑛 + 𝑝]𝜔ℓ𝑛, where 𝜔 is a primitive 𝑁-th
root of unity and 0 ≤ ℓ, 𝑝 ≤ 𝑁 − 1. This resembles the
STFT model with 𝐿 = 1, but the generator 𝑤 is typically as-
sumed to be a vector inℂ𝑁 whereas in STFT the dimension
of the window 𝑊 is typically less than 𝑁. In [BF16], the
authors prove that for a generic, known generator 𝑤, every
signal can be recovered, up to a global phase, from the 𝑁2

phaseless Gabor measurements. On the other hand, given
that a generic (4𝑁−4)×𝑁 sensingmatrix allows unique sig-
nal recovery (see Theorem 2), a natural question for future
investigation is the following.

Problem 5. Is there a smaller subset 𝑆 of the Gabor frame
{𝑤ℓ,𝑝}0≤ℓ,𝑝≤𝑁−1 such that all (resp. generic) signals 𝑥 ∈
ℂ𝑁 can be recovered from the phaseless measurements
|⟨𝑤ℓ,𝑝, 𝑥⟩|2 for 𝑤ℓ,𝑝 ∈ 𝑆? In particular, is there a subset
of size ∼ 𝑁 for which this is possible?

Orbit frame phase retrieval. The Gabor frame is an
example of what we call an orbit frame. An orbit frame is
a frame whose corresponding sensing matrix has the form

𝐴 =
⎡⎢⎢⎢
⎣

𝐹𝐷0
𝐹𝐷1
…
𝐹𝐷𝑟

⎤⎥⎥⎥
⎦

,

where 𝐹 is the DFT matrix, and 𝐷1, … , 𝐷𝑟 are diagonal ma-
trices whose diagonal vectors are obtained from the action
of a finite, not necessarily abelian, group on a generating
vector 𝑤. It would be interesting to investigate conditions
(as a function of the group action and 𝑟) under which such
frames allow recovering signals (either generic signals or
all signals) from phaseless samples.
Beyond quadratic equations: blind phaseless STFT and
FROG. In ptychography the precise structure of the win-
dow might be unknown a priori and thus standard algo-
rithms in the field optimize over the signal and the win-
dow simultaneously. We refer to this model as the blind
STFT problem. In this case, the blind STFT measurements
can be viewed as a bilinear mapℂ𝑁×ℂ𝑊 → ℂ𝑁𝑅, (𝑥, 𝑤) ↦
𝑌(𝑥,𝑤) where

𝑌(𝑥, 𝑤)[𝑘, 𝑟] =
𝑁−1
∑
𝑛=0

𝑥[𝑛]𝑤[𝑟𝐿 − 𝑛]𝑒−2𝜋𝑖𝑛𝑘/𝑁 . (16)

Because the window is unknown, the phaseless func-
tions |𝑌(𝑥, 𝑤)[𝑘, 𝑟]|2 are invariant under the bigger group
of ambiguities 𝑆1 × (ℂ×)𝛼 × ℤ𝑅, where 𝛼 = gcd(𝐿, 𝑁),
acting on the set of pairs (𝑥, 𝑤) of signals and win-
dows as follows: 𝑒𝑖𝜃 ∈ 𝑆1 acts by 𝑒𝑖𝜃(𝑥, 𝑤) =
(𝑒𝑖𝜃𝑥, 𝑒𝑖𝜃𝑤); 𝜆 = (𝜆[0], … , 𝜆[𝛼 − 1]) acts on 𝑥 by
𝑥 → (𝜆[0]𝑥[0], 𝜆[1]𝑥[1], … , 𝜆[𝑁 − 1]𝑥[𝑁 − 1]) and on
𝑤 by (𝜆[0]−1𝑤[0], 𝜆[−1]−1𝑤[1], … , 𝜆[−𝑊 + 1]−1𝑤[𝑊 − 1]),
where 𝑗 denotes the residue of 𝑗 modulo 𝛼. Finally, if 𝜔
is an 𝑅-th root of unity, then 𝜔(𝑥,𝑤) = (𝑥′, 𝑤′), where
𝑥′[𝑛] = 𝜔⌊𝑛/𝛼⌋𝑥[𝑛] and 𝑤′[𝑛] = 𝜔⌈𝑛/𝛼⌉𝑤[𝑛]. In [BCE21],
Cheng and the authors proved that ∼ 4𝑁 + 2𝑊 structured
phaseless blind STFT measurements are sufficient to re-
cover a generic pair (𝑥, 𝑤) up to the action of the group
of ambiguities. It is not known if a comparable number
of random measurements are sufficient to recover generic
signals.

Another example of a phase retrieval that involves poly-
nomials of degree greater than two is a technique called
frequency resolved optical gating (FROG), which is used
to characterize ultra-short laser pulses experimentally. The
FROG method measures the Fourier magnitude of the
product of the signal with a translated version of itself, for
several translations. Namely, the FROG measurements are
given by

𝑦[𝑘,𝑚] =
||||

𝑁−1
∑
𝑛=0

𝑥[𝑛]𝑥[𝑛 + 𝑚𝐿]𝑒−2𝜋𝑖𝑛𝑘/𝑁
||||

2

, (17)

for 0 ≤ 𝑘 ≤ 𝑁−1 and 0 ≤ 𝑀 ≤ ⌊𝑁/𝐿⌋, and any out of range
indices are taken to be zero. In [BEE20b], Eldar and the au-
thors considered the problem of recovering a band-limited
signal from the FROGmeasurements. A signal 𝑥 ∈ ℂ𝑁 is 𝐵
band-limited if its Fourier transform ̂𝑥 is supported within
a 𝐵-element block of [0, 𝑁 − 1]. If 𝐵 ≤ ⌊𝑁/2⌋, then FROG
measurements are invariant under the action of the group
𝑆1 × 𝑂(2). The main result of [BEE20b] states that ∼ 3𝐵
structured FROG measurements are sufficient for recover-
ing generic signals, up to the action of the symmetry group.
Context and limitations. While algebraic methods are
highly effective in understanding the fundamental bounds
of different phase retrieval setups, they have their limita-
tions. For example, in practice the signals in X-ray crystal-
lography are not generic, but can be thought of as drawn
from a distribution over a finite alphabet; this alphabet
represents the set of possible atoms in a biological mole-
cule. Thus, the analysis of this problem requires tools from
combinatorics and probability theory.

Another prominent problem is analyzing the phase
retrieval problem in the presence of noise, where the
model (1) does not hold precisely but only approximately;
the noise in many optical imaging applications follows a
Poisson distribution. In the presence of noise, the goal is
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Figure 2. An illustration of the FROG technology for ultra-short pulse characterization [BEE20b].

estimating the signal to some desired accuracy, rather than
solving quadratic equations. For such estimation prob-
lems, algebraic methods can be inadequate, whereas the
field of information theory provides the language and the
set of tools.

In addition, algebraic techniques are typically not very
useful in designing and analyzing practical and efficient
algorithms. Based on tools from mathematical optimiza-
tion and statistics, such algorithms were devised for the
phase retrieval problemwith general linearmeasurements;
see for example [CESV15]. Extending these techniques
and results to designing provable and efficient algorithms
for practical phase retrieval setups, such as X-ray crystallog-
raphy, ptychography, CDI, and FROG, is a fascinating fu-
ture research direction at the intersection of mathematics,
statistics, optimization, and engineering.

ACKNOWLEDGMENT. The authors are grateful to the
referees for a number of helpful comments.

References
[BCE06] Radu Balan, Pete Casazza, and Dan Edidin,

On signal reconstruction without phase, Appl. Com-
put. Harmon. Anal. 20 (2006), no. 3, 345–356, DOI
10.1016/j.acha.2005.07.001. MR2224902

[BCE21] Tamir Bendory, Chi-yu Cheng, and Dan Edidin,
Near-optimal bounds for signal recovery from blind phase-
less periodic short-time Fourier transform, arXiv preprint
arXiv:2112.02836 (2021).

[BE20] Tamir Bendory and Dan Edidin, Toward a mathe-
matical theory of the crystallographic phase retrieval problem,
SIAM J. Math. Data Sci. 2 (2020), no. 3, 809–839, DOI
10.1137/20M132136X. MR4149550

[BEE20a] Tamir Bendory, Dan Edidin, and Yonina C. Eldar,
Blind phaseless short-time Fourier transform recovery, IEEE
Trans. Inform. Theory 66 (2020), no. 5, 3232–3241, DOI
10.1109/tit.2019.2947056. MR4089778

[BEE20b] Tamir Bendory, Dan Edidin, and Yonina C. Eldar,
On signal reconstruction from FROG measurements, Appl.
Comput. Harmon. Anal. 48 (2020), no. 3, 1030–1044,
DOI 10.1016/j.acha.2018.10.003. MR4068945

[BEGM20] Alexander H. Barnett, Charles L. Epstein, Leslie F.
Greengard, and Jeremy F. Magland, Geometry of the phase re-
trieval problem, Inverse Problems 36 (2020), no. 9, 094003,
37, DOI 10.1088/1361-6420/aba5ed. MR4149868

[BF16] Irena Bojarovska and Axel Flinth, Phase retrieval from
Gabor measurements, J. Fourier Anal. Appl. 22 (2016), no. 3,
542–567, DOI 10.1007/s00041-015-9431-0. MR3500231

[BH15] Bernhard G. Bodmann and Nathaniel Hammen, Sta-
ble phase retrieval with low-redundancy frames, Adv. Comput.
Math. 41 (2015), no. 2, 317–331, DOI 10.1007/s10444-
014-9359-y. MR3337494

[BP15] Robert Beinert and Gerlind Plonka, Ambiguities in one-
dimensional discrete phase retrieval from Fourier magnitudes,
J. Fourier Anal. Appl. 21 (2015), no. 6, 1169–1198, DOI
10.1007/s00041-015-9405-2. MR3421915

[BP18] Robert Beinert and Gerlind Plonka, Enforcing unique-
ness in one-dimensional phase retrieval by additional signal in-
formation in time domain, Appl. Comput. Harmon. Anal. 45
(2018), no. 3, 505–525, DOI 10.1016/j.acha.2016.12.002.
MR3842644

[CEHV15] Aldo Conca, Dan Edidin, Milena Hering, and
Cynthia Vinzant, An algebraic characterization of injectiv-
ity in phase retrieval, Appl. Comput. Harmon. Anal. 38
(2015), no. 2, 346–356, DOI 10.1016/j.acha.2014.06.005.
MR3303679

[CESV15] Emmanuel J. Candès, Yonina C. Eldar, Thomas
Strohmer, and Vladislav Voroninski, Phase retrieval via
matrix completion [reprint of MR3032952], SIAM Rev.
57 (2015), no. 2, 225–251, DOI 10.1137/151005099.
MR3345342

[Edi19] Dan Edidin, The geometry of ambiguity in one-
dimensional phase retrieval, SIAM J. Appl. Algebra Geom.
3 (2019), no. 4, 644–660, DOI 10.1137/18M1230530.
MR4039507

1494 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 69, NUMBER 9

http://dx.doi.org/10.1016/j.acha.2005.07.001
http://dx.doi.org/10.1137/20M132136X
http://dx.doi.org/10.1109/tit.2019.2947056
http://dx.doi.org/10.1137/18M1230530
http://dx.doi.org/10.1137/151005099
http://dx.doi.org/10.1016/j.acha.2014.06.005
http://dx.doi.org/10.1016/j.acha.2016.12.002
http://dx.doi.org/10.1007/s00041-015-9405-2
http://dx.doi.org/10.1007/s10444-014-9359-y
http://dx.doi.org/10.1007/s10444-014-9359-y
http://dx.doi.org/10.1007/s00041-015-9431-0
http://dx.doi.org/10.1088/1361-6420/aba5ed
http://dx.doi.org/10.1016/j.acha.2018.10.003
http://www.ams.org/mathscinet-getitem?mr=2224902
http://www.ams.org/mathscinet-getitem?mr=4149550
http://www.ams.org/mathscinet-getitem?mr=4089778
http://www.ams.org/mathscinet-getitem?mr=4039507
http://www.ams.org/mathscinet-getitem?mr=3345342
http://www.ams.org/mathscinet-getitem?mr=3303679
http://www.ams.org/mathscinet-getitem?mr=3842644
http://www.ams.org/mathscinet-getitem?mr=3421915
http://www.ams.org/mathscinet-getitem?mr=3337494
http://www.ams.org/mathscinet-getitem?mr=3500231
http://www.ams.org/mathscinet-getitem?mr=4149868
http://www.ams.org/mathscinet-getitem?mr=4068945
http://www.arxiv.com/abs/2112.02836
http://www.ams.org/mathscinet-getitem?mr=3032952


[ELB18] Veit Elser, Ti-Yen Lan, and Tamir Bendory, Bench-
mark problems for phase retrieval, SIAM J. Imaging Sci. 11
(2018), no. 4, 2429–2455, DOI 10.1137/18M1170364.
MR3867615

[GKK17] D. Gross, F. Krahmer, and R. Kueng, Improved recov-
ery guarantees for phase retrieval from coded diffraction pat-
terns, Appl. Comput. Harmon. Anal. 42 (2017), no. 1, 37–
64, DOI 10.1016/j.acha.2015.05.004. MR3574560

[GR21] Subhro Ghosh and Philippe Rigollet, Multi-reference
alignment for sparse signals, uniform uncertainty principles
and the beltway problem, arXiv preprint arXiv:2106.12996
(2021).

[HM82] Monson H Hayes and James H McClellan, Reducible
polynomials in more than one variable, Proceedings of the
IEEE 70 (1982), no. 2, 197–198.

[HMW13] Teiko Heinosaari, Luca Mazzarella, and Michael
M. Wolf, Quantum tomography under prior information,
Comm. Math. Phys. 318 (2013), no. 2, 355–374, DOI
10.1007/s00220-013-1671-8. MR3020161

[SEC+15] Yoav Shechtman, Yonina C Eldar, Oren Cohen,
Henry Nicholas Chapman, Jianwei Miao, and Mordechai
Segev, Phase retrieval with application to optical imaging: a
contemporary overview, IEEE Signal Processing Magazine 32
(2015), no. 3, 87–109.

[Vin15] Cynthia Vinzant, A small frame and a certificate of
its injectivity, 2015 International Conference on Sampling
Theory and Applications (SampTA), 2015, pp. 197–200.

Tamir Bendory Dan Edidin

Credits

Opening figure and Figure 1 is courtesy of ©Airi Illiste/The
Royal Swedish Academy of Sciences.

Figure 2 is courtesy of Tamir Bendory and Dan Edidin.
Photo of Tamir Bendory is courtesy of Tamir Bendory.
Photo of Dan Edidin is courtesy of Dan Edidin.

NEW FROM THE

Lectures on Selected Topics in von 
Neumann Algebras
Fumio Hiai, Tohoku University, Japan

The theory of von Neumann algebras, originating with the 
work of F. J. Murray and J. von Neumann in the late 1930s, 
has grown into a rich discipline with connections to dif-
ferent branches of mathematics and physics. Following 
the breakthrough of Tomita–Takesaki theory, many great 
advances were made throughout the 1970s by H. Araki, A. 
Connes, U. Haagerup, M. Takesaki and others.

These lecture notes aim to present a fast-track study of 
some important topics in classical parts of von Neumann 
algebra theory that were developed in the 1970s. Starting 
with Tomita–Takesaki theory, this book covers topics such 
as the standard form, Connes’ cocycle derivatives, opera-
tor-valued weights, type III structure theory, and non-com-
mutative integration theory.
A publication of the European Mathematical Society (EMS). Distributed within the Americas by 
the American Mathematical Society.

EMS Series of Lectures in Mathematics, Volume 32; 2021; 
250 pages; Softcover; ISBN: 978-3-98547-004-4; List US$45; 
AMS members US$36; Order code EMSSERLEC/32

Explore more titles at
bookstore.ams.org.

A publications of the European Mathematical Society (EMS).
Distributed within the Americas by

the American Mathematical Society.

OCTOBER 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1495

http://dx.doi.org/10.1137/18M1170364
http://dx.doi.org/10.1016/j.acha.2015.05.004
http://dx.doi.org/10.1007/s00220-013-1671-8
http://www.ams.org/mathscinet-getitem?mr=3867615
http://www.ams.org/mathscinet-getitem?mr=3574560
http://www.ams.org/mathscinet-getitem?mr=3020161
http://bookstore.ams.org
http://www.arxiv.com/abs/2106.12996


Descriptive Combinatorics
and Distributed Algorithms

Anton Bernshteyn
In this article we shall explore a fascinating area called
descriptive combinatorics and its recently discovered con-
nections to distributed algorithms—a fundamental part of
computer science that is becoming increasingly important
in the modern era of decentralized computation. The
interdisciplinary nature of these connections means that
there is very little common background shared by the re-
searchers who are interested in them. With this in mind,
this article was written under the assumption that the
reader would have close to no background in either de-
scriptive set theory or computer science. The reader will
judge to what degree this endeavor was successful.

The article comprises two parts. In the first part we give
a brief introduction to some of the central notions and
problems of descriptive combinatorics. The second part is
devoted to a survey of some of the results concerning the
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interactions between descriptive combinatorics and dis-
tributed algorithms, as well as a few open problems.

1. A Brief Introduction to Descriptive
Combinatorics

1.1. Basic notions of descriptive set theory.
1.1.1. Countable computation and Borel sets. Descriptive
combinatorics is an area that emerged quite recently
(about two decades ago) as the result of a symbiosis be-
tween combinatorics (especially graph theory) and descrip-
tive set theory. For excellent surveys of this subject, see
[KM20] by Kechris and Marks and [Pik21] by Pikhurko. In
addition to combinatorics and descriptive set theory, de-
scriptive combinatorics has close connections to numer-
ous other branches of mathematics, such as ergodic the-
ory, topological dynamics, probability theory, and model
theory, to name a few.

To motivate the questions studied in descriptive combi-
natorics, it will be beneficial to first briefly discuss descrip-
tive set theory more abstractly.

One way (out of many) of thinking about descriptive
set theory is that it provides a versatile framework for
gauging the inherent difficulty of mathematical problems
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inputs 𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 …

𝚊𝚗𝚍 𝚊𝚗𝚍 𝚊𝚗𝚍 𝚊𝚗𝚍 𝚊𝚗𝚍 𝚊𝚗𝚍 …

𝚘𝚛

output 𝚗𝚘𝚝

Figure 1. A countable circuit that outputs 1 if the input bit
string does not contain two consecutive 1s.

pertaining to countable structures, in a manner analogous
to how computational complexity theory gauges the in-
herent difficulty of finite problems. To pursue this anal-
ogy further, we can naturally present the basic concepts of
descriptive set theory using a particular model of compu-
tation, namely Boolean circuits. An example of an infinite
Boolean circuit is shown in Fig. 1. It is a network consist-
ing of nodes, also called gates, joined by directed edges, or
wires. The bottom layer comprises the input nodes. Each in-
put node receives a bit value—0 or 1. The values then prop-
agate through the network along the wires, with every gate
computing a particular Boolean function of the values that
feed into it: not, and, or or. Finally, one or more nodes
are designated as the outputs. Thus, a Boolean circuit can
be used to compute a function {0, 1}In → {0, 1}Out, where
In and Out are the sets of the input and the output nodes
respectively. For example, the circuit in Fig. 1 computes
the function {0, 1}ℕ → {0, 1} that equals 1 if and only if the
input string does not contain two consecutive 1s.

There is one technical issue that we must make explicit
here. Not every directed network can be used to perform
well-defined computation. For instance, if a network in-
volves a directed cycle of nodes, such as 𝑣0 ← 𝑣1 ← 𝑣2 ←
⋯ ← 𝑣0, then the computational process wouldn’t even
be able to start. More generally, a Boolean circuit must be
well-founded, meaning that it must not contain an infinite
descending sequence of nodes such as 𝑣0 ← 𝑣1 ← 𝑣2 ←
𝑣3 ← ⋯. It is not hard to show that well-foundedness
is the only necessary requirement: any well-founded net-
work of gates implements a well-defined function.

An important part of computational complexity theory
is circuit complexity, which studies how large a (finite) cir-
cuit needs to be to compute a given function 𝑓∶ {0, 1}𝑛 →
{0, 1}𝑚. In descriptive set theory we are similarly interested
in functions that can be computed by countable circuits:

Definition 1.1 (Borel subsets of {0, 1}ℕ). A subset 𝐴 ⊆
{0, 1}ℕ is Borel if its characteristic function can be computed
by a countable Boolean circuit. We let𝔅({0, 1}ℕ) denote the
family of all Borel subsets of {0, 1}ℕ.

While Definition 1.1 applies to subsets of {0, 1}ℕ, it can
naturally be extended to sets of other types, as long as
their members can be somehow encoded by infinite bit
strings. For example, a countable graph 𝐺 with vertex set
𝑉 = {𝑣0, 𝑣1, 𝑣2, …} can be represented by its adjacency matrix
𝑀𝐺, i.e., a countable table of 0s and 1s whose entry in row
𝑖 and column 𝑗 is 1 if and only if 𝑣𝑖 and 𝑣𝑗 are adjacent
in 𝐺. We can then call a set 𝐴 of countable graphs Borel
if there is a countable Boolean circuit that decides, given
the matrix 𝑀𝐺, whether 𝐺 is in 𝐴 or not. For instance, the
following sets of countable graphs are Borel:

{𝐺 ∶ 𝐺 is connected};
{𝐺 ∶ 𝐺 is bipartite};
{𝐺 ∶ 𝐺 is 3-colorable}.

(The last one may be a bit surprising, since deciding
whether a finite graph is 3-colorable is believed to be a
computationally difficult problem. The difficulty miracu-
lously disappears in the countable world, however.) On
the other hand, the following set can be shown to not be
Borel:

{𝐺 ∶ 𝐺 has an infinite clique}.
In fact, this set is complete analytic, which is a notion some-
what analogous to NP-completeness from computational
complexity, with the added benefit that in descriptive set
theory it is a theorem (due to Suslin from 1917) that com-
plete analytic sets cannot be Borel. In general, most subsets
of {0, 1}ℕ are not Borel: {0, 1}ℕ has 22ℵ0 subsets but only 2ℵ0
of them are Borel (this result follows by enumerating all
countable Boolean circuits).
1.1.2. Borel sets in Polish spaces. A useful (and more clas-
sical) perspective on Borel sets is provided by topological
considerations. We can define the distance between two
infinite bit strings 𝑥, 𝑦 ∈ {0, 1}ℕ by the formula

dist(𝑥, 𝑦) ≔
∞
∑
𝑛=0

1
2𝑛+1 |𝑥𝑛 − 𝑦𝑛|.

(This can be thought of as a weighted version of the Ham-
ming distance.) The coefficients 1/2𝑛+1 are chosen so that
the series ∑∞

𝑛=0 1/2𝑛+1 converges (and hence the metric
dist is bounded, in this case by 1), but otherwise they
are arbitrary. In particular, using a different convergent
series with positive terms would yield a different metric,
but the resulting topology on the space {0, 1}ℕ would be
the same—namely, it is the product topology arising from
viewing {0, 1}ℕ as the product of countably many copies of
the discrete space {0, 1}. Actually, it is not hard to explic-
itly describe this topology without referring to the metric:
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a set 𝐴 ⊆ {0, 1}ℕ is open if and only if for every sequence
𝑥 = (𝑥0, 𝑥1, 𝑥2, …) ∈ 𝐴, the membership of 𝑥 in 𝐴 can be
confirmed by looking at only finitely many entries of 𝑥.
More formally, 𝐴 is open if for each 𝑥 ∈ 𝐴, there is some
𝑛 ∈ ℕ such that every infinite bit string whose first 𝑛 entries
are (𝑥0, 𝑥1, … , 𝑥𝑛−1) belongs to 𝐴.

Now, it turns out that Borel subsets of {0, 1}ℕ can be de-
scribed in purely topological terms and without any refer-
ence to Boolean circuits as follows: 𝔅({0, 1}ℕ) is the small-
est family of subsets of {0, 1}ℕ that includes all open sets
and is closed under countable Boolean operations (i.e.,
complements, countable unions, and countable intersec-
tions). And this characterization can be taken as the defi-
nition of Borel subsets of any topological space:

Definition 1.2 (Borel sets in topological spaces). Let 𝑋 be
a topological space. We let 𝔅(𝑋) be the smallest family of
subsets of 𝑋 that includes all open sets and is closed under
countable Boolean operations. A subset 𝐴 ⊆ 𝑋 is Borel if it
is a member of 𝔅(𝑋).

Although Definition 1.2 makes sense for an arbitrary
topological space 𝑋 , descriptive set theory is mostly con-
cerned with so-called Polish spaces. Formally, a topolog-
ical space is Polish if it is second-countable (i.e., it has
a countable basis) and completely metrizable (i.e., the
topology is generated by a complete metric). A particu-
larly compelling reason for focusing on Polish spaces is
that the points of a Polish space can be encoded by infi-
nite bit strings in a “well-behaved” way. This statement is
made precise by the following remarkable theorem:

Theorem 1.3 (Borel Isomorphism Theorem). If 𝑋 is an
uncountable Polish space, then there is a bijection

𝖼𝗈𝖽𝖾 ∶ 𝑋 → {0, 1}ℕ

such that a set 𝐴 ⊆ 𝑋 is Borel in 𝑋 if and only if the set
{𝖼𝗈𝖽𝖾(𝑥) ∶ 𝑥 ∈ 𝐴} is Borel in {0, 1}ℕ.

In other words, the computational definition of Borel
subsets of {0, 1}ℕ given in Definition 1.1 can also be used
to identify, via an appropriate coding, Borel sets in any un-
countable Polish space. This is a powerful observation be-
causemany natural examples of topological spaces are Pol-
ish, for instance ℝ and, more generally, ℝ𝑛 for 𝑛 ∈ ℕ, the
infinite-dimensional spaceℝℕ, the Baire spaceℕℕ, the unit
intervals [0, 1], (0, 1), and [0, 1), the unit circle𝕊1 and,more
generally, any second-countable topological manifold, all
compact metric spaces, all separable Banach spaces, etc.
Furthermore, it is possible to parameterize various classes
of mathematical structures by points in suitably defined
Polish spaces. We have already seen how to use adjacency
matrices to form a Polish space of countable graphs. In
a similar vein, one can assemble, e.g., a Polish space of
countable groups. There are also natural Polish spaces

of continuous functions, measure-preserving transforma-
tions, separable Banach spaces, etc. It is even possible to
define a Polish space of all Polish spaces!1

1.1.3. Other classes of sets in descriptive set theory. In addi-
tion to Borel sets, there are various other classes of sets that
play an important role in descriptive set theory. In this sec-
tion we briefly introduce three such classes.

Let us temporarily return to the space {0, 1}ℕ of infinite
bit strings. Recall that a set 𝐴 ⊆ {0, 1}ℕ is Borel if the mem-
bership in 𝐴 can be decided by a countable Boolean cir-
cuit. Sometimes it makes sense to inquire whether a set
is not just Borel but open. As mentioned in §1.1.2, a set
𝐴 ⊆ {0, 1}ℕ is open if for every sequence 𝑥 ∈ 𝐴, the mem-
bership of 𝑥 in 𝐴 can be confirmed by looking at only
finitely many bits of 𝑥. Of course, we can also investigate
open sets in any other Polish space.

On the other hand, sometimes a set we areworkingwith
may not be Borel and yet be “almost” Borel in a certain
suitable sense. For instance, a set 𝐴 ⊆ {0, 1}ℕ is measur-
able if there is a countable Boolean circuit that correctly
decides the membership in 𝐴 for a random input point
𝑥 ∈ {0, 1}ℕ. More precisely, 𝐴 is measurable if there is a
countable Boolean circuit 𝐶 with the following property.
Let 𝟏𝐴 denote the characteristic function of 𝐴. Sample a
sequence 𝑥 = (𝑥0, 𝑥1, 𝑥2, …) ∈ {0, 1}ℕ randomly by making
each 𝑥𝑖 be 0 or 1 independently with probability 1/2. Then
𝐶(𝑥) = 𝟏𝐴(𝑥)with probability 1; in other words, 𝐶may fail
to correctly determine 𝑥’s membership in𝐴, but the proba-
bility of failure is 0. We can similarly studymeasurable sets
in any Polish space 𝑋 , provided that it is equipped with a
Borel probability measure 𝜇.2 In many applications, sets
of measure 0 may be safely ignored, and thus measurabil-
ity is often a “good enough” substitute for Borelness.

Finally, we also often consider the so-called Baire-
measurable sets. The notion of Baire-measurability is anal-
ogous to measurability, but it is typically easier to work
with. Furthermore, it is defined purely topologically, with-
out reference to a measure or any other additional struc-
ture. The role of sets of measure 0 is played by the so-called
meager sets, i.e., countable unions of nowhere dense sets.
We think of meager sets as “topologically negligible.” A
set 𝐴 is Baire-measurable if there is a Borel set 𝐴′ such that

1For the interested reader, we sketch the construction of the Polish space of Pol-
ish spaces. First, it turns out that every Polish space is homeomorphic to a closed
subset of ℝℕ. Now, let (𝑈𝑛)𝑛∈ℕ be a countable basis for the topology of ℝℕ.
To each closed set 𝑋 ⊆ ℝℕ, we assign a code 𝖼𝗈𝖽𝖾𝑋 ∈ {0, 1}ℕ as follows:
𝖼𝗈𝖽𝖾𝑋 (𝑛) = 1 if and only if 𝑋 ∩𝑈𝑛 ≠ ∅. Let 𝔛 ⊆ {0, 1}ℕ be the set of all codes
of closed subsets of ℝℕ. One can show that 𝔛 is Polish in the relative topology
inherited from {0, 1}ℕ. Thus, all Polish spaces are parameterized by the points
of the Polish space 𝔛.
2We should point out that the class of measurable sets varies with the choice
of the measure 𝜇. For simplicity, we shall assume throughout this article that
whenever we speak of measurable sets, it is with respect to some implicitly fixed
probability measure.
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the symmetric difference 𝐴 ▵ 𝐴′ is meager—informally, 𝐴
and 𝐴′ are “topologically almost equal.” The area studying
meager and Baire-measurable sets is called Baire category
theory (owing to the older term “sets of first category” for
meager sets). For a detailed comparison of measure and
Baire category, see the excellent book [Oxt80] by Oxtoby.
1.2. Borel graphs and their combinatorics. As men-
tioned earlier, descriptive combinatorics investigates clas-
sical combinatorial problems—such as graph coloring,
matching, etc.—from the perspective of descriptive set the-
ory. The central notion here is that of a Borel graph:

Definition 1.4 (Borel graphs). A Borel graph is a graph 𝐺
whose vertex set 𝑉(𝐺) is a Polish space and whose edge set
𝐸(𝐺) is a Borel subset of 𝑉(𝐺) × 𝑉(𝐺).

In this section, we describe some examples of Borel
graphs and highlight a few of their properties that are of
interest in descriptive combinatorics.
1.2.1. The hypercube. For our first example, let 𝐻 be the
graph with vertex set {0, 1}ℕ in which two bit strings 𝑥 =
(𝑥0, 𝑥1, 𝑥2, …), 𝑦 = (𝑦0, 𝑦1, 𝑦2, …) ∈ {0, 1}ℕ are adjacent if
and only if they differ in exactly one coordinate, i.e., if
there is a unique index 𝑛 ∈ ℕ such that 𝑥𝑛 ≠ 𝑦𝑛. We call𝐻
the infinite-dimensional hypercube (it can be viewed as the in-
verse limit of finite-dimensional hypercubes, the first few
of which are shown in Fig. 2). The graph 𝐻 is Borel, since
it is easy to construct a countable Boolean circuit which,
given two infinite bit strings 𝑥 and 𝑦, determines if they
are adjacent in 𝐻.

Note that the vertex set of 𝐻 has cardinality 2ℵ0 . This
is typical for graphs studied in descriptive combinatorics,
since their vertex sets usually are uncountable Polish
spaces.

Next, we observe that, somewhat surprisingly and in
contrast to finite-dimensional Boolean cubes, the graph
𝐻 is disconnected. To see this, recall that the connected
component of a vertex 𝑥 in a graph 𝐺 is the smallest set
[𝑥]𝐺 ⊆ 𝑉(𝐺) that contains 𝑥 and such that there are no
edges joining [𝑥]𝐺 to 𝑉(𝐺)⧵ [𝑥]𝐺. Equivalently, [𝑥]𝐺 is the
set of all vertices reachable from 𝑥 in 𝐺 by a finite path.
A graph is connected if it has a single connected compo-
nent. Now take any vertex 𝑥 ∈ {0, 1}ℕ in 𝐻. A moment’s
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Figure 2. 1-, 2-, and 3-dimensional hypercubes. In contrast to
the infinite-dimensional hypercube, these graphs are
connected.

thought reveals that the connected component [𝑥]𝐻 is the
set of all sequences 𝑦 ∈ {0, 1}ℕ that differ from 𝑥 in only
finitely many coordinates. For instance, if 𝑥 = (0, 0, 0, …),
then [𝑥]𝐻 is the set of all bit strings with finitelymany 1s. It
follows that every connected component of𝐻 is countable,
which implies that 𝐻 has 2ℵ0 -many components. This is
also a typical feature of graphs studied in descriptive com-
binatorics.

One of the most important parameters studied in graph
theory is the chromatic number of a graph:

Definition 1.5 (Chromatic numbers). Let 𝐺 be a graph. A
subset 𝐼 ⊆ 𝑉(𝐺) is 𝐺-independent if no edge of 𝐺 joins two
vertices in 𝐼. The chromatic number 𝜒(𝐺) of𝐺 is the smallest
cardinal 𝜅 such that 𝑉(𝐺) can be partitioned into 𝜅-many
𝐺-independent sets.

Let us compute the chromatic number of 𝐻:

Proposition 1.6. We have 𝜒(𝐻) = 2.
Proof. Clearly, 𝜒(𝐻) ≥ 2. To prove that 𝜒(𝐻) ≤ 2, we
need to partition {0, 1}ℕ into two 𝐻-independent sets. To
this end, choose an arbitrary representative from every con-
nected component of 𝐻. For 𝑥 ∈ {0, 1}ℕ, let 𝗋𝖾𝗉(𝑥) be the
representative from [𝑥]𝐻 . Since 𝑥 and 𝗋𝖾𝗉(𝑥) belong to the
same component of 𝐻, they differ in finitely many coordi-
nates. Thus, we can let 𝛿(𝑥) be the number of coordinates
where 𝑥 and 𝗋𝖾𝗉(𝑥) differ and define

𝐴 ≔ {𝑥 ∈ {0, 1}ℕ ∶ 𝛿(𝑥) is even},
𝐵 ≔ {𝑥 ∈ {0, 1}ℕ ∶ 𝛿(𝑥) is odd}.

If 𝑥 and 𝑦 are neighbors in 𝐻, then 𝗋𝖾𝗉(𝑥) = 𝗋𝖾𝗉(𝑦), and
hence |𝛿(𝑥) − 𝛿(𝑦)| = 1. Therefore, the sets 𝐴 and 𝐵 are
𝐻-independent and partition {0, 1}ℕ, as desired. □

Since we know that 𝜒(𝐻) = 2, it makes sense to ask the
following question:

Can the set {0, 1}ℕ be partitioned into two Borel 𝐻-
independent sets?

This is a special case of the following general problem:

Definition 1.7 (Borel chromatic numbers). Let 𝐺 be a
Borel graph. The Borel chromatic number 𝜒𝖡(𝐺) of 𝐺 is the
smallest 𝜅 ∈ {0, 1, 2, … , ℵ0, 2ℵ0 } such that 𝑉(𝐺) can be par-
titioned into 𝜅-many Borel 𝐺-independent sets.3 The mea-
surable and Baire-measurable chromatic numbers 𝜒𝖬(𝐺) and
𝜒𝖡𝖬(𝐺) are defined analogously.

It turns out that, although the chromatic number of 𝐻
is 2, its Borel chromatic number is uncountable!

3Note that, by definition, if 𝜒𝖡(𝐺) is uncountable, then 𝜒𝖡(𝐺) = 2ℵ0 . This
convention is motivated by the fact that every uncountable Polish space has car-
dinality 2ℵ0 . However, it may still be meaningful to ask whether 𝑉(𝐺) can be
partitioned into 𝜅-many Borel 𝐺-independent sets for some ℵ0 < 𝜅 < 2ℵ0 . This
issue will not play a major role in this article, since we shall be mostly interested
in the case when 𝜒𝖡(𝐺) is finite.
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Proposition 1.8. The set {0, 1}ℕ cannot be partitioned into
countably many Borel 𝐻-independent sets. In other words,
𝜒𝖡(𝐻) = 2ℵ0 .

Actually, we even have 𝜒𝖬(𝐻) = 𝜒𝖡𝖬(𝐻) = 2ℵ0 (and,
of course, both 𝜒𝖬(𝐻) and 𝜒𝖡𝖬(𝐻) are lower bounds for
𝜒𝖡(𝐻)). To prove this, one shows that every measur-
able 𝐻-independent set must have measure 0, while ev-
ery Baire-measurable 𝐻-independent set must be mea-
ger. Since countable unions of measure-0/meager sets
are still measure-0/meager, it is impossible to cover the
entire space {0, 1}ℕ by countably many measurable/Baire-
measurable 𝐻-independent sets.

One interpretation of Proposition 1.8 is that there is no
“explicit” partition of the vertex set of𝐻 into two—or even
countably many—𝐻-independent sets. What makes the
construction in the proof of Proposition 1.6 “inexplicit” is
the very first step, namely choosing a single vertex in each
connected component of 𝐻. This step implicitly invokes
the so-called Axiom of Choice:

Axiom 1.9 (Choice). If ℱ is a family of nonempty sets, then
there is a way to pick one element from each set in ℱ. Formally,
there is a function 𝖼𝗁𝗈𝗂𝖼𝖾 that assigns to each𝐴 ∈ ℱ an element
𝖼𝗁𝗈𝗂𝖼𝖾(𝐴) ∈ 𝐴.

The Axiom of Choice is part of the axiom system ZFC
(Zermelo–Fraenkel set theory with the Axiom of Choice) and
plays a crucial role in the foundations of mathematics.
While most other axioms of ZFC assert the existence of
concrete sets, such as the powerset 𝒫(𝐴) of a given set 𝐴,
the Axiom of Choice postulates the existence of a choice
function without actually describing how the choice is to
be made. In this sense, the Axiom of Choice is non-
constructive—so much so that in the past it was viewed
with deep suspicion by many mathematicians. After all,
how canwe assert that something exists without being able
to provide even a single example? Although by now the
controversy around the Axiom of Choice has largely died
down andmostmathematicians use it without reservation,
it is still true that the Axiom of Choice—and hence our
proof of Proposition 1.6 based on it—is inherently non-
constructive. From this perspective, Proposition 1.8 says
that it is impossible to come up with an alternative, con-
structive argument—at least if by “constructive” we mean
“Borel.”4

1.2.2. Translation and rotation. In the remainder of this ar-
ticle we shall be concerned with Borel graphs 𝐺 of bounded
degree, meaning that there is a natural number 𝑑 ∈ ℕ such
that every vertex of 𝐺 has at most 𝑑 neighbors. A typical

4This is not the only way in which the Axiom of Choice affects chromatic num-
bers of graphs. For instance, the following remarkable fact was established by
Galvin and Komjáth: the statement that the chromatic number is well-defined
for every graph 𝐺 is equivalent to the Axiom of Choice.

. . . . . .
−3 −2 −1 0 1 2 3

Figure 3. A partition of ℝ into two Borel 𝐺tr-independent sets
(indicated by the colors).

. . .
0 1𝛼 2𝛼 3𝛼

Figure 4. A partition of [0, 1) into three Borel 𝐺rot-independent
sets (indicated by the colors).

example is the graph 𝐺tr with vertex set ℝ in which ver-
tices 𝑥 and 𝑦 are adjacent if and only if |𝑥 − 𝑦| = 1. In
other words, each 𝑥 ∈ ℝ has precisely two neighbors in
𝐺tr: 𝑥 − 1 and 𝑥 + 1. It follows that every connected com-
ponent of 𝐺tr is a bi-infinite path i.e., a path infinite in both
directions. In particular, just like the hypercube graph 𝐻
from §1.2.1, 𝐺tr has 2ℵ0 -many countable connected com-
ponents. (This fact can also be observed directly, since the
vertices in the half-open interval [0, 1) belong to distinct
components.) Clearly, 𝜒(𝐺tr) = 2. In contrast to the graph
𝐻 from §1.2.1 however, we can explicitly describe a parti-
tion of 𝐺tr into two independent sets 𝐴 and 𝐵: for every
integer 𝑛 ∈ ℤ, put the points in the interval [𝑛, 𝑛 + 1) in 𝐴
if 𝑛 is even and in 𝐵 if 𝑛 is odd (see Fig. 3). This yields

𝐴 = ⋃
𝑘∈ℤ

[2𝑘, 2𝑘 + 1) and 𝐵 = ⋃
𝑘∈ℤ

[2𝑘 − 1, 2𝑘).

These sets are Borel, so we in fact have 𝜒𝖡(𝐺tr) = 2.
Next we fix a number 𝛼 ∈ (0, 1) ⧵ ℚ and define a graph

𝐺rot as follows. The vertex set of 𝐺rot is the half-open unit
interval [0, 1). Two vertices 𝑥, 𝑦 ∈ [0, 1) are adjacent in𝐺rot
if and only if 𝑦−𝑥 = ±𝛼 (mod 1). Again, every vertex 𝑥 has
precisely two neighbors, namely 𝑥 + 𝛼 (mod 1) and 𝑥 − 𝛼
(mod 1). (Another way of thinking about this graph is by
“wrapping” the unit interval around a circle, which turns
adding 𝛼 modulo 1 into rotation by the angle 2𝜋𝛼.) Since
𝛼 is irrational, it is not hard to see that 𝐺rot has 2ℵ0 -many
connected components, each of which is a bi-infinite path.
In other words, the graphs 𝐺rot and 𝐺tr are isomorphic. In
particular, 𝜒(𝐺rot) = 2. But canwe describe a bipartition of
𝐺rot explicitly? An attempt to adapt the construction used
for 𝐺tr fails, although it does yield a partition of 𝐺rot into
three Borel independent sets (see Fig. 4). In fact, it turns
out that no explicit bipartition of 𝐺rot exists. This statement
is made precise by the following proposition:

Proposition 1.10. We have 𝜒𝖡(𝐺rot) = 3. Furthermore,
𝜒𝖬(𝐺rot) = 𝜒𝖡𝖬(𝐺rot) = 3 as well.

In other words,𝐺tr and𝐺rot are two graphs that are com-
binatorially isomorphic, but the topological structures on
their vertex sets affect their Borel, measurable, and Baire-
measurable chromatic numbers in different ways.
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1.2.3. Locally checkable labeling problems. In the above ex-
amples, we have been interested in chromatic numbers of
graphs as well as in their Borel, measurable, etc. analogs.
Naturally, there are many other combinatorial concepts
we may want to study. Many of them fall into the general
framework of locally checkable labelling (LCL) problems (also
known as local coloring problems). In an LCL problemΠ, we
are asked to assign labels from a finite set Λ to the vertices
of a graph 𝐺 in such a way that certain constraints are satis-
fied. The constraints must be “local” in the sense that they
can be checked by looking at the labels of each vertex and
its neighbors. For a formal (and somewhat more general)
definition, see, e.g., [Ber20, §2.A.1]. For our purposes, it
will suffice to give a few examples that illustrate what sort
of problems fall into this category.

The prototypical example is the 𝑘-coloring problem: as-
sign the labels Λ = {1, … , 𝑘}, referred to as “colors,” to the
vertices of 𝐺 so that the label of each vertex is distinct from
the labels of its neighbors. Note that this is a “local” con-
straint in the sense described above: it only involves com-
paring the label of a vertex to those of its neighbors. By
definition, the set of all vertices receiving a particular label
in a 𝑘-coloring must be a 𝐺-independent set, and hence 𝐺
admits a 𝑘-coloring if and only if 𝜒(𝐺) ≤ 𝑘.

Another well-studied problem is the Maximal Indepen-
dent Set (MIS) problem: find an independent set 𝐼 ⊆ 𝑉(𝐺)
that ismaximal under inclusion. This can be interpreted as
an LCL problem as follows. We can encode a set 𝐼 ⊆ 𝑉(𝐺)
by its characteristic function, which assigns the labels Λ =
{0, 1} to the vertices of 𝐺. It is easy to see that 𝐼 is an MIS
if and only if this labelling satisfies the following “local”
constraint:

If a vertex is labeled 1, then all its neighbors are labeled
0, while if a vertex is labeled 0, then at least one of its
neighbors is labeled 1.

As our last example, consider the perfect matching prob-
lem: find a set of edges 𝑀 ⊆ 𝐸(𝐺) such that every vertex is
incident to exactly one edge in 𝑀. If 𝑥𝑦 is an edge in 𝑀,
then we say that the vertices 𝑥 and 𝑦 are matched to each
other. Thus, a perfect matching splits 𝑉(𝐺) into pairs of
matched vertices. To place the perfect matching problem
into the LCL framework, let us assume that 𝐺 is a graph
of bounded degree; more precisely, suppose that every ver-
tex of 𝐺 has at most 𝑑 neighbors, for some 𝑑 ∈ ℕ. For
each 𝑥 ∈ 𝑉(𝐺), we fix an arbitrary ordering of the neigh-
bors of 𝑥. (If 𝐺 is a Borel graph, it is possible to fix such
an ordering “in a Borel way,” in the sense that for each 𝑖,
the set {(𝑥, 𝑦) ∈ 𝑉(𝐺) × 𝑉(𝐺) ∶ 𝑦 is the 𝑖-th neighbor of 𝑥}
is Borel.) Then we can identify a perfect matching with a
labeling of 𝑉(𝐺) using the labels Λ = {1, … , 𝑑} such that
a vertex is given the label 𝑖 when it is matched to its 𝑖-th
neighbor. Such labeling encodes a perfect matching if and
only if the following constraint holds:

Let 𝑥 be a vertex labeled 𝑖 and let 𝑦 be the 𝑖-th neighbor
of 𝑥. If 𝑦’s label is 𝑗, then 𝑥 is the 𝑗-th neighbor of 𝑦.

In other words, if 𝑥 is matched to 𝑦, then 𝑦 must be
matched to 𝑥. This constraint is again “local,” which
makes the perfect matching problem an LCL problem (at
least on bounded degree graphs).

In descriptive combinatorics, we are interested in Borel
solutions to LCL problems:

Definition 1.11 (Borel solutions to LCL problems). Let Π
be an LCL problem with label set Λ and let 𝐺 be a Borel
graph. A labeling of the vertices of 𝐺 by the labels from Λ
is a Borel solution to Π if it fulfills all the constraints of the
problem Π and, additionally, for each label 𝜆 ∈ Λ, the set
of all vertices labeled 𝜆 is Borel.

Measurable and Baire-measurable solutions to Π are de-
fined analogously.

By applying Definition 1.11 to specific LCL problems,
we obtain, as special cases, Borel 𝑘-colorings, Borel maxi-
mal independent sets, and Borel perfect matchings. In gen-
eral, a lot of research in descriptive combinatorics can be
seen as addressing the following comprehensive question:

Question 1.12 (Descriptive complexity of LCL problems).
Given a class 𝔾 of Borel graphs, which LCL problems Π
admit Borel/measurable/etc. solutions on the graphs in𝔾?

As stated, this question may seem way too general to
say anything meaningful about. However, rather surpris-
ingly, some recent work has led to significant progress to-
ward a complete answer! The key to this new work is the
discovery of an intimate connection between the answer
to Question 1.12 and the complexity of solving the prob-
lem Π on finite graphs using a distributed algorithm. The
second part of this paper is dedicated to a survey of this
connection.

2. Connections to Distributed Computing
2.1. The 𝖫𝖮𝖢𝖠𝖫 model of distributed computation. The
area of distributed computing studies computational pro-
cesses performed by decentralized groups of independent
agents. There are several different models of distributed
computation that emphasize various aspects of it, such
as fault-tolerance, communication bandwidth, etc. For
our purposes, the relevant model is called 𝖫𝖮𝖢𝖠𝖫 and was
formally introduced by Linial in 1992 [Lin92] (although
some related results had already been established some-
what earlier). For a comprehensive introduction to this
model, see the book [BE13] by Barenboim and Elkin. We
now briefly describe the key elements of this model.

The 𝖫𝖮𝖢𝖠𝖫 model operates on an 𝑛-vertex graph 𝐺.
(Note that, in contrast to the examples discussed in §1.2,
the graph 𝐺 here is finite.) We think of 𝐺 as representing a
decentralized communication network where each vertex
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plays the role of a processor and edges represent communi-
cation links. The computation proceeds in rounds. During
each round, the vertices first perform some local compu-
tations and then synchronously broadcast messages to all
their neighbors. After a number of rounds, every vertex
must generate its own part of the output of the algorithm.
For example, if the goal of the algorithm is to solve some
LCL problem, then each vertex must eventually decide on
its own label. The efficiency of such an algorithm is mea-
sured by the number of communication rounds required
to produce the output. In particular, there are no restric-
tions on the complexity of the local computations that the
vertices perform during each round (we imagine that the
computational resources available to the vertices are infi-
nite) or on the length of themessages that the vertices send
to each other.

An important feature of the 𝖫𝖮𝖢𝖠𝖫 model is that every
vertex of 𝐺 is executing the same algorithm. Therefore, to
make this model nontrivial, there must be a way to distin-
guish the vertices from each other. There are two standard
symmetry-breaking approaches, leading to the distinction
between deterministic and randomized 𝖫𝖮𝖢𝖠𝖫 algorithms:

• In the deterministic version of the 𝖫𝖮𝖢𝖠𝖫 model, each
vertex 𝑥 ∈ 𝑉(𝐺) is assigned, as part of its input, an
identifier Id(𝑥), which is a string of Θ(log 𝑛) bits. It
is guaranteed that the identifiers assigned to different
vertices are distinct. Subject to this guarantee, the al-
gorithm must always output a correct solution to the
problem, regardless of the specific assignment of the
identifiers.

• In the randomized version of the 𝖫𝖮𝖢𝖠𝖫 model, each
vertex may generate an arbitrarily long finite sequence
of independent uniformly distributed random bits.
The algorithm may fail to produce a correct solution
to the problem, but the probability of failuremust not
exceed 1/𝑛.

We remark that the randomized version of the model
is more computationally powerful than the deterministic
one. This is because a deterministic 𝖫𝖮𝖢𝖠𝖫 algorithm can
be simulated by a randomized one: each vertex can sim-
ply generate a random sequence of ⌈3 log2 𝑛⌉ bits and use
it as its identifier—the probability that two identifiers gen-
erated in this way coincide is easily seen to be less than
1/𝑛.

If 𝑥 and 𝑦 are two vertices whose graph distance in 𝐺
(i.e., the length of the shortest 𝑥𝑦-path) is 𝑇, then no in-
formation from 𝑦 can reach 𝑥 in fewer than 𝑇 communi-
cation rounds (this explains the name “𝖫𝖮𝖢𝖠𝖫” given to
the model). Conversely, in 𝑇 rounds every vertex can col-
lect all the data present at the vertices at distance at most 𝑇
from it. Thus, a 𝑇-round 𝖫𝖮𝖢𝖠𝖫 algorithm may be con-
strued simply as a function that, given the structure of
the radius-𝑇 ball around 𝑥 (including all the additional

𝑥 𝑦 𝑧

even

odd

same color different colors

switch!

Figure 5. An illustration for the proof of Proposition 2.1. The
three marked intervals are of length 2𝑇 = 𝑜(𝑛).

information, such as the assignment of the identifiers or
random bit sequences to its vertices), decides on 𝑥’s out-
put. In other words, the complexity of a 𝖫𝖮𝖢𝖠𝖫 algorithm
measures how far in the graph an individual vertex should
be allowed to “see” in order to be able to produce its own
output. Naturally, if every vertex is allowed to “see” the
entire graph, then the model trivializes. Thus, we are inter-
ested in algorithms that only allow each vertex to access a
relatively small part of the graph.

As an illustration, let us consider a simple example. Sup-
pose that 𝐺 is an 𝑛-vertex path. Of course, 𝜒(𝐺) = 2. How
fast can a 2-coloring of 𝐺 be computed by a 𝖫𝖮𝖢𝖠𝖫 algo-
rithm? Obviously, 𝑂(𝑛) rounds suffice (because in that
many rounds each vertex will have access to the entire
graph). On the other hand, it is fairly easy to show that
𝑜(𝑛) rounds are not enough:

Proposition 2.1. There is no 𝑜(𝑛)-round 𝖫𝖮𝖢𝖠𝖫 algorithm
(either deterministic or randomized) that finds a 2-coloring of
an 𝑛-vertex path.

Proof. We give an argument in the deterministic case (leav-
ing the randomized case as a nice exercise to the reader).
Suppose that there is a 𝑇-round deterministic 𝖫𝖮𝖢𝖠𝖫 algo-
rithm 𝒜 for 2-coloring an 𝑛-vertex path, where 𝑇 ≪ 𝑛. We
can pick three vertices 𝑥, 𝑦, 𝑧 such that the distance be-
tween 𝑥 and 𝑦 is even, while the distance between 𝑥 and
𝑧 is odd, and, furthermore, all the pairwise distances be-
tween 𝑥, 𝑦, and 𝑧 exceed 2𝑇 (see Fig. 5). Fix any assign-
ment of identifiers and let 𝑐(𝑥), 𝑐(𝑦), 𝑐(𝑧) be the colors
given by the algorithm 𝒜 to 𝑥, 𝑦, and 𝑧 respectively. In
a 2-coloring of a path, the two colors alternate, so we must
have 𝑐(𝑥) = 𝑐(𝑦) ≠ 𝑐(𝑧). Without loss of generality, say
𝑐(𝑥) = 𝑐(𝑦) = 1 and 𝑐(𝑧) = 2. Now let us exchange the as-
signments of the identifiers in the interval of length 2𝑇 cen-
tered around 𝑦 with those in the interval centered around
𝑧 and let 𝑐′(𝑥), 𝑐′(𝑦), 𝑐′(𝑧) be the colors given to 𝑥, 𝑦, and
𝑧 by the algorithm 𝒜 with this new assignment of identi-
fiers. Since the output of𝒜 at a vertex is determined by the
identifiers in the interval of length 2𝑇 centered around it,
we have 𝑐′(𝑥) = 𝑐′(𝑧) = 1 and 𝑐′(𝑦) = 2. This is a contradic-
tion since the colors of 𝑥 and 𝑦 must be the same, while
the colors of 𝑥 and 𝑧 must be different. □
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2.2. A sample of results. The first hint of the connection
between distributed algorithms and descriptive combina-
torics can be obtained by comparing some known results
in the two areas. For example, consider the following prob-
lem:

Fix a natural number 𝑑 ∈ ℕ. What is the minimum
𝑘 = 𝑘(𝑑) such that a 𝑘-coloring of a graph of maxi-
mum degree 𝑑 can be found efficiently?

Here the maximum degree of a graph is the maximum num-
ber of neighbors of a vertex. If we interpret the word “ef-
ficiently” to mean “with a fast 𝖫𝖮𝖢𝖠𝖫 algorithm,” then we
have the following result:

Theorem 2.2 (Goldberg–Plotkin–Shannon [BE13, §3]).
There exists a deterministic 𝖫𝖮𝖢𝖠𝖫 algorithm that finds a
(𝑑 + 1)-coloring of an 𝑛-vertex graph of maximum degree 𝑑
in 𝑂(log∗ 𝑛) rounds.5

In the statement of Theorem 2.2, log∗ 𝑛 is the iterated
logarithm of 𝑛, i.e., the number of times the logarithm func-
tion must be iteratively applied to 𝑛 before the result be-
comes at most 1. This is an extremely slow-growing func-
tion. In particular—and most importantly for us—it is
asymptotically of order 𝑜(log 𝑛). In a graph of maximum
degree 𝑑, a vertex can “see” at most 𝑑𝑇 other vertices in 𝑇
rounds of the 𝖫𝖮𝖢𝖠𝖫 model. Therefore, if 𝑇 = 𝑜(log 𝑛), a
vertex will definitely not have access to the entire graph. In
this sense, 𝑜(log 𝑛) rounds is a natural threshold for “truly
local” algorithms.

Can we reduce the number of colors to 𝑑? An obvious
obstacle is that 𝐺 may contain a clique on 𝑑 + 1 vertices,
all of which would have to receive different colors. On the
other hand, the so-called Brooks’s theorem in graph theory
asserts that if 𝑑 ≥ 3 and 𝐺 is a graph of maximum degree 𝑑
without a (𝑑+1)-clique, then 𝜒(𝐺) ≤ 𝑑, i.e., a 𝑑-coloring of
𝐺 exists. Nevertheless, it turns out that no efficient deter-
ministic 𝖫𝖮𝖢𝖠𝖫 algorithm can find such a coloring, even if
𝐺 has no cycles:

Theorem 2.3 (Chang–Kopelowitz–Pettie [CKP19]). There
is no deterministic 𝖫𝖮𝖢𝖠𝖫 algorithm that finds a 𝑑-coloring
of an 𝑛-vertex acyclic graph of maximum degree 𝑑 in 𝑜(log 𝑛)
rounds.

In contrast to Theorem 2.3, it is possible to reduce the
number of colors using a randomized algorithm:

Theorem 2.4 (Ghaffari–Hirvonen–Kuhn–Maus
[Gha+18]). There exists a randomized 𝖫𝖮𝖢𝖠𝖫 algorithm that
finds a 𝑑-coloring of an 𝑛-vertex graph 𝐺 of maximum degree
𝑑 in 𝑂((log log 𝑛)2) rounds, provided that 𝑑 ≥ 3 and 𝐺 has no
(𝑑 + 1)-cliques.

5Here and in the sequel we treat 𝑑 as a constant, meaning that the implied fac-
tors in the 𝑂(⋅) notation may depend on 𝑑.

Now let us turn to the descriptive combinatorics side
of the picture. How many colors do we need for a Borel
coloring of a Borel graph of maximum degree 𝑑? The first
result parallels Theorem 2.2:

Theorem 2.5 (Kechris–Solecki–Todorcevic [KST99]). If 𝐺
is a Borel graph of maximum degree 𝑑, then 𝜒𝖡(𝐺) ≤ 𝑑 + 1.

On the other hand, reducing the number of colors to 𝑑
is impossible even for graphs with no cycles:

Theorem 2.6 (Marks [Mar16]). For any 𝑑 ∈ ℕ, there is an
acyclic Borel graph 𝐺 of maximum degree 𝑑 such that 𝜒𝖡(𝐺) >
𝑑.

However, if we only want a measurable or Baire-
measurable coloring, then 𝑑 colors suffice:

Theorem 2.7 (Conley–Marks–Tucker-Drob [CMTD16]).
If 𝐺 is a Borel graph of maximum degree 𝑑, then both 𝜒𝖬(𝐺)
and 𝜒𝖡𝖬(𝐺) are at most 𝑑, provided that 𝑑 ≥ 3 and 𝐺 has no
(𝑑 + 1)-cliques.

Theorems 2.2–2.4 and 2.5–2.7 clearly mirror each
other. It seems that deterministic 𝖫𝖮𝖢𝖠𝖫 algorithms some-
how correspond to Borel constructions, while randomized
algorithms—to measurable and Baire-measurable ones. It
turns out that, indeed, this is not a coincidence and one
can prove some general connections of this form.
2.3. Efficient distributed algorithms yield descriptive re-
sults. In [Ber20], the following general result is estab-
lished:

Theorem 2.8 (Bernshteyn [Ber20]). Let 𝔾 be a class of finite
graphs closed under adding isolated vertices and let 𝐺 be a Borel
graph of bounded degree all of whose finite induced subgraphs
are in 𝔾. Fix an LCL problem Π.

(a) IfΠ can be solved on 𝑛-vertex graphs from𝔾 by an 𝑜(log 𝑛)-
round deterministic 𝖫𝖮𝖢𝖠𝖫 algorithm, then 𝐺 admits a
Borel solution to Π.

(b) IfΠ can be solved on 𝑛-vertex graphs from𝔾 by an 𝑜(log 𝑛)-
round randomized 𝖫𝖮𝖢𝖠𝖫 algorithm, then 𝐺 admits both
a measurable and a Baire-measurable solution to Π.

In short, efficient deterministic algorithms yield Borel
solutions, while efficient randomized algorithms yield
measurable and Baire-measurable solutions. The follow-
ing implications are special cases of Theorem 2.8:

Theorem 2.2 ⟹ Theorem 2.5,
Theorem 2.4 ⟹ Theorem 2.7,
Theorem 2.6 ⟹ Theorem 2.3.

In addition to its theoretical significance, Theorem 2.8
has a number of applications to specific problems. For in-
stance, if we already know an efficient 𝖫𝖮𝖢𝖠𝖫 algorithm
for some LCL problem, we can then use it to derive cor-
responding results in descriptive combinatorics. Several
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instances of this are given in [Ber20]. For example, Theo-
rem 2.8, together with known distributed algorithms due
to Chung, Pettie, and Su, is used in [Ber20, §3.B] to obtain
asymptotically optimal upper bounds on the measurable
chromatic number of Borel graphs without short cycles. In
the opposite direction, impossibility results in descriptive
combinatorics yield lower bounds on the running time of
distributed algorithms. In a recent paper [Bra+21], Brandt
et al. used this idea to derive new lower bounds for dis-
tributed algorithms via a version of the so-called determi-
nacy method that was originally developed by Marks to
prove Theorem 2.6.

Let us now say a few words about the proof of Theo-
rem 2.8. The proof of part (a) is actually not too difficult:

Proof of Theorem 2.8(a) (sketch). Suppose that Π is solved
on 𝑛-vertex graphs from 𝔾 by an 𝑜(log 𝑛)-round determin-
istic 𝖫𝖮𝖢𝖠𝖫 algorithm 𝒜. The idea is to simulate the exe-
cution of the algorithm 𝒜 on the given Borel graph 𝐺 by
“pretending” that 𝐺 is finite.

Let 𝑑 be the maximum degree of 𝐺 (which is finite by
assumption). Take a very large natural number 𝑛 and let
𝑇 ≪ log 𝑛 be the running time of𝒜 on 𝑛-vertex graphs. Let
𝑆 be the set of all bit strings of length ⌈log2 𝑛⌉.
Claim. There is a Borel labeling Id∶ 𝑉(𝐺) → 𝑆 such that
Id(𝑥) ≠ Id(𝑦) whenever 𝑥 ≠ 𝑦 and the graph distance be-
tween 𝑥 and 𝑦 is at most 2𝑇 + 2.
Proof of the claim. Define an auxiliary graph 𝐺′ with the
same vertex set as 𝐺 where distinct vertices 𝑥 and 𝑦 are ad-
jacent if and only if their graph distance in 𝐺 is at most
2𝑇 + 2. It is not hard to see that the graph 𝐺′ is Borel.
Since |𝑆| ≥ 𝑛, we just need to find a Borel 𝑛-coloring of 𝐺′.
The maximum degree of 𝐺′ is at most 𝑑2𝑇+2, which is less
than 𝑛 since 2𝑇 + 2 ≪ log 𝑛. Therefore, by Theorem 2.5,
𝐺′ has a Borel 𝑛-coloring, as desired. ⊣

We treat the bit string Id(𝑥) as a substitute for an iden-
tifier of 𝑥. By construction, although there may be other
vertices with the same identifier, they are far from 𝑥 in 𝐺.
In particular, if 𝑥 explores its radius-𝑇 ball in 𝐺, it will
only see distinct identifiers. Since the algorithm𝒜 applied
on 𝑛-vertex graphs doesn’t allow a vertex to see outside its
radius-𝑇 ball, wemay run𝒜 on𝐺 for 𝑇 rounds (as if𝐺 had
𝑛 vertices) using the function Id in place of the identifier
assignment. The output labeling will then be a solution to
Π, and, since Id is a Borel assignment, one can show that
the output will also be Borel. □

Arguments similar to the above proof sketch are com-
mon in distributed computing theory. For example, an
analogous approach was used by Chang, Kopelowitz, and
Pettie in [CKP19] to prove that no LCL problem can have
deterministic 𝖫𝖮𝖢𝖠𝖫 complexity in the interval between
𝜔(log∗ 𝑛) and 𝑜(log 𝑛).

The proof of Theorem 2.8(b) is quite a bit more in-
volved, and we won’t venture to explain it here. Let us
just mention one interesting feature of it. The key tool
used to prove Theorem 2.8(b) is the measurable version
of the Local Lemma, which is also established in [Ber20].
The Local Lemma is a well-known powerful tool in prob-
abilistic combinatorics that is often used to show that a
given LCL problemhas a solution. Themeasurable version
of this lemma additionally guarantees that the solution is
measurable. And here we encounter another point of inter-
action between descriptive combinatorics and distributed
computing: the proof of the measurable Local Lemma in
[Ber20] crucially relies on the efficient randomized 𝖫𝖮𝖢𝖠𝖫
algorithm for the Local Lemma developed by Fischer and
Ghaffari [FG17].
2.4. Perfect harmony between the two worlds: the case
of continuous solutions. Theorem 2.8 allows one to turn
efficient distributed algorithms into results in descriptive
combinatorics. It is natural to ask if some sort of converse
to Theorem 2.8 also holds, i.e., if we can obtain efficient
algorithms from descriptive results. While in general this
question remains widely open, there is one salient case
in which an exact correspondence between the descriptive
and the distributed worlds has been established. This case
concerns continuous solutions to LCL problems.

Definition 2.9 (Continuous solutions to LCL problems).
Let Π be an LCL problem with label set Λ and let 𝐺 be a
Borel graph. A labeling of the vertices of 𝐺 by the labels
from Λ is a continuous solution to Π if it fulfills all the con-
straints of the problem Π and, additionally, for each label
𝜆 ∈ Λ, the set of all vertices labeled 𝜆 is open.

Note that the set of all vertices receiving a given label
in a continuous solution must be both open and closed—
clopen, in short. Hence, it is only interesting to study con-
tinuous solutions to LCL problems on graphs 𝐺 such that
the space 𝑉(𝐺) has many clopen subsets. Specifically, we
focus on zero-dimensional spaces, i.e., spaces whose topol-
ogy is generated by clopen sets. Even though familiar
spaces such as ℝ do not have any nontrivial clopen sets,
zero-dimensional spaces are rather common. For example,
the space {0, 1}ℕ is zero-dimensional. Another example of
a zero-dimensional Polish space is ℝ ⧵ ℚ. Also, given any
Polish space 𝑋 , it is possible to refine the topology on 𝑋 to
make it zero-dimensional without changing the Borel sets.

The main result we want to describe in this section says,
roughly, that an LCL problem can be solved continuously
if and only if it can be solved via an efficient determinis-
tic distributed algorithm. To make this statement precise,
we need to specify a particular graph or a class of graphs
on which we attempt to solve the problem. While it is
possible to make the statement somewhat more general, it
will be convenient to consider classes of graphs that look
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very symmetric, such as regular trees or multi-dimensional
grids. The following general definition includes these ex-
amples as special cases:

Definition 2.10 (Γ-graphs). Let Γ be a group generated by
a fixed finite symmetric6 set 𝑆 ⊆ Γ.

The Cayley graph Cay(Γ) of Γ corresponding to 𝑆 is the
graph with vertex set Γ that includes, for every 𝛾 ∈ Γ and
𝜎 ∈ 𝑆, an edge from 𝛾 to 𝜎𝛾. To be precise, we view Cay(Γ)
as an edge-labeled graph, where the label of the edge (𝛾, 𝜎𝛾)
is 𝜎, but the reader may safely ignore this technicality.

A Γ-graph is a graph (with edge labels) in which every
connected component is isomorphic to Cay(Γ).

For instance, the Cayley graph of the additive group ℤ
with generating set 𝑆 = {1, −1} is a bi-infinite path. Sim-
ilarly, the Cayley graph of ℤ𝑑 with respect to an appro-
priately chosen generating set is an infinite 𝑑-dimensional
square grid. On the other hand, the Cayley graph of the
free group 𝔽𝑑 of rank 𝑑 is an infinite 𝑑-regular tree.

Given any group Γwith a finite symmetric generating set
𝑆, there is a canonical way to define a particular Γ-graph 𝐒Γ
on a zero-dimensional vertex set, called the shift graph of Γ.
The shift graph 𝐒Γ is an extremely important example that
plays a central role not only in descriptive combinatorics,
but also in such areas as ergodic theory and topological
dynamics. Before giving the general definition, it will be
instructive to consider the special case Γ = ℤ, with gener-
ating set 𝑆 = {1, −1}. For a subset 𝐴 ⊆ ℤ and an element
𝑛 ∈ ℤ, we write

𝐴 + 𝑛 ≔ {𝑚 + 𝑛 ∶ 𝑚 ∈ 𝐴}.

The set 𝐴 + 𝑛 can naturally be seen as a “shift” of 𝐴 by 𝑛
(hence the term “shift graph”). We say that a set 𝐴 ⊆ ℤ is
aperiodic if 𝐴 + 𝑛 ≠ 𝐴 for every non-zero 𝑛 ∈ ℤ. This is
equivalent to saying that the characteristic function 𝟏𝐴 of
𝐴 is not periodic, i.e., there is no integer 𝑛 ≠ 0 such that
𝟏𝐴(𝑚) = 𝟏𝐴(𝑚+𝑛) for all𝑚 ∈ ℤ. The shift graph 𝐒ℤ is the
graph whose vertices are the aperiodic subsets of ℤ and in
which every aperiodic set 𝐴 has two neighbors: 𝐴 + 1 and
𝐴 − 1. Thus, the connected component of 𝐴 in 𝐒ℤ is the
following infinite path:

⋯ — (𝐴 − 2) — (𝐴 − 1) — (𝐴)— (𝐴 + 1) — (𝐴 + 2) — ⋯

(Since 𝐴 is aperiodic, all the vertices on this path are dis-
tinct.) In particular, every component of 𝐒ℤ is isomorphic
to the Cayley graph of ℤ, so it is indeed a ℤ-graph.

Now for the general construction. Let Γ be a group with
a finite symmetric generating set 𝑆. For a set 𝐴 ⊆ Γ and an
element 𝛾 ∈ Γ, let

𝛾𝐴 ≔ {𝛾𝛼 ∶ 𝛼 ∈ 𝐴}.

6A subset 𝑆 ⊆ Γ is symmetric if for all 𝛾 ∈ 𝑆, 𝛾−1 ∈ 𝑆 as well.

A subset 𝐴 ⊆ Γ is aperiodic if 𝛾𝐴 ≠ 𝐴 for all non-identity
elements 𝛾 ∈ Γ. The vertices of 𝐒Γ are the aperiodic sub-
sets 𝐴 ⊆ Γ. For every 𝐴 ∈ 𝑉(𝐒Γ) and 𝜎 ∈ 𝑆, 𝐒Γ includes
an edge from 𝐴 to 𝜎𝐴 labeled 𝜎. By construction, for each
𝐴 ∈ 𝑉(𝐒Γ), the mapping 𝛾 ↦ 𝛾𝐴 establishes an isomor-
phism between Cay(Γ) and the connected component of
𝐴 in 𝐒Γ (the fact that 𝐴 is aperiodic guarantees that this
mapping is injective). Thus, 𝐒Γ is a Γ-graph. Furthermore,
by identifying each subset of Γ with its characteristic func-
tion, we can view 𝑉(𝐒Γ) as a subset of {0, 1}Γ, which makes
𝐒Γ a Borel graph on a zero-dimensional Polish space.

We now have the following result, obtained indepen-
dently by Bernshteyn [Ber21] and Seward (unpublished):

Theorem 2.11 (Bernshteyn [Ber21]/Seward). Let Γ be a
group generated by a finite symmetric set 𝑆 ⊆ Γ. For every
LCL problem Π, the following statements are equivalent:

(i) 𝐒Γ admits a continuous solution to Π.
(ii) There is an 𝑜(log 𝑛)-round deterministic 𝖫𝖮𝖢𝖠𝖫 algorithm

that solves Π on 𝑛-vertex subgraphs of the Cayley graph
Cay(Γ).

The implication (ii) ⟹ (i) of Theorem 2.11 is proved
in a manner analogous to the proof of Theorem 2.8(a)
sketched in §2.3. The implication (i) ⟹ (ii) is signif-
icantly more difficult and involves a careful analysis of
the structure of continuous functions on 𝑉(𝐒Γ). Inter-
estingly, this analysis again relies, among other things,
on tools from computer science such as the so-called
method of conditional probabilities. It also builds on
earlier work of Gao–Jackson–Seward [GJS16], Seward–
Tucker-Drob [STD16], and Elek [Ele18].

Theorem 2.11 explains the analogies between known
results in continuous combinatorics and distributed com-
puting. For example, in the case Γ = ℤ𝑑, the contin-
uous combinatorics of the shift graph have been stud-
ied in detail by Gao et al. [Gao+18]. Similarly, Brandt
et al. [Bra+17] investigated the LCL problems that can
be solved on 𝑑-dimensional square grids by efficient dis-
tributed algorithms. The results obtained by these two
groups of researchers—independently and using different
methods—perfectly parallel each other, exactly as Theo-
rem 2.11 predicts.
2.5. Baire-measurable solutions to LCL problems on
trees. The last result we would like to mention is a very
recent theorem that establishes a perfect equivalence be-
tween yet another pair of facets of the worlds of descriptive
combinatorics and distributed computing:

Theorem 2.12 (Brandt et al. [Bra+21]). Fix 𝑑 ∈ ℕ. For
every LCL problem Π, the following statements are equivalent:

(i) Every Borel graph𝐺 in which every component is an infinite
𝑑-regular tree admits a Baire-measurable solution to Π.

(ii) There is an𝑂(log 𝑛)-round deterministic 𝖫𝖮𝖢𝖠𝖫 algorithm
that solves Π on 𝑛-vertex trees of maximum degree 𝑑.
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𝖣𝖾𝗍𝖫𝖮𝖢𝖠𝖫(𝑜(log 𝑛))

𝖢𝖮𝖭𝖳𝖨𝖭𝖴𝖮𝖴𝖲 𝖡𝖮𝖱𝖤𝖫 𝖬𝖤𝖠𝖲𝖴𝖱𝖠𝖡𝖫𝖤 𝖡𝖠𝖨𝖱𝖤 𝖬𝖤𝖠𝖲𝖴𝖱𝖠𝖡𝖫𝖤

𝖣𝖾𝗍𝖫𝖮𝖢𝖠𝖫(𝑂(log 𝑛))𝖱𝖺𝗇𝖽𝖫𝖮𝖢𝖠𝖫(𝑜(log 𝑛))

=

⊂ ⊂ ⊂
=⊈

⊉

⊂

Figure 6. Known equalities and inequalities between classes of LCL problems on 𝑑-regular trees. Here 𝖣𝖾𝗍𝖫𝖮𝖢𝖠𝖫(𝑇(𝑛)) and
𝖱𝖺𝗇𝖽𝖫𝖮𝖢𝖠𝖫(𝑇(𝑛)) denote the classes of LCL problems solvable by a 𝑇(𝑛)-round determinisitic (respectively, randomized) 𝖫𝖮𝖢𝖠𝖫
algorithm. The symbol “⊂” indicates strict inclusion.

This is a truly inspiring result, which highlights how
deep the connections between descriptive combinatorics
and distributed computing lie. What makes it different
from Theorems 2.8 and 2.11 is that the complexity bound
on the distributed algorithm here is 𝑂(log 𝑛), not 𝑜(log 𝑛).
Note that in 𝑂(log 𝑛) rounds, a vertex of an 𝑛-vertex tree of
maximum degree 𝑑 ≥ 3 is guaranteed to discover a vertex
of degree less than 𝑑—and hence this algorithm cannot be
directly used on a 𝑑-regular graph 𝐺. Unsurprisingly, the
proof of the implication (ii)⟹ (i) in Theorem2.12 is con-
siderably more difficult than the proof of Theorem 2.8(a).
In fact, both implications in Theorem 2.12 are highly non-
trivial. The high-level idea of the argument is to isolate a
certain combinatorial property of LCL problems and show
that this property is equivalent to each of (i), (ii) separately
(the former equivalence was established by Bernshteyn
(unpublished), the latter—by Brandt et al. [Bra+21]).
2.6. Final thoughts and open problems. The intimate
interactions between descriptive combinatorics and dis-
tributed computing have only very recently been discov-
ered, and most questions about them remain open. Per-
haps the central open problem is this:

Question 2.13. Is there a version of Theorem 2.11 for
Borel solutions to LCL problems? In other words, is there
a precise algorithmic counterpart to the notion of a Borel
solution (similar to how 𝑜(log 𝑛)-round 𝖫𝖮𝖢𝖠𝖫 algorithms
are equivalent to continuous solutions)?

The same questions for measurable and (except for
graphs with no cycles) Baire-measurable solutions are also
open. Even on graphs as simple as 𝑑-regular trees, many
open questions remain. The diagram in Fig. 6 summarizes
our knowledge regarding the complexity of LCL problems
on 𝑑-regular trees. In particular, we know that there are
LCL problems that admit Borel solutions but cannot be
solved by an 𝑜(log 𝑛)-round randomized algorithm, but
there are also LCL problems that can be solved by such an
algorithm but do not admit Borel solutions. Therefore, a
new algorithmic framework seems to be needed to capture
the notion of a Borel solution precisely.

On classes of graphs other than trees, our knowledge is
even scanter. For example, the following basic question is
open:

Question 2.14. Fix an integer 𝑑 ≥ 2. Does there exist
an LCL problem Π such that the shift graph 𝐒ℤ𝑑 admits
a measurable solution to Π but not a Borel one? What
about Baire-measurable solutions?

Another area with close ties to distributed computing
and descriptive combinatorics is the study of so-called fini-
tary factors of i.i.d. processes. This is a class of particularly
well-behaved random processes on networks of great inter-
est in probability theory. Finitary factors of i.i.d. processes
can be used to create a complexity hierarchy of LCL prob-
lems, and Grebı́k and Rozhoň recently discovered that in
many cases this hierarchy parallels the one arising from
considering descriptive and 𝖫𝖮𝖢𝖠𝖫 complexity. For more
details on this exciting connection, see the papers [GR21]
by Grebı́k and Rozhoň and [Bra+21] by Brandt et al.

In spite of all the open problems mentioned above, it
really does appear that the combination of tools from de-
scriptive set theory and distributed computing is the key
to attaining a deep understanding of the behavior of LCL
problems under various “effectiveness” requirements. Ex-
citing discoveries await, and they will surely enrich descrip-
tive combinatorics and distributed computing alike.
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Oklahoma State University
Math Seminars:
OSU said their most rewarding result of 2020–2021

was their ability to keep their chapter alive during

a time when many other voluntary campus

organizations folded. OSU continued their math

seminar, which uplifted members both academi-

cally and socially amidst the COVID-19 pandemic.

University of Hawai‘i
Community Outreach:
Despite the pandemic, U Hawai‘i hosted events 

that built camaraderie and furthered education, 

while helping the broader community. Members 

organized “Be a Scientist Day” where they worked 

with Hawai’i’s Institute for Human Services to

provide math and science-based activities and 

food to local children from an often-underserved 

community. The kids learned about coding and 

other topics, and were encouraged to engage

in science.
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Washington State University
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game nights—all in a virtual format.
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Infinite Cardinals and
Combinatorial Principles

Dima Sinapova
–No one shall expel us from the paradise which
Cantor has created for us.

Hilbert

1. Introduction
Many natural questions cannot be answered by the stan-
dard mathematical axioms (ZFC). Most famously, in 1963
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Cohen invented forcing and used it to show that the
continuum hypothesis is independent of ZFC, resolving
Hilbert’s first problem. This question goes back to the
so-called “Cantor’s paradise.” Cantor invented the infi-
nite cardinal numbers, and in his famous diagonal lemma
showed that the size of the natural numbers, 𝜔, is strictly
smaller than the size ofℝ. Then he postulated the Contin-
uum Hypothesis (CH): every infinite set of reals is either
countable or is equinumerous to ℝ. This became Hilbert’s
first problem, as announced at the 1900 International Con-
gress of Mathematicians in Paris.

The first breakthrough was by Gödel in 1940, who built
a “minimal model” of ZFC called L where CH holds, thus
showing that CH cannot be refuted from ZFC. Later, in
1963, Paul Cohen invented the method of forcing and
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used it to construct models of ZFC, where the reals can
have arbitrarily high cardinality. In particular, ZFC does
not imply CH. So, the solution to Hilbert’s first problem is
that the continuum hypothesis is independent from ZFC.

And what happens at higher cardinals? For an infinite
cardinal 𝜅, let 𝜅+ denote its successor, i.e., the next infinite
cardinal bigger than 𝜅. Also, 𝒫(𝜅) denotes the powerset
of 𝜅. An analogue of CH, the Generalized Continuum
Hypothesis (GCH) states that:

for all infinite cardinals 𝜅, |𝒫(𝜅)| = 𝜅+.
Analyzing the powerset of infinite cardinals has become

a rich subject in set theory. The surrounding questions are
what are the ZFC constraints on the function 𝜅 ↦ |𝒫(𝜅)|,
and in particular on GCH. More generally, what can be
obtained by forcing about combinatorial properties of in-
finite cardinals?

2. Ordinals and Cardinals
Let us start from the beginning. The class of ordinals, Ord,
is an extension of the natural numbers:

0, 1, 2, … , 𝑛, … , 𝜔, 𝜔 + 1, 𝜔 + 2, … , 𝜔 + 𝜔, … , 𝜔 ⋅ 𝜔, … .
Each ordinal is also the set of all ordinals smaller than it:
𝛽 = {𝛼 ∣ 𝛼 < 𝛽}. And so 𝛼 < 𝛽 iff 𝛼 ∈ 𝛽. Also, for each
ordinal 𝛽, (𝛽, <) is a well order. Formally, the ordinals are
defined by transfinite recursion, where at successor stages,
one takes 𝛽 + 1 = 𝛽 ∪ {𝛽}, and at limit stages one takes
unions (those are the limit ordinals). The first infinite or-
dinal, 𝜔, is the set of the natural numbers. Then we have
𝜔+1, formally defined as 𝜔∪ {𝜔}, and so on until the next
limit ordinal, where we have 𝜔 + 𝜔 = 𝜔 ∪ {𝜔 + 𝑛 ∣ 𝑛 < 𝜔},
etc.

Note that many ordinals greater than 𝜔 are still count-
able, for instance 𝜔 = |𝜔 + 1| = |𝜔 + 𝜔| = |𝜔 ⋅ 𝜔|. The
picture below illustrates that 𝜔 + 𝜔 is countable.

ω •0 •1 •2 •3 •4 •5

ω + ω •
0

•
1

•
2

. . . •
ω

•
ω + 1

•
ω + 2
• . . .

Figure 1. A bijection between 𝜔 and 𝜔 + 𝜔.

There is a jump in actual size at𝜔1, the first uncountable
ordinal.

0, 1, 2, … , 𝜔, 𝜔 + 1, … , 𝜔 + 𝜔, … , 𝜔 ⋅ 𝜔, … , 𝜔1, … .
Then there is another jump, 𝜔2, which is “strictly bigger”
than 𝜔1, and so on. These jumps make up the cardinal

numbers. More precisely, a cardinal is an ordinal 𝜅 for
which there is no bijection between 𝜅 and a smaller ordi-
nal. And the cardinality of a set 𝐴, |𝐴|, is the unique
cardinal 𝜅 equinumerous to it.

The infinite cardinals are indexed ⟨ℵ𝛼 ∶ 𝛼 ∈ Ord⟩. Thus,
the smallest infinite cardinal is 𝜔, also denoted by ℵ0; next
is 𝜔1, also denoted by ℵ1, which is the least uncountable
cardinal. More generally, for any ordinal 𝛼, ℵ𝛼 is the 𝛼-th
infinite cardinal. Also note that, every cardinal is also a set,
for example ℵ1 is the set of all countable ordinals.

One can define arithmetic operations on cardinals by
setting 𝜅 + 𝜆 to be cardinality of the disjoint union of 𝜅
and 𝜆, and 𝜅 ⋅ 𝜆 to be the cardinality of Cartesian product.
A standard argument gives that if 𝜅, 𝜆 are infinite, then 𝜅 +
𝜆 = 𝜅 ⋅ 𝜆 = max(𝜅, 𝜆). The nontrivial cardinal arithmetic
operation is exponentiation:

Definition 2.1. 𝜅𝜆 is the cardinality of the set of functions
from 𝜆 to 𝜅.

Note that, since each subset of 𝜅 can be coded by a func-
tion 𝜅 → {0, 1} = 2, we have that 2𝜅 is the cardinality of the
powerset of 𝜅, i.e., 2𝜅 = |𝒫(𝜅)|.

By Cohen’s method, the continuum (identified as the
powerset of 𝜔), can be made arbitrarily high. I.e., for any
ordinal 𝛼, it is consistent with ZFC, that 2𝜔 ≥ ℵ𝛼. In Sec-
tion 3 we briefly discuss Cohen’s forcing technique.

3. An Interlude on Forcing
The goal of forcing is to adjoin a new object to a model of
set theory.1 Suppose 𝑉 is such a model (referred to as the
ground model) and in 𝑉 , (ℙ, ≤) is a partially ordered set (a
poset). Recall that a poset is a partial order that is transitive
and antisymmetric. Elements in ℙ are called conditions,
and for two conditions 𝑝, 𝑞 ∈ ℙ, we say that:

• 𝑞 and 𝑝 are compatible if there is a common lower
bound. Otherwise, they are incompatible;

• 𝐴 ⊂ ℙ is an antichain if it consists of pairwise incom-
patible conditions;

• An antichain 𝐴 ⊂ ℙ is a maximal if for any 𝑝 ∈ ℙ,
there is 𝑞 ∈ 𝐴, such that 𝑞 and 𝑝 are compatible.

Given a poset ℙ, an object 𝐺 ⊂ ℙ called a generic filter
of ℙ if:

• 𝐺 is a filter, i.e., it is closed upwards and any two ele-
ments in it have a common lower bound, also in 𝐺.

• 𝐺 meets every maximal antichain 𝐴 of ℙ, such that 𝐴
is in 𝑉 .

The forcing theorem states that one can construct a model
𝑉[𝐺] ⊃ 𝑉 , called a generic extension, such that: 𝐺 ∈
𝑉[𝐺], 𝐺 ∉ 𝑉 , and ZFC holds in 𝑉[𝐺].

A typical application of forcing is taking ℙ to consist of
partial functions. For example, the Cohen poset to add one

1A model of set theory is a set or a class where ZFC holds.
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real, 𝐴𝑑𝑑(𝜔, 1), is the set of all finite partial functions 𝑝 ∶
𝜔 ⇀ {0, 1}, where 𝑝1 ≤ 𝑝2 if 𝑝1 extends 𝑝2, as a function.
Then if 𝐺 is a generic filter, it can be shown that ⋃𝐺 is a
total, new function from 𝜔 to {0, 1}. In other words, 𝐺 is
the new real.

Going further, let 𝜆 be an infinite cardinal. One can
define 𝐴𝑑𝑑(𝜔, 𝜆) to consist of finite partial functions 𝑝 ∶
𝜆 × 𝜔 ⇀ {0, 1}. Then a generic filter will add 𝜆 many reals.
And so here is a sketch of Cohen’s theorem: let 𝑉 be a
model of ZFC, and 𝜆 an infinite cardinal greater than 𝜔1.
Let 𝐺 be a generic filter for the poset 𝐴𝑑𝑑(𝜔, 𝜆). Then in
𝑉[𝐺], ZFC holds and 2𝜔 ≥ 𝜆 > ℵ1. Thus 𝑉[𝐺] witnesses
that the failure of CH is consistent with ZFC.

Of course, it is not quite that simple. A major part of
Cohen’s argument is showing that cardinals are preserved,
namely that the forcing does not add a bijection between
𝜆 and a smaller ordinal. (If it did, that would collapse the
cardinality of the reals to be that smaller ordinal, and CH
may hold.) Another part of the argument is to show that
one can indeed find a generic filter 𝐺. We refer the inter-
ested reader to Kunen [6] for a detailed presentation of
forcing and the independence of CH.

Forcing is a main technique for proving consistency re-
sults. Suppose we are given some statement, call it (†), and
want to show that it is consistent with ZFC using forcing.
One defines a poset ℙ, and shows that if 𝐺 is ℙ-generic,
then in the generic extension 𝑉[𝐺], this (†) holds. Since
ZFC holds in 𝑉[𝐺] by the forcing theorem, the conclusion
is that (†) is consistent with ZFC. And in that case, we of-
ten say that “one can force” such and such statement. The
poset in question ℙ will depend on the particular state-
ment. For example, as outlined above, using the poset
𝐴𝑑𝑑(𝜔, 𝜔2) one can force the negation of CH.

Cohen’s forcing can be generalized to add subsets of
𝜅, for uncountable cardinals 𝜅. The idea is to again take
partial functions, but this time of size less than 𝜅. As
mentioned above, for this poset to be useful, we need to
show that it preserves cardinals. The argument for cardinal
preservation still works when 𝜅 is a regular cardinal.

However, in the case of singular cardinals, Cohen’s result
cannot be generalized. While this may seem like bad news
at first, it is one of many reasons why singular cardinals are
so interesting. In the Section 4 we explain the difference
between those two types of cardinals.

4. Singular Versus Regular Cardinals
Cardinal arithmetic is especially intricate at the level of sin-
gular cardinals. Let us motivate the notion. As we all know,
the finite union of finite sets is finite. Similarly, the count-
able union of countable sets is countable. Singular cardi-
nals are where this principle breaks down:

Definition 4.1. An infinite cardinal 𝜅 is singular if it is the
union of less than 𝜅many sets of size less than 𝜅; otherwise
𝜅 is regular.

For example, ℵ𝑛 is regular for every 𝑛, ℵ𝜔+1 is regular,
and more generally, 𝜅+ is regular for every 𝜅. (Recall from
Section 1, that 𝜅+ denotes the cardinal successor of 𝜅.) On
the other hand, ℵ𝜔 is singular, since ℵ𝜔 = ⋃𝑛 ℵ𝑛.

Furthermore, the cofinality of an infinite cardinal 𝜅 is
the smallest cardinal 𝜏, such that there is an unbounded
set 𝐴 ⊂ 𝜅 with |𝐴| = 𝜏. Then 𝜅 is singular if cf(𝜅) < 𝜅
and regular if cf(𝜅) = 𝜅. For example, for each 𝑛, cf(ℵ𝑛) =
ℵ𝑛, while cf(ℵ𝜔) = 𝜔, since {ℵ𝑛 ∣ 𝑛 < 𝜔} is a countable
unbounded subset of ℵ𝜔.

In 1970 Easton extended Cohen’s result to all regular
cardinals, showing that any reasonable behavior of the
map 𝜅 ↦ 2𝜅 for regular 𝜅 is consistent with ZFC. The only
constraint is König’s cofinality lemma that 𝜅cf(𝜅) > 𝜅. And
note that König’s lemma implies that cf(2𝜅) > 𝜅. For other-
wise, if cf(2𝜅) ≤ 𝜅, then 2𝜅 < (2𝜅)cf(2𝜅) ≤ (2𝜅)𝜅 = 2𝜅⋅𝜅 = 2𝜅,
a contradiction. So, for example, 2𝜔 cannot be ℵ𝜔. How-
ever, 2𝜔 can be forced to equal any uncountable cardinal
of uncountable cofinality.

The initial expectation was that Easton’s result could be
extended for all infinite cardinals. But it turns out that
the case of singular cardinals is much more intricate. To
define the analogue of Hilbert’s first problem for singular
cardinals, first we need an analogue of the continuum hy-
pothesis for singular cardinals. This leads to the following
definition

Definition 4.2. The Singular Cardinal Hypothesis
(SCH) states that if 𝜅 is singular and strong limit (i.e.,
𝜏 < 𝜅 → 2𝜏 < 𝜅), then 2𝜅 = 𝜅+.

Note that SCH states that the powerset of a singular car-
dinal has the smallest possible value it could have. As such
this is a parallel of CH. Moreover, GCH implies SCH. So
the main questions are: Can we make SCH fail? If yes,
how badly? Are there ZFC constraints other than König’s
cofinality lemma?

Let us start with the latter question. Unlike the case
for regular cardinals, singular combinatorics has deep ZFC
constraints. The most famous one is by Shelah: if 2ℵ𝑛 <
ℵ𝜔 for every 𝑛 < 𝜔, then 2ℵ𝜔 < ℵ𝜔4 [14]. Note the differ-
ence between the possible values of 2𝜔 and 2ℵ𝜔 . As men-
tioned earlier, with Cohen’s forcing 2𝜔 can be forced to be
arbitrarily high. More generally, for any regular 𝜅, 2𝜅 can
be forced to be arbitrarily high while maintaining that 𝜅
is strong limit. In contrast, if ℵ𝜔 is strong limit, there is a
ZFC-bound on the cardinality of 2ℵ𝜔 , namely ℵ𝜔4 . The as-
sumption that ℵ𝜔 is strong limit is necessary, since for any
𝑛, by Easton, we can make the 2ℵ𝑛 arbitrarily high, and of
course 2ℵ𝜔 ≥ 2ℵ𝑛 . It is a major open problem whether 4
can be replaced by 1 (or 2 or 3).

Now let us address the first two questions. It turns out
that SCH can indeed be violated, but this involves large
cardinal axioms. Going back to the independence of the
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continuum hypothesis, Cohen showed that CH can fail,
starting from amodel of ZFC. Unlike CH, to obtain the fail-
ure of SCH one needs large cardinals. This is due to works
of Magidor, Gitik, Woodin, and Mitchell. Large cardinal
axioms are strengthenings of ZFC; we will discuss them in
more detail later.

A central theme in set theory is what implications cardi-
nal arithmetic has on combinatorial properties, and how
much compactness can be forced. Recall the first order logic
notion of compactness: given a collection of statements Γ,
if every finite subset of Γ is consistent, then so is the entire
Γ. As a corollary, one can prove that if a property holds
for arbitrarily large finite structures, it also holds for an
infinite structure. We generalize this as follows. Compact-
ness is an instance where if a property holds for all strictly
smaller substructures of a given object, then it holds for
the object itself.

For example, if SCH fails at a singular cardinal 𝜅, that
presents an instance of incompactness at 𝜅, since we have
small powerset below 𝜅 and big powerset at 𝜅. To give an al-
gebraic example, Higmann’s construction [5] of a nonfree,
almost free group is also an instance of incompactness.
Namely, he constructed a nonfree group of size ℵ1, such
that every countable subgroup of it is free. On the other
hand, some key compactness-type combinatorial proper-
ties are the tree property, stationary reflection. They
hold at large cardinals, but can also be obtained by forcing
at smaller cardinals like ℵ2 and ℵ𝜔+1. Below, we describe
some of the deep interplay between these principles and
cardinal arithmetic.

5. The Tree Property, and More
Recall König’s lemma that every infinite, finitely branching
tree has an infinite branch.

Here a tree is a partial
order, such that each
element has a finite

linearly ordered set of
predecessors.

Figure 2. A binary tree.

The tree property generalizes that fact to higher cardi-
nals. First, let us introduce the notion of trees of uncount-
able height. (𝑇, <) is a tree if for each node 𝜎 ∈ 𝑇, the
predecessors of 𝜎, pred(𝜎) = {𝜏 ∈ 𝑇 ∣ 𝜏 < 𝜎} is a well-
ordered set, i.e., a linear order with no infinite descending
sequences. Note that every finite set is well-ordered. Thus,
this definition extends the usual notion a tree, where each

node has finitely many predecessors. It simply generalizes
the definition of trees to the case where each node may
have infinitely many predecessors.

By nature of how the ordinals are defined, any well-
ordered set is order isomorphic to a unique ordinal. Now,
given a tree (𝑇, <), for each 𝜎 ∈ 𝑇, the order type of
pred(𝜎), denoted o.t.(𝜎), is the unique ordinal 𝛼, such that
(pred(𝜎), <𝑇) is order-isomorphic to (𝛼, <). The height of
𝑇 is sup{o.t.(𝜎) ∣ 𝜎 ∈ 𝑇}. For each 𝛼 < height(𝑇), the 𝛼-th
level of 𝑇 is 𝑇𝛼 = {𝜎 ∣ o.t.(𝜎) = 𝛼}.

As an example, consider the tree whose elements are
bounded increasing sequences of rational numbers, with
the ordering 𝜏 < 𝜎 if 𝜏 is an initial segment of 𝜎. For in-
stance, 𝜏 = ⟨ 𝑛

𝑛+1
∣ 𝑛 < 𝜔⟩ is a node. Some immediate suc-

cessors of 𝜏 are 𝜎1 = 𝜏⌢ {1}, 𝜎2 = 𝜏⌢ {2}; a non-immediate
successor is 𝜎 = 𝜏⌢ ⟨1 + 𝑛

𝑛+1
∣ 𝑛 < 𝜔⟩, and here 𝜏 < 𝜎1 < 𝜎.

•𝜏 o.t.(𝜏) = 𝜔

•𝜎1 •𝜎2 o.t.(𝜎1) = 𝜔 + 1 = o.t.(𝜎2)

•𝜎 o.t.(𝜎) = 𝜔 + 𝜔

Figure 3. Nodes of an Aronszajn tree.

Note that for every countable ordinal 𝛼, one can find a
sequence of rationals of order type 𝛼, and so, height(𝑇) =
𝜔1. Also, each node has countably many immediate suc-
cessors. So, 𝑇 is a countably branching tree of uncountable
height with no uncountable branch, since ℚ is countable.
Moreover, by carefully restricting the nodes of 𝑇 it can be
ensured that each level is countable (the nontrivial step is
at limit levels). Such a tree is then called an Aronszajn tree.

The tree property at 𝜅 states that every tree of height 𝜅
and levels of size less than 𝜅 has an unbounded branch. At
𝜔, the tree property simply says that every infinite, finitely
branching tree has an infinite branch; and this property
holds by König’s infinity lemma. But at ℵ1, the first un-
countable cardinal, the tree property fails, as witnessed by
the Aronszajn tree described above.

What about higher cardinalities? Can the above con-
struction be done for trees of height ℵ2 or higher? It turns
out that with the right cardinal arithmetic assumptions, it
can: CH implies the tree property fails at ℵ2. More gen-
erally, by a theorem of Specker, if 𝜇<𝜇 = 𝜇, then the tree
property fails at 𝜇+. This is because with the cardinal arith-
metic assumption above, one can generalize the construc-
tion of Aronszajn trees to higher cardinalities. When 𝜅
is a singular strong limit cardinal, it can be shown that
Specker’s theorem implies that SCH has to fail at 𝜅 in order
to have the tree property at 𝜅++.
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Note that, at singular cardinals, the tree property also
fails. Here is tree witnessing the failure of the tree property
at ℵ𝜔:

o.t ℵ𝑛

o.t ℵ2

o.t ℵ1

o.t ℵ0

•

. .
.

. .
.

Figure 4. An ℵ𝜔-tree with no cofinal branch.

For all 𝑛, there is a branch of order type ℵ𝑛. So this tree
has height sup𝑛 ℵ𝑛 = ℵ𝜔, but each level is countable.

At this point we may ask, can the tree property hold at
trees of uncountable heights? The first positive result was
in 1972, when Mitchell [9] showed that starting from a
weakly compact cardinal, which is a type of large cardinal,
one can force to obtain the tree property at ℵ2, the second
uncountable cardinal. Actually, weakly compact cardinals
can be characterized in terms of the tree property, more
on that in Section 6. After Mitchell’s result, the following
became a long standing project in set theory:

Can we consistently get the tree property at every regular car-
dinal greater than ℵ1 simultaneously?

There is a deep connection with cardinal arithmetic. A
positive answer to the above question would require ob-
taining many failures of GCH, by Specker’s theorem men-
tioned earlier. In particular, we would need many fail-
ures of SCH, and therefore large cardinal assumptions.
Progress has been slow but steady. Below we summarize
some of the classical results:

• (Mitchell, [9] 1972) From a weakly compact, it is con-
sistent to have the tree property at ℵ2.

• (Abraham, [1] 1983) From a supercompact and a
weakly compact above it, it is consistent to have the
tree property at ℵ2 and ℵ3, simultaneously.

• (Cummings-Foreman, [3] 1998) From 𝜔 many super-
compact cardinals, it is consistent to have the tree
property at ℵ𝑛 for each 𝑛 > 1, simultaneously.

• (Neeman, [11] 2012) From 𝜔many supercompact car-
dinals, it is consistent to have the tree property at ℵ𝑛
for each 𝑛 > 1 and at ℵ𝜔+1, simultaneously.

In all of the above models SCH holds at ℵ𝜔. It is still open
if we can add ℵ𝜔+2, while keeping ℵ𝜔 strong limit. The
main obstacle is that, as mentioned earlier, by the Specker
theorem this would require violating SCH at ℵ𝜔.

This led to a famous question of Woodin: Can we
get the tree property at ℵ𝜔+1 with not SCH at ℵ𝜔? There

has been partial progress towards resolvingWoodin’s ques-
tion.

• (Neeman, 2009, [10]) The tree property can be forced
at 𝜅+ together with the failure of SCH at 𝜅.

• (S. 2012, [15]) The tree property can be forced at
ℵ𝜔2+1 together with the failure of SCH at ℵ𝜔2 .

• (S. 2015, [16]) The tree property can be forced at 𝜅+
and 𝜅++ for a singular strong limit 𝜅. In particular,
then SCH fails at 𝜅.

• (S.-Unger, 2018, [17]) The tree property can be forced
at ℵ𝜔2+1 and ℵ𝜔2+2 simultaneously with ℵ𝜔2 being
singular strong limit. Again, then SCH fails at ℵ𝜔2 .

These results all point to a possible solution to the tree
property everywhere problem via amodel whereℵ𝜔2 is the
first strong limit cardinal.

6. Large Cardinals and Their Combinatorics
The forcing theorems in Section 5 use large cardinals.
Large cardinal axioms are strengthenings of ZFC that as-
sert the existence of certain large cardinals with strong com-
pactness type properties. We start Section 6 by defining the
set theoretic universe 𝑉 . Define ⟨𝑉𝛼 ∣ 𝛼 ∈ Ord⟩ by transfinite
recursion on the ordinals as follows:

𝑉0 = ∅;
𝑉𝛼+1 = 𝒫(𝑉𝛼);
𝑉𝛾 = ⋃

𝛼<𝛾
𝑉𝛼 for 𝛾 a limit ordinal.

Finally set 𝑉 = ⋃𝛼∈Ord 𝑉𝛼. Note that while each 𝑉𝛼 is a
set, 𝑉 is a class. For example, by induction on 𝑛, it follows
that for every 𝑛 ∈ 𝜔, 𝑉𝑛 is finite and only contains finite sets.
Their union, 𝑉𝜔, is (countably) infinite, and is such that
every 𝑥 ∈ 𝑉𝜔 is finite. Moreover, every natural number 𝑛 is
in 𝑉𝜔, i.e., ℕ ⊂ 𝑉𝜔. So, ℕ ∈ 𝑉𝜔+1, ℝ ∈ 𝑉𝜔+2, 𝒫(ℝ) ∈ 𝑉𝜔+3,
and so on. Note that already, |𝑉𝜔+1| is uncountable, and
in general 𝑉𝛼 is not closed under the powerset operation.

However, there is a stage where we “catch our tail,” so
to speak. Recall from earlier sections, that a cardinal 𝜅 is
strong limit if for all 𝜏 < 𝜅, 2𝜏 < 𝜅; and that 𝜅 is regular if
cf(𝜅) = 𝜅.
Definition 6.1. An uncountable cardinal 𝜅 is inaccessible
if it is both regular and strong limit.

When 𝜅 is an inaccessible cardinal, it can be shown that
𝑉𝜅 satisfies ZFC. By Gödel’s Second Incompleteness theo-
rem, ZFC cannot prove its own consistency. That implies
that inaccessible cardinals are strictly stronger in consis-
tency strength than ZFC.

Thus, one of the first examples of a large cardinal is an
inaccessible cardinal. Another example of a large cardinal
is a weakly compact cardinal. Weakly compact cardinals
have several equivalent definitions; one of the easiest to
state is that 𝜅 is weakly compact if it is inaccessible and
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has the tree property. Stronger large cardinal hypotheses
are defined via elementary embeddings of the set theoretic
universe. Next we define those terms.

An elementary embedding is an injection 𝑗 ∶ 𝑉 → 𝑀 ⊂ 𝑉 ,
such that if a statement holds about an object 𝑥 in 𝑉 , then
the same statement holds about 𝑗(𝑥) in𝑀. The latter prop-
erty is referred to as elementarity of 𝑗. Given such a 𝑗, by
elementarity, for every ordinal 𝛼, 𝑗(𝛼) is also an ordinal.
Moreover it can be shown that 𝛼 ≤ 𝑗(𝛼). If 𝑗 is not the
identity, the critical point of 𝑗 is defined to be the least or-
dinal 𝛼, such that 𝑗(𝛼) > 𝛼. Stronger large cardinals are
usually defined to be the critical points of such elementary
embeddings.

Definition 6.2. 𝜅 is a measurable cardinal if there is an
elementary embedding 𝑗 ∶ 𝑉 → 𝑀 with critical point 𝜅.

Moreover, it can be shown that 𝑀 and 𝑉 above agree
on objects of size 𝜅. More formally, 𝑀 is closed under 𝜅
sequences.

To demonstrate a compactness consequence, suppose 𝜅
is measurable as witnessed by 𝑗, and GCH holds below 𝜅.
Since this is true in 𝑉 , by elementarity, in 𝑀, GCH holds
below 𝑗(𝜅). In other words, in 𝑀, 2𝜅 = 𝜅+. Since 𝑉 and
𝑀 agree on objects of size 𝜅, every subset of 𝜅 belongs to
𝑀, and so in 𝑉 , it must be that 2𝜅 = 𝜅+. To sum up, GCH
below a measurable 𝜅, implies GCH at 𝜅.

The greater the agreement between 𝑉 and 𝑀, the
stronger the large cardinal hypothesis. In the measurable
case, 𝑉 and𝑀 agree on objects of size 𝜅, but we can require
more agreement and define stronger large cardinals.

Definition 6.3. 𝜅 is supercompact if for all 𝜆 > 𝜅, there is
an elementary embedding 𝑗 ∶ 𝑉 → 𝑀, with critical point
𝜅, such that 𝑗(𝜅) > 𝜆 and𝑀𝜆 ⊂ 𝑀. (I.e.,𝑀 and 𝑉 generally
agree on objects of size 𝜆. )

So, in the case of supercompact cardinals one can get
arbitrarily high similarity between 𝑉 and𝑀. An argument
similar in spirit to the one above, gives that GCH below a
supercompact cardinal implies GCH everywhere.

The general strategy of showing compactness from large
cardinals is as follows. Suppose that a property holds at 𝜅
(in 𝑉); then, as long as 𝑉 and 𝑀 are similar enough, it
holds at 𝜅 in 𝑀, so it holds somewhere below 𝑗(𝜅) in 𝑀,
so by elementarity, it holds somewhere below 𝜅 in 𝑉 .

In contrast to having (stronger) large cardinals, Gödel’s
constructible universe 𝐿 is the minimal class model of set
theory. While 𝐿 can have inaccessible and even weakly
compact cardinals, there are no measurable cardinals in 𝐿
(or anything stronger). So, analyzing combinatorial prin-
ciples, cardinal arithmetic, and forcing extensions helps
us understand how much the universe resembles 𝐿 versus
what is possible from forcing and large cardinals.

A well known fact is that the tree property holds at mea-
surable cardinals.

Proposition 6.4. If 𝜅 is measurable, then the tree property
holds at 𝜅.

Let us briefly sketch the proof. Suppose 𝑇 is a tree of
height 𝜅 and levels of size less than 𝜅. We have to show that
𝑇 has an unbounded branch. Then we do the only thing
we can do, look at 𝑗(𝑇). By elementarity that is a tree of
height 𝑗(𝜅), so let 𝑢 be a node in 𝑗(𝑇) of level 𝜅. Taking 𝑏 to
be the predecessors of 𝑢, we have that 𝑏 is a well ordered set
and can be “pulled back” to a branch through the original
tree. The latter step is where one uses that the levels of 𝑇
are of size less than 𝜅, and so are below the critical point.
(See Figure 5.)

•𝜅

•
𝑗(𝜅)

•𝑢

𝑗

𝑇

𝑗(𝑇)

•𝜅

Figure 5. The tree property at a measurable cardinal.

On the other hand, forcing the tree property at succes-
sive cardinals requires much more large cardinal strength.
Thus obtaining the tree property to hold at small cardinals
illustrates to what extend small cardinals can behave like
large cardinals in terms of their combinatorics. It also tests
the power of forcing and large cardinals against the con-
straints imposed by ZFC. That is the main motivations be-
hind the tree property everywhere project.

Next we focus on another important combinatorial
principle, with similar connections to cardinal arithmetic
and large cardinals.

7. Stationary Reflection
Stationary reflection is another compactness type combi-
natorial property, which is in some sense orthogonal to
the tree property. Like the tree property, stationary reflec-
tion follows from large cardinals. For example, stationary
reflection holds at measurable cardinals (and actually at
weakly compact cardinals). Also, like the tree property, sta-
tionary reflection can be forced at small cardinals.

Informally, stationary reflection at 𝜅 says that every “big
enough” subset of 𝜅 has a “big enough” initial segment.
Formally, a subset 𝐶 ⊂ 𝜅 is closed and unbounded (club)
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subset of 𝜅, if
(1) (closed) it contains its limit point, i.e., sup(𝛼 ∩ 𝐶) =

𝛼 → 𝛼 ∈ 𝐶, and
(2) (unbounded) sup(𝐶) = 𝜅.
A set is stationary in 𝜅 if it intersects every club subset of 𝜅.
We can think of the clubs as the “large” subsets of 𝜅; they
do indeed generate a filter, and of the stationary sets as the
“big enough” or positive subsets of 𝜅.

Definition 7.1. A stationary subset 𝑆 ⊂ 𝜅 reflects if there
is 𝛼 < 𝜅 of uncountable cofinality, such that 𝑆∩𝛼 is station-
ary. Stationary reflection holds at 𝜅 if every stationary
subset of 𝜅 reflects.

As mentioned earlier, if 𝜅 is measurable, then stationary
reflection holds at 𝜅. The proof is similar in spirit to the
proof that the tree property holds at a measurable. Note
that by definition, measurables are limit cardinals. So,
what about successor cardinals, i.e., cardinals of the form
𝜅+? When 𝜅 is regular, stationary reflection fails at 𝜅+. This
is because the set {𝛼 < 𝜅+ ∣ cf(𝛼) = 𝜅} does not reflect.

That leaves the case of 𝜅+ when 𝜅 is singular: can we
have stationary reflection at the successor of a singular car-
dinal? To answer that question, again large cardinals come
into play, as we will see shortly.

Naturally, there is a tension between the failure of SCH
(an incompactness property) and compactness type prin-
ciples like the tree property and stationary reflection. This
tension goes to the heart of what ZFC constraints are im-
posed by singular combinatorics versus how powerful are
large cardinals and forcing. Above we discussed SCH ver-
sus the tree property; now we focus on the relationship
between SCH and stationary reflection.

Take the least singular cardinal,ℵ𝜔. Two classical results
of Magidor state that:

• Magidor, [7] 1977: Starting with a supercompact car-
dinal, one can force the failure of SCH at ℵ𝜔.

• Magidor, [8] 1982: Starting with 𝜔many supercom-
pact cardinals, one can force stationary reflection at
ℵ𝜔+1.

In the firstmodel stationary reflection atℵ𝜔+1 fails. And
in the second model SCH holds at ℵ𝜔+1. A key fact here is
that if 𝜅 is a singular limit of supercompact cardinals, then
stationary reflection holds at 𝜅+.

The natural question is whether the above results can
be combined. As a stepping stone, we have to answer if
can we get the failure of SCH at 𝜅 together with stationary
reflection at 𝜅+, for some singular cardinal 𝜅 (not neces-
sarily ℵ𝜔). Originally this was attempted by Assaf Sharon
[4], who made quite a bit of progress. The full result was
obtained independently a couple of years ago by Poveda-
Rinot-Sinapova [12] and Ben-Neria–Hayut–Unger [2], for
a cardinal 𝜅 that is high up. Obtaining these properties

at ℵ𝜔 is harder, and solving the problem when 𝜅 is ℵ𝜔 re-
quired new arguments.

Theorem 7.2 (Poveda-Rinot-S, 2021 [13]). Suppose that
there are infinitely many supercompact cardinals. Then there
is a forcing extension where,

• SCH fails at ℵ𝜔 and
• stationary reflection holds at ℵ𝜔+1.

Moreover, GCH holds below ℵ𝜔, i.e., we have “the ultimate
failure” of SCH.

The two main points that go into the proof of the theo-
rem are:

(1) Prikry type forcing that adds 𝜅++ many 𝜔 sequences
through a singular strong limit cardinal 𝜅. This makes
2𝜅 = 𝜅𝜔 = 𝜅++, violating the SCH at 𝜅;

(2) forcing iteration: i.e., doing forcing over forcing ex-
tensions many times. This is how we get stationary
reflection at the end.

To do the second point, we define a class of forcing
called Σ Prikry forcing, and prove an abstract iteration
forcing theorem about them.

Theorem 7.3 (The Iteration theorem). (Poveda-Rinot-S.,
2021 [12]) Suppose that 𝜅 is a countable limit of supercom-
pact cardinals. Then we can iterate Σ-Prikry type forcing at 𝜅,
𝜅++ many times.

The iteration theorem gives a new forcing method to
get combinatorial principles at singular cardinals and their
successors, and we expect many applications.

The above theorems are about the combinatorics of ℵ𝜔,
which is a singular cardinal of countable cofinality, i.e.,
cf(ℵ𝜔) = 𝜔. A further direction is generalizing to the con-
text of singular cardinals of uncountable cofinality. Right
now this is wide open.

Question 7.4. Canwe obtain the above results for singular
cardinals of uncountable cofinality?

In order to obtain any global behavior such as the fail-
ure of SCH everywhere with stationary reflection when
possible, we need to also handle singular cardinals of un-
countable cofinality. Solving this question would lead to-
ward achieving such global results.
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Teaching 
and Learning 
Mathematics

Conferences— 
an Owner’s Manual

John E. McCarthy

I have just attended my first in-person conferences since the 
start of COVID. They form a critical part of our profession, 
so I decided to write my opinions about how to maximize 
their benefits. I say nothing of online conferences, because 
I don’t understand them.

1. Personal History
The first out-of-town conference I attended was at the Uni-
versity of Arkansas in April 1988. There was a mini-course 
of five lectures by Harold Shapiro on Quadrature Domains, 
and individual lectures by other senior operator theorists 
and complex analysts (in those days, graduate students 
rarely traveled to conferences, and never gave talks). My 
adviser, Donald Sarason, had arranged for several of his 
students to go, and to share a room in a hotel (a Hilton! I 
had heard of the luxury hotel brand, but had never set foot 
in one, let alone slept in one.)

This conference turned out to be the most important 
event of my professional life. I found it terribly exciting—
real mathematicians talking about their work and progress 
on interesting problems. I could understand the statements, 
even if the proofs were complicated. Outside the talks, the 
professors talked to the graduate students as if we were real 
people. Allen Shields even invited me to join a group for 
dinner. (Unfortunately I was too shy to accept—a foolish 
mistake.) At the conference banquet, I sat at a table with 
several professors who chatted with us, and Philip Davis 
gave a fairly long after-dinner speech that was witty, inter-
esting, and for me the highlight of the evening.

Before I went to the conference I was feeling somewhat 
desperate. I was in my fourth year as a PhD student, had no 
results, and every time I sat down to work the sense that I 
had to prove something RIGHT NOW caused my anxiety 
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and blood pressure to spike, making progress even more 
difficult. I was starting to believe that I would never finish 
my degree.

After I came back, I was newly enthused about mathe-
matics, and within two weeks had proved a theorem that 
turned into my thesis. After my adviser signed off on my 
thesis, with the psychological burden lifted, I became a 
much better mathematician.1 Quadrature domains, which I 
had never heard of before the mini-course, have turned up 
in my professional life in unexpected and interesting ways. 
Many of the people I met at that conference became friends.

Since then, I have attended numerous conferences and 
organized several. Some have been more enjoyable than 
others. Here are my personal opinions on what makes for 
a good conference.

2. The Participants
Mathematics is a human activity (see [M1] for my thoughts 
on this), and a social activity. We may prove theorems on 
our own, but we need to communicate with others. Confer-
ences serve several social functions, the relative importance 
of which change over one’s career.

 • They serve to educate—we learn from the talks, we learn 
from discussions, and we learn from conversations at 
meals. We learn both mathematics, and mathematical 
culture.

 • They serve to advertise—here is my new theorem! Let 
me explain why it is interesting!

 • They serve to socialize. When you go to your first confer-
ence, you probably only know a few people from your 
own university. But over time you get to keep meeting 
people you have met before, some of whom become 
friends, even close friends.

 • They serve to network. This is like socializing, but there 
is a subtext of helping you professionally. After all, you 
are much more likely to get a job offer from a university 
if someone on the faculty there has seen you talk.

 • They serve to inspire. I am really impressed by the theo-
rem the speaker is telling us about. Next year I want to be 
on the stage talking about my own impressive theorem!

 • They serve to enthuse. Mathematics is really interesting 
and fun!
Conference attendees are a heterogeneous group—grad-

uate students, postdocs, junior faculty, senior faculty, some 
mathematicians who are close to the core theme of the con-
ference, some who are quite far from it, occasionally under-
graduates and non-professionals. They all bring different 
things, and want different things from the conference. For 
the conference to be successful, they must all cooperate.

1It is bizarre that you spend 5 years as a PhD student, essentially writing 
your first paper, and then you are told that to be competitive you now have 
to write multiple papers a year. Amazingly you can. If someone could only 
write down whatever the magical knowledge is that one acquires writing a 
dissertation, PhD completion times could be reduced to a year.

3. Conference Talks
There are several excellent articles on giving mathematical 
talks; see for example the essays by B. Kra [M2] and T. Tao 
[M6] on talks in general, and the post by W. Ross [M5] on 
20 minute talks in particular. My views on colloquium talks 
are here [M3]. In this essay, I will confine myself specifically 
to conference talks.

 • The best medium for most mathematics talks is a black-
board, perhaps with some interruptions for graphics. 
This is for two reasons. The mathematical one is that 
blackboards allow far more material to be visible, so the 
audience can check back on definitions and statements. 
The psychological one is that it forces the speaker to pro-
ceed slowly, since it takes time to write. (See V. Peller’s 
essay [M4] for the advantages of the blackboard).

 • At many conferences blackboards are unavailable. If you 
are giving a Beamer talk:

 ○ GO SLOWLY and don’t show a lot of writing.
 ○ Theorem: For an N minute talk, the optimal num-

ber of slides2 is N–2 .
 ○ Any number larger than N is malpractice. It takes 

much longer for the audience to absorb ideas and 
statements than most speakers realize.3

 ○ Never put a full paragraph on a slide. Write the 
minimum necessary—it does not have to be in full 
sentences. We are all conditioned to read whatever 
is put in front of us.4 Time spent reading is time 
not spent listening to the speaker.

 ○ Do not end with a slide that just says “Thank You.” 
Your last slide should contain your main result(s), 
so that audience members can look at it while ab-
sorbing your talk and thinking about questions.5

 • There may well be people in the audience who heard you 
talk on a similar theme before. Don’t let this influence 
your presentation. Many other people in the audience 
haven’t attended your talk before, and even the ones who 
did attend don’t remember very much about it.

 • Know the mathematical range of the audience. Try to 
make the talk worthwhile for all of them, not just a 
couple of experts.

 • Everybody in the audience has chosen to attend your 
talk, instead of spending their time proving a theorem 
(or whatever else humans do when they are not attend-
ing math talks). It is your obligation to make sure their 
faith in you is justified, and the time at your talk is well 
spent.

 • A good talk takes a lot of preparation. Don’t cheat 
your audience by not preparing properly. Do not use a 

2You get the title page for free.
3I find my ability to absorb decreases over the course of the conference, as 
I get more tired.
4This is why billboards are a driving hazard.
5You can put “Thank You” on the last line if you want—a good use of the 
pause command in Beamer.
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set of slides or notes from another talk—make a fresh 
preparation for this particular audience. Of course, there 
may be significant overlaps with prior talks, but your 
emphasis should shift depending on who the audience 
is (and what the theme of the conference is). Two-thirds 
of a good 60 minute talk is not a good 40 minute talk.

 • Don’t go over time. The chair of the session should give 
the speaker a sign when there are five minutes remain-
ing, and stand up when the time is up.6

 • If you like the talk, tell the speaker. Everybody likes pos-
itive feedback. And if nobody is coming up to you after 
your talk to tell you they liked it, perhaps you should 
wonder what you should be doing differently.

4. Social Behavior
 • Go to talks, not just by well-known mathematicians.
 • Most conferences have plenary lectures (this means no 

other talk is scheduled simultaneously) and parallel 
sessions. The purpose of plenary talks is to inform—they 
should be like colloquia, but aimed at the audience 
designated by the conference.7 Plenary talks close to you 
educate you about your current area of research. Plenary 
talks far from your current interests may educate you 
about your future area of research, or at least help you 
see a bigger picture of where your work fits.

 • Parallel sessions have a range of speakers, from senior 
mathematicians to people giving their first ever con-
ference talk. Attend talks in the parallel sessions too. 
Remember, everybody needs an audience. You want 
people to come to your talk, don’t you?

 • Sadly, not every speaker will have taken the lessons of the 
previous section to heart, and some talks will be boring. 
If you get lost in a talk, it is perfectly acceptable to take 
out a pad of paper and work on your own mathematics.8 
But don’t type on a keyboard—this is distracting for the 
audience around you.

 • Questions at the end of talks are great, but it takes time 
to formulate a good question, especially if the talk cov-
ered a lot of material. Sometimes the chair of the session 
will tap somebody in advance and ask them to ask the 
first question.9

6Boris Korenblum famously unplugged the projector when a speaker went 
over time and wouldn’t stop.
7So at an AMS meeting, a plenary talk should be just like a colloquium. 
At a conference on Hilbert Function spaces, the speaker can assume that 
the audience already knows what Hilbert Function spaces are, and believes 
them to be inherently interesting. But the speaker still has to convince the 
audience that their particular subtopic is interesting.
8Don’t do this too early in the talk—once you stop paying attention, you 
won’t be able to jump back in.
9Sometimes it is hard to ask a question because the speaker anticipated 
the natural questions and answered them during the talk. Here is a good 
question if it hasn’t already been answered: What is a very simple appli-
cation of your theorem?

 • Talk to people, at coffee breaks and meals. Go out to eat 
with other attendees at lunch and dinner.10

 • Introduce yourself to people you don’t already know, 
and talk to them. This is hard, especially if you are 
junior, but do it anyway. Some of these people will be-
come your friends and collaborators, some will tell you 
interesting stories.

 • If it is a themed conference, there will probably be a 
banquet. Go to the banquet. Try and ensure that some 
of the people sitting at your table are people you don’t 
already know.11

 • Conference Organizers: Try to have the banquet in a 
venue where everybody at a table can hear everybody else 
near them. This means not too much background noise, 
and either small round tables (8 people maximum, 6 is 
better) or rectangular tables.

 • It is traditional for the first speaker at the conference to 
give a speech at the banquet.12 This speech doesn’t have 
to be long, but it should have some message in addition 
to thanking the organizers.

 • Organizing a conference is a lot of work. Don’t make 
unreasonable requests of the organizers.

 • Organizing a conference is a lot of work. Thank the 
organizers!

5. Summary
Conferences are central to the practice of mathematics. 
Their success relies on your efforts as an attendee. This 
includes being a good audience member, being a good 
speaker if you have the privilege of speaking at the con-
ference, and making an effort to socialize, especially with 
people you don’t know, or who seem to need some help 
gaining entrée. Done right, conferences are enjoyable and 
stimulating, and you will go home with a renewed enthu-
siasm to do mathematics.
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Learn from the Masters: 
A Case for the History 
of Mathematics

Amy Shell-Gellasch

Interesting fact about me. I have undergraduate, master’s, 
and doctorate degrees in pure mathematics, yet only took 
one class in my research area, and many of my colleagues 
have taken no classes in our research area. I have taught 
mathematics at the college level for 30 years, yet rarely 
teach a class in my research area, in fact, most colleges 
and universities don’t offer classes in my research area. 
But surprisingly, my area of research informs all areas of 
mathematics, and is one of the most accessible areas of 
mathematics for students of all levels, and for things like 
capstone research and REU topics. Who am I? I am an 
historian of mathematics.

Yes, that is a thing, as I have had to tell many people. In 
fact, given that the earliest evidence of “writing” in the form 
of tally marks is mathematical, the history of mathematics 
constitutes the oldest branch of recorded history. So how 
did I become a math historian? Like many non-mainstream 
careers, it was unplanned. And due to just one class and one 
professor: a History of Calculus course I took during my 
master’s work at Oakland University (Rochester Michigan) 
taught by Dr. Steven Wright. Seriously, it was one of the 

hardest classes I took in all my graduate work. Taking what 
we would deem a simple derivative the way Newton did 
took about two pages of geometry and calculations using 
Newton’s less than stellar choice of notations. (One reason 
Leibniz’s work was so important was that his notation was 
so insightful it actually helped move the development of 
the calculus forward.) I fell in love with the topic, and the 
rest is history, so they say.

After starting a PhD program in applied mathematics, 
I found the Doctor of Arts in Mathematics program at the 
University of Illinois at Chicago that gave me a full PhD 
education in mathematics but allowed me to do a disser-
tation on an historical topic. However, there was no class 
on the history of mathematics. In fact, IF a school offers a 
history of mathematics course, it is usually either a general 
education course (which is a topic for another paper, but 
a fantastic way to get non-STEM students interested and 
comfortable with mathematics), or a course for future K–12 
mathematics teachers. So how did I learn to be a historian 
of mathematics? You may ask. Well, I did what 90-some-
thing % of all historians of mathematics did, I read. I read 
and I read and I read. I also connected with established 
historians and learned on the job so to speak.

Another question you may now be asking is why should 
you be interested in the history of mathematics? Let me start 
with a common lament in mathematics, “if they had only 
asked us!” We often hear about a scientist in another field 
being stalled because they did not have a way to process 
or interpret what they were seeing in their data. They often 
develop ad hoc methods to handle their data, only to find 
out later that what they needed was ready and waiting for 
them in mathematics. Not as well known is that this also 
happens within mathematics itself, when a mathematician 
unwittingly reinvents a process that was invented earlier or 
published in another language. Thank goodness Galileo 
and Kepler knew their Greek conic sections: a theoretical 
piece of mathematics that waited almost two millennia to 
be of use. Thus the short answer to why the history of math-
ematics is important is two-fold. One—if you are doing 
mathematics you should know the history of what you 
are doing. Unlike in experimental sciences, mathematical 
techniques that seem like dead-ends or unimportant at one 
point in time may provide insight or even be considered 
groundbreaking later on. Take for example non-Euclidean 
geometry. The story of the discovery by Lobachevsky and 
Bolyai (and Gauss) is a well-known example of this. Two—
imparting (some of) the history of the mathematical topics 
you teach to your students provides numerous pedagogical 
benefits. No time to go into this in detail, but I will list one: 
DEI (diversity, equity, and inclusion). By presenting some 
history of mathematics or ethnomathematics your students 
will realize that mathematics is not done only by old white 
men who are geniuses, but by all kinds of people, and that 
mathematical discovery takes time, dedication, passion, 
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and many mistakes, along with a village. So how do you 
get started? Well, just like me, start reading!

Getting Started: Read from the Masters
Pierre-Simon Laplace famously said, “Read Euler, Read 
Euler, he is the master of us all.”

That is sound advice. An easy place to start are the “great 
theorems” style books of Dunham [SG5]. I also suggest that 
any mathematics educator read a general history of math-
ematics textbook. Good ones, each with a different focus 
and audience in mind, are those by Katz [SG9], Calinger 
[SG2], Suzuki [SG16], or Shell-Gellasch and Thoo [SG14]. 
These will give you a great general understanding of the 
wide sweep of mathematics, some ethnomathematics, give 
you a few things you might be able to bring into your teach-
ing, and provide you with a springboard for more focused 
readings. The MacTutor history of mathematics website 
[SG11] out of St. Andrew’s has articles and biographies that 
provide targeted information for you and your students. I 
also suggest that everyone read some ethnomathematics, 
the mathematical endeavors of indigenous peoples. The 
best are still the works of Ascher [SG1] and Joseph [SG8]. 
A must for anyone getting their feet wet in the history of 
mathematics is to read some original sources, which is 
where Euler comes in. Euler’s writing reads almost like 
modern mathematics, maybe even better. He is direct and 
clear (even the ones in Latin, and I know very little Latin.) 
Great sources of Euler are the Euler Archives [SG6] and 
the works of Sandifer [SG13]. All the above also provide a 
wealth of material you can share with your students and 
launch you on your way. As I read any history of mathemat-
ics I first look at the bibliography to see what else I should 
read myself, and to make sure the author has done their 
due diligence and read original and peer-reviewed sources 
themselves. Too much reading? Then get to some historical 
talks. JMM has multiple sessions of invited and contributed 
history talks. The two main North American history of 
mathematics organizations, the Canadian Society for the 
History and Philosophy of Mathematics (CSHPM) and the 
History of Mathematics Special Interest Group of the MAA 
(HOM SIGMAA) have monthly virtual lecture series.

Share With Students: In-class Snippets All the 
Way to REUs and Capstone Projects 
As mentioned above, having a few general history of math-
ematics textbooks on your shelf will allow you to pull 
some items as time permits to include in your teaching. 
To be more specific, you can include history in a myriad 
of ways. Short and simple would be to include images in 
your teaching. The Math Treasures database on Convergence 
[SG3B] is an ever-growing selection of high-quality images 
of important texts, objects, and persons. A fun way is to 
give students “textbook” problems from an earlier time. 
Newton included a distance-rate-time problem about a 
horse and cart that sounds just like a textbook problem of 

today, with an appropriate technology substitution. Swetz is 
a great source for these [SG17]. I also like to post historical 
articles from the MAA undergraduate journal Math Horizons 
[SG12]. There have been dozens over the years which are 
written at exactly the right level and are a joy to read. To 
go deeper, stay with the MAA online journal Convergence 
[SG3C] and several of the MAA Notes volumes [SG10] for 
articles about incorporating the history of mathematics 
and ethnomathematics into the classroom. A lighthearted 
account of the history of Euler’s Constant [SG15] is fun to 
give student in any of the introductory courses from College 
Algebra through Calculus where e makes an appearance. 
Moving up from there, you can incorporate original sources 
into your course. This avenue provides students with an 
historical depth of understanding not found in modern 
texts. TRiUMPHS [SG18] is an ongoing NSF funded project 
to develop original source materials for many of the core 
topics in the undergraduate mathematics curriculum. In 
general, start small with in-class items, then build up by 
incorporating small graded assignments. If that all goes 
well, consider larger projects (course projects, capstones, 
REUs) that are historical or include history. When you do 
this, please read, and have your students read Wardhaugh’s 
amazing book how to read historical mathematics [SG19], 
and Delaware’s article13 on teaching students to conduct 
historical projects [SG4]. Visit Convergence to read the win-
ning papers for the HOM SIGMAA Student Paper Contest 
[SG3D] to see what is possible!

Do: You Can Do It, But Carefully!
If you do decide to try your hand at some original research 
in the history of mathematics, I and the rest of the history 
of mathematics community recommend that you don’t 
assume it will be easy. Historical research done right is very 
demanding. There are a lot of legends that have become 
“truth” out there. No, we really don’t think the Pythag-
orean’s sacrificed 1000 oxen when they realized that the 
diagonal of a unit square is not a rational number! They 
were most likely strict vegetarians. Do your research with 
the help of a librarian, historian, or archivist. Read origi-
nal sources where you can, but realize the further you get 
from the original source material the less reliable. (Primary 
or original sources are written by the actual practitioner; 
secondary sources, such as by commentators or contem-
poraries come directly from the original material; tertiary, 
such as textbooks, pull from many sources; after that, for 
example many websites and some expository material, 
the connection to the actual material is so stretched that 
extrapolation and assumption have crept in to such a level 
that hypotheses are now “facts” and legend is now “his-
tory” as in the above example about oxen.) Understand 
the cultural, religious, linguistic, academic, and scientific 

13This article is not just for students, I recommend it for any STEM re-
searcher.
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norms of the time period and place, these can drastically 
change the meaning of an idea from what we might think. 
For example, to the Ancient Greeks, lines could be curved, 
and if you meant a straight line, you called it a “straight 
line.” Today we would find that redundant; now we use 
the word “curve” for anything that is not straight. If you 
did not realize this you could seriously misinterpret an 
historical piece of writing. Believe me, these types of nov-
ice mistakes have happened many times by very educated 
people. To be a good historian of mathematics means you 
need to be not only a mathematician, but also a detective, 
an archivist, a linguist, an historian, an historiographer, 
and a “book worm” (book worms were actually larva or 
beetles). The practice of mathematics and the practice 
of history require different skills, both honed over time. 
The methods of correct historical research fall under the 
discipline of historiography. Without an understanding 
of proper historiographical methods, it is easy to make 
assumptions and mistakes that can invalidate your work. 
One, beware of being Whigish. This means assuming that 
our (Western) concepts, norms, and standards of rigor are 
the culmination and pinnacle of mathematics, discounting 
all that came before. This is often referred to as the “Royal 
Road to Me.” Mathematics takes many paths, and even 
those that seem uninteresting or unimportant can be es-
sential later on. Two, strive to view what you are studying 
through the lens of the time, not through a modern lens. 
The most detrimental thing any researcher can do is to as-
sume that mathematics of an earlier time, place, and culture 
is done using the same logic and for the same reasons as 
we use now, or assuming that the practitioners are not as 
“smart” as we are because they don’t see what we see as 
obvious. It is hard to overestimate the extent to which how 
we are brought up mathematically influences how we see 
mathematics. Above all, don’t say, “why didn’t they just 
do…” That is up there with Bones on Star Trek saying that 
the 20th century medical practices were barbaric and what 
were they thinking by using chemotherapy?! We may not 
realize it, but our “modern” Western methods of proofs 
and notions of rigor are still constructs, which often limit 
our ability to see mathematics in other contexts. Historia 
Mathematica [SG7], the official journal of the International 
Commission for the History of Mathematics, is widely 
considered the most rigorous and prestigious of history of 
mathematics journals. Read that when you are ready, but 
word of warning, it is not for the faint of heart, these articles 
go very deep into the minutiae of history.

Conclusion
Everything humans undertake is a process, and comparing 
something from an earlier time or place to a modern form, 
and possibly dismissing it in light of that comparison, is 
to discount the process itself. Mathematics IS the process. 
And an understanding of that process through time is es-
sential to fully understand, appreciate, and even succeed 

at it now. As Newton famously said in 1676 in a letter to 
Robert Hooke, “… If I have seen further it is by standing on 
the shoulders [sic] of giants.” The mathematics we discover 
and use today becomes the mathematics we teach tomor-
row, and the history of mathematics the day after that. By 
only focusing on what we deem “current” mathematics, we 
lose sight of all that came before. Researchers run the risk 
of rediscovering material, and students are only taught the 
result, not the process of discovery. Mathematics is an art, 
and good artists learn from the masters.
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Pursuing a Career in 
Mathematics Education

Nicole Louie

I’d like to tell you about how I got into math education and 
share some thoughts for people who are interested in this 
field, but first, I’ll say a little bit about my current interests. 
My research is concerned with what it would take for learn-
ing math in school to be a vehicle for developing deeply 
humanizing relationships with ourselves and others. Often, 
school math does the opposite. It sets arbitrary standards, 
creates dehumanizing hierarchies based on how well we 
conform to those standards, and teaches us to know our 
own and others’ places in the rankings. It did that for me 
as a student, and it did that for many of my students when 
I was a teacher. The thing is, I know very few teachers who 
want that. I certainly didn’t. So one of the big questions my 
research addresses is, why is it so hard for math teachers to 
live up to the commitments we often have to equity, social 
justice, or even just respecting every kid as a mathematical 
thinker? I’m especially interested in how cultural ideas 
about intelligence, race, and the nature of mathematics 
itself shape the kinds of learning opportunities that we as 

a society make available to Black, Latinx, Indigenous, and 
Asian American students. I’m also beginning to investigate 
what it could be like for these students and their families 
to be centered as researchers and designers of mathematics 
education, versus having all of the decisions made by pro-
fessionals who do have relevant expertise and skill but are 
often disconnected from communities of color.

My path to my current work was a winding one. I grew 
up in San Francisco, California, and I attended public 
schools from kindergarten to twelfth grade. Up until high 
school, math was just kind of there. I don’t remember 
any experiences with it that sparked curiosity or passion 
in me, the way reading did. High school was different. I 
was in honors classes at an academic magnet school, and 
the math classes I had in ninth and tenth grade were ex-
tremely frustrating. The explanations teachers offered were 
confusing and perfunctory. I had no sense that my teachers 
cared about me, my classmates, or our learning. I think I 
spent an entire year writing two-column proofs related to 
triangle congruence. Eleventh and twelfth grade were better 
in terms of quality of instruction and my feelings about 
math. My calculus teacher would write the grade distribu-
tion on the chalkboard after every test, and I’m not saying 
that’s a good practice because I really don’t think it is, but 
I remember feeling so proud one time when I was alone at 
the top—especially as a girl who had outscored all the boys. 
But even then, I didn’t see math as something that would 
play a big role in my future. As an undergrad, I avoided the 
math department. I took one class on multivariable calcu-
lus and linear algebra, and then I was done. The material 
wasn’t too difficult, but mathematics just didn’t seem like 
a place where people valued the things that mattered to 
me—creativity, debate, collaboration, and connection to 
social issues in the world we live in.

There were gendered and also racialized elements in 
how I saw math as something that wasn’t for me. I never 
thought, “Oh, I can’t be good at math because I’m a girl.” 
But the culture of the mathematics department at Stanford 
was not a welcoming one for most people, I would say, and 
I think it was accentuated for women. In terms of race, I 
grew up around a lot of Asian Americans, especially Chi-
nese Americans, which is how I identify. But when I got to 
college, I had this new experience of being a “minority.” I 
became aware of the “Asians are good at math” stereotype 
in a new way, and I tried to distance myself from it. I think 
I was lucky to be successful enough to make that choice. As 
a researcher, I’ve seen multiple examples of Asian and Asian 
American kids’ struggles in math class just being ignored; 
teachers seem to assume that Asian kids are always doing 
fine, academically and personally. There’s been some really 
cool scholarship in recent years investigating how the idea 
that “Asians are good at math” is harmful, like Niral Shah’s 
work showing how it dehumanizes Asian Americans while 
also positioning Black, Latinx, and Indigenous people as 
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with math and solving real problems—not just working 
through pages of exercises for which they’ve already been 
taught an algorithm. If they get stuck, resist the urge to show 
them the way out; just try to understand what it is they’re 
thinking. Talk to people around you about their best and 
worst memories of learning math, in school and out. And 
read. For example, right now, I’m reading Mathematics for 
Human Flourishing, by Francis Su with Christopher Jackson. 
I think all these things are especially important if you’ve 
been successful with mathematics and tend to assume that 
what worked for you should work for everyone else. Teach-
ers and researchers in math education have the power to 
perpetuate narrow, exclusive, and stereotypical ideas about 
what it takes to be good at math. We also have the power 
and the responsibility to redefine math in ways that open 
space for all students to belong, especially those students 
who have been excluded because of the intersections of 
their race, gender, language, class, and dis/ability status, or 
because how they think just doesn’t fit into that small box 
of being fast and getting the right answer that our society 
has recognized as mathematically smart.

The second thing I would suggest is that you think 
hard about what the purpose of a career in mathematics 
education is for you, and find other people who share that 
purpose—particularly if you take up the responsibility I 
just laid out. Pushing against the grain is hard work, and 
it’s easy to burn out. But when you have a strong commu-
nity around you—holding you up, pushing you, affirming 
you, challenging you, and just letting you know you’re not 
alone—that makes all the difference.

Credits
Photo of Nicole Louie is by Dante Nash.

“bad at math.” I’m hopeful that that work can support in-
terracial solidarity in transforming mathematics education.

My professional journey into mathematics education 
started when I was in college. A friend of mine invited me 
to join her as a teaching intern in a summer program for 
middle school kids from low-income families in San Fran-
cisco. The program director asked me if I could teach math, 
and I thought, “Sure, middle school math, I can do that.” 
The teachers and students I had the privilege to work with 
were incredibly energetic, insightful, creative, and caring. 
But they didn’t always know it. One day, I was working with 
a girl who couldn’t remember how to do long division, and 
it suddenly struck me that school had taught her that she 
was stupid, because she struggled with things like that. I 
decided to become a math teacher because I wanted kids 
to have schooling experiences that better respected their 
dignity as human beings, especially kids from racially and 
economically marginalized communities.

I was extremely fortunate to get to do a significant chunk 
of my undergrad as well as my master’s in the Stanford 
School of Education. I learned there that math could be 
so much more exciting than it was for me in my schooling 
up to that point. I guess you could say that I’ve been trying 
to learn how to make all kids’ experiences of school math-
ematics joyful, empowering, and equitable ever since. Of 
course, the word “equity” means very different things to 
different people, and it can become a buzzword that doesn’t 
really mean anything at all. In browsing recent AMS Notices, 
I saw several perspectives on equity that resonated with me, 
including racially proportional representation among math 
majors and STEM professionals; environments where peo-
ple from historically marginalized communities feel a sense 
of belonging;14 and re-definitions of mathematics drawing 
on culturally responsive and Afrocentric15 perspectives, 
challenging the domination of Eurocentric perspectives 
on mathematics.

One thing I would add is that for me, equity in math-
ematics education is also about people learning to relate 
to one another as equal members of a community, whose 
pasts, presents, and futures are deeply intertwined. Learning 
mathematics can be an opportunity to appreciate others’ 
perspectives, and to see yourself as an active and valuable 
contributor to a learning community that intentionally and 
deliberately embraces diverse ways of thinking, knowing, 
communicating, and being, and actively rejects oppressive 
and dehumanizing systems in mathematics education and 
beyond.

To anyone interested in a career in math education, I 
would ask you to actively seek out challenges to your as-
sumptions about what learning math can look, sound, and 
feel like. Find opportunities to listen to kids being creative 

14https://www.ams.org/notices/202102/rnoti-p214.pdf
15https://www.ams.org/journals/notices/202202/rnoti-p213 
.pdf?adat=February%202022&trk=2428&cat=career&galt=career

Nicole Louie
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Ungrading

Bianca Thompson

It was two days before the fall 2020 semester was set to 
begin. Like everyone else, I was unclear about how the 
semester was going to go. What was hybrid supposed to 
look like? What if a student got COVID? What if I did? I 
was all set to teach the content of my courses (even if I was 
unsure how much I would get to cover), and prepared to 
do my usual assessment with essentially standard grading 
practices.

The pandemic has had the effect of causing many of us 
to reassess our standard practices. For me this manifested 
as reconsidering this assessment style, which I really felt 
wasn’t communicating to students that learning is more 
important than grades.

Like all of us, students have certain goals in mind, and 
they often see their courses as obstacles on the path, and 
instructors as gatekeepers. It seemed to me that every con-
versation with a student involved points and scores. And I 
have been guilty of getting snarky in response—when they 
ask “Is this going to be on the test?”, I sometimes have 
replied “It is now.” But of course snappish responses are 
not long-term solutions. Assessments had evolved to be the 
worst part of teaching for me. Should I keep doing what I 
was doing because my students and I were used to that, or 
could I try something really different?

In a talk at a department retreat, my colleague Spencer 
Bagley introduced our department to ungrading, a different 
way to approach the problem of assessing students. There 
are many explanations on what ungrading is (for example: 
https://ungrading.net/), but for the unitiated, un-
grading gives students a strong voice in the classroom on 
what matters and what doesn’t, helping them to develop 
the metacognition skill of understanding when they know 
that they’ve learned something. Key to the philosophy is 
giving students plenty of feedback through many low-stakes 
assignments. I knew it would be invaluable to have my 
students have a conversation about grades and learning 
on the first day of class. In this way I could nip in the bud 
all the questions that hurt my soul when I'm teaching, all 
those grade grubbing questions could be put to rest. Plus, 
it would be easier to motivate my students to keep going 
if the message came from them about why this course 
material was important.

So two days before I was going to start teaching in 
a semester where I didn't know how things were going 
to evolve, I threw out my playbook. Spencer’s talk had  

convinced me to ask “But what if assessment wasn't the 
worst thing about teaching, what if it could be better?”

I deleted the original grading section in my syllabus and 
replaced it with a paragraph about how they were going to 
grade themselves. Students were asked to write me a final 
letter about what they learned in the course, what they still 
had questions on, what they struggled most with and what 
they learned from that struggle. Then they were to use the 
last few paragraphs to convince me that they deserved a 
certain grade based on a rubric that the class had come up 
with. Conversations with my students improved. Students 
would reach out to me to discuss how the feedback I had 
given them aligned with their understanding of the class 
activity, they didn’t reach out to me just because they had 
scored a 90.5 and they thought they deserve a 91. This was 
already a big deal, because reaching out to a professor in 
the middle of a pandemic takes a lot of effort. Because 
these feedback conversations were richer, they often led 
to how my course fit in the bigger picture of mathematics 
and STEM as a whole.

I convinced my students that their major project was very 
important and was a tool to demonstrate their understand-
ing, and that reading the book showed they were making an 
effort to understand the material. So in the end, the grading 
scheme did not end up being too different from how I had 
been carving up their grades previously, but my students 
and I felt much more heard through this process. Things 
had turned out okay, I think in large part because it was Fall 
2020 so my students were open to new pedagogical tools. 
Nothing disastrous had happened because of ungrading, 
and so I was feeling brave enough to commit all my future 
classes to this method.

After experimenting since that first time, I can make 
some recommendations about implementing the practice:

 • Buy-in: Students can be scared about changes like new 
grading schemes, so student buy-in is key. To facilitate 
this, I spend a substantial part of the first day describing 
ungrading, explaining why I do it, how it benefits stu-
dents, and how students will implement it.

 • Check-in: I have 3 written/oral check-ins with my stu-
dents over the semester. In these, they tell me how they 
are feeling about the course as a whole. I share what I 
think they can be doing differently. These conversations 
serve to catch students before they drown or burn out.

 • Communication: I am clear on what I consider low-
stakes and high-stakes assignments and what that means 
for time management and their rubric. Students write 
a lot of statements in their rubric like “shows really 
good understanding” or “put in a lot of effort,” so it's 
important for me to be clear on what I consider “good 
understanding” and “a lot of effort.”

 • Reframing: In the beginning students understand un-
grading as self-grading, and I push back if I think their as-
sessment is inaccurate (e.g., overly harsh or too relaxed). 
I remind them that in fact their ungrade is determined 
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students and I’m seeing more variation among those who 
are successful.

As much as I love ungrading, I recognize that it would 
be difficult to scale up. My courses are small. Because of 
this, I can offer my students revisions on everything without 
worrying about how much time it will take. I can meet with 
all my students individually several times in the semester; I 
don’t know if I could do that with larger classes. But, even 
though this method is probably more time consuming, it 
is also not time wasted, and it delivers on its promise to 
be inclusive.

If implementing the full version of ungrading seems in-
surmountable, choose a piece of it that could work for you. 
One entry point could be to let students have a say on how 
a project grade is decided or which topics are covered. You 
might consider what assignments or exams would allow 
for revision and reflection. We want to reach the goal of all 
of our students knowing that they belong, and ungrading 
can lead to more students having a less stressful experience.

Credits
Photo of Bianca Thompson is courtesy of Bianca Thompson.

through a conversation. Their voice is important as they 
can tell me about things I don’t see, but I am the expert 
in the room so I can help them see where they need 
improvement.

 • Short meetings with students: I meet with students for 
15–20 minutes before they turn in their final grade as-
sessment. During these conversations we discuss what 
I see at this point, where I hope their project will end 
up, and how they should frame their final assessment in 
order to achieve the grade they are aiming for. I also use 
it as an opportunity to have students explain concepts 
to me that I know they struggled with.

 • Feedback and revision: Giving students good feedback 
on their work and opportunities to reflect on what 
they’ve learned is key to their growth and ability to take 
risks. Students who are afraid of math become much less 
afraid if they know they can try again and aren’t pun-
ished for making mistakes. The reflection component 
is key to making revisions worthwhile for the students 
and for me.

 • Managing expectations: I remind students that we aren’t 
haggling for a grade and that we are using evidence from 
the course to determine their final grade.
A recent review is fairly characteristic of the change in 

attitudes among students since I have made the change to 
ungrading:

I came into this class thinking that math is just 
difficult and doesn’t matter and all it does is 
make me feel bad about myself because I can 
never seem to understand it. I never thought 
that math, and linear algebra especially, could 
be that relevant so I guess going into the class 
with that perception made me not care as much 
as I should have (hence some missing assign-
ments and the struggle to reach deadlines)…But 
I’m really happy to say that I was 100% wrong 
and my perception of linear algebra changed 
completely throughout the course of this se-
mester and I think that can be seen in the ways 
that I started participating more and putting 
more effort into my homework. I went from 
not turning in the homework at the beginning 
of the semester to getting an [A] grade on almost 
all of them.

I feel that ungrading has addressed a number of issues 
around diversity and inequality. Traditionally successful 
students are often those who had the course before (leaving 
out those without that privilege). Students who said that 
before they felt uncomfortable in a math course spoke of 
feeling heard and allowed to make mistakes and try again, 
rather than giving up. By and large, my students of color 
and first-generation students have told me the benefits and 
confidence they gained from this method of assessment. 
Ungrading has given me the framework to support these 

Bianca Thompson
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Remembrances of
Ciprian Ilie Foias

Ciprian Ilie Foias (1933–2020)

Hari Bercovici, Peter Constantin,
Allen Tannenbaum, Roger Temam,
and Edriss S. Titi
Ciprian Ilie Foias was born on July 20, 1933, in Resita,
Romania. He studied mathematics at the University of
Bucharest and finished his dissertation in 1957. Ciprian
Foias began teaching at the University of Bucharest in
1954, where he stayed until 1958. In 1958, he was
named to theMathematics Institute of the Romanian Acad-
emy, where he taught and conducted research. In 1966,
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Figure 1. Ciprian lecturing at the Vrije Universiteit in
Amsterdam, The Netherlands, October 2000, on the occasion
of receiving an honorary degree.

he became professor of mathematics at the University of
Bucharest, and in 1968, he was named “doctor docent”
in recognition of his already growing international repu-
tation.

Ciprian Foias was an invited speaker at the Interna-
tional Congress of Mathematicians twice: in 1970 in Nice,
France, and in 1978 in Helsinki, Finland. During the ICM
in 1978, after delivering his invited lecture, Ciprian de-
fected, and he flew to Paris. At that time Laurent Schwartz
was very active helping mathematicians in difficulty, and
he facilitated the entrance of Ciprian to France where he
asked for political asylum. During the next year, while
he was in France, his wife and two daughters remained in
Romania. It was not clear how and when they would be
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allowed to leave Romania and join him abroad. Many peo-
ple helped them, including the French government and
the Indiana senators. It took one year for the family to
be granted permission to leave Romania. After spending
six months in Paris, Ciprian accepted the position of pro-
fessor of mathematics at Indiana University in Blooming-
ton, Indiana, where he spent the next 20 years of his career.
He retired from Indiana University in 2000 at the age of
66. However, retirement was not for him, and he accepted
a teaching position at Texas A & M University in College
Station, where he became a University Distinguished Pro-
fessor in 2007, and he stayed there until his retirement in
2016.

Ciprian authored or coauthored 11 books and over 500
refereed professional journal articles. He had 19 graduate
students and 202 descendants according to the Mathemat-
ics Genealogy Project. He influenced a large number of
young mathematicians, and he had over 100 coauthors.

As a prolific researcher, as well as a brilliant mind, he
received many accolades and awards. He was named Dis-
tinguished Professor of Mathematics at Indiana University
in 1983. He was inducted in the Hungarian and Roma-
nian Academies of Science, as well as the American Asso-
ciation for the Advancement of Science. He received hon-
orary doctorate degrees from the University of Timisoara
in Romania, and from the Vrije Universiteit in Amsterdam.
In 1995, Ciprian was awarded the very prestigious Norbert
Wiener Prize from the AmericanMathematical Society and
the Society for Industrial and Applied Mathematics for his
extensive research in applied mathematics. After Ciprian
passed away, the AMS created the Ciprian Foias Prize in
Operator Theory. This Prize “will be awarded every three
years beginning in January 2022. The prize will recognize
notable work in operator theory published during the pre-
ceding six years. Ciprian Foias (1933–2020) was an in-
fluential scholar in operator theory and fluid mechanics,
a generous mentor, and an enthusiastic advocate of the
mathematical community. His colleagues and friends es-
tablished the prize in his memory.” (AMS :: News from
the AMS).

He mainly worked in three directions: operator the-
ory, Navier-Stokes equations and turbulence, and con-
trol theory. Nevertheless, he contributed to many sub-
fields in pure and applied mathematics, and he would
never miss a challenge. For example, back in Bucharest,
due to an error of a typist, a problem on an examina-
tion was changed from an easy basic exercise to a very
challenging one. Ciprian took the challenge and even-
tually solved the accidentally invented difficult problem.
This led him to introduce a new constant eventually
called the Foias constant https://mathworld.wolfram
.com/FoiasConstant.html.

Figure 2. Nicoletta and Ciprian Foias, summer 2000, during a
ceremony for the retirement of Ciprian from Indiana
University. Behind them, John B. Conway and his wife Ann,
and Wing Suet Li.

One of the three areas of mathematics in which Ciprian
Foias made fundamental and lasting contributions was
operator theory. Roughly half of his published output, in-
cluding several books, are about operator theory or its ap-
plications. Even his work in other fields of mathematics
often involved ideas derived from operator theory. Sev-
eral subjects recognized by Mathematical Reviews origi-
nated in this work (47A45, 47B40, 47L45). A complete
account of his work in the area would fill many pages, so
we restrict ourselves to a few significant items. In his early
work, Ciprian focused on the theory of spectral operators
where he introduced the generalized spectral operators
(that have a functional calculus with sufficiently differen-
tiable functions, in other words, an operator-valued distri-
bution) and decomposable operators. (This last class reap-
peared, in a slightly modified form, in work of Haagerup
and coauthors.) A long and productive collaboration with
B. Sz.-Nagy led to the construction of canonical models for
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contraction operators as well as for operator semigroups.
In particular, the celebrated Commutant Lifting Theorem
helped unify results of operator theory and interpolation,
and it still serves as a model for contemporary develop-
ments. These results had many applications, within and
without mathematics. In particular, this work was instru-
mental in the construction of a theory of dual algebras
that in turn led to striking results (by Ciprian and collabo-
rators) about invariant subspaces. Another breakthrough
occurred in joint work with Apostol and Voiculescu that
characterized in purely spectral terms the class of qua-
sitriangular operators. This fundamental result was the
starting point of a vast classification theory of arbitrary
Hilbert space operators. The quasitriangularity work an-
swered one of Halmos’s most difficult questions, and sub-
sequent work by Ciprian and collaborators answered sev-
eral other long-standing questions about the approxima-
tion of Hilbert space operators. (For instance, quasinilpo-
tent operators are norm-limits of nilpotent operators.)

For the theory of the Navier-Stokes equations, he had
two early papers which were the basis for many subse-
quent developments. Firstly, motivated by the results
of Prodi, his first contribution was the monumental pa-
per in two parts, related to statistical solutions of the
Navier-Stokes equations [Foi72]. This paper was the math-
ematical basis of much subsequent work related to turbu-
lence, including results with Oscar Manley, who always
brought an additional physical insight, and work with Ri-
cardo Rosa, including the book [FMRT01]. Another pa-
per with Prodi [FP67] was eventually the starting point
of many results showing the finite dimensional behavior
of turbulent flows; this includes the finite dimensional-
ity of the attractors and relations between the dimension
and the physical constants of the problem, [FT79], [CF85],
[CFT88], [CFT85]. Subsequently this work led to the intro-
duction of the concept of inertial manifolds [FST88] and
of exponential attractors [CFNT89a,CFNT89b], [EFNT94].
Also, a large literature relates to the development of de-
termining modes and determining nodes, which led to
applications to data assimilation for weather and climate
predictions, and feedback control of dissipative systems.
Other research directions initiated by Ciprian and his co-
authors include the Gevrey analyticity of the solutions
to the Navier-Stokes equations [FT89], and the analysis
of the asymptotic behavior of regular solutions to the
Navier-Stokes equations with potential forces, leading to
a Poincaré-Dulac normal form for these equations [FS84].

Ciprian made pioneering contributions to control the-
ory leveraging his work in operator theory, especially the
Commutant Lifting Theorem. Robust control is the study
of feedback systems when one has uncertainty in the plant
(the fixed part of the system) [DFT92]. The problem is

to design a controller (the part free to design) to reach
some overall performance goal in the closed loop feedback
system, e.g., stabilization, tracking, disturbance rejection.
One of the keymethods for accomplishing this is so-called
𝐻∞ control, proposed independently by J.WilliamHelton,
A. Tannenbaum, and George Zames in the late 1970s, early
1980s. In the finite dimensional case for plants modeled
by linear time-invariant differential equations, it was rec-
ognized very early on that the problem could be solved by
Nevanlinna-Pick interpolation. The problem arose then
to give a solution in the infinite dimensional case, e.g.,
for systems with delays or described by partial differen-
tial equations (PDEs). It is here that one needed the
much more powerful operator theoretic methodologies of
Ciprian. The Commutant Lifting Theorem led to a com-
plete solution in the delay case [FTZ87] and a new class
of operators called skew Toeplitz (done in joint work with
Hari Bercovici) to handle the PDE case even for systems
involving multiple inputs and outputs [BFT88]. The meth-
ods, together with many real-world control examples, are
summarized in the text coauthored by Ciprian [FOT95].
Without the insights of Foias, robust control would have
been restricted only to the finite dimensional case without
treating the crucial problem of systems with delays and ap-
plied to the very rich world of dynamical models described
by partial differential equations.

Ciprian was interested in just about every field of hu-
man knowledge and he read widely from molecular biol-
ogy to horse racing to mountain climbing (which was one
of his passions) to history. In his twenties and thirties, he
lovedmountain climbing. Later in life, he became passion-
ate about horse racing, and, besides his family, colleagues
and friends would accompany him driving hours to horse
races in Ohio and Kentucky, for the pleasure of the com-
pany if not for the horse races themselves. Ciprian saw it
all through the eyes of a mathematician, keeping close ac-
counting of horses, horse trainers, and jockeys. He loved
to travel and when the family first moved to the US, he
took many cross-country trips that he planned very care-
fully to ensure he saw and showed to the family as many
national parks as possible. Ciprian loved his mathematics,
his students and colleagues, and he loved his family, and
they all loved him.

He died quietly at home, surrounded by his family,
at 7:30 pm on Sunday, March 22, 2020. This article
is based in part on the obituary written by the fam-
ily: https://richardsonfuneralhome.org/obituary
/Ciprian-Foias. The following articles are individual
memories of students, friends, and colleagues, listed in
alphabetic order. Most of the authors are younger, some-
times former students. Ciprian survivedmany of his senior
friends and colleagueswho are not here towitness. Among
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those who admired Ciprian and who would visit him reg-
ularly, one can mention Ronald Douglas, Israel Gohberg,
Oscar Manley, Basil Nicolaenko, and George Sell.

Ciprian Foias:
A Memorial Tribute

Robert A. Becker
Ciprian and I published eight papers onmathematical eco-
nomics. Our most important ones concerned the dynam-
ics of a many-agent model economy following a competi-
tive equilibrium path. The underlying economic problem
was motivated in my first published paper based on Frank
Ramsey’s 1928 conjecture. I reformulated his problem, in-
troduced a formalmathematicalmodel consistent with his
conjecture, and proved the existence of a unique steady-
state equilibrium. My late colleague and mentor, Nicholas
Spulber introducedme to Ciprian. We knew each other for
about a year before we started our joint project. I was an
“honorary Romanian” at a regular Wednesday lunch gath-
ering devoted to politics and other newsworthy events.We
met by chance for lunch one day at the student union cafe-
teria. Ciprian asked aboutmy research. I sent him a reprint
of my article. He called the next day and with great en-
thusiasm said he thought we should work on my dynamic
conjecture. The ensuing project took many years to come
to fruition and was ultimately published in a 1987 issue
of the Journal of Economic Theory. It is our most highly
cited joint work. We ultimately published fivemore papers
on what Ciprian called the Ramsey equilibrium problem.
This included placements in Econometrica, Economic Theory,
and the Journal of Mathematical Economics. Our Economet-
rica paper was also jointly authored with my doctoral stu-
dent, John H. Boyd III. I told Ciprian about the growing
impact of our papers during what turned out to be our last
conversation. He was pleased to learn that I had contin-
ued working on our model and there were many others
now pursuing problems in Ramsey equilibrium theory.

The opportunity to work with Ciprian was extraordi-
narily rewarding on many fronts. He taught me many of
his mathematical modeling strategies, which I continue to
apply in my research and teaching. He distinguished be-
tween elementary and nontrivial arguments. He regarded
our research as belonging to those categories’ intersection.
We usually worked after our Wednesday lunches. He pre-
ferred meeting in noisy public places in the student union
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building. Ciprian used color-coded paper to distinguish
notes between his vast array of coauthors. He told me I
shared blue paper with Roger Temam as there was no way
to confuse the two projects! I could not help but notice
how fast Ciprian produced insights about our problem’s
mathematical structure. I was much slower! He told me
it was not a problem. He said from the beginning we
would adapt mathematical techniques to fit the model’s
economic structure. This is a common feature in our pa-
pers. Ciprian’s generosity was a tremendous help to me
on several fronts. He was as much a mentor to me as Pro-
fessor Spulber. Working with Ciprian was, without doubt,
the most important collaboration of my career.

Hari Bercovici
I firstmet Ciprian in 1971, when I was inmy first year at the
University of Bucharest. On the advice of his friends in the
Romanian Mathematical Society, he conducted a problem
seminar with a small group of first-year students. While
our regular courses tended to present mathematics as a
vast subject built to a high degree of perfection, Ciprian
showed us that there are in fact many unanswered ques-
tions, as well as subtle flaws in this edifice. Indeed, he
told us that this may be a subject to which even we may
be able to contribute something, which was a very excit-
ing prospect. He expected us to answer problems that re-
quired material, the essence of which he explained briefly,
that went far beyond what was presented in our regular
courses. Indeed some of the problems were open at the
time. The solutions we presented were subject to lively crit-
icism that continued sometimes for many hours. The sem-
inar continued, with some interruptions, for more than
two years, during which time the number of participants
declined to three: Radu Gologan, Dan Timotin, and me.
We were all encouraged to attend the operator theory sem-
inar where we saw in real time how Ciprian and his collab-
orators solved Halmos’s problem on quasitriangularity: it
was an involved plot where ideas and approaches evolved
and changed drastically from week to week. At that point,
Ciprian felt that it was time for us to do some serious work,
and he presented us with three research problems that we
had to choose from. For all three of us, these problems
became the kernel of a research program that eventually
developed into a PhD thesis, though Ciprian was not our
formal doctoral advisor. The problem I chosewas about di-
lation theory and it also led to a collaborationwithCiprian
himself and Sz.-Nagy. Since that time, Ciprian treated me
as a friend and helped me throughout my career, even
though I was not always aware of his help at the time. He
encouraged me indirectly to leave Romania, and extraordi-
nary luck made it so that we were both in Paris for several
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Figure 3. Ciprian Foias, Israel Gohberg, Billy Rhodes, Hari
Bercovici, and Vinay Deodhar, October 13, 1989, in
Bloomington.

months. He and his recently reunited family made me feel
very welcome, and Ciprian even arranged for me to give
some paid lectures in Paris and Bordeaux. Our mathemat-
ical collaboration continued throughout the years. When
I was a student in Ann Arbor, Ciprian, Carl Pearcy, and I
met often in Fort Wayne and worked together for a week-
end. The discussions were as contentious as our old prob-
lem seminar and the best ideas often came to us during the
drive back. Ciprian was certainly instrumental in obtain-
ing my appointment in Bloomington (and he was rather
upset that there had been two votes against!) That was
an emotionally difficult time which his friendly support
helped me overcome.

My life would certainly have been much different and
less interesting had I not met Ciprian. With the exception
of my parents, he was the person who contributed most to
my well-being. I will always miss his advice, his criticism,
and the lively disputes we had, mathematical or not.

Animikh Biswas
When I received the invitation to contribute an article in
memory of Ciprian, it brought back a flood ofmemories as
well as the acute sense of loss that I felt on his passing. My
associationwith Ciprian (tome, Professor Foias then) goes
back a little over twenty-five years when in spring 1996,

Animikh Biswas is a professor and the chair of the department of mathematics
& statistics at the University of Maryland, Baltimore County. His email address
is abiswas@umbc.edu.

Figure 4. Ciprian with a group of his students: Olson, Grujic,
Foias, Kukavica, Titi, Biswas, Cheskidov, and Dascaliuc (in
front), April 13, 2014.

withmuch trepidation, I approached him to acceptme as a
student. I had taken only one course from him until then;
but to my surprise, he accepted me as his student. Thus
started my mathematical journey with him as my teacher,
which continued till his passing in March 2020. To me, he
never ceased to be my teacher.

I remember those good old days at Indiana University,
taking many courses from Ciprian. Sometimes, our experi-
ence was humorous and inspirational at the same time. He
would almost always go off course, take up the gap times of
twentyminutes in between classes and then profusely apol-
ogize to the professor of the following class for encroach-
ing on the class time. Sometimes, the reasonwould be that
he would get stuck while proving a theorem. He had elabo-
rate notes, which he would prepare ahead of time and dis-
tribute to the class. We learned later that often, these notes
were completely original research whichwould then subse-
quently be published in journals. But he refused to glance
at his own notes while he was proving these theorems in
class impromptu, often in ways completely different from
the notes. Soon, we would find ourselves chipping in to
help him prove these theorems in class, initially because
we wanted the class to end so that we could grab lunch,
but also often because it was fun. I cannot say if it was
by design, but I found that these were the classes where I
learned the most.

Ciprian “retired” from Indiana University in 2000 and
joined Texas A&M University that year. I visited him fre-
quently at College Station. I got to know him much more
closely during these years; about his humility, grace, com-
passion, self-effacing manner, and of course, his passion
for mathematics. His kindness and generosity towards
his collaborators, particularly junior ones, and his utter
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honesty in ascribing due credit was unmatched. I learned
first-hand about his inimitable style of doingmathematics;
about how it was driven by a pure scientific quest. He often
told me that we don’t have the time to wait for big inspi-
rational ideas to hit us, we should just keep working, even
if the problem seems insignificant. Sometimes, while we
worked, it felt to me like an endless meandering of a quiet
stream, not sure where we were headed but just flowing;
but then, suddenly, after an arduous traverse, a splendid
vista would emerge that would make the journey worth-
while.

We would work intensely until late evening. When we
took breaks, we would either browse the bookshelves at
Barnes & Noble or just talk. Ciprian had a vast repertoire
of knowledge; about science, economics, religion, philos-
ophy, and many other things. He was an avid mountain
climber. He told me stories about his mountain climb-
ing trips in Romania to the Carpathian mountains. He
told me other stories too, like the one about his wanting
to become a university professor. It seems when he was
a young boy, he and his father, who was a doctor and a
prominent person in the city administration, and whom
Ciprian deeply revered, were taking a stroll. He saw a shab-
bily dressed, unkempt person walking towards them. His
father bowed to that person in deference and hurriedly
moved away from the sidewalk to make way. Ciprian was
surprised because he only knew of people bowing to his
father. His father later explained that person was his es-
teemed professor at the university. That was the catalyst of
his desire to become a professor.

Ciprian started out being my adviser, and at some point
during our journey, he transitioned to being a father fig-
ure. I would turn to him for advice and guidance, and
often, during really difficult times in my life, he gave me
solace. Of course, I miss working on exciting mathemat-
ical problems with him. I also miss just talking to him,
over the phone, about a myriad of other things. Although
I will not get that opportunity again, I will forever cherish
those memories, and the shining examples that he has set
through his mathematics and the integrity and humility
with which he lived his life.

3D Navier-Stokes Equations:
The Dynamics of a Blow-Up

Alexey Cheskidov
Being Ciprian’s student it was impossible not to develop
at least a curiosity for the regularity problem. It seemed
all the other equations where just toy models that Ciprian
studied to gain more insights and develop new tools to
tackle the problem that he really cherished. He liked the
simplest setting of the 3D torus, and the equations were
often written as

𝑑
𝑑𝑡𝑢 + 𝜈𝐴𝑢 + 𝐵(𝑢, 𝑢) = 𝑔, (1)

where the bilinear term and the Stokes operator are de-
fined as

𝐵(𝑢, 𝑢) = 𝑃(𝑢 ⋅ ∇)𝑢, 𝐴𝑢 = −Δ𝑢,

and 𝑃 is the Leray projection onto the divergence free vec-
tor fields. The energy space of square integrable divergence
free functions 𝐻 is equipped with the 𝐿2 norm denoted by
| ⋅ |, and the enstrophy space 𝑉 is equipped with the norm
|∇ ⋅ |, the double norm, denoted by ‖ ⋅ ‖. Then (1) can
be thought of as an ODE in 𝑉 until the time of blow up
of the double norm. This was what we called the Foias-
Temam framework in Indiana. However, once Ciprian
moved to Texas A&M University in 2002, he started teach-
ing the Navier-Stokes equations in an elementary way that
avoided the use of Functional Analysis. I remember he was
given an alarm, so the classes did not run for hours as dur-
ing his last years at Indiana, where we could spend days an-
alyzing such things as themost general trajectory of a yo-yo
(Ciprian’s interpretation of a problem suggested by Oscar
Manley as a simple exercise for a continuum mechanics
course). It was enlightening to relearn the basic NSE the-
ory in a self-contained elementary way where the use of
Sobolev inequalities was forbidden. A weak solution was
defined as an 𝑙2 valued function of Fourier coefficients sat-
isfying

�̂�(𝑘, 𝑡) − �̂�(𝑘, 0) = ∫
𝑡

0
{ − 𝜈|𝑘|2�̂�(𝑘, 𝜏) + ̂𝑔(𝑘, 𝜏)

− 𝑖 ∑
ℎ∈ℤ3

[(𝑘 ⋅ �̂�(ℎ, 𝜏))�̂�(𝑘 − ℎ, 𝜏)

− |𝑘|−2(𝑘 ⋅ �̂�(ℎ, 𝜏))(𝑘 ⋅ �̂�(𝑘 − ℎ, 𝜏))𝑘]} 𝑑𝜏,
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and the goal was to recover basic existence, uniqueness,
Leray structure results, using only Duhamel’s principle and
undergraduate Real Analysis.

At one point when we started looking at weak global at-
tractors, Ciprian and I discussed whether a strong global
attractor, if it existed, had to coincide with the weak one.
This happened to be an open problem, and while solving
it, we developed a theory of evolutionary systems applica-
ble to equations such as the 3D NSE where the regular-
ity and uniqueness were in limbo, without making any
assumption on the weak solutions. I think Ciprian be-
lieved in regularity of the 3D NSE, and he wanted to add a
truly nontrivial application of the framework to the paper,
which was otherwise finished. So back in Indiana I spent
my final year as a PhD student analyzing Ciprian’s tridiag-
onal model for the NSE, a simplified toy model, similar to
the dyadic model that recently gained popularity. A skele-
ton for the energy cascade, which provides insights into
possible blow-up scenario for the NSE, the model is writ-
ten as (1) with

(𝐴𝑢)𝑛 = 𝑛𝛼𝑢𝑛,
(𝐵(𝑢, 𝑢))𝑛 = −𝑛𝛽𝑢2𝑛−1 + (𝑛 + 1)𝛽𝑢𝑛𝑢𝑛+1, 𝑛 ∈ ℕ,

and 𝑢0 = 0. The role of 𝐻 is played by 𝑙2 with the usual
inner product and norm (𝑢, 𝑣) = ∑𝑢𝑛𝑣𝑛, |𝑢| = √(𝑢, 𝑢).
Also, as for the NSE, the double norm is defined as ‖𝑢‖ =
√(𝐴𝑢, 𝑢). When 𝛼 = 2/3 and 𝛽 = 11/6,

|(𝐵(𝑢, 𝑢), 𝐴𝑢)| ≲ |𝐴𝑢|
3
2 ‖𝑢‖

3
2 , (2)

which is exactly what Sobolev estimates give for the 3D
NSE. In general, the choice 𝛼 = 2/𝑑, 𝛽 = 3/2 + 1/𝑑 would
correspond to the 𝑑-dimensional Navier-Stokes equations.
While the global regularity holds for 𝑑 ≤ 2, proving a blow-
up for large 𝑑 happened to be extremely challenging. We
know it occurs when 2𝛽 − 3𝛼 − 3 > 0, but it is still an
open question for any finite 𝑑. For the actual 3D NSE it
is possible to show that (2) can be saturated by divergence
free vector fields. For instance, interactingDirichlet kernels
produce such examples. Hence, a dynamical approach is
needed to exclude a possible blow-up. The tridiagonal
model for the NSE captures the energy cascade essential
for a blow-up in one of the simplest possible ways. Even
though the regularity is still in limbo, Ciprian’s approach
provides insight into the regularity problem that is hard to
see from the actual equations.

Peter Constantin
Ciprian Foias was a brilliant, powerful, and original math-
ematician. My first interaction with him was in my third
year as an undergrad at the University of Bucharest, when
he gave an elective course on Navier-Stokes equations and

Figure 5. Igor Kukavica, Peter Constantin, and Ciprian, at a
meeting for the 60th birthday of Peter in 2011.

I took the course notes. It turns out that hemust have liked
them. Several years later, I think it was in 1981, while on
active duty in the IDF, I managed to go to his lecture at
the Toeplitz centenary meeting in Tel Aviv. I was stand-
ing in the back, uniform, M16, and all. He came to me
and emphatically told me that I “have to” come to Indi-
ana University for a postdoc. This was before I even ap-
plied for jobs. I was very flattered. My PhD with Agmon
was on scattering theory for Schrödinger equations, linear
PDE, very far from Navier-Stokes equations. But, after my
military service ended and I got a few offers, I chose I.U.
over more prestigious places because of Foias. It was the
right decision, and a turning point in my life. I got to the
US in 1982, and took the Greyhound bus from Chicago to
Bloomington. After passing what seemed to me like inter-
minable farming fields, the bus pulled in at a Taco Bell and
the driver announced that we had arrived at Bloomington.
I was hesitating to get off, but standing by the bus, there
was Ciprian, waiting to pick me up.

Ciprian tookme immediately under his wing. I spent in
total a little over a year in Bloomington. The math depart-
ment was so friendly and supportive, it has a warm place in
my heart to this day. The collaboration with Ciprian was
exciting. We worked on a method to prove finite dimen-
sionality of attractors in dissipative PDE. The interactions
were intense: we would work all day, go to our respective
homes, work some more, and in the morning we would
both have “news” for the other. Ciprian was competitive,
and I am sort of the same. He called it “ping-pong.” I
loved it.

Ciprian had several regular visitors with whom he had
projects that continued for years. He would always want
to polish results further and never gave up on his re-
search themes. He pursued his early interest in finite
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dimensional determining modes initiated with Giovanni
Prodi for many years and inmany ways, with collaborators
and students. This point of view is still used for proving
uniqueness of stochastically forced evolution equations.
In addition to his collaborator Roger Temam, regular vis-
itors to Bloomington included Jean-Claude Saut, with
whom Foias had a long standing project on a Poincaré-
Dulac normal form for unforced 3D Navier-Stokes Equa-
tions.

Ciprian had broad knowledge and interests. Almost
every day we would take breaks and walk to the book-
store. Ciprian would go to a book which he had thumbed
through the day before, and consider it some more. He
called that “flirting” with the book. After a couple of vis-
its, he would often buy it. This could be a book on math,
or science, or politics, or history, or science fiction. I re-
member him talking about science fiction books earnestly
with my nine-year-old daughter some fourteen years later.
It was charming, and she found him wonderful. Ciprian
was also a serious alpinist. He used to say that when he
was young he was able to pull himself up with a grip of
only a few fingers. When I met him, he wasn’t doing tech-
nical climbs anymore, but we did hike, play tennis, and
drive in his signature beat-up yellow Ford Pinto over the
hilly countryside to local horse races in Kentucky.

After moving away from Bloomington, I continued to
collaborate with Ciprian. We wrote a book on Navier-
Stokes equations, based on a course he gave in Indiana and
a course I gave the next year in Chicago. Ciprian wanted
the book to be self-contained and as elementary as pos-
sible. Many of our students, and their students in turn,
went through this little blue book. I remember fondly the
times we were working on a book on inertial manifolds
(with Basil Nicolaenko and Roger Temam). Basil lived
in Santa Fe, and we rented a house and finished writing
the book there. In total we had these two books, an AMS
memoir (with Roger Temam), and twelve joint papers with
Foias and collaborators, the last one in 1997. Althoughmy
direct collaboration ended, I continued to work with his
students and collaborators, who became my friends and
collaborators, including Jean-Claude Saut, Edriss Titi, Igor
Kukavica, and A. Cheskidov.

Ciprian Foias was a teacher, a mentor and a friend, and
much more than that, a unique human being.

Alp Eden
Ratip Berker and his exact solutions. Ciprian Foias’s
fondness for everything related to Navier-Stokes equations

Alp Eden is a retired professor of mathematics at Bogazici University. His email
address is alp.eden5@gmail.com.

is legendary. However I was surprised to find out that
he had a high opinion of Ratip Berker, a Turkish applied
mathematician specializing in fluid mechanics. Ciprian
believed that the exact solutions that are described in Ratip
Berker’s book that had originally appeared in the Hand-
buch der Physik (1963) should be studied carefully. While
studying the works of Ratip Berker, I realized that some of
the exact solutions found by the Berker’s transformation
were also called turbulent solutions (Bass (1974) JMAA
47, 458–503). Ciprian did not spell out why he was in-
terested in these exact solutions. However, I will venture
to claim that it had something to do with his quest for the
global attractor for his beloved equations. Ciprian’s posi-
tive attitude towards classical approaches to Navier-Stokes
equations was different from that of Olga Ladyzhenskaya.
In the preface to her famous book (Mathematical theory
of viscous incompressible flow, English edition (1963)) La-
dyzhenskaya criticized classical approaches, like Berker’s,
for finding exact solutions to Navier-Stokes equations. She
claimed that they were not useful in studying general ini-
tial value problems.
Call me Ciprian. I visited Ciprian a year after completing
my PhD thesis. At the time I used to address him as Profes-
sor Foias. At some point, he smiled and told me that now
I should start calling him by his name: Ciprian. It was an
emotional moment for me. However, it took me a good
while before I could do so.
High table. Our routine when we worked together was
the same. Since he woke up very early and worked for
hours, we would meet later in the morning, work a while
and then go to lunch together. Ciprian knew some of the
distinguished faculty members of Indiana University. It
was very exciting to sit at the same table with them and lis-
ten to their views about world affairs. Even Ciprian would
be listening most of the time.
Napkin theorems. After lunch we used to go to an ice
cream parlor, because Ciprian loved ice cream. We would
sit down at a table and talk mathematics for hours. It
was there the “napkin theorems” were produced. Since we
quickly ran out paper Ciprian would start writing on nap-
kins! The next stop was always a bookshop, usually the
Book Corner (sometimes IU Bookstore) that was located
at the center of downtownBloomington. Wewould recom-
mend books to each other, and most of the time he would
buy me a book that he had read recently. We also had the
habit of giving stationery as gifts to each other, especially
different types of pens and pencils.
Our shortest paper. One of our papers was on the best
constant for Lieb-Thirring inequalities in one space dimen-
sion (1991). After countless revisions of the paper I started
complaining. I was at the start of my career and I had to
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publish papers. He told me since we did not prove any-
thing new and we had to make sure that it was perfect. Al-
though it was one of our shorter papers it took us many
revisions before we could send it to a journal.

I was back in Turkey and teaching at Bogazici Univer-
sity when a faculty member from the Physics Department
told me that he was using our paper in his graduate course
in Quantum Mechanics to illustrate the power of operator
theory in quantummechanics. Aftermany years some peo-
ple started taking notice of our paper. Ciprian was happy
to hear about that.
An appetite for challenges. While listening to seminars
and colloquia, Ciprian would take notes in a notebook
where the page would be folded in two. He would write
the claim or theorem on one side of the page, leaving the
other side empty. When I inquired about it he told me
that he would attempt to prove the results later without
“cheating.”
Compassionate character. Ciprian’s compassion for
mathematics is well known. He could spend literally hours
trying to figure out a “glitch.” After he lectured more than
three hours in a graduate class, I asked his permission
to leave the classroom. He was surprised and asked me
whether I had a previous engagement.

His compassion was not only reserved to mathematics,
he was compassionate about every endeavour he took. He
was also deeply caring and considerate towards his col-
leagues and students. His unique understanding of hu-
man nature and its frailty was masked under his some-
times naive appearance.

In Memory of My Friend,
Mentor, and Teacher

Art Frazho
It was with great sadness that I learned that Ciprian passed
away. Ciprian was certainly one of the greatest men I ever
knew and I shall forever be indebted to him for everything
he taught me from mathematics to life.

His research encompassed a vast array of subject areas
from mathematics, economics, and physics, to engineer-
ing. Ciprian always liked working in coffee shops and
cafes. The walks back and forth to the coffee shops were
always enjoyable. During our meeting he would fill reams
of paper with equations. Many times it took a week or two
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Figure 6. Bela Szokefalvi-Nagy and Ciprian, at the 1983
Wabash Seminar in Crawfordsville, Indiana.

to comprehend what he was doing and there was always
a hidden jewel in the formulas that I initially missed. I
remember he said, if you do not have an idea, start calcu-
lating and it always yields results. Since I am not a mathe-
matician by training, many times I would ask him elemen-
tary questions and he never made me feel uncomfortable.
He always answered these question and provided a unique
insight into the problem.

Before I meet Ciprian I read his book with B. Sz.-Nagy
(Harmonic analysis of operators on Hilbert space) in grad-
uate school. I was perhaps the only engineer to read his
book, and this changed my life. The book is simply filled
with beautiful mathematics which gave me a much deeper
understanding of engineering. This changed my approach
to engineering problems forever. So I was very happy and
impressed when I met him at the Wabash Conference in
1980. This was the beginning of a long friendship. Even
though I studied his book very hard, he pointed out many
important aspects I missed and this was extremely helpful.

I remember being in his office and he was talking about
mountain climbing, and how he could hold on to a crevice
in the rocks. He was a bit older then and surprised me by
taking two fingers and lifting himself up by the 1/2 inch
piece of wood on the top of the door trim.

I remember driving to Churchill Downs and talking
mathematics and horse racing. He knew the lineage of all
the great thoroughbreds. He enjoyed driving and knew all
the back roads to the track. Rien Kaashoek was visiting
Bloomington and we were working in a bookshop. Rien
picked up a book on art history, covered up the painter’s
name and Ciprian correctly named all the artists. I swear
his memory was photographic and his knowledge was sim-
ply astounding.

He was a true Renaissance man who will be greatly
missed.
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Some Things Ciprian Foias
Taught Me

Michael Jolly
The mathematical topics Ciprian Foias taught me came in
several flavors. First, there were approaches to finite di-
mensional behavior in infinite dimensional systems that
in retrospect, at least, seem natural: global attractors, iner-
tial manifolds, determining modes. Then there are some
which, to this day, seem to come from nowhere: approx-
imating the global attractor through Caratheodory and
Nevalinna-Pick interpolation schemes, establishing sets
of finite backward growth rates defined by Dirichlet quo-
tients. Only when I consider Ciprian’s combined com-
mand of operator theory, partial differential equations,
and dynamical systems, can I begin to understand why
(not how) he came up with such ideas. Finally, there was
the more physical. In asking me to look over the manu-
script for his paper What do the Navier-Stokes equations tell
us about turbulence?, Ciprian introduced me to how chal-
lenging it is to bring rigor to brilliant, yet largely heuristic
and vague theories.

Ciprian taught me the value of examining toy problems.
He foundmuch to explore in the Lorenz system of three or-
dinary differential equations. He also was always excited
to see what insights numerical computations could pro-
vide. He once proudly showedme some codes he had writ-
ten in Basic to compute reflection coefficients. Ciprian had
an expansive view of mathematics. He told me that the
field needs people working at all levels, from those chart-
ing new routes into big open questions to those toiling to
fill the cracks left behind after major advances. He taught
me that one could judge the relative value of a result with-
out dismissing it.

Coffee shop work sessions would include digressions
into biology, history, religion, and politics. Ciprian was
always cheerful when patching the holes in my mathemat-
ical training. He never became frustrated when I did not
know something in operator theory or analysis. He would,
however, lose patience when trying to convertme to his po-
litical beliefs. It was clear I could never match his store of
information, nor the depth of his personal experiences. I
learned that I should simply nod in surrender.

Ciprian was incredibly generous with his time for stu-
dents. I saw him spend countless hours tutoring high
school children of friends and staff. Some were destined
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for careers in mathematics, other simply needed some
help. Even of the latter, he would speak in glowing terms
about their native intelligence. In searching for another
phrase to replace “native intelligence,” I happened upon
“horse sense.” Ciprian spoke in admiration of the farmer
in overalls at Churchill Downs who had an innate abil-
ity to pick a winner. He was very open-minded about the
thought processes of different people.

Ciprian shared both his ideas and his students. He was
happy when collaborations between them formed. I al-
ways considered myself to be one of his students, and ben-
efited greatly from being part of that group. He was a fam-
ily man, not just at home, but also at work. He dazzled us,
amused us (stories abound), and nurtured us. I believe he
still does.

Igor Kukavica
I feel very fortunate to have been Ciprian’s student. He was
a caring and dedicated advisor whose unwavering enthusi-
asm for science and discovery was inspiring to me and to
anyone who knew him. As an advisor, he did not set regu-
lar meeting times, his door was always open. Whenever I
would come by and knock, he would stop what he was do-
ing and greet me with an anticipating smile: “What’s the
news?”

Ciprian was one of the pioneers of the mathematical
theory of the Navier-Stokes equations. He was fascinated
with the chaotic nature and finite dimensionality of fluid
flows. One of his earliest influential results was on the
determination of the flow by a finite number of modes
[FP67]. The main theorem states that if a finite number
of Fourier modes agree for two flows, then these flows
have to agree. Much later, the Foias-Prodi approach turned
out to be an essential tool for constructing invariant mea-
sures for stochastic flows. The Foias-Prodi Theorem pro-
vided a strong indication that the global attractor for the
Navier-Stokes equations is finite-dimensional, a fact that
was later proven rigorously in [FT89]. Much effort has
been dedicated to finding a concrete upper bound for the
attractor dimension, which was ultimately accomplished
in [CFT88,CFT85].

Another approach to finite-dimensionality for the dissi-
pative system is based on the very successful idea of iner-
tial manifolds, introduced in [FST88]. These are forward-
invariant manifolds with the exponential tracking prop-
erty. The existence of the inertial manifolds has been
subsequently shown for many interesting physical sys-
tems, but the existence of an inertial manifold for the
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Navier-Stokes system is still open. On the other hand,
the exponential attractors, which are objects somewhere
in between attractors and inertial manifolds, have been
established for many systems which possess attractors.
From Ciprian’s work, my two personal favorites are the
Gevrey approach to the analyticity and backward unique-
ness based on the Dirichlet quotients.

One of Ciprian’s notable traits was his unique teaching
style. I had the privilege of being a student in two of his
courses: hisOrdinaryDifferential Equations course when I
was a first-year graduate student and later a graduate course
in 𝐻∞ control. Both classes were held on Tuesdays and
Thursdays for eighty minutes each. Ciprian would always
begin by distributing carefully typed notes on the mate-
rial for that day. He would then start calmly explaining
the material. His energy level would slowly build through-
out the session, motivated by the mathematics he was
presenting. He would often question himself why some-
thing was true and would never pass up an opportunity
to prove the theorems he was using or citing. He did not
like erasing the board, wanting the material to remain on
the board for as long as possible. To accommodate this,
Ciprian would search for blank areas on the board where
he would add another irregularly shaped box to add a fact
or a proof. His enthusiasm would always increase as the
end of class approached, which naturally led to him go-
ing overtime. Once, after extending the class for an extra
hour, he was still working through an involved proof and
turned around to ask the class, “Does anybody need to go
for lunch?”

Ciprian gave each of his students the same enthusiasm
and attention that he gave mathematics. He would praise
any student idea that he had not anticipated. Bonus prob-
lems were his way of inspiring students to prove them-
selves; the maximum score a student could achieve in his
classes was 150% (even after hewould state in the first class
that “There will be no bonuses in this class!”). He is the
only professor I know who gave out a grade of A++.

Ciprian’s love for mathematics may only have been sur-
passed by his passion for horse racing. Some ofmy favorite
memories of him are of the times he would take me with
him to conferences. Once, on a return flight from a confer-
ence in Austin, Texas, we had a chance to talk about mathe-
matics and life. During the flight, we were looking at some
relatively standard cloud formations. Ciprian turned to
me and explained that Benard convection led to this pat-
tern formation. As we were landing, the gentleman on his
right asked us what we did for a living. After Ciprian asked
him the same, he was shocked to discover that the gentle-
man was a horse owner involved in horse racing. Ciprian
exclaimed “We could have talked all this time!”

It is difficult for me to say farewell to Ciprian. He was
tremendously supportive of all of his students, colleagues,
and friends. He was an incredible mathematician and an
amazing person who inspired so many of us.

Carl Pearcy
It was my good fortune to first meet Ciprian Foias at
the 1966 International Congress of Mathematicians in
Moscow, where he seemed to be the most popular par-
ticipant due to the number of languages in which he was
fluent: English, French, German, Romanian, and Russian,
at least. Thus, he was almost always occupied translating
some speaker’s lecture from one of those languages to an-
other. It was quite funny to listen to one of his translations
because the speaker frequently didn’t understand the lan-
guage being translated into, and Ciprian would from time
to time slip in something like “Professor X says Y but he
really meant Z,” which, of course, the speaker wouldn’t
understand a word of!

I had the good sense to personally visit Ciprian and his
lovely family in Bucharest in 1974, during which time I
met his father and mother, as well as his charming wife
and daughters, Antonia and Dara. Since that time, I have
had the great good fortune to be regarded as a member of
his family, which has made me very happy, led to almost
50 years of mathematical collaboration with Ciprian, and
to many family celebrations with his entire family.

Everyone knows that Ciprian was one of the best math-
ematicians of his generation, and he is among the few peo-
ple whose names are attached to specific real numbers. But
perhaps those of us who did not know him as well as I
did were not aware of what an outstanding man he was.
He was always modest, generous to a fault, a real “old-
world gentleman,” and spent much of his time helping the
careers of others whose mathematical prowess was some-
what less than his own.

He is now, and always will be, sorelymissed by everyone
who knew him well, and much of his mathematics will be
pertinent for a very long time.

Ricardo M.S. Rosa
I met Ciprian in August 1992, when I went to Indiana Uni-
versity to do my PhD with Roger Temam. Ciprian was
teaching ordinary differential equations (ODE), but, of
course, it was nothing ordinary. It was on Banach spaces,
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Figure 7. Ciprian, Oscar Manley, Ricardo Rosa, and Roger
Temam, the four authors of the book [FMRT01] attending a
meeting in Orsay, France, in April 2000.

to say the least, with his own set of carefully tailored, min-
imally written lecture notes. In his words, just the bare
minimum to help with the main steps of the proofs. That
was a common aspect of his teaching notes. In class, how-
ever, he would unravel the notes down to every detail. I
was amazed by his style of teaching. He would often side-
track and give details of the proofs of secondary results, no
matter how basic or advanced those were. It was like a jazz
player improvising with great mastery, on a song he knew
so well. I guess that style helped him keep so sharp on so
many subjects. I took many classes with him. Not only
because they were directly related to my research, but also
because I loved his lectures and his stories.

During my PhD, I did not coauthor any work with him,
but he did play a fundamental role early on. My first pub-
lished paper was a direct result of that very first ODE class,
on one of a few open problems he would often mention
in class. It was only at the end of my PhD program that we
began working on things that would eventually lead us to
publish together.

It was in a reading course on statistical solutions of
the Navier-Stokes equations (NSE), where I learned the
essence and motivation for studying statistical solutions.
A few years later, Roger Temam invited me to write the
“Navier-Stokes Equations and Turbulence” book with the
two of them and also Oscar Manley, what we would call
the FMRT book. I learned so much from them, and I saw
how their different styles could work so well together.

The theory of statistical solutions was one of the many
contributions of Ciprian. It was a novel notion of solu-
tion associated with the NSE, with a random distribution
of initial conditions. The twist is that the 3D NSE are not

known to be well-posed. The aim was to develop a rig-
orous foundation for the study of turbulence, in particu-
lar for the notion of ensemble average, introduced in the
early works on the conventional theory of turbulence. In
a sense, statistical solutions are to ensemble averages what
the Leray-Hopf weak solutions are to formal solutions of
the Navier-Stokes equations. This became a new field of
research, with the foundational works being published by
Ciprian in 1972 and 1973, arising from joint research with
Giovanni Prodi, a few years earlier. The theory is beautiful
in terms of showcasing a range of deep results in analysis,
with effective applications in turbulence. In a joint work
by Ciprian and Roger, it was used to resolve an inconsis-
tency in a work by Eberhard Hopf on self-similar “turbu-
lent” solutions. It is also worthmentioning his efforts on a
conjecture by Prodi, which is a weaker version of the prob-
lem of well-posedness for the 3D NSE, namely whether
stationary statistical solutions are carried by sets of regular
solutions, a sort of asymptotic regularization property.

I would visit Ciprian often. In College Station, we
would walk to different coffee shops, to work in the morn-
ing and in the afternoon. Those were pleasant and memo-
rable walks! On the way to one of the coffee shops, there
was a park with some exercise equipment, and he would
always stop there and do some pull-ups. Years passed and
he would still do the pull-ups. He liked to show he was
still in shape.

He would often start a meeting talking about climbing,
politics (like the walking stick he would take with him
“just in case,” during one of the elections), or, of course,
horse racing. Somuch so that, while writing this note, I de-
cided to take my kids to a horse race in Rio de Janeiro, on
a famous track, with a view to Corcovado. The kids loved
the place, and they helped me place a single bet. And we
got lucky! Lucky that I’ve got this great opportunity to talk
to them about this person that was so special to me. Lucky
that we spent a wonderful evening honoring the great per-
son and great mathematician he was.

Reminiscence of Ciprian Foias

Jean-Claude Saut
I first met Ciprian at the ICM in Helsinski in 1978, just be-
fore his extraordinary escape to Paris. We became close
friends from the beginning of our collaboration on the
normal form approach of the Navier-Stokes equations
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with potential forces. This collaboration lasted till our
2018 survey paper (with Luong Hoang) where we tried to
explain how Poincaré and Dulac met Navier and Stokes. . .

As everybody knows, Ciprian was fascinated by the
Navier-Stokes equation. At this time, it was usual to pub-
lish Compte Rendus notes in the French Academy of Sci-
ences to quickly announce important results (with a lim-
ited number of five per year). Jacques-Louis Lions sug-
gested keeping one free in case you solve a famous conjec-
ture (such as the Riemann hypothesis) and Ciprian always
kept one in case he solved Navier-Stokes in 3D!

Working with Ciprian in Bloomington was exciting,
though a bit exhausting. The working days were produc-
tive, but very long. I still keep the many handwritten
notes he wrote after our meetings, summarizing what we
had done and adding new bright ideas. There were, how-
ever, welcome digressions and discussions on various extra
mathematics topics; Ciprian had a vast historical knowl-
edge. He also liked literature, especially science fiction,
and he tried (unsuccessfully) to convince me to share his
taste for it. I also discovered that Ciprian was a fan of horse
races and I remember a long evening drive to a horse race
field in the next state of Ohio (at that time there were ap-
parently no horse races in Indiana) and his expert com-
ments on the racing horses.

Ciprian was always full of original ideas in all domains,
for instance he told me once “imagine what kind of su-
per mathematics could be made in a civilization where the
special functions would be as familiar as the trigonometric
functions for us!”

Our last physicalmeeting was at the occasion ofmy visit
to Texas A&M University in 2015, and it was unforgettable.
We did notmeet at the university, but at the Barnes andNo-
ble bookstore which Ciprian would walk to everyday. He
was not far from 80 but still bright and enthusiastic, and
we resumed our working sessions as in the old days, lead-
ing to our last research paper (also with Luong Hoang).

Ciprian was an extraordinarily kind and generous per-
son, truly concerned about the life of his friends. I remem-
ber his relief at Penn State when he saw us (Phil Holmes,
Edriss Titi, Gal Berkooz—one of Holmes’s students—and
me) arrive very late from Cornell, having flown in a tiny
private plane piloted by Gal. The first plane we boarded
had a battery problem and a funny event occurred after
boarding the second one. Ciprian’s comment on seeing
us was “Oh, here you are, I was afraid you were dead!”

We all miss this great mathematician and man.

Allen Tannenbaum
I first met Ciprian when he was visiting the Weizmann In-
stitute in 1981. He and his family had recently come out

Figure 8. Ciprian Foias, Allen Tannenbaum, and Israel
Gohberg with a guest.

of Romania and he was settling in what was to become his
new home, Bloomington, Indiana. Our close relationship,
which began during that visit to Israel, had all the ingre-
dients that continued over many years: mathematics, poli-
tics, Romanian culture and history, and some horse racing.
Thinking about Ciprian, all of these aspects of his amazing
mind and personality somehow have become blended in
my own mind, and so this remembrance will reflect this.

Starting with the mathematics, the late 1970s and early
1980s were the beginning of robust control, i.e., the design
of feedback systems in the presence of uncertainly. At the
time, it was known that Nevanlinna-Pick interpolationwas
the key methodology for treating the special case of single
input/single output systems, and one needed an extension
to a version of Nevanlinna-Pick for matrix-valued rational
functions. When Ciprian visited the Weizmann Institute,
we struck up a friendship and discussed about various is-
sues concerning Israel! In any event, he asked me what I
was working on, and since I knew he was an analyst, I men-
tioned to him the matrix Nevanlinna-Pick problem. Im-
mediately, he wrote the solution, and told me that I really
needed to study the Commutant Lifting Theorem! Thus,
it was Ciprian who provided the first complete solution to
the so-called “multivariate H-infinity problem.”

Our relationship was renewed in Lincoln, Nebraska, at
a conference in the fall of 1985. There began a long and
very fruitful collaboration that lasted many years and soon
involved Hari Bercovici as well, with visits to Bloomington
several times a year. Ciprian invited me to the Romanian
lunch held every Wednesday at the faculty club of Indiana
University. There “we” Romanians would discuss the po-
litical issues of the day (mainly about the Soviet Union)
under the benign supervision of Nick Spulber, a distin-
guished professor of economics, whom Ciprian held in
the highest regard. Sometime in the late 1980s, Ciprian
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developed a passion for horse racing. He would carefully
study the racing forms every evening, make his picks, and
try to develop various mathematical models. Our typical
day would be to work quite late on a given problem, and
then go to our respective residences. I would work almost
the entire night. If I came up with something interesting, I
would be excited to show Ciprian the next morning. Many
times, Ciprian had other plans, namely, he would want
to check the racing results from the previous day, and I
learned that I would have to wait until the subject was suf-
ficiently completed before we could get back to work. In
1990, Ciprian spent much of the spring at the Technion.
WewereworkingwithHari Bercovici on various extensions
of the Commutant Lifting Theorem with an eye to appli-
cations in control. Ciprian and I would exchange regu-
lar emails with Hari. Hari was “Spiderman,” Ciprian was
“Eiger” (Ciprian was an accomplished mountain climber),
and I was “Thor.” We proved a “structured” version gener-
alizing the spectral Commutant Lifting Theorem, we had
done earlier. It was a wonderful time. Ciprian also met
my wife’s parents. Ciprian was an expert on the Romanian
language and they would extensively discuss the etymol-
ogy of various terms in the language. Of course the situ-
ation in Romania and the fall of Ceausescu was analyzed
for hours as well as the future of Romania. Ciprian was a
great patriot, and he loved his native country and feared
for its future. In general, in addition to his logical mathe-
matical side, he had a great passion for many things in life
ranging from history to chess and of course horse racing.

The last time I saw Ciprian was in 2013 at Texas A&M.
As usual, we had a wide-ranging conversation, this time
discussing computer vision, the Dirac equation, and the
situation in Iraq. In the end, Ciprian was my true men-
tor. Even though when we started our main collabora-
tion, I was nine years out from my PhD, I learned much
of my mathematics from Ciprian Foias of blessed mem-
ory. Frankly, he was inspirational, and personally with my
family, an amazing friend. He will be sorely missed.

Roger Temam
I first met Ciprian during a CIME School in Varenna
(Como, Italy), organized by Giovanni Prodi. The title of
the School was “Problems in Nonlinear Analysis.” It took
place on August 20–28, 1970, and it was a satellite con-
ference of the ICM meeting held the week after in Nice,
France, and to which Ciprian was an invited speaker in the
Analysis section. I never met Ciprian before, but I knew of
him of course, and because of our common mathematical
interests, we immediately became connected.

We hadmany discussions, and since Ciprianwas on sab-
batical that year, I invited him to visit me at Université of

Figure 9. Roger Temam and Ciprian discussing in the coffee
shop of Borders bookstore in Bloomington, September 2005;
picture taken by Ricardo Rosa who was taking part in the
discussion.

Paris-Orsay during the fall of 1970. It was the beginning
of a long collaboration and a long friendship. I visited
Ciprian twice in Bucharest during the following years, then
Ciprian was again an invited speaker at the ICM meeting
in Helsinki in 1978, in the section of Real and Functional
Analysis. After his lecture, Ciprian left the meeting and
went to Paris.

Like many other universities, the University of Paris-
Orsay offered Ciprian a professorship, but he chose to
go to the Indiana University in Bloomington. He stayed
about a year and a half in France, while waiting for his
family to join him. With the strong support of the French
mathematical community, it was understood that Presi-
dent Giscard d’Estaing of France whowas supposed to visit
Romania would raise the question of allowing Ciprian’s
family to join him. It was a terrible disappointment for
Ciprian when it appeared that the airplane of the Presi-
dent could not take off due to weather conditions. Finally,
things happened, the family was reunited, and they eventu-
ally went to Bloomington after some time spent in France.

After Ciprian left Paris, we met a countless number of
times in Bloomington, at conferences, and in other places,
mostly in the US. Ciprian very much liked to drive, and we
had many excursions which took us to spectacular places,
alone or with our spouses or with our children sometimes.
Ciprian also liked hiking in themountains and he induced
me to enjoy hiking as well. Our first hiking excursion to-
gether with a group of colleagues and friends was to reach
the top of Longs Peak located in the Rocky Mountain Na-
tional Park, and one of the highestmountains in Colorado.
On another occasion we hiked to the top of Bear Peak in
Boulder, Colorado, at 8144 ft.
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As I said, a collaboration immediately started, which
eventually produced 57 joint articles (some in collabora-
tion with others), a volume in the Memoirs of AMS and
three books, one book together with Peter Constantin
and Basil Nicolaenko, [CFNT89a, CFNT89b], one book
together with Alp Eden and Basil Nicolaenko, [EFNT94]
and our last book together with Oscar Manley and Ri-
cardo Rosa, [FMRT01]. This is not the place to describe
the content of these 61 publications, but I can say a few
words about the main directions of research that we cov-
ered. We started with the statistical solutions of the Navier-
Stokes equations, a subject dear to Ciprian and on which
he already wrote twomajor articles together with Giovanni
Prodi. I got interested in a new report on the subject
in which he was involved (Orsay report 1975). Then, at
a time where dynamical systems were a popular subject,
we got interested in the attractors for infinite dimensional
dynamical systems, and their dimension; this included
the incompressible Navier-Stokes equations and, later, the
Kuramoto-Sivashinsky equation and many other related
equations. We also introduced and studied the concepts
of inertial manifolds and inertial sets, studied the Gevrey
analyticity of the solutions of the Navier-Stokes equations,
and the concepts of determining modes and determining
nodes, generalizing a result of Ciprian and Prodi.

These last years we returned to the subject of our first
collaboration, and studied the statistical solutions of the
Navier-Stokes equations, and their relationship with the
attractors, thus leading to the book with Oscar Manley
and Ricardo Rosa, and several subsequent articles. Particu-
larly memorable were the interactions with Oscar Manley
which led to very vivid discussions, which got hot some-
times, especially in the summers when there was not yet
air conditioning in the mathematics building at IU. Oscar
Manley was a program director at the Department of En-
ergy, a physicist who had an interest and a remarkable un-
derstanding of mathematics. He taught us some physics,
and, in this way, we could write papers with a physical in-
sight. Before I got a position in Bloomington, we would
meet for about one month in the summer and discuss.
Ciprian was very inventive and very hard working. He out-
powered all the friends and colleagues that I knew.

Ciprian was very enthusiastic at work. He was also very
kind and generous. He had extensive knowledge in many
subjects beside mathematics. He was a very dear friend.
All his students, friends, and collaborators will miss him
very much.

Ciprian Foias, a Brilliant
Mathematician, a Caring Friend,
and a Family Man

Edriss Titi
When I came to Indiana University to do my PhD in Au-
gust 1982, I was fortunate to take the graduate course on
Partial Differential Equations fromProfessor Ciprian Foias.
I was fascinated by how everyone in the department spoke
highly of him, with great respect and admiration. Halfway
through the semester, he approached me saying, “I am
working on the Navier-Stokes equations, would you like
to work with me?” Of course I was very flattered, to say
the least, but I had no idea what the Navier-Stokes equa-
tions were. Fortunately, early in the semester I had become
friends with Peter Constantin, who arrived at the same
time to do a postdoc with Foias. When I consulted with
Peter, he looked straight at me and said “and what are you
waiting for?” I rushed to Ciprian telling him that I was
honored and happy to work under his supervision. This
was one of the best decisions in my life, and the best ad-
vice I have ever received from a friend. Right away Ciprian
wanted to give me a problem to work on, but I wanted
to take more advanced courses in nonlinear analysis. This
worked perfectly well, Ciprian would teach an advanced
topics course of mutual interest and I would have to re-
cruit enough students to take it. Ciprian’s topics courses
were in the style of College de France, teaching material
from his current research interests. I was amazed by his
brilliant ideas and attempts to improve his own theorems
on the spot. He simply taught us how to think. Ciprian
would often askme what other courses I plan to take to see
if there is anything being offered that could feed his hunger
formathematics. One time I told him that I was taking Eric
Bedford’s course on Several Complex Variables. He asked
Bedford if he could sit in on the course, which Bedford
welcomed. Bedford also conducted discussion sessions in
which he asked us to present our homework solutions on
the blackboard. Ciprian literally considered himself as one
of the students. He behavedmodestly, and wanted to go to
the blackboard to present his solutions with the other stu-
dents. Of course, Bedford could not hide his amusement
by this surprising request.

In 1997–1998, we spent a whole year together at the
Los Alamos National Laboratory, while Ciprian was the
Stanislaw Ulam visiting scholar at the Center of Nonlinear
Studies. Our original research plan was to revisit Ciprian’s
seminal work on Statistical Solutions of the Navier-Stokes,
but soon the plan was changed and we got excited about
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Figure 10. Pascal Chossat, Basil Nicolaenko, Edriss Titi,
Ciprian, and Oscar Manley, Dynamical Systems workshop at
IMA, University of Minnesota, circa 1990.

another project collaborating with Darryl Holm on the 𝛼-
models of turbulence, joined by two PhD students, Eric
Olson and Shannon Wynne. This was one of my most
productive and exciting scientific years, and a chance to
get to know Ciprian closely. We lived in Santa Fe and car-
pooled every day to Los Alamos. We would arrive at the
office at 8 AM and work continuously until at least 5 PM.
We would often be so engaged that we would miss lunch.
Ciprian would then offer to split his cookies to keep us go-
ing. Ciprian, who was also a mountaineer, was fascinated
by the landscape, which we explored while hiking in the
Los Alamos and Santa Fe area trails. Each hike, as well as
each carpool ride, would be either a stimulating discussion
about our ongoing research or Ciprian giving me a lesson
in geology. During the weekends, we would meet at one
of the coffee shops in Santa Fe to continue our work, but
soon the discussion would divert to other topics. Ciprian
enjoyed talking about politics, history, religion, science,
science fiction, and, of course, horses. We often disagreed
about politics. However, Ciprian was amazingly knowl-
edgeable about historical facts, which made it impossible
to win an argument with him.

Ciprian was not only a brilliant mathematician who
generously shared his passion, ideas, and love of mathe-
matics with others, but he was also a very caring advisor
and sincere friend. One time, while I was a student work-
ing with him in his office, he got angry about something
that I did. Five minutes later, he looked at me and said
apologetically “I know I do the same, but it is wrong and
you should not do it.” Then, he compassionately shared
with me a personal story. He said that once, when he
was young, his father shouted at him angrily for doing
something wrong. However, when Ciprian protested to
his father saying “but father you do the same” his father

responded “I know I do the same, but it is wrong and you
should not do it.”

I am very fortunate to have had Ciprian as a PhD
advisor, teacher, collaborator, colleague, and a sincere
friend who generous shared his thoughts, ideas, and ad-
vice. Ciprian not only had a great influence on my scien-
tific life and career, but also taughtme generosity, scientific
integrity, and above all humility. I certainly miss him.

Dan Voiculescu
I began studying mathematics at the University of
Bucharest in 1967 and began interacting with Ciprian dur-
ing my second year as a student. I was doing advanced
reading at the time, but this was not matched with re-
search work. Ciprian attracted many young people to
study Hilbert space operators. While in my last years as a
student, I joined Constantin Apostol and Ciprian in work
on quasitriangular operators. This class of operators, intro-
duced by Paul Halmos can be described as compact pertur-
bations of operators for which there exists an orthonormal
basis indexed by ℕ with respect to which their matrix is
triangular. We were able to completely clarify which op-
erators have this property by proving that in the absence
of 𝑇 − 𝜆𝐼 being a Fredholm operator of negative index for
some 𝜆 ∈ ℂ the operator 𝑇 is quasitriangular. The work
led to several further results and technical developments
on approximation of Hilbert space operators, though it
did not have the significance for the invariant subspace
problem Paul Halmos had hoped. I learned many things
about research and approximation of operators from this
collaboration. In particular, after so many years I am still
very impressed by the way Ciprian made us stay focused
on the problem of understanding this class of operators in
the early stages, when the solution was not at all in sight.

I remember a research tip from Ciprian. I was trying to
learn advanced representation theory of Lie groups. One
day, Ciprian showed me a short paper by Alexander Kir-
illov on representations of certain infinite dimensional
unitary groups and told me that I might also think about
such problems which were only beginning to be studied.
This paid off, it ledme to work on representations of𝑈(∞).
I like to think of this as a lesson that investing one’s re-
search energy can be like picking stocks.

Ciprian was a passionate mountain climber, which I
very much admire, though I did not share this passion.

Dan Voiculescu is a professor in the department of mathematics at the University
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Figure 11. Ciprian warming up before a discussion; picture
taken at College Station by Ricardo Rosa.
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Isadore M. Singer (1924–2021)
In Memoriam

Part 1: Scientific Works
Robert Bryant, Jeff Cheeger, and Phillip Griffiths

Introduction
This Memorial Collection, which will appear in two con-
secutive issues of the Notices of the AMS, celebrates the
life and work of Isadore Singer, one of the most influential
mathematicians of the past 75 years. Singer was born on
May 3, 1924 and died on February 11, 2021. Various eas-
ily accessible sources recount in depth the rich story of his
life.1 We have decided not to duplicate them here. The cor-
respondingMemorial Collection for Atiyah covers (among
other things) the most famous work of both Atiyah and
Singer, the Index Theorem.2 In this first issue of the present
collection, we have sought to emphasize those aspects of
Singer’s work which were not joint with Atiyah. The sec-
ond issue consists of reminisces of colleagues and family
members.

Robert Bryant is a professor of mathematics at Duke University. His email
address is bryant@math.duke.edu.
Jeff Cheeger is Silver Professor of Mathematics at the Courant Institute, NYU.
His email address is jc9@nyu.edu.
Phillip Griffiths is a professor of mathematics at the Institute for Advanced Study.
His email address is pg@math.ias.edu.

Communicated by Notices Associate Editor Chikako Mese.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2546
1The series Science Lives on the Simons Foundation website, https://www
.simonsfoundation.org/2009/08/25/isadore-singer/; the interview
on the occasion of the 150th anniversary of MIT, https://www.youtube
.com/watch?v=5FoaMcCJnmQ; the shelf on https://celebratio.org
/Singer_IM/article/652/; the Abel Prize Interview with Atiyah https://
www.youtube.com/watch?v=UOv9wJyPGUQ.
2https://www.ams.org/journals/notices/201910/rnoti-p1660
.pdf; https://www.ams.org/journals/notices/201911/rnoti
-p1834.pdf.

Figure 1. Singer in Oberwolfach, 1977.

Jean-Michel Bismut
In 1963, in the Bulletin of the AMS, Atiyah and Singer an-
nounced the proof of their index theorem. In 1967, in a
landmark paper, McKean and Singer [14] suggested that
the heat equation could be used to prove the index theo-
rem, at least for the de Rham complex and the associated
Euler characteristic. They discuss the Minakshisundaram
small time expansion of the heat kernel of the Laplacian
on the diagonal, whose coefficients depend only locally
on the metric. They apply the method to the Hodge Lapla-
cian acting on differential forms. They discover the simple
fact that the alternating sum of the traces of the time de-
pendent heat kernel on the forms of various degrees is just
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the time independent Euler characteristic. Therefore the
singular terms in the small time expansion of the alternat-
ing sum of the traces of the heat kernel on the diagonal
(which can be computed locally in terms of the metric) in-
tegrate out to 0, and the integral of the constant term is just
the Euler characteristic. And here is a prophetic statement:
“It is natural to hope that some fantastic cancellation will
also take place in the small,” i.e., locally, and that the local
constant term in the expansion will coincide with Chern’s
explicit formula for Chern–Gauss–Bonnet in terms of the
curvature of the Levi-Civita connection. Here cancellation
refers to the fact that even though the local traces in vari-
ous degrees are known to be singular when time tends to
zero, it is expected that the alternating sum will cancel the
singularities. And they continue: “The even dimensional
proof eludes us,” except in dimension 2, and they leave the
question as an open problem.

At the same time [3], Atiyah and Singer had discov-
ered the Dirac operator in the context of index theory.
This is a first-order differential elliptic operator that exists
on any compact Riemannian oriented spin manifold,3 of
which the de Rham–Hodge operator for the de Rham com-
plex, the Dolbeault–Hodge operator for complex mani-
folds, and the signature operator were already known spe-
cial cases. The Levi-Civita connection appears explicitly
in the construction of the Dirac operator. The square of
the Dirac operator is a generalized Laplacian given by Lich-
nerowicz’s formula, andMcKean–Singer heat equation for-
mula extends to a formula for the index of the Dirac oper-
ator.

Several major steps were made to establish that fan-
tastic cancellations also occur for Dirac operators on even-
dimensional oriented spin manifolds, in which the lo-
cal constant term in the asymptotic expansion in the
difference of the traces of the heat kernel on even and
odd spinors is obtained using the explicit local Chern–
Weil natural representative in the corresponding index for-
mula. First came the proofs by Patodi that such cancella-
tions occur for the de Rham–Hodge operator, and for the
Dolbeault–Hodge operator for Kähler manifolds, then the
proof by Gilkey for the signature operator. Subsequently,
Atiyah, Bott, and Patodi established this result for an ar-
bitrary Dirac operator, and showed that proving the index
theorem for the Dirac operator is enough to establish the
index theorem for arbitrary elliptic operators. The proofs
of the local cancellations are based on the fact that the co-
efficients of the local expansion of the difference of the
traces of the heat kernel are universal polynomials of the
curvatures and their covariant derivatives for the consid-
ered vector bundles.

3The spin condition is a global topological condition.

In 1975, Atiyah–Patodi–Singer [2] established an index
theorem for even-dimensional oriented spin manifolds
with boundary.4 The Dirac operator and the above lo-
cal cancellations play a key role in the proofs of this re-
sult. Of necessity, global boundary conditions appear, so
that the domain of the considered Dirac operator consists
of sections whose restrictions to the boundary lie in the
direct sum of eigenspaces associated with the nonnega-
tive (resp. negative) eigenvalues of the Dirac operator on
the boundary. Progress made by Atiyah–Patodi–Singer
in their choice of global boundary conditions was crucial
in their treatment of the signature formula for manifolds
with boundary. When the metric is a product near the
boundary, there are two distinct contributions to the in-
dex. One is local in the interior, and is just the usual
Chern–Weil differential form that appears in the case of
closed manifolds. The other is a global spectral invariant
of the Dirac operator of the boundary, the 𝜂-invariant. The
𝜂-invariant is the value at 0 of a function 𝜂 (𝑠) that is well-
defined for Re 𝑠 >> 0. The fact that it extends by analytic
continuation to 𝑠 = 0 is one main result proved by Atiyah–
Patodi–Singer. The 𝜂-invariant should be thought of as a
renormalized version of the difference between the num-
bers of positive eigenvalues and negative eigenvalues of the
Dirac operator on the boundary, and is in general not an
integer. The variation of 𝜂 (0) in 𝐑/𝐙 with respect to met-
rics and connections can be computed by an explicit local
formula.

The above result was used by Atiyah, Donnelly, and
Singer to give a proof of the Hirzebuch conjecture express-
ing the signature defect of Hilbert modular varieties in
terms of the value at 0 of Shimizu’s 𝐿-function. Müller
gave an independent proof based on an 𝐿2 index theorem
and on Selberg’s trace formula.

In his work on 𝐿2 cohomology [10], Cheeger discussed
the signature on manifolds with isolated conical singular-
ities and also obtained a formula for the signature of such
manifolds, in which the contribution of the cone tip is
given by the 𝜂-invariant of the cross section. While im-
plicitly, Atiyah–Patodi–Singer’s analysis takes place on the
infinite cylinder attached to the boundary, Cheeger’s analy-
sis is made instead on an attached cone. It is interesting to
note that the cone structure encodes the global boundary
conditions of Atiyah–Patodi–Singer in implicit form.

While Singer was working with Atiyah on all aspects of
index theory, Ray and Singer made two striking contribu-
tions that, at the time, seemed to have no relation to index
theory andwere concerned with the whole spectrum of the
Hodge Laplacians.

4Their index theorem is valid for more general operators. Here, we only review
the case of Dirac operators.
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In 1971, Ray and Singer [17] consider the Reidemeister
torsion of a compact odd-dimensionalmanifold equipped
with a unitarily flat vector bundle, a combinatorial invari-
ant. On the other hand, given a Riemannian metric, they
introduce the analytic torsion, a spectral invariant of the
Hodge Laplacian, given by a suitable linear combination
of the derivative at 0 of the zeta function of the Hodge
Laplacian in various degrees, which they prove does not
depend on the choice of metrics. The proof uses the fact
that the small time asymptotic expansion of the trace of
the heat kernel does not contain a constant term. They
verify that these two invariants behave in the same way un-
der natural operations on the manifolds. Because of this
similarity of behavior, they made the stunning conjecture
that the two torsions should be equal.

When properly rephrased, the Ray–Singer conjecture as-
serts that two natural metrics on the determinant of the
cohomology of the flat vector bundle, one combinatorial,
and the other analytic, should be equal.

The conjecture was first proved independently by
Cheeger [9] and Müller [15]. The history of the proof is
discussed further in this collection.

In 1973, in a subsequent paper [18], Ray and Singer con-
sidered the case of compact complex Kähler manifolds, re-
placing the de Rham complex by the Dolbeault complex
twisted by unitarily flat vector bundles, and they define
the corresponding holomorphic torsion. Because the real
dimension is even, holomorphic torsion now depends lo-
cally on the metric. Still, they verify that, given two uni-
tary representations, the ratios of the holomorphic tor-
sions remain constant. They specialize the construction
to Riemann surfaces. In the case of one-dimensional com-
plex tori with a flat metric, using Poisson’s summation for-
mula, they express the holomorphic torsion in terms of 𝜗-
functions and of the Dedekind 𝜂-function. For Riemann
surfaces of higher genus, they use instead Selberg’s trace
formula to evaluate the ratio of the torsions in terms of
the value at 1 of the Selberg zeta function.

It is impossible to overestimate the value of these two
papers for future developments. In the case of de Rham
torsion, Ray and Singer formulated a simple and power-
ful conjecture. In the case of holomorphic torsion, they
uncovered the tip of the iceberg, its relation to complex
algebraic geometry.

But even more was to come: the fact that these two the-
ories have deep relations to the index theorem.

The index theorem was proved just before the revo-
lution introduced in mathematics by modern quantum
physics. The fact that index theory could be relevant to
questions of modern physics was deeply tantalizing to
both Atiyah and Singer. They both embraced the new ideas
coming from physics enthusiastically.

The importance of connections to physics already ap-
peared at the very birth of Chern–Weil theory, part of
which already emerged inside Yang–Mills theory. That
physicists were working with explicit models insured that
secondary objects in mathematical index theory, which
did not have a name in mathematics, appeared naturally
inside the physical model, as in questions related to anom-
alies. What follows is a brief review of some developments
in mathematical index theory with connections to physics,
but with limited reference to the important physics litera-
ture.

In 1982, in a paper in the Journal of Differential Geom-
etry, Witten gave an analytic proof of the Morse inequali-
ties that used a deformation of the de Rham operator as-
sociated with a Morse function, and he conjectured that
instanton effects could ultimately be responsible for the
computation of the Betti numbers from the critical points.
This was later proved by Helffer and Sjöstrand. Witten’s ar-
guments were further elaborated by Zhang and myself to
give another proof of the Ray–Singer conjecture.

Álvarez-Gaumé introduced a new approach to the index
theorem of Dirac operators that was based on supersym-
metry. This is best understood in the Lagrangian formal-
ism, in which the trace of the heat kernel is evaluated in
terms of a path integral on the loop space of the manifold.
The path integral for the heat supertrace of the Dirac op-
erator involves a supersymmetric Lagrangian that, beyond
the Bosonic classical energy, also contains Fermionic su-
persymmetric variables. This idea was reformulated in the
case of Dirac operators acting on spinors by Atiyah and
Witten, who viewed the Lagrangian as a differential form
on the loop space that is closed with respect to an equi-
variant de Rham operator. They obtain the index formula
as a consequence of a formal equivariant cohomology lo-
calization of the integral on the manifold itself. This is
best explained by referring to the localization formulas of
Duistermaat–Heckman and Berline–Vergne. These are for-
mulas expressing the integral of certain differential forms
on manifolds equipped with the action of a torus as an-
other integral evaluated on the zero set of the vector field
generating the torus action. The argument of Atiyah and
Witten consists in formally extending the argument to the
loop space of a manifold, using the natural action of the
circle on the loop space, while noting that the original
manifold is exactly the zero-set of the associated vector
field and, finally, in observing that the index formula ap-
pears to be a formal consequence of equivariant localiza-
tion.

The first most significant progress in rigorous mathe-
matics was Getzler’s approach which incorporates the Clif-
ford variables in a supersymmetric rescaling method, so
that the 𝐴-genus appears as the value on the diagonal of
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the heat kernel associated with a harmonic oscillator. Fur-
ther progress wasmade when we gave a probabilistic proof
of the index theorem andwhere contact wasmade between
the formal arguments of equivariant localization, and the
fantastic cancellations being viewed as a “consequence” of
equivariant localization for all the twisted Dirac operators.

In a 1985 paper published in Topology, Quillen invented
the concept of superconnection, an object that combines
connections and operators, that led eventually to the pos-
sibility of putting together Chern–Weil theory and index
theory.

Given a proper submersion of smooth manifolds, with
corresponding elliptic operators acting along the fiber, this
family defines a virtual vector bundle on the base of the fi-
bration. When the kernel and cokernel of the fiberwise
elliptic operators are smooth, the virtual vector bundle is
just the formal difference of the kernel and the cokernel.
The families index theorem of Atiyah–Singer consists in
the computation of the Chern character of this virtual vec-
tor bundle.

Using superconnections, I gave a heat equation
proof [5] of a version of the families index theorem for
families of Dirac operators. The proof is local on the base
and uses the formalism of superconnections of Quillen in
an infinite-dimensional context, with an associated Levi-
Civita superconnection. The proof can be viewed as an
adiabatic limit of the proof of the local index theorem for
a global Dirac operator, when the metric of the base is
blown up to infinity. Chern–Simons transgression is nat-
urally part of the superconnection formalism.

Other advances were made on holomorphic torsion.
Motivated by the work of Faltings on Mordell’s conjecture,
Quillen [16] introduced theQuillenmetric on the determi-
nant of the cohomology of a family of Riemann surfaces,
which is constructed using the Ray–Singer holomorphic
torsion of the fiber. In the case of a trivial family of Rie-
mann surfaces equipped with the family of complex struc-
ture on a given vector bundle, he proved a curvature theo-
rem for the first Chern formof the determinant line bundle
equipped with the Quillen metric.

This was the beginning of new developments that incor-
porated the 𝜂-invariant, holomorphic and real torsion as
part of more general globalinvariants naturally obtained
by transgression in the superconnection formalism. While
the index theorem expresses the index (associated with the
zero eigenvalue of the Dirac operator) as a local quantity,
these secondary invariants involve the full spectrum of the
Dirac operator or of its square and provide the connecting
machine between the index and its local expression.

Motivated by the work of Quillen on holomorphic tor-
sion, Freed and I proved a curvature theorem for a canoni-
cal unitary connection on the determinant line bundle of

a smooth family of Dirac operators in even dimension. A
conjecture of Witten expresses the holonomy of the deter-
minant line bundle of a family of Dirac operators along a
closed curve as the adiabatic limit of the 𝜂-invariant of the
associated cylinder when the metric of the base is blown
up, and was solved independently by Freed and me in a
1986 paper in Communications in Mathematical Physics and
also by Cheeger in a 1987 paper in the Journal of Differen-
tial Geometry. For families of odd-dimensional, oriented
spin manifolds, the 𝜂-invariant of the fibers appears as the
piece of degree 0 of a family of even forms, the ̃𝜂-forms,
obtained by transgression by Cheeger and me [6]. For
families of even-dimensional manifolds, the ̃𝜂-forms are
odd, the component of degree one being a connection
form on the corresponding determinant line bundle. With
Cheeger [6], we showed that the adiabatic limit5 of the 𝜂-
invariant of a fibered manifold can be expressed in terms
of such ̃𝜂-forms. With Cheeger, we also proved an index
theorem for a family of manifolds with isolated conical
singularities [7] that extends the earlier index theorem of
Cheeger, where the ̃𝜂-forms now appear as the contribu-
tion of the singular strata. This can also be viewed as a
families version of the APS theorem for manifolds with
boundary.

Quillen’s theory on holomorphic torsion was extended
in two directions. With Gillet and Soulé [8], we con-
sidered the Knudsen–Mumford holomorphic determinant
line bundle6 associated with a proper holomorphic pro-
jection of complex manifolds. The determinant line bun-
dle was equipped with the Quillen metric coming from
the Ray–Singer holomorphic torsion. We proved that the
Quillen metric is smooth. In the case of locally Kähler fi-
brations,7a curvature theorem was established, stating that
the curvature of the determinant line bundle equipped
with the Quillen metric is given by the integral along the
fiber of the Riemann–Roch–Grothendieck natural charac-
teristic forms in Chern–Weil theory. This result is related
to my previous result with Freed, but does not follow from
it. It puts the families index theorem of Atiyah–Singer and
the holomorphic torsion of Ray–Singer in the same bas-
ket: Holomorphic torsion is part of a secondary theory
that refines the families index theorem of Atiyah–Singer at
the level of differential forms. In particular, the Polyakov
anomaly formulas for the determinant of the Laplacian on
Riemann surfaces were shown to be part of the Riemann–
Roch–Grothendieck formula for the curvature of an

5Given a metric on the manifold, we add a large multiple of the pull-back of a
metric on the base.
6This is the line bundle constructed by Knudsen–Mumford that is associated
with a coherent sheaf.
7A fibration is said to be locally Kähler if for any small open set in the base, its
pull-back can be equipped with a Kähler metric.
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associated determinant bundle and extended to arbitrary
dimension. Higher versions of the holomorphic torsion
were also defined. The functorial behavior of Quillen met-
rics and their higher analogues was studied by various au-
thors including Berthomieu, Kähler, Lebeau, Ma, and my-
self in the case of embeddings and projections. Related
work on forms and currents was done by Gillet–Soulé and
me. These joint efforts culminated in the Riemann–Roch–
Grothendieck theorem in Arakelov geometry of Gillet and
Soulé that reassembles the distinct strands coming from
algebraic geometry, number theory, and index theory in a
single machine.

A significant extension on Singer’s ideas on analytic tor-
sion also came from the work of Kontsevich and Vishik,
in which determinants of elliptic pseudo-differential oper-
ators appeared, and they studied the defect to multiplica-
tivity of such determinants.

In the spirit of the explicit computations of holomor-
phic torsion of flat tori by Ray and Singer, Yoshikawa con-
sidered the equivariant holomorphic torsion of a family
of 𝐾3-surfaces with involution, and he showed that it co-
incides with an associated Borcherds modular form on the
corresponding moduli space. Holomorphic torsion has
found many other applications in the context of mirror
symmetry, as in Bershadsky, Cecotti, Ooguri, and Vafa. An-
alytic and real torsion also appears repeatedly in a consid-
erable body of physics-oriented literature, to which Singer
himself contributed in a major way. One reason is that
when localizing infinite-dimensional functional integrals
at critical points of the action, infinite-dimensional deter-
minants appear, which can be interpreted as being related
to analytic torsion. We refer to Witten, where the volumes
of the moduli spaces of flat connections on a Riemann sur-
face are computed in that spirit.

Progress was also made on real torsion. With Lott, we
established a version of the families index theorem for the
direct images of flat vector bundles, with values in the real
odd cohomology of the base. Real analytic torsion appears
as a natural transgression of a corresponding equality of
cohomology classes. Higher-dimensional analytic real tor-
sion forms were also defined. The proof of their relation
to Igusa’s higher torsion is in progress.

New developments also happened in local index the-
ory. Dirac operators associated with metric connections
with nonzero torsion 𝑇 appear naturally, for instance on
non-Kählermanifolds. If ⟨𝑇 ∧ 𝜃⟩ denotes the 3-form that is
obtained by antisymmetrization, I showed that if this form
is closed, a version of the local index theorem still holds.
This sufficient condition is also essentially necessary. For
complex manifolds, this just means that if 𝜔 denotes the
canonical 2-form form, then 𝜕𝜕𝜔 = 0.

Jeff Cheeger
I was fortunate to have met Isadore Singer (Is) at the end
of my last year as a graduate student. He had just given a
lecture on analytic torsion. Though it was very inspiring,
I hadn’t understood much. We were introduced by Jim
Simons, who was my teacher and to whom Is had been
a mentor. Though we were a generation apart, through
common mathematical interests and our mutual connec-
tion with Jim, we became friends. Is was one of the most
influential mathematicians of the second half of the 20th
century. Here, I want to describe how so much of my own
work was rooted in his.

The first instance was indirect. About year after I had
gotten my degree, Jim mentioned to me the problem of
finding a lower bound for the smallest eigenvalue of the
Laplacian. It was Singer who had called it to his attention.
I was led to the inequality, 𝜆1 ≥ 1

4
ℎ2, where ℎ is a cer-

tain isoperimetric constant. Eventually, this inequality ac-
quired an extensive and varied collection of descendants.

In a visionary paper, “Curvature and the Eigenvalues of
the Laplacian,” [14], Singer and Henry McKean proposed
the possibility of a heat equation proof of the Atiyah–
Singer index theorem. Specifically, they discussed in de-
tail the case of the Euler characteristic. Let 𝑒−𝑡∆𝑖 denote
the fundamental solution of the heat equation for the
Hodge Laplacian on 𝑖-forms. It was known that as 𝑡 → 0,
there is an asymptotic expansion for the pointwise trace,
𝑒−𝑡∆𝑖 (𝑥, 𝑥) ∼ ∑𝑗 𝑎𝑖,𝑗(𝑥, 𝑥)𝑡−(𝑛/2)+𝑗, where the 𝑎𝑖,𝑗(𝑥, 𝑥) are
given by polynomial expressions in the curvature tensor
and its higher covariant derivatives. The orders of the co-
variant derivatives increase with 𝑗. A simple cancellation
argument shows that the alternating sum of global traces
∑𝑖(−1)𝑖trace(𝑒−𝑡∆𝑖 ) is actually independent of 𝑡. As 𝑡 → ∞,
it converges to the alternating sum of the dimensions of
the spaces of harmonic 𝑖-forms and hence, to the Euler
characteristic 𝜒(𝑀𝑛). As 𝑡 → 0, it follows that the al-
ternating sum of the coefficients of the negative powers
of 𝑡 must cancel, leading to the McKean–Singer formula
𝜒(𝑀2𝑛) = ∑𝑖(−1)𝑖𝑎𝑖,𝑛/2. They conjectured that the alter-
nating sum of pointwise traces ∑𝑖(−1)𝑖𝑎𝑖,𝑛/2(𝑥, 𝑥) is in fact
equal to the Chern–Gauss–Bonnet form 𝑃𝜒(Ω), a certain
invariant polynomial in the curvature tensor Ω (specifi-
cally a multiple of the Pfaffian). If true, this would give a
new proof and a new understanding of the Chern–Gauss–
Bonnet theorem 𝜒(𝑀2𝑛) = ∫𝑀2𝑛 𝑃𝜒(Ω). In dimension
2, they were able to verify it by direct computation. In
higher dimensions, though their computations rapidly be-
came unmanageable, they noted that were the conjecture
to hold, “fantastic cancellations” of the local terms involv-
ing higher covariant derivatives of curvature would have to
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take place. By the early 1970s, primarily through indepen-
dent work of Patodi and Gilkey, the program was realized
for all operators of Dirac type.

The next logical step was to extend the heat equation
proof to manifolds with boundary. However, for the sig-
nature operator on oriented 4𝑘-manifolds (which depends
on a choice of orientation) it was known that no local elliptic
boundary condition has the right index. After some time,
Atiyah, Patodi and Singer (APS) found a global boundary
condition that would work. The APS condition is akin to
requiring the vanishing of the negative Fourier coefficients
of 𝑓 | 𝜕𝐷2, where 𝐷2 is the unit disc and 𝑓 ∶ 𝐷2 → 𝐂. (This
holds for holomorphic functions on the disc.) The crown-
ing achievement of their revolutionary series of three pa-
pers was the Atiyah–Patodi–Singer formula; see in particu-
lar [2].

Sig(𝑀4𝑘) = ∫
𝑀4𝑘

𝑃𝐿(Ω) + 𝜂(𝜕𝑀4𝑘) .

The differential form, 𝑃𝐿(Ω), is the invariant polynomial in
curvature (Chern–Weil form) corresponding to the Hirze-
bruch 𝐿-class. The invariant 𝜂(𝜕𝑀4𝑘) is a certain global
spectral invariant of the boundary with its induced metric.
There can be no canonical local formula for the 𝜂-invariant
since examples show that it can fail to behave multiplica-
tively when one passes from a space to a nontrivial cov-
ering space. By using the fact that the variation of the 𝜂-
invariant under change of metric is locally computable, APS
defined topological invariants called 𝜌-invariants which
measure the extent of the failure of the 𝜂-invariant to be-
have multiplicatively.

As was understood at the time, the term ∫𝑀4𝑘 𝑃𝐿(Ω)
could be viewed as an instance of a Chern–Simons invari-
ant, or more precisely, a differential character. Chern–
Simons invariants had been defined and their theory devel-
oped at the end of the 1960s. What is not so well known
is that the initial motivation for these now famous invari-
ants came from a failed attempt to find a local combina-
torial formula for the signature of a compact oriented 4-
manifold, a problem which was first posed in the 1940s.

Yet another revolutionary contribution to spectral the-
ory was made by Singer with his MIT colleague Dan Ray;
[17]. This concerned analytic torsion, a global spectral in-
variant whose definition involves a choice of Riemannian
metric. No choice of orientation is required. The defini-
tion imitates in a sophisticated manner, a reformulation
of that of Reidemeister torsion, a combinatorially defined
topological invariant, though not a homotopy invariant.
Among other fundamental properties, they showed that
the analytic torsion is indeed is independent of the choice
of Riemannian metric used to define it. The Ray–Singer
conjecture posited the equality of the two torsions.

In the early 1970s, I was trying to learn enough about
the heat equation to have a chance of participating in these
exciting developments. During that time, my work with
Simons on differential characters got stuck on a problem
which is still open. Namely, the conjecture that there ex-
ist simplices in 𝑆3 with totally geodesic faces and rational
dihedral angles, whose volumes are irrational multiples of
that of the sphere. Finally, I decided to give up and try my
luck on the Ray–Singer conjecture. After a few years, I suc-
ceeded in proving it; [9]. An independent proof was given
at the same time by Werner Muller; [15].

One step in my proof was the following: First, as in do-
ing a surgery, remove from a closed Riemannian manifold
𝑀𝑛, a tubular neighborhood 𝑇𝑟(𝑆𝑘) of radius 𝑟, of an em-
bedded sphere 𝑆𝑘 whose normal bundle is trivial. Then
understand the relation as 𝑟 → 0 of the heat kernels on
differential forms of 𝑀𝑛 ⧵ 𝑇𝑟(𝑆𝑘) with absolute and abso-
lute boundary conditions, and the corresponding heat ker-
nels on differential forms of 𝑀𝑛. In particular, describe
the eigenforms of the Laplacian for which the correspond-
ing eigenvalues either are zero, or approach zero as 𝑟 → 0.
Note in this connection that when 𝑟 = 0, the topology
changes. Note also the close analogy with the problem
which led to the lower bound 𝜆1 ≥ 1

4
ℎ2. A key techni-

cal issue was the need to control the relevant Green’s func-
tions as 𝑟 → 0. I had learned from Jackson’s well known
text “Classical Electrodynamics” that inℝ𝑛, the formula in
polar coordinates for the Green’s function, 𝐺(𝑟1, 𝑦1, 𝑟2, 𝑦2),
can be obtained by using separation of variables. The use
of polar coordinates amounts to viewing ℝ𝑛 as the met-
ric cone with cross-section the unit sphere 𝑆𝑛−1. However,
near points at which 𝑟1 = 𝑟2, the resulting series doesn’t
converge uniformly and for 𝑟1 = 𝑟2 it only converges in
a weak sense. I noticed that almost by definition, the
formula in Jackson’s book could be interpreted as a pa-
rameterized family of Poisson like kernels associated to
the relevant Laplacian on the cross-section 𝑆𝑛−1. For say
𝑟1 ≤ 𝑟2, the ratio 𝑟1/𝑟2 of the radial variables, plays the role
of 𝑒−𝑡 in the Poisson like kernels. As a consequence, these
kernels, and hence the Green’s functions, could be under-
stood by means of the known functional calculus for the rel-
evant Laplacians on 𝑆𝑛−1.

I realized that the same method, “the strong form of
the method of separation of variables,” could be used to
construct a functional calculus for Laplacians on differ-
ential forms, on metric cones with an arbitrary smooth
closed Riemannian manifold as cross-section. With this,
one could do spectral theory on manifolds with isolated
conical singularities; [10]. In particular, it gave a new
interpretation and a new proof of the APS theorem in
which the 𝜂-invariant of the cross-section of the cone arises
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intrinsically as a needed correction term to the asymp-
totic expansion of the heat kernel trace coming from the
singularity. Another consequence was my 1982 work with
Michael Taylor on diffraction of waves by cones of arbi-
trary cross-section, which appeared in Communications in
Pure and AppliedMathematics. A different continuation con-
cerned Poincaré duality for singular spaces (pseudomani-
folds) via 𝐿2-cohomology, [11], and index theory/spectral
theory on these spaces in a 1983 paper in the Journal of
Differential Geometry. The latter included a solution to the
original problem of finding a local combinatorial formula
for the signature. Recall that triangulated 4𝑘-manifold has
a canonical geometric realization. It is built from the combi-
natorial triangulation by using 𝑛-simplicies, all of whose
edge lengths are equal to 1. For this piecewise flat metric,
which is invariant under simplicial automorphisms, the
heat equation method can be used to express the signature
as the sum of the 𝜂-invariants of links of vertices, with their
canonical induced piecewise constant curvature 1 metrics.
This provides a (canonical) local combinatorial formula
for the signature. However, since 𝜂-invariants are global
spectral invariants, in most cases they are not explicitly
computable. On the other hand, by a simple cancelation
argument, given any local combinatorial formula for the
signature formula, one gets a new formula by subtracting
the boundary of any combinatorially defined 1-chain. In
recent work (in preparation) I use this freedom to replace
the global spectral aspect of the 𝜂-invariant by a global com-
binatorial construction. Finally, I should mention that my
friendship with Jean-Michel Bismut, and our work on adi-
abatic limits of 𝜂-invariants, ̃𝜂-forms and the local families
index theorem for manifolds with boundary, arose from
our common interest in the work of Is and his collabora-
tors; [6], [7].

Offshoots of Is’ work have consumedmuch ofmymath-
ematical thought processes over the past 50 years. He was
also a much admired friend. Not so long ago, I asked him
how, despite his advancing years, he was able to maintain
his obvious zest for math, tennis, and life. His answer:
“Every day I have a ball!”

Simon Donaldson
I only had a few opportunities to meet Is Singer—the first
in 1984 during his spell in Berkeley and the last at a cel-
ebration held for his birthday in Harvard in 2017—but I
learnt a lot from his work.

Singer was a pivotal figure in the mathematical devel-
opments around gauge theories, starting in the late 1970s.

Simon Donaldson is a permanent member of the Simons Center for Geometry
and Physics. His email address is sdonaldson@scgp.stonybrook.edu.

He and others have written about lectures he gave in
Oxford and elsewhere at the start of this development,
introducing the 1975 “Wu and Yang dictionary” to math-
ematicians [19]. This is a dictionary between physics and
mathematics terminology, starting with gauge type = prin-
cipal fibre bundle and moving on through electromagnetism
= connection in a U(1) bundle and and isotopic spin gauge
field = connection in an SU(2) bundle. Singer wrote in [19]
“It would be inaccurate to say that after 30 years studying
mathematics I felt ready to return to physics. Instead, el-
ementary particle physics turned to modern mathematics
and some of us found the interplay full of promise.”

One of the first fruits of this interplay was the calcu-
lation by Atiyah, Hitchin, and Singer of the dimensions
of the moduli spaces of Yang–Mills instantons over the 4-
sphere. The instanton equation is a nonlinear PDE for a
connection on a bundle and the relevant 𝑆𝑈(2) bundles
are classified by a Pontryagin number 𝑘 ≥ 1. Physicists
had found explicit constructions of solutions depending
on 5𝑘+4 parameters (for 𝑘 ≥ 3). Atiyah, Hitchin, and
Singer proved that thereweremore solutions: the fullmod-
uli space has dimension 8𝑘−3. The basis for their analysis
was the Atiyah, Hitchin, Singer deformation complex

Ω0(ad 𝑃) 𝑑𝐴⟶Ω1(ad 𝑃)
𝑑−𝐴⟶Ω2

−(ad 𝑃). (1)

Here𝐴 is an instanton connection and ad𝑃 is the bundle of
Lie algebras associated to the adjoint representation. The
middle term represents deformations 𝐴+ 𝑎 of the connec-
tion. The equation 𝑑−𝐴 𝑎 = 0 is the linearization of the
nonlinear instanton equation, for small 𝑎. The first term
Ω0(ad 𝑃) represents infinitesimal gauge transformations,
or automorphisms of the bundle 𝑃. An infinitesimal de-
formation 𝑎 = 𝑑𝐴𝑢 does not change the solution, up to
geometric equivalence. The tangent space of the moduli
space of solutions modulo equivalence is given by the co-
homology in the middle term of the complex (1). More
precisely, this depends on the fact that the other cohomol-
ogy groups vanish; the desired dimension is minus the Eu-
ler characteristic of the complex and this Euler character-
istic is computed by the Atiyah–Singer index theory. This
kind of analysis had precedents in the Kodaira–Spencer–
Kuranishi theory of deformations of complex structures
but was novel in this differential geometric context, and
the techniques have been applied to a host of other mod-
uli problems over the years since, becoming part of the
differential geometers tool kit.

The solution of the general deformation problem for
instantons appeared in [1] but that paper covered much
more. It is the foundational paper for contemporary four-
dimensional differential geometry, and the special features
in this dimension associated with “self-duality.”
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In the 1981 paper in Physics Scripta, Singer wrote “We
wonder whether the techniques and insights of mathemat-
ics can contribute directly to the solution of quantum field
theory problems. We believe that a careful study of the
space of orbits . . . of the group of gauge transformations
will be useful.” The infinite-dimensional geometry point
of view and its connection to quantum field theory runs
through much of Singer’s work and represents some of
his most distinctive contributions. The set-up is that we
have the space 𝐴 of connections on a principal 𝐺-bundle
𝑃 over a Riemannian manifold 𝑀, where 𝐺 is a compact
Lie group. This is an affine and hence contractible space
(corresponding to the deformations 𝑎 above). The interest
comes from the group 𝒢 = Aut 𝑃 of gauge transformations
which acts on𝒜 and the geometricallymeaningful infinite-
dimensional space is the quotient 𝒜/𝒢. There is an analo-
gous discussion in Riemannian geometry, also prominent
in Singer’s work, with the diffeomorphism group of aman-
ifold acting on the space of Riemannian metrics. While
the gauge theory case was less familiar to differential ge-
ometers at the time we are discussing, it is in fact much
simpler—”less nonlinear”—and that was an important fea-
ture of its role in developments in modern differential ge-
ometry.

To work on the quotient space 𝒜/𝒢, one can try to “fix
a gauge,” in other words find a slice in 𝒜 transverse to the
𝒢-orbits and containing exactly one representative of each
orbit. This can be done locally, for small variations of the
connection, but as Singer showed in a paper in Communi-
cations in Mathematical Physics in 1978, one of his first pa-
pers in the area, it is not possible globally. Ignoring some
important technicalities, the quotient map 𝜋 ∶ 𝒜 → 𝒜/𝒢
is the universal bundle 𝐸𝒢 → 𝐵𝒢 for the gauge group 𝒢.
Global gauge fixing corresponds to a section of this bun-
dle, and this can exist if and only if 𝒢 is contractible (which
would imply the same for𝒜/𝒢). But in fact, for base mani-
folds𝑀 of interest, 𝒢 and 𝒜/𝒢 have complicated topology.
For example when the base manifold𝑀 is the 2-sphere the
space 𝒜/𝒢 has the homotopy type of the loop space of the
group 𝐺.

The topology of the space 𝒜/𝒢 is bound up with in-
dex theory, but now for families of operators. If 𝑀 is a
spin manifold, a connection 𝐴 and a representation of the
group 𝐺 define a coupled Dirac operator 𝐷𝐴, and the in-
dex construction for families yields an element ind𝐷𝐴 of
the 𝐾-theory of 𝒜/𝒢. These ideas are important in connec-
tion with anomalies in quantum field theory. For example,
the determinant of the family of Dirac operators is intrin-
sically a section of a line bundle over det ind𝐷𝐴 over 𝒜/𝒢
and the first Chern class of this line bundle is a topologi-
cal obstruction to defining the determinant as a function.
The paper [4] of Atiyah and Singer was one of the first

mathematical treatments of these ideas and the founda-
tion for many further developments through the work of
Quillen and others.

In another direction, Singer studied the differential ge-
ometry of the infinite-dimensional space 𝒜/𝒢. This has a
natural Riemannian metric, induced by the 𝐿2 metric on
the bundle-valued 1-forms 𝑎, which represent tangent vec-
tors in 𝒜/𝒢. Singer obtained a formula for the sectional
curvature corresponding to a pair 𝑎, 𝑏 of tangent vectors:
𝐾(𝑎, 𝑏) = 3⟨Δ−1

𝐴 (𝑎 ∗ 𝑏), 𝑎 ∗ 𝑏⟩. Here 𝑎 ∗ 𝑏 denotes the
pointwise bilinear algebraic operation combining the in-
ner product on 1-forms and Lie bracket on the bundle
ad 𝑃 and Δ𝐴 is the coupled Laplace operator. Going fur-
ther, Singer discussed the Ricci curvature of 𝒜/𝒢. This is
given formally by summing an infinite collection of sec-
tional curvatures which corresponds to the trace of a cer-
tain operator 𝑇. The problem is that 𝑇 is not of trace class,
and, to get around this, Singer introduces the regulariza-
tion Tr 𝑇Δ−𝑠

𝐴 which is defined for large enough 𝑠. The
meromorphic continuation has in general a pole at 𝑠 = 0,
but Singer found that the residue there has an expression
given by an integral over 𝑀 involving the scalar curvature.
Thus he obtained the striking result that the Ricci tensor of
𝒜/𝒢 can be defined when working over a base manifold𝑀
of zero scalar curvature.

Nigel Hitchin
As a student, postdoc and collaborator of Michael Atiyah,
I inevitably encountered Isadore Singer many times. Since
they first met at the Institute in Princeton in 1955, Atiyah
and Singer were part of the postwar group of mathemati-
cians who were redefining the interactions between alge-
braic geometry, topology, differential geometry, and anal-
ysis. A sabbatical in Oxford in 1962 started their most no-
table collaboration, which of course resulted in the Atiyah–
Singer index theorem, but it was another visit in 1977 that
led to an important development in which I was fortunate
to take part.

Atiyah often crossed the Atlantic to see Singer, or Raoul
Bott, bringing home news about current directions in ge-
ometry. When he invited them back to Oxford, his Mon-
day seminar was the forum for us all to learn about these
issues. In early 1977, Singer visited and spoke about the
self-dual Yang–Mills equations. As I recall, he also gave
lectures about the geometry behind Bäcklund transforma-
tions, but it was the Yang–Mills problemwhich gained trac-
tion.

Nigel Hitchin is Savilian Professor of Geometry Emeritus at the University of
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Singer had a long-held interest in physics and the prob-
lem he presented to us was a differential geometric inter-
pretation of the question of “instantons,” in the language
of physicists. The scenario consists of Euclidean 4-space
ℝ4 and a connection. This is a covariant derivative opera-
tor defined by ∇𝑖 = 𝜕/𝜕𝑥𝑖 +𝐴𝑖 where 𝐴𝑖 is a function with
values in (for this problem) 2 × 2 skew-Hermitian matri-
ces of trace zero, the Lie algebra of SU(2). The curvature
[∇𝑖, ∇𝑗] = 𝐹𝑖𝑗 is a differential 2-form with values in the
Lie algebra and the Yang–Mills functional is the integral of
|𝐹|2. The problem is to characterize all absolute minima
of this integral.

The functional is conformally invariant, and, in the
course of the weekly seminar, Singer showed how, with
suitable decay assumptions on the curvature (later verified
by Karen Uhlenbeck) ℝ4 could be replaced by the sphere
𝑆4 by adding a point at infinity. In this setting the physi-
cist’s instanton charge 𝑘 becomes the second Chern class
of a vector bundle 𝐸. Moreover the integral expression for
the Chern class provides a lower bound for ‖𝐹‖2, achieved
when the connection is self-dual.

Self-duality is a special property of four-dimensional
Riemannian geometry: the exterior 2-forms decompose
into ±1 eigenspaces of the Hodge star operator and 𝐹 is
self-dual if it lies in the +1 eigenspace at each point. In
the context of the curvature of a 4-manifold, this feature
was implicit in a earlier paper of Singer’s [20], which I
knew as a student. (In fact, that paper implies that the
spinor bundle on 𝑆4 with its constant curvature metric is
an instanton of charge 1.) In Oxford, Singer introduced a
whole family of solutions of different charges produced
by the physicists. The obvious question was: Are there
any more? Conjugation of ∇ by an automorphism of the
bundle (a gauge transformation) clearly gives an infinite-
dimensional space of such but one needed to know all so-
lutions modulo this equivalence.

The self-duality equations are nonlinear in the connec-
tion coefficients 𝐴𝑖 and one can study the linearization.
For self-duality, a first order deformation ̇𝐴 satisfies a lin-
ear equation 𝐷− ̇𝐴 = 0 as a section of the vector bun-
dle End𝐸 ⊗ Λ2−. A first order gauge transformation gives
̇𝐴 = ∇𝜓 for 𝜓 a section of End𝐸, so the linearization, as

far as equivalence is concerned, is the kernel of a differen-
tial operator 𝐷− modulo the image of ∇. This is the first
cohomology group of an elliptic complex

End𝐸 ∇⟶End𝐸 ⊗ Λ1 𝐷−⟶End𝐸 ⊗ Λ2− .
Elliptic complexes are precisely the context of the Atiyah–
Singer index theorem, and, together with vanishing theo-
rems given the positive curvature of the sphere the theorem
gives the number (8𝑘−3) for the solution of the lineariza-
tion problem. This led to a short announcement followed

by an expanded paper [1], which incorporated the other
input from the Oxford seminars, from Penrose’s group,
and in particular his student Ward. It placed the instanton
problem in awider context, where the sphere is replaced by
a 4-manifold with a self-dual conformal structure—a con-
dition on theWeyl tensor of ametric. Penrose’s twistor the-
ory added a new dimension to the original problem, link-
ing it directly with algebraic geometry and quite quickly
it yielded a concrete construction for the whole (8𝑘−3)-
dimensional family.

Perhaps the most important aspect in all of this
was Singer’s observation, a postscript in the announce-
ment [20], that one could use the methodology of Kuran-
ishi (for the moduli space of complex structures on a com-
pact complex manifold) to construct from the lineariza-
tion of the self-duality equations an actual moduli space
of instantons. This was probably the first time that the no-
tion ofmoduli space escaped from algebraic geometry into
the wider mathematical world. It provided the framework
for Simon Donaldson’s famous later work replacing the
sphere by a more general 4-manifold with no differential
geometric assumptions.

At a personal level, Is Singer always took an interest in
what I was doing. I remember in particular when I was a
postdoc in New York in 1973 and Michael Atiyah was vis-
iting MIT. I went up one cold December day to give a sem-
inar. Maybe it was the semester break or the bad weather
but the audience was Singer, Atiyah, Kostant, Irving Se-
gal, and no more! I spoke about the Dirac operator on
bounded domains in ℝ𝑛 and conformal invariance (con-
formally invariant operators were the centre of my inter-
est at the time, including the complex above, but without
the connection). Afterwards I was unsure of the reception,
but a week later I received from Is several pages of care-
fully written notes pointing out a more sophisticated way
of doing things. He is greatly missed.

H. Blaine Lawson and Mikhail Gromov
We have been asked to present our perspective on the in-
dex theorem, which puts us in the position of a blind per-
son describing what he/she perceives of an elephant upon
touching the elephant’s tail. Index theory is a world of
its own, as the reader can begin to see from the article of
Connes and Kouneiher in the November, 2019 issue of the
AMS Notices. As geometers we are well aware only of what

H. Blaine Lawson is Distinguished Professor of Mathematics at Stonybrook Uni-
versity. His email address is blaine@math.stonybrook.edu.
Mikhail Gromov is Emeritus Professor at IHES and Jay Gould Professor of Math-
ematics at the Courant Institute, New York University. His email address is
gromov@cims.nyu.edu.

OCTOBER 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1555



is directly related to our field. With that understood, we
can begin.

Over his long career Is Singer made many revolutionary
contributions to mathematics. Of all his work, perhaps
the most far-reaching were his results with Atiyah on the
index theorem. It was not just that they established a for-
mula which generalized the Riemann–Roch–Hirzebruch
theorem. What was even more important was their dis-
covery of a fundamental elliptic operator, which certainly
paved the way to the index theorem, but which also engen-
dered profound applications, which to date can be proved
in no other way.

For background, recall that a manifold of dimension 𝑛
is orientable, if its structure group (where the jacobians of
coordinate changes live) can be reduced from GL𝑛 to GL+𝑛 ,
the connected component of the identity. The manifold is
spin (with 𝑛 ≥ 3) if the structure group GL+𝑛 can be lifted

to the universal covering group G̃L
+
𝑛 . At first this seems

unimportant since G̃L
+
𝑛 has no finite-dimensional repre-

sentations that are not pulled back from GL+𝑛 . However, if
one restricts to maximal compact subgroups SO𝑛 ⊂ GL+𝑛
and Spin𝑛 ⊂ G̃L

+
𝑛 (these inclusions are homotopy equiva-

lences), then Spin𝑛 does have representations that are not
pulled back from SO𝑛.

In the 1960s, many decades had passed since the fun-
damental work of É. Cartan and P.A.M. Dirac, but the fun-
damental operator on a spin manifold with a Riemann-
ian metric was still unknown. Borel and Hirzebruch had
proved that on a spin manifold 𝑀 of dimension 4𝑘 a cer-
tain topological invariant 𝐴(𝑀) is always an integer, and
this is not always true for 𝑀 that are not spin. Atiyah had
conjectured that perhaps this was because 𝐴(𝑀) was the
index of an operator that only existed on spin manifolds.
It was Singer who found that operator, and they were on
their way. They showed in fact that, in the spin case, ev-
ery elliptic operator was equivalent to this fundamental
operator 𝐷/, twisted by a coefficient bundle, and the index
formula is a natural generalization of Hirzebruch’s. With
this insight they were able, with more work, to also treat
the non-spin case.

It is important to understand that to define the oper-
ator 𝐷/ it is necessary to have a metric on the spin mani-
fold. Given this metric, the operator satisfies a Bochner-
type identity, found by E. Schrödinger and A. Lichnerow-
icz:

𝐷/2 = ∇∗∇ + 1
4
𝜅,

where ∇∗∇ ≥ 0 with kernel consisting of parallel sections,
and 𝜅 is the scalar curvature (the average of all the sectional
curvatures), which is a very weak invariant. However, from
this formula one sees that on a spin 4𝑘-manifold with 𝐴 ≠
0, there does not exist a Riemannian metric with 𝜅 > 0.

If one considers the general case of 𝐷/𝐸 (i.e., 𝐷/ ten-
sored with a vector bundle with connection 𝐸), there is the
formula

𝐷/2𝐸 = ∇∗∇ + 1
4
𝜅 + 𝐑𝐸 ,

where 𝐑𝐸 is explicitly defined in terms of the curvatures
of 𝐸. This allows for interesting generalizations of the
scalar curvature result above.

Atiyah and Singer went on to give a different proof of
the index theorem, which was based on topological K-
theory (= the Grothendieck group of isomorphism classes
of complex vector bundles on a given space—work of
Atiyah and Hirzebruch). They also found many important
generalizations.When the operator is equivariant with re-
spect to a compact Lie group 𝐺, the index lies in the repre-
sentation ring of 𝐺, and this result has many applications,
including new results in number theory. In a different di-
rection, suppose we have a family of elliptic operators over
a parameter space 𝑋 , then there is a theorem where the in-
dex of the family is an element of the 𝐾-theory of 𝑋 . Per-
haps one of the most profound of these generalizations
was the index theorem for Cl𝑘(ℝ)-linear operators, where
Cl𝑘(ℝ) is the Clifford algebra on ℝ𝑘 with its standard posi-
tive definite metric. Here the index is an element in the
quotient of the Grothendieck group of Cl𝑘(ℝ)-modules
which can be identified with KO−𝑘(pt), the real K-theory
group for a point. Interestingly, these groups are torsion in
certain dimensions. Now every spin 𝑛-manifold has a fun-
damental Cl𝑛(ℝ)-linear Atiyah–Singer operator with index
in the group KO−𝑛(pt). This gives a ring homomorphism
𝒜 ∶ ΩSpin

∗ → KO−∗(pt) from the spin cobordism ring, that
must vanish on every cobordism class that contains a man-
ifold that admits a metric with 𝜅 > 0. In particular, by a
result of N. Hitchin, for all 𝑛 ≡ 1 or 2 (mod 8), (𝑛 ≥ 8),
half of the exotic spheres do not carry a metric of positive scalar
curvature! From the classical geometer’s point of view this
was pure magic.

Somewhat later, Stephan Stolz showed that, in the
world of simply-connected spin manifolds of dimension
> 4, the index 𝒜 is the only invariant obstructing positive
scalar curvature. For manifolds with nontrivial fundamen-
tal group, there is an analogous, yet more wide-ranging
and still unfinished, story.

Wewant to say that Is Singer broughtmore than great in-
sights tomathematics. His talks weremagical. His enthusi-
asm was totally contagious. He spent many years bringing
together the worlds of mathematics and physics, and this
transformed both fields. Is Singer not only opened peo-
ple to wonders in mathematics, but he made them excited
to be part of the wonderment. He was always inclusive,
and he and Rosemarie were very warm and outreaching.
Is Singer made mathematics a better place.
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Werner Müller
Anothermilestone in the work of Singer is the invention of
the analytic torsion [17] which he, together with Ray, intro-
duced in 1971 as an analytic counterpart of the Reidemeis-
ter torsion. The Reidemeister torsion (or the Reidemeister–
Franz torsion) is a topological invariant of a compact man-
ifold 𝑀 and a representation of its fundamental group
𝜋1(𝑀) that was introduced by Reidemeister in 1935 for 3-
manifolds and generalized to higher dimensions by Franz
and de Rham. In fact, the Reidemeister torsion is defined
for every finite CW complex 𝐾 and a unitary representa-
tion 𝜌 of 𝜋1 ≔ 𝜋1(𝐾) on a finite-dimensional vector space
𝑉𝜌. Let ̃𝐾 be the simply connected covering space of 𝐾 with
𝜋1 acting on ̃𝐾 as group of deck transformations. Consider
𝐾 as being embedded as a fundamental domain in ̃𝐾, so
that ̃𝐾 is the set of translates of 𝐾 under 𝜋1. In this way,
the real co-chain complex becomes an ℝ(𝜋1)-module. Let
𝐶∗(𝐾; 𝜌) ≔ 𝐶∗( ̃𝐾) ⊗ℝ(𝜋1) 𝑉𝜌 be the twisted co-chain com-
plex. In the real vector space 𝐶𝑞(𝐾; 𝜌) one can choose a
preferred base (𝑥𝑖 ⊗ 𝑣𝑗), where 𝑥𝑖 runs through the pre-
ferred base of the ℝ(𝜋1)-module 𝐶𝑞( ̃𝐾) given by the cells
of 𝐾 and 𝑣𝑗 through an orthonormal base of 𝑉𝜌. A pre-
ferred base gives rise to an inner product in 𝐶∗(𝐾; 𝜌). Let
𝛿∶ 𝐶𝑞(𝐾; 𝜌) → 𝐶𝑞+1(𝐾; 𝜌) denote the co-boundary opera-
tor and 𝛿∗ the adjoint operator with respect to the inner
product in 𝐶∗(𝐾; 𝜌). Define the combinatorial Laplacian
Δ(𝑐) by Δ(𝑐) = 𝛿𝛿∗ + 𝛿∗𝛿. Assume that the cohomology
𝐻∗(𝐾; 𝜌) of the complex 𝐶∗(𝐾; 𝜌) vanishes. Then Δ(𝑐) is in-
vertible, and, as shown by Ray and Singer, the Reidemeister
torsion 𝜏(𝐾, 𝜌) ∈ ℝ+ of 𝐾 and 𝜌 is given by

log 𝜏(𝐾, 𝜌) = 1
2

𝑛
∑
𝑞=0

(−1)𝑞+1𝑞 log det(Δ(𝑐)𝑞 ), (2)

where 𝑛 is the dimension of the top-dimensional cells of𝐾.
This is not quite the original definition of the Reidemeister
torsion, but, as shown by Ray and Singer, it is equivalent
to the original one. If 𝐻∗(𝐾; 𝜌) ≠ 0, one has to choose a
volume form 𝜇 ∈ det𝐻∗(𝐾; 𝜌). For any choice of 𝜇, one
can define the Reidemeister torsion 𝜏𝑀(𝜌; 𝜇) ∈ ℝ+, which
depends on 𝜇.

Let 𝑀 be a closed Riemannian manifold and 𝜌 an or-
thogonal representation of 𝜋1(𝑀). Let 𝐸𝜌 → 𝑀 be the
flat orthogonal vector bundle associated to 𝜌. Then by
the Hodge–de Rham theorem, 𝐻∗(𝐾; 𝜌) is identified with
the space of harmonic forms with values in 𝐸𝜌. Using
the global inner product on harmonic forms, we get a vol-
ume form 𝜇. It turns out that 𝜏𝐾(𝜌; 𝜇) is invariant under
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subdivisions. Furthermore, any two smooth triangula-
tions of 𝑀 admit a common subdivision. Thus 𝜏𝐾(𝜌; 𝜇)
is independent of the choice of 𝐾 and we write 𝜏𝑀(𝜌) ≔
𝜏𝐾(𝜌; 𝜇). This is the Reidemeister torsion of𝑀 with respect
to 𝜌 and 𝜇 ∈ det𝐻∗(𝑀; 𝐸𝜌).

The original interest in Reidemeister torsion came from
the fact that it is not a homotopy invariant and so can
distinguish spaces which are homotopy invariant but are
not homeomorphic. Especially, Reidemeister used Reide-
meister torsion to classify three-dimensional lens spaces
up to homeomorphism and this was generalized by Franz
to higher dimensions. The classification includes exam-
ples of homotopy equivalent three-dimensional mani-
folds which are not homeomorphic. Reidemeister torsion
is closely related to Whitehead torsion, which is a more
sophisticated invariant of chain complexes. It is related to
the concept of simple homotopy equivalence.

Following a suggestion of Arnold Shapiro, Ray and
Singer were looking for an analytic description of the Rei-
demeister torsion of a closed Riemannian manifold. The
inspiration for the definition came from formula (2). Let
(Λ∗(𝑀; 𝐸𝜌), 𝑑) be the de Rham complex of 𝐸𝜌-valued differ-
ential forms on 𝑀 and let Δ ≔ 𝑑𝑑∗ + 𝑑∗𝑑 be the Laplace
operator acting in Λ∗(𝑀; 𝐸𝜌), where 𝑑∗ is the formal ad-
joint of 𝑑 with respect to the inner product induced by
the Riemmanian metric 𝑔 and the fibre metric in 𝐸𝜌. Then
the idea is to replace 𝐶∗(𝐾; 𝜌) by Λ∗(𝑀; 𝐸𝜌) and the combi-

natorial Laplacian Δ(𝑐)𝑞 by the Hodge Laplacian Δ𝑞. The
problem is that Δ𝑞 is acting in an infinite-dimensional
space and the determinant is not well defined. To over-
come this problem, one uses the zeta function regulariza-
tion. Regarded as an unbounded operator in the Hilbert
space of 𝐿2-forms of degree 𝑞with values in 𝐸𝜌, Δ𝑞 is essen-
tially self-adjoint and nonnegative. Since 𝑀 is compact,
it follows that Δ𝑞 has a pure point spectrum consisting
of eigenvalues 𝜆𝑗 ≥ 0, 𝑗 ∈ ℕ, of finite multiplicity 𝑚(𝜆𝑗).
Let 𝜁𝑞(𝑠; 𝜌) ≔ ∑𝜆𝑗>0𝑚(𝜆𝑗)𝜆

−𝑠
𝑗 , 𝑠 ∈ ℂ, be the spectral zeta

function. As shown by Seeley, the series converges abso-
lutely and uniformly on compact subsets of the half plane
ℜ(𝑠) > 𝑛/2, admits a meromorphic extension to ℂ and is
holomorphic at 𝑠 = 0. Then the regularized determinant

of Δ𝑞 is defined by det(Δ𝑞) ≔ exp(− 𝑑
𝑑𝑠
𝜁𝑞(𝑠; 𝜌)||𝑠=0). Replac-

ing formally det(Δ(𝑐)𝑞 ) in (2) by the regularized determinant
of Δ𝑞 has led Ray and Singer to the following definition of
the analytic torsion 𝑇𝑀(𝜌) ∈ ℝ+

log 𝑇𝑀(𝜌) ≔
1
2

𝑛
∑
𝑞=0

(−1)𝑞𝑞 𝑑𝑑𝑠𝜁𝑞(𝑠; 𝜌)||𝑠=0. (3)

By its definition, 𝑇𝑀(𝜌) depends on the whole spectrum
of the Laplace operators Δ𝑞, 𝑞 = 0, … , 𝑛, and is therefore
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a more sophisticated spectral invariant. Ray and Singer
proved that the analytic torsion satisfies the same formal
properties as the Reidemeister torsion, which supported
their conjecture that

𝑇𝑀(𝜌) = 𝜏𝑀(𝜌) (4)

for any orthogonal representation 𝜌. The Ray–Singer con-
jecture was eventually proved independently by Cheeger
[9] and Müller [15] (and is now often referred to as the
Cheeger–Müller theorem). The proofs of Cheeger and
Müller are different, but similar in spirit. The strategy of
both proofs is to show that 𝑇𝑀(𝜌) − 𝜏𝑀(𝜌) remains invari-
ant under surgery which reduces the problem to the case of
the sphere for which the equality can be verified explicitly.
The proof of Cheeger is based on analytic surgery meth-
ods. Müller uses the Whitney approximation of the de
Rham complex by the co-chain complex and the finite el-
ement approximation of eigenvalues, which goes back to
the work of Dodziuk and Patodi.

The equality of analytic torsion and Reidemeister tor-
sion has been extended in various ways. Müller has shown
that (4) holds for unimodular representations 𝜌 of 𝜋1(𝑀)
( | det 𝜌(𝛾)| = 1 for all 𝛾 ∈ 𝜋1(𝑀)). Recently, this result has
found some interesting applications to the study of the co-
homology of arithmetic groups (see below).

Finally, Bismut and Zhang treated the general case of an
arbitrary finite-dimensional representation 𝜌. The frame-
work is slightly different. They work with the metrics
on det𝐻∗(𝑀, 𝐸𝜌) induced by the analytic torsion and the
Thom–Smale complex associated to a Morse function on
𝑀. In general, an equality does not hold anymore. There
appears a defect term, which, however, can be described
explicitly. The defect is a kind of obstruction for 𝜌 being
unimodular. Bismut and Zhang gave a completely new
proof, which uses the Witten deformation of the de Rham
complex associated to the Morse function.

The equivariant case was first studied by Lott and
Rothenberg and then by Lück. Also Bismut and Zhang ex-
tended their result to the equivariant case, using again the
Witten deformation of the de Rham complex.

It is natural to try to generalize (4) to other classes
of manifolds. The first obvious case is compact mani-
folds with a nonempty boundary. A corresponding result
was announced by Cheeger in his paper proving the Ray–
Singer conjecture. Then Lück has derived a formula using
the double of a compact Riemannian manifold 𝑀 with
boundary which reduces the problem to the equivariant
case. This approach requires that the metric of𝑀 is a prod-
uct near the boundary. On the analytic side one has to
impose absolute or relative boundary conditions for the
Laplacians. The resulting formula comparing analytic and
Reidemeister torsion involves a correction term which is

given by the Euler characteristic 𝜒(𝜕𝑀) of the boundary.
The general case, i.e., without any assumption on the be-
havior of the metric near the boundary, was treated by Ma
and Brüning. The boundary contribution, which is called
anomaly, is in general more complicated.

There were various attempts to generalize (4) to singu-
lar spaces. The first case is manifolds with conical sin-
gularities. The study of analytic and topological torsion
on singular spaces with conical singularities started with
work of A. Dar. She proved that on singular spaces with
isolated conical singularities, the analytic torsion is well-
defined. On the combinatorial side she used the middle
intersection complex to define the intersection Reidemeis-
ter torsion, which one expected to be equal to the ana-
lytic torsion. This turned out not to be true. There are
recent results by Albin–Rochon–Sher, Hartman–Spreafico,
and Ludwig that establish a formula relating analytic tor-
sion and intersection torsion. This is not an equality, but
the defect term can be described explicitly.

Guided by the definition of the real analytic torsion, Ray
and Singer introduced an analog of the analytic torsion
for complex manifolds. The role of the flat vector bundle
is played by a holomorphic vector bundle 𝐸 → 𝑋 over a
compact complex manifold and the de Rham complex is
replaced by the ̄𝜕-complex of (0, 𝑞)-forms with values in
𝐸. The complex analytic torsion has found important ap-
plications in arithmetic-algebraic geometry and theoretical
physics. This will be discussed in a separate section.

The equality of analytic torsion and Reidemeister tor-
sion has recently found interesting application in the study
of the growth of torsion in the cohomology of arithmetic
groups. This idea goes back to Bergeron and Venkatesh.
The origin of this kind of application is the following ob-
servation. Let 𝑋 be a compact Riemannian manifold and
let 𝜌 be a representation of 𝜋1(𝑋) on a finite-dimensional
real vector space 𝑉 . Suppose that there exists a lattice
𝑀 ⊂ 𝑉 which is invariant under 𝜋1(𝑋). Let ℳ be the
associated local system of finite rank free ℤ-modules over
𝑋 . Note that ℳ ⊗ℤ ℝ = 𝐸𝜌. The cohomology 𝐻∗(𝑋;ℳ)
of 𝑋 with coefficients in ℳ is a finitely generated abelian
group. Suppose that 𝜌 is acyclic, i.e., 𝐻∗(𝑋, 𝐸𝜌) = 0. Then
𝐻∗(𝑋;ℳ) is a finite abelian group. Denote by |𝐻𝑞(𝑋;ℳ)|
the order of 𝐻𝑞(𝑋;ℳ). Then, as observed by Cheeger, the
Reidemeister torsion satisfies

𝜏𝑋(𝜌) =
𝑛
∏
𝑞=0

|𝐻𝑞(𝑋;ℳ)|(−1)𝑞+1 . (5)

Using the equality of 𝑇𝑋(𝜌) = 𝜏𝑋(𝜌), (5) provides an an-
alytic tool to study the torsion subgroups in the coho-
mology. This has been used by Bergeron and Venkatesh
in the following way: Let 𝐆 be a connected semi-simple
algebraic group over ℚ and Γ ⊂ 𝐆(ℚ) an arithmetic
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subgroup. Let 𝐺 = 𝐆(ℝ). Then Γ is a lattice in 𝐺. An
example is 𝐺 = SL(𝑛, ℝ) and Γ = SL(𝑛, ℤ). We assume that
Γ is co-compact and torsion free. Let 𝐾 ⊂ 𝐺 be a maximal
compact subgroup and 𝑋 ≔ 𝐺/𝐾 the associated Riemann-
ian symmetric space of nonpositive curvature. Then Γ acts
freely on 𝑋 and 𝑋 ≔ Γ\𝑋 is a compact locally symmet-
ric manifold. Consider a decreasing sequence of congru-
ence subgroups ⋯ ⊂ Γ𝑗+1 ⊂ Γ𝑗 ⊂ ⋯ ⊂ Γ with ∩𝑗Γ𝑗 = {1}.
Put 𝑋𝑗 ≔ Γ\𝑋 , 𝑗 ∈ ℕ. Then 𝑋𝑗 → 𝑋 is a finite covering.
Let 𝜚 be a rational irreducible representation of 𝐆 on a
finite-dimensional ℚ-vector space 𝑉ℚ. Then there is a lat-
tice 𝑀 ⊂ 𝑉ℚ that is invariant under 𝜚(Γ). Let 𝑉 = 𝑉ℚ ⊗ ℝ
and 𝜌 ≔ 𝜚|Γ. Then 𝑀 ⊂ 𝑉 is a Γ-invariant lattice. Let
𝑇𝑋𝑗 (𝜌) be the analytic torsion of the covering 𝑋𝑗 of 𝑋 with
respect to 𝜌|Γ𝑗 . By an appropriate assumption on the high-
est weight of 𝜚, there is a uniform spectral gap at the origin
for all Laplacians on 𝑋𝑗, uniformly in 𝑗 ∈ ℕ. In this case,
it follows that the limit log 𝑇𝑋𝑗 (𝜌)/ vol(𝑋𝑗) as 𝑗 → ∞ exists

and equals a constant 𝑡(2)𝑋 (𝜌) that depends only on 𝑋 and 𝜌.
In fact, vol(𝑋) ⋅ 𝑡(2)𝑋 (𝜌) is the 𝐿2-torsion of 𝑋 . Let 𝐻𝑞(Γ𝑗 ;𝑀)
be the cohomology of Γ𝑗 with coefficients in the Γ𝑗-module
𝑀. Note that 𝐻𝑞(Γ𝑗 ;𝑀) ≅ 𝐻𝑞(𝑋𝑗 ;ℳ), where ℳ is the local
system associated to 𝑀. Then, as shown by Bergeron and
Venkatesh, it follows from (5) combined with (4)

lim inf
𝑗→∞

∑
𝑞

log |𝐻𝑞(Γ𝑗 ;𝑀)|
[Γ∶ Γ𝑗]

≥ 𝐶𝐺,𝑀 , (6)

where the sum runs over the integers 𝑞 such that 𝑞 +
dim(𝑋)−1

2
is odd and 𝐶𝐺,𝐿 ≥ 0. Moreover, if the fundamen-

tal rank rankℂ(𝐺) − rankℂ(𝐾) is 1, then 𝐶𝐺,𝑀 > 0. The
latter condition is satisfied, for example, for hyperbolic
manifolds and 𝑋 = Γ\SL(𝑛, ℝ)/SO(𝑛) with 𝑛 = 3, 4. For
these cases it follows from (6) that the order of the tor-
sion of the cohomology grows exponentially. There is a
conjecture with a more precise statement saying that the
exponential growth happens exactly in the middle degree.
Müller and Rochon extended this result to the case of finite
volume hyperbolic manifolds. This includes Bianchi sub-
groups Γ𝐷 = SL(2, 𝒪𝐷) of SL(2, ℂ), where 𝒪𝐷 is the ring of
integers of the imaginary quadratic field ℚ(√−𝐷), 𝐷 > 0,
square free. The complementary case is if the lattice is fixed
and the rank of the module 𝑀 increases. This case has
been studied by Müller, Pfaff, and Rochon with analogous
results on the growth of torsion.

There are other interesting developments related to real
analytic torsion which, due to the limited space, could not
be discussed here.

Adam Marcus, Daniel Spielman,
and Nikhil Srivastava
When Dan Spielman and Is Singer were colleagues at MIT,
they discussed Singer’s tennis game and his observations
on the winding of the stairways in Building 2, but their
mathematical interests seemed completely unrelated. It is
a testament to the breadth of Singer’s impact that, many
years later, Spielman was led by Graph Theory and Com-
puter Science to the Kadison–Singer Problem. We now ex-
plain the path from the original statement of the Kadison–
Singer Problem in terms of operator algebras to the prob-
lem in Graph Theory that motivated its solution.

Operator algebras were originally introduced by von
Neumann as a rigorousmathematical framework for quan-
tum mechanics, in which bounded self-adjoint operators
in the 𝐶∗-algebra 𝐵(𝐻) play the role of physical observ-
ables, for 𝐻 a complex separable Hilbert space. Abelian
subalgebras of 𝐵(𝐻) play a special role in that they are
generated by observables that commute, implying that
they can be measured simultaneously without being con-
strained by an uncertainty principle. Kadison and Singer
were motivated by the following question of Dirac (which
he believed had an affirmative answer):

Given a quantum system (such as an electron in
a hydrogen atom) does knowing the outcomes
of all measurements with respect to a maximal
set of commuting observables (such as the quan-
tum numbers 𝑛, ℓ,𝑚, 𝑠) uniquely determine the
outcomes of all possible measurements of all pos-
sible observables?

To turn this into a mathematical question, recall that a
state on a 𝐶∗ algebra 𝒜 is a normalized positive continu-
ous linear functional 𝜙 ∶ 𝒜 → ℂ. States correspond to
physical states of a quantum system, and a state which is
not a convex combination of other states is called a pure
state. Dirac’s question asks whether every pure state on a
maximal abelian subalgebra 𝒜 of 𝐵(𝐻) has a unique ex-
tension to a state on 𝐵(𝐻). By a classification theorem,
it is sufficient to study 𝒜 isomorphic to either the “con-
tinuous” algebra 𝒜𝑐, the algebra of essentially bounded
multiplication operators on 𝐿2(0, 1), or the “discrete” age-
bra 𝒜𝑑 = 𝐷(ℓ2(ℕ))), the algebra of bounded infinite di-
agonal matrices. In their 1959 paper, Kadison and Singer
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[12] showed that the unique extension property fails for𝒜𝑐.
They were unable to settle the case of 𝒜𝑑, which became
known as the Kadison–Singer Problem:

Does every pure state on 𝐷(ℓ2(ℕ)) have a unique
extension to a state on 𝐵(ℓ2(ℕ))?

It is easy to see that this problem is equivalent to show-
ing that 𝜌(𝑀) = 0 for every pure state 𝜌 on 𝐷(ℓ2(ℕ)) and
every 𝑀 ∈ 𝐵(ℓ2(ℕ)) with zero diagonal. The difficulty is
that the set of pure states on𝐷(ℓ2(ℕ)) is quite complicated,
containing points corresponding to nonprincipal ultrafil-
ters, and thus rather inaccessible in concrete terms. Kadi-
son and Singer outlined an elegant approach to solving
their problem without having to say too much about these
states directly. The key observation is that if 𝑃 ∈ 𝐷(ℓ2(ℕ))
is a diagonal projection and 𝜌 is a pure state on 𝐷(ℓ2(ℕ))
then 𝜌(𝑃) = 0 or 𝜌(𝑃) = 1. This leads to the associated
notion of a paving of an operator.

Definition 0.1. An 𝜖-paving of an operator 𝑀 ∈ 𝐵(ℓ2(ℕ))
is a finite collection of diagonal projections 𝑃1, … , 𝑃𝑘 satis-
fying 𝑃1 + … + 𝑃𝑘 = 𝐼 and

‖𝑃𝑖𝑀𝑃𝑖‖ ≤ 𝜖‖𝑀‖,
for every 𝑖 = 1, … , 𝑘.

Kadison and Singer showed via a simple Cauchy–
Schwartz type argument that if 𝑀 ∈ 𝐵(ℓ2(ℕ)) has an 𝜖-
paving, then |𝜌(𝑀)| ≤ 𝜖, reducing the KSP to the infinite
paving conjecture: For every 𝜖 > 0, every zero diagonal
𝑀 ∈ 𝐵(ℓ2(ℕ)) has an 𝜖−paving. The pleasing feature of
this conjecture is that it makes no mention of pure states.

The next simplification was achieved by Anderson in
1979, who showed via a compactness argument that the
infinite paving conjecture is implied by a simply stated com-
binatorial conjecture about finite matrices.

Conjecture 0.2 (Finite Paving Conjecture). For every 𝜖 > 0
there is a 𝑘 = 𝑘(𝜖) such that for every 𝑛, every zero diagonal
complex 𝑛 × 𝑛 matrix 𝑀 can be 𝜖−paved with 𝑘 projections.

Themost important feature of this conjecture is that the
number of projections 𝑘 is allowed to depend only on 𝜖
and not on the dimension 𝑛, and this is because any depen-
dence on 𝑛 precludes a limit.

In the decades since Anderson’s result, the paving con-
jecture was shown (using various finite-dimensional lin-
ear algebra arguments) to be equivalent to several other
statements about partitioning matrices or sets of vectors
into submatrices or subsets which are “smaller” in some
appropriate sense. In particular, the work of Casazza et
al. shows that it is equivalent to a number of other con-
jectures in various fields of pure and applied mathematics.
A very tangible, combinatorial such statement is the fol-
lowing conjecture of Weaver, which is actually a family of

statements indexed by 𝑟 ∈ ℕ. The validity of the conjecture
for any 𝑟 implies the paving conjecture.

Conjecture 0.3 (Weaver 𝐾𝑆𝑟). There are universal constants
𝜖, 𝛿 > 0 such that the following holds. Suppose 𝑣1, … , 𝑣𝑚 ∈ ℂ𝑛

are vectors satisfying ∑𝑚
𝑖=1 𝑣𝑖𝑣∗𝑖 = 𝐼 and ‖𝑣𝑖‖ ≤ 𝛿. Then there

is a partition of {1, … ,𝑚} into 𝑇1 ∪𝑇2 …∪𝑇𝑟 such that for every
𝑗 ∈ {1, … , 𝑟}:

‖
‖‖‖
∑
𝑖∈𝑇𝑗

𝑣𝑖𝑣∗𝑖
‖
‖‖‖
≤ 1 − 𝜖. (7)

We now describe how a problem in Graph Theory leads
to the same core problem 𝐾𝑆2, and which is in fact how
the present authors were introduced to this problem. The
question we consider is:

Can every finite undirected graph be approxi-
mated by a graph with very few edges?

The answer to this question depends on the notion of
approximation, and this is where the Laplacian operator
comes in. Recall that the discrete Laplacian of a weighted
graph 𝐺 = (𝑉, 𝐸, 𝑤) may be defined as the following sum
of rank one matrices over the edges:

𝐿𝐺 = ∑
(𝑎,𝑏)∈𝐸

𝑤(𝑎,𝑏)(𝑒𝑎 − 𝑒𝑏)(𝑒𝑎 − 𝑒𝑏)𝑇 ,

where 𝑒𝑎 is the elementary unit vector in direction 𝑎.
Two graphs 𝐺 and 𝐻 on the same vertex set 𝑉 are spec-

tral approximations of each other if their Laplacian quadratic
forms multiplicatively approximate each other:

𝜅1 ⋅ 𝐿𝐻 ≼ 𝐿𝐺 ≼ 𝜅2 ⋅ 𝐿𝐻 ,
for some approximation factors 𝜅1, 𝜅2 > 0, where 𝐴 ≼ 𝐵
means that 𝐵 − 𝐴 is positive semidefinite. An important
example is given by a 𝑑−regular Ramanujan graph on 𝑛
vertices, 𝐺𝑛, and the complete graph on 𝑛 vertices, 𝐾𝑛:
(1 − 2√𝑑 − 1/𝑑)𝐿𝐾𝑛 ≼ (𝑛/𝑑)𝐿𝐺𝑛 ≼ (1 + 2√𝑑 − 1/𝑑)𝐿𝐾𝑛 .

So, (𝑛/𝑑)𝐺 (i.e., 𝐺 with edge weights scaled up by 𝑛/𝑑) is a
good sparse approximation of 𝐾𝑛.

In 2012, Batson, Spielman, and Srivastava proved that
every weighted graph 𝐺 has an approximation that is al-
most this good, namely a weighted graph 𝐻 with aver-
age degree at most 2𝑑 which approximates 𝐺 with 𝜅1 =
(1 − 1

√𝑑
)
2
and 𝜅2 = (1 + 1

√𝑑
)
2
. Their proof had very little

to do with graphs. In fact, they derived their result from
the following theorem about sparse weighted approxima-
tions of sums of rank one matrices.

Theorem 0.4. Let 𝑣1, 𝑣2, … , 𝑣𝑚 be vectors in ℝ𝑛 with
∑𝑖 𝑣𝑖𝑣𝑇𝑖 = 𝑉. For every 𝜖 ∈ (0, 1), there exist nonnegative
real numbers 𝑠𝑖 with |{𝑖 ∶ 𝑠𝑖 ≠ 0}| ≤ ⌈𝑛/𝜖2⌉ so that

(1 − 𝜖)2𝑉 ≼ ∑
𝑖
𝑠𝑖𝑣𝑖𝑣𝑇𝑖 ≼ (1 + 𝜖)2𝑉. (8)
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Taking 𝑉 to be a Laplacian matrix written as a sum of
outer products and setting 𝜖 = 1/√𝑑 immediately yields
the theorem about approximating graphs.

Theorem 0.4 is very general and turned out to be use-
ful in a variety of areas including graph theory, numeri-
cal linear algebra, and metric geometry (see for instance
Naor’s 2011 Bourbaki talk). One of its limitations is that it
provides no guarantees on the weights 𝑠𝑖 that it produces,
which can vary wildly. So it is natural to ask:

Is there a version of Theorem 0.4 in which all the
nonzero weights 𝑠𝑖 are the same?

In the case 𝑉 = 𝐼, it is easy to see that equal weights are
impossible whenever there is a vector 𝑣𝑖 with large norm.
The punch line is that Weaver’s conjecture 𝐾𝑆2 is equivalent
to the refined assertion that for𝑉 = 𝐼, equal weights can be
attained in Theorem 0.4 whenever all vectors have small
norm—the desired partition is obtained by taking 𝑇1 =
{𝑖 ≤ 𝑚 ∶ 𝑠𝑖 ≠ 0} and 𝑇2 = [𝑚] ⧵ 𝑇1. This similarity was
originally pointed out to us by Gil Kalai.

The main result of [13] is that 𝐾𝑆2 is true, settling the
Kadison–Singer problem as well as the speculation about
unweighted graph sparisfication. The key idea of the proof
is to study the expected characteristic polynomial of the ran-
dom matrix

⨁
𝑗=1,2

(∑
𝑖∈𝑇𝑗

𝑣𝑖𝑣∗𝑖 )

in the setting of Conjecture 0.3, where the partition is
chosen uniformly at random. Miraculously, it turns out
that the polynomials corresponding to bad partitions of
large operator norm “cancel each other out” in this aver-
age, and the expectation has real roots which are bounded
away from 1 by an absolute constant. The proof of the
real-rootedness utilizes tools from the geometry of polyno-
mials, a classical subject studying among other things the
dynamics of complex roots of univariate and multivariate
polynomials under differential operators. Originally moti-
vated by considerations in PDEs andmathematical physics
(specifically, the Lee–Yang theorem) in the 1950s, this area
saw several breakthroughs in the 2000s, in particular the
work of Gurvits on the van der Waerden conjecture and
of Brandën and Borcea, whose ideas played a crucial role
in our proof. The remaining ingredient, necessary for prov-
ing the quantitative bound on the largest root, was to adapt
the argument used to prove Theorem 0.4 (especially the
inductive use of the Stieltjes transform to control eigenval-
ues) from the setting of matrices to the new setting of ex-
pected characteristic polynomials.

Edward Witten
I first met Is Singer in 1979, while visiting the University of
California at Berkeley, where he was a professor at the time.
Singer was then running a very active seminar on quantum
field theory and differential geometry. He had been one
of the first mathematicians or physicists to appreciate the
new opportunities for interaction ofmath and physics that
were opened up by the emergence of the modern Standard
Model of particle physics, which is based on nonabelian
gauge theory.

Through his vision and his contributions, Is Singer
played a major role in the emerging interaction of math-
ematics and quantum field theory. One of the early land-
marks was the role in physics of the Atiyah–Singer index
theorem. A puzzle in strong interaction physics was a
missing symmetry—a symmetry of the classical action of
the Standard Model that was not visible in experiment. It
turned out that the solution to this puzzle revolves around
“instantons” of four-dimensional gauge theory, and the
Atiyah–Singer index theorem. This had become clear in
1976, through the work of Gerard ’t Hooft as interpreted
by Albert Schwarz. As a result, instantons and the index
theorem were prominent at the interface of physics and
differential geometry in the late 1970s, when I first met
Singer. By this time, Singer, with Michael Atiyah and Nigel
Hitchin, had developed the mathematical foundations of
the study of instantons on a general four-manifold. All
this was one of the topics in his seminar.

Within a few years, the many sides of the index theo-
rem became familiar to physicists. For example, in 1982
it turned out that the mod 2 index theorem of Atiyah and
Singer governs an obstruction to a certain generalization of
the Standard Model. In 1984, Atiyah and Singer—in what
proved to be their last joint paper—interpreted the “anom-
alies” of Steve Adler, John Bell, and Roman Jackiw in terms
of the families index theorem (the index theorem for a fam-
ily of elliptic differential operators). These anomalies are
an important constraint on the consistency of the Standard
Model and its possible extensions. With Henry McKean,
Singer had initiated the heat kernel approach to the index
theorem. This approach became familiar to physicists as
it is natural in quantum field theory and is closely related
to the supersymmetric proof of the index theorem. Over
time, the influence of the index theorem in physics spread
beyond elementary particle physics and relativistic quan-
tum field theory, where it started. By now, the index the-
orem is also a familiar and important tool in condensed
matter physics as well.

Edward Witten is Charles Simonyi Professor at the School of Natural Sciences,
Institute for Advanced Study, Princeton. His email address is witten@ias
.edu.
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Another aspect of Singer’s work that has been important
in physics involves the 𝜂-invariant that was introduced by
Atiyah and Singer with Vijay Patodi. The Gauss–Bonnet
formula for the Euler characteristic of a manifold with
boundary has a boundary contribution that involves the
integral of a local invariant involving the extrinsic curva-
ture of the boundary. Atiyah, Patodi, and Singer showed
that for a Dirac-like operator on a boundary, in general
there is no local elliptic boundary and no local invariant
analogous to the extrinsic curvature. Instead they intro-
duced a “global” boundary condition and proved an in-
dex theorem in which a spectral invariant that they called
𝜂 appears as a boundary contribution. All this is relevant
in quantum field theory at multiple levels. The most ba-
sic is that the global APS boundary condition encodes the
ground state of a quantum field theory; in fermion quan-
tum field theory, the APS index theorem has a direct phys-
ical interpretation. The APS 𝜂-invariant has several other
manifestations in quantum field theory that are loosely re-
lated to this. It controls “charge fractionalization,” an im-
portant phenomenon, first explored in the early 1970s by
Jackiw and Claudio Rebbi (without knowing the relation
to index theory and the 𝜂-invariant), in which the ground
state of a quantum field carries fractional quantum num-
bers. The 𝜂-invariant is also important in a refined under-
standing of the Adler–Bell–Jackiw anomaly and its gener-
alizations. All these facets of the 𝜂-invariant have manifes-
tations in condensed matter physics as well as relativistic
field theory.

Finally, I should mention the role in physics of Ray–
Singer analytic torsion. In 1971, Daniel Ray and Singer
discovered an invariant of a flat bundle on a compact man-
ifold𝑀 that is expressed in terms of a regularized determi-
nant of the Laplace operator acting on differential forms
on 𝑀. Ray and Singer conjectured that their “analytic tor-
sion” is equivalent to the “combinatorial torsion” of Rei-
demeister, and this was later proved by Jeff Cheeger and
Werner Müller. Two years later, Ray and Singer formulated
a version of analytic torsion for holomorphic vector bun-
dles over over a complex manifold. Here, there is no com-
binatorial counterpart of the analytic torsion. Analytic tor-
sion for complexmanifolds is important in string theory in
multiple ways. The complex manifold is usually either the
worldsheet of a string, or a factor in spacetime. Analytic
torsion for real manifolds appears in physics primarily in
topological field theory and in simple models of quantum
gravity. When one expands the three-dimensional Chern–
Simons topological field theory in perturbation theory, the
leading approximation can be expressed in terms of the
analytic torsion and the 𝜂-invariant. In higher orders, one
runs into more subtle invariants, which were studied by

Singer and Scott Axelrod in two relatively well-known pa-
pers in the early 1990s. The most interesting application
of analytic torsion to gravity involves the relation of a sim-
ple model of gravity in two dimensions that is known as
Jackiw–Teitelboim or JT gravity to the volumes of mod-
uli spaces of Riemann surfaces; the celebrated results of
Maryam Mirzakhani on those volumes are also part of this
story. The relation of JT gravity to the volumes is a special
case of a more general statement about analytic torsion.

Apart from specific applications of analytic torsion in
physics, there was a technical step in the work of Ray and
Singer that has also been important. To define a regular-
ized determinant of a nonnegative self-adjoint differential
operator, they first defined the 𝜁 function 𝜁(𝑠) = ∑𝑖 𝜆−𝑠𝑖 ,
where 𝜆𝑖 are the eigenvalues of the operator, and then, as-
suming 𝜁(𝑠) has an analytic continuation that is holomor-
phic at 𝑠 = 0, they define the determinant as exp(−𝜁′(0)).
The analytic continuation to 𝑠 = 0 can be made in fairly
wide circumstances, using the ideas of McKean and Singer
concerning the heat kernel. Determinants of differential
operators were known to be important in physics, but the
methods that physicists were using to define these deter-
minant were less incisive than the 𝜁-function regulariza-
tion of Ray and Singer. 𝜁-function regularizationwas taken
into physics in the 1970s by Stuart Dowker and Raymond
Critchley, followed by Stephen Hawking. I know from
multiple discussions that Singer was particularly proud of
this application of his work to physics.

Is developed many active collaborations with physicists
—his collaborators included Orlando Alvarez, Laurent
Baulieu, and Axelrod, among others. Is’ interest in high
energy physics was not limited to theory. He became very
interested in what was going on in experiments where fun-
damental ideas of physics are tested. My wife and I were
on sabbatical in the spring of 2009 at the European par-
ticle physics laboratory CERN when Is visited. We toured
the ATLAS detector at CERN, one of the two detectors that
discovered the Higgs particle three years later.

One thing that Is and I had in common, apart from an
interest inmath and physics, is that we both took up tennis
relatively late in life (in our forties) and became passion-
ate about the game. It ended up that we never got to play;
the one time that this almost happened, Is ended up bow-
ing out and leaving me on the court with Cumrun Vafa
and his sons. But I am pretty sure that Is’ tennis was on a
different level from mine. He had been an athlete in his
youth—a minor league baseball player for a time, in fact. I
can remember many discussions about tennis. Perhaps 15
years ago, he toldme that he had finally developed a strong
serve. On another occasion, he expressed the ambition of
eventually becoming the United States Tennis Association
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champion in the oldest age group. Yet another time, he ex-
plained that he had assured the dean at MIT that he would
retire once the dean could beat him in tennis.

It was a pleasure to know Is and to learn from him over
the years.
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Analytic torsion and holomorphic determinant bundles. III.
Quillen metrics on holomorphic determinants, Comm. Math.
Phys. 115 (1988), no. 2, 301–351. MR931666

[9] Jeff Cheeger, Analytic torsion and the heat equation,
Ann. of Math. (2) 109 (1979), no. 2, 259–322, DOI
10.2307/1971113. MR528965

[10] Jeff Cheeger, On the spectral geometry of spaces with
cone-like singularities, Proc. Nat. Acad. Sci. U.S.A. 76
(1979), no. 5, 2103–2106, DOI 10.1073/pnas.76.5.2103.
MR530173

[11] Jeff Cheeger, On the Hodge theory of Riemannian pseudo-
manifolds, Geometry of the Laplace operator (Proc. Sym-
pos. Pure Math., Univ. Hawaii, Honolulu, Hawaii, 1979),
Proc. Sympos. Pure Math., XXXVI, Amer. Math. Soc., Prov-
idence, R.I., 1980, pp. 91–146. MR573430

[12] R.V. Kadison and I.M. Singer, Extensions of pure states,
Am. Jour. Math. 81 (1959), 383–400. MR0123922

[13] Adam W. Marcus, Daniel A. Spielman, and Nikhil Sri-
vastava, Interlacing families II: Mixed characteristic poly-
nomials and the Kadison-Singer problem, Ann. of Math.
(2) 182 (2015), no. 1, 327–350, DOI 10.4007/an-
nals.2015.182.1.8. MR3374963

[14] H. P. McKean Jr. and I. M. Singer, Curvature and the eigen-
values of the Laplacian, J. Differential Geometry 1 (1967),
no. 1, 43–69. MR217739

[15] Werner Müller, Analytic torsion and 𝑅-torsion of Riemann-
ian manifolds, Adv. in Math. 28 (1978), no. 3, 233–305,
DOI 10.1016/0001-8708(78)90116-0. MR498252

[16] D. Quillen, Determinants of Cauchy-Riemann operators on
Riemann surfaces (Russian), Funktsional. Anal. i Prilozhen.
19 (1985), no. 1, 37–41, 96. MR783704

[17] D. B. Ray and I. M. Singer, 𝑅-torsion and the Laplacian on
Riemannian manifolds, Advances in Math. 7 (1971), 145–
210, DOI 10.1016/0001-8708(71)90045-4. MR295381

[18] D. B. Ray and I. M. Singer, Analytic torsion for complex
manifolds, Ann. of Math. (2) 98 (1973), 154–177, DOI
10.2307/1970909. MR383463

[19] I. M. Singer, Some problems in the quantization of gauge
theories and string theories, The mathematical heritage
of Hermann Weyl (Durham, NC, 1987), Proc. Sympos.
Pure Math., vol. 48, Amer. Math. Soc., Providence, RI,
1988, pp. 199–216, DOI 10.1090/pspum/048/974336.
MR974336

[20] I. M. Singer and J. A. Thorpe, The curvature of 4-
dimensional Einstein spaces, Global Analysis (Papers in
Honor of K. Kodaira), Univ. Tokyo Press, Tokyo, 1969,
pp. 355–365. MR0256303

Credits

Figure 1 is courtesy of George M. Bergman. Source: Archives
of the Mathematisches Forschungsinstitut Oberwolfach.

OCTOBER 2022 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 1563

http://www.ams.org/mathscinet-getitem?mr=506229
http://www.ams.org/mathscinet-getitem?mr=397797
http://www.ams.org/mathscinet-getitem?mr=236952
http://www.ams.org/mathscinet-getitem?mr=742394
http://www.ams.org/mathscinet-getitem?mr=813584
http://www.ams.org/mathscinet-getitem?mr=966608
http://www.ams.org/mathscinet-getitem?mr=1042214
http://www.ams.org/mathscinet-getitem?mr=931666
http://www.ams.org/mathscinet-getitem?mr=528965
http://www.ams.org/mathscinet-getitem?mr=530173
http://www.ams.org/mathscinet-getitem?mr=573430
http://www.ams.org/mathscinet-getitem?mr=3374963
http://www.ams.org/mathscinet-getitem?mr=0256303
http://www.ams.org/mathscinet-getitem?mr=974336
http://www.ams.org/mathscinet-getitem?mr=383463
http://www.ams.org/mathscinet-getitem?mr=295381
http://www.ams.org/mathscinet-getitem?mr=783704
http://www.ams.org/mathscinet-getitem?mr=498252
http://www.ams.org/mathscinet-getitem?mr=217739
http://www.ams.org/mathscinet-getitem?mr=0123922
http://dx.doi.org/10.1098/rspa.1978.0143
http://dx.doi.org/10.1017/S0305004100049410
http://dx.doi.org/10.2307/1970717
http://dx.doi.org/10.1073/pnas.81.8.2597
http://dx.doi.org/10.1007/BF01388755
http://dx.doi.org/10.2307/1990912
http://dx.doi.org/10.2307/1971113
http://dx.doi.org/10.1073/pnas.76.5.2103
http://dx.doi.org/10.4007/annals.2015.182.1.8
http://dx.doi.org/10.4007/annals.2015.182.1.8
http://dx.doi.org/10.1090/pspum/048/974336
http://dx.doi.org/10.2307/1970909
http://dx.doi.org/10.1016/0001-8708(71)90045-4
http://dx.doi.org/10.1016/0001-8708(78)90116-0
http://dx.doi.org/10.1016/0022-1236(90)90098-6
http://dx.doi.org/10.1016/0022-1236(90)90098-6


HISTORY

1564    Notices of the AmericAN mAthemAticAl society Volume 69, Number 9

rather than stated as such) and will apply statistics to test if 
the data fit Mendel’s laws. The student learns that despite 
the indispensable position Mendel’s laws occupy in the 
modern understanding of the entire field of genetics, Men-
del went unrecognized by his contemporaries: in 1865, he 
reported his findings in two meetings of the Natural Science 
Society in Brünn, in whose proceedings he published his 
paper [9], and only in 1900 was the paper “rediscovered” 
by three separate researchers and quickly popularized by 
a fourth, launching genetics as a new branch of science, 
with Mendel recognized as its founding figure. The conse-
quences of this delay will be noted, as an adequate theory 
of heredity was greatly needed in Mendel’s time: the lack 
of such a theory presented a significant gap for the theory 
of evolution by natural selection introduced by Charles 
Darwin in 1859, and the effort to integrate Mendel’s work 
with Darwin’s was central to early 20th-century biology.

The biology instructor may reflect on some of the 
reasons for Mendel’s success, and on lessons of Mendel’s 
story for modern scientists. First, a careful choice of study 
organism can be central to the discovery of general princi-
ples. Second, experimental replication and consideration 
of sufficient sample sizes are critical for obtaining reliable 
findings. Third, success often emerges from sustained 
painstaking, tedious effort.

At this point, the biology curriculum’s historical inter-
lude about Mendel ends, perhaps leaving unstated a fourth, 
critical factor in Mendel’s achievement. In particular, Men-
del was “of mathematics.”

Mendel was born to a poor farming family and was ac-
quainted with plants and gardening from an early age. He 
showed academic promise and was sent away to school, and 
he entered the abbey in 1843 as a way both to make ends 
meet and to continue studying. During his early studies at 
the Olmütz Philosophical Institute from 1840–1843, he 
was attracted to mathematics and physics. At the University 
of Vienna from 1851–1853, alongside courses in botany, 
chemistry, paleontology, and zoology, Mendel studied 
mathematics and physics with Christian Doppler, of the 
Doppler effect, and Andreas von Ettingshausen, whose 
1826 book Combinatorial Analysis, according to D. Knuth, 

Mendel of Mathematics
Noah A. Rosenberg

Last July (July 22 or 20 [5, 6, 10]), biologists celebrated the 
200th birthday of one of the 19th century’s most influential 
scientists: the singular discoverer of the fundamental rules 
of heredity, Gregor Mendel (1822–1884). Arguably, though 
not normally viewed as such, Mendel is among the 19th 
century’s most influential mathematicians as well.

Mendel’s story has been a staple of the education of 
generations of students. In the standard retelling in the 
biology curriculum, a student learns that Mendel, an Au-
gustinian friar at the St. Thomas Abbey in Brünn, Moravia 
(Brno in the Czech Republic), conducted hybridization 
experiments from 1856 to 1863 with the garden pea plant, 
Pisum sativum. Considering each of seven traits, Mendel 
examined thousands of plants over multiple generations, 
at times crossing plants of different types, at other times 
allowing the plants to self-fertilize. In careful experiments 
requiring precise gardening, characteristic ratios of variant 
types recurred across the traits. From these ratios, Mendel 
proposed a model of heredity whose main principles have 
come to be known as “Mendel’s laws.” The law of segrega-
tion states that an individual offspring inherits one hered-
itary factor from the mother and one from the father, and 
that for each parent, the factor transmitted to the offspring 
is chosen at random among the two such factors present in 
the parent. The law of independent assortment states that 
hereditary factors that underlie different traits are inherited 
independently of one another.

A hint of the connection of Mendel and mathemat-
ics will emerge when the student is assigned homework 
problems that involve numerical counts from Mendel’s 
crosses—perhaps of round and wrinkled peas, perhaps of 
yellow and green peas, perhaps of round yellow and wrin-
kled green peas. The student will compute probabilities 
(employing the binomial theorem—but perhaps implicitly, 
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The story of Mendel’s discovery, “one of the triumphs of the 
human mind” [14], is an opportunity to describe to biology 
students the importance of mathematics as a tool to see in 
biology what cannot otherwise be seen. It is also a chance 
to describe to mathematics students the potential of mathe-
matical thinking, using even elementary ideas, to transform 
a biological field. This dynamic of a mathematical mind 
approaching a biological problem, uncovering fundamen-
tal biological discoveries—and sometimes even inspiring 
new mathematics—has replayed many times throughout 
the history of the interface of mathematics and biology [3]. 
Although mathematical contributions do sometimes con-
tinue to go unrecognized until biology catches up [12], few 
examples of this unfortunate phenomenon are as dramatic 
as Mendel’s story, as many areas of biology—with genetics 
being a principal example—now have a strong mathemat-
ical tradition. Biologists celebrate Mendel’s achievement. 
Mathematicians should too.
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originated the notation (n 
k) for binomial coefficients [7] and 

was the “first text to discuss combinatorial generation methods 
in a perspicuous way” [8]. In Mendel’s work on plant hybrid-
ization, it would be a combinatorial style of reasoning that 
he would put to such effective use.

Mendel’s 1866 paper details numerous quantitative 
experiments with the seven traits, reporting the numbers 
of plants of different types. His mathematical pattern 
recognition from his initial experiments must have led 
him to his conceptual model, inspiring predictions of 
still further ratios and subsequent experiments to test the 
model. He identifies 2.96:1, 3.01:1, 3.15:1, 2.95:1, 2.82:1, 
3.14:1, and 2.84:1 in experiments with the seven traits as 
variants of the 3:1 ratio that his model predicts. One of 
the more complicated experiments produces nine classes, 
numbering 38, 35, 28, 30, 65, 68, 60, 67, and 138 plants, 
respectively, and Mendel writes “If one compares the number 
of forms that occur in each of these divisions, the average ratios 
1:2:4 are unmistakable” [1]. In another section, he predicts a 
ratio that takes the form 2n-1:2:2n-1. A mathematical mind 
noticed empirical ratios, abstracted general principles, 
devised experiments to test if the consequences of those 
principles were observed, and assessed the agreement of 
the experiments with the principles.

Compare Mendel with his contemporary, Charles Dar-
win (1809–1882). Like Mendel, Darwin also worked by 
iteratively using observations to formulate general prin-
ciples and designing experiments to test those principles; 
modern readers celebrate his reasoning as inventive and 
inspired [11]. Unlike Mendel, however, Darwin did not use 
mathematics. Indeed, in Darwin’s autobiography, he wrote

I attempted mathematics, and even went during 
the summer of 1828 with a private tutor (a very 
dull man) to Barmouth, but I got on very slowly. 
The work was repugnant to me, chiefly from my 
not being able to see any meaning in the early steps 
in algebra. This impatience was very foolish, and 
in after years I have deeply regretted that I did not 
proceed far enough at least to understand something 
of the great leading principles of mathematics; for 
men thus endowed seem to have an extra sense [2].

The non-mathematical Darwin conducted plant breeding 
experiments with many species. In one self-fertilization 
experiment with snapdragons, his counts of two types 
of plants are close to Mendel’s predicted ratio of 3:1; the 
numbers are noted, but the numerical ratio is not analyzed 
[4]. It would be unfair to criticize Darwin for this omission, 
as Darwin is believed not to have known about Mendel’s 
paper and he had a different working hypothesis for the 
nature of heredity, but the example illustrates one of the 
reasons commonly given for the field’s failure to appreciate 
Mendel’s work before 1900: that its members did not gen-
erally share Mendel’s inclination toward mathematics [13]. Noah A. Rosenberg
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Without question, mathematics as a disciplinary enter-
prise has failed and excluded Black scholars. While there 
have been some successes and victories among Black 
mathematicians, more often than not, these successes have 
been coupled with a continuous fight for racial equality. 
As a Black scholar, I examine these interactions, such as 
the in-your-face racial politics about the naming of this 
fellowship, through a critical race lens. Although the afore-
mentioned fellowship has been subsequently named the 
AMS Claytor-Gilmer Fellowship (named after Dr. William 
Schieffelin Claytor and Dr. Gloria Ford Gilmer, the first 
Black man and woman to publish a mathematics research 
paper in a peer-reviewed journal, respectively), such prac-
tices differentially impact Black mathematicians, which 
in turn, ultimately help sustain the disproportionality of 
Black scholars in mathematics. Therefore, the damage has 
been done even after different forms of backpedaling have 
ensued (i.e., statements, apologies, and the like). 

In this article, I first discuss my professorial background 
to provide some context for the ideas shared here. Then, 
I share three recommendations derived from it for the 
readers of the Notices of the AMS. To be clear, mathematics 
education organizations have experienced some of the 
same racial challenges highlighted here, so they, too, are 
not without critique [1, 2]. Finally, I provide concluding 
thoughts and pose critical questions regarding racial equity 
in mathematics. Throughout the article, I draw on scholar-
ship that centers Black people’s experiences and tailor my 
discussion through my lens as a Black male mathematics 
educator. 

Racial Equity in Mathematics 
Reflections and Recommendations from  

a Black Mathematics Educator

Christopher C. Jett

Introduction
As a Black male mathematics educator, I should be more 
intimately familiar and involved with the American Math-
ematical Society (AMS), especially given its mission to sup-
port mathematics education at all levels. That’s why when 
I was provided with an opportunity to “like” the Facebook 
page in early 2021, I jumped on it right away. To my dis-
may, there was a heated debate in progress, as some Black 
mathematicians voiced concerns in the comments section 
that the AMS had not done its due diligence in selecting 
a name for a new fellowship but instead publicly broad-
casted the “AMS Fellowship for a Black Mathematician.” 
I interpreted that to mean that previous AMS fellowships 
had been properly named before rolling out the red carpet 
and sharing the specifics with the AMS community. In this 
era of performative gestures in the name of racial equity, 
the optics associated with this entire debacle caused me to 
give AMS the side-eye. While there are debates concerning 
what constitutes racial equity in our field, this scenario is 
a clear example of what it is not. And as the adage goes, 
first impressions are lasting impressions. And if this was 
anyone’s first impression of AMS via its Facebook page, 
then, as my students say, this was an epic fail!  
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AMS [11]. What I shared about the naming of the AMS 
Claytor-Gilmer Fellowship might cause one to question if 
the AMS truly prioritizes racial equity. 

One way to advance this goal is to support and join those 
who have a track record of doing so. A premier example 
is the National Association of Mathematics (NAM), who 
recently celebrated 50 years of supporting mathematicians 
from racially minoritized groups [12]. NAM scholars have 
employed strengths-based approaches to make racial jus-
tice a priority for several decades. Other folks have jumped 
on the racial equity bandwagon to procure grant funding, 
elicit public exposure, and serve their own interests. If not 
careful, jumping on the racial equity bandwagon with ru-
dimentary understandings of race could allow deep-seated 
racist beliefs to thrive and bolster the racial injustices in the 
profession. This is what Dyson refers to as performative em-
pathy, “which is all for show and not to grow” [3, p. 205]. 

Recommendation #2: Learn and Collaborate 
With Race Scholars
Another important takeaway is for the mathematics com-
munity to work with race experts who extrapolate race-cen-
tric theories. As mentioned, I use CRT in my work, as it 
offers explanatory tenets that serve as an analytical frame to 
better understand Black men’s mathematics and racialized 
experiences. One of its tenets is interest convergence, which 
maintains that the dominant culture advances race-based 
initiatives when it serves their interest, and critical race 
scholars examine the racial consequences behind these ini-
tiatives. Mathematics education researchers use CRT and its 
tenets to guide their scholarship [13]. Thus, the field could  
greatly benefit from bidirectional collaboration between 
mathematicians and mathematics educators who employ 
race-based theoretical constructs in their work. 

In addition to mathematics educators who interrogate 
structural racism in mathematics contexts, there are race 
experts at our respective institutions [14]. There is also a 
growing body of scholarship produced by race scholars 
that can enrich our scholarship [3, 4, 15]. The mathematics 
community could also leverage this race-related expertise to 
advance goals related to racial equity. For example, the Task 
Force on Understanding and Documenting the Historical 
Role of the AMS in Racial Discrimination was comprised 
of a group of seven mathematicians [11]. Although the 
committee’s work and report offered some fruitful rec-
ommendations for generating a more racially inclusive 
mathematics enterprise, having an erudite historian and 
authoritative race scholar on the task force could have 
strengthened the recommendations in these key areas.      

Recommendation #3: Partner With  
HBCU Stakeholders 
My last takeaway is for mathematics graduate directors and 
professors to partner with HBCU stakeholders. Of note, 
HBCUs graduate about half of the nation’s undergraduate 

Where I Enter: My Background  
and Professorial Work 
I am a proud mathematics graduate of a historically Black 
college/university (HBCU). I earned a master’s degree in 
the mathematical sciences and a doctoral degree in math-
ematics education. This past spring, I completed my tenth 
year as a faculty member in a mathematics program where I 
primarily taught content courses for future elementary and 
secondary teachers. I have also been involved with several 
diversity initiatives. To be sure, diversity efforts are a nice 
starting point. However, I have found that they overwhelm-
ingly whitewash programmatic goals and systematically 
eliminate racial objectives in their design. 

During meetings about the need for the racial make-up 
of our faculty to match the students’ racial demographics, 
discussions about the need for Black faculty seemed to shift 
to discussions about diversity. The problem with this was 
that the definition of diversity includes so many constructs 
that race continued to get sidestepped. As a result, race 
became an afterthought even though that was the primary 
driver of the series of meetings. This was even more dis-
turbing given that one of the largest racial disparities on 
campus was between the numbers of Black students and 
Black faculty. Dyson reminds us that Black people often get 
the short end of the stick vis-à-vis these designs, as we are 
the most negatively stereotyped racial group in the United 
States [3]. These stereotypes infiltrate mathematics efforts, 
even those designed to support said diversity initiatives and 
promote racial equity in the field [4].  

Because of my own positive and negative experiences 
as a Black man in mathematics, I have been drawn to a 
line of scholarly inquiry that examines our experiences. 
My research agenda uses strengths-based approaches—
approaches that focus on a group’s positive attributes—to 
examine Black men’s mathematics experiences. I draw from 
critical race theory (CRT) as a theoretical frame to counter 
the anti-Black racism endemic in mathematics contexts. 
My work is done in concert with other Black mathematics 
educators who are committed to the racial emancipation 
of Black students [5, 6, 7] as well as researchers who are 
dedicated to the liberation of Black women in mathematics 
contexts [8, 9, 10]. Using my research agenda and profes-
sional experiences as an anchor, I share three recommen-
dations with the AMS community. 

Recommendation #1: Make Racial Equity  
a True Priority 
First, I admonish the mathematics community to make 
racial equity a true priority. This need is exacerbated during 
the current Black Lives Matter Movement where institu-
tional and structural racism coupled with the ongoing 
challenges associated with the COVID-19 pandemic have 
forestalled many racial advancements. Without a doubt, 
America has a troubled racial history, and racism is insti-
tutionalized within our discipline, and by extension, the 
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mathematics departments, graduate programs, and pro-
grammatic spaces? How might these first impressions 
either bolster or undermine mathematical productivity? 
What is the role of mathematics, mathematicians, and the 
AMS in advancing racial equity? What interdisciplinary 
collaborations might help the field and the AMS leader-
ship team truly move racial equity forward? And how do 
we ensure that any (proposed) strategic imperatives and 
structural changes do not reinforce our troubled history 
of racial injustice, buttress structural racialized challenges, 
and strengthen any racial power dynamics?  

In closing, I must add that there has been some prog-
ress made with respect to Black scholars in mathematics, 
but much more work needs to be done. With that, my 
hope is that the AMS learns from its racialized past so that 
history does not repeat itself in a contemporary fashion, 
determines how best to proceed in this racial climate, and 
charts a path forward that remains loyal to racial equity 
for the long haul. As I submit this article in early 2022, 
the AMS Facebook page is celebrating the hiring of the 
Director of Equity, Diversity, and Inclusion, and my hope 
is that all-around support is provided to ensure the success 
of this important position. Moreover, as a professional 
mathematics community, we must collectively think and 
act regarding racial equity. My sincere hope is that our 
actions in the name of racial equity will not be labeled 
as an epic failure but as an epic success in our respective 
mathematics domains.   
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WHAT IS. . .

a Graphical Design?
Catherine Babecki

Graphical designs are quadrature rules for graphs 𝐺 =
(𝑉, 𝐸). Broadly speaking, a graphical design is a relatively
small subset of vertices that captures the global behavior of
functions 𝑓 ∶ 𝑉 → ℝ. We motivate the precise definition
through numerical integration on the sphere.

The regular icosahedron (Figure 1) inscribed in the unit
sphere 𝕊2 ⊂ ℝ3 has the following amazing property: for
any polynomial 𝑝(𝑥, 𝑦, 𝑧) of degree at most 5, the average
of 𝑝 on the vertices of the icosahedron is equal to the aver-
age of 𝑝 over 𝕊2. By exploiting symmetry, these 12 points
exactly average the 36-dimensional vector space of poly-
nomials with degree at most 5. More generally, a spherical
𝑡-design [3] is a finite subset of points 𝑋 ⊂ 𝕊2 chosen so
that for any polynomial 𝑝(𝑥, 𝑦, 𝑧) of degree at most 𝑡,

1
|𝑋| ∑

(𝑥,𝑦,𝑧)∈𝑋
𝑝(𝑥, 𝑦, 𝑧) = 1

4𝜋 ∫
𝕊2
𝑝(𝑥, 𝑦, 𝑧) 𝑑𝜎.
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Graphical designs are quadrature rules for
graphs . Broadly speaking, a graphi-
cal design is a relatively small subset of vertices
that captures the global behavior of functions

. We motivate the precise definition
through numerical integration on the sphere.

The regular icosahedron (Fig. 1) inscribed in
the unit sphere has the following amaz-
ing property: for any polynomial of de-
gree at most 5, the average of on the vertices of
the icosahedron is equal to the average of over

. By exploiting symmetry, these 12 points ex-
actly average the 36-dimensional vector space of
polynomials with degree at most 5. More gener-
ally, a spherical -design [3] is a finite subset of
points chosen so that for any polynomial

of degree at most ,
∑

∈

Figure 1. The regular icosahe-
dron is a spherical 5-design.

The space of polynomials restricted to the
sphere is spanned by the eigenfunctions of the
spherical Laplacian , known as spherical har-
monics. What is a natural analogue of spherical
harmonics for a graph? We start by defining an
operator analogous to for a finite, undirected
graph . Let be the adja-
cency matrix of defined as if
and 0 otherwise, and let be the di-
agonal matrix with , the number of
edges adjacent to . Then behaves

similarly to in that for a function ,

averages in the neighborhood of .
Spherical harmonics are ordered by their de-

gree as polynomials, also called frequency. Simi-
larly, the eigenvalues of can be ordered as

Here means is lower frequency than
. This also orders the eigenspaces of ; if the

eigenspace has eigenvalue , we write
if . With this ordering, low frequency
eigenvectors respect the structure of (see Fig.
3). The spectrum of is a rich object of study in
its own right in spectral graph theory. Through-
out this paper, let be a graph for
which has distinct eigenspaces ordered from
low to high frequency as .

Figure 2. An 11-graphical design on
the truncated icosahedral graph.

Definition 1 ([1, 7]). A subset averages
an eigenspace of if for all ,

(1)

To mimic the qualities of a spherical -design,
we seek vertex subsets that exactly average the
low frequency eigenspaces of .

Definition 2. A -graphical design on is
that averages .

1

Figure 1. The regular icosahedron is a spherical 5-design.
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The space of polynomials restricted to the sphere is
spanned by the eigenfunctions of the spherical Laplacian
Δ, known as spherical harmonics. What is a natural ana-
logue of spherical harmonics for a graph? We start by
defining an operator analogous toΔ for a finite, undirected
graph 𝐺 = (𝑉, 𝐸). Let 𝐴 ∈ ℝ𝑉×𝑉 be the adjacency matrix
of 𝐺 defined as 𝐴ᵆ𝑣 = 1 if 𝑢𝑣 ∈ 𝐸 and 0 otherwise, and let
𝐷 ∈ ℝ𝑉×𝑉 be the diagonal matrix with 𝐷𝑣𝑣 = deg(𝑣), the
number of edges adjacent to 𝑣. Then 𝐿 = 𝐴𝐷−1 behaves
similarly to Δ in that for a function 𝑓 ∶ 𝑉 → ℝ,

(𝐿𝑓)(𝑣) = ∑
ᵆ∶ᵆ𝑣∈𝐸

𝑓(𝑢)
deg(𝑢) ,

averages 𝑓 in the neighborhood of 𝑣.

Figure 2. An 11-graphical design on the truncated icosahedral
graph.

Spherical harmonics are ordered by their degree as poly-
nomials, also called frequency. Similarly, the eigenvalues 𝜆𝑗
of 𝐿 can be ordered as

1 = |𝜆1| ≥ |𝜆2| ≥ … ≥ |𝜆𝑛| ≥ 0.
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Figure 3. The contiguous United States graph. Vertices are states, and edges connect adjacent states. Each eigenvector 𝜑𝑖 was
affinely transformed so that min𝑗 𝜑𝑖(𝑗) = 0 and max𝑗 𝜑𝑖(𝑗) = 1. The interval [0, 1] was assigned a smooth gradient. With respect to
the graph geometry, 𝜑2 and 𝜑3 are smooth, but 𝜑18 is not so smooth.

Here |𝜆𝑖| > |𝜆𝑗| means 𝜆𝑖 is lower frequency than 𝜆𝑗. This
also orders the eigenspaces of 𝐿; if the eigenspace Λ𝑖 has
eigenvalue 𝜆𝑖, we write Λ𝑖 ≤ Λ𝑗 if |𝜆𝑖| ≥ |𝜆𝑗|. With this
ordering, low-frequency eigenvectors respect the structure
of 𝐺 (see Figure 3). The spectrum of 𝐿 is a rich object of
study in its own right in spectral graph theory. Throughout
this paper, let 𝐺 = (𝑉, 𝐸) be a graph for which 𝐿 has 𝑚
distinct eigenspaces ordered from low to high frequency
as Λ1 ≤ ⋯ ≤ Λ𝑚.

Definition 1 ([1, 7]). A subset 𝑊 ⊂ 𝑉 averages an
eigenspace Λ of 𝐿 if for all 𝜑 ∈ Λ,

1
|𝑊| ∑

𝑤∈𝑊
𝜑(𝑤) = 1

|𝑉| ∑𝑣∈𝑉
𝜑(𝑣). (1)

To mimic the qualities of a spherical 𝑡-design, we
seek vertex subsets that exactly average the low frequency
eigenspaces of 𝐿.

Definition 2. A 𝑘-graphical design on 𝐺 is 𝑊 ⊂ 𝑉 that av-
erages Λ1, … , Λ𝑘.

Figure 2 shows an 11-graphical design on the tru-
cated icosahedral graph. These 30 vertices average a 49-
dimensional subspace of the 60-dimensional space of
functions {𝑓 ∶ 𝑉 → ℝ}. We call a subset that averages
as many eigenspaces as possible for the graph a maximal
design. Figure 4 shows a maximal design; no proper subset
can average 14 or more of the 16 eigenspaces.

Graphical designs have strong connections to the
combinatorics of a graph, especially in the presence
of structure and symmetry. A gallery of designs can
be found at: https://sites.math.washington.edu
/~GraphicalDesigns/.

We can generalize Definition 1 by allowing weighted
sums on the left of (1) and call these subsets weighted de-
signs (Figure 5). Weighted designs are connected to oriented
matroid duality and the rich literature of eigenpolytopes [2].
The neighborhood of a graphical design. Graphical de-
signs were introduced by Steinerberger in [7]. The 𝑗-
neighborhood of a subset 𝑊 ⊂ 𝑉 is the set of vertices that
are at most 𝑗 edges away from𝑊 . Steinerberger shows that
if𝑊 ⊂ 𝑉 is a graphical design, either the 𝑗-neighborhoods

Figure 4. A 13-graphical design on the J7 Flower Snark.

of 𝑊 grow exponentially, or |𝑊| is large. Indeed, in Fig-
ures 2, 4, and 5, the 1-neighborhood of 𝑊 is 𝑉 . In Figure
6, the 1-neighborhood of 𝑊 is 2072 of 2277 vertices, and
the 2-neighborhood of 𝑊 is 𝑉 .
Extremal graphical designs. In [4], Golubev considered
extremal designs, which are subsets𝑊 ⊂ 𝑉 that integrate all
but one eigenspace of 𝐿, though this eigenspace may come
anywhere in our frequency ordering. As an example, the

Figure 5. A weighted 8-graphical design on the Szekeres
Snark. Pink indicates a smaller weight – all weights are
positive.
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Kneser graph 𝐾𝐺(𝑛, 𝑘) has vertices corresponding to the
𝑘-element subsets of {1, … , 𝑛}. Two vertices are adjacent
if their subsets are disjoint. Golubev shows that extremal
configurations from the Erdős-Ko-Rado theorem, namely
a subset of vertices corresponding to all the 𝑘-element sub-
sets of [𝑛] containing a fixed element, are extremal designs
on 𝐾𝐺(𝑛, 𝑘).
Graphical designs in Cayley graphs. Cayley graphs are
created from an underlying group, and this additional
structure can provide enough information for explicit con-
structions.

Denote the 𝑑-dimensional cube graph by 𝑄𝑑 =
𝐺({0, 1}𝑑, 𝐸), where 𝑢𝑣 ∈ 𝐸 if 𝑢, 𝑣 ∈ {0, 1}𝑑 differ on ex-
actly one coordinate. Graphical designs on this family
of Cayley graphs connect to error correcting codes. We
can interpret the vertices of 𝑄𝑑 as bit strings, and subsets
𝑊 ⊂ 𝑉 = {0, 1}𝑑 as codes. The (7, 4) Hamming code is the
“best” 𝑘-graphical design on 𝑄7 in several senses; it is max-
imal, it is extremal, and it optimizes the ratio between |𝑊|
and dim(Λ1)+…+dim(Λ𝑘). All minimal extremal designs
of cycles and cocktail party graphs, two other families of
Cayley graphs, are described in [2].
Applications and connections. Graphical designs lie at
an exciting intersection between contemporary applica-
tions and mathematical theory. The appearance of the
graph Laplacian suggests further ties to spectral graph the-
ory, [1] connects to coding theory, and extremal com-
binatorics appears in [4]. Graphical designs in Cayley
graphs are rooted in group representations, and probabilis-
tic tools were used in [7].

Modern data, such as social networks, ad preferences,
movie recommendations, and traffic updates, is often
modeled through graphs, driving a need for new data pro-
cessing methods. The relatively new field of graph signal
processing [5] seeks to extend classical signal processing
techniques to the domain of graphs. Graphical designs
provide a framework for graph sampling and numerical
integration on graphs. For instance, Figure 6 shows a
weighted graphical design with all positive weights on a
highly nonlinear graph from real world data. In applica-
tions, it may suffice to look for approximate designs where
the equality in (1) is relaxed. This can be modeled via op-
timization.

Figure 6. The 228 red vertices are a weighted 229-graphical
design on this network of 2277 English-language Wikipedia
pages related to chameleons [6]. Vertices represent pages,
and edges join pages that are mutually connected by
hyperlinks.
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Lowell Coolidge, another member of the extended family, 
was a professor of mathematics at Harvard, and he chaired 
the department from 1927 to 1940. George Birkhoff, first 
appointed to the Harvard mathematics department in 1912, 
was a close friend of Putnam.

One passion of Putnam (with curious resonance to 
the present political time) was to change the date of the 
presidential inauguration from March 4 to January 20. The 
long interim between Election Day and Inauguration Day, 
Putnam argued, delayed a new president’s ability to pursue 
an agenda and address national emergencies. The March 4 
date was enshrined in the Constitution, however, so the cru-
sade would require a constitutional amendment. Putnam 
championed this issue with the American Bar Association, 
but he died in 1923, without the chance to see the final 
success of this movement: The Twentieth Amendment to 
the Constitution was ratified in 1933, establishing January 
20 as inauguration day for incoming presidents.

In 1921, Putnam wrote a piece for the Harvard alumni 
magazine advocating for an intercollegiate scholarly com-
petition that would capture the sort of team spirit familiar 
in the realm of athletic competitions. While he did not 
name mathematics as the disciplinary home for this com-
petition, it seemed natural to establish a competition in 
mathematics in honor of Putnam’s own academic interest. 
Putnam’s widow Elizabeth created the William Lowell Put-
nam Intercollegiate Memorial Fund in 1927 to endow such 
a competition. After her death in 1935, the competition 
took roughly its present form under the auspices of the 
MAA, and the first William Lowell Putnam Mathematical 
Competition began in 1938.

The Collected Problems
The legacy of that competition, nowadays known affection-
ately as “the Putnam,” is chronicled in four volumes of col-
lected problems, the first three of which, (1), (2), and (3), 
cover the years 1938–1964, 1965–1984, and 1985–2002, 
respectively. AMS/MAA Press has now published the fourth 
volume in this series, covering the years 2001–2016. Each 

The William Lowell Putnam 
Mathematical Competition, 
2001–2016: Problems, Solutions, 
and Commentary 
By Kiran S. Kedlaya,  
Daniel M. Kane, Jonathan M. Kane, 
and Evan M. O’Dorney

“The moving power of mathemat-
ical invention is not reasoning but 
imagination.” 

—Augustus De Morgan

William Lowell Putnam
William Lowell Putnam was born on November 22, 1861 
in Roxbury, Massachusetts. He grew up in Cambridge, Mas-
sachusetts, across the street from Loeb House in Harvard 
Yard, which for many years was the official residence of 
Harvard presidents. He went to high school at Cambridge 
Latin School and then attended Harvard College, where he 
excelled in his studies. He graduated magna cum laude in 
1882 with a degree in mathematics.

After completing law school at Harvard, in 1888 he 
married Elizabeth Lowell, who, like William, counted John 
Lowell, a delegate to the Constitutional Convention of 
1787, as great-great-grandfather. Although William enjoyed 
a distinguished career in business and the law, he never 
ventured far from Harvard or from mathematics. Eliza-
beth’s brother Abbott Lawrence Lowell became president 
of Harvard in 1909, a position he held for 24 years. Julian 

“THE PUTNAM”
Reviewed by Daniel H. Ullman
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induction—no surprise there—but the numbers 2 and 3 
each play a delicate role in the argument. You just have to 
smile when you discover the solution. The second problem 
has a statement that is a masterpiece of simplicity, yet the 
answer is difficult to find. (Spoiler alert: Don’t read the rest 
of this paragraph if you want to attempt this problem with-
out any hints.) The problem statement suggests strongly 
that the answer must be “no,” but in fact the answer is 
“yes”! The arc can have length as long as approximately 
4.0027. Knowing that the answer is “yes” makes the prob-
lem significantly easier to solve, though there remains work 
to be done. Only one student earned full marks for this 
problem during the competition, employing the imagina-
tion to make that guess and the power to execute the details 
of the calculation. That combination of imagination and 
power is rare. It is what we often call genius.

Mathematical Competition
The Putnam Competition is now firmly established as the 
preeminent collegiate mathematical competition in the 
US and Canada. Counting among the winners (Putnam 
Fellows) of the Competition are Fields Medalists, Nobel 
Laureates, and MacArthur Fellows. Many Putnam Fellows 
go on to leading careers in mathematical research or in 
other endeavors to which their creative problem-solving 
skills apply. 

But thousands of students participate in the Putnam 
Competition each year, and few of them will be Putnam Fel-
lows or runners-up. In fact, the vast majority of participants 
each year do not solve even one of the 12 problems com-
pletely. The legacy of the Putnam Competition is rightly 
measured by how it affects the entirety of the mathematical 
community, the entirety of the mathematical enterprise. 

There is no doubt that the Putnam Competition iden-
tifies, rewards, and nurtures elite mathematical talent. But 
might it also discourage such talent? What of the participant 
who is not so precocious and yet aspires to further study of 
mathematics, but who scores zero or near zero on the Put-
nam? The MAA and the AMS have as part of their mission 
to promote mathematics across all levels. Does the Putnam 
work against this goal by telling so many from our diverse 
community that they are not in possession of mathematical 
talent? (Such questions are raised, for example, in [4].)

Indeed, there is a possibility of harm, and some students 
should not attempt the Putnam. But the Putnam can ben-
efit students across the spectrum. As in sports, the enter-
prise selects a few elite participants who win awards and 
prizes, yet many others benefit. Exercise, whether physical 
or mental, is healthy, and it develops such characteristics 
as strength, stamina, and focus in all who participate, not 
just in the winners. During the competition, all participants 
experience an intense period of concentration, rare outside 
of this setting, during which their creative minds are un-
locked. These are the moments when one confronts one’s 
own intellectual powers and stretches them as far as they 

of these volumes reprints the exam questions and provides 
the solutions, along with information about the results of 
the competition.

The organization of the present volume is no surprise. 
The problems are featured in order first, and readers who 
want to develop their solving skills should attempt the 
problems without turning further pages. Then comes a 
section of brief hints, which help a reader to understand 
the approach to a problem and not just to see a polished 
solution. After that is the section of solutions (comprising 
¾ of the book). There is also a section on results of the 
competition, displaying some of the same obsessive atten-
tion to detail that one sees more typically among sports 
fans. There is a short section at the end offering strategies 
for participants. Those who want to learn to solve compe-
tition problems at this level would be wise to pay attention 
to these strategies, but there is no substitute for slow and 
deep study of the problems, hints, and solutions from the 
earlier sections of the book. There is also a topic index, so 
that a reader can easily locate all the problems in a given 
area of mathematics. 

The hints and solutions here are the work of the four 
authors of the book, who are masters of the art of Putnam 
problem solving. The hints are short but just right, neither 
too much nor too little. The solutions are beautifully writ-
ten. Remarks after many of the solutions provide additional 
insight.

The problems are the heart of the Competition. The ideal 
Putnam problem is attractive and natural, is unapproach-
able via standard classroom techniques, and yet gives way 
once the magic key is discovered. The joke goes like this: 
All Putnam problems are easy, but it’s usually very hard 
to see why they are easy. One is given a hypothesis A and 
a conclusion C, and one must argue that A implies B and 
B implies C. But no one tells you what B is. Finding B is 
the key. That’s where imagination and creativity come in.

Taken together, the four volumes show how the compe-
tition has evolved over nearly 80 years. The problems from 
the early years of the competition seem banal and routine 
compared to problems from more recent years. Here are 
two of my favorite problems from the current volume, the 
first an easier problem, the second a harder one:

 • 2005, Problem A1: Show that every positive 
integer is a sum of one or more numbers of the 
form 2r3s , where r and s are nonnegative integers 
and no summand divides another. (For example  
23 = 9 + 8 + 6.)

 • 2001, Problem A6: Can an arc of a parabola inside 
a circle of radius 1 have a length greater than 4? 

Before reading on, take out a pen and some paper and 
devote some time to solving these two problems. 

(If you just followed the instruction in the previous 
sentence, then this volume is for you.)

Welcome back. The first of these is a gem for the ages and 
is attributed to Paul Erdős. The proof is via mathematical  
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It is said that mathematical ability is based in the left 
hemisphere of the brain while creativity is based in the 
right hemisphere. That is a view based on the common 
misconception of mathematics as a discipline rooted in 
memorization, facts, and routine calculation and opposite 
from emotion and imagination. Adherents of this view 
probably do not have any vision of what a mathematics 
competition is really about. The Putnam is a test of the very 
human capacity to think flexibly.

Mathematical competition and athletic competition 
share one more attribute, often overlooked: Students par-
ticipate in the Putnam competition because it is joyous. 
Like sports, it is meant to be enjoyed. It is exciting. You 
strive to win, to excel, but you enjoy the effort even if 
you do not. Never mind that the competition builds your 
strength, power, concentration, and insight. Never mind 
that it’s good for you. Think of the Putnam Competition 
as mathematics for fun.

Those who insist that competition has no place in 
mathematics (or in any human endeavor, see [6]) don’t 
appreciate that competition can make things fun. To solve 
a Putnam problem is pleasurable. There is no need to be a 
Putnam Fellow to enjoy the competition. Participants can 
set their own bar for doing well. Some may aspire to solve 
just one problem; others may attempt them all. It is the 
same with marathon running. Many thousands of runners 
compete, although few can hope to win the race. Still, every 
runner who competes tests their limits, grows stronger from 
the experience, and deserves congratulations. 

The Putnam Competition is a test of creativity, not facts. 
In this respect, it belongs to a higher stratum than trivia 
competitions such as spelling bees or geography contests, 
the training for which demands prodigious memorization. 
Students who learn to use the theorems and techniques of 
the undergraduate curriculum may find themselves at a 
complete loss when facing Putnam problems unless they 
have also grown accustomed to tackling challenging prob-
lems whose solutions do not involve routine application 
of standard techniques. Putnam problem solving is also a 
distinctly human talent. We are not near to a time when a 
machine can succeed at the Putnam Competition. By con-
trast, machines easily defeat humans in a test of spelling, 
geography, chess, or arithmetic.

Certainly, the psychology of our students is a factor in 
how we teach, but we ought not to assume that challenging 
our students will lead to low self-esteem. Instead, we should 
teach them that math is hard and that it requires creativity 
and imagination that can be developed with practice. We 
should assure them that the effort exerted toward difficult 
challenges is beneficial even if those efforts do not succeed 
every time. This may not resonate with students who have 
become infected with the popular view that mathematical 
talent is entirely innate. But for the others, we ought to 
congratulate them for developing their creativity as they 
tackle these challenges.

are prepared to go in pursuit of solutions. It may happen 
that these few hours are the time in which one advances 
intellectually at the greatest rate.

Another argument sometimes levied against the Putnam 
is that it measures an ability that is neither necessary nor 
sufficient for success in a mathematical career. There are 
certainly examples of productive research mathematicians 
who did not excel on the Putnam, perhaps because they do 
not thrive under time pressure. And there are certainly ex-
amples of Putnam Fellows who do not excel in mathemat-
ics research, perhaps because they lack stamina or interest. 

Still, the Putnam is a test of creativity and power, and 
these attributes are highly correlated with excellence in 
advancing mathematics and in using mathematics to solve 
problems. The ability to excel in the Putnam Competition 
translates readily to other domains, such as mathematical 
research or mathematical careers in business, government, 
or industry. It is unfortunate that, under the influence 
of the modern assessment movement in undergraduate 
education, we are more and more encouraged to teach 
and test only direct applications of standard techniques. 
This prepares students very little to be able to tackle the 
Putnam. The mantra that we must only test students in 
the classroom on problems that we expect most of them 
to solve is utterly lacking in ambition and excitement. Our 
mathematics classrooms should be more, not less, like the 
Putnam, where we challenge students with problems that 
are difficult to unlock rather than tasking students to solve 
routine problems that we train them to master. In this way, 
we develop the mathematical imagination to which De 
Morgan refers in the quote at the beginning of this review.

The Case for Joy
The competition that carries William Lowell Putnam’s 
name was inspired by his belief that a scholarly discipline 
might be more like an athletic endeavor. Does mathemat-
ical competition resemble athletic competition? In at least 
one respect, they are quite different: Mathematical compe-
titions are not good spectator sports. Moreover, the values 
of teamwork and cooperation, so critical to the success of 
athletic teams, are for the most part absent from the mod-
ern Putnam Competition.

But in several respects, the analogy is useful. Where 
athletic competitions promote and encourage physical 
strength and stamina, so mathematical competitions pro-
mote and encourage mental strength and stamina. The 
preparation one invests to succeed in sports is compara-
ble to the mathematical preparation we offer in the best 
of our undergraduate classrooms. The proper mission of 
athletics is not merely to identify victors but to promote 
values that transfer outside the athletic realm. Similarly, 
the mission of the Putnam Competition is not merely to 
identify Putnam Fellows but to promote the development 
of creative and insightful thinking toward the solution of 
challenging problems.
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One of the best ways to prepare for the Putnam and to 
develop mathematical talent is slow, close, careful study of 
this latest collection of Putnam problems. A student should 
work on each problem for at least an hour if necessary 
before consulting the hint, then take at least another hour 
before consulting the solution. The hints, solutions, and 
commentary provided by these expert authors will help to 
advance the next generation of mathematics students in 
the art of creative problem solving. And this advances the 
broad mission of both the MAA and the AMS. Success of 
students on the Putnam today is a leading indicator of the 
health of the mathematical enterprise tomorrow.
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How Algorithms Create and 
Prevent Fake News: Exploring 
the Impacts of Social Media, 
Deepfakes, GPT-3, and More  
By Noah Giansiracusa

We’re all aware of the political 
accusations that have been lobbed 
around regarding fake news. In 
an age where the internet serves 
as a primary news source that is 
largely unmonitored, how can 
fake news be spotted and stopped? 
Giansircusa’s book explains how 

the algorithms used to create fake news work and provides 
hope that the methods currently being developed will be 
able to flag information as suspect.

Many of the topics discussed in the book draw on deep 
learning, an artificial intelligence prediction process where 
a computer is fed a training set of data and uses this to build 
an even larger training set of data. This book discusses how 
the decline of local news sources, and the monetary motiva-
tion of page clicks or viewing time have allowed instances 
of fake news to thrive. It also addresses what companies like 
YouTube and Google are doing to combat these issues. In 
doing so, many facets of deep learning are explored.

This book does not require any mathematical back-
ground and while it doesn’t delve too far into the mathe-
matical details, it would be of interest to both mathemati-
cians and non-math folks, alike. Written in a friendly and 
approachable tone, the chapters can be read independently, 
since whenever a chapter relies on a result from an earlier 
chapter, a concise summary of the relevant material is 
provided. The book has a pro-democrat slant and is highly 
example driven, drawing extensively on fake news incidents 
involving former President Trump and, separately, the 
Brazilian government. This book is packed with important 
details for people interested in becoming critical consumers 
of online news sources, both formal and informal.

Breaking Barriers: Student 
Success in Community College 
Mathematics 
By Brian Cafarella

We have all experienced or heard 
stories of working with students 
who are underprepared for college 
math. We’ll likely see this trend 
continue and worsen as we deal 
with the fallout of remote learning 
during the pandemic. Inspired 
by his own experience as both a 
community college student and 

educator, in Breaking Barriers Cafarella explores some of 
the challenges surrounding introductory college math 
courses today. 

Specifically, he focuses on the challenges faced by stu-
dents and faculty in developmental math classes. Devel-
opmental math, which is where many students enrolling 
in community colleges are placed, covers topics below the 
college level that are typically presented during high school. 
Cafarella sites many sources that indicate that the student 
success rate in these courses, and the college level math that 
follows, is concerning and that success in these courses can 
be used as an indicator for success in college, overall. He 
interviewed 25 community college students who struggled 
with their math requirement to uncover common themes 
for failure and success. He also interviewed community 
college faculty about what they feel incoming students are 
missing and struggling with. He concludes the book with 
some lessons we can learn from his interviews. 

While the subjects interviewed in this book are all from 
community colleges, many of the challenges discussed are 
relevant at four-year institutions. As such, this well-orga-
nized and non-technical book would help any college-level 
math educator better understand and support their students 
in developmental or introductory level courses. 
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The AMS Book Program serves the mathematical community by publishing books that further mathematical research, awareness, 
education, and the profession while generating resources that support other Society programs and activities. As a professional society of 
mathematicians and one of the world’s leading publishers of mathematical literature, we publish books that meet the highest standards 
for their content and production. Visit bookstore.ams.org to explore the entire collection of AMS titles. 

The AMS Bookshelf is prepared bimonthly by AMS Acquisitions Specialist 
for MAA Press titles Stephen Kennedy. His email address is skennedy 
@amsbooks.org.
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An Introduction to Proof via 
Inquiry-Based Learning 
By Dana C. Ernst

Dana Ernst is one of the leaders 
of the nationwide movement 
for teaching with inquiry-based 
learning (IBL). In a passage in 
the preface describing his evolu-
tion from lecturer to IBL teacher 
he quotes Dylan Restek, “Things 
my students claim that I taught 
them masterfully, they did not 

know.” This book is part of his work to fix that problem.
One of the research-identified crucial components 

of IBL is that students engage deeply with coherent and 
meaningful mathematical tasks. This requires that the 
instructor prepare a sequence of tasks that are develop-
mentally, and mathematically, appropriate. That is exactly 
what Ernst’s book provides. It evolved from course notes 
the author developed over a decade ago. Those notes were 
shared under a Creative Commons license and were used 
and modified by dozens of instructors at a variety of insti-
tutions. Anyone who has ever taught an IBL course from 
scratch knows that the second biggest challenge is having 
a well-designed sequence of challenges. The path to theo-
rems has to be dissected into steps that students can take 
on their own. Ernst’s sequence has been refined by him 
and others over the years. As an example, the proof of the 
fundamental theorem of arithmetic is accomplished in a 
sequence of thirteen problems: some are computational, 
some require creation of an example or counterexample, 
some require one or two insights that should naturally 
occur to students as a result of the prompting implicit in 
the preceding problems. 

By the way, the biggest challenge of IBL teaching is con-
vincing students to trust that you know what you’re doing 
and that they will learn if they play along. As Ernst says to 
student readers in his preface, “If you are doing things well, 
you should be confused most of the time.”

Proofs and Ideas  
A Prelude to Advanced Mathematics 
By B. Sethuraman

The transition to proof course in 
the undergraduate curriculum is 
perhaps the least well-defined 
course in the curriculum. We, 
the professoriate, all more or less 
agree on what belongs in linear 
algebra or real analysis. There 
is no corresponding consensus 
on the right way to teach under-

graduates how to read, write, and create proofs. As a result, 
there are a wide variety of texts taking disparate approaches. 
Sethuraman’s approach in Proofs and Ideas is to emphasize 
mathematical ideas. He believes that an appreciation for 
proof is best learned in a mathematical context that pos-
sesses independent intellectual appeal. Sethuraman es-
chews dry formality and discussions of metamathematical, 
logical principles. Instead he favors careful investigation of 
concepts that students will revisit later in their mathemati-
cal studies. It is an approach that will appeal to any teacher 
who prefers thinking about mathematics over thinking 
about logical principles. In a sense, this is a throwback to 
the way we did things decades ago, students learn proof 
appreciation in the context of learning some interesting 
mathematics. The difference is that Sethuraman is careful 
to make clear how the reasoning process in mathematics 
works and why we value it—i.e., because it leads to under-
standing of these beautiful mathematical ideas. 

The author is a gifted expositor and a congenial guide, 
undergraduates will have no trouble reading and under-
standing this book. There are hundreds of exercises at a 
variety of levels of difficulty. The book contains the usual 
core topics of the transitions course from set theory (in-
cluding cardinality) and discrete mathematics, it concludes 
with independent chapters in number theory, real analysis, 
topology, algebra, and graph theory from which instructors 
can pick and choose to assemble a coherent course. 
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The AMS supports equality of opportunity and treatment 
for all participants, regardless of gender, gender identity or 
expression, race, color, national or ethnic origin, religion 
or religious belief, age, marital status, sexual orientation, 
disabilities, veteran status, or immigration status.

CALL FOR APPLICATIONS & NOMINATIONS

Chief Editor of the
Notices of the American Mathematical Society 
Seeking applicants who thrive on communicating contemporary mathematics 
research to a broad range of mathematical scientists.

POSITION
Applications and nominations are invited for the position of Chief Editor of the Notices of the American Math-
ematical Society, to commence with the January 2025 issue.

The new editor-designee will be appointed by Council in 2023 and will form their editorial committee and begin 
preparing articles in 2024. They will become Chief Editor for a three-year term from January 1, 2025 through 
January 31, 2028. Although the Notices Chief Editor is appointed for a term of three years, candidates willing to 
make a longer commitment will be preferred, as it is expected that they will be reappointed for subsequent terms 
pending successful performance reviews.

The goal of the Notices is to serve all mathematicians by providing a lively and informative magazine containing 
exposition about mathematics and mathematicians, and information about the profession and the Society. The 
Notices is an AMS member publication, along with the Bulletin of the AMS, Abstracts of the AMS, and the newsletter 
Headlines & Deadlines.

QUALIFICATIONS
The AMS strives to serve all mathematicians in an inclusive, equitable, and welcoming fashion. We welcome 
applications from individuals with strong mathematical research experience, broad mathematical interests, and 
a commitment to communicating mathematics to a diverse audience. The applicant must demonstrate excellent 
written communication skills.  

DUTIES
The Chief Editor has editorial responsibility for a portion of the Notices within broad guidelines. The Chief Editor 
is assisted by a board of Associate Editors, nominated by the Chief Editor, who help to fashion the contents of 
the Notices and solicit material for publication. Some writing, and all publication support, will be provided by 
AMS staff. The Chief Editor will operate from their home base. Compensation will be negotiated and commence 
upon appointment in 2023.  Part-time administrative support will be provided. In order to begin working on the 
January 2025 issue, editorial work will begin in 2024.

APPLICATIONS & NOMINATIONS
The Chief Editor is appointed by the Council upon recommendation by a Search Committee. Please submit 
your application - including a curriculum vitae and letter of interest—through www.mathprograms.org/db/
programs/1306. At a later stage in the process you may be asked for references, i.e., the names of up to three 
people who are willing to be contacted by us for more information.

Please send nominations or questions to Dr. Catherine Roberts, Executive Director, at croberts@ams.org.

Applications received by October 15, 2022 will be assured full consideration.
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The Kuramoto–Sivashinky
Equation

John C. Baez, Steve Huntsman, and Cheyne Weis

The Kuramoto–Sivashinsky equation

𝑢𝑡 = −𝑢𝑥𝑥 − 𝑢𝑥𝑥𝑥𝑥 − 𝑢𝑥𝑢
applies to a real-valued function 𝑢 of time 𝑡 ∈ ℝ and
space 𝑥 ∈ ℝ. This equation was introduced as a simple 1-
dimensional model of instabilities in flames, but it turned
out to be mathematically fascinating in its own right [7].
One reason is that the Kuramoto–Sivashinsky equation is
a simple model of Galilean-invariant chaos with an arrow of
time.

We say this equation is ‘Galilean invariant’ because the
Galilei group, the usual group of symmetries inNewtonian
mechanics, acts on the set of its solutions. When space
is 1-dimensional, this group is generated by translations
in 𝑡 and 𝑥, reflections in 𝑥, and Galilei boosts, which are
transformations to moving coordinate systems:

(𝑡, 𝑥) ↦ (𝑡, 𝑥 − 𝑡𝑣).

John C. Baez is a professor emeritus at the University of California, Riverside.
His email address is baez@math.ucr.edu.
Steve Huntsman works in the defense industry. His email address is sch213
@nyu.edu.
Cheyne Weis is a graduate student in the department of physics and the James
Franck Institute at the University of Chicago. His email address is cheyne42
@uchicago.edu.

Communicated by Notices Associate Editor Daniela De Silva.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2548

Figure 1. A solution 𝑢(𝑡, 𝑥) of the Kuramoto–Sivashinsky
equation. The variable 𝑥 ranges over the interval [0, 32𝜋] with
its endpoints identified. Initial data are independent
identically distributed random variables, one at each grid
point, uniformly distributed in [−1, 1].

Translations act in the obvious way. Spatial reflections act
as follows: if 𝑢(𝑡, 𝑥) is a solution, so is −𝑢(𝑡, −𝑥). Galilei
boosts act in a more subtle way: if 𝑢(𝑡, 𝑥) is a solution, so
is 𝑢(𝑡, 𝑥 − 𝑡𝑣) + 𝑣.

We say the Kuramoto–Sivashinsky equation is ‘chaotic’
because the distance between nearby solutions, defined in
a suitable way, can grow exponentially, making the long-
term behavior of a solution hard to predict in detail [4].
And finally, we say this equation has an ‘arrow of time’ be-
cause time reversal

(𝑡, 𝑥) ↦ (−𝑡, 𝑥)

is not a symmetry of this equation. Indeed, in Figure 1
we see that starting from random initial conditions, man-
ifestly time-asymmetric patterns emerge. As we move for-
ward in time, it looks as if stripes are born and merge, but
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never die or split. Attempting to make this precise leads
to an interesting conjecture, but first we need some back-
ground.

It is common to study solutions of the Kuramoto–
Sivashinsky equations that are spatially periodic, so that
𝑢(𝑡, 𝑥) = 𝑢(𝑡, 𝑥 + 𝐿) for some 𝐿. We can then treat space as
a circle, the interval [0, 𝐿]with its endpoints identified. For
these spatially periodic solutions, the integral ∫𝐿

0 𝑢(𝑡, 𝑥) 𝑑𝑥
does not change with time. Applying a Galilean transform
adds a constant to this integral. In what follows we restrict
attention to solutions where this integral is zero. These
are roughly the solutions where the stripes are at rest, on
average.

We can learn a surprising amount about these solutions
by looking at the linearized equation

𝑢𝑡 = −𝑢𝑥𝑥 − 𝑢𝑥𝑥𝑥𝑥.
We can solve this using a Fourier series

𝑢(𝑡, 𝑥) = ∑
0≠𝑛∈ℤ

�̂�𝑛(𝑡) 𝑒𝑖𝑘𝑛𝑥

where the frequency of the 𝑛th mode is 𝑘𝑛 = 2𝜋𝑛/𝐿. We
obtain

�̂�𝑛(𝑡) = exp ((𝑘2𝑛 − 𝑘4𝑛)𝑡) �̂�𝑛(0).
Thus the 𝑛th mode grows exponentially with time if and
only if 𝑘2𝑛−𝑘4𝑛 > 0, which happens when 0 < |𝑛| < 2𝜋𝐿. As
we increase 𝐿, more and more modes grow exponentially.
These appear to be the cause of chaos even in the non-
linear equation. Indeed, all solutions of the Kuramoto–
Sivashinsky equation approach an attractive fixed point if
𝐿 is small enough, but as we increase 𝐿 we see increasingly
complicated behavior, and a ‘transition to chaos via period
doubling,’ which has been analyzed in great detail [4]. In-
terestingly, the nonlinear term stabilizes the exponentially
growing modes: in the language of physics, it tends to
transfer power from thesemodes to high-frequencymodes,
which decay exponentially.

Proving this last fact is not easy. However, in 1992, Col-
let, Eckmann, Epstein, and Stubbe [1] did this in the pro-
cess of showing that for any initial data in theHilbert space

̇𝐿2={𝑢∶ [0, 𝐿] → ℝ ∶ ∫
𝐿

0
|𝑢(𝑥)|2 𝑑𝑥 < ∞,∫

𝐿

0
𝑢(𝑥) 𝑑𝑥 = 0}

the Kuramoto–Sivashinsky equation has a unique solution
for 𝑡 ≥ 0, in a suitable sense, and that the norm of this so-
lution eventually becomes less than some constant times
𝐿8/5. These authors also showed any such solution eventu-
ally becomes infinitely differentiable, even analytic [2].

Shortly after this, Temam and Wang went further
[6]. They showed that all solutions of the Kuramoto–
Sivashinsky equation with initial data in ̇𝐿2 approach a
finite-dimensional submanifold of ̇𝐿2 as 𝑡 → +∞. They also
showed the dimension of this manifold is bounded by a

Figure 2. The same solution of the Kuramoto–Sivashinsky
equation, with stripes indicated.

constant times (ln 𝐿)0.2𝐿1.64. This manifold, called the in-
ertial manifold, describes the ‘eventual behaviors’ of solu-
tions.

Understanding the eventual behavior of solutions of
the Kuramoto–Sivashinsky equation remains a huge chal-
lenge. What are the ‘stripes’ in these solutions? Can we
define them in such a way that stripes are born and merge
but never split or disappear, at least after a solution has
had time to get close enough to the inertial manifold?

It is important to note that the visually evident stripes
in Figure 1 are not regions where 𝑢 exceeds some constant,
nor regions where it is less than some constant. Instead, as
𝑥 increases and (𝑡, 𝑥) passes through a stripe, 𝑢(𝑡, 𝑥) first be-
comes positive and then negative. Thus, in the middle of
a stripe the derivative 𝑢𝑥(𝑡, 𝑥) takes a negative value. One
obvious thing to try, then, is to define a stripe to be a re-
gion where 𝑢𝑥(𝑡, 𝑥) < 𝑐 for some suitably chosen negative
constant 𝑐. Unfortunately the boundaries of these regions,
where 𝑢𝑥(𝑡, 𝑥) = 𝑐, tend to be very rough. Thus, this defini-
tion givesmany small evanescent ‘stripes,’ so the conjecture
that eventually stripes are born and merge but never die or
split would be false with such a definition.

One way to solve this problem is to smooth 𝑢𝑥 by con-
volving it with a normalized Gaussian function of 𝑥. A bit
of experimentation suggests using a normalized Gaussian
of standard deviation 2. Thus, let 𝑣 equal 𝑢𝑥 convolved
with this Gaussian, and define a ‘stripe’ to be a region
where 𝑣 < 0. For the solution in Figure 1, these stripes are
indicated in Figure 2. One stripe splits around 𝑡 = 10, but
after the solution nears the inertial manifold, stripes never
die or split—at least in this example. We conjecture that
this is true generically: that is, for all solutions in some
open dense subset of the inertial manifold. Proving this
seems quite challenging, but it might be a step toward rig-
orously relating the Kuramoto–Sivashinsky equation to a
model where stochastically moving particles can appear or
merge, but never disappear or split [5].

Numerical calculations also indicate that generically,
solutions eventually have an average of about 0.1 stripes
per unit length in the limit as 𝐿 → +∞. This is close to
the inverse of the wavelength of the fastest-growing mode
of the linearized equation, (23/2𝜋)−1 ≈ 0.1125. But we
see no clear reason to think these numbers should be
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exactly equal. Even proving the existence of a limiting
stripe density is an open problem! Thus, the Kuramoto–
Sivashinsky equation continues to pose many mathemati-
cal challenges.
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Applications Open for 

AMS CONGRESSIONAL 
FELLOWSHIP 2023–2024

Apply your mathematics knowledge toward solutions
to societal problems.
The American Mathematical Society will sponsor a Congressional Fellow from
September 2023 through August 2024.

The Fellow will spend the year working on the staff of either a member of
Congress or a congressional committee, working in legislative and policy
areas requiring scienti� c and technical input.

The Fellow brings his/her/their technical background and external
perspective to the decision-making process in Congress. Prospective Fellows
must be cognizant of and demonstrate sensitivity toward political and
social issues and have a strong interest in applying personal knowledge
toward solutions to societal problems.

Now in its 18th year, the AMS Congressional Fellowship provides a unique
public policy learning experience, and demonstrates the value of science–
government interaction. The program includes an orientation on
congressional and executive branch operations, and a year-long seminar
series on issues involving science, technology, and public policy.

Applicants must have a PhD or an equivalent doctoral-level degree in the mathematical sciences by the application deadline
(February 1, 2023). Applicants must be US citizens. Federal employees are not eligible.

The Fellowship stipend is US$95,824 for the Fellowship period, with additional allowances for relocation and professional travel,
as well as a contribution toward health insurance.

Applicants must submit a statement expressing interest and quali� cations for the AMS Congressional Fellowship as well as a cur-
rent curriculum vitae. Candidates should have three letters of recommendation sent to the AMS by the February 1, 2023 deadline.

For more information and to apply, please go to www.ams.org/ams-congressional-fellowship.

Deadline for receipt of applications:  February 1, 2023

“I wanted to fi nd ways to 
utilize my mathematical skills to 

affect real world change, but I doubted 
whether any of my mathematical skills 
could be applied outside of academia.

The AMS Congressional Fellowship has removed 
all of my doubts. I have learned in the past year 

that there is overwhelming need for mathematicians 
in all areas of government. The skills I have as a 
mathematician are highly valued in Congress

and I became an integral part of a Senate offi ce 
assisting in housing, economic development, and 
consumer protection. The Fellowship has allowed 

me to use my skills to help make the world a 
better place and I feel immensely privileged 

to have had that opportunity.” 

—A.J. Stewart,
AMS Congressional
Fellow 2021–2022

Learn more at the
JMM 2023 session on DC-based 
Policy and Communications 
Opportunities to be held
Friday, January 6, 2023
at 4:30 pm.

2023

http://www.ams.org/ams-congressional-fellowship
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involved with the AMS Office of Government Relations’ 
activities to help us amplify our advocacy efforts. What can 
you do? What specific actions can you take? Here are some 
ideas, listed in—more or less—order of magnitude of the 
effort each takes:

 • Receive (and read!) the bi-weekly AMS members’ Head-
lines & Deadlines e-newsletter; most issues contain 
information from us about timely ways to take action, 
or point to deadlines for fellowships, etc.

 • Follow the AMS on twitter, @amermathsoc, as we often 
tweet about relevant federal policy changes and legisla-
tion.

 • Use our “Take Action” tool (http://www.ams.org 
/government/getinvolved-dc#/), to quickly add your 
voice on legislation, and sign up to receive our emails 
alerting you to new letter-writing opportunities.

 • Participate in these sessions at JMM 2023 (you can read 
more about them and register for item 4 at the JMM 
website https://jointmathematicsmeetings.org 
/meetings/national/jmm2023/2270_intro):

1. AMS Advocacy Training Session—“Advocacy for 
Mathematics and Science Policy” (Thursday, Janu-
ary 5, 9:30–11:00 am, place TBD)

2. AMS Committee on Science Policy Panel Discus-
sion (Friday, January 6, 2:30 pm–4:00 pm, place 
TBD)

How Can You Get  
Involved in Mathematics  

and Science Advocacy?
Karen Saxe

President Biden came into office with an ambitious agenda 
for advancing scientific research and technology innovation. 
This included increasing access for all Americans to quality 
education, improving the STEM workforce pipeline, and 
reaching out and fully engaging the millions missing from 
the scientific enterprise. Despite these important goals, his 
administration has faced big challenges that have required 
legislators’ attention—Afghanistan, Ukraine, and the pan-
demic—and taken their focus away from this agenda. 

Mathematicians have a lot of skin in the game on many 
of Biden’s agenda items, and Congress is working on leg-
islation that will affect us. Legislators will vote on bills 
whether or not we tell them what we think and explain 
how the bills would benefit or harm us; we might as well 
try to engage with them so that our input has a chance to 
influence their decisions. Establishing trusting relationships 
between congressional members (and their staff) and the 
mathematicians who live and work in their districts will 
lead to long-term payoff for us. 

If engaging with congressional members on topics related 
to mathematics interests you, there are many ways to get 

http://www.ams.org/government/getinvolved-dc#/
http://www.ams.org/government/getinvolved-dc#/
https://www.jointmathematicsmeetings.org/meetings/national/jmm2023/2270_program.html
https://www.jointmathematicsmeetings.org/meetings/national/jmm2023/2270_program.html
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(DOE) and the National Institutes of Health (NIH). Yet, 
it supplies over 70% of all federal funding for research in 
mathematics done on college and university campuses.1 
Who is going to make sure the NSF is getting the money 
it needs to continue to support our work? Who is going 
to meet with congressional members and tell them how 
NSF funds have been critical to their own career? To their 
students? To teachers and kids in their districts and states 
via NSF-funded education and outreach programs? Who 
is going to give concrete examples to tell them how NSF 
investments in fundamental research of decades ago 
have resulted in technologies like GPS and MRIs that 
they depend on today? You can give your representatives 
a constituent’s view on why Congress should give robust and 
stable funding to the NSF in its annual budget.

 • Foreign talent has been critical in our nation’s ability to 
be a global mathematics powerhouse. There are threats 
to our leadership position as other countries invest much 
more heavily in fundamental research than they have in 
the past and as the United States keeps old and creates 
new barriers for international students and scholars who 
want to study and work here. The Keep STEM Talent Act—
introduced in the House by Representative (and PhD 
physicist) Bill Foster (IL-11) and in the Senate by Senator 
Richard Durbin (IL)—is a bill that has been endorsed 
by the AMS (https://www.ams.org/government 
/government/letters-statements-legislation) 
and which would support easier paths to lawful perma-
nent residence for graduates with advanced STEM de-
grees. You can give a constituent’s view on why your members 
of Congress should sign on to cosponsor this bill.2 

 • Strengthening education in the mathematical sciences 
and making sure that each and every American student 
has access to high-quality education is also critical from 
moral, economic, and national security standpoints. We 
promote government programs that strengthen domestic 
talent including the Department of Education’s Graduate 
Assistance in Areas of National Need program (GAANN), 
increased Pell grants, and the many NSF funding oppor-
tunities reaching the “missing millions.” The bipartisan 
HBCU RISE Act is one example of a bill that would 
boost research capacity of faculty and increase research 
opportunities for students at Historically Black Colleges 
and Universities (HBCUs). This bill was introduced by 
Senators Chris van Hollen (D, MD) and Thom Tillis (R, 
NC) and is endorsed by the AMS. You can give a constit-
uent’s view on why your members of Congress should sign on 
to cosponsor this bill.

 • Mathematics can inform and mathematicians can help 
educate congressional members and their staff as bills 
are written. Over the past few years, staff members have 

1https://www.nsf.gov/about/budget/fy2023/toc.jsp
2Introduced legislation changes year to year, so all bills mentioned are simply 
to give an impression.

3. AMS DC-Based Policy & Communications Oppor-
tunities (Friday, January 6, 4:30–6:00 pm, place 
TBD)

4. AMS Professional Enhancement Program (PEP) 
—“Using your voice for influence and impact: 
Incorporating mathematics into public discourse” 
(Wednesday and Friday, 9:00–11:00 am, place TBD)

 • Volunteer for the AMS Committee on Science Policy (or 
other committees that do work that regularly touches 
on policy and/or politics, including the Committee on 
the Human Rights of Mathematicians or the Committee 
on Education). You can read about all AMS commit-
tees on our website: http://www.ams.org/about-us 
/governance/committees/gov-committees. You can 
nominate yourself or others here: https://www.ams 
.org/committee-nominate.

 • Visit, write, or call your elected members of the US Con-
gress either in DC (virtually or in-person) or via their 
district or state staff.

 • Write an op ed for your local newspaper.
 • Apply, and encourage your students to apply, for our 

fellowships, which you can learn about at the aforemen-
tioned JMM session “AMS DC-Based Policy & Commu-
nications Opportunities” or at our website: https://
www.ams.org/government.

Outside of math-specific advocacy efforts, there are 
groups committed to enhancing engagement between sci-
entists and policymakers. You can join some of these as an 
individual, you can follow them on twitter, and you can read 
their posts online. Here are a few recommended groups:

 • Engaging Scientists & Engineers in Policy Coalition 
(https://www.science-engage.org/)

 • American Association for the Advancement of Science 
—at their website, under “What We Do” you will see a 
few links specifically highlighting their work devoted to 
policy and advocacy (https://www.aaas.org/)

 • Federation of American Scientists (https://fas.org/)

Now, let’s suppose you have decided to visit your con-
gressional delegation. What might you talk to them about? 
Know that the AMS Office of Government Relations staff 
is here to help you prepare, schedule, and facilitate your 
meetings. It is best to go in with one or two specific topics 
to discuss. Here are some potential topics of conversation; 
these are in our regular suite of conversation topics with 
Congress:

 • The NSF is a relatively small federal agency. It is the only 
science funding agency without its own labs; it has no 
“in house” research program. It is the only science fund-
ing agency to support curiosity-driven science across all 
fields. It invests heavily in enhancing STEM education. 
It often flies under the radar in Congress and does not 
get much attention—as compared to some other sci-
ence-funding agencies like the Department of Energy 

http://www.ams.org/about-us/governance/committees/gov-committees
http://www.ams.org/about-us/governance/committees/gov-committees
https://www.ams.org/government
https://www.ams.org/government
https://www.ams.org/government/government/letters-statements-legislation
https://www.ams.org/government/government/letters-statements-legislation
https://www.ams.org/committee-nominate
https://www.ams.org/committee-nominate
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asked for our mathematical expertise on differential 
privacy as applied in the 2020 Census and on mathemat-
ical algorithms. To be more precise on the latter—and 
to give examples—bills have been introduced to address 
concerns about data-driven algorithms and algorithms’ 
uses, misuses, and biases. These bills include the Kids 
Internet Design and Safety Act and the Platform Ac-
countability and Transparency Act. The former would 
stop manipulative marketing and curb other harmful 
content that threatens young people online, while the 
latter would “support research about the impact of digital 
communication platforms on society by providing priva-
cy-protected, secure pathways for independent research 
on data held by large internet companies.” Mathemati-
cians with deep content knowledge have been called on 
to provide feedback on proposed legislative language 
and to serve as witnesses at congressional hearings.3 If 
your members of Congress serve on relevant commit-
tees—like the Senate Committee on Homeland Security 
and Governmental Affairs (HSCAG),4 your input could 
help form their opinion as they consider these important 
matters. You can bring content expertise to inform legislative 
staff as they draft bills.

This same list of topics is fodder for op eds, and your 
social media efforts. And, our Take Action opportunities 
are most often on topics that fall into one of these buckets.

If you are going to meet with your congressional delega-
tion, please reach out to me—the AMS Associate Executive 
Director, Government Relations (kxs@ams.org) for materi-
als, and prepping. I know that some of you will be nervous 
about meeting congressional members and their staff. Keep 
in mind that they are just people, and most often are curious 
and pleasant to talk with.

It’s on us to advocate for the mathematical sciences. We 
have the stories—we just need to tell them. 

3As one example, Cathy O’Neill testified in fall of 2021: https://www 
.hsgac.senate.gov/hearings/social-media-platforms-and-the 

-amplification-of-domestic-extremism-and-other-harmful 

-content
4You can always find committee members online: https://www.hsgac 
.senate.gov/about

Credits
Photo of Karen Saxe is courtesy of Macalester College/David 

Turner.

Karen Saxe

https://www.hsgac.senate.gov/hearings/social-media-platforms-and-the-amplification-of-domestic-extremism-and-other-harmful-content
https://www.hsgac.senate.gov/hearings/social-media-platforms-and-the-amplification-of-domestic-extremism-and-other-harmful-content
https://www.hsgac.senate.gov/hearings/social-media-platforms-and-the-amplification-of-domestic-extremism-and-other-harmful-content
https://www.hsgac.senate.gov/hearings/social-media-platforms-and-the-amplification-of-domestic-extremism-and-other-harmful-content
https://www.hsgac.senate.gov/about
https://www.hsgac.senate.gov/about
https://prima2022.primamath.org/#
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At the AMS we value excellence, inclusivity, and teamwork. We work at the forefront of advancing and con-
necting the diverse mathematical community worldwide, and we are seeking curious, innovative, collaborative 
individuals to join our team.

 • Hybrid work policy and excellent work-life balance
 • Generous benefit offerings including:

 ○ 9.5% contribution to employees’ 403b with minimum 2% employee contribution
 ○ $2,000-$4,000 contribution into employees’ personal HSA accounts to cover majority of plan 

deductible
 ○ 12 paid holidays 
 ○ Paid time off starting at 21 days/ year
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 ○ $500 Computing benefit to be used for set up of home office 
 ○ Tuition Reimbursement

 • Commitment to equity, diversity, inclusion and a welcoming environment
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 • Social activities to connect with your co-workers and give back to the community

Come be part of an extraordinary collection of talent who support the Society’s extensive activities. Apply today!

*Benefit rates subject to change based on yearly renewals and budget allocations.
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YOUR SUGGESTIONS ARE WANTED BY:

the Nominating Committee, for the following contested
seats in the 2023 AMS elections:

vice president, trustee, and five members at large
of the Council.

Deadline for suggestions: November 1, 2022

the president, for the following contested seats in the
2023 AMS elections:

three members of the Nominating Committee and
two members of the Editorial Boards Committee.

Deadline for suggestions: January 31, 2023

the Editorial Boards Committee, for appointments to
various editorial boards of AMS publications.

Deadline for suggestions: Can be submitted any time

Send your suggestions for any of the above to:
Boris Hasselblatt, Secretary
American Mathematical Society
201 Charles Street
Providence, RI 02904-2213, USA
secretary@ams.org
or submit them online at www.ams.org/committee-nominate
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hand. Most importantly, the AMS spends about 88% of its 
revenue on programs and less than 12% on administration 
and fundraising. All of these indicators compare favorably 
to non-profit averages.

The rest of this report discusses in more detail the op-
erating revenues and expenses of the Society as well as its 
assets and long-term investments.

Operating Revenues and Expenses
Covid-19 continued to negatively impact operating reve-
nues in 2021. New Covid-19 variants extended the pan-
demic and led to the cancellation of multiple in-person 
meetings including the 2021 and 2022 JMMs. As a result, 
the meetings department saw a 60% reduction in gross 
revenues. A reduction in miscellaneous income was driven 
mainly by reduced income from short-term investments, 
partially offset by an increase in unrestricted donations and 
increased revenue from MathJobs. Membership revenue 
reflects a continued erosion of individual memberships 
(down 7%). Institutional memberships saw a smaller 
decrease (3%). Overall membership revenues were down 
4.7%. After a 5.7% drop in revenues in 2020, publications 
saw a modest gain of 0.2% in 2021. This was driven in part 
by MathSciNet® which saw a 1% growth in revenues from 
$12.8 million in 2020 to $12.94 million in 2021. Math-
SciNet continues to be the Society’s single largest source of 
revenue. Appropriated spendable income from the endow-
ments increased by 14.1% over 2020 and constituted 19% 
of AMS operating income in 2021. In total, gross revenues 
declined $319 thousand or 1% from the prior year.

Introduction
The Report of the Treasurer is presented in the Notices an-
nually. Its purpose is to discuss the financial condition of 
the Society as of the immediately preceding fiscal year-end 
and the results of its operations for that year. One of the key 
responsibilities of the Treasurer is to lead the Board of Trust-
ees in the oversight of financial activities of the Society. This 
is done through close contact with the executive staff of the 
Society, review of internal financial management reports, 
review of audited financial statements, and twice-yearly 
meetings with the Society’s independent auditors. Through 
these and other means, the Trustees gain an understanding 
of the finances and financial reporting of the Society.

Operating results for 2021 were generally positive, with 
net operating income of $2.07 million as compared to 
$1.75 million in 2020. Careful planning and cost control 
by AMS staff offset reduced revenues from meetings and 
dues, while revenues from publications increased modestly, 
and income allocated from the endowment increased by 
14%. Our endowment spending policy directs 4% of a 
four-year rolling average of assets toward operations, and 
these funds provide extra capacity as well as stability during 
difficult times. 

Investment results were also positive, with long-term 
investment holdings increasing by $29.7 million or 14.4% 
compared to year-end 2020. During 2020, the Investment 
Committee and the Board of Trustees moved the Society’s 
long-term portfolio to a more conservative, “all-weather” 
stance of roughly 60% in equities (including a small ex-
posure to international equities) and 40% in bonds. This 
move served us well in 2021, and we hope it will continue 
to do so as we enter what may be a period of high volatility 
and low expected returns.

Overall net AMS assets increased to $238 million in 2021 
from $211 million in 2020, an increase of 12.9%. During 
the last five years, AMS net assets have increased 69.9% 
which is a compound annual growth rate of almost 11.2%. 

Other financial metrics confirm that the AMS is in good 
financial health: its current ratio (ratio of current assets 
to liabilities) is 1.26, its ratio of debt-like obligations to 
assets is a very low 0.11%, and it has 211 days of cash on 
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The largest driver of net asset growth has come from the 
Society’s long-term investments portfolio. Indeed, the Soci-
ety’s net assets and the value of the long-term investments 
are closely correlated.

The AMS portfolio enjoyed a 14% return in 2021 and at 
year end, the AMS investments had increased from $206 
million the prior year to $235.7 million.

Overall, 2021 was a good year for US financial markets. 
The S&P 500 index had a total gain of 26.9% for the year. 
A broad index of US bonds was down about 5.5% for the 
year. Both equity and bond markets experienced dramati-
cally increased volatility in the first half of 2022, and one 
should be cautious about extrapolating results from 2021 
into the future.

Summary Financial Information
The following Statement of Financial Position, Statement 
of Activities, and Statement of Functional Expense are 
from the audited financial statements of the AMS, and the 
Statements of Invested Funds are from the internal financial 
records of the AMS. Any member may contact the AMS to 
request the full audited statements of the Society. As Trea-
surer I would be happy to answer any questions members 
may have regarding the financial affairs of the Society.

Respectfully submitted,
Douglas Ulmer

Treasurer of the AMS

Expenses were reduced in most categories, especially 
personnel, where a voluntary retirement plan and a reduc-
tion in retirement matching for the highest-paid employees 
contributed to a savings of $1.02M over 2020. Equipment 
rentals were down due to meetings being virtual, printing 
expenses were reduced by moving more operations in-
house, and travel by volunteers and officers was greatly 
reduced due to Covid-19. There were increased building 
expenses due to critical maintenance on the Providence 
building, and the increase in other expenses was mostly due 
to an accounting quirk: Since JMM 2022 produced a loss, 
several prepaid expenses for it that would normally have 
been recognized in 2022 had to be recognized in 2021. In 
total, expenses declined by $619 thousand or 2.2% from 
the prior year.

Net income (revenues less expenses) for 2021 was $2.2 
million. It is a testament to the skill and dedication of 
AMS staff that the Society continues to operate in the black 
during very difficult times. The following table shows that 
the AMS has had net income averaging about $2 million 
per year over the last five years:

Long-Term Investments and Net Assets
As of December 31st, 2021, the American Mathematical 
Society balance sheets show total assets of $260.7 million 
and total liabilities of $22.5 million for a net asset balance 
of $238.2 million. This represents a 12.9% increase over the 
prior year and a 69.9% total increase over the past 5 years.
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Cash 4,814,562$       

Certificates of deposit 250,000           

Short-term investments 12,161,140       

Accounts receivable, net of allowance of $41,580 694,297           

Contributions receivable, net 155,930           

Completed books 1,558,938        

Deferred prepublication costs 434,816           

Prepaid expenses and deposits 709,872           

Long-term investments 235,701,710     

Land, buildings and equipment, net 3,387,483        

Intangible assets, net 860,491           

TOTAL ASSETS 260,729,239$   

Accounts payable and accrued expenses 5,874,112$       

Deferred revenue 10,677,673       

Post retirement benefit obligation 5,931,503        

Total liabilities 22,483,288       

Commitments and contingencies (Notes 6, 10, and 11)

Net assets:

Without donor restrictions:

Undesignated 10,269,246       

Designated (Note 7) 194,765,697     

Total without donor restrictions 205,034,943     

With donor restrictions (Note 8) 33,211,008       

Total net assets 238,245,951     

TOTAL LIABILITIES AND NET ASSETS 260,729,239$   

ASSETS

LIABILITIES AND NET ASSETS

AMERICAN MATHEMATICAL SOCIETY

STATEMENT OF FINANCIAL POSITION

FOR THE YEAR ENDED DECEMBER 31, 2021

See accompanying notes to financial statements.
3
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Changes in net assets without donor restrictions:

Operating revenue:

Mathematical reviews 13,371,225$     

Journals 4,903,642        

Books 4,284,750        

Dues, services, and outreach 3,241,047        

Investment returns:

     Appropriated for spending 4,430,000        

     Short-term investments 83,071             

Other publications-related revenue 133,473           

Grants, prizes and awards 871,243           

Meetings 764,237           

Contributions 360,089           

Other 411,224           

Total operating revenue 32,854,001       

Operating expenses:

Program 27,144,745       

Management and general 3,043,706        

Fundraising 592,377           

Total operating expenses 30,780,828       

Increase in net assets from operations 2,073,173        

Nonoperating revenues (expenses):

Release of board designated funds (187,699)          

Investment return on long-term investments, net 25,668,882       

Investment return appropriated for current operations (4,430,000)       

Postretirement benefit-related changes other 

than net periodic cost 287,956           

Total nonoperating revenue 21,339,139       

Change in net asset without donor restrictions 23,412,312       

AMERICAN MATHEMATICAL SOCIETY

STATEMENT OF ACTIVITIES

FOR THE YEAR ENDED DECEMBER 31, 2021

See accompanying notes to financial statements.
4
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Changes in net assets with donor restrictions:

Contributions 1,383,302$       

Investment returns 3,732,108        

Net assets released from restrictions (1,281,628)       

Change in net assets with donor restrictions 3,833,782        

Change in net assets 27,246,094       

Net assets - beginning 210,999,857     

NET ASSETS - ENDING 238,245,951$   

FOR THE YEAR ENDED DECEMBER 31, 2021

AMERICAN MATHEMATICAL SOCIETY

STATEMENT OF ACTIVITIES (CONTINUED)

See accompanying notes to financial statements.
5

Program 
Services

Management 
and General Fundraising

Total 
Expenses

Grants and awards 698,297$         -$                 -$                 698,297$         

Salaries and wages 13,967,478       1,677,360        369,984           16,014,822       

Employee benefits 3,521,200        416,760           88,951             4,026,911        

Payroll taxes 938,451           128,932           26,311             1,093,694        

Professional fees 15,044             88,554             4,929               108,527           

Office expense 330,075           3,886               237                  334,198           

Printing and publications 2,346,943        8,385               49,328             2,404,656        

Occupancy 545,002           48,531             2,332               595,865           

Royalties 430,085           -                  -                  430,085           

Travel and conferences 666,087           52,860             6,046               724,993           

Depreciation and amortization 822,811           201,155           3,458               1,027,424        

Service contracts - computers and equipment 504,332           38,094             1,831               544,257           

Outside services 1,954,842        160,655           18,939             2,134,436        

Insurance 169,641           23,015             1,106               193,762           

Promotion and advertising 69,367             141                  3,597               73,105             

Miscellaneous 165,090           195,378           15,328             375,796           

Total expenses 27,144,745$     3,043,706$       592,377$         30,780,828$     

AMERICAN MATHEMATICAL SOCIETY

STATEMENT OF FUNCTIONAL EXPENSES

FOR THE YEAR ENDED DECEMBER 31, 2021

Supporting Services

See accompanying notes to financial statements.
6
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AMS Centennial Research 
Fellowship Program
The AMS Centennial Research Fellowship Program makes 
awards annually to outstanding mathematicians to help 
further their careers in research. One fellowship in the 
amount of $50,000 will be awarded for the 2023–2024 
academic year.

About this Fellowship
The eligibility rules are as follows: The primary selection 
criterion for the Centennial Fellowship is the excellence of 
the candidate’s research. Preference will be given to candi-
dates who have not had extensive fellowship support in the 
past. Recipients may not hold the Centennial Fellowship 
concurrently with another research fellowship such as a 
Sloan or NSF Postdoctoral fellowship. Under normal cir-
cumstances, the fellowship cannot be deferred. A recipient 
of the fellowship shall have held his or her doctoral degree 
for at least three years and not more than twelve years at the 
inception of the award (that is, must be received between 
September 1, 2011, and September 1, 2020). Applications 
will be accepted from those currently holding a tenured, 
tenure track, postdoctoral, or comparable (at the discretion 
of the selection committee) position at an institution in 
North America. Applications should include a cogent plan 
indicating how the fellowship will be used. The plan should 
include travel to at least one other institution and should 
demonstrate that the fellowship will be used for more than 
reduction of teaching at the candidate’s home institution. 
The selection committee will consider the plan, in addition 
to the quality of the candidate’s research, and will try to 
award the fellowship to those for whom the award would 
make a real difference in the development of their research 
careers. Work in all areas of mathematics, including inter-
disciplinary work, is eligible.

Application Period
Applications will be collected via MathPrograms.org Sep-
tember 1, 2022–December 1, 2022. All applicants will be 

AMS Prizes & Awards
AMS Claytor-Gilmer 
Fellowship
The AMS established the Claytor-Gilmer Fellowship to 
further excellence in mathematics research and to help 
generate wider and sustained participation by Black math-
ematicians. One fellowship in the amount of $50,000 will 
be awarded for the 2023–2024 academic year.

About this Fellowship
Awardees may use the fellowship in any way that most effec-
tively enables their research --for instance, for release time, 
participation in special research programs, travel support, 
childcare, etc. The award is issued through the recipient’s 
institution, and no part of it may be utilized for indirect 
costs. Given the aims of the fellowship, the most likely 
awardee will be a mid-career Black mathematician based 
at a US institution whose achievements demonstrate sig-
nificant potential for further contributions to mathematics.

Application Period
Applications will be collected via MathPrograms.org Sep-
tember 1, 2022–December 1, 2022. All applicants will be 
notified in February 2023 whether or not they have been 
chosen to receive the fellowship.

Find more application information at https://www 
.ams.org/claytor-gilmer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof 
-serv@ams.org; 401-455-4189.

https://www.ams.org/claytor-gilmer
https://www.ams.org/claytor-gilmer
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a mid-career woman, based at a US academic institution, 
with a well-established research record in a core area of 
mathematics. The fellowship will be directed toward those 
for whom the award will make a real difference in the de-
velopment of their research career. Candidates must have a 
carefully thought-through research plan for the fellowship 
period. Special circumstances (such as time taken off for 
care of children or other family members) may be taken 
into consideration in making the award. The fellowship 
can be used to provide additional time for research of the 
awardee, or opportunities to work with collaborators. This 
may include, but is not limited to, course buy-outs, travel 
money, childcare support, or support to attend special 
research programs.

Application Period
Applications will be collected via MathPrograms.org Sep-
tember 1, 2022–December 1, 2022. All applicants will be 
notified in February 2023 whether or not they have been 
chosen to receive the fellowship.

Find more application information at https://www 
.ams.org/Birman-fellow. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof 
-serv@ams.org; 401-455-4189.

notified in February 2023 whether or not they have been 
chosen to receive the fellowship.

Find more application information at https://www 
.ams.org/emp-centflyer. For questions, contact the 
Programs Department, American Mathematical Society, 
201 Charles Street, Providence, RI 02904-2294; prof-serv 
@ams.org; 401-455-4189.

Joan and Joseph Birman 
Fellowship for 
Women Scholars
The Joan and Joseph Birman Fellowship for Women Schol-
ars is a mid-career research fellowship specially designed to 
fit the unique needs of women. This fellowship program 
is made possible by a generous gift from Joan and Joseph 
Birman. One fellowship in the amount of $50,000 will be 
awarded for the 2023–2024 academic year.

About this Fellowship
The fellowship seeks to address the paucity of women at 
the highest levels of research in mathematics by giving 
exceptionally talented women extra research support 
during their mid-career years. The most likely awardee is 
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To provide the mathematical community with information on the participation of women in its activities in the aca-
demic professional arena, the AMS collects data and aggregates it in annual reports detailing counts and percentages 
of women who are AMS members, Society leaders, speakers at AMS meetings, members of AMS editorial committees, 
and new PhD recipients. The AMS Secretary’s Office, Meetings Department, Membership Department, and Programs 
Department are the sources of this data, and the results for 2021 are listed in the tables below. This ingathering of in-
formation is part of AMS’s efforts to provide more comprehensive information about the demographic characteristics 
in the mathematical community and in AMS activities.

In 1985, the Council of the AMS initiated this reporting on women mathematicians in the categories of membership, 
invited hour addresses at AMS meetings, speakers at Special Sessions of AMS meetings, and editorial boards for AMS 
journals. The current report is the thirty-sixth annual installment to appear in Notices. In 2018, the Council broadened 
the mandate to include demographic characteristics, which include the categories gender, race, and ethnicity. Thus, 
information here is reported according to gender categories (men, women, nonbinary), and as AMS makes progress 
in collecting analogous data in the other demographic categories, this report will evolve to include those attributes of 
mathematicians and their participation in AMS activities.

Participation in the AMS (2017–2021)*

2021 2020 2019 2018 2017

Members of the AMS Residing in the US 17,818 23,464 25,671 24,238 23,959

Men 6,318 (35%) 9,944 (42%) 7,183 (30%) 7,879 (33%) 8,591 (36%)

Women 1,169 (7%) 1,456 (6%) 1,346 (6%) 1,536 (6%) 1,694 (7%)

Non-binary 18 (0%) 3 (<1%) - - -

Decline to answer 70 (0%) 7 (<1%) - - -

Unknown/not provided 10,243 (77%) 12,054 (51%) 15,142 (46%) 14,823 (61%) 13,674 (57%)

Trustees and Council Members 39 42 45 41 42

Men 18 (46%) 22 (52%) 24 (53%) 24 (59%) 26 (62%)

Women 18 (46%) 19 (45%) 21 (47%) 17 (41%) 16 (38%)

Decline to answer 2 (5%) 1 (2%) - - -

Unknown/not provided 1 (3%) - - - -

*For reporting purposes, only demographics categories in which individuals have identified are visible in this table.
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2021 2020 2019 2018 2017

Members of AMS Editorial Committees 251 255 223 222 222

Men 148 (59%) 157 (62%) 146 (66%) 160 (72%) 176 (76%)

Women 78 (31%) 77 (30%) 72 (32%) 62 (28%) 46 (21%)

Non-binary 1 (0%) - - - -

Decline to answer 3 (1%) - - - -

Unknown/not provided 21 (8%) 21 (8%) 5 (2%) - -

Invited Address Speakers at AMS Meetings 23 19 41 46 45

Men 15 (65%) 9 (47%) 29 (71%) 27 (59%) 27 (60%)

Women 8 (35%) 10 (53%) 11 (27%) 19 (41%) 18 (40%)

Non-binary - - 1 (2%) - -

Speakers at Special Sessions 2,943 4,201 4,602 4,441 4,069

Men 1,574 (53%) 2,429 (58%) 2,805 (61%) 2,757 (62%) 2,621 (64%)

Women 845 (29%) 1,097 (26%) 1,118 (24%) 1,034 (23%) 902 (22%)

Non-binary 10 (0%) - - - -

Decline to answer 63 (2%) 1 (0%) - - -

Unknown/not provided 451 (15%) 674 (16%) 679 (15%) 650 (15%) 546 (13%)

Comparison of Speaker Gender in AMS Special Sessions with 

and without Women Organizers (2020)

Special Sessions with at Least One Woman Organizer 1,129 1,547 1,608 1,770 1,887

Men 561 (50%) 833 (54%) 920 (57%) 1,019 (58%) 1,150 (61%)

Women 408 (36%) 483 (31%) 489 (30%) 527 (30%) 509 (27%)

Unknown/not provided 148 (14%) 231 (15%) 199 (13%) 224 (13%) 228 (12%)

Special Sessions with No Women Organizers 1,814 1,619 2,159 2,671 2,182

Men 1,013 (56%) 1,003 (62%) 1,357 (63%) 1,738 (66%) 1,471 (67%)

Women 437 (24%) 358 (22%) 475 (22%) 507 (19%) 393 (18%)

Non-binary 7 (0%) - - - -

Decline to answer 51 (3%) 1 (0%) - - -

Unknown/not provided 306 (17%) 257 (16%) 327 (15%) 426 (16%) 318 (15%)

Doctorates in Mathematical and Statistical Sciences granted 

to US Citizens 688** 789 802 935 957

Men 472 (67%) 520 (72%) 570 (71%) 699 (75%) 684 (71%)

Women 186 (27%) 221 (28%) 226 (29%) 236 (25%) 269 (28%)

Non-binary - 4 (<1%) 3 (<1%) - 4 (<1%)

Unknown/not provided 30 (4%) 5 (<1%) 3 (<1%) - -

**Counts as of June 30, 2022.



La Matematica (LaMa)seeks to publish a variety of article types in
all fi elds of mathematics: pure, applied, and
computational. We will include work on a
wide spectrum of topics, ranging frommathematics education and the history of 
mathematics to mathematically-grounded 
work in data science, computer science,
and statistics. Occasionally we will alsopublish special thematic issues.•   Publication of high-quality research     from a broad range of the     mathematical sciences•   Self-contained articles accessible     to mathematicians outside the fi eld•   Double-anonymous review process•   Constructive reviews•   Quick reviewer turn-around time
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by Daniela De Silva and Ovidiu Savin
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by Xinyue Yu and Chi-Wang Shu

• Even Values of Ramanujan’s Tau-Function
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Biographical Sketch: Hugo Duminil-Copin
Hugo Duminil-Copin is professor at the University of Ge-
neva and permanent professor at the Institut des Hautes 
Etudes Scientifiques (IHES). From 2008 to 2012, he did 
his doctoral work at the University of Geneva under the 
direction of Stanislav Smirnov and continued at Geneva for 
his postdoctoral work. In 2013 he was appointed assistant 
professor at Geneva and became full professor in 2014. His 
many honors include the following: the Vacheron–Con-
stantin Prize (2012); the Rollo Davidson Prize (joint with 
V. Beffara; 2012); the Oberwolfach Prize (2013); the Cours 
Peccot du Collège de France (2015); the Early Career Award 
of the International Association of Mathematical Physics 
(2015); the Prize of the European Mathematical Society 
(2016); the New Horizons Prize in Mathematics (2017); the 
Grand Prix Jacques Herbrand de l’Académie des Sciences 
(2017); the Loève Prize (2017); and the Dobrushin Prize of 
the Russian Academy of Sciences (2019). He was an invited 
speaker at the International Congress of Mathematicians 
in Rio de Janeiro, Brazil (2018). He is a member of the 
Academia Europaea.

The Work of June Huh
June Huh is awarded the Fields 
Medal 2022 for bringing the 
ideas of Hodge theory to com-
binatorics, the proof of the 
Dowling–Wilson conjecture 
for geometric lattices, the proof 
of the Heron–Rota–Welsh 
conjecture for matroids, the 
development of the theory of 
Lorentzian polynomials, and 
the proof of the strong Mason 
conjecture.

Using methods of Hodge 
theory, tropical geometry, and 
singularity theory, Huh, with 

The Work of Hugo Duminil-Copin
Hugo Duminil-Copin  is 
awarded the Fields Medal 2022 
for solving long-standing prob-
lems in the probabilistic theory 
of phase transitions in statis-
tical physics, especially in di-
mensions three and four. 

Hugo Duminil-Copin has 
transformed the mathematical 
theory of phase transitions in 
statistical physics and solved 
several long-standing open 
problems, in particular in the 

dimensions three and four as well as in the non-integrable 
cases in dimension two. His work has opened up several 
new research directions. Here we describe only a few of his 
many results in this field.

The most striking results of Duminil-Copin are for 
Ising-type models in dimensions three and four. Together 
with collaborators, he has established the continuity and 
sharpness of the phase transition in dimension three, 
problems open since the 80s. In dimension four, together 
with Aizenman, he has proved mean field critical behavior 
of the Ising model and, remarkably, the triviality of the 
four-dimensional Euclidean scalar quantum field theory, 
an open conjecture in physics since the 70s.

Likewise, in two-dimensional dependent Fortuin– 
Kasteleyn (FK) percolation, Duminil-Copin and collab-
orators have proven continuity or discontinuity of the 
transition for all parameter values and universality in the 
critical FK model on isoradial graphs. Furthermore, by 
proving rotational invariance at large scale for the critical 
FK models, he has taken an important step toward estab-
lishing their large-scale conformal invariance, which in turn 
would provide the missing ingredient for connecting them 
rigorously to the world of 2D conformal field theories.

2022 Fields Medals Awarded

June Huh

Hugo Duminil-Copin

The recipients of the 2022 Fields Medals have been announced at the International Congress of Mathematicians (ICM). 
They are Hugo Duminil-Copin, June Huh, James Maynard, and Maryna Viazovska. Following are the official prize 
citations issued by the International Mathematical Union (IMU) and biographical information about the recipients.
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The Work of James Maynard
James Maynard is awarded the 
Fields Medal 2022 for contri-
butions to analytic number 
theory, which have led to major 
advances in the understand-
ing of the structure of prime 
numbers and in Diophantine 
approximation. Maynard made 
spectacular contributions in an-
alytic number theory. His work 
is highly ingenious, often lead-
ing to surprising breakthroughs 
on important problems that 
seemed to be inaccessible by 
current techniques.

Some of the most famous questions in number the-
ory regard the distribution of prime numbers. While the 
large-scale distribution of prime numbers is governed 
by the Prime Number Theorem (and more precisely, but 
conjecturally, by the Riemann Hypothesis), many natural 
problems deal with short (or sparse) scales. Maynard has 
obtained many remarkable results in this direction. For 
instance, while the sequence of prime numbers generally 
becomes increasingly sparse, he showed that there are 
infinitely many “prime clusters,” of any fixed size m, each 
contained in a bounded interval (the bound necessarily 
depending on m). This is a marked improvement on the 
famous result of Zhang, which established the case m = 2, 
which had been obtained a few months before. Maynard’s 
method, at once elegant and powerful, pushed the bound-
aries of sieve theory in a particularly surprising way. In a 
seemingly opposite direction, Maynard went on to show 
that sometimes primes are much more sparse than aver-
age, a well-known Erdős problem on which no qualitative 
progress had been made for decades.

Maynard has also produced fundamental work in 
Diophantine approximation, having solved the Duffin– 
Schaeffer conjecture with Koukoulopoulos. This conjecture, 
posed in 1941, can be thought of as the ultimate general-
ization of Khintchine‘s Theorem, describing how well a 
typical real number can be approximated by rational ones.

Biographical Sketch of James Maynard
James Maynard is a professor of number theory at the Uni-
versity of Oxford. He received his DPhil in mathematics 
from Balliol College, Oxford University, in 2013. He was 
a CRM-ISM Postdoctoral Fellow at the University of Mon-
treal from 2013 to 2014. In 2015 he was awarded a Clay 
Research Fellowship. In 2017 he was a research member 
of the Mathematical Sciences Research Institute (MSRI) in 
Berkeley, California, and then a member of the Institute 
for Advanced Study at Princeton. He joined the University 
of Oxford as professor in 2018. His honors include the 

his collaborators, has transformed the field of geomet-
ric combinatorics. Huh and Botong Wang used tools 
of algebraic geometry and intersection theory to prove 
the Dowling–Wilson conjecture for realizable matroids. 
Karim Adiprasito, Huh, and Eric Katz discovered combi-
natorial analogues of Hodge theory and proved the hard 
Lefschetz theorem and the Hodge–Riemann relations for 
arbitrary matroids. They used these results to resolve the 
Heron–Rota–Welsh conjecture about the log-concavity of 
the characteristic polynomial of a matroid. Petter Brändén 
and Huh developed the theory of Lorentzian polynomials, 
connecting continuous and discrete convex analysis via 
tropical geometry. They proved the strong Mason conjecture 
for matroids and discovered applications in different areas 
of mathematics, from projective algebraic geometry to Potts 
models in statistical mechanics.

Biographical Sketch: June Huh
June Huh received his PhD in 2014 from the University of 
Michigan, advised by Mircea Mustaţă. He received a five-
year Clay Fellowship from the Clay Mathematics Institute 
(CMI) in 2014 and consequently spent the years 2014–2017 
as a visiting fellow at the Institute for Advanced Study (IAS) 
and Princeton University and the years 2017–2019 as vis-
iting professor at the IAS. In 2019–2020 he was Fernholz 
Visiting Professor at IAS and Princeton. He was professor at 
Stanford University from 2020 to 2021 and joined Prince-
ton as a full professor in 2021. His honors include the Wirt 
and Mary Cornwell Prize in Mathematics from the Uni-
versity of Michigan (2014); the Blavatnik Regional Award 
for Young Scientists of the New York Academy of Sciences 
(2017); a New Horizons in Mathematics Prize (2019); the 
Ho-Am Prize in Science (2021); and a Simons Investigator 
Award (2021). He has delivered many invited talks and 
addresses, among them the Andrzej Jankowski Memorial 
Lecture (Gdańsk University, 2018), the Simons Lectures in 
Mathematics (Massachusetts Institute of Technology, 2019), 
the Simon Marais Lectures (University of Sydney, 2019), the 
Abraham Robinson Memorial Lectures (Yale University, 
2020), and the Göran Gustafsson Lectures in Mathematics 
(Institut Mittag-Leffler, 2022). He gave an invited address at 
the AMS Meeting at the Ohio State University (2018) and 
also was an invited speaker at the International Congress of 
Mathematicians in Rio de Janeiro, Brazil, in 2018. He has 
been an editor for the  Journal of Combinatorial Theory, Series 
A, International Mathematics Research Notices, and the Duke 
Mathematical Journal, an Advisory Editor for Combinatorial 
Theory, and a member of the Advisory Board of Springer 
Graduate Texts in Mathematics.

James Maynard
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showed that any even Schwartz function can be written  
∑∞n=0 (an(x)f(√n)+ bn(x)f̂(√n)) for certain special functions 
an and bn.

With Cohn, Kumar, Miller, and Radchenko, she showed 
that the E8 and Leech lattice not only gave optimal sphere 
packings in dimensions eight and twenty-four, but that 
they minimize energy for every potential function that is a 
completely monotonic function of squared distance.

Biographical Sketch: Maryna Viazovska
Maryna Viazovska is a full professor at École Polytechnique 
Fédérale de Lausanne (EPFL) in Switzerland. She was born 
in Kiev, Ukraine, in 1984. She received her PhD in 2013 
from the University of Bonn under the supervision of Don 
Zagier and Werner Muller. She did postdoctoral work at the 
Berlin Mathematical School and the Humboldt University 
of Berlin; she was also a Minerva Distinguished Visitor at 
Princeton University. Her many honors include the Salem 
Prize (2016), a Clay Research Award (2017), the SASTRA Ra-
manujan Prize (2017), the European Prize in Combinator-
ics (2017), the New Horizons in Mathematics Prize (2018), 
the AMS Ruth Lyttle Satter Prize (2019), the Fermat Prize 
(2019), and the EMS Prize of the European Mathematical 
Society (2020). She is the second woman (after Maryam 
Mirzakhani) to receive the Fields Medal.

The 2022 ICM was held virtually. The prize ceremony 
and prize lectures took place in person in Helsinki, Finland. 
A future issue of the Notices will highlight the recipients of 
other awards given at the Congress.

—From IMU announcements

Credits
Photos of Hugo Duminil-Copin and Maryna Viazovska are 

courtesy of Matteo Fieni.
Photo of June Huh is courtesy of Lance Murphey.
Photo of James Maynard is courtesy of Ryan Cowan.

SASTRA Ramanujan Prize (2014), the Whitehead Prize of 
the London Mathematical Society (2015), the EMS Prize 
of the European Mathematical Society (2016), the Wolfson 
Merit Award of the Royal Society (2017), the Compositio 
Prize (2019), and the AMS Cole Prize in Number Theory 
(2020). Jointly with K. Ford, B. Green, S. Konyagin, and 
T. Tao, he received the Erdős US$10,000 Problem Prize in 
2016. He is managing editor of the Journal of the London 
Mathematical Society. He is active in outreach, authoring 
a number of popular press articles and being featured in 
multiple videos.

The Work of Maryna Viazovska
Maryna Viazovska is awarded 
the Fields Medal 2022 for 
the proof that the E8 lattice 
provides the densest packing 
of identical spheres in eight 
dimensions and further con-
tributions to related extremal 
problems and interpolation 
problems in Fourier analysis.

A very long-standing prob-
lem in mathematics is to find 
the densest way to pack iden-
tical spheres in a given dimen-
sion. It has been known for 

some time that the hexagonal packing of circles is the 
densest packing in two dimensions, while in 1998 Hales 
gave a computer-assisted proof of the Kepler conjecture that 
the faced centered cubic lattice packing gives the densest 
packing in three dimensions. The densest packing wasn‘t 
known in any other dimension until, in 2016, Viazovska 
proved that the E8 lattice gave the densest packing in eight 
dimensions and, very shortly afterwards, together with 
Cohn, Kumar, Miller, and Radchenko, proved that the Leech 
lattice gave the densest packing in twenty-four dimensions. 
Viazovska‘s approach built off work of Cohn and Elkies, 
who had used the Poisson summation formula to give 
upper bounds on the possible density of sphere packings in 
any dimension. Their work had suggested that in eight and 
twenty-four dimensions there might exist a radial Schwartz 
function with very special properties (for instance, it and its 
Fourier transform should vanish at the lengths of vectors 
in the respective lattice packings) which would give an 
upper bound equal to the lower bound coming from the 
known lattice packings. Viazovska invented a completely 
new method to produce such functions based on the theory 
of modular forms.

Viazovska has developed these ideas in other direc-
tions. With Radchenko, she proved the unexpected re-
sult that any even Schwartz function such that it and 
its Fourier transform vanish at the square root of every 
non-negative integer must be identically zero. In fact, they 

Maryna Viazovska
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Deaths of AMS Members 
Gabriel Mary Donahue, of Convent Station, New Jersey, 

died on September 24, 2021. Born on June 15, 1925, she 
was a member of the Society for 48 years.

Yehoram Gordon, of Israel, died on June 18, 2022. 
Born on July 2, 1940, he was a member of the Society for 
50 years.

Robert W. Heath, of Auburn, Alabama, died on Septem-
ber 19, 2021. Born on May 14, 1933, he was a member of 
the Society for 61 years.

Ivan Ivansic, of Croatia, died on June 7, 2020. Born on 
July 9, 1931, he was a member of the Society for 51 years.

Thomas Kappeler, of Switzerland, died on May 30, 2022. 
Born on February 12, 1953, he was a member of the Society 
for 26 years.

Herbert C. Lyon, of Fitchburg, Wisconsin, died on July 
22, 2022. Born on August 1, 1942, he was a member of the 
Society for 54 years.

Thomas L. Markham, of Columbia, South Carolina, died 
on December 20, 2021. Born on January 2, 1939, he was a 
member of the Society for 52 years.

Keith W. Powls, of Canada, died on January 29, 2022. 
Born on March 1, 1941, he was a member of the Society 
for 56 years.

Abe Shenitzer, of Roslindale, Massachusetts, died on 
June 6, 2022. Born on April 2, 1921, he was a member of 
the Society for 72 years.

Paul E. Vitalo, of Arlington, Massachusetts, died on 
February 12, 2022. Born on January 25, 1949, he was a 
member of the Society for 42 years.

New Dues Rates for 
AMS Membership
AMS governance has redesigned individual membership 
categories and dues rates to help make membership more 
accessible to a wider audience. These changes took effect 
on August 1, 2022, for 2023 memberships and beyond. If 
you've already purchased multi-year memberships, these 
changes won't affect you until it's time to renew in the 
future.

For students, we have set a lower rate that will not see in-
flationary increases. We have added a new category for non-
mathematicians (Friends of Math) and a third regular rate 
(Regular-Medium). We have also redesigned some catego-
ries, including Introductory and Regular-Low. Find further 
details at https://www.ams.org/news?news_id=7043.

—AMS Membership Department
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Wei Zhang of the Massachusetts 
Institute of Technology is a number 
theorist working on automorphic 
representations and arithmetic ge-
ometry. He studies special values 
of zeta and L-functions and their 
relation to periods and heights of 
algebraic cycles on moduli spaces 
over global fields. A focus of his re-
search is various high-dimensional 
generalizations of the Gross–Zagier 

formula. In particular, Zhang proposed the relative trace 
formula approach, which has led to many new deep ques-
tions relating the harmonic analysis on spaces with a group 
action over local fields to the arithmetic intersection theory 
on local Shimura varieties.

Chenyang Xu of Princeton University works in algebraic 
geometry, with an emphasis on understanding the struc-
ture of higher dimensional algebraic varieties. With his 
collaborators, Xu led the establishment of a rich algebraic 
K-stability theory for Fano varieties, crowned by the novel 
construction of projective K-moduli spaces parametrizing 
Fano varieties. The new algebraic method invented by Xu 
and his collaborators, largely built on the minimal model 
program in birational geometry, also provides a solution to 
the algebraic Yau–Tian–Donaldson conjecture for all Fano 
varieties and a radically new singularity theory.

Physics
Michael Levin of the University of 
Chicago does research that combines 
ideas from condensed matter physics, 
quantum information, and mathe-
matics with a focus on the theory of 
topological phases of matter. In one 
line of research, he has constructed 
exactly solvable lattice models that 
realize a general class of two-dimen-
sional strongly interacting topologi-
cal phases. These lattice models have 

become a useful theoretical tool for studying anyons. He 
has also introduced a way to probe topological phases using 
entanglement entropy, which has given rise to new numeri-
cal methods. Recently, Levin has made contributions to the 

2022 Simons 
Investigators Announced
The Simons Foundation has named the Simons Foundation 
Investigators for 2022. Following are the new investigators 
whose work involves the mathematical sciences.

Mathematics
Ivan Corwin of Columbia University 
works at the interface of probability 
and mathematical physics, with a 
particular interest in exactly solvable 
probabilistic models and stochastic 
partial differential equations. Much 
of his work has focused around the 
Kardar–Parisi–Zhang equation and 
its universality class. 

Nick Sheridan of the University of 
Edinburgh centers his work around 
Kontsevich’s homological mirror 
symmetry conjecture, which posits a 
deep relationship between symplec-
tic topology and algebraic geometry. 
Working mainly on the symplectic 
side, he has developed tools for prov-
ing the conjecture and applied them 
to prove the conjecture in a number 
of cases, most notably the quintic 
threefold. In cases in which the con-
jecture is established, Sheridan has 

given applications to enumerative geometry and symplectic 
topology. He tells the Notices: “I’m from Melbourne, Aus-
tralia, and I’m married to the Portuguese mathematician 
Ana Rita Pires. We have two daughters, Amália who is four, 
and Elisa who is one. I look forward to teaching them to 
surf—Amália caught her first wave recently!”

Ivan Corwin

Michael Levin

Wei Zhang

Nick Sheridan
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data required to learn or optimize? Can we make learning 
and estimation algorithms robust to outlying training data 
or settings where the test and training sets are dissimilar? 
Valiant tells the Notices: “I’m a keen surfer and am terrible 
at puzzles.”

The Simons Investigators Program provides a stable 
base of support for outstanding scientists, enabling them 
to undertake long-term study of fundamental questions.

—From a Simons Foundation announcement

Clay Research Awards 
Announced
The Clay Mathematics Institute (CMI) has awarded Clay 
Research Fellowships for 2022 to the following three young 
researchers.

John Pardon of Princeton Uni-
versity was selected “in recognition 
of his wide-ranging and transfor-
mative work in geometry and topol-
ogy, particularly his groundbreaking 
achievements in symplectic topol-
ogy.” According to the prize citation, 
“Pardon’s work displays a remarkable 
clarity of vision, sustained through 
extensive projects in which he devel-
ops conceptually sophisticated the-

ories that cast long-standing problems into settings where 
they become tractable. His novel treatment of the theory 
of moduli spaces of pseudo-holomorphic curves, leading 
to an elegant construction of virtual fundamental cycles 
and chains, provides a compelling example. In a series of 
papers, Ganatra, Pardon, and Shende developed a powerful 
and subtle descent theory for Fukaya categories, crafted to 
facilitate diverse applications. This theory has already led 
to significant advances in representation theory and mirror 
symmetry, as well as symplectic topology.”

Søren Galatius of the Univer-
sity of Copenhagen and Oscar Ran-
dal-Williams of the University of 
Cambridge were honored “for their 
profound contributions to the un-
derstanding of high-dimensional 
manifolds and their diffeomorphism 
groups; they have transformed and 
reinvigorated the subject.” The prize 
citation goes on: “In a celebrated 
trilogy of papers on moduli spaces 
of high-dimensional manifolds, 

they established homology stability for diffeomorphism 
groups of manifolds in even dimensions 2n > 4, where the  

theory of the bulk-boundary correspondence for topolog-
ical matter, both in equilibrium and in periodically driven 
systems. Levin tells the Notices that he has three children 
and enjoys hiking in his spare time.

Theoretical Computer Science
Shayan Oveis Gharan of the Uni-
versity of Washington does research 
that exploits deep tools from math-
ematics, such as the theory of real 
stable and log-concave polynomi-
als, spectral graph theory, and high- 
dimensional simplicial complexes 
to design and analyze algorithms for 
discrete objects. He is known for his 
results on improved approximation 
algorithms for classical optimization 

problems such as traveling salesperson problems, as well 
as his analysis of the mixing time of Markov chains to effi-
ciently sample from complex probability distributions such 
as the uniform distribution over the bases of a matroid. 
When not working, he enjoys hiking and cooking.

Shachar Lovett of the Univer-
sity of California, San Diego, works 
broadly in theoretical computer sci-
ence and related mathematics. He 
focuses on the study of structure and 
randomness, and how they are piv-
otal to our understanding of efficient 
computation. One facet of Lovett’s 
work is discovering the mathemati-
cal structures that underlie efficient 
computation, such as combinatorial 

structure in complexity theory, geometric structure in ma-
chine learning, and algebraic structure in coding theory. 
Another facet is understanding the power of randomness 
in computation. Structure and randomness can be seen 
as complementary, and Lovett’s work aims to identify the 
fracture lines between structure and randomness, toward a 
better understanding of computation. Lovett and his wife 
have three children and a dog. He enjoys martial arts and 
watching British murder mysteries with his daughter.

Gregory Valiant of Stanford Uni-
versity works at the intersection of al-
gorithms, information theory, learn-
ing, and statistics to understand how 
to extract as much information as 
possible from data in various funda-
mental settings. What information 
can be inferred if the amount of data 
is sublinear in the support size or 
dimensionality of the distribution in 
question? How do restrictions on the 

amount of available memory affect the time or amount of 

Shayan Oveis Gharan

Shachar Lovett

Gregory Valiant

John Pardon

Oscar 
Randal-Williams
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Antti Kupiainen of the University 
of Helsinki, Rémi Rhodes of Uni-
versité Aix-Marseille, and Vincent 
Vargas of Ecole Normale Superieure 
were awarded the 2022 George Pólya 
Prize in Mathematics for a rigorous 
justification of the DOZZ (Dorn- 
Otto-Zamolodchikov-Zamolodchi-
kov) formula for three-point struc-
ture constants in Liouville conformal 
field theory. Kupiainen received his 
PhD from Princeton University in 
1979. He spent a postdoctoral year 
at Harvard University (1979–1980), 
did research at the University of 
Helsinki, then became professor of 
mathematics at Rutgers University 
(1989) and the University of Helsinki 
(1991). He has held a number of 
visiting professor and visiting scholar 
positions. He was an invited speaker 
at the International Congresses of 
Mathematicians in Kyoto (1990) and 
Hyderabad (2010). He was president 
of the International Association of 
Mathematical Physics from 2012 to 
2014. Rhodes received his PhD in 
2006 from the University of Provence 
and his Habilitation in 2012 from 
the University of Paris-Dauphine. He 
was professor at Université Paris-Est 
Créteil, Val de Marne, from 2014 to 

2018, when he joined the University of Aix-Marseille. He 
was awarded the Bernoulli Prize of the Bernoulli Society in 
2018. He tells the Notices that his main interests have always 
been mathematics and sports; he owns a motorbike; and 
his father educated him in the art of wine tasting. Vargas 
received his PhD in probability and statistical physics from 
Pierre and Marie Curie University in 2006. He worked as a 
consultant in the financial industry as well as in academia. 
He held positions at the Centre National de la Recherche 
Scientifique (CNRS) between 2007 and 2021, when he 
joined the University of Geneva. He was awarded the Prix 
Marc Yor of the Académie des Sciences in 2019. The Pólya 
Prize in Mathematics is awarded every four years and carries 
a cash award of US$10,000.

stabilization is performed by taking connected sums with an 
increasing number of copies of the product of two n-dimen-
sional spheres. They explained how to compute the limiting 
homology in terms of a specific spectrum, and beyond their 
explicit results they developed an array of ideas that have 
stimulated waves of subsequent advances in the field. In a 
later series of papers with Alexander Kupers, Galatius and 
Randal-Williams pioneered an entirely new approach to 
homological stability results, developing the sophisticated 
and powerful theory of cellular Ek algebras. They proved the 
worth of their theory by settling long-standing conjectures 
in K-theory, by improving Quillen’s stability results for the 
homology of general linear groups over finite fields, and 
by establishing the first general results for the homology of 
mapping class groups of surfaces outside the stable range.”

The CMI presents the Clay Research Award annually to 
recognize major breakthroughs in mathematical research.

—CMI announcement

SIAM Prizes Awarded
The Society for Industrial and Applied Mathematics (SIAM) 
has awarded a number of prizes for 2022 to the following 
mathematical scientists.

Enrique Zuazua of Friedrich-Al-
exander-Universität (FAU) Erlan-
gen-Nürnberg was awarded the 2022 
W. T. and Idalia Reid Prize for his 
“fundamental theoretical and com-
putational contributions to the con-
trol, numerics and analysis of nonlin-
ear PDEs and multiphysical systems 
with impactful scientific and indus-
trial applications.” Zuazua holds 
a dual PhD from the University of 

the Basque Country (1987) and the Université de Pierre 
et Marie Curie (1988). He was associate professor at the 
University of the Basque Country before becoming an asso-
ciate professor in mathematical analysis at the Universidad 
Autónoma de Madrid (UAM). He holds the Alexander von 
Humboldt Professorship at FAU, is a professor of applied 
mathematics at UAM, and also holds a position at the 
Deusto Foundation in Bilbao, Basque Country, Spain. He 
tells the Notices: “I was born in Basque Country in a heavily 
industrialized town, but I spent my summers by the sea, in 
Lekeitio, a fisher village. The main spoken language there 
was, and still is nowadays, to a lesser extent, my mother 
tongue, Basque. There I could observe the strength and 
complex patterns that sea waves may develop.” He enjoys 
learning German, biking, and sharing the values of his 
institution, FAU: “innovation, diversity, and passion.” The 
Reid Prize carries a cash award of US$10,000.

Enrique Zuazua

Antti Kupiainen

Rémi Rhodes

Vincent Vargas
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Michael J. Ward of the University 
of British Columbia was named the 
2022 Julian Cole Lecturer “for his 
seminal and wide-ranging contri-
butions to the development and 
application of singular perturbation 
methods effective in the analysis of 
spatially localized structures in non-
linear PDEs.” He received his PhD in 
1988 from the California Institute of 
Technology. He has held positions at 

the IBM Thomas J. Watson Research Laboratory and Stan-
ford University and was a visiting member at the Courant 
Institute of Mathematical Sciences, working under Peter 
Lax, before joining the faculty at British Columbia. He was 
a corecipient (with Nigel Higson) of the André Aisenstadt 
Prize of the Centre de Recherches Mathematiques (CRM) 
in 1995. He was awarded the Coxeter–James Prize of the 
Canadian Mathematical Society in 1998 and the Canadian 
Applied and Industrial Mathematics Society (CAIMS) Se-
nior Research Prize in 2011. He enjoys adventure traveling 
with his family to explore off-the-beaten-path locations and 
to learn about other cultures. He likes reading both fiction 
and nonfiction, and he wishes he had invented Wordle.

Matthew J. Colbrook of the Uni-
versity of Cambridge received the 
2022 Richard C. DiPrima Prize “for 
the high quality and mathematical 
innovation of his PhD dissertation 
on the computation of spectra in 
infinite dimensions.” Colbrook re-
ceived his PhD in 2020 from the 
University of Cambridge. He became 
a junior research fellow at Trinity 
College in 2020 and  spent the aca-
demic year 2021–2022 at the Centre 

Sciences des Données of Ecole Normale Supérieure before 
joining the University of Cambridge as an assistant profes-
sor. He received a Cecil King Travel Scholarship from the 
London Mathematical Society in 2020. In 2021 he received 
the Lighthill–Thwaites Prize of the Institute of Mathematics 
and Its Applications (IMA) for his paper, “Diagonalising 
the infinite: How to compute spectra with error control.” 
He tells the Notices: “I play drums (mainly jazz and funk) 
in various bands. I have an interest in European medieval 
history.”

James Crowley of SIAM was honored with the 2022 
SIAM Prize for Distinguished Service to the Profession “in 
recognition of his extraordinary dedication to promoting 
applied mathematics through his work with SIAM, AAAS, 
and ICIAM.” Crowley received an MS from Virginia Tech 
in 1972, and until 1977 he worked as a mathematician for 
the US Air Force. He became an associate professor at the 
US Air Force Academy in 1977. In 1981 he earned his PhD 

Kristin Lauter of Meta AI Research 
and the University of Washington 
was named the 2022 I. E. Block Com-
munity Lecturer. She presented a 
lecture on “Artificial Intelligence and 
Cryptography: Privacy and Security 
in the AI Era” at the SIAM Annual 
Meeting in July 2022. Her research 
focuses on private AI, homomorphic 
encryption, and post-quantum cryp-
tography. Lauter received her PhD 

in mathematics from the University of Chicago in 1996. 
From 1996 to 1999 she was an assistant professor at the 
University of Michigan. She worked as principal researcher 
and partner research manager of cryptography and privacy 
research at Microsoft Research for twenty-two years. She is 
a Fellow of the AMS, as well as of SIAM, the Association for 
Women in Mathematics (AWM), and the American Associa-
tion for the Advancement of Science (AAAS). She is a former 
president of AWM, founder of Women in Numbers (WIN), 
and a recipient of the Selfridge Prize in Computational 
Number Theory (2008). Lauter has identical twin daugh-
ters who are both studying for PhDs in computer science. 
She enjoys soccer, sailing, and biking with her husband in 
her (scant) free time. She plays the viola and is learning to 
fiddle. The Block Lecture is intended to encourage public 
appreciation of the excitement and vitality of science

Leah Keshet of the University of 
British Columbia was honored with 
the 2022 John von Neumann Prize 
“in recognition of her far-reaching 
contributions to mathematical biol-
ogy. Her work on cellular biophysics 
as well as collective behavior of or-
ganisms has had enormous impact 
in deciphering biological processes. 
In addition, her book Mathematical 
Models in Biology is a classic that 

has been used by students worldwide and, in no small 
part, laid the foundation for interdisciplinary research in 
mathematics and life sciences that is flourishing today.” 
Keshet received her PhD in applied mathematics from the 
Weizmann Institute of Science in 1982 under Lee Segel. 
She held positions at Brown University and Duke Univer-
sity before joining the faculty at British Columbia. She is 
a recipient of the Krieger–Nelson Prize of the Canadian 
Mathematical Society (2003) and is a Fellow of SIAM. She 
and her husband have two sons who are software engineers, 
and they recently became grandparents. Her hobbies in-
clude gardening and audiobooks.

Kristin Lauter

Leah Keshet

Michael J. Ward
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Prizes of the London 
Mathematical Society
The London Mathematical Society (LMS) has awarded 
prizes to the following mathematical scientists in 2022.

Sir John Ball, FRS, of Heriot-Watt University and the 
University of Oxford was awarded the De Morgan Medal 
for his multifaceted and deep contributions to mathemat-
ical research and the mathematical community over many 
years.

John Greenlees of the University of Warwick and 
Brooke Shipley of the University of Illinois at Chicago 
were awarded the Senior Berwick Prize for their paper “An 
algebraic model for rational torus-equivariant spectra,” 
published in the Journal of Topology in 2018.

Andrew Lobb of Durham University was awarded the 
Shephard Prize in recognition of his remarkable paper 
“The rectangular peg problem,” published in the Annals 
of Mathematics.

Richard Thomas of Imperial College London received 
the Fröhlich Prize for his extraordinary mastery and vision 
in creating and developing what has become known as the 
Donaldson–Thomas theory.

Asma Hassannezhad of the University of Bristol was 
awarded an Anne Bennett Prize for her outstanding work in 
spectral geometry and her substantial contributions toward 
the advancement of women in mathematics.

Jessica Fintzen of the University of Cambridge, Duke 
University, and Universität Bonn received a Whitehead 
Prize for her groundbreaking work in representation theory, 
in particular as it relates to number theory via the (local) 
Langlands program.

Ian Griffiths of Oxford University was awarded a White-
head Prize for his many contributions and insights to a 
wide range of challenging questions in applied and indus-
trial mathematics, which he has achieved using a combi-
nation of asymptotic analysis and numerical simulations, 
supplemented by outstanding physical understanding.

Dawid Kielak of the University of Oxford received a 
Whitehead Prize for his striking, original, and fundamental 
contributions to the fields of geometric group theory and 
low-dimensional topology, and in particular for his work 
on automorphism groups of discrete groups and fibrings 
of manifolds and groups.

Chunyi Li of the University of Warwick was awarded a 
Whitehead Prize for his deep contributions to a wide range 
of questions in algebraic geometry, in particular in the the-
ory of stability conditions and moduli spaces.

Tadahiro Oh of the University of Edinburgh was 
awarded a Whitehead Prize for his contributions to the the-
ory of dispersive PDEs, in particular to the understanding 
of their interaction with random data.

from Brown University. He continued his work for the Air 
Force until 1990. From 1992 to 1994, he was a program 
manager at the Defense Advanced Research Projects Agency 
(DARPA), then joined SIAM as its executive director. He was 
elected a Fellow of the AMS in 2012. 

—From SIAM announcements

Kirwan Awarded 
Sylvester Medal

Frances Kirwan of the University 
of Oxford has been awarded the 
2021 Sylvester Medal of the Royal 
Society of London “for her research 
on quotients in algebraic geome-
try, including links with symplectic 
geometry and topology, which has 
had many applications.” The prize 
citation states that she “conducts re-
search in the field of pure mathemat-
ics, focusing on algebraic geometry. 

[She] studies geometric objects known as moduli spaces by 
investigating their algebraic and topological properties. Her 
work incorporates ideas from other areas of mathematics, 
as well as theoretical physics. She has made important 
contributions to geometric invariant theory, a method for 
constructing quotients in algebraic geometry. Frances has 
also striven to address gender imbalance in the mathe-
matics community, as a member of the European Women 
in Mathematics network and the London Mathematical 
Society’s Women in Mathematics Committee.”

Kirwan received her PhD in 1984 from Oxford under 
the direction of Michael Atiyah. She has held a Junior 
Fellowship at Harvard University and a Fellowship at 
Magdalen College, Oxford, before becoming a Fellow of 
Balliol College, Oxford. She has received both the White-
head (1989) and Senior Whitehead (2013) Prizes of the 
LMS. She served as President of the London Mathematical 
Society from 2003–2006. She has chaired the Council of 
the United Kingdom Mathematics Trust since 2010. She was 
elected a Fellow of the Royal Society in 2001 and a Fellow 
of the AMS in 2012. Kirwan tells the Notices that she has 
three children and two grandchildren, including a newborn 
granddaughter.

—From a Royal Society announcement

Frances Kirwan



NEWS

Mathematics People

october 2022  Notices of the AmericAN mAthemAticAl society   1611

Euan Spence of the University of Bath was awarded a 
Whitehead Prize for his profound contributions to the the-
oretical understanding and design of numerical algorithms 
for wave propagation and scattering at high frequency, 
particularly through the development and application of 
methods from the world of semiclassical analysis.

—LMS announcement

European Girls’ 
Mathematical Olympiad
The team from the United States took first place in the Eu-
ropean Girls’ Mathematical Olympiad, held in hybrid form, 
both virtually and in Eger, Hungary, from April 6–12, 2022. 
The US team consisted of Jessica Wan, fifteen, who had a 
perfect score of 42 and received a gold medal; Kaylee Ji, 
sixteen, with a score of 28 for a silver medal; Isabella Zhu, 
sixteen, with a score of 37 for a gold medal; and Vivian 
Loh, with a score of 33, for a gold medal. Their total team 
score was 140. Wan received the only perfect score in the 
competition. The team was led by Rachel Zhang, Oleksandr 
Rudenko, and Anna Kelemen. A team from Peru finished 
second, with a total of 130 points, and a team from Aus-
tralia was third, with a total of 126 points.

—Elaine Kehoe

Sloan Fellowships 
Announced
The Alfred P. Sloan Foundation has announced the re-
cipients of its 2022 Research Fellowships. The following 
are the recipients in mathematics. They will each receive 
US$75,000, which can be used over two years for research 
expenses.

 • Charlotte Chan, University of Michigan
 • Yuxin Chen, University of Pennsylvania
 • Lei Chen, University of Maryland, College Park
 • Asaf Ferber, University of California, Irvine
 • Chao Gao, University of Chicago
 • Michael Groechenig, University of Toronto, Mississauga
 • Daniel Halpern-Leistner, Cornell University
 • Jingyin Huang, Ohio State University
 • Ilya Kachkovskiy, Michigan State University
 • Alexander Kupers, University of Toronto, Scarborough
 • Yuchen Liu, Northwestern University
 • Frederick R. W. M. Manners, University of California, 

San Diego
 • Guido F. Montúfar, University of California, Los Angeles
 • Connor R. Mooney, University of California, Irvine

 • Jonathan Niles-Weed, New York University
 • Lisa Sauermann, Massachusetts Institute of Technology
 • Tatyana Shcherbina, University of Wisconsin, Madison
 • Li-Cheng Tsai, Rutgers, The State University of New 

Jersey
 • Ruixiang Zhang, University of California, Berkeley
 • Andrew Zimmer, University of Wisconsin, Madison

—From a Sloan Foundation announcement
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MathSciNet® is the authoritative gateway to the scholarly lit-
erature of mathematics. Containing information on more 
than 4 million articles and books, with direct links to over 
2.6 million articles in more than 1,800 journals. Math-
SciNet includes expert reviews, customizable author pro-
files, and citation information on articles, books, journals, 
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your entire math career. Use it to:
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News from MSRI

The Mathematical Sciences Research Institute (MSRI) will 
become the Simons Laufer Mathematical Sciences Institute 
(SLMath) in 2022–2023. 

2023 Summer Research in Mathematics (SRiM) 
Program
MSRI/SLMath invites applications for the 2023 Summer 
Research in Mathematics (SRiM) program. This program 
provides space, funding, and the opportunity for in-person 
collaboration to small groups of mathematicians, especially 
women and gender-expansive individuals, whose ongoing 
research may have been disproportionately affected by 
various obstacles, including family obligations, profes-
sional isolation, or access to funding. Groups of two to 
six mathematicians with partial results on an established 
program may apply. Visits to the program must take place 
between June 5, 2023, and July 14, 2023. For full details, 
see www.msri.org/summer. The deadline for applications 
is December 1, 2022.

—From MSRI/SLMath announcements

Early-Career Opportunity

NSF Mathematical Sciences 
Postdoctoral Research Fellowships

The purpose of the National Science Foundation (NSF) 
Mathematical Sciences Postdoctoral Research Fellowships 
(MSPRF) is to support future leaders in mathematics and 
statistics by facilitating their participation in postdoctoral 
research environments that will have maximal impact on 
their future scientific development. Proposals are due Octo-
ber 19, 2022. For further information, refer to the program 
solicitation available at https://www.nsf.gov/funding 
/pgm_summ.jsp?pims_id=5301.

—NSF announcement

NSF Conferences and Workshops 
in the Mathematical Sciences

The National Science Foundation (NSF) supports confer-
ences, workshops, and related events (including seasonal 
schools and international travel by groups). Proposals for 
such activities may request funding of any amount and 
for durations of up to three years. Proposals may be sub-
mitted only by universities and colleges or by nonprofit 
nonacademic institutions and must be submitted to the 
appropriate disciplinary program in accordance with the 
lead-time requirements specified on the program web 
page. For more information, see https://www.nsf.gov 
/funding/pgm_summ.jsp?pims_id=11701&org=DMS.

—NSF announcement

The most up-to-date listing of NSF funding opportunities from the Division 
of Mathematical Sciences can be found online at www.nsf.gov/dms 
and for the Directorate of Education and Human Resources at www.nsf 
.gov/dir/index.jsp?org=ehr. To receive periodic updates, subscribe 
to the DMSNEWS listserv by following the directions at www.nsf.gov 
/mps/dms/about.jsp. 

https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5301
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=5301
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=11701&org=DMS
https://www.nsf.gov/funding/pgm_summ.jsp?pims_id=11701&org=DMS
http://www.nsf.gov/mps/dms/about.jsp
http://www.nsf.gov/mps/dms/about.jsp
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MASSACHUSETTS

Massachusetts Institute of  Technology (MIT) 
Cambridge, MA  

Department of Mathematics

The Mathematics Department at MIT is seeking to fill po-
sitions in Pure and Applied Mathematics, and Statistics 
at the level of Instructor beginning September 1, 2023 (for 
the 2023–2024 academic year). Appointments are based 
primarily on exceptional research qualifications. Appoin-
tees will be expected to fulfill teaching duties and pursue 
their own research program. PhD in Mathematics or related 
field required by employment start date. 

The Department of Mathematics offers supportive 
mentorship to junior faculty and instructors, an excep-
tional environment for mathematical inquiry, and a strong 
commitment to an inclusive, welcoming culture. MIT is an 
equal employment opportunity employer. All qualified ap-
plicants will receive consideration for employment and will 
not be discriminated against on the basis of race, color, sex, 
sexual orientation, gender identity, religion, disability, age, 
genetic information, veteran status, ancestry, or national 
or ethnic origin. 

For more information and to apply, please visit www 
.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2022. 
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MASSACHUSETTS

Massachusetts Institute of  Technology (MIT) 
Cambridge, MA  

Department of Mathematics

The Mathematics Department at MIT is seeking to fill po-
sitions in Pure and Applied Mathematics at the level of 
tenure-track Assistant Professor or higher beginning July 
1, 2023 (for the 2023–2024 academic year, or as soon 
thereafter as possible). Appointments are based primarily 
on exceptional research qualifications. Appointees will be 
required to fulfill teaching duties and pursue their own 
research program. PhD in Mathematics or related field 
required by employment start date. 

The Department of Mathematics offers supportive 
mentorship to junior faculty and instructors, an excep-
tional environment for mathematical inquiry, and a strong 
commitment to an inclusive, welcoming culture. MIT is an 
equal employment opportunity employer. All qualified ap-
plicants will receive consideration for employment and will 
not be discriminated against on the basis of race, color, sex, 
sexual orientation, gender identity, religion, disability, age, 
genetic information, veteran status, ancestry, or national 
or ethnic origin. 

For more information and to apply, please visit www 
.mathjobs.org. To receive full consideration, submit 
applications by December 1, 2022. 

13

http://www.mathjobs.org
http://www.mathjobs.org
http://www.mathjobs.org
http://www.mathjobs.org


Classified Advertisements

october 2022  Notices of the AmericAN mAthemAticAl society   1615

Review of applications begins November 1, 2022; appli-
cations after that date may be considered if the positions 
have not been filled.

Hill and Other Assistant Professorships 
The Hill Assistant Professorship is a three-year nonten-
ure-track, nonrenewable, postdoctoral appointment. These 
positions carry a teaching load of 2–1 for research. Contin-
gent upon funding, we will be offering one or more of these 
positions. Other postdoctoral positions of varying duration 
and teaching loads may also be available. Candidates 
should have received a PhD and show outstanding promise 
of research ability in pure or applied mathematics as well 
as a capacity for effective teaching. Review of applications 
begins December 1, 2022; applications after that date may 
be considered if the positions have not been filled.

Teaching Faculty
Teaching Instructor or Assistant/Associate Teaching Pro-
fessor in Mathematics. Contingent upon the availability of 
funding we may have one or more renewable non-tenure-
track teaching positions at the level of Teaching Instructor, 
with the possibility of appointment at a higher level (As-
sistant or Associate Teaching Professor) for exceptionally 
well-qualified candidates.

This position has a teaching load of 4–4 (four under-
graduate courses in each of the fall and spring semesters), 
with possible teaching reductions for administrative, advis-
ing, or other departmental duties. Applicants should nor-
mally have received a PhD and show outstanding evidence 
of teaching at the undergraduate level.

Review of candidates for these positions will begin 
December 1, 2022; applications after that date may be 
considered if the positions have not been filled.

Application Procedure
The three positions will be posted at mathjobs.org (prob-
ably by mid-September) under Rutgers–New Brunswick.

An applicant should complete the application at  
mathjobs.org. In addition to the mathjobs application, 
for each position for which you apply, you must also 
complete a basic employment application on the Rutgers 
employment website. 

The mathjobs listing for each position includes a link 
to this basic application.

Rutgers, the State University of New Jersey, is an Equal 
Opportunity / Affirmative Action Employer. 

Qualified applicants will be considered for employment 
without regard to race, creed, color, religion, sex, sexual 
orientation, gender identity or expression, national origin, 
disability status, genetic information, protected veteran 
status, military service, or any other category protected by 
law. As an institution, we value diversity of background 
and opinion, and prohibit discrimination or harassment 
on the basis of any legally protected class in the areas of  

NEW JERSEY

Program in Applied and Computational Mathematics 
Princeton University 

Postdoctoral Research Associate

The Program in Applied and Computational Mathematics 
invites applications for Postdoctoral Research Associate or 
more senior positions, to join in research efforts of interest 
to its faculty. Domains of interest include nonlinear par-
tial differential equations, computational fluid dynamics, 
material science, dynamical systems, numerical analysis, 
stochastic analysis, graph theory and applications, mathe-
matical biology, financial mathematics, mathematical ap-
proaches to signal analysis, information theory, structural 
biology and image processing.

Appointments are made for one year, renewable yearly 
for up to three years, if funding is available and perfor-
mance is satisfactory. For details on specific faculty mem-
bers and their research interests, please go to https://
www.pacm.princeton.edu/sites/default/files 
/faculty_interests2018-19apc_0.pdf

Applicants must submit a cover letter, CV, bibliography/
publications list, statement of research and three letters 
of recommendation online at https://www.mathjobs 
.org/jobs. PhD is required. This position is subject to the 
University background check policy.

Princeton University is an Equal Opportunity/Affir-
mative Action Employer (https://rrr.princeton.edu 
/eop) and all qualified applicants will receive consider-
ation for employment without regard to age, race, color, 
religion, sex, sexual orientation, gender identity or expres-
sion, national origin, disability status, protected veteran 
status, or any other characteristic protected by law. 
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NEW JERSEY

The Mathematics Department of Rutgers University–
New Brunswick invites applications for the following 
positions which may be available September 2023.

Tenure Stream Faculty
Contingent upon the availability of funding, the depart-
ment plans to hire a named chair at the Full Professor 
level, and to also hire at the level of tenure-track Assistant 
Professor. However, all exceptional candidates at any level 
will be considered.

Candidates must have a PhD and have a strong record 
of research accomplishments in mathematics as well as 
effective teaching. More details on the search, including 
priority areas, can be found in the forthcoming Rutgers 
University–New Brunswick ad listing on mathjobs.org. 
The normal teaching load for research-active faculty is 2–1.

https://www.pacm.princeton.edu/sites/default/files/faculty_interests2021-22apc.pdf
https://www.pacm.princeton.edu/sites/default/files/faculty_interests2021-22apc.pdf
https://www.pacm.princeton.edu/sites/default/files/faculty_interests2021-22apc.pdf
http://www.mathjobs.org/jobs
http://www.mathjobs.org/jobs
http://mathjobs.org
http://mathjobs.org
https://rrr.princeton.edu/eop
https://rrr.princeton.edu/eop
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teaching, and service missions of the department. Ap-
pointment with tenure requires evidence of excellence in 
scholarly research, teaching, and service. Candidates for a 
tenure-track position should exhibit evidence of outstand-
ing research potential, normally including significant con-
tributions beyond the doctoral dissertation. The teaching 
responsibility is two courses per academic year including 
both undergraduate and graduate level courses. A strong 
commitment to excellence in instruction is expected. An ap-
plication packet should include a completed AMS Standard 
Cover Sheet, a curriculum vitae including a publication list, 
and brief descriptions of research and teaching. Application 
packets should be submitted electronically to https://
www.mathjobs.org/jobs/list/20267. Arrangements 
should be made to have three to four letters of recommen-
dation, at least one of which must discuss the applicant's 
teaching experiences, capabilities and potential, sent to the 
above URL. To ensure full consideration, application pack-
ets must be received by November 1, 2022. Applications 
will be accepted until the position is filled. The University 
of Wisconsin–Madison is an Affirmative Action, Equal 
Opportunity Employer and encourages applications from 
women and minorities. Unless confidentiality is requested 
in writing, information regarding the applicants must be 
released upon request. Finalists cannot be guaranteed 
confidentiality. A background check will be required prior 
to employment.

15

AUSTRIA

Assistant Professor (tenure-track) and Professor 
positions in mathematics

ISTA (www.ista.ac.at) invites applications in all areas of 
mathematics for several open positions.

We offer:
 • A highly international and interdisciplinary research en-

vironment with English as working language on campus
 • Substantial start-up package and attractive salary
 • Guaranteed annual base funding including funding for 

PhD students and postdocs
 • An international Graduate School with high admissions 

criteria and a rigorous training program
 • Support for acquiring third-party funds
 • Light teaching load, entirely at the level of graduate 

students
 • Leadership program
 • Employee Assistance Program
 • Dual Career support packages 
 • Child-care facilities on campus (for children aged 3 

months till school age)
ISTA is an international institute dedicated to basic 

research and graduate education in the natural, mathemat-
ical, and computational sciences. The Institute fosters an 

hiring, recruitment, promotion, transfer, demotion, train-
ing, compensation, pay, fringe benefits, layoff, termination 
or any other terms and conditions of employment.

14

RHODE ISLAND

Brown University—Mathematics Department

J. D. Tamarkin Assistant Professorship: One or more three-
year non-tenured non-renewable appointments, beginning 
July 1, 2023. The teaching load is one course one semester, 
and two courses the other semester and consists of courses 
of more than routine interest. Candidates are required to 
have received a PhD degree or equivalent by the start of 
their appointment, and they may have up to three years 
of prior academic and/or postdoctoral research experi-
ence. Applicants should have a strong research potential, 
demonstrated excellence in teaching, and a commitment to 
building a diverse and inclusive community in Mathemat-
ics. Field of research should be consonant with the current 
research interests of the department.

For full consideration, applicants must submit a curric-
ulum vitae, an AMS Standard Cover Sheet, at least three 
letters of recommendation primarily focused on research, 
and one letter addressing teaching by November 18, 2022. 
Applicants are required to identify a Brown faculty member 
with similar research interests. The cover letter should ad-
dress the applicant’s commitment to diversity in terms of 
teaching, research, and activities in the math community, 
OR applicants may attach a diversity statement if desired.  
(Later applications will be reviewed to the extent possible.)

Please submit all application materials online at  
http://www.mathjobs.org.

Brown University is committed to fostering a diverse 
and inclusive academic global community; as an EEO/AA 
employer, Brown considers applicants for employment 
without regard to, and does not discriminate on the basis 
of, gender, race, protected veteran status, disability, or any 
other legally protected status.

16

WISCONSIN

University of Wisconsin–Madison  
Department of Mathematics

The Department of Mathematics at UW–Madison is ac-
cepting applications for faculty positions beginning August 
21, 2023, subject to budgetary approval. Rank will be as 
assistant professor (tenure-track), associate professor (ten-
ured), or in exceptional cases, professor (tenured). All areas 
of mathematics will be considered. PhD in Mathematics 
or related field is required prior to start of appointment. 
Faculty members are expected to contribute to the research, 
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TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines. 

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn 

or contact Mr. Albert Liu at mathjobs@tju.edu.cn, tele-
phone: 86-22-2740-6039.

07

SOUTH KOREA 

Korea Institute for Advanced Study (KIAS) 
Call for Applications: Positions in Pure  

and Applied Mathematics

Founded in 1996, KIAS is committed to the excellence of 
research in basic sciences, namely mathematics, theoretical 
physics, and computational sciences, through high-quality 
research programs and a strong faculty body consisting of 
distinguished scientists and visiting scholars. 

The School of Mathematics boasts internationally-re-
nowned faculty members, including Distinguished Pro-
fessors Efim Zelmanov and June Huh, Fields medalists. 
Their excellent research brings prestigious visitors from 
diverse research areas, nurturing a research environment 
that encourages interaction and collaboration not only 
on-campus but beyond. 

Qualified, outstanding candidates in the field are en-
couraged to frequently check Mathjobs.org and KIAS Jobs 
website (https://jobs.kias.re.kr), where detailed 
information is updated when faculty and postdoctoral 
research fellow positions become available.

10

interactive, collegial, and supportive atmosphere, sharing 
space and resources between research groups whenever pos-
sible, and facilitating cross-disciplinary collaborations. Our 
PhD program involves a multi-disciplinary course schedule 
and rotations in research groups, and we hire scholars from 
diverse international backgrounds. The campus of ISTA is 
located close to Vienna, one of the most livable cities in 
the world.

Assistant professors receive independent group leader 
positions with an initial contract of six years, at the end 
of which they are reviewed by international peers. If the 
evaluation is positive, an assistant professor is promoted 
to a tenured professor. 

Candidates for tenured positions are distinguished sci-
entists in their respective research fields and typically have 
at least six years of experience in leading a research group. 

ISTA values diversity and is committed to equal op-
portunities. We strive to increase the number of women, 
particularly in fields where they are underrepresented, 
and therefore we strongly encourage female researchers 
to apply.

Please apply online at: www.ista.ac.at/jobs 
/faculty/

The closing date for applications is October 27, 2022.
11

CHINA

Tianjin University, China  
Tenured/Tenure-Track/Postdoctoral Positions  

at the Center for Applied Mathematics 

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics. 

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

http://mathjobs.org
http://cam.tju.edu.cn
http://www.ista.ac.at/jobs/faculty/
http://www.ista.ac.at/jobs/faculty/
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Analysis

Sage for Undergraduates
Second Edition, Compatible 
with Python 3
Gregory V. Bard

As the open-source and free al-
ternative to expensive software 
like Maple™, Mathematica®, and 
MATLAB®, Sage offers anyone 
with a web browser the ability to 
use cutting-edge mathematical 
software and share the results 
with others, often with stunning 

graphics. This book is a gentle introduction to Sage for 
undergraduate students during Calculus II, Multivariate 
Calculus, Differential Equations, Linear Algebra, Math 
Modeling, or Operations Research.

The book assumes no background in programming, but 
the reader who finishes the book will have learned about 
60 percent of a first semester computer science course, 
including much of the Python programming language. 
The audience is not only math majors, but also physics, 
engineering, environmental science, finance, chemistry, 
economics, data science, and computer science majors. 
Many of the book’s examples are drawn from those fields. 
Filled with “challenges” for the students to test their prog-
ress, the book is also ideal for self-study.

What’s New in the Second Edition:
In 2019, Sage transitioned from Python 2 to Python 

3, which changed the syntax in several significant ways, 
including for the print command. All the examples in this 
book have been rewritten to be compatible with Python 
3. Moreover, every code block longer than four lines has 
been placed in an archive on the book’s website http://
www.sage-for-undergraduates.org that is maintained 
by the author, so that the students won’t have to retype the 
code! Other additions include…

 • The number of “challenges” for the students to test their 
own progress in learning Sage has roughly doubled, 
which will be a great boon for self-study.

Algebra and Algebraic 
Geometry

Algebraic Geometry
Notes on a Course
Michael Artin, Massachusetts  
Institute of Technology, Cambridge, 
MA

This book is an introduction 
to the geometry of complex al-
gebraic varieties. It is intended 
for students who have learned 
algebra, analysis, and topology, 
as taught in standard undergrad-
uate courses. So it is a suitable 

text for a beginning graduate course or an advanced un-
dergraduate course.

The book begins with a study of plane algebraic curves, 
then introduces affine and projective varieties, going on to 
dimension and construcibility. O-modules (quasicoherent 
sheaves) are defined without reference to sheaf theory, 
and their cohomology is defined axiomatically. The Rie-
mann-Roch Theorem for curves is proved using projection 
to the projective line.

Some of the points that aren’t always treated in begin-
ning courses are Hensel’s Lemma, Chevalley’s Finiteness 
Theorem, and the Birkhoff-Grothendieck Theorem. The 
book contains extensive discussions of finite group actions, 
lines in P3, and double planes, and it ends with applications 
of the Riemann-Roch Theorem.

Graduate Studies in Mathematics, Volume 222
November 2022, approximately 322 pages, Hardcover, 
ISBN: 978-1-4704-6848-4, LC 2022012175, 2010 Math-
ematics Subject Classification: 14–01, List US$125, AMS 
members US$100, MAA members US$112.50, Order code 
GSM/222

bookstore.ams.org/gsm-222

http://bookstore.ams.org/gsm-222
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Spectrum, Volume 104
September 2022, 209 pages, Softcover, ISBN: 978-1-4704-
7012-8, LC 2022022012, 2010 Mathematics Subject Clas-
sification: 00A05, 00A06, 00A07, 00A08, 00A09, 00A65, 
00A66, 05–01, 97–01, 97P10, List US$35, AMS Individual 
member US$26.25, AMS Institutional member US$28, 
MAA members US$26.25, Order code SPEC/104

bookstore.ams.org/spec-104

Geometry and Topology

Topology of Numbers
Allen Hatcher, Cornell University, 
Ithaca, NY

This book serves as an introduc-
tion to number theory at the un-
dergraduate level, emphasizing 
geometric aspects of the subject. 
The geometric approach is ex-
ploited to explore in some depth 
the classical topic of quadratic 
forms with integer coefficients, 
a central topic of the book. Qua-

dratic forms of this type in two variables have a very rich 
theory, developed mostly by Euler, Lagrange, Legendre, and 
Gauss during the period 1750–1800. In this book their 
approach is modernized by using the splendid visualiza-
tion tool introduced by John Conway in the 1990s called 
the topograph of a quadratic form. Besides the intrinsic 
interest of quadratic forms, this theory has also served as 
a stepping stone for many later developments in algebra 
and number theory.

The book is accessible to students with a basic knowl-
edge of linear algebra and arithmetic modulo n. Some 
exposure to mathematical proofs will also be helpful. The 
early chapters focus on examples rather than general the-
orems, but theorems and their proofs play a larger role as 
the book progresses.

This item will also be of interest to those working in number 
theory.

November 2022, approximately 349 pages, Softcover, ISBN: 
978-1-4704-5611-5, LC 2022021573, 2010 Mathematics 
Subject Classification: 11–XX; 11–01, List US$59, AMS 
members US$47.20, MAA members US$53.10, Order 
code MBK/145

bookstore.ams.org/mbk-145

 • There’s approximately 150 pages of new content, in-
cluding: 

 ○ New projects on Leontief Input-Output Analysis 
and on Environmental Science

 ○ New sections about Complex Numbers and Com-
plex Analysis, on SageTex, and on solving problems 
via Monte-Carlo Simulations.

 • The first three sections of Chapter 1 have been com-
pletely rewritten to give absolute beginners a smoother 
transition into Sage.
This item will also be of interest to those working in applica-

tions, general interest, and number theory.

October 2022, approximately 481 pages, Softcover, ISBN: 
978-1-4704-6155-3, LC 2022016533, 2010 Mathematics 
Subject Classification: 15–04, 97M10, 34–04, 68U05, 
65Z05; 90–04, 11–04, 28–04, 65–04, 40–04, List US$59, 
AMS members US$47.20, MAA members US$53.10, Order 
code MBK/143

bookstore.ams.org/mbk-143

General Interest

Looking for Math in  
All the Wrong Places
Math in Real Life
Shai Simonson, Stonehill College, 
North Easton, MA

The soul of mathematics is the 
practice of skeptical inquiry: ask-
ing how and why things work, 
experimenting, exploring, and 
discovering. Estimation, anal-
ysis, computation, conjecture, 
and proof are the mathematical 

path to uncovering truth and we can use them in nearly 
every human pursuit. In this thoroughly charming and 
beguiling book, Shai Simonson applies mathematical tools 
in a variety of contexts that arise in everyday life to prove 
his claim that math is, literally, everywhere. Simonson 
applies his mathematical cast of mind to hiking, birthday 
parties, carnival games, lock picking, and kite flying. We 
see unexpected depths and connections when we look in 
the “wrong” places in the right way.

No advanced mathematical knowledge is required to 
travel with Simonson and share in his investigations. All 
a reader needs is an open and curious mind, an eagerness 
to ask questions, and a willingness to think deeply and 
carefully about seemingly mundane things. There is wonder 
and joy in quotidian life with Simonson as your guide.

http://bookstore.ams.org/mbk-143
http://bookstore.ams.org/spec-104
http://bookstore.ams.org/mbk-145
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New AMS-Distributed 
Publications
Algebra and Algebraic 
Geometry

The Calculus of 
Enumerative Geometry
Hermann Schubert 
Translated by Wolfgang Globke

Counting the number of alge-
braic curves and varieties sub-
ject to various conditions is one 
basic problem in the enumer-
ative algebraic geometry, and 
Schubert calculus is a systematic 
and effective theory to solve such 
problems. It was developed by 

Schubert, and his most comprehensive and accessible ex-
position of this theory is given in this book.

Right from the beginning, the theory of Schubert calculus 
has attracted the attention of many great mathematicians. 
For example, Hilbert proposed a rigorous justification of 
Schubert calculus as the 15th problem in his famous list 
of 23 problems. Recent developments in string theory have 
contributed to solutions of some outstanding problems in 
enumerative geometry, and, hence, greatly renewed interest 
in this subject.

The English translation of this classic by Schubert will be 
most valuable and interesting to both beginners and experts 
in enumerative geometry in order to learn how Schubert 
thought about the problems and how he proposed to solve 
them, in particular to appreciate the freshness of the subject 
under development. As Schubert put it: this book “should 
acquaint the reader with the ideas, problems and results of 
a new area of geometry” and “should teach the handling of 
a peculiar calculus that enables one to determine in an easy 
and natural way a great many of those geometric numbers 
and relations between singularity numbers.”

A publication of Higher Education Press (Beijing). Exclusive rights in 
North America; non-exclusive outside of North America. No distribution 
to mainland China unless order is received through the AMS bookstore. 
Online bookstore rights worldwide. All standard discounts apply.

Classical Topics in Mathematics, Volume 11
June 2022, 299 pages, Hardcover, ISBN: 978-7-04-058053-
2, 2010 Mathematics Subject Classification: 14Nxx, 14Qxx, 
List US$89, AMS members US$71.20, Order code CTM/11

bookstore.ams.org/ctm-11

Differential Equations

Quantum Ergodicity 
and Delocalization 
of Schrödinger 
Eigenfunctions
Nalini Anantharaman, Uni-
versité de Strasbourg and CNRS, 
France

This book deals with various 
topics in quantum chaos, start-
ing with a historical introduc-
tion and then focusing on the 
delocalisation of eigenfunctions 

of Schrödinger operators for chaotic Hamiltonian systems. 
It contains a short introduction to microlocal analysis, nec-
essary for proving the Shnirelman theorem and giving an 
account of the author’s work on entropy of eigenfunctions 
on negatively curved manifolds. In addition, further work 
by the author on quantum ergodicity of eigenfunctions 
on large graphs is presented, along with a survey of results 
on eigenfunctions on the round sphere, as well as a rather 
detailed exposition of the result by Backhausz and Szegedy 
on the Gaussian distribution of eigenfunctions on random 
regular graphs.

Like the lecture series it is based on, the text is aimed at 
all mathematicians, from the graduate level onwards, who 
want to learn some of the important ideas in the field.

A publication of the European Mathematical Society (EMS). Distributed 
within the Americas by the American Mathematical Society.

Zurich Lectures in Advanced Mathematics, Volume 27
July 2022, 134 pages, Softcover, ISBN: 978-3-98547-015-0, 
2010 Mathematics Subject Classification: 58J51; 37D40, 
81Q50, List US$39, AMS members US$31.20, Order code 
EMSZLEC/27

bookstore.ams.org/emszlec-27

http://bookstore.ams.org/ctm-11
http://bookstore.ams.org/emszlec-27
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Number Theory

Heegner Points, Stark-
Heegner Points, and 
Diagonal Classes
Massimo Bertolini, Essen, Ger-
many, Henri Darmon, Montreal, 
Canada, Victor Rotger, Univer-
sitat Politecnica De Catalyunya, 
Barcelona, Spain, Marco Adamo 
Seveso, Milano, Italy, and Ro-
dolfo Venerucci, Milano, Italy

This volume comprises four in-
terrelated articles whose uni-

fying theme is the study of Heegner and Stark-Heegner 
points and their connections with the p-adic logarithm 
of certain global cohomology classes attached to a pair of 
weight one theta series of a common (imaginary or real) 
quadratic field. These global classes are obtained from p- 
adic deformations of diagonal classes attached to triples 
of modular forms of weight >1, and naturally generalize 
a construction of Kato, which one recovers when the two 
theta series are replaced by Eisenstein series of weight one.

Understanding the extent to which such classes obtained 
via the p-adic interpolation of motivic cohomology classes 
are themselves motivic is a key motivation for this study. 
A second is the desire to show that Stark-Heegner points, 
whose global nature is still poorly understood theoretically, 
arise from classes in global Galois cohomology.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the U.S., Canada, and Mexico. Orders from 
other countries should be sent to the SMF. Members of the SMF receive 
a 30% discount from list.

Astérisque, Number 434
July 2022, 228 pages, Softcover, ISBN: 978-2-85629-959-
3, 2010 Mathematics Subject Classification: 11R23, 11R34, 
11G05, 11G40, List US$74, AMS members US$59.20, 
Order code AST/434

bookstore.ams.org/ast-434

L E A R N  A B O U T

Did you know that most 
of our titles are now 

available in eBook form?

A
M

S eBOOKS

Browse both our print
and electronic titles at

bookstore.ams.org.

http://bookstore.ams.org/ast-434
http://bookstore.ams.org
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Meetings & Conferences of the AMS
October Table of Contents

Meetings in this Issue
  2022  

September 17–18 El Paso, Texas p. 1623
October 1–2 Amherst, Massachusetts p. 1624
October 15–16 Chattanooga, Tennessee p. 1625
October 22–23 Salt Lake City, Utah p. 1627

  2023  
March 18–19 Atlanta, Georgia p. 1628
April 1–2 Spring Eastern Virtual p. 1629
April 15–16 Cincinnati, Ohio p. 1629
May 6–7 Fresno, California p. 1629
September 9–10 Buffalo, New York p. 1631
October 7–8 Omaha, Nebraska p. 1631
October 13–15 Mobile, Alabama p. 1631
October 21–22 Albuquerque, NM p. 1632
December 4–8 Auckland, New Zealand p. 1632

  2024  
January 3–6 San Francisco, California 
 (JMM 2024) p. 1632
March 23–24 Tallahassee, Florida p. 1632
April 6–7 Washington, DC p. 1632
May 4–5 San Francisco, California p. 1633
July 23–26 Palermo, Italy p. 1633
October 26–27 Riverside, California p. 1633

  2026  
January 4–7 Washington, DC
 (JMM 2026) p. 1633

JMM 2023 Announcement p. 1635
JMM 2023 Program Timetable p. 1656
AMS Employment Center p. 1675
AMS Short Course p. 1678

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LATEX 
is necessary to submit an electronic form, although those 
who use LATEX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as 
accent marks in text) must be typeset in LATEX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Betsy Stovall, University of Wisconsin–
Madison, 480 Lincoln Drive, Madison, WI 53706; email: 
stovall@math.wisc.edu; telephone: (608) 262-2933.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
(610) 758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: (706) 542-2547.

Western Section: Michelle Manes, University of Hawaii, 
Department of Mathematics, 2565 McCarthy Mall, Keller 
401A, Honolulu, HI 96822; email: mamanes@hawaii.edu; 
telephone: (808) 956-4679.

http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
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Meetings & Conferences 
of the AMS

IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.
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El Paso, Texas
University of Texas at El Paso

September 17–18, 2022
Saturday – Sunday

Meeting #1179
Central Section
Associate Secretary for the AMS: Betsy Stovall

Program first available on AMS website: August 5, 2022
Issue of Abstracts: Volume 43, Issue 3

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Caroline Klivans, Brown University, The Mathematics of Chip-Firing.
Brisa N. Sánchez, PhD, Drexler University, Measuring spatial access to community amenities and its association with health.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Algebraic, Geometric, and Topological Combinatorics, Art Duval, University of Texas At El Paso, Caroline Klivans, Brown 
University, and Jeremy L. Martin, University of Kansas.

Algebraic Structures in Topology, Logic, and Arithmetic, Emil Daniel Schwab, The University of Texas at El Paso, and John 
Harding, New Mexico State University.

Banach Fixed Point Theorem: 100th year Celebration, Osvaldo Mendez, UTEP, Parin Chaipunya, King Mongkut’s Univer-
sity of Technology Thonburi, Mohamed Amine Khamsi, University of Texas At El Paso, and Julio Urenda, The University 
of Texas at El Paso.
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Elliptic and Parabolic PDEs in Complex Fluid and Free Boundary Problems I, Alaa Haj Ali, Arizona State University, and 
Hengrong Du, Vanderbilt University.

From Points to Neighborhoods and Beyond: Frames and Locales and their Applications, Julio Urenda and Francisco Avila, 
The University of Texas at El Paso, and Angel Zaldivar and Miriam Bocardo, Universidad de Guadalajara.

Geometry of Submanifolds I, Hung Tran, Texas Tech University, Stephen E McKeown, University of Texas at Dallas, and 
Alvaro Pampano and Magdalena Daniela Toda, Texas Tech University.

High-Frequency Data Analysis, Complex Datasets, and Applications, Michael Pokojovy, The University of Texas At El Paso, 
Maria C. Mariani, University of Texas at El Paso, Ambar N. Sengupta, University of Connecticut, Osei K. Tweneboah, 
Ramapo College of New Jersey, and Maria Pia Beccar Varela, The University of Texas at El Paso.

Interactions between Combinatorics and Commutative Algebra I, Louiza Fouli, New Mexico State University, Christopher 
Eur, Harvard University, and Jonathan Montano, Arizona State University.

Low dimensional Topology and Knot Theory, Luis Valdez-Sanchez, The University of Texas at El Paso, and Ross Staffeldt, 
New Mexico State University.

Mathematical and Computational Methods in Omics Research, Ming-Ying Leung, The University of Texas at El Paso, and 
Jonathon Mohl, University of Texas at El Paso.

Methods and Applications in Data Science, Xiaogang Su, Ming-Ying Leung, and Amy Wagler, The University of Texas 
at El Paso.

Numerical Partial Differential Equations and Applications, Son Young Yi, The University of Texas at El Paso, and Xianyi 
Zeng, Lehigh University.

Ordered Structures, Piotr Wojciechowski, University of Texas at El Paso.
Recent Advances in Scientific Computing and Applications, Natasha Sharma, The University of Texas at El Paso, and An-

nalisa Quaini, University of Houston.
Statistical Methodology and Applications, Ori Rosen, University of Texas at El Paso, Suneel Babu Chatla, The University 

of Texas at El Paso, Asim Kumer Dey, University of Texas at El Paso, and Abhijit Mandal, University of Texas At El Paso.
Stochastic Analysis and Applications I, Adina Oprisan, Dante DeBlassie, and Robert G. Smits, New Mexico State University.
Stochastic dynamics: Theory and Applications in Biology, Tuan Anh Phan, Institute for Modeling Collaboration and Inno-

vation, University of Idaho, and Jianjun Paul Tian, New Mexico State University.
The Intersection of Number Theory and Combinatorics I, Katie Anders, University of Texas at Tyler, and Timothy J. Huber 

and Brandt Kronholm, University of Texas Rio Grande Valley.
Topics in Applied Analysis I, Gisele Ruiz Goldstein, Department of Mathematical Sciences, Behzad Djafari-Rouhani, 

University of Texas at El Paso, and Jerome A Goldstein, University of Memphis.

Amherst, Massachusetts
University of Massachusetts-Amherst

October 1–2, 2022
Saturday – Sunday

Meeting #1180
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: August 18, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Melody Chan, Brown University, Title to be announced.
Steven Miller, Williams College, Title to be announced.
Tadashi Tokieda, Stanford University, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
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Algebraic and Analytic theory of Elliptic Curves, Steven Joel Miller, Williams College, Alina Cojocaru, University of Illinois, 
Chicago, Seoyung Kim, Grand Valley State University, and Jesse A. Thorner, University of Florida.

Combinatorial Algebraic Geometry, Melody Chan and Madeline Brandt, Brown University, and Juliette Emmy Bruce, 
University of California, Berkeley.

Connections Between Theoretical and Applied Dynamical Systems: a Session in Honor of the 60th Birthdays of Renato Feres and 
Boris Hasselblatt, Timothy Chumley, Mount Holyoke College, and Yao Li and Hongkun Zhang, University of Massachusetts.

Game-Theoretic and Agent-Based Approaches to Modeling Biological and Social Systems, Olivia Chu, Dartmouth College, 
and Daniel Brendan Cooney, University of Pennsylvania.

Geometric Aspects of Algebraic Combinatorics, Theo Douvropoulos, University of Massachusetts, Edward Lowell Rich-
mond, Oklahoma State University, and Vasu Tewari, University of Hawaii.

Higher Structures and Homotopical Algebra, John Berman, University of Massachusetts, Michael Ching and Iván Con-
treras, Amherst College, and Owen Gwilliam and Martina Rovelli, University of Massachusetts.

Iwasawa Theory, Tom Weston, University of Massachusetts, Robert Pollack, Boston University, and Anwesh Ray, Uni-
versity of British Columbia.

Lagrangian and Legendrian Submanifolds, Michael Garnett Sullivan, University of Massachusetts, and Dani Alvarez-Gav-
ela, Massachusetts Institute of Technology.

Latinx and Hispanics in Combinatorics, Number Theory, Geometry and Topology, Iván Contreras, Amherst College, Pamela 
Harris, Williams College, Alejandro H Morales, University of Massachusetts, Amherst, and Geremias Polanco, Smith 
College.

Machine Learning Methods for PDEs, Yulong Lu, University of Massachusetts, and Wuzhe Xu, University of Minnesota.
Math and Democracy: Perspectives in Research and Teaching, Andy Schultz, Wellesley College, Ben Blum-Smith, New York 

University and The New School, and Stanley Chang, Wellesley College.
Non-Abelian Hodge Theory and Minimal Surfaces, Charles Ouyang, Robert Kusner, and Franz Pedit, University of 

Massachusetts.
Nonlinear Waves and Applications: a Celebration of Dimitri Frantzeskakis 60th Birthday, Panos Kevrekidis, University of 

Massachusetts, and Ricardo Carretero, San Diego State University.
Nonsmooth Analysis and Geometry, Ryan Alvarado, Amherst College, and Armin Schikorra, University of Pittsburgh.
Ramsey Theory, Louis DeBiasio, Miami University, and Gábor Sárközy, Worcester Polytechnic Institute.
Recent Advances in Causal Inference, Haben Michael, University of Massachusetts.
Some Tantalizing Conjectures in Discrete Mathematics, Laura Colmenarejo, North Carolina State University, Annie Ray-

mond, University of Massachusetts, and Nadia Lafrenière, Dartmouth College.
Structure-preserving Machine Learning, Wei Zhu, University of Massachusetts.
The Combinatorics and Geometry of Jordan type and Commuting Varieties, Peter Crooks, A Iarrobino, and Iva Halacheva, 

Northeastern University, and Leila Khatami, Union College.
Topics in PDEs and Harmonic Analysis, Zongyuan Li, Rutgers University, Weinan Wang, University of Arizona, Xueying 

Yu, University of Washington, and Zhiyuan Zhang, New York University.
Young Voices in Combinatorics, Laura Colmenarejo, North Carolina State University, and Jianping Pan, NCSU.

Chattanooga, Tennessee
University of Tennessee at Chattanooga

October 15–16, 2022
Saturday – Sunday

Meeting #1181
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: September 1, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.
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Invited Addresses
Giulia Saccà, Columbia University, Lagrangian fibrations in Hyper-Kähler geometry.
Chad Topaz, Williams College and the Institute for the Quantitative Study of Inclusion, Diversity, and Equity, Math-

ematical and Computational Approaches to Social Justice.
Xingxing Yu, Georgia Institute of Technology, Graph structure and graph coloring.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

CANCELED: Active Learning Methods and Pedagogical Approaches in Teaching College Level Mathematics, Hashim Saber, 
University of North Georgia.

Applied Knot Theory, Eleni Panagiotou, University of Tennessee At Chattanooga, Jason Cantarella, University of Georgia, 
and Eric J Rawdon, University of St. Thomas.

Boundary Value Problems for Differential, Difference, and Fractional Equations, John R. Graef, University of Tennessee at 
Chattanooga, Lingju Kong, University of Tennessee At Chattanooga, and Min Wang, Kennesaw State University.

Combinatorial Commutative Algebra, Hugh Geller and Keri K. Sather-Wagstaff, Clemson University.
Deterministic and Stochastic PDEs: Theoretical and Numerical Analyses, Hakima Bessaih, Florida International University, 

and Pelin Guven Geredeli, Iowa State University.
CANCELED: Ends and Boundaries of Groups: On the Occasion of Mike Mihalik's 70th Birthday, Craig R Guilbault, Univer-

sity of Wisconsin-Milwaukee, and Kim E Ruane, Tufts University.
Enumerative Combinatorics, Miklós Bóna and Vince Vatter, University of Florida.
CANCELED: Geometric and Topological Generalization of Groups, Bikash Das, University of North Georgia.
Geometry and Arithmetic of Hyperkähler Manifolds, Giulia Saccà, Columbia University, and Laure Flapan, Massachusetts 

Institute of Technology.
Interactions Between 3-Manifolds and 4-Manifolds, Jonathan Simone, Georgia Institute of Technology, Bulent Tosun, 

University of Alabama, and Hannah Turner, Georgia Institute of Technology.
Modern Applied Mathematics and Spectral Analysis, Boris Belinskiy and Roger Nichols, University of Tennessee at Chat-

tanooga.
Multiplicative Ideal Theory and Arithmetical Properties of Monoids and Domains, Scott Chapman, Sam Houston State Uni-

versity, Jim Coykendall, Clemson University, and Richard Erwin Hasenauer, Northeastern State University.
New Developments in Operations Research and Management Sciences, Aniekan Ebiefung and Lakmali Weerasena, Uni-

versity of Tennessee at Chattanooga.
Nonstandard Elliptic and Parabolic Regularity Theory with Applications, Tuoc Phan, University of Tennessee, and Hongjie 

Dong, Brown University.
Probability and Statistical Models with Applications, Sher Chhetri, University of South Carolina, Sumter, and Cory Ball, 

Independent.
Qualitative Analysis and Control Theory of Evolutionary Partial Differential Equations, George Avalos, University of Nebras-

ka-Lincoln, and Weiwei Hu, University of Georgi.
Recent Advances in Mathematical Biology, Xiunan Wang and Jin Wang, University of Tennessee at Chattanooga.
Reliable and Efficient Machine Learning for Scientific Forward and Inverse Problems, Anuj Abhishek, University of North 

Carolina at Charlotte, Feng Bao, Florida State University, Lan Gao, University of Tennessee at Chattanooga, Taufiquar 
Khan, UNC Charlotte, and Jin Wang, UTC.

Structural and Extremal Graph Theory, Zhiyu Wang, Georgia Institute of Technology, Xingxing Yu, Georgia Insitute of 
Technology, and Hao Huang, Emory University.

Topological, Measurable, and Symbolic Dynamics, and Interactions with Geometry, Chris Johnson, Western Carolina Uni-
versity, and Martin Schmoll, Clemson University.
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Salt Lake City, Utah
University of Utah

October 22–23, 2022
Saturday – Sunday

Meeting #1182
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: September 8, 2022
Issue of Abstracts: Volume 43, Issue 4

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Bhargav Bhatt, IAS / Princeton / Michigan, Algebraic geometry in mixed characteristic.
Jonathan Brundan, University of Oregon, Title to be announced.
Mariel Vazquez, University of California, Davis, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

4-dimensional topology, Mark Hughes, Brigham Young University, Maggie Miller, MIT, and Patrick Naylor, Princeton 
University.

Algebraic Combinatorics and Applications in Harmonic Analysis, Sung Song and Joseph W. Iverson, Iowa State University, 
and Bangteng Xu, Eastern Kentucky University.

Approximation Theory and Numerical Analysis, Vira Babenko, Drake University, and Akil C Narayan, University of Utah.
Arithmetic Dynamics, Jamie Juul, Colorado State University, Bianca Thompson, Westminster College, and Bella Tobin, 

Oklahoma State University.
Building Bridges Between Commutative Algebra and Nearby Areas, James Cameron, University of Utah, Sarasij Maitra, 

University of Virginia, and Tim Tribone, University of Utah.
Commutative Algebra, Adam Boocher, University of San Diego, Eloísa Grifo, University of California, Riverside, and 

Jennifer Kenkel, University of Kentucky.
Extremal Graph Theory, József Balogh, University of Illinois, and Bernard Lidický, Iowa State University.
Geometry and Representation Theory of Quantum Algebras and Related Topics, Bach Nguyen, Xavier University of Louisiana, 

Mee Seong Im, United States Naval Academy, Annapolis, and Arik Wilbert, University of Georgia.
Graphs and Matrices, Mark Kempton, Emily J Evans, and Ben Webb, Brigham Young University.
Heegaard Floer Homology in Topology, Algebra, and Physics, Aaron Lauda, University of Southern California, and Andrew 

Manion, NC State University.
Higher Topological and Algebraic K-Theories, Agnès Beaudry, University of Colorado Boulder, Jonathan Campbell, Duke 

University, and John Lind, California State University, Chico.
Hypergeometric functions and q-series, Howard Cohl, National Institute of Standards and Technology, Robert Maier, 

University of Arizona, and Roberto Costas-Santos, Universidad de Alcalá.
Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, and Robert M. Owczarek, University of New Mexico.
Mathematics of Collective Behavior, Daniel Lear and Roman Shvydkoy, University of Illinois at Chicago.
Partitioning and Redistricting, Wesley Hamilton, University of Utah, and Tyler Jarvis, Brigham Young University.
PDEs, Data, and Inverse Problems, Jared P Whitehead, Brigham Young University, Adam Larios, University of Nebras-

ka-Lincoln, and Vincent Martinez, Cuny-Hunter College.
Quantum groups, Hopf Algebras and Applications: In honor of Professor Earl J. Taft, Siu-Hung Ng, Louisiana State University, 

and Susan Montgomery, University of Southern California.
Recent Advances in Algebraic Geometry and Commutative Algebra in or Near Characteristic p (associated with the Invited Address 

by Bhargav Bhatt), Bhargav Bhatt, University of Michigan, and Karl Schwede, University of Utah.
Recent Advances in the Theory of Fluid Dynamics, Elaine Cozzi, Oregon State University, and Magdalena Czubak, Uni-

versity of Colorado Boulder.
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Recent Developments in Inverse Problems for PDEs and Applications, Loc Nguyen, UNC Charlotte, Dinh-Liem Nguyen, 
Kansas State University, and Fernando Vasquez, University of Utah.

Session Title: Mathematical Modeling of Biological and Social Systems, Daniel Brendan Cooney, Daniel Gomez, and 
Hyunjoong Kim, University of Pennsylvania.

Topics in Graphs, Hypergraphs and Set Systems, David J. Galvin, University of Notre Dame, John A. Engbers, Marquette 
University, and Clifford D Smyth, Clifford D Smyth.

Topology and geometry of multi-stranded nucleic acids (associated with the Invited Address by Mariel Vazquez), Mariel Vazquez, 
University of California Davis, Christine E. Soteros, University of Saskatchewan, Margherita Maria Ferrari, University 
of South Florida, and Javier Arsuaga, University of California, Davis.

Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday

Meeting #1184
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: January 26, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: January 17, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Betsy Stovall, University of Wisconsin-Madison, Title to be announced.
Blair Sullivan, University of Utah, Title to be announced.
Yusu Wang, University of California San Diego, Title to be announced.
Amie Wilkinson, University of Chicago, Title to be announced (Erdős Memorial Lecture).

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics (Code: SS 1A), Songling Shan, Illinois State University, and Guang-
ming Jing, Augusta University.

Commutative Algebra and its Interactions with Algebraic Geometry (Code: SS 10A), Michael K. Brown and Henry K. 
Schenck, Auburn University.

Fractal Geometry and Dynamical Systems (Code: SS 11A), Scott Kaschner, Butler University, and Mrinal Kanti Roychow-
dhury, University of Texas Rio Grande Valley.

Groups, Geometry, and Topology (Code: SS 4A), Dan Margalit and Yvon Verberne, Georgia Institute of Technology.
Harmonic Analysis (Code: SS 14A), Benjamin Jaye, Georgia Institute of Technology, Betsy Stovall, University of Wis-

consin-Madison, and Manasa Vempati, Georgia Institute of Technology.
High-dimensional Convexity and Probability (Code: SS 13A), Galyna Livshyts and Orli Herscovici, Georgia Institute of 

Technology, and Dan Mikulincer, Massachusetts Institute of Technology.
Knots, Skein Modules and Categorification (Code: SS 8A), Rhea Palak Bakshi and Józef H. Przytycki, George Washing-

ton University, Radmilla Sazdanovic, North Carolina State University, and Marithania Silvero, Universidad de Sevilla.
Recent Developments in Commutative Algebra (Code: SS 5A), Florian Enescu, Georgia State University, and Thomas 

Polstra, University of Alabama.
Recent Developments on Analysis and Computation for Inverse Problems for PDEs (Code: SS 2A), Dinh-Liem Nguyen, Kansas 

State University, and Loc Nguyen and Khoa Vo, University of North Carolina at Charlotte.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS) 

(Code: SS 6A), Chun-Ju Lai, Academia Sinica, Taiwan, Daniel K. Nakano, University of Georgia, and Weiqiang Wang, 
University of Virginia.
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Singer-Hopf Conjecture in Geometry and Topology (Code: SS 9A), Luca Di Cerbo, University of Florida, and Laurentiu 
Maxim, University of Wisconsin-Madison.

Stochastic Analysis and its Applications (Code: SS 7A), Parisa Fatheddin, Ohio State University, Marion, and Kazuo 
Yamazaki, Texas Tech University.

Topological Persistence: Theory, Algorithms, and Applications (Code: SS 12A), Hitesh Gakhar, University of Oklahoma, 
Luis Scoccola, Northeastern University, and Ling Zhou, The Ohio State University.

Topology and Geometry of 3- and 4-Manifolds (Code: SS 3A), Siddhi Krishna, Georgia Institute of Technology and Colum-
bia University, Miriam Kuzbary, Georgia Institute of Technology, and Beibei Liu, Max Planck Institute for Mathematics 
and Georgia Institute of Technology.

Spring Eastern Virtual Sectional Meeting
meeting virtually, EDT (hosted by the American Mathematical Society)

April 1–2, 2023
Saturday – Sunday

Meeting #1185

Eastern Section

Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: February 9, 2023

Issue of Abstracts: To be announced

Deadlines
For organizers: September 1, 2022
For abstracts: January 31, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Kirstin Eisentraeger, Pennsylvania State University, Title to be announced.
Jason Manning, Cornell University, Title to be announced.
Jennifer Mueller, Colorado State University, Title to be announced.

Cincinnati, Ohio
University of Cincinnati

April 15–16, 2023
Saturday – Sunday

Meeting #1186
Central Section
Associate Secretary for the AMS: Betsy Stovall, University 
of Wisconsin-Madison

Program first available on AMS website: February 23, 2023

Issue of Abstracts: To be announced

Deadlines

For organizers: September 15, 2022

For abstracts: February 14, 2023

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday

Meeting #1187
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: March 16, 2023
Issue of Abstracts: Not applicable

Deadlines
For organizers: October 1, 2022
For abstracts: March 7, 2023
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sami Assaf, University of Southern California, Title to be announced.
Natalia Komarova, University of California, Irvine, Title to be announced.
Joseph Teran, University of California, Los Angeles, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by Scholars in the Pacific Math Alliance, Andrea Arauza Rivera, California State University, East Bay, Mario 
Banuelos, California State University, Fresno, and Jessica De Silva, California State University, Stanislaus.

Advances in Functional Analysis and Operator Theory, Michel L. Lapidus, University of California, Riverside, Marat V. 
Markin, California State University, Fresno, and Igor Nikolaev, St. John’s University.

Algebraic Structures in Knot Theory, Carmen Caprau, California State University, Fresno, and Sam Nelson, Claremont 
McKenna College.

Algorithms in the Study of Hyperbolic 3-manifolds, Robert Haraway, III and Maria Trnkova, University of California, Davis.
Analysis of Fractional Differential and Difference Equations with its Application, Bhuvaneswari Sambandham, Dixie State 

University, and Aghalaya S. Vatsala, University of Louisiana at Lafayette.
Artin-Schelter Regular Algebras and Related Topics, Ellen Kirkman, Wake Forest University, and James Zhang, University 

of Washington.
Combinatorics Arising from Representations (associated with the Invited Address by Sami Assaf), Sami Assaf, University of 

Southern California, Nicolle Gonzalez, University of California, Los Angeles, and Brendan Pawloski, University of 
Southern California.

Complexity in Low-Dimensional Topology, Jennifer Schultens, University of California, Davis, and Eric Sedgwick, DePaul 
University.

Data Analysis and Predictive Modeling, Earvin Balderama, California State University, Fresno, and Adriano Zambom, 
California State University, Northridge.

Inverse Problems, Hanna Makaruk, Los Alamos National Laboratory, and Robert Owczarek, University of New Mexico, 
Albuquerque and University of New Mexico, Los Alamos.

Math Circle Games and Puzzles that Teach Deep Mathematics, Maria Nogin and Agnes Tuska, California State University, 
Fresno.

Mathematical Biology: Confronting Models with Data, Erica Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova), Natalia Koma-

rova and Jesse Kreger, University of California, Irvine.
Methods in Non-Semisimple Representation Categories, Eric Friedlander, University of Southern California, Los Angeles, 

Julia Pevtsova, University of Washington, Seattle, and Paul Sobaje, Georgia Southern University, Statesboro.
Recent Advances in Mathematical Biology, Ecology, Epidemiology, and Evolution, Lale Asik, Texas Tech University, Khanh 

Phuong Nguyen, University of Houston, and Angela Peace, Texas Tech University.
Research in Mathematics by Early Career Graduate Students, Doreen De Leon, Marat Markin, and Khang Tran, California 

State University, Fresno.
Scientific Computing, Changho Kim, University of California, Merced, and Roummel Marcia.
The Use of Computational Tools and New Augmented Methods in Networked Collective Problem Solving, Mario Banuelos, 

California State University, Fresno, Andrew G. Benedek, Research Centre for the Humanities, Hungary, and Agnes Tuska, 
California State University, Fresno.

Women in Mathematics, Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, Fresno.
Zero Distribution of Entire Functions, Tamás Forgács and Khang Tran, California State University, Fresno.
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Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday

Meeting #1188
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: July 27, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: February 9, 2023
For abstracts: July 18, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Jennifer Balakrishnan, Boston University, Title to be announced.
Sigal Gottlieb, University of Massachusetts, Dartmouth, Title to be announced. 
Samuel Payne, University of Texas, Title to be announced.

Omaha, Nebraska
Creighton University

October 7–8, 2023
Saturday – Sunday

Meeting #1190
Central Section
Associate Secretary for the AMS: Betsy Stovall, University 
of Wisconsin-Madison

Program first available on AMS website: August 17, 2023

Issue of Abstracts: To be announced

Deadlines

For organizers: March 7, 2023

For abstracts: August 8, 2023

Mobile, Alabama
University of South Alabama

October 13–15, 2023
Friday – Sunday

Meeting #1189
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: August 24, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: March 13, 2023
For abstracts: August 15, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Theresa Anderson, Carnegie Mellon University, Title to be announced.
Laura Miller, University of Arizona, Title to be announced.
Cornelius Pillen, University of South Alabama, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.
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Mathematical Modeling of Problems in Biological Fluid Dynamics (Code: SS 1A), Laura Miller, University of Arizona, and 
Nick Battista, The College of New Jersey.

Albuquerque, New Mexico
University of New Mexico

October 21–22, 2023
Saturday – Sunday

Meeting #1191
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: August 31, 2023

Issue of Abstracts: Not applicable

Deadlines
For organizers: March 21, 2023

For abstracts: August 22, 2023

Auckland, New Zealand
December 4–8, 2023

Monday – Friday

Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
Moscone West Convention Center

January 3–6, 2024

Wednesday – Saturday

Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Tallahassee, Florida
Florida State University in Tallahassee

March 23–24, 2024
Saturday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced

Washington, District of Columbia
Howard University

April 6–7, 2024
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced

For abstracts: To be announced
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San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: To be announced

For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Recent Advances in Differential Geometry, Zhiqin Lu, University of California, Shoo Seto and Bogdan Suceava ̆ , California 
State University, Fullerton, and Lihan Wang, California State University, Long Beach.

Palermo, Italy
July 23–26, 2024

Tuesday – Friday

Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Riverside, California
University of California, Riverside

October 26–27, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: To be announced

For abstracts: To be announced

Washington, District of Columbia
Walter E. Washington Convention Center and Marriott Marquis Washington DC

January 4–7, 2026

Sunday – Wednesday

Associate Secretary for the AMS: Betsy Stovall
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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John B. Hynes Veteran’s Memorial Convention Center,  
Boston Marriott Hotel, and Boston Sheraton Hotel, Boston, MA
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Please note: The times listed herein were current as of press time. For the 
most up to date JMM 2023 scheduling information, please see: https://
www.jointmathematicsmeetings.org/meetings/national 
/jmm2023/2270_timetable.html.
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Boston, MA
John B. Hynes Veteran’s Memorial Convention Center, Boston Marriott Hotel, and Boston Sheraton Hotel

January 4–7, 2023
Wednesday – Saturday

Meeting #1183
This meeting includes the annual meetings of the AMS, As-
sociation for Women in Mathematics (AWM), and National 
Association of Mathematicians (NAM), winter meeting of As-
sociation for Symbolic Logic (ASL), and sessions/events by them 
and Society for Industrial and Applied Mathematics (SIAM), 
American Statistical Association (ASA), Consortium for Math-
ematics and its Applications (COMAP), International Linear 
Algebra Society (ILAS), Julia Robinson Mathematics Festival 
(JRMF), The Simons Laufer Mathematical Sciences Institute 
(SLMath), formerly Mathematical Sciences Research Institute 
(MSRI), Spectra, Transforming Post-Secondary Education 
in Mathematics (TPSE), American Institute of Mathematics 
(AIM), and Pro Mathematica Arte (PME).

Associate Secretary for the AMS Scientific Program: Steven 
H. Weintraub 
Announcement issue of Notices: October 2022
Program first available on AMS website: November 2022 

Deadlines
For organizers: Expired
For abstracts: September 13, 2022

The scientific information listed below may be dated. For the latest information, see https://www.jointmathematics 
meetings.org/meetings/national/jmm2023/2270_program.html.

Welcome to JMM 2023! Reimagined by 15 (and counting!) partners and now happening in person, this largest annual 
mathematics gathering in the world offers you a broad range of presentations, panels, exhibits, and minicourses on 
research, pedagogy, inclusion, career opportunities, and more.

The reimagined Joint Mathematics Meetings feature new organizations, disciplines, participants, and program-
ming. Expect to learn, network, and build relationships through sessions, posters, professional development, social 
gatherings, and other opportunities.

Scientific exploration and discovery remain at the heart of JMM 2023. Leaf through the robust offerings on the fol-
lowing pages to find how JMM partners (listed below) have poured their collective energy into this gathering. Prepare 
to come together to connect and collaborate. At JMM 2023, we will learn from each other. We will see old friends, 
and we will make new ones. Stay tuned for JMM updates via social media and jointmathematicsmeetings.org. 
We can't wait to see you January 4–7 in Boston. 

Best regards,
Boris Hasselblatt, Secretary of the AMS

As of press time, these are the 15 organizations that have joined forces to organize the JMM:
 • American Institute of Mathematics
 • American Mathematical Society
 • American Statistical Association
 • Association for Symbolic Logic
 • Association for Women in Mathematics
 • Consortium for Mathematics and  

its Applications
 • International Linear Algebra Society
 • Julia Robinson Mathematics Festival
 • Mathematical Sciences Research Institute

 • National Association of Mathematicians
 • Pi Mu Epsilon
 • Pro Mathematica Arte
 • Society for Industrial and  

Applied Mathematics
 • Association for LGBTQ+ Mathematicians 

(Spectra)
 • Transforming Post-Secondary Education  

in Mathematics
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Joint Invited Addresses
Laura DeMarco, Harvard University, Title to be announced. (AWM-AMS Noether Lecture)
Philip Maini, University of Oxford, Are we there yet? Modelling collective cell motion in biology and medicine. (AAAS-AMS 

Invited Address)
Omayra Ortega, Sonoma State University, Title to be announced. (MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay 

Lecture)
Bernd Sturmfels, University of California at Berkeley, Title to be announced. (MAA-AMS-SIAM Gerald and Judith Porter 

Public Lecture)

Talithia Williams, Harvey Mudd College, Title to be announced. (JPBM Communications Award Lecture) 

AMS Invited Addresses
Rodrigo Bañuelos, Purdue University, Title to be announced.
Richard Baraniuk, Rice University, Title to be announced. (AMS Josiah Willard Gibbs Lecture)
Eugenia Cheng, School of the Art Institute of Chicago, Associativity, Commutativity and Units: a Higher-dimensional ballet. 

(AMS Erdős Memorial Lecture)
Camillo De Lellis, Institute for Advanced Study, Flows of nonsmooth vector fields. (AMS Colloquium Lectures: Lecture I) 
Camillo De Lellis, Institute for Advanced Study, Flows of nonsmooth vector fields. (AMS Colloquium Lectures: Lecture II)
Camillo De Lellis, Institute for Advanced Study, Flows of nonsmooth vector fields. (AMS Colloquium Lectures: Lecture III) 
Wilfrid Gangbo, UCLA, Recent progress on master equations in Mean Field Games.
Ling Long, Louisiana State University, Baton Rouge, LA, Associativity, A Stroll in the Garden of Hypergeometric Functions. 

(AMS Maryam Mirzakhani Lecture)
Chris Rasmussen, Center for Research in Math and Science Education, Title to be announced. (AMS Lecture on Education)
Nikhil Srivastava, University of California, Berkeley, Title to be announced. (AMS von Neumann Lecture)
Rekha Thomas, University of Washington, Ideals and Varieties of the Pinhole Camera. 

Invited Addresses of Other JMM Partners
Jeremy Avigad, Carnegie Mellon University, The Promise of Formal Mathematics. (ASL)
Peter Cholak, University of Notre Dame, Ramsey like Theorems on the Rationals. (ASL)
Edray Herber Goins, Pomona College, Distance Makes the Math Grow Deeper: Rational Distance Sets, Nate Dean, and 

Me. (PME J. Sutherland Frame Lecture)
Franziska Jahnke, University of Münster, Model theory of perfectoid fields. (ASL)
Stephen Kudla, University of Toronto, Title to be announced. (AIM Alexanderson Award Lecture)
Sandra Müller, Technical University of Vienna, Universally Baire sets, determinacy and inner models. (ASL)
Rob Santos, Director, US Census Bureau, Title to be announced. (ASA Committee of Presidents of Statistical Societies 

Lecture)
Lynn Scow, California State San Bernardino, Semi-retractions and the Ramsey Property. (ASL)
Mariel Vazquez, University of California, Davis, Topology and Evolution of DNA and RNA. (SIAM)
Erik Walsberg, University of California Irvine, Model theory of large fields. (ASL)
Apoorva Khare, Indian Institute of Science, Analysis applications of Schur polynomials. (ILAS)
NAM Claytor-Woodard Address, speaker and title to be announced
NAM Cox-Talbot Address, speaker and title to be announced.
Spectra Lavender Lecture, speaker and title to be announced.
TPSE Invited Lecture, speaker and title to be announced.

Invited Addresses of Other Organizations
Estrella Johnson, Virginia Tech, Title to be announced. (Project NExT Lecture on Teaching and Learning)
Russell Marcus, Hamilton College, Title to be announced. (SIGMAA on the Philosophy of Mathematics Guest Speaker)
SIGMAA on Environmental Mathematics Guest Speaker, speaker and title to be announced. 
Association for Christians in the Mathematical Sciences Guest Lecture, speaker and title to be announced.

Joint Prize Session 
Join the JMM 2023 Partners in celebrating the achievements of a selection of their prize and award winners at 4:25 pm 
on Wednesday. All participants are invited and encouraged to attend.
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Special Sessions of the JMM
If you are volunteering to speak in a Special Session, you should submit your abstract as early as possible via the abstract 
submission form found at jointmathematicsmeetings.org/meetings/abstracts/abstract.pl?type=jmm.

American Institute for Mathematics Special Sessions
Automorphic Forms and Special Cycles, Jan Bruinier, Technical University of Darmstadt, Stephen Kudla, University of 

Toronto, and Tonghai Yang, University of Wisconsin, Madison. (In association with the AIM Alexanderson Award lecture) 
Little School Dynamics: Cool Dynamics Research by Researchers at PUIs, Kimberly Ayers, Cal State San Marcos, Ami Ra-

dunskaya, Pomona College, Han Li, Wesleyan University, David McClendon, Ferris State University, and Andrew Parrish, 
Eastern Illinois University.

AIM-ASA Special Session on Researchers from the Latinx Mathematician Network, Jesus De Loera, University of California, 
Davis. (This session is co-sponsored by AIM and ASA)

AMS Special Sessions
Advances and Applications in Integral and Differential Equations I, Jeffrey W. Lyons, The Citadel, Sougata Dhar, The Uni-

versity of Connecticut, and Jeffrey T. Neugebauer, Eastern Kentucky University.
Advances in Markov models: Gambler's Ruin, Duality and Queueing Applications I, Alan Krinik and Randall James Swift, 

California State Polytechnic University.
Advances in Modeling Mosquito-borne Disease Dynamics and Control Methods, Zhuolin Qu, University of Texas at San 

Antonio, and Michael Robert, Virginia Tech.
Advances in Nonlinear Boundary Value Problems I, Nsoki Mavinga, Swarthmore College, Maya Chhetri, UNC Greensboro, 

and R Pardo, Complutense University of Madrid.
Advances in Operator Algebras I, Sarah Browne, University of Kansas, Priyanga Ganesan, Texas A&M University, and 

David Jekel, University of California, San Diego.
Advances in Partial Differential Equations, Numerical Analysis, and their Applications, Andrew Miller, Bridgewater State 

University, and Joshua L. Flynn, University of Connecticut.
Advances in Qualitative Theory and Applications to Life Sciences of Differential, Difference, and Dynamic equations, Elvan 

Akin, Missouri University S&T, and Naveen K. Vaidya, San Diego State University.
Analysis and Differential Equations at Undergraduate Institutions, Ryan Alvarado, Amherst College, and Lyudmila Koro-

benko, Reed College.
Applications of Riemann Surfaces, Mark Syd Bennett and Bernard Deconinck, University of Washington, Charles Wang, 

Harvard University, and Türkü Çelik, Bogazici University.
Applications of Tensors in Computer Science, Harm Derksen, Northeastern University, Neriman Tokcan, Broad Institute, 

and Benjamin Lovitz, University of Waterloo.
Applied Category Theory (a Mathematics Research Communities session), Pablo S. Ocal, University of California, Los Ange-

les, Layla Sorkatti, Southern Illinois University, Charlotte Aten, University of Rochester, and Abigail Hickok, University 
of California, Los Angeles.

Applied Enumerative Geometry, Frank Sottile, Texas A&M University, and Taylor Brysiewicz, Western University.
Applied Topology: Theory and Implementation, Nikolas Schonsheck, Chad Giusti, Melinda Kleczynski, and Jerome 

Roehm, University of Delaware.
Arithmetic Geometry Informed by Computation, Jennifer Balakrishnan, Boston University, and Bjorn Poonen and Andrew 

V. Sutherland, Massachusetts Institute of Technology.
Arithmetic Statistics, Allechar Serrano Lopez, Harvard University, and Robert James Lemke Oliver, Tufts University.
Automorphic Forms and Representation Theory, Solomon Friedberg, Boston College, and Spencer Leslie, Duke University. 
Coding Theory for Modern Applications, Allison Beemer, University of Wisconsin-Eau Claire, Hiram H. Lopez, Cleveland 

State University, and Rafael D'Oliveira, Clemson University.
Complex and Arithmetic Dynamical Systems, Laura G. DeMarco and Niki Myrto Mavraki, Harvard University, and Max 

Weinreich, Brown University. (AMS-AWM)
Complexity and Topology in Computational Algebraic Geometry, Ali Mohammad Nezhad and Saugata Basu, Purdue Uni-

versity.
Complex Systems in the Life Sciences, Xiang-Sheng Wang, University of Louisiana at Lafayette, Zhisheng Shuai, University 

of Central Florida, and Gail S. Wolkowicz, McMaster University.
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Current Directions in the Philosophy of Mathematics, Bonnie Gold, Monmouth University, and Kevin Iga, Pepperdine 
University.

Current Progress in Computational Biomedicine, Nektarios Valous, National Center for Tumor Diseases Heidelberg, Ger-
man Cancer Research Center, Heidelberg, Anna Konstorum, Department of Pathology, Yale School of Medicine, Heiko 
Enderling, Department of Integrated Mathematical Oncology, H. Lee Moffitt Cancer Center & Research Institute, Tampa, 
FL, and Dirk Jäger, National Center for Tumor Diseases, German Cancer Research Center, Heidelberg, Germany.

Data Science at the Crossroads of Analysis, Geometry, and Topology (a Mathematics Research Communities session), Hitesh 
Gakhar, University of Oklahoma, Harlin Lee, University of California, Los Angeles, and Josue Tonelli-Cueto, Inria Paris  
& IMJ-PRG.

Definability, Computability, and Model Theory: A Special Session dedicated to Gerald E. Sacks, Nathanael Leedom Acker-
man, Harvard University, Ted Slaman, University of California, Berkeley, and Cameron Freer, Massachusetts Institute 
of Technology.

Discrete and Hybrid Dynamical Systems: Time Scales and Fractional Approaches, Billy Jackson, University of Wisconsin 
Madison.

Distance Problems in Continuous, Discrete and Finite Field Settings, Abdul Basit, Iowa State University, Eyvindur Ari Pals-
son, Virginia Tech University, and Steven Joel Miller, Williams College.

Dynamics, Geometry & Group Actions, Kathryn Lindsey, Boston College, and Boris Hasselblatt, Tufts University.
Dynamics of PDEs on Heterogeneous Domains: Theory & Applications, Denis Daniel Patterson, Princeton University, Ryan 

Goh, Boston University, and Jonathan Touboul, Brandeis University.
Ecological and Evolutionary Dynamics in Life and Social Sciences, Sabrina H. Streipert, McMaster University, and Yun 

Kang and Lucero Rodriguez Rodriguez, Arizona State University.
Excursions in Arithmetic Geometry, Tony Shaska, Research Institute of Science and Technology.
Financial Mathematics, Sixian Jin and Stephan Strum, Worcester Polytechnic Institute.
Geometric PDEs, Theodora Bourni, University of Tennessee, Knoxville, and Brett Kotschwar, Arizona State University.
Geometry and Dynamics in Moduli Spaces of Abelian Differentials, Charles C. Johnson, Western Carolina University, 

Martin Schmoll, Clemson University, and Chris Judge, Indiana University.
Homotopy theory: Connections and Applications, Elden Elmanto, Harvard University, and Daniel C. Isaksen, Wayne State 

University.
If You Build It They Will Come: Presentations by Scholars in the National Alliance for Doctoral Studies in the Mathematical 

Sciences, Rolando de Santiago, Purdue University, and David Goldberg, Math Alliance/Purdue University.
Integrable Systems and Symplectic Group Actions, Joseph Palmer and Susan Tolman, University of Illinois Urbana-Cham-

paign.
Integral Equations and Applications, Irina Mitrea, Temple University, and Shari Moskow, Drexel University.
Kicks, Shocks, Recovery and Resilience: Impulsive Models in Ecology and Socio-Economic Systems, Punit Gandhi, Virginia 

Commonwealth University, and Sarah Iams, Harvard University.
Langlands Program, Shanna Dobson, University of California, Riverside.
Lessons Learned from Successful Departmental Efforts to Transform Precalculus and Calculus, Chris Rasmussen, Center for 

Research in Math and Science Education.
Math Circle Activities as a Gateway into Mathematics, Lauren L Rose, Bard College, Brandy S. Wiegers, Central Wash-

ington University, Gabriella A. Pinter, and Nick Rauh, Julia Robinson Math Festivals.
Mathematical Foundations of Democracy, Stanley Chang and Andy Schultz, Wellesley College.
Mathematical Methods in Machine Learning and Optimization, Carlos M. Ortiz-Marrero, Pacific Northwest National 

Laboratory, and Ryan W. Murray, North Carolina State University.
Mathematical Modeling of Ecology and Evolution: From Infectious Disease to the Evolution of Cooperation, Daniel Brendan 

Cooney, University of Pennsylvania, Chadi M. Saad-Roy and Olivia Jessica Chu, Princeton University, and Benjamin 
Allen, Emmanuel College.

Mathematics and Fiber Arts, sarah-marie belcastro, MathILy and Smith College, and Carolyn Yackel, Mercer University.
Mathematics and the Arts, Karl Kattchee, University of Wisconsin-La Crosse, Doug Norton, Villanova University, and 

Anil Venkatesh, Adelphi University.
Mathematics Standards, Equity, Policy, and Politics, Yvonne Lai, University of Nebraska-Lincoln, Tyler Kloefkorn, Amer-

ican Mathematical Society, Dave Kung, Charles A. Dana Center, The University of Texas at Austin, and Blain Patterson, 
Virginia Military Institute.

Modeling Collective Behavior in Biology, Alexandria Volkening, Purdue University, and Philip Maini, University of Oxford.
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Models and Methods for Sparse (Hyper) Network Science (a Mathematics Research Communities session), Sarah Tymochko, 
Michigan State University, Jessalyn Bolkema, California State University, Dominguez Hills, Himanshu Gupta, University 
of Delaware, Fangfei Lan, University of Utah, and Nicholas W. Landry, University of Colorado Boulder.

Modular Forms, Hypergeometric Functions, Character Sums and Galois Representations, Ling Long, Louisiana State University, 
Wen-Ching Winnie Li, Pennsylvania State University, William Chen, Institute for Advanced Study, and Holly Swisher, 
Oregon State University.

New Developments in Differential Geometry and Topology, Megan M. Kerr, Wellesley College, and Catherine Searle, 
Wichita State University.

Nonlinear Evolution Equations and their Applications, Guoping Zhang, Gaston Mandata N’Guerekata, Xuming Xie, 
Mingchao Cai, and Jemal Mohammed-Awel, Morgan State University.

Nonlocal Frameworks in Analysis and Mathematical Modeling, Nicole Buczkowski, and Petronela Radu and Anh Vo, 
University of Nebraska-Lincoln.

Number Theory at Non-PhD Granting Institutions, Steven Joel Miller, Williams College, Naomi Tanabe, Bowdoin Col-
lege, Harris Daniels, Amherst College, Enrique Treviño, Lake Forest College, and Alia Hamieh, University of Northern 
British Columbia.

Orthogonal Polynomials and their Applications, Ahmad Barhoumi, University of Michigan, Roozbeh Gharakhloo, Col-
orado State University, and Andrei Martinez-Finkelshtein, Baylor University.

Partial Differential Equations and Complex Variables, Hyun-Kyoung Kwon, University at Albany, SUNY, Bingyuan Liu, 
The University of Texas Rio Grande Valley, and Qi Han, Texas A&M University-San Antonio.

Perspectives on Eigenvalue Computation, Nikhil Srivastava, University of California, Berkeley, Peter Buergisser, Technische 
Universität Berlin Institut Für Mathematik, and James Demmel, University of California, Berkeley.

Polymath Jr: Mentoring and Learning, Steven Joel Miller, Williams College, Johanna Franklin, Hofstra University, Adam 
Sheffer, Baruch College, CUNY, and Yunus E. Zeytuncu, University of Michigan - Dearborn.

Polynomical systems, homotopy continuation, and applications, Timothy Duff, University of Washington, and Margaret 
Regan, Duke University.

Promoting Equity Through Active Learning in Undergraduate Mathematics: Precalculus, Jose Maria Menendez, Pima 
Community College, Ksenija Simic-Muller, Pacific Lutheran University, and Anthony Fernandes, University of North 
Carolina - Charlotte.

Quadratic Forms, Modular Forms, and Applications, Fang-Ting Tu, Louisiana State University, Gene S. Kopp, Purdue 
University, and Jingbo Liu, Texas A&M University-San Antonio.

Quaternions, Johannes Familton and Chris McCarthy, Borough of Manhattan Community College, CUNY, and Ter-
rence Richard Blackman, Medgar Evers Community College, CUNY.

Recent Advances in Arithmetic Dynamics, Joseph H. Silverman, Brown University, Jacqueline Anderson, Bridgewater 
State University, and John R. Doyle, Oklahoma State University.

Recent Advances in Nonlinear Partial Differential Equations and the Applications, Qi Han, Texas A&M University-San An-
tonio, and Jing Tian, Towson University.

Recent Development in Partial Differential Equations related to Geometric and Harmonic Analysis, Meijun Zhu, University 
of Oklahoma, and Xiaodong Wang, Michigan State University.

Recent Developments in Geometric Measure Theory, Camillo De Lellis, Institute For Advanced Study, Princeton, Antonio 
De Rosa, University of Maryland, and Luca Spolaor, University of California, San Diego.

Recent developments in Numerical Methods for PDEs, Leo G. Rebholz, Clemson University, and Michael Neilan, Univer-
sity of Pittsburgh.

Recent Trends in Discrete-Time Ecological and Epidemiological Models, Mustafa R. Kulenovic, University of Rhode Island, 
and Abdul-Aziz Yakubu, Howard University.

Research Community in Algebraic Combinatorics, Rosa C. Orellana and Nadia Lafrenière, Dartmouth College.
Research from the Graduate Research Workshop in Combinatorics (GRWC), Steve Butler, Iowa State University, Xavier 

Perez-Gimenez, University of Nebraska-Lincoln, and Puck Rombach, University of Vermont.
Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, Darren A. Narayan, Rochester 

Institute of Technology, Khang Tran, California State University, Fresno, Mark Daniel Ward, Purdue University, John C. 
Wierman, Johns Hopkins University, and Christopher O’Neil, San Diego State University.

Resolutions of singularities and cohomology in geometry and representation theory, Iva Halacheva, Northeastern University, 
Roman Bezrukavnikov, Massachusetts Institute of Technology, Peter Crooks, Utah State University, and Valerio Toledano 
Laredo, Northeastern University.
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Rethinking Number Theory, Allechar Serrano Lopez, Harvard University, Lea Beneish, University of California, Berkeley, 
and Soumya Sankar, Ohio State University.

Riemannian Manifolds with Lower Scalar Curvature Bounds, Brian Allen, Lehman College, CUNY, and Demetre Kazaras, 
Duke University.

Scholarship on Teaching and Learning Introductory Statistics, Jennifer McNally, Laura Callis, and Steven LeMay, Curry 
College.

Spatial Ecology Applications using Reaction Diffusion Models, Jerome Goddard, Auburn University Montgomery, and 
Ratnasingham Shivaji, University of North Carolina at Greensboro.

Statistics and Data Science Curriculum in a Mathematics Department, Qing Wang and Anny-Claude Joseph, Wellesley 
College.

Stimulating Student Engagement in Differential Equations through Modeling Activities, Kyle T. Allaire, Worcester State Uni-
versity, Lisa Naples, Macalester College, and Timothy Antonelli, Worcester State University.

Stochastic Analysis and Applications, Parisa Fatheddin, Ohio State University, Marion, and Michael A. Salins, Boston 
University.

Sum-product Theory in Finite Fields and Matrices over Finite Fields, Alex Iosevich, University of Rochester.
Tensor Representation, Completion, Modeling and Analytics of Complex Data, Ivo D. Dinov, University of Michigan.
The combinatorics and geometry of Jordan type and Lefschetz properties, A Iarrobino, Northeastern University, and Leila 

Khatami, Union College.
The EDGE (Enhancing Diversity in Graduate Education) Program: Pure and Applied Talks by Women Math Warriors, Laurel 

Ohm, Princeton University, Shanise Walker, University of Wisconsin Eau Claire, and Ziva Myer, Byrn Mawr College.
The History of Mathematics, Jemma Lorenat, Pitzer College, Adrian Rice, Randolph-Macon College, Deborah Kent, 

University of St. Andrews, and Daniel E. Otero, Xavier University.
The Math and Art of Mathemalchemy, Samantha Pezzimenti, Penn State Brandywine, Carolyn Yackel, Mercer University, 

and Edmund Harriss, University of Arkansas.
The Mathematics of RNA and DNA, Chris McCarthy and Johannes Familton, Borough of Manhattan Community 

College, CUNY.
The Scholarship of Teaching and Learning: Past, Present, and Future,, Jacqueline M, Dewar, Loyola Marymount University, 

Thomas F. Banchoff, Brown University, Curtis Bennett and Brian Katz, California State University, Long Beach, Lew 
Ludwig, Denison University, and Larissa Schroeder, University of Nebraska Omaha.

The Teaching and Learning of Undergraduate Ordinary Differential Equations: An interdisciplinary approach, Viktoria Sava-
torova, Central Connecticut State University, Itai Seggev, Wolfram Research, Iordanka Panayotova, Christopher Newport 
University, and Beverly H. West, Cornell University.

Topological and Combinatorial Methods in Commutative Algebra, Augustine O’Keefe, Connecticut College, and Jennifer 
Biermann, Hobart and William Smith Colleges.

Topology, Algebra, and Geometry in the Mathematics of Data Science, Henry Kvinge, Tim Doster, and Tegan Emerson, 
Pacific Northwest National Laboratory.

Topology, Structure and Symmetry in Graph Theory, Mark N Ellingham, Vanderbilt University, and Lowell Abrams, George 
Washington University.

Trees in Many Contexts (a Mathematics Research Communities session), Ann W. Clifton, Louisiana Tech University, Fadekemi 
Janet Osaye, Alabama State University, Lora Bailey, Grand Valley State University, Alex Wiedemann, Randolph-Macon 
College, and Reem Mahmoud, Virginia Commonwealth University.

Undergraduate Research Activities in Mathematical and Computational Biology, Timothy D. Comar, Benedictine University, 
Hannah Callender Highlander, University of Portland, and Anne E. Yust, University of Pittsburgh.

Understanding COVID-19: Three Years of Mathematical Models to Address the Global Pandemic, Lauren M. Childs, Virginia 
Tech, Hwayeon Ryu, Elon University, and Kamila Larripa, Humboldt State University.

Variational Methods, Optimal Control and Hamilton-Jacobi equations, Wilfrid Gangbo, UCLA, Andrzej Swiech, Georgia 
Tech, Alpar Meszaros, University of Durham, and Chenchen Mou, City University of Hong Kong.

Women in Automorphic Forms, Mathilde Gerbelli-Gauthier, Institute for Advanced Study, and Maria Fox, University of 
Oregon.

American Statistical Association Special Sessions
AIM-ASA Special Session Researchers from the Latinx Mathematician Network, Jesus De Loera, University of California, 

Davis. (This session is co-sponsored by AIM and ASA)
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Association for Symbolic Logic Special Sessions
Model-theoretic and "Higher Infinite" Methods in Descriptive Set Theory and Related Areas, Alexander Kechris, California 

Institute of Technology, Alejandro Poveda, Harvard University and Hebrew University of Jerusalem, Assaf Shani, Harvard 
University, and Rehana Patel, AIMS-Senegal.

Tame Geometry and Applications to Analysis, Alexi Block Gorman, The Fields Institute, Elliot Kaplan, McMaster Univer-
sity, and Daniel Miller, Emporia State University.

Association for Women in Mathematics Special Sessions
Women, Art, and Mathematics: Mathematics in the Literary Arts and Pedagogy in Creative Settings, Shanna Dobson, California 

State University Los Angeles, Elizabeth Donovan, Murray State University, and Stephanie Lewkiewicz, Temple University.
Women in Graph Theory, Karen Collins, Wesleyan University, Sandra Kingan, Brooklyn College and the Graduate 

Center, Brigitte Servatius, Worcester Polytechnic Institute, and Ann Trenk, Wellesley College.
Celebrating the Mathematical Contributions of the AWM, Donatella Danielli, Arizona State University, Kathryn Leonard, 

Occidental College, Michelle Manes, University of Hawaii at Manoa, and Ami Radunskaya, Pomona College.
Recent Developments in the Analysis of Local and Nonlocal PDEs, Donatella Danielli, Arizona State University, and Alaa 

Haj Ali, Arizona State University.

Consortium for Mathematics and its Applications Special Sessions
COMAP Special Session on COMAP's Modeling Contests: Engaging Students and Faculty in Mathematical Modeling, Amanda 

Beecher, Ramapo College of New Jersey, Kayla Blyman, Saint Martin's University, and Steve Horton, US Military Acad-
emy Emeritus.

International Linear Algebra Society Special Sessions
Innovative and Effective Ways to Teach Linear Algebra, Sepideh Stewart, University of Oklahoma, Gil Strang, Massachu-

setts Institute of Technology, David Strong, Pepperdine University, and Megan Wawro, Virginia Tech.
ILAS-AIM Special Session on The Inverse Eigenvalue Problem for a Graph and Zero Forcing, Mary Flagg, University of St 

Thomas, and Bryan Curtis, Iowa State University.
Matrices and Operators, Mohsen Aliabadi, Iowa State University, Pan-Shun Lau, University of Nevada, Reno, and Tin-

Yan Tam, University of Nevada, Reno.
Matrix Analysis and Applications, Edward Poon, Embry-Riddle Aeronautical University, and Hugo Woerdeman, Drexel 

University.

National Association of Mathematicians
Quantitative Justice, Omayra Ortega, NAM, Ron Buckmire, SIAM, and Carrie Diaz Eaton, Bates College. (NAM-SIAM 

Minisymposia/Special Session)

The Simons Laufer Mathematical Sciences Institute (SLMath), formerly MSRI Special Sessions  
The MSRI/SLMath African Diaspora Joint Mathematics Working Groups (ADJOINT), Edray Goins, Pomona College, and 

Anisah Nu’Man, Spellman College.
The MSRI/SLMath Undergraduate Program (MSRI-UP), Federico Ardila, San Francisco State University.
Summer Research in Mathematics (SRiM): Applied and Computational Mathematics, Jingwei Hu, University of Washington, 

Yifei Lou, University of Texas at Dallas, and Yunan Yang, Cornell University.
Summer Research in Mathematics (SRiM): Unknotting Operations, Hannah Turner, Georgia Institute of Technology, and 

Samantha Allen, University of Georgia, Athens.
Summer Research in Mathematics (SRiM): Geometric and Topological Combinatorics, Margaret Bayer, University of Kansas, 

Marija Milutinovic, University of Belgrade, and Julianne Vega, Kennesaw State University.
Summer Research in Mathematics (SRiM): Dynamics and Operator Algebras, Sarah Browne, University of Kansas, Elizabeth 

Gillaspy, University of Montana, Sarah Reznikoff, Kansas State University, and Lauren Ruth, Mercy College.
Summer Research in Mathematics (SRiM): Mathematical Modeling and Analysis in Eye Research, Atanaska Dobreva and 

Erika Camacho, Arizona State University.
Summer Research in Mathematics (SRiM): Analytic Number Theory, Sneha Chaubey, Indian Institute of Information 

Technology, Ayla Gafni, University of Mississippi, and Amita Malik, Max Planck Institute.
Summer Research in Mathematics (SRiM): Cluster Algebras and Related Topics, Esther Banaian, University of Minnesota,  

Sunita Chepuri, University of Michigan, and Elizabeth Kelley, University of Illinois at Urbana-Champaign.
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Summer Research in Mathematics (SRiM): Differential and Metric Geometry, Lee Kennard, Syracuse University, and Cath-
erine Searle, Wichita State University.

Pro Mathematica Arte Special Sessions
Budapest Semesters in Mathematics Special Session on Mathematical Research in Budapest for Students and Faculty, Kristina 

Garrett, St. Olaf College.

Society for Industrial and Applied Mathematics Minisymposia
Combinatorial Optimization, Annie Raymond, University of Massachusetts.
Numerical Linear Algebra, Jim Nagy, Emory University. 
Quantitative Justice, Omayra Ortega, NAM, Ron Buckmire, SIAM, and Carrie Diaz Eaton, Bates College. (NAM-SIAM 

Minisymposia/Special Session)
Fractional Dynamics, Łukasz Płociniczak, Wrocław University of Science and Technology.
Imaging and Inverse problems, Andrea Arnold, Worcester Polytechnic Institute. 
Applications of the Maslov Index, Christopher Jones and Emmanuel Fleurantin, University of North Carolina.
Quantum Algorithms, Dong An, University of Maryland, and Di Fang, University of California, Berkeley.
SIAM ED session on Education as Research and Research as Education, Ben Galluzzo and Katie Kavanagh, Clarkson Uni-

versity.

Association for LGBTQ+ Mathematicians (Spectra) Special Sessions
AMS-Spectra Special Session on Research by LGBTQ+ Mathematicians, Juliette Bruce, UC Berkeley, Christopher Goff, 

University of the Pacific, and Rebecca R.G., George Mason University. 

AMS Sessions for Contributed Papers
There will be sessions of ten-minute contributed talks. Although an individual may present only one contributed paper at 
a meeting, any combination of joint authorship may be accepted, provided no individual speaks more than once on the 
contributed paper program. Contributed papers will be grouped together by related subject classifications into sessions.

Submission of Abstracts for JMM Sessions
Authors must submit abstracts of talks through the JMM abstract submission site.1 Simply follow the step-by-step in-
structions through to completion, until you receive a confirmation of your successful submission. Detailed instructions 
are also posted on this page on the JMM 2023 website.2 No submission is complete until you receive this confirmation. 
The deadline for all submissions is September 13, 2022. Late papers cannot be accommodated. Please email meet@ams 
.org if you have questions. 

Programs of JMM Partners
Please see complete descriptions of these sessions on the JMM website.

American Mathematical Society

AMS Poster Session
AMS-PME Student Poster Session, organized by Chad Awtrey, Samford University, Paul Fishback, Grand Valley State Univer-
sity, and Frank Patane, Samford University; Friday, 10:30 am–12:00 pm and 3:30–5:00 pm. These sessions feature research 
done by undergraduate students. First-year graduate students are eligible to present if their research was completed while 
they were still undergraduates. Research by high school students can be accepted if the research was conducted under the 
supervision of a faculty member at a post-secondary institution.

Appropriate content for a poster includes, but is not limited to, a new result, a new proof of a known result, a new 
mathematical model, an innovative solution to a Putnam problem, or a method of solution to an applied problem. Purely 
expository material is not appropriate for this session.

1https://meetings.ams.org/math/jmm2023/cfp.cgi
2https://www.jointmathematicsmeetings.org/meetings/national/jmm2023/2270_abs-submit
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Participants should submit an abstract through the JMM abstract submission portal by September 13. Questions re-
garding this session should be directed to Chad Awtrey, cawtrey@samford.edu, Paul Fishback, fishbacp@mail.gvsu 
.edu, or Frank Patane, fpatane@samford.edu.
AMS Panels
Please see complete descriptions of these sessions on the JMM website.

AMS Panel on Double Anonymous Peer Review, organized by David Futer, Temple University, and Judy Walker, University 
of Nebraska–Lincoln; Wednesday, 9:30–10:30 am. Panelists to include Henry Cohn, Microsoft Research, and additional 
panelists to be announced.

AMS Committee on Equity, Diversity, and Inclusion Panel: Making Changes on Improving Equity, Diversity, and Inclusion 
(EDI), organized by Dennis Davenport, Howard University, Sarah Greenwald, Appalachian State University, and Ami 
Radunskaya, Pomona College; Wednesday, 10:30 am–12:00 pm. Panelists are Rachel Levy, North Carolina State Univer-
sity, Herbert Medina, University of Portland, and Donald Outing, Lehigh University.

AMS Advocacy for Mathematics and Science Policy, organized and moderated by Karen Saxe, American Mathematical 
Society; Thursday, 9:30–11:00 am. 

AMS Committee on Education Panel Discussion, organized by Karen Saxe, American Mathematical Society; Thursday, 
1:00–2:30 pm. The moderator and panelists are to be announced. This panel is sponsored by the AMS Committee on 
Education.

AMS Committee on the Profession Panel Discussion: Supporting Faculty in Mentoring Students for Careers Beyond Academia, 
organized by Christian Borgs, University of California Berkeley, Jim L. Brown, Occidental College, Ellen Eischen, Uni-
versity of Oregon, Pamela E. Harris, University of Wisconsin Milwaukee, and Mary Lynn Reed, Rochester Institute of 
Technology; Friday, 1:00–2:30 pm. The moderator for this panel is Mary Lynn Reed, Rochester Institute of Technology.  
Panelists are Lee DeVille, University of Illinois, Tegan Emerson, Pacific Northwest National Laboratory, Ryan Garibaldi, 
Center for Communications Research, La Jolla, Talitha Washington, Clark Atlanta University & Atlanta University Center, 
and Suzanne Weekes, SIAM. This panel is sponsored by the AMS Committee on the Profession.

AMS Panel: Keys to Journal Publishing with the AMS, organized by Lauren Foster and Nicola Poser, American Mathe-
matical Society; Friday, 1:00–2:00 pm.

AMS Committee on Science Policy Panel Discussion, organized by Duane Cooper, Morehouse College, Deborah Frank 
Lockhart, NSF, and Allen J Stewart, AMS Congressional Fellow 2021–22; Friday, 2:30–4:00 pm. This panel is sponsored 
by the Committee on Science Policy.

AMS DC-Based Policy & Communications Opportunities, organized by Karen Saxe, American Mathematical Society, and 
Duncan Wright; Friday, 4:30–6:30 pm. 

AMS Committee on Meetings and Conferences Panel: Future of AMS Meetings, organized by Shanna Dobson, University 
of California, Riverside, David Morrison, University of California Santa Barbara, Emma Previato, Boston University, and 
Suzanne S. Sindi, University of California, Merced; Saturday, 9:30–11:00 am. Panelists are Shanna Dobson, University 
of California, Riverside, Abba Gumel, Arizona State University, Samuel Hansen, University of Michigan, Sara Rezvi, 
University of Illinois, Chicago, and Monica Van Dieren, Robert Morris University. Moderator for this panel is Suzanne 
S. Sindi, University of California, Merced. This panel is sponsored by the AMS Committee on Meetings and Conferences.
AMS Workshops
Please see complete descriptions of these sessions on the JMM website.

2023 AMS Department Chairs Workshop: This annual one-day workshop for department chairs, leaders, and prospective 
leaders will be held on Tuesday, January 3, 2023, 9:00 am–2:00 pm, the day before the JMM begins.

The workshop will provide an opportunity to share experiences about issues and trends that have an impact on math 
department chairs, math departments, and colleges and universities. Topics could include resources, handling stress 
(students, staff, and faculty), curriculum, and instructional delivery. The organizers expect the workshop to help build a 
community of leaders who can continue to exchange ideas and offer support and advice.

Registration for this workshop will include lunch and will also provide reserved seating for the JMM opening reception 
on January 4 at 6:15 pm. More details about registration and associated fees will be available on the workshop webpage.3 
Please send questions to Kim Kuda (kak@ams.org) in the AMS Programs Department.

AMS Workshop: Teaching and Managing Large Undergraduate Mathematics Courses in a Changing World, organized by 
P. Gavin LaRose, University of Michigan, and Bryan Mosher, University of Minnesota–Twin Cities; Part I, Wednesday, 
4:00–6:00 pm, and Part II, Friday, 4:00–6:00 pm. 

3https://www.ams.org/profession/leaders/workshops/chairsworkshop
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Other AMS Events
Please see complete descriptions of these sessions on the JMM website.

Council, Tuesday, 1:30 pm.
Business Meeting, Saturday, 11:45 am.
MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Session, organized jointly by the Mathematical Association of America, 

Society for Industrial and Applied Mathematics, and the American Mathematical Society; Friday, 9:00–10:30 am. This 
year the session will consist of a lecture from 9:00–9:50 am given by Omayra Ortega, Sonoma State University, title to be 
announced, and a short panel discussion, title to be announced, from 9:50–10:30 am. Panelists to be announced. 

Career Fair, Thursday, 8:30–10:30 am. This is an opportunity for mathematically trained job seekers at various phases 
of education and experience—graduate students, undergraduates, postdoctoral, and others—to interact in person with 
employers in business, industry, and government (BIG). This event is your chance to network and learn what it takes to 
do a BIG job. If your company is interested in participating, for US$150, a table will be provided for your posters and 
printed materials, and you are welcome to speak to interested students personally. Complimentary coffee will be served, 
sponsored by the AMS. 

Grad School Fair, Friday, 8:30–10:30 am. Here is the opportunity for undergrads to meet representatives from mathemat-
ical sciences graduate programs from universities all over the country. January is a great time for juniors to learn more, and 
college seniors may still be able to refine their search. This is your chance for one-stop shopping in the graduate school 
market. At JMM 2020, over 300 students met with representatives from more than 70 graduate programs. If your school 
has a graduate program and you are interested in participating, for US$150, a table will be provided for your posters and 
printed materials, and you are welcome to personally speak to interested students. Complimentary coffee will be served, 
sponsored by the AMS. Information is available here.4

Current Events Bulletin, organized by David Eisenbud, Mathematical Sciences Research Institute; Friday, 2:00–6:00 pm. 

AMS Short Course on Polynomial systems, homotopy continuation and applications
Monday–Tuesday, January 2–3, 2023

This two-day short course, organized by Timothy Duff, University of Washington, and Margaret H. Regan, Duke 
University, will offer six introductory lectures on the theory of polynomial systems, homotopy continuation, and their 
applications. The speakers represent a broad and diverse cross-section of researchers working on basic methods and ap-
plications of homotopy continuation. They include Silviana Amethyst, University of Wisconsin, Eau Claire, Jonathan 
Hauenstein, University of Notre Dame, Anton Leykin, Georgia Institute of Technology, Julia Lindberg, University of Wis-
consin-Madison, Mark Plecnik, University of Notre Dame, and Jose Israel Rodriguez, University of Wisconsin-Madison. 

There are separate registration fees to participate in this course. Please see the complete short course announcement 
in this issue, or go to https://www.ams.org/short-course. 

AMS Travel Grants
PUI Faculty Travel Grants. The AMS is excited to offer a new opportunity for faculty at primarily undergraduate institu-

tions (PUI) to receive funding of up to $2,100 to support participation in JMM. Grant funds can be used to offset expenses 
for travel, registration, lodging, and meals. One advantage of this funding is that it can be used to support participation 
in the Short Course or the Chairs Workshop. Additional information can be found here.5

Graduate Student Travel Grants. The AMS, with funding from a private gift, will be accepting applications for partial 
travel support for graduate students attending the Joint Mathematics Meetings in Boston, MA, January 4–7, 2023. The 
awards, not to exceed US$1,300, will ideally be matched by travel funds from the student's institution, but this is not a 
strict requirement.

Applications will be accepted ONLY from doctoral students in mathematics who are in their last year of study; i.e., ap-
plicants must not have received their doctoral degrees before the travel takes place but must expect to receive them within 
twelve months of the JMM. No student shall receive a grant more than once. Exception for JMM 2023—those who received 
grant support for the virtual JMM in 2022 are eligible to apply for the JMM 2023 grant. Information can be found here.6

Undergraduate Student Travel Grants. With support from the National Science Foundation, the AMS is offering 
travel support to a limited number of undergraduate students who are presenting in the following JMM sessions: Pi Mu 
Epsilon Undergraduate Poster Session, AMS-SIAM Special Session on Research in Mathematics by Undergraduates, and 

4http://www.ams.org/programs/students/gradfair 
5https://www.ams.org/programs/travel-grants/puifac-tg
6http://www.ams.org/programs/travel-grants/grad-students/emp-student-JMM
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Students in Post-baccalaureate Programs, and Other Special or Contributed Sessions at the Joint Mathematics Meetings 
in Boston, MA, January 4–7, 2023.

The award amounts are anticipated to be up to $1,080 to defray travel, housing, and subsistence. Applications are es-
pecially encouraged from students from groups that have been underrepresented in the mathematical sciences and from 
those with a need for travel support. Additional information can be found here.7

Please also see the section on Child Care Grants.

American Association for the Advancement of Science 
The AAAS-AMS Invited Address will be given by Philip Maini, University of Oxford, Are we there yet? Modelling collective 

cell motion in biology and medicine; Friday, 11:10 am.

American Institute for Mathematics 
Please see complete descriptions of these sessions on the JMM website.

AIM has a number of AIM Special Sessions. A full list of these sessions can be found in the AIM Special Sessions section 
above, including a joint AIM-ASA Special Session and a jointly sponsored ILAS-AIM Special Session.

AIM will host a reception; please see the listing in the Social Events section of the announcement.

American Statistical Association
The ASA Committee of Presidents of Statistical Societies (COPSS) Lecture will be given by Rob Santos, Director, US Census 

Bureau, Title to be announced.

ASA will host a reception Thursday; please see the listing in the Social Events section of the announcement.

Association for Symbolic Logic 
Please see complete descriptions of these sessions on the JMM website.

Association for Symbolic Logic Tutorial: Hilbert's Tenth Problem: Between logic and number theory, Parts I & II, organized 
by Solomon Reed, ASL; Wednesday, 9:00–10:00 am and 1:00–2:00 pm. The speaker for these tutorial sessions is Sylvy 
Anscombe, Université Paris Cité and Sorbonne Université.

The ASL Invited Address program will take place on Friday and Saturday. The program will include invited addresses by 
Jeremy Avigad, Carnegie Mellon University, The promise of formal mathematics; Peter Cholak, University of Notre Dame, 
Ramsey like theorems on the rationals; Franziska Jahnke, University of Münster, Model theory of perfectoids fields; Sandra 
Müller, Technical University of Vienna, Universally Baire sets, determinacy and inner models; Lynn Scow, California State 
San Bernadino, Semi-retractions and the Ramsey Property; and Erik Walsberg, Vassar College, Model theory of large fields.

ASL will also host an ASL Contributed Paper Session on Friday afternoon and two ASL Special Sessions on Thursday; 
more information on these sessions can be found in the Association for Symbolic Logic Special Sessions section above.

Association for Women in Mathematics 
Please see complete descriptions of these sessions on the JMM website.

AWM Panel: Non-Traditional Academic Careers in Math, organized by sarah-marie belcastro, MathILy, and Alice Mark, 
Vanderbilt University; Wednesday, 2:15–3:40 pm. Panel moderator is Alice Mark, Vanderbilt University, and panelists 
are to be announced.

Business Meeting, Wednesday, 3:45–4:15 pm. Chair, Kathryn Leonard, AWM President.
The AWM-AMS Noether Lecture will be delivered on Thursday at 10:05 am by Laura DeMarco, Harvard University, Title 

to be announced. 
AWM Workshop Poster Presentations and Reception, Friday, 4:00–5:30 pm. AWM will conduct its workshop poster presen-

tations by women graduate students. This session is open to all JMM attendees. AWM seeks volunteers to serve as mentors 
for workshop participants. If you are interested, please contact the AWM office at awm@awm-math.org.  

Association for Women in Mathematics Reception and Award Presentation, Friday, 5:00–6:30 pm. Please see the listing in 
the Social Events section of the announcement.

AWM Workshop: Women in Commutative Algebra (WiCA), organized by Claudia Miller, Syracuse University, and Janet 
Striuli, Fairfield University; Saturday, 8:00 am–12:00 pm and 1:00–5:00 pm. A Poster Session for graduate students 
and recent PhDs will be held in conjunction with the workshop on Friday. Updated information about the workshop 
is available at www.awm-math.org. 

7https://www.ams.org/programs/travel-grants/undergrad-tg 
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AWM also has a number of AWM Special Sessions. A full list of these sessions can be found in the AWM Special Ses-
sions section above.

Consortium for Mathematics and its Applications 
Please see complete descriptions of these sessions on the JMM website.

COMAP Workshop: COMAP’s Certificate in Modeling (CiM) Program for Educators, Modules 1 and 2, organized by Kayla 
Blyman, Saint Martin’s University, Michelle Isenhour, Consortium for Mathematics and Its Applications, and Daniel 
Teague, North Carolina School of Science and Mathematics; Wednesday, 8:00 am–12:00 pm and 1:00–5:00 pm. Panelists 
are Kayla Blyman, Saint Martin’s University, Victor Piercey, Ferris State University, Daniel Teague, North Carolina School 
of Science and Mathematics, and Thomas Wakefield, Youngstown State University.

COMAP Contributed Paper Session: Integrating Modeling into Established Courses, organized by Amanda Beecher, Ramapo 
College of New Jersey, and Kayla Blyman, Saint Martin’s University; Saturday, 8:00 am–12:00 pm and 1:00–6:00 pm. 

COMAP also has a COMAP Special Session. More information on this session can be found in the Consortium for 
Mathematics and its Applications Special Sessions section above.

International Linear Algebra Society 
The ILAS Invited Address will be given on Wednesday at 9:00 am.
ILAS also has a number of ILAS Special Sessions. A full list of these sessions can be found in the ILAS Special Sessions 

section above.

Julia Robinson Mathematics Festival
Please see complete descriptions of these sessions on the JMM website.

JRMF Workshop: Learn about Math Festivals with JRMF, organized by Daniel Kline, Julia Robinson Mathematics Festival; 
Friday, 2:00–3:30 pm.  

Julia Robinson Math Festival, organized by Daniel Kline, Julia Robinson Mathematics Festival; Saturday, 9:00 am–12:00 
pm.

The Julia Robinson Mathematics Festival will also provide engaging activities during the JMM Grand Opening Recep-
tion on Wednesday evening.

The Simons Laufer Mathematical Sciences Institute (SLMath), formerly MSRI  
MSRI/SLMath has a number of MSRI/SLMath Special Sessions. A full list of these sessions can be found in The Simons 

Laufer Mathematical Sciences Institute (SLMath), formerly MSRI Special Sessions section above.
MSRI/SLMath will also host a reception on Friday; please see the listing in the Social Events section of the announcement.

National Association of Mathematicians
Please see complete descriptions of these sessions on the JMM website.

The Haynes-Granville-Browne Session of Presentations by Recent Doctoral Recipients in the Mathematical Sciences, organized 
by NAM Vice President, Rhonda Fitzgerald, Norfolk State University; Friday, 1:00–5:00 pm. 

The Cox-Talbot Address, speaker TBD, organized by NAM Vice President, Rhonda Fitzgerald, Norfolk State University, 
and NAM President, Omayra Ortega, Sonoma State University; Friday, 7:45–8:45 pm, after the banquet. See details about 
the banquet on Friday in the Social Events section.

The NAM Business Meeting will take place on Saturday, 11:15 am–12:15 pm.
NAM Claytor-Woodard Lecture, speaker TBD, organized by NAM Vice President, Rhonda Fitzgerald, Norfolk State Uni-

versity, and NAM President, Omayra Ortega, Sonoma State University; Thursday, 2:40–3:40 pm. 
NAM also has a joint NAM-SIAM Special Session on the program; a listing of this session can be found in the NAM 

Special Sessions section above.

Pi Mu Epsilon
Please see complete descriptions of these sessions on the JMM website.

Pi Mu Epsilon Contributed Sessions on Research by Undergraduates, organized by Jennifer Beineke, Western New England 
University, Darci Kracht, Kent State University, and Thomas Wakefield, Youngstown State University; Thursday.

PME J. Sutherland Frame Lecture, organized by Paul Fishback, Grand Valley State University; Wednesday, 5:00 pm. 
Edray Herber Goins, Pomona College, will provide this lecture, Distance Makes the Math Grow Deeper: Rational Distance 
Sets, Nate Dean, and Me.



JMM 2023

october 2022  Notices of the AmericAN mAthemAticAl society   1647

AMS-PME Student Poster Session, organized by Chad Awtrey, Samford University, Paul Fishback, Grand Valley State 
University, and Frank Patane, Samford University; Friday, 10:30 am–12:00 pm and 3:30–5:00 pm. These sessions feature 
research done by undergraduate students. First-year graduate students are eligible to present if their research was completed 
while they were still undergraduates. Research by high school students can be accepted if the research was conducted 
under the supervision of a faculty member at a post-secondary institution.

Appropriate content for a poster includes, but is not limited to, a new result, a new proof of a known result, a new 
mathematical model, an innovative solution to a Putnam problem, or a method of solution to an applied problem. Purely 
expository material is not appropriate for this session.

Participants should submit an abstract through the JMM abstract submission portal by September 13. Questions re-
garding this session should be directed to Chad Awtrey, cawtrey@samford.edu, Paul Fishback, fishbacp@mail.gvsu 
.edu, or Frank Patane, fpatane@samford.edu.

PME Panel: What Every Student Should Know about the JMM, organized by Jennifer Beineke, Western New England 
University, Stephanie Edwards, Hope College, and Tom Wakefield, Youngstown State University; Wednesday, 1:00–2:30 
pm, and Thursday, 10:30 am–12:00 pm. This panel is sponsored by Pi Mu Epsilon.

Pro Mathematica Arte
Please see complete descriptions of these sessions on the JMM website.

The PMA program includes a Budapest Semesters in Math Special Session. Information on this session can be found 
in the Pro Mathematica Arte Special Sessions section above.

PMA will also host a reception for BSM Alumni. Please see the listing in the Social Events section of the announcement.

Society for Industrial and Applied Mathematics
Please see complete descriptions of these sessions on the JMM website.

SIAM Minisymposia for JMM 2023 will take place Wednesday–Saturday. There are 8 Minisymposia. A full list of these 
sessions can be found in the Society for Industrial and Applied Mathematics Minisymposia section above. There is also 
a Joint NAM-SIAM Session included in this listing.

See also the session cosponsored by SIAM in the American Mathematical Society Special Sessions listing, AMS-SIAM 
Special Session on Research in Mathematics by Undergraduates and Students in Post-Baccalaureate Programs, organized by Darren 
A. Narayan, Rochester Institute of Technology.   

The SIAM Invited Address will be delivered by Mariel Vazquez, University of California, Davis, Topology and Evolution of 
DNA and RNA; Thursday, 11:10 am.

SIAM Panel on a BIG world view: Business-Industry-Government Careers for Mathematicians, organized by Nessy Tania, 
Pfizer; Thursday, 8:00–9:30 am. Panelists to be announced. 

MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Session, organized jointly by the Mathematical Association of America, 
Society for Industrial and Applied Mathematics, and the American Mathematical Society; Friday, 9:00–10:30 am. This 
year the session will consist of a lecture from 9:00–9:50 am given by Omayra Ortega, Sonoma State University, title to be 
announced, and a short panel discussion, title to be announced, from 9:50–10:30 am. Panelists to be announced. 

MAA-AMS-SIAM Gerald and Judith Porter Public Lecture will be given by Bernd Sturmfels, University of California, Title 
to be announced; Saturday, 3:00 pm.

SIAM also has a joint NAM-SIAM Special Session on the program; a listing of this session can be found in the SIAM 
Special Sessions section above.

SIAM will also host a reception; please see the listing in the Social Events section of the announcement.

Association for LGBTQ+ Mathematicians (Spectra)
Please see complete descriptions of these sessions on the JMM website.

Spectra Lavender Lecture, organized by Juliette Bruce, University of California, Berkeley, and Chris Goff, Pacific Uni-
versity, speaker TBD; Thursday, 11:00 am. The Spectra Lavender Lecture honors LGBTQ+ mathematicians who have made 
significant contributions to the mathematical sciences, mathematical education, or the mathematical community at large. 

Spectra Business Meeting, organized by Juliette Bruce, University of California, Berkeley; Friday, 3:00–4:00 pm.
Spectra will also host a reception; please see the listing in the Social Events section of the announcement.
Spectra also has a Spectra Special Session on the program; a listing of this session can be found in the Spectra Special 

Sessions section above.
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Transforming Post-Secondary Education in Mathematics
Please see complete descriptions of these sessions on the JMM website.

TPSE Invited Address, organized by Scott Wolpert, University of Maryland and TPSE Math; day and time to be announced. 

JMM Sessions and Events 

Professional Enhancement Programs (PEP)
Professional Enhancement Programs (PEP) are open only to persons who register for the Joint Meetings and pay the Joint 
Meetings registration fee in addition to the appropriate Professional Enhancement Program (PEP) fee. The AMS reserves 
the right to cancel any PEP that is undersubscribed. Participants should read the descriptions of each PEP thoroughly as 
some require participants to bring their own laptops and special software; laptops will not be provided in any PEP. The 
enrollment in each PEP is limited to 50; the cost is US$125 per program for the member rate (AIM, AMS, AWM, ASA, 
NAM, or SIAM) and US$200 for the nonmember rate. 

Please see complete descriptions of these JMM Professional Enhancement Programs (PEP) on the JMM website.
Professional Enhancement Program (PEP) #1: Breaking the Cycle of Mechanisms of Inequality in Mathematics Teaching 

and Learning, presented by Nicole M. Joseph, Vanderbilt University, and William Yslas Velez, University of Arizona; Part 
A, Wednesday, 1:00–3:00 pm, and Part B, Thursday, 1:00–3:00 pm. 

Professional Enhancement Program (PEP) #2: Developing Mathematics Programs for Workforce Preparation in Data Sci-
ence and Other Applications, presented by Rick Cleary, Babson College, and Chris Malone, Winona State University; Part 
A, Wednesday, 1:00–3:00 pm, and Part B, Friday, 1:00–3:00 pm. 

Professional Enhancement Program (PEP) #3: Evidence-based Practices for More Effective Mentoring Relationships, 
presented by Pamela E. Harris, Williams College, and Abbe Herzig, TPSE-Math; Part A, Wednesday, 1:00–3:00 pm, and 
Part B, Friday, 1:00–3:00 pm. Co-sponsored by the American Mathematical Society, The Center for Minorities in the 
Mathematical Sciences, and Lathisms.

Professional Enhancement Program (PEP) #4: Inclusive Active Learning in Undergraduate Mathematics, presented by 
Nancy Kress, University of Colorado at Boulder, Rebecca Machen, University of Colorado at Boulder, Wendy Smith, 
University of Nebraska-Lincoln, and Matt Voigt, Clemson University; Part A, Thursday, 9:00–11:00 am, and Part B, Sat-
urday, 9:00–11:00 am. 

Professional Enhancement Program (PEP) #5: Recruiting and Mentoring Majors in the Mathematical Sciences, pre-
sented by Jason Aubrey and William Y. Velez, University of Arizona; Part A, Friday, 9:00–11:00 am, and Part B, Saturday, 
9:00–11:00 am. 

Professional Enhancement Program (PEP) #6: Using Your Voice for Influence and Impact: Incorporating Mathematics into 
Public Discourse, presented by Kira Hamman, Penn State Mont Alto, Karen Saxe, American Mathematical Society, Francis 
Su, Harvey Mudd College, and Scott Turner, American Mathematical Society; Part A, Wednesday, 9:00–11:00 am, and 
Part B, Friday, 9:00–11:00 am. 

Professional Enhancement Program (PEP) #7: Creating accessible and interactive documents with PreTeXt, presented 
by Oscar Levin, University of Northern Colorado, and Steven Clontz, University of South Alabama; Part A, Thursday, 
9:00–11:00 am, and Part B, Saturday, 9:00–11:00 am. This PEP is sponsored by AIM.

Professional Enhancement Program (PEP) #8: How to Run Successful Math Circles for Students and Teachers, presented 
by Brianna Donaldson, American Institute of Mathematics, Spencer Bowen, American Institute of Mathematics, Gabri-
ella Pinter, University of Wisconsin, Milwaukee, and Lauren Rose, Bard College; Part A, Thursday, 1:00–3:00 pm, and 
Part B, Saturday, 1:00–3:00 pm. This PEP is sponsored by AIM.

Professional Enhancement Program (PEP) #9: Introductory Python Jupyter Notebooks for College Math Teachers, presented 
by Paul Isihara, Wheaton College (IL); Part A, Wednesday, 9:00–11:00 am, and Part B, Friday, 9:00–11:00 am. 

Professional Enhancement Program (PEP) #10: Visualizing Projective Geometry Through Photographs and Perspective 
Drawings, presented by Annalisa Crannell, Franklin and Marshall College, and Fumiko Futamura, Southwestern Uni-
versity; Part A, Thursday, 1:00–3:00 pm, and Part B, Saturday, 1:00–3:00 pm. 

Professional Enhancement Program (PEP) #11: Getting Started in the Scholarship of Teaching and Learning, presented 
by Jacqueline Dewar, Loyola Marymount University; Part A, Thursday, 1:00–3:00 pm, and Part B, Friday, 1:00–3:00 pm. 
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JMM Sessions
Talithia Williams, Harvey Mudd College, recipient of the 2022 JPBM Communications Award, will deliver the 2022 

JPBM Communications Award Lecture.  
Estimathon!, organized by Andrew Niedermaier, Jane Street Capital; Thursday, 3:30–4:30 pm.
Uniform Convergence: A One Woman Play, performed by Corrine Yap, Rutgers University; Thursday, 6:00–7:00 pm.   
MEET and SHARE: A mathematicians’ storytelling event, organized by Padi Fuster Aguiliera, University of Colorado at 

Boulder, and Selvi Kara, University of Utah; Thursday, 8:00–10:00 pm. This event is sponsored by the Center for Minori-
ties in Mathematical Sciences.

Mathematically Bent Theater, featuring Colin Adams and the Mobiusbandaid Players; Friday, 6:00–7:00 pm.   

JMM Panels
Please see complete descriptions of these sessions on the JMM website.

JMM Panel: Mentoring Undergraduate Research in Data-Driven Research Projects, organized by Vinodh Chellamuthu, 
Utah Tech University, and Allison Henrich, Seattle University; Wednesday, 8:30–10:00 am. Panelists are Michael Dorff, 
Brigham Young University, Diana Thomas, United States Military Academy, Mark Ward, Purdue University, and Suzanne 
Weekes, SIAM. This panel is sponsored by the SIGMAA on Business, Industry, and Government.

JMM Panel: Redefining Math Conferences, organized by Robyn Brooks, Boston College, and Padi Fuster Aguiliera, 
University of Colorado at Boulder; Wednesday, 8:30–10:00 am. This panel is sponsored by the Math for All Conference.

JMM Panel: A DEI Perspective on Undergraduate Research, organized by Vinodh Chellamuthu, Utah Tech University, 
and Allison Henrich, Seattle University; Wednesday, 10:30 am–12:00 pm. Panelists are Rebecca Garcia, Sam Houston 
State University, Edray Goins, Pomona College, and Pamela Harris, Williams College. This panel is sponsored by the 
SIGMAA on Undergraduate Research.  

JMM Panel: Highlights from Research on Instructors' Learning about Teaching, Parts I & II, organized by Jack Bookman, 
Duke University, and Shandy Hauk, San Francisco State University; Thursday, 8:30–10:00 am. Panelists are Mary  
Beisiegel, Oregon State University, Emily Braley, Johns Hopkins University, Josh Brummer, University of Nebraska-Lin-
coln, Jennifer Kaplan, Middle Tennessee State University, Sandra Laursen, University of Colorado Boulder, Mary Pilgrim, 
San Diego State University, Natasha Speer, The University of Maine, and Sean Yee, University of South Carolina.

Joint Committee on Women Panel Discussion, organized by Jennifer Schultens, University of California, Davis; Thursday, 
1:00–2:30 pm. Panelists to be announced.

JMM Panel: Women in Math Leadership, organized by Donatella Danielli, Arizona State University; Thursday, 3:00–4:00 
pm. Panelists to be announced.

JMM Panel: The Prison Mathematics Project: Justice via the Pursuit of Beauty, organized by Trubee Davison, Christopher 
Havens, and Ruth Utnage, Prison Mathematics Project; Friday, 11:00 am–12:00 pm. Panelists are Kristaps Balodis, Prison 
Mathematics Project and University of Calgary, Timothy Pennings, Davenport University, Amit Sahai, UCLA, and Jack 
Smith, Prison Mathematics Project. 

JMM Panel: Hidden Figures Revealed: Reflections from Research on Black Mathematicians, organized by Ranthony Edmonds, 
The Ohio State University, and David Goldberg, Math Alliance and Purdue University; Saturday, 8:00–9:30 am. Panelists 
are Ranthony Edmonds, The Ohio State University, and David Goldberg, Math Alliance and Purdue University.

JMM Workshops
Please see complete descriptions of these sessions on the JMM website.

JMM Workshop on Math for Sustainability: Quantitative and Ethical Reasoning in General Education Mathematics, organized 
by Russ deForest, Pennsylvania State University; Wednesday, 1:00–3:00 pm. Sponsored by SIGMAA on Environmental 
Mathematics.

JMM Workshop: Exploring the Teaching of Calculus Using Infinitesimals: Hands-on Practice in Issues Related to Curriculum 
Design, organized by C Dawson, Union University; Wednesday, 9:30–11:00 am. 

JMM Workshop: Mathematicians + Wikipedia – a training edit-a-thon to reduce the “Wikipedia gender gap” in the Mathemat-
ical Sciences, organized by Francesca Bernardi, Worcester Polytechnic Institute, and Xavier Ramos Olive, Smith College; 
Wednesday, 10:30 am–12:00 pm. 

JMM Workshop: Equitable and Active Strategies That You Can Try in Your Next Class, organized by Kristin Kurianski and 
Roberto Soto, California State University Fullerton; Wednesday, 1:00–3:00 pm. Speakers at this workshop are Kristin 
Kurianski, Amanda Martinez, and Roberto Soto, California State University Fullerton. 
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JMM Workshop: Inquiry-Oriented Linear Algebra: Exploring (infinite) solution sets, organized by Christine Andrews-Lar-
son, Florida State University, Minah Kim, Florida State University, Inyoung Lee, Arizona State University, Jessica Smith, 
Vanderbilt University, and Michelle Zandieh, Arizona State University; Wednesday, 4:00–5:30 pm. 

JMM Workshop: Applied Category Theory as a transformative, and impactful, paradigm for experiencing, sharing, teaching and 
learning mathematics, organized by Theodore Theodosopoulos, Nueva School; Wednesday, 4:00–6:00 pm.

JMM Workshop: A sense of belonging: Creating an inclusive environment in the mathematical sciences, organized by Darolyn 
Flaggs and Wendy Sanchez, Kennesaw State University; Thursday, 8:30–10:00 am. Speakers at this workshop are Belinda 
Edwards, Darolyn Flaggs, Alison Hedrick, Amy Hillen, and Wendy Sanchez, Kennesaw State University.

JMM Workshop on Inquiry-Oriented Linear Algebra: Exploring Determinants, organized by Matthew Mauntel, Florida State 
University, David Plaxco, Clayton State University, and Megan Wawro, Virginia Tech; Friday, 4:00–5:30 pm.

JMM Workshop: Planning and Hosting a Day Long Mathematics Outreach Event, organized by Denise Reid and Sandra 
Trowell, Valdosta State University; Saturday, 9:00–11:00 am. 

Programs of Other Organizations
This section includes scientific sessions. Several organizations or special groups are having receptions or other social 
events. Please see the Social Events section of this announcement for those details.

Please see complete descriptions of these sessions on the JMM website.
Association of Christians in the Mathematical Sciences (ACMS) Reception and Lecture, Thursday, 6:00–8:00 pm. The reception 

will take place between 6:00–7:00 pm, followed by a short program and 20-minute talk. Students are encouraged to attend.
Joint Committee on Women Panel Discussion, organized by Jennifer Schultens, University of California, Davis; Thursday, 

1:00–2:30 pm.

National Science Foundation (NSF)
Please see complete descriptions of these sessions on the JMM website.

The NSF will be represented in several sessions and events taking place at the 2023 JMM. Details on these sessions to 
be announced. 

Project NExT
Project NExT Workshop, Wednesday–Saturday, 8:00 am–6:00 pm.
Project NExT Lecture on Teaching, Estrella Johnson, Virginia Tech, Title to be announced; Thursday, 11:10 am–12:00 pm.
Project NExT Reception, organized by Trish Hammer, Virginia Tech University, Brian Katz, Cal State University, Long 

Beach, David Kung, St Mary’s College of Maryland, and Stephanie Salomone, University of Portland; Friday, 8:00–10:00 
pm. All Project NExT Fellows, consultants, and other friends of MAA Project NExT are invited. 

Special Interest Groups of the MAA (SIGMAA)
Please see complete descriptions of these sessions on the JMM website.

SIGMAA on Business, Industry, and Government
JMM Panel: Mentoring Undergraduate Research in Data-Driven Research Projects, organized by Vinodh Chellamuthu, Utah 

Tech University, and Allison Henrich, Seattle University; Wednesday, 8:30 am–10:00 am. Panelists are Michael Dorff, 
Brigham Young University, Diana Thomas, United States Military Academy, Mark Ward, Purdue University, and Suzanne 
Weekes, SIAM. This panel is sponsored by the SIGMAA on Business, Industry, and Government.

SIGMAA on Environmental Mathematics (SIGMAA EM)
JMM Workshop on Math for Sustainability: Quantitative and Ethical Reasoning in General Education Mathematics, organized 

by Russ deForest, Pennsylvania State University; Wednesday, 1:00–3:00 pm. Sponsored by SIGMAA on Environmental 
Mathematics.

Lightning Talks in Environmental Mathematics, organized by Russ deForest, Pennsylvania State University; Thursday, 
6:00–7:00 pm. 

SIGMAA on Environmental Mathematics Guest Lecture and Reception, Thursday, 7:00–8:30 pm.  

SIGMAA on the Philosophy of Mathematics
SIGMAA on the Philosophy of Mathematics Guest Lecture, organized by Bonnie Gold, Monmouth University, and Jeff 

Buechner, Rutgers University; Friday, 6:00–7:30 pm. Russell Marcus, Hamilton College, Title to be announced.
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SIGMAA on Undergraduate Research
JMM Panel: A DEI Perspective on Undergraduate Research, organized by Vinodh Chellamuthu, Utah Tech University, 

and Allison Henrich, Seattle University; Wednesday, 10:30 am–12:00 pm. Panelists are Rebecca Garcia, Sam Houston 
State University, Edray Goins, Pomona College, and Pamela Harris, Williams College. This panel is sponsored by the 
SIGMAA on Undergraduate Research.    

Sessions for Students
Please see complete descriptions of these sessions on the JMM website.

AMS Erdős Lecture for Students, Eugenia Cheng, School of the Art Institute of Chicago, Associativity, Commutativity and 
Units: a Higher-dimensional ballet; Wednesday, 11:10 am–12:00 pm.

PME Panel: What Every Student Should Know about the JMM, organized by Jennifer Beineke, Western New England 
University, Stephanie Edwards, Hope College, and Tom Wakefield, Youngstown State University; Wednesday, 1:00–2:30 
pm, and Thursday, 10:30 am–12:00 pm. This panel is sponsored by Pi Mu Epsilon.

Pi Mu Epsilon Contributed Sessions on Research by Undergraduates, organized by Jennifer Beineke, Western New England 
University, Darci Kracht, Kent State University, and Thomas Wakefield, Youngstown State University; Thursday.

Grad School Fair, Friday, 8:30–10:30 am. Sponsored by the AMS.
AMS-PME Student Poster Session, organized by Chad Awtrey, Samford University, Paul Fishback, Grand Valley State 

University, and Frank Patane, Samford University; Friday, 10:30 am–12:00 pm and 3:30–5:00 pm. These sessions feature 
research done by undergraduate students. First-year graduate students are eligible to present if their research was completed 
while they were still undergraduates. Research by high school students can be accepted if the research was conducted 
under the supervision of a faculty member at a post-secondary institution.

Appropriate content for a poster includes, but is not limited to, a new result, a new proof of a known result, a new 
mathematical model, an innovative solution to a Putnam problem, or a method of solution to an applied problem. Purely 
expository material is not appropriate for this session.

Participants should submit an abstract through the JMM abstract submission portal by September 13. Questions re-
garding this session should be directed to Chad Awtrey, cawtrey@samford.edu, Paul Fishback, fishbacp@mail.gvsu 
.edu, or Frank Patane, fpatane@samford.edu.

Other Events
Mathematical Art Exhibition, organized by Robert Fathauer, Tessellations Company, and Nathan Selikoff, Digital Awakening 
Studios, and supported by the Bridges Organization. A popular feature at the Joint Mathematics Meetings, this exhibition 
provides a break in your day. On display are works in various media by artists who are inspired by mathematics and by 
mathematicians who use visual art to express their findings. Topology, fractals, polyhedra, and tiling are some of the 
ideas at play here. Do not miss this unique opportunity for a different perspective on mathematics. The exhibition will 
be located inside the Joint Mathematics Exhibits and open during the same exhibit hours.

Exhibits
The Joint Mathematics Meetings Exhibits include the country’s leading scientific publishers, professional organizations, 
companies that offer mathematics-enrichment products and services, computer hardware and software companies, and 
the Mathematical Art Exhibit. It will be open to all registered participants on Wednesday (starting with the Grand Open-
ing Reception) 6:15–8:30 pm, on Thursday and Friday 9:00 am–5:00 pm, and on Saturday 9:00 am–12:00 pm. See more 
details on the JMM website. 

Welcoming Environment Policy
The AMS strives to ensure that participants in the JMM, including exhibitors, enjoy a welcoming environment. In all its 
activities, the AMS seeks to foster an atmosphere that encourages the free expression and exchange of ideas. The AMS 
supports equality of opportunity and treatment for all participants, regardless of gender, gender identity or expression, 
race, color, national or ethnic origin, religion or religious belief, age, marital status, sexual orientation, disabilities, veteran 
status, or immigration status. 
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Harassment is a form of misconduct that undermines the integrity of AMS activities and mission. 
The AMS will make every effort to maintain an environment that is free of harassment, even though it does not control 

the behavior of third parties. A commitment to a welcoming environment is expected of all participants of JMM activities, 
including mathematicians, students, guests, staff, contractors and exhibitors, and participants in scientific sessions and 
social events. To this end, the AMS will include a statement concerning its expectations towards maintaining a welcoming 
environment in registration materials for the JMM, and has put in place a mechanism for reporting violations. Violations 
may be reported confidentially and anonymously to 855-282-5703 or at www.mathsociety.ethicspoint.com. The 
reporting mechanism ensures the respect of privacy while alerting the AMS to the situation.

Assistance may also be sought from any staff or volunteer member wearing a MathSafe badge. Learn more about the 
MathSafe program.8 Violations may also be brought to the attention of the AMS Director of Meetings & Conferences at 
the registration desk during the meeting.

MathSafe
MathSafe is a program by and for the mathematical community to support safe and welcoming meetings. MathSafe 
volunteers will be available at the JMM to listen to and guide participants who experience harassing behavior. Volunteers 
will be identifiable by their MathSafe buttons. See more details on the JMM website.

How to Reserve Hotel Rooms 
See details about hotels and how to reserve a room on the JMM website.

Importance of Staying in an Official JMM Hotel
The importance of reserving a room at one of the official JMM hotels cannot be stressed enough. The AMS makes every 
effort to keep participants’ expenses at the meeting as low as possible and a lot of work and effort goes into negotiating 
the most affordable hotel rates. When a participant registers for the meeting and reserves a room at an official JMM hotel, 
they are helping to support not only JMM 2023, but future JMMs as well.  

Reserving a Room
Participants are encouraged to register for the JMM in order to reserve hotel rooms at the JMM rates. If a participant needs 
to reserve a hotel room before they are registered for the JMM, they should contact the Mathematics Meetings Services 
Bureau (MMSB) at mmsb@ams.org or 1-800-321-4267 (ext. 4094 or ext. 4144) for further instructions. 

Special rates have been negotiated exclusively for this meeting at the following hotels: Marriott Copley, Sheraton Bos-
ton, and Westin Copley Place. See details on these hotels and more details on the JMM website.

Reservations must be made through the MMSB. The hotels will not be able to accept reservations directly until after 
December 9, 2022. At that time, rooms and rates will be based on availability. Any rooms reserved directly with the hotels 
after December 9, 2022 will be subject to higher rates.

A link to the JMM 2023 hotel reservation portal will be included in the confirmations of registrations sent by email. 
If a participant needs the link sent directly to them, they should send a request to mmsb@ams.org. If any participant has 
difficulty reserving a hotel room, they should send email to mmsb@ams.org for assistance. 

Any participant who needs to reserve a hotel room and does not have a credit card to guarantee it should send email 
to mmsb@ams.org for further instructions. If a check is being used to guarantee a room, the reservation and check must 
be received by the MMSB no later than November 30, 2022. 

Miscellaneous
Please see details about audio-visual equipment; email services; information distribution; local information; the JMM 
Broadcasting, Photographing, and Videotaping Policy; and telephone messages on the JMM website.

8https://www.jointmathematicsmeetings.org/meetings/national/jmm2022/jmm-mathsafe
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Child Care Grants
Please see details about how to apply for child care grants on the JMM website.

Registration Information
Everyone is welcome at the JMM. The American Mathematical Society (AMS) encourages all participants to register for 
the JMM. The importance of registering for the meeting cannot be overemphasized. Paying a registration fee helps to 
support a wide range of activities associated with planning, organizing, and executing the meetings.

All participants who wish to attend sessions are expected to register for the JMM and should be prepared to show their 
badges, if so requested. Badges are required to enter the Exhibits and the Employment Center. The Mathematics Meetings 
Service Bureau (MMSB) is the official registration and housing bureau for the meeting and will be available to assist you 
with your registration and housing arrangements.

Cancellation Policy
To cancel a registration for the JMM, PEP, Short Course, or banquet tickets and be eligible to receive 50% of fees paid, 
please do so by December 30, 2022. No refunds will be issued after this date.

Deadlines
Register by December 20, 2022, midnight EST to be eligible for discounted registration fees. After this date, registration 
will continue through the end of the meeting but increased fees will apply.

Updates and corrections received too late to be included in the program books will be included in the online program 
on the JMM website and in the JMM Mobile App.

Register for the Meeting
Registration can only be done online. Paper registration forms are no longer available. To register for the meeting, go to 
the online registration form on the JMM website and choose “Register.” You will be asked to enter your email address 
and to sign in with your personal AMS web account. If you do not have an AMS web account, you will need to create one. 
After you have signed in, proceed with completing the registration form.

VISA, MasterCard, Discover, and American Express are the only methods of payment accepted for online registrations, 
and charges to credit cards will be made in US funds. Registration acknowledgments will be sent to the email addresses 
provided. Once you complete your registration and pay for it, you will see a link to the hotel portal, in which you will 
be able to reserve a hotel room.

Special Registration Codes
To allow for easy tracking of registrations for participants that belong to certain groups and are attending the meeting solely 
to participate in those groups, a registration code will be sent to them to register. Some (but not all) of these groups are 
Commercial Exhibitors, Art Exhibitors, Career Fair Exhibitors, Grad School Fair Exhibitors, and Press. Participants who 
are attending the JMM solely to participate as part of certain designated groups that are essential to the meeting should 
contact the MMSB at mmsb@ams.org to receive a code. Employers in the Employment Center should contact Programs at 
emp-info@ams.org to receive a code. Participants in other groups will be notified directly by the MMSB.

See more details about how to register for the meeting at https://www.jointmathematicsmeetings.org 
/meetings/national/jmm2023/2270_reg.
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Joint Mathematics Meetings Registration Fees

 By Dec. 20 After Dec. 20
Member of AIM, AMS, AWM, ASA, NAM, or SIAM .......................................... US$374..................................... US$492
Nonmember .............................................................................................................. 593............................................ 756
Graduate Student ........................................................................................................ 84.............................................. 98
Undergraduate Student ............................................................................................... 84.............................................. 98
High School Student ................................................................................................... 84.............................................. 98
Unemployed ................................................................................................................ 84.............................................. 98
Retired .......................................................................................................................... 84.............................................. 98
Developing Country Participant ................................................................................ 84.............................................. 98
High School Teacher ................................................................................................... 84.............................................. 98
Librarian ...................................................................................................................... 84.............................................. 98
One-day Only—Member (AIM, AMS, AWM, ASA, NAM, or SIAM) ......................N/A............................................ 267
One-day Only—Nonmember ..................................................................................N/A............................................ 416
Non-mathematician Guest ......................................................................................... 28.............................................. 28
Commercial Exhibitor .................................................................................................. 0................................................ 0
Art Exhibitor .................................................................................................................. 0................................................ 0

Professional Enhancement Program (PEP)  
Member of AIM, AMS, AWM, ASA, NAM, or SIAM ................................................. 125............................................ 125
Nonmember .............................................................................................................. 200............................................ 200
Grad School Fair Table 
JMM Only .................................................................................................................. 150............................................ 150 
Multiple Fairs (by late September) ........................................................................... 265............................................N/A
Career Fair Table 
JMM Only .................................................................................................................. 150............................................ 150 
Multiple Fairs (by late September) ........................................................................... 265............................................N/A
Department Chairs Workshop
Member of AMS ........................................................................................................ 200............................................ 200
Nonmember .............................................................................................................. 300............................................ 300

AMS Short Course
Member...................................................................................................................... 184............................................ 235
Nonmember .............................................................................................................. 282............................................ 334
Student/Unemployed/Emeritus ................................................................................107............................................ 138

Registration Category Definitions
Full-Time Students: Any person who is currently working toward a degree or diploma is eligible for this category. 

Students are asked to determine whether their status can be described as a graduate (working toward a degree beyond 
the bachelor’s), an undergraduate (working toward a bachelor’s degree), or high school (working toward a high school 
diploma) and to mark the registration form accordingly. 

Retired: Any person who has been a member of the AMS for twenty years or more and who retired because of age or 
long-term disability from his or her latest position is eligible for this category.

Emeritus (for Short Course): Any person who has been a member of the AMS for twenty years or more and who retired 
because of age or long-term disability from his or her latest position is eligible for this category.

Librarian: Any librarian who is not a professional mathematician is eligible for this category.
Unemployed: Any person who is currently unemployed, actively seeking employment, and is not a student is eligible 

for this category. This category is not intended to include any person who has voluntarily resigned or retired from his or 
her latest position.

Developing Country Participant: Any person who is employed in a developing country, where salary levels are radically 
not commensurate with those in the US, is eligible for this category. See the most recent list of developing countries at 
https://www.isi-web.org/resources/developing-countries.
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Non-mathematician Guest: Any family member, friend, or associate, who is not a mathematician, and who is accom-
panied by a participant in the meeting is eligible for this category. Guests will receive a badge and may attend any session, 
talk, or other event at the meeting.

Commercial Exhibitor: Any person who is exhibiting in the Joint Mathematics Meetings Exhibits is eligible for this 
category. This does not include anyone participating in a poster session. Any exhibitor who is a mathematician and is 
participating in the scientific program and/or wants to attend sessions, talks, etc. is expected to register separately for the 
meeting.

Art Exhibitor: Any person who is exhibiting in the Mathematical Art Exhibition is eligible for this category. This does 
not include anyone participating in a poster session. Any exhibitor who is a mathematician and is participating in the 
scientific program and/or wants to attend sessions, talks, etc. is expected to register separately for the meeting.

Social Events
All events listed are open to all registered participants. It is strongly recommended that for any event requiring a ticket, 
tickets should be purchased through advance registration. Only a very limited number of tickets, if any, will be available 
for sale on site. If you must cancel your participation in a ticketed event, you may request a 50% refund by returning 
your tickets to the Mathematics Meetings Service Bureau (MMSB) by December 30, 2022. After that date, no refunds can 
be made. Special meals are available at banquets upon advance request, but this must be indicated on the Registration/
Housing Form. Please see complete descriptions of these events on the JMM website.

American Institute for Mathematics Math Circles Reception, date and time to be determined.  
American Statistical Association Reception, Thursday, 6:00–7:00 pm. 
Art of Problem Solving (AoPS) Reception for Alumni and Friends, Thursday, 6:30–8:00 pm. 
Association of Christians in the Mathematical Sciences (ACMS) Reception and Lecture, Thursday, 6:00–8:00 pm. The recep-

tion will take place between 6:00 and 7:00 pm, followed by a short program and a lecture. 
Association for Women in Mathematics Reception and Awards Presentation, Friday, 5:00–6:30 pm. The AWM Reception is 

open to all JMM participants and will begin at 5:00 pm, during the Poster presentations. 
Budapest Semesters in Mathematics Annual Alumni Reunion, Thursday, 6:00–7:00 pm.
Estimathon!, organized by Andrew Niedermaier, Jane Street Capital; Thursday, 3:30–4:30 pm.
Grand Opening Reception, Wednesday, 6:15–8:30 pm.
ICERM Mixer, Friday, 6:00–7:30 pm. 
University of Illinois at Urbana-Champaign, Friday, 5:30–7:30 pm. 
Knitting Circle, Thursday, 8:15–9:45 pm. Bring a project (knitting/crochet/tatting/beading/etc.) and chat with other 

mathematical crafters!
Mathematical Reviews Reception, Friday, 6:00–7:00 pm. 
Mathematical Institutes Open House, Thursday, 6:00–8:30 pm. 
SLMath / MSRI Reception for Current and Future Donors, Friday, 6:00–7:30 pm. 
MEET and SHARE: A Mathematicians’ Storytelling Event, presented by The Coalition for the Amplification of Historically 

Excluded Mathematicians (The Coalition), day and time to be announced.  
National Association of Mathematicians Banquet, Friday, 6:00–9:00 pm. A cash bar reception will be held at 6:00 pm, and 

dinner will be served at 6:30 pm. The Cox-Talbot Invited Address will be given after the dinner.
NSA WiMS Networking Event, Thursday, 6:00–8:00 pm.
Penn State's Eberly College of Science and Department of Mathematics Reception, Thursday, 6:00–8:00 pm. Attendance is 

free, but registration is required by visiting https://engage.tassl.com/event/9938/. 
Project NExT Reception, Friday, 8:00–10:00 pm. 
Society for Industrial and Applied Mathematics (SIAM) Reception on Industrial Math Modeling, Thursday, 7:00–9:00 pm.  
Spectra Reception for LGBT Mathematicians, day and time to be announced.  
Texas A&M University Mathematics Department Reception for Alumni, Students, and Faculty, Friday, 6:00–7:30 pm. 
Yearly Gather: Collaborative Puzzle Time!, Thursday, 6:30–8:00 pm. Organized by sarah-marie belcastro, MathILy, and 

Alice Mark, MathILy-Er and Vanderbilt University.

Travel/Transportation
Please see details about travel and transportation options on the JMM website.
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Tuesday, January 03
  AMS (AMERICAN MATHEMATICAL SOCIETY)
 1:30PM–8:00PM AMS Council Meeting 

  JMM (JOINT MATHEMATICS MEETING)
 3:00PM–7:00PM Joint Meetings Registration 

Wednesday, January 04
  JMM (JOINT MATHEMATICS MEETING)
 7:00AM–6:00PM Joint Meetings Registration 

  AIM (AMERICAN INSTITUTE OF MATHEMATICS)
 8:00AM–12:00PM AIM Special Session on Automorphic Forms and Special Cycles, I 

  AMS (AMERICAN MATHEMATICAL SOCIETY)
 8:00AM–12:00PM AMS Contributed Paper Session 

 8:00AM–12:00PM AMS Special Session on Applied Enumerative Geometry I 

 8:00AM–12:00PM AMS Special Session on Arithmetic Geometry Informed by Computation I 

 8:00AM–12:00PM AMS Special Session on Current Directions in the Philosophy of Mathematics I 

 8:00AM–12:00PM AMS Special Session on Definability, Computability, and Model Theory: A Special Session dedicated 
to Gerald E. Sacks I 

 8:00AM–12:00PM AMS Special Session on Dynamics, Geometry & Group Actions I 

 8:00AM–12:00PM AMS Special Session on Homotopy Theory: Connections and Applications I 

 8:00AM–12:00PM AMS Special Session on If You Build It They Will Come: Presentations by Scholars in the National 
Alliance for Doctoral Studies in the Mathematical Sciences I 

 8:00AM–12:00PM AMS Special Session on Integrable Systems and Symplectic Group Actions I 

 8:00AM–12:00PM AMS Special Session on Math Circle Activities as a Gateway into Mathematics I 

 8:00AM–12:00PM AMS Special Session on Mathematical Methods in Machine Learning and Optimization I 

 8:00AM–12:00PM AMS Special Session on Mathematics and Fiber Arts I 

 8:00AM–12:00PM AMS Special Session on Modular Forms, Hypergeometric Functions, Character Sums and Galois 
Representations I 

 8:00AM–12:00PM AMS Special Session on Nonlocal Frameworks in Analysis and Mathematical Modeling I 
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 8:00AM–12:00PM AMS Special Session on Polynomial Systems, Homotopy Continuation and Applications 

 8:00AM–12:00PM AMS Special Session on Recent Advances in Nonlinear Partial Differential Equations and the 
Applications I 

 8:00AM–12:00PM AMS Special Session on Recent Development in Partial Differential Equations Related to Geometric 
and Harmonic Analysis I 

 8:00AM–12:00PM AMS Special Session on Recent Developments in Geometric Measure Theory I 

 8:00AM–12:00PM AMS Special Session on Recent Developments in Numerical Methods for PDEs I 

 8:00AM–12:00PM AMS Special Session on Recent Trends in Discrete-Time Ecological and Epidemiological Models I 

 8:00AM–12:00PM AMS Special Session on Resolutions of Singularities and Cohomology in Geometry and 
Representation Theory I 

 8:00AM–12:00PM AMS Special Session on Rethinking Number Theory I 

 8:00AM–12:00PM AMS Special Session on Riemannian Manifolds with Lower Scalar Curvature Bounds I 

 8:00AM–12:00PM AMS Special Session on Stimulating Student Engagement in Differential Equations through 
Modeling Activities I 

 8:00AM–12:00PM AMS Special Session on Tensor Representation, Completion, Modeling and Analytics of Complex 
Data I 

 8:00AM–12:00PM AMS Special Session on The EDGE (Enhancing Diversity in Graduate Education) Program: Pure 
and Applied Talks by Women Math Warriors I 

 8:00AM–12:00PM AMS Special Session on the Mathematics of RNA and DNA I 

 8:00AM–12:00PM AMS Special Session on The Scholarship of Teaching and Learning: Past, Present, and Future I 

 8:00AM–12:00PM AMS Special Session on Topological and Combinatorial Methods in Commutative Algebra I 

 8:00AM–12:00PM AMS Special Session on Topology, Structure and Symmetry in Graph Theory I 

 8:00AM–12:00PM AMS Special Session on Undergraduate Research Activities in Mathematical and Computational 
Biology I 

 8:00AM–12:00PM AMS Special Session on Understanding COVID-19: Three Years of Mathematical Models to Address 
the Global Pandemic I 

 8:00AM–12:00PM AMS Special Session on Variational Methods, Optimal Control and Hamilton-Jacobi Equations I 

 8:00AM–12:00PM AMS-AWM Special Session on Complex and Arithmetic Dynamical Systems I 

  AWM (ASSOCIATION FOR WOMEN IN MATHEMATICS)
 8:00AM–12:00PM AWM Special Session on Celebrating the Mathematical Contributions of the AWM, I 

  COMAP (CONSORTIUM FOR MATHEMATICS AND ITS APPLICATIONS)
 8:00AM–12:00PM COMAP Workshop: COMAP’s Certificate in Modeling (CiM) Program for Educators, Module 1 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)
 8:00AM–12:00PM MSRI (SLMath) Special Session on Summer Research in Mathematics (SRiM): Applied and 

Computational Mathematics 

  PME (PI MU EPSILON)
 8:00AM–12:00PM Pi Mu Epsilon Contributed Session on Research by Undergraduates, I 

  SIAM (SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS)
 8:00AM–12:00PM SIAM Minisymposium on Combinatorial Optimization 

  JMM (JOINT MATHEMATICS MEETING)
 8:00AM–3:00PM Employment Center 
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  OTHER ORGANIZATIONS
 8:00AM–6:00PM Project NExT Workshop 

  JMM (JOINT MATHEMATICS MEETING)
 8:30AM–10:00AM JMM Panel: Mentoring Undergraduate Research in Data-Driven Research Projects 

 8:30AM–10:00AM JMM Panel: Redefining Math Conferences 

   INVITED ADDRESSES
 9:00AM–9:50AM ILAS Invited Address 

  ASL (ASSOCIATION OF SYMBOLIC LOGIC)
 9:00AM–10:00AM Association for Symbolic Logic Tutorial: Hilbert’s Tenth Problem: Between logic and number theory, I 

  JMM (JOINT MATHEMATICS MEETING)
 9:00AM–11:00AM Professional Enhancement Program (PEP) #6A: Using Your Voice for Influence and Impact: 

Incorporating Mathematics into Public Discourse 

 9:00AM–11:00AM Professional Enhancement Program (PEP) #9A: Introductory Professional Development Workshop 
on Python Jupyter Notebooks for College Math Teachers 

 9:30AM–11:00AM JMM Workshop on Exploring the Teaching of Calculus Using Infinitesimals: Hands-on Practice in 
Issues Related to Curriculum Design 

  INVITED ADDRESSES
 10:05AM–10:55AM AMS Invited Address I—Rekha Thomas, University of Washington 

  AMS (AMERICAN MATHEMATICAL SOCIETY)
 10:30AM–12:00PM AMS Committee on Equity, Diversity, and Inclusion (CoEDI) Panel Discussion: Making Changes 

on Improving Equity, Diversity, and Inclusion (EDI) 

  JMM (JOINT MATHEMATICS MEETING)
 10:30AM–12:00PM JMM Panel: A DEI Perspective on Undergraduate Research 

 10:30AM–12:00PM Mathematicians + Wikipedia—a training edit-a-thon to reduce the “Wikipedia gender gap” in the 
Mathematical Sciences 

  INVITED ADDRESSES
 11:10AM–12:00PM AMS Erdős Lecture for Students—Eugenia Cheng, School of the Art Institute of Chicago 

 1:00PM–2:00PM AMS Colloquium Lecture I—Camillo De Lellis, Institute for Advanced Study 

  ASL (ASSOCIATION OF SYMBOLIC LOGIC)
 1:00PM–2:00PM Association for Symbolic Logic Tutorial: Hilbert’s Tenth Problem: Between logic and number theory, II 

  AMS (AMERICAN MATHEMATICAL SOCIETY)
 1:00PM–2:30PM AMS Panel on Double Anonymous Peer Review 

  PME (PI MU EPSILON)
 1:00PM–2:30PM What Every Student Should Know about the JMM 

  JMM (JOINT MATHEMATICS MEETING)
 1:00PM–3:00PM JMM Workshop on Math for Sustainability: Quantitative and Ethical Reasoning in General 

Education Mathematics 

 1:00PM–3:00PM JMM Workshop: Equitable and Active Strategies That You Can Try in Your Next Class 

 1:00PM–3:00PM Professional Enhancement Program (PEP) #1A: Breaking the Cycle of Mechanisms of Inequality in 
Mathematics Teaching and Learning 

 1:00PM–3:00PM Professional Enhancement Program (PEP) #2A: Developing Mathematics Programs for Workforce 
Preparation in Data Science and Other Applications 
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 1:00PM–3:00PM Professional Enhancement Program (PEP) #3A: Evidence-based Practices for More Effective 
Mentoring Relationships 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)
 1:00PM–4:00PM MSRI (SLMath) Special Session on African Diaspora Joint Mathematics Working Groups 

(ADJOINT), I 

  COMAP (CONSORTIUM FOR MATHEMATICS AND ITS APPLICATIONS)
 1:00PM–5:00PM COMAP Workshop: COMAP’s Certificate in Modeling (CiM) Program for Educators, Module 2 

  AIM (AMERICAN INSTITUTE OF MATHEMATICS)
 1:00PM–6:00PM AIM Special Session on Researchers from the Latinx Mathematician Network, I 

  AMS (AMERICAN MATHEMATICAL SOCIETY)
 1:00PM–6:00PM AMS Contributed Paper Session 

 1:00PM–6:00PM AMS Special Session on Applied Enumerative Geometry II 

 1:00PM–6:00PM AMS Special Session on Arithmetic Geometry Informed by Computation II 

 1:00PM–6:00PM AMS Special Session on Complex and Arithmetic Dynamical Systems II 

 1:00PM–6:00PM AMS Special Session on Current Directions in the Philosophy of Mathematics II 

 1:00PM–6:00PM AMS Special Session on Definability, Computability, and Model Theory: A Special Session 
Dedicated to Gerald E. Sacks II 

 1:00PM–6:00PM AMS Special Session on Dynamics, Geometry & Group Actions II 

 1:00PM–6:00PM AMS Special Session on Homotopy Theory: Connections and Applications II 

 1:00PM–6:00PM AMS Special Session on If You Build It They Will Come: Presentations by Scholars in the National 
Alliance for Doctoral Studies in the Mathematical Sciences II 

 1:00PM–6:00PM AMS Special Session on Integrable Systems and Symplectic Group Actions II 

 1:00PM–6:00PM AMS Special Session on Integral Equations and Applications I 

 1:00PM–6:00PM AMS Special Session on Math Circle Activities as a Gateway into Mathematics II 

 1:00PM–6:00PM AMS Special Session on Mathematical Methods in Machine Learning and Optimization II 

 1:00PM–6:00PM AMS Special Session on Mathematics and Fiber Arts II 

 1:00PM–6:00PM AMS Special Session on Modular Forms, Hypergeometric Functions, Character Sums and Galois 
Representations II 

 1:00PM–6:00PM AMS Special Session on Nonlocal Frameworks in Analysis and Mathematical Modeling II 

 1:00PM–6:00PM AMS Special Session on Recent Advances in Nonlinear Partial Differential Equations and the 
Applications II 

 1:00PM–6:00PM AMS Special Session on Recent Development in Partial Differential Equations Related to Geometric 
and Harmonic Analysis II 

 1:00PM–6:00PM AMS Special Session on Recent Developments in Numerical Methods for PDEs II 

 1:00PM–6:00PM AMS Special Session on Recent Trends in Discrete-Time Ecological and Epidemiological Models II 

 1:00PM–6:00PM AMS Special Session on Resolutions of Singularities and Cohomology in Geometry and 
Representation Theory II 

 1:00PM–6:00PM AMS Special Session on Rethinking Number Theory II 

 1:00PM–6:00PM AMS Special Session on Riemannian Manifolds with Lower Scalar Curvature Bounds II 

 1:00PM–6:00PM AMS Special Session on Stimulating Student Engagement in Differential Equations through 
Modeling Activities II 
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 1:00PM–6:00PM AMS Special Session on Stochastic Analysis and Applications I 

 1:00PM–6:00PM AMS Special Session on Tensor Representation, Completion, Modeling and Analytics of Complex 
Data II 

 1:00PM–6:00PM AMS Special Session on The EDGE (Enhancing Diversity in Graduate Education) Program: Pure 
and Applied Talks by Women Math Warriors II 

 1:00PM–6:00PM AMS Special Session on the Mathematics of RNA and DNA II 

 1:00PM–6:00PM AMS Special Session on The Scholarship of Teaching and Learning: Past, Present, and Future II 

 1:00PM–6:00PM AMS Special Session on Topological and Combinatorial Methods in Commutative Algebra II 

 1:00PM–6:00PM AMS Special Session on Topology, Structure and Symmetry in Graph Theory II 

 1:00PM–6:00PM AMS Special Session on Undergraduate Research Activities in Mathematical and Computational 
Biology II 

  SIAM (SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS)
 1:00PM–6:00PM SIAM Minisymposium on Numerical Linear Algebra 

  INVITED ADDRESSES
 2:15PM–3:05PM AMS Invited Address II—Wilfrid Gangbo, UCLA 

  AWM (ASSOCIATION FOR WOMEN IN MATHEMATICS)
 2:15PM–3:40PM AWM Panel 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)
 3:00PM–6:00PM MSRI (SLMath) Special Session on the MSRI Undergraduate Program (MSRI-UP), I 

  INVITED ADDRESSES
 3:20PM–4:10PM AMS Invited Address III—Rodrigo Bañuelos, Purdue University, West Lafayette, IN 

  AWM (ASSOCIATION FOR WOMEN IN MATHEMATICS)
 3:45PM–4:15PM AWM Business Meeting 

  JMM (JOINT MATHEMATICS MEETING)
 4:00PM–5:30PM JMM Workshop: Inquiry-Oriented Linear Algebra: Exploring (infinite) solution sets 

  AMS (AMERICAN MATHEMATICAL SOCIETY)
 4:00PM–6:00PM AMS Workshop: Teaching and Managing Large Undergraduate Mathematics Courses in a 

Changing World, I 

  JMM (JOINT MATHEMATICS MEETING)
 4:00PM–6:00PM JMM Workshop: Applied Category Theory as a transformative, and impactful, paradigm for 

experiencing, sharing, teaching and learning mathematics 

 6:00PM–6:15PM JMM Exhibit Hall Ribbon-cutting Ceremony 

 6:15PM–8:30PM Exhibits and Book Sales 

 6:15PM–8:30PM Grand Opening Reception 

 8:45PM–10:00PM Yearly Gather: Collaborative Puzzle Time! 
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Thursday, January 05
  JMM (JOINT MATHEMATICS MEETING)

 7:30AM–4:00PM Joint Meetings Registration 

  INVITED ADDRESSES

 8:00AM–9:00AM AIM Alexanderson Award Lecture - Stephen Kudla, University of Toronto 

  SIAM (SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS)

 8:00AM–9:30AM SIAM Panel on a BIG world view Business-Industry-Government Careers for Mathematicians 

  PME (PI MU EPSILON)

 8:00AM–10:30AM Pi Mu Epsilon Contributed Session on Research by Undergraduates, II 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)

 8:00AM–11:00AM MSRI (SLMath) Special Session on African Diaspora Joint Mathematics Working Groups 
(ADJOINT), II 

  SIAM (SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS)

 8:00AM–11:00AM NAM-SIAM Minisymposium on Quantitative Justice (NAM-SIAM Minisymposia/Special Session), I 

  AMS (AMERICAN MATHEMATICAL SOCIETY)

 8:00AM–12:00PM AMS Contributed Paper Session 

 8:00AM–12:00PM AMS Special Session on Advances in Partial Differential Equations, Numerical Analysis, and their 
Applications I 

 8:00AM–12:00PM AMS Special Session on Advances in Qualitative Theory and Applications to Life Sciences of 
Differential, Difference, and Dynamic Equations I 

 8:00AM–12:00PM AMS Special Session on Applied Category Theory (a Mathematics Research Communities session) I 

 8:00AM–12:00PM AMS Special Session on Applied Enumerative Geometry III 

 8:00AM–12:00PM AMS Special Session on Applied topology: theory and implementation I 

 8:00AM–12:00PM AMS Special Session on Arithmetic Geometry Informed by Computation III 

 8:00AM–12:00PM AMS Special Session on Arithmetic Statistics I 

 8:00AM–12:00PM AMS Special Session on Current Directions in the Philosophy of Mathematics III 

 8:00AM–12:00PM AMS Special Session on Data Science at the Crossroads of Analysis, Geometry, and Topology (a 
Mathematics Research Communities session) 

 8:00AM–12:00PM AMS Special Session on Definability, Computability, and Model Theory: A Special Session 
Dedicated to Gerald E. Sacks III 

 8:00AM–12:00PM AMS Special Session on Dynamics, Geometry & Group Actions III 

 8:00AM–12:00PM AMS Special Session on Geometric PDEs I 

 8:00AM–12:00PM AMS Special Session on If You Build It They Will Come: Presentations by Scholars in the National 
Alliance for Doctoral Studies in the Mathematical Sciences III 

 8:00AM–12:00PM AMS Special Session on Math Circle Activities as a Gateway into Mathematics III 

 8:00AM–12:00PM AMS Special Session on Mathematical Methods in Machine Learning and Optimization III 

 8:00AM–12:00PM AMS Special Session on Models and Methods for Sparse (Hyper) Network Science (a Mathematics 
Research Communities session) 

 8:00AM–12:00PM AMS Special Session on Nonlocal Frameworks in Analysis and Mathematical Modeling III 
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 8:00AM–12:00PM AMS Special Session on Recent Advances in Nonlinear Partial Differential Equations and the 
Applications III 

 8:00AM–12:00PM AMS Special Session on Recent Developments in Geometric Measure Theory II 

 8:00AM–12:00PM AMS Special Session on Rethinking Number Theory III 

 8:00AM–12:00PM AMS Special Session on Riemannian Manifolds with Lower Scalar Curvature Bounds III 

 8:00AM–12:00PM AMS Special Session on Spatial Ecology Applications using Reaction Diffusion Models I 

 8:00AM–12:00PM AMS Special Session on Tensor Representation, Completion, Modeling and Analytics of Complex 
Data III 

 8:00AM–12:00PM AMS Special Session on The EDGE (Enhancing Diversity in Graduate Education) Program: Pure 
and Applied Talks by Women Math Warriors III 

 8:00AM–12:00PM AMS Special Session on The Math and Art of Mathemalchemy I 

 8:00AM–12:00PM AMS Special Session on the Mathematics of RNA and DNA III 

 8:00AM–12:00PM AMS Special Session on The Scholarship of Teaching and Learning: Past, Present, and Future III 

 8:00AM–12:00PM AMS Special Session on The Teaching and Learning of Undergraduate Ordinary Differential 
Equations: An interdisciplinary approach I 

 8:00AM–12:00PM AMS Special Session on Topological and Combinatorial Methods in Commutative Algebra III 

 8:00AM–12:00PM AMS Special Session on Trees in Many Contexts (a Mathematics Research Communities session) I 

 8:00AM–12:00PM AMS Special Session on Understanding COVID-19: Three Years of Mathematical Models to Address 
the Global Pandemic II 

 8:00AM–12:00PM AMS Special Session on Variational Methods, Optimal Control and Hamilton-Jacobi equations II 

  ASL (ASSOCIATION OF SYMBOLIC LOGIC)

 8:00AM–12:00PM ASL Special Session on Model-theoretic and "higher infinite" methods in descriptive set theory and 
related areas 

  AWM (ASSOCIATION FOR WOMEN IN MATHEMATICS)

 8:00AM–12:00PM AWM Special Session on Recent Developments in the Analysis of Local and Nonlocal PDEs, I 

  PMA (PRO MATHEMATICA ARTE)

 8:00AM–12:00PM BSM Special Session: Mathematical Research in Budapest for Students and Faculty 

  COMAP (CONSORTIUM FOR MATHEMATICS AND ITS APPLICATIONS)

 8:00AM–12:00PM COMAP Special Session on COMAP’s Modeling Contests: Engaging Students and Faculty in 
Mathematical Modeling, I 

  OTHER ORGANIZATIONS

 8:00AM–5:00PM Project NExT Workshop 

  JMM (JOINT MATHEMATICS MEETING)

 8:00AM–5:30PM Employment Center 

 8:30AM–10:00AM A sense of belonging: Creating an inclusive environment in the mathematical sciences 

 8:30AM–10:00AM JMM Panel: Highlights from Research on Instructors’ Learning about Teaching, I 

  AMS (AMERICAN MATHEMATICAL SOCIETY)

 8:30AM–10:30AM AMS Career Fair 

  INVITED ADDRESSES

 9:00AM–9:50AM AMS Maryam Mirzakhani Lecture—Ling Long, Louisiana State University 
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  JMM (JOINT MATHEMATICS MEETING)

 9:00AM–11:00AM Professional Enhancement Program (PEP) #1B: Breaking the Cycle of Mechanisms of Inequality in 
Mathematics Teaching and Learning 

 9:00AM–11:00AM Professional Enhancement Program (PEP) #4A: Inclusive Active Learning in Undergraduate 
Mathematics 

 9:00AM–11:00AM Professional Enhancement Program (PEP) #7A: Creating accessible and interactive documents with 
PreTeXt 

 9:00AM–5:00PM Exhibits and Book Sales 

  AMS (AMERICAN MATHEMATICAL SOCIETY)

 9:30AM–11:00AM Advocacy for Mathematics and Science Policy 

  AIM (AMERICAN INSTITUTE OF MATHEMATICS)

 9:30AM–12:00PM AIM Special Session on Automorphic Forms and Special Cycles, II 

  INVITED ADDRESSES

 10:05AM–10:55AM AWM-AMS Noether Lecture—Laura DeMarco, Harvard University 

  PME (PI MU EPSILON)

 10:30AM–12:00PM What Every Student Should Know about the JMM 

  INVITED ADDRESSES

 11:10AM–12:00PM Project NExT Lecture on Teaching 

 11:10AM–12:00PM SIAM Invited Address—Mariel Vazquez, University of California, Davis 

 1:00PM–2:00PM AMS Colloquium Lecture II—Camillo De Lellis, Institute for Advanced Study 

  AMS (AMERICAN MATHEMATICAL SOCIETY)

 1:00PM–2:30PM AMS Committee on Education Panel Discussion 

  JMM (JOINT MATHEMATICS MEETING)

 1:00PM–2:30PM Joint Committee on Women Panel 

 1:00PM–3:00PM Professional Enhancement Program (PEP) #10A: Visualizing Projective Geometry Through 
Photographs and Perspective Drawings 

 1:00PM–3:00PM Professional Enhancement Program (PEP) #11A: Getting Started in the Scholarship of  
Teaching and Learning 

 1:00PM–3:00PM Professional Enhancement Program (PEP) #8A: How to Run Successful Math Circles for Students 
and Teachers, I 

  PME (PI MU EPSILON)

 1:00PM–3:30PM Pi Mu Epsilon Contributed Session on Research by Undergraduates, III 

  AIM (AMERICAN INSTITUTE OF MATHEMATICS)

 1:00PM–5:00PM AIM Special Session on Researchers from the Latinx Mathematician Network, II 

  AMS (AMERICAN MATHEMATICAL SOCIETY)

 1:00PM–5:00PM AMS Contributed Paper Session 

 1:00PM–5:00PM AMS Special Session on Advances in Partial Differential Equations, Numerical Analysis, and their 
Applications II 

 1:00PM–5:00PM AMS Special Session on Advances in Qualitative Theory and Applications to Life Sciences of 
Differential, Difference, and Dynamic Equations II 

 1:00PM–5:00PM AMS Special Session on Applications of Tensors in Computer Science I 
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 1:00PM–5:00PM AMS Special Session on Applied Category Theory (a Mathematics Research Communities Session) II 

 1:00PM–5:00PM AMS Special Session on Applied Topology: Theory and Implementation II 

 1:00PM–5:00PM AMS Special Session on Arithmetic Statistics II 

 1:00PM–5:00PM AMS Special Session on Complex and Arithmetic Dynamical Systems III 

 1:00PM–5:00PM AMS Special Session on Current Directions in the Philosophy of Mathematics IV 

 1:00PM–5:00PM AMS Special Session on Data Science at the Crossroads of Analysis, Geometry, and Topology (a 
Mathematics Research Communities session) II 

 1:00PM–5:00PM AMS Special Session on Geometric PDEs II 

 1:00PM–5:00PM AMS Special Session on If You Build It They Will Come: Presentations by Scholars in the National 
Alliance for Doctoral Studies in the Mathematical Sciences IV 

 1:00PM–5:00PM AMS Special Session on Integrable Systems and Symplectic Group Actions III 

 1:00PM–5:00PM AMS Special Session on Integral Equations and Applications II 

 1:00PM–5:00PM AMS Special Session on Kicks, Shocks, Recovery and Resilience: Impulsive Models in Ecology and 
Socio-Economic Systems 

 1:00PM–5:00PM AMS Special Session on Langlands Program I 

 1:00PM–5:00PM AMS Special Session on Mathematical Foundations of Democracy I 

 1:00PM–5:00PM AMS Special Session on Mathematics Standards, Equity, Policy, and Politics I 

 1:00PM–5:00PM AMS Special Session on Models and Methods for Sparse (Hyper) Network Science (a Mathematics 
Research Communities session) II 

 1:00PM–5:00PM AMS Special Session on Modular Forms, Hypergeometric Functions, Character Sums and Galois 
Representations III 

 1:00PM–5:00PM AMS Special Session on New Developments in Differential Geometry and Topology I 

 1:00PM–5:00PM AMS Special Session on Number Theory at Non-PhD Granting Institutions I 

 1:00PM–5:00PM AMS Special Session on Research Community in Algebraic Combinatorics I 

 1:00PM–5:00PM AMS Special Session on Resolutions of Singularities and Cohomology in Geometry and 
Representation theory III 

 1:00PM–5:00PM AMS Special Session on Scholarship on Teaching and Learning Introductory Statistics I 

 1:00PM–5:00PM AMS Special Session on Spatial Ecology Applications using Reaction Diffusion Models II 

 1:00PM–5:00PM AMS Special Session on Stochastic Analysis and Applications II 

 1:00PM–5:00PM AMS Special Session on The EDGE (Enhancing Diversity in Graduate Education) Program: Pure 
and Applied Talks by Women Math Warriors IV 

 1:00PM–5:00PM AMS Special Session on The Math and Art of Mathemalchemy II 

 1:00PM–5:00PM AMS Special Session on The Teaching and Learning of Undergraduate Ordinary Differential 
Equations: An Interdisciplinary Approach II 

 1:00PM–5:00PM AMS Special Session on Topology, Algebra, and Geometry in the Mathematics of Data Science I 

 1:00PM–5:00PM AMS Special Session on Trees in Many Contexts (a Mathematics Research Communities session) I 

 1:00PM–5:00PM AMS Special Session on Variational Methods, Optimal Control and Hamilton-Jacobi equations III 

  ASL (ASSOCIATION OF SYMBOLIC LOGIC)

 1:00PM–5:00PM ASL Special Session on Tame Geometry and Applications to Analysis 
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  COMAP (CONSORTIUM FOR MATHEMATICS AND ITS APPLICATIONS)

 1:00PM–5:00PM COMAP Special Session on COMAP’s Modeling Contests: Engaging Students and Faculty in 
Mathematical Modeling, II 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)

 1:00PM–5:00PM MSRI (SLMath) Special Session on Summer Research in Mathematics (SRiM): Unknotting 
Operations 

  SIAM (SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS)
 1:00PM–5:00PM SIAM Minisymposium on Advances on Fractional Dynamics 

  AMS (AMERICAN MATHEMATICAL SOCIETY)
 2:00PM–3:30PM AMS Committee on Profession: Supporting Faculty in Mentoring Students for Careers  

Beyond Academia 

  INVITED ADDRESSES
 2:40PM–3:40PM NAM Claytor-Woodard Lecture 

  JMM (JOINT MATHEMATICS MEETING)
 3:00PM–4:00PM JMM Panel: Women in Math Leadership 

 3:30PM–4:30PM Estimathon 

  INVITED ADDRESSES
 5:00PM–6:00PM AMS Josiah Willard Gibbs Lecture—Richard Baraniuk, Rice University 

 6:00PM–7:00PM Budapest Semesters in Mathematics Annual Alumni Reunion 

  OTHER ORGANIZATIONS
 6:00PM–7:00PM Lightning Talks in Environmental Mathematics 

 6:00PM–7:00PM Uniform Convergence: a One-Woman Play 

 6:00PM–7:30PM Association of Christians in the Mathematical Sciences Reception and Lecture 

 6:00PM–8:00PM Penn State’s Eberly College of Science and Department of Mathematics Reception 

 6:00PM–8:00PM WiMS Networking Event 

 6:00PM–8:30PM Math Institutes Open House 

 6:30PM–8:00PM Art of Problem Solving (AoPS) Reception for Alumni and Friends 

 7:00PM–8:30PM Reception and Guest Lecture for SIGMAA EM 

  SIAM (SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS)
 7:00PM–9:00PM Society for Industrial and Applied Mathematics (SIAM) Reception on Industrial Math Modeling 

 8:00PM–10:00PM MEET and SHARE: a mathematicians’ storytelling event 

 8:15PM–9:45PM Knitting Circle 

Friday, January 06
  JMM (JOINT MATHEMATICS MEETING)
 7:30AM–4:00PM Joint Meetings Registration 

  SPECTRA
 8:00AM–11:00AM AMS-Spectra Special Session on Research by LGBTQ+ Mathematicians 

  AIM (AMERICAN INSTITUTE OF MATHEMATICS)
 8:00AM–12:00PM AIM Special Session on Little School Dynamics: Cool Dynamics Research by Researchers at PUIs, I 
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  AMS (AMERICAN MATHEMATICAL SOCIETY)

 8:00AM–12:00PM AMS Contributed Paper Session 

 8:00AM–12:00PM AMS Special Session on Advances in Modeling Mosquito-borne Disease Dynamics and Control 
Methods I 

 8:00AM–12:00PM AMS Special Session on Advances in Nonlinear Boundary Value Problems I 

 8:00AM–12:00PM AMS Special Session on Advances in Partial Differential Equations, Numerical Analysis, and their 
Applications III 

 8:00AM–12:00PM AMS Special Session on Advances in Qualitative Theory and Applications to Life Sciences of 
Differential, Difference, and Dynamic Equations III 

 8:00AM–12:00PM AMS Special Session on Applications of Tensors in Computer Science II 

 8:00AM–12:00PM AMS Special Session on Arithmetic Statistics III 

 8:00AM–12:00PM AMS Special Session on Automorphic Forms and Representation Theory I 

 8:00AM–12:00PM AMS Special Session on Complexity and Topology in Computational Algebraic Geometry I 

 8:00AM–12:00PM AMS Special Session on Discrete and Hybrid Dynamical Systems: Time Scales and Fractional 
Approaches I 

 8:00AM–12:00PM AMS Special Session on Geometric PDEs III 

 8:00AM–12:00PM AMS Special Session on Langlands Program II 

 8:00AM–12:00PM AMS Special Session on Mathematical Foundations of Democracy II 

 8:00AM–12:00PM AMS Special Session on Mathematics Standards, Equity, Policy, and Politics II 

 8:00AM–12:00PM AMS Special Session on New Developments in Differential Geometry and Topology II 

 8:00AM–12:00PM AMS Special Session on Nonlinear Evolution Equations and Their Applications I 

 8:00AM–12:00PM AMS Special Session on Number theory at Non-PhD Granting Institutions II 

 8:00AM–12:00PM AMS Special Session on Orthogonal Polynomials and their Applications I 

 8:00AM–12:00PM AMS Special Session on Partial Differential Equations and Complex Variables I 

 8:00AM–12:00PM AMS Special Session on Promoting Equity Through Active Learning in Undergraduate Mathematics: 
Precalculus I 

 8:00AM–12:00PM AMS Special Session on Recent Advances in Arithmetic Dynamics I 

 8:00AM–12:00PM AMS Special Session on Recent Developments in Geometric Measure Theory III 

 8:00AM–12:00PM AMS Special Session on Research Community in Algebraic Combinatorics II 

 8:00AM–12:00PM AMS Special Session on Scholarship on Teaching and Learning Introductory Statistics II 

 8:00AM–12:00PM AMS Special Session on Spatial Ecology Applications using Reaction Diffusion Models III 

 8:00AM–12:00PM AMS Special Session on Sum-product Theory in Finite Fields and Matrices over Finite Fields I 

 8:00AM–12:00PM AMS Special Session on The Combinatorics and Geometry of Jordan Type and Lefschetz Properties I 

 8:00AM–12:00PM AMS Special Session on the History of Mathematics I 

 8:00AM–12:00PM AMS Special Session on The Math and Art of Mathemalchemy III 

 8:00AM–12:00PM AMS Special Session on Topology, Algebra, and Geometry in the Mathematics of Data Science II 

 8:00AM–12:00PM AMS Special Session on Women in Automorphic Forms I 

 8:00AM–12:00PM AMS-SIAM Special Session on Research in Mathematics by Undergraduates and Students in Post-
Baccalaureate Programs I 
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  AWM (ASSOCIATION FOR WOMEN IN MATHEMATICS)

 8:00AM–12:00PM AWM Special Session on Celebrating the Mathematical Contributions of the AWM, II 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)

 8:00AM–12:00PM MSRI (SLMath) Special Session on Summer Research in Mathematics (SRiM): Dynamics and 
Operator Algebras, I 

 8:00AM–12:00PM MSRI (SLMath) Special Session on Summer Research in Mathematics (SRiM): Geometric and 
Topological Combinatorics 

  SIAM (SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS)

 8:00AM–12:00PM SIAM Minisymposium on Imaging and Inverse Problems 

  JMM (JOINT MATHEMATICS MEETING)

 8:00AM–5:30PM Employment Center 

  OTHER ORGANIZATIONS

 8:00AM–6:00PM Project NExT Workshop 

  JMM (JOINT MATHEMATICS MEETING)

 8:30AM–10:00AM JMM Panel: Highlights from Research on Instructors’ Learning about Teaching, II 

  AMS (AMERICAN MATHEMATICAL SOCIETY)

 8:30AM–10:30AM AMS Grad School Fair 

  INVITED ADDRESSES

 9:00AM–9:50AM MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Lecture—Omayra Ortega, Sonoma State 
University 

 9:00AM–10:00AM ASL Invited Address—Peter Cholak, University of Notre Dame 

  JMM (JOINT MATHEMATICS MEETING)

 9:00AM–11:00AM Professional Enhancement Program (PEP) #5A: Recruiting and Mentoring Majors in the 
Mathematical Sciences 

 9:00AM–11:00AM Professional Enhancement Program (PEP) #6B: Using Your Voice for Influence and Impact: 
Incorporating Mathematics into Public Discourse 

 9:00AM–11:00AM Professional Enhancement Program (PEP) #9B: Introductory Professional Development Workshop 
on Python Jupyter Notebooks for College Math Teachers 

 9:00AM–5:00PM Exhibits and Book Sales 

  JOINT

 9:50AM–10:30AM MAA-SIAM-AMS Hrabowski-Gates-Tapia-McBay Panel 

  INVITED ADDRESSES

 10:00AM–11:00AM ASL Invited Address—Franziska Jahnke, University of Münster 

  PME (PI MU EPSILON)

 10:30AM–12:00PM AMS-PME Undergraduate Student Poster Session, I 

  JMM (JOINT MATHEMATICS MEETING)

 11:00AM–12:00PM JMM Panel: The Prison Mathematics Project: Justice via the Pursuit of Beauty 

  INVITED ADDRESSES

 11:10AM–12:00PM AAAS-AMS Lecture—Philip Maini, University of Oxford 

 1:00PM–2:00PM AMS Colloquium Lecture III—Camillo De Lellis, Institute for Advanced Study 

 1:00PM–2:00PM ASL Invited Address—Speaker to be announced 
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  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)
 1:00PM–3:00PM MSRI (SLMath) Special Session on Summer Research in Mathematics (SRiM) : Mathematical 

Modeling and Analysis in Eye Research 

  JMM (JOINT MATHEMATICS MEETING)
 1:00PM–3:00PM Professional Enhancement Program (PEP) #11B: Getting Started in the Scholarship of  

Teaching and Learning 

 1:00PM–3:00PM Professional Enhancement Program (PEP) #2B: Developing Mathematics Programs for Workforce 
Preparation in Data Science and Other Applications 

 1:00PM–3:00PM Professional Enhancement Program (PEP) #3B: Evidence-based Practices for More Effective 
Mentoring Relationships 

  AWM (ASSOCIATION FOR WOMEN IN MATHEMATICS)
 1:00PM–5:00PM AWM Special Session on Women in Graph Theory, I 

  NAM (NATIONAL ASSOCIATION OF MATHEMATICIANS)
 1:00PM–5:00PM NAM Haynes-Granville-Browne Session of Presentations by Recent Doctoral Recipients 

  AIM (AMERICAN INSTITUTE OF MATHEMATICS)
 1:00PM–6:00PM AIM Special Session on Little School Dynamics: Cool Dynamics Research by Researchers at PUIs, II 

  AMS (AMERICAN MATHEMATICAL SOCIETY)
 1:00PM–6:00PM AMS Contributed Paper Session 

 1:00PM–6:00PM AMS Special Session on Advances and Applications in Integral and Differential Equations I 

 1:00PM–6:00PM AMS Special Session on Advances in Modeling Mosquito-borne Disease Dynamics and Control 
Methods II 

 1:00PM–6:00PM AMS Special Session on Advances in Operator Algebras I 

 1:00PM–6:00PM AMS Special Session on Applications of Riemann Surfaces I 

 1:00PM–6:00PM AMS Special Session on Applications of Tensors in Computer Science III 

 1:00PM–6:00PM AMS Special Session on Applied Topology: Theory and Implementation III 

 1:00PM–6:00PM AMS Special Session on Automorphic Forms and Representation Theory II 

 1:00PM–6:00PM AMS Special Session on Complex Systems in the Life Sciences I 

 1:00PM–6:00PM AMS Special Session on Complexity and Topology in Computational Algebraic Geometry II 

 1:00PM–6:00PM AMS Special Session on Current Progress in Computational Biomedicine 

 1:00PM–6:00PM AMS Special Session on Discrete and Hybrid Dynamical Systems: Time Scales and Fractional 
Approaches II 

 1:00PM–6:00PM AMS Special Session on Dynamics of PDEs on heterogeneous domains: Theory & applications I 

 1:00PM–6:00PM AMS Special Session on Excursions in Arithmetic Geometry I 

 1:00PM–6:00PM AMS Special Session on Financial Mathematics I 

 1:00PM–6:00PM AMS Special Session on Mathematics and the Arts I 

 1:00PM–6:00PM AMS Special Session on Mathematics Standards, Equity, Policy, and Politics III 

 1:00PM–6:00PM AMS Special Session on Modeling Collective Behavior in biology I 

 1:00PM–6:00PM AMS Special Session on New Developments in Differential Geometry and Topology III 

 1:00PM–6:00PM AMS Special Session on Nonlinear Evolution Equations and Their Applications II 

 1:00PM–6:00PM AMS Special Session on Number theory at Non-PhD Granting Institutions III 
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 1:00PM–6:00PM AMS Special Session on Perspectives on Eigenvalue Computation I 

 1:00PM–6:00PM AMS Special Session on Polymath Jr: Mentoring and learning I 

 1:00PM–6:00PM AMS Special Session on Promoting Equity Through Active Learning in Undergraduate Mathematics: 
Precalculus II 

 1:00PM–6:00PM AMS Special Session on Quadratic Forms, Modular Forms, and Applications I 

 1:00PM–6:00PM AMS Special Session on Recent Advances in Arithmetic Dynamics II 

 1:00PM–6:00PM AMS Special Session on Research from the Graduate Research Workshop in Combinatorics (GRWC) I 

 1:00PM–6:00PM AMS Special Session on Sum-product Theory in Finite Fields and Matrices over Finite Fields II 

 1:00PM–6:00PM AMS Special Session on the History of Mathematics II 

 1:00PM–6:00PM AMS Special Session on Topology, Algebra, and Geometry in the Mathematics of Data Science III 

 1:00PM–6:00PM AMS Special Session on Women in Automorphic Forms II 

 1:00PM–6:00PM AMS-SIAM Special Session on Research in Mathematics by Undergraduates and Students in  
Post-Baccalaureate Programs II 

  AWM (ASSOCIATION FOR WOMEN IN MATHEMATICS)

 1:00PM–6:00PM AWM Special Session on Recent Developments in the Analysis of Local and Nonlocal PDEs, II 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)

 1:00PM–6:00PM MSRI (SLMath) Special Session on Summer Research in Mathematics (SRiM): Analytic  
Number Theory 

  SIAM (SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS)

 1:00PM–6:00PM SIAM Minisymposium on Applications of the Maslov Index 

  INVITED ADDRESSES

 2:00PM–3:00PM ASL Invited Address—Lynn Scow, California State San Bernardino 

  JRMF (JULIA ROBINSON MATHEMATICS FESTIVAL)

 2:00PM–3:30PM Learn About Math Festivals with JRMF 

  AMS (AMERICAN MATHEMATICAL SOCIETY)

 2:30PM–4:00PM AMS Committee on Science Policy Panel Discussion 

  ASL (ASSOCIATION OF SYMBOLIC LOGIC)

 3:00PM–6:00PM ASL Contributed Paper Session 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)

 3:00PM–6:00PM MSRI (SLMath) Special Session on the MSRI Undergraduate Program (MSRI-UP), II 

  PME (PI MU EPSILON)

 3:30PM–5:00PM AMS-PME Undergraduate Student Poster Session, II 

  AWM (ASSOCIATION FOR WOMEN IN MATHEMATICS)

 4:00PM–5:30PM AWM Workshop Poster Presentations 

  JMM (JOINT MATHEMATICS MEETING)

 4:00PM–5:30PM JMM Workshop on Inquiry-Oriented Linear Algebra: Exploring Determinants 

  AMS (AMERICAN MATHEMATICAL SOCIETY)

 4:00PM–6:00PM AMS Workshop: Teaching and Managing Large Undergraduate Mathematics Courses in a 
Changing World, II 

 4:30PM–6:00PM AMS DC-Based Policy & Communications Opportunities 
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  AWM (ASSOCIATION FOR WOMEN IN MATHEMATICS)
 5:00PM–6:30PM AWM Reception 

 5:30PM–7:30PM University of Illinois, Urbana-Champaign Department of Mathematics Reception 

 6:00PM–7:00PM Mathematical Reviews Reception 

 6:00PM–7:00PM Mathematically Bent Theater 

 6:00PM–7:30PM ICERM Mixer 

  OTHER ORGANIZATIONS
 6:00PM–7:30PM SIGMAA in the Philosophy of Mathematics Guest Lecture—Russell Marcus, Hamilton College 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)
 6:00PM–7:30PM SLMath (Formerly MSRI) Reception for Current and Future Donors 

 6:00PM–7:30PM Texas A&M University Mathematics Department Reception for Alumni, Students, and Faculty 

 6:00PM–8:00PM Maple Learn: the easiest way to create interactive online content for any course that involves math! 

 6:00PM–9:00PM NAM Reception and Banquet 

  INVITED ADDRESSES
 7:45PM–8:45PM NAM Cox-Talbot Address 

 8:00PM–10:00PM Project NExT Reception 

Saturday, January 07
  JMM (JOINT MATHEMATICS MEETING)
 7:30AM–1:00PM Joint Meetings Registration 

 8:00AM–9:30AM JMM Panel: Hidden Figures Revealed: Reflections from Research on Black Mathematicians 

  AMS (AMERICAN MATHEMATICAL SOCIETY)
 8:00AM–11:00AM AMS Special Session on Lessons Learned from Successful Departmental Efforts to Transform 

Precalculus and Calculus I 

  SIAM (SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS)
 8:00AM–11:00AM NAM-SIAM Minisymposium on Quantitative Justice (NAM-SIAM Minisymposia/Special Session), II 

  AMS (AMERICAN MATHEMATICAL SOCIETY)
 8:00AM–12:00PM AMS Contributed Paper Session 

 8:00AM–12:00PM AMS Special Session on Advances and Applications in Integral and Differential Equations II 

 8:00AM–12:00PM AMS Special Session on Advances in Markov models: Gambler’s Ruin, Duality and Queueing 
Applications I 

 8:00AM–12:00PM AMS Special Session on Advances in Nonlinear Boundary Value Problems II 

 8:00AM–12:00PM AMS Special Session on Advances in Operator Algebras II 

 8:00AM–12:00PM AMS Special Session on Analysis and Differential Equations at Undergraduate Institutions I 

 8:00AM–12:00PM AMS Special Session on Applications of Riemann Surfaces II 

 8:00AM–12:00PM AMS Special Session on Automorphic Forms and Representation Theory III 

 8:00AM–12:00PM AMS Special Session on Coding Theory for Modern Applications I 

 8:00AM–12:00PM AMS Special Session on Complex Systems in the Life Sciences II 

 8:00AM–12:00PM AMS Special Session on Complexity and Topology in Computational Algebraic Geometry III 
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 8:00AM–12:00PM AMS Special Session on Distance Problems in Continuous, Discrete and Finite Field Settings I 

 8:00AM–12:00PM AMS Special Session on Dynamics of PDEs on Heterogeneous Domains: Theory & Applications II 

 8:00AM–12:00PM AMS Special Session on Ecological and Evolutionary Dynamics in Life and Social Sciences I 

 8:00AM–12:00PM AMS Special Session on Excursions in Arithmetic Geometry II 

 8:00AM–12:00PM AMS Special Session on Geometry and Dynamics in Moduli Spaces of Abelian Differentials I 

 8:00AM–12:00PM AMS Special Session on Mathematical Modeling of Ecology and Evolution: From Infectious Disease 
to the Evolution of Cooperation I 

 8:00AM–12:00PM AMS Special Session on Mathematics and the Arts II 

 8:00AM–12:00PM AMS Special Session on Modeling Collective Behavior in Biology II 

 8:00AM–12:00PM AMS Special Session on Nonlinear Evolution Equations and Their Applications III 

 8:00AM–12:00PM AMS Special Session on Orthogonal Polynomials and their Applications II 

 8:00AM–12:00PM AMS Special Session on Partial Differential Equations and Complex Variables II 

 8:00AM–12:00PM AMS Special Session on Polymath Jr: Mentoring and learning II 

 8:00AM–12:00PM AMS Special Session on Quadratic Forms, Modular Forms, and Applications II 

 8:00AM–12:00PM AMS Special Session on Quaternions I 

 8:00AM–12:00PM AMS Special Session on Recent Advances in Arithmetic Dynamics III 

 8:00AM–12:00PM AMS Special Session on Research from the Graduate Research Workshop in Combinatorics (GRWC) II 

 8:00AM–12:00PM AMS Special Session on Statistics and Data Science Curriculum in a Mathematics Department I 

 8:00AM–12:00PM AMS Special Session on The Combinatorics and Geometry of Jordan Type and Lefschetz Properties II 

 8:00AM–12:00PM AMS Special Session on the History of Mathematics III 

 8:00AM–12:00PM AMS-SIAM Special Session on Research in Mathematics by Undergraduates and Students in Post-
Baccalaureate Programs III 

  AWM (ASSOCIATION FOR WOMEN IN MATHEMATICS)

 8:00AM–12:00PM AWM Special Session on Women in Graph Theory, II 

 8:00AM–12:00PM AWM Special Session on Women, Art, and Mathematics: Mathematics in the Literary Arts and 
Pedagogy in Creative Settings, I 

 8:00AM–12:00PM AWM Workshop: Women in Commutative Algebra (WiCA), I 

  COMAP (CONSORTIUM FOR MATHEMATICS AND ITS APPLICATIONS)

 8:00AM–12:00PM COMAP Contributed Paper Session: Integrating Modeling into Established Courses, I 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)

 8:00AM–12:00PM MSRI (SLMath) Special Session on Summer Research in Mathematics (SRiM): Cluster Algebras 
and Related Topics 

  SIAM (SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS)

 8:00AM–12:00PM SIAM Minisymposium on Quantum Algorithms 

  OTHER ORGANIZATIONS

 8:00AM–6:00PM Project NExT Workshop 

  INVITED ADDRESSES

 9:00AM–9:50AM AMS John von Neumann Lecture—Nikhil Srivastava, University of California, Berkeley 

 9:00AM–10:00AM ASL Invited Address—Sandra Müller, Technical University of Vienna 
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  JMM (JOINT MATHEMATICS MEETING)
 9:00AM–11:00AM JMM Workshop: Planning and Hosting a Day Long Mathematics Outreach Event 

 9:00AM–11:00AM Professional Enhancement Program (PEP) #4B: Inclusive Active Learning in Undergraduate 
Mathematics 

 9:00AM–11:00AM Professional Enhancement Program (PEP) #5B: Recruiting and Mentoring Majors in the 
Mathematical Sciences 

 9:00AM–11:00AM Professional Enhancement Program (PEP) #7B: Creating accessible and interactive documents  
with PreTeXt 

 9:00AM–12:00PM Exhibits and Book Sales 

  JRMF (JULIA ROBINSON MATHEMATICS FESTIVAL)
 9:00AM–12:00PM Julia Robinson Math Festival 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)
 9:00AM–12:00PM MSRI (SLMath) Special Session on Summer Research in Mathematics (SRiM): Differential and 

Metric Geometry, I 

  INVITED ADDRESSES
 10:00AM–11:00AM ASL Invited Address—Jeremy Avigad, Carnegie Mellon University 

 11:10AM–12:00PM AMS Lecture on Education—Chris Rasmussen, Center for Research in Math and Science Education 

  NAM (NATIONAL ASSOCIATION OF MATHEMATICIANS)
 11:15AM–12:15PM NAM Business Meeting 

  INVITED ADDRESSES
 1:00PM–2:00PM ASL Invited Address—Erik Walsberg, University of California Irvine 

  JMM (JOINT MATHEMATICS MEETING)
 1:00PM–3:00PM Professional Enhancement Program (PEP) #10B: Visualizing Projective Geometry Through 

Photographs and Perspective Drawings 

 1:00PM–3:00PM Professional Enhancement Program (PEP) #8B: How to Run Successful Math Circles for Students 
and Teachers, II 

  MSRI (MATHEMATICAL SCIENCES RESEARCH INSTITUTE)
 1:00PM–4:00PM MSRI (SLMath) Special Session on Summer Research in Mathematics (SRiM): Differential and 

Metric Geometry, II 

  AMS (AMERICAN MATHEMATICAL SOCIETY)
 1:00PM–6:00PM AMS Contributed Paper Session 

 1:00PM–6:00PM AMS Special Session on Advances and Applications in Integral and Differential Equations III 

 1:00PM–6:00PM AMS Special Session on Advances in Markov Models: Gambler’s Ruin, Duality and Queueing 
Applications II 

 1:00PM–6:00PM AMS Special Session on Advances in Nonlinear Boundary Value Problems III 

 1:00PM–6:00PM AMS Special Session on Advances in Operator Algebras III 

 1:00PM–6:00PM AMS Special Session on Analysis and Differential Equations at Undergraduate Institutions II 

 1:00PM–6:00PM AMS Special Session on Applications of Riemann Surfaces III 

 1:00PM–6:00PM AMS Special Session on Coding Theory for Modern Applications II 

 1:00PM–6:00PM AMS Special Session on Complex Systems in the Life Sciences III 

 1:00PM–6:00PM AMS Special Session on Discrete and Hybrid Dynamical Systems: Time Scales and Fractional 
Approaches III 
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 1:00PM–6:00PM AMS Special Session on Distance Problems in Continuous, Discrete and Finite Field Settings II 

 1:00PM–6:00PM AMS Special Session on Ecological and Evolutionary Dynamics in Life and Social Sciences II 

 1:00PM–6:00PM AMS Special Session on Excursions in Arithmetic Geometry III 

 1:00PM–6:00PM AMS Special Session on Financial Mathematics II 

 1:00PM–6:00PM AMS Special Session on Geometry and Dynamics in Moduli Spaces of Abelian Differentials II 

 1:00PM–6:00PM AMS Special Session on Lessons Learned from Successful Departmental Efforts to Transform 
Precalculus and Calculus II 

 1:00PM–6:00PM AMS Special Session on Mathematical Modeling of Ecology and Evolution: From Infectious Disease 
to the Evolution of Cooperation II 

 1:00PM–6:00PM AMS Special Session on Mathematics and the Arts III 

 1:00PM–6:00PM AMS Special Session on Modeling Collective Behavior in Biology III 

 1:00PM–6:00PM AMS Special Session on Orthogonal Polynomials and their Applications III 

 1:00PM–6:00PM AMS Special Session on Partial Differential Equations and Complex Variables III 

 1:00PM–6:00PM AMS Special Session on Perspectives on Eigenvalue Computation II 

 1:00PM–6:00PM AMS Special Session on Polymath Jr: Mentoring and learning III 

 1:00PM–6:00PM AMS Special Session on Quadratic Forms, Modular Forms, and Applications III 

 1:00PM–6:00PM AMS Special Session on Quaternions II 

 1:00PM–6:00PM AMS Special Session on Research from the Graduate Research Workshop in Combinatorics (GRWC) III 

 1:00PM–6:00PM AMS Special Session on Statistics and Data Science Curriculum in a Mathematics Department II 

 1:00PM–6:00PM AMS Special Session on The Combinatorics and Geometry of Jordan Type and Lefschetz Properties III 

 1:00PM–6:00PM AMS Special Session on the History of Mathematics IV 

 1:00PM–6:00PM AMS-SIAM Special Session on Research in Mathematics by Undergraduates and Students in  
Post-Baccalaureate Programs IV 

  AWM (ASSOCIATION FOR WOMEN IN MATHEMATICS)
 1:00PM–6:00PM AWM Special Session on Women, Art, and Mathematics: Mathematics in the Literary Arts and 

Pedagogy in Creative Settings, II 

 1:00PM–6:00PM AWM Workshop: Women in Commutative Algebra (WiCA), II 

  COMAP (CONSORTIUM FOR MATHEMATICS AND ITS APPLICATIONS)
 1:00PM–6:00PM COMAP Contributed Paper Session: Integrating Modeling into Established Courses, II 

  PME (PI MU EPSILON)
 1:00PM–6:00PM Pi Mu Epsilon Contributed Session on Research by Undergraduates, IV 

  SIAM (SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS)
 1:00PM–6:00PM SIAM ED Session on Education as Research and Research as Education 

  INVITED ADDRESSES
 3:00PM–3:50PM AMS-MAA-SIAM Gerald and Judith Porter Public Lecture—Bernd Sturmfels, University of 

California at Berkeley 



Submission deadlines and eligibility info at:

www.ams.org/travel-grants

AMS Student

Partial travel support now available for
the annual Joint Mathematics Meetings

• Grow your network and your knowledge base
• Connect with potential employers 
• Discover and explore concepts across the fi eld of mathematics and present 

your own research
• Find the graduate program that’s right for you 
• Develop lasting connections
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Employment Center Web Services
Employment Center registration information should be 
accessed through the Mathjobs.org system. The website and 
all information is available beginning in early September 
2022 and will remain accessible through January 6, 2023 
(the last day of the Employment Center). While some 
schools may delay appointment setting until late December 
2022, virtually all scheduling will be done before any Joint 
Mathematics Meetings (JMM) travel takes place, so appli-
cants should expect few or no additional appointments to 
be available after arrival. Registering on site, for applicants, 
serves no real purpose.

No Admittance Without a JMM Badge
All applicants and employers planning to enter the Employ-
ment Center—even just for one interview—must present a 
2023 Joint Meetings Registration badge. Meeting badges are 
obtained by registering for the JMM and paying a meeting 
registration fee. The advanced registration deadline is De-
cember 20, 2022 (midnight EST). See the JMM website at 

AMS Employment Center
John B. Hynes Veterans Memorial Convention 

Center, Boston, Massachusetts, January 4–7, 2023

The Employment Center offers a convenient, safe, and practical meeting place for employers and jobseekers attending 
the Joint Meetings. The focus of the Employment Center is on PhD-level mathematical scientists and those that seek 
to hire them from academia, business, and government.

2023 Employment Center Schedule
December 20, 2022 is the deadline for table registration. After this date, only “One Day Tables” will be available for pur-
chase. This is also the deadline to register for the JMM badge, required for admittance, at advanced registration prices. 

Hours of Operation (Please note there is no access to the EC prior to the opening times listed):
Wednesday, January 4, 2023—8:00 am–3:00 pm
Thursday, January 5, 2023—8:00 am–5:30 pm

Friday, January 6, 2023—8:00 am–5:30 pm

Location: John B. Hynes Veterans Memorial Convention Center, Boston, Massachusetts (meeting #1183).

Do not schedule an interview to begin until 15 minutes after opening.
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Employers: How to Register
 • Registration runs from early September 2022 through 

December 20, 2022, at the following website: www 
.mathjobs.org. After December 20, only “One Day 
Tables” will be available. They should be reserved and 
paid for through Mathjobs.org.

 • Use your existing Mathjobs.org account or create a new 
Employer account at www.mathjobs.org. Once a table 
is reserved, the ad can be placed at any time and will 
run until late January.

 • For new users of Mathjobs.org, click the NEW EM-
PLOYER link on the main page of www.mathjobs.org. 
Choose your table type and fill out the New Employer 
Form.

 • For existing users of Mathjobs.org, go to www.mathjobs 
.org and log into your existing account. Purchase a 
table by clicking the “EmpCent” logo in the menus 
along the top toolbar. Use the “buy tables” link. Then 
post a job using the NewJob link or attach an existing 
job to your table.

 • Each person who will need to enter the Employment 
Center area must have a meeting badge (obtained by 
registering for the JMM and paying a meeting registra-
tion fee).
To display an ad on site, and use no Employment Center 

services at all, submit your one-page paper ad, including 
departmental contact information, on site in Boston to the 
Employment Center staff. There is no fee for this service.

For complete information, visit www.ams.org/emp-reg/.

Applicants: Making the Decision to Attend
 • Past attendees have pointed out that all interviews are 

arranged in advance, and there is no opportunity to 
make connections on site.

 • The Employment Center offers no guarantees of inter-
views or jobs. Hiring decisions are not made during or 
immediately following interviews.

 • There will ordinarily be no research-oriented postdoc-
toral positions listed or discussed at the Employment 
Center.

 • Interviews will go to applicants who applied to jobs 
during the fall and are now being sought out by the 
institutions for in-person meetings during the JMM.

 • There will be no opportunity to speak to employers 
without a prearranged interview, and no walk-up job 
information tables. Scheduling of interviews will be 
complete prior to the JMM.
The majority of Employment Center employers are ac-

ademic departments of mathematical sciences seeking to 
meet a short list of applicants who applied for their open 
positions during the fall. Each year, a few government or 
industry employers are present. Often, they are seeking US 
citizens only due to existing contracts.

www.jointmathematicsmeetings.org/jmm for registra-
tion instructions and rates.

Employers: Choose a Table
There are three table types available for employers, based 
on the number of interviewers who will be present at any 
given time:

 • One or two interviewers per table in the “Quiet Area” 
(US$380/$285 AMS Institutional Member), each addi-
tional table (US$215/$161 AMS Institutional Member). 
Table purchase includes up to two JMM 2023 registra-
tions for interviewers.

 • Three to six interviewers per table in the “Committee 
Table” area (US$460/$345 AMS Institutional Member), 
each additional table (US$235/$176 AMS Institutional 
Member). Table purchase includes up to six JMM 2023 
registrations for interviewers.

 • Free electricity is supplied to every table with purchase 
of the table.

 • “One Day Tables” allow for on-site interviewing for one 
day without placing an ad. These tables, which can ac-
commodate up to three interviewers, may be purchased 
through January 6, 2023. The fee is (US$210/$157 AMS 
Institutional Member). Please register online at www 
.mathjobs.org and choose the “EC-One Day Table 
purchase.” Table purchase includes up to two JMM 2023 
meeting registrations for interviewers.
New—All Employment Center table purchases include 

JMM registration for the individuals who will be conduct-
ing interviews. Once your table purchase has been com-
pleted, AMS Programs Department staff will contact you 
providing detailed instructions on how to proceed with 
registering your interviewers.

All Employment Center data and registration must 
be entered on the Mathjobs.org site. An existing account 
can be used for accessing Employment Center services 
and for paying applicable fees. If no account exists, par-
ticipants can start an account solely for Employment 
Center use. Once your registration has been processed in  
Mathjobs.org, AMS Programs Department staff will contact 
you with instructions on how to register your interviewers 
for JMM.

Employers are expected to create their own interview 
schedules as far in advance as possible by using the assist-
ed-email system in Mathjobs.org, or by using other means 
of communication. Please do not schedule an interview to 
begin until 15 minutes after the Employment Center opens.

Please mark appointments as confirmed in your  
Mathjobs.org account, as this will allow the appointments 
to display in the applicants’ schedules. At the time of in-
terview, meet the applicant in the on-site waiting area and 
escort the applicant to your table.
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There are no Employment Center fees for applicants; 
however, admission to the Employment Center room re-
quires a 2023 JMM badge, obtainable by registering (and 
paying a fee) for the JMM. To register for the meeting, go to 
the website: www.jointmathematicsmeetings.org/jmm.

It is possible to attend one or more privately arranged 
interviews without an official Employment Center regis-
tration; however, a meeting badge is required to access the 
interview room.

Applicants should keep track of their interview sched-
ules. If invited for an interview at a conflicting time, please 
ask the employer to offer a new time or suggest one.

For complete information, visit www.ams.org/emp-reg/.
Questions about the Employment Center registration and 

participation can be directed to Rosalynde Vas Dias, AMS Pro-
grams Department, at 800-321-4267, ext. 4060, or by email 
to emp-info@ams.org.

Credits
Photo is courtesy of Kate Awtrey, Atlanta Convention Pho-

tography.

All job postings are available on the website in advance, 
and now that this electronic service is in place, there is no 
other messaging conducted on paper.  

Please visit the Employment Center website for further 
advice, information, and program updates at www.ams.org 
/emp-reg/.

Applicants: How to Register
 • Early registration is vital since most employers finalize 

their schedules before arriving in Boston.
 • To register, applicants should log into their Mathjobs.org 

accounts or create a new account, look for the EmpCent 
icon across the top toolbar, and mark that they will be 
attending by clicking the link, “click here if you are at-
tending the Employment Center.” You can then upload 
documents and peruse the list of employers attending 
and the positions available. You do not have the option 
to request an interview with an employer. However, if 
you are interested in any position, you can apply to the 
job. The employer will be aware that you are also attend-
ing the event and will contact you directly if interested 
in setting up an interview.

www.ams.org/authorswww.ams.org/authors

AMS AUTHOR 
RESOURCE CENTER
The Author Resource Center is a collection of information and 
tools available to assist you to successfully write, edit, illustrate, 
and publish your mathematical works.

To begin utilizing these important resources, visit:
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homotopies which operate in a problem’s natural param-
eter space. Another useful paradigm (introduced in the 
90s by Sommese, Wampler, and Verschelde) is numerical 
algebraic geometry, allowing these techniques to be extended 
to problems whose solution sets are not 0-dimensional. A 
number of freely available software packages exist: most 
prominently, Bertini, HomotopyContinuation.jl, HOM4PS, 
NAG4M2, and PHCPACK. These tools power latest advances 
in polynomial homotopy continuation, with an array of 
conferences and research programs worldwide reflecting 
the latest developments.

Logistics
The six lectures in the course will be broken across the 
two days and are 45 minutes long, with 15 minutes for 
questions and discussion. Problem sessions are planned 
for both days, and speakers and organizers will be available 
to assist participants with these exercises. Some exercises 
will be facilitated by numerical software such as Bertini, 
Macaulay2, MATLAB, or Julia. Participants with a desire to 
experiment with computations and an interest in applica-
tions should find this experience especially stimulating. The 
speakers will also provide participants with a list of research 
questions to guide their explorations after the course.

Please bring your laptop to the course, and if possible, 
download Bertini, Macaulay2, MATLAB, or Julia before the 
course starts.

The minicourse will not assume any background in alge-
braic geometry or numerical analysis (although participants 
with knowledge of either are still encouraged to attend). 
The lectures will be appropriate for a beginning graduate 
student (or advanced undergraduate) with knowledge of 
linear algebra, algebra, and geometry. In preparation for the 
short course, participants looking for a brief introduction 
to homotopy continuation methods may wish to consult 
the survey “Introduction to Numerical Algebraic Geome-
try” (Sommese, Wampler, Verschelde)—see https://janv 
.people.uic.edu/Articles/intro.pdf. In particular, 

Organized by Timothy Duff, Univer-
sity of Washington, and Margaret H. 
Regan, Duke University.

Introduction
Systems of multivariate polynomial 
equations are ubiquitous through-
out mathematics and neighboring 
scientific fields such as kinematics, 
computer vision, power flow systems, 
and more. Numerical homotopy con-
tinuation methods are a fundamental 
technique for both solving these 
polynomial systems and determin-
ing more refined information about 
their structure. A research community 
has blossomed around the subject, 
with important work on both basic 
methods and applications that are 
ripe for sharing with a general mathe-
matical audience. This two-day short 
course, organized by Timothy Duff, 

University of Washington, and Margaret H. Regan, Duke 
University, will offer six introductory lectures on the theory 
of polynomial systems, homotopy continuation, and their 
applications. Our six speakers represent a broad and diverse 
cross-section of researchers working on basic methods and 
applications of homotopy continuation.

Continuation methods are a well-studied subject in nu-
merical analysis. They are especially potent when applied 
to problems where polynomial equations depending on 
both certain unknown quantities (variables) and physical 
measurements (parameters) must be satisfied. By working 
over the complex numbers, many of these methods enjoy 
the property of being globally convergent with probability 
one. For instance, a general parameter continuation theorem 
(established by Morgan and Sommese in 1989) establishes 
that all isolated solutions can be computed via tailor-made 

Timothy Duff

Margaret H. Regan

AMS Short Course
Polynomial systems, homotopy  
continuation and applications
January 2–3, 2023, Boston, MA

https://janv.people.uic.edu/Articles/intro.pdf
https://janv.people.uic.edu/Articles/intro.pdf
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Anton Leykin
Anton Leykin studied at Kharkiv Uni-
versity (Ukraine) as an undergradu-
ate and completed his PhD studies in 
2003 at the University of Minnesota. 
Currently, he is a Professor at the 
School of Mathematics at Georgia 
Tech working in nonlinear algebra 
(computational and applied alge-
braic geometry). A large part of his 
recent research concerns homotopy 

continuation methods and includes development of the-
ory, implementation of resulting algorithms in Macaulay2 
computer algebra system, and engineering projects such 
as applications to computer vision. He is a member of the 
ACM, AMS, and SIAM.

Julia Lindberg
Julia Lindberg is a postdoc in the 
nonlinear algebra group at the Max 
Planck Institute in Leipzig, Germany. 
Her research is generally in applied 
algebraic geometry and has focused 
on applications in statistics, opti-
mization and power systems engi-
neering. She was the recipient of the 
John Nohel Prize for an outstanding 
thesis in applied math, the Excellence 

in Mathematical Research Prize, the Grainger Graduate 
Student Fellowship, and the Sarah and Dave Epstein Fel-
lowship. Prior to her graduate studies she completed a PhD 
in electrical and computer engineering, an MS in math, 
and a BS in math and dance, all from the University of 
Wisconsin-Madison. 

Mark Plecnik
Mark Plecnik is an Assistant Profes-
sor at the University of Notre Dame 
in the Department of Aerospace 
and Mechanical Engineering. He 
researches the role of polynomial 
homotopy continuation to design 
novel machine geometries for usage 
as robots and other mechanical de-
vices. The dynamics of machines 
“live” within the confines of kine-

matic configuration spaces, defined by early stage design 
choices on machine dimensions. Plecnik’s primary focus 
is not to dominate these dynamics via motor control, but 
rather to alter them by reshaping the kinematic landscape 
through smart choices made on machine dimensions. He 
makes these design choices by searching for roots to large 
polynomial systems which are formulated to encode design 
requirements.

we recommend developing some familiarity with the ma-
terial in Sections 2, 3.1–3.3, 4.4–4.5, and 5. For a more 
complete background, we recommend the following texts:

 • Sommese, Andrew J., and Charles W. Wampler. The 
Numerical Solution of Systems of Polynomials Arising 
in Engineering and Science. World Scientific, 2005.

 • Bates, Daniel J., et al. Numerically solving polynomial 
systems with Bertini. Society for Industrial and Ap-
plied Mathematics, 2013.

Speakers
Silviana Amethyst
Silviana Amethyst is a computational 
and visualizing mathematician at the 
University of Wisconsin-Eau Claire. 
She has worked on a number of soft-
ware projects in numerical algebraic 
geometry, including Paramotopy, 
Bertini_real, the experimental Ber-
tini 2 package, and has made con-
tributions to Bertini 1. Her favorite 
mathematical subjects are singular 

real algebraic surfaces. Lately, she’s been getting into hybrid 
3d printed and electronic art projects. Silviana’s love of the 
Barth Sextic, like the surface itself, knows no bounds. 

Jonathan D. Hauenstein
Jonathan D. Hauenstein is a profes-
sor and chair of the Department of 
Applied and Computational Mathe-
matics and Statistics at the University 
of Notre Dame. Prior to joining the 
faculty at Notre Dame, Dr. Hauen-
stein was an assistant professor at 
North Carolina State University and 
held postdoctoral positions at the 
Fields Institute, Mittag-Leffler Insti-
tute, and Texas A&M after earning a 

PhD in Mathematics from the University of Notre Dame 
in 2009. Dr. Hauenstein’s research involves developing 
numerical methods for solving nonlinear equations which 
has been implemented in the software package Bertini and 
applied to a variety of science and engineering problems. 
Dr. Hauenstein is a Fellow of the American Mathematical 
Society and has been honored with various awards includ-
ing a Sloan Research Fellowship, DARPA Young Faculty 
Award, Army Research Office Young Investigator Award, 
Office of Naval Research Young Investigator Award, and 
Notre Dame College of Science Research Award. 

Silviana Amethyst

Mark Plecnik

Anton Leykin

Jonathan D. 
Hauenstein

Julia Lindberg
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Jose Israel Rodriguez
Jose Israel Rodriguez’s research is 
in applied algebraic geometry and 
algebraic statistics. In Fall 2020 he 
started a tenure track position at 
UW Madison and was awarded the 
Nellie McKay Fellowship. Prior to 
his time at Madison, he was an NSF 
Postdoc with Jon Hauenstein and 
was a Provost’s Postdoctoral Scholar 
at the University of Chicago with 

Lek-Heng Lim. He did his undergraduate studies at the 
University of Texas at Austin, where he became a McNair 
Scholar with Eric Katz as his faculty mentor. After getting 
a bachelors degree in pure math, he began the PhD pro-
gram at the University of California, Berkeley, where he 
was awarded a Chancellor’s Fellowship and was advised 
by Bernd Sturmfels.

Registration
This Short Course will take place on January 2–3, 2023, 
the Monday and Tuesday before the Joint Mathematics 
Meetings (JMM). The registration fees are US$184 for AMS 
members; US$282 for nonmembers; and US$107 for stu-
dents/unemployed or emeritus members. These fees are in 
effect until December 20, 2022. After this date, the fees will 
be US$235 for AMS members; US$334 for nonmembers; 
and US$138 for students/unemployed or emeritus mem-
bers. Online registration is expected to open by mid-Au-
gust. Please see the Short Course webpage at www.ams.org 
/short-course for more information and course updates. 
In-person registration will take place on Monday, January 
2, 2023, exact location to be determined.

Credits
Photograph of Silviana Amethyst is by Shane Opatz.
Photograph of Timothy Duff is by Laurel Cerreo.
Photograph of Jonathan D. Hauenstein is by Matt Cashore, 

courtesy of the University of Notre Dame. 
Photograph of Anton Leykin is courtesy of Anton Leykin.
Photograph of Julia Lindberg is courtesy of Julia Lindberg.
Photograph of Mark Plecnik is courtesy of Mark Plecnik. 
Photograph of Margaret H. Regan is courtesy of the Universi-

ty of Notre Dame.
Photograph of Jose Rodriguez is by Sara Nagreen.

Jose Israel Rodriguez

The AMS holds sectional meetings all over the 
US, in both the fall and spring. Each meeting has 
a variety of special sessions, and each special 
session features a group of speakers focused on 
one mathematical topic. 

Virtual sectionals are also being planned, at 
reduced rates, to improve accessibility to these 
important research-centered meetings. 

There may be a sectional with 
your specialty near you soon! 

AMS SECTIONAL 
MEETINGS

Check out the upcoming meetings: 
www.ams.org/upcoming-sectionals 



The 2023 summer conferences of the Mathematics Research Communities will be held at Beaver Hollow Conference 
Center, Java Center, NY, where participants can enjoy a private, distraction-free environment conducive to research. 

Women and underrepresented minorities are especially encouraged to apply.

The application deadline for summer 2023 is February 15, 2023.

TOPICS FOR 2023

Week 1: May 28–June 3, 2023
Ricci Curvatures of Graphs and
Applications to Data Science
Organizers:  Fan Chung, University of California, San Diego

Mark Kempton, Brigham Young University
 Wuchen Li, University of South Carolina
 Linyuan Lu, University of South Carolina
 Zhiyu Wang, Georgia Institute of Technology

Week 2a: June 4–10, 2023
Explicit Computations with Stacks
Organizers:  Andrew Kobin, Emory University
 Soumya Sankar, The Ohio State University
 Libby Taylor, Stanford University
 John Voight, Dartmouth College
 David Zureick-Brown, Emory University

Week 2b: June 4–10, 2023
Derived Categories, Arithmetic and Geometry
Organizers:  Matthew Ballard, University of South Carolina
 Katrina Honigs, Simon Fraser University
 Daniel Krashen, University of Pennsylvania
 Alicia Lamarche, University of Utah
 Emanuele Macrì, Université Paris-Saclay

Week 3: June 18–24, 2023
Complex Social Systems
Organizers:  Heather Zinn Brooks, Harvey Mudd College
 Michelle Feng, California Institute of Technology
 Mason A. Porter, University of California, Los Angeles
 Alexandria Volkening, Purdue University

Learn more at:
www.ams.org/mrc-23

The American Mathematical Society
welcomes applications for the 2023

This program is funded through a generous grant from the
National Science Foundation, the AMS, and private donors. 



American Mathematical Society  
Distribution Center

35 Monticello Place,  
Pawtucket, RI 02861 USA

facebook.com/amermathsoc
@amermathsoc

Free shipping for members 
in the USA (including Puerto Rico) and Canada.

NEW RELEASE from the AMS = Textbook
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The Tiling Book
An Introduction to the 
Mathematical Theory of Tilings
Colin Adams, Williams College, Williamstown, MA

Tiling theory provides a wonderful opportunity to 
illustrate both the beauty and utility of mathematics. 
It has all the relevant ingredients: there are stunning 
pictures; open problems can be stated without having 
to spend months providing the necessary background; 
and there is both deep mathematics and applications.

This book covers the necessary background on tilings 
and then delves into a variety of fascinating topics 
in the field, including symmetry groups, random til-
ings, aperiodic tilings, and quasicrystals. Although 
primarily focused on tilings of the Euclidean plane, 
the book also covers tilings of the sphere, hyperbolic 
plane, and Euclidean 3-space, including knotted til-
ings. Throughout, the book includes open problems 
and possible projects for students. Readers will come 
away with the background necessary to pursue fur-
ther work in the subject.

2022; approximately 295 pages; 
Hardcover; ISBN: 978-1-4704-6897-2; 
List US$59; AMS members US$47.20; 
MAA members US$53.10; Order code 
MBK/142

Learn more at bookstore.ams.org/mbk-142

http://facebook.com/amermathsoc
http://www.twitter.com/amermathsoc
http://bookstore.ams.org/mbk-142
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