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gravity there) and opened the door to a number of new 
mathematical results and research directions. 

For mathematicians, “Quantum Gravity” in two dimen-
sions can be broadly viewed as encapsulating ways to define 
and study random planar geometries. This can encompass 
quite different perspectives—one can define random dis-
tances in a planar domain, random area measures in a 
planar domain, random metric spaces. The wide-ranging 
survey, What is a random surface?, written in colloquial 
style by Scott Sheffield for the proceedings of this year’s 
ICM can be a good way for newcomers to learn about this 
area, which has become a cornerstone of contemporary 
mathematical physics.  

These questions originated from physics, as the fol-
lowing quote by A.M. Polyakov from 1981 shows: “In my 
opinion at the present time we have to develop an art of handling 
sums over random surfaces. These sums replace the old-fashioned 
(and extremely useful) sums over random paths.” This is what 
led Polyakov and others to introduce what are now called 
the Polyakov and Liouville actions and ignited a number 
of spectacular developments related to Conformal Field 
Theory and Quantum Gravity in the theoretical physics 
community. 
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The following two ways of trying to define the canoni-
cal random planar geometries mathematically are directly 
relevant to the work of Miller and Sheffield: 

(a) Scaling limits of discrete planar maps: One starts 
from a discrete combinatorial model that defines a prob-
ability measure on discrete finite planar maps (which are 
equivalence classes of embedded discrete finite planar 
graphs in the plane or in the sphere, modulo diffeomor-
phisms). These graphs come automatically equipped with 
their graph distance and with the counting measure on the 
vertices. One can try to see what happens to this law when 
one lets the number of vertices in the planar map tend to 
infinity for a given model. If one renormalizes distances 
and counts measures appropriately, one might get in the 
limit a random metric space equipped with a measure v on 
it. This program has been successfully carried out in the last 
decade by Le Gall, Miermont and others for one particular 
class of planar maps that can be heuristically described as 
“uniformly” chosen—the limit is then the so-called Brown-
ian map. It should be emphasized that the Brownian map 
is a random metric space which is “planar” but does not 
come with a “canonical” way to be embedded in the plane. 

(b) Directly in the continuum, using the Gaussian Free 
Field (GFF): Here, one starts with a given planar domain, 
say the unit disc D, and defines in it a random area measure 
μ using an instance of the GFF h in D following some of 
Polyakov’s ideas. Recall that the GFF can be heuristically 
thought of as the natural real-valued function in D, but that 
it is in fact not a proper function (it is only a generalized 
function), so that well-posedness issues do arise in a num-
ber of directions in all the constructions involving the GFF. 
Heuristically, for some constant γ, the intensity of μ with 
respect to the Lebesgue measure can be understood as 
some multiple of exp(γh), and this heuristic can be made 
rigorous via a renormalizing procedure. This construction 
works when γ is small enough, i.e., when γ < 2. So in this 
second approach, one constructs directly in the continuum 
a random area measure in every given simply connected 
planar domain. This measure is quite rough—it has no 
atoms but it is carried by a fractal dense set of point in the 
plane (heuristically, points where h is exceptionally large). 

For rather deep reasons that can be traced back to 
Polyakov’s work and to the idea that conformal invariance 
should play a role, it has been conjectured that these two 
constructions should give rise to closely related objects, in 
the sense that: 

(*) There should exist an embedding in D of the random 
metric spaces appearing in procedure (a) in such a way that 
the law of the embedding of v (which is the rescaled limit 
of the counting measure on discrete maps) is exactly that of 
an LQG area measure μ constructed in (b) for some γ that 
depends on the class of planar maps that was used in (a). 

(**) For each γ < 2, there should be a way to associate 
directly to μ constructed in (b) a “compatible” metric d in 

D, so that (D,d,μ) is distributed exactly as one of the ran-
dom metric measure space (conjecturally) appearing in (a). 

If this holds, the continuum objects constructed in (b) 
should possess some striking properties that reflect some 
combinatorial features of discrete planar maps—one can, 
for instance, naturally glue two independent discrete planar 
maps along their outer boundaries and obtain another 
planar map decorated by a curve drawn on it (the place 
where the gluing took place). 

The belief in the connection between these two ap-
proaches was exploited in the physics community in the 
1980’s and 1990’s: The combinatorial identities (both 
enumerative features and the gluing operations) made it 
possible to identify a number of critical exponents for mod-
els of statistical physics drawn on these random graphs. 
Then, using the so-called KPZ formulas (KPZ stands here 
for Knizhnik, Polyakov and Zamolodchikov—there are 
two KPZs in this mathematical physics world), whose or-
igins and justifications lie more in the second continuum 
approach, they could infer the critical exponents for the 
same models of statistical physics, but when drawn on 
Euclidean lattices. All this appeared like black magic from a 
mathematician’s perspective! Things are now very different 
thanks to this body of work by Miller and Sheffield. 

Here are some of the numerous contributions by Miller 
and Sheffield that are being recognized with this prize: 

Miller and Sheffield (with also one joint long paper with 
Duplantier) showed how it was possible to define prop-
erly these random area measures in the plane and variants 
thereof, to define the right notion of equivalence classes of 
domains equipped with a random area measure, modulo confor-
mal invariance that in some sense provides a semi-embedded 
version of these objects (which they call LQG surfaces), to 
then glue (i.e., conformally weld) together independent 
LQG surfaces along their boundaries, in such a way that the 
random “boundary lengths” coincide on both sides. This 
gluing gives rise to a new LQG surface with a curve drawn 
on it (the place where the surgery took place), and they 
proved that if things are set up in the appropriate way, this 
surgery curve is a fractal Schramm-Loewner-Evolution type 
curve that is independent of the obtained LQG surface. This 
remarkable result can be viewed as a continuum analog of 
the combinatorial gluing operations mentioned above. All 
this is of course technically very subtle due to the roughness 
and fractal nature of all the objects involved. 

For the case of the Brownian map and the value γ = 
√(8/3), Miller and Sheffield showed that (*) and (**) as 
stated above do indeed hold. In a further series of papers 
with Gwynne, they actually provided a concrete embedding 
in the plane of some discrete planar maps (for which the 
scaling limit was known to be the Brownian map) and 
showed that its limit is indeed an embedded LQG surface 
with γ = √(8/3). Along the way, they had to establish novel 
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Biographical Note 
Scott Sheffield received his undergraduate and master’s 
degrees from Harvard University in 1998 and a PhD from 
Stanford in 2003 under the supervision of Amir Dembo. He 
worked at Microsoft Research, UC Berkeley and IAS Princ-
eton (as a postdoc) and at NYU (as faculty) before joining 
MIT in 2008. Other awards include the Clay Research Award 
(also joint with Jason Miller), the Loéve Prize, the Rollo 
Davidson Prize, the Presidential Early Career Award for Sci-
entists and Engineers, and the Sloan Research Fellowship. 
He was an invited speaker at the 2010 ICM and a plenary 
speaker at the 2022 ICM. 

Response from Scott Sheffield 
I am tremendously honored by this award, and especially 
honored to be sharing it with my long-time collaborator 
Jason Miller. I started working in this general area some 
15 or 20 years ago, and at the time had no idea how far it 
would develop, or how exciting it would turn out to be. I’d 
like to thank my earliest close collaborators in the subject 
(including Bertrand Duplantier, Oded Schramm, and Wen-
delin Werner) as well as the many wonderful collaborators 
and inspirational colleagues who have helped us so much 
since then. 

I would also like to thank the nominators, the selection 
committee, the Eisenbud family and the AMS. 
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and deep results about the scaling limits of random walks 
on discrete random graphs. 

These results have opened the door to many further de-
velopments by Miller and Sheffield, as well as by Gwynne, 
Holden, Sun, Ding and many others. This includes con-
structions of the LQG metric for general γ. Let us also high-
light the recent work of Kupiainen, Rhodes and Vargas (also 
with F. David or Guillermou) which makes rigorous (and 
builds upon) many aspects of the conformal field theory 
approach initiated in the physics literature. 

Biographical Note 
Jason P. Miller received his undergraduate degree from the 
University of Michigan in 2006 and his PhD from Stanford 
in 2011 under the supervision of Amir Dembo. He was a 
postdoc at Microsoft Research and then at MIT before be-
coming a faculty member at the University of Cambridge 
and a fellow of Trinity College in 2015. He previously re-
ceived the Rollo Davidson Prize, the Clay Research Award 
(with Scott Sheffield), and the Doeblin Prize. He was an 
invited speaker at the 2018 ICM. 

Response from Jason P. Miller 
It is a great pleasure to receive this prize together with Scott 
Sheffield. I was introduced to this area by my PhD supervi-
sor Amir Dembo when he gave me a copy of Greg Lawler’s 
book, Conformally Invariant Processes in the Plane, as well as 
an early draft of Bertrand Duplantier and Scott Sheffield’s 
paper, “Liouville quantum gravity and KPZ,” which played 
a major role in kicking off this subject. I never guessed at 
the time that I would still be working intensively on it 15 
years later. I would also like to thank Scott Sheffield, who I 
first met in 2008 at a conference in CRM in Montreal where 
he gave a talk on his work with Duplantier. Scott was later 
my postdoctoral advisor at MIT and research mentor for 
many years. Finally, I would like to thank my other research 
collaborators. Indeed, all of them have played an incredibly 
important part in driving the subject forward. 

I would also like to thank the nominators, the selection 
committee, the Eisenbud family and the AMS.  


