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INVITATIONS 
FROM THE AMS

ERRATA. In “Remembering Georgia Benkart” in the 
March 2023 Notices, the sentence “In fact, she was the 
lead organizer of the 2020, 2021 and 2022 Joint Math 
Meetings, the last of which took place online just three 
weeks before her death.” should instead say “In fact, 
she was the lead organizer of the 2022 Joint Mathemat-
ics Meetings, which took place online just three weeks 
before her death.”

The article “Interfacing Music and Mathematics: A 
Case for More Engagement,” which was published in 
the February 2023 issue, should have been classified as 
a Communication rather than as an Opinion.



SUBSCRIPTION  INFORMATION
Individual subscription prices for Volume 70 (2023) are as follows: non-
member, US$742, member, US$445.20. (The subscription price for members 
is included in the annual dues.) For information on institutional pricing, 
please visit https://www.ams.org/publications/journals/subscriberinfo. Sub-
scription renewals are subject to late fees. Add US$6.50 for delivery within 
the United States; US$24 for surface delivery outside the United States. See  
www.ams.org/journal-faq for more journal subscription information.

ADVERTISING
Notices publishes situations wanted and classified advertising, and display 
advertising for publishers and academic or scientific organizations. Advertis-
ing requests, materials, and/or questions should be sent to: 

classads@ams.org (classified ads) 
notices-ads@ams.org (display ads)

PERMISSIONS
All requests to reprint Notices articles should be sent to:  

reprint-permission@ams.org.

SUBMISSIONS
The editor-in-chief should be contacted about articles 

for consideration after potential authors have reviewed 
the “For Authors” page at www.ams.org/noticesauthors.

The managing editor should be contacted for additions 
to our news sections and for any questions or corrections. 

Contact the managing editor at: notices@ams.org.

Letters to the editor should be sent to: notices-letters@ams.org.

To make suggestions for additions to other sections, 
and for full contact information, see www.ams.org/noticescontact.

© Copyright 2023 by the American Mathematical Society. All rights reserved.

Printed in the United States of America. The paper used in this journal is acid-free and  
falls within the guidelines established to ensure permanence and durability.

Opinions expressed in signed Notices articles are those of the authors and do not necessarily  
reflect opinions of the editors or policies of the American Mathematical Society.

[Notices of the American Mathematical Society (ISSN 0002-9920) is published monthly except bimonthly in June/July by the American Mathematical Society 
at 201 Charles Street, Providence, RI 02904-2213 USA, GST No. 12189 2046 RT****. Periodicals postage paid at Providence, RI, and additional mailing offices. 
POSTMASTER: Send address change notices to Notices of the American Mathematical Society, PO Box 6248, Providence, RI 02904-6248 USA.] Publication 
here of the Society’s street address and the other bracketed information is a technical requirement of the US Postal Service.

EDITOR IN CHIEF

Erica Flapan

ASSOCIATE EDITORS

 Daniela De Silva Boris Hasselblatt, ex officio 
 Benjamin Jaye Richard A. Levine  
 Reza Malek-Madani William McCallum  
 Chikako Mese Antonio Montalbán  
 Asamoah Nkwanta Emily Olson    
 Emilie Purvine Steven Sam    
 Scott Sheffield Krystal Taylor   
 Laura Turner

ASSISTANT TO THE EDITOR IN CHIEF
Masahiro Yamada

CONSULTANTS

 Jesús De Loera  Bryna Kra  Hee Oh  
 Ken Ono Kenneth A. Ribet Francis Su           
 Bianca Viray

MANAGING EDITOR

Meaghan Healy

CONTRIBUTING WRITER

Elaine Beebe

COMPOSITION, DESIGN, and EDITING
 Brian Bartling John F. Brady Nora Culik  
 Craig Dujon Mary-Milam Granberry  Anna Hattoy 
 Lori Nero Dan Normand John C. Paul 
 Courtney Rose-Price Miriam Schaerf  Mike Southern 
 Peter Sykes

Supported by the AMS membership, most of this publication, including the 
opportunity to post comments, is freely available electronically through the 
AMS website, the Society’s resource for delivering electronic products and 
services. Use the URL www.ams.org/notices to access the Notices on the 
website. The online version of the Notices is the version of record, so it may 
occasionally differ slightly from the print version.

The print version is a privilege of Membership. Graduate students at member 
institutions can opt to receive the print magazine by updating their individual 
member profiles at www.ams.org/member-directory. For questions regard-
ing updating your profile, please call 800-321-4267.

For back issues see www.ams.org/backvols. Note: Single issues of the 
Notices are not available after one calendar year. 

Notices
of the American Mathematical Society

The American Mathematical Society is committed to promoting and facilitating equity, diversity and inclusion throughout the mathematical sciences. For 
its own long-term prosperity as well as that of the public at large, our discipline must connect with and appropriately incorporate all sectors of society. We 
reaffirm the pledge in the AMS Mission Statement to “advance the status of the profession of mathematics, encouraging and facilitating full participation of 
all individuals,” and urge all members to conduct their professional activities with this goal in mind. (as adopted by the April 2019 Council)



LETTERS TO THE EDITOR

Professor R. Y. Denis (1942–2021)
Professor Remy Yohan Denis was born in the village Karsi
in the district Ballia, one of the most backward areas in the
northern state of Uttar Predesh in India, on July 12, 1942.
He received his BSc degree in 1961, MSc (Mathematics)
degree in 1963, PhD (Special Functions) degree in 1969,
and DSc (Generalized Hypergeometric Functions) degree
in 1995, all from the University of Gorakhpur. He was of-
fered the post of assistant teacher at St. Andrews Degree
College, Gorakhpur in 1962, while continuing his MSc
in mathematics at the University of Gorakhpur. Later he
got the Gold medal for his excellence in mathematics and
started his career as a lecturer in the Department of Mathe-
matics, St. Andrews College, Gorakhpur in July 1963, but
soon joined the Department of Mathematics at the Univer-
sity of Gorakhpur to pursue his PhD. Based upon his excel-
lent academic record and highest grades he was offered the
post of lecturer in the Department of Mathematics and Sta-
tistics at the University in September 1963; further he was
promoted as reader, and finally as professor in 1996, and
as emeritus professor in 2002. He published over 180 re-
search papers on basic as well as ordinary hypergeometric
functions, number theory, graph theory, ring theory, and
Lie algebra. He wrote two books on theory of functions
of a complex variable (1975) and complex variables and
integral transforms (1988). He successfully completed 15
research projects sanctioned by UGC, CSIR, and DST, the
prestigious scientific agencies of the government of India.
He guided 25 students for PhD degrees and two students
for DSc degrees. He published more than 250 letters, com-
ments, and articles related to national integration, educa-
tion, social reforms, and social justice based on social is-
sues and human rights in national newspapers, bulletins,
and journals. He spoke often at conferences and meetings
and continued his mathematical interests long after he re-
tired. He left this world on November 7, 2021. He was
cared for by his wife, three sons, and two daughters.

Professor Denis delivered a series of video
undergraduate-level room lectures under a UGC project,

*We invite readers to submit letters to the editor at notices-letters
@ams.org.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2672

which were telecast on the national channel of Door Dar-
shan classroom teaching program of the government of
India. His most remarkable contribution is the generaliza-
tion ofmost of the results of Ramanujan on continued frac-
tions, Lambert series, and q-series, which has been duly
acknowledged by George E. Andrews and Bruce C. Berndt
in their recently published book titled Lost Notebook of Ra-
manujan Part I, p. 116–117, Springer (2005).

Professor Denis was the president of the Indian Soci-
ety of Mathematics and Mathematical Sciences; patron
in chief of the South East Asian Journal of Mathematics
and Mathematical Sciences; national president of All In-
dia Catholic Union (2008–2013); member of the Math-
ematical Sciences Panel of UGC (1997–2000); Commis-
sion of Education and Culture, Catholic Bishops Con-
ference of India CBCI, New Delhi (1987–1997); mem-
ber of the Minorities Commission, Government of Uttar
Pradesh (1987–1990); executive council and board of gov-
ernors, Allahabad Agricultural Institute Deemed Univer-
sity (2000–2004); director of the UGC coaching center for
minorities at University of Gorakhpur (1992–1999); orga-
nizing secretary of the east zone all India inter-university
hockey tournament (1979); and communication in charge
of the Ramanujan birth centenary annual conference, IMS
(1987).

Professor Denis, besides being an excellent academi-
cian, was an outstanding football player, dedicated teacher,
editor, social worker, and public servant, who was widely
respected for his accomplishments, intellect, and integrity.

Professor M. P. Chaudhary, PhD, DSc (h. c.)
Albert Einstein Chair Professor of Mathematical Sciences

ISRWO, New Delhi, India

Professor D. M. Denis, PhD
Professor, SHUATS, Prayagraj, U.P., India

The unstoppable politicization of the Notices
The December letters to the editor had nothing to do with
mathematics. I threw out my copy. I recommend that step
to anyone dissatisfied with any issue of the Notices. Sadly,
there will be many more like the December issue.

Frank Okoh
Wayne State University, Detroit, MI
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A WORD FROM...
Patricia Hersh, 

Former Chair of the AMS Nominating Committee
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The opinions expressed here are not necessarily those of the Notices or the AMS.

The AMS Nomination Process Demystified
For the past two years, I have served on the AMS Nominating Committee (NomCom), 
chairing it this past year. NomCom consists of nine elected members, three of whom 
are elected each year for a three-year term. Thus, there are always a few new faces on the 
committee along with more experienced committee members in their second and third 
years of service. The committee starts its work late in the fall by collaboratively building a 
spreadsheet listing lots of potential nominees. Then NomCom meets intensively for three 
days during the Joint Math Meetings in January to formulate a slate of proposed nominees 
for the next year’s election (the one exception being that presidential candidates are pro-
posed by NomCom nearly two years prior to when they stand for election).

NomCom suggests twice as many candidates for each position as are to be elected. The 
positions for which NomCom recommends candidates are: AMS president (two candidates 
every other year since each AMS president serves for two years as president), AMS vice pres-
ident (two candidates each year since a new VP is elected each year for a three-year term), 

AMS Board of Trustees (one or two candidates to be proposed by NomCom each year, depending on whether there 
is an incumbent standing for reelection), and AMS Council (ten candidates each year).

The spreadsheet of potential candidates is not just a list of names to be considered by NomCom. Other data gets 
filled in too such as affiliation, area of math, past AMS committee work, previous AMS offices for which a person 
has run, and any special qualities a person could bring to the job. This spreadsheet really helps the committee to 
hit the ground running at the Joint Math Meetings. It also ensures that every member of NomCom has a chance 
to suggest names of potential nominees and be sure those names will be carefully considered.

For the remainder of this article, I focus on how the process ran in the year when I chaired NomCom. As the 
membership of NomCom evolves from one year to the next, there is inevitably some fluctuation from year to year 
both in some of the details of how the nomination process runs and also in terms of precisely which traits the 
committee seeks in potential nominees for each office.

Following in the footsteps of my predecessor, I asked each committee member to contribute at least five names 
for president, five for VP, three for Board of Trustees, and ten for AMS Council by late December. Asking for so 
many names from each committee member was to make sure that we would have a wide assortment of good 
prospects to consider. We also included in the spreadsheet of potential nominees any suggestions we had received 
from the math community at large, as is now done every year. Several years ago, the AMS added a form to its 
website where anyone can propose nominees: https://www.ams.org/about-us/governance/committees 
/committee-nominate. To assist with this process, the AMS staff provided us with a very helpful book that they 
prepare each year with data on who ran for which offices in which previous years. This book also lists the current 
office-holders to help us choose nominees who can round out the list of AMS officers, e.g., making sure not too 
many ongoing and potential new AMS officers come from the same institution, the same area of math, or the 
same region of the country.
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Patricia Hersh is a professor of mathematics at the University of Oregon. Her email address is plhersh@uoregon.edu.

https://www.ams.org/about-us/governance/committees/committee-nominate
https://www.ams.org/about-us/governance/committees/committee-nominate
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Much of the committee’s work is typically done during three very intensive days at the Joint Math Meetings. For the past 
two years, this process had to be moved online to Zoom. AMS President Ruth Charney met with us at the very beginning 
of our first NomCom meeting on Zoom and emphasized the importance of choosing a slate of candidates that is diverse 
in all different ways, including but not limited to area of math, type of institution where a candidate is employed, geo-
graphic location, gender, and race. Indeed this is something we very much kept in mind throughout the process, a topic 
we revisited regularly during our three days of deliberations.

We first discussed and voted on the potential candidates for president, then Board of Trustees, then VP, and finally 
member at large of the Council. We began the discussion of candidates for president by talking about what qualities we 
each thought would be important in an AMS president, e.g., having high enough stature to serve effectively as a public 
face of the society to entities such as Congress, having the dedication as well as appropriate prior experience to serve as 
preparation for this important position, and qualities of character including wisdom, diplomacy, and of course integ-
rity, as well as the ability to run AMS Council meetings and other discussions effectively, truly listening to all different 
perspectives. We talked through each name on the lengthy list of suggestions, discussing the strengths and weaknesses of 
each candidate in turn. Those putting forward a candidate explained why they thought the person could be good for the 
job of president. After hearing about all of the potential nominees, we did a round of voting where we each were allowed 
to vote for about one-third to one-half of the candidates, then made a shorter list of high vote-getters to consider further. 
Then we did more rounds of voting where we started to weight the votes to get a more refined sense of committee pref-
erences (e.g., five points for first place, four points for second place, etc.) until everyone agreed that we had an ordered 
list that made sense and was long enough to allow for the possibility that some very desirable candidates might say no.

We started working our way down this list, with me as chair asking each prospective candidate in turn if they would 
be willing to run for president, making sure they understood what a very serious commitment this would be and getting 
them whatever information they needed to help them make a well-informed decision. Fortunately we did fairly quickly 
find two willing candidates whom we all felt would be excellent options for the presidential election to be held in 2023. 
We also rapidly found appropriate mathematicians willing to write nomination articles about each of the two candidates, 
articles that will appear in the AMS Notices shortly before the election in 2023.

While working our way down the list for president, giving each potential candidate adequate time to decide whether 
to agree to run, we went ahead and started the process of likewise discussing candidates for the Board of Trustees and 
then for VP. This year we only needed to choose one candidate for the Board of Trustees since the incumbent decided to 
stand for reelection, which in the case of the Board of Trustees is always their option. Much like with president, we used 
multiple rounds of voting after a discussion of all of the suggested names. Again we formulated ranked lists of potential 
candidates for the Board of Trustees and VP and worked our way down these lists.

Members of the Board of Trustees do a substantial amount of work over their five-year term managing the finances of 
the society and serving on the various AMS policy committees, among other things, so we sought candidates who would 
take this seriously, who seemed sensible, and ideally who had relevant experience as an administrator. The VP positions are 
seen as good positions for prominent mathematicians who may not be ready yet to take on as big a job as AMS president 
but who could potentially be good candidates for that in the future, as this is a prominent position on the AMS Council 
that would allow a person to learn more about the AMS and play somewhat of a leadership role as well.

Finally, we turned to the truly massive list of ideas of possible candidates for AMS Council. As with the earlier positions, 
we began by discussing what qualities we thought we should be looking for. There were more wide-ranging views here 
as to what attributes we should be seeking, but this meshed well with the fact that we needed ten nominees and indeed 
it seemed desirable to give the AMS membership a diversity of candidates from whom to choose. Some qualities that 
were mentioned by committee members as desirable included being good overall citizens within the math community, 
bringing to the Council a diverse array of perspectives as well as awareness of different issues mathematicians may face, 
thoughtfulness, and of course mathematical stature. There was a sense that in addition to considering individuals al-
ready heavily involved in the AMS, we also should seek out people whom we thought could be good to draw into a more 
active role in the AMS. For every single potential nominee, we discussed what they could bring to the Council. After this 
daunting task, we did several rounds of voting, thereby settling on an ordered list of potential nominees that quickly led 
to an actual slate of ten nominees for Council.
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This was a pretty grueling three days of Zoom meetings. For me, as chair, it was interspersed with phone discussions 
and email and text exchanges with potential candidates each evening and during breaks throughout the three days. At 
the same time, it was fun getting to know the other members of the nominating committee and learning about so many 
exceptional members of the math community who were being proposed for the various positions. We tried to strike a 
good balance between using voting to be fair and also stepping back and discussing things holistically, paying attention 
to the overall composition of the slate of candidates.

In April 2022, as committee chair I presented the slate of proposed nominees to the AMS Council at the April Council 
meeting. Fortunately, the slate was approved without any major concerns being raised, so at that point my work as chair 
was essentially done. In my opinion we all should be very grateful for the willingness of so many outstanding citizens of 
the math community to agree to run for AMS office each year. It is my sincere hope that this year (and every year) you 
find so many strong candidates on the ballot that the challenge is in deciding who not to vote for. And more seriously, I 
hope the nominees who are elected will lead the society thoughtfully and effectively in the years to come.



Graph Rules for Recurrent
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Carina Curto and Katherine Morrison
1. Introduction
Neurons in the brain are constantly flickering with activ-
ity, which can be spontaneous or in response to stimuli
[LBH09]. Because of positive feedback loops and the po-
tential for runaway excitation, real neural networks often
possess an abundance of inhibition that serves to shape
and stabilize the dynamics [YMSL05, KAY14]. The exci-
tatory neurons in such networks exhibit intricate patterns
of connectivity, whose structure controls the allowed pat-
terns of activity. A central question in neuroscience is thus:
how does network connectivity shape dynamics?

For a given model, this question becomes a mathemat-
ical challenge. The goal is to develop a theory that di-
rectly relates properties of a nonlinear dynamical system
to its underlying graph. Such a theory can provide in-
sights and hypotheses about how network connectivity
constrains activity in real brains. It also opens up new pos-
sibilities for modeling neural phenomena in a mathemat-
ically tractable way.

Carina Curto is a professor of mathematics at Penn State University. Her email
address is ccurto@psu.edu.
Carina Curto was supported by NIH R01 EB022862, NIH R01 NS120581,
NSF DMS-1951165, and a Simons Fellowship.
Katherine Morrison is an associate professor of mathematics at the University of
Northern Colorado. Her email address is katherine.morrison@unco.edu.
Katherine Morrison was supported by NIH R01 EB022862 and NSF DMS-
1951599.

Communicated by Notices Associate Editor Emilie Purvine.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2661

Herewe describe a class of inhibition-dominated neural
networks corresponding to directed graphs, and introduce
some of the theory that has been developed to study them.
The heart of the theory is a set of parameter-independent
graph rules that enables us to directly predict features of
the dynamics from combinatorial properties of the graph.
Specifically, graph rules allow us to constrain, and in some
cases fully determine, the collection of stable and unstable
fixed points of a network based solely on graph structure.

Stable fixed points are themselves static attractors of
the network, and have long been used as a model of
stored memory patterns [Hop82]. In contrast, unstable
fixed points have been shown to play an important role
in shaping dynamic (nonstatic) attractors, such as limit
cycles [PMMC22]. By understanding the fixed points of
simple networks, and how they relate to the underlying
architecture, we can gain valuable insight into the high-
dimensional nonlinear dynamics of neurons in the brain.

For more complex architectures, built from smaller
component subgraphs, we present a series of gluing rules
that allow us to determine all fixed points of the network
by gluing together those of the components. These gluing
rules are reminiscent of sheaf-theoretic constructions, with
fixed points playing the role of sections over subnetworks.

First, we review some basics of recurrent neural net-
works and a bit of historical context.
Basic network setup. A recurrent neural network is a di-
rected graph 𝐺 together with a prescription for the dy-
namics on the vertices, which represent neurons (see Fig-
ure 1A). To each vertex 𝑖 we associate a function 𝑥𝑖(𝑡) that
tracks the activity level of neuron 𝑖 as it evolves in time. To
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each ordered pair of vertices (𝑖, 𝑗) we assign a weight, 𝑊𝑖𝑗,
governing the strength of the influence of neuron 𝑗 on neu-
ron 𝑖. In principle, there can be a nonzero weight between
any two nodes, with the graph 𝐺 providing constraints on
the allowed values 𝑊𝑖𝑗, depending on the specifics of the
model.

A B

Figure 1. (A) Recurrent network setup. (B) A Ramón y Cajal
drawing of real cortical neurons.

The dynamics often take the form of a system of ODEs,
called a firing rate model [DA01]:

𝜏𝑖
𝑑𝑥𝑖
𝑑𝑡 = −𝑥𝑖 + 𝜑(

𝑛
∑
𝑗=1

𝑊𝑖𝑗𝑥𝑗 + 𝑏𝑖) , (1)

= −𝑥𝑖 + 𝜑(𝑦𝑖), (2)

for 𝑖 = 1, . . . , 𝑛. The various terms in the equation are
illustrated in Figure 1, and can be thought of as follows:

• 𝑥𝑖 = 𝑥𝑖(𝑡) is the firing rate of a single neuron 𝑖 (or the
average activity of a subpopulation of neurons);

• 𝜏𝑖 is the “leak” timescale, governing howquickly a neu-
ron’s activity exponentially decays to zero in the ab-
sence of external or recurrent input;

• 𝑊 is a real-valued matrix of synaptic interaction
strengths, with 𝑊𝑖𝑗 representing the strength of the
connection from neuron 𝑗 to neuron 𝑖;

• 𝑏𝑖 = 𝑏𝑖(𝑡) is a real-valued external input to neuron 𝑖
that may or may not vary with time;

• 𝑦𝑖 = 𝑦𝑖(𝑡) = ∑𝑛
𝑗=1𝑊𝑖𝑗𝑥𝑗(𝑡) + 𝑏𝑖(𝑡) is the total input to

neuron 𝑖 as a function of time; and
• 𝜑 ∶ ℝ → ℝ is a nonlinear, but typically monotone

increasing function.

Of particular importance for this article is the family of
threshold-linear networks (TLNs). In this case, the nonlinear-
ity is chosen to be the popular threshold-linear (or ReLU)
function,

𝜑(𝑦) = [𝑦]+ = max{0, 𝑦}.
TLNs are common firing rate models that have been
used in computational neuroscience for decades [SY12,
TSSM97, HSM+00, BF22]. The use of threshold-linear
units in neural modeling dates back at least to 1958
[HR58]. In the last 20 years, TLNs have also been shown to
be surprisingly tractable mathematically [HSS03, CDI13],

[CM16, MDIC16, CGM19, PLACM22], though much of
the theory remains underdeveloped. We are especially in-
terested in competitive or inhibition-dominated TLNs, where
the𝑊 matrix is nonpositive so the effective interaction be-
tween any pair of neurons is inhibitory. In this case, the
activity remains bounded despite the lack of saturation in
the nonlinearity [MDIC16]. These networks produce com-
plex nonlinear dynamics and can possess a remarkable va-
riety of attractors [MDIC16,PLACM22,PMMC22].

Firing rate models of the form (1) are examples of recur-
rent networks because the𝑊 matrix allows for all pairwise
interactions, and there is no constraint that the architec-
ture (i.e., the underlying graph 𝐺) be feedforward. Unlike
deep neural networks, which can be thought of as clas-
sifiers implementing a clustering function, recurrent net-
works are primarily thought of as dynamical systems. And
themain purpose of these networks is tomodel the dynam-
ics of neural activity in the brain. The central question is
thus:

Question 1. Given a firing rate model defined by (1) with
network parameters (𝑊, 𝑏) and underlying graph 𝐺, what
are the emergent network dynamics? What can we say
about the dynamics from knowledge of 𝐺 alone?

We are particularly interested in understanding the at-
tractors of such a network, including both stable fixed
points and dynamic attractors such as limit cycles. The
attractors are important because they comprise the set of
possible asymptotic behaviors of the network in response
to different inputs or initial conditions (see Figure 2).

Note that Question 1 is posed for a fixed connectivity
matrix 𝑊 , but of course 𝑊 can change over time (e.g.,
as a result of learning or training of the network). Here
we restrict ourselves to considering constant 𝑊 matrices;
this allows us to focus on understanding network dynam-
ics on a fast timescale, assuming slowly varying synaptic
weights. Understanding the dynamics associated to chang-
ing𝑊 is an important topic, currently beyond the scope of
this work.
Historical interlude: memories as attractors. Attractor
neural networks became popular in the 1980s as mod-
els of associative memory encoding and retrieval. The
best-known example from that era is the Hopfield model
[Hop82], originally conceived as a variant on the Ising
model from statistical mechanics. In the Hopfield model,
the neurons can be in one of two states, 𝑠𝑖 ∈ {±1}, and the
activity evolves according to the discrete time update rule:

𝑠𝑖(𝑡 + 1) = sgn (
𝑛
∑
𝑗=1

𝑊𝑖𝑗𝑠𝑗(𝑡) − 𝜃𝑖) .

Hopfield’s famous 1982 result is that the dynamics are
guaranteed to converge to a stable fixed point, provided
the interaction matrix 𝑊 is symmetric: that is, 𝑊𝑖𝑗 = 𝑊𝑗𝑖
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for every 𝑖, 𝑗 ∈ {1, … , 𝑛}. Specifically, he showed that the
“energy” function,

𝐸 = −12 ∑𝑖,𝑗
𝑊𝑖𝑗𝑠𝑖𝑠𝑗 +∑

𝑖
𝜃𝑖𝑠𝑖,

decreases along trajectories of the dynamics, and thus acts
as a Lyapunov function [Hop82]. The stable fixed points
are local minima of the energy landscape (Figure 2A). A
stronger, more general convergence result for competitive
neural networks was shown in [CG83].

Figure 2. Attractor neural networks. (A) For symmetric Hopfield
networks and symmetric inhibitory TLNs, trajectories are
guaranteed to converge to stable fixed point attractors.
Sample trajectories are shown, with the basin of attraction for
the blue stable fixed point outlined in blue. (B) For
asymmetric TLNs, dynamic attractors can coexist with (static)
stable fixed point attractors.

These fixed points are the only attractors of the network,
and they represent the set of memories encoded in the net-
work. Hopfield networks perform a kind of pattern com-
pletion: given an initial condition 𝑠(0), the activity evolves
until it converges to one of multiple stored patterns in
the network. If, for example, the individual neurons store
black and white pixel values, this process could input a
corrupted image and recover the original image, provided
it has previously been stored as a stable fixed point in the
network by appropriately selecting the weights of the 𝑊
matrix. The novelty at the timewas the nonlinear phenom-
enon of multistability: namely, that the network could en-
code many such stable equilibria and thus maintain an en-
tire catalogue of stored memory patterns. The key to Hop-
field’s convergence result was the requirement that 𝑊 be
a symmetric interaction matrix. Although this was known
to be an unrealistic assumption for real (biological) neu-
ral networks, it was considered a tolerable price to pay
for guaranteed convergence. One did not want an asso-
ciative memory network that wandered the state space in-
definitely without ever recalling a definite pattern.

Twenty years later, Hahnloser, Seung, and others fol-
lowed up and proved a similar convergence result in
the case of symmetric threshold-linear networks [HSS03].
More results on the collections of stable fixed points that
can be simultaneously encoded in a symmetric TLN can
be found in [CDI13, CM16], including some unexpected

connections to Cayley–Menger determinants and classical
distance geometry.

In all of this work, stable fixed points have served as
the model for encoded memories. Indeed, these are the
only types of attractors that arise for symmetric Hopfield
networks or symmetric TLNs. Whether or not guaranteed
convergence to stable fixed points is desirable, however, is
a matter of perspective. For a network whose job it is to
perform pattern completion or classification for static im-
ages (or codewords), as in the classical Hopfield model,
this is exactly what one wants. But it is also important
to consider memories that are temporal in nature, such
as sequences and other dynamic patterns of activity. Se-
quential activity, as observed in central pattern generator
circuits (CPGs) and spontaneous activity in hippocampus
and cortex, is more naturally modeled by dynamic attrac-
tors such as limit cycles. This requires shifting attention to
the asymmetric case, in order to be able to encode attractors
that are not stable fixed points (Figure 2B).
Beyond stable fixed points. When the symmetry assump-
tion is removed, TLNs can support a rich variety of dy-
namic attractors such as limit cycles, quasiperiodic attrac-
tors, and even strange (chaotic) attractors. Indeed, this
richness can already be observed in a special class of TLNs
called combinatorial threshold-linear networks (CTLNs),
introduced in Section 3. These networks are defined from
directed graphs, and the dynamics are almost entirely de-
termined by the graph structure. A striking feature of
CTLNs is that the dynamics are shaped not only by the
stable fixed points, but also the unstable fixed points. In
particular, we have observed a direct correspondence be-
tween certain types of unstable fixed points and dynamic
attractors (see Figure 3). This is reviewed in Section 4.

stable fixed point
attractor

unstable fixed point
“eye of an attractor”

unstable fixed point
“tipping point”

A B C

Figure 3. Stable and unstable fixed points. (A) Stable fixed
points are attractors of the network. (B-C) Unstable fixed
points are not themselves attractors, but certain unstable
fixed points seem to correspond to dynamic attractors (B),
while others function solely as tipping points between
multiple attractors (C).

Despite exhibiting complex, high-dimensional, nonlin-
ear dynamics, recent work has shown that TLNs—and
especially CTLNs—are surprisingly tractable mathemati-
cally. Motivated by the relationship between fixed points
and attractors, a great deal of progress has been made on
the problem of relating fixed point structure to network
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architecture. In the case of CTLNs, this has resulted in a
series of graph rules: theorems that allow us to rule in and
rule out potential fixed points based purely on the struc-
ture of the underlying graph [CGM19,PLACM22]. In Sec-
tion 5, we give a novel exposition of graph rules, and intro-
duce several elementary graph rules from which the others
can be derived.

Inhibition-dominated TLNs and CTLNs also display a
remarkable degree of modularity. Namely, attractors as-
sociated to smaller networks can be embedded in larger
ones with minimal distortion [PMMC22]. This is likely a
consequence of the high levels of background inhibition:
it serves to stabilize and preserve local properties of the
dynamics. These networks also exhibit a kind of compo-
sitionality, wherein fixed points and attractors of subnet-
works can be effectively “glued” together into fixed points
and attractors of a larger network. These local-to-global re-
lationships are given by a series of theorems we call gluing
rules, given in Section 6.

2. TLNs and Hyperplane Arrangements
For firing rate models with threshold-nonlinearity 𝜑(𝑦) =
[𝑦]+ = max{0, 𝑦}, the network equations (1) become

𝑑𝑥𝑖
𝑑𝑡 = −𝑥𝑖 + [

𝑛
∑
𝑗=1

𝑊𝑖𝑗𝑥𝑗 + 𝑏𝑖]
+

= −𝑥𝑖 + [𝑦𝑖]+, (3)

for 𝑖 = 1, . . . , 𝑛. We also assume 𝑊𝑖𝑖 = 0 for each 𝑖. Note
that the leak timescales have been set to 𝜏𝑖 = 1 for all 𝑖. We
thus measure time in units of this timescale.

For constant𝑊 matrix and input vector 𝑏, the equations

𝑦𝑖 =
𝑛
∑
𝑗=1

𝑊𝑖𝑗𝑥𝑗 + 𝑏𝑖 = 0,

define a hyperplane arrangement ℋ = ℋ(𝑊, 𝑏) =
{𝐻1, … , 𝐻𝑛} in ℝ𝑛. The 𝑖-th hyperplane 𝐻𝑖 is defined by
𝑦𝑖 = ⃗𝑛𝑖 ⋅ 𝑥 + 𝑏𝑖 = 0, with normal vector ⃗𝑛𝑖 = (𝑊𝑖1, … ,𝑊𝑖𝑛),
population activity vector 𝑥 = (𝑥1, … , 𝑥𝑛), and affine shift
𝑏𝑖. If𝑊𝑖𝑗 ≠ 0, then 𝐻𝑖 intersects the 𝑗-th coordinate axis at
the point 𝑥𝑗 = −𝑏𝑖/𝑊𝑖𝑗. 𝐻𝑖 is parallel to the 𝑖-th axis.

The hyperplanes ℋ partition the positive orthant ℝ𝑛
≥0

into chambers. Within the interior of each chamber, each
point 𝑥 is on the plus or minus side of each hyperplane
𝐻𝑖. The equations thus reduce to a linear system of ODEs,
with either 𝑑𝑥𝑖/𝑑𝑡 = −𝑥𝑖 or 𝑑𝑥𝑖/𝑑𝑡 = −𝑥𝑖 + 𝑦𝑖 = −𝑥𝑖 +
∑𝑛

𝑗=1𝑊𝑖𝑗𝑥𝑗+𝑏𝑖 for each 𝑖. In particular, TLNs are piecewise-
linear dynamical systemswith a different linear system gov-
erning the dynamics in each chamber.

A fixed point of a TLN (3) is a point 𝑥∗ ∈ ℝ𝑛 that satisfies
𝑑𝑥𝑖/𝑑𝑡|𝑥=𝑥∗ = 0 for each 𝑖 ∈ {1, … , 𝑛}. In particular, we
must have

𝑥∗𝑖 = [𝑦∗𝑖 ]+ for all 𝑖 = 1, … , 𝑛, (4)

Figure 4. TLNs as a patchwork of linear systems. (A) The
connectivity matrix 𝑊 , input 𝑏, and differential equations for a
TLN with 𝑛 = 2 neurons. (B) The state space is divided into
chambers (regions) 𝑅𝜍, each having dynamics governed by a
different linear system 𝐿𝜍. The chambers are defined by the
hyperplanes {𝐻𝑖}𝑖=1,2, with 𝐻𝑖 defined by 𝑦𝑖 = 0 (gray lines).

where 𝑦∗𝑖 is 𝑦𝑖 evaluated at the fixed point. We typically
assume a nondegeneracy condition on (𝑊, 𝑏) [CGM19],
which guarantees that each linear system is nondegenerate
and has a single fixed point. This fixed point may or may
not lie within the chamber where its corresponding linear
system applies. The fixed points of the TLN are precisely
the fixed points of the linear systems that lie within their
respective chambers.

Figure 4 illustrates the hyperplanes and chambers for a
TLN with 𝑛 = 2. Each chamber, denoted as a region 𝑅𝜍,
has its own linear system of ODEs, 𝐿𝜍, for 𝜎 = ∅, {1}, {2},
or {1, 2}. The fixed points corresponding to each linear sys-
tem are denoted by 𝑥∗, in matching color. Note that only
chamber 𝑅{2} contains its own fixed point (in red). This
fixed point, 𝑥∗ = [0, 𝑏2]𝑇 , is thus the only fixed point of
the TLN.

Figure 5 shows an example of a TLN on 𝑛 = 3 neu-
rons. The 𝑊 matrix is constructed from a 3-cycle graph
and 𝑏𝑖 = 𝜃 = 1 for each 𝑖. The dynamics fall into a limit cy-
cle where the neurons fire in a repeating sequence that fol-
lows the arrows of the graph. This time, the TLN equations
define a hyperplane arrangement in ℝ3, again with each
hyperplane 𝐻𝑖 defined by 𝑦𝑖 = 0 (Figure 5C). An initial
condition near the unstable fixed point in the all + cham-
ber (where 𝑦𝑖 > 0 for each 𝑖) spirals out and converges
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Figure 5. A network on 𝑛 = 3 neurons, its hyperplane arrangement, and limit cycle. (A) A TLN whose connectivity matrix 𝑊 is
dictated by a 3-cycle graph, together with the TLN equations. (B) The TLN from A produces firing rate activity in a periodic
sequence. (C) (Left) The hyperplane arrangement defined by the equations 𝑦𝑖 = 0, with a trajectory initialized near the fixed
point shown in black. (Right) A close-up of the trajectory, spiraling out from the unstable fixed point and falling into a limit
cycle. Different colors correspond to different chambers of the hyperplane arrangement through which the trajectory passes.

to a limit cycle that passes through four distinct cham-
bers. Note that the threshold nonlinearity is critical for the
model to produce nonlinear behavior such as limit cycles;
without it, the system would be linear. It is, nonetheless,
nontrivial to prove that the limit cycle shown in Figure 5
exists. A recent proof was given for a special family of TLNs
constructed from any 𝑘-cycle graph [BCRR21].
The set of all fixed points FP(𝑊, 𝑏). A central object that
is useful for understanding the dynamics of TLNs is the
collection of all fixed points of the network, both stable
and unstable. The support of a fixed point 𝑥∗ ∈ ℝ𝑛 is the
subset of active neurons,

supp 𝑥∗ def= {𝑖 ∣ 𝑥∗𝑖 > 0}.
Our nondegeneracy condition (that is generically satisfied)
guarantees we can have at most one fixed point per cham-
ber of the hyperplane arrangement ℋ(𝑊, 𝑏), and thus at
most one fixed point per support. We can thus label all
the fixed points of a given network by their supports:

FP(𝑊, 𝑏) def= {𝜎 ⊆ [𝑛] ∣ 𝜎 = supp 𝑥∗, for some

fixed pt 𝑥∗ of the associated TLN},

where [𝑛] def= {1, … , 𝑛}. For each support 𝜎 ∈ FP(𝑊, 𝑏), the
fixed point itself is easily recovered. Outside the support,
𝑥∗𝑖 = 0 for all 𝑖 ∉ 𝜎. Within the support, 𝑥∗ is given by:

𝑥∗𝜍 = (𝐼 −𝑊𝜍)−1𝑏𝜍.
Here 𝑥∗𝜍 and 𝑏𝜍 are the column vectors obtained by restrict-
ing 𝑥∗ and 𝑏 to the indices in 𝜎, and𝑊𝜍 is the induced prin-
cipal submatrix obtained by restricting rows and columns
of 𝑊 to 𝜎.

From (4), we see that a fixed point with supp 𝑥∗ = 𝜎
must satisfy the “on-neuron” conditions, 𝑦∗𝑖 > 0 for all
𝑖 ∈ 𝜎, as well as the “off-neuron” conditions, 𝑦∗𝑘 ≤ 0 for all
𝑘 ∉ 𝜎, to ensure that 𝑥∗𝑖 > 0 for each 𝑖 ∈ 𝜎 and 𝑥∗𝑘 = 0 for

each 𝑘 ∉ 𝜎. Equivalently, these conditions guarantee that
the fixed point 𝑥∗ of 𝐿𝜍 lies inside its corresponding cham-
ber, 𝑅𝜍. Note that for such a fixed point, the values 𝑥∗𝑖 for
𝑖 ∈ 𝜎 depend only on the restricted subnetwork (𝑊𝜍, 𝑏𝜍).
Therefore, the on-neuron conditions for 𝑥∗ in (𝑊, 𝑏) are
satisfied if and only if they hold in (𝑊𝜍, 𝑏𝜍). Since the
off-neuron conditions are trivially satisfied in (𝑊𝜍, 𝑏𝜍), it
follows that 𝜎 ∈ FP(𝑊𝜍, 𝑏𝜍) is a necessary condition for
𝜎 ∈ FP(𝑊, 𝑏). It is not, however, sufficient, as the off-
neuron conditions may fail in the larger network.

Conveniently, the off-neuron conditions are indepen-
dent and can be checked one neuron at a time. Thus,

𝜎 ∈ FP(𝑊, 𝑏) ⇔ 𝜎 ∈ FP(𝑊𝜍∪𝑘, 𝑏𝜍∪𝑘) for all 𝑘 ∉ 𝜎.
When 𝜎 ∈ FP(𝑊𝜍, 𝑏𝜍) satisfies all the off-neuron condi-
tions, so that 𝜎 ∈ FP(𝑊, 𝑏), we say that 𝜎 survives to the
larger network; otherwise, we say 𝜎 dies.

The fixed point corresponding to 𝜎 ∈ FP(𝑊, 𝑏) is sta-
ble if and only if all eigenvalues of −𝐼 + 𝑊𝜍 have negative
real part. For competitive (or inhibition-dominated) TLNs,
all fixed points—whether stable or unstable—have a stable
manifold. This is because competitive TLNs have 𝑊𝑖𝑗 ≤ 0
for all 𝑖, 𝑗 ∈ [𝑛]. Applying the Perron–Frobenius theorem
to −𝐼 + 𝑊𝜍, we see that the largest magnitude eigenvalue
is guaranteed to be real and negative. The corresponding
eigenvector provides an attracting direction into the fixed
point. Combining this observation with the nondegener-
acy condition reveals that the unstable fixed points are all
hyperbolic (i.e., saddle points).

3. Combinatorial Threshold-Linear Networks
Combinatorial threshold-linear networks (CTLNs) are a spe-
cial case of competitive (or inhibition-dominated) TLNs,
with the same threshold nonlinearity, that were first intro-
duced in [MDIC16]. What makes CTLNs special is that
we restrict to having only two values for the connection
strengths𝑊𝑖𝑗, for 𝑖 ≠ 𝑗. These are obtained as follows from
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a directed graph 𝐺, where 𝑗 → 𝑖 indicates that there is an
edge from 𝑗 to 𝑖 and 𝑗 ↛ 𝑖 indicates that there is no such
edge:

𝑊𝑖𝑗 =
⎧
⎨
⎩

0 if 𝑖 = 𝑗,
−1 + 𝜀 if 𝑗 → 𝑖 in 𝐺,
−1 − 𝛿 if 𝑗 ↛ 𝑖 in 𝐺.

(5)

Additionally, CTLNs typically have a constant external in-
put 𝑏𝑖 = 𝜃 for all 𝑖 in order to ensure the dynamics are in-
ternally generated rather than inherited from a changing
or spatially heterogeneous input.

A CTLN is thus completely specified by the choice of
a graph 𝐺, together with three real parameters: 𝜀, 𝛿, and
𝜃. We additionally require that 𝛿 > 0, 𝜃 > 0, and 0 <
𝜀 < 𝛿

𝛿 + 1 . When these conditions are met, we say the

parameters are within the legal range. Note that the upper
bound on 𝜀 implies 𝜀 < 1, and so the 𝑊 matrix is always
effectively inhibitory. For fixed parameters, only the graph
𝐺 varies between networks. The network in Figure 5 is a
CTLN with the standard parameters 𝜀 = 0.25, 𝛿 = 0.5, and
𝜃 = 1.

We interpret a CTLN as modeling a network of 𝑛 ex-
citatory neurons, whose net interactions are effectively
inhibitory due to a strong global inhibition (Figure 6).
When 𝑗 ↛ 𝑖, we say 𝑗 strongly inhibits 𝑖; when 𝑗 → 𝑖, we
say 𝑗 weakly inhibits 𝑖. The weak inhibition is thought of as
the sum of an excitatory synaptic connection and the back-
ground inhibition. Note that because−1−𝛿 < −1 < −1+𝜀,
when 𝑗 ↛ 𝑖, neuron 𝑗 inhibits 𝑖 more than it inhibits itself
via its leak term; when 𝑗 → 𝑖, neuron 𝑗 inhibits 𝑖 less than
it inhibits itself. These differences in inhibition strength
cause the activity to follow the arrows of the graph.

graphneural network

Figure 6. CTLNs. A neural network with excitatory pyramidal
neurons (triangles) and a background network of inhibitory
interneurons (gray circles) that produces a global inhibition.
The corresponding graph (right) retains only the excitatory
neurons and their connections.

The set of fixed point supports of a CTLN with graph 𝐺
is denoted as:

FP(𝐺, 𝜀, 𝛿) def= {𝜎 ⊆ [𝑛] ∣ 𝜎 = supp 𝑥∗ for some

fixed pt 𝑥∗ of the associated CTLN}.
FP(𝐺, 𝜀, 𝛿) is precisely FP(𝑊, 𝑏), where 𝑊 and 𝑏 are speci-
fied by a CTLN with graph 𝐺 and parameters 𝜀 and 𝛿. Note

that FP(𝐺, 𝜀, 𝛿) is independent of 𝜃, provided 𝜃 is constant
across neurons as in a CTLN. It is also frequently indepen-
dent of 𝜀 and 𝛿. For this reasonwe often refer to it as FP(𝐺),
especially when a fixed choice of 𝜀 and 𝛿 is understood.

The legal range condition, 𝜀 < 𝛿
𝛿 + 1 , is motivated by

a theorem in [MDIC16]. It ensures that single directed
edges 𝑖 → 𝑗 are not allowed to support stable fixed points
{𝑖, 𝑗} ∈ FP(𝐺, 𝜀, 𝛿). This allows us to prove the following
theorem connecting a certain graph structure to the ab-
sence of stable fixed points. Note that a graph is oriented if
for any pair of nodes, 𝑖 → 𝑗 implies 𝑗 ↛ 𝑖 (i.e., there are
no bidirectional edges). A sink is a node with no outgoing
edges.

Theorem 3.1 ([MDIC16, Theorem 2.4]). Let 𝐺 be an ori-
ented graph with no sinks. Then for any parameters 𝜀, 𝛿, 𝜃 in
the legal range, the associated CTLN has no stable fixed points.
Moreover, the activity is bounded.

The graph in Figure 5A is an oriented graph with no
sinks. It has a single fixed point, FP(𝐺) = {123}, irrespec-
tive of the parameters (note that we use “123” as shorthand
for the set {1, 2, 3}). This fixed point is unstable and the dy-
namics converge to a limit cycle (Figure 5C).

Even when there are no stable fixed points, the dynam-
ics of a CTLN are always bounded [MDIC16]. In the limit
as 𝑡 → ∞, we can bound the total population activity as a
function of the parameters 𝜀, 𝛿, and 𝜃:

𝜃
1 + 𝛿 ≤

𝑛
∑
𝑖=1

𝑥𝑖 ≤
𝜃

1 − 𝜀 . (6)

In simulations, we observe a rapid convergence to this
regime.

Figure 7 depicts four solutions for the same CTLN on
𝑛 = 100 neurons. The graph 𝐺 was generated as a directed
Erdos–Renyi random graph with edge probability 𝑝 = 0.2;
note that it is not an oriented graph. Since the network
is deterministic, the only difference between simulations
is the initial conditions. While panel A appears to show
chaotic activity, the solutions in panels B, C, and D all
settle into a fixed point or a limit cycle within the allot-
ted time frame. The long transient of panel B is especially
striking: around 𝑡 = 200, the activity appears as though it
will fall into the same limit cycle from panel D, but then
escapes into another period of chaotic-looking dynamics
before abruptly converging to a stable fixed point. In all
cases, the total population activity rapidly converges to lie
within the bounds given in (6), depicted in gray.
Fun examples. Despite their simplicity, CTLNs display a
rich variety of nonlinear dynamics. Even very small net-
works can exhibit interesting attractors with unexpected
properties. Theorem 3.1 tells us that one way to guaran-
tee that a network will produce dynamic—as opposed to
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Figure 7. Dynamics of a CTLN network on 𝑛 = 100 neurons. The graph 𝐺 is a directed Erdos–Renyi random graph with edge
probability 𝑝 = 0.2 and no self loops. The CTLN parameters are 𝜀 = 0.25, 𝛿 = 0.5, and 𝜃 = 1. Initial conditions for each neuron,
𝑥𝑖(0), are randomly and independently chosen from the uniform distribution on [0, 0.1]. (A-D) Four solutions from the same
deterministic network, differing only in the choice of initial conditions. In each panel, the top plot shows the firing rate as a
function of time for each neuron in grayscale. The middle plot shows the summed total population activity, ∑𝑛

𝑖=1 𝑥𝑖, which
quickly becomes trapped between the horizontal gray lines—the bounds in equation (6). The bottom plot shows individual rate
curves for all 100 neurons, in different colors. (A) The network appears chaotic, with some recurring patterns of activity. (B) The
solution initially appears to be chaotic, like the one in A, but eventually converges to a stable fixed point supported on a 3-clique.
(C) The solution converges to a limit cycle after 𝑡 = 300. (D) The solution converges to a different limit cycle after 𝑡 = 200. Note
that one can observe brief “echoes” of this limit cycle in the transient activity of panel B.

static—attractors is to choose 𝐺 to be an oriented graph
with no sinks. The following examples are of this type.

The Gaudi attractor. Figure 8 shows two solutions to
a CTLN for a cyclically symmetric tournament1 graph on
𝑛 = 5 nodes. For some initial conditions, the solutions
converge to a somewhat boring limit cycle with the firing
rates 𝑥1(𝑡), . . . , 𝑥5(𝑡) all peaking in the expected sequence,
12345 (bottom middle). For a different set of initial con-
ditions, however, the solution converges to the beautiful
and unusual attractor displayed at the top.

Symmetry and synchrony. Because the pattern of weights
in a CTLN is completely determined by the graph 𝐺, any
symmetry of the graph necessarily translates to a symmetry
of the differential equations, and hence of the vector field.
It follows that the automorphism group of 𝐺 also acts on
the set of all attractors, which must respect the symmetry.
For example, in the cyclically symmetric tournament of

1A tournament is a directed graph in which every pair of nodes has exactly one
(directed) edge between them.

Figure 8, both the Gaudi attractor and the “boring” limit
cycle below it are invariant under the cyclic permutation
(12345): the solution is preserved up to a time translation.

Another way for symmetry to manifest itself in an at-
tractor is via synchrony. The network in Figure 9A depicts a
CTLNwith a graph on 𝑛 = 5 nodes that has a nontrivial au-
tomorphism group 𝐶3, cyclically permuting the nodes 2, 3,
and 4. In the corresponding attractor, the neurons 2, 3, 4
perfectly synchronize as the solution settles into the limit
cycle. Notice, however, what happens for the network in
Figure 9B. In this case, the limit cycle looks very similar to
the one in A, with the same synchrony among neurons 2, 3,
and 4. However, the graph is missing the 4 → 5 edge, and
so the graph has no nontrivial automorphisms. We refer
to this phenomenon as surprise symmetry.

On the flip side, a network with graph symmetry may
have multiple attractors that are exchanged by the group
action, but do not individually respect the symmetry. This
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Figure 8. Gaudi attractor. A CTLN for a cyclically symmetric tournament on 𝑛 = 5 nodes produces two distinct attractors,
depending on initial conditions. We call the top one the Gaudi attractor because the undulating curves are reminiscent of work
by the architect from Barcelona.
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Figure 9. Symmetry and synchrony. (A) A graph with
automorphism group 𝐶3 has an attractor where nodes 2, 3,
and 4 fire synchronously. (B) The symmetry is broken due to
the dropped 4 → 5 edge. Nevertheless, the attractor still
respects the (234) symmetry with nodes 2, 3, and 4 firing
synchronously. Note that both attractors are very similar limit
cycles, but the one in B has longer period. (Standard
parameters: 𝜀 = 0.25, 𝛿 = 0.5, 𝜃 = 1.)

is the more familiar scenario of spontaneous symmetry
breaking.

Emergent sequences. One of the most reliable properties
of CTLNs is the tendency of neurons to fire in sequence.
Although we have seen examples of synchrony, the global
inhibition promotes competitive dynamics wherein only
one or a few neurons reach their peak firing rates at the
same time. The sequences may be intuitive, as in the net-
works of Figures 8 and 9, following obvious cycles in the
graph. However, even for small networks the emergent se-
quences may be difficult to predict.

The network in Figure 10A has 𝑛 = 7 neurons, and the
graph is a tournament with no nontrivial automorphisms.
The corresponding CTLN appears to have a single, global
attractor, shown in Figure 10B. The neurons in this limit cy-
cle fire in a repeating sequence, 634517, with 5 being the
lowest-firing node. This sequence is highlighted in black
in the graph, and corresponds to a cycle in the graph. How-
ever, it is only one of many cycles in the graph. Why do
the dynamics select this sequence and not the others? And
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Figure 10. Emergent sequences can be difficult to predict. (A)
(Left) The graph of a CTLN that is a tournament on seven
nodes. (Right) The same graph, but with the cycle
corresponding to the sequential activity highlighted in black.
(B) A solution to the CTLN that converges to a limit cycle. This
appears to be the only attractor of the network for the
standard parameters.

why does neuron 2 drop out, while all others persist? This
is particularly puzzling given that node 2 has in-degree
three, while nodes 3 and 5 have in-degree two.

Indeed, local properties of a network, such as the in-
and out-degrees of individual nodes, are insufficient for
predicting the participation and ordering of neurons in
emergent sequences. Nevertheless, the sequence is fully
determined by the structure of 𝐺. We just have a limited
understanding of how. Recent progress in understanding
sequential attractors has relied on special network architec-
tures that are cyclic like the ones in Figure 9 [PLACM22].
Interestingly, although the graph in Figure 10 does not
have such an architecture, the induced subgraph generated
by the high-firing nodes 1, 3, 4, 6, and 7 is isomorphic to
the graph in Figure 8. This graph, as well as the two graphs
in Figure 9, have corresponding networks that are in some
sense irreducible in their dynamics. These are examples of
graphs that we refer to as core motifs [PMMC22].
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Figure 11. An example CTLN and its attractors. (A) The graph of a CTLN. The fixed point supports are given by FP(𝐺) = {4, 123, 1234},
irrespective of parameters 𝜀, 𝛿, 𝜃. (B) Solutions to the CTLN in A using the standard parameters 𝜃 = 1, 𝜀 = 0.25, and 𝛿 = 0.5. (Top)
The initial condition was chosen as a small perturbation of the fixed point supported on 123. The activity quickly converges to a
limit cycle where the high-firing neurons are the ones in the fixed point support. (Bottom) A different initial condition yields a
solution that converges to the static attractor corresponding to the stable fixed point on node 4. (C) The three fixed points are
depicted in a three-dimensional projection of the four-dimensional state space. Perturbations of the fixed point supported on
1234 produce solutions that either converge to the limit cycle or to the stable fixed point from B.

4. Minimal Fixed Points, Core Motifs,
and Attractors

Stable fixed points of a network are of obvious interest be-
cause they correspond to static attractors [HSS03,CDI13].
One of the most striking features of CTLNs, however, is
the strong connection between unstable fixed points and
dynamic attractors [PMMC22,PLACM22].

Question 2. For a given CTLN, can we predict the dy-
namic attractors of the network from its unstable fixed
points? Can the unstable fixed points be determined from
the structure of the underlying graph 𝐺?

Throughout this section, 𝐺 is a directed graph on 𝑛
nodes. Subsets 𝜎 ⊆ [𝑛] are often used to denote both the
collection of vertices indexed by 𝜎 and the induced sub-
graph 𝐺|𝜍. The corresponding network is assumed to be a
CTLN with fixed parameters 𝜀, 𝛿, and 𝜃.

Figure 11 provides an example to illustrate the relation-
ship between unstable fixed points and dynamic attractors.
Any CTLN with the graph in panel A has three fixed points,
with supports FP(𝐺) = {4, 123, 1234}. The collection of
fixed point supports can be thought of as a partially or-
dered set, ordered by inclusion. In our example, 4 and
123 are thus minimal fixed point supports, because they
are minimal under inclusion. It turns out that the cor-
responding fixed points each have an associated attractor
(Figure 11B). The one supported on 4, a sink in the graph,
yields a stable fixed point, while the 123 (unstable) fixed
point, whose induced subgraph 𝐺|123 is a 3-cycle, yields a
limit cycle attractor with high-firing neurons 1, 2, and 3.
Figure 11C depicts all three fixed points in the state space.
Here we can see that the third one, supported on 1234, acts
as a “tipping point” on the boundary of two basins of at-
traction. Initial conditions near this fixed point can yield

solutions that converge either to the stable fixed point or
the limit cycle.

Not all minimal fixed points have corresponding attrac-
tors. In [PMMC22] we saw that the key property of such
a 𝜎 ∈ FP(𝐺) is that it be minimal not only in FP(𝐺) but
also in FP(𝐺|𝜍), corresponding to the induced subnetwork
restricted to the nodes in 𝜎. In other words, 𝜎 is the only
fixed point in FP(𝐺|𝜍). This motivates the definition of
core motifs.

Definition 4.1. Let 𝐺 be the graph of a CTLN on 𝑛 nodes.
An induced subgraph 𝐺|𝜍 is a core motif of the network if
FP(𝐺|𝜍) = {𝜎}.

When the graph 𝐺 is understood, we sometimes refer
to 𝜎 itself as a core motif if 𝐺|𝜍 is one. The associated
fixed point is called a core fixed point. Core motifs can
be thought of as “irreducible” networks because they have
a single fixed point of full support. Since the activity is
bounded and must converge to an attractor, the attractor
can be said to correspond to this fixed point. A larger net-
work that contains𝐺|𝜍 as an induced subgraphmay ormay
not have 𝜎 ∈ FP(𝐺). When the core fixed point does sur-
vive, we refer to the embedded 𝐺|𝜍 as a surviving core mo-
tif, and we expect the associated attractor to survive. In
Figure 11, the surviving core motifs are 𝐺|4 and 𝐺|123, and
they precisely predict the attractors of the network.

The simplest core motifs are cliques. When these sur-
vive inside a network 𝐺, the corresponding attractor is al-
ways a stable fixed point supported on all nodes of the
clique. In fact, we conjectured that any stable fixed point
for a CTLN must correspond to a maximal clique of 𝐺—
specifically, a target-free clique [CGM19].

Up to size 4, all core motifs are parameter-independent.
For size 5, 37 of 45 core motifs are parameter-independent.
Figure 12 shows the complete list of all core motifs of
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Figure 12. Small core motifs. For each of these graphs, FP(𝐺) = {[𝑛]}, where 𝑛 is the number of nodes. Attractors are shown for
CTLNs with the standard parameters 𝜀 = 0.25, 𝛿 = 0.5, and 𝜃 = 1.

size 𝑛 ≤ 4, together with some associated attractors. The
cliques all correspond to stable fixed points, the simplest
type of attractor. The 3-cycle yields the limit cycle attrac-
tor in Figure 5, which may be distorted when embedded
in a larger network (see Figure 11B). The other core motifs
whose fixed points are unstable have dynamic attractors.
Note that the 4-cycu graph has a (23) symmetry, and the
rate curves for these two neurons are synchronous in the
attractor. This synchrony is also evident in the 4-ufd attrac-
tor, despite the fact that this graph does not have the (23)
symmetry. Perhaps the most interesting attractor, however,
is the one for the fusion 3-cycle graph. Here the 123 3-cycle
attractor, which does not survive the embedding to the
larger graph, appears to “fuse” with the stable fixed point
associated to 4 (which also does not survive). The result-
ing attractor can be thought of as binding together a pair
of smaller attractors.

We have performed extensive tests on whether or not
core motifs predict attractors in small networks. Specifi-
cally, we decomposed all 9608 directed graphs on 𝑛 = 5
nodes into core motif components, and used this to pre-
dict the attractors. We found that 1053 of the graphs have
surviving core motifs that are not cliques; these graphs
were thus expected to support dynamic attractors. The
remaining 8555 graphs contain only cliques as surviving
core motifs, and were thus expected to have only stable
fixed point attractors. Overall, we found that core motifs
correctly predicted the set of attractors in 9586 of the 9608
graphs. Of the 22 graphs with mistakes, 19 graphs have a
core motif with no corresponding attractor, and 3 graphs
have no core motifs for the chosen parameters.2

5. Graph Rules
We have seen that CTLNs exhibit a rich variety of nonlin-
ear dynamics, and that the attractors are closely related to
the fixed points. This opens up a strategy for linking attrac-
tors to the underlying network architecture 𝐺 via the fixed

2Classification of CTLNs on n=5 nodes available at https://github.com
/ccurto/n5-graphs-package.

point supports FP(𝐺). Our main tools for doing this are
graph rules.

Throughout this section, we will use greek letters 𝜎, 𝜏, 𝜔
to denote subsets of [𝑛] = {1, … , 𝑛} corresponding to fixed
point supports (or potential supports), while latin letters
𝑖, 𝑗, 𝑘, ℓ denote individual nodes/neurons. As before, 𝐺|𝜍
denotes the induced subgraph obtained from 𝐺 by restrict-
ing to 𝜎 and keeping only edges between vertices of 𝜎. The
fixed point supports are:

FP(𝐺) def= {𝜎 ⊆ [𝑛] ∣ 𝜎 = supp 𝑥∗ for some

fixed pt 𝑥∗ of the associated CTLN}.
The main question addressed by graph rules is:

Question 3. What can we say about FP(𝐺) from knowl-
edge of 𝐺 alone?

For example, consider the graphs in Figure 13. Can we
determine from the graph alone which subgraphs will sup-
port fixed points? Moreover, can we determine which of
those subgraphs are core motifs that will give rise to attrac-
tors of the network? We saw in Section 4 (Figure 12) that
cycles and cliques are among the small core motifs; can
cycles and cliques produce core motifs of any size? Can
we identify other graph structures that are relevant for ei-
ther ruling in or ruling out certain subgraphs as fixed point
supports? The rest of Section 5 focuses on addressing these
questions.

1

2

34

5
1

34

2 1

34

2
A B C

Figure 13. Graphs for which FP(𝐺) is completely determined
by graph rules.

Note that implicit in the above questions is the idea that
graph rules are parameter-independent: that is, they directly
relate the structure of 𝐺 to FP(𝐺) via results that are valid
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for all choices of 𝜀, 𝛿, and 𝜃 (provided they lie within the
legal range). In order to obtain the most powerful results,
we also require that our CTLNs be nondegenerate. As has
already been noted, nondegeneracy is generically satisfied
for TLNs [CGM19]. For CTLNs, it is satisfied irrespective of
𝜃 and for almost all legal range choices of 𝜀 and 𝛿 (i.e., up
to a set of measure zero in the two-dimensional parameter
space for 𝜀 and 𝛿).
5.1. Examples of graph rules. We’ve already seen some
graph rules. For example, Theorem 3.1 told us that if 𝐺 is
an oriented graph with no sinks, the associated CTLN has
no stable fixed points. Such CTLNs are thus guaranteed
to only exhibit dynamic attractors. Here we present a set
of eight simple graph rules, all proven in [CGM19], that
are easy to understand and give a flavor of the kinds of
theorems we have found.

We will use the following graph theoretic terminology.
A source is a node with no incoming edges, while a sink is
a node with no outgoing edges. Note that a node can be a
source or sink in an induced subgraph𝐺|𝜍, while not being
one in 𝐺. An independent set is a collection of nodes with
no edges between them, while a clique is a set of nodes that
is all-to-all bidirectionally connected. A cycle is a graph (or
an induced subgraph) where each node has exactly one in-
coming and one outgoing edge, and they are all connected
in a single directed cycle. A directed acyclic graph (DAG) is
a graph with a topological ordering of vertices such that
𝑖 ↛ 𝑗 whenever 𝑖 > 𝑗; such a graph does not contain any
directed cycles. Finally, a target of a graph 𝐺|𝜍 is a node 𝑘
such that 𝑖 → 𝑘 for all 𝑖 ∈ 𝜎 ⧵ {𝑘}. Note that a target may
be inside or outside 𝐺|𝜍.

Examples of graph rules:

Rule 1 (independent sets): If 𝐺|𝜍 is an independent set,
then 𝜎 ∈ FP(𝐺) if and only if each 𝑖 ∈ 𝜎 is a sink in 𝐺.

Rule 2 (cliques): If 𝐺|𝜍 is a clique, then 𝜎 ∈ FP(𝐺) if and
only if there is no node 𝑘 of 𝐺, 𝑘 ∉ 𝜎, such that 𝑖 → 𝑘 for
all 𝑖 ∈ 𝜎. In other words, 𝜎 ∈ FP(𝐺) if and only if 𝐺|𝜍 is
a target-free clique. If 𝜎 ∈ FP(𝐺), the corresponding fixed
point is stable.

Rule 3 (cycles): If𝐺|𝜍 is a cycle, then 𝜎 ∈ FP(𝐺) if and only
if there is no node 𝑘 of𝐺, 𝑘 ∉ 𝜎, such that 𝑘 receives two or
more edges from 𝜎. If 𝜎 ∈ FP(𝐺), the corresponding fixed
point is unstable.

Rule 4 (sources): (i) If 𝐺|𝜍 contains a source 𝑗 ∈ 𝜎, with
𝑗 → 𝑘 for some 𝑘 ∈ [𝑛], then 𝜎 ∉ FP(𝐺). (ii) Suppose
𝑗 ∉ 𝜎, but 𝑗 is a source in 𝐺. Then 𝜎 ∈ FP(𝐺|𝜍∪𝑗) ⇔ 𝜎 ∈
FP(𝐺|𝜍).
Rule 5 (targets): (i) If 𝜎 has target 𝑘, with 𝑘 ∈ 𝜎 and 𝑘 ↛
𝑗 for some 𝑗 ∈ 𝜎 (𝑗 ≠ 𝑘), then 𝜎 ∉ FP(𝐺|𝜍) and thus
𝜎 ∉ FP(𝐺). (ii) If 𝜎 has target 𝑘 ∉ 𝜎, then 𝜎 ∉ FP(𝐺|𝜍∪𝑘)
and thus 𝜎 ∉ FP(𝐺).

Rule 6 (sinks): If𝐺 has a sink 𝑠 ∉ 𝜎, then 𝜎∪{𝑠} ∈ FP(𝐺) ⇔
𝜎 ∈ FP(𝐺).
Rule 7 (DAGs): If 𝐺 is a directed acyclic graph with sinks
𝑠1, . . . , 𝑠ℓ, then FP(𝐺) = {∪𝑠𝑖 ∣ 𝑠𝑖 is a sink in 𝐺}, the set of
all 2ℓ − 1 unions of sinks.

Rule 8 (parity): For any 𝐺, | FP(𝐺)| is odd.

In many cases, particularly for small graphs, our graph
rules are complete enough that they can be used to fully
work out FP(𝐺). In such cases, FP(𝐺) is guaranteed to be
parameter-independent (since the graph rules do not de-
pend on 𝜀 and 𝛿). As an example, consider the graph on
𝑛 = 5 nodes in Figure 13A; we will show that FP(𝐺) is
completely determined by graph rules. Going through the
possible subsets 𝜎 of different sizes, we find that for |𝜎| = 1
only 3, 4 ∈ FP(𝐺) (as those are the sinks). Using Rules 1,
2, and 4, we see that the only |𝜎| = 2 elements in FP(𝐺) are
the clique 15 and the independent set 34. A crucial ingredi-
ent for determining the fixed point supports of sizes 3 and
4 is the sinks rule, which guarantees that 135, 145, and 1345
are the only supports of these sizes. Finally, notice that the
total number of fixed points up through size |𝜎| = 4 is odd.
Using Rule 8 (parity), we can thus conclude that there is no
fixed point of full support—that is, with |𝜎| = 5. It follows
that FP(𝐺) = {3, 4, 15, 34, 135, 145, 1345}; moreover, this re-
sult is parameter-independent because it was determined
purely from graph rules.

We leave it as an exercise to use graph rules to show that
FP(𝐺) = {134} for the graph in Figure 13B, and FP(𝐺) =
{4, 12, 124} for the graph in Figure 13C. For the graph in C,
it is necessary to appeal to a more general rule for uniform
in-degree subgraphs, which we review next.

Rules 1–7, and many more, all emerge as corollaries of
more general rules. In the next few subsections, we will
introduce the uniform in-degree rule, graphical domina-
tion, and simply-embedded subgraphs. These results form
part of a collection of elementary graph rules, fromwhich all
other known graph rules can be derived. A complete list
of elementary graph rules can be found in [CM23].
5.2. Uniform in-degree rule. It turns out that Rules 1, 2,
and 3 (for independent sets, cliques, and cycles) are all
corollaries of a single rule for graphs of uniform in-degree.

Definition 5.1. We say that 𝐺|𝜍 has uniform in-degree 𝑑 if
every node 𝑖 ∈ 𝜎 has 𝑑 incoming edges from within 𝐺|𝜍.

Note that an independent set has uniform in-degree 𝑑 =
0, a cycle has uniform in-degree 𝑑 = 1, and an 𝑛-clique is
uniform in-degree with 𝑑 = 𝑛−1. But, in general, uniform
in-degree graphs need not be symmetric. For example, the
induced subgraph𝐺|145 in Figure 13A is uniform in-degree,
with 𝑑 = 1.
Theorem 5.2 ([CGM19]). Let 𝐺|𝜍 be an induced subgraph
of 𝐺 with uniform in-degree 𝑑. For 𝑘 ∉ 𝜎, let 𝑑𝑘 denote the
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number of edges 𝑖 → 𝑘 for 𝑖 ∈ 𝜎. Then 𝜎 ∈ FP(𝐺|𝜍), and
𝜎 ∈ FP(𝐺|𝜍∪𝑘) ⇔ 𝑑𝑘 ≤ 𝑑.

In particular, 𝜎 ∈ FP(𝐺) if and only if there does not exist
𝑘 ∉ 𝜎 such that 𝑑𝑘 > 𝑑.

Uniform in-degree fixed points are also uniform in
value. If 𝐺|𝜍 is uniform in-degree 𝑑, then the fixed point
𝑥∗ supported on 𝜎 has the same value for all entries in 𝜎
[CGM19, Lemma 18]:

𝑥∗𝑖 =
𝜃

|𝜎| + 𝛿(|𝜎| − 𝑑 − 1) − 𝜀𝑑 for each 𝑖 ∈ 𝜎.

Interestingly, 𝑥∗𝑖 = 𝑥∗𝑗 for all 𝑖, 𝑗 ∈ [𝑛], even for uniform
in-degree graphs that are not symmetric.
5.3. Graphical domination. More generally, fixed points
can have very different values across neurons. However,
there is some level of “graphical balance” that is required
of 𝐺|𝜍 for any fixed point support 𝜎. For example, if 𝜎
contains a pair of neurons 𝑗, 𝑘 that have the property that
all neurons sending edges to 𝑗 also send edges to 𝑘, and
𝑗 → 𝑘 but 𝑘 ↛ 𝑗, then 𝜎 cannot be a fixed point support.
This is because 𝑘 is receiving a strict superset of the inputs
to 𝑗, and this imbalance rules out their ability to coexist in
the same fixed point support. This motivates the following
definition.

Definition 5.3. We say that 𝑘 graphically dominates 𝑗 with
respect to 𝜎 in 𝐺 if the following three conditions all hold:

1. For each 𝑖 ∈ 𝜎 ⧵ {𝑗, 𝑘}, if 𝑖 → 𝑗 then 𝑖 → 𝑘.
2. If 𝑗 ∈ 𝜎, then 𝑗 → 𝑘.
3. If 𝑘 ∈ 𝜎, then 𝑘 ↛ 𝑗.
We refer to this as “inside-in” domination if 𝑗, 𝑘 ∈ 𝜎

(see Figure 14A). In this case, we must have 𝑗 → 𝑘 and
𝑘 ↛ 𝑗. Remaining cases are shown in Figure 14B-D.

What graph rules does domination give us? Intuitively,
when inside-in domination is present, the “graphical bal-
ance” necessary to support a fixed point is violated, and
so 𝜎 ∉ FP(𝐺). When 𝑘 outside-in dominates 𝑗 for 𝑗 ∈ 𝜎,
again there is an imbalance, and this time it guarantees
that neuron 𝑘 turns on, since it received all the inputs that
were sufficient to turn on neuron 𝑗. Thus, there cannot be
a fixed point with support 𝜎 since node 𝑘 will violate the
off-neuron conditions. We can draw similar conclusions
in the other cases of graphical domination as well, as The-
orem 5.4 shows. This theorem was originally proven in
[CGM19], but a more elementary proof of this result is
given in [CM23].

Theorem 5.4 ([CGM19]). Suppose 𝑘 graphically dominates
𝑗 with respect to 𝜎 in 𝐺. Then the following all hold:

1. (inside-in) If 𝑗, 𝑘 ∈ 𝜎, then 𝜎 ∉ FP(𝐺|𝜍) and thus 𝜎 ∉
FP(𝐺).

2. (outside-in) If 𝑗 ∈ 𝜎, 𝑘 ∉ 𝜎, then 𝜎 ∉ FP(𝐺|𝜍∪𝑘) and
thus 𝜎 ∉ FP(𝐺).

inside-in domination

k

j

outside-in dominationA B

k

j

k

j

inside-out domination

j

outside-out domination

k

C D

Figure 14. Graphical domination: four cases. In all cases, 𝑘
graphically dominates 𝑗 with respect to 𝜎. In particular, the set
of vertices of 𝜎 ⧵ {𝑗, 𝑘} sending edges to 𝑘 (red ovals) always
contains the set of vertices sending edges to 𝑗 (blue ovals).

3. (inside-out) If 𝑘 ∈ 𝜎, 𝑗 ∉ 𝜎, then 𝜎 ∈ FP(𝐺|𝜍) ⇒ 𝜎 ∈
FP(𝐺|𝜍∪𝑗).

4. (outside-out) If 𝑗, 𝑘 ∉ 𝜎, then 𝜎 ∈ FP(𝐺|𝜍∪𝑘) ⇒ 𝜎 ∈
FP(𝐺|𝜍∪𝑗).

To see how this theorem can be used to prove simpler
graph rules, consider a graph with a source 𝑗 ∈ 𝜎 that has
an edge 𝑗 → 𝑘 for some 𝑘 ∈ [𝑛]. Since 𝑗 is a source, it
has no incoming edges from within 𝜎. If 𝑘 ∈ 𝜎, then 𝑘
inside-in dominates 𝑗 and so 𝜎 ∉ FP(𝐺). If 𝑘 ∉ 𝜎, then
𝑘 outside-in dominates 𝑗 and again 𝜎 ∉ FP(𝐺). Rule 4(i)
immediately follows. We leave it as an exercise to prove
Rules 4(ii), 5(i), 5(ii), and 7.
5.4. Simply-embedded subgraphs and covers. Finally,
we introduce the concept of simply-embedded subgraphs.

Definition 5.5 (simply-embedded). We say that a sub-
graph 𝐺|𝜏 is simply-embedded in 𝐺 if for each 𝑘 ∉ 𝜏, either
(i) 𝑘 → 𝑖 for all 𝑖 ∈ 𝜏, or
(ii) 𝑘 ↛ 𝑖 for all 𝑖 ∈ 𝜏.

In other words, while 𝐺|𝜏 can have any internal struc-
ture, the rest of the network treats all nodes in 𝜏 equally
(see Figure 15A). By abuse of notation, we sometimes say
that the corresponding subset of vertices 𝜏 ⊆ [𝑛] is simply-
embedded in 𝐺.

We have the following key lemma (see Figure 15B):

Lemma 5.6. Let 𝐺|𝜏 be simply-embedded in 𝐺. Then for any
𝜎 ⊆ [𝑛],

𝜎 ∈ FP(𝐺) ⇒ 𝜎 ∩ 𝜏 ∈ FP(𝐺|𝜏) ∪ {∅}.
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Figure 15. Simply-embedded subgraphs.

What happens if we consider more than one simply-
embedded subgraph? It is not difficult to see that inter-
sections of simply-embedded subgraphs are also simply-
embedded. However, the union of two simply-embedded
subgraphs is only guaranteed to be simply-embedded if
the intersection is nonempty. If we have two or more
simply-embedded subgraphs, 𝐺|𝜏𝑖 and 𝐺|𝜏𝑗 , we know that
for any 𝜎 ∈ FP(𝐺), 𝜎must restrict to a fixed point 𝜎𝑖 = 𝜎∩𝜏𝑖
and 𝜎𝑗 = 𝜎 ∩ 𝜏𝑗 in each of those subgraphs. But when can
we glue together such a 𝜎𝑖 ∈ FP(𝐺|𝜏𝑖 ) and 𝜎𝑗 ∈ FP(𝐺|𝜏𝑗 ) to
produce a larger fixed point support 𝜎𝑖 ∪𝜎𝑗 in FP(𝐺|𝜏𝑖∪𝜏𝑗 )?

Lemma 5.7 precisely answers this question. It uses the

following notation: F̂P(𝐺) def= FP(𝐺) ∪ {∅}.

Lemma 5.7 (pairwise gluing). Suppose 𝐺|𝜏𝑖 , 𝐺|𝜏𝑗 are simply-

embedded in 𝐺, and consider 𝜎𝑖 ∈ F̂P(𝐺|𝜏𝑖 ) and 𝜎𝑗 ∈
F̂P(𝐺|𝜏𝑗 ) that satisfy 𝜎𝑖 ∩ 𝜏𝑗 = 𝜎𝑗 ∩ 𝜏𝑖 (so that 𝜎𝑖, 𝜎𝑗 agree
on the overlap 𝜏𝑖 ∩ 𝜏𝑗). Then

𝜎𝑖 ∪ 𝜎𝑗 ∈ F̂P(𝐺|𝜏𝑖∪𝜏𝑗 )

if and only if one of the following holds:

(i) 𝜏𝑖 ∩ 𝜏𝑗 = ∅ and 𝜎𝑖, 𝜎𝑗 ∈ F̂P(𝐺|𝜏𝑖∪𝜏𝑗 ), or
(ii) 𝜏𝑖 ∩ 𝜏𝑗 = ∅ and 𝜎𝑖, 𝜎𝑗 ∉ F̂P(𝐺|𝜏𝑖∪𝜏𝑗 ), or
(iii) 𝜏𝑖 ∩ 𝜏𝑗 ≠ ∅.

6. Gluing Rules
So far we have seen a variety of graph rules and the ele-
mentary graph rules from which they are derived. These
rules allow us to rule in and rule out potential fixed points
in FP(𝐺) from purely graph-theoretic considerations. In
this section, we consider networks whose graph 𝐺 is com-
posed of smaller induced subgraphs, 𝐺|𝜏𝑖 , for 𝑖 ∈ [𝑁] =
{1, … , 𝑁}. What is the relationship between FP(𝐺) and the
fixed points of the components, FP(𝐺|𝜏𝑖 )?

It turns out we can obtain nice results if the induced
subgraphs 𝐺|𝜏𝑖 are all simply-embedded in 𝐺. In this case,
we say that 𝐺 has a simply-embedded cover.

Definition 6.1 (simply-embedded covers). We say that
𝒰 = {𝜏1, … , 𝜏𝑁 } is a simply-embedded cover of 𝐺 if each 𝜏𝑖 is
simply-embedded in 𝐺, and for every vertex 𝑗 ∈ [𝑛], there
exists an 𝑖 ∈ [𝑁] such that 𝑗 ∈ 𝜏𝑖. In other words, the 𝜏𝑖’s
are a vertex cover of 𝐺. If the 𝜏𝑖’s are all disjoint, we say
that 𝒰 is a simply-embedded partition of 𝐺.

In the case that 𝐺 has a simply-embedded cover,
Lemma 5.6 tells us that all “global” fixed point supports
in FP(𝐺) must be unions of “local” fixed point supports
in the FP(𝐺|𝜏𝑖 ), since every 𝜎 ∈ FP(𝐺) restricts to 𝜎 ∩ 𝜏𝑖 ∈
FP(𝐺|𝜏𝑖 ) ∪ {∅}. But what about the other direction?

Question 4. When does a collection of local fixed point
supports {𝜎𝑖}, with each nonempty 𝜎𝑖 ∈ FP(𝐺|𝜏𝑖 ), glue to-
gether to form a global fixed point support 𝜎 = ∪𝜎𝑖 ∈
FP(𝐺)?

To answer this question, we develop some notions in-
spired by sheaf theory. For a graph 𝐺 on 𝑛 nodes, with
a simply-embedded cover 𝒰 = {𝜏1, … , 𝜏𝑁 }, we define the
gluing complex as:

ℱ𝐺(𝒰)
def= {𝜎 = ∪𝑖𝜎𝑖 ∣ 𝜎 ≠ ∅, 𝜎𝑖 ∈ FP(𝐺|𝜏𝑖 ) ∪ {∅},

and 𝜎𝑖 ∩ 𝜏𝑗 = 𝜎𝑗 ∩ 𝜏𝑖 for all 𝑖, 𝑗 ∈ [𝑁]}.

In other words, ℱ𝐺(𝒰) consists of all 𝜎 ⊆ [𝑛] that can
be obtained by gluing together local fixed point supports
𝜎𝑖 ∈ FP(𝐺|𝜏𝑖 ). Note that in order to guarantee that 𝜎𝑖 =
𝜎∩𝜏𝑖 for each 𝑖, it is necessary that the 𝜎𝑖’s agree on overlaps
𝜏𝑖∩𝜏𝑗 (hence the last requirement). This means thatℱ𝐺(𝒰)
is equivalent to:

ℱ𝐺(𝒰) = {𝜎 ≠ ∅ ∣ 𝜎 ∩ 𝜏𝑖 ∈ FP(𝐺|𝜏𝑖 ) ∪ {∅} ∀ 𝑖 ∈ [𝑁]}.

It will also be useful to consider the case where 𝜎∩𝜏𝑖 is not
allowed to be empty for any 𝑖. This is defined as

ℱ∗
𝐺(𝒰)

def= {𝜎 ⊆ [𝑛] ∣ 𝜎 ∩ 𝜏𝑖 ∈ FP(𝐺|𝜏𝑖 ) ∀ 𝜏𝑖 ∈ 𝒰}.

Translating Lemma 5.6 into the new notation yields the
following:

Lemma 6.2. A CTLN with graph 𝐺 and simply-embedded
cover 𝒰 satisfies

FP(𝐺) ⊆ ℱ𝐺(𝒰).

The central question addressed by gluing rules (Ques-
tion 4) thus translates to: What elements of ℱ𝐺(𝒰) are ac-
tually in FP(𝐺)?

Our strategy to address this question will be to iden-
tify architectures where we can iterate the pairwise glu-
ing rule, Lemma 5.7. Iteration is possible in a simply-
embedded cover𝒰 = {𝜏𝑖} provided the unions at each step,
𝜏1∪𝜏2∪⋯∪𝜏ℓ, are themselves simply-embedded (this may
depend on the order). Fortunately, this is the case for sev-
eral types of natural constructions, including disjoint unions
and clique unions, which we consider next. It also holds for
connected unions, which are introduced in [CM23]. Finally,
we will examine the case of cyclic unions, where pairwise
gluing rules cannot be iterated, but for which we find an
equally clean characterization of FP(𝐺).
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6.1. Disjoint, clique, and cyclic unions. The following
graph constructions all arise from simply-embedded parti-
tions.

Definition 6.3. Consider a graph 𝐺 with induced sub-
graphs {𝐺|𝜏𝑖 } corresponding to a vertex partition 𝒰 =
{𝜏1, … , 𝜏𝑁 }. Then

– 𝐺 is a disjoint union if there are no edges between 𝜏𝑖
and 𝜏𝑗 for 𝑖 ≠ 𝑗. (See Figure 16A.)

– 𝐺 is a clique union if it contains all possible edges be-
tween 𝜏𝑖 and 𝜏𝑗 for 𝑖 ≠ 𝑗. (See Figure 16B.)

– 𝐺 is a cyclic union if it contains all possible edges from
𝜏𝑖 to 𝜏𝑖+1, for 𝑖 = 1, . . . , 𝑁 − 1, as well as all possi-
ble edges from 𝜏𝑁 to 𝜏1, but no other edges between
distinct components 𝜏𝑖, 𝜏𝑗. (See Figure 16C.)

Note that in each of these cases, 𝒰 is a simply-embedded
partition of 𝐺.

disjoint union clique unionA B C cyclic union

Figure 16. Disjoint unions, clique unions, and cyclic unions. In
each architecture, the {𝜏𝑖} form a simply-embedded partition
of 𝐺. Thick edges between components indicate that there are
edges between every pair of nodes in the components.

Since the simply-embedded subgraphs in a partition
are all disjoint, Lemma 5.7(i-ii) applies. Consequently,
fixed point supports 𝜎𝑖 ∈ FP(𝐺|𝜏𝑖 ) and 𝜎𝑗 ∈ FP(𝐺|𝜏𝑗 )
will glue together if and only if either 𝜎𝑖 and 𝜎𝑗 both
survive to yield fixed points in FP(𝐺), or neither survives.
For both disjoint unions and clique unions, it is easy to
see that all larger unions of the form 𝜏1 ∪ 𝜏2 ∪ ⋯ ∪ 𝜏ℓ
are themselves simply-embedded. We can thus iteratively
use the pairwise gluing Lemma 5.7. For disjoint unions,
Lemma 5.7(i) applies, yielding our first gluing theorem.
Recall that F̂P(𝐺) = FP(𝐺) ∪ {∅}.

Theorem 6.4 ([CGM19, Theorem 11]). If 𝐺 is a disjoint
union of subgraphs {𝐺|𝜏𝑖 }𝑁𝑖=1, with 𝒰 = {𝜏𝑖}𝑁𝑖=1, then

FP(𝐺) = ℱ𝐺(𝒰)
= {∪𝑁𝑖=1𝜎𝑖 ∣ 𝜎𝑖 ∈ F̂P(𝐺|𝜏𝑖 ) ∀ 𝑖 ∈ [𝑁]} ⧵ {∅}.

On the other hand, for clique unions, we must apply
Lemma 5.7(ii), which shows that only gluings involving
a nonempty 𝜎𝑖 from each component are allowed. Hence
FP(𝐺) = ℱ∗

𝐺(𝒰). Interestingly, the same result holds for
cyclic unions, but the proof is different because the simply-
embedded structure does not get preserved under unions,

and hence Lemma 5.7 cannot be iterated. These results are
combined in the next theorem.

Theorem 6.5 ([CGM19, Theorems 12 and 13]). If 𝐺 is a
clique union or a cyclic union of subgraphs {𝐺|𝜏𝑖 }𝑁𝑖=1, with 𝒰 =
{𝜏𝑖}𝑁𝑖=1, then

FP(𝐺) = ℱ∗
𝐺(𝒰)

= {∪𝑁𝑖=1𝜎𝑖 ∣ 𝜎𝑖 ∈ FP(𝐺|𝜏𝑖 ) ∀ 𝑖 ∈ [𝑁]}.

We end this section by revisiting core motifs. Recall
that core motifs of CTLNs are subgraphs𝐺|𝜍 that support a
unique fixed point, which has full-support: FP(𝐺|𝜍) = {𝜎}.
We denote the set of core motifs by

FPcore(𝐺)
def= {𝜎 ∈ FP(𝐺) | 𝐺|𝜍 is a core motif of 𝐺}.

For small CTLNs, we have seen that core motifs are predic-
tive of a network’s attractors [PMMC22].

What can gluing rules tell us about core motifs? It
turns out that we can precisely characterize these motifs
for clique and cyclic unions.

Corollary 6.6. Let 𝐺 be a clique union or a cyclic union of
components 𝜏1, . . . , 𝜏𝑁 . Then

FPcore(𝐺) = {∪𝑁𝑖=1𝜎𝑖 | 𝜎𝑖 ∈ FPcore(𝐺|𝜏𝑖 )}.
In particular, 𝐺 is a core motif if and only if every 𝐺𝜏𝑖 is a core
motif.

6.2. Modeling with cyclic unions. The power of graph
rules is that they enable us to reasonmathematically about
the graph of a CTLN and make surprisingly accurate pre-
dictions about the dynamics. This is particularly true for
cyclic unions, where the dynamics consistently appear to
traverse the components in cyclic order. Consequently,
these architectures are useful for modeling a variety of phe-
nomena that involve sequential attractors. This includes
the storage and retrieval of sequential memories, as well
as CPGs responsible for rhythmic activity, such as locomo-
tion [YMSL05].

Recall that the attractors of a network tend to corre-
spond to core motifs in FPcore(𝐺). Using Corollary 6.6,
we can easily engineer cyclic unions that have multiple se-
quential attractors. For example, consider the cyclic union
in Figure 17A, with FPcore(𝐺) comprised of all cycles of
length 5 that contain exactly one node per component. For
parameters 𝜀 = 0.75, 𝛿 = 4, the CTLN yields a limit cycle
(Figure 17B), corresponding to one such core motif, with
sequential firing of a node from each component. By sym-
metry, there must be an equivalent limit cycle for every
choice of five nodes, one from each layer, and thus the
network is guaranteed to have 𝑚5 limit cycles. Note that
this network architecture, increased to seven layers, could
serve as a mechanism for storing phone numbers in work-
ing memory (𝑚 = 10 for digits 0–9).
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Figure 17. The phone number network. (A) A cyclic union with
𝑚 neurons per layer (component), and all 𝑚2 feedforward
connections from one layer to the next. (B) A limit cycle for
the corresponding CTLN (with parameters 𝜀 = 0.75, 𝛿 = 4).

As another application of cyclic unions, consider the
graph in Figure 18A which produces the quadruped gait
‘bound’ (similar to gallop), where we have associated each
of the four colored nodes with a leg of the animal. No-
tice that the clique between pairs of legs ensures that those
nodes co-fire, and the cyclic union structure guarantees
that the activity flows forward cyclically. A similar network
was created for the ‘trot’ gait, with appropriate pairs of legs
joined by cliques.

Figure 18B shows a network in which both the ‘bound’
and ‘trot’ gaits can coexist, with the network selecting one
pattern (limit cycle) over the other based solely on ini-
tial conditions. This network was produced by essentially
overlaying the two architectures that would produce the
desired gaits, identifying the two graphs along the nodes
corresponding to each leg. Notice that within this larger
network, the induced subgraphs for each gait are no longer
perfect cyclic unions (since they include additional edges
between pairs of legs), and are no longer core motifs.
And yet the combined network still produces limit cycles
that are qualitatively similar to those of the isolated cyclic
unions for each gait. It is an open question when this type
of merging procedure for cyclic unions (or other types of
subnetworks) will preserve the original limit cycles within
the larger network.

7. Conclusions
Recurrent network models such as TLNs have historically
played an important role in theoretical neuroscience; they
give mathematical grounding to key ideas about neural dy-
namics and connectivity, and provide concrete examples
of networks that encode multiple attractors. These attrac-
tors represent the possible responses, e.g., stored memory
patterns, of the network.

LF RF

RH LH

bound trot

LH LF RF RH LH LF RF RH

tim
e

0 20 40 60time 0 20 40 60time

fir
ing

 ra
te

fir
ing

 ra
te bound trot

A

B

LF RF

LH RH fir
ing

 ra
te

0 20 40 60time
architecture for 
the ‘bound’ gait

Figure 18. A Central Pattern Generator circuit for quadruped
motion. (A) (Left) A cyclic union architecture on six nodes that
produces the ‘bound’ gait. (Right) The limit cycle
corresponding to the bound gait. (B) The graph on eight
nodes is formed from merging together architectures for the
individual gaits, ‘bound’ and ‘trot’. Note that the positions of
the two hind legs (LH, RH) are flipped for ease of drawing the
graph.

In the case of CTLNs, we have been able to prove a vari-
ety of results, such as graph rules, about the fixed point sup-
ports FP(𝐺)—yielding valuable insights into the attractor
dynamics. Many of these results can be extended beyond
CTLNs tomore general families of TLNs, and potentially to
other threshold nonlinearities. The reason lies in the com-
binatorial geometry of the hyperplane arrangements. In
addition to the arrangements discussed in Section 2, there
are closely related hyperplane arrangements given by the
nullclines of TLNs, defined by 𝑑𝑥𝑖/𝑑𝑡 = 0 for each 𝑖. It is
easy to see that fixed points correspond to intersections
of nullclines, and thus the elements of FP(𝑊, 𝑏) are com-
pletely determined by the combinatorial geometry of the
nullcline arrangement. Intuitively, the combinatorial ge-
ometry of such an arrangement is preserved under small
perturbations of 𝑊 and 𝑏. This allows us to extend CTLN
results and study how FP(𝑊, 𝑏) changes as we vary the TLN
parameters𝑊𝑖𝑗 and 𝑏𝑖. These ideas, including connections
to orientedmatroids, are further developed in [CM23] and
references therein. [CM23] also lays out a number of open
questions on graph rules, gluing rules, coremotifs, and the
relationship between fixed points and attractors.

550 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 70, NUMBER 4



ACKNOWLEDGMENTS. We would like to thank Ze-
long Li, Nicole Sanderson, and Juliana Londono Al-
varez for a careful reading of the manuscript. We also
thank Caitlyn Parmelee, Caitlin Lienkaemper, Safaan
Sadiq, Anda Degeratu, Vladimir Itskov, Christopher
Langdon, Jesse Geneson, Daniela Egas Santander, Stefa-
nia Ebli, Alice Patania, Joshua Paik, Samantha Moore,
Devon Olds, and Joaquin Castañeda for many useful
discussions.

References
[BCRR21] Andrea Bel, Romina Cobiaga, Walter Reartes, and

Horacio G. Rotstein, Periodic solutions in threshold-linear
networks and their entrainment, SIAM J. Appl. Dyn. Syst.
20 (2021), no. 3, 1177–1208, DOI 10.1137/20M1337831.
MR4279921

[BF22] T. Biswas and J. E. Fitzgerald, Geometric framework to
predict structure from function in neural networks, Phys. Rev.
Research, 4 (2022).

[CG83] Michael A. Cohen and Stephen Grossberg, Absolute
stability of global pattern formation and parallel memory stor-
age by competitive neural networks, IEEE Trans. Systems Man
Cybernet. 13 (1983), no. 5, 815–826, DOI 10.1016/S0166-
4115(08)60913-9. MR730500

[CDI13] Carina Curto, Anda Degeratu, and Vladimir Itskov,
Encoding binary neural codes in networks of threshold-linear
neurons, Neural Comput. 25 (2013), no. 11, 2858–2903,
DOI 10.1162/NECO_a_00504. MR3136636

[CGM19] Carina Curto, Jesse Geneson, and Katherine
Morrison, Fixed points of competitive threshold-linear net-
works, Neural Comput. 31 (2019), no. 1, 94–155, DOI
10.1162/neco_a_01151. MR3898981

[CM16] Carina Curto and Katherine Morrison, Pattern
completion in symmetric threshold-linear networks, Neu-
ral Comput. 28 (2016), no. 12, 2825–2852, DOI
10.1162/neco_a_00869. MR3866422

[CM23] C. Curto and K. Morrison, Graph rules for recur-
rent neural network dynamics: extended version, Available at
https://arxiv.org/abs/2301.12638, 2023.

[DA01] Peter Dayan and L. F. Abbott, Theoretical neuroscience,
Computational Neuroscience, MIT Press, Cambridge, MA,
2001. Computational and mathematical modeling of neu-
ral systems. MR1985615

[HSM+00] R. H. Hahnloser, R. Sarpeshkar, M. A. Mahowald,
R. J. Douglas, and H. S. Seung,Digital selection and analogue
amplification coexist in a cortex-inspired silicon circuit, Nature,
405 (2000), 947–951.

[HSS03] R. H. Hahnloser, H. S. Seung, and J. J. Slotine, Permit-
ted and forbidden sets in symmetric threshold-linear networks,
Neural Comput., 15 (2003), no. 3, 621–638.

[HR58] H. K. Hartline and F. Ratliff, Spatial summation of in-
hibitory influence in the eye of limulus and the mutual inter-
action of receptor units, J. Gen. Physiol., 41 (1958), 1049–
1066.

[Hop82] J. J. Hopfield, Neural networks and physical systems
with emergent collective computational abilities, Proc. Nat.
Acad. Sci. U.S.A. 79 (1982), no. 8, 2554–2558, DOI
10.1073/pnas.79.8.2554. MR652033

[KAY14] M. M. Karnani, M. Agetsuma, and R. Yuste, A blanket
of inhibition: functional inferences from dense inhibitory con-
nectivity, Curr Opin Neurobiol, 26 (2014), 96–102.
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The Mathematics of
Stable Black Holes

Elena Giorgi
1. Stability and Reality
The stability of a physical object is its ability to change in a
controlled manner under small perturbations, but giving
a definition of what “controlled” or “small perturbation”
means is a subtle issue in general. The simplest scenario is
the case of points of equilibrium, being physical phenom-
ena or configurations that are independent of time (also
said stationary), such as a ball on the bottom of a hill or
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a pendulum in its vertical position. For those phenom-
ena it is natural to ask what happens if a small change is
performed to them. Will the perturbed configuration re-
main at all times similar in structure to the initial one? Or
stronger than that, will it return to be exactly identical to
the original condition? These scenarios exhibit a stable
behavior: in the former case, we call the point of equilib-
rium orbitally stable, in the latter asymptotically stable. This
is the case of a ball on the bottom of a hill (see Figure 1)
or a vertical pendulum pointing downward: when moved
away from their positions they eventually return to their
original state.

The opposite situation is when points of equilibrium
that undergo small perturbations completely change their
disposition, such as a ball on the top of a hill (see Figure
2) or a pendulum pointing upward: these are called un-
stable. Even though stable and unstable configurations are

552 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 70, NUMBER 4



Figure 1. Stable equilibrium.

Figure 2. Unstable equilibrium.

symmetric from a mathematical point of view, they have
a very different role in representing physical reality. In the
physical world, the exact position of a point of equilib-
rium, down to all its decimal digits, can never be attained
without a small error. Indeed, if it were possible to arrange
a pendulum precisely on its upward position, it would re-
main still and not move for all times. On the other hand,
since even in measuring the position of the equilibrium
point one needs to use rational approximations, a physi-
cal object can only be put in a position which is very close
to the equilibrium, but not on the exact one.

When a physical object is positioned in an unstable con-
figuration one expects to see a quick change in its location,
such as when a ball falls down a hill or a vertical pendulum
pointing upward drops to its downward stable position.
Even though it is rare to find natural objects in unstable
configurations, unstable points of equilibium are of inter-
est and used in real-life applications such as the station-
ing of satellite or telescopes that can correct the instabil-
ity by continuously adjusting their position. Nevertheless,
for idealized systems completely governed by gravity, the
concept of stability is crucially related to the one of reality.
Configurations which are detectable in the physical world
are normally stable, and unstable points of equilibrium
are rarely observable.

Black holes are point of equilibrium of the Einstein
equation, the master equation of Albert Einstein’s General
Relativity. Even though the first images of black holes
have been obtained (by the Event Horizon Telescope)
and gravitational waves from their mergers have been de-
tected (by LIGO-Virgo), black holes are mathematical so-
lutions whose stability has not been fully proved yet. In
those physical discoveries, mathematics is used to repre-
sent black holes through a family of mathematical solu-
tions, called the Kerr solution, parametrized by their mass

Figure 3. The first image of a black hole, using Event Horizon
Telescope observations of the center of the galaxy M87.

and angular momentum, whose stability is one of the
most important open problems in the field of Mathemati-
cal General Relativity. Establishing such a result is funda-
mental to confirm the relevance of the Kerr black hole as
a realistic physical object, as only stable configurations are
expected to naturally exist in the physical world.

What happens when a black hole solution is perturbed
away from its stationary state? Leaving the realm of station-
arity, the configuration will become dynamical, with its
properties changing over time. Theway it changes depends
on the physics: in the case of the ball or the pendulum it
oscillates in virtue of the gravitational force. The dynam-
ics of perturbations of black holes is also due to gravity, as
encoded by the Einstein equation.

The field of Mathematical General Relativity was given
a tremendous boost by Choquet-Bruhat in 1952 [FB52]
when she solved the Cauchy problem for the Einstein equa-
tion using that its dynamics has a wave character: perturba-
tions of a black hole do oscillate like a wave. The wave-like
behavior predicted by Choquet-Bruhat’s theorem does not
imply that the perturbation will necessarily radiate away:
waves can for example interact with each other and create
resonances, or concentrate their energy in a finite region
of space for a long time.

Choquet-Bruhat’s theorem is a local result, describing
the behavior of solutions to the Einstein equation for a
short period of time. The proof of the Kerr stability con-
jecture would instead need a global result to show that the
Kerr family of black holes is an asymptotically stable point
of equilibrium for the Einstein equation. This means that
a perturbation of a member of the Kerr black hole fam-
ily will eventually settle down to another member of the
same family, with possibly a different mass and angular
momentum, after a very long time.

2. Black Hole Solutions
Einstein formulated his theory of General Relativity in
1915. According to General Relativity, a spacetime is a 4-
dimensional manifold equipped with a Lorentzian metric
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𝑔, i.e. with signature (+ + +−), that satisfies the Einstein
equation1:

Ric(𝑔) − 1
2 R(𝑔)𝑔 = T, (1)

where

• Ric(𝑔) is the Ricci curvature of 𝑔,
• R(𝑔) is the scalar curvature of 𝑔,
• T is called the stress-energy tensor, and contains

information about the matter fields present in the
spacetime.

The Einstein equation (1) is the mathematical transla-
tion of the words by the American physicist John Wheeler
“spacetime tells matter how to move; matter tells space-
time how to curve”: the left hand side of the equation is
a particular combination of curvatures of the spacetime,
which encodes how curved the spacetime is, while the right
hand side describes the behavior of the matter.

Figure 4. Einstein 1921 by F.
Schmutzer.

The Einstein equation
(1) is an equation for the
unknown metric 𝑔 and the
distribution of the matter.
The combination of curva-
tures on the left hand side
of (1) takes the form of a
system of second order par-
tial differential equations in
the metric 𝑔. Those second
order PDEs are sourced by
the right hand side of the
equation, which is a given
expression containing the
information about the mat-
ter present in the universe,
whose dynamics is also gov-

erned by the Einstein equation, in the form of div(𝑇) = 0.
Because of the involved character of the Einstein equa-

tion, contrary to Newtonian gravity, General Relativity is
not trivial even in the absence of matter, i.e. if T ≡ 0. In
this case the Einstein equation (1) reduces to the Einstein
vacuum equation2:

Ric(𝑔) = 0. (2)

The Einstein vacuum equation is the benchmark of the
study of General Relativity, as it encodes the behavior of
the gravitational field as well as many of the difficulties of
the general case. One example of a non-vacuum Einstein
equation is when interaction of the gravitational field with
electromagnetic radiation is allowed. In that case, the Ricci
curvature is sourced by a quadratic expression in terms of

1Here we set the speed of light and the gravitational constant to unity, i.e. 𝑐 =
𝐺 = 1. In addition, we only consider the case of zero cosmological constant,
Λ = 0, or asymptotically flat solutions.
2In the case of T = 0 by taking the trace of (1) with respect to 𝑔 one can deduce
that R(𝑔) = 0.

the electromagnetic field, which satisfies itself the equa-
tions of electrodynamics. More precisely, one obtains the
Einstein-Maxwell equation:

Ric(𝑔) = 2F ⋅ F−12 | F |
2𝑔, (3)

where F is a 2-form on themanifold, called the electromag-
netic tensor, satisfying the Maxwell equations:

𝑑 F = 0, div𝑔 F = 0. (4)

Black holes are special solutions to the Einstein equa-
tion. The most general explicit black hole solution to the
vacuum equation (2) is the Kerr solution, obtained by Roy
Kerr in 1963. In coordinates (𝑡, 𝑟, 𝜃, 𝜙) the Kerr metric is
explicitly given by

𝑔𝑀,𝑎 = − Δ
𝜌2 (𝑑𝑡 − 𝑎 sin2 𝜃𝑑𝜙)

2
+ 𝜌2

Δ 𝑑𝑟2 + 𝜌2𝑑𝜃2

+ sin2 𝜃
𝜌2 (𝑎𝑑𝑡 − (𝑟2 + 𝑎2)𝑑𝜙)2

(5)

where

Δ = 𝑟2 − 2𝑀𝑟 + 𝑎2, 𝜌2 = 𝑟2 + 𝑎2 cos2 𝜃.
The Kerr metric 𝑔𝑀,𝑎 is a 2-parameter family of solutions
to Ric(𝑔) = 0. The two real parameters 𝑀 and 𝑎 represent
the mass and the angular momentum of the black hole
respectively, with3 |𝑎| ≤ 𝑀. For each pair of parameters
satisfying |𝑎| ≤ 𝑀, called the sub-extremal (|𝑎| < 𝑀) and
extremal (|𝑎| = 𝑀) range, the Kerr metric 𝑔𝑀,𝑎 describes a
stationary black hole which rotates around its axis.

In the case of vanishing angular momentum 𝑎 = 0,
the Kerr solution reduces to the spherically symmetric
Schwarzschild metric, a 1-parameter family of solutions
given by

𝑔𝑀 = −(1 − 2𝑀
𝑟 ) 𝑑𝑡2 + (1 − 2𝑀

𝑟 )
−1
𝑑𝑟2

+ 𝑟2 (𝑑𝜃2 + sin2 𝜃𝑑𝜙2) .
(6)

Having a high degree of symmetry, the Schwarzschild met-
ric was found much earlier than the Kerr metric, right after
Einstein wrote his equation.

One can notice that the metric (5) has a singular be-
havior at the root of Δ = 0 (at 𝑟 = 2𝑀 in the case of
Schwarzschild). Nevertheless, along the hypersurface Δ =
0 there is no geometrical invariant which becomes singu-
lar, but the hypersurface is rather a coordinate singularity:
there is a change of coordinates which modifies the metric
into one which is perfectly well-behaved at Δ = 0. Still,
such hypersurface has an interesting geometrical property:
curves which are timelike or null (i.e. whose tangent vector
satisfy 𝑔(𝑋, 𝑋) ≤ 0) are not able to leave the region Δ ≤ 0
once they enter it. Since according to General Relativity,
any massive object is only allowed to travel slower than

3If |𝑎| > 𝑀 the spacetime is said to contain a naked singularity.
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the speed of light along timelike trajectory while light rays
follow null ones, it follows that not even light is able to
escape such a region of spacetime. It is a black hole region,
and the hypersurface Δ = 0 is called its event horizon.

A region of spacetime where not even light can escape
was a very difficult concept to grasp for the physics com-
munity at the time, and for a long time the Schwarzschild
solution was only considered to be valid outside the black
region, i.e. for 𝑟 > 2𝑀. It was believed that the presence
of the black hole region was an artifact of the symmetry
of the solution: as in the real world there is no perfectly
spherically symmetric massive object, so there would not
be any black hole region. The derivation of the Kerr met-
ric in 1963, as well as Penrose’s “singularity theorem”, sug-
gested that the black hole region could be much more gen-
eral than an artifact of high degree of symmetry and did
not have to be just a mathematical property of an unreal-
istic physical object: it could in fact be real. The Kerr solu-
tion is now considered to be the most fundamental black
hole solution, and it is believed to represent the astrophys-
ical black holes present in the universe.

In the case of the Einstein-Maxwell equation (3)(4), the
most general known explicit black hole solution is called
theKerr-Newmanmetric 𝑔𝑀,𝑎,𝑄, a 3-parameter family given
by the same expression of the Kerr metric as in (5), with

Δ = 𝑟2 − 2𝑀𝑟 + 𝑎2 + 𝑄2,

where 𝑄 represents the charge of the black hole for 𝑎2 +
𝑄2 ≤ 𝑀2. The spherically symmetric case of charged black
hole is called the Reissner-Nordström spacetime 𝑔𝑀,𝑄 for
𝑎 = 0.

The family of Kerr and Kerr-Newman black holes are sta-
tionary solutions to the Einstein equation, as it can be seen
from the fact that the expression in (5) does not depend
on time. They are points of equilibrium for the Einstein
equation.

3. The Kerr Stability Conjecture
We can now formulate the conjecture of stability of the
Kerr solution, affirming that the Kerr4 family of black hole
solutions is an asymptotically stable point of equilibrium
for the Einstein equation.

Conjecture 1 (Stability of the Kerr family). Initial data for
the Einstein vacuum equation which are sufficiently close to a
Kerr black hole evolve asymptotically in time to another member
of the Kerr family.

According to the Kerr stability conjecture, if a Kerr black
hole with a certain mass and angular momentum gets
physically perturbed, the perturbed spacetime will still be

4A similar conjecture can be formulated for the Einstein-Maxwell equation and
the stability of the Kerr-Newman family.

represented by a member of the Kerr family, with in gen-
eral a different mass and rotation, after possibly a long
time. In the language of PDEs, the stability of the Kerr
family can be formulated as follows. Let 𝑔𝜆 represent the
Kerr family of stationary solutions, for some parameter
𝜆 = (𝑀, 𝑎), with Ric(𝑔𝜆) = 0. Proving that the family of so-
lutions 𝑔𝜆 is stable under small perturbations as a solution
to the Einstein vacuum equation consists in proving that a
solution with initial data close to 𝑔𝜆 converges asymptoti-
cally in time to 𝑔𝜆′ with 𝜆′ close to 𝜆.

There are various levels of increasing difficulty for the
stability problem:

1. Prove that general solutions to the linearized equation

(𝑑 Ric)|𝑔𝜆( ̇𝑔) = 0 (7)

are bounded and decay in time: this is the linear stabil-
ity.

2. Prove that solutions to the fully non-linear Einstein
vacuum equation with initial data close to the Kerr
family are bounded and decay in time: this is the non-
linear stability.

Observe that the conjecture does not claim that one
member of the Kerr family is stable, but that rather the
whole family is stable. This is due to one source of insta-
bility of the Einstein equation, which is consequence of
the fact that the linearized Kerr metrics given by

̇𝑔𝜆( ̇𝜆) = 𝑑
𝑑𝑠
||𝑠=0𝑔𝜆+𝑠 ̇𝜆

are also solutions to the linearized Einstein equation (7).
Asmentioned above, this corresponds to a physical change
of the mass or rotation of the black hole upon the pertur-
bation. In particular, any result of linear stability such as
boundedness or decay would have to hold up to linearized
Kerr solutions of the above form.

Another source of instability of the Einstein equation
is due to its tensorial character: for any metric 𝑔 solution
of Ric(𝑔) = 0, its pullback through any diffeomorphism
is still a solution of the equation. The choice of the dif-
feomorphism or the particular form of the metric is called
gauge. In particular, any result of linear stability would
have to hold up to a choice of gauge.

The mechanism through which the dispersion of the
perturbation in the stability problem takes place needs to
be formulated in terms of the Cauchy problem for the Ein-
stein equation, which describes the dynamics of black hole
solutions.

4. The Cauchy Problem
What kind of PDEs are hidden behind the compact expres-
sion (1) of the Einstein equation? Already early works of
Einstein suggested that his master equation had the char-
acter of a wave, but it was only in 1927 that Darmois for-
mulated the Einstein equation as a quasilinear hyperbolic
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Figure 5. Yvonne Choquet-Bruhat.

system of PDEs, which in wave coordinates□𝑔𝑥𝜇 = 0 takes
the form

□𝑔𝑔 = 𝑁(𝑔, 𝜕𝑔), (8)

called the reduced Einstein equation, where □𝑔 is the
D’Alembertian operator associated to the metric 𝑔 and
𝑁(𝑔, 𝜕𝑔) denote non-linear terms in 𝑔 and its first deriva-
tive. The initial data for the Einstein equation consists of
a Riemannian 3-metric and its second fundamental form
given on a spacelike hypersurface Σ0, which satisfy some
compatibility conditions, called the constraint equations.
The D’Alembertian operator □𝑔 is a generalization of the
standard wave operator on ℝ4 given by

□𝑔0 = −𝜕2𝑡 + 𝜕2𝑥 + 𝜕2𝑦 + 𝜕2𝑧,
associated to the constant coefficient metric

𝑔0 = −𝑑𝑡2 + 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2,
called Minkowski spacetime.

In her seminal work in 1952, Choquet-Bruhat proved
the existence of solutions to the Cauchy problem for the
Einstein equation with smooth initial data using the quasi-
linear formulation for the reduced vacuum Einstein equa-
tion (8).

Theorem 1 (Choquet-Bruhat [FB52], 1952). Any initial dat
set satisfying the constraint equations gives rise to a local in time
smooth solution to the full Einstein equation and such solution
is locally5 geometrically unique.

The most important properties satisfied by solutions to
the standard wave equation, such as finite speed of propa-
gation and continuous dependence on the initial data, also
hold for solutions to the general covariant wave operator
□𝑔 for any Lorentzian metric 𝑔. Moreover, Theorem 1 im-
plies local well-posedness and continuous dependence on

5In 1969, Choquet-Bruhat and Geroch proved global uniqueness for the maxi-
mal developement of initial data.

the initial data for the Einstein equation: given a set of
compatible initial data for the Einstein equation on some
initial time slice Σ0, one can uniquely solve the Einstein
equation locally in time in the future of Σ0.

On the other hand, in order to explore the issue of sta-
bility for stationary solutions to the Einstein equation such
as black holes one needs to perform a global analysis, i.e.
showing that the solution exists for long time after the ini-
tial data has been given and describing what its behavior
is then. This is a question that Theorem 1 cannot answer
and is in general very difficult. For example, consider a
case which is in principle much simpler than the Einstein
equation: a non-linear scalar wave equation such as

□𝑔0𝜓 = (𝜕𝑡𝜓)2. (9)

If we consider equation (9) with initial data

𝜓|𝑡=0 = 𝜕𝑡𝜓|𝑡=0 = 0,
then by uniqueness the solution is given by 𝜓(𝑡) = 0 for
all 𝑡 ≥ 0. It is therefore global, smooth and bounded in
time. On the other hand, if we consider equation (9) with
initial data

𝜓|𝑡=0 = 𝜕𝑡𝜓|𝑡=0 = 𝜖,
for some 𝜖 > 0, there exists a finite time 𝑇 such that 𝜓 → ∞
for 𝑡 → 𝑇. The solution is not defined globally in time
and in fact blows up in finite time. We say that the triv-
ial solution to equation (9) (which is also stationary as it
is independent of time) is not stable under small pertur-
bations: if the initial data changes of size 𝜖, for any small
𝜖, then the behavior of the solution changes dramatically,
passing from one which is bounded for all times to one
which blows up in finite time.

Since the (reduced) Einstein equation (8) has in prin-
ciple the same schematic structure as equation (9) (albeit
more complicated as it involves tensorial quantities and
quasilinear terms), one may worry that perturbations of
even the trivial solution, the Minkowski spacetime, could
blow up in finite time.

Surprisingly, this does not happen, thanks to the special
structure of the non-linearities of the Einstein equation, as
proved by the seminal work of Christodoulou-Klainerman
in 1993.

Theorem 2 (Christodoulou-Klainerman [CK93], 1993).
The Minkowski spacetime 𝑔𝑚 is globally non-linearly stable as
solution to the Einstein vacuum equation.

The Einstein equation satisfies a version of the null
condition, introduced by Klainerman to prove global ex-
istence for solutions to the non-linear wave equation in
Minkowski space. The null condition prescribes that the
quadratic linearities are expressed as a null form, which is
a quadratic form 𝑄(𝜕𝜓, 𝜕𝜓) that satisfies 𝑄(𝜉, 𝜉) = 0 for all
null vectors 𝜉, i.e. for which 𝑔(𝜉, 𝜉) = 0. In the case of the
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Einstein equation, the null condition identifies the mecha-
nism for the nonlinear stability, despite the slow decay of
the perturbations.

Themonumental proof of Christodoulou-Klainerman’s
theorem is a geometrical construction of the spacetimes
obtained as perturbations of Minkowski spacetime. In ad-
dition to the null condition, the proof is based on some im-
portant advances in the study of partial differential equa-
tions, such as a robust vectorfield approach, used to derive
quantitative decay based on generalized energy estimates
and commutation with (approximate) Killing and confor-
mal Killing vectorfields. The proof is also based upon
an elaborate bootstrap argument according to which one
makes educated assumptions about the behavior of the so-
lutions and then shows, through a sequence of a-priori es-
timates, that they are in fact satisfied. In particular, in the
case of Minkowski space, the control of the non-linearities
of the equations are the predominant difficulty.

Christodoulou-Klainerman’s theorem answers affirma-
tively to the question of stability of the trivial solution to
the Einstein equation. In expanding our attention to the
question of stability of non-trivial solutions to the Einstein
equation, such as the Kerr family of black holes, the ingre-
dients of Christodoulou-Klainerman’s proof mentioned
above are still needed to deal with the non-linearities of
the problem. Nevertheless, in the case of perturbations of
black hole solutions, the linear aspect of the equations be-
come very challenging by itself. In what follows, we will
mostly concentrate on the analysis of the linear wave equa-
tion and the linearized gravity in black hole solutions.

5. The Wave Equation on Black Holes
From the reduced Einstein equation in wave coordinates
one can see that the linearized Einstein equation in pertur-
bations of Kerr black holes is related to the study of the
linear wave equation

□𝑔𝑀,𝑎𝜓 = 0, (10)

where □𝑔𝑀,𝑎 is the D’Alembertian operator associated to
the Kerr metric 𝑔𝑀,𝑎 given by (5).

We now give an overview on how to study the wave
equation (10), and how that is related to the stability of
black hole solutions.
5.1. The vectorfield method. As is common in the anal-
ysis of PDEs, the study of general solutions to (10) aims
to obtain a-priori energy estimates and spacetime integral
estimates of the form

𝐸[𝜓](𝑡) + Mor[𝜓](0, 𝑡) ≤ 𝐶𝐸[𝜓](0), (11)

where 𝐸[𝜓](𝑡) denotes some positive definite energy of 𝜓
on a spacelike slice at time 𝑡, such as 𝐸[𝜓](𝑡) = ∫Σ𝑡 |𝜕𝜓|

2,
Mor[𝜓](0, 𝑡) denotes some positive definite integral on the
spacetime region ℳ(0, 𝑡) bounded by spacelike slices Σ0

Figure 6. Penrose diagram of a black hole solution.

at time 0 and Σ𝑡 at time 𝑡 and 𝐶 is a uniform constant.
Statements such as (11) which combine energy estimates
and integrated local energy decay estimates are normally
referred to as energy-Morawetz estimates, in honor of the pi-
oneering work of Cathleen Morawetz.

Recall that conservation of the energy for the standard
wave equation in Minkowski space can be established by
multiplying the wave equation by 𝜕𝑡𝜓 and integrating by
parts. Schematically one obtains:

0 = □𝑔0𝜓 ⋅ 𝜕𝑡𝜓
= ( − 𝜕2𝑡𝜓 +△𝜓) ⋅ 𝜕𝑡𝜓
= −𝜕2𝑡𝜓 ⋅ 𝜕𝑡𝜓 − 𝜕𝑡∇𝜓 ⋅ ∇𝜓 + boundary terms

= −12𝜕𝑡(|𝜕𝑡𝜓|
2 + |∇𝜓|2) + boundary terms,

(12)

which, upon integration on a spacetime domain, implies
conservation of the energy density |𝜕𝑡𝜓|2 + |∇𝜓|2.

While conservation of energy through a simple integra-
tion by parts is robust to perturbations of the Minkowski
metric, decay was initially derived either using the Kirch-
hoff formula or by Fourier methods, which are mani-
festly not robust. Later, Morawetz used the abc method
of Friedrichs, consisting of multiplying a PDE for 𝜓 by
a multiplier of the form 𝑎𝜕𝑡𝜓 + 𝑏∇𝜓 + 𝑐𝜓 for well cho-
sen functions 𝑎, 𝑏, 𝑐 and regrouping terms through in-
tegration by parts upon integration on a spacetime do-
main. Morawetz made use of a radial vectorfield in the 𝑎𝑏𝑐
method to obtain integrated local energy decay estimates
for solutions to the wave equation outside of an obstacle
in Minkowski space. Morawetz also introduced weighted
multipliers with weight growing in 𝑡 to derive pointwise
decay estimates in Minkowski.

The use of weighted multipliers was expanded by Klain-
erman in the classical vectorfield method, first developed
for the wave equation in Minkowski space, in which
weighted multipliers were combined with weighted com-
muting vectorfields, called commutators. The modern vec-
torfield method, introduced later by Dafermos-Rodnianski,
makes use of weighted multipliers with weights which do
not grow in 𝑡 and combines them to weighted commuta-
tors to obtain integrated local energy decay estimates in
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general geometries, such as black hole solutions. To com-
pensate for the the lack of enough Killing and conformal
Killing vectorfields on a Schwarzschild or Kerr background,
the vectorfieldmethod has been extended in the last fifteen
years to include also vectorfields whose deformation ten-
sors have coercive properties in different regions of space-
time, not necessarily causal.

The vectorfield method is based on applying the diver-
gence theorem in a causal domain of the manifold to cer-
tain energy currents, which are constructed from the energy-
momentum tensor. The energy-momentum tensor associ-
ated to a general wave equation □𝑔𝜓 = 0 is given by

𝒬[𝜓]𝜇𝜈 = 𝜕𝜇𝜓𝜕𝜈𝜓 −
1
2𝑔𝜇𝜈𝜕𝜆𝜓𝜕

𝜆𝜓. (13)

The wave equation is satisfied if and only if the divergence
of the energy-momentum tensor 𝒬[𝜓] vanishes. We say
that a vectorfield 𝑋 is used as a multiplier if one constructs
the current

𝒫(𝑋)
𝜇 = 𝒬[𝜓]𝜇𝜈𝑋𝜈,

and applies the divergence theorem to a spacetime region
ℳ(0, 𝑡) region bounded by two spacelike hypersurfaces Σ0
and Σ𝑡 to obtain

∫
Σ𝑡
𝒫(𝑋)
𝜇 𝑛𝜇Σ𝑡 +∫

ℳ(0,𝑡)
𝐷𝜇𝒫(𝑋)

𝜇 = ∫
Σ0
𝒫(𝑋)
𝜇 𝑛𝜇Σ0 , (14)

where 𝑛Σ denotes the future directed timelike unit normal
to Σ. A standard computation implies that

𝐷𝜇𝒫(𝑋)
𝜇 = 1

2𝒬[𝜓] ⋅
(𝑋)𝜋

where (𝑋)𝜋𝜇𝜈 = 𝐷(𝜇𝑋𝜈) is the deformation tensor of the
vectorfield 𝑋 . Recall that if 𝑋 is a Killing vectorfield, then
(𝑋)𝜋 = 0.

By combining vectorfields 𝑋 for which the boundary en-
ergies ∫Σ𝑡 𝒫

(𝑋)
𝜇 𝑛𝜇Σ𝑡 are positive definite, such as for 𝑋 = 𝜕𝑡

(which is Killing) inMinkowski space, and those for which
the spacetime energies ∫ℳ(0,𝑡) 𝐷𝜇𝒫(𝑋)

𝜇 are positive definite,
such as modifications of 𝑋 = 𝜕𝑟 in Minkowski space, one
can obtain Morawetz estimates for the solutions.
5.2. Trapping and superradiance. In order to prove
boundedness and decay for general solutions 𝜓 of (10) in
Kerr spacetime one encounters the following serious diffi-
culties.

• Trapped null geodesics. This concerns the existence
of null geodesics in the spacetime which are nei-
ther crossing the event horizon nor escaping to
null infinity, along which solutions to the wave
equation can concentrate for arbitrary long times.
In the Schwarzschild case, these geodesics orbit
the photon sphere at 𝑟 = 3𝑀. Remarkably, those
trapped null geodesics are unstable: geodesics
which are perturbed away from the photon sphere

tend to leave the photon sphere (and possibly es-
cape to infinity)6. As a result of the trapping prop-
erties, the Morawetz estimates have to degenerate
at the photon sphere, as shown by Sbierski.

• Trapping properties of the event horizon. The hori-
zon itself is ruled by null geodesics, which do not
communicate with null infinity and can thus con-
centrate energy. This problem was solved by un-
derstanding the so called red-shift effect associated
to the event horizon by Dafermos-Rodnianski,
which counteracts this type of trapping.

• Superradiance. This is the failure of the stationary
Killing field 𝜕𝑡 to be everywhere timelike in the ex-
terior of the black hole, which is timelike only out-
side of the so-called ergoregion. As a consequence,
the associated conserved energy fails to be positive
definite.

The starting and most demanding part of the analysis
of the wave equation on black holes is the derivation of
a global Morawetz estimate which degenerates in the trap-
ping region. Once such estimate is established, one can
commute with the Killing vectorfields of the background,
and the so called red-shift vectorfield, to derive uniform
bounds for solutions. Themost efficient way to also get de-
cay is based on the presence of family of 𝑟𝑝-weighted, quasi-
conformal vectorfields defined in the far 𝑟 region of space-
time, as introduced by Dafermos-Rodnianski [DR10].

A complete proof of boundedness and decay for solu-
tions to (10) was only obtained in the past decade, culmi-
nating in the work by Dafermos-Rodnianski-Shlapentokh-
Rothman [DRSR16] which covers the case of the full sub-
extremal range |𝑎| < 𝑀.

Theorem 3 (Dafermos-Rodnianski-Shlapentokh-Roth-
man [DRSR16], 2014). General solution 𝜓 of (10) on the ex-
terior of a Kerr black hole background in the full sub-extremal
range |𝑎| < 𝑀, arising from bounded initial energy on a suit-
able Σ0, have bounded energy flux through a global foliation of
the exterior. In particular, 𝜓 satisfies uniform pointwise bounds.

Prior to Dafermos-Rodnianski-Shlapentokh-Rothman’s
work in sub-extremal Kerr, boundedness and decay prop-
erties for the scalar wave equations in Schwarzschild black
holes (𝑎 = 0) were obtained by Blue-Soffer [BS03] and
Blue-Sterbenz, and in very slowly rotating Kerr black
holes (|𝑎| ≪ 𝑀) by Tataru-Tohaneanu [TT11], Dafermos-
Rodnianski and Andersson-Blue [AB15]. We shall now
give an overview of these works, which use various tech-
niques in the analysis of the wave equation: mode

6The particles of light which orbit around the black hole close to the photon
sphere and then get scattered away are the ones detected by the Event Horizon
Telescope, and they form the luminous ring outside the black hole depicted in
their images.
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decomposition, pseudo-differential operators and
physical-space estimates.

The mode decomposition refers to the analysis of mode
solutions to the wave equation, i.e. solutions of the sepa-
rated form

𝜓(𝑟, 𝑡, 𝜃, 𝜙) = 𝑒−𝑖𝜔𝑡𝑒𝑖𝑚𝜙𝑅(𝑟)𝑆(𝜃), (15)

where 𝜔 ∈ ℂ is the time frequency, and 𝑚 ∈ ℤ is the az-
imuthal mode. The separated form for 𝜔 ∈ ℝ and 𝑚 ∈ ℤ
is related to the Fourier transform of the solution with re-
spect to the symmetries of the spacetime (the stationary
vectorfield 𝜕𝑡 and the axially symmetric 𝜕𝜙), and therefore
corresponds to its frequency decomposition.

In addition to the two Killing vectorfields, the Kerr met-
ric admits a Killing tensor, called the Carter tensor, which
represents a hidden symmetry of the spacetime and which
provides a third constant of motion, allowing for the full
integrability of the geodesic flow. Because of such inte-
grability, functions of the form (15) are solutions to the
wave equation as long as 𝑅(𝑟) and 𝑆(𝜃) respectively sat-
isfy a radial and an angular ODE. The Carter separation
introduces, in addition to the frequency 𝜔 and 𝑚, a real
frequency parameter 𝜆𝑚ℓ(𝑎𝜔) parametrized by ℓ ∈ ℕ0,
which are the eigenvalues of an associated elliptic opera-
tor, whose eigenfunctions are called oblate spheroidal har-
monics 𝑆𝜔𝑚ℓ.

By physical-space estimates we refer to an analysis of the
wave equationwhich does not require amode or frequency
decomposition as in (15). A physical-space approach has
the usual advantages of the classical vectorfield method,
such as being robust with respect to perturbations of the
metric.
5.2.1. The case of Schwarzschild, 𝑎 = 0. In the spherically
symmetric Schwarzschild solution, the Killing vectorfield
𝜕𝑡 is timelike everywhere in the exterior region, and the
trapped null geodesics are contained in a physical-space
timelike cylinder, called the photon sphere. The first prop-
erty implies that superradiance is not present, as the vector-
field 𝜕𝑡 defines a positive definite conserved energy. The
second property implies that the trapping region of the
spacetime does not depend on the frequency of the solu-
tion.

As the orbital null geodesics are restricted to a physical-
space hypersurface, given by 𝑟 = 3𝑀, spacetime energy es-
timates can be obtained through a vectorfield of the form
ℱ(𝑟)𝜕𝑟, with ℱ vanishing at 𝑟 = 3𝑀, and the analysis
of the wave equation can be performed in physical-space.
The first Morawetz estimates due to Blue-Soffer [BS03] and
Blue-Sterbenz are based on a modified version of the clas-
sical Morawetz integral energy decay estimate. Further de-
velopments appear in the works of Dafermos-Rodnianski
[DR10], and Marzuola-Metcalfe-Tataru-Tohaneanu.

5.2.2. The case of slowly rotating Kerr, |𝑎| ≪ 𝑀. In Kerr
spacetimes, the analysis of the wave equation is compli-
cated by the presence of an ergoregion and the depen-
dence of the trapping region on the frequency of the so-
lution. In addition to the fact that the conserved energy
associated to 𝜕𝑡 is not positive definite everywhere, the
trapped null geodesics of Kerr are not confined to a hy-
persurface in physical-space, but rather cover an open re-
gion of the spacetime which depends on the energy and
angular momentum of the geodesics. For this reason, the
derivation of a Morawetz estimate in Kerr requires a more
refined analysis involving both the vectorfieldmethod and
mode decompositions or pseudo-differential operators,
as obtained by Tataru-Tohaneanu [TT11] and Dafermos-
Rodnianski.

In the case of small angular momentum, |𝑎| ≪ 𝑀, both
problems due to superradiance and trapping simplify. In
fact, the superradiant part of the separated solution (15)
is not trapped, and it satisfies a local energy decay identity
obtained by perturbing the one in Schwarzschild. More-
over, the problem of capturing the trapping region can
be overcome using frequency-localized generalizations of
theMorawetzmultipliers obtained in Schwarzschild. Even
though the null geodesics are not localized on a physical-
space hypersurface, they are localized in frequency-space,
as the potential of the radial ODE has a unique simple
maximum in the trapped frequency range, whose value
𝑟𝑡𝑟𝑎𝑝(𝑎𝜔,𝑚, 𝜆𝑚ℓ) depends on the frequency parameters.
This allows for the construction of a frequency-space ana-
logue of the currentℱ(𝑟)𝜕𝑟 which vanishes at 𝑟𝑡𝑟𝑎𝑝 for each
triple of trapped frequencies.

In slowly rotating Kerr spacetime, Andersson-Blue
[AB15] obtained the first analysis of solutions exclusively
in physical-space by extending the classical vectorfield
method to include second order operators. This approach
also makes use of the Carter hidden symmetry in Kerr, but
not through the separation of the solution as in (15), but
rather as a physical-space commutator to the wave equa-
tion. Andersson-Blue’s method [AB15] supplements the
two Killing vectorfields of the spacetime with a second or-
der operator

𝒦 = 𝐷𝛼(𝐾𝛼𝛽𝐷𝛽)
where𝐾𝛼𝛽 is the Carter tensor of the Kerrmetric. As Killing
tensors commutewith theD’Alembertian operator in Ricci-
flat spacetimes, the second order differential operator 𝒦
can be used as a symmetry operator in addition to 𝜕𝑡 and
𝜕𝜙. This allows to obtain a local energy decay identity for
|𝑎| ≪ 𝑀 at the level of three derivatives of the solution
which degenerate near 𝑟 = 3𝑀, as trapped null geodesics
lie within 𝑂(|𝑎|) of the photon sphere 𝑟 = 3𝑀.
5.2.3. The case of sub-extremal Kerr, |𝑎| < 𝑀. In passing
from the slowly rotating case |𝑎| ≪ 𝑀 to the full sub-
extremal range, there is an intermediate step which present
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many simplifications, which is the case of axially symmet-
ric solutions to the wave equation, i.e. solutions of (10)
satisfying 𝜕𝜙𝜓 = 0. For those solutions, superradiance is
effectively absent and the trapping region collapses to a
physical-space hypersurface. Although 𝜕𝑡 still fails to be
everywhere timelike, its associated energy is non-negative.
This is due to the fact that the null generator of the horizon,
𝑇 ≔ 𝜕𝑡 +

𝑎
𝑟2+𝑎2

𝜕𝜙, is timelike everywhere in the exterior

region. In particular, for axially symmetric solutions, the
Hawking vectorfield 𝑇 behaves like the Killing vectorfield
𝜕𝑡. As the dependence on the azimuthal frequency 𝑚 be-
comes trivial, the axially symmetric trapped null geodesics
all asymptote towards a hypersurface {𝑟 = 𝑟𝑡𝑟𝑎𝑝} in physical-
space, where 𝑟𝑡𝑟𝑎𝑝 is defined as the largest root of the poly-
nomial

𝒯 ≔ 𝑟3 − 3𝑀𝑟2 + 𝑎2𝑟 + 𝑀𝑎2, (16)

and the construction of the current ℱ(𝑟)𝜕𝑟 simplifies. The
decay for axially symmetric solutions in Kerr spacetime
was first derived by Dafermos-Rodnianski in frequency-
space and it was then obtained by Ionescu-Klainerman and
Stogin in physical space. The derivation of Morawetz esti-
mates in physical space is known to fail for general solu-
tions in Kerr, as shown by Alinhac.

Finally, in the work of Dafermos-Rodnianski-
Shlapentokh-Rothman [DRSR16] local energy decay esti-
mates are obtained in the full sub-extremal range |𝑎| < 𝑀
for the wave equation in Kerr using frequency-space anal-
ysis. They perform a careful construction of frequency-
dependent multiplier currents for the separated solutions,
and crucially make use of the structure of trapping, i.e. the
existence of a simple maximum 𝑟𝑡𝑟𝑎𝑝(𝑎𝜔,𝑚, 𝜆𝑚ℓ) for the
radial potential, and the fact that superradiant frequencies
are not trapped, which they show it holds in the full sub-
extremal range |𝑎| < 𝑀. They then make use of a continu-
ity argument in 𝑎 to justify the future integrability neces-
sary to perform the Fourier transform in time.
5.2.4. The case of extremal Kerr, |𝑎| = 𝑀. The geometry
of the extremal Kerr spacetime satisfying |𝑎| = 𝑀 exhibits
several qualitative differences from the sub-extremal case,
most notably the degeneration of the red-shift effect at
the horizon due to the vanishing surface gravity. In ex-
tremal Kerr for generic solutions to the wave equation cer-
tain higher order derivatives asymptotically blow up along
the event horizon as a consequence of conservation laws
discovered by Aretakis, in what is now known as the Are-
takis instability. This generic blow up is unrelated to super-
radiance and holds even for axially symmetric solutions.
For axisymmetric solutions, decay results have been ob-
tained by Aretakis in frequency space. The understanding
of the behavior of general non-axially symmetric solutions
to the scalar wave equation on the extremal black holes is
an open problem in General Relativity.

6. Linearized Gravity
While the scalar wave equation (10) represents the first
simplified toy problem in studying the Einstein equation,
the stability problem for black hole solutions concerns the
long-time behavior of solutions to the full Einstein vac-
uum equation Ric(𝑔) = 0. As the first step in the study
of the Einstein equation, one can consider the case of the
linearized equation (7), or linearized gravity.
6.1. Mode analysis. Historically, two versions of lin-
earization for the Einstein equation have been consid-
ered: perturbations at the level of the metric or at the
level of curvature. The first important results concerning
both linearizations were obtained by the physics commu-
nity based on the classical method of separation of vari-
ables, with works by Regge-Wheeler, Zerilli, Moncrief in
Schwarzschild. In the case of Kerr, Teukolsky [Teu73] ex-
tended the curvature perturbation approach to Kerr, and
Chandrasekhar introduced a transformation theory relat-
ing the two approaches, which was further elucidated by
Wald. The mode stability7 result in Kerr is due to Whiting.
6.2. The Teukolsky equation. The linearized Einstein
equation, as formally written in (7), is a coupled system of
equations in the components of the metric. As such, it is
quite difficult to solve or obtain a-priori estimates for. Nev-
ertheless, in perturbations of Kerr there is a way to extract
one decoupled equation from the system and this equa-
tion represents the starting point for the analysis of the
full linearized gravity. The equation, found by Teukolsky
in 1972 [Teu73] and called since then Teukolsky equation,
is satisfied by two curvature components of the metric per-
turbations, more precisely, the curvature components

𝛼𝑎𝑏 ≔ 𝑊(𝑒𝑎, 𝑒4, 𝑒𝑏, 𝑒4) = 𝑊𝑎4𝑏4,
𝛼𝑎𝑏 ≔ 𝑊(𝑒𝑎, 𝑒3, 𝑒𝑏, 𝑒3) = 𝑊𝑎3𝑏3,

where 𝑊 is the Weyl curvature, 𝑒3 and 𝑒4 are the null vec-
torfields

𝑒3 =
𝑟2 + 𝑎2
𝜌2 𝜕𝑡 −

Δ
𝜌2 𝜕𝑟 +

𝑎
𝜌2 𝜕𝜙,

𝑒4 =
𝑟2 + 𝑎2
Δ 𝜕𝑡 + 𝜕𝑟 +

𝑎
Δ𝜕𝜙,

(17)

and 𝑒𝑎, 𝑒𝑏 for 𝑎, 𝑏 = 1, 2 denote orthonormal vectorfields
on the tangent space orthogonal to 𝑒4 and 𝑒3. The null
frames defined in (17) are called principal null frames of
the Kerr metric as they diagonalize the Weyl curvature, i.e.
with respect to those the Weyl curvature becomes

𝑊𝑎4𝑏4 = 𝑊𝑎3𝑏3 = 𝑊𝑎343 = 𝑊𝑎434 = 0,

with only 𝑊𝑎𝑏𝑐𝑑,𝑊3434 ≠ 0 non vanishing. The Weyl cur-
vature components 𝛼𝑎𝑏 and 𝛼𝑎𝑏 vanish on the Kerr met-
ric, and therefore the equations satisfied by them govern

7Mode stability consists in proving that separated solutions of the form (15)
with finite initial energy do not exponentially grow in time.
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the linear perturbation of the Kerr black hole. Observe
that 𝛼𝑎𝑏 and 𝛼𝑎𝑏 are traceless symmetric 2-tensors on the
horizontal structure associated to the null frame (𝑒3, 𝑒4),
i.e. 𝛼(𝑋, 𝑌) = 𝛼((ℎ)𝑋, (ℎ)𝑌) where (ℎ)𝑋 is the projection
of 𝑋 into the orthogonal space to (𝑒3, 𝑒4). Another impor-
tant property of the tensors 𝛼 and 𝛼 is that they are gauge-
invariant, i.e. they change quadratically to a linear change
of gauge in the perturbation8.

The Teukolsky equation [Teu73] satisfied by the 2-
tensor 𝛼 is a wave-like second order PDE, schematically
given by

□𝑔𝑀,𝑎𝛼 − 𝑉(𝑟, 𝜃)𝛼
+ 𝑐1(𝑟, 𝜃)∇𝜕𝑟𝛼 + 𝑐2(𝑟, 𝜃)∇𝜕𝑡𝛼 + 𝑐3(𝑟, 𝜃)∇𝜕𝜙𝛼
= 0,

(18)

and similarly for 𝛼. The highest order term of the Teukol-
sky equation is a D’Alembertian operator, followed by first
order terms in 𝜕𝑟, 𝜕𝑡, 𝜕𝜙, and a potential. One may there-
fore expect that the techniques developed for the standard
wave equation (10) can be applied to the Teukolsky equa-
tion to obtain estimates for its general solutions.

Unfortunately, this is not the case. The presence of the
first order derivative terms prevents to treat the Teukolsky
equation by energy-type estimates. Recall from (12) that
the boundedness of the energy for □𝑔0𝜓 = 0 is derived by
multiplying the wave equation by 𝜕𝑡𝜓 and integrating by
parts. Similarly this holds for a wave equationwith a (time-
independent) positive potential 𝑉 , i.e. □𝑔0𝜓−𝑉𝜓 = 0. For
a general Teukolsky equation instead, because of the pres-
ence of the first order terms 𝑐1𝜕𝑟 + 𝑐2𝜕𝑡 + 𝑐3𝜕𝜙, one cannot
directly obtain boundedness of the energy as for the stan-
dard wave equation. For this reason the absence of expo-
nentially growing modes was the only version of stability
that was known to hold for the Teukolsky equation for a
long time, even in Schwarzschild spacetime.
6.3. The Chandrasekhar transformation. The first quan-
titative proof of the linear stability of Schwarzschild was
obtained by Dafermos-Holzegel-Rodnianski [DHR19b],
where they extended the Chandrasekhar transformation, a
transformation relating curvature and metric perturba-
tions previously known only for mode solutions, to gen-
eral solutions in physical-space. By applying such transfor-
mation to the Teukolsky equation for the curvature com-
ponents 𝛼 and 𝛼 in Schwarzschild spacetime, Dafermos-
Holzegel-Rodnianski [DHR19b] obtained awave equation
of the form

□𝑔𝜓 − 𝑉(𝑟)𝜓 = 0,
with positive potential 𝑉 , called a Regge-Wheeler equation,
for a quantity at the level of two null derivatives of 𝛼.

8In addition, they fully encode the gravitational radiation: if a linear perturba-
tion satisfies 𝛼 = 𝛼 = 0 then it is only given by a change of mass/rotation pa-
rameters and a gauge solution.

To this equation one can apply techniques developed for
the standard wave equation and deduce boundedness and
decay properties for solutions to the original Teukolsky
equation. Once control of the gauge-invariant curvature
components 𝛼 and 𝛼 is obtained, the remaining work in
[DHR19b] is to derive decay for the other curvature com-
ponents and linearized Ricci coefficients associated to the
their choice of gauge, given by the double null foliation,
by making carefully chosen gauge conditions.

A similar method to the above can be found in the
case of the Kerr spacetime. Ma [Ma20] and Dafermos-
Holzegel-Rodnianski [DHR19a] obtained generalizations
of the Chandrasekhar transformation to Kerr which takes
the Teukolsky equations to a generalized version of the
Regge-Wheeler (gRW) equation. Such gRW equation has
the form [Ma20]

□𝑔𝜓 − 𝑉(𝑟, 𝜃)𝜓 − 𝑖4𝑎 cos 𝜃𝜌2 𝜕𝑡𝜓 = 𝐿𝜓[𝛼], (19)

for a complex-valued scalar function 𝜓, where 𝑉 is a posi-
tive real potential and 𝐿𝜓[𝛼] denotes linear terms in up to
two derivatives of 𝛼 which vanish for 𝑎 = 0. Even though
the gRW equation (19) has a first order term in 𝜕𝑡, it satis-
fies good divergence properties and for |𝑎| ≪ 𝑀 both gen-
eralizations in [Ma20] and [DHR19a] can be studied us-
ing standard techniques proper of the wave equation, such
as a combination of mode decomposition and vectorfield
techniques. Due to the presence of the linear terms in 𝛼
on the right hand side of (19), one has to view the wave
equation in (19) as coupled with the defining equations
for 𝜓 through the Chandrasekhar transformation, that is
coupled with second order transport type equations in
𝛼. The frequency analysis of the gRW and the Teukolsky
equation has been recently extended to the sub-extremal
range |𝑎| < 𝑀 by Shlapentokh-Rothman-Teixeira da Costa.
The stability results for the full linearized Einstein vacuum
equations for |𝑎| ≪ 𝑀 have been obtained by Andersson-
Blue-Bäckdahl-Ma and Hintz-Häfner-Vasy [HHV21], using
adaptations of the Newman-Penrose formalism and wave
coordinates respectively.
6.4. Beyond vacuum. The most important properties of
the Kerr black hole, such as the presence of a trapping re-
gion and superradiance, and the existence of the Carter ten-
sor, also hold for the Kerr-Newman spacetime, the charged
rotating black hole, solution to the Einstein-Maxwell equa-
tions. Even though astrophysical black holes are normally
expected to be represented by the Kerr spacetime, there
has been numerical evidence that the collapse to a rotat-
ing black hole in the presence of a magnetic field (such
as the one expected to surround astrophysical black holes)
would cause the remnant to be electrically charge. More-
over, recent studies suggest that the gravitational waves
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detected by LIGO-Virgo are compatible with a non-
negligible (of about |𝑄|/𝑀 ≤ 0.3) charge-to-mass ratio.

In the case of perturbations of charged black holes,
the linearized dynamics is complicated by the interac-
tion between gravitational and electromagnetic fields, re-
sulting in a coupled system of Teukolsky and generalized
Regge-Wheeler equations, whose derivation and analysis
has only recently been explored in Reissner-Nordström
[Gio20] and in slowly rotating Kerr-Newman [Gio22].
Most notably, a symmetric structure appears in the cou-
pling operators of the system allowing for a definition of a
combined energy-momentum tensor for the coupled sys-
tem, which can be analyzed in physical-space by relying
on an extension of Andersson-Blue’s [AB15] method. This
is particularly important as the mode decomposition had
been shown by Chandrasekhar to be incompatible with
the analysis of perturbations of Kerr-Newman: in fact its
mode stability had not been obtained9, in contrast to the
other black hole solutions.

7. The Non-linear Stability of Kerr
The full non-linear stability of black hole solutions in-
volves the construction of the global evolution of initial
data which are perturbations of the stationary solution,
and therefore requires a continuity argument and involved
dynamical mechanisms to modulate the gauge conditions
and the final parameters. Even though some aspects of the
linearized gravity are used in the proofs of non-linear sta-
bility, such as the Teukolsky equation and Chandrasekhar
transformation, other techniques, especially those relying
on the symmetries of the perturbed solution such as the
mode decomposition, are less applicable to the general
case.

The non-linear stability of the Schwarzschild fam-
ily was obtained (i) for axially polarized perturbations
by Klainerman-Szeftel [KS20] in 2018, and (ii) for a
codimension-3 submanifold of the moduli space of initial
data by Dafermos-Holzegel-Rodnianski-Taylor [DHRT21]
in 2021. In the case of positive cosmological constant, the
slowly rotating Kerr-de Sitter family has been proved to be
stable by Hintz-Vasy [HV18] in 2016.

The proof of the non-linear stability of Kerr black holes
for |𝑎| ≪ 𝑀 has recently been obtained as a combination
of results by Klainerman-Szeftel in 2019 (on the choice of
gauge conditions called Generally Covariant Modulated,
or GCM, spheres), Klainerman-Szeftel [KS21] in 2021 (on
the set-up of the proof and control of the gauge-dependent
quantities), G.-Klainerman-Szeftel [GKS22] (on the anal-
ysis of the wave equations) and Shen (on the construc-
tion of GCM hypersurfaces) in 2022. The results in [KS21],
[GKS22] and Shen are currently under peer-review.

9Mode stability for Kerr-Newman is nevertheless supported by numerical
evidence.

An extension of the formalism by Christodoulou-
Klainerman [CK93] to include non-integrable horizontal
structures and a far-reaching application of Andersson-
Blue’s [AB15]method to derive estimates in physical-space
are among the ingredients of the proof. As the full discus-
sion of the non-linear stability problem goes beyond the
intention of this article, we refer to the introduction of the
above works for more details.

The resolution of the Stability of the Kerr family for
small angular momentum, a major open problem ever
since the discovery of the Kerr metric in 1963 and to which
so many physicists and mathematicians have greatly con-
tributed, constitutes a milestone development in general
relativity. In a fascinating interchange between mathe-
matics and physics, the recent mathematical proofs of the
physically-motivated stability problem of black holes are
crucial and definitive evidence of their reality as physical
objects.
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Symmetries of Spaces with
Lower Curvature Bounds

Catherine Searle
1. Introduction
Global Riemannian Geometry generalizes the classical Eu-
clidean, Spherical, and Hyperbolic geometries. One of the
major challenges in this area is to understand how local
invariants such as curvature, that is, how much a space
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“bends,” relate to global topological invariants such as
the fundamental group, itself a measure of how “con-
nected” a manifold is. While locally Riemannian mani-
folds have the topology of Euclidean space, the geometry
typically deviates from that ofℝ𝑛: curvature is the cause of
this deviation.

In this article our main focus is on closed Riemannian
manifolds with sectional curvature bounded from below.
A simple way to understand a lower sectional curvature
bound is via triangle comparisons. We say that a mani-
fold has a lower curvature bound 𝜅 if the angle sum of
any geodesic triangle, that is, a triangle formed by short-
est length curves, is larger than or equal to the angle sum
of the corresponding triangle in𝑀2(𝜅), the 2-dimensional
model space with constant curvature 𝜅. Thus, we say that a
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manifold has positive, zero, or negative curvature, that is,
𝜅 > 0, 𝜅 = 0, or 𝜅 < 0, respectively, if the angle sum of a
geodesic triangle, is strictly greater than > 𝜋, equal to 𝜋, or
strictly less than 𝜋, respectively. In Figure 1.1 we see how a
geodesic triangle looks in positive, zero, and negative cur-
vature, that is for 𝜅 > 0, 𝜅 = 0, and 𝜅 < 0, respectively.

κ > 0 κ = 0 κ < 0

Figure 1.1. Geodesic triangles.

2. Closed Manifolds of Positive and
Non-negative Sectional Curvature

The classification of closed manifolds of positive and non-
negative sectional curvature is a long-standing and very
difficult problem in Riemannian geometry. Unless oth-
erwise stated, all curvatures considered here are sectional.
For positive curvature, to date, other than some special ex-
amples in dimensions less than or equal to 24, all known
simply-connected examples are spherical in nature, that is,
they are spheres, or quotients of spheres: S𝑛, ℂP𝑘, or ℍP𝑙.
There are many more examples of Riemannian manifolds
of non-negative curvature. We list a few examples:

• Homogeneous spaces, 𝐺/𝐻;
• Products of manifolds of non-negative curvature;
• Biquotients, 𝐺//𝐻; and
• Bases of Riemannian submersions of non-negatively

curved manifolds.

When approaching classification problems, one looks
for obstructions and constructions. Among the obstructions
to positive and non-negative curvature we have the follow-
ing five, now classical, results.
2.1. Obstructions. We begin by listing obstructions for
non-negative sectional curvature. Note that some of these
come from results about other types of lower curvature
bounds such as Ricci, which is an average of the sectional
curvatures, and scalar, which is an average of the Ricci cur-
vatures. In particular, if sec(𝑀) ≥ 𝜅 then both the Ricci
and scalar curvatures are bounded below by 𝜅.

The first result is due to Cheeger and Gromoll and tells
us that when studying manifolds of non-negative curva-
ture, it suffices to limit our attention to those that are
closed, that is, compact without boundary.

Soul Theorem (Cheeger andGromoll). Let𝑀 be a complete
manifold of non-negative sectional curvature. Then there exists
a closed, totally geodesic, embedded submanifold, 𝑆, the soul
of 𝑀, and 𝑀 is diffeomorphic to the normal bundle over 𝑆.

The next theorem limits the fundamental group of a closed,
non-negatively curvedmanifold and is also due to Cheeger
and Gromoll. It was originally stated for compact mani-
folds of non-negative Ricci curvature.

Splitting Theorem (Cheeger and Gromoll). Let 𝑀 be a
closed manifold of non-negative sectional curvature. Then the
universal cover of 𝑀, �̃�, splits isometrically as

�̃� = 𝑁 × ℝ𝑘,

where 𝑁 is a closed, simply-connected, non-negatively curved
Riemannian manifold, and 𝑘 is the abelian rank of 𝜋1(𝑀).
Moreover, 𝜋1(𝑀) contains an abelian subgroup of finite index.

The next theorem, due to Gromov, limits the total Betti
number of a manifold of non-negative curvature. As one
application, it tells us that we can only take a limited num-
ber of connected sums of complex projective spaces and
maintain non-negative sectional curvature.

Betti Number Theorem (Gromov). Let 𝑀𝑛 be a compact
𝑛-dimensional manifold of non-negative sectional curvature.
Then there exists a constant 𝒞(𝑛) such that for any field 𝔽,

Σ𝑏𝑖(𝑀𝑛; 𝔽) ≤ 𝒞(𝑛).

We say a manifold is flat if all of its sectional curvatures are
identically zero. It is known that compact, flat, spin man-
ifolds all have vanishing ̂𝐴-genus and 𝛼-invariant. Thus,
the topological obstructions for positive scalar curvature
due to Hitchin and Lichnerowicz give us an obstruction
for manifolds of non-negative curvature.

Lichnerowicz–Hitchin Theorem. A compact, spin, 𝑛-
dimensional manifold, 𝑀𝑛, with ̂𝐴(𝑀) ≠ 0 or 𝛼(𝑀) ≠ 0 does
not admit a metric of non-negative sectional curvature.

For example, via this theorem, there are 9-dimensional ex-
otic spheres that carry no metric of non-negative sectional
curvature.

We now pass to obstructions for strictly positive sec-
tional curvature. The first is due to Bonnet and My-
ers. It was originally stated for manifolds with uni-
formly bounded positive Ricci curvature, and tells us that
when studying manifolds of positive curvature, we may re-
strict our attention to those that are compact and simply-
connected.

Bonnet–Myers Theorem. Let 𝑀 be a Riemannian manifold
with sec(𝑀) ≥ 𝜅 > 0, where 𝜅 > 0. Then 𝑀 is compact and
𝜋1(𝑀) is finite.

Finally, a result due to Synge gives us information about
the fundamental groups and orientability of closed mani-
folds of positive curvature.
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Synge’s Theorem. Let 𝑀 be a closed manifold of positive sec-
tional curvature. Then the following hold:

1. If 𝑀 is even-dimensional, then 𝜋1(𝑀) is either trivial or
ℤ2; and

2. If 𝑀 is odd-dimensional, then 𝑀 is orientable.

In particular, Synge’s Theorem tells us that ℝP2 × ℝP2
does not admit a metric of positive sectional curvature.
Likewise, for a closed, orientable, odd-dimensional mani-
fold 𝑀2𝑛+1, the product manifold, 𝑀2𝑛+1 × ℝP2 does not
admit positive sectional curvature.

It bears mentioning at this point that despite the dif-
ference in magnitude of the number of examples of posi-
tive and non-negative sectional curvature, when we restrict
our attention to the class of closed, simply-connectedman-
ifolds, there are no examples of manifolds that admit a
metric of non-negative sectional curvature that are known
to not admit a metric of positive sectional curvature.
2.2. Constructions. Turning our attention to construc-
tions, we have the Gray–O’Neill curvature equations and
Cheeger deformations. The Gray–O’Neill curvature equa-
tions tell us that for a Riemannian submersion, 𝜋 ∶ 𝐸 → 𝐵,
if sec(𝐸) ≥ 𝜅 for some real number 𝜅, then sec(𝐵) ≥ 𝜅. That
is, curvatures can only increase. For example, via the Gray–
O’Neill equations, it follows that any homogeneous space,
𝐺/𝐻, admits a submersion metric of non-negative curva-
ture from the bi-invariant metric 𝑔bi on the compact Lie
group 𝐺. The same can be seen to be true for bi-quotients,
𝐺//𝐻, defined as quotients of the free action of 𝐻 ⊂ 𝐺 ×𝐺
on 𝐺 given by (ℎ1, ℎ2) ∗ (𝑔) = ℎ1𝑔ℎ−12 . Observe that while
𝑆2 × 𝑆2 covers ℝP2 ×ℝP2, if 𝑆2 × 𝑆2 were to admit positive
sectional curvature, see the first Hopf Conjecture below,
then the covering map is not a Riemannian submersion.

Let 𝐺 be a closed subgroup of the isometry group of 𝑀,
a Riemannian manifold, endowed with any bi-invariant
metric 𝑔𝐺. Cheeger deformations on a Riemannian man-
ifold, 𝑀, leverage the power of Riemannian submer-
sions by submersing from a 𝐺-extension of the manifold,
𝜋 ∶ 𝑀 × 𝐺 → 𝑀, where the base space of the Riemannian
submersion is𝑀 = (𝑀×𝐺)/𝐺, with the free𝐺-action given
by 𝑔′(𝑥, 𝑔) = (𝑔′𝑥, 𝑔(𝑔′)−1). We obtain a one-parameter
family of metrics on the total space, {(𝑀 × 𝐺, 𝑔𝑀 + 𝑙2𝑔𝐺)},
giving us a one-parameter family of metrics on the quo-
tient space {((𝑀×𝐺)/𝐺, 𝑔𝑙)}. This family ofmetrics is called
a Cheeger deformation of the original manifold (𝑀, 𝑔𝑀).
As 𝑙 approaches infinity, the deformed metrics 𝑔𝑙 converge
to the original metric 𝑔𝑀 , and as 𝑙 approaches 0, the se-
quence of manifolds {((𝑀×𝐺)/𝐺, 𝑔𝑙)} converge to the quo-
tient space 𝑀/𝐺. Note that positive curvature is preserved
under such deformations, while non-negative curvature
may be improved to positive curvature.

Example 2.1. Consider the linear circle action on ℂ given
by complex multiplication, where ℂ has the flat metric. As

(A) 𝑙 close to infinity (B) 0 < 𝑙 < ∞ (C) 𝑙 close to 0

Figure 2.1. A Cheeger deformation of the plane.

𝑙 decreases, the manifold admits strictly positive sectional
curvature. Notably, in the limit, the manifold collapses to
a half line. See Figure 2.1 for three images describing this
deformation.1

Cheeger deformations have been useful in deforming
𝐺-invariant metrics and were originally used by Cheeger
to show that ℂP2#ℂP2 admits a metric of non-negative
sectional curvature. In particular, while not named ex-
plicitly, they feature in the theorem of Lawson and Yau
showing that the existence of a smooth non-abelian com-
pact Lie group action guarantees positive scalar curvature
on a compact manifold. They are also an important tool
for many lifting theorems, where one tries to lift a syn-
thetic curvature lower bound on the quotient space 𝑀/𝐺
to the manifold𝑀, such as in work of Searle and Wilhelm.
Additionally, they have recently been used by Cavenaghi,
Grama, and Sperança [3] who announced that the base
of a positively curved principal 𝑆𝑈(2)- or 𝑆𝑂(3)-bundle
must have dimension greater than or equal to 4. If the
result is true, it provides an answer to a special case of the
Petersen–Wilhelm conjecture which states that for a fibra-
tion of a positively curved manifold, the dimension of the
fiber must be strictly less than the dimension of the base.
2.3. Important open questions. Finally, three important
open questions formanifolds of positive and non-negative
curvature are contained in the following conjectures.

• (H. Hopf) 𝑆2 × 𝑆2 does not admit a metric of positive
sectional curvature.

• (H. Hopf) Let 𝑀2𝑚 be an even-dimensional, closed Rie-
mannian manifold of positive, respectively, non-negative,
sectional curvature. Then 𝑀2𝑚 has positive, respectively,
non-negative, Euler characteristic.

• (Bott) Let 𝑀𝑛 be a closed, simply-connected Riemannian
manifold of non-negative sectional curvature. Then 𝑀 is
rationally elliptic.

Recall that a closed, simply-connected topological space
is called rationally elliptic if 𝜋∗(𝑋) ⊗ ℚ and 𝐻∗(𝑋;ℚ) are
finite-dimensional ℚ-vector spaces. If we drop the simply-
connected hypothesis, we refer to the space as rationally Ω-
elliptic. Rationally elliptic manifolds have been classified
in dimensions less than or equal to 5 and are diffeomor-
phic to the known examples of manifolds of non-negative

1Courtesy of Lawrence Mouillé, see https://lawrencemouille
.wordpress.com/author/lawrencemouille/ for a .gif of this action.
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curvature. The classification in dimensions 4 and 5 is
curvature-free and due to Paternain and Petean, while in
dimensions less than or equal to 3we only have spheres by
the Gauss–Bonnet Theorem in dimension 2 and the work
of Hamilton in dimension 3. Rationally elliptic manifolds
have non-negative Euler characteristic and if the Euler char-
acteristic is positive, then all odd degree Betti numbers van-
ish. Resolving the Bott Conjecture would then resolve the
second Hopf Conjecture for non-negatively curved mani-
folds.

Note that in dimensions greater than or equal to 4, the
classification of closed, simply-connected, positively and
non-negatively curved manifolds is still open. In an at-
tempt to address this issue in dimension 4, we have the
following theorem due to Hsiang and Kleiner.

Theorem 2.2 (Hsiang and Kleiner). Let 𝑀4 be a closed,
simply-connected, 4-manifold of positive sectional curvature ad-
mitting an isometric and effective 𝑇1-action. Then 𝑀 is home-
omorphic to 𝑆4 or ℂP2.

The proof of this theorem reduces to proving that the
Euler characteristic of the manifold is bounded between 2
and 3 and applying deep classification work of Freedman.
In particular, the theorem tells us that if 𝑆2 × 𝑆2 were to
admit a metric of positive curvature, then it must have a
finite group of isometries.

The theorem has since been improved to diffeomor-
phism by work of Grove and Searle and Grove and Wilk-
ing. It was extended to non-negative curvature by work
of Kleiner, Searle and Yang, Galaz-Garcı́a, Galaz-Garcı́a
and Kerin, and Grove and Wilking. There, one sees that
three more manifolds occur: 𝑆2 × 𝑆2 and ℂP2# ± ℂP2.
More recently, the theorem was extended to almost non-
negative curvature by Harvey and Searle [13], who showed
that only the same manifolds occur. Grove and Halperin
suggested extending the Bott Conjecture to include almost
non-negatively curved manifolds. The result in [13] con-
firms this extended Bott Conjecture with the addition of
𝑆1-symmetry in dimension 4.
2.4. The symmetry program. In the early nineties,
Karsten Grove, inspired by Theorem 2.2 and observing
that the known examples at that time of positive and non-
negative curvature were all highly symmetric, proposed his
Symmetry Program:

Symmetry Program. Classify closed manifolds of positive and
non-negative curvature with “large” symmetries.

By work of Myers and Steenrod, the isometry group of
a compact manifold is a compact Lie group, so when we
talk about “symmetries,” wemean an isometric action by a
compact Lie group. An attractive aspect of this program is
the flexibility of the term “large.” For example, for a given
𝐺-action on a Riemannian manifold 𝑀, “large” can mean

that the dimension of the quotient space, 𝑀/𝐺, is small.
Another perspective is to consider 𝐺-actions with large
fixed point sets, and yet another is to consider 𝐺-actions
with large rank. The goal of this program is to successively
lower the size of the group and in the process find new ex-
amples, new obstructions, or new constructions. To date
the program has been quite successful in positive and non-
negative curvature and has been extended to other types of
lower curvature bounds, as well as other spaces that gener-
alize Riemannian manifolds. We will survey some of the
results leading to partial classifications, as well as partial
resolutions of the three conjectures mentioned earlier.

For further information on the subject of positive and
non-negatively curved manifolds with symmetries, there
are surveys by Grove, Ziller, and Wilking.

3. Preliminaries
Before we begin, we first establish some notation as well as
some useful facts about transformation groups in general.
Remark that manifolds are assumed to be closed unless
otherwise specified.
3.1. Transformation groups. Let 𝐺 be a compact Lie
group acting on a smooth manifold 𝑀. We denote by
𝐺𝑥 = { 𝑔 ∈ 𝐺 ∶ 𝑔𝑥 = 𝑥 } the isotropy group at 𝑥 ∈ 𝑀 and
by 𝐺(𝑥) = { 𝑔𝑥 ∶ 𝑔 ∈ 𝐺 } ≃ 𝐺/𝐺𝑥 the orbit of 𝑥. Orbits are
called principal, exceptional, or singular depending on the
size of their isotropy group, as follows. An orbit is princi-
pal if the isotropy group is the smallest possible among all
isotropy groups. Orbits are called exceptional when their
isotropy group is a non-trivial finite extension of the prin-
cipal isotropy subgroup, and singular when their isotropy
group is of strictly larger dimension than that of the prin-
cipal orbits. The isotropy subgroups of an orbit are con-
jugate to one another, that is, given 𝑦 ∈ 𝐺(𝑥), 𝑦 = 𝑔𝑥 for
some 𝑔 ∈ 𝐺, and 𝑔−1𝐺𝑦𝑔 = 𝐺𝑥. It makes sense then to talk
of the isotropy type of an orbit. A 𝐺-action on a manifold
𝑀 defines a natural stratification of 𝑀, with strata corre-
sponding to the union of orbits of each isotropy type.

For isometric actions of compact Lie groups, the Slice
Theorem gives us an explicit description of a sufficiently
small tubular neighborhood of any orbit. Namely, given
an orbit 𝐺(𝑥) ⊂ 𝑀, a sufficiently small 𝜖-tubular neighbor-
hood, 𝐷𝜖(𝐺(𝑥)), is diffeomorphic to 𝐺×𝐺𝑥𝐷⟂

𝑥 ,where 𝐷⟂
𝑥 is

the corresponding 𝜖-ball at the origin of the normal space
𝑇⟂𝑥 to 𝐺(𝑥) at the point 𝑥, called the normal slice to the
orbit.

Formore details on the theory of transformation groups
see Bredon.
3.2. Alexandrov spaces. An Alexandrov space, (𝑋, dist),
is defined to be a finite-dimensional length space with
curvatures bounded below via triangle comparisons with
the corresponding model spaces. All closed Riemann-
ian manifolds are Alexandrov spaces and limits of
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Gromov–Hausdorff sequences of closed Riemannianman-
ifolds with the same lower curvature bound are, also.

For closed manifolds with sectional curvature bounded
below by 𝜅 and admitting an isometric 𝐺-action, the quo-
tient space 𝑀/𝐺 is an Alexandrov space with curvature
bounded below by 𝜅 (see Perelman and Petrunin) with
locally totally geodesic orbit strata. There is also a Soul
Theorem for Alexandrov spaces of non-negative curvature
due to Perelman.

Soul Theorem for Alexandrov Spaces (Perelman). Let 𝑋𝑛

be a complete, 𝑛-dimensional Alexandrov space with boundary
𝑁 and with curv ≥ 0. Then there exists a convex subset 𝑆 ⊂ 𝑋,
the soul of 𝑋, at maximal distance from 𝑁 and a deformation
retraction of 𝑋 onto 𝑆.

For more basic information about Alexandrov spaces,
see Burago, Burago, and Ivanov, and Alexander, Kapovitch,
and Petrunin [1].
3.3. Fixed point sets. We will denote by 𝑀𝐺 = { 𝑥 ∈ 𝑀 ∶
𝑔𝑥 = 𝑥 for all 𝑔 ∈ 𝐺 } the fixed point set of the 𝐺-action. If
𝐺 = 𝑇𝑘, then we will often simply write 𝑀𝑇 for its fixed
point set.

The components of the fixed point set of an isometry
are closed, totally geodesic submanifolds of 𝑀 and ori-
entable if 𝑀 is, by work of Kobayashi. In the special case
of a circle action, the components of𝑀𝑆1 are of even codi-
mension. Note as well that for 𝐻 a proper subgroup of
𝐺, 𝑀𝐺 ⊂ 𝑀𝐻 , and 𝑁𝐺(𝐻), the normalizer of 𝐻 in 𝐺,
acts invariantly on 𝑀𝐻 with ineffective kernel 𝐻. Thus,
there is an induced action of 𝑁𝐺(𝐻)/𝐻 on 𝑀𝐻 . If, more-
over, 𝑁𝐺(𝐻)/𝐻 is connected, then the action is invariant
on each connected component of 𝑀𝐻 . So, for the special
case where 𝐺 = 𝑇𝑘 and𝑀 is orientable, for every subtorus
𝑇 𝑙 ⊂ 𝑇𝑘, every 𝑁 ⊂ 𝑀𝑇𝑙

is also an orientable, closed sub-
manifold admitting an induced 𝑇𝑘−𝑙-action with the same
lower curvature bound and the same parity of dimension
as 𝑀. This sets the stage for induction arguments, some-
thing quite unusual in Riemannian geometry.

Finally, we mention some results about the existence of
fixed point sets in positive curvature. A result of Weinstein
guarantees the existence of a fixed point for any orientation
preserving isometry on an even-dimensional, orientable,
closed manifold of positive curvature. This result was gen-
eralized to general torus actions in even dimensions by
Berger and in odd dimensions by Sugahara as follows.

Theorem 3.1. Let 𝑀𝑛 be a closed, 𝑛-manifold of positive sec-
tional curvature admitting an isometric, effective 𝑇𝑘-action.
Then the following hold:

1. (Berger) If 𝑛 = 2𝑚, then 𝑀𝑇 ≠ ∅; and
2. (Sugahara) If 𝑛 = 2𝑚 + 1, then either there is a point

𝑝 ∈ 𝑀 such that 𝑇𝑘(𝑝) ≅ 𝑆1, or 𝑀𝑇 ≠ ∅.

Remark 3.2. The results of Berger and Sugahara do not
hold for ℤ𝑘𝑝 -actions. For example, letting 𝑘 = 𝑝 = 2, there
exists a ℤ22 action on 𝑆2 which has no fixed points, gener-
ated by the orientation-preserving involutions

(
−1

−1
1
) and (

−1
1

−1
) .

Likewise, there are free ℤ22 and ℤ23 actions on closed, posi-
tively curved 7-manifolds by work of Shankar and of Grove
and Shankar, respectively, and free ℤ23 actions on closed,
positively curved 13-dimensional manifolds by work of
Bazaikin.

Remark 3.3. The results of Berger and Sugahara no longer
hold when we pass to non-negative curvature: there exist
free 𝑇𝑘 actions on the 𝑘-fold product of three-spheres. On
the other hand, if the Bott Conjecture holds, then for an
effective torus action of sufficiently large rank on a closed,
simply-connected manifold of non-negative curvature, the
torus action will have non-trivial isotropy.

This is quantified in the work of Galaz-Garcı́a, Kerin,
and Radeschi [11], who show that if 𝑀𝑛, a rationally ellip-
tic 𝑛-dimensional smooth manifold, admits a smooth and
effective 𝑇𝑘-action, then 𝑘 ≤ ⌊ 2𝑛

3
⌋, and any subtorus acting

freely on 𝑀𝑛 has rank bounded above by ⌊𝑛
3
⌋.

3.4. What is “large”? Herewe give three examples of what
“large” symmetries can mean. They are:

• Small quotient space, that is, dim(𝑀/𝐺) is small;
• Large fixed point set, that is, dim(𝑀𝐺) is large with re-

spect to the dimension of the manifold 𝑀; and
• Large rank, that is, we consider group actions 𝐺 for

which rk(𝐺) is large with respect to the maximal pos-
sible rank of a group action on a manifold.

In what follows, we will discuss these three different mean-
ings of large and survey results for these definitions in both
positive and non-negative curvature. We note that for the
last definition, if one passes to discrete groups, for exam-
ple, ℤ𝑘𝑝 , we can define large discrete 𝑝-symmetry rank, for
𝑝 a prime, to be large with respect to the maximal possible
number 𝑘 such that the isometry group of 𝑀 contains an
elementary 𝑝-group of rank 𝑘.

4. Small Quotient Space
We survey results for 𝐺-actions on manifolds with small
quotient spaces in both positive and non-negative curva-
ture. Here, the general strategy is to leverage knowledge of
the quotient space to identify the manifold.
4.1. Positive sectional curvature. This constraint has
been utilized to obtain classifications of closed mani-
folds of positive sectional curvature of low cohomogeneity,
where the cohomogeneity of a 𝐺-action on a manifold,𝑀,
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is equal to the dimension of the quotient space, or equiv-
alently, the codimension of the principal orbits, 𝐺/𝐻, of
the 𝐺-action. In particular, homogeneous spaces, those of
cohomogeneity 0, have been classified by Berger, Bérard–
Bérgery, Aloff and Wallach, Wallach, Wilking, and Wilking
and Ziller [20].

For cohomogeneity 1, closed manifolds of positive sec-
tional curvature have been classified in dimension 5 by
Searle, in even dimensions by Verdiani, and in all odd di-
mensions but 7 by Grove, Wilking, and Ziller. Addition-
ally, a list of possible candidates for dimension 7 is given
in Grove, Wilking, and Ziller. They are grouped into one
isolated 7-manifold, 𝑅, and two infinite families, 𝑃𝑘 and
𝑄𝑘, with 𝑃1 = 𝑆7. These 7-dimensional candidates corre-
spond to the total space of the Konishi bundle of the self
dual Hitchin orbifold 𝒪𝑘. Of these candidates, a metric
of positive curvature was found to exist on 𝑃2, an exotic
𝑇1𝑆4, homeomorphic, but not diffeomorphic, to the unit
tangent bundle of the 4-sphere, independently by Dearri-
cott, and by Grove, Verdiani, and Ziller. Verdiani and Ziller
have also shown that 𝑅 does not admit a 𝐺-invariant coho-
mogeneity 1 metric of positive sectional curvature. More
recently, Dearricott [5] claimed to have shown that the re-
maining 𝑃𝑘 and all of the 𝑄𝑘 do admit metrics of positive
curvature, although these metrics are not 𝐺-invariant co-
homogeneity 1 metrics.

When working with group actions, one may divide
them into those that are polar, namely, those that admit
a section, that is, a closed, totally geodesic immersed sub-
manifold thatmeets all orbits orthogonally, and those that
are non-polar. Note that all transitive actions and all actions
of cohomogeneity 1 are polar, but there exist cohomogene-
ity 2 actions on spheres that are non-polar.

Example 4.1. Viewing ℝ3 as the set of self-adjoint 2 × 2
complex matrices,

ℝ3 ≅ 𝑉 = {𝑋 = ( 𝑥1 𝑥2 + 𝑖𝑥3
𝑥2 − 𝑖𝑥3 −𝑥1

) ; 𝑥1, 𝑥2, 𝑥3 ∈ ℝ} ,

we obtain an action of 𝑈(2) on 𝑆6 ⊂ ℝ3 ⊕ ℂ2, as follows.
Let 𝐴 ∈ 𝑈(2) act by conjugation on 𝑋 ∈ 𝑉 and by ma-
trix multiplication on (𝑧1, 𝑧2) ∈ ℂ2. The quotient space
𝑆6/𝑈(2) is homeomorphic to a 2-disk, 𝐷2, with a circle’s
worth of singular orbits with 𝑇1-isotropy corresponding
to 𝜕𝐷2 and an isolated vertex orbit with isotropy 𝑇2 cor-
responding to a vertex on 𝜕𝐷2, see Bredon. For more ex-
amples of non-polar cohomogeneity 2 actions on spheres,
see work of Straume.

In Fang, Grove, and Thorberggson [10], they show that a
closed, simply-connected, Riemannian 𝑛-manifold 𝑀𝑛 of
positive curvature with a polar 𝐺-action of cohomogene-
ity ≥ 2, is equivariantly diffeomorphic to a compact rank
1 symmetric space (CROSS) with the corresponding linear

Figure 4.1. Stereographic projection of the Hopf fibration of 𝑆3
by 𝑆1 and the projection of its fibers onto 𝑆2.

𝐺-action. Thus, in order to classify the remaining cohomo-
geneities up to 𝑛 − 1, it remains to consider those actions
that are non-polar. While the quotient spaces of polar ac-
tions on manifolds of positive curvature necessarily have
boundary by work of Wilking, a result later generalized to
singular Riemannian foliations by Corro and Moreno [4],
the quotient spaces of non-polar actions may or may not
have boundary.

Example 4.2. Some of the best known examples of pos-
itively curved manifolds are obtained as the base of a
Riemannian submersion and correspond to the quotient
space of a non-polar action, for example, ℂP𝑛 and ℍP𝑘 are
both quotients of the Hopf action by 𝑆1 and by 𝑆3, respec-
tively, on a sphere. Figure 4.1 depicts the Hopf fibration
of 𝑆3 by 𝑆1.2

A natural next step would be to tackle the following
problem:

Problem 4.3. Classify non-polarmanifolds of positive cur-
vature of low cohomogeneity, beginning with cohomo-
geneity 2.

4.2. Non-negative sectional curvature. As mentioned
earlier, we can put ametric of non-negative sectional curva-
ture on any homogeneous space 𝐺/𝐻. In contrast, closed,
simply-connected, cohomogeneity 1 manifolds of non-
negative curvature have not yet been classified. They natu-
rally admit a 𝐺-invariant disk bundle decomposition over
each of the two singular orbits. While both disk bundles
admit a 𝐺-invariant metric of non-negative sectional cur-
vature, in general, their union does not. Grove, Verdiani,

2Image obtained from https://en.wikipedia.org/w/index
.php?title=Hopf_fibration&oldid=1101601722.
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Wilking, and Ziller showed that some odd-dimensional ex-
otic spheres, while they admit cohomogeneity 1 actions,
do not admit such metrics. Later, C. He showed that a
larger class of manifolds that includes those in the work
of Grove, Verdiani, Wilking, and Ziller do not admit a co-
homogeneity 1 metric of non-negative curvature. While
closed, simply-connected manifolds admitting cohomo-
geneity 1 actions may not admit invariant metrics of non-
negative curvature, they do admit invariant metrics of al-
most non-negative curvature bywork of Schwachhöfer and
Tuschmann. We say that a manifold, 𝑀𝑛, is almost non-
negatively curved if there exists a sequence of metrics, {𝑔𝛼}
on 𝑀 and a fixed 𝐷 > 0 so that diam(𝑀, 𝑔𝛼) ≤ 𝐷 and
sec(𝑀, 𝑔𝛼) ≥ − 1

𝛼2
. Moving on to cohomogeneity 2 ac-

tions, we see already in dimension 4 that there are exam-
ples that do not admit non-negative curvature, such as
ℂP2#ℂP2#ℂP2 with a 𝑇2 isometric and effective action.

For a fibration, it is known that if any two elements of
the fibration are rationally Ω-elliptic, then so is the third.
Similarly, as observed by Grove and Halperin, for a mani-
fold decomposing as a union of disk bundles

𝑀 = 𝐷(𝐴) ∪𝐸 𝐷(𝐵),
if one of 𝐴, 𝐵, or 𝐸 is rationally Ω-elliptic, (and hence are
all, as the common boundary, 𝐸, is a sphere bundle over
both 𝐴 and 𝐵) then 𝑀 is. Compact Lie groups are known
to be rationally Ω-elliptic. Moreover, a cohomogeneity 1
manifold decomposes as a union of disk bundles over its
two singular orbits, glued along the principal orbit. Thus
one sees that a closed, simply-connected manifold that is
homogeneous or of cohomogeneity 1 is rationally elliptic,
regardless of curvature.

As mentioned earlier, Grove and Halperin proposed
that the Bott Conjecture will continue to hold for mani-
folds of almost non-negative curvature. While classifying
non-negatively curved manifolds of cohomogeneities ≥ 1
seems out of reach at the moment, in light of the Bott Con-
jecture, asking a different question seems more tractable.

Question 4.4. Let 𝑀 be a closed, simply-connected, al-
most non-negatively curved manifold. If 𝑀 admits an iso-
metric 𝐺-action of low cohomogeneity, is 𝑀 rationally el-
liptic?

This question has already been answered affirmatively
for cohomogeneity 2 manifolds of almost non-negative
curvature by Grove, Wilking, and Yeager [12]. Part of the
proof of this result has been considerably simplified by re-
cent work of Khalili Samani and Radeschi [14] on singular
Riemannian foliations, an area of study which can be viewed
as a generalization of the concept of a group action.

5. Large Fixed Point Set
Here we survey results for 𝐺-actions on manifolds with
large fixed point sets. Once again, one of the main

strategies employed is to leverage an understanding of the
quotient space to obtain general structure theorems that
potentially lead to classification theorems.
5.1. Positive curvature. An important first example of
how large fixed point sets in positive curvature may limit
the group action under consideration is given by Frankel’s
theorem, which tells us fixed point set components of suf-
ficiently large dimension are unique in positive curvature.

Frankel’s Theorem. Let 𝑀𝑛 be an 𝑛-dimensional closed Rie-
mannian manifold admitting a metric of positive sectional cur-
vature. Suppose that 𝑁𝑘1

1 and 𝑁𝑘2
2 are two totally geodesic, em-

bedded submanifolds of 𝑀. Then if 𝑘1 + 𝑘2 ≥ 𝑛,

𝑁1 ∩ 𝑁2 ≠ ∅.

We now observe that the dimension of the quotient
space, 𝑀/𝐺, is constrained by the dimension of the fixed
point set 𝑀𝐺 of 𝐺 in 𝑀. In fact, dim(𝑀/𝐺) ≥ dim(𝑀𝐺) +
1 for any non-trivial, non-transitive action. In light of
this, the fixed-point cohomogeneity of an action, denoted by
cohomfix(𝑀;𝐺), is defined by

cohomfix(𝑀;𝐺) = dim(𝑀/𝐺) − dim(𝑀𝐺) − 1 ≥ 0.

A manifold with fixed-point cohomogeneity 0 is also
called a 𝐺-fixed point homogeneous manifold. In Grove and
Searle, they combine the critical point theory for distance
functions introduced by Grove and Shiohama (see also a
survey on the subject by Grove) and the Soul Theorem for
Alexandrov spaces, to prove that for positively curved fixed
point homogeneous manifolds there are at most three or-
bit types. These are given by the principal orbits, the fixed
points contained in 𝐹, the fixed point set component of
dimension equal to dim(𝑀/𝐺) − 1, and the unique orbit
at maximal distance from the fixed point set component 𝐹.
They use this to obtain a𝐺-equivariant double disk bundle
decomposition of the manifold, namely𝑀 decomposes as

𝑀 = 𝐷(𝐹) ∪ 𝐷(𝐺(𝑥)),

where 𝐺(𝑥) is the orbit in 𝑀 at maximal distance from
𝐹. They then use this decomposition to classify closed,
simply-connected fixed point homogeneous manifolds of
positive curvature, proving that for connected 𝐺, such a
manifold is equivariantly diffeomorphic to a CROSS with
a linear 𝐺-action.

This theoremwas extended to the case of closed, simply-
connected, fixed point cohomogeneity 1 manifolds of pos-
itive curvature by Grove and Kim, who showed that such
a manifold is also diffeomorphic to a CROSS. The fixed
point homogeneous result has also been generalized to
the case of involutions: Fang and Grove [9] showed that
closed, positively curved, ℤ2-fixed point homogeneous
manifolds are diffeomorphic to spheres and real projective
spaces.
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5.2. Non-negative curvature. For the class of closed,
simply-connected non-negatively curved manifolds, the
fixed point homogeneous results were generalized to non-
negative curvature in dimensions 3 and 4 by Galaz-Garcı́a
and in dimension 5 by Galaz-Garcı́a and Spindeler. In his
thesis, Spindeler was then able to fully generalize the disk
bundle decomposition result in the following theorem.

Theorem 5.1 (Spindeler). Let 𝐺 act fixed point homoge-
neously on a closed, non-negatively curved Riemannian man-
ifold 𝑀. Let 𝐹 be a fixed point component of maximal dimen-
sion. Then there exists a smooth submanifold 𝑁 of 𝑀, without
boundary, such that𝑀 is diffeomorphic to the normal disk bun-
dles 𝐷(𝐹) and 𝐷(𝑁) of 𝐹 and 𝑁 glued together along their
common boundaries;

𝑀 = 𝐷(𝐹) ∪𝐸 𝐷(𝑁).
Further, 𝑁 is 𝐺-invariant and all points of 𝑀 ⧵ {𝐹 ∪ 𝑁} belong
to principal 𝐺-orbits.

By contrast with the positively curved case, the subman-
ifold 𝑁 at maximal distance from 𝐹 is not, in general,
a single orbit. As noted by Spindeler, a classification of
fixed point homogeneous manifolds of non-negative cur-
vature in higher dimensions is currently out of reach since
it is equivalent to a classification of non-negatively curved
manifolds. To see this, observe that for𝑁, a closed, simply-
connected non-negatively curved manifold, the product
manifold𝑀𝑛 = 𝑁𝑛−2 × 𝑆2 with the product metric admits
an isometric 𝑆1-fixed point homogeneous action. Since we
only have a classification of closed, simply-connected non-
negatively curved manifolds through dimension 3, obtain-
ing a classification in dimension 5 is the best we can hope
for at the moment.

6. Large Symmetry and Discrete
Symmetry Rank

In this section we discuss two notions of large rank. The
first is large symmetry rank, where the symmetry rank of a
𝐺-action on 𝑀 is defined to be the rank of the isometry
group of 𝑀, that is

symrk(𝑀) = rk(Isom(𝑀)).
The second is large discrete 𝑝-symmetry rank, for 𝑝 a prime,
defined to be the largest number 𝑘 such that the isometry
group of 𝑀 contains an elementary 𝑝-group of rank 𝑘. In
particular, we will focus on the case where 𝐺 is abelian.
In contrast to the other two types of “large” group actions,
here strategies balance a mix of knowledge of the quotient
space with more general connectedness principles, which
lead to structure theorems for topological invariants of the
manifold.
6.1. Positive curvature and large symmetry rank. Three
fundamental results in this direction are the Maximal,
Almost Maximal, and Half-Maximal Symmetry Rank

theorems due to Grove and Searle, Rong and Fang and
Rong, and Wilking, respectively. We present them together
in one theorem.

Theorem 6.1. Let 𝑀𝑛 be a closed, positively curved manifold
admitting an isometric and effective 𝑇𝑘-action. Then the fol-
lowing are true:

1. Maximal Symmetry Rank (Grove and Searle) If 𝑘 ≥ 𝑛
2
,

then 𝑘 = ⌊𝑛+1
2
⌋ and 𝑀𝑛 is diffeomorphic to 𝑆2𝑘, ℝP2𝑘,

ℂP𝑘, or 𝑆2𝑘−1/ℤ𝑙 for some 𝑙 ≥ 3;
2. Almost Maximal Symmetry Rank (Rong, Fang and

Rong) If 𝑛 ≠ 6, 7, 𝜋1(𝑀) = 0, and 𝑘 = ⌊𝑛−1
2
⌋, then

𝑀𝑛 is homeomorphic to 𝑆𝑛, ℂP𝑛/2, or ℍP2 for 𝑘 = 3 only;
and

3. Half-Maximal Symmetry Rank (Wilking) If 𝑛 ≥ 10,
𝜋1(𝑀) = 0, and 𝑘 ≥ 𝑛

4
+ 1, then 𝑀𝑛 is homeomorphic to

𝑆𝑛 or ℍP𝑘−1 with 𝑘 = 𝑛
4
+ 1, or homotopy equivalent to

ℂP𝑛/2.
Observe first that the Maximal Symmetry Rank result

can be improved from diffeomorphism to equivariant dif-
feomorphism with a linear 𝑇𝑘 action by work of Galaz-
Garcı́a. Additionally, by recent work of Kennard, Khalili
Samani, and Searle [15], the Half-Maximal Symmetry
Rank result can be improved as follows: dropping the
hypothesis of simple-connectivity, one can show that the
only additional manifolds that occur are homotopy equiv-
alent to ℝP𝑛 and lens spaces of dimension 2𝑘 − 1, with
𝑘 = 𝑛

4
+ 1.

Some comments on the proofs are in order, as many
results stemming from these theorems have leveraged the
same techniques. The proof of the Maximal Symmetry
Rank result hinges on the fact that for the maximal sym-
metry rank, one can always find a circle subgroup of the
𝑇𝑘 acting fixed point homogeneously. The Almost Maxi-
mal Symmetry Rank result follows from the Half-Maximal
Symmetry Rank result and relies on Sullivan’s homeo-
morphism classification of homotopy complex projective
spaces and an analysis of the singular set of the group ac-
tion to improve the classification of theHalf-Maximal Sym-
metry Rank result to homeomorphism, as well as extend
the result to dimensions 8 and 9. The proof of the Half-
Maximal Symmetry Rank result utilizes the theory of Er-
ror Correcting Codes, which give information about the
dimensions of fixed point sets of involutions, and the fol-
lowing Connectedness Lemma of Wilking.

Theorem 6.2 (Wilking). Let 𝑀𝑛 be a closed Riemannian
manifold with positive sectional curvature. If 𝑁𝑛−𝑘 is a closed,
totally geodesic submanifold of 𝑀, then the inclusion map
𝑁𝑛−𝑘 ↪ 𝑀𝑛 is (𝑛 − 2𝑘 + 1)-connected.

Recall that a map 𝑓 ∶ 𝑁 → 𝑀 is called 𝑚-connected,
if 𝜋𝑖(𝑓) ∶ 𝜋𝑖(𝑁) → 𝜋𝑖(𝑀) is an isomorphism for all
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1 ≤ 𝑖 ≤ 𝑚 − 1 and 𝜋𝑚(𝑓) is surjective. Using the
Hurewicz isomorphism one can then make a similar state-
ment about homology (and cohomology) groups. In Con-
clusion 3 of Theorem 6.1, the Connectedness Lemma is
leveraged by combining Poincaré duality of 𝑁 with that
of 𝑀, to obtain a certain periodicity of the cohomology
ring of 𝑀, which in turn can be used to obtain homotopy
equivalence. These results have led to significant progress
on both Hopf Conjectures. As mentioned in Section 2,
for the first Hopf Conjecture, the seminal result of Hsiang
and Kleiner established that in the presence of circle sym-
metry the conjecture is true. For the higher-dimensional
Hopf conjecture, which states that the product of two pos-
itively curved manifolds does not admit positive curvature,
Amann and Kennard [2] have shown that if 𝑀 is a closed,
simply-connected 𝑛-manifold, then the 2𝑛-dimensional
product manifold 𝑀 × 𝑀 does not admit a metric of pos-
itive sectional curvature and an isometric torus action of
rank 𝑟 > log 4

3
(2𝑛 − 3).

For the second Hopf Conjecture, the main strategy for
the proof of this conjecture with symmetries has been to
use the fact, due to Kobayashi, that

𝜒(𝑀) = 𝜒(𝑀𝑆1),
for some 𝑆1 subgroup of an isometric 𝐺-action. Püttmann
and Searle and, independently, Rong showed that a 𝑇𝑘-
action on a 2𝑚-dimensional manifold 𝑀2𝑚 with 𝑘 ≥
⌊𝑚−1

2
⌋ has 𝜒(𝑀) > 0. This lower bound for 𝑘 was quickly

improved to ⌊𝑚−2
4
⌋ by Rong and Su, and to ⌊𝑚

5
⌋ by Su and

Wang. Using the method of Steenrod squares, Kennard
was able to improve this lower bound to log2(2𝑚−2). More
recently Kennard, Wiemeler, and Wilking [16] announced
a general lower bound for 𝑘, completely independent of
dimension.

Theorem 6.3 (Kennard, Wiemeler, and Wilking [16]).
If 𝑀2𝑚 is an even-dimensional, connected, closed, positively
curved Riemannian manifold whose isometry group has rank at
least five, then 𝜒(𝑀) > 0.

It is reasonable to expect that the tools used in the proof
of this theorem will be useful in many different contexts.
Finally, Nienhaus [19] has announced an improvement on
this theorem, claiming to be able to lower the bound on
the rank to 4.
6.2. Non-negative curvature and large symmetry rank.
In strong contrast to the positive curvature case and in
part due to the lack of guaranteed fixed point sets of torus
actions, the maximal symmetry rank of a closed, simply-
connected, non-negatively curved manifold has not yet
been established in all dimensions.

Maximal Symmetry Rank Conjecture. Let 𝑇𝑘 act iso-
metrically and effectively on 𝑀𝑛, a closed, simply-connected,

non-negatively curved Riemannian manifold. Then 𝑘 ≤ ⌊2𝑛/3⌋
and when 𝑘 = ⌊2𝑛/3⌋, 𝑀𝑛 is equivariantly diffeomorphic to
𝒵/𝑇𝑚 with a linear 𝑇𝑘-action, where

𝒵 =∏
𝑖≤𝑟

𝑆2𝑛𝑖−1 ×∏
𝑖>𝑟

𝑆2𝑛𝑖 ,

with 𝑛𝑖 ≥ 2, 0 ≤ 𝑚 ≤ 2𝑛 mod 3, and the 𝑇𝑚-action on 𝒵 is
free and linear.

We can then ask the following question.

Problem 6.4. Let ℳ𝑛
0 denote the class of closed, simply-

connected, non-negatively curved 𝑛-manifolds. For all
𝑀 ∈ ℳ𝑛

0 establish the upper bound for the maximal sym-
metry rank and classify all𝑀 ∈ ℳ𝑛

0 ofmaximal and almost
maximal symmetry rank.

Returning to the Maximal Symmetry Rank Conjecture,
work of Galaz-Garcı́a and Searle, Galaz-Garcı́a and Kerin,
and of Escher and Searle [7] shows that the conjecture
holds in dimensions 𝑛 ≤ 9. The upper bound for dimen-
sions less than or equal to 12 was established by Escher
and Searle [7].

We observe that 𝑛 − 𝑘 is the maximal possible rank of
an isotropy group of a torus action: the dimension of the
unit normal sphere, 𝑆⟂𝑝 , to 𝑝 ∈ 𝑇(𝑝) is a function of the
rank of 𝑇𝑝 and rk(𝑇𝑝) ≤ ⌊(dim(𝑆⟂𝑝 ) + 1)/2⌋ by the Maximal
Symmetry Rank Theorem, see Figure 6.1. Notably, the 𝑛-
manifolds described in Part 2 of the Maximal Symmetry
Rank Conjecture all admit 𝑇𝑘-actions such that there is a
point 𝑥 ∈ 𝑀𝑛 for which rk(𝑇𝑥) = 𝑛 − 𝑘, or equivalently,
dim(𝑇(𝑥)) = 2𝑘 − 𝑛. We call such actions isotropy-maximal.

Figure 6.1. The range of possible ranks for the isotropy
subgroup of a torus action.

In particular, for an isotropy-maximal 𝑇𝑘-action,
𝑀𝑇𝑛−𝑘 ≠ ∅. In fact, any component of 𝑀𝑇𝑛−𝑘

is contained
in a generalized characteristic submanifold of𝑀. That is, there
is some circle subgroup 𝑆1 ⊂ 𝑇𝑘 with a codimension two
fixed point set component, 𝐹, that contains a 𝑇𝑛−𝑘-fixed
point set component. When 𝑀𝑇𝑛−𝑘

is 0-dimensional, 𝐹 is
simply called a characteristic submanifold. In particular,
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one sees that an isotropy-maximal 𝑇𝑘-action is an exam-
ple of a nested 𝑆1-fixed point homogeneous action, gen-
erating a tower of nested fixed point sets of subtori of the
𝑇𝑘-action in 𝑀.

The case where dim(𝑀𝑇𝑛−𝑘) = 0 corresponds to that
of torus manifolds. Wiemeler classified closed, simply-
connected, non-negatively curved torusmanifolds, finding
that they are all equivariantly diffeomorphic to a quotient
of a free linear torus action of 𝒵, as in the Maximal Sym-
metry Rank Conjecture.

Escher and Searle in [7] generalized this result to
all isotropy-maximal torus actions on closed, simply-
connected, non-negatively curved 𝑛-manifolds, showing
that they are all equivariantly diffeomorphic to a quotient
of a free linear torus action of𝒵, as in theMaximal Symme-
try Rank Conjecture. Indeed, if the Bott Conjecture holds,
one can combine the isotropy-maximal classification re-
sult of Escher and Searle [7] with the work of Galaz-Garcı́a,
Kerin, and Radeschi [11] mentioned in Remark 3.3, to
show that the Maximal Symmetry Rank Conjecture holds.

Since then, Dong, Escher, and Searle in [6] have ex-
tended the result to almost isotropy-maximal torus actions,
where an action is almost isotropy-maximal if there is a point
𝑥 ∈ 𝑀 such that the dimension of its isotropy group is
𝑛−𝑘−1, or, equivalently there is a point 𝑥 ∈ 𝑀 whose or-
bit is of dimension 2𝑘−𝑛+1. In particular, the manifolds
obtained are as in the isotropy-maximal classification.

We observe that 𝑛-manifolds of almost maximal sym-
metry rank have also been classified in dimensions less
than or equal to 6 by independent work of Kleiner and of
Searle and Yang in dimension 4, by work of Galaz-Garcı́a
and Searle in dimension 5 and by work of Escher and
Searle [8] in dimension 6. Notably, it is only in dimension
5 that we observe any difference with the maximal symme-
try rank classification, as the Wu manifold, 𝑆𝑈(3)/𝑆𝑂(3),
which is not the quotient of a linear torus action on a prod-
uct of spheres of dimensions greater than or equal to 3,
appears. The work above suggests that one approach to
Problem 6.4 would be to begin by classifying torus actions
on closed, simply-connected, non-negatively curved man-
ifolds via the rank of the largest possible isotropy group,
beginning with those that have rank 𝑛 − 𝑘 − 2.

Remark that by work of Böhm and Wilking, a closed,
simply-connected, non-negatively curved manifold ad-
mits a metric of positive Ricci curvature. Thus, another
approach when studying the class ℳ𝑛

0 is to consider the
𝑘th-intermediate Ricci curvature, a curvature interpolating
between sectional curvature and Ricci curvature. Of nat-
ural interest is the case where this curvature is positive. We
say an 𝑛-dimensional Riemannian manifold (𝑀𝑛, 𝑔) has
positive 𝑘th-intermediate Ricci curvature for 𝑘 ∈ {1, … , 𝑛 −
1} if, for any choice of orthonormal vectors {𝑢, 𝑒1, … , 𝑒𝑘},
the sum of sectional curvatures Σ𝑘𝑖=1 sec(𝑢, 𝑒𝑖) is positive.

Observe that Ric1 > 0 is equivalent to positive sectional
curvature, and Ric𝑛−1 > 0 is equivalent to positive Ricci
curvature. Furthermore, if Ric𝑘 > 0, then Ric𝑙 > 0 for all
𝑙 ≥ 𝑘.

One advantage to studying such curvature lower
bounds is thatmany of the results for positive sectional cur-
vature, such as the existence of fixed points and Wilking’s
Connectedness Lemma extend to this curvature bound. A
natural starting point to consider symmetries in the pres-
ence of positive intermediate Ricci curvature is to consider
those with Ric2 > 0. Mouillé [18] in recent work has been
able to extend the Maximal Symmetry Rank Theorem to
closed, 𝑛-manifolds with Ric2 > 0, showing that the sym-
metry rank of suchmanifolds is the same as for the positive
curvature case, and moreover obtains a similar classifica-
tion result.

Finally, while a product of spheres ∏𝑚
𝑖 𝑆𝑛𝑖 with the

product metric has Ric𝑘 > 0 for

𝑘 ≥ max
𝑖∈{1,…,𝑚}

{1 +∑
𝑗≠𝑖

𝑛𝑗},

there are also metrics of positive Ric𝑘′ with 𝑘′ < 𝑘 on
such products. In particular, in Example 2.3 of Mouillé
[18], he shows that one can put Ric2 > 0 metrics on
𝑀6 = 𝑆3 × 𝑆3 with 𝑇3 symmetry, as well as Ric2 > 0 on
quotients by free torus actions of 𝑀6. These results are
consistent with the almost maximal symmetry rank clas-
sification results mentioned earlier and suggest a connec-
tion between closed, simply-connected manifolds of non-
negative curvature with large symmetry rank and 𝑅𝑖𝑐𝑘 > 0
for small 𝑘. It would be interesting to explore this relation-
ship, if any exists.
6.3. Positive and non-negative curvature and large dis-
crete symmetry rank. As mentioned earlier, a ℤ𝑘𝑝 -action
need not have fixed points. To guarantee the existence of
fixed points, one may, for example, assume that 𝑝 is larger
than 𝒞𝑛, Gromov’s estimate for the total Betti number of
a closed non-negatively curved 𝑛-manifold. Work of Yang
and Hicks showed that for closed, simply-connected, non-
negatively curved 4-manifolds with discrete 𝑝-symmetry
rank 1 and 2, with 𝑝 suitably chosen, one can bound the
total Betti number of 𝑀4 above by 7 and 5, respectively.
In higher dimensions, Fang and Rong extend the Maximal
Symmetry Rank Theorem as follows.

Theorem 6.5 (Fang and Rong). Let 𝑀𝑛 be a closed, simply-
connected, positively curved 𝑛-manifold admitting an isometric
and effective 𝐺-action, with 𝐺 = ℤ𝑘𝑝 , 𝑝 > 𝒞𝑛, and 𝑘 ≥ ⌊𝑛

2
⌋.

Then the following hold:

1. If 𝑛 = 2𝑚, then 𝑘 = 𝑚 and𝑀𝑛 is homeomorphic to 𝑆𝑛 or
ℂP𝑚.

2. If 𝑛 = 2𝑚 + 1 and the 𝐺 action is extended to an isomet-
ric and effective 𝑆1 × 𝐺-action, then 𝑘 = 𝑚 and 𝑀𝑛 is
homeomorphic to 𝑆𝑛.
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Figure 6.2. The Torus and ℤ2-Torus Symmetry Rank Theorems for simply-connected 𝑀.

Fang and Rong also obtain an analog of the Half Max-
imal Symmetry Rank Theorem for discrete 𝑝-symmetry
rank bounded below by approximately 3𝑛/4. Further re-
ductions of the discrete 𝑝-symmetry rank for 𝑝 > 𝒞𝑛 have
resulted in confirmation of the second Hopf Conjecture
for this class of manifolds by Rong and Su, while work of
Rong showing that 𝜋1(𝑀𝑛) is cyclic provided symrk(𝑀𝑛) >
𝑛
4
+ 1 has been extended to 𝑇1 × ℤ𝑘𝑝 -actions with 𝑘 > 𝑛+1

4
by Wang.

More recently, Kennard, Khalili Samani, and Searle in
[15] consider positively curved Riemannian manifolds ad-
mitting an isometric action of ℤ𝑟2 with a fixed point. They
extend the Maximal Symmetry Rank results of Grove and
Searle and the Half-Maximal Symmetry Rank results of
Wilking to obtain the following three results, noting that
the first result is an easy consequence of the work of Fang
and Grove in [9].

Theorem 6.6 (Kennard, Khalili Samani, and Searle [15]).
Let𝑀𝑛 be a closed, positively curved manifold such that ℤ𝑟2 acts
isometrically on 𝑀 with 𝑥 ∈ 𝑀ℤ𝑟2 . Then the following hold:

1. If 𝑟 ≥ 𝑛, then 𝑟 = 𝑛 and 𝑀 is equivariantly diffeomorphic
to 𝑆𝑟 or ℝP𝑟 with a linear ℤ𝑟2-action.

2. If 𝑛 ≥ 24 and 𝑟 ≥ 𝑛+1
2

, then𝑀 is homeomorphic to 𝑆𝑛, or
homotopy equivalent to ℝP𝑛, ℂP𝑟−1, or 𝑆2𝑟−1/ℤ𝑘 for some
𝑘 ≥ 3 and 𝑟 = ⌈𝑛+1

2
⌉.

3. If 𝑛 ≥ 15 and 𝑟 ≥ 𝑛+3
4

+ 1. Then at least one of the
following occurs:
(a) For any subgroup of ℤ𝑟2 with corank at most four, the

fixed point set component 𝐹𝑚 at 𝑥 is homotopy equiv-

alent to 𝑆𝑚, ℝP𝑚, ℂP
𝑚
2 , or 𝑆𝑚/ℤ𝑘 for some 𝑘 ≥ 3;

or

(b) 𝑀𝑛 is a simply-connected integer cohomology ℍP𝑟−2
and 𝑟 = 𝑛

4
+ 2.

In Figure 6.2, the Torus and ℤ2-Torus Symmetry
Rank results are displayed graphically for closed, simply-
connected, positively curved manifolds. In Theorem 6.6,
the proof of Conclusion 1 relies on understanding the quo-
tient space of 𝑀 by an involution fixing a codimension
1 submanifold. On the other hand, the techniques used
to prove Conclusion 2 include Wilking’s Connectedness
Lemma, and refined estimates for Error Correcting Codes,
and an inductive argument. Conclusion 3 however, is not
proven by induction and relies heavily on the Borel For-
mula.

The following question, albeit ambitious, is natural,
given the path taken with torus actions to achieve the re-
cent result of Kennard, Wiemeler, and Wilking.

Question 6.7. How much of the work in Kennard,
Wiemeler, and Wilking [16] can be adapted to the case of
ℤ𝑘2 -actions with 𝑀ℤ𝑘2 ≠ ∅?

Since 𝜒(𝑀) ≡ 𝜒(𝑀ℤ𝑘2 ) mod 2, one does not expect to
achieve an analog of their Euler characteristic result, how-
ever, other important results in Kennard, Wiemeler, and
Wilking [16] may yield analogs for the ℤ2 case.
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Fractional Derivatives: Fourier,
Elephants, Memory Effects,
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neous rate of change of a quantity with respect to another
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one, that is, the derivative of a function, made a profound
impact in science and the society at large. Differential and
integral equations are among the most efficient tools in
the mathematical description of many (but not all) natu-
ral phenomena. Needless to say, calculus is at the core of a
lot of the most advanced technological accomplishments
of humankind.
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Let us consider a function 𝑢 of a single variable that we
will denote by 𝑡 to represent time. Leibniz introduced the
notation

𝑑𝑛𝑢
𝑑𝑡𝑛

for derivatives of order 𝑛 ≥ 0 of 𝑢 with respect to 𝑡, with
the understanding that the derivative of order 𝑛 = 0 is just

the identity operator,
𝑑0ᵆ
𝑑𝑡0

= 𝑢.
The beginning of fractional calculus can be traced back

to the origins of classical calculus itself. On September 30,
1695, Leibniz sent a letter from Hanover to Marquis de
l’Hospital in Paris [Lei62]. Since Leibniz “had some extra
space left to write” (see [Lei62, p. 301]), he shared with
l’Hospital some remarks from the analogy of integer pow-
ers of derivatives 𝑑𝑛 and integrals 𝑑−𝑛 = ∫𝑛

. Leibniz in-

troduced the symbol 𝑑
1
2 to denote a derivative of fractional

order 𝑛 = 1/2. He did not give a formal definition but
believed that one could express a derivative of fractional
order with an infinite series. He wrote “There is the ap-
pearance that one day we will come to some very useful con-
sequences of these paradoxes,” leaving his seminal thoughts
for l’Hospital to think about. It seems that l’Hospital did
not pursue the matter any further. Leibniz also shared his
thoughts with Wallis in 1697, using again the notation
𝑑1/2𝑦.

We may say that fractional calculus was conceived as a
question of extension of meaning: given an object defined
for integers, what is its extension to non-integers? In fact,
we do not need to restrict to fractions only. We could also
ask about the meaning of the derivative of orders √2 or
𝜋 of a function. In this sense, we use the words fractional
derivative to refer to derivatives of non-integer order.

A few other initial ideas were introduced by Euler
(1738) and Lacroix (1820) for fractional derivatives of
power functions 𝑡𝛽 and by Laplace (1812) for functions
representable by a specific integral. In the 1820s, Joseph
Fourier was the first one to give a definition that worked for
any function (in Fourier’s view, “there is no function 𝑓(𝑥), or
part of a function, which cannot be expressed by a trigonometric
series,” see [Fou88, Par. 418, p. 555]). The first known ap-
plication of fractional calculus appeared shortly afterwards
when Abel found an integral of fractional order in his solu-
tion to the tautochrone problem. Further contributions by
many others flourished during the 19th and 20th centuries.
The monumental work [SKM93] contains a quite detailed
historical overview while a brief history of fractional calcu-
lus can be read in [Ros75], see also [Ros77].

Real-world phenomena exhibiting long-range inter-
actions, memory effects, anomalous diffusions, and
avalanche-like behaviors are very well described by frac-
tional derivative models. Furthermore, due to their
mathematical features, fractional derivatives are becoming

central in image processing. Nowadays, fractional calculus
is one of the most vibrant areas in mathematics that con-
tinues to expand. In fact, much is still to be understood
about fractional derivatives from the theoretical and com-
putational points of view.

In this article, we will go back to the widely over-
looked historical definition of fractional derivative given
by Fourier. We will then show, with modern ideas, how
his definition is in fact the so-called Marchaud–Weyl frac-
tional derivative. After describing some of the latest an-
alytical advances in the theory of fractional calculus, we
will present three natural applications to processes with
memory effects. The first one is population growth. For
the second one, we will go back to the ideas of Boltz-
mann, combine them with engineering experiments, and
come up with a model for viscoelastic materials driven by
fractional derivatives. The last application is a fractional
model based on the anomalous diffusion behavior ob-
served in many natural systems.

The literature on theory and applications of fractional
calculus ismassive. AGoogle Scholar search of articles con-
taining the words “fractional derivative” gives 120,000 re-
sults, with 52,500 of them published in the past 20 years.
It is not the scope of this article to be exhaustive by any
means. Therefore, we will only refer to those works that
are directly related with the presentation, leaving many in-
teresting references out.

Fourier’s Fractional Derivative
In 1822, Joseph Fourier was finally allowed to publish
his 1807 original research in the form of a comprehen-
sive monograph entitled “Théorie Analytique de la Chaleur”
[Fou88]. In this work, he introduced the heat equation
𝜕𝑡𝑣 = Δ𝑣. To solve it, he created the technique that is
nowadays taught to every undergraduate student in math-
ematics, physics, engineering, and computer science: the
method of separation of variables. Fourier studied the
development of an arbitrary function in trigonometric
(cosines and sines) series and integrals, tools that are now
known as Fourier series and Fourier transform, respec-
tively. Towards the end of his monograph, Fourier looks
at representations of real single-variable functions 𝑢 as

𝑢(𝑡) = 1
2𝜋 ∫

∞

−∞
𝑑𝑦𝑢(𝑦)∫

∞

−∞
𝑑𝜔 cos(𝜔𝑡 − 𝜔𝑦).

(Here we havemodified Fourier’s notation for the variables
to make them consistent with the rest of this article.) The
expression above presents diverse analytical applications
that Fourier reveals. The derivative of integer order 𝑛 ≥ 0
of 𝑢 with respect to 𝑡 can be computed as

𝑑𝑛𝑢
𝑑𝑡𝑛 (𝑡) =

1
2𝜋 ∫

∞

−∞
𝑑𝑦𝑢(𝑦)∫

∞

−∞
𝑑𝜔 𝑑𝑛

𝑑𝑡𝑛 cos(𝜔𝑡 − 𝜔𝑦).
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Observe that the derivative operator acts only on the
cosine in the right hand side. Similarly, one can rep-
resent the integral of 𝑢 with respect to 𝑡 with a for-
mula involving the integration in 𝑡 of the cosine func-
tion. In [Fou88, Par. 422], Fourier points out that, since
𝑑𝑛

𝑑𝑡𝑛
cos(𝜔𝑡 − 𝜔𝑦) = 𝜔𝑛 cos(𝜔𝑡 − 𝜔𝑦 + 𝑛𝜋

2
), we have

𝑑𝑛𝑢
𝑑𝑡𝑛 (𝑡) =

1
2𝜋 ∫

∞

−∞
𝑑𝑦𝑢(𝑦)∫

∞

−∞
𝑑𝜔𝜔𝑛 cos (𝜔𝑡 − 𝜔𝑦 + 𝑛𝜋2 ).

Immediately after this equation, he defines fractional
derivatives and integrals: “The number 𝑛, that enters in the
second member, will be regarded as any positive or negative
quantity. We shall not insist on these applications to the gen-
eral analysis,” see [Fou88, p. 562]. Perhaps because of
this last comment, some have regarded Fourier’s defini-
tion as belonging to the prehistory of fractional calculus,
see [SKM93, p. xxvii]. However, Fourier’s definitions of
fractional derivatives and integrals are the first ones given
for a general function, not just for power functions as Euler
and Lacroix did.

The integral representation of 𝑢(𝑡) given above is noth-
ing but the Fourier transform inversion formula. Indeed,
by applying the trigonometric identity for the cosine of
a difference of two angles and Euler’s formula 𝑒𝑖𝑡𝜔 =
cos(𝑡𝜔) + 𝑖 sin(𝑡𝜔), Fourier’s formula reads

𝑢(𝑡) = 1
(2𝜋)1/2 ∫

∞

−∞
�̂�(𝜔)𝑒𝑖𝑡𝜔 𝑑𝜔 (1)

where the Fourier transform �̂� of 𝑢 is given by

�̂�(𝜔) = 1
(2𝜋)1/2 ∫

∞

−∞
𝑢(𝑡)𝑒−𝑖𝑡𝜔 𝑑𝑡.

Obviously, Fourier had a clear understanding of the
complex form of his transform (see, for instance,
[Fou88, Par. 420]), but he worked mostly with the cosine
formulation. Now, Fourier established that

𝑑𝑛𝑢
𝑑𝑡𝑛 (𝑡) =

1
(2𝜋)1/2 ∫

∞

−∞
(𝑖𝜔)𝑛�̂�(𝜔)𝑒𝑖𝑡𝜔 𝑑𝜔. (2)

In other words, differentiation becomes an algebraic op-
eration: derivatives of integer order 𝑛 are just multiplica-
tion of the Fourier transform �̂� by the homogeneous com-
plex monomial (𝑖𝜔)𝑛. Following Fourier, the number 𝑛
can now be regarded as any positive or negative quantity.
Thus, Fourier’s fractional derivative of 𝑢 of order 𝛼 > 0 is
defined by

𝐷𝛼𝑢(𝑡) = 1
(2𝜋)1/2 ∫

∞

−∞
(𝑖𝜔)𝛼�̂�(𝜔)𝑒𝑖𝑡𝜔 𝑑𝜔,

which is the same as saying that

𝐷𝛼𝑢(𝜔) = (𝑖𝜔)𝛼�̂�(𝜔).
Similarly, the fractional integral of order 𝛼 > 0 is

𝐷−𝛼𝑢(𝜔) = (𝑖𝜔)−𝛼�̂�(𝜔).

It is obvious from the definitions above that the composi-
tion formula𝐷𝛼1(𝐷𝛼2𝑢) = 𝐷𝛼1+𝛼2𝑢, the Fundamental The-
orem of Fractional Calculus 𝐷𝛼(𝐷−𝛼𝑢) = 𝐷−𝛼(𝐷𝛼𝑢) = 𝑢,
and the consistency limits lim𝛼→0 𝐷𝛼𝑢 = 𝑢, lim𝛼→1 𝐷𝛼𝑢 =
𝑑ᵆ
𝑑𝑡

and, in general, lim𝛼→𝑛 𝐷𝛼𝑢 = 𝑑𝑛ᵆ
𝑑𝑡𝑛

all hold.
Although this seems to work just fine as a good def-

inition of fractional differentiation, we are now faced
with many questions. For which functions 𝑢 is 𝐷𝛼𝑢 well-
defined? How do we perform the inverse Fourier trans-
form to actually compute 𝐷𝛼𝑢(𝑡) for specific functions 𝑢?
Does 𝐷𝛼𝑢(𝑡) look like a limit of an incremental quotient,
similar to the classical derivative? For which classes of
𝑢 does the Fundamental Theorem of Fractional Calculus
hold? In which sense are the consistency limits valid? But,
even before all of that: what is the meaning of the frac-
tional power (𝑖𝜔)𝛼 for the purely imaginary complex num-
ber 𝑖𝜔? For example, (2𝑖)1/2 = ±(1 + 𝑖), so which root
shouldwe choose? We can begin to answer these questions
by introducing a powerful tool: the method of semigroups.

The Method of Semigroups for Fractional
Derivatives
The definitions of fractional derivative 𝐷𝛼 and fractional
integral 𝐷−𝛼 given by Fourier can be realized as the posi-
tive and negative fractional powers of the derivative operator,
respectively. Indeed, we do this just by extension of mean-
ing: in the Fourier side, the derivative is multiplication by
(𝑖𝜔), the integer power 𝑛 of the derivative operator corre-
sponds to (𝑖𝜔)𝑛, so the fractional power 𝛼 of the derivative
is given as multiplication by (𝑖𝜔)𝛼.

The method of semigroups is a very general tool to pre-
cisely define, characterize, analyze, and use fractional pow-
ers of linear operators in concrete problems. In fact, it can
be applied to operators such as the Laplacian [Sti19], the
heat operator [ST17], the Laplace–Beltrami operator in a
Riemannian manifold, the discrete Laplacian, the discrete
derivative, the wave operator, and many others. It has also
been used in numerical and computational implementa-
tion of fractional operators with finite differences and fi-
nite elements methods. The theory was first established in
[ST10] for operators on Hilbert spaces, and then extended
in [GMS13] to operators on Banach spaces. We will not de-
scribe the whole theory here nor list all of its applications
(to see how it works for the case of the fractional Laplacian
and find more references, we refer to [Sti19]). Instead, we
will show how the methodology can unpack Fourier’s defi-
nition of fractional derivatives and start answering some of
the questions left open at the end of the previous section.
The following discussion is based on [BMRST16], where
the reader can find all the proofs.

Fromnowon, wewill just focus on the case 0 < 𝛼 < 1. If
we want to analyze higher order fractional derivatives, say,
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of order 3/2 or 𝜋 then, as we can write 𝐷3/2𝑢 = 𝐷1/2(𝑑ᵆ
𝑑𝑡
)

and𝐷𝜋𝑢 = 𝐷𝜋−3(𝑑
3ᵆ
𝑑𝑡3

), we only need to study the operators

𝐷1/2 and 𝐷𝜋−3.
Let us next recall three important properties of the

Fourier transform. We have already seen two of them: the
Fourier inversion formula in (1) and the relation between
the Fourier transform and derivatives of order 𝑛 in (2). The
third one is that the Fourier transform of a translation of 𝑢
corresponds to modulation of �̂� by a complex exponen-
tial. Indeed, if the translation operator 𝑇𝜏 acts on 𝑢 as
𝑇𝜏𝑢(𝑡) = 𝑢(𝑡 − 𝜏), then 𝑇𝜏𝑢(𝜔) = 𝑒−𝜏(𝑖𝜔)�̂�(𝜔). Clearly, we
have 𝑇𝜏1(𝑇𝜏2𝑢) = 𝑇𝜏1+𝜏2𝑢 and lim𝜏→0 𝑇𝜏𝑢 = 𝑇0𝑢 = 𝑢. These
properties imply that the family of operators {𝑇𝜏}𝜏≥0 is a
semigroup, known as the semigroup of left translations. We
call it “left” because, for 𝜏 > 0, 𝑇𝜏𝑢(𝑡) looks at the values of
𝑢 to the left of 𝑡. The restriction to 𝜏 > 0 will be apparent
soon.

The key to the semigroup method for fractional deriva-
tives lies in two important integral identities involving the
Gamma function Γ. By using the Cauchy integral theorem
and the unique continuation theorem of complex analy-
sis, it is proved in [BMRST16, Corollary 2.2] that, for any
𝜔 ∈ ℝ and 0 < 𝛼 < 1,

(𝑖𝜔)𝛼 = 1
Γ(−𝛼) ∫

∞

0
(𝑒−𝜏(𝑖𝜔) − 1) 𝑑𝜏

𝜏1+𝛼 .

In particular, this formula implies that (𝑖𝜔)𝛼 on the left-
hand side is chosen from the principal branch of themulti-
valued complex function 𝑧𝛼, and this answers the ques-
tion of which power we should select. If we multiply both
sides of this identity by �̂�(𝜔), the left-hand side becomes
𝐷𝛼𝑢(𝜔), while in the integrand on the right-hand side we
get 𝑒−𝑖𝜏𝜔�̂�(𝜔) − �̂�(𝜔), which is the Fourier transform of
𝑇𝜏𝑢(𝑡)−𝑢(𝑡) = 𝑢(𝑡−𝜏)−𝑢(𝑡) (note that 𝜏 > 0). Hence, after
inverting back from the Fourier side and making a simple
change of variables, we find the pointwise formula

𝐷𝛼𝑢(𝑡) = 1
Γ(−𝛼) ∫

∞

0

𝑇𝜏𝑢(𝑡) − 𝑢(𝑡)
𝜏1+𝛼 𝑑𝜏

= 𝑐𝛼∫
𝑡

−∞

𝑢(𝑡) − 𝑢(𝜏)
(𝑡 − 𝜏)1+𝛼 𝑑𝜏.

(3)

One impressive aspect of the method of semigroups be-
comes evident: we have found the pointwise formula
for 𝐷𝛼𝑢(𝑡) without directly computing the inverse Fourier
transform of (𝑖𝜔)𝛼�̂�(𝜔) (which should be performed in
the sense of tempered distributions because (𝑖𝜔)𝛼 is not
a bounded Fourier multiplier).

The fractional derivative (3) involves a sort of fractional
incremental quotient in which 𝑢(𝑡) is compared with 𝑢(𝜏)
through the interaction kernel 1/(𝑡 − 𝜏)1+𝛼. The kernel be-
comes singular when 𝜏 = 𝑡. This gives an idea that 𝑢 must

have some regularity at 𝑡 in order to have a well-defined
fractional derivative.

Now, to compute 𝐷𝛼𝑢(𝑡) we need to know the values of
𝑢(𝜏) for all 𝜏 ≤ 𝑡. In other words, 𝐷𝛼 is a nonlocal operator.
Nonlocal alsomeans that if 𝑢has compact support then, in
general, 𝐷𝛼𝑢 has noncompact support. This is not the case
for the computation of the classical derivative in which it
is enough to know 𝑢(𝜏) for values 𝜏 infinitesimally close

to 𝑡. Furthermore, the support of
𝑑ᵆ
𝑑𝑡

is always contained
in the support of 𝑢. Because of this, we say that classical
differential operators are local operators.

Another aspect of (3) is that 𝐷𝛼𝑢(𝑡) is one-sided in the
sense that we need the values of 𝑢(𝜏) for 𝜏 < 𝑡, that is,
from the past. We should remember that the classical de-
rivative has a hidden two-sided structure. Indeed, in cal-
culus, we first introduce the derivatives from the left and
from the right by taking left- and right-sided limits of incre-
mental quotients, respectively. In the very special situation
in which both limits coincide, we call that common limit
the derivative. The difference between left and right deriva-
tives is very well understood in numerical analysis because
of the different properties between the explicit/forward
and the implicit/backwards Euler methods.

As a matter of fact, [BMRST16] shows that𝐷𝛼 is the frac-
tional power (𝐷left)𝛼 of the left derivative operator 𝐷left.
Here 𝐷left is the (negative of the) infinitesimal generator
of the left translation semigroup 𝑇𝜏𝑢(𝑡) = 𝑢(𝑡 − 𝜏), 𝜏 > 0,
namely,

𝐷left𝑢(𝑡) = − lim
𝜏→0+

𝑢(𝑡 − 𝜏) − 𝑢(𝑡)
𝜏 .

Thus, if 𝑢 is differentiable, then 𝐷left𝑢 = 𝑢′. One can also
obtain the fractional derivative that looks into the future by
taking the fractional power of 𝐷right, the derivative from
the right, which is the infinitesimal generator of the right
translation semigroup, see [BMRST16].

The pointwise formula for the fractional integral
𝐷−𝛼𝑢(𝑡) can be found in a similar way, starting with the
other important Gamma function integral formula

(𝑖𝜔)−𝛼 = 1
Γ(𝛼) ∫

∞

0
𝑒−𝜏(𝑖𝜔) 𝑑𝜏

𝜏1−𝛼 .

Parallel as before, it follows that

𝐷−𝛼𝑢(𝑡) = 1
Γ(𝛼) ∫

∞

0

𝑇𝜏𝑢(𝑡)
𝜏1−𝛼 𝑑𝜏

= 𝑐−𝛼∫
𝑡

−∞

𝑢(𝜏)
(𝑡 − 𝜏)1−𝛼 𝑑𝜏,

(4)

which is the negative fractional power of the left derivative
operator (𝐷left)−𝛼. For these details, see [BMRST16].

The left-sided fractional derivative (3), which from now
on will be denoted by (𝐷left)𝛼, is known as the Marchaud–
Weyl fractional derivative. André Marchaud found this
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formula in his 1927 PhD dissertation [Mar27]. His deriva-
tion, though, followed completely different motivations
and arguments. Indeed, Marchaud wanted to extend the
Riemann–Liouville fractional derivative (which we will
not discuss here) to unbounded intervals. Instead, our ap-
proach is based on Fourier’s original definition [Fou88]
and semigroups as in [BMRST16]. On the other hand, the
fractional integral (4), which will be denoted by (𝐷left)−𝛼,
is known as the Weyl fractional integral. It was introduced
by Hermann Weyl in his 1917 paper [Wey17]. Weyl used
Fourier series and even found the formula (3) for the in-
verse of (𝐷left)−𝛼. Again, (4) looks at the values of 𝑢 in the
past and, like the classical integration operator, is nonlo-
cal.

Since these fractional operators consider the values of
𝑢 in the past, it seems reasonable to use (3) or (4) to
account for memory effects. In probability language, non-
Markovian processes are those in which the evolution of
a system depends not only on the present but also on the
past history. As we will see, this intuition amounts for ef-
fective models for population growth, for viscoelastic ma-
terials response in mechanics and bioengineering, and for
anomalous diffusions in physics, fluid mechanics and bi-
ology. But before considering these applications, let us
outline some elements of the recently developed analyt-
ical theory of (left-sided) fractional derivatives and inte-
grals. The theory for right-sided fractional calculus can be
established without any problems in an analogous way.

Theory of Left-sided Fractional Derivatives
It is easy to check that if 𝑢 is, say, bounded at −∞, and
Hölder continuous of order 𝛼+ 𝜖 < 1 at 𝑡 from the left, for
some 𝜖 > 0, then (𝐷left)𝛼𝑢(𝑡) is well-defined. More gener-
ally, if 𝑢 ∈ 𝐶𝛽 for 𝛽 > 0 with appropriate decay at −∞,
then (𝐷left)𝛼𝑢 ∈ 𝐶𝛽−𝛼 and (𝐷left)−𝛼𝑢 ∈ 𝐶𝛽+𝛼. Thus, at
the scale of Hölder spaces, (𝐷left)𝛼 and (𝐷left)−𝛼 behave
as differentiation and integration of fractional order 𝛼, re-
spectively.

Clearly, the fractional derivative of a constant is zero:
(𝐷left)𝛼1 ≡ 0 on ℝ. By using the definition of the Beta
function, it can be seen that, for any 𝛽 > 𝛼,

(𝐷left)𝛼[(𝑡+)𝛽] =
𝛽Γ(𝛽)

Γ(1 + 𝛽 − 𝛼)(𝑡+)
𝛽−𝛼. (5)

We can also see the influence of the past by modifying the
previous function on (−∞, 0]. Indeed, if we define 𝑢𝛽(𝑡) =
𝑡𝛽 for 𝑡 > 0 and 𝑢𝛽(𝑡) = 1 (instead of 0) for 𝑡 ≤ 0, then

(𝐷left)𝛼𝑢𝛽(𝑡)

= 𝛽Γ(𝛽)
Γ(1 + 𝛽 − 𝛼)(𝑡+)

𝛽−𝛼 + (𝑡+)𝛽−𝛼 − (𝑡+)−𝛼
Γ(1 − 𝛼) . (6)

With a simple change of variables one can also check that,
for any 𝜆 > 0,

(𝐷left)𝛼(𝑒𝜆𝑡) = 𝜆𝛼𝑒𝜆𝑡.
From here, we can deduce the fractional derivatives of sine
and cosine. In all these examples, when 𝛼 → 1 we obtain
the left derivative of the functions.

However, some paradoxes arise in the limit as 𝛼 → 0.
Obviously, we cannot recover the constant function 1 from
the limit lim𝛼→0(𝐷left)𝛼1 = 0. More surprisingly, in the
limit as 𝛼 → 0 in (5) we get (𝑡+)𝛽 back, but that is not the
case of (6), in which for 𝑡 > 0 we obtain 2𝑡𝛽 − 1 ≠ 𝑢𝛽(𝑡).
This is a consequence of the nonlocality: 𝑢𝛽 has a fat tail
at −∞, and this influences its fractional derivative at 𝑡 > 0
more than the skinny tail of (𝑡+)𝛽 does.

For sufficiently good functions 𝑢 and 𝜑, one can check
that

∫
∞

−∞
[(𝐷left)𝛼𝑢]𝜑 𝑑𝑡 = ∫

∞

−∞
𝑢[(𝐷right)𝛼𝜑] 𝑑𝑡.

In view of this relation, we can define the fractional deriv-
ative of a distribution 𝑢 as [(𝐷left)𝛼𝑢](𝜑) = 𝑢((𝐷right)𝛼𝜑),
for suitable test functions 𝜑. The distributional space must
reflect the one-sided nature of fractional derivatives. It was
shown in [SV20] that the appropriate test functions must
be supported on intervals of the form (−∞,𝐴], so as to
look at (𝐷left)𝛼𝑢 from the left. Since (𝐷right)𝛼𝜑 will also
have support in (−∞,𝐴], in the action 𝑢((𝐷right)𝛼𝜑) the
only values of 𝑢 involved are those to the left.

Notice that, if 𝜑 is smooth, then 𝐷left𝑢(𝜑) =
𝑢(𝐷right𝜑) = −𝑢(𝜑′). In other words, due to the regularity
of the test functions 𝜑, the left derivative coincides with the
classical derivative in the distributional and weak senses.
Thus, to define left-sided Sobolev spaces, one needs to in-
troduce weighted spaces that are capable of encoding the
underlying left-sided structure. This is accomplished by us-
ing one-sided Sawyer weights 𝑤(𝑡) ∈ 𝐴−

𝑝 (ℝ), which are the
goodweights for the left-sidedHardy–Littlewoodmaximal
function

𝑀−𝑢(𝑡) = sup
ℎ>0

1
ℎ ∫

𝑡

𝑡−ℎ
|𝑢(𝜏)| 𝑑𝜏.

(It is important to remark that this is the original defini-
tion of maximal function given by Hardy and Littlewood
in [HL30].) Indeed,𝑀− is bounded on the weighted space
𝐿𝑝(ℝ,𝑤), 1 < 𝑝 < ∞, if and only if 𝑤 ∈ 𝐴−𝑝 (ℝ), see
[Saw86]. The class 𝐴−𝑝 (ℝ) is larger than the usual Muck-
enhoupt class 𝐴𝑝(ℝ) as the example 𝑤(𝑡) = 𝑒−𝑡 shows.
The left-sided weighted Sobolev space 𝑊 1,𝑝(ℝ,𝑤) for the
left derivative is then defined as the set of functions 𝑢 ∈
𝐿𝑝(ℝ,𝑤) such that 𝑢′ ∈ 𝐿𝑝(ℝ,𝑤), where 𝑤 ∈ 𝐴−𝑝 (ℝ)
and 1 ≤ 𝑝 < ∞. The space is consistent with the left-
sided fractional calculus in the sense that if 𝑢 ∈ 𝐿𝑝(ℝ,𝑤)
then (𝐷left)𝛼𝑢 is well-defined in the sense of distributions.
Moreover, if lim𝛼→1(𝐷left)𝛼𝑢 = 𝑣 exists in 𝐿𝑝(ℝ,𝑤) then

580 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 70, NUMBER 4



𝑢 ∈ 𝑊 1,𝑝(ℝ,𝑤) and the limit 𝑣 is exactly 𝑢′. Conversely,
if 𝑢 ∈ 𝑊 1,𝑝(ℝ,𝑤) then lim𝛼→1(𝐷left)𝛼𝑢 = 𝑢′ in 𝐿𝑝(ℝ,𝑤)
and almost everywhere. It can also be proved that if 𝑢 ∈
𝐿𝑝(ℝ,𝑤) and lim𝛼→0(𝐷left)𝛼𝑢 = 𝑣 exists in 𝐿𝑝(ℝ,𝑤), then
the limit 𝑣 is indeed 𝑢 almost everywhere. See [SV20].

The one-sided fractional Sobolev spaces can also be de-
fined. If 𝑤 ∈ 𝐴−𝑝 (ℝ), 1 < 𝑝 < ∞, then 𝑊 𝛼,𝑝(ℝ, 𝜔𝑝) is the
set of functions 𝑢 for which there is 𝑓 ∈ 𝐿𝑝(ℝ,𝑤𝑝) such
that 𝑢 = (𝐷left)−𝛼𝑓. In fact, 𝑢 is in this potential space if
and only if (𝐷left)𝛼𝑢 exists in 𝐿𝑝(ℝ,𝑤𝑝); see [BMRST16].

The Fundamental Theorem of Fractional Calculus is es-
tablished in one-sided weighted 𝐿𝑝 spaces. In [BMRST16]
it is shown that 𝑢(𝑡) = (𝐷left)𝛼(𝐷left)−𝛼𝑢(𝑡) in the sense of
one-sided weighted 𝐿𝑝 spaces and almost everywhere. Ob-
serve that this result, which is obvious for 𝑢 smooth with
compact support through the Fourier transform, is not triv-
ial at all in 𝐿𝑝 or in the almost everywhere sense. Indeed,
the proof involves intricate integrations and delicate max-
imal function estimates.

From the PDE perspective, the nonlocality of (𝐷left)𝛼
creates an obstacle in that classical localization techniques
of multiplying by a compactly supported test function and
integrating by parts are not directly applicable. This hap-
pens because the fractional derivative of a compactly sup-
ported function is not necessarily of compact support. The
so-called extension problem gives a local characterization of
fractional derivatives in terms of a PDE that involves only
classical derivatives. This extension technique in the PDE
context was first introduced for the fractional Laplacian by
Caffarelli and Silvestre (see [Sti19] for an overview). The
method of semigroups was developed and used to gener-
alize the extension problem to fractional power operators
in [ST10,GMS13]. For the case of fractional derivatives, it
was shown in [BMRST16] that, if 𝑈(𝑡, 𝑦) ∶ ℝ × [0,∞) → ℝ
is the solution to

{
−𝐷left𝑈 + 1−2𝛼

𝑦
𝑈𝑦 + 𝑈𝑦𝑦 = 0, for 𝑡 ∈ ℝ, 𝑦 > 0

𝑈(𝑡, 0) = 𝑢(𝑡) for 𝑡 ∈ ℝ
then, for some explicit constant 𝑑𝛼 > 0,

− lim
𝑦→0+

𝑦1−2𝛼𝑈𝑦(𝑡, 𝑦) = 𝑑𝛼(𝐷left)𝛼𝑢(𝑡).

The limit can be taken in the classical sense, in the sense
of distributions, in one-sided weighted 𝐿𝑝 sense or almost
everywhere, depending on the regularity of 𝑢. With the
extension, problems involving fractional derivatives of 𝑢
can be converted into equivalent local PDE problems for
𝑈. The prices to pay, though, are the increase of dimen-
sion (passing from a one-dimensional problem for 𝑢 to
a two-dimensional problem for 𝑈) and the degeneracy of
the PDE for 𝑈. The advantage is that many analytical and
numerical PDE tools can be implemented in the exten-
sion problem in order to obtain estimates and properties
of 𝑢. For instance, with the extension problem one can

Figure 1. The elephants in the room: because of their
memory, elephants’ travel patterns follow an anomalous
diffusion process. The elephant random walk was introduced
in [ST04] to model memory effects.

prove Harnack inequalities for nonnegative solutions to
(𝐷left)𝛼𝑢 = 0 in an interval 𝐼 ⊂ ℝ; see [BF16] and [ST17].

After this account on the theory of left-sided fractional
derivatives, and before presenting the three applications,
we need to address the elephants in the room.

The Elephants in the Room
When talking about fractional calculus, it is important to
recognize and reflect upon some of the questions we may
encounter.

One could argue that Fourier’s fractional derivative is
just a mathematical curiosity that can be studied from a
merely academic point of view. A couple of valid ques-
tions are: what are the applications of fractional derivatives?
and why do we need fractional derivatives? To address these
questions, this article will show three applications: pop-
ulation growth (related to data interpolation), viscoelas-
tic materials (based on Boltzman’s principle of superposi-
tion), and anomalous diffusion (based on observed exper-
iments). These, of course, are not the only places where
fractional calculus arises naturally. The reader is invited to
make an effort spending some time learning about other
interesting models in science and engineering by browsing
the web, which is filled with survey articles written by en-
gineers, physicists, biologists and mathematicians, or by
going through the lists collected in [SZB+18,Pod99].

The second elephant in the room, intimately connected
to the first one, is the variety of options: which fractional
derivatives should we use? Indeed, there is a zoo of def-
initions of fractional derivatives out there, such as the
ones named after Riemann, Liouville, Chapman, Caputo,
Grünwald, Letnikov, and Jumarie, among many others.
In our opinion, the fractional derivative should be cho-
sen directly from modeling considerations. We will not
address these other definitions nor draw comparisons or
connections among them (a good source is, for instance,
[SKM93], and many other articles, undergraduate and
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master’s dissertations, and books that compare them all).
Here, we will only focus on Fourier’s concept.

Another objectionmay be that of computational cost: it
is cheaper to numerically compute solutions to local PDEs than
solutions to nonlocal, fractional order equations. We need to
face the fact that, at the end of the day, we cannot escape re-
ality: inmany instances, PDEs have proved to be incapable
of reproducing and predicting the observed experiments,
but instead nonlocal fractional models have shown to be
themost adequate tool. Numerical simulation of nonlocal
models is a challenging topic in which much more must
be understood. Such active research area is growing hand
in hand with the technological advances that are rapidly
decreasing computational costs.

At the same time, it is critical to ask why are these ele-
phants in the room? Today, nobody needs to make a case to
justify why the heat equation is important. One way of ex-
plaining this is by reflecting about our training. Calculus
courses have ingrained into our way of thinking the con-
cept of instantaneous rate of change, in which the change
is independent of all the previous history (Markovian pro-
cesses). We naturally think about evolution equation mod-
els in terms of classical time derivatives. In contrast, many
systems exhibiting anomalous diffusions and memory ef-
fects, like the way elephants and other wild animals travel,
see Figure 1, are not presented in typical undergraduate
studies. Usual undergraduate probability and PDE text-
books do not develop the idea of modeling memory ef-
fects in random walks, where particles can get stuck in a
location for a random period of time, or where plasmas
and elephants can travel long distances without follow-
ing Fourier’s law of diffusion. Instead, one of the central
techniques that is emphasized, and rightly so, is Fourier’s
method of solving the heat equation by separation of vari-
ables.

Fourier formulated his set of ideas in 1807 in his mem-
oir On the Propagation of Heat in Solid Bodies. Highly in-
fluential scientists at the time such as Lagrange, Laplace,
Monge, Lacroix and Poisson raised objections to Fourier’s
trigonometric expansions, see [Her75]. Their opinions
prevented the publication of Fourier’s memoir by the
French Académie des Sciences. It took 15 years for the
French scientific community to allow the publication in
1822 of [Fou88]. Nowadays, Fourier’s work and Fourier se-
ries are highly regarded in the scientific community, but at
the time the skepticism of the experts caused controversy,
shaking the status quo.

It looks like Fourier’s ideas on fractional calculus are
raising new paradoxes again, fulfilling the prophetic words
of Leibniz. Who knows, maybe it will take another 15
years for his concept of fractional derivative to enter into
mainstream undergraduate calculus, probability and PDE
textbooks and courses.

Let us continue with three applications of Fourier’s def-
inition of fractional derivative.

Population Growth with Memory
The most simple ODE model taught in undergraduate cal-
culus is that of unlimited population growth. Under var-
ious simplifying conditions, the 1798 Malthusian law of

population growth establishes that the rate of change
𝑑ᵆ
𝑑𝑡
(𝑡)

of a population density 𝑢(𝑡) at time 𝑡 is proportional to the

current number of individuals, that is,
𝑑ᵆ
𝑑𝑡

= 𝜆𝑢. Here 𝜆 is
the birth (if positive) or death (if negative) rate. If the ini-
tial population is 𝑢(0) = 𝐶 > 0, then the unique solution
is 𝑢(𝑡) = 𝐶𝑒𝜆𝑡, for 𝑡 ≥ 0. This model predicts that if 𝜆 > 0
then there will be such an exponential increase in pop-
ulation that soon there will be not enough resources on
Earth to feed everyone (although, on the other hand, the
more people, the more minds to find solutions to human-
ity’s problems). Obviously, the model is a good first ap-
proximation to cases where the simplifying assumptions
are reasonably met, like radioactive decay or cell reproduc-
tion. But it does not directly apply to human population
growth.

Populations are influenced by a multitude of factors
such as pandemics, migration, cultural changes, natural
disasters, social media, etc. In other words, populations
have memory. Since left-sided fractional derivatives take
into account memory effects, one can propose a similar
model of population growth with memory: (𝐷left)𝛼𝑢(𝑡) =
𝜆𝑢(𝑡), for 𝑡 > 0. The correct initial condition is the form
𝑢(𝑡) = 𝐶(𝑡), for all 𝑡 ≤ 0. That is, we need to know the his-
toric population𝐶(𝑡) until the initial measuring time 𝑡 = 0.
In [ABM16], the authors use the World Population num-
bers from the United Nations to adjust the value of 𝛼 that
best fits the data, obtaining a much better error of approx-
imation for the fractional model than the classical ODE
model. This is a very simple instance where the classical
local equation cannot fit the data, but the nonlocal one
does so effectively. In addition, [ABM16] analyzes other
blood alcohol level and videotape problems.

Notice that the classical exponential solution 𝑒𝜆𝑡 is in
fact an eigenfunction for the derivative operator. The
fractional counterpart of the exponential function is the
Mittag-Leffler function, which is defined by the power se-
ries

𝐸𝛼,𝛽(𝑡) =
∞
∑
𝑘=0

𝑡𝑘
Γ(𝛼𝑘 + 𝛽) .

For 𝛼, 𝛽 > 0, it has an infinite radius of convergence. In
particular, 𝐸1,1(𝜆𝑡) = 𝑒𝜆𝑡. If we define

𝑢(𝑡) = 𝐸𝛼,1(𝜆(𝑡+)𝛼)
then, by using (5), the reader can verify that

(𝐷left)𝛼𝑢 = 𝜆𝑢.
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Thus, theMittag-Leffler functions are the eigenfunctions of
the fractional derivative. Because of this, we call them the
fractional exponentials.

Viscoelasticity: Materials with Memory
and Boltzmann
In classical continuum mechanics, elastic materials are
those that return to their original shape after applied forces
have been removed, like steel or concrete under small de-
formations. Hooke’s law for an ideal elastic solid estab-
lishes that the stress 𝜎 (the internal force in a material per
unit area) is proportional to the strain 𝜀 (the deformation
or elongation with respect to the original length), that is,
𝜎 = 𝐸𝜀. In this one-dimensional model, 𝐸 is a material
constant, called the elastic or Young modulus, that can be
experimentally measured. Hooke’s equation is pictorially
represented by a spring. On the other hand, liquids, gasses,
and plasmas deform when subjected to a force. Newton’s
law for an ideal fluid says that stress is proportional to the

velocity of the deformation, namely, 𝜎 = 𝜂𝑑𝜀
𝑑𝑡

. Here 𝜂 is the
fluid dependent, experimentally observed viscosity coeffi-
cient. This equation is visually represented by a dashpot.

In real life, there are many materials that exhibit both
elastic and fluid characteristics such as wood, asphalt,
baker’s dough, lead wires, certain polymers, rubber, clay,
gels, metals near melting temperature, and even biological
tissues like skin. If we stretch a rubber band for some time,
it will lose strength and not return to its original shape.
Similarly, wooden shelves in a library slowly deform due
to the weight of books and will not return to their original
shape after the load has been removed but remain warped.
As we age, our skin looses its strength and we develop wrin-
kles that we might begin to fight using various lotions or
surgical procedures.

In some sense, viscoelasticmaterials are in between elas-
tic materials (they do not return to their original shape)
and fluids (they do not continue deforming indefinitely).

Even more in contrast, the examples above show that,
unlike elastic solids or fluids, viscoelastic materials have
memory: the deformation and the internal forces react
by accumulating the history of all the applied loads
and strains. More precisely, what is particularly inter-
esting about viscoelastic materials is that they have fad-
ing memory, see [CN61]. Intuitively speaking, ideal liq-
uids “instantly forget” where they were, and the Navier–
Stokes equations describing them involve only local time
derivatives of the velocity field. Ideal elastic materials
have a “perfect memory” in that they always remember
where they started by returning to their original configu-
ration, and so have “no memory” of previous forces that
have since been released. Viscoelastic materials are inter-
mediate: they remember where they were recently but,
as the internal molecular structure changes irreversibly,

Figure 2. Pizza dough is a viscoelastic material with stress
relaxation modulus 𝐺(𝑡) = 𝑘𝑡−0.36.

forget where they started. The so-called decay theory in psy-
chology and neuroscience tries to explain the process and
causes of fading memory that is observed in humans.

Early viscoelastic models were created by using combi-
nations of springs (elastic) and dashpots (viscous) con-
nected in series or in parallel. Nevertheless, these models
have shown to be insufficient at describing the complex
behavior of most viscoelastic materials. Furthermore, it
was observed that one would need a very large amount of
springs and dashpots to accurately approximate some ma-
terials responses, leading to large systems of higher order
differential equations.

Since fractional derivatives interpolate between the
identity operator and the usual derivative, an intermedi-
ate model between springs and dashpots can be given as
𝜎 = 𝑘𝛼𝐷𝛼𝜀, for some fractional derivative 𝐷𝛼 of order
0 < 𝛼 < 1 and some material constant 𝑘𝛼. Mathemati-
cally speaking, this is a reasonable model between 𝛼 = 0
(elastic, 𝑘0 = 𝐸) and 𝛼 = 1 (viscous, 𝑘1 = 𝜂). But, after
recalling the elephants in the room, we still need a justifi-
cation of this model coming from physical principles.

To experimentally study the behavior of a viscoelastic
material, one can conduct various tests. The stress relax-
ation test measures stress within the material following a
fixed displacement that is kept constant with time. Thus,
we apply a step in strain 𝜀(𝑡) = 𝜀0𝐻(𝑡), where 𝐻(𝑡) is the
Heaviside function and 𝑡 is time, and calculate the time-
dependent stress 𝜎(𝑡). In linear materials, the stress is pro-
portional to the strain, so 𝜎(𝑡) = 𝜀0𝐺(𝑡), where 𝐺(𝑡) is the
so-called stress relaxation modulus. The relaxation modu-
lus 𝐺(𝑡), which is a measure of the material’s fading mem-
ory, can be found experimentally. For example, for flour
dough, 𝐺(𝑡) = 𝑘𝑡−0.36 [Mag06, p. 278] (we are neglecting
units), see Figure 2. In fact, for many viscoelastic materials,
𝐺(𝑡) is a constant multiple of 𝑡−𝛼, for some 0 < 𝛼 < 1.

In 1874, Ludwig Boltzmann proposed in [Bol74] his
principle of superposition to account for memory effects
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in strained materials. The principle states that, provided
that there is a linear relation between stress and strain,
the stress produced by any number of applied strains is
the sum of the stress produced by each of the individual
strains when acting alone. Recall that, in the relaxation
test, 𝜎(𝑡) = 𝜀(0)𝐺(𝑡), where 𝐺(𝑡) is the stress at time 𝑡 ow-
ing to a unit strain increment of size 𝜀(0) at time 𝑡 = 0. By
the principle of superposition, with another strain incre-
ment at time Δ𝜏 > 0, the stress becomes

𝜎(𝑡) = 𝜀(0)𝐺(𝑡) + (𝜀(Δ𝜏) − 𝜀(0))𝐺(𝑡 − Δ𝜏).

Then, after 𝑁 increments,

𝜎(𝑡) = 𝜀(0)𝐺(𝑡)

+
𝑁
∑
𝑛=1

𝜀(𝑛Δ𝜏) − 𝜀((𝑛 − 1)Δ𝜏)
𝑛Δ𝜏 − (𝑛 − 1)Δ𝜏 𝐺(𝑡 − 𝑛Δ𝜏)Δ𝜏.

In the limit as Δ𝜏 → 0,

𝜎(𝑡) = 𝜀(0)𝐺(𝑡) +∫
𝑡

0
𝜀′(𝜏)𝐺(𝑡 − 𝜏) 𝑑𝜏.

As we said before, we know from experiments that 𝐺(𝑡) =
𝑘𝑡−𝛼, for some 0 < 𝛼 < 1. A more flexible model that
does not involve the derivative of strain in the equation
and accounts for all the history of the material (not nec-
essarily starting at time 𝑡 = 0) can be obtained as follows.
We extend 𝜀(𝜏) ≡ 𝜀(0) for all past times 𝜏 < 0, extend the
integral from the interval (0, 𝑡) to (−∞, 𝑡) (notice 𝜀′(𝜏) = 0
for 𝜏 < 0), write 𝜀′(𝜏) = 𝑑

𝑑𝜏
(𝜀(𝜏)−𝜀(𝑡)) in the integrand and

integrate by parts to obtain

𝜎(𝑡) = 𝜀(0)𝐺(𝑡) +∫
𝑡

−∞
(𝜀(𝜏) − 𝜀(𝑡))𝐺′(𝑡 − 𝜏) 𝑑𝜏

= 𝜀(0)𝐺(𝑡) + 𝑐𝑘,𝛼(𝐷left)𝛼𝜀(𝑡),

where 𝑐𝑘,𝛼 depends on 𝑘 and 𝛼. The decay of the kernel in
the fractional derivative model accounts for the material’s
fading memory.

A feature of the fractional derivative model is that it pro-
vides an adjustable “material memory” parameter 𝛼 for de-
scribing the stress/strain behavior of viscoelastic materials
that can be experimentally measured.

We mentioned before that features of viscoelastic ma-
terials appeared to be better captured by special combi-
nations of large numbers of springs and dashpots. One
can ask the question: what combinations of springs and dash-
pots can give rise to a fractional derivative model? It has been
shown that hierarchical arrangements of springs and dash-
pots, such as infinite ladders, trees and fractal networks,
do in fact obey the fractional viscoelastic constitutive equa-
tion in the limit.

Viscoelasticity is a fascinating area of continuum me-
chanics and bioengineering that the reader is invited to

explore, for instance, in [Mag06], see also [Pod99, Chap-
ter 10] and references therein.

Anomalous Diffusion is Normal
The function 𝑢(𝑥, 𝑡) in the heat equation for an ideal one-
dimensional metal rod 𝑢𝑡 =

𝑘
2
𝑢𝑥𝑥 denotes the absolute

temperature at the point 𝑥 at time 𝑡, and 𝑘/2 > 0 is the
diffusivity constant. In deriving this equation, Fourier’s
main observation was that the flow of heat between two
adjacent molecules is proportional to the extremely small
difference of their temperatures. In other words, the flow
of caloric energy is from regions of higher concentration
to regions of lower concentration, an intuitive, experimen-
tally observed fact. Paradoxically, this is a parallel process
to that of the randommovement of a pollen particle in sus-
pension on the surface of water as observed under the mi-
croscope by Scottish botanist Robert Brown in 1927. Ein-
stein, in his study of Brownian motion, derived the heat
equation from first principles assuming that the direction
of motion of the particle is “forgotten” after an infinitesi-
mally small period of time.

Let us derive the heat equation from a one-dimensional
random walk. We choose a small step size Δ𝑥 > 0 and a
small time interval Δ𝜏 > 0. Consider a random walker
that moves randomly along the 𝑥 axis according to the fol-
lowing rules. During the interval of time Δ𝜏, the walker
takes one step of size Δ𝑥, starting from, say, 𝑥 = 0. The
walker moves either to the left or to the right with proba-
bility 1/2, independently of the previous steps. We would
like to compute the probability 𝑢(𝑥, 𝑡) of finding thewalker
at position 𝑥 at time 𝑡. The process has no memory since
each step is independent from the past ones. The law of
total probability gives that

𝑢(𝑥, 𝑡) = 1
2𝑢(𝑥 − Δ𝑥, 𝑡 − Δ𝜏) + 1

2𝑢(𝑥 + Δ𝑥, 𝑡 − Δ𝜏).

Indeed, at time 𝑡, the walker may arrive to 𝑥 from either
previous positions 𝑥−Δ𝑥 or 𝑥+Δ𝑥 with probabilities 1/2.
If we denote the second order incremental quotient of 𝑢 in
the space variable by

𝛿2𝑢(𝑥, 𝑡) =
𝑢(𝑥 − Δ𝑥, 𝑡) + 𝑢(𝑥 + Δ𝑥, 𝑡) − 2𝑢(𝑥, 𝑡)

(Δ𝑥)2 ,

then, after subtracting 𝑢(𝑥, 𝑡 − Δ𝜏) to both sides, the previ-
ous identity becomes

𝑢(𝑥, 𝑡) − 𝑢(𝑥, 𝑡 − Δ𝜏)
Δ𝜏 = (Δ𝑥)2

2Δ𝜏 𝛿2𝑢(𝑥, 𝑡 − Δ𝜏).

In the limitΔ𝑥, Δ𝜏 → 0, assuming that
(∆𝑥)2

∆𝜏
→ 𝑘, we arrive

at the heat equation

𝐷left𝑢 =
𝑘
2
𝑢𝑥𝑥.

To find the fundamental solution, suppose that we are
given the initial condition 𝑢(𝑥, 0) = 𝛿0(𝑥), a Dirac delta
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or unit impulse concentrated at the origin. Then, applying
the Fourier transform in space �̂�(𝜔, 𝑡), we find a family of
ODEs parametrized by the Fourier variable 𝜔 ∈ ℝ:

{𝐷left�̂� = −𝑘
2
|𝜔|2�̂�, 𝑡 > 0

�̂� = 1 𝑡 = 0.

The solution is �̂�(𝜔, 𝑡) = 𝑒−𝑡
𝑘
2 |𝜔|

2
. After inverting the

Fourier transform, we get

𝑢(𝑥, 𝑡) = 1
(2𝜋𝑘𝑡)1/2 𝑒

−|𝑥|2/(2𝑘𝑡).

This is the classical Gaussian or normal distribution for
normal diffusion, giving the probability of finding the
(memoryless) random walker at position 𝑥 at time 𝑡. The
mean or average is 𝜇 = 0 and the standard deviation is
𝜎 = (𝑘𝑡)1/2. In particular, as time 𝑡 goes by, the walker devi-
ates from the origin an average distance (𝑘𝑡)1/2. The mean
square displacement or second moment ⟨𝑥2⟩ is 𝑘𝑡. In fact,
in the limit we took above, the scaling (Δ𝑥)2 = 𝑘Δ𝜏 says
that the mean square displacement is proportional to the
waiting time Δ𝜏 between steps.

There are many instances where the distribution of a
quantity is not normal. For instance, wealth is not dis-
tributed according to a Gaussian. Indeed, the spread be-
tween extreme poverty and wealth is so large that talking
about the average wealth makes no sense. Such abnormal
phenomenon follows a Pareto distribution, in which the
probability of finding extremely wealthy people is positive
and the mean is infinite.

In the mid 1970s, researchers began to pay much more
attention to these non-Gaussian processes and other in-
stances where Einstein’s assumptions do not hold. In
[SM75], Scher andMontroll observed in photocopiers and
laser printer machines that the transport of electrons did
not follow the diffusion equation. The hypothesis is that
electrons get stuck in “holes” within the surface of amor-
phous semiconductors for a time and then are released due
to a temperature potential. Physicists refer to this as diffu-
sion on disordered media, or simply as anomalous diffusion. It
was also observed that the probability distribution of wait-
ing time in between steps 𝜓(𝜏) is proportional to a Pareto
power law 𝜏−(1+𝛼), for 0 < 𝛼 < 1, for large waiting times
𝜏. Intuitively, if the waiting times between steps is large
compared to the step size, then the random walker will
not deviate from its initial position as much as a Gaussian
random walker would do, a process that is known as sub-
diffusion. In these processes, the relation ⟨𝑥2⟩ = 𝑘𝑡 is lost,
but the new subdiffusion power law ⟨𝑥2⟩ = 𝑘𝛼𝑡𝛼, for some
0 < 𝛼 < 1 and some 𝑘𝛼 > 0, is observed.

Many natural phenomena exhibit anomalous diffusion,
including the diffusion of lipids and receptors in cell mem-
branes, the transport of molecules within the cytosol and

the nucleus, the travel strategies of wild animals, the sleep-
wake transitions during sleep, the propagation of electric
currents on cardiac tissue, the avalanche-like behavior of
plasma particles, and the fluctuations of the stock market.
In fact, the claim in [KS05] is that “the clear picture that has
emerged over the last few decades is that although these phe-
nomena are called anomalous, they are abundant in everyday
life: anomalous is the new normal!”

New mathematical models to describe anomalous dif-
fusion have been developed in recent years, including con-
tinuous time random walks, elephant random walks that
take into account memory [ST04], and nonlocal master
equations, among others.

We do not have the space to enter into more details
about the fascinating world of anomalous diffusions. We
invite the reader to explore the literature, suggesting in
particular the popular article [KS05] that contains many
experimental examples, the detailed surveys [MK00] and
[Zas02], as well as the original article by Scher and Mon-
troll [SM75]. We will restrict to describing a random walk
with memory effects that can easily be introduced in any
undergraduate calculus, probability or differential equa-
tions class.

Let us consider a random walker that follows the same
space dynamics as before, moving a step of size Δ𝑥 > 0 ei-
ther to the left or to the right with probability 1/2, but also
stops at each location for a random period of time. Hence,
there is a waiting time in between steps that is random as
well. In other words, the walker undergoes memory: the
next step to the left or to the right happens after a random
time drawn from a distribution of waiting times 𝜓(𝜏). We
are interested in the probability 𝑢(𝑥, 𝑡) of the walker hav-
ing just arrived at position 𝑥 at time 𝑡. The law of total
probability gives

𝑢(𝑥, 𝑡) =
∞
∑
𝑛=1

[12𝑢(𝑥 − Δ𝑥, 𝑡 − 𝑛Δ𝜏)

+ 1
2𝑢(𝑥 + Δ𝑥, 𝑡 − 𝑛Δ𝜏)]𝜓(𝑛).

The term in brackets above is related to the probability of
arriving at 𝑥 from either 𝑥−Δ𝑥 or 𝑥+Δ𝑥, and those events
occur with probability 1/2. The infinite sum factors in the
fact that the walker could have been at those positions not
only at the previous time 𝑡 − Δ𝜏, but may had been sitting
there for a period of time 𝑡−𝑛Δ𝜏, with the probability of a
waiting time of length 𝑛Δ𝜏 being 𝜓(𝑛). In accordance with
many of the experimental observations mentioned before,
we now assume that 𝜓(𝑛) = 𝑑𝛼𝑛−(1+𝛼), for some 0 < 𝛼 < 1,
where 𝑑𝛼 > 0 is chosen so that ∑∞

𝑛=1 𝜓(𝑛) = 1. Using this,
we can write the equation above in terms of second order
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incremental quotients in space as

∞
∑
𝑛=1

𝑢(𝑥, 𝑡) − 𝑢(𝑥, 𝑡 − 𝑛Δ𝜏)
(𝑛Δ𝜏)1+𝛼 (Δ𝜏)

= (Δ𝑥)2
2𝑑𝛼(Δ𝜏)𝛼

∞
∑
𝑛=1

𝛿2𝑢(𝑥, 𝑡 − 𝑛Δ𝜏)𝜓(𝑛).

In the limit Δ𝑥, Δ𝜏 → 0, assuming that
(∆𝑥)2

𝑑𝛼(∆𝜏)𝛼
→

𝑘𝛼|Γ(−𝛼)|, we arrive to the time-fractional equation

(𝐷left)𝛼𝑢 =
𝑘𝛼
2
𝑢𝑥𝑥.

To find the fundamental solution, suppose that we are
given the past condition 𝑢(𝑥, 𝑡) = 𝛿0(𝑥), a unit impulse
concentrated at the origin, for all times 𝑡 ≤ 0. Then, by
applying the Fourier transform in space,

{(𝐷left)𝛼�̂� = −𝑘𝛼
2
|𝜔|2�̂�, 𝑡 > 0

�̂� = 1 𝑡 ≤ 0.

We have already encountered this problem in the popula-
tion growthmodel example. The solution is given in terms
of the Mittag–Leffler function as

�̂�(𝜔, 𝑡) = 𝐸𝛼,1(−
𝑘𝛼
2
|𝜔|2(𝑡+)𝛼).

Using the scaling properties of the Fourier transform, we
find that, for 𝑡 > 0,

𝑢(𝑥, 𝑡) = 1
(𝑘𝛼
2
𝑡𝛼)1/2

𝐻𝛼(
|𝑥|

(𝑘𝛼
2
𝑡𝛼)1/2

).

The profile function𝐻𝛼(𝑟), 𝑟 > 0, is a Fox–Wright function,
see, for example, [MK00] or [Zas02] for this particular spe-
cial function.
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Enumerative Geometry Meets
Statistics, Combinatorics,
and Topology

Mateusz Michałek
1. Introduction
We explain connections among several, a priori unrelated,
areas of mathematics: combinatorics, algebraic statistics,
topology, and enumerative algebraic geometry. Our focus
is on discrete invariants, strongly related to the theory of
Lorentzian polynomials. The main concept joining these
fields is a linear space of matrices.

The following questions arise prominently in different
branches of mathematics.

1. Given a graph 𝐺, how many proper vertex colorings
with 𝑘 colors exist?

2. What is the degree of a general linear concentration
model? What is its maximum likelihood degree?
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3. What is the Euler characteristic of a hypersurface de-
fined by the determinant of a matrix with linear en-
tries?

4. How many degree two hypersurfaces pass through 𝑎
general points and are tangent to 𝑏 general hyper-
planes?

We will start by explaining the meaning of the above ques-
tions. Our main aim is to show that the central objects we
encounter are in fact shadows of one construction and all
of the above questions are in fact one (or more precisely
two related) question(s). It turns out that the unifying set-
ting is surprisingly simple: we will always start from a lin-
ear space 𝐿 of square matrices. To such a space we canoni-
cally associate a polynomial with integral coefficients. This
is a special instance of the so-called volume polynomial
and an example of a Lorentzian polynomial. Roughly speak-
ing, the coefficients of this polynomial form the multide-
gree of the graph of the gradient of the determinant re-
stricted to 𝐿. We also present powerful, modern geometric
tools to study these basic invariants from a newperspective.
This will be achieved by performing intersection theory on
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smooth, projective, and beautiful varieties. We will work
over the field ℂ.

2. Main Players
Multidegree. For our purposes a variety 𝑉(𝑓1, … , 𝑓𝑛) is the
set of zeros of a polynomial system 𝑓𝑖 = 0. Given homo-
geneous polynomials on a vector space 𝑉 , it is natural to
consider their zero set as a subset of the projective space
ℙ(𝑉). The corresponding variety is called a projective vari-
ety [MS21, Chapters 1–3].

Example 2.1. Let 𝑓 = 𝑥𝑦 − 𝑧𝑡. We may regard 𝑉(𝑓) as a
two-dimensional quadratic surface in ℙ3.

The two most important invariants of a variety in a
projective space are its dimension and degree. One of
a few equivalent ways to define the degree of a variety
𝑋 ⊂ ℙ𝑛 is as the number of points one obtains after inter-
secting it with dim𝑋-many general hyperplanes. A variety
𝑋 is irreducible if, whenever it is a union of two varieties
𝑋 = 𝑋1 ∪ 𝑋2 then 𝑋 = 𝑋1 or 𝑋 = 𝑋2. To the projective
space ℙ𝑛 one associates a ring 𝐻∗(ℙ𝑛), which in this case
coincides with the Chow ring and the cohomology ring.
Elements of this ring are formal linear combinations of
classes of irreducible subvarieties of ℙ𝑛, called cohomol-
ogy classes. A variety is equivalent to a formal sum of its
irreducible components. Further, two, possibly reducible,
varieties are equivalent, if they have the same degree and
all components are of the same dimension. The multipli-
cation in 𝐻∗(ℙ𝑛) corresponds to intersection of varieties1.
Note that all hyperplanes define the same cohomology
class. In fact, the cohomology ring with rational coeffi-
cients of ℙ𝑛 is ℚ[𝐻]/(𝐻𝑛+1), where 𝐻 is the class of the hy-
perplane. Then the class of an irreducible variety 𝑋 equals
(deg𝑋)𝐻𝑛−dim𝑋 .

Example 2.2. Continuing the example of 𝑓 = 𝑥𝑦 − 𝑧𝑡,
one can check that 𝑉(𝑓) has degree two. In general, the
notion of the degree of a variety generalizes the notion of
the degree of a polynomial.

When 𝑋 is a subvariety of a product ℙ𝑛 × ℙ𝑚 of pro-
jective spaces, the analogue of the degree is the multide-
gree. Indeed, we have two different (families of) “hyper-
planes” in ℙ𝑛 × ℙ𝑚. Namely, the product 𝐻1 of a hy-
perplane in ℙ𝑛 with ℙ𝑚, and the product 𝐻2 of ℙ𝑛 with
a hyperplane in ℙ𝑚. Thus, instead of one number, we
obtain a sequence of (dim𝑋 + 1)-many numbers, by in-
tersecting 𝑋 with 𝑎 general hyperplanes of type 𝐻1 and
𝑏 general hyperplanes of type 𝐻2, where 𝑎 + 𝑏 = dim𝑋 .
Analogously to the previous case, the cohomology ring of
ℙ𝑛 × ℙ𝑚 is ℚ[𝐻1, 𝐻2]/(𝐻𝑛+1

1 , 𝐻𝑚+1
2 ). The multidegree of

an irreducible variety 𝑋 tells us the cohomology class of

1Assuming we choose representatives of classes that intersect in a nice way —
formally we have to assume they intersect transversally.

𝑋 . For more information about the multidegree we refer
to the book [MS05, Chapter 8].
Graphs. Let 𝐺 = (𝑉, 𝐸) be a loopless graph. A proper ver-
tex coloring using 𝑘 ∈ ℤ≥0 colors is a function 𝑓 ∶ 𝑉 →
{1. … , 𝑘}, such that whenever two vertices 𝑣1, 𝑣2 are con-
nected by an edge, we have 𝑓(𝑣1) ≠ 𝑓(𝑣2). The function
𝜒𝐺 ∶ ℤ≥0 → ℤ≥0 that to 𝑘 assigns the number of proper
vertex colorings using 𝑘 colors is known as the chromatic
polynomial of 𝐺. It is indeed a polynomial, as one may
prove by induction on the number of edges, by contract-
ing and deleting a given edge. The same proof shows that
𝜒𝐺 is a polynomial of degree |𝑉| with integral coefficients,
whose signs are alternating. If 𝐺 has at least one edge then
𝜒𝐺 has a root at one. We thus define the reduced chromatic
polynomial 𝜒𝐺(𝑘) ≔ 𝜒𝐺(𝑘)/(𝑘 − 1). From now on, for sim-
plicity, we will assume that 𝐺 is connected.

Example 2.3. Let 𝑃𝑛 be the path with 𝑛 vertices. Given 𝑘
colors we may assign to the first vertex any of the colors.
Then to each consecutive vertex we may assign (𝑘 − 1) col-
ors. We obtain:

𝜒𝑃𝑛(𝑘) = 𝑘(𝑘 − 1)𝑛−1

𝜒𝑃𝑛(𝑘) = 𝑘(𝑘 − 1)𝑛−2.
Let 𝐶3 be the 3-cycle, i.e., a triangle. If we remove one

edge, we obtain a path 𝑃3 with three vertices. A proper col-
oring of 𝑃3 is not a proper coloring of 𝐶3 if and only if the
two end vertices have the same color. Thus, there are ex-
actly 𝜒𝑃2(𝑘) = 𝑘(𝑘 − 1) such non-proper colorings. We
obtain:

𝜒𝐶3(𝑘) = 𝜒𝑃3(𝑘) − 𝜒𝑃2(𝑘) = 𝑘(𝑘 − 1)(𝑘 − 2)
𝜒𝐶3

(𝑘) = 𝑘(𝑘 − 2).
Example 2.4. Let 𝐶4 be the 4-cycle and let 𝑃4 be the path
obtained by removing one edge from 𝐶4. A proper color-
ing of 𝑃4 is not a proper coloring of 𝐶4 if and only if the
two end vertices have the same color. Thus, there are ex-
actly 𝜒𝐶3(𝑘) = 𝑘(𝑘 − 1)(𝑘 − 2) such colorings. We obtain:

𝜒𝐶4(𝑘) = 𝑘(𝑘 − 1) ((𝑘 − 1)2 − (𝑘 − 2)) =
𝑘(𝑘 − 1)(𝑘2 − 3𝑘 + 3)

𝜒𝐶4
(𝑘) = 𝑘3 − 3𝑘2 + 3𝑘.

Let 𝑛 ≔ |𝐸|. Below, we describe a classical construction
of associating to 𝐺 a subspace of ℂ𝑛, which is a special
case of a representation of a matroid. Let ℂ𝑛 be the vector
space with basis 𝑓𝑒 for 𝑒 ∈ 𝐸. We orient the edges of𝐺 in an
arbitrary way. Let 𝐿𝐺 be the subspace of ℂ𝑛 spanned by all
vectors𝑤𝑣 indexed by vertices 𝑣 ∈ 𝑉 , where the coordinate
of 𝑤𝑣 corresponding to the edge 𝑒 is given by:

𝑓∗𝑒 (𝑤𝑣) =
⎧
⎨
⎩

1 when 𝑒 = (𝑣, 𝑣′)
−1 when 𝑒 = (𝑣′, 𝑣)
0 otherwise.
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Example 2.5. When 𝐶4 is the oriented 4-cycle we see that
𝐿𝐺 is a codimension one subspace ofℂ4 given by the linear
equation: sum of coordinates equal to zero.

A magnificent connection of invariants of 𝐿𝐺 with
the chromatic polynomial 𝜒𝐺 was discovered by Huh
[Huh12]. This was a cornerstone to solutions of several
long-standing conjectures allowing applications of pow-
erful theorems from algebraic geometry to combinatorics.
We describe this connection below using a language differ-
ent from [Huh12], however better suited to exhibit connec-
tions with other topics. First, the ambient space ℂ𝑛 will be
identifiedwith the space𝑀𝐷

𝑛 of 𝑛×𝑛 diagonalmatrices. On
the projective (𝑛 − 1)-dimensional space ℙ(𝑀𝐷

𝑛 ) we have a
rational2 map:

𝐹 ∶ ℙ(𝑀𝐷
𝑛 ) 99K ℙ𝑛−1

given by the (nonzero) (𝑛−1)×(𝑛−1)minors. At this point
the reader should see that this is simply the classical Cre-
mona transformation that inverts coordinates. One could
also say this is the gradient of the determinant. We restrict
𝐹 to ℙ(𝐿𝐺) and look at the graph:

Γ𝐺 ≔ {(𝑥, 𝑦) ∈ ℙ(𝐿𝐺) × ℙ𝑛−1 ∶ 𝑦 = 𝐹(𝑥)}.
The dimension of Γ𝐺 is the dimension of ℙ(𝐿𝐺). For con-
nected graphs it simply equals the cardinality of the vertex
set minus two3. The multidegree turns out to be utterly
interesting!

Theorem 2.1 ([Huh12]). The multidegree sequence of Γ𝐺
equals the sequence of absolute values of coefficients of the re-
duced chromatic polynomial 𝜒𝐺.
Example 2.6. Continuing the example when 𝐶4 is the 4-
cycle we obtain the restriction of the map ℙ3 99K ℙ3:

(𝑥 ∶ 𝑦 ∶ 𝑧 ∶ 𝑡) ↦ (𝑦𝑧𝑡 ∶ 𝑥𝑧𝑡 ∶ 𝑥𝑦𝑡 ∶ 𝑥𝑦𝑧)
to ℙ2 ⊂ ℙ3 given by 𝑥 + 𝑦 + 𝑧 + 𝑡 = 0. The image of the re-
striction is the hypersurface defined by the degree three el-
ementary symmetric polynomial. This degree three is also
one entry of the multidegree; it is given by the product
[Γ𝐶4][𝐻2]2 = 3[𝑝𝑡] in the cohomology ring 𝐻∗(ℙ3 × ℙ3),
where [𝑝𝑡] is the class of a point. It also corresponds to
the lowest degree term 3𝑘 in 𝜒𝐶4 in Example 2.4. The com-
putation of the multidegree can be achieved, e.g., through
the Cremona package in Macaulay2 [GS93].

R=QQ[a,b,c,d], S=QQ[x,y,z,t]
f=map(S/ideal(x+y+z+t),R,
{y*z*t,x*z*t,x*y*t,x*y*z})
loadPackage”Cremona”
projectiveDegrees f
The output, consistent with Example 2.4, is:

o4 = {1,3,3}
2i.e., a map that is not defined everywhere
3Experts may recognize that this is in fact the rank of the matroid minus one.

Statistical models. We start with the following thought
experiment. We are given a coin with probability of heads
𝑝 and tails 1 − 𝑝. Say we know that 𝑝 was chosen from
the interval ( 1

3
, 2
3
). Such an assumption corresponds to

choosing a statistical model. How to find the value of 𝑝?
We could start throwing the coin many times. Say, after
throwing 1000 times we had 400 heads. Intuitively we esti-
mate 𝑝 = 0.4. A rigorous way is to compute the probabil-
ity of our experiment — i.e., 400 heads — as a function of
𝑝. This is referred to as the likelihood function, which is
𝐿(𝑝) ≔ 𝑝400(1−𝑝)600. The 𝑝we want to find maximizes the
likelihood function. Indeed, it may be checked that 𝑝 = 0.4
is the correct one. This method is called maximum likeli-
hood estimation. In practice, one often maximizes the log-
likelihood function log 𝐿(𝑝). An efficient way is to check
when the derivative is equal to zero. In the described case:

𝑑(log 𝐿)
𝑑𝑝 = 200(2 − 5𝑝)

𝑝(1 − 𝑝)

equals zero precisely when 𝑝 = 0.4. For more complicated
statistical models we may get several critical values, one of
which is the desired maximum (assuming it is achieved).
The number of complex critical points is known as themax-
imum likelihood degree (ML-degree) and is one of the basic
algebraic measures of the complexity of the model [SU10].

Our main interest will be Gaussian models. As we will
soon see the degree and the ML-degree of linear multivari-
ate Gaussian models will be governed by the multidegree
of a graph of a map given by the gradient of the determi-
nant. The classical Gaussian distribution on ℝ has density
given by:

𝑓(𝑥) = 1
𝜎√2𝜋

𝑒−
1
2 (

𝑥−𝜇
𝜍 )

2

.

Here 𝜇 ∈ ℝ is the mean and 𝜎2 ∈ ℝ+ is the variance.
A slight generalization is a multivariate Gaussian distri-
bution, i.e., distribution on ℝ𝑛. In particular, the mean
𝜇 ∈ ℝ𝑛 is now a vector. How should we generalize the
variance? We note that the exponent in 𝑓(𝑥) is actually
an evaluation of a quadratic form on 𝑥 − 𝜇. In the one-
dimensional case we only had to choose one coefficient
for the quadratic form. For ℝ𝑛 the right generalization is
a positive-definite symmetric 𝑛×𝑛matrix Σ, known as the
covariance matrix. We obtain:

𝑓Σ,𝜇(𝑥) =

det(2𝜋Σ)−
1
2 exp (−12(𝐱 − 𝜇)𝖳Σ−1(𝐱 − 𝜇)) .

As Σ is positive-definite the function is integrable. The co-

efficient det(2𝜋Σ)−
1
2 in front of the exponential is chosen

so that the integral of 𝑓Σ,𝜇(𝑥) over ℝ𝑛 equals one. Thus
indeed we obtain a probability distribution.
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In the examples above, we were not specifying one prob-
ability distribution, but a set of those. This motivates the
following definition.

Definition 2.1. A statistical model is a family of probability
distributions.

Such a family often comes with an additional structure,
e.g., as a subset of ℝ𝑚. For the general multivariate Gauss-
ian model we would take 𝑚 = (𝑛+1

2
) + 𝑛 and identify the

probability distribution with a point (Σ, 𝜇) ∈ ℝ𝑚. Even
when dealing with Gaussian distributions we often make
further assumptions on Σ and 𝜇. First, we note that if we
have data that we believe come from a multivariate Gauss-
ian distribution, wemay estimate themean 𝜇 by taking the
mean of the data. By shifting the data we will assume from
now on that 𝜇 = 0 ∈ ℝ𝑛. Thus, the model is specified

by determining a set 𝑆 ⊂ ℝ(
𝑛+1
2 ) to which Σ may belong.

Of particular interest for us will be the linear concentration
model described below. The matrix 𝐾 ≔ Σ−1 is called the
concentration matrix. Let us fix a linear space 𝐿 of symmet-
ric 𝑛 × 𝑛 matrices that contains a positive-definite matrix.
A linear concentration model is given by:

𝑆𝐿 ≔ {Σ ∶ 𝐾 = Σ−1 ∈ 𝐿}.
Formally we still require Σ, and hence also𝐾, to be positive
definite.

We have two important invariants of 𝑆𝐿. One is the de-
gree of the model, which is simply the degree of the variety
𝐿−1 ≔ 𝑆𝐿 that is the Zariski closure of 𝑆𝐿 in the ambient
space of 𝑛×𝑛matrices. We note that 𝑆𝐿 is also the Zariski or
Euclidean closure of the locus of inverses of all invertible
matrices in 𝐿. The other invariant is the ML-degree that we
define below in analogy to the case of a coin. Suppose we
are given a data vector 𝑑1 ∈ ℝ𝑛. It does not make sense to
ask what is the probability of observing 𝑑1, as this is zero.
Still, the value of the density function on 𝑑1 is the correct
measure of how likely it is to make such an observation.
Hence, for general data 𝑑1, … , 𝑑𝑘 ∈ ℝ𝑛 with mean zero the
ML-degree is the number of (complex) critical points of the
log-likelihood function:

Σ ↦ log (
𝑘
∏
𝑖=1

𝑓Σ,0(𝑑𝑖)) .

As our probability distribution is no longer discrete, as it
was in case of the coin, instead ofmaximizing the probabil-
ity we maximize the product of values of density functions.
If no condition on Σ is required, i.e., 𝐿 is the whole ambi-
ent space, one can check [DSS09, pp. 43 and 44] that the
optimal Σ is given by:

Σ̂ ≔ 1
𝑘

𝑘
∑
𝑖=1

𝑑𝑖𝑑𝑡𝑖

and is called the sample covariance matrix.

Which Σ ∈ 𝑆𝐿 maximizes the log-likelihood function
when Σ̂ ∉ 𝑆𝐿? There is a beautiful geometric answer to
this question. This is the unique positive definite matrix
Σ̂𝐿 ∈ 𝑆𝐿 such that for all 𝐾 ∈ 𝐿 we have ⟨𝐾, Σ̂𝐿⟩ = ⟨𝐾, Σ̂⟩,
where the pairing is the trace of the product of matrices.
In other words Σ̂𝐿 − Σ̂ ∈ 𝐿⟂ [SU10, p. 604]. For this
reason, one considers the projection 𝜋 ∶ ℙ(𝑆2ℂ𝑛) 99K
ℙ(𝑆2ℂ𝑛/𝐿⟂), where 𝑆2 is the second symmetric power, i.e.,
𝑆2ℂ𝑛 is identified with the space of symmetric 𝑛× 𝑛matri-
ces. The ML-maximization problem then turns out to be
related to finding the fiber of the generically finite map
𝜋|𝑆𝐿 over 𝜋(Σ̂). Indeed, there is a unique positive defi-
nite matrix in 𝑆𝐿 in the fiber and it is the maximizer of
the likelihood function. What about other, possibly com-
plex, points in the fiber? The cardinality of the fiber, for
general Σ̂, is precisely the ML-degree [AGK+21]. In partic-
ular, we see that the ML-degree is the degree of the map
𝜋 ∶ ℙ(𝑆𝐿) 99K ℙ(𝑆2ℂ𝑛/𝐿⟂). Equivalently, it is the cardi-
nality of the intersection |(𝑊 ∩ ℙ(𝑆𝐿)) ⧵ ℙ(𝐿⟂)|, where 𝑊
is a general projective subspace of dimension equal to the
codimension of ℙ(𝑆𝐿) that contains ℙ(𝐿⟂). This is always
upper bounded by the degree of the model and equality
holds when ℙ(𝐿⟂) ∩ ℙ(𝑆𝐿) = ∅. By a theorem of Teissier
[Tei82, II.2.1.3], [JKW21, Lemma 3.1], this happens when
𝐿 is general, however often fails for special 𝐿.

In algebraic statistics both cases are interesting: general
and special 𝐿. Of particular interest are graphical Gaussian
models, where a graph𝐺with 𝑛 vertices, indexed by integers
1, … , 𝑛, encodes the space 𝐿𝐺. Precisely, 𝐿𝐺 is the subspace
of symmetric matrices that have zeros on off-diagonal en-
tries (𝑎, 𝑏) whenever there is no edge between 𝑎 and 𝑏 in 𝐺.
Note that we always allow arbitrary diagonal entries, thus
one can imagine loops at every vertex of 𝐺. We emphasise
that this is a very different construction of a subspace 𝐿
of matrices from the one described in the previous section
and denoted by 𝐿𝐺. Before we had a subspace of diagonal
matrices, while now we obtain a space of symmetric matri-
ces that contains all diagonal matrices. We thus have the
following interesting invariants:

• the degree of the model for general 𝐿 of codimen-
sion 𝑎, which is the degree of the variety 𝑆𝐿. This
degree also equals the ML-degree and is denoted
by 𝜙(𝑛, 𝑎),

• the degree of the model 𝐿𝐺,
• the ML-degree of 𝐿𝐺.

The last two of course depend on 𝐺. It turns out that
even for relatively simple 𝐺, computing those invariants
is highly nontrivial.

Conjecture 2.1. [DSS09, 7.4] If 𝐺 is an 𝑛-cycle then the ML-
degree equals:

(𝑛 − 3) ⋅ 2𝑛−2 + 1.
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The following theorem was proved using the methods
described at the end of the article and confirms a conjec-
ture of Sturmfels and Uhler [SU10].

Theorem 2.2. [DMV21, Theorem 1.4] If𝐺 is an 𝑛-cycle then
the degree of the model equals:

𝑛 + 2
4 (2𝑛𝑛 ) − 3 ⋅ 22𝑛−3.

Recall that the map ℙ(𝑆2ℂ𝑛) 99K ℙ(𝑆2ℂ𝑛) that is given
by inverting the matrix, is also the gradient of the determi-
nant, i.e., the map given by all partial derivatives of the de-
terminant. We have the following commutative diagram
[DMS21, p.6]:

ℙ(𝑆2ℂ𝑛) ℙ(𝑆2ℂ𝑛)

ℙ(𝐿) ℙ(𝐿∗) = ℙ(𝑆2ℂ𝑛/𝐿⟂)

∇det

𝜋

∇(det|ℙ(𝐿))

(∇det)|ℙ(𝐿) (1)

The degree of the model is the last integer in the multide-
gree of the graph of the diagonal map (∇ det)|ℙ(𝐿), while
the ML-degree is the last integer in the multidegree of
graph of the lower map ∇(det|ℙ(𝐿)).

We would like to point out that there are other inter-
esting questions regarding the geometry of the model, like
the generators of the ideal of 𝑆𝐿𝐺 , however this lies outside
the scope of this article.
Euler characteristic. The Euler characteristic 𝜒(𝑋) is one
of the most important discrete invariants of a topological
space 𝑋 . Assuming we may triangulate the space, we could
define it as the number of vertices in the triangulation mi-
nus the number of edges plus the number of triangles etc.
For complex algebraic constructible sets Euler characteris-
tic is additive:

𝜒(𝑋) = 𝜒(𝑋 ⧵ 𝑌) + 𝜒(𝑌). (2)

One may thus often compute it by breaking an algebraic
set into pieces that are easier to understand. Another use-
ful trick is to equip a projective variety 𝑋 with an action of
an algebraic torus 𝑇 = (ℂ∗)𝑘. Then 𝜒(𝑋) = 𝜒(𝑋𝑇), where
𝑋𝑇 is the locus of torus fixed points. In particular, if there
are finitely many 𝑇-fixed points, then the Euler characteris-
tic equals the number of those points. For 𝑋 = ℙ𝑛 with the
standard multiplicative action of the torus consisting of
points with all coordinates nonzero, we get 𝜒(ℙ𝑛) = 𝑛+ 1.

Consider a projective hypersurface 𝑋 = 𝑉(𝑓) ⊂ ℙ𝑛. We
will be mostly interested in the case when ℙ𝑛 is a subspace
of the space of matrices and 𝑓 is the restriction of the deter-
minant. The bottom row in Diagram (1) is thus a special
case of the map:

ℙ𝑛 ℙ𝑛.∇𝑓

Huh [Huh12, p.912], following [DP03], observed a beau-
tiful relation among the Euler characteristic and the multi-
degrees 𝜇𝑖 of the graph of ∇𝑓:

𝜒(ℙ𝑛 ⧵ 𝑋) = ∑
𝑖
(−1)𝑖𝜇𝑖. (3)

A well-known special case is when 𝑋 is smooth. Then ∇𝑓
is defined everywhere. To compute 𝜇𝑖 we may use the iso-
morphism of the domainℙ𝑛 with the graph. We then have
to intersect 𝑖 general hyperplanes, with 𝑛 − 𝑖 polynomials,
that are general linear combinations of partial derivatives
of 𝑓. These partial derivatives do not have common zeros,
thus by a theoremdue to Bertini the intersection is smooth,
and if deg 𝑓 = 𝑑, we have 𝜇𝑖 = (𝑑 − 1)𝑛−𝑖 points, which is
the expected Bézout bound. By (2) and (3), we obtain:

𝜒(𝑋) = 𝜒(ℙ𝑛) − 𝜒(ℙ𝑛 ⧵ 𝑋)

= (𝑛 + 1) − 1 − (1 − 𝑑)𝑛+1
𝑑 .

When 𝑋 has isolated singularities, then all but one 𝜇𝑖’s re-
main the same as in the smooth case. Namely as long as
we intersect with at least one hyperplane in the domain, we
will not see the singularities and we may still apply Bertini
theorem obtaining the Bézout bound. However, for 𝜇𝑛,
the derivatives of 𝑓 intersect in 𝜇𝑛 many simple points and
in the singular points of 𝑋 . Thus, from (𝑑−1)𝑛 we have to
subtract the sum of multiplicities of the isolated singulari-
ties of 𝑋 . These multiplicities are known as Milnor numbers
and in our case are nothing else than the dimension, as a
vector space, of the algebra of the singular locus. We em-
phasise that Equation (3) works for arbitrary singularities.

This theory may be applied to answer Question 3 from
the introduction. Indeed, a matrix with linear entries, may
be identified with a space 𝐿 of matrices. We may compute
𝜒(ℙ(𝐿) ∩ 𝑉(det)) from the multidegree of the graph of the
map ℙ(𝐿) 99K ℙ(𝐿∗) given by the gradient of the determi-
nant composed with the projection from 𝐿⟂.
Example 2.7. Consider the space 𝐿 of 4×4 diagonal, trace-
less matrices, which we obtained from the 4-cycle. We
identify ℙ(𝐿) = ℙ2 ⊂ ℙ3. On ℙ3 the determinant is the
product of the four linear forms corresponding to the co-
ordinates. Thus, the hypersurface 𝑋 = 𝑉(det) is the hyper-
plane arrangement given by four planes. When restricted
to ℙ(𝐿) we obtain four lines, which pairwise intersect. The
six intersection points correspond to the 6 = (4

2
), unique

up to scalar multiplication, rank two, diagonal, traceless
matrices. Denoting a point by 𝑝𝑡, we have:

𝜒(ℙ(𝐿) ⧵ 𝑋) = 𝜒(ℙ2) − 4 ⋅ 𝜒(ℙ1) + 6 ⋅ 𝜒(𝑝𝑡)
= 3 − 4 ⋅ 2 + 6 = 1.

This, as expected, coincides with the signed sum of multi-
degrees, computed in Examples 2.4 and 2.6:

1 − 3 + 3 = 1.
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Example 2.8. Let 𝐿 be the space of 2×2matrices. We have
ℙ(𝐿) = ℙ3 and the gradient of the determinant is a linear
isomorphism. In particular, all 𝜇𝑖 are equal to one and
their signed sum equals 0. The determinantal hypersurface
𝑋 is the quadric from Example 2.1. We obtain:

0 = 𝜒(ℙ3 ⧵ 𝑋) = 4 − 𝜒(𝑋).

Thus, 𝜒(𝑋) = 4. Indeed, readers with experience in al-
gebraic geometry may recognize that 𝑋 is isomorphic to
ℙ1 × ℙ1, via the Segre embedding.

Quadric hypersurfaces. Every homogeneous degree two
polynomial 𝑓 ∈ ℂ[𝑥1, … , 𝑥𝑛] is uniquely represented by a
symmetric 𝑛 × 𝑛 matrix 𝑀𝑓:

𝑓(𝑥) = 𝑥𝑡𝑀𝑓𝑥.

The matrix 𝑀𝑓 has on the diagonal coefficients of 𝑥2𝑖 in 𝑓
and on (𝑖, 𝑗)-th off-diagonal entry, half of the coefficient
of 𝑥𝑖𝑥𝑗. Clearly the properties of 𝑓 and the variety 𝑉(𝑓)
are related to the properties of 𝑀𝑓. We first learned this
relation in school, where, for 𝑛 = 2 and 𝑓 = 𝑎𝑥2 + 𝑏𝑥𝑦 +
𝑐𝑦2 we compute Δ = 𝑏2 − 4𝑎𝑐, which is nothing else than
4 det𝑀𝑓. We know that 𝑓 = 0 has two distinct complex
solutions if and only if Δ ≠ 0, i.e., 𝑀𝑓 has rank two.

From now on we identify the space of degree two ho-
mogeneous polynomials in 𝑛 variables with 𝑆2ℂ𝑛. We
will always assume 𝑓 ≠ 0. In general, the quadric 𝑉(𝑓)
is smooth4 if and only if det𝑀𝑓 ≠ 0 and 𝑓 is a square of
a linear form if and only if rank of 𝑀𝑓 equals one. Given
a smooth quadric 𝑉(𝑓) we may consider all hyperplanes
𝐻 ⊂ ℙ𝑛−1 that are tangent to 𝑉(𝑓) at some point. Each
such 𝐻 corresponds to a point 𝑃𝐻 ∈ (ℙ𝑛−1)∗ in the dual
projective space. It turns out that the locus of all 𝑃𝐻 for
which 𝐻 is tangent to 𝑉(𝑓), is also a quadratic hypersur-
face known as the dual quadric. The matrix associated to
the dual quadric is, up to scaling, 𝑀−1

𝑓 .
Our aim is to head towards Question 4 from the in-

troduction. First, fix a point 𝑃1 ∈ ℙ𝑛−1. Which quadrics
pass through 𝑃1? Note that 𝑓(𝑃1) = 0 is a linear equa-
tion in the coefficients of 𝑓. Thus we obtain a hyperplane
𝐻𝑃1 ⊂ ℙ(𝑆2ℂ𝑛) of polynomials 𝑓 such that 𝑃1 ∈ 𝑉(𝑓).
When we have more points we simply have to intersect
𝐻𝑃1 ∩ ⋯ ∩ 𝐻𝑃𝑘 to obtain the locus of quadrics that pass
through 𝑃1, … , 𝑃𝑘. If 𝑃𝑖’s are general we see that:

• as long as 𝑘 < dimℙ(𝑆2ℂ𝑛) = (𝑛+1
2
) − 1 we have

infinitely many quadrics,
• if 𝑘 = (𝑛+1

2
) − 1 there is precisely one quadric, up

to scaling,
• if 𝑘 > (𝑛+1

2
) − 1 there are no quadrics

4Here, we consider 𝑉(𝑓) as a scheme, thus if 𝑓 is not reduced, i.e., a square of
a linear form, we say it is not smooth.

that pass through all 𝑃𝑖’s. This is slightly less obvious than
one may think, as general 𝑃𝑖’s do not give general hyper-
planes 𝐻𝑃𝑖 . The formal proof could for example rely on
the fact that 𝐻𝑃 ’s do not have base locus, i.e.,⋂𝑃∈ℙ𝑛 𝐻𝑃 =
∅, which is equivalent to the fact that no quadric passes
through all points, plus simple linear algebra. Just to point
out what may go wrong we present the following example.

Example 2.9. We would like to answer the question: how
may, up to scaling, homogeneous degree two polynomials
𝑓 = 𝑎𝑥2 + 𝑏𝑥𝑦 + 𝑐𝑦2

• have a double root and
• vanish at a given point 𝑃 ∈ ℙ1?

We consider the ℙ2 of all polynomials. In this ℙ2 the locus
of polynomials that have a double root is the quadratic
hypersurfaceΔ = 0. We intersect this hypersurface with the
line 𝐻𝑃 . We expect two solutions. This is clearly wrong! If
we fix a root 𝑃 and require that a degree two polynomial
has a double root, then 𝑃 must be the double root. Every
child knows that there is only one, up to scaling, such a
polynomial. The geometry here is that the line 𝐻𝑃 will
be always tangent to 𝑉(Δ) and thus it will intersect it in a
single point.

How about the locus of quadrics that are tangent to
a given hyperplane 𝐻 ⊂ ℙ𝑛−1? We already know that
a smooth quadric represented by 𝑀𝑓 is tangent to 𝐻 if
and only if the dual quadric represented by 𝑀−1

𝑓 passes
through the point 𝑃𝐻 ∈ (ℙ𝑛−1)∗. As we are working
up to scaling we may replace 𝑀−1

𝑓 by the adjugate ma-

trix 𝑀𝑎𝑑𝑗
𝑓 . The entries of 𝑀𝑎𝑑𝑗

𝑓 are degree (𝑛 − 1) poly-
nomials in the original coordinates, i.e., the entries of
𝑀𝑓. The condition (𝑃𝐻)𝑡𝑀𝑎𝑑𝑗

𝑓 (𝑃𝐻) = 0 is thus a degree
(𝑛 − 1) polynomial defining a hypersurface 𝑇𝐻 ⊂ ℙ(𝑆2ℂ𝑛).
Very explicitly this hypersurface is a linear combination of
(𝑛 − 1) × (𝑛 − 1) minors of 𝑀𝑓. It thus makes sense to ask:
how many quadrics are tangent to a given hyperplane and
pass through (𝑛+1

2
)−2 fixed general points? Geometrically

we intersect 𝑇𝐻 with hyperplanes and get deg 𝑇𝐻 = 𝑛 − 1
many points5.

We could be tempted to continue this game. If we con-
sider 𝑎 general points and (𝑛+1

2
)−𝑎−1 general hyperplanes,

how many quadrics pass through the given points and are
tangent to the given hyerplanes? Geometrically we inter-
sect 𝑎 hyperplanes and (𝑛+1

2
) − 𝑎 − 1 hypersurfaces of de-

gree (𝑛−1). Thus we expect that the answer is equal to the

Bézout bound: (𝑛 − 1)(
𝑛+1
2 )−𝑎−1. This, however, is wrong

in general!

5For experts: as our choices are not entirely generic, we should refer here to
Kleiman’s transversality theorem, assuring that we indeed obtain (𝑛 − 1) many
points corresponding to smooth quadrics.
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The easiest way to see this is to consider 𝑛 = 3 and five
general lines in ℙ2. If we ask for quadrics that are tangent
to all five, we may equivalently ask for dual quadrics pass-
ing through five points. But here we already know the
answer is one, not 32. What goes wrong? We recall that
our hypersurfaces 𝑇𝐻 are defined by linear combinations
of minors of size (𝑛 − 1). In particular, each 𝑇𝐻 contains
all matrices of rank at most (𝑛 − 2). This is a very differ-
ent situation than for the hyperplanes 𝐻𝑃 , which had no
base locus. The codimension of the locus of symmetric
𝑛×𝑛matrices of rank (𝑛−2) equals three. Thus, if we take
𝑏 ≥ 3 general hyperplanes and intersect the corresponding
hypersurfaces 𝑇𝐻 we will get:

• a big codimension three component of matrices
of rank at most (𝑛 − 2) and

• a small codimension 𝑏 component.

The meaningful geometric counting problem is to ask for
smooth quadrics that pass through the given points and are
tangent to the given hyperplanes. Thus, we would like to
intersect the small codimension 𝑏 component with hyper-
planes 𝐻𝑃𝑖 and count the number of points. However, the
contribution of the big component makes such computa-
tions quite hard.

Let us state the enumerative problem in a waymore suit-
able for this article. By fixing points 𝑃1, … , 𝑃𝑎, we fix a lin-
ear space 𝐿 ⊂ ℙ(𝑆2ℂ𝑛) of quadrics that pass through those
points. We may now consider the rational map:

ℙ(𝑆2ℂ𝑛) 99K ℙ(𝑆2ℂ𝑛)∗

that is the gradient of the determinant, or equivalently, tak-
ing adjugate or inverse of a matrix6. We restrict the map to
ℙ(𝐿), obtaining the diagonal map in Diagram (1). Each
tangency to a hyperplane condition is in fact intersection
with a hyperplane in the dual space ℙ(𝑆2ℂ𝑛)∗. We thus see
that the number of quadrics that pass through the given
points and are tangent to the correct number of general
hyperplanes is in fact one entry in the multidegree of the
graph of (∇ det)|ℙ(𝐿). Note that here the problemof base lo-
cus and low rank matrices disappears. Indeed in the prod-
uct of projective spaces both: hyperplanes in the domain
and hyperplanes in the codomain do not have the base lo-
cus. Also as the graph is by definition the closure of the lo-
cus corresponding to full rankmatrices, we do not have the
additional large component. Note that for general points
𝑃1, … , 𝑃𝑎 we get:
the number of quadrics that pass through all 𝑃𝑖’s and are tangent
to general (𝑛+1

2
) − 𝑎− 1 hyperplanes equals precisely the degree

𝜙(𝑛, 𝑎) of the general linear concentration model.
In many cases in enumerative problems the way to ob-

tain the correct answer in a nice way is to change the

6In the projective setting all these maps are the same on the Zariski open set
of invertible matrices. However, taking adjugate matrix is well-defined also for
matrices of rank 𝑛 − 1.

ambient space where intersection is performed. This usu-
ally requires very good, clever ideas. Passing to the graph
of the map, instead of ℙ𝑛 or ℙ(𝐿) seems to be one. How-
ever, it is only the first step, as such graph is in general not
smooth. Fortunately, in the cases interesting to us, great
mathematicians before us already had the right ideas. We
may present these in the next subsection.
Complete varieties. In a quite non-standard way, we do
not refer to complete varieties, as a synonym for proper.
The complete varieties as described below are very special
projective varieties, that may be regarded as particularly
nice compactifications of the locus of nondegenerate ma-
trices.

Let𝑊 be the space of diagonal or symmetric or general
𝑛 × 𝑛 matrices. Let 𝑊 ∘ be the subset of full rank matrices.
We could see ℙ(𝑊 ∘) ⊂ ℙ(𝑊) as a natural compactification.
However, as we have seen in the previous section the low
rank matrices in ℙ(𝑊) often turn out to be problematic.
There exists a well-known procedure in algebraic geometry
of replacing a small set by a divisor, i.e., a codimension
one set, known as the blow-up. Say we have a subset 𝑆 ⊂ ℙ𝑛,
where 𝑆 = 𝑉(𝑔0, … , 𝑔𝑠) and all 𝑔𝑖’s are polynomials of fixed
degree 𝑑. For our purposes, we define the blow-up of ℙ𝑛
at 𝑆 as the graph of the rational map given by 𝑔𝑖’s:

ℙ𝑛 99K ℙ𝑠.
This procedure is particularly nice when 𝑆 is smooth. In
our case ℙ𝑛 = ℙ(𝑊) and 𝑆 is the set of rank at most 𝑛 − 2
matrices. Thus, the graph we considered, is the blow-up
construction, where 𝑔𝑖’s are the minors. However, the set
𝑆 is not smooth, it is singular along matrices of rank at
most 𝑛 − 3, which further is a set singular along matrices
of rank at most 𝑛−4 etc. until rank one matrices, which is
a smooth locus in ℙ(𝑊).

The idea is to first blow-up rank one matrices, then rank
two matrices, etc. until finally we blow-up rank 𝑛 − 2 ma-
trices. This may be realized at once as follows. Consider
the rational map:

𝜓 ∶ ℙ(𝑊) 99K ℙ(𝑊2) ×⋯ × ℙ(𝑊𝑛−1)
where the map ℙ(𝑊) 99K ℙ(𝑊 𝑖) is given by 𝑖 × 𝑖 minors.
The dimension of ℙ(𝑊 𝑖) depends on the case we are in,
e.g., for diagonal matrices dim𝑊 𝑖 = (𝑛

𝑖
), while for general

matrices dim𝑊 𝑖 = (𝑛
𝑖
)2, however otherwise the construc-

tion remains the same. The (closure of the) graph of 𝜓 is
known as:

• permutohedral variety in the diagonal case,
• variety of complete quadrics in the symmetric

case,
• variety of complete collineations in the case of

general square matrices7.

7One may also define this variety for rectangular matrices, however here we do
not pursue this direction.
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It is equal to the iterative blow-up of rank 𝑖 matrices for
𝑖 = 1, … , 𝑛 − 2 anticipated above. This variety is smooth.
By projecting to ℙ(𝑊)×ℙ(𝑊𝑛−1) it becomes a resolution of
singularities of the graph of the map inverting the matrix.
In this article, to emphasise the common features of the
above varieties, we refer to all of them as complete varieties.

As an example let us show how one may think about
points of the variety 𝑋 of complete quadrics. First, there is
an open locus, corresponding to quadrics of rank at least
(𝑛 − 1), which is isomorphic to an open subset of ℙ(𝑊),
via the projection 𝑋 → ℙ(𝑊). However, there are many
points 𝑥 ∈ 𝑋 mapping to a given quadric 𝑄 ∈ ℙ(𝑊) if the
rank of 𝑄 is at most 𝑛 − 2. Fix such a quadric 𝑄 ∈ ℙ(𝑊).
Let 𝑉 ⊂ ℂ𝑛 be the image of the symmetric matrix 𝐴𝑄. It
turns out that the fiber over 𝑄 is the variety of complete
quadrics over the vector spaceℂ𝑛/𝑉 . We see that the points
of the variety of complete quadrics may be identified with
the data consisting of:

• flags 𝑉1 ⊂ ⋯ ⊂ 𝑉 𝑘 = ℂ𝑛 and
• full rank quadrics on each 𝑉 𝑖+1/𝑉 𝑖, i.e., elements

of ℙ(𝑆2(𝑉 𝑖+1/𝑉 𝑖)∘).
A particularly interesting case is when the flag is full, as
then the data of quadrics is trivial — there is only one up
to scaling nonzero, degree two homogeneous polynomial
in one variable. Thus we see that the variety of complete
quadrics naturally contains the full flag variety 𝐹. For ex-
perts: the inclusion 𝐹 → 𝑋 induces the inclusion of Pi-
card groups Pic(𝑋) → Pic(𝐹). The right-hand side is un-
derstood in terms of the root system of type 𝐴. This allows
us to have a good understanding of Pic(𝑋).

3. Intersection Theory
Classical algebraic intersection theory associates to an al-
gebraic variety 𝑋 , the graded Chow ring CH(𝑋). We have
already seen this on the example of 𝑋 = ℙ𝑛. In general,
the degree 𝑘 part of CH(𝑋) is spanned by classes of codi-
mension 𝑘 subvarieties, modulo rational equivalence. For
example for 𝑘 = 1we obtain the divisor class group, which
for smooth 𝑋 coincides with the Picard group Pic(𝑋). The
multiplication in CH(𝑋) corresponds to intersection. Pre-
cisely, if 𝑌, 𝑍 ⊂ 𝑋 intersect transversally, then [𝑌] ⋅ [𝑍] =
[𝑌 ∩ 𝑍]. For all the varieties that we consider in this arti-
cle the Chow ring is isomorphic to the cohomology ring.
We refer the reader interested in intersection theory to the
book [EH16].
Volume polynomials. Given a 𝑘-dimensional subvariety
𝑌 ⊂ 𝑋 we may define a polynomial function on the Picard
group Pic(𝑋):

Pic(𝑋) ∋ 𝐷 ↦ deg([𝑌][𝐷]𝑘) ∈ ℤ,
where deg is the degree function that to a zero-dimensional
(class of a) scheme associates its degree. If we prefer
to work in coordinates and obtain a polynomial we fix

divisors 𝐷1, … , 𝐷𝑛 ∈ Pic(𝑋). We define the volume polyno-
mial of 𝑌 on ℚ𝑛 by:

(𝑡1, … , 𝑡𝑛) ↦ deg ((∑ 𝑡𝑖[𝐷𝑖])𝑘[𝑌]) .
A divisor 𝐷 is called nef (numerically effective) if for

every curve 𝐶 ⊂ 𝑋 the number deg([𝐶] ⋅ [𝐷]) is nonneg-
ative. A particularly nice case is that of a volume polyno-
mial when 𝐷1, … , 𝐷𝑛 are nef. Then the volume polynomial
is Lorentzian [BH20, Theorem 4.6], exhibiting a lot of nice
properties.

In case of complete varieties there is a distinguished set
of nef divisors. By definition, the complete variety is a sub-
variety of the product ℙ(𝑊) × ℙ(𝑊2) × ⋯ × ℙ(𝑊𝑛−1), the
hyperplane 𝐻𝑖 ⊂ ℙ(𝑊 𝑖) (times the remaining ℙ(𝑊 𝑗)’s)
gives a nef divisor 𝐿𝑖 on 𝑋 .

For example, when𝑋 is the variety of complete quadrics,
the 𝐿𝑖’s are the extremal rays generating the nef cone — all
nef divisors are nonnegative linear combinations of 𝐿𝑖’s.
Via the containment of Pic(𝑋) in the root system of type 𝐴
the 𝐿𝑖’s correspond to (twice) the fundamental roots. For
the permutohedral variety the 𝐿𝑖’s do not generate the nef
cone, however they generate the 𝑆𝑛 (i.e., permutation) in-
variant part.

To sum up: consider an 𝑎-dimensional linear space 𝐿 of
𝑛×𝑛matrices. Assume 𝐿 contains an invertiblematrix. The
closure of invertible matrices in 𝐿 in a complete variety 𝑋
(which depends on the type of matrices 𝐿 consists of) gives
a subvariety 𝑌 𝐿. We obtain the Lorentzian polynomial given
by deg(∑ 𝑡𝑖𝐿𝑖)𝑎−1[𝑌 𝐿]. In [CM21] the coefficients of this
polynomial were introduced and called the characteristic
numbers.

By setting 𝑡2 = ⋯ = 𝑡𝑛−1 = 0 we recover the chromatic
polynomial of a tensor, defined also in [CM21]. Its coeffi-
cients (up to binomial factors) are precisely the multide-
grees of the graph of the map inverting matrices8 from 𝐿.

In a very related construction, replacing the restriction
to 𝐿 of the gradient of the determinant, by the gradient of
the restriction to 𝐿, we obtain the relative chromatic polyno-
mial. These two coincide, e.g., when 𝐿 consists of diagonal
matrices, or when 𝐿 is general. These two invariants seem
very important and, in particular, provide answers to all
the questions from the introduction.
Methods in a nutshell. Here, we would like to briefly
mention a few methods that rely on complete varieties
and allow to compute the intersection numbers. For more
details we refer to [MMM+20,MMW21,DMS21]. For sim-
plicity, consider the variety 𝑋 of compete quadrics. Say we

want to compute [𝐿1]𝑎[𝐿𝑛−1](
𝑛+1
2 )−1−𝑎. The first trick is due

to Schubert. One notices that on 𝑋 we have another set of
divisors. Indeed, let 𝑆 𝑖 be the exceptional divisor coming
from the blow-up of rank 𝑖 matrices. It turns out that 𝑆 𝑖
8Equivalently gradient of the determinant
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correspond to (twice) the simple positive roots. We thus
have relations in Pic(𝑋) that allow us to translate from 𝐿𝑖’s
to 𝑆 𝑖’s. We obtain:

[𝐿1] =
1
𝑛

𝑛−1
∑
𝑗=1

(𝑛 − 𝑗)[𝑆𝑗].

This reduces the problem to computing all

[𝑆𝑗][𝐿1]𝑎−1[𝐿𝑛−1](
𝑛+1
2 )−1−𝑎. At first this looks like a more

complicated problem. The trick is to realize that one
can replace [𝑆𝑗] by a simpler variety. First, we have a ra-
tional map 𝑓𝑗 ∶ 𝑆𝑗 99K 𝐺(𝑗, 𝑛), from 𝑆𝑗 to the Grass-
mannian parameterizing 𝑗-dimensional subspaces of an
𝑛-dimensional vector space. To a point 𝑠 ∈ 𝑆𝑗 mapping
to a rank 𝑗 symmetric matrix 𝑀𝑠 the map 𝑓𝑗 associates
the image of 𝑀𝑠. Fixing a point 𝑉 ∈ 𝐺(𝑗, 𝑛) we see that
the fiber of 𝑓𝑗 is birational with: ℙ(𝑆2𝑉) for the choice of
𝑀𝑠 times ℙ(𝑆2(ℂ𝑛/𝑉)∗), as after fixing 𝑀𝑠 we said that the
fiber of 𝑋 over𝑀𝑠 is isomorphic to the variety of complete
quadrics on ℂ𝑛/𝑉 . Hence, 𝑆𝑗 is birational to the product
bundle ℙ(𝑆2𝒰) × ℙ(𝑆2𝒬∗) over 𝐺(𝑗, 𝑛), where 𝒰 and 𝒬 are
respectively the universal and quotient bundle. This bira-
tional morphism is good enough to switch from intersect-
ing with [𝑆𝑗] on 𝑋 to intersecting on the product bundle.
The classes [𝐿1] and [𝐿𝑛−1] also translate nicely and may
be expressed in terms of characteristic classes of 𝑆2𝒰 and
𝑆2𝒬. These have been investigated in detail, cf. [Pra88] and
references therein.

4. Future
The unified perspective on the presented problems pro-
vides not only new tools, but may also be used to try to
extend theories from one field to another. For example,
when 𝐿 is general, in the diagonal case, the associated ma-
troid is uniform and characteristic numbers are simply bi-
nomial coefficients (𝑛

𝑎
). For fixed 𝑎, this is a polynomial

in 𝑛 with very nice reciprocity properties. In the symmet-
ric case we obtain 𝜙(𝑛, 𝑎), which is also a polynomial in 𝑛.
However, here the reciprocity results are much less under-
stood, with first, very recent results presented in [Gał22].
For positive 𝑛 and 𝑎 the function 𝜙(𝑛, 𝑎) counts the num-
ber of quadrics satisfying given conditions. Is there a nice
interpretation for fixed positive 𝑎 and negative 𝑛?

Another interesting perspective is to consider the given
constructions as invariants of tensors. Indeed, each 3-way
tensor naturally gives a space of matrices. What does the
associated Lorentzian polynomial tell us about the tensor?
When do two tensors have the same Lorentzian polyno-
mial? Can we obtain more invariants coming from alge-
braic geometry from the variety 𝐿−1? The study of tensors
from this perspective has recently been initiated in [CK22].

The Bodensee program [DMS21] studies how discrete in-
variants, like 𝜙(𝑛, 𝑎), change, as the variety, here 𝑛, changes.

We already mentioned the polynomiality result of 𝜙(𝑛, 𝑎),
however the coefficients of this polynomial remain quite
mysterious. Their absolute values seem to be log-concave.
At present, we do not know the theory that could explain
such phenomena.
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Aspects of 
Teaching and 
Research 
at Primarily 
Undergraduate 
Institutions

Synergizing Teaching and 
Research at Primarily 
Undergraduate Institutions 
Through Student Research

Jana Gevertz

When I went on the job market in 2009, I knew I wanted to 
work at a primarily undergraduate institution (PUI). Look-
ing back at my cover letter, I see a number of comments that 
highlighted what I was looking for in a faculty position:

 • “my desire to teach at an undergraduate oriented insti-
tution”

 • “your [institution’s] commitment to educational princi-
ples that make the teaching role primary”

 • “scholarly activity is encouraged [at your institution] 
both for the sake of scientific advancement and for un-
dergraduate development.”
At the time I wrote this cover letter, I viewed these com-

ments as being broadly aligned with the goals of all PUIs. 
As I started interviewing for positions, I became acutely 
aware of my naïveté in painting all PUIs with the same 
broad brush. I interviewed at some PUIs where search 
committee members politely confided that they felt their 
position was too teaching heavy for me, and others where 
I was told that my cover letter’s emphasis on teaching over 
research almost cost me the interview. I was getting a re-
al-time lesson on the diversity that exists within PUIs, and 
how the expectations of teaching and research at a PUI can 
vary greatly from institution to institution.

Therefore, any advice article on aspects of teaching and 
research at a PUI benefits from providing context on the 
PUI itself. Since 2009, I have been a faculty member at 
The College of New Jersey (TCNJ), a public comprehen-
sive institution with a strong liberal arts core that enrolls 
approximately 6,600 full-time undergraduate students. As 
far as PUIs go, TCNJ leans towards a more research-active 
institution, though I still view teaching as my main duty. 
Our default teaching load is three courses a semester (a “3-3 
load”). As a point of comparison, you may find 2-2 loads 
at some private liberal arts institutions, and 5-5 loads at 

Jana Gevertz is a professor of mathematics at The College of New Jersey. 
Her email address is gevertz@tcnj.edu.

DOI: https://dx.doi.org/10.1090/noti2670



Early Career

April 2023  Notices of the AmericAN mAthemAticAl society   599

some four-year PUIs and community colleges. TCNJ also 
offers course release for research on a competitive basis, 
which can reduce the teaching load to 3-2. A fairly unique 
feature of TCNJ is that undergraduate research is recognized 
in our faculty workload, which combined with the structure 
of some of our lower-level mathematics courses, can result 
in research-active faculty teaching a 2-2 load. Thus, this 
article is written from the perspective of a faculty member 
working at a PUI that provides support for research activity, 
particularly when that research involves undergraduates. I’ll 
call these “research-supportive PUIs.”

Like at all academic institutions, success at a research-sup-
portive PUI depends on striking that magical yet often-elu-
sive balance between teaching, research, and service. One 
path to achieving this balance is to try not to view teaching 
and research as independent pillars of our work, but to in-
stead embrace the role of the teacher-scholar. According to 
TCNJ, “teacher-scholars are deeply committed to pursuing 
their own scholarly and creative work and integrating this 
with their teaching when possible and/or appropriate” 
[TCNJ]. Many variants of this definition exist, but a shared 
feature is that teacher-scholars are committed to integrating 
their pedagogical and research activities in synergistic ways. 
This advice article will focus on achieving this goal via un-
dergraduate research, though this is not the only avenue 
for blending one’s teaching and scholarly work.

While my main goal for an undergraduate research 
project is for the student to have a transformative learn-
ing experience, over the years I have come to see how the 
benefits can extend far beyond the students involved in 
the project. I have seen how undergraduate research can 
support my broader research agenda and impact my ap-
proach to classroom teaching. But these benefits were not 
always clear to me. Early in my faculty career I struggled to 
design meaningful student projects. I have been in awe of 
some of my early-career colleagues who do an amazing job 
of designing undergraduate projects, but as an early career 
faculty member I think I was afraid of giving students the 
projects I was most interested in. The pressure of getting 
tenure and the slower pace of undergraduate research felt 
in conflict with each other. In other words, I was really 
viewing undergraduate research as separate from achieving 
my scholarly (and pedagogical) goals.

Today I look at things differently, as not only is my 
research program driven by me and my amazing collabo-
rators, but it is also driven by my undergraduate mentees. 
While each PUI has its own mechanisms for supporting 
undergraduate research—and I am fortunate that TCNJ 
supports both academic year and summer research—I 
have found that I prefer mentoring undergraduates during 
the academic year. When I am in the middle of yet an-
other chaotic semester and the urge to put my research 
on the back burner is strong, it is my undergraduate re-
searchers that keep my head in my scholarly program. My  

accountability to my research students maintains my ac-
countability to my research program.

Simultaneously, I find that undergraduate research 
makes me more adventurous in the projects I pursue. My 
research-supportive PUI is not a “publish-or-perish” envi-
ronment. And, unlike with graduate students, my mentees’ 
graduation is not contingent on having a novel result. All 
these factors give me the freedom to take risks with my 
research projects, which over time has made my research 
more exciting to pursue, and more impactful to my field.

Undergraduate research also results in numerous ben-
efits to my students. The most obvious benefits are con-
ferred to the researchers themselves, as these students have 
opportunities to present their work, write up their results, 
and occasionally even publish in peer-reviewed journals 
(though I do not view publication as a requisite end goal). 
The less obvious group who benefits are the students en-
rolled in my courses. I have found that bringing aspects 
of my mathematical biology research into the classroom 
encourages student engagement with the course content. In 
my lower-level courses, I introduce relatable applications 
from pharmacokinetics, like predicting the amount of 
caffeine in the bloodstream after drinking Red Bull. In my 
upper-level courses, I use projects to engage students more 
deeply in real world applications. For instance, in Mathe-
matical Biology students are required to read a research 
paper from the primary literature, replicate its analysis, 
reflect on its utility to the underlying biological problem, 
and propose a biologically grounded model extension. In 
Differential Equations, I have developed a project on the 
spread of SARS-CoV-2, and I have codeveloped a project on 
tumor response to an experimental cancer drug. Bringing 
research into the classroom can have a reciprocal relation-
ship on one’s scholarly record. Though I am not a scholar 
of teaching and learning, I have had the opportunity to 
publish on the Differential Equations cancer project in a 
peer-reviewed journal for exchanging ideas about teaching 
collegiate mathematics [BGH15].

While not all areas of research are equally easy to incor-
porate into the undergraduate classroom, faculty in any 
subdiscipline can introduce open questions from their 
field in course-appropriate ways. Students often have the 
misconception that “we know all of mathematics” and that 
their role is to master that knowledge. Exposure to unan-
swered questions and unproved conjectures can positively 
shift student perception of mathematics by showing them 
that the field is a living discipline full of research activity.

Bringing applications and/or open questions into the 
classroom can be empowering to students, as it allows them 
to see that they can be active participants in expanding the 
ever-growing body of mathematical knowledge. In fact, a 
large fraction of my 20+ undergraduate mentees became 
interested in mathematical biology research after exposure 
to the topic in one of my classes. Other students have 
found me through our department’s website or through 
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conversations with their advisor, professors, or peers. Our 
department has also started formally advertising available 
projects in a “research lightning talk” event. This has been 
especially important for ensuring equitable access to re-
search, as not all students are aware of what undergraduate 
research is, or how to pursue those opportunities.

In closing, undergraduate research offers a path to not 
only balance, but to enhance, the teaching and research 
roles of faculty members working at primarily undergradu-
ate institutions. The more the interconnectedness between 
these two pillars of academic work can be realized, the 
more difficult it becomes to see where teaching begins and 
research ends. Our research can inform our teaching, our 
teaching can recruit students to our research, and those 
research students can bring new ideas to our research 
program and help maintain our research momentum. For 
me, this is probably one of the most compelling reasons 
to work at a research-supportive primarily undergraduate 
institution!
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Bridging the Gap by 
Building Lasting 
Mentoring Relationships

Allison L. Lewis

In the summer of 2011, I was freshly graduated from my 
small, undergraduate liberal arts college. As one of just a 
few departing math majors who had enjoyed easy access to 
all of the offerings of the department and never questioned 
my belonging in the major, I was excited and confident 
about moving on to the next stage of my education. That 
feeling wouldn’t last long. As I transitioned to my graduate 
program that summer, I very quickly felt lost and out of 
my depth. Within a few months, I found myself looking 
for an escape route.

We talk a lot about the importance of strong mentoring 
while our students are in college. And yet, we don’t always 
think about how to continue these relationships once 
our students leave us. As we know, students attend PUIs 
for the intimate setting that they can provide. They get to 
know their classmates and professors on a personal level, 
get involved in research projects, and enjoy the benefits of 
a one-on-one advising relationship, all long before their 
counterparts at larger universities. This can give students at 
PUIs a sense of empowerment and confidence that can help 
to boost them into a career or along the road to graduate 
school. However, the ensuing transition to a large research 
university or the workforce can then be extremely jarring; 
these students are often accustomed to being recognized 
by their peers and instructors, engaging with professors 
frequently for advice, and having their belonging validated 
regularly. When they start out in this new and overwhelm-
ing environment, they feel unsettled and start to question 
their worth. (I speak from experience.)

To help students weather this transition, the importance 
of mentoring that stretches beyond their time on campus 
cannot be overstated. Students at PUIs can benefit greatly 
from building a solid support network while they are still 
in college: something that they can bring forward into the 
next stage of their careers and lean on when the road gets 
rough. This can be from a formal mentoring structure in 
which they choose to participate (one example of which 
I will discuss below), but can also be a more informal 
continuation of relationships that were initiated during 
their time in college. In the latter case, it is often up to us 
as instructors to recognize that our previous students may 
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need a boost but don’t have the confidence to ask for it; we 
should take the initiative in reaching out.

The onus of mentorship does not have to lie solely on 
professors, however; other resources can be utilized for 
the benefit of all parties. For example, colleague Joy Zhou 
and I recently began a mentoring program for female and 
non-binary mathematics majors in our department that 
draws upon the expertise of our alumni base. Students are 
grouped into peer clusters with whom they meet monthly, 
in order to establish a group on campus from which they 
can draw support on a daily basis. Additionally, each stu-
dent receives an alum mentor with whom they connect 
several times each year. Since they rotate mentors each 
year, each student participant graduates with several alum 
connections that they can call upon for advice and en-
couragement later in their journey. These mentor-mentee 
relationships have been invaluable to all groups: several 
students have received job offers as an outgrowth of dis-
cussions with their mentors, alum mentors often express 
appreciation for the opportunity to get involved with 
their old department, and all of our program participants 
get to explore numerous career paths about which we, as 
professors, are often unable to advise them. In particular, 
such a mentoring program built with a focus on support-
ing underrepresented groups in STEM fields can help to 
address the leaky pipeline, by providing students with 
frequent validation and giving them a group of peers and 
role models with whom they self-identify [L1]. Because 
members of minority groups may be somewhat shielded 
from the worst effects of bias during their time at PUIs, it 
can be particularly important for them to have an existing 
support structure in place when they inevitably encounter 
these prejudices later in their careers.

For all the benefits that a formal mentoring structure 
provides, however, informal check-ins can have just as 
large of an impact and often require a much smaller time 
commitment. The relationship need not have been a close 
one during the student’s time at the college in order to 
make a difference. Pacheco-Tallaj has written in this very 
publication about the disproportionate impact that small 
gestures—even one-time conversations—can make from 
the perspective of undergraduate students [L2]. Simply 
sending a quick email to a former student can make them 
feel seen and reopen the lines of communication, in the 
event that they are struggling but hesitant to reach out on 
their own. Many times, during my own graduate school 
years, a short check-in email from a previous REU advisor 
reinforced that I did belong, and reminded me of a time 
in my undergraduate years when I was passionate and 
enthused about mathematics…

…Which brings me back to 2011. Here I was, in the first 
year of my graduate program, and already looking for an 
escape route. While emailing back and forth with a student 
who was still at my former college, I casually mentioned 
that I was considering quitting. I certainly didn’t expect  

anything to come of that remark. But I was wrong. This stu-
dent immediately sent out an SOS to the math department. 
She handmade a beautiful card and marched it around to 
all of my former professors, who covered it in encourag-
ing notes, anecdotes, and reminders of those moments 
during my undergrad journey when I had experienced 
breakthroughs and successes as a result of hard work. The 
card arrived in my mailbox a week later, and it made all 
the difference. Having this reminder of where I came from 
and how many people were in my cheering section gave me 
the motivation to keep pushing forward. I made it through 
those difficult first few years, found myself a new group of 
supportive peers and a thesis advisor, and finished my PhD 
in 2016. I’m now working in my dream job as a professor 
at another PUI.

I still have that card. It serves as a reminder of the kind 
of professor I want to be.
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Maintaining a 
Research Career at a PUI

Jennifer Paulhus

My tenure track job search over a decade ago can best be 
described as “scattershot.” As a postdoc during the height 
of the financial crisis, I applied to just about any job I was 
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remotely qualified for. Teaching load? I was flexible. Part 
of the country? Almost anywhere was fine. (Sorry, not 
sorry, NYC. I don’t do well in major metropolitan areas.) 
Did the job specify an algebraist? I’m an algebraic number 
theorist. You need a geometer? I’m an arithmetic geometer. 
Topologist? Curves are Riemann surfaces. Math biologist? 
Ok, I didn’t apply for those jobs.

Because of this broad application process, I found myself 
at a PUI rather coincidentally, instead of as an intentional 
career choice (well, and Grinnell College solved a 2-body 
problem). But in the intervening decade I’ve come to ap-
preciate many unexpected things about a career at a PUI. 
In particular, one of the beautiful things about working 
at a PUI is the flexibility in what a successful career can 
look like. Some faculty members at Grinnell focus on the 
scholarship of teaching, others focus on service or even 
leadership. Still others prioritize student research. For me, 
research has always been an important part of my math-
ematical identity and I wanted to find ways to maintain 
a research career while developing as an excellent teacher 
and dedicated colleague.

I’ve taken advantage of the invitation to write this essay 
to reflect on what aspects of my career have helped me be 
successful as a researcher while balancing the demands of 
working at a PUI. I have settled on two components of my 
career which seem to be the linchpin for my continued 
research progress, and I hope articulating them here will 
give other faculty members ideas for how to continue a 
strong research career at their own PUI. I’m not going to 
talk about how to do enough research to get tenure, or how 
to find time to do research. There are many resources out 
there that give good advice about both of these issues, and 
any advice about either concern is highly dependent on the 
particular institution and the particular person.

I do want to pause here to acknowledging my privilege 
of working at a PUI which also happens to be a highly 
selective, private college with strong financial resources. 
Grinnell College is generous with funding to support fac-
ulty scholarship and research leaves/sabbaticals which have 
helped remove some barriers to doing research.

Develop a Skill That Makes You Indispensable
By my second or third year at Grinnell it became clear that 
it was untenable for me to maintain a long-term research 
program in the areas I was trained in. Students often choose 
to attend PUIs because they want to have strong relation-
ships with their professors. That desire exacts a heavy toll 
on faculty members’ time. We spend countless hours getting 
to know students and helping them on their journey (in 
addition to typically high teaching loads). Thus my research 
time happens in fits and starts. Some semesters my teach-
ing duties are all consuming. Other semesters additional 
service is necessary. There isn’t consistent time to regularly 
scour arXiv to keep up with all the latest work in my field. 
There isn’t the right kind of time for me to just sit with the 

research and plan where it might go. If I have two weeks 
at the beginning of January to squeeze in some research, I 
want to be actively doing research, not planning.

At PUIs there are usually no graduate students, nor any 
postdocs. There is no one else in my field in my depart-
ment. And because of where I live, there is no one in a 
closely related field within at least an hour drive. This all 
means I don’t have a built-in research team. We do have 
wonderful undergraduates who can do amazing work, but 
the level and types of problems my students typically work 
on doesn’t quite scratch the same itch as working on deeper 
open problems

Instead of trying to create my own research program 
from scratch, I have become an indispensable part of several 
research teams. The word “team” here is important (math is 
best done with others!), but I’m going to focus on the word 
“indispensable”. I have a lot of experience and expertise in 
coding and algorithms. (Thanks, Mom and Dad. That Apple 
IIe you brought home in 1984 and which booted up with a 
BASIC prompt started me down this path.) In projects I’ve 
been involved in, I am typically the person writing code 
to test conjectures or search for examples. I’ve taken ad 
hoc methods and turned them into algorithmic processes 
allowing for computations of many examples en masse, 
which lead to even more conjectures. I’ve also worked to 
make the data generated from those searches available for 
mathematicians who might not be comfortable with coding 
themselves. Of course, I brainstorm and prove things and 
write up results just like everyone else in the group, but the 
coding is what makes me indispensable.

Besides your content knowledge in your research area, 
find something that makes you indispensable to a larger 
group. Are you good at clever manipulations? Do you 
excel at doing literature searches to find an essential result? 
Does your expertise sit at a unique intersection of differ-
ent mathematical fields so you can be the bridge between 
those areas? Are you good at checking every detail of an 
argument? Are you good at writing up results so that they 
are easy to follow? At most PUIs, you don’t have to be the 
person with the big vision in your field. You can make 
profound contributions to research teams by bringing 
something essential others may not bring.

Let Your Research Career Wander a Bit
The original problem my PhD adviser proposed to me 
involved studying Jacobian varieties over finite fields. After 
making some modest progress, I gave a talk at a graduate 
student conference. A professor from another university 
who happened to be in the audience said to me, “What you 
are doing is fine, but here is a more interesting question.” 
And suddenly I found myself working on covering spaces 
and the moduli space of curves, neither of which I had 
prior training in.

Depending on the PUI you work at, “publish or perish” 
may not be a relevant phrase. It is often OK to take a risk 
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and shift research focus if the opportunity arises, because 
high paper counts are often not so important. Maybe you 
want to move to a field with more undergraduate research 
opportunities. Maybe a new emerging field is particularly 
interesting. Maybe you recently discovered a connection be-
tween your prior research and another area of mathematics. 
Working at a PUI may afford you the space to wander in 
your research which, at least from my experience, has led 
to a much richer research career.

During my first year at Grinnell, I got an email invita-
tion out of the blue from a mathematician in Chile, Dr. 
Anita Rojas. She had found out about my research from 
an anonymous referee who had pointed out similarities 
between her research and mine, and she had some funding 
to invite other researchers to Chile. Despite not speaking 
Spanish and never having been on a plane flight over four 
hours, I took her up on the offer. That was the beginning 
of my major ongoing collaborations with the Geometry at 
the Frontier research group in Chile.

So wander geographically as well. There is beautiful 
mathematics being done all over the world and such oppor-
tunities may come from unexpected places. That one trip 
to Chile led to further invitations, and even a three-month 
visit this past spring through the Fulbright program. None 
of those opportunities would have been possible if I hadn’t 
been willing to try a new, unexpected research opportunity. 
Accept invitations whenever possible even if they involve 
long flights to places that you have no familiarity with. 
(And, my eternal gratitude for the anonymous referee who 
connected our research.)

A research career at a PUI probably won’t look like a 
research career at a major research university, but that 
isn’t necessarily a bad thing. Mine has been helped along 
by having a particular skill which I can bring to different 
research teams, and a willingness to try different areas of 
mathematics (often arising in serendipitous ways). Both 
of these approaches might have stymied my career if I had 
been at a major research university, but at a PUI they’ve 
helped my research flourish.

Credits
Author photo is courtesy of Grinnell College / Justin Hay-

worth.

Analysis and Differential 
Equations at Primarily 
Undergraduate Institutions

William R. Green and Katharine A. Ott

Analysis and Differential Equations at Primarily Un-
dergraduate Institutions (PUIs) is an umbrella title that 
encompasses a set of professional development activities 
that we have initiated over the past three years. In this ar-
ticle, we’ll detail the work that we’ve done to date with the 
hope that others will join us or create similar initiatives. 
Ultimately, we would like to bring more visibility to the 
varied and excellent body of mathematical work coming 
from faculty at PUIs and to create long-lasting networks 
to combat the feelings of professional isolation. For early 
career faculty who work at primarily undergraduate insti-
tutions, we want to emphasize the importance of building 
a variety of professional networks.

The idea for these activities began in 2019 over lunch at 
the JMM in Baltimore. We were inspired by an AMS Special 
Session focused on number theory at undergraduate insti-
tutions. We thought it was a great idea and we wanted to 
see something similar for our own research area of analysis 
and differential equations, so we organized a Special Ses-
sion in 2020 under the name of Analysis and Differential 
Equations at Undergraduate Institutions. Since this initial 
Special Session, there have been four similar AMS sessions, 
altogether featuring more than 30 speakers from PUIs. We 
also organized a series of virtual panels in Summer 2021 
focused on various categories of professional development: 
supervising undergraduate research, maintaining an active 
research program, avenues for professional growth, and 
how to best prepare students for future study and careers, 
all through the lens of analysts working at PUIs. Finally, we 
have a message board hosted by MAA Connect for members 
to communicate online.

Recognizing a Need
We feel strongly that there is a need for these types of pro-
fessional activities tailored to professionally active faculty 
at PUIs. There is a wealth of research-focused programs that 
include cohort building and professional development run 
through the AMS and the math institutes. These programs 
are often targeted toward or attract mainly mathematicians 
from R1 institutions. Simultaneously, the Mathematical 
Association of America (MAA) runs great professional  

William R. Green is an associate professor of mathematics at Rose-Hulman 
Institute of Technology. His email address is green@rose-hulman.edu.
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development programs that focus primarily on the teaching 
side of the profession. We know that these programs are 
beneficial and help foster long-term support networks and 
collaborations. We met through the MRC (Mathematics 
Research Communities) program offered by the AMS, 
were further connected through MAA Project NExT (New 
Experiences in Teaching), and these programs directly led 
to our continuing collaboration.

These experiences among others showed us how im-
portant and rewarding it is to maintain and expand a 
professional network, but we discovered that it was much 
more difficult to do this once we transitioned to full-time 
positions at undergraduate institutions. Gone were the 
hallway conversations with colleagues in our research area, 
and the seminar talks and lunches with research visitors, 
for instance. At a PUI, it is possible (even likely) for you to 
be the only faculty member in your research area. In our 
experience, this isolation meant fewer research conver-
sations, a drop-off in invitations to speak or collaborate 
and less awareness of professional opportunities such as 
conferences and networking in our field.

On the other hand, there are multiple avenues and op-
portunities for scholarly and professional growth outside 
of the traditional path of research articles and conferences, 
such as outreach efforts or pedagogical work. Colleagues 
within our institutions have been helpful guides and men-
tors, but we have also benefited greatly from perspectives of 
those outside our institutions on longer-term, big picture 
items. In particular, we have found that learning about the 
pathways that other faculty at PUIs have forged, and how 
their professional lives have connected with the mission of 
working at a PUI, has provided motivation and inspiration 
for our careers.

Motivation and Challenges
There were several different factors motivating us to try to 
build this network of analysts at primarily undergraduate 
institutions. On the practical level, many schools require 
external letters of recommendation for promotion and 
tenure processes. In some cases you have the opportunity 
to suggest letter writers for the institution to contact. It can 
be quite helpful to have the perspective of an active scholar, 
who works under similar time constraints due to heavy 
teaching, student advising, and institutional and profes-
sional service commitments, to help provide context for a 
college-wide tenure committee. Having a well-developed 
network helps facilitate this process.

On a broader scale, there are many challenges that come 
along with maintaining an active scholarly agenda when 
teaching at a PUI. Along with the potential for a sense of 
academic isolation, there are large teaching, service, and 
advising responsibilities for faculty at PUIs. Trying to keep 
up with research and/or develop other scholarly pursuits 
while teaching several different classes, advising students, 
and serving on committees is not easy. Faculty at PUIs don’t 

always have TAs or graders, and can spend hours outside of 
our scheduled class times or office hours helping students 
in their classes who are struggling with the homework or 
stressed about upcoming exams. The immediacy of student 
needs often takes center stage, and with limited time our 
scholarly work tends to be pushed aside. In addition, there 
isn’t always as much financial support or institutional in-
frastructure available. Resources such as start-up or travel 
funds or access to extensive library resources are limited 
compared to an R1 institution.

In one of the virtual panel events hosted by the MAA 
this past summer, we had discussions with mathemati-
cians who are active in research and other scholarly work 
whose faculty positions are primarily teaching focused. It 
was motivating to see how colleagues in similar jobs are 
producing high-level scholarship and developing impact-
ful professional lives through outreach, mentoring, and 
other activities. Hearing them discuss the strategies and 
techniques they employ to remain professionally engaged 
in spite of all the demands on their time was helpful. It 
was encouraging to hear the perspectives and stories of 
colleagues who are achieving the teacher-scholar ideal that 
we strive towards.

Our final motivation was to try to provide more expo-
sure and recognition for faculty at PUIs who are making 
valuable contributions to the mathematical community. 
There is a lot of great work being done by faculty at PUIs, 
including (but not limited to!) traditional research, un-
dergraduate research, and other scholarly writing and out-
reach. Hosting Special Sessions and other events that list 
speakers’ institution is one way to bring attention to PUIs, 
but there is much more work to do to in order to influence 
the external and internal roadblocks to recognition.

Externally, the vast majority of research funding goes to 
faculty at R1 institutions, and some research grants explic-
itly disqualify anyone at a non-PhD-granting institution. 
In more encouraging news, there are some current funding 
opportunities from the National Science Foundation, such 
as the Research at Undergraduate Institutions, Research 
Opportunity Awards1, and the new Launching Early-Ca-
reer Academic Pathways program2, that explicitly target 
faculty at PUIs. The AMS has also recently announced the 
AMS-Simons Research Enhancement Grants for Primarily 
Undergraduate Institution (PUI) Faculty3. While we cannot 
change the priorities of funding agencies, we hope that we 
can increase awareness among faculty at PUIs of these types 
of initiatives and encourage broad participation.

There are additional roadblocks to recognition within 
our own institutions, as excellence in mathematical  

1https://beta.nsf.gov/funding/opportunities/facilitating 
-research-primarily-undergraduate-institutions
2https://beta.nsf.gov/funding/opportunities/launching-early 
-career-academic-pathways-mathematical-and-physical-sciences
3https://www.ams.org/ams-simons-pui-research 
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and maybe see more sessions occur at sectional or other 
regional meetings. We would like to explore connections 
with graduate programs as a means to both help our under-
graduate students who are interested in further study, and 
to encourage current graduate students who are considering 
a career at a PUI. We especially hope to engage more early 
career faculty to help combat the feelings of isolation and 
to demonstrate the wide range of possible scholarly devel-
opment opportunities that are available. In closing, we have 
found many benefits to forming this community around a 
research area, and so we want to encourage other research 
groups to consider initiating or partaking in similar net-
work-building efforts. If you’re considering joining in these 
types of efforts, please reach out to the authors via email.

Credits
Photo of William R. Green is courtesy of Robby Green.
Photo of Katharine A. Ott is courtesy of Katharine A. Ott.

Important vs. Urgent: 
Balancing Teaching 
and Research

Allison Pacelli

It seems like we are bombarded daily with urgent matters 
that need our attention, but urgent is not the same as 
important. Everyone is busy, but it’s so easy to be busy on 
the wrong things. Starting a career at an undergraduate in-
stitution that values both teaching and research may seem 
like a constant struggle between too many responsibilities 
vying for our attention. Distinguishing between what is 
important and what is merely urgent can play a crucial 
role in your success.

What you consider important will depend on both your 
and your institution’s goals and priorities (hopefully these 
are not too disparate!). When I started at Williams College, 
fresh out of grad school and having won multiple teaching 

research is not always well understood or rewarded at PUIs, 
particularly if it does not involve undergraduate students. 
This internal lack of recognition can provide motivational 
challenges, especially post-tenure as the incentives and 
expectations change. Our efforts thus far have focused 
on connecting faculty at PUIs with each other to learn 
strategies for both maintaining motivation and finding 
rewarding scholarly pursuits. It has been enlightening to 
meet and learn from our colleagues at PUIs over the past 
few years on these issues.

Opportunities for Engagement
Thus far we have relied on existing structures to help build 
our professional network in an efficient manner. Rather 
than planning an entire conference, we have used Special 
Sessions at AMS Meetings (the JMM and sectional meet-
ings) as a gathering for research talks. In a similar vein, 
last summer we hosted a series of virtual panels through 
the MAA Virtual Programming series. These panels were 
focused on four separate topics (undergraduate research, 
keeping research alive, professional engagement beyond 
research, and connections to graduate school and indus-
try) and each featured five distinguished professionals in 
our network. Also through the MAA we maintain a MAA 
Connect4 community for Analysis and DEs at Undergradu-
ate Insitutions. This is an online message board that MAA 
members can join that we have used to share conference 
and funding announcements, and also to share and solicit 
teaching tips, and other relevant professional information.

Opportunities like these offered by professional societies 
have been crucial to our effort. Many mathematicians in 
our target audience are members of at least one of these 
societies, and so they receive announcements and discounts 
for registration. The AMS and MAA widely advertise their 
programs and provide other support such as technical as-
sistance that saves us a great deal of time and effort. We’ve 
found that hosting a Special Session at JMM is particularly 
beneficial to speakers since it is common, in our experience, 
for undergraduate institutions to require one to speak at a 
conference in order to receive travel support.

One shortcoming we are working to overcome is that we 
have only been able to reach a small cohort of faculty at 
PUIs with our efforts thus far. The people who have partic-
ipated in the Special Sessions and virtual panels are mostly 
people already in our orbit, whether that is by geography, 
by research area, or by type of institution. We are seeking 
ways to expand the group, and especially to include faculty 
from a broader range of types of institutions.

Future Steps
We hope to continue to see this work grow and evolve over 
the coming years. For our own community, we intend to 
continue having Special Sessions at the Joint Meetings, 

4https://connect.maa.org/
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awards there, I thought teaching was the thing that I was 
naturally already good at, and research would be my bigger 
challenge. I soon found out how different it was to teach 
an undergraduate course at a research institution versus at 
a small liberal arts college with some of the best teachers 
in the country. I needed to think about teaching at a new 
level. It was an amazing opportunity to be in the com-
pany of a group of colleagues who share my loves of both 
teaching and research, but there are only so many hours 
in a day. Time management suddenly had new meaning, 
as I could easily devote 60+ hours a week to my students 
without touching any of my other responsibilities. If I 
wanted a balanced and healthy life, I had to decide how 
best to spend my time.

My new students expected more from me and my courses 
than I had been accustomed to previously. Explaining 
material well, writing good exams, answering student ques-
tions – these were all important yes, but that was really just 
the start. I was happily surprised to learn that my students 
didn’t want to just learn how to calculate the determinant 
of a matrix or prove that a function is 1-1, they wanted to 
know why I cared so much about these things. Lectures 
shouldn’t just be clear and informative but fun and enjoy-
able. There are those who take offense to the claim that we 
professors need to entertain our students—perhaps because 
the word entertainment conjures up images of stand-up 
comedy or theatrical performance. That doesn’t work for 
everyone, and certainly never would have worked for me. 
But that doesn’t mean class can’t be fun and enjoyable. I 
am excited about math, and my students wanted to know 
why. Homework was something I really improved on from 
my past teaching experience. After all, students only spend 
about three hours a week in lecture, but hopefully more 
than twice as long engaging with a homework assignment. 
Homework is an incredible opportunity to have students 
process and expand upon concepts from class time, or even 
foreshadow future ideas.

The culture was completely different, of course, as well. 
Students at an undergraduate institution expect their pro-
fessors to be much more available than at my previous 
school. I regularly get requests for individual appointments 
outside of office hours, emails asking for help with home-
work problems, appeals for more sample problems or 
practice exams, or just invitations for coffee from students 
wanting to learn more about me. Getting to know my stu-
dents and having the luxury to devote time to elevating my 
teaching are two of the reasons I chose to teach at a small 
liberal arts college. But it’s easy to be become bogged down 
by the urgency of all the requests. How was I supposed to 
finish that research paper with all the other urgent teaching 
tasks clambering for attention?

I hadn’t yet read Stephen Covey’s 7 Habits of Highly 
Effective People with his Urgent/Important Matrix but a 
mentor of mine made a brief comment one day on impor-
tance vs urgency that really resonated with me. I began to 

consider my schedule from a different perspective in that 
same vein. Covey looks at four categories of activities with 
his classification: important and urgent; important but 
not urgent; urgent, but not important; and finally, neither 
important nor urgent. This perspective is far more helpful 
than a to-do list because spending time on research and 
writing homework solutions do not belong on the same 
list. To-do lists can give a false sense of productivity as you 
check off a series of completed but relatively unimportant 
tasks. That feeling of accomplishment will wear off as you 
look at those research questions still unanswered or the 
lecture notes that you didn’t have a chance to take to the 
next level to make your course go beyond great to excellent. 

For academic life, I prefer to use a slightly different di-
vision of activities into three categories: 1) important; 2) 
unimportant but necessary (often urgent); and 3) unim-
portant. Sorting items into categories can be a challenge, 
especially when urgency is disguised as importance. Cate-
gory 1 items are where we want to be, they are the reason 
we chose this field and what we feel great doing – thinking 
about deeper questions in teaching, starting a research 
project, designing a new course. These types of activities 
typically require significant mental energy and large blocks 
of uninterrupted time; they are rarely urgent. Category 2 
items are necessary and therefore important in the sense 
that we have to do them—paying bills, writing letters of 
recommendation, answering emails, holding office hours, 
attending committee meetings; but they are not at the core 
of what we do and therefore not in the “important” cate-
gory. Luckily, these tasks often require less mental energy 
and can be done in smaller blocks of time. Category 3 items 
are those that we should minimize, or discard altogether 
when possible—doing things for students that they may 
not need, constant interruptions from colleagues stopping 
by our door to say hello, or distractions from social media.

So how should we categorize our obligations, and how 
can we prioritize Category 1?

Research is definitely important but often lacks the sense 
of urgency that our students bring to teaching. It’s harder 
to justify devoting three hours to studying class groups of 
quadratic number fields when I have an inbox of emails 
asking me to write letters of recommendation or explain 
cosets. I found that collaborating with a colleague on a 
paper early on in my career greatly helped counteract that. 
Now there was someone waiting for me to finish my section 
of a paper, and not just students waiting for me to finish 
grading! Research projects with students can work just as 
well. Some people have accountability partners to help 
keep themselves on track with daily or weekly check-ins. 
Teaching activities can be harder to classify. It’s easy to feel 
pressure from looming student evaluations to do every-
thing the students want—but is that all truly important? 
Or even beneficial? I discovered early on that my students 
were much more accepting of my saying no when I fully 
explained why I was doing so. I rarely post practice exams 
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with the urgent items that will undoubtedly arise during 
your Category 1 time—put your phone on silent, check 
emails and texts periodically or when you’re done, rather 
than every time you hear the little ping. Be present, and 
enjoy the time you’re granting to yourself.

I’ve focused primarily on professional activities above, 
but personal life is important too. As the flight attendants 
say, secure your own oxygen mask before assisting others. 
Self-care definitely falls into the important-but-not-urgent 
Category 1. Exercise, family time, relationships, personal 
time – the important things in life rarely present as urgent. 
Classifying activities between categories is highly depen-
dent on the life you want to design for yourself, and may 
change over time. Reviewing these categories after every 
semester can be a great opportunity for self-reflection. 
Starting a career at a new institution can feel like trying to 
make yourself fit into an existing society with pre-estab-
lished laws and standards. While there are guidelines and 
some rules that have to be followed, there’s no one right 
way to be effective. With a little planning and reflection, 
you can spend your time on the important and fulfilling 
things in life.

Credits
Author photo is courtesy of Allison Pacelli.

anymore (they’re now in my category 3), but I frequently 
tell them why—it’s not because I don’t want to help them, 
it’s because I find them deceptive in that students can be 
misled thinking that if they understand everything on the 
practice exam, they’re ready for the real test. What about 
going over student exams after grading? Of course I want to 
help students understand what they did wrong, and some-
times, that requires an individual meeting. But now I post 
a Zoom video after every exam, writing out the solutions 
to every question or problem. It’s more helpful than just 
posting the solutions since I’m explaining as I go. I tell all 
my students that I’m happy to discuss individual exams, 
but I want them to look over the comments I wrote on 
their exam and watch the video first before we schedule 
any appointments. The result is far fewer meetings.

Assigning your own deadlines may be enough moti-
vation for any activity in the important-but-not-urgent 
realm of Category 1 if you can carve out and protect the 
time you need to achieve those deadlines. That’s where 
scheduling and time blocking come in. Time blocking is 
devoting large blocks of time to the important items in 
Category 1. Schedule that block in your calendar as you 
would schedule a doctor’s appointment or class meeting, 
and most importantly, protect that time, even when the 
other categories start threatening to take it away; for ex-
ample, when a student asks if you have time for an urgent 
question after class. When you start with the large blocks of 
time for activities that require it, then you can fit the Cate-
gory 2 items into smaller time slots in between. That hour 
between class and your department meeting isn’t enough 
time for research, but it’s perfect for responding to emails 
or writing out homework solutions. Think about when you 
schedule these blocks as well. Does your creativity flow best 
in the morning? Schedule larger blocks then. Is your brain 
fatigued after lunch? Maybe that’s a better time for office 
hours. Urgent items in Category 2 will always show up at 
the last minute, so leave free time in your schedule to attend 
to those, even when you don’t yet know what they are.

Now that you’ve scheduled your time, the bigger chal-
lenge is protecting it. I’ve never worked well in an office. 
Too many distractions and interruptions. Luckily my 
department chair early on told me I could work wherever 
I needed as long as I was available to my students. For 
my bigger time blocks, I often work at home or the local 
coffee shop. If you are expected to be at your office more, 
maybe you can talk to your chair about scheduling a few 
times a week to keep your door closed to limit distractions. 
Category 2 tasks are better for open-door time spent at the 
office, since interruptions aren’t so detrimental to those 
activities by their nature. I may not be available all day for 
my students to drop by unannounced, but I give them my 
cell phone number to be able to text me to schedule an 
appointment or ask the kind of simple questions that can 
be answered via that medium. As a result, my students never 
feel neglected. Finally, resist that urge to immediately deal 

Allison Pacelli
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How do AMS Graduate Student Chapters support
the mathematical community and beyond?

How do AMS Graduate Student Chapters support

University of Texas at El Paso
The UTEP Chapter is one of the newest to join the 

AMS Graduate Student Chapter Program. Accord-

ing to current president Ebenezer Nkum, the chap-

ter plans to “explore collaborations with the Data 

Science Section from SIAM (Society for Industrial 

and Applied Mathematics); infl uence courses 

taught in the department; have each member at-

tend (and present at) a conference; and provide 

training in SQL projects, publications, conferences, 

presentations, and internships.”

UC Berkeley
This Chapter maintains a Wiki page for its gradu-

ate students, with categories such as: Prospec-

tive Students, First-Year Students, Upper-Year 

Students, Qualifying Exams, Applying for Postdocs, 

and LaTeX Basics. Members also assist with the 

annual open house for prospective students, man-

age department excursions, and organize the peer 

mentor program between graduate students.



www.ams.org/studentchapters

The Chapter Program makes meaningful contributions to the
professional development of graduate students in the mathematical
sciences and connects graduate students with AMS offerings.

University of Toledo
Chapter organizers hold ongoing graduate student seminars virtually 

and in person, welcoming speakers from University of Toledo and from 

other schools across the country. They also enjoy coordinating and at-

tending leisure activities including Pi Day and Trivia Night.  

Pi Day participants

UTEP Chapter members: Brandon Paez; Omar Alejandro Salas;
and Chapter President, Ebenezer Nkum



Peter Borwein: A Visionary
Mathematician
David H. Bailey

Peter Borwein, former professor of mathematics at Simon
Fraser University (British Columbia, Canada) and director
of the university’s Centre for Interdisciplinary Research in
the Mathematical and Computational Sciences (IRMACS),
died on August 23, 2020, at the age of 67, of pneumonia,
after courageously battling multiple sclerosis for over 20
years.

Peter was a prolific mathematician, with over 160 pub-
lications and ten books, by the present author’s count.
Many of these papers were co-authored with his brother
Jonathan Borwein (deceased 2012, formerly at the Univer-
sity of Newcastle in Australia). Some were co-authored
with his father David Borwein (retired from the Western
Ontario University in Canada). What a prolific family! Pe-
ter was a co-recipient (1993) of the Chauvenet Prize and
theMertenHasse Prize, both awarded by theMathematical
Association of America, among other awards.

1. Education and Career
Peter was introduced to mathematics at an early age by his
mathematician father. He attended his first International
Math Congress when he was only five years old (1958, in
Edinburgh, Scotland). Peter retained his nametag from
the conference; he wore it to his first day of school in St.
Andrews [13]. Peter subsequently graduated from the Uni-
versity of Western Ontario in Canada, where his father was
head of the Department of Mathematics, then completed
an MSc and a PhD at the University of British Columbia
in Vancouver.

Through his father, Peter was introduced to the leg-
endary Paul Erdős—Peter was one of “Uncle Paul’s
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Figure 1. Peter Borwein.

epsilons.” As Peter would write many years later, “My first
published paper as a graduate student was on a problem of
Erdős. As were at least a dozen subsequent papers. Erdős
touched many mathematicians in this way. I often got
2:00 am phone calls that began in a distinctive Hungarian
accent: ‘This is Paul, I have a problem for you.’” [13].

In 1993, Peter and Jonathan joined Simon Fraser Uni-
versity in Burnaby, Canada (a suburb of Vancouver), where
they established theCentre for Experimental andConstruc-
tive Mathematics (CECM). Later Peter helped found the
Centre for Interdisciplinary Research in the Mathemati-
cal and Computational Sciences (IRMACS), also at Simon
Fraser, where he served as director for many years. Its mis-
sion was, according to Peter, “to host any scientist who
uses computers as a tool in their research.” He also served
on the editorial boards of several journals, including the
The Ramanujan Quarterly and The Electronic Transactions on
Numerical Analysis [13].
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2. Research
Peter Borwein’s published research spanned classical anal-
ysis, computational number theory, Diophantine num-
ber theory, symbolic computing, experimental mathemat-
ics and applied mathematics. This research includes sev-
eral rather important results. As one example, Peter Bor-
wein, together with Tamás Erdélyi, Ronald Ferguson, and
Richard Lockhart, settled Littlewood’s Problem 22 [12],
which, in Littlewood’s 1968 words, is the following:

Problem. If the 𝑛𝑗 are integral and all different, what
is the lower bound on the number of real zeroes of
∑𝑁

𝑗=1 cos (𝑛𝑗𝜃)? Possibly 𝑁 − 1, or not much less.

Borwein and his colleagues noted that the problem is
equivalent to looking for reciprocal polynomials, with co-
efficients 0 or 1, with 2𝑁 terms, and with 𝑁 − 1 or fewer
zeroes on the unit circle. To this end they programmed
a computer search, which after some effort produced this
example:

∑
0≤𝑗≤14,𝑗∉{9,10,11,14}

(𝑧𝑗 + 𝑧28−𝑗) , (1)

which has eight complex roots of modulus one; it corre-
sponds to a cosine sum of 11 terms with only 8 zeroes
in [−𝜋, 𝜋). A further search identified an example with
16 terms and 14 zeroes in [−𝜋, 𝜋), and, ultimately, an
example with 140 terms and 52 zeroes in [−𝜋, 𝜋), thus
demonstrating the existence of cosine sums with substan-
tially fewer zeroes than the conjectured bound 𝑁 − 1.

Analysis of these computer-discovered examples sug-
gested a route to a striking general result [12]:

Theorem. There exists a cosine polynomial ∑𝑁
𝑗=1 cos (𝑛𝑗𝜃)

with the 𝑛𝑗 integral and all different so that the number of its
real zeroes in the period [−𝜋, 𝜋) is 𝑂 (𝑁5/6 log𝑁).

In another notable example, Peter, in collaboration
with Edward Dobrowolski and Michael J. Mossinghoff,
solved a problem of Lehmer on polynomials with odd co-
efficients [10]. TheMahler measure of a polynomial,𝑀(𝑓),
is the product of the absolute values of roots outside the
unit disk, multiplied by the absolute value of the leading
coefficient. 𝑀(𝑓) = 1 precisely when 𝑓(𝑥) is a product of
cyclotomic polynomials and the monomial 𝑥. In 1933,
Lehmer asked whether for every 𝜖 > 0 there exists some
polynomial satisfying 1 < 𝑀(𝑓) < 1 + 𝜖. Lehmer himself
had found that when 𝑓(𝑥) = 𝑥10+𝑥9−𝑥7−𝑥6−𝑥5−𝑥4−
𝑥3 + 𝑥 + 1, then 𝑀(𝑓) = 1.176280….

After substantial effort, Borwein and his colleagues ob-
tained several significant results in this area, including the
following for polynomials with odd coefficients [10]:

Theorem. If 𝑓(𝑥) = ∑𝑛−1
𝑘=0 𝑎𝑘𝑥𝑘 is a polynomial with no cy-

clotomic factors, all of whose coefficients are odd integers, then

Mahler’s measure of 𝑓(𝑥) satisfies

log𝑀(𝑓) ≥ log 5
4 (1 − 1

𝑛) . (2)

Further, these authors showed that if 𝑓(𝑥) has odd co-
efficients, degree 𝑛 − 1, and at least one noncyclotomic
factor, then at least one root 𝛼 of 𝑓(𝑥) satisfies |𝛼| > 1 +
(log 3)/(2𝑛), resolving an earlier conjecture of Schinzel and
Zassenhaus.

3. Formulas and Algorithms for 𝜋
Peter Borwein is perhaps best known for discovering (with
his brother Jonathan, in many but not all cases) new for-
mulas and algorithms for 𝜋 and other mathematical con-
stants, many of which are extensions of results originally
due to Ramanujan. One of the more striking of the Bor-
wein formulas is [1,7]:

1
𝜋 = 12

√𝐶

∞
∑
𝑘=0

(−1)𝑘(6𝑘)! (𝐴 + 𝐵𝑘)
(3𝑘)! (𝑘! )3𝐶𝑘 , (3)

where

𝐴 = 212175710912√61 + 1657145277365,

𝐵 = 13773980892672√61 + 107578229802750,

𝐶 = (5280 (236674 + 30303√61))
3
.

Each additional term of the series (3) yields approximately
25 additional correct digits, provided that all computa-
tions are performed with at least the precision required for
the final result.

Even more remarkable are the Borwein quadratically
and higher order convergent algorithms for 𝜋, including 𝑝-
th order convergent algorithms for any prime 𝑝, together
with similar algorithms for certain other fundamental con-
stants and functions [4–6, 8]. One of these algorithms is
the following: Set 𝑎0 = 6 − 4√2 and 𝑦0 = √2 − 1. Then
iterate, for 𝑘 ≥ 0,

𝑦𝑘+1 =
1 − (1 − 𝑦4𝑘)1/4
1 + (1 − 𝑦4𝑘)1/4

,

𝑎𝑘+1 = 𝑎𝑘(1 + 𝑦𝑘+1)4 − 22𝑘+3𝑦𝑘+1(1 + 𝑦𝑘+1 + 𝑦2𝑘+1). (4)

Then 1/𝑎𝑘 converges quartically to 𝜋: each iteration ap-
proximately quadruples the number of correct digits (pro-
vided again that each iteration is performed with at least
the precision required for the final result). This algorithm,
together with a quadratically convergent algorithm inde-
pendently discovered by Brent and Salamin, has been em-
ployed in several large computations of 𝜋.

Another of the Borwein algorithms is the following [1]:
Set 𝑎0 = 1/3, 𝑟0 = (√3 − 1)/2, 𝑠0 = (1 − 𝑟30 )1/3. Then iterate,
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for 𝑘 ≥ 0,

𝑡𝑘+1 = 1 + 2𝑟𝑘, 𝑢𝑘+1 = (9𝑟𝑘(1 + 𝑟𝑘 + 𝑟2𝑘 ))1/3,
𝑣𝑘+1 = 𝑡2𝑘+1 + 𝑡𝑘+1𝑢𝑘+1 + 𝑢2𝑘+1,
𝑤𝑘+1 = 27(1 + 𝑠𝑘 + 𝑠2𝑘)/𝑣𝑘+1,
𝑎𝑘+1 = 𝑤𝑘+1𝑎𝑘 + 32𝑘−1(1 − 𝑤𝑘+1),

𝑠𝑘+1 =
(1 − 𝑟𝑘)3

(𝑡𝑘+1 + 2𝑢𝑘+1)𝑣𝑘+1
, 𝑟𝑘+1 = (1 − 𝑠3𝑘+1)1/3. (5)

Then 1/𝑎𝑘 converges nonically to 𝜋: each iteration approx-
imately nine times the number of correct digits (provided
again that each iteration is performed with at least the pre-
cision required for the final result).

Perhaps Peter’s best-known result in this area is his 1997
paper “On the rapid computation of various polylogarith-
mic constants” [9]. This arose when Peter posed the ques-
tion to some students and postdocs of whether there was
any economical way to calculate digits in some base of a
mathematical constant such as𝜋, beginning at a given digit
position, without needing to calculate the preceding digits.

Peter himself subsequently found the following surpris-
ingly simple scheme for binary digits of log 2, based on the
formula log 2 = ∑𝑘≥1 1/(𝑘2𝑘), due to Euler. First note that
binary digits of log 2 starting at position 𝑑 + 1 can be writ-
ten frac (2𝑑 log 2), where frac (𝑥) = 𝑥 − {𝑥} is the fractional
part. Then

frac (2𝑑 log 2)

= frac (
∞
∑
𝑘=1

2𝑑
𝑘2𝑘 ) = frac (

𝑑
∑
𝑘=1

2𝑑−𝑘
𝑘 +

∞
∑

𝑘=𝑑+1

2𝑑−𝑘
𝑘 )

= frac (
𝑑
∑
𝑘=1

2𝑑−𝑘 mod 𝑘
𝑘 ) + frac (

∞
∑

𝑘=𝑑+1

2𝑑−𝑘
𝑘 ) , (6)

where “mod𝑘” has been added to the numerator of the
first term of (6) since we are only interested in the frac-
tional part after division by 𝑘. The key point here is that the
numerator expression, namely 2𝑑−𝑘 mod 𝑘, can be com-
puted very rapidly by the binary algorithm for exponen-
tiation mod 𝑘, without any need for extra-high numeric
precision, even when the position 𝑑 is very large, say one
billion or one trillion. The second sum can be evaluated
as written, again using standard double-precision or quad-
precision floating-point arithmetic. The final result, ex-
pressed as a binary floating-point value, gives a string of
binary digits of log 2 beginning at position 𝑑 + 1.

In the wake of this observation, Peter and others
searched the literature for a formula for 𝜋, analogous to
Euler’s formula for log 2, but none was known at the time.
Finally, a computer search conducted by Simon Plouffe nu-
merically discovered this formula, now known as the BBP

formula for 𝜋 [9]:

𝜋 =
∞
∑
𝑘=0

1
16𝑘 (

4
8𝑘 + 1 −

2
8𝑘 + 4 −

1
8𝑘 + 5 −

1
8𝑘 + 6) . (7)

Indeed, this formula permits one to efficiently calculate a
string of base-16 digits (and hence base-2 digits) of 𝜋, be-
ginning at an arbitrary starting point, by means of a rela-
tively simple algorithm similar to that described above for
log 2. Nicholas Sze used a variation of this scheme to calcu-
late binary digits of 𝜋 starting at position two quadrillion
[2].

4. Mentoring
In July 1984, a relatively obscure mathematician-
computer scientist at the NASA Ames Research Center in
California opened the latest issue of SIAM Review to find
an article coauthored by Peter Borwein and his brother,
wherein they sketched several of their recently discovered
fast algorithms for computing constants such as 𝜋 and a va-
riety of basic transcendental functions [4]. Intrigued, this
researcher implemented several of these algorithms on a
supercomputer, using a software package he had written
to perform very high-precision computations. After some
success, he contacted Peter Borwein, who, together with
Jonathan, graciously invited him to participate with the
Borweins in some larger computations and other explo-
rations in the area of experimental mathematics. This led
to a very productive collaboration extending over 30 years,
with both Peter and Jonathan.

As the reader may have guessed, this relatively ob-
scure NASA researcher was the present author, who is very
deeply indebted to both Peter and Jonathan Borwein for
their mentorship and collaboration over so many years.

Peter in particular was an inspiration for a number of re-
searchers in the field. Veselin Jungic, a professor of mathe-
matics at Simon Fraser University, remarked that Peter was
“my friend, mentor, and a role model” [13]. Kevin Hare, of
the University of Waterloo, recalls once, when attending a
symbolic computing conference in Vancouver, Peter came
to him saying, “This afternoon looks really boring; do you
want to go hiking instead?” Along the way, Peter started
asking math questions. Hare recalls [3],

I found his approach to supervising was basically,
toss lots of questions at me and hope that one of
them sticks. If anybody has ever sat beside him
during a conference talk, they know exactly what
I mean by that. Or, I guess anybody that has been
sitting with him in a pub/coffee shop while con-
ference talks are going on also knows what I am
talking about.
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Karl Dilcher of Dalhousie University, who was one of Pe-
ter’s first postdoctoral fellows, recalls [3],

What I admired (and still admire) most about Pe-
ter is the fact that he always has a problem, or prob-
lems, on hismind; hewill ask you, prod you, share
insights with you and be very persistent. When he
has found a truly exciting and worthwhile prob-
lem, he will not let go until it is solved. He will
hack away at it from all directions, will try to get
others interested and involved (and often succeed
in this), and more often than not he will eventu-
ally make substantial progress, either alone, or in
collaboration with others.

Similarly, Michael Mossinghoff of Davidson College re-
calls [3],

Peter seems to have an incredible knack for sug-
gesting just the right sort of problem to his
collaborators—problems that are not only irre-
sistible, but very well-suited to the listener’s inter-
ests. He’s a lot like Erdős in this respect. Each time
I arrived in Vancouver, Peter always had a fascinat-
ing new project that was just irresistible to join.

5. Multiple Sclerosis
No account of Peter Borwein’s career would be complete
without mentioning the remarkable grace with which he
faced his condition of multiple sclerosis. Initially diag-
nosed prior to the year 2000, the disease eventually left
him confined to a wheelchair, increasingly dependent
on family and caregivers, and, sadly, increasingly unable
to pursue research or to effectively collaborate with col-
leagues. The present author recalls visiting Peter in January
2019 at his home in Burnaby, British Columbia. In spite
of his paralysis and infirmity, Peter’s pleasant demeanor
and humor were on full display. Would that we could all
bear our misfortunes with such equanimity!
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Teachers Partner with
Scientists to Learn the
Relevance of Mathematics
Through Climate Research
Susan Nickerson, Talia LaTona-Tequida,
and Samuel S.P. Shen

How can we support K–12 teachers to convey the rele-
vance of mathematics to their students? How can we sup-
port teachers in understanding the purpose of practices
of the mathematics discipline? How can these practices
contribute to a growing body of disciplinary knowledge?
An NSF-sponsored project at San Diego State University
(SDSU) is attempting to address these questions. In the
summer of 2021, seven K–12 mathematics teachers partici-
pated in a climate science research lab. The seven, together
with some science teachers, participated in a five-year NSF-
funded professional development project to support their
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development as teacher leaders. One teacher describes the
impact of the NSF experience:

The summer experience with the data science/math lab
and [the director] has encouraged me to meet with my
math and science teaching teammates in my middle
school to talk about how data science (specifically re-
lated to climate change) can be brought into our class-
rooms to make our content both connected and rele-
vant. . . . We are using the 4DVD [4-Dimensional Vis-
ual Delivery] model to have data talks in both math
and science classes and it is fun to hear kids talking
about the model. Two of the history teachers are also us-
ing the model to see climate data during certain times
in history.

Research experiences for teachers (RETs) have been
widely used as professional development opportunities for
K–12 science teachers. The goal of RET programs is to sup-
port the active involvement of K–12 teachers in STEM re-
search in order to bring a more complete understanding
of these disciplines to their students as a result of their
participation (NSF, 2021). We adopt the perspective of
Lave and Wenger’s (1991) communities of practice (COP),
which describes learning as situated. More specifically,
novicemembers of a community learn as they engage in le-
gitimate peripheral participation through apprenticeship,
moving toward more central roles as they adopt practices
specific to that community. Providing opportunities for
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mathematics teachers to engage in a research lab allows the
teachers to experience, firsthand, a community of mathe-
matical practice (CoMP). The teachers can translate these
practices to the students in their classrooms. Teachers are
often the first mathematics promoters; they teach students
how to use mathematics to solve problems and also en-
courage some students to become professionalmathemati-
cians.

The climate lab was a fitting context for a RET, given that
the California state K–12 science standards require teach-
ing about climate science. Mathematical modeling, one
of the conceptual categories of the Common Core high
school standards for mathematics (National Governors As-
sociation, 2010), is prevalent in climate science.

In the following, we describe the goals of the project, de-
tails of the activities, and what teachers report they gained
from the experience. We end with suggestions for research
mathematicians who wish to provide similar opportuni-
ties for mathematics teachers.

Goals and Activities
The goal of this RET was to support teachers as they: 1)
engage in a community of mathematical practice (CoMP),
2) develop understanding of how mathematical knowl-
edge builds, and 3) gain understanding of the relevance
of mathematics that they are teaching and what one can
do with a mathematics degree.

Given the evolving conditions of the COVID pandemic,
we met virtually for a month. Four days a week, there was
structured time with the lab director; roughly an hour each
day was formal “instructional time.” Teachers spent the re-
maining hours on these days attending two lab meetings
each week, working with each other and with two math-
ematics education researchers at SDSU on learning tools,
replicating research, and generating questions. There was
unstructured time for teachers to work independently or
to get their questions answered by the director. One day
a week was dedicated to a pair of activities: virtual visits
from research mathematicians and scientists, and working
with two secondary teacher leaders (peer coaches) to re-
flect on the implications of the experience for their work
as classroom teachers.

The lab experience began with the lab director giving an
overview of what we know and are learning about climate
change. His routine was to pose a question, beginning
with “What are the top four most abundant gases in the at-
mosphere, and why are such small amounts of greenhouse
gases a major concern?” and “How do we accurately ob-
tain the historical time series data of global warming, given
that the climate data have been collected from weather
stations around the world?” Teachers generated ques-
tions based on what they learned and investigated. For

Figure 1. The blue region on the globe is a 4DVD display of
the cold Europe temperature anomaly in January 1942. The
unusual and about −11∘C colder than normal winter in the
Moscow region helped the Allies defeat Hitler’s attack on the
Soviet Union.

example, “Howdo youmathematically account for the fact
that data collection points aren’t evenly distributed?”

They also began early in the lab experience to learn the
use of tools, primarily R programming. The other tool
was database software developed at the Climate Informat-
ics Laboratory, 4DVD: 4-Dimensional Visual Delivery of big
climate data (https://4dvd.sdsu.edu). See Figure 1.
None of the teachers had prior experience with 4DVD data
or R programming.

The director presented them with two possible research
projects. They could explore: “What was the lunar surface
temperature at the location and time of Armstrong’s land-
ing on the Moon in 1969?” or “Calculate the height of
a mountain of your choice.” These were historically sig-
nificant and real research questions for professional sci-
entists and engineers, but now can be answered by sim-
ple climate models and R code. Teachers learned about a
class of climate models known as energy balance models
(EBM) that are simplified representations of key aspects
of the climate system (atmospheric and oceanic flows are
not considered). In particular, they used an EBM to model
the moon’s surface temperature. They also examined air
pressure, temperature, and elevation, and applied the hyp-
sometric equation, a functional relationship among eleva-
tion, pressure, and temperature, to calculate the elevation
of Mount Mitchell, the highest point in the United States
east of the Mississippi River.

In the labmeetings, the teachers also got insight into the
current research questions being investigated by the lab.
Initially, the students who work in the lab with the direc-
tor were asked to conduct the lab meeting as they would
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ordinarily; the teachers were observers. To gain a broader
perspective of the lab’s work, the teachers also read three
papers published by the lab researchers. After the teach-
ers had attended a meeting or two of the smaller focused
lab groups, teachers shifted to asking questions and inter-
acting with the other lab members. In subsequent days,
as they worked on learning tools and conducting research,
the director would ask them to share their screen with data
or results, particularly if there was a challenge they were
trying to resolve. In this way, the relationship between the
CoMP of the lab and the teachers shifted from teachers as
novice observers of the lab interactions to legitimate pe-
ripheral participants (Lave & Wenger, 1991) as they repli-
cated research and regarded the lab director as a mentor.

What Teachers Reported Learning
To gain understanding of what teachers learned from par-
ticipation in the RET, we asked them to keep a journal of
what they worked on and the questions they had, and to
complete two surveys. We also took notes and recorded
most of the meetings with the director and peer coaches.

We believed as they engaged with a community of
mathematical practice (CoMP), they would be better po-
sitioned to engage students with the K–12 Common Core
State Standards for Mathematical Practice. The Standards
for Mathematical Practice outline practices that mathe-
matics learners at all levels should develop (National
Governors Association, 2010) (https://www.nctm.org
/ccssm). These standards “. . . describe the contours of
mathematical practice; the various ways in which profi-
cient practitioners of mathematics carry out their work.”
(McCallum, 2012).

Teachers entered with their own professional knowl-
edge aboutmathematical practices and explicitly or implic-
itly cited multiple practice standards, including the four
listed here:

1) Make sense of problems and persevere in solving
them. (Practice 1)

2) Construct viable arguments and critique the reason-
ing of others. (Practice 3)

3) Model with mathematics. (Practice 4)
4) Attend to precision. (Practice 6)

These practices were often connected. For example, a
few teachers described their efforts at using the hypsomet-
ric model to determine the height of a mountain whose
height was public knowledge. They constructed their mod-
els and computed how accurate their model was. They
then made a judgment about the precision of the results
and then revisited the model, making adjustments to the
data they used until they reached a precision standard out-
lined by the director. See Figure 2.

Figure 2. Computing elevation and its error using
hypsometric equation for a local mountain: Mount Woodson
weather station (33.0087∘N, 116.9709∘W).

We also wanted them to develop a richer understand-
ing of the nature of mathematics and how mathematical
knowledge builds. They observed experienced researchers
in a lab. They noted the way in which the director recog-
nized and drew on different people’s expertise even while
the focus of the group was on the collective solving of a
problem. One teacher wrote:

[Director] worked with all of us in the same way and
gained our trust and respect while causing us to learn
coding to represent data. . . .when reflecting on the ex-
perience, the conversations were always about the work
being done, what the students (or we) knew how to
do and then building on what we knew to push [our
work] forward. Especially with the programming in R.
We shared the code we built, looked at the code and
discussed what was in front of us. We noticed what
worked and learned from what didn’t.

They cited the fruitfulness of solving a simpler problem:

I found it interesting that we use an easier model, like
the moon, to understand predicting climate and tem-
perature before we move on to the much more com-
plicated task of predicting climate/temperature for the
earth where we have atmosphere, wind, rain, etc. to
make things much more complex.

They also recognized the role of failure in research and
learning in general:

Ask questions, ask them often, start early. Failure is
how you learn. Bad results are still useful. You learn
from them and redesign. Most of the research is not
successful.

Finally, we hoped they would gain a better under-
standing of the relevance of mathematics and data. A
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trigonometry teacher reported a better understanding of
why she would teach indirect measurement:

This week I really dove into the hypsometric equation
and approximating elevation using temperature and air
pressure. I thought it was pretty interesting to use this
model by having what you could measure. For example,
you can measure temperature and air pressure but it is
really hard to measure elevation or height. So, you
could use this model to solve for the height when you
knew the other two things and gravity and gasses were
pretty constant.

Teachers cited learning or relearning why the focus on
domain and range was important, the conceptual under-
pinnings of the line of best fit, and almost all of them cited
their new or renewed understanding of the importance of
coding and computational thinking.

All these things had some connection to their teaching.
As they learned about the processes and proficiencies of re-
search mathematicians, they wanted to support their stu-
dents in developing these proficiencies. Given their experi-
ence as learners, several noted the importance of persever-
ance and reported that they had greater empathy for the
challenges faced by students and wanted tomake room for
students to have more time to “ruminate” on bigger prob-
lems. They made a connection between the mathematical
modeling process and the modeling process in which they
engage as teachers.

In the same way the summer lab work there was this
constant thing about results/feedback just being infor-
mation. When trying things out and something didn’t
work out it. . . gave you information on what to fine
tune. Specifically in the climate group there was a lot
of work around debugging and one of the presenters
talked about how they had encountered an issue with
their designing software. The way people apply their
skills in the real world and get results, we need to ex-
amine student work similarly. . .we get feedback about
what a student may understand or need help bridging.

Summary. Research experiences for teachers are con-
structed as a way to enable teachers to translate the prac-
tices of the community of research scientists and mathe-
maticians to their students. In addition to the relevance of
mathematics, our teachers reported having learned about
perseverance in problem-solving, the nature of communi-
cation in a technical field, mathematical modeling, and
the importance of precision. This supports them as “pro-
moters” of mathematics. Through their participation in a
mathematics research lab, they reported an increased un-
derstanding of the way mathematical knowledge increases.
They reflected on how it would impact their instruction,
both in their classroom and the classrooms of their peers

who they reported recruiting to bring data science into the
classroom to make it “connected and relevant.”

What We Learned
We found the experience fruitful and rewarding. If you
are considering engagingmathematics teachers in your lab,
note:

1. RET experience is short-term and must be constructed
with a focus on tools or techniques teachers can learn
and a research task they can complete in an abbrevi-
ated timeframe.

2. Think deliberately about how teachers will integrate
into the work of the lab. Remote work can inhibit the
feeling of being integrated into the lab, but attendance
at labmeetings and deliberate invitation to share their
work with others can foster a sense of belonging.

3. Consider the relevance of your lab’s focus to K–12
standards. The mathematics they are doing in the lab
should have a link to the mathematics they are teach-
ing or support the teaching of mathematical practices.

4. Teachers need time and space with other teachers to
reflect on the connections to their classroom teaching.
If you do not have the expertise to lead them in this
reflection, have a local teacher leader facilitate sessions
inwhich teachers reflect on connections betweenwhat
they are learning and their practice as teachers.

5. Visiting research scientists and mathematicians de-
scribed uses of mathematics and, in the process of dis-
cussing their work, communicated messages about re-
search that were aligned with what the teachers were
experiencing. For example, failure is a part of learning.

6. These teachers were part of an NSF-sponsored pro-
gram that gave them compensation for a month of
working in a lab. You will need to seek out a part-
ner working with teachers or seek additional funding,
perhaps through a grant supplement.

We were excited to open the lines of communication
between research mathematicians and teachers. The latter
may gain a richer understanding of mathematics and an
understanding of a research area as significant as climate
change. We encourage you to do the same. RETs may be
an important part of in-service teacher education. The ben-
efits for teachers yield benefits for students – our future
mathematicians and scientists.
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WHAT IS. . .

an Equivariant Neural
Network?
Lek-Heng Lim and Bradley J. Nelson

We explain equivariant neural networks, a notion under-
lying breakthroughs in machine learning from deep con-
volutional neural networks for computer vision [KSH12]
to AlphaFold 2 for protein structure prediction [JEP+21],
without assuming knowledge of equivariance or neural
networks. The basic mathematical ideas are simple but are
often obscured by engineering complications that come
with practical realizations. We extract and focus on the
mathematical aspects, and limit ourselves to a cursory
treatment of the engineering issues at the end. We also in-
clude some materials with machine learning practitioners
in mind.

Let 𝕍 and 𝕎 be sets, and 𝑓∶ 𝕍 → 𝕎 a function. If a
group 𝐺 acts on both 𝕍 and𝕎, and this action commutes
with the function 𝑓:

𝑓(𝑥 ⋅ 𝑣) = 𝑥 ⋅ 𝑓(𝑣) for all 𝑣 ∈ 𝕍, 𝑥 ∈ 𝐺,
then we say that 𝑓 is 𝐺-equivariant. The special case where
𝐺 acts trivially on 𝕎 is called 𝐺-invariant. Linear equi-
variant maps are well-studied in representation theory and
continuous equivariant maps are well-studied in topology.
The novelty of equivariant neural networks is that they
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are usually nonlinear and sometimes discontinuous, even
when 𝕍 and 𝕎 are vector spaces and the actions of 𝐺 are
linear.

Equivariance is ubiquitous in applications where sym-
metries in the input space 𝕍 produce symmetries in the
output space𝕎. We consider a simple example. An image
may be regarded as a function 𝑣∶ ℝ2 → ℝ3, with each pixel
𝑝 = (𝑝1, 𝑝2) ∈ ℝ2 assigned some RGB color (𝑟, 𝑔, 𝑏) ∈ ℝ3.
A simplifying assumption here is that pixels and colors can
take values in a continuum. Let 𝕍 = 𝕎 be the set of all
images. Let the group 𝐺 = {1, 𝑥} ≅ ℤ/2ℤ act on 𝕍 via
top-bottom reflection, i.e., 𝑥 ⋅ 𝑣 is the image whose value at
(𝑝1, 𝑝2) is 𝑣(𝑝1, −𝑝2). Let 𝜎∶ ℝ3 → ℝ3,

𝜎(𝑟, 𝑔, 𝑏) = {(0, 0, 0) if 𝑟 = 𝑔 = 𝑏 = 0,
(255, 255, 255) otherwise.
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Here (0, 0, 0) and (255, 255, 255) are the RGB encodings
for pitch black and pure white respectively. So the map
𝑓∶ 𝕍 → 𝕍, 𝑓(𝑣) = 𝜎 ∘ 𝑣 transforms a color image into a
black-and-white image. It does not matter whether we do
a top-bottom reflection first or remove color first, the re-
sult is always the same, i.e., 𝑓(𝑥 ⋅ 𝑣) = 𝑥 ⋅ 𝑓(𝑣) for all 𝑣 ∈ 𝕍.
Hence the decoloring map 𝑓 is 𝐺-equivariant.

Our choice of an image with left-right symmetry
presents another opportunity to illustrate the notion. If
we choose coordinates so that the vertical axis passes
through the center of the butterfly image, then as a func-
tion 𝑣∶ ℝ2 → ℝ3, it is invariant under the action of
𝐻 = {1, 𝑠} ≅ ℤ/2ℤ on ℝ2 via 𝑠(𝑝1, 𝑝2) = (−𝑝1, 𝑝2), i.e.,
𝑣(𝑠 ⋅𝑝) = 𝑣(𝑝). Note that the 𝐺-equivariance of 𝑓 has noth-
ing to do with this.

A takeaway of these examples is that nonlinear and dis-
continuous functions may very well be equivariant. How-
ever, the best known context for discussing equivariant
maps is when 𝑓 is an intertwining operator, i.e., a linear
map between vector spaces 𝕍 and 𝕎 equipped with a lin-
ear action of 𝐺. In this case, an equivalent formulation
of 𝐺-equivariance takes the following form: Given linear
representations of 𝐺 on 𝕍 and 𝕎, i.e., homomorphisms
𝜌1 ∶ 𝐺 → GL(𝕍) and 𝜌2 ∶ 𝐺 → GL(𝕎), a linear map
𝑓∶ 𝕍 → 𝕎 is said to be 𝐺-equivariant if

𝑓(𝜌1(𝑥)𝑣) = 𝜌2(𝑥)𝑓(𝑣) for all 𝑣 ∈ 𝕍, 𝑥 ∈ 𝐺. (1)

Intertwining operators preserve eigenvalues and, when 𝐺
is a Lie group, the action of its Lie algebra, properties that
are crucial to their use in physics [BH10].

Nevertheless the restriction to linear maps is unneces-
sary. The de Rham problem asks if 𝕍 = 𝕎 = ℝ𝑛 and
𝑓∶ ℝ𝑛 → ℝ𝑛 is merely required to be a homeomorphism,
then does condition (1) imply that 𝑓must be a linearmap?
De Rham conjectured this to be the case but it was dis-
proved in [CS81], launching a fruitful study of nonlinear
similarity, i.e., nonlinear homeomorphisms 𝑓 with

𝑓𝜌1(𝑥)𝑓−1 = 𝜌2(𝑥) for all 𝑥 ∈ 𝐺,

in algebraic topology and algebraic K-theory. More gen-
erally, equivariant continuous maps under continuous
group actions have been thoroughly studied in equivari-
ant topology [May96].

An equivariant neural network [CW16] is an equi-
variant map 𝑓 constructed from alternately composing
equivariant linear maps with nonlinear ones like the de-
coloring map above. That neural networks can be readily
made equivariant is a consequence of two straightforward
observations:

(i) the composition of two 𝐺-equivariant functions
𝑓∶ 𝕍 → 𝕎, 𝑔∶ 𝕌 → 𝕍 is 𝐺-equivariant;

(ii) the linear combination of two 𝐺-equivariant func-
tions 𝑓, 𝑔∶ 𝕍 → 𝕎 is 𝐺-equivariant;

even when 𝑓, 𝑔 are nonlinear. Although an equivariant
neural network is nonlinear, it uses intertwining operators
as building blocks, and (1) plays a key role. In some ap-
plications like the wave function on p. 622, the input 𝕍 or
possibly some hidden layers may not be vector spaces; for
simplicity we assume that they are and their 𝐺-actions are
linear.

In machine learning applications, the map 𝑓 is learned
from data. A major advantage of requiring equivariance
in a neural network 𝑓 is that it allows one to greatly nar-
row down the search space for the parameters that define
𝑓. To demonstrate this, we begin with a simplified case
that avoids group representations. A feed-forward neural
network is a function 𝑓∶ ℝ𝑛 → ℝ𝑛 obtained by alternately
composing affine maps 𝛼𝑖 ∶ ℝ𝑛 → ℝ𝑛, 𝑖 = 1, … , 𝑘, with a
nonlinear function 𝜎∶ ℝ𝑛 → ℝ𝑛, i.e.,

ℝ𝑛 𝛼1−−→ ℝ𝑛 𝜍−→ ℝ𝑛 𝛼2−−→ ℝ𝑛 𝜍−→ ⋯ 𝜍−→ ℝ𝑛 𝛼𝑘−−→ ℝ𝑛,

giving 𝑓 = 𝛼𝑘∘𝜎∘𝛼𝑘−1∘⋯∘𝜎∘𝛼2∘𝜎∘𝛼1. The depth, also known
as the number of layers, is 𝑘 and the width, also known as
the number of neurons, is 𝑛. The simplifying assumption,
which will be dropped later, is that our neural network has
constant width throughout all layers. The nonlinear func-
tion 𝜎 is called an activation, with the ReLU (rectified linear
unit) function 𝜎(𝑡) ≔ max(𝑡, 0) for 𝑡 ∈ ℝ a standard choice.
In a slight abuse of notation, the activation is extended to
vector inputs 𝑣 = (𝑣1, … , 𝑣𝑛) ∈ ℝ𝑛 by evaluating coordi-
natewise

𝜎(𝑣) = (𝜎(𝑣1), … , 𝜎(𝑣𝑛)). (2)

In this sense, 𝜎∶ ℝ𝑛 → ℝ𝑛 is called a pointwise nonlinear-
ity. The affine function is defined by 𝛼𝑖(𝑣) = 𝐴𝑖𝑣 + 𝑏𝑖 for
some𝐴𝑖 ∈ ℝ𝑛×𝑛 called theweight matrix and some 𝑏𝑖 ∈ ℝ𝑛

called the bias vector. We do not include a bias 𝑏𝑘 in the
last layer.

Although convenient, it is somewhat misguided to
lump the bias and weight together in an affine function.
Each bias 𝑏𝑖 is intended to serve as a threshold for the acti-
vation 𝜎 and should be part of it, detached from the weight
𝐴𝑖 that transforms the input. If one would like to incorpo-
rate translations, one may do so by going up one dimen-
sion, observing that [ 𝐴 𝑏

0 1 ][ 𝑣1 ] = [ 𝐴𝑣+𝑏1 ]. Hence, a better,
but mathematically equivalent, description of 𝑓 would be
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as the composition

ℝ𝑛 𝐴1−−→ ℝ𝑛
𝜍𝑏1−−→ ℝ𝑛 𝐴2−−→ ℝ𝑛

𝜍𝑏2−−→ ⋯
𝜍𝑏𝑘−1−−−−→ ℝ𝑛 𝐴𝑘−−→ ℝ𝑛

wherewe identify𝐴𝑖 ∈ ℝ𝑛×𝑛 with the linear operatorℝ𝑛 →
ℝ𝑛, 𝑣 ↦ 𝐴𝑖𝑣, and for any 𝑏 ∈ ℝ𝑛 we define 𝜎𝑏 ∶ ℝ𝑛 → ℝ𝑛

by 𝜎𝑏(𝑣) = 𝜎(𝑣 + 𝑏) ∈ ℝ𝑛. We will drop the composition
symbol ∘ to avoid clutter and write

𝑓 = 𝐴𝑘𝜎𝑏𝑘−1𝐴𝑘−1⋯𝜎𝑏2𝐴2𝜎𝑏1𝐴1
as if it were a product of matrices. For example, with the
aforementioned ReLU as 𝜎,

𝜎−𝜃(𝑡) = max(𝑡 − 𝜃, 0) = {𝑡 − 𝜃 𝑡 ≥ 𝜃,
0 𝑡 < 𝜃,

(3)

and 𝜃 ∈ ℝ plays the role of a threshold for activation as
was intended in [Ros58, p. 392] and [MP43, p. 120].

A major computational issue with neural networks is
the large number of unknown parameters, namely the
𝑘𝑛2+(𝑘−1)𝑛 entries of the weights and biases, that have to
be fit with data, especially for wide neural networks where
𝑛 is large. To get an idea of the numbers involved in re-
alistic situations, 𝑛 may be on the order of millions of
pixels for image-based tasks, whereas 𝑘 is typically 10 to
50 layers deep. Computational cost aside, one may not
have enough data to fit so many parameters. Thus, many
successful applications of neural networks require that we
identify, based on the problem at hand, an appropriate
low-dimensional subset of ℝ𝑛×𝑛 from which we will find
our weights 𝐴1, … , 𝐴𝑘. For example, for a signal processing
problem, we might restrict 𝐴1, … , 𝐴𝑘 to be Toeplitz matri-
ces; the convolutional neural networks for image recogni-
tion in [KSH12], an article that launched the deep learn-
ing revolution, essentially restrict 𝐴1, … , 𝐴𝑘 to so called
block-Toeplitz–Toeplitz-block or BTTB matrices. For 1D
inputs with a single channel, i.e., inputs from ℝ𝑛, a general
weight matrix requires 𝑛2 parameters, whereas a Toeplitz
one just needs 𝑛 parameters and an 𝑚-banded Toeplitz
one requires just 𝑚. For 2D inputs with 𝑐 channels such
as color images, i.e., inputs from ℝ𝑐𝑛2 , a general weight
matrix would have required a staggering 𝑐2𝑛4 parameters,
whereas a BTTB one just needs 𝑐2𝑛2, and an 𝑚 × 𝑚 local
BTTB one requires just 𝑐2𝑚2. These are all simplified ver-
sions of the convolutional layers in a convolutional neural
networks, which are a quintessential example of equivari-
ant neural networks [CW16], and in fact every equivariant
neural network may be regarded as a generalized convolu-
tional neural network in an appropriate sense [KT18].

To see how equivariance naturally restricts the range of
possible 𝐴1, … , 𝐴𝑘, let 𝐺 ⊆ ℝ𝑛×𝑛 be a matrix group. Then
𝑓∶ ℝ𝑛 → ℝ𝑛 is 𝐺-equivariant if

𝑓(𝑋𝑣) = 𝑋𝑓(𝑣) for all 𝑣 ∈ ℝ𝑛, 𝑋 ∈ 𝐺; (4)

and an equivariant neural network is simply a feed-
forward neural network 𝑓∶ ℝ𝑛 → ℝ𝑛 that satisfies (4). The

key to its construction is just that

𝑓(𝑋𝑣) = 𝐴𝑘𝜎𝑏𝑘−1𝐴𝑘−1⋯𝜎𝑏2𝐴2𝜎𝑏1𝐴1𝑋𝑣
= 𝑋(𝑋−1𝐴𝑘𝑋)(𝑋−1𝜎𝑏𝑘−1𝑋)(𝑋−1𝐴𝑘−1𝑋)

⋯ (𝑋−1𝐴2𝑋)(𝑋−1𝜎𝑏1𝑋)(𝑋−1𝐴1𝑋)𝑣
= 𝑋𝐴′𝑘𝜎′𝑏𝑘−1𝐴

′
𝑘−1⋯𝜎′𝑏2𝐴

′
2𝜎′𝑏1𝐴

′
1𝑣

and the last expression equals 𝑋𝑓(𝑣) if we have

𝐴′𝑖 = 𝑋−1𝐴𝑖𝑋 = 𝐴𝑖, 𝜎′𝑏𝑖 = 𝑋−1𝜎𝑏𝑖𝑋 = 𝜎𝑏𝑖 (5)

for all 𝑖 = 1, … , 𝑘, and for all 𝑋 ∈ 𝐺. The condition on the
right is satisfied by any pointwise nonlinearity that takes
the form in (3), i.e., 𝑏𝑖 ∈ ℝ𝑛 has all coordinates equal to
some 𝜃 ∈ ℝ; we will elaborate on this later. The condition
on the left limits the possible weights for 𝑓 to a (generally)
much smaller subspace of matrices that commute with all
elements of𝐺. Finding this subspace (in fact a subalgebra)
of intertwining operators,

{𝐴 ∈ ℝ𝑛×𝑛 ∶ 𝐴𝑋 = 𝑋𝐴 for all 𝑋 ∈ 𝐺}, (6)

is a well-studied problem in group representation theory;
a general purpose approach is to compute the null space
of a matrix built from the generators of 𝐺 and, if continu-
ous, its Lie algebra [FWW21]. We caution the reader that
𝐺 will generally be a very low-dimensional subset of ℝ𝑛×𝑛,
as will become obvious from our example below in (8). It
will be pointless to pick, say, 𝐺 = SO(𝑛) as the set in (6)
will then be just {𝜆𝐼 ∈ ℝ𝑛×𝑛 ∶ 𝜆 ∈ ℝ}, clearly too small
to serve as meaningful weights for any neural network. In-
deed, 𝐺 will usually be a homomorphic image of a repre-
sentation 𝜌∶ 𝐺 → GL(𝑛), i.e., the image 𝜌(𝐺) will play the
role of𝐺 in (6). In any case, we will need to bring in group
representations to address a different issue.

In general, neural networks have different width 𝑛𝑖 in
each layer:

ℝ𝑛0
𝐴1−−→ ℝ𝑛1

𝜍𝑏1−−→ ℝ𝑛1
𝐴2−−→ ℝ𝑛2

𝜍𝑏2−−→ ⋯

⋯
𝜍𝑏𝑘−1−−−−→ ℝ𝑛𝑘−1

𝐴𝑘−−→ ℝ𝑛𝑘

with 𝐴𝑖 ∈ ℝ𝑛𝑖−1×𝑛𝑖 , 𝑖 = 1, … , 𝑘, 𝑏𝑖 ∈ ℝ𝑛𝑖 , 𝑖 = 1, … , 𝑘−1. The
simplified case treated above assumes that 𝑛0 = 𝑛1 = ⋯ =
𝑛𝑘 = 𝑛. It is easy to accommodate this slight complication
by introducing group representations to equip every layer
with its own homomorphic copy of 𝐺. Instead of fixing 𝐺
to be some subgroup of GL(𝑛), 𝐺may now be any abstract
group but we introduce a homomorphism

𝜌𝑖 ∶ 𝐺 → GL(𝑛𝑖), 𝑖 = 0, 1, … , 𝑘,
in each layer, and replace the equivariant condition (5)
with the more general (1), i.e.,

𝜌𝑖(𝑥)−1𝐴𝑖𝜌𝑖−1(𝑥) = 𝐴𝑖, 𝜌𝑖(𝑥)−1𝜎𝑏𝑖𝜌𝑖(𝑥) = 𝜎𝑏𝑖
or, equivalently,

𝐴𝑖𝜌𝑖−1(𝑥) = 𝜌𝑖(𝑥)𝐴𝑖, 𝜎𝑏𝑖𝜌𝑖(𝑥) = 𝜌𝑖(𝑥)𝜎𝑏𝑖 (7)
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for all 𝑥 ∈ 𝐺. In case (7) evokes memories of Schur’s
Lemma, we would like to stress that the representations
𝜌𝑖 are in general very far from being irreducible and that
the map 𝜎𝑏𝑖 is nonlinear. Indeed the scenario described by
Schur’s Lemma is undesirable for equivariant neural net-
works: As we pointed out earlier, we do not want to restrict
our weight matrices to the form 𝐴𝑖 = 𝜆𝐼 or a direct sum of
these.

We summarize our discussion with a formal definition.

Definition 1. Let 𝐴𝑖 ∈ ℝ𝑛𝑖−1×𝑛𝑖 , 𝑖 = 1, … , 𝑘, 𝑏𝑖 ∈ ℝ𝑛𝑖 ,
𝑖 = 1, … , 𝑘 − 1, and 𝜎∶ ℝ → ℝ be a continuous function.
Let 𝐺 be a group and 𝜌𝑖 ∶ 𝐺 → GL(𝑛𝑖), 𝑖 = 0, … , 𝑘, be its
representations. The 𝑘-layer feed-forward neural network
𝑓∶ ℝ𝑛0 → ℝ𝑛𝑘 given by

𝑓(𝑣) = 𝐴𝑘𝜎𝑏𝑘−1𝐴𝑘−1⋯𝜎𝑏2𝐴2𝜎𝑏1𝐴1𝑣
is a 𝐺-equivariant neural network with respect to 𝜌0, … , 𝜌𝑘
if (7) holds for all 𝑥 ∈ 𝐺. Here 𝜎𝑏 ∶ ℝ𝑛𝑖 → ℝ𝑛𝑖 , 𝜎𝑏(𝑣) =
𝜎(𝑣 + 𝑏), is a pointwise nonlinearity as in (2).

A word of caution is in order here. What we call a neural
network [MP43], i.e., the alternate composition of activa-
tions with affine maps, is sometimes also called a multi-
layer perceptron [Ros58]; a standard depiction is shown in
Figure 1. When it is fit with data, one would invariably
feed its output into a loss function and that is usually not
equivariant; or one might chain together multiple units of
multilayer perceptrons into larger frameworks like autoen-
coders, generative adversarial networks, transformers, etc,
that contain other nonequivariant components. In the lit-
erature, the term “neural network” sometimes refers to the
entire framework collectively. In our article, it just refers
to the multilayer perceptron—this is the part that is equi-
variant.

Wewill use an insightful toy example as illustration. Let
𝕍 = (ℝ3)𝑚 = ℝ3𝑚 be the set of possible positions of 𝑚
unit-weight masses,𝕎 = ℝ3, and 𝑓 ∶ 𝕍 → 𝕎 compute the
center of mass

𝑓(𝑦1, … , 𝑦𝑚) =
1
𝑚

𝑚
∑
𝑖=1

𝑦𝑖 (8)

with 𝑦1, … , 𝑦𝑚 ∈ ℝ3. We use the same system of coordi-
nates for each copy of ℝ3 in 𝕍 and 𝕎. If we work in a dif-
ferent coordinate system, the position of the center ofmass
remains unchanged but its coordinates will change accord-
ingly. For simplicity, we consider a linear change of coor-
dinates, represented by the action of a matrix 𝑋 ∈ GL(3)
on each point in ℝ3. By linearity,

𝑓(𝑋(𝑦1, … , 𝑦𝑚)) =
1
𝑚

𝑚
∑
𝑖=1

𝑋𝑦𝑖 = 𝑋𝑓(𝑦1, … , 𝑦𝑚),

so 𝑓 is GL(3)-equivariant. Since each mass has the same
unit weight, 𝑓 is also invariant under permutations of
the input points. Let 𝜋 ∈ 𝑆𝑚, which acts on 𝕍 via

𝜋(𝑦1, … , 𝑦𝑚) = (𝑦𝜋(1), … , 𝑦𝜋(𝑚)) and acts trivially on 𝕎 via
𝜋(𝑦) = 𝑦. As the sum in (8) is permutation invariant,

𝑓(𝜋(𝑦1, … , 𝑦𝑚)) = 𝜋𝑓(𝑦1, … , 𝑦𝑚),

so 𝑓 is 𝑆𝑚-invariant. Combining our two group actions,
we see that 𝑓 is (GL(3) × 𝑆𝑚)-equivariant. Note that the
group here is 𝐺 = GL(3) × 𝑆𝑚, which has much lower di-
mension than GL(𝕍) = GL(3𝑚) for large𝑚. This is typical
in equivariant neural networks.

In this simple example, we not only know 𝑓 but have an
explicit expression for it. In general, there are many func-
tions that we know should be equivariant or invariant to
certain group actions, but for which we do not know any
simple closed-form expression; and this is where it helps
to assume that 𝑓 is given by some neural network whose
parameters could be determined by fitting it with data, or,
if it is used as an ansatz, by plugging into some differential
or integral equations. A simple data-fitting example is pro-
vided by semantic segmentation in images, which seeks to
classify pixels as belonging to one of several types of ob-
jects. If we rotate or mirror an image, we expect that pixel
labels should follow the pixels. A more realistic version
of the center of mass example would be a molecule repre-
sented by positions of its atoms, which comes up in chem-
ical property or drug response predictions. Here we want
equivariance with respect to coordinate transformations,
but we wish to preserve pairwise distances between atoms
and chirality, so the natural group to use is SO(3) [KLT18]
or the special Euclidean group SE(3) [WGW+18,FWFW20].
The much-publicized protein structure prediction engine
of DeepMind’s AlphaFold 2 relies on an SE(3)-equivariant
neural network and an SE(3)-invariant attention module
[JEP+21]. In [TEW+21], SE(3)-equivariant convolution is
used to improve accuracy assessments of RNA structure
models.

Another straightforward example comes from computa-
tional quantum chemistry, where one seeks a solution to
a Schrödinger equation: if we write 𝑣𝑖 ∈ ℝ3 × {−1/2, 1/2},
then the wave function of𝑚 identical spin-1/2 fermions is
antisymmetric, i.e.,

𝑓(𝑣𝜋(1), 𝑣𝜋(2), … , 𝑣𝜋(𝑚)) = (−1)sgn(𝜋)𝑓(𝑣1, 𝑣2, … , 𝑣𝑚)

for all 𝜋 ∈ 𝑆𝑚. In other words, the increasingly popular an-
tisymmetric neural networks [HSN20] are 𝑆𝑚-equivariant
neural networks. Even without going into the details, the
reader could well imagine that restricting to neural net-
works that are antisymmetric is a savings from having to
consider all possible neural networks. More esoteric exam-
ples in particle physics call for Lorentz groups of various
stripes like O(1, 3), O+(1, 3), SO(1, 3), or SO+(1, 3), which
are used in Lorentz-equivariant neural networks to identify
top quarks in data from high-energy physics experiments
[BAO+20].
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Figure 1. A 𝑘-layer 𝜎-activated feed-forward neural network, also known as a multilayer perceptron.

We now discuss the equivariant condition for pointwise
nonlinearities 𝑋−1𝜎𝑏𝑋 = 𝜎𝑏. It is instructive to look at a
simple numerical example. Suppose we apply a pointwise
nonlinearity 𝜎 and a permutation matrix 𝑋 given by

𝜎(𝑡) = {+1 𝑡 ≥ 3.0,
−1 𝑡 < 3.0,

𝑋 = [
0 1 0
0 0 1
1 0 0

] ,

to a vector 𝑣 = (2.1, 3.4, 0.2) ∈ ℝ3. We see that 𝜎(𝑋𝑣) =
𝑋𝜎(𝑣):

[
2.1
3.4
0.2

]
𝑋−→ [

3.4
0.2
2.1

]
𝜍−−→ [

+1
−1
−1

]
𝑋−1
−−−→ [

−1
+1
−1

]

which clearly holds more generally, i.e., 𝑋−1𝜎𝑋 = 𝜎 for
any permutation matrix 𝑋 and any pointwise nonlinearity
𝜎. The bottom line is that the permutationmatrix𝑋 = 𝜌(𝜋)
comes from a representation 𝜌 ∶ 𝑆𝑛 → GL(𝑛); and since
𝜋 ∈ 𝑆𝑛 acts on the indices of 𝑣 and 𝜎∶ ℝ𝑛 → ℝ𝑛 acts on the
values of 𝑣, the two actions are always independent of each
other. More generally, it is easy to see that if we include a
bias term 𝑏 ∈ ℝ𝑛, then 𝜎𝑏 ∶ ℝ𝑛 → ℝ𝑛 is 𝑆𝑛-equivariant
as long as 𝑏 has all coordinates equal [CW16]. This does
not necessarily hold for more general 𝑏: Take the example
above and set the bias to be 𝑏 = (−1, 0, 0).

[
2.1
3.4
0.2

]
𝑋−→ [

3.4
0.2
2.1

]
𝜍𝑏−−→ [

−1
−1
−1

]
𝑋−1
−−−→ [

−1
−1
−1

]

but 𝜎𝑏(𝑣) = 𝜎(𝑣 + 𝑏) = (−1,+1, −1). So 𝑋−1𝜎𝑏𝑋 ≠ 𝜎𝑏.
Going beyond pointwise nonlinearity is a nontrivial issue
and is crucial when the neural network requires more than
just 𝑆𝑛-equivariance. We will say a few words about this
below.

The mathematical ideas that we have described are all
fairly straightforward. Indeed the technical challenges in
equivariant neural networks aremostly about getting these
mathematical ideas to work in real-life situations, what we
have swept under the “engineering complications” rug. We
will discuss a few of these but as engineering complications
go, they invariably depend on the problem at hand and
every case is different.

The butterfly image example presented at the beginning
already concealed several difficulties. While we have as-
sumed that images are functions 𝑣∶ ℝ2 → ℝ3, in real life
they are sampled on a grid, i.e., pixels are discrete, and
a more realistic model would be 𝑣∶ ℤ2 → ℝ3. Instead
of a straightforward SO(2)-equivariance as one might ex-
pect for imaging problems, one instead finds discussions
of equivariance [CW16] with respect to wallpaper groups
like

𝐺1 = {[
1 0 𝑚1
0 1 𝑚2
0 0 1

] ∈ ℝ3×3 ∶ 𝑚1, 𝑚2 ∈ ℤ}

for translation in ℤ2; or

𝐺2 = {[
cos(𝑘𝜋/2) −sin(𝑘𝜋/2) 𝑚1
sin(𝑘𝜋/2) cos(𝑘𝜋/2) 𝑚2

0 0 1
] ∈ ℝ3×3 ∶

𝑘 = 0, 1, 2, 3; 𝑚1, 𝑚2 ∈ ℤ}

that augments 𝐺1 with right-angle rotations; or

𝐺3 = {[ (−1)
𝑗 cos(𝑘𝜋/2) (−1)𝑗+1 sin(𝑘𝜋/2) 𝑚1

sin(𝑘𝜋/2) cos(𝑘𝜋/2) 𝑚2
0 0 1

] ∈ ℝ3×3 ∶

𝑘 = 0, 1, 2, 3;
𝑗 = 0, 1; 𝑚1, 𝑚2 ∈ ℤ}

that further augments 𝐺2 with reflections. The reason for
these choices is that they have to send pixels to pixels.
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There is also the important issue of aliasing [Zha19].
When pixels are discrete, rotation will involve interpola-
tion, and pointwise nonlinearities introduce higher order
harmonics that produce aliasing and break equivariance
[FW21]. This can happen even with discrete translations
like those in the groups 𝐺1, 𝐺2, 𝐺3 above for standard con-
volutional neural networks. Dealing with aliasing and
choosing equivariant activations that do not compromise
expressive power [MFSL19] are important problems that
cannot be underemphasized; and dealing with these issues
constitute a mainstay of the research and development in
equivariance neural networks.

In reality the pixels of an image are not just discrete but
also finite in number. So instead of 𝑣∶ ℤ2 → ℝ3, a 𝑝-pixel
image is more accurately a function 𝑣∶ {𝑥1, … , 𝑥𝑝} → ℝ3

on some discrete finite subset of points 𝑥1, … , 𝑥𝑝 ∈ ℝ2.
Since these 𝑝 points are fixed, we may conveniently regard
𝑣 ∈ ℝ𝑝 ⊕ℝ𝑝 ⊕ℝ𝑝 with each copy of ℝ𝑝 representing one
of three color channels. In such cases the output of each
layer should not be treated simply as a vector space ℝ𝑛𝑖

but a direct sum ℝ𝑛𝑖 = ℝ𝑝1 ⊕ ⋯ ⊕ ℝ𝑝𝑚 , with 𝑝1, … , 𝑝𝑚
depending on 𝑖 and 𝑛𝑖 = 𝑝1 +⋯+ 𝑝𝑚. The weight matrix
𝐴𝑖 ∶ ℝ𝑛𝑖−1 → ℝ𝑛𝑖 would then have a corresponding block
structure and the representation 𝜌𝑖 ∶ 𝐺 → GL(𝑛𝑖) takes the
form 𝜌𝑖 =⨁𝑚

𝑗=1 𝜌𝑖𝑗 with 𝜌𝑖𝑗 ∶ 𝐺 → GL(𝑝𝑗).
For molecular structure prediction problems, in

[FWFW20, TEW+21], the input is a collection of points
𝑦1, … , 𝑦𝑚 augmented with various information in addition
to location coordinates, giving the input layer ℝ𝑛0 a direct
sum structure ℝ𝑝1 ⊕ ⋯ ⊕ ℝ𝑝𝑚 that propagates through
later layers. Just to give a flavor of what is involved, in
[TEW+21], the inputs 𝑦1, … , 𝑦𝑚 are atom positions in a
model of an RNA molecule, with an encoding of atom
type, and the output is an estimate of the root mean
square error of the model’s structure; in one example in
[FWFW20], the inputs 𝑦1, … , 𝑦𝑚 encode position, velocity,
and charge of 𝑚 particles, and the output is an estimate
of the location and velocity of each particle after some
amount of time. In both examples, the function 𝑓 that
maps inputs to outputs has no known expression but is
known to be equivariant with respect to SE(3), i.e., transla-
tions and rotations of the coordinate system. The weight
matrix 𝐴 ∶ ℝ𝑞1 ⊕⋯⊕ℝ𝑞𝑚 → ℝ𝑝1 ⊕⋯⊕ℝ𝑝𝑚 has a block
structure 𝐴 = [𝐴𝑖𝑗]𝑚𝑖,𝑗=1, 𝐴𝑖𝑗 ∈ ℝ𝑝𝑖×𝑞𝑗 , and is equivariant if
each block 𝐴𝑖𝑗 ∶ ℝ𝑞𝑗 → ℝ𝑝𝑖 is equivariant. Equivariance
constrains each block𝐴𝑖𝑗 to depend entirely on the relative
input locations 𝑦𝑖 − 𝑦𝑗, and the permitted matrices can be
expressed in terms of radial kernels, spherical harmonics,
and Clebsch–Gordan coefficients [WGW+18].

The engineering aspects of equivariant neural networks
are many and varied. While we have selectively discussed
a few that are more common and mathematical in nature,
we have also ignored many that are specific to the appli-
cation at hand and often messy. We avoided most jargon
used in the original literature as it tends to be mathemat-
ically imprecise or application specific. Nevertheless, we
stress that equivariant neural networks are ultimately used
in an engineering context and a large part of their success
has to do with overcoming real engineering challenges.
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Bill Thurston (1946–2012) was one of the giants of twen-
tieth century mathematics. His best-known work, and
most likely the one that had the most profound impact on
many branches of mathematics, is centered on his ground-
breaking results and insights on what is now known as
the Thurston Geometrization Program for 3-dimensional
manifolds. However, this was only a part of his oeuvre,
which consistently displayed great breadth and breathtak-
ing originality. In particular, he had a very distinctive way
of exploring areas of mathematics through original points
of view and exporting these insights to other subjects. The
four-volume set of his collected works, published by the
AMS, brings together all of Thurston’s writings, many of
which were never formally published as books or journal
articles. They go from his 1967 senior thesis as an under-
graduate at New College to the mathematics that he was
still developing at the time of his untimely passing. In
addition to an overview of the prodigious scientific out-
put of a great mathematician, these collected works offer a
unique glimpse into the originality of how he approached
a broad range of problems.

Focusing on 3-dimensional topology, it is hard to over-
state how much, and how suddenly, Thurston’s work
changed the field. Up to the mid-1970s, there were
essentially two approaches to this topic: one of them
used the tools of algebraic topology to show that certain
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properties could not hold; the other approach involved
cutting 3-dimensional manifolds along surfaces, and de-
forming these surfaces through cut-and-paste operations
to prove uniqueness results. In particular, prior to
Thurston’s work, the objects considered were always very
flexible (by definition of topology, one could say), and
the field was rather self-contained, with very little inter-
action with nearby areas of mathematics, such as differ-
ential geometry. Then, Thurston came along. He was al-
ready famous for his fundamental work on foliations, but
it was not clear that the topological community was ready
to fully embrace results involving rigid geometry. The
real eye-opener actually came from a collective work, the
proof of the Smith Conjecture [MB84]. This long-standing
conjecture stated that every periodic diffeomorphism of
the 3-dimensional sphere 𝑆3 whose fixed point set is 1-
dimensional is conjugate to a rotation. The proof was
put together by a group of mathematicians with very dif-
ferent backgrounds who combined: Thurston’s construc-
tion of hyperbolic metrics on 3-dimensional manifolds, as
a fundamental building block; the recent Bass–Serre the-
ory on the structure of finitely generated groups of 2-by-2
matrices; equally recent existence results of Meeks–Yau for
minimal surfaces in 3-dimensional riemannianmanifolds;
and more classical techniques of 3-dimensional topology.
After this revolutionary success, everybody had to learn
about homogeneous riemannian manifolds, and in partic-
ular this weird non-euclidean geometry called hyperbolic
geometry. I personally remember my own puzzlement
(and skepticism) when, as a graduate student who already
had obtained a few results in the classical approach to knot
theory, my advisor tried to explain to me the definition of
the hyperbolic space.

There followed an explosion of results and, above all,
there was a period of intense cross-fertilization between
various branches of mathematics1, much of it spearheaded
by Thurston. His approach to 3-dimensional hyperbolic
geometry completely rejuvenated the topic of kleinian
groups, moving it from complex analysis to geometry and
essentially creating a new field of its own. Conversely, this
geometric point of view provided new insights on com-
plex analytic constructions. For instance, Sullivan’s dic-
tionary exploited the dynamical analogies between the ac-
tion of a kleinian group (coming from a 3-dimensional
hyperbolic manifold) on the Riemann sphere and the ac-
tion of a holomorphic map on the same Riemann sphere.
Thurston himself relied on this analogy with a famous re-
sult on the dynamics of rational maps. In fact, dynamical
systems were never very far from his work, as a source of
tools and inspiration as well as a recipient of geometric

1I cannot help mentioning [Bon15] for a general audience discussion of
Thurston’s work in 3-dimensional geometry, and its applications to knot theory
and low-dimensional topology. There are of course many more such expositions.

insights. The Hyperbolization Theorems provided many
examples of negatively curved manifolds; combined with
the theory of negatively curved groups that was developed
by Gromov at about the same time, this resulted in a fresh
impetus for geometric group theory. Thurston’s work also
had the effect of bringing topology and differential geom-
etry much closer to each other. Although the methods
are very different, the novel Ricci flow techniques devel-
oped by Perelman to complete the Thurston Geometriza-
tion Program can be partially credited to this expanded in-
teraction between the two fields. Forty years after it started
and ten years after Thurston’s passing, this extensive col-
laboration between different areas ofmathematics can still
be felt today, for instance with the current trend expanding
Thurston’s viewpoints to higher rank Lie groups.

Beyond the impact of his theorems, there was a very
characteristic Thurston style of doing mathematics. He al-
ways approached a subject with his own point of view, usu-
ally relying on his phenomenal geometric intuition. Not
only did he use this original approach for himself, but he
went to great lengths in his writing and personal commu-
nications to communicate these insights to his audience. I
myself often relied on what I called the WWTD Principle,
standing for “What Would Thurston Do?”, as modeled on
the WWJD motto “What Would Jesus Do?” that was pop-
ular in certain circles in the early 1990s. When stuck on
a problem, I would step back from my original and un-
successful approach and then invoke the WWTD Principle.
This could for instance involve working out an example
with very handwavy arguments, or rephrasing the steps of
a formal argument in more intuitive terms in order to re-
ally understand what made them work, or viewing what
originally seemed to be a purely algebraic or analytic argu-
ment in a more geometric way, etc.. Some of my best work
originated from a very deliberate application of this prin-
ciple. However, and regrettably, imitation never enabled
me to reach the level of creativity of the master.

Famously, Thurston never published a complete exposi-
tion of the proof of his Hyperbolization Theorem, as well
as of many of his other results. He felt that by writing up
his fundamental results on foliations in detail, he had ef-
fectively “killed” this subject; he wanted to avoid this in
his subsequent work, by leaving space for others to rein-
terpret his ideas and expand the scope of the field. It is
also possible that he was consistently sidetracked by his
bubbling creativity, and distracted from the tedious task
of formal exposition by whatever exciting new project was
occupying his mind. It is certainly a fact that he was quite
generous in sharing his insights in preprints, lectures, and
informal conversations. In particular, this enabled oth-
ers to write up his results in a rigorous form; also, his
work with co-authors usually appeared in print. In those
pre-internet days his preprints and notes on his lectures
taken by audience members circulated hand-to-hand and
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country-to-country akin to the samizdat of the Soviet
world. My personal dog-eared copies usually bear the
name of the person who lent me their own copy, and
wanted tomake sure that I would return it after photocopy-
ing it. In their often unpolished form, these preprints were
actually way more profitable to the reader than an elegant
exposition designed to better fit the standards of a journal
article. They required a lot more work and commitment
from the reader, but in the end one would gain a much
better understanding of the subject and of Thurston’s very
original insights. Several of these unpublished preprints
were eventually TEXed, and made accessible on the arXiv
preprint server, and it is now very nice to have them easily
accessible in print.

Which brings me to the current edition of Thurston’s
collected works. This massive four-volume set, with over
2300 pages, is very different from other collected works.
Those tend to feel like a mausoleum, where one can ad-
mire the greatness of a mathematician through a body of
work that has already appeared elsewhere. This collection
includes a lot of unpublished material, often in relatively
unpolished form. The editors have grouped these articles
by themes. A very nice feature is that each section begins
with a few introductory pages on its theme, providing great
perspective as well as occasional historic information.

Volume I is split into three parts, each remarkably im-
pressive. The first part covers Thurston’s many contribu-
tions to the theory of foliations, from his 1972 PhD thesis
to an unfinished 1998 preprint. Among these results, one
can single out the following highlights: his fundamental
existence results from the 1970s; the Thurston norm on
the homology of a 3-dimensionalmanifold, characterizing
which homology classes can be realized by fibrations over
the circle, as well as proving a famous norm-minimizing
property for compact leaves of taut foliations; his collabo-
ration with Eliashberg introducing the notion of confolia-
tion of a 3-dimensional manifold, thereby bridging tight
contact structures and taut foliations; his later preprints
on slithering and the universal circle for taut foliations of
3-dimensional manifolds.

The second part of Volume I is equally groundbreaking.
It is devoted to Thurston’s work on surfaces. Its most in-
fluential component is also the shortest and consists of a
very brief discussion of the Thurston compactification of
the Teichmüller space of a surface by the space of projec-
tive measured foliations (or, equivalently, projective mea-
sured laminations), and its application to the Nielsen–
Thurston classification of surface diffeomorphisms; full ex-
positions of this work were subsequently written by others,
in several books. An article with Kerckhoff shows how this
Thurston compactification is more natural than the earlier
Bers (complex analytic) compactification, in the sense that
the action of the mapping class group on the Teichmüller
space continuously extends to the Thurston boundary but

not to the Bers boundary. This section also includes the
construction of earthquakes (and the Earthquake Theo-
rem) in the Teichmüller space, and the Hatcher–Thurston
presentation for the mapping class group of a surface.
It concludes with the very rich unpublished preprint on
stretch maps.

The last part of Volume I covers various subjects un-
der the heading “Differential Geometry”. This includes
the landmark article with Gromov where, in dimension
at least 4, they exhibit negatively curved riemannian man-
ifolds whose sectional curvature cannot be pinched be-
tween two given constants, as well as negatively curved
manifolds whose curvature is almost constant but do not
admit any riemannian metric with constant curvature. An-
other notable item is Thurston’s beautiful article on spaces
of polyhedra, where his trademark originality is in full dis-
play. One can also marvel at the two-page 1976 paper
where he disproved the long-standing conjecture that ev-
ery symplectic manifold admits a Kähler metric.

The bulk of Volume II is devoted to Thurston’s arti-
cles on 3-dimensional hyperbolic geometry and topol-
ogy. It begins with Thurston’s published announcement
of his Geometrization Theorems (and conjecture) for 3-
dimensional manifolds, followed by the preprints that he
circulated on the proof of these results, only one of which
has appeared in print before. The commentary written
by the editors here is particularly useful. These solo ar-
ticles/preprints are followed by articles with various co-
authors. A particularly innovative one (with Dunfield) in-
volves the consideration of random 3-dimensional mani-
folds.

The second theme of Volume II addresses complex-
ity questions for algorithms involving problems in low-
dimensional topology, a topic pioneered by Thurston and
his collaborators. This volume concludes with articles on
geometric group theory. These again have a very strong al-
gorithmic flavor, in particular with the development of the
notion of automatic groups.

The first half of Volume III focuses on Thurston’s writ-
ings in dynamics and complex analysis. It begins with his
celebrated paper with Milnor on the iteration of piecewise
monotonic maps of the interval, with a follow-up on the
same topic written thirty years later in the last year of his
life (and partially completed by others). The other land-
mark article in this section is his unpublished preprint on
the iteration of complex rational maps. This is another
area that he revisited at the end of his life, and his latest
results appear in an article completed in part by attendees
of his Cornell seminar.

Thurston was always interested in computational issues.
In particular, he used insights andmethods from geometry
to devise algorithms and evaluate their complexity. These
computer science contributions form the second part of
Volume III. The volume concludes with several articles
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targeted at a broader audience. One article, written in an-
swer to a polemic started by an earlier article [JQ93], offers
a remarkably personal reflection on different styles of de-
veloping, proving, and communicating mathematics.

Volume IV consists of the celebrated Princeton Lecture
Notes. These notes, based on lectures by Thurston in his
1977–79 course andmostly written by Steve Kerckhoff and
Bill Floyd, have been extremely influential. Copies circu-
lated very quickly around the world, and they have con-
tributed to the geometric education of a whole generation.
The introduction by Kerckhoff offers a very interesting his-
torical perspective, in addition to a quick presentation of
the content of each chapter.

This 4-volume set is a fantastic resource. It provides
complete access to material that was not as easily available
before. For instance, I personally believed that I had at
least a general acquaintance with most of Thurston’s work,
but after reading his PhD thesis here I realized that its topic
was not the one I had thought. There are a few things miss-
ing from these collected works for technical reasons. A ma-
jor one is the book [Thu97], issued from a serious editing
and expanding of material taken from the original lecture
notes, appearing here as Volume IV. Additional missing
pieces are, for instance, the electronic resources that were
developedwith great input from Thurston, such as the soft-
ware SnapPea/SnapPy [CDGW]widely used by topologists
and hyperbolic geometers, some of the geometry games
[Wee] developed by Jeff Weeks, or the popular videos Not
Knot [GM91] and Outside In [LMM95] developed by the
Geometry Center and originally distributed as videotapes,
and now available on YouTube. What is not missing, how-
ever, is Thurston’s unique style and approach to mathe-
matics. There is much to learn here. One can also be im-
pressed by the amazing breadth of this collection, and by
the prodigious number of great results that it includes. It
is a great tribute to the genius of one of the greatest mathe-
maticians of all time, as well as a great resource for today’s
and tomorrow’s mathematicians.
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Crush Math Anxiety with Drones:
Succeed in Math by Nurturing
a Growth Mindset Through
Drone Stories
Jeanne Holmberg. 2021, 111 pp.

In recent years, the concepts of a
growth mindset vs a fixed mindset
have become important in learn-
ing theory. A Growth mindset is
the belief that, with practice, any-
one can learn any skill. Con-
versely, in a fixed mindset, one be-

lieves that skills are inherent and cannot be developed
overtime. Many of us have experienced students with a
fixed mindset who say, “I’m not a math person.” Often,
the roots of a fixed mindset are formed at a young age.
Crush Math Anxiety with Drones is written with the goal
of drawing high-school-aged students in and encouraging
them to adopt a growth mindset while introducing them
to drones and other applications of mathematics.

The book begins with an introduction to the idea of a
growth mindset to help the reader understand the impor-
tance of believing in your own abilities. It shifts the focus
away from rote computations and onto logical and math-
ematical thought processes. There is a section devoted to
drones and some of the amazing things they are being used
for, whose goal is to engage the reader and get buy-in for
the idea that mathematics is becoming increasingly impor-
tant as technology advances. There are links to support-
ing TED talks and YouTube videos which further support
this goal. Each mathematical topic is motivated through
fictional stories that describe a real-world business prob-
lem. The author then guides the reader through a prob-
lem which requires some mathematics, such as functions
or spatial reasoning, to solve. Sections are short to make
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covering topics manageable and common mistakes with
explanations of why they are incorrect are included. The
end of each section has discussion questions and activities
for the reader to engage with, allowing them to expand
their knowledge and build on the groundwork laid during
the section. This would be a great book for a parent to
work through with a teenager or to use as part of a liberal
arts math class to reinforce the idea that everyone can do
math and math is an important life skill!

Leibniz on Time, Space, & Relativity
Richard T. W. Arthur. Oxford University Press, 2022,
432 pp.

Many of us are quite familiar with Leibniz for his role in
the development of calculus. Like many mathematicians
of his time, his work was expansive and is still debated
and studied today. As is often the case, there are questions
about how to interpret his ideas and theories in modern
times.

Leibniz on Time, Space, & Relativity sets out to handle this
task in three chapters, one devoted to each topic. Arthur
avoids the pitfall of incorporating ideas from thinkers such
as Kant whose work postdated that of Leibniz, thereby ren-
dering a more accurate understanding of Leibniz’s work.
For instance, many view Leibniz’s work on relative motion
as subpar, in part because of some of his statements sur-
rounding the equivalence of hypotheses. Relying on the
fact that movement is relative, the equivalence of hypothe-
ses states that we are unable to determine which of two
objects is in motion using only direct comparison, pro-
vided an object is moving at a constant velocity. Leibniz
thought that the equivalence of hypotheses applied more
generally, which is not consistent with what we know to be
true today, especially when considering acceleration and
rotational motion. Viewing his ideas through a 17th cen-
tury lens allows Arthur to offer a more favorable interpre-
tation of his work.

This book is packed with interesting insights into Leib-
niz’s work, such as those regarding relative motion, that
anyone with a background in the metaphysics or mathe-
matical physics will sincerely appreciate.
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Teaching and Learning with Primary Source Projects:
Real Analysis, Topology and Complex Variables
Janet Heine Barnett, David Ruch, and Nicholas A. Scoville

Number Theory Through the
Eyes of Sophie Germain:
An Inquiry Course
David Pengelley

In the 1990s, Reinhard Lauben-
bacher and David Pengelley be-
gan advocating for the inclu-
sion of primary historical doc-
uments in teaching undergrad-
uate mathematics. They ran
workshops, published articles,

and wrote two books on implementing this pedagogical
idea. They claimed, in the Preface to the first book, “Noth-
ing captures the excitement of discovery as authentically as
a description by the discoverers themselves.”

Of course, one cannot merely hand an undergraduate
Cauchy’s Cours d’Analyse and expect much good to come
from it. A student would need to be taught how to read
it and asked questions that forced them to wrestle with
the contents. The instructor would need to have some ex-
pertise in what Cauchy is doing and why he is doing it,
and know how to read two-hundred-year-old mathemat-
ics and be able to anticipate the difficulties and misinter-
pretations students would generate. It is easy to believe in
the Pengelley–Laubenbacher thesis and to be tempted to
implement it. It is equally easy to do a terrible job through
lack of preparation and expertise.

Enter TRIUMPHS, the elaborately near-acronymic NSF-
funded project on TRansforming Instruction inUndergrad-
uate Mathematics via Primary Historical Sources. The
seven principal investigators have assembled an extensive
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collection of Primary Sources Projects (PSPs) that can be
plugged directly into an existing course to give students
the experience of, as Abel said, “study[ing] the masters.”
Each PSP has been carefully designed, classroom-tested,
and peer-reviewed. Each features excerpts illuminating a
core mathematical idea from the standard undergraduate
curriculum, which are imbedded in explanatory commen-
tary and interwovenwith student tasks. The idea is to teach
the mathematics in a historically rich way, not to teach the
history of mathematics.

The volume by Barnett, Ruch, and Scoville features ex-
tensive instruction in using PSPs in an undergraduate class-
room and each module includes Notes to Instructors that
provide historical context and pedagogical advice. The
modules cover standard topics in real analysis, topology,
and complex analysis and they range in length from ex-
periences covering one or two class days to three or four
weeks of class time.

David Pengelley, after launching the movement of us-
ing primary sources in undergraduate instruction, got
deeply interested in reading such sources himself and im-
mersed himself in the unpublished writings of Sophie Ger-
main. At the same time, he began experimenting with
inquiry-based learning in his own teaching, combining
these two interests in an innovative undergraduate num-
ber theory course that included readings from Germain.
Asking his students to follow in Germain’s auto-didactical
footsteps seemed like a natural way for them to learn the
material. There are two, parallel, investigations occurring
simultaneously in the course. The student reader is trying
to discover and understand the elementary number theory
Germain is using while also trying to understand the path
she is taking towards Fermat’s Last Theorem. Pengelley is
a deft teacher, a gifted expositor, and highly skilled at IBL
instruction. The student is led, gently, to investigate illu-
minating examples through more or less elementary com-
putations, and then asked to consider what Germain must
have thought when performing these same computations.
By the end, the students are operating at quite a sophisti-
cated level both mathematically and historically. There is
no other book like this; students in a course taught from
it will be taken on an extraordinary intellectual journey.
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Interview with Abel Laureate
2022 Dennis Sullivan
Bjørn Ian Dundas and Christian F. Skau

Professor Sullivan, first we want to congratulate you on being
awarded the Abel Prize for 2022 for your groundbreaking con-
tributions to topology in its broadest sense and, in particular, its
algebraic, geometric and dynamical aspects. You will receive the
Abel Prize from His Majesty the King of Norway tomorrow.

Thank you!

You have worked in very many different fields, and, actually,
your supervisor, William Browder, described you as sort of an
intellectual vacuum cleaner. But it seems that you always had a
guiding principle for what you are doing. If mathematics rests
upon two pillars: space and number, you have been partial to
space to the extent that you want to replace number by space.

A part of this quest of yours is the question: “What is a man-
ifold?” And that is perhaps a good place to start; before we
continue on your journey, as you say, from the outside to the
inside, intuitively: what is a manifold?

It is space, expressed logically in terms of a set of points.

It’s space, but it’s sort of a special space, isn’t it?

No. The idea of space is that you can move things around.
There isn’t an invisible wall that makes you stop here, but
you can move around. Any object which is locally like that
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is called a manifold. Space itself is an intuitive word, that
we all know about. But there is an actual concept called
manifold, which is the logical version of that intuitive con-
cept. It’s an attractive notion when you first learn about it
as a math student. And the first math theory about these
manifolds that I learned about was sort of strange.

Tell us!

You attached to such an object, which you didn’t really de-
scribe in terms of its logical definition, some other objects
which were very abstract and part of algebraic topology.
And when you had enough of those with the right condi-
tions, you could build the manifold.

So you could actually reconstruct the manifold from these ab-
stract objects?

You could build it up to equivalence. But you didn’t really
construct the points of themanifold in a canonical way. So,
it has no points. It was like a black box. The information is
stored there. And that is where numbers come in; all these
concepts are based on numbers, the algebra, whereas the
actual texture of space is not there.

Is it like the recipe for the cake versus the cake?

Yeah, I’d say it’s exactly like that; it’s a good idea. You must
have prepared that?

No, we did not!

It’s a very good interpretation. It’s like a cake with no edges
or layers. It’s just this delicious cake going on for ever,
right?
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Figure 1. Abel Prize laureate Dennis Sullivan receives the Abel
Prize from His Majesty, King Harald of Norway.

And you really want to get at the cake?

Well, that is what you are attracted to, the idea of space
and its texture. And then, it turned out, that every time I
would ask a professor a question, he gave me an answer
that was in terms of number, which is algebraic topology
and homotopy theory. So I had to learn that, as it were.
I adjusted the geometrical problem so that it fitted with
the numbers, so to speak. You know, some goals are not
achievable and some are within reach, so I adjusted to get
the ones within reach during that period.

Is what you describe here more or less what is called surgery,
where you actually build the space according to the prescription?

Right, you have a prescription of the information: how
many holes it has, how many handles etc., and you build
an actual manifold with that description. And surgery al-
lows you to build it. That was a powerful technique. Actu-
ally, it was a secondary technique following Thom’s cobor-
dism theory, which was very influential.

But the important distinction here is between what can be de-
formed and pushed, well, in homotopy theory, in the homotopy
type—to use technical jargon—as opposed to the actual mani-
fold?

Right. First, it’s interesting that the classification of closed
manifolds is an interesting subject. It’s not, a priori, clear
that it will be so, but it’s extremely interesting classifying
manifolds that are closed. You know, no boundary, not
going off to infinity.

Classically, one knows the classification for surfaces.
That goes back to Abel and Riemann. They figured that out.
The sphere, the genus number, abelian functions, abelian

differentials, and so on. But already Poincaré discovered
that in dimension three it’smuchmore complex. And then
it gets more and more complex as the dimension goes up.

It was kind of interesting that there is enough “number
machinery”, so to speak, to understand spaces of dimen-
sion five and higher. That was an amazing development,
basically due to Thom, I would say, who started this, and
surgery was completing this story. And I got in on the last
big boat heading to. . .wherever.

With the surgery exact sequence?

Kind of. Browder—you mentioned Browder—he was pre-
senting this theory. And it was in a complicated form. You
could sort of change it around a little bit and get it simpler.
And then you could see from the changed picture which ar-
eas could be developed completely. The smooth structure
is still open, in some sense, up to finiteness. I mean, we
know all the infinite part for the smooth structures.

And that is an area where the previous Abel Prize winner Milnor
had a huge impact.

Yeah, on that one, certainly. His 1963 paper with Kervaire
was my math bible.

This actually leads us to your thesis in Princeton. Princeton
must have been a fascinating place to be at that time?

Absolutely! All these famous people around with their ex-
pertise.

So you could just ask them?

Yeah, you could just ask them every day at tea, you didn’t
have to make an appointment, because they all came to
tea. You could ask them anything you wanted to.

There is a cute story about when you are closing in on your thesis,
and you had a discussion with Milnor. Could you tell it?

Well, I had this sequence of steps, and if I could do them
all, I could solve what I wanted. But each step had a clear
surgery part and then it had a Milnor exotic sphere part.
I didn’t know how they where linked together, so I went
into his office, because I had a serious question. At tea you
could ask any question, but this was serious. He looked at
it and said: “Why don’t you just forget the Milnor-part”.
He didn’t say it that way, but something like: “Why don’t
you just forget the exotic sphere part, and just do the first
part.” And this worked for piecewise differentiable mani-
folds.
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So this is the combinatorial manifold case?

Yes, I call them combinatorial manifolds, or PL manifolds,
or piecewise differentiable manifolds. You allow the dif-
ferential structure to break, but you keep the combinato-
rial structure. And I said: “Thank you Professor Milnor”,
but I thought: “Oh, these piecewise linearmanifolds, I like
smoothmanifolds, but these are just piecewise linear.” And
I thought about it: “Wait a minute, if I do that, I know the
structure completely! That is, I know the local structure
completely.” And I just had to figure out the global struc-
ture, which took another year, but then it solved the whole
problem.

And you asked your thesis advisor Browder: “Can this go into
my thesis?”

Well, yeah, that’s right. I asked him: “I have this sequence
of steps, which have these coefficients, and if you can do
all the steps you get this result. Can that be a part of my
thesis?” And he said: “Well, I guess that is your thesis.”

And that answered a long standing question that people had
been wondering about for quite a while? We are thinking about
the so-called Hauptvermutung.

That was actually the driving engine. There was this more
famous question about whether the combinatorial struc-
ture was uniquely determined by the topological structure.
And that was called the Hauptvermutung. And it turned
out that whenever I could understand the theory of what
I was discussing completely, I could use the technique of
Novikov to prove my list of numbers were zero.

The next eightmonths was like a race, it was really a race
against reality. Every time I could understand this global
theory better, I could prove theHauptvermutung. It turned
out that I could prove everything was zero except one little
thing in dimension four that wasn’t zero, but had order
two, and that was it. A few years later they actually found
counterexamples in that little place there. So I proved as
much as one could.

What you call “that little place” is an obstruction group in di-
mension four, right?

Yes, that was my obstruction group in dimension four. In
a sense, that isn’t the way I work. Well, I would love it if
I could solve a well-known question, but I really like un-
derstanding things better. So, I actually like the theory that
says that these are all the piecewise linear manifolds in a
given homotopy type, and you can compute these num-
bers and then you know which one you have, and that is

a complete discussion. It turns out that 99 out of a 100 of
those numbers are also topological invariants. So you get
this corollary. People today only know the corollary. And
now they even have a simpler proof, so everything I have
done is forgotten! So I’m glad I get this Prize so I can talk
about it again.

Immediately from there you move on and do other amazing stuff.
You discover that the Galois group has important consequences
for the study of manifolds. Indeed, you solve a famous conjecture
that way. Could you elaborate on that, focusing on the manifold
aspect of it? Specifically, how come you have a Galois action on
manifolds, it doesn’t seem reasonable at all.

I would say that it’s still not understood. In other words,
there was this list of invariants—I’m simplifying it a lit-
tle bit—but a big part of that list could be collected into
one element in K-theory. And K-theory has this symmetry,
the Adams operations. One knows that when you look at
the roots of unity in the complex numbers, that is if you
add the roots of unity and form that field, that gives you
the abelian part of the Galois group. And the symmetry
of those fields, more precisely, you have to complete the
manifold theory—it’s technically a little strange to topolo-
gists and geometers—you complete the number aspect of
manifolds so to speak, and that has symmetry exactly the
abelian part of the big Galois group. So we have Abel and
Galois together.

And that symmetry exists in K-theory, so it acts on the
invariants of manifolds. So, the manifolds were just given
the information, the homotopy type and these other nu-
merical invariants, and the Galois group acted on these
invariants, and therefore it acted on the manifolds. That
is how it came about. It doesn’t come about in a natural
explicit geometric way, and that gave rise to this Jugend-
traum, or dream of youth, a term coined by Kronecker in
a different context. This Jugendtraum, explaining this in
elementary terms, is still open.

How can we view manifolds? As we would view algebraic vari-
eties?

It’s a little strange, you see. If you think of usual alge-
braic varieties with real numbers and complex numbers,
they are normal topological spaces. And this topology
comes from the topology of complex numbers or the real
numbers, right? The Galois group doesn’t preserve that
topology. A lesson from algebraic geometry is that to un-
derstand things that are defined in terms of integers it is
best understood by looking at each prime and looking at
the real completion, and view the information that way.
The “intersection” of all this information gives the integral
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information. It’s kind of sophisticated. This was actually
too much for my topological colleagues. They didn’t want
to hear about it. The geometric topologists, not the homo-
topy theorists. The homotopy theorists—they loved it!

So, you are assembling all this information, one prime at a time,
plus the rational information?

Yeah, for a manifold the finite prime part splits into the
prime two and all the odd primes. Individual odd primes
behave the same way. Because of the Poincaré duality, it’s
like a quadratic form. It’s well known that quadratic forms
behave differently at the prime two than at the odd primes.

Could we for a moment segue into a different topic, though still
associated with the name Poincaré. We are thinking of the term
Poincaré moment, which refers to the experience Poincaré him-
self described where he in a flash saw the solution to a problem
he had worked on for months. Have you had such Poincaré
moments?

I search for them all the time, but they come very seldom.

Could you tell us about the fascinating experience you had when
you were about to take the oral exam as part of your PhD?

Oh, yeah, yes, right. There is a little book by Milnor called
Topology from a differentiable viewpoint. About how you
could do all of the usual things, you know, the Königsberg
bridge problem, continuing to Betti numbers, etc., etc. You
could do all that more geometrically using smooth func-
tions and regular values, preimages of the nice points, sub-
manifolds and stuff like that. That was Milnor’s beautiful
description of the Thom theory from 1953, okay? So, we
were studying that for the orals, and I knew it forwards and
backwards, I could answer any question.

I was walking in to take the exam, and thought: “Let me
look at it one more time before the exam”. I went to the
library, opened the book, looked at it. It’s a small book,
it’s got ten theorems in it. But still, there are a lot of steps,
and I was looking at it one more time, and then this basic
picture appeared to me: You have a map to something like
a sphere, and you take the preimage of a point—which is
what is called a nice value—you get a nice submanifold
by the Implicit Function Theorem. You get local coordi-
nates, and then the neighborhood sort of funnels down,
like you would push a slinky down and flatten it out com-
pletely. But this was saying something about the global
map: There is the preimage of one point, and then I no-
ticed: “Oh, wait a minute, the preimage of one point has
all the information.” The complement may be very com-
plicated in the domain, but the complement of a point

Figure 2. Dennis Parnell Sullivan—2022 Abel Prize laureate.

or a disk in the image sphere is contractible. It’s like tak-
ing a point out of a balloon, it contracts, it’s contractible!
So you can extend the mapping to the contractible part
uniquely. Any choice you make will be related by defor-
mation to any other choice.

Suddenly the whole book, or the whole theory, became
clear. It just follows from this picture, from this slinky pic-
ture, with the logical remark that the complement here is
contractible, so there is no more information. That is just
pure logic, plus this simple picture. The whole book fell
away, the entire theory fell away. If I got amnesia but was
left with that picture in my mind, I could reproduce the
whole book and the whole theory. And then I thought:
“This is what it means to understand mathematics”. I was
a graduate student! So, I want to feel this again!

And have you?

Yes! However, it takes longer and longer.

Of your other main results in this area, is there any one that has
such a picture in your mind, where you actually see the entire
theory?

Well, I mean, basically this sequence of steps things I was
talking about, where you take preimages and use this pic-
ture, I kept using it. For example you know how a screw-
driver works, it goes into the slot and you turn it. You can
take apart this house, you know. I mean, you can do any-
thing. You have to have a simple tool, you have to un-
derstand it, and then use it. Well, that wasn’t exactly a
Poincaré moment.

The Poincaré moment I was thinking of, when you said
that, was when he put his foot on the bus and he re-
alized that the holomorphic bijections of the unit disk
were the same as the symmetries or the congruences of
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non-euclidean geometry. And that was a fantastic connec-
tion. He knew both things. But, in a sense, the connection
is the moment. This largely dictated the next century, and
all the work of Thurston and so on.

But you must have had a similar experience, when you proved
the Adams conjecture. You’ve commented that it wasn’t really
important that the Galois action corresponded to the Adams op-
erations. Still, it must have been very important to you at the
time when you were trying to solve the Adams conjecture, that
they were the same. That must have been a revelation, that that
actually could be true?

Well, it’s not my creation, it was Quillen’s observation that
somehow these Adams operations, whatever they are, let’s
just say they are some symmetries of something that relates
to manifolds and space.

The symmetry is related to the fact that, when you
are working in the field of algebra, you may assume that
𝑝 times anything is 0, where 𝑝 is a prime, like 3 times any-
thing is zero, 3 being the prime. There is an amazing fact
that if you work, for example, with 3 times something is 0,
and you take a number 𝑥 and you cube it, and you take an-
other number 𝑦 and cube it, then if you add the two and
then cube the sum of the two numbers, you get the same
thing: 𝑥3+𝑦3 = (𝑥+𝑦)3. This is because of what the bino-
mial coefficient theorem says, that you get these 1, 3, 3, 1-
terms, but 3 is zero, so you get 1 and 1. That shows that
you have this symmetry in each of these prime worlds. So,
you have this additional symmetry given by what is called
the Frobenius automorphism. That is fantastic!

Quillen had already suggested that there is a relation be-
tween the Adams conjecture and Frobenius, but then that
was a little too exotic for me. I wanted to use the answer
to the Adams conjecture, I didn’t want to prove it. And
then I heard—I hadn’t met him yet—that he wasn’t going
to work on it, because he first had to learn 200 pages of
Grothendieck and transfer it into his setting. Okay, he only
wrote perfect papers, it had to be perfect, or else he didn’t
write it.

It’s Quillen you are talking about, right?

Yes, it’s Quillen. Now I’m adding what I found out later, as
I read more of his work: every paper is perfect. Perfect isn’t
the right word, it’s optimal. You can’t do better. So, I heard
about this, and I said: “Okay, I’m going to pretend that
this is true, because Quillen made this connection, and he
could have written the proof out.” And then I said: “But
wait aminute, I can’t just pretend that this is true, I’ve got to
prove it myself.” But if it’s true, it’s easier to prove. Because

you know it’s true. It’s a topological theorem, so I just kept
working on it.

I worked on it for six months, which in those times was
a really long time because things were happening faster. I
reduced it to something—it was equivalent to something—
and then I tried for a long time to prove this something,
but I couldn’t do it. And then: I remember sitting on the
lawn, I remember exactly that moment, August 19, 1967.
I had just driven up from Mexico with my family to Berke-
ley. I was going to spend two years there. I was sitting
on the lawn of the house where we were staying for a few
days until we got our own place, and I thought: “What has
Quillen said about this?” He said: “Frobenius! algebraic
symmetry! at the primes!” It turned out that it gave my
condition immediately, and so I had a proof of the Adams
conjecture.

In some sense that was a Poincaré moment. It took me
a year to write out the details. There were different details,
less foreboding than what Quillen had envisaged, so I was
able to do it.

And that spawned the so-calledMIT notes, which became widely
circulated and famous?

That spawned the MIT notes, yeah. You have to first local-
ize, then complete and then do all the related homotopy
theory.

And then you moved on to the quasiconformal manifolds and
Lipschitz conditions. How did that transition happen?

You sort of skipped about ten years . . . but we don’t have so
many hours!

Yeah, we agreed to skip the rational homotopy theory, which
really hurts, but . . .

Okay, but let me make one point about that. Algebraic
geometry and stuff like that just does the finite primes. It
turns out that all the information in this algebraic topol-
ogy which is determined at the primes, has this extra sym-
metry in it, which is related to algebraic geometry. But
then I thought: “Wait a minute, what about the infinite
prime, the archimedean place?” I didn’t know any analy-
sis, or anything like that. “But, maybe it has to do with
differential forms?” And it turned out that it did. It’s sort
of like algebra does this part, analysis and geometry do this
part.

Which does open analysis to all of the rational theory.

Right!

636 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 70, NUMBER 4



Figure 3.

And you then prove that cohomology in many situations deter-
mines the entire rational type; Kähler manifolds.

Yeah, it had nice corollaries. The idea was to express the in-
formation in terms that are natural. It’s natural to express
the information of the infinite part, rational numbers, real
numbers, in terms of differential forms, which is natural
for analysis and geometry.

So you have this information for the primes with the Galois
action and you have analysis on the differential forms for the
infinite piece?

All of which is related to topology, right. But then, to go
on, all of this was frustrating, because it was outside the
manifold. They were sort of invariants. I liked facts about
things inside the manifold. Foliations or dynamical sys-
tems and fractal sets, these things are inside the manifold
and they are constructed by infinite processes inside the
manifold. So I started to learn about these infinite pro-
cesses.

That began the dynamics part. It was sort of like just
following this interest inside, there was no logical reason.
I was starting over as a graduate student again, I’d say. It
turns out that the best way to understand the holomorphic
part of manifold theory in dimension two is not through
the smooth structure, but in terms of the quasiconformal
structure. That is the best way to understand dimension
two. And it’s amenable to certain infinite fractal processes.
Anyway, it was natural to leave this highly sophisticated
algebraic viewpoint and go back to the original interest in
manifolds, like dynamics—and processes like dynamics—
inside the manifold. I mean, physical processes take place
in space, so this is all about everything else in science. You
know, even medicine; your body has tubes with fluids and
so on.

Let’s talk a little more about these dynamical systems and their
importance in studying manifolds. Perhaps we could start with
something very concrete, namely Denjoy’s answer in the 1930s
to a question posed by Poincaré about circle diffeomorphisms
without periodic points. This was taken up and extended enor-
mously in the ’70s by Michel Herman and his student Yoccoz,
answering, among other things, a question posed by Arnold.
With this as background, could we ask you how this theory im-
pacted your desire, so to speak, to understand things inside the
manifold? This in contrast to the picture you give of manifolds
locally being like a puddle of milk looked at from the outside—
there isn’t much personality.

Let me answer this by first posing the question: “Why is it
interesting to know about manifolds?” It’s all about space.
Okay, we have done the number aspect, but why is it re-
ally interesting? Well, all the processes that we see go on in
space. All that stuff that is described by various other fields,
ODEs, partial differential equations, functional analysis,
that’s all part of describing the processes. It’s also combi-
natorics, computer algorithms. All that is about processes
in time, but all these processes in time go on in space.

I didn’t know all that then, but I wanted to know more
about things going on inside manifolds. A little dynami-
cal system could create an interesting fractal set inside the
manifold. And if you perturb that dynamical system, that
fractal set was still there. It was structurally stable. So I had
to learn about things such as Cantor sets, fractals and stuff.
So I started and I’d say it was almost a ten year period of
time before I got to quasiconformal mappings.

This was at the end of the ’70s. I was thinking about
dynamics and foliations, like this idea of an onion that is
foliated. That is a very attractive picture, and these were in-
teresting objects. Thurston had arrived on the scene, and
he blew everybody’s mind away, including mine. Immod-
estly, I have to say that I was smart enough to appreciate
that I was watching Mozart playing the piano. I mean, not
everyone did, because Thurston wasn’t so communicative.

But he was one of your heroes along with Thom, wasn’t he?

Yes, but he was younger than I was, he was my younger
brother hero. All this fitted with this desire of mine to
go inside the manifolds, and understand more geometric
things. So I started studying dynamics, and I learned about
the Smale school. And then, in France, I started going to
Michel Herman’s lectures, and I met Yoccoz, his student.
Michel Herman was working on the problem you alluded
to in your question. It happened like this: Denjoy died in
1974, and Michel Herman was working on his papers for
the French Mathematical Society. Herman started to talk
about the Denjoy argument. So, I learned that argument.
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And then Herman started answering these questions, re-
fining what Denjoy had done. You have to remember that
Poincaré was doing celestial mechanics, in particular, the
three body problem. He came up with this question that
was answered by Denjoy, who did this a couple of decades
after Poincaré died, actually.

This is all about one dimensional manifolds. It turns
out that they are actually among the hardest from this in-
terior point of view. They are very difficult. Herman ana-
lyzed the very fine structure of diffeomorphisms of the cir-
cle, andwewere learning as hewas producing results. I was
just intrigued about it. For example, there is a beautiful ex-
ample involving the golden ratio number and Fibonacci
numbers, and that intrigued me.

And this is while you are at IHÉS?

At IHÉS, yes. He was at Orsay, which was just a walk across
the valley of the Yvette. The interesting thing about the real
line is that there are three kinds of distortions that behave
algebraically very nicely. There’s the metric distance distor-
tion, the ratio distance distortion and the cross ratio distor-
tion; corresponding respectively to metric geometry, affine
geometry and projective geometry. And there is the usual
chain rule. You take the logarithm of that, it’s a nice for-
mula under composition, and now you can do two other
compositions with these higher distortions. Those were
the key things that I used to explain Herman’s work to my-
self.

Michel Herman’s theorem took a whole volume of Pub-
lications Mathématiques de l’IHÉS, and I wanted to get it
down to something like just a few key moments of under-
standing. And you could—after a couple of years thinking
about it—get it down to something you could tell on the
phone to somebody. That was my challenge: Find a proof
that I could tell to somebody on the phone. You have to
understand it, you can’t write down a lot of formulas and
calculate and stuff like that, you have to understand it. It
was just like that, the desire to understand, and it was just
like fun, you know.

But then, in ’82, I heard that physicists had discovered
something startling related to phase change. You know,
the water gets colder and colder, and suddenly it forms
this crystal, right? It’s when all this rigidity happens. That
is called phase change. There are a lot of situations where
that happens in physics. It turned out that physicists had
calculated one such in a dynamics example, where you ad-
just a certain parameter to the freezing point, I’d say, and
then you get this incredible thing: It could have depended
on infinitely many parameters, and it doesn’t depend on
anything at all, it’s universal!

That was what Feigenbaum first discovered, right?

Feigenbaum discovered that there was this rate (from the
other direction). Then other physicists discovered—and
Feigenbaum too, actually; he hadn’t communicated it as
well as the other ones—that it was this intrinsic geometry,
like a crystal, I’d say.

What was interesting about this for me was that there
were not enough techniques available to prove this at the
time. It was numerically calculated. You can take this for-
mula and that formula, and do this infinite process, cal-
culate and—bingo! The Hausdorff dimension is 0.5308…,
or something like that. So, here is a theorem that is true
and it is precisely formulated. True with quotes, because
it was numerically true. The available techniques weren’t
enough to prove it. It turned out that you just had to add
three more things to the Michel Herman and Yoccoz stuff,
and then you could prove it. But it took eight years.

The idea was, I could stop whatever I was doing, and
just work on this, there wouldn’t be any counterexamples,
you know. And a proof would need new math.

And you were the one that came up with a proof?

Yeah, I found it and it took eight years.

And that was in ’82?

It was in ’90. It was ’82 when I heard about it.

And in the meantime . . .

. . . in the meantime? I was just working on this. There
might be other things that appeared in print, but I wasn’t
working on anything else.

For instance the non-wandering-domain theorem?

No, that is ’81.

It was published in ’85?

No no no, that was already over. I was in quasiconformal
mappings; Ahlfors and Bers’ theory goes into dynamics.
That was already fait accompli by 1980.

That must have been very inspirational that you got this result
about non-wandering sets.

It was sort of obvious. It was obvious from the understand-
ing.
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Figure 4.

But it wasn’t obvious to Fatou.

No, but he didn’t have this theory of quasiconformal map-
pings, this deformation theory.

It must have been very satisfactory for you to prove that?

Well, no it’s not, no no, you havemisread me. These prizes
and stuff are nice, but that’s not the point. It’s not the point
to solve a problem, the point is to understand. And by this
point, by the time, you understood what Ahlfors and Bers
were doing, it was like a Poincaré moment, where you say:
“This theory here could be very useful in this other theory”.
These are disjoint universes, and do this Fatou–Julia thing,
and just transfer the technique over.

Are you now talking about your dictionary?

That is the first entry of my dictionary, right.

In the paper where you prove the non-wandering domain you
state the dictionary in the introduction. But do you use your
dictionary in order to prove, say, the non-wandering result?

I do. There is something called the Ahlfors finiteness theo-
rem, and you take what makes that work, and you restruc-
ture it over in this other domain. It was really using the
comparison, the correspondence.

The non-wandering result, the Fatou theorem, corre-
sponds to a known theorem in this Kleinian group cate-
gory. It’s about the idea of understanding, not the names,
not what field it is, but what is the math idea. The math
idea is the same here and here.

Is this like you were telling us a moment ago, that once you know
something is true, it’s way easier to prove it? Was the dictionary

some sort of guidance in that respect—you knew what would be
true?

No, it’s like when you arrange a party: you have to have
enough drinks, enough food. I mean, you have to have
enough stuff. You have to accommodate the correspon-
dence. In retrospect you can say that the Fatou problem
corresponds to something known over here, in Ahlfors and
Bers, okay?

The underlying math is the same, and that is satisfying.
But it was so obvious, it wasn’t exciting. The idea is, if
you think in terms of structures, the structure here and
the structure there were the same, two examples, the same
structure.

So we were talking about your dictionary between the Kleinian
groups and quadratic or complex dynamics, if you like, right?

That is one item in the dictionary. The dictionary says:
“For every item here, there should be a corresponding item
here, because the basic elements of the two universes are
the same. In fact, I once introduced Bers at a conference to
Mostow. Bers asked: “Why are you introducing us? We’ve
know each other for years, we’re close friends, but we never
talkmath”. Like he said it proudly. I said: “Well, I have this
one theorem. If you do this it is Mostow’s theorem, if you
do this it is your theorem.”

How did they react to that?

You know, people are in their comfortable world, it’s al-
ready rich and beautiful, they are happy there. I’m not like
that, when I start to understand something, I start wanting
to move sideways, somehow.

So, you have the dictionary and what you’re telling us is that the
underlying mathematics of the two things are the same. But not
for any particular reason; it’s just the same? It occasionally hap-
pens that you have two different mathematical problems, and
the way you handle them, or the way their combinatorics work
is just the same, for no apparent reason.

No. The question is: “what are the basic elements that are
involved in the mathematics, in each situation?” In this
case there is dynamics which has a certain form actually, a
technical form called hyperfiniteness, related to von Neu-
mann algebras, and also it has to do with Riemann’s ideas
of deforming the complex structure. Okay, so those are
the two ideas.

There is an underlying complex structure, that is pre-
served by the dynamics. These are called holomorphic
dynamical systems. This technique can be used in the
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entire field. But before this happened there was a field
called Fatou–Julia theory and one separate field involving
Poincaré limit sets and domains of discontinuity and so
on. These were two different fields. This was occupied by
complex analysts, and this was occupied, in modern time,
by dynamical systems people. The basic elements of the
underlying discussion were the same. Every advance here
should correspond to something over there.

It’s just to look at things in simple terms, without the
words. I don’t let my graduate students use names, they
can’t use any proper name. They have to say, in an English
sentence, in terms of basic concepts, like linear algebra or
integers what the hell they are talking about. And I slap
them around if they don’t, verbally.

You are known to be very broad in your interests in mathemat-
ics, and you see connections that other people do not see. But
could we ask you a provocative question: is there some type of
mathematics that you don’t like?

No, because there is this one tapestry, it’s all connected. It’s
like the tapestry behind you, it goes all around. Everything
is interesting to me.

And now the fluid dynamics enters. Can you tell us about that
and why? Okay, you have a punchline in the end here, we won’t
spoil it for you.

I forgot . . .

Oh, you promised to replace Newton’s calculus by Poincaré’s
combinatorial topology.

Oh, right, of course yes, but that isn’t a punchline, that’s
the theme. The idea is, yeah, so, quick history of math,
right: We had the Greeks, they had their problems, more
than two thousand years ago. Newton came along and
he invented the calculus along with Leibniz. Suddenly, a
bunch of problems the Greeks had could be solved. You
can compute volumes of new things. Because with calcu-
lus you sort of ignore higher order error terms. Error of
0.1 decimal place, and errors of 0.001, you ignore all those,
and you just try to get the first part. And then the formula
is simple, and you get this beautiful theory.

But, you know, if you look a physicist in the eyes and
ask, they’ll say: “The continuum doesn’t exist.” The con-
tinuum doesn’t exist, because, what do we know about
it? The atomic models, elementary particles, there is no
physics below 33 decimal places. There is no physical the-
ory, you can’t even talk about distance below that.

On the other hand, the calculus ideal works beauti-
fully, we have gravity, Einstein’s theory. By the way,

Einstein’s theory hasn’t been connected to the standard
model, which is the way the elementary particles interact,
with these small distances getting down to Planck scale. In
fact, Planck scale is sort of the scale in which gravity and
the strong forces of nature are comparable.

Even the physicists use the continuum . . . like in a reli-
gious way! As if it exists! And they know it’s not true, be-
cause Newton’s calculus leads to classical physics, which
is negated by quantum theory. But it’s so beautiful! Rep-
resentation theory, Lie groups, it’s so beautiful, and they
can make models, and the models work! But there is no
basis somehow, there is something missing, right? In the
physics theory.

So, fluid mechanics has been in between the classical
and the quantum discussion, you might say, the statisti-
cal discussion. It has been in between, and in three di-
mensions . . .Well, in two dimensions it has theoretically
been worked out, not computationally, but theoretically
worked out. For the same mathematical reasons, this
Ahlfors–Bers theory and this deformation theory works,
analysis, it’s related to that, and I understood that. That
was one reason I got in, I understand that, and half of that
theory works in dimension three, but not the other half.

I was astonished to hear, in ’91 or ’92, that these ba-
sic hydrodynamics equations in three dimensions weren’t
theoretically understood – whether they have solutions or
not – because in dimension two it was all clearcut, and I
understood why. They’re used all over the world by engi-
neers to produce oil and by doctors to fix aneurysms. The
latter use a little turbulence inside the aneurysms and do a
little support thing here, doctors can do several a day, and
they can fix people up that might die at any point.

How could it be true that 3D hydrodynamics was so
mysterious? Also about that same time one was able to
put things on a computer quite well, but still there is now
a limitation of a thousand of grid points or so in each di-
rection. Thousand by thousand by thousand, that is a bil-
lion. You calculate, but then there is a matrix problem,
billion by billion, so that is beyond reach. So there is this
definite limitation to what one can compute. This mathe-
matical problem, which actually became one of these mil-
lennium problems later, I was already working on it for
about a decade before, is beautiful, precise and so on. But
it’s not practical. What is really important is: what can you
understand at the scale where you can compute? And then
maybe prove theorems too.

The idea I had was, this is all about space – processes
happening in space. And you’ve got the Newton contin-
uum, which gives you a beautiful algebra picture of space,
you have differential forms, calculus, the Leibniz’ rule for
a product, you know. Great! It turns out that if you dis-
cretize the problem and put it on a computer, you’ve got
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to do difference quotients instead of derivatives, and they
don’t satisfy the product rule which has an ℎ2-error, di-
vided by ℎ, still an ℎ-error. But then ℎ goes to 0. That
is in every computation, that error term. So the idea is,
and they know this, the numerical analysts know this, of
course, they know this much better than I do, but they
don’t seem to have a theoretical way to approach it. So,
the idea is, or Poincaré told us, for all this topology, all
the numbers games we were talking about before, which
is quite deep, has to be done by breaking space into little
chunks, and do some combinatorics with that. So, that is
combinatorial topology, that allows you to understand the
non-linear aspect, which has a product structure. That has
been my theme of understanding, and now I have been
working on it for three decades, and I think I have made
some progress recently.

To take the discretization that we have to do in order to calculate
anything in fluid mechanics and anything like that. Are you
saying that we should make that as a main object of study itself?

Yes! We should study the full algebraic topology—this is
going back to the beginning now: Poincaré duality, inter-
sections, how things intersect, that’s the ring structure. You
know, these objects in a manifold can be intersected, and
that gives a ring structure.

Do you think the Navier–Stokes problem, which we’ve been talk-
ing about, is one of the hardest Millennium Prize Problems?

No idea. I’m even not concerned with it as a Millennium
Problem. I’d love to prove it, but I’d rather understand
some variant of it. I mean, what made this dictionary stuff
so interesting in a way, there were several Fields Medals
there and stuff like that, was because they had these pic-
tures of the Mandelbrot set. Once a waiter came along
while we were working on it, and he said: “Oh, that’s
the Mandelbrot set”. Everybody knows the Mandelbrot set,
right? There are good computations of the Mandelbrot set,
you can zoom in to any scale, it gets more and more com-
plicated, it’s beautiful, like a fern or something. And you
go deeper, and then there is a new thing, you know, it’s
precise. And that has led to many statements and conjec-
tures, half of which have become theorems, and half of
which are still open. So, it has been a very active field. We
don’t have such good computations for fluids in general.
We don’t have enough understanding. We can just try, if
it works: good. If it doesn’t work, you know: bad. So, the
idea is to put more kind of conceptual work on the prob-
lem.

To use Poincaré’s ideas, to break space up to combina-
torial pieces, see how they interact, put other pieces to

cover the breaks which reveals the Poincaré duality, and
put all that into the computer programs that is treating the
Navier–Stokes equation.

You’ve said several times, that simplicity is the thing. When
Atle Selberg was interviewed two years before he died, one of
the things he stressed very much, was, and we quote him with
a direct translation from Norwegian: “I believe that it is the
simple things that will survive in mathematics.” Would you
agree with that?

Oh yeah, of course. C’est evident! You know, like a screw-
driver. It’s going to last forever, if it’s simple, and it’s useful.
I’ll go even further, the goal of mathematics is to simplify
everything. I think that the complicated things can be sim-
plified.

Actually, Selberg mentioned Hermann Weyl as a prime example
of a person that could attack a problem, simplify it and solve it.

I think that is a good method, because there are these fun-
damental points, like the moments I was describing with
the graduate students, organize everything. They aren’t
easy to find, you know. What are the central points? You
don’t know a priori. And you start by getting a sense of it,
it has to do with the structure: what is the structure of the
situation. A little “Grothendieck-like”.

The time is . . .

I’m not tired! I know this phenomenon; if hours are late
and the mathematician one is talking to is tired, then one
just asks him a question aboutwhat he is doing, right? And
he starts talking, and suddenly he’s full of energy again!

This is going to be the last question, we promise! During our
preparatory Zoom-meeting we mentioned a 1828 quote of Abel’s
we’d like you to comment on.

One should give a problem such a form that it is
possible to solve it, something one can always do
with any problem. In presenting a problem in this
manner, the actual wording of it contains the germ
to its solution, and shows the route one should
take. I have treated several topics in analysis and
algebra in this manner, and although I have often
posed myself problems that surpass my powers, I
have nevertheless attained a great number of gen-
eral results that have shed a broad light on the na-
ture of these quantities, the knowledge of which is
the object of mathematics.

Do you have any comment on this?
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The formulation of the problem is very important. Even
more, a given problem may not be the correct formulation
of the problem. Every problem stands, if it’s well-defined,
but it could be that there is a slightly different version of
the problemwhich ismore natural and will be successfully
solved, you know.

I’m willing to change the problem, while it sounds like
Abel is trying to take the problem as given and put it in
its best perspective. I’m also willing to change a problem
slightly, to one that can be solved, right? But I certainly
agree with that.

Another thing that I’ve noticed, as I’ve been around do-
ing this for a long time, is that when a subject is sort of
complete, you can look back, you know, it’s very easy to
close the barn door after the horse has escaped. You know
that you should have done it before. When you look at the
final story, you would say, “Jeez, if we had started over here,
then it would be natural to do this, and then you would
have gotten there very quickly.” Using just a simple pic-
ture of what has happened.

So, if you are in a situation where you don’t have that,
look for it. That is kind of what Abel said.
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On behalf of the Norwegian Mathematical Society and the Eu-
ropean Mathematical Society and the two of us we would like
to thank you very much for this most interesting interview.

It was my pleasure, I assure you!

Thank you!
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Accessible Publishing
at the AMS

Nicola Poser, with contributions from
Scott Hershberger and David Jones

In this article, we define what is meant when discussing
“accessibility” in publishing, discuss the challenges, and
provide an overview of the work being done in the AMS
Publications Division to address these challenges.

The mission of the Publications Division of the AMS is
twofold: to disseminate mathematical research and pro-
vide services and information of interest to the AMS mem-
bership and the worldwide mathematical community.

These are broad goals, aiming to provide access to valu-
able mathematics content to as wide an audience of the
global mathematical community as possible, without lim-
itations due to gender, sexual orientation, race, ethnicity,
economic status, geographical location, institutional affil-
iation, physical disabilities, or learning differences.

Barriers to access, for both readers and authors, can
be economic or technical. In order to address eco-
nomic barriers, the AMS publishes a large amount of con-
tent online that is publicly accessible, introduced tiered
pricing based on factors such as institution size, cre-
ated the MathSciNet for Developing Countries (https://
www.ams.org/news?news_id=6672) program, and par-
ticipates in Research4Life (https://www.research4life
.org) to bring our journal content to developing coun-
tries. AMS Journals are published using a range of open
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access models (https://www.ams.org/publications
/journals/open-access/open-access) including Dia-
mond, Gold, and Green, with all journal content free-to-
read after five years.

Technical barriers can limit whether all users are able
to effectively use the content, regardless of their physical
disability or learning difference.

In the rest of this article, we will describe some of the
steps the AMS is taking to provide optimal online content
for all our readers and remove barriers to use.

Accessibility and Online Content
AMS Publications has long supported various programs
to provide accessible content for readers with disabili-
ties, and recently created the internal Accessibility Work-
ing Group including members from the AMS Web Work-
ing Group, Information Technology, Information Systems,
Publishing Technology, Book and Journal Production, and
Marketing, to coordinate these ongoing efforts. An im-
portant goal of the working group is to move from a
project-based approach to incorporating these ongoing ef-
forts into the continuous work of AMS Publications staff.
AMS Publications recognizes that achieving this goal will
require a long-term commitment as standards and tech-
nologies continue to evolve.

We strive to adhere as closely as possible to the
Web Content Accessibility Guidelines (WCAG) of the
World Wide Web Consortium (https://www.w3.org/TR
/WCAG21/). These guidelines include standards for ad-
dressing a wide range of disabilities in order to improve
access for the approximately 25% of people globally who
have a disability [1]. The guidelines are framed around
the “POUR” principles: for all users, content should be
Perceivable, Operable, Understandable, and Robust.
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Perceivable: Content is not invisible to the senses, regard-
less of any assistive technology used.
Operable: User interface components and navigation
must be operable by all users.
Understandable: Users must be able to understand the
information as well as the interface navigation.
Robust: Content can be interpreted reliably by users, in-
cluding those employing assistive technologies [2].

Bearing these guidelines in mind in our work helps
us to fulfill our mission of connecting the global mathe-
matics community and maximizing the reach of our con-
tent. Important considerations include keyboard naviga-
tion for those with mobility limitations, limiting “flashes”
and auto-play video for those with seizure disorder, in-
cluding video captions for those who are hearing impaired,
providing clear color contrast for those with limited vision,
and not relying solely on color to show meaning for those
with color-blindness. Figure 1 utilizes clear color contrast,
uses geometric shapes as well as color for data points in a
line chart, and provides a useful legend [3].
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Figure 1. Condition numbers in the case of uniform meshes
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Removing accessibility barriers is essential to continu-
ously supporting engagement with mathematics. A well-
documented example is the impact of inaccessible content
on people with visual impairment. The Perkins School for
the Blind reports that six in ten of their students who en-
ter college will not obtain a degree, in any field [1]. While
there are examples of blind mathematicians throughout
history, completing a higher degree in mathematics as a
visually impaired student clearly requires extraordinary de-
termination. Twenty years ago in “The World of the Blind
Mathematician” published in Notices, Emmanuel Giroux
pointed out “I’m often extremely frustrated because other
mathematicians don’t explain what they are doing at the
board and what they write.” In the same Notices piece,
Lawrence Baggett discussed the challenges of conducting
long division in Braille, and the lack of Braille mathemat-
ics texts, requiring him to rely onwilling classmates to read
to him [4].

Henrik Spoon currently serves as the Physics, Astron-
omy, and Mathematics Librarian at Cornell University. In
1993, he assisted a mathematician at the Space Research
Organization Netherlands (SRON) by reading mathemat-
ics journal articles out loud. Spoon comments “For the
assistant it is vitally important to be really focused when
reading equations in themathematical journal article. Any
mistakes in spelling out the equation and starting over will
make it hard for the visually impaired person to conceptu-
alize the equation in his/her brain.”

Clearly, mathematicians dealing with disability have
historically gone to great lengths, and sought out signif-
icant resources, to be able to access content and partici-
pate fully in the discipline. As content has migrated from
print to digital, the challenge has shifted. This move from
print to online delivery requires publishing staff and au-
thors to think about content differently. Rather than focus
on how the content will display on the printed page, con-
sideration needs to be given for how the content is struc-
tured in order to effectively “feed” a variety of formats and
assistive technologies. As Peter Krautzberger, consultant
to the AMS and Invited Expert at the W3C ARIA Work-
ing Group (https://www.w3.org/groups/wg/aria), re-
minds us, content must be processed by a browser, then
an operating system, then assistive technology. “That’s
quite a complicated set of layers to actually work through,”
Krautzberger points out.

Achieving accessible content in mathematics is particu-
larly challenging due to the rendering of equations. For ex-
ample, many users with visual impairment rely on screen
reading technology. This can include those with mild to
severe visual impairment, as well as those with learning
differences such as dyslexia. While the AMS has not sur-
veyed our audience at large, a recent survey by the Ameri-
can Chemical Society found that 5% of their readers use a
screen reader [5]. Jason Khurdan, Manager of Central Ser-
vices and Ketty Ombadykow, Alternate Format Text and
Assistive Technology Administrator, both of Rutgers Ac-
cess andDisability Resources at Rutgers University, remind
us that these challenges effect students not only studying
math, but across the STEM disciplines and those taking
quantitative courses in social science and other areas. They
discussed the compounding challenges of providing acces-
sible course materials for a screen reader user even for rela-
tively simple math, with proper coding needed in the con-
tent, but also proper interaction between that coding and a
range of different operating systems, browsers, and screen
reading tools.

A key challenge for a screen reader user in addressing
equations, according to Krautzberger, “is not that you can’t
describe it, but the complexity of the description is so high
that you need to be able to explore it on different levels,
especially if you are doing it non-visually.”
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Volker Sorge, Professor at the School of Computer Sci-
ence and Chair in Document Analysis and Accessibility,
University of Birmingham, and member of the MathJax
(https://www.mathjax.org/) team adds “Why is it im-
portant to have specialist rendering of mathematics? Be-
cause it is quite unlike rendering usual text. Normally
browsers differentiate between text and graphics. And
unfortunately, math is somewhere in between. And the
real problem is that the layout of a mathematical expres-
sion, or at least most mathematical expressions, is two-
dimensional.”

An important step in making online content accessible
is to move beyond PDF, which is—at its core—an inacces-
sible format. In most PDFs, the equations will render as
randomly placed characters, or worse, as images, which
will not be picked up effectively by a screen reader or inter-
act with other assistive technologies.

It will not surprise the reader that the overwhelmingma-
jority of content published by the AMS is submitted as LATEX
(https://www.latex-project.org/), themost popular
application of Donald E. Knuth’s TEX type-setting program.
TEX continues to set the standard for high-quality output,
primarily of the printed page.

However, the most accessible medium today
is the collection of technologies known as the
“web platform” (https://en.wikipedia.org/wiki
/Web_platform), including the computer languages and
application progamming interfaces (APIs) originally cre-
ated to support the publication of web pages. To leverage
this platform, mathematics must be converted from LATEX
to web content [or web-adjacent formats such as EPUB
(https://en.wikipedia.org/wiki/EPUB)].

The AMS has supported the development of several key
tools to create accessible mathematics content:

• MathJax, which combines high-quality display of
equations on the web with powerful built-in ac-
cessibility features;

• AMS texml, which converts well-structured LATEX
documents into well-structured XML (Extensi-
ble Markup Language) (https://www.w3.org
/standards/xml/core), which makes the rela-
tionship between elements explicit and consis-
tent; and

• The AMSHTML toolkit which builds on texml and
MathJax to create high-quality, accessible web and
eBook experiences.

MathJax
The core of the MathJax project is the development of its
state-of-the-art, open source, JavaScript platform for the
display of mathematics on the web. It provides high-
quality visual and nonvisual rendering with a broad set

of configuration and customization options. For well over
a decade, it has proved the ideal solution for realizing for-
mula layout in web content. Without it, we would not see
high-quality rendering of mathematics online.

Together with the Society for Industrial and Applied
Mathematics, the AMS was a founding sponsor of the
MathJax Consortium. Although the management of the
project has been reorganized under the auspices of the
NumFOCUS Foundation (https://numfocus.org/), de-
velopment continues today under the direction of Davide
Cervone and Volker Sorge, and the AMS remains a Part-
ner, with several AMS senior staff members serving on the
steering committee.

As a continuing Partner-level sponsor, the AMS is able
to benefit from MathJax improvements, but more impor-
tantly, continuous communication allows AMS developers
to provide feedback to the MathJax team, as well, to sup-
port improved content.

AMS texml
AMS texml combines a powerful implementation of TEX’s
programming facilities with a flexible and robust way of
generating XML based on the popular Journal Article Tag
Suite (JATS) (https://jats.nlm.nih.gov/). Experience
has shown that AMS texml can handle the vast majority of
LATEX files submitted for publication with only minor mod-
ifications. Without this tool, it would be much more diffi-
cult to get clean output. Of course, the quality of the out-
put depends on the quality of the input—AMS texml can
only preserve existing structure, not create new structure.
The AMS publishing technology staff invests considerable
effort in cleaning up and enhancing submitted LATEX files,
which also benefits the creation of PDF files for both print
and digital use.

The AMS has made AMS texml freely available un-
der an open license on GitHub (https://github.com
/AmerMathSoc/texml).

AMS HTML Toolkit
The AMS HTML Toolkit is an umbrella term for the
in-house tools and processes that transform texml output
into various forms of web content. These tools include
a unique way of leveraging MathJax and its sister project,
Speech-Rule-Engine (https://speechruleengine.org),
which converts formulas to speech, to enrich equations.

The Toolkit is essential to the creation of full text HTML
articles optimized for Notices of the AMS and to build
two distinct products, AMS MathViewer and eBooks in the
EPUB format.
AMS MathViewer. AMS MathViewer (https://www.ams
.org/AMSMathViewer) provides an option for view-
ing journal articles directly in a browser, offering an
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interactive and accessible alternative to PDF and print read-
ing. MathViewer articles are HTML with robust semantic
markup. Equations are accessible and feature accurate, ex-
plorable descriptions. MathViewer is built with the WAI-
ARIA Module (https://www.w3.org/TR/dpub-aria-1
.1/#introduction), a technology for digital publishing
which provides semantic metadata to help users of as-
sistive technologies navigate through articles more easily.
MathViewer is currently available on six AMS research jour-
nals with plans to roll it out on both Proceedings of the AMS
and Transactions of the AMS in early 2023.
eBooks. The AMS has long worked with university disabil-
ity coordinators and librarians to provide accessible elec-
tronic files and other alternative formats of our books for
students and researchers who need them, having fulfilled
over 120 such requests over the past 10 years, according to
Erin Buck, Rights, Permissions, and Licensing Specialist at
the AMS.

Recognizing the limitations of the PDF and the chal-
lenges of working with LATEX source files, the AMS is also
increasingly leveraging the Toolkit to offer eBooks in the
adaptable EPUB format. An EPUB file is reflowable, mean-
ing that it allows users to change the font and size of the
text and the content will adjust. It also allows users to
change the background color and supports accessible equa-
tions. From 2020 onward, titles in our best-selling Grad-
uate Studies in Mathematics series are available in EPUB
format; we have also created an EPUB version of our top-
selling textbook, Partial Differential Equations, by Lawrence
C. Evans. We are prioritizing our textbooks for EPUB con-
version moving forward.

Contributing to the Mathematics Community
It is often pointed out that improvements made for dis-
ability purposes generally help everyone, which is certainly
true for much of what has been discussed in this article.
Careful use of color and contrast makes content clearer
for everyone to understand. Improvements in presenting
mathematics content in a range of formats increase the
ability for all users to benefit from this content in the for-
mat they prefer.

In addition, this work is important to fulfilling the AMS
Publications mission of providing content not only for to-
day’s mathematics community, but we hope our efforts
will support the potentialmathematics community. By pro-
viding accessible content from undergraduate textbooks
through research journals and the MathSciNet database,
our goal is to remove barriers so that students who are
inspired by studying mathematics find tools that enable
them to pursue a degree and a career as future mathemati-
cians.

As Khurdan and Ombadykow of Rutgers Assistive and
Disability Resources point out, the challenge is only grow-
ing with the increased enrollments in STEM among un-
dergraduates and in the explosion of online tools instruc-
tors employ in their courses. Students need access to not
only bookmaterial, but also online visualizationmodules,
study tools, homework, and assessments.

Through the development of the AMS HTML Toolkit,
and the availability of open source tools such as AMS
texml, AMS Publications has the opportunity to set a high
standard for accessibility in online mathematics content.

References
[1] https://www.perkins.org/, accessed 29 September

2022.
[2] https://www.boia.org/blog/what-are-the
-four-major-categories-of-accessibility#:~:
text=The%20Web%20Content%20Accessibility%
20Guidelines,Operable%2C%20Understandable%
2C%20and%20Robust, accessed 21 September 2022.

[3] Thomas Führer,Multilevel decompositions and norms for neg-
ative order Sobolev spaces, Math. Comp. 91 (2021), no. 333,
183–218, DOI 10.1090/mcom/3674. MR4350537

[4] Allyn Jackson, The world of blind mathematicians, No-
tices Amer. Math. Soc. 49 (2002), no. 10, 1246–1251.
MR1930672

[5] Society for Scholarly Publishing Webinar Series,
2021 Webinar Series, “Accessibility in Publishing,”
November 23, 2021, https://customer.sspnet
.org/ssp/Events/ssp/EventDisplayNPGF
.aspx?EventKey=ODWEB2109.

Nicola Poser

Credits

Photo of Nicola Poser is courtesy of The Society for Scholarly
Publishing.

646 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 70, NUMBER 4

https://www.boia.org/blog/what-are-the-four-major-categories-of-accessibility#:~:text=The%20Web%20Content%20Accessibility%20Guidelines,Operable%2C%20Understandable%2C%20and%20Robust
https://www.boia.org/blog/what-are-the-four-major-categories-of-accessibility#:~:text=The%20Web%20Content%20Accessibility%20Guidelines,Operable%2C%20Understandable%2C%20and%20Robust
https://www.boia.org/blog/what-are-the-four-major-categories-of-accessibility#:~:text=The%20Web%20Content%20Accessibility%20Guidelines,Operable%2C%20Understandable%2C%20and%20Robust
https://www.boia.org/blog/what-are-the-four-major-categories-of-accessibility#:~:text=The%20Web%20Content%20Accessibility%20Guidelines,Operable%2C%20Understandable%2C%20and%20Robust
https://www.boia.org/blog/what-are-the-four-major-categories-of-accessibility#:~:text=The%20Web%20Content%20Accessibility%20Guidelines,Operable%2C%20Understandable%2C%20and%20Robust
https://doi.org/10.1090/mcom/3674
http://www.ams.org/mathscinet-getitem?mr=4350537
http://www.ams.org/mathscinet-getitem?mr=1930672
https://customer.sspnet.org/ssp/Events/ssp/EventDisplayNPGF.aspx?EventKey=ODWEB2109
https://customer.sspnet.org/ssp/Events/ssp/EventDisplayNPGF.aspx?EventKey=ODWEB2109
https://customer.sspnet.org/ssp/Events/ssp/EventDisplayNPGF.aspx?EventKey=ODWEB2109


WASHINGTON UPDATE

Washington Update from the
AMS Committee on Education
Malcolm Adams, Naiomi Cameron, Ruth Charney,

and Anne Shiu

The annual meeting of the AMS Committee on Ed-
ucation (http://www.ams.org/about-us/governance
/committees/coe-home) took place in Washington DC
in late September.

Preceding the official start of the meeting, committee
members were invited to visit their congressional delega-
tions. A subset of the committee, including the four of us,
took up the offer. A busy day of visits was planned by AMS
staff in the Office of Government Relations (OGR), and we
hit the Hill!

Our visits were made in teams. We visited offices
of members of Congress from Georgia, Massachusetts,
Rhode Island, and Texas. These visits were in-person.
These were—as they most often are—with staff, though we
did get to briefly meet Representative Hice (GA, District
10).
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partment of Mathematics at the University of Georgia. His email address is
mradams@uga.edu.
Naiomi Cameron is a professor of mathematics at Spelman College. Her email
address is naiomi.cameron@spelman.edu.
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Brandeis University. Her email address is charney@brandeis.edu.
Anne Shiu is a professor in the Department of Mathematics at Texas A&M
University. Her email address is annejls@math.tamu.edu.

For permission to reprint this article, please contact:
reprint-permission@ams.org.

DOI: https://doi.org/10.1090/noti2665

We emphasized the central importance of mathematics
in science and technology innovation, in education across
all STEM fields, and brought their attention to particular
actions they could take to support mathematical sciences
education and its community. We gave each staff member
a folder with an AMS calendar, a state-specific sheet about
NSF investment in their own state, a few AMS Math Mo-
ments, and a “leave behind” about education prepared by
OGR staff.1

Over the course of the day, we discovered two very im-
portant and somewhat surprising facts: congressional staff
are eager to listen and learn from us and we can in fact in-
fluence policy based on our own personal experiences and
those of our colleagues and students. It is possible to ed-
ucate those in power about what matters and makes a dif-
ference for their constituents and nonconstituents alike.

We found it very encouraging that our arguments were
received enthusiastically, and at both ends of the political
spectrum—from a Democratic senator’s assistant who her-
self was formerly a math teacher, to a Republican congress-
man’s assistant who admitted to being math-phobic! A
takeaway for all of us who participated is that we—asmath
educators—have an important role to play in driving and
informing public policy on STEM education.

1AMS leave behinds are intended to serve as resources for AMS members and
others in the math community interested in advocating on various topics. They
do not necessarily represent the views of all AMS members.
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Another thing we learned is that many congressional
offices value having mathematicians and scientists as staff
members. It was explicitly pointed out to us that congres-
sional offices would love to get more applications from un-
dergraduate math majors for internships and other staff
positions. These offices also welcome mathematicians
with masters and PhDs—there are some staff members
with PhDs in scientific fields, most often working for com-
mittees whose jurisdiction overlaps with their areas of ex-
pertise.

There are a LOT of young people working on Capitol
Hill, and their education, skills, training, and other expe-
riences are tremendously impactful in informing the work
of members and committees of Congress. As faculty mem-
bers, we should draw attention to this exciting job oppor-
tunity for our students—especially undergraduate math
majors—as an option for employment after college.

Current undergraduates and recent grads can serve as
interns, either in DC or at the home offices. Internships
are typically for a summer, or semester. They are typi-
cally paid. Each member’s website will tell you how to
apply for an internship in their offices. As one example,

Figure 1. Naiomi Cameron and Anne Shiu en route from the
Senate to the House.

here is the information about interning in Senator Ossoff’s
office: https://www.ossoff.senate.gov/about/jobs
-internships/.

How do students find these jobs?
Individual member’s and committee’s websites some-

times post jobs, but not always. Still, it is good to look
at specific websites, and especially if you have ties to a dis-
trict or state. In terms of general advice that you can give
your students:

1. Personal connections are great! Try to figure out
if there are alumni from your university who have
worked (or currently work) for the office in which you
are interested in working. Reach out to them!

2. Offices will give preference in hiring to constituents;
this might especially be true at the entry level.

3. You may notice that the ads say something like “Bach-
elor’s degree in political science, government, or a re-
lated field preferred.” This preference is not always the
case; members of Congress who have committee as-
signments on committees whose jurisdiction include
science, technology, etc., may well welcome math and
other science majors joining their staff.

4. MAKE SURE YOU HAVE A GREAT LinkedIn PAGE!!!
And keep it up to date.

5. Did we mention? Make connections and have a great
LinkedIn profile.

The House of Representatives gives comprehensive
information about positions with members and
committees (https://www.house.gov/employment
/positions-with-members-and-committees), includ-
ing information and links to two separate offerings (1)
the House Resume Bank and (2) the House Employment
Bulletin. The Senate has the same two offerings, found at
https://www.senate.gov/visiting/po.htm.

Figure 2. The Hill visit group debriefing on the rooftop of the
AMS DC office.
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Many of the positions require only a Bachelor’s degree.
You can create accounts and upload your resume in the
Resume Banks, for each of the House and Senate. While
requirements and organizational structure vary from office
to office, “Legislative Correspondent” is an entry-level po-
sition to the legislative work of an office.

Working on the Hill can be an exhilarating experience
and we hope to see more math majors consider this op-
tion!

Malcolm Adams Naiomi Cameron

Ruth Charney Anne Shiu

Credits

Figures 1 and 2 are courtesy of Tyler Kloefkorn.
Photo of Malcolm Adams is courtesy of Patty Adams.
Photo of Naiomi Cameron is courtesy of Aaron Fagerstrom.
Photo of Ruth Charney is courtesy of Mike Lovett.
Photo of Anne Shiu is by Jakub Mosur/MSRI.

NOW AVAILABLE FROM

Titles published by the Hindustan Book Agency (New Delhi, India) 
include studies in advanced mathematics, monographs, lecture notes, 

and/or conference proceedings on current topics of interest.

Discover more books at bookstore.ams.org/hin.
Publications of Hindustan Book Agency are distributed within the Americas by the

American Mathematical Society. Maximum discount of 20% for commercial channels.

Analysis II
Fourth Edition
Terence Tao, University of California Los Angeles, CA

This is part two of a two-volume introduction to real 
analysis and is intended for honours undergraduates 
who have already been exposed to calculus. The 
emphasis is on rigour and on foundations. The mate-
rial starts at the very beginning—the construction of 
the number systems and set theory—then goes on to 
the basics of analysis, through to power series, several 
variable calculus and Fourier analysis, and finally to 
the Lebesgue integral. 

Hindustan Book Agency; 2022; 242 pages; Hardcover; 
ISBN: 978-81-95196-12-8; List US$52; AMS members 
US$41.60; Order code HIN/83
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FROM THE AMS SECRETARY

According to the Bylaws of the American Mathematical Society, the Council of the AMS has power to speak in the 
name of the Society, and it does so when a statement is approved by two-thirds of the entire membership of the 
Council. If the president and the secretary agree that a statement in the name of the Society is urgently needed, this 
can be accomplished between regular Council meetings, subject to affirmation at the next regular Council meeting.

The following statement was adopted by the Council on April 2, 2022 and adopted in the name of the Society on 
January 3, 2023.
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past actions in this regard. To undertake this reckoning, 
AMS President Jill Pipher created a Task Force to examine 
the role of the Society in racial discrimination within the 
mathematics profession. Through the study of AMS records 
and interviews with many mathematicians, the Task Force 
produced a report1 that documents and confirms ways 
that AMS policies, practices, and actions have contributed 
to past and ongoing discrimination to mathematicians of 
color, especially our African-American colleagues. This ac-
count is in no way exhaustive and is probably missing the 
voices of some of our colleagues. Nonetheless, there should 
be no doubt after reading this report or other historical 
accounts that African-American mathematicians have faced 
active exclusion from Society activities and benefits.

Today, in better understanding of our past, we provide 
a fuller apology for these wounds that include:

 • The exclusion of Black mathematicians from 
meetings, social functions, and lodging at AMS 
meetings prior to 1960, and the listing of ‘colored’ 
facilities in AMS Notices, even after the AMS had al-
ready pledged non-discrimination in its activities.

 • The lack of actions to improve the climate for 
mathematicians of color, such as declining to par-
ticipate in a study on the involvement of minori-
ties in national professional associations (1950), 
declining to create a committee to study under-
representation (1969), declining to seek broader 
representation on important committees, such as 
the U.S. National Committee that reports to the 
International Mathematical Union (1982), failing 
to follow through some of the recommendations 

1https://www.ams.org/about-us/understanding-ams-history 

American Mathematical Society 
Statement of Apology
An apology
Mathematics is often viewed as a formal body of work, 
confirmed by reason and unstained by human prejudice. 
Mathematics as a profession is carried out by mathema-
ticians. For too long, mathematicians have neglected the 
human side of our profession, and our collective failure 
has harmed many of our own.

The American Mathematical Society, founded in 1888 
to further the interests of mathematical research and schol-
arship, has as a component of its mission to “advance the 
status of the profession of mathematics, encouraging and 
facilitating full participation of all individuals.” This goal 
is admirable. However, because of their exclusion from 
Society activities—including overt discrimination in the 
pre-Civil Rights era to today’s ongoing slights—many Af-
rican Americans and members of other underrepresented 
groups have never felt welcomed by the AMS.

On June 12, 2020, following the murder of George Floyd 
by a policeman in Minneapolis, the AMS Council issued a 
statement which includes:

In expressing our sadness, we recognize that the com-
mitment of the AMS to be an inclusive community 
and to speak out against injustice has not always 
been matched by corresponding actions. The AMS 
is an organization with shameful episodes in its long 
history, some of which are well-documented. We 
apologize for these mistakes, while realizing that this 
apology is not complete without a clear recognition 
of the depth and breadth of our mistakes.

This statement of the Council was intended only as an 
initial apology, while the Society worked to document its 
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Not acknowledging past and ongoing wrongs calls into 
question our stated commitment to the full participation 
of all and hampers any attempts we make to repair rifts 
with mathematicians of color. Injurious actions are not 
just in the past. Hence, this apology from the American 
Mathematical Society is an important sign of our ongoing 
moral commitment to learning from our mistakes.
A pledge
An apology can only be the beginning of healing the frac-
tured relationships that exist between the AMS and mem-
bers of our profession. Concrete actions must be taken by 
both AMS leadership and the mathematics profession more 
broadly, and structural changes in policies and practices 
are needed to sustain progress. The AMS is committed to 
making the mathematics community truly welcoming to 
all and the Council of the AMS pledges to lead this process 
on behalf of the Society.

of an AMS Task of Participation for Underrepre-
sented Minorities in Mathematics (1996).

 • The failure to effectively combat the compounded 
effects of racism, such as the continued marginal-
ization of Black mathematicians and their schol-
arly work through lack of visibility and recogni-
tion that the AMS can provide, illustrated by the 
relatively low numbers of AMS Invited Speakers 
at JMM by Black mathematicians (two between 
1967 and 2019) and the discrimination that Black 
mathematicians face in the math community.

Some have asked why an apology is necessary, espe-
cially if they feel they are not personally responsible for 
racist incidents that happened long ago, or that continue 
to happen. Others ask what good an apology will do now 
since it cannot undo the harms that have been inflicted 
on members of our profession. Still others wonder if the 
AMS is wading into a political arena, which in their view is 
antithetical to the nature of the profession. To address these 
questions, we point to a contemporary precedent by the 
American Medical Association, who in a similar apology, 
illuminates an important rationale:

Although current members of a group might bear 
little or no responsibility for past actions, a group 
apology makes clear the group’s current moral ori-
entation. Acknowledging past wrongs lays a marker 
for understanding and tracking current and future 
actions.
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Texas, Austin. He is a Fellow of SIAM, ACM, and ICAM, a 
member of the US National Academy of Engineering, the 
Academy of Medicine, Engineering, and Sciences of Texas, 
the European Academy of Sciences, and an honorary For-
eign Member of the Czech Learned Society.

Babuška’s work spans the fields of theoretical and ap-
plied mathematics with emphasis on numerical methods, 
finite element methods, and computational mechanics. His 
interest in fostering collaboration among mathematicians, 
engineers, and physicists led him to establish this prize 
to encourage and recognize interdisciplinary work with 
practical applications.

The Ivo and Renata Babuška Thesis Prize is awarded in 
line with other AMS Prizes and Awards, according to gov-
ernance rules and practice in effect at that time.

Next Prize: Inaugural Prize January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: 
1. The prize will recognize a thesis for a PhD granted 

between July 1 of year -1 and June 30 of year 0 and 
will be presented at the Joint Mathematics Meetings in 
January of year +1.

2. The nominating institution will be a PhD-granting 
institution that is either a. located in the United States 
of America (USA), or b. located outside the USA and 
an institutional AMS member at the time of the nom-
ination.

3. One PhD thesis may be nominated by a nominating 
institution.

4. The nominating institution will submit a copy of the 
thesis along with a letter in support of the nomination, 
and both will be written in English.

5. A selection committee will be appointed by the AMS 
President.

To make a nomination go to https://www.ams.org 
/babuska-prize.

AMS Prizes & Awards
NEW! Ivo and Renata Babuška 
Thesis Prize
The Ivo and Renata Babuška Thesis Prize is awarded annu-
ally ($3,000) to the author of an outstanding PhD thesis 
in mathematics, interdisciplinary in nature, possibly with 
applications to other fields.

About this Prize
Ivo Babuška is a Czech-American mathematician whose 
honors include five doctorates honoris causa, the Czecho-
slovak State prize for Mathematics, the Leroy P. Steele Prize, 
the Birkhoff Prize, the Humboldt Award of Federal Republic 
of Germany, the John von Neumann Medal, the Neuron 
Prize Czech Republic, the ICAM Congress Medal (Newton 
Gauss), the Bolzano Medal, and the Honorary Medal De 
Scientia Et Humanitate Optime Meritis. Asteroid 36060 
Babuška was named in his honor by the International 
Astronomical Union.

Renata Babuška (nee Mikulášek) was Ivo’s wife and 
partner for 63 years. Renata grew up in Prague, Czechoslo-
vakia and graduated from Charles University in 1953 with 
a degree in Mathematical Statistical Engineering. Upon 
graduation, she was assigned to the Education Department 
as an administrator evaluating universities and technical 
schools. Two years later she became an Assistant Professor 
of Mathematics at the Czech Technical University. After 
moving to the US, Renata worked as a data and computing 
management consultant for different government agencies 
in Washington, DC. She liked to point out that behind 
every successful man is a strong woman and he often said 
that without Renata, he would not have accomplished all 
that he did.

Babuška was a Distinguished Professor at the University 
of Maryland at College Park and then the Robert B. Trull 
Chair in Engineering, TICAM Senior Research Scientist, 
Professor of Aerospace Engineering and Engineering Me-
chanics, and Professor of Mathematics at the University of 

https://www.ams.org/babuska-prize
https://www.ams.org/babuska-prize
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NEW! The Elias M. Stein Prize 
for New Perspectives  
in Analysis 
The Elias M. Stein Prize for New Perspectives in Analysis is 
awarded for the development of groundbreaking methods 
in analysis which demonstrate promise to revitalize estab-
lished areas or create new opportunities for mathematical 
discovery. The current prize amount is US$5,000 and the 
prize is awarded every three years for work published in 
the preceding six years.

About this Prize
This prize was endowed in 2022 by students, colleagues, 
and friends of Elias M. Stein to honor his remarkable legacy 
in the area of mathematical analysis. Stein is remembered 
for identifying many deep principles and methods which 
transcend their original context, and for opening entirely 
new areas of research which captivated the attention and 
imagination of generations of analysts. This prize seeks 
to recognize mathematicians at any career stage who, like 
Stein, have found exciting new avenues for mathematical 
exploration in subjects old or new or made deep insights 
which demonstrate promise to reshape thinking across 
areas.

Next Prize: Inaugural Prize January 2024

Nomination Period: 1 February – 30 June 2023

Nomination Procedure: Nominations can be submitted 
between February 1 and June 30. Nominations should 
include a letter of nomination and a brief citation to be 
used in the event that the nomination is successful. 

To make a nomination go to https://www.ams.org 
/stein-prize.

Leroy P. Steele Prize for 
Lifetime Achievement

About this Prize
The Steele Prize for Lifetime Achievement is awarded for 
the cumulative influence of the total mathematical work 
of the recipient, high level of research over a period of 
time, particular influence on the development of a field, 
and influence on mathematics through PhD students. The 
amount of this prize is US$10,000.

Next Prize: January 2024

Nomination Period: 1 February – 31 March 2023

Nomination Procedure: https://www.ams.org/steele 
-prize

Nominations can be submitted between February 1 and 
March 31. Nominations for the Steele Prizes for Lifetime 
Achievement should include a letter of nomination, the 
nominee’s CV, and a short citation to be used in the event 
that the nomination is successful. Nominations will remain 
active and receive consideration for three consecutive years.

Leroy P. Steele Prize for 
Mathematical Exposition

About this Prize
The Steele Prize for Mathematical Exposition is awarded for 
a book or substantial survey or expository research paper. 
The amount of this prize is US$5,000.

Next Prize: January 2024

Nomination Period: 1 February – 31 March 2023

Nomination Procedure: https://www.ams.org/steele 
-prize

Nominations can be submitted between February 1 and 
March 31. Nominations for the Steele Prizes for Mathe-
matical Exposition should include a letter of nomination, 
a complete bibliographic citation for the work being nom-
inated, and a brief citation to be used in the event that the 
nomination is successful. Nominations will remain active 
and receive consideration for three consecutive years.

Leroy P. Steele Prize for 
Seminal Contribution  
to Research

About this Prize
The Steele Prize for Seminal Contribution to Research is 
awarded for a paper, whether recent or not, that has proved 
to be of fundamental or lasting importance in its field, or 
a model of important research.

https://www.ams.org/stein-prize
https://www.ams.org/stein-prize
https://www.ams.org/steele-prize
https://www.ams.org/steele-prize
https://www.ams.org/steele-prize
https://www.ams.org/steele-prize
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Special Note: The Steele Prize for Seminal Contribution 
to Research is awarded according to the following six-year 
rotation of subject areas:
1. Open (2025)
2. Analysis/Probability (2026)
3. Algebra/Number Theory (2027)
4. Applied Mathematics (2028)
5. Geometry/Topology (2029)
6. Discrete Mathematics/Logic (2024)

Next Prize: January 2024

Nomination Period: 1 February – 31 March 2023

Nomination Procedure: https://www.ams.org/steele 
-prize

Nominations can be submitted between February 1 and 
March 31. Nominations for the Steele Prizes for Seminal 
Contribution to Research should include a letter of nom-
ination, a complete bibliographic citation for the work 
being nominated, and a brief citation to be used in the 
event that the nomination is successful.

Chevalley Prize  
in Lie Theory
The Chevalley Prize is awarded for notable work in Lie 
theory published during the preceding six years; a recipient 
should be at most twenty-five years past the PhD.

About this Prize
The Chevalley Prize was established in 2014 by George 
Lusztig to honor Claude Chevalley (1909–1984). Chevalley 
was a founding member of the Bourbaki group. He made 
fundamental contributions to class field theory, algebraic 
geometry, and group theory. His three-volume treatise on 
Lie groups served as standard reference for many decades. 
His classification of semisimple groups over an arbitrary 
algebraically closed field provides a link between Lie’s the-
ory of continuous groups and the theory of finite groups, 
to the enormous enrichment of both subjects.

The current prize amount is US$8,000, awarded in 
even-numbered years, without restriction on society mem-
bership, citizenship, or venue of publication.

Next Prize: January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: Submit a letter of nomination, 
complete bibliographic citations for the work being  

nominated, and a brief citation that might be used in the 
event that the nomination is successful.

To make a nomination go to https://www.ams.org 
/chevalley-prize.

Frank Nelson Cole Prize  
in Algebra
This prize recognizes a notable research work in algebra 
that has appeared in the last six years. The work must be 
published in a recognized, peer-reviewed venue.

About this Prize
This prize (and the Frank Nelson Cole Prize in Number 
Theory) was founded in honor of Professor Frank Nelson 
Cole upon his retirement after twenty-five years as secretary 
of the American Mathematical Society. Cole also served 
as editor-in-chief of the Bulletin for twenty-one years. The 
original fund was donated by Professor Cole from moneys 
presented to him on his retirement, and was augmented by 
contributions from members of the Society. The fund was 
later doubled by his son, Charles A. Cole, and supported 
by family members. It has been further supplemented by 
George Lusztig and by an anonymous donor.

The current prize amount is US$5,000, and the prize is 
awarded every three years.

Next Prize: January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: Submit a letter of nomination, a 
complete bibliographic citation for the work being nom-
inated, and a brief citation that explains why the work is 
important.

To make a nomination go to https://www.ams.org 
/cole-prize-algebra.

Levi L. Conant Prize
This prize was established in 2000 in honor of Levi L. 
Conant to recognize the best expository paper published 
in either the Notices of the AMS or the Bulletin of the AMS 
in the preceding five years.

About this Prize
Levi L. Conant was a mathematician and educator who 
spent most of his career as a faculty member at Worcester 
Polytechnic Institute. He was head of the mathematics de-
partment from 1908 until his death and served as interim 

https://www.ams.org/steele-prize
https://www.ams.org/steele-prize
https://www.ams.org/cole-prize-algebra
https://www.ams.org/cole-prize-algebra
https://www.ams.org/chevalley-prize
https://www.ams.org/
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president of WPI from 1911 to 1913. Conant was noted as 
an outstanding teacher and an active scholar. He published 
a number of articles in scientific journals and wrote four 
textbooks. His will provided for funds to be donated to the 
AMS upon the death of his wife.

Prize winners are invited to present a public lecture 
at Worcester Polytechnic Institute as part of their Levi L. 
Conant Lecture Series, which was established in 2006. 

The Conant Prize is awarded annually in the amount 
of US$1,000.

Next Prize: January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: Nominations with supporting 
information should be submitted online. Nominations 
should include a letter of nomination, a short description 
of the work that is the basis of the nomination, and a com-
plete bibliographic citation for the article being nominated.

To make a nomination go to https://www.ams.org 
/conant-prize.

Ulf Grenander Prize  
in Stochastic Theory  
and Modeling
The Grenander Prize recognizes exceptional theoretical and 
applied contributions in stochastic theory and modeling. 
It is awarded for seminal work, theoretical or applied, in 
the areas of probabilistic modeling, statistical inference, 
or related computational algorithms, especially for the 
analysis of complex or high-dimensional systems.

About this Prize
This prize was established in 2016 by colleagues of Ulf 
Grenander (1923–2016). Professor Grenander was an in-
fluential scholar in stochastic processes, abstract inference, 
and pattern theory. He published landmark works through-
out his career, notably his 1950 dissertation, Stochastic 
Processes and Statistical Interference at Stockholm University, 
Abstract Inference, his seminal Pattern Theory: From represen-
tation to inference, and General Pattern Theory. A long-time 
faculty member of Brown University’s Division of Applied 
Mathematics, Grenander received many honors. He was a 
Fellow of the American Academy of Arts and Sciences and 
the National Academy of Sciences and was a member of 
the Royal Swedish Academy of Sciences.

The current prize amount is US$5,000, and the prize is 
awarded every three years.

Next Prize: January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: To make a nomination go to 
https://www.ams.org/grenander-prize.

Bertrand Russell Prize

About this Prize
The Bertrand Russell Prize of the AMS was established in 
2016 by Thomas Hales. The prize looks beyond the con-
fines of the profession to research or service contributions 
of mathematicians or related professionals to promoting 
good in the world. It recognizes the various ways that  
mathematics furthers fundamental human values. Math-
ematical contributions that further world health, our un-
derstanding of climate change, digital privacy, or education 
in developing countries are some examples of the type of 
work that might be considered for the prize.

The current prize amount is US$5,000, awarded every 
three years.

Next Prize: January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: Include a short description of 
the work that is the basis of the nomination, including 
complete bibliographic citations. A curriculum vitae should 
be included.

To make a nomination go to https://www.ams.org 
/russell-prize.

Albert Leon Whiteman 
Memorial Prize
The Whiteman Prize recognizes notable exposition and 
exceptional scholarship in the history of mathematics.

About this Prize
This prize was established in 1998 using funds donated by 
Mrs. Sally Whiteman in memory of her husband, Albert 
Leon Whiteman.

The US$5,000 prize is awarded every three years.

Next Prize: January 2024

Nomination Period: 1 February – 31 May 2023

https://www.ams.org/conant-prize
https://www.ams.org/conant-prize
https://www.ams.org/russell-prize
https://www.ams.org/russell-prize
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Nomination Procedure: Include a short description of 
the work that is the basis of the nomination, including 
complete bibliographic citations. A curriculum vitae should 
be included.

To make a nomination go to https://www.ams.org 
/whiteman-prize.

Award for Distinguished 
Public Service
The Award for Distinguished Public Service recognizes a 
research mathematician who has made recent or sustained 
distinguished contributions to the mathematics profession 
through public service.

About this Award
The AMS Council established this award in response to a 
recommendation from its Committee on Science Policy.

The US$4,000 award is presented every two years.

Next Award: January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: Submit a letter of nomination 
describing the candidate’s accomplishments, a CV for the 
nominee, and a brief citation that explains why the work 
is important.

To make a nomination go to https://www.ams.org 
/public-service-award.

Award for an Exemplary 
Program or Achievement in 
a Mathematics Department
This award recognizes a department which has distin-
guished itself by undertaking an unusual or particularly 
effective program of value to the mathematics community, 
internally or in relation to the rest of society. Examples 
might include a department that runs a notable minority 
outreach program, a department that has instituted an 
unusually effective industrial mathematics internship 
program, a department that has promoted mathemat-
ics so successfully that a large fraction of its university’s 
undergraduate population majors in mathematics, or a 
department that has made some form of innovation in its 
research support to faculty and/or graduate students, or 

which has created a special and innovative environment 
for some aspect of mathematics research.

About this Award
This award was established in 2004. For the first three 
awards (2006–2008), the prize amount was US$1,200. 
The prize was endowed by an anonymous donor in 2008, 
and starting with the 2009 prize, the amount is US$5,000.

This US$5,000 prize is awarded annually. Departments 
of mathematical sciences in North America that offer at 
least a bachelor’s degree in mathematical sciences are 
eligible.

Next Award: January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: A letter of nomination may be 
submitted by one or more individuals. Nomination of the 
writer’s own institution is permitted. The letter should de-
scribe the specific program(s) for which the department is 
being nominated as well as the achievements which make 
the program(s) an outstanding success, and may include 
any ancillary documents which support the success of the 
program(s). Where possible, the letter and documentation 
should address how these successes 1) came about by sys-
tematic, reproducible changes in programs that might be 
implemented by others, and/or 2) have value outside the 
mathematical community. The letter should not exceed 
two pages, with supporting documentation not to exceed 
an additional three pages. 

To make a nomination go to https://www.ams.org 
/department-award.

Award for Mathematics 
Programs that Make  
a Difference
The Award for Mathematics Programs that Make a Differ-
ence was established in 2005 by the AMS’s Committee on 
the Profession to compile and publish a series of profiles 
of programs that:
1. aim to bring more persons from underrepresented 

backgrounds into some portion of the pipeline be-
ginning at the undergraduate level and leading to 
advanced degrees in mathematics and professional 
success, or retain them once in the pipeline;

2. have achieved documentable success in doing so; and
3. are potentially replicable models.

https://www.ams.org/whiteman-prize
https://www.ams.org/whiteman-prize
https://www.ams.org/public-service-award
https://www.ams.org/public-service-award
https://www.ams.org/department-award
https://www.ams.org/department-award
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About this Award
This award brings recognition to outstanding programs that 
have successfully addressed the issues of underrepresented 
groups in mathematics. Examples of such groups include 
racial and ethnic minorities, women, low-income students, 
and first-generation college students.

One program is selected each year by a Selection Com-
mittee appointed by the AMS President and is awarded 
US$1,000 provided by the Mark Green and Kathryn Kert 
Green Fund for Inclusion and Diversity.

Preference is given to programs with significant partici-
pation by underrepresented minorities. Note that programs 
aimed at pre-college students are eligible only if there is 
a significant component of the program benefiting indi-
viduals from underrepresented groups at or beyond the 
undergraduate level. Nomination of one’s own institution 
or program is permitted and encouraged.

Next Award: January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: The letter of nomination should 
describe the specific program being nominated and the 
achievements that make the program an outstanding 
success. It should include clear and current evidence of 
that success. A strong nomination typically includes a 
description of the program’s activities and goals, a brief 
history of the program, evidence of its effectiveness, and 
statements from participants about its impact. The letter of 
nomination should not exceed two pages, with supporting 
documentation not to exceed three more pages. Up to three 
supporting letters may be included in addition to these 
five pages. Nomination of the writer’s own institution or 
program is permitted. Non-winning nominations will 
automatically be reconsidered for the award for the next 
two years.

To make a nomination go to https://www.ams.org 
/make-a-diff-award.

Award for Impact on  
the Teaching and Learning 
of Mathematics
This award is given annually to a mathematician (or group 
of mathematicians) who has made significant contribu-
tions of lasting value to mathematics education.

Priorities of the award include recognition of:
(a) accomplished mathematicians who have worked di-

rectly with pre-college teachers to enhance teachers’ impact 
on mathematics achievement for all students, or

(b) sustainable and replicable contributions by math-
ematicians to improving the mathematics education of 
students in the first two years of college.

About this Award
The Award for Impact on the Teaching and Learning of 
Mathematics was established by the AMS Committee on 
Education in 2013. The endowment fund that supports 
the award was established in 2012 by a contribution from 
Kenneth I. and Mary Lou Gross in honor of their daughters 
Laura and Karen.

The US$1,000 award is given annually.

Next Award: January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: Letters of nomination may be 
submitted by one or more individuals. The letter of nomi-
nation should describe the significant contributions made 
by the nominee(s) and provide evidence of the impact these 
contributions have made on the teaching and learning of 
mathematics. The letter of nomination should not exceed 
two pages, and may include supporting documentation not 
to exceed three additional pages. A brief curriculum vitae 
for each nominee should also be included. The non-win-
ning nominations will automatically be reconsidered, 
without further updating, for the awards to be presented 
over the next two years.

To make a nomination go to https://www.ams.org 
/impact.

Fellowships
Fellows of the American 
Mathematical Society
The Fellows of the American Mathematical Society pro-
gram recognizes members who have made outstanding 
contributions to the creation, exposition, advancement, 
communication, and utilization of mathematics.

AMS members may be nominated for this honor during 
the nomination period which occurs in February and March 
each year. Selection of new Fellows (from among those 
nominated) is managed by the AMS Fellows Selection 
Committee, comprised of twelve members of the AMS who 
are also Fellows. Those selected are subsequently invited 

https://www.ams.org/make-a-diff-award
https://www.ams.org/impact
https://www.ams.org/impact
https://www.ams.org/make-a-diff-award
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must be completed while the student is an undergraduate. 
Publication of research is not required.

About this Prize
The prize was established in 1995. It is entirely endowed by 
a gift from Mrs. Frank (Brennie) Morgan. It is made jointly 
by the American Mathematical Society, the Mathematical 
Association of America, and the Society for Industrial and 
Applied Mathematics.

The current prize amount is US$1,200, awarded annu-
ally.

Next Prize: January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: To nominate a student, submit a 
letter of nomination, a brief description of the work that is 
the basis of the nomination, and complete bibliographic 
citations (or copies of unpublished work). All submissions 
for the prize must include at least one letter of support 
from a person, usually a faculty member, familiar with the 
student’s research.

To make a nomination go to https://www.ams.org 
/morgan-prize.

JPBM Communications 
Award
This award is given each year to reward and encourage com-
municators who, on a sustained basis, bring mathematical 
ideas and information to non-mathematical audiences.

About this Award
This award was established by the Joint Policy Board for 
Mathematics (JPBM) in 1988. JPBM is a collaborative 
effort of the American Mathematical Society, the Mathe-
matical Association of America, the Society for Industrial 
and Applied Mathematics, and the American Statistical 
Association.

Up to two awards of US$2,000 are made annually. Both 
mathematicians and non-mathematicians are eligible.

Next Prize: January 2024

Nomination Period: open

Nomination Procedure: Nominations should be submit-
ted on mathprograms.org. Note: Nominations collected 
before September 15th in year N will be considered for an 
award in year N+2. 

to become Fellows and the new class of Fellows is publicly 
announced each year on November 1. 

Learn more about the qualifications and process for 
nomination at https://www.ams.org/ams-fellows.

Joint Prizes & Awards
George David Birkhoff Prize 
in Applied Mathematics 
(AMS-SIAM)
The Birkhoff Prize is awarded for an outstanding contribu-
tion to applied mathematics in the highest and broadest 
sense.

About this Prize
The prize was established in 1967 in honor of Professor 
George David Birkhoff, with an initial endowment con-
tributed by the Birkhoff family and subsequent additions 
by others. The American Mathematical Society (AMS) and 
the Society for Industrial and Applied Mathematics (SIAM) 
award the Birkhoff Prize jointly.

The current prize amount is US$5,000, awarded every 
three years to a member of AMS or SIAM.

Next Prize: January 2024

Nomination Period: 1 February – 31 May 2023

Nomination Procedure: To make a nomination go to 
https://www.ams.org/birkhoff-prize.

Frank and Brennie Morgan 
Prize for Outstanding 
Research in Mathematics by 
an Undergraduate Student 
(AMS-MAA-SIAM)
The Morgan Prize is awarded each year to an undergrad-
uate student (or students for joint work) for outstanding 
research in mathematics. Any student who was enrolled as 
an undergraduate in December at a college or university in 
the United States or its possessions, Canada, or Mexico is 
eligible for the prize.

The prize recipient’s research need not be confined to a 
single paper; it may be contained in several papers. How-
ever, the paper (or papers) to be considered for the prize 

https://www.ams.org/morgan-prize
https://www.ams.org/morgan-prize
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Citation
Letong (Carina) Hong
The recipient of the 2023 AMS-
MAA-SIAM Frank and Brennie 
Morgan Prize for Outstanding 
Research in Mathematics by 
an Undergraduate Student is 
Letong (Carina) Hong of MIT. 
Hong has solved conjectures 
and proven important results in 
combinatorics, number theory, 
and probability. She has written 
9 research papers, 7 of which 
have already been published or 

accepted, including in journals such as Research in Num-
ber Theory, Combinatorial Theory, and Advances in Applied 
Mathematics. Hong’s level of accomplishment is even more 
striking, as she graduated from MIT after only three years.

Hong has an extensive collection of impressive results 
in number theory. With Mertens, Ono, and fellow under-
graduate Shengtong Zhang, Hong has proven a conjecture 
of Căldăraru, He, and Huang, the “Moonshine conjecture 
at Landau-Ginzburg points,” which concerns the elliptic 
expansion of the j-function at certain cusps and the classical 
rational function defining the hypergeometric inversion 
formula for the j-function. Hong, Ono and Zhang have 
studied Euler-Kronecker constants for cyclotomic fields, 
giving strong theoretic evidence for a conjecture on their 
sizes. Hong and Zhang have proven a conjecture of Bal-
lantine and Merca, giving a detailed analysis of certain 
congruences for products of theta functions. With Zhang, 

she also made significant progress towards a conjecture of 
Heim and Neuhauser on the unimodality of Nekrasov-Ok-
ounkov polynomials, which play an interesting role in the 
representation theory of the symmetric group. Hong and 
Amir have proven results for newforms of weight 2 and 3, 
generalizable to higher odd weights, related to Lehmer’s 
conjecture on the nonvanishing of Ramanujan’s τ-function.

Hong has also done outstanding work in combinatorics 
and related fields. She has proven a conjecture of Defant by 
showing that a certain generating function defined in terms 
of the dynamics of the pop-stack sorting operator acting 
on Tamari lattices is a rational function. Hong and Zhang 
proved that there are no extremal squarefree words over 
alphabets of size at least 17, making significant progress 
towards the conjecture that there are no such words over 
alphabets of size at least 4. With Miklós she exhibited an 
irreducible Markov chain on edge k-colorings of bipartite 
graphs with small diameter and large Metropolis-Hast-
ings acceptance ratio, with application in Latin rectangle 
completions. Hong has worked on additional projects 
about pattern avoidance in inversion sequences and local 
limits of high genus planar maps. The committee was very 
impressed by Hong’s ability to work on problems in so 
many different mathematical areas, and to make progress 
on conjectures that are of significant interest to the math-
ematical community.

In addition to her excellent research work, Hong made 
extensive contributions while at MIT through her work as 
President of the Undergraduate Math Association, Presi-
dent of the International Students Association, and in ex-
ecutive roles with the First-Generation and/or Low-Income 

The AMS-MAA-SIAM Frank and Brennie Morgan Prize for Outstanding Research in Mathematics by an Undergraduate 
Student is awarded annually to an undergraduate student (or students for joint work) for outstanding research in 
mathematics.

The prize recipient’s research needn’t be confined to a single paper. However, the paper (or papers) to be consid-
ered for the prize must be completed while the student is an undergraduate. Publication of research is not required.

The prize was established in 1995 and is entirely endowed by a gift from Mrs. Frank (Brennie) Morgan. The prize 
is made jointly by the American Mathematical Society, the Mathematical Association of America, and the Society for 
Industrial and Applied Mathematics.

Letong (Carina) Hong
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student coalition and the Society of Physics Students. She 
received the 2022 Alice T. Schafer Mathematics Prize from 
the AWM. Hong will continue her studies as a graduate 
student at Oxford as a Rhodes Scholar and then head to 
Stanford.

Biographical Note 
Letong (Carina) Hong is from Canton, China. For ten 
years she trained in contest-style problem-solving at her 
province’s Olympiad math team. She fell in love with 
Legendre/Jacobi symbols and handle theory at the Ross 
Program and Stanford Math Camp and decided to pursue 
higher mathematics. With this new goal she self-studied 
English in order to understand the GTM [Graduate Text-
books in Mathematics] vocabulary but could not access 
research opportunities until college. Carina received dual 
bachelor’s degrees in math and physics from MIT and has 
conducted research at the BSM, UVA, and Duluth REUs 
[Research Experiences for Undergraduates]. Currently, she 
is at Oxford working with Professor Ben Green FRS.

Growing up, Carina was heavily involved in debate, 
emceeing, and dance. While at MIT, she could be found 
stargazing at Wallace Observatory, competing in electronic 
trading, and chasing her classmates around in live-action 
mafia. She also enjoys skiing and competitive cheerleading, 
though she had to fall down a lot in both.

Response from Letong (Carina) Hong
I am beyond grateful to have been selected as the recipient 
of the 2023 Frank and Brennie Morgan Prize. I would like to 
extend my deepest gratitude to Mrs. Morgan and the AMS, 
MAA, and SIAM for encouraging undergraduates pursuing 
mathematical research.

I would like to especially thank my undergraduate advi-
sor Professor Pavel Etingof whose kindness and support has 
been defining in my mathematical journey. He believed in 
me, gave me tremendous invaluable advice, and offered the 
most generous help during various difficult times.

I am also grateful to Professor Ken Ono for dedicating 
himself to develop me as a researcher since the UVA REU 
and throughout my entire undergraduate career. The many 
elegant number theory problems I was so fortunate to 
encounter because of him engendered in me an intense 
fascination in research such that I am not fearful of the 
problem difficulty. Further I am deeply thankful to Profes-
sor Joseph Gallian for the lasting effort, determination, and 
care he put into running the Duluth REU; into every field 
trip and into every single student. I feel blessed that I found 
a community that gave me a sense of security, belonging, 
and empowerment at Duluth, and in particular I want to 
thank Dr. Colin Defant for leading me on an algebraic 
combinatorics adventure.

Finally, I want to thank Professor István Miklós, for being 
an amazing mentor, collaborator, and friend since the BSM; 

Professor Scott Sheffield, for walking me into the brilliant 
world of random surfaces with charisma and humor; and 
Professor Henry Cohn, for teaching me so much about an 
intricately charming problem and encouraging me espe-
cially during setbacks. I profoundly cherish each of these 
experiences.

Lastly, I thank my family for their unconditional love, 
and especially my mother who pours her heart into sup-
porting me every step of the way.

Citation
Egor Lappo
Receiving Honorable Mention 
for the 2023 Frank and Brennie 
Morgan Prize for Outstanding 
Research in Mathematics by an 
Undergraduate Student is Egor 
Lappo. Lappo has received a 
BS with Honors in Mathemat-
ics from Stanford University, 
where he is currently pursuing 
a doctorate in Biology. Lappo’s 
work addresses combinatorial 
and probabilistic problems in 

the field of mathematical evolutionary biology, within 
which he has formalized and resolved conjectures and 
opened new frameworks. This work has resulted in two 
published coauthored mathematical research papers (and 
two additional manuscripts under review) and displays 
expertise crossing fields including Mathematics, Statistics, 
Biology, and Computer Science. Furthermore, he has writ-
ten an honors thesis titled “Concordance of spatial graphs” 
in the area of modern knot theory. In this research, Lappo 
generalized Taniyama’s work to concordance of arbitrary 
spatial graphs.

Lappo’s work has been described as “creative, indepen-
dent, voluminous, and diverse in scope and technique”. 
Egor Lappo is recognized with an honorable mention for 
the 2023 Frank and Brennie Morgan Prize for his outstand-
ing research in combinatorics, knot theory, and mathemat-
ical evolutionary biology.

Biographical Note
Egor Lappo grew up in Tula, Russia. In high school, he 
was an active participant in science olympiads, and was 
awarded a Gold Medal at the 2017 International Biology 
Olympiad. As an undergraduate at Stanford University, he 
unexpectedly fell in love with geometric and topological 
topics, which led him to major in mathematics. This fall, 
he begins graduate studies in Biology at Stanford Univer-
sity, specializing in population biology and evolutionary 
genetics. Aside from research, you can always talk to Egor 
about modernist literature, Marxist political theory, or 
obscure video games. In his free time, you can often find 

Egor Lappo
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the structure of FI-Modules, and has developed an original 
generalization of the notion of operads.

Sophie’s letter writers were particularly enthusiastic 
about this recent work and note that her research to date 
“would be surprising for a graduate student” and that she 
has “produced a body of work that would be the envy of 
most post-docs.”

Biographical Note
Mathematics has been Sophie Kriz’s main interest since 
an early age. She began school as a non-degree student 
and later became a regular student at the University of 
Michigan. She is currently finishing her Honors Major in 
Mathematics this year.

She always enjoyed doing research in mathematics. 
She has written over 10 research papers, six of which are 
currently published or accepted for publication. She also 
co-authored a textbook in algebraic geometry. In addition, 
she participated in Math Corps at the University of Michi-
gan. She also enjoys playing the piano.

Response from Sophie Kriz
My goal is to do good mathematics and I am honored to 
be recognized for it. I wanted to thank Professor Andrew 
Snowden for his mentorship and all those who supported 
my nomination.

Credits
Photo of Letong (Carina) Hong is courtesy of Junwei Guo.
Photo of Egor Lappo is courtesy of Egor Lappo.
Photo of Sophie Kriz is courtesy of Sophie Kriz.

Egor cycling around Palo Alto, learning jazz guitar, or 
playing chess.

Response from Egor Lappo
I am incredibly honored to receive an Honorable Mention 
for the 2023 Morgan Prize. I would like to thank everyone 
who helped me on my academic journey. I am grateful to 
my family, especially my mother Natalia, who supported 
me all these years and gave me opportunities to pursue my 
interests. I want to thank Noah Rosenberg, to whom I owe 
most of my progress as a scientist. Ciprian Manolescu in-
troduced me to the field of low-dimensional topology and 
provided invaluable guidance and encouragement while 
supervising my thesis, for which I am immensely thankful. I 
want to honor Yakov Eliashberg and Lenya Ryzhik for their 
patience with me during our lengthy discussions. I also 
want to thank Marcus Feldman, who encouraged me to be 
more independent and ambitious in my research. Finally, 
I am grateful to Sharon Du for her unwavering support.

Citation
Sophie Kriz
Receiving Honorable Mention 
for the 2023 Frank and Brennie 
Morgan Prize for Outstanding 
Research by an Undergradu-
ate Student is Sophie Kriz of 
University of Michigan. She 
has written ten solo-authored 
research papers in representa-
tion theory and category theory, 
and has also co-authored a text-
book, Introduction to Algebraic 
Geometry. Sophie’s letter writers 

emphasized her independence and one wrote that the 
“range of subjects tackled and the sheer level of expertise 
exhibited are truly astonishing.”

Sophie has recently given a counterexample to a long-
standing conjecture in equivariant stable homotopy theory, 
the evenness conjecture for homotopical complex bord-
ism. A basic and interesting question is to understand the 
equivariant analogue of complex cobordism. Computing 
the coefficient ring of homotopical equivariant complex 
cobordism for general groups G turns out to be a difficult 
problem. An old conjecture, which was established over 
30 years ago for abelian groups, is that the graded coeffi-
cient rings are concentrated in even degrees. Sophie’s work 
provides explicit counterexamples to the conjecture and 
her method of proof sheds light on the structure of the 
coefficient ring. Sophie’s results establish new completion 
theorems for a wide class of equivariant cohomology the-
ories and are likely to have a lasting impact in the field. 
Sophie has also made significant progress in the study of 

Sophie Kriz
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The Wall Street Journal, and Slate; a novel, The Grasshopper 
King, and two general-audience books about mathematics, 
How Not To Be Wrong and Shape, which were both New York 
Times best-sellers. Most recently, all these achievements 
were eclipsed when he became a Jeopardy clue. 

Response from Jordan Ellenberg 
I feel tremendously honored to be awarded the JPBM 
Communications Award, especially when the list of pre-
vious recipients contains so many of the people whose 
writing has aided my own, among them Steve Strogatz, 
Siobhan Roberts, Sylvia Nasar, and of course the light of 
my childhood, the late Martin Gardner. What Gardner’s 
writing taught me is that making math interesting to people 
outside the field isn’t about looking into their minds and 
figuring out what sort of thing interests them, but about 
looking inside our own minds, getting in touch with our 
own authentic excitement about the material, and figuring 
out a way to get that out of our heads and onto the page. 

I’m also very grateful to my PhD advisor Barry Mazur, 
who besides helping me become the number theorist I 
wanted to be, showed me that outward-facing mathematics 
didn’t have to detract from a deep commitment to math-
ematical research; and to the editors who’ve taken the risk 
of putting mathematics in their own pages, like Josh Levin 
at Slate, Nicholas Thompson and Wired, and most of all 
Scott Moyers at Penguin Press. 

Citation 
Jordan Ellenberg 
Jordan Ellenberg receives the 
2023 Joint Policy Board for 
Mathematics (JPBM) Commu-
nications Award for his clear 
and entertaining prose that 
brings the power and beauty of 
mathematics to general audi-
ences. In addition to authoring 
two bestselling books How Not 
to be Wrong: The Power of Mathe-
matical Thinking and Shape: The 
Hidden Geometry of Information, 

Biology, Strategy, Democracy, and Everything Else, he also 
contributes many articles to newspapers and magazines 
in print and online. 

Biographical Note 
Jordan Ellenberg grew up in Maryland, received his PhD 
in mathematics from Harvard in 1998, and is now the John 
D. MacArthur Professor of Mathematics at the University 
of Wisconsin-Madison. His research centers on arithmetic 
geometry and especially on Diophantine problems, though 
his work stretches to touch algebraic geometry, toplogy, and 
extremal combinatorics. He has held a Sloan Fellowship, 
an NSF-CAREER award, and a Guggenheim Fellowship; he 
is a Fellow of the American Mathematical Society and gave 
a plenary lecture at the 2013 Joint Meetings. He is also the 
author of numerous articles on mathematical topics in pub-
lications including The New York Times, The Washington Post, 

The Joint Policy Board for Mathematics (JPBM) Communications Award was established by the JPBM in 1988 and 
is given annually to reward and encourage communicators who, on a sustained basis, bring mathematical ideas 
and information to non-mathematical audiences. The JPBM is a collaborative effort of the American Mathematical  
Society, American Statistical Association, Mathematical Association of America, and Society for Industrial and Applied 
Mathematics.

Jordan Ellenberg
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Citation 
Grant Sanderson 
Grant Sanderson receives the 
2023 Joint Policy Board for 
Mathematics (JPBM) Commu-
nications Award for “3blue-
1brown”, his watchable and 
engaging YouTube channel, with 
over 4 million subscribers, 
about discovery and creativity 
in mathematics. Topics range 
broadly across timely and im-
portant mathematical areas, 
from neural networks to infor-

mation theory to unexpected appearances of pi in analysis 
and number theory. Through “3blue1brown” videos and 
animations, Grant Sanderson presents mathematics both 
as practically valuable and as an art form, rich with inviting 
stories and arresting images. 

Biographical Note 
Grant Sanderson is the creator of “3blue1brown,” a You-
Tube channel which explains a wide variety of topics in 
math using an emphasis on visual intuition and highlight-
ing unexpected connections, reaching over 4.5 million sub-
scribers. He wrote the opensource Python library Manim 
[An animation engine for explanatory math videos] used 
to create visuals for the channel, which has since been used 
by hundreds more in creating expository math material. 

After growing up in Park City, Utah, he studied math 
and computer science at Stanford University. Near the end 
of his time there he began experimenting with making 
YouTube videos and Manim, and after submitting some of 
the work to a talent search for online educators run by Khan 
Academy he was hired by the team there for a fellowship 
creating multivariable calculus material. Since then, while 
focusing full time on “3blue1brown,” he’s collaborated 
with numerous other math education and outreach outlets 
including MIT, Quanta, Numberphile, Udacity, and more. 

Response from Grant Sanderson 
It’s an honor to receive the JPBM Communications award. 
Many of the past recipients are idols of mine, from James 
Gleick to Steven Strogatz and countless others. My own 
love for mathematics is owed, in large part, to the works 
produced by people in this list, and I know the same is true 
for many others who have fallen for the subject. I’m grateful 
that the JPBM recognizes the importance of their efforts in 
math communication, and to be in any way named in their 
company is genuinely surreal. 

For me, math exposition is a puzzle. How do you keep 
material as accessible as possible, but without losing the 
essence of what makes it interesting to mathematicians, 
and powerful for solving problems? Much of my own work 
focuses on relaying visual intuitions that aid in both goals, 
but beyond the medium or method used to explain a topic, 
one thing I’ve learned from many of the past recipients 
to this award is the importance of a good story. Never 
underestimate the power of emotion in drawing people 
into mathematics, whether it’s the thrill of discovery, the 
excitement of a mathematician’s life, or the urge to resolve 
an unexplained mystery.

Credits
Photo of Jordan Ellenberg is courtesy of Mats Rudels.
Photo of Grant Sanderson is courtesy of Grant Sanderson.

Grant Sanderson
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PDEs and of fluid dynamics is exposed in a monumental 
series of three articles: “On the implosion of a compress-
ible fluid II: singularity formation,” Annals of Mathematics 
196 (2022), “On the implosion of a compressible fluid I: 
smooth self-similar inviscid profiles,” Annals of Mathematics 
196 (2022), and “On blow up for the energy super critical 
defocusing nonlinear Schrödinger equations,” Inventiones 
Mathematicae 227 (2022).

Biographical Note
Frank Merle was born on November 22, 1962. He received 
his PhD at the École Normale Supérieure in 1987 and held 
a position at the CNRS from 1988 to 1991. Since 1991, he 
has been a professor at the Université de Cergy-Pontoise. In 
the last twenty years, he has held a joint position between 
the Université de Cergy-Pontoise and l’Institut des Hautes 
Etudes Scientifiques, and has been a regular visitor at the 
University of Chicago.

He has held various visiting positions including at the 
IAS, the Courant Institute, Rutgers University, Stanford 
University, MSRI and Tokyo University.

Merle’s recent awards and honors include Speaker at 
the International Congress of Mathematicians (1998), 
The Bôcher Memorial Prize 2005 of the American Math-
ematical Society, the Médaille d’argent du CNRS (2005), 
the ERC Advanced Grant (2011), Speaker at the European 
Congress of Mathematics (2012), Plenary Speaker at the 
International Congress of Mathematicians (2014), Prix 
Ampère de l’Académie des Sciences (2018), Member of The 
Academia Europaea (2020).

Response from Frank Merle
It is a great honor to be awarded the Bôcher Memorial Prize 
together with my collaborators and friends Pierre Raphaël, 
Igor Rodnianski, and Jérémie Szeftel. I am deeply grateful 
to the Prize Committee and to the American Mathematical 
Society for their recognition of this research. This award has 
special meaning for me.

Citation

Frank Merle, Pierre Raphaël, 
Igor Rodnianski, and Jérémie Szeftel
The 2023 Bôcher Memorial Prize is awarded to Frank Merle, 
Pierre Raphaël, Igor Rodnianski, and Jérémie Szeftel for 
their groundbreaking work establishing the existence of 
blow-up solutions to the defocusing NLS equation in some 
supercritical regimes and to the compressible Euler and 
Navier-Stokes equations. This breathtaking achievement, 
which greatly enhances our understanding of dispersive 

This prize, the first to be offered by the American Mathematical Society, was founded in memory of Professor Maxime 
Bôcher, who served as president of the AMS (1909–1910). The original endowment was contributed by members of 
the Society and was augmented by a generous donor in 2008. It is awarded for a notable paper in analysis published 
during the preceding six years. The work must be published in a recognized, peer-reviewed venue.

Frank Merle

Igor Rodnianski

Pierre Raphaël

Jérémie Szeftel 
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I would like to thank the people who influenced me 
early in my career, specifically: Henri Berestycki, Haim 
Brezis, Louis Nirenberg, Hiroshi Matano, George Papanico-
laou, Robert V. Kohn, Abbas Bahri, Jean Ginibre. I am also 
deeply grateful to Jean Bourgain and to Carlos Kenig for 
their constant support and early recognition since the mid 
1990’s. I am also indebted to my close collaborators and 
friends who have helped me mature my mathematics. They 
are Hatem Zaag, Yvan Martel, Carlos Kenig, Thomas Duy-
ckaerts, Luis Vega, Hiroshi Matano, Charles Collot and of 
course Pierre Raphaël, Igor Rodnianski, and Jérémie Szeftel.

The results mentioned in the citation stem from a long 
collaboration and mathematical exploration with my coau-
thors Pierre, Igor and Jérémie. Each of us brought our own 
expertise, sharing a common enthusiasm which enabled 
our success. I feel very lucky to have such collaborators.

These papers are the result of a seemingly chaotic pro-
cess of exploration and creation related to supercritical 
problems with a lot of back and forth that started around 
ten years ago. In the process we became interested in fluid 
dynamics. It took a long time to realize that this could 
and would lead to blow-up in the defocusing situation, 
disproving the expected conjecture that blow-up would not 
occur in the supercritical case stated by Jean Bourgain, a 
giant of mathematics. This counterintuitive result and new 
ideology lead to the construction of blowup solutions for 
the 3 Dimensional Compressible Navier-Stokes Equation.

Again, I wish to thank the Prize Committee for honoring 
these lines of research, and I look forward to continuing 
to work on them.

Finally, I wish to thank my family for their constant 
support and love: my wife Rebecca, my children Jascha and 
Maxim, my parents Myriam and Norbert, my parents-in-law 
Beverly and Hy, and my friends.

Biographical Note 
Pierre Raphaël graduated from Ecole Polytechnique and 
received his doctorate from the University of Cergy Pon-
toise in 2004. Professor Raphaël then held appointments 
as Junior CNRS researcher in Orsay, Assistant Professor in 
Princeton, Professor at the University of Toulouse and the 
University of Nice. He is currently the Herchel Smith Pro-
fessor of Pure Mathematics at the University of Cambridge. 
His research on the mathematical description of singular-
ities for nonlinear waves has been supported by three ERC 
grants as Principal Investigator. He received the Grand Prix 
Alexandre Joannides from the French Academy of Sciences 
in 2014, and has been invited to give the Riviere–Fabes lec-
tures (Minneapolis 2007), the Nachdiplom lectures (ETH 
Zurich 2001), the Weyl lectures (IAS Princeton 2021) and 
the Zygmund–Calderon lectures (Chicago 2022).

Response from Pierre Raphaël 
Receiving the Bôcher Prize is an immense honor. Many of 
the names of those who transformed so deeply analysis in 
the last century belong to the list of awardees. Receiving 
this prize jointly with my collaborators Frank Merle, Igor 
Rodnianski and Jérémie Szeftel is such a pleasure! The 
work which has been recognized by the committee is the 
accomplishment of two decades of intense collaboration. 
This long journey started with the breakthrough work by 
Miguel Herrero and Juan Velasquez (1994) on singularity 
formation for super critical parabolic problems, and has 
constantly been influenced by our interaction with Yvan 
Martel and Hatem Zaag whose works on singularity forma-
tion started nothing but a revolution.

Biographical Note 
Igor Rodnianski was born in Kyiv, Ukraine. After receiving 
his PhD from Kansas State University under the direction 
of Lev Kapitanski in 1999, he came to Princeton as an 
Instructor and has been there since, with the exception 
of 2 enjoyable years as a Professor at MIT in 2011–2013. 
He is currently a Professor and the Department Chair at 
Princeton.

Rodnianski’s research interests lie broadly in the sub-
jects of partial differential equations and mathematical 
physics and, more specifically, in the areas of hyperbolic 
and dispersive equations and general relativity. He was a 
recipient of the Clay Fellowship, the Fermat Prize and a 
Simons Investigator Award.

Response from Igor Rodnianski
It is an incredible honor to join the company of the great 
mathematicians who have previously won the Bôcher 
Prize. This is felt even stronger with a realization that this 
year marks the 100th anniversary of the prize. I am very 
happy and grateful to share it with my collaborators. I 
have been very lucky to have worked on and solved, with 
Frank, Jérémie and Pierre, the two problems mentioned 
in the citation. One of them, the supercritical Schrödinger 
problem, is of particular personal significance. I have 
heard about this problem already in graduate school. Its 
resolution also became a solution (in the negative) of a 
conjecture of Jean Bourgain, who had been an inspiring, 
titan-like figure in the field. The second result on strong 
singularities in compressible fluids was a major surprise, 
at least to me, and had given me a delightful experience in 
the wonderful world of fluids.

I have been very fortunate in my career to enjoy collab-
orations with many fantastic mathematicians who have 
had a lasting impact on me and my work. Among those 
influences was a great tradition in mathematical physics 
and spectral theory in Saint-Petersburg where I received my 
undergraduate degree. The work recognized by the prize 
has the footprints of all of those influences. Finally, I want 
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Response from Jérémie Szeftel
I am honored to receive the 2023 Bôcher Prize, and de-
lighted to share it with my long-term collaborators Frank 
Merle, Pierre Raphaël and Igor Rodnianski. I am particularly 
happy to see Sergiu Klainerman among the impressive list 
of prestigious previous recipients of the prize, as he has 
played such an important role in my career from the time 
I spent as a postdoc in Princeton until today.

I would like to end by thanking my wife Emilie and my 
two kids Joshua and Elias for bringing joy in my life and 
for keeping me reasonably balanced.

Credits
Photo of Frank Merle is courtesy of Madame Marie Liesse.
Photo of Jérémie Szeftel is courtesy of Anca Niculin.

to express my appreciation of the Princeton Mathematics 
Department for its unparalleled scientific environment 
and also mention Mihalis Dafermos, Lev Kapitanski and 
Pierre Raphaël, who have not only taught me a tremendous 
amount but also have been good friends for many years.

Biographical Note 
Jérémie Szeftel is currently a senior CNRS researcher at the 
Laboratoire Jacques-Louis Lions of Sorbonne Université. 
Following a postdoctoral position at Princeton University 
and a junior CNRS position at Ecole Normale Supérieure, 
he joined the Laboratoire Jacques-Louis Lions in 2013. 
His current research interests concern nonlinear partial 
differential equations, general relativity, and finite time 
singularity formation.
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Citation

Kaisa Matomäki, James Newton, 
Maksym Radziwill, and Jack  Thorne 
The 2023 AMS Cole Prize in Number Theory is awarded to 
Kaisa Matomäki, James Newton, Maksym Radziwill, and 
Jack Thorne.

K. Matomäki and M. Radziwill have received the award 
for their breakthrough paper, “Multiplicative functions in 
short intervals,” [Annals of Math. 183 (2016), 1015–1056], 
which together with further developments by themselves 
and their collaborators have led to the solution and ad-
vances on long standing difficult problems. By showing 
that averages of multiplicative functions over short intervals 
typically behave as averages over long intervals, they were 
able to show cancellations in sums where the intervals 
have any length growing with their position, no matter 
how slowly. Their results are valid for general multipli-
cative functions, and apply in particular to functions of 
arithmetic importance. Among the consequences of their 
work, they were able to show that the Moebius function has 
a positive proportion of sign changes, the first significant 
breakthrough towards Chowla’s conjecture. Their milestone 
result is deeply influential, and has led to an explosion of 
work reshaping the field, and additional applications by 
themselves and others have led to the solution of some re-
lated open problems in number theory and combinatorics. 

J. Newton and J. Thorne have also received the award 
for their astonishing proof of a landmark sought after case 
of Langlands Conjectures; namely the symmetric power 
functoriality for holomorphic modular forms. These are 
achieved in their two papers:

This prize (and the Frank Nelson Cole Prize in Algebra) was founded in honor of Professor Frank Nelson Cole on 
the occasion of his retirement as Secretary of the American Mathematical Society after twenty-five years of service and 
as Editor-in-Chief of the Bulletin for twenty-one years. The original endowment was established by the Cole family 
and Society members, was augmented in 2018 by an anonymous donor, and continues to receive support from the 
family. The prize is for a notable paper in number theory published during the preceding six years. The work must be 
published in a recognized, peer-reviewed venue.

Kaisa Matomäki

Maksym Radziwill

James Newton

Jack Thorne
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1. “Symmetric power functoriality for holomorphic mod-
ular forms, I.,” Publ. Math. Inst. Hautes Études Sci. 134 
(2021), pp. 1–116.

2. “Symmetric power functoriality for holomorphic mod-
ular forms, II.,” Publ. Math. Inst. Hautes Études Sci. 134 
(2021), pp. 117–152.
This case of functoriality has been a central case put 

forth by Langlands in earliest formulation in the late 1960s. 
The brilliant strategy of Newton and Thorne synthesizes 
many of the developments in proving modularity of Galois 
representations arising out of Wiles’s proof of Fermat’s 
Last Theorem. Their proof uses a beautiful and general 
connectivity argument (relying on their paper, “Adjoint 
Selmer groups of automorphic Galois representations of 
unitary type” in Journal of the EMS), along with an adroit 
use of facts (which are almost like pieces of good fortune) 
that are particular to small primes (like p = 2). Their papers 
sparkle with insights and a deceptive ease with which they 
extend techniques of modularity lifting so that they apply 
in the trickiest, and most degenerate cases.

Biographical Note 
Kaisa Matomäki was born in Nakkila, Finland, in 1985. 
She received her masters degree at University of Turku, 
Finland, in 2005, and her PhD at Royal Holloway, Uni-
versity of London, in 2009. Since 2008 she has worked at 
University of Turku in different positions. Currently she is 
an Academy Research Fellow there. Matomäki received an 
EMS Prize in 2020 and the Ruth Lyttle Satter Prize in 2021, 
and together with Maksym Radziwill she has received the 
Sastra-Ramanujan prize in 2016 and the New Horizons 
Prize in Mathematics in 2019, and they were jointly invited 
speakers at ICM in 2018. 

Response from Kaisa Matomäki
I am very honoured and delighted to receive the Frank 
Nelson Cole Prize in Number Theory together with my 
collaborator Maksym Radziwill. Our collaboration has 
once again proved that together one can do much more 
than alone and that the mathematical community works 
together advancing mathematical knowledge—our original 
ideas and results have already been utilized and extended 
by us and many other people.

I am very grateful to all my mentors throughout the way; 
In early years my teachers Harri Ketamo and Merikki and 
Esa Lappi, as well as math contest trainers made me excited 
about mathematics. My PhD supervisor Glyn Harman 
helped me to get a good start in my research career. Andrew 
Granville has helped and advised me in various ways. Also, 
I have been able to benefit from discussing and collaborat-
ing with and learning from several other mathematicians.

Finally, I would like to thank my family, in particular 
my husband Pekka for all the love and support, and my 

children Touko, Lotta and Ilmari for all the joy they bring 
to my life.

Biographical Note 
Maksym Radziwill holds the University Chair in Mathe-
matics at UT Austin. He grew up in Poland, obtained his 
BSc from McGill University, and his PhD from Stanford 
advised by Soundararajan. He did a postdoc at IAS, Rutgers 
and the Centre de recherches mathématiques, and was 
subsequently an assistant professor at McGill, professor at 
Caltech, and finally University Chair in Mathematics at UT 
Austin. He is interested in analysis. Most of his work has 
been in analytic number theory and related areas.

Radziwill is the recipient of the SASTRA Ramanujan 
Prize, New Horizons Prize and was an invited speaker at 
the ICM in 2018 (all joint with Matomäki). He was also 
the recipient of a Sloan fellowship, the Coxeter-James prize, 
Ribenboim prize and Stefan Banach prize.

Response from Maksym Radziwill
It is a great honour and pleasure for me to receive the Frank 
Nelson Cole Prize. I would like to express my gratitude to 
all of my long-term collaborators (obviously among them, 
Kaisa!) for their friendship over the years and to all the 
people who advised me early on in my career. On a side 
note it gives me some satisfaction to recall that during my 
undergraduate years I did encounter Chowla’s conjecture 
and thought that it was obviously “too impossible to make 
any progress on.”

Biographical Note 
James Newton is an associate professor of number theory 
at the University of Oxford, and a fellow of Merton College, 
Oxford. He did his undergraduate studies at the University 
of Cambridge, and received his PhD from Imperial College 
London, supervised by Kevin Buzzard, in 2011. After a term 
at the IAS, Princeton, he did postdoctoral work in Cam-
bridge and Imperial, and was a lecturer at King’s College 
London for five years before moving to Oxford in 2021.
His work has been supported by an EPSRC postdoctoral 
fellowship (2011–2014) and a UKRI future leaders fellow-
ship (2021–). He grew up in a village near Cambridge, and 
currently lives in northwest London with his partner Andy 
and their cat Balthazar.

Biographical Note
Jack Thorne was born in Hereford, England in 1987. He 
studied at the University of Cambridge before obtaining his 
PhD at Harvard University in 2012 under the supervision of 
Benedict Gross and Richard Taylor. He was a Clay Research 
Fellow during the years 2012–2017 and is now a Professor 
at the University of Cambridge and a Fellow of Trinity Col-
lege. In 2020, he was elected a Fellow of the Royal Society.
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Response from James Newton 
Our collaboration on this work was a great delight, bringing 
together a lot of the mathematics I’ve been thinking about 
since I was a student with Kevin Buzzard. I’d like to thank 
my former colleagues at King’s College London, together 
with Ana Caraiani, Toby Gee and Christian Johansson for 
their collaboration and friendship over the years. Finally, 
thanks to my family and to my partner Andy for his love 
and support. 

Response from Jack Thorne
I came to these questions after my earlier joint work with 
Laurent Clozel. I am deeply grateful to Laurent for sharing 
his ideas and point of view on mathematics.

Thanks are due to the institutions that have placed their 
trust in me, including the Clay Mathematics Institute and 
the University of Cambridge. Finally, special thanks to my 
wife Arti and family for all their love and support!

Credits
Photo of James Newton is courtesy of The Warden and Fel-

lows of Merton College Oxford.
Photo of Maksym Radziwill is courtesy of Whitney Clavin.
Photo of Jack Thorne is courtesy of Cambridge Photogra-

phers.

Response from James Newton and Jack Thorne
We are honoured to receive the Cole Prize in Number 
Theory and thank the selection committee and the AMS 
for their decision to recognise our work on functoriality 
for holomorphic modular forms. The symmetric power 
L-functions associated to Ramanujan’s δ function were first 
written down explicitly in the 1960’s by Serre, who pre-
dicted their analytic continuation. Around the same time, 
Langlands proposed a general definition of L-function of 
an automorphic representation of a reductive group and 
formulated his functoriality principle, which ultimately 
implies Serre’s prediction. We feel very lucky to be able to 
contribute to this circle of ideas.

Our work would not have been possible without the 
great progress that has taken place in the Langlands pro-
gram in the last 50 years, including foundational works by 
Kottwitz, Clozel, Harris, and Taylor on the cohomology of 
higher-dimensional Shimura varieties and the first mod-
ularity lifting theorems proved by Wiles and Taylor. Our 
arguments take place in the world of p-adic modular forms, 
as developed by Serre, Hida, Coleman, Mazur, Emerton, 
and Kisin. We owe an especially large intellectual debt to 
Bellaïche and Chenevier, who wrote a foundational book 
on the p-adic Hodge theory of overconvergent modular 
forms and emphasised the importance of pseudocharac-
ters in this context. A supporting paper of ours relies on 
ideas introduced by Pan in his PhD thesis. We would like 
to offer special thanks both to him and to our co-authors 
Allen and Anastassiades.
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of gauge theory to four-manifold topology, Floer general-
ized these ideas to an infinite dimensional setting to obtain 
instanton homology, an exemplar of Atiyah’s definition of 
a topological quantum field theory. A link between this and 
Floer’s earlier Lagrangian intersection theory inspired what 
is now known as the Atiyah-Floer conjecture. The next big 
step was the introduction of the Seiberg-Witten equations, 
which subsequently led to the constructions of monopole 
Floer and Heegaard Floer homology. Greene explains some 
finer points of this theory and how it has turned out to be 
a very well adapted tool to attack, and in some cases solve, 
some old problems in knot theory.

Biographical Note
Joshua Evan Greene grew up in Columbia, Maryland. He 
got a BS from Harvey Mudd College (2002), was an Amer-
icorps volunteer with Habitat for Humanity in Kentucky, 
got an MSc from the University of Chicago (2004), got a 
PhD from Princeton University (2009), did a postdoc at 
Columbia University, and has been on the faculty at Boston 
College since then (2011). His research is in low-dimen-
sional topology, drawing influence from combinatorics, 
symplectic geometry, and (Heegaard) Floer homology. He 
has maintained a close involvement with the Hampshire 
College Summer Studies in Mathematics since he was a stu-
dent there at age 17, and more recently with the programs 
of Mathematical Staircase, Inc., where he sits on the board 
of directors; mathematics is never more fun for him than 
it is in those environments. He plays hockey on Tuesday 
nights with Team Black in Somerville, although he is on 
loan this season to The Hansons (A) in Oakland, CA. He 
notched a garbage goal on the power play in a 4-2 loss to 
the Grey Bears about an hour before writing this sketch.

Citation
Joshua Evan Greene
The 2023 Levi L. Conant Prize is 
awarded to Joshua Evan Greene 
for his article “Heegaard Floer 
homology,” which was pub-
lished in the Notices of the Amer-
ican Mathematical Society, 68 
(2021), No. 1, pp. 19–33.

Greene’s article is a survey of 
the emerging field of Heegaard 
Floer homology, starting from 
its historical antecedents and 
going on to describe a wide 

variety of results and applications of this theory. This is 
a substantial undertaking, and the paper is a serious read 
which requires a dedicated effort to understand. However, 
for any student or researcher with some knowledge of the 
underlying mathematical ingredients, this paper provides 
a compelling account of how the field evolved. It describes 
key issues and questions motivating this development, and 
presents some of the beautiful results and applications it 
has made possible. This area is challenging to enter inas-
much as it requires facility with several different parts of 
mathematics, including combinatorial methods in low di-
mensional topology, symplectic techniques, and an appre-
ciation for the analytic subtleties of gauge theory. Greene’s 
paper provides an excellent roadmap for any serious study 
of this field by illuminating a path through this long chain 
of ideas and results; it motivates the logical progression that 
has led to the current state of knowledge, and suggests some 
promising directions for future investigation.

He starts by recalling Heegaard’s long-ago ideas to study 
three manifolds and Witten’s more recent innovations in 
Morse theory, and explains how these inspired Floer to de-
velop a dramatic new approach to Lagrangian intersection 
theory. Later, motivated by the new spectacular applications 

This prize was established in 2000 in honor of Levi L. Conant to recognize the best expository paper published in 
either the Notices of the AMS or the Bulletin of the AMS in the preceding five years. Levi L. Conant (1857–1916) was 
a mathematician who taught at Dakota School of Mines for three years and at Worcester Polytechnic Institute for 
twenty-five years. His will included a bequest to the AMS effective upon his wife’s death, which occurred sixty years 
after his own demise.

Joshua Evan Greene
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Response from Joshua Evan Greene
I am very proud to win the 2023 Levi L. Conant Prize.

I have greatly enjoyed reading the Notices and the Bulletin 
from the time I entered graduate school. I am grateful to 
the AMS for publishing and promoting high-quality expo-
sition through these journals, as well as to the countless 
contributors to these journals whose articles I have read 
and who have set such a high bar for quality. Thanks es-
pecially to Erica Flapan from the AMS for soliciting me to 
write this article, and to her, Dorothy Buck, and Eli Grigsby 
for encouraging me at a time when I thought I would give 
up on it.

Heegaard Floer homology is a vibrant area whose emer-
gence was personally very well-timed with my entering 
graduate school. It draws together many different strands of 
mathematics, so has been able to pull in scores of mathe-
maticians of different talents and persuasions. I am grateful 
to my many mentors, peers, and students, whose work and 
writing have educated me and helped me compose this 
survey. Amongst them, let me single out the field’s creators, 
Peter Ozsváth and Zoltán Szabó, whom I was fortunate to 
study under as a graduate student and postdoc. Thanks in 
large part to their influence, the area has been a reliably 
positive and supportive environment.

Thanks to the many mathematicians whose writing 
style has left an imprint on me; to name a handful: Noga 
Alon, for his elegance and clarity; Cameron Gordon, for his 
concision; Larry Guth, for supplying context and revealing 
thought processes; David C. Kelly, for his wit and whimsy; 
and Paul Seymour, for his energy and enthusiasm.

Finally, thanks to my English teachers from Oakland 
Mills High School, Ms. Curtis, Mr. Wright, and Mrs. Her-
mann. They gave me a rigorous training in composition 
which has been vital to my life and career, even though I 
certainly did not appreciate it at the time. They would be 
astonished to learn that I have won an award for my writing.

Credits
Photo of Joshua Evan Greene is courtesy of Andrew Lobb.
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gaps. The reports by Dr. Thomas provide not only import-
ant new biological insights, but also important clinical 
advances and assessment tools. She is rapidly filling the gap 
between classical mathematics and biological processes. In 
so doing, she adds a new dimension to the study of human 
obesity that is so pervasive across adults and children.” 
Her work has led to the design of innovative software that 
assists users with weight related health issues, and has been 
covered by several media outlets. The work of Thomas 
and her colleagues has been funded by numerous grants, 
including six funded by the National Institutes of Health. 
She received an American Heart Association Most Impact-
ful Publications Award in 2014, and The Obesity Society 
George Bray Founders Award in 2017. 

Thomas has advised undergraduate research in both 
pure and applied mathematics, and has coauthored more 
than fifty publications with undergraduates, including 
first-generation college students. She inspires undergrad-
uates with informal discussions inside and outside of the 
classroom, and masterfully draws them into research proj-
ects that are appropriate for their background and interests. 
The undergraduates she has mentored have pursued many 
different professions, including enrollment into doctoral 
programs, and careers in education and medicine. 

Thomas is passionate about transforming mathematics 
education, and she has served in several important lead-
ership roles in this regard. She directed the MAA’s under-
graduate research poster session competition, and while 
serving as Director of the Center for Quantitative Obesity 
Research at Montclair State University, grouped together 
STEM students engaged in quantitative research, medicine, 

Citation 
Diana M. Thomas 
Diana M. Thomas will receive 
the 2023 Mary P. Dolciani Prize 
for Excellence in Research from 
the American Mathematical So-
ciety (AMS). Thomas is cur-
rently a Professor of Mathemat-
ics at the United States Military 
Academy, an Adjunct Professor 
at the Pennington Biomedi-
cal Research Center, and a Re-
search Associate at the New 
York Obesity Research Center 

at Columbia University. She was awarded the prize for 
her outstanding research at the interface of mathematics 
with nutrition and obesity as well as her work in number 
theory, combinatorics, and dynamical systems, and for her 
impressive work with undergraduates. 

Thomas has an extensive publication record with over 
150 articles, book chapters, and conference proceedings. 
Much of her research is interdisciplinary and has been 
published in a diverse set of journals including those spe-
cializing in nutrition, obesity, behavioral science, biology, 
and pure mathematics. Her work on obesity and metab-
olism has been particularly impactful. Her nominators 
write that “she has published a remarkable series of highly 
original and imaginative papers that display creativity and 
quantitative rigor, and more recently, on the dynamics of 
energy exchange and weight gain in pregnancy. Each of 
these areas suffered substantial quantitative assessment 

The AMS Mary P. Dolciani Prize for Excellence in Research recognizes a mathematician from a department that does not 
grant a Ph.D. who has an active research program in mathematics and a distinguished record of scholarship. The pri-
mary criterion for the prize is an active research program as evidenced by a strong record of peer-reviewed publications. 

This prize is funded by a grant from the Mary P. Dolciani Halloran Foundation. Mary P. Dolciani Halloran (1923–
1985) was a gifted mathematician, educator, and author. She devoted her life to developing excellence in mathematics 
education and was a leading author in the field of mathematical textbooks at the college and secondary school levels. 
The prize is awarded every other year for five award cycles.

Diana M. Thomas
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and nutrition, to develop and integrate their knowledge 
across disciplines. In addition, Thomas teaches an annual 
short course on the Mathematical Science in Obesity 
Research, and she recently served as a Remote Teaching 
Dean’s Fellow at the United States Military Academy. As her 
nominators write, “Her leadership, collegiality, and results 
oriented focus are three strengths that drive any program 
that she takes on to use science to answer hard questions. 
She has inspired, educated, and mentored generations of 
mathematics and nutrition researchers to choose fact and 
science to make policy decisions.” 

Biographical Note 
Diana M. Thomas received her PhD from the Georgia 
Institute of Technology in 1996 and is currently a profes-
sor of mathematical sciences at the United States Military 
Academy at West Point. Dr. Thomas has been an active 
research mathematician for over 25 years with a focus on 
nutrition and obesity related modeling. She co-invented 
the remote weight loss program, SmartLoss™, which has 
been clinically applied world-wide to guide and improve 
individual patient weight loss adherence through smart-
phone technology. Dr. Thomas has published over 150 
peer-reviewed articles and book chapters which include 
over 50 articles with undergraduates. Her work has been 
covered by the New York Times, Wall Street Journal, Fitness 
Magazine, Good Housekeeping, CBS News, and ABC News. 
Dr. Thomas holds the 2012 Mathematical Association of 
America of New Jersey Distinguished Teaching Award and 
the 2015 Obesity Society George Bray Founder’s Award. 

Response from Diana M. Thomas 
To be nominated for this award by my colleagues is the 
ultimate recognition and reflects the level of support that 
I experience daily. My continued intellectual and personal 
development have been made possible by my relationships 
with the nominating team which include, COLs Hartley, 
Scioletti, Lindquist and Gist, LTCs Bluman and Wallen, 
Drs. Misiurewicz, Calkin, Heymsfield and Allison. What 
we, as professors, live for is the opportunity to play a role 
in the lives of our students and our mentees. The former 
students and early career faculty who have reached out 
because of this award have warmed my heart and remind 
me of the impact we make. Finally, I would like to thank 
my mother, Mary Thomas. No career is without obstacles. 
Every time I hit the big ones, she’s the person I turned to. 
As the tears and the heartache flooded, she would hold 
my hands and tell me to be patient and continue to work 
hard. She was confident that as long as I stuck to this work 
ethic, I would be successful. It is my hope she will be at the 
JMM awards ceremony this year to know that her words are 
why I persevered. 

Credits
Photo of Diana M. Thomas is courtesy of the United States 

Military Academy.
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The area abounds in open problems that are as attractive 
as they are challenging. How should someone with the 
ambition to solve one of these get started digesting all the 
advanced foundational material just mentioned? Until 
recently, the answer was not so obvious, but now there is 
Bjorn Poonen’s book Rational Points on Varieties. The pre-
requisites, although by no means negligible, are relatively 
modest, and the efforts required in acquiring them are 
well-spent anyway. The reader should be mature enough 
to realize that precise definitions and statements, together 
with examples and exercises, go a long way towards devel-
oping the proper intuition for a subject, and that reading 
detailed proofs can in many cases best wait until the bigger 
picture has become familiar. And this is the way Poonen’s 
book has been organized, presenting the basic concepts and 
their properties in a coherent and friendly manner. There 
are many illuminating and instructive examples, many 
sketches of proofs, and copious references to the literature 
for the details that have been omitted.

Rational Points on Varieties is an essential and indispens-
able resource for anybody who wishes to do cutting-edge 
research in arithmetic geometry. While the emphasis of the 
book is not on new results, all readers who make their way 
through even half of all the material presented are ready to 
prove new theorems of their own.

Biographical Note 
Bjorn Poonen is the current Distinguished Professor in Sci-
ence at MIT. Before arriving at MIT in 2008, he received an 
AB from Harvard and PhD from the University of Califor-
nia at Berkeley and then held academic positions at MSRI, 
Princeton, and Berkeley. Poonen’s research lies principally 

Citation 
Bjorn Poonen 
The 2023 Joseph L. Doob Prize 
is awarded to the book Rational 
Points on Varieties, written by 
Bjorn Poonen and published by 
the American Mathematical So-
ciety in 2017 in the series Grad-
uate Studies in Mathematics. 

The subject “rational points 
on varieties”, also known as 
“arithmetic algebraic geome-
try”, is a modern incarnation 
of what used to be called “Dio-

phantine equations”: a venerable area, which literally goes 
back to Diophantus (3rd century AD). It is one of those 
attractive branches of mathematics in which the results 
obtained are intelligible to everybody, while the proofs 
require much more sophistication. This contrast could 
already be seen in the work of Diophantus himself, who 
spent considerable ingenuity in producing rational solu-
tions to given polynomial equations, and in the techniques 
that Fermat developed in the 17th century for showing 
the non-existence of solutions. In the 20th century, when, 
starting with the work of Weil, techniques from modern 
algebraic geometry were brought into play, this contrast 
became more visible than ever. Algebraic geometry has, in 
the latter half of the 20th century, developed into a mas-
sive subject with an aura of inaccessibility, and much of it 
applies to the subject at hand.

This prize was established in 2003 by the American Mathematical Society to recognize a single, relatively recent, 
outstanding research book that makes a seminal contribution to the research literature, reflects the highest standards 
of research exposition, and promises to have a deep and long-term impact in its area. The book must have been pub-
lished within the six calendar years preceding the year in which it is nominated. The prize (originally called the Book 
Prize) was endowed in 2005 by Paul and Virginia Halmos and renamed in honor of Joseph L. Doob. Paul Halmos 
(1916–2006) was Doob’s first PhD student. Doob received his PhD from Harvard in 1932 and three years later joined 
the faculty at the University of Illinois, where he remained until his retirement in 1978. He worked in probability 
theory and measure theory, served as AMS president in 1963–1964, and received the AMS Steele Prize in 1984 “for 
his fundamental work in establishing probability as a branch of mathematics.” Doob passed away on June 7, 2004, 
at the age of ninety-four.

Bjorn Poonen
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in number theory and algebraic geometry. He is a Simons 
Investigator, Fellow of the AMS, and member of the Amer-
ican Academy of Arts and Sciences. His awards include the 
Chauvenet Prize for exposition, the MIT School of Science 
Prize in Undergraduate Teaching, a Miller Professorship, 
and the Guggenheim, Packard, Rosenbaum, Simons, and 
Sloan Fellowships. He is a principal investigator in the 
Simons Collaboration on Arithmetic Geometry, Number 
Theory, and Computation, and he served for 14 years as 
founding managing editor of Algebra & Number Theory. 
Twenty-six mathematicians have received a PhD under his 
supervision.

Response from Bjorn Poonen 
Any prize such as this is also recognizing the interest of the 
subject it covers, whose historical and ongoing significance 
is summarized well in the citation. So surely I am indebted 
to the many researchers who, motivated by classical Di-
ophantine equations, developed this beautiful subject 
connecting number theory and algebraic geometry. I have 
been lucky enough to have a few of these researchers as 
my teachers, and to pass on the knowledge to my students, 
many of whom have helped improve my book over the 
years 2003–2017 during which it was written.

On a personal level, I find it very rewarding to be hon-
ored for this, the single mathematical project that I have 
devoted more of my life to developing than any other. I 
thank the National Science Foundation, Simons Founda-
tion, Packard Foundation, and Guggenheim Foundation 
for having faith in me, for their long-term support during 
the writing of my book. I am happy that I published my 
book with the AMS, and I thank the AMS staff for their 
assistance with it. Finally, I would like to honor Paul and 
Virginia Halmos for their vision to endow a prize that re-
minds us all of the value of good writing.

Credits
Photo of Bjorn Poonen is by Justin Knight.
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gravity there) and opened the door to a number of new 
mathematical results and research directions. 

For mathematicians, “Quantum Gravity” in two dimen-
sions can be broadly viewed as encapsulating ways to define 
and study random planar geometries. This can encompass 
quite different perspectives—one can define random dis-
tances in a planar domain, random area measures in a 
planar domain, random metric spaces. The wide-ranging 
survey, What is a random surface?, written in colloquial 
style by Scott Sheffield for the proceedings of this year’s 
ICM can be a good way for newcomers to learn about this 
area, which has become a cornerstone of contemporary 
mathematical physics.  

These questions originated from physics, as the fol-
lowing quote by A.M. Polyakov from 1981 shows: “In my 
opinion at the present time we have to develop an art of handling 
sums over random surfaces. These sums replace the old-fashioned 
(and extremely useful) sums over random paths.” This is what 
led Polyakov and others to introduce what are now called 
the Polyakov and Liouville actions and ignited a number 
of spectacular developments related to Conformal Field 
Theory and Quantum Gravity in the theoretical physics 
community. 

Citation 

Jason P. Miller and Scott Sheffield  
Jason Miller and Scott Sheffield are awarded the 2023 
Leonard Eisenbud Prize of the AMS for their monumental 
series of papers on Liouville Quantum Gravity. This body 
of work provides a novel and deep understanding of ideas 
and concepts that had been first developed and used in 
the theoretical physics community (and called quantum 

This prize was established in 2006 in memory of the mathematical physicist Leonard Eisenbud (1913–2004) by his 
son and daughter-in-law, David and Monika Eisenbud. Leonard Eisenbud was a student of Eugene Wigner. He was 
particularly known for the book Nuclear Structure (1958), which he coauthored with Wigner. A friend of Paul Erdős, 
he once threatened to write a dictionary of English to Erdős and Erdős to English. He was one of the founders of the 
physics department at Stony Brook University, where he taught from 1957 until his retirement in 1983. In later years 
he became interested in the foundations of quantum mechanics and in the interaction of physics with culture and 
politics, teaching courses on the anti-science movement. His son, David, was President of the American Mathematical 
Society (2003–2004). 

The prize is awarded every three years for a work or group of works, published in the preceding six years, that brings 
mathematics and physics closer together. Thus, for example, the prize might be given for a contribution to mathe-
matics inspired by modern developments in physics or for the development of a physical theory exploiting modern 
mathematics in a novel way.

Jason P. Miller Scott Sheffield
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The following two ways of trying to define the canoni-
cal random planar geometries mathematically are directly 
relevant to the work of Miller and Sheffield: 

(a) Scaling limits of discrete planar maps: One starts 
from a discrete combinatorial model that defines a prob-
ability measure on discrete finite planar maps (which are 
equivalence classes of embedded discrete finite planar 
graphs in the plane or in the sphere, modulo diffeomor-
phisms). These graphs come automatically equipped with 
their graph distance and with the counting measure on the 
vertices. One can try to see what happens to this law when 
one lets the number of vertices in the planar map tend to 
infinity for a given model. If one renormalizes distances 
and counts measures appropriately, one might get in the 
limit a random metric space equipped with a measure v on 
it. This program has been successfully carried out in the last 
decade by Le Gall, Miermont and others for one particular 
class of planar maps that can be heuristically described as 
“uniformly” chosen—the limit is then the so-called Brown-
ian map. It should be emphasized that the Brownian map 
is a random metric space which is “planar” but does not 
come with a “canonical” way to be embedded in the plane. 

(b) Directly in the continuum, using the Gaussian Free 
Field (GFF): Here, one starts with a given planar domain, 
say the unit disc D, and defines in it a random area measure 
μ using an instance of the GFF h in D following some of 
Polyakov’s ideas. Recall that the GFF can be heuristically 
thought of as the natural real-valued function in D, but that 
it is in fact not a proper function (it is only a generalized 
function), so that well-posedness issues do arise in a num-
ber of directions in all the constructions involving the GFF. 
Heuristically, for some constant γ, the intensity of μ with 
respect to the Lebesgue measure can be understood as 
some multiple of exp(γh), and this heuristic can be made 
rigorous via a renormalizing procedure. This construction 
works when γ is small enough, i.e., when γ < 2. So in this 
second approach, one constructs directly in the continuum 
a random area measure in every given simply connected 
planar domain. This measure is quite rough—it has no 
atoms but it is carried by a fractal dense set of point in the 
plane (heuristically, points where h is exceptionally large). 

For rather deep reasons that can be traced back to 
Polyakov’s work and to the idea that conformal invariance 
should play a role, it has been conjectured that these two 
constructions should give rise to closely related objects, in 
the sense that: 

(*) There should exist an embedding in D of the random 
metric spaces appearing in procedure (a) in such a way that 
the law of the embedding of v (which is the rescaled limit 
of the counting measure on discrete maps) is exactly that of 
an LQG area measure μ constructed in (b) for some γ that 
depends on the class of planar maps that was used in (a). 

(**) For each γ < 2, there should be a way to associate 
directly to μ constructed in (b) a “compatible” metric d in 

D, so that (D,d,μ) is distributed exactly as one of the ran-
dom metric measure space (conjecturally) appearing in (a). 

If this holds, the continuum objects constructed in (b) 
should possess some striking properties that reflect some 
combinatorial features of discrete planar maps—one can, 
for instance, naturally glue two independent discrete planar 
maps along their outer boundaries and obtain another 
planar map decorated by a curve drawn on it (the place 
where the gluing took place). 

The belief in the connection between these two ap-
proaches was exploited in the physics community in the 
1980’s and 1990’s: The combinatorial identities (both 
enumerative features and the gluing operations) made it 
possible to identify a number of critical exponents for mod-
els of statistical physics drawn on these random graphs. 
Then, using the so-called KPZ formulas (KPZ stands here 
for Knizhnik, Polyakov and Zamolodchikov—there are 
two KPZs in this mathematical physics world), whose or-
igins and justifications lie more in the second continuum 
approach, they could infer the critical exponents for the 
same models of statistical physics, but when drawn on 
Euclidean lattices. All this appeared like black magic from a 
mathematician’s perspective! Things are now very different 
thanks to this body of work by Miller and Sheffield. 

Here are some of the numerous contributions by Miller 
and Sheffield that are being recognized with this prize: 

Miller and Sheffield (with also one joint long paper with 
Duplantier) showed how it was possible to define prop-
erly these random area measures in the plane and variants 
thereof, to define the right notion of equivalence classes of 
domains equipped with a random area measure, modulo confor-
mal invariance that in some sense provides a semi-embedded 
version of these objects (which they call LQG surfaces), to 
then glue (i.e., conformally weld) together independent 
LQG surfaces along their boundaries, in such a way that the 
random “boundary lengths” coincide on both sides. This 
gluing gives rise to a new LQG surface with a curve drawn 
on it (the place where the surgery took place), and they 
proved that if things are set up in the appropriate way, this 
surgery curve is a fractal Schramm-Loewner-Evolution type 
curve that is independent of the obtained LQG surface. This 
remarkable result can be viewed as a continuum analog of 
the combinatorial gluing operations mentioned above. All 
this is of course technically very subtle due to the roughness 
and fractal nature of all the objects involved. 

For the case of the Brownian map and the value γ = 
√(8/3), Miller and Sheffield showed that (*) and (**) as 
stated above do indeed hold. In a further series of papers 
with Gwynne, they actually provided a concrete embedding 
in the plane of some discrete planar maps (for which the 
scaling limit was known to be the Brownian map) and 
showed that its limit is indeed an embedded LQG surface 
with γ = √(8/3). Along the way, they had to establish novel 
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Biographical Note 
Scott Sheffield received his undergraduate and master’s 
degrees from Harvard University in 1998 and a PhD from 
Stanford in 2003 under the supervision of Amir Dembo. He 
worked at Microsoft Research, UC Berkeley and IAS Princ-
eton (as a postdoc) and at NYU (as faculty) before joining 
MIT in 2008. Other awards include the Clay Research Award 
(also joint with Jason Miller), the Loéve Prize, the Rollo 
Davidson Prize, the Presidential Early Career Award for Sci-
entists and Engineers, and the Sloan Research Fellowship. 
He was an invited speaker at the 2010 ICM and a plenary 
speaker at the 2022 ICM. 

Response from Scott Sheffield 
I am tremendously honored by this award, and especially 
honored to be sharing it with my long-time collaborator 
Jason Miller. I started working in this general area some 
15 or 20 years ago, and at the time had no idea how far it 
would develop, or how exciting it would turn out to be. I’d 
like to thank my earliest close collaborators in the subject 
(including Bertrand Duplantier, Oded Schramm, and Wen-
delin Werner) as well as the many wonderful collaborators 
and inspirational colleagues who have helped us so much 
since then. 

I would also like to thank the nominators, the selection 
committee, the Eisenbud family and the AMS. 

Credits
Photo of Scott Sheffield is courtesy of Julie Sheffield.

and deep results about the scaling limits of random walks 
on discrete random graphs. 

These results have opened the door to many further de-
velopments by Miller and Sheffield, as well as by Gwynne, 
Holden, Sun, Ding and many others. This includes con-
structions of the LQG metric for general γ. Let us also high-
light the recent work of Kupiainen, Rhodes and Vargas (also 
with F. David or Guillermou) which makes rigorous (and 
builds upon) many aspects of the conformal field theory 
approach initiated in the physics literature. 

Biographical Note 
Jason P. Miller received his undergraduate degree from the 
University of Michigan in 2006 and his PhD from Stanford 
in 2011 under the supervision of Amir Dembo. He was a 
postdoc at Microsoft Research and then at MIT before be-
coming a faculty member at the University of Cambridge 
and a fellow of Trinity College in 2015. He previously re-
ceived the Rollo Davidson Prize, the Clay Research Award 
(with Scott Sheffield), and the Doeblin Prize. He was an 
invited speaker at the 2018 ICM. 

Response from Jason P. Miller 
It is a great pleasure to receive this prize together with Scott 
Sheffield. I was introduced to this area by my PhD supervi-
sor Amir Dembo when he gave me a copy of Greg Lawler’s 
book, Conformally Invariant Processes in the Plane, as well as 
an early draft of Bertrand Duplantier and Scott Sheffield’s 
paper, “Liouville quantum gravity and KPZ,” which played 
a major role in kicking off this subject. I never guessed at 
the time that I would still be working intensively on it 15 
years later. I would also like to thank Scott Sheffield, who I 
first met in 2008 at a conference in CRM in Montreal where 
he gave a talk on his work with Duplantier. Scott was later 
my postdoctoral advisor at MIT and research mentor for 
many years. Finally, I would like to thank my other research 
collaborators. Indeed, all of them have played an incredibly 
important part in driving the subject forward. 

I would also like to thank the nominators, the selection 
committee, the Eisenbud family and the AMS.  
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confidence through intensive coursework and research 
projects and also receive mentoring and coaching about 
graduate school issues such as applications, qualifying 
exams, time management, choosing advisors, and more. 

Response from Smith College 
History of the Program 
The Postbaccalaureate Program at Smith College was 
founded 15 years ago by Ruth Haas and Jim Henle, and 
is now directed by Patricia Cahn, Candice Price, and Juli-
anna Tymoczko. The program was the first of its kind in 
2007 and remains the national gold-standard, serving as 
a blueprint for the other postbaccalaureate and bridge-to-
PhD programs that have started in the last few years. Each 
year, the program admits a cohort of students interested in 
graduate school in the mathematical sciences but who for 
whatever reason are not yet prepared (changed majors late, 
small undergraduate math program, illness during college, 
etc.). Without an on-ramp like the postbaccalaureate pro-
gram, many would not be able to (re)enter the graduate 
pipeline in math. Since 2016, 50 postbaccalaureate alums 
have entered graduate programs like Dartmouth, Cornell, 
Duke, Rice, Michigan State, University of Minnesota, and 
Vanderbilt, and 2 are current NSF graduate fellows. 
Response from the Program 
We are honored and delighted to receive the AMS Exem-
plary Program Prize for the Postbaccalaureate Program at 
the Center for Women in Mathematics at Smith College, 

Citation 
Smith College 
The Postbaccalaureate Program at the Center for Women 
in Mathematics at Smith College is highly effective at pre-
paring women mathematically and professionally for grad-
uate school in the mathematical sciences. Students in the 
program come from backgrounds that do not fit the typical 
mold of graduate school applicants, for instance graduating 
from undergraduate institutions with limited mathematics 
coursework, or having discovered mathematics late in their 
college experience or indeed after spending years in the 
workforce, or wanting to pivot from sciences and social 
sciences into mathematics or statistics. Postbacc cohorts 
are notably diverse in race, ethnicity, socioeconomic status, 
age and employment background. During the program at 
Smith College, students develop mathematical talent and 

The annual AMS Award for an Exemplary Program or Achievement in a Mathematics Department was established in 
2004, first awarded in 2006, and fully funded by a gift to the AMS’s permanent endowment by an anonymous donor 
in 2009. This award recognizes a department which has distinguished itself by undertaking an unusual or particularly 
effective program of value to the mathematics community, internally or in relation to the rest of society. Departments 
of mathematical sciences in North America that offer at least a bachelor’s degree in mathematical sciences are eligible.
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The on-ramp and support provided by the Postbacca-
laureate Program have only become more important since 
the pandemic. Students found their coursework interrupted 
and lost social connections that keep mathematics fun. 
Across the country, ties between faculty and students have 
become attenuated. As faculty, we underestimate the impact 
of small actions—suggesting an REU, a grant application, 
graduate study—but our students have felt their absence.  

We have found that diversifying mathematics starts when 
people are in an environment where they feel comfortable 
enough to experience the joy and wonder of mathematics. 
We hope that graduate programs and other academic in-
stitutions can carry on this work, training students not just 
with technical tools, but also cultivating an atmosphere that 
helps students thrive and prepares them for the broad range 
of careers represented in the AMS community. 

and to carry on the tradition that Ruth Haas and Jim Henle 
started. 

This program is their vision, based on the students they 
saw who left Smith College—and math—but who never 
stopped loving math. Haas and Henle reasoned that with 
a path back, some of those students could not just re-enter 
the field but thrive in it. They received the first of two NSF 
grants to fund the program in 2007. 

For most of us, loving math is not enough to propel us 
to a PhD—we also need an environment that allows us to 
enjoy the experience of doing math. The core of the Post-
baccalaureate Program is the warm and welcoming envi-
ronment of the Smith College Department of Mathematical 
Sciences. Postbaccs and undergraduates support each other 
in their coursework and research. Faculty provide intensive, 
individualized mentoring to help students identify their 
own interests as well as graduate programs that fit their 
mathematical backgrounds and strengths. Alums frequently 
return to campus to connect with current students, partic-
ularly through our annual Women in Mathematics in the 
Northeast (WIMIN) Conference. One former postbacc said: 

Smith’s postbacc program made it possible for 
me to pursue graduate school in math. There 
is no way I could’ve gotten here without it. 
I’ve found my time as a graduate student really 
fulfilling, and I hope that I can continue on to 
work as a professor and give similar opportu-
nities to my students. Smith’s program boosted 
my love of math to new heights and gave me 
the inspiration to keep learning. 
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which develops abilities of older students to communicate 
mathematics to freshmen, in turn strengthening the suc-
cess of general education mathematics. Dr. Wilson is also 
director of the RISE to Excellence program. Starting at the 
sophomore year, this program accepts math and science 
students and provides them scholarship support, promotes 
research experience, and develops them professionally 
through individual mentoring and program workshops.  

Dr. Wilson has played a long-term integral role within 
the Enhancing Diversity in Graduate Education (EDGE) 
Program, a program that prepares a cohort of new PhD 
students, all women, to succeed in their graduate programs. 
Starting first as a graduate student mentor, Dr. Wilson re-
turned to the program as an algebra instructor, then Co-Di-
rector, and now Vice President of the Sylvia Bozeman and 
Rhonda Hughes EDGE Foundation, which received a 2015 
Presidential Award for Excellence in Science, Mathematics 
and Engineering Mentoring (PAESMEM). Throughout her 
more than 20-year involvement with EDGE, Dr. Wilson has 
mentored dozens of young women mathematicians. Dr. 
Wilson’s mentorship has empowered early career teachers 
to recognize their role and ownership in their mathematical 
community, and to excel in their work as educators. 

Dr. Wilson has served as vice president of the National 
Association of Mathematicians (NAM). Dr. Wilson deserves 
considerable credit for securing funding for the continu-
ation of NAM’s Undergraduate MathFest, which annually 
attracts mathematics majors, mostly Black, at all levels to 
inform them about and inspire them to consider graduate 
study and careers in the mathematical sciences. 

Citation 
Ulrica Wilson  
Dr. Ulrica Wilson, Associate 
Professor of Mathematics at 
Morehouse College, has led 
many initiatives on the teach-
ing and learning of mathemat-
ics for many different segments 
of the mathematics commu-
nity. She has done so with an 
unwavering commitment to 
equity and mentorship. 

Dr. Wilson has been key to 
Morehouse Mathematics’ suc-

cesses and to its recognition by the AMS as the 2016 recip-
ient of its Mathematics Programs that Make a Difference 
honor. She has worked with research teams of first-year 
students. She uses set theory to introduce early mathematics 
students to proof-based coursework. Through these and 
other efforts, she establishes relationships with her students 
early on, helping them grow and find opportunities. The 
college celebrated her impact with the 2017 Vulcan Teach-
ing Excellence Award. 

Dr. Wilson improves the education of Morehouse stu-
dents in her administrative and service capacities as well. 
She is the founding director of the James King Jr. Initiative 
for Student and Faculty Engagement, which initiates and 
supports extensive efforts that improve students’ mathemat-
ical experience. One example of this is the Communicating 
by Thinking Effectively in and About Mathematics program, 

The Award for Impact on the Teaching and Learning of Mathematics was established by the AMS Committee on 
Education (COE) in 2013. The endowment fund that supports the award was established in 2012 by a contribution 
from Kenneth I. and Mary Lou Gross in honor of their daughters Laura and Karen. The award is given annually to  
a mathematician (or group of mathematicians) who has made significant contributions of lasting value to mathe-
matics education. 

Ulrica Wilson 
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She is a 2019 Fellow of the Association of Women in 
Mathematics (AWM), and serves on the AWM Scientific 
Advisory Committee. 

At the Institute for Computational and Experimental 
Research in Mathematics (ICERM), Dr.Wilson has helped 
increase faculty involvement in student research broadly. 
She has been the PI on numerous grants for Research 
Experiences for Undergraduate Faculty, for workshops 
equipping mathematics faculty to conduct undergraduate 
research at their own institutions across the country. At 
ICERM Dr. Wilson also coordinates diversity initiatives and 
co-chairs the Mathematical Sciences Initiatives Diversity 
Committee. For example, she is a member of a small orga-
nizing committee for Girls Get Math at ICERM, a summer 
program for high school students. 

Dr. Wilson was co-organizer for the 2018 Infinite Pos-
sibilities Conference and two-time co-organizer of the 
Blackwell-Tapia Conference. 

In recognition of her many contributions impacting 
nearly every segment of the mathematics community, from 
K-12 students to mathematics faculty, and her steadfast 
commitment to equity and excellence in mathematics 
teaching, the AMS awards Ulrica Wilson the 2023 Award 
for Impact on the Teaching and Learning of Mathematics.  

Biographical Note 
Ulrica Wilson was born in Massachusetts while her fa-
ther was in graduate school and raised in Birmingham, 
AL. She is an alumna of Spelman College and it was the 
mathematics faculty and her classmates at Spelman who 
informed her choice to pursue mathematics and increase 
opportunities for women in mathematics. Undaunted by 
a roadblock or two herself at several critical stages of her 
career, Ulrica is committed to breaking down barriers that 
obstruct diverse paths to careers and opportunities in the 
mathematical sciences. Since the recent loss of her father, 
who was a Geography professor, she’s had the pleasure of 
hearing from many of his former students and colleagues 
and now more than ever she recognizes the impact that 
teaching and learning can have long past the initial pro-
fessor-student or mentor-mentee interaction. 

Response from Ulrica Wilson 
Thanks to AMS for recognizing efforts that impact teach-
ing and learning as part of the overall mission to advance 
mathematics. I am honored to receive this prize. Inspired 
by many of my own mentors, including Etta Falconer, I 
am proud to say that throughout my career, I’ve had the 
support of Morehouse College, EDGE, and ICERM to create 
and contribute to programs that respond to specific needs 
that arise in the mathematics community. I have the privi-
lege to work at an institution dedicated to educating black 
men—a population often overlooked and discounted. At 
Morehouse, I see firsthand the impact that such programs 
have on my current and past students. 

I am also thankful for the environment I entered in 2007 
when I joined the Morehouse College faculty. Because of 
a dean that strongly supported my ideas and initiatives, 
a chair that was creative and unwavering in his commit-
ment, and peers that fueled my motivation, I’ve been 
able to design a broad array of opportunities that expand 
pathways for those that are regularly underrepresented in 
our community. Lastly, I am immensely grateful for the 
community of EDGErs that have become both colleagues 
and friends in the past 15 years. I’ve learned so much from 
working with you all. 

Credits
Photo of Ulrica Wilson is courtesy of Mikki Harris.
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from historically underrepresented groups that receive 
advanced mathematical degrees, has documented success, 
and is a replicable model. 

The Bridge Program provides a vibrant and immersive 
learning environment within a PhD program, where Bridge 
fellows collaborate not only among themselves but also 
work side by side with other PhD students. This ensures 
academic success, learning about an entire doctoral pro-
gram, and peer support. The Bridge Program is built on two 
cornerstones: (a) A Bridge-to-Math Doctorate curriculum 
training program through the BS-MS fast track, which pro-
vides a smooth transition from undergraduate to graduate 
programs through coursework in two-semester Analysis, 
Linear Algebra, Advanced Linear Algebra, and other grad-
uate courses; (b) A comprehensive system of strong faculty 
and peer mentoring, aggressive recruitment at annual Gulf 
States Math Alliance (GSMath) conferences and other 
GSMath activities, direct involvement of external faculty 
mentors from other GSMath institutions, with whom the 
Bridge Program has built trust and strong relationships so 
that they actively recommend their students to the program. 
The Bridge fellows are usually supported for one year. Upon 
completing the program successfully, they transition to a 
doctoral program. 

UTA’s Bridge to Doctorate Program closely collaborates 
with faculty mentors at various underserved institutions, 
particularly HBCUs, HSIs, and URM faculty mentors within 
GSMath. Those mentors function as excellent recruiters for 
the Bridge Program and recommend their own students. 
The GSMath has been growing as a regional alliance, from 
a dozen institutions in 2013 to currently over 40 math-
ematics departments. The start of the Bridge Program 

Citation 
University of Texas Arlington (UTA) 
The AMS is pleased to recognize the Math Bridge to Doc-
torate Program at the University of Texas, Arlington (UTA) 
Mathematics Department with the 2023 Mathematics 
Programs That Make a Difference Award. 

The Math Bridge to Doctorate Program at UTA began in 
2016 and works with the National Alliance for Doctoral 
Studies in the Mathematical Sciences to identify poten-
tial applicants. The Math Alliance’s Facilitated Graduate 
Application Program (F-GAP) is designed to provide re-
sources for minority students to gain access to admission 
in graduate mathematical sciences programs. The Math 
Alliance can thereby identify students who do not have 
the appropriate background to be competitive for graduate 
school and UTA has used these contacts effectively to recruit 
and prepare many of these students for graduate studies in 
mathematical sciences. UTA’s Bridge to Doctorate meets all 
three criteria for the Mathematics Programs That Make a 
Difference Award: It contributes to an increase of students 

In 2005, the American Mathematical Society, acting upon the recommendation of its Committee on the Profession, 
established the Mathematics Programs that Make a Difference Award. The award, provided by the Mark Green and 
Kathryn Kert Green Fund for Inclusion and Diversity, highlights programs that are succeeding and could serve as a 
model for others in addressing the issues of underrepresented groups in mathematics. 
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in 2016 and the annual GSMath conferences since 2017 
have been instrumental to this phenomenal growth. The 
Bridge Program has been sponsoring the annual GSMath 
conferences since 2017, where a typical attendance is over 
200 students and faculty. At those annual conferences the 
Bridge Program faculty interact with many prospective 
Bridge fellows. The current data indicates that the Bridge 
Program is successful in attracting URM students and pre-
pare them for doctoral studies in the mathematical sciences 
with effective academic preparation and strong mentoring. 
The Bridge Program works closely with the National Math 
Alliance through active engagement in the annual Field of 
Dreams conferences and the FGAP (Facilitated Graduate 
Applications Process). The Bridge Program also plays a 
leadership role in the Gulf States Math Alliance. The Bridge 
Program is now developing collaborative relationships with 
the NAM (National Association of Mathematicians) and 
other organizations such as the Mathematical Association 
of America–Texas section. 

UTA’s Bridge to Doctorate Program, with its vibrant 
and immersive learning environment and annual GSMath 
conferences, has had a significant impact on its alumni’s 
career choices and trajectories. Alumni comments (from 
the nomination) include “The program offers more flexible 
course plan to strengthen my foundation in analysis and 
linear algebra. With the strong mathematical foundation, I 
was able to move smoothly through my doctoral program. 
... One thing that impressed me is the support of the pro-
fessors and from other graduate students that advocate 
for the success of students as they matriculate through the 
program.... I believe that UTA, more specifically, the Bridge-
to-Math doctorate program truly brought me success and 
provided me with the skillset necessary as I advance further 
through my academia career path.”

The AMS commends UTA’s Bridge to Doctorate Program 
for its success in bringing more persons from historically 
underrepresented and underserved groups to doctoral 
studies in mathematical sciences.

About the Program. The Bridge to Doctorate Program 
at UTA has been running since 2016 as an NSF-supported 
project (#1620630). Students participate in the Bridge 
Program for an entire academic year. The cohort size may 
vary each year (originally designed for 3 cohorts of 10 
students each year, but resulted in a total of 42 students 
during 2016–2022). The program focuses on URM (un-
derrepresented minority) and other underserved students, 
especially from HBCUs (Historical Black Colleges and 
Universities) and HSIs (Hispanic Serving Institutions). It 
is different from a typical post-bac program in that it offers 
individualized curriculum and advising based on students’ 
needs and strengths, and it helps the participants move 
forward without delay in progression towards doctoral 
studies. The Bridge to Doctorate Program at UTA has been 
running since the fall of 2016. The program is directed by 

a faculty team consisting at present of Prof. Jianzhong Su 
(Bridge Project Director/PI, Math Department Chair), Prof. 
Tuncay Aktosun (Bridge Program Director), and Profs. 
David Jorgensen, Ren-cang Li, Theresa Jorgensen, and 
Hristo Kojouharov (Math Graduate Director). 

Response from University of Texas Arlington 
(UTA) 
The Mathematics Department at University of Texas at Ar-
lington is honored to receive this AMS award. The Bridge 
Program aims at transforming the participating students 
into strong candidates for standard PhD programs in the 
mathematical sciences with graduate assistantships. The 
targeted students are those with potential, talent, and 
commitment to achieve a doctoral degree, but not yet 
ready to succeed in a standard PhD program for reasons 
such as coming from an underserved institution, where 
advanced mathematics courses may not be available. The 
success in the Bridge Program is reflected not only in the 
high number of students who have matriculated at a PhD 
program, but also evidenced by students in early cohorts 
who have successfully completed PhD studies and begun 
their professional careers. It has strong positive effects on 
the UTA Mathematics Department itself, by creating a bet-
ter academic environment for graduate students, for their 
retention, career preparation, involvement in outreach, and 
functioning as mentors/peer-mentors. We thank our col-
laborators, faculty mentors at over 40 institutions, mostly 
HBCUs and HSIs, in the Gulf States Math Alliance covering 
Texas, Louisiana, and Mississippi, and colleagues from the 
National Alliance for Doctoral Studies in the Mathematical 
Sciences, for their tremendous support. 

Credits
Photo is courtesy of UTA College of Science.
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backward in time, enabling them to establish rotational 
symmetry of solutions. The ideas developed here helped 
pave the way for the remarkable results we describe next. 

Two decades ago Perelman established the existence of 
a non-collapsed compact ancient solution of the three-di-
mensional Ricci flow that is not a soliton. Daskalopoulos 
and Šešum, in joint work with Angenent and Simon Brendle 
(Comm. Pure and Appl. Math. 2022, online version 2021), 
provided a complete asymptotic description of Perelman’s 
ancient solution, in fact of all rotationally symmetric, 
non-collapsed compact ancient solutions that are not flat. 
Subsequently, Brendle, Daskalopoulos and Šešum (Invent. 
Math 2021) proved the longstanding conjecture that the only 
non-collapsed, non-flat, compact ancient solutions of the 
three-dimensional Ricci flow are Perelman’s solution and 
shrinking spheres. 

Biographical Note 
Panagiota Daskalopoulos is a native of Greece and has 
been a Professor at Columbia University since 2001. Her 
primary research interest lies at the interface of Partial 
Differential Equations and Differential Geometry. She 
earned her PhD from the University of Chicago under the 
supervision of Carlos Kenig and received her BS from the 
University of Athens, Greece. Previously, she was a visiting 
member at the Institute of Advanced Study and taught at 
the University of Minnesota, and the University of Califor-
nia, Irvine. Her honors and awards include a Guggenheim 
Fellowship, Sloan Fellowship, Simon’s Fellowship, and 
the Distinguished Award for Research from University of 
California, Irvine. In 2014 she was an invited speaker at the 
Special Section in PDE, at the ICM in Seoul, and in 2016 
she gave an AMS Invited Address at the Joint Meetings in 
Seattle. In 2022 she was elected a member of the American 
Academy of Arts and Sciences. 

Citation 
Panagiota Daskalopoulos 
and Nataša Šešum 
The 2023 Ruth Lyttle Satter Prize 
is awarded to Panagiota Daska-
lopoulos and Nataša Šešum for 
groundbreaking work in the 
study of ancient solutions to 
geometric evolution equations. 

Ancient solutions are cru-
cial to the understanding of 
singularities of geometric flows 
and are of major interest in 
the theory of renormalization 
group flows in theoretical phys-
ics. Daskalopoulos and Šešum 
launched a systematic investiga-
tion of ancient solutions in 2010 
in foundational work with Rich-
ard Hamilton. Their deep and 
influential work over the past 
decade culminated in the ex-
citing breakthroughs for which 
this prize is being awarded. 

In a 2020 paper in the Annals 
of Mathematics, preceded by a 
2019 article in Journal of Differ-
ential Geometry, Daskalopoulos 
and Šešum, along with Sigurd 

Angenent, completely classified ancient compact solutions 
of the mean curvature flow that are uniformly two-convex, a 
condition that has played a pivotal role in allowing surgery 
constructions for general solutions of the flow. The proof 
developed highly original techniques to estimate the various 
asymptotic growth rates in different parts of the surfaces 

The Satter Prize recognizes an outstanding contribution to mathematics research by a woman in the previous six years. 
This prize was established in 1990 using funds donated by Joan S. Birman in memory of her sister, Ruth Lyttle Satter. 
Professor Birman requested that the prize be established to honor her sister’s commitment to research and to encourage 
women in science. An anonymous benefactor added to the endowment in 2008. The prize is awarded every two years.

Panagiota 
Daskalopoulos

Nataša Šešum
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Biographical Note 
Nataša Šešum is a native of Serbia and has been a Profes-
sor at Rutgers University since 2010. Her primary research 
interest lies at the interface of Partial Differential Equations 
and Differential Geometry. She earned her PhD from the 
Massachusetts Institute of Technology under the supervision 
of Gang Tian and received her BS from the University of 
Belgrade, Serbia. Previous academic appointments include 
MSRI (visiting member), New York University, Columbia 
University and University of Pennsylvania (UPenn). 

Her honors and awards include being selected as an 
AMS fellow and Simon’s Fellowship. In 2011 she gave an 
AMS Invited Address at the Joint Meetings at the College of 
the Holy Cross in Worcester, MA, and in 2014 she was an 
invited speaker at the Special Section in Geometry, at the 
ICM in Seoul. 

Response from Panagiota Daskalopoulos  
and Nataša Šešum 
We are deeply honored and happy to receive the Ruth Lyttle 
Satter Prize. We are extremely grateful to those who nomi-
nated us, to those colleagues who wrote letters to support 
our nomination, and to the selection committee. We would 
like to thank Joan Birman who established the prize in 
memory of her sister Ruth Lyttle Satter to encourage women 
in science. Joan Birman’s deep contributions to mathematics 
have been an inspiration for the younger generations of 
women mathematicians. 

We are very happy that the mathematics community 
has recognized our work on ancient solutions in geometric 
flows, which would not be possible without the support of 
our collaborators. We would like to thank Richard Hamil-
ton who shared with us the importance of classification of 
ancient solutions in geometric flows and collaborated with 
us on works that marked the beginning of our project on an-
cient solutions. We also want to thank Sigurd Angenent, our 
collaborator of several years now, with whom we developed 
methods for classifying ancient solutions that played an es-
sential role in the development of the subject, and have been 
widely used since then, even in more general settings. It has 
been very inspiring and gratifying working with him all these 
years and we have learned a lot from him. We also want to 
thank Simon Brendle for sharing with us, since early on, his 
ideas on establishing the rotational symmetry of solutions 
and collaborating with us in proving the compact case of 
Perelman’s conjecture in dimension three. Finally, we would 
like to thank all of our colleagues at Columbia University 
and Rutgers University for their support all these years, and 
without whose support all of our accomplishments in this 
citation would be impossible. 

Credits
Photo of Panagiota Daskalopoulos is courtesy of Scott Mead.
Photo of Nataša Šešum is courtesy of Nenad Dedic.
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Leroy P. Steele Prize for 
Mathematical Exposition

The AMS Leroy P. Steele Prize for Mathematical Exposi-
tion is awarded annually for a book or substantial survey 
or expository research paper.

Citation
Lawrence C. Evans
Lawrence C. Evans is honored 
for his book, Partial Differen-
tial Equations, published by the 
American Mathematical Soci-
ety, Providence, RI, 1998 (first 
edition) and 2010 (second edi-
tion). This unparalleled text has 
become the primary reference 
for every graduate student in 
the field and many experts. It 
achieves the near impossible 
task of giving coherence to the 

very extensive classical and modern theory of linear and 
nonlinear partial differential equations, through a mas-
terful choice of material. A pleasure to read, it combines 
insight and clear technical descriptions in an attractive 
and economical style, making a complex area accessible to 
numerous young and established researchers.

Biographical Note 
Lawrence C. Evans received his PhD in mathematics in 
1975 from UCLA, where he worked under the direction of 
Michael Crandall. Evans has been a math faculty member at 
the University of Kentucky, the University of Maryland and 
finally the University of California, Berkeley, from which 
he retired last year. His field of research is nonlinear partial 
differential equations, especially regularity theory, viscosity 
solutions and weak convergence issues.

Evans is a member of the National Academy of Sciences 
and the American Academy of Arts and Sciences, and is an 
AMS Fellow.

Response from Lawrence C. Evans
My deepest thanks to the American Math Society for this 
honor. And, coincidentally, I also thank the AMS for pub-
lishing this book 25 years ago. I have received spectacular 
support from Sergei Gelfand and many others at AMS pub-
lishing, as the text has gone through many revised printings 
and a new edition.

My thanks also to the vast numbers of readers who over 
the years have located typos and errors, some quite stun-
ning. Removing all the mistakes from a really long math 
book turns out to be impossible, at least for me, but the 
current version seems pretty good.

Finally, let me acknowledge also my many friends and 
colleagues who contributed their technical help, for vari-
ous topics about which I am not so expert. Tai-Ping Liu in 
particular helped me immensely. It is surely true that the 
writing of mathematics books is deeply collaborative, even 
if only one name appears on the title page.

Leroy P. Steele Prize for 
Seminal Contribution 
to Research

The Steele Prize for Seminal Contribution to Research 
is awarded for a paper, whether recent or not, that has 
proved to be of fundamental or lasting importance in 
its field, or a model of important research. The prize is 
awarded according to the following six-year rotation 
of subject areas: Open, Analysis/Probability, Algebra/
Number Theory, Applied Mathematics, Geometry/To-
pology, and Discrete Mathematics/Logic.

The Leroy P. Steele Prizes were established in 1970 in honor of George David Birkhoff, William Fogg Osgood, and 
William Caspar Graustein and are endowed under the terms of a bequest from Leroy P. Steele. Prizes are awarded in 
up to three categories.

Lawrence C. Evans 
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Citation

Peter B. Kronheimer and 
Tomasz S. Mrowka
The 2023 Steele Prize for Semi-
nal Contribution to Research is 
awarded to Peter B. Kronheimer 
and Tomasz S. Mrowka for their 
paper, “Gauge theory for em-
bedded surfaces. I,” published 
in 1993 in Topology 32, 773–
826. This paper introduced 
new notions and developed 
sophisticated new technology 
that has played and continues 
to play a central role in gauge 
theory and low dimensional 
topology. The first application 
of the new methods (given in 
the cited paper) was to settle a 
25-year-old conjecture of Mil-
nor, concerning the minimal-
ity of the genus of algebraic 
surfaces among all embedded 
surfaces in the four-ball span-
ning the same boundary curve 
in the three-sphere. This marks 
the starting point of a long de-

velopment which has revolutionized our understanding 
of the four-ball genus (for a recent example, see Piccirillo’s 
proof that the Conway knot does not bound a disk). Kro-
nheimer-Mrowka’s argument is a consequence of a general 
adjunction inequality obtained in the paper.

Two years after the cited paper was published, Kro-
nheimer and Mrowka used the same technology of singular 
instantons to describe the structure of the mysterious Don-
aldson invariants for closed four-manifolds, in terms of a 
finite number of “basic” degree two cohomology classes. 
This structure theorem led Edward Witten to his conjec-
tural relationship between Seiberg-Witten invariants and 
Donaldson invariants.

Later, Kronheimer and Mrowka defined a new version of 
Floer homology for knots, again based on singular instan-
tons. Using that, they proved that the (purely algebraically 
defined) Khovanov homology detects whether a knot is 
trivial. This led to a flowering of such detection results; for 
instance, concerning the trefoil knot, by Baldwin and Sivek. 
The authors, as well as many other researchers, continue to 
develop the ideas in the cited paper to define new invariants 
in low-dimensional topology, and the subject has grown to 
include relations with a wide array of topics (such as sheaf 
theory, in Côté’s and Manolescu’s recent work).

Biographical Note
Peter B. Kronheimer was born in London and educated 
at the City of London School and Merton College, Oxford. 
He obtained his BA in 1984 and his DPhil in 1987 under 
the supervision of Michael Atiyah. After a year as a Junior 
Research Fellow at Balliol and two years at the Institute 
for Advanced Study, he returned to Merton as Fellow and 
Tutor in Mathematics. In 1995 he moved to Harvard, 
where he is now William Caspar Graustein Professor of 
Mathematics. He is a recipient of the Förderpreis from the 
Mathematisches Forschungsinstitut, Oberwolfach, and the 
Whitehead Prize from the London Mathematical Society. 
He is a corecipient of the Oswald Veblen Prize and the Jo-
seph L. Doob Prize, both from the American Mathematical 
Society, and was elected a Fellow of the Royal Society in 
1997. Outside of mathematics he enjoys playing the horn, 
often joined by his wife Jenny on piano.

Biographical Note
Tomasz S. Mrowka was born in State College, Pennsylva-
nia in 1961. He received a SB in mathematics from MIT 
in 1983. His 1988 PhD is from UC Berkeley advised by 
Clifford Taubes. After postdoctoral positions at the MSRI 
and Stanford, he was appointed as a professor at Caltech 
in 1992 and moved to MIT in 1994. At MIT, Mrowka has 
served as chair of graduate studies, chair of the pure math-
ematics committee and head of the department.

Mrowka was awarded the NSF Young Investigator Grant 
in 1993. He has been a fellow of the Sloan Foundation, 
Radcliffe Institute, Guggenheim Foundation and Simons 
Foundation. Mrowka is a member of the American Acad-
emy of Arts and Sciences and the National Academy of 
Sciences. He is a joint recipient of the Oswald Veblen Prize 
and the Joseph L. Doob Prize of the AMS. In 2018, with 
Kronheimer, they delivered a plenary lecture at the ICM.

Response from Peter B. Kronheimer  
and Tomasz S. Mrowka
We are honored and delighted to hear that we have been 
awarded the Leroy P. Steele Prize for Seminal Contribution 
to Research.

Our paper, “Gauge theory for embedded surfaces, I” 
and its later companions had their origin in a collabora-
tion which was forged at Oberwolfach in the summer of 
1991. There we had the opportunity to work together for 
several weeks at the Mathematisches Forshungsinstitut, 
with this project in mind. By the end of that stay, the key 
results that we had been aiming for, concerning singular 
Yang-Mills instantons, were in place, and applications such 
as Milnor’s conjecture on the unknotting number of torus 
knots soon followed.

Our mathematical research since then has taken several 
directions, but has often returned to the singular instanton 
story. It has been a constant source of excitement, not only 

Tomasz S. Mrowka

Peter B. Kronheimer
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results for exponential sums, through a study of the global 
monodromy groups of the sheaves.

Throughout his career, Katz has been generous in sharing 
his enthusiasm and farreaching insights with students and 
colleagues at all levels. His mentorship of generations of 
mathematicians has been of inestimable value.

Biographical Note 
Nicholas M. Katz attended Johns Hopkins as an under-
graduate, and received his PhD from Princeton in 1966 as 
a student of Bernard Dwork. His work focuses on the p-adic 
and l-adic aspects of life over finite fields, and its relation 
to life in characteristic zero. He is a professor at Princeton.

He visited IHES for many sabbaticals and for many many 
summers, and twice was a visiting professor at Orsay. He 
has held a NATO Postdoctoral Fellowship, a Sloan Fellow-
ship, a Guggenheim Fellowship twice, a JSPS Fellowship, a 
Visiting Miller Professorship, a Simons Fellowship, and was 
several times an Ordway Visiting Professor at the University 
of Minnesota.

He served as Department Chair in 2002–2005. He and 
Peter Sarnak were jointly awarded the Levi L. Conant prize 
in 2003. He is a member of the National Academy of Sci-
ences. He is an editor of Annals of Mathematics.

Response from Nicholas M. Katz
I am delighted and honored to receive the Leroy P. Steele 
Prize for Lifetime Achievement. I have had astoundingly 
good luck in my career. When I graduated from high school 
in 1960, calculus was not standardly taught in high school, 
and the usual first semester college math course was “An-
alytic Geometry”. But when I arrived at Johns Hopkins, 
that course had just been scrapped completely, in favor of 
a revolutionary course designed by Mostow, Meyer, and 
Sampson, with the idea that genuine “abstract” mathe-
matics could and should be taught to everyone. Mostow 
taught the course that year, and it was transformational for 
me. I also fell under the charismatic spell of Ken Ireland, 
then a graduate student of Dwork, and when I was taught 
Galois theory by Dwork there was no going back. Another 
transformational event was Dwork arranging my attending 
Woods Hole in 1964, where I saw giants at work and at 
play. I then had the good fortune to visit IHES and learn 
from and be inspired by both Deligne and Grothendieck, 
and later by Gabber. Having Laumon, Mazur, Messing, 
Oda, Sarnak, and Tiep as co-authors, each with amazing 
breadth of knowledge and interest and enthusiasm, has 
been an inspiration to me.

Credits
Photo of Peter B. Kronheimer is courtesy of Peter B. Kro-

nheimer.
Photo of Tomasz S. Mrowka is courtesy of Gigliola Staffilani.
Photo of Nicholas M. Katz is courtesy of Charles Mozzochi.

to see new applications of these ideas in the work of many 
mathematicians, but also to see quite new tools being 
developed over the intervening decades, greatly increasing 
the state of knowledge around questions which might have 
seemed out of reach in 1991.

We would like to thank our families for their love and 
support. Our sincere thanks also to the community of 
mathematicians whose ideas formed the background for 
our own work and whose contributions have led to such 
vigorous and unexpected growth in this field. We thank the 
Oberwolfach Foundation for the opportunity afforded by 
the Oberwolfach Prize in 1991. Finally, we thank the Amer-
ican Mathematical Society and the selection committee for 
recognizing our work in this way.

Leroy P. Steele Prize for 
Lifetime Achievement

Presented annually, the AMS Leroy P. Steele Prize for 
Lifetime Achievement is awarded for the cumulative in-
fluence of the total mathematical work of the recipient, 
high level of research over a period of time, particular 
influence on the development of a field, and influence 
on mathematics through PhD students.

Citation
Nicholas M. Katz
The Steele Prize for Lifetime 
Achievement is awarded to 
Nicholas M. Katz for his land-
mark contributions to number 
theory and arithmetic geom-
etry.

Katz’s fundamental articles 
and monographs have bene-
fited the mathematical com-
munity by opening up new 
directions of research, and il-
luminating large areas of math-

ematics. His best-known works include his long Antwerp 
article on p-adic modular forms; his Astérisque volume on 
exponential sums; the Annals of Mathematics Studies volume 
on moduli of elliptic curves by Katz and Mazur; and the 
AMS volume Random matrices, Frobenius eigenvalues, and 
monodromy by Katz and Sarnak.

A continuing theme in Katz’s work is his pathbreaking 
and influential study of the connection between exponen-
tial sums and lisse l-adic sheaves on open curves over finite 
fields. By viewing such sums as traces of Frobenius at the 
closed points of the curve and applying the fundamental 
results of Deligne, he obtained powerful distribution  

Nicholas M. Katz
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Fellows of the AMS
2023 Class of

Jan Hendrik Bruinier, Technische Universität Darmstadt
For contributions to number theory, automorphic forms, and 
arithmetic geometry.

Jin-Yi Cai, University of Wisconsin, Madison
For contributions to computational complexity theory, especially 
in the areas of complexity dichotomy.

Xiaojun Chen, The Hong Kong Polytechnic University
For contributions to mathematical optimization, stochastic 
variational inequalities, and the analysis of nondifferentiable 
functions.

Kai Cieliebak, Universitaet Augsburg
For contributions to symplectic geometry and Hamiltonian 
dynamics.

Antonio Auffinger, Northwestern University
For contributions to probability theory and mathematical physics 
and, in particular, to the study of spin glasses and percolation 
theory.

József Balogh, University of Illinois, Urbana-Champaign
For contributions to extremal combinatorics, probability and 
additive number theory, and for graduate mentoring.

Mark Behrens, University of Notre Dame
For contributions to algebraic topology and, in particular, ho-
motopy theory.

Lydia Bieri, University of Michigan
For contributions to mathematical general relativity and geo-
metric analysis.

Thirty-nine mathematical scientists from around the world have been named Fellows of the American Mathematical 
Society (AMS) for 2023.

The Fellows of the American Mathematical Society program recognizes members who have made outstanding con-
tributions to the creation, exposition, advancement, communication, and utilization of mathematics. Among the goals 
of the program are to create an enlarged class of mathematicians recognized by their peers as distinguished for their 
contributions to the profession and to honor excellence.

Names of the individuals who are in this year’s class, their institutions, and citations appear below.
The nomination period for Fellows is open each year from February 1 to March 31. For additional information about the 

Fellows program, as well as instructions for making nominations, visit the web page https://www.ams.org/ams-fellows.
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Slava Krushkal, University of Virginia
For contributions to low-dimensional topology and, in particular, 
the topology of 4-manifolds.

Matilde Lalin, Université de Montréal
For contributions to number theory, including the study of L-func-
tions, and for service to the mathematical community.

Christopher J. Leininger, Rice University
For contributions to geometric group theory, low-dimensional 
topology, and mentoring junior mathematicians.

Ling Long, Louisiana State University, Baton Rouge
For contributions to hypergeometric arithmetic, noncongruence 
Modular Forms, and supercongruences.

Jianfeng Lu, Duke University
For contributions to applied mathematics, electronic structure 
theory, and high dimensional problems.

Jiawang Nie, University of California, San Diego
For contributions to optimization, tensor computation, and 
convex algebraic geometry.

David Nualart, University of Kansas
For contributions to Malliavin calculus, stochastic PDE's, and 
fractional Brownian motion.

Sam Payne, University of Texas at Austin
For contributions to algebraic geometry and tropical geometry, 
and for mentorship of young researchers.

Yiannis Sakellaridis, Johns Hopkins University
For contributions to representation theory and the theory of auto-
morphic forms, and for service to the mathematical community.

Anurag K. Singh, University of Utah
For contributions to commutative algebra and for mentoring 
young mathematicians.

Betsy Stovall, University of Wisconsin, Madison
For contributions to harmonic analysis.

Xiang Tang, Washington University
For contributions to noncommutative geometry, Poisson geome-
try, and for service to the profession.

Stephanie van Willigenburg, University of British Co-
lumbia
For contributions to algebraic combinatorics, mentorship and 
exposition, and inclusive community building.

Alexander Varchenko, University of North Carolina at 
Chapel Hill
For contributions to singularity theory, real algebraic geometry, 
and the theory of quantum integrable systems.

Matthew Foreman, University of California, Irvine
For contributions to axioms of mathematics, Banach-Tarski 
phenomena, and descriptive dynamical systems.

Guihua Gong, University of Puerto Rico at Rio Piedras
For contributions to operator algebras and its application, in 
particular, to classification of C*-algebras.

Maria Gordina, University of Connecticut, Storrs
For contributions to stochastic and geometric analysis, infinite-di-
mensional analysis, and ergodicity of hypoelliptic diffusions.

Kirsten Graham Wickelgren, Duke University
For contributions to algebraic topology, algebraic geometry, and 
number theory.

Abba B. Gumel, University of Maryland at College Park
For contributions to the mathematical theory of epidemics, ap-
plied dynamical systems, and promoting the use of mathematics 
to help solve global public health challenges.

Venkatesan Guruswami, University of California, Berkeley
For contributions to the theory of computing and error-correcting 
codes, and for service to the profession.

Weimin Han, University of Iowa
For contributions to numerical methods and analysis of non-
smooth problems in mechanics and engineering.

Jan S. Hesthaven, Ecole Polytechnique Fédérale de Laus-
anne (EPFL)
For contributions to computational methods for PDEs, high-order 
accurate methods, and the reduced order method.

Wei Ho, Princeton University and University of Michigan
For contributions to number theory and algebraic geometry, and 
for service to the mathematical community.

Jennifer Hom, Georgia Institute of Technology
For contributions to low-dimensional topology, Heegaard Floer 
homology, and service to the mathematical community.

Ryan Hynd, University of Pennsylvania
For contributions to partial differential equations and their 
application to Sobolev inequalities, control theory, and adhesion 
dynamics.

Robert L. Jerrard, University of Toronto
For contributions to the study of topological defects in solutions 
of nonlinear partial differential equations.

Gil Kalai, The Hebrew University of Jerusalem
For contributions to combinatorics, convexity, and their ap-
plications, as well as to the exposition and communication of 
mathematics.



Fellows of the AMS

FROM THE AMS SECRETARY

692    Notices of the AmericAN mAthemAticAl society Volume 70, Number 4

Credits
Photo of Jan Hendrik Bruinier is courtesy of Eva Speith, 

Darmstadt.
Photo of Kai Cieliebak is courtesy of Andrea Kane / Institute 

for Advanced Study.
Photo of Kirsten Graham Wickelgren is courtesy of Joseph 

Rabinoff. 
Photo of Abba B. Gumel is courtesy of Rhonda Olsen.
Photo of Wei Ho is courtesy of Abbey Ellis, Institute for Ad-

vanced Study.
Photo of Ryan Hynd is courtesy of Aaron Fagerstrom. 
Photo of Matilde Lalin is courtesy of Pablo Bianucci.
Photo of Sam Payne is courtesy of Vivian Abagiu / University 

of Texas at Austin. 
Photo of Xiang Tang is courtesy of the Department of Mathe-
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Vlad C. Vicol, New York University, Courant Institute
For contributions to analysis of nonlinear PDEs arising in fluid 
dynamics.

Maria Cristina Villalobos, University of Texas Rio Grande 
Valley
For contributions to modelling and optimization and for broaden-
ing the participation of underrepresented groups in mathematics.

Lawrence C. Washington, University of Maryland
For contributions to number theory, especially cyclotomic fields, 
and for mentoring at all levels.

Zhouli Xu, University of California, San Diego
For contributions to stable homotopy theory, applications to 
manifold topology, and motivic homotopy theory.



NEWS

AMS Updates

AMS Engaged Pedagogy Series
Debuts April 23–25
Faculty: Register by April 7, 2023, for “Mathematical Foun-
dations for Democratic Processes,” the first online work-
shop of the new AMS Engaged Pedagogy Series.

In the span of three afternoon sessions held April 23–
25, 2023, organizers will present topics that include vot-
ing and social choice theory; apportionment and the
Electoral College; gerrymandering; and quantification of
power. The course will be led by Stanley Chang, Andrew
Schultz, and Ismar Volić from Wellesley College’s Institute
for Mathematics and Democracy, who aim to create a col-
laborative, creative, and active learning environment.

Participants in this online workshop will leave with the
tools and resources to create courses or incorporate mod-
ules on mathematics and politics into their own teaching.

Through the new Engaged Pedagogy Series, the AMS
will provide mathematical sciences faculty with experi-
ences and resources to strengthen them as professionals
and empower their engagement with students learning
mathematics. Offered in the spring and fall, these online
workshops will be inspiring opportunities to connect with
others in the mathematical community who teach; to en-
gage in current applications of mathematics; to innovate
with curriculum; and to learn how to use online and soft-
ware tools.

Any level of experience with teaching these topics is wel-
come. Space is limited and registration is required: $200
AMS member; $300 nonmember.

For more information, see www.ams.org/engaged
-pedagogy-series.

—AMS Programs Department

DOI: https://doi.org/10.1090/noti2677

Support Your Mathematics
Community: Buy Direct!
The AMS would like to remind you that every purchase
you make in our bookstore supports future publications,
research, travel grants, and more. Help sustain our math-
ematical community by shopping https://bookstore
.ams.org! Follow us on Facebook (https://www
.facebook.com/amermathsoc) and Twitter (https://
twitter.com/amermathsoc) to stay informed about
sales and new releases.

—AMS Publications Department

Deaths of AMS Members
B. L. J. Braaksma, of the Netherlands, died on January 2,
2023. Born on April 19, 1934, he was a member of the
Society for 49 years.

Richard A. Dean, of Santa Rosa, California, died on Jan-
uary 27, 2022. Born onOctober 9, 1924, he was amember
of the Society for 71 years.

David J. Ferguson, of Meridian, Idaho, died on August
27, 2020. Born on May 24, 1939, he was a member of the
Society for 50 years.

F. William Lawvere, of Buffalo, New York, died on Janu-
ary 23, 2023. Born on February 9, 1937, he was a member
of the Society for 62 years.

StevenH. Schot, ofWashington, DC, died onDecember
13, 2018. Born on June 13, 1930, he was a member of the
Society for 62 years.

Walter Wyss, of Boulder, Colorado, died on December
31, 2021. Born on March 26, 1938, he was a member of
the Society for 48 years.
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Mathematics People

Stroppel Receives
Leibniz Prize 2023
Catharina Stroppel, a professor of mathematics at the Uni-
versity of Bonn, was one of 10 recipients of a Gottfried
Wilhelm Leibniz Prize for 2023. Stroppel received the
prize “in recognition of her excellent work in representa-
tion theory, especially on the topic of category theory.”
In particular, Stroppel has proven profound Bernstein-
Frenkel-Khovanov conjectures, providing a representation-
theoretical description and a categorization of Khovanov
homology. Stroppel has also created graduated variants of
many structures from representation theory, often closely
linked to the question of categorization. With the help of
the categorized structures, Stroppel was the first to describe
precisely, with Brundan among others, the representation
theory of the Lie superalgebra gl (m | n), which is an ex-
ample of a graduated variant. Leibniz Prize winners each
receive €2.5 million in prize money. They are entitled to
use these funds for their research in any way they wish,
without bureaucratic obstacles, for up to seven years. The
annual Leibniz Prizes are award by the Joint Committee
of the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation).

Shi, Soria-Carro, and Srivastava
Receive the Seventh Annual
Association for Women in
Mathematics Dissertation Prize
Jia Shi, Marı́a Soria-Carro, and Rajula Srivastava were pre-
sentedwith the 2023 Association forWomen inMathemat-
ics Dissertation Prize at the Joint Prize Session at the 2023
Joint Mathematics Meetings in Boston, MA, in January.

Established in 2016, the annual award recognizes excep-
tional work in up to three dissertations defended in the last

DOI: https://doi.org/10.1090/noti2676

24 months by female mathematical scientists. The award
is intended to be based entirely on the dissertation itself,
not on other work of the individual.

Shi received her PhD in 2022 at PrincetonUniversity un-
der the direction of Charles Fefferman and Javier Gomez-
Serrano. She is currently a C.L.E. Moore instructor at the
Massachusetts Institute of Technology. Shi’s interests in-
clude fluid mechanics and partial differential equations.

Soria-Carro received her PhD in 2022 from the Univer-
sity of Texas at Austin under the direction of Luis Caffarelli
and co-direction of Pablo Raul Stinga. She is currently a
Hill Assistant Professor at Rutgers University, working with
Dennis Kriventsov and Yanyan Li. Soria-Carroworks in the
field of elliptic and parabolic partial differential equations.

Srivastava received her PhD from the University of
Wisconsin–Madison in 2022 under the supervision of An-
dreas Seeger. She is currently a Hirzebruch Research In-
structor at the University of Bonn and theMax Planck Insti-
tute for Mathematics. Srivastava’s research is in harmonic
analysis.

—Association for Women in Mathematics

Jackson Awarded
Alice T. Schafer Prize
The Association for Women in Mathematics (AWM)
awarded the 33rd Annual Alice T. Schafer Prize for Ex-
cellence in Mathematics by an Undergraduate Woman
to Faye Jackson, a senior mathematics major at the Uni-
versity of Michigan. Anqi Li, mathematics major at the
Massachusetts Institute of Technology, was named runner-
up. Ilani Axelrod-Freed (Massachusetts Institute of Tech-
nology), Joyce Chen (Princeton University), and Veronica
Lang (Smith College) each received an honorablemention.
The 2023 AWM Alice T. Schafer Prize was presented at the
2023 Joint Mathematics Meetings in Boston, MA.

—Association for Women in Mathematics

694 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 70, NUMBER 4



Mathematics People

NEWS

Three Named Churchill
Scholars for Pure Mathematics
The Winston Churchill Foundation of the United States
announced the selection of 16 Churchill Scholars in sci-
ence, math, and engineering for the 2023–24 academic
year. The foundation received 119 nominations from 77
participating institutions for these awards.

Three honorees were named in the field of Pure Mathe-
matics: Henry Fleischmann, University of Michigan; Ryan
Jeong, University of Pennsylvania; and Samuel Sottile,
Michigan State University.

Geometry of Hindu Temples 
By Dr. Salilesh Mukhopadhyay 

This book emphasizes the earthquake-proof architectures of the 

caves of Ajanta and Elora in Aurangabad, India by elaborating 

Hindu Geometry vs. Euclidean Geometry. The book also describes 

the fundamentals of Vastu Geometry involved in the construction 

of temples in India. It highlights the foundations of 64-grid or 

81-grid geometrical constructions and is the first volume to explore 

this branch of Hindu Sacred Geometry. 

ISBN: Paperback: 979-8-88810-202-2, Hardback: 979-8-88810-203-9, eBook: 
979-8-88810-204-6; 64 pages. Price: $55.55 + $5.56 postage and handling for USA.

www.feasiblesolutionworldwide.comAvailable for purchase at 

The Churchill Scholarship funds one year of master’s
study at Churchill College, Cambridge, including full tu-
ition, a competitive stipend, travel costs, and the chance to
apply for a $4,000 special research grant. The programwas
established in 1963 at the request of Sir Winston Churchill
as part of the founding of Churchill College as a predom-
inantly science and technology college and the National
and Commonwealth memorial to Churchill. The schol-
arship fulfils Churchill’s vision of deepening the US–UK
partnership in order to advance science and technology on
both sides of the Atlantic, ensuring future prosperity and
security. The awards are funded through a combination of
annual donations and investment reserves.

—AMS Communications
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Find the program that’s right for you!

www.ams.org/fi nd-graduate-programs

Search and sort by...
 •  Specialties

 •  Degree types
    (Bridge/Postbaccalaureate, Masters,

     Doctoral, or certifi cate programs)
 •  Size (PhDs awarded)
 •  Location (US & Canada)

Compare information on...
 •  Financial support
 •  Graduate students

 •  Faculty
 •  Degrees awarded

 •
 •

    (
     
 •
 • •

This free database
provides a convenient source 
of comparative information

on graduate programs in the
mathematical sciences for

prospective graduate students
and their advisors.

http://www.ams.org/find-graduate-programs
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The Notices Classified Advertising section is devoted to listings of current employment opportunities. The publisher reserves the right to reject any listing 
not in keeping with the Society’s standards. Acceptance shall not be construed as approval of the accuracy or the legality of any information therein. Advertis-
ers are neither screened nor recommended by the publisher. The publisher is not responsible for agreements or transactions executed in part or in full based 
on classified advertisements. 
The 2023 rate is $3.65 per word. Advertisements will be set with a minimum one-line headline, consisting of the institution name above body copy, unless 
additional headline copy is specified by the advertiser. Headlines will be centered in boldface at no extra charge. Ads will appear in the language in which they 
are submitted. There are no member discounts for classified ads. Dictation over the telephone will not be accepted for classified ads.
Upcoming deadlines for classified advertising are as follows: June/July 2023—April 21, 2023; August 2023—May 19, 2023; September 2023—June 23, 2023; 
October 2023—July 21, 2023; November 2023—August 25, 2023; December 2023—September 22, 2023.
US laws prohibit discrimination in employment on the basis of color, age, sex, race, religion, or national origin. Advertisements from institutions outside the 
US cannot be published unless they are accompanied by a statement that the institution does not discriminate on these grounds whether or not it is subject to 
US laws.
Submission: Send email to classads@ams.org.

CHINA

Tianjin University, China  
Tenured/Tenure-Track/Postdoctoral Positions at  

the Center for Applied Mathematics  

Dozens of positions at all levels are available at the recently 
founded Center for Applied Mathematics, Tianjin Univer-
sity, China. We welcome applicants with backgrounds in 
pure mathematics, applied mathematics, statistics, com-
puter science, bioinformatics, and other related fields. We 
also welcome applicants who are interested in practical 
projects with industries. Despite its name attached with 
an accent of applied mathematics, we also aim to create a 
strong presence of pure mathematics.

Light or no teaching load, adequate facilities, spacious 
office environment and strong research support. We are 
prepared to make quick and competitive offers to self-mo-
tivated hard workers, and to potential stars, rising stars, as 
well as shining stars.

The Center for Applied Mathematics, also known as the 
Tianjin Center for Applied Mathematics (TCAM), located 
by a lake in the central campus in a building protected as 
historical architecture, is jointly sponsored by the Tianjin 
municipal government and the university. The initiative 
to establish this center was taken by Professor S. S. Chern. 
Professor Molin Ge is the Honorary Director, Professor 
Zhiming Ma is the Director of the Advisory Board. Professor 
William Y. C. Chen serves as the Director.

TCAM plans to fill in fifty or more permanent faculty 
positions in the next few years. In addition, there are a 
number of temporary and visiting positions. We look for-
ward to receiving your application or inquiry at any time. 
There are no deadlines.

Please send your resume to mathjobs@tju.edu.cn.
For more information, please visit cam.tju.edu.cn 

or contact Mr. Albert Liu at mathjobs@tju.edu.cn, tele-
phone: 86-22-2740-6039.

2

http://cam.tju.edu.cn
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algebraic topology the cyclotomic structure obtained using 
the cyclic subgroups of the circle action on topological 
Hochschild homology gives rise to remarkably significant 
arithmetic structures intimately related to crystalline co-
homology through the de Rham-Witt complex, Fontaine’s 
theory and the Fargues-Fontaine curve.

This item will also be of interest to those working in geometry 
and topology.

Proceedings of Symposia in Pure Mathematics, Volume 
105
April 2023, 579 pages, Softcover, ISBN: 978-1-4704-6977-
1, LC 2022045496, 2010 Mathematics Subject Classification: 
11M55, 14G40, 16E40, 16T05, 16T10, 18N10, 18M05, 
19D55, 46L87, 58B34, 81T75, 81R60, List US$139, AMS 
members US$111.20, MAA members US$125.10, Order 
code PSPUM/105

bookstore.ams.org/pspum-105

New in Contemporary 
Mathematics
Differential Equations

Recent Trends in Formal 
and Analytic Solutions 
of Diff. Equations
Galina Filipuk, University of 
Warsaw, Poland, Alberto Lastra, 
Universidad de Alcalá, Madrid, 
Spain, and Sławomir Michalik, 
Cardinal Stefan Wyszyńsk Univer-
sity, Warszawa, Poland, Editors

This volume contains the pro-
ceedings of the conference on 
Formal and Analytic Solutions 

of Diff. Equations, held from June 28–July 2, 2021, and 
hosted by University of Alcalá, Alcalá de Henares, Spain.

Algebra and 
Algebraic Geometry

Cyclic Cohomology at 40: 
Achievements and 
Future Prospects
A. Connes, Collège de France, 
Paris and Institut des Hautes Études 
Scientifiques, Bures-sur-Yvette, 
France, C. Consani, Johns Hop-
kins University, Baltimore, MD, 
B. I. Dundas, University of Bergen, 
Norway, M. Khalkhali, Western 
University, London, ON, Canada, 
and H. Moscovici, The Ohio State 
University, Columbus, Editors

This volume contains the proceedings of the virtual con-
ference on Cyclic Cohomology at 40: Achievements and 
Future Prospects, held from September 27–October 1, 2021 
and hosted by the Fields Institute for Research in Mathe-
matical Sciences, Toronto, ON, Canada.

Cyclic cohomology, since its discovery forty years ago 
in noncommutative differential geometry, has become a 
fundamental mathematical tool with applications in do-
mains as diverse as analysis, algebraic K-theory, algebraic 
geometry, arithmetic geometry, solid state physics and 
quantum field theory.

The reader will find survey articles providing a us-
er-friendly introduction to applications of cyclic coho-
mology in such areas as higher categorical algebra, Hopf 
algebra symmetries, de Rham-Witt complex, quantum 
physics, etc., in which cyclic homology plays the role of a 
unifying theme.

The researcher will find frontier research articles in 
which the cyclic theory provides a computational tool of 
great relevance. In particular, in analysis cyclic cohomology 
index formulas capture the higher invariants of manifolds, 
where the group symmetries are extended to Hopf algebra 
actions, and where Lie algebra cohomology is greatly ex-
tended to the cyclic cohomology of Hopf algebras which 
becomes the natural receptacle for characteristic classes. In 

Volume 105

Proceedings of Symposia inProceedings of Symposia in
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Later chapters (the heart of the book) develop five great 
factorizations of a matrix, and they are connected to the 
four fundamental subspaces that students can work with.

Chapter 10 (the closing chapter)—not reached in a first 
course but so valuable in modern applications—describes 
the key ideas of Deep Learning. The learning function (built 
from training data) is piecewise linear with matrix weights. 
For unseen data, those same weights give an accurate un-
derstanding—and every student knows the importance of 
these ideas.

New to the Sixth Edition:
 • Two new chapters on applications of linear algebra 

to vital modern problems of optimization and 
learning from data.

 • Expanded coverage of linear transformations and 
eigenvectors.

 • Revised treatment of singular value decomposition 
with a focus on its applications in data analysis and 
machine learning.

 • More examples and exercises, helping students to 
solidify their understanding of the material.

Professor Strang has taught linear algebra at MIT for 
more than 50 years, and the course he developed has be-
come a model for teaching around the world. His video lec-
tures on MIT OpenCourseWare have been viewed over ten 
million times, and his textbooks have been widely adopted.

A publication of Wellesley-Cambridge Press. Distributed within the 
Americas by the American Mathematical Society.

The Gilbert Strang Series, Volume 5
January 2023, 430 pages, Hardcover, ISBN: 978-1-7331466-
7-8, 2010 Mathematics Subject Classification: 15–XX; 65–XX, 
68–XX, List US$87.50, AMS members US$70, Order code 
STRANG/5

bookstore.ams.org/strang-5

Purple Comet! Math Meet
The Next Ten Years 
(2013–2022)
Titu Andreescu, University of 
Texas at Dallas, Richardson and 
Jonathan Kane, University of Wis-
consin, Madison, WI

This book is a comprehensive 
compilation of all the problems 
and solutions from the 2013 to 
2022 Purple Comet! Math Meet 
contests for middle and high 

school students. The problems featured not only employ 
an extensive range of mathematical concepts from Algebra, 
Geometry, Number Theory, and Combinatorics, but also 

The manuscripts cover recent advances in the study of 
formal and analytic solutions of different kinds of equa-
tions such as ordinary differential equations, difference 
equations, q-difference equations, partial differential equa-
tions, moment differential equations, etc. Also discussed 
are related topics such as summability of formal solutions 
and the asymptotic study of their solutions.

The volume is intended not only for researchers in this 
field of knowledge but also for students who aim to acquire 
new techniques and learn recent results.

This item will also be of interest to those working in analysis.

Contemporary Mathematics, Volume 782
April 2023, 228 pages, Softcover, ISBN: 978-1-4704-
6604-6, LC 2022032611, 2010 Mathematics Subject Clas-
sification: 30D35, 34A26, 34C20, 34E05, 34M40, 35A02, 
35C10, 35G10, 37J40, 39A13, List US$130, AMS members 
US$104, MAA members US$117, Order code CONM/782

bookstore.ams.org/conm-782

New AMS-Distributed 
Publications
Algebra and 
Algebraic Geometry

Introduction to 
Linear Algebra
Sixth Edition
Gilbert Strang, Massachusetts In-
stitute of Technology, Cambridge

The sixth edition of Gilbert 
Strang’s best-selling textbook, 
Introduction to Linear Algebra, 
continues to combine serious 
purpose with a gentle touch, pro-
viding an accessible and com-
prehensive guide to the study 

of linear algebra. Two of the chapters—the first and the 
last—deserve special mention.

Chapter 1 emphasizes that matrix-vector multiplication 
Ax produces a linear combination of the columns of A. 
Those combinations fill the column space of A, and the 
idea of linear independence is introduced by examples. The 
result is to see (for small matrices) the ideas of column rank 
and row rank and a valuable factorization A=CR.

http://bookstore.ams.org/conm-782
http://bookstore.ams.org/strang-5
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Discrete Mathematics 
and Combinatorics

Elements of Graph Theory
From Basic Concepts to 
Modern Developments
Alain Bretto, Université de Caen 
Normandie, France, Alain Fais-
ant, Université de Lyon–Univer-
sité Jean Monnet Saint-Etienne, 
France, and François Hennecart, 
Université de Lyon–Université Jean 
Monnet Saint-Etienne, France

Translated by Leila Schneps

This book is an introduction to graph theory, presenting 
most of its elementary and classical notions through an 
original and rigorous approach, including detailed proofs 
of most of the results.

It covers all aspects of graph theory from an algebraic, 
topological and analytic point of view, while also devel-
oping the theory’s algorithmic parts. The variety of topics 
covered aims to lead the reader in understanding graphs 
in their greatest diversity in order to perceive their power 
as a mathematical tool. The book will be useful to under-
graduate students in computer science and mathematics as 
well as in engineering, but it is also intended for graduate 
students. It will also be of use to both early-stage and ex-
perienced researchers wanting to learn more about graphs.

A publication of the European Mathematical Society (EMS). Distributed 
within the Americas by the American Mathematical Society.

EMS Textbooks in Mathematics, Volume 25
December 2022, 502 pages, Hardcover, ISBN: 978-3-
98547-017-4, 2010 Mathematics Subject Classification: 05–01, 
05Cxx; 08Axx, 20–XX, 54–XX, List US$65, AMS members 
US$52, Order code EMSTEXT/25

bookstore.ams.org/emstext-25

encourage team collaboration. Whether looking to pre-
pare for contests or—even more importantly—sharpening 
one’s math problem solving skills, any student interested 
in mathematics would cherish and enjoy this unique and 
pertinent collection of meaningful problems and solutions.

A publication of XYZ Press. Distributed in North America by the American 
Mathematical Society.

XYZ Series, Volume 47
February 2022, 460 pages, Hardcover, ISBN: 978-1-7358315-
6-5, 2010 Mathematics Subject Classification: 00A05, 00A07, 
97U40, 97D50, List US$59.95, AMS members US$47.96, 
Order code XYZ/47

bookstore.ams.org/xyz-47

On the pro-p Iwahori Hecke 
Ext-algebra of SL2(ℚp)
R. Ollivier, University of British 
Columbia, Vancouver, Canada and 
P. Schneider, Mathematisches In-
stitut, Westfälische Wilhelms-Uni-
versität Münster, Germany

In this volume, the authors 
study the graded Ext-algebra E*= 
Ext*

Mod(G)(k[G/I],k[G/I]). Its de-
gree zero piece E0 is the usual 
pro-p Iwahori-Hecke k-algebra H.

The authors study Ed as an H-bimodule and deduce 
that for an irreducible admissible smooth k-representa-
tion V of G, they have Hd( I, V) = 0 unless V is the trivial 
representation.

This item will also be of interest to those working in number 
theory.

A publication of the Société Mathématique de France, Marseilles (SMF), 
distributed by the AMS in the US, Canada, and Mexico. Orders from other 
countries should be sent to the SMF. Members of the SMF receive a 30% 
discount from list.

Mémoires de la Société Mathématique de France, Num-
ber 175
January 2023, 114 pages, Softcover, ISBN: 978-2-85629-
944-9, 2010 Mathematics Subject Classification: 20C08, 
22E50, 16E30, 20J06, 11F85, List US$57, AMS members 
US$45.60, Order code SMFMEM/175

bookstore.ams.org/smfmem-175

http://bookstore.ams.org/xyz-47
http://bookstore.ams.org/smfmem-175
http://bookstore.ams.org/emstext-25
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General Interest

Émile Borel
A Life in Mathematics and 
Politics Across Two Centuries
Pierre Guiraldenq, École Cen-
trale de Lyon, France

Translated by Arturo Sangalli

Émile Borel, one of the early 
developers of measure theory 
and probability, was among the 
first to show the importance of 
the calculus of probability as a 

tool for the experimental sciences. A prolific and gifted 
researcher, his scientific works, so vast in number and 
scope, earned him international recognition. In addition, 
he set up the Institut Henri Poincaré in Paris and was its 
longtime director. He also served as member of the French 
Parliament, minister of the Navy, president of the League 
of Nations Union, and president of the French Academy 
of Sciences.

The book follows Borel, one of France’s leading scientific 
and political figures of the first half of the twentieth century, 
through the various stages and the most significant events 
of his life, across two centuries and two wars.

Originally published in French, this new English edition 
of the book will appeal primarily to mathematicians and 
those with an interest in the history of science, but it should 
not disappoint anyone wishing to explore, through the life 
of an exceptional scientist and man, a chapter of history 
from the Franco-Prussian War of 1870 to the beginnings 
of contemporary Europe.

December 2022, 122 pages, Softcover, ISBN: 978-3-98547-
013-6, 2010 Mathematics Subject Classification: 00–XX, List 
US$22, AMS members US$17.60, Order code EMSMATH-
POL

bookstore.ams.org/emsmathpol

mathematics
LANGUAGE OF THE SCIENCES

forensics
climatology

statistics
fi nance

computer science
physics

astronomy
robotics

genetics
medicine

engineering

biology

neuroscience
chemistry

geology
biochemistry

ecology
molecular biology

http://bookstore.ams.org/emsmathpol
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The AMS strives to ensure that participants in its activities 
enjoy a welcoming environment. Please see our full Policy 

on a Welcoming Environment at https://www.ams 
.org/welcoming-environment-policy.

The Meetings and Conferences section of the Notices gives 
information on all AMS meetings and conferences ap-
proved by press time for this issue. Please refer to the page 
numbers cited on this page for more detailed information 
on each event. Paid meeting registration is required to submit 
an abstract to a sectional meeting.

Invited Speakers and Special Sessions are listed as soon 
as they are approved by the cognizant program committee; 
the codes listed are needed for electronic abstract sub-
mission. For some meetings the list may be incomplete. 
Information in this issue may be dated. 

The most up-to-date meeting and conference informa-
tion can be found online at www.ams.org/meetings.

Important Information About AMS Meetings: Potential 
organizers, speakers, and hosts should refer to https://
www.ams.org/meetings/meetings-general for general 
information regarding participation in AMS meetings and 
conferences.

Abstracts: Speakers should submit abstracts on the 
easy-to-use interactive Web form. No knowledge of LaTeX 
is necessary to submit an electronic form, although those 
who use LaTeX may submit abstracts with such coding, and 
all math displays and similarly coded material (such as ac-
cent marks in text) must be typeset in LaTeX. Visit www.ams 
.org/cgi-bin/abstracts/abstract.pl. Questions 
about abstracts may be sent to abs-info@ams.org. Close 
attention should be paid to specified deadlines in this issue. 
Unfortunately, late abstracts cannot be accommodated.

Associate Secretaries of the AMS
Central Section: Betsy Stovall, University of Wisconsin–
Madison, 480 Lincoln Drive, Madison, WI 53706; email: 
stovall@math.wisc.edu; telephone: (608) 262-2933.

Eastern Section: Steven H. Weintraub, Department of 
Mathematics, Lehigh University, Bethlehem, PA 18015-
3174; email: steve.weintraub@lehigh.edu; telephone: 
(610) 758-3717.

Southeastern Section: Brian D. Boe, Department of Math-
ematics, University of Georgia, 220 D W Brooks Drive, 
Athens, GA 30602-7403; email: brian@math.uga.edu; 
telephone: (706) 542-2547.

Western Section: Michelle Manes, University of Hawaii, 
Department of Mathematics, 2565 McCarthy Mall, Keller 
401A, Honolulu, HI 96822; email: mamanes@hawaii.edu; 
telephone: (808) 956-4679.

https://www.ams.org/welcoming-environment-policy
https://www.ams.org/welcoming-environment-policy
http://www.ams.org/cgi-bin/abstracts/abstract.pl
http://www.ams.org/cgi-bin/abstracts/abstract.pl
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Meetings & Conferences 
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IMPORTANT information regarding meetings programs: AMS Sectional Meeting programs do not appear in the print 
version of the Notices. However, comprehensive and continually updated meeting and program information with links 
to the abstract for each talk can be found on the AMS website. See https://www.ams.org/meetings. 

Final programs for Sectional Meetings will be archived on the AMS website accessible from the stated URL.

New: Sectional Meetings Require Registration to Submit Abstracts. In an effort to spread the cost of the sectional 
meetings more equitably among all who attend and hence help keep registration fees low, starting with the 2020 fall 
sectional meetings, you must be registered for a sectional meeting in order to submit an abstract for that meeting. 
You will be prompted to register on the Abstracts Submission Page. In the event that your abstract is not accepted or 
you have to cancel your participation in the program due to unforeseen circumstances, your registration fee will be 
reimbursed.
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Atlanta, Georgia
Georgia Institute of Technology

March 18–19, 2023
Saturday – Sunday

Meeting #1184
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 44, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Betsy Stovall, University of Wisconsin-Madison, Reverse inequalities in harmonic analysis.
Blair Dowling Sullivan, University of Utah, Taking a hard look at generalized coloring numbers.
Yusu Wang, University of California San Diego, Comparing Graphs with Attributes: Weisfeiler-Lehman Distances and 

Connection to Graph Neural Networks.
Amie Wilkinson, University of Chicago, Symmetry rigidity (Erdős Memorial Lecture).

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advanced Topics in Graph Theory and Combinatorics, Songling Shan, Illinois State University, and Guangming Jing, 
Augusta University.

Advances in Applied Dynamical Systems and Mathematical Biology, Chunhua Shan, The University of Toledo, and Guihong 
Fan, Columbus State University.
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Advances in Mathematical Finance and Optimization, Ibrahim Ekren, Arash Fahim, and Lingjiong Zhu, Florida State 
University.

Algebraic Methods in Algorithms, Kevin Shu and Mehrdad Ghadiri, Georgia Institute of Technology.
Combinatorial Matrix Theory, Zhongshan Li, Marina Arav, and Hein Van der Holst, Georgia State University.
Combinatorics, Probability and Computation in Molecular Biology, Christine Heitsch and Brandon Jerome Legried, Georgia 

Institute of Technology.
Commutative Algebra and its Interactions with Algebraic Geometry, Michael Brown and Henry K. Schenck, Auburn Uni-

versity.
Contact and Symplectic Topology in Dimensions 3 and 4, Akram Alishahi, Peter Lambert-Cole, and Gordana Matic, 

University of Georgia.
Discrete Analysis, Giorgis Petridis, Neil Lyall, and Akos Magyar, University of Georgia.
Disordered and Periodic Quantum Systems, Rodrigo Bezerra de Matos and Wencai Liu, Texas A&M University, and Xi-

aowen Zhu, University of Washington.
Diversity in Mathematical Biology, Daniel Alejandro Cruz, University of Florida, and Margherita Maria Ferrari, Uni-

versity of Manitoba.
Dynamics of Partial Differential Equations, Gong Chen, Georgia Institute of Technology, Hao Jia, University of Minnesota, 

and Dallas Albritton, Princeton University.
Fractal Geometry and Dynamical Systems, Mrinal Kanti Roychowdhury, School of Mathematical and Statistical Sciences, 

University of Texas Rio Grande Valley, and Scott Kaschner, Butler University.
Geometric and Combinatorial Aspects of Lie Theory, William Graham, University of Georgia, Amber Russell, Butler Uni-

versity, and Scott Larson, University of Georgia.
Geometric Group Theory, Ryan Dickmann, Georgia Institute of Technology, Sahana H. Balasubramanya, University of 

Münster, and Abdoul Karim Sane and Dan Margalit, Georgia Institute of Technology.
Harmonic Analysis, Betsy Stovall, University of Wisconsin-Madison, Benjamin Jaye, Georgia Tech, and Naga Manasa 

Vempati, Georgia Institute of Technology.
High-dimensional Convexity and Probability, Galyna Livshyts and Orli Herscovici, Georgia Institute of Technology, and 

Dan Mikulincer, MIT.
Knots, Skein Modules and Categorification, Marithania Silvero, Universidad De Sevilla, Rhea Palak Bakshi, The George 

Washington University, Jozef Henryk Przytycki, George Washington University, and Radmila Sazdanovic, North Carolina 
State University.

Logic, Combinatorics, and their Interactions, Anton Bernshteyn, Georgia Institute of Technology, and Robin Tucker-Drob, 
University of Florida.

Macdonald Theory at the Intersection of Combinatorics, Algebra, and Geometry, Olya Mandelshtam, University of Waterloo, 
Sean Griffin, UC Davis, and Andy Wilson, Kennesaw State University.

Mathematical Modeling and Simulation Techniques in Fluid Structure Interaction Problems, Pejman Sanaei, Georgia State 
University.

Mathematical Modeling of Populations and Diseases Transmissions, Yang LI, Georgia State University, Jia Li, University of 
Alabama in Huntsville, and Xiang-Sheng Wang, University of Louisiana at Lafayette.

Multiscale Approaches to Modeling Ecological and Evolutionary Dynamics, Daniel Brendan Cooney, University of Pennsyl-
vania, Denis Daniel Patterson, Princeton University, Olivia Chu, Dartmouth College, and Chadi M Saad-Roy, University 
of California, Berkeley.

Qualitative Aspects of Nonlinear PDEs: Well-posedness and Asymptotics, Atanas G. Stefanov, University of Alabama Bir-
mingham, Fazel Hadadifard, University of California - Riverside, and Jiahong Wu, Oklahoma State University.

Quasi-periodic Schrödinger operators and quantum graphs, I, Fan Yang, Louisiana State University, and Matthew Powell 
and Burak Hatinoglu, Georgia Institute of Technology.

Recent Advances and Applications in Imaging Sciences, Carmeliza Navasca, University of Alabama at Birmingham, Fatou-
mata Sanogo, Bates College, and Elizabeth Newman, Emory University.

Recent Development in Advanced Numerical Methods for Partial Differential Equations, Seulip Lee and Lin Mu, University 
of Georgia.

Recent Developments in Commutative Algebra, Thomas Polstra, University of Alabama, and Florian Enescu, Georgia 
State University.

Recent Developments in Graph Theory, Guantao Chen, Georgia State University, Zhiyu Wang, Georgia Institute of Tech-
nology, and Xingxing Yu, Georgia Tech.

Recent Developments in Mathematical Aspects of Inverse Problems and Imaging, Yimin Zhong and Junshan Lin, Auburn 
University.
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Recent Developments on Analysis and Computation for Inverse Problems for PDEs, Dinh-Liem Nguyen, Kansas State Uni-
versity, Nguyen Hoang Loc, UNC Charlotte, and Khoa Vo, Florida A&M University.

Recent Trends in Structural and Extremal Graph Theory, Joseph Guy Briggs and Jessica McDonald, Auburn University.
Representation Theory of Algebraic Groups and Quantum Groups: A Tribute to the Work of Cline, Parshall and Scott (CPS), 

Daniel K Nakano, University of Georgia, Chun-Ju Lai, Institute of Mathematics, Academia Sinica, Taipei 10617 Taiwan, 
and Weiqiang Wang, University of Virginia.

Singer-Hopf Conjecture in Geometry and Topology, Luca Fabrizio Di Cerbo, University of Florida, and Laurentiu George 
Maxim, University of Wisconsin-Madison.

Spectral Theory, Rudi Weikard, University of Alabama at Birmingham, and Stephen P. Shipman, Louisiana State Uni-
versity.

Stochastic Analysis and its Applications, Parisa Fatheddin, Ohio State University, Marion, and Kazuo Yamazaki, Texas 
Tech University.

Stochastic Processes and Related Topics, Ngartelbaye Guerngar, University of North Alabama, and Le Chen, Erkan Nane, 
and Jerzy Szulga, Auburn University.

Topological Persistence: Theory, Algorithms, and Applications, Luis Scoccola, Northeastern University, Hitesh Gakhar, 
University of Oklahoma, and Ling Zhou, The Ohio State University.

Topology and Geometry of 3- and 4-Manifolds, Miriam Kuzbary, Georgia Institute of Technology, David T Gay, University 
of Georgia, Jon Simone, Georgia Institute of Technology, and Nur Saglam, Georgia Tech.

Undergraduate Mathematics and Statistics Research, Leslie Julianna Meadows, Georgia State University, Tsz Ho Chan 
and Asma Azizi, Kennesaw State University, and Mark Grinshpon, Georgia State University.

Spring Eastern Virtual Sectional Meeting
Meeting virtually, hosted by the American Mathematical Society

April 1–2, 2023
Saturday – Sunday

Meeting #1185
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 44, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Kirsten Eisentraeger, Pennsylvania State University, Classical and quantum algorithms for problems from number theory.
Jason Manning, Cornell University, Stability of the action of a hyperbolic group on its boundary.
Jennifer L Mueller, Colorado State University, Pulmonary imaging with electrical impedance tomography.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Analysis and Differential Equations at Undergraduate Institutions, William R. Green, Rose-Hulman Institute of Technology, 
and Katharine A. Ott, Bates College.

Analysis of Markov, Gaussian and Stationary Stochastic Processes, Alan Krinik, California State Polytechnic University, 
Pomona, and Randall J. Swift, Cal Poly Pomona.

Cybersecurity and Cryptography, Lubjana Beshaj, Army Cyber Institute, Shekeba Moshref, IBM, and Angela Robinson, 
NIST.

Fractal Geometry and Dynamical Systems, Mrinal Kanti Roychowdhury, School of Mathematical and Statistical Sciences, 
University of Texas Rio Grande Valley, Sangita Jha, Department of Mathematics, National Institute of Technology Rourkela, 
India, and Saurabh Verma, Indian Institute of Information Technology Allahabad.
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Gauge Theory, Geometric Analysis, and Low-Dimensional Topology, Paul M. N. Feehan, Rutgers University, New Brunswick, 
and Thomas Gibbs Leness, Florida International University.

Hypergeometric Functions, q-series and Generalizations, Howard Saul Cohl, National Institute of Standards and Technology, 
Robert Maier, University of Arizona, and Roberto S. Costas-Santos, Universidad Loyola de Andalucía.

Modeling, Analysis, and Control of Populations Impacted by Disease and Invasion, Rachel Natalie Leander and Wandi Ding, 
Middle Tennessee State University.

Quasiconformal Analysis and Geometry on Metric Spaces, Dimitrios Ntalampekos, Stony Brook University, and Hrant 
Hakobyan, Kansas State University.

Recent Advances in Differential Geometry, Bogdan D. Suceava, California State University Fullerton, Adara M. Blaga, West 
University of Timis̨oara, Romania, Cezar Oniciuc and Marian Ioan Munteanu, “Al.I.Cuza” University of Ias̨i, Romania, 
Shoo Seto, California State University, Fullerton, and Lihan Wang, California State University, Long Beach.

Recent Advances in Infinite-Dimensional Stochastic Analysis, Vincent R. Martinez, Hunter College (CUNY), Hung Nguyen, 
UCLA, and Nathan E. Glatt-Holtz, Tulane University.

Recent Advances in Ion Channel Models and Poisson-Nernst-Planck Systems, Zilong Song, Utah State University, and Xiang-
Sheng Wang, University of Louisiana at Lafayette.

Recent Progress in Chromatic Graph Theory, Hemanshu Kaul and Samantha Dahlberg, Illinois Institute of Technology.

Cincinnati, Ohio
University of Cincinnati

April 15–16, 2023
Saturday – Sunday

Meeting #1186
Central Section
Associate Secretary for the AMS: Betsy Stovall

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 44, Issue 2

Deadlines
For organizers: Expired
For abstracts: Expired

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Johnny Guzman, Brown University, Finite Element Exterior Calculus (FEEC) with smoother spaces.
Lisa Piccirillo, MIT, Exotic phenomena in 4-dimensional topology.
Krystal Taylor, The Ohio State University, Fractals and the Buffon Circle Problem.
Nathaniel Whitaker, University of Massachusetts, From Segregation to Research Mathematician (Einstein Public Lecture 

in Mathematics).

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances in Dispersive Partial Differential Equations I, William R. Green, Rose-Hulman Institute of Technology, Mehmet 
Burak Erdogan, University of Illinois at Urbana Champaign, and Michael J. Goldberg, University of Cincinnati.

Advances in Radial Basis Functions for Numerical Simulation I, Jonah A. Reeger, Air Force Institute of Technology, and 
Cecile M Piret, Michigan Technological University.

Algorithms, Number Theory, and Cryptography I, Jonathan P Sorenson and Jonathan Webster, Butler University.
Arithmetic Statistics I, Brandon Alberts, Eastern Michigan University, and Soumya Sankar, Ohio State University.
Brauer Groups in Algebraic Geometry and Arithmetic I, Jack Petok and Sarah Frei, Dartmouth College.
Cluster Algebras, Positivity and Related Topics I, Eric Bucher, Xavier University, John Machacek, The University of Oregon, 

and Nicholas Ovenhouse, Yale University.
Combinatorial and Geometric Knot Theory I, Micah Chrisman, The Ohio State University, Sujoy Mukherjee, University 

of Denver, and Robert G. Todd, Mount Mercy University.
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Commutative Algebra with Connections to Combinatorics and Geometry I, Aleksandra C. Sobieska, University of Wisconsin 
- Madison, and Jay Yang, Washington University in St. Louis.

Ends and Boundaries of Groups: On the Occasion of Mike Mihalik’s 70th Birthday I, Craig R. Guilbault, University of Wis-
consin-Milwaukee, and Kim E. Ruane, Tufts University.

Extremal Graph Theory I, Neal Bushaw, Virginia Commonwealth University, Puck Rombach and Calum Buchanan, 
University of Vermont, and Vic Bednar, Virginia Commonwealth University.

Geometric and Analytic Methods in PDE I, Dennis Kriventsov, Rutgers University, Mariana Smit Vega Garcia, Western 
Washington University, and Mark Allen, Brigham Young University.

Growth Models, Random Media, and Limit Theorems I, Magda Peligrad, Wlodek Bryc, and Xiaoqin Guo, University of 
Cincinnati.

Harmonic Analysis and its Applications to Signals and Information I, Dustin G. Mixon, The Ohio State University, and 
Matthew Fickus, Air Force Institute of Technology.

Homological Methods in Commutative Algebra I, Michael DeBellevue, Syracuse University, and Josh Pollitz, University 
of Utah.

Inequalities in Harmonic Analysis I, Ryan Gibara, University of Cincinnati, Kabe Moen, University of Alabama, and 
Leonid Slavin, University of Cincinnati.

Interactions between Analysis, PDE, and Probability in Non-smooth Spaces I, Nageswari Shanmugalingam, University of 
Cincinnati, Luca Capogna, Smith College, and Jeremy T. Tyson, National Science Foundation.

Interactions between Noncommutative Ring Theory and Algebraic Geometry I, Jason Gaddis, Miami University, and Robert 
Won, George Washington University.

Mathematical Modeling in Biosciences I, Sookkyung Lim, University of Cincinnati, Jeungeun Park, SUNY at New Paltz, 
Yanyu Xiao, University of Cincinnati, Hem R. Joshi, Xavier University, Cincinnati, and David Gerberry, Xavier University.

Modern Trends in Numerical PDEs I, Johnny Guzman, Brown University, and Michael Neilan, University of Pittsburgh.
Nonlinear Partial Differential Equations from Variational Problems and Fluid Dynamics I, Tao Huang, Wayne State University, 

Hengrong Du, Vanderbilt University, and Changyou Wang, Purdue University.
Probabilistic and Extremal Combinatorics I, Jozsef Balogh, University of Illinois at Urbana-Champaign, and Tao Jiang, 

Miami University.
Quantitative Aspects of Symplectic Topology I, Jun Li, University of Dayton, Olguta Buse, IUPUI, and Richard Keith Hind, 

University of Notre Dame.
Recent Advances in Finite Element Methods: Theory and Applications I, Tamas L. Horvath and Giselle Sosa Jones, Oakland 

University.
Recent Developments in the Study of Fluid Flows, Turbulence, and its Applications I, Vincent Martinez, CUNY Hunter College 

& Graduate Center, and Samuel Punshon-Smith, Tulane University.
Recent Trends in Graph Theory I, Adam Blumenthal, Westminster College, and Katherine Perry, Soka University of 

America.
Recent Trends in Integrable Systems and Applications I, Deniz Bilman and Robert J. Buckingham, University of Cincinnati.
Representation Theory, Geometry and Mathematical Physics I, Daniele Rosso, Indiana University Northwest, and Jonas T. 

Hartwig, Iowa State University.
Stochastic Analysis and its Applications I, Po-Han Hsu, University of Cincinnati, Tai-Ho Wang, Baruch College, CUNY, 

and Ju-Yi Yen, University Of Cincinnati.
The Interface of Geometric Measure Theory and Harmonic Analysis I, Eyvindur Ari Palsson, Virginia Tech, and Krystal 

Taylor, The Ohio State University.
Topological and Geometric Methods in Combinatorics I, Zoe Wellner and R. Amzi Jeffs, Carnegie Mellon University.

Fresno, California
California State University, Fresno

May 6–7, 2023
Saturday – Sunday

Meeting #1187
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: Not applicable
Issue of Abstracts: Volume 44, Issue 3

Deadlines
For organizers: Expired
For abstracts: March 7, 2023
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The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Sami H. Assaf, University of Southern California, A Littlewood–Richardson rule for Grassmannian Schubert varieties.
Natalia Komarova, UCI, Mathematical Methods in Evolution and Medicine.
Joseph Teran, University of California, Los Angeles, To be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Advances by CSU Student Scholars, Jessica De Silva, California State University, Stanislaus, Andrea Arauza Rivera, Cal-
ifornia State University, East Bay, and Mario Banuelos, California State University, Fresno.

Advances in Functional Analysis and Operator Theory, Igor Nikolaev, St. John’s University, Marat V. Markin, California 
State University, Fresno, and Michel L. Lapidus, University of California Riverside.

Algebraic Structures in Knot Theory, Carmen L. Caprau, California State University, Fresno, Sam Nelson, Claremont 
McKenna College, and Neslihan Gügümcu, Izmir Institute of Technology in Turkey.

Algorithms in the Study of Hyperbolic 3-manifolds, Maria Trnkova, University of California In Davis, and Robert C Har-
away, University of California, Davis.

Analysis of Fractional Differential and Difference Equations with its Application, Bhuvaneswari Sambandham, Dixie State 
University, and Aghalaya Vatsala, University of Louisiana at Lafayette.

Artin-Schelter Regular Algebras and Related Topics, Ellen E Kirkman, Wake Forest University, and James J. Zhang, Uni-
versity of Washington.

Combinatorics and Representation Theory (associated with the Invited Address by Sami Assaf), Nicolle Gonzalez, University 
of California, Berkeley, and Sami H. Assaf, University of Southern California.

Complexity in Low-Dimensional Topology, Jennifer Schultens, University of California Davis, and Eric Sedgwick, DePaul 
University.

Data Analysis and Predictive Modeling, Earvin Balderama, California State University, Fresno, and Adriano Zambom, 
California State University, Northridge.

Inverse Problems, Robert M. Owczarek, University of New Mexico, and Hanna E. Makaruk, Los Alamos National Lab-
oratory, Los Alamos, NM.

Math Circle Games and Puzzles that Teach Deep Mathematics, Maria Nogin, Agnes Tuska, Yaomingxin Lu, and Gábor 
Molnár-Sáska, California State University, Fresno.

Mathematical Biology: Confronting Models with Data, Erica Marie Rutter, University of California, Merced.
Mathematical Methods in Evolution and Medicine (associated with the Invited Address by Natalia Komarova), Jesse Kreger, 

University of California, Irvine, and Natalia Komarova, UCI.
Mathematics in Data Science, Elena S. Dimitrova, California Polytechnic State University, San Luis Obispo, and Ruriko 

Yoshida, Naval Postgraduate School.
Methods in Non-Semisimple Representation Categories, Paul Sobaje, Georgia Southern University, Eric Friedlander, Uni-

versity of Southern California, Los Angeles, and Julia Pevtsova, University of Washington.
Modeling and Analysis of Cellular Processes in Biomedical Problems, Joyce Lin and Warren Roche, Cal Poly State University.
Nonlinear PDEs in Fluid Dynamics, Juhi Jang, Igor Kukavica, and Linfeng Li, University of Southern California.
Recent Developments in Mathematical Biology, Lihong Zhao, University of California, Merced, and Christina Edholm, 

Scripps College.
Research in Mathematics by Early Career Graduate Students, Marat V. Markin, Doreen De Leon, and Khang Tran, Cali-

fornia State University, Fresno.
Scientific Computing, Changho Kim, University of California, Merced, and Roummel F. Marcia, Universtiy of Califor-

nia, Merced.
The Use of Computational Tools and New Augmented Methods in Networked Collective Problem Solving, Agnes Tuska and 

Mario Banuelos, California State University, Fresno, and Andras Benedek, Research Centre for the Humanities, Institute 
of Philosophy, Hungary.

Women in Mathematics, Doreen De Leon, Katherine Kelm, and Oscar Vega, California State University, Fresno.
Zero Distribution of Entire Functions, Khang Tran and Tamás Forgács, California State University, Fresno.
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Buffalo, New York
University at Buffalo (SUNY)

September 9–10, 2023
Saturday – Sunday

Meeting #1188
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub

Program first available on AMS website: July 27, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: Expired
For abstracts: July 18, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Jennifer Balakrishnan, Boston University, Title to be announced.
Sigal Gottlieb, University of Massachusetts, Dartmouth, Title to be announced.
Samuel Payne, University of Texas, Title to be announced.

Omaha, Nebraska
Creighton University

October 7–8, 2023
Saturday – Sunday

Meeting #1189
Central Section
Associate Secretary for the AMS: Betsy Stovall, University 
of Wisconsin-Madison

Program first available on AMS website: August 17, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: March 7, 2023
For abstracts: August 8, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Invited Addresses
Aaron Pollack, University of California San Diego, Title to be announced.
Christopher Schafhauser, University of Nebraska-Lincoln, Title to be announced.
Lydia Bieri, University of Michigan, Title to be announced.

Mobile, Alabama
University of South Alabama

October 13–15, 2023
Friday – Sunday

Meeting #1190
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe

Program first available on AMS website: August 24, 2023
Issue of Abstracts: To be announced

Deadlines
For organizers: March 13, 2023
For abstracts: August 15, 2023

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.
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Invited Addresses
Theresa Anderson, Carnegie Mellon University, Title to be announced.
Laura Miller, University of Arizona, Title to be announced.
Cornelius Pillen, University of South Alabama, Title to be announced.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Mathematical Modeling of Problems in Biological Fluid Dynamics (Code: SS 1A), Laura Miller, University of Arizona, and 
Nick Battista, The College of New Jersey.

Fall Western Virtual Sectional Meeting
Meeting virtually, hosted by the American Mathematical Society

October 21–22, 2023
Saturday – Sunday

Meeting #1191
Western Section
Associate Secretary for the AMS: Michelle Ann Manes

Program first available on AMS website: August 31, 2023
Issue of Abstracts: Not applicable

Deadlines
For organizers: March 21, 2023
For abstracts: August 22, 2023

San Francisco, California
Moscone North/South, Moscone Center

January 3–6, 2024
Wednesday – Saturday
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Tallahassee, Florida
Florida State University in Tallahassee

March 23–24, 2024
Saturday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe, University 
of Georgia

Program first available on AMS website: To be announced
Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced
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Washington, District of Columbia
Howard University

April 6–7, 2024
Saturday – Sunday
Eastern Section
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Francisco, California
San Francisco State University

May 4–5, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: To be announced
For abstracts: To be announced

The scientific information listed below may be dated. For the latest information, see https://www.ams.org/amsmtgs 
/sectional.html.

Special Sessions
If you are volunteering to speak in a Special Session, you should send your abstract as early as possible via the abstract submission 
form found at https://www.ams.org/cgi-bin/abstracts/abstract.pl.

Recent Advances in Differential Geometry, Zhiqin Lu, University of California, Shoo Seto and Bogdan Suceavă, California 
State University, Fullerton, and Lihan Wang, California State University, Long Beach.

Palermo, Italy
July 23–26, 2024
Tuesday – Friday
Associate Secretary for the AMS: Brian D. Boe
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

San Antonio, Texas
University of Texas, San Antonio

September 14–15, 2024
Saturday – Sunday
Central Section
Associate Secretary for the AMS: Betsy Stovall, University 
of Wisconsin-Madison

Program first available on AMS website: To be announced
Issue of Abstracts: Volume 45, Issue 3

Deadlines
For organizers: February 13, 2024
For abstracts: To be announced
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Savannah, Georgia
Georgia Southern University, Savannah

October 5–6, 2024
Saturday – Sunday
Southeastern Section
Associate Secretary for the AMS: Brian D. Boe, University 
of Georgia
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Riverside, California
University of California, Riverside

October 26–27, 2024
Saturday – Sunday
Western Section
Associate Secretary for the AMS: Michelle Ann Manes
Program first available on AMS website: Not applicable

Issue of Abstracts: Not applicable

Deadlines
For organizers: To be announced
For abstracts: To be announced

Auckland, New Zealand
December 9–13, 2024
Thursday – Monday
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Seattle, Washington
Washington State Convention Center and the Sheraton Seattle Hotel

January 8–11, 2025
Wednesday – Saturday
Associate Secretary for the AMS: Steven H. Weintraub
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced

Washington, District of Columbia
Walter E. Washington Convention Center and Marriott Marquis Washington DC

January 4–7, 2026
Sunday – Wednesday
Associate Secretary for the AMS: Betsy Stovall
Program first available on AMS website: To be announced

Issue of Abstracts: To be announced

Deadlines
For organizers: To be announced
For abstracts: To be announced



Help Create Opportunity
SUPPORT AMS UNDERGRADUATE OPPORTUNITY AWARDS

Thank you to AMS donors who have given to these awards in support of young mathematicians.

The AMS Undergraduate Opportunity Awards are one-time grants awarded to undergraduate 
mathematics majors, helping to ensure that fi nancial hardship does not stand in the way of completing 
their degree program. Over 200 promising math students have received Waldemar J. Trjitzinsky Memorial 
Awards (established by the Trjitzinsky family in 1991) and Edmund Landau Awards (established by an 
anonymous donor in 2020).

2022 Landau Award winner Kaia De Vries, a sophomore at the University of Maine, 
Orono, is pursuing a mathematics major and a computer science minor. De Vries fi rst 
became interested in math as a child and decided she wanted to pursue a degree 
in mathematics after her experience of being on the Fryeburg Academy (Maine) 
math team. Encouraged by support of the math department faculty, she is excited to 
continue studying math at the University of Maine and hopes to become more involved 
in mathematics research.

Kaia De Vries

Mahdi Rahman, a 2022 Trjitzinsky Award winner, is a junior at the University of Buffalo–
SUNY, majoring in mathematics. He never considered mathematics as an option until 
he was watching YouTube videos to prepare for the math section of the SAT. As 
more math videos were recommended to him, he realized that he actually enjoyed 
mathematics and decided to choose mathematics as his major. Over the years, he has 
become even more interested in mathematics, particularly in algebra and analysis.

Mahdi Rahman

Thank You 
To learn more and make a gift, visit 
www.ams.org/opportunityawards

AMS Development Of� ce
401.455.4111
development@ams.org
www.ams.org/giving
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A Bridge to Advanced Mathematics
From Natural to Complex Numbers  
Sebastian M. Cioabă, University of Delaware, Newark, DE, and Werner Linde, Friedrich-
Schiller University Jena, Germany

Most introduction to proofs textbooks focus on the structure of rigorous mathematical 
language and only use mathematical topics incidentally as illustrations and exercises. 
In contrast, this book gives students practice in proof writing while simultaneously 
providing a rigorous introduction to number systems and their properties. 

Pure and Applied Undergraduate Texts, Volume 58; 2023; 525 pages; Softcover; ISBN: 978-1-4704-
7148-4; List US$89; AMS members US$71.20; MAA members US$80.10; Order code AMSTEXT/58

Introduction to Proof Through Number Theory  
Bennett Chow, University of California, San Diego, La Jolla, CA

Lighten up about mathematics! Have fun. If you read this book, you will have to 
endure bad math puns and jokes and out-of-date pop culture references.You will learn 
how to solve problems, real and imagined. After all, math is a game where, although 
the rules are pretty much set, we are left to our imaginations to create. Think of this 
book as blueprints, but you are the architect of what structures you want to build. To 
help you through this, we guide you to think and plan carefully. Our playground con-
sists of basic math, with a loving emphasis on number theory.        

Pure and Applied Undergraduate Texts, Volume 61; 2023; 442 pages; Softcover; ISBN: 978-1-4704-
7027-2; List US$89; AMS members US$71.20; MAA members US$80.10; Order code AMSTEXT/61

Now Available
from the

Learn more at bookstore.ams.org

http://bookstore.ams.org
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