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AMS Bookshelf

  
      The AMS Book Program serves the mathematical community by publishing books that further mathematical research, awareness, education, and the profession while generating resources that support other Society programs and activities. As a professional society of mathematicians and one of the world’s leading publishers of mathematical literature, we publish books that meet the highest standards for their content and production. Visit bookstore.ams.org to explore the entire collection of AMS titles.

    
  
    
      Topics in Spectral Geometry
By Michael Levitin, Dan Mangoubi, and Iosif Polterovich. 2023, 325 pp., https://bookstore.ams.org/gsm-237.
 
    
    
      Speaking very generally, spectral geometry investigates relations between the geometry of Riemannian manifolds and spectral properties of geometric differential operators (most commonly, the Laplacian) on them. Origins of spectral geometry can be traced to experiments with vibrating plates by the German physicist and musician Ernst Chiandi in the late 18th century and to the work of the British physicist and mathematician Lord Rayleigh (John William Strutt) about 70 years later. Lord Rayleigh’s book The Theory of Sound (1877) is still used by engineers.

      This work continued through the 20th century with such mathematicians as Hermann Weyl, Richard Courant, Lars Hörmander, Louis Nirenberg, and many others who asked important questions and proved groundbreaking results. In 1966, the Polish-American mathematician Mark Kac published a particularly noteworthy article entitled “Can one hear the shape of a drum?”, where he asked whether there exist isospectral (i.e., with the same spectra of the Laplacian) but noncongruent planar domains.

      The book under review invites the reader into the beautiful world of spectral geometry. It starts with the introduction of the Laplace-Beltrami operator on Riemannian manifolds in Chapter 1 presenting, in particular, examples where eigenvalues can be calculated explicitly. Chapter 2 lays out the main analytic tools used in the book, including spectral theory of unbounded self-adjoint operators, Sobolev spaces, and elliptic regularity. In Chapter 3, the variational approach to eigenvalues is described, together with basic results about spectra such as domain monotonicity of eigenvalues for the Dirichlet problem, Weyl’s law for asymptotic distribution of eigenvalues, and Friedlander–Filonov relations between eigenvalues of Dirichlet and Neumann problems in the same domain.

      The nodal set of an eigenfunction $\phi$ of the Laplacian on a Riemannian manifold is the set where $\phi =0$. The connected components of the complement to the nodal set are called nodal domains. Nodal sets and nodal domains are main characters in Chapter 4. It contains, in particular, the proof of the famous theorem of Courant, which says that the eigenfunction corresponding to the $k$th eigenvalue of the Laplacian has at most $k$ nodal domains. In Chapter 5, various inequalities for eigenvalues in geometrically related domains are presented. One of the first results of this type is the Faber–Krahn inequality that says that the first eigenvalue of the Laplacian in a bounded Euclidian domain $\Omega$ is greater than or equal to the first eigenvalue of the Laplacian in the ball of the same volume.

      In Chapter 6 the authors introduce the heat equation associated with the Laplacian and explain the relation of heat kernel asymptotics to the analysis of eigenvalues. This naturally leads to the construction of examples of noncongruent isospectral manifolds and domains. The authors present the 1966 Milnor construction (tori of dimension 16), the 1985 Sunada construction (manifolds of dimension 4), and the 1992 Gordon–Webb–Wolpert construction of planar polygonal isospectral noncongruent domains (thus answering Mark Kac’s question).

      The final Chapter 7 is devoted to the spectral geometry related to the Steklov eigenvalue problem, where the analogues of eigenvalues appear not in the equation itself but in the boundary conditions. The authors formulate the variational principle for the Steklov problem and prove various inequalities for the Steklov eigenvalues on simply connected planar domains. They also show the relationship between the Steklov problem and the so-called Dirichlet-to-Neumann map, and present some applications of the Steklov problem to the analysis of the flow of ideal fluid in a narrow canal.

      With numerous examples and exercises, the book is an excellent text for a graduate class on spectral geometry or for a self-study.

    
  
Article DOI: 10.1090/noti2905

      This AMS Bookshelf is by AMS Publisher Sergei Gelfand.
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